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Abstract

As an interdisciplinary field, scientific machine learning (SciML) integrates machine learn-
ing with scientific computing to study complex dynamical systems, which are ubiquitous
across diverse domains such as fluid dynamics, materials science, geophysics, and aerospace.
Addressing the intrinsically complex properties of these systems—including strong nonlin-
earity, high dimensionality, and stochasticity—this thesis focuses on developing reliable and
efficient SciML frameworks to solve the associated forward and inverse problems. Specif-
ically, it advances core methodologies in spatiotemporal modeling, system identification,
data assimilation, and uncertainty quantification.

The thesis is structured around three primary contributions. First, it investigates the
continuous modeling of spatiotemporal dynamical systems with short-term state forecasting
and long-term statistics matching. Second, it proposes novel algorithms for the online sparse
identification of dynamical systems with regime switching. Third, it designs surrogate
frameworks for modeling partially observed nonlinear dynamical systems and efficient
nonlinear data assimilation. Across all three parts, the efficacy and efficiency of the proposed
methods and algorithms are validated through numerical experiments on canonical complex
dynamical systems in science and engineering.

Data assimilation (DA), a principled framework that integrates computational models
with observational data for state estimation, establishes a synergistic connection with SciML
in this thesis: it acts both as an essential tool for enhancing SciML and as a key application of
it. Specifically, DA facilitates the robust identification and learning of SciML models, while
SciML provides a highly efficient and scalable computational framework for implementing
DA. The joint investigation of SciML and DA promotes the development of both fields and
advances the modeling, simulation, and analysis of complex dynamical systems.

In summary, this thesis integrates diverse sources of information—including observa-
tional data, physical laws, and domain knowledge—to develop systematic computational
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methods on the basis of SciML and DA, encompassing model architectures, learning strate-
gies, and diagnostic processes. These methods contribute to addressing previously in-
tractable and emerging challenges in complex dynamical systems across science and engi-
neering, demonstrating strong potential for real-world applications.
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Chapter 1

Introduction

This thesis focuses on the development and application of computational methods and
algorithms through a joint investigation of scientific machine learning and data assimilation
for the modeling, simulation, and analysis of complex dynamical systems. Such systems are
ubiquitous in science and engineering, including fluid dynamics, geophysical and climate
systems, biological processes, and engineered systems. Accurate description of those sys-
tems and a deep understanding of the underlying mechanisms are essential for enabling
reliable prediction, decision-making, and effective control and design across a wide range of
applications. However, their high dimensionality, strong nonlinearity, intrinsic stochasticity,
and partial observability pose significant challenges. This thesis aims to develop efficient
and accurate methodologies for addressing those challenges and solving associated forward
and inverse problems, including state forecasting, state estimation, data assimilation, system
identification, and uncertainty quantification.

1.1 Complex Dynamical Systems

Complex dynamical systems are ubiquitous across diverse fields such as fluid dynamics,
materials science, geophysics, and aerospace, where they are used to describe and character-
ize physical, biological, and engineering systems [1–6]. Those systems are of fundamental
importance because they provide a unified framework for understanding, predicting, and
controlling the evolution of real-world systems over time. Accurate modeling of such sys-
tems and a deep understanding of their underlying mechanisms enable reliable prediction
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of critical phenomena such as turbulent flows and climate variability, thereby supporting
control and design, state estimation, anomaly detection, and decision-making in downstream
applications. As a result, advancing methodologies for modeling and simulating complex
dynamical systems is essential for addressing many pressing challenges in science and
engineering.

Despite their importance, modeling complex dynamical systems remains highly chal-
lenging due to their intrinsic properties. These systems are often characterized by strong
nonlinearity, high dimensionality, multiscale interactions, chaos and turbulence, disconti-
nuities, stochasticity, non-Gaussian statistics, intermittency, and extreme events [7–12]. A
conventional approach to describing such systems is to derive governing equations from
first principles, typically in the form of nonlinear ordinary and partial differential equations
(ODEs and PDEs) and their stochastic extensions (SDEs). While these physics-based models
offer key advantages, including adherence to physical laws and strong interpretability,
their derivation often requires deep domain knowledge, extensive prior information, and
simplifying assumptions. Consequently, models constructed under idealized conditions
may fail to capture essential dynamics in real-world systems due to limited expressivity,
unknown or unresolved mechanisms, lack of information, and uncertainty. Additionally,
computationally expensive numerical simulations are typically required to understand and
predict these systems, often rendering practical applications prohibitive.

With the rapid growth of available data and computing resources, data-driven methods
have emerged as dominant and cost-effective approaches for modeling and simulating
complex dynamical systems. Those methods includes closure models [13, 14], sparse identifi-
cation [15, 16], reduced order models [17–19], causality-based models [20–22], and Gaussian
processes [23]. Although these approaches have demonstrated increasing potential and
promise in the study of complex dynamical systems, developing efficient and accurate
simulation methods and discovering dynamical models from observational data remain
open challenges. In particular, several fundamental issues remain unresolved:

1. Data-driven spatiotemporal modeling with preserved long-term properties.
There is a lack of modeling frameworks capable of learning complex spatiotemporal
dynamical systems (e.g., nonlinear PDEs) from observational data while preserving
continuity in both space and time. Such continuity is essential for enabling train-
ing and inference across varying spatiotemporal discretizations, thereby achieving
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discretization- or resolution-invariance. Furthermore, existing approaches often fail to
simultaneously attain accurate short-term state predictions and statistically consistent
long-term behavior, which is particularly crucial for chaotic and turbulent systems
that are often assumed to be ergodic.

2. Online identification of regime-switching dynamical systems. Real-time detec-
tion and adaptation to regime switching in dynamical systems—typically characterized
by abrupt changes in governing equations or model parameters—remain challeng-
ing. Such behavior is ubiquitous in many real-world applications, including robotic
locomotion across heterogeneous terrains (e.g., transitions from grass to sand) and
atmospheric jet dynamics exhibiting blocked and unblocked regimes. Consequently,
there is a need for robust and efficient methodologies that can identify such transitions
and update the dynamical model for the new regime from sequential data.

3. Efficient state estimation and forecasting under partial observations. For par-
tially observed dynamical systems, particularly those that are strongly nonlinear and
high-dimensional, accurately inferring hidden states and generating reliable forecasts
from partial observations remains a fundamental challenge. This difficulty arises from
incomplete information, the lack of tractable analytical tools, high computational cost,
and associated uncertainties. In most real-world systems, the full system state is not
directly accessible, and only partial, noisy observations are available. Consequently,
there is a critical need for surrogate modeling frameworks tailored to partially ob-
served settings, capable of learning system dynamics from data for simultaneously
efficient and accurate state estimation and forecasting.

Addressing these fundamental issues is critical for making methodological contribu-
tions to the study of dynamical systems and for solving relevant real-world problems. In
practice, observational data are typically heterogeneous including multiple resolutions,
non-uniform temporal sampling rates and spatial discretizations, short-term time series,
and time-averaged statistics. Consequently, the integration of heterogeneous information
sources not only enhances model robustness and reliability, but may also be necessary
when individual data sources are insufficient. Furthermore, although the precise long-term
evolution of real-world systems such as atmospheric dynamics and turbulent fluid flows is
inherently unpredictable, their statistical property and geometric structure often exhibit
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consistency and stability. Capturing these invariant properties enables computational mod-
els to faithfully represent the underlying dynamics and supports decision-making based on
predictions from both short- and long-term behavior. Additionally, the governing dynamics
of a system are often not fixed, but evolve due to intrinsic variability or changes in external
conditions, leading to regime switching. For example, atmospheric jet streams can meander
in different directions as the system alternates between blocked and unblocked regimes.
Similarly, excitable media are highly sensitive to finite perturbations, which can trigger
transitions from a quiescent state to complex wave patterns. Such regime switching can
increase the likelihood of extreme events, giving rise to phenomena such as extreme weather
and climate patterns, neuronal bursting, and severe ductile failure in materials. Detecting
regime transitions and identifying the associated underlying dynamics, through appropriate
model identification methods, therefore has significant scientific and societal importance.
Finally, it is usually difficult or even impractical to obtain complete data of system states
in real-world applications due to several factors: (i) the system may lack well-defined
boundaries or contain hidden states, (ii) certain state variables may be inherently difficult
or impossible to measure, and (iii) the digital devices used for data acquisition can have
computational or storage constraints. For example, in weather and climate systems, the
thermocline depth is typically difficult to observe directly due to its location beneath the
ocean surface. As a result, the available data often provide only a partial representation
of the underlying system, leading to partially observed dynamical systems. Advanced
methods for state estimation and forecasting with uncertainty quantification are essential
for addressing the challenges arising from partial observability. This PhD thesis aims to
develop systematic and reliable computational frameworks and algorithms to address these
challenges in complex dynamical systems.

1.2 Scientific Machine Learning

Scientific machine learning (SciML) is an interdisciplinary field that integrates scientific
computing and machine learning with the aim of facilitating the modeling, simulation, and
analysis of complex dynamical systems by combining data-driven methods with physical
laws and domain knowledge. Apart from the data-driven methods mentioned in Section 1.1,
the neural-network-based models from deep learning [24–28] have significantly advanced
the field of SciML and emerged as a dominant approach for modeling complex dynamical
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systems [29–33]. Based on the universal approximation theorem [34–36], neural networks
can approximate any nonlinear functions and operators. Consequently, they exhibit strong
expressivity and effectiveness in capturing dynamics and making predictions. For example,
as a continuous-in-time version of ResNet [37], the neural ODE [38] is proposed to learn the
dynamics of systems with efficient memory usage. Physics-informed neural networks [39],
which integrate physical laws into the neural networks, are developed to solve forward and
inverse PDE-governed problems. Designed to learn mappings between infinite-dimensional
function spaces, neural operators [40–45] have been widely used to approximate solution
operators and build continuous spatiotemporal models.

Recently, generative learning [46–50] has been increasingly employed and integrated
into the field of SciML. For example, the diffusion models have been utilized to construct
stochastic nonlocal models [51], generate spatiotemporal turbulence [52], capture extreme
event statistics [53], and learn PDE solutions [54]. Additionally, active learning [55, 56] has
gained attention in SciML applications for identifying informative data [57, 58], simulating
nonlinear systems [59], estimating model parameters [60], and learning model discrepan-
cies [61]. The aforementioned SciML methods and techniques have demonstrated strong
effectiveness in numerical simulation, operator learning, physics-informed data-driven mod-
eling, data acquisition, as well as model discovery, reduction, and calibration for complex
dynamical systems and related applications.

However, the problems and challenges outlined at the end of Section 1.1 remain in-
adequately addressed by current developments in SciML. For instance, data assimilation
(DA), a fundamental technique for state estimation in science and engineering, faces sig-
nificant difficulties when applied to complex dynamical systems characterized by high
dimensionality, strong nonlinearity, and non-Gaussian statistics, due to the lack of analytical
tools and prohibitive computational costs. To address this issue, a novel SciML surrogate
model is proposed to enable efficient and accurate DA for general nonlinear dynamical
systems. Conversely, DA serves as a critical tool for advancing SciML models by facilitating
the learning of probabilistic relationships between system states and capturing long-term
statistical behavior of these systems. In this thesis, SciML and DA form a tightly coupled
paradigm, with DA playing an integral role in their synergy for solving forward and inverse
problems.
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1.3 Data Assimilation

Data assimilation (DA) integrates observational data with computational models to enhance
state estimation [62–65]. It is extensively applied in real-time state estimation, parameter
estimation, imputation, and optimal control. [66–70]. For complex dynamical systems that
are partially observed (e.g., state-space models), the governing equations are utilized as
computational models for short-term statistical prediction, known as the prior distribution.
Through Bayesian inference, the prior distribution is updated with the observational data
to the posterior distribution, which is the result of DA. DA is further classified into three
types of problems: filtering, smoothing, and prediction, which correspond to estimating the
conditional distributions of the current, past, and future states, respectively, given past and
current observations. It is worth noting that prediction via DA fundamentally differs from
the classical state forecast problem, in which the initial condition or distribution is assumed
to be known. Instead, DA-based prediction is initialized using states estimated through
the assimilation process (e.g., filtering). This underscores an important feature of DA (e.g.,
filtering): its robustness to unknown initial conditions or distributions. Even initialized from
a random guess, DA can gradually converge to a stable and accurate estimate by sequentially
incorporating observational data, and the initial transient phase of this process is commonly
referred to as the warm-up time.

To handle general nonlinear dynamical systems, the ensemble DA methods [71–75],
which utilize samples to approximate probabilistic distributions, are commonly used tech-
niques. However, the direct application of ensemble DA methods to high-dimensional
dynamical systems is often computationally intractable, primarily due to the substantial
computational cost incurred by the curse of dimensionality in sampling processes and
the numerical simulations of dynamical models including nonlinear PDEs. Although the
adoption of efficient computational models, such as data-driven surrogate models [76–79],
reduced-order models [80, 81], and stochastic parameterizations [82–85], coupled with
various DA techniques like localization [86, 87] and empirical tunings of ensemble sizes
and covariances matrix, can mitigate costs and facilitate the implementation of DA, the DA
process still demands significant computational resources, and may suffer from sampling
and approximation errors.

Recently, deep learning has been employed to support DA for complex dynamical
systems [88], assisting the construction of computational models by neural networks that
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enhance forecast capability within DA [89, 90]. Additionally, statistical variational DA
methods have been proposed to generate observations in scenarios where observational
data is scarce [91]. Using encoder-decoder networks in latent DA has proven effective in
utilizing multi-domain data for high-dimensional systems [92]. Deep learning can also
facilitate using data-driven ensembles at a low computational cost to accelerate ensemble
DA [93]. Furthermore, end-to-end deep learning methods have been developed to streamline
the entire DA process [94, 95]. While those methods have facilitated the implementation
and application of DA, efficient DA methods for general nonlinear dynamical systems still
require further exploration and development. More importantly, this thesis focuses on
developing a unified SciML framework capable of both state forecast and efficient DA with
a low training cost and robust inference results.

Conversely, DA plays a vital role in the development of SciML methods. Inspired by the
ensemble Kalman filter (EnKF) [71, 73, 96], the ensemble Kalman inversion (EKI) [68, 97]
serves as a derivative-free optimization method that is widely used for parameter estimation
and inverse problems. The derivative-free nature of EKI, which minimizes loss functions
without requiring gradients, makes it particularly effective for memory-intensive auto-
differentiation and for chaotic systems where gradients may be unstable or unreliable.
Additionally, DA can force statistical constraints to guide SciML models toward capturing
probabilistic relationships between states and mitigating overfitting [98, 99]. Moreover,
effectively leveraging online observational data through DA to enhance the performance of
SciML models is essential for their reliable deployment in real-world applications, thereby
motivating the integrated study of SciML and DA.

The remainder of the thesis is organized as follows. Chapter 1 introduces the overall
background and motivation of the thesis. Chapter 2 proposes a continuous model with
a new hybrid optimization scheme for modeling spatiotemporal dynamical systems with
short-term state forecasting and long-term statistics matching. Chapter 3 introduces a
causality-based method for online sparse identification of dynamical systems with regime
switching. Chapter 4 designs a unified deep learning framework for modeling partially
observed nonlinear dynamical systems and efficient data assimilation. Chapter 5 summarizes
the thesis and highlights its core contributions.
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Chapter 2

Data-Driven Spatiotemporal Modeling
with Short-Term State Forecasting and
Long-Term Statistics Matching

Data-driven modeling techniques have been explored in the spatial-temporal modeling of
complex dynamical systems for many engineering applications. However, a systematic
approach is still lacking to leverage the information from different types of data, e.g., with
different spatial and temporal resolutions, and the combined use of short-term trajectories
and long-term statistics. In this work, we build on the recent progress of neural operator
and present a data-driven modeling framework called neural dynamical operator that is
continuous in both space and time. A key feature of the neural dynamical operator is
the resolution-invariance with respect to both spatial and temporal discretizations, with-
out demanding abundant training data in different temporal resolutions. To improve the
long-term performance of the calibrated model, we further propose a hybrid optimization
scheme that leverages both gradient-based and derivative-free optimization methods and
efficiently trains on both short-term time series and long-term statistics. We investigate the
performance of the neural dynamical operator with three numerical examples, including
the viscous Burgers’ equation, the Navier–Stokes equations, and the Kuramoto–Sivashinsky
equation. The results confirm the resolution-invariance of the proposed modeling frame-
work and also demonstrate stable long-term simulations with only short-term time series
data. In addition, we show that the proposed model can better predict long-term statistics
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via the hybrid optimization scheme with a combined use of short-term and long-term data.

2.1 Introduction

Complex dynamical systems are ubiquitous in many science and engineering applications,
e.g., mixing phenomena in atmospheric and ocean dynamics [100–102], physical and chem-
ical processes of energy conversion [103], and drones operating in turbulent flows [104].
For most of these systems, numerically simulating the governing equations derived by first
principles is still infeasible in the foreseeable future, and thus closure models are inevitably
needed to account for those unresolved degrees of freedom. Many of the classical closure
models are calibrated with simplified settings and are known to have limited predictive
capability, mainly due to the lack of enough expressive power in the model form and the
empirical calibration to a small amount of data. In the past few decades, we have witnessed
the rapid growth of high-fidelity simulation and experimental data and the great advance
of machine learning methods, which motivated the development of data-driven modeling
techniques [20, 21, 30, 32, 33, 51, 66, 105–110] with the aim of improving or even replacing
the classical models by neural-network-based models.

Machine learning methods have achieved great success in the past decade, e.g., convolu-
tional neural networks [28, 111] for tasks such as computer vision (CV), and recurrent neural
networks [112–115] for tasks such as natural language processing (NLP). More recently,
transformer-based models have demonstrated even better performance in both CV and
NLP tasks. Inspired by the success of these methods in standard machine learning tasks,
many previous works explored using these methods to improve the modeling of dynamical
systems. Despite the initial promising results, standard machine learning methods often
assume fixed discretization in both space and time, which presents a significant constraint
for accurately modeling complex dynamical systems. The main reason for such a limitation
is two-fold: (i) the available data sources are unlikely in a consistent resolution, and (ii) the
efficient characterization of the system state usually demands a non-uniform resolution.
For instance, the data sources of earth system include high-fidelity simulations [116] with
a fine spatial resolution such as O(100m) to O(1km), satellite images across a wide range
of resolutions with the finest one of O(10m), and the data collected by observatories that
sparsely distributed across the earth. The temporal resolutions also vary among high-fidelity
simulations, satellite images, and observatory data. This multiscale nature of different data



10

sources is also present in many engineering applications, e.g., wind farms with both LiDAR
data and high-fidelity simulations of atmospheric boundary layer [117, 118]. On the other
hand, the system states of complex dynamics often have multiscale features intrinsically, for
which an adaptive resolution is often the more efficient way of characterizing the system
state than a uniform resolution.

The multiscale nature of both the system state and the available data sources of complex
dynamical systems has motivated the development of continuous form machine learning
methods for the modeling and simulation of those systems. For instance, Fourier neural
operator (FNO) [41] employs Fourier and inverse Fourier transformations to construct
Fourier layers, which are used as building blocks to approximate an operator (i.e., a mapping
between Banach spaces) in the continuous form. Essentially, FNO belongs to a general
category of neural operators [119], i.e., using neural networks to approximate the integral
operator as the basic component of the approximation of a more general operator. Other
neural operator methods that belong to this category are graph neural operators (GNO) [120,
121] and low-rank neural operators (LNO), which connects to another popular neural
operator framework known as DeepONet [40, 122]. More specifically, DeepONet introduced
branch net and trunk net to implement an approximation of operator based on the universal
approximation theorem of operators. There are also other recent works that construct neural-
network-based operators via a wavelet-based approximation of integral operators [123]
or reconstruction from other types of sub-networks [124]. Comparisons between neural
operator approaches have been studied in [119, 125]. The approximation error has been
studied in [126] with a residual-based error correction method being proposed. Physics
constraints [127, 128] and derivative information [129] were demonstrated as additional
information sources that can enhance the performance of neural operator methods. There
have been many other interesting extensions of the standard neural operator frameworks,
e.g., solving problems on general geometries [130], learning of nonlinear non-autonomous
dynamical systems [131], and improving neural operator techniques with the recent success
of large language models [132, 133], to name a few. Although these methods can be used
to characterize the solution operator of a dynamical system, they only work with a fixed
and uniform temporal resolution if standard neural operator methods are used. By taking
the prediction lead time as an additional input, the neural operator methods can potentially
work with non-uniform temporal resolution but often demand abundant data with different
temporal resolutions for the training.
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On the other hand, neural ordinary differential equation (ODE) [38] provided a tempo-
rally continuous framework of machine learning methods for the modeling and simulation of
dynamical systems. Recently, the combined use of neural ODE and neural operator has been
explored by [134] in the context of standard machine learning tasks such as classification
and computer vision. In terms of spatial-temporal modeling of dynamical systems, the
key relevant concepts of neural ODE are: (i) neural networks can be used to characterize
the unknown vector field of a finite-dimensional dynamical system, and (ii) the unknown
coefficients of the neural network can be trained via gradient descent using either the
adjoint method or automatic differentiation. The idea of modeling continuous dynamics
via machine learning methods was also discussed in [135]. In the past few years, several
works [136–139] have explored the use of neural ODE in modeling dynamical systems and
demonstrated promising results. Although neural ODE provides the flexibility of handling
data with a non-uniform resolution in time, it has been shown in [140] that the use of
a standard network in neural ODE can lead to long-term instability, mainly due to the
amplification of high wavenumber components, when applying the trained network and
simulating the modeled dynamical system. To address the long-term stability, the unknown
vector field was modeled by linear and nonlinear parts with standard neural networks
in [140] and the training via neural ODE demonstrated more stable long-term simulations.
In this work, we show that the stable long-term simulations of neural ODE models can
alternatively be achieved by filtering out some high wavenumber components through the
construction of a neural dynamical operator, for which the Fourier neural operator [41]
serves the purpose nicely.

Although neural ODE provides an efficient tool for training a model to match the short-
term behavior of an unknown dynamical system, training the model to also quantitatively
match the long-term system behavior still has some challenges. One challenge is on the
computational side, that the long-term training would require huge memory costs [141–143]
via backpropagation or potential stability issues in the backward-in-time simulation via the
adjoint method. Another challenge is on the problem formulation side, that the long-term
system behavior tends to be more sensitive to the small changes in the model, especially
for chaotic systems or systems with discontinuities, making the standard adjoint method
sometimes even infeasible [144]. These challenges motivate us to explore an alternative
optimization approach that is both efficient and robust for matching the long-term behaviors
between themodel and the true dynamical system. More specifically, we choose the ensemble
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Kalman inversion (EKI) method that was proposed in [68]. Unlike the backpropagation or
the adjoint method that is designed for the gradient descent optimization, ensemble Kalman
inversion is derivative-free, parallelizable, and robust with noises of the data and chaos or
uncertainties of the system [66, 145]. In the past decade, many developments have beenmade
to enhance Kalman inversion methods, both in theory [146–148] and in algorithms, such as
various types of regularizations (e.g., linear equalities and inequalities [149], Tikhonov [150],
sparsity [67], and ℓp [151], and known physics [152]), uncertainty quantification with
Langevin dynamics for sampling [153], and using other types of Kalman filters [154]. More
recently, the ensemble Kalman inversion was also explored in [155] for the training of neural
ODE. Instead of merely using EKI to train a neural ODE, we investigate a hybrid optimization
approach that uses the standard gradient-based method for short-term trajectory matching
and the EKI method for long-term statistics matching.

In summary, we develop a spatially and temporally continuous framework called neural
dynamical operator for the data-driven modeling of dynamical systems with spatial fields as
system states, by leveraging the success of neural operator and neural ODE. Compared with
classical methods, the proposed framework is more capable of capturing the underlying
dynamics from data for both short-term state prediction and long-term statistics matching
with resolution-invariant feature. The framework is tested with three spatiotemporal
dynamical systems, including Burgers’ equation, Navier–Stokes equation, and Kuramoto–
Sivashinsky equation. The first two examples focus on the performances of neural dynamical
operator trained with short-term data, to demonstrate the merits of the neural dynamical
operator in terms of (i) spatial-temporal resolution-invariance and (ii) stable long-term
simulations. The third example demonstrates the merit of a hybrid optimization method that
leverages both short-term and long-term data to calibrate the neural dynamical operator.
The key contributions of this work are summarized below:

• Combined Fourier neural operator and neural ODE to provide a spatial-temporal
continuous framework for modeling unknown dynamical systems based on data in
various resolutions.

• Demonstrated the long-term stable simulations of the trainedmodels for three different
spatiotemporal dynamical systems with discontinuous features or chaotic behaviors.

• Proposed a hybrid optimization scheme that efficiently leverages both the short-term
time series and long-term statistics data.
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2.2 Problem Statement

We focus on the continuous dynamical system in a general form:

∂u(x,t)
∂t

= G(u(x,t),t), (2.1)

with spatial variable x ∈Dx ⊆ Rdx , temporal variable t ∈ [0,T ]⊂ R, state function u(·, ·) ∈
U(Dx× [0,T ];Rdu), spatial profile of state function at time t is u(·,t) ∈ Ut(Dx;Rdu), and
G : Ut× [0,T ] 7→ Ut is a non-linear operator. If the system is autonomous, i.e., the system
does not depend on time, G would become a non-linear operator on spatial field. Rd is a real
vector space with d dimension, Dx is a bounded domain, U and Ut are separable Banach
spaces of functions taking values in Rdu .

Assuming that the operator G in (2.1) is unknown, we propose to learn a data-driven
dynamical operator G̃ that approximates G, based on the time series data of u and a combined
use of neural ODE [38] and neural operator [41]. To enhance the performance of the learned
model, the data-driven operator is trained to match both short-term trajectories and long-
term statistics from the true system. A hybrid scheme of gradient-based and derivative-free
methods is then demonstrated to facilitate efficient training with the combined types of
data.

Given a time series {u(tn)}Nn=0 of system state u in (2.1), where u(t) := u(·,t)|D(M)
x ∈

Rdu×M is discretization of u(·,t) with D(M)
x = {x1, ...,xM}⊂Dx is aM-point discretization

of the domain Dx, we aim to build a continuous spatial-temporal model for the system by
constructing a parametric map G̃ with parameters θ to approximate the non-linear operator
G. The continuous spatial-temporal model would then be:

∂ũ(x,t)
∂t

= G̃(ũ(x,t),t;θ). (2.2)

To match with the time series data {u(tn)}Nn=0, the unknown parameters θ in G̃ can be
calibrated by minimizing the short-term loss for trajectory matching:

Ls :=

Ns∑
n=0

Js(u(tn), ũ(tn)), (2.3)
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where ũ(tn) = u(t0)+
∫tn
t0

G̃(ũ,t;θ)dt is the predicted states, u(tn) is the observed system
states from the true system, and Js : Rdu×M×Rdu×M 7→ R is a loss function at every time
step. It is worth noting that the continuous counterpart of the total short-term loss Ls is a
loss functional operating on two space-time continuous functions and is defined by a squared
norm for the Bochner space L2([0,Ts];L2(Dx;Rdu)), where Ts = tNs

− t0 corresponds to
the total time range of short-term trajectory matching. The continuous counterpart of
the loss function Js is a functional on two spatial continuous functions which defined as
L2(L2(Dx;Rdu)×L2(Dx;Rdu);R). Ns is a hyper-parameter controlling the short-term state
prediction horizon during training process. Given a long time series of states as data of a
dynamical system, we sample a batch of short time series with length Ns from the dataset,
with which we can use mini-batch training to obtain the parameters θ.

To capture a long-term statistical property of the true dynamical system, the unknown
parameters θ in G̃ can be calibrated by minimizing the long-term loss for statistics matching:

Ll

(
β
(
{u(tn)}

Nl
n=0

)
, β

(
{ũ(tn)}

Nl
n=0

))
, (2.4)

where β : Rdu×M×Nl 7→ Rdβ maps a long-term trajectory to its important statistics, Ll :
Rdβ×Rdβ 7→R is a loss function to quantify the differences of long-term statistics between
the modeled system and the true one, and Nl is another hyper-parameter that control the
horizon over which the long-term statistics is calculated. The continuous counterpart of the
map β operates on a space-time continuous function in the space C([0,Tl];L2(Dx;Rdu)),
where Tl = tNl

− t0 corresponds to the total time range of long-term statistics matching. In
practice, to reduce the computational costs during the training process, we sample a batch
of relatively long time series with length Nl instead of calculating the long-term statistics
for the entire time series dataset. The long-term horizon is typically much larger than the
short-term horizon, i.e., Tl≫ Ts.

2.3 Methodological Background

2.3.1 Neural Operator

To construct the data-driven dynamical operator G̃ in the continuous setting, i.e., viewing the
system state u as a continuous spatial-temporal field instead of a discrete finite-dimensional
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vector, we rely on the recent developments of neural operators [40, 41]. As a high-level
framework for modeling continuous dynamical systems, the neural dynamical operator can
utilize any neural operator architecture to construct the data-driven dynamical operator
G̃. In this work, we present results using Fourier neural operator (FNO) [41]. In general,
neural operators can approximate G in (2.1) which is a non-linear mapping between infinite-
dimensional spaces:

G : Ut× [0,T ] 7→ Ut, (2.5)

with a neural network G̃(·;θ) parameterized by θ. The key advantages of continuous
mapping in (2.5) are: (i) the performance of the trained mapping is resolution-invariant,
and (ii) the flexibility of using data with different discretizations. The resolution-invariant
feature allows the model to learn from and evaluate the functions discretized in an arbitrary
way. In other words, the model trained at one specific resolution can be used to perform
inference at different resolutions of input and output functions, without a significantly
increased error level. With the resolution-invariant property in the construction of the FNO
architecture, the training process can also potentially combine the use of data in different
resolutions.

We then focus on the use of FNO to construct the data-driven operator G̃. The FNO
applies a Fourier transform to convert the input spatial function from the spatial domain
to the Fourier domain, processes the data within the Fourier domain, and subsequently
performs an inverse Fourier transform to transform the results back to the spatial domain.
Similarly, when the input function is defined on a temporal domain, it can still be transformed
between the temporal domain and the Fourier domain. More specifically, FNO first linearly
transforms the state function u(·,t)⊂ Ut and temporal variable t to lift the dimension from
Rdu+1 to Rdv : v0(x) = P(u(x,t),t). Then v0(x) will be iteratively transformed by Fourier
layers with the output dimension staying the same as dv:

vn+1(x) = σ(Wvn(x)+(Kvn)(x)), n= 0,1 . . .N−1, (2.6)

where (Kvn)(x) =F−1(R ·(Fvn))(x) is the Fourier integral operator, F is Fourier transform
and F−1 is its inverse, R is the complex-valued parameters in the neural network, W is
a linear transformation, and σ is a nonlinear activation function. At last, vN(x) will be
linearly transformed again to ensure the dimension of the final output same as the dynamics
function in the space Ut, i.e., Q(vN(x)) =

∂ũ(x,t)
∂t ∈ Rdu .
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The classical loss function for training FNO quantifies the differences between the true
dynamics ∂u(x,t)∂t and the predicted dynamics ∂ũ(x,t)∂t . However, the data of ∂u(x,t)∂t may not be
available in many applications, e.g., when the temporal resolution in the data of u(x,t) is not
fine enough to obtain an informative estimation of its time derivative. Therefore, we may
not be able to directly train the neural dynamical operator G̃ by solving the optimization
problem as typically done in the classical usage of FNO. To address this issue, we explore
the training of a neural dynamical operator via the framework of neural ODE [38].

2.3.2 Neural Ordinary Differential Equations

The goal of neural ordinary differential equations (neural ODE) is to train the surrogate
model G̃, which is constructed via FNO in this work, to approximate G in (2.1) based on
time series data {u(tn)}Nn=0 with u(t) := u(·,t)|D(M)

x . With a given G̃ and initial state of
true system u(t0), the predictive system state at future time tn can be written as ũ(tn) =
u(t0)+

∫tn
t0

G̃(ũ(t),t;θ)dt, which can be obtained by an ODE solver in real applications.
The trainable parameters θ in G̃ can then be obtained by minimizing the loss function in
(2.3). With the loss function Js at each time step chosen as standard ℓ2-norm in this work,
the total short-term loss for trajectory matching becomes

Ls =

Ns∑
n=0
∥u(tn)− ũ(tn)∥2. (2.7)

The neural ODE framework [38] discussed two methods to calculate dLs/dθ, including
(i) backpropagation and (ii) adjoint sensitivity method, with which we can determine the
optimal θ by minimizing the short-term loss in (2.7) via gradient descent.

Backpropagation is a classical gradient descent optimization method for training a neural
network. One drawback of the backpropagation for neural ODE training is the memory
cost to store the results of its forward pass, which is linearly proportional to the number of
G̃ evaluations. Although various types of memory management techniques [143] have been
developed for automatic differentiation, the memory cost for matching a long time series
data with a large scale model of G̃ can still be inefficient or even infeasible.

On the other hand, the adjoint sensitivity method calculates the gradient dLs/dθ by
a forward and a backward ODE integration. The forward integration solves for the state
ũ at future time step t1,t2, . . . ,tN, with the initial state ũ(t0) = u(t0). By introducing
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an adjoint state a(tn) = ∂Ls
∂ũ(tn)

, the backward integration solves for an augmented states
[ũ(t),a(t), ∂Ls∂θ ]

⊤ from tn to tn−1, for n=N,N− 1, . . . , 1, with the initial state ũ(tN) evalu-
ated from the forward integration, a(tN) = ∂Ls

∂ũ(tN) , and
∂Ls
∂θ (tN) = 0:

dũ(t)
dt = G̃(ũ(t),t;θ),

da(t)
dt =−a(t)⊤

∂G̃(ũ(t),t;θ)
∂ũ(t)

,

d
dt
∂Ls

∂θ
=−a(t)⊤

∂G̃(ũ(t),t;θ)
∂θ

.

(2.8)

It should be noted that the solved adjoint state a(tn) needs to be adjusted at n =

N−1,N−2, . . . , 0 during the backward integration, by adding a term of ∂Ls
∂ũ(tn)

to account for
the fact that the loss function Ls explicitly depends on the system state ũ(tn). During the
whole backward integration, the vector-Jacobian products a⊤ ∂G̃∂ũ and a⊤ ∂G̃∂θ can be evaluated
on the fly without storing them in the memory. Therefore, the adjoint sensitivity method has
a constant memory usage O(1) with respect to the integration time steps, i.e., the number
of G̃ evaluations.

For a short-term integration, the backpropagation often has no memory cost issue
and is computationally faster than the adjoint method, considering that the Jacobian is
stored and does not need to be evaluated on the fly in the backward pass. However, the
memory cost issue would prevent the use of backpropagation if the data involves long-
term integration, e.g., time-averaged statistics. In addition, gradient-based optimization can
potentially encounter numerical issues (e.g., gradient blow-up) for the long-term information
of chaotic systems. Therefore, backpropagation is used in this paper for short-term trajectory
matching, while the long-term statistics of a chaotic dynamical system are incorporated by
a derivative-free Kalman method, instead of the adjoint sensitivity method. More details
about the derivative-free Kalman method can be found in Section 2.3.3.

2.3.3 Ensemble Kalman Inversion

The neural dynamical operator G̃ in (2.2) can be calibrated to capture the long-term statistics
of the true dynamical system by solving the optimization problem in (2.4) with ensemble
Kalman inversion (EKI). Originated from ensemble Kalman filter [71, 73, 96], EKI [68, 97]
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has been developed as an optimization method to solve inverse problems. More specifically,
the goal of EKI is to estimate the unknown parameters from noisy data in the general form
of an inverse problem:

y=G(θ)+η, (2.9)

where y is a vector of observation data, G denotes a forward map, θ corresponds to the
trainable parameters, η ∼ N(0,Ση) is often chosen as Gaussian random noises with a
covariance matrixΣη . In this work, y= β({u(tn)}

Nl
n=0) ∈ Rdβ is the observed long-term

statistics of the dynamical system, and the covariance matrixΣη ∈ Rdβ×dβ is empirically
chosen. In practice, the covariance matrix can also be determined by observing an ensemble
of long-term statistics from the true system, with each ensemble member having a different
initial condition. The forward map G is a composition of data-driven dynamical operator
G̃, a time integral operator

∫
that is numerically evaluated by an ODE solver, and β that

calculates the time-averaged statistics from a time series of system states, i.e.,

G(θ) := β({ũ(tn)}
Nl
n=0) = β

({
u(t0)+

∫ tn
t0

G̃(ũ(x,t),t;θ)dt
}Nl

n=0

)
. (2.10)

To match the observed data y and the output of forward map G, EKI is employed to
identify the optimal parameters θ. The optimization problem in (2.4) solved by EKI can be
written as

min
θ

||Σ
− 1

2
η (y−G(θ))||2. (2.11)

To solve the optimization problem in (2.11), the EKI formula that iteratively updates the
ensemble estimation of parameters {θ(j)}Jj=1 is:

θ
(j)
n+1 = θ

(j)
n +Σ

θg
n (Σ

gg
n +Ση)

−1(y(j)−g(j)n ), (2.12)

where the index n denotes the n-th EKI step and y(j) corresponds to the perturbed observa-
tion data y via sampling the noises η. With the ensemble of parameters {θ(j)n }Jj=1 at the n-th
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EKI step, the terms g(j)n ,Σθg
n , andΣgg

n in (2.12) are calculated as:

θ̄n =
1
J

J∑
j=1
θ
(j)
n , g(j)n =G(θ

(j)
n ), ḡn =

1
J

J∑
j=1

g(j)n ,

Σ
θg
n =

1
J−1

J∑
j=1

(θ
(j)
n − θ̄n)(g

(j)
n − ḡn)⊤,

Σ
gg
n =

1
J−1

J∑
j=1

(g(j)n − ḡn)(g
(j)
n − ḡn)⊤.

(2.13)

2.4 Neural Dynamical Operator

Based on the techniques introduced in Sections 2.3.1 and 2.3.2, we present a spatial-temporal
continuous framework that learns a data-driven dynamical operator G̃ in (2.2) based on the
short-term time series of the true system states. More specifically, the key components of
the proposed framework include:

• Constructing the dynamical operator G̃ via a Fourier neural operator.

• With the short-term time series of the true system states, updating the parameters θ
of the dynamical operator G̃ via solving the optimization problem in (2.3) based on a
gradient-based optimization method (e.g., neural ODE).

The merits of learning a dynamical operator G̃ in (2.2) are:

• The flexibility of using non-uniform data points in both space and time.

• The resolution-invariance of the trained model in both space and time.

Besides being good at predicting short-term system states, the trained modeled system
in (2.2) also demonstrates a stable long-term simulation. There are some existing methods to
make stable long-term predictions for chaotic dynamical systems such as reduced order mod-
eling [136] and stabilized neural ODE [140]. Instead of preventing the high-wavenumbers
amplification by dimension reduction or employing a linear damping term, the use of the
Fourier neural operator in this work facilitates the stable long-term simulation by filtering
out the high-order modes in the Fourier space. Therefore, neural dynamical operator trained
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via short-term time series data can still avoid a numerical explosion in long-term simulations
and also qualitatively retain the statistical property of the true system.

However, the use of short-term time series data alone could not guarantee a quanti-
tative match of the long-term statistics between the trained model and the true system.
This limitation motivates the combined use of short-term time series and long-term time-
averaged statistics as two types of data for training the neural dynamical operator. A hybrid
optimization scheme that can efficiently incorporate both types of data is introduced in
Section 2.5.
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Figure 2.1: Schematic diagram of neural dynamical operator (based on Navier–Stokes
equations). The dynamics of the system for the current state are approximated by neural
operator, then the future states are evaluated with an ODE solver along with time given any
initial state. The neural dynamical operator G̃ is trained by minimizing the Loss Ls with
gradient-based optimization.
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2.5 A Hybrid Optimization Scheme: Integrating

Gradient-Based and Derivative-Free Methods

To efficiently incorporate both short-term time series and long-term statistics of the true
system states as the training data, we propose a hybrid optimization scheme that iteratively
solves the optimization problems in (2.3) and (2.4). Within each iteration, the parameters
θ of the dynamical operator G̃ in (2.2) are first updated via a gradient-based optimization
method (e.g., backpropagation) that solves (2.3) with the short-term time series data of the
true system states and then further adjusted via a derivative-free optimization method (e.g.,
ensemble Kalman inversion) to account for the long-term statistics data in (2.4). Based on the
history of both short-term state error and long-term statistics error during the EKI updating,
we select a robust θ that yields relatively small values for both types of errors. From a more
general perspective, the hybrid optimization aims to solve a dual-objective optimization
problem: it seeks to minimize both the loss from short-term state prediction and the loss
from long-term statistics matching. The optimization procedure leads to a set of candidate
solutions that approximates the Pareto front, from which we can robustly select the solution
that achieves a balanced performance of predicting the short-term trajectory and long-term
statistics. The Algorithm 1 briefly summarizes the hybrid optimization scheme, while a
detailed version is presented in Algorithm 3 in A.

Algorithm 1 Training neural dynamical operator with the hybrid optimization scheme (A
brief version)
1: for n= 1 to Nhybrid do
2: for n1 = 1 to NSGD do
3: θ← θ−λ∇θLs ▷ SGD
4: end for
5: {θ(j)}Jj=1← θ+ {ϵ(j)}Jj=1 ▷ Initialize ensemble
6: for n2 = 1 to NEKI do
7:

{
θ(j)}Jj=1← {θ(j)+Σθg(Σgg+Ση)

−1(y(j)−g(j))
}J
j=1 ▷ EKI

8: end for
9: θ← 1

J

∑J
j=1θ

(j) ▷ Parameter mean
10: end for
11: return robust θ∗ based on the error history during EKI updating

The key merit of the hybrid optimization scheme is the efficient incorporation of both
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short-term time series and long-term time-averaged statistics data. With the use of both
types of data, the trained neural dynamical operator is expected to have better generalization
capability, which is confirmed by the numerical example of the Kuramoto—Sivashinsky
equation in Section 2.6.3. Though the two optimization processes are independent of
each other, the selection of the covariance matrix Ση in (2.11) will still affect results of
hybrid optimization. The reason is that the same parameters in the neural dynamical
operator are updated by both optimization process. If the covariance matrix Ση is of a
small magnitude, i.e., the observation noises of long-term statistics are small, the hybrid
optimization would prefer smaller mismatches in long-term statistics from the true system,
which could negatively impact the performance of the hybrid optimization, especially when
the finite time-averaged approximation of the long-term statistics have larger intrinsic
uncertainties compared to the level of observation noises in EKI. The intrinsic uncertainties
due to the finite time-averaged approximation of the long-term statistics can be estimated
by obtaining an ensemble observation of long-term statistics, which can be used to set
up the observation noises of long-term statistics in EKI. In practice, a simpler choice for
Ση is a diagonal matrix, e.g., c2Idy where c ∈ R is a constant scalar and Idy ∈ Rdy×dy is
an identity matrix with dimension dy. With this choice, the scalar c plays the role of the
hyper-parameter that controls the results of hybrid optimization. In this work, the constant
c is empirically chosen as 0.1, based on the magnitude of intrinsic uncertainties due to finite
time-averaged approximation of long-term statistics estimated by ensemble simulations.
Alternatively, the hyper-parameter c can be determined by cross-validation, i.e., choosing
the optimal c that provides the best cross-validation results.

2.6 Numerical Experiments

We demonstrate the performance of the continuous spatial-temporal model on three ex-
amples, including (i) 1-D viscous Burgers’ equation, (ii) 2-D Navier–Stokes equations, and
(iii) Kuramoto–Sivashinsky equation. Short-term time series data generated from each true
system are sub-sampled in both spatial and temporal domain with various resolutions, to
confirm the resolution-invariance of the trained model with respect to both spatial and
temporal discretizations. For all the examples, we also show the stable long-term sim-
ulation with the trained models, which is mainly due to the high-wavenumber filtering
in the Fourier neural operator. For the example of Kuramoto–Sivashinsky equation, we
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Figure 2.2: Schematic diagram of neural dynamical operator with hybrid optimization
scheme (based on Navier–Stokes equations). To better generalize the model by utilizing
both short-term and long-term data, the neural dynamical operator G̃ is trained by the
hybrid optimization scheme which will iteratively update parameters by stochastic gradient
descent (SGD) method to minimize short-term states loss Ls and by derivative-free method
(EKI) to minimize long-term statistics loss Ll. The short-term system evolution in [t0,tNs

]
corresponds to Figure 2.1.

present a quantitative comparison of the long-term statistics between the model trained
with short-term time series data and the one trained with both short-term time series and
long-term statistics data. The results demonstrate the merit of the combined use of data via
the proposed hybrid optimization scheme. For all the examples, the fixed-step Runge-Kutta
method (RK4) is used as the ODE solver, the absolute error is the mean squared error, and
the relative error is calculated by the average of ||u−ũ||2

||u||2
across sample size where || · ||2 is

ℓ2-norm.
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2.6.1 Viscous Burgers’ Equation

Burgers’ equation is a classical example of partial differential equation and has been widely
used in many fields such as fluid mechanics [156–158], nonlinear dynamics [159, 160] and
traffic flow [161, 162]. The governing equation of the viscous Burgers’ equation is:

∂u

∂t
=−u

∂u

∂x
+ν

∂2u

∂x2
, (2.14)

where x∈ (0,Lx)with periodic boundary conditions, t∈ (0,Lt], ν is the viscosity coefficient,
and u(x, 0) is a given initial condition. Neural dynamical operator aim to learn the operator
on the right-hand-side of (2.14), i.e., G : u 7→ ∂u

∂t . By studying this example, we demonstrate
that the trained neural dynamical operator has resolution-invariance with respect to both
spatial and temporal discretizations. Also, the trained model can capture the shock behavior
and shows a good performance in predicting the trajectory of the true system in the test
dataset.

The simulation settings are Lx = 1,Lt = 5,ν = 10−3,∆x = 1/1024,∆t = 0.005. We
perform 1000 simulations as training data and another 100 simulations as test data. The initial
conditions of those simulations are randomly sampled from a 1-D Gaussian random field
N(0,625(−∆+25I)−2) with periodic boundary conditions, where ∆ is a Laplace operator
and I is an identity operator.

In the optimization problem in (2.3), we first simulate the modeled system for Lt = 5 time
units given an initial state u(t0) to obtain the trajectory {ũ(tn)}

Ns
n=1 with tNs

= 5 and then
minimize the ℓ2-norm between the simulated system trajectory and the true one. During
the training process, we select a small subset from 1000 training simulations as a mini-batch
to perform the gradient descent optimization in each epoch.

To construct the neural dynamical operator G̃, we use FNO as a surrogate model with
dv = 64 and kmax = 24. dv is a higher dimension where the input data be lifted to and kmax
is a cut point above which the modes of Fourier transform of input data will be truncated.
We train the model with 103 epochs with 10 simulations as one data batch in each epoch.
The optimizer is Adam with 10−3 learning rate and cosine annealing schedule.

We train the neural dynamical operator based on short-term time series data with
various resolutions in both space and time. The test errors are summarized in Table 2.1. To
demonstrate the resolution-invariance of the trained models in both space and time, we
present two types of test errors in Table 2.1: the Test Error (I) is based on the test data of the
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same resolution ∆x= 1/1024 and ∆t= 0.05, and the Test Error (II) is based on resolution
setting same as each train data. By comparing these two types of test errors with a fixed
training resolution, it can be seen that the test error stays at the same order of magnitude
when predicting on a finer resolution test dataset. On the other hand, the comparison among
the cases with different training data resolutions demonstrates that the trained model can
still perform well with a relatively sparse temporal resolution. The resolution-invariance
property of the trained neural dynamical operator makes it flexible in using training data
with low or even mixed resolutions.

Table 2.1: The test errors of viscous Burgers’ equation with various resolution settings for
train data. The Test Error (I) is based on the test data of the resolution ∆x = 1/1024 and
∆t= 0.05, while the Test Error (II) is based on a resolution setting the same as each training
data.

Resolution
Error Train Data Test Error (I) Test Error (II)

∆x ∆t Absolute Relative Absolute Relative
Resolution1 1/512 0.05 6.7010e-05 4.4004e-02 6.7595e-05 4.4163e-02
Resolution2 1/256 0.1 6.6947e-05 4.3981e-02 6.8292e-05 4.4299e-02
Resolution3 1/64 0.5 7.7509e-05 4.7405e-02 7.3959e-05 4.7423e-03

The Burgers’ equation can develop shocks over time in the absence of viscous term. In
(2.14), the non-linear convective term u∂u∂x can result in a shock in the solution of u (i.e.,
discontinuity of u in space) when ν= 0. With ν ̸= 0, the diffusion term ν∂2u

∂x2 will lead to a
continuous solution of u, while the spatial gradient of u can be large at certain locations
if ν is small. In this example, we choose a relatively small value of viscosity, i.e., ν= 10−3

so that the solutions of the true system have such a feature of large spatial gradients. The
results in Figures 2.3 and 2.4 confirm that the trained models can capture this behavior and
provide good performance for short-term trajectory prediction of the solutions of u.

In Figure 2.3, we present the spatial-temporal plots of the solutions from the true system
and the modeled ones, with the initial condition sampled from test data. The left column
presents the true solution of u. The middle column corresponds to the solutions from
the modeled systems trained with different resolution settings in Table. 2.1, and we test
the prediction performance of these trained models with the same resolution setting (i.e.,
∆x= 1/1024 and ∆t= 0.05, which is finer than all the training resolutions). The left column
shows the differences between the true solution and the solutions from the modeled systems.
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We can see that all predictions (shown in the middle column in Figure 2.3) capture the
overall pattern of the true system. On the other hand, the absolute errors made by those
predictions show that all trained models can provide relatively small errors at most locations
and times, even testing on a finer resolution and starting with an unseen initial condition. It
should be noted that the absolute errors tend to be larger close to the regions where the
true solution has a large spatial gradient, but the magnitudes of those errors are still small
compared to the true solution in those regions.

Figure 2.3: The spatial-temporal solutions of viscous Burgers’ equation. Left column: true
system. Middle column: trained models from three different resolutions with the same test
data resolution (∆x= 1/1024,∆t= 0.05). Right column: errors of the solutions simulated
based on the trained models. The index in the three trained models corresponds to the
resolution settings in Table 2.1.

We also study the comparison of the energy spectrum between the true system and the
model ones. The energy spectrum is defined as:

E(k,t) = 1
2 |uf(k,t)|

2, (2.15)

where uf = Fu denotes the Fourier transform of the solution u with k as the wavenumber.
Here | · | evaluates the magnitude of a complex number.

Figure 2.5 presents the energy spectrum of the solution u for the true system and the
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Figure 2.4: Solution profiles of viscous Burgers’ equation for the true system and the
model ones with different initial conditions from test data. The model is trained in a coarse
resolution (∆x= 1/64,∆t= 0.5) and tested on a finer resolution (∆x= 1/1024,∆t= 0.05).

model ones. The spectrum shows a slope k−2, which agrees well with [140]. The three
trained models are tested with the same resolution (∆x = 1/1024, ∆t = 0.05). It can be
seen that the energy spectrum of the trained models has good agreement with each other,
indicating that the resolution-invariance is achieved by the proposed neural dynamical
operator. In addition, we can see that the trained models can capture the true spectrum up
to a wavenumber of approximately 200 to 300. It is promising to see that the trained models
can generalize quite well with all these unseen initial conditions in most wavenumbers and
only start to display mismatches for very high wavenumbers.

2.6.2 Navier–Stokes Equations

We consider the Navier–Stokes equations to study the performance of neural dynamical
operator on a 2-D continuous dynamical system. The Navier–Stokes equations are par-
tial differential equations that characterize the conservation of linear momentum in fluid
flows [163–166]. The 2-D Navier–Stokes equations written in the form of vorticity are:
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Figure 2.5: Energy spectrum of the true system and the model ones with different test
initial conditions (in rows) and at different times (in columns). The index in the three trained
models corresponds to the resolution settings in Table 2.1.

∂ω

∂t
=−u ·∇ω+ν∆ω+ f,

∇·u= 0,
(2.16)

whereu denotes a 2-D velocity vector,ω :=∇×u represents the vorticity, ν is the kinematic
viscosity of the fluid, and f corresponds to a forcing function. Neural dynamical operator aim
to learn the operator on the right-hand-side of (2.16), i.e., G :ω 7→ ∂ω

∂t . In real applications,
the training data generated by simulations may not be with enough high resolution to
well capture the true operator G, e.g., high Reynolds number wall-bounded turbulent flows,
for which resolving the Kolmogorov scales is still infeasible for many real engineering
applications. With this example, we demonstrate that the trained neural dynamical operator
can still capture the resolved information from a dataset, even with relatively low spatial
resolution. However, the trained operator may not well characterize the true continuous
operator if the training data is generated by simulations with too coarse spatial resolutions,
and thus the prediction results on a higher spatial resolution could lead to larger errors.
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The simulation domain isΩ= (0,1)2 with periodic boundary conditions in both x and
y directions, and we simulate the system for the time t ∈ (0,Lt] with Lt = 20. The detailed
settings are ∆x = 1/256,∆y = 1/256,∆t = 10−4,ν = 10−3, and f = 0.1(sin(2π(x+y))+
cos(2π(x+y))). With initial conditionω(x,y, 0) randomly sampled from a 2-D Gaussian
random field N(0,71.5(−∆+ 49I)−2.5), we perform 1100 simulations in total, with 1000
simulations as training data and the other 100 simulations as test data.

To construct the neural dynamical operator G̃, we use a 2-D FNO as surrogate model
with kmax,1 = 12, kmax,2 = 12,dv = 32 for Resolution 1 to 4 and kmax,1 = 8, kmax,2 = 8,dv = 24
for Resolution 5 in Table. 2.2. The neural dynamical operator is trained with 2× 104 epochs,
and one simulation from the training dataset serves as one mini-batch data (i.e., 1 training
batch in each epoch). The optimizer is Adam with 10−3 learning rate and cosine annealing
schedule.

We train the neural dynamical operator based on time series data with various spatial-
temporal resolutions. The test errors are summarized in Table 2.2: the Test Error (I) is based
on the test data of the same resolution ∆x = 1/64,∆y = 1/64 and ∆t = 0.2, and the Test
Error (II) is based on the resolution setting same as each train data. From the Test Error (II),
it can be seen that models trained from all resolutions can achieve a small test error and stay
at the same order of error magnitude when predicting on a test dataset whose resolution
is the same as train data. However, from the Test error (I) in the rows of Resolution 4 and
5, we can see that models trained from a coarse resolution fail to show good performance
when testing with higher data resolution. On the other hand, from the Test Error (I) in rows
of Resolutions 1 to 3, we can still confirm that the temporal resolution-invariance property
is achieved by the trained neural dynamical operator.

Figure 2.6 presents the energy spectrum of data of initial condition from 1-D viscous
Burgers’ equation and 2-D Navier–Stokes equation with respect to different resolution
settings. We can see in Figure 2.6(a) that the energy spectrum of the viscous Burgers’ equa-
tion is similar for most of the wave numbers with different spatial resolutions. However,
Figure 2.6(b) shows more noticeable differences in the energy spectrum of Navier–Stokes
equations across the whole range of wave numbers with respect to different spatial resolu-
tions. Unlike spatial discretization of viscous Burgers’ equation, where all the resolution
settings provide a consistent result of the energy spectrum, the coarse resolution settings of
N–S equation can cause over-estimations of energy in low wave numbers, which indicates
that the numerical simulations do not well capture the true dynamical operator. Therefore,
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Table 2.2: The test errors of Navier–Stokes equation with various resolution settings for
train data. The Test Error (I) is based on the test data of the resolution∆x= 1/64,∆y= 1/64,
and ∆t = 0.2, while the Test Error (II) is based on a resolution setting the same as each
training data.

Resolution
Error Train Data Test Error (I) Test Error (II)

∆x ∆y ∆t Absolute Relative Absolute Relative
Resolution1 1/64 1/64 0.2 2.2011e-04 2.6937e-02 2.2011e-04 2.6937e-02
Resolution2 1/64 1/64 0.4 2.1764e-04 2.6753e-02 2.1739e-04 2.6827e-02
Resolution3 1/64 1/64 1 2.0775e-04 2.6083e-02 2.0591e-04 2.6089e-02
Resolution4 1/32 1/32 0.2 1.3277e-01 5.0054e-01 2.2525e-04 2.7820e-02
Resolution5 1/16 1/16 0.2 3.5572e-01 7.9330e-01 3.1081e-04 3.2806e-02

the trained models in the example of viscous Burgers’ equation can approximate the true
continuous operator and adapt well to the different resolution settings in Table. 2.1, with
small test errors when making predictions in a higher spatial resolution. However, in the
example of N–S equation, the trained models from coarse resolution settings in Table 2.2
provide large test errors when making predictions in a higher spatial resolution, mainly due
to the information loss in high wave numbers that prevent a good approximation of the
true continuous operator.
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Figure 2.6: Energy spectrum of initial condition data of viscous Burgers’ equation and
Navier–Stokes equation with respect to different resolution settings in the Table 2.1 and
Table 2.2.

In Figure 2.7, we present the spatial-temporal plots of the solutions with a spatial
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resolution ∆x= 1/16,∆y= 1/16 for true system and the model trained by Resolution 5 in
Table 2.2, with the initial condition sampled from test data. The upper row presents the
true solution ofω. The lower row corresponds to the prediction from the trained model.
We can see that the trained model can capture the overall pattern of the true system in the
spatial resolution 16× 16. The error between upper and lower in Figure 2.7 corresponds to
the Test Error (II) with Resolution 5 in Table. 2.2. It should be noted that the models trained
by other resolutions in Table 2.2 also have good prediction results in the same resolution as
the corresponding training data, which are omitted here for simplicity.
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Figure 2.7: The spatial-temporal true simulation and model prediction. Upper row: true
system with spatial resolution 16× 16. Lower row: predictions made by models trained
with the data in a spatial resolution 16×16 and tested on the data in the same resolution.

We then present the spatial-temporal plots with the spatial resolution ∆x= 1/64,∆y=

1/64 and the temporal resolution∆t= 0.2 in Figure 2.8 for the true system and the prediction
results of trained models. The initial condition is the same as the one used in Figure 2.7 but
with a finer resolution ∆x= 1/64,∆y= 1/64. The first row presents the true solution ofω,
and the other three rows correspond to the prediction results of the trained models with
Resolutions 3, 4 and 5 in Table. 2.1. We can see that only Model 3 in Figure 2.8 can capture
the flow pattern of the true system, while Model 5 displays a noticeable mismatch with
the true solution. Compared with Figure 2.7, we can see that the results of Model 5 show
a good performance for test data in spatial resolution ∆x= 1/16,∆y= 1/16 (which is the
same as train data), while the prediction results are unsatisfactory for the spatial resolution
∆x= 1/64,∆y= 1/64. On the other hand, the good prediction results of Model 3 confirm
that the trained model is temporal-invariant, i.e. capable of adapting to data with different
temporal resolutions even with relatively sparse spatial data.
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Figure 2.8: The flow of true simulation and model predictions of N-S equation from 0 to 20
time units. The predictions are made by models trained from different resolution settings in
Table 2.2.

We further compare the energy spectrum of the solutions between the true system and
the trained models in Figure 2.9. A reference slope k−3 is also included, which corresponds
to the empirical decay rate of 2-D turbulence based on experimental data. The three trained
models are testedwith the same spatial-temporal resolution (i.e.,∆x= 1/64,∆y= 1/64,∆t=
0.2). We can see that only the energy spectrum of Model 3 has a good agreement with the
true spectrum, while the results of Models 4 and 5 both demonstrate noticeable differences
from the true one. It should be noted that the energy spectrum of the prediction results from
Models 4 and 5 also do not agree well with the true results in Figure 2.6(b), which indicates
that the trained neural dynamical operator only based on data in very coarse resolutions
may not generalize well to the finer resolutions.

2.6.3 Kuramoto—Sivashinsky Equation

Kuramoto-–Sivashinsky (K–S) equation [167–170] is a fourth-order nonlinear partial differ-
ential equation that was originally developed to model diffusive–thermal instabilities in a
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Figure 2.9: Energy spectrum of 2-D Navier–Stokes equation simulated with an initial
condition from test data at various times.

.

laminar flame front and features chaotic behavior and rich dynamics, e.g., dissipation and
dispersion. The governing equation of the K-S equation is:

∂u

∂t
=−u

∂u

∂x
−
∂2u

∂x2
−
∂4u

∂x4
, (2.17)

where x ∈ (0,Lx) with periodic boundary conditions, t ∈ (0,Lt] and u(x, 0) is the given
initial condition. We aim to learn a neural dynamical operator to approximate the right-
hand-side of (2.17), i.e., G : u 7→ ∂u

∂t . In this example, we demonstrate that (i) the trained
neural dynamical operator is spatial-temporal resolution-invariant and can provide good
short-term prediction, (ii) the trained model based on short-term data can provide a stable
long-term simulation with the chaotic behavior being retained qualitatively, and (iii) the
model can achieve good performance for both short-term trajectory prediction and long-
term statistics matching when trained with a hybrid optimization method. These three
features are described in detail in the subsequent sections.

The simulation settings are Lx = 22,Lt = 5000,∆x= 22/1024,∆t= 0.025 and the initial
condition is u(x, 0) = 0.1×cos(x/16)× (1+2sin(x/16)). We simulate the true system with
a single long trajectory, and the first 80% of the trajectory (4000 time units) is used as train
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data and the remaining 20% (1000 time units) is used as test data. For the K-S equation, 1000
time units is long enough to demonstrate the stability of long-term prediction of neural
dynamical operator.

2.6.3.1 Short-Term Prediction with Spatial-Temporal Resolution-Invariant

We first train the model for short-term state prediction by solving the optimization problem
in (2.3). Two short-term sub-trajectories of 20 time units will be sampled from train time
series data to serve as one data batch. The neural dynamical operator G̃ is constructed by a
FNO model with dv = 64 and kmax = 24. We train the model with 2×104 epochs, and the
optimizer is Adam with a learning rate 10−3 and cosine annealing schedule.

We train the neural dynamical operator based on short-term time series data with
various resolutions in both space and time. The test results are summarized in Table 2.3.
The absolute test error is the mean squared error between true and predicted values for 20
time units in test data. The long-term DKL is the Kullback–Leibler (KL) divergence (defined
in (2.18)), which quantifies how a probability distribution differs from the other. Given
PDF p(x) from true data and p̃(x) from predicted data, the formula for the forward KL
divergence of distributions p̃(x) from p(x) is:

DKL(p||p̃) =

∫∞
−∞p(x) log(

p(x)

p̃(x)
)dx, (2.18)

which is estimated from samples of both distributions based on k-Nearest-Neighbours
probability density estimation [171]. The forward KL divergence in (2.18) is mean-seeking,
while the reverse KL divergenceDKL(p̃||p) is mode-seeking. In this work, both forward and
reverse KL divergences are estimated based on 1000 time units in test data. Each point in
Figure 2.14 stands for DKL from PDF of true data and PDF of predicted data.

We summarize the short-term test errors and long-term forward KL divergence for the
system state u in Table 2.3. The Test Error (I) and Long-Term DKL (I) are based on the test
data of same resolution ∆x= 1/1024 and ∆t= 0.05, and the Test Error (II) and Long-Term
DKL (II) is based on a resolution setting the same as the one of each train data. By comparing
these test errors for trained models on different resolutions, it can be seen that the test
error stays at the same order of magnitude when testing on a finer resolution in both space
and time, confirming the resolution-invariance property of the trained models. In addition,
all trained models lead to stable long-term simulations, which is mainly due to the high
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wavenumber filtering at each time step of evaluating the neural dynamical operator. More
importantly, the stable long-term simulations of the trained models demonstrate small errors
in KL divergence of the system state u, indicating a good quantitative agreement for the
long-term prediction of the system state with the initial conditions from the test data. The
visualization of DKL (I) is shown in the first plot of Figure 2.12. It can be observed that the
probability density functions (PDFs) obtained from models trained with the three different
resolutions are very similar.

Table 2.3: The test errors of Kuramoto—Sivashinsky equation with various resolution
settings for train data. The Test Error (I) and Long-Term DKL (I) are based on the test data
of the resolution ∆x= 22/1024 and ∆t= 0.25, while the Test Error (II) and Long-TermDKL
(II) are based on a resolution setting the same as each training data.

Resolution
Error Train Data Test Error (I) Long-Term Test Error (II) Long-Term

∆x ∆t Absolute Relative DKL (I) Absolute Relative DKL (II)
Resolution1 22/1024 0.5 4.6195e-02 1.3609e-01 1.6776e-03 4.5221e-02 1.3442e-01 1.6064e-03
Resolution2 22/512 1 6.3813e-02 1.4419e-01 5.1330e-03 5.9550e-02 1.3860e-01 1.5060e-03
Resolution3 22/256 2 5.6369e-02 1.2588e-01 8.6506e-03 4.9447e-02 1.1480e-01 1.7834e-03

The Long-Term DKL (I) and (II) listed in the Table 2.3 are the forward KL divergence.
The corresponding reverse KL divergence for each resolution have also been calculated. The
reverse Long-Term DKL (I) are 3.5586e-03, 6.2831e-03, 8.4653e-03 and reverse Long-Term
DKL (II) are 3.3100e-03, 4.9920e-03, 1.6984e-03.

To facilitate a more detailed comparison between the short-term simulations of the
true system and the modeled ones, we present the solution profiles u in Figure 2.10 for
20 time units with three initial conditions (i.e., t0 = 4000,4500,4900) from the test data.
Each row corresponds to a different test initial condition, and each model corresponds to a
resolution setting with the same index in Table 2.3. The trained models are tested with a
finer resolution ∆x= 22/1024 and ∆t= 0.25. We can see that the solution profiles of the
trained model at various times all have a good agreement with the true solution profiles,
with only some small deviation at a few regions. The result in Figure 2.10 confirm that the
trained neural dynamical operator has resolution-invariance in both space and time and
also generalizes well to initial conditions from the test data.
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Figure 2.10: Solution profiles of the K-S equation for the true system and the model ones
with different initial conditions from test data. The model is trained with each resolutions
in Table. 2.3 and tested on a finer resolution (∆x= 22/1024,∆t= 0.25).

2.6.3.2 Stable Long-Term Simulation with Chaotic Behavior

In Figure 2.11, we present 500 time units of spatial-temporal solutions from the true system
and the modeled ones trained by the short-term time series data (20 time units), with
the initial condition sampled from the test data. Considering that the K-S equation is a
chaotic system, we would not expect a good quantitative agreement of long-term trajectories
between the true system and the modeled one. It can be seen in Figure 2.11 that the patterns
of 500 time units spatial-temporal solution plots demonstrate a good qualitative agreement
with the true system, even though the models are trained with much shorter trajectories of
the system state.

We further examine the statistical properties of long-term solutions from true and model
systems in Figure 2.12. Based on the true simulations and predictions for 1000 time units,
we compare the probability density function (PDF) of the system state u, first-order spatial
derivative ux, second-order spatial derivative uxx, and spatial and temporal auto-correlation
function (ACF) of u. We can find that the PDF of state u and its first spatial derivative from
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Figure 2.11: The 500 time units spatial-temporal solutions of Kuramoto—Sivashinsky
equation. True: the solution simulated from the true system. Model: trained models from
three different resolutions with the same test data resolution (∆x = 22/1024,∆t = 0.25).
The index in the three trained models corresponds to the resolution settings in Table 2.3.

long-term prediction can match the true simulation well, while the PDF of the second spatial
derivative uxx from the modeled systems shows a less satisfactory agreement with the true
one. Also, the temporal and spatial ACF of state u show a similar pattern between predicted
and true values, indicating a stable long-term prediction by trained models with similar
statistical properties. In Figure 2.13, we also show the joint probability density function
of (ux,uxx) for the long-term (1000 time units) simulation from true system and modeled
systems with the same resolution ∆x= 22/1024,∆t= 0.25. Compared with the joint PDF
from true simulation, even though the joint PDFs from model predictions have a relatively
lower maximum density and spread more out, their overall patterns are still qualitatively
similar to the true system.

Besides the qualitative visualization of those probability density functions, the KL diver-
gence from PDFs of true data to PDFs of model predictions are calculated and summarized



38

−2.5 0.0 2.5
u

0.0

0.1

0.2

0.3

PDF of u

−2 0 2
ux

0.0

0.2

0.4

0.6

PDF of ux

−2 0 2
uxx

0.0

0.2

0.4

PDF of uxx

True Model 1 Model 2 Model 3

0 10 20 30 40 50
t lags

0.0

0.5

1.0
Temporal ACF of u

0 5 10 15 20 25
x lags

−0.5

0.0

0.5

1.0
Spatial ACF of u

Figure 2.12: Probability density function and auto-correlation function of long-term (1000
time units) true simulation and model predictions for Kuramoto—Sivashinsky equation
in test data. Upper: probability density function of state u, first spatial derivative ux and
second spatial derivative uxx. Below: temporal and spatial auto-correlation function of state
u.

in Figure 2.14. The left panel displays the forward KL divergence, while the right panel
shows the reverse KL divergence. The KL divergence results include u, ux, uxx and (ux,
uxx) and show small values for all the trained models with different training resolutions,
demonstrating the resolution-invariance property of trained neural dynamical operator
even in long-term predictions.

2.6.3.3 Hybrid Optimization for Short-Term State Prediction and Long-Term
Statistics Matching

The previous two sections show that the neural dynamical operator, trained with abundant
short-term data, can make accurate short-term state predictions and consistent long-term
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Figure 2.13: Joint probability density function of first spatial derivative and second spatial
derivative (ux,uxx) for long-term (1000 time units) simulations from true and modeled
systems in test data. The model systems are trained by resolution settings in Table. 2.3 and
tested on the resolution ∆x= 22/1024,∆x= 0.25.

statistics with the feature of resolution-invariant if sufficient time series data (4000 time
units) is available. To demonstrate the merits of the hybrid optimization, we consider
a practical application with data scarcity: only some short-term batches and long-term
statistics from the 4000 time units training data in resolution 3 (∆x= 22/256,∆t= 2) are
available. More specifically, the data available for use include 40 short-term batches, each
with a length of 2 time units, and 20 sets of long-term statistics (variance) from 200 time
units with known initial conditions distributed evenly through training data. Trained with
only the short-term batches, the neural dynamical operator can still produce relatively
accurate short-term state prediction and stable long-term simulation. However, the long-
term variance of uxx is much larger than the truth. With the data of long-term variance of
uxx, hybrid optimization can effectively calibrate the pre-trained neural dynamical operator
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Figure 2.14: Summary of KL Divergence between PDFs from 1000 time units simulation
from true system and modeled system. Those PDFs and joint PDF includes u, ux, uxx, and
(ux,uxx).

to enhance the consistency with the long-term statistics of the true system. The forward
map in (2.10) of EKI is constructed by the composition of three components: (i) generating
long-term simulations of 200 time units with neural dynamical operator, (ii) calculating the
second-order spatial derivative uxx from the simulated system state u, and (iii) calculating
the variance of uxx.

Starting with the pre-trained model with short-term loss only, the hybrid optimization
updates the neural dynamical operator by alternating the short-term trajectory matching via
gradient-based optimization (i.e., Adam optimizer in this work) and the long-term statistics
matching via derivative-free optimization (i.e., EKI in this work). More details about the
hybrid optimization algorithm have been summarized in Algorithm 3. The number of total
training epochs is NHybrid = 10 with NSGD = 300 of gradient descent updates and then
Nit = 20 EKI updates in each epoch. The learning rate of the Adam optimizer is set as 10−4,
considering that we are tuning a well-trained model at the beginning, and the ensemble
size of EKI is J= 100.

We present the error history during the EKI updating in Figure 2.15. The short-term error
is the mean squared error for short-term (2 time units) system state trajectory, while the
long-term error is the mean squared error of variances of uxx from long-term simulations
with 200 time units. We can see that there is a trade-off between short-term state error
and long-term statistics error in each EKI epoch, because each EKI epoch only focuses
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on long-term statistics matching in the proposed hybrid optimization method. Although
the short-term error tends to increase within each EKI epoch, the subsequent epochs of
gradient-based optimization with short-term trajectory matching would keep tuning the
neural dynamical operator such that a smaller short-term error is achieved. With the EKI
loss training history, we selected the parameters trained after two iterations in 10th EKI
epoch, highlighted by the red circle in the third column of Figure 2.15. It is worth noting
that the proposed method sequentially optimizes the short-term loss Ls and the long-term
loss Ll individually and then chooses a robust result, i.e., relatively small values of Ls and
Ll compared to their range of values, respectively. In general, the approach is related to
solving a two-objective optimization problem based on the Pareto front, which is estimated
via iteratively solving the optimization problem that only involves Ls or Ll.
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Figure 2.15: Long-term and short-term error history of the EKI epochs in the hybrid
optimization. In each EKI epoch, the parameters will be updated 20 iterations based on
(2.12). The 0-th iteration is the error of the model updated by the previous gradient-based
optimization epochs. In each sub-figure, the right y-axis is the short-term state MSE, and
left y-axis is the long-term statistics MSE.

The relationship between long-term statistics error and short-term state error during
the EKI training is presented in Figure 2.16. Each sub-figure corresponds to its counterpart
in Figure 2.15. In each EKI iteration, we observe a decreasing trend of long-term statistics
error while an increase in short-term error. This again manifests the trade-off between long-
term and short-term errors during the EKI updating process. In this section, we select the
trained model that provides a balanced performance of short-term trajectory and long-term
statistics, which corresponds to the red point of the 10th EKI epoch at the bottom-left region
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(i.e., relatively small short-term and long-term errors) in Figure 2.16. The selected model is
also highlighted by the red circle in Figure 2.15.
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Figure 2.16: Long-term statistics error versus short-term state error during the EKI up-
dating in the hybrid optimization. Each sub-figure corresponds to the counterparts in the
Figure 2.15.

The short-term solution profiles from the simulation of the true system and predictions
of models with classical and hybrid optimization schemes are presented in Figure 2.17. The
simulation of the true system has the resolution ∆x= 22/256,∆t= 2, and both models are
trained with the the 40 short-term batches with 2-time-unit length from the simulation. The
three initial conditions are from test data the same as Figure 2.10. From the comparison
of solution profiles starting with those initial conditions in Figure 2.17, we can find that
short-term predictions from both models are similar to the true solution profiles when
the predictive horizon less than 20 time units. The model trained solely with classical
optimization performs slightly better than the model with hybrid optimization. More
specifically, the absolute and relative short-term state prediction errors for 20-time-units of
the model with classical optimization are 0.2765 and 0.2865, while the errors of the model
with hybrid optimization are 0.3601 and 0.3565, respectively.

With a comparable performance of short-term prediction to the model with classical
optimization, hybrid optimization can lead to better long-term statistics as presented in
Figure 2.18. More specifically, the mean squared error of the long-term statistics (i.e., the
variance of uxx) predicted by the model with classical optimization is 0.5340, while the one
with hybrid optimization is 0.0187. This indicates that the model with hybrid optimization
has a much better agreement with the true value of the variance than the one with solely
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Figure 2.17: Solution profiles of the K-S equation for the true system, model trained with
classical optimization, and model trained via hybrid optimization with different initial
conditions in test data. The model with classical optimization is trained with 40 short-term
batches with length of 2 time units from training data with resolution ∆x= 22/256,∆t= 2.
The model with hybrid optimization is further calibrated using the 20 sets of long-term
statistics data. Both models are tested on the same resolution.

classical optimization. We present the probability density distribution of the second spatial
derivative uxx for 1000 time units test data from the true system and the results of the two
trained models in Figure 2.18. It should be noted that the PDFs from models are based on
five sets of 200-time-unit simulations with initial conditions distributed evenly through the
test data. The peak part of the PDF from the model with hybrid optimization is higher than
the model with classical optimization, and its tail part is also more in line with the true
PDF. This improvement contributed by the hybrid optimization approach indicates that the
trained model is more capable of quantifying the dispersion and uncertainty of the true
system, e.g., extreme events that are of interest in science (e.g., extreme weather/climate) and
engineering (e.g., responses of materials or energy systems with extreme loads) applications.
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Figure 2.18: Probability density function of second spatial derivative uxx from long-term
(1000 time units) simulation of true system, five sets of 200 time units simulation from model
trained with classical optimization and model trained with hybrid optimization with initial
conditions distributed evenly from test data.

2.7 Conclusion

A recent trend of data-driven modeling is to formulate the problem in its continuous form,
which facilitates a more flexible use of data in general. The merits of existing spatially
continuous models (e.g., neural operator) and temporally continuous models (e.g., neural
ODE) have been demonstrated in many science and engineering applications. In this work,
we present a data-driven modeling framework that learns a continuous spatial-temporal
model based on the techniques of neural operator and neural ODE. More specifically, we
focus on the learning of the dynamical operator and demonstrate that the learned model
is resolution-invariance in both space and time. We also show that the learned model
can provide stable long-term simulations, even if the training data only contains short-
term time series of true system states. In addition, we propose a hybrid optimization
scheme that leverages both gradient-based and derivative-free methods and efficiently
combines the use of short-term time series and long-term statistics in training the model.
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The proposed framework is studied based on three classical examples governed by partial
differential equations, including the viscous Burgers’ equation, the Navier–Stokes equations,
and the Kuramoto–Sivashinsky equation. The results show that: (i) the trained model has
resolution-invariance with respect to both spatial and temporal discretizations, and (ii)
the hybrid optimization scheme ensures a good performance of the trained model in both
matching short-term trajectories and capturing long-term system behaviors. Although this
work mainly focuses on demonstrating the use of FNO to construct the neural dynamical
operator and the iterative optimization of short-term and long-term losses, it is worth
noting that other operator learning techniques (e.g., DeepONet) and optimization methods
(e.g., ϵ−constrained method for multiobjective optimization) can also be employed by the
proposed framework.
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Chapter 3

Online Sparse Identification of
Regime-Switching Dynamical Systems
via a Causal Approach

Regime switching is ubiquitous in many complex dynamical systems with multiscale fea-
tures, chaotic behavior, and extreme events. In this paper, a causation entropy boosting
(CEBoosting) strategy is developed to facilitate the detection of regime switching and the
discovery of the dynamics associated with the new regime via online model identification.
The causation entropy, which can be efficiently calculated, provides a logic value of each
candidate function in a pre-determined library. The reversal of one or a few such causation
entropy indicators associated with the model calibrated for the current regime implies
the detection of regime switching. Despite the short length of each batch formed by the
sequential data, the accumulated value of causation entropy corresponding to a sequence
of data batches leads to a robust indicator. With the detected rectification of the model
structure, the subsequent parameter estimation becomes a quadratic optimization problem,
which is solved using closed analytic formulae. Using the Lorenz 96 model, it is shown
that the causation entropy indicator can be efficiently calculated, and the method applies to
moderately large dimensional systems. The CEBoosting algorithm is also adaptive to the
situation with partial observations. It is shown via a stochastic parameterized model that the
CEBoosting strategy can be combined with data assimilation to identify regime switching
triggered by the unobserved latent processes. In addition, the CEBoosting method is applied
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to a nonlinear paradigm model for topographic mean flow interaction, demonstrating the
online detection of regime switching in the presence of strong intermittency and extreme
events.

3.1 Introduction

Regime switching is ubiquitous in many complex dynamical systems in geoscience, engineer-
ing, neural science, and material science [3, 172–177]. The switching is usually associated
with sudden changes in internal states or appears when specific external forcing is exerted.
Dynamical systems often display distinct behavior with regime switching. One example
is the atmospheric jets, which meander in different directions when the atmosphere alter-
nates between blocked and unblocked regimes [178, 179]. Similarly, an excitable medium
is susceptible to finite perturbations, which triggers regime switching from a quiescent
state to one with various wave patterns [180–182]. Regime switching can also induce an in-
creased occurrence of extreme events, leading to, for example, extreme weather and climate
patterns [183, 184], bursting neurons [185], or extreme ductile damages [186]. Detecting
regime switching and the corresponding underlying dynamics, which relies on appropriate
model identification methods, has significant social and scientific impacts. Challenges in
detecting regime switching are associated with the intrinsic properties of many complex
dynamical systems, including high dimensionality, partial or incomplete observations, and
the intermittent occurrence of rare and extreme events [2, 11, 65, 187, 188].

Efficient model identification has received significant attention. Both physical knowledge
and observational data facilitate learning the underlying model dynamics. The model
structures are often established utilizing physical intuitions for traditional knowledge-based
model identification. The primary process then becomes the estimation of model parameters.
Linear models are natural candidates for simple problems [189, 190] and can potentially be
skillful for short-term forecasts. Other families of models with pre-determined structures,
such as the physics-constrained nonlinear regression models [191, 192] and conditional
Gaussian nonlinear systems [193, 194], are alternative nonlinear models aiming to capture
specific underlying dynamical features. On the other hand, recent progress has been made in
data-driven model identification. Data-driven reduced-order models have been widely used
in scientific and engineering applications [77–79, 195]. Sparse model discovery methods
also appear as advanced model identification tools that allow automatic learning of the
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model structure and parameters from data and lead to nonlinear models with parsimonious
structures via sparse regression [15, 16, 105, 196–200]. Recently, an information-flow-based
approach for system identification has gained popularity which utilizes causation entropy
to identify the sparse model structure of an unknown dynamical system [201]. An iterative
approach called entropic regression which is robust with noise and outliers has further
been developed and applied to the area of cognitive neuroscience to improve the accuracy
of recovery of the structure of structural and functional connectivity between anatomical
regions [202–204]. With a limited amount of indirect data, derivative-free optimization
methods [67, 205, 206] have been explored as model identification tools. In addition, non-
parametric and machine learning models have been built to characterize complex dynamical
systems [32, 33, 207–210].

Among various model discovery approaches, online model identification is a particularly
useful method in practice, which sequentially determines model structure and estimates
model parameters when new observation arrives [211–216]. It is the primary model identifi-
cation strategy in many geophysical and engineering problems, where the limited amount
of historical data is insufficient to robustly discover the underlying dynamics. It should
be noted that online model identification can be further combined with data assimilation
to handle noisy observations or recover the unobserved state variables in the situation
with partial observations [66, 217, 218]. However, unlike the online parameter estimation
that can be efficiently addressed by standard filtering methods [62], the lack of knowledge
about the proper model structure poses a unique challenge in online model identification.
The sequentially arriving data plays a vital role in progressively rectifying the model and
reducing the uncertainty in the identified system. Although existing system identification
methods can identify the proper model structure via promoting sparsity in the offline set-
ting with fitting a model to abundant data, promoting sparsity relies on the model fitting
may eliminate some important model structures in the context of sequential learning. To
address such a challenge, we incorporate causation entropy to achieve robust online model
identification. As regime switching often occurs and completes within a short transient
period, developing suitable online identification methods for discovering regime switching
exploiting transition data is essential with practical importance.

In this paper, a causation entropy boosting (CEBoosting) strategy is developed. It is
incorporated into an online model identification method to detect regime switching and
discover the nonlinear dynamics associated with the new regime. Different from many
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existing sparse model identification algorithms, such as those relying on LASSO (least
absolute shrinkage and selection operator) regression [67, 219] or thresholding [16, 105], the
method developed here separates the estimation of model parameters from the recurrent
identification of nonlinear model structure. Such a separation allows using closed analytic
formulae for the entire online learning algorithm, and therefore, the overall computational
cost is significantly reduced. In this new strategy, causation entropy [220, 221] is utilized
to provide a logic value (i.e., true or false) of each candidate function in a pre-determined
library throughout the online learning process. By examining the causation entropy on the
newly arrived data, the reversal of one or a few such causation entropy indicators associated
with the model calibrated for the current regime implies the detection of regime switching.
In other words, the causation entropy indicator, which can be efficiently calculated, is
employed to decide if the existing terms in the current model need to be rectified and if
the system demands additional terms as a response to regime switching. Note that the
sequential data in online learning is collected within a short time window to form a batch
of time series, which is utilized to compute the causation entropy. As each batch contains a
short amount of data, it may embody only part of the dynamical properties. Nevertheless,
as time evolves, the accumulated value of causation entropy corresponding to a sequence of
batches leads to a robust indicator of the model structure in response to regime switching.
The concept of accumulating causation entropy calculated from sequential data relates
to the statistical method of bagging [222]. With the detected rectification of the model
structure, the subsequent parameter estimation becomes a quadratic optimization problem,
which is solved using closed analytic formulae. For multiple times of regime switching,
a summation of residual models is calibrated, which relates to the statistical method of
boosting [223–226].

The proposed new strategy has several unique features. First, causation entropy takes
into account the interdependence between all the candidate functions in the pre-determined
library, and therefore, it can eliminate the superficial causal relationship. Model identification
exploiting the causation entropy has been shown to reach a higher selection accuracy than
LASSO regression or elastic net [221]. The causation-based learning approach also indicates
robust results in the presence of indirect coupling between features and stochastic noise [227],
which are crucial features of complex systems. Second, causation entropy is only utilized to
indicate the terms that need to be added or removed from the existing model. In other words,
although computing the exact value of the causation entropy is challenging, closed analytic
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formulae are available for efficiently approximating this causation entropy indicator, which
allows an effective detection of the model structure. Third, the parameter estimation only
needs to be carried out after the model structure is entirely determined. Therefore, the
overall computational cost is reduced compared with applying LASSO regression, which
requires detecting the model structure and estimating model parameters simultaneously for
each batch of data. Lastly, compared to the pioneering works of using causation entropy
for system identification (e.g., [20, 201, 220]), this work focuses on dynamical systems
with regime switching, and the proposed CEBoosting method utilizes online data to (i)
identify the regime switching and (ii) estimate the sparse model structure to calibrate the
unknown model parameters for the new regime. Therefore, the key contribution of this
work is to demonstrate the use of causation entropy for a robust online sparse system
identification with the sequential and limited amount of data, by leveraging statistical
concepts of bagging and boosting. It is worth highlighting that the causation entropy
indicator is easy to calculate and applicable to moderately large dimensional systems. The
method developed here is also adaptive to the situation with partial observations, where
utilizing data assimilation to recover the unobserved state variables can be incorporated into
the learning process for identifying regime switching resulting from the latent processes.
In addition, the method is not limited to the Gaussian data. It can be applied to dynamical
regimes with strong intermittency and extreme events. Applications to nonlinear dynamical
systems with moderately large dimensions, partial observations, and extreme events are all
studied in the paper.

3.2 Problem Statement

The online sparse identification method aims to (i) detect regime switching of dynamical
systems via causation entropy and (ii) determine the resulting dynamics after the regime
switching. The dynamical system has the following general form:

ẋ(t) = f(x(t))+σẆ(t), (3.1)

where x(t) = [x1(t),x2(t), . . . ,xp(t)]⊤ ∈ Rp is the multi-dimensional state variable and
ẋ(t) ∈ Rp is the associated temporal derivative, f : Rp 7→ Rp is a vector-valued nonlinear
function (i.e., vector field) of the state variable, Ẇ(t) ∈ Rq is a white noise vector and
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σ ∈ Rp×q is a matrix of noise magnitudes. In the absence of random noise forcing, σ
becomes a zero matrix. Assume that the regime switching occurs at t= ts, i.e., the vector
field f of the original dynamical system changes to f∗. The goal of this work is to detect
such a regime switching and to identify the new model after the regime switching.

As regime switching often results from a sudden change of a small number of the model
parameters or specific components of the model structure, the residual model δf = f∗− f
typically has a sparse structure that can be calibrated using relatively short data, which
is precisely the case of the online identification problems. Therefore, instead of learning
the entire model associated with the new regime, the focus is to estimate the residual part
δf = f∗− f. Once the residual part δf is identified, it is then added to the existing model
that provides the new system as a response to the regime switching.

The limited amount of data is assumed to arrive sequentially in the form of batches. The
k-th batch represents data x(t) (or a subset of the vector x(t) in the partial observation
case) for t ∈ [tBk ,tBk+1). It should be noted that, as ts is typically unknown in practice,
the identification algorithm usually does not start from ts (namely the left point of the
first interval tB1 ̸= ts). Yet, for the simplicity of presentation, tB1 is chosen to be ts for
the numerical examples in this work. This will not affect the identification algorithm as
applying the algorithm to those batches prior to ts will not indicate regime switching. But
this setup facilitates counting for the length of the data that is needed to detect the regime
switching once it occurs at ts.

Denote by Φ= [ϕ1,ϕ2, ...,ϕN]⊤ a vector containing all candidate basis functions, which
are knowledge-based and are pre-determined. Each ϕn in Φ is a scalar-valued function
ϕn := ϕn(x) that gives a map Rp 7→ R. The representation of δf = f∗− f is approximated
by a linear combination of these basis functions:

δfi =

N∑
n=1

δξinϕn, (3.2)

where δfi is the i-th scalar component of δf. A sparse representation of (3.2) means that
most of the coefficients δξin are zeros in the identified model. To obtain such a sparse
representation of (3.2), a CEBoosting method is developed to effectively determine which
basis functions should take non-zero coefficients.
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3.3 Causation Entropy for System Identification

Causation entropy is based on the general concept of conditional mutual information [228].
Other popular information measures that also build on conditional mutual information
include directed information [229] and transfer entropy [230], which has found applica-
tions in many areas, e.g., turbulence modeling [231, 232] and neurosciences [233], with
a comprehensive review in [234]. The idea of utilizing the causation entropy to detect
the influence between different variables has been developed in [201–204] and studied
in [20, 220, 221, 235–237]. It can be naturally applied to the context of system identification.
As the white noise does not explicitly contribute to the causal relationship, the calculation
of the causation entropy mainly focuses on the candidate functions that consist of the
deterministic part of the dynamics, namely the function f in (3.1). To this end, consider the
deterministic part of (3.1):

f =


f1

f2
...
fp

=


ξ1,1 · · · ξ1,N

ξ2,1 · · · ξ2,N
... . . . ...

ξp,1 · · · ξp,N



ϕ1

ϕ2
...
ϕN

=ΞΦ. (3.3)

The causation entropy Cϕn→ẋi|[Φ\ϕn] is utilized to quantify the contribution from the
candidate function ϕn to the dynamics ẋi (i.e., the time derivative of the i-th state variable:
xi) conditioned on the remaining candidate functions Φ \ϕn, namely all the candidate
functions except ϕn. This causation entropy reflects the causal influence of ϕn to the
dynamics ẋi, and we enforce ξin = 0 if the causation entropy is small. Repeating this
procedure over all n= 1, . . . ,N and i= 1, . . . ,p to form the matrixΞ . As only a few candidate
functions will have the actual causal influence on the dynamics, the matrixΞ is expected
to have a sparse structure. The causation entropy Cϕn→ẋi|[Φ\ϕn] is defined as follow:

Cϕn→ẋi|[Φ\ϕn] =H(ẋi|[Φ\ϕn])−H(ẋi|Φ), (3.4)

where H(·|·) is the conditional entropy, which is defined as:

H(U|V) =

∫
u

∫
v
p(u,v) log(p(u|v))dvdu, (3.5)
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where p(u,v) is the corresponding probability density function (PDF) that can be determined
by a histogram from the time series assuming ergodicity. On the right-hand side of (3.4), the
difference between the two conditional entropies indicates the information in ẋi contributed
by the specific functionϕn given the contributions from all the other functions in the library
Φ. Thus, it tells if ϕn provides additional information to ẋi. It is worth highlighting that the
causation entropy in (3.4) is fundamentally different from directly computing the correlation
between ẋi andϕn, as the causation entropy also considers the influence of the other library
functions. If both ẋi and ϕn are caused by a common factor ϕm, then ẋi and ϕn can be
highly correlated. Yet, in such a case, the causation entropy Cϕn→ẋi|[Φ\ϕn] will be zero as
ϕn is not the causation of ẋi.

In practice, the conditional entropy in (3.5) can involve expensive high-dimensional inte-
grals, which is computationally challenging [238]. Nevertheless, a Gaussian approximation
of the PDFs inside the integrand can be utilized to calculate the causation entropy [20]. By
approximating all the joint and marginal distributions as Gaussians, the causation entropy
is calculated as follows:

CW→U|V =H(U|V)−H(U|V ,W)

=H(U,V)−H(V)−H(U,V ,W)+H(V ,W)

≈ 1
2 ln(det(RUV))−

1
2 ln(det(RV))−

1
2 ln(det(RUVW))+

1
2 ln(det(RVW)),

(3.6)

where R denotes the covariance matrix of the corresponding vector, e.g., RUVW corresponds
to the covariance matrix of the vector [U,V ,W]⊤. It should be noted that (3.6) employs
general symbols of U, V , and W to indicate the calculation and the approximation of
causation entropy. In terms of the connection to the system defined in (3.3), U corresponds
to ẋi,W representsϕn (i.e., then-th basis function), andV is [Φ\ϕn] (i.e., the basis functions
excluding ϕn). The dynamics ẋi can either be measured directly or obtained by numerical
evaluating the temporal derivative of x(t). In this paper, the latter method is adopted, and
a fine temporal resolution data has been used to avoid the numerical discretization error
caused by coarse temporal resolution. It should be noted that the numerical approximation
of the temporal derivative is a non-trivial task. A common practice is to denoise the
data before approximating the temporal derivative as suggested by [105]. If the actual
frequency of the noises is much higher than the one of the signal, it is possible to have
a robust numerical approximation with sub-sampled data. The calculation of causation
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entropy is robust to the large but temporally uncorrelated noises which is demonstrated
in Section 3.6.3. The explicit expression in (3.6) based on the Gaussian approximation can
efficiently compute the causation entropy. It allows the computation of the causation entropy
with a moderately large dimension, which is typically the case for many practical situations.
For a p dimensional system and N basis functions, we need to calculate p×N causation
entropies to formalize the final causation entropy matrix. The time complexity of causation
entropy computing can be reduced by parallel computing and localized basis functions.
Since the computation of the causation entropy for the dynamics of each state variable is
independent with each other, we can calculate the causation entropy for different dynamics
in parallel. The localized basis is a technique of dictionary design which constructs basis
functions for each state using itself and its adjacent states. For example, each state variable xi
will only expanded withϕ(xi,xi±1, ...xi±s)with s be a small number. For dynamical systems
whose state variables only interact with the nearby ones, the technique of localized basis
functions could be utilized to decrease N and reduce the time complexity of the causation
entropy computation. It is worth noting that the Gaussian approximation may lead to
certain errors in computing the causation entropy if the actual distribution is highly non-
Gaussian. Nevertheless, the primary goal is not to obtain the exact value of the causation
entropy. Instead, it suffices to detect if the causation entropy Cϕn→ẋi|[Φ\ϕn] is nonzero
(or practically above a small threshold value). In most applications, if a significant causal
relationship is detected in the higher-order moments, it is very likely in the Gaussian
approximation. This allows us to efficiently determine the sparse model structure. The
exact values of the nonzero coefficients on the right-hand side of the identified model will
be calculated via a simple least square estimation to be discussed in the following. Note
that the Gaussian approximation is taken directly from the statistics associated with the
time series from the underlying nonlinear model. Therefore, the Gaussian approximation
still includes the nonlinear dynamical information. It is very different from linearizing
a nonlinear complex system and computing the resulting Gaussian distribution. Such a
Gaussian approximation of the time series has been widely applied to compute various
information measurements and lead to reasonably accurate results [11, 239–241]. Note
that, with linear and Gaussian assumptions, causation entropy has been demonstrated as
equivalent to Granger causality [242], which has been a popular tool for analyzing time
series data for decades [243]. But the focus here is more toward identifying the nonlinear
models.
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Below, for notation conciseness,Cin is utilized as a short-hand notation ofCϕn→ẋi|[Φ\ϕn].
To impose sparsity into Φ in the practical computational scenarios, a threshold C is pre-
scribed and Cin = 0 is enforced when Cϕn→ẋi|[Φ\ϕn] ⩽C. Such a threshold value is adopted
mainly to exclude the small causation entropy values due to the sampling error from using
a finite time series. After applying this threshold value, a causation entropy matrix (CEM)
C is obtained, where its (i,n)-th entry is given by:

Cin =

0 if Cϕn→ẋi|[Φ\ϕn] ⩽ C,

1 otherwise.
(3.7)

Based on the matrix C, the sparsity can be further enforced intoΞ by setting ξin = 0 when
Cin = 0. It has been demonstrated that a correct sparse model ΞΦ can be obtained in
the offline-learning setting where the time series is long enough [20]. However, in the
online learning setting, all the covariance matrices in (3.6) are only estimated from a limited
amount of batch data and may not provide correct information for imposing sparsity. To
address this challenge in the online learning setting, the following CEBoosting algorithm is
introduced.

3.4 Causation Entropy Boosting for Online System

Identification

Considering the data are sequential batches with the k-th batch data corresponds to a time
series x(t) for t ∈ [tBk ,tBk+1). Assuming that by exploiting all the past batch data x(t) for
t ∈ [0,tB1), the causation entropy of the system has been calculated in an off-line mode, and
then the model structure and unknown parameters in the current regime can be estimated
based on the calculated causation entropy matrix. More specifically, the model in the current
regime is estimated as:

f =


f1

f2
...
fp

=


ξ
(0)
1,1 · · · ξ

(0)
1,N

ξ
(0)
2,1 · · · ξ

(0)
2,N

... . . . ...
ξ
(0)
p,1 · · · ξ

(0)
p,N



ϕ1

ϕ2
...
ϕN

=Ξ(0)Φ. (3.8)



56

With the 1-st new incoming batch data x(t) for t ∈ [tB1 ,tB2), the true dynamics ẋ
within this period can be obtained by numerical differentiation of x(t). On the other
hand, the predicted dynamics using the current model (3.8) is given by ˜̇x=Ξ(0)Φ. Then
the observed residual for the first batch is given by r = ẋ− ˜̇x, which can be interpreted
as a noisy observation of the residual dynamics δf, i.e., r = δf+η, where η represents
stochastic dynamical noise and errors arising from numerical differentiation. Therefore, the
true dynamics is the temporal derivative from the new batch of time series, the predicted
dynamics corresponds to the current model, and the residual dynamics is the difference
between the true and predicted dynamics. If there is no regime switching for this batch,
then it is expected that δf = 0 and the estimated r is approximately Gaussian white noise.
As an analog to (3.2), the matrix form of the noisy residual dynamics r can be written as:

r=


r1(t)

r2(t)
...

rp(t)

=


δξ1,1 · · · δξ1,N

δξ2,1 · · · δξ2,N
... . . . ...

δξp,1 · · · δξp,N



ϕ1

ϕ2
...
ϕN

+


η1

η2
...
ηN

= δΞΦ+η. (3.9)

To detect regime switching, identify sparse pattern of δΞ and estimate the rest of parameters
of δΞ in (3.9), one can estimate the causation entropy Cϕn→ri|[Φ\ϕn] between basis of states
Φ and observations of residual dynamics r according to (3.4) and (3.6) and then obtain the
corresponding causation entropy matrix C by (3.7).

Mathematically, if C= 0, it implies that no variable in the basis functionsΦ is significant
to the residual dynamics r, which leads to δΞ = 0 in (3.9). In other words, the current
model Ξ(0)Φ fits the dynamics of 1-st batch and make residual dynamics r behave like
white noise. This means there is no regime switching (δf = 0) if C = 0 and the model
is unchanged. Otherwise, if C contains some non-zero terms, then a regime switching
occurs (δf ̸= 0), and the goal is to identify the sparse structure of the δΞ in (3.9). However,
despite the mathematical justification, with a limited amount of data in each batch, the true
sparse structure of δf cannot be accurately identified. It is often the case that C contains
multiple entries that are nonzero due to the sampling error from the short time series.
The sampling error can originate from insufficiently sampled data within a single data
batch or measurement noises during the data collection process such as sensor-based data.
Therefore, when a batch of time series is short, the sampling error will cause a biased
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statistical estimation of CEM. This means if directly imposing the sparsity into δΞ based on
the CEM C computed from such a short single-batch data may lead to an incorrect residual
system δΞΦ. To resolve such a sampling problem, we introduce aggregated CEM C+(K)

based on the average of the causation entropy from a series of data batches. The (i,n)-th
entry of C+(K) is given by:

C+(K)in =

0 if 1
K

∑K
k=1C

(k)
ϕn→ri|[Φ\ϕn]

⩽ C,

1 otherwise.
(3.10)

Denote by D the number of batches with which the aggregated CEM has not changed,
namely

C+(K) = C+(K−d), for all d= 1,2, . . . ,D−1. (3.11)

In the CEBoosting algorithm, D is a hyper-parameter and needs to be pre-determined. The
algorithm is robust with the choice of D as long as D is not too small. If the averaged
causation entropy matrix with a chosen value ofD can successfully identify all the important
basis functions, then any larger value of D should also complete the identification task
with the consistent pattern of important basis functions. Based on our tests of all the
examples, D= 4 is a good empirical choice to achieve the consistent and correct pattern of
identified basis functions. We further define a stable aggregated causation entropy matrix
C+ = C+(K∗) with the smallest K∗ that satisfies the criterion in (3.11).

With this stable aggregated causation entropy matrix C+, we then impose sparsity
into δΞ by setting δξin = 0 when C+

in = 0 and estimating a set of remaining coefficients
δΞ = {δξin|C+

in = 1}.
Once the sparsity is imposed into δΞ , the model δΞΦ in (3.9) can be calibrated based on

the accumulated batches of data x(t) for t ∈ [tB1 ,tBK∗+1). Assume a discrete approximation
of the continuous data with a fixed time step ∆t such that tBk+1 − tBk =M∆t for any k.
The model calibration is performed by solving the following least squares problem:

argmin
δΞ

MK∗−2∑
m=0

∥r(tB1 +m∆t)−δΞΦ(tB1 +m∆t)∥2, (3.12)

where ∥ · ∥ denotes the vector norm in Rp. Note that the method also works with adaptive
time steps, and the assumption of a fixed time step in (3.12) is for the simplicity of the
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illustration.
After the sparse parameter matrix δΞ of residual model (3.9) is obtained, the current

parameter matrixΞ(0) is updated by adding δΞ , which is the parameter matrix of residual
model. The CEBoosting algorithm repeats the above procedure when a new batch of data
arrives. A schematic illustration of Lorenz 63 system with regime switching is displayed
in Figure 3.1, and more details of the CEBoosting algorithm can be found in Algorithm 4
presented in Appendix B. It should be noted that the notations adopted in this section assume
the regime switching time ts ∈ [tB1 ,tB2) for the simplicity of the illustration. In practice,
regime switching can happen at ts ∈ [tBk ,tBk+1)with k > 1, for which Algorithm 4 presents
the detailed procedures of detecting regime switching, aggregating causation entropy matrix,
identifying a sparse model structure and then fitting the model parameters.

In recent years, SINDy has been a popular framework for sparsely identifying nonlinear
dynamics from data [105]. SINDy exploits an iterative thresholding regularization to deter-
mine the model structure and estimate the model parameters simultaneously. The iterative
thresholding regularization guarantees the parsimonious model structure. Using abundant
training data (e.g., long time-series), the original SINDy method was designed for offline
model identification. To better work with a limited amount of data, a recent extension of
SINDy [196] leveraged the statistical approach of bagging and achieved a more robust learn-
ing performance. Compared to the SINDy methods, the CEBoosting algorithm is mainly
designed with a low computational cost for robust online learning with limited sequential
data. The key difference from the SINDy methods is that imposing sparsity is decoupled
from the parameter estimation in the CEBoosting algorithm. Specifically, causation entropy
is utilized only to determine a parsimonious model structure without dealing with the model
calibration. The concept of bagging is further introduced with sequential batches of data
to ensure robust estimation of causation entropy before imposing a parsimonious model
structure. It results in utilizing the minimum data to determine the model structure. With a
robust estimation of the parsimonious model structure, the CEBoosting algorithm exploits a
simple least square estimate to solve the parameter values, a quadratic optimization problem
with a closed analytic solution. This avoids repeatedly estimating the parameters in the
LASSO-type or thresholding-based regression approaches when determining the model
structure by examining each batch data. In online learning, the CEBoosting algorithm, by
design, can also avoid accidentally removing essential basis functions due to the incorrectly
calibrated model based on a limited amount of data.
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Figure 3.1: Schematic of CEBoosting algorithm (based on the Lorenz 63 model). Panel
(a): data is generated from the Lorenz 63 system with regime switching. The parameter
in Regime 1 is σ= 10,β= 8/3,ρ= 28, while ρ is changed to 38 in Regime 2. The index of
incoming batch data k starts with 1. Panel (b): Ξ(0) is the current model parameter matrix
defined in (3.3) with Φ is the basis functions and ẋi is the dynamic of state xi. WithΞ(0),
the residual dynamics ri and the causation entropy between ri and Φ can be calculated for
each batch. CEM(k) is the aggregated causation entropy from batch 1 to k. C+(k) is the
binary matrix of CEM(k) defined in (3.10) indicating the sparse structure of the residual
model. D is defined in (3.11) indicating number that C+(k) becomes stable, i.e., the pattern
is consistent with the previous D aggregated causation entropy matrix. Panel (c): with
C+(k) and data batches from the batch with new regime detected to the one with a stable
C+, the residual model is calibrated by least square estimation.
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3.5 Application of CEBoosting with Data Assimilation

The CEBoosting algorithm can be extended to scenarios with partial observations. In many
practical applications, observations are not available for hidden state variables or parameters.
In this section, with appropriate incorporation of data assimilation, CEBoosting can be
directly applied under such sequential partial observation settings for identifying underlying
changing of hidden states in dynamcial systems.

Considering the dynamical system in (3.13) which is parameterized by hidden states θ:

ẋ(t) = f(x(t),θ)+σẆ(t),

θ̇(t) = g(θ(t))+σθẆθ(t),
(3.13)

where θ= [θ1(t),θ2(t), . . . ,θJ(t)]⊤ ∈RJ represents the hidden states that drive the dynamics
of the system state x. Here, g : RJ 7→ RJ is a vector-valued nonlinear function, Ẇθ denotes
white noise, and σθ represents the corresponding noise coefficients.

A regime switching in the evolution of x occurs when specific variables within the
hidden states θ are either removed from or augmented within the dynamical function f,
causing a transition to a new regime f∗. Assuming the functional form of (3.13) is known,
CEBoosting can be employed to detect shifting patterns in the parameters governing the
dynamics of x. This is achieved using estimates of θ derived from observations of x via data
assimilation. Detailed introduction for data assimilation—including filters, smoothers, and
samplers—are provided in Appendix D.

Given sequential data for the state x, data assimilation is first applied to estimate the
trajectory of the hidden states θ. Subsequently, with the DA-estimated hidden states θ, a
dictionary Φ= [ϕ1,ϕ2, . . . ,ϕN]⊤ is constructed using the joint input vector (x,θ), where
each basis function is defined as ϕn := ϕn(x,θ). CEBoosting is then utilized to calculate
the aggregated causation entropy C+(K) to identify significant basis functions. Based on
the stability conditions introduced in previous section, the significant basis functions are
selected. Any components of θ that do not appear in any of the identified significant basis
functions are determined to have no contribution and are removed from the dynamics of
x; otherwise, they are retained. By combining data assimilation and CEBoosting, we can
effectively monitor the evolving behavior of hidden states θ within the dynamical systems
using only sequential observations of the system state x.
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In Section 3.6.4, a test case of stochastic parameterized model is shown to demonstarte
the application of the CEBoosing with the data assimilation, which identify regime switching
triggered by the unobserved hidden processes.

3.6 Numerical Experiments

In this section, the performance of the CEBoosting method is demonstrated utilizing four
different chaotic or turbulent systems, which are models that mimic crucial features in
many science or engineering disciplines. The presentation starts with the three-dimensional
Lorenz 63 system, which is a classical chaotic system. This test is utilized as a proof of
concept to demonstrate the detailed steps of the method in the online identification of the
non-linear dynamics with regime switching. To illustrate the efficiency of the algorithm in
capturing the regime switching behavior in a relatively high-dimensional case, the forty-
dimensional Lorenz 96 system is utilized as a second test, where the localization technique
is incorporated to mitigate the curse of dimensionality. As strongly non-Gaussian statistics,
intermittency and extreme events appear in many climate, atmosphere and ocean science
problems, a multi-mode layered topographic model that captures these crucial turbulent
features is adopted as the next test model. The last test case aims to deal with a more
realistic scenario where only a subset of the state variables is observed. Data assimilation
is, therefore, essential in such a partial observational case. A stochastic parameterized
extended Kalman filter (SPEKF) model is used to estimate and simulate the hidden system
state variables. Below, assuming the starting model and its parameters are available for all
the numerical examples. The goal is to learn the regime switching and the corresponding
residual model that adjusts the original model to a new regime based on online sequential
data.

For all four systems, the numerical simulation time step size is chosen as dt = 0.001.
The hyper-parameter D in (3.11) is chosen as 4 for the numerical examples of this work.

3.6.1 The Lorenz 63 System: A Classical Chaotic System

The Lorenz 63 (L63) system is proposed by Lorenz in 1963 [244]. It is a simplified mathe-
matical model for atmospheric convection. The equations relate the properties of a two-
dimensional fluid layer uniformly warmed from below and cooled from above. In particular,
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the equations describe the rate of change of three quantities concerning time: x is propor-
tional to the rate of convection, y to the horizontal temperature variation, and z to the
vertical temperature variation. The constants σ, ρ, and β are system parameters propor-
tional to the Prandtl number, Rayleigh number, and certain physical dimensions of the layer
itself [245]. The L63 model is also widely used as a simplified model for lasers, dynamos,
thermosyphons, brushless DC motors, electric circuits, chemical reactions, and forward
osmosis [246–252]. The governing equation of the Lorenz 63 system is as follows,

dx
dt = σ(y−x),
dy
dt = x(ρ−z)−y,
dz
dt = xy−βz.

(3.14)

The standard parameters σ= 10, β= 8/3, and ρ= 28 that create the butterfly profile are
utilized as the starting regime. The new regime takes a different value of the parameter
ρ= 38. The sudden change of the parameter from ρ= 28 to ρ= 38 occurs at t= 100. The
goal is to (i) detect the regime switching and (ii) learn the residual model that adjusts the
original system to the new one.

Figure 3.2(a) compares the trajectories in the phase space between the original (Regime
1) and new (Regime 2) regimes. It can be seen that the two systems are on different manifolds
in the phase space. Figure 3.2(c) shows the time series of the three state variables. With
the regime switching at t = 100, it can be seen in Figure 3.2(c) that the patterns of time
series change accordingly, especially for the variable z that demonstrates a shift of its mean
value. The autocorrelation function (ACF) of each state variable for the original system
is presented in Figure 3.2(b), which shows a rapid decay of correlation within one time
unit, except for the variable z that has some oscillations in its ACF. Similar behavior of the
ACF is observed in Figure 3.2(d) after the regime switching. Finally, Figure 3.2(e) shows the
ensemble mean of the state variable z as a function of time from an independent simulation
with 5000 ensemble members, which reveals that the transition time of the regime switching
is about 20 time units. This also indicates that the transition time depends on the property
of the transient feature and is very different from the decorrelation time. Nevertheless, the
decorrelation time of the original system provides a natural way to determine the batch
size. Thus, the batch size is chosen as one time unit here.
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Figure 3.2: Lorenz 63 system with regime switching. (a): trajectories of the original system
and the new one in phase space. (c): time series of system state variables. (b) and (d):
autocorrelation function (ACF) of the original system and the new regime. (e): ensemble
mean of variable z before and after regime switching at t= 100.
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The CEBoosting algorithm is employed to detect the regime switching and identify
the sparse structure of the residual model. The candidate basis functions include all the
linear and quadratic nonlinear functions: {x,y,z,xy,xz,yz,x2,y2,z2}. With the identified
sparse structure, the coefficients of the residual model are then determined via the least
square estimation. To detect the regime switching and identify the sparse structure of
the residual model, the aggregated causation entropy matrix is gradually updated until its
structure gets stable, i.e., the causation entropy values of some candidate basis functions
keep being significantly greater than others. The stable causation entropy matrix structure
is obtained after 6 time units and is presented in Table 3.1, where only one entry has a
significant value. It is worthwhile to highlight that the total time units (6 units) to discover
the regime switching and determine the model parameters in the new regime is shorter than
the transition time (20 units). In other words, utilizing the information from the transient
period is sufficient for the CEBoosting algorithm to determine the model response to the
regime switching in this test case.

Table 3.1: The L63 model - The causation entropy matrix (CEM) after 6 time units. The
pattern of CEM becomes stable and does not change with incorporating more batch data.
The entry with a significant value of the causation entropy is highlighted using the bold
font. According to the pattern of this CEM, a residual model will be built.

10−4 x y z xy xz yz x2 y2 z2

ẋ 11.0437 10.6292 5.1156 4.6996 6.7041 9.2123 8.9308 3.0866 4.0888
ẏ 63.1474 3.7597 5.0283 2.5584 2.6370 5.5017 4.3689 2.4472 4.4099
ż 9.0692 6.6605 9.5399 11.3740 8.5529 10.6165 10.8299 10.8725 10.5916

Finally, based on the sparse structure identified in Table 3.1, a residual model can be
calibrated via the least square estimation based on the residuals of the original model. The
residual model is then added to the original model as a correction term. The coefficients
of the corrected model for the new regime are listed in Table 3.2. It can be seen that the
corrected model successfully captures the crucial parameter value ρ= 38 that induces the
new regime.
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Table 3.2: The L63 model - Updated model parameters for the new regime.

x y z xy xz yz x2 y2 z2

ẋ -9.9749 9.9671 0 0 0 0 0 0 0
ẏ 38.0357 -1.0129 0 0 0 -1.0016 0 0 0
ż 0 0 -2.6670 1.0017 0 0 0 0 0

3.6.2 The Lorenz 96 System: Strategy for Applying CEBoosting to
Relatively High-Dimensional Systems

The Lorenz 96 (L96) system is a classical chaotic to turbulent model [253]. It can be regarded
as a coarse discretization of atmospheric flow on a latitude circle with complicated wave-like
and chaotic behavior. It is also widely used as a testbed for data assimilation, prediction,
and uncertainty quantification [254–257]. The L96 model reads:

dx
dt = (xj+1−xj−2)xj−1−xj+F, j= 1,2, ...,J, (3.15)

with periodic boundary conditions x−1 = xJ−1,x0 = xJ,xJ+1 = x1 and J = 40 is adopted.
The L96 system is utilized here to demonstrate that the CEBoosting algorithm, combined
with localization techniques, can detect regime switching for relatively high-dimensional
systems. The motivation here is that the number of candidate functions quickly increases
with the dimension of the system if all possible combinations of state variables up to a
particular order are included. As a result, the computational cost becomes unaffordable
without suitable treatment for such a curse of dimensionality. To this end, the idea of
localization is exploited here. Localization means the dynamics of each state variable only
depend on the nearby ones. In fact, the advection, diffusion, and dispersion are all local
operators [10, 102]. Similarly, the localization applies to many parameterization problems
for the subgrid scales, which also depend only on the nearby corresponding large-scale
state variables [258–260]. The idea of localization is also widely utilized in data assimilation
and prediction [261–263]. Localization reduces the number of candidate functions for the
dynamics of each xj by including only the terms that represent local interactions with dxj/dt.
Note that the total number of candidate functions in the entire library can remain large, but
only a relatively small number of functions will be examined for the causal relationship to
the dynamics of each xj.
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The original system (Regime 1) has a forcing coefficient F= 8, which makes the system
have a strongly chaotic behavior. After the regime switching at t = 100, the new system
(Regime 2) takes the forcing value F = 16. Meanwhile, the coefficient of xj, representing
the damping effect, changes from −1 to −1.5. This leads to a fully turbulent regime [64].
Some weak coherent structures can still be observed in the strongly chaotic regime, but
they disappear in the fully turbulent one. See Figure 3.3 for the two regimes. Figure 3.4
shows the detailed statistical properties of the state variable x10. Note that the model has
homogeneous dynamics, so the statistical properties for different state variables are the
same. Figure 3.4(a) illustrates how the time series of x10 change with the regime switching.
From the strongly chaotic to the fully turbulent regime, the variance of all the state variables
becomes more extensive, and the decorrelation time becomes shorter. The batch size of 1
time unit is chosen here, which is again of the same order as the decorrelation time. The
total transition time is about 1 to 2 units, according to Figure 3.4(b).

Figure 3.3: The Lorenz 96 system with regime switching. Top: forty-dimensional system
state evolving at the time interval [0,200] with a regime switching at t = 100. Regime 1
is chaotic with F = 8, and regime 2 is turbulent with F = 16 and the linear terms −1.5xj.
Bottom: zoom-in view of the regime switching at the time interval [90,110].
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Figure 3.4: Statistical properties of the state variable x10 of the Lorenz 96 system with
regime switching. Panel (a): time series of x10 in regime 1 and regime 2. Panels (b) and (c):
the PDFs of x10 in both regimes. Panels (d) and (e): the ACFs of x10 in both regimes. Panels
(f) and (g): the ensemble mean and the ensemble variance of x10 before and after the regime
switching at t= 100.
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A set of candidate basis functions {xj,x2j ,xjxj−1,xjxj+1,xjxj−2,xjxj+2} is built by exploit-
ing polynomials up to the second order for each state xj, j= 1,2, ...J. Note that the residual
dynamics of each state xj is assumed to have contributions from the basis functions that
consist of only its adjacent states. The CEBoosting algorithm identifies the sparse structure
of the residual model using about two batches of data (i.e., the causation entropy matrix
pattern does not change after two time units). Table 3.3 shows the CEM based on utilizing
two batches of data, which is about the same length as the estimated transition time of
Lorenz 96 system (see Figure 3.4(f-g)). It is seen that the causation entropy entries associated
with the actual residual terms are at least one order more significant than others. Therefore,
the CEBoosting algorithm successfully identifies the correct sparse structure of the residual
model based on data within the time interval of the transient period.

Table 3.3: The L96 model - The CEM after 2 time units. The entries with significant values
of the causation entropy are highlighted using the bold font. The pattern of CEM becomes
stable and does not change with incorporating more data batches. According to the pattern
of this CEM, a residual model will be built.
10−4 x1 x21 x2x40 x39x40 x2 x22 x3x1 x40x1 · · · x40 x240 x1x39 x38x39
ẋ1 436.0597 4.2015 2.2964 1.4823 0.0976 3.4716 1.3792 0.9251 · · · 0.1869 3.0008 0.7236 8.0802
ẋ2 8.4920 9.8888 6.0428 8.0793 19.8015 8.3095 10.1492 9.6844 · · · 0 0 0 0
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
ẋ40 2.7772 3.1363 4.5714 8.4405 9.6327 5.3498 4.8701 7.6239 · · · 200.3710 2.5200 7.6225 2.7748

After obtaining the sparse structure according to the CEM in Table 3.3, the residual
dynamics are calibrated via a linear combination of candidate basis functions, and the
coefficients for the linear combination is obtained by the least square estimation. The L96
model in the new regime is then updated by adding this residual model to the original model.
The coefficients of the updated model are summarized in Table 3.4. The identified model
shows a good agreement with the true system of the new regime with F= 16 and the linear
term −1.5xj.

3.6.3 The Topographic Model: Dynamical System with
Intermittency and Extreme Events

The topographic model is an ideal model to study the complex nonlinear interaction of the
large-scale and the small-scale flow and the role of the topography [3, 264]. The topographic
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Table 3.4: The L96 model - Coefficients of the updated model for the new regime. The
entries with bold font indicate the parameters that contribute to the regime switching.

1 x1 x21 x2x40 x39x40 x2 x22 x3x1 x40x1 · · · x40 x240 x1x39 x38x39
ẋ1 16.0248 -1.4938 0 1.0000 -1.0016 0 0 0 0 · · · 0 0 0 0
ẋ2 16.0490 0 0 0 0 -1.5077 0 1.0000 -1.0000 · · · 0 0 0 0
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
ẋ40 16.0027 0 0 0 0 0 0 0 0 · · · -1.5017 0 1.0000 -1.0000

model can generate intermittency and extreme events. The corresponding PDF is often
highly non-Gaussian with heavy tails. Therefore, it provides a challenging test case for
detecting the regime switching behavior. Here the small-scale flow is given in terms of
the stream function ψ. The large-scale velocity field only has the zonal component u(t),
and the topography is given by the function h. The parameter β > 0 is the contribution
from the beta-plane effect. A common simplified version of the topographic model assumes
a layered topography along the y direction, which means ψ is only a function of y. In
addition, the model contains only the leading two Fourier wavenumbers of the stream
function (with k=±1 and ±2). With these simplifications, the resulting model is reduced
to a 5 dimensional system containing u, ψ±1 and ψ±2. For the simplicity of notation, a
change of variables defines the new state variables v1, . . . ,v4, which are linked with ψ±1 and
ψ±2 via

ψ1 =
1

2
√
2
((v2−v1)−(v2+v1)i) and ψ2 =

1
2
√
2
((v4−v3)−(v4+v3)i)

where i is the imaginary unit. Similarly,ω1 andω3 are the two new variables standing for
the Fourier coefficients of the topographic effect from h. The model reads:

dv1
dt =−dv1v1−βv2+v2u−2ω1u+σv1Ẇ1

dv2
dt =−dv2v2−βv1−v1u+σv2Ẇ2

dv3
dt =−dv3v3−ω3u−

β

2 v4+2v4u+σv3Ẇ3

dv4
dt =−dv4v4−

β

2 v3−2v3u+σv4Ẇ4

du
dt =−duu+ω1v1+2ω3v3+σuẆu

(3.16)
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The original system (Regime 1) takes the parameters dv1 = dv2 = dv3 = dv4 = dv5 = 0.005,
β = 1, σv1 = σv2 = σv3 = σv4 = 1/(20

√
2), σu = 1/

√
2, ω1 =

√
2/2 and ω3 =

√
2/4. The

new model (Regime 2) utilizes different parameters for the topographic effect withω1 =

ω3 = 3
√
2/2. It is worthwhile to note that the noise level in the dynamics of the zonal flow

u is much larger than those in the dynamics of vi in (3.16). This is a typical situation as the
u is the only mode that explicitly describes the zonal feature of the flow. A large noise is
taken to mimic the unresolved dynamical features.

Figure 3.5 displays the regime switching and statistical properties of all five variables
in the topographic model. The pattern and amplitude of each time series demonstrate
a noticeable change after the regime switching happens at t = 2500. Note that the long
time series of both regimes are utilized here, ensuring that the associated statistics are
computed with a sufficiently large number of sample points. The PDFs behave like Laplace
distributions with heavy tails, indicating many extreme events in the model simulation.
The ACF of u in the original model (regime 1) decays very slowly, taking about 30 time
units until the ACF approaches zero. Because of this, a batch size of 30 time units is utilized
in the CEBoosting algorithm. Due to the strengthening of the topographic effect after the
regime switching, the time series of v2 and v4 in the new model (regime 2) display multiscale
features, where the ACFs have a quick decay at the beginning but then relax to zero slowly
after 50 time units.

Similar to the previous test models, the library contains the polynomials up to the second-
order. In other words, the following twenty basis functions are employed to build the library:
{v1,v2,v3,v4,u,v21,v22,v23,v24,u2,v1v2,v1v3,v1v4,v1u,v2v3,v2v4,v2u,v3v4,v3u,v4u}.

As the noise levels of state variables are significantly different from each other, the
magnitudes of causation entropy for different residual dynamics are not the same either.
Therefore, the selection of the candidate functions is based on the causation entropy values
for the dynamics of each state variable separately. To determine the entire residual model,
60 time units is used. See Table 3.5.

Based on the sparse model structure identified in Table 3.5, the residual model is cali-
brated via the least square estimation. The coefficients of the calibrated model for the new
regime are summarized in Table 3.6. It can be seen that the corrected model successfully
updates the changed parametersω1 andω3 in the new regime. The resulting model can
reproduce the strong non-Gaussian features with intermittency and extreme events.

It is worthwhile to remark that, as the noise levels in the dynamics of vi are lower than
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Figure 3.5: Topographic model with regime switching. Middle column: time series of each
state in the time interval [0, 5000] with regime switching at t= 2500. 1st and 5th columns:
probability density function (PDF) of each state in both regimes. 2nd and 4th columns:
autocorrelation function (ACF) of each state in both regimes.

Table 3.5: The topographic model - The CEM after 60 time units. The pattern of CEM does
not change with incorporating more batch data. The entries with significant values of the
causation entropy are highlighted using the bold font.

10−3 v1 v2 v3 v4 u v1u v2u v3u v4u · · ·
v̇1 0.0115 0.0227 0.0165 0.0614 120.9879 0.0216 0.0365 0.0407 0.0249 · · ·
v̇2 0.0124 0.0327 0.0066 0.0150 0.0313 0.0002 0.0090 0.0039 0.0284 · · ·
v̇3 0.0023 0.0033 0.0142 0.0099 51.3949 0.0537 0.0291 0.0572 0.0082 · · ·
v̇4 0.0359 0.0619 0.0150 0.0134 0.0253 0.0180 0.0127 0.0099 0.0210 · · ·
u̇ 0.1080 0.0022 0.0471 0.0146 0.0065 0.0068 0.0097 0.0049 0.0063 · · ·
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Table 3.6: The topographic model - Updated model for the new regime

v1 v2 v3 v4 u v1u v2u v3u v4u · · ·
v̇1 -0.0496 -1.0008 0 0 -4.2463 0 0.9998 0 0 · · ·
v̇2 0.9988 -0.0501 0 0 0 -1.0009 0 0 0 · · ·
v̇3 0 0 -0.0554 -0.4968 -2.1200 0 0 0 2.0015 · · ·
v̇4 0 0 0.4998 -0.0523 0 0 0 -1.9996 0 · · ·
u̇ 2.1123 0 4.5713 0 -0.0599 0 0 0 0 · · ·

that in u, a shorter time series (and shorter batch length) with in total of only 15 time units
can be utilized to reach a stable CEM for the vi components. See Table 3.7. Figure 3.6 shows
the time evolution of the ensemble mean and the ensemble variance of the topographic
model, including the time instant of regime switching. The results here can be utilized to
infer the transition time, which is about 20 time units. Therefore, in this topographic model
with a large noise in the u dynamics, the stable pattern of all vi variables can be identified
by the CEBoosting algorithm within the transition period. Yet, 60 time units of data are
needed for identifying the model structure associated with the variable u, mainly due to the
larger noises of u.

Table 3.7: The topographic model - The CEM after 15 time units. The pattern of all
v variables is stable. The entries with significant values of the causation entropy are
highlighted using the bold font.

10−3 v1 v2 v3 v4 u v1u v2u v3u v4u ...
v̇1 0.0182 0.0233 0.0322 0.0679 22.665 0.0244 0022 0.1726 0.0285 ...
v̇2 0.0768 0.0071 0.0002 0.0004 0.0879 0.0582 0.0007 0.0171 0.1059 ...
v̇3 0.0187 0.0006 0.1123 0.0411 10.3880 0.0133 0.0024 0.0843 0.0166 ...
v̇4 0.0087 0.1908 0.0171 0.0023 0.000 0.0001 0.0520 0.0015 0.0016 ...
u̇ 0.0008 0.0007 0.0078 0.0194 0.0167 0.0250 0.0054 0.0223 0.0107 ...

3.6.4 A Stochastic Parameterized Extended Kalman Filter (SPEKF)
Model: Incorporating Data Assimilation into the CEBoosting
Algorithm

In many practical situations, the observations are only available for a subset of state vari-
ables, known as partial observations. It will be shown in the following that the CEBoosting
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Figure 3.6: Ensemble mean and variance of each state variable in the topographic model.
Regime switching happens at t= 2500.

algorithm can be naturally applied to the case with partial observations when data as-
similation is appropriately incorporated. To illustrate the CEBoosting algorithm in the
partial observational scenario, a simple yet practically useful nonlinear model is utilized
as a testbed. The model is the so-called stochastic parameterized extended Kalman filter
(SPEKF) model [265, 266],

du
dt = [−(γ+ γ̂)+ i(ω+ ω̂)]u+(b+ b̂)+σuẆu,
dγ
dt =−dγγ+σγẆγ,
dω
dt =−dωω+σωẆω,
db
dt =−dbb+σbẆb.

(3.17)

In this SPEKF model, u(t) is a complex-valued state variable and is the only variable in
the system to be observed. The observed variable u(t) is driven by three hidden variables
γ(t),ω(t) and b(t). The parameters dγ,dω,db are all positive, serving as damping factors.
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The parameters σu, σγ, σω and σb are noise coefficients, which are also positive. The
white noises Ẇu and Ẇb are complex-valued while Ẇγ and Ẇω are real. The governing
equations of γ(t),ω(t) and b(t) are Ornstein–Uhlenbeck (OU) processes [267] with γ and
ω taking real values and b taking a complex value. The three constants γ̂, ω̂ and b̂ in the
dynamics of u represent the mean damping, mean phase, and the mean forcing, respectively.

The SPEKF model (3.17) has been widely used as an approximate model to describe a
spectral mode of a complex turbulent system, especially in the context of data assimilation
and ensemble prediction [4, 64, 266]. Physically, the variable u(t) represents one of the
resolved modes (i.e., observable) in the turbulent signal, while the three hidden variables
γ(t),ω(t) and b(t) are surrogates for the nonlinear interaction between u(t) and other
unobserved modes in the original governing equation after applying the spectral decom-
position. The idea of the SKEPF model is that the small or unresolved scale variables are
stochastically parameterized by inexpensive linear and Gaussian processes, representing
stochastic damping γ(t), stochastic phase ω(t) and stochastic forcing b(t). Despite the
model error in using such Gaussian approximations for the original unresolved nonlinear
dynamics, these Gaussian processes succeed in providing accurate statistical feedback from
the unresolved scales to the resolved ones. Thus the intermittency and non-Gaussian fea-
tures observed in the resolved variables can be accurately recovered. The statistics in the
SPEKF model can also be solved with exact and analytic formulae, which allow an accurate
and efficient estimation of the model states. The SPEKF type of model has been used for
filtering multiscale turbulent dynamical systems [64], stochastic superresolution [268], and
filtering Navier–Stokes equations with model error [269]. It has been shown that the SPEKF
model has much higher skill than classical Kalman filters using the so-called mean stochastic
model (MSM) to capture the irregularity and intermittency in nature.

In the following, the system will experience regime switching twice. In the starting
regime (Regime 1), all three hidden variables have significant contributions to the dynamics
of the observed process u. In Regime 2,ωwill be removed from the dynamics of u; therefore,
the stochastic phase does not influence the dynamics of the resolved variable u. Finally,
in Regime 3, the stochastic damping γ will be removed from the dynamics of u, but the
contribution from ω will be added back. It should be noted that the variables removed
from the dynamics of u continue to evolve acorrding to their own governing equations, and
simply no longer contribute to the evolution of u. Figure 3.7 shows the observed trajectories
and the associated statistics of the real part of the observed u variable. Due to the stochastic
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damping, the time series in Regime 1 and Regime 2 are intermittent with multiple extreme
events when the overall damping γ̂+γ(t) becomes positive. As a result, the PDFs are
non-Gaussian fat-tailed. In contrast, very few extreme events are found in Regime 3, and
the associated PDF is Gaussian. Similarly, the ACF in Regime 2 shows a clear oscillatory
pattern when it decays. This is due to a dominant frequency of the time series coming from
the constant phase ω̂. Such a regular oscillation in the ACF becomes less significant when
the stochasticity is added to the phase term viaω(t).
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Figure 3.7: The SPEKF model with three different regimes (twice the regime switching)
as time evolves. In Regime 1, all three hidden variables γ, ω, and b have significant
contributions to the dynamics of u. In Regime 2,ω is removed from the dynamics of u. In
Regime 3, the stochastic damping γ is removed from the dynamics of u and the contribution
fromω is added back. First row: the time series of the real part of the observed variable u.
Second row: the PDF of u in each regime. Third row: the ACF of u in each regime.
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The goal here is to detect the regime switching and reveal the dynamics in each regime.
It is worth highlighting that the dimensions of the system in the three regimes are different.
In the absence ofω or γ, the dimension reduces from 4 to 3 from Regime 1 to Regimes 2 and
3. However, such a change is unknown in practice and relies on the learning algorithm to
detect it. In particular, there is no observed time series of γ,ω, and b. Therefore, recovering
these variables becomes an essential step in the online learning algorithm. To this end, the
following procedure is adopted that incorporates data assimilation into the CEBoosting
algorithm. Assume the model in Regime 1 is known. Each time when the new batch of time
series of u is obtained, such a model is utilized to sample a trajectory of the three unobserved
variables γ,ω, and b conditioned on the observed trajectory of u. The sampled trajectory
can be thought of as the analog of one ensemble member of the ensemble Kalman smoother
solution of the system conditioned on the observed signal of u [270], although the sampled
trajectory using the SPEKF model can be written down using closed analytic formulae [194].
See [200] for the implementation details of using such closed analytic formulae for data
assimilation. This augments the unobserved components of each batch of data. Then the
CEBooting algorithm is utilized to compute the causal relationships in light of the observed
time series of u and the sampled time series of γ,ω, and b. If the causation entropy from
any function involving γ to the dynamics of u is zero, then the γ equation is eliminated
from the final model structure. A similar logic applies toω and b. Note that as u and b are
complex-valued variables, the actual computation regards the real and imaginary parts as
two processes in computing the causation entropy.

The main focus here is on identifying the dynamics of u. In particular, we aim to
investigate if all three unobserved variables contribute to the observed process of u. To this
end, the linear Gaussian models of γ,ω, and b are assumed to be fixed. A function library
is designed with {uγ, uω, b, u2 , γω , γ2,ω2, b2, γb,ωb, ub} to learn the structure of u.

Figure 3.8 shows the real part of u with regime switching and sampled trajectory of
γ,ω, b across the three regimes. When the unobserved variables γ,ω, or b contribute to
the dynamics of u, the sampled processes match the truth quite well. On the other hand,
when ω and γ disappear in Regimes 2 and 3, respectively, the sampling result provides
random trajectories. The causation entropy from the terms involving these trajectories has
no contribution to the dynamics of u. The first row of Table 3.8, showing the causation
entropies of Regime 1, is based on a time series with 200 time units. The second and the third
rows show the causation entropies for the detected Regime 2 and Regime 3, respectively,
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using one batch of data with a length of 20 units. It is seen that the term uω has a nearly
zero causation entropy to u̇ in Regime 2, where ω is sampled. Similarly, the sampled γ
leads to a nearly zero causation entropy from uγ to u̇ in Regime 3.

Figure 3.9 shows the conditional mean and uncertainty (two standard deviations) of
γ and ω from the smoother solution. It is seen that when γ and ω contribute to the
dynamics of u in Regime 1, the conditional mean follows the truth quite well. However, the
conditional mean ofω and γ behaves like a random trajectory in Regime 2 and Regime 3,
respectively, with relatively large uncertainty. Thus, the sampled trajectories are formed
from randomness and uncertainty, with no causal inference on the observed variable u.

Figure 3.8: Trajectory sampling for the SPEKF model with twice the regime switching. The
black curve represents the conditional sampling of each hidden process given the observed
variable u in all three regimes.
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Table 3.8: The SPEKF model - The CEM with Data Assimilation. First row: causation
entropy with existing regime 1 data (200 time units). Second row: first batch (20 time units)
causation entropy of regime 2. Third row: first batch (20 time units) causation entropy of
regime 3.

uγ uω b u2 γω γ2 ω2 b2 γb ωb ub

u̇(1) 0.2527 0.5272 0.2289 0.0077 0.0006 0.0028 0.0003 0.0011 0.0090 0.0084 0.0137
u̇(2) 0.4525 0.0208 0.1163 0.0491 0.0070 0.0080 0.0019 0.0015 0.0113 0.0035 0.0066
u̇(3) 0.0844 0.7032 0.3486 0.0048 0.0027 0.0019 0.0017 0.0001 0.0068 0.0106 0.0063

Figure 3.9: The smoother mean and the smoother uncertainty (two standard deviations) of
γ andω from the SPEKF model with twice the regime switching. The black curve shows the
posterior mean of each hidden process conditioned on the observed u. The shaded gray area
correspond to the 95% confidence interval (two standard deviations) of the corresponding
mean estimate.
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3.7 Conclusion

Online nonlinear system identification with sequential data has recently become important
in many applications, e.g., extreme weather events, climate change, and autonomous sys-
tems. In this work, we developed a causation entropy boosting (CEBoosting) framework
for online nonlinear system identification. The CEBoosting algorithm aims to (i) discover
a sparse residual model structure based on the aggregated causation entropy calculated
from sequential data and (ii) calibrate the residual model with the identified sparse structure
via least square estimation. If the true system experiences multiple regime switching, the
proposed framework gradually identifies a summation of residual models, which has a close
analogy to the statistical technique of boosting. We tested the proposed framework for
complex systems with features including chaotic behavior, high dimensionality, intermit-
tency and extreme events, and partial observations. The results show that the CEBoosting
method can capture the regime switching and then calibrate residual models for various
types of complex dynamical based on a limited amount of sequential data. It is worth
noting that constraints can be naturally added to the learning algorithm. One important
constraint is the so-called physics constraint [191], which requires the total energy in the
quadratic nonlinear terms to be conserved. It guarantees the long-term stability of the
identified system. Such a constraint has yet to be explicitly incorporated into the current
framework, although the resulting parameters in various non-Gaussian test cases shown in
this work already roughly satisfy this constraint. Adding constraints can be easily achieved
by imposing simple relationships between model parameters in the parameter estimation
step, which still allows using closed analytic formulae for finding the parameters. See, for
example, [200] for details. Other future work includes the uncertainty quantification of the
aggregated causation entropy and the further study of other causality metrics.
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Chapter 4

Modeling Partially Observed Complex
Dynamical Systems and Efficient Data
Assimilation

A new knowledge-based and machine learning hybrid modeling approach, called condi-
tional Gaussian neural stochastic differential equation (CGNSDE), is developed to facilitate
modeling complex dynamical systems and implementing analytic formulae of the associated
data assimilation (DA). In contrast to the standard neural network predictive models, the
CGNSDE is designed to effectively tackle both forward prediction tasks and inverse state
estimation problems. The CGNSDE starts by exploiting a systematic causal inference via
information theory to build a simple knowledge-based nonlinear model that nevertheless
captures as much explainable physics as possible. Then, neural networks are supplemented
to the knowledge-based model in a specific way, which not only characterizes the remaining
features that are challenging to model with simple forms but also advances the use of
analytic formulae to efficiently compute the nonlinear DA solution. These analytic formulae
are used as an additional computationally affordable loss to train the neural networks that
directly improve the DA accuracy. This DA loss function promotes the CGNSDE to capture
the interactions between state variables and thus advances its modeling skills. With the
DA loss, the CGNSDE is more capable of estimating extreme events and quantifying the
associated uncertainty. Furthermore, crucial physical properties in many complex systems,
such as the translate-invariant local dependence of state variables, can significantly simplify
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the neural network structures and facilitate the CGNSDE to be applied to high-dimensional
systems. Numerical experiments based on chaotic systems with intermittency and strong
non-Gaussian features indicate that the CGNSDE outperforms knowledge-based regression
models, and the DA loss further enhances the modeling skills of the CGNSDE.

Deep learning is widely used to predict complex dynamical systems in many scien-
tific and engineering areas. However, the black-box nature of these deep learning models
presents significant challenges for carrying out simultaneous data assimilation (DA), which
is a crucial technique for state estimation, model identification, and reconstructing missing
data. Integrating ensemble-based DA methods with nonlinear deep learning models is
computationally expensive and may suffer from large sampling errors. To address these
challenges, we introduce a deep learning framework designed to simultaneously provide
accurate forecasts and efficient DA. It is named Conditional Gaussian Koopman Network
(CGKN), which transforms general nonlinear systems into nonlinear neural differential
equations with conditional Gaussian structures. CGKN aims to retain essential nonlinear
components while applying systematic and minimal simplifications to facilitate the devel-
opment of analytic formulae for nonlinear DA. This allows for seamless integration of DA
performance into the deep learning training process, eliminating the need for empirical
tuning as required in ensemble methods. CGKN compensates for structural simplifications
by lifting the dimension of the system, which is motivated by Koopman theory. Nevertheless,
CGKN exploits special nonlinear dynamics within the lifted space. This enables the model to
capture extreme events and strong non-Gaussian features in joint and marginal distributions
with appropriate uncertainty quantification. We demonstrate the effectiveness of CGKN for
both prediction and DA on three strongly nonlinear and non-Gaussian turbulent systems:
the projected stochastic Burgers–Sivashinsky equation, the Lorenz 96 system, and the El
Niño-Southern Oscillation. The results justify the robustness and computational efficiency
of CGKN.

A discrete-time conditional Gaussian Koopman network (CGKN) is developed in this
work to learn surrogate models that can perform efficient state forecast and data assimilation
(DA) for high-dimensional complex dynamical systems, e.g., systems governed by nonlinear
partial differential equations (PDEs). Focusing on nonlinear partially observed systems
that are common in many engineering and earth science applications, this work exploits
Koopman embedding to discover a proper latent representation of the unobserved system
states, such that the dynamics of the latent states are conditional linear, i.e., linear with the
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given observed system states. The modeled system of the observed and latent states then
becomes a conditional Gaussian system, for which the posterior distribution of the latent
states is Gaussian and can be efficiently evaluated via analytical formulae. The analytical
formulae of DA facilitate the incorporation of DA performance into the learning process of
the modeled system, which leads to a framework that unifies scientific machine learning
(SciML) and data assimilation. The performance of discrete-time CGKN is demonstrated on
several canonical problems governed by nonlinear PDEs with intermittency and turbulent
features, including the viscous Burgers’ equation, the Kuramoto–Sivashinsky equation,
and the 2-D Navier–Stokes equations, with which we show that the discrete-time CGKN
framework achieves comparable performance as the state-of-the-art SciML methods in state
forecast and provides efficient and accurate DA results. The discrete-time CGKN framework
also serves as an example to illustrate unifying the development of SciML models and their
other outer-loop applications such as design optimization, inverse problems, and optimal
control.

4.1 Conditional Gaussian Neural Stochastic Differential

Equation

Complex dynamical systems appear in many areas, including geophysics, climate science,
engineering, neural science, and material science [1–4, 102, 173, 271–274]. These systems
are highly nonlinear and are often strongly chaotic or turbulent [7, 273, 275]. Intermittency,
extreme events, and non-Gaussian probability density functions (PDFs) are some of the
typical features in these systems [8–10, 12, 276]. Developing appropriate models to describe
the observed features of these complex systems is crucial in exploring the underlying
physics and simulating the associated phenomena. These models also play an essential
role in estimating the states via data assimilation (DA) [64, 65, 96, 187, 277], which is the
pre-requite for statistical forecast and the uncertainty quantification of the system across
different spatial-temporal scales [11, 278–281].

Nonlinear ordinary or partial differential equations (ODEs or PDEs) were standard
techniques to model these complex phenomena. To characterize the multiscale features
and the uncertainty in nature, stochastic differential equations (SDEs) have also become
popular modeling tools over the past few decades [282–285]. When applied to DA, these
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differential equations act as the forecast models. Their short-term statistical prediction,
known as the prior distribution, is combined with the available noisy partial observations
via the Bayesian inference. The result is called the posterior distribution, which is the
solution of DA. It is worth highlighting that approximations are typically incorporated into
the development of practical models. These approximations are essential since the perfect
knowledge of nature is seldom known. They are also crucial to reducing the computational
cost that facilitates the analysis of the model properties and the implementation of DA and
ensemble forecasts. Commonly used approaches include the development of physics-based
reduced-order models (ROMs) with proper closures [17–19, 32, 33, 286, 287], stochastic
parameterizations [66, 82–84], and data-driven surrogate models [42, 76–79, 195, 288, 289].

With the rapid growth of artificial intelligence in recent years, machine learning has
become one of the dominant methods for studying complex dynamical systems [30, 88,
107, 145, 290–292], especially for DA and prediction [293–295]. On the one hand, machine
learning has been widely used as a computationally efficient surrogate of the complicated
knowledge-based forecast models [93, 296–300] or played the role as a statistical correction
to the knowledge-based models that mitigates the model error in the forecast step of
DA [87, 89, 90, 218, 259, 301–303]. It has also been exploited to optimize the tuning parameters
in ensemble DA, such as the inflation rate of the covariance matrix [304–306]. On the other
hand, machine learning has been applied more directly by building end-to-end learning
schemes for the entire DA system [81, 94, 95, 307–309]. In terms of learning surrogate
models with DA performed, an auto-differentiable DA tool [310] has been developed and
derivative-free optimization technique [145] has been explored for the ensemble-based DA
methods.

In this paper, a new hybrid knowledge-based and machine learning modeling approach,
called conditional Gaussian neural stochastic differential equation (CGNSDE), is developed
to facilitate modeling complex dynamical systems and implementing the associated DA.
The CGNSDE starts by exploiting a systematic causal inference approach to build a simple
knowledge-based nonlinear model that nevertheless captures as much explainable physics as
possible. Then, neural networks are supplemented to the knowledge-based model, aiming to
characterize the remaining features that are challenging tomodel with simple forms. Notably,
the neural networks are combined with the knowledge-based model in a specific way that
advances the use of analytic formulae to compute the nonlinear DA solution. In addition
to significantly accelerating the computational efficiency when applying the CGNSDE to
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online DA, these analytic formulae allow us to explicitly augment the standard loss function
in training CGNSDE as the predictive model with an additional loss that evaluates the DA
skill. The analytic formulae advance a rapid and effective way to incorporate both the
path-wise error and the posterior uncertainty into the DA loss.

The CGNSDE has several unique features that distinguish it from many existing machine
learning approaches in modeling complex systems and data assimilation. First, the explain-
able physical components are the critical building blocks of the CGNSDE. To this end, a
computationally efficient causal inference via information theory is applied to systematically
derive the knowledge-based nonlinear model. The robust model identification process aims
to discover the explainable large-scale physics in multiscale complex turbulent systems.
In contrast, the machine learning components in the hybrid model can be regarded as the
statistical parameterizations of the small-scale or more complicated unresolved features of
the underlying system. Second, both the knowledge-based nonlinear model and the entire
hybrid model are required to satisfy the so-called conditional Gaussian nonlinear structures.
It has been shown that the conditional Gaussian nonlinear structures are ubiquitous in
describing or approximating many natural and engineering phenomena [193, 194, 311]. In
addition to being physically consistent with nature, one salient feature of the conditional
Gaussian nonlinear structure is that, despite the strong nonlinearity and non-Gaussian
statistics, the conditional distribution of the unobserved states given the observations can
be written down using closed analytic formulae. Such a conditional distribution is precisely
the posterior distribution in DA. As a result, the analytically solvable statistics prevent the
use of ensemble methods in DA, enhancing computational efficiency and avoiding empirical
tuning to mitigate numerical sampling errors. Third, the efficiency in solving the conditional
statistics analytically allows the incorporation of the DA loss into the loss function for
training the neural network component, which naturally improves the skill of the CGNSDE
in state estimation. Reciprocally, as the DA performance relies on the interdependence
between different state variables, such an additional loss will advance the neural network
to improve the identification of the causal relationship of the underlying system, further
enhancing the modeling skills of the CGNSDE. With the explicit DA loss, the CGNSDE is
more capable of estimating extreme events and quantifying the associated uncertainty.
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4.1.1 Preliminaries on Conditional Gaussian Nonlinear System

The conditional Gaussian nonlinear system (CGNS) is a class of nonlinear and non-Gaussian
SDEs, which has wide applications in various disciplines. The general expression of the
CGNS is [193, 312]:

du1
dt = f1(u1)+g1(u1)u2+σ1(u1)Ẇ1,
du2
dt = f2(u1)+g2(u1)u2+σ2(u1)Ẇ2,

(4.1)

where u1 ∈RN1 and u2 ∈RN2 are the multi-dimensional state variables considered here. The
vectors f1 and f2 have the same dimension as u1 and u2, respectively, while g1 ∈RN1×N2 and
g2 ∈ RN2×N2 are two matrices. The two vectors Ẇ1 ∈ RN ′

1 and Ẇ2 ∈ RN ′
2 are white noises,

and the noise coefficients σ1 ∈ RN1×N ′
1 and σ2 ∈ RN2×N ′

2 are two matrices. The dimension
N ′1 of the noise vector Ẇ1 does not necessarily equal that of the state variable u1 (similar for
the dimensions of u2 and Ẇ2), though in many applications they are set to be the same for
simplicity. All the six vectors and matrices fi, gi and σi, with i= 1,2, on the right-hand side
of (4.1) can be any nonlinear functions of u1 and time t, though for notation simplicity the
explicit time dependence is omitted. Due to such nonlinear dependence on u1, the system
(4.1) is highly nonlinear in terms of the coupled state variables (u1,u2)T. As a result, the
marginal distributions p(u1) and p(u2) and joint distribution p(u1,u2) can all be highly
non-Gaussian. Nevertheless, both equations in (4.1) depend on u2 in a conditionally linear
way. Therefore, given a trajectory of u1, the equations in (4.1) become a conditional linear
system with respect to u2, and the conditional distribution p(u2(t)|u1(s),s⩽ t) ∼N(µ,R) is
Gaussian. Such a conditional distribution is the posterior distribution of DA (more precisely
the filtering solution), where the trajectory of u1 up to time t, namely u1(s ⩽ t), is the
observations while the state of u2 at t needs to be estimated. Notably, the conditional mean
µ and conditional covariance R can be solved by the closed analytic formulae:

dµ
dt = (f2+g2µ)+(RgT1)(σ1σ

T
1)

−1
(
du1
dt −(f1+g1µ)

)
,

dR
dt = g2R+RgT2+σ2σ

T
2 −RgT1(σ1σ

T
1)

−1(g1R).
(4.2)

Many complex nonlinear dynamical systems fit into the modeling framework (4.1).
Some well-known classes of the models are physics-constrained nonlinear stochastic models
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(for example the noisy versions of Lorenz models, low-order models of Charney-DeVore
flows, and a paradigm model for topographic mean flow interaction), stochastically cou-
pled reaction-diffusion models in neuroscience and ecology (for example stochastically
coupled FitzHugh-Nagumo models and stochastically coupled SIR epidemic models), and
multiscale models for geophysical flows (for example the Boussinesq equations with noise
and stochastically forced rotating shallow water equation) [193]. This modeling framework
has been exploited to develop realistic systems for the Madden-Julian oscillation and Arctic
sea ice [313, 314].

In addition to modeling many natural phenomena, the CGNS framework and its closed
analytic DA formulae have been applied to study many theoretical and practical problems.
The framework has been utilized to develop a nonlinear Lagrangian DA algorithm, allowing
rigorous analysis to study model error and uncertainty [315–317]. The analytically solvable
DA scheme has been applied to the state estimation and the prediction of intermittent time
series for the monsoon and other climate phenomena [318, 319]. Notably, the efficient DA
procedure also helps develop a rapid algorithm to solve high-dimensional Fokker-Planck
equation [70, 257]. The classical Kalman-Bucy filter [63] is the simplest special example of
(4.2).

It is also worth highlighting that the ideas of the CGNS modeling framework and the
associated DA procedure have been applied to a much wider range of problems. Examples
include developing forecastmodels in dynamic stochastic superresolution [268, 320], building
stochastic superparameterizations for geophysical turbulence [321–323], and designing
efficient multiscale DA schemes [324, 325]. All these facts indicate that the CGNS provides
a valuable building block for many practical methods.

When characterizing multiscale systems, the CGNS is quite effective in modeling large-
scale features. Note that the nonlinearity inmany applications, especially those in geophysics
and fluids, is quadratic, which comes from advection or convection. If u1 and u2 are
utilized to describe the large- and small-scale state variables, respectively, then the quadratic
nonlinearities between u1 and itself and between u1 and u2 can be accurately captured. In
some systems, cubic damping appears. CGNS can also involve such a strong damping in
the large-scale dynamics. The major nonlinearity that the CGNS cannot fully characterize
is the quadratic self-interactions among the small-scale variables, as u2 is only allowed to
appear in a conditional linear way. In such a situation, stochastic parameterizations are often
adopted to approximate the self-nonlinear interactions of u2. A straightforward approach is
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to replace the quadratic terms of u2 by stochastic noise and additional damping [326, 327],
which works well if u2 lies in the fast time scale. Yet, designing suitable approximate
strategies with parsimonious and explicit expressions is generally a nontrivial task. This
opens the doors for machine learning to supplement the CGNS.

4.1.2 CGNSDE for State Forecast and Data Assimilation

The CGNSDE is a hybrid knowledge-based and neural network version of the CGNS. It is
required to have a similar structure as the CGNS in (4.1), but the functions that depend on
u1 are generalized to involve neural networks. The CGNSDE reads:

du1
dt = f̃1(u1)+ g̃1(u1)u2+σ1(u1)Ẇ1,
du2
dt = f̃2(u1)+ g̃2(u1)u2+σ2(u1)Ẇ2,

(4.3)

where the functions with the terms with tildes represent the combinations of knowledge-
based terms and neural networks that only depend on u1. More specifically, the CGNSDE
in (4.3) can be rewritten into the following more detailed form:

du1
dt = f1(u1)+g1(u1)u2+NN1,1(u1)+NN1,2(u1)u2+σ1(u1)Ẇ1,
du2
dt = f2(u1)+g2(u1)u2+NN2,1(u1)+NN2,2(u1)u2+σ2(u1)Ẇ2,

(4.4)

where f1,g1,f2 and g2 are nonlinear functions of u1 with explainable forms (e.g., a nonlinear
combination of some candidate functions), while NNi,j with i, j= 1,2 are neural network
functions to further enhance the ability of the CGNSDE in capturing the variability of nature.
The neural network components NNi,j, can be formalized using four distinct parts derived
either from the output of a single neural network or from several neural networks. Note
that the diffusion coefficients σ1 and σ2 in the CGNSDE can, in principle, be generalized
as a combination of explainable functions and neural networks as well. Nevertheless, they
are modeled by only the parametric forms in this work for simplicity. One key feature of
(4.4) is that those neural network components only allow u1 as the input, which guarantees
the conditional Gaussianity of the entire system. It is worth noting that the input of the
neural network part does not necessarily have to be the value of u1 at the current time
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t. It can consist of a segment of the trajectory of {u1(s)|s ⩽ t}. Input with such non-
Markovian terms nevertheless preserves the conditional Gaussianity of the system. This
feature allows a significant degree of freedom to the design of neural networks, allowing
both the feed-forward and recurrent neural networks to apply to the CGNSDE. With the
dependence of f1,g1,f2 and g2 only on u1 in the CGNSDE, the conditional distribution
p(u2(t)|u1(s),s⩽ t) ∼ N(µ,R), which is the posterior distribution of DA, is Gaussian and
its time evolution can be written down using analytic formulae that are analogs to (4.2).

The CGNSDE has several unique advantages. First, the explainable physical components
are the critical building blocks of the CGNSDE. This distinguishes the CGNSDE from the
non-parametric models that replace the entire right-hand side of the original system with
neural networks. These are helpful predictive models. However, these models are hard
to be used to reveal the underlying physics. Such pure neural-network-based models are
also challenging to effectively use for solving inverse problems, such as DA. With the
large-scale features captured by explainable physical components, the neural networks play
a more critical role in characterizing the residual. Therefore, they share many essential
features as the residual networks that advance the performance of the neural networks in
more efficiently capturing the features of the underlying dynamics [37, 328]. Second, the
analytically solvable posterior distribution prevents the use of ensemble methods in DA.
These analytic formulae not only enhance computational efficiency but also avoid empirical
tunings in the standard ensemble DA that is essential to mitigate numerical sampling errors.
Third, the efficient DA solver with these analytic formulae allows the incorporation of the
DA loss into the target loss function to train the CGNSDE, which naturally improves the
skill for state estimation. Reciprocally, as the performance of DA depends on the accuracy
in modeling the interdependence between different state variables, namely their causal
relationship, incorporating the DA loss will further enhance the performance of the CGNSDE
in modeling the underlying dynamical features. With the explicit DA loss, the CGNSDE is
also more capable of estimating extreme events and quantifying the associated uncertainty.

4.1.3 Procedure of Developing a CGNSDE

Assume that a sufficiently long time series of both u1 and u2 are available in the model
development stage to determine the CGNSDE. In the testing stage for the online DA and
forecast, only the observations of u1 are needed, which is consistent with the realistic
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situations with partial observations.
The development of the CGNSDE involves two steps. First, the explicit expressions

of the terms f1(u1)+g1(u1)u2 and f2(u1)+g2(u1)u2 need to be determined to include as
much physically explainable information as possible. Second, suitable architectures and loss
functions are designed for the neural networks NNi,j with i, j= 1,2. Notably, the order of
the two steps is essential to prevent the neural networks from taking away the information
described by the physically explainable components.

4.1.3.1 Determining the Knowledge-Based Components by Causal Inference

The knowledge-based components in the CGNSDE contain the terms f1(u1)+g1(u1)u2

and f2(u1)+g2(u1)u2 in (4.4). These functions are often determined by human knowledge
case by case. Yet, in a more general situation, an automatic learning algorithm is preferred
to determine these terms systematically. To this end, a causal inference method based on
the so-called causation entropy is adopted to achieve such a goal [20, 21, 202, 204, 221].
Causation entropy is an efficient machine-learning method for the sparse identification
of dynamical systems. The causal relationship facilitates the discovery of the underlying
explainable knowledge-based components of the system. Notably, the model identification
results using the causation entropy method are more robust to noise or chaotic features than
the standard least absolute shrinkage and selection operator (LASSO) regressions. It has
been shown that in the presence of even slight random noise, both the covariate selection
accuracy and the fraction of zero entries may decrease significantly [220] when applying
the standard LASSO regression.

The procedure of applying the causation entropy in determining the physically explain-
able components of the system is as follows.

Step 1. Determining the state variables. The state variables of the CGNSDE are
pre-determined. To facilitate the presentation, these variables are included into an N-
dimensional column vector:

U= (u1,u2)
T = (u1, . . . ,uN1 ,uN1+1, . . . ,uN1+N2)

T, (4.5)

where N=N1+N2.

Step 2. Developing a function library. After determining the state variables, a library h
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consisting of in totalM possible candidate functions to describe the right-hand side of the
model is developed,

h= {h1, . . . ,hm−1,hm,hm+1, . . . ,hM}. (4.6)

Typically, a large number of candidate functions is included in the library to allow for
coverage over different possible dynamical features of the underlying true dynamics. Each
hm is given by a linear or nonlinear function containing a few components of U. To follow
the structure of CGNS in (4.1), the components within u2 are required to be linear in the
candidate function hm. Prior knowledge of the dynamics can help determine the function
library. The library can also include as many potential candidate functions as possible
provided that the elements within u2 are incorporated linearly, allowing the causal inference
to determine the useful ones automatically.

Step 3. Computing the causation entropy. Next, causal inference is utilized to determine
the model structure. To this end, a causation entropy Chm→u̇i|[h\hm] is computed to detect if
the candidate function hm contributes to the right-hand side of the equation for ui, namely
dui/dt := u̇i. The causation entropy is given by [202, 204, 221]:

Chm→u̇i|[h\hm] =H(u̇i| [h\hm])−H(u̇i|h), (4.7)

where h\hm represent the set that contains all functions in h except hm. In other words,
h\hm containsM−1 candidate functions and is defined as

h\hm = {h1, . . . ,hm−1,hm+1, . . . ,hM}. (4.8)

The term H(·|·) is the conditional entropy, which is related to Shannon’s entropy H(·) and
the joint entropy H(·, ·). For two multi-dimensional random variables X and Y (with the
corresponding states being x and y), they are defined as [329]:

H(X) = −

∫
x
p(x) log(p(x))dx,

H(Y|X) = −

∫
x

∫
y
p(x,y) log(p(y|x))dydx,

H(X,Y) = −

∫
x

∫
y
p(x,y) log(p(x,y))dydx,

(4.9)
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where p(x) is the PDF of x and p(y|x) is the conditional PDF of y on x. On the right-hand
side of (4.7), the difference between the two conditional entropies indicates the information
in u̇i contributed by the specific function hm given the contributions from all the other
functions. Thus, it tells if hm provides additional information to u̇i conditioned on the other
potential terms in the dynamics. It is worthwhile to highlight that the causation entropy in
(4.7) is fundamentally different from directly computing the correlation between u̇i and hm,
as the causation entropy also considers the influence of the other library functions. If both
u̇i and hm are caused by a common factor hm′ , then u̇i and hm can be highly correlated. Yet,
in such a case, the causation entropy Chm→u̇i|[h\hm] will be zero as hm is not the causation
of u̇i.

The causation entropy is computed from each of the candidate functions in h to each u̇i.
Thus, there are in totalN×M causation entropies, which can be written as aN×Mmatrix,
called the causation entropy matrix. Note that the dimension X in (4.9) isM when it is
applied to compute the second term on the right-hand side of the causation entropy in (4.7).
This implies that the direct calculation of the entropies in (4.9) involves a high-dimensional
numerical integration, which is a well-known computationally challenging issue [238]. To
circumvent the direct numerical integration, the entropy calculation approximates all the
joint and marginal distributions as Gaussian. In such a way, the causation entropy can be
computed by

CZ→X|Y =H(X|Y)−H(X|Y,Z)

=H(X,Y)−H(Y)−H(X,Y,Z)+H(Y,Z)

≈ 1
2 ln(det(RXY))−

1
2 ln(det(RY))−

1
2 ln(det(RXYZ))+

1
2 ln(det(RYZ)),

(4.10)

where RXYZ denotes the covariance matrix of the state variables (X,Y,Z) and similar for
other covariance. The notations ln(·) and det(·) are the logarithm of a number and the
determinant of a matrix, respectively.

The simple and explicit expression in (4.10) based on the Gaussian approximation can
efficiently compute the causation entropy. It allows the computation of the causation entropy
with a moderately large dimension, sufficient for many applications. It is worth noting
that the Gaussian approximation may lead to certain errors in computing the causation
entropy if the true distribution is highly non-Gaussian. Nevertheless, the primary goal is
not to obtain the exact value of the causation entropy. Instead, it suffices to detect if the
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causation entropy Chm→u̇i|[h\hm] is nonzero (or practically above a small threshold value).
In most applications, if a significant causal relationship is detected in the higher-order
moments, it is very likely in the Gaussian approximation. This allows us to efficiently
determine the sparse model structure, where the exact values of the nonzero coefficients
on the right-hand side of the model will be calculated via a simple maximum likelihood
estimation to be discussed in the following. Note that the Gaussian approximation has
been widely applied to compute various information measurements and leads to reasonably
accurate results [11, 188, 239–241].

With the N×M causation entropy matrix in hand, the next step is determining the
model structure. This can be done by setting up a threshold value of the causation entropy
and retaining only those candidate functions with the causation entropies exceeding the
threshold. This will exclude those terms with small values of causation entropy, which is
usually due to numerical error using a finite time series. The resulting model will contain
only functions that significantly contribute to the dynamics and facilitate a sparse model
structure. Sparsity is crucial to discovering the correct underlying physics and prevents
overfitting [105, 330]. It will also guarantee the robustness of the model in response to
perturbations and allow the model to apply to certain extrapolation tests.

Step 4. Parameter estimation. The final step is to estimate the parameters in the resulting
model. Despite the nonlinearity in the underlying dynamics, the parameters usually appear
in a linear way. In such a case, parameter estimation can be easily handled using a simple
regression method or a maximum likelihood estimator. See [200] for the technical details.
Notably, closed analytic formulae are available, making the procedure efficient and accurate.
It is worth highlighting that constraints to the parameter values are often included in the
parameter estimation procedure. In many turbulent systems, the quadratic nonlinear terms
are assumed to be energy conserved. This is motivated by most geophysical systems where
the quadratic nonlinearity is the advection and is a natural conservation quantity. The
energy-conserving quadratic nonlinearity prevents the finite time blowup of the solution
in the derived model and is physically consistent [191, 192]. Remarkably, closed analytic
formulae are still available for parameter estimation in the presence of such constraints.
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4.1.3.2 Determining the Neural Network Components

Although Step 4 in Section 4.1.3.1 provides a direct way to estimate the parameters in the
knowledge-based components f1(u1),g1(u1)u2,f2(u1),g2(u1)u2, the parameters of these
physically explainable terms in the CGNSDE are estimated in a slightly different way. Specif-
ically, these parameters are not immediately estimated after the model format is determined
by the causal inference. Once the model structure of the physically explainable components
is determined (Steps 1-3 in Section 4.1.3.1), the neural network and the parameters of the
physically explainable components are determined by a joint learning algorithm. This allows
a simultaneous optimization of the two components in the CGNSDE.

It is worth noting that the CGNSDE in (4.4) is implemented to support automatic differ-
entiation, which facilitates the training process using gradient descent methods. Training
the neural network components in the CGNSDE involves using a standard forecast loss
and a DA loss. The latter plays a vital role in improving the skillful DA using the CGNSDE.
Notably, the closed analytic formulae of the DA solution facilitate the incorporation of such
an additional crucial loss function.

The short-term forecast loss
Denote by Ũ(tn) = (ũ1(tn), ũ2(tn))T, for n= 1, . . . ,Ns, which is a multi-dimensional series
predicted by the CGNSDE (4.4) starting from U(t0). The hyper-parameter Ns, which
determines the forecast horizon, is usually a relatively small integer since the path-wise
forecast diverges quickly for chaotic systems.

The forecast loss Lforecast is defined as the averaged error between the predicted states
{Ũ(tn)}Ns

n=1 and the truth {U(tn)}Ns
n=1:

Lforecast(U, Ũ) :=
1
Ns

Ns∑
n=1
∥U(tn)− Ũ(tn)∥2, (4.11)

where ∥ · ∥ is the standard vector ℓ2-norm.
In each training epoch, a time series of U with Ns time steps is randomly sampled from

the training data as the truth. Starting from the same initial value as the truth, the CGNSDE
will be integrated forNs steps to obtain the predicted states. Utilizing an auto-differentiation
engine, the neural networks can be trained using the stochastic gradient descent (SGD)
algorithm. In this work, an epoch is defined as a single iteration in which SGD is executed
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using a selected batch.

The DA loss
The DA loss assesses the error in the DA solution computed from the CGNSDE. Notably,
the explicit formulae in (4.2) are used to facilitate the calculation of the DA loss.

One pre-requite of carrying out the DA is to determine the noise coefficients σ1 and
σ2 in (4.4). For the simplicity of presenting the idea, hereafter the dimensions of the white
noise Ẇ1 and Ẇ2 in (4.4) are assumed to be the same as the state u1 and u2, respectively,
e.g.,N ′1 =N1 andN ′2 =N2. Further assume σ1 and σ2 are diagonal positive definite matrix.
With a pre-trained CGNSDE by only using the forecast loss, the diagonal elements in σ1

and σ2 can be estimated by the quadratic variation:

diag(σi) =

√√√√∆t

Nt

Nt∑
n=1

(
u̇i(tn)− ˜̇ui(tn)

)
⊙
(
u̇i(tn)− ˜̇ui(tn)

)
, for i= 1,2, (4.12)

where ∆t is the numerical integration time step, Nt is the total number of the time steps
in the training data, and the notation ⊙ denotes the element-wise product. In (4.12), the
time derivative of the true signal, namely u̇i(tn), can often be obtained by calculating the
numerical derivatives of the true state ui at time tn, while ˜̇ui(tn) is the time derivative of
the corresponding prediction from the pre-trained CGNSDE. With the estimated σi, the
posterior mean µ and covariance R of the unobserved variables u2 in CGNSDE can be
calculated from the closed analytic formulae in (4.2), given the time series of the observed
variables u1.

One natural way of constructing a DA loss LDA is to compute the difference between
the posterior mean estimate µ and the true signal u2:

LDA(u2,µ) :=
1

Nl−Nb

Nl∑
n=Nb+1

∥u2(tn)−µ(tn)∥2, (4.13)

where Nl denotes the number of steps to compute the DA solution during the training
period. Note that Nl is usually much larger than Ns in (4.11). This is because the DA
solution will not have a quick diverge as the forecast one. Note that although it is natural to
set the forecast initial value to be the same as the truth to eliminate the initial inconsistency
in the forecast loss, the exact initial distribution of the DA solution (especially the initial
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uncertainty) is usually unknown. Therefore, it takes some time for the DA solution to be
adjusted to eliminate the inconsistency from the initialization. To this end, the few steps of
DA, which correspond to the burn-in period, are omitted, which leads to the DA loss being
computed from the (Nb+1)-th step.

It is worth highlighting that the DA loss in (4.13) has a straightforward form and can
be easily applied in practice. Although only the posterior mean is explicitly adopted in
the loss function, the entire posterior information from DA is exploited since the posterior
mean depends on the posterior covariance, as can be seen in (4.2). The DA loss in (4.13)
will be adopted in all the numerical experiments in Section 4.1.4. The results there will
demonstrate that the advantage of including this DA loss in training the CGNSDE to improve
the modeling and DA skills, including performing more stable long-term simulations and
better capturing the true system behaviors (e.g., the critical statistical properties, the chaotic
patterns, and the extreme events).

An alternative DA loss
One potential shortcoming of the path-wise DA loss in (4.13) is that it does not fully use the
probabilistic features in the state estimation via DA. Therefore, an alternative DA loss LDA
can be defined from a more probabilistic perspective based on the log-likelihood:

LDA(u2,µ,R) := − ln
( Nl∏
n=Nb+1

p
(
u2(tn)|u1(s),s⩽ tn

))

=
1
2

Nl∑
n=Nb+1

(
N2 log(2π)+ ln(det(R(tn)))+∥u2(tn)−µ(tn)∥2R(tn)

)
,

(4.14)
where ∥·∥2R denotes a weighted ℓ2-norm, i.e., ∥µ∥2R =µTR−1µ. The second line in (4.14) uti-
lizes the fact that p(u2(tn)|u1(s),s⩽ tn) follows a Gaussian distribution N(µ(tn),R(tn)),
whose mean µ(tn) and covariance matrix R(tn) can be obtained by simulating (4.2). Con-
sidering that N2 log(2π) is just a constant factor for any given dynamical system, the main
difference between (4.14) and (4.13) is that the DA loss based on log-likelihood leads to a
weighted ℓ2-norm, which allows using the covariance matrix R to normalizes the mismatch
between u2 and µ. Building a loss function in such a way potentially enhances the impor-
tance of the posterior uncertainty in training the CGNSDE. Consequently, the DA skill in
recovering intermittency and extreme events is expected to be improved with such a loss
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function.

Training the CGNSDE with both forecast and DA losses
Given the expression of the short-term forecast loss (4.11) and the DA loss (4.13), the overall
target loss function can be defined as a weighted sum of these two functions:

Ltotal := λ1
1
Ns

Ns∑
n=1
∥U(tn)− Ũ(tn)∥2︸ ︷︷ ︸
Lforecast

+λ2
1

Nl−Nb

Nl∑
j=Nb+1

∥u2(tj)−µ(tj)∥2︸ ︷︷ ︸
LDA

, (4.15)

where the two constants λ1 and λ2 are the weights of the forecast loss and DA loss, respec-
tively. In the following numerical experiments, the two weights are assigned as λ1 = 1/N,
which is the dimension of all the state variables U, and λ2 = 1/N2, which is the dimension
of unobserved state variables u2. With such a choice, Lforecast and LDA become the average
of the mean squared errors between the truth and the predictions and the state estimation.

In each training epoch, a time series of U with Ns steps and another time series of u2

with Nl steps are sampled from the training data. The numerical simulation of Ũ and µ
are performed based on the CGNSDE solvers that support auto-differentiation. These time
series are used to evaluate the total loss defined in (4.15), with which the auto-differentiation
provides the gradient information that can be employed to optimize the unknown parameters
in the CGNSDE via gradient descent methods. An epoch refers to a single iteration where
SGD is executed with a selected batch.

4.1.4 Numerical Experiments

In all the numerical experiments, the results from the following three models are compared
to demonstrate the skillful performance of the CGNSDE. Without loss of generality, the
feed-forward network is utilized in all the experiments. These simulations aim to show
the necessity of supplementing the neural network components into the knowledge-based
models and the crucial role of incorporating the DA loss into the overall loss function. The
three models used below are:

1. The knowledge-based regression model. It corresponds to CGNSDE in (4.4) without
the neural network parts. The unknown functions in this model are constructed
based on a library of candidate functions and calibrated via a causation-entropy-based
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system identification method. The detailed procedures are described in Section 4.1.3.1
from Step 1 to Step 4. Alternatively, the prior knowledge from the users can also be
exploited to build such a model, in which case the prior knowledge replaces the causal
inference for the model development.

2. The CGNSDE without DA loss. It corresponds to the CGNSDE model in the form of
(4.4) combining knowledge-based and neural network components. However, only
the forecast loss in (4.11) is utilized to train the neural networks. Developing this
model involves first identifying the knowledge-based components (Steps 1 to 3 in
Section 4.1.3.1), and then jointly training them with the neural network components
using only a forecast loss.

3. The CGNSDE with the DA loss. It corresponds to the CGNSDE model in the form of
(4.4) and is trained with the total loss function (4.15) that combines both forecast loss
and DA loss. Developing this model involves first identifying the knowledge-based
components (Steps 1 to 3 in Section 4.1.3.1), and then jointly training them with the
neural network components using both forecast loss and DA loss.

The performance of all three models are examined utilizing the following validation
metrics:

(a). Forecast MSE. It is the MSE (4.11) between the predicted state Ũ and the truth U.

(b). DA MSE. It is the DA MSE in (4.13) between the posterior mean estimate µ and the
unobserved true state u2.

(c). DA negative log-likelihood (Neg-Log-Likelihood). It is the DA negative log-likelihood
in (4.14) calculated based on the true value of the unobserved state u2 related to the
Gaussian distribution built upon the posterior mean µ and the posterior covariance
R. Note that the DA loss in training the neural networks is still based on the error in
the posterior mean related to the truth using (4.13). The negative log-likelihood (4.14)
based on the entire posterior distribution is only used here as a validation criterion.

It is worth highlighting that the negative log-likelihood function utilizes the direction
information from both the posterior mean and the posterior covariance (i.e., the uncertainty).
Although the negative log-likelihood function is not directly used as the training loss, it
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is exploited here as one additional validation metric to assess the DA skill of these models
beyond using traditional path-wise measurements such as the MSE.

To demonstrate the performance of CGNSDE on various types of complex dynamical
systems, three dynamical systems are utilized to generate the true signal for building and
training the CGNSDE. Depending on the choice of the observed and unobserved state
variables, the true system can be a CGNS or a non-CGNS. Here non-CGNS refers to any
dynamical system that can not be written in the general form of (4.1). On the one hand,
when the underlying system is a CGNS, then closed analytic formulae (4.2) can be exploited
to compute the exact DA solution. Such a solution, as the optimal estimate for the state, will
be compared with the ones from the CGNSDE models and the knowledge-based regression
model. On the other hand, if the true system is not a CGNS, then the ensemble Kalman-Bucy
filter (EnKBF) [72] will be utilized to provide an approximate optimal reference solution in
assessing the DA performance of all the models.

A summary of the true underlying system and the conclusion of the associated numerical
experiments is as follows.

1. The noisy Lorenz 84 system. It is a low-dimensional chaotic system that can be
formalized as a CGNS. The study in Section 4.1.4.1 is utilized as a proof-of-concept
of the skillful performance of the CGNSDE. By specifically prescribing imperfect
knowledge-based components, the result shows that the additional neural network
components significantly improve the model performance, and the DA loss is crucial
in enhancing the DA skill.

2. The projected stochastic Burgers-Sivashinsky equation. It is a low-dimensional chaotic
system that violates the assumption of CGNS and is featured by extreme events. The
results in Section 4.1.4.2 show that the CGNSDE with the DA loss can accurately
describe the model features and find the DA solution for such a non-CGNS. Notably,
the CGNSDE with the DA loss reaches a posterior mean estimation comparable to the
one by applying the EnKBF to the true system. The posterior covariance from the DA
associated with the CGNSDE accurately characterizes the uncertainty. In addition,
the extreme events are well captured by the CGNSDE in both the forecast and DA
solutions.

3. The Lorenz 96 system. It is a moderate-dimensional chaotic system with local non-
linear interactions. An effective way of designing and training the low-dimensional
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components of the neural network.

• Case 1: Homogeneous solution and CGNS. This case is designed to have a sta-
tistically homogeneous solution. By specifying the observed and unobserved
variables, the system is formalized as a CGNS. The results show that the pro-
posed CGNSDE framework has a good performance and scales well with the
dimensionality of the system. In addition, the CGNSDE model trained with the
DA loss can provide stable long-term simulations that have comparable statistics
with the true system.

• Case 2: Homogeneous solution and non-CGNS: By choosing a different set of
observed variables, the true system becomes a non-CGNS. The results confirm
that the CGNSDE model trained with the DA loss can still handle the modeling
and DA for a non-CGNS. The DA results are also comparable to the ones from
true system with EnKBF.

• Case 3: Inhomogeneous solution and non-CGNS: The parameters are chosen
to be spatial-dependent and therefore the solution demonstrates statistically
inhomogeneous features. The results show that the CGNSDE model trained
with the DA loss can still capture the true hidden states well. More specifically,
the mean estimation from CGNSDE with DA has a good agreement with most
system states, and the uncertainties are noticeably larger for those states with
less satisfactory estimation of their means.

4.1.4.1 The Lorenz 84 Model: A Low-Order Chaotic System

The noisy Lorenz 84 model is a simple analogue of the global atmospheric circulation
[102, 273], which has the following form [331, 332]:

dx
dt =−(y2+z2)−a(x− f)+σxẆx,
dy
dt =−bxz+xy−y+g+σyẆy,
dz
dt = bxy+xz−z+σzẆz.

(4.16)

In (4.16), the zonal flow x represents the intensity of the mid-latitude westerly wind current.
There is a wave component in the system, with y and z denoting the cosine and sine
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phases, respectively, of a sequence of vortices superimposed on the zonal flow. The wave
variables are scaled in relation to zonal flow such that x2+y2+z2 is the total scaled energy
encompassing kinetic, potential, and internal energy components. Note that these equations
can be derived as a Galerkin truncation of the two-layer quasigeostrophic potential vorticity
equations in a channel.

Viscous and thermal processes will linearly damp the vortices in this system. The
parameter a < 1 is a Prandtl number and the time unit of the system is defined by the
damping time. The term af, proportional to the contrast between solar heating at low and
high latitudes, is the external force that drives the zonal flow. The terms xy and xz illustrate
how the wave is amplified through its interaction with the zonal flow. With the wave
transporting heat poleward, the temperature gradient will be reduced at a rate proportional
to the square of the amplitudes indicated by the term −(y2+z2). If x > 0, the terms −bxz
and bxy represent the wave westward displacement by the zonal current. With b > 1, the
displacement is allowed to overcome the amplification. A secondary forcing g mimics the
contrasting thermal properties of the underlying surface of zonally alternating oceans and
continents and therefore can affect the wave. For g > 0 the system clearly shows chaotic
behavior.

The parameter values used in the following tests are the standard values that create
chaotic features:

a=
1
4, b= 4, f= 8, g= 1, σx = 1, σy = 0.05, and σz = 0.05. (4.17)

See Figure 4.1 for a model simulation, the associated chaotic behavior, and the equilibrium
statistics. Note that the decorrelation time (i.e., the integration of the autocorrelation
function (ACF)) of the x variable is about 0.5 time units, and those of the y and z variables
are about 0.2 time units.

In the following test, y and z are assumed to be the observed variables while x is
unobserved. Note that a larger noise in the process of x is taken to provide more variabilities
and allow for the examination of the skill of state estimation. A time series of 250 units is
generated, where the first 50 units are utilized for training, and the remaining 200 units are
applied for testing.

As the Lorenz 84 is already a CGNS when y and z are treated as the observed variables,
applying the causal inference approach in Section 4.1.3.1 will fully recover the exact dynam-
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Figure 4.1: Model trajectories and the associated statistics of the true Lorenz 84 system.
Panel (a): time series of each variable. Panel (b): the probability density function (PDF).
Panel (c): the auto-correlation function (ACF). It should be noted that the PDFs and ACFs
are estimated from much longer time series than the ones presented in Panel (a).

ics. The additional neural network components are no longer needed in such a case. Since
this numerical test example aims to illustrate the effectiveness of the CGNSDE with the DA
loss, the physically explainable components in the hybrid model are manually specified,
which can be regarded as using the user’s prior knowledge to determine the explainable
components of the model structure. Some terms in the original system are removed on
purpose, which allows some room for the neural networks to improve the results. Note
that the exact DA solution of the Lorenz 84 is available using (4.2), which will serve as the
reference solution to examine the performance of the CGNSDE.

With the prescribed knowledge-based components, the CGNSDE is given by:

dx
dt = fx+axx+bxz

2+NN1(y,z;θ)+NN4(y,z;θ)x+σxẆx,
dy
dt = fy+ayy+NN2(y,z;θ)+NN5(y,z;θ)x+σyẆy,
dz
dt = fz+azz+bzxz+NN3(y,z;θ)+NN6(y,z;θ)x+σzẆz,

(4.18)

whereNNi is the i-th output of a single neural networkNN :R2 7→R6which is parameterized
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by θ. The feed-forward neural network utilized here has 5 layers with 508 parameters. The
training settings are Ns = 200 (0.2 units), Nl = 50000 (50 units) and Nb = 5000 (5 units).
The training starts with minimizing solely the forecast MSE (4.11) for the first 10000 epochs.
Then the DA loss in (4.13) is included to minimize the total loss in (4.15) for the subsequent
500 epochs. The optimizer for all models is selected as Adam with a learning rate 10−3.

Table 4.1 includes the performance of the models in a test period, which is different
from the training data. The forecast MSE is based on 0.2 units prediction, while the DA
MSE and DA negative log-likelihood are based on 200 units. It illustrates that the CGNSDE
significantly outperforms the specified knowledge-based regression model regarding both
state prediction and DA, indicating the critical role of the neural network components in
the CGNSDE. The CGNSDE with the additional DA loss results in a smaller MSE in the
posterior mean and a lower negative log-likelihood in the entire posterior distribution than
the one with only the standard forecast MSE loss. This means the CGNSDE with the DA loss
improves the DA skill with enhanced path-wise accuracy and reduced posterior uncertainty.
Notably, the MSE and negative log-likelihood of the data assimilation solution using the
true Lorenz 84 system are 0.0138 and -0.8175, respectively, similar to the result from the
CGNSDE with the DA loss.

It is worth noticing that the CGNSDE without the DA loss is already quite skillful in DA.
This is because the test model here is a CGNS. Therefore, even with only the forecast loss,
the CGNSDE nearly captures the true dynamics, which leaves only a small room for the
CGNSDE with the DA loss to improve the results further. In the following two numerical
experiments, when the true system is not a CGNS, the advantage of the CGNSDE with the
DA loss will become more significant, as the DA loss helps further improve the CGNSDE to
characterize interdependence between different state variables.

Table 4.1: Lorenz 84: Performance of three models in the test period including knowledge-
based regression model, CGNSDE without DA loss, and CGNSDE with the DA loss.

Forecast MSE DA MSE DA Neg-Log-Likelihood
Knowledge-based regression model 0.2114 8.5685 20.8234

CGNSDE without DA loss 0.0487 0.0444 0.6289
CGNSDE with the DA loss 0.0469 0.0183 -0.5870

The findings in Table 4.1 are validated by Figure 4.2, which shows the DA results using
the true system and three models as the forecast model, respectively. The two CGNSDEs
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(with and without DA loss) significantly improve the performance of the DA compared
with the pre-determined knowledge-based regression models, indicating the necessity of
incorporating the neural network components in the CGNSDE. The CGNSDE with the
DA loss can further improve the DA accuracy compared to its counterpart with only the
standard forecast MSE as the loss function.
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Figure 4.2: DA results of Lorenz 84 system from the closed analytic formulae in (4.2) for
true system and three models. The uncertainties are indicated by the grey colored regions,
which correspond to two standard deviation from the posterior mean.

Finally, Figure 4.3 shows one long-term simulation of the CGNSDE with the DA loss.
Panel (a) indicates that the CGNSDE can provide stable long-term simulations without
explicitly regularizing its stability in training. The overall patterns of the simulated time
series are similar to the true system results. Panels (b) and (c) show that the long-term
statistics (e.g., the PDFs and the ACFs) associated with the simulations from the CGNSDE
have a qualitative agreement with the true system, despite utilizing only short time series
as the forecast loss in the training stage.
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Figure 4.3: One long-term realization of the CGNSDE model trained with both forecast
and DA losses for the Lorenz 84 system. Panel (a): time series of different variables. Panel
(b) and (c): the associated PDFs and ACFs.

4.1.4.2 The Projected Stochastic Burgers–Sivashinsky Equation: A Highly
Nonlinear System with Intermittency

The Fourier-Galerkin projection of stochastic Burgers-Sivashinsky equation is a three-
dimensional SDEs with energy-conserving quadratic nonlinear terms and subject to additive
white noise forcing [333, 334]:

dx
dt = βxx+αxy+αyz+σxẆx,
dy
dt = βyy−αx

2+2αxz+σyẆy,
dz
dt = βzz−3αxy+σzẆz,

(4.19)

where the coefficients for the linear terms are chosen such that βx is positive to introduce
linear instability into the system, while βy and βz are negative, representing linear damping
effects. The coefficient α > 0 controls the strength of the nonlinearity. The noise strength
coefficients σx, σy, and σz are positive constants. This system can, for instance, be obtained
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as a Fourier-Galerkin projection of the stochastic Burgers-Sivashinsky equation

∂u

∂t
=
(
ν∂xxu+λu−u∂xu

)
+Ẇ(t,x)

posed on a bounded interval x ∈ (0,L) subject to homogeneous Dirichlet boundary condi-
tions. In this context, βx, βy, and βz are simply the three largest eigenvalues of the linear
operator, and α is linked to the domain size L via α= π/(

√
2L3/2).

In the following, the largest-scale variable x is treated as the observed variable while
there are no direct observations for y and z. Under this splitting of the state variables, system
(4.19) does not have the conditional Gaussian structure due to the quadratic nonlinear term
αyz between the unobserved variables that appear in (4.19). Nevertheless, due to the low
dimensionality, the ensemble Kalman-Bucy filter (EnKBF) [72] can be utilized to provide a
reference solution of DA.

The parameter values used in the following tests are the standard values that create
strongly intermittent features with extreme events and highly non-Gaussian PDFs:

βx = 0.2, βy =−0.3, βz =−0.5, α= 5, σx = 0.3, σy = 1, and σz = 1. (4.20)

A time series of 600 units is generated, where the first 100 units are utilized for training,
and the remaining 500 units are applied for testing. Figure 4.4 shows a period of the model
simulation and the associated statistics. The time series display strong intermittent behavior
with non-Gaussian statistics and extreme events.

To develop a CGNSDE, the causal inference method described in Section 4.1.3.1 is utilized
to identify the knowledge-based components of system dynamics. The library is constructed
with candidate functions containing all possible linear and quadratic nonlinear functions
that allow the model to satisfy the conditional Gaussian structures. Therefore, the library
is given by {x,y,z,x2,xy,xz}. The values of the resulting causation entropies from these
candidate functions to the target dynamics are included in Table 4.2. It is worth noting
that the relative strengths of the causation entropies should be compared only within each
row. Different rows, presenting the governing equations of different state variables, are
independent of the others. The causation entropies in different rows may have significant
differences in the order of amplitudes. By considering the relative magnitudes within each
row, the candidate functions (z, xy) are selected for the x dynamics, (x2, xz) are for the y
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Figure 4.4: One simulation of the projected stochastic Burgers–Sivashinsky equation (4.19).
Panel (a): time series of each state variable. Panel (b): the PDFs. Panel (c): the ACFs. It
should be noted that the PDFs and ACFs are estimated from much longer simulations than
the one presented in Panel (a).

dynamics, and xy is for the z dynamics.

Table 4.2: The projected stochastic Burgers–Sivashinsky equation: causation entropy
between dynamics and candidate functions in the library. The significant values, corre-
sponding to the terms used to build the knowledge-based components in the CGNSDE, are
highlighted in bold font. Note that the relative strengths of the causation entropies should
be compared only within each row.

x y z x2 xy xz

ẋ 0.000 0.000 0.093 0.000 0.049 0.001
ẏ 0.000 0.000 0.000 0.004 0.000 0.011
ż 0.000 0.000 0.001 0.000 0.070 0.000

After supplementing neural networks to the knowledge-based regression model, the



107

CGNSDE for this projected stochastic Burgers–Sivashinsky equation reads:

dx
dt = axz+cxxy+NN1(x;θ)+NN4(x;θ)y+NN5(x;θ)z+σxẆx

dy
dt = byx

2+cyxz+NN2(x;θ)+NN6(x;θ)y+NN7(x;θ)z+σyẆy

dz
dt = czxy+NN3(x;θ)+NN8(x;θ)y+NN9(x;θ)z+σzẆz

(4.21)

In the CGNSDE (4.21), NNi is the i-th output of a single neural network NN : R1 7→ R9

which is parameterized by θ. The feed-forward neural network utilized here has 5 layers
with 449 parameters.

The setup for training the two CGNSDEs is: Ns = 50 (0.5 units), Nl = 10000 (100 units),
Nb = 1000 (10 units). The CGNSDE without DA is trained for 10000 epochs to minimize the
forecast MSE (4.11). The CGNSDE with DA is achieved by retraining CGNSDE for another
500 epochs to minimize total loss (4.15) including DA loss. The optimizer for all models is
selected as Adam with a learning rate of 10−3.

The test results of all three models are summarized in Table 4.3. In the test period, the
forecast MSE is calculated by state prediction with 0.5 units, while the DA MSE and DA
negative log-likelihood are based on 500 units. Although the CGNSDE trained without the
DA loss gives the lowest error for short-term prediction, which is around the level of the
intrinsic error due to the random noise in the true system, it has the largest DA MSE. The
error is even more significant than the knowledge-based regression model. In contrast, the
CGNSDE model trained with both the forecast and the DA losses in (4.15) can significantly
enhance the DA performance with a slight trade-off of short-term forecast accuracy. This
improvement indicates the essential role of including the DA loss in training the CGNSDE.

It should be noted that the true system is a non-CGNS in this example, and thus, the DA
using the true system cannot be done by applying the explicit formulae in (4.2). Therefore,
the EnKBF is adopted to obtain the DA solution of the true system as a reference. The number
of ensemble members in the EnKBF is set to be J= 100. Using the original noise parameters
(σx = 0.3,σy = 1,σz = 1), the EnKBF will encounter a catastrophic filter divergence [335], i.e.,
the solution has a finite-time numerical blow-up issue. By applying a standard noise inflation
strategy [336], the minimum DA MSE and the corresponding negative log-likelihood of
applying the EnKBF to the true system are 0.2237 and 7.3375, respectively. Notably, the
DA MSE of the CGNSDE with the DA loss is 0.2674, which is comparable with the solution
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given by EnKBF. Since the CGNSDE framework does not demand ensemble simulations, it
can reduce the computational cost and avoid potential sampling errors due to an insufficient
ensemble size.
Table 4.3: The projected stochastic Burgers–Sivashinsky equation: Performance in the test
period of the knowledge-based regression model, the CGNSDE without DA loss, and the
CGNSDE with the DA loss.

Forecast MSE DA MSE DA Neg-Log-Likelihood
Knowledge-based regression model 0.1799 0.8589 2.9459

CGNSDE without DA loss 0.1347 1.2907 4.4199
CGNSDE with the DA loss 0.1446 0.2674 1.3528

Figure 4.5 compares the DA results by applying the EnKBF to the true system and by
applying the closed analytic formulae to the regression model and the two CGNSDEs. Panel
(a) indicates that the results of EnKBF for the true system still have a noticeable difference
from the true states y and z. Despite tuning the noise coefficients to minimize the error in
the posterior mean, the posterior uncertainty seems severely underestimated. In contrast,
the posterior mean estimates from the CGNSDE trained with the DA loss, as shown in Panel
(d), demonstrate a similar performance as the EnKBF for the true system, while the range of
the associated uncertainty of the CGNSDE with the DA loss can cover the truth, including
the extreme events. The results confirm the advantages of the CGNSDE framework with
DA for systems with highly non-Gaussian features. On the other hand, both the regression
model and the CGNSDE without the DA loss lead to much larger biases in the DA solutions.

Figure 4.6 compares the long-term simulation results of the CGNSDE with the DA loss
to the true signal. Similar to the previous example, the CGNSDE can also provide effective
long-term simulations, demonstrating a qualitative agreement with the time series of the
true system as presented in Panel (a). Remarkably, the long-term time series of the modeled
data can reproduce the overall pattern as the true signal with noticeable extreme events
in the x and z processes. Panels (b) and (c) show the associated PDFs and the ACFs. The
PDFs of x and y from the CGNSDE are nearly identical to the truth, especially in capturing
the non-Gaussian features. The PDF of z has a slightly heavier tail. Note that the model is
trained based only on short data. The skillful long-term forecast result is partially due to
the help from the additional DA loss, which highlights the dynamical coupling between
different state variables that advances the long-term behavior of the system. Similarly,
the ACFs from the CGNSDE are nearly the same as the truth. In contrast, the long-term
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Figure 4.5: DA results of the projected stochastic Burgers–Sivashinsky equation fromEnKBF
for true system and closed analytic formulae in (4.2) for three models. The uncertainties are
indicated by the grey colored regions, which correspond to two standard deviations from
the posterior mean.

simulation from the knowledge-based model has highly oscillated patterns in the y and
z dynamics, while the one from CGNSDE without DA loss cannot reproduce the extreme
events in x dynamics (not shown here).

4.1.4.3 The Lorenz 96 Model: A Moderate-Dimensional Chaotic System

The Lorenz 96 model with noise is given by [253, 337]

dxi
dt = (xi+1−xi−2)xi−1−cixi+Fi+σiẆi, i= 1,2,3, . . . ,I. (4.22)
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Figure 4.6: Long-term simulations of the CGNSDE with the DA loss starting from the initial
state of test data for the projected stochastic Burgers–Sivashinsky equation. Panel (a): time
series of each state. Panels (b) and (c): PDFs and ACFs.

The model can be regarded as a coarse discretization of atmospheric flow on a latitude circle
with complicated wave-like and chaotic behavior. It schematically describes the interaction
between small-scale fluctuations with larger-scale motions. It is widely used as a testbed for
DA, state forecast, uncertainty quantification, and parameterization in numerical weather
forecasting [254, 256]. Notably, depending on the choice of the set of the observed and
unobserved variables, the Lorenz 96 equation (4.22) can be a CGNS or a non-CGNS. The
study based on the Lorenz 96 model includes three cases:

1. The true dynamics is a CGNS with spatially homogeneous statistics. The system has
constant parameters such that the spatial patterns are statistically homogeneous. In
other words, different grids, indicated by different indices i in (4.22), have the same
equilibrium statistics. Two-thirds of the states are observable, and the other one-
third are unobserved. In such a way, the true model becomes a CGNS. The primary
purpose of this test is to demonstrate the capability of the CGNSDE model in handling
relatively high-dimensional systems.

2. The true dynamics is a non-CGNS with spatially homogeneous statistics. The same
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spatially homogeneous system is utilized as in Case 1. Half of the states are observable,
and the other half are unobserved, so the true system becomes a non-CGNS. The
focus of this case is on demonstrating the capability of the CGNSDE in handling a
non-CGNS with a relatively high dimension.

3. The true dynamics is a non-CGNS with spatially inhomogeneous statistics. The
system has spatially dependent parameters, so the statistical behavior at different
grid points is inhomogeneous. The true system is a non-CGNS, with half of the
states being observable and the other half being unobservable. The main focus of this
case is on demonstrating that the performance of using the CGNSDE with a simple
translate-invariant neural network structure can handle spatially inhomogeneous
dynamics.

The following parameter values are adopted as in the true system for the first two cases
with homogeneous dynamics:

I= 36, Fi = 8, ci = 1, and σi = 0.5, (4.23)

and the parameters for the third case with inhomogeneous statistics are as follows,

I= 36, Fi = 8, ci = 2+1.5sin(2π(i−1)/I), and σi = 0.5. (4.24)

A time series of 300 units is generated, where the first 100 units are utilized for training,
and the remaining 200 units are applied for testing.

It is worth highlighting that the nonlinearity in Lorenz 96 is given by advection. Due to
its localized interactions between state variables, the complexity of the neural network part
can be significantly reduced. In particular, the number of neural networks will not increase
as a function of the dimension of the underlying system.

Case 1: CGNS that is spatially homogeneous
Figure 4.7 includes a model simulation and the associated statistics of the true Lorenz 96
system (4.22) with parameters in (4.23). Panel (a) shows the spatiotemporal patterns (i.e.,
the Hovmoller diagram), where the propagation of waves and the chaotic pattern of the
system can be seen. Panel (b) shows the time series of x1, where the associated PDFs and
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ACFs are displayed in Panels (c)–(d). The behavior at other grid points is similar since the
system is statistically homogeneous in space.
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Figure 4.7: Model simulation and statistics of the noisy Lorenz 96 system with parameters
in (4.23). Panel (a): the Hovmoller diagram of the spatiotemporal patterns. Panel (b): time
series of x1. Panel (c): the PDF of x1. Panel (d): the ACF of x1. Note that the PDF and ACF
are estimated from a simulation longer than the one presented in Panel (b). The behavior at
other grid points is similar since the system is statistically homogeneous in space.

In this case, the observed state variables are u1 = [x1,x2,x4,x5, . . . ,x34,x35] ∈ R24 and
the unobserved variables are u2 = [x3,x6, . . . ,x36] ∈ R12. With such a choice, the Lorenz 96
system can be formalized as a CGNS in (4.1).
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Since the Lorenz 96 model in such a case is already a CGNS, if the causal inference is
applied, then the knowledge-based model will fully recover the true dynamics. As in the
Lorenz 84 test case, an intrinsic bias in the prior knowledge is introduced on purpose to
allow neural networks to play some roles in improving the model behavior. To this end, the
candidate function library is assumed only to contain linear functions. Therefore, applying
causal inference leads to the part of the knowledge-based regression model with the correct
linear structure of the original system. The remaining information of the system will be
characterized by neural networks.

With the linear terms identified by the causal inference, the CGNSDE reads

dxi
dt =



if i mod 3= 1 :
F̃+ c̃xi+NN(1)

1 (xi−2,xi,xi+1;θ1)+

NN(1)
2 (xi−2,xi,xi+1;θ1)xi−1+

NN(1)
3 (xi−2,xi,xi+1;θ1)xi+2+σiẆi,

if i mod 3= 2 :
F̃+ c̃xi+NN(2)

1 (xi−1,xi,xi+2;θ2)+

NN(2)
2 (xi−1,xi,xi+2;θ2)xi−2+

NN(2)
3 (xi−1,xi,xi+2;θ2)xi+1+σiẆi,

if i mod 3= 0 :
F̃+ c̃xi+NN(3)

1 (xi−2,xi−1,xi+1,xi+2;θ3)+

NN(3)
2 (xi−2,xi−1,xi+1,xi+2;θ3)xi+σiẆi,

(4.25)

where “mod” denotes the standard modulo operation that calculates the remainder, and
i = 1,2, . . . , 36. The NN(i)

j in (4.25) stands for the j-th output of i-th neural network. The
CGNSDE is developed by taking advantage of the fact that state variables only have localized
dependence. For i mod 3 = 1, xi are the observed variables, and their nearby dependent
state variables are (xi−2,xi−1,xi+1,xi+2), in which xi−1 and xi+2 are unobserved. Therefore,
the first part of (4.25) is constructed to satisfy the CGNS form, with linear dependency on
nearby hidden states xi−1 and xi+2. The second part of (4.25) can be constructed similarly,
while the third part has a different form from the previous two, mainly because xi are
unobserved state variables for i mod 3 = 0. The three neural networks all have 3 layers
with 57, 57, and 64 parameters, respectively.
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It is worth noting that the same neural network (with the same structures and parameters)
is utilized for each set of state variables with different indices i. For example, the first neural
network NN(1) appears in the governing equations of x1,x4, . . . ,x34. This is due to the
translate-invariant structure of the Lorenz 96 system, which is assumed to be a known
feature in developing the CGNSDE. By applying such a physical property, the complexity of
the neural network part can be significantly reduced since, otherwise, the number of neural
networks will scale as a function of the dimension of the underlying system. Furthermore,
when the statistics are homogeneous, the effective length of the training data equals the
actual length of the observations multiplied by the number of grids. This means that with a
large number of grids, a short segment of the model observations is usually sufficient to
train the neural network.

The CGNSDE without the DA loss has been trained by minimizing the forecast MSE in
(4.11) withNs = 1. This training method based on one-step state prediction is formalized by
training the model to approximate the mapping from states to dynamics in practice. Then
the CGNSDE with the DA loss will be retrained byNs = 5,Nl = 10000 andNb = 500, which
means the matching time of states prediction is 0.05 time units and the DA generation time
is 100 time units with the first 5 time units being omitted as the burn-in period for DA. The
Adam optimizer is selected with 10−3 learning rate.

The performance of the three models in the test period is summarized in Table 4.4. The
forecast MSE is calculated by 0.2 units of state prediction, while the DAMSE and DA negative
log-likelihood are based on 200 units. The knowledge-based model with only simple linear
structures fails to approximate the underlying dynamics from data, resulting in substantial
errors in both forecast and DA. Compared to this knowledge-based regression model, the
CGNSDE without DA loss can significantly improve the forecast and DA performance after
introducing the neural network components. By further incorporating DA loss in training,
the CGNSDE slightly reduces the DA error in the test period but somewhat increases the
forecast error. Notably, the MSE and negative log-likelihood of the data assimilation solution
using the true Lorenz 96 system are 0.05284 and 1.0723, respectively, similar to the results
from the two CGNSDEs. The comparable performance of the two CGNSDEs is not too
surprising, since the true system is a CGNS so the CGNSDE with only the forecast loss may
have already fully captured the true underlying dynamics. However, as seen below, this will
not be the case when the true system is a non-CGNS.

Figure 4.8 shows the long-term simulation of CGNSDEwith the DA loss and compares the
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Table 4.4: Lorenz 96 system (Case 1): Performance of the models in the test period.

Forecast MSE DA MSE DA Neg-Log-Likelihood
Knowledge-based regression model 3.8283 13.7121 33.8079

CGNSDE without DA loss 0.0410 0.0764 3.9665
CGNSDE with the DA loss 0.0506 0.0690 2.9490

results with the true system. As shown in Panel (a), the CGNSDE model can produce stable
long-term simulation, which captures the wave propagation and the chaotic pattern of the
underlying dynamics. Since the CGNSDE model in (4.25) has different types of expressions,
one state of each kind is presented in Panel (b). The model successfully captures the overall
patterns of the true time series, with a slight overestimate of the amplitude in x1 and x2.
Panels (c) and (d) show the associated PDFs and the ACFs, confirming that the long-term
statistics from the CGNSDE model are overall comparable to the truth, even though the
forecast loss in the training period is based only on a much shorter time series data.

Case 2: Non-CGNS that is spatially homogeneous
In this case, u1 = [x1,x3,x5, . . . ,x35] ∈ R18 are the observed variables and u2 =

[x2,x4, . . . ,x36] ∈ R18 are unobserved. By doing so, the true Lorenz 96 system [u1,u2]T

becomes a non-CGNS.
The causal inference method is utilized to identify significant knowledge-based compo-

nents. The function libraries (4.6) are different for state variables u1 and u2 to guarantee the
overall conditional Gaussian structures. The results of causation entropy are summarized in
Table 4.5. The selected quadratic basis for xi ∈ u1 are [xi,xi+1,xi−2xi−1,xi−1xi+2,xixi+1],
while for xi ∈ u2 are [xi,xi−2xi−1,xi−1xi+1].

Table 4.5: Lorenz 96 system (Case 2): causation entropy from the candidate functions
contributing to the dynamics. The significant values are highlighted in bold font.

ẋ
i

i
m
od

2=
1 xi−2 xi−1 xi xi+1 xi+2 x2i−2 x2i x2i+2 xi−2xi−1

0.000 0.007 0.013 0.025 0.001 0.006 0.003 0.001 0.247
xi−2xi xi−2xi+1 xi−2xi+2 xi−1xi xi−1xi+2 xixi+1 xixi+2 xi+1xi+2
0.003 0.007 0.003 0.008 0.014 0.015 0.004 0.001

ẋ
i

i
m
od

2=
0 xi−2 xi−1 xi xi+1 xi+2 x2i−1 x2i+1 xi−2xi−1 xi−2xi+1

0.000 0.000 0.085 0.000 0.000 0.001 0.000 0.820 0.000
xi−1xi xi−1xi+1 xi−1xi+2 xixi+1 xi+1xi+2
0.000 0.726 0.000 0.000 0.000

With the selected candidate functions, the knowledge-based regression model (KRM) is
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Figure 4.8: Long-term simulation results of CGNSDE with the DA loss for the Lorenz 96
system (Case 1). Panel (a): Hovmoller diagram of all states. Panel (b): time series of the
first three states. Panel (c) and (d): probability density function (PDF) and auto-correlation
function (ACF).
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given by:

dxi
dt =



if i mod 2= 1 :

KRM1 = a0+a1xi+a2xi+1+a3xi−2xi−1+a4xi−1xi+2+a5xixi+1+σiẆi

if i mod 2= 0 :

KRM2 = b0+b1xi+b2xi−2xi−1+b3xi−1xi+1+σiẆi.
(4.26)

After introducing the neural network components, the CGNSDE can be written in the form:

dxi
dt =



if i mod 2= 1 :
KRM1+NN(1)

1 (xi−2,xi,xi+2;θ1)+

NN(1)
2 (xi−2,xi,xi+2;θ1)xi−1+

NN(1)
3 (xi−2,xi,xi+2;θ1)xi+1,

if i mod 2= 0 :
KRM2+NN(2)

1 (xi−1,xi+1;θ2)+

NN(2)
2 (xi−1,xi+1;θ2)xi−2+

NN(2)
3 (xi−1,xi+1;θ2)xi+

NN(2)
4 (xi−1,xi+1;θ2)xi+2,

(4.27)

where again the localization is imposed, i.e., dxi/dt only depends on nearby states
(xi,x±1,x±2). The NN

(i)
i in (4.27) stands for the j-th output of i-th neural network. The

two neural networks have 5 layers with 438 parameters and 3 layers with 70 parameters,
respectively.

With the same training and testing settings listed in Case 1, the test results of three
models are summarized in Table 4.6. The CGNSDE without DA loss can outperform the
knowledge-based regression model in both state forecast and DA. After retraining with
the DA loss, the CGNSDE can further reduce the DA MSE and the negative log-likelihood
at the expense of a slight increment in the forecast MSE. The DA MSE and DA negative
log-likelihood of the reference solution from the EnKBF with the true system are 0.0771 and
13.9382, respectively.

Figure 4.9 compares the DA results of the unobserved state x2 from the regression
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Table 4.6: Lorenz 96 system (Case 2): Performance of the models in the test period.

Forecast MSE DA MSE DA Neg-Log-Likelihood
Knowledge-based regression model 1.1137 1.3592 58.9987

CGNSDE without DA loss 0.7952 0.9710 54.5143
CGNSDE with the DA loss 0.9482 0.5763 30.0057

model and the two CGNSDEs to the true system using the EnKBF. Although the CGNSDE
with the DA loss is still slightly worse than the perfect system, it is more skillful than the
regression model and the CGNSDE without the DA loss. It is also worth noting that, despite
some errors, the regression model gives an acceptable result. This demonstrates that the
explainable knowledge-based components determined by the causation entropy indeed play
an essential role in modeling the system and DA.
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Figure 4.9: DA results of the unobserved state x2 in the Lorenz 96 system (Case 2) for
the true system (using the EnKBF) and for the other three models. The uncertainties are
indicated by the grey colored regions, which correspond to two standard deviation from the
posterior mean.

Figure 4.10 shows the long-term simulation results of CGNSDE with the DA loss. Since
the CGNSDE has very different dynamics from the truth of such a highly chaotic system
and is trained based only on short-term forecast loss, it is not expected that the CGNSDE
will fully capture the dynamical features of the truth. Nevertheless, Panel (a) illustrates
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that the simulation from the CGNSDE preserves the chaotic features and irregular wave
propagations. The time series, as shown in Panel (b), validates the chaotic nature of the
simulation from the CGNSDE. Although the statistics shown in Panels (c) and (d) contain
some error, the overall variability and temporal dependence are reproduced by the CGNSDE.
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Figure 4.10: Long-term simulation results of the CGNSDE with the DA loss for the Lorenz
96 system (Case 2). Panel (a): Hovmoller diagram of all states. Panel (b): time series of the
first three states. Panel (c) and (d): The PDFs and the ACFs.

Case 3: Non-CGNS that is spatially inhomogeneous
The last case involves a spatially inhomogeneous case in the true system, which does

not satisfy the CGNS. The two neural networks have 5 layers with 543 parameters and 3
layers with 119 parameters, respectively.

Table 4.7 summarizes themodel performance in the test period. The two CGNSDEmodels
can improve the performance of state forecast and DA compared with the knowledge-based
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regression model. The CGNSDE with the DA loss in training has the lowest DA error
for the test data, with some trade-offs in forecasting accuracy compared to the CGNSDE
without DA loss. The DA MSE and DA negative log-likelihood of applying EnKBF to this
true inhomogeneous system are 0.0672 and 8.8427, respectively.

Table 4.7: Lorenz 96 system (Case 3): Performance of the models in the test period.

Forecast MSE DA MSE DA Neg-Log-Likelihood
Knowledge-based regression model 1.1625 1.2634 58.0666

CGNSDE without DA loss 0.2984 0.4903 38.1015
CGNSDE with the DA loss 0.3752 0.3794 26.2498

Panel (a) of Figure 4.11 displays the inhomogeneous spatiotemporal pattern of the true
system. Panel (b) shows DA results using the CGNSDE trained with the DA loss for several
states (x2, x12, x24 and x36), whose indices are distributed across the location range of
the system. The DA results are overall accurate. Note that half of the grid points with
the odd/even index numbers still share the same neural networks as in (4.27). Such a
computationally efficient strategy remains working well even for this inhomogeneous case.

4.1.5 Discussion and Conclusion

In this paper, a new knowledge-based and machine-learning hybrid modeling approach,
the CGNSDE, is developed. It aims to facilitate modeling complex dynamical systems and
implementing the associated DA. In contrast to the standard neural network predictive
models, the CGNSDE is designed to effectively tackle both forward prediction tasks and
inverse state estimation problems. The unique features of the CGNSDE are summarized as
follows:

1. The CGNSDE exploits a computationally robust causal inference method to develop
a parsimonious model with knowledge-based components that correspond to inter-
pretable physics.

2. Neural networks are supplemented to such knowledge-based components in a sys-
tematic way that allows closed analytic formulae for efficient DA.
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Figure 4.11: Model simulation and the DA results of the inhomogeneous Lorenz 96 system
(Case 3). Panel (a): Hovmoller diagram of all states in the true system. Panel (b): DA results
of the unobserved states x2, x12, x24, and x36 using the CGNSDE with the DA loss. The
associated uncertainties are indicated by the grey colored regions, which correspond to two
standard deviation from the posterior mean.
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3. The analytic formulae are used in an additional computationally affordable loss to
train the neural networks that explicitly improve the accuracy of the CGNSDE for
DA.

4. The DA loss function also advances the neural networks to enhance the performance
of identifying the causal relationship of the underlying system, further strengthening
the modeling skills.

5. The CGNSDE is more capable of estimating extreme events and quantifying the
associated uncertainty.

6. Crucial physical properties in many complex systems, such as the translate-invariant
local dependence of state variables, can significantly simplify the neural network
structures and facilitate the CGNSDE to be applied to high-dimensional systems.

Utilizing a hierarchy of numerical experiments, it is shown that the CGNSDE is skillful
in modeling and estimating the state of chaotic systems with intermittency and strong
non-Gaussian features. In particular, the additional neural network components allow the
CGNSDE to significantly outperform the standard regression models. It is also demonstrated
that the DA loss in the CGNSDE plays a vital role in enhancing the skill of state estimation,
which is not always highlighted in state-of-the-art neural network predictive models.

There are quite a few extensions of the current CGNSDE framework, which provides the
potential for the approach to be further improved and applied to a wide range of challenging
problems.

Other forms of the DA loss function. One of the crucial features of the CGNSDE
is the additional DA loss. In this paper, the loss is designed in the simplest possible way
by minimizing the error in the posterior mean time series related to the truth. Since the
posterior mean depends on the posterior covariance in (4.2), the information in the entire
posterior distribution is still utilized in such a setup. Nevertheless, the closed analytic
formulae for both the mean and covariance can be exploited more delicately. One natural
idea is to use the likelihood function as the DA loss (4.14), as was utilized as the validation
criterion in the numerical experiment section. The likelihood can be regarded as a weighted
MSE, where the square root of the time-varying covariance serves as the weight at each
time instant. One obvious advantage of using likelihood loss is that uncertainty will be
characterized more rigorously, especially when quantifying uncertainty and intermittency.
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CGNSDE with recurrent neural network. The neural networks in all the numerical
experiments of this study are the standard feed-forward networks. Such a simple setup allows
us to verify the crucial role of each unique feature of the CGNSDE in improving modeling
and DA skills. In practice, many other types of neural networks can be incorporated into
the CGNSDE. Particularly, including the memory in the signals is helpful for prediction
and state estimation. Since the DA formulae in (4.2) can depend on the entire history of
the observed variables u1(s⩽ t), it justifies the incorporation of the memory effects into
the neural networks in (4.4). One of the most natural ways in this direction is to adopt
recurrent neural networks [113, 338] in the CGNSDE. Other advanced techniques, such as
the transformer [339, 340], can also be included in the CGNSDE.

Discrete-in-time extension. Another natural extension of the current framework
is considering the situation with discrete-in-time observations, which appear in many
geophysical applications. This is an analog to the continuous-in-time DA framework in
this paper (4.2). Closed analytic formulae still exist when the observations arrive at discrete
instants [312].

4.2 Continuous-Time Conditional Gaussian Koopman

Network

Complex dynamical systems are ubiquitous across a wide range of scientific and engineering
fields, including climate science, geophysics, materials science, and neuroscience [1–4].
These systems are typically characterized by multiscale interactions, chaotic or turbulent
dynamics, non-Gaussian distributions, intermittency, and extreme events [7–12, 275]. For
decades, modeling complex dynamical systems has primarily relied on governing equations
derived from physical laws [282–285], which require a deep understanding of the underlying
physics. However, with the rapid growth of available data and computing resources, data-
driven approaches have become increasingly promising for modeling these systems [29, 30,
109]. These methods include sparse model identification [16, 20, 21, 105], reduced-order
models [17–19, 136, 287, 341], physics-informed machine learning [31–33, 39, 342–346],
stochastic parameterizations [13, 66, 83, 84], and deep learning techniques [40–42, 51].
Among these, deep learning is particularly flexible in capturing nonlinear dynamics and can
deliver superior forecast performance when sufficient training data is available, especially
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for systems with unknown governing equations. However, the highly nonlinear, black-box
nature of deep learning models poses significant challenges for outer-loop scientific machine
learning applications such as data assimilation.

Data assimilation (DA) [62–65, 71, 72] integrates observational data into models to
enhance state estimation. DA was originally designed to improve the estimation of initial
conditions for the real-time forecast. Nowadays, DA has wide applications in parameter
estimation, model identification, optimal control, and reconstructing missing data. DA
consists of a two-step procedure: a model forecast generates a statistical prediction, which
is then refined in the analysis step by incorporating new observations, improving accuracy,
and reducing uncertainty. Given the highly nonlinear nature of many complex dynamical
systems, ensemble DA [73–75, 347] has become one of the most widely used methods
in practice. Ensemble DA methods utilize an ensemble of realizations to approximate
probabilistic distributions of target states and update the ensemble accordingly when new
observations become available. When the governing equations of dynamical systems are
unknown or too costly to simulate, machine learning is often employed to assist DA. First,
machine learning can be used to build data-driven forecast models for DA [87, 89, 90, 218,
259, 301–303]. Second, machine learning with observers enhances the prediction of complex
systems, and the physics-informed machine learning can be used to assist in the design of
observers [296, 348, 349]. Third, machine learning can streamline the entire DA process by
developing end-to-end learning frameworks [81, 94, 95, 307–309]. A comprehensive review
of machine learning with data assimilation can be found in [88].

While separate end-to-end machine learning models can be developed for prediction and
DA, it is practically useful to design a unified deep learning framework that simultaneously
tackles both tasks. The framework aims to incorporate specific dynamical structures to
explicitly capture some aspects of the underlying physics, distinguishing it from fully black-
box models. The unique model structures can also be used to develop efficient forecasts and
DA algorithms.

In this paper, we develop a Conditional Gaussian Koopman Network (CGKN), which
is a deep learning framework designed to address the challenges of modeling complex
dynamical systems, performing efficient forecasts, and accelerating effective DA. The CGKN
is structured as a neural stochastic differential equation. It operates in three main steps: (i)
transforming the state of the original nonlinear system into that of a conditional Gaussian
nonlinear system, (ii) learning the dynamics of the conditional Gaussian nonlinear system
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to enable rapid state forecast and DA, and (iii) transforming the forecast and DA results
back into the original system. Notably, the transformations required in the first and third
steps are often unknown a priori, but they can be jointly learned along with the dynamics
of the conditional Gaussian nonlinear system.

It is essential to highlight two crucial building blocks of the CGKN. First, the conditional
Gaussian nonlinear system [193, 194, 312] encompasses a rich class of nonlinear and non-
Gaussian stochastic differential equations (SDEs), embedding a conditional linear structure
in the model. Many well-known complex nonlinear dynamical systems fit within the
framework of conditional Gaussian nonlinear systems, which have been exploited to develop
realistic systems and assist in creating numerous fast computational algorithms. Second,
in contrast to standard Koopman theory, which transforms the original nonlinear system
into a linear system [350–357], the CGKN aims to transform the original system into a
specific nonlinear system characterized by conditional linear structures. In this context, the
dynamics of the unobserved states become linear when the observed state is known, while
the interactions among different variables remain highly nonlinear. This intrinsic nonlinear
dynamics enables the model to capture extreme events and strong non-Gaussian features in
both joint and marginal distributions, with appropriate uncertainty quantification. Notably,
the conditional linear structure allows the development of analytic formulae for DA to
estimate unobserved states given the time series data of the observed states. With these
closed analytic formulae, the quantification of the DA performance can be easily integrated
into the loss function. It serves as an additional training criterion for the deep learning
framework that is both efficient and robust. The analytic formulae significantly enhance
the speed of DA and eliminate the need for empirical tunings as in the ensemble methods.
Additionally, it reduces the randomness and inaccuracies stemming from inevitable large
sampling errors. This approach has recently been explored in [110] and holds the potential
to enhance not only DA but also the quality of the learned model, particularly regarding the
probabilistic relationship between observed and unobserved states.

4.2.1 Problem Statement

Considering a complex dynamical system in the general form:

du
dt =M(u), (4.28)
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where u ∈Rdu denotes the system state andM :Rdu 7→Rdu is a real vector-valued analytic
function that describes the system dynamics. The system state u can be a high-dimensional
vector and the dynamics function M can be highly nonlinear. The system in the form
of (4.28) can encompass a wide range of complex dynamical behaviors including multi-
scale dynamics, chaos, turbulence, stochasticity, non-Gaussian statistics, intermittency, and
extreme events. In this work, we focus on partially observed dynamical systems, with
observed state variables denoted as u1 ∈ Rdu1 and the unobserved state variables denoted
as u2 ∈ Rdu2 . The unobserved states are the states that are not directly measured and to
be inferred from data of observed states through techniques of data assimilation (DA). To
explicitly discriminate the observed state variables u1 and unobserved state variables u2,
the true system in (4.28) is rewritten as:

du1
dt =M1(u1,u2),
du2
dt =M2(u1,u2),

(4.29)

where [u1;u2] = u,M1 : Rdu 7→ Rdu1 andM2 : Rdu 7→ Rdu2 are real vector-valued analytic
functions. The notation [·; ·] is used to denote the vertical concatenation of two column
vectors. The DA task targets at the conditional distribution p(u2(t)|u1(s),s⩽ t), where the
trajectory of u1 up to time t, namely u1(s⩽ t), is the observations while the state of u2 at t
needs to be estimated [63–65].

As a fundamental component of deep learning, a neural network is a computational
model inspired by the structure of biological neural networks, consisting of hierarchical
layers of neurons, each computing a weighted sum of inputs followed by a non-linear
activation function. The universal approximation theorem [26, 34, 35] states that a neural
network with at least one hidden layer, a sufficient number of neurons, and a non-linear
activation function can approximate any continuous function. Therefore, both M1 and M2,
which can be highly nonlinear functions, can be approximated by neural networks according
to universal approximation theory. With a sufficient amount of data, the approximation
of neural networks can be quite accurate, leading to a good performance of state forecasts.
However, the DA for the black-box neural-networks-based model would require techniques
such as the ensemble-based method, which are computationally expensive, could suffer
from sampling errors, and often require empirical tuning.
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In this work, we develop the Conditional Gaussian Koopman Network (CGKN) for
both state forecast and efficient DA. Instead of directly building a data-driven model for
state variables u1 and u2, the proposed framework leverages a generalized version of
the Koopman theory and exploits a proper transformation to map the unobserved state
variables u2 to latent state variables v, such that those latent variables are conditionally
linear in the system dynamics. Therefore, the observed state variables u1 and the latent state
variables v can be modeled by a conditional Gaussian nonlinear system [193, 194, 312], which
encompasses many nonlinear models across various disciplines with many applications in
natural science and engineering [257, 268, 315, 320–322, 358]. Importantly, the conditional
Gaussian nonlinear system facilitates the development of closed analytic formulae for
DA. The analytic formulae provide more efficient DA than those techniques developed
for nonlinear models and also enable the incorporation of DA performance into the loss
function when training the CGKN model. It is essential to highlight that the governing
equations of complex dynamical systems do not need to be known as CGKN is a data-driven
method based on deep learning. If the governing equations are available, CGKN can be
learned from the synthetic data generated from the simulation of the complex system and
then provides efficient data assimilation. Alternatively, even if the governing equations are
unknown, CGKN can still be learned using real data, for which this work assumes the data
of unobserved states is accessible at the offline training stage. With a pre-trained CGKN,
the inference processes, including both state prediction and efficient DA, do not require
data from unobserved states. A schematic overview of the CGKN framework, including its
application in state forecast and DA, is presented in Figure 4.12.

4.2.2 Generalized Koopman Operator for Continuous-Time System

Koopman theory [350] provides a linear perspective on nonlinear dynamical systems in
the form of (4.28) by describing the system in terms of the evolution of observable of the
system state. The observable h : Rdu 7→ R is a function in the Hilbert space operating on
the system state u. For the complex dynamical system in (4.28), the state transition operator
G∆t : Rdu 7→ Rdu over time interval ∆t is defined as:

G∆t
(
u(t)

)
:= u(t)+

∫ t+∆t
t

M
(
u(τ)

)
dτ. (4.30)
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Figure 4.12: Schematic diagram of conditional Gaussian Koopman network (CGKN) for a
partially observed system. The complex nonlinear dynamical system is transformed into the
conditional Gaussian nonlinear system via a generalized usage of Koopman theory, which
maps between the unobserved state variables and the latent state variables featured by
conditional linear dynamics. The unknown dynamics of the conditional Gaussian nonlinear
system are constructed by neural networks and jointly learned with the unknown nonlinear
mappings. The analytic DA formulae for the conditional Gaussian nonlinear system can
significantly accelerate DA process and also allow a computationally affordable DA loss to
be incorporated into the CGKN training process. The trained CGKN model can be used for
state forecasts and efficient DA, for which the computations are mainly performed in the
conditional Gaussian state space and then mapped back to the original state space.
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The Koopman operator K∆t is a linear operator acting on observable function h which
is defined as

K∆t(h) := h◦G∆t, (4.31)

where ◦ denotes function composition.
Furthermore, the Koopman infinitesimal generator L is defined as:

L := lim
∆t→0

K∆t(h)−h

∆t
, (4.32)

which characterizes the L as the rate of change of the observable h since K∆t(h(u(t))) =
h◦G∆t(u(t)) = h(u(t+∆t)).

Therefore, the evolution of observable h is governed by the Koopman infinitesimal
generator L which is a linear operator:

∂h

∂t
= Lh. (4.33)

In real application, the infinite-dimensional linear dynamical system and the linear
operator L are approximated by the finite-dimensional representations:

dv
dt =Av, (4.34)

where v ∈ Rdv is a finite-dimensional vector that approximates the infinite-dimensional
function h and the matrixA∈Rdv×dv is the linear dynamics of this discrete linear dynamical
system which approximates the linear operator L.

In this work, a generalized application of Koopman theory has been employed to linearize
the unobserved states u2 while retaining the nonlinearity of observed states u1 for the
partially observed dynamical systems in (4.29). The resulting conditional linear dynamical
system is called the Conditional Gaussian Nonlinear System (CGNS), which is written as:

du1
dt = f1(u1)+g1(u1)v+σ1Ẇ1,
dv
dt = f2(u1)+g2(u1)v+σ2Ẇ2,

(4.35)

where f1 : Rdu1 7→ Rdu1 , g1 : Rdu1 7→ Rdu1×dv , f2 : Rdu1 7→ Rdv , and g2 : Rdu1 7→ Rdv×dv
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are nonlinear functions of u1 to be learned from data. W1 ∈ Rdu1 and W2 ∈ Rdv are
independentWiener processes withσ1 ∈Rdu1×du1 andσ2 ∈Rdv×dv as the noise coefficients.
v = φ(u2) ∈ Rdv is called latent states with a nonlinear encoder φ : Rdu2 7→ Rdv . It is
worth noting that the conditional distribution of the latent variables p(v(t)|u1(s),s⩽ t) is
Gaussian, due to the conditional linear structure in (4.35), which facilitates efficient analytic
formulae of DA with more details discussed in Section 4.2.3.2. With the state prediction and
DA results of [u1;v], the corresponding original unobserved state variables can be obtained
via u2 =ψ(v) with the nonlinear decoder ψ : Rdv 7→ Rdu2 . The temporal derivative of the
system states du/dt is sometimes denoted as u̇ for short. The encoder φ, decoder ψ, and
the four nonlinear functions f1, g1, f2, and g2 are parameterized by neural networks and
are jointly learned from data {u⋆(tn)}

N
n=0. The neural networks that approximate the four

nonlinear functions are collectively referred to as η.

4.2.3 Architecture of Continuous CGKN

The CGKN comprises an encoderφ, a decoderψ, and sub-networks η. More specifically, the
architecture of CGKN consists of (i) an encoder that maps the original unobserved system
state variables to the latent state variables of a conditional Gaussian nonlinear system, (ii)
neural networks that approximate the unknown terms in the dynamics of the conditional
Gaussian nonlinear system, and (iii) a decoder that transforms the latent state variables of
the conditional Gaussian nonlinear system back to the original unobserved system state
variables. The architecture of CGKN is illustrated in Figure 4.13(a). As a high-level deep
learning framework, CGKN can integrate various neural network architectures, including
fully-connected neural networks, residual neural networks, convolutional neural networks,
and recurrent neural networks for encoder φ, decoder ψ, and sub-nets η. In this work, the
fully-connected neural networks are used to demonstrate the effectiveness and capability of
CGKN.

It is worth noting that the CGKN framework is also applicable to another general type
of a partially observed system, which consists of a dynamical model for the whole system
state and an observation mapping that partially extracts observable information from the
system state. This type of partially observed system can be formalized in the same form as
shown in (4.29) and then modeled by the CGKN in (4.35). This is achieved by retaining the
dynamical model and modeling the dynamics of the observations in relation to the system
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states, where the system state corresponds to the unobserved states u2 and the observations
correspond to the observed states u1 in (4.35). If the dynamics of observations do not exist or
if the observation time interval is large, a discrete-time version of CGKN can be employed.

v(tn) = φ(u2(tn))Encoder:

u2(tn) = ψ(v(tn))Decoder:

Conditional Gaussian Nonlinear Systemdu1
dt

= f1(u1) + g1(u1)v + σ1
·W1

dv
dt

= f2(u1) + g2(u1)v + σ2
·W2

Complex Dynamical System

du1
dt

= ℳ1(u1, u2)
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Figure 4.13: The architecture of CGKN and its applications for state prediction and data
assimilation. The CGKN approximates the true nonlinear complex dynamical system by a
modeled system with a conditional linear structure, which is also known as a conditional
Gaussian nonlinear system. The conditional linear structure is enabled by a proper choice
of latent state variables v as illustrated in (a). The nonlinear mappings between the original
state variables u2 and the latent state variables v are achieved via the encoderφ and decoder
ψ, which are jointly learned with the unknown functions f1, g1, f2, g2 of the conditional
Gaussian nonlinear system. The pre-trained CGKN can be used for state prediction and
efficient data assimilation as illustrated in (b) and (c).

4.2.3.1 Continuous CGKN for State Forecast

The CGKN model can be used for state prediction given an initial state u⋆(t0) =

[u⋆
1(t0);u⋆

2(t0)]. Firstly, the unobserved state variables u⋆
2(t0) are transformed into la-
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tent state variables v⋆(t0) via an encoder φ, which leads to the initial state of conditional
Gaussian nonlinear system uCG = [u1;v] for (4.35):

u⋆
CG(t0) =

[
u⋆
1(t0)

v⋆(t0)

]
=

[
u⋆
1(t0)

φ(u⋆
2(t0))

]
. (4.36)

Then, the state prediction of the conditional Gaussian nonlinear system at a future time
tn can be obtained by:

uCG(tn) =

[
u1(tn)

v(tn)

]
=

[
u⋆
1(t0)+

∫tn
t0
(f1(u1(t))+g1(u1(t))v)dt

v⋆(t0)+
∫tn
t0
(f2(u1(t))+g2(u1(t))v)dt

]
. (4.37)

Lastly, the predictive latent state variables v(tn) are transformed back into the original
unobserved state variables u2(tn) via a decoder ψ:

u(tn) =

[
u1(tn)

u2(tn)

]
=

[
u1(tn)

ψ(v(tn))

]
. (4.38)

In this work, the encoder φ, the decoder ψ, and the functions f1, g1, f2, g2 are jointly
learned to ensure a good state prediction performance, i.e., the difference between the state
prediction u(tn) and the true system state u⋆(tn) is small for a series of tn. This is achieved
by incorporating the state prediction performance into the loss function, and more details of
the loss function for training a CGKN model are summarized in Section 4.2.4. An illustration
of CGKN for state prediction is shown in Figure 4.13(b).

If the initial value of unobserved states u⋆
2(t0) are not given, the estimated unobserved

states via data assimilation after a warm-up period can substitute for the unknown true
initial value. The CGKN for DA is introduced in Section 4.2.3.2. Forecasting the entire
system state using data from partially observed states is one of the features of CGKN, and it
is worth noting that the performance of the state forecast will thus depend on the quality of
DA estimated unobserved states.

4.2.3.2 Continuous CGKN for Data Assimilation

In addition to the state prediction, the CGKN model can also be used for efficient DA.
This is achieved by the conditional linear structure in (4.35) and accounts for one of the
key highlights in the proposed CGKN framework. More specifically, despite the highly
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nonlinear dynamics of the coupled system, the conditional distribution p(v(t)|u1(s),s⩽
t) ∼ N(µv(t)),Rv(t)) is Gaussian. The mean µv and covariance Rv of this conditional
Gaussian distribution can be solved by closed analytic formulae:

dµv

dt = (f2+g2µv)+(RvgT1)(σ1σ
T
1)

−1
(
du1
dt −(f1+g1µv)

)
,

dRv

dt = g2Rv+RvgT2+σ2σ
T
2 −RvgT1(σ1σ

T
1)

−1(g1Rv).
(4.39)

Given the data of observed state variables {u⋆
1(tn)}

N
n=0, the posterior mean of latent state

variables {µv(tn)}
N
n=0 in (4.35) can be estimated based on the analytic formulae in (4.39).

Similar to the latent state variables, the posterior mean µv of the latent state variables
can also be transformed back to the mean estimation µ of the original unobserved state
variables u2 via the decoder ψ, i.e., µ(tn) ≈ ψ(µv(tn)). Although this direct nonlinear
transformation of the mean values is efficient, it is generally not valid for an arbitrary
nonlinear decoder. However, its validity can be greatly enhanced by a trainable decoder
with the DA loss being considered. In the DA process, the exact initial condition or initial
distribution of the DA solution is usually unknown. As a result, it takes some time for the
DA solution to stabilize and adjust to eliminate the inconsistency from the initialization.
During this initial period of DA, which is known as the warm-up period, the estimated states
may deviate from the actual values. Consequently, warm-up period is crucial for ensuring
that DA produces stable and accurate estimates for unobserved states before proceeding
with any analysis or decision-making. Therefore, the steps of DA for the warm-up period
are omitted in the evaluation of DA loss for training the CGKN. More details about the DA
loss are discussed in Section 4.2.4. An illustration of CGKN for DA is shown in Figure 4.13(c).

The effectiveness of DA depends on the observability of unobserved states, which
is the intrinsic property of the complex system described in (4.29). The observability of
unobserved states is determined by the dynamics functions M1 and M2. For instance, u2 is
fully observable if the observed states u1 sufficiently dictate the dynamics of u2 in such a
way that observing u1 over time gives all the necessary information to estimate u2 without
ambiguity. If theM1 andM2 are linear functions, the observability matrix condition can
be used to determine the full observability. u2 is not observable if the dynamics function
M1 of the observed state does not include u2. In this case, the observation of u1 does not
provide any information to infer the unobserved state u2, and consequently, CGKN will be
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unable to accurately predict future states using the estimated unobserved states from DA.
Efficient DA can be performed by CGKN with the analytic formulae in (4.39). The com-

putational complexity for this analytic approach is O(N3) where N= dv is the dimension
of the latent state. As a comparison, the computational complexity of ensemble DA methods
is O(JM2), where J is the ensemble size and M = du2 is the dimension of unobserved
states. To accurately approximate the probabilistic distribution of anN-dimensional random
vector, an ensemble size J= cM is typically required, where c denotes the sample size for
a single random variable. This leads to a resulting complexity of O(cMM2), which grows
exponentially due to the curse of dimensionality. In real-world applications, a much smaller
ensemble size is often adopted due to the restriction of computational resources, which
inevitably leads to issues originating from sampling errors, and various techniques (e.g.,
localization) have been developed to empirically deal with insufficient sample size in a
high-dimensional space. Therefore, compared with ensemble-based DA methods, which
are commonly used for nonlinear models, the analytic DA formulae of the CGKN model
can avoid sampling errors and reduce the computational cost. This allows the DA results
of CGKN to be incorporated into the loss function during the training procedure. In each
training step, the difference between the data of true unobserved state u⋆2 and the posterior
mean µ is quantified by a DA loss term, which promotes the DA performance of the trained
CGKN model. More details about the DA loss term and total loss function are summarized
in Section 4.2.4.

4.2.4 Learning Continuous CGKN from Data

In this work, the proposed CGKN model involves several terms to be determined from data,
including the encoder φ, the decoder ψ, and functions f1, g1, f2, and g2 in the conditional
Gaussian nonlinear system of (4.35). As illustrated in Figure 4.13, these unknown terms
are approximated by an autoencoder that contains both the encoder and the decoder and
deep neural networks for the unknown functions in the conditional Gaussian nonlinear
system. To train the autoencoder and the deep neural networks jointly, the total loss function
consists of four types of loss terms.

The first loss term is the autoencoder loss LAE, which essentially ensures that the latent
state variables v contain enough information of the original unobserved state variables u2.
This is achieved by minimizing the difference between the true data u⋆

2 and the outputs
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of autoencoder ψ(v⋆), where v⋆ =φ(u⋆
2). It is worth noting that the tunable nonlinearity

within the encoder φ allows the conditional linear dynamics of the latent state variables v
in (4.35), which is inspired by the Koopman theory, even though the true dynamics of u2

can be strongly nonlinear. The autoencoder loss LAE is defined as Eu⋆2 ∥u⋆
2−ψ(φ(u⋆

2))∥2.
The second and third loss terms are the forecast loss of the original state denoted as

Lu and the forecast loss of the latent state denoted as Lv. The Lu quantifies the difference
between true state u⋆ and the state prediction u, while the Lv measures the difference
between true latent state v⋆ = φ(u⋆

2) and latent state prediction v. The motivation for
incorporating the forecast loss of the original state variables u is straightforward, as one
of the applications for CGKN model is to provide state prediction of the true complex
dynamical system. On the other hand, we found that the forecast loss Lv of the latent state
variables v can enhance the predictive performance of the CGKN model, and the main
reason is that the forecast loss Lv promotes the predictive capability of the conditional
Gaussian nonlinear system in (4.35). The formulas of forecast loss of the original state
Lu and the forecast loss of the latent state Lv are Eu⋆(t0)

1
Ns

∑Ns
i=1 ∥u⋆(ti) −u(ti)∥2 and

Eu⋆(t0)
1
Ns

∑Ns
i=1 ∥v⋆(ti)−v(ti)∥2, respectively, whereNs represents the number of forecast

steps.
The fourth loss term is the DA loss LDA, which is enabled by the efficient analytic

formulae in (4.39) to obtain the posterior mean µv of the latent state variables v. It is
worth noting that the DA performance of the original unobserved state variables u2 is of
actual interest. In this work, we directly map the posterior mean µv to approximate the
posterior mean µ of u2 via the decoder, i.e., µ≈ψ(µv). Although such an approximation
is often invalid for an arbitrary nonlinear decoder ψ, we enforce the difference between
the mapped posterior mean µ and the data of u2 to be small via the DA loss term, which
effectively promotes the nonlinearity within the trained decoder such that the direct mapping
of posterior mean values serves as a good approximation. In addition, the DA loss can
potentially enhance the discovery of probabilistic relation between the observed state
variables u1 and the unobserved ones u2 when training the CGKN model. The DA loss LDA
is defined as Eu⋆(t0)

1
Nl−Nb

∑Nl
j=Nb+1 ∥u⋆2(tj)−µ(tj)∥2, whereNl is the number of DA steps

and Nb is the warm-up period steps.
The total loss function for the training of CGKN model is then defined as:

L :=λAELAE+λuLu+λvLv+λDALDA, (4.40)
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with

LAE := Eu⋆2 ∥u
⋆
2−ψ(φ(u

⋆
2))∥2, (4.41)

Lu := Eu⋆(t0)
1
Ns

Ns∑
i=1
∥u⋆(ti)−u(ti)∥2, (4.42)

Lv := Eu⋆(t0)
1
Ns

Ns∑
i=1
∥v⋆(ti)−v(ti)∥2, (4.43)

LDA := Eu⋆(t0)
1

Nl−Nb

Nl∑
j=Nb+1

∥u⋆
2(tj)−µ(tj)∥2, (4.44)

where ∥ · ∥ denotes the standard vector ℓ2-norm and u⋆ indicates data from the true
system, and the expectations are estimated based on the samples in the training data. The
above loss terms involve some hyper-parameters, including the total time steps Ns for the
state forecast, the total time steps Nl for DA, and the warm-up period steps Nb for DA. For
the state forecast loss terms, the CGKN model starts from the same initial condition at time
t0 as the training data from the true system. For the DA loss term, a warm-up period is
often needed due to the effect of an inaccurate initial condition, and the warm-up period is
excluded from the evaluation of DA loss term.

The architecture of the CGKNmodel has been presented in Figure 4.13(a), which consists
of three neural-network-based components, including the encoder φ, the decoder ψ, and a
neural network η to approximate the unknown functions f1, g1, f2, and g2 in the conditional
Gaussian nonlinear system. Learning the unknown coefficients of those neural-network-
based components from data is to seek a minimizer of the following optimization problem:

min
θφ,θψ ,θη

(
λAELAE(θφ,θψ)+λuLu(θφ,θψ ,θη)+λvLv(θφ,θη)+λDALDA(θψ ,θη)

)
, (4.45)

which can be solved by standard stochastic gradient descent algorithms, and the gradient is
readily available via the implementation of the CGKN model on a platform that supports
automatic differentiation. A common choice for the gains is λAE = 1/du2 , λu = 1/du,
λv = 1/du, and λDA = 1/du2 , which scale each loss function by a factor of the inverse of
the respective vector’s dimension. The resulting loss functions are the mean squared error
(MSE) between the true data and the approximated data. In practice, the gains can also be
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set as hyper-parameters or manually adjusted based on the domain knowledge of users.

4.2.5 Uncertainty Quantification for Continuous CGKN

4.2.5.1 Uncertianty Quantification for State Forecast

It is important to note that the noise coefficients σ1 and σ2 of the conditional Gaussian
nonlinear system in (4.35) are required to evaluate the DA loss term for the CGKN model
using the analytic formulae in (4.39). The coefficient σ1 represents the noise associated
with the observed state u1. Assuming σ1 is a diagonal matrix, its diagonal elements can be
estimated through the quadratic variation of a pre-trained CGKN model without the DA
loss component:

diag(σ1) =

√√√√∆t

Nt

Nt∑
n=1

(
u̇⋆
1(tn)− u̇1(tn)

)
⊙
(
u̇⋆
1(tn)− u̇1(tn)

)
,

diag(σ2) =

√√√√∆t

Nt

Nt∑
n=1

(
v̇⋆(tn)− v̇(tn)

)
⊙
(
v̇⋆(tn)− v̇1(tn)

)
,

(4.46)

where ∆t denotes the time step of the training data,Nt represents the total number of time
steps in the training data, and the notation⊙ signifies element-wise multiplication. In (4.46),
u̇⋆
1(tn) is the time derivative of the true observed state variables, which can be computed

by taking the numerical derivatives of u1 at time tn, while u̇1(tn) is the time derivative
of the corresponding prediction from the pre-trained CGKN model without the DA loss.
The v̇⋆(tn) is the time derivative of true latent states v⋆(tn) =φ(u⋆

2)(tn) and v̇(tn) is its
prediction.

Though σ2 can be estimated from (4.46), it represents the noise associated with the
latent state v, which does not physically exist and therefore lacks a true value. It can also be
assumed to be a diagonal matrix in the form cIdv , where c ∈ R is a scalar and Idv ∈ Rdv×dv

is the identity matrix. In addition, σ2 in the analytic formulae of (4.39) acts as a bias term,
and thus c can be treated as either a trainable parameter or a constant. In this work, the
scalar c is manually set as a constant.
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4.2.5.2 Uncertianty Quantification for Data Assimilation

It is worth noting that the uncertainty quantification of the original unobserved state
variables u2 poses a challenge, which essentially requires mapping the conditional Gaussian
distribution of the latent state variables v through the nonlinear decoder ψ. For a weakly
nonlinear decoder, this could be achieved efficiently via accessing the Jacobian of the decoder.
In cases where the decoder is strongly nonlinear but the dimension of the latent space is
relatively low, the unscented transform can serve as an effective method to estimate the
uncertainties in u2. However, the learned decoder of the CGKN model may exhibit strong
nonlinearity and operate in a high-dimensional latent space, which prevents an efficient
quantification of the uncertainties in u2 based on existing methods.

To efficiently quantify the uncertainties associated with the posterior mean of the un-
observed state u2, this work explores a post-processing tool based on residual analysis.
Residual analysis [359–361] is a method used in statistical modeling and stochastic com-
puting to assess how well a model fits the observed data. With a trained CGKN model,
we can perform efficient data assimilation via (4.35) and the decoder ψ to obtain posterior
mean {µ(tn)}

N
n=0 of unobserved state u2. The residual r is then calculated as the absolute

difference between true data u⋆2 and the DA posterior mean µ, i.e., r(tn) = |u⋆2(tn)−µ(tn)|,
for n = 0,1, ...,N. The residual r is used to indicate the uncertainties associated with the
posterior mean µ. In practice, the residual r is assumed to be a function of observed state
variables u1, and the function can be approximated by an auxiliary neural network, with the
standard regression task based on a dataset of {(u⋆

1(tn),r(tn))}Nn=0 that are available from
a trained CGKN model. Under Gaussian assumption, the output of the trained auxiliary
neural network can be regarded as estimated standard deviation of the associated posterior
mean from maximum likelihood estimation (MLE).

4.2.6 Numerical Experiments

To demonstrate the capability of CGKN in both state prediction and DA, we test it on several
complex dynamical systems and compare its performance against other models. Specifically,
the tested systems include the projected stochastic Burgers–Sivashinsky equation, which
exhibits strong intermittency and extreme events, the Lorenz 96 system with 40 state
variables, and a multiscale non-Gaussian climate phenomenon — the El Niño Southern
Oscillation (ENSO).
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The models that have been tested for each system are summarized as follows:

(i) The true model. This corresponds to the governing equation of the complex dynamical
systems in (4.29). State predictions are made by averaging ensemble simulations from
any given initial state, while DA results are obtained using the ensemble Kalman-Bucy
filter (EnKBF) [72] based on data from observed states. In this work, the EnKBF is
employed exclusively by this model for DA, while other models use the analytic DA
formulae from (4.39) to ensure a fair comparison. The test results from the true model
serve as a benchmark for optimal performance, though they may not always be the
best in practical applications.

(ii) Conditional Gaussian Koopman network (CGKN). This is the model depicted in Fig-
ure 4.13(a). Without requiring any prior knowledge of the governing equations of the
true complex dynamical systems, the CGKN model demonstrates performance compa-
rable to the true model in both state prediction and DA. Furthermore, it significantly
improves the efficiency of DA due to the analytic DA formulae provided in (4.39).

(iii) Standard Koopman network (Standard KoopNet). This model applies the standard
Koopman theory to the dynamics of the unobserved state u2, resulting in a linear
governing equation for the latent state variables v, rather than the nonlinear but
conditionally linear structure of v found in the CGKN model. It is worth highlighting
that this model still retains a strongly nonlinear structure in the dynamics of u1. The
detailed form of the standard Koopman network is:

du1
dt = f1(u1)+g1(u1)v+σ1Ẇ1,
dv
dt = F2+G2v+σ2Ẇ2,

(4.47)

where F2 ∈ Rdv and G2 ∈ Rdv×dv are two parameter matrices with other components
staying the same as the CGKN model in (4.35). This standard application of the
Koopman operator remains to impose a conditional Gaussian structure on the model,
but the linear governing equation for v overlooks the contribution of the observed
state u1. Numerical results show that, in comparison to the standard KoopNet model,
the CGKN model’s conditional linear structure in the governing equation of v can
further enhance its expressiveness. The comparison between the CGKN and the
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standard KoopNet model highlights the crucial role of the conditional linear, yet
still nonlinear, structure in the governing equation of v in the former. The standard
KoopNet can be viewed as a simplified version of CGKN where the latent dynamics do
not explicitly depend on the observed states. If the true dynamical system possesses
this characteristic, then the expressiveness of the standard KoopNet is sufficient for it
to perform comparably to CGKN.

(iv) Conditional Gaussian regression (CG-Reg). This is a regression model from system
identification that involves two steps: (i) identifying significant basis functions from
a library of system dynamics using a causal-based metric called causation entropy
[201–204, 221, 362], and (ii) estimating the coefficients of these significant basis
functions via the least squares method or maximum likelihood estimation. The library
is specifically designed to ensure that the resulting regression model conforms to
the structure of the conditional Gaussian nonlinear system in (4.35), allowing the
analytic formulae in (4.39) to still be applied for DA [20]. In this work, this specially
designed library is referred to as the CG-library, which requires that the unobserved
state variables u2 appear linearly in all the basis functions. The detailed form of the
CG-Reg model is as follows:

du1
dt =Ξ1Φ+σ1Ẇ1,
du2
dt =Ξ2Φ+σ2Ẇ2,

(4.48)

where Φ= [ϕ1(u1,u2), . . . ,ϕM(u1,u2)]T ∈ RM is a CG-library with u2 incorporated
linearly in each basis function ϕi while Ξ1 ∈ Rdu1×M and Ξ2 ∈ Rdu2×M are two
matrices storing the coefficients of the basis functions in the CG-Library Φ. Although
the CG-Regmodelmay have better interpretability, it often exhibits worse performance
of state prediction and DA compared to the CGKN model, mainly due to the fact
that some important basis functions may be missing in the CG-library for real-world
applications. This comparison highlights the expressiveness of the neural networks
in the CGKN model.

(v) Deep neural network (DNN): It is a black-box surrogate model based on neural
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networks. It reads:
du
dt = NN(u)+σẆ, (4.49)

where u is the original system state variables including both the observed and un-
observed ones. This DNN model does not follow the conditional Gaussian structure,
and therefore, the analytic formulae in (4.39) cannot be applied for efficient DA. Nu-
merical results demonstrate that the DNN model achieves state forecast performance
comparable to that of the CGKN model; however, the additional key advantage of the
CGKN model lies in its unique efficiency in DA.

For all numerical test cases, we assume that both the training and testing data include
observed and unobserved state variables, although the inference of a trained CGKN does
not require unobserved state variables. To evaluate the performance of models in both state
prediction and DA across all examples, the normalized root mean squared error (NRMSE) is
used:

NRMSE :=
1
M

M∑
i=1

√
1
N

∑N
n=1

(
x⋆i (tn)−xi(tn)

)2
std(x⋆i )

, (4.50)

where x⋆(tn) ∈ RM is the true variables at the time step tn, x(tn) is the approximated
variables, xi(tn) denotes the i-th variable, and std(·) corresponds to the standard deviation
estimated by the samples from different time steps tn = 1, ...,N. The NRMSE between true
state variables and predictive ones is referred to as the forecast error, and the NRMSE
between the true state variables and estimated state variables from DA is referred to as
the DA error. Both forecast error and DA error are calculated using test data. The forecast
error is calculated based on the same total forecast time steps in training. In contrast, the
DA error is calculated over the whole time range of the test dataset. The test results for all
models and all numerical examples are summarized in Table 4.8.

4.2.6.1 The Projected Stochastic Burgers–Sivashinsky Equation: A Strongly
Nonlinear System with Intermittency and Extreme Events

The Fourier-Galerkin projection of the stochastic Burgers–Sivashinsky equation

∂tu=
(
ν∂xxu+λu−u∂xu

)
+Ẇ(t,x)
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Table 4.8: Test results of state forecast and data assimilation of all models for each example.
The errors are the normalized root mean squared error (NRMSE) between true values and
approximated values.

Models
Examples PSBSE Lorenz 96 ENSO PDE

Forecast Error DA Error Forecast Error DA Error Forecast Error DA Error
True Model 2.4566e-01 6.9466e-01 4.3874e-02 6.9582e-02 6.5406e-01 —

CGKN 2.8389e-01 7.2776e-01 6.3738e-02 9.4883e-02 6.4762e-01 1.3518e-01
Standard KoopNet 3.7600e-01 7.5069e-01 3.0589e-01 2.7252e-01 6.8473e-01 2.3490e-01

CG-Reg 2.7766e-01 1.2884e+00 2.7631e-01 3.5670e-01 9.8751e-01 NaN
DNN 2.4728e-01 — 4.5174e-02 — 6.4845e-01 —

subject to homogeneous Dirichlet boundary conditions is the so-called projected stochastic
Burgers–Sivashinsky equation (PSBSE) [333]:

dx
dt = βxx+αxy+αyz+σxẆx,
dy
dt = βyy−αx

2+2αxz+σyẆy,
dz
dt = βzz−3αxy+σzẆz.

(4.51)

The PSBSE in (4.51) is a stochastic differential equation with energy-conserving quadratic
terms and additive Gaussian white noise. The coefficient of the linear terms βx is positive
to introduce instability into the system, and βy and βz are negative to linearly damp the
system. The coefficient α > 0 controls the non-linearity of the system. In this example, the
simulation parameters are set as:

βx = 0.2, βy =−0.3, βz =−0.5, α= 5,

σx = 0.3, σy = 0.5, σz = 0.5,

∆t= 0.001, and [x0,y0,z0]T = [1,1,1]T.

(4.52)

The simulation results of 1000 time units are generated and provide the data with a sub-
sampling step size ∆t= 0.01 time unit, where the first 800 units are utilized for training and
the remaining 200 units are employed for testing. Figure 4.14 shows part of the simulation
of PSBSE in panel (a), and the probability density functions (PDFs) and auto-correlation
functions (ACFs) in panels (b) and (c), respectively. The selection of parameters plays a crucial
role in the system’s behavior: the coefficient of linear terms βx = 0.2 introduces instability,
while βy =−0.3 and βy =−0.5 linearly dampens the system. Additionally, setting α= 5
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contributes significant non-linearity to the system. Under the parameter settings, the true
system demonstrates several complex characteristics, including intermittency, extreme
events, and non-Gaussian statistics, as illustrated in Figure 3.1. Among the three states, x is
set as the observed state, while y and z are set as unobserved states in this test case. This
setup of observed and unobserved states aligns with real-world applications since the state
x is the largest scale variable in the system.
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Figure 4.14: Simulation results of the projected stochastic Burgers–Sivashinsky equation,
with (a) time series of each state variable, (b) the PDFs of the corresponding state variable,
and (c) the ACFs of the corresponding state variable. It should be noted that the PDFs and
ACFs are estimated from much longer simulations than the one presented in panel (a).

With the encoder φ, the decoder ψ and the neural network η(x) that outputs f1(x),
g1(x), f2(x), and g2(x), the CGKN model for this example is written as:

dx
dt = f1(x)+g1(x)v+σxẆx,
dv
dt = f2(x)+g2(x)v+σvẆv,

(4.53)

where the latent state variables v are transformed from unobserved state variables [y,z]T via
the encoder φ. The dimension of v is set as 10 in this test case, and the sub-networks in the
CGKNmodel areφ :R2 7→R10,ψ :R10 7→R2, and η :R1 7→R121 with number of parameters
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θφ, θψ , and θη be 8778, 8770, and 5785 respectively. The fully connected neural networks
are used in CGKN, with the encoder φ, decoderψ and neural networks η each consisting of
five layers. The ReLU activation function is applied to all networks in CGKN. The training
settings of the CGKN include: state prediction time range [t0,tNs

] is 0.1 time units, and
the DA time range [t0,tNl

] is 50 time units with the warm-up period set as tNb
= 3 time

units. The weights in the target loss function are set as λAE = 1/du2 , λu = λv = 1/du, and
λDA = 1/du2 . The gradient descent optimizer is set as Adam with an initial learning rate of
1e-3 and a cosine annealing scheduler.

We investigate the performance of both state prediction and DA of all models on the
test data and report the results in Table 4.8. The forecast error is calculated by 0.1 time units
as the forecast time range and the DA Error is based on 200 time units as the DA time range.
For the true model, the ensemble number is set to 100 for both the ensemble mean forecast
and the EnKBF. The error in the true model primarily arises from intrinsic random noise in
the system, along with sampling errors of the ensemble methods. Consequently, the test
results of the true model serve as a benchmark for evaluating the performance of other
models. Among all other models, the CGKN model provides the best overall performance
in both state forecast and DA. Although the DNN model slightly outperforms the CGKN
model for state forecast, its black-box nonlinear architecture demands more computationally
expensive DA techniques, while the CGKN model can exploit the analytic formulae of (4.39)
for efficient DA. The forecast error from the CG-Reg model is slightly better than that of the
CGKN model. The main reason is that, except for the nonlinear yz term, all other terms in
the true system of (4.51) can still be successfully identified by the CG-Reg model if all those
terms have been included in the CG library. On the other hand, the CG-Reg model provides
the worst performance of DA, indicating that the nonlinear term of yz in the governing
equation of x plays an important role in the probabilistic relation between the observed
state variable x and the unobserved ones y and z. Regarding the standard KoopNet model,
the state forecast error is expected to be larger than that of the CGKN model, primarily
due to the omission of the contribution from the observed state variable x in the governing
equations of the unobserved state variables.

Figure 4.15 presents the DA results from the four models for estimating the unobserved
states [y,z]T based on the observed state x. To obtain the posteriormean estimates, the EnKBF
is employed for the true model, while the analytic formulae in (4.39) are used for the other
three models. The uncertainty regions for the true model and the CG-Reg model are derived
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from the EnKBF and the covariance evolution formula in (4.39), respectively. In contrast, the
uncertainty regions for the CGKN and the standard Koopman network are obtained using
the residual analysis method described in Section 4.2.3.2. The comparable performance
of the posterior mean estimation to that of the true model underscores the effectiveness
of the CGKN in DA. Furthermore, the estimated uncertainty region encompasses most of
the results from the true model, even though it remains narrower than that produced by
the true model with EnKBF. In this numerical test case, the DA results from the standard
KoopNet model shown in Figure 4.15(c) are comparable to those of the CGKN model, while
the results from the CG-Reg model in Figure 4.15(d) are noticeably inferior to those of the
other models, particularly for the unobserved state variable z.

4.2.6.2 Lorenz 96 System: A Forty-Dimensional Chaotic System

As a widely used numerical example for DA and climate modeling, the governing equation
of the single-scale Lorenz 96 system with stochastic noise is as follows [253, 254, 363]:

dxi
dt = (xi+1−xi−2)xi−1−xi+F+σẆi, i= 1,2,3, . . . ,I, (4.54)

where I= 40, F= 8 and σ= 0.5. Under the specified parameter settings, the Lorenz 96 system
exhibits chaotic and wave-like behaviors, allowing it to be regarded as a discretization of
atmospheric flow on a latitude circle. Therefore, the current choice of parameters makes
the system particularly useful for studying weather patterns and atmospheric dynamics in a
controlled yet realistic setting. We simulate the system for 500 time units with the time step
size ∆t= 10−3 with the above parameters. With a sub-sampling time step size ∆t= 0.01,
the first 300 time units are used as training data, and the rest 200 time units are used for
testing. Part of the spatial-temporal simulation results of the true system, including the time
series, the PDF, and the ACF of the state variable x2, are shown in Figure 4.16. Since the state
variables in this Lorenz 96 system are statistically homogeneous, i.e., each state variable
possesses identical statistical properties, the results of other state variables closely resemble
the ones of x2 shown in Figure 4.16. The PDF and ACF are calculated based on all the 300
time units of training data. In addition to the statistical homogeneity, locality accounts for
another feature of the Lorenz 96 system, i.e., the dynamics of a state variable only depend on
its nearby state variables. In this numerical test case, a classic DA setup is employed where
every second state of the Lorenz 96 system was designated unobserved. More specifically,



146

−2

−1

0

1

y

(a) True model

850 855 860 865 870
t

−2

−1

0

1

z

True signal

Uncertainty

True Model with EnKBF

Standard KoopNet

CGKN

CG-Reg

−2

−1

0

1

y

(c) Standard KoopNet

850 855 860 865 870
t

−2

−1

0

1

z

−2

−1

0

1

y

(b) CGKN

850 855 860 865 870
t

−2

−1

0

1

z

−2

−1

0

1

y

(d) CG-Reg

850 855 860 865 870
t

−2

−1

0

1

z

Figure 4.15: DA results of the projected stochastic Burgers–Sivashinsky equation. EnKBF
is used for the true model and analytic formulae are used for the other three models. The
uncertainties are indicated by the grey-colored regions, which correspond to two estimated
standard deviations from the posterior mean. The uncertainty area of the CGKN model and
the standard KoopNet model are estimated based on the method of residual analysis.
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the system is partially observed with the observed state variables being odd indexed, i.e.,
u1 = [x1,x3, . . . ,x39]T, and the unobserved ones being even indexed, i.e., u2 = [x2,x4, . . . ,x40]T.
From this setup, we demonstrate that the physics information, including homogeneous
property and local spatial structure, can be compiled into CGKN, which forces the model to
be consistent with prior conditions and reduces computational costs.

In this work, locality and homogeneity are both incorporated into the models if possible.
More specifically, we assume that dxi/dt only depends on the local state variable xi and
two nearby state variables [xi−2,xi−1,xi+1,xi+2]

T. On the other hand, the homogeneity
indicates that the model that approximates the dynamics dxi/dt based on its dependent
state variables is consistent for every i. It is worth noting that the models with conditional
Gaussian structure only allow incorporating the homogeneity of the model form for the
observed state variables and the unobserved ones separately, while the training data can still
inform the models that all state variables of the true system are statistically homogeneous.

In the CGKN model, the autoencoder is also designed to account for locality and homo-
geneity. For instance, the unobserved state variables x2i−2 and x2i+1 nearby the odd-indexed
observed state variable x2i−1 are transformed to latent state v(i) = [v(i)1 ,v(i)2 , . . . ,v(i)J ] via
encoder φ for i= 1,2, . . . , 20.

With the encoder φ, decoder ψ and the DNNs η including NN(v) =

[NN(v1),NN(v2), . . . ,NN(vJ)] and NN(u1), the framework of CGKN with locality and
homogeneity reads:
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Figure 4.16: Simulation results and statistics of the Lorenz 96 system, with (a) the Hovmoller
diagram of the spatiotemporal patterns, (b) time series of x2, (c) the PDF of x2, and (d) the
ACF of x2. Note that the PDF and ACF are estimated from a simulation longer than the one
presented in panel (b). The behavior of other state variables is similar to x2 since the system
is statistically homogeneous.
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σvẆv

i=1, . . . , 20; j= 1,2, . . . ,J.

(4.55)

In this test case, the parameter J is selected as 6, and therefore, the dimension of latent
state dv in (4.35) is 20J= 120. The NN(u1)

i stands for the (i+1)-th output of the network
NN(u1) ∈R3 7→R19 which takes input (x2i−3,x2i−1,x2i+1) for dynamics dx2i−1/dt and simi-
lar to NN(vj) ∈R3 7→R31 which takes input (x2i−3,x2i−1,x2i+1) for dynamics dv(i)j /dt. Since
all the neural networks NN(vj) take the same inputs for each j= 1,2, . . . ,J, they are merged
into a single neural network NN(v) :∈ R3 7→ R186 which takes input (x2i−3,x2i−1,x2i+1)

for dynamics dv(i)/dt= [dv(i)1 /dt, dv
(i)
2 /dt, . . . , dv

(i)
J /dt]. When iterating NN(u1) across all

dynamics of observed state, the outputs will formalize the f1 ∈ R20×1 and g1 ∈ R20×120

in (4.35). Similarly, iterating NN(v) across all dynamics of latent state will formalize the
f2 ∈R120×1 and g2 ∈R120×120. One thing should be noted is that, due to the locality strategy,
the f2 and g2 are sparse matrices with zero elements representing non-interaction with
the uncorrelated states and non-zero elements filled by the outputs of NN(u1) and NN(v)

respectively. The sub-networks in the CGKN with locality and homogeneity of this test
case are φ : R2 7→ R6, ψ : R6 7→ R2 and η = [NN(u1),NN(v)] with the number of parameters
θφ, θψ and θη be 8646, 8942 and 5757, respectively. In the CGKN, the encoder φ, decoder
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ψ and sub-networks η including NN(v) and NN(u1) are all fully connected networks with
5, 5, 4, and 4 layers, respectively. The activation function is chosen as ReLU. The training
setup for CGKN is as follows: the state forecast horizon is tNs

= 0.2 time units, the DA
horizon is tNl

= 60 time units with the first tNb
= 2 time units be cut out. The weights

in the target loss function are set as λAE = 1/du2 , λu = λv = 1/du, and λDA = 1/du2 . The
gradient descent optimizer is selected as Adam with an initial learning rate of 1e-3 and a
cosine annealing scheduler. It is worth noting that the complexity of the CGKN incorporated
with the locality and homogeneity does not increase with the dimensionality of the Lorenz
96 system which makes CGKN scalable to even higher dimensions.

The test results for the different models are reported in Table 4.8. For the true model,
we use the mean of ensemble simulations for state prediction and employ the EnKBF for
DA, with an ensemble size of 100 for both tasks. Among all the other models, the CGKN is
the only one that achieves similar performance in both state forecast and DA compared to
the true model. In terms of state forecast, the DNN model performs slightly better than the
CGKNmodel. However, the CGKN’s advantage lies in its ability to avoid the computationally
expensive DA techniques typically required for nonlinear models, making it significantly
more efficient for DA. Regarding models that allow efficient DA, the standard KoopNet model
slightly outperforms the CG-Reg model; however, both models underperform compared to
the CGKN model.

Figure 4.17 illustrates the true state variables alongside the prediction results from
different models with a lead time of 0.2 time units. The Hovmoller diagram (namely, the
spatiotemporal field) of the true system and the simulation results from the CGKN model
indicate that the CGKN successfully captures the overall chaotic behavior and wave patterns.
The time series of state variables x1 and x2 from the true system, along with the forecast
results from the various models, are also presented in Figure 4.17. The results for other
observed and unobserved state variables are similar to those of x1 and x2 due to the statistical
homogeneity of this test case and are thus omitted. Notably, both the standard KoopNet
model and the CG-Reg model exhibit discrepancies compared to the truth, while the CGKN
model shows results that are more accurate. Although the standard KoopNet model performs
reasonably well in forecasting the observed variable x1, its performance for the unobserved
state variable x2 is inferior to that of the CGKNmodel. This discrepancy primarily arises from
the neglect of the contribution of observed state variables to the dynamics of unobserved
state variables in the standard KoopNet model, which is a crucial factor in the true system
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due to the quadratic term in (4.54).
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Figure 4.17: State forecast results with a lead time of 0.2 time units. Panel (a) and (b) are
the Hovmoller diagram of the true system and results from the CGKN model. The bottom
two panels show the true signal of states x1 and x2 and the corresponding results from three
different models.

Figure 4.18 presents the DA results of the unobserved state x2. In each panel, the lower
sub-figure provides a zoomed-in view of the upper one to clearly display the trajectory
and uncertain area. In this case, the DA results from the true model with EnKBF yield
a posterior mean that closely aligns with the true signal and a narrow uncertainty area,
which is obtained from the estimated covariance of ensemble simulations. The CGKN model
shows a good agreement with the true model and outperforms the standard KoopNet model
and the CG-Reg model. For the CG-Reg model, the uncertainty area is derived from the
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covariance evolution formula with a similar form of (4.39). For both the CGKN model and
the standard KoopNet model, the uncertainty area is based on the residual analysis method
described in Section 4.2.3.2.
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Figure 4.18: DA results of the unobserved state variable x2 in the Lorenz 96 system. EnKBF
is used for the true model, and analytic DA formulae are used for the other three models. The
uncertainties are indicated by the grey-colored regions, which correspond to two estimated
standard deviations from the posterior mean. The uncertainty area from the CGKN model
and the standard KoopNet model are derived from residual analysis.
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4.2.6.3 El Niño-Southern Oscillation (ENSO): A Multiscale Non-Gaussian
Phenomenon

The El Niño-Southern Oscillation (ENSO) is the most significant source of interannual
climate variability in the tropics, characterized by fluctuations in sea surface temperature
(SST) in the equatorial Pacific [364–367]. Its warm (El Niño) and cold (La Niña) phases
have profound effects on global weather patterns, ecosystems, and socioeconomic systems.
Accurate forecasting of ENSO is crucial for improving climate predictions and mitigating
the impact of extreme weather events.

A physics-based reference model is employed to generate synthetic ENSO data [368] for
training and testing different methods here. This model consists of a set of stochastic partial
differential equations (SPDEs) that describe the coupled dynamics of the atmosphere and
ocean. It effectively captures many realistic features observed in the real world, including
non-Gaussian statistics and variations in spatial patterns, peak intensity, and temporal
evolution. Its capability to generate much longer time series than actual observations
enables us to train and evaluate the skill of the CGKN on this complex natural phenomenon.
More details and the governing equations of the ENSO SPDEs are available in Appendix E.

The physical variables of focus here are SST T, thermocline depthH, and wind amplitude
ap. The thermocline is a layer in a body of water where temperature decreases rapidly with
depth, separating warmer surface waters from colder deep waters. SST and thermocline
depth are considered interannual variables, evolving much more slowly than wind, which is
classified as intraseasonal variability. SST is a commonly used indicator for measuring ENSO
events, and it is strongly coupled with thermocline depth, together forming an irregular
oscillator that reflects the interactions between the ocean and the sea surface. Despite its
faster timescale, wind acts as an external forcing that drives the ocean and SST variables.

We conducted two simulations, each spanning 2000 years, using the ENSO SPDEs, and
spatially averaged the state variables T (SST) and state H (thermocline depth) across three
longitudinal ranges. The resulting discrete state variables are denoted as TW , TC, TE for
the SST in the western, central, and eastern Pacific, respectively, along the equator, with
the same notation for HW , HC and HE for thermocline depth. It has been demonstrated
that these coarse-grained state variables are sufficient to capture the large-scale features
of ENSO dynamics [369, 370]. Together with the state variable wind burst amplitude ap,
one 2000-year simulation of all Ts and Hs is used as training data and the other one is for
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testing, with both datasets having a time step of ∆t= 1/360 (about 1 day).
Figure 4.19 displays a portion of the training data for TE, HW , and ap in panel (a), along

with their corresponding PDFs and ACFs in panels (b) and (c), evaluated using the entire
training dataset. In this ENSO test case, the observed state variables are TW , TC, TE, and
ap, while the unobserved ones are HW , HC, HE, with ap serving as an external variable.
The models, including CGKN, are trained on the data of all state variables and aim to
forecast both T and H states, while performing DA without access to H data. In practice,
SST data is obtained from satellite instruments, while directly measuring thermocline depth
is challenging. DA is involved in recovering the thermocline depth in practice. Therefore,
estimating thermocline depth from SST in this setup simulates a realistic scenario.
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Figure 4.19: Time series and statistics property of states TE,HW , ap derived from the ENSO
PDEs. Panel (a): part of time series of each state variable. Panel (b) and (c): probability
density function (PDF) and auto-correlation function (ACF) of the corresponding state. It
should be noted that the PDFs and ACFs are estimated from a much longer series than the
one presented in panel (a).

With the encoder φ, the decoder ψ and a neural network η that outputs f1, g1, f2, and
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g2, the CGKN model for this example is written as:

d
dt [TW ,TC,TE,ap]T = f1(TW ,TC,TE,ap)+g1(TW ,TC,TE,ap)v+σ1Ẇ1,

dv
dt = f2(TW ,TC,TE,ap)+g2(TW ,TC,TE,ap)v+σvẆv,

(4.56)

where v = φ(HW ,HC,HE) and [HW ,HC,HE]T = ψ(v). The latent state dimension of the
autoencoder is set as 10 in this test case. With this choice, the sub-networks in the CGKN
model are φ : R3 7→ R10, ψ : R10 7→ R3, η : R4 7→ R154 with number of parameters being
10554, 12970, 12963, respectively. In CGKN, the fully connected neural networks are used
for encoder φ, decoder ψ, and sub-network η, each consisting of six layers with ReLU
activation functions. For the training settings, the state forecast time range [t0,tNs

] is set
as 1 year, and DA time range [t0,tNl

] is 40 years with the warm-up period tNb
being 4

years. The weights in the target loss function are set as λAE = 1/du2 , λu = 1/du, λv = 0 and
λDA = 1/du2 . The gradient descent optimizer is selected as Adam with an initial learning
rate of 1e-3 and a cosine annealing scheduler.

The test results of all models for this case have been reported in Table 4.8. The ensemble
number of the true model for ensemble mean state forecast is set to 100. The DA error from
EnKBF has been omitted due to the computational resource required by the ENSO PDEs and
it is not the focus of this work. For the performance of state forecast, except for the CG-Reg
model, the other models achieve similar results with the standard KoopNet model ranked
the lowest. For the DA performance, the CG-Reg model becomes unstable and diverges over
the horizon of 2000 years from test data. The DA error of the CGKN model is the lowest,
outperforming the performance of the standard KoopNet. In this test case, the CGKN model
demonstrates optimal performance in both state forecast and DA compared to all other
models.

Figure 4.20 shows the lead time prediction of different models in terms of TE, which is
one of the most widely used ENSO indicator. The panels (a) and (b) display the NRMSE
and the pattern correlation between the true signal of state TE and its predictive states at
different lead times. The correlation is a standard measurement in climate science and it is
therefore included here. The NRMSE is calculated based on the formula of (4.50) and the
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correlation is from the formula:

Corr=
∑N
n=1

(
x⋆(tn)− x̄

⋆
)(
x(tn)− x̄

)√∑N
n=1

(
x⋆(tn)− x̄⋆

)2√∑N
n=1

(
x(tn)− x̄

)2 (4.57)

with x⋆ ∈RN is the true values of state time series, x is the approximated values, x(tn) is the
state at time tn. The x̄⋆ and x̄ are the time average of true values and approximated values.
In this example, the persistence model, a simple and commonly used prediction method for
ENSO, is considered. It assumes that ENSO conditions remain unchanged over time and
use the current values as future predictions. The persistence serves as a baseline model
for evaluating other computational models. The panels showing NRMSE and correlation
indicate that both the CGKN model and the standard KoopNet model produce stable and
accurate state forecast results across various lead times, demonstrating the effectiveness
of these deep learning models. In contrast, the CG-Reg model exhibits a rapid decline in
forecast performance due to its omission of certain key dynamics in the parametric forms,
while the persistence model performs the worst among all the models. Panels (c)-(d) show
the time series of the true state and predictive states at a lead time of 3 months, 6 months, 9
months, and 12 months, respectively. For the lead time prediction at 3 months in panel (c),
all the models including persistence can almost follow the true signal. However, with the
lead time becoming longer, the deviation and shift pattern of predictions from all models
have become more pronounced. For the 12-month lead time prediction in panel (f), although
the forecast skill of the CGKN model declines, it still performs the best overall. The model
maintains a correlation above 0.5 and significantly outperforms the persistence model.

Figure 4.21 shows the DA results from the CGKN model for estimating the unobserved
stateHW ,HC andHE given trajectories of observed state TW , TC, TE and ap. The governing
equations of the true model for ENSO are stochastic partial differential equations (SPDEs),
detailed in Appendix B. The SPDEs are computationally intensive and time-consuming
for ensemble methods to perform data assimilation effectively. For the CG-Reg model, the
DA result is very unstable and diverges quickly, leading to the finite-time blow-up of the
posterior mean and covariance. In addition, the standard KoopNet shows a similar DA
result to the CGKN. Therefore, Figure 3.8 primarily focuses on the DA results of CGKN
compared to the true signal. The DA posterior mean from the CGKN model is obtained by
applying the analytic formulae in (4.39), while the uncertainty areas are determined using
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Figure 4.20: Comparison of the lead-time forecast for state TE from different models.
Panel (a) and (b): skill scores including normalized root mean squared error (NRMSE) and
correlation of the CGKN model, standard KoopNet model, CG-Reg model, and Persistence.
Panel (c) - (f): comparison of the true signal and forecast results from different models at
lead times of 3, 6, 9, and 12 months, respectively, over the years 1020 to 1050.
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the method of residual analysis described in Section 4.2.3.2. The similarity between the
posterior mean from the CGKN model and the true signal confirms its capability in DA.
Although the posterior mean from the CGKN model shows does not perfectly match the
true signal occasionally, the uncertainty area can still cover the true data for most of those
times.

1020 1025 1030 1035 1040 1045 1050

−40

−20

0

20

40

H
W

1020 1025 1030 1035 1040 1045 1050

−40

−20

0

20

40

H
C

1020 1025 1030 1035 1040 1045 1050
Year

−40

−20

0

20

40

H
E

True signal CGKN Uncertainty

Figure 4.21: DA results of the unobserved state variables HW , HC, and HE derived from
physics-based PDEs for ENSO. The DA posterior mean is obtained from applying the analytic
DA formulae to the CGKN model and the uncertainty is estimated based on the method
of residual analysis. The uncertainties are indicated by the grey-colored regions, which
correspond to two estimated standard deviations from the posterior mean.

In addition to comparing the trajectories of the true states and approximated ones from
forecast and DA, the spatiotemporal simulation of T (SST) and H (thermocline) of the true
fields and the approximated ones are also presented in Figure 4.22. The approximated fields
are obtained from the reconstruction of discrete states Ts and Hs via a bi-variate regression



159

method:
T̃(x,t) = rW(x)TW(t)+ rC(x)TC(t)+ rE(x)TE(t),

H̃(x,t) = lW(x)HW(t)+ lC(x)HC(t)+ lE(x)HE(t),
(4.58)

where x is the longitude and t is the temporal variable. The regression coefficients rW(x),
rC(x), rE(x), lW(x), lC(x), and lE(x) are determined using the true signals at each grid
point of longitude x. The discrete states from either the spatial average of true simulation
or inference of the CGKN model are plugged into the regression formula in (4.58) to obtain
the reconstructed SST field T and reconstructed thermocline field H. Figure 4.22 shows the
spatial-temporal evolution of true simulations, true reconstruction from spatial-averaged
state Ts and Hs, and reconstruction from approximated ones via the CGKN model. In the
third column of left panel, the predictive spatial-temporal simulation of T is reconstructed
from 6-month lead time forecast of TW , TC and TE via CGKN. The corresponding time series
of TE is shown in Figure 4.20(d). The comparison to the true PDE simulation confirms the
capability of state forecast of the CGKN model since the overall pattern of the evolution of
SST can be reproduced. The DA results are shown in the right panel. The spatiotemporal
simulation ofH (thermocline) in the third column is reconstructed from the estimated states
TW , TC, and TE obtained by applying the analytic DA formulae in (4.39) to the CGKN model.
With these accurate DA posterior means of statesHs as shown in Figure 4.21, the successful
reconstruction of the spatially continuous H field is as expected.

4.2.7 Discussion and Conclusion

In this work, we propose a conditional Gaussian Koopman network — CGKN — as a unique
deep learning framework for modeling complex dynamical systems that facilitate both accu-
rate forecasts and efficient DA. The proposed framework is inspired by the Koopman theory.
It builds upon the conditional Gaussian nonlinear system, transforming any nonlinear sys-
tem into a modeled system that embeds a conditional linear structure to facilitate efficient
analytic formulae of DA. The proper nonlinear transformation is jointly learned with the
unknown terms in the transformed conditional Gaussian nonlinear system, based on a total
loss function that accounts for the overall performance of the nonlinear transformation, the
state prediction, and the DA. Among all the models that support efficient analytic formulae
of DA, the numerical examples demonstrate that the CGKN model generally outperforms
the standard KoopNet model and the CG-Reg model in both state prediction and DA.
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Figure 4.22: Hovmoller diagrams for the simulation from true model and reconstructions
by true and approximated states. Panel (a): simulation of T (SST) from the true model.
Panel (b): reconstruction of T from the true discrete states TW , TC and TE which are spatial
average of T. Panel (c): reconstruction of T from predictive states TW , TC and TE of the
CGKN model at a 6-month lead time. Panel (d): simulation of H (thermocline) from the true
model. Panel (e): reconstruction of H from the true discrete states HW , HC and HE which
are spatial average ofH. Panel (f): reconstruction ofH from estimated HW , HC, and HE via
DA which apply analytical formulae on CGKN.

The proposed framework integrates the strengths of deep learning methods, Koopman
theory, and conditional Gaussian nonlinear systems for modeling complex dynamical sys-
tems and efficient DA. In addition, it serves as an effort towards a systematic approach to
impose useful structures into deep learning models and to facilitate their usage in other
outer-loop applications of scientific machine learning, e.g., control of partially observed
systems, and inverse problems. Some extensions and future directions of the proposed
framework include more rigorous approaches to efficiently quantify the uncertainties asso-
ciated with the DA results of the CGKN model and multi-objective optimization methods to
enhance the overall performance of the nonlinear transformation, the state predictions, and
the DA.



161

4.3 Discrete-Time Conditional Gaussian Koopman

Network

Complex dynamical systems are ubiquitous across a wide range of science and engineer-
ing disciplines, including solid mechanics, fluid dynamics, geophysics, neuroscience, and
material science [1–6]. Many of those systems are described by partial differential equa-
tions (PDEs) or their stochastic extensions and characterized by complex features such as
nonlinearity, multiscale dynamics, chaos, turbulence, shock behavior, intermittency, and
non-Gaussian statistics [7–12]. Deriving governing equations for these spatiotemporal dy-
namical systems from first principles is a conventional way of modeling and understanding
these systems. The advantages of having explicit governing equations include adherence
to physical laws and interpretability. However, deriving the governing equations usually
requires a deep understanding of the underlying physics, extensive domain knowledge, and
strong prior assumptions. Additionally, computationally expensive numerical simulation
is typically necessary to understand and predict most of these systems, which can further
increase the burden of downstream applications such as data assimilation (DA), uncertainty
quantification (UQ), and decision-making. As a result, data-driven methods, including
closure models [13, 14, 371], sparse identification [15, 16], reduced order models [17–19],
causality-based models [20–22], and Gaussian processes [23] have become increasingly
promising and practical for studying spatiotemporal dynamical systems and carrying out
many of the tasks mentioned above.

As one of these data-driven methods, neural-network-based models in deep learning [24–
28] have promoted the field of scientific machine learning (SciML) and have shown promise
in the study of spatiotemporal dynamical systems with the rapid growth of available data
and computing resources [29–33]. Based on the universal approximation theorem [34–36],
neural networks can approximate any nonlinear functions and operators. Consequently,
they demonstrate significant capability in discovering unknown dynamics and making
predictions. For example, as a continuous-in-time version of ResNet [37], the neural ODE
[38] is proposed to learn the dynamics of systems with efficient memory usage. Physics-
informed neural networks [39], which integrate physical laws into the neural networks,
are developed to solve forward and inverse PDE-governed problems. Designed to learn
mappings between infinite-dimensional function spaces, neural operators [40–45] have
been widely used to approximate solution operators and build spatiotemporal models.
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Recently, generative models [46–50] have been utilized to construct stochastic nonlocal
models [51], generate spatiotemporal turbulence [52], capture extreme event statistics [53]
and learn PDE solutions [54]. Additionally, active learning [55, 56] has been considered for
identifying informative data [57, 58], simulating nonlinear systems [59], estimating model
parameters [60], and learning model discrepancies [61].

In recent years, leveraging online observational data to improve the performance of
data-driven models has become a critical component of reliably deploying those models in
real-world applications, which motivates the joint study of SciML and DA. DA integrates
observational data with computational models to enhance state estimation [62–65]. It is
extensively applied in real-time forecasting, parameter estimation, imputation, and opti-
mal control [66–70]. The governing equations of the underlying dynamics are utilized as
computational models for short-term statistical prediction, known as the prior distribution.
Through Bayesian inference, the prior distribution is updated with the observational data
to form the so-called posterior distribution, which is the solution of DA. To handle general
nonlinear dynamical systems, the ensemble DA methods [71–75] that utilize samples to
approximate probabilistic distributions have become commonly used techniques. However,
the direct application of ensemble DA methods to high-dimensional spatiotemporal systems
is often computationally intractable, primarily due to the substantial computational cost
incurred by the curse of dimensionality in sampling processes and the numerical simulations
of PDEs. Although the adoption of efficient computational models, such as data-driven
surrogate models [76–79], reduced order models [80, 81], and stochastic parameteriza-
tions [82–85], coupled with various DA techniques like localization [86, 87] and empirical
tunings of ensemble sizes and covariances matrix, can mitigate costs and facilitate the imple-
mentation of DA, the DA process still demands significant computational resources, and may
suffer from sampling and approximation errors. Recently, deep learning has been employed
to support DA for spatiotemporal systems [88], assisting the construction of computational
models by neural networks that enhance forecast capability within DA [89, 90, 372]. Addi-
tionally, statistical variational DA methods have been proposed to generate observations in
scenarios where observational data is scarce [91]. Using encoder-decoder networks in latent
DA has proven effective in utilizing multi-domain data for high-dimensional systems [92].
Deep learning can also facilitate using data-driven ensembles at a low computational cost
to accelerate ensemble DA [93]. Furthermore, end-to-end deep learning methods have been
developed to streamline the entire DA process [94, 95].
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While these existing methods have facilitated the implementation of DA with affordable
computational costs and demonstrated successes in many applications, efficient DA methods
for spatiotemporal dynamical systems still require further exploration and development,
especially for incorporating DA into the training of SciML models to enhance their perfor-
mance. Several recent works have started to explore how to incorporate DA into the training
of a machine learning model from various perspectives, e.g., using ensemble Kalman filter
to enhance the learning of structural errors for non-ergodic systems via derivative-free
optimization [13], developing auto-differentiable ensemble Kalman filter [310, 373], ex-
ploiting analytical formulae of DA for a conditional Gaussian neural stochastic differential
equation [110]. Importantly, developing a unified modeling framework that can handle
both efficient state forecast and DA for spatiotemporal dynamical systems, with a low
training cost and robust testing results for problems with high-dimensional (or even infinite-
dimensional) system states, can significantly strengthen the joint study of SciML models
and their data assimilation performance, potentially advancing the reliable deployment of
SciML models in real-world applications.

To establish a unified deep learning framework for SciML modeling and efficient DA, the
continuous-time conditional Gaussian Koopman network (CGKN) was proposed in [374],
aiming to perform efficient state forecast and DA for the modeling and simulation of spa-
tiotemporal dynamical systems. In contrast to the standard usage of Koopman theory [350],
which fully linearizes nonlinear dynamical systems [351–355, 375–380], CGKN leverages
the Koopman embedding to discover a proper latent representation for the unobserved
system states and employs a conditional linear structure to construct the data-driven model
architecture. The resulting system is still highly nonlinear. Nevertheless, it leads to a condi-
tional Gaussian system [110, 193, 194, 311, 374], which encompasses numerous nonlinear
models across various disciplines with wide-ranging applications in natural science and
engineering [257, 315, 358, 381]. One desirable feature of the conditional Gaussian system is
that it allows analytical DA formulae and thus avoids the need for ensemble DA methods.
Together with a lower-dimensional latent representation for unobserved states, significantly
improved efficiency can be achieved for the DA process in both the training and testing
phases. In this work, we establish a discrete-time CGKN framework, which avoids numerical
integration with small step sizes for the continuous CGKN framework in [374] and thus
significantly enhances the efficiency of handling problems with high-dimensional or even
infinite-dimensional state variables. The effectiveness and efficiency of the discrete-time
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CGKN framework are demonstrated through several PDE-governed problems, including the
viscous Burgers’ equation, the Kuramoto—Sivashinsky equation, and the 2-D Navier–Stokes
equations.

4.3.1 Problem Statement

Considering a spatiotemporal dynamical system including partial differential equations
(PDEs) of the general form

∂tu=M(u), (4.59)

where u(x,t) ∈ Rdu is the system state, with spatial variable x ∈Dx ⊂ Rdx and temporal
variable t ∈ [0,Lt], and M is a nonlinear operator. When discretized in both spatial and
temporal domains, (4.59) can be written as a discrete dynamical system:

un+1 = G
(
un

)
, (4.60)

where un := u(·,tn)|D(M)
x
∈ Rd denotes the system state variables evaluated at time tn and

M-point spatial discretization D(M)
x = {x(1),x(2), . . . ,x(M)} of the bounded domain Dx. G is

the solution map for this discrete system over time interval tn+1− tn = ∆t. This map G is
also referred to as the state transition map. It should be noted that the temporal resolution of
the data, dictated by the choice of∆t, is often larger than the numerical integration time step
δt, which is required by the numerical simulation of (4.59) and is typically small to ensure
accuracy and stability of the simulation. Therefore, learning and applying the solution map
G at a coarser temporal resolution ∆t can significantly reduce the computational cost.

In this work, we focus on the situation with partial observations, which means the online
observational data only contain a subset of the system states of the discrete dynamical
system (4.60). The observed states and unobserved states are denoted as un1 ∈ Rd1 and
un2 ∈ Rd2 , respectively, with un = {un1 ,un2 }. For instance, un1 and un2 can be interpreted as
the spatial partition of un. Consequently, the system in (4.60) can be rewritten as follows:

un+1
1 = G1

(
un1 ,un2

)
,

un+1
2 = G2

(
un1 ,un2

)
,

(4.61)

where the two maps G1 and G2 are often both nonlinear for many real-world applications.
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These nonlinear maps pose challenges to data assimilation (DA), e.g., preventing the direct
use of the analytical formulae and thus demanding methods developed for general nonlinear
problems such as ensemble Kalman filter or even particle filters that involve the evaluation
of high-dimensional quadratures [382].

The goal of this work is to learn a surrogate model that embeds a conditional Gaussian
structure, which is capable of performing two tasks for systems governed by (4.61): efficient
state forecast and DA. The task of DA aims to the conditional distribution p(un2 |{ui1}ni=0),
while the task of state forecast is to predict the future states un without assuming the
knowledge for the exact initial unobserved states u0

2.
More specifically, to achieve efficient DA via the analytical formulae from the conditional

Gaussian structure, we choose to avoid directly dealing with the nonlinearity of the unob-
served state u2. According to the Koopman theory [350], a nonlinear dynamical system can
be linearized by modeling the evolution the observation function of the system states, where
the observation function h is in a Hilbert space on the system state un of the discrete system
in (4.60). The Koopman operator is defined as an operator K that evolves the observation
function in that Hilbert space, i.e., Kh := h◦G, where ◦ denotes function composition. In
practice, it can often be characterized (or approximated) by a finite-dimensional dynamical
system in the form v(un+1) = Av(un), where v is a vector function on the space of un,
v(un) ∈ Rdv is a finite-dimensional vector, and A ∈ Rdv×dv is a matrix. Obtaining such a
finite-dimensional linear dynamical system for a general nonlinear system in (4.60) involves
the identification of the subspace spanned by eigenvectors of the Koopman operator K,
which has been studied in [376] via a deep learning perspective. More details on Koopman
theory can be found in 4.3.2.

In this work, instead of directly applying the Koopman theory to the nonlinear dynamical
system in (4.60), we exploit the linear embedding enabled by the Koopman theory on the
partially observed system in (4.61) to obtain a conditional linear system, i.e., the governing
equations become conditionally linear with respect to a latent representation v of the
unobserved states u2, while the nonlinearity of observed states u1 is preserved. More details
of generalized application of Koopman theory can be found in 4.3.2. The resulting modeled
system is written as follows:

un+1
1 = F1

(
un1

)
+G1

(
un1

)
vn+σ1ϵ

n
1 ,

vn+1 = F2
(
un1

)
+G2

(
un1

)
vn+σ2ϵ

n
2 ,

(4.62)
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where v∈Rdv denotes a latent representation of unobserved statesu2 in (4.61) and is referred
to as latent states. In this modeled system, F1, G1, F2, and G2 are four (potentially nonlinear)
maps of observed states u1. The ϵ1 ∈ Rd1 and ϵ2 ∈ Rdv are independent Gaussian white
noises with σ1 ∈ Rd1×d1 and σ2 ∈ Rdv×dv as the noise coefficients. The two noise terms
represent model errors that quantify the approximation quality of the surrogate model to the
true underlying system. Despite the use of Gaussian white noises, it is worth highlighting
that the nonlinearity in the model can still capture highly non-Gaussian features, thereby
compensating for model errors arising from various approximations. In this work, the four
nonlinear maps F1, G1, F2, and G2, together with the nonlinear maps between unobserved
states u2 and the latent states v, are parameterized by neural networks and calibrated based
on data of the original dynamical system in (4.61). The modeled system in (4.62) belongs
to a class of dynamical systems called conditional Gaussian nonlinear system (CGNS), i.e.,
the conditional distribution p(vn|{ui1}ni=0) is Gaussian, which facilitates efficient analytical
formulae of DA. Another advantage of the surrogate model is the latent space embedding,
which exploits the possible intrinsic lower-dimensional structure of the unobserved states
u2 and thus can further facilitate the computational efficiency of state forecast and DA. A
schematic overview of the surrogate model is shown in Figure 4.23(a).

It is worth noting that v is constructed as a latent representation of u2, and its interaction
with u1 is facilitated by the conditional Gaussian structure in (4.62), to allow for the use of
analytical DA formulae. The modeled system in (4.62) is related to the CGKN framework
proposed in [374] and can be viewed as a discrete version of the original CGKN framework.
Unlike the continuous form of CGKN framework studied in [374], the discrete form in (4.62)
avoids the numerical integration along time with a small step size and thus enables the
exploration of its performance on PDE-governed problems with high-dimensional (or even
infinite-dimensional) system states. The choice of temporal step size involves a trade-off:
a smaller step enables high temporal resolution capture of fine-scale dynamics, whereas
a larger step is more suitable for modeling coarse-grained or long-term behaviors. The
remainder of this section introduces the architecture of CGKN in its discrete-in-time form,
the application of CGKN to state forecast and DA, the training of CGKN based on offline
data, and the uncertainty quantification for the results of CGKN.
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4.3.2 Generalized Koopman Operator for Discrete-Time System

For nonlinear dynamical systems in the general form:

un+1 = G(un), (4.63)

where un ∈Rd is the system state and G is a nonlinear map, Koopman theory [350] provides
a linear perspective by describing the system in terms of the evolution of observable of the
system state. The observable h : Rd 7→ R is a function in the Hilbert space operating on the
system state u.

The Koopman operator K is a linear operator acting on observable function h which is
defined as

Kh := h◦G, (4.64)

where ◦ denotes function composition.
The evolution of observable h is governed by the Koopman operator:

h(un+1) = h◦G(un) =Kh(un). (4.65)

In practice, this infinite-dimensional linear dynamical system and the linear operator K
can be approximated by finite-dimensional representations:

vn+1 =Avn+σϵn, (4.66)

where vn ∈ Rdv is a finite-dimensional vector representing the linear embeddings of the
system states un, approximating the infinite-dimensional function h(un). The matrix A ∈
Rdv×dv is the linear dynamics of this discrete linear dynamical system, which approximates
the linear operator K. The ϵn ∈ Rdv is Gaussian white noise with σ ∈ Rdv×dv as the noise
coefficient.

Considering a partially observed nonlinear dynamical system in the general form of
(4.61). The generalized application of Koopman theory to the partially observed nonlinear
dynamical system in (4.61) aims to linearize the unobserved states un2 while retaining the
nonlinearity of the observed states un1 . Therefore, the full system remains highly nonlinear,
fundamentally contrasting with the standard Koopman theory. The approximated finite-
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dimensional dynamical system is given by:

un+1
1 = F1

(
un1

)
+G1

(
un1

)
vn+σ1ϵ

n
1 ,

vn+1 = F2
(
un1

)
+G2

(
un1

)
vn+σ2ϵ

n
2 ,

(4.67)

where vn ∈ Rdv are linear embeddings of unobserved states un2 and F1, G1, F2, G2 are four
nonlinear maps of observed states un1 . The ϵn1 ∈Rd1 and ϵn2 ∈Rdv are independent Gaussian
white noises with σ1 ∈ Rd1×d1 and σ2 ∈ Rdv×dv as noise coefficients.

4.3.3 Architecture of Discrete CGKN

As illustrated in Figure 4.23, the CGKN is developed to construct a surrogate model in (4.62)
to approximate the discrete dynamical system in (4.61). The CGKN comprises an encoder φ,
a decoder ψ, and sub-networks η to construct the nonlinear maps F1, G1, F2, and G2. The
encoder φ is a nonlinear mapping for transforming the unobserved states u2 to the latent
states v, i.e., v=φ(u2), while the decoder ψ is its inverse, i.e., u2 =ψ(v).

4.3.3.1 Discrete CGKN for State Forecast

Assuming that the values of current states are known, the modeled system in (4.62) can be
used to forecast the future states of spatiotemporal dynamical systems. Here we denote the
data of the state variables at time tn as un⋆ = {un⋆1 ,un⋆2 }, where the superscript ⋆ indicates
the data from the true system in (4.61). Firstly, the unobserved states un⋆2 are transformed
into latent states vn⋆ by the encoder φ, formalizing the current state of the modeled system
un⋆CG:

un⋆CG :=

[
un⋆1
vn⋆

]
=

[
un⋆1

φ
(
un⋆2

)] . (4.68)

The forecast states uCG after time tn can then be obtained from (4.62) by solving an
initial value problem. It is worth noting that the predictive latent states v in the forecast
states uCG need to be transformed back to the original unobserved states u2, which is
achieved via the decoder ψ.

In practice, the data of the latent states vn⋆ is often not available due to the lack of un-
observed states data un⋆2 , which accounts for a key motivation of performing DA. Generally
speaking, DA is a commonly used technique to leverage the data of observed states u1 to
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Figure 4.23: Schematic diagram of the architecture and application of the conditional
Gaussian Koopman network (CGKN). a, Overview of the transformation from discrete
dynamical systems to surrogate models following conditional Gaussian structure via gen-
eralized application of Koopman theory. b, The architecture and workflow of CGKN. The
CGKN, consisting of an encoder φ, a decoder ψ and sub-networks η, is developed to learn
the surrogate model for performing efficient DA via analytical formulae and state forecast
for original dynamical systems. c, An application of CGKN to Navier–Stokes equations for
data assimilation and state forecast.
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improve the estimation of v, by obtaining the posterior distribution p(vn|{ui1}ni=0), and its
maximum posterior point can serve as an estimation of the unknown latent states vn⋆. If
the Gaussian assumption is adopted in the DA methods, e.g., Kalman filters, the maximum
posterior point becomes the mean value µv of the posterior distribution.

Instead of merely employing DA methods (e.g., ensemble Kalman filter) as a separate
task to improve the state estimation of nonlinear models, an important contribution of
this work is to exploit the conditional linear structure of the modeled system in (4.62) and
to adopt the analytical formulae of DA that facilitate an efficient evaluation of the DA
performance, which allows the incorporation of the DA performance into the training of
a scientific machine learning model and thus enables a unified framework for scientific
machine learning and data assimilation. More details of the analytical formulae of DA and
the incorporation of DA performance into the model training are discussed in Sections 4.3.3.2
and 4.3.4, respectively.

4.3.3.2 Discrete CGKN for Data Assimilation

A key feature of the CGKN is that the conditional distribution p(vn|{ui1}ni=0) is Gaussian,
whose mean µv and covarianceΣv can be solved by the analytical formulae:

µn+1
v = F2+G2µ

n
v +Kn

(
un+1
1 −F1−G1µ

n
v
)
,

˚n+1
v = G2˚nvG

T
2+σ2σ

T
2 −KnG1˚nvG

T
2 ,

(4.69)

where Kn = G2˚nvGT
1
(
σ1σT

1 +G1˚nvGT
1
)−1 is an analog to the Kalman gain. The mean µv

of the latent states v can be transformed to the posterior mean µ of unobserved states u2

by the decoder ψ, i.e., µ = ψ(µv). It is worth noting that such a transformation of the
estimated mean µv generally does not hold, but the DA loss term used to train the CGKN
model can ensure the validity of the posterior mean µ. More discussions about the DA loss
term can be found in Section 4.3.4. On the other hand, the posterior covarianceΣ of the
unobserved states u2 can be estimated through residual analysis, and additional information
on the uncertainty quantification can be found in Section 4.3.5.2. It should be noted that the
initial condition of (4.69) is typically unknown. Therefore, a warm-up period is required to
mitigate initialization discrepancy.

The analytical formulae in (4.69), together with the lower dimensionality of latent state
(dv ≪ d2) when an intrinsic lower-dimensional representation of unobserved states is
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possible, account for two key features of CGKN that enable efficient DA compared with
ensemble DA methods (e.g., ensemble Kalman filter). The computational complexity of
CGKN for DA isO(d3v), where dv is the dimension of the latent states, while that of ensemble
DA methods is O(Jd22), where J is the ensemble size and d2 is the dimension of unobserved
states. To mitigate the sampling errors in ensemble DA methods, a large ensemble size may
be needed to well characterize the covariance structure, and thus we often have Jd22≫ d3v,
making the proposed CGKN framework a more efficient choice for DA than ensemble-based
methods. It is worth noting that a small ensemble size J is often employed in practice
even for large-scale problems, e.g., numerical weather prediction (NWP) commonly uses an
ensemble size on the order of 102, despite the dimension of system state being several orders
of magnitude larger. The use of a small ensemble size for large-scale problems, together
with various techniques such as localization [383, 384] or damping small correlations [385],
is still an active research area for ensemble DA methods.

4.3.4 Learning Discrete CGKN from Data

For the training of CGKN model, we assume that offline data {un⋆}Nn=0 of both observed
states u1 and unobserved ones u2 are available from the true system in (4.60). The encoder
parameters θφ, decoder parameters θψ and sub-networks parameters θη of the CGKN
model illustrated in Figure 4.23(b) are optimized by minimizing a total loss function:

min
θφ,θψ ,θη

L(θφ,θψ ,θη), (4.70)

which includes autoencoder loss LAE, forecast loss of original states Lu, forecast loss of
latent states Lv, and DA loss LDA:

L(θφ,θψ ,θη) := λAELAE(θφ,θψ)+λuLu(θφ,θψ ,θη)+λvLv(θφ,θη)+λDALDA(θψ ,θη),
(4.71)
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where

LAE := Eu⋆2 ∥u
⋆
2−ψ

(
φ(u⋆

2)
)
∥2, (4.72)

Lu := Eu0⋆
1
Ns

Ns∑
n=1
∥un⋆−un∥2, (4.73)

Lv := Eu0⋆
1
Ns

Ns∑
n=1
∥vn⋆−vn∥2, (4.74)

LDA := Eu0⋆
1

Nl−Nb

Nl∑
n=Nb+1

∥un⋆2 −µn∥2, (4.75)

with λAE, λu, λv, λDA being the weights for each loss term. ∥ · ∥ denotes the standard vector
ℓ2-norm. The Ns, Nl, and Nb are three hyper-parameters in the training settings which
stand for forecast steps, DA steps, and DA warm-up steps, respectively. The un and vn are
the n-th step state predictions which is described in Section 4.3.3.1, and µn is n-th step
DA posterior mean which is detailed in Section 4.3.3.2. In this work, the weights is set
as λAE = 1/d2, λu = 1/d, λv = 1/dv, and λDA = 1/d2, which scale each loss function by
a factor of the inverse of the respective vector’s dimension. This results in loss functions
expressed as the mean squared error (MSE) between the true and approximated data. In
practice, the weights can also be treated as hyper-parameters or manually adjusted based
on the domain knowledge.

The autoencoder loss LAE in (4.72) is used to minimize the reconstruction discrepancy
between the unobserved states un⋆2 (as the input of autoencoder) and ψ

(
φ(un⋆2 )

)
(as the

output of autoencoder). The loss LAE promotes the inverse relationship between the en-
coder and decoder, which helps identify latent states v=φ(u2) which can be regarded as
embeddings of unobserved states. It is worth noting that the latent space to approximately
embed unobserved states is usually not unique, and the joint usage of LAE and other loss
terms facilitate the discovery of a proper latent space that is favored by the goals of having
good performance in the forecast and DA results of the CGKN model. More specifically, the
forecast loss of original states Lu and forecast loss of latent states in Lv in (4.73) and (4.74)
are incorporated to ensure that CGKN makes accurate state forecast, while the DA loss
LDA in (4.75), made affordable by the efficient DA formulae in (4.69), is critical to ensure the
accuracy of DA results from CGKN. It should be noted that the magnitude of v and G1 in
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(4.62) could be scaled without impacting system states u1, and a corresponding scaling of
the autoencoder can leave system states u2 unaffected. In this work, such a scale invariance
of v would not lead to any issue, as v is only a latent representation, and the system states
u1 and u2 are of actual interest. In practice, the magnitude of v is also impacted by the
choice of σ2 in (4.62).

The forecast loss of original states Lu and forecast loss of latent states Lv defined in (4.73)
and (4.74) is incorporated to enable CGKN to make accurate state forecast for dynamical
systems. From the true states {un⋆}Ns

n=0 with un⋆ = {un⋆1 ,un⋆2 }, the corresponding latent
states {vn⋆}Ns

n=0 can be obtained from unobserved states via encoder: vn⋆ =φ
(
un⋆2

)
. Based

on the initial states {u0⋆
1 ,v0⋆}, the predictive states {un1 ,vn} can be obtained by recursively

evaluating the surrogate model as illustrated in Section 4.3.3.1. The predictive unobserved
states are transformed from the predictive latent states via decoder: un2 = ψ

(
vn

)
. Lu

measures the discrepancy between true states {un⋆}Ns
n=0 and predictive states {un}Ns

n=0. Lv
measures the discrepancy between true latent states {vn⋆}Ns

n=0 and predictive latent sates
{vn}Ns

n=0. The Ns is the forecast horizon, which can be set as a hyper-parameter in the
training setting.

The DA loss LDA in (4.75), which is made affordable by the efficient DA formulae in (4.69),
is critical to ensure the accuracy of DA results from CGKN. Based on the data of observed
states {un⋆1 }

Nl
n=0, the posterior mean of the latent states {µnv }

Nl
n=0 are calculated by applying

the analytical DA formulae in (4.69). The posterior mean of unobserved states {µn}Nl
n=0 is

obtained by the decoder: µn =ψ
(
µnv

)
. The DA loss LDA quantifies the discrepancy between

the true unobserved states {un⋆2 }
Nl
n=0 and DA posterior mean {µn}Nl

n=0, excluding the first
Nb steps. Nl represents the number of DA steps, and Nb denotes the DA warm-up steps,
both of which are hyper-parameters in the training setting. The role of DA loss has been
investigated in [110].

It should be noted that the analytical DA formulae in (4.69) require the value ofσ1 andσ2

in the surrogate model in (4.62). Therefore, prior to incorporating the DA loss into the target
loss function to train CGKN, the σ1, which is assumed to be a diagonal matrix, is estimated
by root mean squared error (RMSE) between the true observed states and one-step predictive
observed states via a trained CGKN without DA loss. On the other hand, the σ2, which is
the noise coefficient of latent states, is on the bias term in the analytical DA formulae in
(4.69). In practice, σ2 can be set either manually or as a trainable parameter jointly learned
with all the trainable maps in the CGKN model. We have studied different choices of σ2,
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and the results of the learned CGKN models are robust based on those numerical tests. The
detailed results are omitted here for simplicity. A brief algorithm about the procedures of
learning CGKN from data is summarized in Algorithm 2. More details about the uncertainty
quantification are introduced in the following section.

4.3.5 Uncertainty Quantification for Discrete CGKN

This section discusses the uncertainty quantification (UQ) for state forecast and DA results
of CGKN. The task of UQ for state forecast focuses on the estimation of σ1, which is
the noise coefficient of the observed states u1 and σ2, which is the noise coefficient of
the latent states v. The task of UQ for DA is to estimate the posterior covariance of the
conditional distribution p(un2 |{ui1}ni=0), which is generally non-Gaussian. Both UQ tasks are
post-processes of pre-trained CGKN models: the task of UQ for DA is based on the CGKN
model trained with the DA loss term, while the task of UQ for state forecast relies on the
CGKN model trained without the DA loss term. More details are introduced in the following
sections.

4.3.5.1 Uncertainty Quantification for State Forecast

To perform the task of UQ for state forecast, a CGKN model with the total loss in the form of
(4.71) while excluding the DA loss term needs to be trained, i.e., the weight of DA loss LDA
in the target loss function L in (4.71) is set as λDA = 0. Once having the pre-trained CGKN
model without DA loss, the noise coefficient σ1 of observed states and noise coefficient σ2

of latent states are assumed to be diagonal matrices. The diagonal elements are estimated
by the root mean squared error (RMSE) between the true states and one-step predictive
states of the pre-trained CGKN model:

diag(σ1) =

√√√√ 1
N

N∑
n=1

(
un⋆1 −un1

)
⊙
(
un⋆1 −un1

)
,

diag(σ2) =

√√√√ 1
N

N∑
n=1

(
vn⋆−vn

)
⊙
(
vn⋆−vn

)
,

(4.76)
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where the notation ⊙ is element-wise multiplication. Additionally, the estimated σ1 and
σ2 in (4.76) can be utilized to calculate the DA loss through analytical DA formulae in
(4.69), which facilitates unifying the training of the CGKN model and the tuning of its
DA performance based on the total loss in (4.71) with all loss terms included. It is worth
noting that an accurate a priori estimation of those noise coefficients may not be necessary
to ensure a good tuning of DA performance, since there are other trainable maps in the
analytical DA formulae in (4.69). In practice, the noise coefficients can also be empirically
set or jointly learned with those trainable maps of the CGKN model.

4.3.5.2 Uncertainty Quantification for Data Assimilation

As introduced in Section 4.3.4, the DA loss term measures the discrepancy between the true
unobserved states u2 and the posterior mean µ, which promotes the performance of DA
in terms of mean estimation. However, the posterior covariance of the unobserved states
u2, which quantifies the uncertainty of the associated posterior mean, is still unaddressed.
Since true covariance data for the unobserved states does not exist for many real-world
applications, especially for those only with experimental data available, it is not feasible
to apply a supervised learning framework to estimate the posterior covariance in a similar
fashion as being done for the posterior mean.

Therefore, residual analysis is exploited as a post-processing method for a trained CGKN,
to efficiently quantify the uncertainties associated with the posterior mean of the unobserved
states u2. Residual analysis is commonly used to evaluate the goodness of a statistical model
with respect to observed data. With a trained CGKN model, the DA can be performed for
the training data via analytical formulae in (4.69) to obtain the posterior mean µv. With the
trained decoder ψ, we can further obtain posterior mean µ of unobserved states u2. The
residual r is defined as the absolute difference between true data u⋆

2 and its DA posterior
mean µ:

r := |u⋆
2−µ|,

which indicates the desired uncertainties associated with the posterior mean µ and is
assumed to be a function of observed states u1. This function is then approximated by an
auxiliary neural network trained via a standard regression task from the pairwise dataset
{
(
un⋆1 ,rn

)
}Nn=Nb+1, with the first Nb steps as the warm-up period of DA.

With the trained auxiliary neural network for UQ, the residual associated with the
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posterior mean can be estimated, using the corresponding observed states as input and
evaluating the output of the auxiliary neural network. This residual, derived from the
trained auxiliary neural network, can be regarded as the estimated standard deviation of the
associated posterior mean, i.e., the standard deviation of diagonal elements of the posterior
covariance, based on maximum likelihood estimation under the Gaussian assumption.

Algorithm 2 Learning CGKN from data
Input: {un⋆}Nn=0 ▷ Training data
θ
(1)
φ ,θ(1)ψ ,θ(1)η = argmin

{
λAELAE+λuLu+λvLv

}
▷ Train CGKN without DA loss

diag(σ) = {diag(σ1), diag(σ2)}= RMSE(u⋆
CG,uCG) ▷ UQ for state forecast

θ
(2)
φ ,θ(2)ψ ,θ(2)η = argmin

{
λAELAE+λuLu+λvLv+λDALDA

}
▷ Train CGKN with DA loss

θ∗UQ = argminMSE
(
r,NN(u⋆

1;θUQ)
)

▷ UQ for DA
Output: θ(2)φ ,θ(2)ψ ,θ(2)η ,σ,θ∗UQ ▷ Trained parameters

4.3.6 Numerical Experiments

The effectiveness and efficiency of CGKN in state forecast and DA for spatiotemporal
dynamical systems are demonstrated through numerical experiments on several PDE-
governed canonical examples and benchmarks against other models. The examples include
the viscous Burgers’ equation, the Kuramoto–Sivashinsky equation, and the Navier–Stokes
equations. The methods that have been tested for each system are summarized as follows:

(i) CGKN. It is the deep learning framework proposed in this work, which formalizes
the surrogate model in (4.62) to perform state forecast and DA for spatiotemporal
dynamical systems.

(ii) Ensemble Kalman filter (EnKF) [71, 86]. EnKF is a classical method for applying DA
to nonlinear dynamical systems. The localization strategy and empirical tunings
[386, 387] are often used to enhance the EnKF’s performance. The comparison of DA
results with the CGKN model highlights the accuracy and efficiency of the CGKN
model.

(iii) Direct spatial interpolation. Based on the values of observed states across the spatial
domain, interpolation can be utilized to estimate the missing values of unobserved
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states, recovering the entire fields. It can be viewed as a naive approach to estimate
the full-field information based on spatially sparse observations, and it serves as a
baseline reference solution for comparing the DA results from CGKN and EnKF.

(iv) Deep neural network (DNN). The model of DNN with fully-connected layers is cal-
ibrated to approximate the unknown map G on the right-hand side in (4.60), and it
serves as one of the baseline benchmarks for the performance of state forecast.

(v) Convolutional neural network (CNN) [27, 28]. The unknown map G on the right-hand
side in (4.60) is approximated using a CNN model, which serves as one of the baseline
benchmarks for the performance of state forecast.

(vi) Fourier neural operator (FNO). FNO has been demonstrated in [41] with superior
performance than classical machine learning methods (e.g., fully-connected networks
and CNN) for PDE-governed problems whose system states are spatiotemporal fields.
In this work, the unknown map G on the right-hand side in (4.60) is approximated by
an FNO to predict future states. Although it is expected that FNO can outperform all
the previous neural-network-based models (including CGKN) for the performance of
state forecast, the key advantage of CGKN is its efficient DA.

To compare the performance of the methods above, the mean squared error (MSE) is
used to evaluate the performance of state forecast and DA:

MSE :=
1
MN

M∑
m=1

N∑
n=1

(
xn⋆m −xnm

)2, (4.77)

where xn⋆m is the true value of the m-th variable at the n-th time step, for m = 1, ...,M
and n= 1, ...,N, and xnm is its corresponding approximated value. The DA error is defined
as the MSE between the true unobserved states and their posterior mean from DA, while
the forecast error is defined as the MSE between true states and the predictive ones. Both
DA error and forecast error are calculated based on test data. Additionally, the forecast
error is calculated based on one-step prediction. while the DA error is calculated over the
whole time range of the test dataset. The test results of all methods across all examples are
summarized in Table 4.9. For a fair comparison, a comparable number of parameters is used
in all those deep-learning-based models.
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Table 4.9: Test results of all methods in each numerical example. The errors are mean
squared errors (MSE) between true values and approximated values. For a fair comparison,
a comparable number of parameters is used in different deep learning models.

Methods
Examples Viscous Burgers Equation Kuramoto—Sivashinsky Equation Navier–Stokes Equations

Forecast Error DA Error Forecast Error DA Error Forecast Error DA Error
CGKN 7.5683e-04 7.5037e-04 1.1042e-02 2.4927e-02 1.9754e+01 6.0940e+01
EnKF — 5.8125e-04 — 2.4882e-02 — 6.9010e+01

Interpolation — 1.3514e-02 — 4.3097e-01 — 1.2844e+02
DNN 6.4816e-03 — 4.7332e-02 — 1.0936e+02 —
CNN 2.3727e-03 — 2.6111e-02 — 3.0600e+01 —
FNO 3.9715e-04 — 5.4859e-03 — 1.7129e+01 —

4.3.6.1 Viscous Burgers’ Equation: 1-D PDE with Shock Behavior

The 1-D Burgers’ equation is a fundamental nonlinear PDE from fluid mechanics, with
many applications in various fields such as gas dynamics, traffic flow, and acoustics. It is
widely used for studying complex fluid behaviors, particularly notable for modeling shock
waves and Burgulence phenomena. The form of the viscous Burgers’ equation is:

∂u

∂t
=−u

∂u

∂x
+ν

∂2u

∂x2
, (4.78)

where x ∈ (0,Lx) with periodic boundary conditions, t ∈ (0,Lt], ν is the viscosity coef-
ficient, and u(x, 0) is a given initial condition. The simulation settings are Lx = 1,Lt =
2,ν = 10−3,∆x = 1/1024,∆t = 10−3. Under these conditions, the viscous Burgers’ equa-
tion displays shock behavior due to the formation of steep gradients in the evolution. We
perform 1000 simulations as train data and another 100 simulations as test data. The ini-
tial conditions u(x, 0) of these simulations are randomly sampled from Gaussian process
N(0,625(−∆+25I)−2)with periodic boundary conditions where∆ is a Laplace operator and
I is an identity operator. The resolution of both the train and the test dataset is sub-sampled
to ∆t= 0.1 and ∆x= 1/64. Among the 64 states, 4 states which are uniformly distributed
across the spatial domain are set as observed, and the rest 60 states are set as unobserved.
More specifically, the indices of observed states are 1, 17, 33, 49. The CGKN has been used
to learn a surrogate model for i) estimating the 60 unobserved states from the trajectory of
the sparse 4 observations via efficient DA and ii) forecasting the future state of the system
given any initial state.

To approximate the state transition map of the viscous Burgers’ equation from data
using the surrogate model in (4.62), the CGKN including an encoder φ, a decoder ψ, and
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sub-networks η that output F1, G1, F2, G2 has been constructed. With the dimension of
latent states dv set to 10, the encoder, which takes the unobserved states u2 ∈ R60 as input
and output latent states v∈R10, becomeφ :R60 7→R10, and its inverse, the decoder, become
ψ : R10 7→ R60. Consequently, the observed states u1 ∈ R4 and latent states v formalize the
new system states of the surrogate model in (4.62). Furthermore, the nonlinear components
F1 ∈ R4, G1 ∈ R4×10, F2 ∈ R10, G2 ∈ R10×10 in the surrogate model are output by the sub-
networks η : R4 7→ R128, which take observed states u1 as input. For each component of
CGKN, the number of parameters θφ, θψ , and θη are 17066, 17116, 34330, respectively. To
learn the CGKN from data, the training parameters are set as follows: state forecast horizon
tNs

= 2 time units (20 steps), the DA horizon tNl
= 1000 time units (1000 steps), and a

warm-up period tNb
= 0.8 time units (8 steps). The weights in the target loss function in

(4.71) are set as λAE = 1/d2, λu = 1/d, λv = 1/dv, and λDA = 1/d2.
The test results of state forecast and DA from all methods for the viscous Burgers’

equation are summarized in Table 4.9 under the column viscous Burgers’ equation. The
EnKF is applied on the governing equations of viscous Burgers’ equation in (4.78) with
the prior knowledge of the initial distribution of Gaussian process. The ensemble size
of EnKF is set as J = 100 and the initial ensembles are randomly sampled from the same
Gaussian process that generates the initial conditions for training data. To ensure stability
and accuracy in the numerical simulation of the governing equations, a temporal resolution
of ∆t= 0.01 has been employed and a spatial resolution of ∆x= 1/256 has been linearly
interpolated from the data. Based on the empirical tunings from training data, neither
inflation nor localization strategies are needed when applying the EnKF for the test data in
this example.

The CGKN can achieve the same level of accuracy in DA as the EnKF, which applies to the
true governing equation, and both methods significantly outperform simple interpolation.
Regarding time cost, the CGKN requires 0.02 seconds to perform DA for a single simulation
(20 steps), compared to 12 seconds for the EnKF. Although these time costs are based on this
numerical example and the computing device used in this work, the CGKN is expected to
be more computationally efficient in data assimilation than EnKF for a much wider range of
problems and computing devices. It should be noted that the numerical simulation for each
ensemble member of the viscous Burgers’ equation is sequential. While the time cost of EnKF
could be reduced through parallel computing, it would require more memory resources. The
time usage confirms the speed advantages of CGKN, which are attributed to the efficient
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DA formulae, the reduced dimensionality of the latent states, and fast forecast through the
approximation of the state transition map. Additionally, as a data-driven method, the DA
from CGKN does not require any empirical tunings and any prior knowledge such as the
initial distribution of Gaussian process and the governing equation.

As for the performance of state forecast, the DNN is the worst mainly because the fully-
connected layer is less effective at leveraging spatial information. The CGKNoutperforms the
CNN in state forecast and approaches the results achieved by the FNO, which demonstrates
the effectiveness of embedding-based learning in CGKN. It is worth highlighting that all
general nonlinear neural-network-based models, including DNN, CNN, and FNO, are not
able to perform efficient and accurate DA due to their black-box nature and lack of the
constraint of DA loss in the training stage. The numerical results demonstrate that the
CGKN is effective in both state forecast and efficient DA for the viscous Burger’s equation.

Figure 4.24 shows the spatiotemporal plot of the true simulation of the viscous Burgers’
equation, DA posterior means from CGKN and EnKF, and the interpolation result. In the
results from the true system, the shock behavior is characterized by the horizontal line in
the middle part that indicates a dramatic change in the values of the system state within a
small spatial distance. Starting with an initial guess, both the flows of CGKN and EnKF can
gradually adjust to match the true flow by assimilating observations from the four observed
states. In contrast, the pattern of interpolation results deviates significantly from the truth.
Additionally, the position of shock behavior can be well-captured by both CGKN and EnKF,
while it is not explicit from the interpolation.

The results of the state forecast from various neural-network-based models and the true
simulation are shown in Figure 4.25, using three different initial conditions from the test
dataset. To evaluate the performance of state forecast of those models, we assume the initial
condition is known and then numerically simulate the modeled systems for a certain amount
of time. The predictions from DNN and CNN display noticeable deviations from the true
spatial functions, while the CGKN and FNO can match the truth well and capture the shock
behavior. This figure illustrates the comparable state forecast performance of CGKN and
FNO, highlighting CGKN’s capability in state forecast. Compared to all the general nonlinear
neural-network-based models, the key advantage of CGKN is its capability of efficient DA,
which achieves similar performance as applying EnKF to the true governing equations,
while demanding much less computational resources in both tuning and performing DA.

In many real-world applications, the initial condition is often unknown or only partially
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Figure 4.24: Spatiotemporal evolution of the DA results for the viscous Burgers’ equation.
The spatiotemporal plots of true simulation, DA posterior mean from CGKN, DA posterior
mean from EnKF, and interpolation result are shown in each sub-figure. EnKF is applied to
the true governing equation with the knowledge of the prior initial distribution.
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Figure 4.25: Results of state forecast for the viscous Burger’s equation. Starting from three
different initial conditions in test data, the evolution of true spatial functions is compared
with predictive spatial functions from various models, including CGKN, DNN, CNN, and
FNO.
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known, which accounts for a key motivation of performing DA. Figure 4.26 displays the
DA results of unobserved states at the locations x = 0.375, 0.624, and 0.875 in the spatial
domain. The posterior means with uncertainties characterized by two standard deviations
from CGKN and EnKF are compared with the true signals in the first two rows, while the
interpolation result is compared with the true signals in the last row. The uncertainty from
CGKN is derived from the method of residual analysis, while that from EnKF is obtained
from the empirical standard deviation estimated from ensemble samples. Starting from the
initial guess, the posterior means from both CGKN and EnKF can match the true signal after
about 0.2 time units (2 steps). Though both the uncertainty areas can cover the true signals,
the uncertainty area from CGKN is wider than that from EnKF. For the interpolation results,
there is a significant deviation from the true signals throughout the entire time range of
flow evolution.

Figure 4.27 compares the entire solution profile evolving over time with the DA results
obtained from EnKF and CGKN, as well as the interpolation result. It can be seen that a
quick adaptation of the DA results to the true signal is achieved via applying EnKF to the
true system. At the time t= 0.2, the posterior mean from EnKF can almost match the true
signal, while there are still some deviations from that of CGKN. The CGKN results gradually
align with the true signal in subsequent time steps. It is expected that applying EnKF to the
true system can lead to almost perfect state estimation results in subsequent time steps. On
the other hand, it is worth mentioning that the posterior mean from CGKN may not always
precisely match the true signal at some points, mainly due to the trade-off between fitting a
data-driven model and ensuring its generalization capability, especially in regions close to
the steep gradient in space. Nevertheless, the uncertainty area still encompasses the true
signal for most of those regions, thereby enhancing the reliability of the prediction results.

4.3.6.2 Kuramoto–Sivashinsky Equation: 1-D Chaotic PDE

The Kuramoto—Sivashinsky (K–S) equation is a fourth-order nonlinear PDE that was
originally developed to model diffusive-thermal instabilities in a laminar flame front and
appears in various areas of physics and engineering such as reaction-diffusion systems. It
has been extensively studied for its wave-like dynamics and chaotic behavior, serving as
a prototypical example of a system that exhibits spatiotemporal chaos. The form of the
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Figure 4.26: Time series of the DA results for the viscous Burgers’ equation. True signals,
DA posteriormeans fromCGKN and EnKF together with uncertainty areas, and interpolation
results for three unobserved states are shown in the figure. The uncertainties of the two
standard deviations are indicated by the gray-colored regions associated with the posterior
mean.

Kuramoto—Sivashinsky equation is:

∂u

∂t
=−u

∂u

∂x
−
∂2u

∂x2
−
∂4u

∂x4
, (4.79)

where x ∈ (0,Lx) with periodic boundary conditions and t ∈ (0,Lt]. The simulation settings
are Lx = 22,Lt = 5000,∆x = 22/2048,∆t = 0.025 and the initial condition is u(x, 0) =
0.1× cos(x/16)× (1+2sin(x/16)). Under the settings, the K-S equation displays a strong
chaotic behavior, making it a good testbed for the proposed method. In the simulation of
5000 time units, the first 80% of the simulation (4000 time units) is used as train data and the
remaining 20% (1000 time units) is used as test data. Both train and test data are sub-sampled
to resolution ∆t= 1 and ∆x= 22/128. To simulate the real scenarios and demonstrate the
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Figure 4.27: Spatial profiles of the DA results for the viscous Burgers’ equation. Starting
from a random guess, the DA results fromCGKN are comparedwith the true spatial functions
in the first row, while those from EnKF are displayed in the second row. The interpolation
result is shown in both rows as a reference.

robustness of the proposed method, the observational noise following N(0,0.22) has been
independently and identically added to the true states, including both train and test datasets.
The observed states are located at 8 points uniformly distributed across the 1-D spatial
domain, whereas the remaining 120 points are unobserved. More specifically, the indices
of observed states are 1, 17, 33, 49, 65, 81, 97, 113. The application of CGKN for this 1-D
chaotic spatiotemporal system aims to i) estimate the 128 states across the spatial domain
from a trajectory data of 8 observed states and ii) forecast the 128 states in the future given
any initial 128 states.

With an encoder φ, a decoder ψ, and sub-networks η that output F1, G1, F2, G2, the
surrogate model in (4.62) is constructed to approximate the state transition map of the
K-S equation based on the data resolution. The dimension of latent state dv is selected as
12 in this example. Consequently, the encoder, which take unobserved states u2 ∈ R120

as input and output latent states v ∈ R12, becomes φ : R120 7→ R12 and decoder becomes
ψ :R12 7→R120. The observed states u1 ∈R8 and latent state v formalize the system state of
the surrogate model in (4.62). The sub-networks η : R8 7→ R260 takes observed states u1 as
input and outputs the nonlinear components F1 ∈ R8, G1 ∈ R8×12, F2 ∈ R12, G2 ∈ R12×12

in the surrogate model. The number of parameters θφ, θψ , and θη of each component
in CGKN are 18422, 18530, and 37956, respectively. The training settings for the CGKN
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include: state forecast horizon tNs
= ∆t = 1 time unit which is the temporal resolution

of data (i.e., one-step prediction) and the DA horizon tNl
= 1000 time units (1000 steps)

with the warm-up period set as tNb
= 5 time units (5 steps). The weights in the target loss

function are set as λAE = 1/d2, λu = 1/d, λv = 1/dv, and λDA = 1/d2.
The test results for state forecast and DA from different methods are summarized in

Table 4.9 under the column Kuramoto–Sivashinsky equation. The DA error is based on 1000-
time-unit (1000 steps) horizon, and the forecast error is calculated by one-step prediction.
The interpolation serves as a basic reference model for the DA results from CGKN and
EnKF. The EnKF is applied to the true governing equation of K-S equation in (4.79). The
ensemble size of EnKF is set as J= 100 with the initial ensemble randomly sampled from the
training data, in contrast to the initial distribution of Gaussian noise used by DA of CGKN.
The constant multiplicative covariance inflation [386] and the localization strategy [387]
are used to mitigate sampling errors. Based on the empirical tunings for training data, the
inflation and localization parameters are set as 1.05 and 16. The numerical simulation of the
governing equations for the forecast step in EnKF employs a smaller temporal resolution of
∆t= 0.025 than the data temporal resolution to ensure numerical stability and accuracy.

For the DA performance, the CGKN is comparable to applying EnKF on the true gov-
erning equations, and both methods are significantly superior to the interpolation. Based
on the same computing device, the CGKN completes 1000 steps of DA for test data in
about 0.8 seconds, while EnKF requires about 100 seconds to accomplish the same task.
Although the EnKF can be accelerated via parallel computing for the numerical simulation
of ensemble members, it will cost more memory resources. The efficiency of DA from CGKN
compared to EnKF stems from the analytical DA formulae, dimension reduction of the latent
state, and fast forecast of the approximated state transition map. Therefore, even though
the DA performance of CGKN is comparable to that of EnKF, it can significantly reduce
computational costs or require fewer computing resources.

For the state forecast, the FNO outperforms all other models and the DNN performs
the worst. The performance of CGKN is better than that of CNN and is only slightly
less effective than the FNO, a neural-operator-based architecture specifically designed for
learning mappings between infinite-dimensional spaces. It should be emphasized that, due
to their black-box nature and the absence of DA loss in the training stage, general nonlinear
neural network models—including DNNs, CNNs, and FNOs—are not specifically designed
for efficient and accurate DA tasks. This highlights the advantage of CGKN.
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Figure 4.28 displays the spatiotemporal plot of the true simulation of the K-S equation,
posterior DA means from CGKN and EnKF, and interpolation result for 500 time units.
The result from CGKN closely resembles that of EnKF, with both methods aligning well
with the truth. Both DA methods can effectively capture chaotic patterns and wave-like
behaviors. Conversely, the result from interpolation is noticeably different from the true
values, although it does manage to qualitatively recover some wave-like patterns.

Figure 4.28: Spatiotemporal evolution of the DA results for the Kuramoto–Sivashinsky
equation. The spatiotemporal plots of true simulation, DA posterior mean from CGKN, DA
posterior mean from EnKF, and interpolation result are displayed in each sub-figure.

Figure 4.29 illustrates the state forecast performance of various models by displaying
the evolution of spatial functions of both the true and predictive results starting at 4000
time units, which is in the test dataset. For the one-step prediction, all models accurately
match the true spatial function. However, for larger forecast steps, all models gradually
diverge from the truth, with CGKN maintaining the closest approximation over the longest
forecast horizon in this example. The comparable state forecast capability of CGKN to FNO
stems from their similar modeling frameworks: CGKN models the state transition map in
latent space, while FNO models that in Fourier space. The effectiveness of CGKN in state
forecast primarily benefits from the informative embeddings it learns from data, a feature
that is absent in the architectures of DNN and CNN. Similar to the previous numerical
example, the key advantage of CGKN over those general nonlinear neural-network-based
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models is efficient DA, which achieves comparable performance as applying EnKF to the
true governing equations but demands significantly fewer computational resources and
does not require empirical tunings.

0 11 22

−2

0

2
u

t = 4000

0 11 22

−2

0

2

t = 4001

0 11 22

−2

0

2

t = 4002

0 11 22

−2

0

2

t = 4003

0 11 22

−2

0

2

t = 4004

0 11 22

−2

0

2
u

t = 4005

0 11 22

−2

0

2

t = 4006

0 11 22

−2

0

2

t = 4007

0 11 22

−2

0

2

t = 4008

0 11 22

−2

0

2

t = 4009

0 11 22
x

−2

0

2
u

t = 4010

0 11 22
x

−2

0

2

t = 4011

0 11 22
x

−2

0

2

t = 4012

0 11 22
x

−2

0

2

t = 4013

0 11 22
x

−2

0

2

t = 4014

Truth CGKN DNN CNN FNO

Figure 4.29: Results of state forecast for the Kuramoto–Sivashinsky equation. The evolution
of true spatial functions is compared with predictive spatial functions from various models
including CGKN, DNN, CNN, and FNO.

Figure 4.30 presents the time series of the unobserved state at the location x= 9.625 in
the spatial domain [0,22]. The true signal of the unobserved state is compared with the DA
posterior means obtained from CGKN and EnKF, as well as with the interpolation result. For
both DA methods, the uncertainty area corresponding to two standard deviations is shown
around the respective posterior means. The uncertainty from CGKN is derived through
residual analysis, while that from EnKF is the empirical standard deviation estimated from
ensemble samples. The trajectories of the DA means from both CGKN and EnKF closely
match the true signal, significantly outperforming the interpolation results. The uncertainty
area provided by CGKN is similar to that of EnKF and covers most of the true signals.
Additionally, the DA results from both CGKN and EnKF rapidly adjust to the system and
accurately estimate the unobserved state from the initial guess, indicating that only a short
warm-up time is required for this spatiotemporal chaotic system.

The initial phases of the DA processes from CGKN and EnKF are illustrated in Figure 4.31,
which also includes the true spatial functions and interpolation results. The figure shows the
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Figure 4.30: Time series of the DA results for the Kuramoto–Sivashinsky equation. True
signal, DA posterior mean from CGKN and EnKF together with uncertainty area, and
interpolation results for the unobserved state at spatial position 9.625 are presented. The
uncertainties of the two standard deviations are indicated by the gray-colored regions
associated with the posterior mean.

spatial profiles corresponding to the spatiotemporal evolution presented in Figure 4.28 for
the first 10 time units. It is evident that both posterior means align well with the true spatial
functions after approximately 6 time units, whereas the interpolation result continues to
serve only as a baseline reference. Both Figures 4.30 and 4.31 confirm that CGKN achieves
DA performance comparable to using EnKF with the true system.

4.3.6.3 Navier–Stokes Equations: 2-D Turbulent PDE

The Navier–Stokes (N-S) equations are a set of nonlinear PDEs that describe the motion of
fluids. These equations are fundamental in the field of fluid dynamics and are used in a wide
range of applications in both natural and engineering, including weather patterns, ocean
currents, and airflow. The velocity form of the Navier–Stokes equations for incompressible
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Figure 4.31: Spatial profiles of the DA results for the Kuramoto–Sivashinsky equation.
Starting from a random guess, the DA results from CGKN are compared with the true spatial
functions in the first row, while those from EnKF are presented in the second row. The
interpolation results are provided as references in both rows.

fluid is:
∂u
∂t

=−u ·∇u+ν∇2u−
1
ρ
∇p+ f,

∇·u= 0,
(4.80)

where u(x,t) ∈ R2 is a 2-D velocity vector defined over the spatial domain x ∈Ω ⊂ R2

and temporal domain t ∈ (0,Lt]. Here, ν is the kinematic viscosity, ρ is the density, p
is the pressure field, and f is the forcing function. The state of interest in this example
is the vorticity, which is the curl of velocity ω := ∇×u. The simulations settings for
the system are ν = 10−4, ρ = 1, f = [100sin(8y), 0]T, Ω = (0,1)2, Lt = 1000, ∆t = 10−3,
and ∆x = ∆y = 1/256. The initial condition is u(x, 0) = 0 and the boundary condition
is periodic. The N-S equations with this setup result in a 2-D spatiotemporal turbulence.
The stable fluids algorithm is used to solve the 2-D Navier–Stokes equations with the
above settings to generate 1000-time-unit vorticity. The first 800 units are used as train
data and the remaining 200 units are used as test data. To demonstrate the robustness of
CGKN and simulate real-world applications, the measurement noise of N(0,2.52) has been
independently and identically added to both the train and test data. The resolution of both
train and test data is sub-sampled to ∆t= 0.01, ∆x= 1/64 and ∆y= 1/64. In the 64×64
2-D vorticity field, 8× 8 observed points are set uniformly distributed across the spatial
domain, while the other points are unobserved. The proposed CGKN for this 2-D turbulent
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vorticity field aims to i) estimate the 64× 64 vorticity field from a trajectory of 8× 8 sparse
observed data and ii) forecast the future 64× 64 vorticity field given any initial 64× 64
vorticity field.

With the CGKN that includes an encoder φ, a decoder ψ, and sub-networks η that
output F1, G1, F2, G2, the surrogate model in (4.62) is constructed to approximate the state
transition map of the 2-D vorticity field. The hyper-parameter dv, which is the dimension of
latent states, has been selected as 16×16= 256 in this example. To facilitate the generalized
application of Koopman theory for this 2-D turbulence, the convolutional autoencoder has
been employed with encoder φ : R64×64 7→ R16×16 and decoder ψ : R16×l6 7→ R64×64. The
states in the surrogate model are constituted by observed states u1 ∈ R64 and latent states
v ∈ R256. The sub-networks η : R64 7→ R82240 takes observed states u1 as input and outputs
the nonlinear components F1 ∈R64, G1 ∈R64×256, F2 ∈R256, G2 ∈R256×256 in the surrogate
model. The number of parameters θφ, θψ , and θη in the CGKN are 187265,187265 and
82240, respectively. The training settings for the CGKN include: state forecast horizon
tNs

=∆t= 0.01 time units which is the temporal resolution of data (i.e., one-step prediction)
and the DA horizon tNl

= 20 time units (2000 steps) with the warm-up period set as tNb
= 5

time units (500 steps). The weights in the target loss function are set as λAE = 1/d2, λu = 1/d,
λv = 1/dv, and λDA = 1/d2.

The test results of state forecast and DA from different methods are summarized in
Table 4.9 under the column Navier–Stokes equations. The DA error is based on a 200-time-
unit (20000 steps) horizon and the forecast error is calculated by one-step prediction. The
EnKF is applied on the true governing equations in (4.80) with the ensemble size set as
J= 100. Initial conditions of ensembles in EnKF are randomly sampled from the training
data, while the initial distribution of CGKN is set as Gaussian white noise. The constant
multiplicative covariance inflation and the localization strategy have been taken for EnKF
to exploit spatial information and reduce the sampling errors. The parameters of inflation
and localization are chosen as 1.1 and 8 based on the empirical tunings of training data.
The numerical simulation of the governing equation for the forecast step in EnKF uses a
temporal resolution of ∆t = 0.001, compared with 0.01 of the data, to ensure numerical
stability and accuracy.

In this 2-D turbulence example, the DA performance of CGKN outperforms that of EnKF,
with the interpolation result displaying an error twice as large as that observed in CGKN.
Additionally, CGKN completes DA for 20000 steps of test data in about 80 seconds, whereas
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EnKF requires about 25000 seconds (about 7 hours) to perform the same task. Though
the EnKF can be accelerated by parallel computing for numerical simulation of ensemble
numbers, it will cost more memory resources, especially for this 2-D turbulence simulation.
The efficient DA of CGKN stems from the availability of analytical DA formulae, the reduced
dimensionality of latent state, and fast forecast through approximation of the state transition
map. Overall, with substantial advantages in terms of computational cost, the DA result
from CGKN is still comparable to that of EnKF.

For state forecast, CGKN achieves performance comparable to FNO and outperforms
both CNN and DNN, with DNN delivering the worst results. This is primarily because the
DNN fails to leverage spatial information, which is crucial for analyzing a 2-D field. The
state forecast performance demonstrates the effectiveness of the embeddings-based learning
in the CGKN, which is analogous to the Fourier-modes-based learning in the FNO. It is
worth highlighting that due to the black-box nature and lack of the DA loss constraint in the
training state, the general nonlinear neural-network-based models including DNN, CNN,
and FNO are incapable of performing efficient and accurate DA, which is a key advantage
of CGKN.

The state forecast results from different models are presented in Figure 4.32, with the
initial condition set as the vorticity at 950 time units from the test dataset. The forecast
results from CGKN and FNO successfully capture the flow pattern of the true simulation,
whereas the result from CNN deviates significantly, and that from DNN performs the worst.
In addition to its superior state forecast performance, a major advantage of CGKN is its
capability for efficient and accurate DA.

Figure 4.33 shows the DA results from CGKN and EnKF. Given a trajectory of 8× 8
observed states uniformly distributed on the vorticity field starting from 800 time units in
test data, the evolutions of the full fields (64×64) of the true simulation, posterior means
from CGKN and EnKF, and interpolation result are shown in each row of the figure. The
flow patterns of estimated fields from CGKN and EnKF can capture that of the true fields,
while the flow pattern of interpolation is very blurry and deviates significantly from the
truth. The figure confirms the comparable DA result between CGKN and EnKF, despite
CGKN using much fewer computing resources.

Figure 4.34 shows the time series of the unobserved state indexed at the location (x,y) =
(0.5625,0.5625) in the spatial domain of [0,1]2. The first two rows of the figure present a com-
parison between the true signal and the DA posterior means from CGKN and EnKF, along
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Figure 4.32: Results of state forecast for the Navier–Stokes equations. The evolution of
the true vorticity field is compared with the predictive vorticity field from various models
including CGKN, DNN, CNN, and FNO.
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Figure 4.33: Spatiotemporal evolution of the DA results for the Navier–Stokes equations.
Heatmaps of each row display the vorticity fields for the true simulation, the DA posterior
means from CGKN and EnKF, and the interpolation result.

with their associated uncertainty areas. The uncertainty area is two standard deviations as-
sociated with the posterior means, which for CGKN is determined through residual analysis,
and for EnKF, it is estimated using the ensemble standard deviation. The interpolation result
is shown in the last row. By comparing the posterior mean and the true signal, both CGKN
and EnKF outperform the interpolation result, with CGKN demonstrating slightly better
performance than EnKF, particularly for some extreme values. Additionally, the uncertainty
areas from both CGKN and EnKF can effectively encompass most of the true signals, demon-
strating a robust quantification of the uncertainty associated with the estimated mean field.
Overall, the CGKN is capable of tackling both tasks of state forecast and efficient DA for
this 2-D turbulence example. It is worth noting that the CGKN can achieve comparable DA
performance to that of EnKF but with significantly lower computational costs. For state
forecast, the CGKN can reach a level of performance similar to that of FNO.
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Figure 4.34: Time series of the DA results for the Navier–Stokes equations. The true
signal, DA posterior means from CGKN and EnKF together with uncertainty areas of two
standard deviations, and interpolation result for the unobserved state at spatial position
(0.5625,0.5625) are presented.
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4.3.7 Discussion and Conclusion

This work develops a unified deep learning framework, the discrete-time conditional Gaus-
sian Koopman network (CGKN), to learn a surrogate model to perform efficient data assimi-
lation (DA) and state forecast for spatiotemporal dynamical systems governed by nonlinear
partial differential equations. Exploiting the Koopman embedding of the unobserved system
states to discover a latent representation with conditional linear dynamics, the spatiotem-
poral dynamical system can be converted into a conditional Gaussian nonlinear system,
serving as a surrogate model of the true system and facilitating analytical formulae for
DA. The analytical DA formulae and the lower-dimensional embedded latent space can
significantly improve the efficiency of DA, enabling the incorporation of DA performance
into the training process of the surrogate model. Therefore, the proposed discrete-time
CGKN framework in this work unifies the processes of training a scientific machine learning
(SciML) model and tuning its DA performance. The effectiveness of the proposed framework
for efficient state forecast and DA is demonstrated through several canonical problems
governed by PDEs, including the viscous Burgers’ equation, the Kuramoto—Sivashinsky
equation, and the 2-D Navier–Stokes equations. Extensions and future directions of the
proposed framework CGKN include introducing sparsity or locality in the identified latent
states to employ the spatial information for further accelerating the speed of state forecast
and DA, exploring alternative approaches to quantifying the uncertainties associated with
the posterior mean of CGKN, and employing advanced multi-objective optimization methods
to minimize each loss functions for enhancing the training performance of CGKN. Incorpo-
rating some known physics and designing more structures of CGKN, e.g., allowing temporal
memories to account for non-Markovian dynamics and characterizing the stochastic terms
via fluctuation–dissipation theorem, are also interesting future directions. It is worth noting
that the proposed CGKN framework also serves as an example to illustrate unifying the
development of SciML models and their outer-loop applications, which can potentially
inspire research directions of other outer-loop applications such as design optimization,
inverse problems, and optimal control.
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Chapter 5

Summary

This thesis aims to jointly investigate scientific machine learning (SciML) and data assimila-
tion (DA) to develop and apply reliable and efficient computational methods and algorithms
for modeling, simulating, and analyzing complex dynamical systems. Such systems are
ubiquitous in many scientific and engineering fields, such as fluid dynamics, geophysics, and
materials science, and often exhibit complex behaviors and phenomena, including strong
nonlinearity, high dimensionality, chaos and turbulence, multiscale and multiphysics inter-
actions, partial observability, discontinuities, non-Gaussian statistics, intermittency, and
extreme events. To address these intrinsic complexities, this thesis integrates heterogeneous
sources of information, such as data, physical laws, and domain knowledge, to develop
novel SciML and DA methods for solving the associated forward and inverse problems,
including spatiotemporal modeling, system identification, data assimilation, and uncertainty
quantification.

The contributions of this thesis can be summarized as follows: (1) Developing a continu-
ous modeling framework, termed the neural dynamical operator, for learning complex spa-
tiotemporal dynamical systems such as nonlinear PDEs. The model is resolution-invariant
(or discretization-invariant) in both the spatial and temporal domains. A hybrid optimization
scheme that combines gradient-based and derivative-free methods is proposed to train the
model for both short-term state forecasting and long-term statistical matching. (2) Proposing
an online system identification method, termed Causation Entropy Boosting (CEBoosting),
to detect changing points (tipping points) and calibrate the model for dynamical systems
with regime switching, where the dynamical function or its parameters change abruptly,
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based on sequential streaming time series data. (3) Designing a stochastic surrogate model-
ing framework, constituted by a novel neural network architecture termed the conditional
Gaussian Koopman network (CGKN), for modeling partially observed nonlinear dynamical
systems to enable efficient nonlinear data assimilation (state estimation) and state forecast
with uncertainty quantification. In addition, extensive numerical examples are provided to
demonstrate the robustness and efficiency of these computational methods.

The methods developed in this thesis also offer promising directions for further ex-
tensions and applications. In Chap. 2, the neural dynamical operator can be employed to
model the unresolved components in spatiotemporal closure modeling, complementing
the resolved components such as physics-based terms. Additionally, the spatiotemporal
resolution-invariance property enables model training and inference on data with irregular
sampling in both space and time, e.g., data collected from spatially moving sensors with
varying temporal sampling rates. Furthermore, instead of the heuristic alternative hybrid
optimization schemes, utilizing ensemble Kalman inversion (or other memory-efficient and
chaos-robust optimization methods) to minimize short-term and long-term additive losses
may further improve model performance. In Chap. 3, the physical constraints can be natu-
rally added to the CEBoosting algorithm, such as the requirement of the total energy in the
quadratic nonlinear terms to be conserved. This energy conservation of the modeled system
guarantees the long-term stability of the identified system. Other future work includes the
uncertainty quantification of the aggregated causation entropy and the further study of other
causality metrics. In Chap. 4, the proposed CGKN demonstrates the potential for real-time
field reconstruction of three-dimensional turbulent systems from sparse observations. In
addition, its lightweight design and online learning capability provide a viable solution for
edge intelligence, where large-scale models are often impractical due to limited storage
and computational resources. This framework can be further extended to non-Markovian
partially observed systems by incorporating memory, and can be adapted to Lagrangian data
streams. Furthermore, potential methodological improvements include more advanced un-
certainty quantification methods for DA results and the learning of informative embeddings
via more powerful data compression techniques.

Ultimately, this thesis develops systematic computational methods and algorithms on the
basis of SciML andDA to enable themodeling, simulation, and analysis of complex dynamical
systems across science and engineering. These methods and algorithms contribute to
addressing previously intractable and emerging challenges in forward and inverse problems,
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demonstrating strong potential for real-world applications.
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Appendix A

Algorithm for the Neural Dynamical
Operator with Hybrid Optimization

The detailed algorithm of the hybrid optimization is presented in Algorithm 3. In this thesis,
we apply this algorithm to the example of Kuramoto—Sivashinsky equation in Section 2.6.3,
for an efficient and robust training of neural dynamical operator with both short-term and
long-term data.
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Algorithm 3 Training neural dynamical operator with the hybrid optimization scheme

1: Input: {u(tn)}Nn=0 and G̃(· ;θ) ▷ Training data and initial model
2: Set (NHybrid,NSGD,NEKI,Ns,Nl, λ, J,c)
3: Θ← Empty list
4: for n= 1,2, . . . ,NHybrid do

5: for n1 = 1,2, . . . ,NSGD do ▷ SGD training
6: N0 ∼ U(0,N−Ns)

7: {ũ(tn)}N0+Ns
n=N0

= ODESolver(G̃(θ),u(tN0), {tn}
N0+Ns
n=N0

)

8: Ls = Σ
N0+Ns
n=N0

||u(tn)− ũ(tn)||2

9: θ← θ−λ∇θLs ▷ Parameters updated by SGD
10: end for

11: {θ(j)}Jj=1 = θ+ {ϵ(j)}Jj=1, ϵ(j) ∼ N(0,0.12Idθ) ▷ Initialize ensemble parameters
12: for n2 = 1,2, . . . ,NEKI do ▷ EKI training
13: N0 ∼ U(0,N−Nl)

14: y= β({ũ(tn)}
N0+Nl
n=N0

) ▷ Long-term statistics
15: Ση = c

2Idy
16:

{
[{ũ(tn)}

Nl
n=0]

(j)
}J
j=1 =

{
ODESolver(G̃(θ(j)),u(tN0), {tn}

N0+Nl
n=N0

)
}J
j=1

17: {g(j)}Jj=1 =
{
β([{ũ(tn)}

Nl
n=0]

(j))
}J
j=1

18: {y(j)}Jj=1 = y+η(j), η(j) ∼ N(0,Ση)
19: {θ(j)}Jj=1←

{
θ(j)+Σθg(Σgg+Ση)

−1(y(j)−g(j))
}J
j=1 ▷ EKI updating formula

20: end for
21: θ = 1

JΣ
J
j=1θ

(j) ▷ Parameters updated by EKI
22: Append θ toΘ
23: end for
24: return robust θ⋆ fromΘ based on the error history during EKI updating
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Appendix B

Algorithm for the Causation Entropy
Boosting

Algorithm 4 presents the detailed procedures of the CEBoosting method, including (i) de-
tecting regime switching, (ii) aggregating causation entropy matrix (CEM) until a consistent
pattern of CEM is obtained, (iii) identifying a sparse model structure according to the ag-
gregated CEM, and (iv) fitting the model parameters. The consistent pattern of CEM is
determined by (3.11), i.e., the aggregated CEM does not change for D data batches. In this
work, we choose D= 4 for all the numerical examples.
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Algorithm 4 Causation Entropy Boosting
1: f←ΞΦ ▷ Current Model
2: D← 4 ▷ Stable Condition of Aggregated CEM
3: for k= 1,2, . . . do ▷ Sequential data batches with each of lengthM
4: Φm←Φ(x(tBk +(m−1)∆t))
5: ẋm← [x(tBk +m∆t)−x(tBk +(m−1)∆t)]/∆t
6: rm← ẋm−ΞΦm, m= 1, . . . ,M−1 ▷ Estimation of residual dynamics
7: C← Cϕn→ri|[Φ\ϕn] ⩾ C
8: if C= 0 then ▷ Same regime
9: f←ΞΦ ▷ Keep current model
10: else ▷ New regime detected
11: K← 0, d← 1,
12: while d <D do ▷ Aggregating CEM until stable for D iterations
13: K← K+1
14: C← C+C

(k+K)
ϕn→ri|[Φ\ϕn]

15: C+(K)← 1
KC⩾ C ▷ Indicator matrix

16: if C+(K) = C+(K−1) then ▷ Stable condition
17: d← d+1
18: else ▷ Unstable CEM
19: d← 1
20: end if
21: end while ▷ Stable CEM
22: K∗← K ▷Minimal batches that produce the stable CEM
23: δΞ[C+(K∗) = 0]← 0 ▷ Enforcing sparsity by the stable CEM
24: δΞ[C+(K∗) = 1]← argminδΞ

∑MK∗

m=1 ∥rm−δΞΦm∥2
25: Ξ←Ξ+δΞ
26: f∗←ΞΦ
27: end if
28: return f∗

29: end for
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Appendix C

Algorithm for the Conditional
Gaussian Koopman Network

The detailed algorithm for the discrete CGKN is presented in Algorithm 3. The same process
can also be applied to continuous CGKN and CGNSDE, with the corresponding formulations.
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Algorithm 5 Learning Discrete Conditional Gaussian Koopman Network
1: Input: {un⋆ = (un⋆1 ,un⋆2 )}Nn=0 and (φ,ψ,F1,G1,F2,G2) ▷ Data and initial Model
2: θ = {θφ,θψ ,θF1 ,θG1 ,θF2 ,θG2} ▷Model parameters

3: Stage 1:
4: for ep = 1, 2, ... epochs do
5: N0 ∼ U(0,1, . . . ,N−Ns) ▷ Randomly sample a time step
6: uN0

1 = uN0⋆
1

7: vN0 = vN0⋆ =φ(uN0⋆
2 ; θφ) ▷ Encode unobserved state to latent state

8: for n=N0,N0+1, . . . ,N0+Ns−1 do ▷ State forecast for horizon Ns
9: un+1

1 = F1(un1 ; θF1)+G1(un1 ; θG1)v
n

10: vn+1 = F2(un1 ; θF2)+G2(un1 ; θG2)v
n

11: un+1
2 =ψ(vn+1; θψ) ▷ Decode latent state to unobserved state

12: end for
13: LAE =

1
Ns+1

∑N0+Ns
n=N0

∥un⋆2 −ψ
(
φ(u⋆

2)
)
∥2

14: Lu =
1
Ns

∑N0+Ns
n=N0+1 ∥un⋆−un∥2 ▷ un = (un1 ,un2 )

15: Lv =
1
Ns

∑N0+Ns
n=N0+1 ∥vn⋆−vn∥2

16: L= λAELAE+λuLu+λvLv
17: θ← θ−η∇θL ▷ Gradient descent without DA loss
18: end for
19: σ1 = diag

(√
1
N

∑N
n=1(un⋆1 −un1 ⊙ (un⋆1 −un1 )

)
▷ UQ for state forecast via RMSE

20: σ2 = diag
(√

1
N

∑N
n=1(vn⋆−vn)⊙ (vn⋆−vn)

)
21: σ = (σ1,σ2)

22: Stage 2:
23: for ep = 1, 2, ... epochs2 do
24: Line 4 - 13
25: N ′0 ∼ U(0,1, . . .N−Nl) ▷ Randomly sample a time step
26: for n=N ′0,N ′0+1, . . . ,N ′0+Nl−1 do ▷ Data assimilation for horizon Nl
27: µn+1

v = F2+G2µnv +Kn
(
un+1
1 −F1−G1µnv

)
▷ The input of F, G are ommitted

28: Σn+1
v = G2Σn

vGT
2+σ2σT

2 −KnG1Σn
vGT

2
29: end for
30: LDA = 1

Nl−Nb

∑N ′0+Nl
n=N ′0+Nb

∥un⋆2 −µn∥2 ▷ Nb is the DA warm-up time
31: L= λAELAE+λuLu+λvLv+LDA
32: θ← θ−η∇θL ▷ Gradient descent with DA loss
33: end for
34: rn = |un⋆2 −µn| for n= 1,2, . . . ,N ▷ Residual
35: θ∗UQ = argmin 1

N

∑N
n=1

(
rn−NN(un⋆1 ; θUQ)

)2
▷ UQ for DA via Residual regression

36: Output: θ∗, σ, θ∗UQ ▷ Trained and estimated parameters
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Appendix D

Data Assimilation for Conditional
Gaussian Nonlinear System

The general form of dynamical systems from fluid mechanics and geophysics could be
represented as:

du
dt = (L+D)u+B(u,u)+F(t)+σ(u,t)Ẇ(t) (D.1)

with u ∈ CN is the state variable, (L+D)u is linear dispersion and dissipation ef-
fects, B(u,u) in energy-conserving quadratic form introducing nonlinear effect, F(t) is a
deterministic external forcing term, σ ∈ CN×K is noise matrix, and Ẇ ∈ CK is white noise.

This general form (D.1) could be approximated by conditional Gaussian non-linear
system (CGNS):

dX
dt

= a0(X,t)+a1(X,t)Y(t)+b1(X,t)Ẇ1(t)

dY
dt

= a0(X,t)+a1(X,t)Y(t)+b2(X,t)Ẇ2(t)
(D.2)

with original state u be decomposed into X ∈ CN1 and Y ∈ CN2 . a0, a0, a1, b1 and b2
are vectors or matrix which could depend non-linearly on X and t. Ẇ1(t) and Ẇ2(t) are
independent white noise.
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For CGNS (D.2), the optimal filter solution of Y(t) given X(s),s ∈ [0,T ] is :

p(Y(t)|X(s),s⩽ t) ∼ N(µf(t),Rf(t))
dµf
dt = (a0+a1µf)+(Rfa∗1)(b1b

∗
1)

−1(
dX
dt −(a0+a1µf))

dRf
dt = a1Rf+Rfa∗1+b2b∗2−(Rfa∗1)(b1b

∗
1)

−1(a1Rf)

(D.3)

(The notation ·∗ is the complex conjugate transpose)
The above filter solution only exploits information up to current time, not the entire

time interval. A smoother solution which utilize whole information in time interval would
be more accurate:

p(Y(t)|X(s),s ∈ [0,T ]) ∼ N(µs(t),Rs(t))
←−−dµs
dt =−a0−a1µs+(b2b∗2)R

−1
f (µf−µs)

←−−dRs
dt =−(a1+(b2b∗2)R

−1
f )Rs−Rs(a∗1+(b2b∗2)Rf)+b2b∗2

(D.4)

(The notation←−d./dt means solving (D.4) backward from endpoint of interval [0,T] with
µs(T) = µf(T) and Rs(T) = Rf(T))

The conditional sampling formula of Y(t) given X(s),s ∈ [0,T ] could then be derived:

←−dY
dt =

←−−dµs
dt −(a1+(b2b∗2)R

−1
f )(Y−µs)+b2ẆY(t) (D.5)

The data assimilation has been used in Section 3.6.4 (SPEKF model) in Chapter 3. The
SPEKF model (3.17) is following the structure of conditional Gaussian non-linear system
(D.2): X corresponds tou and Y corresponds to

[
γ ω b

]T
with a0 =−γ̂u+iω̂u+ b̂, a1 =

[
−u iu 1

]
, b1 = σu, Ẇ1 = Ẇu, a0 = 0, a1 =

−dγ 0 0
0 −dω 0
0 0 −db

, b2 =
σγ 0 0
0 σω 0
0 0 σb

,
Ẇ2 =

[
Ẇγ Ẇω Ẇb

]T
. With the observed variable u, three hidden variables γ,ω,b will

be sampled according to the sampling formula (D.5), and presented in Fig 3.8. The smoother
estimation in Fig 3.9 is from the smoother formula (D.4). The sampled trajectory is the
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one that satisfies the posterior distribution at each time instant and considers the temporal
correlation at different time instants. The formula is used in generating the trajectories of
the unobserved variables for computing the causation entropy in Section 3.6.4.



208

Appendix E

A Quick Summary of the ENSO SPDE
Test Model

The physics-based reference ENSO model [368] discussed in this paper is built based on the
dynamics of atmosphere-ocean interactions in the tropical Pacific. The model consists of
two main components: a deterministic dynamical core that captures the essential physics
of ENSO and stochastic parameterizations that trigger the extreme events showing the
atmospheric and oceanic processes occurring at different timescales.

The dynamical core describes the interactions between the atmosphere, the ocean, and
the SST through three key mechanisms. First, the atmosphere drives ocean circulation
through wind stress, where the wind busts generate currents and affect the thermocline
depth. Second, the ocean affects the atmosphere through latent heat, which is proportional
to SST. Third, the ocean modulates SST through changes in the thermocline depth and zonal
currents.

The atmospheric component is based on a non-dissipative Matsuno-Gill type atmosphere
model [388, 389]. This model is a simplified representation of atmospheric dynamics in
the tropics, designed to capture large-scale motions. A key feature in the model of (E.1) is
the latent heating Eq, which is proportional to the sea surface temperature and drives the
atmospheric circulation. For the ocean component, the model employs a simple shallow-
water system [390]. The model focuses on the dynamics of an active upper layer. The upper
layer dynamics are driven by surface wind stress from the atmosphere. This wind stress
causes currents and waves, representing momentum transfer from the atmosphere to the
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ocean. These assumptions result in the reduced shallow-water equations shown in (E.2).
The SST equation is derived from an SST budget equation [391]. These include vertical
temperature changes due to thermocline variations, horizontal heat transport by ocean
currents, and thermal damping through air-sea heat exchange. These essential mechanisms
are captured in (E.3).

The dynamical core is a coupled atmosphere-ocean-SST system:
Atmosphere:

−yv−∂xθ= 0

yu−∂yθ= 0

−(∂xu+∂yv) = Eq/(1− Q̄)

(E.1)

Ocean:

∂tU−c1YV+c1∂xH= c1τx

YU+∂YH= 0

∂tH+c1 (∂xU+∂YV) = 0

(E.2)

SST:

∂tT =−c1ζEq+c1η1H+c1Iη2U. (E.3)

In the atmosphere component (E.1), u, v, and θ represent the zonal wind speeds, merid-
ional wind speeds, and the potential temperature, respectively. In the ocean components
(E.2), U, V are zonal and meridional ocean currents, H is the thermocline depth. Besides,
T represents the SST. These variables are all anomalies. The t represents the interannual
time coordinate, x is the zonal coordinate, and y and Y are the meridional components for
the atmosphere and ocean components. The equations include various parameters such
as latent heat Eq = αqT , wind stress τx, latent heating exchange coefficient ζ, and the
strengths of the thermocline η1 and zonal advective feedback η2. The relative magnitudes of
η1 and η2 differ between the Eastern Pacific (EP) and Central Pacific (CP) due to variations
in thermocline depth and zonal SST gradients. The model assumes periodic boundary
conditions for the atmosphere and reflection boundary conditions for the Pacific Ocean.
Since ENSO is primarily a phenomenon near the equator, we further project the model to
the leading basis in the meridional direction.
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While this deterministic dynamical core captures the basic ENSO physics, additional
processes at different timescales play crucial roles in generating realistic features of ENSO
diversity. These additional effects can be effectively characterized by stochastic parameteri-
zations, which describe the intraseasonal wind variations and the decadal changes in the
background conditions.

The wind stress τx consists of two components, the atmospheric circulation u and
the stochastic wind bursts up, which is localized in the western Pacific (WP) and has the
following structure:

up(x,y,t) = ap(t)sp(x)ϕ0(y) (E.4)

where ϕ0(y) is the leading meridional basis, sp(x) is a fixed spatial structure, and ap(t) is
the wind burst amplitude governed by a stochastic process:

dap
dt =−dpap+σp(TC)Ẇp (E.5)

Here, dp is the damping term, Ẇp is a white noise source, and σp(TC) is the state-dependent
noise strength, which is a function of the SST averaged over the CP. In the absence of
seasonal cycle and decadal influence, the noise strength is parameterized as σp(TC) =
1.6(tanh(TC)+ 1). This state-dependent noise coefficient implies that wind burst activity is
more active during El Niño events due to the eastward extension of the warm pool. The
intraseasonal wind bursts not only affect the interannual variability but are also modulated
by it.

Finally, the decadal variability is driven by a simple stochastic process:

dI
dt =−λ(I−m)+σI(I)ẆI, (E.6)

where λ is the damping term set to 5 years−1, representing the decadal time scale. σI(I) is
the state-dependent noise strength, and ẆI is the white noise source. The state-dependent
noise coefficient allows the distribution of I to be non-Gaussian, with I representing the
strength of the easterly trade wind in the lower level of the Walker circulation on the
decadal time scale. A uniform distribution between [0,1] is adopted for I, with larger values
corresponding to stronger easterly trade winds.
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