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Statistical Problems in Phylogenetic Inference

Max Hill

This thesis considers a number of statistical problems in mathematical phylogenetics
relating to the estimation of evolutionary trees from DNA sequence data. We consider
the robustness of a variety of inference procedures under certain biological assumptions,
including assumptions about intralocus recombination, gene duplication and loss, and
mutation rate variability between genes. For these questions, robustness is understood in
terms of identifiability, statistical consistency, and sample complexity (i.e., the number of
samples required to have high probability of correct inference). In addition, we consider in
detail maximum likelihood estimation of species trees from DNA sequence data on trees
with three or four leaves with the aim of developing tools which, in the future, may be

useful for better understanding of some of the ways that maximum likelihood can fail.
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Chapter 1

Introduction

1.1 Overview

At the heart of mathematical phylogenetics is the goal of understanding the history of life
on Earth. The great diversity of lifeforms and of biological processes at play in evolution
give rise to many methodological and theoretical questions—all with the ultimate goal of
better understanding and resolving the tree of life. These overarching questions include:

(1) How can genomic data, typically sampled from extant species, best be used to
reconstruct relationships between their (usually long-extinct) ancestors?

(2) What are the theoretical limits of what can, in principle, be discovered about the
evolutionary past, provided the sorts of data available to us? And for those biological
events (speciations, hybridizations, etc) which are not in some sense ‘lost to time,” how
much data must be gathered to achieve adequate levels of confidence in our estimates of
what happened, and when?

(3) How accurate is a given inference method under certain assumptions about the
evolutionary process? And how accurate might it be when those assumptions not met?

As the term tree of life implies, evolutionary relationships between species are often
thought to be represented by a tree graph (e.g. Fig. or the black tree in Fig. [L.5)). In
this scheme, the edges represent some level of taxonomy—usually species or populations—

with the vertices representing most recent common ancestors and the leaves of the tree



representing extant taxa from which genetic data can be sampled. Tree parameters such
as the edge lengths and the tree topology represent hypotheses about what happened in
the evolutionary past to produce the organisms observed today.

Complicating this picture, there are many examples in phylogenetics of seemingly rea-
sonable inference methods which turn out to perform poorly when previously-unrecognized
biological phenomena are taken into account. The major examples include the phe-
nomenon of long branch attraction, a form of estimation bias affecting parsimony and
maximum-likelihood methods [1, 2, 3], inconsistency of concatenation-based methods [4}
5], the ‘anomaly zone’ in which individual genes are most likely to exhibit patterns of
ancestry which differ from that of the species [6, |7, [8], and inconsistency arising from
violations of tree-likeness, due to sources like hybridization, introgression, and horizontal
gene flow [9, 10, |11} 12].

There are a number of mathematical questions considered in this thesis which are

relevant to the evaluation of phylogenetic inference methods. These include the following:

o Statistical identifiability: can the model parameters be recovered from the theoretical

distribution of the data?

o Statistical consistency: does the method converge in probability to the true param-

eter value as the number of samples tends to infinity?

e Sample complexity: how much data (e.g. genes) must be sampled to have a high

level of probability of correct inference?

This thesis considers a number of problems in mathematical phylogenetics, relating
both to the ways in which various biological phenomena can complicate inference of the
evolutionary past, as well as the the robustness of inference methods to these and other
complications. Of special interest is the question of determining which biological phenom-
ena need to be accounted for in models of evolution, and which—having little effect on
estimation—can be safely ignored. In this thesis, the main biological phenomena consid-

ered in this way are



e (1) homologous recombination, in Chapter
e (2) gene duplication and loss, in Chapter |3, and

e (3) variability of mutation rates between genes, in Chapter

In Chapter o we take a different approach, instead focusing our study on a particular kind
of inference method, maximum likelihood estimation, with the goal of better understanding
one of the ways which it can fail (i.e., long-branch attraction).

The structure of the remainder of this introduction is as follows. In Section [1.2] we
provide a concrete example of the sort of phylogenetic analyses that we are interested
in studying. In Section [1.3] we describe the underlying probabilistic models of evolu-
tion which are typically assumed in phylogenetic analyses, with particular attention paid
to drawing connections between biological assumptions and mathematical ones. In Sec-
tion [1.4], we present another way of looking at models of evolution—as parameterization
maps—in order to precisely define the notion of identifiability and introduce an perspective
on models of evolution which is more algebraic than probabilistic. Finally, in Section

we provide a brief overview of the major results in the chapters of this thesis.

1.2 Phylogenetic Reconstruction: A Motivating Example

Genomic data provides a wellspring of information about the otherwise hidden evolution-
ary past of living organisms. As a motivating example as to the types of problems we
are concerned with, suppose we wish to estimate the evolutionary history of the following

seven virus strains:

MN3, MN5, MN12, C14.CSU_034.10640, C33, C46, and
BoviShield_Gold_FP5_MLV _vaccine.

These strains are members of BHV-1, also known as bovine herpes virus type 1. The last
virus is a commercial BHV-1 vaccine strain.
Associated with each of these strains is a DNA sequence, consisting of approximately

144,500 base pairs. These sequences are arranged as rows in a matrix, called a multiple



species alignment (MSA). Fig.|1.1|shows (a subset of) the MSA for the seven viral strains
listed above. (The full dataset was obtained from NCBI taxonomy database [13]).

An MSA is arranged in such a way that the nucleotides in each column, or site, are
assumed to have descended from a common ancestor. While the MSA mostly consists
of the nucleotide letters A, T, C and G, gaps in the alignment (depicted with dashes) are
common, possibly arising due to missing data or gene insertion/deletion events which
occurred in the evolutionary past [14} |15].

The patterns of nucleotide polymorphism in an MSA are usually thought to convey
information about the evolutionary past. In the case of the viral strains, for example,
the sequences of the seven strains are all extremely similar, with 99.4% of the sites in the
genome exhibit no variation of nucleotides between the strains. This indicates that the
viral strains are all very closely related. Nonetheless, approximately 600 polymorphic sites
exist in the genome, including two in the subset of the MSA shown in Fig. We have
identified these by marking the two sites with the symbol *. Based on the site pattern
observed in both of these columns, and without knowing any further information, it would
be reasonable to guess that the seven strains can be separated into two distinct clades
consisting of the sets {C14_CSU_034_10640, C33, C46, BoviShield_Gold FP5 MLV vaccine}
and {MN3, MN5, MN1}.

* *
>MN3 GCCGCGCGTGGAGGTGCTCTCCTCCTCCTCCTCCTCCTCCTCCGCCTCCTCGCCCGCGGCGTCGCCC
>MNS6 GCCGCGCGTGGAGGTGCTCTCCTCCTCCTCCTCCTCCTCCTCCGCCTCCTCGCCCGCGGCGTCGCCC
>MN12 GCCGCGCGTGGAGGTGCTCTCCTCCTCCTCCTCCTCCTCCTCCGCCTCCTCGCCCGCGGCGTCGCCC

>C14 GCCGCGCGTGGAGGTGCTC---———--- TCCTCCTCCTCCTCCGCCTCCTCGTCCGCGGCGTCGTCC
>C33 GCCGCGCGTGGAGGTGCT--—————————— CTCCTCCTCCTCCGCCTCCTCGTCCGCGGCGTCGTCC
>C46 GCCGCGCGTGGAGGTGCTC---———--- TCCTCCTCCTCCTCCGCCTCCTCGTCCGCGGCGTCGTCC
>Bovi GCCGCGCGTGGAGGTGCTC--——————- TCCTCCTCCTCCTCCGCCTCCTCGTCCGCGGCGTCGTCC

Figure 1.1: A subset of the MSA containing DNA sequences from the seven related viral
strains.

There are myriad ways to estimate the course of evolution from data like that shown
in Fig. Using one such method (the likelihood-based software IQ-TREE [16]), and

using the full genome as input, we estimate an unrooted phylogenetic tree, shown in



Fig. This tree is a biologically interpretable hypothesis about the evolutionary history
of the seven viral strains, with vertices representing common ancestors and branch lengths
representing some measure of evolutionary distance. Consistent with our earlier guess, the
tree contains an internal branch (marked with a the % symbol) which splits the taxa into
the two clades mentioned earlier.

Having produced an estimate, it is reasonable to ask how much confidence should we
have in the tree in Fig. Since the inference method used—maximum likelihood—
assumes a particular model of evolution, what is the risk that the assumptions made by
that model are a poor approximation of the underlying evolutionary process experienced
by these strains? For example, we have assumed here that the evolution of these viral
strains was treelike, i.e., that there was little to no transfer of genes between separate viral
strains. Due to viral recombination, which is known to occur in BHV-1 viral strains [17],
such an assumption may be unreasonable.

Even assuming the model of evolution is reasonably adequate, does 144,500 base pairs
constitute a sufficient amount of data to have confidence in every feature of this tree? Of
special interest are the very short internal edges, such as the edge separating the taxon
pair {BoviShield_Gold, C14} from the rest of the tree. While not shown in Fig. this
length of this edge is only 0.00001446, when measured in expected number of substitutions
per site. Under standard model assumptions, this means we expect to see only two substi-
tutions occurring along that edge in the entire genome. Given that sampling, sequencing,
and alignment methods are necessarily imperfect, how much confidence should we really
have that the closest relative of BoviShield_Gold is actually C14 as the tree suggests,
and not, say, C46? These are the sorts of questions which we aim to treat in a rigorous

mathematical way in this thesis.

1.3 Mathematical Models of Evolution

As the questions raised in Section [1.2] suggest, we are interested in rigorously studying

methods of reconstructing, as a tree or network, the evolutionary history of multiple taxa.
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Figure 1.2: An estimated unrooted phylogenetic tree inferred from the full viral genome
Fig. using the maximum-likelihood software IQ-TREE with the default settings [16]
and plotted using PhyloNetworks [1§].

As a starting point, we begin with a discussion of some of the standard probabilistic
models of evolution which will be utilized in this thesis, with particular attention to the
connections between the sorts of biological assumptions which are made and how these

assumptions justify (or not) the mathematical assumptions made by the models.

1.3.1 Trees and Networks

At a high level, the evolutionary history of related taxa or individuals can be represented
by a graphical model (i.e., a tree or network) which depicts their evolutionary relationships,
such as lineages, clades, most recent common ancestors, outgroups, hybridization events
and so forth. The most important type of graphical model is the phylogenetic tree, a central
object of study and one which provides an essential framework for thinking about the
history of life from an evolutionary perspective [19]. The most commonly considered types
of phylogentic trees are (1) species trees, which represent the evolutionary history of two or
more populations, and (2) gene trees, which represent the genealogical history of a single
homologous gene family, such as a gene which codes for a particular protein found in one or

more species; by homologous we mean that the genes descended from a common ancestral



gene [19]. Phylogenetic trees have labeled leaves and also typically have edge weights
(de)ecE(T), called branch lengths, representing some biologically meaningful measure of
evolutionary distance (e.g. number of generations, expected number of mutations per
site).

The term species tree, although standard, is somewhat misleading as “species” is loaded
and not applicable to all organisms. For example, we regard the tree in Fig. as a species
tree, even though it is not obvious how to define the term species with respect to virus
taxonomy [20]. Similar difficulties arise when attempting to provide universal definitions
to a whole host of common terms in biology, such as “population,” “individual,” and
“gene,” and owing to the fundamental complexity of life, imperfect simplifications of such
concepts are unavoidable. As mentioned earlier, even the notion of a “tree of life” does
not provide a perfect framework since evolutionary relationships are often not treelike,

and indeed there has been a great deal of recent research motivated by the goal of relaxing

that assumption.

1.3.2 Wright-Fisher

The models of evolution that we will consider are, at some level, continuous approximations
of a discrete-time model known a the Wright-Fisher model, which itself provides a natural
staring point for thinking about mathematical models of evolution.

This Wright-Fisher model considers an idealized population with discrete, non-overlapping
generations each consisting of 2N haploid individuals (or equivalently N diploid individ-
uals). It further assumes that the organisms are hermaphrodites which undergo random
mating in each generation with no selection [21]. In this setting, the term “individual”
refers not to an individual organism, but to an individual haploid gene.

Under these assumptions, the parent of any individual in generation g is chosen uni-
formly at random from the previous generation g 4+ 1. Thus, starting with n individuals
sampled from generation 1, one can proceed backwards in time by randomly choosing the

parents from generation 1 for each sampled individual, and then choosing parents for them



from generation 2, and so forth. Each time, one can trace back the lines of descent, or
lineages, as shown in Fig. [[.3] When two individuals share the same parent, their lineages
are said to coalesce. As one goes back further in time, the occurrence of coalescence events
can only reduce the number of lineages; when the most recent common ancestor of the

sampled individuals has been reached, only one lineage will remain.

O eeececcecceccssccssccsee 9

R 8

6 @eccccccccccce 6

3 eeeeeccccccccscesvoccce 3
2 eeecespececccscsccccccce 2

1 eevedecessecvosscccrons 1

B C A B C

Figure 1.3: Wright-Fisher in a single population consisting of 9 generations with N=23
individuals per generation (left). Three individuals A, B, C' are sampled in generation 1,
and lines of descent are constructed by repeatedly choosing parents at random from the
previous generation. Coalescent events among lineages from samples A, B and C occur in
generations 3 and 7. The resulting genealogy for A, B, C is obtained by removing all indi-
viduals not ancestral to the sample, and untangling the lineages, and can be represented
by the gene tree on the right.

Given two or more sampled individuals, how long ago was the most recent coalescence
of lineages? That is, how many generations must we go back before reaching a common
ancestor of some pair of individuals from our sample? To answer this question, let p,
be the probability that n individuals have exactly n distinct ancestors in the previous
generation. In other words, p,, is the probability that no lineages coalesce in the previous
generation. Under the assumption of random mating, the probability that two individuals

share the same parent is ﬁ, and hence it follows that

1

=1-—.
b2 ON

By similar reasoning, the probability that three individuals “choose” three distinct parents



is

() 2)

More generally, for all n > 2, and as N — o0, it holds that

)

k=1

1424...+(n-1) 1
. . +0( )
_, ) 1
=1-2+0().

In other words, when N is large, and n is small relative to IV,

This probability does not change from generation to generation, in the sense that depends
only on the number of individuals sampled from a generation, but not on the generation
itself. That is, no matter if the n individuals are sampled from the current generation,
or the parent generation, or the great- great-grandparent generation, the probability of
those n individuals having exactly n parents is the same. We can conclude from this that
the time until the most recent coalescence is approximately geometrically distributed with
success probability

()

Therefore, given a sample of n individuals, if T}, is the number of generations with n



10
distinct ancestors of the sample, then

P [T, > 2Nt] = (p,)?N!

— ()t +o(1).

for any ¢ > 0 as N — oo. It follows that if IV is large, and ¢ is rescaled so as to be

measured in units of 2N generations, then
P[T, >t~ e () (1.1)

This shows that if N is large, and n small relative to N, then T}, is approximately ex-
ponentially distributed with rate (Z) The convention of measuring time in units of 2NV
generations is common, and when time is scaled in this manner we say that it is measured
coalescent units (e.g., one coalescent unit equals 2N generations).

The Wright-Fisher model is used extensively in population genetics to understand
changes in allele frequencies due to genetic drift. While its assumptions (discrete gener-
ations, random mating, constant population size, etc) appear to be restrictive and unre-
alistic, a substantial relaxation of these assumptions is possible (e.g., to allow for such

phenomena as overlapping generations, separate sexes, variable population size) by means

of alternative rescalings of time [22].

1.3.3 The Coalescent

The coalescent model, due to [23], is an important continuous-time approximation of the
Wright-Fischer model. In the coalescent model, one “forgets” about generations as discrete

entities containing discrete individuals, and insteads models only the evolution of lineages



11

using a continuous time Markov process, with time measured in coalescent units. Without
formally defining the state space of this Markov process (which can be found in [23]), the
coalescent can be understood simply in the following manner as a bottom-up, backwards-
in-time procedure for growing an n-leaf tree starting from the leaves, as we now describe.

First, for each k = 2,...,n, let T be an independent rate (’5) exponential random
variable. Then, starting at time ¢t = 0 with n labelled nodes (which will become the leaves
of the tree), trace lineages upwards as time proceeds. After T,, time has elapsed, choose
two lineages uniformly at random and join them; this is the first a coalescence event and
now only n — 1 lineages remain. After a further 7T;,_; time has elapsed, randomly choose
two of the remaining n — 1 lineages to coalesce. Continue in this manner so that for each k,
T}, is the duration of the epoch in which there are k lineages. Then time To +T5+...+ 1,
is the time of the most recent common ancestor of all n leaves, and after this time only a
single lineage remains, so the procedure is stopped. To see that this procedure terminates

in finite time, observe that

Since this is finite, it implies that T5 + ...+ T,, < oo with probability one, and hence with
probability one the output of the coalescent is indeed a tree.

Labelled trees generated in this manner are called coalescent trees, and their distri-
bution is well-studied and understood, for example see [21] |22} 24, 25]. The justification

for choosing T}, ~ exp ((g)) is due to Eq. 1j and the justification for choosing lineages
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uniformly at random to coalesce is due to the assumption of random mating. From these
facts alone, we can see that coalescent trees have a very particular kind of distribution;
for example, since the rate of coalescences is very fast when there are many lineages and
slows down as the number of lineages decreases, it follows that the lineages closer to the
leaves tend to be much shorter than the lineages close to the root.

The coalescent provides a framework for thinking about genealogies, understood as the
latent (i.e., unobserved) evolutionary relationships between sequences of DNA observed in
different organisms [21]. In the study of population genetics, for example, coalescent trees
are used to model evolution of alleles within a single population, and the distribution of
coalescent trees, when combined with models of mutation, forms the basis for a myriad
of estimators of genetic diversity [21]. For our purposes, however, we are interested in
the evolutionary relationships between species, and so it is necessary to take yet another
step, in order to generalize the coalescent to the setting where there are multiple related

populations.

1.3.4 The Multispecies Coalescent

The multi-species coalescent (MSC), due to [25], generalizes the coalescent to multiple
related species, and is likely the most commonly-used model of gene evolution. The MSC
takes as input a species tree parameter and outputs a gene tree.

The MSC model can be described informally, and we refer the reader to Fig. for
reference. In this model, a fixed species tree S is treated as a parameter representing

4

the true phylogeny of the taxa; we regard the edges of S as “populations” and these are
drawn as fat edges (e.g., the four-leaf tree in Fig. . Given this input, a gene tree,
which represents the ancestry of a particular segment of the genome, is then generated
according to the MSC in the following way. Starting at the leaves of S, we draw lines in
a bottom-up manner; as in the coalescent, these lines represent the genealogical lines of

descent, or lineages, ancestral to the samples. If two lineages are in the same population,

then they coalesce (i.e. merge into a single lineage) at rate 1, and pairs of lineages coalesce
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independently. When only a single lineage remains, the most recent common ancestor of
the sample has been reached, and the process terminates. The result is a gene tree whose
edges are the ancestral lineages, which is the output of the MSC. Essentially, therefore,
the MSC takes the idea of running the single population coalescent within each edge of

the species tree in a bottom-up manner and “gluing” the results together.

DL

To L

AL

Figure 1.4: An example realization of the multi-species coalescent. The lineages of a gene
tree are (shown as wavy blue lines) are regarded as evolving within the edges of a 4-taxa
species tree S (with fat edges in black), which are regarded as populations. The species
tree S, along with the divergence times 74, 7¢,7p, are treated as fixed parameters; by
contrast, the coalescent times of the gene tree are random, with the main restriction being
that two lineages can coalesce only if they are in the same population. The gene tree
shown exhibits incomplete lineage sorting, as the lineages from A and B do not coalesce
in population AB, and as a result its topology differs from that of S.

One complication inherent to the MSC is that two lineages might exit a population
without having coalesced, a phenomenon called deep coalescence, or more commonly in-
complete lineage sorting (ILS). An example of this is shown occurring in population AB in
Fig. In biological terms, ILS is caused by the existence of gene polymorphism (i.e., the
co-existence of two or more alleles for a gene in a population) is maintained in a population
undergoing successive speciation events [26]. Since genetic drift has the effect of killing off

polymorphisms via fixation, ILS is less probable when speciation events are separated by
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long periods of time, and more likely when the time between speciation events is short.

ILS has recieved a great deal of attention as a potential source of error in phylogenetic
estimation because it can result in gene trees not sharing the same topology as the species
tree, a phenomenon known as gene tree incongruence. Gene tree incongruence due to ILS
is thought to be widespread in the primate genome; for example, although chimps are
the closest living relative to humans, nonetheless genes making up as much as 15% of our
genome is more closely related to gorillas, and another 15% of the primate genome suggests
that chimps are most closely related to gorillas rather humans [27, 28]. One especially
striking result is that ILS can even give rise to situations, termed the “anomaly zone,” in
which the most likely gene tree topology is different from that of the species tree |29} |7,
6, 8, 24]. Concerns about the impact the ILS on inference has provided impetus for the
development of a variety of ‘supertree’ methods which focus on recovering subtrees (or
other information) from 3 or 4 leaves at a time, and piecing those results together to come
up with an estimate of S (7} 30, 31].

At this point, it is important to note that a standard assumption underpinning most
phylogenetic analyses is that gene trees are independent in the probabilistic sense. The
biological assumption which underpins this assumption is that homologous recombination
(i.e., crossing over) occurs between genes. The reason for this is that, although two genes
located close to each other on a chromosome will usually be co-inherited (i.e., passed
on together from parent to offspring), sometimes a recombination event occurs between
them during meiosis, resulting in only one of them being passed on to the offspring. As
a consequence, recombination between genes reduces linkage between their ancestries, so
that over the course of many generations, the correlation between their genealogies are
thought to decay to negligible levels [21].

However, this assumption of independence is in tension with another assumption im-
plicitly made by all three models presented thus far: that individual genes—understood
here as the portions of chromosomal material whose ancestry is modeled by the process—

are indivisible. That is, the MSC and the models it is based on assume that individual
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genes are always passed down from parent to offspring in whole, and not broken up by
crossover events (32} |29} [24]. This assumption may be violated due to intralocus recom-
bination, whereby recombination breakpoints occur within the genetic locus of the gene,
with the result that a single observed gene may consist of several different components
with distinct evolutionary histories (i.e., so that the gene itself is comprised of two DNA
segments tracing back to different grandparents). Tracing a gene lineage backwards in
time, an intralocus recombination event would correspond to a splitting of the lineage
into two lineages. Intralocus recombination is common in real data, occuring in ~ 80%
of protein-coding genes in Eukaryotes [29]. It is currently an open question how much
intralocus recombination can impact phylogenetic inference when not accounted for, and
there has been significant debate on this topic [33, 34}, 135, 32]. It is therefore of interest to
better understand the extent to which intralocus recombination may affect inference under

realistic biological settings [29] 36]. This question is considered in detail in Chapter

1.3.5 Mutation

Up to this point, what we have described are models of a genealogical process, models
which describe only lineages and shared ancestry; the real power of such models to allow
for inference manifests when they are paired together with models of DNA mutation
and substitution. After all, since data takes of form of observable DNA sequences, and
genealogies are almost never directly observable, it is necessary to consider how DNA
sequences of a gene might be related to its latent genealogy. This is usually formulated as
an additional step, after first generating a gene tree, in which some model of nucleotide
substitution involving a Markov chain on a tree |37, [38], is then run using the gene tree
as input to obtain a DNA sequences. We begin by examining some of the assumptions of
standard mutational models, which model DNA mutation by a continuous-time Markov
jump process.

Each generation, the nucleotide at a specified site ¢ in the genome has a small chance

of undergoing spontaneous neutral mutation. By mneutral we mean selectively neutral,
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i.e., that the mutation has no effect on the fitness of the offspring. It is assumed that
the chance of a neutral mutation occurring from generation to generation is independent
(though in practice this assumption is not always true [21]). Under these conditions, it is
natural to model the “arrivals” of mutations at ¢ over many generations by a fixed-rate
Poisson process.

To justify this, it is useful to recount the Poisson approximation of the binomal. Let
i€ (0,1), and let p1,pa,... € (0,1) be a sequence such that

po="E 4o (1) . (1.2)

n

For each n > 1, consider the sequence of random variables
X%n), e ,X}L") S Bernoulli(py,)

so that

X"+ ..+ X" ~ Binomial(n, p,).

Since np,, — fi € (0,00), the law of rare events applies (see, e.g., [Breiman, Chp9]) and it
holds that
X" 4+ x4 Poisson(fi).

which implies that for each nonnegative integer k,

P [Xf”) b+ XM = k| = %e*“+o(1)

as n — 0o. Loosely speaking, when n is large, then np, =~ i and the following approxi-
mation holds

Binomial(n, p,) & Poisson(f).

Returning to the question of mutations in the genome, let us assume that there exists

some p € (0,1) such that in each generation, the probability of a neutral mutation occur-
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ring at site ¢ is p. Therefore, going back n generations, we can represent the occurrence

of mutations in each generation by n independent Bernoulli random variables:
Yi,...,Y, (S Bernoulli(u).

Let Y denote the number of mutations occurring at site s over the past n generations.
Then

Y =Y, +...4Y, ~ Binomial(n, u).

Taking fi = nu, this is precisely the regime of Eq. , and it follows that Y should be
well-approximated by a Poisson distribution with rate parameter nyu, provided that n is
large and p is small. Both of these conditions are realistic, as evolution occurs over deep
timescales, and typical estimates for y hover around p = 1078 or = 1079 [21]

While we have described the evolution of only a single site, it is common to implicitly
assume that all sites in the genome evolved independently in the same manner, i.e., that
the mutation rate p is constant across sites. This assumption is less defensible, resulting
in a site distribution which is substantially different from real data; for example invariant
sites, which experience no variation across many taxa, are much more common in real
data than would be the case under these assumptions [21} 38]. The question of across-site

rate variation is considered in detail in Chapter [4]

1.3.6 Substitution

Over the course of many generations, the nucleotide located at a particular site in the
genome may have experienced more than one mutation. For example, the nucleotide
might have mutated from A to C, and then back to A again. Or it might have mutated
many times over many generations, e.g., from A to C' to A to T. In such cases, some or all
of the mutation events are not observable. What are observed, instead, are substitutions,
understood as DNA differences observed between species [21].

Site substitution models provide a way to model the evolution of DNA sequences from
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a tree (e.g., a gene tree), provided certain assumptions about the underlying mutational
process. A site substitution model can be understood in a probabilistic sense, as a Markov
chain on a tree, which more informally can be thought of as a procedure which takes as
input a tree and outputs nucleotides at the leaves of the tree. That is, we begin with a
state space S of “nucleotide sites” (e.g., {A4,7,C,G} or {0,1}). The input is an n-leaf tree

T with leaves labelled 1,...,n such that each edge of 7 has an associated a transition

() ()
(¥ (¥

matrix P(¢) = (p ), where p;.” is the probability of a transition from state i to state j
along edge e. Starting at the root of the tree, one assigns a nucleotide state according
too some prescribed probability distribution 7 on S. Then independently along each edge
e € E(T), and propagating outwards from the root, state transitions occur in a random
manner according to the transition matrix P(®). The output of this procedure, after each
edge has been considered, is the state of the process at each labelled leaf of T, i.e., one
nucleotide at each leaf of the tree.

Since fewer mutations are expected to occur in the history of closely-related organisms
than distantly-related ones, it is reasonable that for each edge e, the transition matrix
P(©) should depend in some way on the branch length of e. Although it is possible to
simply assign an arbitrary probability transition matrix to each edge of e, it is much more
common to construct transition matrices from a set of explicit assumptions about the
mutational process.

In order to explain this latter approach, let us first consider the case of a single edge of
a phylogenetic tree, having branch length d, > 0, measured in coalescent units. Assume a
constant per-site per generation neutral mutation rate of p > 0.

We say that a square matrix Q = (g;;) is a rate matriz if the rows of Q) sum to one,
and ¢;; > 0 whenever i # j. When ¢ # j, the term ¢;; represents the instantaneous
rate at which state ¢ might “mutate” to state j. In this thesis, we will consider only the
simplest models, the Cavender-Farris-Neyman (CFN) [39, |40, 41] and Jukes-Cantor (JC)
[42] models. In the Jukes-Cantor model, there are four nucleotide states A, C, T, and G,

while in the Cavendar-Farris-Neyman model, there are only two (e.g., 0 and 1, representing
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purine and pyrimidine). The rate matrices for these two models are

L oBrp
/’L7§7§7§
2 LB
—H 1% §7_/'L>§7§
QcrN = and Qo =

L op J2
u —u g,g,—/,t,g

L BB
_§7§7§)_M_

The structure of a rate matrix represents some set of assumptions about the mutational
process, such as the number of nucleotide states as well as the relative likelihood of the
various types of mutations. In the two examples above, since ¢;; = p whenever i # j,
both Qcrn and Q3¢ “contain” the assumption that at a given moment in time, all types
of mutations are equally likely to occur; in addition, since neither Qcpn nor @ jc depends
on t, they also contain the assumption that the rates of mutations along each individual
lineage do not vary over time. The CFN and JC models have the virtue of simplicity, but
are unrealistic. For example, it is known that due to the molecular structure of DNA,
transitions (mutations between A and G, or between C and T) occur more often than
transversions (i.e. all other mutations) [21]. A plethora of more sophisticated substitutions
models have been developed, and the reader is referred to [43] for a good overview of
research trends in this area.

Using a rate matrix @), we can construct probability transition matrix in the following
way. Let (Xi)icp,4.] be a continuous-time stochastic process with state space S (say,
S ={A,T,C,G}), so that X, represents the nucleotide state at site i on edge e at time ¢.

Letting

pij(€) =P [ X =j | Xy = 1]

and d;; := 1j;—;], we make the assumption that for all ¢, j € S,

pij(€) = 6ij + gije +o(e) ase— 0r, (1.3)

Eq. (1.3) expresses the idea that the process (X;) is a Markov process, i.e., it represents
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the assumption the future behavior of the process X; depends not on its past history,
but only on the current state at time ¢; this is because as ¢ — 07, the right-hand side of
Eq. depends asymptotically only on the current state 7, as well as the state j, but not
on any previous history of the process. Using the Chapman-Kolmogorov equation (see,

e.g., [44, chapter 15]), it holds that for any ¢,e > 0,

pzy t + 6 szk pk]

kesS
= pir()(0kj + arj€) + o) by Eq. (L.3)
keS
=pij(t) + Y _ pik(t)arje + o(e).
kes
Rearranging terms,
pij(t +¢€) —p;
U( Zj szk qkj +o 1)

keS

and sending € — 0T, we obtain a system of ODEs known as the Forwards Equations:

P'(t) = P(t)Q. (1.4)

Utilizing the boundary condition P(0) = I, it follows that this system of equations has

solution

P(t) =exp (Q1), (1.5)

where exp(-) is the matrix exponential. Eq. (1.5)) shows the general form of a probability
transition matrix P(¢) arising from time-homogeneous continuous time Markov process,
and one can use Eq. (1.4) or Eq. (1.5 to compute the entries of these matrices from a rate

matrix ). In general, transition matrices are matrices of conditional probabilities; in the
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case of the Jukes-Cantor process for example,

paa(t) pac(t) pac(t) par(t)
Pro(t) = pca(t) pec(t) pea(t) per(t)
pca(t) pee(t) pec(t) per(t)
prat) prc(t) pre(t) prr(t)
where
1 e_St 1 =
ptty = { 1T
l—em3) iy

A transition matrix can then be assigned to each edge e € E(T) by setting P .= P(d.).
Most commonly, the same rate matrix @ is used for all branches of the species tree 7, an

assumption known as rate homogeneity [38].

1.4 Models as Maps

1.4.1 Identifiability

The practical question of reconstructing an evolutionary history from genomic data is
at heart a question of recovering parameters from a parametric statistical model; in this
context, the fundamental limits of what can and cannot be inferred are formulated in terms
of statistical identifiability. To define this notion precisely, let © be a space of parameters
and let Ag_1 = {p ER:py,...pa>1,pi+...+pi= 1} be a probability simplex of

dimension d — 1, for some d > 2. A phylogenetic model is the image of a map

¢2®—>An_1

given by

er—)pg
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which sends a vector of parameters § = (61, ...,6,,) to a probability measure representing
the probability distribution of some random but observable biological feature (e.g., the
site frequency spectrum).

Fundamental and practical questions about the theoretical limits of what sorts of bio-
logical events can be inferred boil down to properties of this map ¢. If the parameterization
¢ is injective, then the parameter vector 6 is said to be statistically identifiable, or iden-
tifiable for short. If @ is identifiable, then in principle it can be recovered it from pg by
inverting the map ¢g. At first glance, for someone interested in inference, identifiability of
model parameters would seem to be the very least one might ask of a model. After all, if
0 is not identifiable, then it cannot be recovered, even in the theoretical limit with infinite
data.

Nonetheless, identifiablity is a very strong property, often too strong for many appli-
cations in phylogenetics, and therefore various relaxations of identifiability are used to
characterize what information about the parameters can be recovered when identifiability
is not satisfied. For example, it is often the case that 6 is not identifiable, but that there
is some function of the parameters

s:0 =R

which can be recovered. In this case, the function s, which is also called a “parameter,” is
said to be identifiable if there exists a function f such that s(0) = fo¢(0) for all € ©. A
typical example of this is when s is a projection such as s(6) = 6; for some fixed i € [m],
in which case we drop the formality and simply say that the parameter 6; is identifiable.
Another common relaxation identifiability is the notion of generic identifiability, which
holds when ¢ is injective when restricted to some dense open subset of its domain; in
particular this implies that for (Lebesgue) almost every choice of model parameters, the
parameters can be recovered from the distribution. For a good overview of these and
related notions, see [45, [38].

There are essentially two types of idenfiability questions considered in this thesis: the

first is topological identifiability, which asks whether the structure of underlying graphical
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model (i.e., the tree or network) can be recovered, and the second is parameters iden-
tifiability, which asks whether the other parameters (e.g., branch lengths, hybridization
probability, root location) can be recovered. Next we will give an example of the latter
notion, which will also help elucidate an alternative (algebraic) perspective on models of

site substitution as polynomial maps, which will be utilized in Chapter

1.4.2 Substitution Models as Polynomial Maps

Suppose T is a binary tree with n leaves having topology 7 and branch lengths d. € (0, 00)
for all e € E(T). Let
X =(Xy,...,X,) €{0,1}"

be a random vector such that for each i € [n], X; represents the nucleotide observed at
leaf i of T, and let py be the distribution of X under the CFN site substition model. Thus

we can define the CFN model on a tree with topology 7 as the image of the map
¢r 1O = Agn g C R
given by

(01, -, 020-3) = po = (Pijri(0))i j kicfo,1}

where

Pijk1(0) :=Pg [ X1 =1, X0 =5, X3 =k, Xy =1].

It turns out that under a suitable reparameterization, detailed in Chapter [5] the function ¢
is a polynomial map, meaning that for all choices of 4, j, k,1 € {0,1} the probability p;;x(6)
can be written as a polynomial function f;;x(0) in the variables 61, ..., 6,_3. Therefore

we can define a map between polynomial rings

- Clpoooo, Pooots - - - p1111] — Cloi, ..., O2,—3]
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Pijkl = fijri(0).

Let I, = ker(¢;). Here, I, is a polynomial ideal consisting of all polynomials in the
variables poogo, Pooo1s - - -, P1111 Which vanish for any choice of branch lengths of 7. By
the Hilbert Basis theorem there exists a finite set of polynomials gi,...,gr € I, called

phylogenetic invariants, which generate I.. Moreover, since
im(¢,) C {z € C” :gi(x)=... = gp(z) = 0}.

the phylogenetic invariants g1, . . ., gr can be thought to implicitly define the model im(¢; ).

In this example we have assumed the site substitution model to be the CFN model;
in fact the same story plays out under a wide class of substitution models, known as
group-based models [45]. The study of phylogenetic invariants has given rise to a powerful
toolset for proving identifiability results for tree-based models [45, |46, |47, 48, 49| |50} 51],
and increasingly network-based models as well [52, 53, 54]. In Chapter [5| we will utilize
phylogenetic invariants as constraints in a constrained optimization problem to compute

maximum likelihood estimates for 4-leaf trees.

1.5 Chapters Overview

In this section we present an overview of main areas of inquiry, which are divided into four

chapters.

1.5.1 Recombination

As discussed in Section [I.3.4] although the MSC assumes recombination occurring between
genes, it assumes that genes themselves are indivisible, i.e., that recombination breakpoints
do not occur within observed genes. The inherent tension between these two assumptions
gives rise to the question of how (and how much) unrecognized intralocus recombination

affects phylogenetic inference.
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In Chapter [2| we investigate the impact of intralocus recombination on species tree
estimation. In particular, we introduce a previously unknown way in which homologous
recombination can bias species tree estimation. To do this we adapt a model of evolution
incorporating intralocus recombination to a multispecies setting. The model we consider,
the ancestral recombination graph (ARG), due to [55], is similar to the coalescent but
allows for gene lineages to periodically split in two (these are recombination events). A
realization of the generalized model we consider is shown in Fig.

The inference procedure that we consider is based on a method known as R* (majority-
vote rooted triple), which is known to be a statistically consistent estimator of the species
tree topology given gene tree data generated according to the MSC (i.e., when there is no
intralocus recombination) [8} [56]. For each sampled gene, and for each triplet of leaves,
one infers a rooted topology for that triplet from sequence data. An estimate of the species
tree topology is then assembled using a majority-vote procedure [57].

Our contribution is to provide the first rigorous analytic proof that intralocus recombi-
nation can result in inconsistent inference. To do this, we introduce a modification of the
MSC which allows for intralocus recombination, and prove that under the right conditions,
recombination rate heterotachy can result in R* failing to converge to the correct topology.
The proof of this theorem, which hinges on a subtle interplay between ILS and uneven
rates of recombination, provided insights into a new, previously unconsidered, way that
recombination might affect inference. In addition, we provide evidence from simulations
to characterize this phenomenon and show that it can occur under biologically plausible
mutation and recombination rate parameters.

In addition, we also implemented a simulator to help characterize the sorts of trees
which produced this effect. Our simulation study suggests that, at least for small trees with
3 or 4 taxa, majority-vote methods may be reasonably robust to recombination-induced
error when rates of recombination do not differ too much between different species. The
impact of recombination on more commonly-used maximum-likelihood methods is not yet

known, but our simulations suggest a similar effect holds.
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Figure 1.5: An example realization of a multi-species ARG, with lineages of a multispecies
ARG shown in blue. A recombination event is shown occurring in population A where the
lineage splits into two lineages. Under the MSC, such events are assumed not to happen

(compare: Fig. [1.4).

1.5.2 Gene Duplication and Loss

In Chapter [3| we consider the impact of gene duplication and loss (GDL) on species tree
inference. The precise meaning and implications of GDL are not obvious and require some
explanation. Gene duplication can arise as a result of several biological mechanisms [58]
and is a common event in all three domains of life [59]. For our purposes the key feature
of gene duplication is that it results in the creation of individual whose genotype contains
an additional copy of a particular gene; the gene copies in this individual are termed the
mother duplicate and daughter duplicate. Gene duplication thus involves the creation of a
new locus in a genome, i.e., the location of the daughter duplicate.

As with all other genes, the two gene copies arising from a duplication event are as-
sumed to evolve independently due to recombination occurring between them, however
there is one important difference between the mother and the daughter duplicates: since
the locus of the daughter duplicate did not exist prior to the duplication event, the daugh-

ter duplicate’s descendants cannot have a MRCA preceding the gene duplication event.
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The same is not true of the mother duplicate. Thus, if we wish to modify the MSC to
account for gene duplication, we should require that all pairs of lineages descendant to the
daughter duplicate coalesce prior to reaching the time of the gene duplication.

Gene loss occurs when an individual is born containing fewer copies of a particular
gene than their ancestors. This is termed a gene deletion event [60] and, like gene du-
plication, has the effect of introducing into the population an individual whose genome
is structurally different from that of their parent(s). As with gene duplication, there are
several biological mechanisms which can cause this to occur [61]. While the term “gene
deletion” is sometimes used more broadly to include to loss of gene function due to muta-
tion [61], we do not adopt that usage here. In the case of both gene duplication and gene
loss events—both of which introduce into the population an individual with a different
number of copies of a gene from their parent(s)—there are three possible outcomes which
may occur due to genetic drift: the variant introduce will either (a) sweep to fixation, (b)
go extinct, or (c) neither, a situation called hemiplasy [60]. Hemiplasy of GDL events can
lead to a range of complex scenarios and, following |60, we assume for simplicity that it
does not occur.

In light of the above discussion of gene duplication and loss, it is worth revisiting the
concept of homology introduced in Section Homologous genes—i.e., genes which are
related by vertical descent from a common ancestor—can be categorized as paralogous or
orthologous, depending on whether the are related via a gene duplication, or not [62]. That
is, if the last common ancestor of two gene lineages generated those lineages via a gene
duplication event, then the genes are said to be paralogous; on the other hand, genes are
said to be orthologous if their ancestry can be traced back to a common ancestor without
crossing a duplication event, and instead their ancestry separated due to speciation [19].

The type of gene homology assumed by the MSC, and indeed most current phylogenetic
methods [63], is that genes are orthologous. But as we have noted, lineage coalescence
should behave differently depending on whether the lineages are descendants of a mother

or daughter duplicate. In order to more accurately model gene evolution in the presence
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of paralogy, Rasmussen and Kellis [60] introduced a model of gene evolution incorporating
gene duplication and loss into the multispecies coalescent, called the DLCoal model; this
model has been regarded as an important methodological advance as it is the the first
unified model of both GDL and ILS [64, |59].

The DLCoal model takes as input a species tree and outputs a multilocus gene tree.
In the first step, a top-down birth-death process is run within the branches of the species
tree to simulate gene duplication and loss events. This process produces a “locus tree”
situated within the species tree, and a slightly modified version of the MSC is then run, as
a bottom-up process within the locus tree to produce a gene tree. The main modification
to the MSC is to condition on all pairs of lineages descending from a daughter duplicate
to coalesce before reaching the time of duplication.

In Chapter |3 we analyzed the most commonly used quartet-based inference method,
ASTRAL [31}, 165, 66], and its performance given data coming from the DLCoal model. In
particular, we considered the problem of recovering a species tree topology from many in-
dependent gene trees generated according to the DLCoal model. Through a direct analysis
of the DLCoal process on 4-leaf trees, we proved four main results: (1) that the species
tree topology is statistically identifiable; (2) that ASTRAL-one and (3) ASTRAL-multi
both provide for statistically consistent estimation of the species tree topology, general-
izing the result of [67] which considered GDL alone without ILS; and (4) we obtained
an estimate regarding the sample complexity of ASTRAL-one in terms of the minimum
branch length f, the duplication and loss rates A, u, total tree depth A, and number of
taxa n—in particular, showing that as f — oo, the number of genes needed to accurately

estimate a species tree topology is on the order of f~2.

1.5.3 Variable Mutation Rates

One assumption which is usually made phylogenetic analyses is that of homogeneity of the
mutational process [38]. This includes the assumption that the mutation rate p and rate

matrix @) is constant in time, as was assumed in Section [1.3.5] meaning that mutation



29

rates do not change from generation to generation. The term homogeneity is also used to
refer to the assumption that mutation rates do not very between different branches on the
species tree, which in practice means that the same rate matrix @ is used for all edges of
the species tree [3§].

Yet another way that mutation rates might vary is across the genome, a phenomenon
known as among-site rate variation (ASRV). That is, mutation rates may be higher for
some sites or genes than for others. In addition to this, regions of the genome which are
conserved (e.g., by purifying selection) may exhibit few if any substitutions between taxa
[38]. The use of the gamma distribution for modeling mutation rates was suggested by
[68], and the most commonly-considered distributions for this purpose are either either a
discrete gamma distribution or a gamma with an atom at zero (i.e., mixture of a gamma
distribution with a Dirac point mass at zero) [69, 70, 71, 38]. The consideration of a point
mass at zero is important to model genes which are invariant, for example genes which
are sufficiently conserved that they do not change at all over long periods of time [69].

The evolutionary distance used for gene tree branch lengths is typically measured
in expected number of mutations per site. This is a function of both the number of
generations elapsed as well as the per-generation per-site mutation rate p, neither of
which is independently identifiable from DNA sequence data alone [21],24]. Assumptions
about the mutational process, and in particular about the rates of mutation, may therefore
have a significant impact on estimation of gene tree branch lengths. In fact there is also
evidence that ignoring ASRV decreases accuracy of topological estimation as well [72].

In Chapter [4, we investigate the effect of ASRV on the sample complexity of species
tree estimation by considering a relaxation of the assumption that all genes undergo mu-
tation at the same rate. Specifically, we consider gene trees generated according to the
MSC in which each gene tree is assumed to have a mutation rate drawn randomly from
some fixed distribution. This work utilizes techniques developed in 73] which established
sample complexity bounds relating the number and lengths of genes needed for accurate

estimation. We show that in order to distinguish two branches differing by length f > 0
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(here f is small), the number of genes required for accurate estimation grows on the order
of at least fi as f — 0, assuming mutation rates are drawn according to a gamma dis-
tribution with an atom at zero. We also prove a lower bound under much more general
assumptions about the distribution of mutation rates, almost certainly encompassing any
biologically plausible distribution, however in this latter case the the proof is more involved
and the story is somewhat different: the lower bound on the number of samples in this

case is either on the order of — or f% depending on whether or not the mutation

1
f?log f

rates are bounded away from zero.

1.5.4 Long-Branch Attraction

In Chapter [5, we take a somewhat different approach. Rather than considering a spe-
cific biological assumption, we focus on inference method known to fail for reasons not
fully understood. Specifically, we consider maximum likelihood inference for trees with
three or four leaves with data generated according to the CFN model of site substitu-
tion. Given some data, the maximum likelihood estimate (MLE) consists of the parameter
values which maximize the probability of the data under a specified model. Maximum
likelihood is among the most widely-used methods for inferring phylogenetic trees from
sequence data, however it is thought to perform poorly when the underlying tree parame-
ter contains two or more distantly-related or fast-evolving taxa. In particular, it is thought
that maximum likelihood tends to incorrectly infer very distantly related taxa to be more
closely related than they are; a phenomenon which is thought to be widely observed in real
data, and which has the potential to result in major errors in species tree estimation [74].
While it has been widely-studied, the exact nature of long-branch attraction (LBA) is not
fully understood [2, 3, [75, [29]. With the aim of better understanding LBA, we explore
the problem of computing closed form and exact solutions to the maximum likelihood
problem for 3- and 4-leaf trees when data is generated according to the CFN model of site
substitution.

In particular, Chapter [5 contains two main results. First, using Hadamard conjugation,
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which combines a nonlinear change of coordinates and the discrete Fourier transformation,
we compute a closed-form solution to the maximum likelihood problem for unrooted 3-leaf
trees, given generic data. That is, we provide a formula for the numerical branch-length
parameter, as a function of the data, which maximizes the log-likelihood function. For the
4-leaf case, by contrast, it is unlikely that a closed-form solution exists. Instead, we utilize
the results for the 3-leaf case, along with techniques from numerical algebraic geometry
and phylogenetic invariants, to implement a fast algorithm to compute an ezxact solution
to the 4-leaf MLE problem. This algorithm computes the maximum likelihood tree to
arbitrary precision without the need to execute a heuristic (e.g. hill-climbing) search. Our
second main result is a proof of the correctness of this algorithm. In both cases, particular
attention is paid to account for submodels in which one or more branch of the underlying
tree parameter has infinite length, as it is believed that such cases may provide special

insight into the problem of LBA.
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Chapter 2

Inconsistency of Triplet-Based and
Quartet-Based Species Tree
Estimation under Intralocus

Recombination

Abstract: We consider species tree estimation from multiple loci subject
to intralocus recombination. We focus on R*, a summary coalescent-based
method using rooted triplets, as well as a related quartet-based inference
method. We demonstrate analytically that in both cases intralocus recom-
bination gives rise to an inconsistency zone, in which correct inference is not
assured even in the limit of infinite amount of data. In addition, we validate
and characterize this inconsistency zone through a simulation study that sug-
gests that differential rates of recombination between closely related taxa can

amplify the effect of incomplete lineage sorting and contribute to inconsistency.
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2.1 Introduction

Species tree estimation from genomic data is complicated by various biological phenomena
which generate phylogenetic conflict, among them hybridization, horizontal gene transfer,
gene duplication and loss, and incomplete lineage sorting (ILS) ([76]). In particular, ILS
may cause phylogenetic conflict in which a gene tree exhibits a different topology from
that of the species tree, and is of greatest concern for species trees with short internal
branches [76]. Of some interest is the existence of an anomaly zone for species trees, in
which the most probable topology in the gene tree distribution differs from the topology
of the species tree (6} 8 |7]) [see also 24, 29, for a more recent discussion of these and othe
relevant issues].

The existence of an anomaly zone has served as an impetus for the development of
summary coalescent-based methods, such as R*, MP-EST, BUCKy, ASTRAL, and others
[57, (77, 78 131]. Some of these methods are based on the fact that rooted triples and
unrooted quartets are special cases in which no anomaly zone exists [7, 30] and also
provide sufficient information to reconstruct the full phylogeny [79, 80]. Provided that the
gene trees are estimated without error, such methods can provide statistically consistent
methods of estimating species tree topology [56].

A common assumption of coalescent-based models based on the multispecies coales-
cent (MSC) [25, 24] is that recombination occurs between genes (or loci)—so that gene
trees may be assumed unlinked or statistically independent—but that intralocus recombi-
nation (i.e., recombination occurring within gene sequences), does not occur [32, 29]. The
significance of the latter assumption—that is, the impact of intralocus recombination on
phylogenetic inference—is a matter of present interest |36l 29] and much debate about its
significance when unaccounted for |33} 34, 32]. One justification for assuming no intralocus
recombination is that within-gene recombination may break gene function [76].

An influential simulation study argued that even high levels of intralocus recombination
do not present a significant challenge for species tree estimation relative to other biological

phenomena [33]. On the other hand, the authors of [35] suggest the absence of intralocus
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recombination may be an unreasonable assumption in real data, such as protein-coding
genes in eukaryotes [81}|29], and particularly in the case of species phylogenies with many
taxa [34]. In particular, the potential for intralocus recombination to distort gene tree
frequencies has been recognized as a challenge to summary coalescent-based methods, and
the study of [33] has been critiqued for its focus on shallow divergences and limitation to
a low number of loci and taxa [34].

In this chapter we take an analytical approach to investigate the effect of intralocus
recombination. We prove that intralocus recombination has the potential to confound R*,
a summary coalescent-based methods based on inferring rooted triples. That is, we show
that correct inference of rooted triplets cannot be guaranteed in the presence of intralocus
recombination, assuming a distance-based approach is used for gene tree reconstruction.
We then present a simulation study which characterizes the “inconsistency zone”, i.e. the
regime of parameters for S in which rooted triple inference does not converge to S as
m — 0o. We also demonstrate similar results for inference of unrooted quartets. In both
cases, we find that the effect arises only when recombination occurs at different rates along
different edges of the species phylogeny, and in particular only when differential rates of

recombination are exhibited between closely-related taxa.

2.1.1 Key Definitions

A species phylogeny S = (Vg, Eg;r, p,7,0) is a directed binary tree with vertex set Vi,
edge set Fg, root r € Vg, and n labeled leaves Lg = [n], such that each edge e € Eg is
associated with a length 7. € (0,00), expressed in coalescent units, a recombination rate
pe € [0,00), and a mutation rate 0. € [0,00). It is assumed that there exists an ancestral
population common to all leaves of S, i.e., a population above the root, with respective
mutation and recombination parameters. Mutation rates are assumed to be per site per
coalescent unit (a coalescent unit being 2NN, generations for diploid organisms, where N,
is the effective population size); recombination rates are per locus per coalescent unit.

The general question considered here is how to reconstruct the topology of the species
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phylogeny from gene sequence data sampled from its leaves. This sequence data takes
the form of multiple sequence alignments; a multiple sequence alignment (MSA) is an
n X k matrix M whose entries are letters in the nucleotide alphabet {A, T, C, G} such that
entries in the same column are assumed to share a common ancestor. The phylogenetic
reconstruction problem in this chapter is to recover the topology of S from m independent
samples of M.

We define a rooted triple to be a rooted binary phylogenetic tree with label set of size
three; we use the notation XY|Z (or equivalently Y X|Z) to denote a rooted triple with
leaves X, Y, Z having the property that the path from X to Y does not intersect the path
from Z to the root [79]. The term species triplet refers to a restriction of S to three of
its leaves. A rooted triple XY'|Z is said to be uniquely favored if it appears in more gene

samples than either of the other two rooted triples X Z|Y or YZ|X.

2.1.2 Inference Methods

This chapter considers Majority-Rule Rooted Triple, or R*, a consensus-based pipeline
for species tree estimation. R* utilizes the fact that the full topology of S is uniquely
determined by, and hence can be recovered from, its rooted triples [80]. The R* pipeline
has three steps: first, for each gene, infer a rooted triple for each triplet of leaves X,Y, Z €
Lg. Second, make a list of uniquely favored triples from the m sampled genes. Finally,
construct the most-resolved topology containing only uniquely favored triples. When gene
trees are drawn independently according to the MSC, it holds that for every set of three
taxa, the most probable rooted triple in the gene tree distribution matches the rooted
triple obtained by restricting the species tree S to that set of three taxa; for this reason,
the topology of the R* consensus tree converges to that of S [57].

Since we are interested in the inference of the species-tree topology from sequence
data, we consider a distance-based approach in which a species triplet with leaves X,Y, 7

is inferred to have topology XY|Z if

Oxy < 0xz Ndyz. (2.1)
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where 0xy = Oxy(My) is the number of mismatching nucleotides between sequences
sx and sy (X,Y € Lg). We refer to this inference procedure as R* with sequence

distances.

2.1.3 Multispecies Coalescent with Recombination

The model considered here, which we term the Multispecies Coalescent with Intralocus
Recombination, or MSCR, uses the ancestral recombination graph (ARG) model from [55]
[see also 82] within the framework of the multi-species coalescent (MSC) [25] |24, §]. In
the single-population ARG specified by [55], ancestors are represented by edges in the
graph (see Figure , and the number N of ancestors, or gene lineages, at time t is
a bottom-up birth-death process in which births (recombination events) occur at rate
pN and deaths (coalescent events) occur at rate N(N — 1)/2. When a coalescent event
happens, two edges are chosen at random and merged into one. When recombination
occurs, a randomly chosen lineage splits into two parent lineages. Each recombination
vertex is labeled by a number b, chosen uniformly on [0,1]; this number is the breakpoint
of the recombination.

The single-population ARG can be extended to multiple species in a manner similar
to the MSC: at time t = 0, each leaf of S begins with a single lineage, and these lineages
evolve in a bottom-up manner according to the ARG process along each edge of a fixed
species tree (see Figure 2.1D). If G is a rooted directed graph with edge lengths and
leaf and breakpoint labels obtained in this manner, then we say that G is generated
according to the MSCR process on S. In this scheme, the locus is modeled by the
unit interval, and for each site x € [0,1], a marginal gene tree T (x) can be obtained by
tracing upward along the edges of G starting from the leaves; if a recombination vertex
is reached with breakpoint b, take the left path if x < b and the right path if x > b.
This yields a collection of rooted edge-weighted binary trees; a simple example is shown in
Figure[2.2] The set of marginal gene trees M := {T () : 0 < z < 1} is almost surely finite
[55]. For each T, € M, define I(T) = {x € [0,1] : T(x) = T}, and define wy, = |I(7T})],
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(a) A single-population ARG (b) A multi-species ARG

Figure 2.1: Two depictions of an ARG, in a single population (left) and in the multispecies
case (right). In Fig. two lineages enter the population at time 0 and three exit at
time tonq. Coalescent events occurred at times ¢ and t5. Recombinations with breakpoints
b1, ba, by occurred at times t1,t3, and t4. In Fig. 2.1D] the lineages of a multispecies ARG
are shown in blue within a 4-taxa species tree S (the thick tree) with fixed edge lengths
TA,TB, -+, TABC-

where |-| denotes Lebesgue measure. In words, I(Ty) is the identical-by-descent segment
of the locus having genealogy T}, and wy is the proportion of sites with genealogy Tj,.

Measuring time in coalescent units, this chapter assumes that the per-site mutation
rate is given by a fixed number # > 0 which does not vary on S. For each x € [0, 1], site
x evolves independently according to the Jukes-Cantor process |42, [80] on the tree T (x).
A somewhat more general description of this algorithm can be found in [83].

Thus, to model the evolution of a genetic locus consisting of k sites in which re-
combination breakpoints are distributed uniformly between them, a two-step process is
followed. First, a multispecies ARG G is generated according to the MSCR process on S,
from which a marginal gene tree 7 (x) is obtained for each = € [0,1]. Second, for each
x € [0,1] the Jukes-Cantor process is run with input tree 7 (z) in order to generate a
nucleotide N (i,z) € {A,T,C,G} for each i € Lg. The MSA M, is then defined as the
n X k random matrix with rows si, ..., s, where for each X € [n], sx = (sx(1),...,sx(k))

where sx(j) = N (X, +45), 5 =0,1,...,k — 1. In this case, we say that M, is generated
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Figure 2.2: On the left, an ancestral recombination graph (in blue) is shown within a
3-taxa tree S (in black). The times of coalescence and recombination events are labeled
t1,...t4 on the time axis, and the breakpoint associated with the recombination event is
labeled b € [0, 1]. On the right, the corresponding marginal gene trees T} and T are shown.
This particular example also illustrates how intralocus recombination may contribute to
phylogenetic conflict by allowing for ‘partial’ ILS, whereby one or more of the marginal
gene trees (in this case T7) exhibits a topology different from that of .S.

according to the MSCR-JC(k) process on S.

In words, the MSCR-JC(k) process models the evolution of n homologous genes sit-
uated at a common genetic locus consisting of k sites, and which may have experienced
intralocus recombination; these homologous genes are assumed to have been drawn from
n distinct species whose true species phylogeny is represented by S. The resulting homol-
ogous aligned DNA sequences are the rows of the n x k matrix M. The phylogenetic
reconstruction problem considered here pertains to whether the topology of S can be

recovered from sequence data generated in this manner, or more precisely:

Problem: Let S be a species phylogeny with leaf labels Lg = [n]. Fix k >
2. Given m independent samples M, 151)7 oM ,Em), each generated according to

the MSCR-JC(k) process on S, recover the topology of S.

2.1.4 Estimating Sequence Distances

Let G be generated according to the MSCR. process on S, and M the corresponding set
of marginal gene trees. Given a marginal gene tree T, € M, let d)Tgy be the evolutionary
distance between leaves X and Y on T}, defined as the expected number of mutations per

site along the unique path between X and Y. It follows from the assumptions about the
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mutation process that dipfy = 20t, where t is the time of the most recent common ancestor

of X and Y on T,. For example in Figure dng = 20t, and deB = 20ty. Define the

breakpoint-weighted uncorrected distance by

Axy := % Z Wgy (1 - e_%d?}’) . (2.2)
T,eM
This formula, due to [84], generalizes the uncorrected Jukes-Cantor distance to the setting
of intralocus recombination; if no intralocus recombination occurs, then the right-hand
side has only a single summand and reduces to the inverse of the Jukes-Cantor distance
correction formula for a single non-recombining locus.

Our first lemma shows that dxy can be approximated by kAxy when k is large.

Lemma 1. If My, is generated according to the MSCR-JC(k) process on S then for all

X,Y € Lg, conditioned on G, éxy(My) = kAxy + o(k) almost surely as k — oo.
In order to prove Lemma [l| we will make use of the following two auxiliary lemmas.

Lemma 2. Suppose G is generated according to the MSCR process on S and M is its
associated collection of marginal gene trees. With probability one, for oll T € M, I(T)
is a finite union of nondegenerate subintervals of [0,1] such that the endpoints of each
of these intervals are elements of B(G) U {0,1} where B(G) is the set of recombination

breakpoints of G.

Proof. Let H denote the collection consisting of the empty set together with all nonde-

generate subintervals of [0, 1] whose endpoints are elements of B(G), and define
H:{SC [0,1] :SzflLJ"'UIj with Il,...,.[j € H for someij,l,...}.

For each e € E(G) define P. = {z € [0,1] : e € E(T(x))}. As noted in [55], with
probability one P, is either empty or is a finite union of intervals such that the endpoints
of these intervals are a subset of B(G). Therefore P, € II for all e. Let T € M and denote

the edge set of T' by E(T). Let « € [0,1]. Then 7 (z) = T if and only if e € E(T (x)) for
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all e € E(T). Therefore

I(T)={z€0,1] : T(x) =T}
={z€l0,1]: E(T) C E(T(x))}

= P,
ecE(T)

Since E(T') is finite, it will suffice to show that II is closed under finite intersections,
as the statement of the lemma will then follow from the inclusion I(7T") € II. Suppose
I=5LU---Ul,and J = J1U---UJ, with I;, J; € H for all ¢, 5. Then by the distributive

property of unions and intersections,

p q
ns=JJnny

i=1j=1

and we note that each set I; N J; is either empty or is an interval with endpoints in B(G).
Therefore I; N J; € H and hence I NJ € II. The conclusion that II is closed under finite

intersections follows by induction. O

Lemma 3. With probability one, if G is generated according the MSCR process on S, then
1 .
%# {i:ieSynI(Ty)} — |1(Ty)]

as k — oo for all T, € M.

Proof. We first prove the following claim: If I is a subinterval of [0,1] with endpoints
a,b € B(G), where a < b, then

1
lim —#{i:ieSyNI}=b—a. (2.3)
k—oo k

To prove this claim, first observe that

Pk — 4k
k

1
cH{iziesnI} =
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where pp = sup {€ >0: % < b} and g = sup {E >0: % < a}. Moreover, by definition of

supremum

1 1
Pk Pk + d %<a<Qk+ ‘

R

These inequalities imply that limy_,q, P22

= b — a. This proves the claim.
We now prove the statement of the lemma. Using the result of Lemma [2| with prob-
ability one there exists a pairwise disjoint sequence of intervals I1,..., I, € H such that

I(T,) = Ul I;. Therefore
h
{i:ieSnI(Ty}t=|J{i:ieSnI;}
j=1
and hence

h
%#{i:ieSkﬂI(Tg)}:Z%#{i:ieskﬁfj}.

By Equation (2.3), $# {i:i € S, N I;} — |I;| for all j, and hence

h
1
lim - {i i€ S NI(Ty)} = ;|1j|: 11(T,)|-

k—o0

Finally, we now use the previous two lemmas to prove Lemma
Proof of Lemma(l]. Let k > 2, Sy, = {ﬁ 1j=0,1,...,k =1}, and &§ = Lpnr(x 02N (Vi)

i € Sk. Then &;,i € Sk are independent and dxy (M) = ZieSk &. For all T, € M,

Eg] = PIN(X,0) £ N(YV,0)|T() = T = 5 (1 - i) (2.4)

e~ w

a.s. for all i € I(T,) by definition of the Jukes-Cantor process [see, e.g., 85]. Since M is
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a.s. finite,

%5XY (Mg) = kz&— oY &

1€S TgeM ieSiNI(Ty)

Ni(T, 1
— 3 kli) Nl Y& (2.5)

TyEM:N,(Ty)>0 97 4eSNI(Ty)

where Ny(Ty) = #{i : 1 € Sy N I(T,)}. Since I(T,) is a.s. finite union of nondegenerate
intervals with endpoints in S, for all T, € M, it follows that limj_, Ni(Ty) = oo and
limy,_,o0 Ni(Ty)/k = wy. (By Lemmas [2] and B]) From these limits, together with
and the strong law of large numbers, the right-hand side of converges to A xy almost

surely. O

2.2 Inconsistency of R*

In this section, we state and prove our main result about R* using sequence distances.

Related results for quartets are in Section

2.2.1 Statement and Overview

Our main claim is the following:

Theorem 1. For k sufficiently large, R* using sequence distances is not statistically con-
sistent under the MSCR-JC(k) model. That is, there ezists a species phylogeny S and a
kY > 1 such that, for all k > Kk°, the topology of the output of R* using sequence distances

does not converge in probability to the topology of the species tree.

To prove Theorem |1} it suffices to consider a species tree S with Lg = {4, B,C'} and
topology AB|C [see, e.g.,|79]. Denote edges of S, or populations, by the letters A, B, C, AB,
and ABC as depicted in Figure where A, B, C correspond to the leaf populations, AB
is the parent edge of A and B, and ABC' is edge extending above the root. The key idea

is to allow recombination only in population A. In order to keep the analysis tractable,
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the recombination rate and length of edge A are chosen so that with high probability the
number of recombinations is 0 or 1, so that the number of lineages on the ARG exiting
population A (backwards-in-time) is either one or two. By choosing the internal branch
length 745 sufficiently small, ILS occurs along that edge with high probability, so that
all coalescent events on the ancestral recombination graph occur in the root population
ABC. In that case, as long as the mutation rate is not too large, we show that, on the
event R1Cy (see Figure , taxa B and C' are more likely to be inferred as more closely
related than taxa A and B, so that R* converges to the wrong topology BC|A as the
number m of samples grows.

The mutation rate 6 is assumed to be the same in all populations. The vector of
recombination rates p is defined by setting p4 = p > 0 and px = 0 for all X # A. Assume
S to be ultrametric. The populations A and B have length 74 = 75 > 0, the internal
population AB has length 745, the age of the root t.oot is given by ty00t = 74 + TaB = TC.
For now assume that 74g > 0 and 74 > 0; their precise values will be determined later in
the proof.

Let My be generated according to the MSCR-JC(k) process on S, and let Exy; be
the event that the rooted triple inferred from M} using is XY|Z. The following

lemma implies that to prove Theorem [l it will suffice to prove

P [Eyzix] > P[Exy|z] - (2.6)

The consistency zone for R* with sequence distances under the MSCR-JC(k) model is the
set of species phylogenies S such that the topology of the R* consensus tree converges
in probability to the topology of S as m — oo. We will use the following notation:
R(S)={S|J:J C Lg,|J|= 3, and S|J is binary} is the set of restricted rooted triples of
S [see, e.g., [79].

Lemma 4. A necessary and sufficient condition for S to lie in the consistency zone for
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R* with sequence distances under the MSCR-JC(k) model is that for all XY|Z € R(S),

P [Exylz] > P [Exz‘y] VP [EYZ\X] . (27)

Proof of Lemma[{ Suppose M, (1), .. .,M,gm) are generated independently according the
MSCR-JC(k) process on S. For each £ =1,...,m and each triplet X,Y, Z € L, let Egng
to be the event that the rooted triple inferred from M is XY|Z. Let U ém) be the event
that the topology of S is successfully reconstructed from these m independent samples

using R* with sequence distances. It suffices to show lim,, P [U ém)} = 1 if and only if

(2.7) holds. By definition of the R* pipeline, U ém) =N XY|ZER(S) U ;n;)' , where

XY|Z [Z 0

XY|Z

m
> max {Z lE(z) Z 1E§2{\X }] . (2.8)
/=1

Since the samples M,El), . ,M,gm) are i.i.d., the law of large numbers implies
gD }
i 2 -eloth o

for all triplets X,Y, Z € L. It follows from (2.8) and (2.9) that (2.7)) holds if and only if
limy, 00 P [U)((n;/)w} =1 for all XY |Z € R(S). Since |R(S)| is finite, the equivalence of

(2.7) and lim,—00 P [U ém)} =1 is established. O

By Lemma (I with probability one, an ancestral recombination graph G generated
according to the MSCR process has the property that sequences of increasing length k
generated on it by the Jukes-Cantor process satisfy the almost sure limit %5 xy (My) —
Axy as k — oo. Since almost sure convergence implies convergence in distribution, it holds
that under the joint process which combines both genealogical and mutational processes,
%5 xy (My) = Axy ask — oo for all X, Y € Lg. Therefore, since the distribution function

of Axy is continuous, P[Exy 7] — P[E] and P[Ey z x| — P[F] as k — oo, where

FE = [AAB<AA(1/\A30} and F := [ABC<AAB/\AAC]-
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Therefore inequality (2.6)) will hold for sufficiently large k provided that

P[F] > P[E]. (2.10)

To prove this, we will make use of the lemmas detailed in the next sub-section.

2.2.2 Key Lemmas

In what follows, set intersection is denoted with product notation (i.e., so that XY = XNY

for events X,Y) and the important events to be considered are

R; = [exactly 7 recombinations occur in the time interval (0,74)]
C; = [exactly i coalescences occur during the time interval (0, tyoot )]

Co,x = [no coalescence occurs in population X].

Since recombination occurs only in population A, the number of recombination events is
governed by the recombination rate p and the duration 74 of population A. The following
lemma shows that 74 can be chosen sufficiently small that with high probability, zero or

one recombination occurs.

Lemma 5 (Recombination Probabilities). For all p,74 > 0, P[Ry] = e "™ and P [R;] >

P[R1Co,a] > prae” U204 As 74 — 0F, P[UpsoRi] = O(p73).

Proof of Lemmal3 Since recombination occurs only in population A of S, the event R;
occurs if and only if exactly i recombinations occur in population A. Since the process
starts with a single lineage in A at time ¢, the first event (if an event occurs in A) must be
a recombination, which occurs with rate p. Therefore there is an exponentially distributed
waiting time e, with rate p such that a the lineage in A recombines at time e, if e, < 74
and not otherwise. Therefore P[Ry] = Ple, > 74] = e,

Given e, < T4, population A has two lineages at time e, so the next event (coalescence

or recombination) occurs at rate 1 4+ 2p. Therefore there is an exponentially distributed
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waiting time ejig, with rate 1 + 2p and independent of e, such that if ej42, < 74 —
e, then an event occurs at time e, + e1y2, and not otherwise. Therefore R1Co 4 =

lep < Ta,e142p > Ta — €p], and hence by the numerical inequality e* — 1 > z,

Ta
P[R1Co. 4] = / Pleiop > 74 — sle, = s] pe”ds
0
Ta
_ / (1+20)(5-74) o3
0

— P —(+20)ma (eTA(l‘H’) _ 1)
1+p

> prae”1H2TA,
To bound P [U2,R;], we may restrict our analysis to the single-population case since

the recombination rate is positive only in population A. Define

71 =inf {¢ > 0 : recombination occurs at time ¢} and

7o = inf {¢ > 7 : recombination occurs at time ¢},

so that UP,R; C [m2 < 74]. When ¢t = 0, there is only one lineage in population A,
and hence if an event occurs it must be a recombination event, which occurs at rate p.
Therefore

TA
Plr < 14] = / Pl < Ta|T1 = 2] pePdz.
0

Conditional on 71 < 74, let s1 denote the time until the next event. There are two lineages
at time 71, so that events happen at rate 1 + 2p, and hence s; ~ exp(1 + 2p), with the
event at 7| + s1 being either a recombination with probability 1-%,0 or a coalescence with

probability ﬁ12p' Therefore
TA TA—Z
Plr <74l = / / Plry < Talmi = 2,81 = y] (1 4 2p)e” 2P dype=P2dz.  (2.11)
o Jo

Conditional on s1+71 < 74, let H..,1 be the event that a coalescence occurs at time 71 + s

rather than a recombination. Assume that z € (0,74) and y € (0,74 — z). Then by the
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Law of Total Probability,

2p

—— 1. (2.12
14 2p ( )

1
Pl < 1alm = 2,51 = y] = mP[TQ < TAlTL = 2,81 = Y, Heonl] +

Moreover, conditional on |11 = 2,51 = y|N Hcoal, there is exactly one lineage at time s1 471
in population A, so the time so until the next event is an independent exponential with

rate p and the next event must be a recombination. Therefore

Plr < 1alT1i = 2,81 =y, Heonl) =P lsa < T4 —y — 2]
<Plsg<Ty]=1—€7"4

< pTa

By this inequality and (2.12)), P[r < 74|71 = 2,51 =y| < 1+2p (T4 +2). Therefore by
@11),

Plry < 7] / / (ra +2)dydz = p*ri(ra +2) = O(p*73),
which establishes the final statement in the lemma. O

For the case where no recombination occurs, the probabilities of ' and F' are estimated

in the following lemma using elementary MSC calculations.
Lemma 6 (No Recombination Case). P[E|Rg] — P[F|Ry] < TaB.

Proof of Lemma(f. Since the recombination rate is zero except in population A, it follows
that conditional on Ry, the ARG is a tree, so that the analysis is exactly the same as in
the case of the multi-species coalescent. The lineages from A and B coalesce in population
AB with probability 1 — e~74B. If that happens, the lineages from A and B coalesce at

some time t. < troot SO that

3
AAB = (1 — 6_%9tc) < Z (1 — 6_%0tr°°t) < AAC A\ ABC

W oo

hence F occurs with probability one on that event. On the other hand, if the lineages A and
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B do not coalesce in population AB, then by a symmetry argument (each pair of lineages
being equally likely to coalesce in population ABC'), the random variables A g5, A 4¢, and
Apc are identically distributed, so that P [E|RyCy] = P [F|RyCo] = 1/3. It follows by the
law of total probability that P [E|Ry] — P[F|Rg] = P[Ci|Ry] =1 — e T8 < 14p. O

For the case in which exactly one recombination occurs, the following lemma charac-
terizes the behavior of coalescent events occurring below the root of S. Intuitively, it says

that coalescence in population AB is rare when 74p is small.

Lemma 7 (Effect of Small Internal Edge). As tap — 07, P[Co|R1] = K + O(7aB),
P[Co,4|R1C1] = O(1aB), and P[C2|R1] = O(Tap), where K = P[Cy a|R1] € (0,1) depends

only on 74 and p, and satisfies lim,, .o K =1 for any fized p > 0.

Proof of Lemma[7 Since K € (0,1) depends only on the portion of the ARG in population
A, it is clear that K does not depend on 745. By Lemma [5, P[R1Cp 4] > prae”Tall+20)
and P[R] <1—P[Ry] =1— e ™ < pr4. Therefore,

P [RlCO,A] > 6—TA(1+2p)

K =PlCoalta] = =g~ 2

Therefore lim,, ,o K =1 for all p > 0 uniformly in 74p.
Let es ~ exp(1l) and e3 ~ exp(3) be independent exponential clocks for the arrival of

the next coalescence event given 2 and 3 lineages respectively. Then

P [Co|R1] = P[Co,aCo,aB|R1]
= KP[Co,aB|R1C0, 4]
= KP [63 > TAB]

—3T
— Ke 3748,

which implies

P[Co|R1] = K + O(7ag). (2.13)
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Next we claim that

P [C1|R1Co.u] = O(745). (2.14)

To prove this claim, observe that conditional on R1Cy 4 three lineages enter population AB
(i.e., two lineages from A and one from B) and one leaves (backwards in time). Thus, the
event C occurs if and only if exactly one of the three pairs of lineages entering population
AB coalesces and no further coalescence events occur in population AB (i.e., during the
time interval (74,tr00t)). Letting €3 be the time until the first coalescence given three
lineages, and é2 be the (independent) clock for two lineages, it follows that C; occurs if

and only if é3 < T4p and é3 + éa > T4p. Therefore since é3 ~ exp(3) and é3 ~ exp(1),

P[C1|R1Co,4) =P[é3 < Tap, €2+ €3 > TaB]

TAB
= 3/ e 3P [62 > Tap — x| dx
0

TAB 9
/ e “TTTAB gy
0

=3
— §€_7'AB (1 _ e—ZTAB) )

This proves (2.14). On the other hand, conditional on Ry C’g, 4 the event C occurs if and
only if the two lineages (A and B) entering population AB fail to coalesce during the time

interval (74, troot). Therefore
P [C’l]Rng’A] =P [62 > TAB] = e TAB, (2.15)

By the Law of Total Probability, P[C1|R1] = P[C1[R1Co,4] K + P[C1|R1C§ 4](1 — K), and
hence by (2.14)) and (2.17)),

P[Ci|R1] =1 — K 4 O(7aB). (2.16)

Conditional on Ry, exactly one of the events Cy, C1, and Cy occurs. Therefore P [Cy|R1]+

P[Co|R1] + P[C1|R1] = 1. Therefore by (2.13) and (2.16), P [C2|R1] = O(7ap). Finally,
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applying Bayes’ rule along with the estimates from (2.14)), (2.16)), one obtains

P[Co,a|R1] P [C1|R1Co, 4]

FAm =T o)

= O(7aB),

uniformly in p, 74 as T4 — 0. L]

Next we apply Lemma[7] to show that P[E|R,C1] — P[F|R,C4] is small, tending to zero

as Tag — 0T,
Lemma 8. P[E|R1C1] — IP[F]RlC'l] = O(TAB) as TAB — 0+,

Proof of Lemmal[8 By a symmetry argument similar to that given in the proof of Lemma
|§|, it follows that conditional on R,1C1Cg 4, the events E and F are equally likely. Therefore

by the Law of Total Probability,

P[E|RyC}] — P[F|R,Cy] = (P[E|R1C1Co.a] — PIF|R1C1Co a]) P[Co 4| R1C1]

< P[Co,a|R1Ch],

and the right-hand side is O(74p) by Lemma[7] O

We now come to a key part of the calculation: the event R,Cj, depicted in Figure [2.3
The next lemma demonstrates that as long as 6 is not too large, conditional on R;Cj, the

event F' is more likely than FE.

Lemma 9. The quantity & := P[F|R1Cy| — P[E|R1Cy] depends only on 0 and is positive
if0 € (0,3/4).

Proof of Lemma[9 Conditional on R;1Cy, four distinct lineages enter population ABC' at
time tyo0t. Denote these lineages by A, As, B, and C, with B and C with the letter
corresponding the originating population, as shown in Figure Since no recombination
occurs in population ABC, the order in which the lineages coalesce determines a labeled
history (defined as an ultrametric rooted binary tree with labeled tips and internal nodes

rank-ordered according to age [24]), whose tips are taken to be the lineages Ay, Ay, B and
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R,Cy

troot +

TA 4

Figure 2.3: A depiction of the event R1Cp. The portion of the ancestral recombination
graph more ancient than t.,0¢ is not shown. Intuitively, since there are two lineages from
A and only one from each of B and C', at least one of the A lineages is more likely to be
included in the final coalescing pair, favoring greater pairwise distances between A and
the other two taxa than those between B and C.

C at time tyo0t. Denote by ((WX)Y)Z the event that the labeled history exhibited in
population ABC has a caterpillar topology, W and X are the first pair of lineages to
coalesce, and the most recent common ancestor of W and Z coalesces with the lineage
ancestral to Y before coalescing with that of Z. Denote by (WX)Y Z the event that the
labeled history has balanced topology with lineages W, X coalescing first.

Let ¢ be the duration of the epoch in which population ABC has k distinct lineages.
Then ¢, is an independent exponential random variable with parameter k(k —1)/2. Con-
ditional on R1Cy, the set M has two distinct elements, T and 15, where T; is the triplet
with leaves A;, B, and C for i = 1,2. Hence w; := |I(7T};)| is uniformly distributed on [0, 1]
for i = 1,2 and wy + we = 1. Since recombination is assumed only to occur in population
A, it follows that dglo = d%c, and we shall denote this quantity by dg..

There are 18 labeled histories 71, ...,v1s in which the four labeled lineages A1, As, B,

and C' may coalesce. Since pairs of lineages are chosen to coalesce uniformly at random,
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P [v;|R1Cy] = £ for all j, and hence

18

P [F’Rlcb] —P [E|R100] = %8 Z ([P [F|R1C’0’Y]’] —P [E|R1007j]) . (217)
J=1

The task will therefore be to calculate P [F|R,Cyvy;] — P[E|R1Coy;] for j = 1,...,18,
which as we shall see, we allow us to conclude that the right hand side of is positive
provided that not too much signal is lost by a high mutation rate. In particular, to perform
these calculations, it will be convenient to group together those labeled histories involving

similar calculations into five claims.

Claim 1. Let Y1 = ((AlAQ)B)C, Y2 = ((AlB)AQ)C, and Y3 = ((AQB)Al)C Then
P [F]RlCony] - P[E’Rlc()")/]] =-1 fOTj = 1,2,3.

Proof of Claim[]. We prove the case for j = 1 as the other two cases are similar. The
labeled history corresponding to 7, is depicted in Figure Since C' is the last lineage

to coalesce, diiB < 20(tpoot + t4 + t3 + t2) = dgic = d:gic for i = 1,2. Letting ¢(z) :=

[

<1 — 67%“>, it follows that

Aap = wo (dli) + (1 - w)o (d,)
Apo =wo (df) + (1 - w)o () (2.18)

Apc = ¢ (dpc) -

Therefore, since ¢ is increasing, Aap < Aac A Apc a.s., hence P[E|R1Cyy1] = 1. This

completes the proof of Claim O
Claim 2. Let v4 = ((A142)C)B, 75 = ((A1C)A2)B, and v = ((A2C)A1)B. Then

P[F|R1Cov;] —P[E|R1Covj] =0 for j =4,5,6.
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troot +t4a+i3+1t2 7 troot +t4 + 13 + t2

troot +1t4 +13 7 troot +ta + 13

troot +t4 T (W troot + t4
time = tyoot  + i

time = t,o0t

A A, B C U XYV

Figure 2.4: The labeled histories corresponding to Claims (left) and (right).

Proof of Claim[3. The proof is similar to that of Claim [I} Since B is the last lineage to
coalesce, d?;"c < 20(troot + ta + t3 + t2) = dZ;iB = dgic for i+ = 1,2. Therefore Ayc <
A g N Apc almost surely, so that P [E|R1Cyv;] = P [F|R1Coy7;] = 0. This proves Claim
2l O

Claim 3. Let Yr = (AlAQ)BC, Y8 = (BC)AlAQ, Yo = ((BC)Al)A27 and’ylo = ((BC)AQ)Al
Then
IP) [F’Rlco’yj] — P [E|R100’)/]] =1 fO’I"j = 7, 8, 9, 10

Proof of Claim @ It suffices to show Apc < Aap A Axc a.s., conditional on RCyv;.
Therefore by (12 it suffices to show that dg~ < d ag N dr Ao almost surely for ¢ = 1, 2.
Indeed, if j = 7,8 then dpr < 20(troot + ta + t3) < 20(troor + ta + 13 +12) = ng A dAC?
and if j = 9,10 then dpp = 20(toot + t1) < 20(troot + ta + t2) = dyz A dy. This proves
Claim [3l O

Claim 4. Let v11,712, 713,714 be ((A1C)B) Az, ((A2C)B) Ay, ((A1B)C) Az and ((A2B)C) A,

respectively. Then

14
> PIFIR1Coy;] — PE|RiCoyy) = 6o — 2
j=11
where
8
o0 1 _ =
a= 3/ / e’ BT —r e VT dxdy. (2.19)
e3'9y 75

Proof of Claim[j Consider the general case (UX)Y)V where {U,V} = {A;, A2} and
{X,Y} = {B,C}. This corresponds to the labeled history depicted in Figure
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w1 : U=A4A
Let u = , it follows that

1—7.U1 : U:A2

Apx = ung(QQ(troot + t4)) + (1 — U)¢(29(troot + 14 +13+ tg))
Ay = u¢(20(tr00t +t4 + tS)) + (1 - u)¢(20(troot +tg4 +t3 + t2)) (2-20)

Apc = Axy = ¢(20(troot + ta +t3)).
Since ¢ is increasing, Apc < A 4y almost surely, and hence
P [Eay|x|R1Co7;] = 0. (2.21)
Therefore there exists some real number o with 0 < o <1 such that

P [EBC\A|R100'Yj] =« and P [EAX|Y‘R100'Yj] =1-oa. (2.22)

Using (2.20)) and ([2.22)),

a=P[Apc < Aax | RiCyvj]

=P [1 — e_%e(tr00t+t4+t3) <u(l— e_%e(troot"l‘tél))
+ (1 _ u)(l _ e*%&(troot+t4+t3+t2)) | RICO’YJ}

=P [1 > ues?s 4 (1-— u)e*%w2 | R1CO’YJ} .

Conditional on R;Cy, the random variables t9, t3 are exponentially distributed with rates

1 and 3 respectively and are independent of v; and each other. Conditional on R1Cyv;, u
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is uniformly distributed on (0, 1) for any j. Therefore

1 o) [e'e)
o= / / / 1 1 > wlegey +(1- wl)efgex} e %dx 3¢ dy dw,
—3/ / / [w1< % ]dwleSy Tdx dy
30y _ —5 bz
00 1 %
_3/ / ST du dy,

This shows that the value of a does not depend on j. Therefore by ([2.21]) and (2.22]),

l—a  ifj=11,12
P [E|R:1Covyj] = (2.23)
0 if j = 13,14

and by (2.22),

P[F|R1Cyv;] = o for j =11,12,13,14. (2.24)

The statement of the claim then follows from ([2.23) and (2.24]). This completes the proof
of Claim [ O

Claim 5. Let Y155 Y165 Y17 and Y18 be (AlB)AQC, (AgB)AlC, (AlC)AzB, and (AgC)AlB

respectively. Then
18

> P[F|RiCov;] — PE|RiCoy;] = —2. (2.25)
j=15

Proof of Claim[5 We consider the general case (UX)VY, where {U,V} = {A1, A2} and
{X,Y} ={B,C}. This corresponds to the following labeled history:

troot +t4 +t3 + t2

troot + t4 + t3

troot + t4

time = tyo0t

U X VY
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w1q U= Al
Letting u = , it follows that

1—’[01 . U:A2

Apx = ung(QQ(troot + t4)) + (1 — U)¢(29(troot + 14 +13+ tg))
Apy = u¢(20(tr00t + ity + 13+ tz)) + (1 — u)qﬁ(?ﬁ(troot + 4+ t3)) (2.26)

Apc = Axy = ¢(20(troot + ta +t3 + t2)).
Since Agc > A,x, it follows that
P[F|R1Covj] = P [EpcialRiCoy;] = 0 (2.27)

whenever 15 < j < 18. Therefore

P[Eax)y|RiCoyj] =8 and P [Eayx|RiCoy;] =1— 8. (2.28)

h =P [d¥ < d¥)|R,Cov:|. By .26

where ax < Ay!10%- Y:

g="P [u +(1- 2u)e‘§9(t3+t2) - (1- u)e_get3 > 0|R1Cov; | -

Moreover, similarly as in Claim 4, conditional on R;Cy, the random variables ts,t3 are
exponentially distributed with rates 1 and 3 respectively and are independent of y; and
each other, and conditional on R1Cyvy;j, u is uniformly distributed on (0,1) for any j.

Therefore

8= P [+ (1 - 2a)e 39542 — (1 — )30 > o]

where @ ~unif(0, 1), {5 ~exp(1) and 3 ~exp(3), with , o, {3 independent. In particular,
this implies 8 does not depend on j. Moreover, equation implies P [E|R;Cyv15] =
P [E|R1Coy16] = B and P [E| Ry Comy] = P [E|R1Coms] = 1—B. Therefore Y 1 | P [E|R; Coy;] =
2. Combining this with implies equation . This completes the proof of Claim
51 O
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We now return to the proof of Lemma [0} Combining the results from Claims with

[£17) yields

1 a 1
]P)[F|R100] — P[E|R100] = E (6a — 3) = g — 6
and substituting the formula for o from (2.19)) gives
—89$/3 5 1
—3y—= _Z
P[F|R:Co] — P [E|Ri G| = / / e ey — . (2.29)

It will suffice to show that the right hand side of (2.29) is a decreasing function of # and
equals zero when 6 = 3/4, as this will imply that it is positive for all 0 < 6§ < 3/4. By the

substitution ¢ = 80/3, it suffices to show that the function

o= [T et dady
ecy —e—Cx

satisfies W(2) = 1/6 and is strictly decreasing. Numerical plots of ¥ are given in Figure

Making the substitution u = e~ du = —e= @V g,

© 1 _e~ 2x 3 u2672y
—3y—w —
/ / PO — dxdy = / / T u2 2 dudy,

and by the Fubini-Tonelli theorem,

1 1 —logu 2 —logu
‘11(2):/ 2/ e Wdy — al / e Y dydu
0 1—u 0 1—U2 0
L1 u? J1
— s (1=uY| - —— = (1 =u?)| dud
/0 1—u? {4( “)] 1—u? {2( “)] e

1

1
_[1 2y _ 1o, _ 1
—/04(1+u) 2udu—6.

It remains to show that ¥(c) > ¥(2) for all 0 < ¢ < 2. Fix z,y > 0 and let ¢(c) =
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0.22 1

0.21 4

0.20 1

0.19 1

Y(c)

0.18 4

0.17 4

0.0 05 10 15 2.0 25 3.0
C

Figure 2.5: Numerical plot of the function ¥(c) with 0 < ¢ < 3. Note that U is decreasing
and U(2) =1/6.

l—e—c®
ecy —_e—cT

e~3Y=%_ Differentiating 1 gives

(x4 3)ecW=2) — ye¥ — ge—or
(ecy _ e—c;r)Q
ec(y—x)

= fer oy WO = e Hall =),

U (c) =

Since 1 —e* < —a for al a # 0, y(1 — ™) + (1 — e~ ¥) < y(—cz) + z(cy) = 0, it follows
that ¢'(c) < 0 for all ¢ > 0 and hence WV is strictly decreasing on (0, c0), as required. This

completes the proof of Lemma [9] O

The next lemma applies Lemmas and [9) to show that P[F|Ry] > P [E|R;] when

the internal branch length 745 is small and the mutation rate 6 is not too large.

Lemma 10. If § € (0,3/4), then P[E|Ry] — P[F|R1] = —aK + O(taB) as Tap — 0T

(where the term —aK does not depend on Tap).

Proof of Lemma[10 By Law of Total Probability, since R1Cy, R1C1, and R1Cs partition
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2
P[E|R,] — P[F|Ry] =) _ (P[E|R\Ci] — P[F|R1Cy]) PICy| Ry). (2:30)
=0

By Lemma |§|, a = P[F|R1Cy] — P[E|R,Cy] is positive and does not depend on 74p.
Moreover, by Lemma |7}, K = P[Cy a|R1] does not depend on 745 and P[Cy|R;] = K +

O(TaB), hence
(P[E[R1Co] — P[F|R1Co]) P[Co| R1] = —aK + O(Tag).

It remains to show that the other two summands on the right hand side of (2.30) are
of magnitude at most O(7ap). Indeed, the i = 1 term is at most O(74p) by Lemma

Moreover, by Lemma [7] P[C2|Ri] = O(7ag), so the i = 2 term is at most O(tap) as
well. 0

We are now ready to prove Theorem

2.2.3 Proof of Theorem [1I

Proof of Theorem[1]. Tt suffices to prove (2.10]) for some choice of parameters p, 6, 74, and
Tap- Let p > 0and 0 € (0,3/4) be arbitrary; we will show that 74, and 745 can be chosen
sufficiently small that (2.10) holds. Conditioning on the number of recombination events

in population A,

P[F] — P[E] >

PF|Ro] — P[E|Ro]) P[Ro] + (P[F|R1] — P[E[R1]) P[R1] = P[Ur>2Ri]
Therefore by Lemma [6] and the trivial inequality P [Ro] < 1

P[F] =P [E] > —Tap + (P[F[|R1] — P[E|R1]) P[R1] — P [Ug>oRy] -
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By Lemma there exists 0 > 0 such that P[F|R;] — P[E|R1] > @K /2 whenever 0 <
TAB < 0. Assume further that 745 € (0,6). Then
aKkK
P [F] —P [E] > —TAB + 7]? [Rl] —P [UkZQRk;] .
By Lemma 5, there exists constants C, D > 0 not depending on 74p such that P[R;] >

Cpra and P [U;>2R;] < Dp27'31, so that
1_
P[F]|-P[E] > —Tap + <2aKC - DpTA) PTA.

Since K does not depend on 745 and K — 1 as 74 — 0 by Lemma m there exists
74 > 0 sufficiently small that both K > 1/2 and € := aC/4 — Dpra > 0. It follows
that P[F] — P[E] > —7ap + epTa. Since € does not depend on 74p, it follows that

P[F] —P[E] > 0 for 74p sufficiently small. O

2.3 Inconsistency of Unrooted Quartet Majority

The main result of Theorem [T} that there exists an inconsistency zone for majority-rule
inference of rooted triples, extends to inference of unrooted quartets as well. In particular,
we consider the standard four-point method [see, e.g., 56]. That is, a gene tree restricted
to four leaves W, X,Y,Z € L is inferred to have unrooted quartet topology WX|Y Z if
dwx +0yz < (dwy +dxz)A(dwz + dxy). The case we consider is that of an ultrametric
species phylogeny S with leaves L = {4, B, C, D} and rooted topology (((AB)C')D). Then
the unrooted quartet topology of S is AB|C'D, but we will show that this need not be
the most likely unrooted gene tree quartet topology to be inferred when the data My is
generated according to the MSCR~JC(k) process on S for k sufficiently large.
Specifically, take S’ to be a three-leaf species phylogeny as established in the proof
of Theorem We may append a distantly related fourth leaf D to an edge above the
root as depicted in Figure Then the resulting four-leaf tree S has rooted topology

(((AB)C)D) and unrooted quartet topology AB|C'D. However the residual bias in favor
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of the BC|A rooted triple rather than AB|C in subtree S’ causes the four-point method
to infer the unrooted gene tree quartet topology BC|AD more often than AB|C'D. This

idea motivates the following corollary.

Corollary 1. For k sufficiently large, there exists a species phylogeny S with four leaves
such that the most likely unrooted quartet topology to be inferred using the four-point
method from an MSA generated according to the MSCR-JC(k) process on S is different

from the unrooted quartet topology of S.

Proof of Corollary [l Let S be the four-leaf species tree described above, let M} be gen-
erated according to the MSCR-JC(k) process on S, and let g, be the unrooted quartet
topology inferred from M} by the four-point method. It suffices to show that for sufficiently
large k,

P[qx = AB|CD] < P[q = AD|BC]. (2.31)

For each choice of leaves (distinct) leaves W, XY, Z € L, define
Ewxlyz = [Awx +Ayz < (Awy +Axz) A (Awz + Axy)].

Then limy oo Plgp = WX|YZ] =P [SWX‘YZ] by Lemma (I} Therefore it suffices to show

that

P [Eapicp] <P [€apiBc]

since this implies must hold for sufficiently large k. Let € = P[F] — P [E], where
E:[AAB<AAC’/\ABC] and F:[ABC’<AAB/\AAC’]-

Since the restricted subtree S|{A, B,C} = S’ satisfies the assumptions of Theorem [1} it
follows that for £ sufficiently large there exists a choice of parameters px and 8 = 0x for
all X € {A,B,C,AB, ABC}, along with 74,745 such that € > 0 for all T4p¢ sufficiently
large. See Figure 2.1D]

Further assign papc = pp = 0 and 0apcp = 6. Since S is ultrametric, 7p = 74 +
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TAB + TABC, which is the age of the root of S. The only parameter of S which remains to
be chosen is Tapc. Let z be the age of the MRCA on the ancestral recombination graph

of the lineages originating in populations A, B, and C. Since 7p — 00 as Taopc — 0,

im P[X|s<rp]= lm LSl _pry

TABC —00 Tapc—oo P [Z < TD]

for X € {E, F}. Therefore we may choose T4pc > 0 sufficiently large that

2
and Pz <7p| > — (2.32)

PF —Pl|E|z < .
[F|z < 1p] [E|z < mp] > Z 5.

[NoN e

If z < 7p, then since S is ultrametric and 6x = ¢ for all X, it holds that for all T, € M,
dggD = dgf’D = dg"D = 2h where h is the height of the ancestral recombination graph.
Therefore Aap = App = Acp. Using this identity, it is easy to check that, conditional
on z < 7p, the events £/ and £4p|cp are equivalent, and the events F' and &y¢|pc are
equivalent. Therefore by the Law of Total Probability and ,

P [Eapipc] — P [Eaniep] = (P [Eapipelz < 0] =P [Eapieplz < p]) Pz < 7]

= (
+ (P [Eapiaclz > ™| — P [Eapicplz > D)) P2 > D]

> (P[F|z < mp] —P[E|z < 1p])P[z < Tp] — P[z > TD]

(2 1- 2 \=o
2\2+¢ 24+¢)

2.4 Simulation Study

We performed a simulation study to characterize the inconsistency zones established in
Theorem [I] and Corollary [ Code, documentation, and reproducible scripts, as well as
information about simulation run times and all of the simulated data can be found at

https://github.com/max-hill/ MSCR-simulator.git.


https://github.com/max-hill/MSCR-simulator.git

63

2.4.1 'Triplet Simulations

In the simulations described in this section, sequence data was generated according to the
MSCR-JC(k) process on an ultrametric species phylogeny S with three species A, B, C,
and rooted topology AB|C. In all cases, k = 500, 74 = 1 and 0 does not vary among
populations. We use the notation pxy|z to denote the proportion of the m samples from
which the rooted triple XY|Z was inferred, and  to denote the R* uniquely favored rooted
triple of the m samples. By the strong law of large numbers, pxy |z serves as an estimate
of P [E XY Z] for large m, where Exy 7 is defined as in Lemma

The range of recombination rates considered in these simulations are comparable to
those in [33], who suggest they encompass biologically plausible values. As for mutation
rates, typical rates in eukaryotes are on the order of u = 107 to 10~% per site per
generation [21, |86] and effective eukaryotic population sizes N, range from 10 to 10%
[87], making the values considered here of § = 2N.u € {0.01,0.1} plausible as well.
Computational constraints limited the ability to consider mutation rates lower than these,
as doing so would have necessitated an increase in k or m to compensate; however the
analytic results here predict that the inconsistency zone will persist, and may grow, for
smaller values of §:  the computed difference & = P[F|R1Cy] — P[E|R;Cy| actually
increases as 6 — 0, suggesting that phylogenetic conflict may be greater under regimes
with smaller mutation rates than those simulated here.

In the first experiment, we simulated the MSCR-JC(k) process under a variety of
parameter regimes in order to characterize the anomaly zone and evaluate the robustness of
triplet-based inference in the presence of intralocus recombination. In particular m = 10°
replicates were generated independently under each parameter regime, with the aim of
estimating how frequently the correct topology was inferred. The parameters used were
0 = 0.01, Tap € {0.01,0.02,...,0.15}, p4 € {0,...,20}, and px = for all X # A, so
that recombination occurred only in population A. Figure shows the value of ¢ for
each simulated parameter regime, and Figure @ plots the surface z = papjc — Ppcia

as a function of p4 and T4p, so that parameter regimes with negative z values indicates
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inconsistent inference.

We also evaluated R* inference with rooted triples inferred not by equation , but
rather by maximum-likelihood under the (false) assumption of no intralocus recombina-
tion; in this mode, which we call R* with maximum likelihood, binary sequences
were simulated and the maximum likelihood rooted triple was computed analytically us-
ing the method in [88]. A plot almost identical to Figure was obtained. For the very
short internal branch length 745 = 0.01, simulations were run with similar parameters
and higher number of replicates (m = 15,000), with inference performed using both R*
with sequence distances and R* with maximum likelihood. Figure 2.8 plots the difference
Y = Ppc|a — Pap|c as a function of p4 obtained from these simulations.

These results show that the combination of intralocus recombination in population
A along with a very short internal branch length 745 resulted in the rooted triple BC|A
being more slightly likely to be inferred than the correct topology AB|C. Figure shows
clearly that this effect increases for larger values of p4. Nonetheless, as both Figures
and show, the magnitude of this effect is relatively small: even when ppcia — Pap|c
is positive, it is never greater than 0.1. Moreover, as Figures and show, this effect
disappears when 74p is increased (ILS being less likely to occur on longer edges of ).
Notably, even for high rates of recombination, R* under both sequence distance mode and
maximum likelihood mode always correctly inferred the topology of S when 45 > 0.1
coalescent units.

In our second experiment, we relaxed the assumption that recombination occurs only in
population A by allowing for recombination in population B as well. For this simulation,
7ap = 0.01 and 6 = 0.01, with inference performed using R* with sequence distances.
Figure [2.9) shows the uniquely favored rooted triple for each choice of p4 and pp, with
each estimate obtained from m = 10° samples. When this experiment was repeated with
7ap = 0.1, all but one parameter regimes resulted in correct inference; the exception was
when ps = 0 and pp = 20, in which case £ = AC|B. These results support the hypothesis

that taxa exhibiting higher rates of recombination relative to other taxa are more likely
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Figure 2.6: R* inconsistency zone. Each point represents a simulation of m = 10° repli-
cates.

Figure 2.7: The surface 2 = pap|c — Ppc|a as a function of 745 and pa.
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Figure 2.8: The effect of increasing p4 on inference using R* with sequence distances and
maximum likelihood.

to be inferred as more distantly related, but that the effect is small and manifests only in
species triplets with very short internal branches.

The third experiment tested the effect when all populations in S (excluding the root
population ABC') experience recombination at comparable rates. The simulation param-
eters were p := pa = pp = pc = pap € {0,1,...,20} and papc = 0, along with § = 0.1,
Tag = 0.01, and m = 10°, with inference performed using R* with sequence distances.
The results, shown in Figure [2.10] suggest that when recombination rates are similar on
the edges of S, greater recombination rates does not lead to incorrect inference of rooted
triples: in all cases, papjc > Pac|p V PBc|a, Suggesting consistent inference despite the
extremely short internal branch length, a result which agrees with the conclusions of [33]
that even high recombination rates are not a significant source of error, at least when rates
are comparable across species. Thus, the existence of differential rates of recombination
between closely related taxa appears to be a necessary condition for a species tree .S to lie

in the inconsistency zone.
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Figure 2.9: R* inference with recombination in both populations A and B.

0.015-
{ ]
[ ]
=<
2
<Q: 0.010- Y . °
@ o & °
Q ° ° ol e
(Q [ [ ]
< [ ]
£ . °
' o
© 0.005- o oo
2
(a
0.000-
0 5 10 15 20

Figure 2.10: Equal recombination rates in populations A, B,C and AB of a three-leaf
species phylogeny. Recombination does not negatively impact inference in this case; re-
gardless of recombination rate, the rooted triple most likely to be inferred is the one
matching the topology of the species tree.
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2.4.2 Quartet Simulations

Motivated by the analytic result of Corollary (1, we also ran simulations on various ultra-
metric species phylogenies with four leaves A, B, C, and D in order to better characterize
how intralocus recombination might affect the inference of unrooted quartet topologies. In
particular we considered the inference procedure detailed in Section All simulations
described in this section used parameters £ = 500 and 6 = 0.1.

First we considered the case most similar to that of Corollary [1} in which the species
phylogeny has rooted topology (((AB)C)D) and in which recombination occurs only in
population A (at a rate p ranging from 0 to 15) but with no recombination in any other
populations. The internal branch corresponding to population AB was taken to be very
short, ranging from 0.01 to 0.1 coalescent units, while the internal branch corresponding
to population ABC was taken to be 1 coalescent unit. The leaves A and B were chosen to
each have length 1, while the lengths of C' and D were chosen so as to make the phylogeny
ultrametric. For each parameter regime, m = 5 x 10* samples were generated according
to the MSCR-JC(500) process and the uniquely favored quartet, denoted ¢, was recorded;
the results are shown in Figure These results provide experimental validation of
the result of Corollary (1] and are consistent with the results obtained with triplets shown
in Figure 2.6

We also considered the case in which both populations A and B exhibit high (but equal)
recombination rates, and in which no recombination occurs in any other population. The
same four-leaf species phylogeny was used as in the previous simulation, with the length
of the internal branch corresponding to population AB ranging from 0.01 to 0.1 coalescent
units. For each parameter regime, m = 10°> MSAs were simulated and from these samples
the uniquely favored quartet § was obtained for each regime, as shown in Figure
The results are similar to those obtained in the previous simulation, however the addition
of recombination in population B, and not just A, resulted in an overall reduction in the
size of the inconsistency zone.

Next, to test the impact of intralocus recombination when rates are equal across all non-
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(a) Recombination in only a single leaf
A. In this plot, p is the recombination  (b) Equal recombination rates in leaves A and B. Here
rate in populations A. p is the recombination rate in populations A and B.

Figure 2.11: Quartet inference with data generated on a four-leaf species phylogeny with
unbalanced topology (((AB)C)D), in which recombination was allowed only in specified
leaves of the tree. In both plots, the vertical axis is the length, in coalescent units, of the
internal edge corresponding to population AB.

root edges of the species phylogeny, we performed quartet inference with data simulated
on an ultrametric species tree with four taxa A, B, C, D and rooted topology (((AB)C)D).
The recombination rate in the root population was set to zero in order to limit run time.
This simulation was intended to be a “most challenging test case” for inference of the
quartet topology because it assumed negligible internal branch lengths: both internal
branches were taken to be extremely short, measuring just 0.01 coalescent units. Leaves
A and B were chosen to have length 1 and the lengths of leaves C' and D were chosen so
that the tree was ultrametric. For each of m = 5 x 10* samples, an MSA was generated
according to the MSCR-JC(500) process and an unrooted quartet topology was inferred
from the sequence distances; we denote by papjcp the proportion of samples favoring
the correct quartet AB|BC, and define pscipp and pap|pc similarly for the other two
unrooted quartet topologies AC|BD and AD|BC. The results are shown in Figure
In all 21 simulated cases, the unrooted topology of the species tree was correctly recovered.

This is consistent with the results of the analogous simulation with triplets shown in Figure
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2.10l

The previous simulation was then repeated on a four-leaf tree with balanced topology
((AB)(CD)) in which both internal branches were of length 0.01. The results are shown
in Figure Thus, in both balanced and unbalanced cases, inference was performed
on a “worst case” quartet with extremely short internal branches of only 0.01 coalescent
units. Nonetheless in both cases, the unrooted quartet topology of the species tree was
always correctly recovered. Under the model considered in this chapter, recombination

rate heterogeneity across different lineages of the species tree appears to be a necessary

condition for recombination to negatively impact inference.

2.5 Discussion

The primary focus of this study is the effect of intralocus recombination on the inference
of rooted triples. In contrast to previous simulation studies [33, [89} |90], the current work
considers the effect of intralocus recombination on inference of species phylogenies with
recombination rate heterogeneity across tara. Our main result is a proof that within the
parameter space of species phylogenies there exists a subset—the inconsistency zone—in
which phylogenetic conflict between the topology of the species phylogeny and the topol-
ogy of inferred gene trees is of a sufficient level to render certain majority vote methods
statistically inconsistent. We further quantify and characterize this inconsistency zone
through simulations, showing it includes biologically plausible recombination and muta-
tion rates for eukaryotes, and suggesting that it arises on species phylogenies exhibiting
both (1) very short internal branch lengths (less than 0.1 coalescent units) and (2) dif-
ferential rates of recombination between closely related taxa. These conclusions, which
hold for both rooted triples and unrooted quartets, highlight a way in which intralocus
recombination can exacerbate ILS and lead to overestimation of the divergence times of
those taxa exhibiting disproportionately high intralocus recombination rates relative to
other taxa on the same species tree.

These findings do not necessarily contradict the conclusions of [33] that the effect of un-



71

0.020-

-3 [ ]

@ 0.015- S

[a)

<C

(& )

8 °

< ° °
<& 0.010- °

3 ® [ ] [

g A e o

) ° °
8 . ! !
@ 0.005- o
(x

[ ]
°
0.000-
0 5 10 15 20
P

(a) Equal recombination rates p in populations A, B, C, D, AB, and ABC on a four-taxa tree with
unbalanced topology

0.025-
~ °
°

b

o [ ]

< ° [ J
<& 0.020- ~ —~

a [ J [ J

S ° ®e

<
<

pS °

1S

& 0.015- L

8 o o

g
& °

0.010-
0 5 10 15 20

(b) Equal recombination rates p in populations A, B,C, D, AB, and ABC on a four-taxa tree with
balanced topology

Figure 2.12: Quartet inference is unaffected by intralocus recombination provided that
recombination rates do not vary between edges of the species tree.
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recognized intralocus recombination is minor, and indeed, in some important ways support
such a conclusion. Our simulation experiments provide evidence that inference of rooted
triples and unrooted quartets is hampered by unrecognized intralocus recombination only
in cases where the internal branch length of the species tree is short, that is in cases where
ILS is already high. The size of the observed effect is also relatively small; even when
the uniquely favored rooted triple does not agree with the species tree, it is usually only
slightly more common than the true rooted triple, a pattern which was also observed for
unrooted quartets. Finally, and perhaps most importantly, if differential rates of recom-
bination between closely-related taxa are rare, then summary coalescent-based methods
which take no account of intralocus recombination may nonetheless indeed be robust even
when recombination rates are high. Establishing theoretical guarantees in this direction
would be of interest.

Our results raise a number of questions for future study. Owur analysis focused on
a simple idealized case consisting of a rooted ultrametric three-taxa species phylogeny
with mutations modeled by the Jukes-Cantor process. The nature and significance of
the inconsistency zone may be affected by factors such as variable population sizes as
well as elements of mutation and recombination rate heterogeneity not considered here.
In addition, our theoretical results only consider distance-based gene tree estimation.

Extending these results to likelihood-based inference would be of interest.
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Chapter 3

Species Tree Estimation under
Joint Modeling of Coalescence and
Duplication: Sample Complexity

of Quartet Methods

Abstract: We consider species tree estimation under a standard stochastic
model of gene tree evolution that incorporates incomplete lineage sorting (as
modeled by a coalescent process) and gene duplication and loss (as modeled by
a branching process). Through a probabilistic analysis of the model, we derive
sample complexity bounds for widely used quartet-based inference methods
that highlight the effect of the duplication and loss rates in both subcritical

and supercritical regimes.

3.1 Introduction

Estimating phylogenies from the molecular sequences of existing species is a fundamental

problem in computational biology that has been the subject of significant practical and
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theoretical work [37, 91, 92, 93] 94, 95| [96]. Rigorous statistical guarantees for inference
methodologies often involve the probabilistic analysis of Markov models on trees. In par-
ticular, these analyses have uncovered deep connections with phase transitions in related
statistical physics models |97, (103} 104, 105, 106, 107, 108,109, |110, |98}, |99} |100} 101, 102].

In modern datasets, however, phylogeny estimation is confounded by heterogeneity
across the genome from processes such as incomplete lineage sorting (ILS), gene duplication
and loss (GDL), lateral gene transfer (LGT), and others [26]. Inferred trees depicting
the evolution of individual loci in the genome are referred to as gene trees, while the
tree representing the speciation history is called the species tree. Current sequencing
technology allows phylogenetic estimates of species relationships for many genes, and a
major challenge in reconstructing species trees is that gene trees often disagree for the
reasons mentioned above. There is a burgeoning literature on the many ways of extracting
speciation histories from collections of gene trees [111} (112} |94} 95, 113].

In this phylogenomic context, the design and analysis of species tree estimation meth-
ods require the use of a variety of stochastic processes beyond Markov models on trees,
including coalescent processes [114], branching processes [115], random subtree prune-and-
regraft operations [116, (117, 118], and tree mixtures [119}|120]. In fact, there is increasing
realization in the phylogenetics community that ILS, GDL, LGT, etc. should not be stud-
ied in isolation [121} |11} 122, 64] and, as a result, there has been a push to consider more
complex models that combine many sources of uncertainty and discordance [123| {127 60,
128, 14, [129| |75, (130} 131}, [124) 125, |126]. We study here a joint coalescent and branching
process unifying ILS and GDL, as introduced in [60].

Much is known about estimating species trees in the presence of ILS alone [132], as
modeled by the multispecies coalescent (MSC) [114]. The latter model posits that, on a
fixed species tree, gene trees evolve backwards in time on each branch according to the
Kingman coalescent [23] (see Section for more details). Bayesian approaches are a
natural choice under such complex models of evolution [133]. However they do not scale

well to large datasets and more computationally efficient procedures have been developed
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that combine inferred gene trees, sometimes referred to as summary methods [95].

One such method is to deduce the species tree by a plurality vote across gene trees.
Unfortunately, that approach is not statistically consistent, that is, it may not converge
to the true species tree as the number of gene trees grows to infinity. Indeed, for unrooted
species trees with more than four species, the most frequently occurring gene tree topology
need not coincide with that of the species tree [134]. However, for every 4-tuple of species—
also referred to as quartet—and every locus, the most probable unrooted gene tree topology
matches the species tree topology |135]. This implies in particular that the species tree
topology is identifiable from the distribution of gene trees. That is, different species tree
topologies necessarily produce different gene tree distributions. Further, quartet-based
algorithms for combining gene trees [136} 137] are known to be statistically consistent.
Tight bounds on their sample complexity, that is, how many gene trees are needed to
recover the true species tree with high probability, have also been established [138].

Less is known about estimating species trees in the presence of GDL alone. The model
in [115] posits that, on a fixed species tree, the number of copies in a gene family evolves
forward in time on each branch according to continuous-time branching process [139] (see
Sectionfor more details). Recently, the identifiability of the species tree in the presence
of GDL alone was established in [67] by showing that, similarly to the ILS alone case, for
every quartet the most frequent unrooted gene tree topology matches that of the species
tree. As a result, quartet-based inference methods [66] were also shown to be statistically
consistent. To date, no sample complexity results have been derived under this GDL
model however.

In this chapter, we investigate the gene tree evolution model of [60], which unifies
the multispecies coalescent and the branching process model of gene duplication and loss
discussed above. Given that quartet-based methods have strong guarantees under these
models separately, it is natural to consider their performance under the joint model as
well (see Section [3.2] for more details on the methods). Numerical experiments in [65, (67]

provide some evidence for the accuracy of certain quartet-based methods. In [126], the
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authors give a proof of statistical consistency for one such method. In our main result,
we give the first known upper bounds on the sample complexity of species tree estimation
methods under the joint effect of ILS and GDL. Our proof, which highlights the somewhat
counter-intuitive role played by the duplication and loss rates in the supercritical regime
(see Section [3.2), is complicated by the simultaneous forward-in-time/backward-in-time
nature of the process.

The rest of the chapter is organized as follows. In Section after defining the model
and inference methods, we state and discuss our results. In Section [3.3] we give a proof of
identifiability including new quantitative estimates that play a role in our proof of sample

complexity. The rest of the proof can be found in Section [3.4]

3.2 Background and main results

We first describe the model and then state our results formally.

3.2.1 Problem and model

Our input is a collection 7 = {t;}X_, of k multi-labeled gene trees given without estimation
error. We explain the terminology. The process of gene duplication creates multiple copies
of a gene within the same individual in a species. We refer to these duplicated genomic
segments as gene copies and we refer to collections of gene copies from different unrelated
genes as gene families. A gene tree is a depiction of the parental lineages of a gene or
multiple gene copies from individuals across several species. Roughly speaking, it shows the
joint ancestral history of these related gene copies. In contrast, a species tree is a depiction
of the evolutionary relationships of a group of species. Roughly speaking, it shows the
sequence of speciation events that have produced the current species. By multi-labeled, we
mean that each leaf of a gene tree is associated with a label from the set S of n species of
interest and that the leaf labels need not be unique. That is, multiple leaves of a gene tree
may be associated with the same species; this corresponds to observing multiple paralogous

copies (i.e., which have arisen from gene duplication) of a gene within the genome. In
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practice, gene trees are estimated from the molecular sequences of the corresponding
genomic segments using a variety of phylogenetic reconstruction methods [37, 91} (92} 93|
941 195]. For the sake of our results, we assume that gene trees are provided without
estimation error for a large number of gene families. Our main modeling assumption is
that these gene trees have been drawn independently from a distribution for which some
n-species tree T is taken as a fixed (i.e., non-random)—but unknown—parameter. Our

goal is to output this unknown n-species tree T'. We define the model more precisely next.

Model We assume that the gene trees in 7 are independent and identically distributed,
with each gene tree generated under the DLCoal model [60], a unified model of gene
duplication, loss, and coalescence. The process for generating a gene tree under DLCoal
involves two steps which are described below; an example realization of these steps is
provided in Figure [3.1] In particular, we introduce yet another tree, a locus tree, which
is an unobserved intermediate step in the model generating each gene tree. The process
below is repeated independently for each i = 1,...,k, thereby producing an independent

gene tree ;.

1. Locus tree: Birth-death process of gene duplication and loss with daughter edges.

We fix a rooted n-species tree T' with edges E directed from root to leaves (i.e. from
top to bottom) and edge lengths {nc},c . In Figure this is the four-species tree

on the top left. Note that the species tree is unknown to us.

Starting with a single ancestral copy of a gene at the root of T, a tree is generated by
a top-down birth-death process |115] within the species tree. That is, on every edge
in T, each gene copy independently duplicates at exponential rate A > 0 and is lost
at exponential rate p > 0. In addition, whenever a gene copy reaches a speciation
event T, it bifurcates into two child copies, one for each of the descendant edges on
T. Both duplications and speciations are indicated in the resulting locus tree by
a bifurcation. The locus tree is then pruned of lost copies to give an (unobserved)

rooted tree, which we refer to as locus tree. In this manner, we obtain a rooted
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n/-individual locus tree L with edge lengths. Species labels are associated to each
leaf of L from the species set .S. These steps for generating L are illustrated in the

top-middle and top-right trees of Figure 3.1

Furthermore, for each vertex in L which corresponds to a gene duplication event—
but not vertices corresponding to speciation bifurcations—we distinguish between
the two child edges by choosing one of them uniformly at random to be the daughter
edge and the other to be the mother edge. This distinction plays an important role

in the next step.

2. Gene tree: Coalescent process on a locus tree.

Gene trees are generated by a backward-in-time (i.e., bottom-up) coalescent pro-
cess |23, 114] within the locus tree L. The coalescent process begins with exactly
one gene copy in each leaf of L. Copies at the bottom of a directed edge in the
locus tree undergo the Kingman coalescent process for a time equal to the length
of the directed edge. Edge lengths here are assumed to be in so-called coalescent
time units, which means that each pair of lineages independently coalesces after an
exponential time with mean 1, unless the end of the edge is reached first. Further,
we condition on the event that all gene copies at the bottom of any daughter edge
of the locus tree necessarily coalesces underneath the top of the edge. Continuing
upward along ancestral edges of the locus tree, this process eventually yields a gene

tree.

This process, which generates a gene tree from a locus tree, is termed the multilocus
coalescent (MLC) in [60]. A realization of this coalescent process within a locus
tree is illustrated in the bottom left of Figure and the tree at the bottom right

depicts the resulting gene tree without the overlying locus tree.

Intuitively, in Step 1 above the species tree T is a fat tree that ‘contains’ the birth-
death process which generates the skinny tree L. In Step 2, we forget about the species

tree and ‘zoom in’ on L so that L becomes the fat tree, with each edge of L containing
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one or more edges (or parts of edges) of the gene tree.

Species tree estimation methods Next we describe two quartet-based species tree
methods: ASTRAL-one and ASTRAL-multi [137, 65, [66]. Recall that a quartet refers to
a 4-tuple of species. It is known that the unrooted topology of a species tree is entirely
characterized by the collection of its quartet topologies (see, e.g., [37]), and hence a large
number of quartet-based approaches to species tree estimation have been developed. Both
ASTRAL-one and ASTRAL-multi are practical variants of an intuitive idea (which in
the ILS/GDL context is motivated by the results of [135 67]; see also Propositions
and [2| below): (1) for each quartet of species, find the most common topology across gene
trees and (2) reconstruct an n-species tree that coincides with as many resulting quartet
topologies as possible. The input is a collection of k multi-labeled gene trees T = {ti}le.
Let S be the set of n species and 3 be the set of m labels (or gene copies). The tree t;
is labeled by the set ¥; C X. For any species tree T labeled by S, the extended tree T,
labeled by X is built by adding to each leaf of T all gene copies corresponding to that
species as a polytomy (i.e., as a vertex with degree possibly higher than 3).

Under ASTRAL-one, we pick one gene copy of each species uniformly at random and
restrict the gene tree to these copies, producing a new gene tree ¢;. For any collection of
gene copies J = {a,b,c,d}, let T be the restriction of any tree T' to those copies. Then

the quartet score of every candidate species tree T is

k
(@)=Y ¥ @),
i=1 j:{a>b’c»d}czi
where 1(77,T3) is the indicator for the event that 77 and T, have the same topology.
ASTRAL-one selects the candidate tree 7' that maximizes that score.
ASTRAL-multi treats copies of a gene in a species as multiple alleles within the species.

So, we do not replace t; with any restricted gene tree £;. The quartet score of T with respect
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(a)

Al A2 B1B2 C1C2 D1 D2 Al A2 B1B2 C1C2 D1 D2

Al A2 Bl B2 C1 C2 D1 D2 Al A2 Bl B2 1 2 D1 D2

Figure 3.1: A species tree with balanced topology and leaf species A, B,C, D is given in
(a). From (a), we obtain a realization of the gene duplication and loss (GDL) process
with deaths not yet pruned. The pre-pruned locus tree and its generating species tree are
shown in (b). Non-extant lineages in the tree are then pruned to obtain the locus tree,
shown in (c). The gene tree obtained from the multi-species coalescent (MSC) process
and its generating locus tree are shown in (d). The gene tree we actually observe is shown
in (e).
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to 7 is

k
(T)=> > uTg.4).
i=1 J:{a,b,c,d}CZi
The candidate tree T' that maximizes this score is chosen by ASTRAL-multi.
Both procedures can be performed in exact mode or in a default constrained mode,
which restricts the number of candidate species trees to those displaying the bipartitions

in the given gene trees.

3.2.2 Statement of main results

We present a theoretical bound on the number of gene trees needed for ASTRAL-one
to reconstruct the model species tree with high probability under the DLCoal model.
Similarly to the case of the MSC model [138], the sample complexity depends on the
length of the shortest species tree branch in coalescent time units. We denote this length
by f. However we also highlight the influence of other relevant parameters in the sample
complexity: the depth of the species tree, A; the duplication and loss rates, A and u. For

simplicity, we assume throughout that u # A.

Theorem 2 (Main result: Sample complexity of ASTRAL-one). Consider a model species
tree whose minimum branch length f is finite and assume gene trees are generated under
the DLCoal model. Then, for any € > 0, there are universal positive constants C,C" such
that the exact version of ASTRAL-one returns the true species tree with probability at least

1 — € if the number of input error-free gene trees satisfies:

1 Clu—XAA
k>0 o S T log (3.1)
€

f2 N C
(1-2n%)
Somewhat surprisingly the subcritical (u > \) and supercritical (u < A) regimes
exhibit a similar behavior. Indeed one naturally expects a higher sample complexity in

the subcritical case as p/A becomes large because the absence of any gene copy in a species
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becomes more likely and leads to the need for more gene trees in order to extract signal.
That prediction is borne out in (3.1). However the sample complexity similarly increases
in the supercritical regime as \/u becomes large. As the proof shows, the reasons for this
behavior are different in that regime. They have to do with the fact that a large number
of copies at the most recent common ancestor of a species quartet tends to produce large
numbers of conflicting gene tree quartet topologies, thereby obscuring the signal. It is an
open problem whether other inference methods (perhaps not based on quartets) are less
sensitive to this last phenomenon.

Our proof of Theorem [2|involves a delicate probabilistic analysis of the DLCoal model.
Along the way, we prove other results of interest. First, we show that the unrooted species
tree is identifiable from the distribution of multi-labeled gene trees 7 under the DLCoal
model over T'. Formally, we show that two distinct unrooted species trees produce different
gene tree distributions. The result is a generalization of |67, Theorem 1], where only GDL
is considered. Theorem |3|was first claimed in [126]. Our novel contribution here lies in the
proofs of Propositions|l] and [2| below, which give a quantitative version of the identifiability
result and play a role in deriving the sample complexity of ASTRAL-one.

In fact, even in the absence of ILS (i.e., in the presence of GDL alone), no sample
complexity results were previously available. While identifiability is established through
symmetry arguments (see, e.g., Lemma [L1] below, whose simple proof closely mirrors the
core argument in [67]), sample complexity bounds require a quantitative analysis that
is significantly more involved. Our arguments here (see Sections and combine
symmetry arguments, explicit computations and a detailed case analysis of well-chosen
events. In addition we incorporate ILS, which further complicates the analysis, in part
because of the forward-in-time/backward-in-time nature of the combined process. We
expect that the types of arguments developed here will prove useful in analyzing other
reconstruction methods under related complex models of genome evolution.

Our main identifiability result is stated next.

Theorem 3 (Identifiability of species tree). Let T be a model species tree with at least
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n > 4 leaves. Then T, without its root, is identifiable from the distribution of geme trees

T under the DLCoal model over T.

This identifiability result is established by showing that, for each quartet in the species tree,
the most likely gene tree matches the species tree. As in [67, 126], a direct consequence

of this proof is the statistical consistency of the ASTRAL-one.

Theorem 4 (Consistency of ASTRAL-one). As the number of input gene trees tends
toward infinity, the output of ASTRAL-one converges to T almost surely, when run in

exact mode or in its default constrained version.

We use a similar reasoning to prove the consistency of ASTRAL-multi. This result is

new.

Theorem 5 (Consistency of ASTRAL-multi). As the number of input gene trees tends
toward infinity, the output of ASTRAL-multi converges to T almost surely, when run in

exact mode or in its default constrained version.

The first step is a proof of the identifiability of the species tree under the DLCoal

model.

3.3 A proof of identifiability of the species tree

Let Q = {A,B,C,D} and assume, without loss of generality, that 79 has unrooted
quartet topology AB|CD, that is, it has the topology depicted in the top left of Figure
(ignoring the root). Let ¢ be a gene tree generated under the DLCoal model on T and let
t< be its restriction to the gene copies from the species in Q. The high-level idea behind

our proof of Theorem [3]is the following:

Conditioning on the number of copies in species A, B, C, D in the species in O,
independently pick a uniformly random gene copy a, b, c,d in species A, B, C, D
and let q be the corresponding quartet topology under tS. We show that the

most likely outcome is ¢ = ab|cd.
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Figure 3.2: The top row shows the two cases of root location on T9: the root of TS may
occur either on the internal edge (left) or the pendant edge adjacent to D (right). In both
cases the unrooted quartet topology of T2 is AB|CD. However, as shown in the bottom
row, the two choices of root location leads to two different rooted topologies: the balanced
case (left) and the caterpillar case (right), which we consider separately.

This is the same approach as that used in [67], but the analysis of the model is more
involved.

Define X = (A, B,C,D) to be the number of copies in species A, B, C, D, respectively.
For example, Figure depicts a realization in which X = (2,2,2,2) since the locus tree
(and hence also the gene tree) has exactly two leaves in each of the species A, B, C and D.
We will let P' be the probability measure subject to conditioning on the random vector
X.

Although we seek to reconstruct an unrooted species tree, under the DLCoal model,
the locus trees and gene trees are in fact generated from a rooted species tree. Therefore
when restricting the species tree to four species, there are two cases of root location to
consider: when the root of the species quartet T2 is located on the internal quartet edge
of T2 (the “balanced case”) or on a pendant edge of T (the “caterpillar case”). In the
caterpillar case we may take D to be the pendant edge incident with the root. See Figure
3.2

For gene copies a, b, c,d from A, B, C, D, define the following events:

Q1 ={q=abled}, Q2= {q=aclbd}, Q3= {q= ad|bc}.
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3.3.1 Balanced case

We first consider the balanced case. Without loss of generality, assume the species tree
restricted to @ has rooted topology as in the bottom left of Figure Let R be the most
recent common ancestor of Q in the species quartet 7€ and I be the number of locus copies
exiting R forward in time. Let P” be the probability measure indicating conditioning on
I as well as on A, B,C,D. For any selection of copies (a, b, ¢,d) from each species in the
quartet, let i, € {1, ..., I} be the ancestral lineage on the locus tree of z € {a,b,c,d} in R.

By the law of total probability, we have
P[Q;] = E[P"[Q:]], i=1,2,3. (3.2)
Hence, in order to show identifiability of the species quartet, it is sufficient to show that

P’[Q1] > max{P"[Q2], P"[Q5]}

when the copies of (A, B, C, D) are chosen uniformly at random.

We let X > 1 be the event that each of (A, B,C, D) has at least one copy to select
from. On the complement of X > 1 (that is, at least one of (A, B,C, D) fails to have
a copy to select), then ASTRAL-one selects @1, @2, @3 each with probability 0. So we

consider the case X > 1. We will use the notation 21 A zg = min{zy, 22}

Proposition 1 (Quartet identifiability: Balanced case). Let x = P"[i, = ip] and y =

P"[i. = ig). On the events X > 1 and I > 1, we have almost surely

P - Pl > g5 (- 1) A (5 7).

The proof of Proposition [1|is in Section We first establish a series of lemmas.
The next lemma shows that z,y > 1/1, similarly to [67, Lemma 1]. In that work, it
is proved that the probabilities of {i, = iy} and {i. = iy} are each at least 1/ under a

different conditional probability measure. Our proof is otherwise identical.
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Lemma 11. Let = P"[iy = i3] and y = P"[i. = iq]. On the events X > 1 and I > 1, we

have almost surely

TAY =

~l =

Proof. For j € {1,...,I}, let N; be the number of gene copies descending from j in R
that survive to the most recent common ancestor of A and B. Conditioning on (Nj;);,
the choice of @ and b in the locus tree is independent as in [67]. So i, and 4 are picked

proportionally to the N;’s by symmetry. Then

ZI'—1 N? 1
P'iq = i) = E'[P"[ia = ib|(N;);]] = E” [J—J S+
I - )
(i N2 T
as in [67, Lemma 1]. The same holds for y, completing the proof of the lemma. O

Ancestral locus configurations

Conditioned on X and I, we will characterize the occurrence of @1, Q2, Q3 based on how
iz, € {a,b,c,d}, are picked at the root R, that is, based on which pairs i, 14, are equal.
Then, in a worst-case scenario, we will analyze events of the coalescent process above R.
For an arbitrary quartet (a,b,c,d), we relate the likelihood of @1, @2, Qs under each of

the following events:

EFE=a—-b—-—c—d

Fp=ab—c—d Foe=ac—b—d Foy=ad—-b—c

Fy.=bc—a—d Froy=bd—a—c Fig=cd—a—b (3.3)
Gap =ab—cd Gye = ac — bd Guqg = ad — be

H,pe = abc — d Hgpg = abd — ¢ H,.qg =acd —b Hy.q = bed — a

K = abcd,
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AN

A B C

Figure 3.3: An example of a locus tree L satisfying the event Fy; for selected gene copies
a,b, c,d. In particular, the edges of L are depicted as residing within the fat edges of T2,
however only the portion of L coinciding with the edges of T'< is shown; the portion of L
above R is omitted.

where — indicates separate lineages at R for the chosen copies from A, B,C,D. For
example, the event F; indicates that the i, and ¢4 are different and are different from
the common ancestral lineage for i, and i;. See Figure|3.3] These events are disjoint and
mutually exhaustive. Letting £ run across all the above events, the law of total probability

implies

P'[Qi) =) P[Qi|EIP"IE]. (3.4)

&

Reduction to coalescence above R

For the rooted locus quartet implied by the four copies a, b, ¢, d, let NC be the event that no
coalescence event occurs beneath R among the four corresponding lineages. The following

lemma shows that conditioning on NC reduces the probability of ()1 while increasing that

of Q2 and Qg.

Lemma 12. For any I and any X > I and any event

86{E,Fab,...,Gab,...,Habc,...},
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we have
P’[Q1]€] > P'[Q1|ENNC])  and P"[Q;|E] < P'[Qi|ENNC], i€ {23},

almost surely.

Proof. Under NC¢, by definition, at least one of the pairs {a, b} or {c,d} coalesces below
R. Both cases immediately lead to the same quartet topology, so ()1 is guaranteed. See

Figure below for an illustration when £ = K. Then the law of total probability implies
P’[Q1|€] = P"INCCIE] + P"[Q1|E NNC] P’ [NC|E] > P"[Q1]E N NC).
Similarly
P"[Qil€] = P"[Qs|€ N NC]PYINCIE] < P"[Qi|€ NANC],

for i € {2,3}. O

The event K will play a special role in the proof and we treat it separately. For the

other terms, combining (3.4) and Lemma [12] we have

P//[Ql] _ PH[QQ] — (P,/[Ql‘K] _ PH[QQ‘K])PH[K]

+ Z (P"[@11€] — P"[Q2[€]) P[€]

E£K
> (P"[Q1]K] — P"[Q2| K])P"[K]
+ ) (P'[Q1IE N AT — P"[QofE€ NAT]) PVE].
E£K
To prove Proposition |1}, we derive an explicit bound on this last sum.
Under P”, the events E, H e, Hypg, Hpeq, Haeq are symmetric in the sense that switching

the roles of @ and ¢ or the roles of a and d does not change the conditional probability of
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()1 and Q2. Hence

]P)H[Ql‘g mNC] = IP)”[Q2|S ﬂNC], VE € {E, Hab07Habd7 Hbcda Hacd}
and using this above we get

P’[Q1] — P[Q2) > (P"[Q1|K] — P"[Qq| K])P"[K]

+ Y (PG NNC) - P[Qq|G N NC]) PTG

je{ab,ac,ad}

+ Y (PIQUE N AT - P[QulFy NAC) PUIE. (35)

je{ab,....cd}
The F and G events
We now consider the events {Fyp, Frq, Fuc, Fpa} and {Gap, Gac}-
Event probabilities In the next lemma, we compute the probabilities of a given locus
tree quartet satisfying the events in {Fyp, ..., Frd, Gap, Gac}-

Lemma 13. Let = P"[iy = iy] and y = P"[ic = ig). For I > 2 and any X > 1, the

following hold almost surely:

B[R] =~ a1 - y)
P[] = -2 (1~ 2y
" I—2
P [Fac] = P"[Fiq] = = 1)(1 —z)(1—y)
P’ [Ga) = I; 1aﬁy
1

Proof. The calculations for F,;, and F.4 are similar, except that we condition on different
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events. Indeed, note that

P"[Fop) = P"[Fuplia = ip, ic # ia)P" [ia = ip]P"[ic # id]

P’ [F.q) = P [Foqlia # vy ic = ia)P" [iq # ip)P [ic = i)

The conditional probability of Fj; is then obtained by considering that given the placement
of the pair (ic,ig) among the I ancestral lineages, the shared lineage i, = i, has I — 2
choices where they do not intersect {i.,i4}. The result in the statement follows. Similarly,

for F, with ¢ € {ac,bd}, we have
P'[F,| = P'[F|ia # ip, ic # iq)P"[iq # ip)P"[ic # i4).

In this case, out of I(I — 1) choices for i, and 4, the choice of i, is determined and there
are I — 2 remaining choices for i4, implying the result.

We use the same principle for G, and G,.. Keeping this in mind, we have

PG ] = P"[Gaplia = ip,ic = ig)P"[ia = ip|P"[ic = i4]
PGl = P'[Guclia # v, ic 7 ia|P" [ia # ip|P" [ic # id4],
and we proceed as before to get the result. O

Using the previous lemma, we collect further bounds on the probabilities of events at

the root of the locus tree.

Lemma 14. Letting again x = P"[i, = ip) and y = P"[i. = i4], the following statements

hold.

(a) If I =2 then
PY[Gap] = P"[Gac] > (x N ;> : <y : ;>
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(b) If I >3 and x Ny > 1/2, then

P! [Gap] — P"[Guc] > 1/8.

(c) IfI =2,
I [Fab] — P [Fac] —P [de] + P [ch] =0.

(d) If I > 3 and x Ny < 1/2, then

B/ [Fun) — B Fuc] — P[] + B'[Fu] > (x - }) A <y - }) |

Proof. By Lemma |13} P"[G 4] — P"[Gac] = 3 (2 +y — 1) which implies part (a).
To prove (b), observe that by Lemma [13| again,

P [Gur) = P'[Gucl = oy — 75 (1= )1 =)

(Izly— I(Il_ 7y —y)>
(F-ws)
()

where the inequalities are justified by the assumption z Ay > 1/2. Since I > 3, it follows

Vv

= s = N

v

that P"[G ] — P"[Gac] > 1/8.
To prove (c) and (d), observe that by Lemma [13]

]P)// [Fab] o ]P)// [Fac] o ]P)// [de] + P,/ [ch]
-2 I—-2

= — (@l -y)+y( —2)) —QWG —2)(1-y)
- I(II_ 1) (=9 (I -Dz-1-2)+1-2)(I-1y-(1-1y))
I-2
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Clearly if I = 2, the right-hand side is zero, which proves (c). Furthermore, since x,y > 1/1

by Lemmal[11] it follows that both (1—y)(Iz—1) > 0 and (1—2)(Iy—1) > 0, and therefore

P’ [Fab] - P/,[Fac] -7 [de] + P’ [ch] > Vi

for (u,v) € {(x,y), (y,x)}. Taking v = min(z,y) and v = max(z,y) gives

I-2

P'[Fp) — P'[Fu] — P'[Fyg] + P [Fuy] > m (1 — min(z,y)) (I max(z,y) — 1)
> 122 (- mina,y) (maxto) - 1)
> 5 (1= min(e.) (maxtog) - 1)
> 1 (st - 1)
which implies (d). 0

Conditional probabilities of quartet topologies In the following lemma, we give

expressions for P”[Q;|€ N NC] across the events {Fyup, Freq, Fuc, Fpa} and {Gap, Gac}-

Lemma 15. (a) For any I and any X > I, we have
P'[Q1]Fap NAC] = P"[Q1|Feg N NC] = P"[Qa| Fue N NC) = P"[Q2| Fya N NC] =: ¢}
and
P"[Q2| Fup N NC] = P"[Qa|Feq N NC] = P"[Q1|Fue N NC] = P"[Q1] Fpa NNC] =: ¢”.
(b) For any I and any X > 1, we have

P//[Ql‘Gab NN =1
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and

]P’//[Q2|Gac ﬂNC] = 1.

Proof. (a) The quantities ¢{ and ¢” are indeed well-defined as above by symmetry. (b)
By switching the roles of b and ¢, we observe that P”[Q1|Gq NNC] = P"[Q2|Goc NNC]. To
see why P"[Q1|Ge NAC] = 1, we again examine the topology above the root with leaves
ab and cd. At least one of these leaves descends from a daughter edge, which implies Q1

is constructed with probability 1. This completes the proof of the lemma. O

The following lemma establishes that, conditioned on F,;, and NC, the difference in

probability between Q1 and Q2 is at least 1/3.

Lemma 16. For I > 1 and any X > T, we have

-l >

W =

Proof. By definition of ¢ and ¢” , it suffices to show P”[Q1|Fup NNC] —P"[Q2| Fop NAC] >
1/3. Conditioned on Fy, N AC, no coalescence event between the chosen lineages occurs
beneath R. So, we examine the topology of the locus tree above the root with leaf set being
the three leaves implied by F_;. Using the law of total probability, we condition further
across the three possible rooted locus topologies on the three leaves ab, ¢, and d. For each
i € {ab, c,d}, let 7; be the rooted topology on three leaves in which the outgroup is labeled
by i and the other two leaves are labelled from the remaining letters in {a,b,c,d}. For

example, 74, has ¢ and d as siblings with ab as the outgroup. Then

P"[Q1|Fop NNC| — P"[Q2| Fup N NC|

1
= 3D (P"[Qil7i, Fup NAC] = P"[Qal7i, Fap N AC))

where we used the fact that P”[r;|Fy NAC] = 1/3 for each i. Now we compute the

summands. If i = ab, then either ab descends from a daughter lineage or the pair (¢, d)
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descends from a daughter lineage, meaning we observe Q1 with probability 1 and Q2 with

probability 0. In the other two cases, let p > 0 be the probability that a and b coalesce

along the pendant edge for ab. If they do not coalesce along the pendant edge, then

the lineages from a and b live in the same population as that of, say, ¢. Then there is

probability 1/3 that the first coalescing pair among a,b,c is a,b. So the probability of

observing Q1 is p + %(1 —p). There is probability 1/3 that the first coalescing pair among

a, b, cis a,c, so the probability of observing Qs is %(1 —p). Then

" 1" ]_ 1 ]. 1
¢+—¢=3<1—0+2<p+(1—p)— 3

. 30-0)) =502

Proof of Proposition

With that we can prove Proposition

Proof of Proposition [l In the I =1 case, P"[K] =1 so

P"[Q1] — P"[Q2] = P"[Q1|K] — P"[Q2]| K] > 0,

(3.6)

where we used that, under K N NC, the quartets Q1 and Q2 occur with equal probability

under P”. Since x — 1/I =y — 1/I = 0, the claim follows.
For I > 2, (3.5) and Lemma |15 implies that

P"[Q1] — P"[Q2] > (P'[Q1| K] — P'[Qq| K))P”[K]
+ P [Ga] = P'[Gac] + (¢ — &) (P"[Fup] + P"[Fq])
— (¢ — ¢") (P"[Fue] + P"[Fya))

> P'[Gup) — P [Gacl

+ ( ,-:- - Qb/i) (P//[Fab] - IP)//[Fac] - P//[de] + P//[ch]) )

where again we used that, under K N NC, the quartets 1 and Qo occur with equal
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probability. If I = 2, then by Lemma [16] and Lemma [14] parts (a) and (c), this leads to

1 1
P//[Ql] - IP’”[QQ] > <.7: - I) A <y - ]> . (3.7)
If I > 3, then by Lemma (14| parts (b) and (d),

1/8 ife Ay >1/2
P’[Q1] — P"[Q2] > (3.8)
S-PA(y—1) fzAay<1)2

It follows that P"[Q1] — P"[Q2] > & (z— %) Ay — 7). finishing the proof of the main

claim in the balanced case. O

3.3.2 Caterpillar case

We now consider the caterpillar case. Without loss of generality, assume the species tree
restricted to Q has rooted topology as in the bottom right of Figure Let R be the
most recent common ancestor of A, B, C' and let I be the number of locus copies exiting
R (forward in time). Let P” be the probability measure indicating conditioning on I and
X. Let iy € {1,...,I} be the ancestral lineage of z € {a,b,c} in R. As with the balanced
case, on the complement of X > I, ASTRAL-one selects Q1, Q2, Q3 each with probability

0. To prove

P[Q1] > max{P[Q2], P[Qs]},

it is sufficient to prove Proposition [2| below for X > I.

Proposition 2 (Quartet identifiability: Caterpillar case). Let x = P"[i, = ip). On the

events I >1 and X > f, we have almost surely

P"[Q1] — P"[Q2] > % <~’C - }) :

Similarly to the balanced case, in order to prove this proposition we consider the
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following events:

E=a-b-—c
Gy =ab—c Guge =ac—0>b Gpe =bc—a
K = abc,

where — indicates separation of lineages in R of the selected copies of A, B, C. Letting £

run across all events, the law of total probability implies
P'[Qi] = ) _P'IQilEIP"[E]. (3.9)
&

Let AC be the event that no coalescent event occurs beneath R between the three lineage

corresponding to a, b, c.

Analogues to Lemmas and [15] hold with similar proofs.

Lemma 17. Let © = P"[i, = iy]. On the events X > 1 and I > 1, we have almost surely

~l =

Lemma 18. Let the species tree be a rooted caterpillar on four leaves A, B,C, D. For all

I>1and X >1, and any event £ € {E,Gap, Gac, Gpe },

PQ1IE] > PI[Q1ENNC]  and P'[Qs]E] < P'[QiE NAC], i€ {2,3}.

Lemma 19. For I > 2 and any X > 1, let © = P"[i, = iy]. Then the following hold:

I-1
1

P"[Gac) = P'[Gre) = = (1 — z).

IP)// [Gab} —
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Lemma 20. On I > 1, almost surely

Pﬂ%ﬂ—wﬂ%J:x—%

Lemma 21. For any I and any X > 1, we have

P"[Q1]Gap N NC] = P"[Q2|Gac NNC] =: ¢}

and

P//[QQ‘Gab N NC] = P//[QﬂGac ﬂNC] =: wz

The G events

The following lemma bounds the conditional probability difference for the G events.

Lemma 22. On the events I > 1 and X > f, we have almost surely

Y =l >

W =

Proof. By definition of ¢ and ¢, it suffices to show that P"[Q1|Gq NNC] —P"[Q2|Gap N
NC] > 1/3. The proof of this inequality involves decomposing G, NAC into a number of
subcases, depicted in Figure and computing the probabilities of ()1 and @2 in each
subcase. Let S be the most recent common ancestor of Q in the species tree. Let A be
the event that the ab and c individuals in R descend from a common ancestor in S and

let ¢ = P"[A|Gg NNC]. There are two cases:

1. (Condition on A) Let C be the event that gene copies a and b coalesce above R and
below the MRCA of loci ig = iq = ip and i.. Let ¢ = P”[C|A, Ggp, NC]. We claim
that ¢’ > 1/2. To see this, observe that conditional on Gy, N ANC the loci 44, and
i. share the same ancestral locus at S only if there occurred a duplication event

between S and R which is ancestral to both of them. Therefore with probability at
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C (gene copies a and b coalesce
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Figure 3.4: Flowchart for case analysis in Lemma

least 1/2, the gene copies a, b coalesce along their shared pendant edge in the rooted

topology between R and S, proving the claim. Furthermore, it is obvious that
]P)”[Ql |Ca A7 Gaba NC] - ]P)”[QQ ’67 A7 Gab; NC] =1. (310)

On the other hand, conditional on C¢, the copies of a,b and ¢ enter the same popu-

lation and are then symmetric, and hence

P’[Q1]C¢, A, Gap, NC] — P"[Q2]CC, A, G, NC] = 0. (3.11)

. (Condition on A°) Let H; be the event that copies d and j share the same ancestor in
the locus tree at S, and define H = (Hq, UH,)¢ and 7 = P [H|A°, Gap, NC]. Then by
symmetry, P”[Hqp|AC, Gop, NC] = P"[H|AC, Gy, NC] = % By a further symmetry

argument similar to that made in Case 1 we have
P//[Ql |Hab7 Acv Gaba NC] - Pl’[QQ’HaM AC7 Gab,NC] 2 07 (312)

where the inequality accounts for the possibility that the lineages from a and b
coalesce between R and S. Let 7 be the topology of the locus tree restricted to the

copies ab, ¢, d and restricted to the portion above S (and suppressing nodes of degree
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2). Conditioned on H., we have 7 = (ab, cd), so it must be the case that either ab
descends from a daughter lineage or cd descends from a daughter lineage, meaning

we observe (1 with probability 1 and (2 with probability 0. Therefore
Pl’[Ql’Hcy Aca Gab7NC] - Pl’[QQ’HQ Aca Gab7-/\/c] =1. (313)

It remains to consider the case H = (Hqp U Hce)¢. Let K be the event that 7 =
(ab, (¢,d)). By symmetry, the three possible topologies are equally likely, and so
P"[KC|H, A€, Gap, NC] = 1/3. Conditioned on K, either ab descends from a daughter

lineage or the pair (¢, d) descends from a daughter lineage, and therefore
P[Q1IKC, H, A, Gap, NC) — P [Q2|KC, H, A, Gap, NC] = 1. (3.14)

Conditioned on K¢ let p denote the probability that gene copies a and b coalesce

along the pendant edge for ab in the rooted triple above S. Then
1
]P)”[Ql‘lcca Ha AC? Gab,NC] =p + g(l - p)?

and

1
]P)”[QQ‘K:Cy H7 Aca Gab7NC] = g(l - p)7

and hence
P"[Q11K, H, A, Gap, NC] — P"[Q2| K¢, H, A, Gap, NC] > p, (3.15)

where again the inequality accounts for the possibility that the lineages from a and

b coalesce between R and S.
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Finally, applying the law of total probability and using equations (3.10))-(3.15) gives

1- 1 2
P [QulGon NC] ~ F'QulGun AT 2 g+ (157 4 3+ 2pr) (1= )
1
> (11—
> 54+ 3(1-q)

>

Wl N~

where the second inequality follows from ¢’ > 1/2 and r > 0. O

Proofs of Proposition [2] and Theorems [3] and

With that, the proof of Proposition [2]is similar to that of Proposition

In both the balanced and caterpillar cases, observe that P"[Q1] — P"[Q3] = P"[Q1] —
P”[Q2] by switching the roles of ¢ and d. By Propositions (1| and |2, all species quartet
topologies are identifiable and hence we have verified Theorem

Theorem W] then follows, along similar lines as [67, Theorem 2|, from the law of large

numbers.

3.3.3 Proof of consistency for ASTRAL-multi

Before finishing the proof of Theorem [2| we give a proof of Theorem

Proof of Theorem [3. Let Nyp|cp (respectively Nacipp, Nap|pc) be the number of choices
consisting of one gene copy in the gene tree from each species in @ = {A, B,C, D} whose
corresponding restriction in ¢; agrees with AB|CD (respectively AC|BD, AD|BC'). Sim-

ilarly to |67, Theorem 3|, it suffices to show that
E[Nag|cp] > max {ENacigp), EWNappcl} - (3.16)

Letting again X = (A, B,C, D), by taking expectation with respect to I in Propositions
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and , we have on the event X > I that
Plg = AB|CD | X] > max{P[¢ = AC|BD | X],P[q¢ = AD|BC | X}, (3.17)

where ¢ is the topology of a uniformly chosen quartet among A, B, C, D. Let M = ABCD
be the number of quartet choices and let ¢;,7 = 1,..., M be the corresponding topologies

ordered arbitrarily. Because ¢ is a uniform choice, we have
M
Plg = AB|CD| X] = iZIP[q- — AB|CD | X] (3.18)
M — (2 Y M

and similarly for the other topologies. Since

M
Napiep = »_ 1{a = AB|CD},

=1

and similarly for the other topologies, taking expectations and using (3.17)) and (3.18)

gives (3.16]) as claimed. O

3.4 Proof of sample complexity bound

To prove Theorem [2| our sample complexity result for ASTRAL-one, we use a union bound
over all quartets and build on the analysis of Section [3.3] In particular, the key step of the
proof is a more careful analysis of the event K that appeared in the proof of Theorem

We first discuss a number of quantities that play an important role in the analysis.

3.4.1 Bounds on branching process quantities

We highlight the role of a number of parameters in the sample complexity: the shortest
branch length in the species tree, f; the depth of the species tree, A; and the duplication
and loss rates, A and p. These parameters enter the analysis through three quantities of

significance:

e Coalescence of a pair of lineages on an edge: In the standard coalescent, the proba-
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bility that a pair of lineages has coalesced by time f is

y=1-e',

o Survival probability of a quartet: For a quartet @ = {A, B,C, D}, let Xo = (A, B,C, D)
be the number of gene copies in the corresponding species. The smallest probability
over all quartets that a gene family contains a copy in each species will be denoted

by

—

= mi IP’[X >1}
o := min 0>

o FExpected number of lineages at a vertex: For any vertex R in the species tree, let I
be the number of copies at R in a single gene family. The largest expectation of Ir

over all vertices will be denoted by

= E|Ig).
a = max [IR]

These last two quantities can be controlled using branching process theory. See e.g. [94,
Section 9.2] for the relevant results in the phylogenetic context. We use the notation

21V zg = max{zy, 22}
Lemma 23. The following hold:

o When p > A,

o When X > u,
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Proof. Let Q = {A,B,C,D} be a quartet and let as before Xo = (A,B,C,D) be the
number of gene copies in the corresponding species. Assume the species tree topology on
Q is balanced (the argument in the caterpillar case being similar). The probability that

A > 1 is given by

where

1 — e (Afl‘)t

at) = Ao

It can be checked that, whether © > A or u < A, the function ¢(¢) is increasing in ¢.
Conditioned on {A > 1}, there is at least one copy in each vertex along the path between

the root and A. Hence

P[DZI\A21]21—§q(A).

Repeating this argument for B and C' gives

It remains to bound the right-hand side. When A > pu, ¢(t) — 1 as t — +o00, which implies

q(t) <1 by monotonicity. So 1 — £¢(A) > 1 — &. On the other hand, when p > A,

]_ — 6_(>‘_.LL)A
A — ILL@_()\_M)A
w—A
Me(N*A)A -

> 71 1 A
- e(M_A)A N ; )
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Lemma 24. We have
a<1verma

Proof. Recall that we assume there is a single lineage at the top pendant vertex of the
species tree. If the time elapsed between this vertex and another vertex U is d, then the
expectation number of lineages at U is e~ The result follows from the fact that d < A
by considering separately the cases p > A and A > p. O
3.4.2 Sufficient effective number of samples

For a quartet Q, let Ko be the set of gene trees such that each species in Q has at least
one gene copy. For k* > 1, let

Sp- = {|Ko|> k* : YO} .

Lemma 25. For any k* > 1 and € € (0,1), it holds that P[Si+] > 1 — € provided

2k* 8
k:>{ }\/{2logn}.
o o €

Proof. For any Q, by the definition of Kg, if £ is the number of loci then

E|Ko|> ko.

Assume k is large enough that %ka > k*. Then by the union bound and Hoeffding’s
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inequality (see, e.g. [140]), using the fact that the gene trees are independent,

PS.] < D PlIKol< ¥']
Q

1
< ZP |:|ICQ|< 2k0:|
Q

1
<>'P [E|/CQ|—|/CQ\> Qka]
Q

< n*exp <—2(]m]£2)2>

<e€

if

9 4
kZ ﬁlOgniv
(o) €

and since € < 1 this inequality holds whenever
8
k> —log n
o €
That proves the claim. O

3.4.3 The event K

Using the notation of Section fix a quartet of species Q@ = {A, B,C, D}, let P" denote
the conditional probability given the event {Xg > 1}, and define &' = P'[Q;] — 1/3. Since
P'[Q2] = P'[Qs], we have

P'[Q1] 4 P'[Q2] + P'[Q3]
3

§ = P(Q)] - =2 (PQ1] - P1Qs) (3.19)

We seek to bound the right-hand side. Assume first that T'< is balanced. Let P} indicate

P’ conditioned on {I = i}. By the proof of Proposition [l} specifically the argument leading
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up to , and , we have
P'[@Q1] — P"[Q2] = (P[Q1]K] — P"[Qa| K])P"[K].

By further conditioning on the event {Xo > I} (which has positive probability when

I>1), wegetforalli>1
P [Q1] — Pi[Q2] > (P}[Q1| K] — P3[Q2| K])Pi[K].

On the event K NAC, Q1 and Qs are equally likely by symmetry. On K N ACC, at least
one of the pairs {a, b} or {c,d} coalesces below R, guaranteeing () (similarly to the proof

of Lemma . See Figure for an illustration. Hence, we have

Pi[@Q1] — P3[Q2] > Pi[Q1 N K] — P;[Q2 N K]
= P/[Q, N K NAC] — P;[Qa N K NAC)
+P[Q1 N K NNCY] — P4[Qa N K NACY

> P)[K NAC.

To bound the right-hand side, we consider the event C,, that the lineages picked from A
and B coalesce below R. Notice in particular that Cyp implies {i, = i5}. The event K NNC¢
is implied by Cgp together with {i. = igq = i,}, which are conditionally independent. By

Lemma [11] the latter has probability at least Pj[i. = i4]} > %. Hence,

Pl[Qa] - Fl[Qs] > PifCu] 5. (3.20)
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By a similar argument in the caterpillar case, we have

P [Q1] — Pi[Qo] > P;[K N AC]
> PllCul 5

> PCas (3.21)

1
2

A B C D

Figure 3.5: An example realization of K N AC® In particular, a locus tree satisfying
event K for copies a,b,c,d is depicted in the case where T2 is balanced; additionally,
a realization of the gene tree is shown (in blue) within the locus tree. This realization
satisfies K NN C€ since at least one coalescence event—in this case between the ancestors
of gene copies ¢ and d—has occurred on the gene tree below R. Since copies ¢ and d are
therefore not separated by an internal edge on the gene tree, the event Q1 occurs.

It remains to bound P;[Cgp).

Lemma 26. We have
111
PCw] >y A= —.
1[ b] - {7 8}2

Proof. Similarly to the proof of Lemma for copy ¢ at R, let Ny be the number of
its descendant copies at R’, the most recent common ancestor of A and B, and let J =

> v—1 Ne. We consider two cases for Ny:

1. In the case Ny = 1 and {i, = i, = ¢}, let Yy be the indicator function of the event that
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the lineages from a and b coalesce before R. So Y, = 1 if the lineages from a and b
coalesce before R, and 0 otherwise. Under the standard coalescent, the probability of
that coalescent event is at least . Here, though, we are working under the bounded
coalescent. In the case that a daughter edge is ancestral to the lineages from a and
b, the additional conditioning on complete coalescence only increases the probability

that a and b coalesce before R. So v remains a lower bound.

2. In the case Ny > 2 and {i, = i = £}, let Z; be the indicator function of the event
that the lineages from a and b coalesce before R. So Z;, = 1 if the lineages from
a and b coalesce before R, and 0 otherwise. Since N, > 2, there is at least one
duplication below ¢ before R'. By symmetry, there is probability at least 1/2 that
the first duplication produces a daughter edge with at least half of the descendants
of ¢ below it at R’. Under {i, = i, = ¢}, there is then a probability at least 1/4
that a and b descend from copies at R’ below that daughter edge. So overall there

is probability at least 1/8 that Z; = 1 in that case.

Putting these two cases together , we get

/ / / Ny ? Ny ? i
Pi[Cap) = B} |E} | > - ) Yot > - ) Z (Ne)i=1
1

as in [67, Lemma 1], proving the claim. O

Lemma 27. We have
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Proof. By (3.19), (3:20), (3:21), and Lemma [26]

§ =

—
2
>

x| =

——
=

| — |

==

| I

v A\
WIN WM Wl

—
2

1 1
A 8} ST (3.22)

where the last line follows from Jensen’s inequality. Moreover

a > E[]]
-2l ] o= ] 2= ] e

>FE'[I]o.
Plugging back into (3.22)) gives the claim. O

3.4.4 Final analysis

Proof of Theorem[2 The following, adapted from [138, Lemmas A.1 and A.2], gives a
bound on the k* required to reconstruct the correct species tree with probability 1 — € in

terms of &’

N n* 1

In particular, for € < 1 this inequality holds whenever

k* > 8log (%) (;)2
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By Lemmas [25] and 27], it suffices to have

16 n 1 8 n
k><¢—1 — V { — log —
—{a Og(e)<§m;}gz>2} B

230405 n
e

v

The claim follows from Lemmas P3 and 241 O

3.5 Concluding remarks

Through a probabilistic analysis of the DLCoal model, we established identifiability of
the model species tree and statistical consistency of quartet-based species tree estimation
methods ASTRAL-one and ASTRAL-multi. In our main new result, we derived an upper
bound on the required number of gene trees to reconstruct the species tree with high
probability. In particular, we highlighted the roles of the branching process parameters A
and p as well as the tree depth A. These parameters enter naturally through two relevant
quantities: the minimum survival probability of a quartet (0) and the maximum expected
number of lineages at a vertex ().

Our results suggest many open problems. First, can we derive a lower bound (and
matching upper bound) on the required number of gene trees for ASTRAL-one and sim-
ilar methods (including ASTRAL-multi)? In particular, is our dependence on « (in the
supercritical regime) and o (in the subcritical regime) optimal? An improvement on the
polynomial dependence on « (see Lemma is likely possible with a more detailed anal-
ysis of the events in Section [3.3] But, perhaps more importantly, are there alternative
ways of processing multi-labeled gene trees (not necessarily quartet-based) that dampen
or even exclude the effect of o?

More generally, it would be interesting to obtain statistical consistency and sample
complexity results for models also including LGT, under which at low enough rates quartet-
based methods have also been shown to be consistent |118]. One such more general model

was recently introduced in [125].
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Chapter 4

Some Lower Bounds on the
Sample Complexity of Species
Tree Estimation with Variable

Mutation Rates

Abstract: In this chapter we consider the effect of intergenic mutation rate
heterogenity on the sample complexity of species tree estimation. We prove
two main results. The first main result is a lower bound for distinguishing the
2-leaf trees under the assumption that mutation rates are gamma distributed,
possibly with an atom at zero. In particular we show that to distinguish two
edges differing by length f with high probability, one requires O(f~2) samples.
The second main result is a theorem which establishes similar lower bounds

under a general class of continuous distributions.
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4.1 Introduction

This chapter is concerned with the sample complexity of species tree estimation when genes
exhibit rate variation across the genome, that is, when mutation rates may vary randomly
between genes. Broadly speaking, the term sample complezity refers to the amount of data
needed to achieve high probability of correct estimation. The topic of sample complexity
includes lower bounds, which pertain to how much data is mecessary for any inference
method (or any method in specified class of methods) to succeed with high probability; it
also includes upper bounds, which pertain to how much data is sufficient for a particular
inference method.

This chapter is structured as follows. In Section after discussing related work, we
introduce our model of gene evolution and describe the general approach for proving lower
bounds that will be used. In Section we prove the first main result, which considers
the special case of distinguishing edges when mutation rates are gamma-distributed with
an atom at zero. In Section we describe a complication which arises when attempting
to generalize the first main result to more general probability distributions, and prove

another lower bound in this setting.

4.1.1 Related work

Before introducing our model and results, we briefly review previous work on sample

complexity for mixture models of rate variation as well as in the case of the multispecies

coalescent (MSC).

RAS rate variation models

Rate variation in the genome has been studied extensively using mixture models, such
as the rates-across-sites (RAS) model, which assumes that branch lengths vary between
sites, but that all sites share a common tree topology. In the RAS model, branch length
variation between sites is obtained by multiplying the mutation rate for each site by a

random iid scaling factor; here, a default formulation is the gemeral time-reversible model
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with gamma-distributed rates and invariable sites, abbreviated GTR 4+ I' + 1. Under this
model, each site is either invariant (I) or undergoes a mutational process governed by a
continuous-time Markov process with rate matrix @), where () is a general time reversible
(GTR) instantaneous rate matrix, and r is an independent gamma-distributed random
variable (I'). A common gamma distribution is used for all sites; typically it is assumed
to be normalized to have rate 1, and so depends only on an unknown shape parameter «,
which may be regarded as an unknown model parameter [141, |70].

When « is unknown, the question of identifying model parameters (which include
@, «, the stationary distribution, and all features of the species phylogeny) is somewhat
subtle, as pairwise sequence comparisons are not sufficient to recover the model parameters
[141]. Nonetheless, it has been shown that all parameters are generically identifiable from
sequence data under both the GTR + I' model [|70], as well as the GTR + I" + I model
under reasonable assumptions about the species tree branch lengths and rate matrix @
[142]. More general RAS models than GTR + I' + I were considered by [143] in the
setting of the large-tree limit (i.e. as the number of leaves n goes to infinity), who showed
that under certain regularity assumptions about the species tree and the distribution of
mutation rates, and provided that the number of leaves n is sufficiently large, the species
tree topology is both identifiable from the distribution at the leaves and—regarding the
sample complexity—can be recovered with high probability from DNA sequence data of

polynomial length in n.

Sample complexity for models involving the MSC

The model of rate variation considered in this chapter will differ from the RAS models
in an important way: rather than requiring that all gene trees share a common topology,
it will instead be assumed that gene trees are generated according to the MSC. For data
generated in a manner based on the MSC, questions of the sample complexity have been
studied from two perspectives: (1) using error-free gene trees as data, and (2) using

sequences as data. In the latter case, a 2-step model is typically employed, with the
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MSC used together with a site substitution model (e.g., the Jukes-Cantor model), which
is utilized to generate sequence data using the gene trees obtained from the MSC as input.

The perspective usually taken here is how the data requirement for consistent inference
grows as a function of certain key model parameters. In case (1), the data requirement can
be expressed by a single quantity, m, the number of gene trees. In case (2) by contrast,
the total data amount of data is the product mk, where k is the length of each gene
sequence k. In this latter case, m and k do not play equivalent roles. Increasing one of
these variables is not equivalent to increasing the other. Moreover, if the total sequence
length mk is fixed, there is in fact a tradeoff between the two.

Much of the work on sample complexity for data generated under the MSC has been
aimed at better understanding how inference is affected by this tradeoff between m and
k. On one hand, when k is large, the accuracy of estimated gene trees may increase, so
that one needs fewer gene trees to estimate the species tree [129]. On the other hand,
it is possible to have too few gene trees, irrespective of how large £ may be. To see
this, observe that in both settings (1) and (2), the amount of data needed to recover
the species tree with high probability depends critically on the minimal branch length
f of the species tree, since under the MSC this parameter has an important effect on
the probability of ILS, which can result in the failure to detect internal branches as well
as topological discordance between gene trees and species tree. As observed in [144],
statistically consistent estimation of the species tree thus requires that at least one gene
tree does not exhibit ILS on the shortest branch of the species tree; elementary coalescent

calculations show this event has probability

1—e ™, (4.1)

As f gets smaller, the estimation problem becomes harder, and so the amount of data m

required must correspondingly grow, and the relevant question is:

As f shrinks to zero, how quickly must m grow to ensure high probability of
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correct inference?

If m = o(f~!), then Eq. tends to zero as f — 0. In that case, the probability of
correctly estimating the species tree is bounded away from 1, so correct estimation with
high probability is not possible, regardless of the inference method used. This implies the
following lower bound on the required number of genes m: as f — 0, reconstruction of

the species tree with high probability requires at the very least that

m =0 (}) , (4.2)

and, moreover, this lower bound does not depend on k at all (for further discussion, see
[144} 129]).

Another lower bound for species tree estimation from sequence data, established by
[145] is that the total sequence length must grow quadratically with f=!. This lower
bound was proved under the assumption that data be generated according to a substitution
model using the species tree directly as input, a model which does not incorporate the
MSC. Nonetheless, this result still has implications for the setting where sequence data
is generated according to a 2-step model combining the MSC with substitution model;
intuitively, it says that even if all the gene trees were exact copies of the species tree (so
that e.g., there is no estimation error due to ILS, variable branch lengths, etc), the total

data data required as f — 0 would still be at least

w0 (L) s

in order to achieve a high probability of correct inference.

For the setting in which data takes the form of error-free gene trees generated according
to the MSC, a number of results have been proved for quartet-based methods. The most
popular of these is a suite of methods known as ASTRAL [31], which estimates the species
tree from a collection of gene trees by scoring trees based on how many unrooted topological

quartets they share with the gene trees. In [146|, it was shown that when f is small,
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ASTRAL achieves high probability of correctly estimating the species tree topology if and
only if that the number of samples is at least m = Q2 ( f?log n), where n is the number of
leaves. A similar approach to the upper bound of [146] was used in |147] (i.e., Chapter
of this thesis) to show that this upper bound also holds for gene trees generated under the
DLCoal model. A different asymptotic regime is considered in |148], which focuses on the
probability of incorrect tree estimation as m — oo for a fixed species tree S; in that paper
it is shown that for general models of evolution (which includes the MSC and may include
DLCoal), the error probability of quartet-based methods decays exponentially as m — oo,
and upper bounds are numerically obtained which improve on those in [146] when m is
large.

Although mathematically convenient, the use of error-free gene trees as data has im-
portant limitations. It is unrealistic to assume that gene trees can be estimated from
DNA sequences without error. Moreover, the errors in estimating branch lengths may be
large relative to species tree branch lengths, and inference methods which rely on branch
lengths may perform markedly worse when this error is introduced [149].

The study of sample complexity from sequence data has seen significant advances over
the last decade. In particular, a number of papers |144, 129, [150] have considered the
sample complexity in the context of the 2-step MSC+JC model, whereby gene trees are
generated according to the MSC, and then the JC model is utilized to generate sequence
data using the gene trees as input. The first of these, [144], considered the general setting
in which edges of the species tree may be assigned distinct mutation rates and population
sizes; in this setting it was shown that there exist distance-based algorithms which can
achieve high probability of correct inference for any fixed & > 1 provided that m = O(f~?),
thus demonstrating that the lower bound in Eq. can be achieved. Under the more
restrictive molecular clock assumption, which assumes no variation in mutation rates or

population sizes between edges of the species tree, [129] showed that for distance-based
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methods, the data tradeoff between k& and m takes the form

m=0 (ﬁ) (4.4)

which was shown to be the number of genes which, as f — 0, is both necessary and
sufficient to achieve high probability of correct inference using distance-based inference
methods. In [150], the data requirement tradeoff in Eq. (4.4) was extended to more

general species trees using a novel reduction to the molecular clock case.

4.1.2 Key Definitions and Model Description

We begin by introducing key definitions and describing the model of gene evolution used
in this chapter to account for variable mutation rates.

A species tree S is defined as a rooted edge-weighted tree with leaves Lg, labeled
1,...,n, where Lg is regarded as a set of distinct contemporary species (other taxonomic
grouping). A species tree represents a hypothesis about the evolutionary history of Lg
and their ancestors, with edges regarded as populations and vertices as speciation events.
The edge weights, or branch lengths, represent some measure of evolutionary distance and
are therefore nonnegative.

We use the term gene to refer to a non-recombining locus on the genome; that is, a
segment of DNA which is passed down in its entirety from parent to offspring. Any gene
shared by one or more of the species in £ can be associated with a corresponding gene
tree, a rooted edge-weighted tree T with leaf labels L7, along with a function ¢ : L7 —
Lg. A gene tree represents the genealogical history of the gene, with edges regarded as
lines of descent, or ancestral lineages, and vertices corresponding to most-recent common
ancestors. The leaves of a gene tree are regarded as homologous copies of the gene, each
sampled from a species in £, and ¢ simply associates each leaf of the gene tree with the
corresponding leaves of S from which they were sampled.

The most commonly-used model of gene evolution is the multi-species coalescent (MSC),

due to [25], which describes a probability distribution of a gene tree T as a function of a
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species tree parameter S [24], and which may be regarded as an algorithm for generating
gene tree samples from a species tree [21]. Informally, the algorithm proceeds as follows:
one starts with some number of gene copies at the leaves of S (e.g. one gene copy in each
species of L), and then traces each of these copies upwards within the edges of S, forming
lineages going backwards in time toward the root of S. Any pair of lineages located in
the same edge of S are regarded as being in the same population, and pairs of lineages
in the same population coalesce, or join together into a single lineage, independently at
a pre-specified rate (which may depend on which edge of S the lineages are in). The
process continues until all lineages have coalesced and only a single lineage remains, an
event which occurs with probability one in the root population of S. The output is a gene
tree representing the genealogy of the gene copies initially sampled from the leaves of S.
A fuller description of this model can be found in [29, 21].

Given a gene which undergoes spontaneous neutral mutation at a rate of y mutations

per site per generation, the corresponding population mutation parameter is

0 := 4Ngp,

where N, is the effective population size, assuming the gene is autosomal and in a diploid
population. We refer to 6 as the mutation rate. Originally due to [151], 0 is also known
as the heterozygosity, a standard measure of population genetic diversity, and is the usual
mutation rate parameter used in the coalescent since the parameters N, and p are not
separately identifiable from DNA sequence data alone [21, 24]. In this chapter we as-
sume that the mutation rate 6 is constant in time and across populations, but is chosen
independently for each gene according to a pre-specified probability distribution.

In the MSC, it is usually assumed that branch lengths of the species tree are measured
in units of expected number of mutations per site [24]. Under assumption that all genes
share a common mutation rate, it is reasonable to use this unit of measurement for branch
lengths of the species tree. In this chapter however, due to the assumption of variable

mutation rates, there is not a unique mutation rate with which to measure the branch
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lengths of the species tree. Therefore, we assume instead that the edges of the species tree
are measured in coalescent units, i.e. in units of 2N, generations, as this does not depend
on the rate of mutation of any given gene.

Given a fixed species tree S, the procedure we adopt for modeling gene evolution (i.e.

generating a gene tree) has two steps:

1. Sample a gene tree T according to the MSC on S, with the caveat that mutation
rates are not taken into account; instead it is assumed that each pair of gene copies in
the same population coalesce independently at rate 1, and hence the edge lengths of
T are assumed to be in coalescent units. We denote the distribution of T generated

in this manner by M(S).

2. Next, to model unknown mutation-rate heterogeneity between genes, randomly scale
T by multiplying each edge of T' by a random scaling factor 6/2, where 6 is a random
variable drawn independently from a fixed probability distribution pg. The output
is a mutation-scaled gene tree, or more simply, scaled gene tree T. Since 6/2 is the
expected number of mutations per site per coalescent unit, the edge lengths of T are

measured in ezpected number of mutations per site.

For A > 0, it is convenient to denote by A-7T the tree 7 with all edge lengths multiplied

by A. Using this notation a scaled gene tree T can be written

where § ~ G and T' ~ M(S), with § 1L T. As noted, the appropriate unit with which
to measure scaled gene tree edge lengths is in expected number of mutations per site;
henceforth any quantity referred to as an evolutionary distance is to be regarded as using

this unit of measurement.
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4.1.3 The Problem: Phylogenetic Sample Complexity
Description of the Problem

The primary question we are interested in is understanding how many genes need to
be observed to distinguish two distinct n-leaf species trees with high probability. This
question of how many samples are needed corresponds to establishing an information-
theoretic lower bound; the complementary question of how many samples are sufficient
corresponds to establishing an upper bound. The former question is the primary focus of
this chapter.

In the context of estimating phylogenetic trees, two key quantities related to this
question are (1) the depth of the species tree, defined as the length of the longest path
from the root to one of the leaves, and (2) the minimal branch length, defined as the length
of the shortest edge on the species tree. Throughout, we shall always use the letters d and
f to represent the species tree depth and minimal branch length respectively. Specifically,
we ask how many scaled gene trees are needed—as a function of f and d—in order to have
a high probability of correctly identifying the latent (unknown) species tree parameter.

To make this precise, let P and Q be the distribution of a single scaled gene tree T' € T
generated in the manner described in Section with species tree parameters Sz and
S@ respectively. Then the joint distribution of m > 1 independently sampled scaled gene

trees 11, ..., T, is given by the probability measures
P®"  and @@m

on the product space [[;-; T. To establishing a lower bound in this context, it will be

enough to estimate the total variation distance

IB®™ — Q%™ || ry:= sup {’I@QQM(A) - @@)(A)’ tAC H']I‘, Ais measurable} . (4.5)
i=1

To see why this is the case, observe that any statistical test to distinguish hypotheses S@
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and S@ on the basis of m independent samples all drawn from one of the distributions P
or Q can be identified with its rejection region, a measurable set A C [, T defined as
the set of sample points for which Sj is rejected [152]. Given any test A, the maximum

of its probabilities of type-I and type-II errors is
max {]13>®m(A), @®(AC)} .
Taking the infimum over all tests,

iI}lf max {Iﬁ’@m(A), Q® (AC)} > —inf {E’)@m(A) + @®m(Ac)}

A
1

N = N =

-p-e,,)
-],

Hence if [|[P®™ — Q®™| 1y < e, then any statistical test to identify tree parameter from m
samples drawn from one of the distributions P or Q cannot have type-I and type-II error

probabilities both less than % — (A fuller, more general version of this argument can

5.
be found in Theorem 2.2 in [153].)

Parameter Regime of Interest: (f,d) — (0,00)

We are interested in the asymptotic regime in which (f,d) — (0, 00), as it is in this case
that distinguishing species trees becomes more difficult. Throughout this chapter, the

following assumptions about f and d will always be made:
e there exists a constant dyi, > 0 such that d > dyn

00<f<%

[ ]
U~

<

N[ —

These assumptions do little harm given the asymptotic regime of interest. Notably, the

assumption that 5 < % is automatically satisfied by definition of f and d for any species

tree with at least one internal edge. Later in the chapter, for technical reasons—namely,
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for proving Lemmas [34] and it will not be enough to assume 5 < %, but instead will

also be necessary to assume that g be bounded away from %

Hellinger distance

Given two probability measures P and ) defined on the same measure space X, the
Hellinger distance, denote H(P,Q) is defined the L?-distance between the square roots of

their densities; that is,

H*(P,Q) := /X (\/fTa— \/E)zdu (4.6)

where v is any measure such that the densities fp and fg are absolutely continuous with
respect to v.

Using the observation that

1
IP=Qllry = [ Up— Sy = [ 11— fal av

along with the Cauchy-Schwarz inequality, it is not difficult to show the following inequality
(see, e.g., [154]):

1P~ Qllpy < 3H (P.Q) (1~ 1 (P.Q))?

< H(P,Q), (4.7)

so that H (I~P’®,@®) can be used to bound Eq. li The advantage of considering the
Hellinger distance rather than the total variation distance directly is that it satisfies the

following tensorization property:
1 m
1 (P @om) =2 -2 (1- Ji(.0)) (1)

which makes it useful for dealing with product measures [154, [155], as is the case in

Eq. .
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The approach we take to establish lower bounds in this chapter is the same as that used

in the proof of Theorem 1 in |73]; namely, we will use an estimate of the squared Hellinger

distance H2(P,Q) along with Egs. (4.7) and (4.8) to bound Eq. (4.5). In particular, the

argument from Theorem 1 in [73] is summarized in the following lemma.

Lemma 28 (Relating Hellinger Distance to Sample Lower Bound). Let P, Q be two prob-

ability distributions depending on parameters f and d. Then
2
| PE™ — Q¥™|| 1y < mH?(P,Q). (4.9)

for all m > 1.

Proof of Lemma[28 By Eqgs. (4.7)) and (4.8))

1 pem ®@m||2 < 1H2 pOm ®m

5” -Q HTV—§ ( ,Q7)

1 m
:1—<1—2H%RQO (4.10)
Moreover, by the mean value theorem
1-(1-—2)"=m1—-&" 'z

for some ¢ € (0,x). Therefore since m > 1, it holds that

1—-(1—2)™ <mx (4.11)

whenever 0 < z < 1. It follows trivially from Eq. (4.6) that H?(P,Q) < 2. Therefore
Eq. (4.11) implies
1 m
1- (1 - S H (P, Q)) < %H%R Q)

Combining this inequality with Eq. (4.10)) implies Eq. (4.9). O
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Remark 1. In particular, if ¥(f,d) is any positive function satisfying
H*(P,Q) = O(¥(f,d))

as (f,d) — (0,00), then distinguishing P and Q with high probability requires at least

O(ﬁ) samples; to see why this is the case, observe that if m = o(ﬁ) then by

Lemma[28,
[P = Q%[ 1y = o(1)

as (f,d) = (0,00). That is, for any 6 > 0 there exists a constant cs such that
1= = Q" |y < 9

whenever

m < cs

U(f.d)
4.2 Distinguishing 2-Leaf Trees

4.2.1 The Distributions Q and P,

We first consider the simplest case, that of a species tree with only two leaves. Fix
dmin > 0, and let Sy be a species tree of height d > din with exactly two leaves, labeled
1 and 2. Assume the leaves are equidistant from the root. Let f € (0,d/2), and let Sq_f
be a species tree of height d — f, again with two equidistant leaves labeled 1 and 2. As
mentioned, both f and d are measured in coalescent units; however, since g is the expected
number of mutations per site per coalescent unit, we may apply a unit conversion to d

and f into expected number of mutations per site by scaling them by 6/2:

~ 0 ~ 0
d.—g-d and f.—g-f. (4.12)

We will be interested in understanding how difficult it is to distinguish S4 and Sg_;
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using independent scaled gene trees generated in the manner described in Section 4.1.2
The problem of distinguishing S4 and Sg_; involves consideration of the following two

probability distributions:

e The multi-species coalescent on S;_;: Let Q be the distribution of a scaled
gene tree T = g - T, where T is drawn according to the multi-species coalescent on

Sq—¢ and 6 is drawn independently according to some distribution G.

¢ Delayed coalescence on S;_: Let Py be the distribution of T conditional gene
copies 1 and 2 on T coalescing at least d coalescent units in the past. (Note that Py
is also the distribution of Do had the gene tree T been drawn according to the MSC
with tree parameter Sy rather than Sg_y. As such, distinguishing the probability

distributions Py and Q is equivalent to distinguishing the species trees S; and Sg_y.)

As shown in [73], Q can be expressed as a mixture of Py and another independent distri-
bution P

Q:(l—O'f)Po—}—Ufpl

where IP; is the distribution of Do conditional on gene copies 1 and 2 coalescing in the
time interval (d — f,d), and where o5 = O(f). Consequently, Py and Q are very similar
when f is small, and become harder to distinguish as f — 0, as the admixed sparse signal
P; becomes less noticeable. Viewed in this light, the essential difference between Q and
Py is that under Q the gene copies from leaves 1 and 2 may coalesce at any time after
d — f, whereas under Py coalescence may occur only after time d; that is, under Py the
gene copies must wait a little longer before coalescence can occur, and hence the gene trees
under Py will tend to be a little taller. More precisely, given our assumption that any two
gene copies in the same population coalesce at rate 1 per coalescent unit. Therefore under
Q, the age (in coalescent units) at which gene copies 1 and 2 coalesce has distribution
d — f + Z where Z ~ exp(1). Converted to evolutionary time, the age of coalescence is
d— f—k 7, where Z, := g-Zl ~ exp(%). On the other hand, by the Markov property the age

of coalescence in evolutionary time under Py is d+ Zg where Zy ~ exp( %) is independent.
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The distribution of a two-leaf scaled gene tree T with leaves equidistant from the root
is entirely determined by one quantity: the distance between leaves 1 and 2 on the tree.
Let Dy the length of the path between leaves 1 and 2 on T. Since Dy is twice the age of
coalescence, it follows that

~ 2d— f+Z1) under Q

Dp2{ 7 (4.13)
2(d + Z7) under Py

O(d— f+ Z1) under Q

B

0(d+ Zs) under P

where Z; ~ exp(1) are independent, i = 1,2.

4.2.2 Constant Mutation Rates

To provide a baseline for comparison with the main result of this section, it is helpful to
first consider the case in which genes do not exhibit random mutation rates, i.e. the case
in which the mutation rate is constant and shared by all genes. In that case, we will show
that the number of samples required to distinguish Sy and S4_; with high probability is
on the order of f~1.

Our goal is to bound the square of the Hellinger distance between Py and Q:

H%%&»=;Aw6@w—v6®fﬁ

Proposition 1 (Nonrandom Mutation Rates). If 6 = 6y > 0 is a fized constant not
varying between genes, then

H? (P, Q) = O(f)-
as (f,d) — (0,00).

Proof of Proposition[I By Eq. (4.13), it holds that under Q,

D1y L 0y(d— f + 2)
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where Z ~ exp(1). Let Fz and fz denote the distribution function and density function

of Z respectively. Let ¢ > 0. Then

Q| D2 <t =Qlbo(d— f+2) <1

:Q[Zégt—dJrf}

0
:FZ(;()—dJrf)

Differentiating both sides with respect to ¢, it follows that the density function of D1y

under Q is

1 _t g
Bt =1z <_d+f) 5 T Yy

By a similar calculation, the density function of D15 under Py is

Noting that the intersection of the supports of these two densities is the interval [fyd, 00),

00 2
2
2H" (Po,Q /0 \/fDm,Po t) - \/fl312;@(t)> at
Ood ¢ 00 2
= / i TRl T / (\/16_‘;0+d — \/16—;04-51—]”) dt
0o(d 00" 6od \V fo bo

:(1 )/MO 1—ﬁ)2dt
(=) oty
=O0(f
as (f,d) — (0,00). O

In the proof of Proposition [I} the O(f) term arises in the region (6o(d — f), 6od), which
is in the support of fp,,.9 but not fp,,.p,. This suggests that in order to distinguish Sy
and Sy ¢, one possible strategy is to look for genes with Dis € (Oo(d— f),00d). Since this

cannot occur under Sy, observing a scaled gene tree exhibiting such a value of D15 would
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immediately imply that the gene tree distribution is parameterized by S;_; rather than

Sg, and under Q the probability of observing such a gene tree is O(f).

4.2.3 Random Mutation Rates
Overview

In this section, we will establish an information-theoretic lower bound for distinguishing
two-leaf species trees when genes exhibit random mutation rates drawn from a fixed dis-
tribution. As noted in the introduction, the parameters of interest will be the minimal

branch length f and the height of the tree d. We will show in this setting,

H?(Py, Q) = O(f?)

given reasonable assumptions about the distribution of . That is, when genes exhibit
random independent mutation rates, the number of samples required to distinguish Sy
and Sg_; with high probability goes from order f~! to order 72, when f is small. The

height d has no effect on the number of samples required, as d — oo.

Assumptions about the distribution of ¢

Throughout we will take 6 to be a nonnegative random variable. A commonly used
distribution for modeling mutation rates is the gamma distribution, or a mixture of a
gamma distribution with a Dirac point mass at zero (i.e. an “atom” at zero) [69} 70,
71]. While there is not much evidence to justify the use of the gamma distribution (aside
from mathematical tractability), the consideration of a point mass at zero is important to
model genes which are invariant, for example genes which are sufficiently conserved that

they do not change at all over long periods of time [69].
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Motivation for guessing H? (Py,Q) = O(f?)

Suppose that there exists some a > 0 such that 8 > a almost surely. In this case, the
motivation for why H? (Py,Q) = O(f?) rather than O(f) is as follows. Given two taxa
separated by D2 coalescent units, and having mutation rate /2, the evolutionary distance
is then Dyy = (0/2) - D12. By Eq. , Dy > a(d — f) with probability one under Q,
and under Py it holds that D1y > ad with probability one. Therefore, if given a number of
scaled gene trees all sampled from an unknown distribution either QQ or Py, one strategy is
to look for samples exhibiting l~)12 < ad. This event cannot happen for gene trees sampled
from Py, so if it happens at least once, then the samples must be distributed according to
Q rather than Pg. On the other hand, if one observes a large number of samples and none
of them exhibit 1512 < ad, then it is unlikely that they are distributed according to Q.
How many gene trees must one observe for this event to have occurred with high
probability? To answer this, observe that in order for a gene tree drawn from Q to have

D1y < ad, the following two conditions are necessary:

oa§9<%

od—f<D12<d,

i.e., both # and D12 must be small. Moreover, both of these events are of probability
O(f), and since they are by assumption independent, this event has O(f2) probability.
This event occurs with high probability provided one has sampled a number of gene trees
on the order of f~2.

The takeaway is that with O(f~2) samples, one can distinguish S; and S;_; with high
probability. It is reasonable to guess that one requires O(f~2) samples to distinguish the

two trees. As we will show, this guess turns out to be mostly—but not entirely—correct.

The scaled densities p and ¢

Let p and ¢ be the probability density functions of the D15 under the probability measures

Py and Q respectively. We refer to p and g as the scaled densities, as they represent the
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density of the random variable 1512, which is the distance Dio in coalescent units after
being scaled by the mutation rate 6/2. Formulas for p and ¢ are derived in the following

lemma.

Lemma 29 (Scaled Density Formulas). If 6 is a nonnegative continuous random variable

with density g such that a := inf supp(g), then

PP F

) = et [T et gla)de Ysuapy (4.14)
d t/d 1 ¢

pO) =t [ et gw)dn Ly (4.15)

and in particular, inf supp(q) = a(d — f) and inf supp(p) = ad.
Proof of Lemma[29 Let Z ~ exp(1) be independent from 6. Then by Eq. (4.13)),
Q{Elzﬁt} =Q 2<67—J?+21) St}
S
=Q |41 < 5 d+ f]

=Q

NGRS

where Z ~ exp(1) is independent from 6. Let Fz and f; denote the distribution function

of Z and density of Z respectively. Since 6 is Q-a.s. positive,
~ t
Q[ Dz <] —Q[ZSQ—dJrf}-

Therefore by the law of total expectation, and taking Eg to be the expectation operator

with respect to the measure Q,

@[5129}—112@[@[ gé—dﬂf\eH
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By the Leibniz rule, differentiating both sides with respect to ¢t implies

q(t) = /aoo fz (t —d+ f) %g(:c)dm

T

> I _tiq
= / Visa@—py ¢ = ge)da.

This proves Eq. (4.14). Replacing Q by Py, the same argument with f = 0 implies
Eq. (4.15)). O

4.2.4 First main result: gamma-distributed rates with atom at zero

Let 070y denote the Dirac measure at {0} on R, defined as the measure on R for which

1 : 0€A
o103 (A) =
0 : 0¢A4
for every Borel set A C R.

Let pp be the distribution of 8. We say that 6 is Gamma distributed with an atom at

zero if there exists a constant A € (0,1) such that
po = Adgoy + (1 — A)g(z)dx

where dx is the Lebesgue measure and g is the probability density function of a Gamma
distribution (i.e. g(z) = %azo‘_le_ﬂx for some a, > 0).
In this section we show that if 8 is either Gamma distributed or Gamma distributed

with an atom at zero then

H%(P),Q) = O(f?)

as (f,d) — (0,00).
To prove this we prove a slightly stronger result, which will rely on the following growth

condition:
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A.1 (Growth condition). There exists a constant Cyc > 0 such that for all s > 0,

sup g(x) < Cg inf g(z). (4.16)
zE(s,2s) z€(3,s)

Remark 2. The assumption[A.1], while satisfied by a reasonably large class of distribution
functions (see Corollary @), is nonethelss more restrictive than necessary; for example, if
g(z) = 0 for some x > 0, then implies that g = 0 on [x,00), a seemingly arbitrary
restriction which causes[A.1]to be violated by any distribution g with a > 0. In Section[{.3,
we will show that[A.1] can be replaced by a substantially less restrictive set of assumptions

about g.
The precise statement of the main result is as follows:

Theorem 6 (First Main Result: Lower Bound for Distinguishing 2-Leaf Trees). Let A €

[0,1). Assume 0 has distribution
po = Aoy + (1 — A)g(x)dx

where g is a probability density function with g(x) > 0 for all x > 0. Further assume that

g satisfies[A 1] Then there exists a constant C > 0 not depending on f or d such that
H*(P,Q) < Cf?

d
for all d > dyin and all f < %/\ 5.

Before digging into the proof of Theorem [0 we first state the following important

corollary.

Corollary 2. If 0 is Gamma distributed, or is Gamma distributed with an atom at zero,

then

H2(P),Q) = O(f?)

as (f,d) — (0,00).
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Proof of Corollary[3 If 6 has density g(x) = FB(Z) 2 le P with «, 8 > 0, then clearly
g(z) > 0 for all x > 0. It remains only to show that g satisfies in which case the

assumptions of Theorem [6] will be satisfied. To see this, observe that

sup{g(y) : s <y <2s} sup{y*!:s<y<2s}
inf {g(z) : § <z < s} inf {zo=1: 5 <z <s}
<4°7lvi
This implies that Eq. (4.16) is satisfied with Cg. = gl 1, O

The proof of Theorem [6] consists of four lemmas. The first of these captures an inter-

mediate estimate commonly used in this and subsequent sections.

Lemma 30 (Integral Calculation). If v > 1 then there exists a constant C’A(,j) > 0 not

depending on f such that for oll f < % A % and d > dpin, the following inequalities hold:

(2 2ew) L e oy

Y1,y vd 1 ,—u — ded ’
fd ue du fd ue du

where

) v (2ve)

v - 1-— ei(vfl)dmin’ j - 17 2.

Proof of Lemma[30. First observe that

T f <€f - 1)
< (355)
< M;df, (4.17)

where the final inequality follows from the assumptions that f < 1/2 and f < d/2.
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Second, since v > 1,

" | ! | _ e—(-1d
Lz L [ g m L (i) 2120
/d e “du e “du e e ~ded >0 (4.18)

Combining bounds in Eqs. (4.17) and (4.18)) gives the inequality

J
(i) ey - NG -
u d 7 d J
Jd 1 e—tdu = 1 — e—(y—1d (de ) f = 1 — e~ (v—1)dmin (de ) f

for j = 1,2, which implies both inequalities in the statement of the lemma. O

The next lemma utilizes a Taylor expansion to give an estimate of an integral of form

/S (\/p(T) - \/@Y dt, S C (ad,o0) a bounded interval

by means of a more convenient error term. As with the previous lemma, this lemma will

also be used in a subsequent section.

Lemma 31 (Error Term Lemma). Assume that g(x) > 0 for a.e. x € (a,a + 6), for

some 64 > 0. Let S C (ad,00) be a measurable set and for each t € S, let

.',E

ft/d D Le=t/zg(2)dz
f;f/d% ~t/zg(z)dw '

E(t, f) =

(4.19)
If Cg > 0 does not depend on t and E(t, f) < Cgf for allt € S, then
2 1
[ (Vo - vam) ae < (Gezva) 7

for all f <1/2.

Proof of Lemma[31. By Lemmal[29|and the assumption that g(t) > 0 for all ¢t € (a,a+6,),
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it holds that p(¢) > 0 for all ¢t € S. Therefore

2

/S(\/@— \/@)th: /Sp(t) <1 - %) dt, (4.20)

Assume t € S, so that t > ad, and let r := ;1%, it follows by Lemma [29| that

e—f fcf/(d—f) %e—t/mg(x)dx
T =

Since 0 < E(t, f) < Cpf and 1 — f < e~ 7, it follows that
1-f<r<1+Cgf
for all t € S. By Taylor’s theorem,

(- Vi = S — 12 (r—1)° (1.21)

1
4 T

for some ¢ between r and 1. Considering the cases when r < 1 and r > 1 separately,

Eq. (4.21)) implies

P s 1-f<r<l
ic%ﬂ D l<r<14+Cgf

(1-r)?<

where the first bound is easily obtained from Eq. (4.21)) using the fact that £ > 1—f > 1/2,
and the second bound follows from the fact that the remainder term in Eq. (4.21) is
negative when r > 1.

Plugging these bounds into Eq. li and using the fact that fooo p(t)dt = 1 yields the
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estimate
/ (\/@— \/@)zdt < max }C2f2 }f2+if3
S — 4 E ’ 4 \/i .
Since f < 1/2, this estimate implies the inequality in the statement of the lemma. ]

The next lemma utilizes Lemmas [30] and [31] to prove H?(Py, Q) = O(f?) in the case

where 6 is positive and has a continuous distribution satisfying

Lemma 32. Let 0 be a nonnegative random variable with probability density function g
such that g(x) > 0 for all x > 0. Further assume that g satisfies . Then there exists

a constant C > 0 such that

H? (Po,Q /(F JT) dt < Cf?

d
foralld>dmin>0andf<§/\%.

Proof of Lemma[39. By assumption a = 0. Therefore taking S = (0,00), it suffices by

Lemma [31| to show that there exists a constant C7 > 0 such that for all £ > 0,

ft/d 1) 1= e g(x)da

.’IZ

fot/d% —t/x g(z)dz

E(t, f) = <Cf (4.22)

for all d > dyin and f < 2 A L.

By making the domain of integration on the denominator smaller,

U 1oy

ULy,
f//le rg(x)de

Et, f) <

(4.23)

Here we have used the assumption that g(«) > 0 for all > 0 to ensure that the denom-
inator on the right-hand side of Eq. (4.23]) is nonzero. Next, since f < d/2, it follows

that
o
d—f d’
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Using this inequality along with Eq. (4.16) (taking s = t/d), it follows that

sup  g(x) < sup g(x) < Cge ir%ft g(x).
se () s<(5%) we(aaa)

Therefore

ftt//d(d*f) %e—t/xdx
‘. S Cgc ft/d 1

t/2d =
d 1 —
fd—f e du

2d 1 __y
Ji yevdu

e~t/zdx

= Cye (4.24)

where the second step follows by the substitution v = t/x, %du = —%dm. Therefore by

Lemma there exists a constant Cél) > (0 such that

[@2d) < OOV y

for all d > dp;n and all f < d/2. This establishes Eq. (4.22]), completing the proof.
O

The previous lemma suffices to show the result of Theorem [6] when 6 is everywhere
positive and has a continuous distribution satisfying[A.T] for example when 6 has a gamma
distribution; the next lemma extends this result by allowing for the distribution of 6 to

have an atom at zero.

Lemma 33 (Addition of an atom at zero). Assume 6 has distribution
po = Aogoy + (1 — N)g(w)dx (4.25)

where A € (0,1) and g is any probability density function with a = infsupp(g) > 0. Then

212(P0, Q) = (1) [ (VoD - Va) i
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provided that f < d.

Proof of Lemma[33 Let u, and ug be the distributions induced by Diy = g - D12 under

Pg and Q respectively; that is, for all £ € R
pg(—00,t] :==Q [512 < t] and i, (—00,t] =Py |:E12 < t] .

Claim 6 (The form of p, and pp). For every Borel set A C R,

a(4) = X0y (4) + (1= ) [ atyat, (4.26)
and
Hp(A) = Moy (A) + (1 - A) /A p(t)dt. (4.27)

Proof of Claim 6. We will prove only Eq. (4.26]), as the proof of Eq. (4.27)) is similar but
with f = 0. By a standard argument involving the 7 — A theorem, to prove Eq. (4.26) it

suffices to show that

ta((=00,1]) = Adgoy (=00, 8]) + (1 = A) / g(s)ds (4.28)

(70077&]

for all £ € R. There are two cases, depending on whether ¢ < 0 or £ > 0.

Case 1. Suppose t < 0. By Eq. (4.13), Q [1512 > O] = 1. Therefore by definition of 1,

the left-hand side of Eq. is zero. On the other hand, d40)((—o0,]) = 0 since t <0,
and moreover by Lemma q(s) = 0 whenever s < 0. Therefore the right hand side of
Eq. is also zero. Since both side vanish, Eq. holds for all ¢ < 0.

Case 2. Suppose t > 0. Then by Eq. , D1y 4 0(d — f + Z) under Q, where
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Z ~exp(l) and Z L 6. Therefore by the law of total expectation

pal(—o0.1]) = @ Dra < 1
~5q[0[Du <111

= |, Q=+ 2) < hp(an). (4.29)

Using the assumption from Eq. (4.25)),

E) =A< +1-3) [ Qlald—f+2) < dgla)do.

(a,00)

:/\—|—(1—)\)/( )Q[Zgi—d—i—f]g(x)d:p.

Therefore since Q [0 < ¢] = 1 and z is nonzero in the domain of integration, it follows that

tal(~00,1]) = Aoy ((—00,1]) + (1 — A) /

Q {z < 2 —d+ f] g(@)dz.  (4.30)
(a,00)

Next, consider the integral on the right-hand side of Eq. (4.30). Letting Fz denote the

distribution function of Z,

/ Q[th—d+f]g(w)dx:/ FZ<Z§t—d+f>g(x)daf
(a,00) * (a,00) r

= /(a - 1[t21(d7f)} (1 — 67£+d7f> g(a:)da:

_ /dtf (1 - e—%+d—f> g(z)dx. (4.31)
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Moreover, by the Leibniz integral rule,

G 0ty sa] - [ G (1

= i ;6 rg(x)dl'
(d—f)+d— E Yy L
+(1-e >g<d—f>d—
= ¢ f/df ée*%g(a:)dx (4.32)

t 71 _s

:/ [ed_f/d ! e_zg(x)dm] ds by Eq. (4.32)
t

= / q(s)ds by Lemma

Taken together with Eq. (4.30]), it follows that Eq. (4.28) holds for all ¢ > 0. This proves
the claim. [ Claim

Let v := p + dg0y where p is the Lebesgue measure on R. Then p,, 1, are both
absolutely continuous with respect to v. Therefore by the Radon-Nikodyn Theorem, there

. . . d d
exists p-a.e. unique functions # and % such that

() = [ Bty (4.33)

AdV

for every Borel set A C R. Two conclusions can be drawn:

e Taking A = {0} in Eq. (4.33) implies

ol (0}) = 22(0).
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Therefore since 14({0}) = A by Eq. (4.26)), it follows that

ditg oy _
E(O) =\ (4.34)
e For any Borel set A C R\{0},
(1= [ aau) = (4 by Eq. (L20)
d
- [ Fewan by Eq. (£33)
= /A %(t)du(t) since 0 ¢ A.

Since A C R\{0} is arbitrary, it follows that

W 1) = (1= 2g(1) (4.35)

for p-a.e. t € R\{0}.

A similar argument with ddif yields the following analogues to Egs. |i and (D

p () X and %(t) = (1=X)p(t)

dv v

for p-a.e. t € R\{0}. Therefore

2
210 Q) = [ (J Y/ %(t)) v (1)
2
- (ﬁl’f@—\/ﬁ‘j(m) + [ (Vo = Vi) a
— =22 =) [ (Vi - V)

— - [ (Voo - va®) .

This completes the proof of the lemma. O
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Taken together Lemmas [32] and [33] immediately imply Theorem [6]

4.3 More general mutation distributions

One question we might ask as is whether Theorem [6] holds for more general assumptions
about the distribution of §. For example, recall that Theorem [ assumes that a, the
infimum of the support of g, is zero. Does the O(f?) lower bound still hold if a is positive?

The next example shows that in general it does not.

4.3.1 A motivating example

The next example gives a concrete example showing that when a > 0, we are not guaran-
teed to have H%(Py, Q) = O(f?).

An example where H?(Py, Q) # O(f?) if a >0

Example 1. For simplicity take d = 1, and suppose 6 is uniformly distributed on the
interval [1,2], so that g(t) = 1}; 9(f) and a = 1. See Figs. and

g(x) =1, 5 with f=0.2

0.5

0.4

03

0.2

0.1

0.0 -

1f1 2(1-f) 2

Figure 4.1: A plot of p and ¢ when g = 1 9
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g(z) = 1 5 with f= 0.2

e20r — (5 D)’
0.15
0.10 +
0.05 +
0.00 +

L L L
1-f1 2(1-f) 2

2
Figure 4.2: The mass of the integral [ <\/q(t) - \/p(t)) dt is concentrated near a = 1.

We claim that for this choice of g,
lim — H? (Py,Q) = +oo 4.36
i (Po, Q) (4.36)

so that H? (Py, Q) # O(f?).

This result is surprising since the conclusion H?(Py, Q) = O(f?) holds in the case
where g(z) = 1j0,1) by Theorem |§| because the function 1y ) satisfies

Before proving Eq. , we sketch the approach we will take, which can be broken

down into three steps:

e First we will show that there exists a constant ¢ > 0 such that

q(t) = p(t) + cf

so that when f is small,
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e Using the above, along with Fatou’s lemma, we will then prove that

/13/2 La< liminfl/ooo (M— \/M)zdt.

+n p(t) f—=07t f2

e Finally we will show that the integral on the left-hand side blows up as n — 0%.

Proof of Eq. (4.36). Let t € [1+n,2(1 — f)] and f € (0,1). Define

t/(1—f)
¢i(f) = €1f/ 1e”f/gﬁdm.
1

X

By Lemma ¢+(f) = q(t) and ¢+(0) = p(t). Using the product rule and the Leibniz

integral rule to differentiate ¢; with respect to f gives

G(f) = —4ulf) + fdfji [ / 7 ;e—;dx]
st (S [
=)+ (1= D=
= —ou(f) + lff (4.37)
Therefore since ¢(0) = p(t),
¢;(0) =1 —p(1). (4.38)
Differentiating both sides of Eq. with respect to f,
) =~ + =7
=~ [—@(f) b f] T _1f)2 by Eq.
=ou(f) — 1if + a _lf)2. (4.39)

In particular, this implies that ¢ > 0 on the interval (0,1). Using this fact along with
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Taylor’s theorem, there exists & € (0, f) such that

£ (&)

oe(f) = ¢:(0) + ¢1(0) f + 5 12

> ¢1(0) + ¢4(0) f.

This inequality, along with Eq. (4.38)), ¢:(f) = ¢(t), and ¢¢(0) = p(t), together imply that
q(t) = p(t) + (1 —p(t) f (4.40)

forall t € [1+7n,2(1 — f)] and all f € (0,1), Assume 0 < f < 1/4 and 0 < 7 < 1/2.

Making the substitution v = £, —1du = %dw in the formula for p given by Lemma

x? u

implies

p(t) = 6/1 le_“alu. (4.41)

u

Since p(t) is the integral of a nonnegative function, it is increasing on (0, c0), and hence
for all t € (1+n,2(1— f)),

p(t) <p(2(1 = f))

2(1=1)

IN
s

1 20-p)/ay,
x

Il
o

1

2(1-1)
/ lda:
1 xr

— log(2 - 2f)

<log?2

IN

< 0.7.

Plugging this inequality into Eq. (4.40)),

q(t) = p(t) + (1 -0.7) f

=p(t) +0.3f
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Therefore, since ¢(t) > p(t),

L (At - ) s [T (V@087 - o)
/3/2<\/p t)+0.3f — /p(t ) t,

where the second inequality is justified by f < 1/4. Therefore

hmlnfl/oo(\/m—\/@) t>hm1nf/ <\/P +0.3f — \/p )

f—0t f2 —0t
(4.42)
Therefore by Fatou’s lemma,
1 00 2 3/2
e b B S 1
lin Inf f2/0 (w(t) \/Q(t)> d7f_/+77 lim nf (\/p +0.3f —/p(t) )
2
3/2 _
:/ lim inf V() +03f = /(1) dt
1+n f—07t f
3/2 3 2
= — | dt, (4.43)
/1+77 204/p(t)

where the last step follows by definition of derivative since p(t) > 0 for all ¢t € [1 + 7, 3/2]

(and hence the limit exist and equals its limit infimum). Simplifying the right hand side

of Eq. (4.43)), we obtain

1 32 1
liminf — Vp(t) —/q — ——dt. 4.44
ot 2 /0 (Vo ) 00 / o P(8) (4.44)
Next, we claim that
1 1
—_ > . (4.45)
p(t) —t—1

To see this, observe that by Eq. l) and the trivial inequality %e_” < % for all u > 1,
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it holds that

b1
p(t)ge/ —dt=t—-1
1 €

which implies Eq. (4.45)). Together, Eqgs. (4.44) and (4.45)) imply

32 4

liminf — ! / (\/7 F) > 400 ——dt

f%0+ f2 1+77 t - 1
9 os (L) = +
~ 200 %\ 25 >

asn — 0.

Since 1 € (0, ) can be chosen arbitrarily small, sending 7 — 0" implies

liminf — /(F \/T)

foot f2

and hence

Discussion of Example [1; a different lower bound

Example [1| shows that the case with a > 0 exhibits somewhat different behavior compared

to the case with @ = 0. The reason for the difference concerns the magnitude of the

[ (Voo - vam) e
ad

when ¢ > 0 is fixed and f is very small. Recall that here we have p(ad) = 0 but g(ad) > 0

integral

and this can cause the size of the integrand to spike when ¢t is just slightly larger than ad
(for an example of this, see Fig. , and this spike may not decrease quickly enough for the
above integral to be O(f?). Instead, it appears that for a > 0, H?(Py, Q) = O(—f?log f)
as f — 0 for fixed d.
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But why is there a factor of —log f? The beginnings of an answer to this question is
captured in the following formal calculation. For simplicity assume d = 1, and assume

that

pt)~t—a and qt)~t—a+f

for all ¢ € (a,a + §). (In Example [1} these assumptions can be shown to hold for &
sufficiently small by regarding ¢ and p as functions of both ¢ and f and taking the first
order Taylor approximation at the point (¢, f) = (1,0).)

Then

By the substitution ¢ — t + a,
H%(Po,Q) > / (Vi+T )

:fz/()&(\/%%-;/%)Zdt
o
= | <2x/t1Tf> o

Evaluating the integral on the right hand side gives

H2(Fo, Q) > fflog ( + ;)

= O(—f*log f).

The key point of this calculation is to show how the —log f factor arises due to the
denominator becoming close to t as f — 07. Since —log f grows so slowly, the lower
bound of O(—f21log f) is o( f17¢) for all € > 0, and thus for practical purposes, this bound

may not be meaningfully different from O(f?).
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4.3.2 Establishing more general lower bound

In the remainder of this section will be devoted to considering more general conditions for
the distribution of # than those required by Theorem [6] By replacing with substan-
tially more general (albeit more complicated) assumptions, the main result of this section
will help to answer the question raised in Section by characterizing when the O(f?)

lower bound can be obtained if a > 0, and when O(—f?log f) is obtained instead.

Assumptions

At a high level, the techniques used to establish estimates will rely on two types of as-
sumptions about g: first, that ¢g is both “mostly” bounded and “mostly” bounded away
from zero, and second, that ¢ satisfies certain growth/decay conditions at points where it

is not. Making these notions precise will require the following definitions.

Definition 1 (Balanced polynomial growth/decay). Let z < y, and let ¢ be a real-valued
function defined on [z,y], and let A, B > 0 such that A < B.

o Ify(x) =0, we say that v has balanced polynomial growth on the interval [x,y]
with constants A, B if there exist constants k > k' > 0 satisfying 2k' — k > 0 such

that
A€ —a)F < (&) < B(E—a)¥ (4.46)

for all € € [x,y].

o IfY(y) =0, we say that ¢ has balanced polynomial decay on the interval [x,y]
with constants A, B if there exist constants k > k' > 0 satisfying 2k' — k > 0 such

that
Aly — &k <9(¢) < Bly— &)~ (4.47)

for all € € [x,y].

The above definition can be generalized by loosening the restrictions on the exponents

k and k.
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Definition 2 (Almost-polynomial growth/decay). Let x < y. Assume that A, B > 0 and
k >k > —1. A function v is said to have almost-polynomial growth on the inteval

(x,y] with constants A, B and exponents k, k' if

/

A(E —2)F <€) < B(E —a)t (4.48)

for all & € (x,y]. Similarly, we say that v has almost-polynomial decay on [z,y) if

Aly — &k <4(¢) < Bly — &) (4.49)

for all & € [z,y).

Informally, the almost-polynomial growth condition is satisfied on the interval [w, w+]
for some § > 0 if ¢) exhibits essentially one of three following behaviors locally to the right

of w:

e limsup, .+ ¥(z) = 0 and ¢ grows at least as fast a nonconstant polynomial (i.e.

this is the case when k, k&’ > 0),

e ¢ is bounded and bounded away from zero locally to the right of w (i.e. when

k =k =0); or,

e Y(w+) = oo and 1 decays sufficiently fast that the singularity is integrable (i.e.
when k, k" < 0).

The almost-polynomial decay condition can be interpreted in a similar manner with respect
to the behavior of 9 locally to the left of z.

With these definitions, the assumptions that will be used are as follows.

A.2 (Beahaviour near a.). There exists a constant J, > 0 such that g has almost-
polynomial growth on [a,a + d,] for some choice of constants A, B and exponents
kq, kl; i.e., g has almost-polynomial growth at a. In addition, letting n := 2k, — kg,

assume 1 > —1ifa=0,0or n > 0if a > 0.
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A.3 (Eventually pseudo-decreasing). There exists constants K > a and Cx > 0 such
that

9(y) < Crg(x) (4.50)
whenever K < x < y.
A.4 (Behavior on (a 4 &,, K)). There exist positive constants A, B and &, with 6, < 4,
such that the following two conditions hold:
(i) f z€ Z:={z € (a+ 4, K) : g(x) = 0}, then

e ¢ has balanced polynomial decay on [z — ., z] with constants A, B; and,

e ¢ has balanced polynomial growth on [z, z 4 6,] with constants A, B.

(i) If z € (a+ da, K)\U,cz(z = 92, 2+ 62) then A < g(x) < B.

Remark 3 (Explanation of Assumptions [A.2] [A.3] and |A.4)).

e Consideration of the special case k, = ki, is sufficient to show that s quite

general, allowing for the following situations:

— If, on the interval (a,a+ d,), the function g is both bounded and bounded away

from zero then is satisfied with ko, = k!, = 0. This is the case, for example,

if g(a+) exists and is positive.

— Ifa=0andg(z) = O(z7") asx — 0F for some k € (0,1), then[A.Zis satisfied
with kq = k!, = k. This allows for certain integrable singularities.

— We claim that if g(a+) = 0 then 1s satisfied provided that there exists k > 1
such that g is k-times differentiable at a, gV (a) = ... = g*Y(a) = 0, and

g =1 is right-differentiable at a with gf) (a) # 0. To see why this is the case,

observe that by Taylor’s theorem,
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as x — a™. Therefore

9@ _ 9@
z—at (x — a)k k!

£ 0.

Since g is nonnegative, the above expression implies that gf)(a) > 0. Choosing

) (4
A, B > 0 such that A < g+k!( ) < B, it follows by definition of limit that there

exists 0q > 0 such that

for all x € (a,a + 64). Therefore is satisfied at a with kq = k|, = k. Inci-
dentally, this argument also shows that in this case §, can be chosen sufficiently

small that the ratio B/A > 1 can be made arbitrarily close to 1.

o Assumption [A.3 generalizes the notion that g be eventualy nonincreasing. For ex-
ample, Eq. (4.50) is satisfied with C = 1 if g is decreasing on [K,o0), and hence is

also trivially satisfied with K = sup{zx : g(x) > 0} if g is compactly supported.

o Assumption[A.J] captures the idea that the function g “looks like” a polynomial locally
near any zeros located in the interior of its support (and that between those zeros, g

is both bounded and bounded away from zero).

— If g has no zeros on the interval (a+04, K), as is typical for standard continuous
distributions used in modeling mutation rates, then[A.4] reduces simply to the
assumption that there exists A,B > 0 such that A < g(z) < B for all z €
(a + 94, K), which in most cases will be trivially satisfied.

— On the other hand, [A.J) allows for g to have up to finitely many zeros on
(a 4 84, K); to see why this is the case, let z,2' € Z such that z # 2, and
suppose that |z —2'|< 6,. Then since g(z) =0 and |z —2'|< §,, implies
that g(2') > A > 0, contradicting 2’ € Z. Therefore |z — 2'|> 6., i.e., the

elements are of Z are isolated, and hence |Z|< co.

— Condz'tz'on is satisfied under mild regularity conditions, as we now ez-
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plain. Let z € Z. Suppose there exist constants k, k' > 0 such that both

li 9(§) >0 and lim 9(§)

o T R (45

We claim that Eq. (4.51)) is sufficient condition for g to have both balanced
polynomial growth on [z,z + ¢] and balanced polynomial decay on [z — 0, z| for

some 6. Indeed, let

and let A, B > 0 such that A < Cy < B. Then there exists a constant 6 > 0

such that

Az =€) <g(§) < B(z=&)"

for all§ € [z—6,z]. That is, g has balanced polynomial decay on [z — 6, z]. The

proof of balanced polynomial growth is similar.

Theorem statement and proof sketch

The main result in this section is the following theorem.

Theorem 7 (Lower bound for distinguishing 2-leaf trees). Assume 0/2 has probability

density function g with a := infsupp(g) > 0, and that assumptions and
hold, with n defined as in[A.2 Let dmin > 0. Then there exist constants C,rg > 0 not

depending on f or d such that

Cf? :a,n>00ra=0andn>—1
H2(P, Q) < ! ! (452)
C’f2log% o a>0andn=0

for all f € (0, %) and d > dyin satisfying g < 7.

By Eq. (4.6, the proof will consist of estimating the integral

H2(Po, Q) = /O " (Va® - Va®) at. (4.53)
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This will be done by breaking the domain of integration into four regions:
e 0<t<ad
e ad <t < (a+d,)d
o t>Kd
e (a+6d,)d <t<Kd

and obtaining estimates for each region. We start by establishing some key lemmas which

will be used to do that.

Key lemmas

The first lemma used in estimating Eq. (4.53) provides an estimate for those t satisfying

0 <t < ad, in the case where a > 0.

Lemma 34 (Estimate for 0 <t <ad ). Let a > 0 and d > dpin. Assume that g(t) < Cs

for a.e. t € (a,a+9). Then

/ad <\/@_\/@>2dt§ <d(]_5af> 2

0
for all f < 2 with L 7 < 5+a

Proof of Lemma[3] By Lemmal[29] p(t) = 0 for all ¢ < ad and ¢(t) = 0 for all t < a(d— f).
Therefore
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Then using Lemma 29| and the Fubini-Tonelli theorem,

ad ad t/(d— f)
[ = | [ [ et >dx] it
a(d—f) (d—1) v

ad/(d— [ rad
= ed= f/ / f / 1et/xdt] dz
|/ (d—f)z T
ad/(d— —(d— )z
_ f/ /( f 7t/m}t_(d ) "
L t=ad
ad/(d—
_ S / / D —(d—f)_e—ad/w} dz
(d—f)

Since x > a, it holds that 1 — ed—f—ad/z <l-e'< f, and therefore

ad ad/(d—f)
[ awars [T gapde- s (4.54)
a(d—f) a

Next observe that %df < a+J by the assumption that 5 < 5%1. Therefore g(x) < Cjs for

a.e. x € ( a, 3= f) Using this to bound g¢(z) in Eq. (4.54) gives:

ad Iy ad
< — —a
/a(d—f) altdt < Cs (d f >f
([ Csa
_(d—f>f2
f2
o(%)

asd —ooand f— 0. O

The next two lemmas will be used to establish that there exists § > 0 such that

/ :”g)d (VoD — V)"t < 1> (1.55)

Both estimates will later be used in other parts of the proof as well. The first of these
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lemmas, Lemma establishes an intermediate estimate for

| (Voo - va®) " a

when I C [ad, o) is any bounded interval.

Lemma 35 (Bounded Intervals). Assume there exists some d4 > 0 such that g(z) > 0

forallx € (a,a+9d4). If a(d — f) < w < z then

td 2
d=F 1 o—td/x ()
/z<\/m—\/@>2dt§ef2+ded+f/Z/d <ft tdm ’ >d> dt

v v f petilmg(a)da

forallfﬁ%/\%.

2 2

Proof of Lemma[35 Using the numerical identity u — v = “ujrf) ,

[

< /z (q(t) — p(t))zdt

w q(t)

The denominator is nonzero by the assumption that g(z) > 0 for all z € (a,a+ ), which

along with Lemma [29] implies that ¢(t) > 0 for all t € (w, z). Therefore

(w,2)N{t:p(t)<q(t)} q

/wz (\/@—\/@)thg/ (q(t)_(t])o(t))?dt
)

o 2
+ / a®) =pO)” (4.56)
wan{tpt)>qw}y ()

Consider the two integrals on the right-hand side separately. If p(t) < ¢(t) then p(t) <

efq(t) and therefore, using the formulas from Lemma

) I R ?
(at) = p(1))* < (eTq(t) = p(1)) " = (6/t —e /’g(x)d$> :

/i
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By this inequality, the definition of ¢(¢), and nonnegativity of the integrand, it follows

that

t/(d—f) 1 7t/m 2
/ @ —p)? , _ = (Tt glado)
(w,2)N{t:q(t)>p(t)} q(t) Jw ed*fft/(d_f) Le—t/eg(x)da

x

2
(ft/d P ie‘t/xg(m)da:>
dt
fj/(d f) %e—t/xg(l‘)dz.
B 2
s /z/d ( ttd/(d ) %e_td/mg(:c)dl‘)
w/d f;d/(d*f) %e—td/xg@:)dx

dt

where the last step follows by the substitution ¢ — td.

dt,

(4.57)

On the other hand, if p(t) > ¢(¢) then using Lemma [29| again, it holds for all f < 1/2

that

a X

t/d t/(d~) ?
(p(t) ~ a(t))* = <ed | semgeyds = et [T e <>da:>

(e o)
Lo f>262f<d f/a/( f)i —t/z ()d$>2
)

Therefore, again noting that ¢(t) > 0 for all ¢t > w,

2
/ (q(t) —p()) dtgefz/ q(t) q(t)dt
(w,2)"{t:p(t)>q(t)} q(t) (w2 ) {tp)>q))  4(t)

= ef? / q(t)dt
(w,2)0{t:p(t)>q(t)}

<ef?

t/(d—1) t/(d—1) ?
ed/ %e_t/xg(x)dx — ed_f/ ie_t/xg(a;)dx>

(4.58)
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where the last step follows from the fact that ¢ is a probability density function.

Plugging Eqs. (4.57)) and (4.58)) into Eq. (4.56|) implies the statement of the lemma. [

The next lemma, which uses Lemmas [30] and will be used to establish a general
“right-side estimate” i.e., an estimate of the form

/ e (Vo ~ Va®) d

d

at any y > a such that g satisfies the almost-polynomial growth conditions on [y, y+d]. In
particular, taking y = a, § =, and A = % will give the necessary estimate for Eq. |i
As with Lemmas [30] and Lemma [36] will be utilized for subsequent estimates as well.

Lemma 36 (Right-Side Estimates). Let y > a. Assume that there exists some § > 0 such
that g has almost-polynomial growth on ly,y + 8] with constants A, B > 0 and exponents

k> k' > —1, with k, k" sharing the same sign; that is,
Az —y)* < glz) < Blz —y)* (4.59)

whenever y < x <y +0. Let n:=2k' —k and X € [%, 1). Then the following statements
hold:

(i.) If y = 0 and n > —1 then there exists a constant C > 0 not depending on f or d

such that
[ (o - Vi) ae < o
0

(1-A)A6
220+y

for alld > dpmin and f < % such that 5 <

(ii.) If y > 0 then there exists a constant C, possibly depending on y, but not depending

on f ord such that

(y+A8)d 2 Cf? >0
[ (Ve - Va®) e <
vd Cf?%log % on=



(1=X)A6
2M0+y °

for all d > dpin and f < % such that 5 <

Proof of Lemma[36. Fix A € (0,1). Let t € (y,y + AJ) and define

_td_ 2
ded+f <ﬁdf ietd/xg(:n)dx>
¢(t) = “td_ :
Jat T Letd/rg(z)da

By Lemma [35| (taking w = yd and z = (y + Ad)d), it will suffice to estimate

y+Ad
/ o(t)dt

)

for all values of f and d in the ranges specified in the statement of the lemma.

Assume that

i (I =X
d = y+2X\
It follows trivially that g < (1y—+A6)6. Therefore
ot ot ot
d—7 1-L - 7-0x Ty 0T
d y+o
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(4.60)

(4.61)

(4.62)

(4.63)

where the last inequality is due to t < y + Ad. The remainder of the proof is split into two

cases, corresponding to statements [(i.)| and respectively.

Case 1. Assume that y = 0 and n > —1. Then by making the domain of integration on

the denominator smaller in Eq. (4.60)),

. 2
dedt! (ﬁdf 1etd/$g(ac)da:)

o(t) < ft/2 e~td/zg(x)dx

By Eq. (4.63), the inequalities in Eq. (4.59)) can be applied to g(z) on both the numer-
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ator and denominator of Eq. (4.60)), which implies

td 2
-f 1 _—td K
ded+/ B2 <ftd et dl“)

= A ftt/2 Le—td/ayhdy

(4.64)

Next note that k£ and &’ share the same sign, and make the following two observations:
e If k, k' > 0 then, continuing from Eq. (4.64]),

a \2F [ (5 1 —ta ?
= —t
ded+f B2 (ﬂ) (ft z€ /xdx>

P(t) <
A (5)° fijo demda

td_ 2
ded+ip2ok ., d \* <ftd_f glce_td/xdx>
— = T2 g2 .
A <d - f) ftt/Q Le—td/dy

e Similarly, if k, ¥’ < 0 then

td 2
' 7 1 —
de+f B2 2" (ftd T ae td/xd“/’)

P(t) <

3 — X
A tk ft/2 %e td/x g
T 2eT M Ty
_ ded+f B2 _tQk'—k . (ft x )
t — X
A ft/2 Le—td/dy

In both cases, it follows that there exists a constant C3 > 0 such that

<fdt—df 16—td/xd$>2
t T

ftt/Q se ! rda

B(t) < Cadet?' =+

and f < 1/2. By the substitution u = td/z, so that —idu = ldz, it

f 1
whenever 4 < 3

holds that

d 1 — 2
e Udu
d, 2k —k (fd—f u® >
P(t) < Czde”t : (= (4.65)
d u
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Moreover by Lemma [30| (with v = 2),

d 1 _—u 2
(fd—f u® du) _ 8 e 8¢ f* (4.66)
f;d leo—ugy ~— 1—e @ ded = 1 —e dmin  ded ’

where it is assumed that d > dpyin > 0. By Eqgs. (4.65) and (4.66)), it follows that there

exists a constant Cy > 0 not depending on d or f such that
p(t) < Cyt?F =k f2, (4.67)

whenever 5 < min {%, 1-— )\} and d > dpi,. By the assumption that n = 2k’ — k > —1,
we can integrate both sides of Eq. (4.67]) over the interval (0, Ad), which implies that there

exists a constant C4 > 0 such that

A0
o(t)dt < Cyf?
0

(1=

for all d > dypin and f < § such that 4 < L2,

5 Having estimated the integral in

Eq. (4.61)), this concludes the proof of part of the lemma. It remains to prove part
(ii.)

Case 2. Assume that y > 0 and n > 0. Before continuing, note that Eq. (4.62]) implies
that d — 2f > Adpin > 0, and hence any division by d — 2f and d — f (which will occur

frequently in the rest of the proof) is not division by zero.

By Eq. {D it holds that 5 < %, and hence

f
d_zfy<y—|—)\5. (4.68)

y <

By Eq. (4.61)), it will suffice to estimate the integral

Y+ it Y+
t)dt = t)dt + t)dt, 4.69
[ swmar= [T owars [ o (169)

da—25Y
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where ¢ is defined as in Eq. (4.60)).

The required estimate for case 2 will follow directly from the next two claims, each of

which bounds one of the two integrals on the right-hand side of Eq. (4.69).

Claim 7 (Bound on first integral in Eq. (4.69)). There exists a constant C' > 0, possibly
depending on vy, such that

d—f

/ T S )dt < CF2 gt
Y

for all d > duin and f < L with § < G202

Proof of Claim 7. Assume t € (y %y) By Eq. (4.59)), g(x) > 0 for all x € (y,y + 9).
It follows that

Therefore by Eq. (4.60)),

td_ 2
e (ﬁdf gljetd/xg(l.)dx)
“id_
[T Letd/ag(z)dx
d 2
ded+f <ftdf ie‘td/“”g(aﬁ)dw>

77 Sentding(a)da

d+f/ et/ () .

¢(t) =

<

Using Eq. (59,

td

¢(t) < Bde™t/ / T L emtdl (g — Wy

. x
Therefore since k' > 0 and x >t > v,

td

td K -7 1
< Bde®™/ [ - _ / Ze~td/r gy
¢(t) < Bde <d 7 y) ) xe T
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82

1
T

Applying the substitution u =

td Fordq
o(t) < Bdet/ ( — y) —e “du
d

d — —f u
s td K
< 2veBe a—7 Y f by Eq. (4.17).
Therefore
d:f y d:f y k
/d U (t)dt < 2\/EBeff/d S LU R
Yy Yy d— f

and so by the substitution u = % -y, du = (W) dt,

2f \" [ 2r f
d—2f> [d—2f_d—f}

(
(di];f)k [(d— 2}0)(?61— f)}

< f2+k’df(k’+1)

Notably, Eq. (4.62) implies that d — 2f > Admyin > 0, so that no division by zero occurs in
the above estimates. [J claim

Claim 8 (Bound on second integral in Eq. (4.69)). There exists a constant C' > 0 such

that

o(t)dt <

/y+A6 C'fQIOg% 2 —k=0 (4.70)
P Cf2 : 2K — k>0

for all f <% and d > dyiy with § < 25520

Proof of Claim 8. Assume that ¢ € (%y,y + )\5). Since t > vy, it holds that

a < <Q+ td < td
=YS9Tod—p Sd-f



164

Therefore, by making the domain of integration on the denominator of Eq. (4.60) smaller,
it holds that
td 2
ded+f <ﬁdf ie_td/xg(l‘)dl)
o(t) < w

[ yerteg(x)da
2T 20d—f)

By Eq. (4.63)), the inequalities in Eq. (4.59) can be applied on both the numerator and

denominator, which implies

_td_ , 2
e 2 (ftdf %eitd/z(l' _ y>k dm)
< .

)= = 1 —td/x kdp
vo €T —y)tde
2 ' 2(d—f)

(4.71)

By the assumptions that k > k' and n > 0, it follows that both k and k' are nonnegative

(since 0 <n=2k"— k <2k — k' = k' <k). Therefore by Eq. (4.71),

2
2K 51—t
ded+f B2 (%—y) (ft v de
< .

-4 ( td _g>k f% . Letd/zdy
— t
2(d f) 2 %+2(d—f) T

td 2
dedJrfBsz td ok —k <ﬁdf ie‘td/xdl‘>
T A <d— f y)

- | (4.72)
d—f _

PRI td/x dy

2 2(d—f)

Applying the substitution u = %d (so that %daz = —%du) to both integrals on the right-

. : y td  _ y(d—f)+td
hand side, and noting that 3 + A—) —  2d-p)

/ d 1 _—u 2
de®tIB22% [ td 2Kk (fd_ fu® du)
< I 7 —y =T} . (4.73)
fdy,((jf_f)”d %e—“du
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Using Eq. (4.17) to bound the numerator on the right-hand side of Eq. (4.73)),

4eM I B2k £2 1 td 2Kk 1
< -y
— Ad d <d— ) 2td(d—f)
6 ! [T Loy
4eVHF B2k 2 1 tq 2K =k 1
= ¢ k / < - y) —_— (4.74)
Ade d—f f;’_f Le—udu
where
2t(d — 21— 1
o= (d—f) = ( 7 2) : (4.75)
y(d—f)+td  (1—Dy+t
Differentiating both sides of Eq. (4.75)) with respect to ¢, one obtains
2(1 - 4)%y
V() = ; T
[(1 -yt t}
1
> 4 5 since g < 5
2[(1= f)y+]
> i 5 since t <y + A0 < 2y
2 [(1 — Dy + 2?4
B 1
2y <3 - 5)
1
> @ (4.76)

In particular, this shows that ¢ — ~(t) is increasing. Therefore by the claim assumption
d— . d—
that ¢ > ﬁy, it follows that v(t) > v (ﬁy) =1.

Therefore

(1 — e~ Ddmin—f ) (4.77)
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By Eq. 1} and the observation that v =1 when t = %y,
! 1 (d—fy
t)—1= "(s)ds > — [t — ——=22 ). 4.
s -1= [, Vs g (- G20 (4.78)
Plugging Eq. (4.78) into Eq. (4.77)) implies
L gy s (1 4.79
L, u > _ —T .
/d—f W= ~yded ( € ) ( )

where

To == dmin <t— (d—fly

6y d—2f>+f20'

Moreover, by Eq. (4.68]) and the inequality ¢t <y + AJ < 2y, it is not difficult to see that

1 d— f
< — .
0 S G <y+A6+d_2fy>dmm+f
2

< dpin +1 (480)

Therefore, by applying the numerical inequality 1 —e™" > 25 for x > 0 (which holds by

rearranging e* > = + 1) to Eq. (4.79) implies

vd f
[ b 5 2)
d—f U vyded \ zg + 1
f
€ ZTo
> by Eq. (4.80
'Yded <dmin+2> v ‘ ’
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Plugging this inequality into Eq. (4.74)),

<4el+fB22’ff2 td "7 [yde? [ duin + 2
Aded y ef

d—f T
_ deyB22Ff ( - y) R <dmin + 2)
A d—f o
86322k(dmin+2)f2 ( >2k k 1
< -y — since v < 2
A d—f xo
| 48ey B2k f2 <dmm + 2) ( td >2’f’—’f [t d— f 6y f] -1
A dmin d— f Y d— 2f mln '
In particular, letting Cg := 48€yBAQ il ( fg;‘i:rQ), we have shown that
td K 1
o(t) < Cp ( — y> — (4.81)
d=f = A =

for all —QJ}y <t <y+ A\, where n =2k’ — k.

We consider the cases n = 0 and 1 > 0 separately.

e Suppose n = 0. By Eq. (4.81)),

Ao Y
/ " o(t)dt < Cg f? / " !

6
d—f — Y
d,gfy d— 2fy t d 2fy+ dmlnf

d d
—C 210 <1+ min + mm)
s/ s \ 1t 5a— 1) * eys

= O(—f*log f).

Therefore there exists a constant C7 > 0

y+>\5 9 1
/f o(t)dt < C7f*log 7

a—25Y

for all f € (0, 7) and d > dpin such that < % This prove the first half of

Eq. (70)
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e Suppose > 0. By Eq. (4.81)),

y+Ad ) y+A6 td n 1
t)dt < _— dt.
/d—f ¢() CGf /df <d f y) t—%y—i—%f

a—27Y a—25Y

Therefore by the substitution u =t — d ny, du = dt,

y+Ad A6— d 2f ud ny 1
2
/d-f 9(t)dt < Cof /o <d—f+d—2f) wr o

diQ.fy IIl]Il
Ao n
d 2fy 1
< C 2/ ( “ + > du,
=Gl \a=rta—2r) uvuy

where the second inequality follows by making the domain of integration larger and

replacing dpni, by the larger quantity d. Then, rewriting the right-hand side using

P3:ga

y+AS 26 U 2p \" 1
t)dt = Cg f? d
/df #lt) 6f/o (1—p+1—2p> ut by

d—25Y
< Cof? /)\6 (ut2yp)" 1 du
- o (1=2p)" u+6yp

By Eq. l) p < % % and hence (1 — 2p)"” > A\". Therefore

+Ad Ao
/ T st < Ca A / (ut2yp)" )

Lty o u+6yp

A6
< CﬁfQ/\”/ (u+2yp)" du
0

< Cof* A1 [(AS + 2yp)" — (2yp)"]

< Cof>A M (y + Ad)”

where the last inequality follows by 2p < 1, since it is assumed that 5 < % This

proves the second half of Eq. (4.70)).
D Claim

This completes the proof of the lemma. O
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As the counterpart to Lemma the next lemma establishes an analogous “left-side”

estimate, which holds when ¢ satisfies the appropriate growth/decay conditions.

Lemma 37 (Left-Side Estimates). Let y > a. Suppose there exist A, B,6 > 0 such that

Ay — &)F < g(€) < By — &) (4.82)

for all £ € [y — 6,y], where k, k' are nonnegative constants satisfying k > k' > 0 and

n:=2k' — k > —1. Further suppose that there exists a constant k' >0 such that

9(6) < B¢ —y)¥ (4.83)

for all & € ly,y + 8]. Then there exists a constant C not depending on d or f such that

y=3

for all f € (0,1/2) and d > dpin satisfying 5 < 2(y(i-5)'

Proof of Lemma[37 For each t € (y — %, y), define
td 2
ded+f (ftd_f ie_td/xg(x)dSU)

o(t) == . (4.84)

“td_
Ja= T Letd/rg(x)dx

By Lemma it suffices to show that there exists some constant C's > 0 not depending

on f or d such that

/y p(t)dt < Csf? (4.85)
Yy

—5/2

for all f,d in the ranges specified in the statement of the lemma. Assume that

fo 0
d ™~ 2

IO (4.86)
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Then
f ) ) )
1—-=1]> 1—7 1l—— ) =y—= 4.
y( 1)z 0FY) 2) ~ Y (4.87)
and hence the integral in Eq. (4.85) can be written as
(4.88)

)

/yy gb(t)dt:/yy(l£)¢(t)dt+/y(lé)

3
2

The remainder of the proof consists of two claims, each bounding one of these two integrals
There exists a constant Cg > 0 such that

Claim 9 (Bound on first integral in Eq. (4.88}

y(1-4
/ o(t)dt < Cof?
Y

for all d > dyin and all f < 1/2 satisfying Eq. (4.86

Proof of Claim 9. Let t be given such that
(4.89)

Since since making § smaller can only weaken the assumptions Eqgs. (4.82)) and (4.83)
f trivially. Therefore,

assume without loss of generality that y —d > a. Moreover, t < 5
by making the domain of integration smaller in the denominator of Eq -,

d 2
ded+/f <‘];df ;e_td/zg(x)d:n)

P(t) <
( ) f - 1 —td/x )dx
(Note that g(z) > 0 for all z € (y — d,y — é) by Eq. (4.82), and the denominator in the
above equation is nonzero since y — $ < t by the claim assumption).

Next observe that by Eq. (4.89)),
(4.90)
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and therefore Eq. (4.82) may be used to estimate the term g(x) on both the numerator
and the denominator:

i 2
B2dedtf <ftd_f le—td/x(y _ ﬂ?)k/d.’E)

Af 1 e~td/r(y — z)kdx

P(t) <

Therefore since k, k' > 0,

a 2
B2det+ (y — )2~k <ftdf ietd/xdx>

P(t) <
( ) A f;fa %eftd/:pdx
Making the substitution u = %, so that %da: = —fdu

d 1 _—u 2
B2dettf (y — 1)2K -k (fd_f Le du)
o(t) < s .

fdy*‘; Lo—ugy,

u

Let v := 22yy__255. Then by Eq. 1D yt—_d& >~ > 1, and hence Lemma 30| implies

(b(t _ B2d6d+f( )2k’ k . C—(yQ)f2
- A ded
=GBty

where
dey < dey
1 — e_(’y_l)d - 1 — e_("/_l)dmin

2
C»(y):

which does not depend on d or f. Therefore there exists a constant Cg9 > 0 such that

o(t) < Coly — t)F ~F 2
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for all f < % and d > dpyin satisfying Eq. 1' Moreover, since 1 := 2k' — k > —1,

y(1—4) y )
[, Tewis [ -
Y—3 Y—3
_ 09 é n+1 f2
n+1\2 ’

This proves the claim. [ Claim

Let k* := k' A k’. Then k* > 0.

Claim 10 (Bound on second integral in Eq. (4.88])). There exists a constant Cio > 0 such

that
Y Clofk*+2
¢(t)dt < —
/yom de

foralld > dpin and f < % satisfying Eq. 1’

Proof of Claim 10. Let t be given such that

Therefore by Eq. (4.87),
t>y— 2. (4.91)

Therefore using Eq. (4.82)),

! ¥=2 1
/etd/zg(ac)de/ —e 7 g(x)da
a ¥ y—6 L

5
2

> 0. (4.92)
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For the function ¢ defined in Eq. (4.84)), it holds by Eq. (4.92)) that

td 2
dedt+f (ftd_f ie—td/xg(x)d$>

“td_
fat Le—tdfeg(z)de + "7 Te~td/rg(z)dx

_td_
e ([ ).
t T

¢(t) =

Therefore by applying a trivial inequality,
—(d—f) %
o(t) < de®7 . % (/d ' g(x)d:c>
t

2 [ rats
= dT (/t ! g(ac)d:c) . (4.93)

Using Eq. (4.86)) and the assumption that ¢ < y,

Yy ~ 2y(y +9)

< =
_ - )
d=f71-1 7 1-505  2y+0

<Y+ (4.94)

Eqgs. li and 1D together imply that (t,%) is a subinterval of (y — %,y + 9).
Therefore by Eqgs. (4.82) and (4.83)), there exists a positive constant B* > B such that

g(z) < B*lz —y|*

for all x € (t, %). Applying this inequality to the right-hand side of Eq. l}

td
d

B*de?f -7 .
o< 25 [Tyl de
t

B*de2f | (v . =5 .
== [/ (y — )" dx+/ (z —y)*
t Y

* k*
= Brde? (y — t)F"+! 4 _td y o
t(k*+1) d—f '
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Observe that since k* +1 > 0, it holds that w* 1 4 2" +1 < (w4 2)¥ ! for any w, z > 0.

Therefore
B*de?f [ td K+
t) < —t
¢()_t(k*+1)<d—f )
B*de2l tk* f k*+1
(R +1) (d—f) '

Therefore there exists a constant C11 > 0 not depending on f or d such that

fk*+1
o(t) < Cn 7 (4.95)
for all d > dpin and f < % such that 5 < m. Since Eq. (4.95) holds for all ¢ €

(y(1— g), y), integrating both sides with respect to ¢ implies the statement of the claim.

Claim

The statement of the lemma follows from Eq. (4.88)) and the two above claims. O
The next lemma utilizes to obtain an estimate for when ¢ is large.

Lemma 38 (Estimate for [adK,o0).). Let a > 0. Assume that there exist constants

K > a and Cx > 0 such that

9(y) < Ckg(x) (4.96)

whenever K < x < y. Further assume that there exists some 61 > 0 such that g(z) > 0
for all x € (a,a+ d4). Then for any o > 1 there exists a constant C' not depending on f

or d such that

[ (Vi - vaw) a<cr?

dK

whenever 0 < f < % A %l and d > Omin-

Proof of Lemma[38 By Lemma it will suffice to show that there exists a constant
C12 > 0 such that

E(t, f) < Ciaf (4.97)

for all t > adK.
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Let t > adK. By Eq. (4.19),

j‘t/d f)i —t/x ( )dl’

E(t’ f) = ?
hy(t) —l—fft{/d Le=t/rg(x)dxw

(4.98)

where

K
1 _ T
h(t) ::/ —e g (x)de.

In particular, hy () > 0 for all ¢ due to the assumption that g(x) > 0 for all x € (a,a+0d4).

Next observe that by Eq. (4.96))

t/(d=f) 1 y t/(d—=f) 1 ot/
/ —e Pg(x)dr < CKg(t/d)/ Tdx.
t/d T t/d T

In addition, Eq. (4.50) also implies

t/d | t/d
/ —e 7 g(x)dx > Clg(t/d)/ 1 et dr.

K X K K X
Applying these two inequalities to Eq. (4.98)),

Crg(t/d) ft/d f)i —t/z g,
hai(t) + gog(t/d) [i1* Le=trda

E(t, f) <
If g(t/d) = 0, then the right hand side is zero and there is nothing to show, so henceforth

assume that g(¢/d) > 0. Then

ft/(d ) ft/xdl,
ft/d %e*t/mdw

E(t,f) < C% (4.99)
Therefore, since K < d < d? the domain of integration on the denominator of Eq. 1)

can be made smaller by replacing K by ﬁ. This yields the estimate

ft/(d f) i —t/Z Jp

ftt//add petrdr

E(t, f) < Ck (4.100)
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Applying the substitution u = t/x with %dm = —%du gives

d 1 —
Jo ¢ ve tdu
E(t, f) < C% - =0
Iy peudu
Therefore by Lemma
2av/ef
2 - —_———————
E(ta f) < CK 1 _ e_(a_l)d

20 /e f
2
< Ck - 1 — e (@—1)dmin

for all t > adK, d > dpin, and all f < 2 A4 O

The next lemma will be used to strengthen [A.3] Specifically, it gives conditions under
which the interval [K, c0) (i.e., the interval on which on which ¢ is known to be pseudo-
decreasing) can be expanded to a larger interval, albeit at the cost of a possibly larger

constant.
Lemma 39 (Tail bound adjustment). Let K > K > 0. Suppose

(i.) there exists a constant Ck such that g(y) < Cxg(x) whenever K < x < y; and,
(ii.) there exist constants c¢; > co > 0 such that ¢y < g(&) < ¢1 whenever K < ¢E<K.

Letting éf{ = max {% c—l}, it follows that

9(y) < Crg(x) (4.101)

whenever K < z < y.

Proof of Lemma[39 Suppose K < x < y. The following three cases together imply

Eq. (4.101).

o If K < x <y then Eq. (4.101) follows immediately by |(i.)} since Cx < C.
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o If x <y < K then using |(ii.)| twice, along with the observation that % <C e

9(y) < a by

C1 .

= — -0 since ¢y < ¢
co
C1 =

< —-g(z) by |(ii.);
co

< ~[(9(317)

o I[f x < K <y then

9(y) < Crg(K) by
< Ckc by
< CK%Q(&L’) since g(z)/co > 1 by [(ii.)]
0
< Cry(x)
O
Proof of Theorem [7]

Proof of Theorem @ Assume that 0 < f < % and that d > dpin > 0. Some additional

assumptions about 5 will be made later. The goal is to estimate the following quantity:
o0 2
H(#0.Q) = [ (VO - VD)) ds (4.102)
0
By there exists kq, > Kk, > —1 and A, B,d, > 0 such that
Az — a)f < g(x) < B(z — a)Pa (4.103)

for all z € (a,a+43,). In addition, under[A.2]it is assumed that exactly one of the following

conditions is true:
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(i.) a=0and n:=2k, — ks > —1
(ii.) a > 0and n:= 2k, —k, >0

Finally, assume that

§§4 % (4.104)

(a+64)

Claim 11 (Bound for small values of t). There exists a constant C§ > 0 such that

(a+%)d 2 Ci f? ca,n>0o0ra=0
/ ) (\/p(t) - vq(t)) dt<{ ! (4.105)

0 Ci‘leog% : a>0andn=0
Proof of Claim 11. Under assumption it holds that both k, > k!, and 2k, — k, > 0,
and together these imply &/, > 0. Since k, > 0, Eq. (4.103) implies that g(z) < Béﬁ‘/’
whenever a < x < a 4+ §,. Therefore by Lemma (taking Cs5, = Bésé’ in the statement

of the lemma), it follows that

a kg
/0 (Vo - v e < (ff_f) . (4.106)

On the other hand, Eq. is trivial under assumption because in that case both
sides are zero. Therefore we have shown that Eq. holds under either assumption
or

Moreover, by and Eq. , the assumptions of Lemma are satisfied (for
y=aand \ = % in the statement of the lemma). Therefore by Lemma [36| there exists a

constant C13 > 0 not depending on f or d such that

a‘La 2 . a or a =
/(+2)d<\/@—\/@)2dt§ Cisf :a,n>0 0 (4107

d C’lnglog% : a>0andn=0

The statement of the claim follows from Egs. (4.106) and (4.107]). O Claim
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By Claim [I1] it remains only to show that
00 2
| (Vo0 - Va@) des .
(a+°%)d
By there exists K > a and Cx > 0 such that
9(y) < Ckg(x) (4.108)
whenever K < z < y. Define
Z ={x € (a+ 04, K):g(z)=0}.

Note that Z has at most finitely many elements by (see Remark . Therefore, one

may define
2" :=max Z U {a}
and
. 5,
K :=2"+=.
A 3

The next claim, which uses Lemma provides an inequality like that of Eq. (4.108))
but with K rather than K ; this is an improvement over Eq. (4.108)) since K is guaranteed

to be close to 2* whereas K is not.

Claim 12. There exists a constant éf( > 0 such that

9(y) < Crg(x) (4.109)

whenever K < z < y.

Proof of Claim 12. If K > K then the claim is an immediate consequence of in which
case there is nothing to show. So henceforth assume instead that K > K.

It will suffice to show that the assumptions of Lemma are satisfied for K = 2* + %Z,
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as this will imply the claim. In fact, since assumption in Lemma |39 is nothing other

than we need only to prove assumption We start by making two observations:

e First, by maximality of z*, g(z) > 0 for all z € (z*, K). Therefore by part of

there exists constants fl, B, 6, > 0 with ¢, < 4§, such that
A<g(x)<B (4.110)

for all x € (2* 4 6,, K).
e Second, it is easy to check that there exist constants Bl > 1211 > 0 such that

Ay < g(z) < By (4.111)

for all z € [f(, z* 4+ 6,], as we now explain: on one hand, if z* # a then z* € Z, in

which case Eq. (4.111]) is implied by part of On the other hand, if z* = a
then implies that Eq. (4.111)) holds for all x € [K', z* 4+ d4), and therefore all

T € [K, z* + 0, since d, < d,.

By Egs. (4.110) and (4.111]),

IN
o3
<
91

ANA <g(x)
for all 2 € [K, K), and hence

ANA <g(x) < BV B Vg(K)

for all # € [K,K]. Thus we have shown that assumption in Lemma (39| holds, as

required. [J claim

The rest of the proof is split into two cases, depending on whether Z = () or Z # (.
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Case 1. Suppose Z = (). Therefore z* = a, and so by Claim

whenever a + %Z < z < y. Therefore by Lemma (with K replaced by a + %Z in the
statement of the lemma), for all & > 1 there exists a constant C14 not depending on f or

d such that

/:o+5z>d (\/W— \/@)th < Cuf?. (4.112)

Since a > 1 can be chosen sufficiently small that a(a + %Z) <a-+ %“, Eq. (4.112)) implies

that there exists C15 > 0 not depending on f or d such that

[imx¢w+WMmfwsag% (4.113)

Combining the inequalities in Eqs. (4.105)) and (4.113)), we get Eq. (4.52). This completes

the proof in the case where Z = ().

Case 2. Assume Z # (). Let 2o := a and enumerate the elements of Z by 21, ..., 2p such
that

a=20< 21 <29 <---< 2.

By Claim it will be sufficient to show that there exists a constant Cig > 0 not

depending on f or d such that
| (V0 - Va@) d < Cua (4.114)
(a—l—%‘l)d

for all f < %, d > dpin such that 5 is sufficiently small. This will be accomplished by
dividing up the interval [(a + %“)d, o0) into several subsets and proving estimates for each
in a series of claims.

The first of these claims gives an estimate for the right-hand tail of the integral in

Eq. (£.114).
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Claim 13. There exists a constant C5 > 0 such that
00 2
|, (Ve - vat) e < cir
(zet+£)d

for all f < % and d > dpyin such that 5 < %

Proof of Claim 13. By Claim [12| there exists a constant C 7 such that

9(y) < Crg(x)

whenever K < z < y. Therefore by Lemma [38 (taking K = K in the statement of the

lemma), there exists a constant C17 > 0 depending on « but not on f or d such that

o 2
| (Voo - Va®) e < g, (4.115)
adK
Since a > 1 is arbitrary, it follows that o can be chosen sufficiently small that oK =
Oz J . . . . ‘
a(z¢+ %) < ze+ %, in which case the claim follows immediately from Eq. (4.115). O claim
Define
‘ 5 5
I:= L_Jl {(zz — Ez)d, (zi + ;)d]
1=

In addition to the inequality in Eq. (4.104)), further assume that

f . 0,

= _— 411

PR R BT (4.116)
for all z € Z.

Claim 14. There exists a constant C7 > 0 not depending on f or d such that

J (Voo - va®) e < cuf?

forall f < %, d > dmin such that 5 1s sufficently small that the inequalities in Eqs. (4.104))
and (4.116)) hold.
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Proof of Claim 14.

Let i € {1,...,¢}. By Eq. (4.116) and |A.4] the assumptions of Lemma are

satisfied (with y = z;, 6 = 0, and A = % in the statement of the lemma); therefore there

exists a constant C’;; > 0 not depending on f or d such that

5Z)d

(it 2
p - q = 2; .
/Zd (\/ ) — v/ (t)) dt < CFf2

In addition, the assumptions of Lemma [37| are similarly satisfied (with y = z;, § = 6,);

therefore there exists a contant C; > 0 not depending on f or d such that

(z+%)d )
/( (Vo) = Va®) dt < C. .

zif%)d

Summing over ¢ = 1,...,¢ implies the statement of the claim with C; :=C,, +... + C,,.
D Claim

Next, define
0, 0,
7= o+ i e+ S|\
-1 5, 5,
= (Zz + §)d7 (Zi+1 — E)d (4.117)
i=0

In the next two claims, we will utilize Lemma |36| to bound

/J (Vo) ~ v/a@) . (4.118)
For each i € {0,1,...,¢ — 1}, define

Yi =zt —
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and

3
0; i= Ziy1 — Zi — 162~

We claim that d; > 0 for all <. In order to prove this, it is sufficient to demonstate
that z;41 — 2z; > 9, for all ¢ € {0,1,...,¢ — 1}. Indeed, suppose z;+1 — z; < J, for some
ie{l,...,0—1}. Since g(z) =0, implies that g(z;11) > A > 0, a contradiction
since g(z;+1) = 0. By similar reasoning, implies z1 — zg > d,. Moreover since 6, > 9,
it follows that z1 — zg > 6.

The next claim demonstrates that for each ¢ = 0,...,¢ — 1, the function g is uniformly

bounded and bounded away from zero on the interval [y;, y; + J;].

Claim 15. For each i € {0,...,0 — 1}, there exist constants A;, B; > 0 such that
Ai <g(z) < B;

whenever x € [y, y; + 0;].

Proof of Claim 15. There are two cases, ¢ = 0 and ¢ > 1, which are essentially similar. We

start by proving the case with ¢ = 0. By
A<g©)<B

for all € € [a+ 94,21 — %]. In addition, Eq. (4.103) implies that if £ € [a + %, a+ 6g) then

5.\ " oM
min{A <2'Z) ,A5§“} <g( < maX{B <2'Z> ,Bésa}.

Taking Ag = min {fl, A (%)k“ ,A(Sfj“} and By = max {B, B (%) N ,B(Séf‘,1 }, it follows that
Ao < g(§) < Bo

for all £ € [a + %z, 21— %] = [yo + yo + do]. This completes the case with i = 0.
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Next assume i € {1,...,¢ — 1}. Since
[Yis yi + 0i] = [yi, 20 + 02] U [z + 02, zi1 — 0.] U [zig1 — 02, Yi + 04

it will be sufficient to obtain bounds for g(§) on each of the tree sets on the right-hand

side.

o By AT
A<g(&)<B (4.119)

whenever £ € [z; + 9z, ziy1 — 02]

e By ¢ has almost-polynomial growth on [z;, z; + ¢,] with constants A, B and

exponents k, k' with 2k’ — k > 0; that is,

A —z)F < g(&) < B(&—2)¥

whenever £ € [z;, z; + 0,]. Therefore since k, k' > 0,

't 67; k ~ k‘l

A(%) <o < Bot (4.120)

whenever ¢ € [z + %, 2 + 8. = [y, 2 + 0]

e By ¢ has almost-polynomial decay on [z;11 — 0., z;+1] with constants A B

and exponents k, k' with 2k’ — k > 0. Therefore since k, k&’ > 0,

./

Az — €)% < g(€) < B(zit1 —&)"
whenever £ € [zj41 — 02, zi+1]. Therefore,

_/5.\F o
A<4Z> < g(€) < Bé* (4.121)

whenever = € [zj41 — 02, 2i41 — %] = [zit1 — 02, ys + 0i]
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By Eqgs. (4.119) to (4.121)), for all i € {1,...,¢ — 1}, the statement of the claim holds with
A= A- min{l, (%)k , (‘if)k} and B, := B - max{l 5 5];"}.

" YzZz vz
D Claim
In addition to Eqgs. (4.104]) and (4.116]), we now further assume that
! < min (= A)Ad; (4.122)
d ie{0,..0—1} | 2X6; +vi

The next claim utilizes Claim (15| and Lemma |36 to bound Eq. (4.118)).

Claim 16. There exists a constant Cj > 0 not depending on f or d such that

Vo) = Va®) dt < Cyf?
J

for all f < % and d > dpyin such that 5 is sufficiently small that both Egs. (4.104]
and (4.116)) hold.

Proof of Claim 16. Let i € {0,...,¢ —1}. Since

, 5 5
}\I_)Inlyz + Ao = zi41 — ZZ > Zitl — 527

it follows that there exists A; € [3, 1) sufficiently close to 1 that

z

Yi + Ni0; > Zig1 — 5

Therefore

(yi+Xidi)d
,y (\/Iﬁ— q(t))th. (4.123)

[ (hw - va) < |

zi—&—%)d yid

To bound the integral on the right-hand side, we will use Lemma In particular, by
Eq. (4.122) and Claim |15 the assumptions of Lemma (36| are satisfied (with y = y;, § = d;,

k=K =0, A= A;, B= B;, and A = ); in the statement of the lemma); therefore by
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there exists a constant C'ig > 0 not depending on f or d such that

(yi+Aidi)d 9
[ (Voo - vaw) < o (1.124)
Yi

Therefore by Eqs. (4.123) and (4.124),

/((zm_%)d (\/@— \/Q(T)>2dt < Cisf?.

By Eq. (4.117]), summing over ¢ = 0,...,¢ — 1 implies the statement of the claim. [J caim

Since 4, < d,, it holds that

50, 62 52 62 —
(a+ E)d, (ze + 2)d} c [(a + E)du (2 + 5)d =1UJ

Therefore by monotonicity of the integral along with the bounds from Claims [14] and

we obtain the following claim:

Claim 17 (Intermediate t). There exists a constant C5 := Cr+ Cj > 0 not depending on

f or d such that

/((zz+“5>d (W _ \/q(T))2 dt < Cj f?

a—‘r%“)d
for all f < % and d > dpin such that 5 1s sufficiently small that the inequalities in

FEgs. (4.104), (4.116) and (4.122) hold.

Claims and [L7] imply Eq. (4.52)), which completes the proof. O
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Chapter 5

Maximum Likelihood Inference

and Long-Branch Attraction

Abstract:

Maximum likelihood estimation (MLE) is among the most widely-used meth-
ods for inferring phylogenetic trees from sequence data, however it is thought
to perform poorly when the underlying tree parameter contains two or more
distantly-related taxa. This phenomenon, known as long-branch attraction
(LBA), is of considerable interest in evolutionary phylogenetics but is not fully

understood.

With the aim of better understanding LBA, this chapter explores the prob-
lem of computing solutions to the maximum likelihood problem for 3- and
4-leaf trees under the 2-state symmetric mutation model (CFN model). We
prove two main results. First, using Hadamard conjugation we compute a
closed-form solution to the maximum likelihood problem for unrooted 3-leaf
trees, given generic data. That is, we provide a formula for the numerical
edge-length parameters, as a function of the data, which maximizes the log-
likelihood function. For the 4-leaf case, by contrast, it is likely that no such

closed-form solution exists [156]. Instead, we utilize the results for the 3-leaf



189

case, along with techniques from numerical algebraic geometry and phyloge-
netic invariants, to implement a fast algorithm to compute an exact solution
to the 4-leaf MLE problem. This algorithm computes the maximum likelihood
tree to arbitrary precision without the need to execute a heuristic (e.g. hill-
climbing) search. Our second main result is a proof of the correctness of this
algorithm. In both cases, particular attention is paid to account for submod-
els in which one or more branch of the underlying tree parameter has infinite
length, as it is believed that such cases may provide special insight into the

problem of LBA.

5.1 Introduction and Preliminaries

This chapter is concerned with inferring the evolutionary history of a set of a species
or other taxa from sequence data using maximum likelihood. Our chapter is structured
as follows. In Section [5.1] we introduce an evolutionary model, the maximum likelihood
estimation for phylogenetic trees, provide background on phylogenetic invariants, and
discuss what is known about long branch attraction, which motivates the work here. In
Section we recall an important parameterization of the Cavendar-Farris-Neyman
(CFN) model and introduce results pertaining to the CFN model, including the essential
technique of Hadamard conjugation. In Section we present our first main result, a
closed-form “analytic” solution to the maximum-likelihood problem for 3-leaf trees under
the CFN model. In Section we present our second main result, an algorithm for
computing an exact solution the maximum-likelihood problem for four-leaf trees, and a

proof of the correctness of the algorithm.

5.1.1 Long-branch attraction

A motivating goal for this chapter is to better understand a phenomenon usually referred
to as long branch attraction (LBA), which broadly construed, is understood as a

type of estimation bias in which long branches are incorrectly inferred to be more closely
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related to each other than they really are, though there is no widely-accepted and precise
definition [3]. Long-branch attraction is thought to occur under biologically plausible
parameter regimes, is frequently cited as a source of estimation error, and is thought to
have the potential to cause major errors in inference [157, |158]. While LBA is most well
understood in the context of parsimony, it has been shown to affect maximum likelihood
estimation as well, however in the latter case it is less well understood, in large part because
of the paucity of analytic solutions to the maximum likelihood problem in phylogenetics
[3].

The estimation of trees with 3 and 4 leaves are of particular interest for two reasons.
First, the inference of 3- and 4-leaf subtrees trees forms the foundation of a number of
methods for reconstructing larger trees. Some examples of such methods include 159, 57,
77, [78, 31]. Second, these are the simplest cases in which the bias introduced by long
branches under maximum likelihood estimation becomes evident [3]. Yet even in these
simple cases, long branch attraction is mathematically not fully understood. In 2000,
[160] computed a closed form solutions to the problem of inferring the topology of 3-leaf
trees via maximum likelihood, but not the branch lengths. Analytic solutions for certain
4-leaf trees under molecular clock assumptions were obtained in |161, 156, [162], though
in [156] it was shown that for ultrametric 4-leaf caterpillar trees, the critical points of the
likelihood function as a closed-form expression using radicals. In particular, in [156, 161],
the authors compute an analytic solution using rational expressions for the ML problem
for ultrametric 4-leaf tree with balanced rooted topology under the CFN model. No closed
form solution has been presented for the maximum likelihood estimate of 3-leaf trees for
any mode of site substitution.

Two recent chapters have made significant progress in understanding long branch at-
traction. In [3], authors Parks and Goldman considered 3- and 4-leaf trees with the Jukes-
Cantor model of site substitution. Using simulation and analytic solutions for boundary
cases, the authors tested two hypotheses about the nature of LBA, which they call long

branch joining (LBJ), which refers to a propensity for maximum likelihood analysis
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to return an incorrect tree topology in which the two longest branches are sister, and
long branch closeness (LBC), in which the maximum likelihood tree has the correct
tree topology but branch lengths which erroneously place the two long branches closer to
each other in the estimate than in the true tree. The authors provide strong evidence
via simulation to show that while LBC does not occur, LBJ not only occurs, but also
becomes worse as the length of the long branches increases relative to the size of the data.
In addition, through a combination of simulation and analytic calculations, the authors
demonstrated a close connection between distance-matrix estimates and maximum likeli-
hood estimates, showing that properties of the former could reliably predict features of

the latter.

1 4

Figure 5.1: When the path between leaves 1 and 4 is very small relative to the branch
lengths of leaves 2 and 3, the maximum likelihood topology is more likely to be 23|14
rather than the (true) topology 12|34; this phenomenon is colloquially known as long-
branch attraction (LBA), or more accurately, long-branch joining (LBJ).

Another important recent contribution was [163], in which authors Susko and Roger
provided the first mathematical proof that for any fixed data of finite length, there exists
parameter regimes for four-leaf trees in which maximum likelihood is more likely to return
the wrong topology, thus proving the existence of LBJ (see Fig. [5.1]). Their proof relies
on a limiting argument in which the length of the path between the two “short” leaves
(i.e., the leaves 1 and 4 in Fig. is taken to tend to zero, so that with high probability
their bases do not differ. As a result, the maximum likelihood tree is more likely to have

topology 23|14.
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But this is not the end of the story; simulated regimes in [3] showed that the LBJ effect
got worse as the two long branches got longer, even keeping the length of the path between
the short edges fized. In other words, there appears to be something about branches being
long that ipso facto biases maximum likelihood analyses, which means the proof presented
in [163] provides only a partial picture of the ways that long branches can bias maximum
likelihood estimation. The aim of this chapter is to provide analytic or exact solutions to
the maximum likelihood problem for 3- and 4-leaf trees with the aim of providing tools
to help test and characterize the nature of that effect; the application of these results to

long-branch attraction is left for future work.

5.1.2 Data and model of evolution
Tree parameter

Let X be a finite set. A semi-labelled tree (on X) T is an ordered pair (T';60) where
T is a tree with vertex set V(7T') and the labelling map ¢ : X — V is a map such that
v € ¢(X) whenever v € V(T') and deg(v) < 2. A semi-labelled tree on X is also called an
X-tree. If ¢ is a bijection into the leaves of T', then T is called a phylogenetic X-tree.

Associated to each X-tree is a vector of nonnegative branch lengths (d.).c E(T)>
where F(T) is the edge set of T. We regard X as a set of taxa, with T" representing a
hypothesis about their evolutionary or genealogical history of the taxa; the branch lengths
are regarded as representing a measure of evolutionary distance measured in expected
number of mutations per site. Typically we take X = [n] and in this chapter will consider
the cases with n =3 or n = 4.

Rather than using the evolutionary distances d as edge parameters of T, for our analy-
ses it will be more convenient to use an alternative parameterization of the branch lengths

2n—3

as a vector 6 € [0, 1] , where

0, = e~ 2de (5.1)

for all e € E(T). The numerical edge parameters (0¢)ccp(r) have been referred to as

“path-set variables” [156]; we refer to them here as the Hadamard parameters.
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For a binary phylogenetic [n]-tree T', a split is a bipartition of the leaf set [n] into two
nonempty subsets A and B, and is denoted A|B. An edge e € E(T) is said to induce the
split A¢|B, if removing e from T results in two disconnected components whose respective
labelled nodes are A, and B.. We say that split A|B is compatible with 7" if and only if
there exists an edge e € E(T) such that A|B = A.|B.. For any X-tree T, denote the set

of compatible splits (for T') by

X(T) :={Ac|Be:e € E(T)}

The topology of T is determined by the set of compatible splits. There is only one
unrooted topology for n = 3 (shown in Fig. [5.2)); for 4-leaf trees, there are three unrooted
topologies which correspond to the split obtained by the internal branch, and we denote

these quartet topologies by 12|34, 13|24, and 23|14.

Site substitution model

We assume that the data X is generated according to the fully symmetric Cavendar-
Farris-Neyman (CFN) model of site substitution (also known as the Ny model in
[79]), which takes as input a tree parameter with branch lengths. The CFN model, time-
reversible Markov chain on a tree, is the simplest model of site substitution, possessing
only two nucleotide states, which we denote by +1 (pyrimidine) and —1 (purine). Under
this model, the probability of a nucleotide in state ¢ transitioning to state j over an edge

of length ¢ can be shown to be

(I+e?) if i=j
(L—e™2) if i#j

pij(t) = (5.2)

Nl—= NI

for i,5 € {—1,+1} ([160], and for a more general reference, see 79, p.197]). Moreover, we

assume a uniform root distribution, from which it follows that
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for all 0 € {—1,1}" (c.f. Lemma 8.6.1.(ii) in [79], see also [164} p.221]).

The distribution of X under the CFN model depends on the tree parameter, including
branch lengths. For an [n]-tree 7" with Hadamard branch parameters (6¢).cp(r) and
topology 7, let

pe(0,7) :=P[X = 0],

where PP is the distribution of X under the CFN model on T'.

For any nonnegative integer r, let A,_1 C R" denote the probability simplex of dimen-
sion r —1; that is, A,y :=={z € R" : 21,...,2, > 0 and x1 + ... + z, = 1}. As a parame-
terized statistical model for an unrooted, n-leaf tree with topology 7 € {12]34, 13|24, 23|14},

the CFN model is the image of the map

v, 97- — AQn,l - RQn

0 — p(0,7)

where

p(0,7) == (ps (0, T))ge{—l,—i-l}" ‘

Identifiability of Model Parameters

The usual assumption prescribed for the CFN model (which is not made in this chapter)
is that ©, = (0, )P (so that 0 < 6, < 1 for all e € E(T), or equivalently, that
0 < de < o0 for all e € E(T)). Under that assumption, ¥, is injective |165], and hence
the edge parameters 6 = (0c)ccp(r) are identifiable. This means that if 7" and 7" are
two n-leaf trees with the same topology 7 and with edge parameters 6 and 6’ respectively
such that 6 # ¢, then the distribution of X will be different under 7" and 7").

On the other hand in this chapter, we consider an extension taking ©, = [0, 1]|E(T)‘7
thereby allowing for branch lengths which are infinite or zero (when measured in expected
number of mutations per site), in order to better understand the behavior of maximum

likelihood estimation in the limit as one or more branch lengths tend to zero or to infinity.

This seemingly slight extension of the model substantially adds to the complexity of the
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analysis. In particular, as a consequence of this extension, it is no longer the case that the
numerical parameters 6 are identifiable, which presents certain complications, described
in detail later in the chapter. On the other hand, it also has the effect of guaranteeing the
existence of the maximum likelihood estimate.

Under the CFN model, the discrete parameter 7, representing the unrooted tree topol-
ogy, is generically identifiable, which means that for distinct unrooted n-leaf topologies
7,7, the intersection

im(P,) Nim(¥,/) € Agn_

is of strictly lower dimension than both im(¥,/) and im(¥,), and hence is a set of Lebesgue

measure zero |166, Chapter 16.1].

Data

In practice, DNA sequence data is typically arranged as a multiple sequence alignment,
an n X N matrix, with each row corresponding to a leaf of T" and each column representing
an aligned site position. It is standard (albeit unrealistic) to assume that sites evolved

independently, and as such our data consists of N random column vectors
Ny did
xM xR x

where X is a random variable taking values in {+1, —1}" whose distribution will be de-
scribed below, and which is regarded as a vector of nucleotides observed at the leaves of T’
such that X; is the nucleotide observed at the vertex with label i for each ¢ € [n]. Under
the CFN model, the distribution of X depends on the tree parameter T' (both the topology
7 of T and its branch lengths). Due to the exchangeability of XM X)) the data

can be summarized by a site frequency vector

S = (SU)UE{—].,].}” (55)
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where

802:#{i€[N]2X(i):U}.

Throughout this chapter, we make the assumption that the site frequency vector satisfies
S¢+5-6>0 (5.6)
for all o € {—1,+1}". In other words, this says that each pattern
aaaa, aaab, aaba, aabb, abaa, abab, abba, abbb,

(where a and b represent different nucleotides) is observed at least once. This assumption
considerably simplifies the number of cases which must be considered. Since the number
of site patterns is 2" !, this assumption is reasonable here (with n = 3 or n = 4), however
it would be unrealistic for a tree with many more leaves (e.g., n > 30) given the size of

genomic datasets [162].

a-Site Patterns

In light of Eq. (5.3)), it is possible using a change of coordinates to represent the distri-

2n—1

bution of X using a vector of entries rather than 2" entries. To do so we introduce

the following notation, first given by [167], in which we augment the subsets of [n — 1]
with a lexicographic ordering, assumed throughout this chapter. Specifically, the ordering

assumed on the subsets of [n — 1] is (aq, ..., agn-1), where

ar = {i € [n — 1] : the i-th digit of the binary representation of k,

counting from the right is 1} .

For the cases we will consider (n = 3 and n = 4), this yields the orderings

0,{1},{2},{1,2})
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and

O, {13, {2}, {1,2}, {3}, {1,3},{2,3},{1,2,3}).

For any vector o € {—1,+1}" and any a € [n — 1], we say that o has a-split pattern
if there exists k € {—1,41} such that o; = k if and only if ¢ € a. For example, if n =4
then (+1,—1,—1,+1) and (—1,+1,+1,—1) both have {2, 3}-split pattern; these are the
only vectors in {—1,+1}* with this split pattern, since 0,5 € {—1,+1}" share the same
split pattern if and only if 0 = £6.

Define

p = (pa)ag[n—1]7

where, for each a C [n — 1],

Do := P [X has a-split pattern] .

In other words, p, is the probability that the entries of X correspond to the split
al([n]\@). By Eq. (5.3) (see also [168]), the distribution P is summarized without loss of
information by p, and hence the CFN model for a fixed tree topology 7 may be regarded

as the image of the map

\I/T : @7— — A2n71_1 - R2n71

(5.7)
0 — p(T,0)
and in our setting with n = 4 and ©, = [0, 1]/¥(T)| this obtains
M = {p(r,0) : 0 € [0,1]°} C A7. (5.8)

Similarly, the data may be summarized by the following sufficient statistic

S := (ga)ae[n—l]v (5.9)
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where

Sq = # {z € [N]: X has a-split pattern} .

5.1.3 The phylogenetic maximum likelihood problem

Given a tree T' with unrooted tree topology 7 and associated branch lengths 6 = (6c)cc (1),
denote the distribution of X under the CFN model parameterized by T by p(1,6) =
(Po)oef—1,13» Where p, = P[X = o]. Given data taking the form Eq. , or equivalently
Eq. , the log-likelihood function is the function

5(9) = Z S0 log po (Tv 0)

oce{-1,1}"

:—N10g2—|— Z gaInga(Tae)

a€[n—1]

(5.10)

(Both of these forms of the log-likelihood will be used in this chapter, as the two notations
So, Do and Sq, Po are each uniquely well-suited to particular contexts.)

The maximum likelihood problem is to find the parameters 7 and 6 € [0, 1]/E(7)]
which maximize Eq. . Since the log-likelihood is an upper semicontinuous function
and the parameter space is compact, such a maximum is guaranteed to exist.

For n = 3, there is only one unrooted tree topology, and so this problem reduces to
that of finding the numerical parameters @ € [0, 1]> which maximize Eq. .

For n = 4, the problem is to find the parameters 7 € {1234, 13]24, 23|14} and 6 € [0, 1]°
which maximize Eq. . That is, in the four-leaf case it suffices to select a model
from three models with maximal dimension and boundary cases (i.e., when one or more
numerical parameters equals zero or one). Identifying these boundary cases is the main
content of the proof of Theorem since the proliferation of boundary cases means that
finding the exact MLE necessitates a framework to allow for parsing a large number of
overlapping boundary cases.

In model selection for phylogenetics, the main objective is to recover the tree param-

eter from data. The number of trees to consider is exponential in the number of leaves.
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Practical methods use quartets (subtrees with four leaves) to perform the model selection.
In a quartet method, one does model selection by working with many four-leaf models to
identify the n-leaf tree parameter.

In practice, maximum likelihood inference is among the most commonly-used in phy-
logenetic analyses, and in contrast to the simple (but more analytically tractable) model
considered in this chapter, maximum likelihood estimation is typically undertaken with
sophisticated models of site evolution, utilizing heuristic (e.g. hill-climbing) methods and
multiple start points to explore tree space in order to obtain parameters which maximizes
the likelihood. A variety of excellent and widely-used implementations (e.g., [169, 170,
171, |172]) all of which have been used in thousands (or tens of thousands) of studies.

Nonetheless, there remains interest in computing analytic (i.e., closed-form) solutions
in simpler cases [161, (156, (162, |160] as well as ezact solutions via algebraic methods
[173] with the goal of providing more rigorous understanding of the ways that maximum
likelihood can fail. For example, it is well-known that the maximum likelihood tree need
not be unique [174], that for certain data there exists a continuum of trees which maximize
the likelihood [162], and that there exist data for which the maximum likelihood estimate

does not exist (or at least, is not a tree with finite branch lengths) [173].

5.1.4 Hadamard conjugation

In this section we introduce an important reparametrizaton of the CFN model, as well as
a central tool in our analyses: Hadamard conjugation.

For any even subset Y C [n], define the path set P(7,Y) induced by Y on T to be
the set of %|Y\ edge-disjoint paths in 7, each of which connects a pair of leaves labelled
by elements from Y, taking P(7,0) = (. This set is unique if 7 is a binary tree [79].

By Eq. , the transition probability from state ¢ to j along a given edge e, denoted
M.(i,j), is given by

M(i,g) = 51 +ij6) (5.11)

for i,j € {+1,—1}.
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The edge spectrum is the vector

Y= (’Y(X)ag[n—l] 9

where
B ZGEE(T) de : a=10
Yo =4 de : e induces the split o|([n]\«)

0 : else

Inductively define Hp := [1], and for k > 0 define

Hjpq = (5.12)
H, —Hy,

Let H := H,,_1. Then H is a 2"~! x 2"~! matrix, and by our choice of ordering for [n — 1],

we have H = (ha,3)a,8c[n—1] Where

ha,ﬂ = (_1)\a06|'

1

In particular, H is a symmetric Hadamard matrix with H—! = T H.

Letting x — exp(z) denote the exponential function applied component-wise, the map
R2"™" 5 R2""" given by

v+ H " exp (H)

is referred to as Hadamard conjugation. As in many previous results (e.g., |[156, 162],
and not solely for the CFN model), Hadamard conjugation turns out to be an essential
tool and is closely related to the discrete Fourier transform [175] |166| [176], as in fact in
here multiplication by H can be regarded as a discrete Fourier transformation. Hadamard
conjugation allows us to translate between the edge spectrum and the expected site pattern

spectrum, as shown in the following theorem, discovered independently by [167} |177]:

Theorem 8 (Hadamard conjugation theorem). Let vy be the edge spectrum of a phyloge-
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netic [n]-tree T, and let H := H,,_1. Then
p=H 'exp (H7).

For proof and a detailed discussion, we refer the reader to [79]. In particular, we will

utilize the following proposition, itself a consequence of Theorem

Proposition 3 (Corollary 8.6.6 in [79]). Let 8. € [0,1] for all e € E(T). Then for all

subsets a of [n — 1],

pa:ziigT o=l T 6. (5.13)

YCX: eeP(T,Y)
Y even

Note that Proposition [3| holds even if the root distribution is not taken to be uniform,
however we do not consider that case in this chapter. The key takeaway is that the
probability of any site pattern can be computed as a polynomial function of the Hadamard

parameters. This fact, and the formula it provides, will be critical in the work that follows.

Example 2 (4-leaf tree). Suppose n =4, and T has topology 12|34. Here, the subsets of

[3] are ordered as follows:

O, {13, 42}, {1,2}, {3}, {1,3},{2,3} . {1,2,3})

For i € [4], let d; be the branch length of leaf i, and let d5 be the internal branch length



(corresponding to the edge with split {1,2} [{3,4}). Then

H; =

where ~ is indexed by the ordered subsets of [3]. Therefore

+1
+1
+1
+1
+1
+1
+1
+1

+1
~1
+1
~1
+1
~1
+1
-1

+1

+1
+1
+1
+1

exp (Hzy) = exp

+1
-1

+1

+1 +1
+1 -1
-1 -1
-1 +1
and 7
-1 -1
-1 +1
+1 +1
+1 -1

0
—2(dy + dy + ds)
—2(dy + dy + ds)
—2(dy + da)
—2(d3 + dy)
—2(dy + ds + ds)
—2(dg + ds + d5)

—2(d1 4+ da + dsg + day)

1
010405
620405

0102
0304
010305
620305

—(dy +dg + d3 + dy + ds)

dy
do
ds
ds
0
0
dy

0102030,

202

(5.14)

The entries of this vector constitute a monomial parameterization of the CFN model on

T, a fact which is widely-used in algebraic statistics in the study of more general group-

based models [166], where they are called Fourier coordinates.

(To see why these

are in fact the Fourier coordinates, understood as the Fourier transform of the vector

of probability coordinates p = (ﬁa)agg,], it is enough to note that Hg may be regarded

as a discrete Fourier transformation and exp (Hsy) = Hsp by Theorem . Because

the Fourier coordinates factorize into Hadamard parameters, as shown in Eq. (5.14)), the

Fourier coordinates thus have a simple biological interpretation. Consider the entry 6160465
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for example. By Eq. , 010405 = e~ 2(d1tdatds) Qince dy + dy 4 ds is the length of the
path on T from leaf 1 to leaf 4, we we might expect 010405 to measure, in some sense,
the correlation between X7 and X4. And indeed this turns out to be the case. Since
E[Xi] = E[X4] =0, we have cov(X1, Xy) = E [X1X4] = 610405 by Eq. (5.11]). Moreover,
since the standard deviations of X; and X4 are both equal to one, it follows that 616050,
is prescisely the Pearson correlation coefficient between X7 and Xjy.

This example also illustrates how Proposition |3| can be obtained. Multiplying both
sides of Eq. by Hy 1= %Hg (i.e., the inverse discrete Fourier transform), gives the
formula for p, in Proposition 3} with n = 4. By a change of notation, and using Eq. ,
we obtain the formula

1
PX =0] = 16 (1 + 01020102 + 03040304 + 0103010505 + 0104610405

+ 0903020305 + 0204020405 + 0102030460162630,4) .

By nothing more than a relabelling of leaves, if we suppose that T" has leaves i, j, k, [ € [4]

with {i, j, k,1} = [4] and topology ij|kl, Proposition [3| implies that for all o € {—1, 1}4,

P[X =o0] = i (1+ 0;00;0; + 01,0100, + 0;0,0;0105 + 0,0,0;0,05
16 (5.15)

+ 0000105 + 0;0,0;0,05 + O‘iO'jO'kUlez'@ijQl) .

We will use this formula when computing likelihoods for 4-leaf trees.

Interpretation of Hadamard parameters under the CFN model

We regard a vector of Hadamard parameters 6 = (6¢).cg(r) as biologically plausible
if 0. € (0,1) for all e € E(T). Since —3logf, is the expected number of mutations on
edge e, it follows that 6. € (0,1) if and only if d. € (0,00). In other words, biologically
plausible Hadamard parameters correspond to trees with branch lengths having positive
and finite expected number of mutations per site.

Unlike evolutionary distances, which are additive, Hadamard parameters are multi-
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plicative, in the sense that the “length” of a path P C E(T') is [[.cp Oe.

In this work, we allow for 6. € [0, 1] in order to better study the behavior of maximum
likelihood inference in the setting of extremely short or long branches, since this is the
setting where long-branch attraction is hypothesized to occur. As we saw in Example
any 0. € [0,1] can be regarded as a measure of correlation between the state of the Markov
process at the endpoints of the edge e. Suppose e = (u,v) € E(T) and let X,, and X,
denote the state of the Markov process at nodes u and v respectively. Eq. implies
that if 8. = 1 then X, = X, with probability 1. On the other hand, if 8, = 0 then X, and
X, are independent; to see why this is the case, observe that using Eq. , it holds for

all i,j € {—1,1} that

The observation has an important consequence which is summarized in the next lemma.

Lemma 40 (Independence caused by “infinitely long” branches). Suppose T is an un-
rooted n-leaf tree. Let e € E(T') and let Ac|Be denote the split induced by e on the leaf set

[n]. If 6 = 0 then the random vectors (X; :i € Ae) and (X; : i € Be) are independent.

Proof. Let A := (X;:i € A.) and B := (X; : i € Ae). Write e = (ea,ep), and without
loss of generality assume that e4 and eg are labeled such that any path from a leaf in A,
to e4 does not contain eg. Let Z4, Zp denote the nucleotide states of vertices e4 and epg
respectively. It follows by Eq. and symmetry of the process that Z4 and Zp are

independent.
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Let a € {1, —1}‘A5‘ and b € {1, —1}‘35‘. Then using the Markov property,

P[A=a,B=b= > PlA=a,B=0b|Zs=i,2Zp=j|P[Zsa=1i,Zp=]]

i,je{-1,1}
— Z P[A=a|Zs=i|P[B=0b|Zg=j|P[Zs=1i,2Zp = j]
i,76{—1,1}
— Z PlA=a|Zs=i|P[B=0b|Zp=jlP[Z4s=i|P[Zp = j]
i,56{—1,1}
= Y PlA=a2Zi=1] > P[B=b2Zp=]]
ie{—1,1} je{-11}

—P[A=dP[B=}.

5.1.5 Phylogenetic invariants

The study of algebraic invariants, understood broadly as polynomial ideals which charac-
terize statistical models, has grown substantially over the last two decades, with substantial
progress made in understanding, computing, and characterizing the algebraic invariants
for a wide range of models, including a broad class of site substitution models on both
trees and networks (see, e.g., [178, 166, (168, 179, [180]. While much of the focus is on
resolving questions of parameter identifiability (i.e. whether the model parameters can be
recovered from the distribution), another key area of focus has been toward the application
of invariants to maximum likelihood estimation [181} |168] [182].

The use of algebraic invariants to solve maximum likelihood problems in phylogenetics
appears to have been first used in [162], and a general framework has been developed 181,
182] (for good introductions to this topic, see [168] p.132-135], and [166, chapters 7 and
15]). The key insight in the application of invariants to maximum likelihood estimation is
that it allows one to reformulate the problem of maximizing the likelihood from an uncon-
strained optimization problem into a constrained optimization problem (with algebraic

invariants as constraints) using the method of Lagrange multipliers, thus obviating the
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need to search around the parameter space to maximize the likelihood function |181].

In particular, the use of Lagrange multipliers allows the reduction of the problem
to that of finding the solutions to a system of polynomials, which can be computed pre-
cisely using techniques from numerical algebraic geometry, such as homotopy continuation.
These techniques allow for the “exact” computation of maximum likelihood estimate, in
the sense that they return theoretically correct solutions for a.e. data, and that the so-
lutions can be computed to an arbitrary level accuracy[173, [183]. More recently, [173]
presented an algorithm incorporating semialgebraic constraints (i.e. polynomial inequal-
ities) and demonstrated an application of this approach on 3-leaf phylogenetic trees. In
this chapter, we utilize a similar approach to compute exact solutions to the maximum
likelihood problem for four-leaf trees. We sketch the general approach and the particular
invariants used here.

Informally, for a fixed topology 7 € {12|34, 13|24, 23|14}, this approach seeks to maxi-
mize the log-likelihood function ¢ in Eq. over all p = (Pa)acn—1] Subject to certain

polynomial constraints

gi(ﬁ):0,i:1,...,c

which are common to all probability distributions which may arise under a given site
substitution model (e.g. the CFN model, Jukes-Cantor, etc) on a tree with topology
7. This problem can be solved using the method of Lagrange multipliers, in which the
gradient of the Lagrangian is a system of polynomials in 2"~! + ¢ variables the solutions
of which correspond to critical points of Eq. . Such solutions can be computed
using numerical algebraic techniques, such as homotopy continuation, to arbitrary degree
of precision. Moreover, since for generic data there are at most finitely many critical
points, this approach enables one to compute the maxima of Eq. to arbitrary level
of precision, without the need for heuristic search. We rely on this approach in our analyses
of 4-leaf trees, where closed form solutions are not possible.

For the remainder of this section, it will be convenient to write p1,...,ps in place of
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(ﬁa)ae[S]-
We note that ¥, defined in Eq. , is a polynomial map by Proposition |3 and

may be extended to a polynomial map C> — C® Therefore the Zariski closure of its

image, V, := W, (C%), is an algebraic variety (see, e.g., [184]), called a phylogenetic
variety. The ideal generated by V; is the phylogenetic ideal Z, := I(V;), consisting of

all polynomials of the form f € Clpy,...,ps] such that

f(plv"'7p8) -

for all p € M, and can be thought to implicitly define the statistical model. The genera-
tors of the phylogenetic ideal are referred to as phylogenetic invariantﬂ Since the set
M. is a proper subset of V;, the phylogenetic invariants always vanish on M, and may
thus be regarded as polynomial relations which constrain the possible distributions which
may be obtained by the CFN model on a 4-leaf tree with topology 7. Both phylogenetic
varieties and invariants are well-studied objects (for good introductions, see [166) |168]).
For unrooted 3-leaf tree under the CFN model, there are no phylogenetic invariant
[178]. On the other hand, the generators of Zg34,Z13)23 and Zys)14 are well-known and
usually expressed in terms of the Fourier coordinates, which are obtained via an invert-
ible linear transformation of the probability coordinates p1,...,ps |164, p.221] (see also
[166, 175]). To keep this exposition self contained, we compute the minimal genera-
tors of Zy9(34, Z13)23, L2314 and Zstar directly in the probability coordinates pi, ..., ps using

Macaulay2; the code we used can be found in Fig. [A.4] in the appendix. In particular,

!Some authors use the term “phylogenetic invariants” to refer to any elements of a phylogenetic ideal.
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letting

go:=p1+p2+p3s+ps+ps+ps+pr+ps—1
91 *= P3P5 — Pape + P2p7 + P3P7 + PapT + P5p7 + P67 + D3 + Paps + prps — b7
g2 v= paps + Pape + P3Pe + PaDe + PsDs + Py — Pap7 + PeDT + P3Ps + PePs — Do

g3 = p2p3 + P2p4 + P3p4 + pi + Paps + PaPe + PaP7 — P6P7 + PaPs + P5PS — P4,

we obtain

Tig34 = (90, 91, 92)

113\24 = (90, 91, 93) (5.16)

Zo314 = (90, 92, 93)
ZTstar = (90, 91,92, 93) »
where the angle bracket notation is used to indicate the generators of the ideal; e.g., so
that

(90,91, 92) = {hogo + h1g1 + haga : ho, hi,ha € Cp1,...,pnl}.

5.2 Analytic Solution to The 3-Leaf MLE Problem

In this section we present an analytic solution to the problem of finding all numerical
parameters 61, 6y,03 € [0,1] which maximize the log-likelihood function ¢, given generic
data from a 3-leaf tree with CFN constraints. Despite longstanding interest in this and
related problems (see, e.g., [160, |173, 163, [3]), the existence of such a solution does not

appear to have been known or published prior to this work.

5.2.1 Definitions and Assumptions

The data takes the form of N independent, identically distributed random variables
XM XN ~ X, where X is drawn according to the CFN process on the unrooted

3-leaf T shown in Fig. with unknown but fixed numerical edge parameters §7 =
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(07,6%,67) € (0,1).

02

01 03
1 3

Figure 5.2: Three-leaf tree with Hadamard edge parameters 61, 65, 0.

Since there is only one possible topology for an unrooted 3-leaf tree, the maximum
likelihood problem reduces to the problem of determining the numerical parameters 6 €
[0, 1] maximize Eq. . The main result of this section is a theorem which presents
an analytic solution to the maximum likelihood problem for generic data generated in an
i.i.d. manner according to the CFN site substitution process on an unrooted 3-leaf tree.

By Eq. (5.13)), for each o C [2], the a-th component of p is

1 o
Pa(0) = [ 1+ > (—pleinelgg; | (5.17)

1<i<j<3

By a change of notation, this can be rewritten as
1
P [X € {—O’,O’}] = 1(1 + 01090169 + 01036103 + 0’20’3(92093)
for all ¢ € {—1,+1}?, and therefore by Eq. (5.3), it follows that
1
P [X = J] = g(l + 01090105 + 01030103 + 02039293) (5.18)

for all o € {41, -1}

The key statistics used are the following:
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Definition 3 (The statistics Mi}', M;;, Bij,B). For for alli,j € [n] such thati # j, define

MZT; = Z sg and M = Z S0, (5.19)
oe{+1,-1}" ce{+1,-1}"
o;05=1 o;05=—1
as well as
+ _ —
5. = M — My
1] N
and

B::(Bij:1§i<j§n).

In words, M

i s the number of samples for which leaves ¢ and j share the same

nucleotide state and M, is the number for which the nucleotides observed at leaves ¢ and
j differ. It follows by definition that M + M = N and that M;® = M7 and M;; = M;
for all distinct 4, j € [3].

The statistic B;; measures the observed correlation of the observations at leaves i and
Jj of the tree. To see this, observe that by the law of large numbers, B;; — P[X; = X;] —
P[X; # X;] as N — oco. Moreover, since E[X;| = E[X;] =0,

COV(XZ', XJ) =E [XlX]]
=P[Xi = X;] - P[X; # Xj]
= % (1+0:0;) — % (1—6,0;) using Eq. (5.11))

= 0,0,
This calculation shows that B;; is an estimate of the covariance of X; and X;, which is
the quantity 6;0;.

Remark 4 (Permutation Notation). For the case when n = 3, it will often be useful

to index the statistics in Definition [ using permutations. Let Az denote the alternating
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group of degree 3, which can be expressed in cycle notation as
Az ={(1),(123), (132)} .
For each m € Az, we write
M} = M;(l)m(z), Mg =M_ ) 0 and Br:= Br)q():
Example 3 (n = 3). In the case of n = 3 considered here it is easy to check that
B = (B2, B3, Ba3)

where

(50 = 51y = 5121 + 5012}

(50 — 5¢1y + Sg23 — 511,23 (5.20)
Bas =+ (S0 + 50y = Stz — Sp.y) -

The use of the statistic B will permit us to obtain a simple criterion for when a

maximum likelihood estimate corresponding to a 3-leaf tree with finite branch lengths

exists. This criteria involves the following set:

Definition 4 (The set D). Define
D:={z € (0, 1)3 2 @m; < ay, for all distinct 4, j, k € 3]}

As we will show in the next theorem, it turns out that given some fixed data s,
a maximum likelihood estimate with finite branch lengths exists precisely if and only
if B € D. Before stating the theorem, it is worthwhile to examine the semialgebraic
constraints (i.e. the polynomial inequalities) that define D, to understand where they are
coming from in the context of this problem. Observe that if B € D, then (to consider just

one of the inequalities) we have BiaBi3 < Bas. When N is large, B;; =~ 6;6; and hence
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this inequality is approximately

01020103 < 0203,

which by Eq. (5.1)) is

6—2(d1+d2+d1+d3) < 6_2(d2+d3),

or equivalently

do +ds < (dg + dl) + (d1 + d3).

In words, the evolutionary distance from leaf 2 to leaf 3 is less than or equal to the
distance from 2 to 1 plus the distance from 1 to 3. The other inequalities B3B3 < Bi2
and BioBo3 < Bjg are similar, and we conclude that, taken together, the semialgebraic
constraints defining D are nothing but the triangle inequality in disguise.

Finally, we make the following two assumptions about the data s:
A.1 5, >0 for all o C [2].
A.2 B9, B1z and Bog are nonzero and distinct.

In words, assumption states that each site pattern aaa, aab, aba,abb is observed at

least once in the data. One useful consequence of this is that M{;, Ml; € (0, N) whenever

1 # j. Assumption is an assumption about the genericity of the data, in the sense

that it is equivalent to assuming that
Bi12B13B23(B12 — B13)(B13 — Bas)(Bi2 — Baz) # 0.

These two assumptions considerably simplify the problem with very little loss of generality,

as both assumptions are likely to be satisfied when N is large.

5.2.2 Main Result

The main result of this section is the following theorem.
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Theorem 9 (Global MLE for the 3-leaf tree). Assume that[A.1] and[A.2 hold. Then ¢

has a mazimizer on the set [0,1]2. Denote the set of all such mazimizers as

Evig =40 € (0,17 : ¢(0) = O
MLE { [0, 1] (0) egﬂgﬁg ( )}
and let my,mo, T3 € A3 such that
B, < By, < Bp,.
Euip — \/312313 \/312323 \/313323
Bys Big B2 '

On the other hand, if B ¢ D, then the following conclusions hold:

If B € D, then

(i) If By, Bry > 0 then

(5.21)

Envie = {0 € 0,11 : 0,1y = Bry(1).m1(3)> Om1(2) = Bry(2)mi(3), and O3y =1}

(ii) If By, > 0 and By, < 0 then
Evig = {9 S [0, 1]3 : 9ﬂ.3(1)9ﬂ.3(2) = B7r3, and (9ﬂ.3(3) = 0} .
(iii) If Br, <0 then

EviE = U {0€[0,1:6; =0 for all i € A}.

AC([3]:
Al>2

In addition to providing necessary and sufficient conditions for the MLE to exist as a

tree with finite branch lengths, Theorem [J] also characterizes the ways that this can fail

to occur. As a result, this theorem provides insight into problems considered in [173] 3].

Before sketching the proof of Theorem [0 we give two examples to illustrate its use and

significance. In first example, we consider an application of Theorem [J] to a data point
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shown in [173] not to have an MLE with biologically plausible branch lengths.

Example 4. Suppose we are given data of the form

8 = (8(=1,1,—1)» S(=1,=1,41)» S(=1,41,1) - - - » S(+1,41,41)) = (17,5,27,5,16,5,19,6).

In [173], it was shown using algebraic methods that for this choice of data no maximum
likelihood estimate exists with branch lengths 6 = (61, 69,63) € (0,1)3, but instead that
the likelihood is maximized when one the branch length of leaf 2 goes to infinity (i.e.,

when 0y = 0). We verify this result by observing that

(17+5+1946) — (27 + 5+ 16+ 5)

Big = _—
12 100 0.06
1 2 — 1 1
313:(7—|— 7+54+6)—(5+5+16 + 9)20‘10
100
1 1 — 2 1
323:(7—1—54— 6—1—6)100(5—1— T+5+ 9):_0'12'

Since Bja, Bag < 0 and Bjg > 0, therefore B ¢ D and we conclude this data corresponds to
case of Theorem@ which implies that the log-likelihood is maximized when 61603 = 0.10
and 0y = 0, which agrees with the result in [173]. Indeed, up to our simplifying assumptions
and Theorem [J] characterizes all the ways that the likelihood estimate might be

maximized when one or more branch lengths tend to infinity.

In 3], an important connection was made between maximum likelihood and distance
matrix estimates on a 3-leaf tree under the Jukes-Cantor model of site substitution; in par-
ticular it was demonstrated through simulation that the failure of distance-based branch-
length estimates to satisfy the triangle inequality as well as nonnegativity constraints was
a good predictor of maximum likelihood failing to return a tree with biologically plausible

branch lengths. The distances considered in [3] for the Jukes-Cantor model are

3 4

This is standard Jukes-Cantor correction, which gives an estimate of distance, measured
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in expected number of mutations per site. In the setting of the CFN model considered

here, the analogous distance estimate is

1 _ 1
Dij = -3 log(1 —2M;;) = —§1Og(Bz'j)~

Modulo these changes to the distance formulas, required to account for the difference in
substitution model, the results in Theorem [J] coincide exactly with the predictions made in
that chapter [3, Table 1], providing them with a theoretical underpinning. An illustration

of this is given in the next example.

Example 5. Suppose
s =(21,12,9,8,7,11,17,15)

Then

(21 + 124 17+ 15) — (9 + 8+ 7 + 11)

B — = 0.3
12 100
21 11+ 15) — (12 1
313:( +9+114+15) — (124+8+ 7+ 7):0‘12
100
214+8+7+15)— (124+9+ 11+ 17
Bos = (21+8+7+ )10(§ 9+ 11 +17) =0.02.

According to the results in [3], the appropriate prediction for this data is that since the
distance estimates do not satisfy the triangle inequality, and specifically because Doy >
1312 + Dlg, it should follow that leaf 1 in the MLE will have a branch length of zero
expected mutations per site (or equivalently, #; = 1 in our notation).

Theorem [9] confirms this prediction. In this case By > 0 for all 4,5 € [3]. Since
Bi12B13 = 0.036 > 0.02 = Bas, it follows that B ¢ D, and hence the data falls into case

of Theorem [0l In the notation of Theorem [9, we have
By, :=min { By, B3, Baz} = Bas

which implies that 7; = (123). Theorem [J] case then implies that the likelihood is
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maximized when 6 = (91, 02, 93) = (1, Blg, Blg) = (1, 03, 012)

One takeaway from Theorem [9] illustrated in the previous example, is that it shows
how the maximum likelihood estimate obeys certain semialgebraic constraints (e.g., those
which define the set D), returning a tree with biologically plausible branch lengths only if
they are satisfied. This suggests that understanding the semialgebraic constraints satisfied
by phylogenetic models may prove to be an essential tool to understanding the sometimes

complex behavior of maximum likelihood estimation observed in phylogenetics.

5.2.3 Overview of the proof of Theorem [9]

Our proof of Theorem [9] considers separately two cases:
1. the interior case, i.e., the problem of maximizing ¢ over all § € (0,1)3, and
2. the boundary cases, corresponding to when 6 € 9(0,1)3.

We present only the interior case here (in Section , as this analysis is new and
will be required when we turn our focus to trees with four leaves. A complete proof of
Theorem [J] including consideration of all boundary cases, can be found in Appendix
In particular, for the boundary cases (found in the appendix), we follow the approach
taken by the authors of [3], who analyzed the maximum likelihood problem in the context
of the Jukes-Cantor model and obtained analytic solutions for all boundary cases for that
model by decomposing the boundary 9(0,1)? into 26 components, consisting of 8 vertices,
12 edges, and 6 faces, and maximizing ¢ on each of those individually. Our approach
is similar, though we group certain edges and faces together in those cases in which the

analysis is similar.

5.2.4 Maximizing the log-likelihood function on (0,1)?

In this subsection we consider the problem of maximizing Eq. (5.10) on the set (0,1)3.
This set corresponds to those trees whose branches are of finite and nonzero length, when

measured in expected number of mutations per site. Since (0, 1) is open, the existence of
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a local maximum is not guaranteed. The main result of this subsection gives, for generic
positive data, necessary and sufficient conditions for £ to have a local maximum in (0, 1)3,
and a formula if it exists; it also shows £ has at most one local maximum on (0, 1)3.

We begin with an important definition and a technical lemma.

Let ¢ : R3\{x : 217923 = 0} — C? be defined by

$(a1, 02, 23) == (\/xle % $2$3> : (5.22)

€3 ’ €2 ’ X1

Further, let ¢ be the restriction of QAS to D:

¢ = ¢|p.

The next lemma summarizes some useful properties of ¢

Lemma 41. The function ¢ : D — (0,1)3 is a continous bijection, with inverse function
¢~ :(0,1)2 = D given by

o~ Hy) = (Y12, V13, Y2y3)- (5.23)

Proof of Lemma[{d]. First, note that if x = (21,29, 23) € D then ¢(x) € (0,1) by defini-
tion of 5 and D. Moreover, since x1, xa, x3 # 0, whenever x = (z1,z2,x3) € D, it follows
that ¢ is continuous on D.

Next, to show that ¢ is injective, let z,Z € D such that ¢(x) = ¢(&). Let ¢1 and ¢
denote the first and second components of ¢ respectively. Then ¢1(z)pa(z) = ¢1(Z)p2(Z)
or equivalently, 2 = #2. Since x,% € (0,1)3, this implies 21 = 2. Similar arguments
show that xo = T2 and x3 = T3, and hence x = Z. Therefore ¢ is injective.

Next we show that ¢ is surjective. Let y € (0,1)3 be arbitrary. Then it is easy to see

that the point y' = (1,5, ¥3) := (Y12, ¥1¥3, y2y3) satisfies
Yiy; < Uk

for all choices of distinct 4, j, k € [3], and hence y' € D. Moreover, ¢(y') = y by definition
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of a Therefore ¢ is surjective and has inverse given by the formula ¢~1(y) = v/, which is

precisely the formula in Eq. (5.23]). O

We are now ready to state the main lemma of this subsection, which solves the problem
of maximizing ¢ on the set (0,1)3, or in other words, solves the maximum likelihood

problem for biologically plausible parameters.

Lemma 42 (MLE for 3 Leaf Tree — Interior Case). Assume that[A.1] and[A.Z hold. Let
z* := (Bi2, Bi3, B23)

and let

0% = d(*) = \/312313 \/312323 \/313323
Bys 'V Bz 'V B

If z* € D then 0* is the unique local mazimum of £ in (0,1)3 and has log-likelihood

o) = 54 log So — Nlog?2 (5.24)
a%;] @ (N)

Conversely, if x* ¢ D then £ has no local mazimum of on (0,1)3.

Proof of Lemma[{3 For ease of notation, we will write

|

_.
Il
3

g, S2:=S{1}, S3:=S5[2}, and 54 := S{1,2}- (525)

It follows by Eq. (5.10) and Eq. (5.17) that

€0 | s) = s1log (1 + 0102 + 0105 + 0203) + 52log (1 — 6162 — 0103 + 0203)
+ s3log (1 — 0105 + 6105 — 9293) + 54 log (1 + 0109 — 0163 — 9293) (526)

— N log8.

An initial attempt to compute the critical points of £(6) directly by taking the gradient of

¢ yields a polynomial system which is difficult to solve analytically, so instead we modify
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this approach by first considering a different function whose extrema are closely related
to those of £.

To define this function, first let Dr C R? be the intersection of half-spaces defined by
the following inequalities

l+r+y+2>0

l—-z—-—y4+2>0

(5.27)
l—-z4+y—2>0
l1+z—y—2>0
and let F': Dp — R be defined by
F(z,y,z) :=51log(l1+ax+y+2)+5log(l—z—y+2) (5.28)
5.28

+3s3log(l—xz+y—2)+34log(l+x—y—2)— Nlog8

The significance of F is owes to the observation that £ = F o ¢!, which is proved in

the next claim.

Claim 1: For all § € (0,1)3,
06) = F o '(0). (5.29)

Proof of Claim 1. Since domain of ¢ is (0,1)3, it follows from Lemma |41 and Egs. ([5.26))
and ([5.28) that Eq. (5.29)) holds provided that F is defined on the image of ¢~!. Therefore,
since im(¢~!) = D and dom(F) = Dp it will suffice to show that D C Dp.

Let u € D. Then by Lemma 41| there exists wy, wq, w3 € (0,1) such that

U = (w1w25 wi1wsg, w2w3)-
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To show that u € D, it suffices by Eq. (5.27) to show that

1+ wiwe + wiws + wowsz > 0
1 — wiwe — wiws + wowsz > 0
1 —wiwe + wiws — wowsz > 0

1+ wiwe — wiws — wows > 0.

The first of these four equations holds trivially. As for the other three, we will only prove
1+ wywe — wiwsg — wows > 0, as the other two inequalities can be proved in the same
manner. Let h(wi,ws) := 1+ wiw; — w; — wsy. Since wg < 1, it is sufficient to show that
h(wi,w2) > 0 on for all wy,wy € [0,1]. Indeed, using calculus it easy to see that h is
minimized when at least one of the arguments wi, wo equals zero, and that the minimum
is zero. Therefore 1 + wiwy — wiwz — wows > 0. We conclude that D C Dp, as required

to prove the claim. O

The next two claims serve to characterize the extrema of F.

Claim 2. The point z* = (B2, Bi3s, Ba3) is the unique critical point of F'.

Proof of Claim 2. 1t is first necessary to verify that z* is in the domain of F. To do this,
it will suffice to show that z* satisties the inequalities in Eq. (5.27]).

Using Eq. (5.20)) and the observation 51 + S3 + S3 + §4 = N, it is easy to check that

4
1+ Big + Bi3 + Bag = N§1
4
1 — Bia — Big+ Baz = N§2
) (5.30)
1— Big+ B3 — Bag = N§3
4
1+ Bio— Bi3 — Ba3 = =54

Therefore by it follows that =* = (B12, B13, Bas) satisfies the inequalities in Eq. (5.27]),
as required. Therefore z* is in the domain of F'.

We now proceed with a standard critical point calculation. Letting v; = (1,1,1)7,
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vy = (=1,-1,1)7, v3 = (—=1,1,-1)T, vy = (1,—1,—1)", and taking partial derivatives
of F' in Eq. (5.28)) with respect to the variables z,y and z, it follows that for all u =

(ZL‘,y, Z)T € DF,

A+ Ay — A3 — Ay
VF(u) = | A; — Ay + A3 — Aq| (5.31)
Ay — Ay — A3+ Ay

where
S;

A= ———
’ 1+viTu

, foreachi=1,2,3,4. (5.32)

Setting VF = 0 and using Eq. (5.31)), we deduce that the following system of equations
holds:

Al—AQZO
Ay — A3 =0
A3 — Ay =0.

Substituting the formulas for the A;’s from Eq. (5.32)) and rearranging terms, we obtain

Writing this out, this is the matrix equation

81— 84 —(51 + 54) —(51 + 54) So — 81
—(S4+83)  S4+ 53 53— 584 | U= [53— 352
S2 — 53 — (53 + 52) S3 + S2 S4 — 53

Using the fact that 51 + 59+ S34+ 54 = NV, one can check that the 3 x 3 matrix in the above
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equation has inverse

_ B3+52 _ (51+54)(53+52) 51434
S4 5483 83
1 o I o
| _8a+352 5453—35152 _ 81483
2N 54 5453 33
__54+53 85482—5183 841433
S4 5453 53
Therefore
_ 83+52 o (§1+§4)(§3+§2) _ 51154 54— 3
51 5453 33 4 1
1 o o o
U= — | _54+52 5483—38152 _51+53 G0 — T
2N 84 8433 S3 §3 — 84
_ 84183 5452—5183 544353 s _ =
84 5453 53 527 53

§1 —S2—S3+ 84

1 — —_ —_ —_
— X7 | S1 — S S3 — 8§
N |5 2+ 53 4

S§1+ S2 — 83 — 54

By Eq. (5.20)), the right-hand side is precisely the vector (Bia, B3, B23) ', and therefore
we conclude that 2* = (B2, B13, Bog) is the unique critical point of F' on its domain P.

This completes the proof of the claim. O
Let Hr denote the Hessian matrix of F'; that is,

9’°F  9*°F  0°F
Oz2 Oz0y Oxdz

.— | O°F  9’°F 9°F
HF: 0yozx Oy? 0yoz
9’°F  9*°F  0°F

0z0x 020y 0z2

It is clear that F' is twice-differentiable on its domain, so Hr(z) is defined for all z € Dp.

Claim 3. Hp(z*) is negative definite.

Proof of Claim 3. Since Hp(x*) is a real symmetric matrix, it will suffice to show that its
eigenvalues are all negative, as this will imply that Hp(z*) is negative definite.
We first compute the characteristic polynomial of Hr using the following Julia (v1.8.5)

code:
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using HomotopyContinuation, LinearAlgebra

Qvar x y z A c[1:4] t[1:4]

v = [l+x+y+z,1-x-y+z,1-x+y-2z,1+x-y-z] # dummy variable
logl = c’log.(v) # the log-likelihood (up to a constant)
H = differentiate(differentiate(logL,[x,y,2z]),[x,y,2])"’
P_char = det (A*I-H)

P_simplified = expand(subs(P_char,v=>t))

The result of this code gives

Popar(N) = det (M — A)

3 2 Si 5iS; Si
=A"+3A <§ 2>+8/\ > or +16§:<Ht2>,
i=1 1<i<j<4 73 aC[d]: \i€a ¢
|a|=3

~~

where t1=14z+y+z,to=1—-zx—y+z,t3=1—-x4+y—2z,t4=14+x—y— 2, and
51,52, §3, 54 are defined in Eq. (5.25).

We need to show that P, has only negative roots, as this will imply that all three
eigenvalues of Hp are negative, and hence that Hp(x*) is negative definite. Since Hp is
a real symmetric matrix, the roots of P, are all real numbers, and therefore it will be
enough to show that P, has no nonnegative roots. Indeed, since all the coefficients of
Pe.par are positive, Decartes’ rule of signs implies that P, has no positive roots. Moreover
since (51, 82, 83, 54) # (0,0,0,0) by the constant term in P, is nonzero, and hence
Par(0) # 0 as well. We conclude that P, has no nonnegative roots, as required to

prove the claim. O

Using the results of the previous three claims, the next two claims will together char-
acterize the local maxima of £ on (0, 1)3.

Claim 4: If 2* € D then 0* € (0,1)% and 6* is a local maximum of /.

Proof of Claim 4. Observe that F and ¢! are both differentiable on their respective

domains. Therefore if 6 € (0,1)? and z = ¢~1(f), then using the chain rule to differentiate



224

Eq. gives
VUO) = VF(x) - Jy-1(0). (5.33)

Suppose z* € D. Then by Lemma 0* = ¢(z*) € (0,1)3 and z* = ¢~1(6*). Therefore

Eq. implies
VLO) = VF(z") - Js-1(67).

By Claim 2, z* is a critical point of F, i.e., VF(2*) = 0. Therefore
V(o) = 0.

This shows that 6* is a critical point of £.

Next we show that 6* is a local maximum of /. Since ¢ = F o ¢! by Eq. , and
since F' and ¢! are both twice differentiable on their respective domains, therefore it
follows by the chain rule for Hessian matrices (see, e.g., [185, p.125-126]), that ¢ is also

twice differentiable and has Hessian matrix

3
Hil6) = (7,200 () T2 (60)+ 3 () ) (o, 6)

=1
where
(6"H)1(0) :== 0102, (¢ 1)2(0) := 61605, and (¢ 1)3(0) := h03

for all # € (0,1). Since z* is a critical point of F' due to Claim 2, we have %(z*) =0 for

each i = 1,2,3. Therefore
H(0%) = (Jp-1(6%) " (Hp(2")) J5-1(67).

Since Hp(x*) is a negative definite matrix by Claim 3, and since det J4,-1(6*) # 0 by
Eq. (5.34), we conclude that Hy(6*) and Hp(z*) are similar matrices, and hence Hy(6*) is
negative definite as well. Therefore by the second derivative test (see, e.g., |185, Theorem

4, p.140]), the point 6* is a local maximum of ¢. This completes the proof of the claim. [
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Proof of Claim 5. Let 6 € (0,1)3 be a local maximum of ¢ and let z = ¢~!(#). Since 0 a

critical point, Eq. (5.33) implies
0=VF(z)- Jy-1(0).

Since

Oy 63 0
det J¢71 (9) =160, 0 63 = —26016505 7é 0,

0 60, 60

it follows that J,-1(0) is nonsingular, and hence

VF(x)=0.

(5.34)

Therefore x is a critical point of F. Since the only critical point of F' is * by Claim 3, it

follows that « = z*. Since x € D by Lemma this implies that * € D. Therefore

0= o¢(x) by definition of x
= ¢(z¥) since z* =z € D
=0" by definition of 6*.

This completes the proof of the claim.

O

We can now use Claims 4 and 5 to prove the theorem. If * € D then Claims 4 and 5

imply that #* is the unique local maxium in (0,1)3. On other other hand, if z* ¢ D, then

the contraposition of Claim 5 implies £ has no local maximum in (0,1)3. This proves the

first part of the theorem; it remains only to prove Eq. (5.24)).

Indeed, if z* € D then since 0* = ¢(Bi2, B13, Ba3), it follows by definition of ¢ that

0:0° = By;

(5.35)
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for all 4, j € [3] such that ¢ < j. Plugging Eq. (5.35) into Eq. (5.30)),

L4 0105 + 0705 + 0305 — %gl
1 — 0705 — 6705 + 0565 — %52
L= 0305 + 0305 — 0305 — %gg
L0105 — 0305 — 0305 = 5

Therefore by Eq. ((5.26)),
4 s
0e*) = E;Ei log (ﬁ) — Nlog2,
1=

which is precisely Eq. (5.24]). This completes the proof of the lemma. O

5.3 An Exact Algorithm for the 4-Leaf MLE Problem

We now turn to the case of 4-leaf phylogenetic trees. There has been substantial interest in
direct computation of ML points for site substitution models on 4-leaf trees [162, 156, 161}
3]. In [156], the authors use Hadamard conjugation and techniques similar to those utilized
in the proof of Lemma [42| to compute an analytic formula for the ML point of a four-leaf
tree with balanced topology under the molecular clock assumption. In that paper the
authors also demonstrated that, even under the simplifying assumption of the molecular
clock, the solutions to the critical equations admit no general closed form analytic formula
(i.e. expressed using radicals of the data).

In this section, we do the next best thing, which is to present an algorithm to compute
the MLE for a 4-leaf phylogenetic tree under the CFN model with arbitrary substitution

probabilities, and a proof of the correctness of this algorithm.
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5.3.1 Statement of the 4-Leaf Maximum Likelihood Problem

We make two assumptions about the data, which are analogous to the assumptions

and made for the 3-leaf case. These assumptions are:

A.3 5, >0 forall a C [3].

A4 Blg, Blg, Bl4, ng, BQ4 and Bg4 are nonzero and distinct.
The problem we seek to solve is the following.

Problem 1 (Global 4-leaf maximum likelihood problem). Given data

6
S = (SU)O'E{—17+1}4 S R]-ZO

with Zoe{_l 41yt So = N € Zsq satisfying assumptions and mazximize the

function

U7,0) ==Y 8alogPa(T,0) — Nlog?2 (5.36)
aC[3]

over all T € {12|34,13|23,23|14} and all 6 € [0, 1]°.

There are important complications which arise when moving from the 3-leaf to the
4-leaf MLE problem. An unrooted phylogenetic [3]-tree has only three edge parameters
01,62,03 € [0,1] and only one possible unrooted topology (shown in Fig. . Therefore
the space of phylogenetic [3]-trees may be identified with the unit cube [0, 1]3. In the proof
of Theorem [9] the consideration of boundary cases (i.e. those trees in which ¢; € {0,1}
for one or more i € [3]) corresponded neatly to the boundary of [0,1]2. With the goal of
maximizing £(0) over [0,1]3, the approach that was used in the proof of Theorem |§| was
to maximize £ on the interior of the cube, and then on the interiors of its faces and edges,
and finally evaluating ¢ on the vertices of the cube. This was essentially what was done
in the proof of Theorem [0 albeit with certain boundary cases grouped together when the
analysis was similar.

In the 4-leaf case, where the goal is to maximize ¢ on all phylogenetic [4]-trees, we seek

to apply a similar approach, however the geometry of the boundary cases is significantly
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more cumbersome than the boundary of the unit cube. Specifically, a phylogenetic [4]-tree
has 5 edge parameters 6,...,05 € [0,1] (with 60y,...,604 corresponding to leaves 1,...,4,
and 05 to the internal edge) and three possible quartet topologies 12|34, 13|23, and 23|14.
Therefore the space of phylogenetic [4]-trees can be regarded as three disjoint copies of
the 5-dimensional unit cube [0, 1]5.

The boundary cases for the four-leaf case thus correspond to union of the boundaries
of three disjoint 5-dimensional hypercubes. As a result, the boundary cases are far more
numerous (e.g., for each fixed quartet topology, there are 35 — 1 = 242 ways that one or
more elements of {61,...,05} equals zero or one). Because of this, we will introduce a
general framework which allows us to group together those boundary cases which require
similar analyses (i.e. the notion of “reduced topologies” described below).

Before introducing that framework, we highlight another issue, which is that in many
of the boundary cases which must be considered, the goal of recovering the full vector
0 = (61,...,05) of Hadamard parameters and even the quartet topology of T is not
possible, as such parameters are in general not identifiable. This issue arose in the consid-
eration of boundary cases in the proof of Theorem |§| (see Remark , however was limited
to nonidentifiability of the edge parameters. In the 4-leaf case, not only the numerical
parameters, but also the quartet topology may not be identifiable, as illustrated in the

following example.

Example 6 (Non-identifiability in 4-leaf case). Consider the boundary case consisting of
phylogenetic [4]-trees with topology 12|34 and Hadamard edge parameters 6 = (61, ..., 605)
such that 6, = 0 and 61, 02,0505 € (0,1). This “tree” is shown in Fig. m (on the left).
The issues that arise in this example are that, given 64 = 0 and 7 = 12|34, the param-
eters 03 and 05 are not independently identifiable, and in addition, the fact that 84 = 0
implies that the topology 12|34 cannot be recovered from the data either, as we now ex-
plain. By Lemma (X1, X9, X3) L X4, and consequently (e.g., using Proposition
one can show that (a) the distribution of X does not depend on the the numerical pa-

rameters 03 and 65 individually but only on their product 0365, so #3 and 05 cannot be
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recovered from the distribution of X, and (b) the topology 12|34 cannot be recovered from
the distribution of X; this is because the same distribution for X can be attained by any
phylogenetic [4]-tree T with edge parameters § = (01,...,05) € [0,1]° satisfying any one

of three following conditions:
(i.) T has topology 12|34 and 0; = 0y, 62 = 6, 03 = 0305, and 0, =0
(ii.) T has topology 13|24 and 6, = 0y, Oy = 0505, O3 = 03, and 65 = 0
(iii.) T has topology 23|14, and 61 = 6105, Oy = 05, B3 = 05, and 04 = 0.

To resolve this situation, we reduce the problem by suppressing the degree 2 internal
node, and then combining the parameters #3 and 05 into a single parameter ég, which
results in the the second graphical model shown in Fig. (right). We then content
ourselves with obtaining the parameters § = (6y,60,603) € (0,1)® which maximize the
likelihood, with the understanding that this corresponds to a continuum of phylogenetic
[4]-trees (specifically all phylogenetic [4]-trees satisfying conditions or . The
distribution of X is the same under all of these trees; it is the distribution obtained by
running the CFN substitution model independently on the disconnected components of
the graph shown in the right of Fig. The procedure we used to obtain the graph on
the right was to “reduce” the tree by suppressing the internal node and combining the
parameters 03 and 65 into one ég. The reduction step shown here is an example of a more
general reduction framework, which we which we introduce next.

1 o4
01 "

o4

0o

Figure 5.3: Example of a tree with non-identifiable parameters when 64, = 0 (left). A
reduced version, in which the internal node of degree two is suppressed, is shown on right.
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5.3.2 Reduction Framework

Here we introduce a notion of topological reduction to filter out parameters which cannot
be recovered in cases like that shown in Fig. and which importantly will allow us to
simplify the analysis of 4-leaf boundary cases to manageable number of distinct cases. Let
T be an unrooted phylogenetic [n]-tree. Note that this implies that all leaf nodes of T" are
labeled and all internal nodes of T" are unlabeled. Let G(T') be the graphical model, with
associated edge parameters, obtained by Algorithm

One important purpose of Algorithm [I)is that it re-parameterizes the branch lengths in
terms identifiable combinations, or identifiable functions of the numerical parameters
[186]. Example@provides an example of this, as in that example the numerical parameters
05 and 05 cannot be recovered from the distribution of X, but their product 65 = 0365 can

be.

Algorithm 1: Reduction Algorithm
Input: A phylogenetic [n]-tree with unrooted topology 7 and Hadamard branch
lengths 6 € [0,1]2"73.
Output: A graph G(7T) consisting of n. disjoint semi-labelled trees T1,...,T,
each having Hadamard branch lengths in (0, 1).

c

1 Delete all e € E(T) such that 6, = 0.

2 Delete all components not containing a labelled vertex.

3 If e = {u,v} € E(T) such that 6, = 1, then contract e and assign to the new,
single vertex the labels of both u and v.

4 Recursively delete each unlabeled degree 1 vertex and its incident edge.

5 For each unlabelled vertex v of degree 2 with incident edges {v,u} and {v,a},

suppress v and assign to the new edge {u, @} the numerical parameter 00,1 000,a)

The next lemma shows that the output of Algorithm [1}is a well-defined forest of edge-

weighted semi-labelled trees, and that the distribution of X is invariant under reduction.

Lemma 43 (Reduction properties). For every unrooted phylogenetic [n]-tree T, the out-
put G(T) of Algorithm (1] is well-defined and consists of a collection of n. disconnected
components Ti,...,T,,. satisfying the property that for all i € [n.] there exists A; C [n]

such that

(i.) the collection {Ay,..., An.} is a partition of [n], and
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(ii.) for alli € [ng|, T; is a semi-labelled tree on A;.

In addition, under the CFN substitution model, the distribution at the labeled nodes of

G(T) is the same as the distribution at the leaves of T

Proof. The sets Aj,..., Ay, are determined by Step 1 of the algorithm, in which the
deletion of edges breaks 1" into ¢ uniquely determined disjoint components. Moreover, in
the remaining steps of the algorithm labels are never deleted but only (possibly) reassigned
within each component. This proves

The components obtained in Step 1 corresponding to Aj,..., A, are obtained by
deletion of edges, and therefore are trees. In the remaining steps these trees are subject
to contraction of edges, deletion of pendant edges, and suppression of degree 2 vertices;
these operations preserve treelikeness. Moreover, Steps 2, 4 and 5 result in the deletion or
suppression of all vertices of degree less than 2. This proves

It remains to prove that the distribution is unchanged by Algorithm (1| Let (6.).c E(T)
denote the Hadamard edge parameters of T and denote the edge parameters of G(T') by
(ée)eeE(G(T)). As usual, let X = (X3,...,X,) be the nucleotide states observed at the
labeled vertices 1,...,n, such that X; is the state at vertex with label ¢, and let IP be the
distribution of X under the CFN process on 7. Denote by Pg(7) the distribution of X
under the CFN process run independently on the components of G(T"). We need to show

that for all o € {—1,+1}",
PG(T) [X:O'] :IP[X:U]

The key is to observe that if j € [n.], and B C A; such that |B|= 0 (mod 2), then

I é= ]I ¢ (5.37)

e€P(G(T),B) e€P(T,B)

Therefore by Proposition [3]

PG(T) [Xz =og; for alli € AJ] =P [Xz =g; for alli € AJ]
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Therefore by independence of the components of G(T),
]PG(T) [X = 0'] = H]P)G(T) [Xz =0;:1€ AJ]
j=1

Therefore by Eq. (5.37) and by
Por) [X = o] = HP[XZ‘ = o; for all i € Aj]
j=1

=P[X =0]

where the second equality is justified by Lemma Since o € {—1+ 1}" was arbitrary,

it follows that Pgr) < P. O

Definition 5 (Reduced Topology). The reduced topology of T is the multiset
YR(T) :=[X(T;) : i € n,]

where X(T;) is the set of edge splits of T;; if T; consists of a single node, then %(T;) = 0.

Definition [5| generalizes the notion of a split system to a collection of disjoint semi-
labeled trees. A reduced topology r is regarded as a graph consisting of |r| disconnected
components whose edges are determined by their respective split systems. The edges in r
are denoted F(r). For lack of a better name, the pair (r, 0), where 0 = (0¢).cg(r) is referred
to a as a reduced tree (though it need not be a tree). The output of Algorithm [1]is a
reduced tree.

The necessity of using a multiset in Definition [fis to allow for repeated instances of the
empty set, which correspond to disconnected labeled singleton vertices; this is illustrated

in the following example.

Example 7 (3-leaf reduced topologies). If T is a [3]-tree with 61,02 € (0,1), and 03 = 1,
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then the reduced topology of T is

Yr(T) = [{1/23,2[13}]

On the other hand, if ; = 0, 62603 € (0,1), then the reduced topology is

Er(T) = [{213},9].

More generally, it is not too difficult to enumerate all of the reduced topologies which
can be obtained from a phylogenetic [3]-tree. If T' is a phylogenetic [3]-tree with Hadamard
edge parameters 61,609,605 € [0, 1], then Xg(T') is an element of one of the following seven
equivalence classes, with the corresponding graphical model shown. Note that in this

example, when writing a split A|B, we do not require A C [2].

1. Sr(T) = [{1]23,2[13,12|3}]

2. ¥r(T) € {[{iljk, klij}] - 4,4,k € {1,2,3} pairwise distinct}

3. Sr(T) € {[{i|j},0] : 4,7 € [3],i # 5}
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5. 3r(T) € {[{ij|k}] : i, 4, k € [3] pairwise distinct}

Z,]o—ok

[ SN

3k

In Theorem [J] we showed that the MLE for the 3-leaf case always has reduced topology
of the form , , , or . Actually, this fact is utterly trivial under assumption
If ¥r(T) contains a node with more than one distinct label, say ¢ and j, then then
P[X; = X;] = 1, and as such the likelihood of observing data with a site pattern o such
that o; # o; is zero. It follows that T is a phylogenetic [3]-tree with ¥ (7)) in one of

the equivalence classes shown in , @ or , then the likelihood of T is zero by the

assumption given in

Finite vs Infinite Branch Models

Another useful distinction is between models corresponding to trees with finite branch

lengths and models corresponding to trees with one or more infinitely long branches.
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To make this precise, let p(0,7) = (pa(0, 7)acj3) € A7 be the distribution of X under
the CFN model on with phylogenetic [4]-tree parameter T = (6, 7), where 6 € [0,5] is a
vector of Hadamard branch lengths and 7 is the unrooted topology of the tree. We regard
the 4-leaf CFN model as the set

Mern = Migjza U Migps U Mg
where Myg34, Migj24, and Magppy are defined in Eq. (5.8)). Define

Mipm = U ﬂ Bio N McpN.

BC[5]i€B

where

Bi’() = {p(T) : 91 = 0} .

We refer to elements of Migy as infinite branch models as they correspond to phylo-
genetic trees possessing one or more branches which are “infinitely long” when measured
in evolutionary distance (i.e. expected number of mutations per site). As demonstrated in
Lemma under an infinite branch model, the entries of the vector X = (Xi,...,X4) are
partitioned into two or more independent sets. Under the reduction framework presented

here, such trees are (more properly) regarded as a union of disconnected trees, since
My = {p(T) : [E(T)[> 0} .
By contrast, we regard the finite branch models as the elements of the set
Mgy = Mepn N (Misu)© = {p(0,7) : 0 € (0,1]°} = {p(T) : |Er(T)|= 1}.

While consideration of infinite branch models adds complexity to this problem (e.g.
the issue of nonidentifiability discussed in Example @, we hope that understanding the

behavior of the maximum likelihood estimate on the infinite branch models may help to
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provide insights into the ways that maximum likelihood can fail on trees with one or more
very long branch lengths.

The next lemma, a consequence of Theorem |8 shows that this problem of nonidenti-
fiable branch lengths does not arise when considering only distributions in Mggum, a fact
proved in |167]. The adaptation stated here gives an explicit formula for recovering the

branch lengths 61, ..., 05 from a probability distribution p on these models.

Lemma 44 (Identifiability of Edge Parameters). For each 7 € {1234, 13|24,23|14} , the

function W, : (0,1]> — Az C C* given by 6 — p(0,7) has inverse
-1
=1, o H3,

where Hs is the 8 x 8 Hadamard matrixz defined by Eq. (5.12)) and
x4:z6 $3x4 x5:z7 r3x5 [T3T6
P1gp3a (@ )
ird I8
$2=’E6 $3=’E4 TeT7 [T3T5 [ TaTs
1/}13|23 ) )
Tq T Ty
x2x6 x3x7 r5X7 T2Xs5 T4
¢Q3H4 ) ) .
z3 Ze zs

Moreover, if T is the star toplogy, then

qj;*l = wT* o H3

where Y7+ may be taken to be V19134, V13124, 0T Yo3)14-

Proof. Tt will suffice to consider the case in which 7 = 12|34, as the other cases are similar.

Let 6 € (0,1]° and let 7 := (V4 )qac3), where

%ZeGE(T) logh., : a=10
Ya =94 —31logb, : e induces the split a|[n]\«

0 : else
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Therefore by Theorem

and hence by Eq. (5.14)

1
010405
020,405
- 0102
H3p(0) = exp . (H37) =

0364
01005

620305

0102030,

In particular, this equation implies that (Hsp(f)); > 0 for all i. It is easy to check that

6 = v1934(H3p). This proves the lemma. O

Four-leaf reduced topologies

Next we apply the reduction framework introduced in Section to the study of 4-leaf
trees. Consideration of reduced topologies considerably simplifies the number of boundary
cases to consider when computing the maximum likelihood estimate. There are 10 classes
of reduced topologies which correspond to phylogenetic [4]-trees with nonzero likelihoods,
as we discuss below. We list them here, in descending order of the number of edges on the

reduced topology.

(R1) Binary quartets:

Ry = {[{ij|kl,i|gkl, k|ijl, j|ikl,ijk|l}] : i, 4, k,1 € [4] pairwise distinct}
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There are three distinct elements of Ry, corresponding to the three unrooted 4-leaft
tree topologies. Observe that that Yg(T) € Ry if and only if 6. € (0,1)5 for all

e € E(T).

(Rg2) Star tree:
Ry := {[{1]234,2|134, 3[124, 123|4}]}
1 3

R has only one element. Note that Xg(7) € Ry if and only if 5 = 1 and

917627 937 94 S (07 1)

(R3) Y-shaped tree:

Ry = {[{uj|kl, ikl k|ijl,l|ijk}] : i,7,k, 1 € [4] pairwise distinct}

Note that Ygr(T) € Rz exactly when 0; = 1,0 jy,0;,0k,0; € (0,1) for some choice
of pairwise distinct i, j, &k, € [4]. There are 12 distinct elements of R3, as swapping

the labels k and [ does not change g (7).

(Ry4) Claw:
Ry = {[{jlikl, k|igl, l|ijk}] : 4,4, k, 1 € [4] pairwise distinct}
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There are 4 elements of Ry. Note that Yg(7) € Ry if and only if there is some
choice of pairwise distinct 4, j, k,1 € [4] such that §; = 65 = 1 and 6; € (0,1) for all

j € [4\{i,5}.

(Rs5) Line:
Rs := {[{ij|kl, jlikl,l)ijk}] : 4,4, k, 1 € [4] pairwise distinct}

Note that Rs has 12 elements. Moreover, ¥g(T") € Rj; if and only if for some
choice of pairwise distinct i, 7, k,l € [4], T has topology ij|kl with 6;,0;, = 1 and
05,9j,0k S (0, 1).

(R¢) Infinite {k}-branch model:

Re = {[{Jj|Kkl, k|jl,ljk},0] : 4,4, k,1 € [4] pairwise distinct}

Rg consists of four elements, which we abbreviate IBM(k), k € [4]. Note that

YRr(T) € Rg if and only if there exists a k € [4] such that 0, = 0 and

IT o6<,1)

ecP(T,A)
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for all A C [4]\{k}.

Degenerate IBM (k)

Ry = {[{ij|l,i|jl},0] : 4, 4, k, 1 € [4] pairwise distinct}

o/

Ry contains 12 distinct elements. For a 4-leaf tree T' with topology ij|kl, it holds that
Yr(T) € Ry if and only if there exists a choice of pairwise distinct i, j, k, 1 € [4] such
that T has topology ij|kl, that 65 = 0 and that one of the following two conditions
hold:

° 9]' =1 and 6;,0,05 € (0, 1),

e §,=05=1 and Hi,ﬁj € (0,1).

Infinite {4, j}-branch model

Rg = {[{k|l},{ilj}] : 4,7, k,1 € [4] pairwise distinct}

Rg has three distinct elements: [1]2,3|4], [1|3,2]4], and [1|4,2]3]. Note Xr(T") € Rg
if and only if for some choice of pairwise distinct 4, j, k, 1 € [4], T has topology ij|kl
with 05 = 0 and 92'9]', 0.0, € (0, 1)

(Rg) Infinite {i}, {j}-branch model (IBM(i, j))

Ry = {[{k|l},0,0] : k,l € [4],k # 1}
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1@ k

Ry consists of 6 elements. ¥g(7') if and only if there exists a pair 4,7 such that for

all A C [4] with |A|= 2, the following condition holds:

[I 6. =0if and only if {i,j} N A#0.
ecP(T,A)

(R10) Full independence model:

RlO = {[@, @, @7 @]}
i ok
je o]

Note that Ygr(7) = [0,0,0,0] if and only if [[.cp(y4)0e = 0 for all A C [4]. In
this case, Lemma |[40|implies that the random variables X71,..., X4 A nif {-1,+1}.

Hence the log-likelihood of any data s on a tree with g (7)) = [0,0, 0, 0] is
{(p(Er(T),0)) = —N log 16.
for all 6.

5.3.3 Restatement of the 4-leaf MLE problem

In addition to the reduced topology classes listed in the previous section, there are a
number of others (listed in Appendix [A.3)), all of which correspond to graphs containing a
vertex with more than one label; as noted in Example [7], such graphs correspond to trees

with likelihood zero due to assumption Therefore to maximize £(0) over 6 € [0, 1]*,
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it suffices to maximize ¢ over the set of reduced trees with reduced topologies in
R = {Rl,...,Rlo}.

In light of this observation, we can restate Problem [I]in a manner which is much easier

to work with. For each r € R; with i € [10], define

15(7“7 9) = (ﬁa(r7 9))a§[3]

where p,(r,6) is the probability that X = ¢ under the CFN process on a graph with

topology 7 and Hadamard branch parameters (6c)ccp(r)-

Remark 5 (Notation). If r € Ry U Rz, then r is a binary or star tree, and hence p(r,0) =
p(r,0); in that case, we will use p and p,, rather than p and po in order to stay consistent

with the notation introduced Section[5.1.9

With this definition in hand, the global 4-leaf maximum likelihood problem can be

reformulated as follows.

Problem 2 (Global 4-leaf maximum likelihood problem: reduced version). Given data

16
S = (So)ae{—1,+1}4 € Ry

with Zae{_l 414 80 = N € Z~q satisfying assumptions and mazimize the

function

((r,0) :=") _ 5alogfa(r,0) — Nlog?2 (5.38)
aC[3]

over allT € Ry U---U Ryg and all 0 = (6c)ecp(r) € (0,1)EL

~

Solving this problem yields a solution to Problem (1} since if (7, 6) is a maximizer of

Eq. (5.38]), one can use the discussion in Section to recover the set of all phylogenetic

-~

[4]-trees which are mapped by the reduction algorithm to (7, 6). Moreover if T' is a phylo-

genetic [4]-tree with topology 7 € {12|34, 13|23, 23|14} and Hadamard branch parameters
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6 € [0,1]% such that (7,0) is the reduced tree of T, then since likelihoods are invariant
under reduction by Lemma it follows that 7' = (7,0) is a maximizer of Eq. (5.36]).

To solve Problem we break it into a number of smaller problems, maximizing

Eq. (5.38) on each of the elements of Ry U...U Rjg individually:

Problem 3 (Maximize the log-likelihood for fixed r € R;.). Fiz r € R; for some i € [10].

Find all local mazima of Eq. l) over all 0 = (0c)cer ) € (0, 1)IEMI

5.3.4 Solutions to relevant subproblems

In this section, we solve Problem |3| forr € RiU...U Ryp.

Closed-form solutions for R3,..., Rig

The next proposition shows that when r € R3U. ..U Ry, a closed-form solution exists to

Problem Bl

Proposition 4 (Existence of closed-form solutions: 4-Leaf Boundary Cases). Fiz r € R;
for some i € {3,...,10}, and assume that the data s satisfies assumptions (md
hold. Then Problem [3 has a closed-form algebraic solution. Specifically, the function
0 — L(r,0) has at most one local maximum; if this mazimum exists, it has a unique
mazimizer 0 = (é\e)eEE(r) € (0, )/EDN such that for each e € E(r), the Hadamard branch

parameter 56 can be written as a closed-form expression (possibly involving radicals) of the

data.

Proof. The proof consists of considering each case Rs, ..., Rig separately, and comput-
ing the numerical parameters which maximimze 6 +— ¢(r, ) using calculus. This is the
content of Lemmas [55] to found in the Appendix [A-4] which provide formulas for the

maximizers; in each case, the maximizer is an algebraic expression of the data. O
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Solutions for R;, Ry using numerical algebraic geometry

In this section we describe the techniques used to maximize 6 — £(r,0) when r € Ry U Rs.

This section is based on algorithms developed in [183]|182, |173]. Here we use the notation

(81,-++,58) =8 = (5a)acyy

and

(ph s apg) =p= (pa)a§[3] :

Using this notation, as a function of the probability coordinates p1, ..., ps, log-likelihood

can be expressed as
8

Lp) = Z silogp; — N log 2. (5.39)
i=1

The problem is to maximize ¢ subject to constraints which are the phylogenetic invariants
depending on the topology of T, i.e., those shown in Eq. , as these generate the
phylogenetic ideal. We solve this problem by using the method of Lagrange multipliers to
obtain a polynomial system which can be solved numerically with homotopy continuation.

Case 1. (Binary trees). Here we consider the case where r € Ry, so that r is a binary
quartet tree with topology 7 € {12|34, 13|24, 23|14}. As stated in Problem [3| the goal is
to find all vectors of Hadamard parameters 6 € (0,1)% which maximize Eq. . This is
can be accomplished by first finding all maximizers of Eq. in Z, using the method
of Lagrange multipliers, and then recovering the corresponding 6 with Lemma 4] This
procedured is described as follows.

Let iy, giy, and gi, be the three generators of Z, shown in Eq. (5.16]). Let

g = (Girs Gin» Gis)

and let A = (A1, A2, A3) | where the )\;’s are the Lagrange multipliers. Then the Lagrangian
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takes the form

8
L= silog(pi) +8(p1,---,ps) A (5.40)
=1

Let Jg = Jg(p1,...,ps) denote the Jacobian of g with respect to pi,...,ps. Taking the
partial derivatives of Eq. (5.40]) with respect to the variables p1, ..., ps, A1, A2, A3, we obtain
the system of (rational) equations

VoL =0,

which written out is
diag<81,...,88> +IIA=0
yat bs

g(p1,...,ps) =0.

Multiplying by the matrix A, := diag(pi, ..., ps) to clear the p;’s from the denominators,

gives the polynomial system

S+A,JA=0
e (5.41)

g(p17' "apS) =0.

The solutions to Eq. correspond to the critical points of ¢ on V., so if a local
maximum exists it must satisfy Eq. .

For generic data, the system Eq. has finitely many complex solutions; this
number is is the maximum likelihood degree, and for the CFN model considered
here is known to be 14 for the binary quartet topologies and 92 for the star tree [187].
Since Eq. is a polynomial system, we can use numerical homotopy continuation to
compute its solutions; for this purpose we use parameter homotopy implemented in the
Julia package HomotopyContinuation, which also allows for certification of the solutions
and refinement of the solution set to arbitrary accuracy using Newton’s method [188].

This method provides theoretically correct solutions to polynomial systems given generic
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data [173]. Thus, for generic data, we obtain finite solution set

Cpr:={p € A7 :pis a critical point of Eq. (5.41])}

which contains the any maximizer(s) of p — ¢(p) on V. N A7. By Lemma {44} each element
in Cpax corresponds to a unique assignment of edge parameters 01,...,05 € R on a 4-leaf
tree with topology 7, and these can be obtained by applying ®-! to the elements of Cy.
While it is possible to test the remaining critical points to determine if they are local
maxima (e.g., using the bordered determinental criterion |185, p.155]), doing so is not
necessary. Rather, it is sufficient to note that if there exists an assignment of Hadamard
branch parameters 61,...,60;5 € (0,1) to the edges of g which maximizes 6 — ¢(g, ), then
it is contained in the set

Cor :=im® 1[C, ] N (0,1)3 (5.42)

Case 2. (Star Tree). If ¥g(T") € Ra, then by Eq. (5.16), Zstar = (90, 91, 92, g3), SO we

perform the same procedure as in Case 1, but with constraints gg, g1, g2 and gs.

Remark 6. Since Eq. is a polynomial in 01, ...,05, it is possible to use homotopy
continuation to solve a polynomial system in the branch lengths 01, ...,05 directly; how-
ever the method detailed here, of first finding the probability coordinates p1,...,ps which
mazimize ¢ and then recovering the branch lengths using the formulas from Lemma[{{] is

substantially faster.

5.3.5 Main Result: Statement of Algorithm and Proof of Correctness

We are now ready to state the main result of this section, an algorithm for solving Prob-
lem [2|and a proof of its correctness. For generic (i.e. almost all) data, Algorithm |2/ returns
the theoretically correct solution to Problem By the discussion in Section this
also yields a solution to Problem

Most of the work for proving the correctness of Algorithm [2 has already been done,

and the result is summarized here in the following theorem:
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Theorem 10 (Correctness of Algorithm . There ezists a generic subset S C RS such

that for all s € S, Algorithm @ returns all reduced trees mazimizing Eq. (5.38]).

Proof. Let (r*,6*) be a global maximizer of Eq. (5.38).

If r* € Ry U Ry, then p* := (Pa(r*,0%))acys) is a global maximizer of Eq. , and
therefore by the work in Section m there is a generic set S C R1>60 such that if s € S,
then the set defined in Eq. obtained via numerical algebraic geometry contains
(r*,0%). Therefore (r*,0*) € C by Step 2.

On the other hand, suppose r* € R3U---U Ryg. Let

S:=5n{secRl: H (Bij — Br) # 0
i,j,k,1€[4] pairwise distinct :(4,7)7(k,l)
If s € S then both assumptions and are satisfied, and therefore Step 3 returns
the correct local maxima for all cases where r € R3U---U Ry by Proposition 4 Therefore
(r*,0%) € C by Step 3.
Since C is a finite set for s € S, and since (r*,0*) is a global maximizer, it will be

returned by Step 4. O

Algorithm 2: Algorithm for computing an global solution to Problem

Input: A point s € ]R1>60 satisfying assumptions |£ and |A.4
Output: The set of reduced trees which maximize Eq. (5.38]).

1 Let C be an empty list.

2 For each r € Ry U Ry, use numerical algebraic geometry to calculate Cg -, where
T € {1234, 13|24, 23|14, star} is the quartet topology of r, and collect the
elements of Cy » into C.

3 For each r € R3U...U Ry, compute the solution to Problem |3 using the formulas
from Lemmas 55 to 61l Collect the reduced trees which are maximizers into C.

4 Output the element(s) of C with the greatest log-likelihood.




248

Appendix A

Supplementary Material

A.1 Proof of 3-Leaf Theorem

This section presents the remainder of the proof of Theorem [9] In this section, we use the

notation from Section

A.1.1 Maximizing ¢ on 9(0,1)3

In this subsection we consider the problem of maximizing ¢ on the boundary 9(0,1)3. As
discussed in Section this corresponds to the boundary of the unit cube, consisting
of 6 faces, 12 edges, and 8 vertices. The lemmas in this section consider the problem of
maximizing ¢ on various groupings of these components.

The eight vertices of the unit cube are simply the elements of the set {0, 1}3. The

twelve edges are the sets

Ej, k) = {(j, 02, k) € R*: 65 € (0, 1)}

E(j. = {(j, k. 03) e R?: 63 € (0,1)}
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defined for j, k € {0,1}. The 6 faces are the sets of the form
Fri:={(01,02,03) : 0(1),0r2) € (0,1), 0,3 =i},

where m € Ag and i € {0,1}.
The task at hand is to maximize ¢ on each of these boundary sets. We begin with
the next lemma, which utilizes assumption to dispatch the edge and vertex boundary

cases which are “trivial” in the sense of never containing the maximum.

Lemma 45 (Trivial cases: Eyiy). Assume that holds. Let
Etriv 1= E(1,1,~) U E(1,~,1) U E(-,l,l) U {(07 1, 1)7 (1a 0, 1)’ (1a 1, 0)7 (1a 1, 1)} :

If 0 € Eqiv then £(0 | s) = —o0.

Proof. 10 € E(y 1, UEq,. 1) UE.11)U{(0,1,1),(1,0,1),(1,1,0),(1,1,1)} then there exist
two leaves i, j € [3] with ¢ # j such that §; = 0; = 1. By there exists a o € {1,—1}*
with o; # 0 and s, > 0. Moreover, by Eq. , the probability of a transition occurring
along the path between leaves 7 and j is zero. In particular, since P [X = o] <P [X; # X1,

this implies that P[X = o] = 0. Therefore
sglogP[X = 0] = —o0.

Therefore ¢(0) = —oo by Eq. (5.10)). O

The next lemma considers the remaining 4 vertices of the unit cube (1,0,0), (0, 1,0),
(0,0,1), and (0,0,0), as well as the edges E(q,., E(o,0), and E(. ). The union of these

boundaries is the following set:

gind = {(07 07 0)7 (07 Oa 1)7 (07 17 0)7 (1> 07 0)} U E(O,O,-) U E(O,~,0) U E(~,O,O)'

= J {0016, =0forallicA}.

AC([3]:
[A|>2
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The next lemma shows that £,q consists of all choices of numerical parameter values under
which the X7, X9, and X3 are independent.

Lemma 46 (Log-likelihood of ¢ on &i,q). If 6 € Eing then
£(#) = —N logs8.

Proof. Suppose 0 € &g, and let i, j € [3] such that ¢ # j. Then the path between leaves ¢
and j contains an edge e such that 8, = 0. Therefore by Lemma [40] the random variables

X1, X9 and X3, are mutually independent. Therefore for all o € {—1, 1}3,

P[X:O']:]P[Xl:O'l]IP)[XQZO'Q]P[X;g:O'g]
1

_ Lt (A1)

O

The next lemma considers the problem of maximizing ¢ when exactly one paramter in
{61,02,03} is assumed to be zero. This pertains to each of the 3 faces Fro, m € A3, as
well as the remaining six edges E(. o1y, £ 1,0), F(o,1), £1,,0) E(0,1,), and E(1,.). Such
boundaries represent one of two graphical models, like those shown in Fig. We group

the boundary cases up into the following three sets, defined for each = € As:

Gy = {(91,92,03) : (971'(1)’971’(2)) € (07 1]2\{(1’ 1)} and 0”(3) - 0}
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0y € (0, 1)
0y € (0, 1)

61 € (0,1)

1 o 3 1 o 3

Figure A.1: The graphical model of corresponding to a 3-leaf “tree” with edge parameters
0 € E(,.0) (left) or 6 € F{. ¢ (right). In both cases, the biological meaning of 3 = 0 is
that species 3 is “infinitely far away” from species 1 and 2, when distances are measured
in expected number of mutations per site. For this reason (X7, X3) L X3 (this is proved
in Lemma , and hence vertex 3 is regarded as a disconnected vertex. By symmetry of
the CFN process, X3 ~ unif{—1,1}.

In the figure on the right, a degree two root is depicted, but it is important to note that
its position is not identifiable, as the distribution of X depends only on the product 6165
(as shown in the proof of Lemma . In the figure on the left, the root is not depicted;
this is because 6; = 1, which means that with probability one no site substitutions occur
between leaf 1 and the root, and hence that the root coincides with leaf 1; as such, the
degree of correlation between observations at leaves 1 and 2 is a function solely of the
distance from 2 to the root, which is determined by 65.

Interpreted geometically, G consists of the union of one face and two of its adjacent edges:
Gy = FuyoYEa.0YUE10

G(123) = Fl123)0 Y E(0,1,) U E(o,.1)

G132) = Flaz2)o U Eq0,) U E0,1)-

Lemma 47 (Maximizers of £ on G). Let m € As. The local mazima of £ on G, are the

points in the set

Gr = {(91,92,93) : 971.(1)971.(2) = BW} N G,

all of which have log-likelihood

£(0) = M5 log(1 + Bij) + M;; log(1 — Bjj) — Nlog8 (A.2)
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or equivalently

M* M-
— M m ~ m
06) = M, log<4N)—i-M7r log<4N>. (A.3)
In particular, this implies that if By ¢ (0,1) then £ has no local mazima on F'.

Proof. Let 0 € G. For simplicity, write ¢ = w(1), j = 7(2), and k = 7(3). Since 6 = 0,

Eq. (5.18) implies that

P [X = O‘] = (1 + aiaﬂi@j) . (A4)

ool

Since the distribution depends only on the product 6;0;, and not on 6; or 6; independently,

the log-likelihood restricted to the set G may thus be regarded as function of the single

variable z := 6;6; € (0,1). Plugging Eq. (A.4) into Eq. (5.10), we obtain

(o)=Y selog <é(1 - aiajx))

oe{1,—1}3
= Z 55 log (1 + oj05x) — Nlog8

oe{1,-1}3

where the second equality follows from ) . {1,-1} 50 = N. Regrouping terms,
_ + -
l(z) = —Nlog8 + M;: log(1 + x) + M;; log(1 — z). (A.5)

Differentiating gives

+ —
M;; B M;;
142 1—=x

l(x) =

Solving the equation ¢(x) = 0, we find that f has at most one critical point on (0, 1),

which is the point
T = Bz]7

provided that B;; € (0,1). If this is the case, then z is a local maximum by the second

. _
0(z) = — <( My M"j)2> <0.

derivative test, since

1+2)?2 (1-=z
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Plugging x = B;; into Eq. 1} implies Eq. 1} since M; = Bf and B;; = Br.
Eq. (A.3)) then follows from Eq. (A.2)) along with the observations that Mt +M_~ = N,

1+Bﬂ:—2%ft,andl—3ﬂ:2%’7. ]

Remark 7 (Parameter Identifiability). Observe that one consequence of the proofs of
Lemma m and Lemma 18 that if one or more of the numerical parameters {0?, 027, 03?}
are equal to zero, then the full vector 87 cannot be recovered. For example, if two of the
numerical parameters in {GT, 9;, 9;} are zero, then the other, monzero parameter Ql-T 18
not uniquely determined; specifically this follows immediately by Eq. which tells us
that the distribution of X does not depend on the value of 6?ZT. Similarly in the proof of
Lemma we saw that if exactly one of the numerical parameters equals zero, then (by

Eq. (A1) implies that the distribution p(0) depends only on the product of the other two,

meaning that they cannot be independently identified.

02

01
1

Figure A.2: An example of a tree with numerical parameters 0 < Fr; =
{60 :01,62 € (0,1),03 = 1} with 7 = (1) the identity permutation. Since 63 = 1, Eq.
implies that no transitions can occur on leaf 3, and hence vertex 3 is regarded to lie on
the path between leaves 1 and 2.

The final lemma of this section considers the problem of maximzing ¢ on the three

remaining faces Fr 1, m € A3z. An example of the graphical model correponding to these

cases is shown in Fig. [A.2]

Lemma 48 (Maximizers of £ on Fy1). Let m € A3, and let 6 € Fy 1. Then the set of local
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mazima of £ on Fyr 1 is
Fr = {(01,02,03) : 021 = Br(1) x(3)> On(2) = Br(2)m(3) } 0 Fr-
Moreover, if 0 € Fr then

((0) =—Nlog8+ Y M log(l+ Bz)+ M; log(1 — Bz) (A.6)
7eAz\{n}

or equivalently

W= S Mg < f/\g\[ > + M log < %fr_ > . (A7)

7eAs\{r}

Proof. Let m € As, and let i« = w(1), j = 7(2), and k = 7(3). Let 6;,6; € (0,1) be
arbitrary. Since 0 = 1, it follows by Eq. (5.18))

P[X:CT] = (1+Giaj9i(9j+Ui(7k9i+0j0k(9j)

| — 0o —

(1 —+ O‘iO'kei)(l =+ O’jdkej).
Hence Eq. (5.10]) can be written as

£(0) = —Nlog 8 + Z So log <1+U7;Uk(9i)+ Z S log (1+Uj0k9j).
oe{-1,1}* oe{-1,1}°

Therefore

0(0) = —Nlog8 + M, log (1 +6;) + My, log (1 — ;) + M log (1 + 6;) 48

+ M, log (1 —6;).
Differentiating with respect to #; and 6;, it follows that for each u € {1, j},

or My My

U
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Solving the system V/(0) = 0, we obtain the solution satisfying
(6:,0;) = (Bik, Bjk) (A.9)

and if By, Bji, € (0,1) then Eq. determines the unique critical point of £ on the set
Fr1; on the other hand, if B, ¢ (0,1) or By, ¢ (0,1), then ¢ has no critical points on
Frq.

Moreover, this critical point on Fr ; is a maximum by the second derivative test since

for all 6 € Fy 1, the Hessian matrix

M M
- <<1+é'§>2 + (1—e§>2> 0
0 —\ (1+65)? T (1-9,)?

is negative definite.

Finally, if Eq. (A.9) holds, plugging ; = B;, and 0; = Bj;, into Eq. (A.8]) gives

0(0) = —Nlog 8 + M log (1 + Bii) + M;; log (1 — Bi) A10)
A.10

+ M Jog (1 + Bjy,) + M log (1 — Bjy)

which is nothing but Eq. (A.6) written in a different notation. It remains to prove

Eq. 1) Observe that 1+ B, = 2]‘]\@ and 1— B, = ZMT’: for all m € As. Eq. 1) can be

obtained by making these substitutions in Eq. (A.6) and then simplifying using logarithm
properties and M + M~ = N. O

The results of Appendix and Section [5.2.4] are summarized in Fig.

A.1.2 Comparison of Likelihoods

To prove Theorem [J] will require some comparisons of the log-likelihoods of elements of
Eints Eind, Gr, and Fr, (m € Asz). In this subsection, we prove several lemmas toward this

end.
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Set S Criteria for S # () 00),0 €S
Eint (Bi2, Bi3,B13) € D Eq. M
Eiriv always nonempty —00

Eind always nonempty —Nlog8
Gr (m€ A3) Bre(0,1) Eq. (A3

Fr (m € A3) Bp,Bpr € (0,1), where {n’, 7"} = A3\{r} Eq. (A.7

Figure A.3: Summary of the results of Lemma and which compute
the maximizer(s) of ¢ on the interior and boundary of the unit cube (namely, the sets
Eint, Ewrivs Eind, G, and Fr 1, m € A3, which together partition the closed unit cube). The
corresponding sets of maximizers on each of these sets (Eint, Etrivs Einds Gry and Fr, m € As,
respectively) are level sets of ¢, although some of them may be emtpy depending on the
data; the necessary and sufficient conditions for each of them to be nonempty, as well as
the value that the log-likelihood function takes on each of them, are shown in the second
and third columns of the table..

We will make use of the information inequality, which we state next (for proof, see,

e.g., Theorem 2.6.3 in [189]).

Theorem 11 (Information Inequality). Let k > 1. If p = (p1,...,Pk) and ¢ = (q1,- -, qk)

satisfy p,§ € Ap_1 then
k k
> “pilogd <> pilogpi,
i=1 i=1
with equality if and only if p = q.

The next two lemmas utilize the information inequality to show that elements of &y

have greater log-likelihood than elements of F, and G, for all w € As.

Lemma 49 (Eing vs Fr). If 0° € &y then
0(0%) > £(0)

for all 8 € Fr and all m € As.

Proof. We prove the case with m = (1) as the proofs for the cases with = € {(123), (132)}

are similar.
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Let 0 € Fy. By Eq. (A.7),

M, M,
00) = M1 13>+M—1 ( 13)
( ) 13 Og(ﬁN 13 108 \/§N

Jyas = (A.11)
+ My lo ( 23 ) + My lo ( 23)
23108 V2N 23108 V2N
Observe that
Mfé = Sp + 5{2}
My =50y + 5012
M;g =5+ 5{1}
Mg = 52y + 5(1,9)-
Therefore we can rewrite Eq. as
0(0) = (59 + 5y23) log ( > + (5p13 + 541,23 log < My )
V2N
1 S 1 Mys
+ (S0 + 571y log + (e +5p) g | 50 )
Regrouping terms gives
MM, M M MM,
(A.12)

Mo M.,
+ 841,y log <1]?<[223> — Nlog?2.

To apply Theorem [L1] it is first necessary to verify that

M5Myy MMy MMy MMy _
N2 ’ N2 ’ N2 ’ N2 3

The entries of this vector are clearly nonnegative, so it suffices to show that they sum to
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1. Indeed, using Mfé + M3 = N and MQJE) + My; = N, we have

MMy, MigMyy MMy, MMy, My (Mify + M) L Mas (M5 + M)
N2 N2 N2 N2 N2 N2
(M5 + M) (Mo + My)
N2

=1.
Therefore by applying Theorem |11] to the right hand side of Eq. (A.12),

0(0) < Z 54 log (%) — Nlog?2

aC[2]
=/4(0%)
where the last equality follow from Eq. ([5.24]). O

Lemma 50 (Eipt vs Gr). Assume that holds. If 0* € Ent then
0(0%) > £(0)

for all 0 € G, and all T € As.

Proof. We prove the case with m = (1), as the proofs for the cases with 7 € {(123), (132)}
are similar. If &, = () then there is nothing to show, so henceforth assume & # 0. By

Lemma [42] &y = {6*} and
007 = Y Salog (SN“) ~ Nlog2. (A.13)
aC[2)
Also by Lemma 42| it must be the case that

Bio, Bi3, Bag > 0. (A.14)

Moreover since Bia > 0, it follows that Gy # () by Lemma
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Let 0 € G». By Eq. (A.3),

— Nlog?2.

Therefore by Theorem [11] and by Eq. (A.13)),

0) < Z 34 log (%) — Nlog?2

aCl[3]

= £(67).
Suppose that equality holds in the above, i.e., that ¢(0) = £(6*). Then by Theorem

My M,

= Sp = 5{1,2} and 72 = 5{1} = 5{2}-

Therefore,

1
= (So+50) =502 — 5i)
0

but this contradicts Eq. (A.14). We conclude that ¢(0) < £(6%).

d

The next lemma compares the log-likelihods of elements in G, and Gz, for distinct

elements 7,7 € As.

Lemma 51 (G, vs Gz for m # 7). Let m,&7 € As such that @ # 7, and let 0 € G, and

e G-. Assume that holds. If

0 < B < B (A15)



260

then

00) < ().

Proof. Since By = 2M — N and Bz = 2M;rr — N, therefore Eq. 1’ can be rewritten
0<2M}—-N<2M:-N

and therefore it holds that
N
5<M7T+§M+<N, (A.16)

T

where the last inequality holds by
If # € {m,7} and § € Gz, then Eq. (A.3) implies

. M M-
0(0) = M log (&) + M 10g<4]$>
+ N-Mﬁ)

M
_ M log <4N> (N = M) log <4N (A7)

The right-hand side has the form f(z) := zlog (3%) + (N — z) log (&%) Since

P =tog (5 )

which is positive for all x € (IN/2, N), it follows that f is strictly increasing on (%5, N).

Combining this fact with Eqs. (A.16) and (A.17) implies £(6) > £(), with equality only if

M = M, or equivalently B, = Bs. O

Another comparison can be made between the likelihoods of elements in F, and G

when 7,7 € Az are distinct, shown in the next lemma.

Lemma 52 (F; vs Gz for m # 7). Assume that holds. Let m,m and w3 denote the

three distinct elements of As. If 0 € Fr, then

00) < €(8)
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for all e Gry UGnr,.

Proof. Suppose 0 € Fr,, and suppose that 6 € G for some 7 € As\{m}. Without loss of

generality, assume 7 = 73. Then by Eqs. (A.2)) and (A.6|)

3
0(0) — £0) = > M log (14 By,) + M, log (1 — Br,)
i=2
B (A.18)
— M log(1 + Br,) — M, log(1 — By,)
= M log (1 + Br,) + M, log (1 — By,).
Since M, = NB”;JFN and M, = NB”QQ_N7 it follows that
~ N
Z(e) - 6(0) = E [(1 + Bﬂ‘2) IOg (1 + BTI'2) + (1 - B7r2) IOg (1 - BWQ)} : (A'lg)

As a function of By,, the right-hand side is strictly increasing on (0, 1), which can be seen
by differentiating and observing that the derivative is positive on this interval. Moreover,
we note that Br, € (0,1), a fact which follows from the hypothesis that F, # 0 (see
Fig.|A.3)). Therefore, since the right-hand side of Eq. is strictly increasing on (0, 1),

and since By, € (0,1), it follows that

0(6) — £(6) > 0.

This completes the proof of the lemma.

O]

Lemma 53 (F; vs Fz, m # 7). Let m,7 € As be distinct, and suppose that 0 € Fr and
0 € Fz. Then

0(0) < €(0)

if and only if
BTr < B;r
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Proof. By Eq. (A.6)

0(0) — £(0) = M log (1 + By) + M log (1 — By) — M, log (1 + By)
— M log (1 — By).

N

= 5 [f(Br) = f(B#)] (A.20)

where f(z) :=(1+z)log(1+ )+ (1 —z)log (1 — z). Note that

f'(z) = log <1J_rfc> = log <1 + 12_x$>

which is positive for all z € (0,1). Therefore f is increasing on (0, 1). Moreover, B, Bx €

(0,1) since Fr, Fz # 0 (see Fig. [A.3)). Taken together, these facts along with Eq. (A.20))

imply that £(0) — £(0) > 0 if and only if B > Bjs. O

The next lemma shows that elements of G, m € A3 have greater log-likelihood than

elements in &q.

Lemma 54 (G vs Eng). If 0 € G for some m € A3 then
£(0) > —N logs8.

Proof. If 8 € G+ then Lemma implies By > 0. Therefore since B, = %M’? and

M+ M_ = N , it follows that

M} > g (A.21)
Let 2 := M+ = N — M-. By Eq. (A.3),
MF M-
— + o — s
00) =M, log<4N> + M, log<4N>
=zlog (x) + (N — z)log (N — z) — Nlog (4N). (A.22)

The function z — zlog(z) + (N — x)log (N — z) is strictly increasing on the interval
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(%, N), which can be seen by observing that its derivative is x — log ( N x), which is
positive on this interval. Since x € (%, N) by Eq. {i it follows that
N N N N
00) > ) log (2> + 5 log (2> — Nlog (4N)
= Nlog(N)— Nlog(2) — Nlog(4) — Nlog(N)
= —Nlog(8).
O

A.1.3 Proof of Theorem

Using the lemmas from Section and Appendices [A.1.1] and [A.1.3] we are now ready

to prove Theorem [9}

Proof of Theorem[J. We claim that § — £(6) is upper semicontinuous on its domain [0, 1]3.

To see this, first observe that the function L : [0,1]3 — [0, 00) defined by

L) =[] <pa2(9)>5°‘

aCl[2]

is continuous since for all o C [2], § — p,(f) is a polynomial in the variables 61, 69,65 €
[0,1] by Eq. . Therefore, since ¢ = logoL and since log(-) is increasing and upper
semicontinuous on [0, c0), it follows that ¢ is upper semicontinuous on [0, 1]3. This proves
the claim.

Since ¢ is upper semicontinuous, it has at least one maximizer on [0, 1]3. In order to

find the maximizer(s), observe that since

0,17 = (0,1 U&uvUEma | || Go || | ] Fr |,
TEAs3 TEA3
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it suffices to consider the maximizers of ¢ on each of these sets. By Lemma
0(0) = —o0

whenever 6 € &iv. Therefore if 0 e [0,1]3 is a global maximum of £, then

feEmUEmall | | ] G|l ] Z |- (A.23)

TEA3 TEA3

In Lemmas and 48] we computed the log-likelihood of the points in each of the
eight sets in this disjoint union (see Fig. for a summary of these results), so the rest
of the proof will simply be a comparison of the likelihoods of elements of these sets.

We start by proving that if B € D, then the maximum is given by Eq. . Suppose

B € D. Then by Lemma 2] & is nonempty and consists of a single element

o* — \/312313 \/312323 \/313323
By’ Biz 'V B )
Moreover, Lemmas Lemma [49] and [54] together imply that 6* is the global maxi-

mizer of ¢. This proves Eq. (5.21)).
Henceforth assume B ¢ D, so that &y, = 0 by Lemma Therefore

fetmal| | ]G |u| ] 7| (A.24)
TEAs TEAs
Next we will prove part|(i)[in the statement of the lemma. Suppose that By ,, By, > 0.
It will suffice to show that 6 € Fry-
By the criteria shown in Fig. it holds that G, # 0 and Fr, # 0. Let §' € G, and
0" € Fr,. By Lemmas [51| and
00) < 06" (A.25)
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whenever 0 € Epg U Gr, U Gr,. In addition, since m; # 73, Lemma [52| implies

00" < £(0"). (A.26)

Therefore by Eqgs. (A.24]) to ,
0 € Fr, U Fry U F,. (A.27)

Finally, observe that by Lemma
00) < 00" (A.28)

whenever 0 € Fr, U Fr,. By Egs. (]A.27b and dA.28I), we conclude that 6 € Fr,. This

proves part |(i)| of the lemma.

Next, suppose that B, > 0 and By, < 0. In order to prove part in the statement
of the lemma, it will suffice to show that 0 e Gry. By the criteria in Fig. Fr =10 for
all m € A3, and G, = 0 for all m € Az\{m,m2}. Therefore by Eq. (A.24),

0 € Ema Ul Grs.

By Lemma the elements of G, have strictly larger log-likelihood than the elements of
Eina.- Therefore 0c Gr,. This proves part of the lemma.

It remains to prove part in the statement of the lemma. Suppose B, < 0. By the
criteria in Fig.|A.3, F, = () and G, = ) for all # € A3. Therefore by Eq. |D fc Eind-

This prove part which completes the proof of the lemma.
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A.2 Macaulay2 Code for Computing Phylogenetic Invari-

ants
—--- First define our rings. Here, we take (pl,...,p8) = (p_j:j in J)
-— = (p- »P_XYYY,P_XyXX,P_XXYY,P_XXYyX,P_XyXY,P_XyyX,P_XXXYy) .

R1 = QQ[p1,p2,p3,p4,p5,p6,p7,p8]
R2 = QQ[61,02,03,04,05]
-—— Let S be an ordered list consisting a representative of each
--- unique site pattern, with the same order as p:
s ={1,1,1,1), (-1,1,1,1), (1,-1,1,1), (1,1,-1,-1),

(1,1,-1,0, (1,-1,1,-1), (1,-1,-1,1), (1,1,1,-1D}
—-—- For a 4-leaf tree with topology 12|34, the Hadamard conjugation
-—— theorem gives the following formula for p:
£12=(s1,82,83,84)—>(1+s1*s2%01%02 + s3*s4%03*x04+s1*s3*01x03*05 +
s1*s4%01%x04*%05 + s2*s3*%02+03+05 + s2+s54*x02%04*05 +
s1*s2%s3*s4*01%02+03%04) /8
apply(s,£12)
Define this as a map from R1 to R2 and compute the minimal generators
--- of its kernel:
M = map(R2,R1,p)
I = trim kernel M

el
1

--- This returns three generators, which are the phylogenetic invariants:

I_0 == pl+p2+p3+p4+pb+p6+p7+p8-1
I_1 == p3*p5-pd*p6+p2*p7+p3*p7+p4*p7+p5*p7+p6*p7+p7”~2+p2*p8+p7*p8-p7
I_2 == p2xpb+p2*p6+p3*p6+pa*p6+p5*p6+p6~2-p4*p7+p6*p7+p3*p8+p6*p8-p6

--- For the other two binary quartet topologies 13|24 and 23|14, as well
--- as the star tree topology, replace f12 in the code above with £f13,
—--- £23, or f_star (respectively) below:
£13=(s1,52,53,54) > (1+s1%s3+x01%03 + s2*54*02%04+s1*s2*%01%x02+05

+ s1%s4x01%04%05 + s3%s2+03+x02%05 + s3*s4*03+04+05

+ s1*s3*52*s4x01%x03+02%04) /8
£23=(s1,82,83,84)-> (1+s1*s4%01%04 + s3*52*x03*%02+s1*s3*x01*03*05

+ s1%s2x01%02%05 + s4*s3%04+03*%05 + s4*s2%04%02+05

+ s1%s4*s3%*s2%x01+04x03*02) /8
f_star=(s1,s2,s3,s4) > (1+s1*s4x01%04 + s3*s2*%03%02+s1*s3*01%03

+ s1xs2%x01%02 + s4*53%x04+03 + s4*52%x04%02

+ s1*s4*s3%s52%01%04%03%02) /8
-- --— e.g., using f13 for topology 13|24 gives
-— I_1 == p3*p5-pd*p6+p2*p7+p3*p7+pa*p7+pS*xp7+p6*p7+p7~2+p2*p8+p7*p8-p7
-= I_2 == p2x*p3+p2*p4+p3*pi+p4~2+pa*p5+pd*p6+pd*p7-p6*p7+p4*p8+p5*p8-pd

Figure A.4: Code for computing the CFN invariants of the 4-leaf tree.



267

A.3 Trivial 4-leaf reduced topologies

1. 0, =60; =, = 1 and 6,0, ;1 € (0,1)

Er(T) = {{ijlkl, Uijk}}

Ly k

2. 0; = 9]' =1 and 6,0, € (0,1)

Sr(T) = {{ij|kl, kligl, lijk}}

0]

3. 6;,6, € (0,1) for some distinct pair j,1 € [4] and 6. =1 for all e # j,(

Er(T) = {{jlikl, l]ijk}}

Er(T) = {{ijkll}}

i, k

5. 6; =1 for all i € [4], 6, ;y € (0,1).

Er(T) = {{ij|kl}}
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i, ek,

6. Point: 6, =1 for all e € E(T)

ivjik,l

A.4 Exact Solutions for 4-Leaf Boundary Cases

Lemma 55 (MLE for Rg). Suppose Xr(T) € Rg. Then
Er(T) = [{jIkL, kljL. Uik}, 0]

for some choice of pairwise disjoint j,k,l € [4]. In this setting, the log-likelihood is a
function of the three edge parameters 0;,0r, and 0;, corresponding to the branches with
leaves j,k and | respectively. Assume the data satisfies [A.4], so that By, Bji, By # 0. If

(Bji, Bji, Bri) € D, then values of 6;,0;,0; which mazimize ¢ on (0,1) are

B B B
(@y%«%)z( By By \/ St \/ i kl) (A.29)

On the other hand, if (Bji, Bji, Bri) € D the £ has no mazimizer in (0,1)3.

Proof. For each ¢ € {—1,+1}, define
Js = {U e{-1,+1}* 10y =6y forall A € {j,k‘,l}}
and let

=Y s

oc€Js
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Then
Z(Hj,ﬁk,ﬁl) = Z So IOgIP[(Xj,Xk,Xl) = (Uj,ak,al)]
p _ 4
e{-1,+1} (A.30)
= ) sslogP[(Xy, Xy, X)) = (6,55, 61)]
se{-1,41}3

This shows that, up to a relabeling of the leaves, ¢ has the same form as the log-likelihood
in the unrooted 3-leaf case (c.f., Eq. ) Therefore maximizing €(6;, 0, 0;) over all
0;,0k,0; € (0,1) is the same problem as that considered in Lemma (maximizing the
log-likelihood over all 3-leaf unrooted trees with branch lengths in the interior of the unit
cube). Relabeling the leaves in the statement of Lemma 42| from 1,2 and 3 to i, and k,

it follows that if (Bj;, Bji, Bg) € D, then £(6;, 0%, 6;) is maximized on (0,1)% at the point

B B B
(%‘ﬁm&):( BirBiji \/ kDKl \/ i kl)

and, on the other hand, if Bji, Bj;, By ¢ D then no local maximum exists. ]

Lemma 56 (MLE for R3). Suppose ¥g(T) € Rs. Then

for some choice of pairwise disjoint i, 7, k,l € [4]. Let 0;,0y,0; denote the edge parameters
of leaves i, k,l, and let 05 denote the internal branch parameter.
Assume By, By, By # 0. If Bi; > 0, and (Bjk, Bji, Br) € D, then { has a unique

mazimizer on (0,1)* given by

: B B B
(63,0, 0k, 0,) = ( J ]Bﬁkl” \/ il \/ L ’“) (A.31)

If Bij <0 or (Bj;, Bji, Bry) € D the £ has no mazimizer on (0, 1)4.
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Proof. Let o € {—1,+1}4. Then since X; L (X}, X;) given X,

PIX =0] =P[X; = 0i | Xj = 0j| P[(Xk, X3) = (ok,01) | X;j = 0] P[X; = 0]

=P[X; = 0i | Xj = 0] P[(X}, Xy, Xi) = (0}, 0%, 01)]
1
=35 (1+0i0;6;) P(X;, Xk, Xi) = (0,08, 01)]

where the last step is justified by Eq. (5.11]). Therefore,

(O)= Y sglogP[X =o0]
oe{—1,+1}*

1
= Z 5o log (2 (1+ Uiajei)>

ce{—1,+1}*

+ Z 5o log P[(X;, Xy, Xi) = (0j, 08, 01)] .
oe{—1,+1}*
The two sums on the right-hand side, which we will term ¢; and ¢, can be maximized
individually because the first sum ¢; depends only on the parameter 6;, while second sum
{3 depends only on 6;, 0, and ;.

To maximize £, first observe that

0a(6:) =Y selog (; (1+ aiajei))

oe{—1,+1}*

= M;f log (1 +0;) + M;; log (1 — 6;) — Nlog 2

Therefore

Mg M;;

1+6; 1-06;

01(0;) =

Solving the equation ¢ (6;) = 0, we obtain at most one critical point, which is
g 1

0; = Bi; (A.32)
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provided that this point lies in the open unit interval. Since

L7 (1 + (91)2 (1 — 9,)2

for all 6; # £1, it follows that Eq. (A.32)) gives the unique maximizer of ¢; on (0,1).
Next, since f5 has the form Eq. (A.30), we can apply Lemma [56 to maximize f2 on
(0,1)3. Combining the results of Lemma |55 this with the above result for maximizing ¢,

implies the statement of the lemma. O

Lemma 57 (MLE for Ry). Suppose ¥r(T') € R4. The numerical parameters which maz-

imize the likelihood are
0; = Bij, Ok = By, and 0= DBy

provided that all of these quantities lie in (0,1).

Proof. Using Eq. (5.11]) and the conditional independence of X, X}, and X; given Xj,

PIX=0l=PXi=0] [] PIXr=o0xr|Xi=0i
Ael4)\{i}

1
Ae[4]\{i}

(Alternatively: take 65 = 6; = 1 in Eq. (5.15)) and factor the result.) Therefore

(O)= > uglogP[X =o0]
ce{—1,+1}*

= Z Uy log % H (14 or0if))

oe{-1,+1}* A€\ {i}
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Therefore since ) | u, = N, interchanging summations gives

0(0) = —Nlog(16) + Y _ > uglog(1+ 0r0ify)
e[\ i} oe{—1,+1}*

= —N log(16) Z { +10g +9,\)+M):ilog(1—0)\)}
xe[4\{:}

Therefore
o _ MY M,
90y 1+6, 1—06,

Solving %(9) =0, we find that £ has at most one critical point in (0, 1), which is at at

4 _
M)\,i - M)\ i

O = N * = B,

for each A\ € {j,k,l}, provided that each of these is in (0,1). By checking the second

derivatives, we see this point is indeed a local maximum.

O
Lemma 58 (MLE for Rs). Suppose ¥r(T) € Rs. Then
Sr(T) = [{ij|kl, jlikl, Uijh}]
for some choice of pairwise distinct i,j,k,l € [4]. If
(Bi2, B3, Bas) € (0,1)° (A.33)

then
(01'7 917 05) — (Blja Bkla Blk)

is the unique maximizer of £(0;,0;,05) on (0,1)3. If Eq. (A.33) does not hold, then

£(0;,0;,05) has no mazima on (0,1)3.
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Proof. Using conditional independence properties and Eq. (5.11]),

PX=0|=PX;=0,| X =04|P[ Xy =01 | Xi =0i] P[X; =0, | Xj = 0] P[X; = 0]

1
= — (1 + JkUlel) (1 + Ji0k95) (1 + UinHj) .

16
Therefore
005,01,05) = > uglogP[X =o]
ce{—1,+1}*
=—Nlog(16)+ > uglog(l+ opoif))
ce{—1,+1}*
+ Z ug log (1 + o;01605) + Z U log (1 + 0;0;6;)
oe{-1,+1}" oe{-1,+1}*
= —Nlog (16) + M} log (1 + 6;) + M,; log (1 — 6;) + M.} log (1 + 65)
+ M log (1 —05) + M{; log (1 +6;) + M;; log (1 —0;)
Therefore
or_ My My
80]' 1+ (9j 1-— 9]‘
o _ My My
00, 1 + 6, 1-6;
and

o Mg M,

005 1+65 1-—6;

This has solution

(0;,01,05) = (Bij, B, Bir)

and this critical point, if it is in (0,1)3, is the unique maximum of #; this is because the
Hessian of /, being a diagonal matrix with negative entries on the diagonal, is negative

definite. ]
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Lemma 59 (MLE for Ry). Suppose ¥r(T) € R7. Then

for some choice of pairwise distinct i,j,k,l € [4]. Let 0; and 6; denote the Hadamard edge

parameters of leaves i and | respectively. If
B e (0,1), Ae{ij) (A.34)

Then (0;,0;) = (Bji, Bj1) is the unique global mazimum of £(6;,6;) on (0,1)%. If Eq. (A.34)

does not hold, then £(0;,0;) has no mazimum on (0,1)2.

Proof. Since X}, 1 (X;, X;, X)), and since X; 1L X; given Xj,

PX = 0] =P [ Xy = 0x] P[(Xi, X, Xp) = (04,04, 01)]
= %P[(Xz‘ =0 | Xj =0j]P[(X; = 01 | Xj = 0] P[X; = 0]

1
= E (1 + O’jJiQi) (1 + O’jdlal)

where the final step is justified by Eq. (5.11)).
Therefore

5(91,9]) = —Nlog(16) + Z sglog(l—i—ajmﬁi) + Z So log(l —I—Uj(TlQl)
oe{-1,+1}* ce{—1,4+1}4

= —Nlog (16) + M;g log (1 +6;) + M;; log (1 —6;)
+ M log (1 +6;) + M log (1 — 6y)
Therefore

or _ Mj M,
89,\_1+9,\ 1—9)\’

Ae{il}
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This system has a unique solution

MH — M,
O = iJAN 2~ Bj\, Ae{ij}. (A.35)

Since the Hessian of £ is negative definite for all 6;,6; € (0,1), £ is concave on (0,1)? and
hence if the point defined in Eq. (A.35) is in (0, 1), then it is the unique global maximum

of £ on (0, 1)?%; otherwise ¢ has no maximum on (0,1)?. O

Lemma 60 (MLE for Rg). Suppose Xr(T) € Rg. Then there exists a choice of pairwise
distinct i, j, k,1 € [4] such that

Er(T) = [{ils, [k}
Let 65,0 € (0,1) be the Hadamard branch lengths of G(T). Here { is a function of 0;;

and Hkl' [f
Bij, By € (0,1) (A.36)

Then (0;5,011) = (Bij, Bri) is the unique mazimum of ¢ on (0,1)2. If Eq. (A.36) do not

both hold, then ¢ has no mazimum on (0,1)2.

Proof. Let o € {—1,41}*. Since (X;, X;) L (X, X)),

P(X =0] =P[X; = 0i, X; = 0j] P[X} = 03, X; = 7]

1
= PXi=0i| Xj = 0j] P[Xy = 03, | Xy = 1]

Therefore
(05, 0) = > sologP[X = o]
oe{—1,+1}*
=-Nlog(16)+ > sglog(l+0i0i0i)+ > solog(1+ 0x6,0)

ce{—1,+1}* ce{—1,+1}*
— Nlog (16) + M; log (1 + 0;5) + M;; log (1 — 0;5) + M log (1 + 0x)

+ Mk_l log (1 — le) .
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Therefore
or _ My My
891'3' o 1 + Hij 1 — 91']'
and

o M My
00y 1 + 01 1— 0y

Setting this system equal to zero and solving for (6;,0y), it follows that ¢ as at most one

critical point in (0,1)%, when (6;;,0x) = (Bij, Bri) € (0,1)%. The Hessian of ¢ is

M M;
| <<1+92>2 + <1—efj>2> 0

Mt M
0 - ((1+9k;fl>2 + (1—0}?@3)2)

which is negative definite, and hence this critical point is a maximum. This prove the

statement of the lemma. O

Lemma 61 (MLE for Ryg). Suppose ¥r(T") € Ryg. Then there exists a choice of pairwise

distinct i, j, k,l € [4] such that

Sr(T) = [{kli},0,0].

Let 0y € (0,1) be the Hadamard parameter of the edge with endpoints k and l. If

By € (0,1) (A.37)

Then £ = £(0y;) is mazimized on (0,1) when

011 = B

If Eq. (A.37) does not hold, then ¢(0y;) has no mazimum on (0,1).

Proof. Similar to the proof of Lemma O
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