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Abstract

This thesis work introduces a new method for learning the sparse network-structured de-
pendence among nodes from “multivariate point process” data. Learning network structure
from point process data {T;}icy has wide applications in neuroscience, biology and in-
formation transmission. The commonly used discrete-time modeling relies on empirical
assumptions of Poisson distributions for bin counts of events in equally-spaced time bins
with stationary and independent increments, which limit the scope as applied to practical
applications. This thesis work develops continuous-time stochastic models of the “condi-
tional intensity processes” {\;(t) : t > 0};cy for learning the network structure, underlying
an array of non-stationary “multivariate counting processes” {N(t) : t > 0} for {T;}icy.
Furthermore, we introduce the “marked point process for intensity discontinuities”, derive
their “explicit forms of conditional distributions” and show the “cyclicity property of IN (¢)
driven by recurrence time points”. These theoretical properties provide new insights into
establishing statistical consistency and convergence properties of the proposed penalized
M -estimators for graph parameters relevant to structure recovery, under mild regularity
conditions. Simulation evaluations demonstrate computational simplicity of the proposed
method, and increased estimation accuracy over existing methods. Real multiple neuron

spike train recordings are analyzed to infer connectivity in neuronal networks.



Chapter 1

Introduction

Literature reviews on modeling of multivariate point process, inference and estimation of
network structure, and application examples are presented in this chapter.

Structured multivariate point process data has wide applications, ranging from record-
ings from neuron multiple spike trains, file access patterns and failure events in server farms,
to queuing networks. Inference of the network structure underlying such multivariate point
processes and addressing queries based on the learned structure are important issues. For
example, learning the structure of cooperative activity between multiple neurons is an im-
portant task in understanding neural spike activity and identifying patterns of information
transmission and storage in cortical circuits; see Brillinger and Villa (1994), Aertsen et al.
(1989), Oram et al. (1999), Harris et al. (2003), Barbieri et al. (2001), and Brown et al. (2004).
Analogously, learning the access patterns of files can be exploited for developing faster file
access systems.

Typically, multivariate “point processes” refer to random processes of occurrences of a
particular event (such as neuron spike firing) in time and geographical spaces, in the form

of {T1,..., Ty} recorded at V nodes, where

Ti=(Ti1, ..., Tin,)" with0<Tj; <---<Tix, <T, foriecV, (1.1)



correspond to series of time points 7T} ; of the /th event arriving at the ith node in an experi-
ment with time length T, where the superscript T denotes transpose and V = {1,...,V}is
the node set. The corresponding “counting process” N;(t) = >_,~, I(0 < T;, < t) counts
the number of events that occur up to time ¢ at node i« € V. An important goal is to extract
the dependency structure among nodes, connected in the network, from V' sequences of
time series. Figure 1 illustrates the network-structured dependence (in the left panel) of

multivariate point process data at 5 nodes (in the right panel).

Figure 1: Each node of the network graph in the left panel corresponds to a point process
in the right panel. Arrows indicate interactions (red for excitatory and blue for inhibitory
effects).

Due to the stochastic nature of the point process data {7; ¢} in (1.1) for event occurrences,
there are two types of methods that are relevant to modeling multivariate point process data.
(a) The discrete-time modeling approach includes the dynamic Bayesian network in Murphy
(2002), and variants of generalized linear models (GLM) in Brillinger and Villa (1994), Kelly
et al. (2010), Truccolo et al. (2005) and Zhang et al. (2016), which partition the time axis
into equally spaced time bins, and transform the series of event arrival times into a sequence
of event bin counts, empirically modelled by Poisson distributions, but meanwhile, suffer
from the loss of information caused by the discrete approximation error. (b) In contrast, the
continuous-time approach ideally depicts physical processes, but is substantially challenged
by modeling not only the part of “intensity processes” to be time-varying, but also the part
of sparsity feature underlying the network structure. Several research efforts have been

made to develop specific continuous-time point process models, such as the Cox model



in Masud and Borisyuk (2011), inhomogenous Poisson process in Rajaram et al. (2005),
and the Hawkes process in Chornoboy et al. (1988), Reynaud-Bouret and Schbath (2010),
Xu et al. (2016). On the other hand, most existing works focus on numerical algorithms,
with fewer theoretical results developed for statistical learning due to the complexity of
continuous-time point processes.

To capture the dependency between point process data represented in (1.1) both quali-
tatively and quantitatively, we aim to develop novel network structure learning methods
which integrate the utility of continuous-time and discrete-time modelings. Specifically,
we build continuous-time GLM-type stochastic models (3.1) for the “conditional intensity
processes” {\;(t) }icy, where each \;(t) depends on short-term past events of all other nodes
up to time ¢ and embeds the magnitude and direction of interaction effects in graph pa-
rameters. A sparse network will be obtained via penalized )M-estimation of parameters in
the graph structure; see (5.8) and (6.6). Compared with the linear Hawkes process, our
method could better capture not only the excitatory but also the inhibitory effects between
nodes. Compared with the discrete-time approach, our method is partition-free, avoiding
the subjective choice of the bin width.

Addressing the theoretical issues in the interface between continuous-time stochastic
modeling and statistical learning procedure is a non-trivial task. Indeed, conventional tools
for proving stochastic convergence and statistical consistency are not directly applicable in
the context of statistical estimation from point process data, since the loss function (e.g., in
(5.4)) for parameter estimation relies primarily on the non-standard dependence structure
of counting processes { N;(t) };cv, associated with point process data {7 ,}. Hansen et al.
(2015) used an approach based on the Hawkes process, which provides some insights, but
requires the stationarity assumption. We will develop novel technical tools which contribute

to the statistical analysis of a wide array of non-stationary multivariate point process data.

(i) Specifically, by applying a novel tool of the “marked point process (7', I) for intensity
discontinuities”, which equivalently represents the multivariate point process data

{T;.¢}, we explicitly derive the probability distributions of 7" and I, accompanied with



a sequence of useful properties in Section 4.1.

(i) We then prove the “cyclicity property of {N;(t) }icy driven by recurrence time points”,

and further exhibit the “asymptotic mean stationarity” in Section 4.2.

(i) All these probabilistic results are essential for deriving the statistical properties, such as
consistency of the proposed penalized M -estimation in structure learning, in Chapter

5.

(iv) Moreover, we demonstrate that the developed theoretical results are not confined to our
specific model for {\;(¢) };cy, but carry through to a wide array of continuous-time

models arising from non-stationary point processes. See Section 4.3 and Chapter 6.

Extensive simulation studies lend support to the validity of our proposed penalization
method for recovering network-structured dependency, which is also applied to a pre-
frontal cortex spike train dataset to illustrate its practical utility in the analysis of real-world
multivariate point process data.

The thesis is organized as follows. Chapter 2 reviews the multivariate point process,
and outlines the proposed continuous-time modeling framework. Chapter 3 presents our
proposed model for {\;(t)};cy, and Chapter 4 investigates related probabilistic properties
of {N;(t)}icy. Chapter 5 addresses statistical properties related to the proposed network
recovery procedure. Chapter 6 introduces an extended model for structure learning. Chapter
7 illustrates simulation evaluations of the proposed method, and Chapter 8 analyzes a real
spike train data. Chapter 9 gives a brief discussion. All technical details and derivations are

relegated to Appendices A and B.



Chapter 2

Overview of the proposed

continuous-time modeling

In this chapter, we first introduce the background of the multivariate point process with
the conditional intensity process, followed by an outline of our proposed continuous-time

modeling and parameter estimation procedure.

2.1. Multivariate point process in our set-up

We start with a brief review of the point process. Refer to Daley and Vere-Jones (2003) for a
more comprehensive discussion of the point processes. Denote by V = {1,...,V} the set of
nodes. Throughout the thesis, we focus on the setting where the number V' of nodes is a
fixed constant. For each node i € V, define the univariate “point process” by {T; ;}¢>1 on

the probability space (€2,.%, P), where

0<Tin <Tip<--- (2.1)



denote the time-ordered sequence of event-occurrence time points at this node <. For ¢t > 0,

denote the event counts in the time interval [0, ] by

Nit) = Y10 < Ty <) (22)
>1
where I(-) denotes the indicator operator. We term {N;(t)}+>0 the “counting process” of

{T;.¢}e>1. More generally, we denote the event counts in any Borel set 7 € B([0, 00)) by

NiT) =) UTie€T), (2:3)
1
which, for 7 = [0, ], reduces to N;(t) in (2.2).

According to (2.2), a point process {7} ; } ¢>1 uniquely defines a counting process { N;(t) };>o.
Conversely, { N;(t) }+>0 uniquely yields a point process, due to the identity 7; ; = inf{t >
Tio—1 : Ni(t) > Ni(T;e—1)}. Thus, the counting process {N;(t)}:>0 and the point process
{T; ¢}¢>1 are equivalent to each other.

For the multivariate setting with V nodes, we define the vector N () = (N (t),..., Ny ()7,
and call {IN(¢)};>0 the “multivariate counting process”, corresponding to the “multivariate
point process” {T; ¢ : £ > 1};ey. Foreach t > 0, let .%; C .# be the smallest sub o-algebra
that contains all the information of the multivariate counting process in the history up to

time ¢, formally defined as
Fi=0({Ni(s) : s €[0,t], i € V}). (2.4)
From (2.4), it is seen that
Fi, C Py Coo, forany 0 <t) <t <---. (2.5)

We refer to the sequence of o-algebras {.#; };>¢ in (2.4), satisfying the property (2.5), as the

“filtration generated by {IN(¢) };>0”, and call (Q2, %, {%; }+>0, P) the corresponding “filtered



probability space”.

2.1.1. Total intensity process of N ()

For a single node i, the stochastic character of a counting process N;(t) is captured by the
corresponding “intensity process” (also called “conditional intensity function”) A;(¢), which
measures the instantaneous rate of event occurrence at node ¢. In this thesis, we adopt the

definition of the intensity process from Rubin (1972):

lt) = lim %P(Ni(t LAY =Ni(t) +1] F) (2.6)
1 _
= 1&% ZP(Ni(t + A) # Ni(t) | F#), as. (2.7)

forieVandt > 0.

For the multivariate case with V nodes, we similarly define the “total intensity process”

of N (t) by
A (E) = lim P (Uiey {Ni(t+ &) = Ni(0) + 1} | 7) (28)
1 _
= lAlﬂ% ZP(N(t +A)#N(t) | F), as. (2.9)

Remark 1. For a general univariate point process, the two limits (2.6) and (2.7) may not be
identical. Rubin (1972) introduced the notion of “reqular point process” for a univariate count-
ing process {N(t)}i>0 in which the two limits “lima o %P(N(t +A) = Nt)+1 | F#)”
and “limajo AP(N(t + A) # N(t) | F)” are identical a.s. for every t > 0. Our work
extends this definition to the multivariate counting process, and calls {IN (t) }y>o “reqular”, if
limajo AP(Ni(t + A) = Ni(t) + 1 | F) = limayo xP(Ni(t + A) # N;i(t) | ) holds a.s. for
everyi € Vandt > 0. As shown in Appendix B, any multivariate “reqular” counting process
{N(t)}+>0 also has identical limits (2.8) and (2.9) a.s. for every t > 0. Throughout the thesis, we
assume that our multivariate counting process {IN (t) }+>0 is “reqular”. Hence, the intensity process

Ai(t) at node i could be defined by either (2.6) or (2.7), and the total intensity process A*"™ (t) by



either (2.8) or (2.9).

2.1.2. Conditional independence for N (¢)

For the multivariate setting in our study, the structure of the counting process N (¢) could
not be fully described by solely presenting the intensity processes \;(t) at individual nodes
i. Besides, it needs to clarify how the increments of event counts, NV;(t + A) — N;(t) and
N;(t + A) — Nj(t), are correlated between any pair of distinct nodes i and j. In Definition
1 below, we introduce the notion of “conditional independence”, which refers to the case
where N;(t + A) — N;(t) and N;(t + A) — N;(t), conditional on .%;, are asymptotically

independent for all ¢ # j.

Definition 1 (Conditional independence). A multivariate counting process N (t) is called

“conditionally independent”, if for any two distinct nodes i, j € V, and any time t > 0,

1
lim A—P(Ni(t + A) = Ni(t) + 1,N;(t + A) = N;(t) + 1 | F)

AL0 A2
= 1&% éP(Ni(t +A)=Ni(t)+ 1| %) P(N;(t+A) =N;(t) + 1| F)
= )\i(t)/\j(t), a.s.. (210)

Lemma 1 shows that for a “conditionally independent” multivariate counting process
N (t), the total intensity process ¥ (¢) in (2.8)—(2.9) equals the sum of all intensity pro-
cesses \;(t) over individual nodes i € V. In the rest of the thesis, we always assume that the

multivariate counting process N (t) is “conditionally independent”.

Lemma 1 (Total intensity of the multivariate counting process IN (t)). Assume conditions
Al and A2 in Appendix A. Assume that P(\i(t) < oo) = 1foralli € Vandt > 0. If N(t)
is “conditionally independent”, then for any t > 0, the total intensity process X" (t) defined in

(2.8)—(2.9) satisfies

NU(E) =) CNi(E),  as. (2.11)



2.2. Outline of the proposed continuous-time modeling

The proposed continuous-time modeling procedure is outlined as follows:

(Statistical modeling of the intensity process \;(¢)) Chapter 3 presents our proposed mod-
eling (3.1) for the intensity process \;(t) motivated from the GLM-type framework,
with interpretations relevant to the practical network structure of neuron ensembles.

(Stochastic framework and probabilistic properties of IN(t)) Chapter 4 derives novel
theoretical results for the probabilistic properties of model (3.1) for \;(¢), which are
applicable to analyzing a wide array of multivariate point processes N (t).

(i) InSection 4.1, we introduce a new framework, the “marked point process (T ) =
({To}e>1, {It}¢>1)” for studying discontinuity points of {);(t)}icy and the prob-
abilistic features of the counting process N (t). We first derive the probability
distribution of (7', I') in Theorem 1, together with the related probabilistic prop-
erties in Lemmas 3, 4, and 5. These results are then translated into analogous
results of the counting process N (¢) in Theorem 2.

(ii) In Section 4.2, a novel “cyclicity” feature of N (t) driven by “recurrence time
points” {R;}¢>1 is given in Theorem 3, which further leads to the “asymptotic
mean stationarity” in Theorem 4 for N (t).

(iii) In Section 4.3, Theorem 5 demonstrates that probabilistic results studied in Sec-
tions 4.1 and 4.2 can be extended for a wider class of intensity processes.

(Estimation of graph parameters and learning of network structure) We propose in

Chapter 5 the penalized M-estimator 3; for true values of graph parameters 3; in
modeling \;(¢), and verify in Section 5.3 parameter estimation consistency and network
recovery consistency with Theorems 7-8 and Corollary 1, which require results of
Theorems 2—4 in Chapter 4. Chapter 6 gives Theorem 9 and Corollary 2 for an extended
class of \;(t).
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Chapter 3

Modeling )\;(¢) by network structure

The existing work on modeling the intensity process \;(¢) by network structure mainly
includes two types of approaches: (i) the continuous-time modeling, e.g., Chornoboy et al.
(1988), Masud and Borisyuk (2011), and Hansen et al. (2015), typically based on either
Hawkes or Poisson process (Definition B in Appendix A); and (ii) discrete-time modeling,
e.g., Brillinger and Villa (1994), Truccolo et al. (2005), Zhang et al. (2016), and Zhao et al.
(2012), usually based on the generalized linear model with the exponential link function.
It is thus useful to incorporate the advantages of both modeling strategies, leading to our

proposed continuous-time GLM-type modeling for \;(¢),

Ai(t) = exp {50;¢ + Zﬂj,z‘ xj(t)}u eV, t>0, (3.1)

jev

with interpretations of parameters fy;; and 3;; and covariates x;(t) depicted as follows:

Baseline intensity parameter ;. Since the background intensity may vary with nodes, we
include the scalar parameter f3y.; into (3.1) to associate the baseline intensity parameter
with each node .

Connection strength parameter 3;;. The connection strength parameter ;; in (3.1)
quantifies the magnitude and direction of a parent node j’s influence on the child
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node s, i.e., @/B—]@@, particularly,

Bji > 0: excitatory effect from node j to node i;
Bji=0: no effect from node j to node i;
Bji < 0: inhibitory effect from node j to node :.

In addition, we assume 3; ; = 0 for all ¢ € V), i.e., there is no “self effect”. The network
graph G = (V, £) can be obtained from all pairs of nodes (4, ) with non-zero connection
parameters [3; ; in the edge set,

E={(j,)) eVxV:85,#0,j#i}=E UE_, (3.2)
which distinguishes the edge set for excitatory effects
Er={G,i) €V Vi B> 0, 4 i, (3.3)
from the edge set for inhibitory effects
E_={(j,i) eV xV:pB;;<0,j#i}. (3.4)

Configuration of this graph G reveals the interaction effects between nodes, and learn-
ing such graph structure via statistical estimation methods is the main goal of this
thesis.

Regression covariates z;(t). Regression covariates x;(¢) aim to represent the effect from
other nodes j € V onnode ¢, within a short period of time, earlier than ¢. We formulate

z;(t) by
zj(t) = g(rjs(t)), (3.5)

via the empirical firing rate,

N; (¢t = ¢) v 0,1])

¢ Y
during a short time interval of width ¢ € (0,00), where a V b = max(a,b), and a
non-linear “shape function” g(-) : [0, 00) — [0, 00), which is continuous, non-negative,
and monotonically increasing, with g(0) = 0. In parameter estimation and theoretical
analysis, the function ¢(-) and the constant ¢ are known.

7j.6(t) = (3.6)

The proposed model (3.1) utilizes the GLM-type framework to associate the intensity
process A;(t) with both the historical data and the network structure, delivering a novel
continuous-time approach for modeling multivariate point process data. As illustrated
below, using two specific choices of the “shape function” g(-) in (3.5) (combined with (3.6)),

our model (3.1) connects with two existing models.
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Example 1: g(x) = x. Then model (3.1) is

Ai(t) = exp {/60;1' +) B Tj@(t)}

JjeEV

t
—ep{fut Y [ CA0St-ucodNW),  (67)

JEV

a special case of the general multivariate non-linear Hawkes process in Brémaud and
Massoulié (1996):

a0 =0+ 3 [ wnatt = an), (38)

jevy—

when we set the non-linear link function ¢(-) = exp(+), and the interaction function
wji(u) = B;,:1(0 < u < ¢)/¢, with 3;; = 0. In a general non-linear Hawkes process
(3.8), the interaction function w; ;(-), not constrained to be indicator functions, allows
the convolution covariate ffoo wj,i(t — u) dNj(u) to be more flexible. Chapter 6 will
discuss an extension of our model (3.1), and its comparison with the non-linear
Hawkes process.

Example 2: g(z) = log(1 4+ z). Then model (3.1) becomes:

Ai(t) = exp (50;z’ + ) By log{1+ Tj,¢>(t)}>
jev
= exp(fBoa) [ [{1 +rj0(0)}, (39)

Jev

agreeing with Rajaram et al. (2005). Compared with Example 1, the “shape function”
g(x) = log(1 + =) in Example 2 is relatively flat, and thus moderates the steepness
of the exponential link function and down-weights the influence of excessively large
intensities. Thus, (3.9) is expected to better portray the dynamics of multivariate point
process data in real applications.
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Chapter 4

Probabilistic properties of the

proposed model

The stochastic properties of a counting process primarily depend on its associated intensity
process. In this chapter, we investigate the probabilistic properties of the counting process
N (t) associated with the intensity processes {\;(t) }icy in our model (3.1). These proba-
bilistic results are essentially required for deriving our statistical properties (Theorems 6-9
and Corollaries 1-2) in Sections 5 and 6.

A distinctive feature of our intensity processes {\i(t) }icy in (3.1) is that they are piecewise-
constant functions of time ¢ (as to be shown in Section 4.1.1). In other words, unlike many
other models, our {\;() };cy do not change continuously over time, yielding a countable
number of discontinuity points in (0, co) from all nodes. As we will see, the discontinuity
points of {\;(t) }icy play an important role in characterizing the stochastic features of our
intensity processes. We start by investigating the set of discontinuity points of {\;(t) }icy in

Section 4.1.
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4.1. Marked point process for intensity discontinuities

In this section, we conduct a step-by-step analysis based on the discontinuity points of
{Ai(t)}iey in (3.1). Section 4.1.1 exhibits the piecewise-constantness of {\;(t)}icy. Section
4.1.2 defines the “marked point process (7', I) for intensity discontinuities”, which proves (in
(4.6)—(4.7)) to be equivalent for studying the point process {T; ;}¢>1,icy and the counting
process N (t). Section 4.1.3 derives the probability distribution of (T', I) (in Theorem 1),
and the related probabilistic properties (in Lemmas 3-5). By translating the results of (T, I
into the analogues of N (t), Section 4.1.4 presents the bounded variance and the finiteness

(in Theorem 2) for our counting process N (t).

4.1.1. Piecewise-constant \;(t)

Recall that from (3.1), (3.5) and (3.6), the conditional intensity function at each node
i € V can be re-written as \;(t) = exp{fo;i + X_;cy Bji 9(Nj(((t — ¢) V 0,1]) /) }, which is a

continuous function of { N;(((t — ¢) V 0,t])};ev, with
N;(((t=¢)Vv0,t]) = N;j(t)— Nj(t—¢), t=>0. (4.1)

Thus the smoothness of \;(t) directly depends on that of {N;(((t —¢) V 0,])};ev.

Foreachnode j € V and event time points {7} s} ¢>1 in (2.1), define N;({t}) = >, I(Tj ¢ =
t), which is the jump size of N;(-) at a single point ¢t. Clearly, N;({t}) € {0, 1}, and
N;({t}) = lisequivalentto ¢t € {T} ;}¢>1. Moreover, two properties of N; (((t—¢)V0,]) can
be verified. First, N;(((t — ¢) V 0,]) is non-negative, right-continuous, piecewise-constant,
but is not monotonically increasing in ¢ € [0, c0). Second, the set of discontinuity points of

Ni(((t=¢) v 0,t]) is

{t=0:N;({t) = N;({t —¢}) = +1} U {t 2 0: N;({2}) = N;({t = o}) = -1}, (42)
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where

0, ifté¢{Tjete>1,andt ¢ {Tjp+ dti>1,

+1, ift e {Ts}i>1,and t ¢ {Tj ) + d}i>1,
N;({t}) = Nj({t — 6}) = P ’ @)
-1, ift & {Tjs}e>1,and t € {Tj i + d}i>1,

0, ifte {1—‘]‘73}521, and t € {T]JC + ¢}k21-

Following (4.3), we can rewrite the set of discontinuity points in (4.2) as

{t>0:t e {Tyobmr,and t & {(Typ+ bt U {t = 00t ¢ (Tyshems,and t € (T + Shisi |,

which belongs to the set

{Tjetes1 UA{Tjk + Ote>1-

Condition A1 in Appendix A implies P( Ugs1 Up>1{Tje =T 1 + ¢}) = Oforall j € V.
Accordingly, {\;(t) }iey are piecewise-constant functions of ¢, with discontinuity points

listed in the sequence,
{Tl,TQ, .. } = U {{Tj,K}€21 @) {Tng + qb}kzl}, with 0 < Tl < TQ < -ee, (44)
JEV

where {7} > are arranged in increasing order. An illustration of N;(t), N;(((t — ¢) V 0,1])

and \;(t) is given in Figure 2.

4.1.2. Marked point process (T, I) for studying discontinuity points of
{Xi(0) Fiev

To investigate {);(t)}icy, we next introduce the notion of “marked point process (T', I) =
( {Tg} ¢>1,{1r}e>1) for intensity discontinuities” in Definition 2 below. A general marked

point process (T, I) is a double sequence, where {Tg}421 is a point process, and each T’g is
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Figure 2: Illustrative plot of sample paths of stochastic processes N;(t) in (2.2), N;(((t —
)V 0,t])in (4.1), and \;(t) = exp{—0.8+0.5- N;(((t —¢) V0,¢])} in (3.1), with V = {1, 2},
i =1, j = 2, and the time-lag ¢ = 1. Note that N;(¢) and N;(((t — ¢) V 0,t]) are overlapped
in the time interval ¢ € [0,1.7). It is seen that \;(¢) is a piecewise-constant function with
points of discontinuities identical to those of N;(((t — ¢) V 0,1]).

associated with a “mark” I,, usually representing some additional features (such as labels
or locations) related to the time point 7}; see Daley and Vere-Jones (2003) and the references

therein. For each i € V, define S; = {j € V\i: f;; # 0}.

Definition 2 (Marked point process (T', ) for discontinuity points of {\;(t)}iey). Assume
conditions A1-A4 in Appendix A; assume S; # @ for each i € V. For the strictly increasing time
points {T1, Ty, ...} defined in (4.4) and integers £ > 1, let I, € V U {0} be the mark corresponding
to Ty, defined by

i, ifTy e {T} i }k>1 for some node i € V,
I, = (4.5)

0, if Ty e {T; 1 + @}i>1 for some node i € V.

We call the double sequence (T',I) = ({T;}e>1, {It}e>1) the “marked point process for intensity

discontinuities”.

The mark I, in (4.5) indicates the identity of Ty: if the discontinuity point T, of {Ni(®) }iev
is due to an event occurrence from some node 7 at that time point, then I, represents the

index ¢ of that node; otherwise, we set I, = 0. Lemma 2 below guarantees the uniqueness of
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the mark I, defined in (4.5) for each 7.

Lemma 2 (Uniqueness of the mark I, corresponding to Ty). Assume conditions A1-A4 in
Appendix A; assume S; # @ for each i € V. Then, the mark I, in (4.5), corresponding to the

discontinuity point Ty, is uniquely defined a.s., i.e.,

(i) for any distinct i,j € V, P(Iy =i, I; = j) = P(Ty € {Ti i1, To € {Tiptis1) = 0;

(ii) foranyie V,P(Il; =i, I; =0) = P(Tg € {Ti,k}kzl , Tg S {T],k + ¢}jev7 kzzl) =0.

As stated by Definition 2 and Lemma 2, a multivariate point process {7} ¢}/>1,icy
uniquely defines a marked point process (T',I). Conversely, (T',I) uniquely yields a
multivariate point process {7} ¢}/>1,icy and accordingly a multivariate counting process

{IN(t)}+>0, due to the identities,

Tig=inf{T}, >Tipq: I, =4, k>1}, £>1, i€V, (4.6)
Ni(t) =Y UTp <t, Ly =i), t>0, i€V, (4.7)
E>1

where T; o = 0. Hence, the point process {T; ¢ }¢>1,icy, the counting process { N (t) }+>0, and

the marked point process (7°, I) can be deduced from each other.

Remark 2. As to be shown in Theorem 1 below, the probability distribution of the marked point

process (T', I) has a closed-form expression, and thus (T, I) is more convenient to analyze than

{Ti e }e>1,iev and {N (t) }>o0.

4.1.3. Probabilistic properties of (T', I)

For each integer ¢/ > 1, let ]:T“,g = {A eZ AN {Tg <t} € Fforeveryt > 0} be the
stopping time o-algebra (defined as in Fischer (2013)) with respect to T}, i.e., generated by
the marked point process (7', I) up to time 7}. For £ = 0, define Fiy, = Fo={Q,2}, To =0
and Iy = 0. Theorem 1 presents the probability distribution of the marked point process

(T, I) conditional on the filtration {Fg,tezo (e, Fy © Fp C--+). Forao-field # and
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a random variable X, denote by o(.#, X) the smallest o-field that contains all the events

belonging to .# U o(X).

Theorem 1 (Conditional distributions of Ty, and I;44 given Fy, ). Assume conditions A1-A4

and A2 in Appendix A; assume S; # & for each i € V. For each integer £ > 0, define by

To=J{te @—o.0): Ni({t}) = 1} (4.8)
eV
the set of event-occurrence time points in the interval (Tg -9, Tg]. Define the ]:Tvl-measumble random

variable

min(T;) + ¢, it T; # @,
Ty = (4.9)

0, if Tp= 9.

We have the following results:

(i) (Support of Tyy1) P(Ty < Ty < T7) =1
(ii) (Conditional distribution of Ty.1) If T} < oo, then Ty 1, conditional on Fiy,, has the mixed-type
probability distribution, with probability mass function (p.m.f.) at the point T},
P(Tpp1 =T} | Fy,) = exp{=A""(Ty) - (T} = To)}, (4.10)
and probability density function (p.d.f.),

175, (¢ Tp) = ML) exp{-N"™Ty) - (¢t = 1)}, fort € (T, 17), (411)

where N3 (t) = ZZV:1 Ai(t) denotes the total intensity process defined in (2.8)—(2.9) and

v

derived in (2.11). If T; = oo, then (4.10) and (4.11) reduce to (Top1 — 1) | Fiy, ~
Exp (A" (T7)).

(ili) (Conditional distribution of I, 1) If T; < oo, then fori €V,

0, if Tpyy =T,

) L O (412)
)\Z'(Tg)/)\sum(Tg), if Tg+1 S (Tg,TK )

P(lpy1 =1 U(]:T“NTU@H)) = {

If T} = oo, then (4.12) reduces to P(Iy4q =i | U(]:T“laTHl)) = XNi(Ty)/ X™™(T), fori € V
and Tg.,.l S (Tg, OO)
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The derivation of Theorem 1 primarily utilizes the fact that the intensity functions
{Ai(t)}icy are constant in each interval [T, 7)1 1). For example, if T; < oo, (4.11) indicates
that conditional on ]:Te’ the duration TgH — T, follows an exponential distribution with
rate )\S“m(Tg) before Tgﬂ reaches T/. Furthermore, T’g_H = T} indicates that Tgﬂ e{Tix+
¢}icy k>1, whereas Ty, < T; implies that the probability of the event {Tyy1 € {T} 4 }x>1},
conditional on o (Fy,, Ty41), is proportional to the corresponding intensity \;(77) at node 4.

In what follows, we show that Theorem 1 leads to further probabilistic results of (T, 1),
as presented in Lemmas 3, 4 and 5, which are used for proving Theorem 2. For the sake of

description, the following notations are required.

“Duration” 7, between two consecutive discontinuity time points 7}:

=Ty —T)_, 0>1. (4.13)

“Event counts” M; ¢ at node i € V:

V4
M;g=0, M= ZI(Ik =i), (>1. (4.14)

“Piecewise-constant intensity” at node ¢ € V within the time interval [Tg, Tgﬂ):

v

Nip = Xi(Ty), ¢>0. (4.15)

Lemma 3 (Expectation and variance related to (T, I)). Assume conditions A1-A4 and A2’ in

Appendix A; assume S; # & for each i € V. Then for each integer k > 1, we have that

E{I(Iy =) = Nip-17 | Fp_,} =0,

V&I‘{I(Ik = Z) — /\iykfl Tk ’ ka_l} = E{I(Ik = Z) | ffk—l}’ (416)

where \; o = X;(0). Furthermore, for each integer £ > 1,

¢
E<Mi,€ - Z Aik—1 Tk) =0,
k=1
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l
var (Miyg — Z )\i’kfl Tk) = E(Mlyﬂ
k=1

Lemma 4 (Martingale property related to (T°,I)). Assume conditions A1-A4 and A2’ in

Appendix A; assume S; # & for each i € V. Then the random process

¢
{Mz‘,e - Z Nik—1 Tk}e>1
k=1 =

is a martingale with respect to {F, }o>1.

Lemma 5 (Upper bound for variance related to ¢-truncated (T°, I')). Assume conditions Al—
A4 and A2 in Appendix A; assume S; # @ for each i € V. For a given deterministic time point

€ (0,00), let
[e.e]
Li=Y 1T, <t) (4.17)
=1
count the number of discontinuity points {Ty}¢>1 that occur up to t. For integers £ > 1, let
le = Tg Nt — Tg,l AT (4.18)

be the duration between t-truncated Ty and T,_1, where a A b = min(a,b). Let {X;}¢>0 be a
sequence of random variables, such that X, > 0 is measurable with respect to ]:Te foreach £ > 0,
and supy>o Xy < ¢1 a.s. for a constant ¢ € (0, 00). Then, there exists a constant ca € (0, 00), such

that for each i € V,

Ly Li+1
E{ Zkal I(I = i) - Z X1 i1 T,Lﬂ} =0, (4.19)
k=1 k=1

and

Li+1

Ly
var{ ZXk_l I(Ik = ’L) - Z Xk—l )\i,k—l Tlgt]}

k=1 k=1
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X2 1T, =i) <cpcit. (4.20)
~e(y” }

Furthermore, for the special case of X}, = 1, we have

Li+1
( i,Ly — Z)\zk 1Tk>: y
Lt+1
Val"( i,Ly — Z )\zk 17 ) = (Mi,Lt) S cot. (4.21)

Remark 3. Derivations of Lemmas 3-5 are outlined as follows. Lemma 3 is obtained from direct
calculations based on the probability distribution of (T, I) in Theorem 1. Lemma 4 follows from
(4.16) in Lemma 3. Lemma 5 is a non-trivial extension of Lemma 3, by replacing a non-random
index ¢ with a random index L;; Lemma 5 aims to study the properties of the marked point process
(T, T) when truncated by a fixed time point t € (0, 00), which is further used for translating these

results into the forms of the counting process N (t).

4.1.4. Translating results of (T', I) into results of N (t)

Using Brémaud (1981) (Theorem T8, p. 27), we can justify that for each ¢ € V, our stochastic
process {N;(t fo u) du}s>o is a martingale with respect to {.%;}:>0. Moreover, the
equivalence verified in (4.7), between the marked point process (T', I) and the counting
process N (t), enables us to translate the results of Lemmas 3-5 into the counterparts of

N(t), and to directly obtain Theorem 2 below for some useful properties of the martingale

fo w) du}e>o.

Theorem 2 (Bounded variance of N;(t fo u) du; finiteness of N (t)). Assume conditions
A1-A4 and A2' in Appendix A. Then, there exists a constant ¢, € (0, 00), such that for any i € V

and any t € (0,00),

var{Ni(t) - /0 t (1) du} —B{N:(t)} < a1 t, (4.22)
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and thus the counting process N;(t) is finite a.s., i.e.,
P(N;(t) <o0) =1, i€V. (4.23)

Furthermore, for a random process {xz(t) }+>o, such that x(t) is F-measurable, 0 < inf;>q z(t) <
sup;>o z(t) < c2 a.s. for a constant c3 € (0,00), and x(t) is constant in the interval [Ty, Tyyr) for

each integer £ > 0, it follows that for any t € (0, c0),

Var[/ot {2(u=) AN () — z(u) \i(u) du}} _ E{ /Ot 22(u) \i(u) du} <eicdt, (4.24)

where x(u—) = limy,, (t) denotes the left limit.

By means of the marked point process (T', I'), we obtain Theorem 2, which guarantees
some basic probabilistic properties of our counting process N (¢). In the subsequent discus-
sions in Sections 5 and 6, we shall show that these results are crucial for deriving the related

statistical properties, as presented in Theorems 6-9 and Corollaries 1-2.

4.2. Cyclicity and asymptotic mean stationarity

A counting process { N (t) }+>0 is called “stationary”, if for any time point s € [0, c0), N (t+s)—
N(s) DN (t) for each t > 0, where X, D x 2 denotes random quantities X; and X5 having
an identical distribution; see Daley and Vere-Jones (2003) and the references therein. A
stationary counting process { N (¢) }+>0 possesses many well-known probabilistic properties,

some of which are listed as follows:

(P1) Invariant distribution of the conditional intensity function: for the conditional intensity
function \(t) defined in (2.6)—(2.7), the probability distribution of A(¢) is invariant to
any t € [0, 00).

(P2) Constant mean intensity: for any ¢ € [0, c0), the mean intensity function E{\(t)} = Ao
for some constant \g € (0, 00).

(P3) Expectation of increments: forany ¢ € (0,00) and any s € (0,00), E{N(t+s)—N(s)} =
Ao x t. Furthermore, if N(¢) is ergodic, then lim;_,oo N (t)/t = Ao, a.s..
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(P4) Finiteness of N(t): for any ¢ € (0,00), P(N(t) < o0) = 1.

These features following from the stationarity assumption significantly facilitate the
theoretical analysis. Therefore, the stationarity assumption is widely imposed in the relevant
literature, e.g., Hansen et al. (2015), Hawkes and Oakes (1974), Reynaud-Bouret and Schbath
(2010). A multivariate counting process {IN (¢) }+>0 is called stationary if for each dimension
i €V, {N;(t) }+>0 is stationary.

Nonetheless, Lemma 6 below shows that IV (¢) associated with the conditional intensity

functions {\;(¢) }iey in our model (3.1) is non-stationary.

Lemma 6 (Non-stationarity of N (t)). Assume conditions A1-A4, A2', and AT in Appendix A.
Then there exists some node ig € V), such that N;(t) is non-stationary. Hence, the multivariate

counting process N (t) is non-stationary.

We justify Lemma 6 by showing that the intensity functions {\;(¢) };cy in (3.1) do not
have invariant distribution for all ¢ € [0, 00), and thus violate property (P1) of stationarity.
Without possessing properties (P1)—(P4) listed above, a non-stationary point process greatly
challenges the theoretical analysis. It would be necessary to explore alternative properties for
non-stationary point processes. We aim to accomplish this goal through a novel approach.

Recall that a Poisson process assumes the independent increment property, leading to
the memoryless property Kass et al. (2014), i.e., for any s € (0, 00), the time-shifted counting
process {N(t+s) — N(s) }+>0 is independent of the history up to the time point s. Our study
considers a relaxed assumption C1 for the memoryless property, i.e., the counting process
{N(t+ R;) — N(R¢)}+>0, at random time points Ry, is independent of a o-field Fg,, with

R, and Fpg, introduced in Definition 3.

Definition 3 (Recurrence time points R, recurrence cycle of N(t), and Fg,). Let Ry = 0.
For each integer £ > 1, let Ry be the first time point, after R,_1 + ¢, such that no events occur at any

node in the time interval (R, — ¢, Ry, i.e.,

Ry =min{t > Ry +¢: N(((t— ¢) vV 0,4) = 0}. (4.25)
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We call Ry the ¢th “recurrence time point”, and call the interval (Ry_1, Ry| the (th “recurrence cycle”.
Denote by Fr, = {A € F : AN{R; < t} € F, for every t > 0} the stopping time o-algebra with

respect to Ry.

Figure 3 illustrates the recurrence time points Ry. For our N (t), the existence of Ry is

verified by Lemma 7.

t=0 /¢\l/¢\l A/¢\l
f 4 —© 1 o—% —< t

A4 O

I
RO T Tra Ry Too Ry To 3T R3T1,3

—~ — . — — - — -

Figure 3: Illustrative plot of recurrence time points Ry, R1, R», ..., and the event-occurrence
time points {7} s }¢>1 of nodes i € V, with thenode set V = {1, 2}. Condition C1 refers to that
after reaching each recurrence time point R, N (¢) enters into the recurrence cycle (R, Ry+1],
where \;(R,) = \;(0), and restarts a new process {N (t + R;) — N (Ry) }+>0, independent of
FRr,-

Lemma 7 (Existence of Ry). Assume conditions A1-A4 and A2" in Appendix A. For each integer

¢ > 1, the recurrence time point R, in Definition 3 exists with probability one.

Furthermore, the recurrence time point R, and condition C1 imply the “memoryless
property” of our intensity process \;(t) for t > Ry, briefly explained as follows. Recall that
Ai(t) in our model (3.1) is a deterministic function of N (((t — ¢) V 0,t]). Using N ((R, —
¢, R¢]) = 0 for Ry in (4.25) gives that

N(((t—9)VO0,t]) = N(((t — ¢) V Ry, t]), foranyt > Ry, (4.26)
the detail of which is in Remark 4. Hence, \;(t) with t > Ry relies only on N (((t — ¢) V Ry, t])

and thus is independent of Fg,.

Remark 4. The derivation of (4.26) primarily utilizes the following fact: for two sets T, and T
of time points, if N (Tz) = 0, then we have N (T1\T2) = N (T1), where T\Ta = {t > 0:t €
Ti, t ¢ Ta} denotes the set difference of Ty and Ty. For any t > Ry, let Ty = ((t — ¢) V 0,t] and
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To = (Re — ¢, Re]. Then i\ T2 = ((t — ¢) V Ry, t], and Ry in (4.25) implies that N (Tz) = 0,
and thus N (Ti) = N(TiN\T2) = N(((t — ¢) V Ry, 1]).

A new “cyclicity property” of N (t) is obtained in Theorem 3.

Theorem 3 (Cyclicity of N (¢) driven by Ry). Assume conditions A1-A4, A2, A7, and C1 in
Appendix A. Let N (t) be the counting process with the intensity processes {\;(t) }icy in (3.1).

Then, for each recurrence time point Ry in (4.25) with £ > 1,

(i) N(t+ Ry) — N(Ry) D N (t) for each t > 0, with its intensity processes {\;(t + R¢) }icv +>0
independent of Fr,;

(ii) {N((R¢—1,Ry]) : £ > 1} is a sequence of i.i.d. random vectors;

(i) {Re — Ry—1 : ¢ > 1} is a sequence of i.i.d. random variables with the finite second moment.

This “cyclicity” property of N (t) will be used for deriving Theorem 4 below, as well as

Theorem 6 in Section 5.1.

Theorem 4 (Asymptotic mean stationarity of N (t)). Assume conditions A1-A4, A2/, A7, and
C1 in Appendix A. Then, there exists a constant vector co € (0,00)Y, such that the counting process

N (t) associated with the intensity processes {\;(t) }icy in (3.1) satisfies

Nt(t) 5 ey, ast— oo (4.27)

Theorem 4 verifies that the vector IN(t)/t of average counts converges in probability to a
constant vector as t approaches infinity. For a non-stationary counting process N (¢), this
type of property is called the “asymptotic mean stationarity”; see Nieuwenhuis (2013).

In summary, we proved in Lemma 6 that our counting process N (¢) is non-stationary,
violating property (P1) of stationarity. Nevertheless, we verified that N (¢) possesses some
desirable properties similar to stationary processes. For example, Theorem 4 is similar to
the ergodicity in property (P3); Theorem 2 verifies property (P4); and part (i) of Theorem

3 indicates a feature similar to the “shift invariance” property of stationarity. Theorems 3



26

and 4 not only are crucial for deriving the related statistical properties (in Theorems 6-8) in
Chapter 5, but also offer valuable insights into the theories for studying non-stationary point
processes. By comparison with existing results, technical tools we developed are easier to

interpret and utilize.

4.3. Probabilistic results extended for generalized intensity

process

In the previous Sections 4.1 and 4.2, we presented a series of useful probabilistic properties
of our proposed model (3.1) for A;(¢). A natural question arises about the reliance between
these probabilistic results and the specific form of intensity process A;(t) in model (3.1). In
this chapter, we shall show that all those results could also be extended to point processes
with a more general class of intensity processes.

Consider the following generalized model of the intensity process:
Ni(t) =hi(N((t—9¢)V0,1]), i€V, (4.28)

where ¢ € (0, 00) is the time-lag width, and the function h;(-) : RV — (0, 00) is continuous,
positive, and bounded above. Model (4.28) accounts for a wide class of intensity processes
{\i(t)}iev. Clearly, model (3.1) is a special case of (4.28), when we set h; (N (((t — ¢) V
0,1])) = exp{Boi + X ey Bii g(N;(((t — ¢) Vv 0,t])/¢)}. In addition, choosing 7;(-) = ¢;
for a constant ¢; € (0,00) yields \;(t) = ¢;, corresponding to a homogeneous Poisson
process N;(t). With various choices of the function h;(-), (4.28) is able to encode a broad
type of dependency structures among nodes, and thus is more general with applications
in modeling multivariate point process data. Theorem 5 shows that all the probabilistic
properties derived in Sections 4.1 and 4.2 continue to hold for the extended model (4.28)
for \i(t).

Theorem 5 (Probabilistic properties for generalized \;(t) in (4.28)). Assume conditions Al—
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A3, A2/, B1, and C1 in Appendix A. Then, for a counting process IN (t) with the generalized intensity
process {\;i(t) }icy modeled by (4.28), the results in Theorems 1-4 and Lemmas 2-5 in Sections
4.1-4.2 still hold.

Theorem 5 demonstrates that our novel technical tools and probabilistic results, such
as the “marked point process”, “cyclicity” and “asymptotic mean stationarity”, could be
extended to a wider range of models in (4.28), i.e., not restricted to the specific form of
intensity process A;(t) in (3.1). This fact confirms that our probabilistic contributions

provide valuable insights into the theoretical properties of a broad class of multivariate

point processes.
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Chapter 5

Parameter estimation via penalized

M -estimation

Our primary interest is to learn the network structure from the observed data {T;};cy in
(1.1) of the multivariate point process in the time interval [0, T], where T € (0, c0) is the
total time length of the experiment. Denote the true values of the conditional intensity

function (3.1) as
() = exp {Zi(t) ' B}, (5.1)

where 87 = (B5.5 BT = (Bo.ir Blis s Bie1.is Biy1i - - - ,B{"/J-)T € RV is the vector of true
parameters, and z;(t) = (1,z;(t) )" = (L, z1(2),...,2i—1(t), 2ix1(2), ..., 2 (1)) € RV is
the vector of regression covariates. The ultimate goal of our statistical learning is to estimate
Bj in (5.1) and recover the true network structure G* = {V, £*}, where the true edge set
&* = &L UE corresponds to £ = & U E_ in (3.2) with parameters f3; ; replaced by 3 ;.
The existing parameter estimation methods include two categories: (i) moment or
correlation-based approaches, e.g., Bacry and Muzy (2014), and Krumin et al. (2010); and
(ii) intensity-based approaches, e.g., Chornoboy et al. (1988), Hansen et al. (2015), and Xu

et al. (2016). The former approach was typically applied to the linear models of \;(), and
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thus is not suitable for our non-linear model (3.1). We adopt the latter approach, where
the parameter estimation is accomplished through the minimization of some loss function,
appropriate for measuring the discrepancy between the true and the estimated intensity

processes.

5.1. Loss function

In the existing literature, loss functions for a generic counting process N () associated
with an intensity process A(t) containing parameters 3 include the negative log-likelihood

function in Carstensen et al. (2010), Rubin (1972), Xu et al. (2016):

T
£(3) = —% /0 [log{A(t—)} AN (1) ~ A1) dt]. (5.2)

and the squared loss in Hansen et al. (2015), Reynaud-Bouret and Schbath (2010):

T
LB =< /0 {AQ(t) dt — 2)\(t—)dN(t)}. (5.3)

The squared loss (5.3) is more convenient for the linear models of A(¢), such as the linear
Hawkes process in Reynaud-Bouret and Schbath (2010), whereas the negative log-likelihood
function (5.2) is typically suitable for the non-linear case, such as using an exponential
link function in our model (3.1). Hence, our discussion will focus on using (5.2). In our
multi-dimensional setting, we choose to estimate 3 at individual nodes i, and recover the
network structure by aggregating estimators of { ,@;“ }iey, with the loss function,

~ 1 [T ~ ~
Lin(Bs) =~ /0 (=) B dNi(t) — exp {@:(t) B} dt] (5.4)
where 8; = (Bo.i,87)T = (Bois Bris - -+ Bio1.i» Bis1i - - Bv.i) T € RV denotes a vector of
generic parameters.
In many fields such as neuroscience, biology and finance, the number of recorded event-

occurrence time points could be large, typically in the order of millions or more. This
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motivates us to study the behavior of our estimation approach using true values Bj for a
large number N;(T) of event time points, or equivalently, long total time length T. Theorem
6 presents the asymptotic convergence under the true model of the gradient vector and the

Hessian matrix of £; 7(3;) as T approaches infinity. This result will be used for deriving

parameter estimation consistency (Theorems 7-8) in Section 5.3.

Theorem 6 (Asymptotic convergence related to loss function EzT(BZ) in (5.4)). Assume
conditions A1-A6, A2', and C1 in Appendix A. For each i € V, denote by Vﬁz‘,T(Bz‘) and V2£i7T(§i)
the gradient vector and the Hessian matrix of [,lT(,@) in (5.4) respectively. Then, we have the

following results:

(i) V£i7T(§;‘) converges to 0 in probability at square-root rate, i.e.,

~ 1 (T _ ~ _
VLir(BY) = 7 / (1) exp {@i(6) 7B} } dt — &i(t—) ANi(1)|

0

=Op(\/1/T), asT — oc. (5.5)

(ii) There exists a constant matrix C; such that
~ 1 T ~
VLa(B) = 1 [ @0@0 e (@075
0

Be, asT— . (5.6)

Furthermore, C; - 0 with all entries positive.

Theorem 6 is derived from the probabilistic results of IV (¢) in Chapter 4. Specifically,
(5.5) is obtained from the bounded variance property (4.24) of NN (t) in Theorem 2, which is
derived from the properties of the marked point process (T', I) (in Theorem 1 and Lemmas
3-5); (5.6) applies the cyclicity property of N (t) in Theorem 3 and the asymptotic mean

stationarity of N (¢) in Theorem 4.

Remark 5. Conventional tools for asymptotic results, such as law of large numbers (L.L.N) or central
limit theorems (C.L.T), are not directly applicable to Theorem 6, due to the distinctive features of the

stochastic processes N (t) and x;(t) in (5.5) and (5.6). To be specific, the non-stationary counting
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process IN () is closely linked with the historical events up to t (via its associated intensity processes
{A(t) }iev modeled by (5.1)), yielding a complicated dependence structure of N (t) across time t.
Moreover, the stochastic process &;(t) = (1, x1(t), ..., xi—1(t), zit1(t),...,2v (1)), withx;(t) =
g(N;(((t =)V 0,1])/9) (see (3.5), (3.6) and (4.1)), relies on the special type of stochastic process
N;(((t — ¢) Vv 0,t]), whose probabilistic properties are not available in the existing literature. The
use of Theorems 1-4 enables us to prove Theorem 6. This justifies the importance of our probabilistic

results in Chapter 4.

5.2. Penalized estimation of parameters

Sparsity assumptions are imposed for the true network structure in many real applications
(e.g., Xu et al. (2016); Zhang et al. (2016); Zhao et al. (2012)). To this end, penalization
would serve as a useful technique for promoting a sparse network structure with the most

significant interactions. Here, we employ the weighted L;-penalty,

zT ﬁz = Z Wj 4, T |5y z| (57)

JEVNI
where {w;; v : j € V\i} represent non-negative weights. We estimate the true parameter
vector 3; by the “penalized M-estimator”, which minimizes the sum of the loss function

(5.4) and the penalty function (5.7), i.e.,

~

B; = arg min {L;7( ﬁz)+’P1T(ﬁz)}

BieRV

5.8)
- argﬁmm { fo [exp{wl Bl}dt—ml -7 BZdN() + > wj’LT\fBj,i@,

JEVN\I

where the vector B; = (Bo.i, B1is - - - s Bi—1,is Bit1sis - - - By i) | collects By and all {B;; : j €

V\i}. Accordingly, the estimated network is obtained by

~

E={(j,i) €V xV: B #0,j#i}.
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Furthermore, considering that the sign of an estimator indicates the type of effect, we

estimate the sets of excitatory and inhibitory effects by

~

Ey={(j,i) eV xV:Bi>0,j#i}, (5.9)

E ={(G,) €VxV:B;<0,j#i}, (5.10)

respectively.

5.3. Asymptotic results for structure learning

In this section, we focus on the asymptotic properties of the penalized M-estimator 3; in
(5.8) with T approaching infinity. To derive the estimation consistency, we provide the

following types of conditions for the weights w; ; v in (5.7):

maxwj;T = Op(v1/T); (5.11)
JEST
Max Wi, = op(/1/T); (5.12)
JES!
min VT wj; L oo, asT — oo, (5.13)
JEVN{S: Ui}

with §; = {j € V\i: B}, # 0} collecting nodes having true non-zero effect on node i. An
example of weights {w; ; T} which satisfy (5.11)—(5.13) is that of the adaptive lasso penalty
in Zou (2006), in which w; ; v = nr|8j.4|7, with ny = O(1/T%) for 1/2 < a < 3/2, v = —2,
and El = (Bo;i, Bu, ... ’BFU, Bi+1,i, e ,ﬁuv,i)T denoting the minimizer of ElT(El)

Theorem 7 guarantees the existence of a \/1/T-consistent estimator BZ in (5.8).

Theorem 7 (Existence of a consistent penalized M -estimator). Assume conditions A1-A6,
A2, and C1 in Appendix A. Assume that the weights w; ; T satisfy (5.11). Then, there exists a local
minimizer B3; in (5.8) such that ||3; — 37| = Op(y/1/T), as T — cc.

Following Theorem 7, the sparsistency of the penalized )M -estimator is given in Theorem

8 below. Before stating it, we introduce some notations. We partition the true parameter
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vector as Hj = (53;1.,51.”)1— = (ﬁa‘;i,ﬁ;‘(lﬁ,lg:(nﬁ)—r = (H;(I)T”@:(H)T)T, where B?‘(H) =0,

()

and 3; @ collects all the non-zero components in B;. Similarly, for the estimator B;, we
= 5 AT AT =T ST
adopt the partition 3; = (504, 8; ' ,B; T = (8, . B, )T, with index sets “I” and “I1”

corresponding to those of ,6; @ and ,@: (I respectively.

Theorem 8 (Sparsistency of penalized M-estimator). Assume conditions A1-A6, A2', and C1
in Appendix A. Assume that the weights w; ; t satisfy (5.12)—(5.13). Then, any \/1/T-consistent
2 S UL
, (H)T)T in (5.8) satisfies

local minimizer BZ = (B, Z

P(B™ =0) > 1, asT — o. (5.14)

The sparsistency in (5.14) immediately yields the network recovery consistency in Corol-

lary 1.

Corollary 1 (Network recovery consistency). Assume the same conditions as in Theorem 8.
Then, the network structure estimators §+ in (5.9) and E_ in (5.10), based on ,51 in (5.8), are

consistent to the true edges £ and £*, i.e.,
P(E =&, E=&)—=1, asT— 0.

Corollary 1 shows that our method could consistently recover the true network structure
as the total time length T grows. This provides strong theoretical support for the utility of

our proposed statistical learning procedure.

Remark 6. The proofs of Theorems 7 and 8 rely on the asymptotic convergence of V L; v(3;) and
V2£i7T(Bj) in Theorem 6, which is derived from the probabilistic results of N (t) in Theorems 1-4.
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Chapter 6

Extension of structure learning

The non-linear Hawkes process (3.8) with

Ai(t) = (/7(60;2' +) /t wji(t — ) de(U)),
jevy ™

is a well-known continuous-time model for structured multivariate point processes. The
distinctive feature of (3.8) is the use of the interaction function w; ;(-), which offers more
flexibility, but in the meantime, substantially challenges the model estimation. Typically,
wj,i(+) could not be directly estimated, but can be approximated by some linear combination
of basis functions (e.g., Hansen et al. (2015), Reynaud-Bouret and Schbath (2010)). Thus
it would be desirable to have some models that can better balance the trade-off between
model flexibility and estimation efficiency.

Here, we achieve this task by proposing the following extended model,

K
Ai(t) = exp {ﬂo;i + Z Z/Bj,i,k ffj,k(t)}a i€V, t>0, (6.1)

JEV k=1

where

jk(t) = g(rje(t — (k—1)9))
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0, if0<t<(k—1)o,
= (6.2)

g(N;((t=kd) VO, t—(k—1)¢])/¢), ift> (k—1)¢,

is the kth covariate of node j, with the shape function ¢(-) identical to that in (3.5). The
intervals {(t —k¢,t — (k—1)¢] : k =1,..., K} form an equally-spaced partition of the “lag-
window” (t — K¢, t]. The connection strength parameter (3; ; , corresponds to the covariate
x; 1(t), and represents the strength of the effect imposed on node i from the historical events
of node j in the kth sub interval (t — k ¢,t — (k — 1)¢] of the lag-window.

Clearly, model (6.1) includes model (3.1) as a special case, with K = 1, and the self-effect
parameters {3; ; r }icv:k=1,... K excluded from analysis. On the other hand, with g(z) = z in
(6.2), model (6.1) reduces to a special case of the nonlinear Hawkes process (3.8) with the

link function ¢(-) = exp(+), and the interaction function

K ..
o3alt) = Y0 PRIk - )6 < t < ko). (63)
k=1

With sufficiently large K and small ¢, those piecewise-constant w; ;(¢) in (6.3) could well
approximate an arbitrary continuous interaction function wj; ;(t) in (3.8). Thus, models (6.1)
and (3.8) share similar flexibility in modeling the mutual effects between nodes.

We now show that parameters in model (6.1) could be estimated via the approach
similar to that in Chapter 5. Denote the true values of the conditional intensity function

(6.1) as
N(t) = exp {&(t) " B; Y, (6.4)

3 T
where 37 = (ﬂf)“;i, (Blins--+ 6T7i7K), el (ﬁ{‘/ﬂ-’l, cee 5;”{)) € RVE+L denotes the vec-

tor of true parameters, and ;(t) = (1, (z1,1(t),...,z1,5(t),..., (v (t),... ,xV,K(t)))T €
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RYE+! denotes the vector of covariates in (6.2). Denote the true interaction function by

K %
wiat) = BJ;;”“ (k)¢ <t < ko). (6.5)
k=1

We propose the penalized M-estimator B,

~

B;=arg_min  {Li7(8) +Pir(Bi)}

BicRVE+1
—arg  min {% /0 ! [exp {@:(1)T B} dt — &u(t-) B AN:()] + Pin(Bo) ). (66)

B;ERVE+1

and estimate the interaction function (6.3) by

K
D) = L I(k—1)¢ <t < k). (6.7)

Analogous to Theorem 7, we present the estimation consistency for the parameters and

interaction function in Theorem 9 below.

Theorem 9 (Consistency of penalized M-estimator in the extended model (6.1)). Assume
conditions A1-A4, A2', and C1 in Appendix A. Let { N (t) }+>0 be a multivariate counting process
with the conditional intensity function (6.4), with K > 1. Foreachi € V, let S} = {(j, k) € V x
{1,...,K}: ﬁ;zk # 0}. Assume that PLT(E,-) = Zjev Zszl Wji kT |Bji k| is the weighted Li-
penalty satisfying max;j x)ess Wj,ik,T = op(y/1/T), and ming; p)eyx{1,... K87 VT wj ikt 5
0o as T — oo. Then, there exists a local minimizer El in (6.6) such that ||§Z - 5;"” = Op(y/1/T).
Furthermore, the estimator &; ;(t) in (6.7) is \/1/T-consistent for the interaction function wi,;(t)
in (6.5), i.e.,

sup |w;i(t) — wj;(t)| = Op(v/1/T).

t>0

Define the true edge set by edges corresponding to true non-zero interaction functions
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wj,;(t) in (6.5), i.e.,

5*:{(j,i)evxv:/ooo\w;i(t)|dt¢o,j¢i}, (6.8)

and define the estimated edge set by

~

5:{(;’,@)evxv:/gwyaj,i(t)\dt¢o,j¢i}. (6.9)

Similar to Theorem 8 and Corollary 1, we obtain the network recovery consistency in

Corollary 2 below.

Corollary 2 (Network recovery consistency for the extended model (6.1)). Assume the same

conditions as in Theorem 9. Then,
P(E=¢&") =1, asT — oo.

Remark 7. The proofs of Theorem 9 and Corollary 2 rely on the same probabilistic framework proposed
in Chapter 4, with slight modifications in accordance with the extended model (6.1). Specifically,
with Definitions 2 and 3 slightly modified, the probabilistic results in Theorems 1-4 also hold for
model (6.1). Following these results and using the same proofs as in Theorems 6-8, we further derive

the estimation consistency for model (6.1) in Theorem 9 and Corollary 2.

Theorem 9 and Corollary 2 indicate that after extending model (3.1) to model (6.1), the
similar theoretical properties still hold. Besides the non-linear Hawkes process, we may
apply the similar extension strategy and connect our model (3.1) with a number of other

useful models of continuous-time point processes.
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Chapter 7

Simulation study

In this chapter, we perform numerical experiments to illustrate the practical utility of our

continuous-time modeling approach.

7.1. Choice of network

In this simulation study, we consider three simulated networks with various degrees of

complexity, which are illustrated in Figure 4. Network 1 is a simple network of 10 nodes,

Figure 4: (Networks 1, 2 and 3) The left panel is for Network 1, a simple network with
10 nodes. The middle panel is for Network 2, a medium-complex network with 20 nodes.
The right panel is for Network 3, a complex network with 50 nodes. Red arrows indicate
excitatory effects and blue arrows indicate inhibitory effects.

with 6 excitatory and 4 inhibitory effects. Motivated from the applications in neuroscience,
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Network 1 is a manually designed directed acyclic graph (DAG), aiming to better mimic
the information flow from sensory neurons to motor neurons, which is conventionally
recognized as an acyclic network structure by neurology scientists. Network 2, cited from
Zhao et al. (2012), is a medium-complex network of 20 nodes, with 12 excitatory and 8
inhibitory effects, intending to mimic the potential “hub” and “leaves” structures in neuron
ensembles. The four nodes 1, 6, 11 and 16 in Network 2 are hub nodes with degree 6, and
others are leaves with degree 1. Network 3 is a complex network of 50 nodes, with 30
excitatory and 30 inhibitory effects, mainly based on the same design motivation as Network
1. The data were generated via simulation algorithms (e.g., Ogata (1981)) using conditional

intensity function (3.1), with covariates

zi(t) = g(rip(t)), i €V, t € [0,T], where g(z) =log(1 + z A 10). (7.1)

7.2. Methods for comparison

We compare methods listed below:

(i) Continuous-time modeling (our proposed method). Method (i) estimates the param-
eters by the penalized M-estimator in (5.8), with the penalty (5.7) in the following
two scenarios.

a) Li-penalty in Tibshirani (1996), PlT(,@) =12 jev |8l The tuning parameter
n is selected by minimizing the Bayesian Information Criterion (BIC) function in
Nishii (1984).

b) Adaptive lasso penalty in Zou (2006), P; (i) = 3. jevi e
B, is the M-estimator of B;; We set v = —2, and use BIC for data-driven
selection of 7.

7. |5j,i’/ where

(ii) Discrete-time approximation modeling. Method (ii) takes the discrete-time approxi-
mation, which partitions the entire time interval [0, T] into n equally-spaced time bins
{(tg=1,tx] : k =1,...,n}, each of length T /n, followed by transforming the observed
point process {T; },cy into sequences of bin counts {N; j }icy.k=1,... n. Interaction pa-
rameters are estimated by the penalized M-estimation similar to (5.8), except that a
Poisson distribution with rate \;(tx_1) T/n is assumed for N; j at node i.
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(iii) Discrete-time modeling with groups of connection parameters in Zhao et al. (2012).
Method (iii) is similar to method (ii), except that the effect from node j to i is modeled
by a group of parameters {53;;, : ¢ = 1,...,Q}, instead of a single parameter f; ;,

with Q = [¢/(T/n)].

(iv) “SIE-GLM” method in Zhang et al. (2016). Method (iv) is an extension of method
(iii), by considering the structural information in the parameter space and employing
the sparse group lasso (SGL) penalty for parameter estimation.

(v) Bayesian method in Rajaram et al. (2005). Method (v) is a continuous-time modeling
approach using the same loss function as that in our proposed method (i). This
method searches all subsets of components in Bi, and selects the best subset which
has the maximum Bayesian posterior density. To make the comparison fair, method

(v) assumes the uniform prior (i.e., no prior information) for 3;.

The coordinate descent algorithm in Friedman et al. (2007) is used for solving (5.8). To

facilitate further discussion, we categorize all methods in Table 1.

Table 1: Description of the methods in simulation.

abbreviation of method description
“Discrete_L1” bin=0.5  method (ii) with L;-penalty, and bin width = 0.5.
bin=0.25 method (ii) with L;-penalty, and bin width = 0.25.
bin=0.1 method (ii) with L;-penalty, and bin width = 0.1.
“Continuous_L1” method (i) with L-penalty.
“Discrete_AL” bin=0.5  method (ii) with adaptive lasso penalty, and bin width = 0.5.

bin=0.25 method (ii) with adaptive lasso penalty, and bin width = 0.25.
bin=0.1 method (ii) with adaptive lasso penalty and bin width = 0.1.
“Continuous_AL” method (i) with adaptive lasso penalty.
“Zhao_2012” bin=0.5  method (iii) with bin width = 0.5.
bin=0.25 method (iii) with bin width = 0.25.
bin=0.1 method (iii) with bin width = 0.1.
“SIE-GLM” bin=0.5  method (iv) with bin width = 0.5.
bin=0.25 method (iv) with bin width = 0.25.
bin=0.1 method (iv) with bin width = 0.1.
“Raj_-2005” parent=3 method (v) with maximum parent number = 3.
par#‘mt%mw method (v) with maximum parent number = 2.

7.3. Simulation result

The total time length T € {500, 1000, 2000} is considered. For each i € V, the true baseline

intensity parameter is 35, = —0.8, with the background intensity exp(—0.8) ~ 0.45. The
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true time-lag width is set at ¢ = 1. For the true connection strength parameters {53}, : i,j €
V, j # i}, we set Bi, =5 if there is excitatory effect from node j to node i; Bii=-8 if there
is inhibitory effect from j to ¢; and B, =0 if there is no effect, where 5 € {0.4, 0.5} reflects
the magnitude of connection strength.

The performance of each method is assessed by criterion measures “Corret_All” (for
correctly detected number of excitatory and inhibitory effects), “Detected_A” (for correctly
detected number of excitatory effects), “Detected_B” (for correctly detected number of
inhibitory effects), and “Correct.NC” (for correctly detected number of non-effects). As a
comparison, “Corret_All”, “Detected_A” and “Detected_B” reflect the level of “sensitivity”
(defined as the percentage of correctly identified effects, measuring how sensitive is each
method for detecting excitatory or inhibitory effect), and “Correct_NC” indicates the level
of “specificity” (defined as the percentage of correctly identified non-effects, representing

the ability of specification for the non-existence of an effect).

7.3.1. Complex network

In this section, we compare the performance of all methods under Network 3; see Figure 4
(right panel).

We first compare in Table 2 the performance of each method under varying connection
strength 8 € {0.4, 0.5}. Most methods can successfully detect the sparse structure of
the network, i.e., most true non-effects are correctly identified and a fairly good level of
specificity is achieved. In contrast, the performance in sensitivity is relatively worse than
specificity. All methods with 3 = 0.5 have better results in sensitivity than with g = 0.4.
This is reasonable, since larger connection strength parameter results in stronger interaction
between nodes, which makes the detection easier. In settings of both strength parameters,
continuous-time methods (“Continuous_L1”, “Continuous_AL”) outperform the discrete-
time approximation methods (“Discrete_L1”, “Discrete_AL”, bin = 0.5, 0.25, 0.1) in terms
of sensitivity. A remarkable finding is that, for methods “Discrete_L1” and “Discrete_AL”,

the smaller bin width yields the better results, but does not surpass the corresponding
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continuous-time methods “Continuous_L1” and “Continuous_AL"”. This fact suggests that the
continuous-time modeling could be recognized as a limiting case of discrete-time modeling
when the bin width approaches zero, and thus provides the most accurate results. For
penalties in methods (i) and (ii), using adaptive lasso penalty consistently has better results
than using L;-penalty when the same loss function is used. Methods (iii) (“Zhao_2012”,
bin = 0.5, 0.25) and (iv) (“SIE-GLM”, bin = 0.5, 0.25) have relatively reduced sensitivity
performance than other methods, with “Correct_All” less than 38 out of 60. For method (v)
(“Raj_2005”, parent = 2), in order to reduce the computation cost of searching all possible
subsets of parents for each node, we only search those subsets with size no greater than 2.
Since the true network is sparse with degree no greater than 2 for each node, this setting
of maximum number of parents is most favourable for method (v). Even so, method (v)
only has good performance in terms of sensitivity, while has significantly worse behaviour
than any other methods in terms of specificity. In summary, our proposed continuous-time
method with adaptive lasso penalty (“Continuous_AL”) has the best overall performance
across 5 € {0.4, 0.5}.

Table 2: Simulation of Network 3 with varying connection strength 5. We set time length
T = 2000. Results are averaged over 100 replications, with standard errors indicated in
parentheses.

Correct_All Detected A Detected B Correct NC
strength § = 04 0.5 04 0.5 04 0.5 0.4 0.5
Discrete_L1 bin=0.5  21.13 (0.41) 42.55(0.33) 13.68(0.25) 24.92(0.17) 7.45(0.25) 17.63 (0.26) 2385.91 (0.25) 2379.91 (0.33)
bin=0.25 36.20 (0.45) 53.39 (0.25) 21.28 (0.25) 28.83 (0.10) 14.92 (0.30) 24.56 (0.21) 2382.15 (0.32) 2376.76 (0.42)
bin=0.1 44.04 (0.41) 56.93 (0.17) 24.76 (0.18) 29.67 (0.05) 19.28 (0.29) 27.26 (0.15) 2379.40 (0.38) 2375.46 (0.38)
Continuous_L1 51.86 (0.33) 58.44 (0.14) 27.33 (0.15) 29.87 (0.03) 24.53 (0.26) 28.57 (0.12) 2368.25 (0.60) 2367.50 (0.43)
Discrete_ AL bin=0.5  40.02 (0.39) 54.05(0.25) 22.69 (0.22) 28.86 (0.11) 17.32(0.29) 25.19 (0.20) 2380.52 (0.39) 2379.92 (0.36)
bin=0.25 50.60 (0.28) 58.55 (0.11) 27.05 (0.17) 29.83 (0.03) 23.55(0.21) 28.72(0.09) 2380.34 (0.39) 2381.44 (0.34)
bin=0.1 54.81 (0.22) 59.44 (0.07) 28.51 (0.12) 29.97 (0.01) 26.30 (0.18) 29.47 (0.06) 2380.06 (0.36) 2382.73 (0.30)
Continuous_AL 56.80 (0.21) 59.72 (0.05) 29.08 (0.11) 30.00 (0.00) 27.72 (0.17) 29.72(0.05) 2380.73 (0.34) 2383.44 (0.25)
Zhao_ 2012 bin=0.5  10.08 (0.29) 26.42(0.37) 6.36 (0.20) 16.46 (0.24) 3.72(0.16)  9.96 (0.19) 2388.66 (0.13) 2385.15 (0.29)
bin=0.25 3.62(0.17) 9.41(0.26) 3.28(0.16) 8.08(0.22) 0.34 (0.06) 1.33(0.11) 2389.66 (0.05) 2388.86 (0.14)
SIE-GLM bin=0.5  19.88 (0.40) 39.28 (0.33) 14.00 (0.26) 24.54 (0.18)  5.88 (0.22) 14.74 (0.25) 2387.55 (0.18) 2384.09 (0.28)
bin=0.25 17.43 (0.35) 37.24 (0.31) 13.29 (0.23) 24.28 (0.20)  4.13 (0.20) 12.96 (0.22) 2388.23 (0.13) 2384.84 (0.25)
Raj_2005 parent=2 57.34 (0.08) 57.91 (0.02) 29.37 (0.07) 29.45(0.06) 27.97 (0.09) 28.46 (0.06) 2347.34 (0.08) 2347.91 (0.02)
TRUE 60 30 30 2390

We next compare the results using different values of the total time length T. We set
T € {1000, 2000}, with the result presented in Table 3. It is clearly seen that T = 2000 has

better performance than T = 1000 for all methods. This is as expected, since larger datasets
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provide more information and yield more accurate estimation. This finding also agrees
with our theoretical result of network recovery consistency in Corollary 1 of Section 5.3, i.e.,
the detected network will become closer to the true network with growing time length T.
Under each setting of T, the pattern of results is similar to that in Table 2. “Continuous_AL”

continues to have the best overall performance.

Table 3: Simulation of Network 3 with varying time length T. The connection strength /3 is
0.5. Results are averaged over 100 replications, with standard errors indicated in parentheses.

Correct_All Detected A Detected B Correct NC
time length T = 1000 2000 1000 2000 1000 2000 1000 2000
Discrete_L1 bin=0.5  16.75(0.39) 42.55(0.33) 11.74(0.26) 24.92(0.17) 5.01 (0.22) 17.63 (0.26) 2385.86 (0.23) 2379.91 (0.33)
bin=0.25 28.25 (0.40) 53.39 (0.25) 18.20 (0.24) 28.83 (0.10) 10.05 (0.25) 24.56 (0.21) 2383.25 (0.30) 2376.76 (0.42)
bin=0.1 35.75(0.41) 56.93 (0.17) 21.91 (0.24) 29.67 (0.05) 13.84 (0.26) 27.26 (0.15) 2379.78 (0.34) 2375.46 (0.38)
Continuous_L1 48.77 (0.32) 58.44 (0.14) 27.83(0.12) 29.87 (0.03) 20.94 (0.28) 28.57 (0.12) 2359.83 (0.81) 2367.50 (0.43)
Discrete_ AL bin=0.5  33.18 (0.45) 54.05(0.25) 19.69 (0.26) 28.86 (0.11) 13.49 (0.30) 25.19 (0.20) 2376.71 (0.42) 2379.92 (0.36)
bin=0.25 44.57 (0.34) 58.55 (0.11) 25.04 (0.19) 29.83 (0.03) 19.53 (0.26) 28.72 (0.09) 2377.21 (0.42) 2381.44 (0.34)
bin=0.1 49.88 (0.30) 59.44 (0.07) 27.24 (0.15) 29.97 (0.01) 22.64 (0.25) 29.47 (0.06) 2376.30 (0.41) 2382.73 (0.30)
Continuous_AL 52.61 (0.26) 59.72 (0.05) 28.06 (0.12) 30.00 (0.00) 24.55(0.21) 29.72(0.05) 2375.96 (0.42) 2383.44 (0.25)
Zhao_2012 bin=0.5 6.15 (0.25) 26.42 (0.37)  4.33 (0.20) 16.46 (0.24) 1.82(0.13) 9.96 (0.19) 2388.78 (0.12) 2385.15 (0.29)
bin=0.25 2.84(0.17) 9.41(0.26) 2.60(0.16) 8.08(0.22) 0.24 (0.04) 1.33(0.11) 2389.59 (0.08) 2388.86 (0.14)
SIE-GLM bin=0.5  15.07 (0.36) 39.28 (0.33) 11.77 (0.27) 24.54 (0.18) 3.30 (0.18) 14.74 (0.25) 2387.59 (0.18) 2384.09 (0.28)
bin=0.25 12.24 (0.36) 37.24 (0.31) 10.30 (0.29) 24.28 (0.20)  1.94 (0.15) 12.96 (0.22) 2388.46 (0.12) 2384.84 (0.25)
Raj_2005 parent=2 55.44 (0.16) 57.91 (0.02) 28.96 (0.09) 29.45 (0.06) 26.48 (0.13) 28.46 (0.06) 2345.44 (0.16) 2347.91 (0.02)
TRUE 60 30 30 2390

In practice, the true time-lag width ¢ in (3.6) is unknown, and thus in real applications,
we need to first estimate ¢ via either prior knowledge or data-driven methods. In the next
numerical experiment, we will investigate how robust our method is against the misspecified
time-lag width ¢.

We fix the true lag width to be ¢ = 1, and select ¢, € {0.5,1,1.5} as candidates of
the “assumed time-lag width” used in the estimation procedure. Note that only ¢, = 1
coincides with the true parameter, whereas ¢, € {0.5, 1.5} are two misspecified time-lag
widths. The resultis provided in Table 4. As expected, ¢, = ¢ has the best performance. The
misspecified ¢, € {0.5, 1.5} does not impact specificity very much, but reduces sensitivity
for most of the listed methods. Among all the listed methods, the continuous-time methods
(“Continuous_L1”, “Continuous_AL") still have best overall performance. In particular, the
sensitivity of “Continuous_L1” decreases for less than 15% under both of the two misspec-

ified time-lag widths, which lends support to the robustness of our method against this
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misspecification to some extent.

7.3.2. Simple and medium-complex networks

For Networks 1 and 2, we conduct the same simulation evaluation as for Network 3. The re-
sults of the two networks for comparing strength, time length and time-lag width are omitted.
The pattern of results is similar to that in Network 3. Among all methods, “Continuous_AL”
continues to have the best overall performance in each setting. This finding reflects that our
conclusions are consistent across varying types of true networks.

In summary, all these simulation results verified the superiority of our proposed continuous-

time method over all other irrespective of the complexity level of the true network structure.
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Chapter 8

Real data analysis

In this chapter, we apply our method to real-world multivariate point process data. We
analyze the prefrontal cortex spike train dataset “pfc-6” on CRCNS at https://crcns.
org/data-sets/pfc/pfc-6/about-pfc-6. This dataset consists of neuronal ensem-
ble recordings from the medial prefrontal cortex (mostly prelimbic cortex) of freely moving
rats using tetrodes. The data were collected while the animals were learning a behavioral
contingency task, as well as during sleep before and after the task. This dataset contains
a total of 90 sessions, each corresponding to an experiment. We choose the session folder
“181020” in our real data experiment. The spike train data of 55 neurons in an experiment
period of 6500 seconds are recorded in the file “181020_SpikeData.dat”, containing 1309619
spikes from all 55 neurons.

We apply our continuous-time modeling method with the adaptive lasso penalty to this
dataset; see method (i) (b). The same BIC tuning parameter selection procedure is adopted
as in the simulation study. The estimated network structure is displayed in Figure 5 (left
panel). There are a total of 568 connections identified, among which 338 are excitatory effects
and 230 are inhibitory effects. Several findings are remarkable. For example, some pairs
of neurons {6, 7}, {24, 34}, {38,42}, {25,27}, {21, 23} demonstrate strong mutual excitatory
effects, which implies that very close functional connectivity and similarity within these

pairs may exist. We see that neuron 13 imposed 44 excitatory effects on other neurons, which


https://crcns.org/data-sets/pfc/pfc-6/about-pfc-6
https://crcns.org/data-sets/pfc/pfc-6/about-pfc-6
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is significantly more than any other neuron, whereas it did not impose any inhibitory effect.
This suggests that neuron 13 is potentially a hub neuron which may play an important role

in triggering the activities of the entire neuron ensemble.

Figure 5: The left panel is the estimated network using continuous-time modeling method
with adaptive lasso and BIC criterion. The right panel is the estimated network using
continuous-time modeling method with adaptive lasso and GIC criterion. Red arrows indi-
cate excitatory effects and blue arrows indicate inhibitory effects. Thicker arrows represent
stronger interactions.

To draw a comparison with BIC, we also adopt the “generalized information criterion”
(GIC) in Nishii (1984) for tuning parameter selection and obtain a sparser estimated network
in Figure 5 (right panel). We set at = V' log(T) in the GIC function. This method may
detect more significant effects, while also produces a number of isolated neurons which
are disconnected with others. In this sense, GIC could not incorporate all the potential

interactions, as compared with BIC in our experiment.
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Chapter 9

Discussion

Motivated from inferring neural connectivity from the ensemble neural spike train data,
this thesis aims to learn the “network-structured dependence” underlying non-stationary
multivariate point process data. A novel continuous-time stochastic modeling of the intensity
processes is developed. The related theoretical framework is formulated and probabilistic
properties are analyzed to provide new insights into understanding statistical properties
of the proposed “penalized M-estimator” for graph parameters relevant to mining the
causal relation among nodes. In particular, we develop novel technical tools, such as the
marked point process with related conditional distributions, the recurrence time points and
cyclicity property, which are useful for analyzing probabilistic properties of a wide array of
continuous-time models for point processes.

In discrete-time modeling approaches, a smaller bin width yields less information loss
resulting from the discretization procedure. Our continuous-time model could be viewed as
a limit case of the corresponding discrete-time model when the bin width approaches zero,
thus minimizing the information loss and enhancing the estimation accuracy. This point of
view accords with simulation studies in Chapter 7, where our continuous-time modeling
(method (i)) consistently outperforms the corresponding discrete-time approximation
(method (ii)) in various scenarios.

Our proposed framework is not confined to the learning of interaction effects among
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nodes; other factors such as autoregressive effects, experimental units, and other extrinsic
conditions, could also be incorporated into model (3.1). Model (6.1) guides a direction for
such an extension, and other desirable extensions could be similarly made according to
specific goals. A thorough discussion for this line of work is beyond the scope of this thesis,

and could be desirable for future research.
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Appendix A

Notations, conditions and definitions

A.1. Notations in the proof

For an event A in the sample space 2, the event A denotes the complement of A. For two
events A and B, the event A\ B denotes AN B. For s # t, the event { N(s) # IN(t)} denotes
Uiev{Ni(s) # Ni(t)}. For an event A, write o(.#,A) = o(.#,1(A)). A positive definite

matrix C' is denoted by C' - 0.

A.2. Conditions

The conditions are not the weakest possible, but facilitate the derivations.

A1l. The number of nodes V' € Z, is fixed. In the multivariate point process, event occur-
rence time points {7; ¢ };cy ¢>1 are not mutually linearly dependent with probability
one, satisfying 0 < T;1 < T; 2 < --- foreachi € V.

A2. The multivariate counting process N (t) is “regular”.

A?2'. There exists a random variable Z > 0 with E(Z) < oo, such that for any A > 0 and
t>0,P(IN(t+A)#N() | F)/A< Z, as..

A3. The multivariate counting process N (t) is “conditionally independent”.

A4. In (3.5), the “shape function” g(-) : [0,00) — [0,00) is continuous, non-negative,
monotonically increasing, and bounded above, with ¢g(0) = 0. (From (3.1) and
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(3.5), this condition implies that there exist constants ¢y, c2,c3 € (0,00), such that
sup;ey >0 |7i(t)| < e1,and ca < infiey 150 Ai(t) < sup;eyp 450 Ai(t) < c3 hold as..)

Ab. Foralli € V, the true self-effect parameter 3;; = 0.
A6. The true edge set £* # @.
A7. The edge set £ in (3.2) satisfies £ # @.

Bl. For each i € V, the function h;(-) : RV — (0,00) in (4.28) is continuous and positive,
with sup,cpv hi(x) < c for some constant ¢ € (0, 00).

C1. For deterministic ¢ > 0 and integers ¢ > 1, N (t + Ry) — N (Ry) is independent of Fp, .
A.3. Two versions of definitions of a Poisson process

Definition A (cited from Chapter 19.2 of Kass et al. (2014)). A counting process { N (t)}+>0
is called a Poisson process with a deterministic intensity function A(¢), if the following
two properties hold:

Poisson distribution: N (7) follows the Poisson distribution with rate [,_ A(s) ds for
any 7 € B([0,00)).

Independent increments (or memoryless) property: N(71), ..., N(7,,) are mutually
independent for non-overlapping time intervals 71, ..., 7, € B([0, 00)).

Furthermore, a Poisson process { N (¢) }+>0 is called homogeneous if A(¢) is a constant,
and is called inhomogeneous otherwise.

Definition B (cited from Rubin (1972)). Let {N(t)}+>0 be a counting process equipped
with the filtered probability space (€2, %, {.%; }+>0, P). For t > 0, define the conditional
intensity function (similar to (2.6)—(2.7)):

At | 7) = lim L [1= PNt + 8) = N(1) | 71)]

— 1&% %P(N(t +A)=N@{t)+ 1| F). (A1)

{N(t) }+>0 is called a Poisson process if A\(¢ | %) = A(t) is a deterministic function.

(Remark: Chapter 19.2 of the book Kass et al. (2014) first defined the Poisson process using
Definition A; then Chapter 19.3.4 claimed that this Poisson process also satisfies the property
in Definition B. Thus, Definitions A and B refer to the same type of point process, and they
are two equivalent definitions of a Poisson process.)
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Appendix B

Proofs of main results

B.1. Proof of the statement in Remark 1

We aim to prove the statement: any “multivariate regular point process” also has identical
limits (2.8) and (2.9).

From the definition of a multivariate regular point process N (t), we have lima jo x P (N, (t+
A) = N;i(t) + 1 | F) = limao xP(N;(t + A) # Ny(t) | #), as, foranyi € Vand t > 0.
Since {N;(t + A) = N;(t) + 1} C {N;(t + A) # N;(t)}, we further get

lim %P({Ni(t LAY £ NNt + A) = Ni(t) + 1} | #) =0, as.  (B1)
Thus,

ogg%i[P(NmA)#N()i% UM +2) = Nitt) +1} | 71)]
%

~ lim P([g}{w (t+8) # N} |\ [E{N (t+8) = Ni(t) +1}] | #)

<tim P [Nt +8) # NN+ 8) = Ny + 1)] | 72)

AJO
4 iy

1
<16V1A15’n SP(INi(t + 8) £ NNt + A) = Nit) + 1} | 7,)
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=0, as.,

where the last equality is from (B.1). Hence, we obtain lima o %P( Uiey {Ni(t + A) =
Ni(t) + 1} | #) =limayo xP(N(t+ A) # N(t) | %), a.s.. This completes the proof. B

B.2. Proof of Lemma 1

Define the events A; A = {N;(t + A) = N;(t) + 1}. Then
P(U{Ni(tJrA):Ni(t)Jrl}‘ﬁt) :P(UAiA(%). (B.2)
i€V i€V
By the inclusion-exclusion formula, we have that
P( U Ai A ‘ ﬁt)
2%

(—1)F*t Z P( ﬂ AjA‘fjt)

{in, i}V jefin,ik}

M= 11+

1%
DN EAED P CEILD DI (N 0 IV N ) (B3)
=1 k=2 {i1,eenyif JCV J€{i1,. ik }
For mutually distinct {41, ..., i, } with £ > 2, the conditional independence condition (2.10)

implies that

P< ﬂ A A ‘ 9}) <P(Aj, aANAi,a | F)
je{il,...,ik}

= A2[\, () My (B) + o)}, as. (B.4)

as A | 0. Plugging (B.4) into (B.3), we obtain

P(Uaia )

i€y
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v

14
= % D P(Aia | F)+0(A) =D Xi(t) +o(1), as.
=1 i=1

as A | 0. It follows that A3"™(¢) = lima o %P(UievAi,A | F) = ZYZI Ai(t). This completes

the proof. B

B.3. Proof of Lemma 2

We first prove part (i). From condition A1, for any distinct nodes 4, j € V, and any integers

k> 1andr > 1, we have P(T; ;, = T},) = 0, which implies

P(Te e {Tiptrs1, Tr € {Tj 1 }e>1)

<P(Ups1 Ui {Tip =T }) = 0. (B.5)
Next we prove part (ii). Using the similar proof of (B.5), for any i € V, we have

P(Ty € {Tiptas1, To € {Tjk + d}i>1)

<P(Ups1 Ursi{Tip = Tjr + ¢}) =0 (B.6)
for any j € V, and thus

P(Ty € {Tiptiz1, To € {Tjp + 6} jev,i>1)

< P(Ty €{Tiptisr, To € {Tjp + d}i1) = 0. (B.7)
%

The proof is completed. W

B.4. Proof of Theorem 1

Before proving Theorem 1, we first show Lemmas B.1 and B.2 following Definition 4.
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Definition 4 (“E(X || ., A)”). Let (2,9, P) be a probability space. Let .% C 4 be a sub o-field,
and A € & be an event such that A ¢ .F and P(A | F) > 0 almost surely. For any random variable
X in (Q,9,P), define

_B{XI(4) | 7}

E(X || #,A) P(A|7)

(B.8)

(Remark: when % = {Q, 2}, E(X || .#,A) in (B.8) reduces to E(X | A) = E{X I(A)}/P(A),
when X is independent of # and A, E(X || %, A) in (B.8) reduces to E(X).)

Lemma B.1 (Conditional probability P(N(t) = N(s) | #s)). Assume conditions A1-A4 and
A2 in Appendix A. Then for t > s > 0,

P(N(t) = N(s) | F) = exp{ . / NS (g ) du}, (B.9)
with
AL Fg) = E{N(E) || Fs, N(t) = N(s)}, (B.10)

where A3"™ () is the total intensity in (2.8)—(2.9). (Remark: \3"™(t; %) in (B.10) is motivated by
the definition “ Ay (t, Bs)” in Lemma 1 of Rubin (1972), and (B.9) is motivated by Corollary 1 in
Rubin (1972).)

Proof: Fort > s > 0, and A > 0, note that
[N(t+ ) = N(s)} = {N((s,t + A]) = 0} € {N((s,1]) = 0} = {N(t) = N(s)},
which implies that

P(N(t) = N(s) | Z) —P(N(t+A) = N(s) | )

P(N(t) = N(s), N(t+A) # N(s) | Z)

= P(N(t+4) # N(t), N(t) = N(s) | 7).
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Combining this with the fact that %, C .%; (from (2.5)), and (2.9), (B.8), (B.10), we obtain

ot
=l L {P(N(+2) = N(5) | ) ~ P(N() = N(s) | 7))

~lim %P(N(t +A) #N(t), N(t) = N(s) | F)

= - 1&% %E[E{I(N(t +A) #N(t), N(t) = N(s)) | #} | %}

~—lin %E{P(N(t LAY £ N | F) 1N = N(s)) | F)

~—&{lim %P(N(t FA) £ N | F) N =N@s) | £} (B1)
— () 1(N () = N(s)) | 7.
= —E{N"(t) || s, N(t) = N(s)} - P(N(t) = N(s) | F)

_ _)\sum(t;j‘s) P(N(t) :N(S) | ys)a

where the interchange of limit and expectation in (B.11) follows by the dominated conver-
gence theorem and condition A2’. Solving the above differential equation completes the

proof of (B.9). &

Lemma B.2 (E{\;(5) || #s, N(S) = N(s)}). Assume conditions A1-A4 in Appendix A. Define

To = Upen{t € (s — 6.5] - Ny({t}) = 1}, and

min(7s) + ¢, if Ty # @,
T? = (B.12)

S
0, if 75 =2,

for a fixed time point s € [0, 00). Then for any random variable S satisfying s < S < T2, we have
E{X\(9) || Zs,N(S)=N(s)} = Xi(s), foralli € V. (B.13)

Proof: For S = s, (B.13) obviously holds. It suffices to prove (B.13) for s < § < Ty.
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First, we show the following statement:

for s < S <T¢, N(S)= N(s)implies Ujey {t € (s,5] : N;({t}) =1} =@ (B14)
and Ujey {t € (5,8 Nj({t—¢}) =1} = 2. '

Let By = Ujey{t € (s, 5] : N;({t}) = 1} and By = Ujep{t € (s,5] : N;j({t — ¢}) = 1}. Note
that N(S) = N (s) directly implies B; = @. To prove (B.14), it suffices to show By = &,
whose proof is given according to whether 75 # @ or not.
If 7, # @, then (B.12) yields that s — ¢ < min(7;), implying Ujcy{t € (s, min(7;) + ¢) :
N;({t—¢}) =1} — ¢ = Ujev{t € (s — ¢, min(7T;)) : N;({t}) = 1} = @. This, together

with s < S < min(7;) + ¢, gives By = @.

If 7. = @, we obtain

By C {Ujev {t € (s,s +¢] : N;({t — ¢}) = 1}}
U{Ujev {t e (s +¢) 7S, 8] : Nj({t — ¢}) = 1}}
={To+ ¢} J{Ujev {t € (s +8) A S, 5] : Nj({t — ¢}) = 1}}
C{T:+ ¢} U{B1 + ¢}

=,

where T + ¢ ={t+ ¢ :t € T5}.

Combining the above two cases, we verified (B.14).
Next, we prove Lemma B.2. If N(S) = N(s), then (B.14) indicates that the intensity
functions {\;(¢) };cy have no discontinuity points in the interval (s, S]. Since {A;(t)}icy are

piecewise-constant functions, it follows that if N (S) = N (s), then A;(S) = Ai(s), i.e.,
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where A denotes the event {IN(S) = N (s)}. Combining this with (B.8), we obtain

J(S) - 1(A) | (s)-1(A) | .Z,
B{MS) || 7, 4) = PO %&I&i)' b 2 ;()AII(J%J 7).

This completes the proof. B

Now we prove Theorem 1. We first show part (i). By the definition in (4.4), T; < T4,
holds for any integer ¢ > 1. It suffices to show Tg+1 <T; If Ty = @, then T = oo in
(4.9) completes the proof. If 7, # @, then any ¢, € 7; in (4.8) indicates that ¢, = T}, for
some integers ¢ € V and k > 1,andf’g <t +o =T+ ¢ < Tg+(l§. Also, ty+ ¢ =
Tip +9¢ € {Ty,Ty,...}. This combined with T, < Ty, implies Trs1 < ty + ¢. Thus
Typy <min{ty : g € To} + ¢ = min(Tp) + ¢ = Ty

Before proving parts (ii) and (iii), preparations (a), (b) (c) and (d) are made below.

(a) Since Fy, = o{(To, Ip), . .., (Ty, I)}, it suffices to show that (4.10)—(4.12) hold con-

ditional on each realization

{{(TO,Io)a o (Te, 1)y = {(fo, i0), - - -, (fe,ie)}} =7 e Fy,. (B.15)

"

Note that the realization “e” in (B.15) is known from the history up to time #,. Following the
notation “.%;” in (2.4), we also have “e” € ﬁfz, and thus for a random variable X : Q — R,
which is measurable with respect to either 7, or 7 , denote by “.X(e)” the value of X at
the realization “e”. For example, we can write Ty(e) = i, and I;(e) = i,.

(b) Comparing the random variables 7 in (4.9) and Ti in (B.12) (with s = #;), we

observe that they have the same value t; at the realization “e”, i.e,,
t; =T/ (o) = Tg(o), and t <ty.

(c) Also, we verify the following equation for ¢ € (#;,t}):

3
z
Il
2
'

)(#) = exp{=X""(E)(o) - (¢ — £0)}. (B.16)
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Using (B.9) (with s = ;) yields that

P(N(t) = N(f) | 7;,) = exp{ - / o (us F,) du}, for t > . (B.17)

ty

Since both sides of (B.17) are .#; -measurable random variables, it follows that

(N () = N | #,)(0) = exp{ ) /ft AU (s T ) (o) du}, fort >4, (B.18)

For t € (f;,t}), define a random variable S to satisfy S(e) = tand {, < S < T{‘Z/ (e.g., if
T} < oo, thenlet S =nt,+(1— n)Ti, withn = (t; —t)/(t; — ) € (0,1); if T} = oo, then let
S = tvg-I(TtSI’Z < oo)+t-I(Tt§jZ = 00), where S(e) = ¢ holds due tngz(o) =t;,and, < S < Tg

is valid due to #, < Tg) Applying Lemma B.2 (with s = #;), we have

¥

E{\(S) || Z, N(S) = N(i)} = Ai(Ey), foralli € V. (B.19)

to?
Similarly to (B.10), fori € Vand t > s > 0, define
Ni(t; Fs) = E{\i(t) | Zs, N(t) = N(s)}. (B.20)

For t € (t,t}), using the definition (B.20) (with s = #;), the fact S(e) = t and (B.19), we
obtain

i(t: Zy,) (0) = B{Xi(t) | Fi,, N(t) = N (i) } (o)

L

=E{N(9) | Fi, N (1) = N(t)}(e) = Xi(fe)(e), foralli e V. (B.21)
Summing over ¢ € V on both sides of (B.21) gives that

X (1 7

L

)(®) = A (#) (o). (B.22)
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By (B.22), we simplify (B.18) to be

PN = NG | 7)) =e { - [ X () au)

= exp{~ A" (E)(0) - (¢ — )},

which proves (B.16).

(d) We show the following statement:
fort € (Ty, T}), {N(t) = N(T,)} is equivalent to {T},; > t}. (B.23)

The proof for the sufficiency part is similar to that of (B.14). For the necessity part, if
N(t) # N(T), then there exists Tir € (Ty,t] for some integers i € V and k > 1. Also,
T, and Tgﬂ are two consecutive discontinuity points in the set (4.4), which implies that
Uicy Uk>1 {Tik T, < Tk < TZH} = @. Combining this with the fact that T ;, € (Tg, t], we
obtain 7} < T€+1 < T;r <t,and thus Tg+1 <t.

We next prove parts (ii) and (iii) of Theorem 1. Proof of part (ii). For T/ < oo, using
the similar proof as that of (B.23), we have that N (77, T})) = 0is equivalent to Tps1 > T7.
Also, the result Ty, € (1}, T, ] in part (i) implies that Tyir > Ty is equivalent to Tror =T 7

It follows that
P(Toyr =T/ | Fy) = P(Tosa 2 T/ | Fy) = P(N((Ty, T7)) = 0| Fp,).  (B.24)

Evaluating both sides of (B.24) at the realization”e” and using t; = T} (e), we obtain
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— lim exp{— A" () (o) - (¢ — 1)} (B.25)

it
= exp{=A""(ig)(e) - (87 — )}

= exp{ — )\S“m(fz) (T} - Té)}(‘);

where (B.25) is derived from (B.16) with ¢ € (#;,t}). This proves (4.10). By using #, = Ty(e),
(B.23) and (B.16), for t € (17, T;), we have

OP(Typ1 <t|Fy)(e
fTe+1|fT4(t)(.) - ( - Bt | TZ)( )
—OP(N(t) = N(f) | 7;,)(e)
ot
—dexp{—X" (£;) (o) - (t —1y)}
ot
= A (£y) (o) - exp{—A"""(£;) (o) - (t — o)}

9

_ )\sum (TZ) (o) - exp{—A%"" (TZ) (t— TZ)}(.)v (B.26)

which verifies (4.11). For T = oo, following the same proof as that of (B.26), we have that
(Teyr — Ty) | Fy, ~ Exp(\"™(Ty)).

Proof of part (iii). For T < oo, if Toir = T/, then (4.8) and (4.9) indicate that 7, # @
and Te+1 —¢o=T;—¢€Tyie, Tg+1 = T; . + ¢ for some integers 7 € V and k > 1. This

combined with (4.5) gives that Iy = 0, and thus P(/,41 =i | o(Fp Tyi1)) =0forie V.

.
If Tgﬂ € (Tg,Tg‘), thenfori e Vandt e (Tg,Tg‘), using ty = Tg(o), 5‘& C F, (2.7), (B.20),
(B.21), and (B.16), we have

OP(Tipr < t, Iepy =i | Fip) (o)
a1

A .
= lm Z{P(Teﬂ SEHA T =i | Fp)(s)

*P(Tﬂ-i-l S t’ If-‘rl =1 | ]:T[)(.)}

1 o .
- R%ZP(t <Tp1 <t 4+ A, Iy =1 | 32{[,)(')
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=lim %P(Ni(t +A) # Ni(t), N(t) = N(Le) | F,) (o)

= lin LE{P(Ni(t +8) # Nu(t) | £) - N () = N(B) | 73, }(#)

= B{ lim TPVt -+ &) £ Ni(0) | 7) 1N () = N() | 7, }e) (B27)

i(te) (o) - exp{=A""(fy) (o) - (t — {0)}

v

i(Te) (0) - exp{=X""(T) - (t — T1)}(e),

Il
>

Il
>

where the interchange of limit and expectation in (B.27) follows by the dominated conver-

gence theorem and condition A2'. This implies that

aP(TZ-i—l <t lpp1 =1 ]'—TZ)
ot

= Xi(Ty) exp{=X""(Ty) - (t — Ty)}. (B.28)

Lett € (f;,t;), wheret; = T} (o) is defined in preparation (b). Analogously as (B.15), define

the realization

“077:“.77m{j/'7£+1:t}

= {{(T()?IO)v SRR (T@If)vj:‘f-i-l} = {(501 iO)? SRR ({fv Zf)vt}} € U(f’f“evji‘f-i-l)'
Combining the fact Ty, (o) = t, (B.28), and (B.26), for i € V, we have

P(Ippy =1 | U(]:TéaTHl))(o)

=P(lpp1 =i | o(Fp, {Tes1 =1})) (o)
P(lpy1 =1, T£+1 =t fTZ)(O)
P(Tppq =t Fi,)(0)
OP(Teer <t, Ippr =i | Fy) (o)/aP(T}H <t|Fy)
ot ot
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Ai(T2) (o) - exp{=A*""(Tp) - (t — Ty)} (o)
/\S“m( T0) (o) - exp{= (1) - (¢ — Ty)} o)
(@)
)

)\sum ( (O

(B.29)

which proves (4.12). For T = oo, following the same proof as that of (B.29), we have
P(lpy1 =i | U(fj%f,jivg+1)) = Ni(Ty) /X" (Ty), for i € V and Ty € (T4, 00). The proof is

completed. W

B.5. Proofs of Lemmas 3-5, and Theorem 2

The proofs are divided into three parts as follows:

e In Part 1, Definition 5 introduces a class of marked point processes, called “Exponential
Marked Point Process (EMPP)”, which generalizes the “marked point process (7', I)
for intensity discontinuities” in Definition 2, and facilitates derivations. Lemmas
B.3-B.5 will present the probabilistic properties of the EMPP.

e In Part 2, Definition 6 introduces the notion of “t-truncated EMPP”. Lemmas B.6-B.8
will present the probabilistic properties of the “t-truncated EMPP”.

e In Part 3, by applying the results in Parts 1 and 2 to the “marked point process (T, I)
for intensity discontinuities”, we provide the proofs of Lemmas 3-5 and Theorem 2.

B.5.1. Part 1: EMPP and its probabilistic properties

Definition 5 (Exponential Marked Point Process (EMPP) (T',I)). Let the node set V =
{1,2,...,V}and let the mark set be VU{0}. Let To = 0, Iy = 0and Fr, = {Q, @}. Let { Fr, }e>0 be
the filtration generated by a marked point process (T', I) = ({Ty}i>0, {Le}e>0) € (]0,00), VU{0}),
where 0 < Ty < Ty < ---. Wecall (T, I) an “Exponential Marked Point Process (EMPP)”, if for
each integer ¢ > 0, there exist Fr,-measurable random variables A, € [0, oo] and {\; s }icy € (0, 00),

such that the distributions of Ty11 and I, meet the following conditions:

(1) (Support of Tyy1) P(Ty < Tyy1 < Ty + Ay) =1
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(ii) (Conditional distribution of Ty41) If Ay < oo, then Ty4 conditional on Fr, has a mixed-type
distribution, with the p.m.f.

P(Tyi1 =To+ Ay | -FTL;) = eXp(—/\jum - Ay) (B.30)
at Ty + Ay, and the p.d.f.
fT£+1\sz (.’L‘ ’ ‘FTZ) = /\Eum eXp{_)‘ium : (x - Tf)}7 (B31)

forx € (Ty, Ty + Ay), where \J™™ = Zyzl Xig- If Ay = oo, then (Tyyq — 1) | Fr, ~
Exp(A7"™).

(iii) (Conditional distribution of Iy41) If Ay < oo, then Iy 1 has the conditional distribution: for
i€V,

0, if Ty — Ty = Ay,

. (B.32)
Nig/ Xm0 < Typq — Ty < Ay

P(I[+1 =1 ’ O—(J:TgaTe+1)) = {

If Ay = oo, then (B.32) reduces to P(Ip11 =i | o(Fr,, Tos1)) = Nig/ N, for i € V and
Tg+1 € (Tg, OO)

Remark 8. The “Exponential Marked Point Process (EMPP) (T, I)” in Definition 5 generalizes
the class of “marked point process (T', I) for intensity discontinuities” in Definition 2 which follow

the distribution in Theorem 1, according to

(T,I) = (T.1), Fr, = Fy

Z’

Xie = Mi(Ty) = exp {Bosi + Y _ Bjaz; (L)}, A =T; — Ty
jEV

To prove Lemmas 3-5, we will first show probabilistic properties of “EMPP (T, I)” which then

apply to our “(T', I) for intensity discontinuities”.

For ease of exposition, we introduce some notations similar to (4.13) and (4.14).

Duration 7, between two consecutive time points:

Ty = Tg — Tg_l, ¢ > 1. (B33)

Event counts M; ¢ at node i € V:

l
Mig=0, My=> I(I=i), £>1. (B.34)
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Lemma B.3 presents the conditional expectation and variance of 7, and I(1, = 7).

Lemma B.3 (Conditional expectation and variance related to an EMPP (T, I)). Consider an

EMPP (T, I) in Definition 5. For integers k > 1 and i € V, we have
var{I(Iy =) — Nip—17k | Fr, o} = BE{IIx =4) | Fr,_,} = Nip—1BE(7k | Fr,,).  (B.35)

Proof: For Ai_1 < 0o, the conditional distribution of 7 is given by (B.30) and (B.31),
and the conditional distribution of I(f}, = ) is given by (B.32). Direct calculations yield the
following (B.36)—(B.38):

ENij—17k | Fro_1) = Xig—1 E(7e | Fry,_,)
A1
= )\i,k—l{Akz—IP(Tk =Ap—1 | Fryy) +/ z frFr, (@ Fn) df'?}
0

Ap_1
—)\Sum __)\sum
= Nik—1" (Ak—1 e N1 Ak +/ D iR dm)
0

Y e T v

Y
i k-1
= ~tom P(mk # g1 | Fry_y)
AR
= E[E{I(Ik =1) | U(FTk_ka)} | FTk—l]
—B{I(I, =) | Fr,_, ), (B.36)
together with

E{)\Z‘7k_1 T 11, = 1) | ]:kal}

B Bht X k1
= Xij—1 Seum T frFr, (@ | Fr_,)da
0 k-1

Ap_

=\ ot >\i,k—1 )\sum —)\Z‘miwd

= Nk—1 \sum TAp—1"¢€ a z
0 k—1

L= (LA Ay e MR (B.37)
1



66
and
E()‘zk—l TI? | ‘/—_‘Tk71)

AV
__ysum __ysum,
= Ao {Aifl e N1 Ak +/ 2 N e xdx}
0

2 A2 ANmAL
= A g1 D e k1

)\2 — sum
oo (2~ {ORPAL L+ 200 Ay o 2 e S
k-1
A2y
= o (2 CA Ay 4 2) e WAy, (B.38)
k—1

Combining (B.37) and (B.38), we have
E{N 17 —2Xip—1 Il =) | Fp,_,} =0. (B.39)

For Aj;_; = oo, the conditional distributions of 7, and I(I;, = i) are given in parts (ii) and
(iii) of Definition 5. Using this with the similar calculations as in (B.36)—(B.39), we verify

that (B.36) and (B.39) also hold for A;_; = co. By (B.36) and (B.39), we have

V&I‘{I(Ik = Z) - )\i,kfl Tk ‘ ]:Tk—l}
= E{{I(Ik = 1) - /\i,kflTk}2 ‘ ka—J
= B{I(lx = i) = 2\ i L(Ip = i) + XD jy 77 | Py, }

=E{I(Iy =) | Fr,_,}. (B.40)

Combining (B.36) and (B.40) completes the proof of (B.35). B

Lemma B.4 follows from Lemma B.3.

Lemma B.4 (Martingale property for EMPP). In an EMPP (T, I), for each i € V), the random

process

¢
{Mz‘,e - Z Nik—1 Tk}£>1
k=1 =
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is a martingale with respect to { Fr, }¢>1.

Proof : By (B.35), for each integer k& > 1, we have
E{I(Ix = @) = Xip—1 7% | Fr,_, } = 0. (B.41)

This completes the proof. B

Lemma B.5 derives the variance of the martingale.

Lemma B.5 (Variance of the martingale {1/, ; — Z£=1 Nik—1Tkte>1). Inan EMPP (T, I), for

integers i € V and ¢ > 1, we have
¢
var (Mi,g — Z )\i,k—l Tk) = E(M@g).
k=1
Proof : Using (B.41), for any indices  and k such that 1 < < k, we have

B[{1(L =) = Aip-1 7} {1 = §) = Nig1 70}

BB =1) = Aro1 I = §) = Mg 7} | P )

E[{I(Ir =) — Niy—1 7} B{I(Ix = 4) — Nj 1 70 | Py }}

0. (B.42)

For any index ¢ > 1, uses of (B.42), (B.35), and (B.40) give that

B{ (M0~ > Ao ame) )
k=1

+> ZE[{I(IT =) = i1 7o} (1T = i) — Aips Tk}]

1<ks£r<t
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E [{I(Ik =)~ A1 Tk}Q]

I
ol
~ ) Me\
—

E{I(I; = i)} = E(M;,).
k=1

This completes the proof. B

B.5.2. Part 2: t-truncated EMPP and its probabilistic properties

We next derive the probabilistic results of EMPP (T, I) when the point process T =
{Tv,T1,...} reaches a pre-specified time point ¢t € (0,00). Definition 6 introduces the

notion of “t-truncated EMPP”.

Definition 6 (¢-truncated EMPP). Consider an EMPP (T, I) = ({Ty}e>0,{le}e>0). Let
t € (0,00) be a given deterministic time point. Define the marked point process (T, 1) =

({Tz[ﬂ }e>0, {I,[t] Yes0), with
Te[t] =Ty Nt, [l[t] =L (T, <t). (B.43)

We call (TY, I1) the “t-truncated EMPP from (T, I)”.
Lemma B.6 states that any double sequence (T, I!l) defined in (B.43) is an EMPP.

Lemma B.6. Let (T, I) = ({Ty}r>0, {1¢}e>0) be an EMPP defined in Definition 5 associated with
{Niotiey and Ay in (B.30)—(B.32). For t € (0,00), let (T, I be the corresponding t-truncated
EMPP as in Definition 6 Then the probability distributions of T'! and Iy meet the conditions (i)

and (ii) in Definition 5 associated with {\; ¢}icy and Ay, (instead of Ay), where
Agy = DA (=T, (B.44)

and thus (T'", 11" is an EMPP.
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Proof: To prove Lemma B.6, it suffices to show that for each integer ¢ > 0, (Tﬂl, I El)
follows the conditional distribution in (B.30)—(B.32) with 7, and A, replaced by Tg[t] and

Ay +. We proceed by cases of Té[t].

Case (i) Tem <t—Ay

From (B.43) and (B.44), we observe that Tg[ﬂ =Tyand Ayy = Ay. Also, from (B.30)

and (B.31), we know that Ty, < Ty + Ay < t. Thus, (Te[fl17 Iﬂl) = (Tys1 A
t, Iy 1 l(Tys1 < t)) = (Ty41, Le41), follows the conditional distribution in (B.30)-
(B.32).

Case (ii) t — Ay < T[t] <t

By (B.43) and (B.44), we have T}/ = T; and Ay, = t — T. Using (B.30) and (B.31),
we obtain

P((Ty41 Nt) =t | Fr,) = exp{=\"" - (t — To)},
and
f(Tg+1/\t)|]:T4 (a: | fTe) - A;um exp{_)\?um : (3? - Tf)}v forz € (T@7t)'

This indicates that Te[ﬂl = Ty41 At follows the distribution in (B.30)—(B.31) with 7}
and A, replaced by T[t] Tyand Ay =t — 1. Also, by checking (B.32), we have that
1 1[11 = Iy 111(Ty41 < t) conditional on Té[ Jll, follows the distribution in (B.32).

Case (iii) Tg[t] =t.

By (B.44), we know A;; = 0. Then (Tg[ﬂl, 1 El) = (t,0) follows the distribution in

(B.30)—(B.32) with T; and A, replaced by TE[ I~ tand Ay =0.

Summarizing the above three cases completes the proof. B
Similar to (B.33) and (B.34), we use notations T, [t] and M. Z[té for the duration and event

counts respectively of the t-truncated EMPP (T4, ), i.e.,

ey VS (B.45)

¢
My =0, M =311 0> 1. (B.46)
k=1
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Define Ml[tio = limy_, 00 Mi[té. Let Ly = > ;2 I(T; < t). From (B.43),

0 Ly
Mz[tio = ZI(II[:] = i)=Y I(Ip = i) = Myy, (B.47)
k=1 k=1

is the total event counts of node i in the time interval [0, ¢]. Lemma B.7 shows an upper

bound for E(Ml[tio)

Lemma B.7 (Upper bound for E(Ml[tio)) Let (T, I) be an EMPP, and (T, 1)) be the corre-
sponding t-truncated EMPP from (T, I) as in Definition 6. Assume that sup;cy, g>o Ai¢ < c fora
constant ¢ € (0,00). Then

EMY ) <t (B.48)

1,00/ —

Proof: Lemma B.6 verified that (T, 1) is an EMPP. Applying Lemma B.4 to

(T 1 [t}) gives that for each integer ¢ > 1,

)4
E(Mz[,tll) =E ( Z )\i,k—lTILt]) .
k=1

Note that M i[t; and Zizl )\i’k_ﬂg] are monotonically increasing in /. By the monotone

convergence theorem, we obtain

E(M,),) = lim B(M/})
’ *)OO K
¢ 00
g Y o
_ KE}TOE(;)\MlTk )= E(émw) (B.49)

< CE(f:TIE,t]) < ct.
k=1

This completes the proof. B

Lemma B.8 (Upper bound for var{} 7> ; X;_; I(I,[f] =0) =2 g0y Xi—1Nik—1 T,£t] . Let (T, I)
be an EMPP, and (T, 1" be the corresponding t-truncated EMPP from (T, I) as in Definition
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6. Assume that sup;cy, j>0 Aig < c for a constant ¢ € (0,00). Let {Xy}e>0 be a sequence of
random variables, such that X, > 0 is measurable with respect to Fr, for each integer ¢ > 0, and

supy> X¢ < o a.s. for a constant cz € (0,00). Then

{Zxk (I Zxk i rfl} =0, (B.50)

k=1

and

Val“{ iXk*l I(Il[eﬂ = Z) - i Xk,1 )‘i,kfl Tlgt]}
k=1

k=1

- E{ S Xz 1) = i)} < ccdt. (B.51)
k=1

Proof: An argument similar to (B.49) gives that

Xy 1(11 = i)}

M~

oSl ) - o
hm E(ZXk 1N k— 17’,?) —E(

l—00

1

Xk—1 i k-1 T,Lﬂ>7

Mz 7

i
L

which proves (B.50). Using the similar proof as that of Lemma B.5, we have
¢

E{(éXkII( ZXk 1 \ik— 1Tk> } {ZXk 1 ;[f]—l)} (B.52)

k=1

Note that limy_,se 6y X5 I = i) =32, X, 11 = i), a.s., and

L

hm ZXk 1 N k— 1Tk ZXk 1 Nik— 1Tk] < ZCCQT = ccot < 00, a.s..
k=1 k=1

It follows that

l l
S X 1) =) =Y X Aigea 7y

k=1
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N X ML =) - Y Xisidipea ), as oo (B.53)
k=1 k=1
Also, for each integer ¢ > 1, we have

{Zxk R S P )y

k=1

s{zxk 00 =) (3 X )’

k=1

< (co Mi[’(])o)2 + (cept)? (B.54)

By (B.52), (B.53), (B.54) and the dominated convergence theorem, we have

k=1
—E iX,%_ll(I,Lt] = l)}
k=1
< GE(ML,) < cdt,

where the last inequality is from (B.48). Thus, (B.51) is proved. B

B.5.3. Part 3: Proofs of Lemmas 3-5 and Theorem 2

Remark 8 verified that the “marked point process (T, I) for intensity discontinuities” is
an EMPP. Let (T, I') be the “¢-truncated EMPP” from (T, I) as in Definition 6, i.e., for
each integer ¢ > 1, (Tg[t], I}“) = (Tg At, I 1(T; < t)). Recall that Mi[t; defined in (B.46) is

the event counts corresponding to (T, 1), and M, l[tlo = limy_,oo M Z[tg Recall L; defined in
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(4.17). Using (4.7), (4.14) and (B.47), N;(t) has the equivalent expressions:

Ly

Nit) = Miz, = > Wy =i) = M. (B.55)
k=1
Following (B.45), let T[t] Te[t] [t] | be the duration between two consecutive time points

T[t] and T[t]. It is easy to check that this TZ[ ! is identical to that defined in (4.18). Using

(4.15) and (4.18), the integral fo u) du has the following equivalent expressions:

Li+1

/ w)du = ZM y 7l ZM o (B.56)

After clarifying the facts above, we next prove Lemmas 3-5 and Theorem 2.

B.5.4. Proof of Lemma 3

Lemma 3 is directly obtained by Lemmas B.3 and B.5. B

B.5.5. Proof of Lemma 4

Lemma 4 is directly obtained by Lemma B.4. B

B.5.6. Proof of Lemma 5

From (B.43), (B.46) and (B.56), we have 3"X, X, 1 1(I;, = i) = 220, Xj 1 1(I[Y = i), and
Zﬁtﬂ Xi—1 Nijk—1 Tk = ey Xic1 Nig—1 7']£] Then all the results in Lemuma 5 could be

directly obtained by Lemma B.8. B

B.5.7. Proof of Theorem 2

Recall that N;(t) = M; 1, in (B.55) and fo u)du = Lt;{l i k-1 Tk in (B.56). For each
integer ¢ > 0, let X; = x(T}). We further have fo —)dN;(u) = Zkt 1 Xp—11(I = i) and
fo u)du = Zé’“ Xi—1 Nij—1 T,E] Then (4.22) and (4.24) in Theorem 2 are directly
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implied by (4.21) and (4.20) respectively in Lemma 5. The finiteness of N (¢) in (4.23) is
directly implied by (4.22). B

B.6. Proof of Lemma 6

Before proving Lemma 6, we first present Lemma B.9.

Lemma B.9 (Probabilistic inequalities for A;(¢) in our (3.1)). Assume conditions A1-A4 and
A2 in Appendix A. Let {\;(t) }iey be the conditional intensity functions defined in (3.1). Then for
any distinct i,j € V), there exist constants cg, c1, ¢z, c3 € (0,00), such that for any t € (0, ¢), the

following assertions hold:

P(Ai(t) = exp(Bo;i)) = exp(—cot), (B.57)

P(Xi(t) = exp{Bosi + Bji - 9(1/9)}) > c1-exp(—cat) - {1 —exp(—cst)}.  (B.58)

Proof: For any t € (0, ¢), (3.1), (3.5) and (3.6) indicate that “{IN(t) = 0} C {\i(t) =
exp(fo.i)}” and “{N;(t) = 1and Ni(t) = Oforall k € V\j} C {\i(t) = exp(bo.; + Bj,i -
g(1/¢))}”. To verify (B.57) and (B.58), it suffices to show that for any ¢ € (0, ¢),

P(N(t) =0) = exp(—cot), (B.59)
P(N;(t) =1, and Ni(t) = 0 for all k € V\j)

> c1-exp(—cat) - {1 —exp(—c3t)}. (B.60)

Recall that in Theorem 1, we have the following facts: Ty = 0, ]:Tv,0 = %y = {Q, 0},
7o = @ and T = co. By part (ii) of Theorem 1 and the fact that T¢ = oo, we have that 7} is

a continuous random variable with the p.d.f.
I (z) = A(0) exp{=A*"(0) - =}, =z € (0,00). (B.61)

On the other hand, it is easy to verify from (4.4) that the first discontinuity point T, =
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min{Tj,: j € V,£ > 1} is exactly the first event-occurrence time point, i.e.,
N(t)=0 ifandonlyif 0<t<T. (B.62)
Combining (B.61) and (B.62), we have
P(N(t) = 0) = exp{—A"""(0) - t}.

This proves (B.59) with a constant ¢ = A"™(0) = Zyzl exp(Bo;i)-

Similarly, parts (ii) and (iii) of Theorem 3 yield that
P(N;(t) =1, and Ni(t) = 0 for all k € V\j)
(

= | @) P(Li=j|Tr=2) P(Ty>t| Ty =, I = j) du
A

—_ ¢ sum sum (0)
‘/M (0) exp{=A""(0) - &} - TGRS

X [1 — /xt A () exp{ A" (z) - (u — )} du] dz

+

N /0 Arexp(—Ag ) -exp{—Az - (t —x)}dx

)\1 . {exp(—)\g . t) — eXp(*)\g . t)}/()\g — )\3), if )\2 75 )\3,
_ (B.63)

Al -t-eXp(—/\Q ‘t), if /\2 :)\3,

where A; = A;(0) = exp(fo;), A2 = X¥"(0) = Z};lexp(ﬁo;i), and \%"™(zx) reduces to

A3 =SV exp{Bos + By 9(1/)}.
For Ag # A3, if Ao — A3 = 6 > 0, then (B.63) gives that

P(N;(t) =1, and Ni(t) = 0forall k € V\j) = A1 /6 - exp(—Ag - t){1 — exp(—61t)}.

Thus, (B.60) holds with ¢; = A1/, c2 = A3 and ¢3 = 0. Due to the symmetry between Ay
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and A3 in (B.63), the similar argument holds when A — A3 < 0.

For A2 = A3, (B.63) yields that

P(N;(t) = 1, and Ny (t) = 0 for all k € V\j)

= A1 teexp(=Ag - t) > Ay -exp(—Az - 1) - {1 —exp(—t)}.

Hence, (B.60) holds with ¢; = A1, c2 = A2 and ¢3 = 1. This completes the proof. B

Next we prove Lemma 6 using a proof by contradiction. For any (jo, i0) € £ with 3, i, #
0, if {Nj,(t)}+>0 is stationary, then property (P1) implies that the conditional intensity
function \;, () has the same distribution for all t € (0, ¢). Thus, for the two possible values
exp(Bo.io) and exp{Bo.i, + Bjo.io - 9(1/¢)} of Xiy(t), there exist some constants cq, ¢5 € [0, 1],
such that P(\, (t) = exp(Bosi,)) = ca and P (X, (£) = exp{Bosio + Bjosio - 9(1/9)}) = ¢5 hold
for any t € (0, ¢). Combining this with (B.57) and (B.58), for any ¢ € (0, ¢), we have

P (Xiy (t) = exp(Bosig)> OF Ni (1) = exp{Bosio + Bjoio - 9(1/0)})

=cq4+C5

> sup {exp(—cot)}+ sup {c1-exp(—cat) {1 —exp(—c3t)}}
t€(0,4) t€(0,9)

>1+c-exp(—c2-¢/2) - {1 —exp(—cs3-¢/2)} > 1,

which obviously contradicts. This completes the proof. B

B.7. Proof of Lemma 7

From (4.25), for each integer ¢ > 1, we have Ry = min(Uy), where Uy = {t > Ry_1 + ¢ :
N ((t — ¢,t]) = 0}. Thus, Ry exists if and only if the following two conditions hold:

(i) Uy # @. (Since Uy is bounded below, this indicates inf(iy) exists.)

(ii) inf(Uy) € Up. (This indicates min(Uy) = inf(Uy).)
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We start by proving the existence of R;. We first prove that condition (i) holds with
probability one for ;. Note that ¢/, # @ if and only if there exists t > ¢ such that N ((t —

¢,t]) = 0. It suffices to show that

P(U {N((t - ¢,1)) :0}) ~1 (B.64)

t>¢

By condition A4, there exists some constant ¢ € (0, 00) such that A*™(¢) < ¢. This together

with (B.10) gives that A*"™(¢; %#5) < c. Then by (B.9), for t > s > 0, we have

P(N(t)=N(s) | Z) = exp{ — /: AU (u; Fy) du}

> exp{—c- (t — s)}. (B.65)
For each integer k > 1, plugging s = (k — 1) ¢ and t = k ¢ into (B.65), we obtain
P(A} | #(r-1)¢) > exp(—c9), (B.66)
where the event
A = {N(((k = 1),k 9]) =0} = {N((k=1)0) = N(ko)}.
Letting k = 1in (B.66) yields that
P(A}) > exp(—c). (B.67)

Also, for integers k > 2, by (B.66) and the fact that N Aq) e F(k-1) ¢, We have

m=1

P (A;;

k—1
N E) > exp(—c¢).
m=1
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Combining this with (B.67), for any integer ¢ > 2, we have
‘o e k=l
P(ﬂA;;) :P(Af)-HP(A’,g N A:n>
k=1 k=2 m=1
¢

= {1-PAD}-I] {1 _ P(A;;

N}

k=2
< {1 —exp(—c qb)}é, (B.68)
which gives that
¢ ¢
P(UA;;) = 1—P<ﬂ;> > 1—{1—exp(—co)}. (B.69)
k=1 k=1

Letting ¢ — oo in (B.69) yields that P(|J;2, 4;) = 1. It follows that

PU{N( 6. =0}) > P( U {N(((k~1)6,k6)) =0})

t>¢ k>1

= P(QA;;) =1, (B.70)

which proves (B.64).

We then prove that condition (ii) holds for ¢/; using a proof by contradiction. Let
R} = inf(U). If R} ¢ U,, then there exists a sequence of time points {uy};>1 € U such that
uy > ug > -+ and limy_, o ux, = R]. Note that u;, € U; implies that N (uy) — N(up — ¢) =

N ((ur — ¢, ui]) = 0. Using this and the fact that IN (¢) is right-continuous in ¢ > 0, we have
N((R; — 6. Ri)) = N(R}) ~ N(R{ ~6) = lim {N(uz) = N(u — )} = 0,

which contradicts with R} ¢ U;.
Next, for each integer ¢ > 2, we prove that R, exists with probability one. Following the
same proof of condition (ii) for the case of U/;, we can verify that condition (ii) also holds

for U, with integers ¢ > 2. Now we prove condition (i) holds with probability one for U4,
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with ¢ > 2. Similar to (B.64), it suffices to show that

P( U (Nt —ot) = o}) =1 (B.71)

t>2Re_1+¢

For each integer £ > 1 and real number r > 0, define the event
A = {N (= 1)¢+r ko +1]) =0} = {N((k=1)¢+r) = N(ko+1) }.

Using the same proof as that of (B.66)-(B.70), we obtain P(|J;Z, 4; ) = 1, and

P( U {NWt=0.)=0}) = P( U {N(((k = D)o+ 1.k +71]) = 0})

t>r+¢ k>1

o(Uaz) -1
k=1

It follows that for each realization R,_; = r, we have

P( U N - e.0) :0}‘R4_1 :r) —1,

t>Ry_1+¢

which proves (B.71). B

B.8. Proof of Theorem 3

B.8.1. Proof of part (i)

Recall the random processes V;(t) in (2.2), A;(t) in (2.6), and 7; 4(¢) in (3.6). For i € V and

t > 0, define the following “time-shifted-by-R,” random processes:
vecN;(t) = N;(t+ Ry), veck;(t) = Ni(t + Ry), vecr; ¢(t) =15 4(t + Ry). (B.72)

LetvecN (t) = (vecNi(t),...,vecNy ()T, vecA(t) = (vecAi(t),...,vecAy(t)) " and vecry(t) =

(vecry 4(t), ..., vecry 4(t)) " be the vectors of these random processes. Also, for 0 < s < ¢,
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let vecN;((s,t]) = vecN;(t) — vecN;(s). We have the three facts below:
Fact (a) : vec);(t) is the conditional intensity function of vecN;(¢). This is because

vech;(t) = \i(t + Ry)
1
~PWNi(t+ Re+ A) =

ZE%A Ni(t+ Re) + 1| Fiir,)
o1
= lAlIfé ZP(VecNi(t + A) =vecN;(t) + 1| vecH), t=>0,

agreeing with the definition in (2.6) of an intensity function, where vec.#; = .%; g,
{Ae 7 : An{t+ Ry < u} € %, for every u > t} denotes the time-shifted o-field.

Fact (b) : vec);(t), vecr; 4(t), and vecN;(t) follow the same model as in (3.1), (3.5) and
(3.6). This could be seen from the following identities:

VeC)\i(t) = exp {BO;i + Z Bj,’i g(?“j7¢(7f + Rg)) }

jEV
= exp {BO;i + Z ﬁjﬂ' g(vecrm,(t)) }, t >0, (B.73)
JEV
which is identical to (3.1) and (3.5), and
vecr; ¢(t) = Ni((t+ Ry — @) VO, t+ Ry]) /o
= Ni(((t+Re — @)V Ry, t+ Ry]) /¢ (B.74)

= vecN;(((t —¢) V0, t])/9,
which is identical to (3.6). Here, (B.74) is implied by (4.26).

t>0,

Fact (c) : The following mappings are deterministic, with M1 = M1’, M2 = M2/, M3 = M3/,
M4 = M4/, and M5 = M5,

(M1) from {N (¢t + Ry) —
(M2) from {N(t+ Ry) —
(M3) from {N(t+ Ry) —
(M4) from {N(t+ Ry) —
(M5) from {N(t+ Ry) —

and

M1’) from {N(t

from {IN(
M3') from {N (¢
M4') from {N (¢

(M1)
(M2')
(M3')
(M4)

N(Rp)} >0 to {N(t+ Ry) — N((t — ¢) V 0+ Ry) }+>o0-
N(Ry)}i>0 to {vecry(t) }i>0.

N (Ry)}i>0 to {vecA(t)}i>o.

N(Ry)}i>0 to Rep1 — Ry.

N(R¢)}e>0 to N((Re, Reya]).

b0 to {N(t) — N((t — ¢) V 0)}>0.
hz0 to {re(t)}eo.
b0 to {A(t) }io-

>0 to Rj.

t

~— — ~— ~—
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(M5') from {N(t)}+>0 to N(Ry).
To show this, note that for any ¢ > 0,

N(t+ Ry) — N((t—¢)VO+ Ry)
={N{t+ R) — N(Re)} —{N((t —¢) VO+ Re) — N(R,)}

implies that the mapping M1 is deterministic, and M1 = M1’. This combined with
(B.74) and (3.6) gives that the mappings M2 = M2’ are deterministic. By using (B.73),
(3.1), (3.5) and the fact that the mappings M2 = M2’ are deterministic, we have that
the mappings M3 = M3’ are deterministic. From (4.25), we observe that

Ry =min{t > ¢: N(t) = N((t — ¢) v 0) = 0},
Rpi1 — Re=min{t > ¢ : N(t+ R;) — N((t — ¢) V0 + Ry) = 0}.

This together with the fact that M1 = M1’ are deterministic yields that the mappings
M4 = M4’ are deterministic. From

N((Re, Re41]) = N((Re1 — Re) + Re) — N(Ry),

we have that the mapping from ({ N (t+ R;) — N (R¢) }+>0, Re+1—Ry) to N((Ry, Re+1])
is deterministic, and identical to that from ({IN (¢) }+>0, R1) to N(R;). This together
with M4 = M4/ yields that M5 = M5’ are deterministic.

Fact (a) verifies that vecA(t) is the vector of intensity processes of vecN (¢). From Fact
(c), we have that the deterministic mappings M3 = M3'. Combining these yields that
(N(t + Re) — N(Ry),vecA(t)) 2 (N(t),A(t)) for any ¢ > 0, which proves N (t + Ry) —
N(Ry) DN (t). On the other hand, using condition C1 and the fact that the mapping M3 is
deterministic, we have that vecA(t) is independent of Fg,. This completes the proof of part

(i). m

B.8.2. Proof of part (ii)

Using the facts that the mappings M5 = M5’ are deterministic and that N (¢t + Ry) —
N(Ry) 2 N (t) for any ¢t > 0 from Theorem 3 (i), we obtain N ((Ry, R+1]) 2 N(R;). Thus,
{N((R¢, Re+1]) }e>0 is a sequence of identically distributed random vectors. On the other
hand, combining condition C1 and the fact that the mapping M5 is deterministic, we have

that N ((Ry, R41]) is independent of Fr,. Also, N ((Rj, Ry+1]) is Fr,-measurable for any
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0 < k < ¢—1. It follows that N ((Ry, R41]) is independent of { N ((Ry, Rx+1]) bo<k<e—1-
Hence, {N((Ry¢, Re+1]) }e>0 is a sequence of independent random vectors. The proof is

completed. W

B.8.3. Proof of part (iii)
Before proving part (iii), we first show Lemmas B.10 and B.11.

Lemma B.10. Assume conditions A1-A4 and A2’ in Appendix A. Let Ry be the first “recurrence
time point” defined in (4.25) with ¢ = 1. Then E(R?) < oc.

Proof: Let the random variable L* = min{k > 1 : I(A}) = 1}, where the event
Ay = {N(((k — 1) ¢,k ¢]) = 0} is defined in (B.66). By (B.68), for any integer ¢ > 2, we

have

-1

P(L*>1¢) = P( ﬂ fTZ) < {1- exp(—cqﬁ)}z_l.

k=1

Thus, the tail probability of L* is bounded by that of the geometric distribution with the con-
stant success probability exp(—c ¢). Since geometric distribution has finite first and second
moments, we have E{(L*)?} < cc. Also, I(A%.) = 1 implies that N(((L* — 1) ¢, L* ¢]) = 0,

which combined with (4.25) gives that Ry < L* ¢. Hence, we obtain
E(RY) < E{(L*¢)*} = ¢"E{(L")*} < oo.

This completes the proof. B

Lemma B.11. Assume conditions A1-A4, A2',and C1in Appendix A. Let X(t) = (M1 (t), ..., A\ (1)) "
be the vector of the intensity processes in (3.1), and 74 (t) = (r1,4(t),...,rv 4(t)) " be the vector of
the empirical firing rates defined in (3.6). Let h(-) : RV — R be a continuous function. For each

integer ¢ > 1, define the random variable

R,
3, — /R BOA(L), (1)) dt. (B75)
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Then {S¢}¢>1 is a sequence of i.i.d. random variables.

Proof : Following the notations in (B.72), for £ > 1, we have

Ryt Ryy1—Ry
Ser1 = /R h(A(t),ry(t)) dt = /0 h(vec(t),vecry(t)) dt. (B.76)

By comparing (B.76) with S; = fORl h(X(t),r4(t)) dt, and using the fact that the mappings
M2 = M2/, M3 = M3’ and M4 = M4’ are deterministic, we have that the mappings

(M6) from {N(t+ Ry) — N(R¢)}+>0 to Spt1,

(M6') from {N(t)}:+>0 to Sy,

are both deterministic, with M6 = M6’. Combining this with the fact that N (¢ + Ry) —
N(Ry) 2 N(t) for any ¢t > 0 from Theorem 3 (i), we obtain Sy DS,. Thus, {S¢}i>1isa
sequence of identically distributed random variables. On the other hand, using condition
C1 and the fact that the mapping M6 is deterministic, we have that S, is independent of
Fr,. Also, Sj, is Fr,-measurable for 1 < k < ¢. Hence, {S/}/>1 is a sequence of independent
variables. The proof is completed. B

Now we prove part (iii) of Theorem 3. Note that Dy = R, — R,_; is a special case of Sy in
(B.75) with h(-) = 1. Applying Lemma B.11, we conclude that { D, },>; is a sequence of i.i.d.
random variables. Furthermore, Lemma B.10 proved that D; = R; has the finite second

moment. This completes the proof. B

B.9. Proof of Theorem 4

Before proving Theorem 4, we first show Lemma B.12.

Lemma B.12 (Asymptotic convergence of A;(t) = f(f Ai(u) du). Assume conditions A1-A4,
A?2', and C1 in Appendix A. For each i € V, consider the random process A;(t) = fg Ai(u) du for
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t > 0. Then there exists a constant ¢; € (0, 00), such that

— ¢, ast — 0. (B.77)

Proof: Denote the increment of A;(¢) in the /th “recurrence cycle” (R,_1, R¢] by

Ry

Sie = Ni(Re) — Ni(Re—1) = / Ni(t) dt.
Ry

Applying h(A(t),74(t)) = Ai(t) to (B.75) in Lemma B.11 indicates that {S; ¢ }¢>1 is a sequence
of i.i.d. random variables.

By condition A4, there exists a constant ¢ € (0, 00), such that

Ry Ry
Si’g = / )\z(t) dt < / cdt = CDg, (B78)

Ry Ry

where Dy = Ry— Ry_;. Combining Lemma B.10 and (B.78) implies that the second moments

of D, and S, ¢ are finite. Applying the strong law of large numbers, we obtain

1 1

L
z Z Sz’,k a;SY E(SZ‘J), z Dk a;>s' E(Dl), as { — oo.
k=1

e
Il S
—

Thus, for arbitrarily small § > 0 and € > 0, we could find sufficiently large C, such that

P( sup max{‘ Zszk

>C1

Z Dy — )} > e) <. (B.79)

On the other hand, for any time point ¢ > 0, let L; = sup{¢ > 0 : R, < t} be the number

of recurrence time points up to t. We have

Li+1 Li+1

ZSzk<A ZSW ZDk<t< ZDk,
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which directly yields that

Skt Sin _ Ai(t) _ 3T Sijk. (B.80)
SESIDe T T T i D

Since E(D?) < oo, it is easy to show that L, 5 ooast — oo. Thus for arbitrarily small
d2 > 0 and large Cy > C}, there exists ¢ty > 0, such that for V¢ > to, P(L; > C3) > 1 — ds.
Combining (B.79) and (B.80), the following (B.81) holds with probability at least 1 — 6 — 2

fort > to:

Co{ESi) —¢f  _Ai(t) _ (Co+ D{ESi1) +ef

(Co+D{E(D1) +€} = Cy {E(Dy) — ¢} (B.81)

Since ¢, 6, and 6, are arbitrarily small and C is arbitrarily large, (B.81) implies that

We complete the proof with ¢; = E(S;1)/E(D;) in (B.77). B

Now we prove Theorem 4. By Theorem 2, for each i € V and t € (0, o), we have

var{M} < %17

50, ast— oo (B.82)

By Lemma B.12 and (B.82), we obtain

Nt
t() B cy, ast — oo,

where ¢y = (E(S1.1),...,E(Sv1))" /E(D;). This completes the proof. B
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B.10. Proof of Theorem 5

Note that all the previous proofs in Theorems 1-4 and Lemmas 2-5 rely only on the fact that
(i) Ai(t) is a positive continuous function of N (((t—¢)V0,t]), and (ii) “sup;cy ;>0 Xi(t) < ¢3”
as in condition A4. Clearly, (i) does not depend on the specific form of the function, and
supgerv hi(x) < cin condition B1 verifies the assumption (ii). Thus extending model (3.1)
to (4.28) does not alter the proofs of Theorems 1-4 and Lemmas 2-5. This completes the

proof of Theorem 5. B

B.11. Proof of Theorem 6

Before proving Theorem 6, we first show Lemmas B.13, B.14 and B.15.

Lemma B.13. Assume conditions A1-A4, A2/, and C1 in Appendix A. Let f(-) : RV — [0, 00) be
a non-negative continuous function bounded above by cq € (0,00). Fort > 0, let Y (t) = f(ry(t)),
where r4(t) is defined in Lemma B.11. Let Ry be the first recurrence time point defined in (4.25)
with ¢ = 1. Assume that E{fOR1 Y (t) dt} > 0. Then there exists a constant ¢; € (0, 00), such that

t
Ni(w)Y(u)d
fo (u)t (u) u E) ci, ast— oo.

Proof : For each integer ¢ > 1, define

Ry

Applying Lemma B.11 with h(A(t), r4(t)) = Xi(t) f(rs(t)) = Xi(t) Y (t), wehave that {S} , }r>1
is a sequence of i.i.d. random variables. By condition A4, there exist constants ¢, c3 € (0, 00)

such that co < \;(t) < ¢3 for any ¢ € [0, 00). We obtain the following moment inequalities:

E(S71) = B /031 MY (1)t} > B /ORlY(t)dt} >0, (B.83)

B{(S)2) :EH /OR1 (1) Y (1) dtﬂ < ARE(R?) < oo
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Applying the same proof as Lemma B.12 with S; , = 57, one can show that

S (@) Y (u) du » B SN () Y (u)du}  E(S]))
t E(Ry) ~ E(Ry)

>0, ast— oo.

This completes the proof. B

Lemma B.14. Assume conditions A1-A4 and A2' in Appendix A. Fori € V, let z;(t) = g(r; (1))

be the covariate defined in (3.5), and xo(t) = 1. Then for any i,j € V U {0} (not necessarily

distinct), we have

E{AmeQM}>Q (B.84)
E{ /ORl zi(u) xj(u) du} > 0. (B.85)

Proof : If i = 0, then (B.84) obviously holds; if either i or j is zero, then (B.85) reduces
to (B.84). Thus, to prove Lemma B.14, it suffices to verify (B.84) and (B.85) for the case of
i,jEeV.

By the similar proof to that below (B.62), for any ¢t > 0, we have
P(N;(t) > 1) = 1 —-P(N;(t) =0) = 1 —exp{—Xi(0) -t} > 0. (B.86)
The conditional independence condition (2.10) implies that
P(N:(1) Nj(t) = 1) = Ai(0) A;(0) £ + o(s?),
as t — 0, and thus there exists ¢y € (0, ¢), such that
P(N;(to) Nj(to) > 1) > 0. (B.87)

Fort € (0,¢), we observe that r; ,(t) = N;(((t — ¢) V 0,t]) /¢ = N;(t)/¢. Hence, r; 4(t) is

increasing in ¢ € (0, ¢), which implies that z;(t) = g(r; 4(t)) is also increasing in ¢ € (0, ¢).
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Together with (B.86), (B.87) and the fact that R; > ¢ > ty, we obtain

B /ORl ri(u) du} > B /t¢xi(u) du)

0

> E{zi(to) - (¢ —to)}
> P(Ni(to) > 1) g(1/9) - (¢ — to)

>0,

E{ /OR1 z3 (u) du} > E{ /td> 7 (u) du}

> E{a}(to) - (¢ — to)}
> P(Ni(to) = 1) g*(1/¢) - (¢ — to)

>0,

E{ /ORl zi(u) xj(u) du} > E{ /d) zi(u) zj(u) du}

> E{zi(to) z;(to) - (¢ — to)}
> P(N;(to) Nj(to) > 1) g*(1/¢) - (¢ — to)

> 0.

These complete the proof. B

Lemma B.15. Assume conditions A1-Adand A2’ in Appendix A. Let £(t) = (1, 21(t), 2(t), ..., zv ()T

be the vector of the covariates defined in (3.5). Then for any u € RV ! with ||ul|| > 0,
Ry
E[/ {a@Tay*at >o.
0

Proof: Let @ = (ug, u1, - . .,uy) . We proceed by cases of ug.

Case (i) up # 0.
Consider ¢y € (0, ¢). By (B.65), we have

P(N(ty) = 0) > exp{—c- (to — 0)} > 0. (B.88)
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Note that N (tg) = 0 implies that Z(t) '@ = ug for t € [0,%¢]. Combining (B.88) and
the fact that Ry > ¢ > t3, we obtain

/ (&) ) ] >E/ ()@} - 1(N(to) = 0) dt

=1 U P(N(t()) = 0) > 0.

Case (ii) up = 0.
Since ||u|| > 0 and uy = 0, there exists some i € V such that u; # 0. We have

P(N;(t) =0forall j € V\i, N;(t)=1)
>P(Ni(t) =1) = Y P(Ni(t) = 1,N;(t) #0)

JEVNI
>P(Ni(t) =1) = Y P(Ni(t) =1,N;(t) = 1) = Y P(N;(t) > 1)
JEVN\I JEVN\I
= X(0)t+o(t) = Y {Ai(0) A (0) £ + o(£?)} — o(t) (B.89)
JEVNUI

= X\i(0)t + o(t),

ast — 0, where (B.89) is derived from (2.6), (2.7), and (2.10). Hence, there exists
to € (0, ¢), such that

P(Nj(to) =0forall j € V\i, N;(tg) =1) > 0. (B.90)

Let t1 € (to, ¢). From (B.65) and (B.90), we have

( ) =0forall j € V\i, N;(to) = Ni(t1) = 1)

(N (t1) = N(to), Nj(to) =0forall j € V\i, Ni(tp) =1)

(IN(t1) = N(to) | Nj(to) = 0 forall j € V\i, Ni(to) =1)
xP(N;(to) = 0forall j € V\i, N;(tg) =1)

> exp{—c- (t1 —to)} - P(IN;(to) = 0 forall j € V\i, Ni(tp) =1)

> 0. (B.91)

Note that the event {N;(t1) = Oforall j € V\4, and N;(tg) = N;(t1) = 1} implies
that z(t)"u = x;(t)u; = g(1/¢)u; for t € (to,t1). Together with (B.91) and the fact
that Ry > ¢ > t1, we obtain

E| M EoTa) at

0
_E[ ttl{ag() @)% - 1(Nj(ty) = 0 forall j € Vi, Ni(t )_Ni(tl)zl)dt}

> (t1 —to) g*(1/¢) uf - P(N;(t1) = O forall j € V\i, Ni(to) = N;(t1) = 1)
0.

\
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Combining the results of cases (i) and (ii) completes the proof. B

Now we prove Theorem 6. Recall (5.4),
Lon(Bs) = ~ ! z:(t)" B; ) dt — {@;(t—) " B} ANy (t
(B = [ [ew @07 A} dt— (@) B an)].

With some algebra, we obtain the gradient vector and Hessian matrix of £; 1( ,5,)

~ 1 [T ~
VLir(B) = 7 /O @i(t) exp {@i(1) B} dt - &i(t—) AN;(1)|, (B.92)
~ T ~
V2£¢7T(B¢) == % /0 %l(t) &Zvi(t)—r eXp {%Z(t)—r,@l} dt. (893)

Let z; j(t) denote the jth component of x;(¢), i.e.,

1, if j =1,
Tij(t) = m; 1 (1), if1<j<i, (B.94)

zi(t), ifi<j<V.

For each j € V, applying (4.19) in Lemma 5 gives that

E(% /0 ! [@,j(t) exp {@:(t) T8} dt — 7 j(t—) dNZ-(t)D = 0. (B.95)

Also, using (4.24) in Theorem 2, we have

Var(% /OT [ic'”(t) exp {@(t)TBZ*} dt —2; ;(t—) dN,;(t)D <1 /T, (B.96)

where ¢; € (0, 00) is some constant. By Chebyshev’s inequality, (B.95) and (B.96), we have
1T T _
= / |@(t) exp {@:(6) 87 } dt — &i(t—) ANi()| = Op(\/T/T). (B.97)
0

This verifies (5.5) in part (i).
Next we prove part (ii). Write H; 1 = VQEZ',T(B;*). For any j,k € V, from (B.93) and
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(B.94), the (j, k)th entry of H; r is

1 T ~
Hr(oh) = 1 [ 5070 exp (@) A} dr

Let Y1(t) = 2; j(t) Z; 1(t). Lemma B.14 proved that E{fOR1 Yi(t)dt} > 0. This enables us to

apply Lemma B.13 with Y (¢) = Y;(¢), which yields that

Lot
Hi,T(j; k‘) = T /0 337;7]'@) xi,k(t) )\:(t) dt E) Cjk, as T — o0,

where ¢; ;, € (0, 00) is some constant. Denote by C; = (¢; )v xv the matrix consisting of the

entries {c; 1, : j € V,k € V}. It follows that all entries in C; are positive, and
V2Lir(B) =H;r 5 Ci, asT — oo. (B.93)

This proves the asymptotic convergence in (5.6).
We next show C; - 0 using a proof by contradiction. If C; is not positive definite, then

there exists a vector u with ||&| > 0, such that &' C;u < 0. Then (B.98) implies that
@ H;pu > a Cu<0, asT — oo. (B.99)

Let Ya(t) = {;(t)"u}?. Lemma B.15 verifies that E{fOR1 Y5(t)dt} > 0. Form Lemma B.13,

there exists a constant ¢; € (0, o) such that
~T ~ [ T~12 P
u H;tu = T {Z;(t) u}* A\ (t)dt - ¢; >0, asT — oo, (B.100)
0

which contradicts (B.99). The proof is completed. B

B.12. Proof of Theorem 7

Before proving Theorem 7, we first show Lemma B.16.
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Lemma B.16 (Consistency of M-estimator). Assume conditions A1-A6, A2', and C1 in Ap-

pendix A. As T — oo, there exists a local minimizer ,51 of the loss function £ZT(§1) in (5.4) such

that ||B; — B¢ || = Op(v/1/T).

Proof: Let rr = /1/T and w € RY. Following the arguments of Theorem 1 in Zhang
et al. (2010), it suffices to show that for any given € > 0, there is a sufficiently large constant

C. € (0, 00) such that, for sufficiently large T the following holds:

i (B +rra) > Lin(B)) > 11—«

p( Ant Lin(BE @) > Lin ) =1

Let B; = rr i + ,5:‘ and ||u|| = C.. By Taylor’s expansion of £; r(-) at ,@;“, we get
Li,T(Bi) - ﬁi,T(Bf) =hy+ho+ 13, (B.101)

with

T
L= % /0 [@(t)TrTﬁexp{%i(th;‘}dt —&;(t—) Trp udN;(t) |,

I 1 /I{N‘(t)—r ~}2 {~(t) /6*} dt

1,2 — 2T T rTu €XP &4 [ )

/ = — / {ZD(t) rT ’U,}B exp {i(t) B**} de (B 02)
1,3 6T 0 4 7 7 ’ 1

where ,@j* lies between Ej and ,51

For the term I 1, using (5.5) in Theorem 6 gives that

1| < H% /OT [@u(t) exp {@:(1) 87} b — () ANu(o)] [ e )

=Op(V1/T) rr [lul]. (B.103)
For the term I 5, (5.6) in Theorem 6 implies that

Lo =720 V2Lr(B)a = r2a'{C; + o(1)}4. (B.104)
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For the term I; 3, condition A4 implies that each component of x;(¢) is bounded above by

some positive constant. Hence, we have
|| < erillal?, (B.105)

for some constant ¢ € (0, c0).

Combining (B.103), (B.104) and (B.105), we obtain

Lir(Bi) — Lir(B])
=hai+hLpo+1i3
= Op(\/1/T)rr|lal| + ri {a" Cia + op(1) |a|*} + cri [|a)?

= %{OP(l) @] +a" Csto + op(1) ]| + op (1) [la]*}. (B.106)

By (B.106), we can choose some large C,, such that all terms in brackets in (B.106) are
dominated by the term @' C;u, which is positive by the fact that C; = 0 from Theorem 6.
This completes the proof. B

Now we prove Theorem 7. Let rp = /1/T and & = (ug, U1, - - , Ui—1, Uit1, - .-, uy) | €

RY. Denote by &T(EZ) the objective function in (5.8), i.e.,

Lr(B) = Lin(B) + Y, wiir

JEVN\i

Bji

. (B.107)

Similar to the proof of Lemma B.16, it suffices to show that for any given ¢ > 0, there is a

sufficiently large constant C, € (0, c0) such that, for large T,

i (B a) > 4r(BH) > 11—«
P(Hﬂl“n:fCezZ,T(@ +rr@) > Lr(B)) = 1-e

From (B.107), we have

lir(B; +rra) — 61 (B))
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= {Lix(B] +rra) = Lix(B)} + Y wiar - (18] + rrwgl = 155))
JEVNI

> {Lir(B] +rra) = Lir(B)} + D wir - (187, + rrug] = 185,0)
jES;
=1+ I
For the term I, (B.106) yields that
1 R o g
L = F{0p(W]ul +a Ciu + op(1)|al” +op(1)]u]"}-

For the term I, by triangle inequality and condition (5.11), we have

L] < Y wiirrrlyl < el MaX w1 = Op(1/T) [lul1,
JES] i

which is dominated by u' C;u /T for a sufficiently large C.. Hence, we conclude that I is

dominated by I;. The remaining proof is the same as that of Lemma B.16. &

B.13. Proof of Theorem &

For a y/1/T-consistent estimator B, of Bj, for any € > 0, there exists constant C., such that

for sufficiently large T,
P(|18; — Bill < rrCe) > 1. (B.108)

Let rp = /1/T. Recall condition A4 implies that z;(¢) is bounded above. This together

with (B.93) yields that there exists a constant ¢ € (0, c0), such that

2, (3.

sup W <¢, forany j € V\i,
BullBi-Btl|<rec. | OPii0Po:
0%L v (B:)

sup

<¢, forany j,k € V\u.
Bl BBl <rrc. | 9P3i0Pk;
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Combining this with Taylor’s expansion, (B.92), and (B.97), for j € V\i, we have

OLi1(B:)
5B eme, | 0Bii
Bi:l|Bi—B|I<rrCe 35

< ‘aﬁzT(ﬂz)

0Bj,i
aﬁzT ;62 aﬁzT Bz ) NA_~>4;<:|
+5i:“5¢—SE§|STTCE I:{‘ 8/8] 18/801 Z ‘ a/BJ 18/8 } HBZ 181 H
< ‘aﬁég(ﬂ:) +V.ecrrC.
VK
:Op(\/ 1/T)—|—O(TT) :Op(\/l/T). (8109)

Consider 3; in the ball {3; : ||3; — BZ*H < rpCc}. For j € VN\{S} Ui}, if B;; > 0, then
(5.13) and (B.109) yield that

a1 (B;) _ dL;r(Bi)
aﬂj,i 85]’,7;

+ w; ;7 sign(B;:)

) dL;it(B;)

> — sup
Bi:l|Bi—B || <rrCe 9B;.i

min Wy 4
JEVN{S; Ui}

>0, (B.110)

with probability tending to 1 as T — oo. Similarly, if 8;; < 0, we have
Otir(Bi) _ OLir(B1) .
aﬁjyi = 8ﬁj7i + Wy 4, T s1gn(5j7i)
< sup 8%”('61)
BeB-Bil<rc. ! OPii

min Wsj 3, T
JEVN{S; Ui}

<0, (B.111)

with probability tending to 1 as T — oo.
By (B.110) and (B.111), the following argument holds with probability tending to 1 as
T — oo: for all B; with ||3; — 87| < rrC. and all j € V\{S? Ui}, 90;1(8;)/0B;. has the
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same sign as (3; ;. Together with (B.108) and the first order condition of Ei, it follows that
P(B;; =0, forall j € V\{S; Ui}) > 1 —2¢ (B.112)
holds for sufficiently large T. Since e is arbitrary, letting ¢ — 0 in (B.112) yields that
P(Bj; =0, forall j € V{8 Ui}) =1, asT — oc. (B.113)

Note that the vector BZ(H) collects all the components in B; whose indices belong to the set

VYNAS; Ui}. Hence, (B.113) implies that

PB™ =0)>1, asT — .

7

This completes the proof. B

B.14. Proof of Corollary 1

Recall that the true edge set £* # @ is assumed in condition A6. To prove Corollary 1, it

suffices to show that for each pair of distinct nodes (j,7) € V x V,

P((j,i) € Ex) = 1, if (j,i) € €7,

P((j,i) e &) —» 1, if(j,i)e&x, asT — oo

2
<
=
™
™)

)— 1, if (4,i) ¢ &Y,

If (j,i) € €%, then (3.3) implies that 5;1 > (0. By Theorem 7, we have Ejz L B;‘Z > 0.
Thus, P((j,i) € &) = P(gj,l- >0)—1,asT — .

If (j,i) € £, then similarly as above, we have P((j,7) € )= P(B\jﬂ- < 0) — 1, as
T — o0.

If (j,i) ¢ £, then (3.2) implies that 87, = 0. By (5.14) in Theorem 8, we obtain
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P((j,7) ¢ E) = P(BM =0) — 1, as T — oo. This completes the proof. B

B.15. Proof of Theorem 9

The proof of Theorem 9 is similar to that of Theorem 7, with slight modifications in accor-
dance with the extended model (6.1). We omit the lengthy details and outline the key steps

of the proof as follows.

(a) Inaccordance with model (6.1), the set of discontinuity points (4.4) in Definition 2 is
modified as

(T1,Ty,...} = U {Tj0+ko}jeve>1-
ke{0,1,...K}

In addition, the definition of the mark I, in (4.5) is modified as

- {z’, if Ty {T};}r>1 for somenodei € V, (B.114)

“700, T € {Tiy + kd}yoi1 eqr....x) for somenode i € V.

Further, the set 7, in (4.8) of Theorem 1 is modified as

Ti = U {t e (Tr— ¢, T] - N p({t}) = 1}. (B.115)

jeV;ke{l,... K}

After the above modifications of definitions, we apply the same proof techniques used
in Section 4.1, and verify that Lemmas 3-5, Theorems 1 and 2 hold for model (6.1).

(b) In Definition 3, the ¢th recurrence time point R, in (4.25) is modified as
Ry=min{t > Ry_1 + K¢ : N((t — K¢,t]) = 0}. (B.116)
Following the same proof, Theorems 3 and 4 hold for model (6.1).

(c) After verifying Theorems 2—4 for model (6.1), we are able to prove that Theorem 6
holds for model (6.1). By applying the same proof as that of Theorem 7, there exists a

local minimizer 3; of (6.6) such that ||3; — B¢|| = Op(1/1/T), which implies that

sup w;i(t) —wj; ()| = sup |[Bjik — Bjik
>0 1<k<K

<|1B; - Br |l = Op(VI/T).

This completes the proof. B
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B.16. Proof of Corollary 2

Recall that the true edge set £* # @ is assumed in condition A6. To prove Corollary 2, it

suffices to show that for each pair of distinct nodes (j,i) € V x V, as T — oo, we have

-~

P((j,i) € &) = 1, if (j,i) € £,

-~

P((G,9) &) =1, if (j,9) ¢ £

If (j,i) € £, then there exists k € {1,..., K} such that 3}, , # 0. By Theorem 9, we

~ P
have 8;; , — 5;1k Thus,

0o ko
[ @l [ )
0 (k—1)o
= 8.kl = |87 ;x| + op(1).

~

This implies that P((j,7) € £) - 1as T — oc.

If (7,i) ¢ £, then (6.8) implies that Biik=0 forany k =1, ..., K. Following the same
proof as that of Theorem 8, we have P(gmk =0) —1lasT — oo, forany k € {1,..., K}.
Thus,

P(/OOO 1B;.0(t)] dt = o) :P(éﬁm\ :o) —1, asT — oo.

~

This implies that P((j,7) ¢ £) — 1 as T — oo. The proof is completed. H
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Appendix C

Supplementary material for

simulation

Details for methods in simulation

Selection of tuning parameter 7 in method (i)

The tuning parameter 7 is selected by minimizing the Bayesian Information Criterion (BIC)

function in Nishii (1984)

BIC:(B,,,) = 2Li7(Bs,,) + dAf(B,,,) log(T)/T, (C.1)

where Bi,n denotes the penalized M-estimator with tuning parameter 7, and df (E@n> is
the number of non-zero components of Bz}n excluding baseline term Eoﬂ-m. The 7 that
minimizes (C.1) is found by searching the grid points {79max h*:k=0,1,...,11}, where

Nmax = sup{n : df (,5”,) > 0}, and the step size h is chosen to be 0.7.

Detailed descriptions for method (ii)

In method (ii), the entire time interval [0, T] is partitioned into the equally-spaced time bins

{(tk=1,tx] : k =1,...,n}, each of length § = T/n, and the observed point process {T }icy
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is transformed into sequences of bin counts {N; ;. }icv.k=1,....n- The event count NV; ;, at node

i in the kth bin approximately follows a Poisson distribution with rate A;(tx—1) 6, where

_ , . Nj((te—1 — ¢, tk—1])

Ai(tro1) = exp {ﬁoﬂ +jezvﬁw log (1 +{ J A 10})} (C.2)
corresponds to the true conditional intensity function \;(¢) in (3.1) with covariate z;(¢) in
(7.1), at time ¢t = t;_1. The loss function £; T(BZ) in (5.4) is approximated by the negative
log-likelihood (i.e., the joint p.m.f.) function .C (/61 ) of {Ni i }h=1,..n ie.,

n Nik
E ( % <H tk 1 5} exp{—)\i(tk—l)5})
=- T <1;[ i(te—1)NF exp{—X(ti— 1)5})""0
= [Mik Tog{Au(ti 1)} — Auts 1) 8] (C3)
k=1

where the constant c is ignored since it does not influence the estimation result. We estimate

parameters by minimizing EET(,B) +Pir (8), and adopt the same two scenarios (a) and (b)

of penalties in method (i) for a fair comparison.

Detailed descriptions for method (iii)

Method (iii) adopts the same discretization procedure as in method (ii). The event count
N i at node 7 in the kth bin is assumed to follow a Poisson distribution with rate A;(t;—1) J,

where
Q
Ai(tk—1) = exp {50;1‘ + Z Z Bj,i,qu,k*q}'
JEV q=1

Here, the effect from node j to node i is modeled by a group of parameters {3;;, : ¢ =
1,...,Q}, with Q = [¢/d]. Method (iii) employs the same loss function (C.3) as in method

(ii) for parameter estimation.
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Simulation results for Network 1

Table 5: Simulation of Network 1 with varying connection strength 5. We set time length
T = 500.

Correct All Detected A Detected B Correct NC
strength § = 0.4 0.5 0.4 0.5 0.4 0.5 0.4 0.5

Discrete L1 bin=0.5  1.11 (0.11) 2.39 (0.15) 0.81 (0.09) 1.81(0.12) 0.30 (0.05) 0.57 (0.07) 79.70 (0.07) 79.48 (0.08)

bin=0.25 1.77 (0.11) 3.65(0.16) 1.32(0.09) 2.70 (0.11) 0.45(0.06) 0.95 (0.08) 79.61 (0.06) 79.17 (0.10)

bin=0.1 2.39 (0.14) 4.63 (0.17) 1.71(0.10) 3.32(0.11) 0.68 (0.07) 1.31(0.09) 79.48 (0.07) 78.91 (0.14)
Continuous_L1 492 (0.16) 6.56 (0.14) 3.05(0.10) 4.24 (0.09) 1.87 (0.10) 2.31(0.09) 76.25(0.23) 76.58 (0.21)
Discrete AL bin=0.5 214 (0.13) 3.92(0.15) 1.51(0.10) 2.75(0.12) 0.63 (0.07) 1.17(0.08) 79.17 (0.09) 78.98 (0.10)

bin=0.25 3.24 (0.15) 5.34 (0.16) 2.22(0.11) 3.65(0.11) 1.02 (0.08) 1.69 (0.09) 79.05(0.10) 78.91 (0.12)

bin=0.1 3.86 (0.15) 6.51 (0.15) 2.62(0.11) 4.34(0.10) 1.24 (0.08) 2.17 (0.10) 78.92 (0.10) 78.80 (0.12)
Continuous_AL 519 (0.14) 7.44 (0.14) 3.32(0.10) 4.80(0.09) 1.78 (0.08) 2.64 (0.08) 78.31(0.13) 78.67 (0.11)
Zhao 2012 bin=0.5  0.23 (0.04) 0.83 (0.08) 0.18 (0.04) 0.67 (0.07) 0.05(0.02) 0.16 (0.03) 79.93 (0.02) 79.83 (0.04)
( (0.06) ) ( (0.00) ) (0.01) (
( (0.04) ) ( (0.00) ) (0.02) (
( (0.13) ) ( (0.03) ) (0.03) (
( (0.11) ) ( (0.03) ) (0.04) (
( (0.08) ) ( (0.01) ) (0.07) (
( (0.04) ) ( (0.06) ) (0.12) (

bin=0.25 0.22 (0.04) 0.63 (0.06) 0.21 (0.04) 0.60 (0.06) 0.01 (0.00) 0.03 (0.01) 79.98 (0.01) 79.95 (0.01)
bin=0.1 0.08 (0.02) 0.20
SIE-GLM bin=0.5  0.80 (0.08) 2.00

0.04
0.13

0.08 (0.02
0.70 (0.08

0.20 (0.04) 0.00
1.63 (0.11) 0.10

0.00
0.03

0.00 (0.00
038 (0.05

79.94
79.83

0.02
0.03

79.95 (0.01)
79.69 (0.06)

bin=0.25 0.67 (0.08) 1.81(0.11) 0.56 (0.07) 1.61(0.10) 0.10(0.03) 0.20 (0.04) 79.84 (0.04) 79.68 (0.06)

bin=0.1 0.22 (0.04) 0.82(0.08) 0.20 (0.04) 0.80(0.08) 0.02 (0.01) 0.02 (0.01) 79.86 (0.07) 79.94 (0.02)

Raj_2005 parent=3 9.02 (0.08) 9.68(0.04) 5.49 (0.06) 5.85(0.03) 3.54(0.06) 3.83(0.04) 59.56 (0.12) 60.15 (0.08)
TRUE 10 6 4 80

Table 6: Simulation of Network 1 with varying time length T. The connection strength /3 is
0.5.

Correct All Detected A Detected B Correct NC
time length T = 500 1000 500 1000 500 1000 500 1000
Discrete_L1 bin=0.5  2.39 (0.15) 5.70 (0.16) 1.81 (0.12) 3.89 (0.11) 0.57 (0.07) 1.81(0.08) 79.48 (0.08) 78.94 (0.11)
bin=0.25 3.65 (0.16) 7.46(0.14) 2.70 (0.11) 4.88 (0.09) 0.95(0.08) 2.58 (0.09) 79.17 (0.10) 78.48 (0.14)
bin=0.1 4.63 (0.17) 8.40(0.12) 3.32(0.11) 5.37(0.07) 1.31(0.09) 3.03 (0.08) 7891 (0.14) 78.47 (0.13)
Continuous_L1 6.56 (0.14) 9.44 (0.07) 4.24 (0.09) 5.80 (0.04) 2.31(0.09) 3.65(0.05) 76.58 (0.21) 76.48 (0.21)
Discrete_AL bin=0.5  3.92(0.15) 7.34(0.14) 2.75(0.12) 4.76 (0.10) 1.17(0.08) 2.58 (0.09) 78.98 (0.10) 78.95 (0.11)
bin=0.25 5.34 (0.16) 8.69 (0.11) 3.65(0.11) 5.51 (0.06) 1.69 (0.09) 3.18 (0.08) 78.91 (0.12) 79.11 (0.10)
bin=0.1 6.51 (0.15) 9.25(0.08) 4.34 (0.10) 5.76 (0.04) 2.17 (0.10) 3.49 (0.07) 78.80 (0.12) 79.18 (0.09)
Continuous_AL 7.44 (0.14) 9.52(0.06) 4.80 (0.09) 5.90 (0.03) 2.64(0.08) 3.62(0.06) 78.67 (0.11) 79.03 (0.10)
Zhao 2012 bin=0.5  0.83 (0.08) 2.84 (0.16) 0.67 (0.07) 1.92(0.12) 0.16 (0.03) 0.92(0.07) 79.83 (0.04) 79.52 (0.07)
bin=0.25 0.63 (0.06) 1.19 (0.09) 0.60 (0.06) 1.06 (0.08) 0.03 (0.01) 0.13 (0.03) 79.95(0.01) 79.91 (0.03)
bin=0.1 0.20 (0.04) 0.32 (0.05) 0.20 (0.04) 0.32(0.05) 0.00 (0.00) 0.00 (0.00) 79.95 (0.01) 79.95 (0.02)
SIE-GLM bin=0.5  2.00 (0.13) 5.12(0.17) 1.63 (0.11) 3.67 (0.11) 0.38 (0.05) 1.45(0.09) 79.69 (0.06) 79.20 (0.11)

bin=0.25 1.81(0.11) 4.63 (0.15) 1.61(0.10) 3.51(0.10) 0.20 (0.04) 1.12(0.09) 79.68 (0.06) 79.39 (0.08)

bin=0.1  0.82 (0.08) 2.50 (0.13) 0.80 (0.08) 2.27 (0.11) 0.02 (0.01) 0.22 (0.04) 79.94 (0.02) 79.68 (0.10)

Raj_2005 parent=3 9.68 (0.04) 9.97 (0.01) 585 (0.03) 5.99 (0.00) 3.83 (0.04) 3.98 (0.01) 60.15 (0.08) 63.78 (0.20)
TRUE 10 6 1 30
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Simulation results for Network 2

Table 8: Simulation of Network 2 with varying connection strength 5. We set time length
T = 1000.

Correct_All Detected A Detected B Correct NC
strength § = 04 0.5 0.4 0.5 0.4 0.5 0.4 0.5
Discrete_L1 bin=0.5 497 (0.23) 11.71 (0.25) 3.53(0.17) 8.13(0.18) 1.44(0.10) 3.58 (0.12) 359.06 (0.10) 357.29 (0.17)
bin=0.25 897 (0.32) 1590 (0.17)  6.16 (0.23) 10.62 (0.12) 2.81(0.13) 5.28 (0.10) 357.91 (0.19) 355.76 (0.22)
bin=0.1 11.69 (0.31) 17.62 (0.14) 799 (0.21) 11.38 (0.09) 3.70 (0.14) 6.24 (0.10) 357.24 (0.21) 355.47 (0.25)
Continuous L1 16.09 (0.23) 19.32(0.09) 10.07 (0.15) 11.71 (0.05) 6.02 (0.11) 7.61 (0.06) 348.16 (0.49) 346.97 (0.47)
Discrete_AL bin=0.5 9.39 (0.26) 15.37 (0.16)  6.31(0.20) 10.17 (0.12) 3.08 (0.12) 5.20 (0.11) 357.41 (0.20) 356.91 (0.17)
bin=0.25 13.40 (0.27) 17.95(0.13) 879 (0.18) 11.37 (0.09) 4.70 (0.14) 6.58 (0.11) 357.12 (0.22) 356.95 (0.18)
bin=0.1 15.03 (0.23) 18.80 (0.08)  9.60 (0.16) 11.69 (0.05) 5.43 (0.12) 7.11 (0.08) 357.30 (0.19) 356.94 (0.22)
Continuous_AL 16.23 (0.17) 19.28 (0.07) 10.36 (0.12) 11.82 (0.03) 5.88 (0.11) 7.46 (0.06) 357.13 (0.19) 357.17 (0.19)
Zhao 2012 bin=0.5 1.90 (0.17) 553 (0.29) 1.33(0.12) 4.01 (0.20) 0.56 (0.07) 1.52 (0.11) 359.65 (0.06) 359.28 (0.10)
bin=0.25  0.63 (0.08) 1.75(0.14) 057 (0.07) 1.55(0.13) 0.05(0.02) 0.20 (0.04) 359.91 (0.02) 359.81 (0.05)
bin=0.1 0.17 (0.04) 050 (0.06)  0.17 (0.04) 0.48 (0.06) 0.00 (0.00) 0.02 (0.01) 359.90 (0.03) 359.87 (0.03)
SIE-GLM bin=0.5 450 (0.22) 10.35(0.24) 3.46(0.17) 7.65(0.17) 1.04 (0.09) 2.70 (0.13) 359.34 (0.09) 358.23 (0.16)
bin=0.25  3.90 (0.21) 10.35(0.23) 3.32(0.18) 7.83(0.17) 0.57 (0.06) 2.52(0.12) 359.54 (0.07) 358.44 (0.14)
bin=0.1 147(0.13) 529(0.25) 1.42(0.12) 4.70(0.20) 0.05(0.02) 0.59 (0.07) 359.87 (0.03) 359.54 (0.07)
Raj_2005 parent=3 19.21 (0.09) 19.80 (0.04) 11.66 (0.05) 11.90 (0.03) 7.55(0.06) 7.91(0.02) 319.23 (0.09) 319.81 (0.04)
TRUE 20 12 8 360

Table 9: Simulation of Network 2 with varying time length T. The connection strength /3 is
0.5.

Correct_All Detected A Detected B Correct_ NC
time length T = 500 1000 500 1000 500 1000 500 1000
Discrete_L1 bin=0.5 454 (021) 11.71 (0.25) 3.34(0.16) 8.13(0.18) 1.20(0.09) 3.58 (0.12) 358.99 (0.10) 357.29 (0.17)
bin=0.25  7.87(0.30) 15.90(0.17)  5.71(0.21) 10.62 (0.12) 2.16 (0.12) 5.28 (0.10) 358.20 (0.17) 355.76 (0.22)
bin=0.1  9.64 (0.32) 17.62(0.14) 6.76 (0.23) 11.38(0.09) 2.88 (0.13) 6.24 (0.10) 357.42 (0.18) 355.47 (0.25)
Continuous_L1 14.14 (0.25) 19.32(0.09) 9.28 (0.17) 11.71 (0.05) 4.84 (0.13) 7.61 (0.06) 347.04 (0.33) 346.97 (0.47)
Discrete AL bin=0.5 8.25 (0.26) 1537 (0.16)  5.55(0.19) 10.17 (0.12) 2.70 (0.13) 5.20 (0.11) 356.36 (0.20) 356.91 (0.17)
bin=0.25 12.01 (0.25) 17.95(0.13)  8.00 (0.18) 11.37 (0.09) 4.01 (0.12) 6.58 (0.11) 355.93 (0.21) 356.95 (0.18)
bin=0.1 14.00 (0.21) 18.80 (0.08)  9.10 (0.17) 11.69 (0.05) 4.90 (0.12) 7.11 (0.08) 355.98 (0.21) 356.94 (0.22)
Continuous_AL 14.92 (0.20) 19.28 (0.07)  9.61 (0.14) 11.82 (0.03) 5.30 (0.12) 7.46 (0.06) 355.92 (0.23) 357.17 (0.19)
Zhao 2012 bin=0.5 1.37(0.13)  5.53(0.29) 1.03 (0.10)  4.01 (0.20) 0.34 (0.06) 1.52(0.11) 359.64 (0.07) 359.28 (0.10)
bin=0.25  0.88(0.08) 1.75(0.14) 0.83 (0.08) 1.55(0.13) 0.05(0.02) 0.20 (0.04) 359.72 (0.05) 359.81 (0.05)
bin=0.1 0.34 (0.05) 050 (0.06) 0.34 (0.05) 0.48 (0.06) 0.00 (0.00) 0.02(0.01) 359.71 (0.06) 359.87 (0.03)
SIE-GLM bin=0.5 3.77 (0.21) 10.35(0.24) 3.04 (0.17) 7.65(0.17) 0.73 (0.08) 2.70 (0.13) 359.20 (0.09) 358.23 (0.16)
bin=0.25  3.06 (0.18) 10.35(0.23) 2.67 (0.16)  7.83 (0.17) 0.39 (0.05) 2.52(0.12) 359.46 (0.08) 358.44 (0.14)
bin=0.1 1.27(0.11) 529 (0.25)  1.25(0.10) 4.70 (0.20) 0.02 (0.01) 0.59 (0.07) 359.66 (0.05) 359.54 (0.07)
Raj_2005 parent=3 18.18 (0.11) 19.80 (0.04) 11.21 (0.08) 11.90 (0.03) 6.97 (0.09) 7.91(0.02) 318.18 (0.11) 319.81 (0.04)
TRUE 20 12 8 360
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