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Abstract

Partial differential equations (PDE) that arise from physics are usually multiscale in
nature. These PDEs include small parameters that differ significantly from the scales
at which the equations are typically considered, making it difficult to solve. Tradition-
ally, solving such multiscale systems requires a careful integration of analytical insights
into numerical solvers. However, modern multiscale PDEs are usually nonlinear, complex
and high-dimensional, making analytical characterization challenging and often leading
to the failure of classical numerical solvers. With the increasing ability to collect and
process massive volumes of data, a pertinent question arises: can data be leveraged to
solve these multiscale problems? This dissertation aims to explore this possibility for
elliptic and wave-type equations and their inverse problems. For nonlinear elliptic equa-
tions, we investigate how data can be used to enhance the efficiency of multiscale PDE
solvers. Specifically, we propose a domain decomposition framework that makes use of the
compressibility of solution manifolds and incorporates two strategies from data science:
neural networks and manifold learning. We demonstrate the effectiveness of our numeri-
cal method across various nonlinear elliptic PDEs. For wave-type equations, we explore
how to select appropriate measured data for solving multiscale inverse problems. We pro-
pose two formulations of inverse scattering problems with new data collection processes in
both time-dependent and time-independent settings, inheriting the well-posedness of the
Liouville inverse scattering problem in the high-frequency limit.
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Chapter 1

Introduction

Multiscale modeling and simulation is a body of theory and methods to solve problems
that have important features across multiple temporal and spatial scales. The latest surge
of multiscale modelling traces back to the mid-1980s when US national labs started to
reduce nuclear underground tests, and the idea of simulation-based design and analysis
concepts were birthed [125]. Since then, a wealth of multiscale numerical methods has
been developed, commonly referred to as “numerical homogenization” [15, 128, 90] or
“asymptotic preserving” [84, 106, 138] methods. In the design of such multiscale solvers,
it is crucial to fuse the analytical understanding of the governing equations into suitable
computational methods [8]. However, modern multiscale systems are often nonlinear,
complex, and high-dimensional, making their analytical properties difficult to characterize
and classical numerical methods prone to failure. Designing multiscale numerical methods
tailored to such systems remains an intractable task.

In recent years, the fast development of techniques in data science has provided com-
pletely new perspective and methodologies in modern computational methods. With the
substantial increase in computing power and the ability to collect and process massive
volumes of data, whether synthetic or experimental, the integration of data to support
computation has become fundamental. Among the myriad of methods driving this trend,

Physics Informed Neural Networks (PINN) have emerged as particularly popular in simu-



lating physical systems [188, 85]. While PINNSs are versatile enough to solve any PDE using
data, effectively integrating analytical insights is challenging and their advantage over clas-
sical numerical methods is still elusive [188]. Since different types of PDEs possess unique
analytical properties, efficient data-driven methods should consider these distinctions and
be specifically tailored to each type.

In this dissertation, we explore data-driven numerical methods for elliptic and wave-

type PDEs and their inverse problems. Our research are guided by two primary questions:

o Given data of solutions, how can we design efficient solvers for multiscale PDEs?

Multiscale PDEs usually contain a small scale parameter that makes the PDEs rather
stiff: to ensure accuracy and stability, classical methods require the mesh size to resolve
the small parameter, resulting in large degrees of freedom as the parameter approaches
zero. Without prior information about the PDE, this complexity is inevitable [19, 18].
However, with data of solutions, this issue can be mitigated. By using a set of PDE so-
lutions, we can judiciously compress the data into a set of basis that effectively represent
the solution space. This approach has been proved successful for linear elliptic PDEs [52,
210, 65]. However, applying the same approach to nonlinear PDEs—which do not form
a linear space—might not be straightforward. Here we specifically focus on elliptic mul-
tiscale PDEs, and introduce two different new strategies to compress the data, inspired
by techniques from data science. In both approaches, we adopt a domain decomposition
framework with Schwarz iteration. In the first approach, we propose a multiscale solver
that use two-layer neural networks to approximate the nonlinear low dimensional solu-
tion map for the subdomains [68]. In the second approach, inspired by manifold learning
techniques, we exploit the tangent spaces spanned by the nearest neighbors to compress
local solution manifolds [71]. Both strategies demonstrate significant improvement in ef-
ficiency and good accuracy, and can be applied to a wide class of PDEs. Specifically, we
demonstrate that our manifold learning approach can be applied to a nonlinear radiative

transfer equation in the diffusion regime.



e Given a multiscale PDE, how can we choose the appropriate data for solving inverse

problems?

Partial differential equations that arise from physics usually include a variety of param-
eters that cannot be directly measured from experiments. The strategies for estimating
such unknown or partially known parameters from measured data fall under the category
of inverse problems. We are interested in inverse problems whose governing equation is
a multiscale PDE. While connecting multiscale PDEs to their asymptotic limit is a clas-
sical topic in traditional applied mathematics, their counterpart for inverse problems is
still an area ripe for exploration. For radiative transport equation, connecting their in-
verse problem to its asymptotic limit has been previous studied in [60, 153]. Here we
study the problems associated to wave-type PDEs. We study two inverse problems: a
time-dependent inverse scattering problem [66], and a time-independent inverse scattering
problem [69]. The key reason of failure in connecting classical inverse problems lies at
the disparity of data. This could lead to stability issue in the reconstruction of unknown
parameters, making the inverse scattering problem difficult to solve in the high frequency
limit. By choosing the right data, we can design new inverse scattering problems that are
asymptotically stable in the small parameter regime. This fact stands in contrast with the
unstable reconstruction for classical inverse scattering problems.

The rest of this dissertation is organized as follows: Chapter 2 provides an overview of
analytical properties of the elliptic and wave-type PDEs. We first review the homogeniza-
tion limits of elliptic PDEs that serve as a motivation of many numerical homogenization
methods. We then describe the domain decomposition framework and Schwarz iteration
that will be used in the subsequent chapters. For wave-type PDEs, we introduce the
Wigner transform techniques and showcase their application in deriving the classical limit
of the Schrodinger equation. Chapter 3 and Chapter 4 describe our strategies for solving
elliptic multiscale PDEs: a method based on two-layer neural networks and a method
inspired by manifold learning. These strategies are applicable to a broader class of PDEs,

and we demonstrate their use in solving a nonlinear radiative transfer equation in Chap-



ter 4. Next, Chapter 5 and Chapter 6 use the Wigner transform to connect the inverse
scattering problem to its asymptotic limit in the time-dependent and time-independent
setting, respectively. In the time-dependent setting, we explore linearized problems across
three different scenarios. In the time-independent setting, we introduce an asymptotically
stable Helmholtz inverse scattering problem by selecting data that aligns with its asymp-
totic counterpart, the Liouville inverse scattering problem. A conclusion is provided in

Chapter 7.



Chapter 2

Homogenization of Elliptic and

Wave-Type PDEs

In this chapter, we consider partial differential equations that involves multiple scales.
Typically, these PDEs include small parameters that crucially influence solution behav-
iors. As the small parameters approach zero, the multiscale PDEs converge to different
asymptotic limits that do not have scale separations. Deriving such asymptotic limit-
ing equations as accurate surrogates of the original equations is termed homogenization.
Depending on the type of PDE, diverse homogenization techniques are invented across dif-
ferent parameter regimes. In this chapter, we review these homogenization techniques for
elliptic and wave-type PDEs, which will be useful in motivating our data-driven multiscale
numerical methods. This chapter is organized as follows. In Section 2.1, we describe non-
linear multiscale elliptic PDEs and discussed the homogenization limit of elliptic equations
with highly oscillatory media. Next, in Section 2.2, we outline the domain decomposition
framework and the Schwarz iteration strategy. This framework, which is widely used in
solving elliptic PDEs, will be further integrated with data-driven approaches in subsequent
chapters. Then in Section 2.3, we introduce the Wigner transform, a technique that is

used in deriving the classical limit of the Schrodinger equation.



2.1 Homogenization limit of nonlinear elliptic equations

Consider the following general class of nonlinear elliptic PDEs with Dirichlet boundary

conditions:
F¢ (D*u®(z), Duf(z),u(z),z) =0, x €,
(2.1)
uf(z) = ¢(x), x € 00,
where Q C R? is a domain in d-dimensional space, ¢ > 0 represents the small scale, and
Fe: 8%y RIXRxQ — R (where $9%? denotes the space of real symmetric d x d matrices)
is a smooth function. To ensure ellipticity, we require for all (R, p, u,z) € S¥*¢ xR xR xQ

that

FS(R+Q7p7u7x) S FE(R7p7u7x)7

for all nonnegative semidefinite @ € S%*¢. We assume that for an appropriately chosen
boundary condition ¢, the PDE (2.1) has a unique (viscosity) solution u* € C(Q). For
details on the theory of fully nonlinear elliptic equations, see for example, [54, 136].

This class of problems has fundamental importance in modern science and engineering,
in such areas as synthesis of composite materials, discovery of geological structures, and
design of aerospace structures. The primary computational challenges behind all these
problems lie in the complicated interplay between the nonlinearity and the extremely high
number of degrees of freedom necessitated by the smallest scale.

To achieve a desired level of numerical error, classical numerical methods require refined
discretization strategies with a mesh width Az = o(e), making the leading to at least
O(e™?) degrees of freedom in the discretized problem. The resulting numerical cost is

prohibitive when ¢ is small. The homogenization limit of (2.1) as € — 0 can be specified

under additional assumptions, such as when the medium is pseudo-periodic. Let
F*(R,p,u,x) =F (R,p,u, x, E) (2.2)
€

for some F : §9%% x R? x R x Q x R — R that is periodic in the last argument with period



Y. We have the following theorem.

Theorem 2.1 ([101], Theorem 3.3). Suppose that the nonlinear function F¢ is uniform
elliptic and u — F¢(-,-,u,-) is nondecreasing. Let F¢ be pseudo-periodic as defined in
(2.2). The solution u® € C(2) to (2.1) converges uniformly over  as e — 0 to the unique

viscosity solution u* of the following equation

F(D*u*(x), Du*(z),u*(z),r) = 0, x €,
(2.3)

u(x) = ¢(x), x €09,

where the homogenized nonlinear function F(R,p,u,z) is defined as follows: For a fized
set of (R, p,u,x) € S™% x R x R x Q, there exists a unique real number X for which the

following cell problem has a unique viscosity solution v € CYV(R?) for some v > 0:

F(DXv(y) + R.p,u,x,y) =X,  yeR?,

v(y +Y) =u(y), y e RY,

(where Y is the period in the last argument of F). We set F(R,p,u,x) = .

This result can be viewed as the extension of a linear homogenization result [8]. Al-
though the medium is highly oscillatory for small €, the solution «* approaches that of a
certain limiting equation with a one-scale structure, as € — 0. In practice, the form of the
limit F is typically unknown, but this observation has led to an exploration of numerical
homogenization algorithms, in which one seeks to capture the limit numerically without
resolving the fine scale e. We view this problem as one of manifold reduction. The solution
uf can be “compressed” significantly; its “information” is stored mostly in ©*, which can be
computed from (2.4) using mesh width Az = O(1), in contrast to the Az = o(¢) required
to solve (2.1). In other words, the O(¢~%)-dimensional solution manifold can potentially
be compressed into an O(1)-dimensional solution manifold, up to small homogenization
error that vanishes as ¢ — 0.

The literature for numerical homogenization is rich, particularly for the linear setting.



Relevant approaches include the multiscale finite element method (MsFEM) [128, 98, 129],
the heterogeneous multiscale method (HMM) [90, 4, 93], the generalized finite element
method [17, 16], upscaling based on harmonic coordinates [181], elliptic solvers based on
H-matrices [40, 119], the reduced basis method [3, 2], the use of localization [171], and the
methods based on random SVD [65, 64, 63], to name a few. The analytical understanding
of the homogenized equation is essential in the construction of these methods [8]. When
randomness presents, one can also look for low dimensional representation of the solutions
in the random space [78, 130, 127, 157].

The literature for nonlinear problems is not as rich. There are several works on quasi-
linear problems, all of which can be seen as extensions of classical methods, including the
MsFEM [97, 73, 96], the HMM [93, 5], the generalized finite element method [99], the
local orthogonal decomposition method [122], the reduced basis method [3] and nonlocal
multicontinua upscaling [79]. These solvers must be designed carefully for specific nonlin-
ear equations. By contrast, our method makes use of the low-rankness of the solution sets

and could be applied with minor modification to different equations.

2.2 Domain Decomposition and the Schwarz method for

multiscale elliptic PDEs

A popular framework for solving partial differential equations is domain decomposition,
where the problem is decomposed and solved separately in different subdomains, with
boundary conditions chosen iteratively to ensure regularity of the solution across the full
domain. This approach is naturally parallelizable, with potential savings in memory and
computational cost. It essentially translates the inversion of a large matrix into the compo-
sition of inversions of many smaller matrices. The many variants of domain decomposition
include the Schwarz iteration strategy that we adopt in this dissertation. This strategy
makes use of a partition-of-unity function that resolves the mismatch between two solu-
tions in adjacent subdomains. We briefly review the method here.

For simplicity we describe the case of d = 2 and assume throughout the chapter



that Q = [0, L]? for some L > 0. The approach partitions the domain € into multiple

overlapping subdomains, also called patches. It starts with an initial guess of the solution

on the boundaries of all subdomains, and solves the Dirichlet problem on each patch. The

computed solutions then serve as the boundary conditions for neighboring patches, for

purposes of computing the next iteration. The entire process is repeated until convergence.
In the current setting, the overlapping rectangular patches are defined as follows:

Q= U, with Q= (), 252)) x (5), 42), (2.5)

m17Ymy m2? ymz
meJ

where m = (my, ma) is a multi-index and J is the collection of the indices
J:{m:(ml,mg) L ma :1,...,M1, mo :1,...,M2}.

We plot the setup in Figure 2.1. For each patch we define the associated partition-of-unity

function x,,, which has y,,(z) > 0 and
Xm(z) =0 onzeQ\Q,, me(x)zl, Vo e Q. (2.6)

We set 02, to be the boundary of patch €2,,, and denote by .4"(m) the collection of indices

of the neighbors of €0,,,. In this 2D case, we have
A (m)={(m1£1,m2)}U{(mi,me £ 1)} C J. (2.7)

Naturally, indices that are out of range, which correspond to patches adjacent to the
boundary 0f, are omitted from .A4"(m).
In the framework of domain decomposition, the full-domain problem is decomposed

into multiple smaller problems supported on the subdomains. Define the local Dirichlet
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Figure 2.1: Domain decomposition for a square 2D geometry. FEach patch is la-
beled by a multi-index m = (mj,mg). The patches adjacent to €2, are those on its
north/south/west/east sides.

problem on patch §2,, by:

m

¢ (D%us, (), Dus,(z),us,(x),2) =0, T € Qs
Fe (D?ug, (2), Dusy (2), upy (2), 2) = 0 € 28)

us, (z) = om(x), x € 0y, .

For this local problem, we define the following operators:

e S°, is the solution operator that maps local boundary condition ¢,, to the local

1 g .
solution u;,:

us, = S, m -

Denoting by d,,, the number of grid points on the boundary 9€2,, and D,,, the number

of grid points on the subdomain €,,, then S5, maps R to RPm,

® 7)., denotes the restriction (or trace-taking) operator that restricts the solution
within Q,, to its part that overlaps with the boundary of €, for all [ € .4"(m). That
is,

e _ ,,€
Il,mum - um|anﬂQm .

Denoting by p;,, the number of grid points in 9 N Q,y,, then Z; ,,, maps RPm to
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Rpl,m_

. Qim is the composition of S, and Z; ,,,. It is a boundary-to-boundary operator that

maps the local boundary condition ¢y, to the restricted solution u$,|s0,nq,.:

le,md)m = Zl,men¢m = uinbﬁlﬁﬁm .

¢ maps R% to RPtm,

l,m

e O denotes the collection of all segments of boundary conditions ¥, that is com-

puted from the full-domain boundary condition ¢,,:

%Gom= B vim= P YGntm= P TmSiom. (2.9)

let (m) leA (m) let (m)
Letting p,, = Eleﬂ(m) Pim, 9, Maps Rm to RPm.

The Schwarz procedure starts by making a guess of boundary condition on each €2,,.
At the nth iteration, (4.9) is solved for each subdomains €2, (possibly in parallel) and
these solutions are used to define new boundary conditions for the neighboring subdomains
Q, 1 € A (m). The boundary conditions for €, at iteration n + 1 are thus:
W) = TiS70)” . on 00 Ny, LE N (m),

plnt) = (2.10)

Blo0.,n00 » on 9Q,, N ON.

Note that the physical full-domain boundary condition is imposed on the points in 92, N
0f2. Each iteration of the Schwarz procedure can be viewed as an application of the map
i%l. The procedure concludes by patching up the local solutions from the subdomains.
The overall algorithm is summarized in Algorithm 1.
The convergence of classical Schwarz iteration is guaranteed for fully nonlinear elliptic
equations; see, for example [163, 164, 107]. Since the computation of solution ué, = S5, dm

can be expensive due to the nonlinearity and oscillation of the medium at small scale ¢,
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the major computational cost for Schwarz iteration comes from the repeated evaluation of

the boundary-to-boundary map Q¢ ;, which requires solution of an elliptic PDE on each

m,l’

subdomain.

Algorithm 1 The Schwarz iteration for fully nonlinear elliptic equations (2.1).

1: Domain Decomposition:

2 Decompose €2 into overlapping patches Q= Umes 0

3: Given tolerance dg and initial guesses d)m of boundary condltlons on each patch m € J.
4: Schwarz iteration:

5: Set n =0 and res = 1.

6 while res > §g do

7 For m € J, compute local solutions um = mgf)m ;

8 For m € J and | € 4" (m), restrict the solutions w( =Tn lu,(n),
9 For m € J, update gZ) (n+1) by (4.15);

10: Set res =) ||¢ (n+1) m)HLz(an) and n < n+ 1.

11: end while

12: return Global solution u(™ = Y omeJ Xmu,(ff).

2.3 The Classical limit of the Schrodinger equation

In this section, we review the homogenization of wave-type PDEs, with a specific focus
on the Wigner transform technique. This technique seamlessly connects wave-type PDEs
and their high-frequency limit, or classical limit. We illustrate its application using the

Schrédinger equation as an example.

2.3.1 Schrodinger equation

In this section, we present some preliminary results that show the classical limit of the
Schrédinger equation in the classical limit.

For a nonrelativisitic single particle, the time-dependent Schrédinger equation in po-
sition basis writes as:

1
ie0;0° = —=e? A" + V(z)¢®, zeR?, t>0,
2 (2.11)

¢°(0,7) = ¢f(x), zeR™.
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This is derived assuming the Hamiltonian is H = 3|k|> + V(z), a summation of kinetic

and potential energies of the particles constituting the system. In the equation, ¢ is the

wave function, e > 0 is the rescaled Planck constant, and V' (x) is the potential term.
Some physical quantities can be calculated using ¢°. For example, the particle density

p® and current density J¢ are calculated by

o () =6 (L), Tt @) = elm (6°(E @) Vadi (1, 2) )

These present the probability and the probability flux of the particle found in some spatial
configuration at some instant of time, according to the Copenhagen interpretation. Both
quantities are quadratic functionals of ¢°(t), and it is straightforward to derive, from (2.11),

the following conservation law:
8tpE+V$-JE =0.

A more general definition of physical observables can be given using phase space sym-
bols and Weyl quantization [124]. To make it more explicit, let a(x, k) be a symbol, then
using Weyl quantization, we can define a pseudo-differential operator aW(x,eDm) whose

action on f(x) leads to:

1 T+y (zo—
_ i k
(@™ (@D @) = Gz /R (2 k) Ferdydk,  (212)
where ¢D, = —ieV,. We then define the expectation value of the symbol a to be a

quadratic functional of wave function ¢°(t):

alo" (1)) = (6°(1), 0™ (2, D) (1)) o gy

where (-, ) 1>(gay denotes the inner product on L*(RY).

The well-posedness theory of Schrédinger equation (2.11) is classical. For V = V(x)
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being continuous and bounded, i.e., V € C’b(Rd), the Hamiltonian operator He is
~ 52
Heg® = —EAxd)E(x) +V(z)p®(z). (2.13)

It maps functions in H2(R?%) ¢ L*(R?) to L?(R%), and is self-adjoint. By Stone’s theorem,
the operator éﬁ ¢ generates a unitary, strongly continuous semi-group on L?(R%), which
guarantees a unique solution to the Schrédinger equation (2.11). Moreover, the L?(R9)

inner product is conserved in time:

(65(8), 85(0)) oy = (65(0), 65(0)) oy » V>0, (2.14)
for ¢5(t),7 = 1,2 both solve the Schrédinger equation (2.11).

2.3.2 Wigner transform and the classical limit

The Wigner transform is one of many approaches used to derive (semi-)classical limit of
Schrodinger equations. The technique was explored in depth in [109]. Let ¢5(¢) and ¢5(¢)

solve the Schrodinger equation, and we define the corresponding Wigner transform:

W05 s [ (o= ) (o ) e

Here ¢¢ is the complex conjugate of ¢°. This definition is essentially the Fourier transform

of the density matrix

=
29

in the y variable.

¢ ) (45

5 £\ —= S
x+§y> = ¢ (t,x—§y> 95 (t,x+§y>

We furthermore abbreviate W¢[¢¢, ¢°] to be W¢[¢°]. It is then straightforward to show
that W¢[¢F] is real-valued.
Note that the Wigner transform loses the phase information: Changing ¢°(f) to

gba(t)eis(t), one obtains the same corresponding Wigner function. Moreover, it is not
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guaranteed that W¢[¢¢] is positive, and thus it does not serve directly as the particle den-
sity on the phase space. However, the quantum expectation of physical observables can
be easily recovered using the Wigner function. Using the symbol defined in (2.12), it can

be shown [124] that

alg®(t)] = <¢€(t)7aw(a:,aDgg)qSE(t»Lz(Rd) = / ) a(x, k)We[¢® (t)|dzdk .

RQ

In particular, the first and second moments in k of W¢[¢°] exactly recover the particle

density p®(t) and the current density J(t):

P = | WOl w Rk, () = /R WG ()t )k

We now derive the equation for We[¢5, ¢5], as summarized in the following lemma.

Lemma 2.1. Let ¢7(t) and ¢5(t) solve the Schridinger equation (2.11), and define
[tz k) = WE[ it ¢§](t, z,k).

Then f¢ satisfies the following Wigner equation:

Ofe +k-Vaofs =LY[f7], (x,k)eR¥™, t>0,

fE(Oﬂ Z, k) = flg(xa k) )

(2.16)

with f{(z,k) being the Wigner transform of initial conditions ¢5(0) and ¢5(0), and the

operator L3, is defined as:

£l =iy [, VI ) )Py, (217)

Here 6°[V](z,y) = % [V (a: + %Ey) -V (x — %Ey)] . Fquivalently, one can also write

£olf) = / PEDY () D f (2, b, p)dpdy, (2.18)
RZd



16

where the term DF® f¢ is defined by

Defe(x, k,p) = é [fE (m,k + ;€p> — f¢ <x,k — ;€p>:| . (2.19)

We note that L5, is an operator that is anti-self-adjoint for all real-valued potential V.

To see that, we first define

VE(a, k) = i (2i)d /R V]G, y)edy . (2.20)

This allows us to simplify (2.17) to a convolution form

LE1fY = [ Vol k= p)f ) =V o

Since V¢(x, —k) = —Ve(z, k), it is straightforward to see

(Ve g, f157f2a>L2(]RQd) == (T, V" * f2a>L2(R2d) )

meaning:

(U5, 15) paqgany = — (5 LT LISD) oy - (2.21)

To derive the Wigner equation (2.16), one only needs to plug in the Schrédinger equa-
tion for both ¢f and ¢5. The statement of the lemma is formal, but one can make it
rigorous in L?(R?). We omit the derivation from this chapter, but refer interested readers
to [109).

The nice format of the Wigner equation makes it easy to obtain the classical limit.
Indeed, formally, as ¢ — 0, 0°[V] — y - V,V. Then according to the definition of the

operator (2.17), we have
L[] = VoV - Vi fo + 0(7).

This means the asymptotic limit of (2.16), up to the truncation of O(g?), is the Liouville
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equation:
Of+k-Vof =V, V-Vif=0. (2.22)
Following the characteristic of this equation we have:

=k, k=-V,V(z). (2.23)

This is exactly the same as the Newtonian law of motion generated by the Hamiltonian
H(z, k) = |k|* + V(2).

This formal analysis can be made rigorous. Indeed in [109] the authors studied a
general Hamiltonian system and derived the asymptotic limit for the Wigner equation.
Let S’(RM) denotes the space of tempered distributions. In our special case, the rigorous

theorem states as follows.

Theorem 2.2. Suppose the potential V(x) satisfies
V(z) e C*RLER): 0%V (z)| < Cp Va e N, (2.24)

then the Wigner transform f&(t,z, k) of ¢°(t), the solution to Schridinger equation (2.11),
converges, in L°(R,S'(R??)) in the weak-+ sense, locally uniformly in t to the measure

f(t,x, k) that solves:
Of+k-Vof =V, V-V f=0, f(0,2,k)=fr(z,k). (2.25)

The initial data fr is the weak-x limit of Wigner transform of ¢£(t) in S'(R%).
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Chapter 3

A Reduced Order Schwarz
Method Based on Two-Layer

Neural Networks

Neural networks are powerful tools for approximating high dimensional data that have
been used in many contexts, including solution of partial differential equations. We de-
scribe a solver for multiscale fully nonlinear elliptic equations that makes use of domain
decomposition, an accelerated Schwarz framework, and two-layer neural networks to ap-
proximate the boundary-to-boundary map for the subdomains, which is the key step in the
Schwarz procedure. Conventionally, the boundary-to-boundary map requires solution of
boundary-value elliptic problems on each subdomain. By leveraging the compressibility of
multiscale problems, our approach trains the neural network offline to serve as a surrogate
for the usual implementation of the boundary-to-boundary map. Our method is applied
to a multiscale semilinear elliptic equation and a multiscale p-Laplace equation. In both
cases we demonstrate significant improvement in efficiency as well as good accuracy and

generalization performance.
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3.1 Introduction

Approximation theory plays a key role in scientific computing, including in the design of
numerical PDE solvers. This theory prescribes a certain form of ansatz to approximate
a solution to the PDE, allowing derivation of an algebra problem whose solution yields
the coefficients in the ansatz. Various methods are used to fine-tune the process of trans-
lation to an algebraic problem, but the accuracy of the calculated solution is essentially
determined by the underlying approximation theory. New approximation methods have
the potential to produce new strategies for numerical solution of PDEs.

During the past decade, driven by some remarkable successes in machine learning, neu-
ral networks (NNs) have become popular in many contexts. They are extremely powerful
in such areas as computer vision, natural language processing, and games [154, 112]. What
kinds of functions are well approximated by NNs, and what are the advantages of using
NNs in the place of more traditional approximation methods? Some studies [37, 152, 92]
have revealed that NNs can represent functions in high dimensional spaces very well. For
Barron functions, in particular, unlike traditional approximation techniques that require
a large number of parameters (exponential on the dimension), the number of parameter
required for a NN to achieve a prescribed accuracy is rather limited. In this sense, NN
approximation overcomes the “curse of dimensionality.” This fact opens up many possibil-
ities in scientific computing, where the discretization of high dimensional problems often
plays a crucial role. One example is problems from uncertainty quantification, where many
random variables are needed to represent a random field, with each random variable essen-
tially adding an extra dimension to the PDE [214, 215, 110, 20]. Techniques that exploit
intrinsic low-dimensional structures can be deployed on the resulting high-dimensional
problem [105, 47, 38, 80, 127]. Another example comes from PDE problems in which the
medium contains structures at multiple scales or is highly oscillatory, so that traditional
discretization techniques require a large number of grid points to achieve a prescribed
error tolerance. Efficient algorithms must then find ways to handle or compress the many

degrees of freedom.
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Despite the high dimensionality in these examples, successful algorithms have been
developed, albeit specific to certain classes of problems. With the rise of NN approxima-
tions, with their advantages in high-dimensional regimes, it is reasonable to investigate
whether strategies based on NNs can be developed that may even outperform classical
strategies. In this chapter, we develop an approach that utilizes a two-layer NN to solve
multiscale elliptic PDEs. We test our strategy on two nonlinear problems of this type.

The use of NN in numerical PDE solvers is no longer a new idea. Pioneering works
that solving PDEs with NN often take the approach of using NN to approximate the so-
lutions. Notable examples include the Physics Informed Neural Network [188], the Deep
Ritz method [94], the Deep Backward SDE method [91], the Deep Galerkin method [196],
the Weak Adversarial Network [218], a method based on the Feymann-Kac formula [46]
and the Multi-scale Deep Neural Network [167, 158], to name a few. Another category of
approaches uses NN to approximate the solution map. Pioneer works in this category in-
clude DeepONet [170], Fourier Neural Operator [161], PDE-Net [168], Bufferfly-Net [159,
216], methods based on hierarchical matrices [103, 102, 210], the Switch-Net [144] and
methods based on modal space [213], to name a few. Due to the complicated and un-
conventional nature of approximation theory for NN, it is challenging to perform rigorous
numerical analysis for the methods above, though solid evidence has been presented of the
computational efficacy of these approaches.

The remainder of this chapter is organized as follows. In Section 3.2, we discuss our
NN-based approach in detail and justify its use in this setting. We then present our
reduced-order Schwarz method based on two-layer neural networks. Numerical evidence
is reported in Section 3.3. Two comprehensive numerical experiments for the semilinear
elliptic equation and the p-Laplace equation are discussed, and efficiency of the methods

is evaluated. We make some concluding remarks in Section 3.4.
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3.2 Reduced order Schwarz method based on neural net-

works

As we have seen from Section 2.2, the major numerical expense in the Schwarz iteration
comes from the local PDE solves — one per subdomain per iteration. However, except
at the final step where we assemble the global solution, our interest is not in the local
solutions per se: It is in the boundary-to-boundary maps that share information between
adjacent subdomains on each Schwarz iteration. If we can implement these maps directly,
we can eliminate the need for local PDE solves. To this end, we propose an offline-online
procedure. In the offline stage, we implement the boundary-to-boundary maps, and in
the online stage, we call these maps repeatedly in the Schwarz framework. This approach
is summarized in Algorithm 2. In this description, we replace the boundary-to-boundary
map QF, by a surrogate QNN(6,,), which is neural network parametrized by weights 6,,,

whose values are found by an offline training process.

Algorithm 2 The NN-Schwarz iteration for nonlinear elliptic equations (2.1).

1: Domain Decomposition:

2: Decompose 2 into overlapping patches: Q = J,,c; Qm, and collect the indices
for interior patches in J; = {m € J : 09, N 02 = (0} and boundary patches in
Jp ={m € J: 00, NN # (@}. CHR: (There’s a specific symbol for ().)

: Offline training:

For each interior patch ,, train the boundary-to-boundary map QNN(6,,)

parametrized by 6,,.

=W

5. Schwarz iteration (Online):

6: Given the tolerance dy and the initial guess of boundary conditions q§£2) on each
patch m € J.

7 Set n =0 and res = 1.

8: while res > dg do

9: For m € J;, compute function (wg)l)letﬂ(m) = ONN(g,.) S,Tf);

10: For m € J;,, compute function 1#;7:31 = Im,Zanqbgg) for I € A (m);

11: For m € J, update gi),(ffH) by (4.15);

12: Set res =) |y¢$l}“) - ¢5,?>||L2(mm) and n < n+ 1.

13: end while

14: For m € J, compute function uﬁg) =S;, 5,7;);

15: return Global solution u(™® = Y omel Xmu,(ff).
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Since the online stage is self-explanatory, we focus on the offline stage, and study how
to obtain the approximation to Q,.

We have two additional comments about our approach.

e Our algorithm uses the surrogate boundary-to-boundary map only for the interior
patches m € J;. For patches that are adjacent to the physical boundary, we perform
the standard Schwarz iteration. This choice is mainly for convenience of coding.
There are several other options. For example, one can choose to learn in the offline
stage the surrogate boundary-to-boundary map for patches boundary patches J, as
well. However, in the training stage, one needs to impose a rather general class of
functions to serve as the potential physical boundary condition. Whether this chosen
class of functions represents well the boundary condition given in the online phase

is a question for approximation theory. We omit a discussion here.

e If the PDE operator F® has no explicit dependence on x, then the boundary-to-
boundary map is the same across all patches of the same size. In this case, training

can be implemented in parallel, saving computational time.

3.2.1 Two observations

A rigorous approach to preparing the boundary-to-boundary map 95, in the offline stage
is not straightforward. In the case of linear PDEs, it amounts to computing all Green’s
functions in the local subdomains and confining them on the adjacent subdomain bound-
aries for the map; see [62]. When the PDEs are nonlinear, there would seem to be no
alternative to solving the local PDEs with all possible configurations of the boundary
conditions, applying the appropriate restrictions, and storing the results. At the discrete
level, Q¢, would be represented as a high-dimensional function mapping R to RPm. To
achieve a specified accuracy, both d,, and p,, need to scale as O(E_(d_l)). For brute-force
training, at least O(d,,) = O(¢~(¢~1) local PDE solves need to be performed to compute
the required approximation to QF,. This is a large amount of computation, and it offsets

whatever gains accrue in the online stage from efficient deployment of the approximation



23

to Q5.

To be cost-effective, a method of the form of Algorithm 2 must exploit additional
properties, intrinsic to @5, and to the scheme for approximating this mapping. The first
such property is a direct consequence of homogenization. As argued in Section 2.1, the
solution of the effective equation (2.3) can preserve the ground truth well, with the effective
equation independent of €. Therefore, the map Q;,, though presented as a mapping from
R?%" to RPm, is intrinsically of low dimension and can be compressed. To visualize this
relation, we plot the relative singular values of the boundary-to-boundary operator Qf, of

a linear multiscale elliptic equation (see (3.17)) in Figure 3.1.
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Figure 3.1: Singular values of the boundary-to-boundary operator QF, for the linear elliptic
equation (3.17) with medium x° defined in (3.15) for different values of ¢ and Ax on a
local patch. Left plot: Az = 278, Right plot: ¢ = 274, To ensure the regularity of the
test function space, the discrete version of the boundary-to-boundary map is represented
on basis functions composed of piecewise linear function with fixed step size 278.

With the system being of intrinsically low dimension, we expect that a compression
mechanism can be deployed. Even though the data itself is represented in high dimension,
the number of parameters in the compressed representation should not grow too rapidly
with the order of discretization. We seek an approximation strategy that can overcome the
“curse of dimensionality.” These considerations lead us to the use of neural network (NN).
NN, unlike other approximation techniques, is powerful in learning functions supported in
high dimensional space; the number of parameters that need to be tuned to fit data in a
high dimensional space is typically relaxed from the dimension of the data.

Consider a fully connected feedforward neural network (fully connected NN) repre-
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senting a function f: R"™ — R™. A 2-layer fully connected NN with hidden-layer width h

would thus be required to satisfy
fNN(I‘) = WQO‘(Wlx + bl) +by, x€ Rn, (31)

where Wy € ]thn, Wy € R™*h are weight matrices and b; € Rh, by € R™ are biases. The
activation function o : R — R is applied component-wise to its argument. (The ReLU
activation function o(x) = max(x,0) is especially popular.) This 2-layer fully connected
NN already can represent high dimensional functions. A fundamental approximation result

[152, 95, 37] is captured in the following theorem.

Theorem 3.1 (Barron’s Theorem). Let D C R"™ be a bounded domain. Suppose a generic

function f € L?(D) satisfies

A = [ Il < oo, (32)

where f is the Fourier transform of the zero extension of f to L*(R?). Then there exists

a two-layer ReLU neural network fNN with h hidden-layer neurons such that

A
1= P ) < J(? (3.3)

A natural high dimensional extension of the result is as follows.

Corollary 3.1. Let D C R"™ be a bounded domain. Suppose a generic function f =

[fi,. .- fm] : R® — R™ so that f; € L*(D) satisfies (3.2), then there exists a two-layer

ReLU neural network fNN with h hidden-layer neurons such that

I1f = N2 (3.4)

where A(f) := max"; A(f;).

A nice feature of this result is that the approximation error is mostly relaxed from the
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dimension of the problem, making NN a good fit for our purposes. In our setting, it is
the high-dimensional operator Q5, that needs to be learned. Theorem 3.1 suggests that if
fully connected NN is used as the representation, the number of neurons h required will

not depend strongly on this dimension.

3.2.2 Offline training and the full algorithm

The two observations above suggest that using a neural-network approximation for the
boundary-to-boundary operator can reduce computation costs and memory significantly.

Following (3.1), we define the NN approximation Q%N to O, as follows:
ON(0,) b = Win 20 (Wi 16m + bm1) +bma, where ¢, € Rém, (3.5)

Here 6, = {Win 1, Win 2, bm 1, bm 2} denotes all learnable parameters, with weight matrices
Wi € Rthdm,ng € RPm*hm and biases b1 € Rhm,bm,g € RPm, The number of
neurons h,, is a tunable parameter that relates to the number of degrees of freedom in
ONN(9,,,). Theorem 3.1 and the homogenizability of the elliptic equation suggest that h,,
can be chosen to satisfy a prescribed approximation error while being independent of both
dmy and py,, and thus of the small scale €.

Given a fixed NN architecture and a data set, the identification of optimal QNN (6,,)
amounts to minimizing a loss function £(6,,) that measures the misfit between the data
and the prediction. One needs to prepare a set of data 2, = {gf)ml}f\;l and corresponding

outputs

N
Y = {d)mi = Q0. bm,i = (Vim,i)ie s (m) = (ufn,i|3QlﬂQ7n)le/V(m)} ) (3.6)

i=1
where u;, ; solves (2.8). The loss function to be minimized is

1 N

E(Gm) = N ZE (Q%N(em)gbm,z 7¢m,i) ) (37)
i=1
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where ¢ evaluates the mismatch between the first and the second arguments. (This measure
could be defined using the Ly norm and / or the H! norm.) Gradient-based algorithms
for minimizing (3.7) have the general form

ou+D) 9 3, (vgmz (9“)) Vo L (e;}))) : (3.8)

m

where 7; is the learning rate and G is based on the all gradients seen so far. For example,
for the Adam optimizer [146], the function G} is a normalized exponentially decaying

average of gradients:
Gi(as, ... a1) o< (1= )" Zﬂ (1—B1)as, (3.9)

for some parameter 51 € (0,1). The o sign means G; needs to be normalized so that
1Gll2 ~ 1.

Like many optimization processes, the training and tuning of this NN depends on some
prior knowledge. We propose a mechanism to select training data that represent well
the information in Q; . We also initialize the weights 6, according to a reduced linear
problem. These mechanisms are described in the following two sections; their effectiveness

in numerical testing is demonstrated in Section 3.3.

Generating training data

To learn the parameters in the NN approximation to the boundary-to-boundary map,
one needs to provide a training set of examples of the map. We generate such examples
by adding a boundary margin of width Az, to each interior patch €2, to obtain an
enlarged patch €2,,,, as shown in Figure 4.1. Samples are generated by choosing Dirichlet
conditions for the enlarged patch, then solving the equation, and defining the map in terms
of restrictions of both input and output conditions to the appropriate boundaries.
Specifically, following [71], we generate N i.i.d. samples of the boundary conditions

@,,, for the enlarged patch 99, according to H'/2(9€) (See Appendix A.1), and solve the
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following equations for @, ;(z):

Fe (D?a;m(x), D, (), @ (x),x) =0, 20,

m,i

(3.10)
@5, (%) = G () z € O .

The boundary-to-boundary map Q;, maps each element of Z;, = {quz}f\il to the corre-

sponding element of %}, = {¥y, i}~ ,, where

¢m7i = ﬂfn,ibﬁm ) wm,i = (wl,m,i)le/i/(m) = (ﬂin,iyanﬂQm)le/(m) : (3’11)

This pair of sets — input set 2, and output set %;, — serves as the training data. We

have two comments regarding the training process.

e Various NN architectures could be considered. We use fully connected NN mostly
because the initialization procedure requires singular value decomposition of the
linearized counterpart of boundary-to-boundary map, and this kind of NN is a nat-
ural extension of the linear network that capture the SVD to the nonlinear regime.
Another potentially good option is Convolutional Neural Network (CNN) whose
structure can potentially alleviate computational difficulty as one refines the dis-

cretization.

e For generating training data, each patch is slightly enlarged before application of the
PDE solver. Most homogenization results need a boundary layer correction adjacent
to the physical boundary, so the low-rank property fails to hold near the boundary.
The use of a small boundary buffer zone on each patch dampens the boundary layer

effect and enables low-rank structure of the boundary-to-boundary map.

Initialization

The training problem of minimizing £(6,,) in (3.7) to obtain the NN approximate operator
ONN(§,.) is nonconvex, so a good initialization scheme can improve the performance of a

gradient-based optimization scheme significantly. We can make use of knowledge about
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the PDE to obtain good starting points. Our strategy is to assign good initial weights and
biases for the neural network using a linearization of the fully nonlinear elliptic equation
(2.1). Denoting by QF the boundary-to-boundary operator of a linearized version of QF,,
to be made specific below for the numerical examples in Section 3.3, we initialize Q7NnN in
a way that approximately captures Q% . The linear boundary-to-boundary operator Q&
has a matrix representation. Denoting by r,, the approximate rank (up to a preset error

tolerance), we can write

Qb % U Ao Vit, = (Um0 ) (Vs V) (312)

where Uy, ., € RP"*"™ and V,,,,. € RIm*Tm have orthonormal columns while A, €
R™*™m i diagonal. As argued in [62], due to the fact that the underlying equation is
homogenizable, this rank r,, is much less than min{d,,, p,}, and is independent of p,,
and d,,.

To start the iteration of QNN, we compare (3.5) with the form of (3.12). This suggests

the following settings of parameters in (3.5): by, 1 = by 2 = 0 and

Wons = Voo v/ A Vi /B ]

(3.13)
Wina = [Ummm VA ~Unr, Arm} .

Note that Ay, = 2ry,. These configurations will be used as the initial iteration in (3.8).
We summarize our offline training method in Algorithm 3. Integrating into the full

algorithm yields the reduced order neural network based Schwarz iteration method.

Algorithm 3 Offline training of QNN(6,,), as a surrogate of Q%, on patch €,,.

1: Enlarge each interior patch ,, to obtain ,,;

2: Randomly generate samples {¢,, ;}), and solve (3.10) to obtain {w;, ; N

3: Compute (4.10) to define {25, Zm} = {{bm.i 1y s { (V1m.i)ies (m) e i

4: Initialize 6,, in QNN(6,,) by using the linearized boundary-to-boundary operator Q%
as defined in (3.13);

5: Find the optimal coefficient 6%, in the neural network QNN(6,,) by applying the gra-
dient descent method (3.8) until convergence.
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3.3 Numerical results

We present numerical examples using our proposed method to solve a multiscale semilinear
elliptic equation and a multiscale p-Laplace equation. In both examples, we use domain
Q = [0,1]%. To form the partitioning, §2 is divided into M; x My equal non-overlapping
rectangles, then each rectangle is enlarged by Az, on the sides that do not intersect with

09, to create overlap. We thus have

Q,, = [max (mz\l/[—:l — AmO,O) ,min (% + Az, 1)}

X [max <mj\2/[;1 — Axo,0> , min <T/l—§ + Ax,, 1)] , m=(my,mz) €J.

The loss function is defined as in (3.7), with parameter g = 1073, For training to obtain
ONN(9,.), we use PyTorch [183]. For both examples, each neural network is trained for
5,000 epochs using shuffled mini-batch gradient descent with a batch-size of 5% of the
training set size. The Adam optimizer is used with default settings, and the learning rate
decays with a decay-rate of 0.9 every 200 epochs. The codes accompanying this chapter

are publicly available [68].
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Figure 3.2: Medium & for semilinear elliptic equation.
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3.3.1 Semilinear elliptic equations

The first example is the semilinear elliptic equation

=V (5°(2) Ve (2)) +us(2)’ =0,  z€Q,

(3.14)
ut (z) = o(x), x€d,
with oscillatory medium k°(z) = k°(z1,x2) defined by
24 1.8sin(2 2 4 sin(2
K (21, 22) = 2+ sin(2mz ) cos(2mae) + + 1.8sin(2mr, /¢) + + sin(2m;/e) . (3.15)

2+ 1.8cos(2mxa/e) 2+ 1.8cos(2mxy/¢)

with € = 274, The medium is plotted in Figure 3.2.

The reference solution and the local PDE solves are computed using the standard finite-

volume scheme with uniform grid with mesh size Az = 278 = ﬁ and Newton’s method

is used to solve the resulting algebraic problem. For our domain decomposition approach,

we set M1 = My = 4 to define the patches ),,,, with boundary margins Az, = 24 = 1—16
to form €,,. The input and output dimensions of Q¢ are thus (d,, pm) = (388, 388).

To obtain the training data, each patch €, is further enlarged to a buffered patch €,,
by adding a margin of Az, = 274 = 1—16 to Q. On each patch Q,,, 10,000 samples are
generated with random boundary conditions defined by R,, = 1000 and D = 3. To train

the NN, we use the loss function (3.7) with

LN (Om) bm — Um) =] QNN (O bm — V|2

+tu Z HDhQ%\,Inlj(em)ﬁbm_th}l,mHQ»
le (m)

(3.16)

where Q?E(Gm) and QNN (6,,) are NN approximation of Q; , (6,,) and Q. (6y,), as defined
in (2.7) and (2.9), respectively; and Dy, is the discrete version of the derivative operator
with step size h. The second term measures mismatch in the derivative so as to enforce
the regularity.

To initialize the neural networks, we take Q& to be the boundary-to-boundary operator
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Figure 3.3: Training loss for loss function £ (3.16) for patch (2,2). For the variants that use
random initializations, we use the PyTorch default, which generate the weights and biases

in each layer uniformly from (—+/dinput, /dinput), where dinpyt is the input dimension of
the layer.

of the following linear elliptic equation

V. (k(z)Vu(z)) =0, z€Q. (3.17)

We truncate the rank representation of QTI;L at rank r,, = 40 to preserve all singular values

bigger than a tolerance §; = 1072 so that the width of the hidden layer is h,, = 80.

Offline training

We show the improvements in the offline process for training QNN due to the two strategies
described in Subsection 3.2.2: the use of enlarged patches, and initialization using SVD
of a matrix representation of a linearized equation. Figure 3.3 plots number of epochs
in the offline training vs the training loss function £ (3.16) associated with QNN for the
patch m = (2,2) in four different settings: SVD-initialization on training data with buffer
zone, SVD-initialization on training data without buffer zone, and the counterpart without
SVD-initialization. The same NN model is used in all four settings. It is immediate that
the training process has a much faster decay in error if buffer zone is adopted, and that
the SVD initialization gives a much smaller error than random initialization.

To show the generalization performance of the resulting trained NN, we generate a test
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data set from the same distribution as the buffered training data set with 1,000 samples,
for the same patch m = (2,2). Since the NNs trained using non-buffered data produce
larger error, we only test the NNs trained with buffered data. The test errors (3.16) in the
training process for different models are plotted in Figure 3.4. Again, the use of buffered

data along with SVD-initialization yields the best performance.
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Figure 3.4: Testing error during the training for patch (2,2).

To demonstrate generalization performance, we plot the predicted outputs for two
typical examples in the test set in Figure 3.5. For comparison, we also plot the outputs
produced by randomly initialized neural network and the linear operator Q. It can be
seen that the low-rank SVD-initialized neural network has the best performance among
all the initialization methods.

We note too that the neural network models initialized by the SVD of linear PDEs tend
to be more interpretable. Figure 3.6 shows the final weight matrices for models initialized
by different methods. It can be seen that SVD-initialized model yields weight matrices
with recognizable structure: the parameters for higher modes are near zero, and only the
top 25 modes in the positive and negative halves are nontrivial. By comparison, the
trained weight matrices using randomly initialized parameters do not show any pattern or

structure.
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Figure 3.5: The top row shows the ground truths ¢, (m = (2,2), [ = (2,1)) of two
samples in the test set. The bottom row shows the error |, — ¢im|, where 9y, are
computed by the low-rank SVD initialized QNN (with and without buffer-zone), randomly

initialized QNN (with and without buffer-zone), and the linear operator QL .
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Figure 3.6: The first row shows the final weight matrices Wy (left), Wy (right) obtained
the for SVD-initialized model on patch m = (2,2). The second row shows the final weight
matrices Wy (left), Wy (right) for randomly initialized model on patch m = (2,2). In both
cases, training data is obtained by enlarging the patch.
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No. Boundary condition
¢(z,0) =40, ¢(z,1) =40
¢(0,y) =40, ¢(1,y) = 40
9 ¢(x,0) = 50 — 50sin(27x) , ¢(z,1) = 50 + 50sin(27x)
#(0,y) =50+ 50 sm(27ry) o(1,y) 50 — 50sin(27y)
¢(x,1)
(1,y)

¢(Oy)—10+25y o(1,y) = +25y

Table 3.1: Boundary conditions used in the global test.

Online phase: Schwarz iteration

We show results obtained by using the NN approximation QNN (6,,) of the boundary-to-
boundary map inside the Schwarz iteration. Table 3.1 shows the boundary conditions used
for the three problems we tested. (The same medium (3.15) is used in all cases.) We use
8o = 10~ for the tolerance in Algorithm 2, and use the full accuracy local solvers as in
the generation of training data set. In Figure 3.7, we plot the ground truth solutions for
different boundary conditions and the absolute error of uNN obtained by neural network-
based Schwarz iteration. (Note that the scaling of the y-axis in the latter is different
from the former.) The relative errors obtained for the four variants of NN approximation
along with the linear approximation QF to the boundary-to-boundary map can be found
in Tables 3.2 and 3.3. Note that the smallest errors are attained by the variant that uses
the SVD initialization and buffered patches. To demonstrate the efficiency of our method,
we compare the CPU time of neural network based-Schwarz method and the classical
Schwarz method, using the same tolerance dg = 10™* for the latter. The NNs we used
for the test is trained by SVD initialization, and its training data is generated with buffer
zone. Since NN-produced local boundary-to-boundary map is only an approximation to
the ground truth, for a fair comparison, we also run the reference local solution with a
relaxed accuracy requirement. The CPU time, number of iteration and error comparison
can be found in Table 3.4. In all three test cases, the NN approximate executes faster
than the conventional local solution technique as a means of implementing the boundary-

to-boundary map, while producing H' errors of the same order.
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Figure 3.7: The first row shows the ground truth solutions u* for boundary conditions 1
to 3 from left to right. The second row shows the absolute error |u™N — «*| for boundary

conditions 1 to 3 from left to right. (Note the much smaller vertical scale used in the

second row.)

Problem Number 1 2
Relative Error L? H! L L? H! L
SVD-NN 0.0013 0.0028 0.0029 | 0.0010 0.0010 o0.0016
SVD-NN (No buffer zone) | 0.0042  0.0091  0.0078 | 0.0029  0.0030  0.0039
Rand-NN 0.0425 0.0445 0.0907 | 0.0379 0.0188  0.0370
Rand-NN (No buffer zone) | 0.0882  0.0965 0.1555 | 0.0773  0.0400  0.0629
Linear 0.0606  0.0644 0.1066 | 0.0505 0.0252  0.0415

Table 3.2: Relative error for global solutions by different methods.

Problem Number

3
Relative Error L? H! L>
SVD-NN 0.0035 0.0059 0.0058
SVD-NN (No buffer zone) | 0.0235  0.0341  0.0346
Rand-NN 0.1029  0.1293  0.1333
Rand-NN (No buffer zone) | 0.1739  0.2277  0.2078
Linear 0.0614  0.0729 0.0776

Table 3.3: Relative error for global solutions by different methods. (Continued)
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Problem Number 1 2 3
Method NN Classical NN Classical NN Classical
CPU time 12.4 17.2 13.9 18.5 13.4 19.5
Iteration 30 29 30 29 34 35
H' Error 0.0035 0.0024 | 0.0012  0.0007 | 0.0062  0.0022

Table 3.4: CPU time (s), number of iterations and the H! error of the classical Schwarz
iteration and the neural network accelerated Schwarz iteration.
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Figure 3.8: Medium « and k|Vu® ’p—2 for p-Laplace equation. The solution u® is computed
by boundary condition 1 (See Table 3.5).
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3.3.2 p-Laplace equations

The second example concerns the multiscale p-Laplace elliptic equation [13, 108, 186, 76,

166] defined as follows:

—V - (k%(x)|Vus P2V s () = 0, x€Q,
(3.18)
ut(z) = ¢(x), x €09,
where we use p = 6 in this section, and the oscillatory medium is
(22y) 1/1.1+sin(2rz/e;) 1.1 +sin(2ny/e2) = 1.1+ cos(2mz/e3)
K (x,y) = =
=\t sin(2my/e1) = 1.14cos(2mx/e2) 1.1 +sin(27y/e3) (3.19)

1.1 4 sin(2my/eq)
1.1+ cos(2mx/ey)

1.1+ cos(2mx/e5)
1.1+ sin(27y/es)

+ sin(42?y?) + 1) ,

with e = 1/5,e9 = 1/13,e3 = 1/17,e4 = 1/31,e5 = 1/65. See Figure 3.8 for an illustra-

tion of the medium.



37

‘ Normalization layer ‘ 0¥(e) ‘ Normalization layer ‘
Norminput(') o Normoutput(')

Figure 3.9: Neural network architecture for the boundary-to-boundary map in the p-
Laplace equation.

Noting that the differential equation in (3.18) is invariant when a constant is added or
when multiplied by a constant, we use a normalization layer to improve the accuracy and
robustness of the two-layer neural network. Given a input boundary condition ¢,, € R%",
we define the input normalization layer by

Qsm_am

max{||¢m|l2, €1}

Norminput (¢m) = (3.20)

where ¢, :=1/dp, Z?gl(gbm)i is the mean, and the norm is defined by ||, ||3 = Ax Zf;”l (dm)?.
We use e; = 1078 for the regularization constant. The output normalization layer is de-

fined by

Normoutput (Ym) = max{||¢m 2, €1}0m + b - (3.21)

The overall architecture is illustrated in Figure 3.9.

To compute both the reference solution and the patchwise solutions (3.10), we for-
mulate the discretization using the standard piecewise linear finite element with uniform
triangular grid, and solve with a preconditioned gradient descent method [132], where the
line search parameter is computed by the Matlab function fminunc. The mesh size is
Az =278 =1/256.

For the domain decomposition, we set M = 8 with Az, = .03125 to form £,,. The
resulting input dimension is d,,, = 196 and the output dimension is p,, = 196. Training
data is produced on enlarged patches ,, with Az, = .09375. On each patch, 1,000
samples are generated with random distribution parameters R,, = 10 and D = 3. To
initialize the neural networks, we take Q& to be the boundary-to-boundary operator of
the linear elliptic equation —V - (k¢(z)Vu(z)) = 0. We truncate the rank presentation of

QL at rank 7, = 36, to preserve all singular values greater than a tolerance §; = 1072 so
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that the width of the hidden layer is h,, = 72.
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Figure 3.10: Training loss using loss function £ (3.16) for patch m = (2,2). We use the
default random initialization method in PyTorch, which generate the weights and biases
in each layer uniformly from (—/dinput, \/dinput) With dinput being the input dimension of
the layer.

Offline training

Here we show the improvements in the training process of QNN by using the sampling and
initialization strategies in Subsection 3.2.2. Figure 3.10 shows the training loss vs epochs
for learning QNN for the patch m = (2,2) using 1,000 samples. The four variants are the
same as in Figure 3.3. As for the previous example, the most effective training loss is for
the variant in which samples are computed from buffered patches, using a reduced SVD

initialization based on the linear approximate operator.
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Figure 3.11: Testing error during the training for patch (2,2).
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We generate a test data set from the same distribution as the buffered training data
set with 100 samples for patch m = (2,2). The test errors (3.16) in the training process
for different models are plotted in Figure 3.11. As for the training loss, the variant with
buffered patches and SVD initialization gives the best results.

To demonstrate generalization performance on this example, we plot the predicted
outputs for two typical examples in the test set in Figure 3.12. For comparison, we also
plot the outputs produced by randomly initialized neural network and the linear operator
Q%T. The low-rank SVD-initialized neural network shows best reconstruction performance.

Figure 3.13 show the final weight matrices for models initialized by different methods.
All weights have non-trivial values, suggesting that the NN has appropriate dimensions
for approximating QF . Although the structure of the W5 matrix looks roughly similar for
each case, the W7 matrices are quite different in character, with the randomly initialized

version at bottom left having no obvious structure.
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Figure 3.12: The top row shows the ground truths v, (m = (2,2), [ = (2,1)) of two

samples in the test set. The bottom row shows the error |y, — ¥ |, where v, are
computed by the low-rank SVD initialized QNN (with and without buffer zone), randomly
initialized QNN (with and without buffer zone), and the linear operator QL .
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Figure 3.13: The first row shows the final weight matrices Wy (left), Wy (right) for SVD-
initialized model on patch m = (2,2). The second row shows the weight matrices W7 (left),
W (right) for randomly initialized model on patch m = (2,2). In both cases, training

data is obtained by enlarging the patch.

Schwarz iteration: Online solutions

No. Boundary condition
1 ¢(x,0) = —sin(27z), ¢(x,1) = sin(27x)
#(0,y) = sin(2my) , ¢(1,y) = —sin(27y)
5 ¢(x,0) = —sin(4dnz), ¢p(x,1) = sin(4rx)
¢(0,y) = sin(4my) , #(1,y) = —sin(4my)
3 ¢($,0) = _17 d)(mv ]-) =1
$(0,y) =2y° —1, ¢(1,y) = 29> — 1

Table 3.5: Boundary conditions for p-Laplace equation (3.18) used in the global test.

Next, we apply the neural networks to the Schwarz iteration and show the global test

performance. In Table 3.5 we list the boundary conditions for three problems used in the

test. We use tolerance 5o = 10~* in Algorithm 2 and use the full accuracy local solvers as in

the generation of training data set. Figure 3.14 shows ground-truth solutions for different

boundary conditions and the absolute error of uNN obtained by neural network-based

Schwarz iteration (plotted on a different scale). Error norms for the different methods can



be found in Table 3.6.

y

Figure 3.14: The first row shows the ground truth solution u* for p-Laplace equation (3.18)
for boundary condition 1 to 3 from left to right. The second row shows the absolute error

|u™N — 4*| for boundary condition 1 to 3 from left to right.

To demonstrate the efficiency of our method, we compare the CPU time of neural

network based-Schwarz method and the classical Schwarz method with tolerance dy = 104

in Algorithm 4. The NNs are trained using SVD initialization, with training data generated

with buffer zones on the patches. The local solvers in the reference solution are chosen so

that the local accuracy is at the same level as the NN-approximation, making for a fair

comparison. The CPU time, number of iteration and error comparison can be found in

Table 3.8. Compared with the classical Schwarz iteration, the reduced method updates

local iterations much faster, while producing H' errors of the same order.

No. BC 1 2
Relative Error L? H? L L? H? L
SVD-NN 0.0199 0.0314 0.0324 | 0.0171 0.0250 0.0290
SVD-NN (No buffer zone) | 0.0935 0.1793  0.1398 | 0.0874 0.1052  0.1346
Rand-NN 0.0280  0.0400 0.0480 | 0.0260 0.0331 0.0367
Rand-NN (No buffer zone) | 0.1062 0.1793  0.1412 | 0.0696  0.1023  0.1119
Linear 0.0623  0.1178  0.0909 | 0.0606  0.0990 0.0751

Table 3.6: Relative error for p-Laplace equation (3.18) by different methods.
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No. BC 3
Relative Error L? H! Lee
SVD-NN 0.0215 0.0443 0.0311
SVD-NN (No buffer zone) | 0.1204 0.3331  0.2173
Rand-NN 0.0241  0.0578  0.0411
Rand-NN (No buffer zone) | 0.2748  0.4380  0.3947
Linear 0.1390 0.1861 0.1624

Table 3.7: Relative error for p-Laplace equation (3.18) by different methods. (Continued)

Problem Number 1 2 3
Method NN Classical NN Classical NN Classical
CPU time 35.0 87.8 27.8 68.3 117.7 302.2
Iteration 52 54 37 38 151 146
H' Error 0.0392  0.0231 | 0.0363  0.0256 | 0.0457  0.0124

Table 3.8: CPU time (s), number of iterations and the H' error of the classical Schwarz it-
eration and the neural network accelerated Schwarz iteration for p-Laplace equation (3.18).

3.4 Conclusion

We have presented a reduced-order neural network-based Schwarz method for multiscale
nonlinear elliptic PDEs. In each iteration, the Schwarz method requires evaluation of a
boundary-to-boundary map for each of the subdomains (patches). This map has high
dimensional input and output spaces but is compressible due to the existence of a ho-
mogenization limit. A neural network can approximate high-dimensional maps using a
number of parameters relaxed significantly from the dimension of data, and thus is a per-
fect fit to learn the boundary-to-boundary operator. Our method trains two-layer neural
networks (with many fewer parameters than the input and output dimensions) to learn
the boundary-to-boundary operators in an offline stage. In an online stage, the neural
networks serve as surrogates of local solvers in the Schwarz iteration, leading to signifi-
cant speedup over classical approaches. Our approach is illustrated with two examples: a

semilinear elliptic equation and a p-Laplace equation.
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Chapter 4

A Manifold Learning Approach for

Numerical Homogenization

In this chapter, we describe an efficient domain decomposition-based framework for nonlin-
ear multiscale PDE problems. The framework is inspired by manifold learning techniques
and exploits the tangent spaces spanned by the nearest neighbors to compress local solu-
tion manifolds. In particular, our framework is applied to a semilinear elliptic equation
with oscillatory media and a nonlinear radiative transfer equation. This new method
does not rely on detailed analytical understanding of the multiscale PDEs, such as their

asymptotic limits, and thus is more versatile for general multiscale problems.

4.1 Introduction

Homogenization is a body of theory and methods to study differential, or differential-
integro equations with rapidly oscillating coefficients. It traces back to the famous work
of Bensoussan-Lions-Papanicolaou [44], and builds on several other important develop-
ments [128, 90, 16, 89, 114, 35, 115, 1]. Generally speaking, the goal of homogenization
is to derive asymptotic limiting equations as accurate surrogates of the original equations

that do not have scale separations. The core technique is asymptotic analysis.
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4.1.1 Goal

There are a number of famous examples that use homogenization techniques, such as
elliptic equations with rapidly oscillating media [44], Schrédinger equation with small
rescaled Planck constant [109], the neutron transport equation with small Knudsen num-
ber [45, 118], compressible Euler equation with small Mach number [149, 148, 194], and

Boltzmann-type equations in the fluid regime [32]. All these examples have the form

Neus = f, (4.1)

where N¢ is a partial differential operator that depends explicitly on the small parameter .
The term f on the right-hand side represents the external information—the source terms,
the boundary conditions, the initial conditions, and so on—which has no dependence on
e. Due to the e-dependence of N¢, the PDE is rather stiff: the solutions either exhibit
high oscillations (such as the Schrédinger equation with small value of the rescaled Planck
constant, or the elliptic equation with rough media), or present boundary/initial layers
within which solutions change rapidly (such as the Knudsen layer in kinetic systems). The
oscillations and layers themselves usually do not carry any interesting physical information;
one is more interested in extracting physically meaningful quantities from the solutions
directly, with these details omitted. Thus, it is important to evaluate the limiting behavior
of (4.1) as e — 0. There are two contrasting approaches in the literature that enable this
task: One is analytical and the other is numerical.

The analytical approach seeks the asymptotic limit of the PDE (4.1), defined as follows:

N*u* = f. (4.2)

The term “asymptotic limit” refers to the fact that for any reasonable f, in a certain space

with a certain metric, we have

|lu® —u*|| =0 ase—0. (4.3)
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A classical way to derive this limit is to perform Hilbert expansion in terms of . Here,
we define the ansatz

uf = ug+eug + 2us + ...

and substitute into (4.1), then balance the two sides in terms of . Typically, at some
level of the expansion, a closure is performed to derive the effective operator N'*. This
framework is highly effective and general; we will give explicit examples in later sections.

On the numerical side, we look for cheap solvers that compute the asymptotic limits.
A typical requirement for classical numerical solvers to be accurate is that the discretiza-
tion has to resolve the smallness of €. This can lead to high numerical and memory cost,
sometimes beyond reasonable computational resources. The focus of “numerical homog-
enization” or “asymptotic preserving” is thus to design schemes that capture asymptotic
limits of the solutions with relaxed (and thus more efficient) discretization requirements.
One technique is to explore analytical results and translate them to the discrete setting:
The asymptotic limiting equations are derived first, and then a “macro solver” for the
limiting equation and a “micro solver” that solves the original equation, are combined in
some way. This strategy has been applied to deal with the Boltzmann-type equations,
the Schrodinger equation, and the elliptic equations with highly oscillatory media, under
the name of designing “asymptotic preserving” schemes, finding semi-classical limits, and
performing “numerical homogenization.” There is a significant drawback of this approach:
The design of the numerical method is based completely on analytical understanding, so
numerical development necessarily lags analytical progress. This fact significantly limits
the role of multiscale computation.

This observation motivates the question that we address in this chapter. Given a
system of the form (4.1), knowing it has an asymptotic limit (4.2) but not knowing the

specific form of this limit, can we design an efficient, accurate solver?
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4.1.2 Approach

In this chapter, we propose a numerical approach based on “compression.” Classical
methods require the use of N; ~ :—:% grid points to achieve accuracy and stability in
solving (4.1), for some power o > 0. Note that N blows up to infinity as ¢ — 0. By
contrast, the limiting equation (4.2) is independent of €, so we typically require only
N, grid points (a number that is independent of €) to solve this system. Thus, the
information carried in IN. degrees of freedom can potentially be “compressed” into N,
degrees of freedom, provided that we can tolerate an asymptotic error of order € in the
solution (see (4.3)).

How can we design an approach to solving (4.1) that exploits compression? Our
roadmap consists three steps: (a) identify the solution set that can be compressed; (b)
compress the set into a smaller effective solution set; (c) for a given new data point f(x),
single out the solution from the effective set. We call the first two steps the offline stage,
and the last step the online stage.

For linear equations, this roadmap has been followed by several authors in [52, 65, 64,
63]. When the setup is linear, the solution set is a space, and thus information is entirely
coded in representative basis functions. These basis functions can be found in the offline
stage, and a Galerkin formulation can then be used to identity the linear combination of
the basis for a given f(z) in the online stage. To find the representative basis functions,
one can utilize the random sampling technique developed for finding low rank structures
of matrices in [121], where the authors proved that a few random samples are able to
reconstruct the low-rank column space with high probability; see [65].

In this chapter, we develop the roadmap in the nonlinear setting. The extension is not
straightforward. Since the solution set is not a space in the nonlinear setup, the notion of
“basis function” does not even exist. Instead, we seek an N,-dimensional approximating
manifold in an N.-dimensional space. For every given f(z), there is a corresponding
numerical solution u° to the original equation (4.1) in the N, space. Within ¢ distance

there exists its homogenized solution u* to the limiting equation (4.2). Since u* relies
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on only N, degrees of freedom, as f(z) varies, the variations of u* form a manifold of
dimension at most V..

By using this argument, we formulate the homogenization problem (in the nonlinear
setting) into a manifold-learning problem: Suppose we can generate a few configurations
of f(x) and compute the associated numerical solutions, can we learn to represent the
solution manifold? Further, given a completely new configuration of f(x), can we quickly
identify the corresponding solution? These two questions are addressed in the offline and
online stages, respectively.

Many different approaches have been proposed for manifold learning based on observed
point clouds. They typically look for key features that the points share, either locally
(as in local linear embedding (LLE) [192], multi-scale SVD [9, 165], local tangent space
alignment [219]), or globally (as in the use of heat kernels [81, 41]). The strategy we
propose here is not a direct application of any one of these ideas, but it uses elements
of the the local linear embedding and multi-scale SVD approaches. Specifically, we seek
local linear approximations to the solution map, and cover the solution manifold with a
number of these tangent space “patches.”

We define the solution map as follows:

S feX-sue). (4.4)

It maps the source term and initial/boundary conditions captured in f(z) to the solution
of the equation (4.1). To find the solution manifold, we randomly sample a large number
of configurations f; in X', and compute the solution ui = S°f; € ) associated with each of
these configurations. These solutions form a point cloud in a high dimensional space ).
We subdivide the set of configurations { f;} into a number of small neighborhoods, and we
look for the tangential approximation to the mapping (4.4) on each of these neighborhoods.
Given a configuration f, we identify the neighborhood to which it belongs, and interpolate
linearly to obtain the corresponding solution.

We summarize our online-offline strategy as follows. (Some modifications described in
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Section 4.2 will reduce the cost of implementation.)
Offline: Randomly sample f;(z), i =1,..., N, and find solutions u; = S° f;;
Online: Given f(z):
Step 1: Identify the k-nearest neighbors of f(x), call them f;.,j =1,2,...,k,

with f;, being the nearest neighbor;

Step 2: Compute

E L ~s 0 E . _
S¢~ui1+U~c, with U— ufz—ui ué —uf 5

where c is a set of coefficient that fits f — f;; with a linear combination of

fi, = fir, for j =2,3,... k.

In Step 2 we used the fact that the solution manifold if of low dimensional locally. To
make the strategy mathematically precise, we need to address several questions, including

the following.

e How should we sample f;(z) during the offline step?
e What metric should we use to quantify distance?

e Since computing each solution map uj = S°f; is expensive, is there anyway to reduce

the cost further?

We discuss these questions in the following sections. We stress that the manifold learning
technique that we investigate in this chapter works best when the intrinsic dimensionality
of the problem is significantly smaller than the typical required degrees of freedom, and this
holds true for all homogenizable problems where the discretization of the limiting equation
eliminates the ¢ dependence. For problems without ¢ dependence, and the dimension of
the numerical solution is only moderately large, the approach that we take is not expected

to reduce cost.
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4.1.3 The layout of this chapter

We discuss the general recipe of the algorithm in Section 4.2, then show how the approach
can be applied to two examples (a semi-linear elliptic equation and a nonlinear radiative
transfer equation coupled with a temperature term) in Section 4.3 and Section 4.4, respec-
tively. In both sections, we review the relevant homogenization theory for the equations,
study the low rank structure of the tangential solution spaces, and present numerical

evidence for the efficacy of our approach.

4.2 Framework

Our approach is a domain decomposition algorithm that makes use of Schwarz iteration.

After decomposing the domain into multiple overlapping patches, the Schwarz method
solves the PDE in each patch, conditioned on agreement of solutions in the overlapping
regions, which are boundary regions for the adjacent patches. At the initial step, these
boundary conditions are unknown, so some initial guess is made. Subsequently, solution
of PDEs on each patch alternates with updates of the solution on the overlapping regions,
until convergence is obtained with respect to certain criteria. The cost of the entire process
is determined by the number of iterations and the cost of the local solves, noting that,
as with any domain decomposition method, the local solves can be performed in parallel.
The approach is efficient when the local solves can be performed much more efficiently
on the available computing resources than a solver that does not decompose the domain.
The optimal domain partitioning depends on the conditioning of the problem and is often
specific to the problem under study. Comprehensive descriptions of the Schwarz method
appear in [197, 203].

This basic Schwarz iteration does not fully address the issue of e-dependence that we
discussed in Section 4.1, since local solvers still necessarily depend on £. As a step toward
making use of compression, we take the viewpoint that the purpose of the local solution
step is to implement a boundary-to-boundary map, taking one part of the boundary

conditions on a patch and using the solution of the resulting PDE to update the boundary
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conditions for its neighboring patches. We propose to learn the boundary-to-boundary
maps in an “offline” stage, by running the local solvers as many times as are needed to
attain the desired accuracy in this map. This offline stage comes with a high overhead
cost, but the computation is done only once, and we hope that the cost of the online stage
is greatly reduced by having the boundary-to-boundary maps available. Note that this
“offline” learning process is distinct from the Offline stage discussed in Section 1. With
the application of domain decomposition, it is the local behavior that needs to be learned,
instead of the full u®.

In the linear setting, building the boundary-to-boundary maps is quite straightforward.
It amounts roughly to finding all discrete Green’s functions, with the degree of freedom
being determined by the number of grid points on the patch boundary, with one Green’s
function per grid point. In the nonlinear setting, the boundary-to-boundary map is non-
linear, so we can no longer build a linear basis, and we turn to manifold learning approach
to approximate the map. Specifically, in the offline stage, we would sample randomly
some configurations and find the corresponding image under the map. The resulting point
cloud in high dimensional space can be viewed as samples of the manifold, which we can
then learn by means of local approximate tangential planes. In the online stage, these
tangential planes are used as surrogates to local boundary-to-boundary maps.

Before presenting details of the offline and online stage computations, we specify the
setup and notation. We consider the following nonlinear PDE with Dirichlet boundary
conditions in a domain  C R?%:

News =0, in Q

(4.5)
ut = @, on 012,

where, as usual, € indicates the small scale of the problem. For simplicity, we will assume

throughout a square geometry € = [0, L]?. The domain © is decomposed into overlapping
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rectangular patches defined by

Q=] Qn, with Qp=(0),20) x . u), (4.6)

mi’ U miy m2? ym2
meJ
where m = (m1, ms) is a multi-index and J is the collection of the indices
J:{m:(ml,mg) o my :1,...,M1, mo :1,...,M2}.

This setup is illustrated in Figure 2.1. For each patch we define the associated partition-

of-unity function y,,, which has x,,(z) > 0 and

Xm(z) =0 onz€Q\ Dy, > xmlx)=1 VzeQ. (4.7)

We set 0€2,,, to be the boundary of patch €2, and denote by .4 (m) the collection of indices

of the neighbors of 2,,,. In this particular 2D case, we have
A (m) ={(m1 £ 1,m2)}U{(mi,me £ 1)} C J. (4.8)

Assume that the equation (4.5) is well-posed, meaning that given ¢ in some function
space X, there exists a unique solution u® in another function space ). Assume further

that the local nonlinear equation on patch €,, defined by

€, — 4
Neug, =0, in Qp,

g __
us, = Om, on 9y, ,

is well-posed, given local boundary condition ¢,, in some function space X,,, and that the

solution u;, lives in space ),,. We further define the following operators.

e S, denotes the solution operator that maps local boundary condition ¢,, to the
local solution us,:

Sy X = Vm, Sodm =, .
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e 7! denotes the trace operator for all | € 4 (m):
Iﬁnu? = uﬂanﬂQH Le A (m),

which takes the value of uj restricted on the boundary 02, N €Y. Here we assume

that the space ) allows for trace.

e P, denotes the boundary update operator, mapping €, N (m) X to X,

TLSE¢,  on 90, N, e N (m),
,Pm((z)lv l e W(m)) =

dloa,,noq,  on O, NN,

Note that on the points in 9€2,, N OS2, the boundary condition from the whole domain

) is imposed.

The offline and online stage of the algorithm are essentially to construct and to evaluate

P, as we now show.

4.2.1 Offline Stage

The goal of the offline stage is to construct a dictionary to approximate P, for every

m € J. To eliminate any boundary layer effect, we enlarge each local patch slightly by

adding a margin around its edges (except for the edges that correspond to part of the

boundary of the whole domain). The enlarged domains are denoted by Q. and illustrated

in Figure 4.1.

We denote by X,, the space of boundary conditions on 9, equipped with norm -1,

and define a ball in fm as follows:

B(Ry; fm) = {56 X~m : ”5” < Rm}.
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,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Xz

Xy

Figure 4.1: The plot demonstrates the use of local enlargement to damp boundary effects.

First, we draw N samples randomly from the ball, as follows:
5m,i€B(Rm;‘5(vm)’ i=1,...,N.

(The specific measure used in drawing depends on the particular problem being considered;
we will make it more precise in the examples below.) For these samples we obtain local

solutions 1, ; from the following PDEs:

News, . =0, in 0
™ " (4.9)

~c o -~ ) ~
Ui = ¢m,z ) on 9Qy,

We build a dictionary from these solutions by confining them in the interior €2, and the

boundary 0€,,:

rﬂm = {me,i = ﬂm7i|ﬂm}£\i17 f%jm = {¢m,z = am,ibﬁm}ﬁ\il . (410)

Since the problems that we consider are homogenizable, meaning that the solution mani-

fold is of low dimensional, the value of N can be relatively small.

Remark 4.1. Two remarks are in order.
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e How to sample? That is, how to find a measure iy, on X for drawing samples? To
make the setting more precise, we discretize the space ??m to get ??nhl equipped with
norm ||-||n, and define a measure pt, on the ball B(Ry; X). Denoting the dimension
of )?m by p, we sample the magnitude and the angle separately, that is, we take the
measure as a product N}an = Lrm @ WSm With pym being the radial part on (0, Ry,)
and s, being the measure on the unit sphere SP~1 = {¢ € XM ||olln = 1} C RP.
The angular measure jism, 5 chosen to be the uniform and the radial part ., has
a density function f(r) = %ETD. The number D here plays the role of effective
dimension; it should depend on the expected dimension of solution manifold. Note
that if we take D = p—1, the measure ul, is evactly the uniform measure on the full

ball B(R; /E}ﬁb) C RP. The question of selecting D in a rigorous way s left to future

research. (See Appendiz A.1 and Appendiz A.2 for further details on this issue.)

o The physical boundary. To respect the boundary condition on OS2, the boundary
patches Q, that touch the physical boundary need to be treated differently. For
each sample (Zm,iy the physical boundary condition is enforced on the set 92, N OL).
Random sampling is done only on the remaining part of the patch boundary, that is,

00, \ 0. See Appendiz A.1 and Appendiz A.2 for details.

4.2.2 Online Stage

The online stage finds a particular solution u for given boundary data ¢, based on infor-
mation accumulated in the offline stage. This process is carried out through a Schwarz
iteration to update local boundary conditions on each patch.

Denote by ¢(") = [... ,¢$ZZ) , ... ] the collection of local boundary conditions at the nth
iteration, with m being the patch index. At each iteration, we need to obtain gbq(ffrl) =

Pad™. For each m € J, let ¢mi(n) be the ¢-th L?-nearest neighbor of ¢§7’§) in B,,, q =
)lq

1,2,...,k. These neighbors, supported on 0€, lie (approximately) on a local tangential
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plane centered at ¢m,i§"):

W =1¢ = ) e b —0 o | - (4.11)

m,iy m,iy myi m,i

Associated with this plane, we also formulate the solution space centered around wm FOE
1

\ |
\Ifgg) = wm,ié") — .gn) wm,i,im — 7.571) . (4.12)

m,i

Locally, the map between these two planes is approximately linear, and thus to find

¢$ﬁ+1) = Pno™, we look for a linear interpolation of gb,(ﬁ) on <I>,(,7f), and map this in-

terpolation to \I/,(ﬁ). More precisely, we look for cﬁﬁ) that solves the least-squares problem

) = axgming, et [0 = 6, 0 = 90 200, (413
and define the approximate solution to be:
m,iy

To summarize: the map P,é(™ is a composition of Pm(gzbl(n), Il € A (m)) with [ €

A (m), where
o) = Pulof”, L€ N (m) =T, 8161, on 92, N Y. (4.15)

Once a preset error tolerance is achieved, at some step n (usually because the local
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boundary condition barely changes), the global solution is patched up as follows:

u = 37 Yl (4.16)
meJ

where ué’l) is the local solution (4.14) and x,, : € — R is the smooth partition of unity

associated with the partition.

We summarize the procedure in Algorithm 4.

Remark 4.2. The Johnson-Lindenstrauss lemma [139] indicates that the search for d-

dimensional k nearest neighbors in a data set of size N, with distance error §, can be done

in query time O(kd1°§2N> and storage cost NOoe(1/9)/6%) 4 O(d(N + l°§2N)> [134, 12].

In addition, a cost of O(k?d) is incurred at each iteration, due to L? minimization for
each patch via QR factorization. In our setting, d is equal to the degrees of freedom on

the boundary 0, .

Remark 4.3. To avoid notational complexity, the discussion above does not consider the
physical boundary 0. If a patch contains part of 02, then that particular section of the
patch is not updated. The true boundary condition ¢ is enforced in every iteration. The

deriwation is straightforward and is omitted from the discussion.

4.3 Example 1: Semilinear elliptic equations with highly

oscillatory media

In this section, we apply the methodology described above to solve semilinear elliptic
equations. Semilinear elliptic equations with multiscale structures arise in a variety of
situations, for instance, in nonlinear diffusion generated by nonlinear sources [142], and in
the gravitational equilibrium of stars [162, 59]. As fundamental models in many areas of

physics and engineering, the equations have received considerable attention.
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Algorithm 4 Multiscale solver for nonlinear homogenizable equations (4.5).

1:

Given the radius R,,,, the number of nearest neighbors k, the tolerance § and the initial
guess of boundary conditions ¢£2) on each patch m € J.

2: Domain Decomposition:

10:
11:
12:
13:
14:
15:
16:
17:

Decompose 2 into overlapping patches: Q = |J,,c; Qm, and enlarge each patch to
obtain §~2m
Offline Stage: Prepare local dictionaries on interior patches €.

Step 1: For each m € J;, generate N samples $m, from B(R,; )?m);

Step 2: For all 4, call function

Ui = LOCPDESOI(ﬁm, qAmeJ) :

Step 3: Collect local dictionaries according to (4.10) for %, and .%,.
Online Stage: Schwarz iteration.
while 7, [[¢%) — ¢53—1)||L2(aﬂm) > 4§ do
for m € J do
Search (fo)r k-nearest neighbors of ¢£3Z ) in B

Solve ¢, from the least-squares problem (4.13);
Update o™ by (4.15).
end for
n<—n+1
end while
return Global solution u(™ defined by (4.16).

1: function LocPDESoOL(Local domain €,,, Boundary condition ¢,,)

Perform the standard finite difference or finite element methods to solve the local
nonlinear equation (4.9);
return Local solution wu,,

: end function
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We consider the equation

—V. - (A(z, %) Vyu u®) =0, x e,
(45, 2) V) + S0 =0, we -

uf(z) = ¢(x), x € 00,

The physical domain is Q C R? with d > 1, and Dirichlet boundary condition is given
as ¢(x). The permeability A(z,y) = (a;j(x,y))axd : @ x RY — R4 depends on both
the slow variable x and the fast variable y = x/¢ and is highly oscillatory. The function
f : R — R describes the nonlinear source term. The solution u° presents one component
in a chemical reaction or one species of a biological system.

The well-posedness of equation (4.17) is classical. We assume that the permeability A
is a symmetric matrix with L*°-coefficients satisfying the standard coercivity condition,
and that the nonlinear function f is locally Lipschitz continuous and increasing. Then,
assuming the boundary 99 is smooth enough, given boundary condition ¢ € H/? (0Q) N
L (09), the problem (4.17) has a unique H!-solution satisfying the maximum principle.
We refer to [111, 75] for details.

4.3.1 Homogenization limit

The semilinear elliptic equation (4.17) has a homogenization limit as ¢ — 0. Supposing
that A(z,y) is smooth and periodic in y with period I = [0,1]%, then as ¢ — 0, the solution
uf converges to a limit u* that satisfies the same class of semilinear elliptic equations with

an e-independent effective permeability A*(z) = (aj;(z))axa:

V- (A" (z)Vu*) + f(u*) =0, x €N,
(4.18)

u* () = o(x), x €00,

This equation (in particular, the effective permeability A*(x)) can be derived by expanding
the equation (4.17) into different orders of . Rigorous proofs are given in [44, 43, 182].

We cite the following theorem as a reference:
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Theorem 4.1 (Section 16.3 in Chapter 1 of [44]; see also [8]). Assume the boundary
O is smooth. Given ¢(x) € HY2(0Q) N L®(dQ), let u® be the unique solution to the
semilinear elliptic equation (4.17) in H'(Q)NL>® (). Assume that the permeability A(x,y)
is periodic in y with period I = [0,1]% and that A(x,-) € CY(I). Then the solution u®
converges weakly in HY(Q) as € — 0 to u* (the solution to (4.18)), where the permeability
A*(z) = (a];(x))dxa is defined by

af(x) = /I S ki, 3) Gk + By, x) (8 + Oyxs )y (4.19)
k.l

Here, for each fized coordinate j = 1,2,...,d, the function x;j(x,y) is the solution of the

following cell problem with periodic boundary condition on I:

Vy - (A, ) Vy(x;(z,y) +y5)) = 0. (4.20)

To solve (4.17), the discretization has to resolve e, but in the limit (4.18), the dis-
cretization is independent of €. This suggests significant opportunities for cost savings:
The information contained in O(1/¢) degrees of freedom can be expressed with O(1) de-

grees of freedom.

4.3.2 Low dimensionality of the tangent space

We now study the structure of the tangent space of the solution manifold, verifying in par-
ticular the low dimension assumption. We choose some point @® on the solution manifold
and then randomly pick a neighboring solution point u®. These two points are solutions

to (4.17) computed from distinct nearby boundary configurations ¢ and ¢, that is,

Tlon=¢, ulog=0¢, with [[¢—¢|re@n) =O0). (4.21)
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By varying ¢ around ¢, one can build a small point cloud around %®. Denoting du® :=

u® — u®, we have immediately that

~Va (A (2, 2) Vodu) + f(@ +6u) - f(@) =0, z€Q, (4.22)

duf(z) = ¢(x) — p(x), x € 0N.

In the small-d regime, this collection of solution differences Ju® spans the tangent plane.
We claim this tangent plane is low dimensional, so that it inherits the homogenization

effect of the original equation. We have the following result.

Theorem 4.2. Let du® solve (4.22). Assume A(x,y) = (aij(x,y))dxd is periodic in y with
period I = [0,1]%. The equation has homogenization limit when € — 0, meaning there exists
a limiting permeability A*(x) = (a;j;(x))axd, determined by A(z,y) via equation (4.19)

and (4.20), so that 0u® — du* and du* solves:

—Va - (A*(z)Vyou*) + f(u* + ou*) — f(u*) =0, xr € Q,

(4.23)
ou*(x) = d(x) — ¢(x), z € o9,
where " solves:
—Vo - (A"(@)Vou") + f(u') =0,  =xe,
(4.24)
u*(z) = ¢(x), x € 0.
Further, for small 6, equation (4.23), in the leading order of 6, becomes:
—Vi - (A*(2)Viou*) + f(u*(z))du* = 0. (4.25)

Proof. By applying Theorem 4.1 to the equation for w®, which is

—Vo (A, 2) Vow) + f(u®) =0, z€Q,

ouf (x) = é(x), x €0,

we have by comparing with equation (4.17) for u® that u® converges weakly to @*, which
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solves (4.24), and that u® converges weakly to u*, which solves (4.18). From the definition

ou® = u® —u®, we find that du® converges to du*, which solves (4.23). O

This theorem suggests that for the discretized equation, because of the existence of the
homogenized limit, the tangent plane of the discrete solution is approximately low-rank.
The space spanned by {0u®} can be approximately spanned by {du*}, which solves the

limiting equation (4.23) without dependence on small scales.

4.3.3 Implementation

We apply Algorithm 4 to equation (4.17) with f(u) = u® and Q = [0, L]? C R?, that is,

~Ve(a(x,2)Veu) +u? =0, 2€Q=]0,L)%
02 Vo) 0.0 "

u(z) = é(z), z € 90.

We use the domain decomposition strategy of Section 4.2 to solve this system. Since (2 is
convex and the coefficient a(z,z/e) belongs to L*>°(€2), we can show using the monotone

method [10, 75] that the equation is well-posed, having a unique solution if we set
X =H'20Q)NL®09Q), Y=H'(Q)NLZEK).
In the offline stage, we generate N samples for each enlarged patch ﬁm, as follows:
Smi € B(Rm; Xn), i=1,...,N.

(The measure we use for sampling is discussed in Appendix A.1.) We equip the ball with
HY2-norm:

B(Rpn; Xm) = {6 € X 0]l 12 (061,,) < R} - (4.27)
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We compute the H/2(9Q)-norm numerically using the Gagliardo seminorm [87]:

_ 2
10l72(00 = \/ [ et [ =00 40,

For these boundary configurations, we solve the equation

-V, - (a (:U, f) Vzﬂm,i) +ud =0, € Qp,

m,i

(4.28)
U i(2) = dmilz), z €00, ,

and build two sets of dictionaries by confining the solutions in the interior €2, and the

boundary 0%2,,, as follows:

jm = {Q;Z)m,i = ﬂm,i|9m}i]\i17 '%m = {¢m,2 = am,ibﬁm}ﬁil . (429)

In the online stage, local boundary conditions are updated according to (4.14) at each
iteration, with coefficients computed from (4.13). The local tangent space is found by
searching for the k nearest neighbors in the dictionary %,,, mapped to the dictionary %,
(see (4.29)). We use the L? norm to measure the distance between the newly generated
solutions and the older solution set.

Once a preset error tolerance is achieved (at step n, say), the global solution is patched

up from the local pieces, as follows:

u™ = Z Xt | (4.30)
meJ

where u,(ﬁ) is the local solution on 2, at the n-th step and x,, : 2 — R is a smooth

partition of unity.
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4.3.4 Numerical Tests

We present numerical results for (4.26) in this subsection. We use L = 1, yielding the

domain Q = [0, 1], and define the oscillatory media as follows:

2 + 1.8sin(2wx/¢) 2 4 sin(27y/¢)
2+ 1.8cos(2my/e) 2+ 1.8cos(2mx/e)

a(z,y,x/e,y/e) = 2 + sin(2mx) cos(2my) +
The boundary condition is

o(x,0) = —sin(27x), ¢(x,1) = sin(27x),

¢(0,y) =sin(2my),  ¢(l,y) = —sin(27y).

To form the partitioning, the whole domain ) is divided equally into 4 x 4 non-
overlapping squares, and then each square is enlarged by Az, = .0625 on the sides that
do not intersect with 02, to create overlap. We thus have M; = My = 4, with Q,, for

m = (m1,mz2), m1 =1,2,3,4 and mg = 1,2, 3,4, defined by

Q= [max (m]\14 L Az, ) , min (% + Ax,, 1)}

X {max <m2 L _ Az, >,min (%—i—Amo,l)} , m=(my,mz) €J.

Denote €, = [x,(n), £Z)] [yﬁn),yﬁn)]. The partition of unity function x,, is defined

by normalizing the bump functions on the overlapping domains. More precisely, we first

define a bump function f,, : 2 — R supported on €2, as follows:

1 1
exp <_ I—|z—2m|/am ~ 1—=[y—ym|/Bm ) ’ (ﬁ,y) € Qm
Fla,y) = | 1/ ly—yml/ ) ’

0, Otherwise

(2) _ (1) (2)_ (1) (1) (2) (1)
where z,, = Zn_fn gy, = Yndn o = Zndtn apnd B, = ﬂ The partition of
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unity xm : 2 — R is then obtained by

- fm(xvy)
Xm(xﬂy) - Zmej fm(l',y) .

A standard finite-volume scheme with uniform grid is used for discretization, the cor-
responding nonlinear discrete system being solved by Newton’s method. The reference
solutions are computed on the fine mesh with h = 2712 = 4096 Unless otherwise specified,
other computations are performed with mesh size h = 279 = 5— Denoting the numerical

solution by u;; &~ u(w;,y;), we use the classical discrete L? norm

p
lullge =h | Y Jugl?,

4,7=0

and the energy norm

p p-1 Ugeli— U p p-1 w L —
i+ ,J ij m+
ulle = h Z Qiy1/25 |— 57— +Zzazg+1/2 ;
7=0 =0 1=0 5=0

and define the relative errors accordingly by

”uref - uapproxHS
[[tret|le

||uref - uapproxHLQ

relative L? error =
[[wret]| 2

, relative energy error =

We first describe numerical experience with the offline stage. Each interior patch 2,
is enlarged by a margin Az, to damp the boundary effects. The resulting buffered patch
Qm is concentric with €2,,; see Figure 4.2. In the plots shown below, we study the patch
indexed by m = (2,2).

To build the local dictionary, we generate 64 samples randomly in B(Rz 2, )?2’2), where
Ry5 = 20. (The sampling scheme is discussed in Appendix A.1.) We compute the local
solutions with these boundary conditions on 62272, for several choices of buffer size Axy,,

and subtract the solutions from the reference solution, confined to {2 2. This procedure

forms the tangent space centered around the reference solution in this particular patch. In
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Figure 4.2: Buffered domain decomposition.

Figure 4.3a we plot the singular value decay of this tangent space, for e = 274, It is clear
that the singular values decay exponentially, with a larger buffer margin Axy, leading to a
faster decay rate. This observation suggests that the tangent space is approximately low
dimensional. We then project the reference solution onto the space spanned by its closest
neighbors. As the number of neighbors increases, the relative error decays exponentially,
as seen in Figure 4.3b. When the buffer margin is Az, = 274, we achieve 99% accuracy
with 30 neighbors. By comparison, the degrees of freedom for this patch is determined by
the total number of grid points on the boundary of this patch — 768, in this particular
case.

In the online stage, we set the stopping criterion to be

Z ||¢£Z) - ¢$_1)‘|L2(8Qm) <1077,
m

where the upper index (n) indicates the evaluation of the solution in the n-th iteration
on X,,, which is the boundary of §2,,. The initial guess for all local boundary condition is
chosen (trivially) to be ¢$2)|89m\ag =0 and ¢$2)|3Qmmag = ¢laq,,no0-

In Figure 4.4, we compare the numerical solutions using the space spanned by £k =5
and k = 40 nearest neighbors. The buffer margin is Az, = 274, and we set ¢ = 274, We

also document the error behavior as a function of k, €, and Axy,. In Figure 4.5, we plot
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Figure 4.3: (a) The singular value decay of the tangent space (centered around the refer-
ence solution) on patch Qg o, for different values of the buffer margin Azy,. (b) The relative
error of the projection of the reference solution onto the space spanned by the nearest k
neighbors on Q5. The distance is measured in L?(g2). ¢ = 274 in both plots.
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Figure 4.4: Computed solutions. Left panel shows the reference solution obtained with
fine grids of width A = 27'2. Middle and right panels show the numerical error |u — et
obtained with k = 5 and k = 30, respectively.
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the error decay as a function of k (the number of neighbors used in the online stage) for
different values of € and Axzy. The decay is independent of ¢, indicating the rank structure
is not influenced by small scales in the equation. As the number of neighbors k increases,
the global relative L? and energy error decays exponentially provided a buffer zone is
present. When Azp = 0 (no buffer), the boundary layer effect is strong, and convergence
is not obtained, meaning that the local solution cannot be well approximated from the

dictionary.

10% 10* 10

Figure 4.5: The top row of plots shows the global L? error as a function of k with different
¢ and buffer zone size Ax}. The bottom row of plots shows the global energy error. The
three columns of plots represent Az}, = 274,272, 0, respectively.

We show CPU times in Table 4.1, comparing the reduced model for different values of
k with the classical Schwarz iteration, for ¢ = 274 and Az}, = 274, The same stopping
criterion is used for all variants. The online stage of each reduced model is significantly
faster than the classical Schwarz iteration. Even with & = 40 neighbors involved in the local
solution reconstruction, our method requires 1.12s, compared to 187.8s required by the
classical Schwarz method. While the offline preparation is expensive in general, it is still
cheaper in this example than the classical Schwarz iteration for solving a single problem.

Because the dictionary can be reused, our method has a strong advantage in situations
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CPU Time (s) (¢ =27%)
offline online
Reduced model £k =5 | 135.6914 0.173712
Reduced model k£ = 10 0.305707
Reduced model k& = 20 0.462857
Reduced model k£ = 30 0.696785
Reduced model k& = 40 1.124082
Classical Schwarz — 187.7705

Table 4.1: CPU time comparison between our reduced method with k& = 5, 10, 20, 30, 40
and classical Schwarz method.

where many solutions corresponding to different boundary conditions are needed. This
is a typical situation in inverse problems, where to determine the unknown media, many
boundary configurations are imposed and numerical solutions are computed to compare

with measurements [60].

4.4 Example 2: Nonlinear radiative transfer equation

Here we study the application of Algorithm 4 to a nonlinear radiative transfer equation.
Radiative transfer is the physical phenomenon of energy transfer in the form of electromag-
netic radiation, and the radiative transfer equations describe the absorption or scattering
of radiation as it propagates through a medium. The equations are important in optics,
astrophysics, atmospheric science, remote sensing [172], and other applications.

We denote by I¢(x, v) the distribution function of photon particles at location  moving
with velocity v in the physical domain D C R? and the velocity domain V = S?. Also
denote by T¢(z) the temperature profile across domain D. We consider a nonlinear system
of equations that couples the photon particle distribution with the temperature profile.

The steady state equations are

ev -V I¢ = B(T¢) — I¢, for (x,v) e K=DxV,
(4.31)

e2A,T° = B(T®) — (I?), forz €D,
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with the velocity-averaged intensity given by

(I)(z) = AI(m,v)du(v). (4.32)

Here, p(v) is a normalized uniform measure on ¥V and B(T) is a nonlinear function of 7',
typically defined as
B(T) = oT*, (4.33)

where o is a scattering coefficient [151, 207]. The parameter ¢ is called the Knudsen
number, standing for the ratio of the mean free path and the typical domain length.
When the medium is highly scattering and optically thick, the mean free path is small,
with € < 1. The scattering coefficient o is independent of e.

We consider a slab geometry. Assuming the y and z directions to be homogeneous,
then since v = (cosf,sin @ sin ¢, sinf cos ¢), the v, component becomes cosf € [—1,1].

The problem is simplified to:

ev0y1¢ = B(T*¢) — I¢
, (z,v) e K=la,b] x [-1,1], (4.34)

e20%T° = B(T?) — (I?)

with (I)(z) = & [1, I(z,v)dv.
We provide incoming boundary conditions that specify the distribution of photons

entering the domain. The boundary condition itself has no € dependence; we have
IF(z,v) = I(x,v) onT_, T%(x)=Ty(x) ondD. (4.35)

Here 'y collect the coordinates at the boundary with velocity pointing into or out of the
domain:

'y ={(z,v): 2 € 9D,xv -n, >0},

and n, denotes the unit outer normal vector at x € 0f).
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4.4.1 Homogenization limit

The equations (4.31) have a homogenization limit. As e — 0, the right hand side of the

equations dominates, and by balancing the scales we obtain

If ~ (I8) ~ o (T ~ T ~ o(TH)2.

To find the equation satisfied by 7™, we expand the equations (4.31) up to second order in
e. Rigorous results are shown in [156, 150, 33, 36]. We cite the following theorem captures

the results needed here.

Theorem 4.3 (Modification of Theorem 3.2 in [150]). Let D C R3 be bounded and 0D
be smooth. Assuming that the boundary conditions (4.35) are positive and that T}, €
HY2(OD)NL®(0D) and I, € L®(T'_), then the nonlinear radiative transfer equation (4.31)
has a unique positive solution (I¢,T¢) € L*®(K) x L*(D). If we assume further that
(Ip,Ty) > v > 0 and I, = B(T}p) a.e. on I'_, then the solution in the limit as ¢ — 0
converges weakly to (B(T*),T*), where the limiting temperature T™ is the unique positive

solution to the following PDE:
AL (T*+ B(T*)/3) =0, for €D, (4.36)
equipped with Dirichlet boundary data T*|sp = Ty. The convergence of T¢ is in H'(D)

weak and the convergence of I¢ is in L (K) weak-+.

Remark 4.4. Without appropriate boundary conditions I, = B(Ty), boundary layers of
width O(g) may emerge as e — 0. It is conjectured in [150] that the boundary layers in the

neighborhood of each point & € D can be characterized by the following one-dimensional
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Milne problem for y € [0, 00):

—(v-nz)d0,0 = B(T) -1,

o2 — BT~ (1),

~ ~

T(O) = Tb(i‘% I(O,U) = Ib('@av)a f07' v-ng <0,

@=d)ne represents a rescaling of the layer. The solutions that are bounded

where y =
at infinity are used to form the Dirichlet boundary conditions for (4.36): At the limit as

y — oo, B(T) = (I) = I, and one uses T(&) = T(c0).

According to Theorem 4.3, in the zero limit of £, I¢ loses its velocity dependence and
is proportional to (7%)* that satisfies a semi-linear elliptic equation. Since the information
in the velocity domain is lost, we expect low dimensionality of the (discretized) solution
set. For the slab problem for RTE (4.34), the number of grid points needed for a sat-
isfactory numerical result is N,/N,, with both N, and N, scaling as O(%) for numerical
accuracy. Thus, for every given configuration of boundary conditions, the numerical solu-
tion is one data point in an N, N,-dimensional space — a space of very high dimension.
However, when ¢ is small, the solutions are approximately given by the limiting elliptic
equation (4.36) and the number of grid points needed is a number N} that has no depen-
dence on e. This implies that the point clouds in the O(1/¢?)-dimensional space can be
essentially represented using O(1) degrees of freedom: The solution manifold is approx-
imately low dimensional. (Savings are even greater for problems with higher physical /
velocity dimension.)

The use of a limiting equation to speed up the computation of kinetic equations is
not new. For Boltzmann-type equations (for which RTE serves as a typical example),
one is interested in designing algorithms that automatically reconstruct the limiting solu-
tions with low computational cost. The algorithms that achieve this property are called
“asymptotic-preserving” (AP) methods [84, 138], because the asymptotic limits are pre-

served automatically. There are many successful examples of AP schemes, but most of
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them depend strongly on the analytical understanding of the limiting equation. The solver
of the limiting equation is built into the Boltzmann solver, to drag the numerical solu-
tion to its macroscopic description [155, 88, 86, 131]. Such a design scheme limits the
application of AP methods significantly. Many kinetic equations have unknown limiting
behavior, making the use of AP designs impossible. By contrast, Algorithm 4 does not
rely on any explicit information of the limiting equation, and is able to deal with general

kinetic equations with small scales.

4.4.2 Low dimensionality of the tangent space

As for the example of Section 4.3, we start by studying some basic properties of the local
solution manifold and its tangential plane.

We first randomly pick a point (Tg ,Ta) on the solution manifold around which to
perform tangential approximation. Nearby points (/¢,7°) are obtained by solutions to
the RTE (4.34) with respect to perturbed boundary conditions. The boundary conditions

for (TE ,TE) and (I¢,T7), respectively, are
(Flr_ T lop) = (1o, Ts),  (IF|r_ . T%lap) = (Ip, Th) , (4.37)
and we assume close proximity, in the sense that
116 = Tollz2(r,, ) + 1T — Toll2 = O(5).- (4.38)

Using the notation 61¢ := I¢—T" and 6T := T —T" for the difference of the two solutions,
we find that this difference satisfies the equations
ev8,01° = B(T" + 6T°) — B(T") — 61¢,

(4.39)
20267 = B(T" +6T°) — B(T") — (8I¢),
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with boundary conditions:
Ol =Ty =1, 0T|op =Ty —Tp.

By varying I, and T}, (subject to (4.38)), we obtain a list of solutions (61°,7¢) that
spans the tangent plane of the solution manifold surrounding (I°,7°). It will be shown

below that this plane is low dimensional. We have the following result.

Theorem 4.4. Let (§1¢,6T¢) solve (4.39). As e — 0, we have (01¢,0T¢) — (6I*,0T*) so
that 6I* = (0I*) = B(T" + 6T*) — B(T") and 0T* solves:

82 [6T* +1B(T" +01%) - LB(T] = 0. (4.40)
Here the reference state T solves:
52 [T* +1B(T] =0. (4.41)

Both equations are equipped with appropriate Dirichlet type boundary conditions. Further-

more, for small 0, the leading order equation is
A, [(1 + %B’(T*)) 5T*} ~0. (4.42)

Proof. Apply Theorem 4.3 (in one dimension) to the equation for (I",T") to obtain

£

evd,I" =B(I)-T

e202T" = B(I') — (I'),

and the equation (4.34) for (I¢,T¢). Together, these equations show that (I°,7") con-
verges weakly to (I, T") that solves (4.41), and also that (I¢,T¢) converges weakly to
(I*,T*) that solves (4.36). Taking the difference for (I°,T") and (I¢,T¢) we find that
(01¢,0TF) converges to (0I*,0T™*), which solves (4.40). O
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In one dimension, the elliptic problem only has two degrees of freedom, determined
by the two Dirichlet boundary conditions. This suggests that in the limit as ¢ — 0,
for relatively small ¢, the tangent plane spanned by (61¢,07¢) is asymptotically two-
dimensional, and is parameterized by the two boundary conditions for 67°. (A similar

reduction holds in higher dimensions, but we leave the implementation to future work.)

4.4.3 Implementation of the algorithm

In RTE, the domain setup needs some extra care, and we need to re-perform partitioning.
The physical boundaries are no longer the boundaries on which the Dirichlet conditions
are imposed, and the general framework in Algorithm 4.2 for PDE with Dirichlet boundary
condition on the physical boundaries has to be changed accordingly. For the (141)D case,

we set
K=DxV=][0,L] x [-1,1]; then T'_ = {(0,v) : v > 0} U{(1,v) : v <0},
with boundary conditions
Flr_=g=(¢"(0,),¢?(L,-), T°(0)=06", T9(L)=6?,

where g(l) is supported only on v > 0 while g(2) is supported only on v < 0. For notational

simplicity, we write
wi=(I51°), ulr_ == (g"(0,),9®(L, ), 60", 6%).
To partition the domain, we divide I into M overlapping patches:

K, with K, =Dy XV = [tm, Sm] X [—1,1], (4.43)
1

e
Il
S (=
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where t,,, and s, are left and right boundaries for the m-th patch, satisfying

D=t <ta<s1<tyg<- - <Syos<ty<sy_1<suy=0L.

The size of the mth patch in z direction is denoted as d,,, = t,,, — s;,. For each patch, we

define the local incoming boundary coordinates as follows:

Lo = {(tm,v) : v >0} U{(sm,v) : v < 0}. (4.44)

See Figure 4.6 for an illustration of the configuration.

\"; ]Qn-l Km+l
1 1
T 1 I 1
! : | : 1
1 | | 1
i I | 1
i —1 | 1
i I | 1
i I | 1
1 | | 1
I 1
: > | : 1
i I | 1
i I | 1
1 —_— 1 i
1 | | 1
i I | 1
t,! t] ! l
m-11 m | tm+1| 1
: ism-l : Sm E Sm+1 X
1 |
! l i - :
' i ! I
1 |
| | | | — In.
! | | !
: | : - 1
I 1
! I ! 1
| ' I !
-1 | 1
L |

Kin

Figure 4.6: Domain decomposition for nonlinear RTE and the incoming boundary of the
local patch.

In this particular setup, according to [156], if ¢ is in the space

X =I2T_)xR2 = {(9,0“),0(2)) | ge L3T_); 6V, 9@ > o} ,
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then there exists a unique positive solution in the space
Y = H}(K) x H\(D) = {(1.T) | I € H}(K).T € H'(D)} .
where Hi(K) is the space of functions for which the following norm is finite:

M a3 0y = M1l 2oy + 10021 L2y -
2

Note that the trace operators Thu = u|p, are well-defined maps from H3(K) to L*(T'y)
(see, for example [6]).
To proceed, we define several operators. We denote spaces associated with each patch

m as follows:

,—

X = LT, ) < B2 = {(9,00,09) | g € LT, ), 60),6%) > 0},

Vi = Hy(Kmm) x H' (D) = {(I,T) | I € Hy(K;), T € H (D)} .

Then we have the following operator definitions for each patch m. (For simplicity of

notation, we set o = 1 in the definition (4.33) of B(T).)

e The solution operator S, : X, — Vi, satisfies Sy = U, where u,, = (15,,T5))

my—m

solves the RTE on patch IC,,, with boundary condition
S = (gm, 08, 02)):

evo I, = (T,fl)4 - I
, (x,0) € Ky
2927 = (Ta )4 _ <Ie >
xr—m m m

with T (ty,) = 0\, T2 (sm) = 612, and
I’V€7’L|F7n,7 = gm(x, U) = (97(71)(@3 U)a 97(7%) (l’, U)) .

e The restriction operator Z,", ; from patch KC,;, to the boundaries of adjacent patches,
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namely, KCp, N T'yp41,— and Dy, N ODyy41,—, is defined as follows:

m € €
Im+1um = (Im|lCmﬂFm+1,—7Tm|Dmﬁ3Dm+1,f)7 m=1,...,.M -1,

I’IZLL—lum = (I’If’b‘lcmmrm—l,—’Tfn’Dmmapnz—l,—)7 m = 27 A 7M *

e The boundary update operator Py, : Xp—1 B X1 — X is defined for m # 1 and
m # M by

P bm—1, dmr1) = (T Sm10m—1, T S 1mr1)- (4.45)

For the two “end” patches K1 and Kj; that intersect with physical boundary I'_,

boundary conditions are updated only in the interior of the domain:

Pr:X X Xy — A1, Pi(o, ¢2) = (dlr_nr, _, IiSadh2) ,

Par: X1 X X = Xag, Par(dni—1,0) = (T ' Sy—16m—1, Glr_nry,,_) -

As suggested by Algorithm 4, in the offline stage, we construct local dictionaries on
interior patches from a few random samples, enlarging each interior patch slightly to

eliminate the boundary layer effect. Define iém and 5m such that

where D,,, C 75,” C D expands the boundary of D,, to both sides by a margin of Axy,.

)

Denoting by fm,, the boundary coordinates corresponding to D, we let X, = L2 (fm )X
R? capture the boundary conditions on OD,,.

We draw N samples ggmﬂ-, 1=1,2,...,N, randomly from the set
By (Rpm; &) = {6 = (Ip,Tp) € X : |6l < Rm, Ip >0, Tp > 0}.

(The sampling procedure is discussed in Appendix A.2.) The local solutions @, ; =
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(It i‘fﬂ) solve

m,i?

svamf,im = (ffm)‘l — It

" (@) € Ko,
20275, ; = (T, ) — (I5,.) (4.46)
(Il Trilop,) = 6mis i=1,2,...,N.

The solutions to these equations, confined to the original patch K, and its boundary I'y,,

are used to construct two dictionaries:

Im = {d}m,i}i]\;l? B, = {Qbm,z}{\;l (4'47)

where

wmvi - (Ifn,l|lcm7 TT'Erl,l’Dm) ) (Zsmvz - (I’fEn,’L"Fm,f ’ TS’L,Z’é)Dm) .

In the online stage, at each iteration, we seek neighbors to interpolate for local solu-
tions. We use the L? norm to measure the distance between the newly generated solutions
and the older solution set. Denote by <Z>$ff) the solution at the n-th iteration in patch /C,,,

and define by
{qu,i[(]n)’ q:13277k}
its k nearest neighbors in %,,, for some chosen positive integer k, with the indices i((ln)

being ordered so that qﬁm S is the nearest neighbor. Then we define the local tangential
1

approximation S, quJJ ) by:

Ul = Sl =y + T (4.48)
myiy

where U and ¢! are defined as in (4.12) and (4.13). The local solution is then updated

as follows:

St = P (6™ 1,60 ) = (T S8 | T S 160 ) (4.49)
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For m =1 and m = M, to avoid updating the physical boundary, we set

Pi(, 85") = (G0 _ary, T2S205")

PM(¢§\Z),17 ¢) = (I%_ISM—WS\Z),p Blr_nry,._) -

Once the convergence is achieved (at iteration n, say), we assemble the final solution

as

M
Ufinal = u(n) = Z Xmugg) ’ (450)
m=1

with xpm, : © = R being the smooth partition of unity associated with the partition of K.

4.4.4 Numerical Tests

In the numerical tests, we take the domain to be
K=DxV=][0,L] x [-1,1] = [0, 3] x [-1,1].

To form the patch K, = Dy, x V, the domain D is divided into M = 7 non-overlapping

=025andd; = +2 =0.5,i=2,...,M—1.

patches whose widths are d; = dy = 7

L
2(M—1)

Each patch is then enlarged by Az, = .125 to both sides (except the ones adjacent to the

physical boundary, which are enlarged only on the “internal” sides), so we have

m:@ﬂﬁﬁ+mQ,DM=@—m%rﬂ%@.

The region of overlap between adjacent patches I, has size 2Az, x [—1, 1]. The partition
of unity functions over each patch /C,, are obtained using the method of Section 4.3.4

Denote the spatial grid points by 0 = 29 < 21 < -+ < xn,-1 < =N, = L, which

is a uniform grid with step size Ax = NLI The velocity grid points are denoted by
-1 < v <wv2 < -+ <own,—1 < vy, <1 for some even value of N,. We use the

Gauss-Legendre quadrature points for the v;. The numerical solutions are denoted by
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I ~ T (xi,vj) and T' ~ T(x;). To quantify the numerical error, we denote the discrete

L? norm of u = ([I¥],[T"]) by

Noo Ag Noo AL Ny—1 Ny
Hqu:ij7‘101‘2+zwj7‘IzNz|z+ Z ijA:cH”\?
Jj=1 Jj=1 i=1 j=1
Ny—1
Ax Ax z .
7TO2 7TNI 2 A T'LQ
+ = 1T + = |+; 2| T2,

where w; is the Gauss-Legendre weight, and the relative error u,. between a reference

solution and an approximate solution wapprox is defined by

Huref — Uapprox H2
[[wret] |2

relative L? error =

We solve the PDE using finite differences. The intensity equation is discretized in
space by a classical second-order exponential finite difference scheme [133, 191], and the
temperature equation is approximated by the standard three-point scheme. The resulting
nonlinear system is then solved by fixed point iteration [150, 156], where in each evaluation
of the fixed point map, the monotone iterative method is exploited to solve the semilinear
elliptic equation. For computations with ¢ = 27% and ¢ = 276, we further use Anderson

acceleration to boost the convergence of fixed point iteration [11, 104, 208].

We use extremely fine discretization with Az = 2714 = 16},)84 and N, = 210 = 1024.

The discretization is fine enough for us to view it as the reference solution. All the other

computations are done with coarser mesh Az = 2711 = ﬁ and N, = 27 = 128.

The boundary condition ¢ = (¢(1), g, 01 () is defined as follows:

gM(0,v > 0) = 3+sin(2mv), ¢P(L=3,0<0)=2+sin(27v),

0(0)=0M =2, o(L)=6% =3.

The enlarged patches needed in the offline stage, denoted by I%m, are obtained by
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enlarging each respective KC,,, by the quantity Axy,. The configuration of the domain and

the partition are seen in Figure 4.7, where Az = .125.

\%
0.25 0.75 1.25 1.75 2.25 2.75

1 T T T T T T
1 1 1 1 1 1
1 X 1 1 1 1 1
1 1_1’. 1 1 1 1 1
1 | 1 1 1 1 1
1 1 1 1 1 1
1 | 1 1 1 1 1
: < Ax,! 1 1 1 :

I ALY 1 1 1

1 1 1 1 1 1
1 ] 1 1 1 1 1
1 | 1 1 1 1 1
1 1 1 1 1 |
T T T T T T
1 1 1 | 1 1 1 X
1 1 1 | 1 1 1
1 1 1 1 1 1
1 1 1 | 1 1 1 K3
1 1 1 I 1 1 1 ~
1 1 1 1 1 !
1 1 1 ' 1 1 1 K3
1 1 1 1 1 1
1 1 1 I 1 1 | 1"3:
1 1 1 1 1 1 | I—t
1 1 1 | 1 1 1 L.

-1 1 1 1 1 1 1

0 0.5 0.625 137515 3.0

Figure 4.7: Configuration of patches (including enlarged patches) in the decomposed do-
main

On the buffered interior patch /Em, we sample N = 64 configuration of boundary

conditions in By (Rp; Xim). On the discrete level, this process finds 64 boundary conditions

ggso that
B N, B N
1617 =D wild® (s, 0>+ > wilgdt,v)? + 0P + 6P < Ry
j=1 =241

We set R, = 25 in our experiments.

To demonstrate the linearity of the updating map P,,, we choose the patch K3 =
[0.625,1.375] x [—1,1], which overlaps Ky at [0.625,0.875] x [~1,1]. For Ax, = 273
and ¢ = 276 we compute local solutions on the buffered domain Eg with 64 different
configurations, and evaluate T' at 0.625 and 1.375 (the two ending points of K3) and at
0.875 (the point that intersects with 0Kz). In Figure 4.8, we plot 7°(0.875) as a function of
T(0.625) and T'(1.375). We observe that it is a slowly varying two-dimensional manifold
and is locally almost linear. Thus, 7'(0.875) can be determined uniquely by the pair of
values (T(0.625), T(1.375)). Further, we plot (L0 t@B) apq DO a6 1 = 0.875,

showing that the relative variation is nearly zero. This means that [ is essentially constant
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at « = 0.875, with I = T*. These calculations suggest that the entire solution on this
patch is uniquely determined by 7°(0.625) and 7'(1.375), implying that the local degrees of
freedom for the solution in the entire patch is only two, so that the local solution manifold

is approximately two-dimensional.

%10 %10

29 A = ®e
2 15 A .
15 - 15 eoe ® .
. 1- °
: ‘ " T G
] 05 - (3
o st 4
e . - . =
— s ° 3 et 3
05 = 0= - Mi — 2 bt 2

e oA
3 25 I ey 3 25

3 e
25 2 b

1}:"”1 = . — o 2 5 —
T(1375) 0s 7(0.625) 7(1.375) 08 7(0.625) T(1.375) 09 7(0.625)

Figure 4.8: The plot on the left shows the point cloud (7'(0.625),7'(1.375),7°(0.875)) and
its fitting plane. We observe that the manifold is approximately two-dimensional, so that
T'(0.875) can be uniquely determined by (7°(0.625),7'(1.375)). The middle and right panels

I(z,)—(I)(z)|? = N@)-T@)?*
%andﬁh—%

showing that the solution is nearly constant, with I = T4.

show the quantities 3X; = at x = 0.875, respectively,

To verify that the local dictionary represents the solution manifold adequately, we
confine the reference solution in patch o and project it onto the space spanned by its
nearest k£ modes in the local dictionary. We evaluate the resulting relative error as a
function of k, plotting the result in Figure 4.9. For ¢ = 276 and Axy, = .125, we observe
a sharp decay of error when k£ > 3, meaning that the local reference solution can be
represented to acceptable accuracy by two local dictionary modes, and suggesting once
again that the local solution manifold is two-dimensional.

The sample number N and the radius R, are two crucial parameters that affect the
effectiveness of the method. We check how the approximation capability of the local
dictionary depends on the two parameters over the local patch 3. In Figure 4.10a, we
show the projection error as N increases for different R,,. The error of the dictionary
saturates as IV increases, and it can be used as a criterion to decide the size of the local
dictionary. In Figure 4.10b, we show the relative projection error of the reference solution

onto the local tangent space using dictionaries with different R,,. It can be seen that the
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Figure 4.9: The relative error of the L? projection of the reference solution onto the space
spanned by the nearest £ modes on the patch Ks.

radius R,, must be large enough to obtain a good local basis.

In the online computation, we set the stopping criterion to be
Yol — ol <1072,
m

where gb,(ff) is the boundary condition on the patch IC,, at the n-th iteration. We take the
initial boundary condition on each patch to be trivial, setting ¢>$2) |1"mY7\1"7 = 0, except on
the real physical boundary condition, where it is set to the prescribed Dirichlet conditions.

In Figure 4.11, we compare the reference solution with our numerical solution computed
using k = 5 and buffer zone Az, = 273. When ¢ = 1, the equation is far away from its
homogenization limit, and the numerical solution is far from the reference, but for ¢ = 276
the numerical solution is captured rather well using just k£ = 5 neighbors.

In Figure 4.12 we document the relative error for various values of k and Axy,. When
¢ is small, and for buffer width Az, sufficiently large, we need only k = 2 neighbors to
produce a solution of acceptable accuracy. Without the buffer zone to damp the boundary
layer effect, however, the low dimensionality of the solution manifold cannot be captured,
even for small €.

We also compare the cost of our reduced method with the classical Schwarz iteration.
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Figure 4.10: The plot on the left shows the average error of the L? projection of 100 test
samples onto the space spanned by the nearest 5 modes. The test samples are generated
from the same distribution as the dictionary. The plot on the right shows the relative
error of the L? projection of the reference solution onto the space spanned by the nearest
5 modes on patch Ky. The number of samples is N = 64 for all R,,.
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Figure 4.11: The first two columns of plots show the reference solution and numerical
solution for € = 1, and the last two columns compare the solutions for e = 275,
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(C) Azy, = 24 (d) Az, =0

Figure 4.12: The relative L? error in one trial as a function of k, for various values of Axy,
and €.
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CPU Time (s)
e=2"1 =26
offline online offline online
Reduced model £ =3 | 394.3911 | 0.181324 | 904.7498 | 0.215390
Reduced model £ =5 0.301761 0.222538
Reduced model k£ = 10 0.379348 0.282070
Reduced model £ = 15 0.548689 0.346633
Reduced model k& = 20 0.586276 0.532603
Classical Schwarz — 458.0987 — 2183.7079

Table 4.2: CPU time comparison between reduced model method with k = 3,5, 10, 15, 20
(size of each local dictionary N = 64).

CPU times for both methods are summarized in Table 4.2 for ¢ = 274 and ¢ = 275, with
buffer size Az, = .125. The online cost of the reduced method is about 1000 times cheaper
than the classical Schwarz iteration when e = 274 and 4000 times cheaper when & = 275,
Even considering the large overhead cost in the offline stage, the reduced order method is
still cheaper than Schwarz iteration.

Finally, we reiterate that due to the nonlinear nature of the equations, the concept
of “basis function” is not well-defined. The reduced model method for linear equations
was proposed in [62, 63], where random sampling is used to construct the boundary-to-
boundary map P, by following the idea of randomized SVD [121]. If we translate this
approach to nonlinear homogenization, using Green’s functions in a brute-force manner,
the numerical results are poor. By the “Green’s functions,” we mean the solution to
the equation with delta boundary conditions (counterparts of Green’s functions in the

linear setting). The numerical results are presented in Figure 4.13, that compares the

ground-truth solution with the Green’s function interpolation.

4.5 Conclusion

Multiscale physical phenomena are often described by PDEs that contain small parame-
ters. It is generally expensive to capture small-scale effects using numerical solvers. There

is a vast literature on improving numerical performance of PDE solvers in this context,
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10

Figure 4.13: The left column of plots is the solution with ¢ = 274, and the right column
is the solution from a linear combination of the full set of “Green’s functions”. The top
row shows the solution 7" and the bottom row shows the solution I.

but most algorithms are equation-specific, requiring analytical understanding to be built
into algorithm design.

We have described numerical methods that can capture the homogenization limit of
nonlinear PDEs with small scales automatically, without analytical prior knowledge. This
work can be seen as a nonlinear extension of the earlier work [65] for linear PDEs. Elements
of our algorithm include domain decomposition framework and Schwarz iteration. The
method is decomposed into offline and online stages, where in the offline stage, random
sampling is employed to learn the low-rank structure of the solution manifold, while in
the online stage, the reduced manifolds serve as surrogates of local solvers in the Schwarz
iteration. Since the manifolds are prepared offline and are of low dimension, the method
exhibits significant speedup over naive approaches, as we demonstrate using computational

results on the semilinear elliptic equation.
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Chapter 5

Semiclassical limit of a
time-dependent inverse problem

for the Schrodinger equation

It is a classical derivation that the Wigner equation, derived from the Schrodinger equation
that contains the quantum information, converges to the Liouville equation when the
rescaled Planck constant ¢ — 0. Since the latter presents the Newton’s second law, the
process is typically termed the (semi-)classical limit. In this chapter, we study the classical
limit of an inverse problem for the Schréodinger equation. More specifically, we show that
using the initial condition and final state of the Schrédinger equation to reconstruct the
potential term, in the classical regime with ¢ — 0, becomes using the initial and final
state to reconstruct the potential term in the Liouville equation. This formally bridges an

inverse problem in quantum mechanics with an inverse problem in classical mechanics.

5.1 Introduction

The classical limit, or the semi-classical limit of quantum mechanics is the ability of

quantum theory to recover, or partially recover classical mechanics when the rescaled
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Planck constant ¢ is considered negligible. More specifically, by setting € ~ 0 in the
Schrodinger equation, one is expected to recover the Newtonian’s law of motion (Newton’s
second law) in the asymptotic limit.

The concept of linking quantum mechanics and classical mechanics was already in
formulation in 1920s, and was presented by N. Bohr in his Nobel lecture under the name of
“correspondence principle”. Since then, there have been abundant studies on deriving and
proving the classical limits. While the formal derivation using WKB expansion is relatively
easy to show, the discontinuity in the limiting equation (Hamiltonian-Jacobi equation)
makes the rigorous mathematics analysis hard to obtain. In [109, 193, 22|, the authors,
by introducing Wigner measures, flipped the studies to the phase space and expanded out
the singularity, upon which, the derivation of classical limit was made rigorous.

We investigate the problem in an inverse setup. Suppose a quantum system is modeled
by the Schrodinger equation, and one can measure the initial and final state, can one
reconstruct the potential term (the field) in the equation? Moreover, if the quantum
system is in the classical regime, with ¢ ~ 0, can we view this inverse problem as the
inverse problem for the Newtonian motion? What is the connection between the inverse
Schrodinger and the inverse Newton’s law? These questions essentially come down to
deriving the classical limit of the inverse problem for the Schrédinger equation.

It is a relatively big topic, and in this chapter in particular, we confine ourselves to the
linearized setting. Namely, we assume the potential term is close to a preset background
potential, and we are interested only in reconstructing the perturbation term. Under this
setting, both the inverse Schrédinger problem and the inverse Newtonian motion problem
can be formulated as Fredholm integrals, and it is the representatives (or the kernels) of
the integrals that reveal the perturbed potential information. The question of deriving the
classical limit, when confined in linearized setting, becomes: are the two representatives
asymptotically equivalent when € — 0 in some sense?

The problem is of great interest, not only for our mathematical curiosity, but also for

its practical use.
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Since the fundamental question of bridging quantum mechanics and classical mechanics
is mathematically clear, it is very natural to seek for its correspondence in the inverse
setting. Indeed, in what sense can one view the inverse Schrédinger problem and the
inverse Newtonian motion problem equivalently? Or, is it possible for one problem to be
more stable than the other? This type of stability increasing/decreasing problem recently
attracts a large amount of attention for various sets of problems [61, 153, 209, 176].

Practically, the Schrodinger equation is not only regarded as the fundamental model
for quantum mechanics, but also emerges as the limit of the Helmholtz equation when
dynamics in different dimensions is described at separate scales [113], and thus serves as
a fundamental model for the wave propagation (for a fixed high frequency) as well. There
are abundant applications, in which high-frequency waves are sent to detect the media [21,
26, 29, 39, 200]. Mathematically, this is to seek for reconstructing the speed of sound in
the Helmholtz equation, which is to reconstruct the potential term in the Schrédinger
equation. Moreover, the inverse Schrodinger problem is also a transformed version of the
celebrated Calderén problem, arises from Electrical Impedance Tomography (EIT) [55].
For these reasons, inverse Schrodinger problem has long been regarded as one of the most
important inverse problems. Most of the studies, however, set the Planck constant in
the Schrédinger equation to be an O(1) value. This is not practical in many applications
mentioned above. In the high frequency regime for the Helmholtz equation, or in the
classical regime with the rescaled € — 0, the stability of the inverse problem may change,
and it would be of great practical interests to predict the stability in these regimes, and
to quantify the reconstruction error in terms of the rescaled €. Linking it to the inverse
Newtonian motion is a natural strategy.

Despite the great importance of the problem, the theoretical study has been thin, even
though it is mentioned a couple of times in the literature [143, 140, 141, 178]. Most of
the studies formulate the problem as the (quantum) scattering problem. See also the
geometric version for reconstructing the refraction index [175, 174, 123, 173]. The obsta-

cles come from (a) the disparity of the technicalities used in deriving the classical limit,
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and in analyzing inverse problems, and (b) the disparity in analyzing the two different
inverse problems (inverse Schrodinger and inverse Newtonian motion). In this chapter,
we take an initial attempt to bridge the two under the linearized setting, hoping to unveil
some connections that could potentially serve as stepping stones for further investigation.
We should mention, that when the media encodes randomness, the classical limit of the
Schrodinger equation (or similarly the wave equation) is the linear Boltzmann equation
(or the radiative transfer equation) that characterizes the dynamics of photons on the
mesoscopic level. The associated inverse problem is highly related to imaging, and has
been studied in different contexts [24, 27, 25, 58, 126].

This chapter is organized as follows. In Section 5.2, we utilize the linearization ap-
proach to set up the frameworks for Schrédinger, Wigner and Liouville inverse problems.
The relations between and the three inverse problems are considered in Section 5.3, in-
cluding the equivalence of the Schrodinger and the Wigner inverse problem, and the con-
vergence from the Wigner to the Liouville inverse problem as ¢ — 0. Numerical tests are
exploited in Section 5.4 to demonstrate the convergence from the Wigner to the Liouville

inverse problem.

5.2 Three inverse problems for the Schrodinger equation in

the classical limit

As We have seen from Section 2.3, for the Schrodinger equation in the classical limit, we
are now facing three equations: the original Schrédinger equation, the Wigner equation,
and the Liouville equation as the classical limit of the Wigner equation. With respect to
these three equations, we can formulate three inverse problems, all of which will be derived
in this section.

We employ the same setup for the three inverse problems: we assume the equations are
Cauchy problems without boundary constraints, and we confine ourselves to the linearized
setting. This is to assume the potential term V is close enough to a background V4. The

given input is the initial data and one can measure the final state at a given time 7. The
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to-be-reconstructed parameter is the potential term V' (or equivalently V=V- W).

We present the three inverse problems in the following three subsection respectively.

5.2.1 A linearized inverse problem for the Schrodinger equation

Recall the Schrédinger equation in R? is
1
10, = —552Az¢5 + V(z)¢° . (5.1)

Let the initial data be ¢°(0,2) = ¢5(x), and final data at ¢ = T be ¢°(T,z) = ¢F(x).
While the forward problem is to compute ¢%. for every given ¢f, the inverse problem is to

use (¢f, »7) data pairs to reconstruct V. In other words, denoting
MS[V] : o1 — o7,

the inverse problem is to use the map Mg[V] to reconstruct V.

Remark 5.1. The reconstruction is at most unique up to a gauge transform. Indeed, let

H¢ be the Hamiltonian operator (2.13), and define fIfL to be a new Hamiltonian operator

~ - 2
HZ:HEJr%n, nez.

We further define the unitary semi-group generated by H¢ and ﬁfl
US(t) = e 5 Uty = e e >0,

Clearly the two Hamiltonian operators are different, but US(T) = U;(T), for all n € Z.

This suggests that the initial-to-final map
MEIV] = a5 [V + 2750

and thus the reconstruction cannot be unique.



93

To derive the linearized version of the inverse problem, we assume there is a known

background potential term V4,(z) such that
V(z) =V(z) - Vy(z)

is much smaller than V;(x) in amplitude. We further write the background problem with
the same initial condition:

. £ 1 £ (=
1€8t¢b = _§€2Ax¢b + Vb($)¢b )
(5.2)

¢p(0, ) = i ().

For a preset V}, and ¢f(z), one can compute the equation for ¢f (T’ ) = ¢f ().

Let 55 = ¢° — ¢} be the perturbation of wave ¢°, then by subtracting the equation (5.1)
from (5.2) and omitting the higher order term 1755 , we get the equation for the perturba-
tion 55

i£0,5° — —%SQAI& V(@) + V(@) -

¢°(0,2) =0.

Note that &5 has trivial initial data and implicitly depends on the initial condition ¢}
through the background wave ¢f. Knowing the measured data ¢7(z), and the computed

data gbf)’T(x), we merely take the difference and define
o7 = ¢ (T, 2) = ¢7(x) — dp () . (5.4)

The inverse problem now translates to reconstructing 1% using (of ,$€T) data pairs. To do

so, we formulate the adjoint equation ¢ that solves:

iﬁaﬂﬁs = _152Ax¢€ + Vb(x)we )
2 (5.5)

(T, z) = ¢r(x),

where the data is given at the final time 7.
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Taking (5.3) X ¢ — (5.5) X ¢, we arrive at
1£0(07%) =~ (70,0 — 3 0,T) + V()65

We integrate the equation over R? x [0, T], and then apply the Green’s identity and make

use of the trivial initial data for 55 . This finally yields our problem formulation

~ 1 ~ T ~
[ G = [ Vi) [ diae = | V@R vilede,  (60)

where we call the representative:

R[4, 0] = / gigedt. (5.7)

Note that the left hand side of (5.6) is known, with 7, given in (5.5) and QNSET calculated
from the measured data (5.4). The right hand side formulates a Fredholm integral on the
unknown V and the kernel Rg. Reconstruction of V amounts to inverting this Fredholm
integral using different configurations of R§, which, in turn, are tuned by (¢f,v7) data

pairs.

5.2.2 A linearized inverse problem for the Wigner equation

The counterpart of the Schrédinger equation on the phase space is the Wigner equation.
We derive the linearized inverse problem for this equation assuming initial and final states

are given. Recall the Wigner equation in R2%:
Of + k- Vof* = L[f], (5-8)

with

Ly[ff] = i/de 6ip(x_y)V(y)§ [fa <9: k+ ;6p> - ff (w k— ;spﬂ dpdy .
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Let the initial data be f¢(0,z, k) = f{(z, k), and we call the final time data f*(T',z, k) =
f7(x, k). The goal is to use initial-final data pairs (f{ , f7) to reconstruct the potential

term V. This amounts to using the following operator to reconstruct V:
Mw[V] = fi = fr-

Remark 5.2. According to the definition of Ly, it is immediate that L5, = L5, » where
C can be any constant. This makes M3y [V] = M{y[V + C|. Therefore the reconstruction

can be at most unique up to an unknown constant.

To derive the linear inverse problem, we assume that there is a background potential
Vi (2) so that V(z) = V(z) — Vi () is much smaller than Vi () in amplitude. Call the

background problem with the same initial condition:

Ofs +k-Vafy =Ly [f5]

f5(0,2,k) = fi (2, k),

(5.9)

where the operator Ly; is defined by the background potential. With a preset V4, and ff,
fﬁT(x, k) = fi (T, x,k) can be pre-computed.

Define f¢ = f< — ft, we subtract (5.9) from (5.8), and drop the higher term L%,[fe] to
have the equation for ]?5 :

8~€ k.vx~€: e [fE LETfe],
i fS + f v L]+ V[fb] (5.10)

720, 2,k) = 0.

This equation describes the dynamics of the perturbed data fg . It has trivial initial
data, and implicitly depends on f; through the E% [fc] term. Since ff%(z, k) is the measured

data and f{ p(z, k) is precomputed, the perturbed equation’s final data is also known:

f%(mv k) = fa(T,:L‘,kI) = fE(T71'> k) - fli(Tvxa k) = f]a“(x? k) - fli,T(:L‘a k)
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As was done in the case of the Schrodinger equation, we also derive the adjoint equation

for g°:
Og" +k-Vig® = %/b [gs] )
(5.11)
gg(Tv €, k) - g%(.%', k) )
with the data imposed at the final time ¢t = T'.
Taking (5.10) X ¢¢ + (5.11) x f¢, we arrive at
O(F70%) + V- (Kf07) = L5, [F7] + FOL5, [9°] + P L5 5] - (5.12)

We integrate the equation over R?? x [0, T]. Making use of the anti-self-adjointness of 5‘%/1),

as shown in (2.21), and the trivial initial data of f¢, we obtain:

/ fegrdadk = / gL [ f)dwdkdt .
R24 R24%[0,T

We note that the integral term on the right hand side of the equation is a linear

operator on V. To do so, we expand E% , and employ (2.18):

/ Fegpdadk; = / V() Ry L g () de (5.13)
RQd ]Rd

with the representative

i ip(z—z) 7
R 07 = Gy [ T DD bp)dpdzdkat, (340

where D° ff is defined in (2.19).

Once again, the left hand side of (5.13) is known, with f; computed and g7 given, and
the right hand side of (5.13) is a Fredholm integral on V with the kernel Ry The linear
inverse problem of the Wigner equation amounts to inverting such an integral. By choosing
different configurations of (ff, g7), we obtain different profiles of Rfy, using which, we try

to reconstruct ‘7
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5.2.3 A linearized inverse problem for the Liouville equation

Finally, we derive the inverse problem for the Liouville equation. Recall the Liouville
equation in R2?

Of +k-Vof —VaV - -Vif=0. (5.15)

Denote the initial data to be f(0,z,k) = fi(z, k), and we assume one can experimentally
measure the final time solution at ¢t = T for fr(z, k) = f(T,x, k). The goal is to reconstruct
V in the Liouville equation using the initial-to-final data pairs (fi, fr). Namely, to use

the following operator to reconstruct V:

ML[V] s fi— fr.

Remark 5.3. Since the potential term enters the equation (5.15) through its gradient
V.V, M;[V] = MV + C] for any constant C. This means the reconstruction of V is

at most unique up to an arbitrary constant.

As was done in the previous sections, the problem shall be linearized around a back-

ground potential Vj(x). The background equation with the same initial data writes:

Ocfo +k-Vafo = VaWo - Vif, =0,

fb(()?xa k) = fI('rv k) .

(5.16)

Denoting the perturbation f = f — f;,, we subtract (5.16) from (5.15), and drop the higher
order term Vx‘7 . ka to obtain the equation for the perturbation:

Of+k-Vaof —VoVio - Vif = VoV -Vifp,
(5.17)

f(0,z,k)=0.

The equation has trivial initial data, but it implicitly depends on f; through the f;, term

that enters as the source. Since fr(z, k) is measured, and f, (7, z, k) can be precomputed
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for any given V},, we easily obtain:

fT = }V(Tvxﬂk) = f(T,J},k) - fb(T7x7k)

as a known quantity.

The adjoint equation for g is:

O g+k-Vieg =V, W, -Vig=0,
(5.18)

Q(T7 €z, k) = gT(xv k) :
Taking (5.17) x g+ (5.18) x f, we arrive at
O(fg) +Va - (k]9) = Vic- (fgVaVo) = gVaV - Vify.

We integrate the equation over R?? x [0, 7], and make use of the trivial initial data for fv

/ fT?dedk = / gvxf/ - Vi fodzdkdt .
R2d R24x[0,T]

Moving the V, from V to gV fy, this becomes

/ Frgrdadk = / V(2) Rl fi, g7 (2)da (5.19)
R2d R

where the Liouville representative is defined as:

Ri[fi,97] = —Vy - GV fodkdt . (5.20)
R4 x[0,T]

Again, the left hand side of (5.19) is known, and the right hand side of (5.19) is a Fredholm
integral of V with the kernel Ry,. The linear inverse problem of the Liouville equation is

to invert such an integral.
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5.3 Connecting the three inverse problems

The Schrodinger equation, the Wigner equation and the Liouville equation are connected.
According to Lemma 2.1 and Theorem 2.2, f¢ = W¢[¢°] necessarily satisfies the Wigner
equation as long as ¢° solves the Schrodinger equation, and when ¢ — 0, f¢ — f that
solves the Liouville equation.

We look for the counterparts of these relations in the inverse setting. This is to
investigate the three inverse problems introduced in Section 5.2. More specifically, since
the three inverse problems are uniquely represented by the three representatives Rg, Ry,
and Ry, as defined in (5.7), (5.14) and (5.20) respectively, we essentially need to show the

connections between them.

5.3.1 From Schrodinger to Wigner in the inverse setting

This is to study the relation between the linear Schrodinger inverse problem (5.6) and the
linear Wigner inverse problem (5.13). For simplicity of notations, we drop the € super-
script throughout the subsection. The theorem below demonstrates that every Wigner
representative Ry can be written as a linear combination of Schrodinger representatives

Rs. This means the space spanned by all Ry is a subspace spanned by all Rg.

Theorem 5.1. Let ¢y(t) and ¢} (t) be the solutions to the background Schridinger equa-
tion (5.2) with initial data ¢1 and @] respectively. Let 1(t) and 1'(t) be the solutions to

the adjoint Schodinger equation (5.5) with final data Y1 and ¢ respectively. More over,
let fi = Wior,¥'(0)] and gr = Wr, ¢L(T)]. Then

(2me) Rw/(f1, 1] = (¢7,¢'(0)) Rs[é1, 7] — (61,%(0)) Rs[ef, ] . (5.21)

Proof. According to the definition of Wigner representative (5.14), let f, and g solve the

background and the adjoint Wigner equations, Rw|fi, gr] becomes

; T
Rulfi.gr] = o /0 I()dt (5.22)
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with

I= / P0G (2 kYD fio (2, k, p)dpdzdk .
R3d

According to (2.1), g(t) = W(t), ¢, (t)] and fi,(t) = Won(t), ¥’ (t)] and thus

- /de SPEIWIG(E), 61, (D] (2, k) DW [ (1), ¢ ()] (2, k, p)dpd zdk .

Here DW ¢y (t),4'(t)] is defined as in (2.19). Plugging in the Wigner transform, we get

/ eik(qu) [eip(z-i—%sq—;t) - eip(z—%eq—x)}
R5d

_ 1 1 1 — 1
7 <z _ 2€y> # (z i 25y> o (z _ 2€q> 7 <z T 2eq> dydqdpdzdk

(5.23)
_ 1 / [eip(er%squ) _ eip(zféeqf:p)]
(2m)de [Rsa
— 1 , 1 1 — 1
Y lz—ceq)op |2+ 589 ) | 2—eq ) V' | 2+ seq ) dgdpdz,
2 2 2 2
where we used the Fourier inversion formula
1 ik(q—1)
— ! h(y)dydk = h(q) . 5.24
@) /R L€ (y)dy (9) (5.24)
Let 2/ = 2 + %aq, 2=z - %Eq, we get
1 M ! 3 ' _— —
— ip(z'—z) _ ip(z"'—x) AV, " / / "
= (2m)ded+1 /R:sd [e® e? ("), (2") P (2" (2)d2 dpdz (5.25)

= L0000, (0} 2y S VT (@) — (40 0/ (1)) gy 1))

where we again use the Fourier inversion formula in the second equality.
According to (2.14), (¢p(t),¥(t)) and (¢} (t),4'(t)) are both constants independent of
t. Using (5.22) and the definition of the Schrodinger representative (5.7), we integrate the

equation over [0,7] to conclude (5.21). O

The unique reconstruction of V in (5.6) and (5.13) amounts to investigating the dimen-

sion of the spaces Rg and Rw respectively. This theorem suggests that the latter space is
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a subspace of the former, meaning the unique reconstruction of (5.13) would indicate the

unique reconstruction of (5.6).

5.3.2 From Wigner to Liouville in the inverse setting

According to Theorem 2.2, the Liouville equation is the classical limit of the Wigner
equation, meaning that f€, which solves the Wigner equation, converges to f, which
solves the Liouville equation, when € — 0. We expect similar argument holds true in the

inverse setting as well. This amounts to study the two representatives Ry, and Ry..

Theorem 5.2. Let Ry[ff,97), and Ry[fi,g7| be the representatives defined in (5.14)

and (5.20) respectively, where
_ lim f¢ ~ lim o
fi=lm fr,  gr=limgr,

then we claim:

lim Ry [fT, 97] = Ru[f1, 97] - (5.26)
e—0

Proof. Suppose f; solves the background Wigner equation (5.9) with the initial data ff,
and f}, solves the background Liouville equation (5.16) with the initial data f;. In the
semi-classical regime ¢ — 0, by Theorem 2.2, we know that the background wave fg
converges to f;,. Thus, we have, formally,
lim D® f(z,k,p) = lim1 filz k+1€p —fil=z k—lsp
e—0 b= e—=0¢ b ’ 2 b ’ 2
(5.27)
=D Vifolz, k).

Similarly, suppose g° solves the adjoint Wigner equation (5.11) with the final data ¢5., and

g solves the adjoint Liouville equation (5.18) with the final data gr, then the adjoint wave
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g° converges to g. Combining these:

i

Ryl 67)(@) = /R o © T RSz b p)dpdzdkds
X1Y,

o (5.28)

= d / PGz k)p - Vi fo(z, k)dpdzdkdt .
(2m) R34 x[0,T]

Integrating by parts for the limit and applying the Fourier inversion formula (5.24) lead

to the Liouville representative, that is, the right hand side of the last limit becomes:

1 . _
L / VDY (G (2, K) Vi fo (2, b)) dpdddt
(2m) R34 x[0,T] (5.29)
= - vx : g(ﬂj‘, k‘)kab(l‘, k)dkdt = RL[fIa gT] s
Rx[0,T
which concludes (5.26). O

The proof above is formal. We assumed enough regularity for the convergence (5.27).
We also need the convergence to hold true in the strong sense (in L? for example).

This theorem suggests that the inverse problem of the Wigner equation, in the classical
regime with e — 0, is asymptotically equivalent to the inverse problem of the Liouville
equation. This suggests the connection between the Schrédinger equation and the New-
ton’s law of motion in the inverse setting: if the reconstruction of the potential term
using the initial-to-final data map is unique (up to a gauge transform) and stable for the
Schrodinger equation, it is expected that the same should hold true for the Newton’s law

of motion.

5.4 Numerical results

As a proof of concept, we provide numerical evidences for the Wigner inverse prob-

lem (5.13) in the classical regime.
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5.4.1 Numerical setup

In (1 4 1)-dimensional space, the background Wigner equation reads

Ouf5 + kLS = 5 /R (W (=+3) - (o= )] filep)erEaydp,

(5.30)
f5(0, 2, k) = fi(z,k),
and its adjoint equation reads
Org” +koog” = 5— [ W (2+F) =W (2= )| gl p)e™*Pdydp,
2me R2 2 2 (5 31)

9 (T, x, k) = g7r(x, k).

The corresponding Liouville equation for the background equation and the adjoint equation

are
Ot fv + KOz fry — 00k fr, = 0,
(5.32)
fb(07 Z, k) = f1($a k;) )
and
Org + kOpg — 0, V10,9 =0,
(5.33)

g(T7 :1?7 k) - gT('CEJ k) )
respectively. According to the definitions (5.14) and (5.20), the Wigner and Liouville

representatives in the inverse problems are

Rylff. 97](z)
— L lp(Z—:E) > 1 £ 5£ . c B Eip
2 Joriom (2, ) [fb <z,k+ 2) fe <z,k : )} dpdzdkdt,

and

Ryl fr97](2) = =0 9(x, k)0 fo (2, k)dkdt ,
Rdx[0,T]

where ff, ¢°, fi and g satisfy the equations above. We are to demonstrate the relation
between the two representatives as ¢ — 0.

To set up the experiment, we choose the background potential V},(x) to have a Gaussian
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form

Vp(x) = Aexp (—M> , (5.34)

w?

and the initial and final time conditions are

x —by)? —b)2
i) = Aoy = Besp (gl - ), (5.35)
and
T — cy)? — )2
g7(2, k) = gr(z,k) = Cexp (—( 52 F_® 52 ) ) : (5.36)

To compute the Wigner equation (5.30) and (5.31), we truncate the computational
domain to Q = [0, L] x [Kj, K2 and apply periodic boundary condition on x. The time
interval is taken to be [0,7]. The transport term is discretized by a fifth-order WENO
scheme [137], and the collision term is computed by the trapezoidal approximate [56].

To compute the Liouville equation (5.32) and (5.33), we use the particle method. This
is to solve the ODE systems of trajectories. For example, to compute (5.32) for 0 <t < T,

we set the trajectory equation

i=—k, k=0,W(z), with z(0)=y, k(0)=p,

and the initial data for the particle (y,p) is determined by f;. The final solution is thus

fb(T7yap) = fI(m(T)v k<T))

5.4.2 Numerical examples

In the numerical examples, we set the parameters in (5.34) to be

A=1, a=025, w=273,

and the parameters defined in (5.35) and (5.36) are

B=C=1, J$=(5z=2_4, Uk=(5k=2_3, bkzck=2_3.
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For discretization, we use Az = 2719 Ak = 2710 and At = 2710 in both the Wigner and
the Liouville solver. In the Wigner solver, we set L = 0.5, K1 = —0.375, Ko = 0.625. The
terminal time is set to be T = 276,

In Figure 5.1 and Figure 5.2, we first plot the level sets of solutions f{ and g¢° at

different time.

0.2 4 02|

03| 4 03|

X X

o, o

03 03

02 02
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o 0.05 01 0.1 02 0.25 03 0.35 o. 0.45 05 o 0.0! 01 015 0.2 0.25 03 0.35 0.4 o o

X X

Figure 5.1: The left column shows the contour of f{ for € = 7~127% and the right column
shows the contour for e = 71278,

We then compare the two representatives Ry [ff, 93] and Rp[fi, gr] for two different
configurations of (b;,c;). As shown in the left column of Figure 5.3, with ¢ — 0, the
profile of Ry [ff, 7] gets closer and closer to that of Ry[f1,gr] for both examples. To

quantify the convergence, we define

|R°[f5, 97] — RIft, 7]l L2 (may
| R[f1, 97| L2 (R

Errg(e) =

)

and plot the convergence rate with respect to €, as shown in the right column of Figure 5.3.

In both examples, the plots suggest a decay rate of O(g?).
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=< 0.1 — =< 0.1 —
X X
-7
(a)t=2
=< 0.1 - =< 0.1 -
X X

Figure 5.2: The left column shows the contour of ¢¢, the solution to the adjoint equa-
tion (5.31) that propagates backwards in time, for ¢ = 77!27% and the right column
shows the contour for ¢ = 7—1278.
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Figure 5.3: The left column compares the Wigner representative Ry [fr, 97] with different
values of ¢ and the limiting Liouville representative Ry, [fu1,gr|. The right column shows
Errg(e) as a function of e. The decay rate suggests that Errg(e) is of O(£?).
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We finally demonstrate the convergence for a large set of basis functions. To do so,
we first take the interval [z;, .| = [0.1875,0.3125], and denote the discrete points in the
interval z; = x; + iAxz, with i € N and 2; < 2; < z,. Considering Az = 2710, we have
N = 129 configurations of x;. We then let b, and c;, the centers for f; and g7 taking
these configurations. The combination provides us a large set of initial /final time data fﬁi

and grfn e We compute the corresponding solutions, termed f; and gj- and formulate a set:

w = {Rw.; = Rwlfii 91,4, i, =0,...,128}.

The same process is done to obtain Ry, ;; and the set Rp,.

We now compare the set Ry, and Ry. We first compare the singular values of the
two sets. In Figure 5.4a, we plot the relative singular value decay of both Ry at different
values of ¢, and Rr,. As e — 0, it is clear the decay profile converges. We also quantify

the convergence of relative singular value using the following error term:
Errg(e) = iil,

where s; is the ith relative singular value of Ry, and s; is the ith relative singular value
of Ry,. In Figure 5.4b, we plot Err, (¢) as a function of € for i = 2,3,4,5. It is clear that
the relative singular values of R5y, converge to their counterparts in the e — 0 classical

limit.

i ” 7 7 7 |ngzﬂ'€)
(a) (b)

Figure 5.4: (a) The relative singular values of Ry, and R, at different values of . (b)
Errg, () as a function of € for the 2nd to the 5th relative singular values.
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We then compare the left singular vectors of the basis. In Figure 5.5, we show the first,
third, seventh and tenth left singular vectors of Ry. As e — 0, the profiles converge to
those of Ry,. To quantify such convergence, we let )7 and @}, to denote the column spaces
(orthonormalized) spanned by the first & left singular vectors of Ry and Ry, respectively,

and define the angle between the spaces:

Errr = |Qr — Q5(Q5) T Qxll2 -

The angle between the two spaces are shown to converge as € — 0 for different values of

k in Figure 5.6.
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Figure 5.5: The singular vectors of Ry, and Rfy at different values of .

5.5 Conclusion

It is a well-known result that the Schrodinger equation leads to the Newton’s second law

in the classical limit, when the rescaled Planck constant ¢ — 0. We investigate this



110

log, Errg
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Figure 5.6: Errg j as a function of € for k =1, 3,7, 10.

limit in the inverse setting. More specifically, we assume the initial and final data is
available and we study if the initial-final data pairs can reconstruct the potential term in
the Schrédinger equation. The investigation is done in the linearized setting, assuming
the potential is close enough to a background, and this boils the problem down to the
study of the representative of the associated Fredholm integral derived from the inverse
problem.

We employ the Wigner transform tool. In particular, we translate the information of
the Schrodinger equation to that of the Wigner equation, and pass its limit to obtain the
Liouville equation which presents particle trajectories following the classical mechanics.
We are able to show that the representative derived under the Wigner framework indeed
converges to the representative derived under the Liouville framework when ¢ — 0, and

thus we link the inverse Schrédinger problem with the inverse Newton’s law of motion.
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Chapter 6

High-frequency limit of the
Helmholtz inverse scattering

problem

In this chapter, we investigate the asymptotic relation between the inverse problems relying
on the Helmholtz equation and the radiative transfer equation as physical models, in
the high-frequency limit. In particular, we evaluate the asymptotic convergence of a
generalized version of the inverse scattering problem based on the Helmholtz equation,
to the inverse scattering problem of the Liouville equation (a simplified version of RTE).
The two inverse problems are connected through the Wigner transform that translates the
wave-type description on the physical space to the kinetic-type description on the phase
space, and the Husimi transform that models data localized both in location and direction.
The finding suggests that impinging tightly concentrated monochromatic beams can indeed
provide stable reconstruction of the medium, asymptotically in the high-frequency regime.
This fact stands in contrast with the unstable reconstruction for the classical inverse

scattering problem when the probing signals are plane-waves.
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6.1 Introduction

The wave-particle duality of light has been one of the greatest enigmas in the natural
sciences, dating back to Euclid’s treatise in light, Catoptrics (280 B.C.) and spanning
more than two millennia. In a nutshell, light can be either described as an electromagnetic
(EM) wave governed by the Maxwell’s equations, or as a stream of particles, called photons,
governed by the radiative transport equation (RTE).

Although the advent of quantum mechanics at the onset of the last century partially
solved the riddle, due to computational considerations, light continues to be modeled either
as a particle or as a wave depending on the target application. Among those applications,
inverse problems are perhaps the ones that have gained the most attention in the last
decades, which in return have fueled many breakthroughs in telecommunications [211, 212],
radar [74], biomedical imaging [195, 28] and, more recently, in chip manufacturing [145].
In this context, inverse problems can be roughly described as reconstructing unknown
parameters within a domain of interest by data comprised of observations on its boundary.

Unfortunately, the properties of the inverse problems are highly dependent on the spe-
cific modeling of the underlying physical phenomena, even though, in principle, they share
the same microscopic description. In particular, the stability of the inverse problem, i.e.,
how sensitive is the reconstruction of the unknown parameter to perturbations in the data,
is surprisingly disparate [176, 66], thus creating an important gap between the wave and
particle descriptions, which we seek to bridge in this chapter. We point out that under-
standing this gap is not only of theoretical importance, it would also play an important
role in designing new reconstruction algorithms with improved stability applicable to a
broader set of wave-based inverse problems, which are ubiquitous in science [202, 189, 179]
and engineering [184, 14, 82].

For simplicity, we consider a time-harmonic wave-like description governed by the
Helmholtz equation, which can be derived from the time-harmonic Maxwell’s equations
after some simplifications. Alternatively, the Helmholtz equation can also be obtained

by computing the Fourier transform of the constant-density acoustic wave equation at



113

frequency k, and is given by!

(A +k*n)u(x) =0, (6.1)

where v is the wave field, and n(z) is the refractive index of the medium. We point out
that even if this is a simplified model, it retains the core difficulty of more complex physics.
We also consider a particle-like description governed by the Liouville equation, which

is a simplified RTE, given by:
v-Vef —Ven-Vyuf =0, (6.2)

where f(z,v) is the distribution of photon particles, and n is still the refractive index. The
Liouville equation describes the trajectories of photons via its characteristics: ¢ = v and
v = —Vn. For simplicity we neglect the photon interactions which are usually encoded
by the collision operator.

Following the wave and photon descriptions, we define the forward problem as calcu-
lating either the wave-field, or the photon distribution from the refractive index by solving
either the Helmholtz or the Liouville equations. The wave-particle duality, when trans-
lated to mathematical language, corresponds to the fact that the solutions obtained by
the Helmholtz and Liouville equations are asymptotically close when k& — oo, see [23].

For the sake of conciseness, we consider a simplified inverse problem consisting of
reconstructing an unknown environment within a domain of interest by probing it with
tightly concentrated monochromatic beams originated from the boundary of the domain,
in which the response of the unknown medium to the impinging beam is measured at
its boundary. This measurement is performed by a measurement operator that is model-
specific and it will play an important role in what follows. For simplicity, we consider the
full aperture regime, i.e., we can probe the medium from any direction, and we sample
its impulse response in all possible directions. When the beam is modeled as a wave,

i.e., using the Helmholtz equation as a forward model, this process can be considered as

!The domain of definition, source, and boundary conditions will be specified in Section 6.2.
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a generalized version of the inverse scattering wave problem (which we, for the sake of
clarity, just refer to as the generalized Helmholtz scattering problem. When the beam is
modeled as a flux of photons, i.e., using the Liouville equation as a forward model, this
process is often referred to as the optical tomography problem, but we will refer to as the
Liouville scattering problem in this chapter.

Although the two different formulations seek to solve the same underlying physical
problem, our understanding of the two inverse problems seems to suggest different stability
properties. The traditional inverse scattering problem, using either near-field or far-field
data is ill-posed: small perturbations in the measurements usually lead to large deviations
in the reconstructions [83, 120]. Thus, sophisticated algorithms [160, 51, 50, 185, 72, 48,
31] have been designed to artificially stabilize the process by appropriately restricting the
class of possible unknown environments, usually in the form of band-limited environments.
Conversely, the inverse Liouville equation is well-conditioned: a small perturbation is
reflected by a small error in the reconstruction [178].

Thus the observation that the stability for both problems is different seems to be at
odds with the fact that the Liouville equation and the Helmholtz equation are asymptot-
ically close in the high-frequency regime. Fortunately, as what we will see, this somewhat
contradictory property stems from the inability of traditional formulations of the inverse
problems to agree in the high-frequency limit. When the measurement operators are
accordingly adjusted, we show that the new formulations, which we call the generalized
inverse scattering, are equivalent in the limit as k — oo, producing a stable inverse prob-
lem. The convergence from the Helmholtz equation to the Liouville equation is conducted
through the Wigner transform [109, 193, 23|, and the convergence of the measuring op-
erators is achieved through the Husimi transform [42]. Both convergences are obtained

asymptotically in the k — oo limit. This convergence allows us to conclude the following:

The inverse Liouville scattering problem is asymptotically equivalent to the generalized

inverse Helmholtz scattering problem in the high-frequency regime.

The current chapter is dedicated to formulating the statement above in a mathe-
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matically precise manner, while providing extensive numerical evidence supporting the
statement.

On the mathematical level, the current chapter carries the following important features:

e The result connects the two seemingly distinct inverse problems, and suggests that
in the high-frequency regime, probing an unknown object with a single frequency is
already enough for its reconstruction, with properly prepared data in the generalized
inverse scattering setting. This partially answers the stability question regarding the

inverse scattering.

e The result can be viewed as the counterpart of the asymptotic multiscale study
conducted in the forward setting. In particular, semi-classical limit is a theory that
connects quantum mechanical and the classical mechanical description: the proposed
formulation for the inverse scattering problem can be regarded as taking the (semi-
)classical limit in the inverse setting, and thus the work carries conceptual merits.

This is in line with [176, 66]. See also [153] for a different setting.

These mathematical understandings also naturally bring numerical and practical ben-
efits. The new inverse wave scattering formulation coupled with PDE-constrained opti-
mization seems to be empirically less prone to cycle-skipping, i.e., convergence to spurious
local minima [205], than its standard counterparts [206, 48], thus potentially opening the
way to more robust algorithmic pipelines for inverse problems.

We point out that even though this current study is motivated by the wave-particle
duality of light, the current results are also applicable to other oscillatory phenomena,

see [66] for a discussion on inverse Schrodinger problem in the classical limit.

Organization

In Section 6.2, we briefly review the Helmholtz equation and present the corresponding
inverse problem that fits the particular experimental setup that allows passing the system

to the k& — oo limit. In Section 6.3, we discuss the limiting Liouville equation and the
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inverse Liouville scattering problem, by conducting the Wigner and Husimi transforms.
The connections between the two inverse problems will thus be immediate. Finally, we
present our numerical evidences that justify the convergence in Section 6.4 and we showcase

the stability of the inverse problem in Section 6.5.

6.2 Experimental setup and inverse problem formulation

Suppose we use tightly concentrated monochromatic beams, or laser beams, to probe the
medium. FEach beam impinges in the area of interest, thus producing a scattered field
which is then measured by directional receivers? placed on a manifold around the domain
of interest (See Figure 6.1). The data, which is used to reconstruct the optical properties
of the medium, is the intensity captured by each receiver for each incoming beam. Thus,
the data is indexed by the position and direction of the impinging beam, and the location

and direction of the receivers.

Ur

Figure 6.1: Illustration of the setup. Here x5 and vs denote the location and direction of
the incident beam, respectively, while x, and v, denote the location and direction of the
receiver, respectively.

In this section, we set up the experiment and provide the mathematical formulation,
using both the wave and the particle forms for the forward model. This prepares us to

link the two problems in Section 6.3.

6.2.1 Helmholtz equation and inverse wave scattering problem

The Helmholtz equation is a model equation for time-harmonic wave propagation. After

some approximations, both the constant-density acoustic wave equation and the Maxwell

2Experimentally, this is often achieved by placing a collimator before the receiver, and changing the
orientation of the collimator.
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equations for the EM waves, can be recast, through the Fourier transform in ¢, into the

Helmholtz equation. It writes as:

AuF + En(z)u® = S¥(x). (6.3)

In the equation, u* is the wave-field, with the superscript, & > 0 represents the wave
number (that carries the frequency information, and thus in the chapter we use the two
words interchangeably). n(z) is a complex-valued refractive index having non-negative
imaginary part, Im(n(x)) > 0, reflecting the heterogeneity of the medium. We assume
n(x) is the constant one in all R? except in a convex bounded open set Q C R? meaning
supp(n — 1) C Q. In order to streamline the notation, we let @ = Bj, the ball with
radius 1 centered around the origin. The right-hand side S*(z) is the source term, which
is wave-number dependent.

The classical setup for the scattering problem is to probe the medium with an incident
wave-field u»* that triggers the response from the medium. Noting that the total field,

which satisfies (6.3), is the sum of the incident and the scattered wave-fields, we can write:

uk — uz,k + us,k’

k

and derive the equation for the scattered wave-field u*®. Suppose the incident wave is

designed so that it absorbs all the external source information:

AutF + B2k = SF(2) (6.4)

then by simply subtracting it from (6.3), we have the equation for u®*:
AutF + kzn(x)us’k = k2(1 — n(ac))ulk zeR?,

ousFk
or

(6.5)

— ikuSF = (’)(r*(d“)ﬂ) asr = |z| = o0.

In this equation, we can view the incident wave u* impinging in the perturbation n — 1
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as the source term for uS*. Clearly, this source term k%(1 — n(x))u* is zero outside B,

the support of n — 1. The Sommerfeld radiation condition is imposed at infinity to ensure

the uniqueness for u**.

When d = 3, a typical approach is to set S(z) = d,, a point Dirac delta, then the
solution u* to (6.4) becomes the fundamental solution to the homogeneous Helmholtz

equation in R3

1 exp(iklz — yl)

P(x;y) = , zyeR x Ay,

dr e =yl
for any given y. We can clearly observe that the function is radially symmetric centered in
y thus it is often termed a spherical wave. If |y| > |z|, i.e., y is far away from the origin,
we have the far-field regime, in which the fundamental solution is approximately a plain
wave: ®(x;y) ~ —% exp(—iky - x) with § = I%\ being the unit vector.

In this case, however, instead of using the Dirac delta, we handcraft a specially designed

source term, which will be crucial for the re-scaling proposed in this chapter. In particular,

we choose SE(x) to be the following:

3+d

Sk (x;4,v5) = —k 2 Sy, (k(x —x5)) = €R?, (6.6)
where the subscript H stands for Helmholtz, and

P
Sy, (2) = C(0,d) exp (—02‘2’ + ivg - ac> . (6.7)

a+1

2

v

Physically this source term can be understood as the source generating a tight beam

Here C(o,d) is the normalization constant C(c, d) = v/2 (L)

being shone onto the medium from the location x5 in the direction of vs. The profile of
this tight beam, or “laser beam”, is a Gaussian centered around the light-up location x4
and the width of the Gaussian is characterized by (ko)~!. With o fixed, as k — oo, the
beam is more and more concentrated.

Following the explanation above we incorporate the source term in (6.6) into (6.3)-
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(6.4), to probe the medium from the positions, xs, in the direction of vy, that are physically

pertinent. In particular, we let (z5,vs) € I'— where
Ty = {(z,v) € 9B x S* ' : +v-v(z) > 0}.

In which, v(z) denotes the outer-normal direction at € 0B;. This means the laser
beams shine from the boundary of By in the direction v pointing inward the interior of
the domain.

From (6.6) we can observe that as k — oo, the laser beam becomes increasingly
concentrated. In particular, in the k& — oo limit, the incident wave u"* becomes a ray,
propagating through a straight line3.

As usual in inverse problems (in particular, in non-intrusive experimental setups), we
take measurements of u* near the boundary 9B;. To take such measurement we design a

family of test functions of the form:
oF(x) = kY*x (ﬁx) e kv (6.8)

where x : R? — R is a smooth radially symmetric function that vanishes as |z| — oco.

We define the measurement of u* as its Husimi transform

d 2
H*E(z,0) = (;) ‘uk % pF for (z,v) € T'y. (6.9)

The measurement then consists of the intensity of the field that convolves with the test
function. This measurement is conducted only on the boundary, and only in the directions
pointing outside the domain.

This measurement has a clear physical interpretation: it measures the intensity of the
wave-field at location x propagating in direction v, using x as the impulse response of the

receiver, or test function.

3The incoming ray propagates in a straight line due to the assumption that the background is constant.
Otherwise, the ray would bend if a smooth non-constant background is considered.
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One typical choice for the family of test functions is to set x as a Gaussian (normalized

(@) = (i)m exp <—“””2‘2> | (6.10)

It is straightforward to see that as k — 0o, the test function ¢F concentrates around zero

in L? norm)

due to the vk scaling. As such, the measurement u* x #% at a location x4 only takes value

of u¥ in a very small neighborhood around z,.

Remark 6.1. We note that the choice of x in (6.10) is not essential. We use this specific
form to make the calculation explicit, as it will be shown in 6.1. Other forms of x would
also work well as long as the corresponding G* = Wk[qblg] converges to a Dirac delta when

k — oo, as it will be explained in 6.5.

Forward Map: now we have all the elements to define the forward map. For any
(xzs,vs) € T'_, we shine laser beam into B; according to the format in (6.6), then the

solution to the Helmholtz equation (6.3), u* is tested by ¢¥(x) and evaluated on I,

AF o SE (i a,vs) — H"“'uk(mr,v,n)\p+ . (6.11)

n

As a consequence, the dataset generated by this forward map is the collection of:
DF[n] = {<Sﬁ($;xs,vs),AfL[Sﬁ](xr,vrw D (wsyvs) €T, (2, 0r) € P+} . (6.12)
We now formulate the generalized inverse scattering problem as
to reconstruct n using the information in D*[n). (6.13)

Traditional inverse scattering problem

Given that we use a non-standard formulation of the inverse scattering problem, we will
stress a couple of similarities and differences between the generalized and classical inverse

scattering problems.
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In particular, the form of the forward map introduced in our setting differs from the
classical one, where the incident wave is typically a plane wave, meaning u®*(z;v,) =
exp(ikvs - ), where v, € ST, see [147].

So the forward map is given by the far field map, Kfﬁb
AR (s 0) = uF (@5 0s)
where u* : S~ — C is defined as

uoo,k(

2eSk—1, V& S Sd_l 5

Tyvs) = rlig}o ruF (ri; ve) exp(—ikr)

with u** being the solution of (6.5), where we leverage that u®*(x;vs) satisfies (6.4) with

S = 0. Therefore, in this setting, the data set induced by the forward map is defined as:
DF[n] = {(ui’k(a@;vs),xﬁ [uz’k} (:E)) cvse ST i e Sd_l} .

The well-posedness and stability of the inverse scattering problem in this context has been
studied in [120, Theorem 1.2].

The differences from the classical inverse scattering formulation is twofold: i) we use
a richer set of probing functions, instead of using incident waves that are directionally
localized (as plane waves) or whose sources are localized (as Green’s functions), we use
tight beams that combine these two properties, and ii) instead of measuring the scattered
wave-field on a manifold around the domain of interest, we multiply it with a set of
directional filters localized on the same manifold, and we compute its intensity. We should
emphasize that this difference is significant. Take the plane-wave as the probing wave,
as an example, it is only the direction of the incoming wave that can be tuned, and
this composes 2 dimensions of degrees of freedom in 3D with v, € S The way our
source term is designed automatically carries 4 dimensions of degrees of freedom with
(zs,vs) € T'_. Similarly, the way data gets taken also expands the degrees of freedom the

measuring operator can access. It is a widely accepted fact that more data leads to more
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stable reconstruction. This will be indeed demonstrated in the later sections.

Remark 6.2. We note that even though the conventional inverse scattering problem has
been shown to be ill-conditioned, a couple of strategies have been introduced in the literature
to stabilize the problem. The most prominent strategy is to add the phase information
(microlocally) [34, 198, 77]. At the first look, the Husimi data (6.9) also extracts the
phase information, by integrating the scattered wave with an oscillatory test function (6.8)
that is localized in position and direction. In very simple cases, we can even show that
the two sets of information are equivalent. For example, suppose the wave field is of the
simple form of uF(x) = A(z)e** with p € S¥1 and A(x) > 0, for all x € RY. Then in
the limit k — oo, we can fully recover u*(z), both the amplitude and the phase, on the
boundary OBy using the Husimi data (6.9)

lim H*uF(z,v) = |A(z)[*6(v —p), VY(x,v) € dBy x ST L.

k—o0

However, in general cases, we are not aware of results that translate Husimi data to the
phase data. Indeed, according to [116, 117, 7], this might be a very complicated phase

retrieval problem that is beyond the scope of the dissertation.

Remark 6.3. Another strategy to stabilize the inverse scattering problem is to transform
the Helmholtz equation back to the time-domain, and solve the inverse acoustic wave prob-
lem, with either full or partial data available for all time T' > 0. In various settings [30,
135, 199, 217], it is proved that the time-domain data is sufficient to reconstruct the
medium. The wave equation and Helmholtz equation are Fourier transform of each other
in time. Roughly speaking, the temporal data collected on the boundary translates to the
boundary information for all frequency k. As such, the temporal data has wide-band in-
formation instead of being monochromatic, and thus is expected to be more stable. In our
setting, though we require k > 1, we still use monochromatic information, and thus the
data does not directly translate.

We should note, however, that though the time-domain data is expected to be more
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informative in theory, in practice, however, especially within the optimization-based re-
construction algorithm framework, the typical (2 misfit loss function results in an ez-
tremely non-linear problem that often leads to cycle-skipping, and convergence to spuri-
ous, non-physical, local minima. The numerical problem is usually attenuated by using
the time/frequency duality and localizing the frequency content of the data, which is then

processed in a hierarchical fashion [72, 185]. These are beyond the focus of the dissertation.

6.2.2 High-frequency limit and inverse Liouville scattering problem

The Liouville equation is a well-studied classical model for describing particle propagation.
Any system with a large number of identical particles can be described by the Liouville

equation, or its variants, which is often written as:
1
U-me—l—ivmn-vvf:SL(x,v), (6.14)

where f(z,v) characterizes the number of particles on the phase space (z,v). Following

the characteristics, we see that the particles follow Newton’s second law:
. .1 v
T=v, v==Vgn.
i 2 x
As usual in classical mechanics, we can define the Hamiltonian for each particle to be

H(w(t),v() = glo(t) — Sn(e(t)

which is preserved along the characteristics of the particles, i.e., % = 0.

We use (6.14) to describe photon propagation, and use the same setup as that in
Section 6.2.1. The source term Sp,(z,v) on the right-hand side of (6.14) describes how

laser beams are shone into the medium, and takes the form of:

Sp(z,v;x5,05) = d(x — x5)Y(v —vs), with (xs,vs) €T, (6.15)
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where both ¢ : R? — R and v : R? — R are radially symmetric smooth functions that
concentrate at the origin. By setting (x5, vs) € I'_, we have the laser beam shining from
the boundary 9By inward to the domain. The concentration of the beam is determined
by ¢ and v in physical- and velocity-space respectively.

Similar to the previous section, we take the measurements of the light intensity at the
boundary pointing outside of the domain. To do so, we set the test function ((x,v) and

the measurements would be its convolution with the solution to (6.14):

Lf(z,v) = f=({(z,v). (6.16)

The physical setup is clear. Imaging ¢ a blob centers around (z,v) = (0,0), then Lf(x,,v,)
essentially represents a measuring equipment that takes in light intensity concentrated
around (z,,v,) with the concentration determined by the size of the blob. The specific
format of ¢ will be specified in Section 6.3.

Forward Map: we define the forward map in a similar fashion as in Section 6.2.1. For
any (xs,vs) € I'_, we solve (6.14) with St, defined in (6.15), and test the solution on ((z, v)
evaluated on I';:

Ap o Su(w,vizs,vs) = Lf(2r,v)|r, -

As a consequence, the dataset generated by this forward map is the collection of:

Din] = {(SL(z,v; x5, vs), Ap[SL] (21, vp)) : (25,05) €T, (20, 0,) € T4} (6.17)

While the forward problem is to compute and construct this D[n] for any given n, the

inverse problem amounts to inferring n using the information in D[n].
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6.3 Relation between the two problems in the high-frequency
regime

In this section we discuss the connection between the forward maps for the wave- and
particle-like descriptions introduced in the section above. We start introducing the Wigner
transform, and we use it to present the equivalence of the two descriptions for the forward
maps in the high-frequency regime. Then we introduce the Husimi transform to take the
limit of the measuring operator, and this is used to show the equivalence of the two inverse

problems. Finally, we briefly introduce the stability of the inverse Liouville problem.

6.3.1 High-frequency limit of the forward problem

We first present their connection in the forward setting. We discuss the derivation of the
Liouville equation as the limiting equation for the Helmholtz. This process is typically
called taking the “classical”-limit, to reflect the passage from quantum mechanics to clas-
sical mechanics by linking the Schrodinger equation to the Liouville equation in the small
h regime.

Among the multiple techniques to derive the classical limit we utilize the Wigner
transform [109, 193, 23, 67]. Compared to other techniques, such as WKB expansion [100]
and Gaussian beam expansion [201, 169, 187] , Wigner transform presents the equation
on the phase space, and avoids the emerging singularities during the evolution. Let u’f

and ué be two functions, then the corresponding Wigner transform is defined as

1 iv- Y\ % Yy
WY, ub)(z,v) = 2n)d /]Rd ek (;E - ﬁ) ub <$ + ﬁ) dy . (6.18)

Here u} is the complex conjugate of u5. We furthermore abbreviate W¥[uf,u}] to be

The Wigner transform W¥[u*] is defined on the phase space, is always real-valued, and

the moments in v of W¥[u*] carry interesting physical meanings. In particular, the first
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moment recovers the energy density £*:

2
@) = [ WHuk](z,v)dv = ’uk(m)’ , (6.19)
Rd
and its second moment expresses the energy flux F*:
1 SR
Fr(z) = / VW), 0)dv = I () V(@) (6.20)
R4 k

Most importantly, if u* solves the Helmholtz equation (6.3), one can show that W*[uF]
solves an equation in the form of the radiative transfer equation, and in the k — oo limit,
this degenerates to the Liouville equation (6.14). In what follows we seek to make this
statement more precise by defining the functional space and an appropriate metric.

Let A > 0, we define X a space that contains all scalar real valued functions defined

on the phase-space R? x R3:

XA—{ 2,1) ‘ [, sup1+1a1 + ) ot «s>|ds<oo}, (6.21)

z€R3

with associated norm given by

61, = [ sup (1 la| + €)1 6. )l

R3 zeR3

where (;S(x €) = (% @y Ja &z, y)e ~€¥dy is the Fourier transform in velocity-space. Now

we cite a result from [42, Theorem 3.11, 3.12].

Theorem 6.1. Let n(x) be a C*(R%Ry) function that satisfies certain conditions (see
Remark 6.4). Let u* be the solution to (6.3) with radiation conditions, where the source
term Sk is defined in (6.6). Then the Wigner transform of uk, denoted by f*(z,v) =

WFuF](z,v) solves

v Vet 4 LA = —%Im (W, 59) . () € B2, (6.22)



127

with the operator LF defined as

i

(2m)4

Lol = /gZiékhﬂ<wjy>fk<x,p>éy@p>dydp. (6.23)

Here 6 [n](z,y) =k [n(z+ &) —n(z — %)]. Furthermore, when k — oo, f* converges
in weak-~ sense to f(x,v) in (X))*, the solution to the Liouville equation (6.14) with the

radiation condition lim ;o f(z,v) =0 for all z - v <0, and the source Sy(x,v) is:
T ~
Sz, v) = (277)‘155(35 — 24)| Sy, (V)6 (]v|2 =n(zs)) . (6.24)

Here S, denotes the Fourier transform, and the delta function & (Jv]> = n(zs)) € D'(RY)

means

(0 =) )= [ s, Vg€ SEY.
Suppose S, takes the form of (6.6), we can explicitly calculate its Fourier transform:

1 _ Jv—vs|?
2

] 2 _ 2
|SUs (’U)’ - C(Uv d) (27T)d0'2d6

Remark 6.4. The formal derivation of the limit is shown in Appendixz B. To prove it rig-
orously, we refer to [42, Theorem 3.11, 3.12] and [57]. The conditions for a rigorous proof
are rather complicated to obtain. However, we mention that if n is radially symmetric,

i.e., n(x) = n(|z|), the statement of the theorem holds true rigorously.

Theorem 6.1 suggests that the wave model and the particle model are asymptotically
equivalent in the high-frequency regime. According to (6.24), the source term concentrates
at (zs,vs), the source location and the source velocity, when k — oo. The concentration
on z is already achieved by taking to limit as k — oo, but the concentration profile in

v still needs to be tuned by o. Smaller ¢ results in a more concentrated source in this
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limiting regime. Let o — 0, we have the source term S, turning into:

d—1 v—vg)?
2 o = |50 P (el =) = 8o — ) (2] ol =1

— d(x — x5)0(v — vg),

(6.25)

where we used n(zs) = 1, given that x4 is out of the domain interest Bj.

In this specific limit, we have the explicit solution to the Liouville equation (6.14):

F(@,0) = Oty (we,00)0(t(wsrws))) s K — 00, (6.26)

where (x(¢; (zs,vs)), v(¢; (zs,vs))) are the location and velocity of a particle at time ¢ that

starts off at (zs,vs), meaning (z(0; (zs,vs)), v(0; (x5, vs))) = (zs,vs) and

do(t; (zs,vs))
dt B
do(t; (zs,v5)) 1
dt 2

(6.27)

The formulation in (6.26) means in this limit, with ¥ — co and ¢ < 1, the wave becomes
a curved ray that follows the trajectory of the particle that is governed by Newton’s laws.
As a consequence, recall the definition of energy and energy flux in (6.19)-(6.20):

. . k _ . . k _ .
lim Uim £%(2) = Le>00z(5(a, 0,)), W M FH(@) = 1650001500 000 0(6 (25, 05))

suggesting that £F and F* respectively show approximately the location and velocity of

the trajectory.

6.3.2 High-frequency limit of the inverse problem

In the prequel we linked the two forward problems. We now proceed to connect the
two inverse problems, by evaluating the convergence of the measurements. To do so, we
first introduce Lemma 6.1 from [190, Section 2.5] that connects the Husimi and Wigner

transforms.



129

Lemma 6.1. Assume u € L?>(R%R) |, and let H*u be the Husimi transform defined

in (6.9) with ¢& being the test function (defined in (6.8)). Denote f*

= WF], and

Gk =Wk [qzblg], the Wigner transform of u* and czﬁlg respectively. Here qﬁ]g = qﬁfzo. Then

H*u(z,v) = %% G*(z,v), V(z,v) e R¥,

Proof. This theorem is a directly result of the Moyal identity

k

d
(W¥[ha], W¥[ha]) 12 (gea) = () |(h1,h2) p2(gayl® s Vhi,ho € L*(R:R),

2

and the fact that

Wk (x — )] (y,p) = W*eg)(x — y,v — p).

Using (6.9), we have

- (£ o
()]

k k
W), W[k (@ — >1)L2<de>

HEED)

L2(R4)

v .))LQ(Rw)

(W
(W’f | WE [t -
T

(6.28)

(6.29)

(6.30)

where we use (6.29) in the third equality, (6.30) in the fourth equality, and the definitions

of f¥ and G* in the last equality.

O]

This lemma connects the measurement of u* with the measurement on the phase space.

Testing u* using the test function qb'g is translated to testing f* using the test function

G*. This allows us to pass to the limit on the phase space. Combining with Theorem 6.1,

we have the following proposition:

Proposition 6.1. Let the assumption in Theorem 6.1 hold true. Denote f* =

WruH,
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with u* solving the Helmholtz equation (6.3) with the source term Sy defined in (6.6),
and denote f the solution to the Liouville equation (6.14) with source term Si, defined

in (6.24). If x takes the form of (6.10), so that G* takes the form of:

d
GF(x,v) = <7k;> exp (=k (|z)* + [v]?)) , (6.31)

as k — oo, we have:
f*x GF (@, 0) = f(a,v)
weak-x in (X))*.

Proof. Given the form of G¥ in (6.31), for any ¢ € Xy, as k — oo:

G* x ¢p(x,v) — p(z,v) in X,.

Thus,
lim (fk « G*(x, v)) ¢(xz,v)dzdv = lim f*(z,v) (Gk * o(x, v)) dz dv
k—o0 R3xR3 k—o0 R3xR3

= lim Rz, v)p(z,v)dz dv

k—00 JR3xR3

- / £z, 0)d(z, v)dz dv,
R3xR3

where we use || f’“H( x,)* being bounded in the second equality, and f* = f in the weak-%

sense in the last equality. O

Remark 6.5. We note that the statement of the proposition indeed uses the explicit form
of x as defined in (6.10), but the use only lies in the fact that G* x ¢(x,v) — ¢(x,v) in
the high frequency limit. Other forms of x works equally well as long as this G* serves as

a delta measure when k — co.

Theorem 6.2. Let the assumptions in Theorem 6.1 and Lemma 6.1 hold true, then:

lim H*uk(z,v) = lim f** G*(z,v) —— f(x,v),
k—oo k—o0 weak—x
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in (X»)*. Furthermore, if H*u* and f are continuous, then each element in D¥[n] has a

limit in D[n]. More specifically:
(Sfi(w; w5, 05), AR[SK] (27, 02)) = (SL(@, 0325, 05)  An[SL (@, 0r))  (6.32)
where Sy, takes the form of (6.24), and A, [SL](xr,vr) = f(xr,v). In particular, if o — 0,
A [Sul(xp, ) = f % 5(6,6)’F+ = f(@r,vp)|r, = 0(x — 2,)0(v — vy,), (6.33)

with (x,,,vy,) being the outgoing location and velocity when the photon particle leaves the
domain, namely:

Tr, = w(T? ($5, US))’ Up, = 'U(T§ (acs, Us)) ) (6'34)

where T' = sup;>q {t|z(t; (zs,vs)) € B1} and {x(t; (v4,vs),v(t; (zs5,vs))} solves (6.27).

This theorem naturally links the two inverse problems. In the k& — oo limit, the two
datasets (6.12),(6.17) are asymptotically close with ( = 8(5.6) (z,v) in (6.16). In the limit

of k — oo and o — 0, the dataset (6.12) is asymptotically approximately equivalent to
D>®[n] = {((zs,vs), (Tr,v,)) : (xs,v5) €T, (zy,v,) from (6.34)} . (6.35)

6.3.3 Stability of Liouville inverse problem

In this section, we consider the stability of Liouville inverse problem. In particular, we
focus on the stability of (6.35). We will show that when 7 is close enough to 1, D° almost
contains the information of the X-ray transforms of n(z) and Vyn(z), while the inverse
of X-ray transform is a well-posed inverse problem.

We first introduce the X-ray transform. Define
7841 = {(a:,v) ’:U eRY vestt (v,2) = 0} .

Assuming that n(z) is continuous, we introduce the X-ray transform P, which maps
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n(x),Vzn(z) into functions Pn € C(TS4 1 R) and P(V,n) € C(TS4 ', RY), such that

Pn(v,z) = /OO n(tv +x)dt, P(Vgn)(v,z) = /OO Van(tv + z)dt.

—0o0

To connect D with X-ray transform, we define a projection map P : 9B; x S*1 —
R? x §4-1

P((z,v)) = (z — (z,v)v,v)

that projects x to the plane with normal vector v. We also define in-out map £ : ' — I'y

corresponding to (6.34):

L((ws,v5)) = (w7, 07) -

Remark 6.6. We remark that the in-out map may not be well-defined for arbitrarily given
n. Suppose n(x) > ¢o for all x € R? and some co > 0, then according to the conservation

of Hamiltonian

=0, (6.36)

the velocity of the particle satisfies

[o(®)| = vn(z(t)) = Ve >0,

for all time t > 0. This by no means suggests the non-trapping property, but it at least
ensures that the potential is not a sink. In the general case, we do assume that n is
non-trapping, so that any incoming particle can eventually be expelled out of the domain
again, making the map L well-defined. Such non-trapping condition is closely related to
geodesic X-ray transforms, and we list references [198, 77, 174] for interested readers. In

our numerical examples, we choose the media to be locally repulsive in the sense that
n(z) +x-Vn(xr)>c >0, VreRe. (6.37)

Let (z(t),v(t)) be any particle trajectory that solves (6.27). Given (6.37), we obtain the



133

inequality

dv

2
= (;lw(t)lQ) = [o(0)]* + (1) - = = n(e(t) +2(t) Vn(a(®) Za > 0. (6.38)

In the last equality, we have used (6.36). By making use of (6.38), the particle is non-

trapped since |x(t)| > ty/ %co for sufficiently large s > 0.

We note that P((z,v)) € TS ! for any (z,v) € 0By x S 1, and Plr_ : T_ —
R? x Sdil,P\m : Ty — R? x 841 are invertible. Now, we are ready to introduce the

following approximation theorem [178, Theorem 4.1]:

Theorem 6.3. Assume
V()| <A, [l[[Hn(z)||Flle < A
for some A > 0, then for any (v,z) € TS, we have
(Pn(v, ). P(V,n)(v,2)) = Plr, o Lo (Pl ) ™ (v.2)| < CA%,

where C' > 0 is a constant only depends on d.

According to Theorem 6.3, if n is almost a constant (close enough to 1), then we can
use the data set to recover X-ray transform of n, Vn(z). Thus, we can separate (6.35)

into two inverse problems
D>*[n] = (Pn(v,x), P(Vyn)(v,z)) = n(z),

where the first one can be approximately calculated if n is almost constant 1 and the second

one is the inverse of X-ray transform that is well-posed according to [177, Theorem 5.1].
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6.4 Numerical experiments

In this section we provide numerical evidence showcasing the theory developed above. In
particular, we would like to demonstrate that as k increases, the measurement taken on
the solution to the Helmholtz equation through the Husimi transform converges to the
pointwise evaluation of the solution to the Liouville equation, and that the data becomes
more and more sensitive to the perturbation in media, making the inverse problem more
and more stable.

We first summarize the numerical setup and unify the notations, and then present a

class of numerical results.

6.4.1 Numerical setup

We set up our experiment in a two-dimensional domain that takes the form of:
AuF + ()b = —k3 S, (k(z — 25)), x€R2. (6.39)

The Sommerfeld radiation condition is imposed at infinity as well. The source term is

given by

Sy, (z) = V2 <\2?> % exp <—02|$2’2 + v - a:) : (6.40)

for (zs,vs) € I'_. We denote the solution to (6.39) by u’;& whenever the source center

Us

and the incident direction are relevant for the discussion. The Husimi transform defined

in (6.9) takes the form

2

b , (6.41)

H*F (2, 0,) = <)d ‘uk x OF (1)

2

with (z,,v;) € 't . We let the refractive index n(z) set to be n(x) = 1+ ¢g(z) with the
support of the heterogeneity ¢(z) C B(r). The measurement is taken on 0B(R) with
R > r. See Figure 6.2 for an illustration of the configuration.

Computationally we set the domain D = [-L/2,L/2]*, with L significantly bigger



135

than R, and choose the spatial mesh size h = 1/N with N being an even integer. For
simplicity of representation, we use the angles 65 and 6, to denote the center of the sources
and the center of the receivers, respectively, and the angles #; and 6, are used to denote

the incident and outgoing direction of the sources and receivers, respectively, so that:

x5 = (Rcosbs, Rsinbs) , (6.42)
6.42

vs = (—cos(bs + 6;), —sin(bs + 6;)) ,

and

2y = (Rcos(bs + 6;), Rsin(0s + 6;))
(6.43)

vy = (cos(Os + 0y + 0,),sin(0s + 6, + 6,)) .

The angles 6; and 6, take values in [0,27), whereas the angles 6; and 6, take values in
(—%,5). An illustration of the angles can be found in Figure 6.2. Since the mapping
between (s, 6;,0s,0,) and the corresponding (zs, vs, Ty, vy) is one-to-one, we present the
quantities ©* and H*u”* on the § coordinate system whenever there is no confusion.

The angles are discretized with step size Af and the angular grids are denoted by

00,00 = jAOforall j =0,...,21/A0—1, and ¢/ 00 = —T+jAOforall j =1,...,7m/A0—1.

Figure 6.2: (left) illustration of the setup for numerical experiments, (right) sketch of the
definition of the angles on the circle 9B(R) used to parameterize the data.

To compare the Husimi transform of the solutions, we further define two quantities.
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The first quantity is the Husimi transform integrated in the outgoing direction

w/2
ME(zg, vg, ;) == X He) | (2, 0)doy = H*u_ o (6r,0,)d0, (6.44)
Szr 77T/2

where ST = {v € S': £v(z,) - v > 0} and v(z) is the unit outer normal vector at z € 9.

Similarly, we also define the Husimi transform integrated along the outgoing boundary

MF(zg, v5,v,) := Hkulj:syvi(xr,vr)dxr =

/ Hkulgs,ei (01"7 901" - er)der 5
003, (=7 /2400r,7/2+00r)

(6.45)
where we denote for = 6, + 6, € [0,27), and define QL = {z € 9Q : £v(z) - v, > 0}

To solve the Helmholtz equation (6.39), we use the truncated kernel method [204], and
solve for the Lippmann-Schwinger equation to obtain the scattered field u*. This allows
us to push for high-frequency without suffering from the numerical pollution that finite
difference or finite element methods often have. The scattered field is then combined with

the incident field u"* to yield u”.

6.4.2 Numerical examples

In the first example, we set L = 1, R = 0.3 and r = 0.25. For the medium, we set the

heterogeneity to be the radially symmetric smooth function

AeXp (-W) s |$|<T,

q(z) = (6.46)

0, otherwise.

Clearly, the support of g(x) is contained in B(r); see Figure 6.3. We note that with
—1 < A < 0, the media is locally repulsive, and the incident wave is guaranteed to
be expelled out of the domain. For the source term, we fix ¢ = 275 in the following
experiments. Noting that the medium n(z) is radially symmetric, one can study the
scattered data for a fixed source location. We choose 65 = w/4; see Figure 6.3. For

discretization, we choose spatial step size h = 1/(2k) in the truncated kernel solver, and
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Figure 6.3: The left plot illustrates the medium n(z) =1+ ¢(z) in (6.46) with A = —0.5.
The right plot shows the amplitude of source |S,, (k(z — z5))| with & = 2!1, ¢ = 27° and

Os = /4.

A = /30 for the angular grids.

We first show the solution’s behavior as k increases in Figure 6.4. As k increases, the
solution converges to a narrow beam that follows the characteristic equation (6.27).

We compute the Husimi transform H¥u* for different k& and we compare them with
the trajectories of the Liouville equation. The results are shown in Figure 6.5, where we
can observe that for a fixed 6;, H*u"* converges to a delta function on the 6,-, plane, as
k increases. This agrees with the statement in Theorem 6.1, especially equation (6.33).

We then compare the integrated Husimi transform defined in (6.44) and (6.45). In
Figure 6.6 and Figure 6.7, we demonstrate the convergence of M* and M?F as k increases.

As k increases, the outgoing data becomes more and more sparse, and fewer and fewer
detectors can receive outgoing light, leading to the sparser matrix presentation of Afl (see
definition in (6.11). This is shown in Figure 6.8 for different k.

Finally we compare the change of A as n differs, for different k. Let ng(z) = 1 as
the background media whose corresponding map is denoted AO, and by adjusting A we
design a sequence of n(z). We measure how the Frobenius norm ||AX — Af||r changes with
respect to ||[n — ng||p~ for different k. As can be seen in Figure 6.9, as k increases, the
slope of [[A¥ — Af||r as ||n — ng||~ — 0 increases. This confirms that bigger k sees more

sensitivity of the data when n changes, hence the reconstruction is expected to be better
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Figure 6.4: The real part of u* for k = 27 (left), &k = 2'° (middle) and k = 2'! (right).
The blue lines show the Liouville trajectory that solves (6.27). The medium (6.46) has
amplitude A = —0.5. The incident direction 6; = 0 (upper) and 6; = —7/6 (lower).

60 60
30 30
:'— <% 0 <% 0
-30 -30
150 200 250

)
A L © N & o

&>

-60 -60
100 100 150 200 250 100 150 200 250
0 0 0
r r r
[ [ [
20 40 60 80 100 120 140 100 200 300 400 500 500 1000 1500

50 100 150

9
r
[

100 200 300 400 500 500 1000 1500 1000 2000 3000 4000 5000

Figure 6.5: The Husimi transform H*u* for k = 2° (left), & = 2'° (middle) and k = 2!
(right). The upper row shows the results with 6; = 0, and the lower row shows the results

with 6; = —7/6. The red crosses show the outgoing position and direction (6.34) of the
Liouville trajectory. The medium (6.46) has amplitude A = —0.5.
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Figure 6.6: The averaged Husimi transform M?F for k = 29 (left) and k = 2! (right). The
red lines show the outgoing position (6.34) of the Liouville trajectory. The medium (6.46)
has amplitude A = —0.5.
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Figure 6.7: The averaged Husimi transform MY for k = 2% (left) and k = 2! (right). The
red lines show the outgoing direction (6.34) of the Liouville trajectory. The medium (6.46)
has amplitude A = —0.5.
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Figure 6.8: Sparsity of the matrix AF for k = 2* (left) and k = 2! (right). Rows represent
different (6;,0,), and columns represent different (6g,6;). Elements that are larger than
half of the maximal element in A’ﬁb are shown. For k = 2%, we use larger computational
domain [—8,8]?, and the step size is h = 275.
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for higher k.
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Figure 6.9: The dependence of ||[A¥ — Ak|lp on the medium perturbation ||n — ngl|ze.
Different ||n — ngl/re is obtained by tuning the amplitude A in the medium (6.46).

6.5 Inversion Algorithm

The inverse problem that we study in this chapter has a different setup from the con-
ventional one. While the conventional setup has either the concentration in the incoming
direction, or in the incoming source location, our experimental setup requires concen-
tration in both direction and source location. Naturally we expect a better stability in
the reconstruction process, compared to the traditional formulation. In this section we
showcase such stability.

Numerically the reconstruction process is formulated as a PDE-constrained minimiza-
tion problem, where we seek to minimize the misfit between the data and the forward

model:

2
min HD - Dk[n]‘ , (6.47)
n L2(T_xT'y)
or equivalently, in the discretized form:
1 Nrcv Msrc o . ’L,] 2
min J[n|, where Jnl = ——M— D% — (D n) 6.48
in T[] = e 22 m (6.43)

In particular, nycy and ngre stand for the number of receivers and sources, and each point
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(D¥[n])™ is the intensity squared of the impulse response generated by illuminating the
medium n with a tight beam given by (6.6) originated at x% with direction v?, which is
then filtered using (6.8) centered at #7 with direction v{. See definition in (6.41), with
(21, v;) replaced by (#7,0]), and u¥ solving (6.39) with (s, vs) replaced by (2%, vl).

We employ quasi-newton methods for finding a local minimum?, thus we need to
efficiently compute the gradient of the misfit function. In order to provide a fully self-
contained exposition we briefly summarize below how to compute the gradient for only
one data point using the adjoint-state methods. From there the computation for the full
gradient can be easily deduced.

We can readily compute the application of the gradient to a perturbation dn by using

the chain rule, which results in

VI [n]on = (;)d (D — H*F (2, Ur)> Real (QW(QSZZ (xy) * F[n]5n)) ,
(6.49)
where F'[n] is linearized forward wave-propagation operator, given by the Born approx-
imation of the scattered wave-field [49]. Thus the gradient can be easily computed by
applying the adjoint of the Born approximation to the residual times the filter function,
i.e.,

VJ[n] =2 <2k>dReal (F[n]* ((D - Hkuk(a:r,vr))(uk * ¢§r($r))m)) .

™

Fortunately, the application of the adjoint of the Born approximation operator is well

studied: it can be performed by solving the adjoint equation followed by a multiplication

5

by the solution of the forward wave problem®. In this case the adjoint equation is the

same Helmholtz equation, but with adjoint Sommerfeld radiation conditions, i.e., we solve

Av+ Kn(e)o = (D = Houb (o, v) ) (uF « 6 (20) (05 (2 —2)) @ € RY,

ov . —

— 4 ikv = O@F D) as r = |2| - .
or

4Given that the problem is very non-linear, there is no guarantee that we can find the global minimum.

5We redirect the interested readers to [48] for a modern self-contained presentation.

(6.50)
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Thus, using (6.50), we can easily compute the application of the adjoint of the Born

approximation

Fn)* (D = H Gy, v0)) (u* + 0F, () (0F, (2 — 2)) ) = wFo. (6.51)

where v solves (6.50).

We point out that in (6.51), the source for the adjoint is conjugated, thus following
(6.8), we can see that it means that the m is pointing towards the interior of
the domain in direction —v;.

We solve (6.48) using L-BFGS [53, 220], a quasi-Newton method in Matlab. We
consider the initial perturbation equal to zero. We set a first order optimality tolerance
of 1075 and let the algorithm run for a maximum of 300 iterations or until the tolerance
is achieved.

To avoid the inverse crime [83], the data is generated by solving the Lippmann-
Schwinger equation discretized by the truncated kernel method [204] as in Section 6.4,
and the inversion is performed with an 4th-order finite difference scheme for both (6.39)
and (6.50). To generate the data, we set the computational domain to be K = [~1,1]?
with Npg = 2562 = 65536 grid points so that there are at least 12 points per wave-
length for the largest k = 26. In the inversion, we discretize the same domain K with
Npp = 1632 = 26569 grid points so that there are at least 8 points per wavelength for
k = 26, We enclose the domain K with perfect matching layer (PML) to avoid reflection.
We choose the thickness of PML to be 2.5 times wavelength.

The measurement is taken on 0B(R) with R = 0.4 in all the examples. To generate
the probing ray, we set ¢ = 272 in (6.40). We compute the data with the source position

and incident direction

i1 __ YAt YA
zyt = (Rcosfy', Rsin6y')

ol = (= cos(B2 +07), — sin(62 +67))

S
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where 01 =7 +i155 for all iy = 0,...,95 and 9;2 = —5 +igqg for all ip =1,...,48, and

the receiver position

2J' = (Rcos 67!, Rsin 671)

vI172 = (cos(B + 672), sin (691 + 672))

where 6{' = ji & for all j; =0,...,95 and 622 = —T + jo & for all jo = 1,...,48.
In all the examples, the scattered data is perturbed with the noise in the form
i,

D
D = pii 52
+0.05e (6.52)

where ¢ is symmetric Bernoulli random variable that takes the values £1.

All the experiments are reported on a server with 64-core Intel Xeon CPU and 256
Gigabytes RAM. The code accompanying this chapter are publicly available [70].

In order to illustrate the reconstruction using Husimi data, we choose three examples

of increasing complexity. The exact contrast function ¢(x)’s are shown in Figure 6.10.
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o

Figure 6.10: The contrast function g(z) for our three examples: a bump function (left), a
delocalized function (middle) and the Shepp-Logan phantom (right).

In the first example, we consider a single bump in the form (6.46) with A = 0.5 and
r = 0.2, which is shown in Figure 6.10 (left). We run the minimization loop as described
above using k = 2* and k = 25, and the resulting reconstruction are shown in Figure 6.11.
From Figure 6.11 we can clearly see that as k becomes larger, the reconstruction becomes
closer to the true medium. The solution time for k = 2% is 15787.1 seconds.

In the second example, we consider a delocalized medium. The delocalized contrast
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Figure 6.11: Recovering a single bump contrast function. The upper row shows the
estimated contrast function and the lower row shows the reconstruction error at k = 26
(left) and k = 2* (right).
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function ¢(x) is obtained by convolving a pointwise independent Gaussian random field
with a Gaussian mollifier. The main difference with the single bump example is that the
refractive index, can be smaller than the background one, thus allowing for more complex
ray paths as shown in Figure 6.10 (center). We repeat the same experiments, whose results

are shown in Figure 6.12. The solution time required for k = 2% is 13185.3 seconds.
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Figure 6.12: Recovering a delocalized contrast function. The upper row shows the esti-
mated contrast function and the lower row shows the reconstruction error at k = 26 (left)
and k = 2% (right).

Finally, for the third example, we consider the more challenging, and more practical,
problem of recovering the Shepp-Logan phantom, depicted in Figure 6.10 (right). In this
case we have very sharp transitions of the refractive index, which will generate a strong
reflection, compared to the refraction-dominated media considered before. In addition,
the interior of the still acts as a resonant cavity, thus creating a large amount of interior
reflections, which are exacerbated as the frequency increases. We perform the same exper-

iments as above, whose results are depicted in in Figure 6.13. The solution time required
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for k = 26 is 14640.4 seconds. In this case, the reconstruction is qualitatively worse than
before. We can still see the shape of the phantom, but with a large amount of artifacts.
These artifacts are common to the three examples, but are somewhat more notorious
for the Shepp-Logan phantom. Indeed, these artifacts can be in part explained by the
large difference in the dispersion relation between the forward and backwards discretiza-
tion. The Lippmann-Schwinger discretization used for the forward problem is known to
be highly accurate if the media is smooth. In the cases before, the data generated by
the Lippmann-Schwinger solver is close to the analytical solution, and the artifacts seems
to come mostly for the phase errors in the finite-difference discretization. However, in
this case the phantom is discontinuous thus creating large phase errors in the solution

of the equation, and therefore the forward map, which in return produce more notorious

05
: 0.4
_ 0.3
0.2
0.1

o 0
h 0.1

artifacts.

-06 -04 -02 O 02 04
X

Figure 6.13: Recovering the Shepp-Logan phantom. The estimated contrast functions are
shown for k = 26 (left) and k = 2* (right).

To avoid inverse crime, we have used two different solvers for computing the equation.
The two solvers produce relatively large phase errors that propagate in the reconstruction.
The reconstruction can be significantly improved if we use the same PDE solvers in gen-
erating data and reconstructing the media. In Figure 6.14, we show the reconstructions
of the same single bump medium as in Figure 6.11 but with the 4th-order finite difference
for both data generation and inversion. It can be seen that the artifacts in the estimated

medium are much smaller for larger k and the reconstructed medium achieves a relative
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L? error of 0.0389 for k = 26. Better reconstruction can also be seen in Figure 6.15 for
the reconstructed delocalized medium, whose relative L? error is 0.0341 for k = 26. In
Figure 6.16, we show the reconstruction for the Shepp-Logan phantom. We can observe
that as the frequency increased the reconstruction becomes better, though due to compu-
tational limitations induced by the current implementation, we were unable to test with

a higher frequency. However, we would expect to obtain even a better reconstruction.
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Figure 6.14: Recovering a single bump contrast function with 4th-order finite difference
solver for both data and inversion. The upper row shows the estimated contrast function
and the lower row shows the reconstruction error at k = 26 (left) and k = 2* (right).

Lastly, we compare the conventional inverse scattering problem and our new inverse
problem using the Husimi data. We choose the incident wave ub* = w0 with § € S!

sk Again we cast the problem as

in (6.4), and measure the scattered far field data u
a nonlinear least square problem, and solve it using L-BFGS. We consider the initial
perturbation equal to zero, and set a first order optimality tolerance of 1075.

For simplicity, we use 4th-order finite difference for both data generation and inversion.

The setup of the computational domain and the discretization are the same as in the
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Figure 6.15: Recovering a delocalized contrast function with 4th-order finite difference
solver for both data and inversion. The upper row shows the estimated contrast function
and the lower row shows the reconstruction error at k = 26 (left) and k = 2* (right).
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Figure 6.16: Recovering the Shepp-Logan phantom with 4th-order finite difference solver
for both data and inversion. The estimated contrast functions are shown for k = 26 (left)
and k = 2% (right).
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previous examples.
The far field measurement is taken on the boundary 0B (E) with R = 1. We compute
the data with 180 incident directions 6 that are equally distributed on S! and 180 receivers

that are equally distributed on 0B(R). We add 5% noise to the scattered data in the form
of (6.52).

. 0.4
0.4 .
0.2 . . 0.2

> 0
0

-0.2 -0.
0.4 -0. 0. -0.2
-0.6 -0.

-06 -04 -02 O 02 04 -06 -04 -02 O 02 04
X X

Figure 6.17: Recovering a single bump contrast function by plane waves. The estimated
contrast function at k& = 26 (left) and k& = 2% (right) are shown. 4th-order finite difference
solver is used for both data and inversion.

Finally, we test the robustness of the new formulation with respect to the non-convexity
of the loss function. The ill-posedness of the inverse scattering problem is often manifested
as a very non-convex loss function with a myriad of local minima. As a consequence, any
PDE constrained optimization-based reconstruction has a higher chance of converging to a
non-physical minimum, a process that is often called cycle-skipping [206]. For comparing
the new formulation and the traditional one we also run the classical full-wave form in-
version in frequency domain, using data at a single frequency, using the delocalized media
in Figure 6.10. As discussed in Section 6.2.1, in the classical formulation one probes the
medium with plane waves, and the measurement operator samples the wavefield directly
on the boundary of the domain of interest. Numerically, we minimize the ¢? misfit of
the wavefield at the boundary, using the same L-BFGS solver as before. Initial guess is
zero. We repeat the experiments for two different wave numbers that are used in the new
formulation as well. The results are shown in Figures 6.17, 6.18, and 6.19, respectively.

In the plots we can observe that at low-frequencies we recover a smoothed version of the
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medium, but as the frequency increases we encounter cycle-skipping, i.e., the algorithm
converges to a spurious medium. This is an stark contrast with the inversion results of
the new formulation shown in Figures 6.14, 6.15, and 6.16, where at low-frequency the re-
construction does not perform as well, but it is more stable at high-frequencies, providing
an accurate reconstruction.

In summary the numerical experiments seem to indicate that the new inverse formu-

lation is far more robust to cycle skipping than its traditional counterpart.

0.5 0.5
0.4 0.4 . 0.4
02 0.3 . 0.3
- 0 0.2 0.2
0.1 0.1
-0.2 -0.
0 0
0.4 -0.
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-0.6 -0.

-06 -04 -02 O 02 04 -06 -04 -02 O 02 04
X X

Figure 6.18: Recovering a delocalized contrast function by plane wave. The estimated
contrast function at k = 26 (left) and k = 2% (right) are shown. 4th-order finite difference
solver is used for both data and inversion.
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0.05 0.05
0 0
0.05 -0.05
T06 04 02 0 02 04
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Figure 6.19: Recovering the Shepp-Logan phantom by plane wave. The estimated contrast
function at k = 25 (left) and k = 2* (right) are shown. 4th-order finite difference solver is
used for both data and inversion.
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6.6 Conclusions

To reconstruct an unknown medium, the generalized Helmholtz inverse scattering problem
uses data pairs consisting of the impinging and scattered wave fields, while Liouville inverse
scattering problems uses data pairs consisting of incoming and outgoing wave location and
direction. The former is regarded ill-posed in the high-frequency regime, while the latter
is well-posed. This is intuitively contradicting to the fact that Liouville equation is the
asymptotic limit of the Helmholtz equation.

We investigate this issue in this chapter. In particular, we develop a new formulation
for studying the Helmholtz inverse scattering problem with a new data collection process,
and we show that this new formulation, in the high-frequency limit, becomes the Liouville
inverse scattering problem, and thus inherits the well-posedness nature. This discovery
bares the conceptual merit of providing the mathematical description of the wave-particle
duality for light propagation in the inverse setting. In addition, this discovery also sug-
gests a more stable numerical reconstruction process for studying the Helmholtz inverse

scattering problem, which we showcase using several numerical experiments.

6.7 Conclusions

To reconstruct an unknown medium, the generalized Helmholtz inverse scattering problem
uses data pairs consisting of the impinging and scattered wave fields, while Liouville inverse
scattering problems uses data pairs consisting of incoming and outgoing wave location and
direction. The former is regarded ill-posed in the high-frequency regime, while the latter
is well-posed. This is intuitively contradicting to the fact that Liouville equation is the
asymptotic limit of the Helmholtz equation.

We investigate this issue in this chapter. In particular, we develop a new formulation
for studying the Helmholtz inverse scattering problem with a new data collection process,
and we show that this new formulation, in the high-frequency limit, becomes the Liouville

inverse scattering problem, and thus inherits the well-posedness nature. This discovery
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bares the conceptual merit of providing the mathematical description of the wave-particle
duality for light propagation in the inverse setting. In addition, this discovery also sug-
gests a more stable numerical reconstruction process for studying the Helmholtz inverse

scattering problem, which we showcase using several numerical experiments.
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Chapter 7

Conclusion

This dissertation investigates data-driven numerical methods for multiscale elliptic and
wave-type partial differential equations and their inverse problems. Our primary moti-
vation is to integrate analytical insights about multiscale PDEs with data and numerical
methodologies.

In the first part of the dissertation, we focus on developing efficient numerical solvers for
elliptic multiscale PDEs. Although the discrete solution manifold of these PDEs is high-
dimensional, it is essentially compressible if a homogenization limit exists. To compress
the solution manifold, we employ two distinct strategies from data science, both within
the domain decomposition framework and use Schwarz iteration. Our first strategy uses
neural networks as surrogate models for the boundary-to-boundary map in each Schwarz
iteration. In the second strategy, inspired by manifold learning techniques, the reduced
solution manifolds are used as surrogates for local solvers.

The second part of the dissertation focuses on the inverse problems associated with
wave-type PDEs in the high-frequency or classical limit. Observing the disparity in the
stability between traditional inverse scattering problems and their asymptotic limits, we
introduce new formulations for both a time-dependent and a time-independent inverse
scattering problem. These formulations involve new data collection processes that align

them with the Liouville inverse scattering problem, thus inheriting its well-posedness. This
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discovery suggests that properly integrating data into the multiscale inverse problems is
crucial for developing numerical reconstruction processes that are stable and reliable in
practice.

We comment on some problems and directions that deserve further study. First, in
Chapter 4, we propose using local bases over the solution manifold to construct numerical
solutions for nonlinear PDEs, supported by numerical examples demonstrating the efficacy
of this approach. In practice, the performance of this manifold-learning-based method cru-
cially depends on the properties of the solution manifold, such as curvature and intrinsic
dimension. A detailed error analysis of the method, along with a quantification of the sam-
ple complexity required to ensure accuracy and stability, would be interesting. Although
the current approach is inspired by the Local Linear Embedding method, the perspective
of the solution manifold could potentially be extended beyond this setting. Therefore, it
would be interesting to explore adapting other geometric machine learning methods to
solving PDEs, such as diffusion maps [81] and functional maps [180].

Second, in Chapter 6, we demonstrate that the new Helmholtz inverse scattering prob-
lem framework, when formulated as a PDE-constrained optimization problem, is asymp-
totically stable in the high-frequency limit. However, this setting has not yet been fully
understood theoretically. Two main challenges remain. On the PDE level, the well-
posedness of the inverse problem, particularly the stability of the new inverse scattering
problem, needs clarification—specifically, how perturbations in the measured data affect
the reconstructed medium. On the optimization level, it would be beneficial to study the
landscape of the optimization problem, including the local and global minima of the ob-
jective functional. Addressing these challenges is crucial for understanding the increasing
stability observed in numerical experiments and would require further exploration of re-
lated problems such as phase retrieval [116]. Additionally, while the current framework is
asymptotically stable, the dimension of the measured data is doubled, leading to quadratic
growth in computational complexity. It is uncertain whether the current algorithm will

yield a better method, taking this into account. Therefore, developing efficient algorithms
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based on the current framework would be an interesting direction for future research.
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Appendix A

Sampling method for solution

manifold

A.1 Sampling method for the semilinear elliptic equation

We explain here the sampling method for the semilinear elliptic equation in Sec-
tion 4.3.4. To enforce the boundary condition on the physical boundary, patches that
intersect this boundary should be treated differently from patches inside the domain. (We
call the patch §~2m an “interior patch” if it satisfies 6f~2mﬂ89 = @, and a “boundary patch”

otherwise.)

A.1.1 Sampling for interior patches

For the interior patch aﬁm, each sample in B(Ry; Q?m) is decomposed into radial and
angular parts gg = rX, with the two parts » and X sampled independently. The radial
part 7 is generated so that (ﬁ)D is uniformly distributed in the unit interval [0, 1], where
D is a preset integer. (We choose D =5 and R,,, = R = 20 in our tests.) The angular part

X is a Np,-dimensional vector uniformly distributed in the set {X € RV : || X||; o = 1},
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where N,, is the number of grid points on dQ,,, and the norm || - | /2 is defined by

192 = th@rmﬂ > It

ij=1 17
i#]

Here 5 = (az)f\i”{ is any discrete boundary condition, and z; denotes the grid point on

0.
In order to generate X, let Y7,..., Yy, ~ N(0,1) be i.i.d. standard Gaussian random

variables. Define the weight matrix W = (Wj;)n,. xn,. by

N )
§ : 2h
zz =h+ |z —z; |2 ) zg |Zi—Zj|2 )

J#l

and suppose that its Cholesky decomposition is W = C'TC. Then the vector Z =

C~Y(Y1,...,Yn,)" has uniform angular distribution with respect to the norm || - /25
so its normalization X = 0 me is uniformly distributed on the unit sphere {X € RVm :
112 = 1}

A.1.2 Sampling for boundary patches

Let
- P
m=|_ | € RNm
Gm,r

be a random sample, with $m7d representing the physical boundary part and $W repre-

senting the random part. When we rearrange the weight matrix W as

Waa War
W = ,
Wrd Wiy
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so that H(bmHl/z O W by, then it yields
(Z;?rz,rwrr(gm,r = R72n - (Zq—'rrz,d(de - Werr;lwrd)(Zm,d 5

indicating that the random part lies in an ellipsoid.

Hence, the random part qz~5m,,« can be sampled as follows. We decompose it into indepen-
dently sampled radial and angular part ar = 7 X, 5o that 7L is uniformly distributed
in the interval [0, (R2, = &), s (Waa = War Wi W) dm,a)P/2 |, and X, is uniformly dis-
tributed on the set {X,, : X,] W, X,,, = 1}.

A.2 Sampling method for the nonlinear radiative transfer

equations

Here we describe the sampling method for the nonlinear radiative transfer equations
discussed in Section 4.4.4.

To generate samples for the interior patches i&m, m = 2,...,M — 1, each sample is
decomposed into radial and angular parts 5 = rX, which are sampled independently. We

take (7— ) to be uniformly distributed in [0, 1], while X is a (IV,, 4+ 2)-dimensional vector

uniformly distributed in the set {X € RNvt2 . 2| X|| =1,X > 0}, where the norm || - || is
defined by
~ Ny B N
lll* = Zwalg s+ Y w0 o)+ 1802 + 92,
N
=t

given any discrete boundary condition

N,

- <{§(2>(s,vj)}j21, {g(l)(t,Uj)}?)N;H?g(l)?g(z)) _

Here N, is the number of grid points in the velocity direction and the w; are the Gaussian-
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Legendre weights. (We choose R,,, = R = 25 in our tests.)
To generate X, let Y1,...,Yn, 12 ~ N(0,1) be i.i.d. standard Gaussian random vari-

ables. Denote the vector

Yy YN
Z = Y] Y .
<\/w—17 s wNv, Ny+15 NU+2>
Then the normalized vector X = ﬁ is uniformly distributed on the unit sphere {X €
RM*2 . || X|| = 1}. Note that (4.46) is invariant under z-translation, so we need only

learn one interior dictionary on one interior patch, then re-use in for the other interior
patches.

Sampling the boundary conditions on the boundary patches can be done in the same
way. However, we do adjust the radius r. In particular, (#/M)2 is chosen uniformly in

[0, 1], where R;/j; has the fixed boundary condition deducted from R.
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Appendix B

Formal derivation of Theorem 6.1

We start from the equation

d+3

ika®u® + Auf + B n(z)u® = —=S%(x) = =k 2 S(k(z — z,)), z€R?, (B.1)

and assume that o — o > 0 in the limit & — oo. We denote the density matrix of uF
satisfying (B.1) by

M= o~ 2) (e ). 52

and the Fourier transform of a generic u by

-~ 1 —iyv
) = Fyosst) = gz [ ul)dy. (B3

The inverse Fourier transform is then

Flouw) = /Rd eVu(v)dv . (B.4)
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Now we compute the equation satisfied by the Wigner transform. The first step is to

compute the derivatives of g*

Y, Vad @) = —o [Au (o= L) (04 L)~ (2 - L) Ak (o4 L]

2k 2k 2k 2k 2k
(B.5)
and thus we have
afgb + iv, - ngk(m,y) + % [n (m + %) — (a? — Zy—kﬂ gk(gc,y) =
= o"(z,y)
DT )T B

Therefore, after a Fourier transform, we obtain the following transport equation on the

Wigner transform f*
oF fE(z,v) + v - Vaff(z,v) + ZF (2, v) %, fF(x,v) = Q¥(x,v), (B.7)
where the last term denotes the convolution in v

Z5(,0) o f¥(,0) = / Z*(z,0 — p) f* (2, p)dp
Rd

and the quantities Z*, Q¥ arising in this equation are given by

Zk(z,v) = Lﬁfy__lw [n <x+ i) -n <x - i)] ,

2k
[
(27r)d]:y—l>vo-k(xa y) :

(B.8)

Qk($v U) =

From this equation we can compute the formally compute the limits. For Z* we have that

7( 1y) - Ven(z) = —%an(a:) - V,o(v). (B.9)

—
©
3

N—

IS8
)



162

The limit of the source term Q¥ is slightly more involved. First, we define the complex

valued function

1
wh(y) = ——u® (:Es + Q) , (B.10)
kT k
which after a change of variable can be rewritten as
Wk (2) = kT wh(k(z — 2y)), (B.11)

where function w” satisfies the rescaled Helmholtz equation

k

O Ak AV
i—-w + Aw +n<x5+k)w =-S(y). (B.12)

k

In the high-frequency limit, w” converges towards a solution w of

Aw + n(zs)w = —S(y). (B.13)

The second step is to compute the Fourier transform of w. To do so, we add an absorption

term to the equation above, resulting in
ifw+ Aw + n(zs)w = —S(y) . (B.14)

where 8 > 0. This new term is used as a broadening factor, which helps to smooth the

Fourier transform. We perform a Fourier transform on both sides, which leads to

—5(v)

nw — s - S Wewsh). (B.15)

@(v) =

where G(v; 8) denotes the Fourier transform of the outgoing Green’s function that vanishes

at infinity

1 n(xs) — v|? i

n(e) P18 (n(zs) — 0P+ B2 (n(s) — [P+ 52

@(U;B)E— 68>0.

(B.16)
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As usual, we take the limit § — 0+. The first term converges weakly to the principal

value

_ n(xs) — [vf? B0+ 1
(n(zs) — [v[*)? + B2 PV (n(xs) - \vP) ' (B.17)

The second term converges to a delta function on the sphere {|v|? = n(x,)} as 8 — 0+

(n(ws)—i|€\2)2+ﬁ2 Aol = (). (B.18)

In summary, we obtain the Fourier transform of the outgoing solution to (B.13)

D i G Y(v: =S E v =nlxs)) — 71
)= Jim S(u)G(v: 5) = 5(v) | 5o(lwf’ = n(z.) ~ PV. (n(xs)wﬂ. (B.19)

Now we are ready to compute QF. We take two test functions ¢(z) and ¥ (y)

/de Uk(w’ y)o(x)Y(y) da dy

L e ) (e ) (e ) (o ) vt

)

ik? —
L el ) o)
-8 (k‘ <CL‘ + % - :CS>) w® (k‘ (93 - % - x5>> } o(x)Y(y)dady
5 Lo (SO + 00 (% + 3+ o) =St =0 (5 - 21 + o) | vy

koo, %¢(xs) / [S(2)w(z +y) — S(2)w(z —y)] P (y)dady .
R2d

In other words, we have formally obtained that

ok (z,y) LN %(S(:U — a;s)/ [S(2)w(z +y) — S(z)w(z — y)] dz, (B.21)
Rd
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which after a Fourier transform gives

QF(z,v) = (271r>dfy‘iva’“(:v,y>

. (271r>d;6<:c —z)F {/R [SEY@(z +y) = S(E)w(z - y) dz}

. (B.22)
= 38 —2,)(2m)? | S} (o) - Sy (v)]
= 2n)"8(x — z)Im [S(v)i(v)| -
We finally obtain
Q¥ () 72 (2m)1% 5(x — 2) |53 (0 = n(z)). (B.23)

by substituting (B.19) in (B.22).
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