STATISTICAL MODELING AND ESTIMATION OF COMMUNITY
STRUCTURES IN NETWORKS

by

Song Wang

A dissertation submitted in partial fulfillment of

the requirements for the degree of

Doctor of Philosophy

(Statistics)
at the
UNIVERSITY OF WISCONSIN-MADISON

2017

Date of final oral examination: 09/22/2017

The dissertation is approved by the following members of the Final Oral Committee:
Karl Rohe, Associate Professor, Statistics
Garvesh Raskutti, Assistant Professor, Statistics
Kam-Wah Tsui, Professor, Statistics
Xiaojin Zhu, Professor, Computer Sciences
Daniel Sussman, Assistant Professor, Statistics



(© Copyright by Song Wang 2017
All Rights Reserved



To my father Yujun Wang, mother Chun Xiang and brother Xing Wang.



Contents

Contents  ii

List of Tables v

List of Figures vi

Abstract ix

1 Modeling and Estimating Block Structures in Random Intersection Graphs 1

Abstract 2
1.1 Introduction 3
1.2 Preliminaries 6
1.3  Random Intersection Graphs with Blocks 11
1.4 Consistency of Spectral Clustering under the DC-RIGB 17
1.5 Simulation 25

1.6 Conclusion 29

i



2 Figenspace MLE to Estimating the Communities under Stochastic Block

Model 31

Abstract 32

2.1
2.2
2.3
2.4
2.5
2.6
2.7
2.8

Introduction 33

Preliminaries 36

eMLE algorithm under SBM 40

Variational eMLE under DC-SBM with random degree 49

eMLE for DC-SBM with fixed degree parameters 55

Another remedy for degree heterogeneity: k-directions algorithm 59
Simulation 62

Discussion and Future work 67

3 Spectral Clustering in Stochastic Block Model with Transitivity-based De-

pendent Edges 70

Abstract 71

3.1
3.2
3.3
3.4
3.5
3.0

Introduction 72

The SBM and Preliminaries 75

T-SBM model and its population analysis 78
Main Results 79

Simulation € Data Analysis 82

Discussion 85

il



4 Applying Random Projection to Detecting Mixed Memberships in Stochastic
Blockmodel 87

Abstract 88
4.1 Introduction 89
4.2 Model & Algorithm 90
4.8 Consistency of the EigenProjection Algorithm 95
4.4 Conclusion 101

A Appendix for Chapter 1 102
B Appendix for Chapter 2 122
C Appendix for Chapter 3 132
D Appendix for Chapter 4 145

References 154

v



List of Tables

1.1

2.1

3.1
3.2

3.3

Number of triangles and transitivity of political blog data and fitted SBM. . .

The means, standard deviations, standard errors for the error rates for 7

methods over 100 replicates . . . . . . . . . ... ... ... .......

Clustering Coefficients in T-SBM v.s. SBM. . . . .. .. ... ... ...
Comparisons of transitivity under different models (SBM, DC-SBM, T-SBM).
We fit different models to political blog network and use bootstrapping to do
the resampling to see the sensitivity of each model. . . . . . . . . . . .. ..
Comparisons of transitivity under different models (SBM, DC-SBM, T-SBM).
We fit different models to YouTube network and use bootstrapping to do the

resampling to see the sensitivity of each model. . . . . . . . .. .. ... ..



List of Figures

1.1

1.2

1.3

Comparison of transitivity and number of triangles for networks sampled
from RIGB, DC-RIGB, SBM and DC-SBM. The left panel, shows that
the transitivity ratios are higher under RIGB and DC-RIGB compared
to SBM and DC-SBM. The right panel shows that RIGB And DC-RIGB
have more triangles. . . . . . . ... . L oL
Mis-clustering rates of SC under RIGB and SBM with and without degree
heterogeneity. The means and 95% confidence intervals are calculated
based 100 sampled networks. On the left there is no degree heterogeneity,
the mis-clustering rate is slower under RIGB; the black line are the upper
bounds by Corollary 1.22. On the right, the mis-clustering rates are slower
for the models with degree heterogeneity (e.g., exponential distribution
tail) compared with models without degree heterogeneity. . . . . . . ..
Mis-clustering rates of Different Clustering algorithms under networks
sampled from DC-SBM (left) vs. networks from DC-RIGB (right). The
mis-clustering rates calculated are from 20 sampled networks from each

model with 2000 nodes. . . . . . . ...

vi



2.1

2.2

2.3

[lustrative plots see effects of 1y and graph size n on how points are spread.
Three plots are sampled from SBM with two blocks with «,, = 1. Left:
m =12 = 0.2,m9 = 0.01,n = 200; Middle: ny =ny, = 02,9 = 0.1,n =
200; Right: m1 =12 = 0.2,n9 = 0.1, n = 2000. The red circle is the origin
and the crosses denote the centers of clusters. . . . . .. ... ... ...
Covariance matrix can help find accurate separating boundaries. These are
the scatter plots for the spectral embedding of an adjacency matrix with
n = 3000 nodes from SBM with parameters (a,, = 1,7 = [0.6,0.4], 79 =
0.42,7m; = 0.42 and 7 = 0.5) as in Athreya et al. (2016). Panel 1 displays
the points with ground-truth labels. Panel 2 displays points with labels
learned from k-means, which assumes spherical covariance structure and
thus makes the more mistakes (90/3000) and GMM (using R package
mclust) in Panel 3 fit elliptical covariance to the data and make fewer
errors (14/3000). . . . . ..o
Misclustering rates of eMLE initialized by mclust and ground truth. We
want to highlight the following. 1) eMLE outperforms the GMM in some of
the cases where K is big and when there initializations have good accuracy.
2) oracle classifier based on limiting covariance matrices performs the best

in all cases and this indicates the valuable information in the curvature.

vil

63



24

2.5
2.6

2.7

3.1

4.1

Misclustering rates of eMLE initialized by hierarchical clustering. We want
to highlight the following. 1) eMLE outperforms the GMM in some of the
cases where K is big and when there initializations have good accuracy.
2) oracle classifier based on limiting covariance matrices performs the best
in all cases and this indicates the valuable information in the curvature.
K-means (left) and GMM (right) fail to uncover the true clusters.
Convergence of eMLE starting with centers from k-means with 30 random
initializations . . . . . . . . Lo Lo
Bozplot of mis-clustering rates for 7 different methods. The first 5 methods
utilize the eigenvectors from adjacency matrix, while the last two use

eigenvectors from regularized Laplacians. Experiments are repeated 100

(a) shows that clustering coefficients from 2004 political blog data Adamic
and Glance (2005) is significantly higher than that in simulated SBM
network. (b) SBM and T-SBM have the similar mean node degree, but

T-SBM significantly improves the local clustering coefficients . . . . . .

Visualization of A*. The endpoint are corresponding to the pure nodes,
while the points in the middle part on the sphere are corresponding to the

mixed nodes . . . ..,

viii

64



X

Abstract

Networks and graphs represent the complex relationships among people or objects and
allow us to study the patterns of these relationships. Many networks, especially social
networks, display the community structures, where certain sets of nodes are tightly
connected among themselves while loosely connected with the others. Identifying
these communities, often called community detection, is an important but difficult
task.

In this thesis, we have made solid contributions to community detection literature
by proposing new random graph models with desired properties, offering consistency
analysis of existing algorithms, and devising new tractable algorithms for community
detection. We present them as below.

In Chapter 1, we propose a new random graph model by incorporating the
Stochastic Block Model (SBM) with the Random Intersection Graph (RIG) to allow
for high transitivity and rich local structures, which are missed by the popular
SBM and its variants. Furthermore, we re-study Spectral Clustering, a popular
community detection algorithm, and prove that Spectral Clustering can still estimate

the community consistently, but with a slower error convergence rate.



In Chapter 2, we model the scaled eigenvectors of the adjacency matrix using a
Gaussian Mixture Model (GMM) with covariance structure given by a Central Limit
Theorem and propose approximate Expectation-Maximization algorithms to estimate
the parameters and memberships under SBM and its variant, Degree-Corrected
SBM. In the simulation, our algorithms show clear improvements over many existing
algorithms.

In Chapter 3, we propose a two-stage model which starts with a network under
the SBM and adds new edges randomly with probability proportional to the number
of common neighbors. This model creates edge dependence and generates diverse
local structures. We also prove the consistency result for Spectral Clustering similar
to that in Chapter 1.

In Chapter 4, we propose a new algorithm to uncover the memberships under
a variant of SBM, where nodes can belong to multiple communities. Based on the
spectral priorities of the graph, we propose an algorithm that projects the spectral
representations of nodes onto random directions iteratively to distinguish pure nodes
and mixed nodes. Furthermore, we conduct spectral analysis and prove the consistency

of our proposed algorithm.
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Chapter 1

Modeling and Estimating Block
Structures in Random Intersection

Graphs



Abstract

Community Detection is a popular and difficult algorithmic task in network analysis.
In this paper, we propose a composite model called Random Intersection Graph with
Blocks (RIGB) by introducing block structures as in the Stochastic Block Model
(SBM) into the RIGs. Networks sampled from the new model have both riche local
structures (e.g. high number of triangles and high transitivity), which are missed by
the SBM and its variants, and community structures. As such, these graphs work as
better benchmark networks to understand, evaluate, and improve various community
detection algorithms. Under this model, we re-study the performance of the Spectral
Clustering and prove that spectral clustering still estimates communities consistently
under RIGB as it does under SBM with the upper bound for the error rate converging
at slower rate than it is under the SBM. In simulation, we compare local structures
in terms of transitivity ratio under RIGBs and SBMs; and affirm that it is hard
for spectral clustering and other various existing community algorithms to recover

communities under RIGB than under SBMs.



1.1 Introduction

Networks and graphs are powerful tools to represent the complicated interactions
among different people or objects. Examples include friendships on Facebook, protein
interactions in biological networks, and many others. Many such networks can
be decomposed into sets of tightly connected subcomponents, which are called
communities. Identifying the communities is an essential question in the field of
network research.

Among the many existing statistical models for networks with communities, the
Stochastic Blockmodel (SBM) is one of the most commonly used to study community
detection algorithms. In an SBM, there are n nodes from K disjoint groups or
communities and the links between each of the two nodes within or across communities
form independently with probabilities only dependent on the memberships of the two
nodes. Under this model or its generalization, people have developed various methods
to recover the block memberships, such as modularity maximization (Newman and
Girvan (2004) etc ), likelihood methods (Bickel and Chen (2009), Amini et al. (2013)
etc), spectral clustering (Ng et al. (2001), Rohe et al. (2011), Lei and Rinaldo (2013)
etc) and other methods.

However, the usefulness of this research as a guide to practice depends on the
realism of the Stochastic Blockmodel. As mentioned in Newman (2006), two common
features of empirical networks are long-tailed degree distribution and high transitivity.
The SBM assumes that nodes in the same block are stochastically equivalent, which
cannot model the variation of degrees for different nodes. To create long-tailed

distribution, the degree-corrected SBM (DC-SBM) (Karrer and Newman (2011))



introduces a degree parameter for each node. Recently, Zhao et al. (2012), Qin and
Rohe (2013), Jin (2012) and Lei and Rinaldo (2013) generalized the clustering results
under SBMs to that under DC-SBMs, illustrating how spectral clustering algorithms
must adapt when the degree distribution is skewed.

The other feature, high transitivity (also known as clustering coefficients) com-
monly observed in real networks, has been missed by SBMs and DC-SBMs. Take
as an example the political blog network in Adamic and Glance (2005), a common
benchmark network for community detection, Table 1.1 shows that there are far fewer
triangles and far lower transitivity ratio in the fitted SBM than those in the original
network.

Table 1.1: Number of triangles and transitivity of political blog data and fitted SBM.

mean degree | no. of triangles | transivity
real network | 27.36 101043 0.226
fitted SBM | 27.33(0.21) | 5235.3 (137) 0.034 (6e-4)

In the literature, Exponential Random Graph Models (ERGMs) directly model the
extra dependence by incorporating counts of local structures such as number of edges,
p-stars and triangles as sufficient statistics in the model; see Robins et al. (2007) and
references therein. However, it is notoriously hard to sample and fit ERGMs since
the normalization constant is hard to compute; and MCMC procedures commonly
used in the estimation are lacking convergence guarantees ( see Hunter et al. (2008);
Chatterjee et al. (2013); Chandrasekhar and Jackson (2014) ).

Singer-Cohen (1995) introduced Random Intersection Graphs (RIGs). A simple

form of the RIG is as follows: Given a probability p € [0, 1], a vertex set V =



{1,2,--- ,n} and an attribute set W = {ay,as, - ,a,}, the bipartite graph H
among V' and W is first constructed by pairing up nodes in V' and W randomly with
probability p. Then based on H, the random intersection graph on vertex set V is
formed by linking two vertices in V' if they share at least one neighbor in bipartite
graph H. There has been a lot of interest in the various properties of RIGs and
its generalizations. In particular, Deijfen and Kets (2009) studied the transitivity
under RIGs with tunable degree distributions and Bloznelis (2013) study the general
relationships between degree distribution and transitivity (called clustering coefficients
in that paper) under RIGs. These studies show that RIGs can have high transitivity
even if the graph is sparse, which is missed by SBMs.

In this paper, we propose a new model by fusing RIGs with SBMs and refer this
fusion as RIGs with Blocks (RIGB, details in Section 1.3). This is a meaningful
addition to both sides of the literature: i) introducing the new concept about blocks
or global community structures into RIG literature; and ii) generating SBM-type of
networks with high transitivity and thus offering a better bench model for community
detection algorithms. Under this more realistic model, we re-study the spectral
clustering algorithm, which is a widely-used community detection algorithm and has
provable consistent performance under the Stochastic Blockmodel. We prove that it
can still recover the blocks/communities under our new model consistently. However,
we find the error rate of spectral clustering converges to zero at a slower rate. In the
simulation study, under different settings, we affirm the properties of high transitivity
of RIGB and compare the convergence rate for spectral clustering under RIGBs than

under SBMs.



The paper is organized as follows: The preliminaries are in Section 3.2. We
present model set-up and its properties in Section 1.3. We provide the main results
including the consistency of the spectral clustering algorithm to uncover communities
under RIGB in Section 1.4. We offer the simulation study to further compare the
properties of RIGB with that of SBM in Section 1.5. Finally, we put all the proofs in
the Appendix.

Some notations: For a matrix M, ||M]|| stands for the spectral norm of M and
|M||r stands for the Frobenius norm. M; stands for the i-th row of M, and M;
stands for the j-th column of M. [n] is the shorthand notation for the set of integers
from 1 to n. Ik is identity matrix of dimension K’; while J is a matrix with each cell
taking value 1. For two nodes ¢ and j in a graph, ¢ ~ 7 denotes that there is an edge

between ¢ and j or ¢ and j are adjacent.

1.2 Preliminaries

Spectral Clustering

Spectral clustering is a popular clustering algorithm used in various settings, such as
image segmentations (Shi and Malik (2000)) and researchers studied the theoretical
properties of the algorithm (Ng et al. (2001), Von Luxburg (2007)). Recently, the
algorithm has become a popular community detection algorithm and people have
proved the consistency of spectral clustering under the SBM and its variants (e.g.,
Rohe et al. (2011); Lei and Rinaldo (2013)). There are many variants of spectral

clustering available and they all involve calculating the leading eigenvectors of a



similarity matrix and clustering in the low-dimensional eigen-space. We will use the

following version of spectral clustering.

Spectral Clustering

— Input: a matrix A € {0,1}"*" and the desired number of clusters K.
— Output: a K-set partition of node set {1,2,--- ,n}.

Step 1: Calculate the first K leading eigenvectors of A, denoted as
Xl,XQ,"' ,XKGR” LetX:[Xl,XQ,--- ,XK]ER“XK.
Step 2: Normalize rows in X such that they all have unit norm, denoted as

X*. That is,

X,
X =

1 ZK X27
J=17"4j

Step 3: Run k-means algorithm on rows in X* with number of clusters K, and

i=1,2,nj=12" K

obtain K non-overlapping clusters for rows in X*.

Stochastic Block Model

The Stochastic Block Model (Holland et al. (1983)) is a popular random network
model to study networks with community structures. SBM states that the nodes
{1,2,...,n} come from K different blocks and the probability that they connect de-

pends only on their memberships. Let B € [0, 1]5*% be the probability matrix among



blocks and z € R™ be the membership vector with i-th element z; € {1,2,--- , K}
being the block to which node i belongs. For nodes i, j(i < j), the probability that
they connect is B.,.,. Furthermore, all the links among n(n — 1)/2 different pairs are
assumed to be generated independently.

There have been various generalizations to original SBM. DC-SBM (Karrer and
Newman (2011)) added a new set of degree parameters to allow degree heterogeneity
within the cluster and allow the sampled networks to have the desired heavy tailed
degree distributions. The new model proposed in this paper will incorporate degree

corrections as DC-SBM does.

Random Intersection Graph

The random intersection graph was introduced in Singer-Cohen (1995) and Karonski
et al. (1999), and has been generalizations (for details see survey paper Bloznelis
et al. (2015a)). In its simplest form, the random intersection graph model is defined

as follows:

1. Let V.= {1,--- ,n} be a set of vertices and W = {ay,--- ,an,} be a set of
attributes. For p € [0,1], a bipartite graph on V U W, denoted as H, is
constructed by linking vertices in V' and attributes in W independently with

probability p.

2. Form a link between vertices 7, 7 € V, if and only if there is an attribute a, € W

such that both ¢ and j are adjacent to a, in H.



In the social network setting, we can think of V' as the set of people and W as the set
of social clubs. People will form friendships after they meet in some common clubs or
social groups. In the following, we will frequently use the terminology from the social
networks with understanding that the model can be, of course, more general.

Based on different distributional assumptions to sample the bipartite graph H,
there are different types of random intersection graphs featuring different proper-
ties. Examples include the Binomial Intersection Graph and the Inhomogeneous

Intersection Graph (details in Bloznelis et al. (2015a), Bloznelis et al. (2015b)).

Transitivity of a Graph

Transitivity is an important property shared by many social networks and various
other networks. It refers to the extent that two nodes are connected if they both
connect to a common node in the network. A triad is defined as a connected subgraph
consisting of three vertices and two edges, e.g. i ~ j ~ k. We call a triad ¢t ~ j ~ k
transitive if there is an edge between i and k, i.e., i ~ k (see Page 243 Wasserman
and Faust (1994)).

The transitivity ratio quantifies transitivity in an undirected network based
on counting the number of triads. For an undirected graph G = (V, E), where
V ={1,2,---n} is the vertex set and £ = {(4, j) : there is an edge between i and j}

is the edge set. The transitivity ratio of G is defined as follows:

T(G) & 3 x number of triangles in G

(1.1)

number of triads in G
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where the 3 in the numerator comes from the fact that each triangle forms three
connected triads. Intuitively, T'(G) characterizes the density of triangles in G. It
takes values within the range of 0 and 1 with 7'(G) = 1 if G is fa union of isolated
cliques (complete graph) and T'(G) = 0 if there are no triangles.

The clustering coefficient (Watts and Strogatz (1998)) quantifies transitivity
locally. For the graph GG above, define the local clustering coefficient at vertex i as

follows:

number of triangles incident to i [{(j,k) € E: j € N,k € N;, }|

= -
number of triads incident to i di(d; — 1)/2 ’

(1.2)

where N; £ {j € V : (i, j) € E} is the neighborhood of i, and d; = |N;| is the degree
of ¢ and d;(d; — 1)/2 is the number of all potential links among vertices in N;. As an
alternative to the transitivity ratio, the average of the local clustering coefficients of

all the vertices is defined as measure for transitivity for the whole graph G-

C(G) = %ic (1.3)

It is worth mentioning that in RIG literature, the following conditional probability
(we refer to it as transitive probability) characterizes transitivity (see, e.g., Deijfen

and Kets (2009), Bloznelis (2013)):
ac =P(i" ~ j " ~ K jF ~ k). (1.4)

where ~ refers to the adjacency relation, and P refers to all the sources of randomness
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defining the events considered (these are the uniform sampling of vertices (i*, j*, k*)
and random graph generation mechanism in the present context). Bloznelis and
Kurauskas (2016) studied the relationships between transitivity of a realized graph G,

denoted as T'(G), and the conditional probability ac of the underlying RIG models.

1.3 Random Intersection Graphs with Blocks

SBMs have global community structures, but it assumes all the edges are independent,
thus in sparse graphs, they are locally tree-like and fail to represent the rich variety
of local topology that we observe in empirical networks. For example, a network
sampled from a sparse SBM will have far fewer triangles compared to many empirical
networks, and the clustering coefficients are lower than those in empirical graphs. On
the other hand, RIGs induce edge dependence through an intermediate layer of latent
random variables. Several papers proved that the clustering coefficients of sparse
graphs from RIGs can be bounded away from 0 (Deijfen and Kets (2009), Bloznelis
(2013)). Here we will propose a new model to combine the advantages of the two

types of models.

Model Setup

Let n,m be integers, and V' = {1,2,...,n} be the set of vertices (“people”) and
W ={ay,ay,- - ,a,} be the set of attributes (“social clubs”). Vertices tend to have
different attributes and they tend to form links if they share some common attributes.

Different from the traditional RIGs, we introduce here block structures into the
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vertex and attribute set. More specifically, assume the partitions of of vertex set V'
and W:
V=WVuWhu---UVg, W=WuWeU---UWg,

where K is an integer, V1, Vs, ..., Vi are K non-overlapping subsets of V and Wy, W, ..., Wk
are K non-overlapping subsets of W. Vertices in V}, are expected to have higher
tendency to have attributes from Wy and lower tendency to have attributes from other
subsets. Let z € R",y € R™ be membership vectors taking values from {1,2,--- , K}
with z; = k(1 <14 < n), meaning that vertex 7 belongs to V; and y, = k(1 < u < m),

meaning that attribute a, belongs to Wj.

Definition 1.1 (Random Intersection with Blocks (RIGB)). Let the vertex set
V ={1,2,...,n} and the attribute set W = {aq, as, - - , a,,} with the above partitions.
Let z,y be the two membership vectors representing the partition. Also, assume there
are two matrices: M € [0, 1]5*K and a symmetric matriz B € [0, 1]5*E. We call the
random graph A a Random Intersection Graphs with Blocks (RIGB) with parameters

(M, B, z,y) if it is sampled from the following two-step procedure.

1. Sample bipartite graph H € {0,1}"*™ among V and W.
For vertez i of type z;, and attribute a, of type y,, use Hy, € {0,1} as the
indicator for whether vertex i has the attribute a,. Assume the probability is

M., .- That is,

P(Hy,, =1)=M,,,., i€ n],ue[m]. (1.5)
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Furthermore, all relationships {H;;,1 € [n], w € [m]} in H are formed indepen-

dently.

2. Given H, sample intersection graph A € {0,1}"*"™ on V.
For two different vertices i, j(i < j), use A;j as the indicator for whetheri, j form
a link. If i, have shared at least one common attribute, i.e. > - H; Hjp, > 0,

assume the probability that there is a link between i and j is B, ... That is,

m

P(Ajj = 1|H) = t()_ H,H;,) -B...,, (1.6)

u=1

where t(-) is a thresholding function, defined as t(x) =1, if v > 1; t(z) =z,
if © < 1. Conditional on H, all the links {A;; = Aj;,i < j} in A are formed

independently and let A; = 0 to avoid self-loops.

Remark 1.2. Relationship to RIG: when B takes values equal to 1 in each cell, the
model becomes the RIG.

Remark 1.3. Relationship to SBM: when M is dense, all pair of nodes hare at least

1 attribute. i.e., all entries in HHT are all non-zero and the model is like the SBM.

Remark 1.4. Block structure: In both Step 1 and Step 2, we see that blocks play an
important role and vertices from the same block will have the same tendency to have

attributes and form links with each other.

Remark 1.5. Randomness in Step 2: In traditional RIGSs, two vertices sharing some
attributes will form a link. For each attribute, the vertices having that attribute will

form a clique (complete graph) and this tends to form real large cliques, which are
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less common in real networks. The randomness in Step 2 of the RIGB helps break up

some of the really large cliques and introduce extra sparsity.

High Transitivity of DC-RIGB

In RIGs the conditional probability of observing ¢ ~ j given that ¢ and j share a
common neighbor k i.e. P(i ~ jli ~ k,j ~ k) characterizes the transitivity. Deijfen
and Kets (2009) studied the setting where RIGs have the non-degenerate transitivity
and power-law degree distribution. Bloznelis (2013) proved the general relationships
between transitivity and the degree distribution. Here we adjust the result in Deijfen
and Kets (2009) and prove under a simple setting that the our model can have high

transitivity.

Proposition 1.6 (Transitivity in RIGB). Let Jx be a K x K matriz with 1 in each
cell. Let A € {0,1}"*™ denote the random intersection graph sampled from RIGB with

parameters (M, B, z,y), where M = p,Ji, and B = q,Jk. Assume that m,py, qn

change with n, p, = o(1) and furthermore mp?/2 =o0(1), asn — oo. Then given three
distinct vertices i, 7 and k, we have
. O . Gn
P ~Y ~Y k Y k = - 1 1 . 1-7
(i~ gli o~ 1) = (14 0(1) (17)

The proof of this proposition is presented in the Appendix Section A.

Remark 1.7. If mp, is bounded and q,, is constant or bounded below, then RIGB has
a non-degenerate transitivity ratio. That is, the sampled graph will have transitivity

bounded away from zero (as n,m — oo) if the individual attribute sets of vertices are
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(stochastic) bounded and vertices form links with high chance once they share any

attribute.

Remark 1.8. If edges are generated independently as if from DC-SBM, this con-
ditional probability in (1.7) will be just the probability of i ~ j. For a semi-
logn

sparse case where m = n,p, = = and q, is a constant, the mean degree with

be nmp2q, = O(log>n). Under the RIGB, Proposition 1.6 states that P(j ~

klj ~ i,k ~ i) = O(loén) while under the circumstance of independent edges,
P(j ~ k|j ~ i,k ~ 1) = O(mp3q,) = O(%). Therefore, the composite model

increases the transitivity significantly.

Degree-corrected RIGB

Similar to the generalization from SBM to DC-SBM, we can introduce the degree

correction parameters and arrive at the following naturally generalized model.

Definition 1.9 (Degree-corrected RIGB, DC-RIGB). Assume we have a vertex set V
and an attribute set W and the parameters (M, B, z,y) are same as those described in
RIGB. We introduce additional degree parameters associated with vertices: 6; > 0,1 =
1,2, ,n, and parameters associated with attributes: v, > 0,u =1,2,--- . m. We

call A a random graph from the Degree-corrected RIGB (DC-RIGB) with parameters

(M, B, z,y,0,7) if it generated from the following two steps:
1. Sample the bipartite graph H : vertezi has attribute a,, with probability 0;v,M., ., .

2. Sample the intersection graph A: vertex i, j form a link with probability t(3°"" | HiHy;)B., ;.
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Remark 1.10. If 0; is large, then vertex i will tend to have more attributes, and
if V. 18 large, then attribute a, will tend to be shared by more vertices. It is worth
noting that 0;’s can help to adjust the degree distribution so that it can be heavy-tailed.

In addition, v, s can be used to control the distribution of clique sizes.

Remark 1.11. DC-RIGB is a very comprehensive random network model. It can
maintain many of the desired properties observed in empirical networks: global com-
munity structures (block structures); local structures (cliques introduced by the hidden
layer variables); degree heterogeneity (the degree parameters); and sparsity (shrink-
ing probabilities). Therefore, DC-RIGB will work as a better benchmark model for

community detection algorithms.

To enforce the identifiability among the parameters, we assume that the averages

of the degree corrections within each block are equal to 1 as in (e.g., Zhang et al.

(2014)). That is,

iZ@i:L miz%:l, k=1,2,-- K, (1.8)

n
ke, k uew,

where n;, is the size of V},, and my, is the size of W,.

Matrix representation: To facilitate the spectral analysis in the following
sections, here we introduce the matrix representation of the DC-RIGB with parameters
(M, B, z,9,0,7). Let Z € {0,1}¥ and Y € {0,1}™*X be the membership matrices.
For Z, the i-th row has a single 1 in the k-th entry and 0’s in all other entries if and
only if z; = k; and the same goes for Y. Then let © = diag(#), and I" = diag(~y). Let

Pn 2 maxy My, ¢, = max, By be the sparsity parameters of the graph. To better
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understand the role of sparsity in the model, we can pull out the sparsity parameters
Pn, qn and assume without loss of generality that maxy My, = 1, maxy By = 1. The

probability matrices for the two steps in DC-RIGB:

H 2 E(H|Z)Y,M)=p,0ZMY'T, and (1.9)

Ay = E(A|H,B,Z)=+(HH")-q,ZBZ". (1.10)

13

Here t(-) is defined same as in (1.6) and applied to the matrix element-wisely. The

matrix operator is the element-wise product or Hadamard product in literature.

The RIGB is the special case of the DC-RIGB, where ©,1" are identities matrices.

1.4 Consistency of Spectral Clustering under the

DC-RIGB

Population Analysis

The intuition of why Spectral Clustering might still perform well comes from the
population analysis. By substituting the sampled bipartite graph H in Equation
(1.10) with its population counterpart H, we denote the resulted expression by A,
ie. A2 HHT q,ZBZT. Here the t(-) is gone because the elements in HH” are all

smaller than 1. Furthermore,

A = pezMmy’trym’z'e . q,zBz"
= p2g;OZMY'TTYM"Z" - ZBZ"|©
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— 0zBZ7e, (1.11)

where B = P2 MYTT?2YMT . B € RE*K,

A is the population counterpart to the observed intersection graph A and is called
population graph in this paper. Clearly, A has the same structure as that of DC-SBM
under which Spectral Clustering can estimate the memberships consistently (Rohe
et al. (2011); Jin et al. (2015); Lei and Rinaldo (2013); Qin and Rohe (2013)). We
prove the consistency of Spectral Clustering under this new model. Here we present

the eigen-structure of A.

Proposition 1.12 (Eigen-structure of A). Assume that B in (1.11) is positive
definite with rank K and then the populaiton A also has rank of K. Let vi, vy, vk
be the leading K eigenvectors of A. Let X = [vi|ve| -+ - |vk] € R™K and X* be the

row-normalized version of X. Then X can be expressed below:
X =0z(z"e*z)" U, x*= 27U, (1.12)

where the orthogonal matriz U € REXK are the eigenvectors of (ZT02Z)2B(ZT0%Z)z.

Remark 1.13. Let X; be i-th row in X, where z; = k, then we have that X; =
\/ﬁUk, where Uy is the k-th row of U. As noticed in Jin et al. (2015) and
Qin and Rohe (2013), this reflects that (i) the rows in X corresponding to people
from the same block will share the direction, though with different lengths; (ii) rows

corresponding to different rows in X are orthogonal since rows in U are orthogonal.

The row-normalized version of X, X*, will be free of the degree parameters and easy
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for community detection task. This is the logic behind the Step 2 in Spectral Clustering

described in Section 1.2.

Sample Analysis: Bound on ||[A — A||

In reality, we only observe the sampled graph A and the ability of Spectral Clustering
to recover the membership from sample A is closely tied to the convergence properties
of its principal eigenvectors to those of A. In literature, people rely heavily on the
independence of the edge generation process so as to achieve a tight bound for ||A—A||
via concentration inequalities and then control the differences between the leading
eigenvectors of A and A with the Davis-Kahan lemma.

However, in DC-RIGB, the edges are no longer independently generated and we
cannot apply the concentration inequality directly. Luckily, we found the bipartite
graph H will still concentrate around its population counterpart H, which helps us

get a tight bound on A — A indirectly. Based on triangle inequality,
A=Al < [|[A— Agll + [[Ax — A, (1.13)

we will achieve this goal by deriving bounds on ||A — Ag|| and || Ag — A|| respectively.

Let the expected bipartite graph be H = pnFZMYTf and N = m + n. For the
rows of H, let d; £ min; <<, Z;n:l Hij and A} £ max;<i<, Z;’;l H;; be the minimum
and maximum expected row sums. For the columns of H, let 5 £ mini<jc, > | Hij

A .. .
and Ay = maxi<j<p, ., H;; be the minimum and maximum expected column sums.

Theorem 1.14. For a given € > 0, assume the following:
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(1) The minimum row sum has to grow at the following rate:

91 > 3log(8n/e).

(2) The dense regions in H have to be controlled. Assume that

i) max Hir <1; and
[|=2A,
kel

o 2
.. )
i) Ay uﬁggil JE:l ,;e[ Hip < 5 log(8n/e).

(3) The maximum expected degrees satisfy that min{A, Ay} > 16log(8N/¢).

Then with probability at least 1 — €/2, we have

|Ag — Al < 6K%q, /A1 Ayy/max{A;, Ay} log(8N/e). (1.14)

Additionally, if the off-diagonal terms in B are the same, the K? term on the right

hand side can be remowved.

Remark 1.15. Assumptions (1) and (3) are the sparsity conditions on the population
bipartite graph H required for the concentration bound on ||H — H||. This type of
conditions is commonly required in literature to achieve the consistency of spectral

clustering.

Remark 1.16. Assumption (2) is unique to our problem and it is required to control

truncation effects; i.e., the differences between t(HHT) and HH™. Essentially, the
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conditions require that population biepartite graph H cannot be too dense. One

log(8n/¢) ) %
9nm? :

sufficient condition satisfying Assumption (2) is that pmax £ max;; Hi; < (

This is easy to check since A1 < MPpax-

Theorem 1.17. Assume that for a given € > 0, Assumptions (1) - (3) in Theorem
1.1/ hold. Additionally, we assume the intersection graph should be sufficiently dense

and q, satisfies
(4) 3A102q, > 3log(8n/e).

Then for sufficiently large n, we have with probability at least 1 — €/2,

A — Ag|l < V124109, log(8N/e). (1.15)

Therefore, combining with Theorem 1.1/, we have for sufficiently large n, with proba-

bility at least 1 — e,

A=Al < 6K2%¢, /A1 Asy/max{A;, Ay} log(8N/e)
+1/12A1Asq, log(8N/e). (1.16)

Additionally, if the off-diagonal terms in B are the same, the K? term on the right

hand side can be removed.

Mis-clustering Rate

With the bound on the ||A — A||, Davis-Kahan lemma controls the difference between

the corresponding leading eigenvectors of A and A. The consistency of spectral
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clustering under the DC-RIGB follows from this with a common argument (e.g.,

Qin and Rohe (2013), Lei and Rinaldo (2013)).

Theorem 1.18 (Convergence of sample eigenvectors). Let A be the sample graph
from DC-RIGB with parameters (z,y, M,B,0,v) and let A be the population graph

defined as (1.11). Assume that
(5) B =MYTI2YMT? - B € REXK s positive definite.

Then, the rank of A is K. Let \y > Ay > --- > Ag > 0 be the only K non-zero
eigenvalues of A. Let X, X € R™E be the matrices with the leading K eigenvectors
of A and A as the columns. Let X*, X* € R"X be the row-normalized version of
X, X as defined in the spectral clustering in Section 1.2. Let v = min; ||X;||» be the

minimum length among rows in X. Then there exists a K x K orthonormal matriz

O such that
2V2K . 42K
X = 20|l < S [A- Al X - 20 < A=Al (117)

Recall X = ©Z(Z270%2Z)7'2U, and X* = ZU as in (1.12). Step 3 in Spectral
Clustering in Section 1.2 applies k-means to X* € R™X and get the membership
for all the rows. For i € [n], let row vector C; € R be center of the cluster to
which i-th row of X* is assigned. Correspondingly, X* has K distinct rows, and if
k-means algorithm is applied to X*, the center of the cluster to which i-row of X* is

assigned is itself Z;U. In essence, we consider node 7 correctly clustered if C; is closer

to Z;UQO than it is to any other Z;UQ for all Z; # Z,.
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Definition 1.19 (set of mis-clustered nodes). Vertex i corresponding to center C;
is said to be correctly clustered if there is no j € [n|, such that Z;UQ is closer to C;
than Z;UQO, Z; # Z;. Based on this intuition, we define the following mis-clustered

set of nodes:

M= {i:3j#i, st||Ci— Z,UO| < |C; — ZUO|}.

Theorem 1.20 (Main Theorem). Let A be the adjacency matriz for a random
graph sampled from the DC-RIGB with parameters (M, B, z,y,0,v). Let A be the
population graph defined as in (1.11). For a given €, assume that Assumptions (1) -
(5) all hold. Then A is positive definite with rank K and let \y > Ay > -+ > A >0
be the only K non-zero eigenvalues. Let r = min;<;<, || ;|| = miny \/%v,ﬂ?' Let M
be the set of mis-clustered nodes specified in Definition 5.4. Then when n is large
enough, the following holds with probability at least 1 — €,

M| K A1Asgq, log(8N/e)

o< ep—

2 2
n nr A%

(K'g, max{A;, Ap} + 1), (1.18)

where ¢y 1s a constant. Additionally, assume the off-diagonal terms in B are the same,

the K* term on the right hand side can be removed.

Remark 1.21. The mis-clustering ratio has two components: the second part is
similar to the results under SBM or DC-SBM in literature (e.g., Lei and Rinaldo
(2013)). However, according to Proposition 1.0, to achieve a high transitivity which is
desired, q, is expected to take constant values or shrinks very slowly. Combined with

Assumption (1), which implies that min{A, Ay}p, = w(1), we have that the first
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term will be the dominant part in determining the convergence rate. This indicates
that the mis-clustering rate by Spectral Clustering will still converge to 0, but at slower

rate.

Corollary 1.22 (Result in special RIGB). Let A be the adjacency matrixz for a
random graph sampled from the RIGB with the parameters (M, B, z,y). Here we

assume that

i) B,M have the following structures:

L n n L p p
1 ... 1 ...
M =p, K " and B = q, P 4 , (1.19)
[ on 1] L pop 1]

where 0 <n <1, and 0 < p < 1 are constants.

it) z,y are membership vectors and assume that the blocks of vertices and of

n

attributes are equally sized; i.e., ny =ny = -+ = ng = %,

m1:m2:---:

mg =

<E

Then we have Ay = mp,(£+5210), Ay = npa (= +5210), and Mg = %%q"(a—b),
where a = = + En? b = p(Zn+ E20%). Futhermore, nr? = K and K* in (1.18)

can be removed. Then with probability at least 1 — €, for sufficiently large n we have

M _, (K2 log(8N/e) , K log<8N/e)) (1.20)

n min{m,n} p, mnpqy
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where ¢1 is a constant depend on n,p, and ¢ in (1.18).

log't

Remark 1.23. Semi-sparse case: m =n, p, = "y >0, qn is a constant and K

is fived. Then Assumptions (1)-(5) required by Theorem 1.20 will hold. The expected

1+v)

mean degree of the graph is of order log>)n and transitivity is of order O(logl+”n)

from Corollary 1.22. The mis-clustering rate of SC is Op(log#yn) since the second term

is dominated by the first term. On the contrast, if A is sampled from A as in the

SBM, the mis-clustering rate of SC is OP(M), as the second term in (1.20).

1.5 Simulation

In this section, we conducted extensive simulations to better understand the properties
of RIGB and the performance of community detection algorithms under RIGB. As a
complementary, we also investigate the effects of degree heterogeneity.

Setting: The simulation setting is similar to that in the Corollary 1.22. Let

10g1.5 n

m=mn, K =5, p, = , and ¢, = 0.5. M and B have the same format as
in (1.19) with n = 0.2, p = 1. In the simulation, network size n takes values from
{1000, 2000, 4000, 6000, - - - , 28000, 32000} and the sparsity p,, will change accordingly.
So, the expected mean degree of graph is O(log® n).

For degree heterogeneity, we always set 7,’s to be 1. We sample 6;’s from
Exponential distribution with rate equal to 1 and then add 1 to the 6; before
normalizing to satisfy the identifiable conditions in (1.8). For each n, we sample 100

networks from each model and all the analysis are conducted on the largest connect

components.
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Transitivity and number of triangles under RIGBs

In this simulation, we further investigate the some statistics such as transitivity,
number of triangles of RIGB, DC-RIGB, SBM and DC-SBM. This exploration
extends the theoretical insight in Proposition 1.6 where RIGB is simplified without
blocks and degree heterogeneity to a more general setting. All these quantities are

summarized in Figure 1.1.

model
RIGB

model
0.050 RIGB
—— DC-RIGB ~— DC-RIGB

&~ SBM

t\\
\
\t\'\; ) DC-SBM

A—a
D SR —¢

&~ SBM

transitivity

DC-SBM

no. of triangles (in log10)

0.025

0.000

12 4 6 8 10 12 16 20 24 28 32 12 4 6 8 10 12 16 20 24 28 32
graph size (in 1000) graph size (in 1000)

Figure 1.1: Comparison of transitivity and number of triangles for networks sampled
from RIGB, DC-RIGB, SBM and DC-SBM. The left panel, shows that the transitivity
ratios are higher under RIGB and DC-RIGB compared to SBM and DC-SBM. The
right panel shows that RIGB And DC-RIGB have more triangles.

Mis-clustering rate for SC under RIGB

Theorem 1.20 and its corollary offer us an upper bound on the mis-clustering rate when

applying SC to estimate the community under DC-RIGB and RIGB. However, we
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cannot use upper bounds to compare the difficulty of two problems. This experiment
affirms that the convergence rate of SC is slower under RIGB than that under SBM

and this is not due to the potential limitation of our proof techniques.

1
5

For RIGB and SBM, the upper bound in Corollary 1.22 are of the order of o

1
log?n’

and The left plot in Figure 1.2 shows the actual mis-clustering rates are much
lower than that in the upper bounds, which are shown as black dots and black line
(we choose the constants to match the mis-clustering rates at n = 6000). The mis-
clustering rates for SC under RIGB with and without degree corrections are higher
those under SBM. The left panel in Figure 1.2 indicates that when the graph sizes
are small, RIGB are easier for SC to recover memberships; this applies to DC-RIGB
and DC-SBM as well. The right panel of Figure 1.2 shows that degree heterogeneity

makes it harder for SC to recover community and it has bigger effect on SBM.

Performances of various community detection algorithms

under RIGB.

The following experiments compare the performance of various existing community de-
tection algorithms (including SC) under on RIGB and SBM. The methods® considered
in the comparisons include:

— Two likelihood methods: Bickel and Chen’s Profile Likelihood (BCPL) in Bickel
and Chen (2009) Zhao et al. (2012), Pseudo Likelihood (APL) in Amini et al. (2013),;

1Ji and Jin applied several popular clustering methods including their own method to discover
the community structures in statistician co-authorship and citation networks (Ji and Jin (2014)).
We adapted some codes used in that paper.
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Figure 1.2: Mis-clustering rates of SC under RIGB and SBM with and without degree
heterogeneity. The means and 95% confidence intervals are calculated based 100
sampled networks. On the left there is no degree heterogeneity, the mis-clustering rate
is slower under RIGB; the black line are the upper bounds by Corollary 1.22. On the
right, the mis-clustering rates are slower for the models with degree heterogeneity (e.g.,
exponential distribution tail) compared with models without degree heterogeneity.

— Four spectral methods: Newman’s Spectral Clustering (NSC) in Newman (2006),
Jin’s SCORE in Jin (2012), Spectral Clustering on adjacency matrix (SCA) in Lei
and Rinaldo (2013), Spectral Clustering on Laplacian (SCL) in Ng et al. (2001),
Von Luxburg (2007); and

— One spectral methods with regularization: Regularized Spectral clustering (RSC)
in Qin and Rohe (2013).

The two box plots in Figure 1.3 clearly indicate that it is harder to recover

memberships from networks sampled DC-RIGB (with edge dependence) than net-
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works sampled from DC-SBM (without edge dependence). RSC and BCPL works

comparatively better in both cases.

05- . 05-
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Figure 1.3: Mis-clustering rates of Different Clustering algorithms under networks
sampled from DC-SBM (left) vs. networks from DC-RIGB (right). The mis-clustering
rates calculated are from 20 sampled networks from each model with 2000 nodes.

1.6 Conclusion

In this study, we propose a better benchmark model called Random Intersection
Graph with Blocks (RIGB) for community detection. Graphs sampled from this model
have global community structures, heterogeneous degrees, and rich local structures
characterized by high number of triangles and clustering coefficients. This is a valuable
addition to the network modeling literature.

Also, we address a very fundamental problem about Spectral Clustering: the

effects of diverse local structures or dependence among edges in networks could greatly
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change the spectral properties and thus cast doubt on whether Spectral Clustering will
still work consistently. In this paper, we proved that under some conditions, Spectral
Clustering can still estimate the memberships consistently but the mis-clustering rate
converges to 0 at a slower rate under RIGBs compared to that under SBMs.

In the simulation, we confirm the high transitivity of RIGB and affirm slower
convergence rate of Spectral Clustering under the RIGB. Furthermore, we show it
is a harder problem to estimate the community under RIGB than under SBM by
showing that the mis-clustering rates are higher for many other existing algorithms.

Our result is the first in literature to combine literature from RIG and SBM.
There can a few other directions to advance our results. 1. It would interesting to
extend our conclusion about adjacency matrix to that of graph Laplacians. This is
meaningful since normalized Spectral Clustering is more commonly used in practice
and gives better clustering accuracy (Von Luxburg (2007), Sarkar et al. (2015)).

2. It will be a vital question to estimate the parameters in our model and
reconstruct our model. Currently, we focus solely on the memberships of vertices and

our next question is to recover the hidden bipartite graph from A to some degree.
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Chapter 2

Eigenspace MLE to Estimating the
Communities under Stochastic

Block Model
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Abstract

Many community detection algorithms, such as modularity maximization and Spec-
tral Clustering, use the eigenvectors of certain matrix representation of a graph.
Recent development in Random Dot Product Graph (RDPG) showed that the scaled
eigenvectors of RDPG converge to a mixture of of Gaussian distributions, which
implies that scaled eigenvectors from Stochastic Block Models (SBM) converge to a
finite Gaussian distribution. In this paper, we model the scaled eigenvectors of the
adjacency matrix using a Gaussian Mixture Model (GMM) with covariance struc-
ture given by a Central Limit Theorem under the RDPG. Furthermore we propose
an approximate Expectation-Maximization algorithms to estimate parameters and
the hidden memberships under the SBMs and under its variant, Degree-corrected
SBM (DC-SBM). In simulation, our approach to incorporates the limiting covari-
ance structure in the fitting process shows advantages over fitting Gaussian mixture
models blindly. For the algorithm developed under DC-SBM, it works better than
the state-of-art method, and potentially be come alternative way to handle degree

heterogeneity in community detection.
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2.1 Introduction

Networks and graphs represent the complex relationships among people or objects. For
example, Facebook shows the friendships among people and co-authorship networks
display the collaboration relationship among researchers. There has been growing
interest in analyzing the network data to under the underly mechenism behind these
networks.

Identifying the community structure or clusters of tightly connected nodes, which is
often called community detection, has gained enormous attention from various research
fields. People have proposed many different algorithms to tackle this problem. Many
of existing algorithms such Spectral Clustering (Von Luxburg (2007); Ng et al. (2002))
and modularity maximization (Newman (2006)) among others are gaining popularity
in utilizing the eigenvectors of certain graph matrix to partitioning the graph due
to their computational tractability. This paper, based on recent development in
literature, will provide another intelligent way to utilize the eigenvectors of a graph
matrix to conduct community detection.

Recently, Athreya et al. (2016) proved a central limit theorem (CLT) for the
weighted leading eigenvectors (spectral embedding) of the adjacency matrix of random
dot product graph (RDPG). As the corollary of the result, the spectral embedding of
adjacency matrix sampled under the stochastic blockmodel (SBM) converges to a
finite Gaussian mixture distribution. A more recent paper (Tang and Priebe (2016))
extended the CLT for sparse RDPG and also proved the CLT results hold for the
leading eigenvectors from the normalized Laplacian.

In terms of the implication of the CLT on statistical inference, the authors
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demonstrated through simulation that under the SBM, there are potential advantages
of applying Gaussian mixture models to recover the memberships over k-means
algorithm. As know that k-means algorithm is equivalent to GMM with an identity
covariance matrix, which is not the case for the scaled eigenvectors of SBM. This
might explain why Fitting GMM which allows for elliptical covariance structure can
improve inference accuracy.

In fact, the CLT results in these two papers also detail the expression of covariance
matrix of the limiting distribution. This can save us from estimating the covariance
matrices, which can be expensive, and offer another potential improvement in infer-
ences. In this study, we model the spectral embedding of the adjacency matrix (see
Definition ) from SBM using a Gaussian mixture model (GMM) with the covariance
structures specified by the CLT. We propose an approximate EM algorithm called
eigenspace MLE (eMLE) to estimate the parameters and the hidden community
memberships. Simulation shows that our algorithm can work better than fitting
GMM blindly without using the limiting covariance structure.

Furthermore, we propose a different algorithm to handle networks sampled from
the Degree-corrected SBM (DC-SBM, Karrer and Newman (2011)) where nodes from
same community have different expected degrees. Currently, to alleviate the effects of
degree heterogeneity on community memberships, people resort to row normalization
which projects the rows in the leading eigenvectors onto unit sphere (e.g. Ng et al.
(2002), Jin et al. (2015), Qin and Rohe (2013)). However, row normalization will
have the less favorable effects of inflating the influence of rows with small lengths

while down weighting the points with big lengths, which corresponding to high-degree
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nodes and should contain more information. Our algorithm provides a different and
more powerful procedure to estimate the community memberships.

The paper is organized as follows. Section 2.2 includes the preliminaries about
concept of Stochastic Block Model (SBM), Random Dot Product Graph (RDPG)
and others. Section 2.3 proposes an Expectation-Maximization (EM) algorithm to
estimate the memberships from spectral embedding under SBM. Section 2.4 derives
a new algorithms called variational EM to estimate memberships under the DC-SBM.
Section 2.5 provides another EM algorithm to handle degree heterogeneity under
DC-SBM. Section 2.6 gives a different objective function other than k-means to recover
community from DC-SBM. Section 2.7 gives some simulation results to demonstrate
the advantages of our proposed algorithms. Finally, Section 2.8 discuss the successes
and limitations of the new algorithms. The appendix B contains all the technical
derivations and proofs.

Some notations: The vectors in the paper are column vectors unless stated
otherwise. [n| where n is an integer, used as the shorthand for the set {1,2,...,n}.
For a vector § € R", diag(f) denotes the n x n diagonal matrix with elements from 6
located along the diagonal. For a matrix M, M; denote the i-th row of M and M,;
denote the j-th column of M. For two real numbers a and b, a A b stands for the
minimum of @ and b. Z € {0,1}™¥ is called membership matrix, where each row
has one and only one non-zero entry and we may assume there is columns all 0’s. We
call z € R", where z; € {1,2,..., K} denote the position of nonzero entry in i-th row

in Z, the membership vector.
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2.2 Preliminaries

Random Dot Product Graph states that each vertex is associated with a hidden
position characterized by a d-dimension vector and conditioned on the hidden positions,
the presence or absence of edges is independent. The presence probability between two
nodes is determined by the inner product of their latent positions. Mathematically,

we have the following definition.

Definition 2.1 (Random Dot Product Graph). Given a distribution F' on a set
X C R? satisfying 27y € [0,1] for all x,y € X and a sparsity factor a,, < 1, we
say (X, A), where we only observe A and X is hidden, is sampled from Random Dot
Product Graph with distribution F with sparsity factor o, denoted as RDPG(F) with

sparsity factor ay,, if
(i) rows in X € R™ X,’s, are i.i.d. samples from F; and

(ii) fori < j, Ay|X ~ Bernoulli(a, XTX;), and conditioning on X, all the A;;’s

are independent.

In matrix form, we have P = E(A|X) = a, X XT, which has a low rank structure.
Since A is a noisy version of P, a natural way to estimate the pattern positions is
based the spectral decomposition of A. Here is the spectral embedding defined in
Athreya et al. (2016) .

Definition 2.2 (Spectral embedding of the adjacency matrix A). Given an adjacency
matriz A, let A\, Aa, -+, A be the eigenvalues of A satisfying |X1| > ‘/)\\2‘ cee > |;\\n]

and V1, Vy, -+ , U, € R™ be the eigenvectors. Thus the full eigen-decomposition of
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Ais A =357, NooL . For an integer d > 0, let V 2 [0y[0o] - [04] and S £
diag(| A, [Xal, - [Ad]). We call
X2VS:

the d-dimension spectral embedding of A.

Athreya et al. (2016) proves a Central Limit Theorem for the spectral embedding
of adjacency matrix under RDPG. Later, Tang and Priebe (2016) extends the result
by proving a CLT under the sparse RDPG and the CLT for the spectral embeddings

of another type of graph matrix, Graph Laplacian matrix.

Lemma 2.3 (CLT from Athreya et al. (2016) and Tang and Priebe (2016)). Let
(X,A) ~ RDPG(F) with sparsity o, where F is a distribution for points in R?,
and let X be spectral embedding A as in previous slide. Under some reqularity
conditions, we have there exists a sequence of orthogonal matrices W,, such that for

each component i and z € RY, we have

Pr{VA(W,X; — JanX:) <t} — / B(t, 5(x))dF (). (2.1)

Here ®(t,%) is the cumulative distribution function for multivariate normal, with

mean zero and covariance matriz X2, evaluated at t and

() ATTE[X XT (2T X)) ] AT if a = o(1) and na,, = w(log*n);
€Tr) =

ATVBX, XT (27 X)) — (27 X)2)]AY, if o = 1,
(2.2)
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where A = E(X,X]) with X1 ~ F and F =", my0,, . Additionally, for any fized

index set (i1, -+ ,ix), the variables )?iu e ,)/(\'Z-k are asymptotically independent.

The covariance matrices have different forms for sparse (a,, = o(1)), and dense
(a, = 1) RDPGs . However, if we assume that X; are sampled from scaled F
distribution, samples multiplied by ,/c,,, then based on intermediate steps in the
proof, we can consider the sparse version of covariance matrix is obtained by omitting
the lower order term in the dense version. Moreover, our simulations show that
keeping the lower order usually provides better accuracy for finite graph. Therefore,
To universalize the notation for both sparse and dense graphs, we use F;, to denote
the F' distribution scaled by \/a;,, and use the dense form of covariance structure for

both dense and sparse RDPGs i.e.

Y(z) = B[X1 X1 (27 X)) — an (2" X1)H)]A™, where X; ~ F),. (2.3)
It is equivalent to

Y(z) = E[Xi X{ (27 X)) — Van (2" X1)?)]A™, where X ~ F. (2.4)

In community detection literature, Stochastic Block Model is a popular random
network model, commonly used as building blocks to model networks with community
structures or used to generate benchmark networks to evaluate community detection

algorithms.

Definition 2.4 (Stochastic Block Model (SBM)). Given w € [0, 1% with Y r_, 7, = 1
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and B € [0, 1]5%K  we call (Z, A) is a network sampled from SBM with parameters

(m,B) (Holland et al. (1983)), if

a.d

1. Z; € {0,135 "% multinomial(r ), for i € [n]; and

2. for nodes i, j, they form a link with probability ZI' BZ;. That is,
P(A;; =12;,Z;) = Z]'BZ;. (2.5)

Additionally, given Z = [Zy|Zs| -+ Z,|", Aij’s are independent.

Additionally, E(A|Z) = ZBZ*. When B is positive semidefinite with rank d,
then there exists p € REX*? such that B = pupu”. It is easy to verify that SBM with
(m,B) is RDPG(F), where

K
F = Zﬂ'kéﬂk, (26)
k=1

and 0 is the Dirac measure. That is F' is a combination of K points masses.

A popular extension of SBM is Degree-corrected SBM (DC-SBM) (Karrer and
Newman (2011)), which introduces a degree parameter 6; > 0 for each node 7. Under
this model, for a pair of nodes ¢ and j, the probability there is a link between them
is 00,2 BZ;. In matrix form, we have E(A|0, Z) = ©ZBZTO, where © = diag(f),
i.e., the diagonal matrix with 0 located along its diagnoal. We denote (O, Z, A) is
sampled from DC-SBM with parameters(w, f, B).

Assume that 6; s f, where f is a distribution on (0, 00). It is easy to verify

that DC-SBM is RDPG(F), where F is a distribution on R¢ with the support of
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{apy :k=1,2,--- K ,a> 0} defined as follows:

Oy, if x = Opy;
ray=d 7Y a (2.7)

0, otherwise.

Remark 2.5. To enforce identifiability about the scaling, we assume that the distri-

bution for the degree parameters 6; has mean equal to 1. That is,

/Ootf(t)dt ~ 1. (2.8)

Remark 2.6. F'’s in (2.6) and (2.7) are not unique since the p in the the decompo-
sition that B = pupu® is not unique. Different p’s differ up to a d x d rotation and we
ensure the uniqueness by requiring that A = pldiag(m)w, which the second moment

of F', be diagonal. Through this paper, p is assumed to this unique version.

To emphasize the parameters p, when we talk about SBM, we call (Z, A) or
(2, A) is sampled from the SBM with parameters (7, p) instead of (7w, B) or from the
DD-SBM with parameters (m, f, p) instead of (7, f, B).

2.3 eMLE algorithm under SBM

Corollary 2.7 (CLT under SBM, Athreya et al. (2016) and Tang and Priebe (2016)).
Assume that (Z, A) is sampled from SBM with parameters (o, 7, ). Let X = Zp €

R™ gnd X be the d-dimensional embedding of A as in Definition 2.2, then there
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exists some d x d orthonormal matrix W,,, such that for any indez 1,

V(W Xi = /@ Xo) | x.m, > N(0,3(). (2.9)
Here,
N(z) = ATEX XT (27 X)) — o (27 X1)%)] A, (2.10)

where A = E(X 1 X]) with X1 ~ F and F =", my0,,, . Additionally, for any fized

index set (i1, -+ ,ix), the variables )?iu e ,)/(\'Z-k are asymptotically independent.

Remark 2.8. For sparse graphs where a,, = o(1), we see that o, in Equation (2.9)
reduces the length of the centers \/a,X;, but it has minor effects on the limiting
covariance matrixz. This indicates that as the graph become sparser, it will become
more difficult to distinguish points from different normal distributions, which coincides

the similar results in SBM literature.

For F' =%, m,0,, , after assuming that o, = o(1) and ignoring the lower order

term, we have
K
A= gl and BXXT (0 X1)] =D mi(ud )] (2.11)

J Jj=1

And thus the covariance matrix X(p;,) is:

S(py,) = [p' diag(m)p] " (p” diag(m)diag(pp,) ) (" diag(m)p] ™. (2.12)
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Analysis on the population covariance matrix

Assume that the off-diagonal terms in B are the same, which is equivalent to saying

that inner products of rows in p are the same, e.g.,

m Mo -+ Mo
Mo T2 -+ Mo e, ifi=j=Fk;
B = , or u;fpp,j = (2.13)
T o, it i # .
| o o TR

Here ny > 0 and n, > 19,1 < k < K, where at most one of n;’s equal to 79. Then B
has rank K, and

K
E[X X[ (i X1)] = mo Zﬂjﬂjuf + (e — M) Tk bty

J=1

= A+ (m — Uo)ﬂkﬂkﬂg- (2.14)

Using Sherman-Morrison formula, we have

1 (e — 1)mi
3 n —1 - A_ 70 n /«LT
(bie) 770( L (2 — Dmpd Al
1 (e —1)
= —la-—m 7 ool
m ( I <% ) ko
= WkﬂkﬂkT+Zn_;7TijNjT7 (2.15)

itk
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,j=1,2--- K. Note that the second equality comes from

e

Tt Ay, = [diag (V) p(p” diag(m)p) ™ p” diag (V)] = [T = 1.

The expression in (2.15) indicates that the precision matrix X(p;,) " spanned by p;’s

with the coefficient m, for pjp;" and coefficients [2m; for pips" with j # k.

Remark 2.9. When to expect the covariance to be helpful in clustering over k-means.
Intuitively, the covariance matriz will provide better boundaries when the points from
different Gaussian distributions have overlapping. There are two cases, the points can

be well separated:

o Smallny. In the case where 1y is close to 0 and 7;’s are equal, the coefficient for
wiw* T in this precision matriz is dwarfed by others; thus the precision matriz is
close to a matriz spanning only by p3,j # k. On the other hand, the covariance
matriz X(py,) will be dominant by the direction of w} and thus embedded points
from the k-th group will spread more along the direct of p;. So points from
different clusters spread along nearly orthogonal directions (the inner product ng

is small). See leftmost panel in Figure 2.1.

e Large n. The error is shrinking at the rate of \/Lﬁ, which 1s a faster rate than
Qu,, the rate for centers under the sparse SBM. When n is large, the points are
well-separated. See rightmost panel in Figure 2.1. However, generally for many

sparse graph with finite graph sizes, we expect GMM to improve over k-means.
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Figure 2.1: Illustrative plots see effects of 1y and graph size n on how points are
spread. Three plots are sampled from SBM with two blocks with «,, = 1. Left:
m =n2 = 0.2,79 = 0.01,n = 200; Middle: 7 = s = 0.2, = 0.1,n = 200; Right:
m =mn2 = 0.2,m9 = 0.1,n = 2000. The red circle is the origin and the crosses denote
the centers of clusters.

When 7 is not very small compared to 1, k € [K], and n is very extremely large,
we see fitting GMM will provide a more accurate separating boundaries. Here is an

illustration of advantages of fitting GMM in Figure 2.2.

Eigenspace MLE for SBM

Assume that (Z, A) is sampled from SBM with parameters (m, p). Let X = Zp €
R4 and X be the d-dimensional embedding of A as in Definition 2.2. Then we
consider the rows in the spectral embeddings X as iid. samples from following

generative model:
(i) 2z; ~ multinomial(r), for i € [n] with P(z; = k) = m,1 <k < K

(i) Xilsmk ~ N, Sx), where S 2 13(u,) with S(py) defined as in (2.12).

~

Assume that conditioned on z;’s, X;’s are independent.
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Figure 2.2: Covariance matrix can help find accurate separating boundaries. These
are the scatter plots for the spectral embedding of an adjacency matrix with n = 3000
nodes from SBM with parameters (o, = 1,7 = [0.6,0.4],70 = 0.42,7; = 0.42 and
ne = 0.5) as in Athreya et al. (2016). Panel 1 displays the points with ground-truth
labels. Panel 2 displays points with labels learned from k-means, which assumes
spherical covariance structure and thus makes the more mistakes (90/3000) and GMM
(using R package mclust) in Panel 3 fit elliptical covariance to the data and make

fewer errors (14/3000).

Remark 2.10. The distribution comes after reasonable approrimations or simpli-

fication on X:

1. Asymptotic distribution — finite n;

2. Finitely asymptotic independence — independence among all rows;

Let )?, Z, and its corresponding z be defined as in Lemma 2.7. Based on the

CLT in Lemma 2.7, we can reasonably assume the rows in X are approximately i.i.d.

samples from the following mixture Gaussian distribution.

Assumption 1. Assume the rows in X are sampled with following procedure:
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(1) z; ~ multinomial(m), for i € [n] and z;’s are independent.

(i1) Xilsic ~ N(py, Snk), where Sy = 15 (py) with S(py,) defined as in (2.12).

Assume that conditioned on z;’s, )A(l ’s are independent.

Remark 2.11. From Lemma 2.7 to the assumption, we did following simplification.
1, we absorb sparsity o, into X and p by denote the \/a, X as the new X and the
Vanp as the new . This won’t have effect on expression of the covariance matrix
since X(py,) = B(\/anpy,). 2, For no rotation matriz W, in the normality, we absorb
W,, into the w,,. In particular, let p, = W, then WIS ()W, = S(p,) from Eqn.
(2.12). Note that " = B, and pi’ diag(m)pn = WTAW,, may not be diagonal any
more. That is, sample X is estimating Zp, where p is a rotated version of p and
maintains the same inner product. Without confusion, we still denote g as p, without

assuming p’ p being diagonall.

Under Assumption 1, the log likelihood function of (u,7) given data X is:

Up,wX) = > log ) m N(Xi gy, B
=1 2

- WZN()?’HM -72nz-)
= log » qi(zi)— —
2L

S wilog BV Znk) & 0,0 pm) (2.16)

w.
-1 k i

v

where ¢;(+) is a mass function on {1,2,--- | K}, wy = ¢;(k), and the inequality is
from the Jensen inequality. The EM algorithm alternates between maximizing @)

with respect to (wy,) and (7, ), respectively, holding the other fixed.
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Algorithm 1: approximate EM algorithm for SBM.

Input: spectral embedding X € R™X and number desired clusters K.
Output: estimates for (wy), 7, p.

(i) Initialization m, p: If K < 20 or n < 2000, we initialize them by the
results from k-means on X. Otherwise, initialize them with hierarchical clustering
(k-means cannot find good initial points).

(ii) E-step: Given (7, py, B(py)) 5 |, to update wy, = P (zl = k;|)A(, M, u).

Calculating probabilities:

Wik

> Wij

1 I 1,0
(iii) M-step: Given (w;), to update the parameters (m, p;). Note that We
cannot get the exact maximizer, and we arrive at following update by ignoring

the dependence ¥ (p;,) on the 7 and p:

TE 4 Ty

Zl:l Wik . Zl:nl Wik ) (218)
n > ict Wik

Then we calculate the variance matrix using the formula provided by CLT:

B« pu’; (2.19)
K 1 K

A= Z?Tkl,l,k/,l,g, En,k — ﬁAil (Z WjBijjll'?> Ail. (220)
k=1 j=1

(iv) Repeat E-step and M-step: Repeat until reaching the following stopping
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criteria: the change of p and 7 is relatively small; or the Q((wg), 7, ;) as in

(2.16) is decreasing.

The detailed derivation for this EM algorithm is provided in Section B in the
Appendix.
There is another way to update ¥, ;. by calculating quantity in (2.10) using sample

estimate from )?i’s directly:

7

Il & o 1 1<~
A=Y X, XI' ¥, .« =AY X, XI'(XT A1 2.21
ERAL B o (1Y ST 221

We prefer the update in (2.18) since it requires less computation. But (2.21) can be a

good idea when the estimates for p, m are not accurate.

Remark 2.12. We want to emphasize that the mazximization step requires us to
calculate the MLE from an curved multivariate normal, where ¥, 1, ’s have a complicated
dependence on p;’s. We could not get an tractable MLE estimator. Instead, we
provide a consistent estimator as in (2.18) obtained by ignoring the dependence. The
limiting covariance structure is used in calculating covariance matriz and further the
class probabilities in the E-step. The severe drawback of this approzimation is that

Q-score as in (2.16) is no longer monotonically increasing over iterations.
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2.4 Variational eMLE under DC-SBM with

random degree

Lemma 2.13 (CLT for DC-SBM). Assume that (6, z, A) is sampled from DC-SBM
with parameters (o, f,m, 1), where a, = o(1) and no,, = w(log*n). Assume that f
is a discrete distribution. Let © = diag(f) and Z be the membership matriz defined
based on z. Let X = OZpu and X be the d-dimensional spectral embedding of A, then

there is a K x K orthonormal matrix W,, such that

Xi=0ips., i N(O, Z(Giuzi))a (2-22)

where X(x) = AT E[X; XT (2T X)]JA™Y and A = E(X, XT).

Note the lemma holds for any discrete distribution f, so we assume plausibly that
(2.22) holds for general f defined on (0,00). Plugging in = 6;u, and after some

calculation, we have
K
A=E6Y mppl, BEXiX] (27X))] Z (k) ppl,  (2.23)
j :
where 6, ~ f. Furthermore,

E6?
(E67)?

(p" diag(m)p) ™" [ (diag(m)diag(ppy)) p] (n" diag(m)p) .
(2.24)

E(Qi“k> =0

The covariance matrix is same as in Eqn. (2.12) and has the same properties as those

in previous section, except the scalar 6; For f, We have only one requirement

! (E92)
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that is mean equal to 1. Assume that f is Gamma distribution with shape and
rate parameter equal to A, i.e., Gamma(A, A). Then for §; ~ Gamma(\, \), we have

Ef, = 1,E6? = %, E6F = (/\+1))\++2) Therefore,

S(0itte) = 22 (T diag(m) ) [ (ding(r)cling (pupa,)) o] (17 diag(m)pa) .

A+1
(2.25)
That is, X(0;p;) is a function of 7, p and .
With the same argument as in previous section, we have the following distribution
for rows in X. Let 9,)? , Z, and its corresponding z be defined as in Lemma 2.13.
Based on Based on the CLT in Lemma 2.13, we can reasonably assume the rows in

X are approximately i.i.d. samples from the following mixture Gaussian distribution.
Assumption 2. We assume rows in X are sampled from following procedure:
(1) 6; ~ f,z; ~ multinomial(m), for i € [n] and all 6;, z;’s are independent.

(1) )?Z|z:k ~ N(Oipy, 0:501), where Sy p = 15(p,) with S(py,) defined as in

(2.12). Assume that conditioned on z;’s, )?, ’s are independent.

The log likelihood function is:

n K
(O, X) = Zlog/g , )Zf(@i)wziN()A(i;GiuZi,QiEn,zi)dGi (2.26)
i=1 i€10,00) 2,=1

i )\)\/F(A)ei)\ile_)\eiﬂ'z.N()/(\vi; 91[11 . QZEn z~)
> Y By, : S
= ; q(6;,2;) 108 Q(eu Zi)

Qg )7, 1), (2.27)

>
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where ¢(+, ) is a density function on [0,00) x {1,2,---, K} and inequality in (2.27)
holds due to the Jensen inequality. The EM algorithm alternates between maximizing
() with respect to ¢ and (A, 7, ), respectively, holding the other fixed. It is easy to
show that the maximum in the E step obtained by setting ¢ as the posterior, i.e,
q(0;,z;) = P(0;, zz|)? , A\, p, ). However, the posterior distribution is computationally
intractable. We use the following variational approximation to EM algorithm.

For conjugacy and computation purpose, we use the following class of factorable

distributions to approximate the posterior:

Q(ei,zi’)?u)\, ,U»W) = QI(el‘aiaﬂi> : Q2(Zi\wi),

where ¢; is Gamma distribution and ¢, is multinomial distribution. Let

Q(Oél7/8’t7wl7)\ l’l’7 )

MO i N(X;: 00,5
A E. Z,I 25 iy ViMz; &~n,z;
; %(01)(12( 1) Og (0“ Z’L)
= ) 6nEq 0,00 (Aog(A) — log T(A) + (A — 1) log §; — A6))
=1

)

1 - o

—Eg 0002 <%<Xz — Oppz,) 5, (X — szi)
_Eq( 0:) log q1(0:)—>_7—1 q2(z log q2(zz)

= —n(Aog(A) —logI'(A)) + (A — 1)(¥(as) —log(B:)) = A > =

—l—ZZka log ), — — Z —log(5;))

=1 k=1

K 1
+Eq1(9i)q2(2i) (log T, — E log 0; — 5 log |En,zi
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1 n K | 1 n Bl S
- Zwik Og|2"’k|_520zl X, szkznkX
i=1 k=1 =1
n K
30w XIS — Z = szk b Bt
i=1 k=1 =1

+3 [y — log(8:) + log(I(ev)) + (1 — a)vo(e)]

i=1

n K
— Z Z wik 10g wyy,. (2.28)

1=1 k=1

Remark 2.14. In the formula above, we used some properties of Gamma distri-
(6:) = ¥(o) —
log i, E(log 0;)* = (log B + 1(a;))* 4 ¢'(c), and E[— 10g Q1(9z‘)] = a; — log(f;) +
log(T(w)) + (1 — a;)¥(ew), where () £ T'(:) is called digamma function and

bution. If 0; ~ Gamma(cy, 3;), then Ef;, = %, Eei,- =

D(a) = [ a* e dx.

Here, we get rid of the integration in the original expression by using ¢ to approx-
imate the posterior of hidden variables (6;, z;)! ;. Using coordinate accent algorithm
to update (ay, B;, w;)*; and (A, p, ), we have the following algorithm which we will

call Variational EM algorithm (details are in Section B in the Appendix).

Algorithm 2: Variational EM algorithm.
Input: The desired number of cluster K and the K-spectral embedding of
adjacency matrix A: X € RK,

Output: Memberships for the rows in X.
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(i) Initialization: Let X* be defined as follows: i-th row in X* is the i-th
row in X divided by its norm. A = 1. p are initialized by following procedure:
applying k-means to X* to get the membership estimate and initialize g using
the cluster centers based on the estimated membership.

(ii) E-step: given (X, T, ty, Xk )o;, update (3;, w;). Assume that o; > 1 is

a given constant (default equal to 2):

Update the parameter for j;,

B+ \/B? + 44,C; (2.29)

BZ’<_ 2Al ’

where Az = miz Zszl w,kZ;}C)A(“ BZ = (E - /\) and Cz =
Qi <)‘ + % Zf:l wiku;{z;}c“k)-

Calculate the membership probability:

_1 L 08 oo T - Lo -
Wik, = T|Snk 2 exp (—ngiZn,}fXﬁXiEn}fﬂk—55%&}:%)3
Wik
Wik <~ Sk - (2.30)
D=1 Wik

(iii) (approx.) M-step: given («y, S, w;)!,, update (\,m,pu). For k =
1,2,---, K, Because the normalization equaions for \ are very complicated,

we decide to use its moment estimate.

e (%Z(%)?-(% O‘-ﬁ)?) | (2.31)
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We use approximation again by ignoring the dependence of 3, , on 7, when

taking derivative w.r.t. m, p.

¢
T — — szk, and p;, < % (2.32)
i=1 3;

Calculate the covariance matrix use the formula provided in Eqn. (2.24)

A2 _
A= Y mppls Sep e T AT (Zm(uf%)u#f) AT(2.33)
J

(iv) Repeat E-step and M-step: Stop if @) starts decreasing or the change of

(A, m, p) is small.

Alternatively, we can update X, in (2.33) by substituting the population quanti-

ties in X, = AT'E[X XT (] X1)]JA™! with their sample versions:
I x-so
=3 XX and B[X, X (p Z X X (p (2.34)

Remark 2.15. During the M-step we used some consistent estimates as approxrima-
tion to the true optimizer. First % is the variance of the Gamma(\,\) and its MLE
normal equation Eqn (B.11) is very complicated. So we adopt (2.31) in the algorithm.
Second, same as in SBM, when we update (X, 7, u), we assume the derivative of ¥,
with respect to (A, m, p) are zero. Compare with fitting with GMM to the rows in
X without knowing the covariance matriz, this algorithm makes a distinction when

updating the covariance matrix X, . This will eventually affect the weights when
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estimating (7, ) in the M-step as in (2.52) and (2.52).

2.5 eMLE for DC-SBM with fixed degree

parameters

Definition 2.16 (DC-SBM with (o, 0,7, u1)). Given 0 < a,, < 1,B € [0, 1]5*K
and ™ € RX same as in Definition /.1. Assume a, = o(1) and na, = w(log*n).
Additionally, for each i, we have one extra parameter 8; > 0. We call a random
graph (z, A), where we only observe A and z is hidden, is sampled from DC-SBM
with (o, 0,7, 1) if it is sampled from the following procedure:

(i) Membership z; S Multinomial(m) and z;’s are independent; and

(it) For nodei,j, Conditional on z;, z;, Aj; = A;j is a Bernoulli variable with success

probability Oéneiej(MIJ’T)ZiZj ;and Ay = 0. All the {A;j,7 < j} are independent.

In matrix form, we have X = ©Zu; and E(A|X) = a, X XT. The difference from
DC-SBM with random degree parameters is that this model is no long exchangeable,
and further we don’t have a proved CLT theorem for this spectral embedding of the
adjacency under this model anymore.

Assume that the rows in p have lengths equal to 1 and the overall mean for 6;’s
is equal to 1 (identifiability condition as in Lei et al. (2015) and Zhang et al. (2014)).

All the parameters are free of n except a,,.

Assumption 3 (Normal distribution in the eigenspace). Let (z, A) be the sam-

pled graph from DC-SBM with parameters (ay,,0,m7,B) as above. Let X be the
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K -dimensional embedding of A. From analogy from DC-SBM with random degree,

we assume that,

(1) normality: )?1 ~ N(Oips,,0:%,..,), where 3y, = 1A YEIX0 XT (il X1))]AY and
Xy = apy, , zi ~ multinormial(m), and o is a random sample from [0y, -+ ,0,];

and
(ii) independence: assume that )A(Z 's are independent.

Remark 2.17. Under the assumption that 0;’s are prefived as parameters and only
z;’s are random following the multinomial distribution, the exchangeability of A
conditional on (a,, 0,7, B) will not hold. Exchangeability assumption is essential the

current proof of the CLT under RDPG, and thus this model is not well supported yet.

Under the model with the Assumption 3, the log likelihood is

€<977T7M’X> - ZlogZN)?1781M217822n,21>7rzz

=1

_ Zlogqu Z'L Xzaez/ﬁzlaeznzl)

qi(zi)
N(X: 0,0, 0,2,
> 33 utog PN E O 0T0s) 5 (g 55
i=1 k=1 Wik
where ¢; is a distribution over {1,2,---, K} and wy, = ¢;(z; = k) are the intermediate

variables satisfying Zszl wip = 1, Vi.
As we know that the EM algorithm to get the MLE is equivalent to the coordi-
nate accent algorithm to maximize the quantity ) with repsect to W and (0, 7, u)

alternatively.
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Algrithm 3: EM under DC-SCM with fixed degree.
Input: X € R<K spectral embedding of adjacency matrix A, and the number
of blocks K.
Ouput: Estimates for 7, p, 6, 3, ., W

Step 1: Given parameters 6, m, p, update w;, to maximize ). The solution is:
Wi Pz = k| X, 7,0, p). (2.36)

Calculate the covariance matrices:

. > wz‘kg%()?i — Ouu) (Xi — Oypuy) ™

b 2.37
Then, calculate the posterior probability (assignment probability):
-1 L < Ty —1/%
Wik < M| B k|72 exp | =5 (Xi = Ospar)” By (Xi = Oipn) |
(2.38)
Wik
Wip ¢ —=———. (2.39)
D welx] Wik

Step 2: Given w;’s, Maximize ) with respect to 7, u;’s and 6;’s. Solving for the

stationary point gives the following updates:

1
T < — Wik,
n [
2y Wi Lk (2.40)

R N
> wirbs (77
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_K +/K?+4B,4,
I —— 2A-+ ), (2.41)

)

where A; = Zle wikuZZ;}guk and B; =Y, wzk)?ZTE;}g)?z

Remark 2.18. The update used in (2.37) doesn’t utilize the detailed structure of
Yk, which is function of p. It only utilize the information that rows from same
community, the covariance is proportional to the degree parameters. Base on the

covariance structure in the limiting distribution, we have the other ways to update

Sk in (2.57).

e Method 1: The population quantities will be substituted by their sample versions:
1

Sk = — ATEXXT (g X0)] AT (2.42)
n

where A =~ LS X, XT, and B[X X7 (uf X)) = 2 57 X, XT(uf X)),

o Method 2: update with the representation in terms of (7, u, @), and then plug in

their estimate:

1
Yink — —A7! 1Tt g T/ e A? 2.43
" <; P T e s ([, Pk ) (2.43)

Here, A™' = S8 ypmpuppd, where ¢y = > 07 and g =37, 03
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2.6 Another remedy for degree heterogeneity:
k-directions algorithm

As indicated in the CLT result, X; ~ N(0;\/onp, 0;5(pe). The variances change
proportionately to the changes made to the means and the standard deviation is
proportional to the square root of the degree parameter. From the signal to noise
ratio or precision perspective, the rows with bigger norms will be more informative.

To give high importance to the rows with big norm in X. We propose the following

objective function:

n

(ii) max max (X;, ) s.b. ||pille = 1, V. (2.44)

Hisbosbi S 1<k<K

Algorithm

There is quite some similarity among k-directions algorithm and traditional k-means,
as well as k-directions algorithm and the normalized k-means’. Objective functions
similar to (2.44) has been proposed and studied theoretically in the context of market
segmentation in Kleinberg et al. (1998) and text mining Dhillon and Modha (2001).

Similar to k-means, the following EM-algorithm can be used to optimize the above

objective fucntion.

Algorithm 4: k-directions algorithm for (2.44).

Input: X € RK , the desired number of clusters K .

!The term normalized k-means means the algorithms applying k-means after row normalizations.
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i) E-step: if partition [n] = C; UCy U ... U Ck is given, update centers p as

follows.

X, 2.4
|C|Z B (2:45)

1€Cy,
ii) M-step: if the centers p,,k = 1,2, ..., K are given, with norm = 1, to
update the partition. Let z; := arg maxk<)?i, W), Assign )?i, the i-th row, to C,, .

iii) Repeat i) and ii) until convergence.

MLE Justification

We provide an MLE justification for the normalization in K-directions and thus some
support for the whole k-directions algorithm (The notation in this Proportion is

separated from the notations used in the paper).

Proposition 2.19. Given unknown parameters p € RE with ||u|| =1, 6, € R,i =
1,2,...n, and ¥ € REXE  gssume X; % N(O;u,0;%). Then the MLE for p is a

function of Y"1, )A(Z and the direction is adjusted by the estimator for covariance ..

When ¥ = 021k, then IIZZ );” 1s MLE estimator for pu.

comparison with other algorithms

e Comparison with k-means:

E-step in this algorithm is different from k-means since it normalize the norm

of centers to have unit length.
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M-step in k-directions algorithm is essentially the same as that in k-means. This
is due to the facts that || X; — g |2 = || X2 + [[el|? — 2(X;, ) and ||pe ] = 1

imply that argminy ||X; — p,[|2 = arg makuA(i, i)

The normalization of the centers in E-step will reduce the effects that points
with bigger norms will drag the centers far away from the origin and form

clusters there.

Comparison with normalized k-means:

Normalized k-means will inflate the influence of points closer to the origin by
the row normalization, which will give bad performance when there are a lot of

noisy low-norm points.

Comparison with spherical k-means:

The algorithm was first proposed in Dhillon and Modha (2001) and analyzed
theoretically in Banerjee et al. (2005). The objective function for spherical

k-means is as follows:

n

X tolps]| =1, V5. 2.46

B e 2 B cos(Xi, p;) st [lpyll = 1,7 (2.46)
Spherical k-means usually applies to cluster unit-norm vectors and projects the
centers on the sphere as well. It will be very similar to normalized k-means with
row normalization with the difference that this algorithm requires the center to
have unit norms. This algorithm also doesn’t take into account the length of

rows in X.
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2.7 Simulation

eMLE under SBM

We simulate networks from the four-parameter SBM, which assumes that all the
probabilities along the diagonal in B are equal denoted as 7, all the probabilities in
the off-diagonal entries are equal denoted as 1y and that the clusters have the same
size, i.e. T = %, 1 <k < K, where K is the number of cluster. Including the graph
size n, we denote this model as SBM(ny, 79, K,n). This is clearly a special case of
the covariance analyzed in Section 2.3 and thus the analysis there can help explain

the performances here.

(logn)*

>—— where

To generate sparse graph, we introduce a sparsity parameter as cg
the constant ¢j is chosen to make the graph has expected degree equal to 10 when
graph size n = 1000. We call the ratio Z—; the signal noise ratio (SNR), which will
affect the difficulty of estimating the community memberships, so are the number of
clusters K and the graph size n.

The algorithms considered in the comparison are 1) k-means, 2) GMM from highly
optimized R package mclust without specifying the covariance structure (gmm) when
K is large.

The following figures show the performance of different algorithms as n increases
under different settings determined by the combinations of SNR and K. Certain
settings are omitted, since the trend is already clear. Figure 2.4 shows the advantage

of algorithm in term of clustering accuracy and Figure 77 shows the time taken by

each algorithm under different settings. K-means is conducted with K * 10 random
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initializations, where K is the number of clusters.

SNR=10, mean and 95% CI
n=1000 n=2000 n=3000 n=4000 n=5000 n=6000 n=7000 n=8000

i)

©

S

= method

.q:) - oracle

7 ~- emle_oracle
S “4-mclus

LI) - emle_mclus
R

= 0.001

SIS SIS SHHPINS SHHOINS IHHPIRS MDD HPINS PN
number of clusters K

Figure 2.3: Misclustering rates of eMLE initialized by mclust and ground truth. We
want to highlight the following. 1) eMLE outperforms the GMM in some of the cases
where K is big and when there initializations have good accuracy. 2) oracle classifier
based on limiting covariance matrices performs the best in all cases and this indicates
the valuable information in the curvature.

eMLE under DC-SBM

Here are the description of the experiment setting(more experiments under more
settings included later on):

graph size: n = 2000, sparsity:«a,, = cluster size proportion: 7 = (0.6,0.4)

21
n/2%0.35°
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SNR=10, mean and 95% CI
n=1000 n=2000 n=3000 n=4000 n=5000 n=6000 n=7000 n=8000
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=X method

= # emle_oracle
g -~ hierarchical
= -4 emle_h

TI> - mclus_h
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number of clusters K
Figure 2.4: Misclustering rates of eMLE initialized by hierarchical clustering. We
want to highlight the following. 1) eMLE outperforms the GMM in some of the cases
where K is big and when there initializations have good accuracy. 2) oracle classifier

based on limiting covariance matrices performs the best in all cases and this indicates
the valuable information in the curvature.

and the block probability matrix:

0.5 0.2
B=a, . (2.47)

0.2 0.5

Additionally, the degree parameters #;’s are sampled from exponential distribution

with mean equal to 1.
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Convergence behavior in a single experiment

From this single experiment, we can understand how the variance structure helped
correct the mistakes introduced by initial points by k-means, and overcome the
potential pitfalls for GMM without the scaling and considering of variance structures.

The convergence speed is also quite fast.

truth kmeans truth GMM

I

X[.2]
I

X[.2]
I

X[.2]
-08 06 -04 -02 00 02 04
1

X(,2]
08 -06 -04 02 00 02 04

-08 -06 -04 -02 00 02 04

-08 -06 -04 -02 00 02 04

00 02 04 06 08 00 02 04 06 08 00 02 04 06 08 00 02 04 06 08

X1 X1 X[, 11 X[11

Figure 2.5: K-means (left) and GMM (right) fail to uncover the true clusters.

Mis-clustering Rate over Repeated Experiments

For the comparison with many other algorithms including the k-directions, normalized
k-means, Spectral Clustering based on random walk, symmetric graph laplacian, you
can see the “simulation.html”.

For the same setting above, we repeat the experiments 100 times and the error
rates for each methods are summarized in Figure 2.7 and Table 2.1 below.

There are total 21 pairwise comparisons, the critical value at o = 05 for t-

distribution after Bonferroni correction is 3.118. The paired t-test for kmr and elme
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(c) 2nd iteration (d) converged results after 11 iterations

Figure 2.6: Convergence of eMLE starting with centers from k-means with 30 random
initializations

kmeans km+row kangle gmm emle 1rw lsys

mean 0.4587  0.1205 0.1191 0.4323 0.1166 0.1453 0.0952
std dev  0.0162  0.0079  0.0080 0.0201 0.0082 0.0165 0.0069
std error  0.0016  0.0008  0.0008 0.0020 0.0008 0.0017 0.0007

Table 2.1: The means, standard deviations, standard errors for the error rates for 7
methods over 100 replicates

is 7.878, which indicates that elme improves km+row significantly by decreasing error
rate by 3%. From the results above, elme is only worse than regularized Spectral

Clustering based on symmetric Laplacian.
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Figure 2.7: Bozplot of mis-clustering rates for 7 different methods. The first 5 methods
utilize the eigenvectors from adjacency matrix, while the last two use eigenvectors
from regularized Laplacians. Experiments are repeated 100 times.

2.8 Discussion and Future work

In this paper, we proposed a new EM-type algorithm called eMLE to recover commu-
nity structures from the spectral embedding of the adjacency matrix of graphs. The
algorithm is derived based on the maximum likelihood idea after applying the CLT
for rows in the spectral embeddings provided in paper Athreya et al. (2016) and Tang
and Priebe (2016). We have shown in simulation that the newly developed algorithms
under SBM have advantages under SBM over k-means algorithm and gmm from R
package mclust without knowing the limiting covariance structure.

Addtionally, our few algorithms motivated by the CLT under DC-SBM works very
well in simulation compare to the competitive methods like applying k-means after
normalizing the rows in eigenvectors. Our new way to handle the degree correction
will also be a big contribution.

However, there are still some places that we can make improvements.
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1: Issues with approximation in M-step of the eMLE.

Currently, the update for uy is not the exact solution for the in the M-step, It is
just an consistent estimator is the MLE in the case where X, ; is free of . This has
some drawbacks since it may miss the real curvature. In the numerous experiments, I
find the the @ in (2.16), which is the lower bound of the MLE, is no longer always
increasing. On the contrary, in many cases, about 95%, it will decrease at some point.
In the algorithm, I have to set the following stopping criteria: () starts to decrease,

or u,m stabilizes. These are two common cases:

(i) algorithm stops very early (0 or 1 step) due to bad initialization — causing @

decrease.
(ii) algorithm stops early due to good initialization — pu, 7 stabilizes quickly.

This makes the current version eMLE algorithm under SBM heavily dependent
the initialization an work like a soft assignment calculated based on the initial
memberships and covariance matrix structure. For example, when the number of
clusters and and the graph size are big, k-means has a hard time finding the good
centers and eMLE with initialization from k-means perform poorly.

Potential improvements: (a) Iterative method to get the exact solution in M-step;
(b) assume the off-diagonal of B are constant, use the nice formula in (2.15).

2: CLT assumption for DC-SBM with fixed degree parameters.

Under the assumption that 6;’s are prefixed as parameters and only z;’s are random
variable following the multinomial distribution, the exchangeability of A conditional

on (ay, 6,7, B) won’t hold. The exchangeability is used in the proof to help convert
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the result ||)? — X||% to that for individual row. So It will be great if we can prove

an CLT justify the mixture normal assumptions under this partial random model.
The eMLE algorithm under this setting is easier compared the one under DC-SBM

under random degrees. Some simple simulations (in the simulation part) based on

this version of eMLE works well, too.
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Abstract

The Stochastic Block Model (SBM) is commonly used to model networks with com-
munity structures. However, the edges in the SBM and its existing generalizations are
all assumed to be generated independently. We find that the number of small struc-
tures like triangles or the cluster coefficients for samples from SBM are significantly
smaller than those in real network. In this paper, we propose a new generalization of
Stochastic Block Model which generates a second round of edges based on shared
nodes in original graph sampled from SBM, and thus allows dependence among the
edges (called as Transitive SBM, or T-SBM). We exhibit that graphs generated from
T-SBM enjoy higher clustering coefficients (both local and global) than SBM when
the graph is sparse. Also we give an asymptotic spectral bound for this type of
random graph from its expectation; furthermore we prove that under this model with

dependent edges, spectral clustering still enjoys weakly consistent clustering results.
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3.1 Introduction

Networks appear very commonly in modern lives, for example social networks (friend-
ships between Facebook users), biological networks (gene interactions), information
networks (email exchanges), and many others. From a research point of view, net-
works are a powerful tool to represent the relationships among different objects.
Therefore, network analysis is of great interest to researchers in many fields. A review
of modeling and inference on network data can be found in Kolaczyk (2009) and
Newman (2010).

Among the many existing statistical models for networks with communities, the
Stochastic Block Model (SBM) is one of most commonly used. In an SBM, there are
n nodes, clustered in K disjoint groups or communities. The SBM assumes stochastic
equivalence among nodes within the same community, and that each pair of nodes
will be connected independently with probabilities only dependent on memberships of
the two nodes (see Section 3.2 for details). Based on this model or its generalization,
people have proposed various community detection algorithms including modularity
maximization (Newman and Girvan (2004)), likelihood methods (Bickel and Chen
(2009), Amini et al. (2013)), spectral clustering (Ng et al. (2001), Rohe et al. (2011),
Lei and Rinaldo (2013)) and other methods. We will mainly focus on the spectral
method for clustering.

Classical results for parametric spaces of fixed dimension study how the MLE
performs under a general misspecified model (e.g. White (1982)). Analogously,
we would like to understand how network clustering algorithms perform when the

standard SBM does not hold. As mentioned in literature (e.g. Newman (2006)),
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two common features of empirical networks are long tailed degree distribution and
high transitivity. These features are not preserved by the SBM. The SBM assumes
that nodes in the same block are stochastically equivalent, which cannot model the
variation of degrees for different nodes. To create long detailed distribution, the
degree-corrected SBM (DC-SBM) is proposed (Karrer and Newman (2011)), which
can generate any degree distribution as specified before. Recently, Zhao et al. (2012),
Qin and Rohe (2013), Jin (2012) and Lei and Rinaldo (2013) have generalized the
SBM clustering results to the DC-SBM, illustrating how clustering algorithms must
adapt when the degree distribution is skewed.

One feature that both the SBM and DC-SBM have missed is the high transitiv-
ity(also known as clustering coefficients) in real networks. Table 3.2 and Figure 3.1a
illustrates how the the political blog network has an excessive number of triangles
and bigger average local clustering coefficients compared to estimates under the SBM.
These phenomena suggest that there should be more dependence among the edges.
In the literature, Exponential Random Graph Models (including Markov random
graphs) are used to directly model this extra dependences in network data (Robins
et al. (2007), Hunter et al. (2008) etc). However, ERGM is computation intractable
and MCMC methods used to estimate parameters have no converge guarantees.

Different from those in literature, we propose a new generalized SBM that main-
tains the good properties of SBM and allows for additional dependence among the
edges. The contributions of this paper are as follows. Firstly, we propose a new
generative model (T-SBM), which generates a random network through two steps:

sample a network with independent edges from an SBM ; then conditional on the gen-
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erated network, generate some more conditionally independent edges with probability
proportional to their transitivity, or common neighbors the two nodes share. The
network generated from this model significantly improves dependence among edges
and increases clustering coefficient. This is consistent with the observation in real
networks. Secondly, we obtain a non-asymptotic bound for the difference between
the sample adjacency matrix and its population version, and prove the consistency of
spectral clustering under this non-traditional SBM.

The rest of article is organized as follows. In Section 3.2, we give formal introduc-
tion to the Stochastic Block Model and spectral clustering. We propose the T-SBM
and conduct the population analysis in Section 3.3. We present the main theorems
about the consistency of spectral clustering under this new model in Section 3.4.
Simulation and real data analysis are presented in Section 3.5. Discussion remarks
are given in Section 3.6. All the proofs are given in the Appendix.

Notation: For a graph G = (V, E), where V is the node or vertex set, E is the
edge set. Say the graph has N nodes. V ={1,2,..., N} and pair (i, j) € F if there is
a link between node ¢ and j. The graph is represented by adjacency matrix A with
A;; = 1if there is a link between node ¢ and j and A;; = 0 otherwise. Let d; = ) i Ajj
be the degree of node i,for i = 1,2,..., N. Let dpean(A) := % > di, i.e. mean degree
of A. dpez(A) := max; d;, dyin(A) = min; d; are maximum /minimum degree of A
respectively. Dy = diag(dy, ds, .., dy) is a diagonal matrix made up of the degrees
of A. || - is spectral norm of a matrix or ¢, norm of a vector. || - ||z standards for
the Frobenius norm of a matrix. In this paper, terms like random network /random

graph/ random matrix are interchangeable.
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3.2 The SBM and Preliminaries

Stochastic Block Model

For an graph G = (V, E) with N nodes, clustered in K blocks, let z : {1,2,...., N} —
{1,2,..., K} be the block membership mapping. So, z; = k means that node 7 is in
block k. Let B be a K x K symmetric matrix with By, € [0,1] foralla, b =1,2,--- | K.
This is called block probability matrix where B, is the probability that there is a
edge between a pair, given one node of the pair is from block a and the other is
from block b. We say a random matrix A is sampled from SBM with z and B, if
Aij = Aj ~ Bernoulli (B, ;,), i < j. Given mapping z, assume that different edges
are generated independently.

Matrix expression for SBM: Let Z € RV*E be the block membership matrix
with i-th row having 1 in z;-th cell and 0’s in the rest of the cells. Then EA =

ZBZT — diag(ZBZT).

Spectral Clustering

The standard versions of the spectral clustering algorithm are based on the graph
Laplacian matrice D' A or DATI/ZADAfl/z, (e.g. Ng et al. (2002), Von Luxburg
(2007), Rohe et al. (2011)). In this paper, we are introducing the algorithm based on

adjacency matrix (e.g. Lei and Rinaldo (2013), Lyzinski et al. (2013)):

— Input: adjacency matrix A, number of clusters K.
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— Output: clusters Vi, Vo, -+ Vg.

Step 1: Calculate the first K leading eigenvectors X, Xo, -+ , Xg € RN. Put

the K vectors together, X = [X, Xy, -+, X] € RVN*K,

Step 2: Consider each row of X as a point in R¥ and run k-means on X with
K clusters. Obtain K non-overlapping clusters Vi, Vs, .-+ Vi with

union equal to V.

Step 3: Output the Vi, V,, -+, Vik.

Eigen Structure for standard SBM

Let A := ZBZ" and its eigen decomposition is A = XAXT. Then X = Z(Z72)~'/?U,
where U and A are eigenvectors and eigen values of (Z7Z)Y2B(Z* Z)'/2. This means
that (i) For ¢ and j with z; = z;, the i-th and j-th row of X, A}, and &j,, are equal;
and (ii) For ¢ and j with z; # z;, the i-th and j-th row of X, X}, and &}, the are
orthogonal. If we denote the size of k-th cluster is ny, then || X — x| = \/ﬁ
(as in Rohe et al. (2011)).

Therefore, the eigen-decomposition of A yields X'; applying k-means with specified
number of clusters equal to K on X gives perfect clustering results. From matrix
perturbation, sample A is expected to be close to its population A and we will expect

to get similar result from A.
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Clustering Coefficients

Clustering coefficients are defined to be the ratio of of triangles in the networks.
There are two versions of clustering coefficients: the global and the local.

The global clustering coefficient (also called transitivity in many literatures) gives
an indication of the clustering in the whole network (global). Luce and Perry (1949)
first defined the quantity based on counting the number of triplets. A triplet consists
of three nodes that are connected by either two (open triplet) or three (closed triplet)
undirected ties. A triangle consists of three closed triplets, one centered on each of

the nodes. The global clustering coefficient of graph G is defined as:

number of closed triangles in G x 3

C obal — . 5
global number of triplets in G

The local clustering coefficient of a vertex (node) in a graph quantifies how close
its neighbors are to being a clique (complete graph). Denote N; the neighborhood of

node ¢ excluding ¢ itself, then the local clustering coefficient at node ¢ is defined :

number of edges among nodes in N;

Ci= NIV = 1)/2

As an alternative to global clustering coefficient, the overall level of clustering in
a network is measured by Watts and Strogatz (1998) as the average of the local

clustering coefficients Cjyeqr = % Yo, Ch
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3.3 T-SBM model and its population analysis

Transitivity-based SBM

A random graph from the T-SBM is generated in two steps:

(1) Generate A; from the regular SBM, i.e. P([A1];; = 1) ~ Bernoulli(B.,.,),i < j;
[A1]ji = [Aulij, i < j;5 and [Aq];; = 0.

(2) Adding some more edges based on A;. Let P ([As];; = 1|A1) = [Pa,ij, 1 < 7,
where PA1 = D211/2A%D21/2 [Ag]ji = [Ag]ij,’i < ], and [AQ]M =0.

1 )

The final adjacency matrix A = t(A; + Ay), where ¢ is a cell-wise operator on R!
with x +— 1, if x > 1; 2 — x otherwise. So A = A; + Ay — A; o Ay, where o stands

for entry-wise product (Hadamard product).

Remark 3.1. : The choice of Pa, is indeed a good and reasonable one. It has the
following good properties: 1) each number in Py, doesn’t exceeds one; 2) the mean
degree of Ag is comparable to that of Ay, which means we add non-negligible number

of new edges.

Population Analysis

Let A=A, + D gj/ 2[1%1);111/ ? where Ay = ZBZ™. The (i,j) th element of A is

Aij = B..., +d;'*(BZ"ZB).,..d. (A)
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It is easy to see tell that 4;; only depends on the memberships of nodes 7, j i.e. z;, 2;.

Actually, A can be expressed in matrix as follows:
A=ZBZ", (3.1)

where B = B + D;"*B(Z7Z)BD,"?, and Dy = diag(BZT Z1x). Similar to the
result in traditional SBM setting, the expectation of adjacency matrix in this new
setting has clear block structure as well. Therefore, we should expect that spectral
cluttering algorithm will work under this model and our main result provides an

affirmative guarantee for this.

3.4 Main Results

Theorem 3.2 (Spectral Bound). Let A and A be defined in Section 5.3 and Section

log(2n/¢)

3 <

3.3. Let A(6) be the mazimum(minimum) expected node degree and b :=

1/v/3. Assume that % > 2log(22). With probability at least 1 — 3¢, we

have the following bound:

|A—A|l < O(bA), where A = O(nay,) (3.2)

The proof of this theorem and the detailed expression of the upper bound are in

the appendix of this paper.

Remark 3.3. Due to efforts to bound As, the bound here is actually weaker than
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the bound in standard SBM as in Lemma C.1: 1) have some conditions on §; 2)
|A— Al <A % in Lemma C.1 gives a narrower bound. If the A and § of

the same order, the difference will be negligible.

Based on the above spectral bound on ||A — A||, we can use the version Dave-
Kahan’s theorem Lemma 5.1 in Lei and Rinaldo (2013) (attached as Lemma C.2 in
Appendix) to bound the differences of their corresponding eigenvectors. According

the result, the following holds: There is a K x K rotation matriz O such that

X - X0| <

2WIK||A — A 5.3
P— .

According to the algorithm in Section 3.2, we will consider each row of X as a point
in K dimensional space and run k-means on set of points. Let C1,Cy, -+ ,C, (K
distinct ones) denote the corresponding centers for each row in X; and Cy,Cs, -+ ,C,
be the centers for each row in the A, when we run k-means on population version
X. Because the Davis-Kahan’s result above, we expect that C; is closer to C;O than

other population centers.

Definition 3.4 (Mis-clustering). Call node i in the graph is correctly clustered if
there is no j, such that C;O s closer to C; than the center C;O is. Based on this we

define the following mis-clustered set of nodes:
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drn,ea'n.(lil)z(171))2

Theorem 3.5 (Mis-clustering Error Rate). Assume =5 A5

> 2log(22)

L log(2n/¢€) 1
and b= /=5 < 7
positive eigenvalues of A. Let M be defined as in Definition 5.J. Let n; be the size

as wn Theorem 3.2. Let Ay > Ay > -+ > Ag > 0 be the K

of cluster i, and Npmax = Maxi<;<x n; be mazimum cluster size. Then with probability

at least 1 — 3¢, we have

|M| <. K Nmax A2b2 _ COKnmaX A? log(2n/e)

. 3.4
=0 nA% nA% ) (3-4)

Remark 3.6. The mis-cluster rate bound is higher than under SBM by a factor %.

Remark 3.7. (Four-parameter SBM)The four-parameter Stochastic block model
SBM(K, s,p,r) is as follows: K is the number of blocks, s is the number of nodes
within each block, p is the probability of an edge occurring between two nodes from
the same block, and r is the probability of for two nodes from different blocks.

Then dmaz(A1) = dmin(A1) = s(p+ (K —1)). We have A= ZBZT where

p?+(K—1)r? (K—2)r2+2pr
B — p+ p+H(K—-1)r T+ p+(K—1)r

(K —2)r24-2pr P24 (K—1)r?
Tty Pt o Eor

S0 Ax(A) = s(pr—r1) = s(p—r)(1+ ;) = s(p—r)%. Therefore assume

that p,r are constants and allow K to change, we have

M O<log(2n/e) (p+r(K—1))> - O(K2 log(2n/¢)

n s (p—7)22p+ (K —2)r)? n )

with probability > 1 —3e. This result coincides with the result in Qin and Rohe (2013).
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3.5 Simulation & Data Analysis

Simulation

First, we did do simulation study with four parameter-model SBM(K,s,p,r) =
(3,500,0.01,0.004), and SBM(K, s,p,r) = (3,1000,0.005,0.002). The SBM model
is generated from B as defined in remark of Theorem 3.5, TSBM is generated from
two-step procedure. The comparison between SBM and T-SBM are summarized in

the Table 3.1 and in Figure 3.1b: We can see that T-SBM will increase local/global

Table 3.1: Clustering Coefficients in T-SBM v.s. SBM.

Source mean degree | triangles mean(local) global

SBM(500) 17.97(0.19) | 2975.4(148.9) | 0.0123(0.0003) | 0.0123(0.0005)
T-SBM(500) | 18.61(0.35) | 20428.9(589.2) | 0.0837(0.0010) | 0.0922(0.0011)
SBM(1000) 17.98(0.16) | 3012.9(103.1) | 0.0062(0.0002) | 0.0062(0.0002)
T-SBM(1000) | 18.56(0.15) | 38389.8(513.2) | 0.0802(0.0006) | 0.0874(0.0006)

clustering coefficients and number of triangles significantly even when the two models
have the similar edge density (degree). This is especially true when the graph is
sparse.

Let’s take a look at the performance of spectral clustering algorithm on T-SBM.
For A= A; + Ay — A o Ay, in simulation, we can see that it can still do a reasonable
job of clustering when we run spectral clustering on A, which is corresponding to the
observed graph. But the mis-clustering rate is usually higher compared to applying
spectral clustering to the hidden A; directly, even though A; is sparser. This may
indicate that when newly added edges blur the community structure and makes it

more difficult to cluster the nodes. This is actually consistent with the theorem we
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(a) Clusering coeflicients from Blog data (b) Clusering coefficients from T-SBM

Figure 3.1: (a) shows that clustering coefficients from 2004 political blog data Adamic
and Glance (2005) is significantly higher than that in simulated SBM network. (b)
SBM and T-SBM have the similar mean node degree, but T-SBM significantly
improves the local clustering coefficients

proved, the mis-clustering rate converge to zero more slowly.

Political Blog Data

We use SBM and DC-SBM as well as T-SBM to the fit the political blog data Adamic
and Glance (2005). The results are as in Table 3.2. As we can see in figure 3.1b, T-
SBM improves the local clustering coefficients and number of triangles in the network
by doubling or tripling them. This normally should be true, since the edges we
added in the second step in the generating process more likely to create triangles and

increase the local clustering coefficients. This may be also in part due to the fact that
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adding edges will significantly improve the local clustering coefficient. For example,
for a node with degree = 2 and there are no edge between these two neighbors first,
adding one edge between the two neighbors can increase local clustering coefficients
from 0 to 1.

From the table, it seems that DC-SBM works even better in terms of mimicing
the clustering coefficients and number of triangles in the original network. Maybe the
varying degree can contribute a lot more to the number of triangles and cluttering

coefficients. We should try to incorporate both DC-SBM with edge dependence idea.

Table 3.2: Comparisons of transitivity under different models (SBM, DC-SBM, T-SBM).
We fit different models to political blog network and use bootstrapping to do the resampling
to see the sensitivity of each model.

Models mean degree | triangles mean(local) global
Blog data | 27.36 101043 0.3203 0.2259
SBM 27.33(0.21) | 5235.3(137.0) | 0.0344(0.0006) | 0.0344(0.0006)
DC-SBM | 26.82(0.18) | 88073(1796) 0.2175(0.0059) | 0.2221(0.0025)
T-SBM 27.81(0.33) | 11593.9(288.1) | 0.0826(0.0006) | 0.0826(0.0006)

YouTube Data

YouTube is a video-sharing web site that includes a social network. In the YouTube so-
cial network, users form friendship each other and users can create groups which other
users can join. We consider such user-defined groups as ground-truth communities.
This data is provided by Mislove et al. (2007), Yang and Leskovec (2012).
Originally there are 8385 communities, and we only keep those communities
with more than 100 members, leaving us with 133 of such communities. We remove

members that don’t belong to any of these communities and work on the largest
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Table 3.3: Comparisons of transitivity under different models (SBM, DC-SBM, T-SBM).
We fit different models to YouTube network and use bootstrapping to do the resampling to
see the sensitivity of each model.

Models mean degree | triangles mean(local) global
YouTube | 12.47 254349 0.1761 0.0587
SBM 12.46(0.032) | 2976(70) 0.0040(0.0001) | 0.0045(0.0001)

DC-SBM | 12.24(0.029) | 232085(2388) | 0.0697(0.0008) | 0.0617(0.0004)
T-SBM | 12.88(0.086) | 60898(659) | 0.1202(0.0013) | 0.1030(0.0006)

connected component, which in the end has 132 communities, totally 20208 users.
For those users who are in multiple communities, we assign them to one of the
communities they belong to randomly. Based on the true memberships, we fit SBM,
DC-SBM, an approximate TSBM to the data set, and do a bootstrapping to resample
networks based the given parameters to see the properties of these three types of

models. The results are shown in Table 3.3.

3.6 Discussion

We have proposed a modified model based on the traditional Stochastic Block Model
by adding second round of edges with probability proportional to the number of their
shared nodes. In this way, we create the dependence among edges in the graphs
and further high transitivity of the real network and more triangles in the sampled
networks. This indicates that networks sampled under T-SBM can better mimic the
properties of real networks and can server better benchmark model for community
detection algorithms. This paper proves that spectral clustering is not very sensitive

to edge dependence, as long as in the expectation the graph has balanced distinct
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block structure.

There also remain some places to work on in the future.

1. This is a generative model, we think the graph is generated from this process and
want to do some inference about the observed graph. We are using an optimization
package to estimate the block probability, which can be quite expensive when the
number of clusters K is large. We need to find efficient estimation method.

2: In simulation, DC-SBM enjoys even a much bigger improvement of cluster
coefficients compared with both T-SBM and SBM. It seems reasonable to extend our
work and build a Transitive DC-SBM.

3: This model is likely to be extended to adding edges through multiple runs

(currently 2), it will be a very interesting problem to investigate this dynamic process.



Chapter 4

Applying Random Projection to
Detecting Mixed Memberships in

Stochastic Blockmodel
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Abstract

Community detection is a fundamental problem in network analysis. In the past
decade, Researchers from different fields have made a lot of progress by proposing
various statistical networks models and community detection algorithms. It remains
a challenging problem to recover community structure from networks especially those
with overlapping community structure. In this paper, we propose a simple algorithm,
which keeps projecting rows in the leading eigenvectors onto randomly selected
directions and select those achieving extreme values. This algorithm utilizes the
geometric relationships among the spectral representations of mixed nodes and the
pure nodes and use the projection to select those potential pure nodes. Our algorithm
will detect the pure nodes first and then figure out the memberships for the mixed
nodes. Under the sparsity assumption and some other constraint, our algorithm will

be able to estimate the memberships consistently with high probability.
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4.1 Introduction

The Stochastic Block Model is a popular random network model for community
detection. It has many variants including the Degree-Corrected SBM, and many
of them assume that each node belongs to a single block. However, in real-world
networks, each node may belong to multiple communities and the links will reveal
these multiple memberships. For example, in social network, a person may connect
to co-workers, classmates from same school or friends in the same neighborhood etc.
In the past few years, various models and algorithms about detecting overlapping
memberships in networks have been proposed. They can be categorized into the
following groups: Bayesian models and inferences (Airoldi et al. (2008),Gopalan and
Blei (2013)),Tensor methods (Anandkumar et al. (2013)), spectral methods(Zhang
et al. (2014), Mao et al. (2017), Rubin-Delanchy et al. (2017)). Compared with
the other algorithms, spectral methods, which utilizes the spectral properties of
the eigenvectors of the graph matrices, are computationally tractable and easy to
implement.

In this paper, we have proposed a different and simple algorithm utilizing the
eigenvectors of the graphs to estimate the community memberships under the model
proposed by Zhang et al. (2014). Compared with algorithm in Zhang et al. (2014),
where its conditions for consistency very vague and difficult to check, our algorithm
is easy to understand and conditions are easier to check. Also the model used in
this paper is more general than that in Mao et al. (2017) and Rubin-Delanchy et al.
(2017).

The intuition of our methods comes from the fact that for points located within a
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polytope such as a triangle in a plane, the vertex of triangles are more likely to take
biggest or smallest values when those points are projected onto a random direction.
This indicates that we can use iterative projection to select those pure nodes since
in the spectral space, the mixed nodes and pure nodes have similar relationships.
More accurately, as we will see later, mixed nodes are located within the affine space
spanned by pure nodes. We prove the distance of the rows in the eigenvectors of the
population graph and sampled graph and further use this as the tool to show that
our algorithm will be consistent.

The organization of the paper are as follows. In Section 4.2, we present the model
under which the networks with mixed memberships are sampled and the algorithm
we propose to estimate the memberships. In Section 4.3, we analyze the consistency
of a variant version of this algorithm and proved its consistency using the bound we
developed using sample spitting. In Section 4.4, we conclusion this chapter. All the

proofs are provided in the Appendix 4.

4.2 Model & Algorithm

Definition 4.1 (Degree-Corrected SBM). Denote the Network by its adjacency matriz
as G, a symmetric binary matriz with {G;;,1 < j} independent Bernoulli random

variables. Let G = E G. Assume the G has the following strcture:

G=a,0ZPZ"0O.
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Here Z € RN*E js the membership matriz, where each row has a single 1 and
the rest 0; P € [0,1]5%K s the block connectivity matriz; and © € RY*N 4s g

diagonal matriz, with ©; = 0; > 0 as the degree parameter at the node 1.

In this paper, we are tackling multiple membership problems of nodes in a graph,

where rows of Z can have multiple non-zero entries.

Definition 4.2 (Overlapping Continuous Community Assignment Model (OCCAM)
in Zhang et al. (2014).). Graph G is sampled in the same way as described in Definition

4.1 with G having the following structure:

G =a,0ZPZ"0. (4.1)

The only difference from Definition 4.1 is that rows in Z are relazed and satisfies that
| Zilla =1 for 1 <i < N and Z;; > 0. This model is called Overlapping Continuous

Community Assignment Model (OCCAM) in Zhang et al. (2014).

To enforce the identifiability of the model, we propose the following conditions (

same as in Zhang et al. (2014)) on the parameters:
(1) P is positive definite with P;; = 1,1 <i < K; and

(2) Zix > 0| Zilla=1,1=1,2,3,..., N. Additionally, assume that there is at least
one “pure” node in every community, i.e. for each k =1,2,..., K, there exists

at least one 7 such that Z;;, = 1.

(3) The mean of the degree parameters is 1. i.e., £ 3.6, = 1.
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Furthermore, we can represent Assumption (2) as follow.

Z = , (4.2)

where Zp is the membership matrix for the pure nodes, i.e. each row has exact one
non-zero element in the entry; while Zy; is the membership matrix for the mixed
nodes, i.e. each row can have multiple non-zero entries.

The population graph G in (4.1) has the following unique spectral structure.

Lemma 4.3 (Population eigenvectors). Let G = XAX" with Ay > Mg > -+ >

Ak > 0. Then there is orthogonal matriz U € REXX such that

X =02(Z"6*2)Y?U and X* = ZU (4.3)

Proof. Its eigenvectors: X = ©Z(Z702Z)~1/2U, where U comes from the eigen-
decomposition of (Z70%22)/2B(Z76©2Z)"/2. The i-th row of X is X; = 0,Z;V where
V= (zTe?z)" U,

The normalized version is X = | Z;V || 7' Z,V.

This indicates that if node 7 is a pure node, &; = V, and that node 7 is a mixed
node, &; in the cone spanned by the pure nodes and X" is on sphere with pure nodes

as its vertices. ]

Remark 4.4. The geometry among the spectral representations among the pure nodes

and mized nodes can be shown in the following plot Figure 4.1.
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Figure 4.1: Visualization of X*. The endpoint are corresponding to the pure nodes,
while the points in the middle part on the sphere are corresponding to the mixed
nodes

Due to this geometric structure, we propose the following algorith, which find the

extreme points first and then estimate memberships for the mixed nodes.

Eigenvectors+Projection (EigenProjection)
Input: (Given adjacency matrix G, number of clusters K, parameters 6, 7, >

0 to be determined.)
S1 Calculate eigenvectors X of G, X € R™K,
S2 Normalize each row in X.

X,
X o — Y

1] .
V2 X

For those ||X;|| is too small, we can add some constant to the norm of the

vector during the normalization as in Zhang et al. (2014).
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S3 Use random project to deselect mixed nodes while maintain those pure
nodes (for given §,,7, > 0, their exact values will are given in the next
section). for i = 1,2, ..

— generate w € REX1 q; N(0,1). Project each row of Y onto w, we

have Yw. Look at its top 1 — ¢, and bottom ¢,, quantiles.

— combined all the indices, select the indices which appears > N * 7,,,

denoted the set as S, and their corresponding row vectors in X, denoted

as Xg

RKXK

S4 run k- kmeans on Xg, get centers X, € , membership matrix Z g

S5 calculate 25/ = (X\Xq) X!

S6 return Z = [25,25/].

Lemma 4.5 (Uniform mixture). Assume that the non-pure nodes, their corresponding
rows in X* are uniformly or continuously distributed on the sphere, say Dirichlet
distribution. For X* defined as above, adopt the following projection rule: For every
projection, we pick the the indices producing the biggest and smallest values under
each projection. When the number of random projections, N = O(K), is big enough,

we can include all the endpoints among rows of X*. Additionally, they will be the one
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appear very frequently.

times of selecting node i N /(1 + npin) — 0, if i is a mized node;

~ (4.4)

1/K >0, if 1 1s a pure node.

1

Based on the Lemma 4.5, it is easy to see that 6, = %, Tn = 55

the algorithms
can estimate the correct memberships if applied to the population graph G. To make
sure the algorithm will work properly on the sampled graph G, we hope that the
rows in sample X and rows in population X are close. To achieve a good row-wise
bound, we use the sample splitting procedure as in Lyzinski et al. (2013) and Lei and

Zhu (2014) and further we prove that a variant of this algorithm is consistent. We

present these analyses in the following section.

4.3 Consistency of the EigenProjection
Algorithm

Denote the vetex set of G as V. Vy, Vg is a parition of V. Let A, B,C be the
adjacency matrix for the sub-network induced by vertex sets, i.e. A = G|y, xv, and
B = G|y, xvy, C = Gly,xv, are defined in a similar way. After reordering the vertex,

we have the following partition the observed graph and population graph:

T
A BT [ a BT W/ 740
G = and G = —| e (4.5)

B C C OpZp ZpOp

wel]
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Based on A |, the estimate for the leading K eigenvectors of A can obtained, such
that A = XAXT. We want to estimate the corresponding row representation for
node in B using formula: Y = BXA™!. Let U = [XT,YT]|T be the our estimate for

top K eigenvectors of G.

Lemma 4.6 (Population eigenvectors). Let A = XAXT with \y > Xy > -+ >

Mg > 0. Let Y = BXA™'. then the followings results hold: .
1. X = O,42,(Z50%2,) 72U
2.Y =0pZp(Z2 0% Z,)"V2U

Lemma 4.7 (Concetrationon of adjacency matrix in Chung and Radcliffe
(2011)). Let A, A defined as above. Let A denote the mazimum expected degree of
A. Let e > 0 and suppose that for na sufficiently large, A > 5log(2n/e), Then with

probability at least 1 — €, for n sufficently large, we have:

- 2
1A — Alls < 1/4Alog 72 (4.6)
€

Lemma 4.8 (Davis-Kahan Theorem in Lei and Rinaldo (2013)). Assume the
conditions in Lemma /.7, let A has rank K, and Mg is the smallest non-zero singular
values of A. Let X, X € R"*K be the top K eigenvectors of A, A, then there exists

an orthogonal matriz @ € REXE  With probability at least 1 — €

Ix - X0, < 22EIA=Al
< 2RI
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Note that O can be chosen as a block-diagonal matrix with each block correspond-
ing the different eigenvalues of A therefore AO = OA. Especially O will be diagonal

with values 1 when the eigenvalues of A are distinct.

Theorem 4.9 (Sample splitting and Row bound on Y). Let Y = BXA™! and

Y = BXA~!. Assume the following conditions:
i) Assume conditions on A in Lemma /.7, 4.8;

i) Let v := min{\;(A) — \iy1(A) :i=1,2,..., K}, note \gy1 = 0. Assume that

there is c¢g > 0, such that v > conay,; and

iii) Let A have rank = K, and A = XAXT be the full eigen-decomposition. Let

p(X) == 24 max; || X;||3, called coherence in Jianging Fan and Zhong (2016).

Assume that p(X) is bounded.

Then, there exists diagonal matriz O which is a diagonal matriz with values £1, with

probability > 1 — €, the followings results hold:

Klog(2
P <||yZ — ;0| > Con™ /2 M,for all i € B) <e (4.8)
noz
Remark 4.10. The norm of the i-th row in Y
171l = 1105):(Z5)i(250324) 72Ul = O(n~7?) (4.9)

So we have ||y; — yil| < rollwill, where r, = 0(,/%3”/6) This is a concentration

result when r, = o(1).
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Remark 4.11. From the results above, we can see rows in XO and Y are from an
affine space spanned by the same verteves, V = (Z5Z,)"V2UO. Our results is new
in terms that this provides a row wise bound for the rows in'Y and rows in 'Y, which
will facilitate the derivation of our main theorem and may be of independent interest.

Our focus will to recover V from'Y based on realized graph.

Remark 4.12. Row bounds for X. If we change substitute B by A, we have a
row-wise bound for || X; — X;||o as well, which is of order —W. This result is
better than that obtained directly using Davis-Kahan and coincides with the result
in Lyzinski et al. (2013). Unfortunately, we cannot put X and Y calculated in this
way together and learn the pure nodes at once. Because they may have two different

rotation matrices.

Algorithm

This algorithm incorporating the sample splitting and learns the overlapping mem-

bership from the network.

Splitting + Projection + Clustering (SPC)

Input: (Given graph G = (V, E), number of clusters K, parameters A)
S0 Divide the nodes set V' into two equal parts randomly, denoted as V4, V.
S1 Calculate eigenvectors X of A = G|y, xv,-

S2 Calculate the corresponding representation for Vg, by Y = D;l/ BXAL.
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S3 Let F' = [X,Y], then normalize each row in F. For those ||F;|| too small,
we either throw it away, or use regularization by adding a small constant

before normalization.

S4 Use random project to de-select mixed nodes; (Need to determine 0 <
On,Tn < 1, their meanings are given in later sections), for i = 1,2,.., N =

O(K) :

— Generate w € RE*1 ), b N(0,1). Project each row of X onto w, we

have y = Xw. Look at its top 1 — 9,, and bottom §,, quantiles.

— Combined all the indices, select the indices which appear more than
% times, denoted the set as .S, and their corresponding row vectors

in X, denoted as Xg

S5 Run k- kmeans on Yy, and denote the centers as Y, € RE*X_ membership

matrix Z g .
S6 Solve for Z such that |F'— ZY.||F is minimized.

S7 Similarly, we re-run S1- 6, and have Zg = (F\Ys)Y, !. Let Z = [Zs, Zs/]

and output.

For the algorithm above, we have the following consistency result.

Theorem 4.13 (Main result : K-means combined with Random Projection). Let

Y € R™K be defined as above and Y* is the row normalized version of Y. Use
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the following projection procedure to select a set of potential pure points: For k =

1,2,...,N, generate a random direction dj, € RE, Let
Se={ieB:dly > (1~ )maxdk yr or diyf < (1+e,) mlndkyl} (4.10)

where €, = 2x1,, and r, = O(4/ KQlongT%/G) Let S = UN_| Sk, allowing for duplicates.
Count the frequency, keep those points with frequency greater than N/3K and Denote

the final set of index S. Then we will have the following conclusions:

1. S contains O(n) of pure points while at most O(nr,) mized points

2. Run the k-means algorithm on Ys to discover the centers, denoted as vy, vs, .., V.
Estimate for the membership nodes in A, B, Z\A = XV, Z\B =YV~ Let
7 =[ZY. Z0T. Then

—=12" - Zlr = O %) (4.11)

Remark 4.14. The sparsity condition required for consistency, which is na? =
w(logn), stronger than that in Zhang et al. (2014). But we don’t put the condition
that the proportion of pure nodes is not decreasing to 0. For our model method to

work, we only requires there existence of pure nodes for each cluster.



101
4.4 Conclusion

In this paper, we propose a novel and simple algorithm to estimate the mixed
memberships under the model proposed in Zhang et al. (2014). This algorithms keeps
projecting the rows of the eigenvectors of adjacency matrix onto random sampled
directions and select those rows produced biggest /smallest values in the projection.
This simple strategy serves to down sample the mixed nodes and upsample the pure
nodes. K-means can estimate spectral representations of pure nodes from the selected
rows easily and then estimate the memberships for mixed nodes. We proved that this
algorithm can estimate the memberships consistency given mean expected degree
grows at the rate of square root of n.

We believe that our algorithm will be consistent under sparser graph. We can
achieve this by adapting the new bound developed in Mao et al. (2017). Also, we
may refine our results by obtaining a bound on number of projects. This will give a

better guide in practice.
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Appendix A

Appendix for Chapter 1

Proof of Proposition 1.6 We revised the proof of Theorem 1.2 in Deijfen and Kets

(2009) for traditional random intersection to address our model.

Lemma A.1. Let V = {1,2,--- ,n} be the set of vertices and W = {ay,as,- -+ ,an}
be the set of attributes. Forp, € [0, 1], vertices in V' have every attribute independently
with probability p,. Let E;; be the event that two vertices 1, j share at least one common
attribute. For three distinct vertices i,j,k € V., denote by E;;, the event that there
is at least one attribute that is shared by vertices i, j, k. Write E;; 1 jx for the event
that there are at least 3 distinct attributes shared by ¢ and j, v and k, and j and k
respectively. Similarly, the event that there are two distinct attributes shared by vertices
i and k, and j and k respectively is denoted as Ej . Assume that mpf}/z = o(1).

Then for any three distinct vertices v, 7,k € V', we have
(a) P(Ey) =1—(1—p;)™ =mp, + O(m?p})

(b) P(Eijir k) = m*pS +O(m*p)
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(¢) P(Ey, i) = m*py + O(m*pf)

(d) P(EijiEi i) = m*p) + O(m’p})

Proof. Under the assumption that mpi/ 2 = o(1), we have mp? < mpi/ 2 =

o(1),Ya > 3/2.

As for (a), P(Eyy) = 1— (1 —p3)™ = mp2 + O(m?pb).

To prove (b), note that the probability that there is exactly one attribute that is
shared by both i and j is mp? (1 —p2)™ 1 = mp? + O(m?p!). Given i and j share one
attribute, the probability that ¢ and k£ share exactly one of the other m — 1 attribute
is (m—1)p2(1—p2)™ 2 = mp2 + O(m?p?). Finally, conditional probability that there
is a third group to which j and k belong given that i, j and ¢, k share one attribute is
that 1 — (1 —p2)™ 2 = mp2 + O(m?p}). Combining these estimates, and noting that
scenarios in which ¢, j or 7, k share more than one attribute have negligible probability

in comparison. We get that

P(Ejj ik ji) = m°ps + O(m*pl)

Part(c) can be derived analogously to Part (b).

As for (d), note that the event Ej; E jr occurs when there is at least one attribute
that is shared by all three vertices i, j, k and a second group shared by either ¢, k or 7, k.
Denote by r the probability that vertex k and at least one of the vertices 7 and j belong
to a fixed group. Then r = p,(2p, — p2). Conditional on that there is exactly one
attribute shared by i, 7, k (the probability of this is mp2 (1—p3 )™t = mp3 +0(m?*p?)),

the probability that there is at least one other attribute that is shared either by i, &
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or j,kis1— (1 —r)"t =mr+ O(m?r?). Tt follows that
(Eijn B i) = (mpj, + O(m’py)) (mr + O(m?r?)) = m*p* + O(m’p;)

This finishes the proof of the Lemma A.1. B

The conditional probability can be represented below.

Py = 1Ay =1, Ay =1) = PAs=LAu=LAx=1 _ PAEy, B, i)
ij i » 43 P(Azk = ]-,A]k = ].) P(E’Lk7 E]k)qg
P(Eiji U Eij
(B U Bijingr) (A.1)
P(Eijx U Eijr)

lower bound:

P(Eije U Eijirge) P(Eir)
P(Eijx U Eirjr)  —  P(Eijr) + P(Ei i)
mp, + O(m*p})
mp;, + O(m?p})) + m?p;, + O(m?p})
1+ O(mp?) 1

- 1+ mp,(1+O0(mp?)) 1 —i—mpn(1 +o(l))  (A2)

upper bound:

P(Eyjk U Eyjingr) P(Eijx) + P(Eijr i)
P(Eijr U Egjr)  —  P(Eyk) + P(Eiji) — P(EijpEijr)
mp, + O(m?p},) + m’p,, + O(m'p,)
mp;, + O(m?py) + m?p;, + O(m?p}) — (m?p}, + O(m?py))
1+ m?p2 + O(mp?)

1
_ n - 1 1 A3
L+ mp, +mp2 + O(m?p3) 1—|—mpn( +o(1)) (A-3)

The last equality is due to the assumption that mpi/ 2= o(1).
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Combining the two bounds above gives us that

P(Ay =1Aw =1, A = 1) = 171 + (1) (A4)

We finish the proof.l

Appendix for Section 1.4

Lemma A.2 (Concentration on Bipartite Graph H). Let N = m +n and A be
the mazimum degree of H, that is A = max{max; ) 7" H;;, max; Y, Hi;}. Fora

given € > 0, assume that A > 51og(2N/e), then

|H —H| < +/4Alog(2N/e) (A.5)
Proof of Lemma A.2: Proof: Define the symmetrized version of H and H as
follow:
- 0 HT . 0 H'
H= ,H =
H 0 H O

Note the maximum expected degree of H is A, Lemma A.13 gives the following result.
IH — H|| < /AAlog(2N/e). (A.6)
For ||lz|| =1, |lyl| =1,

SH -y = Sl - ]



106
1 -~
< Sl yOIPIH = #H] < /4Alog(2N/e). (A.7)

Therefore, ||H — H|| < \/4Alog(2N/¢), which completes the proof. B

Lemma A.3 (Bound on element-wise product). Given a matriz A € R™" u,v €

R™1 then
[A - uv” ||z < tmaxVmax||All2, (A.8)

where Umax = Max; |U;|, Vmax = max; |v;].

Proof of Lemma A.3:

|A-wl|, = max e (A )y = max Ajjuvizy;

zy:el|=1,[ly[=1 zy:l|=1,[ly[=1

= max  (diag(u)z)’ A(diag(v)y)
z.y:||z[[=L.[ly[=1

< max Al [diag(u)|l|z]| [diag(v) ][]
z:llall =L lyll=1

= umaxvmaxHAHZ-

Here diag(v) denotes the diagonal matrix with diag(v);; = v;.

Lemma A.4 (Effect of Truncation). Assume that H € {0, 1}™*™ is sampled from
probability matriv H = p,©ZMYTT as in (1.9). Assume for a given ¢ > 0,
sufficiently large n, that (i) the minimum row degree 6, > 12log(16n/e) and (ii)

Max|rj—on, Yopes Mk < 1 and (i) Ay maxjr—on, Y25y D e Hip < 2log(8n/e). Then
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the following holds with probability at least 1 — €/4,
|HH" — t(HH")|| < 4A11og(8n/e). (A.9)

Proof of Lemma A.4: Since HHT —t(HH?') is a symmetric nonnegative matrix,

we have
T T T T _ gT _ gT
T~ (A < [HHT = o) = e S (] = (]
]:

For a fixed 1, let d; = Z;n:l H;; denote row degree of bipartite graph H, and
ti=>, j Hi; denote the row degree of the population bipartite graph H. we will show
that d; will concentrate around t;. We can apply one-sided concentration inequality

on sum of independent Bernoulli variables, and have

b2¢2

P(d; —t; > bt;) < e_Q(tﬁthi/s*), for any b > 0. (A.10)
b2e2
Let b= \/w < 1, we have e 3% < ¢/(8n). That is,
€
Pl <2t)>1— —. A1l
(A <20) > 1- < (A1)

Let row vectors H;, H; € R'™™™ be the i-th row of H and H respectively. Let
X;=H;H,j#1i,and Y; = X; — t(Xj). Let I = {k € [m] : Hy, = 1} and |I| = u.
Conditional on the set I, > ., (X; —t(X;)) is a summand of n—1 independent random

variables. The Bernstein concentration inequality for sum of bounded independent



variables has the following expression:

where |Y;| < M =w and v* =)

v =
<
<

where n;

P(ZYj—EZYj>)\

J#i j#i

i Var(Y;). Furthermore

S Var(yy) < 3B =Y E(X; - (X))

J#i J#i J#i

> AEIX;)) = 2E[X; £(X))] + E[t(X;)*]}

j#i

SID M+ > MM —2 Hy+1- (1= M)
j#i kel k£k! kel kel

Z[Z HixHiw —nj + (n; — Z HiH i + Z HiHjw Hjpr + -+ -

j#£t kK k<K' k<k'<k"
LIS SIEED SITERED W ATED
J#i J#i J#i JFi

(ii) holds. For u > 0, let

ﬁllaXZZH

j=1 kel

It is easy to see that v, is an increasing function of w.

21 S 2 M = b

=i kel

S R
I) <e 20*+Mx/3) - for any A > 0.
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(A.12)

)]

= Zke ; Hji. This comes from the fact n; <1 when u < 2¢; and assumption

(A.13)

(A.14)

Let A = 4/3ulog(8n/¢), we have v* < uth, < uX/3 when u < 2t; and assumption (iii)
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holds. Then

n D G A2
I < e 200%+ur/3) < e dur/3

__(4/3ulog(8n/e))? €
< e 1BuABulogEn/a < ™ (A.15)
n

= > [B(X;) —Ee(X;)] =Y (= [1 =] [(1 = Hn)])
i#i i#i kel

< > 243+
i#i

< ) < v (A.16)
i#i

So combing the two inequality above gives

4 8
P <ZYJ > Uy, + §ulog?n
J#i

€
I < — A7
) — 8n ( )
Since Y; = X; — t(X;) = u — 1, we have, for any u < 2t;

g 4 8
P(ZYJ >u+u¢u+§ulog?n

J=1

7] = u> < 8% (A.18)

Therefore, for 7, under the assumption that (i) ¢; > d; > 3log(8n/e), (ii) and (iii), we
combine result in (A.11) and (A.18) to get the unconditional probability,
- 8 8
P (Z[HiHjT — t(HHT)] > 2t + 2t0boy, + =t log —”) < £ 1< € (A19)
€

3 — 8 8n T 4n

j=1
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Furthermore, under the assumptions (i), (ii) and (iii), the union bound gives us that

for all 7’s,

P <maxZ[HiHjT —t(H;H])] > Ay(2+ 4A100n, + glog %”)) <e/4 (A.20)

=1

Since under assumption (iii), we have Ayhoa, < 2log(8n/e). Therefore, for sufficiently

large n, we have with probability at least 1 — €/4,

max zn:[HiHjT —t(H;H])] < 4A11og(8n/e). (A.21)

i=1

Proof of Theorem 1.14. First, we will bound the following term in the second term

above,
|t(HH") — HH|| < ||[t(HH") — HHT|| + ||[HH" — HH|| (A.22)

Under Assumption (2), Lemma A.2 gives with probability > 1 — ¢/4

|H —H|| < +/4max{A;, Ay} log(8N/e). (A.23)

Also, we have

IHI < VIR < VAL, (A.24)
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Therefore, with probability at least 1 — /4, we have

IHH" = HH| = |[HHE" —HE"|| + |[HH" = HH|| = [H = H[ | Z"]| + |H] [ H" = H]|
< 20H —H[H" | +1H - H|?
< 4y/max{A;, Ay} log(8N/e) /A1 Ay 4+ 4max{A;, Ay} log(8N/e) (A.25)

Furthermore, combining result from Lemma A.4 and results above, we have with

probability 1 — €/2,

Ie(HHE") = HH| = |HH" —HH| +|[t(HH") — HH"||
< 4y/max{A, A;}1og(8N/€) /A1 Ay + 4max{A;, Ay} log(8N/e)

+4A log(8n/e)
log(8N/e) 4log(8N/e)  4log(8n/e)
= A1Aq (44— .
IIlll’l{Al, AQ} mm{Al, AQ} AQ
log(8N/e)
< —_— A2
- 6A1A2 min{Al,AQ} ( 6)

Under the assumption that min{A, Ay} > 16log(8N/¢), we have 4,/ % <1

Finally we note the fact that

ZBZ" = Y BuZ.Z;

s,t€[K]

where Z.,, Z; € {0,1}"*! are the s-th, -th columns of Z. Lemma A.3 implies that

14-¢.ZBZ" s < 4.3 BulAll < gk A]. (A.27)
s,t
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If the off-diagonal of B are the same, say equal to 0 < p < 1 and min; B;; > p, then
B = pJix + (B — pJg). (B — pJk) is block-diagonal and ||A - Z(B — pJg)ZT| <
(1—p)||4]]. Combinding with ||A-Z(pJx)ZT|| < p||A||, we have that ||A-q,ZBZT ||, <
0l All-

Substituting A with t(HHT) — HH and combining (A.26), we have with probability

at least 1 —€/2,

|Ax — A < 6K2q,/ A1 Agy/max{A;, Ay} log(8N/e). (A.28)

If the off-diagonal of B are the same, say equal to 0 < p < 1 and min; B;; > p, the

K? term can be removed. This completes the proof. B O

Lemma A.5. Assume that the assumptions (1) - (3) in Theorem 1.1/ hold. Then

we have that with probability 1 — €/4,
dmaX(AH) S 3A1A2qn. (A29)

Proof of Lemma A.5:

Next, we will prove the upper bound with the similar technique as used in the
proof of Lemma A.4. First, for a given i, let d; = Zj H;; and t; = Zj Hij. We
will show that d; will concentrate around ¢;. We can apply one-sided concentration

inequality on sum of independent Bernoulli variables, and have

b2¢2

P(|d; — t;] > bt;) < 227075 | for any b > 0. (A.30)
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b2t2

Let b = M then b < 1/2 since t; > &; > 12log(16n/€), we have 2¢~ % <

¢/(8n). That is,

P(t;)2 <di < 2t;)>1— 8i. (A.31)
n

Second, let Y; & HiHjT, where H;, H; € {0,1}'*™ are the i-th and j-th rows in
the H. I ={k € [m]: Hy, = 1} and |I| = u. Conditional on I, 3, ;Yj is a summand
of n — 1 independent variables. The Bernstein concentration for sum of bounded

independent variables has the following expression:

(ZY EY V> )

J#i J#i

AQ
) e 2007+Ma/3) - for any A > 0. (A.32)

where |Y;| < M =u and

2 = ZV&T ZZHW‘? (1 —Hi)

JF#i j#i kel
< ZZH]k < ZZH]k < uly,
j#i kel kel j#i

where Ay = max; Y, H

P <ZYJ —E) Y > /4ulylog(8n/e)
J#i J#i
2 )\2

— )\ —
e 2w2+ur/3) < g 2(uldyFul/3)

IN

[>
A2

< @ TR (A.33)
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Find A through finding the solution Wj?t‘k/i’)) = log(8n/e). We the positive

solution

4t;/31og(8n/€) + /(4t;/3log(8n/€))? + 16t; Az log(8n/e)
2
< 4/3t;log(8n/€) 4+ 24/t; A log(8n/€)

A =

From (A.32), we have

E I

Y

JF

— Z Z’ij < ul\, (A.34)

kel j#i

So combing the two inequality above gives that when u < 2t;,

P (Z Y; > uly + 4/3t;1og(8n/€) + 21/t; Az log(8n/¢)
JFi

1) < é (A.35)

Since Y; = X; — t(X;) = u — 1, we have

P (Z Y; > u+ ulg +4/3t;log(8n/e) 4+ 24/t; Az log(8n/€)

j=1

[) < é (A.36)

Therefore, for a fixed 4, if t; > 3log(8n/e€), we combine result in (A.31) and (A.36) to

get the unconditional probability,

j=1

Furthermore, if i) 6; > 121log(16n/¢) the equation above will holds for every i. Using
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the union bound to get bound universal to all i’s at the same time,

P (maxz HiH]T > 201 + 2A1 Ay + 4/3A log(8n/e) + 24/ A1 A, 10g(8n/e)> < ¢(A.38)

Jj=1

Additionally, we have 2A; + 4/3A; log(8n/e€) + 24/A1Azlog(8n/e) < A;A, from
assumption that min{A;, Ay} > 16log(8n/¢) in Assumption (3). Thus we have, with

probability at least 1 — €/4, that

> HH] <3M1A, Vi, (A.39)
=1
max Z(AH)M = maXZ t(HZ-HJT)anZZ.Zj < qp maxz HiHjT < 3¢, A1 A,
Jj=1 J J
(A.40)

We complete the proof. B

Proof of Theorem 1.17: Lemma A.13 gives

Pr <||A _ Ayl > \/ dmas{dme(An), g log(8N/e)} log (8N /e)

H) < /4 (AAL)

Lemma A.5 above states that, under Assumption (4) that 3A;1Axq, > 5log(8n/e),

we have

Pr <||A — Al > V122, Agg, 10g(8N/e)> < e/2 (A.42)

Combining results in Theorem 1.14 and Equation (A.42) we have with probability
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1—¢,

A=Al < | Ag = Al + [[A— Aul

< 6K2qn /A1 Agy/max{A1, Ay} log(8N/€) + /12 A1 Ay, log(2N/€)

Here we finish the proof. B [

Lemma A.6. For two positive semidefinite matrices A, B € R™? we have A - B is

positive semidefinite.

Lemma A.7. For two non-zero vectors u,v of the same dimension, we have

U v ||u — vl|
I — gl <2
full v

([, [o]) (4.43)

Proof of Theorem 1.18. Use Davis-Kahan’s lemma, we have that there exists a K x K

orthonormal matrix O such that

2V2K
Ak

X = XO|r < A=Al (A.44)

Applying Lemma A.7 gives us that

IX" =03 = Y 1% - Xl
i=1

4 4
< Y SIN-XB < SIX X (A45)

i=1
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Therefore, we have

42K
’l“)\K

[ X* = X"Ol|r < A — Al (A.46)

Proof of Theorem 1.20. Recall the eigen-structure of A,

X =0z(Z"e*2)"?U, and X* = ZU. (A.47)

So the i-row of X, X, = \/%Uz“ and the i-th row of X*, X = U,,.

Based on the Theorem 1.18, we have

32K||A — AJ?

| X* — X" 0|7 <
F r2A%.

(A.48)

Let U = {i: ||c; — Z,UO| > \%} Since U is an orthonormal matrix, the two distinct
rows in U will have distance equal to v/2. If node 7 is mis-clustered, i.e. i € M, then

e = Z,UO|| > \/iﬁ Therefore, M C U.

MW 1S i 2
n = n = n Z 1({i:||ci—ZiU0||z% ) = " Z lci = ZUO||5 % 2
=1 itllei=ZiUO|2 5
1 < 1, ~ . .
< n Z lei = ZUO|3 %2 = EHC — X*0|} %2, Ce R  with C; = ¢
=1
40A_ x - 8 s .
< —(IC - X0} + X" - X*O|Ip) < —| X" = X0l (%)
_ 2
< 256K ||A — Al (4)

2)2
nri\y
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256K 1 ?
o N (6[§ 200 VAL A/ max{A1, Ay} log(8N/e) + /12 A Aog, 10g(2N/€>>
K 1
< v (K*q2 A1 Ay max{A;, Ay} log(8N/e) + A1 Ay, log(2N/e)) (A.49)

The inequality in (¥) above comes from that both C' and X* has K distinct rows and

C assumed to be the global minimizer of the following k-mean problem.

C = argmin 1X* — M|% (A.50)

MeR»*K M has K distinct rows

The inequality in (**) comes from the Theorem 1.17. So we complete the proof.

| ]

Proof of Corollary 1.22. Under this simplified case, A = ZBZT with B as follows:

B = mpq, . . (A.51)

where a = % + £2n? and b = (21 + £2n*)p. The eigenvalues of A are the
B.

same as those of (Z7Z)2B(Z7Z)'/? = & B. Through some computation, we have

A = mnpiqn(%a + %b) and g = A3 = -+ = \g = %ﬁq”(a —b). Also we have
A = npn(% + %n),Ag = mpn(% + %n),nrz = K. With probability at least

1 — ¢, we have

M <K2 log(16N/c) | K log(16N/€)) (A.52)

n min{m,n} p, mnpqy
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where ¢; is a constant depend on 7, p, and ¢ in (1.18). W

Some Lemmas

Lemma A.8 (Davis-Kahan lemma, Lemma 5.1 from Lei and Rinaldo (2013)). Assume
that A and A are symmetric. Let the rank of A be K and Ak be the K-th leading
singular value of A. Let X, X € R™X be the matrices with the leading K singular
vectors of A and A as the columns. Then there exists a K x K orthonormal matriz

O such that
V2K

X - X0l < =
K

A = A (A.53)

Lemma A.9 (Chung’ theorem 8). Suppose X; are independent random variables,

satisfying X, < M, i =1,2,...---n. Let X =Y " X; and | X|| = /> E(X?).
Then we have

A2

P(X > EX + )\) < e 2XP+303/3)

Lemma A.10 (Chung’ theorem 9). Suppose X; are independent random variables,

satisfying X; > =M, i=1,2,...---n. Let X =>"" X, and | X|| = /> E(X?).
Then we have

A2

P(X < EX —\) < ¢ 2xP0/5

Lemma A.11 (Chung’ theorem 8, 9). Suppose X; are independent random variables,

satisfying | X;| < M, i=1,2,...---n. Let X =" | X; and | X|| = /> E(X?).

Then we have

2
P(X — EX| > \) < 2¢ 20xPwm
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Assume that | X||* > 5log(2n/e). Let X = /4[| X|]?log(2n/e). Then,

P(IX — EX| > /4] X|P log(2n/e)) <

S|

Lemma A.12 (Matrix Concentration, see Theorem 5 in Chung and Radcliffe (2011)).
Let X1, X, ... X,, be independent random N x N Hermitian matrices. Assume

that || X; — E(X;)|| < M for all i, and v* = |lvar(} 1", Xi)||. For a >0, we have
P X, —E X; < 2N — . A.54
Y%~ BY X > 0) < 2Vew (g (A54)

Based on this lemma, it is easy to derive the following result on random graphs

as in Chung and Radcliffe (2011).

Lemma A.13 (Concentration on Random Graphs). Let {4;;,0 < i < j < n} be
independent Bernoulli random variables with success probability p;; and Aj; = A;j, 5 >
1;A;; =0,i=j. Let A = max; Zj pi; be the highest expected degree. If A > Zglog %,

the following holds with probability > 1 — e,

|A—BA| < /48 10g 2 (A.55)
€

Even if A < %log %, we have with probability > 1 — e,

4 2N
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Let A" = max{A, § log 2N} we always have, with probability > 1 —,

|A - EA| < \/4A’logﬂ (A.57)
€
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Appendix B

Appendix for Chapter 2

EM algorithm under SBM

The log likelihood is:

—~ n ~ = WziN()?i; Mz, En,zi)
UamlX) = D log ) moV (X pia, Tos) = 3 log ) L alz) ===
i=1 z i=1 z n

= 7TZ~N )?17 zmznzi
S5 gi(ei) log T 1K s B (B.1)
qz(zz)

v

=1 z;
As in (2.16),

n K

Z Z wi log WkN()?i; ks En,k)

w.
i=1 k=1 ik

O
1>

n K

K 1
= ) > wa (103;7% — - log(2m) — S log([Xnl)

i=1 k=1

1 .
—§(Xz' — i) S (X — ) — log wik) (B.2)
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Here wy, = ¢i(k), k =1,2,--- | K with Zszl w;, = 1 are the intermediate variables.
EM algorithm for the original likelihood is equivalent to the coordinate ascent
algorithm for J w.r.t to (wi) and (ug, 7).

It is easy to tell that, given (7, 1), we will have following update:
Wik = P(ZZ = k|an7 7T7/“L) (BS)
In terms of computation, for i =1,2,--- ,n,

_1 1 s PN
Wik 4 | Xy k]2 exp <—§(Xz‘—ﬂk)2n}g(Xi—#k));
Wik

m, k:1,2,--«,K. (B4)
k=1 "

Wik <
Add a Lagrange multiplier for the constraint that Zszl 7, = 1 and take derivative

w.r.t. m,. We have the update for m; as follows:
S R R (B.5)
T — Wik, = Ly4,0y . .
B 2 k

The dependence relationship among ¥, and puy is quite complicated. For simplifi-

cation, assume that X, ;, is free of i, when taking derivative of @ w.r.t. fu.

oQ

8_,Uk = Z’wlk(zﬁg)?z ) =0 =

iz Wik B.6
p— > i1 Wik (B.6)

This should be a consistent estimator when the w;; are accurate since they are

essentially sample means.
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We will maintain the dependence by computing ¥, , using the updated p;, and

then use this to determine the posterior probabilities, i.e., w;,’s. That is,

1. _
Yok EA ! (Z m(u?w)wuf) A7 where A = Zﬂjuj,ujr. (B.7)
J J
Here we finish the derivation for Algorithm in Section 3.2.

The derivation for variational MLE for random degree

Recall the objective function expressed in (?77). We have

Q(av, B, wi, A,y m) - = —n(Alog(A) —log I'(A)) + (A — 1)(¢(ai) — log(5;)) Z—

—l—ZZwm logm, — — Z —log(5:))

zlkl
n

——Zzwmlogmnky —~ 12 b XT szkznkx

zlkl

+Zzwzkx Enk:uk_ Z szkﬂk nkﬂk

=1 k=1

n

n Z[O"' —log(;) +log(D(e)) + (1 — a)wh(ew)]

- Z Z w;, log wyy,. (B.8)

We use the coordinate accent algorithm to update (o, f;, w;)?, and (A, p, 7). For

simplification and reduced overfitting we assume «;’s are given (default is set to 2).
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aQ 1 & ey 1K 1 1 - e
B; ol +2k:1Wkuk n’kﬂk)ﬁg—i—(z )5i 2(a; — 1) k:lwk "
1

= G

B; + \/B? + 4A,C;
: : B.9
« o (B.9)

where A; = m)?l Zszl wikZ;i)A(i, B;, = (%—)\) and C; = ozi()\+% 25:1 wik;sz;iuk).
A;, C; will be positive and B; will be positive only when A < %

For w;y, and for a fixed ¢, to maximize the following quantity over w; = [w;1, -+ , w;ik],

_1 . s 1S s _ . —
k| Sk T2 exp(— 32 XN X+ XiS e — 35S k)

zk: wg, log Wi

we will set

Bi
Ozl-—l

1o,
— ST ). B.10

1 N PO
Wi X 7Tk’|zn,k|_% eXP(—§ XiZZ,}CXi + Xizﬁ,}g#k -

Here comes the the algorithm: E-step: given (A, m, u), update (5;, w;). For

simplicity, we assume that «; > 1 is a given constant, say 2).
K
Ai = /—=X sz’kE;}CXz‘, Bi= (- — )

K
1 _
Ci = ailA+3 gl Wik, Sy k)
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B; + /B? + 4A,C;

R
Z 2A;
. 1 B = s o 1y
i YoklT2 e XX+ XS e — ==t .
Wik 7Tk| ,k| Xp( 2, — 1 nk i T n,ktk 251"[% n,kHEk
- Wik

Wik =K

Ek:lwik

Similarly, given (f;, w;)", , we will update (\, 7, ).

o= (10@ - %) + 2 (a) ~log(B) - gg— = 0. (B.11)

One way is to update A by solving this non-linear eqution of A. Alternatively, use the

fact that Var(6;) = 5 and E(6;|a;, 5;) = 3, we use this updating procedure:
Al li(%)2 _ (li%)% (B.12)
n Bi n Bi

i=1

The update for m, uy are the similar to those in SBM.

T < — ;
n
TL (2 X’L
o i (B.13)
2 i1 Wik
Update X, by using the following formula as in the CLT result:
1
Yok = —ATEX XT (1) X1)]AT, where A = E(X; X7{). (B.14)
n

One approach is to update 33, ;, by substituting the population quantities above
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with their sample versions:
A_ln v.xT T/, T _l Y. xXT(,Tx.
—SSORKRT, EXXT(EX)) = = SORRTGER). (B15)
e i

Another approach is to represent (B.14) in terms of the (A, s, ) and then plug in

the estimates. That is,
A=y mppt, BT (X)) = > (] )] - (B.16)
k J

where ¢, = Ef? = 2 43 = Ef® = w, since 0 ~ Gamma(\, \). Updates in

(B.16) is preferred due to computation efficiency.

The derivations for eMLE for fixed degree

the probability to observe X and the latent variables {zi,i = 1,2,--- ;n} can be

written as follows.

P(X,2|0,p,7) = [[N(Xii0ipse,, 0:30.z,) P(2)

1=1

= L7 2m) 5163, 2T St TR Xt (g )
=1

_1
2e

The probability to observe X is (integrating over hidden variables z;):

n K

P(X10,p.7) = []D_ N (X Ospar, 0: ) (B.18)

i=1 k=1
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Let W = (w;), and

n

L@ W) = 3

i=1 k=1

K A~
P(X;|0;p, 0,3,
wi log ™ (X |03 )
Wik

n K
.0, 1,5,
= ZZ <wik log {7Tk (27r)—K/2|9i2n7k|—%€f%gi(Xz Ouu) TS (X 91%)}

i=1 k=1
—wi log wgy,)
" K K 1 1 -
— Z szk[log T — 3 log 92 — 5 log |En,k| — 2—02(XZ
=1 k=1
R n K
—0up1)" S L (Xi = Oipe)] = YD wiglog wy, + C (B.19)
i=1 k=1

For m;. Add the constraint ), m, = 1 to the objective with a Lagrange multiplier.

Taking derivative w.r.t. m; and setting the result to 0.

1
7Tk=—§ Wik
n =

(A

This is the same as in (2.40).
For py,. Taking derivative w.r.t. py and setting the result to 0 (here for simplicity,

assuming ¥, ;, is free of pu):

> wi S, L (X — Oypar) = 0. (B.20)
=1

_ 2 wikX

Therefore p, = S5+ as in (2.40) in the algorithm. Since we enforce identifiability
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through putting constraints on p, we can standardize the norm of the above estimate.
g
el

Note, the optimization here is not exact 1) not X, ; is assumed to be free of py; The
optimization with constraint is addressed by solving the non-constraint first and then
projecting back to the unit sphere.

For 6;. We only keep the term related to #; and have

1 & K
L; = b Z: wikﬂ;‘gpz;}cﬂkei Y log 0;
1 e~

131-) e (B.21)

— (A0 4 Klog
2( .0+ og@z—i—ei

where A; = Zle wikuZZ;}guk, B =3, wzk)?ZTE;}Q)?z
Taking derivative w.r.t. ; gives that —%(Ai + K % - B; 92) 0. Therefore, the

stationary point is

~K + VK? T 44, B;
24,

0, = (B.22)

For 3, ;. Taking derivative w.r.t. E;}C and setting the result to 0 (here for

simplicity, assuming 3, j is free of py):

n 1 ~ ~
E Wik [Bn e — J(Xi — Gpu) (Xi — Oipu) "] = 0. (B.23)
—1 i
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Therefore N N
- > Wing (X — O ) (Xi — Opur)™
En,k < -

> Wik

This is the formula in (2.37).
From the CLT result,

1
Yok = ﬁAflE[XlxlT (ui X1))A™

Alternative update for X, ; is to plug p, into expression of 3, , above and substitute

the quantity by their sample versions.
1A—1 1 v vT(, T A-1
Yok —AT = Xi X (up X5)|A (B.24)
n n

where A1 = ED X; X7

In the original parameters, A and E[X; X7 (1] X1)] can be represented in terms
of p,0, 7. Thus we can arrive at another more efficient estimate for ¥, . Al =
S e UnTkpipt , where vy = 32 02 BIX X (ud X0)] = 350 dwrm e i (1 )
where ¢ = >, ., 67.

Therefore, we have
N—1 T, T A-1
Zn,k’ — A (Z ¢k/7rk’,uk/luk’ (,uk Mk’)) A (B25)
k/

Proof for the Proposition 2.19:
Proof : There are two common approaches to get the MLE for parameters of this

model.
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( Restricted MLE):The log-likelihood with Lagrange term for constraint ||| = 1

1S :

~ 1 - B nk
W 260%) = =) or (X = i) TS7H(Xo — Oipr) — Zloge 5 log 2] — Z~ log(2)
0
o= 1) (B.26)

Taking derivative w.r.t. u, >, 6; respectively and setting them to zeros, we have:

~ 013
i = ZG[K—éZ ZX HIK—EE) 'X, (B.27)

(usmg search algorlthm to find the ds.t. 1" i = 1)

a 1 ( i 9@:“)( - 0%#’)

Yy = = B.2
~ —~K ++VK?2+4B;A

0; = i 2A+ Y fori=1,2,---n (B.29)

where in (B.29), A = pT'S "y, B; = )A(iTZfl)A(i. These parameters are inter-dependent,
and we have to update them iteratively as in the traditional coordinate ascent

algorithms. Otherwise, the updating p will depend on ¥ and §. If ¥ = 0% is given,

>, X

we can get i1 = RAL

the estimator i will be free of the updates on o, 6;.
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Appendix C

Appendix for Chapter 3

Proof. (Proof of Theorem 3.2) Using triangle inequality, we have

JA—Alls < (|4 — Aylla + || Az — D32 A2D 2 ||s + || Ar 0 Ayl

IA

Ay — Aill2 4 |A2 — Pa,|l2 + || Pa, — Pa,||2 + | A1 0 Aof|2 (C.1)

1. For term ||A; — Ay||s in Equation (C.1) , ||A; — A][> < /4Alog 22.

2. For term ||Ay — P4, || in Equation (C.1), where Py, = DZQA%DZ/Z.

Conditional on Ay, using Lemma 1, if dpaq(Pa,) > 3 log 2

Pr (145 = Pa,]| > y/4dmae(Ps,) log 2 |4, ) < €

NOTE: The probability here is just conditional probability and the bound is
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dependent on A;.

2
Pr (qu - B(AAD] > (P log ?”)

2n
= EA1P7” (HAQ — E(A2|A1)|| > \/4dmam(PA1) lOg ?|A1>
= P(good Ay) x e+ 1 — P(good A;). (C.2)

Here we say A; is "good” when A; satisfies that dpax(Pa,) > %log 2?” Let: Ty

denote the set consisting of such A;’s

4 2
T = {Al e ™" dm(m(PAl) > §10g TL} .

€

For A; generated from A, using chernoff bound (as in Theorem 4 in Chung

and Lu (2006)), we can prove that if d;(A;) > 3log(2n/¢), then

3 log(2_n/e)

Pr(|di(Ay) — di(Ay)] > bdi(Ay)) < d,(Ay)

, if b> (C.3)

S|

Take b = /229 o for all i we have P (d;i(A) — di(A)| > bd;(A)) < <.

Therefore, if 6 > 3log 27”, we have with probability at least 1 — €, we have

~ di(Ay)
D'Dy, — 1o = — — 1| <b.
13D, =Tl = max| 528 —1] <
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Define the two sets of Aj:

To={Ar € R |4 — Ayl < VA& Tog(2n/e) b, and

To = {A, € R | D3 D, — || < b}

As we have proved that if 6 > 3log 27”, then P(75) > 1—¢ if A > %log 27”, then
P(To) > 1 —e. Especially if 6 > 3log 2?”, then A > glog 2?" holds automatically.

Therefore 6 > 3log 2, then P(To N Tz) > 1 — 2.

Claim 1: For A; € T3, we will have the following inequalities.

dmﬁan A 2 dmean A 2 17b 2
dmaz(PAl) Z dmean(PAl) = dmazEAig 2 dmaz((Al1))((1+b)) ) and

dmaz(A1)*?  dmaz(A1)*/(145)5/2
dmax(PAl) < Amin(AN2 = din (A1) 172(1=b)172

Proof : From definition and basic algebra, we have

dmaa;<PA1) = maxz dd I/QZAZkA]k

maX (didmin) —1/2 Z Z AipAjy,

max (i) Z Al
k

IN

IN

_ daz (A1)
V=127, ZmazA i)
mzax(d,dmm) didmax < Ao (A2

IN

Claim 2: Under the condition that % > 3log(%%). Then A; € T,

. . / / O, nj/e
implies that Ay € T;. Let R = Z:“:((gi))f /j((ig))f /j, where b = Sdl,,ff( A/1 )).
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2n
r <||A2 — E(A[A)[| > \/ 4R log ?>
2n
= EAIPT (“AQ — E(A2|A1)|| > 4R 10g— A1>
€

2
< EapPr <||A2 — E(A4|A)| > \/4dmax(PA1) log?n A1>
S P(A1€75)X6+P(A1¢75)X1
< 2

3. For 3rd term ||P4, — EPj4,| in Equation (C.1)

D —1/2 —-1/2 —-1/2 1 2
|Pay = Pl = 104 ?A3D " = Dy P AD ;7
S HD 1/2A2D 1/2 D 1/2A2 1/2H

+HD 1/2A2D 1/2 D 1/2A2 1/2”

= #Terml + #Term?2

If A, € T3, and let b same as before, we have

—1/2 1/2
ID,?DY? 1| = max |
=1 n




Therefore,

#Terml

For Al

#Term?2

IN

IN

IN A

IN

IN

IN

IN
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”D—l/ZAQ —1/2 D;11/2 QD—1/2||

1D, 2A3D " — DD D, A 2D, 2D DL
|02 AtD, (1= D D)

(D3, D} ~T)D " A 2Dy "D D3

|03 ATDL b+ b | D32 A D5 (L4 b)

1D 2 A3 D, 2 | (6? + 2b)

1D 2 AD Y2 (1D 2 A D) (67 + 20)
1D, 2 A D2 (67 + 2b)

1AL (8 + 2b)

Amaz (A1) (14 b)(b* + 2b)

Ti N Ta,

IDL? (A2 — (A1) DL
1 _

ﬁ“z‘lf — (A7

dmaw 1 T

—manl U (2 4 bY|| Ay — A |

(2+0b \/4dmax 1) log(2n/e)
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In the second inequality above, we use the following result:

1AT = (A% < [[(Ar = A) A + | A (A = A |

VAN

(A1 — AD [ AL+ | A]] [ (A1 = A

IN

(dmax(Al) + dmax(Al))HAl - Al”

IN

maa(A1)(2 4 D)[ A1 — A

Also, the result that ||A; — A = \/4dmax(f_11) log 2?" hold with for A; € 7T,.

To sum up, for A; € ToN Ta,

dmaz /_1 A A
||PA1 — EPA1|| S d—éql))(Q + b)HAl — Al” + dmax<A1)(]— + b)(b2 + 2b)
min 1
< dma:v(él) (2 + b)\/4 dmax(A)l) lOg 2_n + dmaz<;11)<2b + 3b2 + b3)
dmin(Al) €

: For 4th term A; o Ay in Equation (C.1).

First of all Ay o A; can be decompsed into two parts:
Ayo Ay =[Ay — DV2A2D P 0 Ay + D2 A2D ! 0 A, (C.4)

We are going to apply Lemma C.1 and Lemma C.3 to bound Ay0A;. When given
Aq, [Ay — D;ll/ QAszll/ ?] 0 Ay can be expressed in terms of sum of independent
matrices. Let EX;; = >, [A1]i[A1]jx[A1]; EY = [Pa, o A];;EY, for i < j,
where EY € R™*" is a symmetric matrix with (i, j) and (j,4) cell taking value

1, others 0.
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To match the Lemma C.1, || X;;|| <1, ie. M =1.

v = ||ZUCL7”(Xij)||2
= I ([Pa, 0 Adlij(1 — [Pa, 0 Ailyy) (B + E%)|

i<j

S miaXZ[PAI e} Al]ij

j=1

== dmaX<PA1 o Al)

IN

dmax (A1) ( since element of Py, is smaller than 1)

Applying the Lemma C.1, we have

t2/2
_ < -
P ([ A2 0 A1 = Pay 0 Ail2 > t] A1) < Znexp < e (P, © A1) +t/3)
t2/2
<2 - :
< nexp< e (AL) +t/3> (C.5)

As we know, when § > 3 log 2?", Amax (A1) < (14b)dmax (A1) hold with probability

> 1 —¢. Use the fact dpac(A1) < nay,, and let t = \/4nan log(2n/¢), we have
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P (||A2 o Ay — Py, 0 Aills > \/4(1 + D)naw, 10g(2n/6)>

—EP (HAQ o Ay — Pa, o Aylls > /4(1 + b)na, log(2n/e)|A1)

—p (HAQ o Ay — Pa, o Aylls > /4(1 + b)nan log(2n/e)|A1> P(good A;)

+ (1 — P(good Ay))

< 2nexp (_dmax(jl/)2+ t/S) (1—€)+e

= snee (‘dmaxuil)i/i b+ t/s) (=€) e

= nep <_nan(1 I zf)(yji?f ilffﬁfﬁ;@n/e) /3) SRRAR

<9, it é % <1 (C.6)

Therefore, under the assumptions: 6 > 3log(2n/¢), thus b = \/%2”/6) < 1,

with probability at least 1 — 2¢, we have

|Ag 0 Ay — Py, 0 Aylls < v/4(1 + b)nay, log(2n/e).

For the second term in Equation (C.4), Assume that A; € Ty, then the degree

matrix D4, concentrates on its population degree Dz, , with |[Da,]ii —[D 1, il <
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b[Dj,)ii. Use the Lemma C.3 below, we can have with > 1 — ¢,

1D, 2AIDL Y o Av|| < | D2 (A 0 AN DL g
< 1
= 6(1—0)
. C
= do(1—b)

1A% 0 Al

(nay, €)'/ (C.7)

(5) Last step, we incorporate all those bounds.

Therefore, A = A + Ay — Ay 0 Ay, ||A — A|| < diax(A1)b = O(nay,b), where
b= I;g 2(n /9 Under the conditions C1, C2, with probability at least 1 — 3¢, we

have following bound:

A=Al < ||Ai— A2+ |42 — Pall2 + [|[Pa, — Pa, |2 + [| A1 0 Ay
on \/dmm(Al)Sﬂ(Hb)w on

< 4 log — = —
— || dmaz( ) Og _I_ dmzn(A1)1/2<1 . b)1/2
dmax A 2 n
+d—((1411))(2 + b)\/4 dymaz(A)1) log ?n + dyaz (A1) (20 + 30 + %)
+4(1 + b)nay, log(2n/e) + L(nan/e)l/2
do(1 —b)
< C(nap)b (C.8)

Proof. (Proof of Theorem 3.5)
Based on the definition, there is a sufficient condition for node 7 to be correctly

clustered. From the fact that X = Z(Z7Z)~Y2U, we have C; and C; are orthogonal
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if Z, # Z;, and the ||Ci|2 =

\/%, where n; is the block size of the cluster to
which node i belongs. On the other hand, ||C; — Cj|| > \/2/Nnas, for Z; # Z;.
Therefore the condition that ||C;O — C;|| < %«/2/nmax will imply that C; is the
closest population center to C;O. On the other hand, if node ¢ is mis-clustered, then

chO - C@H 2 %\/Q/nma:p-

Now we can bound the mis-clustering rate as below.

n

1
Ul/n < o ; 1({i;\\cio—ci\|2\/m})
1
1 3 IC:0 = Cill3 * 2numaa
n

©[|C;0-Cill>4/1/ (2nmac)

1 n

SN GO~ Gl 20
n =1

IN

1
= EHOO - CH% * 2Mimaz

IN

1
~2(|CO = X0l + | XO = X|[7) * 2nmae (%)

4
< —||XO - X||§, * Mo -
n

Continued from above,

8 2vV2K

< A— A|)?
tlfn < N A= Al])” * ninaq
64K Ny
= — 5 lA-AP
K
AK Npap A2
= (P man

2
nA%
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Here the inequality (*) follows from the fact that C' is a n x K matrix consisting
of centers obtained by k-means from X, and we assume that k-means achieves the

global minimum ,thus satisfying that || XO — CO||r < || XO — X||F. O

Lemma C.1 (Matrix Concentration, see Theorem 5 in Chung and Radcliffe (2011)).
Let X1 , X5, ... X,, be independent random Hermitian matrices. Assume that

12X < M and v* = |Jvar(3_7%, Xi)|l, Then

2

m m a
P X,—E Xil| >a) <2 —_ .
13X =B X > 0) < 2nesp (5 G

Results on random graphs: /A be the highest expected degree and 6 be the lowest

expected degree. With probability > 1 — €, we have

2
|A — EA|| < y/4Alog =, and
€

IL—EL| <4 3log(2n/€)
—_— 5 .

Lemma C.2 (Dave-Kahan’s Theorem, Lemma 5.1 in Lei and Rinaldo (2013)). Let
X and X be the leading K-dimensional eigen-space of A and A, and Ak be K-th

leading eigenvalue of A. Then there exists a K x K orthonormal matriz O such that

2V2K

XO—-X[r <
Ak

1A = Allz

Lemma C.3. Assume that A is sampled from an SBM model with with mg-proper



clusters, big enough eigengap, we have with probability > 1 — e,
142 0 All < /Tnan)?/e.
Proof. For item (7, j) in the matrix,

D onig AinAjAig + (A + Ajj) Aij, 0 # 5
| > ki AinAii + 244 L= J.

(

<A2 O A)l] =

E[(A*0 A)y] =

\ Zk;ﬁi,j A Ay + 24 1=].
For 7 < 7,
(A%0A)y)? = > AyApApAuAy+ Y AijAnAj
k,l#1,j k#i,j
+ Y A A Ajiai + Ajp) + Ay (Ai + Ajj + 245 A;5).
k
For i = j,

((A o A z] Z AnAzkAzl + Z Aquk: + 44411
k,l#£i k#1i

D iy A A Aiy + (A 4 Ajy) Ay, 0 # J;

143
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In the expectation,there exists absolute constant C', Cs, such that

E[(A%0 A);;)? = O(n®a® + nal + naj 4+ 2a2 + 2a2) < Cina?

E[(A2 o A)lZ]Q S CQ’NJQO[EL
Luckily, As and A; will be foreced to be zero on the diagnoal, so

BJ|4% 0 A)[% = 23 E[(4 0 A),)* = C(nad)

n
i<j

Using Markov inequality, we have

P (420 A)|r > Cl(nan)?/d"?) <.
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Appendix D

Appendix for Chapter 4

Theorem 4.9
Denote B; as the ith row in B and B; as ith row in B. Let y; = B;XA™!, and

denote its population counterpart as §; = B; X A. Next is trying to bound ||y; — 701 ||:

< IBXAT = BXOA | + |[(B; — B)XA'O|
< [(B; = B)XO A + || Bi(X — XO)A™Y|

+H|B: X (AT =AY (D.1)

Looking at the first term in (D.1), i.e. ||(B; — B;) XO;A7!:

Using the concentration inequality Lemma D.4 in Appendix, and let M := || X||oo,
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v? = Zj var((By; — Bij) Xju] = Zj XJZkBij(l — Byj) < max; By,

t2/2

Pr(|(B; — B)"Xu| >t) < 2 -
P(Bi = BY Kl > 1) < 2 expl— g

)

_ : Y 3v 2
Let t = 2v4/log(2n/e), and if || Xix||oo < e we have Mt < 3v°, and futher that
the probability above will be smaller than €/n.
Plugging in the conditions ii) in Theorem 4.9 on eigenvalues that Ax = O(nao,) and
v < \/a,, the first term in (D.1) has the following bound with probability at least
11—,

noy,

|(B; — B)XA™Y| < C2v+/log(2n/e) - VK - i = O(n_l/zw / %) (D.2)

Remark D.1. 1, U2 = ImaxX;; Bl] = Inax; QﬂJZZPZ]T = Q.
2, Here I used Bernstein inequality. using Hoeffding’s inequality, with the intervals

being [—| X k|, | Xjr]], we have |(B; — B;)" Xox| < \/2log(2n/e) with probability 1 — <.

Looking at the second term in (D.1) i.e. ||B;(X — XO)A7!|:

_ og 20
I1Bi(X — XO)AT|| < || Bil|a 1 Vo5

. , where A is the maximum expected

degree in A or maximum row sum of A. So, A < naq,.

| Bil|2 = \/Z] B = \/ZJ By <O(/>2; B;j) = O(y/nay,). This is because Bj;’s

are Bernoulli random variables with probabilities bounded by av,.

Plugging in Ax > ¢y (naw,), A = O(nay,), || Bill2 = O(nay,), we have

IB.(x ~ XO)A < o2, [ 1B (03)
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Looking at the third term in (D.1), i.e. ||B;X (A~ — A=1)|:

First,

_ N — 1 \ 2
- < ﬁp\i -\l < 5\—2HA—«4||

(3 K
i\ K

= 0O ((nan)_2 noy, log(2n/e))
Conditional on X is given with || X.kll2 =1,
BiXuk < ||Bill2l| Xukll2 < O(Vnam) (D.4)
. Therefore,

IBEXOA™ —A™Y) < O(vnanKY?) (nay) ™2 /nay, log(2n/€)
0] (n1/2 M) ) (D.5)

IN

2
no;

Combining all the results above, we have

ly — 5.0l = |BXA™ — BXAO|

< ”(Bz - Bz)X01A_1H + HB,J(X — XO)]\_lu —+ HBzX<A_1 _ A—I)H

K log 22 4log 2 K log 2n
< O(n_l/Q € )+O(n_1/2 € )+O(n_1/2 e)
- \  na, noz na?2
K log 22
< ofnty =2 (D.6)
naz
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If na? = w(yv/Klogn), we claim that this is a concentration result, since

]l = [BfXO A7
= 10:(ZB)ianPZY0? Z4 (2502 Z,) " V2PUAT O, ||
= 6:(Zp)i (2502 Z,)"YV2(Z2E0%Z )2 P(ZE0* Z ) PUA O, ||

= 110:(Z5)i(Z30°Z4)"2U|| = O(n™"/?). (D.7)

Proof of Main result

Step 1: As we have proved, except a smaller proportion of points, all the rows in Y
are in r, neighborhood of corresponding rows in Y. Orginally, Y is a polytope and
thus Y is a perturbed Y.

Two properties about the pure points: First, in Y, two rows from same single
cluster will have same row representation, thus there are many points are just
perturbed version of the pure point, thus there is high density around the pure points;

secondly, the rows in Y are vertex points in the polytope, thus pure points in Y
also tends to be extreme/boundary points.

The projection rule to Keep all the points taking values > (1 — 2r,)Max or
< (14 2r,)Min around the extreme points (maximum or minimum) will help exploit
these two properties. Each such project will allow us to keep the points around
a pure/vertex point, which will then include around n/K =~ O(n) of pure points
compared to the O(nr,) mixed points if the mixed nodes are uniform, or have no
point mass.

Step 2: Try to bound ||V — V||, where V contains centers returned by K-means
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on Y, while V' contains centers from population Y. From definition, we have

V=Vl < VK max ||V, — V|| (D.8)

0<i<K

Let V := arg miny cgixx > ming<p<x || Y — vll3, and
V := argminycprxx Y, Ming<p<r || Vi — vi||3, where V' is asymptotically close to
(ZEZ0) V20 0.

Triangle inequality gives that:
1Ys — Ys|| = |Ys — ZiV + 2.V — ZoV + ZoV — Y| (D.9)
Nmimmax; |V — Vi|| < |21V = ZoV || < 3||Ys — Ys| = /nO(n=2r,).

IV =Vle < OWEn™2r,), (VIV)V? = (Z124)7* = 0(1/v/n).  (D.10)
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Step 3: try to bound the membership %HE — 7.

x\ o (x)_
I Ve _ IVl
Y Y
X -1 _ -1 X X 1
< V==Vl + ] = _ [V
Y Y Y
X 17 —177—1 X X —1
< IV = VvV + = _ IV
Y Y
A-A
< 2WEKVEKOMm?r,)0n) + (”A—” +7,)0(n'/?)
K
L j4— Al log(2n/e)
—NZ=Zlr= _ ) = D.11
TalZ = 2l = 00 ) = 0 [Z2 ) (D.11)
since the 14=4l — \/—log@"/e)
AK noy,
1,5 2 1 5 log(2n/¢)
—|Z" = Z"|p £ ——=|Z - Z||pr = O/ ——— D.12
TR = 2 < 7 = 2l = 0G 25 55 (D.12)

where m is the minimum row norm of Y - (V)~! = Z, which has row norm all equal

tol. m=1since Z* = 4.
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Some lemmas

Lemma D.2 (Sherman-Mrrison formula). Suppose A is an invertible square matriz
and u, v are column vectors . Suppose that 1 +vT A= u # 0, then

A tuwT A1

TN—1 _ -1 _
(A+w') " =A T ATy

(D.13)

Lemma D.3 ( Hoeffding’s inequality). Assume that X; are random variables and

are strictly bounded by the intervals [a;,b;] and S, =" | X;, then

P(S,—E[S,] >t) <exp (— ZT'L—l(Qbi — ai>2) (D.14)
P (]S, —E[Sy]| > ) < 2exp (— an(ii — al-)Q) (D.15)

Lemma D.4 (Scalar Bernstein concentration in Chung and Radcliffe (2011)). Let
Xy, X, ... Xy, be independent random variables. Assume that | X;| < M and
v? =var(Y ", X;), Then

2

m m a
i=1 i=1

IfM < -2 leta=2v log%, we have

\/log%’
P(IY X;—E) X;|>a)<e (D.17)
=1 =1

Lemma D.5 (Matrix Bernstein Concentration in Chung and Radcliffe (2011)). Let
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Xi , Xo, ... X, be independent random Hermitian matrices. Assume that || X;|| < M

and v* = |lvar(321%, X;)|l, Then

m m (12
P X, —E X <2 —_——]. D.1
1% =Bl > 0 < 2newp (333775 ) (D.18)

Results on random graphs: A be the highest expected degree and § be the lowest

expected degree. With probability > 1 — €, we have

|A—EA| < {/4Alog 2 (D.19)
€

3log(2n/e)

L—-—EL| <4
IL-EL| < ;

(D.20)

Lemma D.6 (Dave-Kahan’s Theorem, Lemma 5.1 in Lei and Rinaldo (2013)). Let
X and X be the leading K-dimensional eigen-space of A and A, and Ak be K-th
leading eigenvalue of A. Then there exists a K x K orthonormal matriz O such that

2V2K
A

X —XO0|r < A — Al (D.21)

Lemma D.7 (Infinity norm inequality non-symmetric, Jianqing Fan and Zhong
(2016)). Let A = A+ E, where A € R™", is a rank k and E is the perturbation
symmetric matriz. Let the siqular value decomposition be A = XAXT and A = XAXT.

1(X) = # max; Zle XZ. 10 = ||E|ly. Then there exists n1, 1, ..., that are either 1
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or —1, and constants Cy2 that depend on r and p, such that

_ T
1%?5@ [ Xi = 17 X || max < C'o%\o/ﬁ

(D.22)

Lemma D.8 (Infinity norm inequality Symmetric, Jianging Fan and Zhong (2016)).
Let A= A+ E, where A € R™™", is a rank r and E is the perturbation symmetric
matriz. Let the singular value decomposition be A = XAX" and A = XAXT. Assume

A satisfies the following conditions:
1. matriz coherence: p = 3 max; 25:1 )_(sz

2. T = maxi<i<n 2?:1 £yl (= 1E]L)

3. k= N|XTE||max (< 7yTH)

4. eigengap : v = min{\; — \ip1 0 1 <@ < 7} Amin{|N| 0 1 < i < r} with

convention \.y1 = —oo. If A is positive definite, v = q.
5. v > bru(t + 2rk) (May not be satisfied!!!)

Then there exists ny,na, ...,n, that are either 1 or -1,

% T+K
X <
max [[ X = 7iXuillmax < C(r, 1) i (D.23)
where CO(r, (X)) = 4502/ pu(X) (1 + ru(X).
In particular, when r and pu are bounded by a constant, we have
max | X — 1;Xail|oo < C'—— (D.24)

1<i<r ~ vn
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