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Abstract

In this dissertation, we study two aspects of the scattering behavior of Schrodinger operators with
slowly decaying and oscillating potentials. One thread starts in the introduction, which develops
an approach for demonstrating that the absolutely continuous spectrum of the free Laplacian is
preserved by square-summable perturbations that are divergences of square-summable functions.
This approach requires the use of standard tools in the analysis of Schrédinger operators: radiation
conditions, absorption principle, and precise formulae for the asymptotic decay of the Green’s
function of the resolvent operators. We discuss the validity of these tools and the forms they
take on the integer lattice and the Cayely tree. The other thread starts with a generalization of
the Menchov-Rademacher theorem. We apply this generalization to show the existence of wave
operators for Schrodinger operators on R* where the potential is the sum of a function in L! and

an L function that is the derivative of an element of a weighted L? space.
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Chapter 1

Introduction

Since its introduction in 1926, the Schrodinger equation has been the object of intense study because
of the central role it plays in the theory of quantum mechanics. The simplest (non-relativistic)

formulation of this theory is captured in the Dirac-Von Neumann axioms:

Definition 1.0.1 (Dirac-von Neumann axioms). Let H be a complex Hilbert space of countable

dimension.
1. The state of a quantum system is an element of the unit sphere in H.
2. The observables of a quantum system are the self-adjoint operators on H.
3. The expectation value of an observable A in a quantum system in state v is given by (1, Ay).

One feature of this set of definitions is that the probability of observing a quantum object
in state ¢ in a region E in space is given by SE |¢|2. In this formulation, we define the Hamiltonian
H by:

Ho Y A, B Hyt v,

where V represents, abusing notation, the multiplication operator by the function V in the space
variable. The time-independent Schrodinger equation states that the dynamics of the quantum

system are given by the differential equation:

0

2,00 = —iHY(t). (1.1)



Solutions to this system are of the form

Y(t) = e y(0), (1.2)

so it becomes important to understand the behavior of e ®H as it acts on states 1. In the case
where 1) is an eigenfunction of H, (1.1 and (1.2)) become () = e~"*4)(0), where the eigenvalue A

is referred to as the energy level.

Historically, the most important Hamiltonians have been the free Hamiltonian (with trivial
potential) and those seen in the quantum harmonic oscillator and the hydrogen atom. Consider first
the behavior of states in H = L?(R) subject to the free Hamiltonian Hy = —%. The Schrédinger
equation is in this case a dispersive PDE; for example, it satisfies the dispersive inequality:

—itHy

—d
le ul| oo ey St ﬂ”“”L&(Rd) :

For motivated reasons, we will also consider the spectrum of this operator. The operator Hy is
unitarily equivalent under the Fourier transform to the multiplication operator f(£) — £2f(¢) on

R, and so the spectrum of Hj is purely absolutely continuous and fills the interval [0, ) .

The (one-dimensional) quantum harmonic oscillator is the quantum system of states in
H = L?(R) where the Hamiltonian is given by H = —A + %xz. In this case, solutions to the

Schrodinger equation are of a different character (see [27]): there is a basis of eigenfunctions
LN
Yo = e (1), (13)

with n € 0,1,2,... and where H,, are the Hermite polynomials

Zdn 2
Hy(z) = (—1)"e™ ——e™ .
() = (~1)e”’ e

The nth energy level is given by A, = (2n + 1)/2. The spectrum, correspondingly, has only pure

point part, and consists in the set o(H) = {(2n+1)/2:n€0,1,2,...}.



The behavior of solutions to the Schrodinger equation under the hydrogen atom Hamiltonian
exhibits behavior somewhere between the two previous examples. Let H = L?(R?) and let V(z) =
—1/|z|. In this case, there is absolutely continuous spectrum filling [0,0), but also an infinite
sequence of eigenvalues at energies given by —(2n?)~! for n = 1,2,3,.... This is in keeping with
the physically observed behavior of scattering for positive energies and a discrete spectrum of

negative energies corresponding to bound states (see [11},51]).

The correspondence this set of examples suggests is between confinement in space for eigen-
values and scattering for states with only absolutely continous spectrum. The recurrence for eigen-
values is clear with a simple argument. Suppose that Hiy = \. From , Y(t) = e, This
is a periodic function of time, with SE || constant; the probability of observing the object in any

region is unchanging and so the object is stationary.

Conversely, suppose that the spectral measure corresponding to v is purely absolutely con-

tinuous. Then, by the spectral theorem, there is a spectral family E(\) such that

CHp by = fRAd<E(A>w,w>7
(it y = f N B, 1Y,
R

where (-, -) denotes the L? inner product and where d{E()\), ) is finite and absolutely continuous
with respect to Lebesgue measure. In other words, this is the Fourier transform of an element of

L' evaluated at t, so approaches 0 as ¢ — o by the Riemann-Lebesgue Lemma.

It should be stated explicitly that absolute continuity of the spectral measure is not a guar-
antee of wave propagation. If ¢ € L?(R) and, for some x € R, x ¢ esssuppy, then concentration
of ¥ (t) around z isn’t in conflict with the preceding considerations. One approach to making the
correspondence between absolutely continuous spectrum and scattering more rigorous is demon-
strated in [7], though the model discussed in that paper is physically different to the systems that
concern us in this one. An additional complication is that there can be, under some circumstances,
non-trivial singular continuous spectrum. This is typically not physical and much effort has gone

to excluding this case under various assumptions [47].



Nevertheless, one of the main projects in the study of the Schrédinger equation is the de-
velopment of a theory that allows the determining of the spectral structure of H for arbitrary V.

Here are some of the ideas that have been explored:

1. For radial potentials where |V| < C(|z| + 1)~ for some « > 1, the spectrum on [0,0) is

purely absolutely continuous [56].

2. Potentials V' with the property that —A + V has a positive eigenvalue embedded in the
absolutely continuous spectrum are referred to as von Neumann- Wigner potentials. The first
example was a radially-symmetric potential on R? provided in [52] as

8sin(2r)

Vir)= —, T O(r™%)  where r — .

3. Let V : R? — R satisfy
f|$|_d+1V($)2d$ <.

Simon has conjectured that —A+V has absolutely continuous spectrum of infinite multiplicity

filling [0, c0) [49].

In general, the one-dimensional case is understood much better than the multi-dimensional
case; it is a major effort to extend results to higher dimensions. One success in this direction is
the argument in [16], with which Denisov demonstrates preservation of the absolutely continuous
spectrum of the free Laplacian under perturbations V = divQ with Q@ € C'(R3) n L%(R?) and
V € L?(R3). The central theme of this thesis is the re-creation of the tools required for the
application of this argument in various discrete spaces. In order to better understand how these
tools fit together in the larger picture, it is instructive to reproduce the argument for preservation
of the absolutely continuous spectrum under potentials that are square-summable divergences in

one dimension; this follows in the next section.



1.1 Square-summable Potentials that Oscillate

Let

d2
Ho® = g¥g,+v, zeRr,
d?z

where the potential V(z) is real-valued. The method we are about to explain works in the case

when the potential V' decays slowly and oscillates. To model this behavior, we assume that
V=q,

where Q € C*(R) and Q, Q" € L?(R). Under these assumptions, V € L?(R) and the operator H is
self-adjoint. Since V' decays at infinity, the Weyl’s Theorem on essential spectrum (see, e.g., [46])

gives us gess(H) = [0,00). We are interested in studying its absolutely continuous component.

Theorem 1.1.1. If Q € CY(R) and Q, Q" € L?(R), then the absolutely continuous spectrum of H

is equal to [0,00), i.e., 0ac(H) = [0, 0).

Take ¢(x), a smooth even function, which is supported on the interval [—1, 1] and satisfies:
¢(xz) =1 for x € [-0.5,0.5] and 0 < ¢ < 1. When proving this theorem, it will be convenient to
recall the Birman-Kuroda Theorem (see, e.g., [47]) which states that the a.c. spectrum is stable

under relative trace class perturbations. In particular, this general result gives

d? d?
Tac <_cla:2 * V) = Oac (_da:2 * VL) ’
def ’ def

where Vi, = Q},Qr = Q(1 — ¢(z/L)) and L is an arbitrary positive number. The function
(Q¢(x/L)) is bounded and compactly supported, so it is a relative trace class perturbation of Hy

for every finite L and the Birman-Kuroda Theorem is applicable.

Since

o [Vila =0, lim |Qrf> =0,

it suffices to prove the result for Q and V with arbitrarily small L?-norms.



Define IT+ % {k e C:Imk > 0and Rek > 0} and start with the following observation.
Take f € L?(R) and assume that it has compact support, i.e., supp f < [T, T] for some T > 0.

We also assume it is not identically equal to zero.

For k e II" and z = k? € C*, denote the Green’s function of H by Gj2(x,%) so that

R.f % (- k)L = fR Go () F(y)dy

The spectral measure of f relative to H is denoted by py and its Cauchy transform is defined by

the Spectral Theorem as follows:

d
(Riaf.f) = | 25

We will prove Theorem by taking arbitrary I < R* and showing that

f log pyd\ > —o0, (1.4)
I

provided that |Ql2 and |Q’|2 are small enough.

If true, ((1.4)) shows that u'f > 0 a.e. on I. On the other hand, since [ is chosen arbitrarily and
the a.c. spectrum is stable under relative trace class perturbations, the statement of the theorem

follows.
To prove (1.4), we take R > 0 and define the following truncated potential:

def

Vir(r) = Qr, Qr=Q ¢(z/R).

Given our assumptions on ) and ¢, it is easy to see that

Ve =V]® — 0, [Qr—Q[r2®) — 0



def

as R — 0. If we define Hg = —0%/d?r + Vg, the standard perturbation theory gives

<(HR - k2)71f7 f> - <(H - k2)71f7 f>

when k € II" and R — oo. This implies, in particular, that ,ugcR) % 1 when R — o0, where M;R) is

the spectral measure of f relative to Hg. The logarithmic integral is stable with respect to weak

convergence (see [32]), i.e.,:

If the sequence of measures {uR} satisfies ur 2 1 for some interval I, then
j log pi/d\ > lim infj log ppdA .
I R—owo Jr
Thus, to establish ((1.4), we only need to prove that

Llog HrdX > C(11Q1s,1Q/]) (1.5)

holds for compactly supported @ with arbitrarily small values of ||Q||2 and |V |2. From now on, we

assume that supp Q < [—R, R].

We will show now that ([1.5)) is in fact the consequence of some simple facts in complex

analysis and a straightforward a priori estimate on the solution w def R;2f. Notice that u(z, k)
solves
—u" +Vu=ku+f (1.6)
and thus satisfies
ezk|:c|
ule,k) = S (ai(k) +o(1)), x — +o, (1.7)
i

where a* (k) will be called amplitudes. We also recall that the free Green’s function, i.e., the Green’s

function for V' = 0, is given by
eik|$_y|
2ik

G22($,y, kQ) = (18)




We will need some properties of a®. First, we notice that

T
“(l’v’ﬂ:fTsz(w,y)f(y)dm @t (k) = 2ik Tim (u(z, k)e )

r—+00

Since V is compactly supported, Gj2(z,y) is analytic in k € II*T and is continuous in k& up to the

boundary (0, c0); this in turn implies:
1. a¥ is analytic in k in II7,
2. at is continuous in k up to R*.

Lemma 1.1.2 (Factorization identity). We have

et OP +la(©P
4é ’

1 (€%) geRY.
Proof. Take k € II'", multiply (1.6)) by u, and integrate from —I to [, and take the imaginary part

to get
1 l
— 5 y

(u”ﬂ - ﬁ”u) dr = (Im k:2> J_ll lu|?dz + Im{f,u). (1.9)

We integrate the left hand side by parts to get

1
f (uu—uu)daz - (u’(l,ik)ﬂ(l,ik)—u’(—l,ik:)ﬂ(—l,ik)) - (a’(l,z’k)u(l,ik:)—ﬂ/(—l,ik)u(—l,ik)) .
—
(1.10)
In (1.9), we take k — & where £ € RT and use the Spectral Theorem and properties of Poisson

integral to conclude that

. : dpg(A) 2
fin T ) = — Jim i [ P05 = ().

For u(+l,¢), we have




and
efifm
= - < —l.
Substitution into ([1.10)) gives the required formula. O

We can write

log 41 (€%) = log la™ (€)] + log |a™ (€)| — log(2m€)

and proving the bounds

L10g|a+(€)|d€ > C1Q1|Q2.0): Lloga_(’fﬂdﬁ > C1Q12.|Ql2.) (1.11)

is enough to justify (1.5]).

The crucial observation is that the functions log|a*| are subharmonic in IIT. We take
advantage of that in the next lemma. Let R, g be the rectangle of height & > 1 with base
[o, B] € R (see Figure 1.1). Denote the corresponding harmonic measure with reference point at

n e m[a,ﬁ],h by w77<k), ke 05)%[61”3]7,1.

Lemma 1.1.3. We have the bound

| ol ldwy ) > togla* (o). (1.12)
NRa,B].h

Proof. The functions log |a*(n)| are continuous in R, g, up to its boundary, so the mean value

inequality for subharminic functions gives (1.12)). O
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h
N
Rpa,61h
(@)
Q I} k
Figure 1.1

The last Lemma gives us an estimate

B
j log |a™ (€)|duwy (€) > log [a* ()] — fp log* |a* (k) duwy (k) , (1.13)

«

def

where log™ t def max{logt,0} and I' = 0N, g n\[@, B

Consider the harmonic measure w, first. We get simple bounds:

wy (&) ~n min(|¢ —al, [§ - B]) (1.14)
and, similarly,
wyla+iy) ~yy,  wy(B+iy) ~yy (1.15)
for all y € (0,1). Throughout all of I', we have a simple rough bound w; (k) <, 1.

These estimates from Complex Analysis suggest the bounds one needs to get for a®* away

from the spectrum. We establish these estimates in the following two Lemmas.



11

Lemma 1.1.4 (Rough bounds). For k € R, g5, we have

CV 2, f,0.8,h CV 2, fo8,h
fufop < <R |y, < ELAAN, (1.16)
Proof. From the Spectral Theorem, we have
1/ 2
< =
The second resolvent identity yields
By Rva= [ iy — [y k)d 1.17
w=Bf ~ BV = [ Sy - [ SVt by, (117)

It is enough to use Cauchy-Schwarz to get the bound for u. The proof of the bound for derivative

is analogous. O

In what follows, we will focus on proving the bound (1.11)) for a™ only. The estimate for a™

can be obtained similarly. We recall that f = 0 outside [—7',T]. Thus, if we introduce A(z, k) as

ikx

U(ﬂfak) = ik

Az, k), =>T.

In other words,

Az, k) = 2ike*u(x, k) .
Lemma 1.1.5. Suppose k € 11T and x are fized. If we let |Q|2, ||V ]2 — 0, then
A(z, k) — Ao(x, k), A'(z,k) — Ay(z, k),

where

Ao(z, k) = 2ike Fug(x, k) = e jeikm_mf(y)dy
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and
Ap(a, k) = <e—““’ fe““”—y'ﬂy)dy)
Proof. The proof follows immediately from the identity (1.17)). O

For A(T,k) and A'(T, k), we can use the rough bounds (1.16)) to get

C(f, o, B8, h, ||[V]2)

C(f7 «, ﬁ) h7 HVH2) )

< ' < .
AT, k)| L ()] o (1.18)
For A, we have an equation

Az, k) + 2ik AN (2, k) = Q"A(z, k), x=>T. (1.19)

Next, we will use this equation to obtain some apriori bounds on A. In what follows,
constants C' will depend only on «, 3, h, f. Again, we assume that |Q|2 + [|[V]|2 < 6 where § is

arbitrarily small and depends only on parameters «, 8, h and f.

Lemma 1.1.6 (Upper bound). There is a §g which depends only on «, B, h and f so that

C
TR < —= 1.20
o (B)] < 15 (1.20)

for all k € Ry 51, as long as o LNQl2 + V2 < bo.

Proof. We introduce two quantities now:

def
Mo = Al Loy,  Mi= A" 2[7,00) -

Multiply (T.19) by A’, integrate from s to t, and take the real part to get

t t
|A'(t, k)2 < |A(s,k)|* + C’f |A'2du + CJ |QAA|du .



Integrating in s from ¢ to ¢ + 1 and taking supremum in ¢ after that gives us

sup |A'(t,k)|> < M7 + 0M 1 My, sup|A'(s, k)| < My + M.
t>T t>T

Rewrite (1.19)) in the form
A// Q/A
Al = .
2ik T 2k

Multiply (1.22) by A, integrate from T to 7, and take real part of both sides to get

Imk (7 A(r, k)2
2|k:|2j 4 oh P+ (2 k<
|A(T, k)|? Imkf , /
S+ g | QAP+ o (AR A ) + |4 (T AT

Integrating by parts, we get
f QAPdz = QMA(r, k) = Q(T)|A(T k)| f QAA+ AN )da .
T
For |@], one can write
1Qc S Q2+ V]2 <6

First, send 7 — o0 in (1.23)) and use ([1.18]) to get

C
2< 1

Im 3k‘ + Cy0 M1 M.

Solving this inequality, one has

C
My < m1715k + Cy0 My .

13

(1.21)

(1.22)

(1.23)

(1.24)

Next, we drop the first term in the left hand side of (|1.23]) and take supremum in 7. Com-

bining the bounds, we get

C )
2 _ 2
M§ < 2k + CMy(My + 6 M) +Imk(5MO + I’k + 5M0M1>.
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Substitute ([1.24)) into this bound and take ¢ small enough to get

O S Ik ImiSk

Finally, solving this inequality, we get the bound

C
n L _
™ (k)] = lim |A(z, k) < sup Al k) = Mo < (757 - (1.25)
O
In the next Lemma, we obtain a lower bound.
Lemma 1.1.7 (Lower bound). There is a point n € Ry ), such that
lat(n)| > C >0, (1.26)
provided that § = |Q2 + |V]2 < do(e, B, h, f).
Proof. Integrate (1.22)) from T to co. This gives
AT, k) 1 ®©
—+ _ 9 o /
a’ (k) =A(T k) + 27k + 57k (JT QAdI) . (1.27)
Integrate by parts to get
o0 0
f Q' Adx = —Q(T)A(T, k) — f QA'dx .
T T
We combine these inequalities as
AT,k
o - (. + 25D < oA pl + k) (1.28)

after we apply Cauchy-Schwarz. For Q(T), we write |Q(T)] < |Q]2 + |V]2 = § and we can use
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(1.24) and (1.25) for M. In the end, we get

o)
k) —V(k)| < ———,
@t () = (k)| <
where we introduced
def AI(T¢ k)
U(k) = AT, k) —

for shorthand. Notice that

/ T
W) = olh) = AT k) — S [ gy —

when |Q|2 — 0 and |V]2 — 0 by Lemma Thus,
la* (k) = ¥°(k)| — 0

over compact subsets in R, g1, when § — 0.

Next, consider the function Wy(k). It is analytic in k£ and is not identically equal to zero.
Thus, we can find a point n € R, ) such that Wo(n) # 0. Fixing that 1 and taking § small

enough, we get |a™(n)| > 0. O

Now, we are ready to finish the proof of the theorem.

Proof of Theorem [1.1.1, We start by fixing an interval I and taking « and S such that
I c («,8). As discussed before, we can assume that @ is compactly supported and [|Q[2 <
3,||V]2 < § where 6 is an arbitrarily small parameter which depends only of «, 8, h and f. Under

these assumptions, we have to show

L log |a* (€)|d¢ > C(5, £, 1) (1.29)

We will only handle a*t, as the bound for a~ is analogous. The inequality (1.13)) and estimate
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(1.14) on harmonic measure give us

j log a™ (€)|d¢ 2 log|a* (n)| - f log* [a* (k) duy (k) .
I T

We need a lower bound for the first term in the right hand side and an upper bound for the second

one. We take n from Lemma [1.1.7] and apply this lemma to get the lower bound provided that ¢ is

small enough. To get an upper bound for the estimate, we employ (1.15)) and (1.20]). In the end,

we have ((1.29). O

Remark. The method explained above is robust in several ways. First, the use of the
Birman-Kuroda Theorem allows one always to assume that the norm of the potential V is arbitrarily
small. Secondly, the method requires getting only very rough uniform upper bounds on |a*|.
Thirdly, we intentionally never exploited ODE techniques. Instead, we used the method of a priori

estimates, which turns out to be applicable in higher-dimensional case.

1.2 Organization of this paper

As briefly mentioned in the first section, one of the major challenges in scattering theory is the
extension of results that have been proven in the one-dimensional case to higher dimensions. Partly
as a suite of toy models to facilitate this translation in the continuous case, but also partly as
models for quantum objects in crystals and other lattice-like structures and partly in an attempt to
understand how discretization affects computational simulation of quantum mechanics, the study
of the Schrodinger operator on discrete spaces has been a major adjunct to its study in Fuclidean

space.

The question that originally guided the research that appears in this manuscript was whether
the arguments presented in the previous section could be translated to any discrete settings. Those
arguments depend on several preliminary facts about solutions to the Schrodinger equation. The

first of these is the absorption principle, which allows us to express the solution u to

(H—&hu = f
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for € € R as the limit of solutions to the same equation with ¢ replaced by k as k — & for k? € C™.
The second of the preliminaries is the radiation conditions, appearing in (|1.7)), for & on and off the

spectrum of H; the third is the factorization identity appearing in Lemma [1.1.2

Another perturbative-theoretic tool we investigate is the Born series, produced by recursing

on u in the second resolvent identity in ((1.17). The nth order Born expansion is

Rf =Rf — ROVRf = (E(—QJ‘(ROV)JROJ@) + (-1)"(R°V)"Rf, (1.30)

J=0

where we abuse notation to identify V with it associated multiplication operator. In the case where
|RoV |22 < 1, the norm of the difference between the nth order and mth order Born expansions
is

| ROV

$ - -
1—[RV|

m—1
| ( >, (—1)j(R°V)jR°> + (=D)™(RV)"R — (-1)"(R°V)"R (1 +[R[)

j=n

for n < m. The sequence of Born expansions of increasing order is Cauchy in the operator norm

topology so converges in that topology; we write the full Born series as

Rf = Y (-1)Y(R°V)'Rf . (1.31)

s

7=0

Chapters 3 and 4 discuss the state of what is known for each of these analytical tools for the
integer lattice Z¢ and the Cayley tree Ty, with a new formulation for Green’s function asymptotics
given in Chapter 3. Before those latter chapters, we will take a detour through some results about
the asymptotic dynamics of the Schrodinger operator using another approach to formalization of

the notion of oscillation and decay. That is what concerns Chapter 2.
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Chapter 2

Generalizations of
Menchov-Rademacher Theorem and
Existence of Wave Operators in

Schrodinger Evolution

2.1 Introduction

The Menchov-Rademacher theorem is a classical theorem on the convergence of series of orthogonal
functions. Originally proved independently by Rademacher [45] in 1922 and Menchov [42] in 1923

(see also [29]), it states:

Theorem 2.1.1 (Menchov-Rademacher). Suppose {¢,(x)},n € N is orthonormal system in

L?(0,1) and the sequence {a,} satisfies

0
1 Z a2log*(n +1) < .

n=1
Then, the series Y i andy(x) converges for a.e. x € (0,1). Moreover, if
n

> aib;()

j=1

m(x) def sup
neN

defines a mazximal function, then

Im | z200,1) < crt?
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with some absolute constant C.

This result can be easily modified to cover orthonormal systems in LZ(O7 1) where p is
a measure on (0,1); most of the literature around the Menchov-Rademacher theorem concerns
finding sharp bounds for the constant (e.g. [4], [8], [41]). This chapter proceeds by generalizing
the Menchov-Rademacher theorem to a setting of continuous coefficients, then applying it to show

existence of wave operators for Schrédinger evolution.

This work is based on a joint paper written with Denisov [19]. My contribution to the paper

was mostly focused on the generalization of the Menchov-Rademacher Theorem.
We start with the following definitions.

Definition. We say that f e L2 (R") if

loc

Joa |f(r)|?dr < o (2.1)

for all a > 0.

Definition. Let a pair (P, o) consist of a function P(r,k) : RT x R — C and a measure o

on R. We say that (P, o) is a continuous orthonormal system if

(a) for o-a.e. ke R, P(r,k) e L?

loc

(RJ’_)?

(b) for every f e L?(R*) and every a > 0, we have

J

Our first result is the following theorem.

2 a
dolh) = | 1rar.

fa f(r)P(r, k)dr
0

Theorem 2.1.2. Suppose (P, o) is continuous orthonormal system and

1 et f £ () log2(2 + r)dr.
R+
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T
Then, the sequence {J f(r)P(r, k‘)dr} converges for o-a.e. k € R. Moreover, if
0

[RGK

then | M| 2 @®) < C L' with some absolute constant C.

def
= sup
neN

Definition.  We will call continuous orthonormal system (P, o) normalized if there is a

continuous positive function s defined on R such that

2
ke l®R), K def supf Mda < 0. (2.2)
720 ki (k)

For the normalized systems, the previous theorem can be improved in the following way.

Theorem 2.1.3. Consider the normalized continuous orthonormal system (P,o,k) and suppose

that flog(2 + r) € L2(R"), then

[Lsup [ 00

Moreover, as R — o0,

ﬁ < (I Y oy + K) f FEOPlog@ + dr. (23)

R o'e]
J f(r)P(r,k)dr — J fr)P(r,k)dr (2.4)
0 0

for a.e. k with respect to measure o.

One example of continuous orthonormal system is given by solutions {P(r, k)} to the Krein

system [14137]. The Krein system is the following linear system of differential equations

P'(r;k) = ikP(r,k) — A(r)Py(r, k), P(0,k) =

( , keC, r=0. (2.5)
P.(r k) = —A(r)P(r, k), P.(0,k)=1

In this paper, we will always assume that the coefficient A € L2 (RT). The Cauchy problem (2.5)
has the unique solution (P(r, k), Px(r, k)). In [37] (see also, e.g., [13]), Krein showed that {P(r, k)}
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with 7 > 0 and k£ € R can be viewed as continuous analogs of polynomials, orthogonal on the unit

circle. In particular, there is a measure ¢ on R, which satisfies

J do(k) _
r 1+ k2 ’

and the property
P(r,k)dr

da_f £ () 2dr (2.6)

holds for every f e L?(R*). In other words, a pair (P, o) gives an example of continuous orthonor-

mal system. Notice that (2.6) allows us to define the generalized Fourier transform,

JOO f(r)P(r k)dr
0

as an element of L2(R).

Under a mild extra assumption on coefficient A, the system (P, o) becomes normalized and

the previous theorem can be applied. More precisely, the following lemma holds.

Lemma 2.1.4. Suppose the coefficient A in Krein system belongs to the Stummel class, i.e.,

def r+1 1/2
Jls. * sup (j |A<p>12dp) <. (2.7)

r

Then,

P(r 2
sup Mda S 1+ A3 . (2.8)
r>0 JR 1+ k2

Moreover, we have (2.3) and [2.4) with k(k) =1+ k? and K <1+ |A|3,.

The proof of this Lemma is given in Appendix.

Another application of our general results to the Krein systems is given in the following

Lemma.
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Lemma 2.1.5. Suppose the coefficient in Krein system satisfies A(r)log(2 +r) € L>(R*). Then

J.( ) ¥ o
su T = .
R p<7“1g1”2 ]- + k2

do ®©

2
JR ( sup | Py(r2, k) — P*(n,k:)\) T < (1+ A[%)J |A(r)[*log?(2 + r)dr, p> 0.

P<r1<ra 1%

L Tj A(z) Pz, k)dz

Moreover, for Lebesgue a.e. k € R, there is a limit TI(k) = lim, o, Py(r, k).

Theorem Theorem and Lemma [2.1.5|are proved in the second section. In section
3, we apply Lemma [2.1.5] to show existence of wave operators for Schrodinger evolution which is
our central result. Consider

H=-0 +v

on R* with Dirichlet boundary condition at zero and denote by Hy = —02, the free Schrédinger
operator with the same Dirichlet condition at zero. The Moller wave operators (see, e.g., [57]) are

defined by

def ;. ; —
W*(H, Hy) € lim ¢/t emitHo
t—+o0

where the limit is the strong limit in L?(RT). The main result of our paper is the following theorem.

Theorem 2.1.6. Suppose v = a’ + q where g € L'(R"), a is absolutely continuous on RT, and
d e L°(RT), alog(2+r)e L*(R"). (2.10)

Then, the wave operators W*(H, Hy) emist.

The existence of wave and modified wave operators for Schrodinger and Dirac equations was
extensively studied in the scattering theory of wave propagation, see, e.g., the classical papers by
Agmon [1], Hérmander [2§|, and a book by T. Kato [30] on the subject. The case v e LP(RT),1 <
p < 2 was considered in [9] where the existence of modified wave operators was proved. See [15] for
later developments. In [13], the presence of wave operators was established for Dirac equation with
potential in L?(R*). This result is optimal on LP(R*) scale. For more general potentials in Dirac

equation and connection to Szegé condition on measure o, see [5]. Some related recent results,
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including the multidimensional setting, can be found in, e.g., [21},22.|39|.

Notation

1. If f is defined on R, f denotes its Fourier transform:

Fly & —— JR f(@)e*edz.

The inverse Fourier transform is defined as

Fk) = £ (k) % jﬂ fR @)z

2. Symbol C®(R) stands for infinitely smooth functions defined on the real line and C(R)

denotes the space of smooth functions with compact support.

3. We will use the symbol C,, . 4,) to indicate a nonnegative function which depends on pa-

rameters (ai,...,ag). The actual value of C' can change from one formula to another.
4. If FE is a set on the real line, E¢ denotes its complement.

5. For two non-negative functions f9), we write f1 < fo if there is an absolute constant C' such

that

f1i<Cfa

for all values of the arguments of f2). We define X similarly and say that fi ~ fo if f1 < fo

and fo < f1 simultaneously.

6. If f5 is non-negative function and |f1| < f2, we write f1 = O(f2).
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2.2 Menchov-Rademacher Theorem for continuous orthogonal sys-

tems

We start by giving the proof to Theorem It is a direct adaptation of the proof of Menchov-

Rademacher Theorem in [29).

Proof of Theorem For j e N, let Pj(k) = S;j,l f(r)P(r, k)dr and

S (k :i PR
Now,
2 z i z 2
e = [ [ 10060 dot = [ 1P
and so
% 1Pl ~ [ 150 1eg?(2 4 )
£

For any a > 0, we have

5[ rwiow < 3 ([ pwpawm) ([ ww) <

jeNv ™ jeN

1/2 1/2
Vo(l=a,al) Y IPil2@ii ™ < +/o([—a,al) (Z j2PjII%g(R)> (Z j‘2>

JeN JeN JeN

1/2
< VaTad ([ 1rnPioge e nar) - = VolT-a.a)t™.

Since a is arbitrary large, by the theorem of Beppo Levi, ZjeN |Pj(k)| converges for o-a.e. k, as

does {S(k)}.

Let S'(k) def supjey |95(k)| be the maximal function over dyadic partial sums. Since S’(k) <

2jen [P(K)], we have

< Z 1P5] 2 () Z] YR 2w S L'? (2.12)

N xl

jeN

15122 ) <
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after applying Cauchy-Schwarz inequality and (2.11)).

For n € {0,1,2,...,2N}, we can write n = ZT]X:O em(n)2V™™ with €,(n) € {0,1}. For

F€{0,1,...,N}, let n; =37 _ em(n)2V—

. N P N 2
Noting that ‘ijl :cj’ < N2 |z;]%, we have:

E?Um

2N 4n; 2
YP(r, k)dr| <

~

+n] 1

N 2N+nj N 27-1 2N+(p+1)2N—J 2
N[, sope R NZZJ‘  F)P( R
j:1 2N+TL]'_1 j= 1 p:() 2N +p2N*J

and the last expression does not depend on n. Let

S;-’(k) def sup

0<n<29

27 +n
f F)P(r, k)dr| -

27

Denote the maximal function over dyadic interval [27,2/71]. We apply the above estimate to get

2N 4n 2
f £V P(r, k)dr

2N

15512 ) — JR sup do(k) (2.13)

o<n<2N

N 29—1| 2N (p41)2N—i 2
JNE > f F(r)P(r k)dr| do(k)
j=1 p=0 2N 4 p2N—j

2

fr)P(r,k)dr| do(k)

271 J2N+(p+1)2Nﬂ'

SRl

j= 1 p=0 2N+p2N7j

N 27—1 oN 4 (pp1)2N—i ) ) 2N +1 )
vy 3 £ Par = N2 [ 10

—1 0 J2N +p2N - 2N

1/2
Taking S” = supjey 57, we note that S” < <ZjeN |S;-’|2> S0

27+1 1/2
18”122 () (2]J |f(7‘)|2dr> < L2,

jeN
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Finally, we have

2

f(r)P(r, k)dr| do(k)+

1M g f|f 2dr + fRsup

jeN
2

! f(r)P(r, k)dr

27

do(k) = f F)Pdr+ |2 + 18" < .
0

f sup sup
R jeN 2ig<ng2i+1

Convergence of the sequence {f f(r)P(r, k)dr} for o-a.e. k follows from convergence of {S}(k)}
0
established above and the estimate Z \S}'\Qda < L which yields convergence of >y |57 |2 for

jeN
o-a.e. k.

Proof of Theorem [2.1.3. We have

[ s f;fv)P(r ir| T | s L[t]f(r)P(r, K)dr + J[ ;f(r)P(r, k)drzd;(kk;)
< I ey [ sup f PP ]| ok fRiﬁ;‘i f i :(55))

The first integral was controlled in Theorem [2.1.2] The second one can be estimated as follows

t do (k) nt1 * do(k)
f[ RICECOTR <JR:€uZR (L | f(r)P(r,k)dr) o< (2.14)

JR:;;«J & <r“| ) 5

J sup
R teRt+

which proves ([2.3).
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To establish (2.4]), we notice that

T [7] r
| 1P = [ o) P R + | (0P .
0 0 [r]

The first term has a limit as » — o for o-a.e. k as follows from Theorem 2.1.21 For the second

one, we can write

j[ T] F(0)P(p, K)dp

[r]+1
<[ 1Pl
[r]

and the last expression goes to 0 for g-a.e. k since the series

! 2
7;1\1 (J Cirope, /@)\dr>

n
converges for o-a.e. k. This convergence follows from the following bound

[ 3 ([ o) < [ 5 ([ irera) ([ pewpa)) <
.2

neN neN
P(r,k)|? el &2
(supf 7| (r, k) da) Z f |f(r)]2d7’ .
r=0 JR K n

neN

Before giving the proof of the Lemma we list some basic properties of Krein systems

which will be needed later in the text. We start by making a remark that
P(r,k) = €™ P, (r, k), (2.15)

provided that k € R. This identity follows directly from ([2.5) and can be found in, e.g., [14].

Next, we consider an important case when A € L?(RT). In [13] (see also original Krein’s

paper [37]), it was shown that the following properties hold under this condition:
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e There is a function I1(k), k € C* such that

lim P, (r, k) = II(k) (2.16)

7—00

uniformly over compact sets in C*. This IT is outer and the orthogonality measure o can be written

as follows

dk

d -
77 oK) 2

+ do, (2.17)

where oy is its singular part.

e Integrating the second equation in ({2.5)), we have

P (r,k)=1-— JOT A(p)P(p,k)dp. (2.18)

Therefore

1= P ) = [ AG)P(o. 0 — ) [ A() Pl o

when r — 00 and convergence is in L*(R, ) norm. On the other hand, the formula (12.37) in [13]
gives

A(k) =1—TI(k) - xg¢ ,

where EY denotes the complement to E, the support of o,. Therefore,

Tiny [Par, )~ TU(E) - e

2.0 =0. (2.19)

e From ([2.18]) and orthogonality, we get

fR |Pi(r, k) — 1[°do = JO |A(p)|2dp .

Proof of Lemma [2.1.5l The second equation in ([2.5)) gives

Py (ra, k) — Pa(ri, k) — — f P AP k) dr (2.20)

T1
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Theorem yields necessary estimate on the maximal function and convergence of Py (r, k) o-a.e.

The limit is equal to II from (2.16]) due to (2.19). O

2.3 Wave operators for Schrodinger evolution:

proof of Theorem [2.1.6

We start this section by describing a connection between Krein systems and Dirac and Schrédinger
operators on R*". Consider the Krein system with coefficient A € L10 (RT). It corresponds to Dirac

operator
D - b G (2.21)
—0; —a b
defined on Hilbert space (f1, f2) € L?(R*) x L?(R*), where a(z) = 2Re A(2z),b(x) = 2Im A(22)
with the boundary condition f3(0) = 0. Indeed, define real-valued functions ¢ and v by writing
oz, k) + ip(x, k) = def P(2x,k)e” ™. It can be checked [14,37] that (¢,1)) are generalized eigen-
functions for Dirac operator and that 20 is its spectral measure. Define {€(x,k)},x = 0
by
E(x, k) def P(2z, k)e ok, (2.22)

It turns out that this is also continuous orthonormal system with respect to o, i.e.,

E(x, k)dz da = | fI3 (2.23)

for every f e L*(R") (see [16,37]). Making an extra assumption that A is real-valued, i.e., that
b = 0, and absolutely continuous on R* and taking the square of D reveals the connections between

Dirac and Schrédinger operators. Indeed,

H 0
p2—| , (2.24)

0 Hs
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where Hif = =03, f + qif, /'(0) + a(0)f(0) = 0, Hof = =07, f + a2, [(0) = 0,
q=a"—d,@p=a*+d.

Later in the proof, we will use the spectral decomposition for Dirac D and the formula (2.24) to

write a suitable expression for e?f2,

The following result implies Theorem [2.1.6] thanks to Lemma

Theorem 2.3.1. Suppose the coefficient A in the Krein system is real and absolutely continuous,

Ae L*(R*), A" e L®(RY), and

. > do
lim sup 52— 0. (2.25)

p—0 p<ri<ro

JA P(r,k)dx

Let a(x) = 2A(2x) and let q be real-valued function on R* satisfying ¢ € L'(RT). Then, taking two
operators H = —02, +a’ +q and Hy = —02, both with Dirichlet boundary condition at zero, we get

existence of wave operators W=*(H, Hy).

This Theorem is the central technical result of our paper. Before giving its proof, we state

the following Lemma.

Lemma 2.3.2. Suppose t =0, p is a measure on R, and p(k), pi(k) € Li(R). Let |pl2,u =1 and
. . 2
Jim Il = 1, Jim | o= g =0 (2.26)
for every interval A — R. Then, tlim lp — pef2,u = 0.
—00

Proof. The proof is based on a standard exhaustion principle. For every e € (0,1), we can choose

L > 0 such that §,. [p|*dp < € where A = 4t [_L,L]. By ([@.26), there is T so that

11— Iprl3 ) < L Ip— pif2dps < e
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for t > T. Thus, for t > T, we also have

f pel*dp = |pel3, — f pe|*dp =
AC A

. (1 ~ [ twPa = [ o2 - rpt|2>du) <
Ac A

21l [ P+ 1 NG |pt|2>du] <
Ac A

€ +/e,

Hpt\

[l

where we used triangle inequality to estimate

0 = )| = 19125~ 123 =

(Iplzza) + Ipdlizay ) - [IPlzca) = Pz < 1o = pelaa) < Ve.

Thus,

J p = pef*dp = f p — pi|*dp +f p — pelPdp < e+ 2f Ip*dp + QJ pe*dp < Ve
R A Ac Ac Ac
for ¢ > T and the proof is finished. ]

Proof of Theorem [2.3.1l Since a?,¢q € L'(R") and relative trace class perturbations do not
change existence of wave operators (Birman-Kuroda Theorem, [47], p. 27), it is enough to consider

H = Hy = d' +a®. Take f e L?>(R*). We need to prove existence of

. itH ,—itHo
tEIfooe e f, (2.27)

where the limit is understood in L?(R*) topology. Notice that, since both groups e?** and e~Ho
preserve L2(R™) norm, it is enough to prove existence of the limit for every f € T where T is

{f: o€ CP(R),0 ¢ suppf,}, where

fo denotes the odd extension of f to R. From now on, we assume that f € T,|f[2 = 1 and

any dense subset in L?(R*). We define T as follows: T o

that t — +o0 in (2.27) (the case t — —oo can be handled similarly). Denote f. def (]?O - Xe>0) ",
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I def (fo - X¢<0)" . Working on the Fourier side, we get

itHo p _ 1 —it€? : : _ 1 —it€? —itu itx
e Mo = fRe t ( o f(u) 31n(§u)du> sin(éx)d¢ = 5 JRe ¢ (JR fo(u)e du> e'srde .

s

The last expression is equal to the restriction of eit0zz fo to RY, where 02, is considered on all of
R. The large time asymptotics of e*%=h for h € L2(R) is known and given in Lemma from

Appendix. Since fo(g) = ﬁr (&) for £ > 0, it is enough to show that

dof citk? Joo elz?/(4t)

I'=15 . fi(@/(20) (2, k)da (2.28)

has a limit in L?(R, 20) when ¢t — +00. Indeed, the spectral measure for Dirac operator D is equal
to 20, the generalized eigenfunctions are (¢,1), and the Schrodinger operator is related to Dirac
by (2.24) so we can use spectral decomposition for Dirac operator to compute e where H = H.

To this end, we will use the following generalized Fourier transform

S

= [ o e+ [ p@e R
! !

and the analog of Plancherel’s Theorem

|13+ 1203 = IF

2
220 *

Since f €T, ﬁr is supported on some interval [a,b] and a > 0. Use ([2.15]) and substitute

P, (2, k)e?*™ — P, (2x, k)e™

@b(%k) = 2

into (2.28) to get
I=0 -1, (2.29)



where

citk? 2t ia?/(4t) L .

I = 2t)) Py (22, k)e"™ dx,
S ST v @ P ke da
itk? 2t gix?/(4t) )

I, = fo(x/(20)) Py (22, k) e *dz .

20(1+1i) Jor V1t

Consider Iy; the analysis of I; is similar. Integrating by parts, we get

2bt v giu?/(4) ‘ !
f P(20, k) f T ) 2r)e My | da —
2at 2at \/Z

102
2bt el /(4t)

= P, (4bt, k) . Tf+ (u/(2t))e " du — Ja,

where, thanks to the second equation in (2.5)),

2at \/i

2at

20t z giu?/(4t) .
Jy = f 2A(2z)P(2x, k) (f : f+(u/(2t))e_lk“du> dzx .

For the first term, we can write

20t iu?/(4t)

P, (4bt, k) L t ¢ — Fo(u)(2t))e~ R dy =

(P (4bt, k) —II(K) - x¢)

2bt iu?/(4t) "
w/(2t))e ""du
| R

2bt piu?/(4t)

~

Felu/2t)e* du.

(k) - e j —

From (|A.12)), we get

sup Fi (u/(2t))e=*" du

t>1

< Cp)

J%t eiu’/(4t)
L*(R)

2at \/E

and (2.19) implies
. 2t iu?/(4t) ik
tginoo (Py(4bt, k) — II(K) - xE<) Lat 7 fr(u/(2t))e " du 2

=0.

33
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From (2.17)) and (A.11]), we obtain

eithH(k‘)
21'(1 + Z)

—0. (2:30)
2,0

2bt iu/(4t) , V2rIl(k >

€ —iku T

“XEe - f Fo(u/(2t))e” Fdu — 7() “xgef+ (k)
2at \/% 21

t—00

The analysis for I; is analogous - it also gives the main term converging to

V2m - TI(k)

% 'Xng+(—k)

and a correction which we call J;. Consider J; and Jy. We claim that if we show that

lim f |J1]2do =0, lim f |Jo|?do = 0 (2.31)

for every interval A c R, then the proof of Theorem [2.3.1] will be finished after application of

Lemma Indeed, in this lemma, we set u = 20, p; = I and the limiting function p is

o k) F (k) = T1(k) F (k)
21 '

P = XEe-

To apply Lemma we notice that |[I]22, — 1 by Lemma Moreover, (2.17) gives
220 = | fl2=1.

Ip

We will prove the second identity in (2.31)); the first one can be obtained similarly. For Ja,

we have

2bt T ei(u2/(4t)fk:u) -
Ty — —2 L A2 Per.E) ( L e f+(u/(2t))du> dz.

One can write

J‘m ei(u2/(4t)fk:u) . J*O ei(u2/(4t)fku) N z i(u?/(4t)—ku) _

et = [ e e+ | Pt/ 21)du.

The first term does not depend on z and we can use (A.12)) and (2.6) to write

20t bt

< C(f)f |A(z)2dz (2.32)

24 at

[ ey ) a
—_— u/(2t))du | dx
2at \/E i

A(2x)P(2x, k) (

2at
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where the last expression converges to zero as t — o0. For the other term, we have

v gilu/@VD—kvVD?

T ei(uz/(4t)—ku) -
| = Fe(u/(20))du.

_efith
e = e [

The integral can be rewritten as

v gi(u/ (VD —kVD?
- 2t))du =
L /)i

v iu/@VD-IVD? P ]
—_— 2t — —_— 2t .
| Fwena- | T/t

The second term is z—independent so its contribution is negligible by the argument identical to

(2.32)). For the first one, we change variables and write, using the same variable u,

v gilu/ VD kD (e—2k0)/2VE
J Y F (/2 du = 2 f ¢ o (e + u/v/E) du (2.33)
o Vit —
oomyni A v
:2[ e <f+(k+u/\/¥)—f+(k))du+2f+(k)f e du .
—00 —00

We can continue as follows

J(x%t)/%/i i (f+(k N - f+(k:)>du — JOOO piu? <f+(k +u/Vt) — f+(k)>du +

(e—2kt)/2vE R
f e (ol + /D) = Fo(k) ) du.

—0
0

The first term in the right-hand side does not depend on = and it is uniformly bounded in k£ € R and

t > 1 as can be seen by integrating by parts. Thus, its contribution to [Ja[z2(a) is also negligible.

We want to apply Lemma[A1.2] from Appendix to the second term. Since we are interested

in k € A and x € [at,bt], then [(x — 2kt)/2t] < C(4p ). Hence, the Lemma is applicable with

e = 1/v/t, g(u) = fy (k +u) — fi (k) which gives

(z—2kt)/2vt -~
[ o (Foll+u/VE) = Folh))du| < Cupa g /VE.
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The proof of Lemma [A-1.2] shows that this bound is uniform in k£ € A. We substitute it and apply
(2.8) along with generalized Minkowski inequality to get
1 2bt

9 1/2
(L Vi o d“)

1 (2 12 @3
— |A(2x)] - <J |P(2z, k)|2da> dx ?
\/{f 2at A

C 2bt bt
Ctten [ 4a)jar < Oy aaany ([ 1000
\/l? 2at at

|A(22) P (2, k)|

A

1/2

The last expression converges to zero when ¢t — 4+00. We are only left with controlling the contri-

bution from the last term in (2.33), i.e.,

~ 2bt (z—2kt)/(2vE)
f+(k) A(2z)P(2x, k) J e du | dx.
2at 0
Let us write partition of unity
L= p_ + po + py, (2.34)

where pg is even, smooth, supported in (—2,2) and
O0<po<1l, po=1if|z|<1.

Function p4 is supported on (1,0) and is non-decreasing, p_ () e fi4(—x). Then,

(e-2kt)/2vD) (e-2kt)/2vD)
| ¢ du - ( | du> (1 (& — 2k0)/(2V0) + o) + 1 ().

0 0

We will apply the following trick several times. Notice that the function F'(x) def (5o e’ du) o () €

CP(R) thus F e L'(R) and we can write

1

F((z — 2kt)/(2V1)) NoTs

fR F(€) explit (x — 2kt)/(2VE))de
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Then,

20t (z—2kt)/(2V/1)

Fi (k) » A(22)P(2z, k) (MO((:C - 2/<;t)/(2\/i))f0 eiu2du> dr =
Fi (k) - A(23)P(2z, k)F((x — 2kt)/(2V/1))dz =
2at
20t

L F 7 e_iél“/Z €T T exp(i€x T
| F© (f+(k> A0 P20, D explice/ (VD) )ds.

We use generalized Minkowski inequality and (2.6]) to estimate the last quantity as follows

20t

= [ B (Rt [ anpian by expligs/2vias ) s

<

~

2,0
P01 170 ([ 1AawPas)
([ 1Fene) it (],

and the last quantity converges to zero when t — c0. We apply similar strategy to other terms.

0

(x—2k)/(2VE)
(f e du) py ((x = 2kt)/(2V1)) = Cpy (2 — 2kt) /(2V1))

_ (Joo ei“2du> py ((z— 2kt)/(2V1))
( (2V?)

xz—2kt)/

def ) .
where C = SSO e™ du. Consider

fx A(2u)P(2u,k;)du> o ((z —2kt)/(2V1))dx

2at

2bt 2bt
J A(2z)P(2x, k) ((z — 2kt)/(2v/1))dzx = J (

2at 2at

g

The first term gives contribution

J

f A(2u) P(2u, k)du) (@ ;Z)/(zﬁ))dx.

2at

fzbtA(Qu)PQu, k)du) 1 (b= B)WVE) — szt <

2at 2at

2 20t

do < IF 1% | AP

2at

7. (k) ( | " AP, k)du) (b~ VD)

2at
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and the last quantity converges to zero when t — 0. For the second one, we can write an estimate

2bt T / — Okt INE
f < A(2u)P(2u,k)du> # (@ = 266)/ VD) 1 (2.35)
2at 2at 2\/Z
r2 W (2 — 2kt) /(2V/1
( sup J A(ZU)P(Qu,k)du> f (@ )/2V1) da .
2at<ri<ry [Jry 2at 2\/%
Since p4 was chosen to be non-decreasing, one obtains
2bt |,/ _
[ (@ = 2kt)/@VE)| )
2at 2\/%
Under the assumptions of the theorem, we get
~ T2
l\f+] - sup J A(2u) P(2u, k) — 0
2at<ri<rs |Jr; LE(A)

when ¢ — o0. Consider the expression

( f - du> ps (2 — 2kt)/(2V/2))
( (2v%)

x—2kt)/

and apply Lemma from Appendix to write it as

(foo eiu?du> py ((z — 2kt)/(2V1)) =
(@—2kt)/(2v)

—1/2 ix?/(4t) —izk ik>t i&(x—2kt)/(2v/1)
(2m)" /=€ e e e U(&)dg,
R

where ¥ € L'(R). Then,

2bt
AP, Ry 0t [ ey ) dr
2at R
2bt
— eik%f \P(&)e_igk\/i (J A(2x)eim2/(4t)eiﬁx/@‘/i)g(x, k‘)dl‘) g,
R 2at

where &(z,k) = P(2z,k)e”? was introduced in ([2.22). Using generalized Minkowski inequality
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and (2.23)), we get

2bt
<

~

2,0

el ([ wee) <J:j|A(2xﬂ2dx>lm

and the last quantity converges to zero when t — 0.

Futhy e [ wigperionve (

A(2x)ei12/(4t)ei£x/(2\ﬁ)5(;1:, k)dx) d¢
R

2at

The contribution from the term

(x—2k0)/(2VD)
( f du> i ((r — 268)/(2v/5))

0

can be handled in the same way. Thus,

lim f | Jo|?do = 0
t—00 A
and our Theorem is proved. ]

Remark. Notice that we had to use an additional assumption about the maximal function (2.25))
only when handling (2.35). It is an intriguing question whether this extra hypothesis can be

dropped.
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Chapter 3

Off-Spectrum Decay of the Integer

Lattice Laplacian Green’s Function

3.1 Introduction

As discussed in the first chapter of this thesis, weare interested in several properties of the Schrédinger
operator on discrete spaces: absorption principle, radiation conditions, decay of the resolvent for

complex A, and convergence of the Born series.
In this chapter, we consider the operator

Hy™ A zezd

and the equation
(Ho— ANy = f, (3.1)

where f and V are in Cy(Z%), the set of functions with bounded support, and the Laplacian is

given by:
{y:lz—y|=1}

Conjugation by the Fourier transform allows us to represent A as a multiplication operator
on T, the dual to Z¢. We identify T? with [, 7]¢ < R? for A > 0 and with [0,27] < R? for

X < 0. Let F be the Fourier transform on Z¢ and Fu = 4. Let ej = (0,...,0,1,0,...,0), where
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the nonzero entry appears in the jth coordinate, and let ue,(r) = u(x + ¢;). Then we have:

1

Au = Oéd(uej +ue,), (3.2)
1
FrFAF ‘o =F! F D (e, +ue)) |- (3.3)
0<j<d

On the right hand side, this is

7 2 Uej T U—e; Z Z u(y +¢j) + uly —ej))e”"*Y

0<j<d yeZdO<]<d
-3 N ,u ( (y+eg>+e—is~(y—ej>>
yeZd0<j<d
— Z %(eiﬁ'ej Jre—i&'ej) Z u(y)e €Y
0<j<d yeZd
= ) cos(&)ale).
0<j<d

So A is given by the multiplication operator ¢ on T¢ conjugated by F, where
$&) = ) cos§;. (3.4)

Because the spectrum o(H) is invariant under unitary transformations, the spectrum of A is purely

absolutely continuous and is given by
o(A) = range ¢ = [—d,d] .
The spectrum o(A) is contained entirely in R so, for n € C\R, define the resolvent operator
Rg = (Hy—n)""'.

We can express Rg in the following form:
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Zo<j<d cos(j) —n
a(g)e’r
Td Zoqu Cos(fj) -
ei&-x

= D uly)e v dé

Td Zoqu cos(gj) - Jezd

ei(xfy)'g

T4 20<j<d cos(&5) —n

= > uly) d¢.

yezZd

In other words, application of Rg to u is nothing more than integration of u against the Green’s

function G(z,y,n):
ez(x_y)f

Gp(x,y) =
) = | S —reos®)

dg. (3.5)

Eskina in [23] and [24] provides justification for the absorption principle and radiation con-

ditions for the general difference operator

(A+qg—Nu=17f, (3.6)

where A is an operator whose representation after conjugation with the Fourier transform is mul-
tiplication by a smooth, real valued a(k). In particular, Eskina’s result is valid for A such that
Va(k) # 0 on the surface

T(\) = {k e Ta(k) = \}.

However, the condition Va(k) # 0 on I'(\) is only true for A in (d — 2,d) (see [48]).

In [48], Shaban and Vainberg introduce the following notation. Note that their spectrum is

scaled by a factor of two in order to accommodate their scaling of the Laplacian.

So={neZ:d—n=0mod 2 and n <d},

S = o(ANSo = [~d, d]\So .
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Further, if X\ € S, we define
L(A) = {k e TY|p(k) = A},

¢ serves the same role for (3.1)) as does a for (3.6). However, it is not the case that Vo(k) # 0
on I' for (3.1). This is only true for A € (—d,—d + 2) u (d — 2,d). Instead, the picture is more

complicated for other A.

For k € I'()\), set the outward normal to be n = V¢ /|V¢| € ST, Vp(k) = — 2i0<j<a Sin(k;)€;,
so this is well-defined for & ¢ {(0,0,...,0), (7, m,...,7)}, hence \ # td.

For ¢ € 74, associate to it the direction vector w = £/|¢] € S¥1. Let k(w,\;s) be the
collection of points k € I'(\) at which V¢(k(w,\;s)) = w, indexed by s = 1,2,...,m. This
collection is finite because every point in the collection has non-vanishing Gaussian curvature, so
{k(w, \)} consists of isolated points, and because I'(A) has bounded curvature. Say that w is singular

if there is a j € {1,2,...,m} such that the Gaussian curvature of I'(A) is 0 at k(w, A, 7).

It is clear from a stationary phase argument that the behavior of ¢ at the points k(£/|¢], A; s)
determines the dominant asymptotic behavior of solutions to (3.1)) in nonsingular directions, pro-
ducing decay like |€ ](dfl)/ 2. However, this decay rate is destroyed by the presence of vanishing

curvature at any point k(&/[€[, A; 7). Collect the set of singular directions in

Qo = {we S w is singular} .

The set 2\ is open, so is a collection of open connected components; call these components
non-singular domains. Let V < Q be a non-singular domain. Since V is connected and the
multivalued function w — {k(w, A;s)} is smooth, the number of k(w,A;s) mapped to by w is

constant on V. Call the largest s obtained on V' by my, .

Finally, let pu(w,\;s) = k(w, A; s) - w, where the dot product is assessed after inverting our

original embedding of the unit ball in R? into S¢~!. This prepares us for the radiation conditions:
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Definition 3.1.1. Let 14 be in [?(Z%). We say that ¢4 € Wy if the following two conditions are

met:

i. there is a C such that, for every integer R > 0, ¥4 satisfies

LS jmer<c.

£eBar\Br

ii. for any non-singular domain V' < Q and w = ¢/[¢| € V,

My dip(wAis)le

1
Pe(§) =D W%(W,A;S) +0 <’€|(d+1)/2> as [§| — .

s=1

The paper of Shaban and Vainberg culminates in the following theorem:

Theorem 3.1.1 (Absorption Principle). For any f € Co(Z?%), any q € Co(Z?) and X € S, the limits

Yy of Yy = R, f asn— X140 exist. Moreover, for each X\ € S, the equation
(A+qg=Ny=f

admits unique solutions in W, and in W_ and these solutions are unique.

However, solutions obtained by taking the limit n — A £ 40 for A € Sy generally fail to have

pointwise limits or grow at infinity.

A complete characterization of the asymptotic behavior of the Green’s function for the
Laplacian is absent from the literature. In [40], Martin presents several formulations for the Green’s
function of the Laplacian on the spectrum with this adjacency rule. He restricts his attention
to the case where A is on the spectrum, and provides an explicit formula only for the diagonal
GA((0,0), (m,n)). Bhat and Osting [6] build on this by implementing a recursion relation found
in [44] to numerically compute the values of the Green’s function everywhere in the plane, still

restricted to real \.
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The rest of this chapter is devoted to providing a closed form expression for the first order
asymmptotics of the Green’s function of the Laplacian for arbitrary pairs of elements of Z? and
any A € C\R. For the two-dimensional case, the surface I'(\) is strictly convex for A € S and so

every direction is non-singular.

3.2 Integral Representation of the Green’s Function

We will require a more convenient form for the integral representation of the Green’s function in

order to apply the method of steepest descents, discussed in the next section.

Lemma 3.2.1. Let N =n+m and § = Z=2. For 6 € [0, 1], the following identity holds:

m+n

/2 cos _ICOS N
G((0,0), (1m,n)) = —— (V1) ( 207 cost >dt.

2 0 V1—4X"2cos?2t \1++v1—4X2cos?t
Proof. For (m,n) € Z2, we have an integral representation for the value of the Green’s function

1 )
_ —i(mé&+nn)
G)\((an)?(man)) J:JTQ COSg-{-COSn—)\e d§d77

Following Martin [40, equation 14] who is in turn following Koster [36], we note, for § > 0,

1 o
— = /LJ ez(a’+25)§ dC
o+ 0

Note also that ( [40], just before equation 30, but standard)

f emEQ2iCeosE ge _ omim J (20

—Tr

Combining these equations, we see that

GA((0,0), (m, ) = ™71 f e () (C) dC
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Now we use Neumann’s formula for positive integer orders, [53|, §5.43]

/2
Im(Q)JIn(C) = 2 fo Im4n(2€ cost) cos((m — n)t) dt.

and switch the order of integration to get

jmtn—1 /2
G)\((O7O)7 (mvn)) = 2+J‘

cos((m — n)t) JOO e Jin(2¢ cost) dC dt .

™ 0

0

We apply the following formula [20, Eq. 10.22.49],

o 5 (v+1 v+2 b2
—at _ o \2 . .
L e *J,(bt)dt = au+1F< 5 g ,u+1,—a2> ,

which holds for Re(v) > —1 and Re(a +ib) > 0, and where F is the hypergeometric function. Now,

jmtn—1 /2 cost)mtn
Gr((0,0), (mym)) = 2 f cos((m — n)t)EZ,A)Ti)M+1

™ 0

m+n+1 m+n+2
x F , ;
2 2

m+n + 1; 4272 cos? t) dt

2 Tr/2 m—+n
=~ el Jo cos((m — n)t)(cost)

F(m+n+1 m+n+2

5 , > ;m+n+1;4/\2c052t) dt.

We apply the formula at [20, Eq. 15.4.18], which is

F +12 ! 1+1\/17 o
a,a+ =202 | = ——— |+ zV1l—2 .
I 27 ) /71_2 2 2

This identity holds for the principal branch when |z| < 1 and by analytic continuation elsewhere.

) /2

—— A" cos((m — n)t)(cost) ™"
T 0

1 1 1 —men
X — 4+ —A/1 —4X"2cos?t dt
V1 —4X"2cos2t \2 2

2 ™2 cos(NOt) < 22" Lcost >th
TAJo V1 —4Xx"2cos?t \1++/1—4\2cost ‘

GA((Ov 0)7 (m7 n)) =
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3.3 Steepest Descent Method and First-Order Asymptotics

Let g: D — C and p: D — C be holomorphic functions on some D < C" and let C < D be a

curve. Consider the intergral

J = Lg(z)e’"p(z) dz (3.7)

with r € R. We are interested in the asymptotics of this integral as r goes to +o0.

Dominant contributions to this integral come from regions of D where p has large real
part. However, oscillations coming from variations in the imagingary part of p can damp these
contributions. By the Cauchy integral theorem, we can deform C to some C’ sharing the same
endpoints. By choosing a contour C’ such that the imaginary part of p is constant, the integral can

be transformed to one that does not oscillate, leading to more straightforward evaluation.

The method of steepest descent originates in a unpublished notes of Riemann, and was first
published by Debye [12] in 1909. A particularly clear exposition can be found in [55]; the following

treatment is also influenced by [10].
The main tools in this are the two following results:

Lemma 3.3.1 (Watson’s Lemma). Suppose that n > —1 and that h : C — C is smooth with

h(0) # 0. Suppose also that, for some T > 0,
T
f [tFh(t)] dt < 0.
0

Then, the following integral converges for all r > 0 and has the asymptotic behavior

T O 7,) j
J th(t)e T dt = (Z h (Ojﬁiﬁ;f i 1)> (1+0(1))

0 j=0

as r — +0oo
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Theorem 3.3.2 (Lagrange-Biirmann formula). Suppose z = f(w) is analytic in a neighborhood of

a and f'(a) # 0. Then we can express w = g(z), where g(z) is given by

g(z) =a+ ). gn(z_yf,(a)yl (3.8)
n=1 :

and where

= lim ! ( w—a )"
In = oS dwt \ F(w) - fa))

Write p(z) = u(z) + iv(z) for real-valued functions u and v. Suppose that C’ is a smooth
curve such that v is constant on C’ and such that u is strictly monotonic on C’. Let zy be the
endpoint of C’ where u attains its maximum. Suppose that u maps C’ onto an interval I. Then for

7 € I, 7 parametrizes C’, and we can write

— f,g(z)erp(Z) dz (3.9)

J =
C
| d
_ irp(z0) L g(Z(T))ﬁe” dr . (3.10)

After making the substitution ¢ = u(zp) — 7, we have the expression

dz

J = erp(zo)f g(z(t))—e "t dt,
PR

which is of the form treated by Watson’s lemma. Write t°h(t) = g(z(t))%, with h(t) smooth and

h(0) # 0, so that we find

o) S P (20)0(s + 5 + 1)
J ~ ) Z jlpstitl

7=0

as r — 0.

The standard example of this process is for the approximation of Ai, the Airy function.

Ai(z) is defined as the analytic extension to z € C of the solution to y” — zy = 0 for z € R. This
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function is given by the integral

I 1
Ai(z) = lim f cos (333+zs> ds. (3.11)

R—o0 T 0

Corollary 3.3.3. The Airy function defined in has the asymptotic expansion:

7223/2 a0 o mF 3 l
Ai(Z)Ze /32 ( 1) (m+2)z—3m/2.

12
2mz1/4 32m  (2m)! (3.12)

Proof. Make the substitutions s = 212t and r = 2%2 and rescale R to preserve the apparent limits

of integration so (3.11)) becomes

1/2 (R 3/243
lim ZJ cos (Z + 23/215) dt
R—ow T 0 3

Define

p(t)=z'<t§+t> ,

- 2 Y (2 2
p(a:+zy)=—xy+§—y+z 3 +x),

pl(t) =i(t* +1),

so critical points of p(t) occur at t = +i. Imp(+i) = 0, and curves on which Imp = 0 are given by

3
0:%—xy2+:r:x(x2—3y2+3).

By the Cauchy integral theorem, for » >> 1, we can deform the contour of integration to
the half of the hyperbola H = z? — 3y?> + 3 = 0 where y > 0, oriented from w0e's to oe's for
|z| < r, with added contours at distance R from the origin, parametrized by the argument of the

point on the curve, connecting H to the real line. Let H be the portion of H with x > 0 and H_
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be the portion of H with x < 0. If 4+ 4y is a point in H,, then —z + iy is a point in H_ with
p(—z +1iy) = p(x + iy)z and the dz element along H at —z + iy is the conjugate of the dz element

along H at x + iy. Let Bg be the ball of radius R centered at the origin. This allows us to write

Ai(z) = lim s <J e“"(?“) dt—i—f eir(§+t) dt—i—f eir(§+t> dt+f eir(§+t) dt)
fimco 21 C- H_nBg H, nBgr

Cy

= lim i/?) <J eir(§+t) dt + f eir(§+t) dt + J eiT(gH) dt + f eir(éﬂ) dt)
R—oo 2T H,.nBg HinBpgr

Cy

1/3 (43 (43
— lim - Ref ezr(?th) 4 RGJ ezr(ngt) dar |
R—o0 ™ H+ﬁBR C+

The contribution from the curves Cy is small:

1/3 . (43
lim T/Ref ezr(%—&-t) dt TR3 sm(39) —rRsin6 dt
Cy

e 3
R—ow T R—o T
1/3
,Q 39 _
< lim — Re R0, —CrRO g9
R—ow T
1/3
< lim — szefudu=0.
R—ow T 0

Write

u(z)=i<i§+i>—z<t3+t>

= (t—i)* = Z(t 1)

Sy <1_t_z>

u'?(2) = (t — i) <1 - g(t — 2)>1/2 .

w

For t € Hy, u € [0, ). u1/? is analytic around ¢t = 4, and d%ul/z # 0, so we can use the Lagrange-

Biirmann formula to produce a series expansion for the inverse function:

0 | [dn—l ( t—i >] un/2
t—i= m | ——— -
i | dt DA\ ul/2(t) — ul/2(i) n!
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Now we have

Ai(z) = 28 Ref e_m% du
0

ri/3 0,32 JOO 0 <i>"_1 p(?ﬁ —1) w21
_ 22943 —ru ° 2
= e Re e du
, ¢ 2r(%) (n— 1)

/3 A NE O DR | ©
= r —22%/2/3 v 2 n/2—1_—ru
T Re ), (3) 2T(%) (n—l)!_L W e

rl/3 953/2 A F(?’fn -1)
_ 22723 v 2 —n/2
e ReZ( ) 72(71_1)!7"

1
(—1)™T(3m + 3) L —3m/2
3m - (2m)! )

In general, it is neither easy to parametrize the curve Imp(z) = ¢ nor to perform the
series inversion via the Lagrange-Blirmann formula. In the case where it is possible to obtain the
parametrization, Wojdylo [54] provides an explicit formula for the coefficients of the asymptotic

expansion of J in terms of partial ordinary Bell polynomials.

On the other hand, if the asymptotic behavior is only desired to first order, it is not very
difficult to compute. Return to the setting of (3.9) with C" a curve that traces a steepest descent

curve of p emanating from a saddle, zj.

Corollary 3.3.4. Let p: C — C and zy a point at which p'(z9) = 0. Let C' a curve with endpoint

and mazximum of Rep at zy. Suppose that > —1 and that h : C — C is smooth with h(zy) # 0.
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Then, to first order, the integral
J= f (z — 20)"h(2)e™?) dz (3.13)

has the asymptotic expansion

1 \h 1\
J~T (u + n 1> n(ioi (pg:;:)(jo)) emPE)p—i=l/(nH) (1 4 5(1))  asr — +00. (3.14)

Proof. As with the analysis of Airy’s integral, set u(z) = p(z9) — p(2). If p has a saddle of order n

at zg, write p(z) = p(z9) + Zj‘inﬂ p(j)j(!z()) (z — 20)7, with p(”H)(zo) # 0.

As with the analysis of Airy’s integral, set u(z) = p(z0) — p(2) = 0. Then we have:

. 1/(n+1)
1/(n+1) _ S p(])(ZO) j—n—1
u = (z — 20) Z — (2 — 20) .

j=n+1 J:

Now, to first order, we have

~ i _ETA | Mt
-z~ 1
TR [p(z)—p(z())]“

0 (j)(z ) —1/(n+1)
— lim ( Z p - 0 (z—Zo)jnl) uV/(n+1)
J

o j=n+1 ‘]!

= <(”+1)'> ity /(1)
p(n+1) (ZO)

Returning to (3.13)), we can find our first-order approximation for J:

@ dz

J =~ erp(zO)J (z(u) — z0)"h(z(u))—e "™ du
0 du

(n+1)! >1/(n+1) u—/(n+1)

N T —T‘Ud .
P (z0) et o

_ rp0) f " () — ) h(z(w) <

0

Apply Watson’s lemma to obtain ((3.14)). O



93

10

05 10 15

15 -10  -65 00 05 10 15
(a) (b)

Figure 3.1: Level curves of the imaginary part of example members of class C, with
saddle points indicated.

3.4 Geometry of the Steepest Descent Curves

The principal difficulty with applying the method of steepest descent is verifying the geometry of
the steepest descent curves of p(z) in (3.7)). Our case is not unique, and we have been able to obtain

only partial results in this direction.

Figures (3.2(a))) through (3.2(d))) contain images of the level curves for the imaginary part
of the Green’s function for different values of A and the formula for p(z) given in (3.16). Our

computational results suggest that p(z) is a member of the following class for A with Re A # 0 and

Im A # 0:

Definition 3.4.1. We say that a function p : C — C is in the class C if the following hold:
1. There is a saddle point of p, z1, with Rez; € (0,7/2) and Im z; > 0.
2. There is a saddle point of p, z3, with Re 23 € (—7/2,0) and Im 25 > 0.

3. Level curves of Im p connect 7/2 to z1, —7/2 to 22, and either z1 to zo or both saddle points

to +i00.
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3.5 Asymptotics of the Greens function

We use the steepest descent method to compute the asymptotic behavior of the integral

2 (72 NOt 22~ cost N
Ip(N) = = cos(NV6t) < oo > dt (3.15)
A Jo V1—4X"2cos?t \ 1+ +1—4X2cos?t
to first order. The integrand is even, so the integral is equal to
1 ™2 cos(NOt) + isin(N6t) ( 2\ 1 cost >N gt
2) 72 V1—4X"2cos?t 14+ +V1—4X"2cos?t
1 f’r/z etNot ( 21" ! cost >N d
== t
2) 72 V1—4Xx"2cos?t \1+v1—4X"2cos?t
2 . —1cos
_ 1 jﬂ/ 1 ezNOt—&-Nlog(—1+ 21*70_2 2052 t) gt
2 —/2 . /1 — 4c§§2t
Set
2071 cos z )
z) =10z +lo 3.16
p(2) g<1+\/1—4)\_2c0322 ( )

taking principal value for the square root and logarithm when z € (—n/2,7/2) and extending

eNp(t)

V1—4X—2cos?t’
that the conditions in Definition that Imz; > 0 and Im zo > 0 are equivalent to the square

analytically, away from singularities, so that the integrand in Iy(NN) becomes Note

root in (3.16)) taking its principal value for, at any saddle point z,

—itanz = 04/1 — 42 cos? 2.

If the principal branch of the square root has positive real part, then tan z must have positive

. . . . _ sin2z+isinh2y
imaginary part. But since, for real number x and y, tan(z +iy) = T 555 Srrcosh 2y for Im tan z to be

positive, Im z must be positive.

2

The function p(z) fails to be analytic when cos z = 0 and when 1—4\~2 cos? z = 0. Elsewhere,

we have

(3.17)

9 —1
p(z) =0z + log ( A cosz >

1+ V1 —4X"2cos?z
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tan z
'"(2) =i — ,
Pz V1 —4\"2cos? 2
Msec?z —4 —4sin?z

// _
pie) = A2 (1 —4A—2cos? 2)¥% " (3.19)

(3.18)

We set

Ba(0,)) = \/—8222 (1 92+ /(1—62)2 + 16)\—292> , (3.20)

though we will suppress the dependence of 4 (6, ) on its arguments for much of the following

exposition and simply write S4.

We will need some facts regarding the location of S in the complex plane. To that end, we

refer to the quadrants of C\(R u iR) by the following names:

Q1 ={2€C:Rez>0and Imz > 0},
Q2 ={2€C:Rez<0and Imz > 0},
Q3 ={2€eC:Rez<0and Imz <0},

Qis={2€C:Rez>0and Imz < 0}.

Lemma 3.5.1. The quadrant containing B+ depends on X\ as follows:

Refs >0, (3.21)

—sgnIm B4 = +sgnIm()\?). (3.22)

Proof. (3.21) follows immediately from the choice of branch for the principal value of the square

root.

Suppose that A € Q. Write A = re'®, so we have:

g X (1-62+ I — 22+ 16622 2)
=g T/ )? +
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for some s,t > 0. It is clear that Im 82 < 0.

For B2, when t = 0, —se'® <€i¢ —Veo 4 t) = 0. The partial derivative with respect to t is

” -
—sei‘z’ﬁ (ei‘f’ —\/e2% + t) = % (eQm + t) V2

= (1 + te‘%‘ﬁ)im €Q.

N | ®»

For any choice of ¢t > 0,

t ) —1/2
Im52=1m<0+3f (e2l¢+u> du>>0
0

and so B_ € Q1.

Now,

so we conclude that 8, € Q4 when A € Q1 U Q3 and B4 € @1 when when A € Q2 U Q4; f— € Q1
when A € Q1 U Q3 and S_ € Q4 when A € Q2 U Q4. This gives us the result. O

Lemma 3.5.2. The imaginary part of 2‘% depends on A as follows:

A
sgnlm —— =sgnlm \. (3.23)
26+

Proof. Suppose that A € Q1. According to 1) B+ € Q4. Thus, Im ﬁ > 0.

Now consider A='3_. From (3.22)), 3_ € Q1, so we can put the A~! inside the square root
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without changing the sign, and we have

1
Alpl = \/—892 (1 02— /(1622 + 1602)\—2) . (3.24)
Consider now just the expression under the radical, and write it as

s (1 1+ te—2i¢> (3.25)

for some s,t > 0 and ¢ € (0,7/2). This is equal to 0 when ¢t = 0 and has as partial derivative with

respect to ¢,

s (1= /1 1o =

L -12 . .
PR (1 + tefm‘f’) e 2 — ;(6214) + 1) 2e70 (3.26)

N ®»

The expressions (€% + t)_l/ 2 and e are both elements of Qg4, so their product has negative
imaginary part. As in the previous lemma, this property propagates to (3.24) and so A™!3_ € Q.

Thus, Imw% > 0.

Now,

2ﬂj()\) - (2/32@)) ’

so we conclude that Im 2’% > 0 when A € Q1 U ()2 and Im 2‘% < 0 when X\ € Q3 U Q4. This gives

us the result. O

Lemma 3.5.3. Let A be such that Re A is not a multiple of 2 and Im A # 0. Then saddles of p are
stmple and occur at

z4 = +(sgnIm(\?)) arccos B4 + 2m. (3.27)
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Proof. Saddles of p occur when p’(z) = 0. This implies that

tan z
0 — , 3.28
! V1 —4X"2cos? 2z ( )

the solution set to which is contained in the solution set of the following;:

tan? z
1—4X2cos?z’

—02cos® = (1 — 4X\"2 cog? z) =1—cos?z,

—9? =

92
Vcoszlz—k (1—-6%)cos®’z2—1=0, (3.29)
)\2
cosz = — (1 (1622 1 16)\*292> , (3.30)
cos’z = 1. (3.31)

These are simple saddles unless p”(z) is also equal to 0. This occurs when

)\2

5 —4—4sin’z=0,
cos® z

4costz —8cosz+ N2 =0,

VA= )2

2
cos“z =1+
2

Plugging this into (3.29), we see that a necessary condition for a higher order saddle is that

2
2 — )2 A4 — \2
49<1i42)\> +(1—92)<1i42)\)—1=07

(862 + (1 — 6H)A)\V/4 — A2 +40%(4 — X%) = 0,
M4 — A3 (160% + (1 — 6%)*2%) = 0.

Recall that we defined Sp to be the set of exceptional values in o(H) for which we do not expect
an absorption principle to hold; in the case of Z2?, Sy = {—2,0,2}. From these calculations, we
see that A must be in Sy, or must be purely imaginary. We will be interested in A approaching

S = o(H)\Sy from above and below in the complex plane, so we omit the analysis of the behavior
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at higher order saddles.

Choosing the principal branch of arccos z to be

T — 2
2+zlog< 1—=z —|—zz>, (3.32)

all saddles are simple. These saddles are restricted to the set:
z = t3arccos (+28+,) + 2mn

for n € Z and {£1, £2, +3} < {+,—}. The choice of each plus-minus is determined by the criteria

we identified in §3.4]

The first criterion from is that the real part of any saddle must be in the interval
(—m/2,7/2). For our choice of principal branch of the inverse cosine (3.32)), this is equivalent
to Im (m—i— ZZ) > 0. If z € Q3, then 22 has positive imaginary part and iz has negative
imaginary part, hence Im (m + iz) < 0. If z € Q4, then 22 has negative imaginary part and

iz has positive imaginary part, hence Im (\/1 — 22+ iz) > (). We also have the identity

arccos(—z) = g +ilog (\/ 1—22-— iz)

=7r—(g+ilog< 1—22+iz)) (3.33)

= — arccos(z) .

Taken together, these imply that Rearccos(z) € (—m/2,7/2) if and only if Rez > 0. This is true
for the principal branch of the square root, so we choose the plus sign for +5. Note that the choice

of sign for +3 preserves Rearccos(z) € (—7/2,7/2).

The second criterion is that the imaginary part of any saddle must be greater than 0.
For our choice of principal branch of the inverse cosine, we choose the plus sign for +35 when

[v/1— 22 +iz] > 1 and the minus sign for +3 when [v/1 — 22 4+ iz| < 1. Suppose that z € Q3. Then
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both /1 — 22 and iz are in Q4. Note that, for z and w in the same quadrant,

|z + fw|2 > |z|2 + |w|2.

We have

V1 —22 +iz]? > |21 — 222 + |iz)?
=1 2% + |7

>1.

Similarly, for z € Q4, both v/1 — 22 and iz are in Q1, so [v1 — 22 + iz|?> > 1. Using again (3.33)),
we see that +3 takes the minus sign if S+, € @1 and the plus sign if 54, € Q4. Thus, from (3.22)),

+3 = —sgnIm B4, = +15gnTm A,
This leaves us with the saddles of p(z), which are those identified in ([3.27)). ]

Lemma 3.5.4. Let z be the location of a saddle as specified in . There is a § € Z which

makes the following identity true:

= —(sgnIm \)iarccos z + 2mid . (3.34)

-1
log <Z )
1441 —272

Proof. Note first that z4/1 — 272 = +iy/1 — 22. Im2v1 — 22 is greater than 0 for z € Q U Q2
and less than 0 for z € Q3 U Q4. Imiv/1 — 22 is always greater than 0. We summarize this as

2V/1— 272 = (sgnIm 2)iv1 — 22.

log <1+\jl_1—7> = log <z — 201 — z*2>
= log (z — (sgnImz2)iv/1 — 22>
= log (—i(sgn Im z2) ((sgnlm 2)iz +1— 22>>

= —i(sgnIm z)g +1 (g — arccos((sgn Im z)z) + 2mid .
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Theorem 3.5.5. Take A\ € C with |[Re | € (0,2) and Im\ # 0. Let 6 € [0,1] and N € N. Let

Iy(N) be as in and suppose that p in satisfies the conditions of Definition m The
asymptotic behavior of Iy(N) is described by

1 o 1/2
Ig(N) =
6( ) A —4N\—232 (p(2)(zs nRe)\)>
2 ma /1 —4 BsgnRe)\ g

X exp (—iN(sgn Im \) ((sgn Re \)f arccos f— + arccos 22)) N7Y2(1 4+ 0(1)) (3.35)

as N goes to +00.

Proof. Deform the contour of integration from [—7/2,7/2] to follow level curves of Im p, defined in
(3.16]). By the hypothesis, these pass from the points +7/2 + 0i, through a pair of saddle points

located at points given by (3.27)), and then up to +o0i.

Plug (3.27)) and (3.19)) into (3.14) to get

2 2m 12 Np(z —1/2
4Ama /1 —4AX2p2 \P +

2 or  \'? Np(z_) nr—1/2
+ ( _)) NP N2 ) (1 4 o(1)).

Ay 1 — ar—282 \pP(z

Note that the coefficients are doubled because we have two steepest descent curves emanating from

each of z; and z_. The term associated to z_ decays exponentially slower for all A, so contributes

the dominant term. The exponent is equal to:

2)\ "1 cos(z_)
14 4/1 —4X"2cos? z_

()"

p(z-) = ifz_ + log (

= —(sgnTm A\?)if arccos B_ + log

For A € @)}, determine the sign of Im 2‘% from 43.23[). By q3.34[), the decay has the following
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form:

1

iIN | —0 arccos 3— —arccos L)
e g Wo)NTY2Z Ne@
2Mmy/1-4X"282

1/2 iN (0 arccos B_ —arccos 2

() e

T (we) e ( )N aeq
(i) e
(5ete) e

1 /2 iN(—6arccos [B—+arccos

A
2,\7r\/174)\—2/83 2[37)]\7_1/2 AE Qs

1

1/2 ;N (6 arccos B_4arccos ¢> N_1/2
&

—232

[ 27y /1-4A25%

28_

)\EQ4.

3.6 Concordance with Literature

Recall that, in [48], Shaban and Vainberg derive radiation conditions for solutions to the Schrodinger
equation. These are provided only for A in the spectrum and are expressed in terms of the geometry

of ¢ in the dual space rather than directly in terms of features of Z¢.

In this section, we provide a brief reminder of their results specialized to the two-dimensional

case and compare them to the results derived here in the previous theorem.

For \ ¢ [—d, d] , the resolvent of the standard Laplacian is a bounded operator Ry : I?(Z%) —

12(Z4) given by the formula

1 f (ke
(27)4/2 Jpa ¢(k) — A

RA(f)(§) = dk |

where ¢(k) = Z?Zl cos(k;). The authors identify T? = R?/27Z? with the cube [—, 7]¢ when A > 0

and with the cube [0,27]¢ when \ < 0.

Let T(\) = {k e T? : ¢(k) = A\}. When )\ € S, |[V¢| # 0; define an orientation on T'(\) by
choosing the normal vector n = V¢ = —(sinky,...,sinkq). Say that w € S9! is non-singular, if
there is no point k € I'(A) with V¢(k) pointing in the same direction as w and with the curvature

of T'(\) at k equal to 0.
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Shaban and Vainberg show that, for d — 2 < |\| < d, T'(\) is strictly convex, so every
direction w € S ! is non-singular and there is a unique point on I'(\) whose normal is parallel to
and points in the same direction as w. For d > 2, there are pairs of A € S and w € S9! for which w
is a singular direction; there are also pairs of A € S and w € S4~! for which there is more than one
point in I'(\) with normal parallel to and pointing in the same direction as w. However, neither of
those is true for the case d = 2, which concerns us here. The following result is true in this case

but requires more nuance in higher dimensions.

Corollary 3.6.1. Let k(w,\) be the unique point on I'(\) whose normal is parallel to and points
in the same direction as w. Let p(w,\) = k(w, ) - w, the projection of k on w. (A — XNy = f
admits unique solutions 1+, each the pointwise limit of R, f overne C+ asn — A£1i0. Asymptotic
behavior of Wy s given by

eTin(w)g|

Vs = Sy 0+ ) + 0 (lg/=t@+vr2) (3.36)

as |€| — oo, the amplitude ay smooth in w and .

This concludes our summary of the results from [48]. The following lemma expresses (3.36))
in terms of #. The remainder of the section is concerned with the equivalence of the exponents of

each decay.

Define the following;:

By = % ((1 +6)? — \/(1 —02)2 + 12?) , (3.37)

Lemma 3.6.2. The exponent in can be written

+ik(w,\) - € = $% (arccos (1 + arccos B2 + 6(arccos 1 — arccos 32)) . (3.38)
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Proof. We rewrite the magnitude of the exponent:

:Uf(w7)‘)|§| = k(w’)‘) w|§‘ = k(w,)\) €.

Recall that, for some point (m,n) € Z%, 0 < n < m, pointing in the direction of w, we write

§ = ™" (1+6,1—6) also points in the direction of w. k(w,\) is the point (z1,22) € T? such

m+n’

that:

CosT1 + cosx2 = A, (3.39)
—2sinz; = s(1+6), (3.40)
—2sinzy = s(1 —0) (3.41)

for some s > 0. Note in particular that, for A > 0, we identify T with [—7,7]? and so {1, 22} <
(—m,0). For A < 0, we identify T with [0,27]?, and so {z1, 22} < (7,27) We combine ({3.40)) and
(3.41) to find

sin x1 B sin zo
1+60 1-6°
40 (1—6)?

11072 (1102

cos® xg = cos® 7 .

Moving the cosz; term in (3.39)) to the right-hand side and squaring, this gives us

cos® To = A2 — 2\ cos T + cos? T,

46 1—6)2
(1407 + El _1_9;2 cos’ry = A% — 2\ cos 14 —|—COS21'1,

0 =40cos’x1 —2(1 + 0)*Acosxy + (1 +6)2A\% — 46,
2(1+ 0)2A £ 4/4(1 + 0)41N2 — 166 ((1 + 0)2)2 — 40)
86 ’

(1+6)2X £ A\/(1 — 62)2 + 1662)\—2
460 '

cosT] =

cos 1 =
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The equations (3.39))-(3.41) are invariant under exchange of (x1,0) with (x2, —0), so we find also

(1—0)2X £ A/ (1 —62)2 + 160212
—46 '

COS Ty =

When A > 0, k € [—7,7]? and, in particular, zo = 0 when § = 1. This gives us

n AV 162

and so we choose the minus sign for coszy which, because of the invariance under exchange of

(21,0) and (z2, —0), implies that we take the minus sign for cosx; as well.

When A < 0, k € [0,27]? and, in particular, 2o = m when = 1. This gives us

AV 1662\ —2

1=
e
-1
L AT
—4
—1=+1

and so again we choose the minus sign for both cosz; and cos xs.

Recall that we identify T? with [—7, 7] if A > 0 and with [0,27] if A < 0. The principal

value of arccos maps [—1,1] to [0, 7], so we have the following values for z; and zs:

— arccos 31 A>0
X1 = A
2w —arccosf1 A <0,

— arccos fy A>0

2w —arccosffs A <O0.

\
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Using these values of 1 and z2, we have an explicit expression for the exponent:

1+86 1-46 ]
Fik(w,N) € = it oy +i S = g (21 + @ + 01 — )
= % (arccos 1 + arccos B2 + 6(arccos 31 — arccos 32)) .
after removing the 274 from the exponent. O

Corollary 3.6.3. The exponents in (3.35) and (3.38) are equal.

Proof. We consider separately the parts that do and don’t depend on 6 and compute their cosines.
Cosine obscures the sign of its argument, so this first part of the analysis is independent of the

quadrant containing A.

We require, first:

arccos 31 — arccos (39
cos(arccos f_) = cos 5 ,

5 \/1 TN e Ve

287 —1= 1B +4/1— BI4/1— 3,

(282 — BB — 1) = (1 - B7)(1 - B3). (3.42)

Secondly, we require:

A arccos 31 + arccos [3o
cos | arccos —— | = cos ,

20— 2
) \/ BTN N
2ﬁ,
o7 L= i Mm ,
)\2
(2/32 P15z — 1> = (1= 811~ 5)". (3.43)

These are continuous in A and 6, so (3.43) and (3.42) are sufficient if also we demonstrate the
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equality of exponents for a value of A with Re A > 0 and one with Re A\ < 0. We choose § = 1 and

A= =+1+10.

In this case, we have:

Bi=A—AWA2=0,
By = WA 2 = +1,

A2 1
=
B-=1/5 7
A A ES
28— a2 V27

where the indicated choices of sign in the formulas above and below correspond to the sign of A.

It’s easy to see that

- - )

(sgn Re \) arccos . — - arccos \}5 _ % arccos(0) — arccos(+1)  arccos 1 — arccos 3

2 2
+ m  m arccos(0) + arccos(+1)  arccos 31 + arccos 2
arccos —— = arccos — = — Lt — = = .
25_ V2 274 2 2

Finally, we verify (3.42) and (3.43]) with the following identities:

—\ 86” 1662
B1B2 = 07 ((1 —0%? + SV (1+ 92)\/(1 g2 g )\2) ’

—)\2 1662
28% — 1By — 1= 02 ((1—94)—(1—92)\/(1—92)2"')\2) ;

4 2
(282 — B1f2 — 1)? = # ((1 —0)2(140)%(1 + 6% + %(1 —0%)?

—(1+6%(1 - 92)2\/(1 —02)2 + f‘f) :
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ﬂ—ﬂ@ﬂ—ﬁ@=§%z
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_a+9%@—9%aﬂl—WF+

and so (13.42)) holds. Continuing,

1662
a2

)\2 2 )\4 892
(mﬁ‘*%@‘4> =3w401—m%1+m%1+mj+AZQ_ﬁ%Q
-1+ 92)(1 — 02)2\/(1 —62)2 +
and so holds.

1662
)
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Chapter 4

Short-Range Perturbations of the

Cayley Tree Laplacian

4.1 Introduction

This chapter is concerned with the Schrédinger equation on the Cayley tree. Let Ty, the degree
d Cayley tree, be the infinite d-regular graph with no cycles. The analysis that we will conduct

applies in the same form for any d > 2, so we will for simplicity restrict ourselves to d = 3.

Choose a point 0 € T3. For z,y € T3, define P,y to be the path that connects them. This
path is unique since 73 is a tree. Set |x — y| to be the number of edges in P,, and |z| = |z — 0.

For x € T3 and E < T3, let | — E| = mingep |z — y|. We define A by

(Af)) = D, f).

yily—z|=1
We will consider the equation
Hy=(A+V -XNyp=f (4.1)

for V : T3 — R, f a complex-valued function with compact support on 73, and A € C.

Investigation into spectral properties of the Laplacian on the Cayley tree originated in con-
nection to questions arising in algebra and combinatorics. The Cayley tree of degree 2p is the

Cayley graph of the free group on p generators and so inform the study of that subject. The
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book [43] provides a survey of what was known about the Cayley tree by 1989. Interest in the
Cayley tree as an object of study in relation to Schrodinger scattering arose in connection with

progress on a Cayley-tree analog of the Anderson model.

The Anderson model, in which the standard Schrodinger Hamiltonian Hy on Z¢ is coupled
with a random potential V', was introduced in [3] in 1958 in order to explain physically observed
quantum mechanical effects of disorder: localization (ostensibly corresponding to purely singu-
lar spectrum) for relatively high |A| and extended states (ostensibly corresponding to absolutely

continuous spectrum) for relatively low ||, with the two regimes separated by mobility edges.

Anderson localization from the mathematical perspective has been extensively studied, first
for the one-dimensional case in [26] and [38] and eventually in the arbitrary dimension case in
[25] and [2]. However, characterization of extended states and the region of absolute continuity
in multiple dimensions remains elusive. In [34}35], Klein demonstrates presence of absolutely
continuous spectrum for randomly perturbed H on the Cayley tree, which inspired substantial
interest in this line of inquiry in the hope that it would serve as a bridge to results in higher

dimensional integer lattices.

The characterization of the unperturbed spectrum of A on 73 has been known at least
since [31]. The history of this field through 2010 is recorded in [50]. In [17], Denisov proves the
following theorem about the preservation of the absolutely continuous part of the spectrum under

perturbation:

Theorem 4.1.1 (Denisov). Let V : Ty — R be bounded and obey

Z(d—ll)" > Ve) <o, (4.2)

n=0 a:lal=n

where |« is the distance from « to a designated origin. Then H has absolutely continuous spectrum

of infinite multiplicity on [—2+/d — 1,24/d — 1].

This theorem is sharp, as for any p > 2, there is a V satisfying (4.2) with |V (a)|? replaced

by |V («)|P, but for which the absolutely continuous spectrum of H is empty. Examples of this type
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of potential are discussed in [33].

This result was extended by Denisov and Kiselev in [18]. Consider infinite paths w = {z;}72,
starting at 0, with |2;| = j. Put the infinite product measure v on the w for which v({w : z; = x}

is constant across all z with |z| = j. Finally, let
e¢]
Vol = D V()P for aj e w.
j=0

With this nomenclature, we have the following theorem:

Theorem 4.1.2 (Denisov, Kiselev). Let V : T5 — R be bounded and suppose
viw:||[Vw| <o) >0.

Then H has a.c. spectrum of infinite multiplicity on [—2+/2,2+/2].

In this chapter, we present some basic results about the spectral theory of the Cayley tree.
We start by investigating the free Laplacian and finding fundamental solutions to the associated
resolvent. Then we prove an absorption principle for compactly supported potentials, justify expo-
nential decay of the Green’s function for H perturbed by short-range potentials, and a factorization
identity. Control over the decay of the perturbed Green’s function is new; other results are sub-
sumed by those provided in e.g. |[17/18], but we approach the proofs from a perturbative perspective

that is absent from the literature.

4.2 Notation

Let x # 0 and y be neighbors in T5. Every element of T3 other than 0 has a unique neighbor
with smaller norm. If y is the unique such neighbor of z, with |y| < |z|, then write y = x — 1
and say that y is the proximal neighbor of . Neighbors with larger norm are not unique; we will
call them the distal neighbors of x. Let x and n be neighbors in T5. Then we say that the set
{yeTs: |z—y| < |n—yl|} is the cone at x growing away from n and refer to it by Cp(z). If |n| = 1,

we refer to the cone centered at 0 growing away from n by C),.
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For z € Ts and Re N, let Br(x) = {y € T3 : | — y| < R}. If = is not specified, it is assumed

to be 0. Similarly, let Sg(z) = {y € Ty : |& —y| = R}.

From [31], 0(A) = [-2v/2,2v/2]. Let Sy = {—21/2,2v/2}, the exceptional points in the
spectrum; let S = o(A)\So = (—2v/2,24/2). Throughout this paper, we will reserve the symbols ¢
for elements of C\Sy, n for elements of C\c(A), A for elements of S, and A + 40 for elements of S

when they appear as limits of n from above and below, respectively.

Let RS denote (A—\)~! and R, denote (A+V —X)"1. For A € C, we will have ) = Aif)‘z_g.
For Imn # 0, choose the root with the smaller modulus and let W; be the class of functions
1 : T3 — C such that there is some R so that for all x € T5\Bp, if y is a distal neighbor of z, we
have ¢(y) = pn(z). For A € S, let pyi0 be the the limit of y, as n — A from above or below,
respectively. Let W40 be the class of functions 1 : T3 — C such that there is some R so that for

all z € T3\Bp, if y is a distal neighbor of z, we have ¥ (y) = uxrio¥(x).

4.3 The Free Laplacian

Let n ¢ 0(A). We examine the behavior of solutions 1) of

(A=n)=0 (4.3)

on cones C' in T3 with center 0. Note that the following analysis does not require that (A —n)y =0

at 0.

Lemma 4.3.1. Let C < T3 be a cone and label its center 0. For A € S, there is no nontrivial
Y € 1?(0) satisfying on C. Forn ¢ [—2v/2,2v/2], there is a v € 12(C) that satisfies on
C\{0}. It is given by (x) = ul*l4(0).

Proof. Suppose that 1 satisfies (4.3). Let S,, = {z € C : |z| = n} for n € N. Counting adjacencies
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0
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Figure 4.1: A cone, C

in S,,—1 and S,,+1 to elements of S,,, we see that, for n > 1,

A= =23 b+ Y-y v=0
Sn—1

Sn Sn+1 Sn

and so

Dy

Sn+1

N =2 9.
Sh

Sn—l

We express this recurrence relation as

25, ¥ L0 | [2s, ¥

9

which has eigenvalues equal to

24+

_nty/n*-8
=T

For n € [-2v/2,2v/2], [2u4+| = v/2. For n ¢ [~2+/2,2+/2], one of the 21+ has modulus less than /2
and one has modulus greater than v/2. Let 2u be the eigenvalue such that |2u| < v/2 and 2f be

the other one.
By Cauchy-Schwartz, we have

1/2 1/2
1l s,y < Hl”zz/(sn)WHlQ/(Sn)

and so, for some constants ¢ and ¢,

WL > [¥lns. _ 12s, ¥l Je@uw)™ +e@@)"| _ ellm]™ — |/l
12(8,) = |Sn|1/2 = |Sn|1/2 on/2 = on/2 ’

(4.4)
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If n ¢ [—2v/2,2v2], implies that ¢ € I>(C) only if ¢ = 0, which is to say that >}g 1 = ¢(2u)"
for n = 1. For n e [-2v/2,2v/2], |2u| = |2fi] = v/2 and i = ji. Suppose |¢| < |¢|. Then, as for 7
off the spectrum, implies that 1 € I2(C) only if |¢| = 0, which contradicts || < |¢|]. A similar
argument shows that |¢| cannot be less than |c|. Suppose now that |c| = |¢|. Rewrite the middle

expression in (4.4]) as

|e(2p)" + e(21)" |
on/2

ezn0+m + e—zn@-ﬁ-m)

= |¢]

_p infti(k—R)/2 | efinéfi(nfk)ﬂ‘

— 2| cos(nb + (k — )/2)| (4.5)

for some 0, k, and & in R. The only way for to converge to 0 with 0 € [0, 7] isif 0 =0,0 ==
or @ =7/2. If =0 or § =7, then p = f1 and implies that \|w\|l12/(25n) is bounded below by
lc+¢|l. If @ = 7/2, then p = —f and implies that limsup,,_,, WH;Q/(QSn) is bounded below by
max{|c + ¢, [c— ¢} = max{|c[, |¢[}. In any case, [1];2(g,) doesn’t converge to 0 as n increases to oo
unless |¢| = |¢| = 0, and so there is no nontrivial ¢ € I2(C) satisfying when 7 € [-2v/2,24/2].
Going forward, we only consider 7 ¢ [—2v/2,2+v/2].

Now we focus on the behavior of ¢ around a point x € S;. Let x4y and z_ be the distal

neighbors of z as in figure By repeating the preceding analysis with z = 0, we know that
Y(z4) +P(z-) = 2up(x), so:

0= (A—=n)Y=1(0)+2uh(x) —nY(z),
P(z) = $(0)(n —2p) "

and we compute
2 nta/n?—8

—2p)7! = = = u.
(n —2p) e o 1 p

By induction, we see that, for z € S, ¥ (z) = p"1(0). O

Lemma 4.3.2. Letn¢ o(A) and f : T3 — R with suppf < Br for some R. Solutions to (A —n)~*
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in 12(T3) are given by
f M\z yl
(A=) ") = )]

yEBR

Proof. Let f(x) = do(x), which is 1 when z = 0 and 0 otherwise. We look for a fundamental

solution Ej to

(A =n)Ey = do

in 2. From Lemma we know that any solution t» must have t(x) = ¥(0)ul*! for z # 0, and

that this will satisfy the equation for x # 0. At 0, we have

<Z 1/’> —n¥(0) = ¥(0)(Bu—n) = 1.
S1

el
3p—n"

This gives us our fundamental solution: Ey(z) =

For f : T3 — R with f € [?(T3) , we can superpose the fundamental solutions to find a

solution to

(A=m=T.
We write f(x) = > cr, f(y)dy(z) and so
lz—y]
(A=) HE) =Y fly _ ¥ f L) i
yeT3 yeTs

4.4 The Perturbed Laplacian

Lemma 4.4.1. Let A€ S and let V : T3 — R. The homogeneous equation

(A+V =N =0

has only trivial solutions in the classes Wxq0.
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Proof. Suppose that ¢ € W4, solves the homogeneous equation. There is some R such that, for

|z| > R, ¢() = prtior(z — 1). We have:

0=(A+V -\ p—9-(A+V =\ (4.6)

=AY~ Ay (4.7)

For any r > R, we can sum over B,:

w;ww—vw (4.8)
- SZ Y(@) (e — 1) = (@ — 1)() (4.9)
= SZ N e (4.10)
= —2iIm iy SZ ] (4.11)

and since Im p440 # 0 for A € S, we conclude that ¢ (z) = 0 for |z| > R.

Now, suppose that ¥|g. = 0 and ¢|g.,, = 0. Then, for x € S,, 0 = (A +V — \(z) =

r+1

(V = NY(@) + X _y=1 ¥(y) = ¥(x — 1). Since every element of Sy_; is adjacent to an element of

Sy, ¥|s,._, = 0. By induction on decreasing r, 1) = 0. ]

Theorem 4.4.2 (Absorption Principle). Let f : T3 — C and V : T35 — R have suppf < Bgr and
suppV < Bpg for some R. For A€ S and n € C\S, the pointwise limit lim,_,x+0 R, f exists and is

the unique function in Wy that solves (A +V — X\ = f.

Proof. The uniqueness in W9 is a consequence of Lemma [4.4.1

Suppose that V' = 0. From Lemma for Imn # 0 and f € Co(T3), we have (R} f)(x) =

|z —y| . . .. . . Ca .
Zye Br f(%)lfi_ny The pointwise limits of Rg f asn — A=£i0 clearly exist, and the limit is a function
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in Wy t;o. This limit solves (A — X)) = f, since
—_ 0 . = — 1 0
(&= (Bef) = (=2  tim 7o)

= lim {(A—n) (Ryf) + (n = MRy}

(n =N Ry f

=f+ lim
f n—A+i0

- f

and since (R?7 f)(x) is uniformly bounded for n in a neighborhood of A. Furthermore, if 1) € W49
is such that (A — M)y = f, then

Risio(A =Ny = lim (Ry(A =)+ Byln — A} = .

This shows that (A —X) : W10 — Cp and Rg +40 - Co = Wiio are inverse to each other, and that

the absorption principle holds in the unperturbed case.

Suppose that V # 0 and Imn # 0. Let K = suppV u suppf. Consider the operator
(I +VR)):C(K) — C(K). Suppose that ¢ € C(K) and (I + VR))$ = f. Let ¢ = R)¢p € W,
Then

(A+V =) =(A-nR)p+VR)$ (4.12)
= (I +VR))¢ (4.13)
= (4.14)

Now suppose that ¢ € W, and (A +V —n)p = f. Let ¢ = (A —n)y. For z ¢ K, [(A —n)Y](z) =
flz) = V(x)y(z) =0,s0 ¢ € C(K). Then

(I+VR)¢=(A—n)+VR)(A—n)p (4.15)
= (A+V =) (4.16)

~f. (4.17)
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Since (A —n) : W, — Cp and Rg : Cy — W), are injective, they give a bijection between ¢ € C(K)
that solve (I + VR2)¢ = f and ¢ € W), that solve (A +V —n)y = f. For A € S, similar reasoning
shows that there is a bijection between ¢ € C(K) that solve (I + VR )¢ = f and ¢ € W14
that solve (A +V — XNy = f.

By the reasoning in Lemma for A € C\Sp, (A +V — A)Y = 0 has only trivial solutions
in Wy. By the bijective correspondence established in the preceding paragraphs, (I + VR?\) has
trivial kernel in C(K). As a consequence of the Fredholm alternative, (I + VRY) is invertible on
C(K). Since (I+VR)) — (I+ VRS, ) in L(C(K)) as n — A +i0 and C(K) is finite dimensional,
(I + VR?I)_1 — (I + VRS, o) asn— A+i0.

Let x : C(K) — C(T3) be the inclusion map, so that x(f(z)) = f(z) for x € K and
x(f(z)) = 0 for x ¢ K. Let x* : C(T3) — C(K) be adjoint to x, restricting functions in C(T3)
to K. For A € C\Sy, define Ry = Rx(I + VRY)"'x*. R) — R} ;, and x(I + VR))"'x* —

x(I + VRgiio)_lx* as 7 — A 110, so R;; — R+ pointwise as n — A + 70.

X(I+VR?\)_1)<* : Cyp — Cy and RR : Co > Wy, 80 Ry : Cy — Wy. We claim R is the right
inverse to (A +V — \): fe C(K), so we have

(A+V = NRAf=(A+V = XNRWI + VR x*f (4.18)
=[(A = MR + VR x(I + VRO Ix* f (4.19)

= (I +VR)x(I + VR x*f (4.20)

=f. (4.21)

O

As mentioned at ((1.31)) in the introduction to this chapter, for V' with sufficiently small
L* norm, the Born series Z(;O:O(—l)j(Rg‘/)jRg converges to R, in the L? — L? operator norm
topology . In the case where there domain of R, is restricted to functions supported in some ball
in 73, functions in the range of R, can be bounded by functions with the asymptotic exponential

decay exhibited by functions in the range of Rg.
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In the following, we denote (1 4+ 22)'/2 by the Japanese bracket (x).

Theorem 4.4.3. Let n € C* and ¢ > 0. There is a C > 0 such that, for any V with |V (z)| <
C{x)™1=¢ and any f € Co(T3),

[ By f(2)] < 1g()]

for some g € W,,.

Proof. From Lemma we have

Iu/|xfy|
3p—mn

M‘xim
3p—n

(Ry)(@) =

yeTs

fy) = >,

y€BRr

fy),

for some R such that suppf c Bg. Since this expression decays like pl*l outside of Bg in each

direction, there is a C’ depending on f and 7 so that

(B f)(@)| < Tl (4.22)

As an inductive hypothesis, suppose that |u| : T3 — C satisfies |u| < C”|u|*l. Then we have

|z—y|
(RVu) @) = | Y £ v(y)uly)

Ty SH
<CC"Bu—n|" Y |ulPHufliy) =t
yeTs
— CC 3=l Ml Y il (4.23)

yeTs

Consider the sum over y € T5. We will show that it is bounded by a constant depending on

nand e. Let Sj(FPoz) ={yeTs:|y—Poz| =} ={yeTz: |z —y|+ |y| = || +25}. Write

D i ) DR D 17 e

yeTs JeENyeS; (Pox)
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Figure 4.2: The decomposition of T3

The magnitude |u| < 2712 < 1, so

DU Py D Py

JENyeS; (Poz) JENyeS; (P, 1)

as long as Py, < P,,,. We may consider any path in T35 as a subset of a path of infinite length;
suppose that L is such a line in T3 containing Py, and let S;(L) = {y € T5 : [y — L| = j}. It suffices

to control

DU Py

JENyeS; (L)

For the sum over L, where j = 0, we have

DT Yy 3126

yeSo(L) vel

Let Cy be the cone in T3\ L adjacent to 0. For the sum over Cj, we have

R I 17 ) S S S 11

JENyeCon S, (L) JENyeCon S, (L)
<3P
0<y

_ WP
1—2|u[*”
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Now excluding L and Cj, we split the remaining sum over spheres Si(0) of radius k centered at 0.

k—1
O D W< Y 2y Y e
=1

JENyeS;(0)\(LuCy) 2<k
= (2fuHF
< 3Ly
= 1 —2[u|
6+ 4e !
< ——.
1 —2[pf?

Putting these together, we see that

L+ |pf + € + [ul*e?

|plleylFl=lel gy =1me < 10
2, 1= 2|yl

yeTs

Choose C' so that 1) is less than %”| p|*!l. Then, from 1} and by induction on powers
of R,(;V,

[(Rof)(@)] = | D (1) (ROVYR) £ ()| < 2C|u|1*!.
j=0

20" ul*l is an element of Wy, so this completes the proof. O

Finally, we justify a factorization identity in this setting.

Theorem 4.4.4 (Factorization Identity). Suppose that ¢ solves (A—n+V )i = f for some V and

f in Cy(T3). Then, for R big enough that suppf v suppV < Bgr_1 ,

Im(Rytiof, f) = i(pn — 'a)”le%(SR) ’

Proof. Let n = 7 + 40, with 7 € S and § > 0. There is some R such that suppf < Bg and, for all
|z| > R, ¥(z) = pp(x — 1). We have

(A=n+V)p=f.



Multiply by 1, sum over Br and take the imaginary part to get:

ImZAszJ —IH”]ZWZJ +Imszzﬁ = ImeIZJ,
Br Br

Br Br

2 (Mg —AT) 5w =Tm Y 7,
Br Br Br

5 (e)i(e = 1) = (o = D9(e)) = 6 306 = I f. R,

TESR+1

Now, taking the limit as § — 0:

= D (bl = )ie — 1) — e — (e~ 1)) = Il Ry

zE€SR+1

—i(p — ﬁ)WH%?(sR) = Im{f, Ry+io f) -

83

(4.24)

(4.25)

(4.26)

(4.27)

(4.28)
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Appendix A

Appendix

A.1 Standard Results

In this Appendix, we collect results that are used in Chapter 2. Although some of them are

standard, we provide their proofs for completeness.

Proof of Lemma In Section 13 of [14], the following formula for the Green’s function of

operator D (i.e., the integral kernel of R, = (D — 2)~!) was obtained

Gl (z,y) GP(z,y)
Gz(xa y) = =
G2 (z,y) G (z,y)

[ AnB gy [ AE g
LC RO Wy WIS T RO, (A1)
R k—=z R k—z

and 04 = 20. We now introduce an auxiliary parameter p € [1,0) to be chosen later as p ~ 1+ A|Z,.

Since |P(2z,k)|? = ¢*(z, k) + ¥%(z, k) and supyep(k? + p?)/(k% + 1) < p?, then

|P(z, k)| J(k2+92)\P(fv,k)l2 JPIP(%k)P
————do = do < ————do. A2
WhEer TR @A) TR ey 0 B
Hence, we only need to prove that
sup Im(GZ-lpl(a:,:U) + G?g(l',l')) <1. (A.3)

=0
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To control G;,(x,y), i.e., the integral kernel of the resolvent R;,, we will use the standard pertur-

bation series. If R?p denotes the resolvent of free Dirac operator, we write the second resolvent

identity:
0 0 def —b —a
Rip = Rip — RipVRipa V=
—a b
and iterate it to get the series
0 0 0 0 0 0
Ry, =R;,— R,,VR, + R, ,)VR,,VR;, + .... (A.4)

In the series (A.4]), each term starting with the second one takes the form (—1)/ +1(R?pV)j (R?pVR?p)

and j = 0,1,2,.... If we denote its kernel by k;(x,y), then

Gip(x,y) = G?p(x, y) —ko(x,y) + ki(z,y) + ... (A.5)

and GY(x,y) stands for the Green’s function of free Dirac operator. Next, we will show convergence

of this series for suitable choice of parameter p and will provide an estimate for it.

First, we claim that for every j = 0,1,..., we have

_ — I+1
e plz yI/ZHAHJSt+
plit+1)/2 ’

[kj(z,y)| < C7* (A.6)

where C' is an absolute constant to be specified below. We will prove (A.6) by induction. To this

end, we use formula (A.1)) and residue calculus to obtain the bound
G, (2. y)]| < e #lovl 4 epletn) < mplemul
Thus, for ko(x,y), we have

0
|ko<x,y>|sj0 Pl ()P Eldg, o Ja] + o).
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Continue «(&) to negative £ by zero. We write

a(€)dE + e” f a€)e 2P dE (A7)

xT

T

ot 001 < [

e*plfvfﬁla(g)efpﬁdg < epwf
0

0

Then, using Cauchy-Schwarz inequality, one has §j a(€)d¢ < (z + 22)|Als;. By the change of

variable,
0 0
e [ atedg = e [ e a4 .
© 0
We have
. 1 O rj+l
J e 2oz + n)dy = J e 2oz + n)dn + Z J e oz + n)dn <
0 0 j=1vJ
; - V2@ 7 1Als
<f e4pndn> (f a2(x + n)dn> + Z e 2p] (f a2(x + n)dn) < 1/;
0 0 j=1 J p

by virtue of Cauchy-Schwarz inequality. Summing up, we get

e 2| Allse

[ko(,0) < (x+ 2"+ p~)e 7" At < 7
p

The Stummel condition is translation-invariant on the line which implies (A.6) for j = 0:

e—Ple—yl/2

Ikofar.9)l < O

| Alst - (A.8)

We can write kji1(x,y) = {5t G?p(x, &V (&)k; (&, y)d§ and use the inductive assumption to conclude

that

C,CITL| ALt
i)l <€ [ ermdae) e e < SEIEB [ criea(gesiiag,
R+ pY R+

For y = 0, we get

f e Ple=Elo(£)ePE2de = ePP/2 L e P/ fv e 2a(€)dE + eP” joo a(&)e 342 ¢ . (A.9)
R+ 0 T
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Then, we write

" - 1 O rj+l
o—pa/2 L e720(£)d¢ — fo e P20z — n)dn < L e oz —m)dn+ > f e " 2a(x —n)dn <

1 1/2 1 1/2 0 A G+1 1/2 HAHS
(J e_p"dn> (J o?(x — n)dn) + Z e PI/? (J o (x — n)dn) < 1/2t )
0 0 1 J p

Jj=

Estimating the second integral in (A.9)) in a similar way, we have

e B efpm/2 Alls
| e facoe g < 0 LAl
R+ p

and, using translation invariance of Stummel condition,

e”"‘”*y‘/QHAHSt

—plo—¢ —plé—yl/2
JR+6 Ple=Elo(&)ePIEY12d¢ < Oy i

Thus,

ClCQCJH(;plrfcay\/Z”A”JS't+2
“k]+1(.%',y)‘| < p(j+2)/2 .

Choosing C' sufficiently large, e.g., larger than C1C5y, we show (A.6) for j + 1. This proves the
claim. Now, (A.5) implies |Gi,(x,y)| < e ?1*~/2 provided p = 2C(1+ |A||Z,). Thus, ([A2) finishes

the proof. 0

Lemma A.1.1. Let h e L*(R). Then,

. 1 er?/(4t)
lim |e%ap — h(z/(2t = Al
Jim fe T G I (A10)
and, taking inverse Fourier transform,
1 [ /) ) .
li h(z/(2t —e M p =0. Al
R 141 < NG (z/(21)) e 3] . ( )
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Suppose h € CF(R), then

sup

< C(h) . (A.12)
t>1,a,8eR

Bt zxz/(4t)
j () (20))e" ™ da
L2 (R)

Vi

Proof. Formula (A.10) can be found in [57] (see formulas (4.10) and (4.12) there). Then, (A.11)) is

a direct corollary. Proof of (A.12) follows from a direct calculation:

Bt giz?/(4t) —_— e—itk® Pt . x 2\ _
Lt 7 h(z/(2t))e* dx = v Lt exp (z <M + k\/i) ) h(z/(2t))dz

V(0.58+k)
— 9pitk? J
Vt(0.5a+k)

exp(i€2)h(—k + &/V/t)dE

Now, consider an integral

l ~
f exp(i€)h(—k + £/Vi)de

0

for arbitrary [ € R,k € R,t > 1 and let pp be a bump function introduced in (2.34)). We have

! R l N l N
f exp(i€?)h(—k + £/v/D)dE = fo exp(i€?)h(—k + £/\Dode + L exp(i€)A(~k + €/VE)(1 — o) de

0

The first integral is bounded uniformly in all parameters since he CP(R). For the second one, we

can write

L e L eV A(—k + VD = o)
fo exp(i€)h(—k + &/V)(1 — po)d€ = fo (exp<z§2>) %iE 2 dg

2 A=k + UV = po(l) fl exp(ie?) (m_k + VD0 - ms») g.

= exp(il’) 2l o 2i€

The first term is uniformly bounded because 1 — y(0) = 0. For the second one, we can show that

each resulting integral is uniformly bounded, e.g.,

l ENT
‘%Lexpuf?)h( Er 0 10) el < L[k + vBlae < 1
l
[ exptiety ME T SN0 10l o iy, [ 10Ol g iy,
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L Bk + V()
Lexp(Z§ ) 2iE

and (A.12)) is proved. O

S [Pl

dg

Lemma A.1.2. Lete€ (0,1),v > 0,a > 0, and |ae| < v. We have

J eWQQ(ue)du

0

< C’(g,,,)e

provided that g € C*(R) and g(0) = 0.

Proof. We have

Ja(eWQ)’g(ue)u_ldu — e (g(a€)> —eg'(0) — e ja e’ <g(u€)>,du. (A.13)

0 ae 0 €U

We can write [g(§)] < Cy,)[¢| for £ € [~v,v] and the first term is controlled by C(, )€ since

|ae| < v. For the third one, we introduce G(u) def (9(u)/u) € C*(R) and write
Gi(v) ¥ Gu) — G0), G(u) = G(0) + G1(u)

so that

J eiuzG(ue)du = G(O)J ™’ du —|—J eiUQGl(eu)du.

0 0 0
The absolute value of the first term is bounded by C',) uniformly in a. For the second one, we can

iterate the argument since G; € C*(R) and G1(0) = 0. We get

J ei“2G1(eu)du = —0.5i€f (emz)/Gl(eu) du

0 0 €u
a !
= —0.5i¢ (eia2 Gilca) G1(0) — f e’ <G1(eu)> du) . (A.14)
€a 0 €U
Writing a rough estimate
fa eiu2 Gl(eu) /du <C ’a‘
0 cu = H(g)
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and substituting it into (A.14) gives

f e’ Gy (eu)du
0

< Cy)le+elal) = Cgy(e +v).

We bring it to (A.13)) to finish the proof of the Lemma. O

Consider H defined as

This integral can be related to the so-called erf—function whose properties are well-known. However,
our purpose is to obtain a specific representation for H for x € [1,00) and we proceed directly as

follows. We change variables and iteratively integrate by parts n times to get

H( ) e ifoo emd iz nZ:l Cj i ) g2 JOO em d def ixQ(H L H )
T)=1—"— = —zdu=e -+ cpe ul =e
20 2 )2 u3/2 = rl+2j n 2 un+1/2 Ln 2n
where {¢;} and ¢, are some constants. Let py be the cutoff function that satisfies conditions: 14

is supported on (1,00), u4(x) =1 for x > 2, uy € CP(R). Define

def

H(m) def lef HQ,n/Jf-i- '

in = Hl,nﬂ+a HQ(Z;L)

—_ ———

Lemma A.1.3. Letn > 1. We have H{TZ) e LY(R), HQ(? e LY(R).
Proof. Consider Héi? first. We have
[Hy | < Cul 4+ Ja)=C D, [0p Hy | < Cull 4 Jal)™@", (@2, Hy) | < Ca(L+ fa)~Cn 0.

Therefore,

[HY™ (€)] < Cu(1 + €))7

and hence Hé";) e L'(R). For Hﬁz), consider the first term, z~'p,. Other terms can be han-

dled similarly. We have x='u; € CP(R) n L?(R) and all of its derivatives are in L*(R). Thus,
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5%@) e L%(R) for all j € Z*. Therefore, (x/:lﬁ)(g) e L1(|¢] > 1). For |¢] < 1, we can write
an estimate

[z~ g | < Cllog],

which can be verified directly:

0 ] 0 ,—ifx
J L(m)eﬂ&da: = f € dr+ 0(1).
1

X 2 X

For £ € (0, 1),

0 ,—i€x 0 ,—iu 1 —iu 0 ,—iu
J ¢ dmzf ¢ du:J c du—&-f c du = O(]logé&|+1).
u

2 T 2 U 26 U 1

For € € (—1,0), the argument is analogous and we get the statement of the Lemma. O
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