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The stationary horizon as the central multi-type invariant

measure in the KPZ universality class

Evan L. Sorensen

Abstract

The Kardar-Parisi-Zhang (KPZ) universality class describes a large class of 2-dimensional
models of random growth, which exhibit universal scaling exponents and limiting statistics.
The last ten years has seen remarkable progress in this area, with the formal construction
of two interrelated limiting objects, now termed the KPZ fixed point and the directed
landscape (DL). This dissertation focuses on a third central object, termed the stationary
horizon (SH). The SH was first introduced (and named) by Busani as the scaling limit of the
Busemann process in exponential last-passage percolation. Shortly after, in the author’s
joint work with Seppéaléinen, it was independently constructed in the context of Brownian
last-passage percolation. In this dissertation, we give an alternate construction of the SH,
directly from the description of its finite-dimensional distributions and without reference to
Busemann functions. From this description, we give several exact distributional formulas
for the SH. Next, we show the significance of the SH as a key object in the KPZ universality
class by showing that the SH is the unique coupled invariant distribution for the DL. A
major consequence of this result is that the SH describes the Busemann process for the
DL. From this connection, we give a detailed description of the collection of semi-infinite
geodesics in the DL, from all initial points and in all directions. As a further evidence of
the universality of the SH, we show that it appears as the scaling limit of the multi-species
invariant measures for the totally asymmetric simple exclusion process (TASEP). This
dissertation is adapted from two joint works with Seppéaldinen and two joint works with

Busani and Seppéléinen.
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Chapter 0

A gentle introduction for a general

audience

Imagine you are in a class studying probability, and each of the 30 people in your class roll
a fair 6-sided die. We can’t predict which number your die will land on, but we can predict
what the aggregate statistics of the class will be. Since there are 30 students and 6 equally
likely possibilities, we expect that each number would be rolled by 5 people. There is an
underlying theoretical average for this experiment. The possibilities are 1,2, 3,4,5,6, and
each has an equal chance of being rolled. The average of these numbers is 3.5, which we
call the expectation. This terminology may seem strange; you can’t roll a 3.5, of course.
However, if you take all the rolls from the 30 students in your class and look at the average
of the numbers rolled, that number will be close to 3.5. You will likely not get exactly 3.5
(since this is a random experiment), but this number of 3.5 gives us a good non-random
approximation.

Figure 1 is an example of what a histogram of the data might look like. In this simulated
example, 6 people rolled a 1, 8 people rolled a 2, 4 people rolled a 3, 3 people rolled a 4,
5 people rolled a 5, and 4 people rolled a 6. The average of all the rolls is approximately
3.17; this is fairly close to the expectation of 3.5. By adding a large number of students to

the class, our sample average is guaranteed to get much closer to 3.5. This phenomenon
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Figure 1: Histogram of 30 dice rolls

is what we call the Law of Large Numbers.

Let’s make things a little more interesting. Imagine that you and your classmates have
a lot of time on your hands, and you can repeat your dice rolling experiment 1,000 times.
Each time, you record the average of your 30 rolls. Remember that each of these averages
will be close to 3.5, but now each sample average is an independent random number. Of
course, something like this would take too long, but we can simulate this quickly on a
computer. Figure 2 is a histogram of the 1,000 simulated averages from 30 dice rolls. We
see a distribution that is centered around 3.5 and forms a bell curve. We call this the
normal, or Gaussian, distribution. The fact that this bell curve appears is a manifestation
of what we call the Central Limit Theorem, and this allows us to quantitatively estimate
how much the sample average will deviate from the expectation.

Both the law of large numbers and the central limit theorem are examples of universal
laws for random variables. While we can’t predict the value of a single random quantity, on
average, these will distribute themselves in ways that we can predict with high accuracy.
There is nothing special about rolling dice in the examples we saw. For any experiment
that has a finite variance (a technical assumption we won’t discuss in detail here), the

averages for large samples will distribute themselves as a bell curve. For example, this
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Figure 2: Simulation of dice roll averages

will also work if you flip coins instead of rolling dice, or if you roll dice with a more than
6 heads. The law of large numbers and central limit theorem also work if your dice or
coins are unfair-that is, not all possibilities are equally likely. And this phenomenon is
more than just an interesting fact about dice games. Random quantities from tree heights
in a forest or electrical test data on a semiconductor chips are often modelled with the
normal distribution. The statistical framework for modern science stands firmly on the
mathematical groundwork provided by the central limit theorem.

We can think of the central limit theorem as a one-dimensional law of random behavior.
In our dice experiment, we are measuring one number each time. But there are many
instances when we are interested in modelling random behavior that captures more than
just single quantities that are independent of their surroundings. Consider the following
picture of the Mississippi River and its tributaries in Figure 3. It may seem strange
to say that the path of the river is random; there is in fact only one Mississippi River.
However, its formation was the result of the surrounding landscape, with a huge number
of small factors contributing to its development. This formation is an example of spatial
random growth. A key observation is that the location of the river depends heavily on the

surrounding areas. In this dice experiment, the result of your roll has no effect on your
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neighbor’s roll. There is certainly much more correlation in this example. If you were
to measure the statistics of spatial locations of the river, you would observe something
different from a bell curve. Let’s consider another picture I took of a system of cracks in a
parking lot (Figure 4). In many ways, this picture resembles the picture of the Mississippi
River. In particular, there are several paths merging onto a main path, which somewhat
resembles the path of a river. While the time taken to form the crack is much different
than the time taken to form the Mississippi River we see today, there are similarities in
the dynamics of its formation. The random impurities in the asphalt govern where the
crack will form, and the location of the crack at a given point depends heavily on the local
structure of the pavement.

To motivate this further, imagine that you are travelling from San Diego, California to
Boston, Massachusetts. Meanwhile, your friend is travelling from Los Angeles, California
to New York, New York. If the paths you each took were straight lines, your paths would
intersect at exactly one point. However, this is certainly not the case. Each of you will

want to take the route that takes you to your destination in the shortest time possible; and
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Figure 4: A system of cracks in a parking lot

that involves travelling on highways that were built around the random terrain. Figure 5
compares the fastest routes along the journey between the two pairs of cities, according
to Google maps. If you and your friend both follow the recommended route, both of you
will drive to Holbrook, Arizona, then travel the same route to Columbus, Ohio, and lastly,
split off to travel to your respective destinations.

Just as the Gaussian distribution describes many real-world phenomena via the central
limit theorem, it is natural to ask if there is a mathematical object that can describe
the similar behavior of these three pictures, as well as many others one might observe
scientifically. The overwhelming answer, based on physical and numerical evidence, is,
“Yes!” (See Chapter 1 for more discussion of the contexts in which this universal behavior
has appeared). However, developing a mathematical proof of such universal behavior is
currently out of reach, except for a few models that are equipped with formulas that allow
for accessible computations.

Mathematically describing these phenomena is not so simple, either. There is an as-
tronomical number of tiny factors that govern the geometry of these paths. One natural
approach is to do a discrete approximation. Let’s imagine you come back to your prob-

ability class, but this time only 16 people showed up, and your desks are arranged in a



Flgure 5 Picture created via google.com/maps, May 11, 2023. Map of fastest route from New York to Columbus, Ohio to Los
Angeles, California to Holbrook, Arizona to San Diego, California to Boston, Massachusetts.

4 x 4 square. Each of you rolls a die and records a number. Let’s say that the numbers
rolled appear as in Figure 6.

Now, with these results, we will play a game. You want to travel between the bottom
left corner to the upper right corner. We impose a rule that you may only move one step
at a time, and that step must either be an upward step or a rightward step. Every time
you visit a square, you collect the number in the box and add it to your score. You want
to find the path that maximizes your score. There are 20 possible paths you could take,
and Figure 7 shows four possibilities, with the optimal one in the lower right corner. Just
as in the previous experiment, the result of your dice roll does not affect the result of your
neighbor’s dice roll. However, unlike the previous experiment, the place where you sit
does has an effect on the choice of optimal path. This introduces the spatial correlation

similar to what we have observed in the real-world examples discussed.
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Figure 6: Results of dice rolls
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Figure 7: Examples of admissible paths. The lower right path has the maximum possible total
sum of 29
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Figure 8: Example of a maximal path in a grid of size 1,000 x 1,000

We could look at this picture for a much larger box via a computer simulation. Figure
8 depicts a simulation of this process for a box of size 1,000 x 1,000. We may also
be interested in travelling between other pairs of points. In Figure 9, we overlay the
maximal up-right path between a second pair of points close to the corners. What we see
is something closely resembling the picture of the road trip we discussed earlier. We call
the optimal paths in these pictures geodesics. The phenomenon of geodesics merging, is
called coalescence.

When the picture is zoomed out, the geodesics we see in Figure 9 are not much different
than straight lines. If we look at the deviation of these paths from the straight line between
points and then rotate and scale the picture, we get Figure 10. This object is called the
directed landscape (DL), and was first studied in [47]. While the picture seems to indicate
that the process is stable under this centering and rescaling, it has not been mathematically
proven that this is the case. However, if instead of rolling dice for each square, we sample
from a different statistical distribution (either the geometric or exponential distribution)
distribution, then it was proven recently by Dauvergne and Virag [49] that the DL does in
fact appear after recentering and rescaling. There are a handful of variants of this model

for which this has also been proven, but a proof of such universality outside these special
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Figure 9: Example of maximal paths between two pairs of points. One path is blue/thin, and the
other is red/thick

models remains out of reach. There are several other models that are conjectured to have
the same behavior. For example, we could remove the rule that the admissible paths must
only move upward and rightward. However, without the directional constraint, there are
no known models for which we can make exact computations. From numerical evidence, it
seems that the scaling behavior should be the same, but no proof exists in the literature.
Just as the Gaussian distribution is proven to be a universal object via the central limit
theorem, the DL is believed to be a central object for these spatial growth models. Proving
the universality of the DL is one of the major current areas of research in probability.
There is another perspective for studying this universal behavior through a second
object, called the KPZ fized point, which was first introduced in [106]. We can construct
the KPZ fixed point from the directed landscape, so the two objects are closely interrelated
(see Section 3.2.3 for a mathematical introduction to the KPZ fixed point). The initials
KPZ stand for Kardar-Parisi-Zhang, who introduced a partial differential equation in [96],
which we now call the KPZ equation. Mathematical models which exhibit the universal
limiting statistics of the directed landscape and the KPZ fixed point are said to lie in the

KPZ universality class.
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Figure 10: The recentered, rotated and scaled version of Figure 9

This dissertation is concerned with the long-term behavior of the models in the KPZ
class. The main objective is to study a third central object, called the stationary horizon,
which provides us with another perspective for understanding KPZ universality. The
stationary horizon is mathematically constructed in Chapter 2. Chapter 3 shows that the
SH describes the long-term evolution of these growth models from a large class of initial
conditions. Chapter 4 uses the SH to describe detailed geometrical features of long-term
growth. One major contribution of this dissertation is a detailed study of the coalescence
of geodesics in the DL. Previously, results regarding coalescence were obtained in [126]
for geodesics when restricting attention to a single direction in space. The results of this
dissertation give a global picture for coalescence and splitting when observing all directions
at once. Lastly, Chapter 5 shows how the SH appears in the separate context of particle

systems, giving further evidence for the centrality of the SH in the KPZ universality class.
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Chapter 1

Introduction

1.1 KPZ universality

Since the 1986 work of Kardar, Parisi, and Zhang [96], it has been conjectured that
there are universal asymptotic growth rates of the fluctuations and correlations of a large
class of spatial stochastic growth models, which also exhibit universal limiting statistics.
These models comprise what is now called the Kardar-Parisi-Zhang (KPZ) universality
class. Evidence of the characteristic fluctuations and statistics of these models has been
uncovered, both experimentally and numerically, in several contexts, including the growth
of liquid crystals [66, 67, 89, 140-142], colonies of living cells [87, 107, 145], the slow
burning of paper [108, 109, 112], geological processes [77, 150], the interaction of molecules
on smooth surfaces [18, 51, 146, 147], and quantum entanglement [113].

The first mathematically rigorous proofs of these asymptotics were presented at the
turn of the century by Baik, Deift, and Johansson [6, 94] for some specially constructed
models with accessible formulas originating from representation theory. These special
models are said to be ezactly solvable. The works [6, 94] showed that the one-point dis-
tributions of these models converge to the Tracy-Widom distribution [143] from random
matrix theory. Corwin, Quastel, and Remenik conjectured in 2011 [41] that models in
the KPZ universality class should also converge to richer universal objects whose marginal

distributions are described by the Tracy-Widom distribution. Recently, two such interre-
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lated universal objects, known as the KPZ fized point and the directed landscape (DL),
were rigorously constructed [47, 106] and shown to be the scaling limit of many exactly
solvable models [49, 125, 144, 149]. The KPZ fixed point and DL are expected to be
universal objects for random growth models, analogously to how the Gaussian distribu-
tion is a universal object for sums of independent random variables from the central limit
theorem (See the survey article [40] for more discussion). Proving convergence to the DL
outside the exactly solvable cases remains as a major open problem.

This dissertation focuses on a third central object in the KPZ universality class, called
the stationary horizon (SH). The (SH) is a cadlag process indexed by the real line whose
state space is continuous functions, each a Brownian motion with drift. The SH was first
introduced by Busani [31] as the diffusive scaling limit of the Busemann process of expo-
nential last-passage percolation (LPP) from [60], and was conjectured to be the universal
scaling limit of the Busemann process of models in the KPZ universality class. Shortly
afterward, the paper [135] of the author’s joint work with Seppéldinen was posted. To de-
rive results about semi-infinite geodesics in Brownian last-passage percolation (BLPP), we
constructed the Busemann process in BLPP and made several explicit distributional cal-
culations. Remarkably, after discussions with Busani, we discovered that the Busemann
process of BLPP has the same distribution as the SH, restricted to nonnegative drifts.
Furthermore, due to a rescaling property of the stationary horizon, when the direction is
perturbed on order N~'/3 from the diagonal, this process also converges to the SH, fully
indexed by R. These results were added to the second version of [135].

This dissertation details why the SH is a third central object in the KPZ class. We can
understand its significance via three main points: (i) The SH is a coupled (or multi-type)
invariant measure and an attractor of the KPZ fixed point. It therefore describes the
long-term evolution of the KPZ fixed point, started from different initial conditions. (ii)
The SH describes the Busemann process of the DL and thus provides a detailed geometric
description of the collection of semi-infinite geodesics in the DL. (iii) The SH appears

as the scaling limit of multi-type stationary measures for many exactly solvable models
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known to lie in the KPZ universality class, including exponential LPP, Brownian LPP,

and TASEP.

1.2 Semi-infinite geodesics and Busemann functions

The presence of the SH in the KPZ universality class is tied to the study of semi-infinite
geodesics and Busemann functions. The study of semi-infinite geodesics was initiated by
Licea and Newman in first-passage percolation in the 1990s [102, 114] with the first results
on existence, uniqueness and coalescence. Since the work of Hoffman [84, 85], Busemann
functions have been a key tool for studying semi-infinite geodesics (see, for example [43,
70, 71, 79, 126, 131, 134, 135], and Chapter 5 of [5]).

The study of semi-infinite geodesics began in directed last-passage percolation with the
application of the Licea-Newman techniques to the exactly solvable exponential model by
Ferrari and Pimentel [64]. Georgiou, Rassoul-Agha, and Seppéldinen [71, 72] showed the
existence of semi-infinite geodesics in directed last-passage percolation with general weights
under mild moment conditions. Using this, Janjigian, Rassoul-Agha, and Seppéléinen [93]
showed that geometric properties of the semi-infinite geodesics can be found by studying
analytic properties of the Busemann process. In the special case of exponential weights,
the distribution of the Busemann process from [60] was used to show that all geodesics in a
given direction coalesce if and only if that direction is not a discontinuity of the Busemann
process.

In the author’s collaboration with Seppélainen [135], we extended this work to the
semi-discrete setting, by deriving the distribution of the Busemann process and analogous
results for semi-infinite geodesics in BLPP. Again, all semi-infinite geodesics in a given
direction coalesce if and only if that direction is not a discontinuity of the Busemann
process. In each direction of discontinuity there are two coalescing families of semi-infinite
geodesics and from each initial point at least two semi-infinite geodesics. Compared to
LPP on the discrete lattice, the semi-discrete setting of BLPP gives rise to additional

non-uniqueness. In particular, [135] developed a new coalescence proof to handle the non-
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discrete setting. This new technique is utilized in this dissertation to show coalescence of
geodesics in the directed landscape.

While there is much research surrounding semi-infinite geodesics, it is natural to ask
about the existence of bi-infinite geodesics. In first-passage percolation, Licea and New-
man [102] showed that there are no bi-infinite geodesics in fixed northeast and southwest
directions. Howard and Newman [86] later proved similar results for Euclidean last-passage
percolation. Around this time, Wehr and Woo [148] proved that, under a first moment
assumption on the edge weights, there are no bi-infinite geodesics for first-passage perco-
lation that lie entirely in the upper-half plane.

In 2016, Damron and Hanson [42] strengthened the result of Licea and Newman by
proving that, if the weights have continuous distribution and the boundary of the limit
shape is differentiable, for each fixed direction, there are no bi-infinite geodesics with one
end having that direction. In 2018, Seppéldinen [131] showed nonexistence of bi-infinite
geodesics in exponential LPP with fixed northeast and southwest directions. This tech-
nique was imported to BLPP in the author’s joint work with Seppéléinen [134] for BLPP.
Still, this leaves open this possibility of bi-infinite geodesics in exceptional directions.
The full complete nonexistence was resolved in exponential LPP with two independent
works: first by Basu, Hoffman, and Sly [21] and shortly thereafter by Balazs, Busani,
and Seppéldinen [17]. The latter proof rested on understanding the joint distribution of
the Busemann functions from [60], and this technique has since been used to show the
nonexistence of bi-infinite polymer Gibbs measures in the log-gamma polymer [33] and
the non-existence of bi-infinite geodesics in geometric last-passage percolation [76]. We
discuss relevant literature to the study of infinite geodesics in the DL in the introduction
to Chapter 4.

The results for semi-infinite geodesics and Busemann functions have interpretations in
the study of viscosity solutions for Hamilton-Jacobi equations. The evolution of Busemann
functions can be described via variational formulas (see for example, Theorem 4.4.1(iv)

in Chapter 4), and the maximizers are the locations of semi-infinite geodesics (Theorem
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4.4.9). In this regard, Busemann functions can be viewed as global solutions to an ap-
propriate Hamilton-Jacobi equation, and the semi-infinite geodesics are the backwards
maximizers used to solve the equation. Theorem 4.4.1(iv) is an example of the dynamic
programming principle. The variational formula (3.6) is an example of an optimal control
formula, and £ plays the role of the fundamental solution. Busemann functions and semi-
infinite geodesics have been studied for the Burgers’ equation with random forcing, both
in compact and noncompact settings [7—14, 52, 53, 74, 83, 88, 97, 137, 138]. Specifically
in the works of Bakhtin and coauthors [8-11, 13, 14], one sees analogous results for Buse-
mann functions and semi-infinite geodesics, restricted to a fixed direction in space. The
uniqueness of the global solution in a fixed direction is called the one force—one solution
principle. One novelty of the study in the present work (along with the analogous results
for exponential LPP in [91] and Brownian LPP in [135]) is that, for the directed landscape,
there exists random exceptional directions, for which the one force—one solution principle
fails. Analogous questions were recently explored for the KPZ equation in [92]. There,
it was left open whether such exceptional directions exist, but it was shown that, either
these directions exist with probability one and are dense in R, or the set of such directions

is almost surely empty.

1.3 Exclusion processes and multi-type stationary measures

Since the work of Spitzer in the 1970s [139], exclusion processes have been extensively
studied (see, for example, the book [104]). These processes can be mapped into growing
interfaces, which, under appropriate assumptions, are believed to lie in the KPZ class
[40]. The most famous example is that of the totally asymmetric simple exclusion process
(TASEP), consisting of particles and holes on Z, where particles attempt to move to the
right when signaled by Poisson clocks. TASEP was the first model for which convergence of
the evolving height function to the KPZ fixed point was shown [106]. Stationary measures
of one-dimensional exclusion processes are well-known [104, Chapter VIII] under very

general assumptions on p. In this case, the i.i.d. Bernoulli product measures v* on {0, 1}*
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with particle density p € [0, 1] are the translation-invariant, extremal stationary measures.

The family {v*} c[0,1] has been instrumental for example in the study of hydrodynamic
limits of exclusion processes [98]. In [3, 24], it was shown that when started from v
(the product measure on Z with intensity A to the left of the origin and intensity p to the
right), the TASEP particle profile will converge to either a rarefaction fan or a moving
shock depending on the values of p and \. When p > A, i.e. the shock hydrodynamics,
[61] showed the existence of a microscopic stationary profile as seen from the shock. These
studies utilized couplings 7 of the measures v and v* that are themselves stationary
under the joint TASEP dynamics of two processes that evolve in basic coupling. Basic
coupling means that two or more exclusion processes, each from their own initial state,
are run together with common Poisson clocks.

AP is sometimes called the two-type stationary measure. This

The stationary measure 7
is because one can realize the basic coupling by introducing two types of particles on Z.
The location of the first class particles is described by v*. Next, when ignoring classes,
the distribution of first and second class particles together is v”. In this process, first class
particles treat second class particles as holes, so the first class particles take priority. The
two-type stationary measures 7 generalize to multi-type stationary measures 7Pl Pn
These measures and their Ferrari-Martin construction by queuing mappings [63] are key
inputs in Chapter 5. The study of the joint distribution of Busemann functions for ex-
ponential LPP by Fan and Seppéldinen [60], can be traced back to the Ferrari-Martin
construction. It has been known since the work of Rost [130] that exponential LPP can
be mapped to TASEP, allowing one to infer limiting statistics about one model via the
other. However, this connection does not extend to the multi-type exclusion dynamics,
and so the scaling limit of the Busemann process to the SH shown by Busani [31] does
not imply the analogous result for TASEP. However, using the queuing representation of
the multi-type stationary distribution, we arrive at the same scaling limit, showing further
evidence of the universality of the SH. This was originally done in [34] and is recorded in

this dissertation in Chapter 5.
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1.4 Summary of results, inputs, and organization of the dis-

sertation

The remainder of this dissertation consists of four chapters. This dissertation has been
written to be mostly self-contained, except for a few necessary inputs outlined in this
section. Knowledge of the fundamentals of measure-theoretic probability (for example,
found in Durrett [55]) will be assumed. The results of each chapter depend on those in the
previous chapters, except for Chapter 5, which may be read after Chapter 2, independently
of Chapters 3 and 4.

Chapter 2 gives a new construction of the SH that does not rely on existence of
Busemann functions. Instead, we define the finite-dimensional distributions and show they
are consistent, then use this to construct a process on the Skorokhod space D(R, C(R)) of
functions R — C(R) that are right-continuous with left limits. After the construction, we
give detailed probabilistic information about the distribution of this process. Of particular
significance is the fact that the stationary horizon, restricted to compact intervals, is a
jump process (Theorem 2.5.1). While the particular approach of construction presented
here is new, most of the necessary development of this chapter is adapted from the papers
[134, 135], written jointly with Seppéldinen. There are two notable exceptions. One is
the proof of the reflection invariance of the SH in Theorem 2.3.2(iv). This dissertation
provides a new proof from construction of the SH, a bijection proved in Lemma 2.3.8, and a
triangular array construction analogous to its discrete counterpart from [60]. Previously,
the reflection invariance was proved in [35] using reflection invariance of the DL from
[49] and the fact that the SH is the unique coupled invariant measure for the DL. The
other exception is Section 2.6, which has been adapted from the author’s joint work with
Busani and Seppéldinen [35]. Chapter 2 relies on queuing theory from [73, 80-82, 119],
culminating in a single theorem we use, recorded here as Theorem 2.2.1. We also use some
distributional calculations from [29] and the theory of Palm conditioning from [95].

Chapter 3 shows that the SH is a coupled invariant measure and an attractor for the

KPZ fixed point. This was previously shown in the author’s joint work with Busani and
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Seppaélainen [35] using the following inputs: (i) The invariance of the Busemann process
of the exponential corner growth model under the LPP dynamics [60], (ii) Convergence of
this Busemann process to SH [31], (iii) Exit point bounds for stationary exponential LPP
[15, 16, 56, 132, 133], and (iv) Convergence of exponential LPP to DL [49].

To make this dissertation more self-contained, Chapter 3 gives an alternate proof of the
invariance of the SH. We replace (i) with the invariance of the SH under BLPP (proved here
as Lemma 3.3.2 and adapted from the results in the author’s joint work with Seppélainen
[135]). Item (ii) is replaced by the scaling relations of the SH proved in Theorem 2.3.2(ii),
removing the need for a limit transition to the SH. Item (iii) is replaced with exit point
bounds for BLPP, which are proved in this dissertation as Theorem 3.4.1. The proof uses
the technique of [56], but, to the best of this author’s knowledge, this particular result
for zero temperature BLPP has not appeared anywhere else in the literature. Item (iv)
is replaced with the convergence of BLPP to the DL from [47]. The attractiveness of the
SH is proved the same in this dissertation as it appears in [35].

In Chapter 4, we give a detailed study of the collection of infinite geodesics across all
directions and initial points. This chapter is adapted from the author’s joint work with
Busani and Seppéldinen [35]. To construct the global Busemann process, we start from
the results in [126], summarized in Section 4.3. After the first version of our paper [35],
Ganguly and Zhang [70] gave an independent construction of the Busemann function in
a fixed direction, and we note that the results of this dissertation do not rely on this
newer work. After characterizing the distribution of the Busemann process, we use the
regularity of SH from Chapter 2 to prove results about the regularity of the Busemann
process and semi-infinite geodesics. A result from [44] implies Lemma B.1.4 and the mixing
in Theorem 4.4.3(ii). In this chapter, we also describe the size of the exceptional sets of
points with non-unique geodesics (Theorems 4.2.6 and 4.5.2(ii)). For this, we use results
about point-to-point geodesics from [23] and [48].

The techniques of Chapters 3 and 4 are probabilistic, rather than integrable, but some

results we use come from integrable inputs. We use results about the directed landscape
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proved in [31, 46, 47, 49, 50], which utilize the continuous RSK correspondence [117, 118].
The results on point-to-point geodesics in [23, 48] rely on [78], who studied the number
of disjoint geodesics in BLPP using integrable inputs. The necessary inputs for the DL
are recorded in Appendix B. Appendix A contains some miscellaneous facts that we use
throughout the dissertation.

Chapter 5 shows that the SH appears as the scaling limit of the TASEP speed pro-
cess studied in [2]. This chapter is taken from the author’s joint work with Busani and
Seppéléinen [34]. To show convergence to the SH, there are two key steps: (i) convergence
of the finite-dimensional distributions and (ii) tightness on the path space D(R, C'(R)) of
the SH. The key input for both of these steps is the Ferrari-Martin queuing representation
of the multi class stationary measures for TASEP [63]. The technique for the tightness
proof was first developed by Busani in the context of exponential last-passage percolation
[31]. It requires several technical details about the space D(R,C(R)), which we omit in

this dissertation and refer the reader to [34].

1.5 Notation

The notation of this dissertation has been made consistent throughout the chapters, oc-
casionally differing slightly from that used in the papers [34, 35, 134, 135]. We summarize

key notation used here.

(i) Z, Q and R are restricted by subscripts, as in for example Z~o = {1,2,3,...}.

(ii) Equality in distribution is denoted by 2 and convergence in distribution is denoted

by =.

(iii) X ~ Exp(p) means that X is exponentially distributed with rate p > 0, or equiva-

lently, with mean p~!. In other words, P(X >t) = et for ¢t > 0.

(iv) X ~ N(p,0?) means that X has the Gaussian distribution with mean p and variance

o2

(v) The increments of a function f: R — R are denoted by f(x,y) = f(y) — f(x).
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Increment ordering of f,g : R - R: f <ju g means that f(z,y) < g(x,y) for all

x <7y.
For a function f : R — R, define the reflected function sf : R - Rassf(x) = f(—=x).
For s e R, Hs = {(z,s) : x € R} is the set of space-time points at time level s.

Two-sided standard Brownian motion is a random continuous process {B(x) : z € R}
such that B(0) = 0 almost surely and {B(z) : x = 0} and {sB(x) : z > 0} are two

independent standard Brownian motions on [0, c0).

If B is a two-sided standard Brownian motion, then for o > 0 and A € R,
{oB(z)+ Az : z € R} is a two-sided Brownian motion with diffusivity ¢ > 0 and drift

uweR.

The parameter domain of the directed landscape is R? = {(z, s;y,t) e R : s < t}.
Let vy denote the Lebesgue-Stieltjes measure of a non-decreasing function f on R.
The Hausdorff dimension of a set A is denoted by dimg(A).

For z € R, |x| denotes the largest integer less than or equal to z, [x] denotes the
smallest integer greater than or equal to x, [x] denotes the integer closest to x with

[2]] < |-
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Chapter 2

Construction and properties of the

stationary horizon

2.1 Introduction

This chapter is devoted to constructing the stationary horizon (SH) and studying its
distributional properties. The SH is a stochastic process G° = {Gg }eer, where o is a
scaling parameter, and each Gg is a Brownian motion with drift. G lives in the Skorokhod
space D(R,C(R)) of functions R — C(R) that are right-continuous with left limits (see
Section 2.3), and we let G¢— : R — R denote the left limit for this process at {. To define
the SH, we first define queuing transformations in Section 2.2. In Section 2.3, we state
Proposition 2.3.1, which defines the SH. Shortly after comes Theorem 2.3.2, which states
several distributional invariances of the SH. Section 2.4 uses the description of the finite-
dimensional distributions of the SH to make several distributional calculations. These
calculations are applied in Section 2.5 to show that the SH, restricted to a compact set
of space, is a jump process (Theorem 2.5.1). This leads to qualitative results on the
set of discontinuities of the SH in the parameter &, as well as several path properties of
the process, recorded in Theorem 2.5.2. Section 2.6 is devoted to studying the process

x — Je(x) := G¢(x) — Ge— () when & is a direction of discontinuity. Each direction ¢ is
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a direction of discontinuity with probability 0, so defining the distribution of this process
requires tools from the theory of Palm conditioning [95]. In the appropriate sense, Jg¢ is
equal in distribution to a Brownian local time (see Theorems 2.6.1 and 2.6.11 for a more

precise statement).

2.2 The Brownian queue

In the classical M/M/1 queue, customers arrive at a service station at times determined
by a Poisson process. Services are also available at times determined by an independent
Poisson process, whose rate is strictly larger than that of the arrivals. The queue follows a
first in-first out (FIFO) principle so that customers are served in the order in which they
arrived at the queue. The remarkable classical result, now known as Burke’s Theorem [30]
is that the times at which customers depart the queue is also a Poisson process with rate
equal to that of the arrivals.

In this setup, the number of customers who arrive at the queue in a finite interval
must be an integer, naturally representing a number of people. However, when the rate
of service is close to the rate of arrivals, one can obtain a scaling limit of the queue where
the number of arrivals and services in an interval are now real-valued [73, 80-82] (See also
[128, Section 6.9]). We call this the Brownian queue. Here, we introduce the Brownian
queue in the formulation of O’Connell and Yor [119]. For our purposes, we consider a
queue that has no starting time; it has been running since time z = —o0. Let A and S be
two independent, two-sided standard Brownian motions, and let A > 0. For =z < y, A(x,y)
represents the arrivals to the queue in the time interval (z,y], and Ay — ) — S(z,y) is
the amount of service available in (z,y]. For y € R, set

q(y) = sup {A(z,y) + S(x,y) — Ay —z)}

—0<TLY

d(y) = A(y) +q(0) — q(y), (2.1)

e(y) = S(y) +¢(0) — q(y).
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In queuing terms, ¢(y) is the length of the queue at time y, and for x < y, d(z,y) is the
number of departures from the queue in the interval (x,y]. The following is due to [119].
Without the statements for the process e, the theorem is a special case of a more general

result previously shown in [81].

Theorem 2.2.1. [119, Theorem 4] The processes d and e are independent, two-sided
standard Brownian motions. Furthermore, for each y € R, {d(z,y),e(x,y) : —00 < x < y}

is independent of {q(x) : © = y}.

We view the operations in Theorem 2.2.1 in terms of mappings C(R) x C(R) — C(R),
where we subsume the drift term into one of the functions. For continuous functions

Z,B : R — R satisfying limsup,_, . [Z(x) — B(z)] = —o0, define

Q2 B)ly) = _sw_ {Bla,y) = Z(y)} (22)
D(Z,B)(y) = Z(y) + Q(Z, B)(y) - Q(Z, B)(0), (23)
R(Z,B)(y) = By) + Q(Z, B)(0) = Q(Z, B)(y)- (24)

Theorem 2.2.2. Let o > 0, and let B be a two-sided Brownian motion with diffusion o
and drift A1, independent of the two-sided Brownian motion B with diffusion o and drift
X2 > Ai. Then, (B,Z) 4 (R(Z,B),D(Z,B)), that is, R(Z,B) and D(Z,B) are inde-
pendent Brownian motions, each with diffusion o and with drifts \1 and s, respectively.
Furthermore, for all y € R, {(D(Z, B)(z,y), R(Y,C)(z,y)) : —00 < z < y} is independent
of Q(Z,B)() : 2 > y}.

Proof. Define A,S : R — R by A(z) = (Aex — Z(x))/o and S(x) = (B(x) — Aix)/o. Then,
S and A are i.i.d. two-sided standard Brownian motions. Let ¢, d, e be defined as in (2.1)

with A = A2 — A1. Then,

oq(y) = sup {A(z,y) + S(z,y) — (A2 = M)(y — )}

—00<TLY

= sup {B(z,y) - Z(z,y)} = Q(Z, B)(y).

—00<TKY



Next observe that

D(Z,B)(y) = Z(y) + Q(Z, B)(y) — Q(Z, B)(0)
= Ay — 0 A(y) + oq(y) — 0q(0) = Aoy — od(y),
= My +05(y) +0q(0) — oq(t) = hy + oe(y).
The result now follows from Theorem 2.2.1.
We now iterate the mapping D as follows:
DW(z)y=2z D@z 2" =D(Z%Z"), and
DM (zn zr=t . ZzY = DDz, Z2%),Z2Y)  forn = 2.
Given a Borel subset A € R, we define two state spaces of n-tuples of functions.

y;? = {Z = (Zla"' >Zn> € Cpin(R)n

()

forl1<i<n, lim

exists and lies in A,
Tr——00

1 i—1
and for 2 <i < n, lim M> lim Z(“")}

T——00 I T——00 T

and

X;;l = {7]: (nt,....n") e)ﬂf:ni >ine ' for 2<i<n}.
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(2.7)

These spaces are Borel-measurable subsets (see below) of the space C (R, R™). These spaces

are treated as subspaces of C(R,R™) where the o-algebra is the Borel o-algebra under the

topology of uniform convergence on compact sets, or equivalently, the o-algebra generated

by the coordinate projections (see, for example, [28, Section 7]).

Measurability of the state spaces Xf and y;;‘. For Y, it is sufficient to show that the
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variables

Zt Zi
lim inf (z) and lim sup (z)

r——00 x r—>—00 X

are both measurable. We prove the first is measurable, and the second follows analogously.

For a e R,

] 5

keN NeNz<—N
By continuity of Z?, the intersection over < —N can be changed to an intersection over
x € (—o0, —N] n Q. Hence, the set on the left is measurable. By continuity, we may write
x4 as

=N N {neyfv‘:ni(af7y)>n"’1(w,y)},

1=2 x<y,z,yeQ

completing the proof. ]
Next, define a transformation D™ on n-tuples of functions as follows. Let A < R. For
(Z',...,Z") e YA, the image n = (n',...,n") = DW(Z', ..., Z")) € X2 is defined by

=DYWY ... YY) forl<i<n. (2.8)

Lemma 2.3.10(ii) below proves that D™ : Y4 — x4

For ¢ > 0 and an increasing vector of real drifts £ = (£ < & < -+- < &), define the

measure ug on y,ﬂf as follows: (Z',...,2") ~ u§ if Z1,..., Z™ are mutually independent
and Z' is a Brownian motion with diffusivity o and drift 02¢;. Define the measure ug— on
AR as

u = v o (D)L, (2.9)

That is, for (Z,...,2") ~ u§, we have D (Z1, ... Z") ~ ug.

2.3 Construction and invariances of the stationary horizon

In this section, we introduce the stationary horizon (SH) and state several of its basic

properties. The subsequent sections contain more detailed probabilistic information. The
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Skorokhod space D(R,C(R)) consists of functions R — C(R) that are right-continuous
with left limits. C(R) is endowed with the topology of uniform convergence on com-
pact sets. We denote a generic element of this space as G = {Gg¢}eer, where each
G¢ is a continuous function. Membership in D(R,C(R)) means that for each ¢ € R,
limo\ ¢ Go = G¢, where convergence holds uniformly on compact sets. Additionally, the
limits lim, ~¢ G, exist, uniformly on compact sets, and we denote this limiting continuous
function as G¢—. We endow D(R, C(R)) with the o-algebra F' generated by the projections
réitn o D(R,C(R)) — C(R,R"), which are defined by w1 (G) = (Gg,,...,G,).
Since the Borel o-algebra on C(R) coincides with the o-algebra generated by projections
pPteotn s C(R) — R™ defined by p™*n f = (f(x1),..., f(xn)), the o-algebra F’ is the

smallest o-algebra on D(R, C(R)) so that for each &,z € R, G¢(x) is measurable.

Proposition 2.3.1. On the Skorokhod space (D(R,C(R)),F’), there exists a family of
measures {P?},~0, satisfying the following properties. If we don’t reference the measure

P7, we let G7 = {G¢ J¢eer denote the associated random element of D(R, C(R)).

(i) For € € R, G’g is a two-sided Brownian motion with variance o and drift o%€. In

particular, P7- almost surely, for every £ € R, G¢(0) = 0.

(i) For = (& <--- < &), P7o (x8)~t = i§. That is,

(GL....,GL) ~ iis.
More concretely, this random vector in C'(R,R™) has the distribution of
Y1, D@2 yh, . .. D™y", . .. YY),

where YL, ..., Y™ are independent Brownian motions, each with diffusivity o and
with drifts 0%¢1, ..., 0%&,. The measure P° is the unique distribution on D(R, C(R))

with these finite-dimensional distributions.

(ili) P7-almost surely, for all & < &2, G¢ — <ine Gg;, <ine Geo— <ine G, -
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(iv) For each { € R, P7(Ge¢(x) = Ge—(x) Ve e R) = 1.

(v) P7-almost surely, simultaneously for every & € R,

lim Lg(x) = lim Lg*(x)
|| -0 T || —00 x

= 025.

We call the process G? the stationary horizon with diffusivity o (or SH for short). The
most common choices for o are 1 (where the SH is the unique coupled invariant measure for
Brownian last-passage percolation) and /2 (where the SH is the unique coupled invariant
measure for the KPZ fixed point). These invariances are both discussed in further detail
in the following chapter. The parameterization of the SH first constructed in [31] is
{Gg /4}56R. The choice of parameterization bears no real significance, as Item (ii) of the

following theorem shows we can obtain one process as a simple scaling of another.
Theorem 2.3.2. The SH G° satisfies the following.
(i) Translation invariance: for each x € R, {GZ(z, % + +)}¢eer 4 go.

(ii) Scaling invariance: let b,c,o0 > 0 and v € R. Then,
ag d CO
bGE () = (beo)*v+}eer = {GE_, Jeer.

In particular, {Gg(c2')}5eR 4 G, and {cfng(CQ-)}geR 4 {G%Yeer

(iii) Stationarity of increments: For & <&y < --- <&, and £* € R,
d
(Gg, = Ggh o GE = GE L) = (Glprer = Gl GEver — GE L 1er).

(iv) Reflection invariance: {G({,g),(_')}feR 4 qo.

The rest of this section is devoted to proving Proposition 2.3.1 and Theorem 2.3.2.

The following subsections develop the theory of the queuing mappings and the measures

,u,g, which describe the finite-dimensional distributions of the process. We show these
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measures are consistent (Theorem 2.3.21(iii)), then build the measures on D(R,C(R))
through limiting procedures. The proofs of Proposition 2.3.1 and Theorem 2.3.2 come in
Section 2.3.5.

2.3.1 Deterministic properties of the queuing mappings

We now prove some accessible properties of the queuing mappings. We note here that all

lemmas in this subsection are deterministic statements about continuous functions.
Lemma 2.3.3. Assume Z,B € C(R) satisfy lim,_,_o[Z(x) — B(x)] = —o0. Then, for

r <y,

D(Z,B)(x,y) = B(x,y) + ( sup {Z(xz,u) — B(z,u)} — sup {Z(x,u)— B(;U,u)})+,

T<UKY —0<uULT

and

R(Z,B)(x,y) = Z(x,y) — (sup {Z(x,w) ~ Ble,w) — swp_{Z'(x,u) = B'@w))

T<UKY —O<UuULT

Furthermore, D(Z, B) and R(Z, B) are continuous.

Proof. From the definition of D (2.3), for z < y,

D(Z,B)(x,y) = Z(x,y) +  sup_ {B(u,y) = Z(u,y)} = sup {B(u,z) - Z(u, )}

—o<uKy —O<UKT
= B(z,y) + ,£Ef<y{z(“) — Bu)} = sup_ {Z(u) - B(u)} (2.10)

= B(z,y) + sup {Z(z,u) — B(z,u)} — sup {Z(z,u)— B(z,u)}

—0<UKY —0<ULT
+
— B(a,y) + ( sw {Z(z,u) - Bl,u)} = sup_{Z(v,u)~ Bla,u)}) .
TSUKY —00<ULT

A similar calculation shows the identity for R(Z, B). To show continuity, we observe that

.
0< ( sup {Z(z,u) — B(z,u)} — sup {Z(z,u) —B(x,u)})

T<UKY —O<uULx
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.
< ( sup {Z(w,u)—B(m,u)}) = sup {Z(z,u) — B(z,u)).

r<u<y TSUKY

where the second inequality follows because

sup {Z(z,u) — B(z,u)} > Z(z,z) — B(z,z) =0,

—0O<ULT

and the last equality follows by similar reasoning. The continuity of D(Z, B) and R(Z, B)

now follows from the continuity of Z and B. O
Lemma 2.3.4. For (Z',...,Z") e C(R,R") with Z*(0) = 0 for 1 <1i < n, define

n—1

A%(y) = sup { X2 @) - 2'(an) }.

—0<Tp—1<Tp—2<"STIKY i=1

Then, for n =2, if A%(0) is finite,
DMz, z L 2N () =2 (y) + AL(y) — AZ(0).

Furthermore, R(Z?,ZY)(y) = Z*(y) + AQZl’ZQ(O) — A7 (y).

Proof. The n = 2 case follows from (2.10) (observe that the assumption Z*(0) = 0 is cru-
cial). The statement for the map R follows analogously. Now, assume that the statement

is true for some n > 2. By definition of D+ (2.5) and the n = 2 case,

DUz 2N (y) = DIDW(Z", ..., 2%), Z2Y)(y)

=Z'y)+ sup {(DM(Z"1 .. Z%)(x) - Z'(2)}

—0<TLY

— sup {DM(Z"L . 2% () — Z' (2)}

—o0<z<0

=Z'y) + sup {ZQ(JJ) + sup {i Z () — Z’(xl)} — Zl(x)}

—00<TLY —0<Ty < K2 <T

[\

1=

— sup {ZQ(QS) + sup {i Z () — Zl(l‘l)} - Zl(:n)}

—oo<z<0 —0<Tp < ST2KT i—2

= Z'(y) + AZ(y) — AZ(0),
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where in the third line, the term supfoo<xn<,,,<m<0{2?=2 ZiH 1 (2;) — Z’(:Ul)} is canceled

out from both terms by subtraction. O

Lemma 2.3.5. Let a < b, and let Zy, By € Cpin(R) be sequences such that Zi, — Z and

By — B uniformly on compact sets. Assume further that

1 1
lim sup|—Zg(x) — b‘ = 0 = limsup|—By(x) — a|. (2.11)
r——00 | L z——00 | T
k—o0 k—o0

Then, Z' := D(Z,B),B’ := R(Z,B), Z,, := D(Zy, By), and By, := R(Zy, By) are well-

defined for sufficiently large k. Furthermore,

lim 7, = 7' and lim Bj, = B,

k—o0 k—o0

in the sense of uniform convergence on compact subsets of R, and

1 1
lim sup|—Z;(x) — b‘ = 0 = limsup|— By, (x) — a|.
z——0 | L z——00 | T
k—00 k—c0
Proof. We first show that for all k sufficiently large,
lim sup[Zx(x) — Bi(x)] = limsup[Z(x) — B(z)] = —o0. (2.12)

r——00 Tr——00

Let 2¢ < b — a. The assumption (2.11) implies that there exists R > 0 so that whenever

k>Rand z < —R, 1Z,(2) > b— ¢ and 1 By(z) < a + . Then,
Zy(x) — Bp(z) < (b—a—2¢)xz forall —z, k>R, (2.13)

and this goes to —o0 as ¢ — —o0. Now, assume, to the contrary, that
limsup,_,_[Z(z) — B(x)] > —o0. Then, there exists a sequence x,, - —o0 with Z(z,) —
B(zy) = A for some constant A. Choose z,, < —R so that (b—a — 2¢)z,, < A—1. Then,

for k > R, Zx(x,) — Br(zn) < (b—a — 2¢)z, < A— 1. By the convergence Z;, — Z and



31

By — B, Z(zy) — B(zy,) < A — 1, a contradiction.
With (2.12), we have established that Z’, B’, Z, , and Bj, are well-defined for sufficiently

large k. By Lemma 2.3.4,

Z1(y) = Br(y) + sup {Zy(x) — Br(2)} — sup {Zy(z) — By(x)}, and

—0<T<Y —oo<z<0
1%@=&@+£?J&@%Bm%—£pjﬂw—hmﬂ
— T — x\y

It therefore suffices to show that sup_q _,<,{Zk(z) — Bi(7)} converges uniformly, on

compact subsets of R, to sup_.,,<,{Z(z) — B(x)}, and that

1
limsup|— sup {Zk(x)— Bi(z)} —(b—a)| =0. (2.14)
z——00 | LT —o<r<y
k—o0

We first prove pointwise convergence. Let z, be a maximizer of Z(z) — B(x) over

x € (—o0,y]. Then,

liminf sup {Zy(x) — Bi(z)} = liminf[Zy(zy) — Br(zy)]

k—o0 —co<a<y k—o0
= Z(zy) — B(zy) = sup {Z(z)— B(x)}.
—0<TLY
For the converse, for k sufficiently large so (2.12) holds, let a:]; be a sequence of maximizers

of Zy(z) — Bi(z) over x € (—o0,y]. Then,

limsup sup {Zx(x)— Bi(x)} = limsup Zk(m';) - Bk(m';)

k—oo —o<z<y k—o0

By uniform-on-compact convergence Z, — Z and By — B, if

limsup sup {Zp(x) — Bg(z)} > sup {Z(x)— B(x)}, (2.15)

k—o0 —0<T<Yy —0<T<Y

then by the uniform convergence of By to B and Zi to Z, it must be that :Ul;j — —0
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along some subsequence k;. Then, by (2.13),

limsup sup {Z,(x) — By, (z)} = limsup[Zy, (.CE];J) — By, (xZJ)] = —00,

j—00 —W0<TKY Jj—00

a contradiction to (2.15). Therefore, {:c’;}k is a bounded sequence, and for each y € R,

there exists some R, € R such that, for all k sufficiently large,

sup {Zk(z) — Bi(x)} = sup {Zx(z)— Bg(x)}, and

t—oo<z<y Ry<z<y

swp {Z(@)—B()} = suwp {Z(x)— B(x)}.

t—o<zr<y Ry<z<y

The quantity supp,<,<,{Zk(z) — Bi(z)} converges to sup_, ,<,{Z(z) — B(z)} by the
assumed uniform convergence on compact subsets Zp — Z and By — B. The uniform
convergence on compact subsets of the function y +— sup_y _,<,{Zr(z) — Bi(x)} is as

follows: for N € R,

limsup sup ’ sup {Zy(z) — Br(z)} — sup {Z(z)— B(x)}|
k—o0 ye[—N,N] —0<z<sy —0<TLY
=limsup sup | sup {Zi(z)— Br(z)}— sup {Z(x)— B(z)}|=0.
k—oo ye[-N,N] R_n<z<y R_ny<z<y

To prove (2.14). Let 0 < 2¢ < b—a. By (2.13), for —x,k > R,

sup {Zp(z) — Bg(z)} < sup {(b—¢e)x—(a+e)x} = (b—a—2e)y.

—0<T<Y —0<T<Y

For the reverse inequality, we observe that

sup {Zg(v) — Br(z)} = Bi(x) — Zg(7),

—0<TLY

and apply Assumption (2.11). O
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Lemma 2.3.6. Let (B, Z) € Y5 satisfy the following limits:

lim B(z) =a<b= lim Z(x)

r——00 I r—>—0 T

(2.16)

Then, the mappings D(Z, B) and R(Z, B) are well-defined, and

lim R(Z,B)(x) =a and lim D(Z,B)(z)

T—>—0 €T Tr——00 €T

=b.
On the other hand, if Z(x) — B(x) — —0 as x — —0 and if the following limits exist
(regardless of whether the limits (2.16) exist)

Z(x) B(x)

lim =c< lim =d,
r—400 X Tr—400 X
then also
im PEB@ im 2B _
Tr— 400 €T Tr——+00 x

Proof. The preservation of limits as x — —o0 is a direct corollary of Lemma 2.3.5, setting

By, = B and Z;, = Z for all k.

For limits as © — 400, similarly as in the proof of Lemma 2.3.5, it suffices to show
that
1
lim — sup {Z(z)—B(z)} =d—c.

Y=0 Y —co<z<y
Let 0 < € < d— ¢, and let R. > 0 be sufficiently large so that for all z > R.,
(d—c—e)x < Z(x)— B(z) < (d—c+¢e)z. It follows that Z(z) — B(z) — +o as x — +o0,
so for all sufficiently large v,

sup {Z(z) — B(x)} = sup {Z(z) - B(x)}.

—o<z<y Re<z<y

Then,

1 1
b—c—e=Iliminf — sup {(b—c—¢e)z} <liminf— sup {Z(x)— B(z)}
y

Y=% Y R.<a<y =0 Y —oo<a<y
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1 1
<limsup- sup {Z(z)— B(z)} <limsup— sup {(b—c+e)z}=b—c+e.

y—oo Y —o<z<y y—© Y R.<z<y
Letting € N\, 0 completes the proof. O

We prove a related lemma.

Lemma 2.3.7. Let B, Z € Cpin(R) satisfy

Z
lim inf (z) =b>a= lim ,
r——00 i r——00 X

where the limit on the right is assumed to exist. Then,

lim inf 7D(Z’ B)()

T——00 T

= 0.

Proof. Let 0 < 2¢ < b—a. Let R. > 0 be sufficiently large so that, for all x < —Rx,

Z(x) < (b—¢e)xr and B(z) > (a + ¢)x Then, for all y < —R,,

sup {Z(z)—B(z)} < sup {(b—a—2¢)z}=(b—a—2)y.

—0<TLY —0<TLY

Hence,
1

liminf — sup {Z(z) — B(z)} = (b—a — 2¢)

Y—=—0 Y —o<z<y
Since

D(Z,B)(y) = By) + suwp {Z(z) - B(z)} — sup {Z(z)— B(x)},
—o0<z<yYy —oo<z<0

and € > 0 is arbitrary, this completes the proof. O

Lemma 2.3.8. Let

~—

B(x

T—>—00 €T Tr——00 €T

lim B(z) =c¢, and lim 2(@) = d.}

ygbed {(B, Z)eY¥: lim

Tr—400 €T Tr—400 X
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Then, the mapping (B,Z) — (R(Z,B),D(Z, B)) is a bijection yabed _, yg’bvc’d.

For a function f : R — R, define the transformed function sf : R — R as sf(x) =
f(=x), as in Section 1.5. Then, the inverse of the mapping (B, Z) — (R(Z,B),D(Z, B))
is the mapping (C,Y) — (}?(Y, ), ﬁ(Y, (), where R and D are defined by

R(Y,C) = s[D(sC,sY)], and  D(Y,C) = s[R(sC,sY)]. (2.18)
In other words, if (B,Z) € yg’b’c’d, then

D(sR(Z,B),sD(Z,B)) =sB,  and  R(sR(Z,B),sD(Z,B)) = sZ. (2.19)

Proof. To check that the mapping (B, Z) — (R(Z, B), D(Z, B)) preserves Vabed e first

use Lemma 2.3.4 to verify that D(Z, B)(0) = R(Z,B)(0) = 0. The preservation of the

limits follows from Lemma 2.3.6. Furthermore, since

lim wz_c>_d: lim fw

T——00 x T—>—©0 x
we have lim,, _[sR(Z, B)(x) —sD(Z, B)(z)] = —0 so that D(sR(Z, B),sD(Z, B)) and
R(sR(Z,B),sD(Z, B)) are well-defined.
We show the first equality of (2.19), which is equivalent to R(D(Z, B), R(Z, B)) = B.
The proof that D(D(Z, B), R(Z, B)) = Z, as well as the proofs that

D(D(Y,C),R(Y,C)) =Y, and  R(D(Y,C),R(Y,C))=C
follow a similar argument. Using the n = 2 case of Lemma 2.3.4,

D(sR(Z,B),sD(Z, B))(y)

=sD(Z,B)(y) + sup {sR(Z,B)(x)—sD(Z,B)(x)}

—00<TLY

— sup {sR(Z,B)(x) —sD(Z,B)(x)}

—oo<x<0
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—B(—y)+ suwp {Z(2)- B(a)}~ sup {Z(x)- B(x))

—0<Tr<—Y —oo<z<0

+ sup {Z(—z)—B(—z)—2 sup [Z(u)— B(u)]}

—0<TLY —o<us—T

— sup {Z(-z)—B(-x)—2 sup [Z(u)— Bu)]}

—oo<z<0 —o<uL—x

=B(-y)+ sup {Z(x) - Bx)} - suw {Z(z)—- B(x)}

—0<r<—Y —oo<z<0

+ sup {Z(z)—-B(z)—2 sup [Z(u)— B(u)]}

—y<Tr<w0 —0o<u<T

— sup {Z(z)—B(z)—2 sup [Z(u)— B(u)]}

0<z<oo —0<u<LT

=B(-y)+ sup {Z(x)-B(x)} - suw {Z(z)- B(x)}

—0<T<—Y —oo<z<0

+ sup {Z(z)—B(z)—2 sup [Z(u)— Bu)]}

—y<Tr<o0 —0<ULT

— sup {Z(z) = B(z) =2 sup [Z(u)— B(u)]}

0<z<oo —0<u<LT

=B(-y)+ sup {Z(z) - B(x)} - sup {Z(z) - B(x)}

—0<r<—Y —oo<zr<0

— inf {2 sup [Z(u)— B(u)] — (Z(z) — B(x))}

—YST<O0 ' _p<u<Le

~ inf {2 sup [Z(u) - B(w)] - (Z(x) - B(x))}.

Osz<oo” _op<ugz

To show that this last line equals B(—y) = sB(y), it suffices to show that for all y € R,

sup {Z(z)—B(z)} = inf {2 sup [Z(u)— B(u)]— (Z(z)— B(z))}.

—0<Tr<—Yy —YST<O0 T _gp<y<e
This is exactly the statement of Lemma A.1.4 with f = Z — B. O

Lemma 2.3.9. Assume that Z,Z', B € Cpin(R) satisfy Z <inc Z' and

limsup Z(x) — B(x) = —c0.

Tr——00

Then B <ine D(Z, B) <ine D(Z', B).
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Proof. By Lemma 2.3.3,

D(Z,B)(a,y) = B(r,y) + ( sup (Z(x,u)~ Blx,u)} ~ swp_{Z(x,u) - Blx,u)})

T<UKY —O<uULT
from which both inequalities follow. O

Lemma 2.3.10. Let A € R be a Borel set. Then, the mapping D™ (2.8) satisfies the

following properties:
(1) If (Z',...,Z™) € Y2 satisfies

Zi
lim (z)
r—>—00

= a; forl1<i<n,

then the image (n*,...,n") = DM(Z',..., Z") also satisfies

i
lim n(x)zai for1<i<n.
Tr—>—00

(i) D™ maps Y7 into X2

Proof. Ttem (i) follows by definition of D™ (2.8) and repeated application of Lemma
2.3.6. To show Item (ii), we must show that for (Z',...,2") e Y4, (n',...,0") =
DWM(ZY,...,Z"), each 1’ is continuous, satisfies °(0) = 0, and 7' <ijne 7°*'. Conti-
nuity follows from Lemma 2.3.3. Since Z!(0) = 0, Lemma 2.3.4 proves 7‘(0) = 0 for

1 <i<n. By Lemma 2.3.9, n? = D(Z%, Z') Zinc Z' = n'. Assume inductively that
n'=DO(Z, .. ZY) ze D20 2 = g

Then, after applying this assumption with Z2,..., Z**! in place of Z',..., Z" and using

Lemma 2.3.9, we get that
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and the proof is complete.

Lemma 2.3.11. Let (B, Z, Z%) € Y&, and set B> = R(Z', B'). Then,
D(D(ZZ, 32)7 D(ZlvBl» = D(D(sz Zl)v Bl)
Proof. We first note that by definition of D®) (2.5) and Lemma 2.3.4,

D(D(Z2,Zl)7Bl)(y) = D(3)(Z27Z1731)(y)

=B'(y)+ swp {Z'(x) - B'(2) + Z*(w) — Z'(w)}

—O<WETKY

—  sup {Z'(z) - BY(z) + Z*(w) — Z'(w)}. (2.20)

—oo<w<e<0

On the other hand, by definitions of the mappings D and R (2.3)-(2.4),

D(D(2%,B%),D(Z",BY))(y)

= D(2,B")(y) + suwp {D(2%,B)(x) - D(2', B")(x))

—0<TLY

— sup {D(Z* B*)(z) - D(Z',B")(x)}

—oo<z<0

=B'(y) + sup {Z'(z) - B'(x)} - sup {Z'(x) - B'(x)}

—0<r<Yy —o0<x<0

+ sup [BQ(x)—i- sup {Z%*(w) — B*(w)} — B'(z) — sup {Zl(w)—Bl(w)}]

—00<TKY —O<WET —O<WET

— sup [BQ(x) + sup {Z*(w) — B*(w)} — BY(z) = sup {Z'(w)-— Bl(w)}]

—oo<z<0 —0O<wWLT —0O<wWLT

—B'y)+ sup {Z'@)-B'@)} - sup {Z'(x)- B @)}

—0<T<Y —oo<x<0

+  sup [Zl(x)—Bl(CU)—? sup_ {Z'(w) — B'(w)}}

—00<TLY —O<WET

+  sup {ZQ(w)—Zl(’w)"‘Zl(”)_Bl(“)}]

—O<VKWET

~ s [2@) - B'@) -2 swp_ {2'(w) - B'w))

—oo<zr<0 —O<WET

v osup {Z2(w) — ZY(w) + Z () — Bl(v)}]. (2.21)

—O<VKWET
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Comparing (2.20) with (2.21), it is sufficient to show that, for arbitrary y € R,

sup {Z'(x) - B'(v)}

—0<TLY
+ s [21@:) ~B'(@) -2 suwp_{Z'(w) - B'(w)} (2.22)
tosp (Z(w) - ZMw) + 2M) - Bl(v)}]
_ _w352$<y{zl(x) — BY(2) + Z%(w) — Z}(w)}. (2.23)

We will first prove that (2.22) < (2.23). We note that

(2.22) < 7O§1<15<y{21(m) — BY(z)} (2.24)
+ s |7 @) = B'a)~2_swp_ {7 (w) ~ B'(w)) (2.25)

+_sw_ {(Zw) = Z' )+ _swp_ {7} (w) - B'(w))]
= _sw_{2}) - B@) (2.26)

+ sup [Zl(x)—Bl(x)— sup {Z'(w) - B'(w)} + sup {Zz(w)—Zl(w)}]

—0<T<LY —O<wWLT —0O<WET

Now, we let * < y be a point such that

2\ - B'a*) —  sup {Z'(w)-B'w)}+ sup {Z2(w) - Z'(w))

—oo<w<z* —o<w<r*

= sup [Zl(x)—Bl(x)— sup {Z'(w) — BY(w)} + sup {ZQ(w)—Zl(w)}].

—0<TKY —0O<WLT —0O<WLT

We consider two cases.

Case 1: sup {ZY(w)—B'(w)}= sup {Z'(w)—- B'(w)}

—o<w<x* —0<w<LY

Then,

(2.22) < (2.26) = sup {Z'(z)— B'(z)} + Z'(2*) — B*(2*)

—0<TLY



— sup {Z'(w) - B'(w)} + sup {Z*(w) - Z'(w)}

—o<w<sr*

=ZYz*) = BY(z*) + sup

—o<wLx*

—o<w<z*

{Z%(w) — Z'(w)}

< sup  {Z'x) - B'(2) + Z%(w) — ZY(w)} = (2.23).

—O<WETKY

Case 2: sup {Z'(w)—B'(w)} < sup {Z'(w)- B'(w)}.

—o<w<Lx* —00

Then, we have that

<w<Ky

sup  {Z'(w) — B'(w)} = sup

T*<w<Ky

—O<wWKY

{Z}(w) - B}(w)},

so, noting that Z!(2*) — BY(z*) < sup {Z'(w) — B(w)},

—o<w<LT*

(2.22) < (2.26) = sup {Z'(x)

—0<T<LY

~ B'(2)} + Z'(2*) - B'(a")

— swp {Z'(w)=B'(w)}+ sup {Z%(w) - Z'(w)}

—o<w<z*

< sup {Z'(z) - BY(z)} +

T*<TY

—o<wLx*

sup  {Z%(w) — Z*(w)}

—oo<w<x*

= sup  {Z'(2) = B'(z) + Z*(w) = Z'(w)}

—Oo<wLTr* <Y

< sup  {Z'x) - B'(2) + Z%(w) — ZY(w)} = (2.23).

—O<WETKY

Now, we prove that (2.23) < (2.22). Let —o0 < w* < 2* < y be such that

ZY(z*) — BY(z*) + Z3(w*) — Z(w*) =

We consider two new cases.

sup
—O<WETLY

Case 1: sup {Z'(v)—B'(v)}= sup {Z'(v)

—o<v<x* —o<v<w*

{Z'(2) = B () + Z*(w) = Z' (w)}.

~ B'(v)}.

40
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Then,

(2.23) =Z'(2*) — B'(2*) + Z*(w*) — Z' (w*)

+ sup {Z'(v) = B'(v)} = sup {Z'(v) - B'(v)}

—oo<v<w* —o<v<x*

< sup [Zl(:v)—Bl(:r)— sup {Z'(v) — B'(v)}

—0<TLY —0<VLT

+ sup {Z'(v) — B'(v) +ZQ(w)—BQ(w)}]

—O<VKWET

< sup [Zl(az)—Bl(:E)+ sup {Z'(v) — B'(v)}

—0<zT<Y —0<V<LY

—2 sup {Z'(v)—B'(v)}+ sup {Z%*w) - Z'(w) + Z(v) —Bl(v)}]

—0O<VLT —O<VKWET

= sup_{Z'(v)~ B'(v)}

—00<VLY

+ sup [Zl(x)—Bl(:n)—Q sup {Z'(v) — B*(v)}

—0<TLY —0O<VLT

v osup {Z%(w) — ZN(w) + 2 (v) — Bl(v)}] — (2.22).

—O<VKWET

Case 2: sup {Z'(v) —B'(v)} > sup {Z'(v) - B'(v)}.

—o<v<x* —o<v<w*

Then, we have that

sup {Z'(v) = B'(v)} = sup {Z'(v) - B'(v)} > Z'(w) — B'(w).

—o<v<x* wr*<v<*

Consequently, there is a point v* € (w*, x*] such that

ZY ) = B'(v*) = sup {Z'(v) — B'(v)}.

—oo<v<x*

Next, we define z* € [w*,v*) as

2* = inf {z e [w*,v*): ZY2) = BY(2) = sup {Z'(v) fBl(v)}}.

—oo<vw*
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w* z* v*

Figure 2.1: Example graph of the function Z'(z) — B'(z). The upper horizontal (blue) line

represents the value of sup {Z'(v) — B(v)}. The value of z* is the first location greater than
—wo<v<w*

or equal to w* where the function Z!(z) — B*(z) takes the value on the blue line.

To see that this set is nonempty, recall that

Z' (")~ B'(v*) = sup {Z'(v) - B'(v)}

> sup {Z'(v) - B'(v)} = Z'(w") - B (w"),

—oo<r<w*

and use the Intermediate Value Theorem. By continuity, we observe that

ZYz*) - BY(2*) = sup {Z'(v) - B'(v)} = sup {Z'(v)— B'(v)}. (2.27)

—o<v<e* —o<v<w*

Refer to figure 2.1 for clarity. Now, by (2.27), we have

(2.23) =Z'(2*) — B (2*) + Z%(w*) — Z}(w*)

=7 z*) — BYz*) + ZY(2*) = BY(2*) =2 sup {Z'(v) — B'(v)}

—o<v<Le*

+ Z%(w*) — ZH(w*) + sup {Z'(v) — BY(v)}

—o<vw*

< swp {Z'(2)-B'(2)

—0<TLY

+ sup {Zl(z)—Bl(z)—Z sup {Z'(v) — B'(v)}

—00<2zKY —00<VLZ

+ oswp {Z%(w) — Z'(w) + Z () — Bl(v)}} — (2.22).

—O<VKWEZ

This concludes all cases of the proof. O
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Lemma 2.3.12. Let n > 2, and assume (BY,Z',Z% ..., Z") ¢ y}}H. For2 <j<n

define B = R(Z7=',BI=Y). Then, for 1 <k <n-—1,

DD zn zn=1 7zt BY

= pH)(D—kt)(zn k1 BEEY D(ZF B),. .., D(Z', BY)).

Proof. With Lemma 2.3.11 in place, we can now follow the argument of Theorem 4.5 in
[60]. By Lemma 2.3.13, all the given operations are well-defined. Lemma 2.3.11 gives
us the statement for n = 2. Assume, by induction, that the statement is true for some

n —1 > 2. We will show the statement is also true for n. We first prove the case k = 1.

DA (DM (zr .. 7% B?),D(Z', BY))
= D(D(D"V(z", ..., Z%),B%),D(Z", BY))
= D(D(D"V(zn, ..., 7%, 2", BY)
= D(DM™(z",...,Z"), B

— ptizn, ... Z' BY).

The second equality above was a consequence of Lemma 2.3.11. Now, let 2 < k <n — 1.

(k+1)

Then, applying the definition of D followed by the induction assumption,

D(k+1)(D(n_k+1)(Zn, e Zk-H, Bk+1), D(Zk, Bk:)7 o ,D(Zl, Bl))
=D(DW (DR (zn, . ZM B D(z%,BY),...,D(2%, B%)),D(Z', BY))

=D(D™(z",..., 2% B%),D(Z", BY)) = D@ DM (z", ... 7% B?),D(Z', BY)).

Hence, we have reduced this to the £k = 1 case. O

We note that the case k = n — 1 of Theorem 2.3.12 gives us

pr(z",..., 2", BY) = DM(D(Z", B"),...,D(Z", BY)). (2.28)
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2.3.2 Multiclass Markov chains

We define here two discrete-time Markov chains on the state spaces Y/ and Y:' (2.6)(2.7).
2

The multiline process is a discrete-time Markov chain on the state space y,(;’ a,%)

of (2.6) for some choice of ¢ > 0 and a € R. Analogous processes are defined in dis-

crete settings in [63] and [60]. The transition from the time m — 1 state Z,,—1 = Z =

2
(ZY,72,...,2") € y,(;’ “%) to the time m state

2 =N

T =Z=(Z"7°,...,2") e yloia0)

is defined as follows. The driving force is an auxiliary function B € Cp;,(R) that satisfies

B
lim ﬂ —o%aeR.
T—>—00 T
for some fixed choice of a. First, set B = B, and 7' = D(Z', BY). Then, iteratively for
1=2,3,...,n:

—i

B'=R(Zz7',B"Y), and Z = D(Z', B). (2.29)
(02a,)

Lemma 2.3.13. The multiline process (2.29) is well-defined on the state space Yy

Proof. This follows from Lemma 2.3.6: Inductively, each B satisfies

Bi
lim (z) =oc%a
r——00 X
so since Z € y};’Q“"’O), we have that, for 1 <¢ < n,
limsup Z'(z) — B'(z) = —o0. O

Tr——00

Theorem 2.3.14. For each choice of a € R and € = (&, < --- < &,) € R, the measure

>a’

2
Vs on yﬁf’ %) s invariant for the multiline process (2.29) if the driving function B at

each step of the evolution is taken to be an independent two-sided Brownian motion with

diffusivity o and drift o*a.
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Proof. Assume that Z = (Z',...,2") € y,2‘72“’°0) has distribution u§. We will show that

7Z also has distribution v5. The assumption on Z means that Z',..., Z" are indepen-

dent two-sided Brownian motions with diffusivity ¢ and drift 02¢;. By Theorem 2.2.2,

A D(Z',B') is a two-sided Brownian motion with diffusivity ¢ and drift o2&, in-
dependent of B2 = R(Z', B'), which is a two-sided Brownian motion with diffusivity o
and zero drift. Hence, the random paths 71, B?%, 7Z2,...,Z" are mutually independent.
We iterate this process as follows: Assume, for some 2 < k < n — 1, that the random
paths 71, . ,7k71,Bk,Zk, ..., Z"™ are mutually independent, where for 1 < i < k — 1,
Z' is a Brownian motion with diffusivity o and drift 02¢;. Then, by another application
of Theorem 2.2.2, A D(Z*, B¥) is a two-sided Brownian motion with diffusivity o
and drift o2&, independent of B¥+! = R(Z*, B¥), which is a two-sided Brownian motion
with diffusivity o and zero drift. Since (Zk, B¥*+1) is a function of (B, Z¥), we have that

71, . ,7k, B+l zk+1 7™ are mutually independent, completing the proof. ]

For a fixed diffusivity ¢ > 0 and a constant a > 0, we now define a Markov chain

n:i= {nm}meZ;o = {(mln, e 77777}1)}meZ>O

Xéaza,oo)

with state space . Henceforth, F = {F,;,},,>1 denotes an i.i.d. sequence of two-

sided Brownian motions with diffusivity ¢ and drift o%a, independent of the initial con-

figuration g € Xéaza’w).

At each discrete time step m > 1, set F}, to be the driving
Brownian motion. Given the time m — 1 state n,,—1, define the time m state of the chain

as
Nm = (D(nrlnfb Fm)v D(7772n717 Fm)v ce aD(ﬁrqu, Fm)) (2'30)

o2a,m)

Lemmas 2.3.9 and 2.3.10 imply that if n,,,_1 € Xég%’oo), then n,, € X,E as well.

Theorem 2.3.15. Fora,c >0 and £ = (£, < --- < &,) € RY,, the measure /ﬁ; of (2.9)

is invariant for the Markov chain (2.30).
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Proof. This follows by an intertwining argument developed by Ferrari and Martin for
particle systems in [63] and carried out for exponential last-passage percolation in [60].
Let Z ~ u§ . Assume that 7 has distribution ;é: the distribution of D™ (Z). Without loss
of generality, we assume that n = D™ (Z). Then, for Brownian motion B, let S® denote
the mapping of a single evolution step of Z according to the multiline process (2.29) and
TB denote the mapping of a single evolution step of 1 according to the Markov chain

(2.30). Then, using the definition of D*) and Equation (2.28),

TE () =D(n", B) = D(DW (2%, ..., z"), B") = D**V(ZF ... Z' B')
=DW(D(z*, BY), D(Z*!, B, D(Z!, BY))

D" (5P(2),821(Z).....5P(Z)) = D" (5% (2)).
Hence, T2(n) = D™ (SB(Z)). Since n = D™(Z), we have that

770" (2)) = D" (57(2)).

By Theorem 2.3.14, SB(Z) A Therefore, 752 (n) 4 D(Z) ~ 1. O

2.3.3 A triangular array representation of the map D

Here, we give a triangular array construction of the mapping D™ of (2.8). This construc-
tion has previously appeared for a discrete prelimiting analogue of the map in [60] and [31].
For (Z',...,2") € Y&, define the following triangular array {n"/, ¢ : 1 < j < i < n}
inductively as follows: set n™! = ¢! = Z1 and assuming that n°~17 and ¢*~1 have been

defined for j € {1,...,i — 1},

ni,l _gi
nhd = D=t WY e 2,0
WL = Ry ¢TI, e 2,0}

Cirt — g

(2.31)
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To show this construction is well-defined, we need to show that for ¢ € {1,...,n}, and

je{2,...,i},

i[9 (@) = ¢ (@) = .

The following lemma ensures this is the case.

Lemma 2.3.16. Let (Z',...,2") € YR, and defined the triangular array as in (2.31).

Let & < --- < &, denote the asymptotic drifts: & = limg . o Z:Ex). Then, for each

1<j<i<n,

7] 4,J

im 70 e gnd i @) &
T—>—0 T T—>=0 T

If in addition, the following limits exist: limg_, 1o Ziggm) = Ez with 51 < ... < gn, then for

each 1 <j<i<n,

i, ~ i,J ~
lim 2 (@) = &, and lim ¢(z) = &;.
T—+00 T T—>+0 x
Proof. This follows by Lemma 2.3.10 and induction. O

We prove the following facts about this triangular array. Given the preceding lemmas
about the queuing mappings (which require different proofs than in the discrete case), the
proofs of Lemmas 2.3.17 and 2.3.20 follow the same procedure as in [60]. We give full proofs
here for completeness and to give clarity to which of the prior results are used. Lemma
2.3.18 does not have an analogue in [60], although I expect one to hold in the discrete
case. The basic building block of the proof is the bijection in Lemma 2.3.8. The analogue
of the mapping (B, Z) — (R(Z, B), D(Z, B)) in the discrete case is also a bijection on the
appropriate space, as shown to me in unpublished notes of Timo Seppélainen. However,

the proof of Lemma 2.3.8 requires different techniques than in the discrete case.

Lemma 2.3.17. Let (Z',...,Z") € YR. Let (ij*,...,7") = D™ (Z',...,Z") as defined

in (2.8). Then, fori=1,...,n, ' =0, where n** is defined in (2.31).
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Proof. We first recall that (nb!,n?>l ... n™Y) = (Z1,...,Z") by definition. Thus, the

i = 1 case is immediate. For i = 2,
n>? = D(ﬁ2’17C1’1) = D(Uz’lanl’l) = D(ZQ,ZI) = 7.

Now, assume that i > 3. For m = 1,2,3,...,7 — 1, it follows from the iterative definition

that

iw,m i—1lm m+1,m m,m)

(n"™,n N ] .1

(2.32)
= (D@ ¢ Dy R, Dyt g,

By definition, we also have ("~1m=1 = pm=tm=1 anq 4m=1 = R(pm=1 ¢7=tm=1) for

j=m,...,i— 1. Substituting this into (2.32), when m =1,...,i — 2,

D(ifm+1) (772‘,m7 nifl,m’ o 77m,m)

_ D(iferl) (‘D(ni,mfl7 Cifl,mfl)’ D(T]iil’mil, C'i72,mfl)7 o ’D(nm,mflj Cmfl,mfl))

(2ﬁ8) D(i—m+2) (ninn—l’ ni—l,m—l) o 777m—1,m—1)' (2.33)

Then, using the definition of D®) (2.5) and applying (2.33) inductively form =1,...,i—1,
i =D 1Y) = DOt gt gty = DU (2 it B2
= = D@ (il pimlisly o =l pimlisly 2 i
where in the last two steps, we simply used the definitions (2.31). O

Lemma 2.3.18. Recall the mapping sf(z) = f(—x). Let (Z',...,2") € VX, and as-
sume also that (sZ™,sZ"1,...,sZ%) € YX,. This means that for each 1 < i < n,
lim, 4o 2 1 Z%(2) eists, and

i i—1
lim M> lim M

Tr—400 X r—400 X
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Consider the triangular array {n*,¢% 1 < j < i < n} defined in (2.31). For i €

{1,...,n} and j € {1,...,i}, define
YiI = g¢hiTitL (2.34)
Then, forie€{l,...,n} and j € {1,...,1},
DOy Yy = e DUt (Zima+ 7, (2.35)

Remark 2.3.19. Lemma 2.3.18 shows that we can reverse the order of the queuing
mappings. In the i = n case, Y™! is the reflected version of the last component of
DM (Z', ..., Z") by Lemma 2.3.17. This now becomes the first component of the input
into the mapping D™ This is used later, along with the distributional invariance in

Lemma 2.3.20 to show reflection invariance of the measures ug (Lemma 2.3.21(iv))

Proof. The preservation of limits in Lemma 2.3.16 ensures that all these operations are
well-defined. In this proof, we several times will use the k¥ = 1 case of Lemma 2.3.12,

which for r > 3, we write as
D" (z",...,zYY=DD"V(z",..., 23 R(Z* Z")), D(Z% Z")). (2.36)

We prove this by induction. For all i € {1,...,n}, the j = 1 case follows from we the
identity
DO (yily =yl — 5¢i = 5D (727, ... Z1),

where the last line holds by Lemma 2.3.17, and the others are just the definitions. In
particular, the i = j = 1 case of (2.35) holds. We turn to the j = 2 case. Recall the

definitions (2.31) and (2.34):

Yol = g¢ii — ED(ni,ifl’Cifl,iflx

yi2 — sChi—l = ER(ni,i—1’ Ci—l,i—l).
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i—1,4—1

Lemma 2.3.8 and the definition n’ = ¢*~5=1 implies now that

D(yi,iji,l) _ scifl,ifl _ 5772'71,7,'71’ and R(Yi’z,Yi’l) _ sni,ifl' (237)

Since Lemma 2.3.17 states that 7'~ 1*~1 = DG=D(zi=1 71 the first equality of (2.37)
shows the j = 2 case of (2.35).

Now, assume that for some ¢ > 2 that (2.35) holds for ¢ — 1 and all j € {1,...,7 — 1}.
We showed already that the j = 1,2 case holds for general ¢, so let j > 3. We show that
the i, 7 case holds. By (2.36) and (2.37),

DU (yH . yihy = D(DUN (YR Y R(YP2 YEY), D(YR2, YY)

: y N o (2.38)
— D(DUD(YH, Y8 ephitl) s¢ihiTL),

Now, we prove, in a second layer of induction that, for m =1,...,j — 2,

DU(y®i . yhly
= D(D(--- (D(DU=m (Y| yim+2 gpisimm) gei=lizmy gei=lizmtly |y geimli-ly
(2.39)
Equation (2.38) proves the m = 1 case of (2.39). Now, assume that (2.39) holds for some
mel,...,5—3. Then, using (2.36),
DU=mM(y®i | YyhmE2 gphimm)

(2.40)
_ D(D(j_(m+l))(yi’j, o 7Yi,m-i-?)7 R(Yi’m+2,577i’i_m)), D(Yi’m+2,5?7i’i_m)).

Again, recall the definitions (2.31) and (2.34):

2,0—m

o :5D(77i,i—m—1 ¢imLimm=1y

yim+2 _ geiimm=1 _ gp(pii-m=1 ci-li-m=1)
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Then, Lemma 2.3.8 gives us
D(yi,m+2’5ni,z¥m) _ SCiil’iimil, and R(yi,m+2’5ni,ifm) _ 57]i,ifmfl‘ (241)

Substituting (2.41) into (2.40) and then (2.40) into (2.39) completes the second layer of
induction. We now return to the original layer of induction. We consider (2.39) in the

extremal case m = j — 2. Recalling D) = D (2.5), equation (2.41) tells us that
DO (Y | ggyisi=(i=2)) = g¢i=1i=(=1)

Substituting this into the m = j — 2 case of (2.38), and using the iterative definition of
DU (2.5), we obtain

DOy yhh
_ D(D( . (D(sci—l,i—(j—l)75Ci—1,i—(j—2))’ Ci—l,i—(j—3)), . )7542'—1,1'—1)
_ D(j_l)(Sci_l’i_(j_l),ﬁgi_l’i_(j_%, o ’5Ci—1,i—1)

= D(j_l)(Yi_l’j_l, ceey Yi_l’l).
By the induction assumption that (2.35) holds for i« — 1 and j — 1, this equals
51)(1’—].—(]’—1)-!-1)(Zi—].—(j—l)-i-l7 . Zl) _ 5l)(i—j-i-l)(Zi—j-ﬁ-l7 e Zl)7

and this gives exactly (2.35), completing the induction. O

Lemma 2.3.20. For o >0 and & < --- < &, assume that (Z,...,Z™) has distribution

V((,El""’én). Let the triangular array {n*7, (% : 1 < j <i < n} be defined as in (2.31). Then,

(é-jv"'afn)

JHLI ™) has distribution vs ,

for each 1 < i,j < n, the random vector ()7, n

and the random vector (¢, ... (%) has distribution u((fl""’&)

Proof. By definition, (n'!,...,n™') = (Z',...,Z"), which has distribution~ 1/((761""’5")

by assumption. Recall that this means that the Z',...,Z" are mutually independent
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two-sided Brownian motions, each with diffusivity o, and with drifts o2&y, ..., 0%&,. We

assume, by way of induction, that, for some j € {2,...,n — 1},
(nj—l,j—I’ nj,j—1’ . ,nn,j—l) - V(g_fj—lv---vgn).
By definition (2.31), for m € {0,...,n — j},
I = p (it i1y

, and <j+m,j—1 _ R(nj+m’j_l,cj+m_1’j_l).

From this, we see that we obtain the random vector (77, ..., 7™9) from (p?i=1 ... pmi=1)

via a single iteration of the multiline process (2.29), where ¢/ ~14=1 = pi=1J=1 i5 the driving

Brownian motion. Theorem 2.3.14 now implies that (p77, ... n™7) ~ Vc(fj""’fn).
Next, we prove (¢*!,...,¢H) ~ Y880 g start the induction, note that ¢M!' =
Z' ~ ug'l). Now, assume that, for some i € {2,...,n — 1},

(CimbL ¢imL2 Lty L€,
We now show via a second layer of induction that, for m € {1,..., i},
(¢BL, ..., ¢hm=t gimlm il pimy et fm—tEm s €im1,6i) (2.42)

In the m = i case of (2.42), since 0’ = (%%, this will complete the first layer of induction.
By construction of the triangular array (2.31), (¢*~b1, ¢=12, ..., ¢~ 1) is a function
of (Z',...,Z"1) and is therefore independent of Z¢ = n®! ~ ((,&). This gives the m = 1

case of (2.42). Now, assume that (2.42) holds for some m € {1,...,i — 1}. By definition,
ni,m-ﬁ-l _ D(’I’]Z’m (i—l,m) and C’i,m _ R(nl,m Ci_Lm)'

By Theorem 2.2.2, (™ and n™*! are independent two-sided Brownian motions

with diffusivity o and drifts o2&, and 02¢;, respectively. Substituting the mapping of
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(¢ibm iy s (5™ i) into (2.42) completes the inductive step. O

2.3.4 Distributional invariances of the queuing measures

Lemma 2.3.21. Leto >0 and £ = (&1 < -+ < &,). Let (p',...,n") ~ /,Lﬁ. The following

hold.

(i) (Shift invariance) For x € R,
{(' @,z +y), 0@,z +y) sy e RY ~ .

(ii) (Scaling relations) Let and b, ¢ > 0, and v € R. Then,

(" (Py) — (beo) vy, ..., by" (Py) — (beo)vy) < y € R} ~ plol/b7rotn/b=),

(iii) (Consistency) Any subsequence (1’1, ...,n’F) has distribution ugéj i)

(iv) (Reflection invariance) (sn™,...,sn') ~ ut(,_g"""’_&).

(v) (Weak continuity) Let & = (¢F ¢k ... ¢F) e R™ be a sequence converging to £ and

. _
let 0% be a sequence converging to ¢ > 0. Then, ,ugk — ug weakly, as probability

measures on XX,

Proof of Lemma 2.53.21. For all items of this proof, we set

where Z' are independent Brownian motions with diffusivity o and drifts 02¢;. Then,
N~ ug by definition (2.9). Recall the jth component of D™ (Z, ..., Z")

is DUN(Z3,...,Z") (2.8).
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We also make heavy use of Lemma 2.3.4, which states

j—1
DO(Zi,..., 2" (y) = Z\(y) + sup { > 27 @) - 2 () |
—0<Tj—1STp—2<"" <y =1
(2.43)
— su { Z 7 () Z‘(m,)}
—0<Tj_1<Tj— 2< <z1<0
Item (i): From (2.43), observe that
DUNZI . .. ZY(z,x + y)
j_l . .
= ZNz,x +y) + sup { 2 Z () — Z’(a:,-)}
—00<T;-1ST;j 2 STISTHY T
j—1
_ sup { Z Z () — ZZ({L‘@)}
—O<T;_1KTj— 2 ST1IST T
jil . .
=Z'z, 2 +y)+ sup {ZZZJrl(xier)—ZZ(xier)}
—00<T;-1ST;j -2 STIKY
jil . .
- sup { Z ZHl(ﬂfi +x)— Z'(x; + :c)}
—00<zj_1<Trj—2<-<w1<0 * ;55
= ZYx,x +y) + sup ZZZH(x,m—I—:c)—Zl(ac,a:i—i-:v)}
7OO<$]'71$$]' RS <y 1

7j—1
- sup { Z Z i+ 2) — 2w, 1 + :z:)}
1<0

_OO<$j—1<$j—2<"'< i=1

= DY(ZI(z, 2+ +), ..., Z @,z + ) (y)

where the penultimate step follows by adding and subtracting Zz;ll [Zi(x)—Z""1(z)]. The
desired result follows because the law of (Z1,..., Z™") is preserved under shifts.

Item (ii) From (2.43),

bDY(Z7 ..., ZY)(Py) — (beo) vy
j—1
= bZ' (y) — (beo)?vy + sup { Z bZ () — bZZ(xz)}

—00<xj_1<xj 2<~~~<:c1<02y i=1

- sup Z bZ 1 (x) — bZ’(xZ)}

—00<T;j—1<T;j 2 <z1<0
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j—1

= bZY(Py) — (beo) vy + sup { Z bZH () — bZi(CQxi)}
—00<T;-1ST;j 2 STIKY
j_l . .
- sup { Z bZ () — bZZ(CQSL'i)}

7®<xj71<$j72<'”<331<0 i=1

= bZ*(Py) — (beo)?vy

j—1

+ sup Z bZ 7 (Pay) — (beo)?va; — (b2 (Pay) — (bCO’)2V£CZ')}
—O<Tj_1STj 2 STISY T
jil . .
- sup Z bZ () — (beo) vy — (D24 (Pay) — (bca)2l/xi)}

—CD<$j,1SIj,2S~“Sx1$0 i=1

—DYN(ZI, ..., 7Y,

where Zi(z) = bZ (%) — (beo)?va. Because the Z' are independent two-sided Brownian

motions with diffusivity beo and drift bc?o2¢; — (beo)?v = (bea)?(&;/b — v), we have
(Zl ce Zj> ~ Mgl/b71/7.,,’§n/b,,j‘

Item (iii): It suffices to show that, for 1 <7 < n,

E1yeesiz1,6i415056n
& .

(.ot ™) ~

For i = n, the statement is immediate from the definition of the map D). Next, we show

the case i = 1. For 2 < j < n, we use (2.28) to write
DYNzI ..., zY) = DU N(D(Z9,Z77Y),...,D(Z%,Z%),D(Z2, Z")),

where Z1 = Z1, and fori > 1, Z¢ = R(Z, 2"’1). Then, (n%,...,n") = D=Y(Z2 ... Z"),
where Z¢ = D(Zi,zi_l) for 2 < i < n. By Theorem 2.3.14, Z2,...,Z" are independent
Brownian motions, each with diffusivity o and with drifts 02&s, . .., 02, so this completes

the proof of the i = 1 case. By definition of DY) (2.5), for i < j < n,

DUz, ... ZYY = D(D(--- DDV (Z7, ... 7Y, Z277Y), ..., Z%), ZY). (2.44)
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Similarly as in the ¢ = 1 case, we apply (2.28) to get that

DUHD (73 7

= DU=N(D(Z7,Z77Y),...,D(Z"*, Z%)) = DU=0(Z7 ... 21, (2.45)

where, Z' = Z', and for j > i, Z9 = R(Z9,Z97Y) and Z9 = D(Z7, Z3~1). Then, by (2.44)

and (2.45), for i < j < n,

D(])(ij .. .7Z1) = D(]_l)(zja c '>ZAi+1aZi_17 ce 7Zl)’

and so

(..o Lt ) = D (Zt L 2 2 2T, (2.46)
By Theorem 2.3.14, ZiL 7™ are independent Brownian motions with diffusivity
o and drifts 02&41,...,0%,. Since these are functions of Z?,...,Z", the functions

ZY, ...,z Zzi+1 . ZJ are independent as well, and by (2.46),

(', .o ) ~ H((j&l7---7fi717§i+17---»§n)'
Item (iv): For (Z!,...,Z") given, let the triangular array {n"/,(% :1 < j <1i < n} be

defined by (2.31). For 1 < j <n, set Y7 = s¢""/*1. Then, by Lemma 2.3.20,
(YL, Y7) ~ ),

Note that the limits lim, 4o 271 Z%(x) exist and equal 02¢; almost surely. Then, we may

apply the ¢ = n case of Lemma 2.3.18, which states, for 1 < j < n,
DUN(ZI, . .. ZY) = sp(nItD),

Hence,
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Item (v) We show the existence of n; ~ ,ugi such that, almost surely, for 1 < 7 < n,
772 — 1%, uniformly on compact sets. For the sequence Z defined at the beginning of the
proof, define Zj(z) = 2Z'(zx) + (03¢F — oo&i)x. Then, (Z},Z%,...,Z7) ~ ng Set
n =DM (Z) ~ 5 and n, = D™ (Z;,). By construction, Z; — Z', uniformly on compact

sets. thus, the convergence ?7]1 = Z]i — Z' = p! is immediate. Further, since Z* satisfies

the almost sure asymptotic

2
:0'51',

for1<i<n, Z,i satisfies

1 .
lim sup|—Zi (z) — 0%&| = 0.
r——00 | T

k—00

By Lemma 2.3.5, n? = D(Z2, Z}) converges to n? = D(Z?, Z") uniformly on compact

sets, and
1
lim sup|—nZ(z) — 0%&| = 0.
z——00 | X
k—0o0
Now, assume by induction that for i > 2, n = D(i)(Z,i, ..., Z}) converges uniformly on

compact sets to n° and that

1 .

lim sup|—n(z) — 0%&| = 0.
r——00 | T
k—o0

Then, by shifting indices and setting 7;, = D(i)(Z]iH, o ZE) and i = DO (z+ . Z?),

it also holds by induction that ﬁ}c converges uniformly on compact sets to 7, and

1.

lim sup| =7k (z) — 0%&| = 0.
r——o0 | T
k—o0

By definition of DU*1) (2.5) and the i = 2 case,
it = DU 2 = DG, Zy) — DG, 21 = DYTD(Z L 2 =

where the convergence is almost sure, uniformly on compact sets. The ¢ = 2 case also
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guarantees
. 1
lim sup| " (2) — 0%&i41| = 0,
r——o0 | T
k—o0
thereby completing the inductive step. O

2.3.5 Proof of Proposition 2.3.1 and Theorem 2.3.2

Proof. Proof of Proposition 2.3.1 We remind the reader that this proposition shows the
existence of the process G?, which we call the stationary horizon (SH), with a fixed

diffusivity parameter o > 0.

Lemma 2.3.21(iii) establishes that the measures u§ are consistent. Hence, for £ = (& <

C< &), it (g ) ~ ug, each 7' has distribution p§. By definition (2.9) (see also
(2.5)), this is the distribution of D(Y)(Z) = Z which is a two-sided Brownian motion with
diffusion coefficient o and drift o2¢;. In particular, n*(0) = 0, almost surely. Kolmogorov’s
extension theorem implies the existence of a unique measure u$ on C(R)? = [[o C(R)
under which, for {Gy}acg € C(R)? and any increasing finite vector & = (i, ...,q,) €
Qnr, (C:'a, .. .,CNJ%) ~ p&. In particular, under uQ, each G is a Brownian motion with
diffusivity o and drift o?c. Furthermore, the measures ,ug are supported on the set X}f
(2.7), so

~

,U,g(éal <ine Ga2 Yo < ag € Q) =1. (2.47)

Hence, under /@, on a single event of probability one, for each £ € R and = € R, the limits

GI(z):= lim G%(x and G? = lim G%(x 2.48
(@)= lim G3(a) 2= lim GE() (2.49)

exist. Furthermore,

12(Ge <ine Go VE€R,a € Q with a > €) = 1. (2.49)
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Then, on the event of (2.49), Lemma A.1.2 implies that, for A <a <b < B,
0 < Gala,b) — Ge(a,b) < Go(A, B) — Ge(A, B),

so the convergence is uniform on compact sets. A symmetric argument holds for limits from
the left. Monotonicity implies that ug(ég_ <ine G¢ <ine C:’g V¢ € Q) = 1. Furthermore,
by uniform convergence, for each £ € R C:’g, and é&; are both Brownian motions with drift
&. Hence,

pE(Ge(x) = Ge(z) = Ge(x) Vo eQ,£€Q) =1,

but by continuity, we also have
pE(Ge(z) = Ge(x) = Ge(w) Vo e R, Q) =1,

We have now defined a stochastic process {G¢}eer whose projection to the rationals
agrees with the process {ég }eer originally constructed under the measure ,ug. Then, ,u(g-

almost surely, for £ < & < &3, and rational values a1 < & < ag < & < €3 < ay.
Goq ginc G£1 ginc Gozg ginc G& ginc Ga;; ginc Ggg ginc Ga4- (250)

This implies that, simultaneously for every £ € R, the following limits exist, in the sense
of uniform convergence on compact sets, and they agree with the limits along rational
directions.

G¢ = lim Gg, and G¢_ = lim G7.
aNg /€

Hence, the random process {G¢}ecr almost surely lies in the space D(R,C(R)). Let
P? be the pushforward of the measure % under the map to D(R, C(R)) defined by (2.48).
Without reference to the measure, we use {Gg}geR to denote the process.

We now verify that this process satisfies the items of the theorem. Item (i) follows be-
cause of the corresponding property for rational parameters and the uniform convergence.

Item (ii) follows because the finite-dimensional measures for rational directions was de-
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fined to be ,ug. The convergence in (2.48) and weak convergence (Lemma 2.3.21(v)) extend
this property to all n-tuples of real directions. The uniqueness then follows because the
o-algebra on D(R,C(R)) is generated by the projection maps. The monotonicity of Item
(iii) follows from (2.50). For Item (iv), for any £ € R, both G¢_ and G¢; are Brownian
motions with diffusivity o and drift ¢2¢, and they are ordered by Item (iii). Thus, with
P?-probability one, G¢_(x) = G¢(x) for all x € Q. But both functions are continuous, so
the equality extends to all x € R.
We finish by proving Item (v). Since each G¢ is a Brownian motion with drift o2
under P?,
P7 ( 1im Celv)

|z[—00

— 0% vee Q) = 1.

Then, by the monotonicity of Item (iii), and since G¢(0,z) = G¢(x), for > 0 and € > 0,

Ge_ Ge_
o2 —¢)= lim Ceel) < liminfgi(z)
T—>+00 x T—+00 x
G G
r—+00 X r—+00 x
Sending € \, 0 completes the proof. The limits as x — —o0 are proved similarly. ]

Proof of Theorem 2.3.2. Here, we verify the distributional invariances of the SH. Items
(),(ii), and (iv) follow because (Gg,...,GZ ) ~ ,ug (Proposition 2.3.1(ii)) and from
the corresponding invariances of the measures ,é (Lemma 2.3.21(i),(ii), and (iv)). The
increment-stationarity of Item (iii) follows now from Item (ii): Setting ¢ = b = 1, we

obtain

d
( gl""’ng) = (Ggl+£*""’ng+€*)’

and therefore,

d
( 22— 21""7ng_ng—1):(ngJré*_Gg1+£*""7ng+§*_ng—1+£*)‘ D
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2.4 Distributional calculations for the SH

We now state some explicit distributional calculations for the SH to be proved in Section

2.4.1.

Theorem 2.4.1. Let a,&y,00 € R, and z = 0 and o,d,§ > 0. Then, the following

probabilities are all equal to the quantity F(z;€,0,d), which is defined as

z—&o?d . z+ &o?d o2d (2 + £o%d)?
*(ooma ) T (“ # e ota)e(== 0 ) ¢ wexp<‘402d>> |

(1) PU(Supx,ye[a,a+d] ’G&)Jrf(x? y) - G&J (‘T7 y>| < Z)
(ii) PU(G§O+£(G, a+ d) — Gfo (a, a+ d) < Z)
(i) P*(Gey(~d) — Gepe(—d) < 2)

(iv) PJ(G50+§(CZ) — G, (d) < 2)

() P (GlgyseyvamalD) — CyyamalV) < g )

Furthermore,
F(0;¢,0,d) >0, V¢, d,o >0, and 5lim F(0;¢.0,d) = 0. (2.51)
—00

Hence, for d > 0, the distribution of Ge,qe(d) — Ge,(d) can be written as a mizture of
probability measures

pdo + (1 —p)m

where p = F(0,§,0,d), 6 is the point mass at z = 0, and 7 is a continuous probability

measure on (0,00) with density

1-p) [(%F(z;{,o, d)]l(z > 0).

Remark 2.4.2. We also compute the Laplace transform/moment generating function of

this random variable in (2.57).
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Corollary 2.4.3. The following hold.

(i) For o, z,y € R, as [{| — o0, G ,((z,2 +y) — G (v,2 +y) — o2&y converges in

distribution to a Gaussian random variable with mean 0 and variance 202 |y|.

(ii) Let &,z € R. For & > 0, define

SJT(&)?&) + g) = lnf{y >0: G&H—f(xvx - y) < Gfo(xax - y)}7

S (€0, & + &) =inf{y > 0: Gepre(z,x +y) > Gey(x, 2 + )}

(2.52)

In words, Sy and S are the splitting times of the trajectories y — Gg,(z,x +y) and
y — Geyre(x,x + y) to the left and the right of the origin, respectively. For y > 0,
define

Te (woz+y) =inf{l > 0: Gg—¢(z, 2+ y) < Ggo (2,2 +y)},

To(z,x +y) = inf{ > 0: Geppe(r, 2 +y) > G (z, 2 + y)},

so that T, (r,z +y) and ng (x,z + y) are the first points of decrease and increase,
respectively, of the function § — Geyve(x,x +y) to the left and right of € = 0. Then,
fory>0and & >0,

P7 (S, (&0,&0 + &) = y) = P7(S; (0,60 + &) = y)
=P (T, (z,x +y) = &) =P (T (z,2 +y) =€)

=P (G&)Jrg({ﬂ x—i—y G&O(.%' x—i—y
= (2+ 0%y 5\/ E\/ (2.53)

(ili) Foro >0, zeR, y>0, and & < &, G (v, x+y) —G¢ (z,2+y) is not independent
of GZ, (x,z +y). The process & — Gg(x,x + y) is not Markov and does not have

independent increments. For & < &, the joint process (Ge,, Ge,) is not Markov.
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Remark 2.4.4. Corollary 2 of [129] describes another coupling of two Brownian motions
with drift such that they agree for a finite amount of time. Their result is related to
our work because it is used to show the stability of the Brownian queue (see, for ex-
ample, page 289 in [119]). In a similar vein, Section 5 of [58] explores maximum exit
couplings—couplings of two Brownian motions such that the law of the separation point is
stochastically maximal. The couplings of [58, 129] are different from the SH, as can be
seen from a calculation of the separation time. In [129], the separation time is exponential,
while in [58], the separation time has the distribution of the absolute value of a Gaussian.

The fact that (Gg,,Ge,) follows because the splitting time of the trajectories is not
exponential. Alternatively, this fact follows from Theorem 28 of [58]. Specifically, two
elliptic diffusions with continuous coefficients cannot be coupled in a jointly Markovian
manner with nonzero separation time. I thank Adam Jaffe for pointing me to the paper

[58].

2.4.1 Proofs

Proof of theorem 2.4.1. We first prove that each of the probabilities (i)—(v) is the same.
We know from Proposition 2.3.1(iii) that for £ > 0, G¢, <inc Gg¢,+¢. Lemma A.1.2 implies

that for a < z <y < a + d, P7-almost surely,
0 < Gepre(x,y) — Gy (2,y) < Gegrela,a + d) — Ge,(a, d).

Hence, (i) = (ii). The probabilities (iii) and (iv) are both equal to (ii) by translation
invariance (Theorem 2.3.2(i)). To see that (iv) = (v), we apply the scaling invariance of

Theorem 2.3.2(ii) with b = vo2d and ¢ = d~/? to obtain
/ / d o
{ UQdGém(l)}feR = UQdGé@(d/d)}ﬁeR ={G{(d)}eer,

and thus, (iv) = (v). Now, to compute this probability, we use (v) with d = ¢ = 1. Then,
the general case follows from replacing z with z/vo2d and £ with £V o2d.
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We know from the construction in Proposition 2.3.1(ii) that
1 1 d
(Gey» Geyre) = (B, D(Z, B)),

where B and Z are independent two-sided Brownian motions with diffusivity 1 and drifts

&0, &0 + £ Then, by Lemma 2.3.3,

Ghyre() ~ GL () 2 (sup (Z(w) ~ B}~ sup_{(Z(u) — B(u)}) .

O<u<l1 —oo<u<0

£ (sup {VaB(u) +€u} — sup {(V2B(u) +£u})’

0<u<l1 —oo<u<0

Notice that the two suprema on the right-hand side are independent, as the first depends
on B for positive u and the second depends on B for negative u. For x = 0, Lemma A.2.4

states

P( sup {V2B(u) + &u} < x) = (I)<x—§) —351<I><_x_£>.

0<u<l

On the other hand, by Lemma A.2.3,

sup  {V2B(u) + Eu} ~ Exp(é).

—oo<u<0

The conclusion of the theorem follows by a simple, but tedious convolution.

0 z—y— —z -
P! (Gepre(1) — Gy (1) < 2) = foo (‘1’(\%5) - eg(zy)‘l’(w)> eV dy

e~ e/2 e dx dy — e

We now use Fubini’s Theorem to switch the order of integration. This results in

=L 0 0 pz—E—/2x
vz £ 22 gy J f £ —a?26
= ——e e~ dy dx + ——e e dydx
f—oo j—oo V2w ZJ; — V2T
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e 7 /2d d
ydx
j J‘\/Eac+z+§ \/277
z—¢&
V2 1 2 2 2
_ - =z /2d +J —x2/2 26—~/2¢x—¢ d
JOO TWG T 2 27r6 e T
&z 2 \f —x2/2
+e 20+ 2z + §)—=¢ dx
[ 9

= @('Z\ff) + eng e g

s
+ e <f v fface_ﬁ/2 dr + (§z + 52)¢>(—Z * £))

|
"a2%
§
3

S

oo ™ \/2
- © ]_ 2 z+ 2
= @(Z\/;) + eb? ﬁﬁ Tﬂeﬂ” 2 du + €% (—\577_6( T (§z + 52)@(—2 +2 ))
V2

_ @("?25) e <(1 +§z+£2)<1>(—2\—/i_;) _ jEe”“> (2.54)

To prove (2.51), it again suffices to show the d = o = 1 case. Observe that

F(0;6,1,1) = 2+ &)D(—¢/V2) — -5 (2.55)

£,
\/7
from which it readily follows that lim¢_,o, F'(0;&,1,1) = 0. Further, from (2.55), we can
compute

&2

0 2
2 F(0;€,1,1) = 25@(—5/\/5)—ﬁe : (2.56)

By [55, Theorem 1.2.6], for all y > 0, S:é’o e 2 dy < y‘le_y2/2. (The theorem is stated
with a weak inequality, but the proof shows that the equality is strict.) Applying this to
(2.56), we see that A — F(0;&,1,1) is strictly decreasing. Hence, F'(0;¢£,1,1) > 0 for all
¢ >0, and also F'(0;£,0,d) > 0 for all £, 0,d > 0 by the equality (v) = (iv). O

We now compute the Laplace transform/moment generating function of G¢ | ((d) —Gg (d).

For o # &,
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Ea[exp ( — a(Gegrela,a+d) — Gy (a,a + d))>]

- 1 )

_a)

o2 o o o2¢2 (2.57)
a f\/?) (1 * (& 5oz)2 B (1; ozg d)>

fa 02d _¢2,24)
+ (§ — a) - e .

Again, we start with 0 = d = 1. By (2.54), we obtain

P (Geyrell) = Gy (1) > 2) = 8 = 5) — 1+ €2+ )0 -

(2.58)

we compute the Laplace transform via Lemma A.2.1: that is

Q0

E'~a(Geyrela.b) G (a.b)] = 1-a L e P! (G (a,0)— G, (a,) > 2) dz. (2.59)

handling each of the three terms on in the sum on the right-hand side of (2.58). Using

Fubini’s theorem, we have
i e~ 12 dudz

JOO —“Zq>< d B 27r

E— \fr £
f J e ¥ ! x/dedxzf (7C“(g \f"’”)—l)—1 e @2 dg

27r —0 \/ﬂ
75 e—a(—V2z)—2?/2 oy — 2
P () ) o) e

Next, we compute the second term, using integration by parts in the second step

JOO eV (1 4 ¢z + 52)<I>< - Z;/I_;) dz

f J«fx (1+€Z+§2)_x2dzda:
£

V21
:J " ((1 +E&(—V2z —§) +£2)ﬁe(a—g)<\/§x+s>

o0 —
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o1+ f—ﬂ“ A€ (ea dz) P

§—« 0 §—a V21
:J_‘% ((1 — V2z¢) X (a=E)(V2z+E)
—» E—a
_a(+8) ol gwmerg,  0f e
{—a  (§-a)? (€—a)? ) Vo
_alafP a8 &
ear - %)
1S 2
~ V5 a(—22€% — a + 2zaf) e (V2 tE) —a?/2
<) €= ap var
_ae@ta—-8) &
e %)
X f—ji O(~V3s — o+ VAraf)e VAo talad)
—» (€ —a)?v27

:a(a§2+a—§3)¢< £ )

(€ —a)? W2

e (ﬁéa— e et (- e g)e(C _ﬁm))

04062 05—3
_ (fgja)f)q)( 5)

Lo fa e arae (260 o’ )q><5 - 20‘). (2.61)

Lastly, we handle the third term:

o0
ez & —( /4 g, — _9qte® %P £ 20 ) 2.62
Jo ae ﬁe z ae ( 2 ) ( )

Adding (2.60),(2.61), and (2.62) to the number 1, we get

Elexp(—aZ)] = €a2a£®<§_\/§2a) (1 B (ffz)z)

Q [0 2 « _ 2
R ) v

and we see this matches (2.57) with d = ¢ = 1. The general case follows by (iv) = (v)
after replacing o with avo2d and £ with £vo2d.
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Proof of Corollary 2.4.3 . Item (i) (Convergence to Gaussian): For £,y > 0, Theorem

2.4.1, tells us that

P7(Geyeo(x, 2 +y) — Geo(x, 2 + ) — o2¢d < z)

Y- (=+0%€p)¢ 2 2 2 v ( 2T 207y
2 _|_2 25 2
¢ :yexp(_@%gyy)))

In the limit as & — +00, the only nonvanishing term is

a( —2/(45%) gy

Py )_J*z/\/Qo'Qy 1 67‘%2/2 dx_fz 1 .
£/ 202y —o V27 —o A/ 4To3y

which we now recognize as the distribution function of a Gaussian random variable with
0 mean and variance 20%y. For y < 0, the result follows by symmetry of the Gaussian.

For the limit as £ — —o0, the stationarity of increments in Theorem 2.3.2(iii) implies

Giig, (v, +y) = G (.2 +y) — 0°Cy = —(GE,(x,2 +y) — GE e(x,2 +y) — 0°E]y)

[l

—(GZ¢(r, 2 +y) — Gi(,z +y) — °[¢ly).

The result now follows by the symmetry of the Gaussian distribution.

Item (ii) (Splitting times): We first recall the definitions: for £ > 0,

S;(&Oago + f) = lnf{y >0: GfoJrf(x?x - y) < Ggo(.’I],.’I} - y)}a

S;_(EOagO +¢) =inf{y > 0: G&H—E(x»x +y) > G§0(3371' +9)},
and for y > 0,

Te(woz+y) =inf{l > 0: Gg—¢(z, 2+ y) < Geo (2,2 + )},

Tg (z,x +y) =inf{€ > 0: Ggype(r, 2 +y) > Gela,z +y)}.
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Let y,£ > 0. We work on the P-almost sure event (depending on a fixed £ € R, £ > 0)
on which G(¢,1¢)— () = Geyre(w) for all z € R, and for arbitrary & < &, Gg <ine Gg,
(Proposition 2.3.1(iii)—(iv)). On this event, we first show that

(a) S; (60,60 +8) =2y — G§O+§(:E,ﬂ§ —y) = Gfo(x7$ — )

(b) Ty (w,x+y) =€ <= Gge(r,2+y) = Gg (2,2 +y)

(¢) SF(&n, & +¢&) >y Tg(a:,x +y) =& — Gepelr,z+y) = Ge(z,z +y).
We prove (a) and (b), then (c) follows similarly. For (a), if S, (£, + &) = vy, then since
Geore(x, @ — 2) < Gey(w, v — 2) holds for general z > 0, we must have equality for z < y.

Continuity implies the equality Ge¢,1¢(z,2 —y) = Gg,(x,2 —y). On the other hand, if

Geore(r, 2 —y) = Geo(z, 2 — y), then for all z € (0,y], by Lemma A.1.2,
0> Ggue(m,z —2) = Ggy (3,2 — 2) = Gegre(w, 7 — y) — Geo (2,7 —y) = 0,

s0 Sy (60,60 + &) = v

Now, we turn to (b). If T; (z,2 +y) = £ > 0, then Gg,—y(z,2 + y) = Gg,(z, 2 +y) for
all n € (0,£). But the right-continuity of G implies that G¢,—¢(z,x +y) = Ge,(z, 7 + y)
as well. On the other hand, if Gg,—¢(z, 2 + y) = Gg (x,2 + y), then for n € (0,£],

GfO*n(x’x + y) = GEO*{CU?-% + y)? S0
0= G&o*n(%x +y) — G&o(x7$ +y) = G&)*ﬁ(xax +y) — G&o(xax +y) = 0.

Hence, T (x,z +y) = £ By stationarity of G in the z and { parameters (Theorem
2.3.2(i),(iii)),

P (Gepre(a,w —y) = Gg (2,2 —y)) = P7(Geype(r =y, 2) = Ggy (2 — y, @)

= PU(G€0+E(x7x + y) = Gfo(x>x + y) = ]P)U(Gﬁo(x’:p + y) = G&o—ﬁ(xax + y)>

where in the first equality we simply used the fact that G¢(z,y) = —Ge(y,x). Hence,
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each of the events in Items (a)—(b) has the same probability, which is computed by setting

d =y and z = 0 in the formula of Theorem 2.4.1. We repeat this formula here:

02y 02y _5212y
2+ (-6| ) — e/ e

Item (iii) (Non-independence and non-Markovian structure):

Assume, by way of contradiction, that for y > 0, Gg, (z,y) — Gg, (x,y) is independent

of Gg, (x,y). Then, since each = — G¢ is a Brownian motion with diffusivity o,

oy = Var? (Ge,(z, @ +y)) = Var® (Ge, (v, x + y) — Ge, (x, 2 + y)) + Var® (Ge, (z, 2 + y))

= Var® (G, (z,2 +y) — Gg, (z, 2 + y)) + a%y.

Hence, Var?(Ge,(z,z +y) — G¢, (x,x + y)) = 0. But this is not true, as Theorem 2.4.1
shows that Gg, (x,x +y) — G¢, (z,z + y) does not have a degenerate distribution.
We turn to showing the non-independence of increments. Assume, by way of contra-

diction, { — G (z,z + y) has independent increments. Then for 0 < n < &,

P7(G¢(z, 2 +y) — Go(z,z +y) =0)

=P/ (Gy(z,x +y) — Go(z,z +y) = 0)P?(Ge(x,x + y) — Gyp(z,x +y) = 0),

by monotonicity. Equivalently,

P?(Ge(x,z +y) = Go(z,x + y)|Gy(x,z + y) = Go(z,z +y))

=P (Ge(z,x +y) = Gylz,z +y)).

As we showed in the proof of Item (ii), this is equivalent to

P(Ty (z, 2 + y) = E|Ty (z, 2 +y) = 1)

=P(T, (z, 2 +y) = & —n) =P/(T (2,2 +y) = & —n).
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However, our computation in Item (ii) shows that T, (x, z+y) does not have a memoryless
distribution, a contradiction. The process £ — Gg (z,x + y) therefore is also not Markov
because the time to its first point of increase is not memoryless.

Lastly, the joint process (G¢,, Gg,) is not Markov because the splitting time of G¢, ()

and G¢, () for > 0 is not memoryless, as seen in Item (ii). O

2.5 The SH as a jump process and its path properties

The trajectories of £ — G?(x,y) are step functions. This fact is the fundamental ingredient
for the analysis of the infinite geodesics in the directed landscape studied in Chapter 4.

We state this theorem now.

Theorem 2.5.1. Fix 0 > 0 and let x € R,y > 0. Then, P?-almost surely, the paths of
£ — Ge(z,x + y) are nondecreasing step functions, whose jumps are a discrete subset of

R. The expected number of jumps in an interval [, &0 + &] € R is

o oy
E7[#{n € [0, 60 + &] : Gy—(z, 2 + y) < Gye (2,2 +y)}] =26 —
Furthermore, limg_, oo Ge(x, 2 + y) = 00 almost surely; consequently, the set of jumps
over all £ € R is infinite and unbounded for both positive and negative €.

We now detail the path properties of the SH. Given G € D(R,C(R)) and z,y € R, we

define the random sets

{{eR: Ge_(x,y) # Gey(z,y)}, and

U Ze(@.y) = | J{EeR: Ge_ (@) # Gea ().

z,yeR zeR

Ec(z,y)
(2.63)

—_
=
=G

Observe that Zg(z,y) = E¢(y,z). We define Zg(z) = Z¢(0,x). When we wish to refer
to the set =¢ for a realization of the SH G? without referring to the measure P?, we write

—_
ZGo.
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Theorem 2.5.2. Let 0 > 0. The following hold P?-almost surely.

(i) For& <& andx e R, y— Ge,(x,x+y) — Ge, (x, x4+ y) is a nondecreasing function.
(ii) Fora <z <y<b, Eg(z,y) € Eg(a,b).

(iii) For every & € R and every compact set K € R, there exists an ¢ = ¢(K,§) > 0 so
that when z,y € K, and { —¢ < o < £ < f < &+¢, Golx,y) = Ge—(x,y) and

Ge(z,y) = G, y).

(iv) For every x <y, & — Ge(x,y) is a step function converging to £00 as & — +o0.
The set Z¢(x,y) is countably infinite and contains only finitely many points in each

compact interval.

(v) Let S;(&,&) and S} (&1,&2) be defined as in (2.52). For every pair & < & and

x € R, there exists o, 8 € [&1,&2] N Eg so that

S, (€1,&) =inf{y > 0: Go(z,x —y) < Go_(z,2 —y)}, and

S¥(&1,&) =inf{y > 0: Gz, z +y) > Gs_(x,z +y)}.

That is, when the trajectories Ge,,Ge, split (to the left or right of the origin), there

is an exceptional § € E¢ so that G¢_ and G¢ also split at that same point.

(vi) The set Z¢ is dense in R.

Figure 2.2 shows a simulation of the stationary horizon for o = 1 and
¢ € {0,+1,4+2,+3,£5,+10}. The items of Theorem 2.5.2 can be seen from the graph.
Item (ii) states that the discontinuities increase as we move away from the origin. This is
manifest in the picture by the splitting of trajectories. Item (v) states that when the two
trajectories split for positive x, there exists a value § € Eg so that G¢ follows the upper
trajectory, and G¢_ follows the lower trajectory. This results in the density of Item (vi).
The reverse happens for negative z. Once the trajectories split, the distance between the
two never decreases, as stated in Item (i). Items (iii) and (iv) reflect the fact that two

trajectories G¢, and G, stick together in a neighborhood of the origin before splitting.
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The stationary horizon Gg(x) for various parameters &

Gy

-0.4 -0.2 0.0 0.2 0.4

Figure 2.2: A simulation of the stationary horizon

The discreteness of the sets Zg(z,y) in Theorem 2.5.2(iv) implies that, under P?, the
set Eg(z,y) is a well-defined point processes. The set Z¢ itself is dense, and it is not
easy, a priori, to interpret as a random object. However, By Theorem 2.5.2(ii), Z¢ is the
increasing union of the sets E¢(z,y) as * - —o0 and y — 400 (In fact, it suffices to fix
either x or y and send the other to +oo0 by Corollary 2.6.8 in Section 2.6). We state some

distributional invariances of these sets in the following corollary to Theorem 2.3.2.

Corollary 2.5.3. For o > 0, let G° be the SH. For ¢,b > 0 and v € R, and (z,y) € R,

the sets Z¢ satisfy the following distributional invariances:
—_ d - d ;— ) )
Ego(x,y) = —Ego(—z,—y) = b=Eqbes (¢ 2z, ¢ 7y) + b

Proof. The first equality follows by the reflection invariance of Theorem 2.3.2(iv), and
the second follows by the scaling relations in Theorem 2.3.2(ii). More specifically, let G
be the SH, and let G* be defined by C:’g/bfy(:v) = ng(C2l’> — (beo)?va. Then, G is
distributed as G, and & € Ego (c?x, c?y) if and only if £ € b= fpeo (T, Y) + bv. O
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2.5.1 Proofs

The following more general theorem is the key to showing step function behavior of the
SH. It gives a general condition for an increment-stationary process to be a jump process,

and is of independent interest.

Theorem 2.5.4. On a probability space (0, F,P), let Y = {Y (t) : t = 0} be a nondecreas-

ing, increment-stationary process such that the following three conditions hold:
(i) Fora <b, E[Y(b) — Y (a)] < c0.
(ii) P[Y (t) = Y(0)] € (0,1) for all sufficiently small t > 0.
(iii) liminfi o E[Y (t) — Y (0)|Y () > Y (0)] > 0.

Then, P-almost surely the paths of t — Y (t) are step functions with finitely many jumps
in each bounded interval. For each t = 0, there is a jump at t with probability 0. For
a < bel, the expected number of jump points in the interval |a,b] equals

E[Y (b) — Y (a)]
lim,, o E[Y (277) — Y (0)[Y(277) > Y (0)]’

Remark 2.5.5. Heuristically, we can think of Condition (iii) in the following way: on
average, the size of the jumps are bounded away from 0, and therefore the jumps cannot

accumulate because an increment of the process itself has finite expectation by Condition
(i)-

Proof of Theorem 2.5.4. We first note that for b > a,

(b— @)E[Y (1) — Y(0)] = E[Y (b) — Y (a)]. (2.64)

Indeed, by increment-stationarity, it suffices to show that E[Y (t)—Y (0)] = tE[Y (1)—Y (0)]
for all ¢ > 0. Since Y is nondecreasing, ¢ — E[Y () — Y (0)] is nondecreasing, so it further

suffices to show that E[Y (t) — Y(0)] = tE[Y (1) — Y(0)] just for rational ¢ > 0. For any
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positive integer k,

Then for positive integers r and k,

k
rE[Y (1) =Y (0)] = E[Y (r) =Y (0)] = Y, E[Y (ri/k) = Y (r(i — 1)/k)] = KE[Y (r/k) =Y (0)],
1=1

and E[Y (r/k) — Y (0)] = E[Y (1) = Y(0)].

We now show that there are finitely many jumps in the interval [0, 1], and the general
result holds by increment-stationarity and (2.64). Consider discrete versions of the process
Y as follows. For n € Z~g, let D,, = {% :j € 7,0 <j < 2"}, and consider the process

Y, :={Y(t): t € D,}. Let J, be the number of jumps of Y,, i.e.,
2Tl
: -
o= 2 1(Y () > Y (i)
j=1

Then, J,, is nondecreasing in n, so it has a limit, denoted as the random variable J,. Let
K € {0,1,2,...} u {0} be the number of points of increase of Y on the interval [0, 1].
Specifically, a point ¢ € (0,1) is a point of increase, if Y(t +¢) > Y (t —¢) for all £ > 0.
We say 0 is a point of increase if Y (¢) > Y (0) for all ¢ > 0, and we likewise say that 1 is a
point of increase if Y(¢) < Y (1) for all ¢t < 1.

There are three steps we need to complete the proof. The first is to show K < J.
Next, we show that Jy is finite almost surely by computing its mean. Lastly, we show
that Jo < K.

We now show that K < Jo. If K < 0, let k = K, and otherwise, let k£ be an arbitrary
positive integer. It suffices to show that J,, > k. By definition of k, we may choose k
points of increase t; < - -+ < t. First, we handle the case where t; € (0, 1) for all i. Then,

for all sufficiently large n, there exist n-dependent positive integers 0 < j; < --- < jp < 2"
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so that for each i, j;4+1 > j; + 2, and

Ji —1 Ji+1
on <t; < on

(2.65)

Since ¢; is a point of increase and Y is nondecreasing, Y(JZ;,QI) > Y(”QZI). Therefore,

V(L) > v(LE) or Y(4) > V(&

e '2;1). By assumption that j;.1 > j; + 2, the intervals

[ji2;1, jgl] are mutually disjoint, so J, > k and therefore J,, = k. The case where t; = 0

or t; = 1 is handled similarly.

Next, we compute the finite mean of Jo. Let

e =E[Y(27") - Y(O)Y(2") > Y(0)]

Then, using increment-stationarity,

E[Y(1) - Y(0)] = E|Y (4) - Y (%)
- SE[r(#) -V R () > YRR () > v ()
— e, 2_ ]P’(Y(Qj—n) > y(%)) = coE[J,]

E[J,] = lim E[J,] = lim < . (2.66)

n—o0 n—ao0 Cn

Therefore, P(J,, < 00) = 1. Since K < Jy, with probability one, Y has only finitely
many points of increase on [0, 1]. Therefore, with probability one, Y : [0, 1] — R is locally
constant except at the finitely many jump points. Hence, for each t € (0, 1), the left and

right limits of Y at ¢, Y (¢+) exist. The limits Y (0+) and Y (1—) exist as well. Since Y is
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increasing, for each ¢t € (0,1) and € > 0, we can apply (2.64) and Assumption (i) to get
E[Y(t+)—-Y(t—)] <E[Y(t+e) =Y (t —¢)] = 2¢E[Y (1) = Y (0)] < o0.

Sending € N\, 0, the left-hand side is 0 and therefore, a jump occurs at time ¢ with prob-
ability 0. Similar arguments apply to t = 0 and ¢ = 1. Therefore, there exists an event
of probability one, {)g, on which Y has no jumps at points of the form QJ—n for positive
integers j and n.

To compute the mean number of jumps, we show that J,, = K on the event {)g,. We
already showed that K < Jo, so it remains to show Jy, < K.

We start by showing that if Y (b) > Y (a) for some a < b, there must be some point
of increase in the interval [a,b]. We prove this as follows: let ¢ be the midpoint of a and
b. Then, since Y is nondecreasing, either Y (b) > Y (c) or Y(c¢) > Y (a). If, without loss
of generality, Y (b) > Y(¢), then we can bisect the interval again with midpoint d and get
that Y (b) > Y (d) or Y(d) > Y(c), where d is the midpoint of a and b. Inductively, this
constructs a sequence of nested intervals [ap, bn] S [an—1,bn—1] S [a,b], where [ay, b,] is
either the left or right half of the previous interval. Then, a,, is nondecreasing and b,, is
nonincreasing and b,, — a,, — 0. Then, set t = lim;,,—, ¢, @y, = limy, 4 by, and we have that
t € [an,by] for all n. If t € (0,1), then for all € > 0, we may choose n large enough so that,

because Y is nondecreasing,
Y(it+e)—Y(t—e)=Y(b,) —Y(an) > 0.

Hence, t is a point of increase. The case where ¢ = 0 or 1 is handled similarly.

Now, we show that on Qq,, J, < K for all n. By definition, J, is the number of
integers 0 < j < 2" such that Y (j27") > Y ((j — 1)2™"). For each such j, we just showed
that there must be a point of increase in [(j — 1)27", 527 "], and on the event Qg,, that
point of increase must lie in the interior of the interval. Thus, J, < K, and J, < K, so

Jo = K on Qg,. Equation (2.66) computes the mean number of jump points. O
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Proof of Theorem 2.5.1. We verify the conditions of Theorem 2.5.4 for the process

{GEye(@,x+y): £ =0},

where & is arbitrary. This process is nondecreasing by Proposition 2.3.1(iii), and has
stationary increments by Theorem 2.3.2(iii).
Condition (i) of Theorem 2.5.4 follows because each G7 is a Brownian motion with

diffusivity o and drift o2¢. In particular, for &,y > 0,
E7[Geyre(w, 7 +y) — Gy (z, 2+ y)] = 0%y < 0. (2.67)

Theorem 2.4.1 states that P7(Gg,1¢(z, 2 + y) = Ge(z, 2 +y)) € (0,1) for all £,y > 0.
Hence, Condition (ii) is satisfied.
Lastly, we verify Condition (iii), which, combined with (2.67) allows us to compute the

mean number of jumps in the interval [£o, & + £]. Observe that, because
]P’U[G&)Jrg(x,l’ +y) — Ggo(x,a: + y) = 0] =1,
and using (2.53),

EU[G&)-F{(:L‘a T+ y) - G§0(13, T+ y)|G§o+§($7l' + y) > G§0($a$ + y)]
_ EGere(@, 2 +y) — Gey (2,2 + y)]
PU[G£0+§('I’ T +y) > Ge (z,z +y)]
o*&y
1= (24 €202y)@(—64/ Y) + &4/ T exp(~E202y/4)

An application of L’Hopital’s rule gives

%i\I‘%EU[Gfo-FE(x’m + y) - Gfo (Q?,SL’ + y)|G§o+§($a T+ y) > G§0($,$ + y)]
o’y o2y

= lim >0

N0 _og02yd (—g/ L) + 24/ 2 2
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Along with (2.67), Theorem 2.5.4 gives us
o o2y
E7[#{n € [€0,&] : Gy—(z, 2 +y) < Gpe(z, 2 +y)}] =2 -

The fact that there are infinitely many jumps over all £ € R is as follows: We recall
that & — Gg(l‘,l’ + y) is nondecreasing. Thus, it has almost sure limits as & — =+oo.
Since Gg(x, x + ) is Gaussian with mean 02¢y and variance oy, for all z € R, Markov’s

inequality implies, for any z € R

lim P7(Ge(z,z+y) < 2) < _lim P7(|Ge(z,x +y) — 07¢y| > a?éy — 2)

E—+m =+
2
. o~y
< lim ———— =0.
t—+o (028y — 2)?
so limg_, o0 GZ (2,2 + y) = +o0, almost surely. Similarly, lime_,_o, GZ (2,2 + y) = —o0.

Since the set of jumps is discrete, there must be infinitely many of them on the real line,

and they are unbounded for both positive and negative directions. O

Proof of Theorem 2.5.2. Item (i): The monotonicity of y — f(y) := Gg,(z,z +y) —

Ge¢, (z,x + y) follows by G¢, <inec G¢, (Proposition 2.3.1(iii)): for w <y,

fw,y) = Ge,(z +w,x +y) — Ge, (. +w,z +y) > 0.

Item (ii) Because G¢_ <inc Gey, Lemma A.1.2 implies that for a <z <y < b,

0< G§+(x,y) - Gﬁ*(xay) < G§+(a7 b) - Gﬁ*(avb)v

giving the inclusion Z¢(z,y) € Eg(a,b).
Items (iii)—(iv): For a fixed x # y, Theorem 2.5.1 states that, P” almost surely, Zq(a, b)

is a discrete and infinite set, and { — G¢(a,b) is a right-continuous step function. Thus,
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P?-almost surely, for any £ € R, there exists ¢ > 0 such that, if { —e <a << B <&+,

Ga(a,b) = Ge—(a,b), and Ge(a,b) = Gg(a,b). (2.68)

We consider the P? almost sure event such a € > 0 exists for all £ € R and each rational
pair a # b. To show Item (iii), it suffices to take the compact set to be [a, b] for rational
a < b. Then, for every £ € R, there exists ¢ = (&, a,b) sothat for{—e <a<{ < f <&+e
(2.68) holds. Then, by G¢ <ijnc Gg and Lemma A.1.2, for a < x < y < b, and all such

OC, IB?
0< Gylx,y) — Gela.y) < G(a.b) — Gela,b) = 0. (2.69)

A symmetric argument shows that Go(z,y) = Ge—(z,y).
The result of Item (iv) that Zg(z,y) is countably infinite and discrete for all z < y is
as follows. Without loss of generality, assume x < y. Choose rational values a, b, ¢, d with

a<z<c<d<y<b. Then Item (ii) implies

EG(Ca d) = EG(IL‘,y) - EG(G,b),

and recall that Zg(b,c) and =Z(a,d) are both infinite and discrete. Furthermore, (2.69)
implies that & — G¢(x,y) can only increase when { — G¢(a, b) increases, so § — Ge(x,y)
is also a step function. The limits as £ — +00 follow by a similar monotonicity argument.
Item (v): We handle the case for S;f (&1, &2), and the other follows analogously. Recall

the definition (2.52)

Sy (&1,&) =inf{y > 0: G, (z, 2 +y) > Ge, (x,z + y)}.

For shorthand, let S = S (&,&). By definition of the nondecreasing property in Item
(i), the function § — G¢(x,x + S) is constant in the interval [£1, &3], but for every € > 0,
the function & — G¢(x,z + S + ¢€) is not constant in the interval [£,£2]. Since £ —

Ge(x, x4+ S+¢) is a step function by Item (iv), it follows that [£1, {&2]NEg(z, 2+S5) = @, but
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The SH difference profile J¢(x)

J(x)

-0.4 -0.2 0.0 0.2 0.4

Figure 2.3: The SH difference profile J¢(«). The function vanishes in a nondegenerate random
neighborhood of = 0 and evolves as two independent Brownian local times to the left and right.

[£1, &) nEq(x,z+S+e) # @ for all e > 0. Since each ZE¢(x, z+5+¢) contains only finitely
many values in [£1, &2] (Item (iv)), and since Eg(z, z+ S +¢) decreases as € decreases (Item
(ii)), there must be some £* € [£1, &2] so that, for every € > 0 &* € [£1, & NnEg(x, z+ S +¢€).
Then, Ge_(x,2 + 5) = Gery (z, 2+ 5), but Gex_(z,2+ S+ ¢) < Gery(x,2+ S + ¢) for

all e > 0. Hence,

S=inf{ly >0:Gey (v, 2 +y) > Ger(x, 20+ y)}.

Item (vi): The density of E¢ follows directly from Item (v). O

2.6 Random measures and Palm kernels

For G € D(R,C(R)), define the process of jumps

J = {Je}eer = {Ge — Ge_}eer (2.70)
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By Theorem 2.5.2, for each o > 0, P?-almost surely, either J¢ vanishes identically (when
§ ¢ Z¢ or J¢ is a nondecreasing continuous function that vanishes in a nondegenerate
(random) neighborhood of the origin. We use J7 = {J}¢er to denote the process when

G = G7, without reference to the measure P?. By Theorem 2.3.2(i),(iii),
(o (o d (o
{Je(y+2)—JZ,(y) :x€ Rleer = {Ji(z) e Ricer Vy,meR. (2.71)

The goal of this section is to prove the following.

Theorem 2.6.1. Let 0 > 0, and let G° be the SH. For £ € R and Jg defined above, let
¢ = inf{z > 0: JZ(z) > 0} and 7? = inf{z > 0: —JZ(—z) > 0}

denote the points to the right and left of the origin beyond which Gy and G¢_ separate,
if ever. Then, conditionally on & € Zgo in the appropriate Palm sense, the restarted

functions
x> J¢ (@ + 7§ JE (7§ an T JE(—x —7¢ f(=1¢), = >0,

are equal in distribution to two independent running mazrimums of Brownian motion with
diffusivity o and zero drift. In particular, they are equal in distribution to two independent

appropriately normalized versions of Brownian local time. See Figure 2.5.

Defining the appropriate sense of Palm conditioning requires some care. The set Zgo
is almost surely dense in R, so we instead condition on pairs (£ N ), where £ € Ego. A
more precise version of Theorem 2.6.1 is proved as Theorem 2.6.11.

Theorem 2.6.1 has deep geometric significance for the study of semi-infinite geodesics in
the directed landscape in Chapter 4. For { € E¢, the function x — J¢(x) is a nondecreasing
function and therefore defines a random Lebesgue-Stieltjes measure. The support of this
measure, up to the removal of a countable set, is interpreted in Theorem 4.7.1 as the set

of points with two disjoint semi-infinite geodesics in direction &.
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2.6.1 The difference profile for positive x

We first study the functions J¢(z) for > 0, under the measure P?. Approximate J by a

process JV defined on dyadic rational &. For N € Z~q let
J =Ge, —Ge,  for &=¢"=i27" and i€Z. (2.72)

For i € Z, let

iV =inf{z > 0: JY (2) > 0} = S5 (&-1,&). (2.73)

Since the G¢, have different drifts for different values of ¢, Tg < o almost surely. For

feC(R) and T € R, let [f]” € C(Rsp) denote the restarted function

[f1"(z) = f(t+x)— f(1) for x € [0, 00). (2.74)

Denote by DY the distribution on C'(Rsg) of the running maximum of a Brownian
motion with drift @ € R and diffusivity v/202. That is, if X denotes standard Brownian
motion, then

DY (A) =P{| sup V202X (u) + o

0<u<s

)eA}

s€[0,00
for Borel sets A < C(Rxp). When the drift vanishes (a = 0) we abbreviate D7 = D.
Lemma 2.6.2. On a probability space (0, F,P), Let Y = {Y(x) : © = 0} be a Brownian

motion with drift o and diffusivity V202, Let W be an almost surely negative random

variable independent of BY,. Let
0 =inf{z >0: W + B (z) = 0}.
Then, for all x > 0,

P([ sup W+Y(S)Jr

0<s<f+u ]ue[[),oo) € ‘0 - x) =Da(+). (2.75)

o
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In particular,

+
P([ sup W+ Y(s)]
0<$<0+u uG[O,DO)

e ) = D7(+) (2.76)
Proof. Let A e B(C(Rxp)) and 6 > 0. Below, notice that Y (6) = —W. Then, noting that
6 is a stopping time with respect to the filtration F, = U(VV, {Y(l’)}xe[ovy]), we use the

strong Markov property to restart at time 6.

+
sup W +Y(s)

L 0<s<O+u ]ue[O,oo

i

Il
/N /N /N S
1 1 1

)eA’9=x>

sup W+Y(s)]ueooo)€A‘9=x)

L 0<s<O+u [ (2.77)
=P Y (0 ~Y(0 Alg =

foilslgu ( * S) ( )]ue[OpO) € ‘ li)
=P Y A) = DI(A).

e <s>]u€[m) e 4) = D5(4)

The first equality came from

sup {W+Y(s)}=0< sup {W+Y(s)} forallu=0.
s€[0,0] se(6, 0+u]

The claim of (2.75) has now been verified. Equation (2.76) follows because

P([ sup VV+Y(5)Jr

I
0<s<0+u u€[0,00)

:JP([ sup VV+Y(S)+

0<s<H+u ]ue[oyw

e A’@ - a:) d6(z).
)
Corollary 2.6.3. Let 0 >0 ay = 022~N. Then for allie Z and x > 0,
TN o
Po([JY] e - |7 =) = D3, (). (2.78)

Proof. From the definition of the finite-dimensional marginals of the stationary horizon

(Proposition 2.3.1(ii)), we have

(Gg_,,GE) = (2", D(2, 2")), (2.79)
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where Z', Z? are independent two-sided Brownian motions, each with diffusivity ¢ and
drifts 02&;_1, 02&;, respectively. Then, Y := Z? — Z! is a Brownian motion with diffusivity

V202 and drift 02(& — &_1) = 0227 N. Set JN(y) = D(Z2,ZY)(y) — Z'(y). By Lemma

2.3.3,
N +
V) = (s (V@)= sw {Y@)}) =| s W+Y(@)| (280
0<z<y —oo<z<0 0<z<y
where W = —sup_,,_,<o{Y (2)} is an almost surely negative random variable, indepen-

dent of {Y(z) : x = 0}. Define

OV = inf{z > 0:JV(z) > 0} = inf{z > 0: Y (z) > 0}. (2.81)

Hence, now (/J, ]:7 , Tg ) 4 (JN,0N), and the corollary now follows from Lemma 2.6.2. [
For £ e R let

7e = inf{z > 0: J¢(z) > 0}. (2.82)

The connection with the discrete counterpart in (2.73) is
78 = min{re 1 €€ (G, 6]} (2.83)

On the space R>y x R define the random point measure and its mean measure

T'= > e and X(:):=E7[T()]. (2.84)
(T¢,£):Te <0

The point process I' records the jump directions § and the points 7 where G¢ and G¢_
separate on R>g. Theorem 2.5.2 ensures that I' and Ar are locally finite, P?-almost surely.

It will cause no confusion to use the same symbol I'" to denote the random set

I'={(7¢,§) : £ e R, 7¢ < o0}

Then also Af(+) = E7(|I" n +|) where |+| denotes cardinality. The counterparts for the
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approximating process are
TN = (7, &) rieZ,my <o) and AN (+) = E7(TM A 4)), (2.85)

where, at the risk of slightly abusing notation, we have dropped the dependence of ¢ in
the notation for )\%N).

The dyadic partition in (2.72) imposes a certain monotonicity as N increases: 7¢ values
can be added but not removed. The &-coordinates that are not dyadic rationals move as
the partition refines. So we have

() (&) e Ty < (7)1 (71 6) e TVHDY < (7 - (7, ) e T (2.86)

Lemma 2.6.4. For o > 0, the measure A\}: and Lebesgue measure m are mutually abso-

lutely continuous on R~g x R. The Radon-Nikodym derivative is given by

dA{ 0
%(Ta §) - \/ﬁ

for (1,€) € Rog x R. (2.87)
Proof. Let £ € R,y > 0, and € > 0. Theorem 2.5.1 states that

B[ < (6.6 + 2] Gy () < Gy ()] = 26 2.

Further, observe that, for £ e R,7 > 0, and d,e > 0.

A (7,7 + 6] % (§,€ +¢)
—Eo[#{ne (&€ +¢e]: Gy (T +0) < Gyi (T +0)}]

—E7[#{ne (& &+e]: Gy (1) < Gype(T)}]

because (1,),n) € I' n (1,7 + ] x (£, + €] if and only if n € n(§,€ + €], 7, < o0, and the
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splitting of G,— and G, occurred in (0,7 + §], but not in [0, 7]. Hence,

20¢ E+e T+5O_
A%((T,T+5]><(§,£+€])=ﬁ(m—ﬁ)zL f Ldeda. O

By (2.87), Ar does not have a finite marginal on the {-component, as expected since
the set Z¢ is dense, P? almost surely. Below we do Palm conditioning on the pair (7¢, &) €

R-¢ X Z¢ and not on the jump directions £ € =g alone.

Lemma 2.6.5. Let A < C(Rxg) be a Borel set. Then for any open rectangle R =
(a,b) x (¢,d) < Rxp x R,

EG[( ; Fu([JJ)lR(T,s)] — XP(R)D7(A). (2.89)

Proof. Tt suffices to prove (2.88) for continuity sets A of the distribution D? of the type
A = {f e C(Rxo) : flo € Ax} for k > 0 and Borel Ay = C[0,k]. Such sets form a
m-system that generates the Borel o-algebra of C'(Rxy).

We prove a discrete counterpart of (2.88) for JV. Condition on Tg and use (2.78):

(N (RT) =B (N T 1 ()

(78, €&)eRNT(N) &ie(c,d)
7.N
= 3 B (10 () B [1a 29| 2]) 2:89)
Eie(cvd)
(2.78)

>, B € (@.b)D, (4) = DI, (AN (R).
£ie(c,d)

To conclude the proof, we check that (2.88) arises as we let N — o0 in the first and
last member of the string of equalities above. D7 (A) — D?(A) by the continuity of
a — D7 in the weak topology of measures on C'(R) with respect to uniform convergence
on compact sets, and the assumption that A is a continuity set.

As an intermediate step, we verify that Vk > 0, 1M1kV — 1 almost surely for the events
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Uy ={ IT™N) A R| = [T ~ R| and for every (7,€) € I' A R there is a unique (2.90)

(Tgyfi) e T™) A R such that [Jgrg

= [Je]™

[0,k] [0,k] }

P? almost surely, I'n R is finite, and none of its points lie on the boundary of R (Proposition
2.3.1(iv) and Theorem 2.5.1). For any such realization, the condition (2.90) holds when
(i) all points (7¢,£) € I' n R lie in distinct rectangles (a, b) x (&-1,&] < (a,b) x (¢, d), (ii)
when no point (Tg, &) e T™) A R is generated by a point (7¢,£) € T outside R, and (iii)
when N is large enough so that for the unique 7 with & < & < &41, Ge—(x) = Gg, () and
Gey(z) = Gg,,,(x) for all z € [0,7¢ + k]. By Theorem 2.5.2(iv), this happens for all the
finitely many (7,£) € I' n R when the mesh 27V is fine enough. Thus, for each k& > 0,
almost every realization lies eventually in Z/{]"i,.

We prove that A%N)(R) — Ar(R). The paragraph above gave ') A R| — |I' n R
almost surely. We also have [I'™) A R| < |I' n ((a,b) x (¢ — 1,d))| because (2.83) shows
that each point (Tg,ﬁi) that is not matched to a unique point (7¢,€) € I' 0 R must be
generated by some point (7¢,£) € I' n ((a,b) x (¢ — 1,d)). The limit A%N)(R) — M(R)
comes now from dominated convergence.

It remains to show that
BN M) o E(X 1aldl).

N—o
(18, &)eRNT () (7¢,£)eRAT

This follows by choosing k > 0 so that A depends only on the domain [0, k]. Then, the

difference in absolute values in the display below vanishes on U]'f,.

lim E”“ Z 1A([Jg]féf-) — Z 1A([,]€]Tg)‘ . (1ulkV + 1(u§)c)]

N—w
(TEN’ &)eRAT () (1¢,§)eRAT

< lim 2E7[T' A ((a,0) x (¢ = Ld)| - Lgpp ] = 0,
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and the last equality follows by dominated convergence. O

To describe the distribution of [J¢]™¢, we augment the point measure I' of (2.84) to a

point measure on the space R>g x R x C(Rx¢):

A= }: ‘2%fdkfh' (2.91)
(7’5,5)61—‘

The Palm kernel of [J¢]™ with respect to I' is the stochastic kernel Q7 from R>o x R
into C(Rxg) that satisfies the following identity: for every bounded Borel function ¥
on Rzp x R x C(Rxg) that is supported on B x C(Rx() for some bounded Borel set
BcRsg xR,

B Y (e ) B [ wnehA@ndg.dn)

(1¢,§)e BAT RooxRXC/(Rao) 2.92)
_ f Ne(dr, de) j Q7 (r.€,dh) W(r, €, h).
R>oxR C(Rx0)

For more background on the general theory of Palm conditioning, we refer the reader to
[95]. The first equality above is a restatement of the definition of A and included to give

greater clarity to the next theorem. The key result of this section is this characterization

of Q7.

Theorem 2.6.6. For Lebesgue-almost every (1,§), Q°(7,&,+) = D(+), the distribution

of the running maximum of a Brownian motion with diffusivity v/202.

Proof. This comes from Lemma 2.6.5: take ¥(7,&,h) = 1r(7,£)14(h) in (2.92) and note
that the left-hand side of (2.88) is exactly the left-hand side of (2.92). Lemma 2.6.4 turns

Ar-almost everywhere into Lebesgue-almost everywhere. O

Denote the set of directions £ for which G¢ and G¢_ separate on R by

Eg={¢eR: 7 <oo}.
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We show in Corollary 2.6.8 that P?(Zf, = Zg) = 1 (recall the definition of Z¢ in (2.63)),
but it is not immediately obvious that these should be the same set. The key to proving

equality is the following theorem.

Theorem 2.6.7. Let A < C(Rxg) be a Borel set such that D(A) = 0. Then
P (3¢ € =l : [Je] T € A) = 0. (2.93)
Proof. Let Ry = (0, N) x (=N, N). Since { € Zf, means that 7¢ < o0, we have

P7(3eZq: [J]e e A) = Jim P7(3¢ € Eg : (1¢,€) € Ry, [Je]s € A)

< lim B Y 14([Je] ) 1ay(r6) P2

lim Ar(Ry)D7(A)=0. O
N—oo N—w0
(7, &)el’

Corollary 2.6.8. For all o >0, P7(2, = E¢) = 1. Furthermore,
o —_ : _ _
Po(V¢ € Eg xEI};loo Je(r) = +00) = 1.

Proof. By Theorem 2.6.7 and the associated fact for the running max of a Brownian

motion,

P7(YE € Zps, lim Je(x) = +o0) = 1. (2.94)

Recall the notation [J¢]™(x) = Je(m + x) — Je(m) (2.74). By definition,
2 ={¢eR: Je(z) #0 for some z > 0} € {{ e R: Je(z) # 0 for some z € R} = Eg.

We show that, P?-almost surely, if J¢(2) # 0 for some x < 0, then J¢(x) # 0 for some = > 0.
If not, then there exist £ € R and m € Z-o such that [Je]™|j0.0) # 0, but [Je]™[[—m,o0)
is constant. In particular, [J¢]™[[0,.0) is bounded. Let 75" = inf{z > 0: [J¢]™(2) > 0}.

Then, [Je]™[j0,00) # 0 iff 7" < 00, and we have

P’ (56 #Eg) < ), PP(3eR: 7" < o0 but [Je]"|jo.0 is bounded) = 0. (2.95)

MmeZ<o
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The probability equals zero by (2.94) because by shift invariance (2.71), [J]™ L J. To
finish, (2.94) proves the limits for z — 400. The limits as  — —o0 then follow from (2.94)

and the reflection invariance of Theorem 2.3.2(iv). O

Let v; denote the Lebesgue-Stieltjes measure of a non-decreasing function f on R.
Denote the support of v¢ by supp(v¢). The Hausdorff dimension of a set A is denoted by
dimg(A) (Recall Section 1.5).

Corollary 2.6.9. Consider the Lebesgue-Stieltjes measure vy, for £ € E¢ on the entire

real line. Then, we have
P7 (V¢ € Eg : dimp (supp(vy,)) = 1/2) = 1. (2.96)
Proof. First, note that

{EI§ €Eqg: dimH(supp(ng)) # %} c U {Elf € Eq : dimy (supp(ujf) N [m, oo)) # %}

mEZ<0

<

By shift invariance (2.71), it is enough to take m = 0 and show that
P7 (3¢ € 2¢ : dimp (supp(vg, ) M [0,0)) # 1/2) = 0.

This last claim follows from Theorem 2.6.7 because the event in question has zero prob-
ability for the running maximum of Brownian motion [110, Theorem 4.24 and Exercise

4.12). O

Remark 2.6.10. Representation of the difference of Busemann functions as the running
maximum of random walk goes back to [16]. It was used in [32] to capture the local univer-
sality of geodesics. The representation of the difference profile as the running maximum of
Brownian motion in the point-to-point setup emerges from the Pitman transform [44, 68].
Theorem 1 and Corollary 2 in [68] are point-to-point analogues of our Theorem 2.6.6 and

Corollary 2.6.9. Their proof is different from ours. Although an analogue of the Pitman
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transform exists in the stationary case [31, Section 3|, comparing the running maximum

of a Brownian motion to the profile requires different tools in the two settings.

2.6.2 Decoupling

By Corollary 2.6.8, whenever ¢ is a jump direction, the difference profile z — Jg(z) for
both positive and negative x are nontrivial. We extend Theorem 2.6.6 to show that these
two difference profiles are independent and equal in distribution. We spell out only the
modifications needed in the arguments of the previous section. For the difference profile

on the left, define for z = 0

«—

Je¢(x) := =Je(—x) and T :=inf{x >0: 75(@ > 0}.

For N € Z-o and &; as in (2.72), the discrete approximations are

72\5(1‘) = —Jg(—x) and TV :=inf{z >0: 7?;@:) > 0}.

The measures T, )\T’ T(N), and /\%V) are defined as in (2.84) and (2.85), but now with

(7¢,€) and (T¢;, & ). Extend the measure A of (2.91) with a component for the left profile:

A = Z 0 - 5
e 61717, [J ] ' €
(‘i,g)eT (Te & [Jel &, [ el 7 %)
Since 7¢ < oo if and only if T¢ < oo (Corollary 2.6.8), it is immaterial whether we sum
over (7¢,&) or (T¢,§). The latter is more convenient for the next calculations.
The Palm kernel of ([J¢]™, [75](7_5) with respect to T is the stochastic kernel Q5 from
R>p x R into C(Rxg) x C(Rs() that satisfies the following identity: for every bounded

Borel function ¥ on R>o xR x C(Rx0) x C(Rx) that is supported on B x C(Rx¢) x C(Rxg)
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for some bounded Borel set B € R>g x R,

Bl Y e L [T
(Te.&eBn T

= f A (A7, de) f Q3(F,& dh’ dn*) W(F, &, b, hP).

R;()XR C(Rzo)XC(Rzo)

(2.97)

Theorem 2.6.11. For Lebesgue-almost every (1,€), Q3(1,&,+) = (D7 ®D?)(+), the prod-
uct of the distribution of the running mazimum of a Brownian motion with diffusivity

V202, In particular, for any Borel set A < C(Rxq) x C(Rxq) such that (D°®D7)(A) = 0,
P (3 e S : ([, [Te] ) € A) = 0
(e =a - (e [T ) e 4) =0
Proof. As in (2.79) and (2.80), as functions in C'(R),

IV LIy = sup (Y()}— sup {Y(2)}, (2.98)

—0<z<Y —oo<zr<0

where Y is a two-sided Brownian motion with drift ay = 0227V and diffusivity v202.
Let (2, F, P) be a probability space on which Y is defined. Define two independent sub

o-algebras of F:

When y > 0, (2.80) states that

~ +
TV () = [W+ sup Y(m)] : (2.99)
0<z<y
where W = —sup_,,<o{Y (z)} € F—, and supp<,<, Y (7) € F1. Then, conditional on

F_, W is constant while the law of Y (z) for > 0 is unchanged. Let

?g = inf{x > 0: jg(z:) > 0}, and Fg = inf{zx > 0: —JNg(—x) > 0}
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Then, by (2.99) and Equation (2.76) of Lemma 2.6.2 in the special case where W is

constant (using the exact same reasoning as in the proof of Corollary 2.6.3),
FNYTE FNTTE o
P([Je |5 e | Fo)=P([J5 ] € - |W) =DZ,.(+). (2.100)

N
For a fixed 1, 7& and Jg have the same distribution as functions on R. This comes by
first applying the reflection invariance in Theorem 2.3.2(iv) and then the shift invariance

in (2.71), shifting the directions by &_1 + &:

<«

Te (@) = —JN (=) = —GZ(—x) + GL_ (—2) £ —G7¢ (2) + G%¢,_ ()

L _G7 (2) + G (z) = I (2).

By (2.98), (JV,7V) € F_. We mimic the calculation in (2.89), for two Borel sets A1, Ay <

C(Rxp) and an open rectangle R = (a,b) x (¢,d) € Rxp x R:

N «— N_ <N
EU( 2 Lay ([JE179)1an ([T ¢] Tfi)) (2.101)
((ﬁiv, &)ERmr(N)

< <N =N <

L (70174 1 G B[ 00, (7 |7 )

= > P(F{ € (a,b))DI, (A1)DY (As)
fie(c,d)

= D7, (41)D,, (42) AT (R).
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As in the proof of Lemma 2.6.5, we derive from the above that

(Y U9 (TdT) = DTAND UG (R, (2102
(T e6)eRn I

through the convergence of line (2.101) to the left-hand side of (2.102). Instead of the

events U% in (2.90), consider

ur, = { ](,F(N) AR =|T AR|, andV(5,¢) e T AR, 3 unique (Tg,&) eT™ AR

<«

N . «—N <—N <
such that [Jg] & [0k = [Je] 5’[07,6] and [J ] T [0k = [J¢] Tg’[o,k]}'

For each k > 0, 13, — 1 almost surely, as it did for (2.90). Indeed, there are finitely many
N

pairs (7,¢) € Tn R, and each has a finite forward splitting time 7. All these can be

confined in a common compact rectangle. From here, the proof continues as for Lemma

2.6.5 and Theorem 2.6.7. O
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Chapter 3

The stationary horizon as the

unique coupled invariant measure

for the KPZ fixed point

3.1 Introduction

In this chapter, we prove that the stationary horizon is the unique invariant coupled dis-
tribution and an attractor for the KPZ fixed point (Theorem 3.2.2). This theorem was
originally proved in [35] using a limit transition from exponential last-passage percolation.
In this chapter, we present an alternate proof using a model called Brownian last-passage
percolation (BLPP). There are three main ingredients: invariance of the SH for BLPP
(proved in Section 3.4.2), the convergence of BLPP to the directed landscape (DL) from
[47, 49] (recorded here as Theorem 3.2.1), and exit point bounds for BLPP from its sta-
tionary initial condition. For this, we adapt techniques from [57] to prove what we call the
EJS-Rains identity (short for Emrah-Jenjigian-Seppéidinen-Rains) for BLPP (Theorem
3.4.8). A detailed discussion of the hisotry of the EJS-Rains technique and related results

comes in Section 3.4. The proof of Theorem 3.2.2 comes in Section 3.6.
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3.2 Brownian last-passage percolation, the directed land-

scape, and the KPZ fixed point

3.2.1 Brownian last-passage percolation

On an appropriate probability space, let B = { B, },<z be a field of independent, two-sided

standard Brownian motions. For x < y and m < n, define

We call this model Brownian last-passage percolation (BLPP). Observe that for n = m,

L(xz,m;y,m) = Bp(x,y).

g VARRNAY
2 //\ /\ /
1 ,A A\{\v/ \/ N
0 \//\v/\ f\ A\/ V
T N v xo r1 1) z3 Y

Figure 3.1: The Brownian increments By (z,_1,z,) for r = 0,...,4 in (3.1) that make up the
weight of the path depicted in Figure 3.2.

Figure 3.1 depicts the Brownian motions on each horizontal level. Maximizing se-
quences Tpym—1 < Ty < -0 < Tpo1 < Ty exist in (3.1) by continuity of the Brownian
motions. For such a sequence, we associate an up-right path consisting of horizontal seg-
ments [z,—1,x,] x {r} and vertical segments {z,} x [r,r + 1], as depicted in Figure 3.2.
Despite the fact that this is a maximal instead of minimal path, by convention, we call
this path a geodesic between the points.

We often consider BLPP with a boundary condition. Let f : R — R be a function
satisfying, liminf, , 4 @) - 0. For m < n and y € R, define

T

Hp(n,y;m, f) = sup {f(z)+ L(x,m + 1;y,n)}. (3.2)

—0<TLY

When m = 0, we simply write Hr(n,y; f).
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($a 0) Zo 1 xTo I3

O =N W

Figure 3.2: Example of a planar path from (x,0) to (y,4), represented by the sequence (r =
T <2 <7 < T2 < T3 < Ty =Y).

BLPP was first introduced in [73]. We call it a semi-discrete model because there is
one discrete and one continuous coordinate. As such, it is often used as an intermediate
object for studying the directed landscape. A remarkable fact about BLPP (while we do
not use this in the present dissertation) is that, for all n > 1, L(1,0;n,1) has the same

distribution as the largest eigenvalue of an n x n GUE matrix [19, 75, 118].

3.2.2 The directed landscape

The directed landscape (DL), originally constructed in [47], is a random continuous func-
tion L : Rf — R that arises as the scaling limit of a large class of models in the KPZ
universality class, and is expected to be a universal limit of such models. We summarize
some key points from [47] here. The directed landscape satisfies the metric composition

law: for (z,s;y,u) € ]Rjl and t € (s, u),

L(z,s;y,u) = sup{L(z,s;2,t) + L(z,t;y,u)}. (33)
zeR

This implies the reverse triangle inequality: for s < ¢ < u and (x,v,2) € R, L(x,s;2,t) +
L(z,t;y,u) < L(z, s;y,u). Furthermore, over disjoint time intervals (s;,¢;), 1 <1i < n, the
processes (z,y) — L(z,s;;y,t;) are independent.

Under the directed landscape, the length of a continuous path g : [s,t] — R is

k€Z~o s=to<ti<--<tp=t

k
L(g) = inf inf D L(g(tin) tioas g(ti), t),
=1
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where the second infimum is over all partitions s =ty < t; < --- < tx < t. By the reverse
triangle inequality, £(g) < L(g(s), s;g(t),t). We call g a geodesic if equality holds. When

this occurs, every partition s =ty < t1 < --- < tj, = t satisfies
k
L(g(s),s;9(t),t) = Z L(g(ti-1),ti—1:9(t:), i)
i=1

For fixed (z, s;y,t) € Rf‘, there exists a unique geodesic between (x,s) and (y,t), almost
surely [47, Sect. 12-13]. Across all points, there exist leftmost and rightmost geodesics.
The leftmost geodesic g is such that, for each u € (¢, s), g(u) is the leftmost maximizer of
L(x,s;z,u)+ L(z,u;y,t) over z € R. The analogous fact holds for the rightmost geodesic.
Geodesics in the directed landscape have Holder regularity % — ¢ but not % [47, 48].
Perhaps the most straightforward way to understand the DL is through the limit of
last-passage models. BLPP is the first model for which convergence to the DL was shown.
While this convergence was first shown in [47], the convergence for an arbitrary direction

p > 0 was later recorded in [49].

Theorem 3.2.1. [4/7, Theorems 11.1, 13.1] [49, Theorems 1.7-1.8] Fiz p € (0,0), and

let x,a, B, T be defined by the relations

(3.4)
Then, there exists a coupling ({LN }n=1,L) of copies L™ of L (3.1) and L so that

XN*1/3<LN(N,0$ + N2B7z, |Ns|; Not + N¥37y, |Nt|) — aN(t — s) — BTNY3(y — x))

= (‘C + ON)<$,8;y,t)7

where the random function o, is small in the sense that, for any compact set K < Rf,

supy |lon| — 0 almost surely, and there is ¢ > 0 such that

IEexp(cs%p[(oj_\,)?’/4 +(05)*?]) — 1.
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Furthermore, under this coupling, let T be the image of an arbitrary geodesic for LY under
the linear map satisfying (Np, N) — (0,1) and N?/3(1,0) — (1,0). Then, as N — o, if
the endpoints of Ty converge to points p,q with (p;q) € Rf, then wy is precompact in the

Hausdorff topology. All subsequential limits are geodesics from p to q for L.

We remark here that our formulation of BLPP differs from that in [47, 49]. there, the
index of the discrete level increases as we move downward. To compensate for that, the

version of Theorem 3.2.1 we cite has been modified so that the discrete coordinates are

| Ns| and | Nt| instead of —|Ns| and —|Nt|.

3.2.3 The KPZ fixed point

The KPZ fixed point h(t, «;h) started from initial state b is a Markov process on the space

of upper semi-continuous functions. More precisely, its state space is defined as

UC = { upper semi-continuous functions b : R -> R u {—o0} :
there exist a,b > 0 such that  bh(z) < a + blz| for all z € R, (3.5)

and h(x) > —oo for some x € R}.

The topology on this space is that of local Hausdorff convergence of hypographs. When
restricted to continuous functions, this convergence is equivalent to uniform convergence
on compact sets. See Section 3.1 in [106] for more on the topology on the space UC. This
subspace of continuous functions is preserved under the KPZ fixed point (see [106], or
alternatively, Lemma 3.5.3). The process {h,(t, *;5)}>s, started from initial data b at

time s can be represented as [115]

he(t,y;8,h) = sup{b(z) + L(, s;9,1)}, t>s,y€eR, (3.6)

zeR

where £ is the directed landscape. Note here the analogy with (3.2). Here, we add the
subscript £ to emphasize that a realization of £ drives the growth of h. When s = 0, we

simply write hz(t,y;h). This formulation allows us to couple the KPZ fixed point from
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different initial data, but with the same random noise. If § is a two-sided Brownian motion
with diffusivity /2 and arbitrary drift, then hz(t, +;b) — he(t, 05 h) 4 h(-) for each t > 0
[106, 120, 122].

3.2.4 Main result

The main result of this chapter is the unique invariance and attractiveness of SH under the
KPZ fixed point. This generalizes the invariance of a single Brownian motion with drift
and provides a new uniqueness statement (Remark 3.2.5 below). Attractiveness is proved

under these assumptions on the asymptotic drift £ € R of the initial function h € UC:

b(x) b(z)

If £ =0, lim sup —= € [—00, 0] and lim inf —= € [0, + 0],
oot T T T
if £ >0, lim @ = 2¢ and lim inf M € (—2¢, 4],  (3.7)
T—4+00 T——0 T
and if £ < 0, lim h(@) =2¢ and lim sup h(@) € [—o0, —2¢).
T—==0 T z—>+0w L

As spelled out in the theorem below, these conditions describe the basins of attraction
for the KPZ fixed point. When £ > 0 and = > 0 is large, this condition forces h(x)
to be approximated by 2¢x. The directed landscape L(z, s;y,t) can be approximated by

—% (Lemma B.1.2), so that h(z) + L(x,0;y,t) ~ 26z — (y;x)g, which has its maximum

at x = y+£&t. Once we can control the maximizers, Lemma B.1.5 allows us to compare the
KPZ fixed point from different initial conditions. This, of course, must be made precise.
In the & > 0 case of the proof of Lemma 3.5.1, the liminf condition as x — —o0 forces
the maximizer to be positive, and an analogous statement holds for ¢ < 0. These drift
conditions are analogous to the conditions on the drift studied in [8-11, 13] for stationary
solutions of the Burgers’ equation with random Poisson and kick forcing.

We recall that GV2 is the parameterization of the SH where Gg/i is a Brownian motion

with diffusivity v/2 and drift 2¢.
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Theorem 3.2.2. Let (Q,F,P) be a probability space on which the stationary horizon
GV2 = {Gg/i}geR and directed landscape L are defined, and such that the processes
{L(x,0;y,t) : x,y € R, t > 0} and GV2? are independent. For each £ € R, let Gg/i evolve

under the KPZ fized point in the same environment L, i.e., for each £ € R,

he(ty; GY?) = sup{GY2(x) + L(,0;5,1)},  for all y € R and t > 0. (3.8)

zeR

(Invariance) For each t > 0, the equality in distribution
d
{he(t, s GY?) = he(t,0,GY %) feer £ GV2

holds between random elements of D(R, C'(R)).

(Attractiveness) Let k € Z~g and & < --- < & in R. Let (by,...,bx) be a k-tuple of
functions in UC, coupled with (Gﬁ, L) arbitrarily, and that almost surely satisfy (3.7) for
(6,&) = (h3,&) for each i€ {1,...,k}. Then, for any a > 0,

Jim P{he(t, 23 b:) — he(t 0;hi) = hc(t,:v;Ggi@) — he(t,0,GY?)

Vo€ [—a,a],1 <i<k}=1
Consequently, as t — oo, the distributional limit

(helt, +301) = he(t,0:01), .. he(t 5 he) — he(t,050y)) = (GY2(+),.... GY2(+))

holds in UCK (or in C(R)¥ if the b; are continuous).
(Uniqueness) In particular, on the space UCF, (Gf, cel Gg‘/f) 1s the unique invariant
distribution of the KPZ fixed point such that for each i € {1,...,k} the condition (3.7)

holds for (h,€&) = (s, &).

Remark 3.2.3. Theorem 4.4.1(viii) in Section 4.4 states that the Busemann process is a

global attractor of the backward KPZ fixed point. Namely, start the KPZ fixed point at
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time ¢ with initial data b satisfying (3.7) and run it backward in time to a fixed final time
s. Then, in a given a compact set, for large enough ¢ the increments of the backwards KPZ
fixed point at time s, started from initial data § at time ¢, match those of the Busemann

function in direction £.

Remark 3.2.4. The process t — {hg(t, *;he) — he(t,0;be)}eer is a well-defined Markov
process on a state space which is a Borel subset of {h¢}ecr = D(R,C(R)) (Lemma 3.6.1).
By the uniqueness result for finite-dimensional distributions, GV? is the unique invariant

distribution on this space of C'(R)-valued cadlag paths.

Remark 3.2.5. In the above strength, the attractiveness result was previously unknown
even in the case k = 1 (a single initial function). [120, 122] proved attractiveness for k = 1
and £ = 0 under the following condition on the initial data h: there exist vy > 0 and ¥ (r)

such that for all ¥ > v and r > 1,

P(y~'h(v*x) < rle| Vo > 1) > 1 —(r), where lim 1(r) = 0. (3.9)

7—00

3.3 Invariance of the SH for BLPP

Lemma 3.3.1. Recall the map D (2.3). Let f € Cpin(R) be a function satisfying

lim inf @ > 0.
T—>—0 €T

Fiz m e Z. Then, almost surely, for all y € R and n = m,

HL(” + 17y;m7f) = sup {HL(n7w;m7 f) + Bn+1(w7y)} < X, (310)

—0O<wWKY

where we define Hp,(m,w;m, f) = f. Furthermore, for n = m, define

fn(y) = HL(n’y;mvf) - HL(TL;O,m, f)

Then, forn=m, fni1 = D(menJrl)-
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Proof. BLPP satisfies the dynamic programming principle: for m < r < mn,

L(z,m+ L;y,n+1)= sup {L(x,m+ 1l;w,r)+ L(w,r + L;y,n+ 1)}.

TSWLY

In the case r = n, this becomes
L(z,m+1Ly,n+1) = sup {L(z,m;w,n)+ Bni1(w,y)}.
TS<WLY

Below, if m = n, we define L(x, m + 1;w,n) = 0. Applying dynamic programming,

HL(n + 17y7m7f)

sup {f(z)+ L(z,m+ L;y,n+1)}

—0<TLY

sup  sup {f(z) + L(z,m + L;w,n) + Buy1(w,y)}

—0<TLY TXWKY

= sup {HL(’I’L, w;m, f) + Bn+1(w7y)}7

—O<wWKY

this proving the equality (3.10) (we prove finiteness a the end). Next, we have

fo+1(y) = Hp(n+ L,y;m, f) — Hp(n+ 1,0;m, f)

sup {HL<n7 wi;m, f) + Bn+1(wa y)} - sup {HL(TL,’U);TI’L, f) + Bn+1(w7 0)}

—0<wWw<Y —oo<w<0

= Bn+1(y) + sup {HL(TL,’UJ;T?’L, f) - HL(’I’Z, 07 m, f) - Bn+1(w)}

—O<wWKY
— Sup {HL(TL,’(U;TI’L, f) —HL(’I’L,O;TI’L, f) _Bn+1(w)} = D(fnaBnJrl)(y)?
—oo<w<0
as desired. To show finiteness in (3.10), we use the almost sure limits lim,_, 4, B"T(I) = 0.

By inductively applying Lemma 2.3.7, for each n = m, liminf, , o f”T(z) > (. Hence,

lim sup| f(z) — Bpy1(z)] — o0,

Tr——00

SO frn+1(y) = D(fn, Bn+1)(y) is finite for all y € R. O
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Lemma 3.3.2. Let {B;},>ez be a sequence of i.i.d. two-sided Brownian motions with
diffusivity 1 and zero drift that define BLPP times L (3.1). Assume {By},>cz is coupled
with the SH G = {Gé}feR so that G' and {B,};>m are independent. Recall the notation

Hp (3.2). Let 0 <& < -+ < &. Then, for each n > m, as processes on C(R,RF),
{Hp(n,ym,G¢,) — Hp(n,0;m, G¢,) h<i<k 4 {G¢ h<iz-
Proof. For n > m and 1 <i < k, set
fa(y) = Hi(n,5m,G) — Hi(n,0;m, GE,).

By Lemma 3.3.1, fi = D(f! |, B,), so as a process in n > m with state space C(R, R¥),
(fr ..., fF) evolves as the Markov chain (2.30) started from initial data (G%l, e Gék)
From the construction in Proposition 2.3.1(ii), (G%l, e G%k) ~ ,uggl""’gk), and Theorem

2.3.15 states that this measure is invariant for the Markov chain. O

The SH is in fact the unique coupled invariant measure in the sense of Lemma 3.3.2.

To see this, we first cite the following result.

Theorem 3.3.3. [39, Theorem 3] Let Be be a two-sided Brownian motion with diffusivity
1 and drift £ € (0,00), independent of the field of Brownian motions {By},cz defining L.
Let f be a random continuous function R — R, independent of the environment defining
L, so that (f, Bg) has jointly stationary and ergodic increments and such that, almost
surely,

lim inf @ > €, and lim sup @ <€ (3.11)

rT—>—00 T r—+00 T

Let m € Z. Then, for all compact sets K € R and € > 0,

lim P(sup‘(HL(n,y;m, f)—Hp(n,0;m, f))

n—0o0 yGK

- (HL(n,y;m, BE) - HL(TL,O;T)’L,B&)” > 5) =0.
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Since each Géi is a two-sided Brownian motion with diffusivity 1 and drift &;, we get

the following extension to coupled initial data from a simple union bound.

Corollary 3.3.4. Let G' be the SH, independent of {B,}rsm. Let 0 < & < --- < &,
and assume that (fi,..., fx) is a random function R — RF independent of {B,}r>m so

that each (f;, Gél) has jointly stationary and ergodic increments and satisfies (3.11) with
& =¢&;. Then,

lim P( sup |(HL(n,y;m,fi) — Hr(n,0;m, f;))

n—0oo yGK
1<i<k
— (Hp(n,y;m, G%l) — HL(n,O;m,G%i))| >¢e) =0.
In particular, (G%l, . ,G%k) is the unique stationary distribution in the sense of Lemma

3.8.2 such that, for each 1 < i <k, G%i has stationary and ergodic increments and satisfies

(3.11) with € = &

3.4 Exit point bounds for stationary BLPP and the EJS-

Rains identity

3.4.1 Main theorem for exit point bounds

We have seen in Lemma 3.3.2 that the SH is a stationary initial condition for BLPP

with coupled boundary conditions. In this section, we focus on a single stationary initial

condition. For a continuous initial condition f: R — R with liminf, , o @ > 0, we set

Z{(n,y) = sup{zw <y : f(z) + L(z,1;y,n) = He(n,y; f)}. (3.12)

That is, Z£ is the largest maximizer of z — f(z) + L(z,1;y,n) over x < y.

The goal of Section 3.4 is to prove the following.

Theorem 3.4.1. Lett,p >0, andy,E € R. For N > 1, let \y = p~Y24+¢N~Y3. For each

N, let By, be a two-sided Brownian motion with diffusivity 1 and zero drift, independent
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of the Brownian motions {By},>o defining L. Let (N, FN PN) be probability spaces on
which these are defined. Then, there exists a constant C = C(y,&, p,t) so that for all

sufficiently large M > 1,

limsup PN (2N (|Nt], ptN + yN?3) > MN?3) < e=OM°  gpg (3.13)
N—0

limsup PN (Z, N (INt], ptN + yN?3) < —MN?3) < e=OM° (3.14)
N—o0

Theorem 3.4.1 states that the stationary BLPP model obeys the KPZ wandering ex-
ponent % In analogy with the results of [22, 27, 57] for exponential LPP, the bound of
e~CM? ghould be of optimal order. However, the optimality of this bound is not needed in
the present dissertation, so we do not prove it here. To my knowledge, such bounds have
not appeared in the literature for BLPP. Exit point bounds have, however, appeared for
a positive-temperature variant of this model known as the O’Connell-Yor polymer [100,
116, 136].

The study of exit point bounds has a rich history and has been done using both
integrable and non-integrable techniques. Using what is known as the coupling technique
developed in [37], exit point bounds with C'M 3 instead of e=¢M * were proved for Poisson
last-passage percolation in [38] and then in exponential last-passage percolation in [15].
Since then, there has been a large amount of research centered around the stationary
exponential LPP model. Refinements to the results of [15] have come in [122, 123, 132].
Closely related to the study of exit points is that of the coalescence times of semi-infinite
geodesics, as shown by the duality in [121], and studied further in [133].

On the integrable side of things, improvements to the exit point upper bounds came in
[62, 65|, which gave exit point bounds of order e~OM? | Fluctuation bounds for geodesics
in the bulk (as opposed to the exit point) appeared in [22, 27, 65, 105] using integrable
methods. These methods allow one to derive the optimal-order exit point bounds with
the appropriate inputs (see for example [27, Theorem 2.5] and [65, Lemma 2.5]).

A major breakthrough came using the coupling technique in the work of Emrah, Jani-
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gian, and Seppélidinen [57]. Adapting a moment generating function identity of Rains
[127] (now called the EJS-Rains identity), they obtained the optimal e~ order bounds
for exit points in exponential LPP from an arbitrary down-right path. Shortly after [27]
proved these same bounds using integrable methods for exit points from the axes. Since
then, Busani and Ferrari [32] used the results of [57] to develop optimal-order bounds
for fluctuations of geodesics in the bulk. The EJS-Rains identity has been adapted for
interacting diffusions and polymers in [99-101].

In the present chapter, we prove Theorem 3.4.1 using the coupling technique. We first
develop some facts about stationary BLPP from [119] in Section 3.4.2. In Section 3.4.3,
we derive the analogue of the EJS-Rains identity for BLPP (Theorem 3.4.8) and use it to
prove the bounds of Theorem 3.4.1.

Before moving to the next section, we make the following observation, which follows

from a standard paths-crossing argument (See, for example, [1, 20, 68, 120])

Lemma 3.4.2. Let f: R — R be continuous with liminf,_,_ @ > 0. Then, if v <y,
Z1(n,x) < Z{(n.y).

Proof. Suppose, to the contrary, that z, := Z{(n, x) > Z{(n,y) =: zy. By planarity, the
BLPP geodesic from (2, 1) to (z,n) must cross the BLPP geodesic from (zy, 1) to (y,n)
at some point (w,r). Since z, is maximal for f(z) + L(z,1;y,n) and (w,r) lies on the

geodesic from (z,1) to (z,n),

f(zz) + Lz, ;w,r) + L(w, r;z,n)
= f(2z) + L(25, L;2,n)

> f(zy) + L(zy, L;w,7) + L(w, r;2,n),

which implies f(z;) + L(2g, L;w,r) = f(2y) + L(2y, 1;w,r). Next, since (w, ) lies on the
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geodesic from (z,,1) to (y,n),

f(zz2) + L(zz, 1;9,m)
> f(2z) + L(2z, L;w,7) + L(w, r;y,m)
= f(zy) + L(Z?h l;w,r) + L(w,'r;y,n)

= f(zy) + L(zy, 1;y,n) = sup{f(x) + L(z, 1;y,n)}.

zeR

Hence, z, is a maximizer for f(z) + L(z,1;y,n). This contradicts the definition of z, as

the largest such maximizer. O

3.4.2 Stationary and near-stationary BLPP

In this section, we study a coupling of initial conditions that is different from the SH. This
coupling is not jointly stationary under the BLPP dynamics, but will allow us to derive
valuable information about a single initial condition. Let B be a two-sided Brownian
motion with diffusivity 1 and zero drift, independent of the field of Brownian motions
{B,}r>0 defining L (3.1). We let (2, F,P) be the probability space on which these are
defined. Henceforth, we consider BLPP from an initial boundary condition on level 0. For

n € Zsg,y = 0, and p, A > 0, set

LPA(n,y) = sup {B(z) + px + L(z,L;y,n)} v _sup {B(z) + Az + L(z, 1;y,n)}

—oo<x<0 0<z<y
= sup {f*Ma)+ L(z,1;y,n)}

—00<TKY

where fP*(z) = B(x) + p(z) for x < 0 and B(z) + Az for z > 0. When \ = p, we use the

shorthand notation L*. We adopt the notation
A
202 (n,y) = 21 (n.y) = supfe <y : [ (@) + Llw, Ly.n) = L (n,y)},

where we denote Z*(n,y) = Z**(n,y). We record the following facts.
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Lemma 3.4.3. Letn€ Z=g andy > 0. If o' = p >0 and X = X > 0, then ZF' (n,y) >

7P (n,y).

Proof. By Lemma A.1.1, it suffices to prove that f»* <ine f**, meaning f7*(z,y) <
PN (z,y) forall 2 < y. If z < y <0 or 0 < = <y, the result is immediate. If z < 0 < y,
then

FPMa,y) = B(z,y) + Ay — pr < B(z,y) + Ny — plo = 7N (2,y). O

Lemma 3.4.4. Let ne Zq, y =0, and p,a, A > 0. If ZP%(n,y) <0 and Z°*(n,y) <0,
then LP%(n,y) = LPNn,y). If Z%\(n,y) = 0 and ZP(n,y) = 0, then L%M(n,y) =

LPA (n,y).

Proof. If ZP%(n,y) <0 and ZP*(n,y) < 0, then

LP%(n,y) = sup {B(z)+ px + Lz, L;y,n)} = L (n,y).

—oo<z<0
The other statement is proved analogously. O

Lemma 3.4.5. BLPP satisfies the following shift invariance: for r € Z and z € R,
{L(x,m;y,n):x <y,m < n} 4 {L(x+z,m+ry+zn+r):z<y,m<n}

Proof. The invariance under r-shifts follows because {B,},cz is i.i.d. For z € R, the

following distributional equality holds on the process level:

L(z,m;y,n)

n
= sup 2 B’I‘(xT—laxT) =Tl STy K S Tp—] STy = y}
r=m

d
= sup{ B (xp—1+ 2z, 4+ 2) i =Typ—1 < Ty

1=
N
N
8
3
L
N
8
3
Il
S
——

ﬁ
I
3

NgE

=sup{ Br(#r—1,%p) 1T+ 2=Tpm-1 < Ty <+ < T <xn=y+z}

1
l
3

= L(x + z,m;y + z,n). O
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For n € Z~o and y > 0, define

£ (n,y) = L M(n,y) — B(y) — Ay. (3.15)

Again, when p = A, we write a single superscript. We now cite the following result.

Lemma 3.4.6. [119, Theorem 2 and Equation (24)] The random variable

sup {B(x)+ pr + L(x,1;0,n)}

—o0<z<0
has the distribution of the sum of n i.i.d. exponential random variables with rate p.

Corollary 3.4.7. Forn € Z~¢ andy > 0, the random variable EP(n,y) has the distribution

of a sum of n i.i.d. exponential random variables with rate p.

Proof. Using shift invariance of B as well as the shift invariance of L from Lemma 3.4.5,

EP(n,y) = sup {B(z)+ pz+ L(z,1;y,n)} — By — Ay

—0<TLY

= sup {B(y,r) +p(x—y)+ L(z,1;y,n)}
—0<TLY

= sup {B(x—y)+plz—y)+Lx—y,10,n)}
—0<TLY

= sup {B(x)+px + L(z,1;0,n)},
—o0<z<0

and the result now follows from Lemma 3.4.6. O]

Corollary 3.4.7 illustrates one way in which Brownian motion with drift is a stationary
initial condition for BLPP. Much richer information can be derived about the stationarity

in this model, to which we refer the reader to [1, 119], and Appendix C of [134].



3.4.3 The EJS-Rains identity for BLPP and Proof of Theorem 3.4.1

Recalling the definition of £7(n,y) (3.15), Corollary 3.4.7 implies that
n
E[L?(n,y)] = E[£"*(n.y)] + E[BW) + pyl =~ + py.

In light of this calculation, we make the following definitions. For n € Z-g and y > 0,

n A\ 14 p2_)\2

MP(n,y) =—+py  R” (n,y)=j M%(n,y)da = ———y +nlogp —nlog A,
p A

n n

¢y = 2y

Clmy) =g inf MP(ng) = \[2. (0.3) = inf MY (n.y) -
p>0 Yy p>0
We make a simple observation: For ¢ > 0, there exists a constant ¢ = ¢(¢) > 0 so that

all ne N and ne <y < ne !,

cn+y) <v(n,y) =2y/ny <n+y. (3.

112

for

16)

The upper bound holds by comparing geometric and arithmetic sums, and the lower bound

holds because y(n,y) = ny/e, and n +y < n(l +e71).

Theorem 3.4.8 (The EJS-Rains identity for BLPP). Let y = 0 and n € Z-o.

p, A >0, we have
E[eXp<(p — L (n, y))] = exp(R”’A(n, y))-
Proof. Recall
LP(n, y) = sup {B(z)+ px+ L(z,1;y,n)} v sup {B(z) + Az + L(z, 1;y,n)},
—o0<2<0 0<a<y

and this is a function of three independent processes, namely

{B(z) + pz : x < 0}, {B(z) + \x : x € [0,y]}, and L.

For
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Now, we observe that

E|exp((p = VL (1)) |

= B[ VB0 exp((p— (L8 (n, ) ~ Bly) )|

= exp(p2 ; X y)E[exp<(P = M(LP(n,y) = Bly) - py))]

Here, the last step came from the Cameron-Martin-Girsanov Theorem (Theorem A.2.2):
we changed the process {B(x) + Az : [0,y]} to a Brownian motion with drift p, thus
producing L?. Now, we recall (3.15) that £°(n,y) = L(n,y) — B(y) — py, which has the
distribution of the sum of n i.i.d. exponential random variables with rate p (Corollary

3.4.7). Hence, we can compute the expectation above:

2 2

y)E[eXp((p-A)Sp(nyy)>]

2 2 0 n
_ pm—A (p—Nz P n—-1_—pa
= exp( y) J;] e I’(n)x e Pdx

2 )\2

y+nbdm—nbdM)

and this is exp(R?*(n,y)), as desired. O
Before proving Theorem 3.4.1, we first prove the following technical lemmas.

Lemma 3.4.9. For allne Z-g, y =0 and p > 0,

M7 (m9) =) = 52 = 0 = =0 - )

Consequently, for each € € (0,1), there exists a constant C = C(eg) so that whenever

€< % <elande<p<e, for ¢ =((n,y) and v = v(n,y),

MP(n,y) — — Q—Zm,y)(p — Q% < Cn+y)lp—CP

Proof. The “consequently” part comes because of the assumption that p and ¢ are bounded



114

away from 0 and oo and (3.16). Now, observe that

n(¢—p) pCy —n
P — — _ = — = =
MP(n,y) —v = p+py Cy=(p—Qy+ o (r=20) %
(ny_n>_ (0 = o)
178 2pC '
. Then,
Moy) == 550 =0 = (0= (5,0 ~5m) =@l -0 O

Lemma 3.4.10. For ¢ € (0,1), there exists a constant C' = C(e) so that for p, A, €

(e.e7") and ¢ = C(ny) =, /3.

HMWWW—WP—M—E%«P—O — A=Y <Ch+y)(p— O+ (A= O,

Proof. Since R (n,y) = Si M®(n,y) da, the proof follows from integrating inside the

absolute value on the left in Lemma 3.4.9. OJ

Lemma 3.4.11. For each € > 0, there exists a constant C = C(e) > 0 so that for

¢ =((n,y) = \/%7 whenever ¢ < p < ( <e ! and % € (g,e7 D),
P(Z*(n,y) = 0) < exp(=C(n +y)(¢ — p)*), (3.17)
and whenever e < ( < p <e~! and € (e,e71),

P(Z°(n,y) < 0) < exp(=C(n +y)(p — ¢)°). (3.18)

Proof. We prove (3.17), and (3.18) follows by a symmetric argument. Let e < p < ¢ < &1,

and let A = (( —p)/4 so that p = ( —4\. Lemma 3.4.3 implies that, on the event {Z” > 0}
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(dropping the (n,y) argument for simplicity), we also have

Z66=2X _ gotdhp+2) 5 and Z6—ANC=2N _ gppt2h 5 )
Hence, by Lemma 3.4.4, LS¢2* = LE&4A(=2X op the event {Z” > 0}. Then,

P(Z” > 0) = E[exp(ALSS™2% — AL 1 (20 > )]
< E[QXP()\LC’C_Z)‘ — )\LC—‘U\,C—Q}\)]
< E[eXP(Q/\LC’472’\)]1/2E[exp(_2)\[]<*4>‘:<*2>\)]1/2

_ exp(%R“_” n %RC—4)\,C—2/\) _ exp(%RC’C_Q/\ B %Rg—2A7<_4)\>.

In the second inequality, we used Holder’s inequality, and in the last equality, we used
RPA = —RMP. Then, using the bounds of Lemma 3.4.10, we obtain (changing the constant

C from line to line),

RC,C72)\ . RCfZ)\,CféL/\

<) + g (= (=207 + Cln+ ) ()
= (122 + g (207 = (~4N)°) = Cln +y) (N + (4N)*))
= —iz)\g +C(n+ YA\ < —C(n+y)A3,
thus proving (3.17). Here, we used (3.16) and the assumption that ¢? = 7 € (e ehH. O

We now complete this section by proving Theorem 3.4.1.

Proof of Theorem 8.4.1. We prove this via the coupling introduced in Section 3.4.2. Here,
the probability space is (Q, F,P). Let Ay = p~ /2 + EN~Y/3. From shift-invariance of

BLPP (Lemma 3.4.5),

P(ZM (|Nt], ptN + yN?3) > MN?3) = P(Z (|Nt], ptN + (y — M)N??) > 0).
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Then, by a Taylor expansion,

Gov i G, ptN + (y = MON') = \/ptN + (y]\if M)N?/3
) p—1/2\/1 + oy i MNB - %(y — M)p PN O(N TP,
and thus,
(N —An = (%(M —y)p = )NV L ONH) = CMN > 0

for some constant C' = C(p,y,&) > 0 and all sufficiently large M and N. By Lemma
3.4.11, there exists a constant C' = C(t,&, p,y) > 0 (changing from line to line) so that for

all sufficiently large M > 0,

lim sup P(Z M (Nt, ptN + (y — M)N2/3) > 0)

N—o0

N—o0

< lim sup exp[—C(Nt + ptN + (y — M)N2/3> (MN_1/3)3] < exp(—CM?).

This proves (3.13). The proof of (3.14) is analogous. O

3.5 Maximizers and bounds for the KPZ fixed point

We now prove the following technical lemmas for the DL and the KPZ fixed point.

Lemma 3.5.1. Fiz £ € R and a > 0. Consider the KPZ fixed point starting at time s
from a function b € UC. Fort > s, let Zg’s’t € R denote the set of exit points from the

time horizon Hs of the geodesics associated with Y and that terminate in {t} x [—a,a].

That is,

Zg’s’t = U arg max{h(z) + L(z, s;y,t)}. (3.19)
ye[—a,a] zeR

Then, on the full probability event of Lemma B.1.2, whenever h € UC satisfies condition

(3.7), and when € > 0, a > 0, and s € R, there exists a random ty = to(e,a,s) > s v 0
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such that for any t > to,
ZoM e [(E—e)t, (E+o)t]. (3.20)

In particular, if b is a random function almost surely satisfying condition (3.7), then this
random to exists almost surely, and

lim P(Z5" < [(€ = e)t. (¢ +2)t] ) = 1.

t—00

Furthermore, an analogous statement holds on the same full-probability event if t is held
fized and s — —oo. That is, there exists a random sy = so(e,a,t) < t A 0 such that for

any s < sg,

Zg’s’t c[—(E—¢e)s,—(£+¢e)s] (3.21)

Proof. We show (3.20), and (3.21) follows by an analogous proof. The idea of the proof

is that h(z) + L(x,0;y,t) is a noisy version of 26x — % and arg max,.p(2{x — %) = &t,
but the noise cannot change the exit point by much when ¢ is large. The drift conditions
(3.7) are used in the proof to ensure that for ¢ large enough, all maximizers are positive for
¢ > 0 and negative for & < 0. Below, we prove the result for & > 0, and the proof for £ < 0
follows by symmetry. The case £ = 0 will be proven separately. Fix ¢ > 0. Suppressing

the dependence on a, s, set

F(z;t) = Cpr(t — 5)Y2 log? (20/a2 + 22 + 52 + 12 + 4), (3.22)

where Cpy, is the random positive constant from Lemma B.1.2.

Lemma 3.5.2. Fore > 0,a >0, and s <t € R, there exists t; = t1(g,a,s) > s such that
for all t > tg, |F'(x;t)| < & uniformly for all x € R. In addition, fort > to, F'(x;t) >0

for x > 0 while F'(x;t) <0 for x < 0.
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Proof. A quick computation shows that

F(a1) 20pr(t — s)Y3zlog (2va2 + 22 + £2 + s2 + 4)
r;t) = .
(Va2 + 22 + 2 + 52 + 2)Va2 + 22 + 12 + 52

We note that |z|(a® + 22 + 2 + s2)1/2 < 1, and that log(z)/z is decreasing for = > e.

Hence, for all a > 0,s <t,e > 0, and z € R,

1/3108(2[¢] +4) 1—o0 0. -
It] + 2

|F'(z;t)| < 2C (¢ — s)
Back to the main proof, from the drift assumption (3.7), for each € > 0, there exists
R. > 0 so that for all x > R, |@ —&| < 5. Let C. = supg<pg_bh(z). By the global

bound h(z) < a + b|z| (assumed in the definition of UC), C. < . Further, observe that

2zy _
t—s

_)2 2 2 2
(zt_i,) = A+ and |

=i £| < e+ 5| for large ¢, uniformly for y € [—a, a].

Using this and the bounds of Lemma B.1.2, for ¢t > s + 1 sufficiently large (depending on

g,a), for all y € [—a,a] and z > 0,

2

h(z) + L(z,s;y,t) < My(x;t) := Ce + 26z + ex — t:c + e+ F(x;t), (3.23)
- s
Further, for all x > R, and sufficiently large ¢t > s + 1,
22
h(z) + L(z,s5y,t) = Mp(z;t) := 26w —ex — ; —e— F(x;t). (3.24)
By the assumption (3.7), we may choose 7 so that —2¢ < 2y < liminf,_, @ < 4.

Then, applying a similar procedure as before and adjusting the constant C. if needed, for

all y € [—a,a] and x <0,

2

h(x) + L(x, s;y,t) < My (x3t) := Co + 2yx — tx + F(z;t). (3.25)

— S



119

We start by using these bounds to show that when ¢ > s is sufficiently large,

sup{h(x) + L(z, s;y,t)} > sup{h(z) + L(z, s;y,1)}, Vy € [—a,al. (3.26)

=0 <0

so that all maximizers of h(z) + L(z, s;y,t) over x € R are nonnegative. First, we observe

that for t large enough so that £(t — s) = R., for all y € [—a, a],

sup{h(z) + L(z,5;9,8)} > ML(E(t — 5),t) = (€ — &)(t — 5) + o(1). (3.27)

=0

Next, using (3.25), we obtain

sup{h(z) + L(z, s;y,t)}

<0
1,2
<sup{2yz — —— + C. + F(z;t)}
z<0 t—s

1/,2

< sup{2vyx — 2ex — ; } o+ sup{2ex + F(z;t)} + Ce. = (v — €)%(t — 8) + oft).

<0 - S <0

To justify the last equality, we note that the first supremum on the RHS above is equal
to (v —¢)?(t — s), while for large enough ¢, Lemma 3.5.2 implies that the function inside
the second supremum is increasing, so the maximum is achieved at z = 0. Note that
F(0;t) = o(t). Since v > —¢, by choosing € > 0 small enough, a comparison with (3.27)
verifies (3.26) for sufficiently large ¢.

Next, we find (approximately) where the maximizers of My on z > 0 are. The function
My (x;t) has leading order —(x — y)?/(t — s), so maximizers exist on z > 0. A quick
computation shows that My (0;t) = o(t), so by (3.27), all maximizers are strictly positive

for sufficiently large ¢. Hence, for any maximizer =, M{;(x;t) = 0. First, note that
! 21: /
M (z5t) =2(E+¢) — P + F'(x;t). (3.28)

By Lemma 3.5.2, for sufficiently large ¢t > s, 0 < F'(x;t) < ¢ for all z > 0. Then, for such
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t, and y € [—a,a,

{=0: My(z;t) =0} < (€ + )t —5), (E+2e)(t — 5)). (3.29)
and that
M (z;t) <0 Vo= (£42e)(t—s)
(3.30)
M (x;t) >0 Vo < (E+e)(t—s).
Next we consider the supremum of x — Mj; outside the interval
I = [(§ = 24/&e)(t — 5), (€ + 2¢/&e) (t — 5)].
By choosing £ > 0 small enough, then for ¢ large enough (depending on ¢, a),
(€ =e)t—s),(€+2e)(t —5)) S L. (3.31)

From (3.30) and (3.31), we see that to determine the supremum of My outside I, it is
enough to take the maximum of My at the endpoints of I.. Plugging the end points of

the interval on the right-hand side of (3.31) in My, for small enough ¢,

My ((€ —2+/€e)(t — s);t) = [€2 — 3¢e — 26232 (t — s) + o(t),  and

(3.32)
My (€ +2v//2)(t — s)51) = [€2 = B¢e + 26262 (¢ = 5) + (1),

It follows that for ¢ small enough and t > ty(e, a, s, Cpr, C-:),

sup My (a3 t) < max{My((€ = 2/€)(t = 9)), Mu((€ +2¢/&e)(t — 5))} < (€% — 26e)(t — 5).
) (3.33)
From (3.23), (3.26), and (3.31), for sufficiently large t,

{ sup My (z;t) < sup My (z;t)} (3.34)
¢l zele

< {suph(z) + L(z,5;9,1) < suph(z) + L(z,59,t) Vye [—a,a]} S {Z"" < L}.
x¢[€ zel,
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(3.27) and (3.33), imply that, almost surely, there is a random ¢y = to(e, a, s) > 0 so that
for t > to,

sup My (x;t) < sup Mp(z;t), (3.35)
x¢le xel,

so by replacing e with £2/(4¢), the inclusion (3.34) completes the proof in the case &€ > 0.
Now we prove the separate £ = 0 case. This time, we set I, = [24/2(t —s),2+/(t — 5)].
Fix a point z* € R so that h(z*) > —oo. Then, for ¢ large enough z* € I, and

* 2
sup h(z) + L(z, s;y,t) = h(z*)+L(z*, s;y,t) > h(gc*)—u

el o +F(z*,t) = o(t). (3.36)

By the assumption (3.7) and upper semi-continuity, following a similar argument as in

the previous case, for all y € [—a,a] and z € R,

2

h(z) + L(z,s;y,t) < My(z;t) = _tx +ex + Ce + F(x;t)

— S

A similar proof as before shows that

sup My (2;t) < max{My(=2ve(t — s)), My (2Ve(t — s))} = =32(t — ) + o(t),

and comparison with (3.36) completes the proof. O

We believe the following Lemma is well-known, but we do not have a precise reference.
In particular, [106] states that the KPZ fixed point preserves the space of linearly bounded

continuous functions and gives regularity estimates for the KPZ fixed point.

Lemma 3.5.3. Let h € UC be initial data for the KPZ fized point sampled at time s € R.
Let he(t,y; s,h) be defined as in (B.4). Then, on the full-probability event of Lemma B.1.2,
the following hold

(i) If b is continuous, then (t,y) — hr(t,y;s,h) is continuous on (s,0) x R.

(ii) For each compact set K < (s,00), there exist constants A = A(a,b, K) and B =

B(a,b,K) such that for allt € K and all y € R, he(t,y;s,h) < A+ Bly|. If we
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assume that h(x) = —a — blz| for some constants a,b > 0, then we also obtain
the bound hr(t,y;s,h) = —A — Bly| for allt € K and y € R (the upper bound

h(z) < a + b|z| is assumed in the definition of UC).

(iii) If there exists a,b > 0so that [h(z)| < a+b|x| for all z, then for any ¢ > s, § > 0, there

exists Y = Y (¢,0) > 0 so that when |y| > Y, all maximizers of h(x) + L(z, s;y, 1)

|1/2+6 1/2+6)

over z € R lie in the interval (y — |y Y+ |yl

Proof. Ttem (i) By definition of UC, there exists constants a,b > 0 so that h(z) < a+ b|z|
for all x € R. Combined with the bounds on the directed landscape in Lemma B.1.2, this
implies that when (y,t) varies over a compact set of (s,00) x R, the supremum in (B.4)
can be taken uniformly over a common compact set. Then, continuity of h and L gives
the continuity of h.

Item (ii): By Lemma B.1.2, for each z € R,

20/22 + 2 + 82 + 12 + 4
(t—s)nl

a2
h(z)+L(x,s;y,t) < a+blz|— (:Ut_i)—i-C(t—s)l/‘g log2<

). (3.37)

The log term in (3.37). can be bounded by an affine function uniformly for ¢ € K and
x,y € R. Then, for constants a; = a1(a,b, K),b; = b1(a,b, K), and by = ba(a, b, K),

2
.
helt,is,5) < sup{ =Y a4 bl + )

zeR

— )2 )2
< Sup{—u +a; + bz + bg\y|} v {—M +a; — bz + b2|y|}
zeR t—s t—s
bt b2
< —_—
a1 + baly| + (bly+ 1 ) ( by 1 )

giving a linear bound, uniformly for ¢ € K. The lower bound is simpler: By Lemma B.1.2
and the assumption h(z) > —a — bjz| for all z € R,

he(t,y;5,h) = supih(z) + L{z, 5y, 8)}

> b(y) + L(y, si9,) = —a — bly| = C(t - ) 1og?(

24/2y2 + 12 + 2 + 4>
(t—s) Al
(3.38)
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and again, the log term can be bounded by an affine function, uniformly for ¢ € K and
y e R.

Item (iii): By comparing (3.37) to (3.38), when |y| is sufficiently large, for = ¢ (y —
ly| V240 gy + |y|V/2+9), (3.37) is strictly less than hz(t,y;s,b), so maximizers cannot lie

1/2+6

outside the interval (y — |y| Ly + |y|1/2+5)' -

Lemma 3.5.4. The following holds simultaneously for all initial data and allt > s on the
event of probability one from Lemma B.1.2. Let b € UC be initial data for the KPZ fized
point, sampled at time s. Fort > s, let hy be defined as in (B.4). Then, simultaneously

for allt > s,

he(t, x; he(t, x;
lim inf w > liminf M, and lim sup w < lim sup M
T— 400 x e LD x t——0 T
(3.39)
Furthermore, assuming that h : R — R is continuous and satisfies
lim inf h(@) > —o0 and lim sup hlz) < 400, (3.40)
T—>+o I z—+00 T
then also
he(t, x; he(t,x;
lim sup he(t,isb) < lim sup —b<$), and lim inf he(t,zish) > lim inf L(x)
T—+0 z z—>+00 T T—=>—0 x T—=>—0 T
(3.41)

In particular, for continuous initial data by satisfying (3.40), if either (or both) of the
limits limg— 400 @ exist (potentially with different limits on each side), then for ¢ > s,

xr—+00 x r—+too g

Proof. We start with (3.39) by proving the first inequality, and the other is analogous. If

liminf, ;o be) _ —0o0, there is nothing to show. Otherwise, let £ € R be an arbitrary

x
number smaller than liminf, 4 @ Let y be sufficiently large and positive so that
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h(y) = &1y. Then, using Lemma B.1.2, for such sufficiently large positive y,

sup{h(z) + L(z, s;y,t)}

zeR 2m+4 (342)
S
= h(y)‘i'ﬁ(@/»S;yat) >£1y_0(t 1/310 ( ?it—S) Al )’

where C' is a constant. Therefore, liminf, . he(tyish) - &1, but this is true for all

Y
he(tyss,h) h(z)
Y

&1 <liminf, 4o = biz) , so liminf, o =% > liminf, 400 =

Next, we turn to proving (3.41). Again, we prove the first inequality and the sec-
ond follows analogously. Set {» = limsup,_,, @ and let € > 0. By continuity, the
assumption (3.40) on the asymptotics of b implies there exist constants a,b > 0 so that
|h(x)| < a+ blx| for all z € R. Lemma 3.5.3(iii) implies that for ¢ > 0 and sufficiently

large y > 0,

sup{h(z) + L(z, s;y,t)}

zeR
N2 N 2 1 2 244
< sup {(52+6)x—M+C(t—s)l/3log2< Vel byt b s )}
we(y—y2/3 y+y?/3) t—s (t — S) Al
N2
< sup {(§2+E)x—M+s(a:+y)}
ze(y—y?/3,y+y?/3) t—s
= (&2 +3e)y + C(e, 5,1, &2),
and so
lim sup M < & + 3e. O
y—0 Yy

3.6 Proof of invariance and attractiveness (Theorem 3.2.2)

On a probability space (92, F,P), let GV? = {Gf}geR be the stationary horizon with
o = +/2, independent of {£(z,0;y,t) : z,y € R,t > 0}. For & € R, define h.(t,y; Gg/i) as
n (3.8):

he(t,y; Ge) = sup{Gg@(:c) + L(z,0;y,1)}, for all y e R and ¢ > 0.
zeR
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Define the following state space:

Y = {{be}eer € D(R,C(R)) : be; <ine he, for &1 < &,
and for all £ € R, he(0) = 0 and b satisfies condition (3.7) (3.43)

with all lim sup and liminf terms ﬁnite}.

Lemma 3.6.1. The space Y defined in (3.43) is a measurable subset of D(R,C(R)). Let
L be the directed landscape, {h¢}ecr € Y, ho(+;he) = be, and

he(t,y;be) = sup{be(x) + L(x,0,y;1)} for t>0, yeR and £ € R.
zeR

Then t — {he(t,+;be) — he(t,05be)}eer s a Markov process on ). Specifically, on the
event of full probability from Lemma B.1.2, {he(t, «;he) — he(t,05he)}ecr € YV for each

t> 0.

Proof. Recall that we defined the o-algebra on D(R, C(R)) be the smallest o-algebra such

that he(x) is measurable for each z,£ € R. We claim that

V= ﬂ {{hf}feR € D(R,C(R)) : ha, (g1, 92) < bay(q1,q2) for 1 < g2 € Q,

Oc1<a2€@
ha, (0) = 0, and b,, satisfies condition (3.7) with £ = oy

ool _ )

]

and lim sup

|| —o00

In particular, for {h¢}eer lying in the set on the right, ha, <ine ba, for oy < ag € Q by
continuity of each function. Then, bh¢, <inc be, extends to all £ < & € R by taking limits
of rational numbers of \ & and aj N\ &. Since h¢(0) = 0 and bhe, < bg, for § < &,
be, () < bg,(x) for > 0, and the inequality flips for < 0. Hence, if Condition (3.7)

holds a € Q and all lim sup, lim inf terms are finite, this extends to all £ € R. To finish the
be (2)

proof of measurability of }, it remains to show that the four quantities liminf, 4o =~

and limsup, 1, héT(I) are measurable. This was demonstrated previously in Section 2.2.

We now show that {h.(t,+;b¢) — he(t,05be)}eer € Y for all t > 0. Lemmas B.1.5(iii)
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shows the preservation of the ordering of functions, Lemma 3.5.4 shows the preservation
of limits, and Lemma 3.5.3(i) shows that hz(t,-;be) € C(R) for all £. It remains to show
that {hz(t,*;h)}eer € D(R,C(R)) for each ¢ > 0. Since be, <ine be,, Lemma A.1.1 and
the global bounds of Lemma B.1.2 imply that, for each compact K < R and £ € R, there
exists a random M = M ({,t, K) > 0 such that for all ye K, a e (§ -1, + 1),

sup{ha(z) + L(2,0;y,t)} =  sup {ba(z) + L(z,0;y,1)}.
zeR a:e[—M,M]

Then, it follows that {hz(t, *; be)}eer, as an R — C(R) function of &, is right-continuous
with left limits because this is true of {h¢}eer. By the metric composition (3.3) of the

directed landscape L, for 0 < s < t,

= sup {be(x) + L(x,0,2,5) + L(z,5,y,1)}
zeR,zeR

— sup {be(a) + L(2,0,2,5) + L(z,50,1)}

zeR,zeR

= Sup{hﬁ(sa Z; hf) + £(27 53 yat)} - Sup{hﬁ(S,Z; bﬁ) + ﬁ(zv S; Oat)}
zeR zeR

= Suﬂlg{hﬁ(saz; b{) - hl:(S,O; hf) + ‘C(Z?S;y,t)}

— su]g{hg(s, zihe) — he(s,05he) + L(z,5;0,1)}.

Then, t — {hz(t, +;he) — he(s,0;b¢)}eer is Markov because £ has i.i.d. time increments.
O

Proof of Theorem 3.2.2. Invariance: Since the o-algebra on D(R, C(R)) is generated by
the projection maps and since the subspace ) € D(R, C(R)) is preserved under £ (Lemma
3.6.1), it suffices to show that for —o0 < & < -+ < &, < oo and t > 0,

d
(het, s GYA) —he(t,0:GY), . he(t, - GYH) —he(t,0,GYP)) L (GY2

\/ﬁ
Y GYY). (3.44)
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We prove this by using the invariance of G! for BLPP (Lemma 3.3.2), the convergence
of BLPP to £ (Theorem 3.2.1), and the exit point bounds for BLPP from its stationary
initial condition proved in Theorem 3.4.1. For this, choose p > 0, and let «, 3, 7 be defined

as in (3.4):

We observe here that
Vxdpd? 2
T_I_NXPTT 2Py (3.45)

p p p

We will assume that our probability space (€2, F,P) contains the coupling of {LV}y=1
and £ from Theorem 3.2.1 and an independent realization of the SH G! with o = 1. By
convention, we say that LY (z,m;y,n) = —c0if m >norz >y. Forl1 <i<kN >

1,z,y € R, and t > s, define

A - g
HN (t,y) = N iﬁ%;?({Giiv (2) + LY (2, 1; Npt + N¥5ry, |Nt)) |
— aNt — ﬁTNQ/?’y),
ZN(t,y) = Zf;fv (INt], ptN + yN?3y) (Recall (3.12)),
va(a:) = X]\il/?' <G}\£V(N2/3T.CC) — 57’N2/31'), and
Ly(z,s;y,t) = X]él/3<LN(Nps + N?Brg, |Ns|; Npt + N%Bry, |Nt])

—aN—BTNQ/?’(y—x)>.

By the invariance of G! for L (Lemma 3.3.2) followed by shift invariance of the SH

(Theorem 2.3.2(i)), the scaling relations of the SH (Theorem 2.3.2(ii) with
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= ﬁ, c=NY3/r, and v = ﬁ7XN1/3), and lastly (3.45), for t > 0 and Nt > 1

{HN(t ) = HY(t,0)}1<ick

- { N1/3 (G v(Npt + N*P7e) — G (Npt) BTN2/3.)}1<1<1~:

d { N1/3 (G N (NZB7) — BTNZ/S.)}KKIC (3.46)
{2 NG (VP = Lpay

- {Gf/x )XN1/3}1<i<k = {Gf}lgigk'

Therefore, to show {h,(t, ,G\f) he(t,0; G Veer = 4 GV2 it suffices to show that, for

each t > 0, the following distributional convergence holds as processes on C(R, R¥):
N—
HN (¢ heiee = {he(t 5 G heisk (3.47)

From definition of HY, we observe the following:

1

N
Hi (tvy) XN1/3

sup({GAN( )+ LN (z,1; Npt + N*37y, [th)}
—aNt—BTN2/3y>

S sup{G N(N?Brz) — prNYBg

XN1/3
+ LN(N*372,1; Npt + N?3ry, |Nt]) — aNt — N3y — x)}
— sup{GY (@) + Luv(a — pr N2 N Ly ) - S0
zeR XN1/3

(3.48)

where the X?V_ﬁ% is a correction term that appears simply because we start LY along level
1 instead of level 0. We observed in (3.46) that the distribution of G¥ does not depend
on N; specifically, {GN }1<i<k 4 {Gf}lgigk. We define the process {G\{i}lgigk on our

probability space by setting Gg/é(x) = G%(Ql’) (Theorem 2.3.2(ii)). For 1 < i < k, define

AN (1) = sup{GY2(x) + Ln(z — pr 'N23 N1y, 1),

zeR
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and let ZN(t, y) be the largest maximizer of the above. Then, by (3.48),

~ o — ~
{72 - XNllif}léism (N?3rZNY cick) 4 (H M<ick AZ) i<isk) (3.49)

noting that we made the change of variable z — N?37z in (3.48). To show (3.47), it

therefore suffices to show that, for any t,a,e > 0,

‘ﬁiN(t,y) - hg(t,y;Ggi)‘ > 8) = 0.

lim IP’( sup
N—ow 1<i<k
ye[_ava]

Before estimating this probability, we make one last shorthand definition:
Z(t,y) = maxarg max{Gg, () + L(z,0;y,t)}.

Observe that ZN(t,z) < ZN(t,y) for z < y (Lemma 3.4.2). By a similar argument,

Zi(t,x) < Z4(t,y) for x < y. Then, we observe that for any choice of M > 0,

IP’( sup (ﬁfv(t,y)—hc(t,y;Ggi) >6)
1<i<k
ye[—a,a]
_ V2 _ o —1ar—2/3 a7—1.
—P( sup [sup{GY*(x) + Ln(x — pr N4 NNy 1))
1<i<k lzeR
ye[fava]
— sup{Gf(x) + L(z,0; y,t)}‘ > 5)
zeR
k
< P( sup sup {Ggﬁ(az) + Ly(z—pr INTB Ny 1)
i=1 ye[—a,a]'ze[—M,M] ‘
— swp (G + £<x,o;y,t>}( > g) (3.50)
xe[—M,M]
+ P(Z4(t, —a) < —M) + P(Z4(t,a) < M) (3.51)
(3.52)

[P(ZN(t,—a) < —M) + P(ZN (t,a) > M)].

-

+
1

The term (3.50) goes to 0 as N — oo by the uniform convergence on compact sets

~
Il

Ly — L (Theorem 3.2.1) and continuity of £, the term (3.51) goes to 0 as M — oo
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because, by Lemma B.1.2, L(z,0;y,t) ~ —M and Gg{_i is a Brownian motion with
drift, so xz — Gg?(x) + L(x,0;y,t) almost surely has a finite maximizer. Then, using
(3.49),(3.52) and the exit point bounds of Theorem 3.4.1,

limsupIP’( sup ’fle(t, y) — he(t,y; G&-)‘ > 5)
N—oow 1<i<k

y€[—a,a]
k

< Z lim sup lim sup[P(ZN (t, —a) < —M) + P(ZN (t,a) > M)]

i
i—1 M- N-oow

k
= Z lim sup lim sup[P(Z (t, —a) < —MTNQ/S) +P(ZN(t,a) > MTNQ/S)] = 0.

=1 M—o0 N-ow

This concludes the proof of invariance.

Attractiveness and uniqueness: The proof idea is similar to that of Theorem 3.3
in [11]. Let k € N and let £ = (&,...,&) € RF be a strictly increasing vector. Let
b = (h1,...,h,) € UCF satisfy (3.7) with h = h; and € = & for 1 < i < k. Let € > 0.
By the 0 = /2 case of Theorem 2.5.2(iii), almost surely, there exists > 0 such that
Ggﬁ(g(az) = Gf(x) for all z € [—a,a], 1 < i < k. Hence, we may choose § > 0 small so

that

}P’{Ggﬁ(s(m) = Gg{i(x) Ve e[-a,a], 1<i<k}=1-¢/2

Then, by invariance of GV2 under he, for all t > 0,

P{he(t,o;GY%5) — he(t,0;GY25) = he(t,w: GY?) — he(t,0;GY?) (3.53)
Vo e [—a,a], 1 <i<k}>1-¢/2

Recall the sets Z;’O’t of exit points from (3.19). Because Ggﬁ s is a Brownian motion with

diffusivity /2 and drift 2(¢; + ) (Proposition 2.3.1(i)), it satisfies (3.7) for & + §. By the

temporal reflection symmetry of Lemma B.1.1, Lemma 3.5.1 implies that, almost surely



131

for all ¢ sufficiently large,

2005 < [(& —56/4)t, (& — 30/4)t], 23" < [(& — 6/4)1, (€ + 5/4)1],
&;—9o

and Zg% < [(& + 30/4)t, (& + 5O /4)t].

£;+o

Hence, for sufficiently large t,

P(zggg < z3% < zg;gg V1<i<k)>1-¢/2, (3.54)
§;—¢ §;+6

where for A, B € R we sayA < B if sup A < inf B. By Lemma B.1.5(iii), on the event in
(3.54) the following holds for all z € [0,a] and 1 < i < k:
he(ta; GY2 ) — he(t,0;GY2y)
<he(t,z;,GY2 ) — he(t,0,GY2 ).

§i+é &+o

The reverse inequalities hold for x € [—a,0]. Combining (3.53)—(3.55), we have that for

sufficiently large t,
P{hg(t,x,G& ) =he(t,0;GE7) = he(t, o3 hi) —he(t,0:h) Vo e [—a,a],1 <0< k}>1-e.

The proof of Theorem 3.2.2 is complete. O
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Chapter 4

Busemann process and the global
structure of semi-infinite geodesics

in the directed landscape

4.1 Introduction

4.1.1 Semi-infinite geodesics in the DL

Recall the notion of geodesics for the directed landscape (DL) discussed in Section 3.2.2.
A semi-infinite geodesic starting from (z, s) € R? is a continuous path g : [s,00) — R such
that g(s) = x and the restriction of g to each compact interval [s,t] < [s, ) is a geodesic
between (z, s) and (g(t),t). Such an infinite path g has direction £ € R if limy_,, g(t)/t = &.
Two semi-infinite geodesics g1 and go coalesce if there exists ¢ such that gi(u) = go(u)
for all w > ¢. If ¢ is the minimal such time, then (gi(t),t) is the coalescence point. Two
semi-infinite geodesics ¢1,92 : [s,00) — R are distinct if g1(t) # go(t) for at least some
t € (s,00) and disjoint if g1(t) # g2(t) for all t € (s, 0).

In this chapter, we give a detailed study of semi-infinite geodesics in the DL, as has
appeared in the author’s joint work with Busani and Seppéldinen [35]. A significant

consequence of Theorem 3.2.2 is that the stationary horizon characterizes the distribution
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of the Busemann process of the directed landscape (Theorem 4.4.3). The Busemann
process is a key tool that allows us to construct semi-infinite geodesics in every direction
and from every initial point. Many of the tools necessary for this study were developed
in the BLPP context in the author’s work with Seppéldinen [134, 135], to which we refer
the reader for a detailed study of infinite geodesics in BLPP.

It is not immediately obvious that semi-infinite geodesics should exist, nor is it obvious
that they should have directions. The first to study semi-infinite geodesics in the DL was
Rahman and Virdg [126], and we give a summary of their results in Section 4.3. For a
fixed direction, they established the existence of semi-infinite geodesics from all points and
showed the coalescence of these geodesics. Closely tied to the study of geodesics is that of
Busemann functions, a tool originating from differential geometry [36]. The work of [126]
showed the existence of Busemann functions for a fixed direction. They also showed that,
for a fixed point, there exists semi-infinite geodesics in each direction, with an at most
countable set of directions for which the geodesic is not unique.

Starting from the definition in [126], we construct the full Busemann process across
all directions. Through the properties of this process, we establish a classification of
uniqueness and coalescence of semi-infinite geodesics in the directed landscape. Similar
constructions of the Busemann process and classifications for discrete and semi-discrete
models have previously been achieved [90, 93, 132, 135], but the procedure in the directed
landscape is more delicate. One reason is that the space is fully continuous. Another
difficulty is that Busemann functions in DL possess monotonicity only in horizontal di-
rections, while discrete and semi-discrete models exhibit monotonicity in both horizontal
and vertical directions. A new perspective is needed to construct the Busemann process
for arbitrary initial points.

The full Busemann process is necessary for a complete understanding of the geometry
of semi-infinite geodesics. In particular, countable dense sets of initial points or directions
cannot capture non-uniqueness of geodesics or the singularities of the Busemann process.

After the first version of [35] was posted, Ganguly and Zhang [70] gave an independent
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construction of a Busemann function and semi-infinite geodesics, again for a fixed direction.
They defined a notion of “geodesic local time” which was key to understanding the global
fractal geometry of geodesics in DL. Later in [69], the same authors showed that the
discrete analogue of geodesic local time in exponential LPP converges to geodesic local
time for the DL.

Matching the conjectures emanating from the nonexistence of bi-infinite geodesics in
discrete models, it was recently shown by Bhatia [26] that, with probability one, bi-infinite

geodesics do not exist for the DL.

4.1.2 Non-uniqueness of geodesics and random fractals

Among the key questions is the uniqueness of semi-infinite geodesics in the directed land-
scape. We show the existence of a countably infinite, dense random set = of directions &
such that, from each initial point in R?, two semi-infinite geodesics in direction ¢ emanate,
separate immediately or after some time, and never return back together. It is interesting
to relate this result and its proof to earlier work on disjoint finite geodesics.

The set of exceptional pairs of points between which there is a non-unique geodesic in
DL was studied in [23]. Their approach relied on [20] which studied the random nonde-
creasing function z — L(y,s;z,t) — L(x, s;2,t) for fixed x < y and s < t. This process
is locally constant except on an exceptional set of Hausdorff dimension % From here [23]
showed that for fixed s < ¢t and x < y, the set of z € R such that there exist disjoint
geodesics from (z, s) to (z,t) and from (y, s) to (z,t) is exactly the set of local variation of
the function z — L(z,s; z,t)—L(y, s; z,t), and therefore has Hausdorff dimension % Going
further, they showed that for fixed s < ¢, the set of pairs (z,y) € R? such that there exist
two disjoint geodesics from (x, s) to (y,t) also has Hausdorff dimension %, almost surely.
Later, this exceptional set in the time direction was studied in [70], and was shown to have
Hausdorff dimension 2/3. Across the entire plane, this set has Hausdorff dimension % In
a similar spirit, Dauvergne [45] recently posted a paper detailing all the possible configu-

rations of non-unique point-to-point geodesics, along with the Hausdorff dimensions—with
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respect to a particular metric—of the sets of points with those configurations.

Our focus is on the limit of the measure studied in [20], namely, the nondecreasing
function & — We(y,s;x,s) = limyo0[L(y, s;t€,t) — L(x, s;t€,t)], which is exactly the
Busemann function in direction £&. The support of its Lebesgue-Stieltjes measure corre-
sponds to the existence of disjoint geodesics (Theorem 4.6.9), but in contrast to [23], the
measure is supported on a countable discrete set instead of on a set of Hausdorff dimension
% (Theorem 4.4.5(iv) and Remark 4.4.6).

We encounter a Hausdorff dimension % set if we look along a fixed time level s for those
space-time points (z, s) out of which there are disjoint semi-infinite geodesics in a random,
exceptional direction (Theorem 4.2.6(iii)). Up to the removal of an at-most countable
set, this Hausdorff dimension % set is the support of the random measure defined by the
function x — fs¢(x) = Wey(2,5;0,5) — We_(x,5;0,5), where We, are the right and left-
continuous Busemann processes (Theorem 4.7.1). This is a semi-infinite analogue of the
result in [23].

The distribution of f;¢ is delicate. The set of directions £ such that We_ # Wey, or
equivalently such that 7¢ = inf{z > 0 : f;¢(x) > 0} < o0, is the set = mentioned above.
A fixed direction £ lies in Z with probability 0. Because the SH describes the Busemann
process for the DL, Theorem 2.6.1 shows that the law of fs¢(7¢ 4+ +) on R>g, conditioned
on £ € Z in the appropriate Palm sense, is exactly that of the running maximum of a
Brownian motion, or equivalently, that of Brownian local time. This complements the
fact that the function z — L(y, s; z,t) — L(x, s; z,t) is locally absolutely continuous with
respect to Brownian local time [68].

Since the first version of [35] appeared, Bhatia [25, 26] posted two papers that use the
results as inputs. The first, [25] studies the Hausdorff dimension of the set of splitting
points of geodesics along a geodesic itself. The second, [26] answers an open problem
presented in [35]. Namely, for all points in the set NUSZ defined in (4.40), the geodesics

split immediately from the initial point, and for a fixed direction & the set NU¢ almost

4

surely has Hausdorff dimension 3.



136

4.2 Main results

In this chapter, the Busemann process is used to construct a special class of semi-infinite
geodesics called Busemann geodesics simultaneously from all initial points and in all di-
rections (Theorem 4.4.9). The definition of Busemann geodesics, along with a detailed
study, comes in Section 4.4.

The first theorem states our conclusions for general semi-infinite geodesics. The ran-
dom countably infinite dense set Z of directions is later characterized in (4.4) as the
discontinuity set of the Busemann process, and its properties stated in Theorem 4.4.5.

We assume the probability space (€2, F,P) of the directed landscape £ complete. All

statements about semi-infinite geodesics are with respect to L.

Theorem 4.2.1. The following statements hold on a single event of full probability. There

exists a random countably infinite dense subset =, of R, such that parts (ii)—(iii) below hold.

(i) Every semi-infinite geodesic has a direction & € R. From each initial point p € R?
and in each direction £ € R, there exists at least one semi-infinite geodesic from p in

direction &.

(ii) When & ¢ =, all semi-infinite geodesics in direction & coalesce. There exists a random
set of initial points, of zero planar Lebesgue measure, outside of which the semi-

infinite geodesic in each direction £ ¢ Z is unique.

(iii) When & € E, there exist at least two families of semi-infinite geodesics in direction
€, called the é— and £+ geodesics. From every initial point p € R? there exists both
a £€— geodesic and a £+ geodesic which eventually separate and never come back

together. All £é— geodesics coalesce, and all £+ geodesics coalesce.

Remark 4.2.2 (Busemann geodesics and general geodesics). Theorem 4.2.1 is proved
by controlling all semi-infinite geodesics with Busemann geodesics. Namely, from each
initial point p and in each direction &, all semi-infinite geodesics lie between the leftmost

and rightmost Busemann geodesics (Theorem 4.5.7(i)). Furthermore, for all p outside a
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random set of Lebesgue measure zero and all £ ¢ =, the two extreme Busemann geodesics
coincide and thereby imply the uniqueness of the semi-infinite geodesic from p in direction
¢ (Theorem 4.2.1(ii)). Even more generally, whenever £ ¢ =, all semi-infinite geodesics in
direction ¢ are Busemann geodesics (Theorem 4.6.3(viii)). This is presently unknown for
¢ € Z, but may be expected by virtue of what is known about exponential LPP [93].
This work therefore gives a nearly complete description of the global behavior of semi-
infinite geodesics in the directed landscape. The conjecture that all semi-infinite geodesics
are Busemann geodesics is equivalent to the following statement: In Item (iii), for £ € E,
there are exactly two families of coalescing semi-infinite geodesics in direction £. That
is, each &-directed semi-infinite geodesic coalesces either with the £— geodesics or the £+

geodesics.

Remark 4.2.3 (Non-uniqueness of geodesics). The non-uniqueness of geodesics from
initial points in a Lebesgue null set in Theorem 4.2.1(ii) is temporary in the sense that these
geodesics eventually coalesce. This forms a “bubble.” The first point of intersection after
the split is the coalescence point (Theorem 4.6.1(ii)). Hence, these particular geodesics
form at most one bubble. This contrasts with the non-uniqueness of Theorem 4.2.1(iii),
where geodesics do not return together (Figure 4.1). Non-uniqueness is discussed in detail

in Section 4.5.

Remark 4.2.4. The authors of [126] alluded to non-uniqueness of geodesics. They showed
that for a fixed initial point, with probability one, there are at most countably many
directions with a non-unique geodesic. On page 23 of [126], they note that the set of
directions with a non-unique geodesic “should be dense over the real line.” Our result is
that this set is dense and, furthermore, it is the set = of discontinuities of the Busemann

process.
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fﬁ

Figure 4.1: On the left, a depiction of the non-uniqueness in Theorem 4.2.1(ii): geodesics separate
and coalesce back together, forming a bubble. Due to work of Bhatia [26] and Dauvergne [45], this
is the only possible configuration for this type of non-uniqueness—that is, geodesics which split and
later coalesce can only split at the initial point. On the right, £ € Z. The blue/thin paths depict
the £— geodesics, while the red/thick paths depict the £+ geodesics. From each point, the £— and
&+ geodesics separate at points of &. The £— and £+ families each have a coalescing structure.

The second theorem of this section describes the set of initial points with disjoint
geodesics in the same direction. By disjoint, we mean that the geodesics only common
point in the plane is the initial point. Let Z be the random set from Theorem 4.2.1

(precisely characterized in (4.4)). Define the following random sets of splitting points.

G, := {r € R: 3 disjoint semi-infinite geodesics from (z, s) in direction &} (4.1)
= |J Seex{sh (4.2)
seR,&e=

Remark 4.2.5. From Theorem 4.2.1(ii), &5 ¢ = @ whenever & ¢ Z.
Theorem 4.2.6. The following hold.

(i) On a single event of full probability, the set & is dense in R?.
(ii) For each fized p e R?, P(p e &) = 0.

(iii) For each s € R, on an s-dependent full-probability event, for every & € =, the set

1

Gs¢ has Hausdorff dimension 3.

(iv) On a single event of full probability, simultaneously for every s € R and & € Z, the

set G, ¢ is nonempty and unbounded in both directions.

Remark 4.2.7. For each s € R and £ € E, the set &, ¢ has an interpretation as the support
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of a random measure, up to the removal of a countable set. Thus, since Z is countable,
for each s € R, the set {x € R : (x,s) € &} is the countable union of supports of random
measures, up to the removal of an at most countable set. By Item (iii), this set also has
Hausdorff dimension % Conditioning in the appropriate Palm sense on £ € Z, the random
measure whose support is “almost” & ¢ is equal to the local time of a Brownian motion
(Theorems 4.7.1, 2.6.1,and 2.6.11). We expect that, simultaneously for all s € R, the set

S;,¢ has Hausdorff dimension %, but currently lack a global result stronger than Item (iv).

4.2.1 Organization of the chapter

In the following section, we cite results from [126]. The remainder of the chapter covers
finer results on the Busemann process and semi-infinite geodesics. Sections 4.4-4.6 each
start with several theorems that are then proved later in the section. The theorems can be
read independently of the proofs. Each section depends on the sections that came before.
Section 4.4 describes the construction of the Busemann process and infinite geodesics in all
directions. Section 4.5 gives a detailed discussion of non-uniqueness of geodesics. Section
4.6 is concerned with coalescence and connects the regularity of the Busemann process to

the geometry of geodesics. The proofs of Theorems 4.2.1 and 4.2.6 come in Section 4.7.

4.3 Summary of the Rahman—Virag results

The paper [126] shows existence of the Busemann function for a fixed direction. Below is

a summary of their results that we use.
Theorem 4.3.1 ([126]). The following hold.

(i) For fized initial point p, there exist almost surely leftmost and rightmost semi-infinite

geodesics gf,’z and g3’ from p in every direction & simultaneously. There are at most

countably many directions £ such that gg’g # g

(ii) For fized direction &, there exist almost surely leftmost and rightmost geodesics gp’é

T

and gy in direction  from every initial point p.
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(iii) For fived p = (x,5) e R? and £ € R, g := gg’é = gg’r with probability one.
(iv) Given & € R, all semi-infinite geodesics in direction & coalesce with probability one.

Remark 4.3.2. Article [126] used — and + in place of the superscripts ¢ and r used
above. We replaced —/+ with ¢/r to avoid confusion with our + notation that links
with the left- and right-continuous Busemann processes. As demonstrated in Section 4.5,

non-uniqueness of geodesics is properly characterized by two parameters O € {—, +} and

Se{L, R}.

For fixed direction &, [126] defines x¢(p,q) as the coalescence point of the rightmost
geodesics in direction £ from initial points p and ¢. Then, they define the Busemann

function
We(psa) = L 65 (p.q)) — L(a; 55 (p,0)). (4.3)
Theorem 4.3.3 ([126], Corollary 3.3, Theorem 3.5, Remark 3.1).

(i) For each t € R, the process x — We(x,t;0,t) is a two-sided Brownian motion with

diffusivity v/2 and drift 2€.
Given a direction &, the following hold on a £-dependent event of probability one.
(ii) Additivity: We(p; q) + Welgsr) = We(p;r) for all p,q,r € R2.

(iii) For all s <t and z,y € R,

We(w,s3y,t) = sup{L(, 8;2,t) + We(z,t;y, 1)}
z€R

The supremum is attained exactly at those z such that (z,t) lies on a semi-infinite

geodesic from (x,s) in direction &.
(iv) The function We : R* — R is continuous.
Moreover:

(v) For a pair of fized directions & < &, with probability one, for everyt € R and x <y,

Wfl (ya t;x, t) < W§2 (ya t;x, t)~
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4.4 Busemann process and Busemann geodesics

In this section, we first present a list of theorems regarding the Busemann process in
Section 4.4.1. Section 4.4.2 defines Busemann geodesics and states their main properties.
The proofs are found in Section 4.4.3, except for the proofs of Theorem 4.4.1(vi)-(viii) and
the mixing in Theorem 4.4.3(ii), which are proved in Section 4.7.1, and Theorem 4.4.5(ii),

which is proved in Section 4.7.2.

4.4.1 The Busemann process

The Busemann process {W¢(p; ¢)} is indexed by points p, ¢ € R?, a direction £ € R, and a
sign O € {—, +}. The following theorems describe this process. The parameter O € {—, +}

denotes the left- and right-continuous versions of this process as a function of .

Theorem 4.4.1. On (2, F,P), there exists a process

{(Wen(pyq) : €€ R, 0 € {—, +}, p,qg e R?}

satisfying the following properties. All the properties below hold on a single event of prob-
ability one, simultaneously for all directions £ € R, signs 0 € {—, +}, and points p,q € R,

unless otherwise specified. Below, for p,q € R?, we define the sets

E(pq) ={§eR:We(p;q) # Wer(p3q)} and  E=U,,er2E(q).  (44)

(i) (Continuity) As an R* - R function, (z,s;y,t) — Wen(z, s;y,t) is continuous.

(ii) (Additivity) For all p,q,7 € R?, Wen(p; q) + Wea(q;7) = Wea(p;r). In particular,

Wen(ps @) = —Wen(q; ) and Wen(p; p) = 0.

(iii) (Monotonicity along a horizontal line) Whenever §; < &2, x <y, and t € R,

We—(y, tiz,t) < Weyp (y i, t) < Wey—(y, L2, 1) < Wey 1 (y, 6 2, ).
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(iv) (Backwards evolution as the KPZ fixed point) For all x,y € R and s < t,

Wen(z, s3y,t) = sulg{ﬁ(m, s;2,t) + Wep(2, 659, 0) . (4.5)

ze
(v) (Regularity in the direction parameter) The process {& — We, is right-continuous
in the sense of uniform convergence on compact sets of functions R* — R, and
§ — We_ is left-continuous in the same sense. The restrictions to compact sets are
locally constant in the parameter €: for each € € R and compact set K < R?* there
exists a random € = (&, K) > 0 such that, whenever { —e < a <& < <&+e¢ and

0 € {—, +}, we have these equalities for all (x,s;y,t) € K:

WaD(x73;y7t) = Wf*(mvs;:%t) and Wﬁu(%&%ﬂ = Wer(x?S;yvt)' (46)

(vi) (Busemann limits 1) If ¢ ¢ =, then, for any compact set K < R? and any net
re = (2, Ut)teRs, With uy — 00 and z;/u; — £ as t — o0, there exists R € R-¢ such

that, for all p,ge K and t > R,
We(psq) = L(p;re) — L(g; 7).

(vii) (Busemann limits IT) For all { € R, s € R, z < y € R, and any net (2, us)er-, in R?

such that u; — o and z/u; — £ as t — 0,

Wf_(yv S;LE,S) < hgnlnf[’(ya 53 Ztvut) - [;(33,8; Zt7ut)
—00

< hmsupﬁ(y, S;Ztvut) - E(CC, 55 Ztvut) < W5+(y,5;x, S)'
t—0o0

(viii) (Global attractiveness) Assume that £ ¢ =, and let h € UC satisfy condition (3.7)

for the parameter £. For s < t, let

s (239) = SUp{L(x, 53 2, ) + b(2)}-
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Then, for any s € R and a > 0, there exists a random tg = tg(a, &, s) < oo such that
for all t > tg and z € [—a, a], hs(;h) — hs (05 h) = We(z, 530, s).

Remark 4.4.2. Item (vi) is novel in that it shows the limits simultaneously for all £ ¢ =,
uniformly over compact subsets of R%. The existence of Busemann limits in fixed directions
is shown in [126] and [70]. Item (viii) is analogous to Theorem 3.3 in [11] and Theorem
3.3 in [13] on the global solutions of the Burgers’ equation with random forcing. When

comparing with [11, 13], note that our geodesics travel north while theirs head south.
We describe the distribution of this process. The key to Item (iii) is Theorem 3.2.2.

Theorem 4.4.3. The following hold.

(i) (Independence) For each T € R, these processes are independent:

{Weg(z,s3y,t) :E€eR, 0 {—,+}, z,yeR, s,t =T}

and {L(z,s;y,t) :z,yeR, s <t <T}.

(ii) (Stationarity and mixing) The process
{L(v), Wea(p;q) :ve R, pge R, £€R, D€ {—, +}} (4.7)

1s stationary and mizing under shifts in any space-time direction. More precisely,
let a,b € R, not both 0, and z > 0. Set r, = (az,bz). Then, the process (4.7) is

stationary and mizing (for fired a,b as z — +00) under the transformation

{L@), Wer (@)} = Teiap{ £, W = {L(v + (r372)), Wen(p + 123 + 72)},

where the process on each side is a function of (v, (p,q)) € Rf‘ x R*. Mizing means

that, for all k € Z~q, &1, ... ,& € R, and Borel subsets A, B < C(Rf,R) x C(R* R)¥,
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if we denote We,, = (We,,...,Wg,) € C(RY, R)¥, then

hII(}O]P)<{['7 W&;k} €A, {Tz;a,bﬁv TZ;a,bW§1:k} € B)

=P({L, W, } € AP({L, W, } € B).

(iii) (Distribution along a time level) For each t € R, the following equality in distribution

holds between random elements of the Skorokhod space D(R,C(R)):

Wer (10, beer £ {GY ()} e

where GV? is the stationary horizon with diffusivity v/2 and drifts 2¢.

Remark 4.4.4. Combining Items (i) and (iii) with Theorem 4.4.1(iv) gives a description

of the Busemann process on the full plane R2.

We describe the random sets of Busemann discontinuities defined in (4.4). Item(ii)
below states that the discontinuities of the Busemann process are present along each hori-
zontal line. Since the Busemann process along each line is described by the SH (Theorem

4.4.3(iii)), the distributional invariances for E¢g proved in Theorem 2.5.2 also hold for

(o, 5o, 1).

[1]

Theorem 4.4.5. The following hold on a single event of probability one.

(i) For each t € R, the set Z(x,t; —x,t) is nondecreasing as a function of x € Rxg.

(ii) For s,€ € R, define the function

T = fs,{(x) = W§+(£L‘,S;O, 8) - Wf_(CL',S;O, S)' (48)

Then, £ € Z if and only if, for all s € R,

lim fs¢(x) = +o0. (4.9)

r—=+00
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In particular, simultaneously for all s,z € R and all sequences |xy| — o0,

[1]

= U E(zg, s;x,8). (4.10)
k
(iii) The set = is countably infinite and dense in R, while for each fized & € R,
P € E) = 0. In particular, the full-probability event of the theorem can be chosen

so that Z contains no directions & € Q.

(iv) For each p # q in R?, the set Z(p;q) is discrete, that is, has no limit points in
R. The function & — We_(p;q) = Wey(piq) is constant on each open interval
I < (R\E(p;q)). Forte R, on a t-dependent full-probability event, for all x < y,

E(y, t;x,t) is infinite and unbounded, for both positive and negative &.

Remark 4.4.6. Item (ii) states that all discontinuities of the Busemann process are
present on each horizontal ray. By Item (iv) { — Wei(p;q) are the left- and right-
continuous versions of a jump process. This function defines a random signed measure
supported on a discrete set. When p and ¢ lie on the same horizontal line, this function
is monotone (Theorem 4.4.1(iii)) and the support of the measure is exactly the set of
directions at which a properly chosen coalescence point of semi-infinite geodesics jumps

(see Definition 4.6.7 and Theorems 4.6.8-4.6.9).

4.4.2 Busemann geodesics

The study of Busemann geodesics starts with this definition.
Definition 4.4.7. For £ € R, O € {—,+}, (z,5) € R? and t € [s,00), let gffSL)(t)
and gffg(t) denote, respectively, the leftmost and rightmost maximizer of L(z, s;y,t) +

Wen(y, t;0,t) over y € R.

Remark 4.4.8. The modulus of continuity bounds of the directed landscape recorded in

Lemma B.1.2, along with continuity of Wey, imply that limy g(gf’sL)/ R(t) = x, so we define

gme”SL)/R(s) =z.
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As noted earlier, Rahman and Virag [126] showed the existence of semi-infinite geodesics,
almost surely for a fixed initial point across all directions and almost surely for a fixed
direction across all initial points. We extend this simultaneously across both all initial
points and directions. Theorem 4.3.3(iii), quoted from [126], states that for a fized direc-
tion &, with probability one at times ¢ > s, the maximizers z of the function £(x, s;2,t) +
We(2,t;0,t) are exactly the points on semi-infinite £-directed geodesics from (x, s). Theo-

rem 4.4.9 clarifies this on a global scale: across all directions, initial points and signs, one

&a,L

can construct semi-infinite geodesics from the Busemann process. Furthermore, 9(zs) and
gfxm’g both define semi-infinite geodesics in direction & and give the leftmost (or rightmost)

geodesic between any two of their points. We use this fact heavily in the present chapter.

Theorem 4.4.9. The following hold on a single event of probability one across all initial

points (z,s) € R2, times t > s, directions £ € R, and signs O € {—, +}.

(i) All mazimizers of z — L(x,s;2,t) + Weg(2,t;0,t) are finite. Furthermore, as x,s,t

vary over a compact set K < R with s <t, the set of all mazimizers is bounded.

(ii) Let s = tg < t; < ty < --- be an arbitrary increasing sequence with t, — 0. Set
g(to) = x, and for each i = 1, let g(t;) be any mazimizer of L(g(ti—1),ti—1;2,t;) +
Wen(z,ti50,t;) over z € R. Then, pick any geodesic of L from (g(ti—1),ti—1) to
(g(ti),t;), and for t;—1 < t < t;, let g(t) be the location of this geodesic at time t.

Then, regardless of the choices made at each step, the following hold.

(a) The path g : [s,0) — R is a semi-infinite geodesic.

(b) For allt < wu in [s,0),

L(g(t),t;9(u), u) = Wea(9(t), £ 9(u), u). (4.11)

(c) For allt < u in [s,00), g(u) mazimizes L(g(t),t;z,u) + Wep(2,u;0,u) over

z e R.

(d) The geodesic g has direction &, i.e., g(t)/t —> & ast — .
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(iii) For S e {L, R}, géf’ss i [s,00) = R is a semi-infinite geodesic from (x, s) in direction

&. Moreover, for any s <t < u, we have that

Lge5(0), 85 75 (w), ) = Wen (9005 (0): 4 60,05 (w), ),

and g?m S)( ) is the leftmost/rightmost (depending on S) maximizer of

L(ge,5 (), 85 2u) + Wen (2,u: 0,u) over z € R.

(iv) The path ng’SL) is the leftmost geodesic between any two of its points, and g(&j’) s

the rightmost geodesic between any two of its points.

Definition 4.4.10. We refer to the geodesics constructed in Theorem 4.4.9(ii) as {0

Busemann geodesics, or simply £0 geodesics.

Remark 4.4.11. The geodesics g( ) L and g(g'j’ ) are special Busemann geodesics. By Theo-

rem 4.4.9(iii)—(iv), for any sequence s = tg < t; < ty < - -+ with ¢,, — o0, the path g = g(x s)
can be constructed by choosing g(¢;) as the leftmost maximizer of L(g(t;—1),ti—1;2,t;) +
Wen(2,i50,¢;) over z € R, and for t € (t,-1,t;), taking g(t) to be the leftmost geodesic
from (g(ti—1),ti—1) to (g(t;),t;). The analogous statement holds for L replaced with R

and “leftmost” replaced with “rightmost”.

4.4.3 Construction and proofs for the Busemann process and Busemann

geodesics

This section proves the results of Sections 4.4.1 and 4.4.2. The order in which the items
are proved is somewhat delicate, so we outline that here. After proving some lemmas, we
prove Theorem 4.4.1(i)—(iv) and Theorem 4.4.3. We then skip ahead to constructing the
semi-infinite geodesics, culminating in the proof of Theorem 4.4.9. Afterward, we turn to
the proof of the regularity in Theorem 4.4.1(v), then prove Theorem 4.4.5, except for Item
(ii), which is proved in Section 4.7.2.

We construct a full-probability event ;. Later in (4.28) and (4.76) follow full-

probability events 23 € Q2o < 4. For the rest of the proofs, we work almost exclusively
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on these events. Once the events are constructed and shown to have full probability, the

remaining proofs are deterministic statements that hold on those events.

We define 2; < Q to be the event of probability one on which the following hold.

(i)

(i)

(vi)

(vii)

(4.12)

Simultaneously for all (x, s;y,t) € Rf there exist leftmost and rightmost geodesics

(possibly in agreement) between (x, s) and (y,t) (see Section 3.2.2).

For each rational direction ¢ € Q and each point p € R?, there exist leftmost and
rightmost semi-infinite geodesics (possibly in agreement) from p in direction £, and

all semi-infinite geodesics in direction £ coalesce (see Theorem 4.3.1, Items (ii) and
(iv)).

For each rational direction & € Q and each rational point p € Q2, there is a unique

semi-infinite geodesic from p in direction & (see Theorem 4.3.1(iii)).

For each rational direction £ € Q, the Busemann process defined by (4.3) satisfies
conditions (ii)—(iv) of Theorem 4.3.3. For any pair §; < {2 or rational directions,

Item (v) of Theorem 4.3.3 holds.
For each (.’I), Ly, g) € Q47 hm@aaaé Wa (?J: Lz, t) = Wf(:y: Lz, t)

For every rational time ¢ € Q and rational direction £ € Q,

lim o 'We(w,t;0,t) = 2€. (4.13)

rz—+00

This holds with probability one by properties of Brownian motion and Theorem

4.3.3(i).

The conclusions of Lemmas B.1.2, B.2.1, and B.2.5 hold for £. Note that then

Lemma B.1.2 holds also for the reflected version {L(y; —t,z;—s) : (z, s;y,t) € RI}.
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To justify P(Qq) = 1, it remains to check Item (v). By Theorem 4.3.3(v), for y > z,
lim Wy(y,t;x,t) < We(y,t;x,t) < lim Wy(y,t;x,t). 4.14
ol Waly, ti2,1) < We(y, ti2,1) < lim Wa(y, £;2,1) (4.14)

By Theorem 4.3.3(1), Wy (y,t;2,t) ~ N(2a(y — x),2(y — x)). Hence, all terms in (4.14)
have the same distribution and are almost surely equal.

Now, on the full-probability event €2y, we have defined the process
{Wa(p;q) : p,g e R e Q). (4.15)
On this event, for an arbitrary direction &, and ¢, z,y € R, define
We_(y,t;x,t) = lim Wy(y,t;z,t) and W, Jat) = lim Wy(y,t;x,t). 4.16
(v ) = i, Waly ) e+ (y ) = dim Waly ). (4.16)
By Theorem 4.3.3(v), these limits exist for all ¢ € R. Complete the definition by setting,

for s <t, Wep(w,s;y,t) = sup{L(z, s;2,t) + We(2, 85, 1)},
zeR (4.17)
and finally for s > t, Weq(x,s;y,t) = —Wea(y, t; 2, s).

With this construction in place, we prove an intermediate lemma.

Lemma 4.4.12. The following hold on the event 21, across all points, directions and

Sgns.

(i) For all x,y,t e R, and £ € Q, We_(y,t;2,t) = Wey(y,t;x,t) = We(y, t;x,t), where

We is the originally defined Busemann function from (4.15).

(ii) Horizontal Busemann functions are additive: ¥ x,y,z,t € R, £ € R, and O € {—, +},

me(x’t;ya t) + WED(y7t;th) = W{D(xvta th)'

(iii) For every t,& € R, the limits (4.16) hold uniformly over (x,y) on compact sets.
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Further, for each t,£ € R and O € {—, +}, these limits hold in the same sense:

li/m5 Wan(y, t;x,t) = We_(y, t;2,t) and li\‘rn£ Wan(y, tx,t) = Wep (y, t; 2, t).
(4.18)

(iv) For every £ e R, o€ {—,+}, (p,q) = Wea(p;q) is continuous, and for each t € R,

; -1 . —
wl_glooa: Wen(x,t;0,t) = 2€. (4.19)
Proof. We prove Item (i) last.
Item (ii) follows from the same property in rational directions (Theorem 4.3.3(ii)).
Item (iii): The monotonicity of the horizontal Busemann process from Theorem 4.3.3(v)
extends to all directions by limits. That is, for any two rational directions & < & and

any real x < y, and t,
Wfl—(ya t;x, t) < W$1 (yv t;x, t) < W$1+(y> t;x, t) < W&Q—(ya t;x, t)a (420)

and when &; ¢ Q, the same monotonicity holds, removing the middle term that does not
distinguish between +. Hence, the limits as a 7 £ and a Y\ ¢ exist and agree with the
limits from rational directions (without the 0O). Without loss of generality, we take the

compact set to be [a,b]?. Then, by (4.20) and Lemma A.1.2, for o < &, 0 € {—, +}, and

a<z<y<b
0 < We(y,tym,t) — Wan(y, t;x,t) < We_ (b, t;a,t) — Wan(b, t; a,t), (4.21)
and for general (z,y) € [a, b]?,
(We(y, t;2,t) = Wan(y, £ 2, 1) < [We (b, 5a,1) = Wan (b, £, )],

so the limit as « " £ is uniform on compacts. An analogous argument applies to a \ &.

Item (iv): For ¢,{ € R and O € {—, +}, the continuity of (z,y) — Wex(y,t;z,t) follows
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from Item (iii) and the continuity for rational ¢ in Theorem 4.3.3(iv). Before showing the
general continuity, we show the limits (4.19). For £, ¢ € Q, (4.13) holds by definition of

Q. Keeping £ € Q, let s € R, and let ¢t > s be rational. By Theorem 4.3.3(ii)—(iii),

We(x, s;0,5) = We(x, s;0,t) + We(0,t;0, s)

= sup{L(x,s; z,t) + We(2,£;0,t)} + We(0,¢;0, 5).
zeR

Then, by Lemma 3.5.4 (for the temporally reflected £), lim :L'_1W€(ac, s;0,8) = 2£. Now,

r—+

let £ e R, 0€ {—,+}, and t € R be arbitrary. Then, the monotonicity of (4.20) implies

that for a < & < 8 with «, 8 € Q,

a < liminf 2 ' Weg (2,450, 1) < limsup 2 Weg (2, 1;0,1) < B.

T—00 T—00

Sending Q 3 a /' £ and Q 3 S\ ¢ implies (4.19) for +oo. The case x — —oo follows a
symmetric argument.

Lastly, the continuity of (x,y) — Wep(y,t; 2, t) and (4.19) imply that Weo(z,t;0,t) <
a + b|x| for some constants a,b. The general continuity follows from (4.17) and Lemma
3.5.3(i).
Item (i): The statement holds for all z,y,t,£ € Q by Item (v) of 1. The continuity

proved in Item (iv) extends this to all z,y,t € R. O

Recall Definition 4.4.7 of the extreme maximizers 9(z,s)

Lemma 4.4.13. For each w € Qy, (x,s;y,t) € Rf, EeR, and O e {—,+},

lim L(z,s;2,t) + Wep(2,t5y,t) = —o0 (4.22)

z—=100

so that gff’sL)/R are well-defined. Let K < R be a compact set, £ € R and O € {—, +}.

Then, there exists a random Z = Z(&0, K) € (0,00) such that for all x,s,t € K with s <t

and S € {L, R}, |g¢25 (1) < 2.
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Proof. By the continuity and asymptotics of Lemma 4.4.12(iv), for all ¢t € R, there ex-
ists a,b > 0 such that |Wey(z,t;0,t)| < a + blz| for all x € R. Lemma B.1.2 implies
(z—x)?

L(x,s;2,t) ~ ==, which gives (4.22). Next we observe that

t—s

inf  sup{L(z,s;z,t) + Wer(2,8;0,1)}
z,5,t€K,s<t ,cR

(4.23)
> inf  L(x,s;2,t) + Wep(2,650,t) > —o0.

z,s,te K,s<t

The last inequality is justified as follows. Since Wey(z,t;0,t) evolves backwards in time as
the KPZ fixed point (4.17), Lemma 3.5.3(ii) implies that a and b can be chosen uniformly
for t € K. Lemma B.1.2 states that Vx, s,t € R with s < ¢, there is a constant C' such that
2 2 2
L(x,s;2,t) = —C(t — )/ log2(2—W).
Taking the infimum over z, s,t € K with s < ¢ yields the last inequality in (4.23).

To contradict the last statement of the lemma, assume there exist maximizers z, of

L(Zn, Sn; 2, tn) + Wen(2,t0;0,t,) over z € R such that xy,, sp,t, € K but |2,| — c0. Then,

by (4.23),
Iimioglfﬁ(a:n, Sns Zns tn) + Wen(2n, tn; 0,t,) > —0, (4.24)
n—

but since z, — o0 and xp, sp,t, € K for all n, L(zn, Sp;znitn) ~ _ (nzn)? by Lemma

tn—Sn

B.1.2. By the bound |W¢y(2,¢;0,t)| < a + b|z| that holds uniformly for t € K and z € R,

the inequality (4.24) cannot hold. O

Proof of Theorem 4.4.1, Items (i)—(iv). The full-probability event of these items is ;.
The remaining items are proved later.

Item (i) (Continuity): This was proved in Lemma 4.4.12(iv).

Item (ii) (Additivity): First, we show that on Q; for s < t, x € R, & < &, and
Se{L,R},

—o0 < gt (1) < g0 (0) < 6257 (1) < g2 () < o0, (4.25)

The finiteness of the maximizers comes from Lemma 4.4.13. The rest of (4.25) follows from
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the monotonicity of (4.20) and Lemma A.1.1. Next, we show that for (z,s;y,t) € R* and
£ e R, Wu(x,s;y,t) converges pointwise to We_(x,s;y,t) as Q 3 a /' §. The same holds
for limits from the right, with {— replaced by £+ (Later we prove that the convergence is
locally uniform). By (4.17), it suffices to assume s < ¢t. By (4.25) and the additivity of
Lemma 4.4.12(ii) when s = ¢, foralla € [§ — 1, + 1] nQ and O € {—, +},

Walz, s;y,t) = sup{L(x, s; 2,t) + Wo(z,t;9,1)}
zeR

= Sup{ﬁ(x,s;z,t) + Wa(z7t707t)} + Wa(07t7y7t)
zeR

= sup {L(z,s;2,t) + Wal(z,t;0,t)} + Wo(0,t;y,t).

U O R S O)

By Lemma 4.4.12(iii), Wx(z,t;y,t) converges uniformly on compact sets to We_(z, t;y,1)
as Q 3 o / & and to Wey(x,t;y,t) as Q 3 o\, & This implies the desired pointwise
convergence. The additivity follows from the additivity for rational £ (Theorem 4.3.3(ii)).
Item (iii) (Monotonicity along a horizontal line): This was previously proven as
Equation (4.20).

Item (iv) (Backwards evolution as the KPZ fixed point): This follows directly
from the construction (4.17).

Item (v) is proved after the proof of Theorem 4.4.3, and Items (vii)—(viii) are proved after
the proof of Theorem 4.6.3. No subsequent results depend on Items (vii)—(viii), except

the mixing in Theorem 4.4.3(ii), proven later. O

Proof of Theorem 4.4.3 (Distributional properties). Item (i) (Independence): We
know that, for T' € R, {L(z, s;y,t) : s,y € R,s <t < T} is independent of {L(x, s;y,1) :
s,y € R,T < s <t} . From the definition of the Busemann process and (4.16)—(4.17), the
process

{Weg(w,s5y,t) : EeR, De{—,+}, 2,y e R, 5,6 > T}

is a function of {L(z, s;y,t) : s,y € R, T < s < t}, and independence follows.
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Item (ii) (Stationarity): Similarly as the previous item, the stationarity of the process
follows from the stationarity of the directed landscape from Lemma B.1.1(i). The mixing
properties will be proven in Section 4.7.1, along with Items (vii)—(viii) of Theorem 4.4.1.
Item (iii) (Distribution along a time level): By the additivity of Theorem 4.4.1(ii) and
the variational definition (4.17), for x € R, s < t, and O € {—, +}, on the full-probability

event (1,

Wea(x, 5;0,8) = Wea(x, s;0,t) — Wes (0, 550, 1)

= sup{L(, 5;y,t) + Wea(y,1;0,1)} —sup{L(0, 5;,t) + Wen(y,1;0,1)}.
yeR yeR

By Item (i), Theorem 4.4.1(iii), and Items (iii) and (iv) of Lemma 4.4.12, {W,, (-, ¢;0,1) :
€ € R}er is a reverse-time Markov process that almost surely lies in the state space )
defined in (3.43). By the stationarity of Item (ii), the law of {W¢, (+,£;0,t) : £ € R}
must be invariant for this process. By the temporal reflection invariance of the directed
landscape (Lemma B.1.1(iii)), {We4(+,¢;0,¢) : £ € R} is also invariant for the KPZ fixed

point, forward in time. The uniqueness part of Theorem 3.2.2 completes the proof. O

Lemma 4.4.14. For every w € Qy and (x,s;y,t) € ]Rf, L(x,s;y,t) < Wen(x,s39,t), and

equality occurs if and only if y maximizes L(x, s;z,t) + Wep(2,1;0,t) over z € R.

Proof. For s < t, Theorem 4.4.1(ii),(iv) gives

W&D(:Uvs;yﬂt) = Sup{ﬁ(:ﬂas; Zat) + WfD(zat,yat)}
zeR

= sup{L(, s;2,t) + Wen (2,40, )} + Weg (0,59, 7). (4.26)
zeR

Setting z = y on the right-hand side of (4.26), it follows that Wep(x, s;9,t) = L(x, 539,1),

and equality holds if and only if y is a maximizer. O



155

Proof of Theorem 4.4.9 (Construction of the Busemann geodesics). The

full-probability event of this theorem is ©; (4.12).

Item (i) (Finiteness of the maximizers): This follows immediately from Lemma
4.4.13.

We prove Items (ii)—(iv) together. By Lemma 4.4.14, for any such construction of a path

from the sequence of times s =ty <t; <--- and any ¢ > 1,

L(g(ti-1),ti—1;9(t:),ti) = Wea(g(ti-1), ti-1;9(ti), ti).

Furthermore, for any t;_1 <t <wu < t;, it must hold that

L(g(t),t; g(u),u) = Wea(g(t), t;: g(u), ),

for otherwise, by additivity of the Busemann functions (Theorem 4.4.1(ii)),

L(g(ti—1),ti—1:9(t:), t:)
= L(g(ti—1),ti—1;9(t),t) + L(g(t), t; g(u), u) + L(g(w), u; g(ti), ;)
< Wen(g(ti-1),ti-159(t), 1) + Wen(9(t), 5 9(u), u) + Wer(g(u), us g(ti), ti)

= Wea(g(ti-1), tic1; 9(ti), t),

a contradiction. Additivity extends (4.11) to all s < ¢t < w. Therefore, the path is a
semi-infinite geodesic because the weight of the path in between any two points is optimal
by Lemma 4.4.14. From the equality (4.11) and Lemma 4.4.14, for every t > s, g(t)
maximizes L(z, s; z,t) + Wep(2,;0,t) over z € R.

Before global directedness of all geodesics, we show that g(f”g are semi-infinite geodesics
and the leftmost /rightmost geodesics between any two of their points. Take S = R, and
the result for S = L follows similarly. Omit x, s,&, and O from the notation temporarily,

(o,R

and write g(t) = Ios) (t). By what was just proved, it is sufficient to prove the following

lemma.
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(20, 0) (g(u).w)

(wy, t)

(z,5)

Figure 4.2: Illustration of the proof of Lemma 4.4.15. Here, the red/thick path denotes the path
4 in the case w; < g(t), which is to the right of the rightmost geodesic between (z, s) and (g(u), u),
which passes through (w¢,t) by assumption. This gives the contradiction.

Lemma 4.4.15. Let g be as defined above. For s <t < u, let z, be the rightmost maxi-
mizer of L(g(t),t;z,u) + Wen(z,u;0,u) over z € R, and let w; be the rightmost maximizer
of L(z,s;w,t) + L(w,t;g(u),u) over we R (Equivalently, (wy,t) is the point at level t on

the rightmost geodesic between (x,s) and (g(u),u)). Then, g(t) = wy and g(u) = z,.

Proof. By Lemma, 4.4.14 and Items (ii)(b)—(c), w; maximizes L(x,s; z,t) + Weq(2,t;0,1)
over z € R, and z, maximizes L(z,s;z,u) + Weo(2,u;0,u) over z € R. By definition of
g(u) and g(t) as the rightmost maximizers, we have w; < ¢(t) and 2z, < g(u) in general.
Assume, to the contrary, that g(t) # w; or g(u) # z,. We first prove a contradiction in
the case wy; < g(t). For the proof, refer to Figure 4.2 for clarity. Let 71 : [s,u] —> R
be the rightmost geodesic from (z,s) to (g(u),u) (which passes through (wy,t)), and let
72 be the concatenation of the rightmost geodesic from (z, s) to (g(t),t) followed by the
rightmost geodesic from (g(t),t) to (zy,u). By Item (ii)(b) for ¢ = 1,2, the weight of the
portion of any part of «; is equal to the Busemann function between the points. Since
wy < g(t) and 2z, < g(u), 71 and 2 must split before time ¢, and then meet again before
or at time u. Let (y,v) be a crossing point, where t < v < u. Let 4 : [s,u] — R be
defined by 4(r) = ~2(r) for r € [s,v] and §(r) = y1(r) from (y,v) to (g(u),u). Then,
by the additivity of Busemann functions, the weight £ of any portion of the path 4 is

equal to the Busemann function between the two points. By Lemma 4.4.14, ¥ is then a
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geodesic between (z,s) and (g(u),u), which is to the right of +;, which was defined to be
the rightmost geodesic between the points, a contradiction.

Now, we consider the case z, < g(u). Define 7; and ~2 as in the previous case.
Since z, < g(u), there is some point (y,v) with ¢ < v < u such that v; splits from
or crosses y2 at (y,v). Then, define 4 as in the previous case. Again, the weight £ of
any portion of the path 4 is equal to the Busemann function between the two points.
Specifically, L(g(t),t; g(u),u) = Wer(9(t),t; 9(u), u), and by Item 4.4.14, g(u) maximizes
L(g(t),t;z,u) + Wen(z,u;0,u) over z € R. This contradicts the definition of z, as the

rightmost such maximizer. O

Returning to the proof of Theorem 4.4.9, we show the global directedness of all Buse-
mann geodesics constructed in the manner described in Item (ii). By (4.25), for t > s and

a< &< pwith o, € Q,

g0ty () < gh ) < g() < o700 < g7 (1), (4.27)

Note that on €21 the + distinction is absent for a, f € Q (Lemma 4.4.12(i)). By definition
(4.12) of the event €y and Theorem 4.3.3(iii), Vo € Q, the maximizers of L(z,s;z,t) +
Wa(z,t;0,t) over z € R are exactly the locations z where an a-directed geodesic goes

through (z,t). Therefore, ga’i) (t)/t > o and gﬁ’R) (t)/t — B when «, 5 € Q. By (4.27),

(z (z,s

o < liminft'g(t) < limsupt'g(t) < 8.

t—00 t—00

Sending Q 3« /' £ and Q 3 B\ £ completes the proof of Theorem 4.4.9. O

We now define the next full-probability event.
Let Q3 be the subset of {2; on which the following hold. (4.28)

(i) For each integer T € Z and each compact set K < R?, there exists ¢ = ¢(¢,T, K) > 0
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such that for § —e <a << f <{+eand (z,y) € K,

War(y, T2, T) = We_(y, T52,T) and Wp(y, T52,T) = Wey (y, T2, T). (4.29)

(ii) For each integer T € Z, the set
{{eR: We(2,T;0,T) # Wey(2,T50,T) for some x € R} (4.30)

is countably infinite and dense in R.

(iii) Foreach s <teR, z,£ e R, O0€ {—,+}, and S € {L, R},

lim ¢5%3(t) = +oo. (4.31)

g—ta” (@9) N

Lemma 4.4.16. P(Q9) = 1.

Proof. Recall the distributional equality {We, (v, 750, T)}¢cr 4 {Gg@}{eR from Theorem
4.4.3(iii). The fact that (i) holds with probability one is a direct consequence of the
regularity of the SH from 2.5.2(iii). The set (4.30) is countably infinite and dense for all
T € Z by the corresponding properties of GV2 from Theorem 2.5.2(iv),(vi).

Now, we prove that (4.31) holds with probability one. By the monotonicity of (4.25),
the limits lime_, o g(x )( ) and limg, o gfi’j(t) exist in R u {—o0,00}. Furthermore, by
this monotonicity, it is sufficient to show that
£+,R €+.R

(t) = sguﬂlg gfm_sg(t) =o0 and hm L 9ie.4) (t) = inf 9irs) (t) = —o0.  (4.32)
S

li
im g( inf

—,L
a0 7 (@5)

First, we show that (4.32) holds with probability one for a fixed initial point (z,s) and
fixed t > s. It is therefore sufficient to take (z,s) = (0,0) and then ¢ > 0. By the
monotonicity, it suffices to take limits over £ € Q so that by Theorem 4.3.1(iii), the +
and L/R distinctions are unnecessary. Wep(z,t;0,1) is a two-sided Brownian motion with

drift 2¢ and diffusivity v/2, independent of the random function (x,%3) — L(z,0;y,t)
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(Theorem 4.4.3(i)). Let B be a standard Brownian motion, independent of £. Using skew
stationarity with ¢ = —¢£ in the third equality below and time stationarity in the fifth

equality (Lemma B.1.1), we obtain, for £ € Q,

060 (8) = argmax{L(z, s;2,1) + We(z,1:0,1))

2R
4 ar%ax{g(x, s;2,1) + V2B(z2) + 262}

< arg;‘géax{ﬁ(:zj — €s,8,2 — £, 1) + 26(x — 2) + (t — 8)E2 + V2B(2) + 262}
- argzer]gax{ﬁ(x — &s,8,2 — &, 1) + V2(B(2) — B(&(t — 5)))}

4 ar%£ax{£(x, s;z—&(t—8),t) + V2B(z — £(t — 5))}

= argmax{£(r,5:2,1) + V2B(2)} +£(t — ) L g0 () +E(t—5).

Therefore, V¢ € Q, the distribution of gf )(t) is that of a fixed, almost surely finite,

z,s

random variable plus £(t — s). Since we know limgs¢— -+ gfx 9 (t) exists, the limit must
be +00 a.s.

Now, consider the intersection of €2y with event of probability one on which for each

triple (w, q1,¢2) € Q* with ¢1 < g,

§+.R
(w7ql)

lim ¢% % (g2) = +0 and lim g (q2) = —0. (4.33)
(qul) £——0

§—+00

On this event, let (z,s,t) € R? with s <t be arbitrary. Assume, by way of contradiction,

that
. 677L
z:=s8upg t) < o0, 4.34
up2 1) (134)
and let g : [s,t] denote the leftmost geodesic from (z,s) to (z,t). For this proof, refer to

Figure 4.3 for clarity. By the assumption (4.34) and the fact that g(gx_sf

geodesic between any two of its points (Theorem 4.4.9(iv)), gfgg_s]);(t) < g(t) for all £ e R

is the leftmost

and t > s. Let ¢1 € (s,t) be rational. Choose w € Q such that w < g(¢1). By continuity of

geodesics, we may choose g2 € (q1,t) N Q to be sufficiently close to ¢ so that |g(g2) — 2| < 1.
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(z, 1)

%L (gfu_,”lfl)(qz),qz)

(9(q2), a2)

(w, q1)

£

(2, 5)

Figure 4.3: The blue/thin path represents gf;’qu) and the red/thick path represents g.
Next, by (4.33), we may choose positive ¢ sufficiently large so that

G (@) > 2+ 1> g(a2) > g, (@2). (4.35)

Since w < g(q1), gg’qu) and g( )L cross at some (%,%) with £ € (¢1,¢2). By Theo-

rem 4.4.9(iii), both g(w " )(qg) and g(z ;j):(qg) are the leftmost maximizer of £(2,%;y, q2) +

We—(y,q2;0,q2) over y € R, contradicting (4.35). The proof for £ — —o0 is analogous. [

Proof of Theorem 4.4.1(v) (Regularity of the Busemann process). By definition of the
event () (4.28), for each & € R, each integer T' and compact set K < R?, there is a e > 0
so that (4.29) holds for all (x,y) € K. Now, let £ € R, let K be a compact subset of R*,

and let 7" be an integer greater than sup{t v s: (z,s;y,t) € K}. Let

A= 1nf{g(€ - (T) A 9(5_1)_’L(T) :(x, s3y,t) € K}, and

(y:t)
B = supfge ) UT) v g D) < (@, 50,1) € K

By (4.25) and Lemma 4.4.13, —o0 < A < B < . By additivity (Theorem 4.4.1(ii)) and
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(4.25), for all (z,s;y,t) € K and av€ (£ — 1,£ + 1),

Wa\](xvs;y7t) = WQD(I,S;O,T) - WaD(y7t;07T)

= sup{ﬁ(a?,s; ZaT) + WaD(Z7T; O7T)} - Sup{ﬁ(y7t;Z7T) + WaD(ZaT;07T>}
zeR zeR

= Ssup {»C(LU,S;Z,T)+WaD(Z,T;O,T)}— sup {E(y,t,z,T) +WO¢D(Z7T;07T)}'
2€[A,B] z€[A,B]
(4.36)

By (4.29), the conclusion follows. O

Proof of Theorem 4.4.5 (Description of the discontinuity set). The full

probability event of this theorem is 9, except for Item (ii) whose proof is postponed until
Section 4.7.2. The only result that relies on this Item is Theorem 4.2.6, which is proved
afterward.

Item (i) (Monotonicity): By the monotonicity of Theorem 4.4.1(v), and by Lemma

Al2 fora<z<y<hb,
0< Wer(yatvxvt) - Wf* (yatv .’L',t) < Wer(b:ta a7t) - Wf*(bvta CL,t). (437)

Thus, discontinuities of & — Wen(y,t; 2, 1) are also discontinuities for & — Wen (b, t;a,t).
Item (iii) (Z is a countable dense set): Similarly as in (4.36), if (z, s;y,t) € R*, then
for £ e R, O € {—,+}, and any integer T' > s v t,

Wea(z,839,t) = sup{L(w, s;2,T) + Wer (2, T30, T)}

el (4.38)

- Sup{ﬁ(ya ta Z, T) + WfD(zv T, 07 T)}
zeR

So if We_(2,T50,T) = Wey(2,T;0,T) Vz € R, then We_(x,s;y,t) = Wey(x, s3y,t), and
E=J{eR: We (2,T;0,T) # Wey (,T;0,T) for some x € R}. (4.39)
TeZ

On g, Z is countably infinite and dense by (4.28). Lemma 4.4.12(i), along with (4.39)

imply that = contains no rational directions . For an arbitrary & € R, We_(-,7;0,7T)
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and Wey (+,750,T) are both Brownian motions with the same diffusivity and drift, and
We_(y, Ts2,T) < Wer (y, T2, T) for x < y by Theorem 4.4.1(iii). By (4.39) and continu-
ity,

P(EeE)< Y. P(We(2,7:0,T) # Wey(2,T50,T)) = 0,
TeZ,xeQ

where P(W¢_(2,T50,T) # Wey(2,7;0,T)) = 0 because the two random variables have
the same law and are ordered.

Item (iv) (E(p;q) is discrete): The discreteness of the jumps is a direct consequence of
the regularity of the Busemann process from Theorem 4.4.1(v). The fact that Z(y, t; x,t)
is countably infinite and unbounded on a t-dependent full probability event follows from

Theorem 2.5.2(iv) O

4.5 Non-uniqueness of semi-infinite geodesics

Theorem 4.4.9 established global existence of semi-infinite geodesics from each initial point
and into each direction. We know from Theorem 3.3 of [126], recorded earlier in Theorem
4.3.1(iii), that for a fixed initial point and a fixed direction, there almost surely is a unique
semi-infinite geodesic. However, this uniqueness does not extend globally to all initial
points and directions simultaneously.

In fact, two qualitatively different types of non-uniqueness of Busemann geodesics
from a given point into a given direction arise. One is denoted by the L/R distinction
and the other by the + distinction. All semi-infinite geodesics from p in direction £ lie

between the leftmost Busemann geodesic gé_’L

and the rightmost Busemann geodesic
gff’R. See Theorem 4.5.7(i). We refer the reader back to Figure 4.1 for the two types of
non-uniqueness. The L/R uniqueness is depicted on the left, where geodesics split and
return to coalesce, while the + non-uniqueness is depicted on the right in the figure, where
geodesics split and stay apart, all the way to co.

The L/R non-uniqueness is a feature of continuous space. Only the + non-uniqueness

appears in the discrete corner growth model with exponential weights, while both L/R
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(x,s) (x,s)

Figure 4.4: Given the definition of NU and the fact that the geodesics coalesce, this figure shows
two possible configurations for points (x,s) € NU. However, due to a recent result of Bhatia [26]
and Dauvergne [45] (recorded as Theorem 4.5.1 below), the configuration depicted on the right does
not appear in the DL. That, is the splitting of geodesics for points in NU must occur immediately
from the initial point.

and + non-uniqueness are present in semi-discrete BLPP [134, 135].
To capture L/R non-uniqueness, we introduce the following random set of initial points.

For £ e R and O € {—, +}, let NU%® be the set of points p € R? such that the £0 geodesic

from p is not unique. In notational terms,

NU%® = {(z,s) e R?: ngSL)(t) < gfﬂf’g(t) for some t > s},. (4.40)
Next, let
NU = Uger, ge -4} NU. (441)

Figure 4.4 illustrates the set NU. Theorem 4.5.2(ii) establishes that, with probability
one, for each ¢ € R and O € {—, +}, the restriction of NU" to each time level s is countably
infinite. By Theorem 4.6.1(i), on a single event of probability one, for each direction &
and sign O € {—, +}, all {0 geodesics coalesce. Therefore, from each p € NU, two &0
geodesics separate but eventually come back together. This coalescence result was first
proven in the author’s joint work with Busani and Seppélédinen [35]. Afterward, Bhatia
[26] gave greater clarity to the set NU. In particular, for a point (z,s) € NUC, the
splitting of geodesics must occur immediately from the initial point. This follows from the

coalescence we proved in [35] and the following theorem, proved first Bhatia [26] and also
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independently by Dauvergne [45].

Theorem 4.5.1 ([26], Theorem 1 and [45], Lemma 3.3). With probability one, there is no
point (z,s;y,t) € Rf and pairs of distinct geodesics g1, ga from (x,s) to (y,t) satisfying,
for some € > 0, gi1(u) = ga(u) for allue (s,s+¢) U (t —e,t). In words, geodesics cannot

move together, then form bubbles, then move together again. See Figure 4.4.

Since NU*~ UNU¢" captures only the L/R distinction and not the + distinction, it
does mot in general contain all the initial points from which the £-directed semi-infinite
geodesic is not unique. However, when the £+ distinction is absent, Theorem 4.5.7(i)
implies that NU¢ = NU¢* is exactly the set of points p € R? such that the semi-infinite
geodesic from p in direction £ is not unique. This happens under two scenarios: when
¢ ¢ Z, and when we restrict attention to the &-dependent event of full probability on
which gf,_’s = g§+’s for all pe R? and S € {L, R}.

The failure to capture the + non-uniqueness is also evident from the size of NU.
Whenever £ € =, there are at least two semi-infinite geodesics with direction £ from every
initial point. But along a fixed time level NU is countable, and thereby a strict subset of
R? (Theorem 4.5.2(ii) below).

Recall that Hs = {(x,s) : = € R} is the set of space-time points at time level s.
Theorem 4.4.5(iii) states that on a single event of full probability, = < R\Q, so for £ € Q,

we can drop the + distinction and write NUS = NUS~ = NU¢+,

Theorem 4.5.2. On a single event of probability one, the set NU satisfies
NU = Jeeq NUE. (4.42)

In particular, the following hold.

(i) For each pe R?, P(p e NU) = 0, and the full-probability event of the theorem can be

chosen so that NU contains no points of Q2.

(ii) On a single event of full probability, simultaneously for every s € R, £ € R and

O € {—,+}, the set NUSP M, is countably infinite and unbounded in both directions.
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Specifically, for each s € R, there exist sequences x, — —0 and y, — +00 such that

(T, 8), (Yn, 8) € NUSD. By (4.42), NU nH, is also countably infinite.

Remark 4.5.3. The set Q can be replaced by any countable dense subset of R, by

adjusting the full-probability event. In all applications in this chapter, we use the set Q.

Remark 4.5.4. As Item (ii) states, the set NU is countably infinite along each horizontal
line. Hence, the set NU is uncountable. Bhatia [26] recently proved that the Hausdorff

dimension of NU is %.

The next theorem states properties of Busemann geodesics that involve the L/R and

+ distinctions.
Theorem 4.5.5. The following hold on a single event of full probability.

(i) For s<t, x€R, & < &, and S € {L, R},

0 < PO < oS0 < o0

(ii) Let € € R, let K < R be a compact set, and let T > max K. Then, there exists
a random ¢ = (&, T, K) > 0 such that, whenever £ —¢ < a < £ < f < { + ¢,

noe{—,+}, Se{L,R}, and x,s € K,
g?f;f(t) = g({_’;f(t) and g?f’fs“)g(t) = gg;“)g(t) for allt e [s,T].

(iii) For each (z,s) € R%, t > s, € {—,+}, and S € {L, R}, lim¢_, 1 gfﬂ?’j(i) = +00.

(iv) Forallé e R, Oe{—,+}, s<t and x <y, gfxm’g(t) < gfyDSL)(t) More generally, if

r <y, seR, and g1 is a O geodesic from (x,s) and gs is a {0 geodesic from (y, s)
such that gi(t) = ga(t) for some t > s, then g1(u) = g2(u) for all w > t. In other

words, if g1 and go intersect, they coalesce at their first point of intersection.



166

(v) Forall¢eR, 0€e{—,+}, Se{L,R}, x€R, and s < t,

. S , : S ,
Jim g5 = 0@, and - Tim i () = g (e), (4.43)
and if g(gci’,sL)(t) = g(&i’g(t) =: g(i‘is) (t), then for S € {L, R},
lim  geo () = gin ) (0): (4.44)
(w,u)—(z,s) ’ ’
Furthermore,
lim ¢53(t) = +o0. (4.45)

r—+00 (:B’s)

Remark 4.5.6. In general, Theorem 4.5.5(i) cannot be extended to mix L with R. Pick
a point (z,s) € NU, where NU is defined as in (4.41). Then, on the full-probability event

of Theorem 4.5.2, there exists a rational direction £ and ¢ > s such that

9l (0 = 9055 (0 < 9500 = 900,

By Theorem 4.5.5(ii), we may choose & < £ < & sufficiently close to £ such that
g _7L — é‘ +7L — £_7L €+7R — g _7R — f +7R
9(;’5) (t) = 9(;75) (t) = 9(z,s) (t) < 9(z,s) (t) = 9(;’5) (t) = g(;s) (t).

Item (iv) is an extension of Item 2 of Theorem 3.4 in [126] to all directions and all
pairs of initial points on the same horizontal level. It is not true that for all £ e R, s < t,
€+7R

and x <y, go, (t) < gfy_s)L(t) This is discussed later in Remark 4.6.4.

The next theorem controls all semi-infinite geodesics with Busemann geodesics.

Theorem 4.5.7. The following hold on a single event of probability one. Let

(@, tr)rers, be any net such that t, — o0 and x,/t, — &.

(i) Let (z,s) € R? and ¢ € R. For each r large enough so that t, > s, let g, : [s,t,] — R
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be a geodesic from (x,s) to (zy,t,). Then, for each t = s,

gf; j (t) < lim inf gr(t) < limsup g, () < g2 21 (8). (4.46)

m su (z,9)

67

In particular, 9

5 is the leftmost and g(ifj the rightmost among all semi-infinite

geodesics from (x,s) in direction &.

(ii) Let K < R? be compact. Suppose that there is a level t after which all semi-infinite
geodesics from (x,s) € K in direction £ have coalesced. For u > t, let g(u) be this
geodesic. Then, given T > t, there exists R € R~g such that for r = R and all

(x,8) € K, if g, : [s,t,] = R is a geodesic from (x,s) to (z,,t.), then
gr(u) = g(u) for all we [t,T].

In particular, suppose there is a unique semi-infinite geodesic from (x, s) in direction

&, denoted by gfx 5" Then given T > s, for sufficiently large r, we have
gr(u) = gfx 9 (u) for all ue [s,T].

Remark 4.5.8. Theorem 4.6.1(i) below states that the assumed coalescence in Item (ii)
occurs whenever ¢ ¢ =. The second statement of Item (ii) is in Corollary 3.1 in [126]. We

provide a different proof that uses the regularity of the Busemann process.

4.5.1 Proofs

In this section, we prove Theorems 4.5.2, 4.5.5, and 4.5.7. In each of these, the full-
probability event is Q9 (4.28). We start by proving parts of Theorem 4.5.5, then go to the

proof of Theorem 4.5.2.

Proof of Theorem 4.5.5, Items (i)—(iii). Item (i) (monotonicity of geodesics in the
direction parameter) was already proven as Equation (4.25). In fact, this item holds

on Ql.
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Item (ii) (geodesics agree locally for close directions): This follows a similar proof
as the proof of Theorem 4.4.1(v). Let K be a compact subset of R, and let T" be an integer
greater than max K. Set

A= inf{ggg_l)_’L(T) cx,s € K}, and B = sup{g(§+1)+’R(T) cx,s€ K}

z,s) (z,s)

By Lemma 4.4.13 and Item (i), —o0 < A < B < o0. Then, for all 0 < ¢ < 1 sufficiently
small, all { —e < a < &, and all z, s € K, the functions z — L(z,s;2,T) + War(2,T;0,T)
and z — L(z,s;2,t) + We_(2,T;0,T) agree on the set [A, B], which contains all maxi-
mizers. Hence, for such « and 0O € {—, +}, and S € {L, R}, g?ﬁ;‘?(T) = g&j(T) Since
g(OfS)L : [s,0) — R and g(O;D’;I)% : [s,00) — R define semi-infinite geodesics that are, re-
spectively, the leftmost and rightmost geodesics between any of their points (Theorem
4.4.9(iii)-(iv)), it must also hold that for S € {L, R} and ¢ € [t,T], g?fﬂj(t) = gf;s‘?(t)
Otherwise, taking S = L without loss of generality, there would exist two distinct leftmost
geodesics from (z,s) to (gfx_’;g(T),T), a contradiction. The proof for the £+ geodesics
where 3 is sufficiently close to & from the right is analogous.

Item (iii) (limit of geodesics as direction goes to +o0): This holds on Q2 by definition
(4.28).

We postpone the proof of Items (iv) and (v) until after the following proof. O

Proof of Theorem 4.5.2 (Description of the set NU). By Theorem 4.4.5(ii), on the event
Oy, a ¢ E for all a € Q, so we omit the + distinction in this case. We first prove (4.42). If
(z,s) € NUS? then ngSL)(t) < g%’,’g(t) for some t > s. By Theorem 4.5.5(ii), there exists
a rational direction « (greater than £ if 0 = + and less than £ if O = —) such that

Gy (8) = 9y (1) < Gy (6) = 95 5 (1),

Hence, (z,s) e NU*.
Item (i): By Theorem 4.3.1(iii), for fixed direction £ and fixed initial point p, there is a

unique semi-infinite geodesic from p in direction £, implying (x, s) ¢ NU¢. The result now
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follows directly from (4.42) and a union bound. In particular, by definition of the event
Q1 o Qy (4.12), for each (g,7) € Q% and € € Q, (¢,7) ¢ NUS. Then, by (4.42), on the event
0o, NU € R2\Q2.

We postpone the proof of Item (ii) until the end of this subsection. O

Remaining proofs of Theorem 4.5.5. Item (iv) (Spatial monotonicity of geodesics):

We first prove a weaker result. Namely, for s € R, 2 < y, { € R, 0 € {—,+}, and

Se{L,R},
gn(t) < g forallt>s. (4.47)
By continuity of geodesics, it suffices to assume that z := g?fSL)(t) = gf;SL)(t) for some

t > s, and then show that géfs];(u) = gajsg(u) for all w > t. By Theorem 4.4.9(iii),
if z := gffj(t) = gf;’j(t), then for u > t, both ngSL)(u) and g(;’f)(u) are the leftmost
maximizer of L(z,t;w,u) + Wen(w,u;0,u) over w € R, so they are equal.

Now, to prove the stated result, we follow a similar argument as Item 2 of Theorem
3.4 in [126], adapted to give a global result across all direction, signs, and pairs of points
along the same horizontal line. Let g; be a {0 geodesic from (z,s) and let go be a O
geodesic from (y,s), and assume that g;(¢) = g¢o(t) for some ¢t > s. By continuity of
geodesics, we may take ¢ to be the minimal such time. Choose r € (s,t) N Q and then
choose q € (g1(r), g2(r)) N Q. See Figure 4.5. By Theorem 4.5.2(i), on the event g, there
is a unique {0 Busemann geodesic from (g, r), which we shall call g = g§5;§ = gfi;l)%. For
u =T,

g1(u) < gioif (u) < glu) < i, (u) < ga(u). (4.48)

The two middle inequalities come from (4.47). The two outer inequalities come from the
definition of gfi’sL)/ R(u) as the left and rightmost maximizers.

By assumption and (4.48), z := gi1(t) = g(t) = ¢2(t). By Theorem 4.4.9(ii)(c), for
u > t, gi(u),g2(u), and g(u) are all maximizers of L(z,t;w,u) + Weg(w,u;0,u) over

w € R. However, since there is a unique 0 geodesic from (g,r), there can be only one

such maximizer, so the inequalities in (4.48) are equalities for u > t.
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(9(t), 1)

(g,7)

(z,s) (y,s)

Figure 4.5: Choosing a point (g,7) € Q? whose £0 geodesic is unique

Item (v) (limits of geodesics in the spatial parameter): We start by proving (4.43).
We prove the statement for the limits as w " x, and the limits as w ~\ « follow analogously.

(555) (t) exists and is less than or equal to ngSL) (t). Further, by

By Item (iv), z := limy, ~, g
the same monotonicity, for all w € [z —1,z], all maximizers of L(w, s;y,t) + We(y,t;0,1)
over y € R lie in the common compact set [g(gf’_LLs) (1), gffg(t)] By continuity of the
directed landscape (Lemma B.1.2), as w /" x, the function y — L(w, s;y,t)+Wer(y,t;0,1)
converges uniformly on compact sets to the function y — L(xz,s;y,t) + Weq(y,t;0,1).
Hence, Lemma A.1.3 implies that z is a maximizer of L(x,s;y,t) + Wen(y,t;0,t) over
y € R. Since z < g(gst) (t), and gfxDSL) (t) is the leftmost such maximizer, equality holds.
The proof of (4.44) is similar: in this case, Lemma 4.4.13 implies that for all (w,u)

sufficiently close to (z,s), the maximizers of y — L(w,u;y,t) + Wes(y,t;0,¢) lie in a
£o,S

common compact set. Then, by Lemma A.1.3, every subsequential limit of Ylww)

(t) as
(w,u) — (x,s) is a maximizer of y — L(x,s;y,t) + Wen(y,t;0,¢). By assumption, there
is only one such maximizer, so the desired convergence holds.

Lastly, to show (4.45), we recall that the Busemann process evolves as the KPZ
fixed point (Theorem 4.4.1(iv)). The Busemann functions are continuous and satisfy
the asymptotics prescribed in Lemma 4.4.12(iv). Therefore, for each t¢,¢, and O, there
exists constants a,b > 0 so that |[Wey(x,t;0,t)] < a + blz|. Lemma 3.5.3(iii) applied
to the temporally reflected version of £ states that for sufficiently large |z|, ggi’ss)(t) €

(& — |22,z + |2[*/3). O

Proof of Theorem 4.5.7. We remind the reader that this theorem controls arbitrary
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geodesics via the Busemann geodesics.
Item (i): Let @ < & < . By directedness of Busemann geodesics (Theorem 4.4.9(iii))

and the assumption z,/r, — &, for all sufficiently large r,

Gy (tr) < @0 < 9015 (E)-

Since g?;_S)L is the leftmost geodesic between any of its points and g?;s’)R is the rightmost

(Theorem 4.4.9(iv)), it follows that for w € [s,t,],

77L ,R
g0y (W) < grlu) < g(F o (w). (4.49)
Hence, for all ¢ > s,
g?;_s’)L(t) < liminf g, (¢) < limsup g,(¢) < g(ﬁm:’f%(t).
’ r—00 r—00 )

By Theorem 4.5.5(ii), taking limits as a /" £ and § \, & completes the proof.
Item (ii): Assume that all geodesics in direction &, starting from a point in the compact
set K, have coalesced by time ¢, and for u > ¢, let g(u) be the spatial location of this

common geodesic. By Item (i), for all pe K and u > t,

g(u) = g5~ (u) = g5 ().

Let T > t be arbitrary. By Theorem 4.5.5(ii), we may choose o < £ < 8 such that, for all
p€ K and u € [t,T1,

géfé)L,t) (u) = go™" () = g(u) = gy " (u) = g@gﬁ) (u). (4.50)

The outer equalities hold because the geodesics pass through (g(¢),t). With this choice of

a, (3, by the directedness of Theorem 4.4.9(iii) and since x,/t, — £, we may choose r large

enough so that ¢, > T and g(o‘gzt)L " (tr) <z < g(ﬂ;(:ﬁ) (t;). Then, as in the proof of Item
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(i), for all u € [t,t,],

_ R
Tiothn (0) < 9r() < gy ()
Combining this with (4.50) completes the proof. O
It remains to prove Theorem 4.5.2(ii). We first prove a lemma.

Lemma 4.5.9. Let we Qo, (€ R, 0 € {—,+}, Q25 <t e€R, and assume that there
is a nonempty interval I = (a,b) < R such that for all x € Q, gfﬁs) (t) ¢ I (By Theorem
4.5.2(i), we may ignore the L/R distinction when (z,s) € Q?). Then, there erists & € R
such that

gt <a<b< g, (4.51)

Proof. Choose some y € (a,b), and let

z=sup{reQ: 9(55,5) (t) <y}

By Equation (4.45) of Theorem 4.5.5(v), € R. By the monotonicity of Theorem 4.5.5(iv),

éo ¢o

forall Q sz <, g, (t) <y, while for all Q 5 x > Z, Yrs) (t) = y. By assumption of the

lemma, this further implies that for Q 3 z < %, ng )(t) < a while for Q 3z > %, gfD )(t) >

(z,s (z,s

b. By taking limits via Equation (4.43) of Theorem 4.5.5(v), we obtain (4.51). O

Proof of Theorem 4.5.2(ii) (NUS® nH, is countably infinite and unbounded). We prove
the statement in three steps. First, we show that on Qo, for all s€e Q, { e R, O € {—, +},
the set NUZ A~ H, is infinite and unbounded in both directions. Next, we show that, on
s, NUS2 A H, is in fact infinite and unbounded in both directions for all s € R. Lastly,
we show that the set NU n #H; (the union over all directions and signs) is countable.

For the first step, Theorem 4.5.2(i) states that, on the event s, for each (z,s) € Q2,
o

(z,5)

both the leftmost and rightmost £0 geodesic from (x, s). Since leftmost (resp. rightmost)

¢ € R, and O € {—, +}, there is a unique {0 geodesic g and therefore this geodesic is
Busemann geodesics are leftmost (rightmost) geodesics between any two of their points

(Theorem 4.4.9(iv)), it follows that gffs), restricted to times t € [s, s + 2], is the unique
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geodesic from (z,s) to (g(i'cjs)(s +2),s +2). By Lemma 4.4.13, for each compact set K,

the set

{g (s+ 1):zeQn K}

is contained in some compact set K’. Then, we have the following inclusion of sets:

(g +1):zeQ@nKc [ {g(s+1)} (4.52)

gE.AKJ(/

where
Ak k' = {g : g is the unique geodesic from (z, s) to (y,s + 2) for some z € K,y € K'}.

By Lemma B.2.5, the set in the RHS of (4.52) is finite, so the set on the LHS is finite as

well. Therefore, the set

s+ 1) weQ = [ {60, (s+1) 2 Qn [~k K]} (4.53)
k€Z~¢

is a union of finite nested sets. Further, by the ordering of geodesics from Theorem

4.5.5(iv), for each k, the difference

{gis s+ D) 2 eQn [=(k+1),k+ 1N\gf, (s + 1) 2 € Qn [k, K]}

lies entirely in the union of intervals

(—oo, inf{gfﬁs)(s +1):2eQn [k, k]}] U [sup{gfis)(s +1):2eQn [k K]}, oo).

Therefore, the set (4.53) has no limit points. Further, by Equation (4.45) of Theorem
4.5.5(v), the set (4.53) is unbounded in both directions. These two facts imply that there
exist infinitely many disjoint nonempty intervals whose intersection with the set (4.53)
is empty, and the set of endpoints of such intervals is unbounded. By Lemma 4.5.9,

for each k > 0, there exists (z,s) € NU® such that gff’;;”(s + 1) = k, and there exists



174

(z,s) € NUS? such that gf{i’f)(s + 1) < —k. Next, assume, by way of contradiction, that
the set {z € R : (x,0) € NU®"} has an upper bound b. Then, by the monotonicity of
Theorem 4.5.5(iv), for all z € R with (z,s) € NU®, g(gi’sl)%(s +1) < g(£D ?(s + 1). But this
contradicts the fact we showed that {g° g (3 + 1) : « € R} is not bounded above. Hence,
there exists a sequence g, — o such that (y,,s) € NU* for all n. By a similar argument,

there exists a sequence x,, — —o0 such that (z,,s) € NU" for all n.

Now, for arbitrary s € R, pick a rational number T' > s. Pick (2,T) € NU¢2, and let
— . Eva s . SD,R
x1 =sup{z e R: s (T) < z}, and xo = inf{r e R: Yirs) (T) = z}.

By the limits in Equation (4.45) of Theorem 4.5.5(v), z1 and z3 lie in R.

We first show that zo < ;. If not, then choose = € (z1,z2). Then, gfﬂ?”g(T) <
z < g?fs(T), contradicting the meaning of L. and R. Hence x93 < z;. For any = > o,
gfﬁ’s) (T') = z, and by the limit in Equation (4.43) of Theorem 4.5.5(v), g(w2 5) (T) > z as

well. By an analogous argument, for z < 1, g(gf’sfj(T) z, and the inequality g(x 5 (T) <

z holds by the same argument. Hence, for x € [x9, z1],
g(i?’s) (T) < z, and gfwu’s) (T) = =.
Then, by the monotonicity of Theorem 4.5.5(iv), for ¢t > T,

gL (1) < g5 (1) < R (0) < o200, (4.54)

By assumption that (z,7T) € NUSE, there exists t > T such that the middle inequality in
(4.54) is strict, so (x, s) € NUS®, Furthermore, by assumption, the set {z € R : (2,T) € NU}
has neither an upper or lower bound. Then, by the ¢ = T case of (4.54) and a similar
argument as for the s = 0 case, the set {x € R : (z,s) € NU} also has neither an upper nor
lower bound.

We lastly show countability of the sets. By (4.42), it suffices to show that for each

¢ e Qand s € R, NUS A, is countable. The proof is that of Theorem 3.4, Item 3 in
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[126], adapted to all horizontal lines simultaneously. For each (z,s) € NU¢, there exists

t > s such that gé’cL)(t) < gfg’ﬁ) (t). By continuity of geodesics, the space between the two

)8
geodesics contains an open subset of R?. By the monotonicity of Theorem 4.5.5(iv), for
x <y, g?fs)(t) < gffs)(t) for all t > s. Hence, for x < y, with (z,s), (y,s) € NU¢, the

associated open sets in R? are disjoint, and NU¢ A H, is at most countably infinite. O

4.6 Coalescence and the global geometry of geodesics

We can now describe the global structure of the semi-infinite geodesics, beginning with

coalescence.

Theorem 4.6.1. On a single event of full probability, the following hold across all direc-

tions £ € R and signs 0O € {—, +}.

(i) For all p,q € R?, if g1 and g2 are £0 Busemann geodesics from p and q, respectively,
then g1 and gs coalesce. If the first point of intersection of the two geodesics is not p

or q, then the first point of intersection is the coalescence point of the two geodesics.

(ii) Let g1 and g be two distinct 0 Busemann geodesics from an initial point (x,s) €
NUSY. Then, the set {t > s : gi(t) # ga(t)} is a bounded open interval. That is,

after the geodesics split, they coalesce exactly when they meet again.

(iii) For each compact set K < R?, there exists a random T = T(K, &, 0) < o such that
for any two &0 geodesics g1 and ga whose starting points lie in K, g1(t) = ga2(t) for
all t = T. That is, there is a time level T after which all semi-infinite geodesics

started from points in K have coalesced into a single path.

Remark 4.6.2. Theorem 1 of [26] implies the following refinements of the results in this
section. In Theorem 4.6.1(ii), {t > s : g1(t) # g2(t)} = (s,r) for some r € (s,00). Under
Condition (i) of Theorem 4.6.3 below, the entire collection of semi-infinite geodesics in

direction £ is a tree.

The following gives a full classification of the directions in which geodesics coalesce. We
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refer the reader to Theorems 4.6.8 and 4.6.9 below for the connection between coalescence

and the regularity of the Busemann process.

Theorem 4.6.3. On a single event of probability one, the following are equivalent.

(i) ¢ E.
(i) gg_’s = g§+’s for all pe R? and S € {L, R}.

(iii) All semi-infinite geodesics in direction & coalesce (whether Busemann geodesics or

not).
(iv) For all p € R?\NU, there is a unique geodesic starting from p with direction €.
(v) There is a unique &-directed semi-infinite geodesic from some p € R2.

vi) There exists p € R? such that géf’L = gé+’L.
b b

(vii) There exists p € R? such that g5 " = g5+%

Under these equivalent conditions, the following also holds.
(viii) From any p € R2, all semi-infinite geodesics in direction & are Busemann geodesics.

Remark 4.6.4. The equivalence (i)<(vi) implies that V¢ € = and p € R2, geodesics gg_’L

and g§+’L are distinct. The same is true when L is replaced with R. Since gf_’L and g§+’L

are both leftmost geodesics between any two of their points (Theorem 4.4.9(iv)) then if

¢ € =, these two geodesics must separate at some time ¢ > s, and they cannot ever come

back together. For each £ € =, there are two coalescing families of geodesics, namely the

¢€— and &+ geodesics. (See again Figure 4.1.) In particular, whenever £ € Z, s € R, and
&+,L

T <Y Gy (t) > ga:;)R(t) for sufficiently large ¢, as alluded to in Remark 4.5.6.

4.6.1 Proofs

In each of these theorems, the full-probability event is Q9 (4.28). We start by proving

some lemmas that allow us to prove Theorem 4.6.1. The proof of Theorem 4.6.3 comes



177

at the very end of this subsection. Section 4.7.1 proves Theorem 4.2.1 as well as lingering

results from Section 4.4.

Lemma 4.6.5. Let w € 1, s € R and z < y € R. Assume, for some a < £ and
01,02 € {—, 4}, that Wapn, (y, 552,8) = Wen, (y, 532, 5). We also allow o = £ if 01 = —

and Oy = +. Ift > s and g(gfiaR(t) < g?y‘jsl)’ (t), then for all u € [s,t],

I (0 = g3 and gt ) = o . (4.55)

Proof. By assumption, whenever w < z and t € R, Theorem 4.4.1(iii) gives
Wap, (2, t;w,t) < Wep, (2, 6w, t). (4.56)
For the rest of the proof, we suppress the 0Oy, 02 notation. By Theorem 4.4.1(ii),(iv),

Wg(y,s;x,s) = Wf(yas;o>t) - W{(x7$;07t)

= sup{L(y, s; 2, 1) + We(z2,1,0,8)} — sup{L(z, 8;2,t) + We(2,%0,1)}, (4.57)
zeR 2€R

and the same with & replaced by a. Recall that gff’s)( ) and g( })2( ) are, respectively, the
leftmost and rightmost maximizers of L(x, s; z,t) + Wen(2,t;0,t) over z € R. Understand-
ing that these quantities depend on s and ¢, we use the shorthand notation g£ S 9(5515’) (1),

and similarly with the other quantities. Then, we have

L(z,56571) + We(657,,0,8) — (L(, 55657, t) + Wa(g5 7, 4,0,1))

= sup{L(x,s; z,t) + We(2,8;0,8)} — sup{L(z, s;2,t) + Wo(z,t;0,1)} (4.58)
zeR zeR

= sup{L(y, s;2,t) + We(2,t;0,t)} — sup{L(y, 5; 2, 1) + Wa(2,t;0,1)}
zeR zeR

> Ly, 85957 1) + We(go", 4,0,8) — (L(y, s: 957, 8) + Walg™, 1;0,1)), (4.59)

where the middle equality came from the assumption that We(y, s;z,s) = Wa(y, s;z, s)
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and Equation (4.57) applied to both ¢ and «. Rearranging the first and last lines yields
We(goh 15 957, 1) < Walgg ™ ;957 1).

However, the assumption gl«’R < gy " combined with (4.56) implies that this inequality is

an equality. Hence, inequalities (4.58) and (4.59) are also equalities. From the equality

(4.58),
L(w, 595 ) + Walgs™,1:0,8) = sup{L(x, 5:2,1) + Wa(z,0,1)},
zeR
SOz = gg’ is a maximizer of L(x, s; z,t)+Wy(z,t;0,t). By definition, gff’R is the rightmost
maximizer, and by geodesic ordering (Theorem 4.5.5(1)), g5 = g2%, so g8 = ¢2f. An

analogous argument applied to (4.59) implies g‘y)‘ = gy . We have shown that

gonfi(e) = gl ), and gl uE(E) = g7 ().

Since gf;'jl)’ and gfm’) are both the rightmost geodesics between any two of their points

and similarly with the leftmost geodesics from (y, s) (Theorem 4.4.9(iv)), Equation (4.55)
holds for all u € [s,t], as desired. O

Lemma 4.6.6. Let w € Q9, s € R, and x < y. If, for some a < & and 01,092 € {—, +}

aor,R aoi, L &o2,R

we have that Wap, (y, s;2,5) = Wep, (y, 512, 8), then Iirs) coalesces with Yiys)  Irs)
coalesces with gf;?)L, and the coalescence points of the two pairs of geodesics are the same.
Proof. By Theorem 4.4.9(iii), gffi) (t)/t — & while g(CLD;)’L(t)/t — a as t — o0. By this

and continuity of geodesics, there exists a minimal time ¢ > s such that

2= got (1) = g0y 5 (1), By Lemma 4.6.5,
Q(C;D;)’R( u) = 9(?28) (u) and ngsl)’L( u) = ngQ’) (u)  for all ue [s,t].

Since ¢t was chosen to be minimal, Theorem 4.5.5(iv) implies that the pair 9¢ Dl)’ , g(o;msl)’L

§o2,R €09,L

and the pair Iirs) > Iips) both coalesce at (z,t). O
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Proof of Theorem 4.6.1. Item (i) (Coalescence): Let g; and g be {0 Busemann
geodesics from (x, s) and (y, t), respectively, and take s < ¢ without loss of generality. Let

a=(g1(t) Ay)—1land b= (g1(t) v y)+ 1. By Theorem 4.5.5(iv), for all u > ¢,

G52 ) < g1(u) A ga(u) < 91(u) v g2(u) < G5 (w). (4.60)
By Theorem 4.4.1(v), there exists «, sufficiently close to &, (from the left for 0 = — and

¢o,R

(art)
coalesces with g?bméf. Then, for u large enough, all inequalities in (4.60) are equalities, and

from the right for 0 = +) such that Wy (b, t;a,t) = Wan(b, t;a,t). By Lemma 4.6.6, g

g1 and go coalesce.

If the first point of intersection is not (y,t), then g;(¢) # y, and the coalescence point
of g1 and g9 is the first point of intersection by Theorem 4.5.5(iv).
Item (ii) (Geodesics coalesce when they meet): Let (z,5) € NUY, and let g; and
g2 be two distinct {0 Busemann geodesics from (z, s). The set GNEQ := {t > s: g1 () #
g2(t)} is therefore nonempty and infinite by continuity of ¢g; and gs. Assume, by way of
contradiction, that GNEQ is not an open interval. By continuity of geodesics, GNEQ
cannot be a closed or half-closed interval, so GNEQ is not path connected. Thus, there

exists t1 < to < t3 so that

g1(t1) # g2(t1),  g1(t2) = ga(t2), and gi(t3) # g2(t3).

The geodesics g1[, o) and gals, ) started from (g1(t1),t1) and (ga(t1),1), respectively,
are both Busemann geodesics by their construction in Theorem 4.4.9. Since the geodesics
91lty,00) and galfy, o) start at different spatial locations (namely gi1(t1) and g2(t1)) along
the same time level ¢1, they cannot intersect at either of their starting points. By Item (i),
the two geodesics 91|[t1,oo) and gg|[t1,00) must coalesce, and the first point of intersection is
the coalescence point. Since g;(t2) = ga(t2), this implies that g (t) = g2(t) for all ¢ > ¢,

a contradiction to the existence of t3.
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Item (iii) (Uniformity of coalescence): Let { € R, O € {—, +}, and let the compact
set K be given. Let S be the smallest integer greater than max{s : (z,s) € K}. Set

A= inf{g?E;L)(S) : (z,s) € K}, and B := Sup{g(i?’j(S) (x,s) € K}.

By Lemma 4.4.13, —o0 < A < B < 0. Then, by Theorem 4.5.5(iv), whenever g is a £0

geodesic starting from (z, s) € K,

gELE () <gt) <g5R (1) forallt>s.

&o,L £o,R

To complete the proof, let T' be the time at which 9ias) and 9(B.5) coalesce, which is

guaranteed to be finite by Item (i). O

For two initial points on a horizontal level, as & varies, a constant Busemann process
corresponds to a constant coalescence point of the geodesics. The non-uniqueness of

geodesics requires us to be careful about the choice of left and right geodesic.

éo,L

Definition 4.6.7. For s € R and = < v, let z82(y, s; , s) be the coalescence point of 9iy5)

(o,R
(z,5)"

and ¢

Theorem 4.6.8. On a single event of probability one, for all reals a < 3, s, and © < y,

the following are equivalent.

(1) Wa+(y73;$73) = Wle(y,S;.’L',S)-
(i) 27 (y, 552, 8) = 27~ (y, 532, ).

(iii) There exist t > s and z € R such that there are paths g1 : [s,t] — R (connecting
(x,s) and (z,t)) and g : [s,t] — R (connecting (y,s) to (z,t)) such that for all

¢e(a,p),0e{—,+}, and ue [s,t),

Eo,R a+,R B—,R
g1(u) = gz, (W) = 9.5 (W) = g5 " (u)
o, L

9 1L - L
< 92(1) = 9, (e {

(u) = 9(y,s) (u) = 9(y7s’) (u).
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Proof. (i)=(ii) follows from Lemma 4.6.6.
(ii)=(i): Assume (z,t) := z°F(y,s;x,8) = 2°~ (y, s;, 5).
By additivity (Theorem 4.4.1(ii)) and Theorem 4.4.9(iii),

Wa+(yas;x73) = Wa-‘r(va; Zat) - Wa+(x,s;z,t)
= E(yas;zvt) —[,(ZU,S;Z,t)

= Ws_(y,s;2,t) — Wa_(x,s;2,t) = Ws_(y, s; 2, 5).

(il)=>(iii): Let (z,t) be as in the proof of (ii)=>(i). By Theorem 4.4.9(iv), the restriction of
gg:S’)R and géijs’)R to the domain [s, ¢] are both rightmost geodesics between (z, s) and (z, t),

a+,L

and therefore they agree on this restricted domain. Similarly, 9(y.5)

/8_7L
and 9iy,s) 2Eree on
the domain [s,¢]. By the monotonicity of Theorem 4.5.5(i), and since (z,t) is the common
coalescence point, (4.61) holds for u € [s,t), as desired.

(iii)=>(ii) is immediate. O

Theorem 4.6.9. On a single event of probability one, for all reals s,£ € R, and z < vy,

the following are equivalent.

(1) ng(y,s;x,s) = W§+(y,s;x,s).

(i) z¢ (y,s;2,8) = 257 (y, 532, 5).

§—R _ 4L E+,L

o £ : E-R .
(iii) 9irs) (t) = 90y (t) for some t > s, i.e., the paths Yirs and gg, ' intersect.
Remark 4.6.10. In Item (iii), if £ € =, then despite intersecting, the geodesics g(i;;? and

géjs;: cannot coalesce. This follows from Theorem 4.6.3, which gives a full classification

of the directions in which all semi-infinite geodesics coalesce.

Proof of Theorem 4.6.9. (i)=(ii): If We_(y, s;2,5) = Wey(y, s;x, s), then
Theorem 4.4.1(v) implies that for some o < § < 3, Wo(y, s;x,s) = Wa_(y, s;2,s). Then,

we apply (i)=(iii) of Theorem 4.6.8 to conclude that for some ¢ > s and z € R,

(u) = g5 w) < gy F(w) = g5 E), for e [s,1),
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whereas for u = ¢, all terms above equal some common value z. Therefore, (z,t) =
25 (y, 8,2, 8) = z8F (y, s; 2, 8).
(ii))=(i): Similarly as in the proof of (ii)=(i) of Theorem 4.6.8, if (z,t) = 25~ (y, s;x,5) =

z-(y, 532, 8), then We_(y, 532, 8) = L(y, s;2,t) — L(z, 8;2,1) = Wei(y, 852, 5).

N e _ —R L

(ii)=(iii): Assume (z,t) = 28 (y,s;z,5) = 257 (y, s;2,5). Then, gfxﬁ;) (t)=2= g(i;;) (t).
(iii)=(ii): Assume that g(izsf(t) = gfy:)L(t) for some ¢ > s. Let ¢ be the minimal such
time, and let (z,t) be the point where the geodesics first intersect. By Theorem 4.5.5,

Items (i) and (iv), for u > s,

77R 7R 77L 3R 7,L 7I/
Ger () < giiiu) A gl () < gt w) v gl () < gfr (). (4.62)
In particular, when u = t, all inequalities in (4.62) are equalities. Further, since gé:_’;?,gf;j;

are rightmost geodesics between (z, s) and (z,t) (Theorem 4.4.9(iv)), gfz_sl)%(u) = gfgjs};(u)

for uw € [s,t]. Similarly, ng;)L(u) = g(ij;)L(u) for u € [s,t]. Since t was chosen minimally
for gf;s?(t) = gf;S;:(t), we have (z,t) = 25 (y, s; 2, 8) = 257 (y, 5; 2, 5). O

Proof of Theorem 4.6.3 (Classification of directions). (1)=(i): If £ ¢ =, then We_ =
Wey, so (ii) follows by the construction of the Busemann geodesics from the Busemann
functions.

(ii)=(iii): Since a geodesic in direction £ from (z,s) must pass through each horizontal
level t > s, it is sufficient to show that, for s € R and = < y, whenever ¢; is a semi-infinite
geodesic from (z, s) in direction £ and g2 is a semi-infinite geodesic from (y, s) in direction

¢, g1 and g9 coalesce. Assuming (ii) and using Theorem 4.5.7(i), for all ¢ > s,

Ge @) = gL (1) < aut) A o) < git) v ga(t) < gl (8).

By Theorem 4.6.1(i), g({:; and 9?;;;% coalesce, so all inequalities above are equalities for
large t, and g7 and go coalesce.
(iii)=(i): We prove the contrapositive. If £ € E, then by Theorem 4.4.1(iii)-(iv),

We_(y,s32,5) < Wey(y,s;2,s) for some < y and s € R. By (i)« (iii) of Theorem 4.6.9,
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gfm_;l){(t) < gf;s)L (t) for all t > s. In particular, gfz_;])% and ngs)L do not coalesce.
(ii)=(iv): By definition of NU, whenever p ¢ NU, gf)D’L = gf,D’R for e Rand O € {—,+}.

Hence, assuming p ¢ NU and ggf’R = g§+’R, we also have ggf’L = gff’R, so there is a

unique geodesic from p in direction { by Theorem 4.5.7(i).
(iv)=(v): By Theorem 4.5.2(i), on the event €, NU contains no points of Q?, and
therefore, NU is not all of R2.

(v)=(vi) and (v)=>(vii) are direct consequences of Theorem 4.5.7(i): If there is a unique

£_7L — £+7L f_,R

semi-infinite geodesic in direction ¢ from a point p € R?, then g g = =

R
g

(vi)=>(ii): Let p be a point from which gf)_’L = g§+’L, and call this common geodesic g.

Let ¢ be an arbitrary point in R?2. By Theorem 4.6.1(i), ggf’L,ggJ“L,gé*’R, and g§+’R

each coalesce with g, so gg_’L and g§+’L coalesce. Since both geodesics are the leftmost

geodesics between their points by Theorem 4.4.9(iv), they must be the same. Similarly,

R R
gi =gt

(vii)=>(ii): follows by the same proof.
Item (viii): Let £ € R\Z, and let g be a semi-infinite geodesic in direction &, starting from
a point (z,s) € R?. By Lemma 4.4.14 and Theorem 4.4.9(ii), it is sufficient to show that
for sufficiently large t,

Llx,s59(t).1) = Welw, 5: (1), 1). (4.63)

(we dropped the + distinction since We_ = We,). By Item (iii), g coalesces with gaﬁ).

Then, for sufficiently large ¢, g(t) = gfg’ﬁ) (t) and by Theorem 4.4.9(iii), (4.63) holds. O
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4.7 Remaining proofs from Section 4.4 and the proofs of the

main theorems

In this section, we complete the unfinished business of the chapter. In Section 4.7.1, we
start by proving Items (vi)—(viii) of Theorem 4.4.1 and mixing in Theorem 4.4.3(ii). Then,
we prove the first main theorem of the chapter, namely Theorem 4.2.1. In Section 4.7.2,

we prove Theorems 4.4.5(ii) and 4.2.6, along with some necessary lemmas.

4.7.1 Proof of Theorem 4.2.1 and related results

Proof of Items (vi)—(viii) of Theorem 4.4.1 and mizing in Theorem 4.4.3(ii). We
continue to work on ).

Item (vi) of Theorem 4.4.1 (Busemann limits I): By Theorem 4.6.3(viii), if £ ¢ =,
all &-directed semi-infinite geodesics are Busemann geodesics, and they all coalesce. By
Theorem 4.6.1(iii), there exists a level T' such that all geodesics from points starting in
the compact set K have coalesced by time T'. Let (Z,T') denote the location of the point
of the common geodesics at time 1. Let 1 = (Ztaut)teR>0 be any net with u; — o and
zi/uy — & By Theorem 4.5.7(ii), for all sufficiently large t and p € K, all geodesics from

p to r pass through (Z,T). Then, for p,q € K,
Lpsre) = L(g;re) = L(p; 2, T) + L(2,T;m0) = (L£(g; 2,T) + L(Z, T 11)).-
By Theorems 4.4.9(ii)(b) and 4.4.1(ii), the right-hand side is equal to
We(p; 2,T) = We(q: Z,T) = We(p; q).-

Item (vii) of Theorem 4.4.1 (Busemann limits IT): By Theorem 4.4.5(iii), on the
event (g, Z contains no rational directions. Then, for arbitrary £ e R, s e R, z < y € R,
a,f € Q with a < £ < 8, and a net (2, u,) with u, — 0 and z,/u, — &, for sufficiently

large r, au, < z, < Pu,. Theorem 4.4.1(vi) gives the existence of the limits in the first
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and last lines below, while the monotonicity of Lemma B.1.5(i) justifies the first and last

inequalities:

Waly, s;x, s)

= lim L(y, s; cup, up) — L(x, $; atty, Uy )
r—00

< liminf L(y, s; zr, ur) — L(x, 85 2, uy)
T—00

< limsup L(y, s; 2, uy) — L(2, S; 2, Uy)
r7—00

< lim L(y, s; Bur, ur) — L(2, 85 Bup, up) = Wa(y, s; 2, s).

7—00

Sending Q@ 3« /£ and Q 3 8\ € and using Item (v) completes the proof.
Item (viii) of Theorem 4.4.1 (Global attractiveness): We follow a similar proof to
the attractiveness in Theorem 3.2.2. Let £ ¢ = and assume h € UC is a function satisfying

the drift condition (3.7). Recall that we define

hst(z) = szléﬂg{ﬁ(m, s;z,t) + h(2)}. (4.64)

For a > 0 and s < ¢, Theorems 4.4.1(v) and 4.4.5(iii) allows us to choose ¢ = £(§) > 0

small enough so that £ + 2¢ € Q (and thus £ + 2¢ ¢ E), and so for all z € [—a, al,

W§i25($75507 S) = Wg(l‘,S;O,S). (465)

By Theorem 4.6.1(iii), there exists a random T' = T'(a, £ +¢) such that all £ —2e Busemann
geodesics have coalesced by time T and all £ + 2¢ Busemann geodesics have coalesced by
time T. For t > T, let g**%(¢) be locations of these two common geodesics at time ¢. By
Theorem 4.4.9(ii)(d), g5*2¢(t)/t — € £+ 2¢. By Equation (3.21) in Lemma 3.5.1 applied to
the temporally reflected version of £, there exists ty(a, (), s) so that for ¢ > ¢o, whenever
r € [~a,a] and z is a maximizer in (4.64), ¢*~2¢(t) < z < ¢5*?¢(¢). Then, by Lemma

B.1.5(iii), for such large ¢,

WE—Q&(Z‘7 S5 07 5) < hsﬂf(x) - hsﬂf(o) < WE—FQE(Z‘J S5 07 5)7
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while for —a < z < 0, the equalities reverse. Combined with (4.65), this completes the
proof.

Item (ii) of Theorem 4.4.3 (Mixing): This proof follows a similar idea as that in
Lemma 7.5 of [11], and the key is that, within a compact set, the Busemann func-
tions are equal to differences of the directed landscape for large enough t. Then, we
use Lemma B.1.4, which states that, as a projection of {£, W}, the directed landscape £
is mixing under the transformation 7T..,;. Set 7, = (az,bz). By a standard m — A argu-
ment, it suffices to show that for &1,...&; € R (ignoring the sign O since §; ¢ = a.s.), all

compact sets K := K1 x K§ < R} x (R*)*, and all Borel sets 4, B € C(K,R),

limy P({£, We,i} ¢ € A AToa0 2 TriasWe, My € B)

zZ—00

= P({[” W&:k}’K € A)P({‘C7 W&:k}’K € B)v
where we use the shorthand notation
{£7 W&;k}’}( = {‘C(U)v Wfi(p; Q) 1 <i<Fk, (U,p, Q) € K}7

and T.,; acts on £ and W as projections of {£,W}. By Theorem 4.4.1(vi), we may

choose t > 0 sufficiently large so that
P(We, (piq) = L(p; (¢€,1)) — L(q; (¢, 1)) V(p,q) € Ko, 1 < i< k) >1—e (4.66)

By stationarity of the process under space-time shifts, we also have that for such large ¢

and all z € R,
P(T0We, (03 0) = ToiapL(p; (86, 1)) — L(q; (t€,1))] V(p,q) € Ko, 1 <i < k) = 1—¢ (4.67)

Let C.; be the intersection of the events in (4.66) over 1 < i < k with the event (4.67).
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Then for large enough ¢, P(C, ) > 1 — 2¢, and

P({£, Wer K € A AT2i0p . ToasWey i € B)
~P({L, We, Hie € A)P(1£,We,, M € B)|
< |P(1£, Wer } i € AATo0 L, TeiapWey i € BLCxy )
~ P({L, We,, Hi € A, Co JP({£, Wey i € B.Cuy )| + Ce
= P(1£), Li (110, 1)) = £(as (11} i € A,
{Toap £0), Teaad L3 (t€10:) = L(5 (00, ) i € B, Cut)
= B({L(0). L (t€1 1)) = £(a: (t0, )} € A, Cu)
x P({L(0), L5 (€. 1)) = £005 (K )i € B.Cor )| + Ce
< [P(1£(0), £(s (t10.1)) — L{gs (tr 1)} i € 4,
{(Toi0 £(0), Toab L3 (t14,8)) — £(5 (K1, )]} € B)
= P({L(0). L3 (t€1 1)) = £(a: (t61,)}ic € A)

x P({L(0), L5 (t1,1)) = L£0a; (t€10,0) i € B) |+ Ce,

where the constants C,C’ came as the cost of adding and removing the high probability
event C, ;. The proof is complete by sending z — o0 and using the mixing of £ under the

shift 7., (Lemma B.1.4). a

Proof of Theorem 4.2.1. Item (i) (All geodesics have a direction): First, we show

that, on g, if g is a semi-infinite geodesic starting from (z, s), then

—0 < li{n inft~'g(t) < limsupt 'g(t) < 0. (4.68)
—00

t—00

We show the rightmost inequality, the leftmost being analogous. Assume, by way of

contradiction, that limsup,_,. g(t)/t = o. By the directedness of Theorem 4.4.9(iii),

V¢ € R there exists an infinite sequence t; — oo such that g(t;) > gf;;):(t,) for all 1.
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Since 9?;5 is the leftmost geodesic between any two of its points (Theorem 4.4.9(iv)), we

must have g(t) > gﬁjs?(t) V¢ € R and t € R. By Theorem 4.5.5(iii), g(t) = o0 Vt > s, a

contradiction.

Having established (4.68), assume by way of contradiction that

litm inft1g(t) < limsupt g(t).
—0

t—00

Choose some ¢ strictly between the two values above. By the directedness of Theorem

4.4.9(iii), there exists a sequence t; — oo such that gfjsj)%(tl) < g(t;) for i even and

gfgs])%(t,) > ¢(t;) for i odd. This cannot occur since ga;}; is the rightmost geodesic
between any two of its points.

By Theorem 4.4.9(iii), for each £ € R and (z,s) € R, gfi;?, for example, is a semi-
infinite geodesic from (z,s) in direction &, justifying the claim that there is at least one
semi-infinite geodesic from each point and in every direction.

Item (ii) (Coalescence): The first statement follows from the equivalences

1)<=(111)<=>(1V) O eorem 4.0.9. eorem 4.0.4(1), pE = pE . 1S an
(i) (iii)«(iv) of Th 4.6.3. By Th 4.5.2(i), P(p e NU) = 0 Vp € R?. This and

Tonelli’s theorem imply that the expected Lebesgue measure of the set NU is

EJ 1(peNU)dxds=J P(p e NU)dzx ds = 0,
(z,5)eR? (z,5)eR?

so NU almost surely has planar Lebesgue measure zero.
Item (iii) (Non-uniqueness in exceptional directions): This follows from Remark

4.6.4. O
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4.7.2 Proof of Theorem 4.2.6 and related results.
Recall the functions fs¢(z) = Wey(2,5;0,5) — We_(x,s;0,s) defined in (4.8) and the sets

G, ¢ from (4.1):

Gs¢ := {r € R: 3 disjoint semi-infinite geodesics from (x,s) in direction £}

S = U Gse x {s}.

seR,EeE

(4.69)

Theorem 4.7.1. On a single event of full probability, the function f,¢ is nondecreasing

simultaneously for all s € R and & € Z. Denote the set of local variation of fs¢ by
Dse={reR: foe(r —¢) < foelxr +e) Ve > 0} (4.70)
Then, on a single event of full probability, simultaneously for each s € R and £ € £,
Dye = &L, LGH c &, (4.71)
where for S € {L, R},

Gig ={reR: gfgjs‘)g and gfgs‘)g are disjoint}. (4.72)

Furthermore, (G ¢\Ds¢) x {s} is contained in the countable set NUS™ n NUST A H,.

Remark 4.7.2. Presently, we do not know if D¢ equals &¢. Since NUS™ ANUSH
NU and NU n#H, is at most countable (Theorem 4.5.2(ii)), &, ¢ and D, ¢ have the same

Hausdorff dimension for all s € R and & € =.

Remark 4.7.3. In contrast with & in (4.69), the sets &° are concerned only with leftmost
(S = L) and rightmost (S = R) Busemann geodesics. In BLPP, the analogues of G and
GS® are both equal to the set of initial points from which some geodesic travels initially
vertically (Theorems 2.10 and 4.30 in [135]). Furthermore, in BLPP, the analogue of this

set contains NU. We do not presently know whether either is true in DL.
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Proof of Theorem 4.7.1. The full-probability event is Q9 in (4.28). The monotonicity of
the function f,¢ follows from (4.37). We now prove that D,¢ = Gfg v Gfg. Assume
that y ¢ Ds¢. Then, there exist a < y < b such that f,¢ is constant on [a,b]. Hence, for

asx<y,
WE—F(xa 8;078) - Wg_($,8;0,8) = WE+(y78;073) - WE—(y78;073)7

and by additivity (Theorem 4.4.1(ii)), We_(y,s;x,5) = Wei(y,s;x,s). Choose t > s

sufficiently small so that ggs?(t) < gfy_sj):(t) By Lemma 4.6.5, g?y_;(u) = gf;S)L(u) for

u € [s,t]. By a symmetric argument, instead choosing a point z > y, gf "

> §+7R
)

and 9(y9)

agree near the starting point (y, s). Hence, y ¢ GSL5 v 65R€.

Next, assume that y € D, ¢. Then, for all z <y < 2,
W£+(‘T7 83 07 S) - ng(ﬂf, 83 07 3) < W§+(z7 83 07 S) - Wf*(z7 53 07 8)7

Since the difference is a monotone function, either (i) We_(y, s;x,s) < Wey(y, s;x,s) for

all x <y or (ii) We_(z,8;9,5) < Wei(2,859,s) for all z > y.

L

We show that 9iy.0) and gf;sf are disjoint in the first case. A symmetric proof

£ and g({;’? are disjoint in the second case. So assume We_(y,s;x,s) <

(y,5) 8
Wey(y,s;2,s) for all © < y. Sending = /" y, g(i:j converges to ngS)L by Theorem

shows that ¢

4.5.5(v). Assume, by way of contradiction, that 9y = 99 (u) for some u > s.

This implies then g(gy_ )L(t) = g(E;S)L(t) for all t € [s,u] since both paths are the leftmost

)8
geodesic between any two of their points (Theorem 4.4.9(iv)). For ¢ > s, the convergence
gfm_;]){(t) — gfy_s)L(t) is monotone by Theorem 4.5.5(iv). Since geodesics are continuous

o = g

paths, Dini’s theorem implies that, as =z " v, gg_’R t) converges to ; =
(2.5) 895 10 9(y.s) I(ys)

uniformly in ¢ € [s,u]. Lemma B.2.1 implies that, for sufficiently close = < v, 9(5;3?

and gf;s;; are not disjoint. This contradicts (i)<>(iii) of Theorem 4.6.9 since we assumed

We_(y,s32,5) < Wep(y, 852, 8) for all o < y.
Lastly, we show that (G ¢\Ds¢) x {s} € NUS~ AnNUS* nH,. Let z € G ¢\Ds¢. By
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Theorem 4.5.7(i), gfx_sg is the leftmost ¢-directed geodesic from (z,s), and ga;])% is the
rightmost. Since x € G, ¢, these two geodesics must be disjoint. Since z ¢ D¢, gfm_s)L and
géjs? are not disjoint, and gg;” and 9?;31)? are not disjoint. Since the leftmost /rightmost

semi-infinite geodesics are leftmost/rightmost geodesics between their points (Theorem

4.4.9(iv)), there exists € > 0 such that for ¢ € (s, s + ¢),
—,L L —R R
g(i,s) (t) = 9(5;5) (t) < g§x7s) (t) = 9(5;3) (t),

and therefore, (z, s) € NUS™ A NUS* A H,. Recall this set is at most countable by Theorem

4.5.2(ii). 0

Lemma 4.7.4. Given w € Qy and (x, s;y,u) € Rf, let g : [s,u] — R be the leftmost (resp.

rightmost) geodesic between (x,s) and (y,u). Then, (g(t),t) € &L (resp. &%) for some

)
3

t € [s,u). Furthermore, among the directions & for which 9¢

x7;§ and gf;;)L separate at some

t € [s,u), there is a unique direction E such that

The same holds with L replaced by R and the strict and weak inequalities swapped.
Proof. We prove the statement for leftmost geodesics. The proof for rightmost geodesics
is analogous. Set

£:=sup{éeR: g(i'st)(u) <y} =inf{¢eR: ngsL)(u) > y}. (4.73)

The monotonicity of Theorem 4.5.5(i) guarantees that the second equality holds, and that
the definition is independent of the choice of O € {—, +}. Theorem 4.5.5(iii) guarantees
that ge R. By definition of E and the monotonicity of Theorem 4.5.5(i), gaD’L(u) <y=

(z,5)

g(u) < g(ﬁx'j;];(u) whenever a < £ < 8 and 0O € {—,+}. But by Theorem 4.5.5(ii), the SO
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(z,5)

Figure 4.6: The black/thin path is the path g. The red/thick paths are the semi-infinite geodesics
9(53:5 and 9?;5 after they split from g. Once the red paths split, they cannot return, or else there
would be two leftmost geodesics from (g(f),%) to the point where they come back together.

and 5 + geodesics agree locally when (3 is close enough to 2 . We can conclude that
gt w) <y = g(u) < g5 (w). (4.74)
Since all three are leftmost geodesics (recall Theorem 4.4.9(iv)),

9§;s§(t) <g(t) < gf;sj);(t) for t € [s,u]. (4.75)

By (4.74) the paths g( 7) and g(ir; must separate at some time ¢ € [s,u). Furthermore,

once g;, » ’) splits from g( ’) at a point (z1,t1), the geodesics must stay apart. Otherwise,

—

they would meet again at a point (z2,t2), and Theorem 4.4.9(iv) implies that both paths

are the leftmost geodesic between (z1,t1) and (z2,t2). See Figure 4.6. Set ¢ = inf{t > s :
(—,L L

g () < gL (). Then, gf;

)
geodesics, gfx s?(t) =g(t) = (5 j);( ) for t € [s,t], and so (g(%),%) € G~. O

L) < ngr )L( ) for all t > . By (4.75) and continuity of

It remains to prove Theorems 4.4.5(ii) and 4.2.6. Recall the definition of the function
from (4.8): fse(x) = Wey(x,5;0,5) — We_(x,5;0,5).

Let Q23 be the subset of {23 on which the following holds: for each T € Z,
(4.76)
whenever £ € R is such that fr ¢ # 0, then liIEOO fr e(x) = +o0.
Tr— T

By Theorem 4.4.3(iii) and Corollary 2.6.8, P(€23) = 1.
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Proof of Theorem 4.4.5(ii). We work on the full-probability event 23. The statement (4.9)
to be proved is { € 2 <= Vs e R: limy 4o fse(x) = +o0. If, for any s, fse¢ — +o0
as x — F00, then We_(x,s;0,s) # Wey(z,5;0,s) for |z| sufficiently large, and £ € Z. It

remains to prove the converse statement. From (4.39),

2= U {{eR:We(2,T;0,T) # Wep(x,T;0,T) for some x € R}.
TeZ

To finish the proof of (4.9), by definition of g3, it suffices to show these two statements:
(i) If fs¢ # 0 for some s,£ € R then fr ¢ # 0 for all T > s.
(ii) For T e Z,§ e R, if fp ¢ # 0, then for all s < T, limy 1o fo¢(x) = +o0.

Part (i) follows from the equality below. By (4.38), for s < T,

Wen(z,5;0,8) = sup{L(z, s;2,T) + Wen(2,750,T)}
zek (4.77)

—sup{L(0,s;2,T) + We(2,T;0,T)}.
zeR

To prove (ii), we show the limits as * — +o00, and the limits as © — —oo follow
analogously. Let T' € Z,& € R be such that fr ¢ # 0, and let R > 0. By definition of the
event (23, we may choose Z > 0 sufficiently large so that inf,>z{fr ¢(2)} = R. Then, by

Equation (4.45) of Theorem 4.5.5(v), for all sufficiently large z and 0O € {—, +},

sup{L(x, s;2,T) + Wea(2,T50,T)} = sup{L(x,s;2,T) + Wer(2,T50,T)}.

zeR z2=7

Let

A =sup{L(x,s;2,T) + Wey(2,T;0,T)} —sup{L(x,s;2,T) + We_(2,T;0,T)},
zeR zeR

and note that this does not depend on z. Then, by (4.77),

—fse(x) = sup{L(z,s;2,T) + We_(2,7;0,T)}

z=7
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—sup{L(z,s;2,T) + Wer (2,7;0,T)} + A

227

< sup{We_(2,750,T) — Wey (2, 7;0,T)} + A

=7

— — inf {fre(2)} + A< R+ 4,

so that fs¢(x) > R — A. Since A is constant in « and R is arbitrary, the desired result
follows.
Note that (4.9) immediately proves (4.10) in the case x = 0. The general case follows

from additivity of the Busemann functions (Theorem 4.4.1(ii)) and (4.9). O

Proof of Theorem 4.2.6. Item (i) (& is dense): Work on the full-probability event €.
Since & 2 &* UG, it suffices to show that for (z,s) € R? there is a sequence (y,, t,) € &
converging to (z,s). Let g be the leftmost geodesic from (z, s) to (xz,s+1). Then ¥n > 1,
9l[s,s+n-1] is the leftmost geodesic from (z, s) to (z, s + n~1). By Lemma 4.7.4, Vn € Z=q
I(xp, t,) € &% such that x, = g(t,) and s < t, < s +n~'. The proof is complete by
continuity of geodesics.

Item (ii) (P(p € &) = 0 for all p € R?): If there exist disjoint semi-infinite geodesics
from (z,s), then for each level ¢ > s, there exist disjoint geodesics from (z,s) to some
points (y1,t), (y2,t). For each fixed (z,s), with probability one, this occurs for no such
points by [23, Remark 1.12].

Item (iii) (Hausdorff dimension of &;¢): Since s is fixed, it suffices to take s = 0. By
Theorem 4.4.3(iii), {We4(+,0;0,0)} 4 GV2, and by Theorem 4.4.5(ii), £ € E if and only if
Joe # 0. Therefore, Corollary 2.6.9 implies that, with probability one, dimg(Dy¢) = %
for all ¢ € Z. Then, as noted in Remark 4.7.2, P(dimpy (Sg¢) = 3 V€ € =) = 1.

Item (iv) (&,¢ is nonempty and unbounded for all s): By Theorem 4.4.5(ii), on
the event Q3, whenever £ € =, for all s € R, fo¢(x) - +00 as o — +o0. Since fy¢ is
continuous (Theorem 4.4.1(i)), the set D, ¢ is unbounded in both directions. The proof is

complete since Dy ¢ < &, ¢ by definition. ]
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Chapter 5

Scaling limit of the TASEP speed

process

5.1 Introduction

5.1.1 The totally asymmetric simple exclusion process

In this final chapter, we show how the SH appears as a scaling limit for coupled initial data
for a particle system know as the totally asymmetric simple exclusion process (TASEP).
In the simplest TASEP dynamics each site of Z contains either a particle or a hole. Each
site has an independent rate 1 Poisson clock. If at time ¢ the clock rings at site x € Z the
following happens. If there is a particle at site  and no particle at site x + 1 then the
particle at site z jumps to site x + 1, while the other sites remain unchanged. If there is
no particle at site x or there is a particle at site z + 1 then the jump is suppressed. In
other words, a particle can jump to the right only if the target site has no particle at the
time of the jump attempt. This is the exclusion rule. TASEP is a Markov process on the
compact state space {0, 1}Z. Generic elements of {0, 1}Z, or particle configurations, are
denoted by n = {n(x)},ez, where n(z) = 1 means that site = is occupied by a particle and
n(x) = 0 that site x is occupied by a hole, in other words, is empty.

For each density p € [0,1], the i.i.d. Bernoulli distribution v on {0, 1}% with density
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p is the unique translation-invariant extremal stationary distribution of particle density p
under the TASEP dynamics.

There is a natural way to couple multiple TASEPs from different initial conditions but
with the same driving dynamics. Let {N, : x € Z} be a Z-indexed collection of independent
rate 1 Poisson processes on R. The clock at location x rings at the times that correspond
to points in M. One can then take two densities 0 < p' < p? < 1 and ask whether
there exists a coupling measure 7?2 on {0,1}% x {0,1}? with Bernoulli marginals !
and v”? that is stationary under the joint TASEP dynamics and ordered. In other words,
the twin requirements are that if initially (n',n?) ~ 712 then (n},n?) ~ 7°1°2 at all
subsequent times ¢ = 0, and n'(z) < n?(z) for all x € Z with 7P1**2-probability one. Such
a two-component stationary distribution exists and is unique [103].

One reason for the interest in stationary measures of more than one density comes
from the connection between the TASEP dynamics on k coupled profiles in the state
space ({0,1}%)¥ and the TASEP dynamics on particles with classes in [1,k] = {1,...,k},
called multiclass or multitype dynamics. In the k-type dynamics, each particle has a class
in [1, k] that remains the same for all time. A particle jumps to the right, upon the ring
of a Poisson clock, only if there is either a hole or a particle of lower class (higher label)
to the right. If this happens, the lower class particle moves left. The state space of k-type
dynamics is {1,...,k,0}%, with generic configurations denoted again by 1 = {n(z)}zez.
A value n(x) = i € [1,k] means that site = is occupied by a particle of class i, and
n(z) = oo means that site z is empty, equivalently, occupied by a hole. Denoting a hole by
oo is convenient now because holes can be equivalently viewed as particles of the absolute
lowest class. For k = 1 the multitype dynamics is the same as basic TASEP.

The next question is whether we can couple all the invariant multiclass distributions
so that the resulting construction is still invariant under TASEP dynamics. This was
achieved by [2]: such couplings can be realized by applying projections to an object they
constructed and named the TASEP speed process. We describe briefly the construction.

To start, each site ¢ € Z is occupied by a particle of class i. This creates the initial profile
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no € Z% such that no(7) = i. Let m; evolve under TASEP dynamics, now interpreted so
that a particle switches places with the particle to its right only if the particle to the right
is of lower class, that is, has a higher label. Note that now each site is always occupied
by a particle of some integer label. The limit from [111] implies that each particle has a
well-defined limiting speed: if X;(i) denotes the time-t position of the particle initially at

site 7, then the following random limit exists almost surely:
U: = lim ¢t 1X, (7). 5.1

The process {U,}icz is the TASEP speed process. It is a random element of the space
[—1,1]%.

Theorem 5.1.1 ([2, Theorem 1.5]). The TASEP speed process {Ui}iez is the unique in-
variant distribution of TASEP that is ergodic under translations of the lattice Z and such

that each U; is uniformly distributed on [—1,1].

In the context of the theorem above, the TASEP state n = {n(i)},cz is a real-valued
sequence, but the meaning of the dynamics is the same as before. Namely, at each pair
{i,1+ 1} of nearest-neighbor sites, at the rings of a rate one exponential clock, the variables
n(7) and n(i + 1) are swapped if n(i) < n(i + 1), otherwise left unchanged.

A key point is that the TASEP speed process projects to multitype stationary distri-

butions.

Theorem 5.1.2 ([63, Theorem 2.1], [2, Theorem 2.1]). Let k € N be the number of
classes. Let p = (p1,...,pr) € (0,1)F be a parameter vector such that Zle pi < 1. Then
there is a translation-invariant stationary distribution 7 for the k-type TASEP which is
unique under the conditions (i) and (ii), and also under the conditions (i) and (ii’) below:
(i) #*{n e {1,...,k, 0} :n(x) = j} = p; for each site x € Z and class j € [1,k];
(ii) under 7P, for each € € [1,k], the distribution of the sequence {1[n(z) < {]}zez of
indicators is the i.1.d. Bernoulli measure Vzﬁzlpj of intensity 25:1 pj;

(i) 7P is ergodic under the translation of the lattice Z.
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Furthermore, 7 is extreme among translation-invariant stationary measures of the

k-type dynamics with jumps to the right.

Theorem 5.1.2 is not stated exactly in this form in either reference. It can be proved

with the techniques of Section VIIL.3 of Liggett [104].

Lemma 5.1.3 (]2, Corollary 5.4]). Let F : [-1,1] — {1,...,k,00} be a nondecreas-
ing function and \; = %Leb(F_l(j)), i.e., one-half the Lebesgue measure of the interval
mapped to the value j € {1,...,k,00}. Then the distribution of the {1,...,k,oo}-valued
sequence {F(U;)}iez is the stationary measure ¥M2%) described in Theorem 5.1.2 for

the k-type TASEP with jumps to the right.

For example, the case k = 1 of Lemma 5.1.3 tells us that to produce a particle config-
uration with Bernoulli distribution v* from the TASEP speed process, assign a particle to
each site x such that U, < 2p — 1. Lemma 5.1.3 follows readily from Theorems 5.1.1 and

5.1.2 because the nondecreasing projection F' commutes with the pathwise dynamics.

Remark 5.1.4 (Direction of the jumps). Throughout this section, jumps in TASEP go
to the right. Later in Section 5.2, we use the convention from [63] whereby TASEP jumps
proceed left. This is convenient because then discrete time in the queuing setting agrees
with the order on Z. Notationally, 7 denotes the multiclass stationary measure under
rightward jumps, as in Theorem 5.1.2 and Lemma 5.1.3 above, while 7”7 will denote the
stationary measure under leftward jumps. These measures are simply reflections of each

other (see Theorem 5.2.1).

5.1.2 Scaling limit of the speed process

The space {0,1}% of TASEP particle configurations 7 can be mapped bijectively onto the
space of continuous interfaces f : R — R such that f(0) =0, |f(z) — f(z + 1)] = 1 for all

r € Z, and f(zx) interpolates linearly between integer points. Define P : {0,1}* — C(R)
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by stipulating that on integers ¢ the image function P[n] is given by

-

Sio@n()—1), ieN

Plnl@) =1 o, i=0 (5.2a)

— 3 4(@2n() —1), ie-N

and then extend P[n] to the reals by linear interpolation:

for zeR\Z, Plnl(x) = ([z] = =)Pnl(lx]) + (= = [=)P[n]([«])- (5.2b)

TASEP can therefore be thought of as dynamics on continuous interfaces f : R — R such
that for all z € Z, f(x) € Z and f(x+1) € {f(z)—1, f(x) +1}. When a particle at location
x lies immediately to the left of a hole at location x + 1, the interface has a local maximum
at location = + 1. When the particle changes places with the hole, the local maximum
becomes a local minimum.

Let U = {Uj}jez be the TASEP speed process and for s € R, 1y<s = {1y;<s}jez 2
shorthand for the {0, 1}-valued sequence of indicators. For each value of the centering
v € (—1,1) and a scaling parameter N € N, use the mapping (5.2) to define from the speed
process a C'(R)-valued process indexed by & € R:

2 clvx

QN)—WN/, §7$€R.

o,u,N —
Hév(x) = Hf ($) =N 1/2P[1U<v+§(1—v2)]\f’1/2] (ﬁ

(5.3)
The main theorem of this chapter is the process-level weak limit of H7"" = {H{ PNy R
The path space of £ — H, g N is the Skorokhod space D(R, C(R)) of C(R)-valued cadlag
paths on R, with its usual Polish topology. This topology is discussed in more detail in
[34].

Theorem 5.1.5. Let 0 > 0 and G be the stationary horizon. Then, for each v e (—1,1),

as N — oo, the distributional limit HO"N = G holds on the path space D(R,C(R)).

Theorem 5.1.5 is taken from the author’s joint work with Busani and Seppéldinen [34].
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In that work, we focus on the case ¢ = v/2, but the extension to general o follows the same
proof (or alternatively from the scaling relations of Theorem 2.3.2(ii)). As is typical, the
proof splits into two main steps: (i) weak convergence of finite-dimensional distributions of
HY to the limiting object and (ii) tightness of { H"} yey on D(R, C(R)). Both parts use the
Ferrari-Martin queuing representation of the multitype stationary measures. The first part
shows that, in the limit, the queuing representation recovers the queuing structure that
defines the SH [63]. In this dissertation, we only show the finite-dimensional convergence

(Proposition 5.2.5), and refer the reader to [34] for the proof of tightness.

5.2 Finite-dimensional convergence

5.2.1 The space D(R,C(R))

We observe here why the path £ — H, év defined in (5.3) lies in D(R, C'(R)). Restriction of
T HéN(:c) to a bounded interval [—z¢, z¢] is denoted by Hé\[’mO = Hév\[_xo,xo]. Then note

that for & < p, HY™ Hfj,v’m0 if and only if U; € (v +&(1 —v?)N~V2 v + (1 —v?)pN~1/2]

3
for some j € [|— i’if)% ], [‘if}% N1]. Since this range of indices is finite, for each £ € R and

zo > 0 there exists ¢ > 0 such that Hév"ro — H)"™ for pe[¢,& +e] and HY™ = HY™

for p,o e [£ —¢€,8).

5.2.2 Ferrari-Martin representation of multiclass measures

This section describes the queuing construction of stationary multiclass measures from
[63]. We use the convention of [63] that TASEP particles jump to the left rather than to
the right, because this choice leads to the more natural queuing set-up where time flows
on 7Z from left to right. This switch is then accounted for when we apply the results of

this section.

Queues with a single customer stream

Let Uy := {1,0}% be the space of configurations of particles on Z with the following

interpretation: a configuration = {x(j)},ez € Ui has a particle at time j € Z if 2(j) = 1,
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otherwise = has a hole at time j € Z. Let a,s € U;. Think of a as arrivals of customers to
a queue, and of s as the available services in the queue. For i < j € Z let a<'[i, j] be the
number of customers, that is, the number of 1’s in a, that arrive to the queue during time
interval [, j]. Similarly, let s[i, j] be the number of services available during time interval

[7,7]. The queue length at time ¢ is then given by

Qi = sup (a='[5,4] — s[4,i]) " (5.4)

ji<i

In principle this makes sense for arbitrary sequences @ and s if one allows infinite queue
lengths @); = c0. However, in our treatment @ and s are always such that queue lengths
are finite. We will not repeat this point in the sequel.

The departures from the queue come from the mapping d = Dy(a,s) : Uy x Uy — Ui,
given by

1 s(i) =1 and either Q;—1 > 0 or a(i) = 1,
d(i) = (5.5)

o otherwise.
In other words, a customer leaves the queue at time 7 (and d(i) = 1) if there is a service
at time ¢ and either the queue is not empty or a customer just arrived at time i. The
sequence u := Uy(a, s) of unused services is given by a mapping Uy : Uy x Uy — U; defined
by

' 1 ifs(j) =1, Qj—1 =0, and a(j) = o,
u(j) = (5.6)
oo otherwise.

Last, we define the map Ry : U; x Uy — Uy as r = Ry(a,s) with

1 ifeither a(j) =1 or u(j) =1,
r(j) = ’ ’ . (5.7)
w ifa(j) =u(j) = .

Extend the departure operator Dy to queues in tandem. Let D}i(:z:) = & be the identity,
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and for n = 2,

Dﬁf) (x1,22) = Dy(21,22)

D2($1,$2,$3) = Dd(D((i2)(x1?x2),$3)

Dfl")(ml,mg, ey Ty) = Dd(DC(ln_l)(ml,.'tQ, 1), Zn).

We use the notation Dy (with the subscript d) to denote discrete, in comparison to

the operators on continuous functions in (2.3),(2.5).

Queues with priorities

Now consider queues with customers of different classes. For m € N, let

Uy = {1,2,...,m,0}” be the space of configurations of particles on Z with classes in
[1,m] = {1,2,...,m}. A lower label indicates higher class and, as before, the value o
signifies an empty time slot. To illustrate the notation for an arrival sequence a € Uy,
the value a(j) = k € [1, m] means that a customer of class k arrives at time j € Z, while

a(j) = o0 means no arrival at time j. Define

a~*[j] =
0 ifa(j) >k
Consistently with earlier definitions, a<F[i, j] = {:i a<F[l] is the number of customers in

classes [1, k]| that arrive to the queue in the time interval [, j]. Let s € U; be the sequence
of available services. The number of customers in classes [1, k] in the queue at time 7 is

then

Q*(a,s) = sup (a=F[j ] —s[j,il) ", ez

7:5<i
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The multiclass departure map d = Fy,(a,8) : Uy, XUy — Uy, 11 is defined so that customers

of higher class (lower label) are served first. These are the rules:

di) < k for k € [1,m] if s(i) = 1 and either Q=% > 0 or a(i) < k,

1d(@) =m+1 ifs@) =1, Q=" =0, and a(i) = o, (5.9)

d(i) = o if s(i) = o0.

The map F,, works as follows. The queue is fed with arrivals a € U,, of customers in
classes 1 to m. Suppose a service is available at time i € Z (s(¢) = 1). Then the customer
of the highest class (lowest label in [1,m]) in the queue at time i, or just arrived at time
i, is served at time 4, and its label becomes the value of d(7). If no customer arrived at
time i (a(i) = o) and the queue is empty (QF"} = 0), then the unused service s(i) = 1 is
converted into a departing customer of class m + 1: d(i) = m + 1. If there is no service
available at time i € Z (s(i) = o), then no customer leaves at time ¢ and d(i) = oo.

In particular, for m = 1, the output d = Fj(a, s) satisfies

1, [Dg(a,s)];=1

i) =12 [Usas)] 1 (5.10)

For n € N define the space X, = Uf* = {1, o0} 2xtLnt of potuples of sequences. Let
A= (M,...,\n) € (0,1)" be a parameter vector such that Y.'_; A, < 1. Define the product
measure v on X, so that if 2 = (21,...,2,) ~ > then the sequences . are independent

and each x; has the i.i.d. product Bernoulli distribution with intensity Zle Ai. From this

input we define a new process v = (v1,...,v,) such that each v,, € U, by the iterative
formulas
V1 =2 and
(5.11)
Vm = Fre1(Vim—1,%m) for m=2,...,n.

We denote this map by ¥ = V(&) = (V1(Z), ..., Va(Z)). For a vector A = (\1,...,\,) and
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T~ VS‘, define the distribution 7 as the image of v under this map:
™= oVl = V(3) ~ T (5.12)

Theorem 5.2.1. [63, Theorem 2.1] For each m € [1,n], the distribution of v, under 7
is the unique translation-ergodic stationary distribution of the m-type TASEP on 7 with
leftward jumps and with density A\, of particles of class r € [1,m]. The distribution of
the reversed configuration {vm(—i)}iez is the unique distribution ¥ described in Theorem
5.1.2, in other words, the unique translation-ergodic stationary distribution of the m-type

TASEP on Z with rightward jumps, with density \, of particles of class r € [1,m].

Remark 5.2.2. The statement about the TASEP with rightward jumps is not included
in [63], but its proof is straightforward: reflecting the index does not change the density of
the particles, so the values A, are preserved. Consider an m-type TASEP with left jumps
{nt}+=0 defined by the Poisson clocks {N}icz and started from initial profile ng ~ v,,. Let
{7:}+=0 be TASEP with right jumps defined by the Poisson clocks {N_;};cz and started
from initial profile {7jo(7)}iez := {n0(—7)}iez, which has distribution {v;,(—i)}iez. Then,
in the process 7, a particle jumps from site ¢ to site ¢ — 1 exactly when a particle in the
process 7; jumps from site —i to site —i + 1. By the invariance of 79 under TASEP with
left jumps,

o ‘ d . -
{7e(4) Yiez = {m (=) Yiez = {no(—7) }iez = {70(i) }iez,
50 {vyn(—1) }iez is the invariant measure for TASEP with right jumps and densities A,.

For x € U,,, define
Clslbil(z) = #{l € [i, 4] - 2(1) < m}, m e [1,n].

ClsLi! (x) records the number of customers in classes [1, m] during time interval [z, j] in

the sequence . Note that a customer of class m appears in [i, j] if and only if Cls,[f{j 1 (z) >

Clsgl’i]l (x), with the convention Clsyg = 0. The key technical lemma is that the iteration
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in (5.11) can be represented by tandem queues.
Lemma 5.2.3. Let ne N and & = (z1,...,%,) € X,,. Let v, = V,,(Z), where V,, is given
in (5.11). Define

; —it1 .
dt .= D((i" Z+)(xi,xi+1,...,mn) for i=1,....n—1, and d"":=z,.

Then for all time intervals [i, j],
(Clsi N w,),...,Clsli w,)) = (a3, ], ..., d""[i, j]). (5.13)

Proof. The proof goes by induction on n, with base case n = 2. From (5.10), d>! =
Dy(x1,x2) registers the first class departures out of the queue Fy(z1,z2) while d*? = x5
is the combined number of first and second class customers coming out of the queue. The
case n = 2 of (5.13) has been verified.

Assume (5.13) holds for some n = k > 2. This means that for each m € [1, k], d*™

registers the customers in classes [1,m] in vg. In the next step, vi11 = Fi(vg,Zr+1), and
(dk+1717 R 7dk+17k+1) = (Dd(dk7laxk+l)7 s 7Dd(dk’kaxk+l)7wk+l)'

Since the same service process 1 acts in both queuing maps, the outputs match in the
sense that for each m < k, dFt1m = Dd(dk’m,$k+1) registers the customers in classes
[1,m] in vgy1. Under Fj(vg, k1), unused services become departures of class k + 1.
Hence, every service event of 251 becomes a departure of some class in [1, k+1]. This ver-
ifies the equality Cls,[jﬂ (Vht1) = Tpy1[d, 4] = d*FHEFL[E, 5] of the last coordinate. Thereby,

the validity of (5.13) has been extended from k to k + 1. O

5.2.3 Convergence of queues

This section shows the finite-dimensional weak convergence of the TASEP speed process,

using the representation of stationary distributions in terms of queuing mappings. To do
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this, we derive a convenient representation for the random walk defined by the departure
mapping Dy (5.14). Consistently with the count notation x[i,j] introduced above for
x € Uy, abbreviate z[i] = z[i,i] = 1,(;)=;. With this convention, configurations z can
also be thought of as members of the sequence space {0, I}Z . Recall the operation P from

(5.2).

Lemma 5.2.4. ForieZ,

P[Dala,s)](i) = Pls](i)+ sup [P[s](j)—Plal(j)]= sup [P[s](5)—Pla](j)]. (5.14)

—00<j<0 —00<g<1

Proof. Recall the definition of D from (5.5). Observe that

Dd(avs)[j7 Z] = Qj*l - Qz =+ a[j7 i]v (5'15)

because any arrival that cannot be accounted for in ); must have left by time ¢. Use also

the empty interval convention z[i + 1,7] = 0. Then, from (5.4), we can equivalently write

Qi = Sup (aél[j’ Z] - SU? Z]) (516)
Jiy<si+l
Now, observe that for x € U,
2z[j,i] —(i—j+1) = Z(?m[k] —1)=Plz](i + 1) — Plz](y) (5.17)
k=j

Combining (5.15)—(5.17) and the definition P[z](0) = 0, gives for i > 0,

1—1
P[Dala,s)](i) = 3. (2Da(a,s)[k] — 1) = 2Dy(a, )[0,i — 1] — i
k=0
=2a[0,i — 1] —i +2Q_1 —2Q;_1
C10 pla)(i) — Pla](0) +2 sup [a='[j, —1] — s[j, —1]]

—00<j<0

—2 sup [agl[j,i — 1] —s[j,i —1]]

—00<j<t
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= Pla](i) + sup [2a='[,—1] +j — (2s[j, —1] + 5)]

—orso
= swp_[205, 0= 1] = (=) = @sli = 1] = (= )]
P Plal(@) +_sw_ [Plal(0) — Plal(j) ~ Pls](0) + Pls]()]
~_sw_[Plal) - Plal(j) = Pls)() + Pls]())]
=Plsl)+_sw_ [Pls]() ~ Plal()] = _sw_[Pls](j) = Plal(i)]
The case 7 < 0 follows an analogous proof. O

Proposition 5.2.5. Fiz the diffusion coeffieient o > 0 the centering v € (—1,1). Then
the scaled TASEP speed process HY of (5.3) satisfies the weak convergence (Hg, e ,Hg)

= (Ggl, e ng) on C(R)* for any finite sequence (&1, .. .,&;) € R¥.

Proof. Without loss of generality, take & < & < --- < &. For N > |&1]2 v |&[?, consider
the following nondecreasing map F : [-1,1] — {1,...,k} u {oo}:

1, U<v+&(l—v)N-12

2, v4+&1—1)N V2 <U<v+&(1—v?)N12

For U e [-1,1], F(U) = {:

E, v+& 11— )NV <U <v+ &1 —0v?)N-12

w0, U>uv+&(1—0v?)N"2

By considering the output of this map as classes, Lemma 5.1.3 implies that {F(U;)}iez is

distributed as the stationary distribution for k-type TASEP with right jumps and densities

X: (1 +o+ &1 =0 )N7V2 (& — &)1 —v?)N~1/2 (& — &—1)(1 — v2)N1/2>
5 : 5 5 :

The reflection of Theorem 5.2.1 and translation invariance then imply that {F(U_;_1)}iez
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has the stationary distribution 7 for TASEP with left jumps. Lemma 5.2.3 implies that

(1U—i71<U+§1(1_U2)N71/2’ T 1U7¢71<U+$k—1(1—U2)N*1/2 ’ 1U—i—1<”+fk(1_v2)N71/2)iEZ (5 18)
d k) N N[ 2) N . N\[-] Nps ‘
L DP Y, . aMi,....DP @ 2], 2N 1),y
where (z{V,...,z}V) ~ VA, Remark 5.2.7 at the end of the section gives an alternative way

to justify the index reversal on the left-hand side above when v = 0.
Before proceeding with the proof, we give a roadmap. First, by definition of P, if
f:fi = U_;_1, then for z € R,

_ o’z oz
HY (@) = NPy ey (=3 N) — 7= N
—1/2 0'21' O'ZUIE 1/2 (519)
= —N P[lﬁév+§(1_’l}2)N71/2](_1 —U2N> - 1 —’U2N .
Our goal is to show the weak limit
—-1/2 Ny O o*v- 1/2
~NTP] (T N ) + T N,
N N 0'2' 0'2'U°
~ N“Y2p[Dyd |, 2] <72N> + 2N
2 20
—1/2 k(N N 1/2
— NV2P[DE@N, ... &) )](1_021\7) + 15N / )

— (G%,.....G%).

Once we show (5.20), from (5.20), (5.18) and (5.19) it follows that (Hg,,Hg) —
(GZ¢ (=*),...,G7¢ (—+)). This limit has the same distribution as (G¢,, ..., GZ ) by The-
orem 2.3.2(iv). As mentioned previously, these reflections in the proof are a consequence
of having time flow left to right in the queuing setting.

Now, we prove (5.20). By construction, for j € [1, k], {xév[z]}lez is an i.i.d. Bernoulli

sequence with intensity >, ; Ar = T+ v+ &(1 —v?)N~Y2). Hence, for j € [1, k],

0'2'

0'2U° 1/2
— NY (5.21)

1— 2

—N*l/QP[m;V]( N) +
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converges in distribution to a Brownian motion with diffusivity o and drift —o2¢;. To
elevate this to the joint convergence of (5.20), we utilize the queuing mappings in (5.18)
and the transformations D®*) from (2.5) that construct the SH.

By Skorokhod representation ([54, Thm. 11.7.2], [59, Thm. 3.1.8]), we may couple
{:l:jv }j=1,..x and independent Brownian motions {Z7 }jep k) with diffusivity o and drift
—02¢; so that, with probability one, for j € [1, k], (5.21) converges uniformly on compact
sets to Z7. Let P be the law of this coupling (To be precise, the sequences xév are
functions of the converging processes (5.21), which Skorokhod representation couples with
their limiting Brownian motions).

By Proposition 2.3.1(ii) and definition of D®*) (2.5), for reals £; < --- < &, the valued

marginal (G% ,...,G%, ) of the SH can be constructed as follows:

¢, = D(Z%) = ZF, Te = D (ZF, ZF1) = D(ZF 1 ZF), ...

%e, =DW(ZY, 72, Z%) = D(D*V (7}, 2, 2.
We recall (2.3) that The map D is

D(Z,B)(y) = Bly) + sup {Z(z) —B(x)} — sup {Z(z)— B(x)}.

—0<TY —oo<z<0

By a union bound, it suffices to show that, under this coupling, for each ¢ > 0,a > 0,

and each j =0,...,k— 1,

_ i+1 2z 20z
~NTEPIDY @l a )] (1 N) g N

lim sup P < sup

N—w z€[—a,a)
_ pU+Y (k=i .,Zk)(:c)‘ > a) -0,

(5.22)

where the argument of the discrete operator is understood via linear interpolation. We
prove (5.22) by induction on j. The base case j = 0 follows by the almost sure uniform
convergence on compact sets of (5.21) to Z7. Now, assume the statement holds for some

j—1€{0,...,k—2}. The proof is completed by Lemma 5.2.6 below, once we recall (5.8)
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that

DYV @ ... al) = DaDY (.. ..zl ).z, =

Lemma 5.2.6. Let v € (—1,1). For each N > 0, let a" and s be {0,1}%-valued i.i.d.
sequences such that the intensity of s is strictly greater than the intensity of a™. As-
sume further that these sequences are coupled together with Brownian motions Z', Z? with

diffusivity o and drifts —o%&, > —02&y so that, for each e > 0 and a > 0,

2 2
limsupP| sup —N‘l/QP[aN]( ? y2N) + 2 N2 Zl(y)‘
N—w ye[—a,a] I-w L-v 593
—1/2 7N oy a*vy 1/2 2 o2
v’—N Pls ](1_ 2N)+1_U2N —Z(y)‘>s — 0.

Then, for every e > 0 and a > 0,

2 2
T P _N-2p[p(aN N Y N VY AL/2
(g DA NN
— D(ZY, 22)(@/)‘ > g> —0. (5.24)
Proof. From (5.14), we have, for ‘{2_];7;” €7,
—N71/27>[_D ( N N)]( 0'2$ N> i O'Q’UCC N1/2
a8 1 — 02 1— 2
2 2
_ _N-2prNy[(_ T 0"VT r1/2
N=Pls ](1—v2N>+1—v2N
+ N7V sup [Ps™10) — Pla™]()]
—00<j<o2Nz/(1—v2)
- N2 sup [P[sV](j) - Pla™](7)] (5.25)
—00<j<0
2 2
_ _ —1/2 N o~ g vx 1/2
NTPLs ](1—U2N> e
+ sup — [=NTV2PaN](j) - (-NTVPP[sM] ()]

—w0<j<o2Nz/(1—v?)

— suwp [-NTV2P@MN]() - (~NTV2P[sM](5)].

—00<j<0
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Hence, from (5.25) and the assumed convergence of N~Y2P[sV ]({’ff}\; +) in probability

(5.23), to prove (5.24), it suffices to show that, for each a > 0 and ¢ > 0,

sup [-N"2Pla"] (@) — (-N"2P[sV] ()]

—w<z<[02Ny/(1-v2)]

limsup P ( sup

N—w ye[—a,a]

~ sup [ZM(z) - Z%)]‘ > 5> —0. (5.26)

—0<T<LY

For x € R, recall that [x] denotes the integer closest to x with |[z]| < |z|. Note that there
is a drift term for both the walks P[a’"] and P[s"] that cancels when they are subtracted.

For shorthand, let
XN (z) = —=N"'*Pla"](2) — (-N"*P[sV](2))

For the a in the hypothesis of the lemma and arbitrary S > a, let En,g be the event

where the following three conditions all hold:

(i)
sup [XN(2)] = sup [ XN (2)].
—w<z<[-02Na/(1—v2)] [-02NS/(1—v2)]<z<[-02Na/(1—v2)]
(i)
sup  [Z'(2) = Z%(2)] = sup  [Z'(2) - Z*(w)].
—0<r<—a —S<z<—a
(iii)
sup sup XNy — sup [ZY(z) - Z%(2)]| <.
ye[—a,a]' [-02NS/(1—v2)|<z<[02 Nz /(1—02)] —S<z<y

For every S > a, the event in (5.26) is contained in EfY , ¢. By assumption (5.23)
and Lemma A.3.4 (applied to the random walk —P[a"] + P[s"V] with m = & — &,
0 =202, p(N) = N2 &(N) = 0®N/(1 = v*), and B = Z'(+/(20%)) — Z*(-/(20%))),

limg_,o limsupy_, o, P(Ef\,ﬂ’s) = 0, completing the proof. O
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Remark 5.2.7. For v = 0, one can alternatively arrive at (5.18) by considering the
speed process for TASEP with left jumps. As in (5.1), let X;(¢) be the position of the
right-going particle with label 7 that starts at X;(0) = i and define the right-going speed
process by U; = limy ot~ X;(t). To flip the space direction, define left-going particles
Xi(t) = —X_;(t) and the corresponding speed process U; = limy_,ot 1 X;(t) = —U_;.
Reversing the lattice direction reversed the priorities of the labels (for the walks X , lower
label means lower priority), so the non-decreasing projection F to left-going multiclass
stationary measures has to be applied to speeds —ﬁi =U_;.

The distributional equality {ﬁi}ieZ 4 {Ui}iez from [2, Proposition 5.2] implies that
both speed processes have the same SH limit. This can also be verified by replacing U with
U in (5.3), rearranging, taking the limit, and using the reflection property (Proposition

2.3.1(iv)) of the SH.
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Appendix A

Auxiliary technical inputs

A.1 Maximizers of continuous functions

Recall the definitions of f(x,y) and f <inc g from Section 1.5.

Lemma A.1.1. Let f,g : R — R be continuous functions satisfying f(xz) v g(x) — —o0

as x — to0 and f <ine g. Let x]Lc and 331122 be the leftmost and rightmost maximizers of f

R

over R, and similarly defined for g. Then, xJLc < aﬁg and :c}% <z

R

Proof. By the definition of xf’ and by the assumption f <inc g, for all x > x

f(al'2) < g(al'z) < 0.

Hence, the rightmost maximizer of f must be less than or equal to xff. We get the
statement for leftmost maximizers by considering the functions =z — f(—z) and g —
g(—z). O

Lemma A.1.2. Assume that f,g: R — R satisfy f <inc g. Then, fora < x <y < b,

0< g(l'ay) - f(x,y) < g(a, b) - f(aa b)

Proof. The first inequality follows immediately from the assumption f <j,. g. The second
follows from the inequality

fla,b) — f(z,y) = f(a,z) + f(y,b) < g(a,z) + g(y,b) = g(a,b) — g(z,y). O

Lemma A.1.3. Let S € R", and let f, : S — R be continuous functions that converge
uniformly to f : S — R. Let ¢, be a maximizer of f, and assume ¢, — c€ S. Then c is
a maximizer of f.

Proof. fn(cn) = fn(x) for all x € S, so it suffices to show that f,,(¢,) — f(c). This follows
from the uniform convergence of f, to f, the continuity of f, and

[fnlen) = F()| < |fulen) = flen)| + [f(en) = f(O)]. 0
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The following is a well-known fact, but is often stated without proof, so we include
full justification for the sake of completeness. For example, it appears as Equation (1.4)
in [124] and Equation (13) in [119].

Lemma A.1.4. Let f: R — R be a continuous function such that

oty /8 = £
Set F(y) = sup_q,<p<y f(x). Then,
it (2F() ~ (@) = Fly). (A1)

Proof. The left-hand side of (A.1) is

inf (2F(z) — f(z)) = inf (2 sup f(u)— f(2)).

Y<T <00 YST<O ' _pp<y<Ls

For all x > y, supy, <, f(u) is greater than or equal to both f(x) and sup_, <, f(u).
Therefore,

2 sup fw) - f(2) = swp  f(u)+ f(@) — f(z) = Fly).

—o<u<x —O<u<KYy

This establishes one direction of (A.1). To show the other direction, we show that there
exists x = y such that

2F(x) — f(x) = F(y).

Note that f(y) < F(y) recall the assumption lim,_,, f(z) = . By the intermediate value
theorem, f(x) = F(y) for some x > y. Let

Then, by continuity, f(z*) = F(z*) = F(y), and

A.2 Miscellaneous probabilistic facts

Lemma A.2.1. For a nonnegative random variable Z on (2, F,P) and a € R, the follow-
ing holds

0
f e 2 dP =1— af e YP(Z > z)dz.
Q 0

Proof. We use Tonelli’s Theorem below.

o0
—af e YP(Z > z)dz z—aj f e Y¥1UZ > z)dPdz

:—ozj j e Y1UZ > z) dzd}P’——aJ J e Y dzdP
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=f (e7Z —1)dP = f e Zqp — 1
Q Q

Rearranging this equation completes the proof. O
The following is a classical result. We provide a proof for the specific formulation we use.

Theorem A.2.2 (The Cameron-Martin-Girsanov Theorem). Let X : [0,00) — R be a
standard Brownian motion with drift A € R on the space (2, F,P). Then, fort > 0 and
p € R consider the measure on (2, F) defined by

BA) = Efexp((0 - VX0 + 2 L) 1]

Then, under I@, {X(s): 0 < s <t} is a standard Brownian motion with drift p.

Proof. The measures P and P are mutually absolutely continuous, so continuity is pre-
served. It remains to show that, under ]?D, for 0 =t) < t1 < - < tp1 < t, =1t
X(t1),X(t2) — X(t1),..., X (tn) — X(tn—1) are independent Gaussian random variables
with mean p(t; — t;—1) and variance t; — t;_1. We prove this via moment generating func-
tions: For 1 < i < n, set s; =t; —t;—1 and Y; = X(¢t;) — X(ti—1). Let aq,...,ap € R.
Then, using the fact that t =1 +---+ s, and X(¢t) = Y1 +--- + Y},

n

Bexn (2 000)] = Eless (0= 0001+ 4 )+ 250+ D))

n 1 i_)\iQ )\2_ 2
—f H eXP(—uJF(P—/\)ymLOéiyiJr 5 P si) dyi
R” - )

e 27s; 2s;
1 (yi — Asi)? X —p?
- | | _ — Ny - 5) dy;
: JR \/FsieXp( 2s; (= Ny + i + 2 ° ) dyi

n i -\ i 2 /\2 2 n
= Hexp()\si(p — A+ o) + silp 5 + o) + 5 P si) = Hexp(paisi + sia?/2). O
i=1 i=1

The following is derived from a classical result.

Lemma A.2.3. [29, Equation 1.1.4 (1) on pg 251 ] For a standard Brownian motion B
and £ > 0,
sup_{v2B(u) + u} ~ Exp(§).

—oo<u<0

Proof. The statement given in [29] is

sup {B(u) — u} ~ Exp(2§).

0<u<oo

To get to the result we use, observe that

sup  {V2B(u) + &u} = V2 sup {B(-u) - \%u} ~ V2Exp(v2¢) ~ Exp(¢). O

—oo<u<0 0<u<oo
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The following is also well-known (see, for example, [29, Equation 1.2.4 on page 251]; this
result is stated for the running infimum, but can be modified by reflection invariance of
Brownian motion). We provide a short proof for the specific choice of parameterization
we use

Lemma A.2.4. Let B be a standard Brownian motion. Then, for all x = 0,

P(Oilizl{\@B(u) +&éu} <) = @(x\;;) — efﬂﬁI)(_m\/; €>.

Proof. We prove that

P( sup {B(u) +&u} <z) =0z —§) — eXrD(—z — §), (A.2)

o<u<l
and the statement given follows by replacing = with x/4/2 and ¢ with &/4/2. Let

Wg(u) = B(u) + &u, M¢ = sup {Wg(u)},

0<u<l

and denote M = M? and W = WO. A classical fact due to the reflection principle (see for
example, [55, Exercise 7.4.3]), is that M and W (1) have joint density

2(2m — w) o
V2m

By Theorem A.2.2, M¢ and W¢(1) have joint density

2m*“’)2/21(771 >0,—0 <w<m).

f@nﬂv):

2(2m — w)

2 2
FE(m,w) = 25— e (@mmw)T248w=E/21 (1 5 0, —00 < w < m).
V2T
Hence,
P(MS < ) = f ’ j ’ Wﬂe—@m—wfﬂﬁw—@ﬂdm duw
= Jm J%_w U o—ut/24+€w=E/2 gy, gy
—oo Juw V2T
T w—_£2/2
[T e [ — e~ g
T — —£)2 T —(w— 2
_ e~ (w=8)%/2 w—ezng e~ (w—(22+€))?/2 o
—w 2T —o0 V2T ’
and this equals (A.2) after a simple change of variables. O

A.3 Maximum of random walk

We first state a random walk lemma that comes from p. 519-520 in [128]. See also Chapter
VIII, Section 6 in [4].
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Lemma A.3.1 ([128], Proposition 6.9.4. See also Chapter VIII, Section 6 in [4]). Let un
be a sequence of strictly positive numbers with uy — 0. Let on be a sequence satisfying
on — 1. For each N, let {Xn; : i € Z} be a collection of i.i.d. random variables with
mean puy and variance 012\,. Further, suppose that the sequence {XZQV,O : N = 1} is uniformly
integrable, meaning that

lim sup E[X% 1 =0.

bi»oo Nuzpl [ N,0 |XNA,0|>b]

Let B be a Brownian motion with diffusion coefficient 1 and zero drift. Then, the

following convergence in distribution holds:

sup uySV([a]) = sup {B()+a}.

—o0<z<0 N—® _pn<z<0
Next, we reformulate the statement slightly to suit our purposes.

Lemma A.3.2. Let un be a sequence of strictly positive numbers with uy — 0. Let on be
a sequence satisfying oy — o > 0. Let p(N) be a sequence satisfying un/p(N) — m > 0.
For each N, let {Xn; :i € Z} be a collection of i.i.d. random variables with mean pin and
variance 012\,. Further, suppose that the sequence {ijv,o : N = 1} is uniformly integrable.

Let SN (m) be defined as

m<0
A3
Yo Xng  m=0 (45)

SN (m) = {— S X

with SN (0) = 0. Let B be a Brownian motion with diffusion coefficient 1 and zero drift.
Then, the following convergence in distribution holds:

sup  o(N)SN([z]) = sup {oB(z)+ mz} (A.4)

—0<z<0 N—w _opn<z<0

Remark A.3.3. It is immediate that on the left-hand side of (A.4), one can replace x
with [{(N)z] for any strictly positive sequence {(N).

Proof. The random variables Xy ;/on satisfy the conditions of Lemma A.3.1 with pun
replaced by pn/on. Then,

N)o% SN
sup  o(N)SN(z) = pWNoy gy, v S57L)
—o0<z<0 UN —wo<z<0 ON ON
N)o2 SN ([52 2 31 o2
_ p(N)oy sup KN (oxx/pyl) Lemg:il o’ sup {B(z) + 7}
UN —0<z<0 ON ON m —wo<z<0
2 2 2
=T sup {B(m—2x> + m—Qac} L sup {oB(z) + mx},
m —oo<z<0 g o —o0<z<0
so we may now apply Lemma A.3.1. O

For x € R, recall that [z] denotes the integer closest to = with |[z]| < |z|.
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Lemma A.3.4. Consider the setting of Lemma A.3.2. Let {(N) be a sequence satisfying
©(N)2¢(N) — R > 0. Then, for each S <T e R,

lim 1@[ sup  o(N)SN(z) > sup go(N)SN(x)]
N=o b —o<as[SEW)] [Se(N))<e<[TEW)] (A.5)
=P| sup {0B(Rz)+mRx}> sup {oB(Rx)+ mRx}].
—o<x<S S<a<T

Proof. Observe that

Pl swp  o(N)SV@) > sup o(N)SV ()]
—o0<z<[SE(N)] [SE(N)]<z<[TE(N)]

=P swp e(NSY(SENLE) > sw e(N)SV(SEN)L )]
—o<z<[SE(N)] [SE(N)]<z<[TE(N)]

Now, note that

sup  p(N)SN([SE(N)],2), and sup P(N)SN([SE(N)], )
—o<z<[SE(N)] [SE(N)]<z<[TE(N)]

are independent. By convergence of random walk to Brownian motion with drift (with
respect to the topology of uniform convergence on compact sets) , we get that

sup ©(N)SN(RS,[SE(N)],z) = sup {oB(RS,Rz) + R(m — S)z}.
[SE(N)]<e<[TE(N)] S<a<T

By shift invariance of random walk and Lemma A.3.2,

sup p(N)SV([SEN)].2) £ sup  o(N)SN (x)

—o<z<[SE(N)] —0<z<0
= sup {oB(x)+mz}= sup {oB(Rz)+ mRux}
—0<z<0 —o0<z<0
24 sup {oB(RS, Rx) + m(R — S)x}.
—oo<z<S

By independence, we have shown the following joint convergence:

(s eMSYISENLe), s o(N)SV(SE(N)] )
—o<z<[SE(N)] [SE(V)]<z<[TE(N)] (A.6)
= ( sup {oB(RS,Rz)+ m(R— S)x}, sup {ocB(RS,Rx)+ m(R — S)x})
—o<z<S S<a<T

The right-hand side of (A.6) consists of two independent random variables with con-
tinuous distribution. Therefore,

lim IP’[ sup  o(N)SN(z) > sup SO(N)SN(Q:)]
N—oo L _pcpg[Se(N)] [SE(N)]<z<[TE(N)]
—im Pl s p(N)SY(SENV)L o) > s p(N)SN(SE)] o) |

—co<z<[SE(N)] [SE(N)]<z<[TE(N)]
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=P[ sup {oB(RS,Rz)+m(R—S)z}> sup {oB(Rz)+m(R—S)z}]

—wo<zr<S S<x<T
=P[ sup {oB(Rz)+mRz}> sup {ocB(Rz)+ mRuz}|,
—oo<z<S S<a<T

with the second equality holding because the event on the right-hand side is a continuity
set for the joint vector on the right in (A.6). O
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Appendix B

The directed landscape

B.1 Bounds and distributional invariances

The directed landscape satisfies the following symmetries.

Lemma B.1.1. [/7, Lemma 10.2],[49, Proposition 1.23] As a random continuous function
of (z,s;y,t) € ]Rf, the directed landscape L satisfies the following distributional symmetries,
for allr,ce R and g > 0.

(i) (Space-time stationarity) L(z,s;y,t) g L(x+c,s+ry+et+r).
(ii) (Skew stationarity) L(z,s;y,t) g L(x+cs, sy +ct,t) — 2c(x —y) + (t — s)c.

(iii) (Spatial and temporal reflections) L(z, s;y,1) 4 L(—x,s;—y,t) 4 Ly, —t;x,—s).

(iv) (Rescaling) L(z,s;y,t) < qL(q %z, ¢ 35,4 2y, ¢ 31).

Lemma B.1.2. [47, Corollary 10.7] There ezists a

random constant C such that for all v = (z,s;y,t) € R%, we have

N2
£l st + 7 < o apv10g80 (L2202 gy 1 9),

where ||v| is the Fuclidean norm.

Lemma B.1.3. [}4, Proposition 2.6] For everyi=1,...,k and e > 0, let
Kie ={(v,89,t) eR : 5,4 € [0,¢],z,y € [i — 1/4,i + 1/4]}. (B.1)

Then, there exists a coupling of k + 1 copies of the directed landscape Lo, L1, ..., L so
that L1, ..., Ly are independent, and almost surely, there exists a random € > 0 such that
for1 <1<k, ’CO‘KLE = £i|K'L,e'

On a measure space (2, F,P), a measure-preserving transformation 7" satisfies T-'Fe
F and P(T7'E) = P(E) for all E € F. Such a transformation is said to be ergodic if
P(E) € {0,1} whenever T~'E = E. The transformation T is said to be mizing if, for all
A,Be F,P(AnT*B) - P(A)P(B) as k — o0. By setting A = B, one sees that mixing
implies ergodicity.
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Lemma B.1.4. Fora,be R, not both 0 and z > 0, consider the shift operator T .., acting
on the directed landscape L as

Tz;a,b[r($, S5Y, t) = E(w +az,s + bz; y+az;t+ bz)’

where both sides are understood as a process on Rf. Then, L is mixing under this trans-
formation. That is, for all Borel subsets A, B of the space C(Rf, R),

P(Le A, T,opL € B) =3 P(Le A)P(L e B).

In words, the directed landscape is mizing (and therefore ergodic) under space-time shifts
i any planar direction.

Proof. This key to the proof is Lemma B.1.3, and I thank Duncan Dauvergne for pointing
this out to me. We prove the case a # 0, and the case a = 0 and b # 0 will be proven
separately. Further, since we send z — o0, it suffices to show the result for a = 1, for
then the result also holds for arbitrary a and b = ab. With this simplification, we use the
shorthand notation 7., = Tz : 1,b. By Lemma B.1.1(i), £ is stationary under the shift
T.,. By Dynkin’s 7-A theorem, it suffices to show that for a compact set K < Rf and
Borel sets A < C(K,R) and B < C(K,R),

P(L|x € A, (T L) |k € B) =5 P(L|x € A)P(L|k € B).

Further, by temporal stationarity, it suffices to assume that inf{s : (z,s;y,t) € K} = 0.
Consider the coupling Lo, L1, L2 of Lemma B.1.3 with £ = 2. Then, using the rescaling
and spatial stationarity of Lemma B.1.1,
P(£|K € A, (Tz;b£)|K € B)
=P(Lo(z,s;u,t) |k € A, Lo(z + 2,5 + bz;y + 2, + bz)|k € B)
— P(z"2Lo(z " , 273 %5, 27y, 273t | € A,
Loz e+ 1,27 s + 27 V2l 27y + 1,272t 4+ 27 Y2) | € B)
= P(zl/zﬁo(z_lx +1,27%%6; 27y 4+ 1, z_3/2t)\K € A,
Loz e 4+ 2,27 s + 27 V20 2y 42,2732 + 27 V2b) |k e B). (B.2)
Specifically, we used the rescaling property with ¢ = z'/2 in the second equality, and in
the third equality, we shifted the entire process by 1 in the spatial direction. Above, the

restrictions | k; mean that (z,s;y,t) € Kj. Since K is compact and we assumed s > 0 for
all (z,s;y,t) € K, for any € > 0, there exists Z > 0 such that for z > Z,

{(z e+ 1,273 s, 27y +1,27921) : (2, s5y,8) e K} Ki., and

B.3
(12,2 2oy 42,292 4 V) (e sy ) € K € K

where K . are defined in (B.1). Let C, be the event where both these containments hold
for the random € > 0 in Lemma B.1.3, and let D, be the event in (B.2). Then, P(C,) — 1
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as z — 400. Then, for any § > 0, whenever z is sufficiently large so that 1-P(C,) = ¢ > 0,

[P(D.) — P(L]k € AP(LIk € B)|
< ’IP’(DZ ACL) —P(L|x € A)P(L|x € B)( +0
- ‘P(zl/%(z*lx + 1,275 27y + 1,279 € A,
2Ly e 42,27 s 4 2720 2y + 2,272 4+ 2720 |k € B, CL)
CP(Li|x € AP(L1|x € B)‘ +6
< ‘P(zl/zﬁo(flﬂf + 1,273 2527y + 1,272 | € A,
A2Lo(z e + 2,273 s 4+ 2720 27y + 2,272 + 2712) | € B)
— P(L1]x € AP(L]x € B)| +28

- ‘P(£1|K € A, Lo|x € B) — P(L1]x € A)P(Lo|x € B)‘ +20 = 24,

completing the proof since § is arbitrary. Specifically, in the two inequalities, we added
and removed the event C, at the cost of . In the first equality above, we used the fact
that the containments (B.3) hold on C, and Ly|k, . = Li|k,c for i = 1,2. In the last
line, we reversed the application of the rescaling and spatial stationarity, then used the
independence of £; and Lo from Lemma B.1.3.

The statement for the vertical shift operator when a = 0 is simpler. For a compact
set K, the processes L|x and T.,L|x are independent for sufficiently large b by the
independent increments property of the directed landscape, and the desired result follows.

O

Recall the definition of the state space UC (3.5) for the KPZ fixed point. Recall that
the KPZ fixed point h(t,+; s, bh) with initial data b at time s can be represented as

he(t,y;s,b) = sup{b(z) + L(x, s;y,t)}  fort > s. (B.4)
x€ER

Lemma B.1.5. [20, 47, 68, 120] Let L : Rf — R be a continuous function satisfying the
metric composition law (3.3) and such that maximizers in (3.3) exist. Then,

(i) Whenever s <t, x1 < x2, y1 < Y2,

£<$273§y17t) - E(‘Tlas;yht) < £($27S;y27t) - ﬁ(fEl,S;yQ,t).

Let b1,h% € UC, and Fori = 1,2 and t > s, define hr(t,y;s,b) by (B.4). Then, assuming
that maximizers in (B.4) exist, the following hold.

(i) If b <ine b2, then he(t, +;8,0%) <ine he(t, <5 8,0%) for all t > s.

(iii) Fort>s andi=1,2, set

Zc(t,y;5,b') = maxarg max{h’(z) + L(z, sy, 1)}.

zeR
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Then, if v <y and Zr(t,y;s,b') < Zg(t, z;8,5?%),

hﬁ(t7y;37 hl) - hﬁ(tam;37 bl) < hﬁ(t797 S, 62) - hﬁ(t,(lﬁ; S, h2>

B.2 Geodesics in the directed landscape

We start by citing some results from [23] and [48].

Lemma B.2.1. [23, Theorem 1.18] There exists a single event of full probability on which,
for any compact set K < ]Rf, there is a random € > 0 such that the following holds. If
v; = (z,8;9,u) € K and vo = (z,s8;w,u) € K admit geodesics v1 and 7y, satisfying
|71(t) — Y2(t)| < e for allt € [s,u], then y1 and 2 are not disjoint, i.e., y1(t) = v2(t) for
some t € [s,u].

Let g be a geodesic from (x, s) to (y,u). Define the graph of this geodesic as

gg = {(g(t)7t) ite [s,u]}.

Lemma B.2.2. [/8, Lemma 3.1] The following holds on a single event of full probability.
Let (pn;qn) — (p,q) = (x,s;y,t) € Rf, and let g, be any sequence of geodesics from py,
to q,. Then, the sequence of graphs Gg, is precompact in the Hausdorff metric, and any
subsequential limit of Gg, is the graph of a geodesic from p to q.

Lemma B.2.3. [4/8, Lemma 3.3] The following holds on a single event of full probability.
Let (pn; qn) = (Tn, Sn; Yn, Un) € Rf — (p;q) = (x,s;y,u) € Rf, and let g, be any sequence
of geodesics from py to qn. Suppose that either

(i) For alln, g, is the unique geodesic from (xy, $p) to (Yn,un) and Gg, — Gg for some
geodesic g from p to q, or

(ii) There is a unique geodesic g from p to q.

Then, the overlap

O(gn, g) == {t € [sn,un] N [s,u] : gn(t) = g(t)}
is an interval for all n whose endpoints converge to s and u.

Remark B.2.4. We note that condition (i) is slightly different from that stated in [48].
There, it is assumed instead that (2, S,;yn, u,) € Q* N Rf‘ for all n. The only use of
this requirement in the proof is to ensure that there is a unique geodesic from (x,, s,,) to
(Yn, up) for all n, so there is no additional justification needed for the statement we use
here.

Lemma B.2.5. On the intersection of the full probability events from Lemmas B.2.2 and
B.2.3, the following holds. For all ordered triples s <t < u and compact sets K < R, the
set

{g(t) : g is the unique geodesic between (z,s) and (y,u) for some x € K,ye K} (B.5)

is finite.
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Lemma B.2.5 is known. Its derivation from Lemma B.2.1 and some results of [48] are
shown in [35]. Lemma 3.12 in [70] (posted after the first version of [35]) provides a stronger
quantitative statement, but we do not need it for our purposes. This stronger estimate
can be traced back to the work of [21] in exponential LPP using integrable methods.

Proof of Lemma B.2.5. Assume, without loss of generality, that K is a closed interval
[a,b]. We observe that by planarity, all geodesics from (z,s) to (y,u) for z,y € K lie
between the leftmost geodesic from (a, s) to (a,u) and the rightmost geodesic from (b, s)
to (b,u). Hence, the set (B.5) is contained in a compact set, and it suffices to show that
the set has no limit points.

Assume, to the contrary, that there exists a point (2, s; 9, u) € (K x {s} x K x {u}) nR?
with unique geodesic § such that there exists a sequence of points x,,y, € K such that
for all n, the geodesic g, from (zn,s) to (yn,t) is unique and so that g,(¢) — g(¢) but
gn(t) # g(t) for all n. By compactness, there exists a convergent subsequence (2, , yn, ) —
(z,y). By Lemma B.2.2, there exists a further subsequence (zn,,,Yn,,) such that the
geodesic graphs G 9ny,, converge to the graph of some geodesic Gg from (z, s) to (y,u) in the
Hausdorff metric. Since g, (t) — §(t), we have g(t) = §(¢). By Lemma B.2.3, the overlap
O(gny,>9) is an interval whose endpoints converge to s and u, so gn,, (t) = g(t) = g(t) for
sufficiently large ¢, contradicting the definition of the sequence g,,. O
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