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Abstract

In this dissertation, we study two aspects of the scattering behavior of Schrödinger operators with

slowly decaying and oscillating potentials. One thread starts in the introduction, which develops

an approach for demonstrating that the absolutely continuous spectrum of the free Laplacian is

preserved by square-summable perturbations that are divergences of square-summable functions.

This approach requires the use of standard tools in the analysis of Schrödinger operators: radiation

conditions, absorption principle, and precise formulae for the asymptotic decay of the Green’s

function of the resolvent operators. We discuss the validity of these tools and the forms they

take on the integer lattice and the Cayely tree. The other thread starts with a generalization of

the Menchov-Rademacher theorem. We apply this generalization to show the existence of wave

operators for Schrödinger operators on R` where the potential is the sum of a function in L1 and

an L8 function that is the derivative of an element of a weighted L2 space.
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Chapter 1

Introduction

Since its introduction in 1926, the Schrödinger equation has been the object of intense study because

of the central role it plays in the theory of quantum mechanics. The simplest (non-relativistic)

formulation of this theory is captured in the Dirac-Von Neumann axioms:

Definition 1.0.1 (Dirac-von Neumann axioms). Let H be a complex Hilbert space of countable

dimension.

1. The state of a quantum system is an element of the unit sphere in H.

2. The observables of a quantum system are the self-adjoint operators on H.

3. The expectation value of an observable A in a quantum system in state ψ is given by xψ,Aψy.

One feature of this set of definitions is that the probability of observing a quantum object

in state ψ in a region E in space is given by
ş

E |ψ|
2. In this formulation, we define the Hamiltonian

H by:

H0
def
“ ´∆, H

def
“ H0 ` V ,

where V represents, abusing notation, the multiplication operator by the function V in the space

variable. The time-independent Schrödinger equation states that the dynamics of the quantum

system are given by the differential equation:

B

Bt
ψptq “ ´iHψptq . (1.1)
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Solutions to this system are of the form

ψptq “ e´itHψp0q , (1.2)

so it becomes important to understand the behavior of e´itH as it acts on states ψ. In the case

where ψ is an eigenfunction of H, (1.1) and (1.2) become ψptq “ e´itλψp0q, where the eigenvalue λ

is referred to as the energy level.

Historically, the most important Hamiltonians have been the free Hamiltonian (with trivial

potential) and those seen in the quantum harmonic oscillator and the hydrogen atom. Consider first

the behavior of states in H “ L2pRq subject to the free Hamiltonian H0 “ ´
B2

Bx2
. The Schrödinger

equation is in this case a dispersive PDE; for example, it satisfies the dispersive inequality:

}e´itH0u}L8x pRdq À t´d{2}u}L1
xpRdq .

For motivated reasons, we will also consider the spectrum of this operator. The operator H0 is

unitarily equivalent under the Fourier transform to the multiplication operator fpξq Ñ ξ2fpξq on

R, and so the spectrum of H0 is purely absolutely continuous and fills the interval r0,8q .

The (one-dimensional) quantum harmonic oscillator is the quantum system of states in

H “ L2pRq where the Hamiltonian is given by H “ ´∆ ` 1
2x

2. In this case, solutions to the

Schrödinger equation are of a different character (see [27]): there is a basis of eigenfunctions

ψn “
π´1{4

?
2nn!

e´x
2{2Hnpxq , (1.3)

with n P 0, 1, 2, . . . and where Hn are the Hermite polynomials

Hnpxq “ p´1qnex
2 dn

dxn
e´x

2
.

The nth energy level is given by λn “ p2n ` 1q{2. The spectrum, correspondingly, has only pure

point part, and consists in the set σpHq “ tp2n` 1q{2 : n P 0, 1, 2, . . .u.
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The behavior of solutions to the Schrödinger equation under the hydrogen atom Hamiltonian

exhibits behavior somewhere between the two previous examples. Let H “ L2pR3q and let V pxq “

´1{|x|. In this case, there is absolutely continuous spectrum filling r0,8q, but also an infinite

sequence of eigenvalues at energies given by ´p2n2q´1 for n “ 1, 2, 3, . . .. This is in keeping with

the physically observed behavior of scattering for positive energies and a discrete spectrum of

negative energies corresponding to bound states (see [11,51]).

The correspondence this set of examples suggests is between confinement in space for eigen-

values and scattering for states with only absolutely continous spectrum. The recurrence for eigen-

values is clear with a simple argument. Suppose that Hψ “ λψ. From (1.2), ψptq “ e´itλψ. This

is a periodic function of time, with
ş

E |ψ|
2 constant; the probability of observing the object in any

region is unchanging and so the object is stationary.

Conversely, suppose that the spectral measure corresponding to ψ is purely absolutely con-

tinuous. Then, by the spectral theorem, there is a spectral family Epλq such that

xHψ,ψy “

ż

R
λ dxEpλqψ,ψy ,

xe´itHψ,ψy “

ż

R
e´itλ dxEpλqψ,ψy ,

where x¨, ¨y denotes the L2 inner product and where dxEpλqψ,ψy is finite and absolutely continuous

with respect to Lebesgue measure. In other words, this is the Fourier transform of an element of

L1 evaluated at t, so approaches 0 as tÑ8 by the Riemann-Lebesgue Lemma.

It should be stated explicitly that absolute continuity of the spectral measure is not a guar-

antee of wave propagation. If ψ P L2pRq and, for some x P R, x R ess suppψ, then concentration

of ψptq around x isn’t in conflict with the preceding considerations. One approach to making the

correspondence between absolutely continuous spectrum and scattering more rigorous is demon-

strated in [7], though the model discussed in that paper is physically different to the systems that

concern us in this one. An additional complication is that there can be, under some circumstances,

non-trivial singular continuous spectrum. This is typically not physical and much effort has gone

to excluding this case under various assumptions [47].
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Nevertheless, one of the main projects in the study of the Schrödinger equation is the de-

velopment of a theory that allows the determining of the spectral structure of H for arbitrary V .

Here are some of the ideas that have been explored:

1. For radial potentials where |V | ă Cp|x| ` 1q´α for some α ą 1, the spectrum on r0,8q is

purely absolutely continuous [56].

2. Potentials V with the property that ´∆ ` V has a positive eigenvalue embedded in the

absolutely continuous spectrum are referred to as von Neumann-Wigner potentials. The first

example was a radially-symmetric potential on R3 provided in [52] as

V prq “ ´
8 sinp2rq

r
`Opr´2q where r Ñ8 .

3. Let V : Rd Ñ R satisfy
ż

|x|´d`1V pxq2 dx ă 8 .

Simon has conjectured that ´∆`V has absolutely continuous spectrum of infinite multiplicity

filling r0,8q [49].

In general, the one-dimensional case is understood much better than the multi-dimensional

case; it is a major effort to extend results to higher dimensions. One success in this direction is

the argument in [16], with which Denisov demonstrates preservation of the absolutely continuous

spectrum of the free Laplacian under perturbations V “ divQ with Q P C1pR3q X L2pR3q and

V P L2pR3q. The central theme of this thesis is the re-creation of the tools required for the

application of this argument in various discrete spaces. In order to better understand how these

tools fit together in the larger picture, it is instructive to reproduce the argument for preservation

of the absolutely continuous spectrum under potentials that are square-summable divergences in

one dimension; this follows in the next section.
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1.1 Square-summable Potentials that Oscillate

Let

H0
def
“ ´

d2

d2x
, H

def
“ H0 ` V, x P R ,

where the potential V pxq is real-valued. The method we are about to explain works in the case

when the potential V decays slowly and oscillates. To model this behavior, we assume that

V “ Q1 ,

where Q P C1pRq and Q,Q1 P L2pRq. Under these assumptions, V P L2pRq and the operator H is

self-adjoint. Since V decays at infinity, the Weyl’s Theorem on essential spectrum (see, e.g., [46])

gives us σesspHq “ r0,8q. We are interested in studying its absolutely continuous component.

Theorem 1.1.1. If Q P C1pRq and Q,Q1 P L2pRq, then the absolutely continuous spectrum of H

is equal to r0,8q, i.e., σacpHq “ r0,8q.

Take φpxq, a smooth even function, which is supported on the interval r´1, 1s and satisfies:

φpxq “ 1 for x P r´0.5, 0.5s and 0 ď φ ď 1. When proving this theorem, it will be convenient to

recall the Birman-Kuroda Theorem (see, e.g., [47]) which states that the a.c. spectrum is stable

under relative trace class perturbations. In particular, this general result gives

σac

ˆ

´
d2

dx2
` V

˙

“ σac

ˆ

´
d2

dx2
` VL

˙

,

where VL
def
“ Q1L, QL

def
“ Qp1 ´ φpx{Lqq and L is an arbitrary positive number. The function

pQφpx{Lqq1 is bounded and compactly supported, so it is a relative trace class perturbation of H0

for every finite L and the Birman-Kuroda Theorem is applicable.

Since

lim
LÑ8

}VL}2 “ 0, lim
LÑ8

}QL}2 “ 0 ,

it suffices to prove the result for Q and V with arbitrarily small L2-norms.
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Define Π`
def
“ tk P C : Im k ą 0 and Re k ą 0u and start with the following observation.

Take f P L2pRq and assume that it has compact support, i.e., supp f Ă r´T, T s for some T ą 0.

We also assume it is not identically equal to zero.

For k P Π` and z “ k2 P C`, denote the Green’s function of H by Gk2px, yq so that

Rzf
def
“ pH ´ k2q´1f “

ż

R
Gk2px, yqfpyqdy .

The spectral measure of f relative to H is denoted by µf and its Cauchy transform is defined by

the Spectral Theorem as follows:

pRk2f, fq “

ż

R

dµf
λ´ k2

.

We will prove Theorem 1.1.1 by taking arbitrary I Ă R` and showing that

ż

I
logµ1fdλ ą ´8 , (1.4)

provided that }Q}2 and }Q1}2 are small enough.

If true, (1.4) shows that µ1f ě 0 a.e. on I. On the other hand, since I is chosen arbitrarily and

the a.c. spectrum is stable under relative trace class perturbations, the statement of the theorem

follows.

To prove (1.4), we take R ą 0 and define the following truncated potential:

VRpxq
def
“ Q1R, QR “ Q ¨ φpx{Rq .

Given our assumptions on Q and φ, it is easy to see that

}VR ´ V }L2pRq Ñ 0, }QR ´Q}L2pRq Ñ 0
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as RÑ8. If we define HR
def
“ ´B2{d2r ` VR, the standard perturbation theory gives

xpHR ´ k
2q´1f, fy Ñ xpH ´ k2q´1f, fy

when k P Π` and R Ñ 8. This implies, in particular, that µ
pRq
f

˚
Ñ µ when R Ñ 8, where µ

pRq
f is

the spectral measure of f relative to HR. The logarithmic integral is stable with respect to weak

convergence (see [32]), i.e.,:

If the sequence of measures tµRu satisfies µR
˚
Ñ µ for some interval I, then

ż

I
logµ1dλ ě lim inf

RÑ8

ż

I
logµ1Rdλ .

Thus, to establish (1.4), we only need to prove that

ż

I
logµ1fdλ ą CpI,}Q}2,}Q1}2q (1.5)

holds for compactly supported Q with arbitrarily small values of }Q}2 and }V }2. From now on, we

assume that suppQ Ă r´R,Rs.

We will show now that (1.5) is in fact the consequence of some simple facts in complex

analysis and a straightforward a priori estimate on the solution u
def
“ Rk2f . Notice that upx, kq

solves

´ u2 ` V u “ k2u` f (1.6)

and thus satisfies

upx, kq “
eik|x|

2ik

´

a˘pkq ` op1q
¯

, xÑ ˘8 , (1.7)

where a˘pkq will be called amplitudes. We also recall that the free Green’s function, i.e., the Green’s

function for V “ 0, is given by

G0
k2px, y, k

2q “
eik|x´y|

2ik
. (1.8)
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We will need some properties of a˘. First, we notice that

upx, kq “

ż T

´T
Gk2px, yqfpyqdy, a˘pkq “ 2ik lim

xÑ˘8

´

upx, kqe´ik|x|
¯

.

Since V is compactly supported, Gk2px, yq is analytic in k P Π` and is continuous in k up to the

boundary p0,8q; this in turn implies:

1. a˘ is analytic in k in Π`,

2. a˘ is continuous in k up to R`.

Lemma 1.1.2 (Factorization identity). We have

µ1f pξ
2q “

|a`pξq|2 ` |a´pξq|2

4πξ
, ξ P R` .

Proof. Take k P Π`, multiply (1.6) by u, and integrate from ´l to l, and take the imaginary part

to get

´
1

2i

ż l

´l

´

u2ū´ ū2u
¯

dx “
´

Im k2
¯

ż l

´l
|u|2dx` Imxf, uy . (1.9)

We integrate the left hand side by parts to get

ż l

´l

´

u2ū´ū2u
¯

dx “
´

u1pl, ikqūpl, ikq´u1p´l, ikqūp´l, ikq
¯

´

´

ū1pl, ikqupl, ikq´ū1p´l, ikqup´l, ikq
¯

.

(1.10)

In (1.9), we take k Ñ ξ where ξ P R` and use the Spectral Theorem and properties of Poisson

integral to conclude that

lim
kÑξ

Imxf, uy “ ´ lim
kÑξ

Im

ż

dµf pλq

λ´ k2
“ ´πµ1f pξ

2q .

For up˘l, ξq, we have

upx, ξq “
eiξx

2iξ
a`pξq, x ą l



9

and

upx, ξq “
e´iξx

2iξ
a´pξq, x ă ´l .

Substitution into (1.10) gives the required formula.

We can write

logµ1f pξ
2q ě log |a`pξq| ` log |a´pξq| ´ logp2πξq

and proving the bounds

ż

I
log |a`pξq|dξ ą Cp}Q}2,}Q1}2,fq,

ż

I
log |a´pξq|dξ ą Cp}Q}2,}Q1}2,fq (1.11)

is enough to justify (1.5).

The crucial observation is that the functions log |a˘| are subharmonic in Π`. We take

advantage of that in the next lemma. Let Rrα,βs,h be the rectangle of height h ě 1 with base

rα, βs Ă R` (see Figure 1.1). Denote the corresponding harmonic measure with reference point at

η P Rrα,βs,h by ωηpkq, k P BRrα,βs,h.

Lemma 1.1.3. We have the bound

ż

BRrα,βs,h

log |a˘pkq|dωηpkq ě log |a˘pηq| . (1.12)

Proof. The functions log |a˘pηq| are continuous in Rrα,βs,h up to its boundary, so the mean value

inequality for subharminic functions gives (1.12).
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α β k

q η

O

h

Figure 1.1

Rrα,βs,h

The last Lemma gives us an estimate

ż β

α
log |a˘pξq|dωηpξq ě log |a˘pηq| ´

ż

Γ
log` |a˘pkq|dωηpkq , (1.13)

where log` t
def
“ maxtlog t, 0u and Γ

def
“ BRrα,βs,hzrα, βs.

Consider the harmonic measure ωη first. We get simple bounds:

ω1ηpξq „η minp|ξ ´ α|, |ξ ´ β|q (1.14)

and, similarly,

ω1ηpα` iyq „η y, ω1ηpβ ` iyq „η y (1.15)

for all y P p0, 1q. Throughout all of Γ, we have a simple rough bound ω1ηpkq Àη 1.

These estimates from Complex Analysis suggest the bounds one needs to get for a˘ away

from the spectrum. We establish these estimates in the following two Lemmas.
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Lemma 1.1.4 (Rough bounds). For k P Rrα,βs,h, we have

}u}8 ă
Cp}V }2,f,α,β,hq

Im k
, }u1}8 ă

Cp}V }2,f,α,β,hq

Im k
. (1.16)

Proof. From the Spectral Theorem, we have

}u}2 À
}f}2
Im k

.

The second resolvent identity yields

u “ R0f ´R0V u “

ż

eik|x´y|

2ik
fpyqdy ´

ż

eik|x´y|

2ik
V puqupy, kqdy . (1.17)

It is enough to use Cauchy-Schwarz to get the bound for u. The proof of the bound for derivative

is analogous.

In what follows, we will focus on proving the bound (1.11) for a` only. The estimate for a´

can be obtained similarly. We recall that f “ 0 outside r´T, T s. Thus, if we introduce Apx, kq as

upx, kq “
eikx

2ik
Apx, kq, x ą T .

In other words,

Apx, kq “ 2ike´ikxupx, kq .

Lemma 1.1.5. Suppose k P Π` and x are fixed. If we let }Q}2, }V }2 Ñ 0, then

Apx, kq Ñ A0px, kq, A1px, kq Ñ A10px, kq ,

where

A0px, kq “ 2ike´ikxu0px, kq “ e´ikx
ż

eik|x´y|fpyqdy
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and

A10px, kq “

ˆ

e´ikx
ż

eik|x´y|fpyqdy

˙1

x

.

Proof. The proof follows immediately from the identity (1.17).

For ApT, kq and A1pT, kq, we can use the rough bounds (1.16) to get

|ApT, kq| ď
Cpf, α, β, h, }V }2q

Im k
, |A1pT, kq| ď

Cpf, α, β, h, }V }2q

Im k
. (1.18)

For A, we have an equation

A2px, kq ` 2ikA1px, kq “ Q1Apx, kq, x ą T . (1.19)

Next, we will use this equation to obtain some apriori bounds on A. In what follows,

constants C will depend only on α, β, h, f . Again, we assume that }Q}2 ` }V }2 ď δ where δ is

arbitrarily small and depends only on parameters α, β, h and f .

Lemma 1.1.6 (Upper bound). There is a δ0 which depends only on α, β, h and f so that

|a`pkq| ď
C

Im1.5 k
(1.20)

for all k P Rrα,βs,h as long as δ
def
“ }Q}2 ` }V }2 ď δ0.

Proof. We introduce two quantities now:

M0
def
“ }A}L8rT,8q, M1 “ }A

1}L2rT,8q .

Multiply (1.19) by Ā1, integrate from s to t, and take the real part to get

|A1pt, kq|2 ď |A1ps, kq|2 ` C

ż t

s
|A1|2du` C

ż t

s
|QAA1|du .
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Integrating in s from t to t` 1 and taking supremum in t after that gives us

sup
tąT

|A1pt, kq|2 ÀM2
1 ` δM1M0 , sup

tąT
|A1ps, kq| ÀM1 ` δM0 . (1.21)

Rewrite (1.19) in the form

A2

2ik
`A1 “

Q1A

2ik
. (1.22)

Multiply (1.22) by Ā, integrate from T to τ , and take real part of both sides to get

Im k

2|k|2

ż τ

T
|A1px, kq|2dx`

|Apτ, kq|2

2
ď (1.23)

|ApT, kq|2

2
`

Im k

2|k|2

ż τ

T
Q1|A|2dx`

1

2|k|

´

|A1pτ, kqApτ, kq| ` |A1pT, kqApT, kq|
¯

.

Integrating by parts, we get

ż τ

T
Q1|A|2dx “ Qpτq|Apτ, kq|2 ´QpT q|ApT, kq|2 ´

ż τ

T
Q1pA1Ā`AĀ1qdx .

For }Q}8, one can write

}Q}8 À }Q}2 ` }V }2 ď δ .

First, send τ Ñ8 in (1.23) and use (1.18) to get

M2
1 ď

C1

Im3 k
` C2δM1M0 .

Solving this inequality, one has

M1 ď
C1

Im1.5 k
` C2δM0 . (1.24)

Next, we drop the first term in the left hand side of (1.23) and take supremum in τ . Com-

bining the bounds, we get

M2
0 ď

C

Im2 k
` CM0pM1 ` δM0q ` Im k

´

δM2
0 `

δ

Im2 k
` δM0M1

¯

.
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Substitute (1.24) into this bound and take δ small enough to get

M2
0 ď

C

Im2 k
`

CM0

Im1.5 k
.

Finally, solving this inequality, we get the bound

|a`pkq| “ lim
xÑ`8

|Apx, kq| ď sup
xěT

|Apx, kq| “M0 ď
C

Im1.5 k
. (1.25)

In the next Lemma, we obtain a lower bound.

Lemma 1.1.7 (Lower bound). There is a point η P Rrα,βs,h such that

|a`pηq| ą C ą 0 , (1.26)

provided that δ “ }Q}2 ` }V }2 ă δ0pα, β, h, fq.

Proof. Integrate (1.22) from T to 8. This gives

a`pkq “ ApT, kq `
A1pT, kq

2ik
`

1

2ik

ˆ
ż 8

T
Q1Adx

˙

. (1.27)

Integrate by parts to get

ż 8

T
Q1Adx “ ´QpT qApT, kq ´

ż 8

T
QA1dx .

We combine these inequalities as

ˇ

ˇ

ˇ

ˇ

a`pkq ´

ˆ

ApT, kq `
A1pT, kq

2ik

˙ˇ

ˇ

ˇ

ˇ

ď C
´

|QpT qApT, kq| ` }Q}2M1

¯

(1.28)

after we apply Cauchy-Schwarz. For QpT q, we write |QpT q| À }Q}2 ` }V }2 “ δ and we can use
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(1.24) and (1.25) for M1. In the end, we get

|a`pkq ´Ψpkq| À
Cδ

Im1.5 k
,

where we introduced

Ψpkq
def
“ ApT, kq ´

A1pT, kq

2ik

for shorthand. Notice that

Ψpkq Ñ Ψ0pkq “ A0pT, kq ´
A10pT, kq

2ik
“

ż T

´T
e´ikyfpyqdy “ pfpkq

when }Q}2 Ñ 0 and }V }2 Ñ 0 by Lemma 1.1.5. Thus,

|a`pkq ´Ψ0pkq| Ñ 0

over compact subsets in Rrα,βs,h when δ Ñ 0.

Next, consider the function Ψ0pkq. It is analytic in k and is not identically equal to zero.

Thus, we can find a point η P Rrα,βs,h such that Ψ0pηq ‰ 0. Fixing that η and taking δ small

enough, we get |a`pηq| ą 0.

Now, we are ready to finish the proof of the theorem.

Proof of Theorem 1.1.1. We start by fixing an interval I and taking α and β such that

I Ă pα, βq. As discussed before, we can assume that Q is compactly supported and }Q}2 ď

δ, }V }2 ď δ where δ is an arbitrarily small parameter which depends only of α, β, h and f . Under

these assumptions, we have to show

ż

I
log |a˘pξq|dξ ą Cpδ, f, Iq . (1.29)

We will only handle a`, as the bound for a´ is analogous. The inequality (1.13) and estimate
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(1.14) on harmonic measure give us

ż

I
log |a`pξq|dξ Á log |a`pηq| ´

ż

Γ
log` |a`pkq|dωηpkq .

We need a lower bound for the first term in the right hand side and an upper bound for the second

one. We take η from Lemma 1.1.7 and apply this lemma to get the lower bound provided that δ is

small enough. To get an upper bound for the estimate, we employ (1.15) and (1.20). In the end,

we have (1.29).

Remark. The method explained above is robust in several ways. First, the use of the

Birman-Kuroda Theorem allows one always to assume that the norm of the potential V is arbitrarily

small. Secondly, the method requires getting only very rough uniform upper bounds on |a˘|.

Thirdly, we intentionally never exploited ODE techniques. Instead, we used the method of a priori

estimates, which turns out to be applicable in higher-dimensional case.

1.2 Organization of this paper

As briefly mentioned in the first section, one of the major challenges in scattering theory is the

extension of results that have been proven in the one-dimensional case to higher dimensions. Partly

as a suite of toy models to facilitate this translation in the continuous case, but also partly as

models for quantum objects in crystals and other lattice-like structures and partly in an attempt to

understand how discretization affects computational simulation of quantum mechanics, the study

of the Schrodinger operator on discrete spaces has been a major adjunct to its study in Euclidean

space.

The question that originally guided the research that appears in this manuscript was whether

the arguments presented in the previous section could be translated to any discrete settings. Those

arguments depend on several preliminary facts about solutions to the Schrödinger equation. The

first of these is the absorption principle, which allows us to express the solution u to

pH ´ ξIqu “ f
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for ξ P R as the limit of solutions to the same equation with ξ replaced by k as k Ñ ξ for k2 P C`.

The second of the preliminaries is the radiation conditions, appearing in (1.7), for k on and off the

spectrum of H; the third is the factorization identity appearing in Lemma 1.1.2.

Another perturbative-theoretic tool we investigate is the Born series, produced by recursing

on u in the second resolvent identity in (1.17). The nth order Born expansion is

Rf “ R0f ´R0V Rf “

˜

n´1
ÿ

j“0

p´1qjpR0V qjR0f

¸

` p´1qnpR0V qnRf , (1.30)

where we abuse notation to identify V with it associated multiplication operator. In the case where

}R0V }2Ñ2 ă 1, the norm of the difference between the nth order and mth order Born expansions

is
›

›

›

›

›

˜

m´1
ÿ

j“n

p´1qjpR0V qjR0

¸

` p´1qmpR0V qmR´ p´1qnpR0V qnR

›

›

›

›

›

À
}R0V }n

1´ }R0V }
p1` }R}q

for n ă m. The sequence of Born expansions of increasing order is Cauchy in the operator norm

topology so converges in that topology; we write the full Born series as

Rf “
8
ÿ

j“0

p´1qjpR0V qjR0f . (1.31)

Chapters 3 and 4 discuss the state of what is known for each of these analytical tools for the

integer lattice Zd and the Cayley tree Td, with a new formulation for Green’s function asymptotics

given in Chapter 3. Before those latter chapters, we will take a detour through some results about

the asymptotic dynamics of the Schrödinger operator using another approach to formalization of

the notion of oscillation and decay. That is what concerns Chapter 2.
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Chapter 2

Generalizations of

Menchov-Rademacher Theorem and

Existence of Wave Operators in

Schrödinger Evolution

2.1 Introduction

The Menchov-Rademacher theorem is a classical theorem on the convergence of series of orthogonal

functions. Originally proved independently by Rademacher [45] in 1922 and Menchov [42] in 1923

(see also [29]), it states:

Theorem 2.1.1 (Menchov-Rademacher). Suppose tφnpxqu, n P N is orthonormal system in

L2p0, 1q and the sequence tanu satisfies

l
def
“

8
ÿ

n“1

a2
n log2pn` 1q ă 8 .

Then, the series
ř8
n“1 anφnpxq converges for a.e. x P p0, 1q. Moreover, if

mpxq
def
“ sup

nPN

ˇ

ˇ

ˇ

ˇ

ˇ

n
ÿ

j“1

ajφjpxq

ˇ

ˇ

ˇ

ˇ

ˇ

defines a maximal function, then

}m}L2p0,1q ď Cl1{2
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with some absolute constant C.

This result can be easily modified to cover orthonormal systems in L2
µp0, 1q where µ is

a measure on p0, 1q; most of the literature around the Menchov-Rademacher theorem concerns

finding sharp bounds for the constant (e.g. [4], [8], [41]). This chapter proceeds by generalizing

the Menchov-Rademacher theorem to a setting of continuous coefficients, then applying it to show

existence of wave operators for Schrödinger evolution.

This work is based on a joint paper written with Denisov [19]. My contribution to the paper

was mostly focused on the generalization of the Menchov-Rademacher Theorem.

We start with the following definitions.

Definition. We say that f P L2
locpR`q if

ż a

0
|fprq|2dr ă 8 (2.1)

for all a ą 0.

Definition. Let a pair pP, σq consist of a function P pr, kq : R` ˆ R Ñ C and a measure σ

on R. We say that pP, σq is a continuous orthonormal system if

(a) for σ-a.e. k P R, P pr, kq P L2
locpR`q,

(b) for every f P L2pR`q and every a ą 0, we have

ż

R

ˇ

ˇ

ˇ

ˇ

ż a

0
fprqP pr, kqdr

ˇ

ˇ

ˇ

ˇ

2

dσpkq “

ż a

0
|fprq|2dr .

Our first result is the following theorem.

Theorem 2.1.2. Suppose pP, σq is continuous orthonormal system and

L
def
“

ż

R`
|fprq|2 log2p2` rqdr.
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Then, the sequence

"
ż n

0
fprqP pr, kqdr

*

converges for σ-a.e. k P R. Moreover, if

Mpkq
def
“ sup

nPN

ˇ

ˇ

ˇ

ˇ

ż n

0
fprqP pr, kqdr

ˇ

ˇ

ˇ

ˇ

,

then }M}L2
σpRq ď CL1{2 with some absolute constant C.

Definition. We will call continuous orthonormal system pP, σq normalized if there is a

continuous positive function κ defined on R such that

κ´1 P L8pRq, K
def
“ sup

rě0

ż

R

|P pr, kq|2

κpkq
dσ ă 8 . (2.2)

For the normalized systems, the previous theorem can be improved in the following way.

Theorem 2.1.3. Consider the normalized continuous orthonormal system pP, σ, κq and suppose

that f logp2` rq P L2pR`q, then

ż

R
sup
tą0

ˇ

ˇ

ˇ

ˇ

ż t

0
fprqP pr, kqdr

ˇ

ˇ

ˇ

ˇ

2
dσ

κpkq
À p}κ´1}L8pRq `Kq

ż 8

0
|fprq|2 log2p2` rqdr . (2.3)

Moreover, as RÑ8,
ż R

0
fprqP pr, kqdr Ñ

ż 8

0
fprqP pr, kqdr (2.4)

for a.e. k with respect to measure σ.

One example of continuous orthonormal system is given by solutions tP pr, kqu to the Krein

system [14,37]. The Krein system is the following linear system of differential equations

$

’

&

’

%

P 1pr, kq “ ikP pr, kq ´AprqP˚pr, kq, P p0, kq “ 1

P 1˚pr, kq “ ´AprqP pr, kq, P˚p0, kq “ 1
, k P C, r ě 0 . (2.5)

In this paper, we will always assume that the coefficient A P L2
locpR`q. The Cauchy problem (2.5)

has the unique solution pP pr, kq, P˚pr, kqq. In [37] (see also, e.g., [13]), Krein showed that tP pr, kqu
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with r ě 0 and k P R can be viewed as continuous analogs of polynomials, orthogonal on the unit

circle. In particular, there is a measure σ on R, which satisfies

ż

R

dσpkq

1` k2
ă 8 ,

and the property
ż

R

ˇ

ˇ

ˇ

ˇ

ż a

0
fprqP pr, kqdr

ˇ

ˇ

ˇ

ˇ

2

dσ “

ż a

0
|fprq|2dr (2.6)

holds for every f P L2pR`q. In other words, a pair pP, σq gives an example of continuous orthonor-

mal system. Notice that (2.6) allows us to define the generalized Fourier transform,

ż 8

0
fprqP pr, kqdr ,

as an element of L2
σpRq.

Under a mild extra assumption on coefficient A, the system pP, σq becomes normalized and

the previous theorem can be applied. More precisely, the following lemma holds.

Lemma 2.1.4. Suppose the coefficient A in Krein system belongs to the Stummel class, i.e.,

}A}St
def
“ sup

rě0

ˆ
ż r`1

r
|Apρq|2dρ

˙1{2

ă 8 . (2.7)

Then,

sup
rą0

ż

R

|P pr, kq|2

1` k2
dσ À 1` }A}2St . (2.8)

Moreover, we have (2.3) and (2.4) with κpkq “ 1` k2 and K À 1` }A}2St.

The proof of this Lemma is given in Appendix.

Another application of our general results to the Krein systems is given in the following

Lemma.
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Lemma 2.1.5. Suppose the coefficient in Krein system satisfies Aprq logp2` rq P L2pR`q. Then

ż

R

ˆ

sup
ρăr1ăr2

ˇ

ˇ

ˇ

ˇ

ż r2

r1

ApxqP px, kqdx

ˇ

ˇ

ˇ

ˇ

˙2 dσ

1` k2
“ (2.9)

ż

R

ˆ

sup
ρăr1ăr2

|P˚pr2, kq ´ P˚pr1, kq|

˙2 dσ

1` k2
À p1` }A}22q

ż 8

ρ
|Aprq|2 log2p2` rqdr , ρ ą 0 .

Moreover, for Lebesgue a.e. k P R, there is a limit Πpkq “ limrÑ8 P˚pr, kq.

Theorem 2.1.2, Theorem 2.1.3 and Lemma 2.1.5 are proved in the second section. In section

3, we apply Lemma 2.1.5 to show existence of wave operators for Schrödinger evolution which is

our central result. Consider

H “ ´B2
xx ` v

on R` with Dirichlet boundary condition at zero and denote by H0 “ ´B
2
xx the free Schrödinger

operator with the same Dirichlet condition at zero. The Moller wave operators (see, e.g., [57]) are

defined by

W˘pH,H0q
def
“ lim

tÑ˘8
eitHe´itH0 ,

where the limit is the strong limit in L2pR`q. The main result of our paper is the following theorem.

Theorem 2.1.6. Suppose v “ a1 ` q where q P L1pR`q, a is absolutely continuous on R`, and

a1 P L8pR`q, a logp2` rq P L2pR`q . (2.10)

Then, the wave operators W˘pH,H0q exist.

The existence of wave and modified wave operators for Schrödinger and Dirac equations was

extensively studied in the scattering theory of wave propagation, see, e.g., the classical papers by

Agmon [1], Hörmander [28], and a book by T. Kato [30] on the subject. The case v P LppR`q, 1 ď

p ă 2 was considered in [9] where the existence of modified wave operators was proved. See [15] for

later developments. In [13], the presence of wave operators was established for Dirac equation with

potential in L2pR`q. This result is optimal on LppR`q scale. For more general potentials in Dirac

equation and connection to Szegő condition on measure σ, see [5]. Some related recent results,
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including the multidimensional setting, can be found in, e.g., [21, 22,39].

Notation

1. If f is defined on R, pf denotes its Fourier transform:

pfpkq
def
“

1
?

2π

ż

R
fpxqe´ikxdx .

The inverse Fourier transform is defined as

qfpkq “ f_pkq
def
“

1
?

2π

ż

R
fpxqeikxdx .

2. Symbol C8pRq stands for infinitely smooth functions defined on the real line and C8c pRq

denotes the space of smooth functions with compact support.

3. We will use the symbol Cpa1,...,akq to indicate a nonnegative function which depends on pa-

rameters pa1, . . . , akq. The actual value of C can change from one formula to another.

4. If E is a set on the real line, Ec denotes its complement.

5. For two non-negative functions f1p2q, we write f1 À f2 if there is an absolute constant C such

that

f1 ď Cf2

for all values of the arguments of f1p2q. We define Á similarly and say that f1 „ f2 if f1 À f2

and f2 À f1 simultaneously.

6. If f2 is non-negative function and |f1| À f2, we write f1 “ Opf2q.
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2.2 Menchov-Rademacher Theorem for continuous orthogonal sys-

tems

We start by giving the proof to Theorem 2.1.2. It is a direct adaptation of the proof of Menchov-

Rademacher Theorem in [29].

Proof of Theorem 2.1.2. For j P N, let Pjpkq “
ş2j

2j´1 fprqP pr, kqdr and

S1jpkq “

j
ÿ

l“1

Plpkq “

ż 2j

1
fprqP pr, kqdr .

Now,

}Pj}
2
L2
σpRq

“

ż

R

ˇ

ˇ

ˇ

ˇ

ˇ

ż 2j

2j´1

fprqP pr, kqdr

ˇ

ˇ

ˇ

ˇ

ˇ

2

dσpkq “

ż 2j

2j´1

|fprq|2dr

and so
ÿ

jPN
j2}Pj}

2
L2
σpRq

„

ż 8

1
|fprq|2 log2p2` rqdr . (2.11)

For any a ą 0, we have

ÿ

jPN

ż a

´a
|Pjpkq|dσpkq ď

ÿ

jPN

ˆ
ż a

´a
|Pjpkq|

2dσpkq

˙1{2 ˆż a

´a
dσpkq

˙1{2

ď

a

σpr´a, asq
ÿ

jPN
}Pj}L2

σpRqjj
´1 ď

a

σpr´a, asq

˜

ÿ

jPN
j2}Pj}

2
L2
σpRq

¸1{2 ˜
ÿ

jPN
j´2

¸1{2

À
a

σpr´a, asq

ˆ
ż

R`
|fprq|2 log2p2` rqdr

˙1{2

“
a

σpr´a, asqL1{2 .

Since a is arbitrary large, by the theorem of Beppo Levi,
ř

jPN |Pjpkq| converges for σ-a.e. k, as

does tS1jpkqu.

Let S1pkq
def
“ supjPN |S

1
jpkq| be the maximal function over dyadic partial sums. Since S1pkq ď

ř

jPN |Pjpkq|, we have

}S1}L2
σpRq ď

›

›

›

›

›

ÿ

jPN
|Pj |

›

›

›

›

›

L2
σpRq

ď
ÿ

jPN
}Pj}L2

σpRq “
ÿ

jPN
j´1j}Pj}L2

σpRq À L1{2 (2.12)
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after applying Cauchy-Schwarz inequality and (2.11).

For n P t0, 1, 2, . . . , 2Nu, we can write n “
řN
m“0 εmpnq2

N´m with εmpnq P t0, 1u. For

j P t0, 1, . . . , Nu, let nj “
řj
m“0 εmpnq2

N´m.

Noting that
ˇ

ˇ

ˇ

řN
j“1 xj

ˇ

ˇ

ˇ

2
ď N

řN
j“1 |xj |

2, we have:

ˇ

ˇ

ˇ

ˇ

ˇ

ż 2N`n

2N
fprqP pr, kqdr

ˇ

ˇ

ˇ

ˇ

ˇ

2

“

ˇ

ˇ

ˇ

ˇ

ˇ

N
ÿ

j“1

ż 2N`nj

2N`nj´1

fprqP pr, kqdr

ˇ

ˇ

ˇ

ˇ

ˇ

2

ď

N
N
ÿ

j“1

ˇ

ˇ

ˇ

ˇ

ˇ

ż 2N`nj

2N`nj´1

fprqP pr, kqdr

ˇ

ˇ

ˇ

ˇ

ˇ

2

ď N
N
ÿ

j“1

2j´1
ÿ

p“0

ˇ

ˇ

ˇ

ˇ

ˇ

ż 2N`pp`1q2N´j

2N`p2N´j
fprqP pr, kqdr

ˇ

ˇ

ˇ

ˇ

ˇ

2

and the last expression does not depend on n. Let

S2j pkq
def
“ sup

0ďnď2j

ˇ

ˇ

ˇ

ˇ

ˇ

ż 2j`n

2j
fprqP pr, kqdr

ˇ

ˇ

ˇ

ˇ

ˇ

.

Denote the maximal function over dyadic interval r2j , 2j`1s. We apply the above estimate to get

}S2N}
2
L2
σpRq

“

ż

R
sup

0ďnď2N

ˇ

ˇ

ˇ

ˇ

ˇ

ż 2N`n

2N
fprqP pr, kqdr

ˇ

ˇ

ˇ

ˇ

ˇ

2

dσpkq (2.13)

ď

ż

R
N

N
ÿ

j“1

2j´1
ÿ

p“0

ˇ

ˇ

ˇ

ˇ

ˇ

ż 2N`pp`1q2N´j

2N`p2N´j
fprqP pr, kqdr

ˇ

ˇ

ˇ

ˇ

ˇ

2

dσpkq

“ N
N
ÿ

j“1

2j´1
ÿ

p“0

ż

R

ˇ

ˇ

ˇ

ˇ

ˇ

ż 2N`pp`1q2N´j

2N`p2N´j
fprqP pr, kqdr

ˇ

ˇ

ˇ

ˇ

ˇ

2

dσpkq

“ N
N
ÿ

j“1

2j´1
ÿ

p“0

ż 2N`pp`1q2N´j

2N`p2N´j
|fprq|2dr “ N2

ż 2N`1

2N
|fprq|2dr .

Taking S2 “ supjPN S
2
j , we note that S2 ď

´

ř

jPN |S
2
j |

2
¯1{2

so

}S2}L2
σpRq À

˜

ÿ

jPN
j2

ż 2j`1

2j
|fprq|2dr

¸1{2

À L1{2.
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Finally, we have

}M}2L2
σpRq

À

ż 1

0
|fprq|2dr `

ż

R
sup
jPN

ˇ

ˇ

ˇ

ˇ

ˇ

ż 2j

1
fprqP pr, kqdr

ˇ

ˇ

ˇ

ˇ

ˇ

2

dσpkq`

ż

R
sup
jPN

sup
2jďnď2j`1

ˇ

ˇ

ˇ

ˇ

ż n

2j
fprqP pr, kqdr

ˇ

ˇ

ˇ

ˇ

2

dσpkq “

ż 1

0
|fprq|2dr ` }S1}2 ` }S2}2 À L .

Convergence of the sequence

"
ż n

0
fprqP pr, kqdr

*

for σ-a.e. k follows from convergence of tS1jpkqu

established above and the estimate

ż

R

ÿ

jPN
|S2j |

2dσ À L which yields convergence of
ř

jPN |S
2
j |

2 for

σ-a.e. k.

Proof of Theorem 2.1.3. We have

ż

R
sup
tPR`

ˇ

ˇ

ˇ

ˇ

ż t

0
fprqP pr, kqdr

ˇ

ˇ

ˇ

ˇ

2
dσpkq

κpkq
“

ż

R
sup
tPR`

ˇ

ˇ

ˇ

ˇ

ˇ

ż rts

0
fprqP pr, kqdr `

ż t

rts
fprqP pr, kqdr

ˇ

ˇ

ˇ

ˇ

ˇ

2
dσpkq

κpkq

À }κ´1}L8pRq

ż

R
sup
nPN

ˇ

ˇ

ˇ

ˇ

ż n

0
fprqP pr, kqdr

ˇ

ˇ

ˇ

ˇ

2

dσpkq `

ż

R
sup
tPR`

ˇ

ˇ

ˇ

ˇ

ˇ

ż t

rts
fprqP pr, kqdr

ˇ

ˇ

ˇ

ˇ

ˇ

2
dσpkq

κpkq
.

The first integral was controlled in Theorem 2.1.2. The second one can be estimated as follows

ż

R
sup
tPR`

ˇ

ˇ

ˇ

ˇ

ˇ

ż t

rts
fprqP pr, kqdr

ˇ

ˇ

ˇ

ˇ

ˇ

2
dσpkq

κpkq
ď

ż

R
sup
nPZ`

ˆ
ż n`1

n
|fprqP pr, kq|dr

˙2
dσpkq

κpkq
ď (2.14)

ż

R
sup
nPZ`

ˆˆ
ż n`1

n
|f |2dr

˙ˆ
ż n`1

n
|P pr, kq|2dr

˙˙

dσpkq

κpkq
ď

ż

R

8
ÿ

n“0

ˆˆ
ż n`1

n
|f |2dr

˙ˆ
ż n`1

n
|P pr, kq|2dr

˙˙

dσpkq

κpkq
ď

8
ÿ

n“0

ˆ
ż n`1

n
|f |2dr

˙ˆ
ż n`1

n

ˆ
ż

R

|P pr, kq|2

κpkq
dσpkq

˙

dr

˙

(2.2)
ď K}f}22 ,

which proves (2.3).



27

To establish (2.4), we notice that

ż r

0
fpρqP pρ, kqdρ “

ż rrs

0
fpρqP pρ, kqdρ`

ż r

rrs
fpρqP pρ, kqdρ .

The first term has a limit as r Ñ 8 for σ-a.e. k as follows from Theorem 2.1.2. For the second

one, we can write
ˇ

ˇ

ˇ

ˇ

ˇ

ż r

rrs
fpρqP pρ, kqdρ

ˇ

ˇ

ˇ

ˇ

ˇ

ď

ż rrs`1

rrs
|fpρqP pρ, kq|dρ

and the last expression goes to 0 for σ-a.e. k since the series

ÿ

nPN

ˆ
ż n`1

n
|fprqP pr, kq|dr

˙2

converges for σ-a.e. k. This convergence follows from the following bound

ż

R

ÿ

nPN

ˆ
ż n`1

n
|fprqP pr, kq|dr

˙2
dσ

κ
ď

ż

R

ÿ

nPN

ˆˆ
ż n`1

n
|fprq|2dr

˙ˆ
ż n`1

n
|P pr, kq|2dr

˙˙

dσ

κ
ď

ˆ

sup
rě0

ż

R

|P pr, kq|2

κ
dσ

˙

ÿ

nPN

ż n`1

n
|fprq|2dr

(2.2)
ă 8 .

Before giving the proof of the Lemma 2.1.5, we list some basic properties of Krein systems

which will be needed later in the text. We start by making a remark that

P pr, kq “ eirkP˚pr, kq, (2.15)

provided that k P R. This identity follows directly from (2.5) and can be found in, e.g., [14].

Next, we consider an important case when A P L2pR`q. In [13] (see also original Krein’s

paper [37]), it was shown that the following properties hold under this condition:
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‚ There is a function Πpkq, k P C` such that

lim
rÑ8

P˚pr, kq “ Πpkq (2.16)

uniformly over compact sets in C`. This Π is outer and the orthogonality measure σ can be written

as follows

dσ “
dk

2π|Πpkq|2
` dσs, (2.17)

where σs is its singular part.

‚ Integrating the second equation in (2.5), we have

P˚pr, kq “ 1´

ż r

0
ApρqP pρ, kqdρ . (2.18)

Therefore

1´ P˚pr, kq “

ż r

0
ApρqP pρ, kqdρÑ rApkq

def
“

ż 8

0
ApρqP pρ, kqdρ

when r Ñ 8 and convergence is in L2pR, σq norm. On the other hand, the formula (12.37) in [13]

gives

rApkq “ 1´Πpkq ¨ χEcs ,

where Ecs denotes the complement to Es, the support of σs. Therefore,

lim
rÑ8

}P˚pr, kq ´Πpkq ¨ χEcs}2,σ “ 0 . (2.19)

‚ From (2.18) and orthogonality, we get

ż

R
|P˚pr, kq ´ 1|2dσ “

ż r

0
|Apρq|2dρ .

Proof of Lemma 2.1.5. The second equation in (2.5) gives

P˚pr2, kq ´ P˚pr1, kq “ ´

ż r2

r1

AprqP pr, kqdr . (2.20)
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Theorem 2.1.3 yields necessary estimate on the maximal function and convergence of P˚pr, kq σ-a.e.

The limit is equal to Π from (2.16) due to (2.19).

2.3 Wave operators for Schrödinger evolution:

proof of Theorem 2.1.6

We start this section by describing a connection between Krein systems and Dirac and Schrödinger

operators on R`. Consider the Krein system with coefficient A P L2
locpR`q. It corresponds to Dirac

operator

D “

¨

˚

˝

´b Bx ´ a

´Bx ´ a b

˛

‹

‚

(2.21)

defined on Hilbert space pf1, f2q P L
2pR`q ˆ L2pR`q, where apxq “ 2 ReAp2xq, bpxq “ 2 ImAp2xq

with the boundary condition f2p0q “ 0. Indeed, define real-valued functions φ and ψ by writing

φpx, kq ` iψpx, kq
def
“ P p2x, kqe´ikx. It can be checked [14, 37] that pφ, ψq are generalized eigen-

functions for Dirac operator (2.21) and that 2σ is its spectral measure. Define tEpx, kqu, x ě 0

by

Epx, kq def
“ P p2x, kqe´ixk. (2.22)

It turns out that this is also continuous orthonormal system with respect to σ, i.e.,

ż

R

ˇ

ˇ

ˇ

ˇ

ż 8

0
fpxqEpx, kqdx

ˇ

ˇ

ˇ

ˇ

2

dσ “ }f}22 (2.23)

for every f P L2pR`q (see [16, 37]). Making an extra assumption that A is real-valued, i.e., that

b “ 0, and absolutely continuous on R` and taking the square of D reveals the connections between

Dirac and Schrödinger operators. Indeed,

D2 “

¨

˚

˝

H1 0

0 H2

˛

‹

‚

, (2.24)
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where H1f “ ´B
2
xxf ` q1f, f

1p0q ` ap0qfp0q “ 0, H2f “ ´B
2
xxf ` q2f, fp0q “ 0,

q1 “ a2 ´ a1, q2 “ a2 ` a1 .

Later in the proof, we will use the spectral decomposition for Dirac D and the formula (2.24) to

write a suitable expression for eitH2 .

The following result implies Theorem 2.1.6 thanks to Lemma 2.1.5.

Theorem 2.3.1. Suppose the coefficient A in the Krein system is real and absolutely continuous,

A P L2pR`q, A1 P L8pR`q, and

lim
ρÑ8

ż

R

ˆ

sup
ρăr1ăr2

ˇ

ˇ

ˇ

ˇ

ż r2

r1

AprqP pr, kqdx

ˇ

ˇ

ˇ

ˇ

˙2 dσ

1` k2
“ 0 . (2.25)

Let apxq “ 2Ap2xq and let q be real-valued function on R` satisfying q P L1pR`q. Then, taking two

operators H “ ´B2
xx` a

1` q and H0 “ ´B
2
xx both with Dirichlet boundary condition at zero, we get

existence of wave operators W˘pH,H0q.

This Theorem is the central technical result of our paper. Before giving its proof, we state

the following Lemma.

Lemma 2.3.2. Suppose t ě 0, µ is a measure on R, and ppkq, ptpkq P L
2
µpRq. Let }p}2,µ “ 1 and

lim
tÑ8

}pt}2,µ “ 1, lim
tÑ8

ż

∆
|p´ pt|

2dµ “ 0 (2.26)

for every interval ∆ Ă R. Then, lim
tÑ8

}p´ pt}2,µ “ 0.

Proof. The proof is based on a standard exhaustion principle. For every ε P p0, 1q, we can choose

L ą 0 such that
ş

∆c |p|
2dµ ď ε where ∆

def
“ r´L,Ls. By (2.26), there is T so that

|1´ }pt}
2
2,µ| ă ε,

ż

∆
|p´ pt|

2dµ ă ε
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for t ą T . Thus, for t ą T , we also have

ż

∆c

|pt|
2dµ “ }pt}

2
2,µ ´

ż

∆
|pt|

2dµ “

}pt}
2
2,µ ´

ˆ

1´

ż

∆c

|p|2dµ´

ż

∆
p|p|2 ´ |pt|

2qdµ

˙

ď

|}pt}
2
2,µ ´ 1| `

ż

∆c

|p|2dµ`

ˇ

ˇ

ˇ

ˇ

ż

∆
p|p|2 ´ |pt|

2qdµ

ˇ

ˇ

ˇ

ˇ

À

ε`
?
ε,

where we used triangle inequality to estimate

ˇ

ˇ

ˇ

ˇ

ż

∆
p|p|2 ´ |pt|

2qdµ

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ
}p}2L2

µp∆q
´ }pt}

2
L2
µp∆q

ˇ

ˇ

ˇ
“

´

}p}L2
µp∆q

` }pt}L2
µp∆q

¯

¨

ˇ

ˇ

ˇ
}p}L2

µp∆q
´ }pt}L2

µp∆q

ˇ

ˇ

ˇ
À }p´ pt}L2

µp∆q
ď
?
ε .

Thus,

ż

R
|p´ pt|

2dµ “

ż

∆
|p´ pt|

2dµ`

ż

∆c

|p´ pt|
2dµ ď ε` 2

ż

∆c

|p|2dµ` 2

ż

∆c

|pt|
2dµ À

?
ε

for t ą T and the proof is finished.

Proof of Theorem 2.3.1. Since a2, q P L1pR`q and relative trace class perturbations do not

change existence of wave operators (Birman-Kuroda Theorem, [47], p. 27), it is enough to consider

H “ H2 “ a1 ` a2. Take f P L2pR`q. We need to prove existence of

lim
tÑ˘8

eitHe´itH0f , (2.27)

where the limit is understood in L2pR`q topology. Notice that, since both groups eitH and e´itH0

preserve L2pR`q norm, it is enough to prove existence of the limit for every f P T where T is

any dense subset in L2pR`q. We define T as follows: T def
“ tf : pfo P C

8
c pRq, 0 R supp pfou, where

fo denotes the odd extension of f to R. From now on, we assume that f P T , }f}2 “ 1 and

that t Ñ `8 in (2.27) (the case t Ñ ´8 can be handled similarly). Denote f`
def
“ p pfo ¨ χξą0q

_,
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f´
def
“ p pfo ¨ χξă0q

_. Working on the Fourier side, we get

e´itH0f “
1

π

ż

R
e´itξ

2

ˆ
ż

R`
fpuq sinpξuqdu

˙

sinpξxqdξ “
1

2π

ż

R
e´itξ

2

ˆ
ż

R
fopuqe

´iξudu

˙

eiξxdξ .

The last expression is equal to the restriction of eitB
2
xxfo to R`, where B2

xx is considered on all of

R. The large time asymptotics of eitB
2
xxh for h P L2pRq is known and given in Lemma A.1.1 from

Appendix. Since pfopξq “ pf`pξq for ξ ą 0, it is enough to show that

I
def
“

eitk
2

1` i

ż 8

0

eix
2{p4tq

?
t

pf`px{p2tqqψpx, kqdx (2.28)

has a limit in L2pR, 2σq when tÑ `8. Indeed, the spectral measure for Dirac operator D is equal

to 2σ, the generalized eigenfunctions are pφ, ψq, and the Schrödinger operator is related to Dirac

by (2.24) so we can use spectral decomposition for Dirac operator to compute eitH where H “ H2.

To this end, we will use the following generalized Fourier transform

¨

˚

˝

f1

f2

˛

‹

‚

Ñ F “
ż 8

0
f1pxqφpx, kqdx`

ż 8

0
f2pxqψpx, kqdx

and the analog of Plancherel’s Theorem

}f1}
2
2 ` }f2}

2
2 “ }F}22,2σ .

Since f P T , pf` is supported on some interval ra, bs and a ą 0. Use (2.15) and substitute

ψpx, kq “
P˚p2x, kqe

ikx ´ P˚p2x, kqe
´ikx

2i

into (2.28) to get

I “ I1 ´ I2 , (2.29)
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where

I1 “
eitk

2

2ip1` iq

ż 2bt

2at

eix
2{p4tq

?
t

pf`px{p2tqqP˚p2x, kqe
ikxdx,

I2 “
eitk

2

2ip1` iq

ż 2bt

2at

eix
2{p4tq

?
t

pf`px{p2tqqP˚p2x, kqe
´ikxdx .

Consider I2; the analysis of I1 is similar. Integrating by parts, we get

ż 2bt

2at
P˚p2x, kq

˜

ż x

2at

eiu
2{p4tq

?
t

pf`pu{p2tqqe
´ikudu

¸1

dx “

“ P˚p4bt, kq

ż 2bt

2at

eiu
2{p4tq

?
t

pf`pu{p2tqqe
´ikudu´ J2 ,

where, thanks to the second equation in (2.5),

J2 “

ż 2bt

2at
2Ap2xqP p2x, kq

˜

ż x

2at

eiu
2{p4tq

?
t

pf`pu{p2tqqe
´ikudu

¸

dx .

For the first term, we can write

P˚p4bt, kq

ż 2bt

2at

eiu
2{p4tq

?
t

pf`pu{p2tqqe
´ikudu “

pP˚p4bt, kq ´Πpkq ¨ χEcs q

ż 2bt

2at

eiu
2{p4tq

?
t

pf`pu{p2tqqe
´ikudu

`Πpkq ¨ χEcs

ż 2bt

2at

eiu
2{p4tq

?
t

pf`pu{p2tqqe
´ikudu .

From (A.12), we get

sup
tą1

›

›

›

›

›

ż 2bt

2at

eiu
2{p4tq

?
t

pf`pu{p2tqqe
´ikudu

›

›

›

›

›

L8pRq

ă Cpfq

and (2.19) implies

lim
tÑ`8

›

›

›

›

›

pP˚p4bt, kq ´Πpkq ¨ χEcs q

ż 2bt

2at

eiu
2{p4tq

?
t

pf`pu{p2tqqe
´ikudu

›

›

›

›

›

2,σ

“ 0 .
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From (2.17) and (A.11), we obtain

lim
tÑ8

›

›

›

›

›

eitk
2
Πpkq

2ip1` iq
¨ χEcs ¨

ż 2bt

2at

eiu
2{p4tq

?
t

pf`pu{p2tqqe
´ikudu´

?
2πΠpkq

2i
¨ χEcs

pf`pkq

›

›

›

›

›

2,σ

“ 0 . (2.30)

The analysis for I1 is analogous - it also gives the main term converging to

?
2π ¨Πpkq

2i
¨ χEcs

pf`p´kq

and a correction which we call J1. Consider J1 and J2. We claim that if we show that

lim
tÑ8

ż

∆
|J1|

2dσ “ 0, lim
tÑ8

ż

∆
|J2|

2dσ “ 0 (2.31)

for every interval ∆ Ă R, then the proof of Theorem 2.3.1 will be finished after application of

Lemma 2.3.2. Indeed, in this lemma, we set µ “ 2σ, pt “ I and the limiting function p is

p “ χEcs ¨
?

2π
Πpkq pf`p´kq ´Πpkq pf`pkq

2i
.

To apply Lemma 2.3.2, we notice that }I}2,2σ Ñ 1 by Lemma A.1.1. Moreover, (2.17) gives

}p}2,2σ “ }f}2 “ 1.

We will prove the second identity in (2.31); the first one can be obtained similarly. For J2,

we have

J2 “ ´2

ż 2bt

2at
Ap2xqP p2x, kq

˜

ż x

2at

eipu
2{p4tq´kuq

?
t

pf`pu{p2tqqdu

¸

dx .

One can write

ż x

2at

eipu
2{p4tq´kuq

?
t

pf`pu{p2tqqdu “

ż 0

2at

eipu
2{p4tq´kuq

?
t

pf`pu{p2tqqdu`

ż x

0

eipu
2{p4tq´kuq

?
t

pf`pu{p2tqqdu .

The first term does not depend on x and we can use (A.12) and (2.6) to write

›

›

›

›

›

ż 2bt

2at
Ap2xqP p2x, kq

˜

ż 0

2at

eipu
2{p4tq´kuq

?
t

pf`pu{p2tqqdu

¸

dx

›

›

›

›

›

2,σ

ď Cpfq

ż bt

at
|Apxq|2dx , (2.32)
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where the last expression converges to zero as tÑ8. For the other term, we have

ż x

0

eipu
2{p4tq´kuq

?
t

pf`pu{p2tqqdu “ e´itk
2

ż x

0

eipu{p2
?
tq´k

?
tq2

?
t

pf`pu{p2tqqdu .

The integral can be rewritten as

ż x

0

eipu{p2
?
tq´k

?
tq2

?
t

pf`pu{p2tqqdu “

ż x

´8

eipu{p2
?
tq´k

?
tq2

?
t

pf`pu{p2tqqdu´

ż 0

´8

eipu{p2
?
tq´k

?
tq2

?
t

pf`pu{p2tqqdu .

The second term is x–independent so its contribution is negligible by the argument identical to

(2.32). For the first one, we change variables and write, using the same variable u,

ż x

´8

eipu{p2
?
tq´k

?
tq2

?
t

pf`pu{p2tqqdu “ 2

ż px´2ktq{2
?
t

´8

eiu
2
pf`pk ` u{

?
tqdu (2.33)

“ 2

ż px´2ktq{2
?
t

´8

eiu
2
´

pf`pk ` u{
?
tq ´ pf`pkq

¯

du` 2 pf`pkq

ż px´2ktq{2
?
t

´8

eiu
2
du .

We can continue as follows

ż px´2ktq{2
?
t

´8

eiu
2
´

pf`pk ` u{
?
tq ´ pf`pkq

¯

du “

ż 0

´8

eiu
2
´

pf`pk ` u{
?
tq ´ pf`pkq

¯

du`

ż px´2ktq{2
?
t

0
eiu

2
´

pf`pk ` u{
?
tq ´ pf`pkq

¯

du .

The first term in the right-hand side does not depend on x and it is uniformly bounded in k P R and

t ě 1 as can be seen by integrating by parts. Thus, its contribution to }J2}L2
σp∆q

is also negligible.

We want to apply Lemma A.1.2 from Appendix to the second term. Since we are interested

in k P ∆ and x P rat, bts, then |px ´ 2ktq{2t| ă Cpa,b,∆q. Hence, the Lemma is applicable with

ε “ 1{
?
t, gpuq “ pf`pk ` uq ´ pf`pkq which gives

ˇ

ˇ

ˇ

ˇ

ˇ

ż px´2ktq{2
?
t

0
eiu

2
´

pf`pk ` u{
?
tq ´ pf`pkq

¯

du

ˇ

ˇ

ˇ

ˇ

ˇ

ď Ca,b,∆,f{
?
t .
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The proof of Lemma A.1.2 shows that this bound is uniform in k P ∆. We substitute it and apply

(2.8) along with generalized Minkowski inequality to get

˜

ż

∆

ˇ

ˇ

ˇ

ˇ

1
?
t

ż 2bt

2at
|Ap2xqP p2x, kq|

ˇ

ˇ

ˇ

ˇ

2

dσ

¸1{2

À

1
?
t

ż 2bt

2at
|Ap2xq| ¨

ˆ
ż

∆
|P p2x, kq|2dσ

˙1{2

dx
(2.8)

À

Cp∆,}A}Stq?
t

ż 2bt

2at
|Ap2xq|dx ď Cp∆,a,b,}A}Stq

ˆ
ż bt

at
|Apxq|2dx

˙1{2

.

The last expression converges to zero when tÑ `8. We are only left with controlling the contri-

bution from the last term in (2.33), i.e.,

pf`pkq

ż 2bt

2at
Ap2xqP p2x, kq

˜

ż px´2ktq{p2
?
tq

0
eiu

2
du

¸

dx .

Let us write partition of unity

1 “ µ´ ` µ0 ` µ`, (2.34)

where µ0 is even, smooth, supported in p´2, 2q and

0 ď µ0 ď 1, µ0 “ 1 if |x| ă 1 .

Function µ` is supported on p1,8q and is non-decreasing, µ´pxq
def
“ µ`p´xq. Then,

ż px´2ktq{p2
?
tq

0
eiu

2
du “

˜

ż px´2ktq{p2
?
tq

0
eiu

2
du

¸

´

µ´ppx´ 2ktq{p2
?
tqq ` µ0p¨q ` µ`p¨q

¯

.

We will apply the following trick several times. Notice that the function F pxq
def
“ p

şx
0 e

iu2duqµ0pxq P

C8c pRq thus pF P L1pRq and we can write

F ppx´ 2ktq{p2
?
tqq “

1
?

2π

ż

R
pF pξq exppiξpx´ 2ktq{p2

?
tqqdξ .
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Then,

pf`pkq

ż 2bt

2at
Ap2xqP p2x, kq

˜

µ0ppx´ 2ktq{p2
?
tqq

ż px´2ktq{p2
?
tq

0
eiu

2
du

¸

dx “

pf`pkq

ż 2bt

2at
Ap2xqP p2x, kqF ppx´ 2ktq{p2

?
tqqdx “

1
?

2π

ż

R
pF pξq

ˆ

pf`pkqe
´iξk

?
t

ż 2bt

2at
Ap2xqP p2x, kq exppiξx{p2

?
tqqdx

˙

dξ .

We use generalized Minkowski inequality and (2.6) to estimate the last quantity as follows

›

›

›

›

1
?

2π

ż

R
pF pξq

ˆ

pf`pkqe
´iξk

?
t

ż 2bt

2at
Ap2xqP p2x, kq exppiξx{p2

?
tqqdx

˙

dξ

›

›

›

›

2,σ

À

ˆ
ż

R
| pF pξq|dξ

˙

} pf`}8

ˆ
ż bt

at
|Apxq|2dx

˙1{2

and the last quantity converges to zero when tÑ8. We apply similar strategy to other terms.

˜

ż px´2ktq{p2
?
tq

0
eiu

2
du

¸

µ`ppx´ 2ktq{p2
?
tqq “ Cµ`ppx´ 2ktq{p2

?
tqq

´

˜

ż 8

px´2ktq{p2
?
tq
eiu

2
du

¸

µ`ppx´ 2ktq{p2
?
tqq ,

where C
def
“

ş8

0 eiu
2
du. Consider

ż 2bt

2at
Ap2xqP p2x, kqµ`ppx´ 2ktq{p2

?
tqqdx “

ż 2bt

2at

ˆ
ż x

2at
Ap2uqP p2u, kqdu

˙1

µ`ppx´ 2ktq{p2
?
tqqdx

“

ˆ
ż 2bt

2at
Ap2uqP p2u, kqdu

˙

µ`ppb´ kq
?
tq ´

ż 2bt

2at

ˆ
ż x

2at
Ap2uqP p2u, kqdu

˙

µ1`ppx´ 2ktq{p2
?
tqq

2
?
t

dx .

The first term gives contribution

ż

R

ˇ

ˇ

ˇ

ˇ

pf`pkq

ˆ
ż 2bt

2at
Ap2uqP p2u, kqdu

˙

µ`ppb´ kq
?
tq

ˇ

ˇ

ˇ

ˇ

2

dσ À } pf`}
2
8

ż 2bt

2at
|Ap2uq|2du
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and the last quantity converges to zero when tÑ8. For the second one, we can write an estimate

ˇ

ˇ

ˇ

ˇ

ˇ

ż 2bt

2at

ˆ
ż x

2at
Ap2uqP p2u, kqdu

˙

µ1`ppx´ 2ktq{p2
?
tqq

2
?
t

dx

ˇ

ˇ

ˇ

ˇ

ˇ

ď (2.35)

ˆ

sup
2atăr1ăr2

ˇ

ˇ

ˇ

ˇ

ż r2

r1

Ap2uqP p2u, kqdu

ˇ

ˇ

ˇ

ˇ

˙

¨

ż 2bt

2at

ˇ

ˇ

ˇ

ˇ

ˇ

µ1`ppx´ 2ktq{p2
?
tqq

2
?
t

ˇ

ˇ

ˇ

ˇ

ˇ

dx .

Since µ` was chosen to be non-decreasing, one obtains

ż 2bt

2at

ˇ

ˇ

ˇ

ˇ

ˇ

µ1`ppx´ 2ktq{p2
?
tqq

2
?
t

ˇ

ˇ

ˇ

ˇ

ˇ

dx À 1 .

Under the assumptions of the theorem, we get

›

›

›

›

| pf`| ¨ sup
2atăr1ăr2

ˇ

ˇ

ˇ

ˇ

ż r2

r1

Ap2uqP p2u, kq

ˇ

ˇ

ˇ

ˇ

›

›

›

›

L2
σp∆q

Ñ 0

when tÑ8. Consider the expression

˜

ż 8

px´2ktq{p2
?
tq
eiu

2
du

¸

µ`ppx´ 2ktq{p2
?
tqq

and apply Lemma A.1.3 from Appendix to write it as

˜

ż 8

px´2ktq{p2
?
tq
eiu

2
du

¸

µ`ppx´ 2ktq{p2
?
tqq “

p2πq´1{2eix
2{p4tqe´ixkeik

2t

ż

R
eiξpx´2ktq{p2

?
tqΨpξqdξ ,

where Ψ P L1pRq. Then,

ż 2bt

2at
Ap2xqP p2x, kqeix

2{p4tqe´ixkeik
2t

ˆ
ż

R
eiξpx´2ktq{p2

?
tqΨpξqdξ

˙

dx

“ eik
2t

ż

R
Ψpξqe´iξk

?
t

ˆ
ż 2bt

2at
Ap2xqeix

2{p4tqeiξx{p2
?
tqEpx, kqdx

˙

dξ ,

where Epx, kq “ P p2x, kqe´ikx was introduced in (2.22). Using generalized Minkowski inequality
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and (2.23), we get

›

›

›

›

pf`pkq ¨ e
ik2t

ż

R
Ψpξqe´iξk

?
t

ˆ
ż 2bt

2at
Ap2xqeix

2{p4tqeiξx{p2
?
tqEpx, kqdx

˙

dξ

›

›

›

›

2,σ

À

} pf`}8 ¨

ˆ
ż

R
|Ψpξq|dξ

˙

¨

ˆ
ż 2bt

2at
|Ap2xq|2dx

˙1{2

and the last quantity converges to zero when tÑ8.

The contribution from the term

˜

ż px´2ktq{p2
?
tq

0
eiu

2
du

¸

µ´ppx´ 2ktq{p2
?
tqq

can be handled in the same way. Thus,

lim
tÑ8

ż

∆
|J2|

2dσ “ 0

and our Theorem is proved.

Remark. Notice that we had to use an additional assumption about the maximal function (2.25)

only when handling (2.35). It is an intriguing question whether this extra hypothesis can be

dropped.
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Chapter 3

Off-Spectrum Decay of the Integer

Lattice Laplacian Green’s Function

3.1 Introduction

As discussed in the first chapter of this thesis, weare interested in several properties of the Schrödinger

operator on discrete spaces: absorption principle, radiation conditions, decay of the resolvent for

complex λ, and convergence of the Born series.

In this chapter, we consider the operator

H0
def
“ ´∆, x P Zd

and the equation

pH0 ´ λqψ “ f , (3.1)

where f and V are in C0pZdq, the set of functions with bounded support, and the Laplacian is

given by:

p∆uqpxq “
1

2

ÿ

ty:|x´y|“1u

upyq .

Conjugation by the Fourier transform allows us to represent ∆ as a multiplication operator

on Td, the dual to Zd. We identify Td with r´π, πsd Ă Rd for λ ą 0 and with r0, 2πs Ă Rd for

λ ă 0. Let F be the Fourier transform on Zd and Fu “ û. Let ej “ p0, . . . , 0, 1, 0, . . . , 0q, where
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the nonzero entry appears in the jth coordinate, and let uej pxq “ upx` ejq. Then we have:

∆u “
1

2

ÿ

0ăjďd

puej ` u´ej q , (3.2)

F´1F∆F´1û “ F´1

¨

˝F 1

2

ÿ

0ăjďd

puej ` u´ej q

˛

‚ . (3.3)

On the right hand side, this is

¨

˝F
ÿ

0ăjďd

uej ` u´ej

˛

‚pξq “
ÿ

yPZd

ÿ

0ăjďd

1

2
pupy ` ejq ` upy ´ ejqqe

´iξ¨y

“
ÿ

yPZd

ÿ

0ăjďd

1

2
upyq

´

e´iξ¨py`ejq ` e´iξ¨py´ejq
¯

“
ÿ

0ăjďd

1

2

´

eiξ¨ej ` e´iξ¨ej
¯

ÿ

yPZd
upyqe´iξ¨y

“
ÿ

0ăjďd

cospξjqûpξq .

So ∆ is given by the multiplication operator φ on Td conjugated by F , where

φpξq “
ÿ

0ăjďd

cos ξj . (3.4)

Because the spectrum σpHq is invariant under unitary transformations, the spectrum of ∆ is purely

absolutely continuous and is given by

σp∆q “ rangeφ “ r´d, ds .

The spectrum σp∆q is contained entirely in R so, for η P CzR, define the resolvent operator

R0
η “ pH0 ´ ηq

´1 .

We can express R0
η in the following form:
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pR0
ηuqpxq “ F´1

˜

1
ř

0ăjďd cosp¨jq ´ η
û

¸

pxq

“

ż

Td

ûpξqeiξ¨x
ř

0ăjďd cospξjq ´ η
dξ

“

ż

Td

eiξ¨x
ř

0ăjďd cospξjq ´ η

ÿ

yPZd
upyqe´iξ¨y dξ

“
ÿ

yPZd
upyq

ż

Td

eipx´yq¨ξ
ř

0ăjďd cospξjq ´ η
dξ .

In other words, application of R0
η to u is nothing more than integration of u against the Green’s

function Gpx, y, ηq:

Gηpx, yq “

ż

Td

eipx´yq¨ξ
ř

0ăjďd cospξjq ´ η
dξ . (3.5)

Eskina in [23] and [24] provides justification for the absorption principle and radiation con-

ditions for the general difference operator

pA` q ´ λqu “ f , (3.6)

where A is an operator whose representation after conjugation with the Fourier transform is mul-

tiplication by a smooth, real valued apkq. In particular, Eskina’s result is valid for λ such that

∇apkq ‰ 0 on the surface

Γpλq “ tk P Td|apkq “ λu .

However, the condition ∇apkq ‰ 0 on Γpλq is only true for λ in pd´ 2, dq (see [48]).

In [48], Shaban and Vainberg introduce the following notation. Note that their spectrum is

scaled by a factor of two in order to accommodate their scaling of the Laplacian.

S0 “ tn P Z : d´ n ” 0 mod 2 and n ď du ,

S “ σp∆qzS0 “ r´d, dszS0 .
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Further, if λ P S, we define

Γpλq “ tk P Td|φpkq “ λu ,

φ serves the same role for (3.1) as does a for (3.6). However, it is not the case that ∇φpkq ‰ 0

on Γ for (3.1). This is only true for λ P p´d,´d ` 2q Y pd ´ 2, dq. Instead, the picture is more

complicated for other λ.

For k P Γpλq, set the outward normal to be n “ ∇φ{|∇φ| P Sd´1. ∇φpkq “ ´
ř

0ăjďd sinpkjq~ej ,

so this is well-defined for k R tp0, 0, . . . , 0q, pπ, π, . . . , πqu, hence λ ‰ ˘d.

For ξ P Zd, associate to it the direction vector ω “ ξ{|ξ| P Sd´1. Let kpω, λ; sq be the

collection of points k P Γpλq at which ∇φpkpω, λ; sqq “ ω, indexed by s “ 1, 2, . . . ,m. This

collection is finite because every point in the collection has non-vanishing Gaussian curvature, so

tkpω, λqu consists of isolated points, and because Γpλq has bounded curvature. Say that ω is singular

if there is a j P t1, 2, . . . ,mu such that the Gaussian curvature of Γpλq is 0 at kpω, λ, jq.

It is clear from a stationary phase argument that the behavior of φ at the points kpξ{|ξ|, λ; sq

determines the dominant asymptotic behavior of solutions to (3.1) in nonsingular directions, pro-

ducing decay like |ξ|pd´1q{2. However, this decay rate is destroyed by the presence of vanishing

curvature at any point kpξ{|ξ|, λ; jq. Collect the set of singular directions in

Ω0 “ tω P S
d´1|ω is singularu .

The set ΩzΩ0 is open, so is a collection of open connected components; call these components

non-singular domains. Let V Ă Ω be a non-singular domain. Since V is connected and the

multivalued function ω Ñ tkpω, λ; squ is smooth, the number of kpω, λ; sq mapped to by ω is

constant on V . Call the largest s obtained on V by mV .

Finally, let µpω, λ; sq “ kpω, λ; sq ¨ ω, where the dot product is assessed after inverting our

original embedding of the unit ball in Rd into Sd´1. This prepares us for the radiation conditions:
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Definition 3.1.1. Let ψ˘ be in l2pZdq. We say that ψ˘ P W˘ if the following two conditions are

met:

i. there is a C such that, for every integer R ą 0, ψ˘ satisfies

1

R

ÿ

ξPB2RzBR

|ψ˘pξq|
2 ă C .

ii. for any non-singular domain V Ă Ω and ω “ ξ{|ξ| P V ,

ψ˘pξq “
mV
ÿ

s“1

e˘iµpω,λ;sq|ξ|

|ξ|pd´1q{2
a˘pω, λ; sq `O

ˆ

1

|ξ|pd`1q{2

˙

as |ξ| Ñ 8 .

The paper of Shaban and Vainberg culminates in the following theorem:

Theorem 3.1.1 (Absorption Principle). For any f P C0pZdq, any q P C0pZdq and λ P S, the limits

ψ˘ of ψη “ Rηf as η Ñ λ˘ i0 exist. Moreover, for each λ P S, the equation

p∆` q ´ λqψ “ f

admits unique solutions in W` and in W´ and these solutions are unique.

However, solutions obtained by taking the limit η Ñ λ˘ i0 for λ P S0 generally fail to have

pointwise limits or grow at infinity.

A complete characterization of the asymptotic behavior of the Green’s function for the

Laplacian is absent from the literature. In [40], Martin presents several formulations for the Green’s

function of the Laplacian on the spectrum with this adjacency rule. He restricts his attention

to the case where λ is on the spectrum, and provides an explicit formula only for the diagonal

Gλpp0, 0q, pm,nqq. Bhat and Osting [6] build on this by implementing a recursion relation found

in [44] to numerically compute the values of the Green’s function everywhere in the plane, still

restricted to real λ.



45

The rest of this chapter is devoted to providing a closed form expression for the first order

asymmptotics of the Green’s function of the Laplacian for arbitrary pairs of elements of Z2 and

any λ P CzR. For the two-dimensional case, the surface Γpλq is strictly convex for λ P S and so

every direction is non-singular.

3.2 Integral Representation of the Green’s Function

We will require a more convenient form for the integral representation of the Green’s function in

order to apply the method of steepest descents, discussed in the next section.

Lemma 3.2.1. Let N “ n`m and θ “ m´n
m`n . For θ P r0, 1s, the following identity holds:

Gλpp0, 0q, pm,nqq “ ´
2

πλ

ż π{2

0

cospNθtq
?

1´ 4λ´2 cos2 t

ˆ

2λ´1 cos t

1`
?

1´ 4λ´2 cos2 t

˙N

dt .

Proof. For pm,nq P Z2, we have an integral representation for the value of the Green’s function

Gλpp0, 0q, pm,nqq “

ż

T2

1

cos ξ ` cos η ´ λ
e´ipmξ`nηq dξ dη .

Following Martin [40, equation 14] who is in turn following Koster [36], we note, for δ ą 0,

1

σ ` iδ
“ ´i

ż 8

0
eipσ`iδqζ dζ .

Note also that ( [40], just before equation 30, but standard)

ż π

´π
eimξe2iζ cos ξ dξ “ 2πimJmp2ζq .

Combining these equations, we see that

Gλpp0, 0q, pm,nqq “ im`n´1

ż 8

0
e´iλζJmpζqJnpζq dζ .
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Now we use Neumann’s formula for positive integer orders, [53, §5.43]

JmpζqJnpζq “
2

π

ż π{2

0
Jm`np2ζ cos tq cosppm´ nqtq dt .

and switch the order of integration to get

Gλpp0, 0q, pm,nqq “
2im`n´1

π

ż π{2

0
cosppm´ nqtq

ż 8

0
e´iλζJm`np2ζ cos tq dζ dt .

We apply the following formula [20, Eq. 10.22.49],

ż 8

0
e´atJνpbtq dt “

p b2q
ν

aν`1
F

ˆ

ν ` 1

2
,
ν ` 2

2
; ν ` 1;´

b2

a2

˙

,

which holds for Repνq ą ´1 and Repa` ibq ą 0, and where F is the hypergeometric function. Now,

Gλpp0, 0q, pm,nqq “
2im`n´1

π

ż π{2

0
cosppm´ nqtq

pcos tqm`n

piλqm`n`1

ˆ F

ˆ

m` n` 1

2
,
m` n` 2

2
;m` n` 1; 4λ´2 cos2 t

˙

dt

“ ´
2

πλm`n`1

ż π{2

0
cosppm´ nqtqpcos tqm`n

ˆ F

ˆ

m` n` 1

2
,
m` n` 2

2
;m` n` 1; 4λ´2 cos2 t

˙

dt .

We apply the formula at [20, Eq. 15.4.18], which is

F

ˆ

a, a`
1

2
; 2a; z

˙

“
1

?
1´ z

ˆ

1

2
`

1

2

?
1´ z

˙1´2a

.

This identity holds for the principal branch when |z| ă 1 and by analytic continuation elsewhere.

Gλpp0, 0q, pm,nqq “ ´
2

πλ

ż π{2

0
λ´m´n cosppm´ nqtqpcos tqm`n

ˆ
1

?
1´ 4λ´2 cos2 t

ˆ

1

2
`

1

2

a

1´ 4λ´2 cos2 t

˙´m´n

dt

“ ´
2

πλ

ż π{2

0

cospNθtq
?

1´ 4λ´2 cos2 t

ˆ

2λ´1 cos t

1`
?

1´ 4λ´2 cos2 t

˙N

dt .



47

3.3 Steepest Descent Method and First-Order Asymptotics

Let g : D Ñ C and p : D Ñ C be holomorphic functions on some D Ă Cn and let C Ă D be a

curve. Consider the intergral

J “

ż

C
gpzqerppzq dz (3.7)

with r P R. We are interested in the asymptotics of this integral as r goes to `8.

Dominant contributions to this integral come from regions of D where p has large real

part. However, oscillations coming from variations in the imagingary part of p can damp these

contributions. By the Cauchy integral theorem, we can deform C to some C1 sharing the same

endpoints. By choosing a contour C1 such that the imaginary part of p is constant, the integral can

be transformed to one that does not oscillate, leading to more straightforward evaluation.

The method of steepest descent originates in a unpublished notes of Riemann, and was first

published by Debye [12] in 1909. A particularly clear exposition can be found in [55]; the following

treatment is also influenced by [10].

The main tools in this are the two following results:

Lemma 3.3.1 (Watson’s Lemma). Suppose that µ ą ´1 and that h : C Ñ C is smooth with

hp0q ‰ 0. Suppose also that, for some T ą 0,

ż T

0
|tµhptq| dt ă 8 .

Then, the following integral converges for all r ą 0 and has the asymptotic behavior

ż T

0
tµhptqe´rt dt “

˜

8
ÿ

j“0

hpjqp0qΓpµ` j ` 1q

j!rµ`j`1

¸

p1` op1qq

as r Ñ `8
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Theorem 3.3.2 (Lagrange-Bürmann formula). Suppose z “ fpwq is analytic in a neighborhood of

a and f 1paq ‰ 0. Then we can express w “ gpzq, where gpzq is given by

gpzq “ a`
8
ÿ

n“1

gn
pz ´ fpaqqn

n!
(3.8)

and where

gn “ lim
wÑa

dn´1

dwn´1

ˆ

w ´ a

fpwq ´ fpaq

˙n

.

Write ppzq “ upzq ` ivpzq for real-valued functions u and v. Suppose that C1 is a smooth

curve such that v is constant on C1 and such that u is strictly monotonic on C1. Let z0 be the

endpoint of C1 where u attains its maximum. Suppose that u maps C1 onto an interval I. Then for

τ P I, τ parametrizes C1, and we can write

J “

ż

C1
gpzqerppzq dz (3.9)

“ eirppz0q
ż

I
gpzpτqq

dz

dτ
erτ dτ . (3.10)

After making the substitution t “ upz0q ´ τ , we have the expression

J “ erppz0q
ż

upz0q´I
gpzptqq

dz

dt
e´rt dt ,

which is of the form treated by Watson’s lemma. Write tshptq “ gpzptqqdz
dt , with hptq smooth and

hp0q ‰ 0, so that we find

J « erppz0q
8
ÿ

j“0

hpjqpz0qΓps` j ` 1q

j!rs`j`1

as r Ñ8.

The standard example of this process is for the approximation of Ai, the Airy function.

Aipzq is defined as the analytic extension to z P C of the solution to y2 ´ xy “ 0 for x P R. This
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function is given by the integral

Aipzq “ lim
RÑ8

1

π

ż R

0
cos

ˆ

1

3
s3 ` zs

˙

ds . (3.11)

Corollary 3.3.3. The Airy function defined in (3.11) has the asymptotic expansion:

Aipzq “
e´2z3{2{3

2πz1{4

8
ÿ

m“0

p´1qm

32m

Γp3m` 1
2q

p2mq!
z´3m{2 . (3.12)

Proof. Make the substitutions s “ z1{2t and r “ z3{2 and rescale R to preserve the apparent limits

of integration so (3.11) becomes

lim
RÑ8

z1{2

π

ż R

0
cos

˜

z3{2t3

3
` z3{2t

¸

dt

“ lim
RÑ8

r1{3

2π

ż R

´R
e
ir
´

t3

3
`t

¯

dt .

Define

pptq “ i

ˆ

t3

3
` t

˙

,

ppx` iyq “ ´x2y `
y3

3
´ y ` i

ˆ

x3

3
´ xy2 ` x

˙

,

p1ptq “ ipt2 ` 1q ,

so critical points of pptq occur at t “ ˘i. Im pp˘iq “ 0, and curves on which Im p “ 0 are given by

0 “
x3

3
´ xy2 ` x “ xpx2 ´ 3y2 ` 3q .

By the Cauchy integral theorem, for r ąą 1, we can deform the contour of integration to

the half of the hyperbola H “ x2 ´ 3y2 ` 3 “ 0 where y ą 0, oriented from 8ei
5π
6 to 8ei

π
6 for

|z| ă r, with added contours at distance R from the origin, parametrized by the argument of the

point on the curve, connecting H to the real line. Let H` be the portion of H with x ą 0 and H´
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be the portion of H with x ă 0. If x ` iy is a point in H`, then ´x ` iy is a point in H´ with

pp´x` iyq “ ppx` iyqz and the dz element along H at ´x` iy is the conjugate of the dz element

along H at x` iy. Let BR be the ball of radius R centered at the origin. This allows us to write

Aipzq “ lim
RÑ8

r1{3

2π

˜

ż

C´

e
ir
´

t3

3
`t

¯

dt`

ż

H´XBR

e
ir
´

t3

3
`t

¯

dt`

ż

H`XBR

e
ir
´

t3

3
`t

¯

dt`

ż

C`

e
ir
´

t3

3
`t

¯

dt

¸

“ lim
RÑ8

r1{3

2π

˜

ż

H`XBR

e
ir
´

t3

3
`t

¯

dt`

ż

H`XBR

e
ir
´

t3

3
`t

¯

dt`

ż

C´

e
ir
´

t3

3
`t

¯

dt`

ż

C`

e
ir
´

t3

3
`t

¯

dt

¸

“ lim
RÑ8

r1{3

π

˜

Re

ż

H`XBR

e
ir
´

t3

3
`t

¯

` Re

ż

C`

e
ir
´

t3

3
`t

¯

dt

¸

.

The contribution from the curves C˘ is small:

ˇ

ˇ

ˇ

ˇ

ˇ

lim
RÑ8

r1{3

π
Re

ż

C`

e
ir
´

t3

3
`t

¯

dt

ˇ

ˇ

ˇ

ˇ

ˇ

ď lim
RÑ8

r1{3

π
Re

ż

C`

ˇ

ˇ

ˇ
e´

r
3
R3 sinp3θqe´rR sin θ

ˇ

ˇ

ˇ
dt

ď lim
RÑ8

r1{3

π

ż π{4

0
Re´

Cr
3
R3θe´CrRθ dθ

À lim
RÑ8

r1{3

π

ż 8

0
R´2e´u du “ 0 .

Write

upzq “ i

ˆ

i3

3
` i

˙

´ i

ˆ

t3

3
` t

˙

“ pt´ iq2 ´
i

3
pt´ iq3

“ pt´ iq2
ˆ

1´
i

3
pt´ iq

˙

u1{2pzq “ pt´ iq

ˆ

1´
i

3
pt´ iq

˙1{2

.

For t P H`, u P r0,8q. u1{2 is analytic around t “ i, and d
dzu

1{2 ‰ 0, so we can use the Lagrange-

Bürmann formula to produce a series expansion for the inverse function:

t´ i “
8
ÿ

n“1

lim
tÑi

„

dn´1

dtn´1

ˆ

t´ i

u1{2ptq ´ u1{2piq

˙

un{2

n!
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“

8
ÿ

n“1

lim
tÑi

«

dn´1

dtn´1

ˆ

1´
i

3
pt´ iq

˙´n{2
ff

un{2

n!

“

8
ÿ

n“1

ˆ

i

3

˙n´1 n

2

´n

2
` 1

¯´n

2

¯

¨ ¨ ¨

´n

2
` n´ 2

¯ un{2

n!

“

8
ÿ

n“1

ˆ

i

3

˙n´1 Γp3n
2 ´ 1q

Γpn2 q

un{2

n!
.

Now we have

Aipzq “
r1{3

π
e´2z3{2{3 Re

ż 8

0
e´ru

dt

du
du

“
r1{3

π
e´2z3{2{3 Re

ż 8

0
e´ru

8
ÿ

n“1

ˆ

i

3

˙n´1 Γp3n
2 ´ 1q

2Γpn2 q

un{2´1

pn´ 1q!
du

“
r1{3

π
e´2z3{2{3 Re

8
ÿ

n“1

ˆ

i

3

˙n´1 Γp3n
2 ´ 1q

2Γpn2 q

1

pn´ 1q!

ż 8

0
un{2´1e´ru du

“
r1{3

π
e´2z3{2{3 Re

8
ÿ

n“1

ˆ

i

3

˙n´1 Γp3n
2 ´ 1q

2pn´ 1q!
r´n{2

“
e´2z3{2{3

2πz1{4

8
ÿ

m“0

p´1qm

32m

Γp3m` 1
2q

p2mq!
z´3m{2 .

In general, it is neither easy to parametrize the curve Im ppzq “ c nor to perform the

series inversion via the Lagrange-Bürmann formula. In the case where it is possible to obtain the

parametrization, Wojdylo [54] provides an explicit formula for the coefficients of the asymptotic

expansion of J in terms of partial ordinary Bell polynomials.

On the other hand, if the asymptotic behavior is only desired to first order, it is not very

difficult to compute. Return to the setting of (3.9) with C1 a curve that traces a steepest descent

curve of p emanating from a saddle, z0.

Corollary 3.3.4. Let p : CÑ C and z0 a point at which p1pz0q “ 0. Let C1 a curve with endpoint

and maximum of Re p at z0. Suppose that µ ą ´1 and that h : C Ñ C is smooth with hpz0q ‰ 0.
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Then, to first order, the integral

J “

ż

C1
pz ´ z0q

µhpzqerppzq dz (3.13)

has the asymptotic expansion

J « Γ

ˆ

µ`
1

n` 1

˙

hpz0q

n` 1

ˆ

pn` 1q!

ppn`1qpz0q

˙1{pn`1q

eirppz0qr´µ´1{pn`1qp1` op1qq as r Ñ `8 . (3.14)

Proof. As with the analysis of Airy’s integral, set upzq “ ppz0q ´ ppzq. If p has a saddle of order n

at z0, write ppzq “ ppz0q `
ř8
j“n`1

ppjqpz0q
j! pz ´ z0q

j , with ppn`1qpz0q ‰ 0.

As with the analysis of Airy’s integral, set upzq “ ppz0q ´ ppzq ě 0. Then we have:

upzq “ pz ´ z0q
n`1

8
ÿ

j“n`1

ppjqpz0q

j!
pz ´ z0q

j´n´1

u1{pn`1q “ pz ´ z0q

˜

8
ÿ

j“n`1

ppjqpz0q

j!
pz ´ z0q

j´n´1

¸1{pn`1q

.

Now, to first order, we have

z ´ z0 « lim
zÑz0

„

z ´ z0

ppzq ´ ppz0q



u1{pn`1q

“ lim
zÑz0

˜

8
ÿ

j“n`1

ppjqpz0q

j!
pz ´ z0q

j´n´1

¸´1{pn`1q

u1{pn`1q

“

ˆ

pn` 1q!

ppn`1qpz0q

˙1{pn`1q

u1{pn`1q .

Returning to (3.13), we can find our first-order approximation for J :

J « erppz0q
ż 8

0
pzpuq ´ z0q

µhpzpuqq
dz

du
e´ru du

“ erppz0q
ż 8

0
pzpuq ´ z0q

µhpzpuqq

ˆ

pn` 1q!

ppn`1qpz0q

˙1{pn`1q u´n{pn`1q

n` 1
e´ru du .

Apply Watson’s lemma to obtain (3.14).
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(a) (b)

Figure 3.1: Level curves of the imaginary part of example members of class C, with
saddle points indicated.

3.4 Geometry of the Steepest Descent Curves

The principal difficulty with applying the method of steepest descent is verifying the geometry of

the steepest descent curves of ppzq in (3.7). Our case is not unique, and we have been able to obtain

only partial results in this direction.

Figures (3.2(a)) through (3.2(d)) contain images of the level curves for the imaginary part

of the Green’s function for different values of λ and the formula for ppxq given in (3.16). Our

computational results suggest that ppzq is a member of the following class for λ with Reλ ‰ 0 and

Imλ ‰ 0:

Definition 3.4.1. We say that a function p : CÑ C is in the class C if the following hold:

1. There is a saddle point of p, z1, with Re z1 P p0, π{2q and Im z1 ą 0.

2. There is a saddle point of p, z2, with Re z2 P p´π{2, 0q and Im z2 ą 0.

3. Level curves of Im p connect π{2 to z1, ´π{2 to z2, and either z1 to z2 or both saddle points

to `i8.
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3.5 Asymptotics of the Greens function

We use the steepest descent method to compute the asymptotic behavior of the integral

IθpNq “
2

πλ

ż π{2

0

cospNθtq
?

1´ 4λ´2 cos2 t

ˆ

2λ´1 cos t

1`
?

1´ 4λ´2 cos2 t

˙N

dt (3.15)

to first order. The integrand is even, so the integral is equal to

1

2

ż π{2

´π{2

cospNθtq ` i sinpNθtq
?

1´ 4λ´2 cos2 t

ˆ

2λ´1 cos t

1`
?

1´ 4λ´2 cos2 t

˙N

dt

“
1

2

ż π{2

´π{2

eiNθt
?

1´ 4λ´2 cos2 t

ˆ

2λ´1 cos t

1`
?

1´ 4λ´2 cos2 t

˙N

dt

“
1

2

ż π{2

´π{2

1
b

1´ 4 cos2 t
λ2

e
iNθt`N log

ˆ

2λ´1 cos t

1`
?

1´4λ´2 cos2 t

˙

dt .

Set

ppzq “ iθz ` log

ˆ

2λ´1 cos z

1`
?

1´ 4λ´2 cos2 z

˙

, (3.16)

taking principal value for the square root and logarithm when z P p´π{2, π{2q and extending

analytically, away from singularities, so that the integrand in IθpNq becomes eNpptq?
1´4λ´2 cos2 t

. Note

that the conditions in Definition 3.4.1 that Im z1 ą 0 and Im z2 ą 0 are equivalent to the square

root in (3.16) taking its principal value for, at any saddle point z,

´i tan z “ θ
a

1´ 4λ´2 cos2 z .

If the principal branch of the square root has positive real part, then tan z must have positive

imaginary part. But since, for real number x and y, tanpx` iyq “ sin 2x`i sinh 2y
cos 2x`cosh 2y , for Im tan z to be

positive, Im z must be positive.

The function ppzq fails to be analytic when cos z “ 0 and when 1´4λ´2 cos2 z “ 0. Elsewhere,

we have

ppzq “ iθz ` log

ˆ

2λ´1 cos z

1`
?

1´ 4λ´2 cos2 z

˙

, (3.17)
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p1pzq “ iθ ´
tan z

?
1´ 4λ´2 cos2 z

, (3.18)

p2pzq “ ´
λ2 sec2 z ´ 4´ 4 sin2 z

λ2 p1´ 4λ´2 cos2 zq3{2
. (3.19)

We set

β˘pθ, λq “

c

´
λ2

8θ2

´

1´ θ2 ˘
a

p1´ θ2q2 ` 16λ´2θ2
¯

, (3.20)

though we will suppress the dependence of β˘pθ, λq on its arguments for much of the following

exposition and simply write β˘.

We will need some facts regarding the location of β˘ in the complex plane. To that end, we

refer to the quadrants of CzpRY iRq by the following names:

Q1 “ tz P C : Re z ą 0 and Im z ą 0u ,

Q2 “ tz P C : Re z ă 0 and Im z ą 0u ,

Q3 “ tz P C : Re z ă 0 and Im z ă 0u ,

Q4 “ tz P C : Re z ą 0 and Im z ă 0u .

Lemma 3.5.1. The quadrant containing β˘ depends on λ as follows:

Reβ˘ ą 0 , (3.21)

´sgn Imβ˘ “ ˘sgn Impλ2q . (3.22)

Proof. (3.21) follows immediately from the choice of branch for the principal value of the square

root.

Suppose that λ P Q1. Write λ “ reiφ, so we have:

β2
˘ “ ´

λ2

8θ2

´

1´ θ2 ˘
a

p1´ θ2q2 ` 16θ2λ´2
¯
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“ ´
p1´ θ2qr

8θ2
e2iφ

˜

1˘

d

1`
16θ2

p1´ θ2q2r2
e´2iφ

¸

“ ´se2iφ
´

1˘
a

1` te´2iφ
¯

“ ´seiφ
´

eiφ ˘
a

e2iφ ` t
¯

for some s, t ą 0. It is clear that Imβ2
` ă 0.

For β2
´, when t “ 0, ´seiφ

´

eiφ ´
?
e2φi ` t

¯

“ 0. The partial derivative with respect to t is

´seiφ
B

Bt

´

eiφ ´
a

e2φi ` t
¯

“
seiφ

2

´

e2iφ ` t
¯´1{2

“
s

2

´

1` te´2iφ
¯´1{2

P Q1 .

For any choice of t ą 0,

Imβ2
´ “ Im

ˆ

0`
s

2

ż t

0

´

e2iφ ` u
¯´1{2

du

˙

ą 0

and so β´ P Q1.

Now,

β˘p´λq “ β˘pλq ,

β˘pλq “ β˘pλq ,

so we conclude that β` P Q4 when λ P Q1 Y Q3 and β` P Q1 when when λ P Q2 Y Q4; β´ P Q1

when λ P Q1 YQ3 and β´ P Q4 when λ P Q2 YQ4. This gives us the result.

Lemma 3.5.2. The imaginary part of λ
2β˘

depends on λ as follows:

sgn Im
λ

2β˘
“ sgn Imλ . (3.23)

Proof. Suppose that λ P Q1. According to (3.22), β` P Q4. Thus, Im λ
2β`

ą 0.

Now consider λ´1β´. From (3.22), β´ P Q1, so we can put the λ´1 inside the square root
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without changing the sign, and we have

λ´1β´ “

c

´
1

8θ2

´

1´ θ2 ´
a

p1´ θ2q2 ` 16θ2λ´2
¯

. (3.24)

Consider now just the expression under the radical, and write it as

´ s
´

1´
a

1` te´2iφ
¯

(3.25)

for some s, t ą 0 and φ P p0, π{2q. This is equal to 0 when t “ 0 and has as partial derivative with

respect to t,

´s
B

Bt

´

1´
a

1` te´2iφ
¯

“
s

2

´

1` te´2iφ
¯´1{2

e´2iφ “
s

2
pe2iφ ` tq´1{2e´iφ . (3.26)

The expressions pe2iφ ` tq´1{2 and e´iφ are both elements of Q4, so their product has negative

imaginary part. As in the previous lemma, this property propagates to (3.24) and so λ´1β´ P Q4.

Thus, Im λ
2β´

ą 0.

Now,

´λ

2β˘p´λq
“ ´

λ

2β˘pλq
,

λ

2β˘pλq
“

ˆ

λ

2β˘pλq

˙

,

so we conclude that Im λ
2β˘

ą 0 when λ P Q1 YQ2 and Im λ
2β˘

ă 0 when λ P Q3 YQ4. This gives

us the result.

Lemma 3.5.3. Let λ be such that Reλ is not a multiple of 2 and Imλ ‰ 0. Then saddles of p are

simple and occur at

z˘ “ ˘psgn Impλ2qq arccosβ˘ ` 2π . (3.27)
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Proof. Saddles of p occur when p1pzq “ 0. This implies that

iθ “
tan z

?
1´ 4λ´2 cos2 z

, (3.28)

the solution set to which is contained in the solution set of the following:

´θ2 “
tan2 z

1´ 4λ´2 cos2 z
,

´θ2 cos2 z
`

1´ 4λ´2 cos2 z
˘

“ 1´ cos2 z ,

4θ2

λ2
cos4 z ` p1´ θ2q cos2 z ´ 1 “ 0 , (3.29)

cos2 z “ ´
λ2

8θ2

´

1´ θ2 ˘
a

p1´ θ2q2 ` 16λ´2θ2
¯

, (3.30)

cos2 z “ β2
˘ . (3.31)

These are simple saddles unless p2pzq is also equal to 0. This occurs when

λ2

cos2 z
´ 4´ 4 sin2 z “ 0 ,

4 cos4 z ´ 8 cos2 z ` λ2 “ 0 ,

cos2 z “ 1˘

?
4´ λ2

2
.

Plugging this into (3.29), we see that a necessary condition for a higher order saddle is that

4θ2

λ2

˜

1˘

?
4´ λ2

2

¸2

` p1´ θ2q

˜

1˘

?
4´ λ2

2

¸

´ 1 “ 0 ,

p8θ2 ` p1´ θ2qλ2q
a

4´ λ2 ` 4θ2p4´ λ2q “ 0 ,

λ2p4´ λ2qp16θ2 ` p1´ θ2q2λ2q “ 0 .

Recall that we defined S0 to be the set of exceptional values in σpHq for which we do not expect

an absorption principle to hold; in the case of Z2, S0 “ t´2, 0, 2u. From these calculations, we

see that λ must be in S0, or must be purely imaginary. We will be interested in λ approaching

S “ σpHqzS0 from above and below in the complex plane, so we omit the analysis of the behavior
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at higher order saddles.

Choosing the principal branch of arccos z to be

π

2
` i log

´

a

1´ z2 ` iz
¯

, (3.32)

all saddles are simple. These saddles are restricted to the set:

z “ ˘3 arccos p˘2β˘1q ` 2πn

for n P Z and t˘1,˘2,˘3u Ă t`,´u. The choice of each plus-minus is determined by the criteria

we identified in §3.4.

The first criterion from §3.4 is that the real part of any saddle must be in the interval

p´π{2, π{2q. For our choice of principal branch of the inverse cosine (3.32), this is equivalent

to Im
`?

1´ z2 ` iz
˘

ą 0. If z P Q3, then z2 has positive imaginary part and iz has negative

imaginary part, hence Im
`?

1´ z2 ` iz
˘

ă 0. If z P Q4, then z2 has negative imaginary part and

iz has positive imaginary part, hence Im
`?

1´ z2 ` iz
˘

ą 0. We also have the identity

arccosp´zq “
π

2
` i log

´

a

1´ z2 ´ iz
¯

“ π ´
´π

2
` i log

´

a

1´ z2 ` iz
¯¯

(3.33)

“ π ´ arccospzq .

Taken together, these imply that Re arccospzq P p´π{2, π{2q if and only if Re z ą 0. This is true

for the principal branch of the square root, so we choose the plus sign for ˘2. Note that the choice

of sign for ˘3 preserves Re arccospzq P p´π{2, π{2q.

The second criterion is that the imaginary part of any saddle must be greater than 0.

For our choice of principal branch of the inverse cosine, we choose the plus sign for ˘3 when

|
?

1´ z2 ` iz| ą 1 and the minus sign for ˘3 when |
?

1´ z2 ` iz| ă 1. Suppose that z P Q3. Then
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both
?

1´ z2 and iz are in Q4. Note that, for z and w in the same quadrant,

|z ` w|2 ą |z|2 ` |w|2 .

We have

|
a

1´ z2 ` iz|2 ą |
a

1´ z2|2 ` |iz|2

“ |1´ z2| ` |z2|

ě 1 .

Similarly, for z P Q4, both
?

1´ z2 and iz are in Q1, so |
?

1´ z2 ` iz|2 ą 1. Using again (3.33),

we see that ˘3 takes the minus sign if β˘1 P Q1 and the plus sign if β˘1 P Q4. Thus, from (3.22),

˘3 “ ´sgn Imβ˘1 “ ˘1sgn Imλ2 .

This leaves us with the saddles of ppzq, which are those identified in (3.27).

Lemma 3.5.4. Let z be the location of a saddle as specified in (3.27). There is a δ P Z which

makes the following identity true:

log

ˆ

z´1

1`
?

1´ z´2

˙

“ ´psgn Imλqi arccos z ` 2πiδ . (3.34)

Proof. Note first that z
?

1´ z´2 “ ˘i
?

1´ z2. Im z
?

1´ z2 is greater than 0 for z P Q1 Y Q2

and less than 0 for z P Q3 Y Q4. Im i
?

1´ z2 is always greater than 0. We summarize this as

z
?

1´ z´2 “ psgn Im zqi
?

1´ z2.

log

ˆ

z´1

1`
?

1´ z´2

˙

“ log
´

z ´ z
a

1´ z´2
¯

“ log
´

z ´ psgn Im zqi
a

1´ z2
¯

“ log
´

´ipsgn Im zq
´

psgn Im zqiz `
a

1´ z2
¯¯

“ ´ipsgn Im zq
π

2
` i

´π

2
´ arccosppsgn Im zqz

¯

` 2πiδ .
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Figure 3.2

(a) Level curves of Im p for λ “ ´.5` .5i (b) Level curves of Im p for λ “ .5` .5i

(c) Level curves of Im p for λ “ ´.5´ .5i (d) Level curves of Im p for λ “ .5´ .5i

If Im z ą 0, this becomes

log

ˆ

z´1

1`
?

1´ z´2

˙

“ ´i arccos z ` 2πiδ .

If Im z ă 0, this becomes

log

ˆ

z´1

1`
?

1´ z´2

˙

“ iπ ´ i arccosp´zq ` 2πiδ

“ i arccos z ` 2πiδ .
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Theorem 3.5.5. Take λ P C with |Reλ| P p0, 2q and Imλ ‰ 0. Let θ P r0, 1s and N P N. Let

IθpNq be as in (3.15) and suppose that p in (3.16) satisfies the conditions of Definition 3.4.1. The

asymptotic behavior of IθpNq is described by

IθpNq “
1

2λπ
b

1´ 4λ´2β2
sgn Reλ

ˆ

2π

pp2qpzsgn Reλq

˙1{2

ˆ exp

ˆ

´iNpsgn Imλq

ˆ

psgn Reλqθ arccosβ´ ` arccos
λ

2β´

˙˙

N´1{2p1` op1qq (3.35)

as N goes to `8.

Proof. Deform the contour of integration from r´π{2, π{2s to follow level curves of Im p, defined in

(3.16). By the hypothesis, these pass from the points ˘π{2 ` 0i, through a pair of saddle points

located at points given by (3.27), and then up to `8i.

Plug (3.27) and (3.19) into (3.14) to get

IθpNq “

˜

2

4λπ
b

1´ 4λ´2β2
`

ˆ

2π

pp2qpz`q

˙1{2

eNppz`qN´1{2

`
2

4λπ
b

1´ 4λ´2β2
´

ˆ

2π

pp2qpz´q

˙1{2

eNppz´qN´1{2

¸

p1` op1qq .

Note that the coefficients are doubled because we have two steepest descent curves emanating from

each of z` and z´. The term associated to z´ decays exponentially slower for all λ, so contributes

the dominant term. The exponent is equal to:

ppz´q “ iθz´ ` log

˜

2λ´1 cospz´q

1`
a

1´ 4λ´2 cos2 z´

¸

“ ´psgn Imλ2qiθ arccosβ´ ` log

¨

˚

˚

˝

´

λ
2β´

¯´1

1`

c

1´
´

λ
2β´

¯´2

˛

‹

‹

‚

.

For λ P Qj , determine the sign of Im λ
2β´

from (3.23). By (3.34), the decay has the following
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form:

IθpNq “

$

’

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

’

%

1

2λπ
?

1´4λ´2β2
`

´

2π
pp2qpz`q

¯1{2
e
iN

´

´θ arccosβ´´arccos λ
2β´

¯

N´1{2 λ P Q1

1

2λπ
?

1´4λ´2β2
´

´

2π
pp2qpz´q

¯1{2
e
iN

´

θ arccosβ´´arccos λ
2β´

¯

N´1{2 λ P Q2

1

2λπ
?

1´4λ´2β2
´

´

2π
pp2qpz´q

¯1{2
e
iN

´

´θ arccosβ´`arccos λ
2β´

¯

N´1{2 λ P Q3

1

2λπ
?

1´4λ´2β2
`

´

2π
pp2qpz`q

¯1{2
e
iN

´

θ arccosβ´`arccos λ
2β´

¯

N´1{2 λ P Q4 .

3.6 Concordance with Literature

Recall that, in [48], Shaban and Vainberg derive radiation conditions for solutions to the Schrodinger

equation. These are provided only for λ in the spectrum and are expressed in terms of the geometry

of φ in the dual space rather than directly in terms of features of Zd.

In this section, we provide a brief reminder of their results specialized to the two-dimensional

case and compare them to the results derived here in the previous theorem.

For λ R r´d, ds , the resolvent of the standard Laplacian is a bounded operator Rλ : l2pZdq Ñ

l2pZdq given by the formula

Rλpfqpξq “
1

p2πqd{2

ż

Td

f̂pkqeik¨ξ

φpkq ´ λ
dk ,

where φpkq “
řd
j“1 cospkjq. The authors identify Td “ Rd{2πZd with the cube r´π, πsd when λ ą 0

and with the cube r0, 2πsd when λ ă 0.

Let Γpλq “ tk P Td : φpkq “ λu. When λ P S, |∇φ| ‰ 0; define an orientation on Γpλq by

choosing the normal vector n “ ∇φ “ ´psin k1, . . . , sin kdq. Say that ω P Sd´1 is non-singular, if

there is no point k P Γpλq with ∇φpkq pointing in the same direction as ω and with the curvature

of Γpλq at k equal to 0.
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Shaban and Vainberg show that, for d ´ 2 ă |λ| ă d, Γpλq is strictly convex, so every

direction ω P Sd´1 is non-singular and there is a unique point on Γpλq whose normal is parallel to

and points in the same direction as ω. For d ą 2, there are pairs of λ P S and ω P Sd´1 for which ω

is a singular direction; there are also pairs of λ P S and ω P Sd´1 for which there is more than one

point in Γpλq with normal parallel to and pointing in the same direction as ω. However, neither of

those is true for the case d “ 2, which concerns us here. The following result is true in this case

but requires more nuance in higher dimensions.

Corollary 3.6.1. Let kpω, λq be the unique point on Γpλq whose normal is parallel to and points

in the same direction as ω. Let µpω, λq “ kpω, λq ¨ ω, the projection of k on ω. p∆ ´ λqψ “ f

admits unique solutions ψ˘, each the pointwise limit of Rηf over η P C˘ as η Ñ λ˘i0. Asymptotic

behavior of ψ˘ is given by

ψ˘ “
e˘iµpω,λq|ξ|

|ξ|pd´1q{2
a˘pω, λq `O

´

|ξ|´pd`1q{2
¯

(3.36)

as |ξ| Ñ 8, the amplitude a˘ smooth in ω and λ.

This concludes our summary of the results from [48]. The following lemma expresses (3.36)

in terms of θ. The remainder of the section is concerned with the equivalence of the exponents of

each decay.

Define the following:

β1 “
λ

4θ

˜

p1` θq2 ´

c

p1´ θ2q2 `
16θ2

λ2

¸

, (3.37)

β2 “
´λ

4θ

˜

p1´ θq2 ´

c

p1´ θ2q2 `
16θ2

λ2

¸

.

Lemma 3.6.2. The exponent in (3.36) can be written

˘ ikpω, λq ¨ ξ “ ¯
i

2
parccosβ1 ` arccosβ2 ` θparccosβ1 ´ arccosβ2qq . (3.38)
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Proof. We rewrite the magnitude of the exponent:

µpω, λq|ξ| “ kpω, λq ¨ ω|ξ| “ kpω, λq ¨ ξ .

Recall that, for some point pm,nq P Z2, 0 ď n ď m, pointing in the direction of ω, we write

θ “ m´n
m`n . p1 ` θ, 1 ´ θq also points in the direction of ω. kpω, λq is the point px1, x2q P T2 such

that:

cosx1 ` cosx2 “ λ , (3.39)

´2 sinx1 “ sp1` θq , (3.40)

´2 sinx2 “ sp1´ θq (3.41)

for some s ą 0. Note in particular that, for λ ą 0, we identify T with r´π, πs2 and so tx1, x2u Ă

p´π, 0q. For λ ă 0, we identify T with r0, 2πs2, and so tx1, x2u Ă pπ, 2πq We combine (3.40) and

(3.41) to find

sinx1

1` θ
“

sinx2

1´ θ
,

cos2 x2 “
4θ

p1` θq2
`
p1´ θq2

p1` θq2
cos2 x1 .

Moving the cosx1 term in (3.39) to the right-hand side and squaring, this gives us

cos2 x2 “ λ2 ´ 2λ cosx1 ` cos2 x1 ,

4θ

p1` θq2
`
p1´ θq2

p1` θq2
cos2 x1 “ λ2 ´ 2λ cosx1 ` cos2 x1 ,

0 “ 4θ cos2 x1 ´ 2p1` θq2λ cosx1 ` p1` θq
2λ2 ´ 4θ ,

cosx1 “
2p1` θq2λ˘

a

4p1` θq4λ2 ´ 16θ pp1` θq2λ2 ´ 4θq

8θ
,

cosx1 “
p1` θq2λ˘ λ

a

p1´ θ2q2 ` 16θ2λ´2

4θ
.
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The equations (3.39)-(3.41) are invariant under exchange of px1, θq with px2,´θq, so we find also

cosx2 “
p1´ θq2λ˘ λ

a

p1´ θ2q2 ` 16θ2λ´2

´4θ
.

When λ ą 0, k P r´π, πs2 and, in particular, x2 “ 0 when θ “ 1. This gives us

1 “ ˘
λ
?

16λ´2

´4
,

1 “ ˘p´1q

and so we choose the minus sign for cosx2 which, because of the invariance under exchange of

px1, θq and px2,´θq, implies that we take the minus sign for cosx1 as well.

When λ ă 0, k P r0, 2πs2 and, in particular, x2 “ π when θ “ 1. This gives us

´1 “ ˘
λ
?

16θ2λ´2

´4
,

´1 “ ˘
λ|λ|´14

´4
,

´1 “ ˘1

and so again we choose the minus sign for both cosx1 and cosx2.

Recall that we identify T2 with r´π, πs if λ ą 0 and with r0, 2πs if λ ă 0. The principal

value of arccos maps r´1, 1s to r0, πs, so we have the following values for x1 and x2:

x1 “

$

’

’

&

’

’

%

´ arccosβ1 λ ą 0

2π ´ arccosβ1 λ ă 0 ,

x2 “

$

’

’

&

’

’

%

´ arccosβ2 λ ą 0

2π ´ arccosβ2 λ ă 0 .
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Using these values of x1 and x2, we have an explicit expression for the exponent:

˘ikpω, λq ¨ ξ “ ˘i
1` θ

2
x1 ˘ i

1´ θ

2
x2 “ ˘

i

2
px1 ` x2 ` θpx1 ´ x2qq

“ ¯
i

2
parccosβ1 ` arccosβ2 ` θparccosβ1 ´ arccosβ2qq .

after removing the 2πi from the exponent.

Corollary 3.6.3. The exponents in (3.35) and (3.38) are equal.

Proof. We consider separately the parts that do and don’t depend on θ and compute their cosines.

Cosine obscures the sign of its argument, so this first part of the analysis is independent of the

quadrant containing λ.

We require, first:

cosparccosβ´q “ cos

ˆ

arccosβ1 ´ arccosβ2

2

˙

,

β´ “

d

1` β1β2 `
a

1´ β2
1

a

1´ β2
2

2
,

2β2
´ ´ 1 “ β1β2 `

b

1´ β2
1

b

1´ β2
2 ,

p2β2
´ ´ β1β2 ´ 1q2 “ p1´ β2

1qp1´ β
2
2q . (3.42)

Secondly, we require:

cos

ˆ

arccos
λ

2β´

˙

“ cos

ˆ

arccosβ1 ` arccosβ2

2

˙

,

λ

2β´
“

d

1` β1β2 ´
a

1´ β2
1

a

1´ β2
2

2
,

λ2

2β2
´

´ 1 “ β1β2 ´

b

1´ β2
1

b

1´ β2
2 ,

ˆ

λ2

2β2
´

´ β1β2 ´ 1

˙2

“ p1´ β2
1qp1´ β2q

2 . (3.43)

These are continuous in λ and θ, so (3.43) and (3.42) are sufficient if also we demonstrate the
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equality of exponents for a value of λ with Reλ ą 0 and one with Reλ ă 0. We choose θ “ 1 and

λ “ ˘1` i0.

In this case, we have:

β1 “ λ´ λ
?
λ´2 “ 0 ,

β2 “ λ
?
λ´2 “ ˘1 ,

β´ “

c

λ2

2

?
λ´2 “

1
?

2
,

λ

2β´
“

λ
a

2λ2
?
λ´2

“
˘1
?

2
,

where the indicated choices of sign in the formulas above and below correspond to the sign of λ.

It’s easy to see that

psgn Reλq arccosβ´ “ ˘ arccos
1
?

2
“
˘π

4
“

arccosp0q ´ arccosp˘1q

2
“

arccosβ1 ´ arccosβ2

2
,

arccos
λ

2β´
“ arccos

˘1
?

2
“
π

2
˘
π

4
“

arccosp0q ` arccosp˘1q

2
“

arccosβ1 ` arccosβ2

2
.

Finally, we verify (3.42) and (3.43) with the following identities:

β1β2 “
´λ2

8θ2

˜

p1´ θ2q2 `
8θ2

λ2
´ p1` θ2q

c

p1´ θ2q2 `
16θ2

λ2

¸

,

2β2
´ ´ β1β2 ´ 1 “

´λ2

8θ2

˜

p1´ θ4q ´ p1´ θ2q

c

p1´ θ2q2 `
16θ2

λ2

¸

,

p2β2
´ ´ β1β2 ´ 1q2 “

λ4

32θ4

˜

p1´ θq2p1` θq2p1` θ4q `
8θ2

λ2
p1´ θ2q2

´ p1` θ2qp1´ θ2q2

c

p1´ θ2q2 `
16θ2

λ2

¸

,
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p1´ β2
1qp1´ β

2
2q “

λ4

32θ4

˜

p1´ θq2p1` θq2p1` θ4q `
8θ2

λ2
p1´ θ2q2

´ p1` θ2qp1´ θ2q2

c

p1´ θ2q2 `
16θ2

λ2

¸

,

and so (3.42) holds. Continuing,

λ2

2β2
´

“
λ2

4

˜

p1´ θ2q `

c

p1´ θ2q2 `
16θ2

λ2

¸

,

λ2

2β2
´

´ β1β2 ´ 1 “
λ2

8θ2

˜

p1´ θ4q ´ p1´ θ2q

c

p1´ θ2q2 `
16θ2

λ2

¸

,

ˆ

λ2

2β2
´

´ β1β2 ´ 1

˙2

“
λ4

32θ4

˜

p1´ θq2p1` θq2p1` θ4q `
8θ2

λ2
p1´ θ2q2

´ p1` θ2qp1´ θ2q2

c

p1´ θ2q2 `
16θ2

λ2

¸

,

and so (3.43) holds.
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Chapter 4

Short-Range Perturbations of the

Cayley Tree Laplacian

4.1 Introduction

This chapter is concerned with the Schrödinger equation on the Cayley tree. Let Td, the degree

d Cayley tree, be the infinite d-regular graph with no cycles. The analysis that we will conduct

applies in the same form for any d ą 2, so we will for simplicity restrict ourselves to d “ 3.

Choose a point 0 P T3. For x, y P T3, define Pxy to be the path that connects them. This

path is unique since T3 is a tree. Set |x ´ y| to be the number of edges in Pxy and |x| “ |x ´ 0|.

For x P T3 and E Ă T3, let |x´ E| “ minyPE |x´ y|. We define ∆ by

p∆fqpxq “
ÿ

y:|y´x|“1

fpyq .

We will consider the equation

Hψ “ p∆` V ´ λqψ “ f (4.1)

for V : T3 Ñ R, f a complex-valued function with compact support on T3, and λ P C.

Investigation into spectral properties of the Laplacian on the Cayley tree originated in con-

nection to questions arising in algebra and combinatorics. The Cayley tree of degree 2p is the

Cayley graph of the free group on p generators and so inform the study of that subject. The
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book [43] provides a survey of what was known about the Cayley tree by 1989. Interest in the

Cayley tree as an object of study in relation to Schrodinger scattering arose in connection with

progress on a Cayley-tree analog of the Anderson model.

The Anderson model, in which the standard Schrodinger Hamiltonian H0 on Zd is coupled

with a random potential V , was introduced in [3] in 1958 in order to explain physically observed

quantum mechanical effects of disorder: localization (ostensibly corresponding to purely singu-

lar spectrum) for relatively high |λ| and extended states (ostensibly corresponding to absolutely

continuous spectrum) for relatively low |λ|, with the two regimes separated by mobility edges.

Anderson localization from the mathematical perspective has been extensively studied, first

for the one-dimensional case in [26] and [38] and eventually in the arbitrary dimension case in

[25] and [2]. However, characterization of extended states and the region of absolute continuity

in multiple dimensions remains elusive. In [34, 35], Klein demonstrates presence of absolutely

continuous spectrum for randomly perturbed H on the Cayley tree, which inspired substantial

interest in this line of inquiry in the hope that it would serve as a bridge to results in higher

dimensional integer lattices.

The characterization of the unperturbed spectrum of ∆ on T3 has been known at least

since [31]. The history of this field through 2010 is recorded in [50]. In [17], Denisov proves the

following theorem about the preservation of the absolutely continuous part of the spectrum under

perturbation:

Theorem 4.1.1 (Denisov). Let V : Td Ñ R be bounded and obey

8
ÿ

n“0

1

pd´ 1qn

ÿ

α:|α|“n

V 2pαq ă 8 , (4.2)

where |α| is the distance from α to a designated origin. Then H has absolutely continuous spectrum

of infinite multiplicity on r´2
?
d´ 1, 2

?
d´ 1s.

This theorem is sharp, as for any p ą 2, there is a V satisfying (4.2) with |V pαq|2 replaced

by |V pαq|p, but for which the absolutely continuous spectrum of H is empty. Examples of this type
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of potential are discussed in [33].

This result was extended by Denisov and Kiselev in [18]. Consider infinite paths ω “ txju
8
j“0

starting at 0, with |xj | “ j. Put the infinite product measure ν on the ω for which νptω : xj “ xu

is constant across all x with |x| “ j. Finally, let

}Vω}
2 “

8
ÿ

j“0

|V pxjq|
2 for xj P ω .

With this nomenclature, we have the following theorem:

Theorem 4.1.2 (Denisov, Kiselev). Let V : T3 Ñ R be bounded and suppose

νpω : }V ω} ă 8q ą 0 .

Then H has a.c. spectrum of infinite multiplicity on r´2
?

2, 2
?

2s.

In this chapter, we present some basic results about the spectral theory of the Cayley tree.

We start by investigating the free Laplacian and finding fundamental solutions to the associated

resolvent. Then we prove an absorption principle for compactly supported potentials, justify expo-

nential decay of the Green’s function for H perturbed by short-range potentials, and a factorization

identity. Control over the decay of the perturbed Green’s function is new; other results are sub-

sumed by those provided in e.g. [17,18], but we approach the proofs from a perturbative perspective

that is absent from the literature.

4.2 Notation

Let x ‰ 0 and y be neighbors in T3. Every element of T3 other than 0 has a unique neighbor

with smaller norm. If y is the unique such neighbor of x, with |y| ă |x|, then write y “ x ´ 1

and say that y is the proximal neighbor of x. Neighbors with larger norm are not unique; we will

call them the distal neighbors of x. Let x and n be neighbors in T3. Then we say that the set

ty P T3 : |x´y| ă |n´y|u is the cone at x growing away from n and refer to it by Cnpxq. If |n| “ 1,

we refer to the cone centered at 0 growing away from n by Cn.
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For x P T3 and R P N, let BRpxq “ ty P T3 : |x´ y| ď Ru. If x is not specified, it is assumed

to be 0. Similarly, let SRpxq “ ty P T3 : |x´ y| “ Ru.

From [31], σp∆q “ r´2
?

2, 2
?

2s. Let S0 “ t´2
?

2, 2
?

2u, the exceptional points in the

spectrum; let S “ σp∆qzS0 “ p´2
?

2, 2
?

2q. Throughout this paper, we will reserve the symbols ζ

for elements of CzS0, η for elements of Czσp∆q, λ for elements of S, and λ ˘ i0 for elements of S

when they appear as limits of η from above and below, respectively.

Let R0
λ denote p∆´λq´1 and Rλ denote p∆`V ´λq´1. For λ P C, we will have µλ “

λ˘
?
λ2´8
4 .

For Im η ‰ 0, choose the root with the smaller modulus and let Wη be the class of functions

ψ : T3 Ñ C such that there is some R so that for all x P T3zBR, if y is a distal neighbor of x, we

have ψpyq “ µηψpxq. For λ P S, let µλ˘i0 be the the limit of µη as η Ñ λ from above or below,

respectively. Let Wλ˘i0 be the class of functions ψ : T3 Ñ C such that there is some R so that for

all x P T3zBR, if y is a distal neighbor of x, we have ψpyq “ µλ˘i0ψpxq.

4.3 The Free Laplacian

Let η R σp∆q. We examine the behavior of solutions ψ of

p∆´ ηqψ “ 0 (4.3)

on cones C in T3 with center 0. Note that the following analysis does not require that p∆´ηqψ “ 0

at 0.

Lemma 4.3.1. Let C Ă T3 be a cone and label its center 0. For λ P S, there is no nontrivial

ψ P l2pCq satisfying (4.3) on C. For η R r´2
?

2, 2
?

2s, there is a ψ P l2pCq that satisfies (4.3) on

Czt0u. It is given by ψpxq “ µ|x|ψp0q.

Proof. Suppose that ψ satisfies (4.3). Let Sn “ tx P C : |x| “ nu for n P N. Counting adjacencies



74

0

x

x`
x´

S1

S2

Figure 4.1: A cone, C

in Sn´1 and Sn`1 to elements of Sn, we see that, for n ě 1,

ÿ

Sn

p∆´ ηqψ “ 2
ÿ

Sn´1

ψ `
ÿ

Sn`1

ψ ´ η
ÿ

Sn

ψ “ 0

and so
ÿ

Sn`1

ψ “ η
ÿ

Sn

ψ ´ 2
ÿ

Sn´1

ψ .

We express this recurrence relation as

»

—

–

ř

Sn`1
ψ

ř

Sn
ψ

fi

ffi

fl

“

»

—

–

η ´2

1 0

fi

ffi

fl

»

—

–

ř

Sn
ψ

ř

Sn´1
ψ

fi

ffi

fl

,

which has eigenvalues equal to

2µ˘ “
η ˘

a

η2 ´ 8

2
.

For η P r´2
?

2, 2
?

2s, |2µ˘| “
?

2. For η R r´2
?

2, 2
?

2s, one of the 2µ˘ has modulus less than
?

2

and one has modulus greater than
?

2. Let 2µ be the eigenvalue such that |2µ| ă
?

2 and 2µ̃ be

the other one.

By Cauchy-Schwartz, we have

}ψ}l1pSnq ď }1}
1{2
l2pSnq

}ψ}
1{2
l2pSnq

and so, for some constants c and c̃,

}ψ}
1{2
l2pSnq

ě
}ψ}l1pSnq

|Sn|1{2
ě
|
ř

Sn
ψ|

|Sn|1{2
“
|cp2µqn ` c̃p2µ̃qn|

2n{2
ě
|c̃||p2µ̃q|n ´ |c||p2µq|n

2n{2
. (4.4)
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If η R r´2
?

2, 2
?

2s, (4.4) implies that ψ P l2pCq only if c̃ “ 0, which is to say that
ř

Sn
ψ “ cp2µqn

for n ě 1. For η P r´2
?

2, 2
?

2s, |2µ| “ |2µ̃| “
?

2 and µ̃ “ µ̄. Suppose |c| ă |c̃|. Then, as for η

off the spectrum, (4.4) implies that ψ P l2pCq only if |c̃| “ 0, which contradicts |c| ă |c̃|. A similar

argument shows that |c̃| cannot be less than |c|. Suppose now that |c| “ |c̃|. Rewrite the middle

expression in (4.4) as

|cp2µqn ` c̃p2µ̃qn|

2n{2
“ |c|

ˇ

ˇ

ˇ
einθ`iκ ` e´inθ`iκ̃q

ˇ

ˇ

ˇ

“ |c|
ˇ

ˇ

ˇ
einθ`ipκ´κ̃q{2 ` e´inθ´ipκ´κ̃q{2

ˇ

ˇ

ˇ

“ 2|c|| cospnθ ` pκ´ κ̃q{2q| (4.5)

for some θ, κ, and κ̃ in R. The only way for (4.5) to converge to 0 with θ P r0, πs is if θ “ 0, θ “ π

or θ “ π{2. If θ “ 0 or θ “ π, then µ “ µ̃ and (4.4) implies that }ψ}
1{2
l2pSnq

is bounded below by

|c ` c̃|. If θ “ π{2, then µ “ ´µ̃ and (4.4) implies that lim supnÑ8 }ψ}
1{2
l2pSnq

is bounded below by

maxt|c` c̃|, |c´ c̃|u ě maxt|c|, |c̃|u. In any case, }ψ}l2pSnq doesn’t converge to 0 as n increases to 8

unless |c| “ |c̃| “ 0, and so there is no nontrivial ψ P l2pCq satisfying (4.3) when η P r´2
?

2, 2
?

2s.

Going forward, we only consider η R r´2
?

2, 2
?

2s.

Now we focus on the behavior of ψ around a point x P S1. Let x` and x´ be the distal

neighbors of x as in figure 4.1. By repeating the preceding analysis with x “ 0, we know that

ψpx`q ` ψpx´q “ 2µψpxq, so:

0 “ p∆´ ηqψ “ ψp0q ` 2µψpxq ´ ηψpxq ,

ψpxq “ ψp0qpη ´ 2µq´1

and we compute

pη ´ 2µq´1 “
2

η ¯
a

η2 ´ 8
“
η ˘

a

η2 ´ 8

4
“ µ .

By induction, we see that, for x P Sn, ψpxq “ µnψp0q.

Lemma 4.3.2. Let η R σp∆q and f : T3 Ñ R with suppf Ă BR for some R. Solutions to p∆´ηq´1
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in l2pT3q are given by

pp∆´ ηq´1fqpxq “
ÿ

yPBR

fpyqµ|x´y|

3µ´ η
.

Proof. Let fpxq “ δ0pxq, which is 1 when x “ 0 and 0 otherwise. We look for a fundamental

solution E0 to

p∆´ ηqE0 “ δ0

in l2. From Lemma 4.3.1, we know that any solution ψ must have ψpxq “ ψp0qµ|x| for x ‰ 0, and

that this will satisfy the equation for x ‰ 0. At 0, we have

˜

ÿ

S1

ψ

¸

´ ηψp0q “ ψp0qp3µ´ ηq “ 1 .

This gives us our fundamental solution: E0pxq “
µ|x|

3µ´η .

For f : T3 Ñ R with f P l2pT3q , we can superpose the fundamental solutions to find a

solution to

p∆´ ηqψ “ f .

We write fpxq “
ř

yPT3
fpyqδypxq and so

pp∆´ ηq´1fqpxq “
ÿ

yPT3

fpyqpp∆´ ηq´1δyqpxq “
ÿ

yPT3

fpyqµ|x´y|

3µ´ η
.

4.4 The Perturbed Laplacian

Lemma 4.4.1. Let λ P S and let V : T3 Ñ R. The homogeneous equation

p∆` V ´ λqψ “ 0

has only trivial solutions in the classes Wλ˘i0.
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Proof. Suppose that ψ P Wλ˘i0 solves the homogeneous equation. There is some R such that, for

|x| ą R, ψpxq “ µλ˘i0ψpx´ 1q. We have:

0 “ p∆` V ´ λqψ ¨ ψ̄ ´ ψ ¨ p∆` V ´ λqψ̄ (4.6)

“ ∆ψ ¨ ψ̄ ´ ψ ¨∆ψ̄ . (4.7)

For any r ą R, we can sum over Br:

0 “
ÿ

Br

∆ψ ¨ ψ̄ ´ ψ ¨∆ψ̄ (4.8)

“
ÿ

xPSr`1

ψpxqψ̄px´ 1q ´ ψpx´ 1qψ̄pxq (4.9)

“
ÿ

Sr`1

µ̄´1
λ˘i0ψψ̄ ´ µ

´1
λ˘i0ψψ̄ (4.10)

“ ´2i Imµ´1
λ˘i0

ÿ

Sr`1

|ψ|2 (4.11)

and since Imµ˘i0 ‰ 0 for λ P S, we conclude that ψpxq “ 0 for |x| ą R.

Now, suppose that ψ|Sr ” 0 and ψ|Sr`1 ” 0. Then, for x P Sr, 0 “ p∆ ` V ´ λqψpxq “

pV ´ λqψpxq `
ř

|y´x|“1 ψpyq “ ψpx´ 1q. Since every element of Sr´1 is adjacent to an element of

Sr, ψ|Sr´1 ” 0. By induction on decreasing r, ψ ” 0.

Theorem 4.4.2 (Absorption Principle). Let f : T3 Ñ C and V : T3 Ñ R have suppf Ă BR and

suppV Ă BR for some R. For λ P S and η P CzS, the pointwise limit limηÑλ˘i0Rηf exists and is

the unique function in Wλ˘i0 that solves p∆` V ´ λqψ “ f .

Proof. The uniqueness in Wλ˘i0 is a consequence of Lemma 4.4.1.

Suppose that V “ 0. From Lemma 4.3.1, for Im η ‰ 0 and f P C0pT3q, we have pR0
ηfqpxq “

ř

yPBR
fpyqµ|x´y|

3µ´η . The pointwise limits of R0
ηf as η Ñ λ˘ i0 clearly exist, and the limit is a function
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in Wλ˘i0. This limit solves p∆´ λqψ “ f , since

p∆´ λq
`

R0
λ˘i0f

˘

“ p∆´ λq

ˆ

lim
ηÑλ˘i0

R0
ηf

˙

“ lim
ηÑλ˘i0

 

p∆´ ηq
`

R0
ηf

˘

` pη ´ λqR0
ηf

(

“ f ` lim
ηÑλ˘i0

pη ´ λqR0
ηf

“ f

and since pR0
ηfqpxq is uniformly bounded for η in a neighborhood of λ. Furthermore, if ψ PWλ˘i0

is such that p∆´ λqψ “ f , then

R0
λ˘i0p∆´ λqψ “ lim

ηÑλ˘i0
tR0

ηp∆´ ηqψ `R0
ηpη ´ λqψu “ ψ .

This shows that p∆´λq : Wλ˘i0 Ñ C0 and R0
λ˘i0 : C0 ÑWλ˘i0 are inverse to each other, and that

the absorption principle holds in the unperturbed case.

Suppose that V ‰ 0 and Im η ‰ 0. Let K “ suppV Y suppf . Consider the operator

pI ` V R0
ηq : CpKq Ñ CpKq. Suppose that φ P CpKq and pI ` V R0

ηqφ “ f . Let ψ “ R0
ηφ P Wη.

Then

p∆` V ´ ηqψ “ p∆´ ηqR0
ηφ` V R

0
ηφ (4.12)

“ pI ` V R0
ηqφ (4.13)

“ f . (4.14)

Now suppose that ψ PWη and p∆` V ´ ηqψ “ f . Let φ “ p∆´ ηqψ. For x R K, rp∆´ ηqψspxq “

fpxq ´ V pxqψpxq “ 0, so φ P CpKq. Then

pI ` V R0
ηqφ “ p∆´ ηqψ ` V R0

ηp∆´ ηqψ (4.15)

“ p∆` V ´ ηqψ (4.16)

“ f . (4.17)
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Since p∆´ ηq : Wη Ñ C0 and R0
η : C0 ÑWη are injective, they give a bijection between φ P CpKq

that solve pI ` V R0
ηqφ “ f and ψ PWη that solve p∆` V ´ ηqψ “ f . For λ P S, similar reasoning

shows that there is a bijection between φ P CpKq that solve pI ` V R0
λ˘i0qφ “ f and ψ P Wλ˘i0

that solve p∆` V ´ λqψ “ f .

By the reasoning in Lemma 4.4.1, for λ P CzS0, p∆` V ´ λqψ “ 0 has only trivial solutions

in Wλ. By the bijective correspondence established in the preceding paragraphs, pI ` V R0
λq has

trivial kernel in CpKq. As a consequence of the Fredholm alternative, pI ` V R0
λq is invertible on

CpKq. Since pI `V R0
ηq Ñ pI `V R0

λ˘i0q in LpCpKqq as η Ñ λ˘ i0 and CpKq is finite dimensional,

pI ` V R0
ηq
´1 Ñ pI ` V R0

λ˘i0q
´1 as η Ñ λ˘ i0.

Let χ : CpKq Ñ CpT3q be the inclusion map, so that χpfpxqq “ fpxq for x P K and

χpfpxqq “ 0 for x R K. Let χ˚ : CpT3q Ñ CpKq be adjoint to χ, restricting functions in CpT3q

to K. For λ P CzS0, define Rλ “ R0
λχpI ` V R0

λq
´1χ˚. R0

η Ñ R0
λ˘i0 and χpI ` V R0

ηq
´1χ˚ Ñ

χpI ` V R0
λ˘i0q

´1χ˚ as η Ñ λ˘ i0, so Rη Ñ Rλ˘i0 pointwise as η Ñ λ˘ i0.

χpI `V R0
λq
´1χ˚ : C0 Ñ C0 and R0

λ : C0 ÑWλ, so Rλ : C0 ÑWλ. We claim Rλ is the right

inverse to p∆` V ´ λq: f P CpKq, so we have

p∆` V ´ λqRλf “ p∆` V ´ λqR0
λχpI ` V R

0
λq
´1χ˚f (4.18)

“ rp∆´ λqR0
λ ` V R

0
λsχpI ` V R

0
λq
´1χ˚f (4.19)

“ pI ` V R0
λqχpI ` V R

0
λq
´1χ˚f (4.20)

“ f . (4.21)

As mentioned at (1.31) in the introduction to this chapter, for V with sufficiently small

L8 norm, the Born series
ř8
j“0p´1qjpR0

ηV q
jR0

η converges to Rη in the L2 Ñ L2 operator norm

topology . In the case where there domain of Rη is restricted to functions supported in some ball

in T3, functions in the range of Rη can be bounded by functions with the asymptotic exponential

decay exhibited by functions in the range of R0
η.
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In the following, we denote p1` x2q1{2 by the Japanese bracket xxy.

Theorem 4.4.3. Let η P C` and ε ą 0. There is a C ą 0 such that, for any V with |V pxq| ă

Cxxy´1´ε and any f P C0pT3q,

|Rηfpxq| ă |gpxq|

for some g PWη.

Proof. From Lemma 4.3.2, we have

pR0
ηfqpxq “

ÿ

yPT3

µ|x´y|

3µ´ η
fpyq “

ÿ

yPBR

µ|x´y|

3µ´ η
fpyq ,

for some R such that suppf Ă BR. Since this expression decays like µ|x| outside of BR in each

direction, there is a C 1 depending on f and η so that

|pR0
ηfqpxq| ă C 1|µ||x| . (4.22)

As an inductive hypothesis, suppose that |u| : T3 Ñ C satisfies |u| ď C2|µ||x|. Then we have

|pR0
ηV uqpxq| “

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

yPT3

µ|x´y|

3µ´ η
V pyqupyq

ˇ

ˇ

ˇ

ˇ

ˇ

ď CC2|3µ´ η|´1
ÿ

yPT3

|µ||x´y||µ||y|xyy´1´ε

“ CC2|3µ´ η|´1|µ||x|
ÿ

yPT3

|µ||x´y|`|y|´|x|xyy´1´ε . (4.23)

Consider the sum over y P T3. We will show that it is bounded by a constant depending on

η and ε. Let SjpP0xq “ ty P T3 : |y ´ P0x| “ ju “ ty P T3 : |x´ y| ` |y| “ |x| ` 2ju. Write

ÿ

yPT3

|µ||x´y|`|y|´|x|xyy´1´ε “
ÿ

jPN

ÿ

yPSjpP0xq

|µ|2jxyy´1´ε .
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¨ ¨ ¨ ¨ ¨ ¨
0

L

C0

S3p0qzpLY C0q

Figure 4.2: The decomposition of T3

The magnitude |µ| ă 2´1{2 ă 1, so

ÿ

jPN

ÿ

yPSjpP0xq

|µ|2jxyy´1´ε ď
ÿ

jPN

ÿ

yPSjpPx1z1 q

|µ|2jxyy´1´ε

as long as P0x Ă Px1z1 . We may consider any path in T3 as a subset of a path of infinite length;

suppose that L is such a line in T3 containing P0x, and let SjpLq “ ty P T3 : |y´L| “ ju. It suffices

to control
ÿ

jPN

ÿ

yPSjpLq

|µ|2jxyy´1´ε .

For the sum over L, where j “ 0, we have

ÿ

yPS0pLq

xyy´1´ε ď
ÿ

yPL

xyy´1´ε ď 3` 2ε´1 .

Let C0 be the cone in T3zL adjacent to 0. For the sum over C0, we have

ÿ

jPN

ÿ

yPC0XSjpLq

|µ|2jxyy´1´ε ď
ÿ

jPN

ÿ

yPC0XSjpLq

|µ|2j

ď
ÿ

0ăj

2j´1|µ|2j

“
|µ|2

1´ 2|µ|2
.
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Now excluding L and C0, we split the remaining sum over spheres Skp0q of radius k centered at 0.

ÿ

jPN

ÿ

yPSjp0qzpLYC0q

|µ|2jxyy´1´ε ď
ÿ

2ďk

2xky´1´ε
k´1
ÿ

l“1

|µ|2l2l´1

ď
ÿ

2ďk

xky´1´ε 1´ p2|µ|
2qk

1´ 2|µ|2

ď
6` 4ε´1

1´ 2|µ|2
.

Putting these together, we see that

ÿ

yPT3

|µ||x´y|`|y|´|x|xyy´1´ε ď 10
1` |µ|2 ` ε2 ` |µ|2ε2

1´ 2|µ|
.

Choose C so that (4.23) is less than C2

2 |µ|
|x|. Then, from (4.22) and by induction on powers

of R0
ηV ,

|pRηfqpxq| “

ˇ

ˇ

ˇ

ˇ

ˇ

8
ÿ

j“0

p´1qjpR0
ηV q

jR0
ηfpxq

ˇ

ˇ

ˇ

ˇ

ˇ

ď 2C 1|µ||x| .

2C 1µ|x| is an element of Wη, so this completes the proof.

Finally, we justify a factorization identity in this setting.

Theorem 4.4.4 (Factorization Identity). Suppose that ψ solves p∆´η`V qψ “ f for some V and

f in C0pT3q. Then, for R big enough that suppf Y suppV Ă BR´1 ,

ImxRη`i0f, fy “ ipµ´ µ̄q}ψ}2l2pSRq .

Proof. Let η “ τ ` iδ, with τ P S and δ ą 0. There is some R such that suppf Ă BR and, for all

|x| ą R, ψpxq “ µψpx´ 1q. We have

p∆´ η ` V qψ “ f .
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Multiply by ψ̄, sum over BR and take the imaginary part to get:

Im
ÿ

BR

∆ψψ̄ ´ Im η
ÿ

BR

ψψ̄ ` Im
ÿ

BR

V ψψ̄ “ Im
ÿ

BR

fψ̄ , (4.24)

1

2i

ÿ

BR

`

∆ψψ̄ ´ ψ∆ψ̄
˘

´ δ
ÿ

BR

ψψ̄ “ Im
ÿ

BR

fψ̄ , (4.25)

1

2i

ÿ

xPSR`1

`

ψpxqψ̄px´ 1q ´ ψpx´ 1qψ̄pxq
˘

´ δ
ÿ

BR

ψψ̄ “ Imxf,Rηfy . (4.26)

Now, taking the limit as δ Ñ 0:

1

2i

ÿ

xPSR`1

`

µψpx´ 1qψ̄px´ 1q ´ µ̄ψpx´ 1qψ̄px´ 1q
˘

“ Imxf,Rη`i0fy , (4.27)

´ipµ´ µ̄q}ψ}2L2pSRq
“ Imxf,Rη`i0fy . (4.28)
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Appendix A

Appendix

A.1 Standard Results

In this Appendix, we collect results that are used in Chapter 2. Although some of them are

standard, we provide their proofs for completeness.

Proof of Lemma 2.1.4. In Section 13 of [14], the following formula for the Green’s function of

operator D (i.e., the integral kernel of Rz “ pD ´ zq´1) was obtained

Gzpx, yq “

¨

˚

˝

G11
z px, yq G12

z px, yq

G21
z px, yq G22

z px, yq

˛

‹

‚

“

¨

˚

˚

˝

ż

R

φpx, kqφpy, kq

k ´ z
dσdpkq

ż

R

φpx, kqψpy, kq

k ´ z
dσdpkq

ż

R

ψpx, kqφpy, kq

k ´ z
dσdpkq

ż

R

ψpx, kqψpy, kq

k ´ z
dσdpkq

˛

‹

‹

‚

(A.1)

and σd “ 2σ. We now introduce an auxiliary parameter ρ P r1,8q to be chosen later as ρ „ 1`}A}2St.

Since |P p2x, kq|2 “ φ2px, kq ` ψ2px, kq and supkPRpk
2 ` ρ2q{pk2 ` 1q À ρ2, then

sup
xě0

ż

R

|P px, kq|2

k2 ` 1
dσ “ sup

xě0

ż

R

pk2 ` ρ2q|P px, kq|2

pk2 ` ρ2qpk2 ` 1q
dσ À ρ sup

xě0

ż

R

ρ|P px, kq|2

k2 ` ρ2
dσ . (A.2)

Hence, we only need to prove that

sup
xě0

ImpG11
iρ px, xq `G

22
iρ px, xqq À 1 . (A.3)
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To control Giρpx, yq, i.e., the integral kernel of the resolvent Riρ, we will use the standard pertur-

bation series. If R0
iρ denotes the resolvent of free Dirac operator, we write the second resolvent

identity:

Riρ “ R0
iρ ´RiρV R

0
iρ, V

def
“

¨

˚

˝

´b ´a

´a b

˛

‹

‚

and iterate it to get the series

Riρ “ R0
iρ ´R

0
iρV R

0
iρ `R

0
iρV R

0
iρV R

0
iρ ` . . . . (A.4)

In the series (A.4), each term starting with the second one takes the form p´1qj`1pR0
iρV q

jpR0
iρV R

0
iρq

and j “ 0, 1, 2, . . .. If we denote its kernel by kjpx, yq, then

Giρpx, yq “ G0
iρpx, yq ´ k0px, yq ` k1px, yq ` . . . (A.5)

and G0
zpx, yq stands for the Green’s function of free Dirac operator. Next, we will show convergence

of this series for suitable choice of parameter ρ and will provide an estimate for it.

First, we claim that for every j “ 0, 1, . . ., we have

}kjpx, yq} ď Cj`1 e
´ρ|x´y|{2}A}j`1

St

ρpj`1q{2
, (A.6)

where C is an absolute constant to be specified below. We will prove (A.6) by induction. To this

end, we use formula (A.1) and residue calculus to obtain the bound

}G0
iρpx, yq} À e´ρ|x´y| ` e´ρpx`yq À e´ρ|x´y| .

Thus, for k0px, yq, we have

}k0px, yq} À

ż 8

0
e´ρ|x´ξ||αpξq|e´ρ|y´ξ|dξ, α

def
“ |a| ` |b| .
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Continue αpξq to negative ξ by zero. We write

}k0px, 0q} À

ż 8

0
e´ρ|x´ξ|αpξqe´ρξdξ ď e´ρx

ż x

0
αpξqdξ ` eρx

ż 8

x
αpξqe´2ρξdξ . (A.7)

Then, using Cauchy-Schwarz inequality, one has
şx
0 αpξqdξ À px ` x1{2q}A}St. By the change of

variable,

eρx
ż 8

x
αpξqe´2ρξdξ “ e´ρx

ż 8

0
e´2ρηαpx` ηqdη .

We have

ż 8

0
e´2ρηαpx` ηqdη “

ż 1

0
e´2ρηαpx` ηqdη `

8
ÿ

j“1

ż j`1

j
e´2ρηαpx` ηqdη ď

ˆ
ż 1

0
e´4ρηdη

˙1{2 ˆż 1

0
α2px` ηqdη

˙1{2

`

8
ÿ

j“1

e´2ρj

ˆ
ż j`1

j
α2px` ηqdη

˙1{2

À
}A}St

ρ1{2

by virtue of Cauchy-Schwarz inequality. Summing up, we get

}k0px, 0q} À px` x
1{2 ` ρ´1{2qe´ρx}A}St À

e´ρx{2}A}St

ρ1{2
.

The Stummel condition is translation-invariant on the line which implies (A.6) for j “ 0:

}k0px, yq} ď C
e´ρ|x´y|{2

ρ1{2
}A}St . (A.8)

We can write kj`1px, yq “
ş

R` G
0
iρpx, ξqV pξqkjpξ, yqdξ and use the inductive assumption to conclude

that

}kj`1px, yq} ď C1

ż

R`
e´ρ|x´ξ|αpξq ¨ }kjpξ, yq}dξ ď

C1C
j`1}A}j`1

St

ρpj`1q{2

ż

R`
e´ρ|x´ξ|αpξqe´ρ|ξ´y|{2dξ .

For y “ 0, we get

ż

R`
e´ρ|x´ξ|αpξqe´ρξ{2dξ “ e´ρx{2 ¨ e´ρx{2

ż x

0
eρξ{2αpξqdξ ` eρx

ż 8

x
αpξqe´3ρξ{2dξ . (A.9)
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Then, we write

e´ρx{2
ż x

0
eρξ{2αpξqdξ “

ż x

0
e´ρη{2αpx´ ηqdη ď

ż 1

0
e´ρη{2αpx´ ηqdη `

8
ÿ

j“1

ż j`1

j
e´ρη{2αpx´ ηqdη ď

ˆ
ż 1

0
e´ρηdη

˙1{2 ˆż 1

0
α2px´ ηqdη

˙1{2

`

8
ÿ

j“1

e´ρj{2
ˆ
ż j`1

j
α2px´ ηqdη

˙1{2

À
}A}St

ρ1{2
.

Estimating the second integral in (A.9) in a similar way, we have

ż

R`
e´ρ|x´ξ|αpξqe´ρξ{2dξ ď C2

e´ρx{2}A}St

ρ1{2

and, using translation invariance of Stummel condition,

ż

R`
e´ρ|x´ξ|αpξqe´ρ|ξ´y|{2dξ ď C2

e´ρ|x´y|{2}A}St

ρ1{2
.

Thus,

}kj`1px, yq} ď
C1C2C

j`1e´ρ|x´y|{2}A}j`2
St

ρpj`2q{2
.

Choosing C sufficiently large, e.g., larger than C1C2, we show (A.6) for j ` 1. This proves the

claim. Now, (A.5) implies }Giρpx, yq} À e´ρ|x´y|{2 provided ρ “ 2Cp1`}A}2Stq. Thus, (A.2) finishes

the proof.

Lemma A.1.1. Let h P L2pRq. Then,

lim
tÑ`8

›

›

›

›

›

eitB
2
xxh´

1

1` i

eix
2{p4tq

?
t

phpx{p2tqq

›

›

›

›

›

L2pRq

“ 0, (A.10)

and, taking inverse Fourier transform,

lim
tÑ`8

›

›

›

›

›

1

1` i

˜

eix
2{p4tq

?
t

phpx{p2tqq

¸_

´ e´itξ
2
qhpξq

›

›

›

›

›

L2pRq

“ 0 . (A.11)



88

Suppose ph P C8c pRq, then

sup
tą1,α,βPR

›

›

›

›

›

ż βt

αt

eix
2{p4tq

?
t

phpx{p2tqqeixkdx

›

›

›

›

›

L8pRq

ă Cphq . (A.12)

Proof. Formula (A.10) can be found in [57] (see formulas (4.10) and (4.12) there). Then, (A.11) is

a direct corollary. Proof of (A.12) follows from a direct calculation:

ż βt

αt

eix
2{p4tq

?
t

phpx{p2tqqeixkdx “
e´itk

2

?
t

ż βt

αt
exp

˜

i

ˆ

x

2
?
t
` k
?
t

˙2
¸

phpx{p2tqqdx

“ 2e´itk
2

ż

?
tp0.5β`kq

?
tp0.5α`kq

exppiξ2qphp´k ` ξ{
?
tqdξ .

Now, consider an integral
ż l

0
exppiξ2qphp´k ` ξ{

?
tqdξ

for arbitrary l P R, k P R, t ě 1 and let µ0 be a bump function introduced in (2.34). We have

ż l

0
exppiξ2qphp´k ` ξ{

?
tqdξ “

ż l

0
exppiξ2qphp´k ` ξ{

?
tqµ0dξ `

ż l

0
exppiξ2qphp´k ` ξ{

?
tqp1´ µ0qdξ .

The first integral is bounded uniformly in all parameters since ph P C8c pRq. For the second one, we

can write

ż l

0
exppiξ2qphp´k ` ξ{

?
tqp1´ µ0qdξ “

ż l

0

´

exppiξ2q

¯1php´k ` ξ{
?
tqp1´ µ0q

2iξ
dξ

“ exppil2q
php´k ` l{

?
tqp1´ µ0plqq

2il
´

ż l

0
exppiξ2q

˜

php´k ` ξ{
?
tqp1´ µ0pξqq

2iξ

¸1

dξ .

The first term is uniformly bounded because 1´ µ0p0q “ 0. For the second one, we can show that

each resulting integral is uniformly bounded, e.g.,

ˇ

ˇ

ˇ

ˇ

ˇ

1
?
t

ż l

0
exppiξ2q

ph1p´k ` ξ{
?
tqp1´ µ0q

2iξ
dξ

ˇ

ˇ

ˇ

ˇ

ˇ

À
1
?
t

ż l

0
|ph1p´k ` ξ{

?
tq|dξ ď }ph1}1 ,

ˇ

ˇ

ˇ

ˇ

ˇ

ż l

0
exppiξ2q

php´k ` ξ{
?
tqp1´ µ0pξqq

ξ2
dξ

ˇ

ˇ

ˇ

ˇ

ˇ

ď }ph}8

ż l

0

|1´ µ0pξq|

ξ2
dξ À }ph}8 ,
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ˇ

ˇ

ˇ

ˇ

ˇ

ż l

0
exppiξ2q

php´k ` ξ{
?
tqµ10pξq

2iξ
dξ

ˇ

ˇ

ˇ

ˇ

ˇ

À }ph}8

and (A.12) is proved.

Lemma A.1.2. Let ε P p0, 1q, ν ą 0, a ą 0, and |aε| ď ν. We have

ˇ

ˇ

ˇ

ˇ

ż a

0
eiu

2
gpuεqdu

ˇ

ˇ

ˇ

ˇ

ď Cpg,νqε

provided that g P C8pRq and gp0q “ 0.

Proof. We have

ż a

0
peiu

2
q1gpuεqu´1du “ eia

2
ε

ˆ

gpaεq

aε

˙

´ εg1p0q ´ ε

ż a

0
eiu

2

ˆ

gpuεq

εu

˙1

du . (A.13)

We can write |gpξq| ď Cpg,νq|ξ| for ξ P r´ν, νs and the first term is controlled by Cpg,νqε since

|aε| ď ν. For the third one, we introduce Gpuq
def
“ pgpuq{uq1 P C8pRq and write

G1puq
def
“ Gpuq ´Gp0q, Gpuq “ Gp0q `G1puq

so that
ż a

0
eiu

2
Gpuεqdu “ Gp0q

ż a

0
eiu

2
du`

ż a

0
eiu

2
G1pεuqdu .

The absolute value of the first term is bounded by Cpgq uniformly in a. For the second one, we can

iterate the argument since G1 P C
8pRq and G1p0q “ 0. We get

ż a

0
eiu

2
G1pεuqdu “ ´0.5iε

ż a

0
peiu

2
q1
G1pεuq

εu
du

“ ´0.5iε

ˆ

eia
2G1pεaq

εa
´G11p0q ´

ż a

0
eiu

2

ˆ

G1pεuq

εu

˙1

du

˙

. (A.14)

Writing a rough estimate
ˇ

ˇ

ˇ

ˇ

ż a

0
eiu

2

ˆ

G1pεuq

εu

˙1

du

ˇ

ˇ

ˇ

ˇ

ď Cpgq|a|
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and substituting it into (A.14) gives

ˇ

ˇ

ˇ

ˇ

ż a

0
eiu

2
G1pεuqdu

ˇ

ˇ

ˇ

ˇ

ď Cpgqpε` ε|a|q “ Cpgqpε` νq .

We bring it to (A.13) to finish the proof of the Lemma.

Consider H defined as

Hpxq “

ż 8

x
eit

2
dt .

This integral can be related to the so-called erf–function whose properties are well-known. However,

our purpose is to obtain a specific representation for H for x P r1,8q and we proceed directly as

follows. We change variables and iteratively integrate by parts n times to get

Hpxq “ i
eix

2

2x
´
i

2

ż 8

x2

eiu

u3{2
du “ eix

2

˜

n´1
ÿ

j“0

cj
x1`2j

` c1ne
´ix2

ż 8

x2

eiu

un`1{2
du

¸

def
“ eix

2
pH1,n `H2,nq

where tcju and c1n are some constants. Let µ` be the cutoff function that satisfies conditions: µ`

is supported on p1,8q, µ`pxq “ 1 for x ą 2, µ` P C
8pRq. Define

H
pmq
1,n

def
“ H1,nµ`, H

pmq
2,n

def
“ H2,nµ` .

Lemma A.1.3. Let n ą 1. We have
z

H
pmq
1,n P L

1pRq, z

H
pmq
2,n P L

1pRq.

Proof. Consider H
pmq
2,n first. We have

|H
pmq
2,n | ď Cnp1` |x|q

´p2n`1q, |BxH
pmq
2,n | ď Cnp1` |x|q

´p2nq, |B2
xxH

pmq
2,n | ď Cnp1` |x|q

´p2n´1q .

Therefore,

|
z

H
pmq
2,n pξq| ă Cnp1` |ξ|q

´2

and hence
z

H
pmq
2,n P L1pRq. For H

pmq
1,n , consider the first term, x´1µ`. Other terms can be han-

dled similarly. We have x´1µ` P C
8pRq X L2pRq and all of its derivatives are in L2pRq. Thus,
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ξj {px´1µ`q P L
2pRq for all j P Z`. Therefore, {px´1µ`qpξq P L

1p|ξ| ą 1q. For |ξ| ă 1, we can write

an estimate

|{x´1µ`| ă C| log ξ| ,

which can be verified directly:

ż 8

1

µ`pxq

x
e´iξxdx “

ż 8

2

e´iξx

x
dx`Op1q .

For ξ P p0, 1q,

ż 8

2

e´iξx

x
dx “

ż 8

2ξ

e´iu

u
du “

ż 1

2ξ

e´iu

u
du`

ż 8

1

e´iu

u
du “ Op| log ξ| ` 1q .

For ξ P p´1, 0q, the argument is analogous and we get the statement of the Lemma.
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[23] M.S. Èskina, The direct and the inverse scattering problem for a partial difference equation,

Soviet Math. Dokl. 7 (1966), 193–197.

[24] , The scattering problem for partial-difference equations, Math. Phys. 3 (1967), 248–273.
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analysis of one-dimensional Schrödinger operators, Comm. Math. Phys. 194 (1998), no. 1,

1–45.

[34] A. Klein, Absolutely continuous spectrum in the Anderson model on the Bethe lattice, Math.

Res. Lett. 1 (1994), no. 4, 399–407f.

[35] , Extended states in the Anderson model on the Bethe lattice, Adv. Math. 3 (1998),

no. 1, 163–184.

[36] G.F. Koster, Theory of scattering in solids, Physical Review 95 (1954), no. 6, 1436–1443.

[37] M.G. Krein, Continuous analogues of propositions on polynomials orthogonal on the unit circle,

Dokl. Akad. Nauk SSSR 105 (1955), 637–640.

[38] H. Kunz and B. Souillard, Sur le spectre des opérateursaux différences finies aléatoires, Comm.
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[50] , Szegő’s theorem and its descendents: Spectral theory for L2 perturbations of orthogonal

polynomials, Princeton University Press, Princeton, NJ, 2011.

[51] A. Sudbery, Quantum mechanics and the particles of nature: An outline for mathematicians,

Cambridge University Press, Cambridge, 1986.
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