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Abstract

Simulation of quantum systems on classical computers is one necessary step to better
control over quantum systems. Good control needs to be both efficient and precise.
Through numerical modeling, one can have a better idea about the relevant timescales
of a quantum system under qubit operations and how it is affected by the environment
when taking into account the interaction between the system and the environment.
In this thesis, we simulated the control and readout processes of two solid-state qubit
systems, namely, semiconductor qubits and superconducting qubits. For the semi-
conductor qubit, we used Bloch-Redfield method to investigate how singlet-triplet
qubits are affected by charge noise. For the superconducting qubit, we solved the
time-dependent master equation to simulate the dynamics of superconducting qubits
under various two-qubit gates for both fixed-coupling qubits and tunable couplers.
We compared the performance of different two-qubit gates and discussed their ad-
vantages and disadvantages. Quantum Monte Carlo method is also used to solve
the Lindblad equation to more efficiently catch the important dynamics of a high-
dimensional Hilbert space and optimize the readout of a superconducting qubit in a
multi-qubit system.

Thesis Advisor: Maxim G. Vavilov
Title: Professor
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Chapter 1

Introduction to quantum computing

It is fair to say quantum mechanics is at least one of the most counterintuitive theo-
ries for the brains of human beings (it is probably straightforward for some aliens).
One important contribution to this counterintuitive feeling is quantum entanglement.
Although we can hardly claim that it is understood, it did already give birth to the
exciting field of quantum information science (QIS). Quantum computing, as a sub-
field of QIS, has attracted considerable attentions of researchers around the world for
several decades and has seen impressive progress in both theories and experiments. In
this chapter, we summerize the minimal necessary quantum mechanics to understand
the rest of the thesis and briefly introduce different physical realizations of qubits so

that the readers have a more concrete idea of quantum computers.

1.1 Quantum mechanics in data processing

Although much more complicated and efficient compared to their ancestors, modern
computers are still essentially data processors. Data is stored in binary form which
is physically realized by open and closed states of transistors and is operated by
controling the states of them. When quantum mechanics plays a role, both the form
of the data and the data processing change revolutionarily. In terms of the data
representation, one of course does not have to be bounded to use sequences of 1s and

Os even in classical computers. But a switch from binary to octonary is theoretically



v

1)

Figure 1-1: Bloch sphere representation of a qubit.

trivial and can be technically challenging. Quantum mechanics, instead, allows the
existence of the superposition of 0 and 1, expanding the state space of a single ’bit’
from two points to a two-dimensional surface — Bloch sphere. We call this new form

of bit as quantum bit, or simply qubit.

A Bloch sphere representation of one possible state of a qubit |w> is shown in
Figure [I-1} It visually represents a two-dimensional Hilbert space, which is a vector
space that possesses inner product. In a two-dimensional vector space, we can take
two vectors that are not parallel with each other as a set of basis. The most convenient
choice would be two orthogonal vectors, which we can define as state 0 and state 1.
In Dirac notation, we use [0) = (1,0)” and |1) = (0,1)” to denote them. Then the
inner product of two vectors |¢1> and W2> is written as (11|1») and any state }¢> of
a qubit can be written as a linear combination of the vectors in the set of basis, i.e.,

}0> and ‘1> For the one in Figure 7 it should be
0 , 0
_ z ip o
W> —0082}0>+e s1n2|1>. (1.1)

When we have n qubits, the dimension of the corresponding Hilbert space is

0,1,0,...0),

2™ since any state W> can be a linear combination of 1,0,0,...O>,

0,0,1, 0> |0,0,0, ...1>, where each ‘> has a sequence of n numbers in it and



it is defined as the direct product of 2-dimensional Hilbert spaces of single qubits,
ie., [b1,b2, ... by) = [b1) @ |bo) @ |b3) ® ... ® |by).

One then realizes that not all the states |w> in a Hilbert space with dimension
larger than two can be written in the direct product form of single qubits, otherwise
this superposition of states bears no difference than the bits in classical computers
since we can always redefine the single qubit basis such that each qubit is either
in its 0 state or 1 state. We call those states that cannot be decomposed into the
direct product of two-dimensional Hilbert spaces as entangled states. It is this entan-
glement that enables quantum computers to store/process information exponentially
larger /faster than their classical counterparts and possibly shifts the paradigm of data
processing in the future.

One of the simplest example of entangled states are Bell states, which are

o) = % 0048 [0)5 + [1)a® (1))
7)) = —= (1004 ®[0)5 — [1)a ® |1))
‘[ (1.2)
) = —= f (10)a @ |1)5 +[1)a ®0)p)
I >—f 0)4 @ [1)5 —|1)a @[0)5),

where we use subscript A and B to denote two ’different’ qubits. The notation
}z> 4 ® ’ J > 5 Will be shortened as ‘i, j> in the remaining thesis for simplicity. One can
easily prove that none of them can be written in product form of two qubits and they
form a basis for the two qubit Hilbert space such that any two qubit states can be

written as a linear combination of these four states.

1.2 Qubit gates

With the qubits storing the data that can potentially lie in a high-dimensional space
in a quantum computer, the goal of the data processing becomes clear. Changing

the state of a single qubit is definitely an indispensible part. In addition to that,



generating entangled qubit states is the sole of quantum computing as it makes a
quantum computer fundamentally different from a classical one. All these operators,
in the language of circuits, are called quantum gates. And a discrete sequence of
gates on qubits that describes the data procedure in a quantum computer is called

quantum circuit.

Although entanglements can exist in arbitrarily large number of qubits, fortu-
nately, it can be proved that arbitrary unitary transforms can be constructed from a

set of single-qubit gates and two-qubit gates[l, p. 191-194].

Single qubit operations that perserve the norm of a qubit state are 2 x 2 unitary
transformations. It is easy to prove that any unitary operation U on a single qubit
can be decomposed to two rotations around Z axis and one rotation around Y axis

of the Bloch sphere up to a universal phase[ll p. 175-176] . Explicitly,
U= emRz<ﬁ)Ry<7)Rz<5)v (13>

where Ry(0) = e~ 0K/2 with K is one of the Pauli matrices 04,0y OI 0, and correspond-
ingly k = x,y,or z. Therefore, to find a universal set of all single-qubit operations,
one only need two from the Pauli matrices. There are some other useful single-qubit
gates that can simplify the circuit a lot if available, like Hadamard gate and T gate.
We will omit the discussions about them and keep in mind that they can always be

decomposed into the gates in the universal sets.

In classical computers, controlled operations (If some condition then some action)
are already very important. It correlates different pieces of information and allows
more complex logic to be executed. For quantum computers, it plays a even more

important role — generate entanglements.

One and probably the most mentioned example of controlled operations is CNOT



gate, the matrix representation of which is

1 0 00
01 00
(1.4)
000 1
0010

in the most standard

(0,1)".

0,0),]0,1),]1,0), |1,1) basis with [0) = (1,0)” and |1) =

The reason why control gates on qubits can generate entanglements lies in the
fact that qubits can be in the superposition state of ‘O> and |1> A simple example
would be the generation of a Bell state. If a system of two qubits is in the state of
1/v2(|0) + [1)) ® |0), after a CNOT gate, it is 1/v/2(|0,0) +

maximally entangled two-qubit state.

1, 1>), which is now a

1.3 Physical realizations of qubits

While qubit itself is simply a two-level quantum-mechanical system which is ubiqui-
tous, qubits as good candidates for quantum computing are challenging from both
physics and engineering perspectives. This is partly because qubtis need to be well
isolated to maintain the information, while at the same time can be controlled, i.e.,
they are needed to interact with the environment such that computations(data pro-
cessing) or readout(data extraction) can be done. More precisely, in order to make
a practical fault-tolerant quantum computers, there are some requirements for the
physical system[2], including qubits to be well-characterized, precise initialization,
much longer decoherence time than gate operations, ability to construct universal
gate sets and a qubit-specific measurement capability.

Despite the difficulties, many physical realizations of qubits are being explored and
have made great progress in the last decades. Among them are photons, trapped ions,
Ryberg atoms, Nitrogen-Vacancy, nuclear spins in molecules, spins in quantum dots

and superconducting qubits. Very roughly speaking, the support for information can



be divided into three classes: photon, spin and charge (some qubits like fluxoniums
and phase qubits may not be considered as one of the three kinds).

Because photon interaction with environment is weak, photon qubits are usually
born with long decoherence times. The information can be encoded as the photon
polarization, the path of a photon and number state in a cavity. Even conversion
between polarization and path encoding can be easily realized with a polarizing beam
splitter (PBS). The difficult part for using photons to do quantum computing is the
realization of two-qubit entangling gates. It was initially believed that materials with
very strong nonlinearity is required to implement a conditional phase shift. In 2001,
Knill et ac. showed that it is possible to use only linear optical circuits to accomplish
scalable quantum computing using single photons|3|, after when fast progress has
happened and applications of photon qubits on semi-practical problems are already
being explored[4H6].

Trapped ions[7], together with Nitrogen-vacancy[8] , NMR qubits[9] and singlet-
triplet qubits in quantum dots[I0] are using spin degrees of freedom to store the
information. Since the accessible magnetic energy associated with spins is quite small,
spin carriers need to be located at a relatively isolated environment compared to other
qubit systems.

Qubits encoded in charge degree of freedom are used in superconducting charge
qubits, electrons in quantum dots (spins can also be used). For charge qubits, uncon-
trolled charge movements usually lead to decoherence and therefore affect the charge
qubit performance.

Among all these qubit realizations, semiconductor qubits and superconducting
qubits are two of most promising qubits for building a scalable practically-useful
quantum computer. In this thesis, we will focus on these two kinds of qubits. In
Chapter [3| we will dive deep into semiconductor single-triplet qubit and its error
mechanisms. In Chapter [, we focus on superconducting qubits, specifically trans-
mon qubit, and discuss two-qubit gate implementations and readout scheme for such

qubit systems.



Chapter 2

Modeling of qubit systems

One of the most difficult challenges on the road of building a practially useful quantum
computer is its susceptibility to noise. While it is of great interest to show that a noisy
intermediate-scale quantum (NISQ) can outperform its classical counterparts[11], it
is also at least equally important to understand the noise mechanisms and push
the limits towards the threshold for a fully fault-tolerant quantum computing. The
numerical approach to a better understanding of factors that affect the gate accuracies
requires modeling of a real quantum system that is not isolated from the environment.
Quantum computing involves a sequence of operations on a quantum system in a
finite range of time, which inevitably invoke master equations in order to describe the
evolution of a quantum system.

Except a small number of solvable models, master equations are usually derived
perturbatively[12], giving equations of Bloch-Redfield’s form[I3HI7], or written phe-
nomenologically with proper physical constraints, giving the widely used Lindblad
equation[I8] 19]. [20]

The physical constraints that should be considered for the evolution of a quantum

system are[21]:
e The Hermiticiy of the density matrix should be preserved.

e The sum of probabilities over any complete set of orthogonal states should be

one, i.e., the trace should be preserved.



e The probability of all possible states of the system should be equal or larger

than zero, i.e., the density matrix should be positive semidefinite at all the time.

Lindblad equations are construted to satisfy the above conditions while Bloch-
Redfield(BR) equations have long been critized that they can violate the positivity.
However, BR method is a handy tool when dealing with a system which interacts
with a specific kind of environment and can be very useful when the statistics of the
environment noise is known. Thus we’ll include a brief review for BR in Sec. 2.1l and
an application of BR equation in a real quantum system can be found in Chapter
[Bl When only phenomenological description can be made about the dissipation of a
quantum system, Lindblad equation is widely used. We include a short derivation for
Lindblad equation in Sec.

Traditionally, both BR and Lindblad methods describe the evolution of the density
matrix of the system, which scales with NV x N. In addition, the relaxation tensor or
superoperator scales with N*. Solving this equation for an interesting timescale can
soon become resource(both time and memory)-consuming as the size of the quantum
system increases. Quantum Monte Carlo (QMC), or quantum jump approach is one
way to mitigate this growing dimension, making numerical simulations of quantum
systems more scalable. A short demonstration of how this method could be used
to solve LindBlad equation numerically is presented in [2.3] In Chapter [, where
a relatively large system is considered, QMC is readily applied to help analyze the

dynamics of the system.

2.1 Bloch-Redfield equations

Bloch-Redfield method[13, 14, 17, 22, 23] falls into the category of system-plus-
reservoir approach that deals with a dissipative quantum system. It starts with the
total Hamiltonian of the composite system of the system that we are interested in
and the environment (bath) that interacts with the interesting part, which takes the

form

H=Hgs+ Hp + Hy, (2.1)



where Hg is the system Hamiltonian, Hg is the reservoir Hamiltonian and H; the
interaction between the two. The interaction Hamiltonian can be written as H; =
> S, B, where S, act on the system degrees of freedom and B,, on the bath degrees
of freedom. Then an accurate description of the total system evolution is given by

. i
where p is the density operator of the whole system. In Liouvillian form, it is written

as

p=Lp(t), (2.3)

where £ = Lg+ Lp+ L, with each term £; (i = S, B, I), when acting on the density

operator, has the form of

Lip = Liptl = 5 (Kl Lip-+ p1IL). 24

An important assumption in Bloch-Redfield approach now is to assume that the
interaction between the interesting system (referred as ’system’ below) and the envi-
ronment is sufficiently weak such that p(t) ~ pg(t) ® pp, where pg denotes the system
density matrix and pp the bath density matrix. Here note that pp is not a function
of time because it’s assumed to be a large reservoir that’s in equilibrium all the time

and is hardly affected by evolution of the system.

With this weak interacton assumption, one can either use Eqn. and follow
Nakajima-Zwanzig approach|[I5], 16], in which a projection is made on the whole
space to the system space and L; is truncated to its second order, or equivalently,
start with Eqn. , trace over the bath and neglect terms higher than second order

in H;[24, 25]. In the interaction picture, this second order perturbation theory gives

0 1 iy : N
70 =75 2 [ (Co =) 18,000, 801 () 2] o

= Ch (E =) [Sm.a (), pr () Snr (F)])
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where C,,,,(t) = tr (By,.1(t)Bnpp) is the bath correlation function, through which the
properties of the reservoir enter the evolution of the system. The reservoir is in its

thermal equilibrium state, thus bears the form

B = H e—ﬁwj'r;rj/kBT(l . e—ﬁwj/kBT)7 (26)
J

1) is the mode annihilator(creator) of the environment.

where 7;(7;

Equation is still not convenient for numerical calculation since it is not
Markovian. In order to validate a Markovian approximation, one needs to realize
that there are two time-scales here. One is the relaxation time of the system T,
and the other correlation time of the bath 7. If 75 < 7., the upper limit of the
integration can be pushed to oo as we have short correlation time for the bath. Since
the system changes so slow, p;(t') & p;(t). Substituting the integration variable ¢’ by

T =1—1, one gets

0 1 *
—p[(t) = ey dr (Cmn(T> [Sm,l(t)v Sn,[<t - T)Pl(t)]
ot n ; /0 (2.7)

= G () [Sm 1 (8), pr(8) Sns (T = 7)])

We can transform the equation back to Schrodinger picture and represent in the

system eigenbasis (labeled by a, b, ¢, d), getting

d

Epab(t) - - iwabpab(t)

sec

— K2 Z Z /000 dr {Cmn(T) [5bd Z SZ}S;LC(BW”'T — S;résgbeiwC“T] (2.8)

m,n c¢,d

+ Coun(—T7) [(5ac Z Sg;S]’?beiwde _ S;résgbeiwbd-r] } Pea(t),

where the "sec" means summation of the secular terms which satisfy |w., — wed| <

1/7.. In experiments, noise-power spectrum S(w) might be easier to measure. It
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relates to the bath correlation function as follows

S(w) = /_OO dre™TC(1). (2.9)

o0

The above BR equation together with information about the power spectrum
density gives a relatively clear guide for numerical simulations of the dynamics of a
dissipative quantum system, under Born-Markov approximation. When the system
Hamiltonian varies with time, both the spectrum and matrix elements of transitions
will be modified. If the evolution is slow, one can use the instantaneous eigenbasis.
Because of the existance of a new gauge term due to the time-dependence, the new
effective Hamiltonion will generally not be diagonal. Under the assumption of slow
evolution, one can truncate the diagonalization transformations to a finite number[26].
In Chapter [3| we considered a Landau-Zener interferometry problem using BR equa-
tions. Landau-Zener transitions have also been previously studied under BR frame
with either classical noise[27, 28] or quantum fluctuations[29-37]. Dephasing due to

noise in a Landau-Zener transition has also been well analyzed|38], 39].

2.2 Lindblad equations

Both BR equations and Lindblad equation start from the composite system of the
system of interest and its environment. Unlike BR equations, the Lindblad master
equation describes the interaction with environment in terms of dephasing and transi-
tion processes characterized only by phenomenological decoherence rates|I8], 40] and
satisfies trace constraint and non-negative eigenvalues.

In this section, the derivation follows the lecture notes[41]. It again starts from
Equation . For an infinitesmal time, we can assume that after tracing over the

bath degrees of freedom, the change of system density matrix is

d Ps (t + At) — Ps (t) _ LAt (ps(t)) — ps(t)

al = Al At ’

(2.10)

where L; maps p,(t) to the reduced density matrix to a later time (¢t + At). It can
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be proved [42] that this evoluation can be written as

pi; (t + At) Z A Z BB prs  or

r,s=1
- , (2.11)
p(t + At) = Z AE pE*
a=1

wmrTar

with fo\il NEME =1 and Y0, N B2 EP = TrE“EPf = 5% (orthogonality).
Here we omit the system subscript s for p. We can now define a set of operators

M®* = VA*E“, which are called Kraus operators and let
p(t + At) Z M p(H )M = p(t) + Atdp(t) + O(A#?). (2.12)

Note that one can always use a unitary transformation on M® such that there exists

one operator, M!T ~ 1. So we have
M'p(t)M' = p(t) + Atép(t) + O (At?) . (2.13)

The fact that M ~ 1 allows us to write M" in the following form

M, =1 — KAt + O (At?). (2.14)
Let
H=h(K+K") /2and J =i (K —K) /2. (2.15)
We get
M'pM'T =(1 — iKAt)p (1 + iK'At) + O (At?)
=p — iKAtp + ipK'At + O (A) (2.16)
iAt

=p— [H, p] — At(Jp, pJ).

For o = 2, 3, ..., N?, their contributions are only proportional to At, i.e., Za# M pMT =

AtSp'. Let M* = VALLY + O(At*?) for a # 1. From the completeness of {M},
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one can easily find J = 1/23° LoTL% Then we arrive at the most common form

of the Lindblad master equation:

d ? 1 1
—p=— E appat _ Zyratpa  Zpof pa
tp [H,p]+a 1(£ pL 2p£ L 2£ L%p) (2.17)

2.3 Quantum Monte Carlo Method

In this section, we’ll start from Lindblad equation and see how it can be converted
into a form that can be used for stochastic numerical simulations. More rigourous
and extensive review can be found in /43l

One thing to keep in mind is that in quantum jump method, at any time, the
system is represented by a state vector rather than a density matrix. We’ll assume
there’s one collapse operator in our example Lindblad equation for simplicity. More

operators can be generalized straightforwardly. In a small time duration, we have

ap_ 1

Y fonr st ata .
AL h[H, ol + B {2¢pct — éep — péte}, (2.18)

where ¢ is the only collapse operator. Since the system is kept as a state vector, we

should always be able to write p = ‘\If><\lf| Then according to the above Lindblad

equation, \I/><\I/| at later time ¢t + At relates to the state at ¢t by

Wt + A8 (Ut + AL ~| () (D(1)] - %At[H, 0w

+%At {2¢

) (el — efe

U)(| - [w)(v

cte}
=yAte|W)(V|ét

+ {1 = %HAt = %At@fa} U) (| {1 + %HAt = %At@*@} .

(2.19)

Equation (2.19)) can be intepreted as follows: at time ¢, the probability that a
collapse ¢ happens at a later time ¢+ At is proportional to At. When we say ’collapse
happens’, it means the state changes from ‘\If> to ‘\Ilconapse> x é‘\I!> (the normalized

state should be ¢|¥)/\/(W¥ |éf¢| ¥)). Denoting the probability of collapsing as AP,
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comparing to the first term of Eqn. (2.19)), we have

AP = ~vAt <\If

cle| o), (2.20)

which naturally gives a consistent intepretation of v as in Lindblad equation: it
is a rate associated with the collapse process. Then the second term in Eqn. (2.19)
is understood as there is 1 — AP chance that the state will evolve from |\I/> to
Wro collapse ), Where

t ) {1— (i/R)HAt — (v/2)AtaTa} | W)
no collapse/ — (1 —AP)1/2 .

In other words, at any time ¢ + At > t, the state of the system randomly splits into
two alternatives:

o) = U collapse ) with probability AP (2.21)

|V 1o collapse )~ With probability 1 — AP

This random process can be easily simulated by a accept-reject method. One can
randomly generating a number 7 that is between zero and one. If r is smaller than AP,
we accept a collapse and reset the system to state |\Ifconapse>, otherwise ‘\I/no Collapse>.
AP is given by Eqn. . This process will generate one possible trajectory of
the system. It should be repeated many times and observables of interest should be
averaged over many such trajectories.

This stochastic method can be easily horizontally-scaled(more trajectories) in a
distributed computing system whereas solving Lindblad equation exactly always re-
quires a vertical scale (larger memory) of space resources as system size increases.
Therefore, for larger dimensional system, quantum jump method can be very useful

for efficient simulations.
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Chapter 3

Semiconductor Singlet-triplet qubit

A system of two 1/2-spin particles, say, electrons, lives in a four-dimensional Hilbert
space, which by definition can be spanned by four orthogonal vectors. The eigenstates
of the total 52 is a convenient choice (of course the definition of "convenience’ depends

on the problem of interest), which consists of three triplets:

1,-1) = | 1)
1
1,0) = EO ) +141) (3.1)
1, +1) = [11)
and one singlet:
0,0) = —= (| 14) — | 41). (32)

V2

where on the left of the equations, the number pairs in

s, ms> denote the spin quan-
tum number s = 0 or 1 and magnetic spin quantum numbers mgs = —1,0, 1. If the two
electrons are seperated (their orbitals are orthogonal), these four states are degenerate

in energy when there is no magnetic field.

Whenever we are talking about a qubit, we are refering a two-level quantum-
mechanical system. For a system of two spins, we can simply pick two states out
of an orthogonal set of four states as our logic 0 and 1. A singlet-triplet qubit, by

its name, is a qubit whose 0 and 1 states are chosen to be a singlet and one of the
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triplets. If we denote state S as |0>, there is some freedom of choosing either 7 [44]
or Ty[45] as state |1> depending on the kind of coupling we exploit to manipulate
the qubit state. In this chapter, we’ll use a Si-based S — T_ qubit as an example
to describe how single qubit manipulation works for a singlet-triplet qubit and then,
use the BR equations as introduced in Chapter [2], to show the fact that it subjects to

charge noise of the environment can substantially affect its performance as a qubit.

3.1 Single qubit operations

Once two levels as two orthogonal states of a qubit are chosen, the next step to
test if it can be used as a real qubit as a building block of a quantum computer is
to see if it can be coherently manipulated. The general idea is to tilt the axis of
the Hamiltonian by introducing a coupling between the two states so that a Rabi
oscillation can happen between state ‘O> and state ‘1>

The standard method of introducing the coupling between computational ’O> and
}1> states for singlet-triplet qubits in semiconductor quantum dot experiments is
via fast electric control of the tunneling rates between two quantum dots where the
two spins reside. For S — T qubit, this control over the tunneling coupling tunes
the exchange interaction. For S — Tl qubit, a universal magnetic field gives rise to
Zeemann splitting among the triplets and a magnetic field gradient couples T4 to
S states. Tunneling coupling controls whether the system is close to the magnetic

degeneracy point for 7 and S. The details are elaborated in the following subsections.

3.1.1 Charge states in double quantum dot

Here we'll take the experiment taken by Xian[46] as an example to explain the config-
uration and setup of a singlet-triplet qubit experiment. A micrograph of a Si-based
double quantum dot that is identical to the device in the experiment is shown in
Fig. .

LP and RP are two electrostatic gates that controls the local voltages of the

left /right dots so that the energy detuning € between them can be rapidly changed
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LP RP

Figure 3-1: (Color online) (a) Micrograph of a double-dot device in a Si/SiGe het-
erostructure that is lithographically identical to the one used in the experiment [46].
(b) Stability diagram showing the electron occupations in the dots, obtained by mea-
suring the current through the quantum point contact, Igpc, at different voltages
AVip/rp applied to the left /right gates labeled in (a). The numbers in parentheses
are the electron occupations of the two dots.

by the two gates. For different LP and RP gate voltages, the double quantum dots
bear different stable charge states. By measuring the current through the quantum
point contact (QPC), indicated by the yellow arrow, the charge occupation of each
dot can be determined, as shown in the charge stability diagram in Fig. . The

number of electrons on each dot is shown on the diagram.

While the charge state (1, 1) allows both singlet and triplets to exist, due to the
Pauli exclusion principle, only singlet is allowed for the charge states (0, 2). Therefore,
the spin blokage regime is suitable for state preparation and projective measurment
and the (1,1) charge state regime can serve as a qubit manipulation regime. The
yellow arrow in Fig. |3-1(b)| indicates a pulse from the state preparation regime to

state manipulation regime.
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Figure 3-2: Energy diagram of a two-level system for a standard Landau-Zener Hamil-
tonian (3.3)) as a function of time. Here the anti-crossing width A = 2 and sweeping
velocity is v = 1.

3.2 Landau-Zener interferometric measurements

3.2.1 Landau-Zener transitions

Here we deviate for a moment to introduce a more general process of a time-dependent
two-level system. Figure [3-2| shows the energy diagram of a two-level system as a
function of time ¢ that can be given by the following time-dependent Hamiltonian
. e(t)/2 A 7 (3.3)
A —e(t)/2
where ¢ = vt and v is the sweeping velocity. If the system starts from the lower
energy state ‘O> = (1,0)T at t = —oco, an adiabatic change of ¢ will keep the system
in its ground state all the time. In the opposite limit when v is very large compared
to the squared gap A2, the system neglects the gap and go straight into the state
}1> = (0,1)T at ¢t > 0. For an intermediate sweep velocity, that the transition
probability is given by[47], 48]

A2
PLZ = exXp (—71-2—1)) (34)

It can be understood that the anti-crossing acts as a beam-splitter and the state
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Figure 3-3: Energy diagram of a two-level system as a function of time that forms a
Landau-Zener interferometry.

after a single passage through it is a superposition state of ‘O> and ‘1> Since Pz is
a continuous function of v between 0 and 1, a propertly choosen velocity can result

in equal superposition of the two computational states.

3.2.2 Landau-Zener-Stiickelberg interferometry

Now consider a slightly different situation. After passing through an anti-crossing, we
allow the system to stay at a finite separation between two levels. Each component of
the superposition state accumulates its dynamic phase for some some finite duration
of time. Then the system is pushed through another anti-crossing. The process is
shown in Fig. [3-3] The phases accumulated by the two states get interfere with each
other and the final probability on the original state depends both on the Landau-
Zener transition probability and the relative phase between the two levels. Explicitly,

it is given by[49-50]

P+ = 4PLZ (1 — PLZ) SiIl2 CI)St,

(I)St = C2 + 9/5_8/7
1 [tit2m/w (3.5)
G-y [ o
2 to
~ T
Ys = Ps — 7,

2



20

where Pz is the Landau-Zener probability through a single passage, Q(t) = \/m
and pg = 7 +0(Ind — 1) +arg'(1 — i) with ¢ = f—j.

One quick observation is that, when Pz = 1/2, P, can be as large as one [57-
59]. Therefore, if we repeat the same process but with varying manipulation time
between two anti-crossings, we should get an oscillatory pattern as a function of the
manipulation time. The amplitude of this oscillation, usually referred to as wisibility
in the singlet-triplet coherent control context, can in principle be as large as one as
long as we find a proper sweeping velocity such that an equal superposition of two

states are gotten after a single passage through the anti-crossing.

3.2.3 Landau-Zener-Stiickelberg interferometry measurements

in a double-quantum-dot

The coherent control of a singlet-triplet qubit mimics the Landau-Zener interfering
process described above. For the specific experiment of Xian, the device is fabricated
with a micromagnet that induces a magnetic field difference between the dots, d B,
and also a uniform magnetic field that, combined with an external magnetic field
plus the magnetic fields from nuclear spins, gives rise to a Zeeman splitting between
the triplet states. The transverse component of § B induces an anticrossing between
the singlet state ‘S > and spin-polarized triplet ‘T _>. Fig. m shows the schematic
energy diagram of the double quantum dot along the detuning direction, indicated
by the yellow arrow in Fig. B-1(b)] The left inset is a blowup of the region near the
S — T_ anticrossing.

The pulse sequence used in the experiment is shown in Fig. [3-4(b)] The detuning
is ramped from a negative value through the S — 7" anticrossing to a large positive
value, where it is held for a manipulation time 7, and then it is ramped back to
the initial value, where it is held long enough for the spin state to be measured and
reset. The ramp rate is essentially sweep velocity’ we mentioned in Sec. [3.2.1, When
the ramp rate is appropriate, the first ramp leads to occupation of both states with

a relative phase that accumulates at large detuning during the manipulation time,
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and ramping back to (2,0) gives rise to Landau-Zener-Stiickelberg (LZS) oscillations.
The probability of being in the singlet state at the end of the sequence oscillates
as a function of 7,, as shown in the inset of Fig. by a red solid line. These
data were taken with a ramp time of 7, ~ 45 ns, which corresponds to a ramp
rate of ~4.4 peV /ns. The coherence time extracted from the oscillations is quite long
(~ 1.7 pus), but the visibility is only about 0.24, much less than the value of 1 expected
for LZS oscillations in the absence of decoherence. In the experiment, the ramp rate
was varied, yielding a peak in the visibility, as indicated by the red circles in the main
panel of Fig. [3-5] Here, the data in the inset correspond to a point near the top of
the peak.

3.3 Model

Since we are mainly interested in the singlet-triplet S — T subspace, we first reduce
the full five-level system to two levels, as described in Appendix [A] The resulting

qubit Hamiltonian can be written as a 2 x 2 matrix:

h
(1) —Es 5
HS—T, = h g ’ (36>
5 T
where the singlet and triplet energies are given by Eg = /(¢/2)?2+t2 and Er =

—(e/2 + gupB). As in Ref. [46] we assume that the tunnel coupling between the
quantum dots, t. = t.exp(—e/eg), varies exponentially with the detuning e, and
€0 ~ 125 peV. Here, g is the gyromagnetic ratio, pup is the Bohr magneton, B is
the average total magnetic field on the two dots, and the detuning is defined such
that ¢ = 0 at the charge degeneracy point. In Eq. , the transverse magnetic
field gradient causes hybridization of the S and 7. states through the parameter
h = /2h, cos(0/2), where h, = gugdB, and § = arccos(e/2Es); see Appendix |A| for
details.
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We now apply a unitary transformation

A~

U = exp(id,¢/2), ¢ = arccos (—

M) . (3.7

A

with A = /(—Es — Er_)? + h?, to diagonalize the instantaneous Hamiltonian, Eq. (3.6)),

and obtain

a2, =vAay, Ut —iout
Er — Es. A b .

= T12><2 + 5@ — an-

(3.8)

Here, 1oyo is the two-dimensional identity matrix, and o, . are Pauli matrices.
Note that Er and Fg are functions of time during the ramping pulse, resulting in
the time dependence of ¢. There are two major noise sources in the double quantum
dots: nuclear magnetic field fluctuations [44], 60-64] and charge noise [65-68]. Here,
We disregard the nuclear magnetic field fluctuations, based on arguments given be-
low. Charge noise is included by incorporating fluctuations in the detuning e [69],
so that ¢ — € + de is a sum of a controlled gate detuning ¢ and a fluctuating com-
ponent de. In the original five-dimensional basis, the noise takes the diagonal form
VO = (0e/2)diag(1, —1,—1,—1,—1). After applying the transformation W given by
Eq. , in the qubit subspace, the noise contribution to the Hamiltonian takes
the form V) = —(6e/2)diag(cos@,1). We then apply transformation U, Eq. B-7),
obtaining

. b 4
V@ = g(sin $G, + cos ¢b,) sin’ 5 (3.9)

omitting a term proportional to the identity. The &, term in Eq. , which causes
transitions between the ground and the first excited states, affects the evolution of
the density matrix during the ramp across the magnetic anticrossing. The &, term
in Eq. is diagonal but vanishes at the magnetic anticrossing when ¢ = 7/2;
This term gives rise to fluctuations of the phase difference between the ground and
first excited states. Below, we discuss the effects of these two terms on the system

dynamics, showing that the former explains the low visibility, while the latter gives
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rise to dephasing that is consistent with the experiment. In this way, we obtain a
self-consistent description of the experimental data in Figs. [3-5] and [3-6]

We now apply the Bloch-Redfield (BR) approximation [70-72] introduced in Chap-
ter 2] to describe the dynamics of the double quantum dot in the presence of detuning
noise V@ . Within this theory, the dynamics are described in terms of transition rates
between energy eigenstates in the S — T subspace. The detuning fluctuations are
characterized by the spectral function S(w) = [ d7(de(t)de(t + 7))e ™7, where w is
the frequency and (...) denotes an average over noise realizations. Here, we assume

that the noise spectrum for detuning fluctuations has spectral density
S(w) = a/w’7, (3.10)

where « is a constant, as consistent with experiment measurements on recent exper-
imental quantum dot qubits [69]. We then calculate transition rates between eigen-
states induced by the noise using Fermi’s golden rule, obtaining the master equations

for the qubit density matrix p describing the hybridized S — T two-level system:

Poo = g(ﬂm + p10) — Lpoo + Tp1a (3.11a)
. b i

Po1 = —E(Poo — p11) — FLPm(A + Zée) — T'por (3.11Db)
P11 = —g(pm + pm) + Fpoo — Fpu s (3.110)

and pjg = pfy, where Z = sin®(6/2) cos(¢), and Zde is the noise contribution from
the ¢, term in Eq. . Here, 0 and 1 refer to the instantaneous eigenstates of
Eq. .

The transition rate I' in Eq. characterizes the rate of excitation from the
ground state to the excited state and the rate of relaxation of the excited state. To
estimate I', we assume the delta epsilon noise distribution to be classical because the
transition rates between S and 7" are only non-negligible near the S—7" anticrossing,
where the energy separation between the levels is h, which is very small compared

to the temperature. In the BR theory we therefore obtain the following form for the
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relaxation rate:

I(c) = % sin? ¢ sin® (g) S(A(e)/h) . (3.12)

Charge noise and other sources of relaxation give rise to 7} ~ 10 us, as measured in
experiments.[46] Since 7; is much larger than the ramp time (10 ~ 100 ns) in our

experiment, we ignore it in our visibility calculations.

3.4 Effect of charge noise

3.4.1 Oscillation Visibility

We now compare the results of our numerical simulations of the differential Eq.
to experimental measurements of Landau-Zener-Stiickelberg interferometry. The ex-
periments presented here use the procedures and methods presented in Ref. 6]. The
simulations use the measured values for the average magnetic field (obtained from
the period of the LZS oscillations), gupB = 0.17 peV, and the tunnel coupling at
zero detuning t.o =~ 3.4 peV [46]. We ignore the term Zde in Eq. during the
forward and backward ramps because it vanishes at ¢ = 7/2 and is only important
for long times, as we explain below, in Sec. [3.4.2] The parameters h and « are not
well determined from the experiment, and we adjust them here to optimize the fit to

the visibility data shown in Fig.[3-5 For the plots shown in this paper, we use
h=0.042 eV,  a=47ns " (3.13)

We note that if one takes the low and high frequency cutoffs of the noise spectrum
to be 0 Hz and 1/75 with T ~ 1700 ns respectively, this value of « yields a standard
deviation of the detuning fluctuations of 5.7 pueV, which compares well to the experi-
mental estimate of 6.4 peV [46]. Moreover, we expect the magnetic energy difference
h, to be in the range of 0.01 ~ 0.1 ueV, since the S — Ty experiment reported for
the same device in Ref. [6] indicates a value of h ~ 0.061 peV for a slightly different
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magnetic field configuration. Hence, the fitting result for A obtained above appears

to be quite reasonable.

Using these results, we can plot the theoretically determined relaxation ration
using Eq. (3.12). As shown in Fig. 3-7(b)| the transition rates are strongly peaked at
the S — T_ anticrossing. Moreover, we note from Eq. (3.12), the transition rates are

large only if the S — T anticrossing is not too far from the charge anticrossing.

3.4.2 Oscillation Decay

To account for dephasing during the manipulation period 7,, which occurs at large
detuning 9 > t. far away from charge degeneracy point, we follow Refs. [73], 74l The
0, term in Eq. gives rise to fluctuations of the phase difference between the qubit
eigenenergy states. The amplitude of this term is largest when the detuning is to the
left of the magnetic anticrossing, where both ¢ ~ 7 and 6 ~ 7. However, this part of
the system evolution does not influence the LZS interference pattern [45], since during
the forward part of the process, the system remains in the ground state, while for the
reverse process, a projective measurement to the ground state is performed. Here we
discuss dephasing produced by the charge noise at large positive detuning, which is
far to the right of the magnetic anticrossing. This part of the cycle dominates the
dephasing because the system is held at large detuning 5 for a long manipulation
time, 7.

The phase difference dp accumulated due to fluctuations of the detuning € is

So(72) = Zoes, / " droe(r)
0

sin(wrg) ., 1 — cos(wTs
= ZL-::EQ [%gw _ %ﬁ/} ,

(3.14)

where, (1) = & cos(wt) + &Y sin(wt), and ¥ and &Y are the two components of the
fluctuating Gaussian fields. We can compute the average of py; with respect to fluc-

tuation of de in Eq. (3.11b)) yielding po1 (7 + 7s5) = po1 (7 )exp(—x(75))exp(—I'(e2)7s)
(see also Refs. [73] [74), where exp(—x(75)) = (exp(—idp(7s))) is evaluated by
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() = e, [ 0™ (Si“f;;/ 2>)2 | (3.15)

Taking the noise spectral power Eq. with parameter a = 47 ns~" obtained
by fitting Fig.|3-5| one is able to calculate the time-dependence of the LZS oscillations.
Multiplying the factor exp(—x(7s)) by the amplitude of the return probability P;
obtained in Eqs. automatically takes into account both of the dephasing factors
I' and Y, yielding a theoretical prediction for LSZ oscillations under charge noise, that
is in good agreement with the experiment, as shown in Fig. [3-60 We note that the

parameters used to generate these oscillations are the same as those used in Fig. [3-5

Figure [3-5] and indicate that the numerical results for the oscillation visibility
as a function of ramp rate including only charge noise agree well with the experimental
data; the visibility as a function of ramp rate, the coherence time of the oscillations,
and the long-time limit of the decay curve can all be described by a single set of the
parameter values o and A given in Eq. . The system exhibits both low visibility
and long coherence times because the transition rates induced by the charge noise
depend strongly on the detuning €. While these transitions suppress the visibility at
the magnetic anticrossing, their effect is very weak at the large detuning values where
phase is accumulated, so the coherence time is affected mainly by dephasing, caused
by the ¢, term in Eq. .

The above theory predicts that the visibility of the LZS oscillations can be in-
creased by increasing the tunnel coupling, as shown in Fig. . This improve-
ment occurs because increasing the tunnel coupling increases the difference in de-

tuning between the charge and magnetic anticrossings; when the anticrossings are

well-separated, sin*(6/2) and sin?(¢) in Eq. (3.12)) cannot be large simultaneously.

In conclusion, we expect that the noise models described here could also apply
to other types of qubits that exhibit low visibility and long decoherence time[75].
We also expect these results to be of interest to other experimentalists because they
predict that the visibility of LZS oscillations can be increased substantially by increas-

ing the interdot tunnel coupling. This chapter exhibits an example of using Bloch-
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Redfield equations to describe the a single-qubit system dynamics with a known noise
spectrum. The BR equations incorporates the transition rates between eigenenegies

induced by the noise and thus explains the visibility reduction.
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Figure 3-4: (a) Schematic energy diagram of the full five-level system. A small
transverse magnetic field gradient causes an anticrossing to occur between the singlet
and triplet states S(1,1) and 7. The left inset is an expanded view of the region in
the small green box in the main figure. (b) a schematic of the pulse applied to the
detuning ¢ as a function of time ¢. The system is ramped from a negative detuning &,
to a large positive detuning €5 over a ramp time 7., held at e5 for a manipulation time
Ts, and then ramped back to €; over the time 7,.. The pulse sequence passes through
the S —T_ anticrossing twice, giving rise to Landau-Zener-Stiickelberg oscillations.
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Figure 3-5: (Color online) Visibility of LZS oscillations as a function of ramp rate
v, where v is defined as the slope de/d¢ of the initial ramp in the pulse sequence of
Fig. The red dots are experimental data, and the blue line shows the results
of theoretical simulations incorporating charge noise with a a/w®" spectrum [69)].
No magnetic fluctuations are included in the model. The tunnel coupling at zero
detuning used in the calculation is the same as measured in the experiment, t,, =
3.4 peV. The adjustable parameters used to obtain the theoretical results are «,
which determines the noise amplitude and yields detuning fluctuations consistent
with experimental estimates [46], and h, which describes the transverse magnetic field
gradient and determines the optimal ramp rate. The inset shows the experimental
return probability P; measured as a function of manipulation time 7.
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Figure 3-6: (Color online) Return probability P; measured in the experiment (red
solid line) as a function of manipulation time 7, (this is the same data as the inset
of Fig. [3-5). A Gaussian fit to the oscillation envelope yields a decoherence time of
~ 1.7 ps [46]. The maximum visibility, or oscillation amplitude, is about 0.24. The
blue dashed line corresponds to our theoretical prediction for the LZS oscillations,
obtained using the same parameters as Fig. at a ramp rate of v = 4.4 peV/s,
which is the same as the experimental ramp rate. The blue solid lines indicate the
envelope of the theoretical LZS oscillations, whose amplitude decays as exp(—x(7s)),
as discussed in the main text.
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Figure 3-7: (a) Visibility of LZS oscillations at the optimum ramp rate as a function
of tunnel coupling .. (b) Semilog plot of the energy difference between the ground
state ‘O> and first excited state |1> as a function of detuning; the dips of these curves
occur at the magnetic anticrossings. (c¢) Transition rates I' as a function of detuning.
The thin black lines in (b) and (c) are obtained for the tunnel coupling t.o = 3.4 ueV
while the thick red lines are obtained for t.g = 20 peV. Increasing the tunnel coupling
can be seen to move the magnetic anticrossing farther from the charge anticrossing,
causing a decrease in the transition rates.
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Chapter 4

Superconducting qubit

4.1 Circuit QED

The interaction between an atom and light is probably one of the most fundamental
processes in nature. The difficulty in investigating the effects lies in the fact that the
interactin between a single atom and light is usually weak. This difficulty motivated
the development of the field of cavity electrodynamics (CQED). The solution is to
confine the light in a high-quality cavity such that the light can interact with a single
atom many times before it leaks out.

A cavity, in the context of optics, is often an arrangement of mirrors that can
bounce light back and forth. Besides a combination of mirrors, it can also manifest
as other forms, for example, a coplanar waveguide transmission line in an electric
circuit which confines microwave range of electromagnetic wave for a long time before
it decays out. Then, to mimic the interaction between an atom and light in cavity
QED in a circuit, the remaining part is to find an 'atom’.

When we refer to the word ’atom’, what really should come to mind is a discrete-
level (quantum-mechanical) system that embeded with a dipolar coupling with elec-
tromagnetic wave. A capacitor with different number of charges on its two sides can
acts as an electric dipole, and a combination of a capacitor and an inductor forms a
electromagnetic harmonic oscillator that has discrete energy levels. However, a har-

monic oscillator has equally-spaced energy levels, which differs from an atom. This
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difference is crucial because it is the unique frequency of a transition in an atom that
generates the Rabi oscillation: a process of energy absorbed in and given out period-
ically. Introducing non-linearity to the oscillator should be one solution, and in fact,
it is now a standard solution. The non-linearity is introduced by Josephson junctions,
which can be modeled as a nonlinear inductance shunted by a linear capacitor.

By incorporating the Josephson element as an artificial atom in an electric circuit,
similar effects of the interaction between an atom and light can be observed and
described using the language of CQED. To further analyze a circuit with more complex
geometry and topology and more electric capactive and inductive elements in a regime
that quantum effects dorminant, it is necessary to quantize the circuit.

A more detailed introduction of the quantization of a circuit can be found in
Ref.[76. More systematically, this can be done in the language of graph theory, which

can be found in Ref. [77. Here, we list a simple version of recipe to quantize a circuit:

e Write down the equation of motion of the circuit. Usually node flux is used as

the variable for convenience and it has the role of position in mechanical system.

e Based on the equation of motion, write down the Langrangian of the circuit and
find the conjugate momentum, which turns out to be the charge, of the node

flux.

e Imposing commutation relation between flux and charge so that these two quan-

tity are 'upgraded’ as operators.

e Write down the Hamiltonian of the system in terms of flux operator and charge

operator.

4.1.1 Two-qubit gates

With the a chosen superconducting qubit, no matter it is a charge qubit, phase qubit
or a transmon, the dipolar coupling between this artificial atom and the electromag-
netic field will provides a natural way to coherently manipulate the qubit state by

controlling the corresponding field, i.e., single qubit gates should be well within reach
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once a good superconducting qubit is built. In fact, high-fidelity single qubit gates
have been experimentally realized quite a long time ago[78]. Therefore, we will skip
the discussion on single-qubit gates and jump right into two-qubit gates for super-

conducting qubit in this dissertation.

One approach for two qubit gates was proposed for frequency tunable qubits by
Strauch et al. [79]. This approach was demonstrated for transmon-like qubits [80-82]

and more recently for gatemons [83].

However, our final goal is to build a scalable quantum computer. As the number of
qubits increases, their energy spectrum becomes very dense, making two-qubit gates
based on frequency tuning a hardly scalable solution. Another approach is to use
microwave drive or SFQ pulse sequence, which we’ll discuss in more detail in Chap-
ter ol This approach also assumed fixed-coupling between neighboring qubits, which
inevitably introduce crosstalk. In the sense of scalability, a preferable approach that
can evade both frequency crowding and crosstalk would be to use tunable couplers

between qubit pairs. And this will be the focus of the rest of this chapter.

The idea of a CZ gate using a tunable coupler is quite natural and straightforward.
The standard CZ gate takes the form of diag{1,1,1, —1}. When drive is absent, the
interacting two qubits evolve freely under the Hamiltonian H;, giving an evolution

operator of the following form

W(t) = diag{e "0, e o1, pmidr0, p=idny (4.1a)

dm(t) = Ent/h. (4.1b)

The interaction provides a non-zero value for the CZ gate rate|Book:QCnQI2000,
Strauch2003]
Co = (Ell + Eoo — Egi — Elo)/h> (4.2)

so that after time ¢ = 7/ |(o|, the evolution operator is equivalent to the ideal CZ gate
Ucyz = diag{1; 1;1; —1} with the phase shifts ¢19 — ¢oo and ¢g1 — @0 to be factored
out by single qubit Z gates U,; and U,3|Ghosh2013].
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4.2 Superconducting qubit designs: transmon

For a single Josephson junction, the above quantization process can be done in a much
simpler way given the Josephson effects. Here instead using the charging operator Q
and flux operator qAD, we use two dimensionless quantities, which are the cooper pair
number difference N and phase operator ¢ for convenience. The DC Josephson effect
says

dN

[J = —26% = [0 Sin(S, (43)

where [; is the current through the junction and I, the junction critical current,
which is the maximum current that allows the metal to remain in its superconducting

phase. And the AC Josephson effect is

d5_26V_462N
dt h  hC’

(4.4)

Then we can write the above equation in the form of Hamilton’s equations as follows

a2 T TR s
d5 4N 10H
dt  hC  hON

(4.5)

From the above two equations, one can infer the form of Hamiltonian for the Josephson
junction:

B 2¢2

hl,
; Eo= =

= Bi= (4.6)

H = E-N? — Ejcosé
It is obvious that the above Hamiltonian differs from that of a harmonic oscillator. It
resembles one only when we take up to the second order of § for the second term. In
numerical modeling, one can still represent the Hamiltonian in Harmonic oscillator
basis and treat the higher order terms in ¢ as perturbation terms. Then instead of
charge and flux operators, one can move to the frame of linear combinations of them

such that the new operators bear the physical meaning of creator/annihilator of the

oscillation mode in the Harmonic oscillator basis.

The states of this anharmonic oscillator can be written in either phase represen-
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tation or charge representation. In terms of which representation is better, we need
to figure out which quantity is a good quantum number. The answer depends on the

relative magnitude of E- and E;. Here we list two limiting cases:

e Fo < FEj: the fluctuation of phase operator ¢ is small, thus it is well defined

while the cooper pair number is fuzzy.

e Ec > E;: the fluctuation of phase operator is large while the cooper pair

number difference across the Josephson junction is well defined.

When we use this anharmonic oscillator as a qubit, or more precisely, we use the
lowest two energy levels as a qubitll] correspondingly the qubit state can be defined
in phase representation or charge representation. When the system is in the regime
where the phase (charge number) is well defined, the eigenstates of the qubit, out of
which we define state ‘O> and }1>, can be identified by their phase (charge number),
therefore it is called a phase (charge) qubit.

4.2.1 Transmon

Besides charge qubit and phase qubit for the above two limiting cases, one can also
choose the regime between the two. By taking the advantage of the fact that the
charge dispersion reduces exponentially in E;/FEq, while the anharmonicity only de-
creases algebraically with a slow power law in E;/Ec[84], a new type of qubit called
transmon, is introduced in [85] and is now becoming one of the favorite supercon-
ducting qubits|80], [8GHSS].

A schematic device design and corresponding circuit diagram is shown in Fig. [4-1]
It can be proved [85] that the Hamiltonian of a transmon can be written in the same

form as that of a cooper pair box:

H =4E¢ (7 —ny)* — Ejcos §, (4.7)

LA qubit does not necessarily to be defined in the subspace that consists of two energy eigenstates.
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Figure 4-1: (a)Effective circuit diagram of the transmon qubit and (b) simplified
schematic of the transmon device design (not to scale). Reproduced from Ref. [85].
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where we use charge number operator n = 1/ 2N instead of cooper pair number, but
the physics remains the same.

For anharmonic oscillators, harmonic basis (also called LC basis) is usually used
in numerical simulations. The anharmonicity can then be treated as perturbations.
However, this approximation is not necessary for transmon. Since the static Schrodinger

equation

4Ec (—i% - ng) — Ejcos w] V(p) = EY(p) (4.8)

does have analytical solutions, which are Mathieu’s functions|84) 85, 89 in the fol-

lowing form
exp (ingp) E; ¢
U (p) = :

- = —2[ng—k(m,n T om0 ) o 4.9
@ NG mez{gk<,gn( 3Ee 2) (4.9)

where
k(m,ng) = Z int (2n, + £/2) mod 2]
(=1 (4.10)
x {int (ng) + £(—1)"[(m + 1) div 2]}

and the eigenvalues are

Ep (ng) = Ecaspn,+kmn,)) (—E1/2E¢) (4.11)

where a,(q) denotes Mathieu’s characteristic values. Depending on the accuracy
of a certain calculation, one can choose either to use the LC basis or Mathieu’s basis
to represent the operators in numerical calculations. In the following sections of this
chapter, transmons are modeled in the LC basis since we only need to accurately
model the lowest several levels. However, in Chapter [6] the analytical solution is used
since we are in the regime where higher levels might come into play and affect the

dynamics of a readout process.

4.3 Two-qubit gates with semiconductor junction

A spectacular solution to scaling up system was found in conventional classical com-

puters where successful simultaneous control of over a trillion transistors comes from
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the marvels of semiconductors. The transistor is the key element of this technology as
it can switch on and off conductivity of a nanoscale region of a semiconductor chip by
applying local nanosecond-scale voltage pulses. It is therefore tempting to explore an
approach where highly-scalable gate-control of semiconductors can be incorporated
into superconducting devices. A nanowire-based gatemon is a transmon whose tunnel
Josephson junction is replaced with a hybrid super/semi—conductor junction. This
junction can be formed by InAs nanowires in epitaxial contact with Al leads [83], Q0
95]. The Josephson energy E; of such junctions is tuned by a side electric gate that
controls the transmission of conducting channels in the semiconductor. The ability to
tune the Josephson energy introduces Z gates for single qubit operations [83], permits
additional reconfigurability of multiqubit systems to address frequency crowding and
brings options for scaling quantum processor to a large number of qubits, by analogy

with the operation of conventional transistor of classical processors.

Inspired by this idea, we propose a realization of a controlled—7Z gate achieved
by an electrically tuned semiconductor junction connecting two transmon qubits, see
Fig. for an illustration. This approach is similar to the two qubit gates in g-
mon systems [96, 07|, but in our case, the inductive coupling is controlled by the

transparency of a semiconductor junction connecting two superconducting qubits.

We assume that the connector can be completely closed by a proper negative
voltage applied to a nearby gate. When the gate voltage is removed, an Andreev
bound state (ABS) forms in the connector and its energy depends on the difference
in phases of superconducting order parameters on the transmon superconducting
islands. When the coupling between transmons through the junction is turned on, the
additional Josephson energy associated with the ABS introduces effective interaction
between two qubits and changes energy spectrum of the two qubit system. This
change allows one to perform a controlled-7Z gate (CZ), similar to frequency-tunable
CZ gates [79]. The great advantage of this electro-statically controlled gate is that
the interaction between the qubits can be turned off and thus completely decouple
qubits. At the same time, the interaction can reach strong magnitude during the

two-qubit gate operation necessary for a realization of fast high-fidelity CZ gates.



40

Since the semiconductor junction is turned off during single qubit operations, we do
not expect that these junctions will degrade significantly coherent properties of the
qubit system.

In this chapter, we have specifically discussed three qubit configurations:

Transmon |Fig.[4-2|(a)] is current favorite among superconducting qubits due to its
reduction in sensitivity to charge noise relative to the Cooper pair box and increase
in the qubit-photon coupling [80), R5-H8S|. We analyze the CZ gate characteristics
for two transmons coupled by an electrically-controlled epitaxial semiconductor junc-
tion. This configuration will take advantage of coherence of conventional Al/AlO, /Al
transmons and electrically tunable interaction between them, see Sec. £.3.1]

Gatemon |Fig. [4-2(b)] is a form of transmon, where the tunnel junction is re-
placed by a semiconductor Josephson junction [83, O1H95]. The configuration of two
gatemons coupled by a semiconductor junction has a benefit as this system has all-
semiconductor system without AlO, tunnel junctions. However, always "on" semi-
conductor Josephson junction of a gatemon may reduce coherence of the individual
qubits. We discussed this configuration in Sec. [4.3.2]

H-pair |Fig. i-2|(c)] is a system of two gatemon-like qubits with their Josephson
junctions combined into a single H-shaped four-terminal junction which is lithograph-
ically patterned as epitaxial super/semi Josephson junctions [93]. The H-pair may
simplify the fabrication process of coupled qubits. This junction also shows interesting
physical structure of the Andreev bound states and was a focus of recent theoretical
studies [90], 98-102]. We describe properties of an H-pair in Sec. [1.3.3]

We demonstrate that the proposed CZ gate realization for all three configurations

can reach fidelity above 99.99% for 50 ns gate time.

4.3.1 Two coupled transmons

We consider two transmon qubits coupled by a semiconductor junction. When the
junction is open, the transmons are decoupled. Each transmon is characterized by
the charging, E¢ ,, and Josephson, £ ,, energies, where o = 1,2. To suppress effects

of charge noise on qubit, transmon capacitances C, are chosen large and the charging
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Figure 4-2: A schematic picture of two qubits connected by an epitaxial semiconductor
junction (green bar). The three configurations presented here are: (a) two transmons
formed by tunnel Josephson junctions, (b) two gatemons, where the Josephson ele-
ments are formed by other epitaxial semiconductor junctions, (c¢) two gatemon-like
qubits, where their Josephson junction are combined into an H-shaped four-terminal
epitaxial junction. The voltage on the gate (vertical bar) switches connection between
two qubits on (left column) and off (right column). (d) The connector transmission
T, as a function of time. The transmission changes according to Egs. during
time 7, for switching on and off and is maintained at constant value Tj during waiting
time 7.
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energy Fo, = €2 /2C,, are much smaller than the Josephson energy, Fc, < Fj,. The
Hamiltonian of a transmon contains both charging and Josephson energies [85] and
can be written in the form

N2 N4
HY = 4E¢ 2 + B, (9—“ — 9—“) (4.12)
o e T\ Ty T ag ) '

Here, the electron number operator, n,, and the superconducting order parameter
phase operator, éa, do not commute, [n,, éa] = 1. The energy spectrum of the three
lowest energy states of a transmon is characterized by the transition frequency wqg

between the ground and first excited states and the anharmonicity 5:

oty = B - B (4.13)

hB@ = EY — B — hwy). (4.14)

These parameters are approximately given by the following expressions in terms of

the Josephson and charging energies|85]:

hw%‘) ~\/8E;oEca — Eca, ('Y~ Egq/h. (4.15)

While the condition E;, > E¢, is necessary to reduce transmon sensitivity to charge
noise, this same condition results in weak anharmonicity of transmons and imposes

certain constraints on time dependence of control pulses, including the CZ gate.

In the discussion below, we assume that the Josephson energies of both trans-
mons are equal, E;, = E;, but the charging energies E¢, are different to provide
distinguishable frequencies w%‘) by about 3%, which requires Eg1/Fce ~ 0.94. In

particular, we take

Ec Ec >

= 240 MHz,

E
7" = 20.55 GHz, — 255 MHz. (4.16)

The qubit energies and anharmonicities for this choice of qubit parameters are pre-

sented in Table 1.1} The energy spectrum of two non-interacting qubits is such that
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Figure 4-3: (Color online) Energy shifts on eigenenergies, 0E,, = E,, — Ep,, of the
two-qubit systems as a function of transmission 7,.. Only three out of four states in
computational subspace are depicted. For both qubits, the Josephson energy E;/h =
20.55 GHz, and the charging energies E¢q/h = 240 MHz and E¢o/h = 255 MHz.

computational state |11> is above both non-computational states |20> and ’()2>. This
order of energy states happens when the frequency separation between two qubits is
smaller than the qubit anharmonicities. A counter example is considered in Sec. I1I for
the case of two gatemons, where the anharmonicity is reduced and the computational
state ‘11> is between states ‘20> and ‘02>.

When the connecting junction acquires non-zero transmission 7, the interaction

energy between the transmons is given by the energy of the Andreev bound state

Transmon, GHz | Gatemon, GHz | H-junction, GHz
W\t /h 6.02 6.22 6.17
w2 /h 6.20 6.41 6.36
B j2r -0.294 -0.063 -0.066
B2 j2r -0.315 -0.067 -0.070

Table 4.1: Eigenenergies for non—interacting (7, = 0) two transmons, two gatemons
and H-junction qubit systems. The Josephson energy F;/h = 20.55 GHz for both
transmon and gatemon qubits and E;/h = 20.24 GHz for H-junction qubits, the
charging energy for qubit one FE¢/h = 240 MHz and qubit two Ece/h = 255 MHz.
All the eigenenergies are written in reference to the ground state energy.
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(ABS)[103]

§Eaps = A, |1 — T, sin? <91 ; 92), (4.17)

where é1’2 are superconducting phases of the transmons and A is the superconducting
energy gap. Assuming that the phase fluctuations of both transmons are small,

12 < 1, we expand Eq. (4.17)) to quartic terms in the qubit phases:

TA [~ 1.
V;nt ~ 3 ((91 — 92)2 — E(Ql — 92)4) . (418)

Here we consider small transmission coefficient 7, < 1 of the connecting junction,
sufficient for high-fidelity CZ gate. This interaction modifies the instantaneous eigen-

—

states ‘m> and energies E,, of the full system Hamiltonian
H = H, + Hy + Viys. (4.19)

As the transmission coefficient T, increases, the distance between neighboring energy

states increases as a consequence of energy level repulsion.

Below, we identify states |m> by their adiabatic evolution as a function of T,
from the non-interacting case, T, = 0, i.e. index m is composed of two integers
m — (n1,ng), representing n,th excited state of non-interacting transmon a = 1,2.
We evaluate the relative energy shifts 6E,, = E,, — Eqsll) — qu) of computational
subspace eigenstates, m = {00;01;10; 11} as a function of transmission coefficient 7.,

represented in Fig. [4-3|

The evolution operator in the computational subspace in the eigenstate basis |m>

has the form

W(t) — djag{e—i%o; €—i¢>01; e—i¢10; e—i¢>11}7 (4'2()&)

¢m(t) = Enmt/h. (4.20D)
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The interaction provides a non-zero value for the CZ gate rate[79, [104], 105]
Acz = (Evi + Egw — B — Evo) /b, (4.21)

so that after time ¢ = 1/(2|Acz|), the evolution operator is equivalent to the ideal
CZ gate Ucy = diag{1;1;1; —1} with the phase shifts ¢19 — ¢go and pg1 — ¢ to be
compensated by single qubit Z gates U,; and U,,. The dependence of Acy on T, is
shown in Fig. by a solid thick line. We demonstrate below that the energy shift

Acyz is sufficient for performing gate operation over time of (2 |Acz|)™! < 50ns.

With tunable coupler between two qubits, CZ gate can be realized by simply
switching interaction on over time 7,, waiting time 7, ~ 1/(2|A¢z|) and switching

interaction off over time 7,. The total gate time is
Ty = 275 + Ty (4.22)

First, we analyze the phase accumulation and transition probabilities during switch-
ing processes. In particular, we demonstrate that the relatively small separation of
the computational state |1f\1/> from the leakage states ‘563 and ’()f\2/> results in non-
negligible leakage of the system state from the computational subspace due to tran-
sitions during switching on and off. Then, we describe the overall gate performance

that combines the evolution of the system during switching on and off processes and

waiting for 7, at fixed T..

Switching interaction on/off

We now consider the process of switching on and off interaction between the transmon
qubits which is realized by electrically changing the transparency of the connector by

tuning the voltage on the gate. Specifically, we assume that the connector transmis-



46

sion T,(t) during the switching on and off processes is

erf(4t/7s —2) + 1
2 3

7Dty = T (1, —1). (4.23D)

TV () = T,

(4.23a)

During the switching on and off of the interaction between qubits, care is needed
to avoid transitions from |11> state to double excited states ‘20> and |02>, as well
as transitions between states |01> and ‘10>. We take 7, to be longer than the in-
verse anharmonicities 1/3(?) or qubits detuning, 1/ |w%) - w%)| to suppress these

transitions.

The evolution operator of the two-qubit system during the switching of interaction

is a solution to the Schrodinger equation

imAU(t) = HU(?), (4.242)
H(t)= > HY + Viu(), (4.24b)

where the interaction Vi (t), see Eq. (4.18]), changes in time in response to the chang-
ing connector transmission 7¢(¢). The evolution operators Uy of(7s) at the end of
switching on and off processes are used below to compose the evolution operator for

the whole gate and to evaluate the gate fidelity.

In particular, the operators U,,(7s) define the phase shifts gpﬁgn) of instantaneous

eigenstates ‘m> of the full Hamiltonian H () that are utilized later to work out timing
for the full CZ gate. We numerically evaluate Uay o (75) by solving Eq. in a
10 x 10 Hilbert space in the basis of a harmonic oscillator wave functions and make
sure that the low energy states are evaluated accurately for the actual Hamiltonian
H(t) of the system, Eq. (£.24b). Then, we analyze the 4 x 4 matrix | (SHQQ)]mm/ =
</77\1/| UOH(TS)‘m’ > in the computational subspace Q, of two qubits. Matrix [UO(HQQ)]mn
defines the evolution of a state from the non-interacting computational subspace,
T. = 0, to a final state, projected to the dressed computational subspace at T, =

To, where m,n = {00,01,10,11}. The diagonal elements of this matrix determine
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—_—

the phase factor accumulated by state |m> during the switching process, cp,(ﬁn) =

arg{[US2?],nm}. We obtain the relative phase difference relevant for the CZ gate

305 = o3 + ol — (" + M), (4.25)

)

which we utilize 6@8? in the next subsection to evaluate the full gate time.

In the rest of this subsection, we evaluate the probabilities of transitions between
pairs of instantaneous eigenstates since these transitions reduce the gate fidelity. We

—_—

compute [Uéngz)]mn and determine the probability of transition P, = [(m|U(7,)|n)|?

for a system of two transmons from state |n> to state ’/T;g The result of this calcu-
lation is shown in Fig. [I-4] by dashed and dotted lines for the transitions from state
}1f\1/> to its neighboring states |Of\2/> and }2/63 The probability of transitions between
pairs of energy states decreases fast as the energy difference increases. For the energy
spectrum of the two transmons analyzed here, the dominant leakage happens from
}1A1J> to ‘Of2v> The transition probabilities also decrease fast as the switching time 7,
increases and drop below 1073 for 7, > 20ns.

To better understand the transition probabilities between the states during the
switching on and off processes, we perform the perturbation theory analysis following
Ref. 105 In our case the bare level spacing is fixed and the interaction strength
changes in time, while in Ref. [105 the interaction was fixed and individual qubit

P

spectrum was changing. Denoting a dressed state of interest by |m(t)>, we can write

—_— —_—

Im(t)) = 3, Cu(t)exp(it, (1) |n(t)), where 9,,(t) = — [} E,(t') dt’/h and E,(t) is an

eigenenergy of instantaneous eigenstate |n(t)> at time t. The coefficients C),(t) are

obtained as solutions to the Schréodinger equation

Cnl®) = = Col0){mi0)] | 1m0
T (4.26)
_ i(On—Om <m(t)‘H(t)|n(t)>
;C"(t)e( | Eo(t) — En(t)

where H (t) is the time-dependent Hamiltonian (4.24b]) of the system.

Here we only provide perturbative analysis for the leakage from ‘11> and |02>, as
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Figure 4-4: Leakage probability from state |11> to ‘O2> and ‘20> during the switching
on of transmission T of a junction connecting two transmons as a function of switching
time 7, for the final transmission 7y = 0.015. This leakage implies the worst case of
gate performance since the transition from ‘11> to ‘02> is the dominant undesired
transition.

these two states have the closest energy separation. Other pairs of neighboring states
can be evaluated using the expressions obtained below with corresponding values for
the instantaneous energy states and matrix elements of the interaction. The resulting
transition probability from the initial state can be taken as the sum of probabilities
of transitions to nearby states, provided that all these probabilities are small. We
reduce our problem to the analysis of a two-level system formed by states |11> and
}02>:
Eyn(t)  J(t)

Hyp (1) = : (4.27)
J(t)  FEplt)

The time derivative of Hyy, is given by that of transmission 7., which in general results
in the time-dependence of the energies F;/02(t) and the interaction J(t).

Starting from initial state |11), we take C11(t = 0) = 1 and assume that the

C11(t) = 1 throughout the switching process. The equation for Coy(t) takes the form

Coa(t) = —eXO M(1). (4.28)
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Here
X(t) = /Ot V(B (t) — Ega(t)2 + 4J2(') dt’ (4.29)
and the matrix element of the time-derivative of the Hamiltonian can be cast in the
form o o
M(t) = <O?(t)‘H(t)~|11(t)>
Eni(t) — Ena(?) (4.30)

_ JO(En(t) — Ee(t) — (En(t) — Eoo(t))J(¢)
(En(t) — Eoo(t))? +4J2%(1)

The transition probability Py (t) after time t is determined by the integration of
Eq. (4.28) over time with the initial condition Cpy(t = 0) = 0:

Coa(t) = /Ot Coo(t)dt',  Po(t) = |Coa(t)|>. (4.31)

The perturbative analysis of the transition probability from |11> to }0/\2/> is then
accomplished by a numerical integration of Eq. . The result is shown in Fig.
Ml Solid line in Fig. [d-4]represents Pys(7s) at the end of the switching on the connector
transmission to Ty = 0.015 during time 7. Estimate captures the main features
of the full numerical solution, to improve quantitative agreement between the curves,
we would have to expand the above analysis to include multiple energy states into
account. The structure of Eq. reveals that the suppression of Py(7s) as a
function of switching time is due to the fast oscillating factor exp(ix(t)) in Eq.
for Coa(t), while M(t) is a smooth function of time.

Controlled—Z gate

Now we analyze the dynamics of quantum states when the connector transmission is
fixed, T. = T}, during time 7,,. The phase difference combination for the CZ gate is
given by 27A¢z7, and the waiting time 7, is found from the condition

200,
2T

1
+ AcgTy = 2 (4.32)
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where the phase difference 69, was introduced in Sec. [£.3.1} To evaluate fidelity of
the full gate, we numerically calculate the evolution operator U for the process that
is described by switching on transmission of the connector in the form of Eq. ,
maintaining 7.(t) = Tp for waiting time 7, and switching off T, as a time-reversed

process as illustrated in Fig. [4-2(d).

For numerical evaluations, the corresponding evolution operator U = UygUy, (T )Uon
is defined as the product of evolution operators U,z and U,,, discussed in Sec.
and the evolution operator U, (7,) = exp(—iH,7,/h), where H,, is the Hamiltonian
in Eq. with T, = Ty. Then, the fidelity is calculated by comparing matrix
[W]pm = <n|U|m> in computational 2 x 2 subspace, n,m = {00,01,10,11}, to the
ideal CZ gate, Ucyz, using the following expression for the fidelity [106]:

r- [Tr (W) 4| (0l U m | (4.33)

where U,; and U,, are single qubit gates such that

A A~

UnU,y = diag{l, ei(¢01*¢00), ei(¢>10*¢>00), ei(¢10+¢01*2¢>00)}7

and ¢,, are the phases of the diagonal elements of matrix w.

The gate errors of this voltage-controlled CZ gate, defined as 1 — F', are calculated
as a function of Ty, as shown in Fig. [4-5|(a). The error increases as T becomes larger
because for fixed switching time 7, = 15 ns, larger 7 means the energy levels are
shifted faster, which results in greater transition error, see Fig. [I-4 The benefit
of larger transmission 7Tj is the shorter gate time because it requires less time for
Eq. to be achieved, as shown in Fig. 4-5(b). The trade-off between the gate
fidelity and time determines the optimal value for Ty. The kink of the red solid line,
located at T ~ 0.013, happens because the relative phase accumulated during the
switching on and off processes equals —, i.e., 7, = 0. Further increasing 7 means
the relative phase during the switching processes exceeds —m. To satisfy the phase

condition (4.32)), a finite-time interacting plateau is needed to complete another 27
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Figure 4-5: (a) (Color online) Error for the CZ gate and (b) corresponding gate time
as functions of "on"-transmission Ty. The solid red lines are calculated assuming a
pulse shape with an interacting plateau, so the gate time is 7, + 27,. Here, we take
Ts = 15 ns. The dashed blue lines assumes the transmission is turned off right after
it arrives its maximum value Tj, thus 7, = 0, and the gate time is 27,, which is
determined by the phase condition Eq. .

rotation. The blue dashed lines represent the gate error and time of pulses whose
interacting plateau is absent, 7, = 0, and the gate time 7y, = 27,. The time-
averaged T.(t) is smaller for 7, = 0 pulses, therefore longer gate times are required.
At the same time, longer switching times allow for smaller gate errors. We observe
that for small Ty (< 0.01), the error can be reduced below 107¢ while the gate time

is shorter than 100 ns.

4.3.2 Two coupled gatemons

Replacing the insulating tunnel barrier between superconducting electrodes by semi-

conductor allows one to easily tune the Josephson Energy by using a electrostatic



52

gate. [91] This type of transmon is thus named as gatemon for its gate tunable fea-
ture. With higher transparency between the tunnel barrier and the superconducting
electrodes, expanding the ABS energy to the first order of T}, no longer well approx-
imates the ABS energy, where a = 1,2 denotes the qubit index. Here, we consider
single channel tunnel barriers with transmission 7, of gatemon o = 1,2. Then the

Josephson energy of a qubit to the quartic order in 6, is

0.,
Hj,=—-A,|1—T,sin? (;)

Ty~ T 3T\ -
~ AT -2 21220t
(=S (-7) )

The anharmonicity of gatemon is suppressed [95] by (1 — 3T, /4) in Eq. (4.34]), which

(4.34)

can usually be ignored in transmon systems with tunnel junctions containing many
weakly transparent channels, T,, < 1. We choose the parameters of the gatemon and
transmon system to be identical and they are to be given by Eq. . The Josephson
energy F; of a gatemons’ single channel junctions corresponds to T,—12 = 1. The
energy spectrum, including their anharmonicities are different for transmons and

gatemons, see Table , due to the difference in coefficients of éi terms in Eqgs. (4.12)
and (E:33).

The connecting junction between two qubits, once acquires non-zero transmission,

T, # 0, introduces an interaction between two qubits the same way as in transmon

systems (see Sec. [4.3.1). With reduced anharmonicity, the state |02> has higher

energy than its counterpart in transmon qubits. State ‘/1\1/> is therefore sandwiched
between ‘6\23 and |2/\0/> in this case. We also make a plot of the relative energy
shift Acz as a function of T, for the gatemon, shown in Fig. §-6] As discussed in
Sec. [4.3.1] the non-zero Acyz enables the realization of CZ gate by switching on and
off T,., which inevitably introduces transition error. The most probable transition,
the same as in transmon qubits, still happens between states |1/\1/> and ‘/0\2/> since
this transition has smaller energy gap and larger interaction than other transitions

involving computational basis.
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Figure 4-6: (Color online) Energy shifts on eigenenergies, 0E,, = E,, — Ep,, of the
two-gatemon system as a function of transmission 7,.. Only three out of four states
in computational subspace are depicted. The shift d £y, omitted for a clearer view,
can be calculated using the relative shifts Acqy = (EH + Eyo — (Ew + Em))/h, shown
as thick black solid line. The parameters are the same as the transmon system, as

listed in Eq. (4.16]).

To see how much the transition between states with smallest energy separation
can reduce the gate fidelity during switching processes, we start from state }1/\1/> and
calculate the transition probability during switching-on process by (i) numerically cal-
culating the evolution operator and (ii) approximating the system by a 2-level model

and using Eq. (4.31]). The 2-level approximation has been discussed in Sec. [4.3.1]

As shown in Fig. , the transition probability from state ‘11> to state }02> drops
fast as the switching time increases. Specifically, the transition probability to state

}02> can be smaller than 107 when the switching time is larger than 20 ns.

The relatively smaller shift of Aqyz in Fig. indicates longer CZ gate time for
gatemon than transmon qubits for the same T,.. And the decrease in anharmonicity
results in potentially smaller fidelity for other qubit operations not discussed in this
chapter, since it makes the qubit transition frequencies among computational basis
less distinguished from other undesired transitions involving levels out of the com-

putational basis. Fig. shows both the gate error and gate time as functions of
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Figure 4-7: Leakage from state ‘11> to state }02> and ‘20> during the switching on of
transmission T, of a junction connecting two gatemon qubits as a function of switching
time 7, for Ty = 0.015.

transmission Tj for gatemon qubits. The solid lines are the gate error and gate time
when finite-7,, pulses are applied while the dashed lines correspond to 7,, = 0 pulses.

Figure [4-8(a) does not show an obvious suppression in fidelity compared to the
transmon qubits due to the reduced anharmonicity since the error in this CZ gate
mainly comes from the transition error between states ‘1f\1/> and |Of\2/> during switching
processes and no coherent drive is applied. The oscillations are a result of interference

between states ‘1/\1/> and |0/\2/> during the gate. Fig. (b) shows that the gate time

can be well below 50 ns when Ty > 0.01.

4.3.3 Two qubits formed by a 4-terminal junction
Josephson energy

We formulate a model for a system of two gatemon qubits connected through litho-
graphically formed multiterminal junctions, such as an H-junction shown in Fig. [4-9]
We assume that the junction is short, its scattering matrix S is energy independent

and each terminal has only one conduction channel. Two terminals are connected to
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Figure 4-8: (a) (Color online) Error for the CZ gate on gatemon qubits and (b)
corresponding gate time as functions of "on"-transmission 7. The solid red lines are
calculated assuming a pulse shape with an interacting plateau, so the gate time is
Tw + 275. Here, 7, = 15 ns. The dashed blue lines assumes 7, = 0.
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the superconducting ground lead, while the other two terminals are connected to the

gatemon capacitor plates, see Fig. [1-9]

Figure 4-9: H-junction consists of two semiconductor beam splitters, BS; 2, connected
by a short wire (W). The other two terminals of each beam splitter are attached to the
ground superconducting strip and to the superconducting plates of the transmon-like
qubit, with superconducting phase 0, ».

A set of localized sub-gap Andreev bound states are formed in the junction. These
states are spin-degenerate which is guaranteed by Kramer’s theorem. The energies of

Andreev bound states are determined by the eigenvalue equation [103]
det |1 — e_zixgeiég*e_ié] =0, (4.35)

where the phase factor xy = arccos(e/A) captures Andreev electron-hole reflection at
the superconductor-normal interface, A is the superconducting gap in the leads, and
el is a diagonal matrix that assigns the superconducting phase 6#; to each channel,
0 = diag{0y,65,05,0,}. S is the scattering matrix of size 4 x 4 for the H-junction,
which is a combination of two three terminal junctions with two terminals connected
by a short wire with transmission 7,; see the supplementary information. Since the
phases of channels coupled to the ground superconducting lead can be fixed to zero,

the Josephson energy is defined by Eq. (4.35) in terms of only two phase variables
015.

)
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The Andreev energy states of the H-junction are [101]

) i\/,4(9) a4t \/A‘;(O) SUUES w6

where 8 = (01, 0) and the A- and B-functions take the form

2
A(0) = Ag + Z Aq cos by + Aga cos(by — b)), (4.37a)

a=1

2
B(0) =By + Z B, cosf, + By, cos(0; — 6)

a=1

+ B, cos(0; + 0s). (4.37Db)
In terms of the matrix elements of S the coefficients in Egs. l) and (4.37b|) read

4
Ag =2[Sul* +> 188>, A1z = 2| S/,
8=1

Ao =2 (|Sl,a+1|2 + |Sa+1,4|2> ) (4.38)

and

By =2 (|512524 — S14Sa|* + |S13534 — 514533|2)

+ Y |SaaSss — 525

a<f

By =513523 — 512533|2 + 514594 — 512544|2
+ [S12514 — 511524|2 + 24533 — 523534|2,
By =[512523 — 513522\2 + [S14534 — 513544\2

2

I

(4.39)

+ [S13514 — S11554]? + [S23504 — S22534],
Biy = [S12513 — S11593)% + |S24534 — Sa3544?

+ 514523 — S12534|% + | S14523 — S13524]%,
By =[513524 — S12554]%.
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The Josephson energy of an H-junction has a series expansion to the fourth order

in the superconducting phases 6 »:

4
Hyy(01,0,) = A K;6469, (4.40)

i,j=0
where coefficients K;; are obtained from the expansion of Eq. (4.36|) to the forth order
in 0, 2, and we take K;; = 0 for i +j > 4 to avoid higher order terms. For 7. = 0, the

two qubits do not interact and
Hy3(61,0,) = A (Kggmf + K0t + KOg2 + Ké?é)é) . (4.41)

The full Hamiltonian of the system is similar to the Hamiltonian of a transmon Hamil-
tonian, Eq. (4.12)) with E;; = 2AK§8), Ejy = QAKég) and a modified anharmonicity.
When the wire acquires finite transmission, T, # 0, the interaction between the qubits

develops with the interaction term given by

4
Vie =AY 0K,0103, 0K = Ky — K. (4.42)
i,j=0

The scattering matrix for the H-junction, Fig. 4-9 can be constructed in terms

of the scattering matrices for each beam splitter and the connecting wire, see the
Appendix. We use Egs. - to characterize the qubit system, called H-pair,
and evaluate the CZ gate fidelity for a particular choice of parameters for the beam
splitters. We demonstrate that this system is sufficient for control of energy splitting

of individual qubits and fast switching the interaction between qubits.

Controlled—Z gate

—_— —_— —~—

For the H-pair, state |11) is close to leakage states |20) and |02). To reduce the
excitations to non-computational states, we keep the interaction strength below the
anharmonicity level, ~ F¢, and imply that the transmission of the connector is

small, 7., < /E./A < 1. Here we allow for the wire transmission to have larger
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Figure 4-10: Energy shifts on eigenenergies, 6E,, = E,, — E,,, of the two-qubit
systems. The charging energies E.;/h = 240 MHz and Ego/h = 255 MHz for qubit
one and qubit two respectively, the same as the values given in Eq. (4.16). Ko220 =
0.123, corresponding to Josephson energy E;/h = 20.24 GHz.

values T, ~ 1, but we choose such parameters of the Y-junction that the resulting
conductance of the H-junction between the qubits is small. The Josephson energy,
Eq. (4.40), acquires terms with small K;; # 0 for both 4, j # 0, resulting in interaction
between the qubits. In particular, the coefficient K1 is the dominant term describing

the coupling between the qubits.

The anharmonicity of the H-pair is reduced by a numerical factor as compared
to conventional AlO, oxide tunnel Josephson junction [95], as we also discussed in
Sec. [£.3.2] but this reduction is not significant and still permits high-fidelity gates
for two qubits coupled by the nanowire. We still choose the charging energies of
each gatemon to be E. = 255 MHz and E., = 240 MHz, as shown in Eq. .
Below we choose parameters for beam splitters so that K02 ~ 0.1. For the specific
case K902 = 0.123, the qubit transition frequencies and anharmonicities are listed
in Table 4.1} For non-ideal transmission of conduction channels, the qubit frequency
is smaller, but additional conduction channels in the junction can help adjust this

frequency to a desirable value.
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Figure 4-11: Transition probability to from state ‘11> to state ‘02> and |20> as a
function of switching time for the H-junction qubits. "On"-transmission 7, = 0.6.
Charging energies and superconducting gap are the same as the transmon qubits
and gatemon qubits. For our choice of parameters, Ky 20 = 0.123, corresponding to

Josephson energy E;/h = 20.24 GHz.

Due to relatively large connectivity of the individual qubit junction, the absolute
value of anharmonicities are suppressed so that the state |1A1/> is sandwiched between
states }0/\2/> and ‘2/\0/> As expected from previously discussed two qubit systems, the
non-zero transmission gives rise to finite Az, shown by a thick solid line in Fig. [4-10],
enabling the construction of CZ gate by switching 7.

In absence of decoherence, the gate error comes from the transitions to levels
outside the computational basis during switching on/off interactions. Taking Ty =
0.6 for the connecting wire, we investigate how transition probability decreases as
switching time 7, increases. As shown in Fig. [{-T1], the transition error can be readily
reduced to 1073 for switching time longer than 20 ns.

The relatively small change of A¢z in Fig. [4-10] in transmission from 7, = 0
to T, = 0.8 indicates a quite flexible tunable coupler for the H-pair. For a fixed
switching time, smaller "on’-interaction, which corresponds to smaller Tj, can prevent
transitions during switching, but requires longer time to accomplish CZ gate. In

contrast, larger interaction is good for gate time, though it acquires larger transition
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Figure 4-12: (a) (Color online) Error for the CZ gate and (b) corresponding gate time
as functions of "on"-transmission 7y of an H-pair. The solid red lines are calculated
assuming a pulse shape with an interacting plateau, so the gate time is 7, + 275.
Here, we take 7, = 15 ns. The dashed blue lines assumes the transmission is turned
off right after it arrives it’s maximum value Ty, thus the gate time is 27,.

error. Truncating unpractical ranges for ’on’-transmission 7j, we make plots of gate
error and time as functions of Tp, as shown in Fig. [I-12] Figure [{-12] shows that for a
large range of wire transmission, the worst case error can be smaller than or on the

order of 1072 with the gate time shorter than 200 ns for this parameter set.

4.4 Summary

We compared three kinds of qubits, namely a pair of transmons or gatemons as
well as an H-pair by theoretically realizing a CZ gates through tuning inter-qubit
interaction and taking a look at their gate fidelity and gate time as functions of

experimentally practical transmission range. The evolution of the three systems are
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Figure 4-13: Error as a function of gate time for qubit systems analyzed above with
waiting time 7,, = 0. The charging energies are the same as what we used in previous
figures. The Josephson energy F; = 20.55 GHz for transmons and gatemons, and
E; = 20.24 GHz for qubits in H-pair. The corresponding qubit frequencies are listed
in Table. For gate time about 50 ns, all three qubit configurations allow for gate
errors at the order of or less than 1072,

simulated by solving time-dependent master equations without decoherence for a
general discussion. In general, decoherence can be included as Lindblad terms in the
Lindblad equation (see Chapter [2) but the physics and rates can be very different
depending on different physical realizations of superconducting qubits. The error we
present in this chapter are intrinsic errors of the CZ gate realized by a tunable coupler
due to a time-dependent Hamiltonian. For all three systems, fidelity and gate time
are generally not positively correlated and optimal transmission needs to be chosen
to ensure reasonable gate time and error. Fortunately, numerical analysis show the

existence of this optimal regime of transmission for all three systems, as shown in
Fig.

In general, a transmon has larger anharmonicities than a gatemon or H-pair. This
explains the different relative positions of states {11> and ‘02> for transmon system
and the other two in this chapter. For other choices of charging energies, this difference

may not manifest as the obvious different energy configurations, but depending on
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different ways of realizing qubit gates, the transmon with larger anharmonicity may
have a better fidelity as it distinguishes transitions among its computational basis
from other transitions better than small anharmonicity system.

gatemon, it inherits the freedom of tuning qubit frequencies. Therefore, even
with slightly longer gate time and potential operation error compared to traditional
transmon, it allows for easy control of the energy scales and interactions, thus both
single qubit gates and two-qubit entangling gates can be easily realized with little
error coming from cross-talk or frequency crowding.

The CZ gate can be realized in systems with always-on interaction by shifting
qubits’ spectrum in resonance to temporarily enhance the interaction between two
qubits, e.g. by bringing energies of states |11> and ‘20> to the same value |79, [105].
But even for the "off" configuration of qubits, the phase difference o< Ay continuously
accumulates and reduces gate fidelities of single qubits. Such error accumulation be-
comes especially crucial for large scale qubit systems. Also, changing qubit frequency
in the crowded spectrum of a large interacting system will cause numerous level cross-
ing that will cumulatively result in large gate errors. Therefore, a tunable coupler
between the qubits is a necessary element for a scalable quantum processor. The previ-
ous realization of inductive tunable coupler was utilized in g-mon systems[96], 97, [107],
where the coupling is controlled by the flux bias. In this chapter we demonstrated
that an inductive tunable coupling can also be controlled by electrostatic gate voltages

by utilizing the epitaxial semiconductor Josephson junctions.
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Chapter 5

Digital control of quantum circuits

Using the microwave pulses to coherently control superconducting qubits is natural
in the superconducting circuits. Although it is experimentally demonstrated that
both high-fidelity single-qubit gates and two-qubit gates are feasible using microwave
drive, the pulse generation and routing requires immense overhead with devices that

is hard to be incorporated into low-temperature qubit environment.

One possible solution is to consider using rapid single flux quantum (SFQ) logic,
which is a rather mature superconducting technology and can be easily incorporated
into the same temperature stage as the qubits. The use of SF(Q circuits in controlling
Josephson devices were suggested in [I08HIT0] and a few experiments focusing on
controlling the qubit system parameters using SFQ [111} [112] or qubit readout [113-
115] have been taken.

It is until more recently that direct excitations of superconduting qubit using SFQ
pulses in place of microwave drive is proposed[116] and realized in transmon qubit

with high fidelity [T17].

In this chapter, we will first follow the proposal[IT6] to briefly describe how SFQ
pulses can be used to coherently control a superconducting qubit. Then we will
discuss the possibility of implementing two-qubit gates, specifically CNOT and CZ
gates with SFQ pulses.
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Figure 5-1: (a) SFQ pulse sequence in time domain. (b) The coherent control of SFQ
pulses over a two-level system. (c) SFQ pulse sequence in frequency domain when
there are 20 pulses. The original pulse sequence has a period of 1 (arbitrary unit)
and Guassian shape with width of 0.1.

5.1 SFQ pulses for coherent control of a qubit

The technology of SFQ pulse generations is based on storage and transimission of
classical bits in the form of fluxons, which are time integral of voltages. Let us
denote the flux quantum by ®, = [ V(¢)dt, where the integral is taken over the
pulse duration time (about 2 ps). Regular SFQ pulses are usually generated and
transmitted equally-spaced in time, as shown in Fig. |5-1 (a). T = 2;” is the time
interval between two neighboring pulses. Since the duration of each pulse is much
less than the time intervals, SFQ pulses can usually be modeled as delta functions
such that V(t) = ®¢d(t). Unlike sinusoidal microwave drives which continuously drive
the qubit from one state to the other, these delta pulses induce sudden small rotations
that get add up coherently by matching the qubit frequency with the pulse frequency,
as shown in Fig. [5-1|(b).

Another way to see why SFQ pulses work as driving forces for a two-level system is
to look at its distribution on frequency domain. While single delta pulse corresponds
to a trivial and boring constant pattern, equally-spaced delta sequence can have
very narrow equally-spaced peaks in the frequency domain. Figure (c) shows
the Fourier transform of a sequence of only 20 narrow Gaussian functions. The
width of these Guassians are one tenth of the pulse interval. When SFQ pulses are
used to control a real qubit, there can be more higher energy levels hanging around.

Generally speaking, the larger the width of each peak in the frequency domain is, the
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Figure 5-2: Reproduced from [I17]. Circuit diagram of SFQ pulse controlled trans-
mon. The transmon is capacitively coupled with the SFQ pulse train, which is gen-
erated by micorwave drive of the same frequency via a dc-to-SFQ converter.

more probable that leakage will be introduced to the system during the qubit control.
Depending on the frequency resolution requirement, one can adjust the length of the
pulse sequence. It is numerically estimated that the leakage can be below 0.1% for
a pulse sequence of only 20 ns [I16], which suggests that SFQ pulses is indeed a

promising candidate for coherent control over superconducting qubits.

Figure is a schematic circuit showing a transmon is controlled by SFQ pulses

via a coupling capacitance reproduced from [I17]. The rotation angle induced by each

2w
=C.® - 1
80 = C.®g1/ o (5.1)

where C. is the coupling capacitance and C' is the capacitance of the transmon. wqq

pulse is

is the qubit frequency.

Both Figure p-1|b) and (c) intuitively suggest that the frequency of the pulse
does not need to be exactly the same as the qubit frequency. It can be instead at
a subharmonic of the qubit frequency wy = wio/n, where n is an integer larger than
1. The experiments in [117] shows that larger choice of n does not really affect the
fidelity that much. For n = 3, the fidelity ranges from 94% to 97% and for n = 41,
the fidelity is 95%.
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5.2 Two-qubit gates realization using SF(Q sequence

We have seen that single qubit coherent control by SFQ pulses is indeed practical.
In the remaining part of this chapter, we will explore the possibility of implementing
high-fidelity two-qubit gates with SFQ pulses which completes the puzzle of universal

operations of a multi-qubit system.

5.2.1 Formulation of entangled system and CZ gates

We consider two transmons. One has three states and the other has four. For the

three-level transmon, the Hamiltonian is

0 0 0
H1 == 0 w1 0 (52)
0 0 w1 — 1.

Similarly, the Hamiltonian of the four-level transmon Hy = {0, wa, we —an, wa — s}
where w; and w, are frequencies of the two transmons and a; and «s are anharmonic-
ities of them respectively.

With interaction J, the total Hamiltonian for the transmon system is H; = H; ®
Hy+ J(a+a') ® (b+ b'), where a (b) and a' (b') are the creator and annihilator of

the 3-level (4-level) transmon.

Interacting Gate and Strauch Gate

For weak-fixed interaction, this straightforward scheme for CZ gate realization may
become less practical due to long gate time, as shown by the red dashed line in Fig. [C
[ In a fixed-coupling system, to reduce the two-qubit gate time, larger interaction is
needed, which introduces larger cross-talk errors for single qubit gates.

Another approach was proposed by Strauch [79, 105]. While this strategy can
decrease the gate time, it requires tunable qubit frequency and a careful choice of

sweeping time. In addition to introducing cross-talk errors for single qubit gates
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due to the fixed coupling, it also introduces tunneling to leakage states during the

sweeping of qubit frequency.

5.2.2 SFQ-activated scheme

The scheme is reminiscent to the microwave-activated controlled phase (MAP) gate
realized in Ref. [104]. Here we theoretically analyze how this CZ gate is realized in two
different near-resonant regimes, namely, large amplitude drive and small amplitude
drive. We will explain how these two mechanisms are different and how both of them
can be utilized to construct CZ gates. In short, for the small amplitude drive, the
SFQ drives accelerate the conditional gate rate, decreasing the gate time. This is like
a modification on the interacting gate. At large amplitude regime, the SFQ drives

a nearly coherent transitions between states |1l> and a auxiliary state ‘12>. This is

more similar to what happens in a Strauch gate.

Then in the next section, Sec. we numerically show that the off-resonant
SFQ pulses indeed decrease the gate time for both fixed-coupled system and tunable-

coupled system.

Here we start by describing the idea of this SFQ-activated scheme. The frequencies
of the two qubits should be carefully designed so that the states ‘O3> and ‘12> are
aligned, which means the anharmonicity of transmon two should satisfy as = (wqy —
w1)/2 to align state |03) and [12) when J = 0. With a weak interaction J between
two transmons, these two degenerate states will be split by an amount about v/3.J, as
shown in Fig. [5-3| The interaction will also detune the transition frequency between
states ‘()1> and ‘02> and transition frequency between state |11> and |12>. By this
way, we are be able to pick out a unique transition frequency w;, which is between
state |1A2/> and (|12> — !03>)/\/§, where we use tilde to denote the eigenstate of the
total Hamiltonian. With the presence of interaction J, the interacting conditional

phase accumulation rate is

(o1 + as)
(we — w1 4+ o) (wy —wa + ag)

o~ 2J? (5.3)
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Here, the contributions from the mix between state ‘11> and |22> is ignored because
of smaller amplitude. For system with weak coupling (J ~ 0.01 GHz), a CZ gate
may take up to one thousand nanosecond depending on the qubit frequencies and

anharmonicities.

Small amplitude limit: AC-Stark shift Applying small amplitude SFQ pulse
trains with frequency w, that is slightly detuned from w; on the second transmon
causes ac-Stark shift on state ‘/1\1/>, which can be tuned to increase the CZ gate rate.
The second order perturbation theory gives an estimate of the conditional phase

accumulation rate

¢ =G+ G (5.4)

Here,
_8%2592 3.J?2
Wi Ag(Ag+V3JI)(Ag+2v3J)

where 60 is the SFQ pulse amplitude, A; = E55 — Eq1 — wq is the detuning between

(5.5)

0 X

the drive frequency and the interested transition frequency. To ensure that the second
perturbative approximation is valid, we need 790 < Ay here. The conditional gate
time is 7/C. A comparison between the theoretical estimation and numerical calcula-
tion is shown in Fig. The numerical curves (red solid and blue dashed lines)
are based on simulation of a twelve-level system. The difference between the SFQ
drive and Microwave drive can hardly be seen and they both agree well with the per-
turbation theory at small amplitude regime. Figure shows that the conditional
gate rate can be enhanced by small amplitude off-resonant drives and thus decrease
the gate time. However, for weak interaction strength, when the perturbation theory
is readily applicable so that the leakage from computational subspace is acceptable
at time ¢, = 7/(p, the increase is less than twice of original accumulation rate. In the
subsection below, we discuss the large amplitude limit drive and demonstrate that
this drive can also be utilized to decrease the gate time and become especially useful

when the interaction is small.
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|0, 0)

Figure 5-3: Level diagram of a two-transmon system. Purple levels are computational
basis. Orange levels are auxiliary levels that are out of computational space. In the
MAP scheme or SFQ-activated scheme, the auxiliary levels are carefully designed
so that they are aligned when interaction is absent. The levels in computational
subspace are colored purple and irrelevant levels are gray.

Large amplitude limit: near-coherent rotation

When the drive amplitude is large, perturbation theory no longer applies, and the
state partially rotates between states |11> and |12>. While a full rotation, which
happens when Ay is negligible compared to 706, results in a minus sign on state

}11>, an off-resonant drive when the detuning can not be ignored gives a phase ®,.,;

that is different from 7 on state |1A1J> when the state population is back to state ’11>.
At the same time, since the gate is accomplished in a finite duration of time, during
which the conditional phase also gains a contribution ®¢,.. from free evolution, we
can tune the pulse amplitude so that ®,,; + ® .. = ™ when the population is back

to state ’11>. Therefore, the off-resonant large amplitude drive accompanied by the

free evolution approximates a CZ gate.

In our simulation, we carefully choose a pulse amplitude by first looking at the
population on state ‘1f\1/>, which shows Rabi oscillations due to the near-resonant drive.
When the population completes one period at time T, we calculate the conditional
phase given by the evolution operator U(Tr) by projecting it onto the computational

subspace. The pulse amplitude is chosen so that the conditional phase of projected

U(Tg) is £, i.e., U(TRr) is a CZ gate in the computational subspace.
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Here we chose a set of parameters and present the quantum process tomography
(QPT) of a SFQ-activated CZ gate in Figure as an example. The gate has
fidelity of compared to perfect CZ gate.

And we will show that when strong coupling is not available, or fixed weak cou-
pling is required by high-fidelity single qubit operations, this off-resonant drive as an
entangling gate will be preferable in a sense that gate time can be many times smaller

with gate fidelity higher than 99%.

Fidelity

A typical dilemma in realizing quantum gates is that the interaction between qubits
is necessary to entangle two qubits, and usually can construct faster two-qubit gate
with higher strength, while it also introduces crosstalk, which reduces the fidelity
of single qubit operations. In Sec. [5.2.2] we will first demonstrate that using this
SFQ-activated CZ gate scheme, we are able to realize CZ gate even in very weak
interaction regime, while still maintain short gate times and high fidelity. The weak
interaction allows high-fidelity single qubit gates of a fixed-coupling system. We
specifically compare the fidelities and gate times of the SFQ-activated CZ gate with
interacting CZ gate, which simply utilizes the energy shift of state ‘11> compared to
non-interacting eigenstate to construct a CZ gate. We then present how good our
SFQ gates could be with tunable coupling and/or variable-frequency qubits, which
have already been realized in experiments [96] 97, 107, 118].

The fidelity we use to measure the performance of qubit gates is the average fidelity
F=1 |<¢‘M W>’2 dV', where the integral is taken over all possible initial states in
the computational subspace of a system, M = Ug Uaet, Up is the ideal gate we intend
to perform on the system, U, = PUP?' is the actual gate in computational subspace
realized by SFQ pulse sequence or the interacting CZ gate in our case and P is the
projection operator from full space to computational subspace. It can be proven [106]

that F' takes the form of

1 2
F = n T D) [Te(MMY) + | Te(M)[7] (5.6)
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Figure 5-4: (a) The phase accumulation rate as a function of pulse amplitude. The
amplitude of microwave drive is chosen so that it is equivalent to the shown SFQ
amplitude, i.e., A = T'06. The theoretical estimate is given by Eq. . The numer-
ical curves are based on simulation of a twelve-level system. The difference between
the SFQ drive and Microwave drive is negligible and they both agree well with the
perturbation theory for small amplitude drives. (b) Quantum process tomography of
ideal CZ gate (left) and SFQ CZ gate (right).
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where n is the dimension of the system. For two qubit gate, n = 4.

Fixed—coupling qubits

For a fixed-coupling system, measurements are taken with the presence of the in-
teraction. Theoretically, this means the CZ gate realized on the eigenbasis of the
interacting Hamiltonian is directly compared to the ideal CZ gate on the bare eigen-
basis of non-interacting Hamiltonian. In this case, the difference between the bare
states and the eigenstates of full Hamiltonian contributes errors to both interacting
CZ gate and SFQ-activated CZ gate.

In Figure[C-1] we present the fidelity (upper panel) and gate time (bottom panel)
of CZ gates as functions of interaction strength J. The interacting CZ gate gains
more error for large interacting. This is expected because stronger interaction means
the transformation matrix between the bare eigenbasis and interacting eigenbasis are
less likely to identity, which messes up the CZ gate on the interacting eigenbasis.
For the SFQ CZ gate, the error has two sources. One is the difference between two
basis, and the other is the leakage from the computational basis. The mix of two
different error sources makes the trend of the error as a function of interaction more

complicated.

Tunable—coupling

When the coupling is tunable, the single qubit gates are routine and is not sensitive
to the frequencies of each qubit as long as they do not interact. We will focus on
two-qubit gate. After CZ gate during which the state ‘1f\1/> acquires a minus sign, we
can adiabatically switch off the interaction so that the CZ gate on the interacting
eigenstates evolves into a CZ gate on bare states.

While we can avoid the errors due to the difference between different sets of basis,
the switching processes inevitably introduce transition among levels. To theoretically

analyze the transitions during the switching processes, we can resort to the same

method used in Sec. 4.3.1].
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Figure 5-5: (Color online) (a) Transition probabilities to state [02), denoted by P,
as a function of switching time for CZ gate. Interaction increases linearly with time
and maximizes at 0.16 GHz. the insets show transition probabilities to state |0~2>
during a switching-on interaction process, assuming the switching time is 10 ns and .
The red circles are calculated using Eq. (??7) which takes only two levels into account
and the blue diamonds are numerical transition probability in a system where we
have one three level transmon and one four level transmon (the system on which CZ
gate is applied).
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the same as in Fig. [C-1} The switching time for both switching on and switching off
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Including the switching processes and single qubit Z gates, we make plots of the

fidelity and gate time as functions of interaction strength J, as shown in Fig. [5-6]

With the switching processes, the CZ gate on the eigenbasis of interacting Hamil-
tonian is smoothly mapped to the CZ gate on the bare eigenbasis. The error of the
interacting gate only comes from the transitions as analyzed above. For the SFQ-
activated CZ gate, the error comes from both the transitions and the leakage from
the computational basis when the drive is applied. Therefore SFQ gate indeed has
larger errors than interacting CZ gate, as shown in the upper panel of Fig. [5-6l On
the other hand, as the error is on or below the order of 1072, the gate time of SFQ CZ
gates is dramatically decreased to less than a quarter of the interacting gate, which

may make critical difference when decoherence are relaxations are present.
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Figure 5-7: The fidelity as a function of the strength of timing jitter on an external
clock. The parameters are the same as in Fig. [C-1 The average drive frequency wy
is the same as the drive frequency in Fig.

Timing jitter

In real experiments, the arrival time of each pulse fluctuates and also results in gate

errors. From Ref. [I16], the average gate fidelity as a function of timing jitter magni-

tude dT is
(,L)thZ @2
Fope =1— — 41, 5.7
(5 6.7)

where © = N¢§6 and N is the total number of pulses.

In this chapter, we theoretically analyze the mechanisms of CZ gate realization
using off-resonant SF(Q pulse trains and show the equivalence between SFQ pulses
and microwave drive. We conclude that both AC-stark shifts activated by weak
drive and near-coherent rotation enabled by large drive can be utilized to construct
CZ gates. We specifically investigate the large amplitude pulse regime in which the
detuning between drive and the transition frequency of two interested levels are almost
negligible. When the pulse-driven near-resonant rotation completes one cycle, it
contributes to a phase ®,.,; that is near to —1. And the gap between —1 and ®,,; can

be filled by the phase accumulated during the finite gate time ®¢,... We numerically



7

show that this gate can be realized with fidelity generally higher than 99% in a
tunable-coupler system, and decrease the gate time well below 100 ns even in very
weakly coupled system. This scheme is also very useful for fixed-coupler system since
it only requires weak interaction between qubits thus can avoid large cross-talk errors
for single qubit gates. Unlike Strauch gate, it does not require any qubit frequency

shifts, which may practically simplify the wiring of the system.
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Chapter 6

Readout

In this chapter, we focus on the data extraction part of a quantum data processor
(sounds like we already have one), i.e., the readout process. For superconducting
qubit, this can be done by allowing the excited state to escape from a potential well
[119]. Earlier design was also based on bifurcation amplifier [120, 121]. Currently, a
widely used readout scheme is dispersive readout[I122]. In Sec. [6.1] we will review the
mechanism of this measurement scheme. Then in Sec. we discuss how the state
of a qubit is affected by the dispersive readout process, after which we move onto a
more complex system — two coupled qubits, and develop a theory to intepret the non-
monotonicity of the strength of crosstalk as a function of qubit-qubit detuning during
a readout process, contrary to intuition. We also use quantum trajectory method
that is introduced in Chapter 2 to simulate the dynamics of the two-qubit system,

which gives consistent results compared to our theoretical estimate[123].

6.1 Dispersive readout

The basic idea of a dispersive readout scheme is to weakly couple a qubit with a
resonator. This coupling results in a change of resonator frequency, qubit frequency
and the direction of the change depends on the state of the qubit. This means the
resonator has different frequencies for qubit in state ‘O> and |1> Extracting the

frequency information allows one to infer the state of the qubit. A schematic circuit
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of two coupled qubit with its readout resonator is shown in Figure One can refer
to either left half or right half of the figure as a typical simplified readout circuit
for dispersive readout. Here we follow the derivation in Ref. [124] to explain the
dispersive readout.

We focus our discussion on a two-level qubit for simplicityE] When it is coupled to

a resonator, the total Hamiltonian is
H, = Hy + hg(a'o_ + acy), (6.1)

where rotating wave approximation has been applied and only the Jaynes-Cummings
interaction[125] is kept and Hj is the non-interacting Hamiltonion, which takes the
form

Hy = hwga'a + th%. (6.2)

Here a(a') are annihilator(creator) of photon state in the resonator while o, is the
Pauli Z matrix. wg and wq are resonator frequency and qubit frequency respectively.
In dispersive regime |A| = |wg —wg| > ¢, one can approximately diagonalize the

above Hamiltonian H by [124]
D Linear - eA(aTU*_aU+) (6-3)

where A = g/A. The transformation gives an effective Hamitonian in the form of

Hg =D’

Linear

Hs D Linear

1 .
= hwgra'a + h (wQ + 29X [aTa + 5}) Z 4o (M)

From the qubit perspective, the term 2gA [a*a + %} 0,/2 is the AC Stark shift and
Lamb shift to the qubit frequency due to the photons in the resonator. From the
resonator perspective, this term can be understood as a modification to the resonator

frequency based on the state of the qubit. Therefore the pull on the resonator fre-

LQubit is by definition a two-level system. But in reality, states other than the computational
basis usually exist.
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Figure 6-1: Two transmons with its readout resonator

quency is £gA, where the sign depends on the qubit state.

As one expects from the second line of Equation6.4] the effective Hamiltonian can
be considered to contain only a linear term of A requires that A < 1, which is exactly
the dispersive condition. It can also be translated to the condition that the number
of photons should be much smaller than the critical photon number n..; = A?/4¢2.
Here we use a two-level qubit for the purpose of introducing the basic mechanism of
dispersive readout. In an actual qubit, the dispersive shift could be very different
due to the existence of higher energy states. One also needs to realize that this is
a dissipative process since the information of the system keeps leaking out from the
cavity, during which the qubit state also experience unwanted transitions due to its
interaction with the readout reasonator. In the following section, we will discuss a

more realistic case when a transmon is measured.

6.2 Single transmon readout

The Hamiltonian of a transmon takes the form of [126]

Hg = 4Ech® — Ejcos ¢, (6.5)
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where the E¢ is the charging energy, E/;, is the Josephson energy, n is the cooper
pair number operator and ¢ is the phase difference operator. In our numerical model,
qubit Hamiltonian is written as a diagonal matrix in the Mathieu function basis,

where the diagonal elements are the eigenvalues of Mathieu equation|126], [127].

In the readout circuit, a transmon qubit is coupled to a cavity which can be
modeled as a harmonic oscillator. With capacitive coupling between the qubit and
its readout cavity, the total Hamiltonian for a single qubit readout element is given
by

; g TR g S S A
HQR:HQJrTanrg(E +Ei>®(a +a), (6.6)

where £* is the creator /annihilator of the qubit, defined in basis of the eigenfunction
of Mathieu equation, a'(a) is the creator(annihilator) of the cavity photon, and wg is

resonator frequency.

The readout drive takes the form
Hy = A(t)(a" + a), (6.7)

where wy is the driving frequency and A(t) = Acos(wgt) is the signal amplitude.
Assuming the photon loss rate of the cavity is x, and the relaxation rates of the qubit

is v, the system dynamics is governed by a Lindblad equation

. . 1
p=ilpH) + Y Lopll =5 (LLLwo+pLlL) (6.8)
k

with every Lindblad operator £;, for each decay process and H; = Hy+ Hgr denoting

the total Hamiltonian of the system.

During this dissipative process, transitions originate from the resonator dissipation
with the presence of the qubit-resonator interaction. The interaction, when written
in Harmonic oscilator basis, or LC' basis, only increases/decreases one LC' excitation,
therefore introduces the mixing among Mathieu eigenlevels. The decay operator,
although acts on bare resonator photon states, causes qubit decay with the presence

of the interaction, which gives rise to the Purcell decay.
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Figure 6-2: Energy diagram of single qubit-resonator system. Solid lines are non-
perturbed bare energy levels for qubit and resonator while dashed lines are the eigen-
levels of the total Hamiltonian, including the interaction term. The number pairs
denote the qubit level (red) and the photon number in the cavity (black). Arrows
represent first order transitions caused by different terms that affect the system dy-
namics. The qubit frequency is 5.695 GHz with 0.212 GHz anharmonicity a The
readout resonator frequency is 4.83 GHz and the coupling between qubit and res-
onator is 0.0786 GHz.
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processes that are canceling each other. Arrows of the same color belong to the same
process. Each solid arrow contribute one order of g and dashed arrows denote the
relaxation process caused by resonator photon annihilator a. For arrows connecting
the same two states, higher arrows happen before lower ones.
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Figure 6-4: Average photon number in the readout resonator and qubit states as a
function of time. The qubit frequency is 5.695 GHz with anharmonicity of 0.242 GHz,
and the resonator frequency is 4.83 GHz. The interaction between the qubit and the
resonator is 0.0786 GHz. The drive amplitude is A = 15 MHz, resulting in an average
photon number of 10 for 400 ns of measurement time. The qubit is initialized in the
first excited state. Only the ground state, second excited state and sixth excited state
are shown in the figure since the others have negligible populations and will not be
visually observable in linear scale.



85

Figure [6-2| shows the first order transitions due to different terms that affect the
system dynamics. The RWA terms mix bare states with the same excitation num-
bers while the counter-rotating terms mix next-neighbor RWA ladders and should be
negligible for small photon number due to the large energy separation. A closed sys-
tem initialized in an interacting eigenstate will stay in its initial state. However, the
decay operator decreases one excitation in the bare LC basis, which gives non-zero
transition rate between eigenstates. The Purcell decay from first excited state of the
qubit to the ground state is a typical example of this type of transition. A general
rule of thumb for a dispersive measurement is that the quasisteady state should have
photon number much less than the critical photon number n..;; = A?/4¢*[122]. For
our choice of parameters, ng; ~ 30. However, in Fig. [6-4, we applied a relatively
strong drive, which results in an average photon number of 10. The qubit is initial-
ized in the first excited state. It is shown that although the photon number is still
well below the critical photon number, the transitions to other qubit states are not
negligible. We do not include Purcell filter in our numerical model, but it is good to
keep in mind that the Purcell decay from the first excited state to the ground state
is usually well suppressed by Purcell filter and has little effect on the readout SNR,

thus will not be discussed here.

Two other examples of Purcell-type of transition that need to be noticed is the
qubit excitation due to both the RWA interaction term and accidental resonances
between qubit levels within the computational subspace and higher qubit levels, which
result in the finite population in the second excited state and sixth excited state in
Fig. . Obvious as it is, the RWA interaction term not only mixes state |1, n> with
1, n> with

}0, n—+ 1>, it also mixes 2,n — 1>, the latter of which leads to excitation
of qubit at the cost of photon loss in the resonator. In Fig. [6-3 we take n = 3 as
an example to show the the third order (in qubit-resonator interaction g) transition

2,n—2>.

processes that gives rise to non-zero transition from state |1,n> to state
Arrows of the same color are of the same transition path. Arrows within the same
RWA ladders (solid) are caused by qubit-resonator interaction while vertical (dashed)

arrows indicate the photon loss caused by the decay operator a. Pannel (a) depicts the
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paths resulting from combination of the first order of one state and the second order
of the other. For example, the first order perturbation gives nonzero |37 O> component
of W and the second order perturbation gives nonzero }3, 1> component of state
}1,—3>. The decay operator a have finite matrix element connecting state ‘3, 1> and
}3, 0>. These processes give rise to a third order contribution to the transition from

state }1, 3> to |2, 1>. The corresponding arrows are colored navy. Processes in panel

(b) (c) and (d) are direct transitions that happen between one state and the third
order component of the other state. More detailed analysis of the magnitude of
this transition can be found in the appendix. Although this higher order transitions
are essentially Purcell decay, the transition frequencies can be closer to the resonator
frequency than the qubit frequency. The qubit decay rate of a system with a bandpass
Purcell filter is given by[128]

Y
F —
! liq("uq_‘*’r)27
__lgp 1 (6.9)
q Ky 14 [2(w;cwf)}

where k£ and wy are the decay rate and the frequency of the Purcell filter respectively.
w is the corresponding transition frequency of the qubit and G is the coupling between
the readout resonator and the filter. The filter frequency is usually very close to the
readout resonator, which suppresses x, significantly in dispersive regime at the qubit
frequency. However, transitions with w =~ w, won’t be strongly suppressed and can

survive through the Purcell filter.

In Fig.[6-2] it is shown that for our choice of parameters, when the qubit frequency
is larger than the resonator frequency, the qubit state ‘1> and |6> within the same
RWA ladder can have very similar energies. This similarity could result in non-

negligible mixing between the bare qubit state }1> and ’6>, which, under the act of

1,n> to

the decay operator, gives non-zero transitions from

6,n — 6>. Intuitively, the
transitions contain the process of |6, n— 5> relaxing to ‘6, n— 6>, which corresponds

to the resonator frequency. This can also be confirmed by numerically calculating the



87

transition frequency. Numerical calculation gives about 4.7 GHz for photon number
smaller than 20 for the set of parameters given in the caption of Fig. [6-2 Therefore,
these transitions have frequencies that are closer to the resonator frequency than
the qubit frequency, allowing them to survive with with the Purcell filter, which
can potentially reduce the SNR for single qubit readout. One resolution to avoid
this transition is to tune the drive power to avoid the photon number within the
accidental resonance regime. In our numerical model, we choose a drive amplitude of
7 MHz, with a resonator of 6 MHz decay rate, the average resulting photon number
is around 4 if we drive the resonator at the average frequency of two qubit states.
This relatively weak drive allows us to avoid the accidental transitions from the qubit
ground state to the sixth state, at the same time, if we assume a measurement time
of T,,, = 400 ns, the theoretical signal to noise ratio (SNR) for single qubit readout is
given by [REF]

SNR = —L A ™ (6.10)

whose numerical value for our system is 12.75 and is considered good enough for single

qubit readout. However, from similar mechanism, state

2,n — 2> will be populated as
well, which is less likely to be avoided by properly choosing occupied photon number

states.

6.3 Readout-induced transitions in a two-qubit sys-

tem

6.3.1 System Hamiltonian

For a two-qubit system, we add subscript ¢« = 1,2 labels the qubits such that each

qubit-resonator (QR) system Hamiltonian is written as

N N 1 ~ ~
Houn, = Ho, + gwnali:+g: (57 + 37 ) @ (al +a:) (6.11)

In a multi-qubit system where two transmons are coupled capacitively, the total
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Hamiltonian includes the Hamiltonians of each qubit-resonator readout element (Q-
R) and the capacitive coupling terms between every neighboring qubit pair. To get
some insight into the crosstalk that are happening during a measurement, we work
on the minimal model of a multi-qubit system, i.e., a single qubit-resonator readout
circuit with the transmon coupled to another three-level transmon. This model is
sufficient as one studies the effects of measurement on a neighboring qubit when
only the resonator of the measured qubit is driven. This minimal multi-qubit system

Hamiltonian takes the form

Hy = Ho,p, + gi2(37 +27) @ (85 + 57) + diag{0,wg,, 2wg, — ag,}.  (6.12)

Here, wg, and agq, are the qubit frequency and the anharmonicity of the second
transmon respectively and g5 is the coupling constant between two transmons, which

depends on (', in Fig. [6-1]

Since we are focusing on the case when Q1 is been measured, the drive Hamiltonian

is

Hy = A(t)(d," + dy), (6.13)

We will still assuming the photon loss rate of the cavity is k, and the relaxation
rates of qubits are v; and 7, the system dynamics is described by the same Lindblad
equation as Equation except that the Hamiltonian is now H,+ H; and the drive
Hamiltonian is given by Equation .

In our numerical model, we take +; and 5 to be zero since the state-of-art with
Purcell filter has much longer 77 and 75 time than the readout process. The resonator
decay superoperator £, = \/ka, where k is the decay rate, whose value is 6 MHz in

our numerical model.



89

6.3.2 Optimizing parameters for two-qubit system

Neighboring qubits are usually designed to be far-detuned to avoid crosstalk. How-
ever, readout drive on the cavity excites the first qubit-cavity system (Q1-R1) to
non-zero photon states and cause some transitions for Q1 as we have shown above
and people found in experiments[129]. Transitions among these new occupied states
have different frequencies from the bare qubit frequency. Therefore, potential reso-
nances can still exist between Q2 and Q1-R1 at large qubit-qubit detuning, causing
bit flips or transitions to non-computational states of Q2.

It was observed experimentally that the transition of a qubit out of its initial
state can be at the order of 10% when its neighboring qubit is measured even at the
qubit-qubit detuning around 460 MHz, which is much larger than typical qubit qubit
interaction of 15 MHz. And the amount of transition is a non-monotonic function of
readout drive power[I30} 131], implying resonances between the two transmons that
are not captured by the detuning of bare qubit frequencies.

In numerical simulations, one has to keep large enough Hilbert space dimension for
Q1-R1 to capture these hidden resonances, which makes solving the Lindblad equa-
tion exactly an impractical task in reasonable time duration. We numerically
solve the Lindblad equation using quantum Monte Carlo (QMC) or quantum
jump method. Although with less accuracy, the QMC computations can be easily
parallelized and gives reasonably accurate results with 500 trajectories in interesting
parameter regimes.

Given the final density matrix of the two-transmon system gotten from the nu-

merical simulations, one can calculate the probability of Q2 in its initial state by

Flliye) = (T Vol Tl 0]y T o) (6.14)

Figure [6-5| shows the photon number in the readout cavity and the qubit initial
state probability as a function of time during the readout drive. With only four
photons in the resonator after the system reaches its steady state and large qubit-

qubit detuning (589 MHz), there is a 10% chance that Q1 escapes from its initial
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Figure 6-5: Photon number (black solid) and fidelity of Q2 with its initial state
F(|1))2 as functions of time during readout drive on R1. The drive amplitude is
7 MHz and resonator decay rate is 6 MHz, giving rise to about 4 photons in the
readout resonator at the end of the drive. The qubit qubit detuning is 589 MHz. Q1
frequency is 5.695 GHz with 0.212 GHz anharmonicity and Q2 frequency is 6.284 GHz
with 0.221 GHz anharmonicity. The readout resonator frequency is 4.83 GHz and the
coupling between Q1 and R1 is 0.0786 GHz and coupling between Q1 and Q2 is
0.093 GHz.
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state.

While this potentially implies much larger qubit qubit detuning is needed to avoid
crosstalk, numerical simulations at other qubit-qubit detunings show that even with
smaller qubit-qubit detuning, crosstalk can be much less, as shown in Figure and
It is apparent that the relation between transition probability and qubit-qubit
detuning is non-monotonic and a better analysis of the potential resonances is thus

needed.

6.3.3 Theoretical analysis of crosstalk strength

In this section, we demonstrate a method of analysis on the spectrum of the qubit-
resonator systems and the matrix elements of qubit-qubit interaction term that gives
an estimate of the overall transition probability, which we call crosstalk strength. This
analysis is not intended to give an accurate value for the transition probability, but
it reproduce non-monotonicity of crosstalk at the qubit-qubit detuning that agrees
well with our numerical simulations, thus can be useful as a guidance to optimize
neighboring qubit-qubit detuning to reduce the crosstalk during readout processes.
Although we take the qubit-qubit interaction as capacitive form and specifically inves-
tigate two-transmon system, we expect this analysis to be a general method that can
be used to analyze crosstalk strength with different form of interactions and different
qubit systems.

When a qubit is capacitively coupled to another qubit-resonator readout element,
the first order transitions happen between levels that are connected by the interaction

Hamiltonian, which explicitly takes the form,
Hauq, = 912(37 +27) ® (55 + 23). (6.15)

Equivalently saying, we can use the first order perturbation theory to approximately
quantify the transitions that could happen between qubit two initial state and other
final states. For these two-qubit system, given the dimension of Q1-R1, all states with

the form of ‘Ql, R1> ® ‘Qz,i> that is resonant with another state |Q17f, Rl,f> ® |Q27f>
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can act as a channel for Q2 to escape from its initial state |Q27i> to some final state
|Q2,7). For one of the channels, denoting the initial state as |i) = W@ Q2.)
and the final state as | f) = m® |Q27f>. Assuming the corresponding energies
are IJ; and E; respectively, there could be a significant transition contribution from
one channel if the corresponding matrix element of Hg, ¢, is comparable to the bare
energy difference of the final state and initial state AE = Ey— E; as long as the initial
state of this channel is populated. On average, the transition probability contributed

by one channel that consists of initial state |¢) and final state |f) is

1
IDZ'J = 5 Sin2 ei’f, (616)
where
0 fam — (6.17)
; ¢ = arctan —— .
7f AE

and ¢ = <f’HQ1Q2‘i>'

Since the diagonalization of single Q-R system Hamiltonian is a relatively quick
calculation, in order to catch all significant transition channels, we diagonalize Q1-
R1 Hamiltonian and Q2-R2 Hamiltonian, where the second resonator has frequency
4.6 GHz and the coupling strength between Q2 and R2 is 0.0786 GHz. Adding the
second resonator will normalize the qubit frequency slightly but the modification
should be small compared to the three level system since we will assume Q2 is always
initialized in the ground state or the first excited state with zero photons in R2. Given
a Q2 initial state, resonant channels are identified by finding all states of Q1-R1 and
Q2-R2 such that the sum of energies of state W and state ’622—1,0> is close
to the sum of energies of state m and state }ng,—RQf> compared to the

corresponding matrix element of Hg, g,.

With multiple resonant channels identified, we can calculate the squared overlap
between the final state after the readout drive and states that could easily leak to other
levels due to resonance and non-negligible couplings (referred as ’dangerous’ state in
the following text). Since we expect the Q2 is only weakly coupled to Q1, although
there is a non-negligible transition probability for Q2, Q1-R1 system is considered
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as a reservoir and only weakly affected by the coupling with Q2. This assumption
allows us to use single qubit-resonator dynamic simulations once we filtered out all
dangerous states of system (Q1-R1 that can induce transitions for Q2. Here we will
also assume the that the system spends the majority of time at its steady state in
readout process. This assumption, although can introduce some errors, allows us to
use the final state density matrix to approximate the time-averaged density matrix
along the readout process, thus simplifies the calculation while as we will show later,
provide sufficient accuracy for optimizing system parameters.

Adding up the contributions from all the dangerous channels gives an estimate of

the transitions probability for Q2 from its initial state as the following form

C > sin®(0) 1(ilpa(t =ty (6.18)

i), et] )y

where {|d>} is the subspace which contains all dangerous initial states. The subscript
1 indicates that we only need to look at dangerous states for Q1-R1 system and
p1(t = tg) is the density matrix of Q1-R1 system at the end of the readout drive.

In Fig. and Fig. [6-7] we calculated C as a function of qubit-qubit detuning

for initial state |0,0> ® ‘1> and 1,0> ® |1> respectively. p; is the density matrix

of Q1-R1 after 400 ns of a 7 MHz readout drive. We reiterate that it should only
be considered as a rough estimate for the transition probability that gives a sense
of relative strength of the transitions since it does not take into account the time-
dependence of the state of the system during the drive and possible coherence between
channels. The Figure. shows that the detuning of 589 MHz is at the second highest
peak, indicating a large amount of transitions for Q2 at this detuning.

Our numerical calculations are shown as blue dots in the two figures, with error
bars indicating the deviation introduced by the Monte Carlo sampling method. They
are qualitatively consistent with the theoretical estimates. In addition, the theoretical
estimate, although with only one dynamic simulation of single Q-R system and simple
diagonalization of Q-R Hamiltonian, it predicts the non-trivial non-monotonicity at

the same qubit-qubit detuning as the full numerics. Therefore, we argue that it can
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Figure 6-6: Orange line is the average crosstalk strength estimate for 400 ns of res-
onator drive with amplitude of 7 MHz as a function of qubit-qubit detuning. The
first qubit is initialized in the ground state and the second qubit in the first excited
state. The lavender dotted line is the estimate for transition before readout drive is
applied to the measured qubit, which gives a baseline for how much the transition
for a neighboring qubit if only the qubit frequency resonance (transition between the
ground state and the first excited state for each qubit) is taken into account. The
scattered points are numerical results of infidelity of the second qubit (Q2) compared
to its initial state after the readout drive on the first qubit (Q1) at several different
qubit detunings close to the regime of the secondary peak of the yellow curve.
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Figure 6-7: Average crosstalk strength estimate for 400 ns of resonator drive with
amplitude of 7 MHz as a function of qubit-qubit detuning. Both qubits are initialized
in the first excited states. The brown dashed line is the estimate for transition before
readout drive is applied to the measured qubit, which gives a baseline for how much
the transition for a neighboring qubit if only the qubit frequency resonance (transition
between the ground state and the first excited state for each qubit) is taken into
account. The blue dots are numerical results of infidelity of the second qubit (Q2)

compared to its initial state after the readout drive on the first qubit (Q1) at several
different qubit detunings.
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Figure 6-8: (a)A complete transition map plot showing all possible transitions for
Q1-R1 system. Each dot represents a possible transition for Q1-R1 induced by the
capacitive qubit-qubit coupling Hamiltonian. The dots are sized by the matrix ele-
ment of . The vertical axis is the transition frequency between initial state and
final state. In principle, all intersections between horizontal lines and significant sized
dots can contribute to the crosstalk if the corresponding initial states are populated.
The solid black horizontal line is located at the frequency of Q2 and the dashed black
horizontal line is located at the transition frequency AEy; from the first excited state
to the second excited state of Q2. The qubit-qubit detuning of 589 MHz. (b) A
zoom-in diagram of the resonance area for the two-qubit system. Only transitions
that end up at |2,n) for Q1-R1 is presented here for a clear view. Four tansitions
that are close to the qubit two transition frequency are labeled by A, B, C, D. A

represents the transition from |0, 3) to |2,2), B for |0,4) to |2,3), C for |0,5) to |2,4)
and D for |0,6) to |2,5). Since they intersect with Q2 transition line from the ground
state to the first excited state, they are all associated with excitation of Q2 from
the ground state to its first excited state. (c¢)The squared overlap between the final
state of the Q1-R1 system after readout drive and dangerous states defined by a large
sin? 0, where 6 is defined in for different qubit-qubit detunings. The labels on

the top of each bar represents different corresponding transitions for Q1-R1 system.

be used as a handy guide to optimize the qubit-qubit detuning to reduce the crosstalk.

6.3.4 Readout optimization

Since the transitions happen through resonance between the initial state and some
final state, it is important to identify possible resonances and avoid state distribu-
tion over these resonant states either by changing the system parameters or drive
amplitude. For fixed frequency qubit systems, knowing how to choose proper sys-
tem parameters to avoid potential crosstalk can also be useful for quantum processor
design.

The crosstalk strength estimate plot shown in Section [6.3.3]is useful for optimizing



97

the qubit-qubit detuning. However, it provides little intuition about what resonances
cause the secondary peak and is not convenient for optimizing the readout power, on
which people usually have more control in experiments. Here we demonstrate that
by overlapping the lines of qubit frequencies of Q2 and an transition map plot of Q1,

we can easily identify dangerous states that can experience significant transitions.

An example is shown in Fig. [6-8 In (a), each dot represents a relaxation that
can be caused by the interaction Hamiltonian on Q1-R1 from some initial eigenstate
m to some final eigenstate |Qlf,—le> The size of the dots is proportional
to the magnitude of the matrix elements of between initial state m
and final state m The overlapped two horizontal lines correspond to Q2
frequency between its ground and first excited states (solid black) and between its
first and second excited states (dashed black). Assuming Q2 is initially at the ground

state, then the dots that are close to the solid black line imply dangerous transitions

for Q1-R1 system from !Ql,i, RM> to }Qlﬂf, R17f> while exciting Q2 from the ground
state to the first excited state. The inverse process can also happen if Q2 is initialized

in its first excited state.

The blue-shadowed regions in plots (b) are populated photon state regime after
the drive. With the 7 MHz drive amplitude for 400 ns, the average photon number
in the readout resonator is around four, as shown in Fig. [6-5] We use a blue shadow
to indicate the occupied photon states region. The upper-case-letter-labeled dots
are transitions that contribute the most to the transitions, i.e., states with relatively
large sin?(#) and their overlap with the final density matrix of Q1R1 appear as high
bars in Fig. [6-8(c). When the labeled states are well covered by the blue shadow in
the transition map plots, it suggests strong transitions since the dangerous transition

channels that are resonant with the Q2 frequency are populated.

Although less quantitatively, the transition map provides an intuitive visualization
of when strong resonances happen and can act as a guidance for the optimization of
both readout drive power and neighboring qubit-qubit detuning. Practically, given
control on both qubit frequency and readout drive power, we can optimize the qubit-

qubit detuning to avoid strong resonance channels. In the transition map plot, it
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means we should minimize the intersection between the transition bands of the mea-
sured qubit and the qubit frequency lines of a neighboring qubit. Completely avoiding
the intersection is almost impossible, preference to steep intersections at transition
channels with smaller matrix elements (smaller dot size) should be taken. With
controls over the readout drive power, occupied photon states of the system can be
optimized such that these states has minimum overlap with the intersections between

measured qubit transition bands and neighboring qubit frequencies.

6.4 Conclusion

We have simulated the dynamics of a dissipative two-qubit system driven by a read-
out drive by QMC method. We showed that non-trivial resonances between higher
photon states and a neighboring qubit can happen during a dispersive readout pro-
cess, causing bit flips or transitions from the initial state of a neighboring qubit. The
numerics also showed that these resonances lead to a non-monotonic relation between
crosstalk strength and qubit-qubit detuning, i.e., smaller detuning can lead to weaker
crosstalk in some regime.

We estimated the transition probability of the neighboring qubit with much sim-
pler calculation than full numerical simulation of the two-qubit system dynamics.
Our theoretical estimate qualitatively agrees with the full numerical calculations and
predicts the correct qubit-qubit detuning at which strong resonances can happen,
providing with a convenient guide to optimize qubit-qubit detuning to reduce the
crosstalk.

We also demonstrated that using the transition map plot, we can easily view all
possible strong resonances. Optimization of qubit-qubit detuning can be used to avoid
strong resonances, thus reducing the crosstalk by decreasing transition channels. At
the same time, optimization of drive power can be used to minimize the overlap
between the system occupied states and the dangerous initial states that open up

strong transition channels thus reducing the crosstalk.
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Chapter 7

Concluding Remarks

The goal of building a scalable quantum computer is no doubt a challenging one.
Serious efforts need to be made in every aspect of the workflow of a computer. Data
input, processing, storage and extraction are all necessary parts of this workflow.
In this thesis, we have touched the last three topics in two qubit systems — single-
triplet semiconductor qubit and superconducting qubits, both of which are promising
candidates as building blocks for practically useful quantum computers.

For singlet-triplet qubit, we focused on the decoherence problem observed in ex-
periments during a coherent manipulation when charge noise is around. After un-
derstanding that nuclear fluctuations alone can not explain the low visibility and
long decoherence time, we used Bloch-Redfield equations to describe the dynamics
of the system and characterize the decoherence with relaxation rate and dephasing
with fluctuations in eigenenergies induced by charge noise. The model not only fit
well with the experimental data, it also predicts that the low visibility can be easily
improved by tuning the tunnel coupling.

For the data processing part of superconducting qubit system, we specifically
looked at how high-fidelity two-qubit gates can be implemented by either a tunable
coupler or SFQ pulse sequence. Using electrostatically controlled gate to tune the
transparency of short semiconductor wire as a tunable coupler connecting two qubits
is proposed. This approach will benefit from the mature semiconducting technologies

and in principle can reduce crosstalk during single qubit operations and readouts,



100

which improves scalability of a qubit system.

Another approach for two-qubit control is to use SFQ pulse sequence in place of
Microwave drive to coherently control the qubit state. SFQ pulse generators can be
better incorporated into superconducting qubit circuits thus is considered as a better
solution to scalability in this sense. Before this thesis, both theory and experiment
have shown that single qubit gates can indeed be done with SFQ pulses. In this thesis,
we explored the possibility of implementing two-qubit gates with SFQ pulses. The
numerical simulations were done by solving time-dependent Schrodinger equations
(it is written in Lindblad introduced in section [2.2| form in the code without collapse

terms).

For the qubit readout, we aimed at understanding of physical processes of the
dispersive readout in a multi-qubit system. Single-qubit reaodut process can be done
with high fidelity but it remains a challenge to scale this process to a system con-
sisting more qubits. Especially for the case when the interaction between qubits
are fixed, crosstalk during qubit readout can change the states of neighboring qubits
and introduce errors. Although detuning neighboring qubits far away seem to be
a straightforward solution, it is not a scalable solution and it fails to capture some
important resonances that do not belong to the computational basis. One brute force
method to optimize the system parameters in terms of reducing the crosstalk during
single qubit readout is to simulate the system dynamics with different parameters
and find the optimal regimes based on the results. Apparently the work load is not
quite practical if the system contains a large number of qubits. In this thesis, we
provided with a much simpler approach to optimize system parameters that catches
the most important crosstalk channels and identify less obvious resonances based on
single-qubit simulation calculation and spectral analysis. In this problem, two-level
approximation for qubit is not sufficient to include relevant errors during the multi-
qubit readout process. But accurately solving a large dimensional system will be
time and resource consuming. Therefore, we applied quantum trajectory (or QMC
as introduced in method to simulate the dynamics of a two-qubit system with

readout resonator during a readout process and confirmed that our theory can be act
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as a good guidance to tune the system parameters and reduce crosstalk during qubit
readouts. QMC allows one to horizontally scale the calculation and thus can be easily

parallelized for a complicated system.
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Appendix A

Reduction of the five-level system to

a qubit subspace

In this Appendix, we show that the experimental system is well-described by a two-
level Hamiltonian by explicitly reducing the five level system to a two-dimensional
subspace.

The full five level system, shown in Fig. of the main text, is described by the

Hamiltonian

g £, 0 0 0
. € h, L hy
C h2 2 z \/5
A (0) x €
AV =10 = _Z_pE: o0 0 , (A.1)
5 2
V2 _
0 0 = 0
o Ml 0 -S+E,

where we use the standard basis states, given by the (2,0) singlet, the (1,1)
singlet and the T, Ty and T (1,1) triplets. Here, € is the detuning, F, = gupB
is the Zeeman splitting of triplet states produced by the average magnetic field at
two dots, while off-diagonal matrix elements h, = gugdB, (h., = gupdB,) originate
from the gradient of magnetic field between the dots in the direction perpendicular

to (along) the averaged field B and t.(¢) = tqexp(—e/gg) is the tunnel coupling,



103

which depends on e, where gy = 125 peV is obtained from the experiment [46]. In
this theoretical model, as in the experiment, we assume the following energy scale

hierarchy: t. > E, > h,.

We first apply a unitary transformation W defined by the matrix

.9
ioy 2
A %2 Og9y3

£
= = — A2
W , 0 =arccos <2Es) ) (A.2)

03x2 13X3

where Eg = +/(g/2)? 4+ t2. This transformation diagonalizes the Hamiltonian (A.1))
in the singlet subspace. It is important to note here that the detuning parameter is a
function of time, as shown in Fig. [3-4(b)l In the transformed frame, we work in the

adiabatic, time-dependent basis. The Hamiltonian then becomes:

A 1 EOW — i

. h 0 0 h 0
Eq i —sin— h,sin— ——sin—
)L/§ 2 2 %5 2
10 —F —= cos h COSQ ——mcosg
SR 2 Ty TR (A3)
= &smg ECOSQ - 0 0 .
V22 V2 g 2 7 ’
h. sm§ h. cos§ 0 —g 0
iz ne —Eco i 0 0 —§+E
V2 2 V2 2 2 i

where the term W' originates from time dependence of the transformation W

and results in 6 terms in I—A[(gl). The time derivative of the transformation angle 4 is

te(e) — (0t (e)/0¢e)

0=-2
e2 + 4t2(e) o

(A.4)

where v = de/dt. Below, we assume the longitudinal field A, = 0, in which case
the Ty state decouples from the other four states. We define the qubit states ‘0>
as the ground state and ‘1> as the lowest excited state of the Hamiltonian. In the
limit of h, — 0, these eigenvectors are the low energy singlet and triplet T_ states

with energies —FEg and By = —&/2 — E,, respectively. The minimal energy gap
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Figure A-1: (a) shows the probability of the ground state ‘0> and the first excited
state }1> of a five-level system through a one-directional ramp, starting from the
ground state at detuning £; = —100 peV. The ramp rate is v = de/dt = 4.4 peV.
Parameters t.g = 3.4 peV, h = 0.042 peV and gugB = 0.17 peV are the same as
for Fig. in the main text. Charge noise is not included in this calculation. The
occupations of the other three states are too small to be visible in (a). (b) shwows
the probability of the third and fourth excited states. The second excited state is
not coupled to the other states given that h, = 0, and the probability being in
this level remains zero throughout the ramp. Because only two of the energy levels
have significant occupation at any time during the evolution, the dynamics can be
described using the two-state Hamiltonian (Eq. in the main text).
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between [1) and |0) is h = hav/2 cos(6(c)/2) evaluated at the detuning ¢* such that
Es(e*) = €*/2+4 E,. This small energy splitting makes it possible to observe the LZS
oscillations at relatively low detuning ramp rates v < 10 peV/ns. These values of the
ramp rate are too small to cause transitions out of the qubit subspace, justifying our
approximation of a two-level system.

We have tested our approximation of a two-level system by performing simulations
on a full five-level system, obtaining the results shown in Fig. and .
The population of the third excited state (the 7' state) is found to be of the order of
1072, and the fourth excited state (the higher energy singlet) is of the order of 107°.
The simulations begin in the initial (2,0) singlet state, which corresponds to the

lowest energy state at e = —100ueV. We also assume a ramp rate of v = (de/dt) =

4.4 peV /ns.
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Appendix B

Scattering matrix for the H-junction

We construct the scattering matrix S for the H-junction as shown in Fig. . The

short-wire scattering matrix W takes the form
W = , (B.1)

with 7 = 1 = Te”, 1 = /1 — Te!®) and t = v/Te™, where T is the transmission
and ¢ and 7 are two independent phases.

A beam-splitter scattering matrix Y7 is characterized by six parameters as fol-

lows:

Yii = ae®, Y, =bV1—a2e¥?,
Viz = /(1 — a2)(1 — b2) €13,

Yoy = —ab2ei2ei2—e11) + (1 _ b2)6w22’
Yoz = —byV/1 — b2 ¢%913 [aei(wlz—wn) + ei(mz—@lz)} ’
Y‘33 _ 61‘2@13 [_a<1 o b2)67i<,011 + bzei(502272<p12):| ,

Yaﬁ = Y,Ba, 1<a< ﬁ < 3, (BQ)

where a,b € [0,1], and 11921213 € [0,27]. For a =1, b = 0, and b = 1, the 1, 2,

and 3 lead is decoupled to the rest, respectively. The H-junction scattering matrix



elements S, are determined by the linear equations
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Appendix C

Microwave versus SF(Q)

Here we will briefly compare the Floquet operator of SFQ pulse trains and microwave
drive, to show that they perform similarly when acting on a two-level system.

When applying a transverse microwave drive, the Hamiltonian of the system is
Htot = HO + Hmwa (C1>

where Hy = —(wp/2)0, is the qubit Hamiltonian with qubit frequency wy, o, the Pauli
operator, and H,,, = A [aexp(—iwgt) + a’exp(iwgt)] is the Hamiltonian describing
the coupling between the qubit and microwave drive, with wy the drive frequency, a
the annihilator and a' the creator. In rotating frame, the total effective Hamiltonian

takes the form

H B —w0/2 A C
eff = (C.2)
A wo/2 — wy.

Then the Floquet operator is written as
Fow = € Hetst (C.3)

In our discussion, we work in a near-resonant regime, where |w; — wo| < wp. At this

limit, the Floquet operator of microwave-driving system is approximately

me =1~ iAUxTa (C4>
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Where T' = 27 /wy is the drive period. For one cycle of SFQ pulse trains, a delta
pulse is immediately followed by a free evolution. In the near-resonant regime, the

SFQ Floquet operator of the qubit system takes the form

]:sfq =1- 2500'33 (05)

where 00 is the integral of pulse voltage. Therefore, chosen 60 = T A, the SFQ pulse
trains can coherently control a two-level system the same as resonant microwave drive
with amplitude A = 06/T.

Before we make any detailed explanations on CZ gate implementations, here we
present in Fig. the performance of CZ gates that are realized by near-resonant
Microwave drive, SFQ drive and turning-on interaction scheme. The gate errors and
gate times are almost exactly the same for SFQ-driven gates and MW-driven gates,

whereas the turning-on interacting CZ gates takes longer and presents less errors.
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Figure C-1: Fidelity (upper panel) and gate time (bottom panel) of CZ gates as
functions of interaction strength J. The black solid line represents the data for SFQ
CZ gate and red dashed line represents the interaction CZ gate. In both cases, single
qubit gates are applied to factor out the non-conditional phases accumulated due
to the finite gate time. Here, w;/(27) = 4.4 GHz and wy/(27) = 4.9 GHz. The
anharmonicity of the first qubit ay/(27) = 0.4 GHz and that of the second qubit
as/(2m) = 0.25 GHz, determined by as = (ws — wy)/2. The drive frequency is
1.00053 times the interested transition frequency.
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Appendix D

Purcell-type Transitions in Single

Qubit Readout

The interaction of qubit and resonator will introduce qubit transitions and the most
thoroughly studied transition is the typical Purcell decay from the first excited state
to the ground state. The Purcell rate, to the first order purterbation theory in qubit-
resonator interaction g, takes a Lorentzian shape and is kg?/A?, where A is the qubit-
resonator detuning. In figure we show the numerical values of this decay rate
which automatically takes higher order terms into account. To the right of the qubit
frequency 5.695 GHz, the curves decrease monotonically with resonator frequency
as expected. The discreteness on the left side, however, should not be interpretted
as the true transition rates. The presence of them are due to ambiguity of labeling
when two levels become degenerate with each other as we decrease the resonator
frequency. For example, when the resonator frequency is at the qubit frequency

5.695 GHz, the state |0,n> and

1,n — 1> have the same energy. One can find that

(1,n — 2]al0,n) is none-zero as well, indicating that at the degeneracy point, Purcell
decay needs to be better defined to catch the related transitions. Experiments are
usually taken when qubit and resonator frequencies are far detuned (by the definition
of dispersive readout). At this limit, as mentioned in the main text of Chapter @,
a Purcell filter can easily suppress the qubit decay from the first excited state to

the ground state. However, other Purcell-type qubit transitions of higher order in g
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Figure D-1: Purcell decay rate from the state 1,n> to O,n> for different value of
resonator photon number n as a function of resonator frequency.

may not be efficiently suppressed as their transition frequencies could be closer to the
resonator frequency than the qubit frequency. Therefore, in the following discussion,
we will quantify these transition rates by analyzing the corresponding matrix element

of the decay operator.

1, n> to state |2,n — 2> as an example

Here we’ll take the transition from state
to show that during single qubit readout process, the photon decay in the resonator
causes Purcell-type transitions for the measured qubit.

To see this, we can look at the matrix element of the resonator decay operator
a corresponding to state |1,—n> to state ‘Q,n — 2>. If we ignore the descrepancy
between the Mathieu basis and the L.C basis, which is in higher order of E. and can
be ignored compared to the perturbation due to qubit-resonator interaction, the first

order transition vanishes as

<2,n — 2‘a|1,n> %g—”AZ(_n|;|1)<l,n — 1‘a|1,n>
9V2n
A —laf

<2,n—2‘a

2,n—1) =0,
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where A and ¢ are the detuning and interaction between the qubit and the res-
onator respectively. The second order in ¢ transition won’t exist since the charge
interaction between the qubit and resonator only changes the qubit level by one, thus
even order in interaction can’t lead to transitions between two states with odd qubit
level difference. Therefore the matrix element only contains non-zero contribution
starting from the third order in qubit-resonator interaction g.

Standard perturbation theory gives the following contributing terms for the matrix

element:
e A 30010129/ n(n — 1)v/n — Log(n + 1)
2 (A —a)(2A — «) A
B g_3 (o23v/n — 2)2 N (o123 — 1)2 o1/ n(n —1)
2\ (—A+2a)? (A — «a)? -A+a
3 2 _ _
mers 9 053012(n — 2) n(n—1)

—A+2a  (—2A+3a)(—A + )

g ( (012¢/1)° n (oo1vn + 1)2> o12q/n(n —1)
2 \ (A + «a)? A2 A —«

meops %g:;\/n—l <
2
R T > (D.2)

(—A + a)?A (—A+a)?(—A+ «)
3m<mm|awn—+1f+ 0127/ o127/ )

T (A + a)A? (—A + a)(-A + a)?

~ 3\/5 Um(fm(f]zfl\/ﬁ
g (2A — a)(A — «a)?

_(712\/77/ —1 ‘(723\/‘71 — 2’2_012\/n —1 ‘012\/71 — 1|2>

mesop

(A — a)2(=A 4 2a) (A —a)2(A—aq)
_ 3@ 012\/n_1|012\/n—1‘2 +012\/m|023\/H‘2
T\ Bmw@—ar T @asa-arar )

where o0;; is the matrix element of qubit creator corresponding to state ¢ and j.

me;; means the terms that connects ¢th perturbation component of state |2, n— 2>
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Figure D-2: Matrix element of decay operator a of the readout reasonator correspond-
ing to state }1, 3> and |2, 1> as a function of qubit-resonator interaction strength g.
The solid red line is the analytical matrix element from the third order perturbation
theory including only the RWA terms, while the dashed blue line indicates the numer-
ical matrix element. The dotted green line is the difference between the two, which
could consist of contributions of both counter-rotating terms and higher order terms.

and jth perturbation component of

1,n). Here we have omitted counter-rotating
terms and only consider perturbation terms that are within the same RWA ladders

as the original states. Fach terms is colored in accordance with the arrows in Fig.

0-9

With qubit-resonator interaction g of 0.0786 GHz, which is typical choice of pa-
rameters for the state-of-art transmon systems, the magnitude of the matrix element
of the decay operator is about 4 — 5 MHz for photon number n = 3, as shown in
Fig. [D-2l However, for a larger photon number, counter rotating terms may play

more important roles and further complicate the expression.

We also mentioned in the main text that there could be accidental resonance
between computational basis and higher qubit levels within the same RWA ladder
when the qubit frequency is larger than the resonator frequency. In our choice of

parameters, the resonance can happen between the first excited state of the qubit and
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Figure D-3: Transition rate from the state
resonator photon number n.

1,n> to

2,n — 2> for different value of

its sixth excited state, which introduces non-zero or even non-negligible corresponding

matrix element for the decay operator.

1,n> to

In Fig. [D-4] we show transition rate from 6,n — 6> due to the nonzero

corresponding matrix element of @ as a function of resonator frequency. It is alarming
that they could be of the same order of magnitude as the transitions from the first
excited state of the qubit to the second excited state of the qubit for some photon
numbers at resonator frequency of 4.83 GHz. Furthermore, these transitions also have
transition frequencies more close to the resonator frequency than the qubit frequency
thus they are less likely to be suppressed by the Purcell filter and can potentially
harm the single qubit readout fidelity.
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Figure D-4: Transition rate from the state ‘1, n> to ’6, n— 6> for different value of

resonator photon number n.
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A schematic picture of two qubits connected by an epitaxial semicon-

ductor junction (green bar). The three configurations presented here

are: (a) two transmons formed by tunnel Josephson junctions, (b) two

gatemons, where the Josephson elements are formed by other epitax-

ial semiconductor junctions, (¢) two gatemon-like qubits, where their

Josephson junction are combined into an H-shaped four-terminal epi-

taxial junction. The voltage on the gate (vertical bar) switches connec-

tion between two qubits on (left column) and off (right column). (d)

'The connector transmission /. as a function of time. The transmission

changes according to Eqs. (4.23)) during time 7, for switching on and

off and 1s maintained at constant value Iy during waiting time 7,,. |

41

(Color online) Energy shifts on eigenenergies, 0E,, = E,, — E,,, of the

two-qubit systems as a function ot transmission /.. Only three out of

four states in computational subspace are depicted. For both qubits,

the Josephson energy F;/h = 20.55 GHz, and the charging energies

Eci/h = 240 MHz and Eca/h = 255 MHZ] . . . o o o oo oot
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Leakage probability from state |11> to |02> and |20> during the switch-

ing on ot transmission 7, of a junction connecting two transmons as a

function of switching time 7, for the final transmission 7Tg = 0.015. This

leakage 1mplies the worst case of gate performance since the transition

from |1l> to |02> is the dominant undesired transition. | ........

(a) (Color online) Error for the CZ gate and (b) corresponding gate

time as functions of "on"-transmission Ty. The solid red lines are

calculated assuming a pulse shape with an interacting plateau, so the

gate time 1s 7, + 27,. Here, we take 7, = 15 ns. The dashed blue

lines assumes the transmission is turned off right atter it arrives its

maximum value Tg, thus 7, = 0, and the gate time 1s 27,, which is

determined by the phase condition Eq. (4.32)). |. . . . . . ... .. ..
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(Color online) Energy shifts on eigenenergies, 0E,, = E,, — E,,, of the

two-gatemon system as a function of transmission /.. Only three out

of four states in computational subspace are depicted. The shift 0 Ej,

omitted for a clearer view, can be calculated using the relative shitts

Acy = (Ey1+ Eo— (E10+ Eo1))/h, shown as thick black solid line. The

parameters are the same as the transmon system, as listed in Eq. (4.16)). | 53
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on of transmission 7. of a junction connecting two gatemon qubits as

a function of switching time 7, for 7o = 0.015.|. . . . . . . . . . . ..
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(a) (Color online) Error for the CZ gate on gatemon qubits and (b)

corresponding gate time as functions of "on'"-transmission 7Tg. The

solid red lines are calculated assuming a pulse shape with an interacting

plateau, so the gate time is 7,, + 27,. Here, 7, = 15 ns. The dashed

blue lines assumes 7, =0.|. . . . . . . . ... ...
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H-junction consists of two semiconductor beam splitters, BS; o, con-

nected by a short wire (W). The other two terminals of each beam

splitter are attached to the ground superconducting strip and to the

superconducting plates of the transmon-like qubit, with superconduct-

ing phase Oho.| . . . . ..o
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4-10 Energy shifts on eigenenergies, 0E,, = E,, — E,,, of the two-qubit sys-

tems. The charging energies F. /h = 240 MHz and Fco/h = 255 MHz

for qubit one and qubit two respectively, the same as the values given
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Transition probability to from state |1l> to state |02> and ‘20> as a

function of switching time for the H-junction qubits. "On"-transmission

Ty = 0.6. Charging energies and superconducting gap are the same as

the transmon qubits and gatemon qubits. For our choice of parameters,

K20 = 0.123, corresponding to Josephson energy E;/h = 20.24 GHz/|
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(a) (Color online) Error for the CZ gate and (b) corresponding gate

time as functions of "on"-transmission 7y of an H-pair. The solid red

lines are calculated assuming a pulse shape with an interacting plateau,

so the gate time i1s 7, + 27,. Here, we take 7, = 15 ns. The dashed

blue lines assumes the transmission is turned off right after it arrives

1t’s maximum value 1, thus the gate time 1s 27| . . . . . .. .. ..

61

13

Error as a function of gate time for qubit systems analyzed above with

waiting time 7,, = (. '['he charging energies are the same as what we

used 1n previous figures. The Josephson energy £, = 20.55 GHz for

transmons and gatemons, and £; = 20.24 GHz for qubits in H-pair.

The corresponding qubit frequencies are listed i Table. 4.1l For gate

time about 50 ns, all three qubit configurations allow for gate errors
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(a) SFQ pulse sequence in time domain. (b) The coherent control of

SFQ pulses over a two-level system. (c) SFQ pulse sequence in fre-

quency domain when there are 20 pulses. The original pulse sequence

has a period of 1 (arbitrary unit) and Guassian shape with width of 0.1.| 65
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Reproduced from [I17]. Circuit diagram of SFQ pulse controlled trans-

mon. The transmon is capacitively coupled with the SFQ pulse train,

which 1s generated by micorwave drive of the same frequency via a

dc-to-SFQ converter.| . . . . . ..o

Level diagram of a two-transmon system. Purple levels are computa-

tional basis. Orange levels are auxiliary levels that are out of com-

putational space. In the MAP scheme or SFQ-activated scheme, the

auxiliary levels are carefully designed so that they are aligned when in-

teraction 1s absent. The levels in computational subspace are colored

purple and irrelevant levels are gray. | . . . . . . . ... .. ... ...
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(a) The phase accumulation rate as a function of pulse amplitude. The

amplitude of microwave drive 1s chosen so that it is equivalent to the

shown SEF(Q amplitude, 1.e., A = T'06. The theoretical estimate 1s given

by Eq. (5.4). The numerical curves are based on simulation of a twelve-

level system. 'The difference between the SFQ drive and Microwave

drive 1s negligible and they both agree well with the perturbation the-

ory for small amplitude drives. (b) Quantum process tomography of

ideal CZ gate (left) and SFQ CZ gate (right). | . . . . ... ... ...
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(Color online) (a) Transition probabilities to state [02), denoted by P,

as a function of switching time for CZ gate. Interaction increases lin-

early with time and maximizes at 0.16 GHz. the insets show transition

probabilities to state |02> during a switching-on interaction process,

assuming the switching time is 10 ns and . The red circles are calcu-

lated using Eq. (?7) which takes only two levels into account and the

blue diamonds are numerical transition probability in a system where

we have one three level transmon and one four level transmon (the

system on which CZ gate is applied). |. . . . .. ... ... ... ...
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6

Fidelity (upper panel) and gate time (bottom panel) of CZ gates as

tunctions of interaction strength J. The black solid line represents the

data for SFQ CZ gate and red dashed line represents the interaction

CZ gate. The parameters are the same as in Fig. |C-1, The switching

time for both switching on and switching offt is 10 ns| . . . . . . . ..
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[p-7

The fidelity as a function of the strength of timing jitter on an external

clock. T'he parameters are the same as in Fig. [C-1 The average drive

frequency wy 1s the same as the drive frequency in Fig. |C-1L | . . . . .
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Energy diagram of single qubit-resonator system. Solid lines are non-

perturbed bare energy levels for qubit and resonator while dashed lines

are the eigenlevels ot the total Hamiltonian, including the interaction

term. The number pairs denote the qubit level (red) and the photon

number in the cavity (black). Arrows represent first order transitions

caused by different terms that affect the system dynamics. The qubit

frequency 1s 5.695 GHz with 0.212 GHz anharmonicity a The readout

resonator frequency is 4.83 GHz and the coupling between qubit and

resonator 1s 0.0786 GHz. | . . . . . . .. ...

82

6-3

Third order transitions between state ‘1, 3> and ‘2, 1> induced by res-

onator dissipation during a single qubit readout process. The solid

horizontal line segments are the energy levels of the product states.

Each panel shows two difterent processes that are canceling each other.

Arrows of the same color belong to the same process. Each solid arrow

contribute one order of g and dashed arrows denote the relaxation pro-

cess caused by resonator photon annihilator a. For arrows connecting

the same two states, higher arrows happen betore lower ones.|. . . . .
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Average photon number in the readout resonator and qubit states as a

tunction of time. The qubit frequency is 5.695 GHz with anharmonicity

of 0.242 GHz, and the resonator frequency 1s 4.83 GHz. 'T'he interac-

tion between the qubit and the resonator 1s 0.0786 GHz. The drive

amplitude is A = 15 MHz, resulting in an average photon number of

10 for 400 ns of measurement time. The qubit is initialized in the first

excited state. Only the ground state, second excited state and sixth

excited state are shown in the figure since the others have negligible

populations and will not be visually observable in linear scale.| . . . .

84
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65

Photon number (black solid) and fidelity of Q2 with its initial state

F'(]1))s as functions of time during readout drive on R1. The drive am-

plitude 1s 7 MHz and resonator decay rate is 6 MHz, giving rise to about

4 photons in the readout resonator at the end of the drive. The qubit

qubit detuning is 589 MHz. Q1 frequency 1s 5.695 GHz with 0.212 GHz

anharmonicity and ()2 frequency is 6.284 GHz with 0.221 GHz anhar-

monicity. The readout resonator frequency is 4.83 GHz and the cou-

pling between Q1 and R1 1s 0.0786 GHz and coupling between (1 and

02150003 GHZ |« o o oo e e

[6-6

Orange line 1s the average crosstalk strength estimate for 400 ns of

resonator drive with amplitude of ¥ MHz as a function ot qubit-qubit

detuning. The first qubit i1s initialized in the ground state and the

second qubit 1n the first excited state. The lavender dotted line i1s the

estimate for transition before readout drive is applied to the measured

qubit, which gives a baseline for how much the transition for a neigh-

boring qubit if only the qubit frequency resonance (transition between

the ground state and the first excited state for each qubit) is taken into

account. The scattered points are numerical results of infidelity of the

second qubit (Q2) compared to its initial state after the readout drive

on the first qubit (Q1) at several different qubit detunings close to the

regime of the secondary peak of the yellow curve. |. . . . . . . . . ..
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[6-7  Average crosstalk strength estimate for 400 ns of resonator drive with |

| amplitude of 7 MHz as a function of qubit-qubit detuning. Both qubits |
| ialze S ihe T o The ] Tashod T s 11 l

| estimate tor transition betore readout drive is applied to the measured |

| qubit, which gives a baseline for how much the transition for a neigh- |

| boring qubit if only the qubit frequency resonance (transition between |

| the ground state and the first excited state for each qubit) is taken into |

| account. The blue dots are numerical results ot infidelity of the second |

| qubit (Q2) compared to its initial state after the readout drive on the |

| first qubit (Q1) at several different qubit detunings,| . . . . . . . . .. 95
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6-8

(a)A complete transition map plot showing all possible transitions for

Q1-R1 system. Each dot represents a possible transition for (Q1-R1

induced by the capacitive qubit-qubit coupling Hamiltonian. The dots

are sized by the matrix element of (6.15). The vertical axis is the

transition frequency between initial state and final state. In principle,

all intersections between horizontal lines and significant sized dots can

contribute to the crosstalk if the corresponding initial states are pop-

ulated. The solid black horizontal line i1s located at the frequency of

Q2 and the dashed black horizontal line 1s located at the transition

frequency AF; from the first excited state to the second excited state

of Q2. The qubit-qubit detuning of 589 MHz. (b) A zoom-in diagram

of the resonance area for the two-qubit system. Only transitions that

end up at |2,n) for Q1-R1 is presented here for a clear view. Four

tansitions that are close to the qubit two transition frequency are la-

beled by A, B, C, D. A represents the transition from |0, 3) to |2,2), B

for |0,4) to |2,3), C for |0,5) to |2,4) and D for |0,6) to |2,5). Since

they intersect with ()2 transition line from the ground state to the first

excited state, they are all associated with excitation of Q2 from the

ground state to its first excited state. (c)The squared overlap between

the final state of the (Q1-R1 system after readout drive and dangerous

states defined by a large sin” 6, where 0 is defined in (6.17) for different

qubit-qubit detunings. The labels on the top of each bar represents

different corresponding transitions for Q1-R1 system. |. . . . . . . ..
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IA-1

(a) shows the probability of the ground state }O> and the first excited

state ‘1> of a five-level system through a one-directional ramp, starting

from the ground state at detuning €; = —100 peV. The ramp rate is

v = de/dt = 4.4 peV. Parameters g = 3.4 peV, h = 0.042 peV

and gugB = 0.17 peV are the same as for Fig. [3-5/in the main text.

Charge noise 1s not included in this calculation. 'T'he occupations of

the other three states are too small to be visible in (a). (b) shwows

the probability of the third and fourth excited states. The second

excited state is not coupled to the other states given that A, = 0, and

the probability being in this level remains zero throughout the ramp.

Because only two ot the energy levels have significant occupation at

any time during the evolution, the dynamics can be described using

the two-state Hamiltonian (Eq. (3.6) in the main text).| . . . . . . ..

104
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Fidelity (upper panel) and gate time (bottom panel) of CZ gates as

tunctions ot interaction strength J. The black solid line represents the

data for SFQ CZ gate and red dashed line represents the interaction

CZ gate. In both cases, single qubit gates are applied to factor out

the non-conditional phases accumulated due to the finite gate time.

Here, wy/(27) = 4.4 GHz and w,/(27) = 4.9 GHz. The anharmonicity

of the first qubit a;/(27) = 0.4 GHz and that of the second qubit

as/(2m) = 0.25 GHz, determined by as = (wy — wy)/2. The drive

frequency is 1.00053 times the interested transition frequency. | . . . .
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Purcell decay rate from the state |1, n> to ‘O, n> for different value of

resonator photon number n as a function of resonator tfrequency. | . .
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D2

Matrix element of decay operator a ot the readout reasonator cor-

responding to state 173> and |2, 1> as a function of qubit-resonator

interaction strength g. The solid red line is the analytical matrix ele-

ment from the third order perturbation theory including only the RWA

terms, while the dashed blue line indicates the numerical matrix ele-

ment. The dotted green line 1s the difference between the two, which

could consist of contributions of both counter-rotating terms and higher

order terms. . . . . .. L
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