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The stationary horizon as the central multi-type invariant

measure in the KPZ universality class

Evan L. Sorensen

Abstract

The Kardar-Parisi-Zhang (KPZ) universality class describes a large class of 2-dimensional

models of random growth, which exhibit universal scaling exponents and limiting statistics.

The last ten years has seen remarkable progress in this area, with the formal construction

of two interrelated limiting objects, now termed the KPZ fixed point and the directed

landscape (DL). This dissertation focuses on a third central object, termed the stationary

horizon (SH). The SH was first introduced (and named) by Busani as the scaling limit of the

Busemann process in exponential last-passage percolation. Shortly after, in the author’s

joint work with Seppäläinen, it was independently constructed in the context of Brownian

last-passage percolation. In this dissertation, we give an alternate construction of the SH,

directly from the description of its finite-dimensional distributions and without reference to

Busemann functions. From this description, we give several exact distributional formulas

for the SH. Next, we show the significance of the SH as a key object in the KPZ universality

class by showing that the SH is the unique coupled invariant distribution for the DL. A

major consequence of this result is that the SH describes the Busemann process for the

DL. From this connection, we give a detailed description of the collection of semi-infinite

geodesics in the DL, from all initial points and in all directions. As a further evidence of

the universality of the SH, we show that it appears as the scaling limit of the multi-species

invariant measures for the totally asymmetric simple exclusion process (TASEP). This

dissertation is adapted from two joint works with Seppäläinen and two joint works with

Busani and Seppäläinen.
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35]. During my time working on these projects and on this dissertation, I have been par-
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Chapter 0

A gentle introduction for a general

audience

Imagine you are in a class studying probability, and each of the 30 people in your class roll

a fair 6-sided die. We can’t predict which number your die will land on, but we can predict

what the aggregate statistics of the class will be. Since there are 30 students and 6 equally

likely possibilities, we expect that each number would be rolled by 5 people. There is an

underlying theoretical average for this experiment. The possibilities are 1, 2, 3, 4, 5, 6, and

each has an equal chance of being rolled. The average of these numbers is 3.5, which we

call the expectation. This terminology may seem strange; you can’t roll a 3.5, of course.

However, if you take all the rolls from the 30 students in your class and look at the average

of the numbers rolled, that number will be close to 3.5. You will likely not get exactly 3.5

(since this is a random experiment), but this number of 3.5 gives us a good non-random

approximation.

Figure 1 is an example of what a histogram of the data might look like. In this simulated

example, 6 people rolled a 1, 8 people rolled a 2, 4 people rolled a 3, 3 people rolled a 4,

5 people rolled a 5, and 4 people rolled a 6. The average of all the rolls is approximately

3.17; this is fairly close to the expectation of 3.5. By adding a large number of students to

the class, our sample average is guaranteed to get much closer to 3.5. This phenomenon
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Figure 1: Histogram of 30 dice rolls

is what we call the Law of Large Numbers.

Let’s make things a little more interesting. Imagine that you and your classmates have

a lot of time on your hands, and you can repeat your dice rolling experiment 1, 000 times.

Each time, you record the average of your 30 rolls. Remember that each of these averages

will be close to 3.5, but now each sample average is an independent random number. Of

course, something like this would take too long, but we can simulate this quickly on a

computer. Figure 2 is a histogram of the 1, 000 simulated averages from 30 dice rolls. We

see a distribution that is centered around 3.5 and forms a bell curve. We call this the

normal, or Gaussian, distribution. The fact that this bell curve appears is a manifestation

of what we call the Central Limit Theorem, and this allows us to quantitatively estimate

how much the sample average will deviate from the expectation.

Both the law of large numbers and the central limit theorem are examples of universal

laws for random variables. While we can’t predict the value of a single random quantity, on

average, these will distribute themselves in ways that we can predict with high accuracy.

There is nothing special about rolling dice in the examples we saw. For any experiment

that has a finite variance (a technical assumption we won’t discuss in detail here), the

averages for large samples will distribute themselves as a bell curve. For example, this
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will also work if you flip coins instead of rolling dice, or if you roll dice with a more than

6 heads. The law of large numbers and central limit theorem also work if your dice or

coins are unfair–that is, not all possibilities are equally likely. And this phenomenon is

more than just an interesting fact about dice games. Random quantities from tree heights

in a forest or electrical test data on a semiconductor chips are often modelled with the

normal distribution. The statistical framework for modern science stands firmly on the

mathematical groundwork provided by the central limit theorem.

We can think of the central limit theorem as a one-dimensional law of random behavior.

In our dice experiment, we are measuring one number each time. But there are many

instances when we are interested in modelling random behavior that captures more than

just single quantities that are independent of their surroundings. Consider the following

picture of the Mississippi River and its tributaries in Figure 3. It may seem strange

to say that the path of the river is random; there is in fact only one Mississippi River.

However, its formation was the result of the surrounding landscape, with a huge number

of small factors contributing to its development. This formation is an example of spatial

random growth. A key observation is that the location of the river depends heavily on the

surrounding areas. In this dice experiment, the result of your roll has no effect on your
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Figure 3: ©Shannon, 2010. Found at Wikimedia Commons https://commons.wikimedia.org/wiki/File:Mississippirivermapnew.jpg.

Licensed under CC BY-SA 4.0 https://creativecommons.org/licenses/by-sa/4.0/legalcode/ Creative Commons Corporation (“Creative
Commons”) is not a law firm and does not provide legal services or legal advice. Distribution of Creative Commons public licenses
does not create a lawyer-client or other relationship. Creative Commons makes its licenses and related information available on an
“as-is” basis. Creative Commons gives no warranties regarding its licenses, any material licensed under their terms and conditions, or
any related information. Creative Commons disclaims all liability for damages resulting from their use to the fullest extent possible.

neighbor’s roll. There is certainly much more correlation in this example. If you were

to measure the statistics of spatial locations of the river, you would observe something

different from a bell curve. Let’s consider another picture I took of a system of cracks in a

parking lot (Figure 4). In many ways, this picture resembles the picture of the Mississippi

River. In particular, there are several paths merging onto a main path, which somewhat

resembles the path of a river. While the time taken to form the crack is much different

than the time taken to form the Mississippi River we see today, there are similarities in

the dynamics of its formation. The random impurities in the asphalt govern where the

crack will form, and the location of the crack at a given point depends heavily on the local

structure of the pavement.

To motivate this further, imagine that you are travelling from San Diego, California to

Boston, Massachusetts. Meanwhile, your friend is travelling from Los Angeles, California

to New York, New York. If the paths you each took were straight lines, your paths would

intersect at exactly one point. However, this is certainly not the case. Each of you will

want to take the route that takes you to your destination in the shortest time possible; and

https://commons.wikimedia.org/wiki/File:Mississippirivermapnew.jpg.
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Figure 4: A system of cracks in a parking lot

that involves travelling on highways that were built around the random terrain. Figure 5

compares the fastest routes along the journey between the two pairs of cities, according

to Google maps. If you and your friend both follow the recommended route, both of you

will drive to Holbrook, Arizona, then travel the same route to Columbus, Ohio, and lastly,

split off to travel to your respective destinations.

Just as the Gaussian distribution describes many real-world phenomena via the central

limit theorem, it is natural to ask if there is a mathematical object that can describe

the similar behavior of these three pictures, as well as many others one might observe

scientifically. The overwhelming answer, based on physical and numerical evidence, is,

“Yes!” (See Chapter 1 for more discussion of the contexts in which this universal behavior

has appeared). However, developing a mathematical proof of such universal behavior is

currently out of reach, except for a few models that are equipped with formulas that allow

for accessible computations.

Mathematically describing these phenomena is not so simple, either. There is an as-

tronomical number of tiny factors that govern the geometry of these paths. One natural

approach is to do a discrete approximation. Let’s imagine you come back to your prob-

ability class, but this time only 16 people showed up, and your desks are arranged in a
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Figure 5: Picture created via google.com/maps, May 11, 2023. Map of fastest route from New York to Columbus, Ohio to Los
Angeles, California to Holbrook, Arizona to San Diego, California to Boston, Massachusetts.

4 ˆ 4 square. Each of you rolls a die and records a number. Let’s say that the numbers

rolled appear as in Figure 6.

Now, with these results, we will play a game. You want to travel between the bottom

left corner to the upper right corner. We impose a rule that you may only move one step

at a time, and that step must either be an upward step or a rightward step. Every time

you visit a square, you collect the number in the box and add it to your score. You want

to find the path that maximizes your score. There are 20 possible paths you could take,

and Figure 7 shows four possibilities, with the optimal one in the lower right corner. Just

as in the previous experiment, the result of your dice roll does not affect the result of your

neighbor’s dice roll. However, unlike the previous experiment, the place where you sit

does has an effect on the choice of optimal path. This introduces the spatial correlation

similar to what we have observed in the real-world examples discussed.
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Figure 6: Results of dice rolls
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Figure 7: Examples of admissible paths. The lower right path has the maximum possible total
sum of 29



8

0 2000 4000 6000 8000 10000

0
20

00
40

00
60

00
80

00
10

00
0

Figure 8: Example of a maximal path in a grid of size 1, 000 ˆ 1, 000

We could look at this picture for a much larger box via a computer simulation. Figure

8 depicts a simulation of this process for a box of size 1, 000 ˆ 1, 000. We may also

be interested in travelling between other pairs of points. In Figure 9, we overlay the

maximal up-right path between a second pair of points close to the corners. What we see

is something closely resembling the picture of the road trip we discussed earlier. We call

the optimal paths in these pictures geodesics. The phenomenon of geodesics merging, is

called coalescence.

When the picture is zoomed out, the geodesics we see in Figure 9 are not much different

than straight lines. If we look at the deviation of these paths from the straight line between

points and then rotate and scale the picture, we get Figure 10. This object is called the

directed landscape (DL), and was first studied in [47]. While the picture seems to indicate

that the process is stable under this centering and rescaling, it has not been mathematically

proven that this is the case. However, if instead of rolling dice for each square, we sample

from a different statistical distribution (either the geometric or exponential distribution)

distribution, then it was proven recently by Dauvergne and Virág [49] that the DL does in

fact appear after recentering and rescaling. There are a handful of variants of this model

for which this has also been proven, but a proof of such universality outside these special
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Figure 9: Example of maximal paths between two pairs of points. One path is blue/thin, and the
other is red/thick

models remains out of reach. There are several other models that are conjectured to have

the same behavior. For example, we could remove the rule that the admissible paths must

only move upward and rightward. However, without the directional constraint, there are

no known models for which we can make exact computations. From numerical evidence, it

seems that the scaling behavior should be the same, but no proof exists in the literature.

Just as the Gaussian distribution is proven to be a universal object via the central limit

theorem, the DL is believed to be a central object for these spatial growth models. Proving

the universality of the DL is one of the major current areas of research in probability.

There is another perspective for studying this universal behavior through a second

object, called the KPZ fixed point, which was first introduced in [106]. We can construct

the KPZ fixed point from the directed landscape, so the two objects are closely interrelated

(see Section 3.2.3 for a mathematical introduction to the KPZ fixed point). The initials

KPZ stand for Kardar-Parisi-Zhang, who introduced a partial differential equation in [96],

which we now call the KPZ equation. Mathematical models which exhibit the universal

limiting statistics of the directed landscape and the KPZ fixed point are said to lie in the

KPZ universality class.
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Figure 10: The recentered, rotated and scaled version of Figure 9

This dissertation is concerned with the long-term behavior of the models in the KPZ

class. The main objective is to study a third central object, called the stationary horizon,

which provides us with another perspective for understanding KPZ universality. The

stationary horizon is mathematically constructed in Chapter 2. Chapter 3 shows that the

SH describes the long-term evolution of these growth models from a large class of initial

conditions. Chapter 4 uses the SH to describe detailed geometrical features of long-term

growth. One major contribution of this dissertation is a detailed study of the coalescence

of geodesics in the DL. Previously, results regarding coalescence were obtained in [126]

for geodesics when restricting attention to a single direction in space. The results of this

dissertation give a global picture for coalescence and splitting when observing all directions

at once. Lastly, Chapter 5 shows how the SH appears in the separate context of particle

systems, giving further evidence for the centrality of the SH in the KPZ universality class.
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Chapter 1

Introduction

1.1 KPZ universality

Since the 1986 work of Kardar, Parisi, and Zhang [96], it has been conjectured that

there are universal asymptotic growth rates of the fluctuations and correlations of a large

class of spatial stochastic growth models, which also exhibit universal limiting statistics.

These models comprise what is now called the Kardar-Parisi-Zhang (KPZ) universality

class. Evidence of the characteristic fluctuations and statistics of these models has been

uncovered, both experimentally and numerically, in several contexts, including the growth

of liquid crystals [66, 67, 89, 140–142], colonies of living cells [87, 107, 145], the slow

burning of paper [108, 109, 112], geological processes [77, 150], the interaction of molecules

on smooth surfaces [18, 51, 146, 147], and quantum entanglement [113].

The first mathematically rigorous proofs of these asymptotics were presented at the

turn of the century by Baik, Deift, and Johansson [6, 94] for some specially constructed

models with accessible formulas originating from representation theory. These special

models are said to be exactly solvable. The works [6, 94] showed that the one-point dis-

tributions of these models converge to the Tracy-Widom distribution [143] from random

matrix theory. Corwin, Quastel, and Remenik conjectured in 2011 [41] that models in

the KPZ universality class should also converge to richer universal objects whose marginal

distributions are described by the Tracy-Widom distribution. Recently, two such interre-
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lated universal objects, known as the KPZ fixed point and the directed landscape (DL),

were rigorously constructed [47, 106] and shown to be the scaling limit of many exactly

solvable models [49, 125, 144, 149]. The KPZ fixed point and DL are expected to be

universal objects for random growth models, analogously to how the Gaussian distribu-

tion is a universal object for sums of independent random variables from the central limit

theorem (See the survey article [40] for more discussion). Proving convergence to the DL

outside the exactly solvable cases remains as a major open problem.

This dissertation focuses on a third central object in the KPZ universality class, called

the stationary horizon (SH). The (SH) is a cadlag process indexed by the real line whose

state space is continuous functions, each a Brownian motion with drift. The SH was first

introduced by Busani [31] as the diffusive scaling limit of the Busemann process of expo-

nential last-passage percolation (LPP) from [60], and was conjectured to be the universal

scaling limit of the Busemann process of models in the KPZ universality class. Shortly

afterward, the paper [135] of the author’s joint work with Seppäläinen was posted. To de-

rive results about semi-infinite geodesics in Brownian last-passage percolation (BLPP), we

constructed the Busemann process in BLPP and made several explicit distributional cal-

culations. Remarkably, after discussions with Busani, we discovered that the Busemann

process of BLPP has the same distribution as the SH, restricted to nonnegative drifts.

Furthermore, due to a rescaling property of the stationary horizon, when the direction is

perturbed on order N´1{3 from the diagonal, this process also converges to the SH, fully

indexed by R. These results were added to the second version of [135].

This dissertation details why the SH is a third central object in the KPZ class. We can

understand its significance via three main points: (i) The SH is a coupled (or multi-type)

invariant measure and an attractor of the KPZ fixed point. It therefore describes the

long-term evolution of the KPZ fixed point, started from different initial conditions. (ii)

The SH describes the Busemann process of the DL and thus provides a detailed geometric

description of the collection of semi-infinite geodesics in the DL. (iii) The SH appears

as the scaling limit of multi-type stationary measures for many exactly solvable models
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known to lie in the KPZ universality class, including exponential LPP, Brownian LPP,

and TASEP.

1.2 Semi-infinite geodesics and Busemann functions

The presence of the SH in the KPZ universality class is tied to the study of semi-infinite

geodesics and Busemann functions. The study of semi-infinite geodesics was initiated by

Licea and Newman in first-passage percolation in the 1990s [102, 114] with the first results

on existence, uniqueness and coalescence. Since the work of Hoffman [84, 85], Busemann

functions have been a key tool for studying semi-infinite geodesics (see, for example [43,

70, 71, 79, 126, 131, 134, 135], and Chapter 5 of [5]).

The study of semi-infinite geodesics began in directed last-passage percolation with the

application of the Licea-Newman techniques to the exactly solvable exponential model by

Ferrari and Pimentel [64]. Georgiou, Rassoul-Agha, and Seppäläinen [71, 72] showed the

existence of semi-infinite geodesics in directed last-passage percolation with general weights

under mild moment conditions. Using this, Janjigian, Rassoul-Agha, and Seppäläinen [93]

showed that geometric properties of the semi-infinite geodesics can be found by studying

analytic properties of the Busemann process. In the special case of exponential weights,

the distribution of the Busemann process from [60] was used to show that all geodesics in a

given direction coalesce if and only if that direction is not a discontinuity of the Busemann

process.

In the author’s collaboration with Seppäläinen [135], we extended this work to the

semi-discrete setting, by deriving the distribution of the Busemann process and analogous

results for semi-infinite geodesics in BLPP. Again, all semi-infinite geodesics in a given

direction coalesce if and only if that direction is not a discontinuity of the Busemann

process. In each direction of discontinuity there are two coalescing families of semi-infinite

geodesics and from each initial point at least two semi-infinite geodesics. Compared to

LPP on the discrete lattice, the semi-discrete setting of BLPP gives rise to additional

non-uniqueness. In particular, [135] developed a new coalescence proof to handle the non-
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discrete setting. This new technique is utilized in this dissertation to show coalescence of

geodesics in the directed landscape.

While there is much research surrounding semi-infinite geodesics, it is natural to ask

about the existence of bi-infinite geodesics. In first-passage percolation, Licea and New-

man [102] showed that there are no bi-infinite geodesics in fixed northeast and southwest

directions. Howard and Newman [86] later proved similar results for Euclidean last-passage

percolation. Around this time, Wehr and Woo [148] proved that, under a first moment

assumption on the edge weights, there are no bi-infinite geodesics for first-passage perco-

lation that lie entirely in the upper-half plane.

In 2016, Damron and Hanson [42] strengthened the result of Licea and Newman by

proving that, if the weights have continuous distribution and the boundary of the limit

shape is differentiable, for each fixed direction, there are no bi-infinite geodesics with one

end having that direction. In 2018, Seppäläinen [131] showed nonexistence of bi-infinite

geodesics in exponential LPP with fixed northeast and southwest directions. This tech-

nique was imported to BLPP in the author’s joint work with Seppäläinen [134] for BLPP.

Still, this leaves open this possibility of bi-infinite geodesics in exceptional directions.

The full complete nonexistence was resolved in exponential LPP with two independent

works: first by Basu, Hoffman, and Sly [21] and shortly thereafter by Balázs, Busani,

and Seppäläinen [17]. The latter proof rested on understanding the joint distribution of

the Busemann functions from [60], and this technique has since been used to show the

nonexistence of bi-infinite polymer Gibbs measures in the log-gamma polymer [33] and

the non-existence of bi-infinite geodesics in geometric last-passage percolation [76]. We

discuss relevant literature to the study of infinite geodesics in the DL in the introduction

to Chapter 4.

The results for semi-infinite geodesics and Busemann functions have interpretations in

the study of viscosity solutions for Hamilton-Jacobi equations. The evolution of Busemann

functions can be described via variational formulas (see for example, Theorem 4.4.1(iv)

in Chapter 4), and the maximizers are the locations of semi-infinite geodesics (Theorem
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4.4.9). In this regard, Busemann functions can be viewed as global solutions to an ap-

propriate Hamilton-Jacobi equation, and the semi-infinite geodesics are the backwards

maximizers used to solve the equation. Theorem 4.4.1(iv) is an example of the dynamic

programming principle. The variational formula (3.6) is an example of an optimal control

formula, and L plays the role of the fundamental solution. Busemann functions and semi-

infinite geodesics have been studied for the Burgers’ equation with random forcing, both

in compact and noncompact settings [7–14, 52, 53, 74, 83, 88, 97, 137, 138]. Specifically

in the works of Bakhtin and coauthors [8–11, 13, 14], one sees analogous results for Buse-

mann functions and semi-infinite geodesics, restricted to a fixed direction in space. The

uniqueness of the global solution in a fixed direction is called the one force–one solution

principle. One novelty of the study in the present work (along with the analogous results

for exponential LPP in [91] and Brownian LPP in [135]) is that, for the directed landscape,

there exists random exceptional directions, for which the one force–one solution principle

fails. Analogous questions were recently explored for the KPZ equation in [92]. There,

it was left open whether such exceptional directions exist, but it was shown that, either

these directions exist with probability one and are dense in R, or the set of such directions

is almost surely empty.

1.3 Exclusion processes and multi-type stationary measures

Since the work of Spitzer in the 1970s [139], exclusion processes have been extensively

studied (see, for example, the book [104]). These processes can be mapped into growing

interfaces, which, under appropriate assumptions, are believed to lie in the KPZ class

[40]. The most famous example is that of the totally asymmetric simple exclusion process

(TASEP), consisting of particles and holes on Z, where particles attempt to move to the

right when signaled by Poisson clocks. TASEP was the first model for which convergence of

the evolving height function to the KPZ fixed point was shown [106]. Stationary measures

of one-dimensional exclusion processes are well-known [104, Chapter VIII] under very

general assumptions on p. In this case, the i.i.d. Bernoulli product measures νρ on t0, 1uZ
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with particle density ρ P r0, 1s are the translation-invariant, extremal stationary measures.

The family tνρuρPr0,1s has been instrumental for example in the study of hydrodynamic

limits of exclusion processes [98]. In [3, 24], it was shown that when started from νλ,ρ

(the product measure on Z with intensity λ to the left of the origin and intensity ρ to the

right), the TASEP particle profile will converge to either a rarefaction fan or a moving

shock depending on the values of ρ and λ. When ρ ą λ, i.e. the shock hydrodynamics,

[61] showed the existence of a microscopic stationary profile as seen from the shock. These

studies utilized couplings πλ,ρ of the measures νρ and νλ that are themselves stationary

under the joint TASEP dynamics of two processes that evolve in basic coupling. Basic

coupling means that two or more exclusion processes, each from their own initial state,

are run together with common Poisson clocks.

The stationary measure πλ,ρ is sometimes called the two-type stationary measure. This

is because one can realize the basic coupling by introducing two types of particles on Z.

The location of the first class particles is described by νλ. Next, when ignoring classes,

the distribution of first and second class particles together is νρ. In this process, first class

particles treat second class particles as holes, so the first class particles take priority. The

two-type stationary measures πλ,ρ generalize to multi-type stationary measures πρ1,...,ρn .

These measures and their Ferrari-Martin construction by queuing mappings [63] are key

inputs in Chapter 5. The study of the joint distribution of Busemann functions for ex-

ponential LPP by Fan and Seppäläinen [60], can be traced back to the Ferrari-Martin

construction. It has been known since the work of Rost [130] that exponential LPP can

be mapped to TASEP, allowing one to infer limiting statistics about one model via the

other. However, this connection does not extend to the multi-type exclusion dynamics,

and so the scaling limit of the Busemann process to the SH shown by Busani [31] does

not imply the analogous result for TASEP. However, using the queuing representation of

the multi-type stationary distribution, we arrive at the same scaling limit, showing further

evidence of the universality of the SH. This was originally done in [34] and is recorded in

this dissertation in Chapter 5.



17

1.4 Summary of results, inputs, and organization of the dis-

sertation

The remainder of this dissertation consists of four chapters. This dissertation has been

written to be mostly self-contained, except for a few necessary inputs outlined in this

section. Knowledge of the fundamentals of measure-theoretic probability (for example,

found in Durrett [55]) will be assumed. The results of each chapter depend on those in the

previous chapters, except for Chapter 5, which may be read after Chapter 2, independently

of Chapters 3 and 4.

Chapter 2 gives a new construction of the SH that does not rely on existence of

Busemann functions. Instead, we define the finite-dimensional distributions and show they

are consistent, then use this to construct a process on the Skorokhod space DpR, CpRqq of

functions R Ñ CpRq that are right-continuous with left limits. After the construction, we

give detailed probabilistic information about the distribution of this process. Of particular

significance is the fact that the stationary horizon, restricted to compact intervals, is a

jump process (Theorem 2.5.1). While the particular approach of construction presented

here is new, most of the necessary development of this chapter is adapted from the papers

[134, 135], written jointly with Seppäläinen. There are two notable exceptions. One is

the proof of the reflection invariance of the SH in Theorem 2.3.2(iv). This dissertation

provides a new proof from construction of the SH, a bijection proved in Lemma 2.3.8, and a

triangular array construction analogous to its discrete counterpart from [60]. Previously,

the reflection invariance was proved in [35] using reflection invariance of the DL from

[49] and the fact that the SH is the unique coupled invariant measure for the DL. The

other exception is Section 2.6, which has been adapted from the author’s joint work with

Busani and Seppäläinen [35]. Chapter 2 relies on queuing theory from [73, 80–82, 119],

culminating in a single theorem we use, recorded here as Theorem 2.2.1. We also use some

distributional calculations from [29] and the theory of Palm conditioning from [95].

Chapter 3 shows that the SH is a coupled invariant measure and an attractor for the

KPZ fixed point. This was previously shown in the author’s joint work with Busani and
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Seppäläinen [35] using the following inputs: (i) The invariance of the Busemann process

of the exponential corner growth model under the LPP dynamics [60], (ii) Convergence of

this Busemann process to SH [31], (iii) Exit point bounds for stationary exponential LPP

[15, 16, 56, 132, 133], and (iv) Convergence of exponential LPP to DL [49].

To make this dissertation more self-contained, Chapter 3 gives an alternate proof of the

invariance of the SH. We replace (i) with the invariance of the SH under BLPP (proved here

as Lemma 3.3.2 and adapted from the results in the author’s joint work with Seppäläinen

[135]). Item (ii) is replaced by the scaling relations of the SH proved in Theorem 2.3.2(ii),

removing the need for a limit transition to the SH. Item (iii) is replaced with exit point

bounds for BLPP, which are proved in this dissertation as Theorem 3.4.1. The proof uses

the technique of [56], but, to the best of this author’s knowledge, this particular result

for zero temperature BLPP has not appeared anywhere else in the literature. Item (iv)

is replaced with the convergence of BLPP to the DL from [47]. The attractiveness of the

SH is proved the same in this dissertation as it appears in [35].

In Chapter 4, we give a detailed study of the collection of infinite geodesics across all

directions and initial points. This chapter is adapted from the author’s joint work with

Busani and Seppäläinen [35]. To construct the global Busemann process, we start from

the results in [126], summarized in Section 4.3. After the first version of our paper [35],

Ganguly and Zhang [70] gave an independent construction of the Busemann function in

a fixed direction, and we note that the results of this dissertation do not rely on this

newer work. After characterizing the distribution of the Busemann process, we use the

regularity of SH from Chapter 2 to prove results about the regularity of the Busemann

process and semi-infinite geodesics. A result from [44] implies Lemma B.1.4 and the mixing

in Theorem 4.4.3(ii). In this chapter, we also describe the size of the exceptional sets of

points with non-unique geodesics (Theorems 4.2.6 and 4.5.2(ii)). For this, we use results

about point-to-point geodesics from [23] and [48].

The techniques of Chapters 3 and 4 are probabilistic, rather than integrable, but some

results we use come from integrable inputs. We use results about the directed landscape
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proved in [31, 46, 47, 49, 50], which utilize the continuous RSK correspondence [117, 118].

The results on point-to-point geodesics in [23, 48] rely on [78], who studied the number

of disjoint geodesics in BLPP using integrable inputs. The necessary inputs for the DL

are recorded in Appendix B. Appendix A contains some miscellaneous facts that we use

throughout the dissertation.

Chapter 5 shows that the SH appears as the scaling limit of the TASEP speed pro-

cess studied in [2]. This chapter is taken from the author’s joint work with Busani and

Seppäläinen [34]. To show convergence to the SH, there are two key steps: (i) convergence

of the finite-dimensional distributions and (ii) tightness on the path space DpR, CpRqq of

the SH. The key input for both of these steps is the Ferrari-Martin queuing representation

of the multi class stationary measures for TASEP [63]. The technique for the tightness

proof was first developed by Busani in the context of exponential last-passage percolation

[31]. It requires several technical details about the space DpR, CpRqq, which we omit in

this dissertation and refer the reader to [34].

1.5 Notation

The notation of this dissertation has been made consistent throughout the chapters, oc-

casionally differing slightly from that used in the papers [34, 35, 134, 135]. We summarize

key notation used here.

(i) Z, Q and R are restricted by subscripts, as in for example Zą0 “ t1, 2, 3, . . . u.

(ii) Equality in distribution is denoted by
d
“ and convergence in distribution is denoted

by ùñ.

(iii) X „ Exppρq means that X is exponentially distributed with rate ρ ą 0, or equiva-

lently, with mean ρ´1. In other words, PpX ą tq “ e´ρt for t ą 0.

(iv) X „ N pµ, σ2q means thatX has the Gaussian distribution with mean µ and variance

σ2.

(v) The increments of a function f : R Ñ R are denoted by fpx, yq “ fpyq ´ fpxq.
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(vi) Increment ordering of f, g : R Ñ R: f ďinc g means that fpx, yq ď gpx, yq for all

x ă y.

(vii) For a function f : R Ñ R, define the reflected function sf : R Ñ R as sfpxq “ fp´xq.

(viii) For s P R, Hs “ tpx, sq : x P Ru is the set of space-time points at time level s.

(ix) Two-sided standard Brownian motion is a random continuous process tBpxq : x P Ru

such that Bp0q “ 0 almost surely and tBpxq : x ě 0u and tsBpxq : x ě 0u are two

independent standard Brownian motions on r0,8q.

(x) If B is a two-sided standard Brownian motion, then for σ ą 0 and λ P R,

tσBpxq`λx : x P Ru is a two-sided Brownian motion with diffusivity c ą 0 and drift

µ P R.

(xi) The parameter domain of the directed landscape is R4
Ò

“ tpx, s; y, tq P R4 : s ă tu.

(xii) Let νf denote the Lebesgue-Stieltjes measure of a non-decreasing function f on R.

(xiii) The Hausdorff dimension of a set A is denoted by dimHpAq.

(xiv) For x P R, txu denotes the largest integer less than or equal to x, rxs denotes the

smallest integer greater than or equal to x, rxs denotes the integer closest to x with

|rxs| ď |x|.
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Chapter 2

Construction and properties of the

stationary horizon

2.1 Introduction

This chapter is devoted to constructing the stationary horizon (SH) and studying its

distributional properties. The SH is a stochastic process Gσ “ tGσ
ξ uξPR, where σ is a

scaling parameter, and each Gσ
ξ is a Brownian motion with drift. Gσ lives in the Skorokhod

space DpR, CpRqq of functions R Ñ CpRq that are right-continuous with left limits (see

Section 2.3), and we let Gξ´ : R Ñ R denote the left limit for this process at ξ. To define

the SH, we first define queuing transformations in Section 2.2. In Section 2.3, we state

Proposition 2.3.1, which defines the SH. Shortly after comes Theorem 2.3.2, which states

several distributional invariances of the SH. Section 2.4 uses the description of the finite-

dimensional distributions of the SH to make several distributional calculations. These

calculations are applied in Section 2.5 to show that the SH, restricted to a compact set

of space, is a jump process (Theorem 2.5.1). This leads to qualitative results on the

set of discontinuities of the SH in the parameter ξ, as well as several path properties of

the process, recorded in Theorem 2.5.2. Section 2.6 is devoted to studying the process

x ÞÑ Jξpxq :“ Gξpxq ´ Gξ´pxq when ξ is a direction of discontinuity. Each direction ξ is
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a direction of discontinuity with probability 0, so defining the distribution of this process

requires tools from the theory of Palm conditioning [95]. In the appropriate sense, Jξ is

equal in distribution to a Brownian local time (see Theorems 2.6.1 and 2.6.11 for a more

precise statement).

2.2 The Brownian queue

In the classical M/M/1 queue, customers arrive at a service station at times determined

by a Poisson process. Services are also available at times determined by an independent

Poisson process, whose rate is strictly larger than that of the arrivals. The queue follows a

first in-first out (FIFO) principle so that customers are served in the order in which they

arrived at the queue. The remarkable classical result, now known as Burke’s Theorem [30]

is that the times at which customers depart the queue is also a Poisson process with rate

equal to that of the arrivals.

In this setup, the number of customers who arrive at the queue in a finite interval

must be an integer, naturally representing a number of people. However, when the rate

of service is close to the rate of arrivals, one can obtain a scaling limit of the queue where

the number of arrivals and services in an interval are now real-valued [73, 80–82] (See also

[128, Section 6.9]). We call this the Brownian queue. Here, we introduce the Brownian

queue in the formulation of O’Connell and Yor [119]. For our purposes, we consider a

queue that has no starting time; it has been running since time x “ ´8. Let A and S be

two independent, two-sided standard Brownian motions, and let λ ą 0. For x ă y, Apx, yq

represents the arrivals to the queue in the time interval px, ys, and λpy ´ xq ´ Spx, yq is

the amount of service available in px, ys. For y P R, set

qpyq “ sup
´8ăxďy

tApx, yq ` Spx, yq ´ λpy ´ xqu

dpyq “ Apyq ` qp0q ´ qpyq,

epyq “ Spyq ` qp0q ´ qpyq.

(2.1)
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In queuing terms, qpyq is the length of the queue at time y, and for x ă y, dpx, yq is the

number of departures from the queue in the interval px, ys. The following is due to [119].

Without the statements for the process e, the theorem is a special case of a more general

result previously shown in [81].

Theorem 2.2.1. [119, Theorem 4] The processes d and e are independent, two-sided

standard Brownian motions. Furthermore, for each y P R, tdpx, yq, epx, yq : ´8 ă x ď yu

is independent of tqpxq : x ě yu.

We view the operations in Theorem 2.2.1 in terms of mappings CpRq ˆCpRq Ñ CpRq,

where we subsume the drift term into one of the functions. For continuous functions

Z,B : R Ñ R satisfying lim supxÑ´8rZpxq ´Bpxqs “ ´8, define

QpZ,Bqpyq “ sup
´8ăxďy

tBpx, yq ´ Zpx, yqu, (2.2)

DpZ,Bqpyq “ Zpyq `QpZ,Bqpyq ´QpZ,Bqp0q, (2.3)

RpZ,Bqpyq “ Bpyq `QpZ,Bqp0q ´QpZ,Bqpyq. (2.4)

Theorem 2.2.2. Let σ ą 0, and let B be a two-sided Brownian motion with diffusion σ

and drift λ1, independent of the two-sided Brownian motion B with diffusion σ and drift

λ2 ą λ1. Then, pB,Zq
d
“ pRpZ,Bq, DpZ,Bqq, that is, RpZ,Bq and DpZ,Bq are inde-

pendent Brownian motions, each with diffusion σ and with drifts λ1 and λ2, respectively.

Furthermore, for all y P R, tpDpZ,Bqpx, yq, RpY,Cqpx, yqq : ´8 ă x ď yu is independent

of tQpZ,Bqpxq : x ě yu.

Proof. Define A,S : R Ñ R by Apxq “ pλ2x´Zpxqq{σ and Spxq “ pBpxq ´λ1xq{σ. Then,

S and A are i.i.d. two-sided standard Brownian motions. Let q, d, e be defined as in (2.1)

with λ “ λ2 ´ λ1. Then,

σqpyq “ sup
´8ăxďy

tApx, yq ` Spx, yq ´ pλ2 ´ λ1qpy ´ xqu

“ sup
´8ăxďy

tBpx, yq ´ Zpx, yqu “ QpZ,Bqpyq.
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Next observe that

DpZ,Bqpyq “ Zpyq `QpZ,Bqpyq ´QpZ,Bqp0q

“ λ2y ´ σApyq ` σqpyq ´ σqp0q “ λ2y ´ σdpyq,

and RpZ,Bqpyq “ Bpyq `QpZ,Bqp0q ´QpZ,Bqpyq

“ λ1y ` σSpyq ` σqp0q ´ σqptq “ λ1y ` σepyq.

The result now follows from Theorem 2.2.1.

We now iterate the mapping D as follows:

Dp1qpZq “ Z, Dp2qpZ2, Z1q “ DpZ2, Z1q, and

DpnqpZn, Zn´1, . . . , Z1q “ DpDpn´1qpZn, . . . , Z2q, Z1q for n ě 2.

(2.5)

Given a Borel subset A Ď R, we define two state spaces of n-tuples of functions.

YA
n :“

#

Z “ pZ1, . . . , Znq P CpinpRqn :

for 1 ď i ď n, lim
xÑ´8

Zipxq

x
exists and lies in A,

and for 2 ď i ď n, lim
xÑ´8

Zipxq

x
ą lim

xÑ´8

Zi´1pxq

x

+

,

(2.6)

and

XA
n :“

#

η “ pη1, . . . , ηnq P YA
n : ηi ěinc η

i´1 for 2 ď i ď n

+

. (2.7)

These spaces are Borel-measurable subsets (see below) of the space CpR,Rnq. These spaces

are treated as subspaces of CpR,Rnq where the σ-algebra is the Borel σ-algebra under the

topology of uniform convergence on compact sets, or equivalently, the σ-algebra generated

by the coordinate projections (see, for example, [28, Section 7]).

Measurability of the state spaces XA
n and YA

n . For YA
n , it is sufficient to show that the
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variables

lim inf
xÑ´8

Zipxq

x
and lim sup

xÑ´8

Zipxq

x

are both measurable. We prove the first is measurable, and the second follows analogously.

For a P R,
#

lim inf
xÑ´8

Zipxq

x
ą a

+

“
ď

kPN

ď

NPN

č

xď´N

!Zipxq

x
ě a`

1

k

)

.

By continuity of Zi, the intersection over x ď ´N can be changed to an intersection over

x P p´8,´N s XQ. Hence, the set on the left is measurable. By continuity, we may write

XA
n as

XA
n “

n
č

i“2

č

xăy,x,yPQ

!

η P YA
N : ηipx, yq ě ηi´1px, yq

)

,

completing the proof.

Next, define a transformation Dpnq on n-tuples of functions as follows. Let A Ď R. For

pZ1, . . . , Znq P YA
n , the image η “ pη1, . . . , ηnq “ DpnqpZ1, . . . , Znqq P XA

n is defined by

ηi “ DpiqpY i, . . . , Y 1q for 1 ď i ď n. (2.8)

Lemma 2.3.10(ii) below proves that Dpnq : YA
n Ñ XA

n .

For σ ą 0 and an increasing vector of real drifts ξ̄ “ pξ1 ă ξ2 ă ¨ ¨ ¨ ă ξnq, define the

measure ν ξ̄σ on YR
n as follows: pZ1, . . . , Znq „ ν ξ̄σ if Z1, . . . , Zn are mutually independent

and Zi is a Brownian motion with diffusivity σ and drift σ2ξi. Define the measure µξ̄σ on

XR
n as

µξ̄σ “ ν ξ̄σ ˝ pDpnqq´1. (2.9)

That is, for pZ1, . . . , Znq „ ν ξ̄σ, we have DpnqpZ1, . . . , Znq „ µξ̄σ.

2.3 Construction and invariances of the stationary horizon

In this section, we introduce the stationary horizon (SH) and state several of its basic

properties. The subsequent sections contain more detailed probabilistic information. The
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Skorokhod space DpR, CpRqq consists of functions R Ñ CpRq that are right-continuous

with left limits. CpRq is endowed with the topology of uniform convergence on com-

pact sets. We denote a generic element of this space as G “ tGξuξPR, where each

Gξ is a continuous function. Membership in DpR, CpRqq means that for each ξ P R,

limαŒξ Gα “ Gξ, where convergence holds uniformly on compact sets. Additionally, the

limits limαÕξ Gα exist, uniformly on compact sets, and we denote this limiting continuous

function asGξ´. We endowDpR, CpRqq with the σ-algebra F 1 generated by the projections

πξ1,...,ξn : DpR, CpRqq Ñ CpR,Rnq, which are defined by πξ1,...,ξnpGq “ pGξ1 , . . . , Gξnq.

Since the Borel σ-algebra on CpRq coincides with the σ-algebra generated by projections

px1,...,xn : CpRq Ñ Rn defined by px1,...,xnf “ pfpx1q, . . . , fpxnqq, the σ-algebra F 1 is the

smallest σ-algebra on DpR, CpRqq so that for each ξ, x P R, Gξpxq is measurable.

Proposition 2.3.1. On the Skorokhod space pDpR, CpRqq,F 1q, there exists a family of

measures tPσuσą0, satisfying the following properties. If we don’t reference the measure

Pσ, we let Gσ “ tGσ
ξ uξPR denote the associated random element of DpR, CpRqq.

(i) For ξ P R, Gσ
ξ is a two-sided Brownian motion with variance σ and drift σ2ξ. In

particular, Pσ- almost surely, for every ξ P R, Gξp0q “ 0.

(ii) For ξ̄ “ pξ1 ă ¨ ¨ ¨ ă ξnq, Pσ ˝ pπξ̄q´1 “ µξ̄σ. That is,

pGσ
ξ1 , . . . , G

σ
ξnq „ µξ̄σ.

More concretely, this random vector in CpR,Rnq has the distribution of

pY 1, Dp2qpY 2, Y 1q, . . . , DpnqpY n, . . . , Y 1qq,

where Y 1, . . . , Y n are independent Brownian motions, each with diffusivity σ and

with drifts σ2ξ1, . . . , σ
2ξn. The measure Pσ is the unique distribution on DpR, CpRqq

with these finite-dimensional distributions.

(iii) Pσ-almost surely, for all ξ1 ă ξ2, Gξ1´ ďinc Gξ1 ďinc Gξ2´ ďinc Gξ2.
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(iv) For each ξ P R, PσpGξpxq “ Gξ´pxq @x P Rq “ 1.

(v) Pσ-almost surely, simultaneously for every ξ P R,

lim
|x|Ñ8

Gξpxq

x
“ lim

|x|Ñ8

Gξ´pxq

x
“ σ2ξ.

We call the process Gσ the stationary horizon with diffusivity σ (or SH for short). The

most common choices for σ are 1 (where the SH is the unique coupled invariant measure for

Brownian last-passage percolation) and
?
2 (where the SH is the unique coupled invariant

measure for the KPZ fixed point). These invariances are both discussed in further detail

in the following chapter. The parameterization of the SH first constructed in [31] is

tG2
ξ{4uξPR. The choice of parameterization bears no real significance, as Item (ii) of the

following theorem shows we can obtain one process as a simple scaling of another.

Theorem 2.3.2. The SH Gσ satisfies the following.

(i) Translation invariance: for each x P R, tGσ
ξ px, x` ‚ quξPR

d
“ Gσ.

(ii) Scaling invariance: let b, c, σ ą 0 and ν P R. Then,

tbGσ
ξ pc2 ‚ q ´ pbcσq2ν ‚ uξPR

d
“ tGbcσ

ξ{b´νuξPR.

In particular, tGσ
ξ pc2‚quξPR

d
“ Gcσ, and tc´1Gσ

ξ pc2‚quξPR
d
“ tGσ

cξuξPR

(iii) Stationarity of increments: For ξ1 ă ξ2 ă ¨ ¨ ¨ ă ξn and ξ‹ P R,

pGσ
ξ2 ´Gσ

ξ1 , . . . , G
σ
ξn ´Gσ

ξn´1
q

d
“ pGσ

ξ2`ξ‹ ´Gσ
ξ1`ξ‹ , . . . , Gσ

ξn`ξ‹ ´Gσ
ξn´1`ξ‹q.

(iv) Reflection invariance: tGσ
p´ξq´

p´ ‚ quξPR
d
“ Gσ.

The rest of this section is devoted to proving Proposition 2.3.1 and Theorem 2.3.2.

The following subsections develop the theory of the queuing mappings and the measures

µξ̄σ, which describe the finite-dimensional distributions of the process. We show these
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measures are consistent (Theorem 2.3.21(iii)), then build the measures on DpR, CpRqq

through limiting procedures. The proofs of Proposition 2.3.1 and Theorem 2.3.2 come in

Section 2.3.5.

2.3.1 Deterministic properties of the queuing mappings

We now prove some accessible properties of the queuing mappings. We note here that all

lemmas in this subsection are deterministic statements about continuous functions.

Lemma 2.3.3. Assume Z,B P CpRq satisfy limxÑ´8rZpxq ´ Bpxqs “ ´8. Then, for

x ă y,

DpZ,Bqpx, yq “ Bpx, yq `

´

sup
xďuďy

tZpx, uq ´Bpx, uqu ´ sup
´8ăuďx

tZpx, uq ´Bpx, uqu

¯`

,

and

RpZ,Bqpx, yq “ Zpx, yq ´

´

sup
xďuďy

tZpx, uq ´Bpx, uqu ´ sup
´8ăuďx

tZ1px, uq ´B1px, uqu

¯`

,

Furthermore, DpZ,Bq and RpZ,Bq are continuous.

Proof. From the definition of D (2.3), for x ă y,

DpZ,Bqpx, yq “ Zpx, yq ` sup
´8ăuďy

tBpu, yq ´ Zpu, yqu ´ sup
´8ăuďx

tBpu, xq ´ Zpu, xqu

“ Bpx, yq ` sup
´8ăuďy

tZpuq ´Bpuqu ´ sup
´8ăuďx

tZpuq ´Bpuqu (2.10)

“ Bpx, yq ` sup
´8ăuďy

tZpx, uq ´Bpx, uqu ´ sup
´8ăuďx

tZpx, uq ´Bpx, uqu

“ Bpx, yq `

´

sup
xďuďy

tZpx, uq ´Bpx, uqu ´ sup
´8ăuďx

tZpx, uq ´Bpx, uqu

¯`

.

A similar calculation shows the identity for RpZ,Bq. To show continuity, we observe that

0 ď

´

sup
xďuďy

tZpx, uq ´Bpx, uqu ´ sup
´8ăuďx

tZpx, uq ´Bpx, uqu

¯`
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ď

´

sup
xďuďy

tZpx, uq ´Bpx, uqu

¯`

“ sup
xďuďy

tZpx, uq ´Bpx, uqu.

where the second inequality follows because

sup
´8ăuďx

tZpx, uq ´Bpx, uqu ě Zpx, xq ´Bpx, xq “ 0,

and the last equality follows by similar reasoning. The continuity of DpZ,Bq and RpZ,Bq

now follows from the continuity of Z and B.

Lemma 2.3.4. For pZ1, . . . , Znq P CpR,Rnq with Zip0q “ 0 for 1 ď i ď n, define

AZ
n pyq “ sup

´8ăxn´1ďxn´2ď¨¨¨ďx1ďy

!

n´1
ÿ

i“1

Zi`1pxiq ´ Zipxiq
)

.

Then, for n ě 2, if AZ
n p0q is finite,

DpnqpZn, Zn´1, . . . , Z1qpyq “Z1pyq `AZ
n pyq ´AZ

n p0q.

Furthermore, RpZ2, Z1qpyq “ Z2pyq `AZ1,Z2

2 p0q ´AZ1,Z2

n pyq.

Proof. The n “ 2 case follows from (2.10) (observe that the assumption Zip0q “ 0 is cru-

cial). The statement for the map R follows analogously. Now, assume that the statement

is true for some n ě 2. By definition of Dpn`1q (2.5) and the n “ 2 case,

Dpn`1qpZn`1, . . . , Z1qpyq “ DpDpnqpZn`1, . . . , Z2q, Z1qpyq

“ Z1pyq ` sup
´8ăxďy

tDpnqpZn`1, . . . , Z2qpxq ´ Z1pxqu

´ sup
´8ăxď0

tDpnqpZn`1, . . . , Z2qpxq ´ Z1pxqu

“ Z1pyq ` sup
´8ăxďy

#

Z2pxq ` sup
´8ăxnď¨¨¨ďx2ďx

!

n
ÿ

i“2

Zi`1pxiq ´ Zipxiq
)

´ Z1pxq

+

´ sup
´8ăxď0

#

Z2pxq ` sup
´8ăxnď¨¨¨ďx2ďx

!

n
ÿ

i“2

Zi`1pxiq ´ Zipxiq
)

´ Z1pxq

+

“ Z1pyq `AZ
n pyq ´AZ

n p0q,
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where in the third line, the term sup´8ăxnď¨¨¨ďx2ď0

!

řn
i“2 Z

i`1pxiq ´ Zipxiq
)

is canceled

out from both terms by subtraction.

Lemma 2.3.5. Let a ă b, and let Zk, Bk P CpinpRq be sequences such that Zk Ñ Z and

Bk Ñ B uniformly on compact sets. Assume further that

lim sup
xÑ´8
kÑ8

ˇ

ˇ

ˇ

ˇ

1

x
Zkpxq ´ b

ˇ

ˇ

ˇ

ˇ

“ 0 “ lim sup
xÑ´8
kÑ8

ˇ

ˇ

ˇ

ˇ

1

x
Bkpxq ´ a

ˇ

ˇ

ˇ

ˇ

. (2.11)

Then, Z 1 :“ DpZ,Bq, B1 :“ RpZ,Bq, Z 1
k :“ DpZk, Bkq, and B1

k :“ RpZk, Bkq are well-

defined for sufficiently large k. Furthermore,

lim
kÑ8

Z 1
k “ Z 1 and lim

kÑ8
B1

k “ B1,

in the sense of uniform convergence on compact subsets of R, and

lim sup
xÑ´8
kÑ8

ˇ

ˇ

ˇ

ˇ

1

x
Z 1
kpxq ´ b

ˇ

ˇ

ˇ

ˇ

“ 0 “ lim sup
xÑ´8
kÑ8

ˇ

ˇ

ˇ

ˇ

1

x
B1

kpxq ´ a

ˇ

ˇ

ˇ

ˇ

.

Proof. We first show that for all k sufficiently large,

lim sup
xÑ´8

rZkpxq ´Bkpxqs “ lim sup
xÑ´8

rZpxq ´Bpxqs “ ´8. (2.12)

Let 2ε ă b ´ a. The assumption (2.11) implies that there exists R ą 0 so that whenever

k ą R and x ă ´R, 1
xZkpxq ą b´ ε and 1

xBkpxq ă a` ε. Then,

Zkpxq ´Bkpxq ă pb´ a´ 2εqx for all ´ x, k ą R, (2.13)

and this goes to ´8 as x Ñ ´8. Now, assume, to the contrary, that

lim supxÑ´8rZpxq ´Bpxqs ą ´8. Then, there exists a sequence xn Ñ ´8 with Zpxnq ´

Bpxnq ě A for some constant A. Choose xn ă ´R so that pb´ a´ 2εqxn ă A´ 1. Then,

for k ě R, Zkpxnq ´ Bkpxnq ă pb ´ a ´ 2εqxn ă A ´ 1. By the convergence Zk Ñ Z and
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Bk Ñ B, Zpxnq ´Bpxnq ď A´ 1, a contradiction.

With (2.12), we have established that Z 1, B1, Z 1
k, and B

1
k are well-defined for sufficiently

large k. By Lemma 2.3.4,

Z 1
kpyq “ Bkpyq ` sup

´8ăxďy
tZkpxq ´Bkpxqu ´ sup

´8ăxď0
tZkpxq ´Bkpxqu, and

B1
kpyq “ Zkpyq ` sup

´8ăxď0
tZkpxq ´Bkpxqu ´ sup

´8ăxďy
tZkpxq ´Bkpxqu.

It therefore suffices to show that sup´8ăxďytZkpxq ´ Bkpxqu converges uniformly, on

compact subsets of R, to sup´8ăxďytZpxq ´Bpxqu, and that

lim sup
xÑ´8
kÑ8

ˇ

ˇ

ˇ

ˇ

1

x
sup

´8ďxďy
tZkpxq ´Bkpxqu ´ pb´ aq

ˇ

ˇ

ˇ

ˇ

“ 0. (2.14)

We first prove pointwise convergence. Let xy be a maximizer of Zpxq ´Bpxq over

x P p´8, ys. Then,

lim inf
kÑ8

sup
´8ăxďy

tZkpxq ´Bkpxqu ě lim inf
kÑ8

rZkpxyq ´Bkpxyqs

“ Zpxyq ´Bpxyq “ sup
´8ăxďy

tZpxq ´Bpxqu.

For the converse, for k sufficiently large so (2.12) holds, let xky be a sequence of maximizers

of Zkpxq ´Bkpxq over x P p´8, ys. Then,

lim sup
kÑ8

sup
´8ăxďy

tZkpxq ´Bkpxqu ě lim sup
kÑ8

Zkpxkyq ´Bkpxkyq.

By uniform-on-compact convergence Zk Ñ Z and Bk Ñ B, if

lim sup
kÑ8

sup
´8ăxďy

tZkpxq ´Bkpxqu ą sup
´8ăxďy

tZpxq ´Bpxqu, (2.15)

then by the uniform convergence of Bk to B and Zk to Z, it must be that x
kj
y Ñ ´8
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along some subsequence kj . Then, by (2.13),

lim sup
jÑ8

sup
´8ăxďy

tZkj pxq ´Bkj pxqu “ lim sup
jÑ8

rZkj px
kj
y q ´Bkj px

kj
y qs “ ´8,

a contradiction to (2.15). Therefore, txkyuk is a bounded sequence, and for each y P R,

there exists some Ry P R such that, for all k sufficiently large,

sup
t´8ăxďy

tZkpxq ´Bkpxqu “ sup
Ryďxďy

tZkpxq ´Bkpxqu, and

sup
t´8ăxďy

tZpxq ´Bpxqu “ sup
Ryďxďy

tZpxq ´Bpxqu.

The quantity supRtďxďytZkpxq ´ Bkpxqu converges to sup´8ăxďytZpxq ´ Bpxqu by the

assumed uniform convergence on compact subsets Zk Ñ Z and Bk Ñ B. The uniform

convergence on compact subsets of the function y ÞÑ sup´8ăxďytZkpxq ´ Bkpxqu is as

follows: for N P R,

lim sup
kÑ8

sup
yPr´N,Ns

∣∣ sup
´8ăxďy

tZkpxq ´Bkpxqu ´ sup
´8ăxďy

tZpxq ´Bpxqu
∣∣

“ lim sup
kÑ8

sup
yPr´N,Ns

| sup
R´Nďxďy

tZkpxq ´Bkpxqu ´ sup
R´Nďxďy

tZpxq ´Bpxqu| “ 0.

To prove (2.14). Let 0 ă 2ε ă b´ a. By (2.13), for ´x, k ě R,

sup
´8ăxďy

tZkpxq ´Bkpxqu ď sup
´8ăxďy

tpb´ εqx´ pa` εqxu “ pb´ a´ 2εqy.

For the reverse inequality, we observe that

sup
´8ăxďy

tZkpxq ´Bkpxqu ě Bkpxq ´ Zkpxq,

and apply Assumption (2.11).
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Lemma 2.3.6. Let pB,Zq P YR
2 satisfy the following limits:

lim
xÑ´8

Bpxq

x
“ a ă b “ lim

xÑ´8

Zpxq

x
. (2.16)

Then, the mappings DpZ,Bq and RpZ,Bq are well-defined, and

lim
xÑ´8

RpZ,Bqpxq

x
“ a and lim

xÑ´8

DpZ,Bqpxq

x
“ b.

On the other hand, if Zpxq ´ Bpxq Ñ ´8 as x Ñ ´8 and if the following limits exist

(regardless of whether the limits (2.16) exist)

lim
xÑ`8

Zpxq

x
“ c ă lim

xÑ`8

Bpxq

x
“ d,

then also

lim
xÑ`8

DpZ,Bqpxq

x
“ c, and lim

xÑ`8

DpZ,Bqpxq

x
“ d.

Proof. The preservation of limits as x Ñ ´8 is a direct corollary of Lemma 2.3.5, setting

Bk “ B and Zk “ Z for all k.

For limits as x Ñ `8, similarly as in the proof of Lemma 2.3.5, it suffices to show

that

lim
yÑ8

1

y
sup

´8ăxďy
tZpxq ´Bpxqu “ d´ c.

Let 0 ă ε ă d ´ c, and let Rε ą 0 be sufficiently large so that for all x ą Rε,

pd´ c´ εqx ď Zpxq ´Bpxq ď pd´ c` εqx. It follows that Zpxq ´Bpxq Ñ `8 as x Ñ `8,

so for all sufficiently large y,

sup
´8ăxďy

tZpxq ´Bpxqu “ sup
Rεďxďy

tZpxq ´Bpxqu.

Then,

b´ c´ ε “ lim inf
yÑ8

1

y
sup

Rεďxďy
tpb´ c´ εqxu ď lim inf

yÑ8

1

y
sup

´8ďxďy
tZpxq ´Bpxqu
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ď lim sup
yÑ8

1

y
sup

´8ďxďy
tZpxq ´Bpxqu ď lim sup

yÑ8

1

y
sup

Rεďxďy
tpb´ c` εqxu “ b´ c` ε.

Letting ε Œ 0 completes the proof.

We prove a related lemma.

Lemma 2.3.7. Let B,Z P CpinpRq satisfy

lim inf
xÑ´8

Zpxq

x
“ b ą a “ lim

xÑ´8

Bpxq

x
,

where the limit on the right is assumed to exist. Then,

lim inf
xÑ´8

DpZ,Bqpxq

x
ě b.

Proof. Let 0 ă 2ε ă b ´ a. Let Rε ą 0 be sufficiently large so that, for all x ă ´Rε,

Zpxq ă pb´ εqx and Bpxq ą pa` εqx Then, for all y ă ´Rε,

sup
´8ăxďy

tZpxq ´Bpxqu ď sup
´8ăxďy

tpb´ a´ 2εqxu “ pb´ a´ 2εqy.

Hence,

lim inf
yÑ´8

1

y
sup

´8ăxďy
tZpxq ´Bpxqu ě pb´ a´ 2εq

Since

DpZ,Bqpyq “ Bpyq ` sup
´8ăxďy

tZpxq ´Bpxqu ´ sup
´8ăxď0

tZpxq ´Bpxqu,

and ε ą 0 is arbitrary, this completes the proof.

Lemma 2.3.8. Let

Ya,b,c,d
2 “

#

pB,Zq P YR
2 : lim

xÑ´8

Bpxq

x
“ a, lim

xÑ´8

Zpxq

x
“ b,

lim
xÑ`8

Bpxq

x
“ c, and lim

xÑ`8

Zpxq

x
“ d.

+ (2.17)
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Then, the mapping pB,Zq ÞÑ pRpZ,Bq, DpZ,Bqq is a bijection Ya,b,c,d
2 Ñ Ya,b,c,d

2 .

For a function f : R Ñ R, define the transformed function sf : R Ñ R as sfpxq “

fp´xq, as in Section 1.5. Then, the inverse of the mapping pB,Zq ÞÑ pRpZ,Bq, DpZ,Bqq

is the mapping pC, Y q ÞÑ pR̂pY,Cq, D̂pY,Cqq, where R̂ and D̂ are defined by

R̂pY,Cq “ srDpsC, sY qs, and D̂pY,Cq “ srRpsC, sY qs. (2.18)

In other words, if pB,Zq P Ya,b,c,d
2 , then

DpsRpZ,Bq, sDpZ,Bqq “ sB, and RpsRpZ,Bq, sDpZ,Bqq “ sZ. (2.19)

Proof. To check that the mapping pB,Zq ÞÑ pRpZ,Bq, DpZ,Bqq preserves Ya,b,c,d
n , we first

use Lemma 2.3.4 to verify that DpZ,Bqp0q “ RpZ,Bqp0q “ 0. The preservation of the

limits follows from Lemma 2.3.6. Furthermore, since

lim
xÑ´8

sRpZ,Bqpxq

x
“ ´c ą ´d “ lim

xÑ´8

sDpZ,Bqpxq

x
,

we have limxÑ´8rsRpZ,Bqpxq ´ sDpZ,Bqpxqs “ ´8 so that DpsRpZ,Bq, sDpZ,Bqq and

RpsRpZ,Bq, sDpZ,Bqq are well-defined.

We show the first equality of (2.19), which is equivalent to R̂pDpZ,Bq, RpZ,Bqq “ B.

The proof that D̂pDpZ,Bq, RpZ,Bqq “ Z, as well as the proofs that

DpD̂pY,Cq, R̂pY,Cqq “ Y, and RpD̂pY,Cq, R̂pY,Cqq “ C

follow a similar argument. Using the n “ 2 case of Lemma 2.3.4,

DpsRpZ,Bq, sDpZ,Bqqpyq

“ sDpZ,Bqpyq ` sup
´8ăxďy

tsRpZ,Bqpxq ´ sDpZ,Bqpxqu

´ sup
´8ăxď0

tsRpZ,Bqpxq ´ sDpZ,Bqpxqu
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“ Bp´yq ` sup
´8ăxď´y

tZpxq ´Bpxqu ´ sup
´8ăxď0

tZpxq ´Bpxqu

` sup
´8ăxďy

tZp´xq ´Bp´xq ´ 2 sup
´8ăuď´x

rZpuq ´Bpuqsu

´ sup
´8ăxď0

tZp´xq ´Bp´xq ´ 2 sup
´8ăuď´x

rZpuq ´Bpuqsu

“ Bp´yq ` sup
´8ăxď´y

tZpxq ´Bpxqu ´ sup
´8ăxď0

tZpxq ´Bpxqu

` sup
´yďxă8

tZpxq ´Bpxq ´ 2 sup
´8ăuďx

rZpuq ´Bpuqsu

´ sup
0ďxă8

tZpxq ´Bpxq ´ 2 sup
´8ăuďx

rZpuq ´Bpuqsu

“ Bp´yq ` sup
´8ăxď´y

tZpxq ´Bpxqu ´ sup
´8ăxď0

tZpxq ´Bpxqu

` sup
´yďxă8

tZpxq ´Bpxq ´ 2 sup
´8ăuďx

rZpuq ´Bpuqsu

´ sup
0ďxă8

tZpxq ´Bpxq ´ 2 sup
´8ăuďx

rZpuq ´Bpuqsu

“ Bp´yq ` sup
´8ăxď´y

tZpxq ´Bpxqu ´ sup
´8ăxď0

tZpxq ´Bpxqu

´ inf
´yďxă8

t2 sup
´8ăuďx

rZpuq ´Bpuqs ´ pZpxq ´Bpxqqu

´ inf
0ďxă8

t2 sup
´8ăuďx

rZpuq ´Bpuqs ´ pZpxq ´Bpxqqu.

To show that this last line equals Bp´yq “ sBpyq, it suffices to show that for all y P R,

sup
´8ăxď´y

tZpxq ´Bpxqu “ inf
´yďxă8

t2 sup
´8ăuďx

rZpuq ´Bpuqs ´ pZpxq ´Bpxqqu.

This is exactly the statement of Lemma A.1.4 with f “ Z ´B.

Lemma 2.3.9. Assume that Z,Z 1, B P CpinpRq satisfy Z ďinc Z
1 and

lim sup
xÑ´8

Zpxq ´Bpxq “ ´8.

Then B ďinc DpZ,Bq ďinc DpZ 1, Bq.
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Proof. By Lemma 2.3.3,

DpZ,Bqpx, yq “ Bpx, yq `

´

sup
xďuďy

tZpx, uq ´Bpx, uqu ´ sup
´8ăuďx

tZpx, uq ´Bpx, uqu

¯`

,

from which both inequalities follow.

Lemma 2.3.10. Let A Ď R be a Borel set. Then, the mapping Dpnq (2.8) satisfies the

following properties:

(i) If pZ1, . . . , Znq P YA
n satisfies

lim
xÑ´8

Zipxq

x
“ ai for 1 ď i ď n,

then the image pη1, . . . , ηnq “ DpnqpZ1, . . . , Znq also satisfies

lim
xÑ´8

ηipxq

x
“ ai for 1 ď i ď n.

(ii) Dpnq maps YA
n into XA

n .

Proof. Item (i) follows by definition of Dpnq (2.8) and repeated application of Lemma

2.3.6. To show Item (ii), we must show that for pZ1, . . . , Znq P YA
n , pη1, . . . , ηnq “

DpnqpZ1, . . . , Znq, each ηi is continuous, satisfies ηip0q “ 0, and ηi ďinc η
i`1. Conti-

nuity follows from Lemma 2.3.3. Since Z1p0q “ 0, Lemma 2.3.4 proves ηip0q “ 0 for

1 ď i ď n. By Lemma 2.3.9, η2 “ DpZ2, Z1q ěinc Z
1 “ η1. Assume inductively that

ηi “ DpiqpZi, . . . , Z1q ěinc D
pi´1qpZi´1, . . . , Z1q “ ηi´1.

Then, after applying this assumption with Z2, . . . , Zi`1 in place of Z1, . . . , Zi and using

Lemma 2.3.9, we get that

ηi`1 “Dpi`1qpZi`1, . . . , Z1q “ DpDpiqpZi`1, . . . , Z2q, Z1q

ěinc DpDpi´1qpZi, . . . , Z2q, Z1q “ DpiqpZi, . . . , Z1q “ ηi,
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and the proof is complete.

Lemma 2.3.11. Let pB1, Z1, Z2q P YR
3 , and set B2 “ RpZ1, B1q. Then,

DpDpZ2, B2q, DpZ1, B1qq “ DpDpZ2, Z1q, B1q.

Proof. We first note that by definition of Dp3q (2.5) and Lemma 2.3.4,

DpDpZ2, Z1q, B1qpyq “ Dp3qpZ2, Z1, B1qpyq

“ B1pyq ` sup
´8ăwďxďy

tZ1pxq ´B1pxq ` Z2pwq ´ Z1pwqu

´ sup
´8ăwďxď0

tZ1pxq ´B1pxq ` Z2pwq ´ Z1pwqu. (2.20)

On the other hand, by definitions of the mappings D and R (2.3)–(2.4),

DpDpZ2, B2q, DpZ1, B1qqpyq

“ DpZ1, B1qpyq ` sup
´8ăxďy

tDpZ2, B2qpxq ´DpZ1, B1qpxqu

´ sup
´8ăxď0

tDpZ2, B2qpxq ´DpZ1, B1qpxqu

“ B1pyq ` sup
´8ăxďy

tZ1pxq ´B1pxqu ´ sup
´8ăxď0

tZ1pxq ´B1pxqu

` sup
´8ăxďy

”

B2pxq ` sup
´8ăwďx

tZ2pwq ´B2pwqu ´B1pxq ´ sup
´8ăwďx

tZ1pwq ´B1pwqu

ı

´ sup
´8ăxď0

”

B2pxq ` sup
´8ăwďx

tZ2pwq ´B2pwqu ´B1pxq ´ sup
´8ăwďx

tZ1pwq ´B1pwqu

ı

“ B1pyq ` sup
´8ăxďy

tZ1pxq ´B1pxqu ´ sup
´8ăxď0

tZ1pxq ´B1pxqu

` sup
´8ăxďy

”

Z1pxq ´B1pxq ´ 2 sup
´8ăwďx

tZ1pwq ´B1pwquu

` sup
´8ăvďwďx

tZ2pwq ´ Z1pwq ` Z1pvq ´B1pvqu

ı

´ sup
´8ăxď0

”

Z1pxq ´B1pxq ´ 2 sup
´8ăwďx

tZ1pwq ´B1pwquu

` sup
´8ăvďwďx

tZ2pwq ´ Z1pwq ` Z1pvq ´B1pvqu

ı

. (2.21)
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Comparing (2.20) with (2.21), it is sufficient to show that, for arbitrary y P R,

sup
´8ăxďy

tZ1pxq ´B1pxqu

` sup
´8ăxďy

”

Z1pxq ´B1pxq ´ 2 sup
´8ăwďx

tZ1pwq ´B1pwqu (2.22)

` sup
´8ăvďwďx

tZ2pwq ´ Z1pwq ` Z1pvq ´B1pvqu

ı

“ sup
´8ăwďxďy

tZ1pxq ´B1pxq ` Z2pwq ´ Z1pwqu. (2.23)

We will first prove that (2.22) ď (2.23). We note that

(2.22) ď sup
´8ăxďy

tZ1pxq ´B1pxqu (2.24)

` sup
´8ăxďy

”

Z1pxq ´B1pxq ´ 2 sup
´8ăwďx

tZ1pwq ´B1pwqu (2.25)

` sup
´8ăwďx

tZ2pwq ´ Z1pwqu ` sup
´8ăwďx

tZ1pwq ´B1pwqu

ı

“ sup
´8ăxďy

tZ1pxq ´B1pxqu (2.26)

` sup
´8ăxďy

”

Z1pxq ´B1pxq ´ sup
´8ăwďx

tZ1pwq ´B1pwqu ` sup
´8ăwďx

tZ2pwq ´ Z1pwqu

ı

Now, we let x‹ ď y be a point such that

Z1px‹q ´B1px‹q ´ sup
´8ăwďx‹

tZ1pwq ´B1pwqu ` sup
´8ăwďx‹

tZ2pwq ´ Z1pwqu

“ sup
´8ăxďy

”

Z1pxq ´B1pxq ´ sup
´8ăwďx

tZ1pwq ´B1pwqu ` sup
´8ăwďx

tZ2pwq ´ Z1pwqu

ı

.

We consider two cases.

Case 1: sup
´8ăwďx‹

tZ1pwq ´B1pwqu “ sup
´8ăwďy

tZ1pwq ´B1pwqu

Then,

(2.22) ď (2.26) “ sup
´8ăxďy

tZ1pxq ´B1pxqu ` Z1px‹q ´B1px‹q



40

´ sup
´8ăwďx‹

tZ1pwq ´B1pwqu ` sup
´8ăwďx‹

tZ2pwq ´ Z1pwqu

“ Z1px‹q ´B1px‹q ` sup
´8ăwďx‹

tZ2pwq ´ Z1pwqu

ď sup
´8ăwďxďy

tZ1pxq ´B1pxq ` Z2pwq ´ Z1pwqu “ (2.23).

Case 2: sup
´8ăwďx‹

tZ1pwq ´B1pwqu ă sup
´8ăwďy

tZ1pwq ´B1pwqu.

Then, we have that

sup
´8ăwďy

tZ1pwq ´B1pwqu “ sup
x‹ďwďy

tZ1pwq ´B1pwqu,

so, noting that Z1px‹q ´B1px‹q ď sup
´8ăwďx‹

tZ1pwq ´B1pwqu,

(2.22) ď (2.26) “ sup
´8ăxďy

tZ1pxq ´B1pxqu ` Z1px‹q ´B1px‹q

´ sup
´8ăwďx‹

tZ1pwq ´B1pwqu ` sup
´8ăwďx‹

tZ2pwq ´ Z1pwqu

ď sup
x‹ďxďy

tZ1pxq ´B1pxqu ` sup
´8ăwďx‹

tZ2pwq ´ Z1pwqu

“ sup
´8ăwďx‹ďxďy

tZ1pxq ´B1pxq ` Z2pwq ´ Z1pwqu

ď sup
´8ăwďxďy

tZ1pxq ´B1pxq ` Z2pwq ´ Z1pwqu “ (2.23).

Now, we prove that (2.23) ď (2.22). Let ´8 ă w‹ ď x‹ ď y be such that

Z1px‹q ´B1px‹q ` Z2pw‹q ´ Z1pw‹q “ sup
´8ăwďxďy

tZ1pxq ´B1pxq ` Z2pwq ´ Z1pwqu.

We consider two new cases.

Case 1: sup
´8ăvďx‹

tZ1pvq ´B1pvqu “ sup
´8ăvďw‹

tZ1pvq ´B1pvqu.
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Then,

(2.23) “Z1px‹q ´B1px‹q ` Z2pw‹q ´ Z1pw‹q

` sup
´8ăvďw‹

tZ1pvq ´B1pvqu ´ sup
´8ăvďx‹

tZ1pvq ´B1pvqu

ď sup
´8ăxďy

”

Z1pxq ´B1pxq ´ sup
´8ăvďx

tZ1pvq ´B1pvqu

` sup
´8ăvďwďx

tZ1pvq ´B1pvq ` Z2pwq ´B2pwqu

ı

ď sup
´8ăxďy

”

Z1pxq ´B1pxq ` sup
´8ăvďy

tZ1pvq ´B1pvqu

´2 sup
´8ăvďx

tZ1pvq ´B1pvqu ` sup
´8ăvďwďx

tZ2pwq ´ Z1pwq ` Z1pvq ´B1pvqu

ı

“ sup
´8ăvďy

tZ1pvq ´B1pvqu

` sup
´8ăxďy

”

Z1pxq ´B1pxq ´ 2 sup
´8ăvďx

tZ1pvq ´B1pvqu

` sup
´8ăvďwďx

tZ2pwq ´ Z1pwq ` Z1pvq ´B1pvqu

ı

“ (2.22).

Case 2: sup
´8ăvďx‹

tZ1pvq ´B1pvqu ą sup
´8ăvďw‹

tZ1pvq ´B1pvqu.

Then, we have that

sup
´8ăvďx‹

tZ1pvq ´B1pvqu “ sup
w‹ďvďx‹

tZ1pvq ´B1pvqu ą Z1pw‹q ´B1pw‹q.

Consequently, there is a point v‹ P pw‹, x‹s such that

Z1pv‹q ´B1pv‹q “ sup
´8ăvďx‹

tZ1pvq ´B1pvqu.

Next, we define z‹ P rw‹, v‹q as

z‹ “ inf
!

z P rw‹, v‹q : Z1pzq ´B1pzq “ sup
´8ăvďw‹

tZ1pvq ´B1pvqu

)

.
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w‹ z‹ v‹

Figure 2.1: Example graph of the function Z1pzq ´ B1pzq. The upper horizontal (blue) line
represents the value of sup

´8ăvďw‹

tZ1pvq ´B1pvqu. The value of z‹ is the first location greater than

or equal to w‹ where the function Z1pzq ´B1pzq takes the value on the blue line.

To see that this set is nonempty, recall that

Z1pv‹q ´B1pv‹q “ sup
´8ăvďx‹

tZ1pvq ´B1pvqu

ą sup
´8ăxďw‹

tZ1pvq ´B1pvqu ě Z1pw‹q ´B1pw‹q,

and use the Intermediate Value Theorem. By continuity, we observe that

Z1pz‹q ´B1pz‹q “ sup
´8ăvďz‹

tZ1pvq ´B1pvqu “ sup
´8ăvďw‹

tZ1pvq ´B1pvqu. (2.27)

Refer to figure 2.1 for clarity. Now, by (2.27), we have

(2.23) “Z1px‹q ´B1px‹q ` Z2pw‹q ´ Z1pw‹q

“Z1px‹q ´B1px‹q ` Z1pz‹q ´B1pz‹q ´ 2 sup
´8ăvďz‹

tZ1pvq ´B1pvqu

` Z2pw‹q ´ Z1pw‹q ` sup
´8ăvďw‹

tZ1pvq ´B1pvqu

ď sup
´8ăxďy

tZ1pxq ´B1pxqu

` sup
´8ăzďy

!

Z1pzq ´B1pzq ´ 2 sup
´8ăvďz

tZ1pvq ´B1pvqu

` sup
´8ăvďwďz

tZ2pwq ´ Z1pwq ` Z1pvq ´B1pvqu

)

“ (2.22).

This concludes all cases of the proof.
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Lemma 2.3.12. Let n ě 2, and assume pB1, Z1, Z2, . . . , Znq P YR
n`1. For 2 ď j ď n

define Bj “ RpZj´1, Bj´1q. Then, for 1 ď k ď n´ 1,

Dpn`1qpZn, Zn´1, . . . , Z1, B1q

“ Dpk`1qpDpn´k`1qpZn, . . . , Zk`1, Bk`1q, DpZk, Bkq, . . . , DpZ1, B1qq.

Proof. With Lemma 2.3.11 in place, we can now follow the argument of Theorem 4.5 in

[60]. By Lemma 2.3.13, all the given operations are well-defined. Lemma 2.3.11 gives

us the statement for n “ 2. Assume, by induction, that the statement is true for some

n´ 1 ě 2. We will show the statement is also true for n. We first prove the case k “ 1.

Dp2qpDpnqpZn, . . . , Z2, B2q, DpZ1, B1qq

“ DpDpDpn´1qpZn, . . . , Z2q, B2q, DpZ1, B1qq

“ DpDpDpn´1qpZn, . . . , Z2q, Z1q, B1q

“ DpDpnqpZn, . . . , Z1q, B1q

“ Dpn`1qpZn, . . . , Z1, B1q.

The second equality above was a consequence of Lemma 2.3.11. Now, let 2 ď k ď n ´ 1.

Then, applying the definition of Dpk`1q followed by the induction assumption,

Dpk`1qpDpn´k`1qpZn, . . . , Zk`1, Bk`1q, DpZk, Bkq, . . . , DpZ1, B1qq

“DpDpkqpDpn´k`1qpZn, . . . , Zk`1, Bk`1q, DpZk, Bkq, . . . , DpZ2, B2qq, DpZ1, B1qq

“DpDpnqpZn, . . . , Z2, B2q, DpZ1, B1qq “ Dp2qpDpnqpZn, . . . , Z2, B2q, DpZ1, B1qq.

Hence, we have reduced this to the k “ 1 case.

We note that the case k “ n´ 1 of Theorem 2.3.12 gives us

Dpn`1qpZn, . . . , Z1, B1q “ DpnqpDpZn, Bnq, . . . , DpZ1, B1qq. (2.28)
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2.3.2 Multiclass Markov chains

We define here two discrete-time Markov chains on the state spaces YA
n and YA

n (2.6)–(2.7).

The multiline process is a discrete-time Markov chain on the state space Ypσ2a,8q
n

of (2.6) for some choice of σ ą 0 and a P R. Analogous processes are defined in dis-

crete settings in [63] and [60]. The transition from the time m ´ 1 state Zm´1 “ Z “

pZ1, Z2, . . . , Znq P Ypσ2a,8q
n to the time m state

Zm “ Z “ pZ
1
, Z

2
, . . . , Z

n
q P Ypσ2a,8q

n

is defined as follows. The driving force is an auxiliary function B P CpinpRq that satisfies

lim
xÑ´8

Bpxq

x
“ σ2a P R.

for some fixed choice of a. First, set B1 “ B, and Z
1

“ DpZ1, B1q. Then, iteratively for

i “ 2, 3, . . . , n:

Bi “ RpZi´1, Bi´1q, and Z
i

“ DpZi, Biq. (2.29)

Lemma 2.3.13. The multiline process (2.29) is well-defined on the state space Ypσ2a,8q
n .

Proof. This follows from Lemma 2.3.6: Inductively, each Bi satisfies

lim
xÑ´8

Bipxq

x
“ σ2a

so since Z P Ypσ2a,8q
n , we have that, for 1 ď i ď n,

lim sup
xÑ´8

Zipxq ´Bipxq “ ´8.

Theorem 2.3.14. For each choice of a P R and ξ̄ “ pξ1 ă ¨ ¨ ¨ ă ξnq P Rn
ąa, the measure

ν ξ̄σ on Ypσ2a,8q
n is invariant for the multiline process (2.29) if the driving function B at

each step of the evolution is taken to be an independent two-sided Brownian motion with

diffusivity σ and drift σ2a.
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Proof. Assume that Z “ pZ1, . . . , Znq P Ypσ2a,8q
n has distribution ν ξ̄σ. We will show that

Z also has distribution ν ξ̄σ. The assumption on Z means that Z1, . . . , Zn are indepen-

dent two-sided Brownian motions with diffusivity σ and drift σ2ξi. By Theorem 2.2.2,

Z
1

“ DpZ1, B1q is a two-sided Brownian motion with diffusivity σ and drift σ2ξ1, in-

dependent of B2 “ RpZ1, B1q, which is a two-sided Brownian motion with diffusivity σ

and zero drift. Hence, the random paths Z
1
, B2, Z2, . . . , Zn are mutually independent.

We iterate this process as follows: Assume, for some 2 ď k ď n ´ 1, that the random

paths Z
1
, . . . , Z

k´1
, Bk, Zk, . . . , Zn are mutually independent, where for 1 ď i ď k ´ 1,

Z
i
is a Brownian motion with diffusivity σ and drift σ2ξi. Then, by another application

of Theorem 2.2.2, Z
k

“ DpZk, Bkq is a two-sided Brownian motion with diffusivity σ

and drift σ2ξk, independent of B
k`1 “ RpZk, Bkq, which is a two-sided Brownian motion

with diffusivity σ and zero drift. Since pZ
k
, Bk`1q is a function of pBk, Zkq, we have that

Z
1
, . . . , Z

k
, Bk`1, Zk`1, . . . , Zn are mutually independent, completing the proof.

For a fixed diffusivity σ ą 0 and a constant a ą 0, we now define a Markov chain

η :“ tηmumPZě0 “ tpη1m, . . . , η
n
mqumPZě0

with state space X pσ2a,8q
n . Henceforth, F “ tFmumě1 denotes an i.i.d. sequence of two-

sided Brownian motions with diffusivity σ and drift σ2a, independent of the initial con-

figuration η0 P X pσ2a,8q
n . At each discrete time step m ě 1, set Fm to be the driving

Brownian motion. Given the time m´ 1 state ηm´1, define the time m state of the chain

as

ηm “
`

Dpη1m´1, Fmq, Dpη2m´1, Fmq, . . . , Dpηnm´1, Fmq
˘

. (2.30)

Lemmas 2.3.9 and 2.3.10 imply that if ηm´1 P X pσ2a,8q
n , then ηm P X pσ2a,8q

n as well.

Theorem 2.3.15. For a, σ ą 0 and ξ̄ “ pξ1 ă ¨ ¨ ¨ ă ξnq P Rn
ąa, the measure µξ̄σ of (2.9)

is invariant for the Markov chain (2.30).
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Proof. This follows by an intertwining argument developed by Ferrari and Martin for

particle systems in [63] and carried out for exponential last-passage percolation in [60].

Let Z „ ν ξ̄σ. Assume that η has distribution µξ̄σ: the distribution of DpnqpZq. Without loss

of generality, we assume that η “ DpnqpZq. Then, for Brownian motion B, let SB denote

the mapping of a single evolution step of Z according to the multiline process (2.29) and

T B denote the mapping of a single evolution step of η according to the Markov chain

(2.30). Then, using the definition of Dpkq and Equation (2.28),

T B
k pηq “Dpηk, Bq “ DpDpkqpZk, . . . , Z1q, B1q “ Dpk`1qpZk, . . . , Z1, B1q

“DpkqpDpZk, Bkq, DpZk´1, Bk´1q, . . . , DpZ1, B1qq

“DpkqpSB
k pZq,SB

k´1pZq, . . . ,SB
1 pZqq “ Dpnq

k pSBpZqq.

Hence, T Bpηq “ DpnqpSBpZqq. Since η “ DpnqpZq, we have that

T BpDpnqpZqq “ DpnqpSBpZqq.

By Theorem 2.3.14, SBpZq
d
“ Z „ ν ξ̄σ. Therefore, T Bpηq

d
“ DpnqpZq „ µξ̄σ.

2.3.3 A triangular array representation of the map Dpnq

Here, we give a triangular array construction of the mapping Dpnq of (2.8). This construc-

tion has previously appeared for a discrete prelimiting analogue of the map in [60] and [31].

For pZ1, . . . , Znq P YR
n , define the following triangular array tηi,j , ζi,j : 1 ď j ď i ď nu

inductively as follows: set η1,1 “ ζ1,1 “ Z1, and assuming that ηi´1,j and ζi´1,j have been

defined for j P t1, . . . , i´ 1u,

ηi,1 “ Zi

ηi,j “ Dpηi,j´1, ζi´1,j´1q, j P t2, . . . , iu

ζi,j´1 “ Rpηi,j´1, ζi´1,j´1q, j P t2, . . . , iu

ζi,i “ ηi,i.

(2.31)
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To show this construction is well-defined, we need to show that for i P t1, . . . , nu, and

j P t2, . . . , iu,

lim
xÑ´8

rηi,j´1pxq ´ ζi´1,j´1pxqs “ ´8.

The following lemma ensures this is the case.

Lemma 2.3.16. Let pZ1, . . . , Znq P YR
n , and defined the triangular array as in (2.31).

Let ξ1 ă ¨ ¨ ¨ ă ξn denote the asymptotic drifts: ξi “ limxÑ´8
Zipxq

x . Then, for each

1 ď j ď i ď n,

lim
xÑ´8

ηi,jpxq

x
“ ξi, and lim

xÑ´8

ζi,jpxq

x
“ ξj .

If in addition, the following limits exist: limxÑ`8
Zipxq

x “ rξi with rξ1 ă ¨ ¨ ¨ ă rξn, then for

each 1 ď j ď i ď n,

lim
xÑ`8

ηi,jpxq

x
“ rξi, and lim

xÑ`8

ζi,jpxq

x
“ rξj .

Proof. This follows by Lemma 2.3.10 and induction.

We prove the following facts about this triangular array. Given the preceding lemmas

about the queuing mappings (which require different proofs than in the discrete case), the

proofs of Lemmas 2.3.17 and 2.3.20 follow the same procedure as in [60]. We give full proofs

here for completeness and to give clarity to which of the prior results are used. Lemma

2.3.18 does not have an analogue in [60], although I expect one to hold in the discrete

case. The basic building block of the proof is the bijection in Lemma 2.3.8. The analogue

of the mapping pB,Zq ÞÑ pRpZ,Bq, DpZ,Bqq in the discrete case is also a bijection on the

appropriate space, as shown to me in unpublished notes of Timo Seppäläinen. However,

the proof of Lemma 2.3.8 requires different techniques than in the discrete case.

Lemma 2.3.17. Let pZ1, . . . , Znq P YR
n . Let prη1, . . . , rηnq “ DpnqpZ1, . . . , Znq as defined

in (2.8). Then, for i “ 1, . . . , n, rηi “ ηi,i, where ηi,i is defined in (2.31).
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Proof. We first recall that pη1,1, η2,1, . . . , ηn,1q “ pZ1, . . . , Znq by definition. Thus, the

i “ 1 case is immediate. For i “ 2,

η2,2 “ Dpη2,1, ζ1,1q “ Dpη2,1, η1,1q “ DpZ2, Z1q “ rη2.

Now, assume that i ě 3. For m “ 1, 2, 3, . . . , i ´ 1, it follows from the iterative definition

that

pηi,m, ηi´1,m, . . . , ηm`1,m, ηm,mq

“
`

Dpηi,m´1, ζi´1,m´1q, Dpηi´1,m´1, ζi´2,m´1q, . . . , Dpηm,m´1, ζm´1,m´1q
˘

.

(2.32)

By definition, we also have ζm´1,m´1 “ ηm´1,m´1 and ζj,m´1 “ Rpηj,m´1, ζj´1,m´1q for

j “ m, . . . , i´ 1. Substituting this into (2.32), when m “ 1, . . . , i´ 2,

Dpi´m`1qpηi,m, ηi´1,m, . . . , ηm,mq

“ Dpi´m`1qpDpηi,m´1, ζi´1,m´1q, Dpηi´1,m´1, ζi´2,m´1q, . . . , Dpηm,m´1, ζm´1,m´1q
˘

(2.28)
“ Dpi´m`2qpηi,m´1, ηi´1,m´1, . . . , ηm´1,m´1q. (2.33)

Then, using the definition of Dpiq (2.5) and applying (2.33) inductively form “ 1, . . . , i´1,

rηi “ DpiqpI1, . . . , I1q “ Dpiqpηi,1, ηi´1,1 . . . , ηi,1q “ Dpi´1qpηi,2, ηi´1,2, . . . , η2,2q

“ ¨ ¨ ¨ “ Dp2qpηi,i´1, ηi´1,i´1q “ Dpηi,i´1, ζi´1,i´1q “ ηi,i,

where in the last two steps, we simply used the definitions (2.31).

Lemma 2.3.18. Recall the mapping sfpxq “ fp´xq. Let pZ1, . . . , Znq P YR
n , and as-

sume also that psZn, sZn´1, . . . , sZ1q P YR
n ,. This means that for each 1 ď i ď n,

limxÑ`8 x´1Zipxq exists, and

lim
xÑ`8

Zipxq

x
ą lim

xÑ`8

Zi´1pxq

x
.
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Consider the triangular array tηi,j , ζi,j : 1 ď j ď i ď nu defined in (2.31). For i P

t1, . . . , nu and j P t1, . . . , iu, define

Y i,j “ sζi,i´j`1. (2.34)

Then, for i P t1, . . . , nu and j P t1, . . . , iu,

DpjqpY i,j , . . . , Y i,1q “ sDpi´j`1qpZi´j`1, . . . , Z1q. (2.35)

Remark 2.3.19. Lemma 2.3.18 shows that we can reverse the order of the queuing

mappings. In the i “ n case, Y n,1 is the reflected version of the last component of

DpnqpZ1, . . . , Znq by Lemma 2.3.17. This now becomes the first component of the input

into the mapping Dpnq. This is used later, along with the distributional invariance in

Lemma 2.3.20 to show reflection invariance of the measures µξ̄σ (Lemma 2.3.21(iv))

Proof. The preservation of limits in Lemma 2.3.16 ensures that all these operations are

well-defined. In this proof, we several times will use the k “ 1 case of Lemma 2.3.12,

which for r ě 3, we write as

DprqpZr, . . . , Z1q “ DpDpr´1qpZr, . . . , Z3, RpZ2, Z1qq, DpZ2, Z1qq. (2.36)

We prove this by induction. For all i P t1, . . . , nu, the j “ 1 case follows from we the

identity

Dp1qpY i,1q “ Y i,1 “ sζi,i “ sDpiqpZi, . . . , Z1q,

where the last line holds by Lemma 2.3.17, and the others are just the definitions. In

particular, the i “ j “ 1 case of (2.35) holds. We turn to the j “ 2 case. Recall the

definitions (2.31) and (2.34):

Y i,1 “ sζi,i “ sDpηi,i´1, ζi´1,i´1q,

Y i,2 “ sζi,i´1 “ sRpηi,i´1, ζi´1,i´1q.
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Lemma 2.3.8 and the definition ηi´1,i´1 “ ζi´1,i´1 implies now that

DpY i,2, Y i,1q “ sζi´1,i´1 “ sηi´1,i´1, and RpY i,2, Y i,1q “ sηi,i´1. (2.37)

Since Lemma 2.3.17 states that ηi´1,i´1 “ Dpi´1qpZi´1, . . . , Z1q, the first equality of (2.37)

shows the j “ 2 case of (2.35).

Now, assume that for some i ě 2 that (2.35) holds for i ´ 1 and all j P t1, . . . , i ´ 1u.

We showed already that the j “ 1, 2 case holds for general i, so let j ě 3. We show that

the i, j case holds. By (2.36) and (2.37),

DpjqpY i,j , . . . , Y i,1q “ DpDpj´1qpY i,j , . . . , Y i,3, RpY i,2, Y i,1qq, DpY i,2, Y i,1qq

“ DpDpj´1qpY i,j , . . . , Y i,3, sηi,i´1q, sζi´1,i´1q.

(2.38)

Now, we prove, in a second layer of induction that, for m “ 1, . . . , j ´ 2,

DpjqpY i,j , . . . , Y i,1q

“ DpDp¨ ¨ ¨ pDpDpj´mqpY i,j , . . . , Y i,m`2, sηi,i´mq, sζi´1,i´mq, sζi´1,i´m`1q, ¨ ¨ ¨ q, sζi´1,i´1q.

(2.39)

Equation (2.38) proves the m “ 1 case of (2.39). Now, assume that (2.39) holds for some

m P 1, . . . , j ´ 3. Then, using (2.36),

Dpj´mqpY i,j , . . . , Y i,m`2, sηi,i´mq

“ DpDpj´pm`1qqpY i,j , . . . , Y i,m`3, RpY i,m`2, sηi,i´mqq, DpY i,m`2, sηi,i´mqq.

(2.40)

Again, recall the definitions (2.31) and (2.34):

sηi,i´m “ sDpηi,i´m´1, ζi´1,i´m´1q,

Y i,m`2 “ sζi,i´m´1 “ sRpηi,i´m´1, ζi´1,i´m´1q.
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Then, Lemma 2.3.8 gives us

DpY i,m`2, sηi,i´mq “ sζi´1,i´m´1, and RpY i,m`2, sηi,i´mq “ sηi,i´m´1. (2.41)

Substituting (2.41) into (2.40) and then (2.40) into (2.39) completes the second layer of

induction. We now return to the original layer of induction. We consider (2.39) in the

extremal case m “ j ´ 2. Recalling Dp2q “ D (2.5), equation (2.41) tells us that

Dp2qpY i,j , sηi,i´pj´2qq “ sζi´1,i´pj´1q

Substituting this into the m “ j ´ 2 case of (2.38), and using the iterative definition of

Dpjq (2.5), we obtain

DpjqpY i,j , . . . , Y i,1q

“ DpDp¨ ¨ ¨ pDpsζi´1,i´pj´1q, sζi´1,i´pj´2qq, ζi´1,i´pj´3qq, ¨ ¨ ¨ q, sζi´1,i´1q

“ Dpj´1qpsζi´1,i´pj´1q, sζi´1,i´pj´2q, . . . , sζi´1,i´1q

“ Dpj´1qpY i´1,j´1, . . . , Y i´1,1q.

By the induction assumption that (2.35) holds for i´ 1 and j ´ 1, this equals

sDpi´1´pj´1q`1qpZi´1´pj´1q`1, . . . , Z1q “ sDpi´j`1qpZi´j`1, . . . , Z1q,

and this gives exactly (2.35), completing the induction.

Lemma 2.3.20. For σ ą 0 and ξ1 ă ¨ ¨ ¨ ă ξn, assume that pZ1, . . . , Znq has distribution

ν
pξ1,...,ξnq
σ . Let the triangular array tηi,j , ζi,j : 1 ď j ď i ď nu be defined as in (2.31). Then,

for each 1 ď i, j ď n, the random vector pηj,j , ηj`1,j , . . . , ηn,jq has distribution ν
pξj ,...,ξnq
σ ,

and the random vector pζi,1, . . . , ζi,iq has distribution ν
pξ1,...,ξiq
σ

Proof. By definition, pη1,1, . . . , ηn,1q “ pZ1, . . . , Znq, which has distribution„ ν
pξ1,...,ξnq
σ

by assumption. Recall that this means that the Z1, . . . , Zn are mutually independent
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two-sided Brownian motions, each with diffusivity σ, and with drifts σ2ξ1, . . . , σ
2ξn. We

assume, by way of induction, that, for some j P t2, . . . , n´ 1u,

pηj´1,j´1, ηj,j´1, . . . , ηn,j´1q „ ν
pξj´1,...,ξnq
σ .

By definition (2.31), for m P t0, . . . , n´ ju,

ηj`m,j “ Dpηj`m,j´1, ζj`m´1,j´1q, and ζj`m,j´1 “ Rpηj`m,j´1, ζj`m´1,j´1q.

From this, we see that we obtain the random vector pηj,j , . . . , ηn,jq from pηj,j´1, . . . , ηn,j´1q

via a single iteration of the multiline process (2.29), where ζj´1,j´1 “ ηj´1,j´1 is the driving

Brownian motion. Theorem 2.3.14 now implies that pηj,j , . . . , ηn,jq „ ν
pξj ,...,ξnq
σ .

Next, we prove pζi,1, . . . , ζi,iq „ ν
pξ1,...,ξiq
σ . To start the induction, note that ζ1,1 “

Z1 „ ν
pξ1q
σ . Now, assume that, for some i P t2, . . . , n´ 1u,

pζi´1,1, ζi´1,2, . . . , ζi´1,i´1q „ νpξ1,...,ξiq
σ .

We now show via a second layer of induction that, for m P t1, . . . , iu,

pζi,1, . . . , ζi,m´1, ζi´1,m, . . . , ζi´1,i´1, ηi,mq „ ν
pξ1,...,ξm´1,ξm,...,ξi´1,ξiq
σ . (2.42)

In the m “ i case of (2.42), since ηi,i “ ζi,i, this will complete the first layer of induction.

By construction of the triangular array (2.31), pζi´1,1, ζi´1,2, . . . , ζi´1,i´1q is a function

of pZ1, . . . , Zi´1q and is therefore independent of Zi “ ηi,1 „ ν
pξiq
σ . This gives the m “ 1

case of (2.42). Now, assume that (2.42) holds for some m P t1, . . . , i´ 1u. By definition,

ηi,m`1 “ Dpηi,m, ζi´1,mq, and ζi,m “ Rpηi,m, ζi´1,mq.

By Theorem 2.2.2, ζi,m and ηi,m`1 are independent two-sided Brownian motions

with diffusivity σ and drifts σ2ξm and σ2ξi, respectively. Substituting the mapping of
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pζi´1,m, ηi,mq ÞÑ pζi,m, ηi,m`1q into (2.42) completes the inductive step.

2.3.4 Distributional invariances of the queuing measures

Lemma 2.3.21. Let σ ą 0 and ξ̄ “ pξ1 ă ¨ ¨ ¨ ă ξnq. Let pη1, . . . , ηnq „ µξ̄σ. The following

hold.

(i) (Shift invariance) For x P R,

tpη1px, x` yq, . . . , ηnpx, x` yqq : y P Ru „ µξ̄σ.

(ii) (Scaling relations) Let and b, c ą 0, and ν P R. Then,

tpbη1pc2yq ´ pbcσq2νy, . . . , bηnpc2yq ´ pbcσq2νyq : y P Ru „ µ
pξ1{b´ν,...,ξn{b´νq

bcσ .

(iii) (Consistency) Any subsequence pηj1 , . . . , ηjkq has distribution µ
pξj1 ,...,ξjk q

σ .

(iv) (Reflection invariance) psηn, . . . , sη1q „ µ
p´ξn,...,´ξ1q
σ .

(v) (Weak continuity) Let ξ̄k “ pξk1 , ξ
k
2 , . . . , ξ

k
nq P Rn be a sequence converging to ξ̄ and

let σk be a sequence converging to σ ą 0. Then, µξ̄
k

σk Ñ µξ̄σ weakly, as probability

measures on XR
n .

Proof of Lemma 2.3.21. For all items of this proof, we set

η “ pη1, . . . , ηnq “ DpnqpZ1, . . . , Znq,

where Zi are independent Brownian motions with diffusivity σ and drifts σ2ξi. Then,

η „ µξ̄σ by definition (2.9). Recall the jth component of DpnqpZ1, . . . , Znq

is DpjqpZj , . . . , Z1q (2.8).
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We also make heavy use of Lemma 2.3.4, which states

DpjqpZj , . . . , Z1qpyq “ Z1pyq ` sup
´8ăxj´1ďxn´2ď¨¨¨ďx1ďy

!

j´1
ÿ

i“1

Zi`1pxiq ´ Zipxiq
)

´ sup
´8ăxj´1ďxj´2ď¨¨¨ďx1ď0

!

j´1
ÿ

i“1

Zi`1pxiq ´ Zipxiq
)

(2.43)

Item (i): From (2.43), observe that

DpjqpZj , . . . , Z1qpx, x` yq

“ Z1px, x` yq ` sup
´8ăxj´1ďxj´2ď¨¨¨ďx1ďx`y

!

j´1
ÿ

i“1

Zi`1pxiq ´ Zipxiq
)

´ sup
´8ăxj´1ďxj´2ď¨¨¨ďx1ďx

!

j´1
ÿ

i“1

Zi`1pxiq ´ Zipxiq
)

“ Z1px, x` yq ` sup
´8ăxj´1ďxj´2ď¨¨¨ďx1ďy

!

j´1
ÿ

i“1

Zi`1pxi ` xq ´ Zipxi ` xq

)

´ sup
´8ăxj´1ďxj´2ď¨¨¨ďx1ď0

!

j´1
ÿ

i“1

Zi`1pxi ` xq ´ Zipxi ` xq

)

“ Z1px, x` yq ` sup
´8ăxj´1ďxj´2ď¨¨¨ďx1ďy

!

j´1
ÿ

i“1

Zi`1px, xi ` xq ´ Zipx, xi ` xq

)

´ sup
´8ăxj´1ďxj´2ď¨¨¨ďx1ď0

!

j´1
ÿ

i“1

Zi`1px, xi ` xq ´ Zipx, xi ` xq

)

“ DpjqpZjpx, x` ‚ q, . . . , Z1px, x` ‚ qqpyq

where the penultimate step follows by adding and subtracting
řj´1

i“1 rZipxq´Zi`1pxqs. The

desired result follows because the law of pZ1, . . . , Znq is preserved under shifts.

Item (ii) From (2.43),

bDpjqpZj , . . . , Z1qpc2yq ´ pbcσq2νy

“ bZ1pc2yq ´ pbcσq2νy ` sup
´8ăxj´1ďxj´2ď¨¨¨ďx1ďc2y

!

j´1
ÿ

i“1

bZi`1pxiq ´ bZipxiq
)

´ sup
´8ăxj´1ďxj´2ď¨¨¨ďx1ď0

!

j´1
ÿ

i“1

bZi`1pxiq ´ bZipxiq
)
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“ bZ1pc2yq ´ pbcσq2νy ` sup
´8ăxj´1ďxj´2ď¨¨¨ďx1ďy

!

j´1
ÿ

i“1

bZi`1pc2xiq ´ bZipc2xiq
)

´ sup
´8ăxj´1ďxj´2ď¨¨¨ďx1ď0

!

j´1
ÿ

i“1

bZi`1pc2xiq ´ bZipc2xiq
)

“ bZ1pc2yq ´ pbcσq2νy

` sup
´8ăxj´1ďxj´2ď¨¨¨ďx1ďy

!

j´1
ÿ

i“1

bZi`1pc2xiq ´ pbcσq2νxi ´ pbZipc2xiq ´ pbcσq2νxiq
)

´ sup
´8ăxj´1ďxj´2ď¨¨¨ďx1ď0

!

j´1
ÿ

i“1

bZi`1pc2xiq ´ pbcσq2νxi ´ pbZipc2xiq ´ pbcσq2νxiq
)

“ Dpjqp rZj , . . . , rZ1q,

where rZipxq “ bZipc2xq ´ pbcσq2νx. Because the rZi are independent two-sided Brownian

motions with diffusivity bcσ and drift bc2σ2ξi ´ pbcσq2ν “ pbcσq2pξi{b´ νq, we have

p rZ1, . . . , rZjq „ µ
ξ1{b´ν,...,ξn{b´ν
bcσ .

Item (iii): It suffices to show that, for 1 ď i ď n,

pη1, . . . , ηi´1, ηi`1, . . . , ηnq „ µ
ξ1,...,ξi´1,ξi`1,...,ξn
σ .

For i “ n, the statement is immediate from the definition of the map Dpnq. Next, we show

the case i “ 1. For 2 ď j ď n, we use (2.28) to write

DpjqpZj , . . . , Z1q “ Dpj´1qpDpZj , rZj´1q, . . . , DpZ3, rZ2q, DpZ2, rZ1qq,

where rZ1 “ Z1, and for i ą 1, rZi “ RpZi, rZi´1q. Then, pη2, . . . , ηnq “ Dpn´1qpẐ2, . . . , Ẑnq,

where Ẑi “ DpZi, rZi´1q for 2 ď i ď n. By Theorem 2.3.14, Ẑ2, . . . , Ẑn are independent

Brownian motions, each with diffusivity σ and with drifts σ2ξ2, . . . , σ
2ξn, so this completes

the proof of the i “ 1 case. By definition of Dpjq (2.5), for i ă j ď n,

DpjqpZj , . . . , Z1q “ DpDp¨ ¨ ¨DpDpj´i`1qpZj , . . . , Ziq, Zi´1q, . . . , Z2q, Z1q. (2.44)
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Similarly as in the i “ 1 case, we apply (2.28) to get that

Dpj´i`1qpZj , . . . , Ziq

“ Dpj´iqpDpZj , rZj´1q, . . . , DpZi`1, rZiqq “ Dpj´iqpẐj , . . . , Ẑi`1q, (2.45)

where, rZi “ Zi, and for j ą i, rZj “ RpZj , rZj´1q and Ẑj “ DpZj , rZj´1q. Then, by (2.44)

and (2.45), for i ă j ď n,

DpjqpZj , . . . , Z1q “ Dpj´1qpẐj , . . . , Ẑi`1, Zi´1, . . . , Z1q,

and so

pη1, . . . , ηi´1, ηi`1, . . . , ηnq “ Dpn´1qpZ1, . . . , Zi´1, Ẑi`1, . . . , Ẑnq. (2.46)

By Theorem 2.3.14, Ẑi`1, . . . , Ẑn are independent Brownian motions with diffusivity

σ and drifts σ2ξi`1, . . . , σ
2ξn. Since these are functions of Zi, . . . , Zn, the functions

Z1, . . . , Zi´1, Ẑi`1, . . . , Ẑj are independent as well, and by (2.46),

pη1, . . . , ηi´1, ηi`1, . . . , ηnq „ µ
pξ1,...,ξi´1,ξi`1,...,ξnq
σ .

Item (iv): For pZ1, . . . , Znq given, let the triangular array tηi,j , ζi,j : 1 ď j ď i ď nu be

defined by (2.31). For 1 ď j ď n, set Y j “ sζn´j`1. Then, by Lemma 2.3.20,

pY 1, . . . , Y nq „ νp´ξn,...,´ξ1q
σ .

Note that the limits limxÑ˘8 x´1Zipxq exist and equal σ2ξi almost surely. Then, we may

apply the i “ n case of Lemma 2.3.18, which states, for 1 ď j ď n,

DpjqpZj , . . . , Z1q “ sηpn´j`1q.

Hence,

psηn, . . . , sη1q “ DpnqpY 1, . . . , Y nq „ µp´ξn,...,´ξ1q
σ .
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Item (v) We show the existence of ηk „ µξ̄
k

σk such that, almost surely, for 1 ď i ď n,

ηik Ñ ηi, uniformly on compact sets. For the sequence Z defined at the beginning of the

proof, define Zi
kpxq “

σk
σ Z

ipxq ` pσ2kξ
k
i ´ σσkξiqx. Then, pZ1

k , Z
2
k , . . . , Z

n
k q „ νξ

k

σk . Set

η “ DpnqpZq „ µξ̄σ and ηk “ DpnqpZkq. By construction, Zk Ñ Zi, uniformly on compact

sets. thus, the convergence η1k “ Z1
k Ñ Z1 “ η1 is immediate. Further, since Zi satisfies

the almost sure asymptotic

lim
xÑ´8

Zipxq

x
“ σ2ξi,

for 1 ď i ď n, Zi
k satisfies

lim sup
xÑ´8
kÑ8

ˇ

ˇ

ˇ

1

x
Zi
kpxq ´ σ2ξi

ˇ

ˇ

ˇ
“ 0.

By Lemma 2.3.5, η2k “ DpZ2
k , Z

1
kq converges to η2 “ DpZ2, Z1q uniformly on compact

sets, and

lim sup
zÑ´8
kÑ8

ˇ

ˇ

ˇ

1

x
η2kpxq ´ σ2ξ2

ˇ

ˇ

ˇ
“ 0.

Now, assume by induction that for i ě 2, ηik “ DpiqpZi
k, . . . , Z

1
kq converges uniformly on

compact sets to ηi and that

lim sup
xÑ´8
kÑ8

ˇ

ˇ

ˇ

1

x
ηikpxq ´ σ2ξi

ˇ

ˇ

ˇ
“ 0.

Then, by shifting indices and setting rηik “ DpiqpZi`1
k , . . . , Z2

kq and rηi “ DpiqpZi`1, . . . , Z2q,

it also holds by induction that rηik converges uniformly on compact sets to rηi, and

lim sup
xÑ´8
kÑ8

ˇ

ˇ

ˇ

1

x
rηikpxq ´ σ2ξi

ˇ

ˇ

ˇ
“ 0.

By definition of Dpi`1q (2.5) and the i “ 2 case,

ηi`1
k “ Dpi`1qpZi`1

k , . . . , Z1
kq “ Dprηik, Z

1
kq Ñ Dprηi, Z1q “ Dpi`1qpZi`1, . . . , Z1q “ ηi`1,

where the convergence is almost sure, uniformly on compact sets. The i “ 2 case also
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guarantees

lim sup
xÑ´8
kÑ8

ˇ

ˇ

ˇ

1

x
ηi`1
k pxq ´ σ2ξi`1

ˇ

ˇ

ˇ
“ 0,

thereby completing the inductive step.

2.3.5 Proof of Proposition 2.3.1 and Theorem 2.3.2

Proof. Proof of Proposition 2.3.1 We remind the reader that this proposition shows the

existence of the process Gσ, which we call the stationary horizon (SH), with a fixed

diffusivity parameter σ ą 0.

Lemma 2.3.21(iii) establishes that the measures µξ̄σ are consistent. Hence, for ξ̄ “ pξ1 ă

¨ ¨ ¨ ă ξnq, if pη1, . . . , ηnq „ µξ̄σ, each ηi has distribution µξiσ . By definition (2.9) (see also

(2.5)), this is the distribution of Dp1qpZq “ Z which is a two-sided Brownian motion with

diffusion coefficient σ and drift σ2ξi. In particular, ηip0q “ 0, almost surely. Kolmogorov’s

extension theorem implies the existence of a unique measure µQσ on CpRqQ “
ś

QCpRq

under which, for tGαuαPQ P CpRqQ and any increasing finite vector ᾱ “ pα1, . . . , αnq P

Qn, p rGα, . . . , rGαnq „ µᾱσ . In particular, under µQσ , each
rGα is a Brownian motion with

diffusivity σ and drift σ2α. Furthermore, the measures µξ̄σ are supported on the set XR
n

(2.7), so

µQσ p rGα1 ďinc
rGα2 @α1 ă α2 P Qq “ 1. (2.47)

Hence, under µQσ , on a single event of probability one, for each ξ P R and x P R, the limits

Gσ
ξ pxq :“ lim

QQαŒξ

rGσ
αpxq and Gσ

ξ´ :“ lim
QQαÕξ

rGσ
αpxq (2.48)

exist. Furthermore,

µQσ pGξ ďinc
rGα @ξ P R, α P Q with α ą ξq “ 1. (2.49)
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Then, on the event of (2.49), Lemma A.1.2 implies that, for A ă a ă b ă B,

0 ď rGαpa, bq ´Gξpa, bq ď rGαpA,Bq ´GξpA,Bq,

so the convergence is uniform on compact sets. A symmetric argument holds for limits from

the left. Monotonicity implies that µQσ p rGξ´ ďinc Gξ ďinc
rGξ @ξ P Qq “ 1. Furthermore,

by uniform convergence, for each ξ P R rGξ´ and rGξ are both Brownian motions with drift

ξ. Hence,

µQσ pGξ´pxq “ rGξpxq “ Gξpxq @x P Q, ξ P Qq “ 1,

but by continuity, we also have

µQσ pGξ´pxq “ rGξpxq “ Gξpxq @x P R, ξ P Qq “ 1,

We have now defined a stochastic process tGξuξPR whose projection to the rationals

agrees with the process t rGξuξPR originally constructed under the measure µQσ . Then, µ
Q
σ -

almost surely, for ξ ă ξ2 ă ξ3, and rational values α1 ă ξ1 ă α2 ă ξ2 ă ξ3 ă α4.

Gα1 ďinc Gξ1 ďinc Gα2 ďinc Gξ2 ďinc Gα3 ďinc Gξ3 ďinc Gα4 . (2.50)

This implies that, simultaneously for every ξ P R, the following limits exist, in the sense

of uniform convergence on compact sets, and they agree with the limits along rational

directions.

Gσ
ξ “ lim

αŒξ
Gσ

α and Gσ
ξ´ “ lim

αÕξ
Gσ

α.

Hence, the random process tGξuξPR almost surely lies in the space DpR, CpRqq. Let

Pσ be the pushforward of the measure µQσ under the map to DpR, CpRqq defined by (2.48).

Without reference to the measure, we use tGσ
ξ uξPR to denote the process.

We now verify that this process satisfies the items of the theorem. Item (i) follows be-

cause of the corresponding property for rational parameters and the uniform convergence.

Item (ii) follows because the finite-dimensional measures for rational directions was de-
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fined to be µξ̄σ. The convergence in (2.48) and weak convergence (Lemma 2.3.21(v)) extend

this property to all n-tuples of real directions. The uniqueness then follows because the

σ-algebra on DpR, CpRqq is generated by the projection maps. The monotonicity of Item

(iii) follows from (2.50). For Item (iv), for any ξ P R, both Gξ´ and Gξ` are Brownian

motions with diffusivity σ and drift σ2ξ, and they are ordered by Item (iii). Thus, with

Pσ-probability one, Gξ´pxq “ Gξpxq for all x P Q. But both functions are continuous, so

the equality extends to all x P R.

We finish by proving Item (v). Since each Gξ is a Brownian motion with drift σ2ξ

under Pσ,

Pσ
´

lim
|x|Ñ8

Gξpxq

x
“ σ2ξ @ξ P Q

¯

“ 1.

Then, by the monotonicity of Item (iii), and since Gξp0, xq “ Gξpxq, for x ą 0 and ε ą 0,

σ2pξ ´ εq “ lim
xÑ`8

Gξ´εpxq

x
ď lim inf

xÑ`8

Gξ´pxq

x

ď lim sup
xÑ`8

Gξ`pxq

x
ď lim

xÑ`8

Gξ`εpxq

x
“ σ2pξ ` εq.

Sending ε Œ 0 completes the proof. The limits as x Ñ ´8 are proved similarly.

Proof of Theorem 2.3.2. Here, we verify the distributional invariances of the SH. Items

(i),(ii), and (iv) follow because pGσ
ξ1
, . . . , Gσ

ξn
q „ µξ̄σ (Proposition 2.3.1(ii)) and from

the corresponding invariances of the measures µξ̄σ (Lemma 2.3.21(i),(ii), and (iv)). The

increment-stationarity of Item (iii) follows now from Item (ii): Setting c “ b “ 1, we

obtain

pGσ
ξ1 , . . . , G

σ
ξnq

d
“ pGσ

ξ1`ξ‹ , . . . , Gσ
ξn`ξ‹q,

and therefore,

pGσ
ξ2 ´Gσ

ξ1 , . . . , G
σ
ξn ´Gσ

ξn´1
q

d
“ pGσ

ξ2`ξ‹ ´Gσ
ξ1`ξ‹ , . . . , Gσ

ξn`ξ‹ ´Gσ
ξn´1`ξ‹q.
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2.4 Distributional calculations for the SH

We now state some explicit distributional calculations for the SH to be proved in Section

2.4.1.

Theorem 2.4.1. Let a, ξ0, σ0 P R, and z ě 0 and σ, d, ξ ą 0. Then, the following

probabilities are all equal to the quantity F pz; ξ, σ, dq, which is defined as

Φ
´z ´ ξσ2d

?
2σ2d

¯

` ezξ

˜

p1 ` ξz ` ξ2σ2dqΦ
´

´
z ` ξσ2d
?
2σ2d

¯

´ ξ

c

σ2d

π
exp

´

´
pz ` ξσ2dq2

4σ2d

¯

¸

.

(i) Pσpsupx,yPra,a`ds |Gξ0`ξpx, yq ´Gξ0px, yq| ď zq

(ii) PσpGξ0`ξpa, a` dq ´Gξ0pa, a` dq ď zq

(iii) PσpGξ0p´dq ´Gξ0`ξp´dq ď zq

(iv) PσpGξ0`ξpdq ´Gξ0pdq ď zq

(v) P1
´

G
pξ0`ξq

?
σ2dp1q ´Gξ0

?
σ2dp1q ď z?

σ2d

¯

.

Furthermore,

F p0; ξ, σ, dq ą 0, @ξ, d, σ ą 0, and lim
ξÑ8

F p0; ξ.σ, dq “ 0. (2.51)

Hence, for d ą 0, the distribution of Gξ0`ξpdq ´ Gξ0pdq can be written as a mixture of

probability measures

pδ0 ` p1 ´ pqπ

where p “ F p0, ξ, σ, dq, δ0 is the point mass at z “ 0, and π is a continuous probability

measure on p0,8q with density

p1 ´ pq´1
”

B

Bz
F pz; ξ, σ, dq

ı

1pz ą 0q.

Remark 2.4.2. We also compute the Laplace transform/moment generating function of

this random variable in (2.57).
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Corollary 2.4.3. The following hold.

(i) For ξ0, x, y P R, as |ξ| Ñ 8, Gσ
ξ0`ξpx, x ` yq ´ Gσ

ξ0
px, x ` yq ´ σ2ξy converges in

distribution to a Gaussian random variable with mean 0 and variance 2σ2|y|.

(ii) Let ξ0, x P R. For ξ ą 0, define

S´
x pξ0, ξ0 ` ξq “ infty ą 0 : Gξ0`ξpx, x´ yq ă Gξ0px, x´ yqu,

S`
x pξ0, ξ0 ` ξq “ infty ą 0 : Gξ0`ξpx, x` yq ą Gξ0px, x` yqu.

(2.52)

In words, S´
x and S`

x are the splitting times of the trajectories y ÞÑ Gξ0px, x`yq and

y ÞÑ Gξ0`ξpx, x ` yq to the left and the right of the origin, respectively. For y ą 0,

define

T´
ξ0

px, x` yq “ inftξ ą 0 : Gξ0´ξpx, x` yq ă Gξ0px, x` yqu,

T`
ξ0

px, x` yq “ inftξ ą 0 : Gξ0`ξpx, x` yq ą Gξ0px, x` yqu,

so that T´
ξ0

px, x ` yq and T`
ξ0

px, x ` yq are the first points of decrease and increase,

respectively, of the function ξ ÞÑ Gξ0`ξpx, x`yq to the left and right of ξ “ 0. Then,

for y ą 0 and ξ ą 0,

PσpS´
x pξ0, ξ0 ` ξq ě yq “ PσpS`

x pξ0, ξ0 ` ξq ě yq

“ PσpT´
ξ0

px, x` yq ě ξq “ PσpT`
ξ0

px, x` yq ě ξq

“ PσpGξ0`ξpx, x` yq “ Gξ0px, x` yqq

“ p2 ` ξ2σ2yqΦ
´

´ξ

c

σ2y

2

¯

´ ξ

c

σ2y

π
e´

ξ2σ2y
4 (2.53)

(iii) For σ ą 0, x P R, y ą 0, and ξ1 ă ξ2, G
σ
ξ2

px, x`yq´Gσ
ξ1

px, x`yq is not independent

of Gσ
ξ1

px, x ` yq. The process ξ ÞÑ Gσ
ξ px, x ` yq is not Markov and does not have

independent increments. For ξ1 ă ξ2, the joint process pGξ1 , Gξ2q is not Markov.
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Remark 2.4.4. Corollary 2 of [129] describes another coupling of two Brownian motions

with drift such that they agree for a finite amount of time. Their result is related to

our work because it is used to show the stability of the Brownian queue (see, for ex-

ample, page 289 in [119]). In a similar vein, Section 5 of [58] explores maximum exit

couplings–couplings of two Brownian motions such that the law of the separation point is

stochastically maximal. The couplings of [58, 129] are different from the SH, as can be

seen from a calculation of the separation time. In [129], the separation time is exponential,

while in [58], the separation time has the distribution of the absolute value of a Gaussian.

The fact that pGξ1 , Gξ2q follows because the splitting time of the trajectories is not

exponential. Alternatively, this fact follows from Theorem 28 of [58]. Specifically, two

elliptic diffusions with continuous coefficients cannot be coupled in a jointly Markovian

manner with nonzero separation time. I thank Adam Jaffe for pointing me to the paper

[58].

2.4.1 Proofs

Proof of theorem 2.4.1. We first prove that each of the probabilities (i)–(v) is the same.

We know from Proposition 2.3.1(iii) that for ξ ą 0, Gξ0 ďinc Gξ0`ξ. Lemma A.1.2 implies

that for a ď x ď y ď a` d, Pσ-almost surely,

0 ď Gξ0`ξpx, yq ´Gξ0px, yq ď Gξ0`ξpa, a` dq ´Gξ0pa, dq.

Hence, piq “ piiq. The probabilities (iii) and (iv) are both equal to (ii) by translation

invariance (Theorem 2.3.2(i)). To see that pivq “ pvq, we apply the scaling invariance of

Theorem 2.3.2(ii) with b “
?
σ2d and c “ d´1{2 to obtain

t
?
σ2dG1

ξ
?
σ2d

p1quξPR “ t
?
σ2dG1

ξ
?
σ2d

pd{dquξPR
d
“ tGσ

ξ pdquξPR,

and thus, (iv) = (v). Now, to compute this probability, we use (v) with d “ σ “ 1. Then,

the general case follows from replacing z with z{
?
σ2d and ξ with ξ

?
σ2d.
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We know from the construction in Proposition 2.3.1(ii) that

pG1
ξ0 , G

1
ξ0`ξq

d
“ pB,DpZ,Bqq,

where B and Z are independent two-sided Brownian motions with diffusivity 1 and drifts

ξ0, ξ0 ` ξ. Then, by Lemma 2.3.3,

G1
ξ0`ξp1q ´G1

ξ0p1q
d
“

´

sup
0ďuď1

tZpuq ´Bpuqu ´ sup
´8ăuď0

tZpuq ´Bpuqu

¯`

.

d
“

´

sup
0ďuď1

t
?
2Bpuq ` ξuu ´ sup

´8ăuď0
t
?
2Bpuq ` ξuu

¯`

.

Notice that the two suprema on the right-hand side are independent, as the first depends

on B for positive u and the second depends on B for negative u. For x ě 0, Lemma A.2.4

states

P
`

sup
0ďuď1

t
?
2Bpuq ` ξuu ď x

˘

“ Φ
´x´ ξ

?
2

¯

´ eξxΦ
´

´x´ ξ
?
2

¯

.

On the other hand, by Lemma A.2.3,

sup
´8ăuď0

t
?
2Bpuq ` ξuu „ Exppξq.

The conclusion of the theorem follows by a simple, but tedious convolution.

P1pGξ0`ξp1q ´Gξ0p1q ď zq “

ż 0

´8

ˆ

Φ
`z ´ y ´ ξ

?
2

˘

´ eξpz´yqΦ
`´z ` y ´ ξ

?
2

˘

˙

ξeξy dy

“

ż 0

´8

ż
z´y´ξ

?
2

´8

ξ
?
2π
e´x2{2eξy dx dy ´ eξz

ż 0

´8

ż
´z`y´ξ

?
2

´8

ξ
?
2π
e´x2{2 dx dy.

We now use Fubini’s Theorem to switch the order of integration. This results in

“

ż
z´ξ
?
2

´8

ż 0

´8

ξ
?
2π
e´x2{2eξy dy dx`

ż 8

z´ξ
?
2

ż z´ξ´
?
2x

´8

ξ
?
2π
e´x2{2eξy dy dx
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´ eξz
ż ´

z`ξ
?
2

´8

ż 0

?
2x`z`ξ

ξ
?
2π
e´x2{2 dy dx

“

ż
z´ξ
?
2

´8

1
?
2π
e´x2{2 dx`

ż 8

z´ξ
?
2

1
?
2π
e´x2{2ezξ´

?
2ξx´ξ2 dx

` eξz
ż

´z´ξ
?
2

´8

p
?
2x` z ` ξq

ξ
?
2π
e´x2{2 dx

“ Φ
`z ´ ξ

?
2

˘

` eξz
ż 8

z´ξ
?
2

1
?
2π
e´

px`
?
2ξq2

2 dx

` eξz

˜

ż ´
z`ξ
?
2

´8

ξ
?
π
xe´x2{2 dx` pξz ` ξ2qΦ

`

´
z ` ξ
?
2

˘

¸

“ Φ
`z ´ ξ

?
2

˘

` eξz
ż 8

z`ξ
?
2

1
?
2π
e´u2{2 du` eξz

ˆ

´
ξ

?
π
e´

pz`ξq2

4 ` pξz ` ξ2qΦ
`

´
z ` ξ
?
2

˘

˙

“ Φ
`z ´ ξ

?
2

˘

` eξz
ˆ

p1 ` ξz ` ξ2qΦ
`

´
z ` ξ
?
2

˘

´
ξ

?
π
e´

pz`ξq2

4

˙

. (2.54)

To prove (2.51), it again suffices to show the d “ σ “ 1 case. Observe that

F p0; ξ, 1, 1q “ p2 ` ξ2qΦ
`

´ξ{
?
2
˘

´
ξ

?
π
e´

ξ2

4 . (2.55)

from which it readily follows that limξÑ8 F p0; ξ, 1, 1q “ 0. Further, from (2.55), we can

compute

B

Bξ
F p0; ξ, 1, 1q “ 2ξΦp´ξ{

?
2q ´

2
?
π
e´

ξ2

4 . (2.56)

By [55, Theorem 1.2.6], for all y ą 0,
ş´y

´8
e´x2{2 dx ă y´1e´y2{2. (The theorem is stated

with a weak inequality, but the proof shows that the equality is strict.) Applying this to

(2.56), we see that λ ÞÑ F p0; ξ, 1, 1q is strictly decreasing. Hence, F p0; ξ, 1, 1q ą 0 for all

ξ ą 0, and also F p0; ξ, σ, dq ą 0 for all ξ, σ, d ą 0 by the equality pvq “ pivq.

We now compute the Laplace transform/moment generating function of Gσ
ξ0`ξpdq´Gσ

ξ0
pdq.

For α ‰ ξ,
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Eσ
”

exp
´

´ αpGξ0`ξpa, a` dq ´Gξ0pa, a` dqq

¯ı

“ eα
2σ2d´αξσ2dΦ

´

pξ ´ 2αq

c

σ2d

2

¯´

1 ´
α2

pξ ´ αq2

¯

` Φ
´

´ ξ

c

σ2d

2

¯´

1 `
αξ

pξ ´ αq2
´
αp1 ` σ2ξ2dq

ξ ´ α

¯

`
ξα

pξ ´ αq

c

σ2d

π
e´ξ2σ2d{4.

(2.57)

Again, we start with σ “ d “ 1. By (2.54), we obtain

P1pGξ0`ξp1q ´Gξ0p1q ą zq “ Φ
´

´
z ´ ξ
?
2

¯

´ eξzp1 ` ξz ` ξ2qΦ
´

´
z ` ξ
?
2

¯

`
ξeξz
?
π
e´

pz`ξq2

4 .

(2.58)

we compute the Laplace transform via Lemma A.2.1: that is

E1
”

´αpGξ0`ξpa, bq´Gξ0pa, bqq

ı

“ 1´α

ż 8

0
e´αzP1pGξ0`ξpa, bq´Gξ0pa, bq ą zq dz. (2.59)

handling each of the three terms on in the sum on the right-hand side of (2.58). Using

Fubini’s theorem, we have

ż 8

0
´αe´αzΦ

´

´
z ´ ξ
?
2

¯

dz “

ż 8

0

ż ´
z´ξ
?
2

´8

´αe´αz 1
?
2π
e´x2{2 dxdz

“

ż
ξ

?
2

´8

ż ξ´
?
2x

0
´αe´αz 1

?
2π
e´x2{2 dz dx “

ż
ξ

?
2

´8

pe´αpξ´
?
2xq ´ 1q

1
?
2π
e´x2{2 dx

“

ż
ξ

?
2

´8

e´αpξ´
?
2xqe´x2{2

?
2π

dx´ Φ
´ ξ

?
2

¯

“ eα
2´αξΦ

´ξ ´ 2α
?
2

¯

´ Φ
´ ξ

?
2

¯

. (2.60)

Next, we compute the second term, using integration by parts in the second step

ż 8

0
αepξ´αqzp1 ` ξz ` ξ2qΦ

´

´
z ` ξ
?
2

¯

dz

“

ż ´
ξ

?
2

´8

ż ´
?
2x´ξ

0
αepξ´αqz p1 ` ξz ` ξ2qe´x2{2

?
2π

dzdx

“

ż ´
ξ

?
2

´8

˜

p1 ` ξp´
?
2x´ ξq ` ξ2q

α

ξ ´ α
epα´ξqp

?
2x`ξq
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´
αp1 ` ξ2q

ξ ´ α
´

ż ´
?
2x´ξ

0

αξ

ξ ´ α
epξ´αqz dz

¸

e´x2{2

?
2π

dx

“

ż ´
ξ

?
2

´8

˜

p1 ´
?
2xξq

α

ξ ´ α
epα´ξqp

?
2x`ξq

´
αp1 ` ξ2q

ξ ´ α
´

αξ

pξ ´ αq2
epα´ξqp

?
2x`ξq `

αξ

pξ ´ αq2

¸

e´x2{2

?
2π

dx

“
αpαξ2 ` α ´ ξ3q

pξ ´ αq2
Φ
´

´
ξ

?
2

¯

`

ż ´
ξ

?
2

´8

αp´
?
2xξ2 ´ α `

?
2xαξqepα´ξqp

?
2x`ξq

pξ ´ αq2

e´x2{2

?
2π

dx

“
αpαξ2 ` α ´ ξ3q

pξ ´ αq2
Φ
´

´
ξ

?
2

¯

`

ż ´
ξ

?
2

´8

αp´
?
2xξ2 ´ α `

?
2xαξqe´px´

?
2pα´ξqq2{2`αpα´ξq

pξ ´ αq2
?
2π

dx

“
αpαξ2 ` α ´ ξ3q

pξ ´ αq2
Φ
´

´
ξ

?
2

¯

` eα
2´αξ

˜

ξα
?
πpξ ´ αq

e´ξ2{4`αξ´α2
`

´

2ξα ´
α2

pξ ´ αq2

¯

Φ
´ξ ´ 2α

?
2

¯

¸

“
αpαξ2 ` α ´ ξ3q

pξ ´ αq2
Φ
´

´
ξ

?
2

¯

`
ξα

?
πpξ ´ αq

e´ξ2{4 ` eα
2´αξ

´

2ξα ´
α2

pξ ´ αq2

¯

Φ
´ξ ´ 2α

?
2

¯

. (2.61)

Lastly, we handle the third term:

ż 8

0
´αepξ´αqz ξ

?
π
e´pz`ξq2{4 dz “ ´2αξeα

2´αξΦ
´ξ ´ 2α

?
2

¯

. (2.62)

Adding (2.60),(2.61), and (2.62) to the number 1, we get

Erexpp´αZqs “ eα
2´αξΦ

´ξ ´ 2α
?
2

¯´

1 ´
α2

pξ ´ αq2

¯

` Φ
´

´
ξ

?
2

¯´

1 `
αξ

pξ ´ αq2
´
αp1 ` ξ2q

ξ ´ α

¯

`
ξα

?
πpξ ´ αq

e´ξ2{4,

and we see this matches (2.57) with d “ σ “ 1. The general case follows by (iv) = (v)

after replacing α with α
?
σ2d and ξ with ξ

?
σ2d.
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Proof of Corollary 2.4.3 . Item (i) (Convergence to Gaussian): For ξ, y ą 0, Theorem

2.4.1, tells us that

PσpGξ`ξ0px, x` yq ´Gξ0px, x` yq ´ σ2ξd ď zq

“ Φ
` z
a

2σ2y

˘

` epz`σ2ξyqξ
´

p1 ` pz ` σ2ξyqξ ` ξ2σ2yqΦ
`

´
z ` 2σ2ξy
a

2σ2y

˘

´ ξ

c

σ2y

π
exp

`

´
pz ` 2σ2ξyq2

4σ2y

˘

¯

In the limit as ξ Ñ `8, the only nonvanishing term is

Φ
` z
a

2σ2y

˘

“

ż z{
?

2σ2y

´8

1
?
2π
e´x2{2 dx “

ż z

´8

1
a

4πσ2y
e´x2{p4σ2yq dx,

which we now recognize as the distribution function of a Gaussian random variable with

0 mean and variance 2σ2y. For y ă 0, the result follows by symmetry of the Gaussian.

For the limit as ξ Ñ ´8, the stationarity of increments in Theorem 2.3.2(iii) implies

Gσ
ξ`ξ0px, x` yq ´Gσ

ξ0px, x` yq ´ σ2ξy “ ´pGσ
ξ0px, x` yq ´Gσ

ξ0`ξpx, x` yq ´ σ2|ξ|yq

d
“ ´pGσ

´ξpx, x` yq ´Gσ
0 px, x` yq ´ σ2|ξ|yq.

The result now follows by the symmetry of the Gaussian distribution.

Item (ii) (Splitting times): We first recall the definitions: for ξ ą 0,

S´
x pξ0, ξ0 ` ξq “ infty ą 0 : Gξ0`ξpx, x´ yq ă Gξ0px, x´ yqu,

S`
x pξ0, ξ0 ` ξq “ infty ą 0 : Gξ0`ξpx, x` yq ą Gξ0px, x` yqu,

and for y ą 0,

T´
ξ0

px, x` yq “ inftξ ą 0 : Gξ0´ξpx, x` yq ă Gξ0px, x` yqu,

T`
ξ0

px, x` yq “ inftξ ą 0 : Gξ0`ξpx, x` yq ą Gξpx, x` yqu.
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Let y, ξ ą 0. We work on the P-almost sure event (depending on a fixed ξ0 P R, ξ ą 0q

on which Gpξ0`ξq´pxq “ Gξ0`ξpxq for all x P R, and for arbitrary ξ1 ă ξ2, Gξ1 ďinc Gξ2

(Proposition 2.3.1(iii)–(iv)). On this event, we first show that

(a) S´
x pξ0, ξ0 ` ξq ě y ðñ Gξ0`ξpx, x´ yq “ Gξ0px, x´ yq

(b) T´
ξ0

px, x` yq ě ξ ðñ Gξ0´ξpx, x` yq “ Gξ0px, x` yq

(c) S`
x pξ0, ξ0 ` ξq ě y ðñ T`

ξ0
px, x` yq ě ξ ðñ Gξ0`ξpx, x` yq “ Gξpx, x` yq.

We prove (a) and (b), then (c) follows similarly. For (a), if S´
x pξ0, ξ0 ` ξq ě y, then since

Gξ0`ξpx, x ´ zq ď Gξ0px, x ´ zq holds for general z ą 0, we must have equality for z ă y.

Continuity implies the equality Gξ0`ξpx, x ´ yq “ Gξ0px, x ´ yq. On the other hand, if

Gξ0`ξpx, x´ yq “ Gξ0px, x´ yq, then for all z P p0, ys, by Lemma A.1.2,

0 ě Gξ0`ξpx, x´ zq ´Gξ0px, x´ zq ě Gξ0`ξpx, x´ yq ´Gξ0px, x´ yq “ 0,

so S´
x pξ0, ξ0 ` ξq ě y.

Now, we turn to (b). If T´
ξ0

px, x ` yq ě ξ ą 0, then Gξ0´ηpx, x ` yq “ Gξ0px, x ` yq for

all η P p0, ξq. But the right-continuity of G implies that Gξ0´ξpx, x ` yq “ Gξ0px, x ` yq

as well. On the other hand, if Gξ0´ξpx, x ` yq “ Gξ0px, x ` yq, then for η P p0, ξs,

Gξ0´ηpx, x` yq ě Gξ0´ξpx, x` yq, so

0 ě Gξ0´ηpx, x` yq ´Gξ0px, x` yq ě Gξ0´ξpx, x` yq ´Gξ0px, x` yq “ 0.

Hence, T´
ξ0

px, x ` yq ě ξ. By stationarity of G in the x and ξ parameters (Theorem

2.3.2(i),(iii)),

PσpGξ0`ξpx, x´ yq “ Gξ0px, x´ yqq “ PσpGξ0`ξpx´ y, xq “ Gξ0px´ y, xq

“ PσpGξ0`ξpx, x` yq “ Gξ0px, x` yq “ PσpGξ0px, x` yq “ Gξ0´ξpx, x` yq,

where in the first equality we simply used the fact that Gξpx, yq “ ´Gξpy, xq. Hence,
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each of the events in Items (a)–(b) has the same probability, which is computed by setting

d “ y and z “ 0 in the formula of Theorem 2.4.1. We repeat this formula here:

p2 ` ξ2σ2yqΦ
´

´ξ

c

σ2y

2

¯

´ ξ

c

σ2y

π
e´

ξ2σ2y
4 .

Item (iii) (Non-independence and non-Markovian structure):

Assume, by way of contradiction, that for y ą 0, Gσ
ξ2

px, yq ´ Gσ
ξ1

px, yq is independent

of Gσ
ξ1

px, yq. Then, since each x ÞÑ Gσ
ξ is a Brownian motion with diffusivity σ,

σ2y “ VarσpGξ2px, x` yqq “ VarσpGξ2px, x` yq ´Gξ1px, x` yqq ` VarσpGξ1px, x` yqq

“ VarσpGξ2px, x` yq ´Gξ1px, x` yqq ` σ2y.

Hence, VarσpGξ2px, x ` yq ´ Gξ1px, x ` yqq “ 0. But this is not true, as Theorem 2.4.1

shows that Gσ
ξ2

px, x` yq ´Gσ
ξ1

px, x` yq does not have a degenerate distribution.

We turn to showing the non-independence of increments. Assume, by way of contra-

diction, ξ ÞÑ Gσ
ξ px, x` yq has independent increments. Then for 0 ă η ă ξ,

PσpGξpx, x` yq ´G0px, x` yq “ 0q

“ PσpGηpx, x` yq ´G0px, x` yq “ 0qPσpGξpx, x` yq ´Gηpx, x` yq “ 0q,

by monotonicity. Equivalently,

PσpGξpx, x` yq “ G0px, x` yq|Gηpx, x` yq “ G0px, x` yqq

“ PσpGξpx, x` yq “ Gηpx, x` yqq.

As we showed in the proof of Item (ii), this is equivalent to

PσpT`
0 px, x` yq ě ξ|T`

0 px, x` yq ě ηq

“ PσpT`
η px, x` yq ě ξ ´ ηq “ PσpT`

0 px, x` yq ě ξ ´ ηq.
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However, our computation in Item (ii) shows that T`
0 px, x`yq does not have a memoryless

distribution, a contradiction. The process ξ ÞÑ Gσ
ξ px, x ` yq therefore is also not Markov

because the time to its first point of increase is not memoryless.

Lastly, the joint process pGξ1 , Gξ2q is not Markov because the splitting time of Gξ1pxq

and Gξ2pxq for x ě 0 is not memoryless, as seen in Item (ii).

2.5 The SH as a jump process and its path properties

The trajectories of ξ ÞÑ Gσpx, yq are step functions. This fact is the fundamental ingredient

for the analysis of the infinite geodesics in the directed landscape studied in Chapter 4.

We state this theorem now.

Theorem 2.5.1. Fix σ ą 0 and let x P R, y ą 0. Then, Pσ-almost surely, the paths of

ξ ÞÑ Gξpx, x ` yq are nondecreasing step functions, whose jumps are a discrete subset of

R. The expected number of jumps in an interval rξ0, ξ0 ` ξs Ď R is

Eσr#tη P rξ0, ξ0 ` ξs : Gη´px, x` yq ă Gη`px, x` yqus “ 2ξ

c

σ2y

π
.

Furthermore, limξÑ˘8 Gξpx, x ` yq “ ˘8 almost surely; consequently, the set of jumps

over all ξ P R is infinite and unbounded for both positive and negative ξ.

We now detail the path properties of the SH. Given G P DpR, CpRqq and x, y P R, we

define the random sets

ΞGpx, yq “ tξ P R : Gξ´px, yq ‰ Gξ`px, yqu, and

ΞG “
ď

x,yPR
ΞGpx, yq “

ď

xPR
tξ P R : Gξ´pxq ‰ Gξ`pxqu.

(2.63)

Observe that ΞGpx, yq “ ΞGpy, xq. We define ΞGpxq “ ΞGp0, xq. When we wish to refer

to the set ΞG for a realization of the SH Gσ without referring to the measure Pσ, we write

ΞGσ .
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Theorem 2.5.2. Let σ ą 0. The following hold Pσ-almost surely.

(i) For ξ1 ă ξ2 and x P R, y ÞÑ Gξ2px, x`yq´Gξ1px, x`yq is a nondecreasing function.

(ii) For a ď x ă y ď b, ΞGpx, yq Ď ΞGpa, bq.

(iii) For every ξ P R and every compact set K Ď R, there exists an ε “ εpK, ξq ą 0 so

that when x, y P K, and ξ ´ ε ă α ă ξ ă β ă ξ ` ε, Gαpx, yq “ Gξ´px, yq and

Gξpx, yq “ Gβpx, yq.

(iv) For every x ă y, ξ ÞÑ Gξpx, yq is a step function converging to ˘8 as ξ Ñ ˘8.

The set ΞGpx, yq is countably infinite and contains only finitely many points in each

compact interval.

(v) Let S´
x pξ1, ξ2q and S`

x pξ1, ξ2q be defined as in (2.52). For every pair ξ1 ă ξ2 and

x P R, there exists α, β P rξ1, ξ2s X ΞG so that

S´
x pξ1, ξ2q “ infty ą 0 : Gαpx, x´ yq ă Gα´

px, x´ yqu, and

S`
x pξ1, ξ2q “ infty ą 0 : Gβpx, x` yq ą Gβ´

px, x` yqu.

That is, when the trajectories Gξ1 , Gξ2 split (to the left or right of the origin), there

is an exceptional ξ P ΞG so that Gξ´ and Gξ also split at that same point.

(vi) The set ΞG is dense in R.

Figure 2.2 shows a simulation of the stationary horizon for σ “ 1 and

ξ P t0,˘1,˘2,˘3,˘5,˘10u. The items of Theorem 2.5.2 can be seen from the graph.

Item (ii) states that the discontinuities increase as we move away from the origin. This is

manifest in the picture by the splitting of trajectories. Item (v) states that when the two

trajectories split for positive x, there exists a value ξ P ΞG so that Gξ` follows the upper

trajectory, and Gξ´ follows the lower trajectory. This results in the density of Item (vi).

The reverse happens for negative x. Once the trajectories split, the distance between the

two never decreases, as stated in Item (i). Items (iii) and (iv) reflect the fact that two

trajectories Gξ1 and Gξ2 stick together in a neighborhood of the origin before splitting.
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The stationary horizon Gξ(x) for various parameters ξ

Figure 2.2: A simulation of the stationary horizon

The discreteness of the sets ΞGpx, yq in Theorem 2.5.2(iv) implies that, under Pσ, the

set ΞGpx, yq is a well-defined point processes. The set ΞG itself is dense, and it is not

easy, a priori, to interpret as a random object. However, By Theorem 2.5.2(ii), ΞG is the

increasing union of the sets ΞGpx, yq as x Ñ ´8 and y Ñ `8 (In fact, it suffices to fix

either x or y and send the other to ˘8 by Corollary 2.6.8 in Section 2.6). We state some

distributional invariances of these sets in the following corollary to Theorem 2.3.2.

Corollary 2.5.3. For σ ą 0, let Gσ be the SH. For c, b ą 0 and ν P R, and px, yq P R,

the sets ΞG satisfy the following distributional invariances:

ΞGσpx, yq
d
“ ´ΞGσp´x,´yq

d
“ bΞGbcσpc´2x, c´2yq ` bν.

Proof. The first equality follows by the reflection invariance of Theorem 2.3.2(iv), and

the second follows by the scaling relations in Theorem 2.3.2(ii). More specifically, let Gσ

be the SH, and let rGbcσ be defined by rGσ
ξ{b´νpxq “ bGσ

ξ pc2xq ´ pbcσq2νx. Then, rGbcσ is

distributed as Gbcσ, and ξ P ΞGσpc2x, c2yq if and only if ξ P bΞ
rGbcσpx, yq ` bν.
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2.5.1 Proofs

The following more general theorem is the key to showing step function behavior of the

SH. It gives a general condition for an increment-stationary process to be a jump process,

and is of independent interest.

Theorem 2.5.4. On a probability space pΩ,F ,Pq, let Y “ tY ptq : t ě 0u be a nondecreas-

ing, increment-stationary process such that the following three conditions hold:

(i) For a ă b, ErY pbq ´ Y paqs ă 8.

(ii) PrY ptq “ Y p0qs P p0, 1q for all sufficiently small t ą 0.

(iii) lim inftŒ0 ErY ptq ´ Y p0q|Y ptq ą Y p0qs ą 0.

Then, P-almost surely the paths of t ÞÑ Y ptq are step functions with finitely many jumps

in each bounded interval. For each t ě 0, there is a jump at t with probability 0. For

a ă b P I, the expected number of jump points in the interval ra, bs equals

ErY pbq ´ Y paqs

limnÑ8 ErY p2´nq ´ Y p0q|Y p2´nq ą Y p0qs
.

Remark 2.5.5. Heuristically, we can think of Condition (iii) in the following way: on

average, the size of the jumps are bounded away from 0, and therefore the jumps cannot

accumulate because an increment of the process itself has finite expectation by Condition

(i).

Proof of Theorem 2.5.4. We first note that for b ą a,

pb´ aqErY p1q ´ Y p0qs “ ErY pbq ´ Y paqs. (2.64)

Indeed, by increment-stationarity, it suffices to show that ErY ptq´Y p0qs “ tErY p1q´Y p0qs

for all t ą 0. Since Y is nondecreasing, t ÞÑ ErY ptq ´ Y p0qs is nondecreasing, so it further

suffices to show that ErY ptq ´ Y p0qs “ tErY p1q ´ Y p0qs just for rational t ą 0. For any



75

positive integer k,

ErY pkq ´ Y p0qs “

k
ÿ

i“1

ErY piq ´ Y pi´ 1qs “ kErY p1q ´ Y p0qs “ kErY p1q ´ Y p0qs.

Then for positive integers r and k,

rErY p1q ´Y p0qs “ ErY prq ´Y p0qs “

k
ÿ

i“1

ErY pri{kq ´Y prpi´1q{kqs “ kErY pr{kq ´Y p0qs,

and ErY pr{kq ´ Y p0qs “ r
kErY p1q ´ Y p0qs.

We now show that there are finitely many jumps in the interval r0, 1s, and the general

result holds by increment-stationarity and (2.64). Consider discrete versions of the process

Y as follows. For n P Zą0, let Dn “ t
j
2n : j P Z, 0 ď j ď 2nu, and consider the process

Yn :“ tY ptq : t P Dnu. Let Jn be the number of jumps of Yn, i.e.,

Jn “

2n
ÿ

j“1

1
´

Y
`

j
2n

˘

ą Y
`

j´1
2n

˘

¯

Then, Jn is nondecreasing in n, so it has a limit, denoted as the random variable J8. Let

K P t0, 1, 2, . . .u Y t8u be the number of points of increase of Y on the interval r0, 1s.

Specifically, a point t P p0, 1q is a point of increase, if Y pt ` εq ą Y pt ´ εq for all ε ą 0.

We say 0 is a point of increase if Y ptq ą Y p0q for all t ą 0, and we likewise say that 1 is a

point of increase if Y ptq ă Y p1q for all t ă 1.

There are three steps we need to complete the proof. The first is to show K ď J8.

Next, we show that J8 is finite almost surely by computing its mean. Lastly, we show

that J8 ď K.

We now show that K ď J8. If K ă 8, let k “ K, and otherwise, let k be an arbitrary

positive integer. It suffices to show that J8 ě k. By definition of k, we may choose k

points of increase t1 ă ¨ ¨ ¨ ă tk. First, we handle the case where ti P p0, 1q for all i. Then,

for all sufficiently large n, there exist n-dependent positive integers 0 ă j1 ă ¨ ¨ ¨ ă jk ă 2n
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so that for each i, ji`1 ą ji ` 2, and

ji ´ 1

2n
ă ti ă

ji ` 1

2n
. (2.65)

Since ti is a point of increase and Y is nondecreasing, Y p
ji`1
2n q ą Y p

ji´1
2n q. Therefore,

Y p
ji`1
2n q ą Y p

ji
2n q or Y p

ji
2n q ą Y p

ji´1
2n q. By assumption that ji`1 ą ji ` 2, the intervals

r
ji´1
2n , ji`1

2n s are mutually disjoint, so Jn ě k and therefore J8 ě k. The case where t1 “ 0

or tk “ 1 is handled similarly.

Next, we compute the finite mean of J8. Let

cn “ ErY p2´nq ´ Y p0q|Y p2´nq ą Y p0qs

Then, using increment-stationarity,

ErY p1q ´ Y p0qs “

2n
ÿ

j“1

E
”

Y
`

j
2n

˘

´ Y
`

j´1
2n

˘

ı

“

2n
ÿ

j“1

E
”

Y
`

j
2n

˘

´ Y
`

j´1
2n

˘

ˇ

ˇ

ˇ
Y
`

j
2n

˘

ą Y
`

j´1
2n

˘

ı

P
´

Y
`

j
2n

˘

ą Y
`

j´1
2n

˘

¯

“ cn

2n
ÿ

j“1

P
´

Y
`

j
2n

˘

ą Y
`

j´1
2n

˘

¯

“ cnErJns.

By assumptions (i) and (iii) and the monotone convergence theorem,

ErJ8s “ lim
nÑ8

ErJns “ lim
nÑ8

ErY p1q ´ Y p0qs

cn
ă 8. (2.66)

Therefore, PpJ8 ă 8q “ 1. Since K ď J8, with probability one, Y has only finitely

many points of increase on r0, 1s. Therefore, with probability one, Y : r0, 1s Ñ R is locally

constant except at the finitely many jump points. Hence, for each t P p0, 1q, the left and

right limits of Y at t, Y pt˘q exist. The limits Y p0`q and Y p1´q exist as well. Since Y is
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increasing, for each t P p0, 1q and ε ą 0, we can apply (2.64) and Assumption (i) to get

ErY pt`q ´ Y pt´qs ď ErY pt` εq ´ Y pt´ εqs “ 2εErY p1q ´ Y p0qs ă 8.

Sending ε Œ 0, the left-hand side is 0 and therefore, a jump occurs at time t with prob-

ability 0. Similar arguments apply to t “ 0 and t “ 1. Therefore, there exists an event

of probability one, ΩQ2 on which Y has no jumps at points of the form j
2n for positive

integers j and n.

To compute the mean number of jumps, we show that J8 “ K on the event ΩQ2 . We

already showed that K ď J8, so it remains to show J8 ď K.

We start by showing that if Y pbq ą Y paq for some a ă b, there must be some point

of increase in the interval ra, bs. We prove this as follows: let c be the midpoint of a and

b. Then, since Y is nondecreasing, either Y pbq ą Y pcq or Y pcq ą Y paq. If, without loss

of generality, Y pbq ą Y pcq, then we can bisect the interval again with midpoint d and get

that Y pbq ą Y pdq or Y pdq ą Y pcq, where d is the midpoint of a and b. Inductively, this

constructs a sequence of nested intervals ran, bns Ď ran´1, bn´1s Ď ra, bs, where ran, bns is

either the left or right half of the previous interval. Then, an is nondecreasing and bn is

nonincreasing and bn ´ an Ñ 0. Then, set t “ limnÑ8 an “ limnÑ8 bn, and we have that

t P ran, bns for all n. If t P p0, 1q, then for all ε ą 0, we may choose n large enough so that,

because Y is nondecreasing,

Y pt` εq ´ Y pt´ εq ě Y pbnq ´ Y panq ą 0.

Hence, t is a point of increase. The case where t “ 0 or 1 is handled similarly.

Now, we show that on ΩQ2 , Jn ď K for all n. By definition, Jn is the number of

integers 0 ă j ď 2n such that Y pj2´nq ą Y ppj ´ 1q2´nq. For each such j, we just showed

that there must be a point of increase in rpj ´ 1q2´n, j2´ns, and on the event ΩQ2 , that

point of increase must lie in the interior of the interval. Thus, Jn ď K, and J8 ď K, so

J8 “ K on ΩQ2 . Equation (2.66) computes the mean number of jump points.
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Proof of Theorem 2.5.1. We verify the conditions of Theorem 2.5.4 for the process

tGσ
ξ0`ξpx, x` yq : ξ ě 0u,

where ξ0 is arbitrary. This process is nondecreasing by Proposition 2.3.1(iii), and has

stationary increments by Theorem 2.3.2(iii).

Condition (i) of Theorem 2.5.4 follows because each Gσ
ξ is a Brownian motion with

diffusivity σ and drift σ2ξ. In particular, for ξ, y ą 0,

EσrGξ0`ξpx, x` yq ´Gξ0px, x` yqs “ σ2ξy ă 8. (2.67)

Theorem 2.4.1 states that PσpGξ0`ξpx, x ` yq “ Gξ0px, x ` yqq P p0, 1q for all ξ, y ą 0.

Hence, Condition (ii) is satisfied.

Lastly, we verify Condition (iii), which, combined with (2.67) allows us to compute the

mean number of jumps in the interval rξ0, ξ0 ` ξs. Observe that, because

PσrGξ0`ξpx, x` yq ´Gξ0px, x` yq ě 0s “ 1,

and using (2.53),

EσrGξ0`ξpx, x` yq ´Gξ0px, x` yq|Gξ0`ξpx, x` yq ą Gξ0px, x` yqs

“
EσrGξ0`ξpx, x` yq ´Gξ0px, x` yqs

PσrGξ0`ξpx, x` yq ą Gξ0px, x` yqs

“
σ2ξy

1 ´ p2 ` ξ2σ2yqΦ
`

´ξ
b

σ2y
2

˘

` ξ
b

σ2y
π expp´ξ2σ2y{4q

.

An application of L’Hôpital’s rule gives

lim
ξŒ0

EσrGξ0`ξpx, x` yq ´Gξ0px, x` yq|Gξ0`ξpx, x` yq ą Gξ0px, x` yqs

“ lim
ξŒ0

σ2y

´2ξσ2yΦ
`

´ξ
b

σ2y
2

˘

` 2
b

σ2y
π

“

a

πσ2y

2
ą 0
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Along with (2.67), Theorem 2.5.4 gives us

Eσr#tη P rξ0, ξs : Gη´px, x` yq ă Gη`px, x` yqus “ 2ξ

c

σ2y

π
.

The fact that there are infinitely many jumps over all ξ P R is as follows: We recall

that ξ ÞÑ Gσ
ξ px, x ` yq is nondecreasing. Thus, it has almost sure limits as ξ Ñ ˘8.

Since Gσ
ξ px, x ` yq is Gaussian with mean σ2ξy and variance σ2y, for all z P R, Markov’s

inequality implies, for any z P R

lim
ξÑ`8

PσpGξpx, x` yq ď zq ď lim
ξÑ`8

Pσp|Gξpx, x` yq ´ σ2ξy| ą σ2ξy ´ zq

ď lim
ξÑ`8

σ2y

pσ2ξy ´ zq2
“ 0.

so limξÑ˘8 Gσ
ξ px, x ` yq “ ˘8, almost surely. Similarly, limξÑ´8 Gσ

ξ px, x ` yq “ ´8.

Since the set of jumps is discrete, there must be infinitely many of them on the real line,

and they are unbounded for both positive and negative directions.

Proof of Theorem 2.5.2. Item (i): The monotonicity of y ÞÑ fpyq :“ Gξ2px, x ` yq ´

Gξ1px, x` yq follows by Gξ1 ďinc Gξ2 (Proposition 2.3.1(iii)): for w ă y,

fpw, yq “ Gξ2px` w, x` yq ´Gξ1px` w, x` yq ě 0.

Item (ii) Because Gξ´ ďinc Gξ`, Lemma A.1.2 implies that for a ď x ă y ď b,

0 ď Gξ`px, yq ´Gξ´px, yq ď Gξ`pa, bq ´Gξ´pa, bq,

giving the inclusion ΞGpx, yq Ď ΞGpa, bq.

Items (iii)–(iv): For a fixed x ‰ y, Theorem 2.5.1 states that, Pσ almost surely, ΞGpa, bq

is a discrete and infinite set, and ξ ÞÑ Gξpa, bq is a right-continuous step function. Thus,
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Pσ-almost surely, for any ξ P R, there exists ε ą 0 such that, if ξ´ ε ă α ă ξ ă β ă ξ` ε,

Gαpa, bq “ Gξ´pa, bq, and Gξpa, bq “ Gβpa, bq. (2.68)

We consider the Pσ almost sure event such a ε ą 0 exists for all ξ P R and each rational

pair a ‰ b. To show Item (iii), it suffices to take the compact set to be ra, bs for rational

a ă b. Then, for every ξ P R, there exists ε “ εpξ, a, bq so that for ξ´ε ă α ă ξ ă β ă ξ`ε

(2.68) holds. Then, by Gξ ďinc Gβ and Lemma A.1.2, for a ď x ď y ď b, and all such

α, β,

0 ď Gβpx, yq ´Gξpx, yq ď Gβpa, bq ´Gξpa, bq “ 0. (2.69)

A symmetric argument shows that Gαpx, yq “ Gξ´px, yq.

The result of Item (iv) that ΞGpx, yq is countably infinite and discrete for all x ă y is

as follows. Without loss of generality, assume x ă y. Choose rational values a, b, c, d with

a ă x ă c ă d ă y ă b. Then Item (ii) implies

ΞGpc, dq Ď ΞGpx, yq Ď ΞGpa, bq,

and recall that ΞGpb, cq and Ξpa, dq are both infinite and discrete. Furthermore, (2.69)

implies that ξ ÞÑ Gξpx, yq can only increase when ξ ÞÑ Gξpa, bq increases, so ξ ÞÑ Gξpx, yq

is also a step function. The limits as ξ Ñ ˘8 follow by a similar monotonicity argument.

Item (v): We handle the case for S`
x pξ1, ξ2q, and the other follows analogously. Recall

the definition (2.52)

S`
x pξ1, ξ2q “ infty ą 0 : Gξ2px, x` yq ą Gξ1px, x` yqu.

For shorthand, let S “ S`
x pξ1, ξ2q. By definition of the nondecreasing property in Item

(i), the function ξ ÞÑ Gξpx, x ` Sq is constant in the interval rξ1, ξ2s, but for every ε ą 0,

the function ξ ÞÑ Gξpx, x ` S ` εq is not constant in the interval rξ1, ξ2s. Since ξ ÞÑ

Gξpx, x`S`εq is a step function by Item (iv), it follows that rξ1, ξ2sXΞGpx, x`Sq “ ∅, but
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Figure 2.3: The SH difference profile Jξpxq. The function vanishes in a nondegenerate random
neighborhood of x “ 0 and evolves as two independent Brownian local times to the left and right.

rξ1, ξ2sXΞGpx, x`S`εq ‰ ∅ for all ε ą 0. Since each ΞGpx, x`S`εq contains only finitely

many values in rξ1, ξ2s (Item (iv)), and since ΞGpx, x`S`εq decreases as ε decreases (Item

(ii)), there must be some ξ‹ P rξ1, ξ2s so that, for every ε ą 0 ξ‹ P rξ1, ξ2sXΞGpx, x`S`εq.

Then, Gξ‹´px, x ` Sq “ Gξ‹`px, x ` Sq, but Gξ‹´px, x ` S ` εq ă Gξ‹`px, x ` S ` εq for

all ε ą 0. Hence,

S “ infty ą 0 : Gξ‹`px, x` yq ą Gξ‹´px, x` yqu.

Item (vi): The density of ΞG follows directly from Item (v).

2.6 Random measures and Palm kernels

For G P DpR, CpRqq, define the process of jumps

J :“ tJξuξPR “ tGξ ´Gξ´uξPR (2.70)
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By Theorem 2.5.2, for each σ ą 0, Pσ-almost surely, either Jξ vanishes identically (when

ξ R ΞG or Jξ is a nondecreasing continuous function that vanishes in a nondegenerate

(random) neighborhood of the origin. We use Jσ “ tJσ
ξ uξPR to denote the process when

G “ Gσ, without reference to the measure Pσ. By Theorem 2.3.2(i),(iii),

tJσ
ξ`ηpy ` xq ´ Jσ

ξ`ηpyq : x P RuξPR
d
“ tJσ

ξ pxq : x P RuξPR @y, η P R. (2.71)

The goal of this section is to prove the following.

Theorem 2.6.1. Let σ ą 0, and let Gσ be the SH. For ξ P R and Jσ
ξ defined above, let

τσξ “ inftx ą 0 : Jσ
ξ pxq ą 0u and

ÐÝ
τσξ “ inftx ą 0 : ´Jσ

ξ p´xq ą 0u

denote the points to the right and left of the origin beyond which Gξ` and Gξ´ separate,

if ever. Then, conditionally on ξ P ΞGσ in the appropriate Palm sense, the restarted

functions

x ÞÑ Jσ
ξ px` τσξ q ´ Jσ

ξ pτσξ q and x ÞÑ ´Jσ
ξ p´x´

ÐÝ
τσξ q ` Jσ

ξ p´
ÐÝ
τσξ q, x P Rě0,

are equal in distribution to two independent running maximums of Brownian motion with

diffusivity σ2 and zero drift. In particular, they are equal in distribution to two independent

appropriately normalized versions of Brownian local time. See Figure 2.3.

Defining the appropriate sense of Palm conditioning requires some care. The set ΞGσ

is almost surely dense in R, so we instead condition on pairs pξ, τσξ q, where ξ P ΞGσ . A

more precise version of Theorem 2.6.1 is proved as Theorem 2.6.11.

Theorem 2.6.1 has deep geometric significance for the study of semi-infinite geodesics in

the directed landscape in Chapter 4. For ξ P ΞG, the function x ÞÑ Jξpxq is a nondecreasing

function and therefore defines a random Lebesgue-Stieltjes measure. The support of this

measure, up to the removal of a countable set, is interpreted in Theorem 4.7.1 as the set

of points with two disjoint semi-infinite geodesics in direction ξ.
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2.6.1 The difference profile for positive x

We first study the functions Jξpxq for x ě 0, under the measure Pσ. Approximate J by a

process JN defined on dyadic rational ξ. For N P Zą0 let

JN
ξi

“ Gξi ´Gξi´1
for ξi “ ξNi “ i2´N and i P Z. (2.72)

For i P Z, let

τNξi “ inftx ą 0 : JN
ξi

pxq ą 0u “ S`
0 pξi´1, ξiq. (2.73)

Since the Gξi have different drifts for different values of i, τNξi ă 8 almost surely. For

f P CpRq and τ P R, let rf sτ P CpRě0q denote the restarted function

rf sτ pxq “ fpτ ` xq ´ fpτq for x P r0,8q. (2.74)

Denote by Dσ
α the distribution on CpRě0q of the running maximum of a Brownian

motion with drift α P R and diffusivity
?
2σ2. That is, if X denotes standard Brownian

motion, then

Dσ
αpAq “ P

␣“

sup
0ďuďs

?
2σ2Xpuq ` αu

‰

sPr0,8q
P A

(

for Borel sets A Ă CpRě0q. When the drift vanishes (α “ 0) we abbreviate Dσ “ Dσ
0 .

Lemma 2.6.2. On a probability space pΩ,F , P q, Let Y “ tY pxq : x ě 0u be a Brownian

motion with drift α and diffusivity
?
2σ2. Let W be an almost surely negative random

variable independent of Bσ
α. Let

θ “ inftx ą 0 :W `Bσ
αpxq ě 0u.

Then, for all x ą 0,

P
´”

sup
0ďsďθ`u

W ` Y psq
ı`

uPr0,8q
P ‚

ˇ

ˇ

ˇ
θ “ x

¯

“ Dσ
αp ‚ q. (2.75)
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In particular,

P
´”

sup
0ďsďθ`u

W ` Y psq
ı`

uPr0,8q
P ‚

¯

“ Dσ
αp ‚ q (2.76)

Proof. Let A P BpCpRě0qq and θ ą 0. Below, notice that Y pθq “ ´W . Then, noting that

θ is a stopping time with respect to the filtration Fy “ σ
`

W, tY pxquxPr0,ys

˘

, we use the

strong Markov property to restart at time θ.

P
´”

sup
0ďsďθ`u

W ` Y psq
ı`

uPr0,8q
P A

ˇ

ˇ

ˇ
θ “ x

¯

“ P
´”

sup
θďsďθ`u

W ` Y psq
ı

uPr0,8q
P A

ˇ

ˇ

ˇ
θ “ x

¯

“ P
´”

sup
0ďsďu

Y pθ ` sq ´ Y pθq

ı

uPr0,8q
P A

ˇ

ˇ

ˇ
θ “ x

¯

“ P
´”

sup
0ďsďu

Y psq
ı

uPr0,8q
P A

¯

“ Dσ
αpAq.

(2.77)

The first equality came from

sup
sPr0,θs

tW ` Y psqu “ 0 ď sup
sPrθ, θ`us

tW ` Y psqu for all u ě 0.

The claim of (2.75) has now been verified. Equation (2.76) follows because

P
´”

sup
0ďsďθ`u

W ` Y psq
ı`

uPr0,8q
P A

¯

“

ż

P
´”

sup
0ďsďθ`u

W ` Y psq
ı`

uPr0,8q
P A

ˇ

ˇ

ˇ
θ “ x

¯

dθpxq.

Corollary 2.6.3. Let σ ą 0 αN “ σ22´N . Then for all i P Z and x ą 0,

Pσ
`“

JN
ξi

‰τNξi P ‚

ˇ

ˇ τNξi “ x
˘

“ Dσ
αN

p ‚ q. (2.78)

Proof. From the definition of the finite-dimensional marginals of the stationary horizon

(Proposition 2.3.1(ii)), we have

pGσ
ξi´1

, Gσ
ξi

q
d
“ pZ1, DpZ2, Z1qq, (2.79)
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where Z1, Z2 are independent two-sided Brownian motions, each with diffusivity σ and

drifts σ2ξi´1, σ
2ξi, respectively. Then, Y :“ Z2 ´Z1 is a Brownian motion with diffusivity

?
2σ2 and drift σ2pξi ´ ξi´1q “ σ22´N . Set rJN pyq “ DpZ2, Z1qpyq ´ Z1pyq. By Lemma

2.3.3,

rJN pyq “

´

sup
0ďxďy

tY pxqu ´ sup
´8ăxď0

tY pxqu

¯`

“

”

sup
0ďxďy

W ` Y pxq

ı

, (2.80)

where W “ ´ sup´8ăxď0tY pxqu is an almost surely negative random variable, indepen-

dent of tY pxq : x ě 0u. Define

θN “ inftx ą 0 : rJN pxq ą 0u “ inftx ą 0 : Y pxq ě 0u. (2.81)

Hence, now pJN
ξi
, τNξi q

d
“ p rJN , θN q, and the corollary now follows from Lemma 2.6.2.

For ξ P R let

τξ “ inftx ě 0 : Jξpxq ą 0u. (2.82)

The connection with the discrete counterpart in (2.73) is

τNξi “ mintτξ : ξ P pξi´1, ξisu. (2.83)

On the space Rě0 ˆ R define the random point measure and its mean measure

Γ “
ÿ

pτξ,ξq:τξă8

δpτξ,ξq and λσΓp ‚ q :“ EσrΓp ‚ qs. (2.84)

The point process Γ records the jump directions ξ and the points τξ where Gξ and Gξ´

separate on Rě0. Theorem 2.5.2 ensures that Γ and λΓ are locally finite, Pσ-almost surely.

It will cause no confusion to use the same symbol Γ to denote the random set

Γ “ tpτξ, ξq : ξ P R, τξ ă 8u.

Then also λσΓp ‚ q “ Eσp|Γ X ‚ |q where | ‚ | denotes cardinality. The counterparts for the
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approximating process are

ΓpNq “ tpτNξi , ξiq : i P Z, τNξi ă 8u and λ
pNq

Γ p ‚ q :“ Eσp|ΓpNq X ‚ |q, (2.85)

where, at the risk of slightly abusing notation, we have dropped the dependence of σ in

the notation for λ
pNq

Γ .

The dyadic partition in (2.72) imposes a certain monotonicity as N increases: τξ values

can be added but not removed. The ξ-coordinates that are not dyadic rationals move as

the partition refines. So we have

tτNξi : pτNξi , ξiq P ΓpNqu Ă tτN`1
ξi

: pτN`1
ξi

, ξiq P ΓpN`1qu Ă tτξ : pτξ, ξq P Γu. (2.86)

Lemma 2.6.4. For σ ą 0, the measure λσΓ and Lebesgue measure m are mutually abso-

lutely continuous on Rą0 ˆ R. The Radon-Nikodym derivative is given by

dλσΓ
dm

pτ, ξq “
σ

?
πτ

for pτ, ξq P Rą0 ˆ R. (2.87)

Proof. Let ξ P R, y ą 0, and ε ą 0. Theorem 2.5.1 states that

Eσr#tη P pξ, ξ ` εs : Gη´pyq ă Gη`pyqus “ 2ε

c

σ2y

π
.

Further, observe that, for ξ P R, τ ą 0, and δ, ε ą 0.

λσΓ
`

pτ, τ ` δs ˆ pξ, ξ ` εs
˘

“ Eσr#tη P pξ, ξ ` εs : Gη´pτ ` δq ă Gη`pτ ` δqus

´ Eσr#tη P pξ, ξ ` εs : Gη´pτq ă Gη`pτqus

because pτη, ηq P Γ X pτ, τ ` δs ˆ pξ, ξ ` εs if and only if η P Xpξ, ξ ` εs, τη ă 8, and the
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splitting of Gη´ and Gη occurred in p0, τ ` δs, but not in r0, τ s. Hence,

λσΓ
`

pτ, τ ` δs ˆ pξ, ξ ` εs
˘

“
2σε
?
π

p
?
τ ` δ ´

?
τq “

ż ξ`ε

ξ

ż τ`δ

τ

σ
?
πx

dx dα.

By (2.87), λΓ does not have a finite marginal on the ξ-component, as expected since

the set ΞG is dense, Pσ almost surely. Below we do Palm conditioning on the pair pτξ, ξq P

Rą0 ˆ ΞG and not on the jump directions ξ P ΞG alone.

Lemma 2.6.5. Let A Ď CpRě0q be a Borel set. Then for any open rectangle R “

pa, bq ˆ pc, dq Ď Rě0 ˆ R,

Eσ
”

ÿ

pτ, ξq PΓ

1AprJξsτ q1Rpτ, ξq

ı

“ λσΓpRqDσpAq. (2.88)

Proof. It suffices to prove (2.88) for continuity sets A of the distribution Dσ of the type

A “ tf P CpRě0q : f |r0,ks P Aku for k ą 0 and Borel Ak Ď Cr0, ks. Such sets form a

π-system that generates the Borel σ-algebra of CpRě0q.

We prove a discrete counterpart of (2.88) for JN . Condition on τNξi and use (2.78):

Eσ
´

ÿ

pτNξi
, ξiqPRXΓpNq

1A
`

rJN
ξi

s
τNξi

˘

¯

“ Eσ
´

ÿ

ξiPpc,dq

1A
`

rJN
ξi

s
τNξi

˘

1pa,bq

`

τNξi
˘

¯

“
ÿ

ξiPpc,dq

Eσ

ˆ

1pa,bq

`

τNξi
˘

Eσ
”

1A
`

rJN
ξi

s
τNξi

˘

ˇ

ˇ

ˇ
τNξi

ı

˙

(2.78)
“

ÿ

ξiPpc,dq

P
`

τNξi P pa, bq
˘

Dσ
αN

pAq “ Dσ
αN

pAqλ
pNq

Γ pRq.

(2.89)

To conclude the proof, we check that (2.88) arises as we let N Ñ 8 in the first and

last member of the string of equalities above. Dσ
αN

pAq Ñ DσpAq by the continuity of

α ÞÑ Dσ
α in the weak topology of measures on CpRq with respect to uniform convergence

on compact sets, and the assumption that A is a continuity set.

As an intermediate step, we verify that @k ą 0, 1Uk
N

Ñ 1 almost surely for the events
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Uk
N “

␣

|ΓpNq XR| “ |Γ XR| and for every pτ, ξq P Γ XR there is a unique (2.90)

pτNξi , ξiq P ΓpNq XR such that rJN
ξi

s
τNξi

ˇ

ˇ

r0,ks
“ rJξsτξ

ˇ

ˇ

r0,ks

(

.

Pσ almost surely, ΓXR is finite, and none of its points lie on the boundary of R (Proposition

2.3.1(iv) and Theorem 2.5.1). For any such realization, the condition (2.90) holds when

(i) all points pτξ, ξq P Γ XR lie in distinct rectangles pa, bq ˆ pξi´1, ξis Ă pa, bq ˆ pc, dq, (ii)

when no point pτNξi , ξiq P ΓpNq X R is generated by a point pτξ, ξq P Γ outside R, and (iii)

when N is large enough so that for the unique i with ξi ă ξ ď ξi`1, Gξ´pxq “ Gξipxq and

Gξ`pxq “ Gξi`1
pxq for all x P r0, τξ ` ks. By Theorem 2.5.2(iv), this happens for all the

finitely many pτ, ξq P Γ X R when the mesh 2´N is fine enough. Thus, for each k ą 0,

almost every realization lies eventually in Uk
N .

We prove that λ
pNq

Γ pRq Ñ λΓpRq. The paragraph above gave |ΓpNq X R| Ñ |Γ X R|

almost surely. We also have |ΓpNq X R| ď |Γ X ppa, bq ˆ pc ´ 1, dqq| because (2.83) shows

that each point pτNξi , ξiq that is not matched to a unique point pτξ, ξq P Γ X R must be

generated by some point pτξ, ξq P Γ X ppa, bq ˆ pc ´ 1, dqq. The limit λ
pNq

Γ pRq Ñ λσΓpRq

comes now from dominated convergence.

It remains to show that

Eσ
´

ÿ

pτNξi
, ξiqPRXΓpNq

1AprJN
ξi

s
τNξi q

¯

ÝÑ
NÑ8

Eσ
´

ÿ

pτξ,ξqPRXΓ

1AprJξsτξq

¯

.

This follows by choosing k ą 0 so that A depends only on the domain r0, ks. Then, the

difference in absolute values in the display below vanishes on Uk
N .

lim
NÑ8

Eσ

„

ˇ

ˇ

ˇ

ÿ

pτNξi
, ξiqPRXΓpNq

1A
`

rJN
ξi

s
τNξi

˘

´
ÿ

pτξ,ξqPRXΓ

1A
`

rJξsτξ
˘

ˇ

ˇ

ˇ
¨ p1Uk

N
` 1pUk

N qcq

ȷ

ď lim
NÑ8

2Eσ
“

|Γ X ppa, bq ˆ pc´ 1, dqq| ¨ 1pUk
N qc

‰

“ 0,
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and the last equality follows by dominated convergence.

To describe the distribution of rJξsτξ , we augment the point measure Γ of (2.84) to a

point measure on the space Rě0 ˆ R ˆ CpRě0q:

Λ “
ÿ

pτξ, ξq PΓ

δ
pτξ, ξ, rJξs

τξ q
. (2.91)

The Palm kernel of rJξsτξ with respect to Γ is the stochastic kernel Qσ from Rě0 ˆ R

into CpRě0q that satisfies the following identity: for every bounded Borel function Ψ

on Rě0 ˆ R ˆ CpRě0q that is supported on B ˆ CpRě0q for some bounded Borel set

B Ă Rě0 ˆ R,

Eσ
ÿ

pτξ, ξq PBXΓ

Ψ
`

τξ, ξ, rJξsτξ
˘

“ Eσ

ż

Rě0ˆRˆCpRě0q

Ψpτ, ξ, hqΛpdτ, dξ, dhq

“

ż

Rě0ˆR

λσΓpdτ, dξq

ż

CpRě0q

Qσpτ, ξ, dhqΨpτ, ξ, hq.

(2.92)

For more background on the general theory of Palm conditioning, we refer the reader to

[95]. The first equality above is a restatement of the definition of Λ and included to give

greater clarity to the next theorem. The key result of this section is this characterization

of Qσ.

Theorem 2.6.6. For Lebesgue-almost every pτ, ξq, Qσpτ, ξ, ‚ q “ Dσp ‚ q, the distribution

of the running maximum of a Brownian motion with diffusivity
?
2σ2.

Proof. This comes from Lemma 2.6.5: take Ψpτ, ξ, hq “ 1Rpτ, ξq1Aphq in (2.92) and note

that the left-hand side of (2.88) is exactly the left-hand side of (2.92). Lemma 2.6.4 turns

λΓ-almost everywhere into Lebesgue-almost everywhere.

Denote the set of directions ξ for which Gξ and Gξ´ separate on Rě0 by

Ξ1
G “ tξ P R : τξ ă 8u.
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We show in Corollary 2.6.8 that PσpΞ1
G “ ΞGq “ 1 (recall the definition of ΞG in (2.63)),

but it is not immediately obvious that these should be the same set. The key to proving

equality is the following theorem.

Theorem 2.6.7. Let A Ď CpRě0q be a Borel set such that DpAq “ 0. Then

Pσ
`

Dξ P Ξ1
G : rJξsτξ P A

˘

“ 0. (2.93)

Proof. Let RN “ p0, Nq ˆ p´N,Nq. Since ξ P Ξ1
G means that τξ ă 8, we have

Pσ
`

Dξ P ΞG : rJξsτξ P A
˘

“ lim
NÑ8

Pσ
`

Dξ P ΞG : pτξ, ξq P RN , rJξsτξ P A
˘

ď lim
NÑ8

Eσ
ÿ

pτ, ξqPΓ

1AprJξsτ q1RN
pτ, ξq

(2.88)
“ lim

NÑ8
λΓpRN qDσpAq “ 0.

Corollary 2.6.8. For all σ ą 0, PσpΞ1
G “ ΞGq “ 1. Furthermore,

Pσp@ξ P ΞG lim
xÑ˘8

Jξpxq “ ˘8q “ 1.

Proof. By Theorem 2.6.7 and the associated fact for the running max of a Brownian

motion,

Pσp@ξ P Ξ1
G, lim

xÑ`8
Jξpxq “ `8q “ 1. (2.94)

Recall the notation rJξsmpxq “ Jξpm` xq ´ Jξpmq (2.74). By definition,

Ξ1
G “ tξ P R : Jξpxq ‰ 0 for some x ą 0u Ď tξ P R : Jξpxq ‰ 0 for some x P Ru “ ΞG.

We show that, Pσ-almost surely, if Jξpxq ‰ 0 for some x ă 0, then Jξpxq ‰ 0 for some x ą 0.

If not, then there exist ξ P R and m P Ză0 such that rJξsm|r0,8q ‰ 0, but rJξsm|r´m,8q

is constant. In particular, rJξsm|r0,8q is bounded. Let τmξ “ inftx ą 0 : rJξsmpxq ą 0u.

Then, rJξsm|r0,8q ‰ 0 iff τmξ ă 8, and we have

Pσ
`

ΞG ‰ Ξ1
G

˘

ď
ÿ

mPZă0

Pσ
`

Dξ P R : τmξ ă 8 but rJξsm|r0,8q is bounded
˘

“ 0. (2.95)
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The probability equals zero by (2.94) because by shift invariance (2.71), rJsm
d
“ J . To

finish, (2.94) proves the limits for x Ñ `8. The limits as x Ñ ´8 then follow from (2.94)

and the reflection invariance of Theorem 2.3.2(iv).

Let νf denote the Lebesgue-Stieltjes measure of a non-decreasing function f on R.

Denote the support of νf by supppνf q. The Hausdorff dimension of a set A is denoted by

dimHpAq (Recall Section 1.5).

Corollary 2.6.9. Consider the Lebesgue-Stieltjes measure νJξ for ξ P ΞG on the entire

real line. Then, we have

Pσ
`

@ξ P ΞG : dimH

`

supppνJξq
˘

“ 1{2
˘

“ 1. (2.96)

Proof. First, note that

␣

Dξ P ΞG : dimH

`

supppνJξq
˘

‰ 1
2

(

Ď
ď

mPZď0

␣

Dξ P ΞG : dimH

`

supppνJξq X rm,8q
˘

‰ 1
2

(

.

By shift invariance (2.71), it is enough to take m “ 0 and show that

Pσ
`

Dξ P ΞG : dimH

`

supppνJξq X r0,8q
˘

‰ 1{2
˘

“ 0.

This last claim follows from Theorem 2.6.7 because the event in question has zero prob-

ability for the running maximum of Brownian motion [110, Theorem 4.24 and Exercise

4.12].

Remark 2.6.10. Representation of the difference of Busemann functions as the running

maximum of random walk goes back to [16]. It was used in [32] to capture the local univer-

sality of geodesics. The representation of the difference profile as the running maximum of

Brownian motion in the point-to-point setup emerges from the Pitman transform [44, 68].

Theorem 1 and Corollary 2 in [68] are point-to-point analogues of our Theorem 2.6.6 and

Corollary 2.6.9. Their proof is different from ours. Although an analogue of the Pitman
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transform exists in the stationary case [31, Section 3], comparing the running maximum

of a Brownian motion to the profile requires different tools in the two settings.

2.6.2 Decoupling

By Corollary 2.6.8, whenever ξ is a jump direction, the difference profile x ÞÑ Jξpxq for

both positive and negative x are nontrivial. We extend Theorem 2.6.6 to show that these

two difference profiles are independent and equal in distribution. We spell out only the

modifications needed in the arguments of the previous section. For the difference profile

on the left, define for x ě 0

ÐÝ
J ξpxq :“ ´Jξp´xq and ÐÝτξ :“ inftx ą 0 :

ÐÝ
J ξpxq ą 0u.

For N P Zą0 and ξi as in (2.72), the discrete approximations are

ÐÝ
J

N
ξi pxq :“ ´JN

ξi
p´xq and ÐÝτξi

N :“ inftx ą 0 :
ÐÝ
J

N
ξi pxq ą 0u.

The measures
ÐÝ
Γ , λÐÝ

Γ
,

ÐÝ
Γ

pNq
, and λ

pNq
ÐÝ
Γ

are defined as in (2.84) and (2.85), but now with

pÐÝτξ , ξq and pÐÝτξi , ξiq. Extend the measure Λ of (2.91) with a component for the left profile:

Λ1 “
ÿ

p
ÐÝτξ , ξq P

ÐÝ
Γ

δ
p
ÐÝτξ , ξ, rJξs

τξ , r
ÐÝ
J ξs

ÐÝτξ q

.

Since τξ ă 8 if and only if ÐÝτξ ă 8 (Corollary 2.6.8), it is immaterial whether we sum

over pτξ, ξq or pÐÝτξ , ξq. The latter is more convenient for the next calculations.

The Palm kernel of
`

rJξsτξ , r
ÐÝ
J ξs

ÐÝτξ
˘

with respect to
ÐÝ
Γ is the stochastic kernel Qσ

2 from

Rě0 ˆ R into CpRě0q ˆ CpRě0q that satisfies the following identity: for every bounded

Borel function Ψ on Rě0ˆRˆCpRě0qˆCpRě0q that is supported on BˆCpRě0qˆCpRě0q
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for some bounded Borel set B Ă Rě0 ˆ R,

Eσ
”

ÿ

p
ÐÝτξ , ξq PBX

ÐÝ
Γ

Ψ
`

ÐÝτξ , ξ, rJξsτξ , r
ÐÝ
J ξs

ÐÝτξ
˘

ı

“

ż

Rě0ˆR

λÐÝ
Γ

pdÐÝτ , dξq

ż

CpRě0qˆCpRě0q

Qσ
2 pÐÝτ , ξ, dh1, dh2qΨpÐÝτ , ξ, h1, h2q.

(2.97)

Theorem 2.6.11. For Lebesgue-almost every pτ, ξq, Qσ
2 pτ, ξ, ‚ q “ pDσ bDσqp ‚ q, the prod-

uct of the distribution of the running maximum of a Brownian motion with diffusivity
?
2σ2. In particular, for any Borel set A Ď CpRě0qˆCpRě0q such that pDσ bDσqpAq “ 0,

Pσ
`

Dξ P ΞG :
`

rJξsτξ , r
ÐÝ
J ξs

ÐÝτξ
˘

P A
˘

“ 0.

Proof. As in (2.79) and (2.80), as functions in CpRq,

JN
ξi

pyq
d
“ rJN

ξi
pyq :“ sup

´8ăxďy
tY pxqu ´ sup

´8ăxď0
tY pxqu, (2.98)

where Y is a two-sided Brownian motion with drift αN “ σ22´N and diffusivity
?
2σ2.

Let pΩ,F , P q be a probability space on which Y is defined. Define two independent sub

σ-algebras of F :

F´ “ σpY pxq : x ď 0q, and F` “ σpY pxq : x ě 0q.

When y ą 0, (2.80) states that

rJN
ξi

pyq “

”

W ` sup
0ďxďy

Y pxq

ı`

, (2.99)

where W “ ´ sup´8ăxď0tY pxqu P F´, and sup0ďxďy Y pxq P F`. Then, conditional on

F´, W is constant while the law of Y pxq for x ě 0 is unchanged. Let

rτNξi “ inftx ą 0 : rJN
ξi

pxq ą 0u, and
ÐÝ
rτNξi “ inftx ą 0 : ´ rJN

ξi
p´xq ą 0u
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Then, by (2.99) and Equation (2.76) of Lemma 2.6.2 in the special case where W is

constant (using the exact same reasoning as in the proof of Corollary 2.6.3),

P p
“

rJN
ξi

‰

rτNξi P ‚ |F´q “ P p
“

rJN
ξi

‰

rτNξi P ‚ |W q “ Dσ
αN

p ‚ q. (2.100)

For a fixed i,
ÐÝ
J

N
ξi and J

N
ξi

have the same distribution as functions on R. This comes by

first applying the reflection invariance in Theorem 2.3.2(iv) and then the shift invariance

in (2.71), shifting the directions by ξi´1 ` ξi:

ÐÝ
J

N
ξi pxq “ ´JN

ξi
p´xq “ ´Gσ

ξi
p´xq `Gσ

ξi´1
p´xq

d
“ ´Gσ

´ξi
pxq `Gσ

´ξi´1
pxq

d
“ ´Gσ

ξi´1
pxq `Gσ

ξi
pxq “ JN

ξi
pxq.

By (2.98), p
ÐÝ
rJN ,

ÐÝ
rτN q P F´. We mimic the calculation in (2.89), for two Borel sets A1, A2 Ď

CpRě0q and an open rectangle R “ pa, bq ˆ pc, dq Ď Rě0 ˆ R:

Eσ
´

ÿ

p
ÐÝτ N

ξi
, ξiqPRX

ÐÝ
Γ

pNq

1A1

`

rJN
ξi

s
τNξi

˘

1A2

`

r
ÐÝ
J

N
ξi s

ÐÝτ N
ξi

˘

¯

(2.101)

“
ÿ

ξiPpc,dq

E

ˆ

1A2

`

r
ÐÝ
rJ
N

ξi s

ÐÝ
rτ

N

ξi

˘

1pa,bq

`ÐÝ
rτNξi

˘

E
”

`

1A1

`

r rJN
ξi

s
rτNξi

˘

ˇ

ˇ

ˇ
F´

ı

˙

(2.100)
“

ÿ

ξiPpc,dq

E

ˆ

E
”

1A2

`

r
ÐÝ
rJ
N

ξi s

ÐÝ
rτ

N

ξi

˘

1pa,bq

`ÐÝ
rτ

N

ξi

˘

ˇ

ˇ

ˇ

ÐÝ
rτ

N

ξi

ı

˙

Dσ
αN

pA1q

“
ÿ

ξiPpc,dq

E

ˆ

1pa,bq

`ÐÝ
rτ

N

ξi

˘

E
”

1A2

`

r
ÐÝ
rJ
N

ξi s

ÐÝ
rτ

N

ξi

˘

ˇ

ˇ

ˇ

ÐÝ
rτ

N

ξi

ı

˙

Dσ
αN

pA1q

(2.78)
“

ÿ

ξiPpc,dq

P
`ÐÝ
rτ

N

ξi P pa, bq
˘

Dσ
αN

pA1qDσ
αN

pA2q

“
ÿ

ξiPpc,dq

Pσ
`

ÐÝτ N
ξi

P pa, bq
˘

Dσ
αN

pA1qDσ
αN

pA2q

“ Dσ
αN

pA1qDσ
αN

pA2qλ
pNq
ÐÝ
Γ

pRq.
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As in the proof of Lemma 2.6.5, we derive from the above that

Eσ
´

ÿ

p
ÐÝτ ξ,ξqPRX

ÐÝ
Γ

1A1

`

rJξsτξ
˘

1A2

`

r
ÐÝ
J ξs

ÐÝτ ξ
˘

¯

“ DσpA1qDσpA2qλÐÝ
Γ

pRq, (2.102)

through the convergence of line (2.101) to the left-hand side of (2.102). Instead of the

events Uk
N in (2.90), consider

rUk
N “

␣

|
ÐÝ
Γ

pNq
XR| “ |

ÐÝ
Γ XR|, and @pÐÝτ , ξq P

ÐÝ
Γ XR, D unique pτNξi , ξiq P

ÐÝ
Γ

pNq
XR

such that rJN
ξi

s
τNξi

ˇ

ˇ

r0,ks
“ rJξsτξ

ˇ

ˇ

r0,ks
and r

ÐÝ
J

N
ξi s

ÐÝτ N
ξi

ˇ

ˇ

r0,ks
“ r

ÐÝ
J ξs

ÐÝτ ξ
ˇ

ˇ

r0,ks

(

.

For each k ą 0, 1
rUk
N

Ñ 1 almost surely, as it did for (2.90). Indeed, there are finitely many

pairs pÐÝτ , ξq P
ÐÝ
Γ X R, and each has a finite forward splitting time τ . All these can be

confined in a common compact rectangle. From here, the proof continues as for Lemma

2.6.5 and Theorem 2.6.7.
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Chapter 3

The stationary horizon as the

unique coupled invariant measure

for the KPZ fixed point

3.1 Introduction

In this chapter, we prove that the stationary horizon is the unique invariant coupled dis-

tribution and an attractor for the KPZ fixed point (Theorem 3.2.2). This theorem was

originally proved in [35] using a limit transition from exponential last-passage percolation.

In this chapter, we present an alternate proof using a model called Brownian last-passage

percolation (BLPP). There are three main ingredients: invariance of the SH for BLPP

(proved in Section 3.4.2), the convergence of BLPP to the directed landscape (DL) from

[47, 49] (recorded here as Theorem 3.2.1), and exit point bounds for BLPP from its sta-

tionary initial condition. For this, we adapt techniques from [57] to prove what we call the

EJS-Rains identity (short for Emrah-Jenjigian-Seppäiäinen-Rains) for BLPP (Theorem

3.4.8). A detailed discussion of the hisotry of the EJS-Rains technique and related results

comes in Section 3.4. The proof of Theorem 3.2.2 comes in Section 3.6.
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3.2 Brownian last-passage percolation, the directed land-

scape, and the KPZ fixed point

3.2.1 Brownian last-passage percolation

On an appropriate probability space, let B “ tBrurPZ be a field of independent, two-sided

standard Brownian motions. For x ď y and m ď n, define

Lpx,m; y, nq “ sup
!

n
ÿ

r“m

Brpxr´1, xrq : x “ xm´1 ď xm ď ¨ ¨ ¨ ď xn´1 ď xn “ y
)

(3.1)

We call this model Brownian last-passage percolation (BLPP). Observe that for n “ m,

Lpx,m; y,mq “ Bmpx, yq.

x x0 x1 x2 x3 y
0
1
2
3
4

Figure 3.1: The Brownian increments Brpxr´1, xrq for r “ 0, . . . , 4 in (3.1) that make up the
weight of the path depicted in Figure 3.2.

Figure 3.1 depicts the Brownian motions on each horizontal level. Maximizing se-

quences xm´1 ď xm ď ¨ ¨ ¨ ď xn´1 ď xn exist in (3.1) by continuity of the Brownian

motions. For such a sequence, we associate an up-right path consisting of horizontal seg-

ments rxr´1, xrs ˆ tru and vertical segments txru ˆ rr, r ` 1s, as depicted in Figure 3.2.

Despite the fact that this is a maximal instead of minimal path, by convention, we call

this path a geodesic between the points.

We often consider BLPP with a boundary condition. Let f : R Ñ R be a function

satisfying, lim infxÑ´8
fpxq

x ą 0. For m ă n and y P R, define

HLpn, y;m, fq “ sup
´8ăxďy

tfpxq ` Lpx,m` 1; y, nqu. (3.2)

When m “ 0, we simply write HLpn, y; fq.
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px, 0q

py, 4q

x0 x1 x2 x3
0
1
2
3
4

Figure 3.2: Example of a planar path from px, 0q to py, 4q, represented by the sequence px “

x´1 ď x0 ď x1 ď x2 ď x3 ď x4 “ yq.

BLPP was first introduced in [73]. We call it a semi-discrete model because there is

one discrete and one continuous coordinate. As such, it is often used as an intermediate

object for studying the directed landscape. A remarkable fact about BLPP (while we do

not use this in the present dissertation) is that, for all n ě 1, Lp1, 0;n, 1q has the same

distribution as the largest eigenvalue of an nˆ n GUE matrix [19, 75, 118].

3.2.2 The directed landscape

The directed landscape (DL), originally constructed in [47], is a random continuous func-

tion L : R4
Ò

Ñ R that arises as the scaling limit of a large class of models in the KPZ

universality class, and is expected to be a universal limit of such models. We summarize

some key points from [47] here. The directed landscape satisfies the metric composition

law: for px, s; y, uq P R4
Ò
and t P ps, uq,

Lpx, s; y, uq “ sup
zPR

tLpx, s; z, tq ` Lpz, t; y, uqu. (3.3)

This implies the reverse triangle inequality: for s ă t ă u and px, y, zq P R3, Lpx, s; z, tq `

Lpz, t; y, uq ď Lpx, s; y, uq. Furthermore, over disjoint time intervals psi, tiq, 1 ď i ď n, the

processes px, yq ÞÑ Lpx, si; y, tiq are independent.

Under the directed landscape, the length of a continuous path g : rs, ts Ñ R is

Lpgq “ inf
kPZą0

inf
s“t0ăt1ă¨¨¨ătk“t

k
ÿ

i“1

Lpgpti´1q, ti´1; gptiq, tiq,



99

where the second infimum is over all partitions s “ t0 ă t1 ă ¨ ¨ ¨ ă tk ă t. By the reverse

triangle inequality, Lpgq ď Lpgpsq, s; gptq, tq. We call g a geodesic if equality holds. When

this occurs, every partition s “ t0 ă t1 ă ¨ ¨ ¨ ă tk “ t satisfies

Lpgpsq, s; gptq, tq “

k
ÿ

i“1

Lpgpti´1q, ti´1; gptiq, tiq.

For fixed px, s; y, tq P R4
Ò
, there exists a unique geodesic between px, sq and py, tq, almost

surely [47, Sect. 12–13]. Across all points, there exist leftmost and rightmost geodesics.

The leftmost geodesic g is such that, for each u P pt, sq, gpuq is the leftmost maximizer of

Lpx, s; z, uq `Lpz, u; y, tq over z P R. The analogous fact holds for the rightmost geodesic.

Geodesics in the directed landscape have Hölder regularity 2
3 ´ ε but not 2

3 [47, 48].

Perhaps the most straightforward way to understand the DL is through the limit of

last-passage models. BLPP is the first model for which convergence to the DL was shown.

While this convergence was first shown in [47], the convergence for an arbitrary direction

ρ ą 0 was later recorded in [49].

Theorem 3.2.1. [47, Theorems 11.1, 13.1] [49, Theorems 1.7-1.8] Fix ρ P p0,8q, and

let χ, α, β, τ be defined by the relations

χ2 “ ρ, α “ 2
?
ρ, β “

1
?
ρ
, χ{τ2 “

1

4ρ3{2
. (3.4)

Then, there exists a coupling ptLNuNě1,Lq of copies LN of L (3.1) and L so that

χN´1{3
´

LN pNρs`N2{3τx, tNsu;Nρt`N2{3τy, tNtuq ´ αNpt´ sq ´ βτN2{3py ´ xq

¯

“ pL ` oN qpx, s; y, tq,

where the random function oσ is small in the sense that, for any compact set K Ď R4
Ò
,

supK |oN | Ñ 0 almost surely, and there is c ą 0 such that

E exp
`

c sup
K

rpo´
N q3{4 ` po`

N q3{2s
˘

Ñ 1.
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Furthermore, under this coupling, let πN be the image of an arbitrary geodesic for LN under

the linear map satisfying pNρ,Nq ÞÑ p0, 1q and N2{3pτ, 0q Ñ p1, 0q. Then, as N Ñ 8, if

the endpoints of πN converge to points p, q with pp; qq P R4
Ò
, then πN is precompact in the

Hausdorff topology. All subsequential limits are geodesics from p to q for L.

We remark here that our formulation of BLPP differs from that in [47, 49]. there, the

index of the discrete level increases as we move downward. To compensate for that, the

version of Theorem 3.2.1 we cite has been modified so that the discrete coordinates are

tNsu and tNtu instead of ´tNsu and ´tNtu.

3.2.3 The KPZ fixed point

The KPZ fixed point hpt, ‚ ; hq started from initial state h is a Markov process on the space

of upper semi-continuous functions. More precisely, its state space is defined as

UC “ t upper semi-continuous functions h : R Ñ R Y t´8u :

there exist a, b ą 0 such that hpxq ď a` b|x| for all x P R,

and hpxq ą ´8 for some x P Ru.

(3.5)

The topology on this space is that of local Hausdorff convergence of hypographs. When

restricted to continuous functions, this convergence is equivalent to uniform convergence

on compact sets. See Section 3.1 in [106] for more on the topology on the space UC. This

subspace of continuous functions is preserved under the KPZ fixed point (see [106], or

alternatively, Lemma 3.5.3). The process thLpt, ‚ ; hqutąs, started from initial data h at

time s can be represented as [115]

hLpt, y; s, hq “ sup
xPR

thpxq ` Lpx, s; y, tqu, t ą s, y P R, (3.6)

where L is the directed landscape. Note here the analogy with (3.2). Here, we add the

subscript L to emphasize that a realization of L drives the growth of h. When s “ 0, we

simply write hLpt, y; hq. This formulation allows us to couple the KPZ fixed point from
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different initial data, but with the same random noise. If h is a two-sided Brownian motion

with diffusivity
?
2 and arbitrary drift, then hLpt, ‚ ; hq ´ hLpt, 0; hq

d
“ hp ‚ q for each t ą 0

[106, 120, 122].

3.2.4 Main result

The main result of this chapter is the unique invariance and attractiveness of SH under the

KPZ fixed point. This generalizes the invariance of a single Brownian motion with drift

and provides a new uniqueness statement (Remark 3.2.5 below). Attractiveness is proved

under these assumptions on the asymptotic drift ξ P R of the initial function h P UC:

If ξ “ 0, lim sup
xÑ`8

hpxq

x
P r´8, 0s and lim inf

xÑ´8

hpxq

x
P r0,`8s,

if ξ ą 0, lim
xÑ`8

hpxq

x
“ 2ξ and lim inf

xÑ´8

hpxq

x
P p´2ξ,`8s,

and if ξ ă 0, lim
xÑ´8

hpxq

x
“ 2ξ and lim sup

xÑ`8

hpxq

x
P r´8,´2ξq.

(3.7)

As spelled out in the theorem below, these conditions describe the basins of attraction

for the KPZ fixed point. When ξ ą 0 and x ą 0 is large, this condition forces hpxq

to be approximated by 2ξx. The directed landscape Lpx, s; y, tq can be approximated by

´
px´yq2

t´s (Lemma B.1.2), so that hpxq`Lpx, 0; y, tq « 2ξx´
py´xq2

t , which has its maximum

at x “ y`ξt. Once we can control the maximizers, Lemma B.1.5 allows us to compare the

KPZ fixed point from different initial conditions. This, of course, must be made precise.

In the ξ ą 0 case of the proof of Lemma 3.5.1, the lim inf condition as x Ñ ´8 forces

the maximizer to be positive, and an analogous statement holds for ξ ă 0. These drift

conditions are analogous to the conditions on the drift studied in [8–11, 13] for stationary

solutions of the Burgers’ equation with random Poisson and kick forcing.

We recall that G
?
2 is the parameterization of the SH where G

?
2

ξ is a Brownian motion

with diffusivity
?
2 and drift 2ξ.
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Theorem 3.2.2. Let pΩ,F ,Pq be a probability space on which the stationary horizon

G
?
2 “ tG

?
2

ξ uξPR and directed landscape L are defined, and such that the processes

tLpx, 0; y, tq : x, y P R, t ą 0u and G
?
2 are independent. For each ξ P R, let G

?
2

ξ evolve

under the KPZ fixed point in the same environment L, i.e., for each ξ P R,

hLpt, y;G
?
2

ξ q “ sup
xPR

tG
?
2

ξ pxq ` Lpx, 0; y, tqu, for all y P R and t ą 0. (3.8)

(Invariance) For each t ą 0, the equality in distribution

thLpt, ‚ ;G
?
2

ξ q ´ hLpt, 0;G
?
2

ξ quξPR
d
“ G

?
2

holds between random elements of DpR, CpRqq.

(Attractiveness) Let k P Zą0 and ξ1 ă ¨ ¨ ¨ ă ξk in R. Let ph1, . . . , hkq be a k-tuple of

functions in UC, coupled with pG
?
2,Lq arbitrarily, and that almost surely satisfy (3.7) for

ph, ξq “ phi, ξiq for each i P t1, . . . , ku. Then, for any a ą 0,

lim
tÑ8

P
␣

hLpt, x; hiq ´ hLpt, 0; hiq “ hLpt, x;G
?
2

ξi
q ´ hLpt, 0;G

?
2

ξi
q

@x P r´a, as, 1 ď i ď k
(

“ 1.

Consequently, as t Ñ 8, the distributional limit

`

hLpt, ‚ ; h1q ´ hLpt, 0; h1q, . . . , hLpt, ‚ ; hkq ´ hLpt, 0; hkq
˘

ùñ
`

G
?
2

ξ1
p ‚ q, . . . , G

?
2

ξk
p ‚ q

˘

holds in UCk (or in CpRqk if the hi are continuous).

(Uniqueness) In particular, on the space UCk,
`

G
?
2

ξ1
, . . . , G

?
2

ξk
q is the unique invariant

distribution of the KPZ fixed point such that for each i P t1, . . . , ku the condition (3.7)

holds for ph, ξq “ phi, ξiq.

Remark 3.2.3. Theorem 4.4.1(viii) in Section 4.4 states that the Busemann process is a

global attractor of the backward KPZ fixed point. Namely, start the KPZ fixed point at
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time t with initial data h satisfying (3.7) and run it backward in time to a fixed final time

s. Then, in a given a compact set, for large enough t the increments of the backwards KPZ

fixed point at time s, started from initial data h at time t, match those of the Busemann

function in direction ξ.

Remark 3.2.4. The process t ÞÑ thLpt, ‚ ; hξq ´ hLpt, 0; hξquξPR is a well-defined Markov

process on a state space which is a Borel subset of thξuξPR “ DpR, CpRqq (Lemma 3.6.1).

By the uniqueness result for finite-dimensional distributions, G
?
2 is the unique invariant

distribution on this space of CpRq-valued cadlag paths.

Remark 3.2.5. In the above strength, the attractiveness result was previously unknown

even in the case k “ 1 (a single initial function). [120, 122] proved attractiveness for k “ 1

and ξ “ 0 under the following condition on the initial data h: there exist γ0 ą 0 and ψprq

such that for all γ ą γ0 and r ě 1,

Ppγ´1hpγ2xq ď r|x| @x ě 1q ě 1 ´ ψprq, where lim
rÑ8

ψprq “ 0. (3.9)

3.3 Invariance of the SH for BLPP

Lemma 3.3.1. Recall the map D (2.3). Let f P CpinpRq be a function satisfying

lim inf
xÑ´8

fpxq

x
ą 0.

Fix m P Z. Then, almost surely, for all y P R and n ě m,

HLpn` 1, y;m, fq “ sup
´8ăwďy

tHLpn,w;m, fq `Bn`1pw, yqu ă 8, (3.10)

where we define HLpm,w;m, fq “ f . Furthermore, for n ě m, define

fnpyq “ HLpn, y;m, fq ´HLpn; 0,m, fq.

Then, for n ě m, fn`1 “ Dpfn, Bn`1q.
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Proof. BLPP satisfies the dynamic programming principle: for m ă r ď n,

Lpx,m` 1; y, n` 1q “ sup
xďwďy

tLpx,m` 1;w, rq ` Lpw, r ` 1; y, n` 1qu.

In the case r “ n, this becomes

Lpx,m` 1; y, n` 1q “ sup
xďwďy

tLpx,m;w, nq `Bn`1pw, yqu.

Below, if m “ n, we define Lpx,m` 1;w, nq “ 0. Applying dynamic programming,

HLpn` 1, y;m, fq

“ sup
´8ăxďy

tfpxq ` Lpx,m` 1; y, n` 1qu

“ sup
´8ăxďy

sup
xďwďy

tfpxq ` Lpx,m` 1;w, nq `Bn`1pw, yqu

“ sup
´8ăwďy

tHLpn,w;m, fq `Bn`1pw, yqu,

this proving the equality (3.10) (we prove finiteness a the end). Next, we have

fn`1pyq “ HLpn` 1, y;m, fq ´HLpn` 1, 0;m, fq

“ sup
´8ăwďy

tHLpn,w;m, fq `Bn`1pw, yqu ´ sup
´8ăwď0

tHLpn,w;m, fq `Bn`1pw, 0qu

“ Bn`1pyq ` sup
´8ăwďy

tHLpn,w;m, fq ´HLpn, 0;m, fq ´Bn`1pwqu

´ sup
´8ăwď0

tHLpn,w;m, fq ´HLpn, 0;m, fq ´Bn`1pwqu “ Dpfn, Bn`1qpyq,

as desired. To show finiteness in (3.10), we use the almost sure limits limxÑ´8
Bnpxq

x “ 0.

By inductively applying Lemma 2.3.7, for each n ě m, lim infxÑ´8
fnpxq

x ą 0. Hence,

lim sup
xÑ´8

rfnpxq ´Bn`1pxqs ´ 8,

so fn`1pyq “ Dpfn, Bn`1qpyq is finite for all y P R.
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Lemma 3.3.2. Let tBrurěPZ be a sequence of i.i.d. two-sided Brownian motions with

diffusivity 1 and zero drift that define BLPP times L (3.1). Assume tBrurěPZ is coupled

with the SH G1 “ tG1
ξuξPR so that G1 and tBrurąm are independent. Recall the notation

HL (3.2). Let 0 ă ξ1 ă ¨ ¨ ¨ ă ξk. Then, for each n ě m, as processes on CpR,Rkq,

tHLpn, ‚;m,G1
ξi

q ´HLpn, 0;m,G1
ξi

qu1ďiďk
d
“ tG1

ξi
u1ďiďk.

Proof. For n ě m and 1 ď i ď k, set

f inpyq “ HLpn, ‚;m,G1
ξi

q ´HLpn, 0;m,G1
ξi

q.

By Lemma 3.3.1, f in “ Dpf in´1, Bnq, so as a process in n ě m with state space CpR,Rkq,

pf1n, . . . , f
k
nq evolves as the Markov chain (2.30) started from initial data pG1

ξ1
, . . . , G1

ξk
q.

From the construction in Proposition 2.3.1(ii), pG1
ξ1
, . . . , G1

ξk
q „ µ

pξ1,...,ξkq

1 , and Theorem

2.3.15 states that this measure is invariant for the Markov chain.

The SH is in fact the unique coupled invariant measure in the sense of Lemma 3.3.2.

To see this, we first cite the following result.

Theorem 3.3.3. [39, Theorem 3] Let Bξ be a two-sided Brownian motion with diffusivity

1 and drift ξ P p0,8q, independent of the field of Brownian motions tBrurPZ defining L.

Let f be a random continuous function R Ñ R, independent of the environment defining

L, so that pf,Bξq has jointly stationary and ergodic increments and such that, almost

surely,

lim inf
xÑ´8

fpxq

x
ě ξ, and lim sup

xÑ`8

fpxq

x
ď ξ. (3.11)

Let m P Z. Then, for all compact sets K Ď R and ε ą 0,

lim
nÑ8

Ppsup
yPK

ˇ

ˇ

`

HLpn, y;m, fq ´HLpn, 0;m, fqq

´ pHLpn, y;m,Bξq ´HLpn, 0;m,Bξqq
ˇ

ˇ ą εq “ 0.
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Since each G1
ξi

is a two-sided Brownian motion with diffusivity 1 and drift ξi, we get

the following extension to coupled initial data from a simple union bound.

Corollary 3.3.4. Let G1 be the SH, independent of tBrurěm. Let 0 ă ξ1 ă ¨ ¨ ¨ ă ξk,

and assume that pf1, . . . , fkq is a random function R Ñ Rk independent of tBrurěm so

that each pfi, G
1
ξi

q has jointly stationary and ergodic increments and satisfies (3.11) with

ξ “ ξi. Then,

lim
nÑ8

Pp sup
yPK

1ďiďk

ˇ

ˇ

`

HLpn, y;m, fiq ´HLpn, 0;m, fiqq

´ pHLpn, y;m,G1
ξi

q ´HLpn, 0;m,G1
ξi

qq
ˇ

ˇ ą εq “ 0.

In particular, pG1
ξ1
, . . . , G1

ξk
q is the unique stationary distribution in the sense of Lemma

3.3.2 such that, for each 1 ď i ď k, G1
ξi
has stationary and ergodic increments and satisfies

(3.11) with ξ “ ξi.

3.4 Exit point bounds for stationary BLPP and the EJS-

Rains identity

3.4.1 Main theorem for exit point bounds

We have seen in Lemma 3.3.2 that the SH is a stationary initial condition for BLPP

with coupled boundary conditions. In this section, we focus on a single stationary initial

condition. For a continuous initial condition f : R Ñ R with lim infxÑ´8
fpxq

x ą 0, we set

Zf
Lpn, yq “ suptx ď y : fpxq ` Lpx, 1; y, nq “ HLpn, y; fqu. (3.12)

That is, Zf
L is the largest maximizer of x ÞÑ fpxq ` Lpx, 1; y, nq over x ď y.

The goal of Section 3.4 is to prove the following.

Theorem 3.4.1. Let t, ρ ą 0, and y, ξ P R. For N ě 1, let λN “ ρ´1{2`ξN´1{3. For each

N , let BλN
be a two-sided Brownian motion with diffusivity 1 and zero drift, independent
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of the Brownian motions tBrurě0 defining L. Let pΩN ,FN ,PN q be probability spaces on

which these are defined. Then, there exists a constant C “ Cpy, ξ, ρ, tq so that for all

sufficiently large M ě 1,

lim sup
NÑ8

PN pZ
BλN
L ptNtu, ρtN ` yN2{3q ą MN2{3q ď e´CM3

and (3.13)

lim sup
NÑ8

PN pZ
BλN
L ptNtu, ρtN ` yN2{3q ă ´MN2{3q ď e´CM3

. (3.14)

Theorem 3.4.1 states that the stationary BLPP model obeys the KPZ wandering ex-

ponent 2
3 . In analogy with the results of [22, 27, 57] for exponential LPP, the bound of

e´CM3
should be of optimal order. However, the optimality of this bound is not needed in

the present dissertation, so we do not prove it here. To my knowledge, such bounds have

not appeared in the literature for BLPP. Exit point bounds have, however, appeared for

a positive-temperature variant of this model known as the O’Connell-Yor polymer [100,

116, 136].

The study of exit point bounds has a rich history and has been done using both

integrable and non-integrable techniques. Using what is known as the coupling technique

developed in [37], exit point bounds with CM´3 instead of e´CM3
were proved for Poisson

last-passage percolation in [38] and then in exponential last-passage percolation in [15].

Since then, there has been a large amount of research centered around the stationary

exponential LPP model. Refinements to the results of [15] have come in [122, 123, 132].

Closely related to the study of exit points is that of the coalescence times of semi-infinite

geodesics, as shown by the duality in [121], and studied further in [133].

On the integrable side of things, improvements to the exit point upper bounds came in

[62, 65], which gave exit point bounds of order e´CM2
. Fluctuation bounds for geodesics

in the bulk (as opposed to the exit point) appeared in [22, 27, 65, 105] using integrable

methods. These methods allow one to derive the optimal-order exit point bounds with

the appropriate inputs (see for example [27, Theorem 2.5] and [65, Lemma 2.5]).

A major breakthrough came using the coupling technique in the work of Emrah, Jani-
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gian, and Seppäläinen [57]. Adapting a moment generating function identity of Rains

[127] (now called the EJS-Rains identity), they obtained the optimal e´CM3
order bounds

for exit points in exponential LPP from an arbitrary down-right path. Shortly after [27]

proved these same bounds using integrable methods for exit points from the axes. Since

then, Busani and Ferrari [32] used the results of [57] to develop optimal-order bounds

for fluctuations of geodesics in the bulk. The EJS-Rains identity has been adapted for

interacting diffusions and polymers in [99–101].

In the present chapter, we prove Theorem 3.4.1 using the coupling technique. We first

develop some facts about stationary BLPP from [119] in Section 3.4.2. In Section 3.4.3,

we derive the analogue of the EJS-Rains identity for BLPP (Theorem 3.4.8) and use it to

prove the bounds of Theorem 3.4.1.

Before moving to the next section, we make the following observation, which follows

from a standard paths-crossing argument (See, for example, [1, 20, 68, 120])

Lemma 3.4.2. Let f : R Ñ R be continuous with lim infxÑ´8
fpxq

x ą 0. Then, if x ă y,

Zf
Lpn, xq ď Zf

Lpn, yq.

Proof. Suppose, to the contrary, that zx :“ Zf
Lpn, xq ą Zf

Lpn, yq “: zy. By planarity, the

BLPP geodesic from pzx, 1q to px, nq must cross the BLPP geodesic from pzy, 1q to py, nq

at some point pw, rq. Since zx is maximal for fpxq ` Lpx, 1; y, nq and pw, rq lies on the

geodesic from pzx, 1q to px, nq,

fpzxq ` Lpzx, 1;w, rq ` Lpw, r;x, nq

“ fpzxq ` Lpzx, 1;x, nq

ě fpzyq ` Lpzy, 1;w, rq ` Lpw, r;x, nq,

which implies fpzxq ` Lpzx, 1;w, rq ě fpzyq ` Lpzy, 1;w, rq. Next, since pw, rq lies on the
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geodesic from pzy, 1q to py, nq,

fpzxq ` Lpzx, 1; y, nq

ě fpzxq ` Lpzx, 1;w, rq ` Lpw, r; y, nq

ě fpzyq ` Lpzy, 1;w, rq ` Lpw, r; y, nq

“ fpzyq ` Lpzy, 1; y, nq “ sup
xPR

tfpxq ` Lpx, 1; y, nqu.

Hence, zx is a maximizer for fpxq ` Lpx, 1; y, nq. This contradicts the definition of zy as

the largest such maximizer.

3.4.2 Stationary and near-stationary BLPP

In this section, we study a coupling of initial conditions that is different from the SH. This

coupling is not jointly stationary under the BLPP dynamics, but will allow us to derive

valuable information about a single initial condition. Let B be a two-sided Brownian

motion with diffusivity 1 and zero drift, independent of the field of Brownian motions

tBrurě0 defining L (3.1). We let pΩ,F ,Pq be the probability space on which these are

defined. Henceforth, we consider BLPP from an initial boundary condition on level 0. For

n P Zą0, y ě 0, and ρ, λ ą 0, set

Lρ,λpn, yq “ sup
´8ăxď0

tBpxq ` ρx` Lpx, 1; y, nqu _ sup
0ďxďy

tBpxq ` λx` Lpx, 1; y, nqu

“ sup
´8ăxďy

tfρ,λpxq ` Lpx, 1; y, nqu

where fρ,λpxq “ Bpxq ` ρpxq for x ă 0 and Bpxq ` λx for x ą 0. When λ “ ρ, we use the

shorthand notation Lλ. We adopt the notation

Zρ,λpn, yq “ Zfρ,λ

L pn, yq “ suptx ď y : fρ,λpxq ` Lpx, 1; y, nq “ Lρ,λpn, yqu,

where we denote Zλpn, yq “ Zλ,λpn, yq. We record the following facts.
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Lemma 3.4.3. Let n P Zą0 and y ě 0. If ρ1 ě ρ ą 0 and λ1 ě λ ą 0, then Zρ1,λ1

pn, yq ě

Zρ,λpn, yq.

Proof. By Lemma A.1.1, it suffices to prove that fρ,λ ďinc f
ρ1,λ1

, meaning fρ,λpx, yq ď

fρ
1,λ1

px, yq for all x ă y. If x ă y ď 0 or 0 ď x ď y, the result is immediate. If x ă 0 ă y,

then

fρ,λpx, yq “ Bpx, yq ` λy ´ ρx ď Bpx, yq ` λ1y ´ ρ1x “ fρ
1,λ1

px, yq.

Lemma 3.4.4. Let n P Zą0, y ě 0, and ρ, α, λ ą 0. If Zρ,αpn, yq ď 0 and Zρ,λpn, yq ď 0,

then Lρ,αpn, yq “ Lρ,λpn, yq. If Zα,λpn, yq ě 0 and Zρ,λpn, yq ě 0, then Lα,λpn, yq “

Lρ,λpn, yq.

Proof. If Zρ,αpn, yq ď 0 and Zρ,λpn, yq ď 0, then

Lρ,αpn, yq “ sup
´8ďxď0

tBpxq ` ρx` Lpx, 1; y, nqu “ Lρ,λpn, yq.

The other statement is proved analogously.

Lemma 3.4.5. BLPP satisfies the following shift invariance: for r P Z and z P R,

tLpx,m; y, nq : x ď y,m ď nu
d
“ tLpx` z,m` r; y ` z, n` rq : x ď y,m ď nu

Proof. The invariance under r-shifts follows because tBrurPZ is i.i.d. For z P R, the

following distributional equality holds on the process level:

Lpx,m; y, nq

“ sup
!

n
ÿ

r“m

Brpxr´1, xrq : x “ xm´1 ď xm ď ¨ ¨ ¨ ď xn´1 ď xn “ y
)

d
“ sup

!

n
ÿ

r“m

Brpxr´1 ` z, xr ` zq : x “ xm´1 ď xm ď ¨ ¨ ¨ ď xn´1 ď xn “ y
)

“ sup
!

n
ÿ

r“m

Brpxr´1, xrq : x` z “ xm´1 ď xm ď ¨ ¨ ¨ ď xn´1 ď xn “ y ` z
)

“ Lpx` z,m; y ` z, nq.
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For n P Zą0 and y ě 0, define

Eρ,λpn, yq “ Lρ,λpn, yq ´Bpyq ´ λy. (3.15)

Again, when ρ “ λ, we write a single superscript. We now cite the following result.

Lemma 3.4.6. [119, Theorem 2 and Equation (24)] The random variable

sup
´8ăxď0

tBpxq ` ρx` Lpx, 1; 0, nqu

has the distribution of the sum of n i.i.d. exponential random variables with rate ρ.

Corollary 3.4.7. For n P Zą0 and y ě 0, the random variable Eρpn, yq has the distribution

of a sum of n i.i.d. exponential random variables with rate ρ.

Proof. Using shift invariance of B as well as the shift invariance of L from Lemma 3.4.5,

Eρpn, yq “ sup
´8ăxďy

tBpxq ` ρx` Lpx, 1; y, nqu ´By ´ λy

“ sup
´8ăxďy

tBpy, xq ` ρpx´ yq ` Lpx, 1; y, nqu

d
“ sup

´8ăxďy
tBpx´ yq ` ρpx´ yq ` Lpx´ y, 1; 0, nqu

“ sup
´8ăxď0

tBpxq ` ρx` Lpx, 1; 0, nqu,

and the result now follows from Lemma 3.4.6.

Corollary 3.4.7 illustrates one way in which Brownian motion with drift is a stationary

initial condition for BLPP. Much richer information can be derived about the stationarity

in this model, to which we refer the reader to [1, 119], and Appendix C of [134].
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3.4.3 The EJS-Rains identity for BLPP and Proof of Theorem 3.4.1

Recalling the definition of Eρpn, yq (3.15), Corollary 3.4.7 implies that

ErLρpn, yqs “ ErEρ,λpn, yqs ` ErBpyq ` ρys “
n

ρ
` ρy.

In light of this calculation, we make the following definitions. For n P Zą0 and y ě 0,

Mρpn, yq “
n

ρ
` ρy Rρ,λpn, yq “

ż ρ

λ
Mαpn, yq dα “

ρ2 ´ λ2

2
y ` n log ρ´ n log λ,

ζpn, yq “ arg inf
ρą0

Mρpn, yq “

c

n

y
, γpn, yq “ inf

ρą0
Mρpn, yq “

n

ζ
` ζy “ 2

?
ny

We make a simple observation: For ε ą 0, there exists a constant c “ cpεq ą 0 so that for

all n P N and nε ă y ă nε´1,

cpn` yq ď γpn, yq “ 2
?
ny ď n` y. (3.16)

The upper bound holds by comparing geometric and arithmetic sums, and the lower bound

holds because γpn, yq ě n
?
ε, and n` y ď np1 ` ε´1q.

Theorem 3.4.8 (The EJS-Rains identity for BLPP). Let y ě 0 and n P Zą0. For

ρ, λ ą 0, we have

E
”

exp
´

pρ´ λqLρ,λpn, yq

¯ı

“ exp
´

Rρ,λpn, yq

¯

.

Proof. Recall

Lρ,λpn, yq “ sup
´8ăxď0

tBpxq ` ρx` Lpx, 1; y, nqu _ sup
0ďxďy

tBpxq ` λx` Lpx, 1; y, nqu,

and this is a function of three independent processes, namely

tBpxq ` ρx : x ď 0u, tBpxq ` λx : x P r0, ysu, and L.
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Now, we observe that

E
”

exp
´

pρ´ λqLρ,λpn, yq

¯ı

“ E
”

epρ´λqpBpyq`λyq exp
´

pρ´ λqpLρ,λpn, yq ´Bpyq ´ λyq

¯ı

“ exp
´ρ2 ´ λ2

2
y
¯

E
”

exp
´

pρ´ λqpLρpn, yq ´Bpyq ´ ρyq

¯ı

Here, the last step came from the Cameron-Martin-Girsanov Theorem (Theorem A.2.2):

we changed the process tBpxq ` λx : r0, ysu to a Brownian motion with drift ρ, thus

producing Lρ. Now, we recall (3.15) that Eρpn, yq “ Lρpn, yq ´ Bpyq ´ ρy, which has the

distribution of the sum of n i.i.d. exponential random variables with rate ρ (Corollary

3.4.7). Hence, we can compute the expectation above:

exp
´ρ2 ´ λ2

2
y
¯

E
”

exp
´

pρ´ λqEρpn, yq

¯ı

“ exp
´ρ2 ´ λ2

2
y
¯

ż 8

0
epρ´λqx ρn

Γpnq
xn´1e´ρx dx

“ exp
´ρ2 ´ λ2

2
y ` n logpρq ´ n logpλq

¯

,

and this is exppRρ,λpn, yqq, as desired.

Before proving Theorem 3.4.1, we first prove the following technical lemmas.

Lemma 3.4.9. For all n P Zą0, y ě 0 and ρ ą 0,

Mρpn, yq ´ γpn, yq ´
γpn, yq

2ζpn, yq2
pρ´ ζq2 “ ´

γpn, yq

2ρζ2
pρ´ ζq3.

Consequently, for each ε P p0, 1q, there exists a constant C “ Cpεq so that whenever

ε ă n
y ă ε´1 and ε ă ρ ă ε´1, for ζ “ ζpn, yq and γ “ γpn, yq,

ˇ

ˇ

ˇ
Mρpn, yq ´ γ ´

γ

2ζ2
pn, yqpρ´ ζq2

ˇ

ˇ

ˇ
ď Cpn` yq|ρ´ ζ|3.

Proof. The “consequently” part comes because of the assumption that ρ and ζ are bounded
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away from 0 and 8 and (3.16). Now, observe that

Mρpn, yq ´ γ “
n

ρ
` ρy ´

n

ζ
´ ζy “ pρ´ ζqy `

npζ ´ ρq

ρζ
“ pρ´ ζq

ρζy ´ n

ρζ

“ pρ´ ζq

´ρ
b

n
y y ´ n

ρζ

¯

“

?
ny

ρζ
pρ´ ζq2 “

γ

2ρζ
pρ´ ζq2.

. Then,

Mρpn, yq ´ γ ´
γ

2ζ2
pρ´ ζq2 “ pρ´ ζq2

´ γ

2ρζ
´

γ

2ζ2

¯

“ ´
γ

2ρζ2
pρ´ ζq3.

Lemma 3.4.10. For ε P p0, 1q, there exists a constant C “ Cpεq so that for ρ, λ, ny P

pε, ε´1q and ζ “ ζpn, yq “
b

n
y ,

ˇ

ˇ

ˇ
Rρ,λpn, yq ´ γpρ´ λq ´

γ

6ζ2
ppρ´ ζq3 ´ pλ´ ζq3q

ˇ

ˇ

ˇ
ď Cpn` yqppρ´ ζq4 ` pλ´ ζq4q.

Proof. Since Rρ,λpn, yq “
şρ
λM

αpn, yq dα, the proof follows from integrating inside the

absolute value on the left in Lemma 3.4.9.

Lemma 3.4.11. For each ε ą 0, there exists a constant C “ Cpεq ą 0 so that for

ζ “ ζpn, yq “
b

n
y , whenever ε ă ρ ă ζ ă ε´1 and n

y P pε, ε´1q,

PpZρpn, yq ě 0q ď expp´Cpn` yqpζ ´ ρq3q, (3.17)

and whenever ε ă ζ ă ρ ă ε´1 and n
y P pε, ε´1q,

PpZρpn, yq ď 0q ď expp´Cpn` yqpρ´ ζq3q. (3.18)

Proof. We prove (3.17), and (3.18) follows by a symmetric argument. Let ε ă ρ ă ζ ă ε´1,

and let λ “ pζ´ρq{4 so that ρ “ ζ´4λ. Lemma 3.4.3 implies that, on the event tZρ ě 0u
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(dropping the pn, yq argument for simplicity), we also have

Zζ,ζ´2λ “ Zρ`4λ,ρ`2λ ě 0, and Zζ´4λ,ζ´2λ “ Zρ,ρ`2λ ě 0.

Hence, by Lemma 3.4.4, Lζ,ζ´2λ “ Lζ´4λ,ζ´2λ on the event tZρ ě 0u. Then,

PpZρ ě 0q “ ErexppλLζ,ζ´2λ ´ λLζ´4λ,ζ´2λq1pZρ ě 0qs

ď ErexppλLζ,ζ´2λ ´ λLζ´4λ,ζ´2λqs

ď Erexpp2λLζ,ζ´2λqs1{2Erexpp´2λLζ´4λ,ζ´2λqs1{2

“ exp
´1

2
Rζ,ζ´2λ `

1

2
Rζ´4λ,ζ´2λ

¯

“ exp
´1

2
Rζ,ζ´2λ ´

1

2
Rζ´2λ,ζ´4λ

¯

.

In the second inequality, we used Hölder’s inequality, and in the last equality, we used

Rρ,λ “ ´Rλ,ρ. Then, using the bounds of Lemma 3.4.10, we obtain (changing the constant

C from line to line),

Rζ,ζ´2λ ´Rζ´2λ,ζ´4λ

ď γp2λq `
γ

6ζ2
p´p´2λq3q ` Cpn` yqpp4λq4q

´

´

γp2λq `
γ

6ζ2
pp´2λq3 ´ p´4λq3q ´ Cpn` yqpp2λ4q ` p4λq4

¯

q

“ ´
8γ

ζ2
λ3 ` Cpn` yqλ4 ď ´Cpn` yqλ3,

thus proving (3.17). Here, we used (3.16) and the assumption that ζ2 “ n
y P pε, ε´1q.

We now complete this section by proving Theorem 3.4.1.

Proof of Theorem 3.4.1. We prove this via the coupling introduced in Section 3.4.2. Here,

the probability space is pΩ,F ,Pq. Let λN “ ρ´1{2 ` ξN´1{3. From shift-invariance of

BLPP (Lemma 3.4.5),

PpZλN ptNtu, ρtN ` yN2{3q ą MN2{3q “ PpZλN ptNtu, ρtN ` py ´MqN2{3q ą 0q.
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Then, by a Taylor expansion,

ζN :“ ζpNt, ρtN ` py ´MqN2{3q “

d

Nt

ρtN ` py ´MqN2{3

“ ρ´1{2

d

1

1 ` ρ´1py ´MqN´1{3
“ ρ´1{2 ´

1

2
py ´Mqρ´3{2N´1{3 `OpN´2{3q,

and thus,

ζN ´ λN “
`1

2
pM ´ yqρ´3{2 ´ ξq

˘

N´1{3 `OpN´2{3q ě CMN´1{3 ą 0

for some constant C “ Cpρ, y, ξq ą 0 and all sufficiently large M and N . By Lemma

3.4.11, there exists a constant C “ Cpt, ξ, ρ, yq ą 0 (changing from line to line) so that for

all sufficiently large M ą 0,

lim sup
NÑ8

PpZλN pNt, ρtN ` py ´MqN2{3q ą 0q

ď lim sup
NÑ8

exp

«

´C
´

Nt` ρtN ` py ´MqN2{3
¯

pMN´1{3q3

ff

ď expp´CM3q.

This proves (3.13). The proof of (3.14) is analogous.

3.5 Maximizers and bounds for the KPZ fixed point

We now prove the following technical lemmas for the DL and the KPZ fixed point.

Lemma 3.5.1. Fix ξ P R and a ą 0. Consider the KPZ fixed point starting at time s

from a function h P UC. For t ą s, let Za,s,t
h P R denote the set of exit points from the

time horizon Hs of the geodesics associated with h and that terminate in ttu ˆ r´a, as.

That is,

Za,s,t
h “

ď

yPr´a,as

argmax
xPR

thpxq ` Lpx, s; y, tqu. (3.19)

Then, on the full probability event of Lemma B.1.2, whenever h P UC satisfies condition

(3.7), and when ε ą 0, a ą 0, and s P R, there exists a random t0 “ t0pε, a, sq ą s _ 0
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such that for any t ą t0,

Za,s,t
h Ă

“

pξ ´ εqt, pξ ` εqt
‰

. (3.20)

In particular, if h is a random function almost surely satisfying condition (3.7), then this

random t0 exists almost surely, and

lim
tÑ8

P
´

Za,s,t
h Ă

“

pξ ´ εqt, pξ ` εqt
‰

¯

“ 1.

Furthermore, an analogous statement holds on the same full-probability event if t is held

fixed and s Ñ ´8. That is, there exists a random s0 “ s0pε, a, tq ă t ^ 0 such that for

any s ă s0,

Za,s,t
h Ă

“

´ pξ ´ εqs,´pξ ` εqs
‰

(3.21)

Proof. We show (3.20), and (3.21) follows by an analogous proof. The idea of the proof

is that hpxq ` Lpx, 0; y, tq is a noisy version of 2ξx ´ x2

t and argmaxxPRp2ξx ´ x2

t q “ ξt,

but the noise cannot change the exit point by much when t is large. The drift conditions

(3.7) are used in the proof to ensure that for t large enough, all maximizers are positive for

ξ ą 0 and negative for ξ ă 0. Below, we prove the result for ξ ą 0, and the proof for ξ ă 0

follows by symmetry. The case ξ “ 0 will be proven separately. Fix ε ą 0. Suppressing

the dependence on a, s, set

F px; tq “ CDLpt´ sq1{3 log2
`

2
a

a2 ` x2 ` s2 ` t2 ` 4
˘

, (3.22)

where CDL is the random positive constant from Lemma B.1.2.

Lemma 3.5.2. For ε ą 0, a ą 0, and s ă t P R, there exists t1 “ t1pε, a, sq ą s such that

for all t ą t0, |F 1px; tq| ă ε uniformly for all x P R. In addition, for t ą t0, F
1px; tq ą 0

for x ą 0 while F 1px; tq ă 0 for x ă 0.
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Proof. A quick computation shows that

F 1px; tq “
2CDLpt´ sq1{3x log

`

2
?
a2 ` x2 ` t2 ` s2 ` 4

˘

p
?
a2 ` x2 ` t2 ` s2 ` 2q

?
a2 ` x2 ` t2 ` s2

.

We note that |x|pa2 ` x2 ` t2 ` s2q1{2 ď 1, and that logpxq{x is decreasing for x ą e.

Hence, for all a ą 0, s ă t, ε ą 0, and x P R,

|F 1px; tq| ď 2Cpt´ sq1{3 logp2|t| ` 4q

|t| ` 2
tÑ8
ÝÑ 0.

Back to the main proof, from the drift assumption (3.7), for each ε ą 0, there exists

Rε ą 0 so that for all x ě Rε, |
hpxq

x ´ ξ| ď ε
2 . Let Cε “ sup0ďRε

hpxq. By the global

bound hpxq ď a ` b|x| (assumed in the definition of UC), Cε ă 8. Further, observe that

´
px´yq2

t´s “ ´ x2

t´s `
2xy
t´s ´

y2

t´s , and |
2xy
t´s ´

y2

t´s | ď ε` ε
2 |x| for large t, uniformly for y P r´a, as.

Using this and the bounds of Lemma B.1.2, for t ą s` 1 sufficiently large (depending on

ε, a), for all y P r´a, as and x ě 0,

hpxq ` Lpx, s; y, tq ď MU px; tq :“ Cε ` 2ξx` εx´
x2

t´ s
` ε` F px; tq, (3.23)

Further, for all x ě Rε, and sufficiently large t ą s` 1,

hpxq ` Lpx, s; y, tq ě MLpx; tq :“ 2ξx´ εx´
x2

t´ s
´ ε´ F px; tq. (3.24)

By the assumption (3.7), we may choose γ so that ´2ξ ă 2γ ă lim infxÑ´8
hpxq

x ď `8.

Then, applying a similar procedure as before and adjusting the constant Cε if needed, for

all y P r´a, as and x ď 0,

hpxq ` Lpx, s; y, tq ď M´
U px; tq :“ Cε ` 2γx´

x2

t´ s
` F px; tq. (3.25)
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We start by using these bounds to show that when t ą s is sufficiently large,

sup
xě0

thpxq ` Lpx, s; y, tqu ą sup
xď0

thpxq ` Lpx, s; y, tqu, @y P r´a, as. (3.26)

so that all maximizers of hpxq ` Lpx, s; y, tq over x P R are nonnegative. First, we observe

that for t large enough so that ξpt´ sq ě Rε, for all y P r´a, as,

sup
xě0

thpxq ` Lpx, s; y, tqu ě MLpξpt´ sq, tq “ pξ2 ´ ξεqpt´ sq ` optq. (3.27)

Next, using (3.25), we obtain

sup
xď0

thpxq ` Lpx, s; y, tqu

ď sup
xď0

t2γx´
x2

t´ s
` Cε ` F px; tqu

ď sup
xď0

t2γx´ 2εx´
x2

t´ s
u ` sup

xď0
t2εx` F px; tqu ` Cε. “ pγ ´ εq2pt´ sq ` optq.

To justify the last equality, we note that the first supremum on the RHS above is equal

to pγ ´ εq2pt ´ sq, while for large enough t, Lemma 3.5.2 implies that the function inside

the second supremum is increasing, so the maximum is achieved at x “ 0. Note that

F p0; tq “ optq. Since γ ą ´ξ, by choosing ε ą 0 small enough, a comparison with (3.27)

verifies (3.26) for sufficiently large t.

Next, we find (approximately) where the maximizers ofMU on x ě 0 are. The function

MU px; tq has leading order ´px ´ yq2{pt ´ sq, so maximizers exist on x ě 0. A quick

computation shows that MU p0; tq “ optq, so by (3.27), all maximizers are strictly positive

for sufficiently large t. Hence, for any maximizer x, M 1
U px; tq “ 0. First, note that

M 1
U px; tq “ 2pξ ` εq ´

2x

t´ s
` F 1px; tq. (3.28)

By Lemma 3.5.2, for sufficiently large t ą s, 0 ă F 1px; tq ă ε for all x ą 0. Then, for such
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t, and y P r´a, as,

tx ě 0 :M 1
U px; tq “ 0u Ď

`

pξ ` εqpt´ sq, pξ ` 2εqpt´ sq
˘

. (3.29)

and that

M 1
U px; tq ă 0 @x ě pξ ` 2εqpt´ sq

M 1
U px; tq ą 0 @x ď pξ ` εqpt´ sq.

(3.30)

Next we consider the supremum of x ÞÑ MU outside the interval

Iε :“ rpξ ´ 2
a

ξεqpt´ sq, pξ ` 2
a

ξεqpt´ sqs.

By choosing ε ą 0 small enough, then for t large enough (depending on ε, a),

`

pξ ´ εqpt´ sq, pξ ` 2εqpt´ sq
˘

Ď Iε. (3.31)

From (3.30) and (3.31), we see that to determine the supremum of MU outside Iε it is

enough to take the maximum of MU at the endpoints of Iε. Plugging the end points of

the interval on the right-hand side of (3.31) in MU , for small enough ε,

MU ppξ ´ 2
a

ξεqpt´ sq; tq “
“

ξ2 ´ 3ξε´ 2ξ1{2ε3{2
‰

pt´ sq ` optq, and

MU ppξ ` 2
a

ξε1{2qpt´ sq; tq “
“

ξ2 ´ 3ξε` 2ξ1{2ε3{2
ı

pt´ sq ` optq.

(3.32)

It follows that for ε small enough and t ą t0pε, a, s, CDL, Cεq,

sup
xRIε

MU px; tq ď maxtMU ppξ ´ 2
a

ξεqpt´ sqq,MU ppξ ` 2
a

ξεqpt´ sqqu ď pξ2 ´ 2ξεqpt´ sq.

(3.33)

From (3.23), (3.26), and (3.31), for sufficiently large t,

␣

sup
xRIε

MU px; tq ă sup
xPIε

MLpx; tq
(

(3.34)

Ď
␣

sup
xRIε

hpxq ` Lpx, s; y, tq ă sup
xPIε

hpxq ` Lpx, s; y, tq @y P r´a, as
(

Ď tZa,s,t
h Ă Iεu.
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(3.27) and (3.33), imply that, almost surely, there is a random t0 “ t0pε, a, sq ą 0 so that

for t ą t0,

sup
xRIε

MU px; tq ă sup
xPIε

MLpx; tq, (3.35)

so by replacing ε with ε2{p4ξq, the inclusion (3.34) completes the proof in the case ξ ą 0.

Now we prove the separate ξ “ 0 case. This time, we set Iε “ r2
?
εpt´ sq, 2

?
εpt´ sqs.

Fix a point x‹ P R so that hpx‹q ą ´8. Then, for t large enough x‹ P Iε, and

sup
xPIε

hpxq`Lpx, s; y, tq ě hpx‹q`Lpx‹, s; y, tq ě hpx‹q´
px‹ ´ yq2

t´ s
`F px‹, tq “ optq. (3.36)

By the assumption (3.7) and upper semi-continuity, following a similar argument as in

the previous case, for all y P r´a, as and x P R,

hpxq ` Lpx, s; y, tq ď MU px; tq :“ ´
x2

t´ s
` εx` Cε ` F px; tq

A similar proof as before shows that

sup
xRIε

MU px; tq ď maxtMU p´2
?
εpt´ sqq,MU p2

?
εpt´ sqqu “ ´3εpt´ sq ` optq,

and comparison with (3.36) completes the proof.

We believe the following Lemma is well-known, but we do not have a precise reference.

In particular, [106] states that the KPZ fixed point preserves the space of linearly bounded

continuous functions and gives regularity estimates for the KPZ fixed point.

Lemma 3.5.3. Let h P UC be initial data for the KPZ fixed point sampled at time s P R.

Let hLpt, y; s, hq be defined as in (B.4). Then, on the full-probability event of Lemma B.1.2,

the following hold

(i) If h is continuous, then pt, yq ÞÑ hLpt, y; s, hq is continuous on ps,8q ˆ R.

(ii) For each compact set K Ď ps,8q, there exist constants A “ Apa, b,Kq and B “

Bpa, b,Kq such that for all t P K and all y P R, hLpt, y; s, hq ď A ` B|y|. If we
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assume that hpxq ě ´a ´ b|x| for some constants a, b ą 0, then we also obtain

the bound hLpt, y; s, hq ě ´A ´ B|y| for all t P K and y P R (the upper bound

hpxq ď a` b|x| is assumed in the definition of UC).

(iii) If there exists a, b ą 0 so that |hpxq| ď a`b|x| for all x, then for any t ą s, δ ą 0, there

exists Y “ Y pt, δq ą 0 so that when |y| ě Y , all maximizers of hpxq ` Lpx, s; y, tq

over x P R lie in the interval py ´ |y|1{2`δ, y ` |y|1{2`δq

Proof. Item (i) By definition of UC, there exists constants a, b ą 0 so that hpxq ď a`b|x|

for all x P R. Combined with the bounds on the directed landscape in Lemma B.1.2, this

implies that when py, tq varies over a compact set of ps,8q ˆ R, the supremum in (B.4)

can be taken uniformly over a common compact set. Then, continuity of h and L gives

the continuity of h.

Item (ii): By Lemma B.1.2, for each x P R,

hpxq`Lpx, s; y, tq ď a`b|x|´
px´ yq2

t´ s
`Cpt´sq1{3 log2

´2
a

x2 ` y2 ` s2 ` t2 ` 4

pt´ sq ^ 1

¯

. (3.37)

The log term in (3.37). can be bounded by an affine function uniformly for t P K and

x, y P R. Then, for constants a1 “ a1pa, b,Kq, b1 “ b1pa, b,Kq, and b2 “ b2pa, b,Kq,

hLpt, y; s, hq ď sup
xPR

!

´
px´ yq2

t´ s
` a1 ` b1|x| ` b2|y|

)

ď sup
xPR

!

´
px´ yq2

t´ s
` a1 ` b1x` b2|y|

)

_

!

´
px´ yq2

t´ s
` a1 ´ b1x` b2|y|

)

ď a1 ` b2|y| `

´

b1y `
b21t

4

¯

_

´

´b1y `
b21t

4

¯

,

giving a linear bound, uniformly for t P K. The lower bound is simpler: By Lemma B.1.2

and the assumption hpxq ě ´a´ b|x| for all x P R,

hLpt, y; s, hq “ sup
xPR

thpxq ` Lpx, s; y, tqu

ě hpyq ` Lpy, s; y, tq ě ´a´ b|y| ´ Cpt´ sq1{3 log2
´2

a

2y2 ` t2 ` s2 ` 4

pt´ sq ^ 1

¯

,

(3.38)
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and again, the log term can be bounded by an affine function, uniformly for t P K and

y P R.

Item (iii): By comparing (3.37) to (3.38), when |y| is sufficiently large, for x R py ´

|y|1{2`δ, y ` |y|1{2`δq, (3.37) is strictly less than hLpt, y; s, hq, so maximizers cannot lie

outside the interval py ´ |y|1{2`δ, y ` |y|1{2`δq.

Lemma 3.5.4. The following holds simultaneously for all initial data and all t ą s on the

event of probability one from Lemma B.1.2. Let h P UC be initial data for the KPZ fixed

point, sampled at time s. For t ą s, let hL be defined as in (B.4). Then, simultaneously

for all t ą s,

lim inf
xÑ`8

hLpt, x; s, hq

x
ě lim inf

xÑ`8

hpxq

x
, and lim sup

xÑ´8

hLpt, x; s, hq

x
ď lim sup

xÑ´8

hpxq

x
.

(3.39)

Furthermore, assuming that h : R Ñ R is continuous and satisfies

lim inf
xÑ˘8

hpxq

x
ą ´8 and lim sup

xÑ˘8

hpxq

x
ă `8, (3.40)

then also

lim sup
xÑ`8

hLpt, x; s, hq

x
ď lim sup

xÑ`8

hpxq

x
, and lim inf

xÑ´8

hLpt, x; s, hq

x
ě lim inf

xÑ´8

hpxq

x
.

(3.41)

In particular, for continuous initial data h satisfying (3.40), if either (or both) of the

limits limxÑ˘8
hpxq

x exist (potentially with different limits on each side), then for t ą s,

lim
xÑ˘8

hLpt, x; s, hq

x
“ lim

xÑ˘8

hpxq

x
.

Proof. We start with (3.39) by proving the first inequality, and the other is analogous. If

lim infxÑ`8
hpxq

x “ ´8, there is nothing to show. Otherwise, let ξ1 P R be an arbitrary

number smaller than lim infxÑ`8
hpxq

x . Let y be sufficiently large and positive so that
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hpyq ě ξ1y. Then, using Lemma B.1.2, for such sufficiently large positive y,

sup
xPR

thpxq ` Lpx, s; y, tqu

ě hpyq ` Lpy, s; y, tq ě ξ1y ´ Cpt´ sq1{3 log2
´2

a

2y2 ` t2 ` s2 ` 4

pt´ sq ^ 1

¯

,

(3.42)

where C is a constant. Therefore, lim infyÑ8
hLpt,y;s,hq

y ě ξ1, but this is true for all

ξ1 ă lim infxÑ`8
hpxq

x , so lim infyÑ8
hLpt,y;s,hq

y ě lim infxÑ`8
hpxq

x .

Next, we turn to proving (3.41). Again, we prove the first inequality and the sec-

ond follows analogously. Set ξ2 “ lim supxÑ`8
hpxq

x and let ε ą 0. By continuity, the

assumption (3.40) on the asymptotics of h implies there exist constants a, b ą 0 so that

|hpxq| ď a ` b|x| for all x P R. Lemma 3.5.3(iii) implies that for ε ą 0 and sufficiently

large y ą 0,

sup
xPR

thpxq ` Lpx, s; y, tqu

ď sup
xPpy´y2{3,y`y2{3q

!

pξ2 ` εqx´
px´ yq2

t´ s
` Cpt´ sq1{3 log2

´2
a

x2 ` y2 ` t2 ` s2 ` 4

pt´ sq ^ 1

¯)

ď sup
xPpy´y2{3,y`y2{3q

!

pξ2 ` εqx´
px´ yq2

t´ s
` εpx` yq

)

“ pξ2 ` 3εqy ` Cpε, s, t, ξ2q,

and so

lim sup
yÑ8

hLpt, y; s, hq

y
ď ξ2 ` 3ε.

3.6 Proof of invariance and attractiveness (Theorem 3.2.2)

On a probability space pΩ,F ,Pq, let G
?
2 “ tG

?
2

ξ uξPR be the stationary horizon with

σ “
?
2, independent of tLpx, 0; y, tq : x, y P R, t ą 0u. For ξ P R, define hLpt, y;G

?
2

ξ q as

in (3.8):

hLpt, y;Gξq “ sup
xPR

tG
?
2

ξ pxq ` Lpx, 0; y, tqu, for all y P R and t ą 0.
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Define the following state space:

Y :“
␣

thξuξPR P DpR, CpRqq : hξ1 ďinc hξ2 for ξ1 ă ξ2,

and for all ξ P R, hξp0q “ 0 and hξ satisfies condition (3.7)

with all lim sup and lim inf terms finite
(

.

(3.43)

Lemma 3.6.1. The space Y defined in (3.43) is a measurable subset of DpR, CpRqq. Let

L be the directed landscape, thξuξPR P Y, h0p ‚ ; hξq “ hξ, and

hLpt, y; hξq “ sup
xPR

thξpxq ` Lpx, 0, y; tqu for t ą 0, y P R and ξ P R.

Then t ÞÑ thLpt, ‚ ; hξq ´ hLpt, 0; hξquξPR is a Markov process on Y. Specifically, on the

event of full probability from Lemma B.1.2, thLpt, ‚ ; hξq ´ hLpt, 0; hξquξPR P Y for each

t ą 0.

Proof. Recall that we defined the σ-algebra on DpR, CpRqq be the smallest σ-algebra such

that hξpxq is measurable for each x, ξ P R. We claim that

Y “
č

α1ăα2PQ

!

thξuξPR P DpR, CpRqq : hα1pq1, q2q ď hα2pq1, q2q for q1 ă q2 P Q,

hα1p0q “ 0, and hα1 satisfies condition (3.7) with ξ “ α1

and lim sup
|x|Ñ8

|hα1pxq|

|x|
ă 8

)

.

In particular, for thξuξPR lying in the set on the right, hα1 ďinc hα2 for α1 ď α2 P Q by

continuity of each function. Then, hξ1 ďinc hξ2 extends to all ξ1 ă ξ2 P R by taking limits

of rational numbers αn
1 Œ ξ1 and αn

2 Œ ξ2. Since hξp0q “ 0 and hξ1 ď hξ2 for ξ1 ď ξ2,

hξ1pxq ď hξ2pxq for x ą 0, and the inequality flips for x ă 0. Hence, if Condition (3.7)

holds α P Q and all lim sup, lim inf terms are finite, this extends to all ξ P R. To finish the

proof of measurability of Y, it remains to show that the four quantities lim infxÑ˘8
hξpxq

x

and lim supxÑ˘8

hξpxq

x are measurable. This was demonstrated previously in Section 2.2.

We now show that thLpt, ‚ ; hξq ´ hLpt, 0; hξquξPR P Y for all t ą 0. Lemmas B.1.5(iii)
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shows the preservation of the ordering of functions, Lemma 3.5.4 shows the preservation

of limits, and Lemma 3.5.3(i) shows that hLpt, ‚; hξq P CpRq for all ξ. It remains to show

that thLpt, ‚ ; hquξPR P DpR, CpRqq for each t ą 0. Since hξ1 ďinc hξ2 , Lemma A.1.1 and

the global bounds of Lemma B.1.2 imply that, for each compact K Ď R and ξ P R, there

exists a random M “ Mpξ, t,Kq ą 0 such that for all y P K, α P pξ ´ 1, ξ ` 1q,

sup
xPR

thαpxq ` Lpx, 0; y, tqu “ sup
xPr´M,Ms

thαpxq ` Lpx, 0; y, tqu.

Then, it follows that thLpt, ‚ ; hξquξPR, as an R Ñ CpRq function of ξ, is right-continuous

with left limits because this is true of thξuξPR. By the metric composition (3.3) of the

directed landscape L, for 0 ă s ă t,

hLpt, y; hξq ´ hLpt, 0; hξq

“ sup
xPR,zPR

thξpxq ` Lpx, 0, z, sq ` Lpz, s; y, tqu

´ sup
xPR,zPR

thξpxq ` Lpx, 0, z, sq ` Lpz, s; 0, tqu

“ sup
zPR

thLps, z; hξq ` Lpz, s; y, tqu ´ sup
zPR

thLps, z; hξq ` Lpz, s; 0, tqu

“ sup
zPR

thLps, z; hξq ´ hLps, 0; hξq ` Lpz, s; y, tqu

´ sup
zPR

thLps, z; hξq ´ hLps, 0; hξq ` Lpz, s; 0, tqu.

Then, t ÞÑ thLpt, ‚ ; hξq ´ hLps, 0; hξquξPR is Markov because L has i.i.d. time increments.

Proof of Theorem 3.2.2. Invariance: Since the σ-algebra on DpR, CpRqq is generated by

the projection maps and since the subspace Y Ď DpR, CpRqq is preserved under L (Lemma

3.6.1), it suffices to show that for ´8 ă ξ1 ă ¨ ¨ ¨ ă ξk ă 8 and t ą 0,

`

hLpt, ‚ ;G
?
2

ξ1
q´hLpt, 0;G

?
2

ξ1
q, . . . , hLpt, ‚ ;G

?
2

ξk
q´hLpt, 0;G

?
2

ξk
q
˘ d

“ pG
?
2

ξ1
, . . . , G

?
2

ξk
q. (3.44)
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We prove this by using the invariance of G1 for BLPP (Lemma 3.3.2), the convergence

of BLPP to L (Theorem 3.2.1), and the exit point bounds for BLPP from its stationary

initial condition proved in Theorem 3.4.1. For this, choose ρ ą 0, and let α, β, τ be defined

as in (3.4):

χ2 “ ρ, α “ 2
?
ρ, β “

1
?
ρ
, χ{τ2 “

1

4ρ3{2
.

We observe here that

τ

χ2
“
τ

ρ
“

a

χ4ρ3{2

p
“

2ρ

ρ
“ 2 (3.45)

We will assume that our probability space pΩ,F ,Pq contains the coupling of tLNuNě1

and L from Theorem 3.2.1 and an independent realization of the SH G1 with σ “ 1. By

convention, we say that LN px,m; y, nq “ ´8 if m ą n or x ą y. For 1 ď i ď k,N ě

1, x, y P R, and t ą s, define

λNi “ β `
ξi

χN1{3
,

HN
i pt, yq “

1

χN1{3
sup
xPR

´!

G1
λN
i

pxq ` LN px, 1;Nρt`N2{3τy, tNtuq
)

´ αNt´ βτN2{3y
¯

,

ZN
i pt, yq “ Z

G
λN
i

LN ptNtu, ρtN ` yN2{3yq (Recall (3.12)),

GN
i pxq “

1

χN1{3

´

G1
λN
i

pN2{3τxq ´ βτN2{3x
¯

, and

LN px, s; y, tq “
1

χN1{3

´

LN pNρs`N2{3τx, tNsu;Nρt`N2{3τy, tNtuq

´ αN ´ βτN2{3py ´ xq

¯

.

By the invariance of G1 for LN (Lemma 3.3.2) followed by shift invariance of the SH

(Theorem 2.3.2(i)), the scaling relations of the SH (Theorem 2.3.2(ii) with
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b “ 1
χN1{3 , c “ N1{3?

τ , and ν “
βχ
τ N

1{3), and lastly (3.45), for t ą 0 and Nt ě 1,

tHN
i pt, ‚q ´HN

i pt, 0qu1ďiďk

d
“

! 1

χN1{3

`

G1
λN
i

pNρt`N2{3τ ‚q ´G1
ξi

pNρtq ´ βτN2{3
‚

˘

)

1ďiďk

d
“

! 1

χN1{3
pG1

λN
i

pN2{3τ ‚q ´ βτN2{3
‚q

)

1ďiďk

“

! 1

χN1{3
G1

λN
i

pN2{3τ ‚q ´
τ

χ2
βχN1{3

‚q

)

1ďiďk

d
“
␣

G
?
τ{χ

pλN
i ´βqχN1{3

(

1ďiďk
“ tG

?
2

ξi
u1ďiďk.

(3.46)

Therefore, to show thLpt, ‚ ;G
?
2

ξ q ´ hLpt, 0;G
?
2

ξ quξPR
d
“ G

?
2 it suffices to show that, for

each t ą 0, the following distributional convergence holds as processes on CpR,Rkq:

tHN
i pt, ‚qu1ďiďk

NÑ8
ùñ thLpt, ‚;G

?
2

ξi
qu1ďiďk. (3.47)

From definition of HN
i , we observe the following:

HN
i pt, yq “

1

χN1{3
sup
xPR

´!

G1
λN
i

pxq ` LN px, 1;Nρt`N2{3τy, tNtuq
)

´ αNt´ βτN2{3y
¯

“
1

χN1{3
sup
xPR

!

G1
λN
i

pN2{3τxq ´ βτN1{3x

` LN pN2{3τx, 1;Nρt`N2{3τy, tNtuq ´ αNt´ βτN2{3py ´ xq

)

“ sup
xPR

tGN
i pxq ` LN px´ ρτ´1N´2{3, N´1; y, tqu ´

α ´ βρ

χN1{3
,

(3.48)

where the α´βρ
χN´1{3 is a correction term that appears simply because we start LN along level

1 instead of level 0. We observed in (3.46) that the distribution of GN
i does not depend

on N ; specifically, tGN
i u1ďiďk

d
“ tG

?
2

ξi
u1ďiďk. We define the process tG

?
2

ξi
u1ďiďk on our

probability space by setting G
?
2

ξ pxq “ G1
ξp2xq (Theorem 2.3.2(ii)). For 1 ď i ď k, define

rHN
i pt, yq “ sup

xPR
tG

?
2

ξi
pxq ` LN px´ ρτ´1N´2{3;N´1; y, tqu,
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and let rZN
i pt, yq be the largest maximizer of the above. Then, by (3.48),

pt rHN
i ´

α ´ βρ

χN1{3
u1ďiďk, tN

2{3τ rZN
i u1ďiďkq

d
“ ptHN

i u1ďiďk, tZ
N
i u1ďiďkq, (3.49)

noting that we made the change of variable x ÞÑ N2{3τx in (3.48). To show (3.47), it

therefore suffices to show that, for any t, a, ε ą 0,

lim
NÑ8

P
´

sup
1ďiďk
yPr´a,as

ˇ

ˇ

ˇ

rHN
i pt, yq ´ hLpt, y;Gξiq

ˇ

ˇ

ˇ
ą ε

¯

“ 0.

Before estimating this probability, we make one last shorthand definition:

Zi
Lpt, yq “ max argmaxtGξipxq ` Lpx, 0; y, tqu.

Observe that ZN
i pt, xq ď ZN

i pt, yq for x ă y (Lemma 3.4.2). By a similar argument,

Zi
Lpt, xq ď Zi

Lpt, yq for x ă y. Then, we observe that for any choice of M ą 0,

P
´

sup
1ďiďk
yPr´a,as

ˇ

ˇ

ˇ

rHN
i pt, yq ´ hLpt, y;Gξiq

ˇ

ˇ

ˇ
ą ε

¯

“ P
´

sup
1ďiďk
yPr´a,as

ˇ

ˇ

ˇ
sup
xPR

tG
?
2

ξi
pxq ` LN px´ ρτ´1N´2{3;N´1; y, tqu

´ sup
xPR

tG
?
2

ξi
pxq ` Lpx, 0; y, tqu

ˇ

ˇ

ˇ
ą ε

¯

ď

k
ÿ

i“1

P
´

sup
yPr´a,as

ˇ

ˇ

ˇ
sup

xPr´M,Ms

tG
?
2

ξi
pxq ` LN px´ ρτ´1N´2{3;N´1; y, tqu

´ sup
xPr´M,Ms

tG
?
2

ξi
pxq ` Lpx, 0; y, tqu

ˇ

ˇ

ˇ
ą ε

¯

(3.50)

` PpZi
Lpt,´aq ă ´Mq ` PpZi

Lpt, aq ă Mq (3.51)

`

k
ÿ

i“1

“

Pp rZN
i pt,´aq ă ´Mq ` Pp rZN

i pt, aq ą Mq
‰

. (3.52)

The term (3.50) goes to 0 as N Ñ 8 by the uniform convergence on compact sets

LN Ñ L (Theorem 3.2.1) and continuity of L, the term (3.51) goes to 0 as M Ñ 8
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because, by Lemma B.1.2, Lpx, 0; y, tq „ ´
px´yq2

t and G
?
2

ξi
is a Brownian motion with

drift, so x ÞÑ G
?
2

ξi
pxq ` Lpx, 0; y, tq almost surely has a finite maximizer. Then, using

(3.49),(3.52) and the exit point bounds of Theorem 3.4.1,

lim sup
NÑ8

P
´

sup
1ďiďk
yPr´a,as

ˇ

ˇ

ˇ

rHN
i pt, yq ´ hLpt, y;Gξiq

ˇ

ˇ

ˇ
ą ε

¯

ď

k
ÿ

i“1

lim sup
MÑ8

lim sup
NÑ8

rPp rZN
i pt,´aq ă ´Mq ` Pp rZN

i pt, aq ą Mq
‰

“

k
ÿ

i“1

lim sup
MÑ8

lim sup
NÑ8

rPpZN
i pt,´aq ă ´MτN2{3q ` PpZN

i pt, aq ą MτN2{3q
‰

“ 0.

This concludes the proof of invariance.

Attractiveness and uniqueness: The proof idea is similar to that of Theorem 3.3

in [11]. Let k P N and let ξ̄ “ pξ1, . . . , ξkq P Rk be a strictly increasing vector. Let

h̄ “ ph1, ..., hkq P UCk satisfy (3.7) with h “ hi and ξ “ ξi for 1 ď i ď k. Let ε ą 0.

By the σ “
?
2 case of Theorem 2.5.2(iii), almost surely, there exists δ ą 0 such that

G
?
2

ξi˘δpxq “ G
?
2

ξi
pxq for all x P r´a, as, 1 ď i ď k. Hence, we may choose δ ą 0 small so

that

P
␣

G
?
2

ξi˘δpxq “ G
?
2

ξi
pxq @x P r´a, as, 1 ď i ď k

(

ě 1 ´ ε{2.

Then, by invariance of G
?
2 under hL, for all t ą 0,

P
␣

hLpt, x;G
?
2

ξi˘δq ´ hLpt, 0;G
?
2

ξi˘δq “ hLpt, x;G
?
2

ξi
q ´ hLpt, 0;G

?
2

ξi
q

@x P r´a, as, 1 ď i ď k
(

ě 1 ´ ε{2.

(3.53)

Recall the sets Za,0,t
f of exit points from (3.19). Because G

?
2

ξi˘δ is a Brownian motion with

diffusivity
?
2 and drift 2pξi ˘ δq (Proposition 2.3.1(i)), it satisfies (3.7) for ξi ˘ δ. By the

temporal reflection symmetry of Lemma B.1.1, Lemma 3.5.1 implies that, almost surely
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for all t sufficiently large,

Za,0,t

G
?
2

ξi´δ

Ď rpξi ´ 5δ{4qt, pξi ´ 3δ{4qts, Za,0,t
hi

Ď rpξi ´ δ{4qt, pξ ` δ{4qts,

and Za,0,t

G
?
2

ξi`δ

Ď rpξi ` 3δ{4qt, pξi ` 5δ{4qts.

Hence, for sufficiently large t,

P
`

Za,0,t

G
?
2

ξi´δ

ď Za,0,t
hi

ď Za,0,t

G
?
2

ξi`δ

@1 ď i ď k
˘

ą 1 ´ ε{2, (3.54)

where for A,B Ď R we sayA ď B if supA ď inf B. By Lemma B.1.5(iii), on the event in

(3.54) the following holds for all x P r0, as and 1 ď i ď k:

hLpt, x;G
?
2

ξi´δq ´ hLpt, 0;G
?
2

ξi´δq

ď hLpt, x; hiq ´ hLpt, 0; hiq

ď hLpt, x;G
?
2

ξi`δq ´ hLpt, 0;G
?
2

ξi`δq.

(3.55)

The reverse inequalities hold for x P r´a, 0s. Combining (3.53)–(3.55), we have that for

sufficiently large t,

P
␣

hLpt, x;G
?
2

ξi
q´hLpt, 0;G

?
2

ξi
q “ hLpt, x; hiq´hLpt, 0; hiq @x P r´a, as, 1 ď i ď k

(

ě 1´ε.

The proof of Theorem 3.2.2 is complete.
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Chapter 4

Busemann process and the global

structure of semi-infinite geodesics

in the directed landscape

4.1 Introduction

4.1.1 Semi-infinite geodesics in the DL

Recall the notion of geodesics for the directed landscape (DL) discussed in Section 3.2.2.

A semi-infinite geodesic starting from px, sq P R2 is a continuous path g : rs,8q Ñ R such

that gpsq “ x and the restriction of g to each compact interval rs, ts Ď rs,8q is a geodesic

between px, sq and pgptq, tq. Such an infinite path g has direction ξ P R if limtÑ8 gptq{t “ ξ.

Two semi-infinite geodesics g1 and g2 coalesce if there exists t such that g1puq “ g2puq

for all u ě t. If t is the minimal such time, then pg1ptq, tq is the coalescence point. Two

semi-infinite geodesics g1, g2 : rs,8q Ñ R are distinct if g1ptq ‰ g2ptq for at least some

t P ps,8q and disjoint if g1ptq ‰ g2ptq for all t P ps,8q.

In this chapter, we give a detailed study of semi-infinite geodesics in the DL, as has

appeared in the author’s joint work with Busani and Seppäläinen [35]. A significant

consequence of Theorem 3.2.2 is that the stationary horizon characterizes the distribution
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of the Busemann process of the directed landscape (Theorem 4.4.3). The Busemann

process is a key tool that allows us to construct semi-infinite geodesics in every direction

and from every initial point. Many of the tools necessary for this study were developed

in the BLPP context in the author’s work with Seppäläinen [134, 135], to which we refer

the reader for a detailed study of infinite geodesics in BLPP.

It is not immediately obvious that semi-infinite geodesics should exist, nor is it obvious

that they should have directions. The first to study semi-infinite geodesics in the DL was

Rahman and Virág [126], and we give a summary of their results in Section 4.3. For a

fixed direction, they established the existence of semi-infinite geodesics from all points and

showed the coalescence of these geodesics. Closely tied to the study of geodesics is that of

Busemann functions, a tool originating from differential geometry [36]. The work of [126]

showed the existence of Busemann functions for a fixed direction. They also showed that,

for a fixed point, there exists semi-infinite geodesics in each direction, with an at most

countable set of directions for which the geodesic is not unique.

Starting from the definition in [126], we construct the full Busemann process across

all directions. Through the properties of this process, we establish a classification of

uniqueness and coalescence of semi-infinite geodesics in the directed landscape. Similar

constructions of the Busemann process and classifications for discrete and semi-discrete

models have previously been achieved [90, 93, 132, 135], but the procedure in the directed

landscape is more delicate. One reason is that the space is fully continuous. Another

difficulty is that Busemann functions in DL possess monotonicity only in horizontal di-

rections, while discrete and semi-discrete models exhibit monotonicity in both horizontal

and vertical directions. A new perspective is needed to construct the Busemann process

for arbitrary initial points.

The full Busemann process is necessary for a complete understanding of the geometry

of semi-infinite geodesics. In particular, countable dense sets of initial points or directions

cannot capture non-uniqueness of geodesics or the singularities of the Busemann process.

After the first version of [35] was posted, Ganguly and Zhang [70] gave an independent
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construction of a Busemann function and semi-infinite geodesics, again for a fixed direction.

They defined a notion of “geodesic local time” which was key to understanding the global

fractal geometry of geodesics in DL. Later in [69], the same authors showed that the

discrete analogue of geodesic local time in exponential LPP converges to geodesic local

time for the DL.

Matching the conjectures emanating from the nonexistence of bi-infinite geodesics in

discrete models, it was recently shown by Bhatia [26] that, with probability one, bi-infinite

geodesics do not exist for the DL.

4.1.2 Non-uniqueness of geodesics and random fractals

Among the key questions is the uniqueness of semi-infinite geodesics in the directed land-

scape. We show the existence of a countably infinite, dense random set Ξ of directions ξ

such that, from each initial point in R2, two semi-infinite geodesics in direction ξ emanate,

separate immediately or after some time, and never return back together. It is interesting

to relate this result and its proof to earlier work on disjoint finite geodesics.

The set of exceptional pairs of points between which there is a non-unique geodesic in

DL was studied in [23]. Their approach relied on [20] which studied the random nonde-

creasing function z ÞÑ Lpy, s; z, tq ´ Lpx, s; z, tq for fixed x ă y and s ă t. This process

is locally constant except on an exceptional set of Hausdorff dimension 1
2 . From here [23]

showed that for fixed s ă t and x ă y, the set of z P R such that there exist disjoint

geodesics from px, sq to pz, tq and from py, sq to pz, tq is exactly the set of local variation of

the function z ÞÑ Lpx, s; z, tq´Lpy, s; z, tq, and therefore has Hausdorff dimension 1
2 . Going

further, they showed that for fixed s ă t, the set of pairs px, yq P R2 such that there exist

two disjoint geodesics from px, sq to py, tq also has Hausdorff dimension 1
2 , almost surely.

Later, this exceptional set in the time direction was studied in [70], and was shown to have

Hausdorff dimension 2{3. Across the entire plane, this set has Hausdorff dimension 5
3 . In

a similar spirit, Dauvergne [45] recently posted a paper detailing all the possible configu-

rations of non-unique point-to-point geodesics, along with the Hausdorff dimensions–with
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respect to a particular metric–of the sets of points with those configurations.

Our focus is on the limit of the measure studied in [20], namely, the nondecreasing

function ξ ÞÑ Wξpy, s;x, sq “ limtÑ8rLpy, s; tξ, tq ´ Lpx, s; tξ, tqs, which is exactly the

Busemann function in direction ξ. The support of its Lebesgue-Stieltjes measure corre-

sponds to the existence of disjoint geodesics (Theorem 4.6.9), but in contrast to [23], the

measure is supported on a countable discrete set instead of on a set of Hausdorff dimension

1
2 (Theorem 4.4.5(iv) and Remark 4.4.6).

We encounter a Hausdorff dimension 1
2 set if we look along a fixed time level s for those

space-time points px, sq out of which there are disjoint semi-infinite geodesics in a random,

exceptional direction (Theorem 4.2.6(iii)). Up to the removal of an at-most countable

set, this Hausdorff dimension 1
2 set is the support of the random measure defined by the

function x ÞÑ fs,ξpxq “ Wξ`px, s; 0, sq ´ Wξ´px, s; 0, sq, where Wξ˘ are the right and left-

continuous Busemann processes (Theorem 4.7.1). This is a semi-infinite analogue of the

result in [23].

The distribution of fs,ξ is delicate. The set of directions ξ such that Wξ´ ‰ Wξ`, or

equivalently such that τξ “ inftx ą 0 : fs,ξpxq ą 0u ă 8, is the set Ξ mentioned above.

A fixed direction ξ lies in Ξ with probability 0. Because the SH describes the Busemann

process for the DL, Theorem 2.6.1 shows that the law of fs,ξpτξ ` ‚ q on Rě0, conditioned

on ξ P Ξ in the appropriate Palm sense, is exactly that of the running maximum of a

Brownian motion, or equivalently, that of Brownian local time. This complements the

fact that the function z ÞÑ Lpy, s; z, tq ´ Lpx, s; z, tq is locally absolutely continuous with

respect to Brownian local time [68].

Since the first version of [35] appeared, Bhatia [25, 26] posted two papers that use the

results as inputs. The first, [25] studies the Hausdorff dimension of the set of splitting

points of geodesics along a geodesic itself. The second, [26] answers an open problem

presented in [35]. Namely, for all points in the set NUξ� defined in (4.40), the geodesics

split immediately from the initial point, and for a fixed direction ξ the set NUξ almost

surely has Hausdorff dimension 4
3 .
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4.2 Main results

In this chapter, the Busemann process is used to construct a special class of semi-infinite

geodesics called Busemann geodesics simultaneously from all initial points and in all di-

rections (Theorem 4.4.9). The definition of Busemann geodesics, along with a detailed

study, comes in Section 4.4.

The first theorem states our conclusions for general semi-infinite geodesics. The ran-

dom countably infinite dense set Ξ of directions is later characterized in (4.4) as the

discontinuity set of the Busemann process, and its properties stated in Theorem 4.4.5.

We assume the probability space pΩ,F ,Pq of the directed landscape L complete. All

statements about semi-infinite geodesics are with respect to L.

Theorem 4.2.1. The following statements hold on a single event of full probability. There

exists a random countably infinite dense subset Ξ, of R, such that parts (ii)–(iii) below hold.

(i) Every semi-infinite geodesic has a direction ξ P R. From each initial point p P R2

and in each direction ξ P R, there exists at least one semi-infinite geodesic from p in

direction ξ.

(ii) When ξ R Ξ, all semi-infinite geodesics in direction ξ coalesce. There exists a random

set of initial points, of zero planar Lebesgue measure, outside of which the semi-

infinite geodesic in each direction ξ R Ξ is unique.

(iii) When ξ P Ξ, there exist at least two families of semi-infinite geodesics in direction

ξ, called the ξ´ and ξ` geodesics. From every initial point p P R2 there exists both

a ξ´ geodesic and a ξ` geodesic which eventually separate and never come back

together. All ξ´ geodesics coalesce, and all ξ` geodesics coalesce.

Remark 4.2.2 (Busemann geodesics and general geodesics). Theorem 4.2.1 is proved

by controlling all semi-infinite geodesics with Busemann geodesics. Namely, from each

initial point p and in each direction ξ, all semi-infinite geodesics lie between the leftmost

and rightmost Busemann geodesics (Theorem 4.5.7(i)). Furthermore, for all p outside a
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random set of Lebesgue measure zero and all ξ R Ξ, the two extreme Busemann geodesics

coincide and thereby imply the uniqueness of the semi-infinite geodesic from p in direction

ξ (Theorem 4.2.1(ii)). Even more generally, whenever ξ R Ξ, all semi-infinite geodesics in

direction ξ are Busemann geodesics (Theorem 4.6.3(viii)). This is presently unknown for

ξ P Ξ, but may be expected by virtue of what is known about exponential LPP [93].

This work therefore gives a nearly complete description of the global behavior of semi-

infinite geodesics in the directed landscape. The conjecture that all semi-infinite geodesics

are Busemann geodesics is equivalent to the following statement: In Item (iii), for ξ P Ξ,

there are exactly two families of coalescing semi-infinite geodesics in direction ξ. That

is, each ξ-directed semi-infinite geodesic coalesces either with the ξ´ geodesics or the ξ`

geodesics.

Remark 4.2.3 (Non-uniqueness of geodesics). The non-uniqueness of geodesics from

initial points in a Lebesgue null set in Theorem 4.2.1(ii) is temporary in the sense that these

geodesics eventually coalesce. This forms a “bubble.” The first point of intersection after

the split is the coalescence point (Theorem 4.6.1(ii)). Hence, these particular geodesics

form at most one bubble. This contrasts with the non-uniqueness of Theorem 4.2.1(iii),

where geodesics do not return together (Figure 4.1). Non-uniqueness is discussed in detail

in Section 4.5.

Remark 4.2.4. The authors of [126] alluded to non-uniqueness of geodesics. They showed

that for a fixed initial point, with probability one, there are at most countably many

directions with a non-unique geodesic. On page 23 of [126], they note that the set of

directions with a non-unique geodesic “should be dense over the real line.” Our result is

that this set is dense and, furthermore, it is the set Ξ of discontinuities of the Busemann

process.
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Figure 4.1: On the left, a depiction of the non-uniqueness in Theorem 4.2.1(ii): geodesics separate
and coalesce back together, forming a bubble. Due to work of Bhatia [26] and Dauvergne [45], this
is the only possible configuration for this type of non-uniqueness–that is, geodesics which split and
later coalesce can only split at the initial point. On the right, ξ P Ξ. The blue/thin paths depict
the ξ´ geodesics, while the red/thick paths depict the ξ` geodesics. From each point, the ξ´ and
ξ` geodesics separate at points of S. The ξ´ and ξ` families each have a coalescing structure.

The second theorem of this section describes the set of initial points with disjoint

geodesics in the same direction. By disjoint, we mean that the geodesics only common

point in the plane is the initial point. Let Ξ be the random set from Theorem 4.2.1

(precisely characterized in (4.4)). Define the following random sets of splitting points.

Ss,ξ :“ tx P R : D disjoint semi-infinite geodesics from px, sq in direction ξu (4.1)

S :“
ď

sPR, ξPΞ

Ss,ξ ˆ tsu. (4.2)

Remark 4.2.5. From Theorem 4.2.1(ii), Ss,ξ “ ∅ whenever ξ R Ξ.

Theorem 4.2.6. The following hold.

(i) On a single event of full probability, the set S is dense in R2.

(ii) For each fixed p P R2, Ppp P Sq “ 0.

(iii) For each s P R, on an s-dependent full-probability event, for every ξ P Ξ, the set

Ss,ξ has Hausdorff dimension 1
2 .

(iv) On a single event of full probability, simultaneously for every s P R and ξ P Ξ, the

set Ss,ξ is nonempty and unbounded in both directions.

Remark 4.2.7. For each s P R and ξ P Ξ, the setSs,ξ has an interpretation as the support
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of a random measure, up to the removal of a countable set. Thus, since Ξ is countable,

for each s P R, the set tx P R : px, sq P Su is the countable union of supports of random

measures, up to the removal of an at most countable set. By Item (iii), this set also has

Hausdorff dimension 1
2 . Conditioning in the appropriate Palm sense on ξ P Ξ, the random

measure whose support is “almost” Ss,ξ is equal to the local time of a Brownian motion

(Theorems 4.7.1, 2.6.1,and 2.6.11). We expect that, simultaneously for all s P R, the set

Ss,ξ has Hausdorff dimension 1
2 , but currently lack a global result stronger than Item (iv).

4.2.1 Organization of the chapter

In the following section, we cite results from [126]. The remainder of the chapter covers

finer results on the Busemann process and semi-infinite geodesics. Sections 4.4–4.6 each

start with several theorems that are then proved later in the section. The theorems can be

read independently of the proofs. Each section depends on the sections that came before.

Section 4.4 describes the construction of the Busemann process and infinite geodesics in all

directions. Section 4.5 gives a detailed discussion of non-uniqueness of geodesics. Section

4.6 is concerned with coalescence and connects the regularity of the Busemann process to

the geometry of geodesics. The proofs of Theorems 4.2.1 and 4.2.6 come in Section 4.7.

4.3 Summary of the Rahman–Virág results

The paper [126] shows existence of the Busemann function for a fixed direction. Below is

a summary of their results that we use.

Theorem 4.3.1 ([126]). The following hold.

(i) For fixed initial point p, there exist almost surely leftmost and rightmost semi-infinite

geodesics gξ,ℓp and gξ,rp from p in every direction ξ simultaneously. There are at most

countably many directions ξ such that gξ,ℓp ‰ gξ,rp

(ii) For fixed direction ξ, there exist almost surely leftmost and rightmost geodesics gξ,ℓp

and gξ,rp in direction ξ from every initial point p.
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(iii) For fixed p “ px, sq P R2 and ξ P R, g :“ gξ,ℓp “ gξ,rp with probability one.

(iv) Given ξ P R, all semi-infinite geodesics in direction ξ coalesce with probability one.

Remark 4.3.2. Article [126] used ´ and ` in place of the superscripts ℓ and r used

above. We replaced ´{` with ℓ{r to avoid confusion with our ˘ notation that links

with the left- and right-continuous Busemann processes. As demonstrated in Section 4.5,

non-uniqueness of geodesics is properly characterized by two parameters � P t´,`u and

S P tL,Ru.

For fixed direction ξ, [126] defines κξpp, qq as the coalescence point of the rightmost

geodesics in direction ξ from initial points p and q. Then, they define the Busemann

function

Wξpp; qq “ Lpp;κξpp, qqq ´ Lpq;κξpp, qqq. (4.3)

Theorem 4.3.3 ([126], Corollary 3.3, Theorem 3.5, Remark 3.1).

(i) For each t P R, the process x ÞÑ Wξpx, t; 0, tq is a two-sided Brownian motion with

diffusivity
?
2 and drift 2ξ.

Given a direction ξ, the following hold on a ξ-dependent event of probability one.

(ii) Additivity: Wξpp; qq `Wξpq; rq “ Wξpp; rq for all p, q, r P R2.

(iii) For all s ă t and x, y P R,

Wξpx, s; y, tq “ sup
zPR

tLpx, s; z, tq `Wξpz, t; y, tqu.

The supremum is attained exactly at those z such that pz, tq lies on a semi-infinite

geodesic from px, sq in direction ξ.

(iv) The function Wξ : R4 Ñ R is continuous.

Moreover:

(v) For a pair of fixed directions ξ1 ă ξ2, with probability one, for every t P R and x ă y,

Wξ1py, t;x, tq ď Wξ2py, t;x, tq.
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4.4 Busemann process and Busemann geodesics

In this section, we first present a list of theorems regarding the Busemann process in

Section 4.4.1. Section 4.4.2 defines Busemann geodesics and states their main properties.

The proofs are found in Section 4.4.3, except for the proofs of Theorem 4.4.1(vi)-(viii) and

the mixing in Theorem 4.4.3(ii), which are proved in Section 4.7.1, and Theorem 4.4.5(ii),

which is proved in Section 4.7.2.

4.4.1 The Busemann process

The Busemann process tWξ�pp; qqu is indexed by points p, q P R2, a direction ξ P R, and a

sign � P t´,`u. The following theorems describe this process. The parameter � P t´,`u

denotes the left- and right-continuous versions of this process as a function of ξ.

Theorem 4.4.1. On pΩ,F ,Pq, there exists a process

tWξ�pp; qq : ξ P R, � P t´,`u, p, q P R2u

satisfying the following properties. All the properties below hold on a single event of prob-

ability one, simultaneously for all directions ξ P R, signs � P t´,`u, and points p, q P R2,

unless otherwise specified. Below, for p, q P R2, we define the sets

Ξpp; qq “ tξ P R :Wξ´pp; qq ‰ Wξ`pp; qqu and Ξ “
Ť

p,q PR2 Ξpp; qq. (4.4)

(i) (Continuity) As an R4 Ñ R function, px, s; y, tq ÞÑ Wξ�px, s; y, tq is continuous.

(ii) (Additivity) For all p, q, r P R2, Wξ�pp; qq ` Wξ�pq; rq “ Wξ�pp; rq. In particular,

Wξ�pp; qq “ ´Wξ�pq; pq and Wξ�pp; pq “ 0.

(iii) (Monotonicity along a horizontal line) Whenever ξ1 ă ξ2, x ă y, and t P R,

Wξ1´py, t;x, tq ď Wξ1`py, t;x, tq ď Wξ2´py, t;x, tq ď Wξ2`py, t;x, tq.
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(iv) (Backwards evolution as the KPZ fixed point) For all x, y P R and s ă t,

Wξ�px, s; y, tq “ sup
zPR

tLpx, s; z, tq `Wξ�pz, t; y, tqu. (4.5)

(v) (Regularity in the direction parameter) The process ξ ÞÑ Wξ` is right-continuous

in the sense of uniform convergence on compact sets of functions R4 Ñ R, and

ξ ÞÑ Wξ´ is left-continuous in the same sense. The restrictions to compact sets are

locally constant in the parameter ξ: for each ξ P R and compact set K Ď R4 there

exists a random ε “ εpξ,Kq ą 0 such that, whenever ξ ´ ε ă α ă ξ ă β ă ξ ` ε and

� P t´,`u, we have these equalities for all px, s; y, tq P K:

Wα�px, s; y, tq “ Wξ´px, s; y, tq and Wβ�px, s; y, tq “ Wξ`px, s; y, tq. (4.6)

(vi) (Busemann limits I) If ξ R Ξ, then, for any compact set K Ď R2 and any net

rt “ pzt, utqtPRě0 with ut Ñ 8 and zt{ut Ñ ξ as t Ñ 8, there exists R P Rą0 such

that, for all p, q P K and t ě R,

Wξpp; qq “ Lpp; rtq ´ Lpq; rtq.

(vii) (Busemann limits II) For all ξ P R, s P R, x ă y P R, and any net pzt, utqtPRě0 in R2

such that ut Ñ 8 and zt{ut Ñ ξ as t Ñ 8,

Wξ´py, s;x, sq ď lim inf
tÑ8

Lpy, s; zt, utq ´ Lpx, s; zt, utq

ď lim sup
tÑ8

Lpy, s; zt, utq ´ Lpx, s; zt, utq ď Wξ`py, s;x, sq.

(viii) (Global attractiveness) Assume that ξ R Ξ, and let h P UC satisfy condition (3.7)

for the parameter ξ. For s ă t, let

hs,tpx; hq “ sup
zPR

tLpx, s; z, tq ` hpzqu.
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Then, for any s P R and a ą 0, there exists a random t0 “ t0pa, ξ, sq ă 8 such that

for all t ą t0 and x P r´a, as, hs,tpx; hq ´ hs,tp0; hq “ Wξpx, s; 0, sq.

Remark 4.4.2. Item (vi) is novel in that it shows the limits simultaneously for all ξ R Ξ,

uniformly over compact subsets of R2. The existence of Busemann limits in fixed directions

is shown in [126] and [70]. Item (viii) is analogous to Theorem 3.3 in [11] and Theorem

3.3 in [13] on the global solutions of the Burgers’ equation with random forcing. When

comparing with [11, 13], note that our geodesics travel north while theirs head south.

We describe the distribution of this process. The key to Item (iii) is Theorem 3.2.2.

Theorem 4.4.3. The following hold.

(i) (Independence) For each T P R, these processes are independent:

tWξ�px, s; y, tq : ξ P R, � P t´,`u, x, y P R, s, t ě T u

and tLpx, s; y, tq : x, y P R, s ă t ď T u.

(ii) (Stationarity and mixing) The process

tLpvq,Wξ�pp; qq : v P R4
Ò
, p, q P R2, ξ P R, � P t´,`uu (4.7)

is stationary and mixing under shifts in any space-time direction. More precisely,

let a, b P R, not both 0, and z ą 0. Set rz “ paz, bzq. Then, the process (4.7) is

stationary and mixing (for fixed a, b as z Ñ `8) under the transformation

␣

Lpvq,Wξ�pp; qq
(

ÞÑ Tz;a,btL,W u :“ tLpv ` prz; rzqq,Wξ�pp` rz; q ` rzqu,

where the process on each side is a function of pv, pp, qqq P R4
Ò

ˆ R4. Mixing means

that, for all k P Zą0, ξ1, . . . , ξk P R, and Borel subsets A,B Ď CpR4
Ò
,Rq ˆCpR4,Rqk,
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if we denote Wξ1:k “ pWξ1 , . . . ,Wξkq P CpR4,Rqk, then

lim
zÑ8

P
´

tL,Wξ1:ku P A, tTz;a,bL, Tz;a,bWξ1:ku P B
¯

“ P
`

tL,Wξ1:ku P A
˘

P
`

tL,Wξ1:ku P B
˘

.

(iii) (Distribution along a time level) For each t P R, the following equality in distribution

holds between random elements of the Skorokhod space DpR, CpRqq:

tWξ`p ‚ , t; 0, tquξPR
d
“
␣

G
?
2

ξ p ‚ q
(

ξPR,

where G
?
2 is the stationary horizon with diffusivity

?
2 and drifts 2ξ.

Remark 4.4.4. Combining Items (i) and (iii) with Theorem 4.4.1(iv) gives a description

of the Busemann process on the full plane R2.

We describe the random sets of Busemann discontinuities defined in (4.4). Item(ii)

below states that the discontinuities of the Busemann process are present along each hori-

zontal line. Since the Busemann process along each line is described by the SH (Theorem

4.4.3(iii)), the distributional invariances for ΞG proved in Theorem 2.5.2 also hold for

Ξp‚, t; ‚, tq.

Theorem 4.4.5. The following hold on a single event of probability one.

(i) For each t P R, the set Ξpx, t;´x, tq is nondecreasing as a function of x P Rě0.

(ii) For s, ξ P R, define the function

x ÞÑ fs,ξpxq :“ Wξ`px, s; 0, sq ´Wξ´px, s; 0, sq. (4.8)

Then, ξ P Ξ if and only if, for all s P R,

lim
xÑ˘8

fs,ξpxq “ ˘8. (4.9)
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In particular, simultaneously for all s, x P R and all sequences |xk| Ñ 8,

Ξ “
ď

k

Ξpxk, s;x, sq. (4.10)

(iii) The set Ξ is countably infinite and dense in R, while for each fixed ξ P R,

Ppξ P Ξq “ 0. In particular, the full-probability event of the theorem can be chosen

so that Ξ contains no directions ξ P Q.

(iv) For each p ‰ q in R2, the set Ξpp; qq is discrete, that is, has no limit points in

R. The function ξ ÞÑ Wξ´pp; qq “ Wξ`pp; qq is constant on each open interval

I Ď pRzΞpp; qqq. For t P R, on a t-dependent full-probability event, for all x ă y,

Ξpy, t;x, tq is infinite and unbounded, for both positive and negative ξ.

Remark 4.4.6. Item (ii) states that all discontinuities of the Busemann process are

present on each horizontal ray. By Item (iv) ξ ÞÑ Wξ˘pp; qq are the left- and right-

continuous versions of a jump process. This function defines a random signed measure

supported on a discrete set. When p and q lie on the same horizontal line, this function

is monotone (Theorem 4.4.1(iii)) and the support of the measure is exactly the set of

directions at which a properly chosen coalescence point of semi-infinite geodesics jumps

(see Definition 4.6.7 and Theorems 4.6.8–4.6.9).

4.4.2 Busemann geodesics

The study of Busemann geodesics starts with this definition.

Definition 4.4.7. For ξ P R, � P t´,`u, px, sq P R2 and t P rs,8q, let gξ�,L
px,sq

ptq

and gξ�,R
px,sq

ptq denote, respectively, the leftmost and rightmost maximizer of Lpx, s; y, tq `

Wξ�py, t; 0, tq over y P R.

Remark 4.4.8. The modulus of continuity bounds of the directed landscape recorded in

Lemma B.1.2, along with continuity ofWξ�, imply that limtŒs g
ξ�,L{R
px,sq

ptq “ x, so we define

g
ξ�,L{R
px,sq

psq “ x.
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As noted earlier, Rahman and Virág [126] showed the existence of semi-infinite geodesics,

almost surely for a fixed initial point across all directions and almost surely for a fixed

direction across all initial points. We extend this simultaneously across both all initial

points and directions. Theorem 4.3.3(iii), quoted from [126], states that for a fixed direc-

tion ξ, with probability one at times t ą s, the maximizers z of the function Lpx, s; z, tq `

Wξpz, t; 0, tq are exactly the points on semi-infinite ξ-directed geodesics from px, sq. Theo-

rem 4.4.9 clarifies this on a global scale: across all directions, initial points and signs, one

can construct semi-infinite geodesics from the Busemann process. Furthermore, gξ�,L
px,sq

and

gξ�,R
px,sq

both define semi-infinite geodesics in direction ξ and give the leftmost (or rightmost)

geodesic between any two of their points. We use this fact heavily in the present chapter.

Theorem 4.4.9. The following hold on a single event of probability one across all initial

points px, sq P R2, times t ą s, directions ξ P R, and signs � P t´,`u.

(i) All maximizers of z ÞÑ Lpx, s; z, tq `Wξ�pz, t; 0, tq are finite. Furthermore, as x, s, t

vary over a compact set K Ď R with s ď t, the set of all maximizers is bounded.

(ii) Let s “ t0 ă t1 ă t2 ă ¨ ¨ ¨ be an arbitrary increasing sequence with tn Ñ 8. Set

gpt0q “ x, and for each i ě 1, let gptiq be any maximizer of Lpgpti´1q, ti´1; z, tiq `

Wξ�pz, ti; 0, tiq over z P R. Then, pick any geodesic of L from pgpti´1q, ti´1q to

pgptiq, tiq, and for ti´1 ă t ă ti, let gptq be the location of this geodesic at time t.

Then, regardless of the choices made at each step, the following hold.

(a) The path g : rs,8q Ñ R is a semi-infinite geodesic.

(b) For all t ă u in rs,8q,

Lpgptq, t; gpuq, uq “ Wξ�pgptq, t; gpuq, uq. (4.11)

(c) For all t ă u in rs,8q, gpuq maximizes Lpgptq, t; z, uq ` Wξ�pz, u; 0, uq over

z P R.

(d) The geodesic g has direction ξ, i.e., gptq{t Ñ ξ as t Ñ 8.



147

(iii) For S P tL,Ru, gξ�,S
px,sq

: rs,8q Ñ R is a semi-infinite geodesic from px, sq in direction

ξ. Moreover, for any s ď t ă u, we have that

L
`

gξ�,S
px,sq

ptq, t; gξ�,S
px,sq

puq, u
˘

“ Wξ�

`

gξ�,S
px,sq

ptq, t; gξ�,S
px,sq

puq, u
˘

,

and gξ�,S
px,sq

puq is the leftmost/rightmost (depending on S) maximizer of

Lpgξ�,S
px,sq

ptq, t; z, uq `Wξ�pz, u; 0, uq over z P R.

(iv) The path gξ�,L
px,sq

is the leftmost geodesic between any two of its points, and gξ�,R
px,sq

is

the rightmost geodesic between any two of its points.

Definition 4.4.10. We refer to the geodesics constructed in Theorem 4.4.9(ii) as ξ�

Busemann geodesics, or simply ξ� geodesics.

Remark 4.4.11. The geodesics gξ�,L
px,sq

and gξ�,R
px,sq

are special Busemann geodesics. By Theo-

rem 4.4.9(iii)–(iv), for any sequence s “ t0 ă t1 ă t2 ă ¨ ¨ ¨ with tn Ñ 8, the path g “ gξ�,L
px,sq

can be constructed by choosing gptiq as the leftmost maximizer of Lpgpti´1q, ti´1; z, tiq `

Wξ�pz, ti; 0, tiq over z P R, and for t P pti´1, tiq, taking gptq to be the leftmost geodesic

from pgpti´1q, ti´1q to pgptiq, tiq. The analogous statement holds for L replaced with R

and “leftmost” replaced with “rightmost”.

4.4.3 Construction and proofs for the Busemann process and Busemann

geodesics

This section proves the results of Sections 4.4.1 and 4.4.2. The order in which the items

are proved is somewhat delicate, so we outline that here. After proving some lemmas, we

prove Theorem 4.4.1(i)–(iv) and Theorem 4.4.3. We then skip ahead to constructing the

semi-infinite geodesics, culminating in the proof of Theorem 4.4.9. Afterward, we turn to

the proof of the regularity in Theorem 4.4.1(v), then prove Theorem 4.4.5, except for Item

(ii), which is proved in Section 4.7.2.

We construct a full-probability event Ω1. Later in (4.28) and (4.76) follow full-

probability events Ω3 Ď Ω2 Ď Ω1. For the rest of the proofs, we work almost exclusively
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on these events. Once the events are constructed and shown to have full probability, the

remaining proofs are deterministic statements that hold on those events.

We define Ω1 Ď Ω to be the event of probability one on which the following hold.

(4.12)

(i) Simultaneously for all px, s; y, tq P R4
Ò
there exist leftmost and rightmost geodesics

(possibly in agreement) between px, sq and py, tq (see Section 3.2.2).

(ii) For each rational direction ξ P Q and each point p P R2, there exist leftmost and

rightmost semi-infinite geodesics (possibly in agreement) from p in direction ξ, and

all semi-infinite geodesics in direction ξ coalesce (see Theorem 4.3.1, Items (ii) and

(iv)).

(iii) For each rational direction ξ P Q and each rational point p P Q2, there is a unique

semi-infinite geodesic from p in direction ξ (see Theorem 4.3.1(iii)).

(iv) For each rational direction ξ P Q, the Busemann process defined by (4.3) satisfies

conditions (ii)–(iv) of Theorem 4.3.3. For any pair ξ1 ă ξ2 or rational directions,

Item (v) of Theorem 4.3.3 holds.

(v) For each px, t, y, ξq P Q4, limQQαÑξWαpy, t;x, tq “ Wξpy, t;x, tq.

(vi) For every rational time t P Q and rational direction ξ P Q,

lim
xÑ˘8

x´1Wξpx, t; 0, tq “ 2ξ. (4.13)

This holds with probability one by properties of Brownian motion and Theorem

4.3.3(i).

(vii) The conclusions of Lemmas B.1.2, B.2.1, and B.2.5 hold for L. Note that then

Lemma B.1.2 holds also for the reflected version tLpy;´t, x;´sq : px, s; y, tq P R4
Ò
u.
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To justify PpΩ1q “ 1, it remains to check Item (v). By Theorem 4.3.3(v), for y ě x,

lim
QQαÕξ

Wαpy, t;x, tq ď Wξpy, t;x, tq ď lim
QQαŒξ

Wαpy, t;x, tq. (4.14)

By Theorem 4.3.3(i), Wαpy, t;x, tq „ N p2αpy ´ xq, 2py ´ xqq. Hence, all terms in (4.14)

have the same distribution and are almost surely equal.

Now, on the full-probability event Ω1, we have defined the process

tWαpp; qq : p, q P R2, α P Qu. (4.15)

On this event, for an arbitrary direction ξ, and t, x, y P R, define

Wξ´py, t;x, tq “ lim
QQαÕξ

Wαpy, t;x, tq and Wξ`py, t;x, tq “ lim
QQαŒξ

Wαpy, t;x, tq. (4.16)

By Theorem 4.3.3(v), these limits exist for all t P R. Complete the definition by setting,

for s ă t, Wξ�px, s; y, tq “ sup
zPR

tLpx, s; z, tq `Wξ�pz, t; y, tqu,

and finally for s ą t, Wξ�px, s; y, tq “ ´Wξ�py, t;x, sq.

(4.17)

With this construction in place, we prove an intermediate lemma.

Lemma 4.4.12. The following hold on the event Ω1, across all points, directions and

signs.

(i) For all x, y, t P R, and ξ P Q, Wξ´py, t;x, tq “ Wξ`py, t;x, tq “ Wξpy, t;x, tq, where

Wξ is the originally defined Busemann function from (4.15).

(ii) Horizontal Busemann functions are additive: @x, y, z, t P R, ξ P R, and � P t´,`u,

Wξ�px, t; y, tq `Wξ�py, t; z, tq “ Wξ�px, t; z, tq.

(iii) For every t, ξ P R, the limits (4.16) hold uniformly over px, yq on compact sets.
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Further, for each t, ξ P R and � P t´,`u, these limits hold in the same sense:

lim
αÕξ

Wα�py, t;x, tq “ Wξ´py, t;x, tq and lim
αŒξ

Wα�py, t;x, tq “ Wξ`py, t;x, tq.

(4.18)

(iv) For every ξ P R, � P t´,`u, pp, qq ÞÑ Wξ�pp; qq is continuous, and for each t P R,

lim
xÑ˘8

x´1Wξ�px, t; 0, tq “ 2ξ. (4.19)

Proof. We prove Item (i) last.

Item (ii) follows from the same property in rational directions (Theorem 4.3.3(ii)).

Item (iii): The monotonicity of the horizontal Busemann process from Theorem 4.3.3(v)

extends to all directions by limits. That is, for any two rational directions ξ1 ă ξ2 and

any real x ă y, and t,

Wξ1´py, t;x, tq ď Wξ1py, t;x, tq ď Wξ1`py, t;x, tq ď Wξ2´py, t;x, tq, (4.20)

and when ξ1 R Q, the same monotonicity holds, removing the middle term that does not

distinguish between ˘. Hence, the limits as α Õ ξ and α Œ ξ exist and agree with the

limits from rational directions (without the �). Without loss of generality, we take the

compact set to be ra, bs2. Then, by (4.20) and Lemma A.1.2, for α ă ξ, � P t´,`u, and

a ď x ď y ď b,

0 ď Wξ´py, t;x, tq ´Wα�py, t;x, tq ď Wξ´pb, t; a, tq ´Wα�pb, t; a, tq, (4.21)

and for general px, yq P ra, bs2,

|Wξ´py, t;x, tq ´Wα�py, t;x, tq| ď |Wξ´pb, t; a, tq ´Wα�pb, t; a, tq|,

so the limit as α Õ ξ is uniform on compacts. An analogous argument applies to α Œ ξ.

Item (iv): For t, ξ P R and � P t´,`u, the continuity of px, yq ÞÑ Wξ�py, t;x, tq follows
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from Item (iii) and the continuity for rational ξ in Theorem 4.3.3(iv). Before showing the

general continuity, we show the limits (4.19). For ξ, t P Q, (4.13) holds by definition of

Ω1. Keeping ξ P Q, let s P R, and let t ą s be rational. By Theorem 4.3.3(ii)–(iii),

Wξpx, s; 0, sq “ Wξpx, s; 0, tq `Wξp0, t; 0, sq

“ sup
zPR

tLpx, s; z, tq `Wξpz, t; 0, tqu `Wξp0, t; 0, sq.

Then, by Lemma 3.5.4 (for the temporally reflected L), lim
xÑ˘8

x´1Wξpx, s; 0, sq “ 2ξ. Now,

let ξ P R, � P t´,`u, and t P R be arbitrary. Then, the monotonicity of (4.20) implies

that for α ă ξ ă β with α, β P Q,

α ď lim inf
xÑ8

x´1Wξ�px, t; 0, tq ď lim sup
xÑ8

x´1Wξ�px, t; 0, tq ď β.

Sending Q Q α Õ ξ and Q Q β Œ ξ implies (4.19) for `8. The case x Ñ ´8 follows a

symmetric argument.

Lastly, the continuity of px, yq ÞÑ Wξ�py, t;x, tq and (4.19) imply that Wξ�px, t; 0, tq ď

a ` b|x| for some constants a, b. The general continuity follows from (4.17) and Lemma

3.5.3(i).

Item (i): The statement holds for all x, y, t, ξ P Q by Item (v) of Ω1. The continuity

proved in Item (iv) extends this to all x, y, t P R.

Recall Definition 4.4.7 of the extreme maximizers g
ξ�,L{R
px,sq

ptq.

Lemma 4.4.13. For each ω P Ω1, px, s; y, tq P R4
Ò
, ξ P R, and � P t´,`u,

lim
zÑ˘8

Lpx, s; z, tq `Wξ�pz, t; y, tq “ ´8 (4.22)

so that g
ξ�,L{R
px,sq

are well-defined. Let K Ď R be a compact set, ξ P R and � P t´,`u.

Then, there exists a random Z “ Zpξ�,Kq P p0,8q such that for all x, s, t P K with s ă t

and S P tL,Ru, |gξ�,S
px,sq

ptq| ď Z.
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Proof. By the continuity and asymptotics of Lemma 4.4.12(iv), for all t P R, there ex-

ists a, b ą 0 such that |Wξ�px, t; 0, tq| ď a ` b|x| for all x P R. Lemma B.1.2 implies

Lpx, s; z, tq „ ´
pz´xq2

t´s , which gives (4.22). Next we observe that

inf
x,s,tPK,săt

sup
zPR

tLpx, s; z, tq `Wξ�pz, t; 0, tqu

ě inf
x,s,tPK,săt

Lpx, s;x, tq `Wξ�px, t; 0, tq ą ´8.
(4.23)

The last inequality is justified as follows. SinceWξ�px, t; 0, tq evolves backwards in time as

the KPZ fixed point (4.17), Lemma 3.5.3(ii) implies that a and b can be chosen uniformly

for t P K. Lemma B.1.2 states that @x, s, t P R with s ă t, there is a constant C such that

Lpx, s;x, tq ě ´Cpt´ sq1{3 log2
`

2
?
2x2`s2`t2`4

pt´sq^1

˘

.

Taking the infimum over x, s, t P K with s ă t yields the last inequality in (4.23).

To contradict the last statement of the lemma, assume there exist maximizers zn of

Lpxn, sn; z, tnq `Wξ�pz, tn; 0, tnq over z P R such that xn, sn, tn P K but |zn| Ñ 8. Then,

by (4.23),

lim inf
nÑ8

Lpxn, sn; zn, tnq `Wξ�pzn, tn; 0, tnq ą ´8, (4.24)

but since zn Ñ 8 and xn, sn, tn P K for all n, Lpxn, sn; zn; tnq „ ´
pzn´xnq2

tn´sn
by Lemma

B.1.2. By the bound |Wξ�px, t; 0, tq| ď a ` b|x| that holds uniformly for t P K and x P R,

the inequality (4.24) cannot hold.

Proof of Theorem 4.4.1, Items (i)–(iv). The full-probability event of these items is Ω1.

The remaining items are proved later.

Item (i) (Continuity): This was proved in Lemma 4.4.12(iv).

Item (ii) (Additivity): First, we show that on Ω1 for s ă t, x P R, ξ1 ă ξ2, and

S P tL,Ru,

´8 ă gξ1´,S
px,sq

ptq ď gξ1`,S
px,sq

ptq ď gξ2´,S
px,sq

ptq ď gξ2`,S
px,sq

ptq ă 8. (4.25)

The finiteness of the maximizers comes from Lemma 4.4.13. The rest of (4.25) follows from
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the monotonicity of (4.20) and Lemma A.1.1. Next, we show that for px, s; y, tq P R4 and

ξ P R, Wαpx, s; y, tq converges pointwise to Wξ´px, s; y, tq as Q Q α Õ ξ. The same holds

for limits from the right, with ξ´ replaced by ξ` (Later we prove that the convergence is

locally uniform). By (4.17), it suffices to assume s ă t. By (4.25) and the additivity of

Lemma 4.4.12(ii) when s “ t, for all α P rξ ´ 1, ξ ` 1s X Q and � P t´,`u,

Wαpx, s; y, tq “ sup
zPR

tLpx, s; z, tq `Wαpz, t; y, tqu

“ sup
zPR

tLpx, s; z, tq `Wαpz, t; 0, tqu `Wαp0, t; y, tq

“ sup
zPrg

pξ´1q´,L
px,sq

ptq,g
pξ`1q`,R
px,sq

ptqs

tLpx, s; z, tq `Wαpz, t; 0, tqu `Wαp0, t; y, tq.

By Lemma 4.4.12(iii), Wαpz, t; y, tq converges uniformly on compact sets to Wξ´px, t; y, tq

as Q Q α Õ ξ and to Wξ`px, t; y, tq as Q Q α Œ ξ. This implies the desired pointwise

convergence. The additivity follows from the additivity for rational ξ (Theorem 4.3.3(ii)).

Item (iii) (Monotonicity along a horizontal line): This was previously proven as

Equation (4.20).

Item (iv) (Backwards evolution as the KPZ fixed point): This follows directly

from the construction (4.17).

Item (v) is proved after the proof of Theorem 4.4.3, and Items (vii)–(viii) are proved after

the proof of Theorem 4.6.3. No subsequent results depend on Items (vii)–(viii), except

the mixing in Theorem 4.4.3(ii), proven later.

Proof of Theorem 4.4.3 (Distributional properties). Item (i) (Independence): We

know that, for T P R, tLpx, s; y, tq : s, y P R, s ă t ď T u is independent of tLpx, s; y, tq :

s, y P R, T ď s ă tu . From the definition of the Busemann process and (4.16)–(4.17), the

process

tWξ�px, s; y, tq : ξ P R, � P t´,`u, x, y P R, s, t ě T u

is a function of tLpx, s; y, tq : s, y P R, T ď s ă tu, and independence follows.
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Item (ii) (Stationarity): Similarly as the previous item, the stationarity of the process

follows from the stationarity of the directed landscape from Lemma B.1.1(i). The mixing

properties will be proven in Section 4.7.1, along with Items (vii)–(viii) of Theorem 4.4.1.

Item (iii) (Distribution along a time level): By the additivity of Theorem 4.4.1(ii) and

the variational definition (4.17), for x P R, s ă t, and � P t´,`u, on the full-probability

event Ω1,

Wξ�px, s; 0, sq “ Wξ�px, s; 0, tq ´Wξ�p0, s; 0, tq

“ sup
yPR

tLpx, s; y, tq `Wξ�py, t; 0, tqu ´ sup
yPR

tLp0, s; y, tq `Wξ�py, t; 0, tqu.

By Item (i), Theorem 4.4.1(iii), and Items (iii) and (iv) of Lemma 4.4.12, tWξ`p‚, t; 0, tq :

ξ P RutPR is a reverse-time Markov process that almost surely lies in the state space Y

defined in (3.43). By the stationarity of Item (ii), the law of tWξ`p‚, t; 0, tq : ξ P Ru

must be invariant for this process. By the temporal reflection invariance of the directed

landscape (Lemma B.1.1(iii)), tWξ`p‚, t; 0, tq : ξ P Ru is also invariant for the KPZ fixed

point, forward in time. The uniqueness part of Theorem 3.2.2 completes the proof.

Lemma 4.4.14. For every ω P Ω1 and px, s; y, tq P R4
Ò
, Lpx, s; y, tq ď Wξ�px, s; y, tq, and

equality occurs if and only if y maximizes Lpx, s; z, tq `Wξ�pz, t; 0, tq over z P R.

Proof. For s ă t, Theorem 4.4.1(ii),(iv) gives

Wξ�px, s; y, tq “ sup
zPR

tLpx, s; z, tq `Wξ�pz, t; y, tqu

“ sup
zPR

tLpx, s; z, tq `Wξ�pz, t; 0, tqu `Wξ�p0, t; y, tq. (4.26)

Setting z “ y on the right-hand side of (4.26), it follows that Wξ�px, s; y, tq ě Lpx, s; y, tq,

and equality holds if and only if y is a maximizer.
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Proof of Theorem 4.4.9 (Construction of the Busemann geodesics). The

full-probability event of this theorem is Ω1 (4.12).

Item (i) (Finiteness of the maximizers): This follows immediately from Lemma

4.4.13.

We prove Items (ii)–(iv) together. By Lemma 4.4.14, for any such construction of a path

from the sequence of times s “ t0 ă t1 ă ¨ ¨ ¨ and any i ě 1,

Lpgpti´1q, ti´1; gptiq, tiq “ Wξ�pgpti´1q, ti´1; gptiq, tiq.

Furthermore, for any ti´1 ď t ă u ď ti, it must hold that

Lpgptq, t; gpuq, uq “ Wξ�pgptq, t; gpuq, uq,

for otherwise, by additivity of the Busemann functions (Theorem 4.4.1(ii)),

Lpgpti´1q, ti´1; gptiq, tiq

“ Lpgpti´1q, ti´1; gptq, tq ` Lpgptq, t; gpuq, uq ` Lpgpuq, u; gptiq, tiq

ă Wξ�pgpti´1q, ti´1; gptq, tq `Wξ�pgptq, t; gpuq, uq `Wξ�pgpuq, u; gptiq, tiq

“ Wξ�pgpti´1q, ti´1; gptiq, tiq,

a contradiction. Additivity extends (4.11) to all s ď t ă u. Therefore, the path is a

semi-infinite geodesic because the weight of the path in between any two points is optimal

by Lemma 4.4.14. From the equality (4.11) and Lemma 4.4.14, for every t ě s, gptq

maximizes Lpx, s; z, tq `Wξ�pz, t; 0, tq over z P R.

Before global directedness of all geodesics, we show that gξ�,S
px,sq

are semi-infinite geodesics

and the leftmost/rightmost geodesics between any two of their points. Take S “ R, and

the result for S “ L follows similarly. Omit x, s, ξ, and � from the notation temporarily,

and write gptq “ gξ�,R
px,sq

ptq. By what was just proved, it is sufficient to prove the following

lemma.
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Figure 4.2: Illustration of the proof of Lemma 4.4.15. Here, the red/thick path denotes the path
γ̂ in the case wt ă gptq, which is to the right of the rightmost geodesic between px, sq and pgpuq, uq,
which passes through pwt, tq by assumption. This gives the contradiction.

Lemma 4.4.15. Let g be as defined above. For s ă t ă u, let zu be the rightmost maxi-

mizer of Lpgptq, t; z, uq `Wξ�pz, u; 0, uq over z P R, and let wt be the rightmost maximizer

of Lpx, s;w, tq ` Lpw, t; gpuq, uq over w P R (Equivalently, pwt, tq is the point at level t on

the rightmost geodesic between px, sq and pgpuq, uq). Then, gptq “ wt and gpuq “ zu.

Proof. By Lemma 4.4.14 and Items (ii)(b)–(c), wt maximizes Lpx, s; z, tq ` Wξ�pz, t; 0, tq

over z P R, and zu maximizes Lpx, s; z, uq ` Wξ�pz, u; 0, uq over z P R. By definition of

gpuq and gptq as the rightmost maximizers, we have wt ď gptq and zu ď gpuq in general.

Assume, to the contrary, that gptq ‰ wt or gpuq ‰ zu. We first prove a contradiction in

the case wt ă gptq. For the proof, refer to Figure 4.2 for clarity. Let γ1 : rs, us Ñ R

be the rightmost geodesic from px, sq to pgpuq, uq (which passes through pwt, tq), and let

γ2 be the concatenation of the rightmost geodesic from px, sq to pgptq, tq followed by the

rightmost geodesic from pgptq, tq to pzu, uq. By Item (ii)(b) for i “ 1, 2, the weight of the

portion of any part of γi is equal to the Busemann function between the points. Since

wt ă gptq and zu ď gpuq, γ1 and γ2 must split before time t, and then meet again before

or at time u. Let py, vq be a crossing point, where t ă v ď u. Let γ̂ : rs, us Ñ R be

defined by γ̂prq “ γ2prq for r P rs, vs and γ̂prq “ γ1prq from py, vq to pgpuq, uq. Then,

by the additivity of Busemann functions, the weight L of any portion of the path γ̂ is

equal to the Busemann function between the two points. By Lemma 4.4.14, pγ is then a
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geodesic between px, sq and pgpuq, uq, which is to the right of γ1, which was defined to be

the rightmost geodesic between the points, a contradiction.

Now, we consider the case zu ă gpuq. Define γ1 and γ2 as in the previous case.

Since zu ă gpuq, there is some point py, vq with t ď v ă u such that γ1 splits from

or crosses γ2 at py, vq. Then, define γ̂ as in the previous case. Again, the weight L of

any portion of the path γ̂ is equal to the Busemann function between the two points.

Specifically, Lpgptq, t; gpuq, uq “ Wξ�pgptq, t; gpuq, uq, and by Item 4.4.14, gpuq maximizes

Lpgptq, t; z, uq ` Wξ�pz, u; 0, uq over z P R. This contradicts the definition of zu as the

rightmost such maximizer.

Returning to the proof of Theorem 4.4.9, we show the global directedness of all Buse-

mann geodesics constructed in the manner described in Item (ii). By (4.25), for t ě s and

α ă ξ ă β with α, β P Q,

gα,L
px,sq

ptq ď gξ�,L
px,sq

ptq ď gptq ď gξ�,R
px,sq

ptq ď gβ,R
px,sq

ptq. (4.27)

Note that on Ω1 the ˘ distinction is absent for α, β P Q (Lemma 4.4.12(i)). By definition

(4.12) of the event Ω1 and Theorem 4.3.3(iii), @α P Q, the maximizers of Lpx, s; z, tq `

Wαpz, t; 0, tq over z P R are exactly the locations z where an α-directed geodesic goes

through pz, tq. Therefore, gα,L
px,sq

ptq{t Ñ α and gβ,R
px,sq

ptq{t Ñ β when α, β P Q. By (4.27),

α ď lim inf
tÑ8

t´1gptq ď lim sup
tÑ8

t´1gptq ď β.

Sending Q Q α Õ ξ and Q Q β Œ ξ completes the proof of Theorem 4.4.9.

We now define the next full-probability event.

Let Ω2 be the subset of Ω1 on which the following hold. (4.28)

(i) For each integer T P Z and each compact set K Ď R2, there exists ε “ εpξ, T,Kq ą 0
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such that for ξ ´ ε ă α ă ξ ă β ă ξ ` ε and px, yq P K,

Wα�py, T ;x, T q “ Wξ´py, T ;x, T q and Wβ�py, T ;x, T q “ Wξ`py, T ;x, T q. (4.29)

(ii) For each integer T P Z, the set

tξ P R :Wξ´px, T ; 0, T q ‰ Wξ`px, T ; 0, T q for some x P Ru (4.30)

is countably infinite and dense in R.

(iii) For each s ă t P R, x, ξ P R, � P t´,`u, and S P tL,Ru,

lim
ξÑ˘8

gξ�,S
px,sq

ptq “ ˘8. (4.31)

Lemma 4.4.16. PpΩ2q “ 1.

Proof. Recall the distributional equality tWξ`p‚, T ; 0, T quξPR
d
“ tG

?
2

ξ uξPR from Theorem

4.4.3(iii). The fact that (i) holds with probability one is a direct consequence of the

regularity of the SH from 2.5.2(iii). The set (4.30) is countably infinite and dense for all

T P Z by the corresponding properties of G
?
2 from Theorem 2.5.2(iv),(vi).

Now, we prove that (4.31) holds with probability one. By the monotonicity of (4.25),

the limits limξÑ8 gξ�,S
px,sq

ptq and limξÑ´8 gξ�,S
px,sq

ptq exist in R Y t´8,8u. Furthermore, by

this monotonicity, it is sufficient to show that

lim
ξÑ8

gξ´,L
px,sq

ptq “ sup
ξPR

gξ´,L
px,sq

ptq “ 8 and lim
ξÑ´8

gξ`,R
px,sq

ptq “ inf
ξPR

gξ`,R
px,sq

ptq “ ´8. (4.32)

First, we show that (4.32) holds with probability one for a fixed initial point px, sq and

fixed t ą s. It is therefore sufficient to take px, sq “ p0, 0q and then t ą 0. By the

monotonicity, it suffices to take limits over ξ P Q so that by Theorem 4.3.1(iii), the ˘

and L{R distinctions are unnecessary. Wξ�pz, t; 0, tq is a two-sided Brownian motion with

drift 2ξ and diffusivity
?
2, independent of the random function px, yq ÞÑ Lpx, 0; y, tq
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(Theorem 4.4.3(i)). Let B be a standard Brownian motion, independent of L. Using skew

stationarity with c “ ´ξ in the third equality below and time stationarity in the fifth

equality (Lemma B.1.1), we obtain, for ξ P Q,

gξ
px,sq

ptq “ argmax
zPR

tLpx, s; z, tq `Wξpz, t; 0, tqu

d
“ argmax

zPR
tLpx, s; z, tq `

?
2Bpzq ` 2ξzu

d
“ argmax

zPR
tLpx´ ξs, s; z ´ ξt, tq ` 2ξpx´ zq ` pt´ sqξ2 `

?
2Bpzq ` 2ξzu

“ argmax
zPR

tLpx´ ξs, s; z ´ ξt, tq `
?
2pBpzq ´Bpξpt´ sqqqu

d
“ argmax

zPR
tLpx, s; z ´ ξpt´ sq, tq `

?
2Bpz ´ ξpt´ sqqu

“ argmax
zPR

tLpx, s; z, tq `
?
2Bpzqu ` ξpt´ sq

d
“ g0px,sqptq ` ξpt´ sq.

Therefore, @ξ P Q, the distribution of gξ
px,sq

ptq is that of a fixed, almost surely finite,

random variable plus ξpt ´ sq. Since we know limQQξÑ˘8 gξ
px,sq

ptq exists, the limit must

be ˘8 a.s.

Now, consider the intersection of Ω1 with event of probability one on which for each

triple pw, q1, q2q P Q3 with q1 ă q2,

lim
ξÑ`8

gξ´,L
pw,q1q

pq2q “ `8 and lim
ξÑ´8

gξ`,R
pw,q1q

pq2q “ ´8. (4.33)

On this event, let px, s, tq P R3 with s ă t be arbitrary. Assume, by way of contradiction,

that

z :“ sup
ξPR

gξ´,L
px,sq

ptq ă 8, (4.34)

and let g : rs, ts denote the leftmost geodesic from px, sq to pz, tq. For this proof, refer to

Figure 4.3 for clarity. By the assumption (4.34) and the fact that gξ´,L
px,sq

is the leftmost

geodesic between any two of its points (Theorem 4.4.9(iv)), gξ´,L
px,sq

ptq ď gptq for all ξ P R

and t ą s. Let q1 P ps, tq be rational. Choose w P Q such that w ă gpq1q. By continuity of

geodesics, we may choose q2 P pq1, tqXQ to be sufficiently close to t so that |gpq2q´z| ă 1.
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Figure 4.3: The blue/thin path represents gξ´,L
pw,q1q

and the red/thick path represents g.

Next, by (4.33), we may choose positive ξ sufficiently large so that

gξ´,L
pw,q1q

pq2q ą z ` 1 ą gpq2q ě gξ´,L
px,sq

pq2q. (4.35)

Since w ă gpq1q, gξ´,L
pw,q1q

and gξ´,L
px,sq

cross at some pẑ, t̂q with t̂ P pq1, q2q. By Theo-

rem 4.4.9(iii), both gξ´,L
pw,q1q

pq2q and gξ´,L
px,sq

pq2q are the leftmost maximizer of Lpẑ, t̂; y, q2q `

Wξ´py, q2; 0, q2q over y P R, contradicting (4.35). The proof for ξ Ñ ´8 is analogous.

Proof of Theorem 4.4.1(v) (Regularity of the Busemann process). By definition of the

event Ω2 (4.28), for each ξ P R, each integer T and compact set K Ď R2, there is a ε ą 0

so that (4.29) holds for all px, yq P K. Now, let ξ P R, let K be a compact subset of R4,

and let T be an integer greater than suptt_ s : px, s; y, tq P Ku. Let

A :“ inftg
pξ´1q´,L
px,sq

pT q ^ g
pξ´1q´,L
py,tq pT q : px, s; y, tq P Ku, and

B :“ suptg
pξ`1q`,R
px,sq

pT q _ g
pξ`1q`,R
py,tq pT q : px, s; y, tq P Ku.

By (4.25) and Lemma 4.4.13, ´8 ă A ă B ă 8. By additivity (Theorem 4.4.1(ii)) and



161

(4.25), for all px, s; y, tq P K and α P pξ ´ 1, ξ ` 1q,

Wα�px, s; y, tq “ Wα�px, s; 0, T q ´Wα�py, t; 0, T q

“ sup
zPR

tLpx, s; z, T q `Wα�pz, T ; 0, T qu ´ sup
zPR

tLpy, t; z, T q `Wα�pz, T ; 0, T qu

“ sup
zPrA,Bs

tLpx, s; z, T q `Wα�pz, T ; 0, T qu ´ sup
zPrA,Bs

tLpy, t; z, T q `Wα�pz, T ; 0, T qu.

(4.36)

By (4.29), the conclusion follows.

Proof of Theorem 4.4.5 (Description of the discontinuity set). The full

probability event of this theorem is Ω2, except for Item (ii) whose proof is postponed until

Section 4.7.2. The only result that relies on this Item is Theorem 4.2.6, which is proved

afterward.

Item (i) (Monotonicity): By the monotonicity of Theorem 4.4.1(v), and by Lemma

A.1.2, for a ď x ď y ď b,

0 ď Wξ`py, t;x, tq ´Wξ´py, t;x, tq ď Wξ`pb, t; a, tq ´Wξ´pb, t; a, tq. (4.37)

Thus, discontinuities of ξ ÞÑ Wξ�py, t;x, tq are also discontinuities for ξ ÞÑ Wξ�pb, t; a, tq.

Item (iii) (Ξ is a countable dense set): Similarly as in (4.36), if px, s; y, tq P R4, then

for ξ P R, � P t´,`u, and any integer T ą s_ t,

Wξ�px, s; y, tq “ sup
zPR

tLpx, s; z, T q `Wξ�pz, T ; 0, T qu

´ sup
zPR

tLpy, t; z, T q `Wξ�pz, T ; 0, T qu.

(4.38)

So if Wξ´pz, T ; 0, T q “ Wξ`pz, T ; 0, T q @z P R, then Wξ´px, s; y, tq “ Wξ`px, s; y, tq, and

Ξ “
ď

TPZ
tξ P R :Wξ´px, T ; 0, T q ‰ Wξ`px, T ; 0, T q for some x P Ru. (4.39)

On Ω2, Ξ is countably infinite and dense by (4.28). Lemma 4.4.12(i), along with (4.39)

imply that Ξ contains no rational directions ξ. For an arbitrary ξ P R, Wξ´p‚, T ; 0, T q
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and Wξ`p‚, T ; 0, T q are both Brownian motions with the same diffusivity and drift, and

Wξ´py, T ;x, T q ď Wξ`py, T ;x, T q for x ă y by Theorem 4.4.1(iii). By (4.39) and continu-

ity,

Ppξ P Ξq ď
ÿ

TPZ,xPQ
PpWξ´px, T ; 0, T q ‰ Wξ`px, T ; 0, T qq “ 0,

where PpWξ´px, T ; 0, T q ‰ Wξ`px, T ; 0, T qq “ 0 because the two random variables have

the same law and are ordered.

Item (iv) (Ξpp; qq is discrete): The discreteness of the jumps is a direct consequence of

the regularity of the Busemann process from Theorem 4.4.1(v). The fact that Ξpy, t;x, tq

is countably infinite and unbounded on a t-dependent full probability event follows from

Theorem 2.5.2(iv)

4.5 Non-uniqueness of semi-infinite geodesics

Theorem 4.4.9 established global existence of semi-infinite geodesics from each initial point

and into each direction. We know from Theorem 3.3 of [126], recorded earlier in Theorem

4.3.1(iii), that for a fixed initial point and a fixed direction, there almost surely is a unique

semi-infinite geodesic. However, this uniqueness does not extend globally to all initial

points and directions simultaneously.

In fact, two qualitatively different types of non-uniqueness of Busemann geodesics

from a given point into a given direction arise. One is denoted by the L{R distinction

and the other by the ˘ distinction. All semi-infinite geodesics from p in direction ξ lie

between the leftmost Busemann geodesic gξ´,L
p and the rightmost Busemann geodesic

gξ`,R
p . See Theorem 4.5.7(i). We refer the reader back to Figure 4.1 for the two types of

non-uniqueness. The L{R uniqueness is depicted on the left, where geodesics split and

return to coalesce, while the ˘ non-uniqueness is depicted on the right in the figure, where

geodesics split and stay apart, all the way to 8.

The L{R non-uniqueness is a feature of continuous space. Only the ˘ non-uniqueness

appears in the discrete corner growth model with exponential weights, while both L{R
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Figure 4.4: Given the definition of NU and the fact that the geodesics coalesce, this figure shows
two possible configurations for points px, sq P NU. However, due to a recent result of Bhatia [26]
and Dauvergne [45] (recorded as Theorem 4.5.1 below), the configuration depicted on the right does
not appear in the DL. That, is the splitting of geodesics for points in NU must occur immediately
from the initial point.

and ˘ non-uniqueness are present in semi-discrete BLPP [134, 135].

To capture L{R non-uniqueness, we introduce the following random set of initial points.

For ξ P R and � P t´,`u, let NUξ� be the set of points p P R2 such that the ξ� geodesic

from p is not unique. In notational terms,

NUξ� “ tpx, sq P R2 : gξ�,L
px,sq

ptq ă gξ�,R
px,sq

ptq for some t ą su, . (4.40)

Next, let

NU “
Ť

ξPR,�Pt´,`u NU
ξ� . (4.41)

Figure 4.4 illustrates the set NU. Theorem 4.5.2(ii) establishes that, with probability

one, for each ξ P R and � P t´,`u, the restriction of NUξ� to each time level s is countably

infinite. By Theorem 4.6.1(i), on a single event of probability one, for each direction ξ

and sign � P t´,`u, all ξ� geodesics coalesce. Therefore, from each p P NUξ�, two ξ�

geodesics separate but eventually come back together. This coalescence result was first

proven in the author’s joint work with Busani and Seppäläinen [35]. Afterward, Bhatia

[26] gave greater clarity to the set NU. In particular, for a point px, sq P NUξ�, the

splitting of geodesics must occur immediately from the initial point. This follows from the

coalescence we proved in [35] and the following theorem, proved first Bhatia [26] and also
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independently by Dauvergne [45].

Theorem 4.5.1 ([26], Theorem 1 and [45], Lemma 3.3). With probability one, there is no

point px, s; y, tq P R4
Ò
and pairs of distinct geodesics g1, g2 from px, sq to py, tq satisfying,

for some ε ą 0, g1puq “ g2puq for all u P ps, s` εq Y pt´ ε, tq. In words, geodesics cannot

move together, then form bubbles, then move together again. See Figure 4.4.

Since NUξ´ YNUξ` captures only the L{R distinction and not the ˘ distinction, it

does not in general contain all the initial points from which the ξ-directed semi-infinite

geodesic is not unique. However, when the ξ˘ distinction is absent, Theorem 4.5.7(i)

implies that NUξ “ NUξ˘ is exactly the set of points p P R2 such that the semi-infinite

geodesic from p in direction ξ is not unique. This happens under two scenarios: when

ξ R Ξ, and when we restrict attention to the ξ-dependent event of full probability on

which gξ´,S
p “ gξ`,S

p for all p P R2 and S P tL,Ru.

The failure to capture the ˘ non-uniqueness is also evident from the size of NU.

Whenever ξ P Ξ, there are at least two semi-infinite geodesics with direction ξ from every

initial point. But along a fixed time level NU is countable, and thereby a strict subset of

R2 (Theorem 4.5.2(ii) below).

Recall that Hs “ tpx, sq : x P Ru is the set of space-time points at time level s.

Theorem 4.4.5(iii) states that on a single event of full probability, Ξ Ď RzQ, so for ξ P Q,

we can drop the ˘ distinction and write NUξ “ NUξ´ “ NUξ`.

Theorem 4.5.2. On a single event of probability one, the set NU satisfies

NU “
Ť

ξPQNUξ . (4.42)

In particular, the following hold.

(i) For each p P R2, Ppp P NUq “ 0, and the full-probability event of the theorem can be

chosen so that NU contains no points of Q2.

(ii) On a single event of full probability, simultaneously for every s P R, ξ P R and

� P t´,`u, the set NUξ� XHs is countably infinite and unbounded in both directions.
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Specifically, for each s P R, there exist sequences xn Ñ ´8 and yn Ñ `8 such that

pxn, sq, pyn, sq P NUξ�. By (4.42), NUXHs is also countably infinite.

Remark 4.5.3. The set Q can be replaced by any countable dense subset of R, by

adjusting the full-probability event. In all applications in this chapter, we use the set Q.

Remark 4.5.4. As Item (ii) states, the set NU is countably infinite along each horizontal

line. Hence, the set NU is uncountable. Bhatia [26] recently proved that the Hausdorff

dimension of NU is 4
3 .

The next theorem states properties of Busemann geodesics that involve the L{R and

˘ distinctions.

Theorem 4.5.5. The following hold on a single event of full probability.

(i) For s ă t, x P R, ξ1 ă ξ2, and S P tL,Ru,

gξ1´,S
px,sq

ptq ď gξ1`,S
px,sq

ptq ď gξ2´,S
px,sq

ptq ď gξ2`,S
px,sq

ptq.

(ii) Let ξ P R, let K Ď R be a compact set, and let T ą maxK. Then, there exists

a random ε “ εpξ, T,Kq ą 0 such that, whenever ξ ´ ε ă α ă ξ ă β ă ξ ` ε,

� P t´,`u, S P tL,Ru, and x, s P K,

gα�,S
px,sq

ptq “ gξ´,S
px,sq

ptq and gβ�,S
px,sq

ptq “ gξ`,S
px,sq

ptq for all t P rs, T s.

(iii) For each px, sq P R2, t ą s, � P t´,`u, and S P tL,Ru, limξÑ˘8 gξ�,S
px,sq

ptq “ ˘8.

(iv) For all ξ P R, � P t´,`u, s ă t and x ă y, gξ�,R
px,sq

ptq ď gξ�,L
py,sq

ptq. More generally, if

x ă y, s P R, and g1 is a ξ� geodesic from px, sq and g2 is a ξ� geodesic from py, sq

such that g1ptq “ g2ptq for some t ą s, then g1puq “ g2puq for all u ą t. In other

words, if g1 and g2 intersect, they coalesce at their first point of intersection.
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(v) For all ξ P R, � P t´,`u, S P tL,Ru, x P R, and s ă t,

lim
wÕx

gξ�,S
pw,sq

ptq “ gξ�,L
px,sq

ptq, and lim
yŒx

gξ�,S
py,sq

ptq “ gξ�,R
px,sq

ptq, (4.43)

and if gξ�,L
px,sq

ptq “ gξ�,R
px,sq

ptq “: gξ�
px,sq

ptq, then for S P tL,Ru,

lim
pw,uqÑpx,sq

gξ�,S
pw,uq

ptq “ gξ�
px,sq

ptq. (4.44)

Furthermore,

lim
xÑ˘8

gξ�,S
px,sq

ptq “ ˘8. (4.45)

Remark 4.5.6. In general, Theorem 4.5.5(i) cannot be extended to mix L with R. Pick

a point px, sq P NU, where NU is defined as in (4.41). Then, on the full-probability event

of Theorem 4.5.2, there exists a rational direction ξ and t ą s such that

gξ´,L
px,sq

ptq “ gξ`,L
px,sq

ptq ă gξ´,R
px,sq

ptq “ gξ`,R
px,sq

ptq.

By Theorem 4.5.5(ii), we may choose ξ1 ă ξ ă ξ2 sufficiently close to ξ such that

gξ2´,L
px,sq

ptq “ gξ2`,L
px,sq

ptq “ gξ´,L
px,sq

ptq ă gξ`,R
px,sq

ptq “ gξ1´,R
px,sq

ptq “ gξ1`,R
px,sq

ptq.

Item (iv) is an extension of Item 2 of Theorem 3.4 in [126] to all directions and all

pairs of initial points on the same horizontal level. It is not true that for all ξ P R, s ă t,

and x ă y, gξ`,R
px,sq

ptq ď gξ´,L
py,sq

ptq. This is discussed later in Remark 4.6.4.

The next theorem controls all semi-infinite geodesics with Busemann geodesics.

Theorem 4.5.7. The following hold on a single event of probability one. Let

pxr, trqrPRě0 be any net such that tr Ñ 8 and xr{tr Ñ ξ.

(i) Let px, sq P R2 and ξ P R. For each r large enough so that tr ą s, let gr : rs, trs Ñ R
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be a geodesic from px, sq to pxr, trq. Then, for each t ě s,

gξ´,L
px,sq

ptq ď lim inf
rÑ8

grptq ď lim sup
rÑ8

grptq ď gξ`,R
px,sq

ptq. (4.46)

In particular, gξ´,L
px,sq

is the leftmost and gξ`,R
px,sq

the rightmost among all semi-infinite

geodesics from px, sq in direction ξ.

(ii) Let K Ď R2 be compact. Suppose that there is a level t after which all semi-infinite

geodesics from px, sq P K in direction ξ have coalesced. For u ě t, let gpuq be this

geodesic. Then, given T ą t, there exists R P Rą0 such that for r ě R and all

px, sq P K, if gr : rs, trs Ñ R is a geodesic from px, sq to pxr, trq, then

grpuq “ gpuq for all u P rt, T s.

In particular, suppose there is a unique semi-infinite geodesic from px, sq in direction

ξ, denoted by gξ
px,sq

. Then given T ą s, for sufficiently large r, we have

grpuq “ gξ
px,sq

puq for all u P rs, T s.

Remark 4.5.8. Theorem 4.6.1(i) below states that the assumed coalescence in Item (ii)

occurs whenever ξ R Ξ. The second statement of Item (ii) is in Corollary 3.1 in [126]. We

provide a different proof that uses the regularity of the Busemann process.

4.5.1 Proofs

In this section, we prove Theorems 4.5.2, 4.5.5, and 4.5.7. In each of these, the full-

probability event is Ω2 (4.28). We start by proving parts of Theorem 4.5.5, then go to the

proof of Theorem 4.5.2.

Proof of Theorem 4.5.5, Items (i)–(iii). Item (i) (monotonicity of geodesics in the

direction parameter) was already proven as Equation (4.25). In fact, this item holds

on Ω1.
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Item (ii) (geodesics agree locally for close directions): This follows a similar proof

as the proof of Theorem 4.4.1(v). Let K be a compact subset of R, and let T be an integer

greater than maxK. Set

A “ inftg
pξ´1q´,L
px,sq

pT q : x, s P Ku, and B “ suptg
pξ`1q`,R
px,sq

pT q : x, s P Ku.

By Lemma 4.4.13 and Item (i), ´8 ă A ă B ă 8. Then, for all 0 ă ε ă 1 sufficiently

small, all ξ ´ ε ă α ă ξ, and all x, s P K, the functions z ÞÑ Lpx, s; z, T q `Wα�pz, T ; 0, T q

and z ÞÑ Lpx, s; z, tq ` Wξ´pz, T ; 0, T q agree on the set rA,Bs, which contains all maxi-

mizers. Hence, for such α and � P t´,`u, and S P tL,Ru, gα�,S
px,sq

pT q “ gξ´,S
px,sq

pT q. Since

gα�,L
px,sq

: rs,8q Ñ R and gα�,R
px,sq

: rs,8q Ñ R define semi-infinite geodesics that are, re-

spectively, the leftmost and rightmost geodesics between any of their points (Theorem

4.4.9(iii)-(iv)), it must also hold that for S P tL,Ru and t P rt, T s, gα�,S
px,sq

ptq “ gξ´,S
px,sq

ptq.

Otherwise, taking S “ L without loss of generality, there would exist two distinct leftmost

geodesics from px, sq to pgξ´,L
px,sq

pT q, T q, a contradiction. The proof for the ξ` geodesics

where β is sufficiently close to ξ from the right is analogous.

Item (iii) (limit of geodesics as direction goes to ˘8q: This holds on Ω2 by definition

(4.28).

We postpone the proof of Items (iv) and (v) until after the following proof.

Proof of Theorem 4.5.2 (Description of the set NU). By Theorem 4.4.5(ii), on the event

Ω2, α R Ξ for all α P Q, so we omit the ˘ distinction in this case. We first prove (4.42). If

px, sq P NUξ� then gξ�,L
px,sq

ptq ă gξ�,R
px,sq

ptq for some t ą s. By Theorem 4.5.5(ii), there exists

a rational direction α (greater than ξ if � “ ` and less than ξ if � “ ´) such that

gα,L
px,sq

ptq “ gξ�,L
px,sq

ptq ă gξ�,R
px,sq

ptq “ gα,R
px,sq

ptq.

Hence, px, sq P NUα.

Item (i): By Theorem 4.3.1(iii), for fixed direction ξ and fixed initial point p, there is a

unique semi-infinite geodesic from p in direction ξ, implying px, sq R NUξ. The result now
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follows directly from (4.42) and a union bound. In particular, by definition of the event

Ω1 Ą Ω2 (4.12), for each pq, rq P Q2 and ξ P Q, pq, rq R NUξ. Then, by (4.42), on the event

Ω2, NU Ď R2zQ2.

We postpone the proof of Item (ii) until the end of this subsection.

Remaining proofs of Theorem 4.5.5. Item (iv) (Spatial monotonicity of geodesics):

We first prove a weaker result. Namely, for s P R, x ă y, ξ P R, � P t´,`u, and

S P tL,Ru,

gξ�,S
px,sq

ptq ď gξ�,S
py,sq

ptq for all t ě s. (4.47)

By continuity of geodesics, it suffices to assume that z :“ gξ�,L
px,sq

ptq “ gξ�,L
py,sq

ptq for some

t ą s, and then show that gξ�,L
px,sq

puq “ gξ�,L
py,sq

puq for all u ą t. By Theorem 4.4.9(iii),

if z :“ gξ�,S
px,sq

ptq “ gξ�,S
py,sq

ptq, then for u ą t, both gξ�,L
px,sq

puq and gξ�,L
py,sq

puq are the leftmost

maximizer of Lpz, t;w, uq `Wξ�pw, u; 0, uq over w P R, so they are equal.

Now, to prove the stated result, we follow a similar argument as Item 2 of Theorem

3.4 in [126], adapted to give a global result across all direction, signs, and pairs of points

along the same horizontal line. Let g1 be a ξ� geodesic from px, sq and let g2 be a ξ�

geodesic from py, sq, and assume that g1ptq “ g2ptq for some t ą s. By continuity of

geodesics, we may take t to be the minimal such time. Choose r P ps, tq X Q and then

choose q P pg1prq, g2prqq X Q. See Figure 4.5. By Theorem 4.5.2(i), on the event Ω2, there

is a unique ξ� Busemann geodesic from pq, rq, which we shall call g “ gξ�,L
pq,rq

“ gξ�,R
pq,rq

. For

u ě r,

g1puq ď gξ�,R
px,sq

puq ď gpuq ď gξ�,L
py,sq

puq ď g2puq. (4.48)

The two middle inequalities come from (4.47). The two outer inequalities come from the

definition of g
ξ�,L{R
px,sq

puq as the left and rightmost maximizers.

By assumption and (4.48), z :“ g1ptq “ gptq “ g2ptq. By Theorem 4.4.9(ii)(c), for

u ą t, g1puq, g2puq, and gpuq are all maximizers of Lpz, t;w, uq ` Wξ�pw, u; 0, uq over

w P R. However, since there is a unique ξ� geodesic from pq, rq, there can be only one

such maximizer, so the inequalities in (4.48) are equalities for u ě t.
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Figure 4.5: Choosing a point pq, rq P Q2 whose ξ� geodesic is unique

Item (v) (limits of geodesics in the spatial parameter): We start by proving (4.43).

We prove the statement for the limits as w Õ x, and the limits as w Œ x follow analogously.

By Item (iv), z :“ limwÕx g
ξ�,S
pw,sq

ptq exists and is less than or equal to gξ�,L
px,sq

ptq. Further, by

the same monotonicity, for all w P rx´ 1, xs, all maximizers of Lpw, s; y, tq `Wξ�py, t; 0, tq

over y P R lie in the common compact set rgξ�,L
px´1,sq

ptq, gξ�,R
px,sq

ptqs. By continuity of the

directed landscape (Lemma B.1.2), as w Õ x, the function y ÞÑ Lpw, s; y, tq`Wξ�py, t; 0, tq

converges uniformly on compact sets to the function y ÞÑ Lpx, s; y, tq ` Wξ�py, t; 0, tq.

Hence, Lemma A.1.3 implies that z is a maximizer of Lpx, s; y, tq ` Wξ�py, t; 0, tq over

y P R. Since z ď gξ�,L
px,sq

ptq, and gξ�,L
px,sq

ptq is the leftmost such maximizer, equality holds.

The proof of (4.44) is similar: in this case, Lemma 4.4.13 implies that for all pw, uq

sufficiently close to px, sq, the maximizers of y ÞÑ Lpw, u; y, tq ` Wξ�py, t; 0, tq lie in a

common compact set. Then, by Lemma A.1.3, every subsequential limit of gξ�,S
pw,uq

ptq as

pw, uq Ñ px, sq is a maximizer of y ÞÑ Lpx, s; y, tq ` Wξ�py, t; 0, tq. By assumption, there

is only one such maximizer, so the desired convergence holds.

Lastly, to show (4.45), we recall that the Busemann process evolves as the KPZ

fixed point (Theorem 4.4.1(iv)). The Busemann functions are continuous and satisfy

the asymptotics prescribed in Lemma 4.4.12(iv). Therefore, for each t, ξ, and �, there

exists constants a, b ą 0 so that |Wξ�px, t; 0, tq| ď a ` b|x|. Lemma 3.5.3(iii) applied

to the temporally reflected version of L states that for sufficiently large |x|, gξ�,S
px,sq

ptq P

px´ |x|2{3, x` |x|2{3q.

Proof of Theorem 4.5.7. We remind the reader that this theorem controls arbitrary
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geodesics via the Busemann geodesics.

Item (i): Let α ă ξ ă β. By directedness of Busemann geodesics (Theorem 4.4.9(iii))

and the assumption xr{rr Ñ ξ, for all sufficiently large r,

gα´,L
px,sq

ptrq ă xr ă gβ`,R
px,sq

ptrq.

Since gα´,L
px,sq

is the leftmost geodesic between any of its points and gβ`,R
px,sq

is the rightmost

(Theorem 4.4.9(iv)), it follows that for u P rs, trs,

gα´,L
px,sq

puq ď grpuq ď gβ`,R
px,sq

puq. (4.49)

Hence, for all t ě s,

gα´,L
px,sq

ptq ď lim inf
rÑ8

grptq ď lim sup
rÑ8

grptq ď gβ`,R
px,sq

ptq.

By Theorem 4.5.5(ii), taking limits as α Õ ξ and β Œ ξ completes the proof.

Item (ii): Assume that all geodesics in direction ξ, starting from a point in the compact

set K, have coalesced by time t, and for u ě t, let gpuq be the spatial location of this

common geodesic. By Item (i), for all p P K and u ě t,

gpuq “ gξ´,L
p puq “ gξ`,R

p puq.

Let T ą t be arbitrary. By Theorem 4.5.5(ii), we may choose α ă ξ ă β such that, for all

p P K and u P rt, T s,

gα´,L
pgptq,tqpuq “ gα´,L

p puq “ gpuq “ gβ`,R
p puq “ gβ`,R

pgptq,tqpuq. (4.50)

The outer equalities hold because the geodesics pass through pgptq, tq. With this choice of

α, β, by the directedness of Theorem 4.4.9(iii) and since xr{tr Ñ ξ, we may choose r large

enough so that tr ě T and gα´,L
pgptq,tqptrq ă xr ă gβ`,R

pgptq,tqptrq. Then, as in the proof of Item
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(i), for all u P rt, trs,

gα´,L
pgptq,tqpuq ď grpuq ď gβ`,R

pgptq,tqpuq.

Combining this with (4.50) completes the proof.

It remains to prove Theorem 4.5.2(ii). We first prove a lemma.

Lemma 4.5.9. Let ω P Ω2, ξ P R, � P t´,`u, Q Q s ă t P R, and assume that there

is a nonempty interval I “ pa, bq Ď R such that for all x P Q, gξ�
px,sq

ptq R I (By Theorem

4.5.2(i), we may ignore the L{R distinction when px, sq P Q2). Then, there exists x̂ P R

such that

gξ�,L
px̂,sq

ptq ď a ă b ď gξ�,R
px̂,sq

ptq. (4.51)

Proof. Choose some y P pa, bq, and let

x̂ “ suptx P Q : gξ�
px,sq

ptq ă yu.

By Equation (4.45) of Theorem 4.5.5(v), x̂ P R. By the monotonicity of Theorem 4.5.5(iv),

for all Q Q x ă x̂, gξ�
px,sq

ptq ă y, while for all Q Q x ą x̂, gξ�
px,sq

ptq ě y. By assumption of the

lemma, this further implies that for Q Q x ă x̂, gξ�
px,sq

ptq ď a while for Q Q x ą x̂, gξ�
px,sq

ptq ě

b. By taking limits via Equation (4.43) of Theorem 4.5.5(v), we obtain (4.51).

Proof of Theorem 4.5.2(ii) (NUξ� XHs is countably infinite and unbounded). We prove

the statement in three steps. First, we show that on Ω2, for all s P Q, ξ P R, � P t´,`u,

the set NUξ� XHs is infinite and unbounded in both directions. Next, we show that, on

Ω2, NUξ� XHs is in fact infinite and unbounded in both directions for all s P R. Lastly,

we show that the set NUXHs (the union over all directions and signs) is countable.

For the first step, Theorem 4.5.2(i) states that, on the event Ω2, for each px, sq P Q2,

ξ P R, and � P t´,`u, there is a unique ξ� geodesic gξ�
px,sq

, and therefore this geodesic is

both the leftmost and rightmost ξ� geodesic from px, sq. Since leftmost (resp. rightmost)

Busemann geodesics are leftmost (rightmost) geodesics between any two of their points

(Theorem 4.4.9(iv)), it follows that gξ�
px,sq

, restricted to times t P rs, s ` 2s, is the unique
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geodesic from px, sq to pgξ�
px,sq

ps ` 2q, s ` 2q. By Lemma 4.4.13, for each compact set K,

the set

tgξ�
px,sq

ps` 1q : x P Q XKu

is contained in some compact set K 1. Then, we have the following inclusion of sets:

tgξ�
px,sq

ps` 1q : x P Q XKu Ď
ď

gPAK,K1

tgps` 1qu (4.52)

where

AK,K1 “ tg : g is the unique geodesic from px, sq to py, s` 2q for some x P K, y P K 1u.

By Lemma B.2.5, the set in the RHS of (4.52) is finite, so the set on the LHS is finite as

well. Therefore, the set

tgξ�
px,sq

ps` 1q : x P Qu “
č

kPZą0

tgξ�
px,sq

ps` 1q : x P Q X r´k, ksu (4.53)

is a union of finite nested sets. Further, by the ordering of geodesics from Theorem

4.5.5(iv), for each k, the difference

tgξ�
px,sq

ps` 1q : x P Q X r´pk ` 1q, k ` 1suztgξ�
px,sq

ps` 1q : x P Q X r´k, ksu

lies entirely in the union of intervals

´

´8, inf
␣

gξ�
px,sq

ps` 1q : x P Q X r´k, ks
(

ı

Y

”

sup
␣

gξ�
px,sq

ps` 1q : x P Q X r´k, ks
(

,8
¯

.

Therefore, the set (4.53) has no limit points. Further, by Equation (4.45) of Theorem

4.5.5(v), the set (4.53) is unbounded in both directions. These two facts imply that there

exist infinitely many disjoint nonempty intervals whose intersection with the set (4.53)

is empty, and the set of endpoints of such intervals is unbounded. By Lemma 4.5.9,

for each k ą 0, there exists px, sq P NUξ� such that gξ�,R
px,sq

ps ` 1q ě k, and there exists
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px, sq P NUξ� such that gξ�,L
px,sq

ps ` 1q ď ´k. Next, assume, by way of contradiction, that

the set tx P R : px, 0q P NUξ�u has an upper bound b. Then, by the monotonicity of

Theorem 4.5.5(iv), for all x P R with px, sq P NUξ�, gξ�,R
px,sq

ps ` 1q ď gξ�,R
pb,sq

ps ` 1q. But this

contradicts the fact we showed that tgξ�,R
px,sq

ps ` 1q : x P Ru is not bounded above. Hence,

there exists a sequence yn Ñ 8 such that pyn, sq P NUξ� for all n. By a similar argument,

there exists a sequence xn Ñ ´8 such that pxn, sq P NUξ� for all n.

Now, for arbitrary s P R, pick a rational number T ą s. Pick pz, T q P NUξ�, and let

x1 “ suptx P R : gξ�,L
px,sq

pT q ď zu, and x2 “ inftx P R : gξ�,R
px,sq

pT q ě zu.

By the limits in Equation (4.45) of Theorem 4.5.5(v), x1 and x2 lie in R.

We first show that x2 ď x1. If not, then choose x P px1, x2q. Then, gξ�,R
px,sq

pT q ă

z ă gξ�,L
px,sq

pT q, contradicting the meaning of L and R. Hence x2 ď x1. For any x ą x2,

gξ�,R
px,sq

pT q ě z, and by the limit in Equation (4.43) of Theorem 4.5.5(v), gξ�,R
px2,sq

pT q ě z as

well. By an analogous argument, for x ă x1, g
ξ�,L
px,sq

pT q ď z, and the inequality gξ�,L
px1,sq

pT q ď

z holds by the same argument. Hence, for x P rx2, x1s,

gξ�,L
px,sq

pT q ď z, and gξ�,R
px,sq

pT q ě z.

Then, by the monotonicity of Theorem 4.5.5(iv), for t ě T ,

gξ�,L
px,sq

ptq ď gξ�,L
pz,T q

ptq ď gξ�,R
pz,T q

ptq ď gξ�,R
px,sq

ptq. (4.54)

By assumption that pz, T q P NUξ�, there exists t ą T such that the middle inequality in

(4.54) is strict, so px, sq P NUξ�. Furthermore, by assumption, the set tz P R : pz, T q P NUu

has neither an upper or lower bound. Then, by the t “ T case of (4.54) and a similar

argument as for the s “ 0 case, the set tx P R : px, sq P NUu also has neither an upper nor

lower bound.

We lastly show countability of the sets. By (4.42), it suffices to show that for each

ξ P Q and s P R, NUξ XHs is countable. The proof is that of Theorem 3.4, Item 3 in
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[126], adapted to all horizontal lines simultaneously. For each px, sq P NUξ, there exists

t ą s such that gξ,L
px,sq

ptq ă gξ,R
px,sq

ptq. By continuity of geodesics, the space between the two

geodesics contains an open subset of R2. By the monotonicity of Theorem 4.5.5(iv), for

x ă y, gξ,R
px,sq

ptq ď gξ,L
py,sq

ptq for all t ě s. Hence, for x ă y, with px, sq, py, sq P NUξ, the

associated open sets in R2 are disjoint, and NUξ XHs is at most countably infinite.

4.6 Coalescence and the global geometry of geodesics

We can now describe the global structure of the semi-infinite geodesics, beginning with

coalescence.

Theorem 4.6.1. On a single event of full probability, the following hold across all direc-

tions ξ P R and signs � P t´,`u.

(i) For all p, q P R2, if g1 and g2 are ξ� Busemann geodesics from p and q, respectively,

then g1 and g2 coalesce. If the first point of intersection of the two geodesics is not p

or q, then the first point of intersection is the coalescence point of the two geodesics.

(ii) Let g1 and g2 be two distinct ξ� Busemann geodesics from an initial point px, sq P

NUξ�. Then, the set tt ą s : g1ptq ‰ g2ptqu is a bounded open interval. That is,

after the geodesics split, they coalesce exactly when they meet again.

(iii) For each compact set K Ď R2, there exists a random T “ T pK, ξ,�q ă 8 such that

for any two ξ� geodesics g1 and g2 whose starting points lie in K, g1ptq “ g2ptq for

all t ě T . That is, there is a time level T after which all semi-infinite geodesics

started from points in K have coalesced into a single path.

Remark 4.6.2. Theorem 1 of [26] implies the following refinements of the results in this

section. In Theorem 4.6.1(ii), tt ą s : g1ptq ‰ g2ptqu “ ps, rq for some r P ps,8q. Under

Condition (i) of Theorem 4.6.3 below, the entire collection of semi-infinite geodesics in

direction ξ is a tree.

The following gives a full classification of the directions in which geodesics coalesce. We
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refer the reader to Theorems 4.6.8 and 4.6.9 below for the connection between coalescence

and the regularity of the Busemann process.

Theorem 4.6.3. On a single event of probability one, the following are equivalent.

(i) ξ R Ξ.

(ii) gξ´,S
p “ gξ`,S

p for all p P R2 and S P tL,Ru.

(iii) All semi-infinite geodesics in direction ξ coalesce (whether Busemann geodesics or

not).

(iv) For all p P R2zNU, there is a unique geodesic starting from p with direction ξ.

(v) There is a unique ξ-directed semi-infinite geodesic from some p P R2.

(vi) There exists p P R2 such that gξ´,L
p “ gξ`,L

p .

(vii) There exists p P R2 such that gξ´,R
p “ gξ`,R

p

Under these equivalent conditions, the following also holds.

(viii) From any p P R2, all semi-infinite geodesics in direction ξ are Busemann geodesics.

Remark 4.6.4. The equivalence (i)ô(vi) implies that @ξ P Ξ and p P R2, geodesics gξ´,L
p

and gξ`,L
p are distinct. The same is true when L is replaced with R. Since gξ´,L

p and gξ`,L
p

are both leftmost geodesics between any two of their points (Theorem 4.4.9(iv)) then if

ξ P Ξ, these two geodesics must separate at some time t ě s, and they cannot ever come

back together. For each ξ P Ξ, there are two coalescing families of geodesics, namely the

ξ´ and ξ` geodesics. (See again Figure 4.1.) In particular, whenever ξ P Ξ, s P R, and

x ă y, gξ`,L
px,sq

ptq ą gξ´,R
py,sq

ptq for sufficiently large t, as alluded to in Remark 4.5.6.

4.6.1 Proofs

In each of these theorems, the full-probability event is Ω2 (4.28). We start by proving

some lemmas that allow us to prove Theorem 4.6.1. The proof of Theorem 4.6.3 comes
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at the very end of this subsection. Section 4.7.1 proves Theorem 4.2.1 as well as lingering

results from Section 4.4.

Lemma 4.6.5. Let ω P Ω1, s P R and x ă y P R. Assume, for some α ă ξ and

�1,�2 P t´,`u, that Wα�1py, s;x, sq “ Wξ�2py, s;x, sq. We also allow α “ ξ if �1 “ ´

and �2 “ `. If t ą s and gξ�2,R
px,sq

ptq ď gα�1,L
py,sq

ptq, then for all u P rs, ts,

gα�1,R
px,sq

puq “ gξ�2,R
px,sq

puq and gα�1,L
py,sq

puq “ gξ�2,L
py,sq

puq. (4.55)

Proof. By assumption, whenever w ă z and t P R, Theorem 4.4.1(iii) gives

Wα�1pz, t;w, tq ď Wξ�2pz, t;w, tq. (4.56)

For the rest of the proof, we suppress the �1,�2 notation. By Theorem 4.4.1(ii),(iv),

Wξpy, s;x, sq “ Wξpy, s; 0, tq ´Wξpx, s; 0, tq

“ sup
zPR

tLpy, s; z, tq `Wξpz, t; 0, tqu ´ sup
zPR

tLpx, s; z, tq `Wξpz, t; 0, tqu, (4.57)

and the same with ξ replaced by α. Recall that gξ�,L
px,sq

ptq and gξ�,R
px,sq

ptq are, respectively, the

leftmost and rightmost maximizers of Lpx, s; z, tq `Wξ�pz, t; 0, tq over z P R. Understand-

ing that these quantities depend on s and t, we use the shorthand notation gξ,Rx “ gξ�1,R
px,sq

ptq,

and similarly with the other quantities. Then, we have

Lpx, s; gξ,Rx , tq `Wξpgξ,Rx , t; 0, tq ´ pLpx, s; gξ,Rx , tq `Wαpgξ,Rx , t; 0, tqq

ě sup
zPR

tLpx, s; z, tq `Wξpz, t; 0, tqu ´ sup
zPR

tLpx, s; z, tq `Wαpz, t; 0, tqu (4.58)

“ sup
zPR

tLpy, s; z, tq `Wξpz, t; 0, tqu ´ sup
zPR

tLpy, s; z, tq `Wαpz, t; 0, tqu

ě Lpy, s; gα,Ly , tq `Wξpgα,Ly , t; 0, tq ´ pLpy, s; gα,Ly , tq `Wαpgα,Ly , t; 0, tqq, (4.59)

where the middle equality came from the assumption that Wξpy, s;x, sq “ Wαpy, s;x, sq
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and Equation (4.57) applied to both ξ and α. Rearranging the first and last lines yields

Wξpgα,Ly , t; gξ,Rx , tq ď Wαpgα,Ly , t; gξ,Rx , tq.

However, the assumption gξ,Rx ď gα,Ly combined with (4.56) implies that this inequality is

an equality. Hence, inequalities (4.58) and (4.59) are also equalities. From the equality

(4.58),

Lpx, s; gξ,Rx , tq `Wαpgξ,Rx , t; 0, tq “ sup
zPR

tLpx, s; z, tq `Wαpz, t; 0, tqu,

so z “ gξ,Rx is a maximizer of Lpx, s; z, tq`Wαpz, t; 0, tq. By definition, gα,Rx is the rightmost

maximizer, and by geodesic ordering (Theorem 4.5.5(i)), gξ,Rx ě gα,Rx , so gξ,Rx “ gα,Rx . An

analogous argument applied to (4.59) implies gα,Ly “ gξ,Ly . We have shown that

gα�1,R
px,sq

ptq “ gξ�2,R
px,sq

ptq, and gα�1,L
py,sq

ptq “ gξ�2,L
py,sq

ptq.

Since gα�1,R
px,sq

and gξ�2,R
px,sq

are both the rightmost geodesics between any two of their points

and similarly with the leftmost geodesics from py, sq (Theorem 4.4.9(iv)), Equation (4.55)

holds for all u P rs, ts, as desired.

Lemma 4.6.6. Let ω P Ω2, s P R, and x ă y. If, for some α ă ξ and �1,�2 P t´,`u

we have that Wα�1py, s;x, sq “ Wξ�2py, s;x, sq, then gα�1,R
px,sq

coalesces with gα�1,L
py,sq

, gξ�2,R
px,sq

coalesces with gξ�2,L
py,sq

, and the coalescence points of the two pairs of geodesics are the same.

Proof. By Theorem 4.4.9(iii), gξ�2,R
px,sq

ptq{t Ñ ξ while gα�1,L
py,sq

ptq{t Ñ α as t Ñ 8. By this

and continuity of geodesics, there exists a minimal time t ą s such that

z :“ gξ�2,R
px,sq

ptq “ gα�1,L
py,sq

ptq. By Lemma 4.6.5,

gα�1,R
px,sq

puq “ gξ�2,R
px,sq

puq and gα�1,L
py,sq

puq “ gξ�2,L
py,sq

puq for all u P rs, ts.

Since t was chosen to be minimal, Theorem 4.5.5(iv) implies that the pair gα�1,R
px,sq

, gα�1,L
py,sq

and the pair gξ�2,R
px,sq

, gξ�2,L
py,sq

both coalesce at pz, tq.
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Proof of Theorem 4.6.1. Item (i) (Coalescence): Let g1 and g2 be ξ� Busemann

geodesics from px, sq and py, tq, respectively, and take s ď t without loss of generality. Let

a “ pg1ptq ^ yq ´ 1 and b “ pg1ptq _ yq ` 1. By Theorem 4.5.5(iv), for all u ě t,

gξ�,R
pa,tq puq ď g1puq ^ g2puq ď g1puq _ g2puq ď gξ�,L

pb,tq puq. (4.60)

By Theorem 4.4.1(v), there exists α, sufficiently close to ξ, (from the left for � “ ´ and

from the right for � “ `) such that Wξ�pb, t; a, tq “ Wα�pb, t; a, tq. By Lemma 4.6.6, gξ�,R
pa,tq

coalesces with gξ�,L
pb,tq . Then, for u large enough, all inequalities in (4.60) are equalities, and

g1 and g2 coalesce.

If the first point of intersection is not py, tq, then g1ptq ‰ y, and the coalescence point

of g1 and g2 is the first point of intersection by Theorem 4.5.5(iv).

Item (ii) (Geodesics coalesce when they meet): Let px, sq P NUξ�, and let g1 and

g2 be two distinct ξ� Busemann geodesics from px, sq. The set GNEQ :“ tt ą s : g1ptq ‰

g2ptqu is therefore nonempty and infinite by continuity of g1 and g2. Assume, by way of

contradiction, that GNEQ is not an open interval. By continuity of geodesics, GNEQ

cannot be a closed or half-closed interval, so GNEQ is not path connected. Thus, there

exists t1 ă t2 ă t3 so that

g1pt1q ‰ g2pt1q, g1pt2q “ g2pt2q, and g1pt3q ‰ g2pt3q.

The geodesics g1|rt1,8q and g2|rt1,8q started from pg1pt1q, t1q and pg2pt1q, t1q, respectively,

are both Busemann geodesics by their construction in Theorem 4.4.9. Since the geodesics

g1|rt1,8q and g2|rt1,8q start at different spatial locations (namely g1pt1q and g2pt1q) along

the same time level t1, they cannot intersect at either of their starting points. By Item (i),

the two geodesics g1|rt1,8q and g2|rt1,8q must coalesce, and the first point of intersection is

the coalescence point. Since g1pt2q “ g2pt2q, this implies that g1ptq “ g2ptq for all t ą t2,

a contradiction to the existence of t3.
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Item (iii) (Uniformity of coalescence): Let ξ P R, � P t´,`u, and let the compact

set K be given. Let S be the smallest integer greater than maxts : px, sq P Ku. Set

A :“ inftgξ�,L
px,sq

pSq : px, sq P Ku, and B :“ suptgξ�,R
px,sq

pSq : px, sq P Ku.

By Lemma 4.4.13, ´8 ă A ď B ă 8. Then, by Theorem 4.5.5(iv), whenever g is a ξ�

geodesic starting from px, sq P K,

gξ�,L
pA,Sq

ptq ď gptq ď gξ�,R
pB,Sq

ptq for all t ě S.

To complete the proof, let T be the time at which gξ�,L
pA,Sq

and gξ�,R
pB,Sq

coalesce, which is

guaranteed to be finite by Item (i).

For two initial points on a horizontal level, as ξ varies, a constant Busemann process

corresponds to a constant coalescence point of the geodesics. The non-uniqueness of

geodesics requires us to be careful about the choice of left and right geodesic.

Definition 4.6.7. For s P R and x ă y, let zξ�py, s;x, sq be the coalescence point of gξ�,L
py,sq

and gξ�,R
px,sq

.

Theorem 4.6.8. On a single event of probability one, for all reals α ă β, s, and x ă y,

the following are equivalent.

(i) Wα`py, s;x, sq “ Wβ´py, s;x, sq.

(ii) zα`py, s;x, sq “ zβ´py, s;x, sq.

(iii) There exist t ą s and z P R such that there are paths g1 : rs, ts Ñ R (connecting

px, sq and pz, tq) and g2 : rs, ts Ñ R (connecting py, sq to pz, tq) such that for all

ξ P pα, βq, � P t´,`u, and u P rs, tq,

g1puq “ gξ�,R
px,sq

puq “ gα`,R
px,sq

puq “ gβ´,R
px,sq

puq

ă g2puq “ gξ�,L
py,sq

puq “ gα`,L
py,sq

puq “ gβ´,L
py,sq

puq.

(4.61)
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Proof. (i)ñ(ii) follows from Lemma 4.6.6.

(ii)ñ(i): Assume pz, tq :“ zα`py, s;x, sq “ zβ´py, s;x, sq.

By additivity (Theorem 4.4.1(ii)) and Theorem 4.4.9(iii),

Wα`py, s;x, sq “ Wα`py, s; z, tq ´Wα`px, s; z, tq

“ Lpy, s; z, tq ´ Lpx, s; z, tq

“ Wβ´py, s; z, tq ´Wβ´px, s; z, tq “ Wβ´py, s;x, sq.

(ii)ñ(iii): Let pz, tq be as in the proof of (ii)ñ(i). By Theorem 4.4.9(iv), the restriction of

gα`,R
px,sq

and gβ´,R
px,sq

to the domain rs, ts are both rightmost geodesics between px, sq and pz, tq,

and therefore they agree on this restricted domain. Similarly, gα`,L
py,sq

and gβ´,L
py,sq

agree on

the domain rs, ts. By the monotonicity of Theorem 4.5.5(i), and since pz, tq is the common

coalescence point, (4.61) holds for u P rs, tq, as desired.

(iii)ñ(ii) is immediate.

Theorem 4.6.9. On a single event of probability one, for all reals s, ξ P R, and x ă y,

the following are equivalent.

(i) Wξ´py, s;x, sq “ Wξ`py, s;x, sq.

(ii) zξ´py, s;x, sq “ zξ`py, s;x, sq.

(iii) gξ´,R
px,sq

ptq “ gξ`,L
py,sq

ptq for some t ą s, i.e., the paths gξ´,R
px,sq

and gξ`,L
py,sq

intersect.

Remark 4.6.10. In Item (iii), if ξ P Ξ, then despite intersecting, the geodesics gξ´,R
px,sq

and

gξ`,L
py,sq

cannot coalesce. This follows from Theorem 4.6.3, which gives a full classification

of the directions in which all semi-infinite geodesics coalesce.

Proof of Theorem 4.6.9. (i)ñ(ii): If Wξ´py, s;x, sq “ Wξ`py, s;x, sq, then

Theorem 4.4.1(v) implies that for some α ă ξ ă β,Wα`py, s;x, sq “ Wβ´py, s;x, sq. Then,

we apply (i)ñ(iii) of Theorem 4.6.8 to conclude that for some t ą s and z P R,

gξ´,R
px,sq

puq “ gξ`,R
px,sq

puq ă gξ´,L
py,sq

puq “ gξ`,L
py,sq

puq, for u P rs, tq,
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whereas for u “ t, all terms above equal some common value z. Therefore, pz, tq “

zξ´py, s;x, sq “ zξ`py, s;x, sq.

(ii)ñ(i): Similarly as in the proof of (ii)ñ(i) of Theorem 4.6.8, if pz, tq “ zξ´py, s;x, sq “

zξ`py, s;x, sq, then Wξ´py, s;x, sq “ Lpy, s; z, tq ´ Lpx, s; z, tq “ Wξ`py, s;x, sq.

(ii)ñ(iii): Assume pz, tq “ zξ´py, s;x, sq “ zξ`py, s;x, sq. Then, gξ´,R
px,sq

ptq “ z “ gξ`,L
py,sq

ptq.

(iii)ñ(ii): Assume that gξ´,R
px,sq

ptq “ gξ`,L
py,sq

ptq for some t ą s. Let t be the minimal such

time, and let pz, tq be the point where the geodesics first intersect. By Theorem 4.5.5,

Items (i) and (iv), for u ą s,

gξ´,R
px,sq

puq ď gξ`,R
px,sq

puq ^ gξ´,L
py,sq

puq ď gξ`,R
px,sq

puq _ gξ´,L
py,sq

puq ď gξ`,L
py,sq

puq. (4.62)

In particular, when u “ t, all inequalities in (4.62) are equalities. Further, since gξ´,R
px,sq

,gξ`,R
px,sq

are rightmost geodesics between px, sq and pz, tq (Theorem 4.4.9(iv)), gξ´,R
px,sq

puq “ gξ`,R
px,sq

puq

for u P rs, ts. Similarly, gξ´,L
py,sq

puq “ gξ`,L
py,sq

puq for u P rs, ts. Since t was chosen minimally

for gξ´,R
px,sq

ptq “ gξ`,L
py,sq

ptq, we have pz, tq “ zξ´py, s;x, sq “ zξ`py, s;x, sq.

Proof of Theorem 4.6.3 (Classification of directions). (i)ñ(ii): If ξ R Ξ, then Wξ´ “

Wξ`, so (ii) follows by the construction of the Busemann geodesics from the Busemann

functions.

(ii)ñ(iii): Since a geodesic in direction ξ from px, sq must pass through each horizontal

level t ą s, it is sufficient to show that, for s P R and x ă y, whenever g1 is a semi-infinite

geodesic from px, sq in direction ξ and g2 is a semi-infinite geodesic from py, sq in direction

ξ, g1 and g2 coalesce. Assuming (ii) and using Theorem 4.5.7(i), for all t ą s,

gξ`,L
px,sq

ptq “ gξ´,L
px,sq

ptq ď g1ptq ^ g2ptq ď g1ptq _ g2ptq ď gξ`,R
py,sq

ptq.

By Theorem 4.6.1(i), gξ`,L
px,sq

and gξ`,R
py,sq

coalesce, so all inequalities above are equalities for

large t, and g1 and g2 coalesce.

(iii)ñ(i): We prove the contrapositive. If ξ P Ξ, then by Theorem 4.4.1(iii)-(iv),

Wξ´py, s;x, sq ă Wξ`py, s;x, sq for some x ă y and s P R. By (i)ô(iii) of Theorem 4.6.9,
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gξ´,R
px,sq

ptq ă gξ`,L
py,sq

ptq for all t ą s. In particular, gξ´,R
px,sq

and gξ`,L
py,sq

do not coalesce.

(ii)ñ(iv): By definition of NU, whenever p R NU, gξ�,L
p “ gξ�,R

p for ξ P R and � P t´,`u.

Hence, assuming p R NU and gξ´,R
p “ gξ`,R

p , we also have gξ´,L
p “ gξ`,R

p , so there is a

unique geodesic from p in direction ξ by Theorem 4.5.7(i).

(iv)ñ(v): By Theorem 4.5.2(i), on the event Ω2, NU contains no points of Q2, and

therefore, NU is not all of R2.

(v)ñ(vi) and (v)ñ(vii) are direct consequences of Theorem 4.5.7(i): If there is a unique

semi-infinite geodesic in direction ξ from a point p P R2, then gξ´,L
p “ gξ`,L

p “ gξ´,R
p “

gξ`,R
p .

(vi)ñ(ii): Let p be a point from which gξ´,L
p “ gξ`,L

p , and call this common geodesic g.

Let q be an arbitrary point in R2. By Theorem 4.6.1(i), gξ´,L
q , gξ`,L

q , gξ´,R
q , and gξ`,R

q

each coalesce with g, so gξ´,L
q and gξ`,L

q coalesce. Since both geodesics are the leftmost

geodesics between their points by Theorem 4.4.9(iv), they must be the same. Similarly,

gξ´,R
q “ gξ`,R

q .

(vii)ñ(ii): follows by the same proof.

Item (viii): Let ξ P RzΞ, and let g be a semi-infinite geodesic in direction ξ, starting from

a point px, sq P R2. By Lemma 4.4.14 and Theorem 4.4.9(ii), it is sufficient to show that

for sufficiently large t,

Lpx, s; gptq, tq “ Wξpx, s; gptq, tq. (4.63)

(we dropped the ˘ distinction since Wξ´ “ Wξ`). By Item (iii), g coalesces with gξ,R
px,sq

.

Then, for sufficiently large t, gptq “ gξ,R
px,sq

ptq and by Theorem 4.4.9(iii), (4.63) holds.
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4.7 Remaining proofs from Section 4.4 and the proofs of the

main theorems

In this section, we complete the unfinished business of the chapter. In Section 4.7.1, we

start by proving Items (vi)–(viii) of Theorem 4.4.1 and mixing in Theorem 4.4.3(ii). Then,

we prove the first main theorem of the chapter, namely Theorem 4.2.1. In Section 4.7.2,

we prove Theorems 4.4.5(ii) and 4.2.6, along with some necessary lemmas.

4.7.1 Proof of Theorem 4.2.1 and related results

Proof of Items (vi)–(viii) of Theorem 4.4.1 and mixing in Theorem 4.4.3(ii). We

continue to work on Ω2.

Item (vi) of Theorem 4.4.1 (Busemann limits I): By Theorem 4.6.3(viii), if ξ R Ξ,

all ξ-directed semi-infinite geodesics are Busemann geodesics, and they all coalesce. By

Theorem 4.6.1(iii), there exists a level T such that all geodesics from points starting in

the compact set K have coalesced by time T . Let pZ, T q denote the location of the point

of the common geodesics at time T . Let rt “ pzt, utqtPRě0 be any net with ut Ñ 8 and

zt{ut Ñ ξ. By Theorem 4.5.7(ii), for all sufficiently large t and p P K, all geodesics from

p to rt pass through pZ, T q. Then, for p, q P K,

Lpp; rtq ´ Lpq; rtq “ Lpp;Z, T q ` LpZ, T ; rtq ´ pLpq;Z, T q ` LpZ, T ; rtqq.

By Theorems 4.4.9(ii)(b) and 4.4.1(ii), the right-hand side is equal to

Wξpp;Z, T q ´Wξpq;Z, T q “ Wξpp; qq.

Item (vii) of Theorem 4.4.1 (Busemann limits II): By Theorem 4.4.5(iii), on the

event Ω2, Ξ contains no rational directions. Then, for arbitrary ξ P R, s P R, x ă y P R,

α, β P Q with α ă ξ ă β, and a net pzr, urq with ur Ñ 8 and zr{ur Ñ ξ, for sufficiently

large r, αur ă zr ă βur. Theorem 4.4.1(vi) gives the existence of the limits in the first
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and last lines below, while the monotonicity of Lemma B.1.5(i) justifies the first and last

inequalities:

Wαpy, s;x, sq “ lim
rÑ8

Lpy, s;αur, urq ´ Lpx, s;αur, urq

ď lim inf
rÑ8

Lpy, s; zr, urq ´ Lpx, s; zr, urq

ď lim sup
rÑ8

Lpy, s; zr, urq ´ Lpx, s; zr, urq

ď lim
rÑ8

Lpy, s;βur, urq ´ Lpx, s;βur, urq “ Wβpy, s;x, sq.

Sending Q Q α Õ ξ and Q Q β Œ ξ and using Item (v) completes the proof.

Item (viii) of Theorem 4.4.1 (Global attractiveness): We follow a similar proof to

the attractiveness in Theorem 3.2.2. Let ξ R Ξ and assume h P UC is a function satisfying

the drift condition (3.7). Recall that we define

hs,tpxq “ sup
zPR

tLpx, s; z, tq ` hpzqu. (4.64)

For a ą 0 and s ă t, Theorems 4.4.1(v) and 4.4.5(iii) allows us to choose ε “ εpξq ą 0

small enough so that ξ ˘ 2ε P Q (and thus ξ ˘ 2ε R Ξ), and so for all x P r´a, as,

Wξ˘2εpx, s; 0, sq “ Wξpx, s; 0, sq. (4.65)

By Theorem 4.6.1(iii), there exists a random T “ T pa, ξ˘εq such that all ξ´2ε Busemann

geodesics have coalesced by time T and all ξ ` 2ε Busemann geodesics have coalesced by

time T . For t ą T , let gξ˘2εptq be locations of these two common geodesics at time t. By

Theorem 4.4.9(ii)(d), gξ˘2εptq{t Ñ ξ ˘ 2ε. By Equation (3.21) in Lemma 3.5.1 applied to

the temporally reflected version of L, there exists t0pa, εpξq, sq so that for t ą t0, whenever

x P r´a, as and z is a maximizer in (4.64), gξ´2εptq ă z ă gξ`2εptq. Then, by Lemma

B.1.5(iii), for such large t,

Wξ´2εpx, s; 0, sq ď hs,tpxq ´ hs,tp0q ď Wξ`2εpx, s; 0, sq,
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while for ´a ď x ď 0, the equalities reverse. Combined with (4.65), this completes the

proof.

Item (ii) of Theorem 4.4.3 (Mixing): This proof follows a similar idea as that in

Lemma 7.5 of [11], and the key is that, within a compact set, the Busemann func-

tions are equal to differences of the directed landscape for large enough t. Then, we

use Lemma B.1.4, which states that, as a projection of tL,W u, the directed landscape L

is mixing under the transformation Tz;a,b. Set rz “ paz, bzq. By a standard π ´ λ argu-

ment, it suffices to show that for ξ1, . . . ξk P R (ignoring the sign � since ξi R Ξ a.s.), all

compact sets K :“ K1 ˆKk
2 Ď R4

Ò
ˆ pR4qk, and all Borel sets A,B P CpK,Rq,

lim
zÑ8

P
´

tL,Wξ1:ku
ˇ

ˇ

K
P A, tTz;a,bL, Tz;a,bWξ1:ku

ˇ

ˇ

K
P B

¯

“ P
`

tL,Wξ1:ku
ˇ

ˇ

K
P A

˘

P
`

tL,Wξ1:ku
ˇ

ˇ

K
P B

˘

,

where we use the shorthand notation

tL,Wξ1:ku
ˇ

ˇ

K
:“ tLpvq,Wξipp; qq : 1 ď i ď k, pv, p, qq P Ku,

and Tz;a,b acts on L and W as projections of tL,W u. By Theorem 4.4.1(vi), we may

choose t ą 0 sufficiently large so that

PpWξipp; qq “ Lpp; ptξ, tqq ´ Lpq; ptξ, tqq @pp, qq P K2, 1 ď i ď kq ě 1 ´ ε. (4.66)

By stationarity of the process under space-time shifts, we also have that for such large t

and all z P R,

PpTz;a,bWξipp; qq “ Tz;a,brLpp; ptξ, tqq´Lpq; ptξ, tqqs @pp, qq P K2, 1 ď i ď kq ě 1´ε (4.67)

Let Cz,t be the intersection of the events in (4.66) over 1 ď i ď k with the event (4.67).
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Then for large enough t, PpCz,tq ě 1 ´ 2ε, and

ˇ

ˇ

ˇ
P
´

tL,Wξ1:ku|K P A, tTz;a,bL, Tz;a,bWξ1:ku|K P B
¯

´ P
´

tL,Wξ1:ku|K P A
¯

P
´

tL,Wξ1:ku|K P B
¯
ˇ

ˇ

ˇ

ď

ˇ

ˇ

ˇ
P
´

tL,Wξ1:ku|K P A, tTz;a,bL, Tz;a,bWξ1:ku|K P B,Cz,t

¯

´ P
´

tL,Wξ1:ku|K P A,Cz,t

¯

P
´

tL,Wξ1:ku|K P B,Cz,t

¯ˇ

ˇ

ˇ
` Cε

“

ˇ

ˇ

ˇ
P
´

tLpvq,Lpp; ptξ1:k, tqq ´ Lpq; ptξ1:k, tqqu|K P A,

tTz;a,bLpvq, Tz;a,brLpp; ptξ1:k, tqq ´ Lpq; ptξ1:k, tqqsu|K P B,Cz,t

¯

´ P
´

tLpvq,Lpp; ptξ1:k, tqq ´ Lpq; ptξ1:k, tqqu|K P A,Cz,t

¯

ˆ P
´

tLpvq,Lpp; ptξ1:k, tqq ´ Lpq; ptξ1:k, tqqu|K P B,Cz,t

¯ˇ

ˇ

ˇ
` Cε

ď

ˇ

ˇ

ˇ
P
´

tLpvq,Lpp; ptξ1:k, tqq ´ Lpq; ptξ1:k, tqqu|K P A,

tTz;a,bLpvq, Tz;a,brLpp; ptξ1:k, tqq ´ Lpq; ptξ1:k, tqqsu|K P B
¯

´ P
´

tLpvq,Lpp; ptξ1:k, tqq ´ Lpq; ptξ1:k, tqqu|K P A
¯

ˆ P
´

tLpvq,Lpp; ptξ1:k, tqq ´ Lpq; ptξ1:k, tqqu|K P B
¯ˇ

ˇ

ˇ
` C 1ε,

where the constants C,C 1 came as the cost of adding and removing the high probability

event Cz,t. The proof is complete by sending z Ñ 8 and using the mixing of L under the

shift Tz;a,b (Lemma B.1.4).

Proof of Theorem 4.2.1. Item (i) (All geodesics have a direction): First, we show

that, on Ω2, if g is a semi-infinite geodesic starting from px, sq, then

´8 ă lim inf
tÑ8

t´1gptq ď lim sup
tÑ8

t´1gptq ă 8. (4.68)

We show the rightmost inequality, the leftmost being analogous. Assume, by way of

contradiction, that lim suptÑ8 gptq{t “ 8. By the directedness of Theorem 4.4.9(iii),

@ξ P R there exists an infinite sequence ti Ñ 8 such that gptiq ą gξ`,L
px,sq

ptiq for all i.
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Since gξ`,L
px,sq

is the leftmost geodesic between any two of its points (Theorem 4.4.9(iv)), we

must have gptq ě gξ`,L
px,sq

ptq @ξ P R and t P R. By Theorem 4.5.5(iii), gptq “ 8 @t ą s, a

contradiction.

Having established (4.68), assume by way of contradiction that

lim inf
tÑ8

t´1gptq ă lim sup
tÑ8

t´1gptq.

Choose some ξ strictly between the two values above. By the directedness of Theorem

4.4.9(iii), there exists a sequence ti Ñ 8 such that gξ`,R
px,sq

ptiq ă gptiq for i even and

gξ`,R
px,sq

ptiq ą gptiq for i odd. This cannot occur since gξ`,R
px,sq

is the rightmost geodesic

between any two of its points.

By Theorem 4.4.9(iii), for each ξ P R and px, sq P R2, gξ`,R
px,sq

, for example, is a semi-

infinite geodesic from px, sq in direction ξ, justifying the claim that there is at least one

semi-infinite geodesic from each point and in every direction.

Item (ii) (Coalescence): The first statement follows from the equivalences

(i)ô(iii)ô(iv) of Theorem 4.6.3. By Theorem 4.5.2(i), Ppp P NUq “ 0 @p P R2. This and

Tonelli’s theorem imply that the expected Lebesgue measure of the set NU is

E
ż

px,sqPR2

1pp P NUq dx ds “

ż

px,sqPR2

Ppp P NUq dx ds “ 0,

so NU almost surely has planar Lebesgue measure zero.

Item (iii) (Non-uniqueness in exceptional directions): This follows from Remark

4.6.4.
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4.7.2 Proof of Theorem 4.2.6 and related results.

Recall the functions fs,ξpxq “ Wξ`px, s; 0, sq ´Wξ´px, s; 0, sq defined in (4.8) and the sets

Ss,ξ from (4.1):

Ss,ξ :“ tx P R : D disjoint semi-infinite geodesics from px, sq in direction ξu

S :“
ď

sPR, ξPΞ

Ss,ξ ˆ tsu.
(4.69)

Theorem 4.7.1. On a single event of full probability, the function fs,ξ is nondecreasing

simultaneously for all s P R and ξ P Ξ. Denote the set of local variation of fs,ξ by

Ds,ξ “ tx P R : fs,ξpx´ εq ă fs,ξpx` εq @ε ą 0u. (4.70)

Then, on a single event of full probability, simultaneously for each s P R and ξ P Ξ,

Ds,ξ “ SL
s,ξ Y SR

s,ξ Ď Ss,ξ, (4.71)

where for S P tL,Ru,

SS
s,ξ :“ tx P R : gξ´,S

px,sq
and gξ`,S

px,sq
are disjointu. (4.72)

Furthermore, pSs,ξzDs,ξq ˆ tsu is contained in the countable set NUξ´ X NUξ` XHs.

Remark 4.7.2. Presently, we do not know if Ds,ξ equals Ss,ξ. Since NUξ´ XNUξ` Ď

NU and NUXHs is at most countable (Theorem 4.5.2(ii)), Ss,ξ and Ds,ξ have the same

Hausdorff dimension for all s P R and ξ P Ξ.

Remark 4.7.3. In contrast with S in (4.69), the sets SS are concerned only with leftmost

(S “ L) and rightmost (S “ R) Busemann geodesics. In BLPP, the analogues of SL and

SR are both equal to the set of initial points from which some geodesic travels initially

vertically (Theorems 2.10 and 4.30 in [135]). Furthermore, in BLPP, the analogue of this

set contains NU. We do not presently know whether either is true in DL.
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Proof of Theorem 4.7.1. The full-probability event is Ω2 in (4.28). The monotonicity of

the function fs,ξ follows from (4.37). We now prove that Ds,ξ “ SL
s,ξ Y SR

s,ξ. Assume

that y R Ds,ξ. Then, there exist a ă y ă b such that fs,ξ is constant on ra, bs. Hence, for

a ď x ă y,

Wξ`px, s; 0, sq ´Wξ´px, s; 0, sq “ Wξ`py, s; 0, sq ´Wξ´py, s; 0, sq,

and by additivity (Theorem 4.4.1(ii)), Wξ´py, s;x, sq “ Wξ`py, s;x, sq. Choose t ą s

sufficiently small so that gξ`,R
px,sq

ptq ă gξ´,L
py,sq

ptq. By Lemma 4.6.5, gξ´,L
py,sq

puq “ gξ`,L
py,sq

puq for

u P rs, ts. By a symmetric argument, instead choosing a point x ą y, gξ´,R
py,sq

and gξ`,R
py,sq

agree near the starting point py, sq. Hence, y R SL
s,ξ Y SR

s,ξ.

Next, assume that y P Ds,ξ. Then, for all x ă y ă z,

Wξ`px, s; 0, sq ´Wξ´px, s; 0, sq ă Wξ`pz, s; 0, sq ´Wξ´pz, s; 0, sq,

Since the difference is a monotone function, either (i) Wξ´py, s;x, sq ă Wξ`py, s;x, sq for

all x ă y or (ii) Wξ´pz, s; y, sq ă Wξ`pz, s; y, sq for all z ą y.

We show that gξ´,L
py,sq

and gξ`,L
py,sq

are disjoint in the first case. A symmetric proof

shows that gξ´,R
py,sq

and gξ`,R
py,sq

are disjoint in the second case. So assume Wξ´py, s;x, sq ă

Wξ`py, s;x, sq for all x ă y. Sending x Õ y, gξ´,R
px,sq

converges to gξ´,L
py,sq

by Theorem

4.5.5(v). Assume, by way of contradiction, that gξ´,L
py,sq

puq “ gξ`,L
py,sq

puq for some u ą s.

This implies then gξ´,L
py,sq

ptq “ gξ`,L
py,sq

ptq for all t P rs, us since both paths are the leftmost

geodesic between any two of their points (Theorem 4.4.9(iv)). For t ě s, the convergence

gξ´,R
px,sq

ptq Ñ gξ´,L
py,sq

ptq is monotone by Theorem 4.5.5(iv). Since geodesics are continuous

paths, Dini’s theorem implies that, as x Õ y, gξ´,R
px,sq

ptq converges to gξ´,L
py,sq

ptq “ gξ`,L
py,sq

ptq

uniformly in t P rs, us. Lemma B.2.1 implies that, for sufficiently close x ă y, gξ´,R
px,sq

and gξ`,L
py,sq

are not disjoint. This contradicts (i)ô(iii) of Theorem 4.6.9 since we assumed

Wξ´py, s;x, sq ă Wξ`py, s;x, sq for all x ă y.

Lastly, we show that pSs,ξzDs,ξq ˆ tsu Ď NUξ´ XNUξ` XHs. Let x P Ss,ξzDs,ξ. By
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Theorem 4.5.7(i), gξ´,L
px,sq

is the leftmost ξ-directed geodesic from px, sq, and gξ`,R
px,sq

is the

rightmost. Since x P Ss,ξ, these two geodesics must be disjoint. Since x R Ds,ξ, g
ξ´,L
px,sq

and

gξ`,L
px,sq

are not disjoint, and gξ´,R
px,sq

and gξ`,R
px,sq

are not disjoint. Since the leftmost/rightmost

semi-infinite geodesics are leftmost/rightmost geodesics between their points (Theorem

4.4.9(iv)), there exists ε ą 0 such that for t P ps, s` εq,

gξ´,L
px,sq

ptq “ gξ`,L
px,sq

ptq ă gξ´,R
px,sq

ptq “ gξ`,R
px,sq

ptq,

and therefore, px, sq P NUξ´ XNUξ` XHs. Recall this set is at most countable by Theorem

4.5.2(ii).

Lemma 4.7.4. Given ω P Ω2 and px, s; y, uq P R4
Ò
, let g : rs, us Ñ R be the leftmost (resp.

rightmost) geodesic between px, sq and py, uq. Then, pgptq, tq P SL presp. SRq for some

t P rs, uq. Furthermore, among the directions ξ for which gξ´,L
px,sq

and gξ`,L
px,sq

separate at some

t P rs, uq, there is a unique direction pξ such that

g
pξ´,L
px,sq

puq ď y ă g
pξ`,L
px,sq

puq.

The same holds with L replaced by R and the strict and weak inequalities swapped.

Proof. We prove the statement for leftmost geodesics. The proof for rightmost geodesics

is analogous. Set

pξ :“ suptξ P R : gξ�,L
px,sq

puq ď yu “ inftξ P R : gξ�,L
px,sq

puq ą yu. (4.73)

The monotonicity of Theorem 4.5.5(i) guarantees that the second equality holds, and that

the definition is independent of the choice of � P t´,`u. Theorem 4.5.5(iii) guarantees

that pξ P R. By definition of pξ and the monotonicity of Theorem 4.5.5(i), gα�,L
px,sq

puq ď y “

gpuq ă gβ�,L
px,sq

puq whenever α ă pξ ă β and � P t´,`u. But by Theorem 4.5.5(ii), the β�



192

Figure 4.6: The black/thin path is the path g. The red/thick paths are the semi-infinite geodesics

g
pξ´,L
px,sq

and g
pξ`,L
px,sq

after they split from g. Once the red paths split, they cannot return, or else there

would be two leftmost geodesics from pgpt̂q, t̂q to the point where they come back together.

and pξ` geodesics agree locally when β is close enough to pξ. We can conclude that

g
pξ´,L
px,sq

puq ď y “ gpuq ă g
pξ`,L
px,sq

puq. (4.74)

Since all three are leftmost geodesics (recall Theorem 4.4.9(iv)),

g
pξ´,L
px,sq

ptq ď gptq ď g
pξ`,L
px,sq

ptq for t P rs, us. (4.75)

By (4.74) the paths g
pξ´,L
px,sq

and g
pξ`,L
px,sq

must separate at some time t P rs, uq. Furthermore,

once g
pξ´,L
px,sq

splits from g
pξ`,L
px,sq

at a point pz1, t1q, the geodesics must stay apart. Otherwise,

they would meet again at a point pz2, t2q, and Theorem 4.4.9(iv) implies that both paths

are the leftmost geodesic between pz1, t1q and pz2, t2q. See Figure 4.6. Set t̂ “ inftt ą s :

g
pξ´,L
px,sq

ptq ă g
pξ`,L
px,sq

ptqu. Then, g
pξ´,L
px,sq

ptq ă g
pξ`,L
px,sq

ptq for all t ą t̂. By (4.75) and continuity of

geodesics, g
pξ´,L
px,sq

ptq “ gptq “ g
pξ`,L
px,sq

ptq for t P rs, t̂s, and so pgpt̂q, t̂q P SL.

It remains to prove Theorems 4.4.5(ii) and 4.2.6. Recall the definition of the function

from (4.8): fs,ξpxq “ Wξ`px, s; 0, sq ´Wξ´px, s; 0, sq.

Let Ω3 be the subset of Ω2 on which the following holds: for each T P Z,

whenever ξ P R is such that fT, ξ ‰ 0, then lim
xÑ˘8

fT, ξpxq “ ˘8.
(4.76)

By Theorem 4.4.3(iii) and Corollary 2.6.8, PpΩ3q “ 1.
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Proof of Theorem 4.4.5(ii). We work on the full-probability event Ω3. The statement (4.9)

to be proved is ξ P Ξ ðñ @s P R : limxÑ˘8 fs,ξpxq “ ˘8. If, for any s, fs,ξ Ñ ˘8

as x Ñ ˘8, then Wξ´px, s; 0, sq ‰ Wξ`px, s; 0, sq for |x| sufficiently large, and ξ P Ξ. It

remains to prove the converse statement. From (4.39),

Ξ “
ď

TPZ
tξ P R :Wξ´px, T ; 0, T q ‰ Wξ`px, T ; 0, T q for some x P Ru.

To finish the proof of (4.9), by definition of Ω3, it suffices to show these two statements:

(i) If fs,ξ ‰ 0 for some s, ξ P R then fT, ξ ‰ 0 for all T ą s.

(ii) For T P Z, ξ P R, if fT, ξ ‰ 0, then for all s ă T , limxÑ˘8 fs,ξpxq “ ˘8.

Part (i) follows from the equality below. By (4.38), for s ă T ,

Wξ�px, s; 0, sq “ sup
zPR

tLpx, s; z, T q `Wξ�pz, T ; 0, T qu

´ sup
zPR

tLp0, s; z, T q `Wξ�pz, T ; 0, T qu.
(4.77)

To prove (ii), we show the limits as x Ñ `8, and the limits as x Ñ ´8 follow

analogously. Let T P Z, ξ P R be such that fT, ξ ‰ 0, and let R ą 0. By definition of the

event Ω3, we may choose Z ą 0 sufficiently large so that infzěZtfT, ξpzqu ě R. Then, by

Equation (4.45) of Theorem 4.5.5(v), for all sufficiently large x and � P t´,`u,

sup
zPR

tLpx, s; z, T q `Wξ�pz, T ; 0, T qu “ sup
zěZ

tLpx, s; z, T q `Wξ�pz, T ; 0, T qu.

Let

A :“ sup
zPR

tLpx, s; z, T q `Wξ`pz, T ; 0, T qu ´ sup
zPR

tLpx, s; z, T q `Wξ´pz, T ; 0, T qu,

and note that this does not depend on x. Then, by (4.77),

´fs,ξpxq “ sup
zěZ

tLpx, s; z, T q `Wξ´pz, T ; 0, T qu
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´ sup
zěZ

tLpx, s; z, T q `Wξ`pz, T ; 0, T qu `A

ď sup
zěZ

tWξ´pz, T ; 0, T q ´Wξ`pz, T ; 0, T qu `A

“ ´ inf
zěZ

tfT, ξpzqu `A ď ´R `A,

so that fs,ξpxq ě R ´ A. Since A is constant in x and R is arbitrary, the desired result

follows.

Note that (4.9) immediately proves (4.10) in the case x “ 0. The general case follows

from additivity of the Busemann functions (Theorem 4.4.1(ii)) and (4.9).

Proof of Theorem 4.2.6. Item (i) (S is dense): Work on the full-probability event Ω2.

Since S Ě SLYSR, it suffices to show that for px, sq P R2 there is a sequence pyn, tnq P SL

converging to px, sq. Let g be the leftmost geodesic from px, sq to px, s` 1q. Then @n ě 1,

g|rs,s`n´1s is the leftmost geodesic from px, sq to px, s` n´1q. By Lemma 4.7.4, @n P Zą0

Dpxn, tnq P SL such that xn “ gptnq and s ď tn ď s ` n´1. The proof is complete by

continuity of geodesics.

Item (ii) (Ppp P Sq “ 0 for all p P R2): If there exist disjoint semi-infinite geodesics

from px, sq, then for each level t ą s, there exist disjoint geodesics from px, sq to some

points py1, tq, py2, tq. For each fixed px, sq, with probability one, this occurs for no such

points by [23, Remark 1.12].

Item (iii) (Hausdorff dimension of Ss,ξq: Since s is fixed, it suffices to take s “ 0. By

Theorem 4.4.3(iii), tWξ`p‚, 0; 0, 0qu
d
“ G

?
2, and by Theorem 4.4.5(ii), ξ P Ξ if and only if

f0,ξ ‰ 0. Therefore, Corollary 2.6.9 implies that, with probability one, dimHpD0,ξq “ 1
2

for all ξ P Ξ. Then, as noted in Remark 4.7.2, PpdimHpS0,ξq “ 1
2 @ξ P Ξq “ 1.

Item (iv) (Ss,ξ is nonempty and unbounded for all s): By Theorem 4.4.5(ii), on

the event Ω3, whenever ξ P Ξ, for all s P R, fs,ξpxq Ñ ˘8 as x Ñ ˘8. Since fs,ξ is

continuous (Theorem 4.4.1(i)), the set Ds,ξ is unbounded in both directions. The proof is

complete since Ds,ξ Ď Ss,ξ by definition.
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Chapter 5

Scaling limit of the TASEP speed

process

5.1 Introduction

5.1.1 The totally asymmetric simple exclusion process

In this final chapter, we show how the SH appears as a scaling limit for coupled initial data

for a particle system know as the totally asymmetric simple exclusion process (TASEP).

In the simplest TASEP dynamics each site of Z contains either a particle or a hole. Each

site has an independent rate 1 Poisson clock. If at time t the clock rings at site x P Z the

following happens. If there is a particle at site x and no particle at site x ` 1 then the

particle at site x jumps to site x ` 1, while the other sites remain unchanged. If there is

no particle at site x or there is a particle at site x ` 1 then the jump is suppressed. In

other words, a particle can jump to the right only if the target site has no particle at the

time of the jump attempt. This is the exclusion rule. TASEP is a Markov process on the

compact state space t0, 1uZ. Generic elements of t0, 1uZ, or particle configurations, are

denoted by η “ tηpxquxPZ, where ηpxq “ 1 means that site x is occupied by a particle and

ηpxq “ 0 that site x is occupied by a hole, in other words, is empty.

For each density ρ P r0, 1s, the i.i.d. Bernoulli distribution νρ on t0, 1uZ with density
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ρ is the unique translation-invariant extremal stationary distribution of particle density ρ

under the TASEP dynamics.

There is a natural way to couple multiple TASEPs from different initial conditions but

with the same driving dynamics. Let tNx : x P Zu be a Z-indexed collection of independent

rate 1 Poisson processes on R. The clock at location x rings at the times that correspond

to points in Nx. One can then take two densities 0 ă ρ1 ă ρ2 ă 1 and ask whether

there exists a coupling measure πρ1,ρ2 on t0, 1uZ ˆ t0, 1uZ with Bernoulli marginals νρ1

and νρ2 that is stationary under the joint TASEP dynamics and ordered. In other words,

the twin requirements are that if initially pη1, η2q „ πρ1,ρ2 , then pη1t , η
2
t q „ πρ1,ρ2 at all

subsequent times t ě 0, and η1pxq ď η2pxq for all x P Z with πρ1,ρ2-probability one. Such

a two-component stationary distribution exists and is unique [103].

One reason for the interest in stationary measures of more than one density comes

from the connection between the TASEP dynamics on k coupled profiles in the state

space pt0, 1uZqk and the TASEP dynamics on particles with classes in J1, kK “ t1, . . . , ku,

called multiclass or multitype dynamics. In the k-type dynamics, each particle has a class

in J1, kK that remains the same for all time. A particle jumps to the right, upon the ring

of a Poisson clock, only if there is either a hole or a particle of lower class (higher label)

to the right. If this happens, the lower class particle moves left. The state space of k-type

dynamics is t1, . . . , k,8uZ, with generic configurations denoted again by η “ tηpxquxPZ.

A value ηpxq “ i P J1, kK means that site x is occupied by a particle of class i, and

ηpxq “ 8 means that site x is empty, equivalently, occupied by a hole. Denoting a hole by

8 is convenient now because holes can be equivalently viewed as particles of the absolute

lowest class. For k “ 1 the multitype dynamics is the same as basic TASEP.

The next question is whether we can couple all the invariant multiclass distributions

so that the resulting construction is still invariant under TASEP dynamics. This was

achieved by [2]: such couplings can be realized by applying projections to an object they

constructed and named the TASEP speed process. We describe briefly the construction.

To start, each site i P Z is occupied by a particle of class i. This creates the initial profile
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η0 P ZZ such that η0piq “ i. Let ηt evolve under TASEP dynamics, now interpreted so

that a particle switches places with the particle to its right only if the particle to the right

is of lower class, that is, has a higher label. Note that now each site is always occupied

by a particle of some integer label. The limit from [111] implies that each particle has a

well-defined limiting speed: if Xtpiq denotes the time-t position of the particle initially at

site i, then the following random limit exists almost surely:

Ui “ lim
tÑ8

t´1Xtpiq. (5.1)

The process tUiuiPZ is the TASEP speed process. It is a random element of the space

r´1, 1sZ.

Theorem 5.1.1 ([2, Theorem 1.5]). The TASEP speed process tUiuiPZ is the unique in-

variant distribution of TASEP that is ergodic under translations of the lattice Z and such

that each Ui is uniformly distributed on r´1, 1s.

In the context of the theorem above, the TASEP state η “ tηpiquiPZ is a real-valued

sequence, but the meaning of the dynamics is the same as before. Namely, at each pair

ti, i`1u of nearest-neighbor sites, at the rings of a rate one exponential clock, the variables

ηpiq and ηpi` 1q are swapped if ηpiq ă ηpi` 1q, otherwise left unchanged.

A key point is that the TASEP speed process projects to multitype stationary distri-

butions.

Theorem 5.1.2 ([63, Theorem 2.1], [2, Theorem 2.1]). Let k P N be the number of

classes. Let ρ̄ “ pρ1, . . . , ρkq P p0, 1qk be a parameter vector such that
řk

i“1 ρi ď 1. Then

there is a translation-invariant stationary distribution qπρ̄ for the k-type TASEP which is

unique under the conditions (i) and (ii), and also under the conditions (i) and (ii’) below:

(i) qπρ̄tη P t1, . . . , k,8uZ : ηpxq “ ju “ ρj for each site x P Z and class j P J1, kK;

(ii) under qπρ̄, for each ℓ P J1, kK, the distribution of the sequence t1rηpxq ď ℓsuxPZ of

indicators is the i.i.d. Bernoulli measure ν
řℓ

j“1 ρj of intensity
řℓ

j“1 ρj;

(ii’) qπρ̄ is ergodic under the translation of the lattice Z.
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Furthermore, qπρ̄ is extreme among translation-invariant stationary measures of the

k-type dynamics with jumps to the right.

Theorem 5.1.2 is not stated exactly in this form in either reference. It can be proved

with the techniques of Section VIII.3 of Liggett [104].

Lemma 5.1.3 ([2, Corollary 5.4]). Let F : r´1, 1s Ñ t1, . . . , k,8u be a nondecreas-

ing function and λj “ 1
2Leb

`

F´1pjq
˘

, i.e., one-half the Lebesgue measure of the interval

mapped to the value j P t1, . . . , k,8u. Then the distribution of the t1, . . . , k,8u-valued

sequence tF pUiquiPZ is the stationary measure qπpλ1,...,λkq described in Theorem 5.1.2 for

the k-type TASEP with jumps to the right.

For example, the case k “ 1 of Lemma 5.1.3 tells us that to produce a particle config-

uration with Bernoulli distribution νρ from the TASEP speed process, assign a particle to

each site x such that Ux ď 2ρ´ 1. Lemma 5.1.3 follows readily from Theorems 5.1.1 and

5.1.2 because the nondecreasing projection F commutes with the pathwise dynamics.

Remark 5.1.4 (Direction of the jumps). Throughout this section, jumps in TASEP go

to the right. Later in Section 5.2, we use the convention from [63] whereby TASEP jumps

proceed left. This is convenient because then discrete time in the queuing setting agrees

with the order on Z. Notationally, qπρ̄ denotes the multiclass stationary measure under

rightward jumps, as in Theorem 5.1.2 and Lemma 5.1.3 above, while πρ̄ will denote the

stationary measure under leftward jumps. These measures are simply reflections of each

other (see Theorem 5.2.1).

5.1.2 Scaling limit of the speed process

The space t0, 1uZ of TASEP particle configurations η can be mapped bijectively onto the

space of continuous interfaces f : R Ñ R such that fp0q “ 0, |fpxq ´ fpx` 1q| “ 1 for all

x P Z, and fpxq interpolates linearly between integer points. Define P : t0, 1uZ Ñ CpRq
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by stipulating that on integers i the image function Prηs is given by

Prηspiq “

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

ři´1
j“0p2ηpjq ´ 1q, i P N

0, i “ 0

´
ř´1

j“ip2ηpjq ´ 1q, i P ´N

(5.2a)

and then extend Prηs to the reals by linear interpolation:

for x P RzZ, Prηspxq “ prxs ´ xqPrηsptxuq ` px´ txuqPrηsprxsq. (5.2b)

TASEP can therefore be thought of as dynamics on continuous interfaces f : R Ñ R such

that for all x P Z, fpxq P Z and fpx˘1q P tfpxq´1, fpxq`1u. When a particle at location

x lies immediately to the left of a hole at location x`1, the interface has a local maximum

at location x ` 1. When the particle changes places with the hole, the local maximum

becomes a local minimum.

Let U “ tUjujPZ be the TASEP speed process and for s P R, 1Uăs “ t1UjăsujPZ a

shorthand for the t0, 1u-valued sequence of indicators. For each value of the centering

v P p´1, 1q and a scaling parameter N P N, use the mapping (5.2) to define from the speed

process a CpRq-valued process indexed by ξ P R:

HN
ξ pxq “ Hσ,v,N

ξ pxq “ N´1{2 P
“

1Uďv`ξp1´v2qN´1{2

‰

´ σ2x

1 ´ v2
N
¯

´
σ2vx

1 ´ v2
N1{2, ξ, x P R.

(5.3)

The main theorem of this chapter is the process-level weak limit of Hσ,v,N “ tHσ,v,N
ξ uξPR.

The path space of ξ ÞÑ Hσ,v,N
ξ is the Skorokhod space DpR, CpRqq of CpRq-valued cadlag

paths on R, with its usual Polish topology. This topology is discussed in more detail in

[34].

Theorem 5.1.5. Let σ ą 0 and Gσ be the stationary horizon. Then, for each v P p´1, 1q,

as N Ñ 8, the distributional limit Hσ,v,N ñ Gσ holds on the path space DpR, CpRqq.

Theorem 5.1.5 is taken from the author’s joint work with Busani and Seppäläinen [34].
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In that work, we focus on the case σ “
?
2, but the extension to general σ follows the same

proof (or alternatively from the scaling relations of Theorem 2.3.2(ii)). As is typical, the

proof splits into two main steps: (i) weak convergence of finite-dimensional distributions of

HN to the limiting object and (ii) tightness of tHNuNPN onDpR, CpRqq. Both parts use the

Ferrari-Martin queuing representation of the multitype stationary measures. The first part

shows that, in the limit, the queuing representation recovers the queuing structure that

defines the SH [63]. In this dissertation, we only show the finite-dimensional convergence

(Proposition 5.2.5), and refer the reader to [34] for the proof of tightness.

5.2 Finite-dimensional convergence

5.2.1 The space DpR, CpRqq

We observe here why the path ξ ÞÑ HN
ξ defined in (5.3) lies in DpR, CpRqq. Restriction of

x ÞÑ HN
ξ pxq to a bounded interval r´x0, x0s is denoted by HN,x0

ξ “ HN
ξ |r´x0,x0s. Then note

that for ξ ă ρ, HN,x0

ξ ‰ HN,x0
ρ if and only if Uj P pv` ξp1´ v2qN´1{2, v` p1´ v2qρN´1{2s

for some j P J t´ σ2x0
1´v2

N u, r σ
2x0

1´v2
N s K. Since this range of indices is finite, for each ξ P R and

x0 ą 0 there exists ε ą 0 such that HN,x0

ξ “ HN,x0
ρ for ρ P rξ, ξ ` εs and HN,x0

ρ “ HN,x0
σ

for ρ, σ P rξ ´ ε, ξq.

5.2.2 Ferrari-Martin representation of multiclass measures

This section describes the queuing construction of stationary multiclass measures from

[63]. We use the convention of [63] that TASEP particles jump to the left rather than to

the right, because this choice leads to the more natural queuing set-up where time flows

on Z from left to right. This switch is then accounted for when we apply the results of

this section.

Queues with a single customer stream

Let U1 :“ t1,8uZ be the space of configurations of particles on Z with the following

interpretation: a configuration xxx “ txpjqujPZ P U1 has a particle at time j P Z if xpjq “ 1,
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otherwise xxx has a hole at time j P Z. Let aaa,sss P U1. Think of aaa as arrivals of customers to

a queue, and of sss as the available services in the queue. For i ď j P Z let aď1ri, js be the

number of customers, that is, the number of 1’s in aaa, that arrive to the queue during time

interval ri, js. Similarly, let sri, js be the number of services available during time interval

ri, js. The queue length at time i is then given by

Qi “ sup
j:jďi

`

aď1rj, is ´ srj, is
˘`
. (5.4)

In principle this makes sense for arbitrary sequences aaa and sss if one allows infinite queue

lengths Qi “ 8. However, in our treatment aaa and sss are always such that queue lengths

are finite. We will not repeat this point in the sequel.

The departures from the queue come from the mapping ddd “ Ddpaaa,sssq : U1 ˆ U1 Ñ U1,

given by

dpiq “

$

’

’

&

’

’

%

1 spiq “ 1 and either Qi´1 ą 0 or apiq “ 1,

8 otherwise.

(5.5)

In other words, a customer leaves the queue at time i (and dpiq “ 1) if there is a service

at time i and either the queue is not empty or a customer just arrived at time i. The

sequence uuu :“ Udpaaa,sssq of unused services is given by a mapping Ud : U1 ˆU1 Ñ U1 defined

by

upjq “

$

’

’

&

’

’

%

1 if spjq “ 1, Qj´1 “ 0, and apjq “ 8,

8 otherwise.

(5.6)

Last, we define the map Rd : U1 ˆ U1 Ñ U1 as rrr “ Rdpaaa,sssq with

rpjq “

$

’

’

&

’

’

%

1 if either apjq “ 1 or upjq “ 1,

8 if apjq “ upjq “ 8.

. (5.7)

Extend the departure operator Dd to queues in tandem. Let D1
dpxxxq “ xxx be the identity,
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and for n ě 2,

D
p2q

d pxxx1,xxx2q “ Ddpxxx1,xxx2q

D3
dpxxx1,xxx2,xxx3q “ Dd

`

D
p2q

d pxxx1,xxx2q,xxx3
˘

...

D
pnq

d pxxx1,xxx2, . . . ,xxxnq “ Dd

`

D
pn´1q

d pxxx1,xxx2, . . . ,xxxn´1q,xxxn
˘

.

(5.8)

We use the notation Dd (with the subscript d) to denote discrete, in comparison to

the operators on continuous functions in (2.3),(2.5).

Queues with priorities

Now consider queues with customers of different classes. For m P N, let

Um :“ t1, 2, . . . ,m,8uZ be the space of configurations of particles on Z with classes in

J1,mK “ t1, 2, . . . ,mu. A lower label indicates higher class and, as before, the value 8

signifies an empty time slot. To illustrate the notation for an arrival sequence aaa P Um,

the value apjq “ k P J1,mK means that a customer of class k arrives at time j P Z, while

apjq “ 8 means no arrival at time j. Define

aďkrjs “

$

’

’

&

’

’

%

1 if apjq ď k,

0 if apjq ą k.

Consistently with earlier definitions, aďkri, js “
řj

l“i a
ďkrls is the number of customers in

classes J1, kK that arrive to the queue in the time interval ri, js. Let sss P U1 be the sequence

of available services. The number of customers in classes J1, kK in the queue at time i is

then

Qďk
i paaa,sssq “ sup

j:jďi

`

aďkrj, is ´ srj, is
˘`
, i P Z.
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The multiclass departure map ddd “ Fmpaaa,sssq : UmˆU1 Ñ Um`1 is defined so that customers

of higher class (lower label) are served first. These are the rules:

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

dpiq ď k for k P J1,mK if spiq “ 1 and either Qďk
i´1 ą 0 or apiq ď k,

dpiq “ m` 1 if spiq “ 1, Qďm
i´1 “ 0, and apiq “ 8,

dpiq “ 8 if spiq “ 8.

(5.9)

The map Fm works as follows. The queue is fed with arrivals aaa P Um of customers in

classes 1 to m. Suppose a service is available at time i P Z (spiq “ 1). Then the customer

of the highest class (lowest label in J1,mK) in the queue at time i, or just arrived at time

i, is served at time i, and its label becomes the value of dpiq. If no customer arrived at

time i (apiq “ 8) and the queue is empty (Qďm
i´1 “ 0), then the unused service spiq “ 1 is

converted into a departing customer of class m ` 1: dpiq “ m ` 1. If there is no service

available at time i P Z (spiq “ 8), then no customer leaves at time i and dpiq “ 8.

In particular, for m “ 1, the output ddd “ F1paaa,sssq satisfies

dpiq “

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

1, rDdpaaa,sssqsi “ 1

2, rUdpaaa,sssqsi “ 1

8, spiq “ 8.

(5.10)

For n P N define the space Xn “ Un
1 “ t1,8uZˆt1,...,nu of n-tuples of sequences. Let

λ̄ “ pλ1, . . . , λnq P p0, 1qn be a parameter vector such that
řn

r“1 λr ď 1. Define the product

measure νλ̄ on Xn so that if x̄xx “ pxxx1, . . . ,xxxnq „ νλ̄ then the sequences xxxk are independent

and each xxxk has the i.i.d. product Bernoulli distribution with intensity
řk

i“1 λi. From this

input we define a new process v̄vv “ pvvv1, . . . , vvvnq such that each vvvm P Um by the iterative

formulas

vvv1 “ xxx1 and

vvvm “ Fm´1pvvvm´1,xxxmq for m “ 2, . . . , n.

(5.11)

We denote this map by v̄vv “ Vpx̄xxq “ pV1px̄xxq, . . . ,Vnpx̄xxqq. For a vector λ̄ “ pλ1, . . . , λnq and
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x̄xx „ νλ̄, define the distribution πλ̄ as the image of νλ̄ under this map:

πλ̄ “ νλ̄ ˝ V´1
n ðñ Vnpx̄xxq „ πλ̄. (5.12)

Theorem 5.2.1. [63, Theorem 2.1] For each m P J1, nK, the distribution of vvvm under πλ̄

is the unique translation-ergodic stationary distribution of the m-type TASEP on Z with

leftward jumps and with density λr of particles of class r P J1,mK. The distribution of

the reversed configuration tvvvmp´iquiPZ is the unique distribution qπλ̄ described in Theorem

5.1.2, in other words, the unique translation-ergodic stationary distribution of the m-type

TASEP on Z with rightward jumps, with density λr of particles of class r P J1,mK.

Remark 5.2.2. The statement about the TASEP with rightward jumps is not included

in [63], but its proof is straightforward: reflecting the index does not change the density of

the particles, so the values λr are preserved. Consider an m-type TASEP with left jumps

tηtutě0 defined by the Poisson clocks tNiuiPZ and started from initial profile η0 „ vvvm. Let

tqηtutě0 be TASEP with right jumps defined by the Poisson clocks tN´iuiPZ and started

from initial profile tqη0piquiPZ :“ tη0p´iquiPZ, which has distribution tvvvmp´iquiPZ. Then,

in the process ηt, a particle jumps from site i to site i ´ 1 exactly when a particle in the

process qηt jumps from site ´i to site ´i ` 1. By the invariance of η0 under TASEP with

left jumps,

tqηtpiquiPZ “ tηtp´iquiPZ
d
“ tη0p´iquiPZ “ tqη0piquiPZ,

so tvvvmp´iquiPZ is the invariant measure for TASEP with right jumps and densities λr.

For xxx P Un, define

Clsri,js
m pxxxq “ #tl P ri, js : xplq ď mu, m P J1, nK.

Cls
ri,js
m pxxxq records the number of customers in classes J1,mK during time interval ri, js in

the sequence xxx. Note that a customer of class m appears in ri, js if and only if Cls
ri,js
m pxxxq ą

Cls
ri,js

m´1pxxxq, with the convention Cls0 ” 0. The key technical lemma is that the iteration
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in (5.11) can be represented by tandem queues.

Lemma 5.2.3. Let n P N and x̄xx “ pxxx1, . . . ,xxxnq P Xn. Let vvvn “ Vnpx̄xxq, where Vn is given

in (5.11). Define

dddn,i :“ D
pn´i`1q

d pxxxi,xxxi`1, . . . ,xxxnq for i “ 1, . . . , n´ 1, and dddn,n :“ xxxn.

Then for all time intervals ri, js,

`

Cls
ri,js

1 pvvvnq, . . . ,Clsri,js
n pvvvnq

˘

“
`

dn,1ri, js, . . . , dn,nri, js
˘

. (5.13)

Proof. The proof goes by induction on n, with base case n “ 2. From (5.10), ddd2,1 “

Ddpxxx1,xxx2q registers the first class departures out of the queue F1pxxx1,xxx2q while ddd2,2 “ xxx2

is the combined number of first and second class customers coming out of the queue. The

case n “ 2 of (5.13) has been verified.

Assume (5.13) holds for some n “ k ě 2. This means that for each m P J1, kK, dddk,m

registers the customers in classes J1,mK in vvvk. In the next step, vvvk`1 “ Fkpvvvk,xxxk`1q, and

`

dddk`1,1, . . . , dddk`1,k`1
˘

“
`

Ddpdddk,1,xxxk`1q, . . . , Ddpdddk,k,xxxk`1q,xxxk`1

˘

.

Since the same service process xxxk`1 acts in both queuing maps, the outputs match in the

sense that for each m ď k, dddk`1,m “ Ddpdddk,m,xxxk`1q registers the customers in classes

J1,mK in vvvk`1. Under Fkpvvvk,xxxk`1q, unused services become departures of class k ` 1.

Hence, every service event of xxxk`1 becomes a departure of some class in J1, k`1K. This ver-

ifies the equality Cls
ri,js

k`1pvvvk`1q “ xk`1ri, js “ dk`1,k`1ri, js of the last coordinate. Thereby,

the validity of (5.13) has been extended from k to k ` 1.

5.2.3 Convergence of queues

This section shows the finite-dimensional weak convergence of the TASEP speed process,

using the representation of stationary distributions in terms of queuing mappings. To do
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this, we derive a convenient representation for the random walk defined by the departure

mapping Dd (5.14). Consistently with the count notation xri, js introduced above for

xxx P U1, abbreviate xris “ xri, is “ 1xpiq“1. With this convention, configurations xxx can

also be thought of as members of the sequence space t0, 1uZ. Recall the operation P from

(5.2).

Lemma 5.2.4. For i P Z,

PrDdpaaa,sssqspiq “ Prsssspiq` sup
´8ăjď0

rPrsssspjq´Praaaspjqs´ sup
´8ăjďi

rPrsssspjq´Praaaspjqs. (5.14)

Proof. Recall the definition of D from (5.5). Observe that

Ddpaaa,sssqrj, is “ Qj´1 ´Qi ` arj, is, (5.15)

because any arrival that cannot be accounted for in Qi must have left by time i. Use also

the empty interval convention xri` 1, is “ 0. Then, from (5.4), we can equivalently write

Qi “ sup
j:jďi`1

`

aď1rj, is ´ srj, is
˘

. (5.16)

Now, observe that for xxx P U1,

2xrj, is ´ pi´ j ` 1q “

i
ÿ

k“j

p2xrks ´ 1q “ Prxxxspi` 1q ´ Prxxxspjq (5.17)

Combining (5.15)–(5.17) and the definition Prxxxsp0q “ 0, gives for i ą 0,

PrDdpaaa,sssqspiq “

i´1
ÿ

k“0

p2Ddpaaa,sssqrks ´ 1q “ 2Ddpaaa,sssqr0, i´ 1s ´ i

“ 2ar0, i´ 1s ´ i` 2Q´1 ´ 2Qi´1

(5.17)
“ Praaaspiq ´ Praaasp0q ` 2 sup

´8ăjď0
raď1rj,´1s ´ srj,´1ss

´ 2 sup
´8ăjďi

raď1rj, i´ 1s ´ srj, i´ 1ss
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“ Praaaspiq ` sup
´8ăjď0

r2aď1rj,´1s ` j ´ p2srj,´1s ` jqs

´ sup
´8ăjďi

r2aď1rj, i´ 1s ´ pi´ jq ´ p2srj, i´ 1s ´ pi´ jqqs

(5.17)
“ Praaaspiq ` sup

´8ăjď0
rPraaasp0q ´ Praaaspjq ´ Prssssp0q ` Prsssspjqs

´ sup
´8ăjďi

rPraaaspiq ´ Praaaspjq ´ Prsssspiq ` Prsssspjqs

“ Prsssspiq ` sup
´8ăjď0

rPrsssspjq ´ Praaaspjqs ´ sup
´8ăjďi

rPrsssspjq ´ Praaaspjqs.

The case i ă 0 follows an analogous proof.

Proposition 5.2.5. Fix the diffusion coeffieient σ ą 0 the centering v P p´1, 1q. Then

the scaled TASEP speed process HN of (5.3) satisfies the weak convergence pHN
ξ1
, . . . ,HN

ξk
q

ñ pGσ
ξ1
, . . . , Gσ

ξk
q on CpRqk for any finite sequence pξ1, . . . , ξkq P Rk.

Proof. Without loss of generality, take ξ1 ă ξ2 ă ¨ ¨ ¨ ă ξk. For N ą |ξ1|3 _ |ξk|3, consider

the following nondecreasing map F : r´1, 1s Ñ t1, . . . , ku Y t8u:

For U P r´1, 1s, F pUq “

$

’

’

’

’

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

’

’

’

’

%

1, U ď v ` ξ1p1 ´ v2qN´1{2

2, v ` ξ1p1 ´ v2qN´1{2 ă U ď v ` ξ2p1 ´ v2qN´1{2

...

k, v ` ξk´1p1 ´ v2qN´1{2 ă U ď v ` ξkp1 ´ v2qN´1{2

8, U ą v ` ξkp1 ´ v2qN´1{2.

By considering the output of this map as classes, Lemma 5.1.3 implies that tF pUiquiPZ is

distributed as the stationary distribution for k-type TASEP with right jumps and densities

λ̄ “

ˆ

1 ` v ` ξ1p1 ´ v2qN´1{2

2
,

pξ2 ´ ξ1qp1 ´ v2qN´1{2

2
, . . . ,

pξk ´ ξk´1qp1 ´ v2qN´1{2

2

˙

.

The reflection of Theorem 5.2.1 and translation invariance then imply that tF pU´i´1quiPZ
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has the stationary distribution πλ̄ for TASEP with left jumps. Lemma 5.2.3 implies that

`

1U´i´1ďv`ξ1p1´v2qN´1{2 , . . . ,1U´i´1ďv`ξk´1p1´v2qN´1{2 ,1U´i´1ďv`ξkp1´v2qN´1{2

˘

iPZ

d
“
`

D
pkq

d pxxxN1 , . . . ,xxx
N
k qris , . . . , D

p2q

d pxxxNk´1,xxx
N
k qris ,xxxNk ris

˘

iPZ,

(5.18)

where pxxxN1 , . . . ,xxx
N
k q „ νλ̄. Remark 5.2.7 at the end of the section gives an alternative way

to justify the index reversal on the left-hand side above when v “ 0.

Before proceeding with the proof, we give a roadmap. First, by definition of P, if

qUi “ U´i´1, then for x P R,

HN
ξ pxq “ N´1{2Pr1Uďv`ξp1´v2qN´1{2s

´ σ2x

1 ´ v2
N
¯

´
σ2vx

1 ´ v2
N1{2

“ ´N´1{2Pr1
qUďv`ξp1´v2qN´1{2s

´

´
σ2x

1 ´ v2
N
¯

´
σ2vx

1 ´ v2
N1{2.

(5.19)

Our goal is to show the weak limit

ˆ

´N´1{2PrxxxNk s

´ σ2 ‚

1 ´ v2
N
¯

`
σ2v ‚

1 ´ v2
N1{2 ,

´N´1{2PrDdpxxxNk´1,xxx
N
k qs

´ σ2 ‚

1 ´ v2
N
¯

`
σ2v ‚

1 ´ v2
N1{2, . . . ,

´N´1{2PrDk
dpxxxN1 , . . . ,xxx

N
k qs

´ 2 ‚

1 ´ v2
N
¯

`
2v ‚

1 ´ v2
N1{2

˙

ùñ pGσ
´ξk

, . . . , Gσ
´ξ1q.

(5.20)

Once we show (5.20), from (5.20), (5.18) and (5.19) it follows that pHN
ξ1
, . . . ,HN

ξk
q ùñ

pGσ
´ξ1

p´ ‚ q, . . . , Gσ
´ξk

p´ ‚ qq. This limit has the same distribution as pGσ
ξ1
, . . . , Gσ

ξk
q by The-

orem 2.3.2(iv). As mentioned previously, these reflections in the proof are a consequence

of having time flow left to right in the queuing setting.

Now, we prove (5.20). By construction, for j P J1, kK, txNj risuiPZ is an i.i.d. Bernoulli

sequence with intensity
ř

ℓďj λℓ “ 1
2p1 ` v ` ξjp1 ´ v2qN´1{2q. Hence, for j P J1, kK,

´N´1{2PrxxxNj s

´ σ2 ‚

1 ´ v2
N
¯

`
σ2v ‚

1 ´ v2
N1{2 (5.21)
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converges in distribution to a Brownian motion with diffusivity σ and drift ´σ2ξj . To

elevate this to the joint convergence of (5.20), we utilize the queuing mappings in (5.18)

and the transformations Dpkq from (2.5) that construct the SH.

By Skorokhod representation ([54, Thm. 11.7.2], [59, Thm. 3.1.8]), we may couple

txxxNj uj“1,...,k and independent Brownian motions tZjujPJ1,kK with diffusivity σ and drift

´σ2ξj so that, with probability one, for j P J1, kK, (5.21) converges uniformly on compact

sets to Zj . Let P be the law of this coupling (To be precise, the sequences xxxNj are

functions of the converging processes (5.21), which Skorokhod representation couples with

their limiting Brownian motions).

By Proposition 2.3.1(ii) and definition of Dpkq (2.5), for reals ξ1 ă ¨ ¨ ¨ ă ξk, the valued

marginal pGσ
´ξk

, . . . , Gσ
´ξ1

q of the SH can be constructed as follows:

Gσ
´ξk

“ DpZkq “ Zk, Gσ
´ξk´1

“ Dp2qpZk, Zk´1q “ DpZk´1, Zkq, . . .

Gσ
´ξ1 “ DpkqpZ1, Z2, . . . , Zkq “ DpDpk´1qpZ1, . . . , Zk´1q, Zkq.

We recall (2.3) that The map D is

DpZ,Bqpyq “ Bpyq ` sup
´8ăxďy

tZpxq ´Bpxqu ´ sup
´8ăxď0

tZpxq ´Bpxqu.

By a union bound, it suffices to show that, under this coupling, for each ε ą 0, a ą 0,

and each j “ 0, . . . , k ´ 1,

lim sup
NÑ8

P
ˆ

sup
xPr´a,as

ˇ

ˇ

ˇ
´N´1{2PrD

pj`1q

d pxxxNk´j , . . . ,xxx
N
k qs

´ 2x

1 ´ v2
N
¯

`
2vx

1 ´ v2
N1{2

´Dpj`1qpZk´j , . . . , Zkqpxq

ˇ

ˇ

ˇ
ą ε

˙

“ 0,

(5.22)

where the argument of the discrete operator is understood via linear interpolation. We

prove (5.22) by induction on j. The base case j “ 0 follows by the almost sure uniform

convergence on compact sets of (5.21) to Zj . Now, assume the statement holds for some

j ´ 1 P t0, . . . , k´ 2u. The proof is completed by Lemma 5.2.6 below, once we recall (5.8)
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that

D
pj`1q

d pxxxNk´j , . . . ,xxx
N
k q “ DdpD

pjq

d pxxxNk´j , . . . ,xxx
N
k´1q,xxxNk q.

Lemma 5.2.6. Let v P p´1, 1q. For each N ą 0, let aaaN and sssN be t0, 1uZ-valued i.i.d.

sequences such that the intensity of sssN is strictly greater than the intensity of aaaN . As-

sume further that these sequences are coupled together with Brownian motions Z1, Z2 with

diffusivity σ and drifts ´σ2ξ1 ą ´σ2ξ2 so that, for each ε ą 0 and a ą 0,

lim sup
NÑ8

P

˜

sup
yPr´a,as

ˇ

ˇ

ˇ
´N´1{2PraaaN s

´ σ2y

1 ´ v2
N
¯

`
σ2vy

1 ´ v2
N1{2 ´ Z1pyq

ˇ

ˇ

ˇ

_

ˇ

ˇ

ˇ
´N´1{2PrsssN s

´ σ2y

1 ´ v2
N
¯

`
σ2vy

1 ´ v2
N1{2 ´ Z2pyq

ˇ

ˇ

ˇ
ą ε

¸

“ 0.

(5.23)

Then, for every ε ą 0 and a ą 0,

lim sup
NÑ8

P

˜

sup
yPr´a,as

ˇ

ˇ

ˇ
´N´1{2PrDdpaN , sN qs

´ σ2y

1 ´ v2
N
¯

`
σ2vy

1 ´ v2
N1{2

´DpZ1, Z2qpyq

ˇ

ˇ

ˇ
ą ε

¸

“ 0. (5.24)

Proof. From (5.14), we have, for σ2Nx
1´v2

P Z,

´N´1{2PrDdpaaaN , sssN qs

´ σ2x

1 ´ v2
N
¯

`
σ2vx

1 ´ v2
N1{2

“ ´N´1{2PrsssN s

´ σ2x

1 ´ v2
N
¯

`
σ2vx

1 ´ v2
N1{2

`N´1{2 sup
´8ăjďσ2Nx{p1´v2q

rPrsssN spjq ´ PraaaN spjqs

´N´1{2 sup
´8ăjď0

rPrsssN spjq ´ PraaaN spjqs

“ ´N´1{2PrsssN s

´ σ2x

1 ´ v2
N
¯

`
σ2vx

1 ´ v2
N1{2

` sup
´8ăjďσ2Nx{p1´v2q

r´N´1{2PraaaN spjq ´ p´N´1{2PrsssN spjqqs

´ sup
´8ăjď0

r´N´1{2PraaaN spjq ´ p´N´1{2PrsssN spjqqs.

(5.25)
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Hence, from (5.25) and the assumed convergence of N´1{2PrsssN sp σ2N
1´v2

‚ q in probability

(5.23), to prove (5.24), it suffices to show that, for each a ą 0 and ε ą 0,

lim sup
NÑ8

P
ˆ

sup
yPr´a,as

ˇ

ˇ

ˇ
sup

´8ăxďrσ2Ny{p1´v2qs

“

´N´1{2PraaaN spxq ´ p´N´1{2PrsssN spxqq
‰

´ sup
´8ăxďy

rZ1pxq ´ Z2pxqs

ˇ

ˇ

ˇ
ą ε

˙

“ 0. (5.26)

For x P R, recall that rxs denotes the integer closest to x with |rxs| ď |x|. Note that there

is a drift term for both the walks PraaaN s and PrsssN s that cancels when they are subtracted.

For shorthand, let

XN pxq “ ´N´1{2PraaaN spxq ´ p´N´1{2PrsssN spxqq

For the a in the hypothesis of the lemma and arbitrary S ą a, let EN,a,S be the event

where the following three conditions all hold:

(i)

sup
´8ăxďr´σ2Na{p1´v2qs

“

XN pxq
‰

“ sup
r´σ2NS{p1´v2qsďxďr´σ2Na{p1´v2qs

“

XN pxq
‰

.

(ii)

sup
´8ăxď´a

rZ1pxq ´ Z2pxqs “ sup
´Sďxď´a

rZ1pxq ´ Z2pxqs.

(iii)

sup
yPr´a,as

ˇ

ˇ

ˇ
sup

r´σ2NS{p1´v2qsďxďrσ2Nx{p1´v2qs

XN pyq ´ sup
´Sďxďy

rZ1pxq ´ Z2pxqs

ˇ

ˇ

ˇ
ď ε.

For every S ą a, the event in (5.26) is contained in Ec
N,a,S . By assumption (5.23)

and Lemma A.3.4 (applied to the random walk ´PraaaN s ` PrsssN s with m “ ξ2 ´ ξ1,

σ “
?
2σ2, φpNq “ N´1{2, ξpNq “ σ2N{p1 ´ v2q, and B “ Z1p ‚ {p2σ2qq ´ Z2p ‚ {p2σ2qq),

limSÑ8 lim supNÑ8 PpEc
N,a,Sq “ 0, completing the proof.
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Remark 5.2.7. For v “ 0, one can alternatively arrive at (5.18) by considering the

speed process for TASEP with left jumps. As in (5.1), let Xiptq be the position of the

right-going particle with label i that starts at Xip0q “ i and define the right-going speed

process by Ui “ limtÑ8 t´1Xiptq. To flip the space direction, define left-going particles

rXiptq “ ´X´iptq and the corresponding speed process rUi “ limtÑ8 t´1
rXiptq “ ´U´i.

Reversing the lattice direction reversed the priorities of the labels (for the walks rX, lower

label means lower priority), so the non-decreasing projection F to left-going multiclass

stationary measures has to be applied to speeds ´rUi “ U´i.

The distributional equality trUiuiPZ
d
“ tUiuiPZ from [2, Proposition 5.2] implies that

both speed processes have the same SH limit. This can also be verified by replacing U with

rU in (5.3), rearranging, taking the limit, and using the reflection property (Proposition

2.3.1(iv)) of the SH.
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Appendix A

Auxiliary technical inputs

A.1 Maximizers of continuous functions

Recall the definitions of fpx, yq and f ďinc g from Section 1.5.

Lemma A.1.1. Let f, g : R Ñ R be continuous functions satisfying fpxq _ gpxq Ñ ´8

as x Ñ ˘8 and f ďinc g. Let xLf and xRf be the leftmost and rightmost maximizers of f

over R, and similarly defined for g. Then, xLf ď xLg and xRf ď xRg .

Proof. By the definition of xRg and by the assumption f ďinc g, for all x ą xRg

fpxRg , xq ď gpxRg , xq ă 0.

Hence, the rightmost maximizer of f must be less than or equal to xRg . We get the
statement for leftmost maximizers by considering the functions x ÞÑ fp´xq and g ÞÑ

gp´xq.

Lemma A.1.2. Assume that f, g : R Ñ R satisfy f ďinc g. Then, for a ď x ď y ď b,

0 ď gpx, yq ´ fpx, yq ď gpa, bq ´ fpa, bq.

Proof. The first inequality follows immediately from the assumption f ďinc g. The second
follows from the inequality

fpa, bq ´ fpx, yq “ fpa, xq ` fpy, bq ď gpa, xq ` gpy, bq “ gpa, bq ´ gpx, yq.

Lemma A.1.3. Let S Ď Rn, and let fn : S Ñ R be continuous functions that converge
uniformly to f : S Ñ R. Let cn be a maximizer of fn and assume cn Ñ c P S. Then c is
a maximizer of f .

Proof. fnpcnq ě fnpxq for all x P S, so it suffices to show that fnpcnq Ñ fpcq. This follows
from the uniform convergence of fn to f , the continuity of f , and

|fnpcnq ´ fpcq| ď |fnpcnq ´ fpcnq| ` |fpcnq ´ fpcq|.
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The following is a well-known fact, but is often stated without proof, so we include
full justification for the sake of completeness. For example, it appears as Equation (1.4)
in [124] and Equation (13) in [119].

Lemma A.1.4. Let f : R Ñ R be a continuous function such that

lim
xÑ˘8

fpxq “ ˘8.

Set F pyq “ sup´8ăxďy fpxq. Then,

inf
yďxă8

p2F pxq ´ fpxqq “ F pyq. (A.1)

Proof. The left-hand side of (A.1) is

inf
yďxă8

p2F pxq ´ fpxqq “ inf
yďxă8

`

2 sup
´8ăuďx

fpuq ´ fpxq
˘

.

For all x ě y, sup8ăuďx fpuq is greater than or equal to both fpxq and sup´8ăuďy fpuq.
Therefore,

2 sup
´8ăuďx

fpuq ´ fpxq ě sup
´8ăuďy

fpuq ` fpxq ´ fpxq “ F pyq.

This establishes one direction of (A.1). To show the other direction, we show that there
exists x ě y such that

2F pxq ´ fpxq “ F pyq.

Note that fpyq ď F pyq recall the assumption limxÑ8 fpxq “ 8. By the intermediate value
theorem, fpxq “ F pyq for some x ě y. Let

x‹ “ inftx ě y : fpxq “ F pyqu.

Then, by continuity, fpx‹q “ F px‹q “ F pyq, and

2F px‹q ´ fpx‹q “ 2F pyq ´ F pyq “ F pyq.

A.2 Miscellaneous probabilistic facts

Lemma A.2.1. For a nonnegative random variable Z on pΩ,F ,Pq and α P R, the follow-
ing holds

ż

Ω
e´αZ dP “ 1 ´ α

ż 8

0
e´αzPpZ ą zq dz.

Proof. We use Tonelli’s Theorem below.

´ α

ż 8

0
e´αzPpZ ą zq dz “ ´α

ż 8

0

ż

Ω
e´αz1pZ ą zq dPdz

“ ´ α

ż

Ω

ż 8

0
e´αz1pZ ą zq dzdP “ ´α

ż

Ω

ż Z

0
e´αz dzdP



215

“

ż

Ω
pe´αZ ´ 1q dP “

ż

Ω
e´αZdP ´ 1.

Rearranging this equation completes the proof.

The following is a classical result. We provide a proof for the specific formulation we use.

Theorem A.2.2 (The Cameron-Martin-Girsanov Theorem). Let X : r0,8q Ñ R be a
standard Brownian motion with drift λ P R on the space pΩ,F ,Pq. Then, for t ą 0 and
ρ P R consider the measure on pΩ,Fq defined by

pPpAq “ E
”

exp
´

pρ´ λqXptq `
λ2 ´ ρ2

2
t
¯

1A

ı

.

Then, under pP, tXpsq : 0 ď s ď tu is a standard Brownian motion with drift ρ.

Proof. The measures P and pP are mutually absolutely continuous, so continuity is pre-
served. It remains to show that, under pP, for 0 “ t0 ă t1 ă ¨ ¨ ¨ ă tn´1 ă tn “ t,
Xpt1q, Xpt2q ´ Xpt1q, . . . , Xptnq ´ Xptn´1q are independent Gaussian random variables
with mean ρpti ´ ti´1q and variance ti ´ ti´1. We prove this via moment generating func-
tions: For 1 ď i ď n, set si “ ti ´ ti´1 and Yi “ Xptiq ´ Xpti´1q. Let α1, . . . , αn P R.
Then, using the fact that t “ s1 ` ¨ ¨ ¨ ` sn and Xptq “ Y1 ` ¨ ¨ ¨ ` Yn,

pE
”

exp
´

n
ÿ

i“1

αiYi

¯ı

“ E
”

exp
´

pρ´ λqpY1 ` ¨ ¨ ¨ ` Ynq `
λ2 ´ ρ2

2
t`

n
ÿ

i“1

αiYi

¯¯ı

“

ż

Rn

n
ź

i“1

1
?
2πsi

exp
`

´
pyi ´ λsiq

2

2si
` pρ´ λqyi ` αiyi `

λ2 ´ ρ2

2
si
˘

dyi

“

n
ź

i“1

ż

R

1
?
2πsi

exp
`

´
pyi ´ λsiq

2

2si
` pρ´ λqyi ` αiyi `

λ2 ´ ρ2

2
si
˘

dyi

“

n
ź

i“1

exp
`

λsipρ´ λ` αiq `
sipρ´ λ` αiq

2

2
`
λ2 ´ ρ2

2
si

¯

“

n
ź

i“1

exppραisi ` siα
2
i {2q.

The following is derived from a classical result.

Lemma A.2.3. [29, Equation 1.1.4 (1) on pg 251 ] For a standard Brownian motion B
and ξ ą 0,

sup
´8ăuď0

t
?
2Bpuq ` ξuu „ Exppξq.

Proof. The statement given in [29] is

sup
0ďuď8

tBpuq ´ ξuu „ Expp2ξq.

To get to the result we use, observe that

sup
´8ăuď0

t
?
2Bpuq ` ξuu “

?
2 sup
0ďuă8

␣

Bp´uq ´
ξ

?
2
u
(

„
?
2Expp

?
2ξq „ Exppξq.
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The following is also well-known (see, for example, [29, Equation 1.2.4 on page 251]; this
result is stated for the running infimum, but can be modified by reflection invariance of
Brownian motion). We provide a short proof for the specific choice of parameterization
we use

Lemma A.2.4. Let B be a standard Brownian motion. Then, for all x ě 0,

P
`

sup
0ďuď1

t
?
2Bpuq ` ξuu ď x

˘

“ Φ
´x´ ξ

?
2

¯

´ eξxΦ
´

´x´ ξ
?
2

¯

.

Proof. We prove that

P
`

sup
0ďuď1

tBpuq ` ξuu ď x
˘

“ Φpx´ ξq ´ e2ξxΦp´x´ ξq, (A.2)

and the statement given follows by replacing x with x{
?
2 and ξ with ξ{

?
2. Let

W ξpuq “ Bpuq ` ξu, M ξ “ sup
0ďuď1

tW ξpuqu,

and denote M “ M0 and W “ W 0. A classical fact due to the reflection principle (see for
example, [55, Exercise 7.4.3]), is that M and W p1q have joint density

fpm,wq “
2p2m´ wq

?
2π

e´p2m´wq2{21pm ě 0,´8 ă w ď mq.

By Theorem A.2.2, M ξ and W ξp1q have joint density

f ξpm,wq “
2p2m´ wq

?
2π

e´p2m´wq2{2`ξw´ξ2{21pm ą 0,´8 ă w ă mq.

Hence,

PpM ξ ď xq “

ż x

´8

ż x

w

2p2m´ wq
?
2π

e´p2m´wq2{2`ξw´ξ2{2dmdw

“

ż x

´8

ż 2x´w

w

u
?
2π
e´u2{2`ξw´ξ2{2 du dw

“

ż x

´8

eξw´ξ2{2

?
2π

”

e´w2{2 ´ e´p2x´wq2{2
ı

dw

“

ż x

´8

e´pw´ξq2{2

?
2π

dw ´ e2xξ
ż x

´8

e´pw´p2x`ξqq2{2

?
2π

dx,

and this equals (A.2) after a simple change of variables.

A.3 Maximum of random walk

We first state a random walk lemma that comes from p. 519–520 in [128]. See also Chapter
VIII, Section 6 in [4].
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Lemma A.3.1 ([128], Proposition 6.9.4. See also Chapter VIII, Section 6 in [4]). Let µN
be a sequence of strictly positive numbers with µN Ñ 0. Let σN be a sequence satisfying
σN Ñ 1. For each N , let tXN,i : i P Zu be a collection of i.i.d. random variables with
mean µN and variance σ2N . Further, suppose that the sequence tX2

N,0 : N ě 1u is uniformly
integrable, meaning that

lim
bÑ8

sup
Ně1

E
“

X2
N,01|XN,0|ąb

‰

“ 0.

Let B be a Brownian motion with diffusion coefficient 1 and zero drift. Then, the
following convergence in distribution holds:

sup
´8ăxď0

µNS
N prxsq ùñ

NÑ8
sup

´8ăxď0
tBpxq ` xu.

Next, we reformulate the statement slightly to suit our purposes.

Lemma A.3.2. Let µN be a sequence of strictly positive numbers with µN Ñ 0. Let σN be
a sequence satisfying σN Ñ σ ą 0. Let φpNq be a sequence satisfying µN{φpNq Ñ m ą 0.
For each N , let tXN,i : i P Zu be a collection of i.i.d. random variables with mean µN and
variance σ2N . Further, suppose that the sequence tX2

N,0 : N ě 1u is uniformly integrable.

Let SN pmq be defined as

SN pmq “

#

´
ř´1

i“mXN,i m ď 0
řm´1

i“0 XN,i m ě 0
(A.3)

with SN p0q “ 0. Let B be a Brownian motion with diffusion coefficient 1 and zero drift.
Then, the following convergence in distribution holds:

sup
´8ăxď0

φpNqSN prxsq ùñ
NÑ8

sup
´8ăxď0

tσBpxq `mxu (A.4)

Remark A.3.3. It is immediate that on the left-hand side of (A.4), one can replace x
with rξpNqxs for any strictly positive sequence ξpNq.

Proof. The random variables XN,i{σN satisfy the conditions of Lemma A.3.1 with µN
replaced by µN{σN . Then,

sup
´8ăxď0

φpNqSN pxq “
φpNqσ2N
µN

sup
´8ăxď0

µN
σN

¨
SN pxq

σN

“
φpNqσ2N
µN

sup
´8ăxď0

µN
σN

¨
SN prσ2Nx{µ2N sq

σN

LemmaA.3.1
ùñ

σ2

m
sup

´8ăxď0
tBpxq ` xu

“
σ2

m
sup

´8ăxď0

!

B
´m2

σ2
x
¯

`
m2

σ2
x
)

d
“ sup

´8ăxď0
tσBpxq `mxu,

so we may now apply Lemma A.3.1.

For x P R, recall that rxs denotes the integer closest to x with |rxs| ď |x|.
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Lemma A.3.4. Consider the setting of Lemma A.3.2. Let ξpNq be a sequence satisfying
φpNq2ξpNq Ñ R ą 0. Then, for each S ă T P R,

lim
NÑ8

P
”

sup
´8ăxďrSξpNqs

φpNqSN pxq ą sup
rSξpNqsďxďrTξpNqs

φpNqSN pxq

ı

“ P
“

sup
´8ăxďS

tσBpRxq `mRxu ą sup
SďxďT

tσBpRxq `mRxu
‰

.
(A.5)

Proof. Observe that

P
”

sup
´8ăxďrSξpNqs

φpNqSN pxq ą sup
rSξpNqsďxďrTξpNqs

φpNqSN pxq

ı

“ P
”

sup
´8ăxďrSξpNqs

φpNqSN prSξpNqs, xq ą sup
rSξpNqsďxďrTξpNqs

φpNqSN prSξpNqs, xq

ı

.

Now, note that

sup
´8ăxďrSξpNqs

φpNqSN prSξpNqs, xq, and sup
rSξpNqsďxďrTξpNqs

φpNqSN prSξpNqs, xq

are independent. By convergence of random walk to Brownian motion with drift (with
respect to the topology of uniform convergence on compact sets) , we get that

sup
rSξpNqsďxďrTξpNqs

φpNqSN pRS, rSξpNqs, xq ùñ sup
SďxďT

tσBpRS,Rxq `Rpm´ Sqxu.

By shift invariance of random walk and Lemma A.3.2,

sup
´8ăxďrSξpNqs

φpNqSN prSξpNqs, xq
d
“ sup

´8ăxď0
φpNqSN pxq

ùñ sup
´8ăxď0

tσBpxq `mxu “ sup
´8ăxď0

tσBpRxq `mRxu

d
“ sup

´8ăxďS
tσBpRS,Rxq `mpR ´ Sqxu.

By independence, we have shown the following joint convergence:

´

sup
´8ăxďrSξpNqs

φpNqSN prSξpNqs, xq, sup
rSξpNqsďxďrTξpNqs

φpNqSN prSξpNqs, xq

¯

ùñ

´

sup
´8ăxďS

tσBpRS,Rxq `mpR ´ Sqxu, sup
SďxďT

tσBpRS,Rxq `mpR ´ Sqxu

¯

.
(A.6)

The right-hand side of (A.6) consists of two independent random variables with con-
tinuous distribution. Therefore,

lim
NÑ8

P
”

sup
´8ăxďrSξpNqs

φpNqSN pxq ą sup
rSξpNqsďxďrTξpNqs

φpNqSN pxq

ı

“ lim
NÑ8

P
”

sup
´8ăxďrSξpNqs

φpNqSN prSξpNqs, xq ą sup
rSξpNqsďxďrTξpNqs

φpNqSN prSξpNqs, xq

ı
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“ P
“

sup
´8ăxďS

tσBpRS,Rxq `mpR ´ Sqxu ą sup
SďxďT

tσBpRxq `mpR ´ Sqxu
‰

“ P
“

sup
´8ăxďS

tσBpRxq `mRxu ą sup
SďxďT

tσBpRxq `mRxu
‰

,

with the second equality holding because the event on the right-hand side is a continuity
set for the joint vector on the right in (A.6).
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Appendix B

The directed landscape

B.1 Bounds and distributional invariances

The directed landscape satisfies the following symmetries.

Lemma B.1.1. [47, Lemma 10.2],[49, Proposition 1.23] As a random continuous function
of px, s; y, tq P R4

Ò
, the directed landscape L satisfies the following distributional symmetries,

for all r, c P R and q ą 0.

(i) (Space-time stationarity) Lpx, s; y, tq
d
“ Lpx` c, s` r; y ` c, t` rq.

(ii) (Skew stationarity) Lpx, s; y, tq
d
“ Lpx` cs, s; y ` ct, tq ´ 2cpx´ yq ` pt´ sqc2.

(iii) (Spatial and temporal reflections) Lpx, s; y, tq
d
“ Lp´x, s;´y, tq

d
“ Lpy,´t;x,´sq.

(iv) (Rescaling) Lpx, s; y, tq
d
“ qLpq´2x, q´3s; q´2y, q´3tq.

Lemma B.1.2. [47, Corollary 10.7] There exists a
random constant C such that for all v “ px, s; y, tq P R4

Ò
, we have

ˇ

ˇ

ˇ
Lpx, s; y, tq `

px´ yq2

t´ s

ˇ

ˇ

ˇ
ď Cpt´ sq1{3 log4{3

´2p}v} ` 2q

t´ s

¯

log2{3p}v} ` 2q,

where }v} is the Euclidean norm.

Lemma B.1.3. [44, Proposition 2.6] For every i “ 1, . . . , k and ε ą 0, let

Ki,ε “ tpx, s; y, tq P R4
Ò
: s, t P r0, εs, x, y P ri´ 1{4, i` 1{4su. (B.1)

Then, there exists a coupling of k ` 1 copies of the directed landscape L0,L1, . . . ,Lk so
that L1, . . . ,Lk are independent, and almost surely, there exists a random ε ą 0 such that
for 1 ď i ď k, L0|Ki,ε “ Li|Ki,ε.

On a measure space pΩ,F ,Pq, a measure-preserving transformation T satisfies T´1E P

F and PpT´1Eq “ PpEq for all E P F . Such a transformation is said to be ergodic if
PpEq P t0, 1u whenever T´1E “ E. The transformation T is said to be mixing if, for all
A,B P F , PpAX T´kBq Ñ PpAqPpBq as k Ñ 8. By setting A “ B, one sees that mixing
implies ergodicity.
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Lemma B.1.4. For a, b P R, not both 0 and z ą 0, consider the shift operator Tz;a,b acting
on the directed landscape L as

Tz;a,bLpx, s; y, tq “ Lpx` az, s` bz; y ` az; t` bzq,

where both sides are understood as a process on R4
Ò
. Then, L is mixing under this trans-

formation. That is, for all Borel subsets A,B of the space CpR4
Ò
,Rq,

PpL P A, Tz;a,bL P Bq
zÑ8
ÝÑ PpL P AqPpL P Bq.

In words, the directed landscape is mixing (and therefore ergodic) under space-time shifts
in any planar direction.

Proof. This key to the proof is Lemma B.1.3, and I thank Duncan Dauvergne for pointing
this out to me. We prove the case a ‰ 0, and the case a “ 0 and b ‰ 0 will be proven
separately. Further, since we send z Ñ 8, it suffices to show the result for a “ 1, for
then the result also holds for arbitrary a and b “ ab. With this simplification, we use the
shorthand notation Tz;b “ Tz : 1, b. By Lemma B.1.1(i), L is stationary under the shift
Tz;b. By Dynkin’s π-λ theorem, it suffices to show that for a compact set K Ď R4

Ò
and

Borel sets A Ď CpK,Rq and B Ď CpK,Rq,

PpL|K P A, pTz;bLq|K P Bq
zÑ8
ÝÑ PpL|K P AqPpL|K P Bq.

Further, by temporal stationarity, it suffices to assume that infts : px, s; y, tq P Ku ě 0.
Consider the coupling L0,L1,L2 of Lemma B.1.3 with k “ 2. Then, using the rescaling
and spatial stationarity of Lemma B.1.1,

PpL|K P A, pTz;bLq|K P Bq

“ PpL0px, s; y, tq|K P A,L0px` z, s` bz; y ` z, t` bzq|K P Bq

“ Ppz1{2L0pz´1x, z´3{2s; z´1y, z´3{2tq|K P A,

z1{2L0pz´1x` 1, z´3{2s` z´1{2b; z´1y ` 1, z´3{2t` z´1{2bq|K P Bq

“ Ppz1{2L0pz´1x` 1, z´3{2s; z´1y ` 1, z´3{2tq|K P A,

z1{2L0pz´1x` 2, z´3{2s` z´1{2b; z´1y ` 2, z´3{2t` z´1{2bq|K P Bq. (B.2)

Specifically, we used the rescaling property with q “ z1{2 in the second equality, and in
the third equality, we shifted the entire process by 1 in the spatial direction. Above, the
restrictions |Kj mean that px, s; y, tq P Kj . Since K is compact and we assumed s ě 0 for
all px, s; y, tq P K, for any ε ą 0, there exists Z ą 0 such that for z ą Z,

tpz´1x` 1, z´3{2s; z´1y ` 1, z´3{2tq : px, s; y, tq P Ku Ď K1,ε, and

tpz´1x` 2, z´3{2s` z´1{2b; z´1y ` 2, z´3{2t` z´1{2bq : px, s; y, tq P Ku Ď K2,ε,
(B.3)

where Ki,ε are defined in (B.1). Let Cz be the event where both these containments hold
for the random ε ą 0 in Lemma B.1.3, and let Dz be the event in (B.2). Then, PpCzq Ñ 1
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as z Ñ `8. Then, for any δ ą 0, whenever z is sufficiently large so that 1´PpCzq “ δ ą 0,

ˇ

ˇ

ˇ
PpDzq ´ PpL|K P AqPpL|K P Bq

ˇ

ˇ

ˇ

ď

ˇ

ˇ

ˇ
PpDz X Czq ´ PpL|K P AqPpL|K P Bq

ˇ

ˇ

ˇ
` δ

“

ˇ

ˇ

ˇ
Ppz1{2L1pz´1x` 1, z´3{2s; z´1y ` 1, z´3{2tq|K P A,

z1{2L2pz´1x` 2, z´3{2s` z´1{2b; z´1y ` 2, z´3{2t` z´1{2bq|K P B,Czq

´ PpL1|K P AqPpL1|K P Bq

ˇ

ˇ

ˇ
` δ

ď

ˇ

ˇ

ˇ
Ppz1{2L0pz´1x` 1, z´3{2s; z´1y ` 1, z´3{2tq|K P A,

z1{2L0pz´1x` 2, z´3{2s` z´1{2b; z´1y ` 2, z´3{2t` z´1{2bq|K P Bq

´ PpL1|K P AqPpL2|K P Bq

ˇ

ˇ

ˇ
` 2δ

“

ˇ

ˇ

ˇ
PpL1|K P A,L2|K P Bq ´ PpL1|K P AqPpL2|K P Bq

ˇ

ˇ

ˇ
` 2δ “ 2δ,

completing the proof since δ is arbitrary. Specifically, in the two inequalities, we added
and removed the event Cz at the cost of δ. In the first equality above, we used the fact
that the containments (B.3) hold on Cz and L0|Ki,ε “ Li|Ki,ε for i “ 1, 2. In the last
line, we reversed the application of the rescaling and spatial stationarity, then used the
independence of L1 and L2 from Lemma B.1.3.

The statement for the vertical shift operator when a “ 0 is simpler. For a compact
set K, the processes L|K and Tz;0,bL|K are independent for sufficiently large b by the
independent increments property of the directed landscape, and the desired result follows.

Recall the definition of the state space UC (3.5) for the KPZ fixed point. Recall that
the KPZ fixed point hLpt, ‚; s, hq with initial data h at time s can be represented as

hLpt, y; s, hq “ sup
xPR

thpxq ` Lpx, s; y, tqu for t ą s. (B.4)

Lemma B.1.5. [20, 47, 68, 120] Let L : R4
Ò

Ñ R be a continuous function satisfying the
metric composition law (3.3) and such that maximizers in (3.3) exist. Then,

(i) Whenever s ă t, x1 ă x2, y1 ă y2,

Lpx2, s; y1, tq ´ Lpx1, s; y1, tq ď Lpx2, s; y2, tq ´ Lpx1, s; y2, tq.

Let h1, h2 P UC, and For i “ 1, 2 and t ą s, define hLpt, y; s, hiq by (B.4). Then, assuming
that maximizers in (B.4) exist, the following hold.

(ii) If h1 ďinc h
2, then hLpt, ‚ ; s, h1q ďinc hLpt, ‚ ; s, h2q for all t ą s.

(iii) For t ą s and i “ 1, 2, set

ZLpt, y; s, hiq “ max argmax
xPR

thipxq ` Lpx, s; y, tqu.
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Then, if x ă y and ZLpt, y; s, h1q ď ZLpt, x; s, h2q,

hLpt, y; s, h1q ´ hLpt, x; s, h1q ď hLpt, y; s, h2q ´ hLpt, x; s, h2q.

B.2 Geodesics in the directed landscape

We start by citing some results from [23] and [48].

Lemma B.2.1. [23, Theorem 1.18] There exists a single event of full probability on which,
for any compact set K Ď R4

Ò
, there is a random ε ą 0 such that the following holds. If

v1 “ px, s; y, uq P K and v2 “ pz, s;w, uq P K admit geodesics γ1 and γ2 satisfying
|γ1ptq ´ γ2ptq| ď ε for all t P rs, us, then γ1 and γ2 are not disjoint, i.e., γ1ptq “ γ2ptq for
some t P rs, us.

Let g be a geodesic from px, sq to py, uq. Define the graph of this geodesic as

Gg :“ tpgptq, tq : t P rs, usu.

Lemma B.2.2. [48, Lemma 3.1] The following holds on a single event of full probability.
Let ppn; qnq Ñ pp, qq “ px, s; y, tq P R4

Ò
, and let gn be any sequence of geodesics from pn

to qn. Then, the sequence of graphs Ggn is precompact in the Hausdorff metric, and any
subsequential limit of Ggn is the graph of a geodesic from p to q.

Lemma B.2.3. [48, Lemma 3.3] The following holds on a single event of full probability.
Let ppn; qnq “ pxn, sn; yn, unq P R4

Ò
Ñ pp; qq “ px, s; y, uq P R4

Ò
, and let gn be any sequence

of geodesics from pn to qn. Suppose that either

(i) For all n, gn is the unique geodesic from pxn, snq to pyn, unq and Ggn Ñ Gg for some
geodesic g from p to q, or

(ii) There is a unique geodesic g from p to q.

Then, the overlap

Opgn, gq :“ tt P rsn, uns X rs, us : gnptq “ gptqu

is an interval for all n whose endpoints converge to s and u.

Remark B.2.4. We note that condition (i) is slightly different from that stated in [48].
There, it is assumed instead that pxn, sn; yn, unq P Q4 X R4

Ò
for all n. The only use of

this requirement in the proof is to ensure that there is a unique geodesic from pxn, snq to
pyn, unq for all n, so there is no additional justification needed for the statement we use
here.

Lemma B.2.5. On the intersection of the full probability events from Lemmas B.2.2 and
B.2.3, the following holds. For all ordered triples s ă t ă u and compact sets K Ď R, the
set

tgptq : g is the unique geodesic between px, sq and py, uq for some x P K, y P Ku (B.5)

is finite.
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Lemma B.2.5 is known. Its derivation from Lemma B.2.1 and some results of [48] are
shown in [35]. Lemma 3.12 in [70] (posted after the first version of [35]) provides a stronger
quantitative statement, but we do not need it for our purposes. This stronger estimate
can be traced back to the work of [21] in exponential LPP using integrable methods.

Proof of Lemma B.2.5. Assume, without loss of generality, that K is a closed interval
ra, bs. We observe that by planarity, all geodesics from px, sq to py, uq for x, y P K lie
between the leftmost geodesic from pa, sq to pa, uq and the rightmost geodesic from pb, sq
to pb, uq. Hence, the set (B.5) is contained in a compact set, and it suffices to show that
the set has no limit points.

Assume, to the contrary, that there exists a point px̂, s; ŷ, uq P pKˆtsuˆKˆtuuqXR4
Ò

with unique geodesic ĝ such that there exists a sequence of points xn, yn P K such that
for all n, the geodesic gn from pxn, sq to pyn, tq is unique and so that gnptq Ñ ĝptq but
gnptq ‰ ĝptq for all n. By compactness, there exists a convergent subsequence pxnk

, ynk
q Ñ

px, yq. By Lemma B.2.2, there exists a further subsequence pxnkℓ
, ynkℓ

q such that the
geodesic graphs Ggnkℓ

converge to the graph of some geodesic Gg from px, sq to py, uq in the
Hausdorff metric. Since gnptq Ñ ĝptq, we have gptq “ ĝptq. By Lemma B.2.3, the overlap
Opgnkℓ

, gq is an interval whose endpoints converge to s and u, so gnkℓ
ptq “ gptq “ ĝptq for

sufficiently large ℓ, contradicting the definition of the sequence gn.
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[136] Timo Seppäläinen and Benedek Valkó. “Bounds for scaling exponents for a 1 ` 1
dimensional directed polymer in a Brownian environment”. In: ALEA Lat. Am. J.
Probab. Math. Stat. 7 (2010), pp. 451–476.
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