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ABSTRACT

In this dissertation, we study optimization algorithms with coordinate updates, a family of iter-
ative optimization algorithms that serve as the workhorses for training modern data-driven decision
systems (also known as machine learning), in stochastic and in cyclic manners. We introduce highly
structured related machine learning problems, present several novel algorithms that improve upon
existing convergence guarantees, and extend the theoretical understanding of these problems through
rigorous mathematical analysis, and detailed numerical experiments. In Chapters 2 and 3, we focus
on the cyclic coordinate descent case, where the bias accumulated within each epoch is nontriv-
ial to tackle. In Chapter 4, we shift our focus to solving generalized linear programming (GLP)
via randomized coordinate linear primal-dual techniques, and introduce a novel connection between
distributionally robust optimization (DRO) and GLP.
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Chapter 1

Introduction

Stochastic gradient descent (SGD) and coordinate descent (CD) are the two mostly influential
optimization algorithms in the era of modern machine learning and deep learning problems. While
both classes of algorithms have a long history in the area of mathematical optimization, their core idea
is to reduce full expensive update rules to simple update rules with cheap per-iteration costs. In the
modern era where there is a seemingly unlimited supply of data and unimaginably scalable computing
resources for training predictive models, their cheap per-iteration costs and lower memory overhead
make them particularly attractive as the go-to optimization algorithms. At the same time, their
resurgence has motivated a new wave of research into their theoretical properties and their practical
performances. In this dissertation, we focus on improving the understanding of coordinate descent
algorithms with cyclic and stochastic strategies for solving structured smooth optimization and min-
max problems, which have strong connections to many modern machine learning applications. In
this chapter, we focus on defining the notation that will be used throughout the thesis, as well as
the basics of the algorithms of interest.

1.1 Problem Description

The basic continuous optimization problem can be phrased as

min
x∈X

f(x) + r(x) (1.1)

where X ⊆ Rd is a compact convex set, f : Rd → R is a convex objective function and r :
Rd → R ∪ {∞} is an optional regularization function. Depending on the structure of the prob-
lem, its optimization problem can be of composite form or not, while its objective function can
be smooth/nonsmooth and strongly-convex/non-strongly convex. In the following, we give a brief
overview of the common properties in convex optimization.
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Definition 1 (Convex set). A set X is convex if for all x,y ∈ X and 0 ≤ γ ≤ 1 it holds that

γx + (1 − γ)y ∈ X . (1.2)

Definition 2 (Convex function). A function f is convex over X if for all x,y ∈ X and 0 ≤ γ ≤ 1
it holds that

f(γx + (1 − γ)y) ≤ γf(x) + (1 − γ)f(y). (1.3)

We further consider common nice properties that facilitate important mathematical analysis on
the convergence rates of algorithms under various assumptions. In particular, we define Lipschitz
continuity, L-smoothness and µ-strong convexity as follows:

Definition 3 (Lipschitz continuity). A function f is M-Lipschitz continuous over X if for all x,y ∈
X it holds that

∥f(x) − f(y)∥2 ≤ M ∥x − y∥2 . (1.4)

Definition 4 (Lipschitz smoothness). A differentiable function f is L-Lipschitz smooth over X if
for all x,y ∈ X it holds that

∥∇f(x) − ∇f(y)∥2 ≤ L ∥x − y∥2 . (1.5)

Definition 5 (Strong convexity). A function f is µ-strongly convex over X if for all x,y ∈ X there
exists µ > 0 and 0 ≤ γ ≤ 1 such that

f(γx + (1 − γ)y) ≤ γf(x) + (1 − γ)f(y) − γ(1 − γ)µ2 ∥x − y∥2
2 . (1.6)

1.2 Favorable Structures for Efficient Algorithms in Modern Ma-
chine Learning Problems

Without the presence of any favorable structures such as the above defined convexity, smoothness
or strong convexity, an optimization problem for predictive models can be difficult. In fact, a general
nonconvex nonsmooth minimization problem for predictive models can be NP-hard with respect to
the number of model parameters in the worst case. However in the past few decades, overwhelming
empirical evidence in machine learning and deep learning has shown that optimization problems in
most model training are not near the difficulty of NP-hardness (e.g., [KSH12]). Therefore it is natural
to believe that those problems possess some forms of favorable structures, leading to some popular
assumptions of niceness in algorithm designs. In this section, we present two additional structures
that motivate the innovation of more efficient and scalable algorithms in this thesis.
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1.2.1 Data Separability

Even in modern big data applications, it is natural to consider a dataset as a finite collection of
data points where each data point (or each batch of data points) can be accessed cheaply and indepen-
dently. This motivates the following form of data-separable finite-sum structure in our optimization
problem:

min
x∈X

{
f(x) + r(x) := 1

n

n∑
i=1

fi(x) + r(x)
}

(1.7)

where fi correspond to the loss function with respect to the i-th data point and n is the total
number of data points in the dataset. This structure permits the designs of efficient stochastic
algorithms by variance reduction techniques.

1.2.2 Coordinate Separability

Modern learning problems are very high-dimensional. In certain structured problems where they
can be decomposed into smaller simpler subproblems along the dimension of parameters [PWX+16],
we can consider each update on one or a small block of parameters while fixing others. This obser-
vation motivates us to partition x into coordinate blocks (x1, x2, ..., xd) where d is the number of
model parameters.

These types of coordinate algorithms are particularly useful when the data matrix is sparse,
leading to cheap updates when solving coordinate subproblems during each coordinate update. In
recent years, we have also seen a renewed interest to model distributed large language model training
as coordinate separable problem to understand the parallelization of such algorithms.

1.3 Contributions and Organization

In the following, I briefly outline the organization of this thesis and our contributions. I defer
the details of background-related work for each topic to its respective chapter due to the diversity of
areas.

Chapter 1: In the first chapter we revisit fundamental concepts in convex optimization that will
be used throughout the thesis. We also define the optimization problem and discuss its characteristic
and structures.
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Chapter 2: Shuffled-style Stochastic gradient descent (SGD) algorithms are a class of simple yet
powerful algorithms that are widely used in practice to train large-scale deep learning models. How-
ever, in contrast to its widely-studied theoretical counterpart which usually relies on the assumption
of sampling with replacement, the convergence behavior of shuffled-style SGD is much less well-
understood despite its superior numerical performance. We propose to view shuffled-style SGD in
a primal-dual perspective where the gradient descent iterations with respect to individual samples
in datasets becomes cyclic coordinate steps in the dual space. We show improved fine-grained con-
vergence bounds and offer a theoretical explanation of the superior empirical performance of data
permutations over vanilla counterparts in machine learning problems.

Chapter 3: Traditional gradient descent algorithms solve optimization problems by iteratively
computing the full gradients and perform updates over all model parameters at each step. In contrast,
coordinate descent algorithms solve them by successively performing minimization along coordinate
directions or hyperplanes (in block coordinate setting). We focus on accelerating cyclic coordinate
algorithms via introducing dual averaging with extrapolation and make an important step towards
a dimension-independent algorithm in the class of cyclic algorithms.

Chapter 4: Departing from the cyclic settings of Chapter 2 and 3, we study a class of GLP in a
large-scale settings via a form of randomized dual coordinate algorithm. We reformulate GLP as an
equivalent convex-concave min-max problem where we exploit the linear structure in the problem and
propose an efficient scalable first-order algorithm named CLVR. We introduce a novel reformulation
connecting DRO problems with ambiguity sets based on both f -divergence and Wasserstein metrics
to GLP, and demonstrate the practical effectiveness in solving DRO problems through CLVR.

1.4 Other Work During My Ph.D.

Some of the work done during my Ph.D. was not included in this thesis because it was not closely
related to the theme or because it has not been fully completed yet, but I would like to take the
opportunity to mention it in this section.

Parameter-free Locally Accelerated Conditional Gradients. The first project during my
Ph.D. involves studying parameter-free acceleration under conditional gradient settings. Projection-
free conditional gradient (CG) methods are the algorithms of choice for constrained optimization
setups in which projections are often computationally prohibitive but linear optimization over the
constraint set remains computationally feasible. Unlike in projection-based methods, globally ac-
celerated convergence rates are in general unattainable for CG. However, a very recent work (at
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the time) on Locally accelerated CG (LaCG) has demonstrated that local acceleration for CG is
possible for many settings of interest. The main downside of LaCG is that it requires knowledge
of the smoothness and strong convexity parameters of the objective function. We remove this lim-
itation by introducing a novel, Parameter-Free Locally accelerated CG (PF-LaCG) algorithm, for
which we provide rigorous convergence guarantees. Our theoretical results are complemented by nu-
merical experiments, which demonstrate local acceleration and showcase the practical improvements
of PF-LaCG over non-accelerated algorithms, both in terms of iteration count and wall-clock time.
Figure 1.1 provides a brief description of the design and execution of PF-LaCG.

Efficient Waveform De-convolution for Neutrino Detection. Towards the end of my Ph.D.,
Jelena and I began a collaboration with wonderful scientists Benedikt Riedel, Jim Braun and Josh
Peterson from the IceCube Neutrino Observatory. Despite making significant algorithmic progress,
our work has not been deployed to their production yet, thus yet a publication, due to various
constraints.

The IceCube Neutrino Observatory is a 1 km3 neutrino detector located in the South Pole, op-
timized for detection of high-energy astrophysical neutrinos [A+17]. When a high energy neutrino
interacts with a nucleon, ultra-relativistic charged particles are produced and emit Cherenkov radia-
tion. Digital optical modules (DOMs), housing a photomultiplier-tube (PMT), measure and digitize
the voltage waveforms produced by incoming Cherenkov photons. The algorithmic challenge arises
during the phase where the digitized waveform is required to be de-convoluted into a pulse series
with photon charge (approximate number of photons) and timing information. The de-convolution
problems can be formulated as a Non-Negative Least Square (NNLS+) problem

min
x≥0

∥Ax − b∥2
2 + r(x)

where the basis matrix A is non-negative, highly sparse, and highly structured. Furthermore, the
desired form of regularization r(x) is unclear due to various physical properties which we would
like the algorithm to attain. We propose a fast multi-stage block-coordinate exact minimization
algorithm which leverages the block incremental structure of the basis matrix to repeatedly solve a
simpler approximated subproblem. Furthermore, we show improved computational efficiency in terms
of CPU-time compared to the production algorithm, which is a Lawson Hanson NNLS algorithm
specialized for use in IceCube. We hope to further optimize our algorithm and aim to have our work
deployed in the next generation of IceCube Gen II.
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1.5 Contributions to Literature

• The non-included work on Parameter-free Locally Accelerated Conditional Gradients was pub-
lished in the proceedings of ICML’21 [CDLP21]. Carderera, A., Diakonikolas, J., Lin, C.Y., &
Pokutta, S. (2021). Parameter-free Locally Accelerated Conditional Gradients. International
Conference on Machine Learning.

• Chapter 2 is based on [CLD24]: Cai, X.*, Lin, C. Y.*, & Diakonikolas, J. (2024). Tighter
Convergence Bounds for Shuffled SGD via Primal-Dual Perspective. Advances in Neural In-
formation Processing Systems.

• Chapter 3 is based on [LSD23]: Lin, C.Y., Song, C., & Diakonikolas, J. (2023). Accelerated
Cyclic Coordinate Dual Averaging with Extrapolation for Composite Convex Optimization.
International Conference on Machine Learning.

• Chapter 4 is based on [SLWD22]: Song, C.*, Lin, C. Y.*, Wright, S., & Diakonikolas, J.
(2022). Coordinate Linear Variance Reduction for Generalized Linear Programming. Advances
in Neural Information Processing Systems.
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F(x∗)
X

x0

AFW:
ACC:

x∗

xR

Figure 1.1: An example of coupling between Away-Step Frank Wolfe (AFW) and accelerated gradient
descent (ACC) in PF-LaCG on a tetrahedron as the feasible set, starting from initial point x0 with
the base of the tetrahedron as its support S0. The two algorithms are run in parallel from x0: AFW
optimizes over the entire tetrahedron, allowing it to add and remove vertices, while ACC optimizes
over the base of the tetrahedron only and it cannot converge to the optimal point x∗, as x∗ /∈ co(S0).
After several iterations, once the restart criterion for AFW is triggered, PF-LaCG chooses the output
point of AFW over that of ACC, as wAFW ≤ min{wACC, wACC

prev /2}, hence a PF-LaCG restart occurs
at xR. For ease of exposition we assume that the point outputted by AFW is contained in F(x∗)
after a single halving of w(x,S), although in practice several restarts may be needed for AFW to
reach F(x∗). Since xR is on the optimal face F(x∗), PF-LaCG has completed the burn-in phrase.
The two algorithms again run in parallel from xR after the restart. However, ACC converges to the
optimal x∗ at an accelerated rate, much faster than AFW. Hence, local acceleration is achieved by
PF-LaCG while being at least as fast as vanilla AFW.
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Chapter 2

Tighter Convergence Bounds for Shuffled SGD
via Primal-Dual Perspective

Stochastic gradient descent (SGD) is the most fundamental optimization algorithm in modern
machine learning. Similar to the traditional gradient descent algorithm, SGD is an iterative algorithm
that updates the model parameters based on the gradient of the loss function, minimizing the loss
function in the process. Different than the traditional gradient descent algorithm, SGD approximates
the gradient of the loss function by computing it from a single sample or a mini-batch of sample at
each step. This is a simple yet powerful algorithm, removing the memory and computation burden
of making a full pass over the entire dataset. This feature has allowed SGD, along with its many
variants such as momentum SGD, ADAM and RMSProp, to scale particularly well in deep learning
applications, where models often have millions or even billions of parameters trained over billions rows
of data. Despite its huge success in modern machine learning applications, there exist fundamental
gaps between the theoretical understanding of these algorithms vs their practical effectiveness. In
this chapter, we will focus on studying a variant of SGD most widely used in practice – Shuffled
SGD.

The most basic version of SGD picks a single sample from the dataset at random, computes
its gradient and conducts an update to model parameters at each step. The empirical practice in-
stead samples from the dataset without replacement (shuffling) and with (possible) reshuffling at each
epoch. While this shuffling strategy does not align with the theoretical counterpart of SGD which
usually relies on the assumption of sampling with replacement, it has proven to be extremely effective
in training complex machine learning and deep learning models over large datasets. It is only very
recently that SGD using sampling without replacement – shuffled SGD – has been analyzed with
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matching upper and lower bounds. However, we observe that those bounds are too pessimistic to ex-
plain often the superior empirical performance of data permutations (sampling without replacement)
over vanilla counterparts (sampling with replacement) on machine learning problems.

2.1 Introduction

Originally proposed in [RM51], SGD has been broadly studied in the machine learning literature
due to its effectiveness in large-scale settings, where full gradient computations are often computa-
tionally prohibitive. When applied to unconstrained finite-sum problems

min
x∈Rd

f(x), where f(x) := 1
n

n∑
i=1

fi(x), (P)

SGD performs the update xt = xt−1 − η∇fit(xt−1) for it ∈ [n] ([n] := {1, . . . , n}), in each itera-
tion t. Traditional theoretical analysis for SGD builds upon the assumption of sampling it ∈ [n]
with replacement according to a fixed distribution p = (p1, . . . , pn)⊤ over [n], which leads to
Eit [∇fit(xt−1)/(npit)] = ∇f(xt−1), and thus much of the (deterministic) gradient descent-style
analysis can be transferred to this setting. By contrast, no such connection between the compo-
nent and the full gradient can be established for shuffled SGD — which employs sampling without
replacement — making its analysis much more challenging. As a result, despite its fundamental
nature, there were no non-asymptotic convergence results for shuffled SGD until a very recent line
of work [GOP21, Sha16, HS19, NJN19, RGP20, AYS20, MKR20, NTDP+21, CLY23]. All existing
results consider general finite sum problems, with the same regularity condition constant (Lipschitz
constant of fi or its gradient) assumed for all the component functions. As a result, the obtained
convergence bounds are typically no better than for (full) gradient descent, and are only better than
the bounds for SGD with replacement sampling if the algorithm is run for many full passes over the
data [MKR20, NTDP+21].

Furthermore, there is a large gap between the empirical performance of shuffled SGD and the
predicted convergence rates from prior work [MKR20, GOP21]. One cause for this discrepancy are
overly pessimistic bounds on the step size in prior work, which are of order 1/(nLmax), where Lmax

is the maximum smoothness constant over components fi in (P). In practice, the step sizes are
tuned to achieve better convergence bounds than predicted by the current theory. We illustrate how
restrictions on the step size affect convergence of shuffled SGD (with random permutations in each
epoch) in Fig. 2.1, where we plot the resulting optimality gap over full data passes when shuffled
SGD is applied to logistic regression problems on standard datasets. To compare the effect of the
step size η from prior work and our work, we choose take η = 1/(

√
2nLmax) based on [MKR20], and

η = 1/(n
√
L̂L̃) from our work, where L̂, L̃ are our novel fine-grained, data-dependent smoothness
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Figure 2.1: An illustration of the convergence behaviour of shuffled SGD for logistic regression
problems on LIBSVM datasets luke, leu and a9a, where we use step sizes from existing bounds and
our work. Due to randomness, we average over 20 runs for each plot and include a ribbon around
each line to show its variance. However, as suggested by the concentration of L̂ (see Subsection 2.5.1
and Subsection 2.5.2), the variance across multiple runs is negligible, hence the ribbons are barely
observable here. Our finding shows a significant gap between the current theoretical understanding of
shuffled SGD (existing bound) and its potential practical performance, motivating us to investigate
whether the current bounds are too pessimistic. We observe that our novel bounds can offer up
to
√

min(n, d) improvement on the step sizes, which translates to the predicted convergence rates
compared to state of the art upper bounds.

parameters defined in Section 2.4 for smooth convex finite-sum problems with linear predictors. As
can be observed from Fig. 2.1, larger step sizes resulting from our theory lead to faster convergence
of shuffled SGD and, as a result, our convergence bounds better predict the performance of shuffled
SGD.

Building on these insights, we introduce a fined-grained theoretical analysis to transparently show
how the structure of the data and the possibly different Lipschitz constants of the component func-
tions or their gradients affect the performance of shuffled SGD, thus providing a better explanation
of the heuristic success of shuffled SGD in modern machine learning.

2.2 Our Results

Through fine-grained analysis in the lens of primal-dual cyclic coordinate methods and the intro-
duction of novel smoothness parameters, we present several results for shuffled SGD on smooth and
non-smooth convex losses, where our novel analysis framework provides tighter convergence bounds
over all popular shuffling schemes (IG, SO, and RR). Notably, our new bounds predict faster con-
vergence than existing bounds in the literature – by up to a factor of O(

√
n), mirroring benefits

from tighter convergence bounds using component smoothness parameters in randomized coordinate
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methods. Lastly, we numerically demonstrate on common machine learning datasets that our bounds
are indeed much tighter, thus offering a bridge between theory and practice.

In this chapter, we study the convergence rates of shuffled SGD in various settings through a
unified primal-dual perspective, making intriguing connections to cyclic coordinate methods. This
analysis framework is novel and allows us to leverage cyclic bias accumulation techniques on the
dual side to obtain fine-grained convergence bounds. The obtained bounds mirror the improvements
in randomized coordinate methods, which come from different coordinate smoothness parameters.
While coordinate methods are no better than full-gradient methods in the worst case, on typical
problem instances, they are much faster and the improvements come precisely from a more fine-
grained view of smoothness. We see a similar phenomenon in our analysis, which highlights the
usefulness of the fine-grained smoothness characterizations introduced in our work.

We provide improved bounds for all three popular data permutation strategies RR, SO and IG,
in smooth convex settings. When the problem objective narrows to empirical risk minimization with
linear predictors, we are able to exploit the data-dependent structure and uncouple the linear and
nonlinear parts of the objective function, allowing us to provide tighter data-dependent bounds, up
to a factor of O(

√
n). Moreover, we show that our techniques extend to non-smooth convex settings,

providing improved bounds over existing work.
We summarize our results and compare them to the state of the art in Table 2.1. As is standard, all

complexity results in Table 2.1 are expressed in terms of individual (component) gradient evaluations.
They represent the number of gradient evaluations required to construct a solution with (expected)
optimality gap ϵ, given a target error ϵ > 0.

Extensions to mini-batching and IG. When presenting our results for general finite-sum prob-
lems (in Section 2.3), we consider simple updates without mini-batching for ease of presentation and
to avoid introducing excessive notation. However, we emphasize that all our results can be extended
to shuffled SGD with mini-batching. Our results are also the first to provide convergence bounds that
demonstrate benefits of mini-batching in shuffled SGD. For completeness and generality, the proofs in
the appendix are carried out for mini-batch settings with arbitrary batch sizes b ∈ {1, . . . , n}. Thus,
all the results stated in Section 2.3 can be recovered by setting b = 1. Moreover, our framework can
provide similar fine-grained convergence bounds for IG.

2.2.1 Background and related work

SGD (with replacement) has been extensively studied in many settings (see e.g., [RM51, BCN18,
B+15, AWBR09] for convex optimization). Compared to SGD, shuffled SGD usually exhibits faster
convergence in practice [Bot09, RR13], and is easier and more efficient to implement [Ben12]. For
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each epoch k, shuffled SGD-style algorithms perform incremental gradient updates based on the
sample ordering (permutation of the data points) denoted by π(k). There are three main choices of
data permutations: (i) π(k) ≡ π for some fixed permutation of [n] for all epochs, where shuffled SGD
reduces to the incremental gradient (IG) method; (ii) π(k) ≡ π̃ where π̃ is randomly chosen only once,
at the beginning of the first epoch, referred to as the shuffle-once (SO) scheme; (iii) π(k) randomly
generated at the beginning of each epoch, referred to as random reshuffling (RR).

For general smooth convex settings, the convergence of shuffled SGD has been established
only recently. For the number of epochs K sufficiently large, [NJN19] proved a convergence rate
O(1/

√
nK) for RR, which leads to the complexity matching SGD. This result was later improved to

O(1/(n1/3K2/3)) by [MKR20, NTDP+21, CLY23] for K sufficiently large and with bounded variance
assumed at the minimizer, while the same rate holds for SO [MKR20]. These results were com-
plemented by matching lower bounds in [CLY23], under sufficiently small step sizes as utilized in
prior work. The results in [MKR20, NTDP+21] require restricted O(1/(nL)) step sizes and reduce
to O(1/K) for small K, acquiring the same iteration complexity as full-gradient methods. Unlike in
strongly convex settings, we are not aware of any follow-up work with improvements under small K
for smooth convex settings.

The major difficulty in analyzing shuffled SGD comes from characterizing the difference between
the intermediate iterate and the iterate after one full data pass, for which current analysis (see
e.g., [MKR20] in smooth convex settings) uses the global smoothness constant with a triangle in-
equality. Such a bound may be too pessimistic and fail capturing the nuances of intermediate progress
of shuffled SGD, which leads to a small step size and large K restrictions. To provide a more fine-
grained analysis that narrows the theory-practice gap for shuffled SGD, we notice that such a proof
difficulty is reminiscent of the analysis of cyclic block coordinate methods relating the partial gra-
dients to the full one. This natural connection was further emphasized in studies of cyclic methods
with random permutations [LW19, WL20]; however, these results were limited to convex quadratics.
More generally, it is possible to interpret shuffled SGD as a primal-dual method performing cyclic
updates on the dual side (see (PD) in Section 2.3.1 and (PL-PD) in Section 2.4). We note here
that prior work on dual coordinate methods [SSZ13] provided theoretical guarantees only for the
algorithms that choose the dual coordinate to optimize uniformly at random, while the cyclic variant
(related to shuffled SGD) had only been studied numerically up until this work.

In this chapter, we view shuffled SGD as a primal-dual method where the updates are performed
on the dual side in a cyclic manner, thus we can leverage techniques from general cyclic methods.
However, in contrast to randomized methods (corresponding to standard SGD), cyclic methods are
usually more challenging to analyze [Nes12], basic variants exhibit much worse worst-case complexity
than even full gradient methods [LZA+17, SY21, BT13, GOPV17, LZA+17, ST13, XY15, XY17],
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Table 2.1: Comparison of our results with state of the art, in terms of individual gradient oracle
complexity required to output xout with E[f(xout) − f(x∗)] ≤ ϵ, where ϵ > 0 is the target error and
x∗ is the optimal solution. Here, σ2

∗ = 1
n

∑n
i=1∥∇fi(x∗)∥2

2, D = ∥x0 − x∗∥2, and generalized linear
model refers to objectives of the form f(x) = 1

n

∑n
i=1 ℓi(a⊤

i x) as defined in Section 2.4. Parameters
L̂g, L̃g are defined in Section 2.3 and satisfy L̂g ≤ 1

n

∑n
i=1 Li and L̃g ≤ Lmax. Parameters L̂, L̃, and

Ḡ are defined in Section 2.4, and are discussed in the text of this section.

PAPER COMPLEXITY ASSUMPTIONS STEP SIZE

[NTDP+21]
[CLY23]

(RR) O
(

nLmaxD2

ϵ
+

√
nLmaxσ∗D2

ϵ3/2

)
fi: Lmax-smooth, convex O

(
1

nLmax

)
[MKR20] (RR/SO) O

(
nLmaxD2

ϵ
+

√
nLmaxσ∗D2

ϵ3/2

)
fi: Lmax-smooth, convex O

(
1

nLmax

)
[Ours, Theorem 1] (RR/SO) O

(
n

√
L̂gL̃gD2

ϵ
+

√
nL̃gσ∗D2

ϵ3/2

)
fi: Li-smooth, convex O

(
1

n
√

L̂gL̃g

)
[Ours, Theorem 3] (RR/SO) O

(
n

√
L̂L̃D2

ϵ
+

√
nL̃σ∗D2

ϵ3/2

) ℓi: Li-smooth, convex
generalized linear model

O
(

1
n

√
L̂L̃

)
[CLY23]
Lower bound

(RR) Ω
(√

nLmaxσ∗D2

ϵ3/2

) fi: Lmax-smooth, convex,
Large K

O
(

1
nLmax

)

[Sha16] (RR/SO) O
(

B̄2G2
max

ϵ2 )
(K = 1, n = Ω(1/ϵ2))

ℓi: Gmax-Lipschitz, convex
B̄-Bounded Iterates, ∥ai∥≤ 1

generalized linear model
O
(

1√
n

)

[Ours, Theorem 5] (RR/SO) O
(

nḠD2

ϵ2

) ℓi: Gi-Lipschitz, convex
generalized linear model

O
(

1
n

√
ḠK

)

with more refined results being established only recently [SD21b, CSWD22b, LSD23]. While the
inspiration for our work came from these recent results [SD21b, CSWD22b, LSD23], they are com-
pletely technically disjoint. First, all these results rely on non-standard block Lipschitz assumptions,
which are not present in our work. Second, all of them leverage proximal gradient-style cyclic up-
dates to carry out the analysis, which is inapplicable in our case for the cyclic updates on the dual
side, as otherwise the method would not correspond to (shuffled) SGD. Finally, [SD21b, LSD23]
utilize extrapolation steps, which would break the connection to shuffled SGD in our setting, while
[CSWD22b] relies on a gradient descent-type descent lemma, which is impossible to establish in our
setting.
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2.2.2 Notation and preliminaries

We consider a real d-dimensional Euclidean space (Rd, ∥·∥) where d is finite and ∥·∥ is the ℓ2-
norm. For a vector x, we let xj denote its j-th coordinate. For any positive integer m, we use [m]
to denote the set {1, 2, . . . ,m}. Given a matrix A, ∥A∥:= supx∈Rd,∥x∥≤1∥Ax∥ denotes its operator
norm. For a positive definite matrix Λ, ∥·∥Λ denotes the Mahalanobis norm, ∥x∥Λ:=

√
⟨Λx,x⟩.

We use I to denote the identity matrix, and diag(v) to denote the diagonal matrix with vector
v on the main diagonal. For any j ∈ [n], we define Ij↑ as the matrix obtained from the identity
matrix I by setting the first j diagonal elements to zero, and let Ij be the matrix with only the
j-th diagonal element nonzero and equal to 1. To handle the cases with random data permutations,
we use the following definitions corresponding to the data permutation π = {π1, π2, . . . , πn} of [n]:
Aπ := [aπ1 ,aπ2 , . . . ,aπn ]⊤ permuting the rows based on π given a matrix A = [a1,a2, . . . ,an]⊤,
and vπ := (vπ1 ,vπ2 , . . . ,vπn)⊤ permuting the coordinates/subvectors based on π given a vector
v = (v1,v2, . . . ,vn)⊤.

2.3 Primal-Dual Framework for Smooth Convex Finite-Sum Prob-
lems

Throughout this section, we make the following standard assumptions.

Assumption 1. Each fi is convex and Li-smooth, and there exists a minimizer x∗ ∈ Rd for f(x).

Assumption 1 implies that f and all component functions fi are L-smooth, where Lmax :=
maxi∈[n] Li. It also implies that each convex conjugate f∗

i is 1
Li

-strongly convex [Bec17]. In this
section, we define Λ = diag(L1, . . . , L1︸ ︷︷ ︸

d

, . . . , Ln, . . . , Ln︸ ︷︷ ︸
d

) ∈ Rnd×nd, and slightly abuse the notation to

use Λπ = diag(Lπ1 , . . . , Lπ1︸ ︷︷ ︸
d

, . . . , Lπn , . . . , Lπn︸ ︷︷ ︸
d

) given a permutation π of [n]. For the permutation

πk at the k-th epoch, we denote Λk = Λπk
, for brevity.

We further assume that the variance at x∗ is bounded, same as prior work [MKR20, NTDP+21].

Assumption 2. The quantity σ2
∗ = 1

n

∑n
i=1∥∇fi(x∗)∥2 is bounded.

2.3.1 Primal-dual view of shuffled SGD

Problem (P) can be reformulated into a primal-dual form using the standard Fenchel conjugacy
argument (see, e.g., [CP11, CERS18]),

min
x∈Rd

max
y∈Rnd

{
L(x,y) := 1

n

n∑
i=1

( 〈
yi,x

〉
− f∗

i (yi)
)

= 1
n

⟨Ex,y⟩ − 1
n

n∑
i=1

f∗
i (yi)

}
, (PD)
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where we slightly abuse the notation in this section and use yi ∈ Rd to be the i-th d elements
of the vector y such that y = (y1, . . . ,yn)⊤ ∈ Rnd, E = [Id, . . . , Id︸ ︷︷ ︸

n

]⊤ ∈ Rnd×d is the vertical

concatenation of n identity matrices Id ∈ Rd×d and f∗
i is the convex conjugate of fi defined by fi(x) =

supyi∈Rd

〈
yi,x

〉
− f∗

i (yi). In the following, we consider the mini-batch estimator of batch size b, and
let y(i) ∈ Rbd denote the vector comprised of the ith bd elements of y. For simplicity and without loss
of generality, we assume that n = bm for some positive integer m, so that y = (y(1), . . . ,y(m))⊤. Note
that if choosing b = 1, our setting is the same as the ones in [MKR20, NTDP+21]. Then we have the
primal-dual view of shuffled SGD scheme for general smooth convex minimization as in Alg. 1, where
E⊤

b = [Id, . . . , Id︸ ︷︷ ︸
b

]⊤ ∈ Rbd×d is the vertical concatenation of b identity matrices Id ∈ Rd×d. Given the

data permutation π(k) = {π(k)
1 , π

(k)
2 , . . . , π

(k)
n } of [n] at the k-th epoch, we use the same notation of

vk = (vπ
(k)
1 , . . . ,vπ

(k)
n )⊤ ∈ Rnd, y∗,k = (yπ

(k)
1∗ , . . . ,yπ

(k)
n

∗ )⊤ ∈ Rnd as in previous sections except now
each vπ

(k)
i ,y

π
(k)
i∗ are d-dimensional subvectors. Further, we denote the permuted smoothness constant

matrices by Λk = diag(L
π

(k)
1
, . . . , L

π
(k)
1︸ ︷︷ ︸

d

, . . . , L
π

(k)
n
, . . . , L

π
(k)
n︸ ︷︷ ︸

d

) ∈ Rnd×nd, and we use I for Ind ∈ Rnd×nd

throughout this section.
Given a primal-dual pair (x,y), the primal-dual gap of (PD) is defined by

Gap(x,y) = max
(u,v)

{L(x,v) − L(u,y)}.

In particular, we consider the pair (x,y∗) for x ∈ Rd, and bound Gapv(x,y∗) := L(x,v)−L(x∗,y∗)
for an arbitrary but fixed v. To finally obtain the function value gap f(x) − f(x∗) for (P), we only
need to choose v = arg maxw L(x,w) = yx.

Using this primal-dual formulation and standard convex conjugacy arguments, we can equivalently
write the standard shuffled SGD algorithm in a primal-dual form as summarized in Algorithm 1.

Improved bounds with new smoothness constants. To simplify the notation in the following
lemmas and to clearly compare our results, we introduce the following novel definitions of smoothness
constants for shuffled SGD

L̂g
π := 1

mn
∥Λ1/2

π (
∑m

i=1 Ibd(i−1)↑EE⊤Ibd(i−1)↑)Λ1/2
π ∥2, L̂g = max

π
L̂g

π,

L̃g
π := 1

b
∥Λ1/2

π (
∑m

i=1 I(di)EE⊤I(di))Λ1/2
π ∥2, L̃g = max

π
L̃g

π,
(2.1)

where I(di) =
∑bdi

j=bd(i−1)+1 Ij . Permutation-dependent quantities L̂g
π and L̃g

π defined in (2.1) are
obtained directly from our analysis. We remark that L̂g is bounded by the average smoothness of f
and L̃g is bounded by the max of individual smoothness constants of fi. However, as we argue in
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Algorithm 1 Shuffled SGD (Primal-Dual View, General Convex Smooth)
1: Input: Initial point x0 ∈ Rd, step size {ηk} > 0, number of epochs K > 0
2: for k = 1 to K do

3: Generate some permutation π(k) of [n] (either deterministic or random)
4: xk−1,1 = xk−1

5: for i = 1 to n in the ordering of π(k) do
6: yi

k = arg maxyi∈Rd

{ 〈
yi,xk−1,i

〉
− f∗

i (yi)
}

7: xk−1,i+1 = arg minx∈Rd

{ 〈
yi

k,x
〉

+ 1
2ηk

∥x − xk−1,i∥2
}

= xk−1,i − ηk∇fi(xk−1,i)

8: end for
9: xk = xk−1,n+1

10: end for
11: Return: x̂K =

∑K
k=1 ηkxk/

∑K
k=1 ηk

later sections, these upper bounds on L̂g
π and L̃g

π are loose in general, and so the convergence bounds
based on L̂g

π and L̃g
π that we obtain align better with the empirical performance of shuffled SGD.

To compare L̂g
π and L := maxi∈[n] Li, we make use of the Kronecker product with notation ⊗

defined by

A ⊗ B =


A11B · · · A1nB

... . . . ...
Am1B · · · AnnB


for two matrices A ∈ Rm×n and B ∈ Rp×q. The following lemma states a useful fact for the
Kronecker product.

Lemma 1. For square matrices A and B of sizes p and q and with eigenvalues λi (i ∈ [p]) and µj

(j ∈ [q]) respectively, the eigenvalues of A ⊗ B are λiµj for i ∈ [p], j ∈ [q].

We now use the following chain of inequalities to compare L̂g
π and L for any permutation π of [n]:

L̂g
π = 1

mn

∥∥∥Λ1/2
π

( m∑
i=1

Ibd(i−1)↑EE⊤Ibd(i−1)↑

)
Λ1/2

π

∥∥∥
2

≤ 1
n

∥∥∥Λ1/2EE⊤Λ1/2
∥∥∥

2

= 1
n

∥∥∥(lπl⊤
π ) ⊗ Id

∥∥∥
2

(i)= 1
n

n∑
i=1

Li ≤ L,
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where we define lπ = (
√
Lπ1 ,

√
Lπ2 , . . . ,

√
Lπn)⊤. For (i), we use Lemma 1 and notice that the

eigenvalues of Id all equal 1, while the largest eigenvalue of lπl⊤
π = ∥l∥2

2=
∑n

i=1 Li, so the operator
norm of (lkl⊤

k ) ⊗ Id is
∑n

i=1 Li.
To compare L̃g

π and L, we notice that

Λ1/2
π (

∑m
i=1 I(di)EE⊤I(di))Λ1/2

π =
∑m

i=1 I(di)Λ
1/2
π EE⊤Λ1/2

π I(di)

is a block diagonal matrix whose operator norm is the maximum of the operator norms over its
diagonal block submatrices, so we have

L̃g
π = 1

b
max
i∈[m]

∥∥∥I(di)Λ1/2
π EE⊤Λ1/2

π I(di)

∥∥∥
= 1
b

max
i∈[m]

∥∥∥I(di)((lπl⊤
π ) ⊗ Id)I(di)

∥∥∥
(i)= max

i∈[m]

1
b

b∑
j=1

Lπb(i−1)+j
≤ L,

where for (i) we use Lemma 1 for each submatrix (l(i)
π l

(i)⊤
π ) ⊗ Id and

l(i)
π = (0, . . . , 0,

√
Lπb(i−1)+1 , . . . ,

√
Lπbi

, 0, . . . , 0)⊤.

Similar to the case of generalized linear models, the inequality is tight when b = 1 but can be loose
for other values of b.

Before proceeding to the main proofs, we first state the following standard definitions and first-
order characterization of strong convexity, for completeness.

Definition 6. A function f : Rd → R is said to be µ-strongly convex with parameter µ > 0, if for
any x,y ∈ Rd and any λ ∈ (0, 1):

f(λx + (1 − λ)y) ≤ λf(x) + (1 − λ)f(y) − µ

2λ(1 − λ)∥x − y∥2
2.

Lemma 2. Let f : Rd → R be a continuous µ-strongly convex function with µ > 0. Then, for any
x,y ∈ Rd:

f(y) ≥ f(x) + ⟨gx,y − x⟩ + µ

2 ∥x − y∥2
2,

where gx ∈ ∂f(x), and ∂f(x) is the subdifferential of f at x.

We also include the following lemma on the variance bound under without-replacement sampling,
which is useful for our proof.
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Lemma 3. Let B be the set of |B|= b samples from [n], drawn without replacement and uniformly
at random. Then, ∀x ∈ Rd,

EB
[
∥1
b

∑
i∈B

∇fi(x) − ∇f(x)∥2
2

]
= n− b

b(n− 1)Ei[∥∇fi(x) − ∇f(x)∥2
2].

Proof. We first expand the square on the left-hand side, as follows

EB
[
∥1
b

∑
i∈B

∇fi(x) − ∇f(x)∥2
2

]
= 1
b2EB

[ ∑
i,i′∈B

⟨∇fi(x) − ∇f(x),∇fi′(x) − ∇f(x)⟩
]

= 1
b2EB

[ ∑
i,i′∈B,i ̸=i′

⟨∇fi(x) − ∇f(x),∇fi′(x) − ∇f(x)⟩
]

+ 1
b
Ei[∥∇fi(x) − ∇f(x)∥2

2].

Since the batch B is sampled uniformly and without replacement from [n], the probability that any
pair (i, i′) from [n] with i ̸= i′ is in B is b(b−1)

n(n−1) . By the linearity of expectation, we have

EB
[ ∑

i,i′∈B,i ̸=i′

⟨∇fi(x) − ∇f(x),∇fi′(x) − ∇f(x)⟩
]

= EB
[ ∑

i,i′∈[n],i ̸=i′

1i,i′∈B ⟨∇fi(x) − ∇f(x),∇fi′(x) − ∇f(x)⟩
]

=
∑

i,i′∈[n],i ̸=i′

EB
[
1i,i′∈B ⟨∇fi(x) − ∇f(x),∇fi′(x) − ∇f(x)⟩

]

= b(b− 1)
n(n− 1)

∑
i,i′∈[n],i ̸=i′

⟨∇fi(x) − ∇f(x),∇fi′(x) − ∇f(x)⟩ ,

where 1 is the indicator function such that 1i,i′∈B = 1 if both i, i′ ∈ B and is equal to zero otherwise.
Hence, we obtain

EB
[
∥1
b

∑
i∈B

∇fi(x) − ∇f(x)∥2
]

= b− 1
bn(n− 1)

∑
i,i′∈[n],i ̸=i′

⟨∇fi(x) − ∇f(x),∇fi′(x) − ∇f(x)⟩ + 1
b
Ei[∥∇fi(x) − ∇f(x)∥2]

= b− 1
bn(n− 1)

∑
i,i′∈[n]

⟨∇fi(x) − ∇f(x),∇fi′(x) − ∇f(x)⟩ + n− b

b(n− 1)Ei[∥∇fi(x) − ∇f(x)∥2]

(i)= n− b

b(n− 1)Ei[∥∇jfi(x) − ∇jf(x)∥2],

where (i) is due to f = 1
n

∑n
i=1 fi having the finite sum structure.

Now we provide the main proofs for obtaining a tighter fine-grained convergence bound for shuffled
SGD in the general mini-batch setting.
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Lemma 4. Under Assumption 1, for any k ∈ [K], the iterates {y
(i)
k }m

i=1 and {xk−1,i}m+1
i=1 generated

by Algorithm 1 satisfy

Ek ≤ ηk

n

m∑
i=1

〈
E⊤

b y
(i)
k ,xk − xk−1,i+1

〉
+ ηk

n

m∑
i=1

〈
E⊤

b (v(i)
k − y

(i)
k ),xk − xk−1,i

〉
− ηk

2n∥yk − vk∥2
Λ−1

k
− ηk

2n∥yk − y∗,k∥2
Λ−1

k
− b

2n

m∑
i=1

∥xk−1,i+1 − xk−1,i∥2,

(2.2)

where Ek := ηkGapv(xk,y∗) + b
2n∥x∗ − xk∥2

2− b
2n∥x∗ − xk−1∥2

2.

Proof. We first note that based on Line 6 of Alg. 1, we have

〈
E⊤

b y(i),xk−1,i

〉
−

b∑
j=1

f∗
π

(k)
b(i−1)+j

(yj) =
b∑

j=1

( 〈
yj ,xk−1,i

〉
− f∗

π
(k)
b(i−1)+j

(yj)
)
.

Since the max problem defining yk is separable, we have for b(i− 1) + 1 ≤ j ≤ bi and i ∈ [m]

yj
k = arg max

yj∈Rd

{〈
yj ,xk−1,i

〉
− f∗

π
(k)
j

(yj)
}
,

which leads to xk−1,i ∈ ∂f∗
π

(k)
j

(yj
k). Further, since each component function f∗

j is 1
Lj

-strongly convex
thus for b(i− 1) + 1 ≤ j ≤ bi, we also have

f∗
π

(k)
j

(vj
k) ≥ f∗

π
(k)
j

(yj
k) +

〈
xk−1,i,v

j
k − yj

k

〉
+ 1

2L
π

(k)
j

∥vj
k − yj

k∥2,

which leads to

L(xk,v)

= 1
n

m∑
i=1

( 〈
E⊤

b v
(i)
k ,xk−1,i

〉
−

bi∑
j=b(i−1)+1

f∗
π

(k)
j

(vj
k)
)

+ 1
n

m∑
i=1

〈
E⊤

b v
(i)
k ,xk − xk−1,i

〉

≤ 1
n

m∑
i=1

( 〈
E⊤

b y
(i)
k ,xk−1,i

〉
−

bi∑
j=b(i−1)+1

f∗
π

(k)
j

(yj
k)
)

+ 1
n

m∑
i=1

〈
E⊤

b v
(i)
k ,xk − xk−1,i

〉
− 1

2n∥yk − vk∥2
Λ−1

k
.

Using the same argument, as x∗ ∈ ∂f∗
i (yi

∗) for i ∈ [n], we have

f∗
π

(k)
i

(yi
k) ≥ f∗

π
(k)
i

(yi
∗,k) +

〈
x∗,y

i
k − yi

∗,k

〉
+ 1

2L
π

(k)
i

∥yi
k − yi

∗,k∥2.
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Thus,

L(x∗,y∗)

= 1
n

m∑
i=1

( 〈
E⊤

b y
(i)
∗,k,x∗

〉
−

bi∑
j=b(i−1)+1

f∗
π

(k)
j

(yj
∗,k)
)

≥ 1
n

m∑
i=1

( 〈
E⊤

b y
(i)
k ,x∗

〉
−

bi∑
j=b(i−1)+1

f∗
π

(k)
j

(yj
k)
)

+ 1
2n∥yk − y∗,k∥2

Λ−1
k

= 1
n

m∑
i=1

( 〈
E⊤

b y
(i)
k ,x∗

〉
+ b

2ηk
∥x∗ − xk−1,i∥2− b

2ηk
∥x∗ − xk−1,i∥2−

bi∑
j=b(i−1)+1

f∗
π

(k)
j

(yj
k)
)

+ 1
2n∥yk − y∗,k∥2

Λ−1
k
.

Using the updating scheme of xk−1,i+1 and noticing that ϕi
k(x) =

〈
E⊤

b y
(i)
k ,x

〉
+ b

2ηk
∥x − xk−1,i∥2 is

b
ηk

-strongly convex and minimized at xk−1,i+1, we have

〈
E⊤

b y
(i)
k ,x∗

〉
+ b

2ηk
∥x∗ − xk−1,i∥2

≥
〈
E⊤

b y
(i)
k ,xk−1,i+1

〉
+ b

2ηk
∥xk−1,i+1 − xk−1,i∥2+ b

2ηk
∥xk−1,i+1 − x∗∥2,

which leads to

L(x∗,y∗) ≥ 1
n

m∑
i=1

( 〈
E⊤

b y
(i)
k ,xk−1,i+1

〉
+ b

2ηk
∥xk−1,i+1 − xk−1,i∥2−

bi∑
j=b(i−1)+1

f∗
π

(k)
j

(yi
k)
)

+ b

2nηk

m∑
i=1

(
∥xk−1,i+1 − x∗∥2−∥xk−1,i − x∗∥2

)
+ 1

2n∥yk − y∗,k∥2
Λ−1

k

= 1
n

m∑
i=1

( 〈
E⊤

b y
(i)
k ,xk−1,i+1

〉
+ b

2ηk
∥xk−1,i+1 − xk−1,i∥2−

bi∑
j=b(i−1)+1

f∗
π

(k)
j

(yj
k)
)

+ b

2nηk

(
∥xk − x∗∥2−∥xk−1 − x∗∥2

)
+ 1

2n∥yk − y∗,k∥2
Λ−1

k
.

Hence, combining the bounds on L(xk,v) and L(x∗,y∗) and letting

Ek := ηk(L(xk,v) − L(x∗,y∗)) + b

2n∥xk − x∗∥2− b

2n∥xk−1 − x∗∥2,
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we obtain

Ek ≤ ηk

n

m∑
i=1

〈
E⊤

b y
(i)
k ,xk−1,i − xk−1,i+1

〉
+ ηk

n

m∑
i=1

〈
E⊤

b v
(i)
k ,xk − xk−1,i

〉
− ηk

2n∥yk − vk∥2
Λ−1

k
− ηk

2n∥yk − y∗,k∥2
Λ−1

k
− b

2n

m∑
i=1

∥xk−1,i+1 − xk−1,i∥2

= ηk

n

m∑
i=1

〈
E⊤

b y
(i)
k ,xk − xk−1,i+1

〉
+ ηk

n

m∑
i=1

〈
E⊤

b (v(i)
k − y

(i)
k ),xk − xk−1,i

〉
− ηk

2n∥yk − vk∥2
Λ−1

k
− ηk

2n∥yk − y∗,k∥2
Λ−1

k
− b

2n

m∑
i=1

∥xk−1,i+1 − xk−1,i∥2,

thus completing the proof.

We note that the first inner product term T1 := ηk

n

∑m
i=1

〈
E⊤

b y
(i)
k ,xk − xk−1,i+1

〉
in Eq. (2.2)

can be cancelled by the last negative term − b
2n

∑m
i=1∥xk−1,i+1 − xk−1,i∥2 therein, as precisely proved

in Lemma 8 of Section 2.4. In the following subsections, we continue our analysis and handle the
remaining terms in Eq. (2.2) according to different shuffling and derive the final complexity.

2.3.2 Random reshuffling/shuffle-once schemes

We introduce the following lemma to bound the second inner product term

T2 := ηk

n

m∑
i=1

〈
E⊤

b (v(i)
k − y

(i)
k ),xk − xk−1,i

〉
in Lemma 4 when there are random permutations.

Lemma 5. Under Assumptions 1 and 2, for any k ∈ [K], the iterates {y
(i)
k }m

i=1 and {xk−1,i}m+1
i=1

generated by Algorithm 1 with uniformly random shuffling (RR/SO) satisfy

E[T2] ≤ E
[η3

knL̂
g
π(k)L̃

g
π(k)

b2 ∥yk − y∗,k∥2
Λ−1

k
+ ηk

2n∥vk − yk∥2
Λ−1

k

]
+ η3

kL̃
g(n− b)(n+ b)
6b2(n− 1) σ2

∗,

where T2 := ηk

n

∑m
i=1

〈
E⊤

b (v(i)
k − y

(i)
k ),xk − xk−1,i

〉
.

Proof. First note that

xk − xk−1,i =
m∑

j=i

(xk−1,j+1 − xk−1,j) = −ηk

b

m∑
j=i

E⊤
b y

(j)
k = −ηk

b
E⊤Ibd(i−1)↑yk,



22

so we have

ηk

n

m∑
i=1

〈
E⊤

b (v(i)
k − y

(i)
k ),xk − xk−1,i

〉
= ηk

n

m∑
i=1

〈
E⊤

b (v(i)
k − y

(i)
k ),

m∑
j=i

(xk−1,j+1 − xk−1,j)
〉

= − η2
k

bn

m∑
i=1

〈
E⊤I(di)(vk − yk),E⊤Ibd(i−1)↑yk

〉
= −η2

k

bn

m∑
i=1

〈
E⊤I(di)(vk − yk),E⊤Ibd(i−1)↑(yk − y∗,k)

〉
︸ ︷︷ ︸

I1

−η2
k

bn

m∑
i=1

〈
E⊤I(di)(vk − yk),E⊤Ibd(i−1)↑y∗,k

〉
︸ ︷︷ ︸

I2

.

For the term I1, we use Young’s inequality with α > 0 to be set later and obtain

I1 = − η2
k

bn

m∑
i=1

〈
E⊤I(di)(vk − yk),E⊤Ibd(i−1)↑(yk − y∗,k)

〉
≤ η2

k

2bnα

m∑
i=1

∥E⊤I(di)(vk − yk)∥2+η2
kα

2bn

m∑
i=1

∥E⊤Ibd(i−1)↑(yk − y∗,k)∥2. (2.3)

Further, notice that

η2
kα

2bn

m∑
i=1

∥E⊤Ibd(i−1)↑(yk − y∗,k)∥2

= η2
kα

2bn

m∑
i=1

(yk − y∗,k)⊤Ibd(i−1)↑EE⊤Ibd(i−1)↑(yk − y∗,k)

= η2
kα

2bn (yk − y∗,k)⊤
( m∑

i=1
Ibd(i−1)↑EE⊤Ibd(i−1)↑

)
(yk − y∗,k)

= η2
kα

2bn (yk − y∗,k)⊤Λ−1/2
k Λ1/2

k

( m∑
i=1

Ibd(i−1)↑EE⊤Ibd(i−1)↑

)
Λ1/2

k Λ−1/2
k (yk − y∗,k)

≤ η2
kα

2bn
∥∥∥Λ1/2

k

( m∑
i=1

Ibd(i−1)↑EE⊤Ibd(i−1)↑

)
Λ1/2

k

∥∥∥
2
∥yk − y∗,k∥2

Λ−1
k

= η2
kmα

2b L̂g
π(k)∥yk − y∗,k∥2

Λ−1
k
, (2.4)
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where for the last inequality we use Cauchy-Schwarz inequality. Using the same argument, we can
bound

η2
k

2bnα

m∑
i=1

∥E⊤I(di)(vk − yk)∥2 ≤ η2
k

2bnα
∥∥∥Λ1/2

k

( m∑
i=1

I(di)EE⊤I(di)

)
Λ1/2

k

∥∥∥
2
∥vk − yk∥2

Λ−1
k

= η2
k

2nαL̃
g
π(k)∥vk − yk∥2

Λ−1
k
. (2.5)

Thus, combining (2.3)–(2.5) and choosing α = 2ηkL̃
g
π(k) , we obtain

I1 ≤
η3

kmL̂
g
π(k)L̃

g
π(k)

b
∥yk − y∗,k∥2

Λ−1
k

+ ηk

4n∥vk − yk∥2
Λ−1

k
.

For the term I2, we again apply Young’s inequality with β > 0 to be set later and obtain

I2 = − η2
k

bn

m∑
i=1

〈
E⊤I(di)(vk − yk),E⊤Ibd(i−1)↑y∗,k

〉
≤ η2

kβ

2bn

m∑
i=1

∥E⊤Ibd(i−1)↑y∗,k∥2+ η2
k

2bnβ

m∑
i=1

∥E⊤I(di)(vk − yk)∥2

≤ η2
kβ

2bn

m∑
i=1

∥E⊤Ibd(i−1)↑y∗,k∥2+
η2

kL̃
g
π(k)

2nβ ∥vk − yk∥2
Λ−1

k
.

Choosing β = 2ηkL̃
g and using the fact that L̃g

π(k) ≤ L̃g, we have

I2 ≤ η3
kL̃

g

bn

m∑
i=1

∥E⊤Ibd(i−1)↑y∗,k∥2+ ηk

4n∥vk − yk∥2
Λ−1

k
.

Hence, combining the above two estimates with m = n/b, we have

T2 ≤ η3
kL̃

g

bn

m∑
i=1

∥E⊤Ibd(i−1)↑y∗,k∥2+
η3

knL̂
g
π(k)L̃

g
π(k)

b2 ∥yk − y∗,k∥2
Λ−1

k
+ ηk

2n∥vk − yk∥2
Λ−1

k
.

First, consider the RR scheme. Taking conditional expectation on both sides w.r.t. the randomness
up to but not including k-th epoch, we have

Ek[T2] ≤ η3
kL̃

g

bn
Ek

[ m∑
i=1

∥E⊤Ibd(i−1)↑y∗,k∥2
]

+ Ek

[η3
knL̂

g
π(k)L̃

g
π(k)

b2 ∥yk − y∗,k∥2
Λ−1

k
+ ηk

2n∥vk − yk∥2
Λ−1

k

]
.
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For the first term, since the only randomness comes from the permutation π(k), we can proceed as
in the proof of Lemma 9 and obtain

η3
kL̃

g

bn
Ek

[ m∑
i=1

∥E⊤Ibd(i−1)↑y∗,k∥2
] (i)= η3

kL̃
g

bn

m∑
i=1

Eπ(k)

[
∥E⊤Ibd(i−1)↑y∗,k∥2

]
= η3

kL̃
g

bn

m∑
i=1

(n− b(i− 1))2Eπ(k)

[∥∥∥E⊤Ibd(i−1)↑y∗,k

n− b(i− 1)
∥∥∥2]

(ii)
≤ η3

kL̃
g

bn

m∑
i=1

(n− b(i− 1))2 b(i− 1)
(n− b(i− 1))(n− 1)σ

2
∗

= η3
kL̃

g(n− b)(n+ b)
6b2(n− 1) σ2

∗,

where we use the linearity of expectation for (i), and (ii) is due to Lemma 3 and the definition
σ2

∗ = 1
n

∑n
i=1∥∇fi(x∗)∥2= 1

n

∑n
i=1∥yi

∗∥2. Then taking expectation w.r.t. all randomness on both
sides, we obtain

E[T2] ≤ E
[η3

knL̂
g
π(k)L̃

g
π(k)

b2 ∥yk − y∗,k∥2
Λ−1

k
+ ηk

2n∥vk − yk∥2
Λ−1

k

]
+ η3

kL̃
g(n− b)(n+ b)
6b2(n− 1) σ2

∗.

Finally, we remark that the above argument for bounding the term η3
kL̃g

bn Ek

[∑m
i=1∥E⊤Ibd(i−1)↑y∗,k∥2

]
also applies to the SO scheme, in which case there is only one random permutation at the very
beginning that induces the randomness.

We state the final convergence rate and complexity in the following theorem and provide the
proof for completeness.

Theorem 1. Under Assumptions 1 and 2, if ηk ≤ b

n

√
2L̂g

π(k) L̃g

π(k)

and HK =
∑K

k=1 ηk, the output x̂K

of Algorithm 1 with uniformly random (RR/SO) shuffling satisfies

E[HK(f(x̂K) − f(x∗))] ≤ b

2n∥x0 − x∗∥2
2+

K∑
k=1

η3
kL̃

g(n− b)(n+ b)
6b2(n− 1) σ2

∗.

As a consequence, for any ϵ > 0, there exists a choice of a constant step size ηk = η for which
E[f(x̂K) − f(x∗)] ≤ ϵ after O(n

√
L̂gL̃g∥x0−x∗∥2

2
ϵ +

√
(n−b)(n+b)

n(n−1)

√
nL̃gσ∗∥x0−x∗∥2

2
ϵ3/2 ) gradient queries.

Proof. Combining the bounds in Lemma 4 and 5 and plugging them into Eq. (2.2), we obtain

E[Ek] ≤ E
[(η3

knL̂
g
π(k)L̃

g
π(k)

b2 − ηk

2n
)
∥yk − y∗,k∥2

Λ−1
k

]
+ η3

kL̃
g(n− b)(n+ b)
6b2(n− 1) σ2

∗.
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For the stepsize ηk such that ηk ≤ b

n

√
2L̂g

π(k) L̃g

π(k)

, we have
η3

knL̂g

π(k) L̃g

π(k)
b2 − ηk

2n ≤ 0, thus

E[Ek] ≤ η3
kL̃

g(n− b)(n+ b)
6b2(n− 1) σ2

∗.

Using our definition of Ek and telescoping from k = 1 to K, we have

E
[ K∑

k=1
ηkGapv(xk,y∗)

]
≤ b

2n∥x∗ − x0∥2
2− b

2nE[∥x∗ − xK∥2
2] +

K∑
k=1

η3
kL̃

g(n− b)(n+ b)
6b2(n− 1) σ2

∗.

Noticing that L(x,v) is convex in x for a fixed v, we have Gapv(x̂K ,y∗) ≤∑K
k=1 ηkGapv(xk,y∗)/HK , where x̂K =

∑K
k=1 ηkxk/HK and HK =

∑K
k=1 ηk, which leads to

E
[
HKGapv(x̂K ,y∗)

]
≤ b

2n∥x0 − x∗∥2
2+

K∑
k=1

η3
kL̃

g(n− b)(n+ b)
6b2(n− 1) σ2

∗.

Further choosing v = yx̂K
, we obtain

E[HK(f(x̂K) − f(x∗))] ≤ b

2n∥x0 − x∗∥2
2+

K∑
k=1

η3
kL̃

g(n− b)(n+ b)
6b2(n− 1) σ2

∗. (2.6)

To analyze the individual gradient oracle complexity, we choose constant stepsizes η ≤ b

n
√

2L̂gL̃g
,

then Eq. (2.6) will become

E[f(x̂K) − f(x∗)] ≤ b

2nηK ∥x0 − x∗∥2
2+η2L̃g(n− b)(n+ b)

6b2(n− 1) σ2
∗.

Without loss of generality, we assume that b ̸= n, otherwise the method and its analysis reduce to
(full) gradient descent. We consider the following two cases:

• “Small K” case: if η = b

n
√

2L̂gL̃g
≤
(

3b3(n−1)∥x0−x∗∥2
2

n(n−b)(n+b)L̃gKσ2
∗

)1/3
, we have

E[f(x̂K) − f(x∗)]

≤ b

2nηK ∥x0 − x∗∥2
2+η2L̃g(n− b)(n+ b)

6b2(n− 1) σ2
∗

≤
√
L̂gL̃g

√
2K

∥x0 − x∗∥2
2+1

2
((n− b)(n+ b)

n2(n− 1)
)1/3 (L̃g)1/3σ

2/3
∗ ∥x0 − x∗∥4/3

2
31/3K2/3 .

• “Large K” case: if η =
(

3b3(n−1)∥x0−x∗∥2
2

n(n−b)(n+b)L̃gKσ2
∗

)1/3
≤ b

n
√

2L̂gL̃g
, we have

E[f(x̂K) − f(x∗)] ≤ b

2nηK ∥x0 − x∗∥2
2+η2L̃g(n− b)(n+ b)

6b2(n− 1) σ2
∗

≤
((n− b)(n+ b)

n2(n− 1)
)1/3 (L̃g)1/3σ

2/3
∗ ∥x0 − x∗∥4/3

2
31/3K2/3 .
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Combining these two cases by setting η = min
{

b

n
√

2L̂gL̃g
,
(

3b3(n−1)∥x0−x∗∥2
2

n(n−b)(n+b)L̃gKσ2
∗

)1/3}
, we obtain

E[f(x̂K) − f(x∗)] ≤
√
L̂gL̃g

√
2K

∥x0 − x∗∥2
2+
((n− b)(n+ b)

n2(n− 1)
)1/3 (L̃g)1/3σ

2/3
∗ ∥x0 − x∗∥4/3

2
31/3K2/3 .

Hence, to guarantee E[f(x̂K) − f(x∗)] ≤ ϵ for ϵ > 0, the total number of individual gradient
evaluations will be

nK ≥ max
{n√2L̂gL̃g∥x0 − x∗∥2

2
ϵ

,
((n− b)(n+ b)

n− 1
)1/2 23/2(L̃g)1/2σ∗∥x0 − x∗∥2

2
31/2ϵ3/2

}
,

as claimed.

2.3.3 Incremental gradient descent (IG)

In this subsection, we provide the convergence results for incremental gradient descent which
does not involve random permutations. We first prove the technical lemma below to bound the term
T2 := ηk

n

∑m
i=1

〈
E⊤

b (v(i)
k − y

(i)
k ),xk − xk−1,i

〉
in Eq. (2.2) of Lemma 4.

Lemma 6. For any k ∈ [K], the iterates {y
(i)
k }m

i=1 and {xk−1,i}m+1
i=1 generated by Algorithm 1 with

fixed data ordering satisfy

T2 ≤ η3
kn

b2 L̂g
0L̃

g
0∥yk − y∗∥2

Λ−1+ ηk

2n∥v − yk∥2
Λ−1

+ min
{η3

kn

b2 L̂g
0L̃

g
0∥y∗∥2

Λ−1 ,
η3

k(n− b)2

b2 L̃g
0σ

2
∗

}
.

(2.7)

Proof. Proceeding as in the proof of Lemma 5, we have

ηk

n

m∑
i=1

〈
E⊤

b (v(i) − y
(i)
k ),xk − xk−1,i

〉
= ηk

n

m∑
i=1

〈
E⊤

b (v(i) − y
(i)
k ),

m∑
j=i

(xk−1,j+1 − xk−1,j)
〉

= − η2
k

bn

m∑
i=1

〈
E⊤I(di)(v − yk),E⊤Ibd(i−1)↑yk

〉
= −η2

k

bn

m∑
i=1

〈
E⊤I(di)(v − yk),E⊤Ibd(i−1)↑(yk − y∗)

〉
︸ ︷︷ ︸

I1

−η2
k

bn

m∑
i=1

〈
E⊤I(di)(v − yk),E⊤Ibd(i−1)↑y∗

〉
︸ ︷︷ ︸

I2

.
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For both terms I1 and I2, we apply Young’s inequality with α = 2ηkL̃
g
0 and obtain

I1 ≤ η2
kα

2bn

m∑
i=1

∥E⊤Ibd(i−1)↑(yk − y∗)∥2
2+ η2

k

2bnα

m∑
i=1

∥E⊤I(di)(v − yk)∥2
2

≤ η2
knα

2b2 L̂g
0∥yk − y∗∥2

Λ−1+ η2
k

2nαL̃
g
0∥v − yk∥2

Λ−1

= η3
kn

b2 L̂g
0L̃

g
0∥yk − y∗∥2

Λ−1+ ηk

4n∥v − yk∥2
Λ−1 , (2.8)

and

I2 ≤ η2
kα

2bn

m∑
i=1

∥E⊤Ibd(i−1)↑y∗∥2
2+ η2

k

2bnα

m∑
i=1

∥E⊤I(di)(v − yk)∥2
2

≤ η2
kα

2bn

m∑
i=1

∥E⊤Ibd(i−1)↑y∗∥2
2+ η2

k

2nαL̃
g
0∥v − yk∥2

Λ−1

= η3
kL̃

g
0

nb

m∑
i=1

∥E⊤Ibd(i−1)↑y∗∥2
2+ ηk

4n∥v − yk∥2
Λ−1 . (2.9)

We now show that the term η3
kL̃g

0
nb

∑m
i=1∥E⊤Ibd(i−1)↑y∗∥2

2 is no larger than either η3
kn

b2 L̂
g
0L̃

g
0∥y∗∥2

Λ−1 or
η3

k(n−b)2

b2 L̃g
0σ

2
∗. This is trivial when b = n as E⊤I0↑y∗ =

∑n
i=1 yi

∗ = 0. When b < n, to show the
former one, we have

m∑
i=1

∥E⊤Ibd(i−1)↑y∗∥2
2 ≤

∥∥∥Λ1/2
( m∑

i=1
Ibd(i−1)↑EE⊤Ibd(i−1)↑

)
Λ1/2

∥∥∥
2
∥y∗∥2

Λ−1

= mnL̂g
0∥y∗∥2

Λ−1= n2

b
L̂g

0∥y∗∥2
Λ−1 .

To prove the latter one, we notice that

m∑
i=1

∥E⊤Ibd(i−1)↑y∗∥2
2 =

m∑
i=1

∥∥∥ n∑
j=b(i−1)+1

yj
∗

∥∥∥2

2
=

m−1∑
i=0

∥∥∥ n∑
j=bi+1

yj
∗

∥∥∥2

2
=

m−1∑
i=1

∥∥∥ n∑
j=bi+1

yj
∗

∥∥∥2

2

=
m−1∑
i=1

∥∥∥ bi∑
j=1

yj
∗

∥∥∥2

2
,
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using the fact that
∑n

i=1 yi
∗ = 0. Then using Young’s inequality we obtain

m−1∑
i=1

∥∥∥ bi∑
j=1

yj
∗

∥∥∥2

2
≤

m−1∑
i=1

bi
bi∑

j=1
∥yj

∗∥2
2

≤ b(m− 1)
m−1∑
i=1

bi∑
j=1

∥yj
∗∥2

2

= b(m− 1)
m−1∑
i=1

bi∑
j=b(i−1)+1

(m− i)∥yj
∗∥2

2

≤ b(m− 1)2
(m−1)b∑

i=1
∥yi

∗∥2
2.

Further noticing that
∑(m−1)b

i=1 ∥yi
∗∥2

2≤
∑n

i=1∥yi
∗∥2= nσ2

∗, we have

η3
kL̃

g
0

nb

m∑
i=1

∥E⊤Ibd(i−1)↑y∗∥2
2≤ η3

kL̃
g
0

nb
b(m− 1)2nσ2

∗ = η3
kL̃

g
0(n− b)2

b2 σ2
∗.

The same bound also captures the case b = n and leads to

η3
kL̃

g
0

nb

m∑
i=1

∥E⊤Ibd(i−1)↑y∗∥2
2≤ min

{η3
kn

b2 L̂g
0L̃

g
0∥y∗∥2

Λ−1 ,
η3

k(n− b)2

b2 L̃g
0σ

2
∗

}
. (2.10)

Hence, combining Eq. (2.8)–(2.10), we obtain

I2 ≤ η3
kn

b2 L̂g
0L̃

g
0∥yk − y∗∥2

Λ−1+ ηk

2n∥v − yk∥2
Λ−1

+ min
{η3

kn

b2 L̂g
0L̃

g
0∥y∗∥2

Λ−1 ,
η3

k(n− b)2

b2 L̃g
0σ

2
∗

}
,

which finishes the proof.

We are now ready to state our convergence results for IGD in the following theorem, with its
proof provided for completeness.

Theorem 2. Under Assumptions 1 and 2, if ηk ≤ b

n
√

2L̂g
0L̃g

0
and HK =

∑K
k=1 ηk, the output x̂K of

Algorithm 1 with a fixed permutation satisfies

HK(f(x̂K) − f(x∗)) ≤ b

2n∥x0 − x∗∥2
2+

K∑
k=1

min
{η3

kn

b2 L̂g
0L̃

g
0∥y∗∥2

Λ−1 ,
η3

k(n− b)2

b2 L̃g
0σ

2
∗

}
.

As a consequence, for any ϵ > 0, there exists a choice of a constant step size ηk = η such that f(x̂K)−

f(x∗) ≤ ϵ after O
(

n
√

L̂g
0L̃g

0∥x0−x∗∥2
2

ϵ + min {
√

nL̂g
0L̃g

0∥y∗∥Λ−1 , (n−b)
√

L̃g
0σ∗}∥x0−x∗∥2

2
ϵ3/2

)
gradient queries.
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Proof. Combining the bounds in Lemma 8 and 6 and plugging them into Eq. (2.2) in Lemma 4
without random permutations, we have

Ek ≤
(η3

knL̂
g
0L̃

g
0

b2 − ηk

2n
)
∥yk − y∗∥2

Λ−1+ min
{η3

kn

b2 L̂g
0L̃

g
0∥y∗∥2

Λ−1 ,
η3

k(n− b)2

b2 L̃g
0σ

2
∗

}
.

If ηk ≤ b

n
√

2L̂g
0L̃g

0
, we have η3

knL̂g
0L̃g

0
b2 − ηk

2n ≤ 0, thus

Ek ≤ min
{η3

kn

b2 L̂g
0L̃

g
0∥y∗∥2

Λ−1 ,
η3

k(n− b)2

b2 L̃g
0σ

2
∗

}
.

Using the definition of Ek and telescoping from k = 1 to K, we obtain
K∑

k=1
ηkGapv(xk,y∗) ≤ b

2n∥x∗ − x0∥2
2− b

2n∥x∗ − xK∥2
2

+
K∑

k=1
min

{η3
kn

b2 L̂g
0L̃

g
0∥y∗∥2

Λ−1 ,
η3

k(n− b)2

b2 L̃g
0σ

2
∗

}
.

Noticing that L(x,v) is convex w.r.t. x, we have Gapv(x̂K ,y∗) ≤
∑K

k=1 ηkGapv(xk,y∗)/HK , where
x̂K =

∑K
k=1 ηkxk/HK and HK =

∑K
k=1 ηk, so we obtain

HKGapv(x̂K ,y∗) ≤ b

2n∥x0 − x∗∥2
2+

K∑
k=1

min
{η3

kn

b2 L̂g
0L̃

g
0∥y∗∥2

Λ−1 ,
η3

k(n− b)2

b2 L̃g
0σ

2
∗

}
,

Further choosing v = yx̂K
, we obtain

HK(f(x̂K) − f(x∗)) ≤ b

2n∥x0 − x∗∥2
2+

K∑
k=1

min
{η3

kn

b2 L̂g
0L̃

g
0∥y∗∥2

Λ−1 ,
η3

k(n− b)2

b2 L̃g
0σ

2
∗

}
. (2.11)

To analyze the individual gradient oracle complexity, we choose constant stepsizes η ≤ b

n
√

2L̂g
0L̃g

0
and assume b < n without loss of generality, then Eq. (2.11) becomes

f(x̂K) − f(x∗) ≤ b

2nηK ∥x0 − x∗∥2
2+ min

{η2n

b2 L̂g
0L̃

g
0∥y∗∥2

Λ−1 ,
η2(n− b)2

b2 L̃g
0σ

2
∗

}
.

When L̂g
0∥y∗∥2

Λ−1≤ (n−b)2

n σ2
∗, we set η = min

{
b

n
√

2L̂g
0L̃g

0
,
(

b3∥x0−x∗∥2
2

2n2L̂g
0L̃g

0K∥y∗∥2
Λ−1

)1/3}
and consider the

following two possible cases:

• “Small K” case: if η = b

n
√

2L̂g
0L̃g

0
≤
(

b3∥x0−x∗∥2
2

2n2L̂g
0L̃g

0K∥y∗∥2
Λ−1

)1/3
, we have

f(x̂K) − f(x∗) ≤ b

2nηK ∥x0 − x∗∥2
2+η2n

b2 L̂g
0L̃

g
0∥y∗∥2

Λ−1

≤

√
L̂g

0L̃
g
0√

2K
∥x0 − x∗∥2

2+(L̂g
0L̃

g
0)1/3∥y∗∥2/3

Λ−1∥x0 − x∗∥4/3
2

22/3n1/3K2/3 .
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• “Large K” case: if η =
(

b3∥x0−x∗∥2
2

2n2L̂g
0L̃g

0K∥y∗∥2
Λ−1

)1/3
≤ b√

2L̂g
0L̃g

0
, we have

f(x̂K) − f(x∗) ≤ b

2nηK ∥x0 − x∗∥2
2+η2n

b2 L̂g
0L̃

g
0∥y∗∥2

Λ−1

≤
21/3(L̂g

0L̃
g
0)1/3∥y∗∥2/3

Λ−1∥x0 − x∗∥4/3
2

n1/3K2/3 .

Combining these two cases, we have

f(x̂K) − f(x∗) ≤

√
L̂g

0L̃
g
0√

2K
∥x0 − x∗∥2

2+21/3(L̂g
0L̃

g
0)1/3∥y∗∥2/3

Λ−1∥x0 − x∗∥4/3
2

n1/3K2/3 .

Hence, to guarantee E[f(x̂K)−f(x∗)] ≤ ϵ for ϵ > 0, the total number of required individual gradient
evaluations will be

nK ≥ max
{n√2L̂g

0L̃
g
0∥x0 − x∗∥2

2

ϵ
,
4n1/2(L̂g

0L̃
g
0)1/2∥y∗∥Λ−1∥x0 − x∗∥2

2
ϵ3/2

}
. (2.12)

When (n−b)2

n σ2
∗ ≤ L̂g

0∥y∗∥2
Λ−1 , we set η = min

{
b

n
√

2L̂g
0L̃g

0
,
(

b3∥x0−x∗∥2
2

2n(n−b)2L̃g
0Kσ2

∗

)1/3}
and consider the two

cases as below:

• “Small K” case: if η = b

n
√

2L̂g
0L̃g

0
≤
(

b3∥x0−x∗∥2
2

2n(n−b)2L̃g
0Kσ2

∗

)1/3
, we have

f(x̂K) − f(x∗) ≤ b

2nηK ∥x0 − x∗∥2
2+η2(n− b)2

b2 L̃g
0σ

2
∗

≤

√
L̂g

0L̃
g
0√

2K
∥x0 − x∗∥2

2+(n− b)2/3(L̃g)1/3σ
2/3
∗ ∥x0 − x∗∥4/3

2
22/3n2/3K2/3 .

• “Large K” case: if η =
(

b3∥x0−x∗∥2
2

2n(n−b)2L̃g
0Kσ2

∗

)1/3
≤ b

n
√

2L̂g
0L̃g

0
, we have

f(x̂K) − f(x∗) ≤ b

2nηK ∥x0 − x∗∥2
2+η2(n− b)2

b2 L̃g
0σ

2
∗

≤ 21/3(n− b)2/3(L̃g)1/3σ
2/3
∗ ∥x0 − x∗∥4/3

2
n2/3K2/3 .

Combining these two cases, we obtain

f(x̂K) − f(x∗) ≤

√
L̂g

0L̃
g
0√

2K
∥x0 − x∗∥2

2+21/3(n− b)2/3(L̃g)1/3σ
2/3
∗ ∥x0 − x∗∥4/3

2
n2/3K2/3 .

To guarantee E[f(x̂K) − f(x∗)] ≤ ϵ for ϵ > 0, the total number of required individual gradient
evaluations will be

nK ≥ max
{n√2L̂g

0L̃
g
0∥x0 − x∗∥2

2

ϵ
,
4(n− b)(L̃g

0)1/2σ∗∥x0 − x∗∥2
2

ϵ3/2

}
. (2.13)
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Combining Eq. (2.12) and Eq. (2.13), we finally have

nK ≥
n
√

2L̂g
0L̃

g
0∥x0 − x∗∥2

2

ϵ

+ min
{4n1/2(L̂g

0L̃
g
0)1/2∥y∗∥Λ−1∥x0 − x∗∥2

2
ϵ3/2 ,

4(n− b)(L̃g
0)1/2σ∗∥x0 − x∗∥2

2
ϵ3/2

}
,

thus finishing the proof.

2.4 Tighter Bounds for Convex Finite-Sum Problems with Linear
Predictors

To study the effect of the structure of the data on the convergence of shuffled SGD, we sharpen
the focus from general finite-sum problems to convex finite-sum with linear predictors:

min
x∈Rd

{
f(x) := 1

n

n∑
i=1

ℓi(a⊤
i x)

}
, (PL)

where ai ∈ Rd (i ∈ [n]) are data vectors and ℓi : R → R are convex and either smooth or Lipschitz
nonsmooth functions associated with the linear predictors ⟨ai,x⟩ for i ∈ [n]. In addition to their
explicit dependence on the data, it is worth noting that problems of the form (PL) cover most of the
standard convex ERM problems where shuffled SGD is commonly applied, such as support vector
machines, least absolute deviation, least squares, and logistic regression.

Problem (PL) admits an explicit primal-dual formulation using the standard Fenchel conjugacy
argument (see, e.g., [CP11, CERS18]),

min
x∈Rd

max
y∈Rn

{
L(x,y) := 1

n
⟨Ax,y⟩ − 1

n

n∑
i=1

ℓ∗
i (yi) = 1

n

n∑
i=1

(a⊤
i xyi − ℓ∗

i (yi))
}
, (PL-PD)

where A = [a1,a2, . . . ,an]⊤ ∈ Rn×d is the data matrix and ℓ∗
i : R → R is the convex conjugate

of ℓi. This observation allows us to again interpret without-replacement SGD updates as cyclic
coordinate updates on the dual side. Note that due to the objective structure in (PL), the primal-dual
formulation (PL-PD) can decouple the linear (a⊤

i x) and the non-linear (ℓi) parts within individual
loss functions fi. We redefine the conjugate pair of x ∈ Rd to be yx = (y1

x, . . . ,y
n
x)⊤ ∈ Rn, with

yi
x = arg maxyi∈R{yia⊤

i x − ℓ∗
i (yi)}.

Based on the formulation (PL-PD), we view shuffled SGD as a primal-dual method with block
coordinate updates on the dual side, as summarized in Algorithm 2, for completeness. To see the
equivalence, in i-th inner iteration of k-th epoch, we first update the i-th block y

(i)
k ∈ Rb of the dual

vector yk−1 ∈ Rn based on xk−1,i as in Line 6. Since the dual update has a decomposable structure,
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this maximization step corresponds to computing the (sub)gradients {ℓ′
π

(k)
j

(a⊤
π

(k)
j

xk−1,i)}bi
j=b(i−1)+1 at

xk−1,i for the batch of individual losses indexed by {π(k)
j }bi

j=b(i−1)+1. Then in Line 7, we perform a
minimization step using y

(i)
k to compute xk−1,i+1 on the primal side. Combining these two steps, we

have xk−1,i+1 = xk−1,i − ηk

b

∑bi
j=b(i−1)+1 ℓ

′
π

(k)
j

(a⊤
π

(k)
j

xk−1,i)aπ
(k)
j

, which is exactly the original primal
shuffled SGD updating scheme.

In this section, we consider shuffled SGD with mini-batch estimators of size b and assume without
loss of generality that n = bm for some positive integer m.

Algorithm 2 Shuffled SGD (Primal-Dual View)
1: Input: Initial point x0 ∈ Rd, batch size b > 0, step size {ηk} > 0, number of epochs K > 0
2: for k = 1 to K do
3: Generate any permutation π(k) of [n] (either deterministic or random)
4: xk−1,1 = xk−1

5: for i = 1 to m do
6: y

(i)
k = arg maxy∈Rb {y⊤A

(i)
k xk−1,i −

∑b
j=1 ℓ

∗
π

(k)
b(i−1)+j

(yj)}

7: xk−1,i+1 = arg minx∈Rd {y
(i)⊤
k A

(i)
k x + b

2ηk
∥x − xk−1,i∥2}

8: end for
9: xk = xk−1,m+1, yk = (y(1)

k ,y
(2)
k , . . . ,y

(m)
k )⊤

10: end for
11: Return: x̂K =

∑K
k=1 ηkxk/

∑K
k=1 ηk

2.4.1 Smooth and convex objectives

Throughout this subsection, we make the following standard assumptions, corresponding to As-
sumptions 1 and 2 from Section 2.3.

Assumption 3. Each ℓi is convex and Li-smooth (i ∈ [n]), i.e., |ℓ′
i(x) − ℓ′

i(y)|≤ Li|x − y| for any
x, y ∈ R. There exists a minimizer x∗ ∈ arg minx∈Rd f(x).

We remark that Assumption 3 implies that both f and each component function fi(x) = ℓi(a⊤
i x)

are Lmax-smooth, where Lmax = maxi∈[n] Li∥ai∥2
2. Assumption 3 also implies that each convex

conjugate ℓ∗
i is 1

Li
-strongly convex [Bec17]. In the following, we let Λ = diag(L1, L2, . . . , Ln), and

Λπ = diag(Lπ1 , Lπ2 , . . . , Lπn), given a permutation π of [n].
We further assume bounded variance at x∗, same as prior work [MKR20, NTDP+21, TNTD21,

TSN22].

Assumption 4. σ2
∗ := 1

n

∑n
i=1∥∇fi(x∗)∥2= 1

n

∑n
i=1(ℓ′

i(a⊤
i x∗))2∥ai∥2

2 is bounded.
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Improved bounds with new smoothness constants. Our convergence bounds depend on the
smoothness parameters defined in Eq. (2.14) below. We provide a detailed discussion on how these
parameters relate to traditional smoothness parameters both in the worst case and on typical datasets,
in Section 2.5.1, with additional numerical results provided in Subsection 2.5.2.

L̂π := 1
mn

∥Λ1/2
π (

∑m
j=1 Ib(j−1)↑AπA⊤

π Ib(j−1)↑)Λ1/2
π ∥2, L̂ = max

π
L̂π,

L̃π := 1
b

∥Λ1/2
π (

∑m
j=1 I(j)AπA⊤

π I(j))Λ1/2
π ∥2, L̃ = max

π
L̃π,

(2.14)

where I(j) :=
∑bj

i=b(j−1)+1 Ii. In comparison to the smoothness constants defined in Eq. (2.1) for
general finite-sum problems, we note that the constants in Eq. (2.14) applying to generalized linear
models are tighter and more informative estimates, as the data matrix A and the smoothness con-
stants from the nonlinear part Λ are separated in Eq. (2.14). Thus, the constants L̂π and L̃π directly
depend on the data matrix, which explicitly demonstrates how the structure of the data affects the
convergence of shuffled SGD.

2.4.2 Tighter Rates for Random Reshuffling/Shuffle-Once Schemes
with Linear Predictors

Lemma 7. Given {y
(i)
k }m

i=1 and {xk−1,i}m+1
i=1 generated by Algorithm 2 for k ∈ [K], let Ek :=

ηkGapv(xk,y∗) + b
2n∥x∗ − xk∥2

2− b
2n∥x∗ − xk−1∥2

2. If Assumption 3 holds, then

Ek ≤ ηk

n

m∑
i=1

y
(i)⊤
k A

(i)
k (xk − xk−1,i+1)

+ ηk

n

m∑
i=1

(v(i)
k − y

(i)
k )⊤A

(i)
k (xk − xk−1,i)

− ηk

2n∥yk − vk∥2
Λ−1

k
− ηk

2n∥yk − y∗,k∥2
Λ−1

k

− b

2n

m∑
i=1

∥xk−1,i − xk−1,i+1∥2
2,

(2.15)

Proof. By Line 6 in Alg. 2, we have y
(i)
k = arg maxy∈Rb

{
y⊤A

(i)
k xk−1,i −

∑b
j=1 ℓ

∗
π

(k)
b(i−1)+j

(yj)
}

for

i ∈ [m]. Notice that since

y⊤A
(i)
k xk−1,i −

b∑
j=1

ℓ∗
π

(k)
b(i−1)+j

(yj) =
b∑

j=1

(
yja⊤

π
(k)
b(i−1)+j

xk−1,i − ℓ∗
π

(k)
b(i−1)+j

(yj)
)

is separable, we have yj
k = arg maxy∈R{ya⊤

π
(k)
j

xk−1,i − ℓ∗
π

(k)
j

(y)} for b(i − 1) + 1 ≤ j ≤ bi, thus

a⊤
π

(k)
j

xk−1,i ∈ ∂ℓ∗
π

(k)
j

(yj
k). Since ℓ∗

i is 1
Li

-strongly convex by Assumption 3, then by Lemma 2 we
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obtain for b(i− 1) + 1 ≤ j ≤ bi

ℓ∗
π

(k)
j

(vj
k) ≥ ℓ∗

π
(k)
j

(yj
k) + a⊤

π
(k)
j

xk−1,i(vj
k − yj

k) + 1
2L

π
(k)
j

(vj
k − yj

k)2,

which leads to

L(xk,v) = 1
n

m∑
i=1

(
v

(i)⊤
k A

(i)
k xk−1,i −

bi∑
j=b(i−1)+1

ℓ∗
π

(k)
j

(vj
k)
)

+ 1
n

m∑
i=1

v
(i)⊤
k A

(i)
k (xk − xk−1,i)

≤ 1
n

m∑
i=1

(
y

(i)⊤
k A

(i)
k xk−1,i −

bi∑
j=b(i−1)+1

ℓ∗
π

(k)
j

(yj
k)
)

+ 1
n

m∑
i=1

v
(i)⊤
k A

(i)
k (xk − xk−1,i)

− 1
2n∥yk − vk∥2

Λ−1
k
. (2.16)

Using the same argument for L(x∗,y∗) as a⊤
j x∗ ∈ ∂ℓ∗

j (yj
∗) for j ∈ [n], we have

L(x∗,y∗) = 1
n

m∑
i=1

(
y

(i)⊤
∗,k A

(i)
k x∗ −

bi∑
j=b(i−1)+1

ℓ∗
π

(k)
j

(yj
∗,k)
)

≥ 1
n

m∑
i=1

(
y

(i)⊤
k A

(i)
k x∗ −

bi∑
j=b(i−1)+1

ℓ∗
π

(k)
j

(yj
k)
)

+ 1
2n∥yk − y∗,k∥2

Λ−1
k
. (2.17)

Adding and substracting the term b
2nηk

∑m
i=1∥x∗ − xk−1,i∥2

2 on the R.H.S. of Eq. (2.17), we obtain

L(x∗,y∗) ≥ 1
n

m∑
i=1

(
y

(i)⊤
k A

(i)
k x∗ + b

2ηk
∥x∗ − xk−1,i∥2

2−
bi∑

j=b(i−1)+1
ℓ∗

π
(k)
j

(yj
k)
)

− b

2nηk

m∑
i=1

∥x∗ − xk−1,i∥2
2+ 1

2n∥yk − y∗,k∥2
Λ−1

k
.

By Line 7 of Alg. 2, we have xk−1,i+1 = arg minx∈Rd

{
y

(i)⊤
k A

(i)
k x+ b

2ηk
∥x−xk−1,i∥2

2

}
. Further noticing

that ϕ(i)
k (x) := y

(i)⊤
k A

(i)
k x + b

2ηk
∥x − xk−1,i∥2

2 is b
ηk

-strongly convex w.r.t. x and ∇ϕ(i)
k (xk−1,i+1) = 0,

we have
ϕ

(i)
k (x∗) ≥ ϕ

(i)
k (xk−1,i+1) + b

2ηk
∥x∗ − xk−1,i+1∥2

2,

which leads to

L(x∗,y∗) ≥ 1
n

m∑
i=1

(
y

(i)⊤
k A

(i)
k xk−1,i+1 + b

2ηk
∥xk−1,i+1 − xk−1,i∥2

2−
bi∑

j=b(i−1)+1
ℓ∗

π
(k)
j

(yj
k)
)

+ b

2nηk

m∑
i=1

(∥x∗ − xk−1,i+1∥2
2−∥x∗ − xk−1,i∥2

2) + 1
2n∥yk − y∗,k∥2

Λ−1
k

(i)= 1
n

m∑
i=1

(
y

(i)⊤
k A

(i)
k xk−1,i+1 + b

2ηk
∥xk−1,i+1 − xk−1,i∥2

2−
bi∑

j=b(i−1)+1
ℓ∗

π
(k)
j

(yj
k)
)

+ b

2nηk
∥xk − x∗∥2

2− b

2nηk
∥xk−1 − x∗∥2

2+ 1
2n∥yk − y∗,k∥2

Λ−1
k
, (2.18)
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where we telescope from i = 1 to m for the term
∑m

i=1 (∥x∗ − xk−1,i+1∥2
2−∥x∗ − xk−1,i∥2

2), and use
the definitions that xk = xk−1,m+1 and xk−1 = xk−1,1 for (i).

Combining the bounds from Eq. (2.16) and Eq. (2.18) and denoting

Ek := ηk(L(xk,v) − L(x∗,y∗)) + b

2n∥x∗ − xk∥2
2− b

2n∥x∗ − xk−1∥2
2,

we obtain

Ek ≤ ηk

n

m∑
i=1

y
(i)⊤
k A

(i)
k (xk−1,i − xk−1,i+1) + ηk

n

m∑
i=1

v
(i)⊤
k A

(i)
k (xk − xk−1,i)

− ηk

2n∥yk − vk∥2
Λ−1

k
− ηk

2n∥yk − y∗,k∥2
Λ−1

k
− b

2n

m∑
i=1

∥xk−1,i − xk−1,i+1∥2
2

= ηk

n

m∑
i=1

y
(i)⊤
k A

(i)
k (xk − xk−1,i+1) + ηk

n

m∑
i=1

(v(i)
k − y

(i)
k )⊤A

(i)
k (xk − xk−1,i)

− ηk

2n∥yk − vk∥2
Λ−1

k
− ηk

2n∥yk − y∗,k∥2
Λ−1

k
− b

2n

m∑
i=1

∥xk−1,i − xk−1,i+1∥2
2,

thus completing the proof.

Lemma 8. For any k ∈ [K], the iterates {y
(i)
k }m

i=1 and {xk−1,i}m+1
i=1 in Algorithm 2 satisfy

T1 = b

2n

m∑
i=1

∥xk−1,i − xk−1,i+1∥2
2− b

2n∥xk−1 − xk∥2
2.

Proof. By Line 7 in Alg. 2, we have A
(i)⊤
k y

(i)
k = b

ηk
(xk−1,i − xk−1,i+1). Further noticing that xk −

xk−1,i+1 = −
∑m

j=i+1(xk−1,j − xk−1,j+1), we obtain

T1 := ηk

n

m∑
i=1

y
(i)⊤
k A

(i)
k (xk − xk−1,i+1)

= − b

n

m−1∑
i=1

m∑
j=i+1

⟨xk−1,i − xk−1,i+1,xk−1,j − xk−1,j+1⟩

= b

2n

m∑
i=1

∥xk−1,i − xk−1,i+1∥2− b

2n
∥∥∥ m∑

i=1
(xk−1,i − xk−1,i+1)

∥∥∥2
,

thus completing the proof.

Lemma 9. Under Assumption 4, for any k ∈ [K], the iterates {y
(i)
k }m

i=1 and {xk−1,i}m+1
i=1 generated

by Algorithm 2 with uniformly random shuffling satisfy

E[T2] ≤ E
[η3

knL̂π(k)L̃π(k)

b2 ∥yk − y∗,k∥2
Λ−1

k
+ ηk

2n∥vk − yk∥2
Λ−1

k

]
+ η3

kL̃(n− b)(n+ b)
6b2(n− 1) σ2

∗.
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Proof. By Line 7 in Alg. 2, we have xk−1,i − xk−1,i+1 = ηk

b A
(i)⊤
k y

(i)
k . Using the definition of Ij↑ for

0 ≤ j ≤ n− 1 as in Section 2.1, we obtain

xk − xk−1,i = −
m∑

j=i

(xk−1,j − xk−1,j+1) = −ηk

b

m∑
j=i

A
(j)⊤
k y

(j)
k = −ηk

b
AkIb(i−1)↑yk.

Also, we have A
(i)⊤
k (v(i)

k − y
(i)
k ) = AkI(i)(vk − yk) by the definition of I(i) in Section 2.4. Combining

these two observations, we have

T2 := ηk

n

m∑
i=1

(v(i)
k − y

(i)
k )⊤A

(i)
k (xk − xk−1,i)

= − η2
k

bn

m∑
i=1

〈
A⊤

k Ib(i−1)↑yk,A
⊤
k I(i)(vk − yk)

〉
(i)= − η2

k

bn

m∑
i=1

〈
A⊤

k Ib(i−1)↑(yk − y∗,k),A⊤
k I(i)(vk − yk)

〉
(2.19)

− η2
k

bn

m∑
i=1

〈
A⊤

k Ib(i−1)↑y∗,k,A
⊤
k I(i)(vk − yk)

〉
, (2.20)

where we make a decomposition w.r.t. y∗,k in (i). For the first term in Eq. (2.19), we use Young’s
inequality for α > 0 and have

− η2
k

bn

m∑
i=1

〈
A⊤

k Ib(i−1)↑(yk − y∗,k),A⊤
k I(i)(vk − yk)

〉
≤ η2

kα

2bn

m∑
i=1

∥A⊤
k Ib(i−1)↑(yk − y∗,k)∥2

2+ η2
k

2bnα

m∑
i=1

∥A⊤
k I(i)(vk − yk)∥2

2.

(2.21)

Expanding the squares and rearranging the terms in Eq. (2.21), we have

η2
kα

2bn

m∑
i=1

∥A⊤
k Ib(i−1)↑(yk − y∗,k)∥2

2

= η2
kα

2bn

m∑
i=1

(yk − y∗,k)⊤Ib(i−1)↑AkA⊤
k Ib(i−1)↑(yk − y∗,k)

= η2
kα

2bn (yk − y∗,k)⊤
( m∑

i=1
Ib(i−1)↑AkA⊤

k Ib(i−1)↑

)
(yk − y∗,k)

= η2
kα

2bn (yk − y∗,k)⊤Λ−1/2
k Λ1/2

k

( m∑
i=1

Ib(i−1)↑AkA⊤
k Ib(i−1)↑

)
Λ1/2

k Λ−1/2
k (yk − y∗,k)

(i)
≤ η2

kα

2bn
∥∥∥Λ1/2

k

( m∑
i=1

Ib(i−1)↑AkA⊤
k Ib(i−1)↑

)
Λ1/2

k

∥∥∥
2
∥yk − y∗,k∥2

Λ−1
k
,

(2.22)

where we use Cauchy-Schwarz inequality for (i). Using a similar argument, we also have

η2
k

2bnα

m∑
i=1

∥A⊤
k I(i)(vk − yk)∥2

2≤ η2
k

2bnα
∥∥∥Λ1/2

k

( m∑
i=1

I(i)AkA⊤
k I(i)

)
Λ1/2

k

∥∥∥
2
∥vk − yk∥2

Λ−1
k
.
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By the definitions of L̂π(k) and L̃π(k) , and choosing α = 2ηkL̃π(k) in Eq. (2.21), we obtain

− η2
k

bn

m∑
i=1

〈
A⊤

k Ib(i−1)↑(yk − y∗,k),A⊤
k I(i)(vk − yk)

〉
≤ η3

knL̂π(k)L̃π(k)

b2 ∥yk − y∗,k∥2
Λ−1

k
+ ηk

4n∥vk − yk∥2
Λ−1

k
.

(2.23)

For the second term in Eq. (2.20), we apply Young’s inequality with β > 0 and proceed as above:

− η2
k

bn

m∑
i=1

〈
A⊤

k Ib(i−1)↑y∗,k,A
⊤
k I(i)(vk − yk)

〉
≤ η2

kβ

2bn

m∑
i=1

∥A⊤
k Ib(i−1)↑y∗,k∥2

2+ η2
k

2bnβ

m∑
i=1

∥A⊤
k I(i)(vk − yk)∥2

2

≤ η2
kβ

2bn

m∑
i=1

∥A⊤
k Ib(i−1)↑y∗,k∥2

2+ η2
k

2nβ L̃π(k)∥vk − yk∥2
Λ−1

k
.

Noticing that L̃π(k) ≤ L̃, we choose β = 2ηkL̃ and obtain

− η2
k

bn

m∑
i=1

〈
A⊤

k Ib(i−1)↑y∗,k,A
⊤
k I(i)(vk − yk)

〉
≤ η3

kL̃

nb

m∑
i=1

∥A⊤
k Ib(i−1)↑y∗,k∥2

2+ ηk

4n∥vk − yk∥2
Λ−1

k
.

(2.24)

Combining Eq. (2.23) and Eq. (2.24), we have

T2 ≤ η3
kL̃

nb

m∑
i=1

∥A⊤
k Ib(i−1)↑y∗,k∥2

2+η3
knL̂π(k)L̃π(k)

b2 ∥yk − y∗,k∥2
Λ−1

k
+ ηk

2n∥vk − yk∥2
Λ−1

k
. (2.25)

We first assume the RR scheme. Taking conditional expectation w.r.t. the randomness up to but not
including k-th epoch, we have

Ek[T2] ≤ η3
kL̃

nb
Ek

[ m∑
i=1

∥A⊤
k Ib(i−1)↑y∗,k∥2

2

]
+ Ek

[η3
knL̂π(k)L̃π(k)

b2 ∥yk − y∗,k∥2
Λ−1

k
+ ηk

2n∥vk − yk∥2
Λ−1

k

]
.

For the first term η3
kL̃

nb Ek

[∑m
i=1∥A⊤

k Ib(i−1)↑y∗,k∥2
2

]
, the only randomness is from the random permu-

tation π(k). In this case, each term A⊤
k Ib(i−1)↑y∗,k can be considered as a sum of a batch sampled

without replacement from {yj
∗aj}j∈[n], while

∑n
j=1 yj

∗aj = 0 as x∗ is the minimizer, we then can use
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Lemma 3 and obtain

η3
kL̃

nb
Ek

[ m∑
i=1

∥A⊤
k Ib(i−1)↑y∗,k∥2

2

] (i)= η3
kL̃

nb

m∑
i=1

Eπ(k) [∥A⊤
k Ib(i−1)↑y∗,k∥2

2]

= η3
kL̃

nb

m∑
i=1

(n− b(i− 1))2Eπ(k)

[∥∥∥A⊤
k Ib(i−1)↑y∗,k

n− b(i− 1)
∥∥∥2

2

]
(ii)
≤ η3

kL̃

nb

m∑
i=1

(n− b(i− 1))2 b(i− 1)
(n− b(i− 1))(n− 1)σ

2
∗

= η3
kL̃(n− b)(n+ b)

6b2(n− 1) σ2
∗,

where (i) is due to the linearity of expectation, and we use our definition σ2
∗ = 1

n

∑n
j=1(yj

∗)2∥aj∥2
2=

Ej [∥yj
∗aj∥2

2] for (ii). Taking expectation w.r.t. all the randomness on both sides and using the law
of total expectation, we obtain

E[T2] ≤ E
[η3

knL̂π(k)L̃π(k)

b2 ∥yk − y∗,k∥2
Λ−1

k
+ ηk

2n∥vk − yk∥2
Λ−1

k

]
+ η3

kL̃(n− b)(n+ b)
6b2(n− 1) σ2

∗.

For the SO scheme, since there is only one random permutation generated at the very beginning,
we can take expectation w.r.t. all the randomness on both sides of (2.25), and the randomness for
the term η3

kL̃

nb E
[∑m

i=1∥A⊤
k Ib(i−1)↑y∗,k∥2

2

]
is only from the initial random permutation. So the above

argument still applies to this case, and we complete the proof.

Theorem 3. Under Assumptions 3 and 4, if ηk ≤ b

n
√

2L̂
π(k) L̃

π(k)
and HK =

∑K
k=1 ηk, then the output

x̂K of Alg. 1 with uniformly random (RR/SO) shuffling satisfies

E[HK(f(x̂K) − f(x∗))] ≤ b

2n∥x0 − x∗∥2
2+

K∑
k=1

η3
kL̃(n− b)(n+ b)

6b2(n− 1) σ2
∗.

As a result, given ϵ > 0, there exists a constant step size ηk = η such that E[f(x̂K) −f(x∗)] ≤ ϵ after

O(n
√

L̂L̃∥x0−x∗∥2
2

ϵ +
√

(n−b)(n+b)
n(n−1)

√
nL̃σ∗∥x0−x∗∥2

2
ϵ3/2 ) individual gradient queries.

Proof. Combining the bounds in Lemma 8 and 9 and plugging them into Eq. (2.15), we obtain

E[Ek] ≤ E
[(η3

knL̂π(k)L̃π(k)

b2 − ηk

2n
)
∥yk − y∗,k∥2

Λ−1
k

]
+ η3

kL̃(n− b)(n+ b)
6b2(n− 1) σ2

∗.

For the stepsize ηk such that ηk ≤ b

n
√

2L̂
π(k) L̃

π(k)
, we have η3

knL̂
π(k) L̃

π(k)
b2 − ηk

2n ≤ 0, thus

E[Ek] ≤ η3
kL̃(n− b)(n+ b)

6b2(n− 1) σ2
∗.
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Noticing that Ek = ηkGapv(xk,y∗) + b
2n∥x∗ − xk∥2

2− b
2n∥x∗ − xk−1∥2

2 and telescoping from k = 1 to
K, we have

E
[ K∑

k=1
ηkGapv(xk,y∗)

]
≤ b

2n∥x∗ − x0∥2
2− b

2nE[∥x∗ − xK∥2
2] +

K∑
k=1

η3
kL̃(n− b)(n+ b)

6b2(n− 1) σ2
∗.

Noticing that L(x,v) is convex w.r.t. x, we have Gapv(x̂K ,y∗) ≤
∑K

k=1 ηkGapv(xk,y∗)/HK , where
x̂K =

∑K
k=1 ηkxk/HK and HK =

∑K
k=1 ηk, which leads to

E
[
HKGapv(x̂K ,y∗)

]
≤ b

2n∥x0 − x∗∥2
2+

K∑
k=1

η3
kL̃(n− b)(n+ b)

6b2(n− 1) σ2
∗.

Further choosing v = yx̂K
, we obtain

E[HK(f(x̂K) − f(x∗))] ≤ b

2n∥x0 − x∗∥2
2+

K∑
k=1

η3
kL̃(n− b)(n+ b)

6b2(n− 1) σ2
∗. (2.26)

To analyze the individual gradient oracle complexity, we choose constant stepsizes η ≤ b

n
√

2L̂L̃
, then

Eq. (2.26) will become

E[f(x̂K) − f(x∗)] ≤ b

2nηK ∥x0 − x∗∥2
2+η2L̃(n− b)(n+ b)

6b2(n− 1) σ2
∗.

Without loss of generality, we assume that b ̸= n, otherwise the method and its analysis reduce to
(full) gradient descent. We consider the following two cases:

• “Small K” case: if η = b

n
√

2L̂L̃
≤
(

3b3(n−1)∥x0−x∗∥2
2

n(n−b)(n+b)L̃Kσ2
∗

)1/3
, we have

E[f(x̂K) − f(x∗)] ≤ b

2nηK ∥x0 − x∗∥2
2+η2L̃(n− b)(n+ b)

6b2(n− 1) σ2
∗

≤
√
L̂L̃√
2K

∥x0 − x∗∥2
2+1

2
((n− b)(n+ b)

n2(n− 1)
)1/3 L̃1/3σ

2/3
∗ ∥x0 − x∗∥4/3

2
31/3K2/3 .

• “Large K” case: if η =
(

3b3(n−1)∥x0−x∗∥2
2

n(n−b)(n+b)L̃Kσ2
∗

)1/3
≤ b

n
√

2L̂L̃
, we have

E[f(x̂K) − f(x∗)] ≤ b

2nηK ∥x0 − x∗∥2
2+η2L̃(n− b)(n+ b)

6b2(n− 1) σ2
∗

≤
((n− b)(n+ b)

n2(n− 1)
)1/3 L̃1/3σ

2/3
∗ ∥x0 − x∗∥4/3

2
31/3K2/3 .

Combining these two cases by setting η = min
{

b

n
√

2L̂L̃
,
(

3b3(n−1)∥x0−x∗∥2
2

n(n−b)(n+b)L̃Kσ2
∗

)1/3}
, we obtain

E[f(x̂K) − f(x∗)] ≤
√
L̂L̃√
2K

∥x0 − x∗∥2
2+
((n− b)(n+ b)

n2(n− 1)
)1/3 L̃1/3σ

2/3
∗ ∥x0 − x∗∥4/3

2
31/3K2/3 .
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Hence, to guarantee E[f(x̂K) − f(x∗)] ≤ ϵ for ϵ > 0, the total number of individual gradient
evaluations will be

nK ≥ max
{n√2L̂L̃∥x0 − x∗∥2

2
ϵ

,
((n− b)(n+ b)

n− 1
)1/2 23/2L̃1/2σ∗∥x0 − x∗∥2

2
31/2ϵ3/2

}
,

as claimed.

A few remarks are in order here. When b = n, we recover the standard guarantee of gradient
descent, which serves as a sanity check as in this case the algorithm reduces to standard gradient
descent. When ϵ = Ω( (n−b)(n+b)σ2

∗
n2(n−1)L̂ ), the resulting complexity is O(n

√
L̂L̃∥x0−x∗∥2

2
ϵ ). Observe that this

case can happen when either ϵ is large (compared to, say, 1/n) or when σ∗ is small (it is, in fact,
possible for σ∗ to be zero, which happens, for example, when the data rows are linearly independent).
Unlike in bounds from previous work, we observe from our bounds the benefit of using shuffled SGD
compared to full gradient descent, where the difference is by a factor that can be as large as

√
n, as we

have discussed in the introduction (see also Section 2.5). When ϵ = O( (n−b)(n+b)σ2
∗

n2(n−1)L̂ ), the second term
in our complexity bound dominates. In this case, when b = 1, we recover the state of the art results
from [MKR20, NTDP+21, CLY23], while for b > 1 our bound provides the Ω(

√
n(n−1)

(n−b)(n+b) · L
L̃

)-factor
improvement, providing insights into benefits from the mini-batching strategy commonly used in
practice.

2.4.3 Tighter Rates for Incremental Gradient Descent with Linear
Predictors

We now provide the proof for convergence of IGD in the smooth convex settings. We first
prove the following technical lemma, which bounds the inner product term T2 := ηk

n

∑m
i=1 (v(i) −

y
(i)
k )⊤A(i)(xk − xk−1,i) without random permutations involved.

Lemma 10. For any k ∈ [K], the iterates {y
(i)
k }m

i=1 and {xk−1,i}m+1
i=1 generated by Algorithm 2 with

fixed data ordering satisfy

T2 ≤ η3
kn

b2 L̂0L̃0∥yk − y∗∥2
Λ−1+ ηk

2n∥v − yk∥2
Λ−1

+ min
{η3

kn

b2 L̂0L̃0∥y∗∥2
Λ−1 ,

η3
k(n− b)2

b2 L̃0σ
2
∗

}
.

(2.27)
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Proof. Proceeding as in Lemma 9, we have

T2 := ηk

n

m∑
i=1

(v(i) − y
(i)
k )⊤A(i)(xk − xk−1,i)

= − η2
k

bn

m∑
i=1

〈
A⊤Ib(i−1)↑yk,A

⊤I(i)(v − yk)
〉

= − η2
k

bn

m∑
i=1

〈
A⊤Ib(i−1)↑(yk − y∗),A⊤I(i)(v − yk)

〉
(2.28)

− η2
k

bn

m∑
i=1

〈
A⊤Ib(i−1)↑y∗,A

⊤I(i)(v − yk)
〉
, (2.29)

For both terms in Eq. (2.28) and Eq. (2.29), we use Young’s inequality for α = 2ηkL̃0 > 0 and
proceed as in Eq. (2.22) to obtain

− η2
k

bn

m∑
i=1

〈
A⊤Ib(i−1)↑(yk − y∗),A⊤I(i)(v − yk)

〉
≤ η2

kα

2bn

m∑
i=1

∥A⊤Ib(i−1)↑(yk − y∗)∥2
2+ η2

k

2bnα

m∑
i=1

∥A⊤I(i)(v − yk)∥2
2

≤ η2
knα

2b2 L̂0∥yk − y∗∥2
Λ−1+ η2

k

2nαL̃0∥v − yk∥2
Λ−1

= η3
kn

b2 L̂0L̃0∥yk − y∗∥2
Λ−1+ ηk

4n∥v − yk∥2
Λ−1 (2.30)

and

− η2
k

bn

m∑
i=1

〈
A⊤Ib(i−1)↑y∗,A

⊤I(i)(v − yk)
〉

≤ η2
kα

2bn

m∑
i=1

∥A⊤Ib(i−1)↑y∗∥2
2+ η2

k

2bnα

m∑
i=1

∥A⊤I(i)(v − yk)∥2
2

≤ η2
kα

2bn

m∑
i=1

∥A⊤Ib(i−1)↑y∗∥2
2+ η2

k

2nαL̃0∥v − yk∥2
Λ−1

= η3
kL̃0

nb

m∑
i=1

∥A⊤Ib(i−1)↑y∗∥2
2+ ηk

4n∥v − yk∥2
Λ−1 , (2.31)

where again we used α = 2ηkL̃0. We then prove the term η3
kL̃0
nb

∑m
i=1∥A⊤Ib(i−1)↑y∗∥2

2 in Eq. (2.31) is
no larger than the minimum of η3

kn

b2 L̂0L̃0∥y∗∥2
Λ−1 and η3

k(n−b)2

b2 L̃0σ
2
∗. Note that when b = n, we have

A⊤I(0)↑y∗ = 0, so this term disappears. When b < n, the former one can be derived as in Eq.(2.22),
which gives

m∑
i=1

∥A⊤Ib(i−1)↑y∗∥2
2 ≤

∥∥∥Λ1/2
( m∑

i=1
Ib(i−1)↑AA⊤Ib(i−1)↑

)
Λ1/2

∥∥∥
2
∥y∗∥2

Λ−1= mnL̂0∥y∗∥2
Λ−1

= n2

b
L̂0∥y∗∥2

Λ−1 .



42

For the latter one, we notice that
m∑

i=1
∥A⊤Ib(i−1)↑y∗∥2

2=
m∑

i=1

∥∥∥ n∑
j=b(i−1)+1

yj
∗aj

∥∥∥2

2

=
m−1∑
i=0

∥∥∥ n∑
j=bi+1

yj
∗aj

∥∥∥2

2

=
m−1∑
i=1

∥∥∥ n∑
j=bi+1

yj
∗aj

∥∥∥2

2
=

m−1∑
i=1

∥∥∥ bi∑
j=1

yj
∗aj

∥∥∥2

2
,

by using the fact that
∑n

j=1 yj
∗aj = 0. Using Young’s inequality, we have

m−1∑
i=1

∥∥∥ bi∑
j=1

yj
∗aj

∥∥∥2

2
≤

m−1∑
i=1

bi
bi∑

j=1
∥yj

∗aj∥2
2

≤ b(m− 1)
m−1∑
i=1

bi∑
j=1

∥yj
∗aj∥2

2

= b(m− 1)
m−1∑
i=1

bi∑
j=b(i−1)+1

(m− i)∥yj
∗aj∥2

2

≤ b(m− 1)2
(m−1)b∑

i=1
∥yj

∗aj∥2
2.

By the definition that σ2
∗ = 1

n

∑n
j=1∥yj

∗aj∥2
2 and

∑(m−1)b
i=i ∥yj

∗aj∥2
2≤

∑n
j=1∥yj

∗aj∥2
2= nσ2

∗, we obtain

η3
kL̃0

nb

m∑
i=1

∥A⊤Ib(i−1)↑y∗∥2
2≤ η3

kL̃0

b
b(m− 1)2σ2

∗ = η3
k(n− b)2

b2 L̃0σ
2
∗. (2.32)

Note that the bound in Eq. (2.32) equals to zero when b = n, which recovers the case of full gradient
descent, so we have

η3
kL̃0

nb

m∑
i=1

∥A⊤Ib(i−1)↑y∗∥2
2≤ min

{η3
kn

b2 L̂0L̃0∥y∗∥2
Λ−1 ,

η3
k(n− b)2

b2 L̃0σ
2
∗

}
. (2.33)

Combining Eq. (2.30)–(2.33), we obtain

T2 ≤ η3
kn

b2 L̂0L̃0∥yk − y∗∥2
Λ−1+ ηk

2n∥v − yk∥2
Λ−1+ min

{η3
kn

b2 L̂0L̃0∥y∗∥2
Λ−1 ,

η3
k(n− b)2

b2 L̃0σ
2
∗

}
,

thus finishing the proof.

Theorem 4. Under Assumptions 3 and 4, if ηk ≤ b

n
√

2L̂0L̃0
and HK =

∑K
k=1 ηk, the output x̂K of

Alg. 2 with a fixed permutation satisfies

HK(f(x̂K) − f(x∗)) ≤ b

2n∥x0 − x∗∥2
2+

K∑
k=1

min
{η3

kn

b2 L̂0L̃0∥y∗∥2
Λ−1 ,

η3
k(n− b)2

b2 L̃0σ
2
∗

}
.
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As a consequence, given ϵ > 0, there exists a constant step size ηk = η such that
f(x̂K) − f(x∗) ≤ ϵ after the number of gradient queries bounded by O

(
n
√

L̂0L̃0∥x0−x∗∥2
2

ϵ +
min {

√
nL̂0L̃0∥y∗∥Λ−1 , (n−b)

√
L̃0σ∗}∥x0−x∗∥2

2
ϵ3/2

)
.

Proof. Proceeding as in Lemmas 7 and 8, but without random permutations, we have

Ek ≤ ηk

n

m∑
i=1

y
(i)⊤
k A(i)(xk − xk−1,i+1) + ηk

n

m∑
i=1

(v(i) − y
(i)
k )⊤A(i)(xk − xk−1,i)

− ηk

2n∥yk − v∥2
Λ−1− ηk

2n∥yk − y∗∥2
Λ−1− b

2n

m∑
i=1

∥xk−1,i − xk−1,i+1∥2
2

≤ ηk

n

m∑
i=1

(v(i) − y
(i)
k )⊤A

(i)
k (xk − xk−1,i) − ηk

2n∥yk − v∥2
Λ−1− ηk

2n∥yk − y∗∥2
Λ−1 . (2.34)

Using the bound in Lemma 10 and applying Eq. (2.27) into Eq. (2.34), we obtain

Ek ≤
(η3

knL̂0L̃0

b2 − ηk

2n
)
∥yk − y∗∥2

Λ−1+ min
{η3

kn

b2 L̂0L̃0∥y∗∥2
Λ−1 ,

η3
k(n− b)2

b2 L̃0σ
2
∗

}
.

If ηk ≤ b

n
√

2L̂0L̃0
, we have η3

knL̂0L̃0
b2 − ηk

2n ≤ 0, thus

Ek ≤ min
{η3

kn

b2 L̂0L̃0∥y∗∥2
Λ−1 ,

η3
k(n− b)2

b2 L̃0σ
2
∗

}
.

Noticing that Ek = ηkGapv(xk,y∗) + b
2n∥x∗ − xk∥2

2− b
2n∥x∗ − xk−1∥2

2 and telescoping from k = 1 to
K, we have

K∑
k=1

ηkGapv(xk,y∗)

≤ b

2n∥x∗ − x0∥2
2− b

2n∥x∗ − xK∥2
2+

K∑
k=1

min
{η3

kn

b2 L̂0L̃0∥y∗∥2
Λ−1 ,

η3
k(n− b)2

b2 L̃0σ
2
∗

}
.

Noticing that L(x,v) is convex w.r.t. x, we have Gapv(x̂K ,y∗) ≤
∑K

k=1 ηkGapv(xk,y∗)/HK , where
x̂K =

∑K
k=1 ηkxk/HK and HK =

∑K
k=1 ηk, so we obtain

HKGapv(x̂K ,y∗) ≤ b

2n∥x0 − x∗∥2
2+

K∑
k=1

min
{η3

kn

b2 L̂0L̃0∥y∗∥2
Λ−1 ,

η3
k(n− b)2

b2 L̃0σ
2
∗

}
,

Further choosing v = yx̂K
, we obtain

HK(f(x̂K) − f(x∗)) ≤ b

2n∥x0 − x∗∥2
2+

K∑
k=1

min
{η3

kn

b2 L̂0L̃0∥y∗∥2
Λ−1 ,

η3
k(n− b)2

b2 L̃0σ
2
∗

}
. (2.35)
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To analyze the individual gradient oracle complexity, we choose constant stepsizes η ≤ b

n
√

2L̂0L̃0
and

assume b < n without loss of generality, then Eq. (2.35) becomes

f(x̂K) − f(x∗) ≤ b

2nηK ∥x0 − x∗∥2
2+ min

{η2n

b2 L̂0L̃0∥y∗∥2
Λ−1 ,

η2(n− b)2

b2 L̃0σ
2
∗

}
.

When L̂0∥y∗∥2
Λ−1≤ (n−b)2

n σ2
∗, we set η = min

{
b

n
√

2L̂0L̃0

,
(

b3∥x0−x∗∥2
2

2n2L̂0L̃0K∥y∗∥2
Λ−1

)1/3}
and consider the

following two possible cases:

• “Small K” case: if η = b

n
√

2L̂0L̃0

≤
(

b3∥x0−x∗∥2
2

2n2L̂0L̃0K∥y∗∥2
Λ−1

)1/3
, we have

f(x̂K) − f(x∗) ≤ b

2nηK ∥x0 − x∗∥2
2+η2n

b2 L̂0L̃0∥y∗∥2
Λ−1

≤

√
L̂0L̃0√
2K

∥x0 − x∗∥2
2+ L̂

1/3
0 L̃

1/3
0 ∥y∗∥2/3

Λ−1∥x0 − x∗∥4/3
2

22/3n1/3K2/3 .

• “Large K” case: if η =
(

b3∥x0−x∗∥2
2

2n2L̂0L̃0K∥y∗∥2
Λ−1

)1/3
≤ b√

2L̂0L̃0
, we have

f(x̂K) − f(x∗) ≤ b

2nηK ∥x0 − x∗∥2
2+η2n

b2 L̂0L̃0∥y∗∥2
Λ−1

≤
21/3L̂

1/3
0 L̃

1/3
0 ∥y∗∥2/3

Λ−1∥x0 − x∗∥4/3
2

n1/3K2/3 .

Combining these two cases, we have

f(x̂K) − f(x∗) ≤

√
L̂0L̃0√
2K

∥x0 − x∗∥2
2+21/3L̂

1/3
0 L̃

1/3
0 ∥y∗∥2/3

Λ−1∥x0 − x∗∥4/3
2

n1/3K2/3 .

Hence, to guarantee E[f(x̂K) − f(x∗)] ≤ ϵ for ϵ > 0, the total number of individual gradient
evaluations will be

nK ≥ max
{n√2L̂0L̃0∥x0 − x∗∥2

2
ϵ

,
4n1/2L̂

1/2
0 L̃

1/2
0 ∥y∗∥Λ−1∥x0 − x∗∥2

2
ϵ3/2

}
. (2.36)

When (n−b)2

n σ2
∗ ≤ L̂0∥y∗∥2

Λ−1 , we set η = min
{

b

n
√

2L̂0L̃0

,
(

b3∥x0−x∗∥2
2

2n(n−b)2L̃0Kσ2
∗

)1/3}
and consider the two

cases as below:

• “Small K” case: if η = b

n
√

2L̂0L̃0

≤
(

b3∥x0−x∗∥2
2

2n(n−b)2L̃0Kσ2
∗

)1/3
, we have

f(x̂K) − f(x∗) ≤ b

2nηK ∥x0 − x∗∥2
2+η2(n− b)2

b2 L̃0σ
2
∗

≤

√
L̂0L̃0√
2K

∥x0 − x∗∥2
2+(n− b)2/3L̃

1/3
0 σ

2/3
∗ ∥x0 − x∗∥4/3

2
22/3n2/3K2/3 .
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• “Large K” case: if η =
(

b3∥x0−x∗∥2
2

2n(n−b)2L̃0Kσ2
∗

)1/3
≤ b

n
√

2L̂0L̃0

, we have

f(x̂K) − f(x∗) ≤ b

2nηK ∥x0 − x∗∥2
2+η2(n− b)2

b2 L̃0σ
2
∗

≤ 21/3(n− b)2/3L̃
1/3
0 σ

2/3
∗ ∥x0 − x∗∥4/3

2
n2/3K2/3 .

Combining these two cases, we obtain

f(x̂K) − f(x∗) ≤

√
L̂0L̃0√
2K

∥x0 − x∗∥2
2+21/3(n− b)2/3L̃

1/3
0 σ

2/3
∗ ∥x0 − x∗∥4/3

2
n2/3K2/3 .

To guarantee E[f(x̂K) − f(x∗)] ≤ ϵ for ϵ > 0, the total number of individual gradient evaluations
will be

nK ≥ max
{n√2L̂0L̃0∥x0 − x∗∥2

2
ϵ

,
4(n− b)L̃1/2

0 σ∗∥x0 − x∗∥2
2

ϵ3/2

}
. (2.37)

Combining Eq. (2.36) and Eq. (2.37), we finally have

nK ≥
n
√

2L̂0L̃0∥x0 − x∗∥2
2

ϵ

+ min
{4n1/2L̂

1/2
0 L̃

1/2
0 ∥y∗∥Λ−1∥x0 − x∗∥2

2
ϵ3/2 ,

4(n− b)L̃1/2
0 σ∗∥x0 − x∗∥2

2
ϵ3/2

}
,

thus finishing the proof.

2.4.4 Extension to non-smooth convex loss functions

In non-smooth settings, we make the following standard assumption.

Assumption 5. Each ℓi is convex and Gi-Lipschitz (i ∈ [n]), i.e., |ℓi(x) − ℓi(y)|≤ Gi|x− y| for any
x, y ∈ R; thus |gi(x)|≤ Gi where gi(x) ∈ ∂ℓi(x). There exists a minimizer x∗ ∈ arg minx∈Rd f(x).

If Assumption 5 holds, each ℓi(a⊤
i x) is also Gmax-Lipschitz with respect to x, where

Gmax = maxi∈[n] Gi∥ai∥2. To state our results, we define Γ := diag(G2
1, G

2
2, . . . , G

2
n) and Γπ =

diag(G2
π1 , G

2
π2 , . . . , G

2
πn

), given a data permutation π of [n].
We now extend our analysis of Algorithm 1 to convex nonsmooth Lipschitz settings, where the

conjugate functions ℓ∗
i (yi) are only convex. Proceeding as in Lemma 4, we obtain a bound on the

primal-dual gap similar to (2.2), but lose two retraction terms induced by smoothness. Instead of
cancelling the corresponding error terms like in the smooth case, we rely on the boundedness of the
subgradients to bound these terms under a sufficiently small step size, which is common in nonsmooth
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Lipschitz settings. Similar to Section 2.3, we introduce the following quantities to obtain a tighter
guarantee with respect to the data matrix and Lipschitz constants

Ĝπ := 1
mn

∥Γ1/2
π (

∑m
j=1 Ib(j−1)↑AπA⊤

π Ib(j−1)↑)Γ1/2
π ∥2,

G̃π := 1
b

∥Γ1/2
π (

∑m
j=1 I(j)AπA⊤

π I(j))Γ1/2
π ∥2.

We discuss the improvements in convergence from Ĝπ and G̃π in Section 2.5, while we prove the
convergence of Algorithm 2 in the non-smooth convex settings in the following. we first recall the
following standard first-order characterization of convexity.

Lemma 11. Let f : Rd → R be a continuous convex function. Then, for any x,y ∈ Rd:

f(y) ≥ f(x) + ⟨gx,y − x⟩ ,

where gx ∈ ∂f(x), and ∂f(x) is the subdifferential of f at x.

The following technical lemma provides a primal-dual gap bound in convex nonsmooth settings.

Lemma 12. For any k ∈ [K], the iterates {y
(i)
k }m

i=1 and {xk−1,i}m+1
i=1 generated by Algorithm 2

satisfy

Ek ≤ ηk

n

m∑
i=1

(
y

(i)⊤
k A

(i)
k (xk − xk−1,i+1) + (v(i)

k − y
(i)
k )⊤A

(i)
k (xk − xk−1,i)

)
− b

2n

m∑
i=1

∥xk−1,i − xk−1,i+1∥2
2,

(2.38)

where Ek := ηk(L(xk,v) − L(x∗,y∗)) + b
2n∥x∗ − xk∥2

2− b
2n∥x∗ − xk−1∥2

2.

Proof. By the same argument as in the proof for Lemma 7, we know that a⊤
π

(k)
j

xk−1,i ∈ ∂ℓ∗
π

(k)
j

(yj
k)

for b(i− 1) + 1 ≤ j ≤ bi, then by Lemma 11 we have

ℓ∗
π

(k)
j

(vj
k) ≥ ℓ∗

π
(k)
j

(yj
k) + a⊤

π
(k)
j

xk−1,i(vj
k − yj

k),

which leads to

L(xk,v) = 1
n

m∑
i=1

(
v

(i)⊤
k A

(i)
k xk−1,i −

bi∑
j=b(i−1)+1

ℓ∗
π

(k)
j

(vj
k)
)

+ 1
n

m∑
i=1

v
(i)⊤
k A

(i)
k (xk − xk−1,i)

≤ 1
n

m∑
i=1

(
y

(i)⊤
k A

(i)
k xk−1,i −

bi∑
j=b(i−1)+1

ℓ∗
π

(k)
j

(yj
k)
)

+ 1
n

m∑
i=1

v
(i)⊤
k A

(i)
k (xk − xk−1,i). (2.39)
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Using the same argument for L(x∗,y∗) as a⊤
j x∗ ∈ ∂ℓ∗

j (yj
∗) for j ∈ [n], we have

L(x∗,y∗) = 1
n

m∑
i=1

(
y

(i)⊤
∗,k A

(i)
k x∗ −

bi∑
j=b(i−1)+1

ℓ∗
π

(k)
j

(yj
∗,k)
)

≥ 1
n

m∑
i=1

(
y

(i)⊤
k A

(i)
k x∗ −

bi∑
j=b(i−1)+1

ℓ∗
π

(k)
j

(yj
k)
)
. (2.40)

Adding and substracting the term b
2nηk

∑m
i=1∥x∗ − xk−1,i∥2

2 on the R.H.S. of Eq. (2.40), we obtain

L(x∗,y∗) ≥ 1
n

m∑
i=1

(
y

(i)⊤
k A

(i)
k x∗ + b

2ηk
∥x∗ − xk−1,i∥2

2−
bi∑

j=b(i−1)+1
ℓ∗

π
(k)
j

(yj
k)
)

− b

2nηk

m∑
i=1

∥x∗ − xk−1,i∥2
2.

Denote ϕ(i)
k (x) := y

(i)⊤
k A

(i)
k x + b

2ηk
∥x − xk−1,i∥2

2, which is b
ηk

-strongly convex w.r.t. x. Noticing that
xk−1,i+1 = arg minx∈Rd

{
y

(i)⊤
k A

(i)
k x+ b

2ηk
∥x−xk−1,i∥2

}
by Line 7 of Alg. 2, we have ∇ϕ(i)

k (xk−1,i+1) =
0, which leads to

ϕ
(i)
k (x∗) ≥ ϕ

(i)
k (xk−1,i+1) + b

2ηk
∥x∗ − xk−1,i+1∥2

2.

Thus, we obtain

L(x∗,y∗) ≥ 1
n

m∑
i=1

(
y

(i)⊤
k A

(i)
k xk−1,i+1 + b

2ηk
∥xk−1,i+1 − xk−1,i∥2

2−
bi∑

j=b(i−1)+1
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π
(k)
j

(yj
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)

+ b

2nηk

m∑
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(∥x∗ − xk−1,i+1∥2
2−∥x∗ − xk−1,i∥2

2)

(i)= 1
n

m∑
i=1

(
y

(i)⊤
k A

(i)
k xk−1,i+1 + b

2ηk
∥xk−1,i+1 − xk−1,i∥2

2−
bi∑

j=b(i−1)+1
ℓ∗

π
(k)
j

(yj
k)
)

+ b

2nηk
∥xk − x∗∥2

2− b

2nηk
∥xk−1 − x∗∥2

2, (2.41)

where (i) is by telescoping
∑m

i=1 (∥x∗ − xk−1,i+1∥2
2−∥x∗ − xk−1,i∥2

2) and using xk = xk−1,m+1 and
xk−1 = xk−1,1, which both hold by definition.

Combining the bounds from Eq. (2.39) and Eq. (2.41), and denoting

Ek := ηk(L(xk,v) − L(x∗,y∗)) + b

2n∥x∗ − xk∥2
2− b

2n∥x∗ − xk−1∥2
2,
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we finally obtain

Ek ≤ ηk

n

m∑
i=1

y
(i)⊤
k A

(i)
k (xk−1,i − xk−1,i+1) + ηk

n

m∑
i=1

v
(i)⊤
k A

(i)
k (xk − xk−1,i)

− b

2n

m∑
i=1

∥xk−1,i − xk−1,i+1∥2
2

= ηk

n

m∑
i=1

y
(i)⊤
k A

(i)
k (xk − xk−1,i+1) + ηk

n

m∑
i=1

(v(i)
k − y

(i)
k )⊤A

(i)
k (xk − xk−1,i)

− b

2n

m∑
i=1

∥xk−1,i − xk−1,i+1∥2
2,

thus completing the proof.

Note that we can still use Lemma 8 to bound the first inner product term in Eq. (2.38), as we are
studying the same algorithm. The following lemma provides a bound on the second inner product
term T2 := ηk

n

∑m
i=1 (v(i)

k − y
(i)
k )⊤A

(i)
k (xk − xk−1,i) in Eq. (2.38).

Lemma 13. Under Assumption 5, for any k ∈ [K], the iterates {y
(i)
k }m

i=1 and {xk−1,i}m+1
i=1 generated

by Algorithm 2 satisfy

T2 ≤
η2

k

√
Ĝπ(k)G̃π(k)

b
∥yk∥2

Γ−1
k

+
η2

k

√
Ĝπ(k)G̃π(k)

4b ∥vk − yk∥2
Γ−1

k
. (2.42)

Proof. Proceeding as in Lemma 9, we have

T2 := ηk

n

m∑
i=1

(v(i)
k − y

(i)
k )⊤A

(i)
k (xk − xk−1,i) = −η2

k

bn

m∑
i=1

〈
A⊤

k Ib(i−1)↑yk,A
⊤
k I(i)(vk − yk)

〉
.

Using Young’s inequality for some α > 0 and proceeding as in Eq. (2.22), we obtain

T2 ≤ η2
kα

2bn

m∑
i=1

∥A⊤
k Ib(i−1)↑yk∥2

2+ η2
k

2bnα

m∑
i=1

∥A⊤
k I(i)(vk − yk)∥2

2

≤ η2
knα

2b2 Ĝπ(k)∥yk∥2
Γ−1

k
+ η2

k

2nαG̃π(k)∥vk − yk∥2
Γ−1

k
,

where we use our definitions that Ĝπ(k) := 1
mn∥Γ1/2

k (
∑m

j=1 Ib(j−1)↑AkA⊤
k Ib(j−1)↑)Γ1/2

k ∥2 and G̃π(k) :=
1
b ∥Γ1/2

k (
∑m

j=1 I(j)AkA⊤
k I(j))Γ1/2

k ∥2. It remains to choose α = 2b
n

√
G̃k

Ĝk
to finish the proof.

We are now ready to prove Theorem 5 for the convergence of shuffled SGD in the convex nons-
mooth Lipschitz settings.
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Theorem 5. Under Assumption 5, if HK =
∑K

k=1 ηk and Ḡ = Eπ[
√
ĜπG̃π], the output x̂K of Alg. 1

with possible uniformly random shuffling satisfies

E[HK(f(x̂K) − f(x∗))] ≤ 1
2n∥x0 − x∗∥2

2+
K∑

k=1
2η2

knḠ,

As a result, for any ϵ > 0, there exists a step size ηk = η such that E[f(x̂K) − f(x∗)] ≤ ϵ after
O(nḠ∥x0−x∗∥2

2
ϵ2 ) individual gradient queries.

Proof. To simplify the presentation of our analysis, we first assume ∥v∥2
Γ−1≤ n, which will be later

verified by our choice of v = yx̂K
and Assumption 5.

Combining the bounds in Lemma 8 and 13 and plugging them into Eq. (2.38), we have

Ek ≤
η2

k

√
Ĝπ(k)G̃π(k)

b
∥yk∥2

Γ−1
k

+
η2

k

√
Ĝπ(k)G̃π(k)

4b ∥vk − yk∥2
Γ−1

k

(i)
≤
η2

k

√
Ĝπ(k)G̃π(k)

b
∥yk∥2

Γ−1
k

+
η2

k

√
Ĝπ(k)G̃π(k)

2b (∥v∥2
Γ−1+∥yk∥2

Γ−1
k

)

(ii)
≤

2η2
kn
√
Ĝπ(k)G̃π(k)

b
, (2.43)

where we use Young’s inequality for ∥vk − yk∥2
Γ−1

k

and ∥vk∥Γ−1
k

= ∥v∥2
Γ−1 as v is a fixed vector for

(i), and (ii) is due to ∥yk∥2
Γ−1

k

≤ n by Assumption 5 and assuming that ∥v∥2
Γ−1≤ n. Proceeding as

the proof for Theorem 3, we first assume the RR scheme and take conditional expectation w.r.t. the
randomness up to but not including k-th epoch, then we obtain

Ek[Ek] ≤
2η2

knEk[
√
Ĝπ(k)G̃π(k) ]
b

.

Since the randomness only comes from the random permutation π(k), we have

Ek[Ek] ≤
2η2

knEπ[
√
ĜπG̃π]

b
.

For notational convenience, we denote Ḡ = Eπ[
√
ĜπG̃π], and further take expectation w.r.t. all the

randomness on both sides and use the law of total expectation to obtain

E[Ek] ≤ 2η2
knḠ

b
. (2.44)

For the SO scheme, there is one random permutation π generated at the very beginning such that
π(k) = π for all k ∈ [K]. So we can directly take expectation w.r.t. all the randomness on both
sides of Eq. (2.43), with the randomness only from π, which leads to the same bound as Eq. (2.44)
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with E[
√
Ĝπ(k)G̃π(k) ] = Eπ[

√
ĜπG̃π]. Note that for incremental gradient (IG) descent, we can let

Ḡ =
√
Ĝ0G̃0 without randomness involved, where Ĝ0 = Ĝπ(0) and G̃0 = G̃π(0) w.r.t. the initial, fixed

permutation π(0) of the data matrix A.
Noticing that Ek = ηkGapv(xk,y∗) + b

2n∥x∗ − xk∥2
2− b

2n∥x∗ − xk−1∥2
2 and telescoping from k = 1

to K, we have

E
[ K∑

k=1
ηkGapv(xk,y∗)

]
≤ b

2n∥x∗ − x0∥2
2− b

2nE[∥x∗ − xK∥2
2] +

K∑
k=1

2η2
knḠ

b
.

Noticing that L(x,v) is convex wrt x, we have Gapv(x̂K ,y∗) ≤
∑K

k=1 ηkGapv(xk,y∗)/HK , where
x̂K =

∑K
k=1 ηkxk/HK and HK =

∑K
k=1 ηk, so we obtain

E
[
HKGapv(x̂K ,y∗)

]
≤ b

2n∥x0 − x∗∥2
2+

K∑
k=1

2η2
knḠ

b
.

Further choosing v = yx̂K
, which also verifies ∥v∥2

Γ−1= ∥yx̂K
∥2

Γ−1≤ n by Assumption 5, we obtain

E[HK(f(x̂K) − f(x∗))] ≤ b

2n∥x0 − x∗∥2
2+

K∑
k=1

2η2
knḠ

b
.

To analyze the individual gradient oracle complexity, we choose constant stepsize η. Then, the above
bound becomes

E[f(x̂K) − f(x∗)] ≤ b

2nηK ∥x0 − x∗∥2
2+2nηḠ

b
.

Choosing η = b∥x0−x∗∥2

2n
√

KḠ
, we have

E[f(x̂K) − f(x∗)] ≤ 2
√
Ḡ∥x0 − x∗∥2√

K
.

Hence, given ϵ > 0, to ensure E[f(x̂K) − f(x∗)] ≤ ϵ, the total number of individual gradient
evaluations will be

nK ≥ 4nḠ∥x0 − x∗∥2
2

ϵ2
,

thus completing the proof.

We now briefly discuss this result. The total number of individual gradient queries is
O(nḠ∥x0−x∗∥2

2
ϵ2 ), which appears independent of the batch size, but this is actually not the case, as the

parameter Ḡ = Eπ[
√
ĜπG̃π] depends on the block partitioning, due to Eq. (2.38). When b = n, as a

sanity check, we recover the standard guarantee of (full) subgradient descent, which is expected, as
in this case shuffled SGD reduces to subgradient descent. When b = 1, however, the bound is worse
than the corresponding bound for standard SGD, by a factor O(nḠ/G2). By a similar sequence of
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inequalities as in Eq. (2.45), this factor is never worse than n, but it is typically much smaller, taking
values as small as 1. We note that it is not known whether a better bound is possible for shuffled
SGD in this setting, as the only seemingly tighter upper bound from [Sha16] applies only for constant
K, when n = Ω( 1

ϵ2 ), and under an additional boundedness assumption for the algorithm iterates.

2.5 Discussion of Our New Smoothness Constants and Numerical
Results

To succinctly explain where our improvements come from, we now consider (PL) where ℓi is
1-smooth and b = 1, ignoring the gains from the mini-batch estimators (for large K) and our
softer guarantee that handles individual smoothness constants. For this specific case, L̃ = Lmax =
max1≤i≤n∥ai∥2, and thus our results for the smooth case and the RR and SO variants match state of
the art in the second term, which dominates when there are many (K = Ω(L2

maxD2n
σ2

∗
)) epochs. When

there are K = O(L2
maxD2n

σ2
∗

) epochs in the SO and RR variants or for all regimes of K in the IG variant,
the difference between our and state of the art bounds comes from the constant L̂ that replaces Lmax,
and our improvement is by a factor

√
Lmax/L̂. Note that O(nLmax

ϵ ) from prior bounds, which is the
dominating term in the small K regime, is even worse than the complexity of full gradient descent,
as the full gradient Lipschitz constant of f in this case is 1

n∥AA⊤∥2≤ Lmax.
Given a worst-case permutation π̄, and denoting by Aπ̄ the data matrix A with its rows permuted

according to π̄, our constant L̂ can be bounded above by Lmax using the following sequence of
inequalities:

L̂ = 1
n2 ∥
∑n

j=1 I(j−1)↑Aπ̄A⊤
π̄ I(j−1)↑∥2

(i)
≤ 1

n2
∑n

j=1∥I(j−1)↑Aπ̄A⊤
π̄ I(j−1)↑∥2

(ii)
≤ 1

n2
∑n

j=1∥Aπ̄A⊤
π̄ ∥2

(iii)
≤ 1

n

∑n
i=1∥ai∥2

2≤ max1≤i≤n∥ai∥2
2= Lmax,

(2.45)

where (i) holds by the triangle inequality, (ii) holds because the operator norm of the matrix
I(j−1)↑AπA⊤

π I(j−1)↑ (equal to the operator norm of the bottom right (n − j + 1) × (n − j + 1)
submatrix of AπA⊤

π ) is always at most ∥AπA⊤
π ∥= ∥AA⊤∥, for any permutation π, and (iii) holds

by bounding above the operator norm of a symmetric matrix by its trace. Hence L̂ is never larger
than Lmax, but can generally be much smaller, due to the sequence of inequality relaxations in (2.45).
While each of these inequalities can be loose, we emphasize that (iii) is almost always loose, by a
factor that can be as large as n.

As a specific example where L̂ is smaller than Lmax by a factor of n, consider the example of
Gaussian data, where we draw n i.i.d. standard Gaussian vectors from N (0, Id) and take d = n.

By standard concentration results, with high probability, all columns/rows of Aπ̄ in this case are
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near-orthogonal (see, e.g., [BHK20, Chapter]) and ∥ai∥2
2≈ d = n for all i. As a result, the operator

norm to trace inequality (iii) is loose by a factor d = n, with high probability. Note that in this
example all individual smoothness parameters of components fi are essentially the same (w.h.p.)
and equal ∥ai∥2

2, thus the improvement of our bound on the smoothness parameter does not come
from averaging but from the structure of the data. This observation is important for contrasting the
results from Section 2.3 and Section 2.4. In particular, focusing solely on the finite sum structure and
ignoring the structure of the data matrix would provide no improvements in the resulting convergence
bounds.

As further evidence, we empirically evaluate Lmax/L̂ on 15 large-scale machine learning datasets
and demonstrate that on those datasets Lmax/L̂ is of the order nα, for α ∈ [0.15, 0.96] (see Sec. 2.5.1
for more details), providing strong evidence of a tighter guarantee as a function of n.

For the nonsmooth settings, by a similar sequence of inequalities, we can show that Ḡ ≤ G2
max,

which can be loose by a factor 1/n due to the operator norm to trace inequality. Thus, our bound
is never worse than what would be obtained from the full subgradient method, but can match the
bound of standard SGD, or even improve1 upon it for at least some data matrices A.

2.5.1 Numerical results and discussion

In this section, we provide empirical evidence to support our claim about usefulness of the new
convergence bounds obtained in our work. In particular, we conduct numerical evaluations to compare
L̂ to the classical smoothness constant L on synthetic datasets and on popular machine learning
benchmark datasets.

For a more streamlined comparison and to focus on the dependence on the data matrix, we
assume that the loss functions ℓi all have the same smoothness constant, which leads to Lmax/L̂ =
(max1≤i≤n{∥ai∥2})/( 1

n2 ∥
∑n

j=1 I(j−1)↑Aπ̄A⊤
π̄ I(j−1)↑∥2). Since the scale of the smoothness constant of

the loss functions is irrelevant for the ratio Lmax/L̂ in this case, for simplicity, we take it to equal
one. Note that assuming different smoothness constants over component loss functions would only
make our bound better compared to related work (see Eq. (2.14) and the discussion following it).

We also compare L̂ and Lmax on a number of benchmarking datasets from LIBSVM [CL11],
MNIST [Den12], CIFAR10 [KH+09], and Broad Bioimage Benchmark Collection [LSC12]. For each
dataset, we generate a uniformly random permutation π for the data matrix A and compute L̂π.
We repeat this procedure 1000 times for all datasets and display the average Lmax/L̂π in Table 2.2,
except for e2006train, CIFAR10, MNIST, and BBBC005 where we do 20 repetitions due to limitations
of computation resources required for each calculation. We observe that among the datasets that we

1This is because it is possible for inequalities (i) and (ii) to be loose, in addition to (iii).
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Table 2.2: The following table shows the computed values of Lmax/L̂ where L̂ is the empirical mean
of L̂π over random permutations. We note that the quantity

√
Lmax/L̂ represents the improvement

provided by the bound via our novel primal-dual perspective, compared to previous work.

Dataset #Features (d) #Datapoints (n) Lmax/L̂ logn Lmax/L̂ logmin(d,n) Lmax/L̂

a1a 123 1605 5.50 0.231 0.354
a9a 123 32561 5.49 0.164 0.354
BBBC005 361920 19201 18.3 0.295 0.295
BBBC010 361920 201 7.04 0.368 0.368
cifar10 3072 50000 10.0 0.213 0.287
duke 7129 44 38.0 0.962 0.962
e2006train 150360 16087 5.35 0.173 0.173
gisette 5000 6000 3.52 0.145 0.148
leu 7129 38 32.8 0.960 0.960
mnist 780 60000 19.1 0.268 0.443
news20 1355191 19996 42.1 0.378 0.378
rcv1 47236 20242 111 0.475 0.475
real-sim 20958 72309 194 0.471 0.529
sonar 60 208 6.26 0.344 0.448
tmc2007 30438 21519 10.9 0.239 0.239

consider, which contain all three data matrix “shapes” d >> n, d << n, and d ≈ n, our novel bound
dependent on L̂ is much tighter. For instance, for rcv1 and real-sim datasets, where d and n are
of the same order, we observe that Lmax/L̂ are approximately 111 and 194, respectively. For news20

dataset where d >> n, Lmax/L̂ ≈ 42.1. For MNIST, where d << n, Lmax/L̂ ≈ 19.1. Further results
are provided in Subsection 2.5.2.

Finally, as a justification for using the empirical mean of L̂π over random permutations π in the
results displayed in Table 2.2, we observe in our evaluations that the values of Lmax/L̂π are fairly
concentrated around their empirical mean values. Histogram plots showing the empirical distributions
of Lmax/L̂π for each of the datasets are provided in Subsection 2.5.2.

We conclude with a few additional remarks. Our results indicate that the structure of the data is
important for predicting behavior of popular machine learning methods such as variants of shuffled
SGD considered in our work, and thus should be incorporated in their study: as demonstrated in the
Gaussian data example, considering simple finite sum structure and ignoring the dependence on the
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data can lead to overly pessimistic bounds. Thus it would be interesting to provide a further theoret-
ical study of shuffled SGD that incorporates distributional assumptions for the data. Additionally,
as mentioned in the previous paragraph, we empirically observed that permutation-dependent pa-
rameter L̂π concentrates around its mean for permutations generated uniformly at random. Thus,
it would be interesting to consider whether our theoretical results can be strengthened to depend on
the mean value of L̂π (as opposed to maximum). We leave such considerations for future work.

2.5.2 Experiment Details

We implement the computation of L̂ and Lmax in Julia, a high-performance scientific computation
programming language, and compute matrix operator norms using the default settings in the Julia
Arpack Package. However, limited by computational memory and time constraint, our selection of
datasets is focused on moderately large-scale datasets of n in the order of O(105). We also include
comparisons of small datasets such as a1a and sonar.

2.5.3 Evaluations of Lmax/L̃π on Synthetic Gaussian Datasets

We first study the gap between L̃π and Lmax for different batch sizes b, as shown in Figure 2.2. As
in Section 2.5.1, we focus on their dependence on the data matrix, and assume that the loss functions
ℓi all have the same smoothness constant. In this case, the ratio Lmax/L̃π that characterizes the gap
between L̃π and Lmax will become Lmax/L̃π = (max1≤i≤n{∥ai∥2

2})/(1
b ∥
∑m

j=1 I(j)AπA⊤
π I(j)∥2). In

particular, we run experiments on standard Gaussian data of size (n, d). We fix the dimension
d = 500, and vary the number of samples with n = 100, 500, 1000, 2000. In Figure 2.2, we plot the
ratio Lmax/L̃π versus the batch size b for 100 different random permutations π, where the dotted
lines represent the mean values and the filled regions indicate the standard deviation of permutations.
We observe that the ratio Lmax/L̃π is concentrated around its empirical mean and exhibits bα (α ∈
[0.74, 0.87]) growth as the batch size b increases. In particular, if we choose b =

√
n, the ratio can

be O(n0.4).

2.5.4 Distributions of Lmax/L̂π

In this subsection, we include histograms in Figure 2.3 to illustrate the spread of Lmax/L̂π with
respect to random permutations, for completeness. We observe that in all the examples Lmax/L̂π is
concentrated around its empirical mean. The following plots are normalized, with y-axis representing
the empirical probability density. The x-axis represents Lmax/L̂π.

https://julialang.org
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(a) n = 100 (b) n = 500

(c) n = 1000 (d) n = 2000

Figure 2.2: Illustrations of Lmax/L̃π for different batch size b on synthetic Gaussian data of size
(n, d).



56

a1a a9a BBBC005

BBBC010 CIFAR10 duke

e2006train gisette leu

MNIST news20 rcv1

real-sim sonar tmc2007

Figure 2.3: Visualization of the empirical distributions of L/L̂ for 15 large-scale datasets.
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Chapter 3

Accelerating Cyclic Coordinate Algorithms via
Dual Averaging with Extrapolation

3.1 Contributions

We study the following composite convex problem

min
x∈Rd

{
f̄(x) = f(x) + g(x)

}
, (P)

where f is smooth and convex and g is proper, (possibly strongly) convex, and lower semicontinuous.
This is a standard and broadly studied setting of structured nonsmooth optimization; see, e.g, [BT09,
Nes07b] and the follow-up work. To further make the problem amenable to optimization via block
coordinate methods, we assume that g is block separable, with each component function admitting
an efficiently computable prox operator (see Section 3.2 for a precise statement of the assumptions).

Similar to [SD21a], we define a summary Lipschitz constant L of f obtained from Lipschitz
conditions of individual blocks. Our summary Lipschitz condition is similar to that of [SD21a]
(although not exactly the same) and enjoys the same favorable properties as the condition introduced
in that paper; see Section 3.2 for more details.

We introduce a new accelerated cyclic algorithm for (P) whose full gradient oracle com-
plexity (number of full gradient passes or, equivalently, number of full cycles) is of the order
O
(

min
{√

L
ϵ ∥x0 − x∗∥2,

√
L
γ log(L∥x0−x∗∥2

ϵ )
})
, where γ is the strong convexity parameter of g

(equal to zero if g is only convex, by convention), x∗ is an optimal solution to (P), and x0 ∈ dom(g)
is an arbitrary initial point. This complexity result matches the gradient oracle complexity of the fast
gradient method [Nes83], but with the traditional Lipschitz constant being replaced by the Lipschitz
constant introduced in our work. In the very worst case, this constant is no higher than

√
m times

the traditional one, where m is the number of blocks, giving an m1/4 improvement in the resulting
complexity over the accelerated cyclic method from [BT13]. Even in this worst case, the obtained
improvement in the dependence on the number of blocks is the first such improvement for accelerated
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methods since the work of [BT13]. We note, however, that for both synthetic data and real data sets
and on an example problem where both Lipschitz constants are explicitly computable, our Lipschitz
constant is within a small constant factor (smaller than 1.5) of the traditional one (see Figure 3.1,
Table 3.1, and the related discussion in Section 3.2).

Some key ingredients in our analysis are the following. First, we construct an estimate of the
optimality gap we want to bound, where we replace the gradient terms with a vector composed
of partial, or block, extrapolated gradient terms evaluated at intermediate points within a cycle.
Crucially, we show that the error introduced by doing so can be controlled and bounded via our
Lipschitz condition. An auxiliary result allowing us to carry out the analysis and appropriately
bound the error terms resulting from our approach is Lemma 14, which shows that our Lipschitz
condition translates into inequalities of the form

f(y) − f(x) ≤ ⟨∇f(x),y − x⟩ + L

2 ∥y − x∥2,

∥∇f(y) − ∇f(x)∥2≤ 2L(f(y) − f(x) − ⟨∇f(x),y − x⟩),

similar to the standard inequalities that hold for the traditional, full-gradient, Lipschitz constant.
Finally, we note that the accelerated algorithm that we introduce is novel even in the single block
(i.e., full-gradient) setting, due to the employed gradient extrapolation.

We further consider the finite sum setting, where f is expressible as f(x) = 1
n

∑n
t=1 ft(x),

and where n is typically very large. We then propose a variance-reduced variant of our accel-
erated method, which further reduces the full gradient oracle complexity to O

(
min

{√
L
nϵ∥x0 −

x∗∥2,
√

L
nγ log(L∥x0−x∗∥2

ϵ )
})

. The variance reduction that we employ is of the SVRG type [JZ13].
While following a similar approach as the basic accelerated algorithm described above, the analysis in
this case turns out to be much more technical, due to the need to simultaneously handle error terms
arising from variance reduction as well as the error terms arising from the cyclic updates. Through
utilizing the novel smoothness properties obtained in Lemma 14 specific to convex minimization, we
are able to obtain the desired error bounds without using the additional point extrapolation step in
the gradient estimator as [SD21a], but rather only with an SVRG estimator. This important change
paves a path to achieving accelerated convergence rates while also simplifying the implementation of
our algorithms.

Last but not least, we demonstrate the practical efficacy of our novel accelerated algorithms A-
CODER and VR-A-CODER through numerical experiments, comparing against other relevant block
coordinate descent methods. The use of A-CODER and VR-A-CODER achieves faster convergence
in primal gap with respect to both the number of full-gradient evaluations and wall-clock time.
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3.1.1 Background

Block coordinate descent methods are broadly used in machine learning due to their effectiveness
on large datasets brought by cheap iterations requiring only partial access to problem informa-
tion [Wri15, Nes12]. They are frequently applied to problems such as feature selection [WL+08,
FHT10, MFH11], empirical risk minimization [Nes12, ZL15, LLX15, AZQRY16, ADFC17, GOPV17,
DO18], and in distributed computing [LWR+14, FR15, RT16]. In the more recent literature, coordi-
nate updates on either the primal or the dual side in primal-dual settings have been used to attain
variance-reduced guarantees in finite sum settings [CERS18, ADFC17, AFC20, SJM20, SLWD22].

Most of the existing theoretical results for (block) coordinate-type methods have been established
for algorithms that select coordinate blocks to be updated by random sampling without replace-
ment [Nes12, Wri15, CERS18, ADFC17, AFC20, SJM20, SLWD22, ZL15, LLX15, AZQRY16, DO18].
Such methods are commonly referred to as the randomized block coordinate methods (RBCMs).
What makes these methods particularly appealing from the aspect of convergence analysis is that
the gradient evaluated on the sampled coordinate block can be related to the full gradient, by taking
the expectation over the random choice of a coordinate block.

An alternative class of block coordinate methods is the class of cyclic block coordinate methods
(CBCMs), which update blocks of coordinates in a cyclic order. CBCMs are frequently used in
practice due to often superior empirical performance compared to RBCMs [BT13, CWY17, SY19]
and are also part of standard software packages for high-dimensional computational statistics such
as GLMNet [FHT10] and SparseNet [MFH11]. However, CBCMs have traditionally been considered
much more challenging to analyze than RBCMs.

The first convergence rate analysis of CBCMs for smooth convex optimization problems, obtained
by [BT13], relied on relating the partial coordinate blocks of the gradient to the full gradient. For
this reason, the dependence of iteration complexity on the number of coordinate blocks in [BT13]
scaled linearly and as a square root for vanilla CBCM and its accelerated variant, respectively.
Such a high dependence on the number of blocks (equal to the dimension in the coordinate case)
makes the complexity guarantee of CBCMs seem worse than not only RBCMs but even full gradient
methods such as gradient descent and the fast gradient method of [Nes83], bringing into question their
usefulness. This is further exacerbated by a result that shows that such a high gap in complexity does
happen in the worst case [SY19], prompting research that would explain the gap between the theory
and practice of CBCMs. However, most of the results that improved the dependence on the number
of blocks only did so for structured classes of convex quadratic problems [WL20, LW19, GOPV17].

On the other hand, a very recent work in [SD21a] introduced an extrapolated CBCM for varia-
tional inequalities whose complexity guarantee does not involve explicit dependence on the number
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of blocks. This result is enabled by a novel Lipschitz condition introduced in the same work. While
the result from [SD21a] applies to convex minimization settings as a special case, the obtained con-
vergence rates are not accelerated. Our main motivation in this work is to close this convergence gap
by providing accelerated extrapolated CBCMs for convex composite minimization.

As discussed at the beginning of this section, cyclic block coordinate methods constitute a fun-
damental class of optimization methods whose convergence is not yet well understood. In the worst
case, the full gradient oracle complexity of vanilla cyclic block coordinate gradient update is worse
than that of vanilla gradient descent, by a factor scaling with the number of blocks m (equal to the
dimension in the coordinate case) [SY19, BT13]. Since the initial results providing such an upper
bound [SY19], there were no improvements on the dependence on the dependence on the number of
blocks in the convergence guarantees of cyclic methods until the very recent work of [SD21a], which
in the worst case improves the dependence on m by a factor

√
m. Our work further contributes to

this line of work by improving the dependence on m in accelerated methods from
√
m to m1/4 in the

worst case.
In the finite-sum settings, variance reduction has been widely explored; e.g., in [JZ13, DBLJ14,

AZ17, RHS+16, LJCJ17, SJM20, SLRB17] for the case of full-gradient methods and in [CG16, LS18]
for randomized block coordinate methods. However, variance reduced schemes for cyclic methods
are much more rare, with nonasymptotic guarantees being obtained very recently for the case of
variational inequalities [SD21a] and nonconvex optimization [CSWD22a, XY14]. We are not aware
of any existing variance reduced results for accelerated cyclic block coordinate methods.

3.1.2 Outline of the Chapter

Section 3.2 introduces the necessary notation and background and outlines our main problem
assumptions. Section 3.3 introduces the A-CODER algorithm and provides the analysis. Section 3.4
presents VR-A-CODER and detailed its convergence analysis and comparison against the vanilla
A-CODER. Finally, Section 3.5 provides numerical experiments for our results and concludes the
paper with a discussion.

3.2 Notation and Preliminaries

For a positive integer K, we use [K] to denote the set {1, 2, . . . , K}. We consider the d-dimensional
Euclidean space (Rd, ∥·∥), where ∥·∥=

√
⟨·, ·⟩ denotes the Euclidean norm, ⟨·, ·⟩ denotes the (standard)

inner product, and d is assumed to be finite. Throughout the paper, we assume that there is a given
partition of the set {1, 2, . . . , d} into sets Sj , j ∈ {1, . . . ,m}, where |Sj |= dj > 0. For convenience
of notation, we assume that sets Sj are comprised of consecutive elements from {1, 2, . . . , d}, that
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is, S1 = {1, 2, . . . , d1}, S2 = {d1 + 1, d1 + 2, . . . , d1 + d2}, . . . ,Sm = {
∑m−1

j=1 dj + 1,
∑m−1

j=1 dj +
2, . . . ,

∑m
j=1 d

j}. This assumption is without loss of generality, as all our results are invariant to
permutations of the coordinates (though the value of the Lipschitz constant of the gradients defined
in our work depends on the ordering of the coordinates; see Assumption 7). For a vector x ∈ rd,
we use x(j) to denote its coordinate components indexed by Sj . Similarly for a gradient ∇f of a
function f : Rd → R, we use ∇(j)f to denote its coordinate components indexed by Sj . We use
( · )≥j to denote an operator for vectors and square matrices that replaces the first j − 1 elements of
rows and columns with zeros, i.e., keeping elements with indices ≥ j the same, otherwise zeros.

Given a proper, convex, lower semicontinuous function g : Rd → R ∪ {+∞}, we use ∂g(x) to
denote the subdifferential set (the set of all subgradients) of g. Of particular interests to us are
functions g whose proximal operator (or resolvent), defined by

proxτg(u) := arg min
x∈Rd

{
τg(x) + 1

2∥x − u∥2
}

(3.1)

is efficiently computable for all τ > 0 and u ∈ Rd. To unify the cases in which g are convex and
strongly convex respectively, we say that g is γ-strongly convex with modulus γ ≥ 0, if for all
x,y ∈ Rd and g′(x) ∈ ∂g(x),

g(y) ≥ g(x) + ⟨g′(x),y − x⟩ + γ

2 ∥y − x∥2.

Problem definition. We consider Problem (P) under the following assumptions.

Assumption 6. g(x) is γ-strongly convex, where γ ≥ 0, and block-separable over coordinate sets
{Sj}m

j=1 : g(x) =
∑m

j=1 g
j(x(j)). Each gj(x(j)) for j ∈ [m] admits an efficiently computable proximal

operator.

Assumption 7. There exist positive semidefinite matrices {Q1,Q2, . . . ,Qm} such that ∇(j)f(·) is
1-Lipschitz continuous w.r.t. the seminorm ∥·∥Qj , i.e., ∀x,y ∈ Rd,

∥∇(j)f(x) − ∇(j)f(y)∥2≤ ∥x − y∥2
Qj , (3.2)

where ∥x − y∥2
Qj := (x − y)T Qj(x − y) is the Mahalanobis (semi)norm. Moreover, we define a new

Lipschitz constant L such that L2 = 2∥Q̃∥ < ∞ where Q̃ =
∑m

j=1
[
(Qj)≥j + (Qj)≥j+1

]
.

Observe that when f is M -smooth in a traditional sense (i.e., when f has M -Lipschitz gradients
w.r.t. the Euclidean norm), Assumption 7 can be trivially satisfied using Qj = MI for all j ∈ [m],
where I is the identity matrix. Consequently, it can be argued that L ≤ 2

√
mM [SD21a]; however,

we show that this bound is much tighter in practice as illustrated in Figure 3.1 and in Table 3.1. In
particular, we follow the experiments in [SD21a] and show empirically that the standard Lipschitz
constant M and our new Lipschitz constant L scale within the same factor for both synthetic and
real data.
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Figure 3.1: Comparisons of Lipschitz constants for elastic-net problems on synthetic datasets, where
M denotes the commonly known Lipschitz constant and L is our new Lipschitz constant as defined
in Assumption 7.

Table 3.1: Comparisons of Lipschitz constants for elastic-net problems on LibSVM datasets. M

is the classical gradient Lipschitz constant and L is our novel smoothness constant. We use each
coordinate as a block, i.e., m = d.

Dataset #Features M L

sonar 60 12.5 15.8
colon 2000 310.6 394.7
a9a 123 6.1 7.7
phishing 68 0.60 0.76
madelon 500 1.2 1.5

3.3 Accelerated Cyclic Algorithm

In this section, we introduce and analyze A-CODER, whose pseudocode is provided in Algo-
rithm 3. A-CODER can be seen as a Nesterov-style accelerated variant of CODER, previously
introduced for solving variational inequalities by [SD21a]. A-CODER is related to other acceler-
ated algorithms in the following sense. In the case of a single block (m = 1) and when gradient
extrapolation is not used (i.e., when qk = pk), A-CODER reduces to a generalized variant of AGD+
[CDO18, DG21] or the method of similar triangles [GN18]. The analysis of A-CODER follows the
general gap bounding argument [DO19, SJM21] and it is based on three key ingredients: (i) gradient
extrapolation, which enables the use of partial information about the gradients within a full epoch of



63

cyclic updates, (ii) Lipschitz condition for the gradients based on the Mahalanobis norm as defined
in Assumption 7, and (iii) upper and lower bounds on the difference between the function and its
linear approximation that are compatible with the gradient Lipschitz condition that we use, as stated
in Lemma 14.

Lemma 14. Let f : Rd → R be a convex and smooth function whose gradients satisfy Assumption 7.
Then, ∀x,y ∈ Rd :

f(y) − f(x) ≤ ⟨∇f(x),y − x⟩ + L

2 ∥y − x∥2,

∥∇f(y) − ∇f(x)∥2≤ 2L(f(y) − f(x) − ⟨∇f(x),y − x⟩).

Proof. Let zj = (x(1), . . . ,x(j),y(j+1), . . . ,y(m)) and observe that zm = x and z0 = y. Then we
have

f(y) − f(x) =
m∑

j=1
(f(zj−1) − f(zj)). (3.3)

As f is continuously differentiable and zj and zj−1 only differ over the jth block, we further have,
by Taylor’s theorem,

f(zj−1) − f(zj) =
∫ 1

0
⟨∇f(zj + t(zj−1 − zj)), zj−1 − zj⟩ dt

=
∫ 1

0

〈
∇(j)f(zj + t(zj−1 − zj)),y(j) − x(j)

〉
dt

(3.4)=
〈
∇(j)f(x),y(j) − x(j)

〉
+
∫ 1

0

〈
∇(j)f(zj + t(zj−1 − zj)) − ∇(j)f(x),y(j) − x(j)

〉
dt.

Using Young’s inequality, we have, for any α > 0,〈
∇(j)f(zj + t(zj−1 − zj)) − ∇(j)f(x),y(j) − x(j)

〉
≤ α

2 ∥∇(j)f(zj + t(zj−1 − zj)) − ∇(j)f(x)∥2 + 1
2α∥y(j) − x(j)∥2

≤ α

2 ∥zj + t(zj−1 − zj) − x∥2
Qj + 1

2α∥y(j) − x(j)∥2

≤ α

2
[
(1 − t)∥zj − x∥2

Qj + t∥zj−1 − x∥2
Qj

]
+ 1

2α∥y(j) − x(j)∥2,

where the second inequality is by our block Lipschitz assumption from Assumption 7 and the last
line is by Jensen’s inequality. Now observe that zj and x agree on the first j blocks. Thus,
we can write zj − x = (y − x)≥j+1 and zj−1 − x = (y − x)≥j , while noting that we have
∥(y − x)≥j∥2

Qj = ∥y − x∥2
(Qj)≥j

and ∥(y − x)≥j+1∥2
Qj = ∥y − x∥2

(Qj)≥j+1
. So by combining with

Eq. (3.4) and integrating over t, we have, ∀α > 0,

f(zj−1) − f(zj) ≤
〈
∇(j)f(x),y(j) − x(j)

〉
+ 1

2α∥y(j) − x(j)∥2

+ α

4
(
∥y − x∥2

(Qj)≥j
+ ∥y − x∥2

(Qj)≥j+1

)
.

(3.5)
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Summing Eq. (3.5) over j ∈ [m] and using the definition of Mahalanobis norm, we finally get

f(y) − f(x) =
m∑

j=1
(f(zj−1) − f(zj))

≤ ⟨∇f(x),y − x⟩ + α

4 (y − x)T Q̃(y − x) + 1
2α∥y − x∥2

≤ ⟨∇f(x),y − x⟩ +
(

1
2α + αL2

8

)
∥y − x∥2 ,

where we used Holder’s inequality and the definition of L in Assumption 7. Letting α = 2
L now

completes the proof of the first part.
The second part of the proof is standard and is provided for completeness. Let x,y be any two

points from Rd. Define hx(y) = f(y) − ⟨∇f(x),y⟩ . Observe that hx(y) is convex (as the sum of
a convex function f(y) and a linear function − ⟨∇f(x),y⟩) and is minimized at y = x (as for any
y ∈ Rd, hx(y) − hx(x) = f(y) − f(x) − ⟨∇f(x),y − x⟩ ≥ 0, by convexity of f). Observe further
that for any y, z ∈ Rd, we have

hx(y) − hx(z) − ⟨∇hx(z),y − z⟩ = f(y) − f(z) − ⟨∇f(z),y − z⟩

≤ L

2 ∥y − z∥2,

where the last inequality is by the first part of the proof. The last inequality and the fact that x

minimizes hx now allow us to conclude that

hx(x) ≤ hx

(
y − 1

L
∇hx(y)

)
≤ hx(y) − 1

2L∥∇hx(y)∥2.

To complete the proof, it remains to plug the definition of hx(·) into the last inequality, and rearrange.

We now derive the A-CODER algorithm. We define {ak}k≥1 and {Ak}k≥1 to be sequences of
positive numbers with Ak =

∑k
i=1 ai, a0 = A0 = 0. Let {xk}k≥0 be an arbitrary sequence of points

in dom(g). Our goal here is to bound the function value gap f̄(yk) − f̄(u) above for all u ∈ dom(g).
Towards this goal, we define an estimation sequence ψk recursively by ψ0(u) = 1

2∥u − x0∥2 and

ψk(u) := ψk−1(u) + ak(f(xk) + ⟨qk,u − xk⟩ + g(u))

for k ≥ 1. Meanwhile, vk and yk are defined as vk := arg minu∈Rd ψk(u) and yk := 1
Ak

∑k
i=1 aivi

respectively. We start our analysis by characterizing the gap function in the following lemma.
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Lemma 15. For any u ∈ Rd and any sequence of vectors {qi}i≥1, we have

Ak(f̄(yk) − f̄(u)) ≤
k∑

i=1
Ei(u) + 1

2∥u − x0∥2−1 + Akγ

2 ∥u − vk∥2, (3.6)

where

Ei(u) = Ai(f(yi) − f(xi)) − Ai−1(f(yi−1) − f(xi))

− ai ⟨qi,vi − xi⟩ + ai ⟨∇f(xi) − qi,xi − u⟩

− 1 + Ai−1γ

2 ∥vi − vi−1∥2. (3.7)

Proof. As yk = 1
Ak

∑k
i=1 aivi and g is convex, we have g(yk) ≤ 1

Ak

∑k
i=1 aig(vi) and thus,

Akf̄(yk) ≤ Akf(yk) +
k∑

i=1
aig(vi)

=
k∑

i=1
(Aif(yi) − Ai−1f(yi−1)) +

k∑
i=1

aig(vi), (3.8)

where the equality is by A0 = 0. Then, as f is convex and f̄ = f + g, we have, ∀u,

Akf̄(u) =
k∑

i=1
aif̄(u) ≥

k∑
i=1

ai(f(xi) + ⟨∇f(xi),u − xi⟩ + g(u))

=
k∑

i=1
ai(f(xi) + ⟨qi,u − xi⟩ + g(u)) +

k∑
i=1

ai ⟨∇f(xi) − qi,u − xi⟩

= ψk(u) − ψ0(u) +
k∑

i=1
ai ⟨∇f(xi) − qi,u − xi⟩

≥ ψk(vk) + 1 + Akγ

2 ∥u − vk∥2−1
2∥u − x0∥2

+
k∑

i=1
ai ⟨∇f(xi) − qi,u − xi⟩ ,

where the first inequality is by the convexity of f , the third equality is by the recursive definition of
ψk(u), and the last inequality is by the (1 + Akγ)-strong convexity of ψk(u), vk = arg minu ψk(u)
which implies ψk(u) ≥ ψk(vk) + 1+Akγ

2 ∥u − vk∥2, and the definition of ψ0(u).
Then as ψ0(v0) = 0, using the recursive definition of ψk, we have

ψk(vk) =
k∑

i=1
(ψi(vi) − ψi−1(vi−1))

=
k∑

i=1

(
(ψi−1(vi) − ψi−1(vi−1)) + ai(f(xi) + ⟨qi,vi − xi⟩ + g(vi))

)
(3.9)≥

k∑
i=1

(1 + Ai−1γ

2 ∥vi − vi−1∥2 + ai(f(xi) + ⟨qi,vi − xi⟩ + g(vi))
)
,
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Algorithm 3 Accelerated Cyclic cOordinate Dual avEraging with extRapolation (A-CODER)
1: Input: x0 ∈ dom(g), γ ≥ 0, L > 0, m, {S1, . . . , Sm}
2: Initialization: x−1 = x0 = v−1 = v0 = y0; p0 = ∇f(x0); z0 = 0; a0 = A0 = 0
3: for k = 1 to K do
4: Set ak > 0 be largest value s.t. a2

k

Ak
≤ 2(1+Ak−1γ)

5L where Ak = Ak−1 + ak

5: xk = Ak−1
Ak

yk−1 + ak

Ak
vk−1

6: for j = m to 1 do
7: p

(j)
k = ∇(j)f(x(1)

k , . . . ,x
(j)
k ,y

(j+1)
k , . . . ,y

(m)
k )

8: q
(j)
k = p

(j)
k + ak−1

ak
(∇(j)f(xk−1) − p

(j)
k−1)

9: z
(j)
k = z

(j)
k−1 + akq

(j)
k

10: v
(j)
k = proxAkgj (x(j)

0 − z
(j)
k )

11: y
(j)
k = Ak−1

Ak
y

(j)
k−1 + ak

Ak
v

(j)
k

12: end for
13: end for
14: return vK ,yK

where the last inequality is by the (1 + Ai−1γ)-strong convexity of ψi−1 and the optimality of vi−1.
Combining Eqs. (3.8) and (3.9), we have

Ak(f̄(yk) − f̄(u)) ≤
k∑

i=1
Ei(u) − 1 + Akγ

2 ∥u − vk∥2+1
2∥u − x0∥2, (3.10)

where Ei(u) is defined in (3.7).

Lemma 15 applies to an arbitrary algorithm that satisfies its assumptions. From now on, we
make the analysis specific to A-CODER (Algorithm 3). In Lemma 15, {Ei(u)} are the error terms
that we need to bound above. If

∑k
i=1 Ei(u) ≤ 1+Akγ

2 ∥u − vk∥2, then we get the desired 1/Ak rate.
To this end, we bound each term Ek(u) in Lemma 16 by using the extrapolation direction qk, the
definition of yk,xk and the parameter setting of ak.

Lemma 16. Let x0 ∈ dom(g) be an arbitrary initial point and consider the updates in Algorithm 3.
If, for k ≥ 1, ak

2

Ak
≤ 2(1+Ak−1γ)

5L , then ∀u,

Ek(u) ≤ ak ⟨∇f(xk) − pk,vk − u⟩

− ak−1 ⟨∇f(xk−1) − pk−1,vk−1 − u⟩

− 1 + Ak−1γ

10 ∥vk − vk−1∥2

+ 1 + Ak−2γ

10 ∥vk−1 − vk−2∥2.
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Proof. By the convexity of f , we have

f(yk−1) − f(xk) ≥ ⟨∇f(xk),yk−1 − xk⟩ .

Then by applying Lemma 14, we have

Ak(f(yk) −f(xk)) −Ak−1(f(yk−1) −f(xk)) ≤ ⟨∇f(xk), Akyk −Ak−1yk−1 −akxk⟩ + AkL

2 ∥yk − xk∥2

(3.11)= ak ⟨∇f(xk),vk − xk⟩ + ak
2L

2Ak
∥vk − vk−1∥2,

where we used the definitions of yk and xk from Algorithm 3 in the last equality. Combining Eq. (3.7)
(with i = k) in Lemma 15 and Eq. (3.11), we have

Ek(u) ≤
(ak

2L

2Ak
− 1 + Ak−1γ

2
)
∥vk − vk−1∥2+ak ⟨∇f(xk) − qk,vk − u⟩ . (3.12)

Thus by rewriting the second term as the sum of inner products over the m blocks and by using the
definition of q

(j)
k in Algorithm 3, we have

ak⟨∇f(xk) − qk,vk − u⟩ = ak

m∑
j=1

〈
∇(j)f(xk) − q

(j)
k ,v

(j)
k − u(j)

〉

(3.13)
=

m∑
j=1

[
ak

〈
∇(j)f(xk) − p

(j)
k ,v

(j)
k − u(j)

〉
− ak−1

〈
∇(j)f(xk−1) − p

(j)
k−1,v

(j)
k−1 − u(j)

〉]
+ ak−1

m∑
j=1

〈
∇(j)f(xk−1) − p

(j)
k−1,v

(j)
k−1 − v

(j)
k

〉
.

Notice that the first two inner product terms in the first line of Eq. (3.13) telescope when summed
over k, therefore it remains to bound ak−1

∑m
j=1

〈
∇(j)f(xk−1) − p

(j)
k−1,v

(j)
k − v

(j)
k−1

〉
. In particular we

let wk,j = (x1
k, . . . ,x

j
k,y

j+1
k , . . . ,ym

k ) so that p
(j)
k = ∇(j)f(wk,j), then we have〈

∇(j)f(xk−1) − p
(j)
k−1,v

(j)
k−1 − v

(j)
k

〉
=
〈
∇(j)f(xk−1) − ∇(j)f(wk−1,j),v(j)

k−1 − v
(j)
k

〉
≤ α

2
∥∥∥∇(j)f(xk−1) − ∇(j)f(wk−1,j)

∥∥∥2
+ 1

2α
∥∥∥v(j)

k−1 − v
(j)
k

∥∥∥2

(3.14)≤ α

2 ∥xk−1 − wk−1,j∥2
Qj + 1

2α
∥∥∥v(j)

k−1 − v
(j)
k

∥∥∥2

where the first inequality holds for any α > 0 by Young’s inequality and the second inequality is by
Assumption 7. Notice that xk−1 and wk−1,j agree on the first j blocks, so similar to the proof of
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Lemma 14 we can write xk−1−wk−1,j = (yk−1−xk−1)≥j+1. Therefore by applying similar arguments
as Lemma 14, we get

m∑
j =1

∥xk−1 − wk−1,j∥2
Qj =

m∑
j=1

∥yk−1 − xk−1∥2
(Qj)≥j+1

≤
m∑

j=1
∥yk−1 − xk−1∥2

(Qj)≥j+1
+

m∑
j=1

∥yk−1 − xk−1∥2
(Qj)≥j

= ∥yk−1 − xk−1∥2
Q̃

(3.15)≤
a2

k−1L
2

2A2
k−1

∥vk−1 − vk−2∥2

where we used the non-negativity of Mahalanobis norm w.r.t. semi-positive definite matrix in the first
inequality and the definition of xk, yk and L in the last inequality. Lastly, by combining Eqs. (3.12),
(3.13), (3.14) and (3.15), we have

Ek(u) ≤ ak ⟨∇f(xk) − pk,vk − u⟩ − ak−1 ⟨∇f(xk−1) − pk−1,vk−1 − u⟩

+
(
a2

kL

2Ak
− 1 + Ak−1γ

2 + ak−1

2α

)
∥vk − vk−1∥2 +

(
αa3

k−1L
2

4A2
k−1

)
∥vk−1 − vk−2∥2 .

It remains to choose α = Ak−1
ak−1L and some sequence {ai}k

i such that a2
k

Ak
≤ 2(1+Ak−1γ)

5L .

We are now ready to state the main convergence result of this section.

Theorem 6. Let x0 ∈ dom(g) be an arbitrary initial point and consider the updates in Algorithm 3.
Then, ∀k ≥ 1 and any u ∈ dom(g):

f̄(yk) − f̄(u) + 3(1 + Ak−1γ)
10Ak

∥u − vk∥2≤ ∥u − x0∥2

2Ak
.

In particular, if x∗ = arg minx f̄(x) exists, then

f̄(yk) − f̄(x∗) ≤ ∥x∗ − x0∥2

2Ak
.

Further, in this case we also have:

∥vk − x∗∥2≤ 5
3(1 + Ak−1γ)∥x0 − x∗∥2,

∥yk − x∗∥2≤
(

5
3Ak

k∑
i=1

ai

1 + Ai−1γ

)
∥x0 − x∗∥2.

Finally, in all the bounds we have

Ak ≥ max
{

2
5L

(
1 +

√
2γ
5L

)k

,
k2

10L

}
.
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Proof. By Lemma 16, and using the fact A0 = a0 = 0 and v0 = v−1, we have

k∑
i=1

Ei(u) ≤ −1 + Ak−1γ

10 ∥vk − vk−1∥2+ak ⟨∇f(xk) − pk,vk − u⟩ . (3.16)

Same as in the proof of Lemma 16, we can bound ak ⟨∇f(xk) − pk,vk − u⟩ using Young’s inequality
and the definition of smoothness for f. In particular, for any α > 0,

ak ⟨∇f(xk) − pk,vk − u⟩ ≤ ak

(αL2

4 ∥yk − xk∥2+ 1
2α∥u − vk∥2

)
= ak

(αL2ak
2

4Ak
2 ∥vk − vk−1∥2+ 1

2α∥u − vk∥2
)
.

Choosing α = Ak

akL and using ak
2

Ak
≤ 2(1+Ak−1γ)

5L , we get

ak ⟨∇f(xk) − pk,vk − u⟩ ≤ (1 + Ak−1γ)
10 ∥vk − vk−1∥2+(1 + Ak−1γ)

5 ∥u − vk∥2. (3.17)

Then combining Lemma 15, Eq. (3.17) and Eq. (3.16) with the fact Ak−1 ≤ Ak, we have

(f̄(yk) − f̄(u)) + 3(1 + Ak−1γ)
10Ak

∥u − vk∥2≤ 1
2Ak

∥u − x0∥2. (3.18)

Assume now that x∗ = arg minx f̄(x) exists. As f̄(yk) − f̄(x∗) ≥ 0, Eq. (3.18) implies

∥vk − x∗∥2≤ 5
3(1 + Ak−1γ)∥x0 − x∗∥2. (3.19)

Using Jensen’s inequality, as yk = 1
Ak

∑k
i=1 aivi, we also have from Eq. (3.19)

∥yk − x∗∥2≤
(

5
3Ak

k∑
i=1

ai

1 + Ai−1γ

)
∥x0 − x∗∥2.

Finally, recall once again that {ak}k≥1 is chosen so that ak
2

Ak
= 2(1+Ak−1γ)

5L . When γ = 0, this leads
to the standard Ak ≥ k2

10L growth of accelerated algorithms by choosing ak = k
5L for k ≥ 1. When

γ > 0, we have ak

Ak−1
>
√

2γ
5L , and it remains to use that Ak = Ak

Ak−1
· . . . · A2

A1
·A1 = A1

(
1 +

√
2γ
5L

)k−1

where a1 = A1 = 2
5L using the choice of ak in Algorithm 3 and A0 = a0 = 0, completing the proof.

3.3.1 (Lipschitz) Parameter-Free A-CODER

Adaptive A-CODER. The Lipschitz parameter L used in the statement of A-CODER (Algo-
rithm 3) is usually not readily available for typical instances of convex composite minimization
problems. However it is possible to adaptively estimate the Lipschitz parameter Lk for A-CODER.
Note that in the case of A-CODER, all that is needed for the analysis from Section 3.3 to apply is
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Algorithm 4 Adaptive Accelerated Cyclic cOordinate Dual avEraging with extRapolation (Ada-A-
CODER)
1: Input: x0 ∈ dom(g), γ ≥ 0, L0 > 0,m, {S1, . . . , Sm}
2: Initialization: x−1 = x0 = v−1 = v0 = y0,p0 = ∇f(x0), z0 = 0, a0 = A0 = 0
3: for k = 1 to K do
4: Lk = Lk−1/2
5: repeat
6: Lk = 2Lk

7: Set ak > 0 be largest value s.t. a2
k

Ak
≤ 2(1+Ak−1γ)

5Lk
where Ak = Ak−1 + ak

8: xk = Ak−1
Ak

yk−1 + ak

Ak
vk−1

9: for j = m to 1 do
10: p

(j)
k = ∇(j)f(x(1)

k , . . . ,x
(j)
k ,y

(j+1)
k , . . . ,y

(m)
k )

11: q
(j)
k = p

(j)
k + ak−1

ak
(∇(j)f(xk−1) − p

(j)
k−1)

12: z
(j)
k = z

(j)
k−1 + akq

(j)
k

13: v
(j)
k = proxAkgj (x(j)

0 − z
(j)
k )

14: y
(j)
k = Ak−1

Ak
y

(j)
k−1 + ak

Ak
v

(j)
k

15: end for
16: until f(yk) ≤ f(xk) + ⟨∇f(xk),yk − xk⟩ + Lk

2 ∥yk − xk∥2

17: end for
18: return vK ,yK

that the quadratic bound from Lemma 14 holds between xk and yk. A variant of A-CODER that
implements this adaptive estimation is provided in Algorithm 4.

A variant of A-CODER implementing this adaptive estimation of L is provided in Algorithm 4.
This is enabled by our analysis, which only requires the stated Lipschitz condition to hold between the
successive iterates of the algorithm. Notably, unlike randomized algorithms which estimate Lipschitz
constants for each of the coordinate blocks (see, e.g., [Nes12]), we only need to estimate one summary
Lipschitz parameter L. Note that our adaptive version of A-CODER does not require extra gradient
computations in each iteration to verify the smoothness condition, unlike in RCDM [Nes12].

3.4 Variance Reduced A-CODER

In this section, we assume that the problem (P) has a finite sum structure, i.e., f(x) =
1
n

∑n
t=1 ft(x), where n may be very large. For this case, we can further reduce the per-iteration
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Algorithm 5 Variance Reduced A-CODER (Implementable Version)
1: Input: x0 ∈ dom(g), γ ≥ 0, L > 0, m, {S1, . . . ,Sm}
2: Initialization: ỹ0 = v1,0 = y1,0 = x1,1 = x0; z1,0 = 0
3: a0 = A0 = 0; A1 = a1 = 1

4L

4: z1,1 = ∇f(x0); v1,1 = proxa1g(x0 − z1,1)
5: ỹ1 = y1,1 = v1,1

6: w1,1,j = (x(1)
1,1, . . . ,x

(j)
1,1,y

(j+1)
1,1 , . . . ,y

(m)
1,1 )

7: v2,0 = v1,1; w2,0,j = w1,1,j ; x2,0 = x1,1; y2,0 = y1,1; z2,0 = z1,1

8: for s = 2 to S do
9: as =

√
KAs−1(1+As−1γ)

8L ; As = As−1 + as

10: as,0 = as−1; as,1 = as,2 = · · · = as,K = as

11: vs,0 = vs−1,K ; ws,0,j = ws−1,K,j ; xs,0 = xs−1,K ; ys,0 = ys−1,K ; zs,0 = zs−1,K

12: µs = ∇f(ỹs−1)
13: for k = 1 to K do
14: xs,k = As−1

As
ỹs−1 + as

As
vs,k−1

15: for j = m to 1 do
16: ws,k,j = (x(1)

s,k, . . . ,x
(j)
s,k,y

(j+1)
s,k , . . . ,y

(m)
s,k )

17: Choose t in [n] uniformly at random
18: ∇̃(j)

s,k = ∇(j)ft(ws,k,j) − ∇(j)ft(ỹs−1) + µ
(j)
s

19: q
(j)
s,k = ∇̃(j)

s,k + as,k−1
as

(∇(j)ft(xs,k−1) − ∇(j)ft(ws,k−1,j))
20: z

(j)
s,k = z

(j)
s,k−1 + asq

(j)
s,k

21: v
(j)
s,k = prox(As−1+ ask

K
)gj (x(j)

0 − z
(j)
s,k/K)

22: y
(j)
s,k = As−1

As
ỹ

(j)
s−1 + as

As
v

(j)
s,k

23: end for
24: end for
25: ỹs = 1

K

∑K
k=1 ys,k

26: end for
27: return vS,K , ỹS

cost and improve the complexity results by combining the well-known SVRG-style variance reduc-
tion strategy [JZ13] with the results from the previous section to obtain our variance reduced
A-CODER (VR-A-CODER). From another perspective, VR-A-CODER can be seen as a cyclic
gradient-extrapolated version of the recent VRADA algorithm for finite-sum composite convex min-
imization [SJM20].

For this finite-sum setting, we need to make the following stronger assumption for each ft(x).
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Algorithm 6 Variance Reduced A-CODER (Analysis Version)
1: Input: x0 ∈ dom(g), γ ≥ 0, L > 0,m, {S1, . . . ,Sm}
2: Initialization: ỹ0 = v1,0 = y1,0 = x1,1 = x0

3: a0 = A0 = 0; A1 = a1 = 1
4L

4: ψ1,0(·) = K
2 ∥· − x0∥2

5: v1,1 = arg minv{ψ1,1(v) := ψ1,0(v) +Ka1(f(x0) + ⟨∇f(x0),v − x0⟩ + g(v))}
6: w1,1,j = (x(1)

1,1, . . . ,x
(j)
1,1,y

(j+1)1,1, . . . ,y
(m)
1,1 )

7: ỹ1 = v2,0 = y1,1 = v1,1; w2,0,j = w1,1,j ; ψ2,0 = ψ1,1

8: for s = 2 to S do
9: Set as > 0 s.t. a2

s = KAs−1(1+As−1γ)
8L ; As = As−1 + as

10: as,0 = as−1; as,1 = as,2 = · · · = as,K = as

11: xs,0 = xs−1,K ; ys,0 = xs−1,K ; ws,0,j = ws−1,K,j ; vs,0 = vs−1,K ; ψs,0 = ψs−1,K

12: µs = ∇f(ỹs−1)
13: for k = 1 to K do
14: xs,k = As−1

As
ỹs−1 + as

As
vs,k−1

15: for j = m to 1 do
16: ws,k,j = (x(1)

s,k, . . . ,x
(j)
s,k,y

(j+1)
s,k , . . . ,y

(m)
s,k )

17: Choose t in [n] uniformly at random
18: ∇̃(j)

s,k = ∇(j)ft(ws,k,j) − ∇(j)ft(ỹs−1) + µ
(j)
s

19: q
(j)
s,k = ∇̃(j)

s,k + as,k−1
as

(∇(j)ft(xs,k−1) − ∇(j)ft(ws,k−1,j))
20: v

(j)
s,k = arg minv(j)∈Rdj {ψj

s,k(v(j)) := ψj
s,k−1(vj) + as( 1

mf(xs,k) + ⟨q(j)
s,k,v

(j) − y
(j)
s,k−1⟩ +

gj(v(j)))}
21: y

(j)
s,k = As−1

As
ỹ

(j)
s−1 + as

As
v

(j)
s,k

22: end for
23: end for
24: ỹs = 1

K

∑K
k=1 ys,k

25: end for
26: return vS,L, ỹS

Assumption 8. For all t ∈ [n], ft(x) is convex. Moreover for all t ∈ [n], there exist positive semi-
definite matrices {Q1,Q2, . . . ,Qm} such that ∇(j)ft(·) is 1-Lipschitz continuous w.r.t. the norm
∥·∥Qj i.e., ∀x,y ∈ Rd, t ∈ [n],

∥∇(j)ft(x) − ∇(j)ft(y)∥2≤ ∥x − y∥2
Qj .
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Lemma 17. If f(x) = 1
n

∑n
t=1 ft(x) satisfies Assumption 8, then it satisfies Assumption 7 and thus

Lemma 14 holds.

Proof. By using Jensen’s inequality and Assumption 8, we have

∥∥∥∇(j)f(x) − ∇(j)f(y)
∥∥∥2

≤ 1
n

n∑
t=1

∥∥∥∇(j)ft(x) − ∇(j)ft(y)
∥∥∥2

≤ ∥x − y∥2
Qj .

With this assumption, we can now derive the VR-A-CODER algorithm. Similar to Section 3.3,
we define {as}s≥1 and {As}s≥1 to be sequences of positive numbers with As =

∑s
i=1 ai, a0 = A0 = 0.

Let {ỹs}s≥0 be a sequence of points in dom(g) which will be determined by the VR-A-CODER
algorithm. Our goal here is to bound the function value gap f̄(ỹs) − f̄(u) above (u ∈ dom(g)). To
attain this, we define the estimate sequence {ψs,k}s≥1,k∈[K] recursively by ψ1,0(u) = K

2 ∥u − x0∥2,

(3.20)ψ1,1(u) = ψ1,0(u) +Ka1(f(x0) + ⟨∇f(x0),u − x0⟩ + g(u)),

and ψ2,0 = ψ1,1; for s ≥ 2, 1 ≤ k ≤ K,

(3.21)ψs,k(u) = ψs,k−1(u) + as(f(xs,k) + ⟨qs,k,u − xs,k⟩ + g(u)),

and ψs+1,0 = ψs,K . In Eqs. (3.20) and (3.21), x0 is the initial point, xs,k and ys,k are computed
as convex combinations of two points, which is commonly used in Nesterov-style acceleration, and
qs,k = (q(1)

s,k , q
(2)
s,k , . . . , q

(m)
s,k ) is a variance reduced stochastic gradient with extrapolation, which is

the main novelty in our algorithm design. Meanwhile, we define vs,k by vs,k := arg minu∈Rd ψs,k(u)
and note that due to the specific choice of qs,k, vs,k is updated in a cyclic (block) coordinate way.
Furthermore, in VR-A-CODER, for s ≥ 2, we define ỹs = 1

K

∑K
k=1 ys,k.

We start our analysis by characterizing the gap function, in the following lemma, similar to
Lemma 15 in Section 3.3, although the proof is much more technical in this case.

Lemma 18. For any u ∈ Rd and any sequence of vectors {qs,k}s≥2,k∈[K], for all S ≥ 2, we have

KAS(f̄(ỹS) − f̄(u))

≤ K

2 ∥x0 − u∥2 − K(1 + ASγ)
2 ∥vS,K − u∥2 − K

4 ∥v1,1 − v1,0∥2 +
S∑

s=2

K∑
k=1

Es,k(u),

where

(3.22 )
Es,k(u) = As(f(ys,k) − f(xs,k)) − As−1(f(ỹs−1) − f(xs,k)) + as ⟨∇f(xs,k) − qs,k,xs,k − u⟩

+ as ⟨qs,k,xs,k − vs,k⟩ − K(1 + As−1γ)
2 ∥vs,k − vs,k−1∥2.
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Proof. As f is convex and f̄ = f + g, we have: ∀u,

KAS f̄(u) =
S∑

s=1

K∑
k=1

asf̄(u)

≥ Ka1(f(x1,1) + ⟨∇f(x1,1),u − x1,1⟩ + g(u))

+
S∑

s=2

K∑
k=1

as(f(xs,k) + ⟨∇f(xs,k),u − xs,k⟩ + g(u))

= ψS,K(u) − ψ1,0(u) +
S∑

s=2

K∑
k=1

as ⟨∇f(xs,k) − qs,k,u − xs,k⟩

(3.23)
≥ ψS,K(vS,K) + K(1 + ASγ)

2 ∥u − vS,K∥2 − K

2 ∥x0 − u∥2

+
S∑

s=2

K∑
k=1

as ⟨∇f(xs,k) − qs,k,u − xs,k⟩ ,

where the first inequality is by the convexity of f , the second equality is by the recursive definition
of ψS,K(u), the second inequality is by the K(1 + ASγ)-strong convexity of ψS,K(u) and vS,K =
arg minu ψS,K(u) leading to ψS,K(u) ≥ ψS,K(vS,K) + K(1+ASγ)

2 ∥u − vS,K∥2.
Then using our recursive definition of the estimate sequences again, we have

ψS,K(vS,K)

= ψ1,1(v1,1) +
S∑

s=2

K∑
k=1

(ψs,k(vs,k) − ψs,k−1(vs,k−1))

= ψ1,1(v1,1) +
S∑

s=2

K∑
k=1

(ψs,k−1(vs,k) − ψs,k−1(vs,k−1))

+
S∑

s=2

K∑
k=1

as(f(xs,k) + ⟨qs,k,vs,k − xs,k⟩ + g(vs,k))

≥ K

2 ∥v1,1 − v1,0∥2+Ka1(f(x1,1) + ⟨∇f(x1,1),v1,1 − x1,1⟩ + g(v1,1))

+
S∑

s=2

K∑
k=1

K(1 + As−1γ)
2 ∥vs,k − vs,k−1∥2

+
S∑

s=2

K∑
k=1

as(f(xs,k) + ⟨qs,k,vs,k − xs,k⟩ + g(vs,k)), (3.24)

where the first equality is by ψs+1,0 = ψs,K and vs+1,0 = vs,K , the second equality is by the definition
of ψs,k, the last inequality is by the definition of ψ1,1(v1,1) and the K(1 + As−1γ)-strong convexity
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of ψs,k−1(s ≥ 2, k ∈ [K]). Then by Lemmas 17 and 14, we have

f(v1,1) ≤ f(x1,1) + ⟨∇f(x1,1),v1,1 − x1,1⟩ + L

2 ∥v1,1 − x1,1∥2

≤ f(x1,1) + ⟨∇f(x1,1),v1,1 − x1,1⟩ + 1
4a1

∥v1,1 − v1,0∥2, (3.25)

where the last inequality is by a1 ≤ 1
4L and v1,0 = x1,1.

Using ỹs = 1
K

∑K
k=1 ys,k = As−1

As
ỹs−1 + as

KAs

∑K
k=1 vs,k, the convexity of g, and A0 = 0, we have

S∑
s=2

K∑
k=1

asg(vs,k) ≥
S∑

s=2
Kasg

( 1
K

K∑
k=1

vs,k

)
≥

S∑
s=2

(KAsg(ỹs) −KAs−1g(ỹs−1))

= KASg(ỹS) −KA1g(ỹ1)

= KASg(ỹS) −KA1g(v1,1). (3.26)

Thus, combining Eqs. (3.23)–(3.26), we have

(3.27)

KAS f̄(u) ≥ K(1 + ASγ)
2 ∥u − vS,K∥2 − K

2 ∥x0 − u∥2 + K

4 ∥v1,1 − v1,0∥2 +Ka1f(v1,1)

+
S∑

s=2

K∑
k=1

(
as ⟨∇f(xs,k) − qs,k,u − xs,k⟩ + K(1 + As−1γ)

2 ∥vs,k − vs,k−1∥2
)

+
S∑

s=2

K∑
k=1

as(f(xs,k) + ⟨qs,k,vs,k − xs,k⟩) +KASg(ỹS).

Then with A0 = 0 and ỹs = 1
K

∑K
k=1 ys,k, we also have

KASf(ỹS) = KA1f(ỹ1) +K
S∑

s=2
(Asf(ỹs) − As−1f(ỹs−1))

≤ Ka1f(v1,1) +
S∑

s=2

K∑
k=1

Asf(ys,k) −K
S∑

s=2
As−1f(ỹs−1), (3.28)

where the last equality is by A1 = a1, ỹ1 = v1,1. Subtracting Eq. (3.27) from (3.28) and noting that
f̄(ỹS) = f(ỹS) + g(ỹS) now completes the proof.

Lemma 19. The error sequence {Es,k(u)}s≥2,k∈[K] in Lemma 18 satisfies

Es,k(u) ≤ −As−1(f(ỹs−1) − f(xs,k) − ⟨∇f(xs,k), ỹs−1 − xs,k⟩)

+ as⟨∇f(xs,k) − qs,k,vs,k − u⟩ +
(Las

2

2As
− K(1 + As−1γ)

2
)
∥vs,k − vs,k−1∥2.
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Proof. Using Assumption 8, Lemma 17, and Lemma 14, and applying the definition of ys,k, we have

f(ys,k) − f(xs,k)

≤ ⟨∇f(xs,k),ys,k − xs,k⟩ + L

2 ∥ys,k − xs,k∥2

= ⟨∇f(xs,k), As−1

As
ỹs−1 + as

As
vk,s − xs,k⟩ + Las

2

2As
2 ∥vs,k − vs,k−1∥2

(3.29)= As−1

As
⟨∇f(xs,k), ỹs−1 − xs,k⟩ + as

As
⟨∇f(xs,k),vs,k − xs,k⟩ + Las

2

2As
2 ∥vs,k − vs,k−1∥2.

It remains to plug Eq. (3.29) into the definition of Es,k(u), and rearrange.

The definition of the variance reduced extrapolation point qs,k is crucial for bounding the error
terms {Es,k(u)} from Lemma 18. The next three auxiliary lemmas apply the definition of q

(j)
s,k to

bound the inner product term ⟨∇f(xs,k) − qs,k,vs,k − u⟩ in Es,k(u) when we take the expectation
over all randomness in the algorithm. We will use Fs,k,i to denote the natural filtration, containing
all randomness up to and including epoch s, outer iteration k, and inner iteration i. Note that
in Algorithm 6, the index of the inner iteration goes from j = m to 1, therefore inner iteration i

corresponds to when index of the inner iteration is j = m− i+ 1. This detail however does not play
a important role in our analysis.

Lemma 20. For all s ≥ 2, k ∈ [K] and u ∈ dom(g), we have

asE[⟨∇f(xs,k) − qs,k,vs,k − u⟩]

=
m∑

j=1
asE[⟨∇(j)f(xs,k) − ∇(j)f(ws,k,j),v(j)

s,k − u(j)⟩]

−
m∑

j=1
as,k−1E[⟨∇(j)f(xs,k−1) − ∇(j)f(ws,k−1,j),v(j)

s,k−1 − u(j)⟩]

−
m∑

j=1
as,k−1E[⟨∇(j)ftj (xs,k−1) − ∇(j)ftj (ws,k−1,j),v(j)

s,k − v
(j)
s,k−1⟩]

+
m∑

j=1
asE[⟨∇(j)f(ws,k,j) − (∇(j)ftj (ws,k,j) − ∇(j)ftj (ỹs−1) + µ(j)

s ),v(j)
s,k − v

(j)
s,k−1⟩],

Proof. Using the definition of q
(j)
s,k, we have

as(∇(j)f(xs,k) − q
(j)
s,k)

= as(∇(j)f(xs,k) − ∇(j)f(ws,k,j)) + as(∇(j)f(ws,k,j) − q
(j)
s,k)

(3.30)= as(∇(j)f(xs,k) − ∇(j)f(ws,k,j)) + as(∇(j)f(ws,k,j) − (∇(j)ftj (ws,k,j) − ∇(j)ftj (ỹs−1) + µ(j)
s ))

− as,k−1(∇(j)ftj (xs,k−1) − ∇(j)ftj (ws,k−1,j)).
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First, for j ∈ [m] and any fixed u(j), we have

E[as⟨∇(j)f(ws,k,j) − (∇(j)ftj (ws,k,j) − ∇(j)ftj (ỹs−1) + µ(j)
s ),v(j)

s,k − u(j)⟩]
= E[as⟨∇(j)f(ws,k,j) − (∇(j)ftj (ws,k,j) − ∇(j)ftj (ỹs−1) + µ(j)

s ),v(j)
s,k − v

(j)
s,k−1⟩]

+ asE[⟨E[∇(j)f(ws,k,j) − (∇(j)ftj (ws,k,j) − ∇(j)ftj (ỹs−1) + µ(j)
s )|Fs,k,j−1],v(j)

s,k−1 − u(j)⟩]
(3.31)= E[as⟨∇(j)f(ws,k,j) − (∇(j)ftj (ws,k,j) − ∇(j)ftj (ỹs−1) + µ(j)

s ),v(j)
s,k − v

(j)
s,k−1⟩],

where the first equality follows from v
(j)
s,k−1 ∈ Fs,k,j−1 and the second equality follows from

E[∇(j)ftj (ws,k,j)|Fs,k,j−1] = ∇(j)f(ws,k,j) and E[∇(j)ftj (ỹs−1)|Fs,k,j−1] = ∇(j)f(ỹs−1) = µ
(j)
s .

Meanwhile, for j ∈ [m] and any fixed u(j), we have

E[as,k−1⟨∇(j)ftj (xs,k−1) − ∇(j)ftj (ws,k−1,j),v(j)
s,k − u(j)⟩]

= E[as,k−1⟨∇(j)ftj (xs,k−1) − ∇(j)ftj (ws,k−1,j),v(j)
s,k − v

(j)
s,k−1⟩]

+ E[E[as,k−1⟨∇(j)ftj (xs,k−1) − ∇(j)ftj (ws,k−1,j),v(j)
s,k−1 − u(j)⟩|Fs,k,j−1]]

(3.32)= E[as,k−1⟨∇(j)ftj (xs,k−1) − ∇(j)ftj (ws,k−1,j),v(j)
s,k − v

(j)
s,k−1⟩]

+ E[as,k−1⟨∇(j)f(xs,k−1) − ∇(j)f(ws,k−1,j),v(j)
s,k−1 − u(j)⟩],

where the last equality is by v
(j)
s,k−1 ∈ Fs,k,j−1, E[∇(j)ftj (xs,k−1)|Fs,k,j−1] = ∇(j)f(xs,k−1) and

E[∇(j)ftj (ws,k−1,j)|Fs,k,j−1] = ∇(j)f(ws,k−1,j). Combining Eqs. (3.30)–(3.32) completes the proof.

In the following two lemmas, we will bound the third and the fourth terms of the R.H.S. in
Lemma 20 by above using our novel Lipschitz Assumption 7 and Assumption 8.

Lemma 21. For s ≥ 2 and k ∈ [K], we have

−
m∑

j=1
as,k−1E

[〈
∇(j)ftj (xs,k−1) − ∇(j)ftj (ws,k−1,j),v(j)

s,k − v
(j)
s,k−1

〉]

≤ E
[
K(1 + As−1γ)

8 ∥vs,k − vs,k−1∥2 +
a4

s,k−1L
2

KA2
s,k−1(1 + As−1γ) ∥vs,k−1 − vs,k−2∥2

]
,

where as,0 = as−1, As,0 = As−1 and as,k = as, As,k = As for k ∈ [K].
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Proof. Using Cauchy–Schwarz and Young’s inequalities, we have

− as,k−1E
[〈

∇(j)ftj (xs,k−1) − ∇(j)ftj (ws,k−1,j),v(j)
s,k − v

(j)
s,k−1

〉]
≤ E

[
2a2

s,k−1
K (1 + As−1γ)

∥∥∥∇(j)ftj (xs,k−1) − ∇(j)ftj (ws,k−1,j)
∥∥∥2

+ K (1 + As−1γ)
8

∥∥∥v(j)
s,k − v

(j)
s,k−1

∥∥∥2
]

≤ E
[

2a2
s,k−1

K (1 + As−1γ) ∥xs,k−1 − ws,k−1,j∥2
Qj + K (1 + As−1γ)

8
∥∥∥v(j)

s,k − v
(j)
s,k−1

∥∥∥2
]

= E
[

2a2
s,k−1

K (1 + As−1γ) ∥xs,k−1 − ys,k−1∥2
(Qj)≥j+1

+ K (1 + As−1γ)
8

∥∥∥v(j)
s,k − v

(j)
s,k−1

∥∥∥2
]
, (3.33)

where we used Assumption 8 in the first inequality and the definitions of xs,k−1 and ws,k−1,j in the
last equality. Finally by including the summation and using the definition of L, xs,k−1 and ys,k−1,
the first term of the above expression becomes

m∑
j=1

E
[

2a2
s,k−1

K (1 + As−1γ) ∥xs,k−1 − ys,k−1∥2
(Qj)≥j+1

]
= E

[
2a2

s,k−1
K (1 + As−1γ) ∥xs,k−1 − ys,k−1∥2∑m

j=1(Qj)≥j+1

]

≤ E
[

a4
s,k−1L

2

KA2
s,k−1 (1 + As−1γ) ∥vs,k−1 − vs,k−2∥2

]
,

(3.34)

where as,0 = as−1, As,0 = As−1 and as,k = as, As,k = As for k ∈ [K]. Taking summation over j and
combining Eqs. (3.33) and (3.34) give the lemma statement.

Lemma 22. For s ≥ 2 and k ∈ [K], we have

m∑
j=1

asE
[〈

∇(j)f(ws,k,j) −
(
∇(j)ftj (ws,k,j) − ∇(j)ftj (ỹs−1) + ∇(j)f(ỹs−1)

)
,v

(j)
s,k − v

(j)
s,k−1

〉]

≤ E
[(

2L2a4
s

KA2
s(1 + As−1γ) + K(1 + As−1γ)

8

)
∥vs,k − vs,k−1∥2

]

+ 8a2
sL

K (1 + As−1γ)E [f(ỹs−1) − f(xs,k) − ⟨∇f(xs,k), ỹs−1 − xs,k⟩]

Proof. Using similar arguments in the proof of Lemma 21, we have

asE
[〈

∇(j)f(ws,k,j) −
(
∇(j)ftj (ws,k,j) − ∇(j)ftj (ỹs−1) + ∇(j)f(ỹs−1)

)
,v

(j)
s,k − v

(j)
s,k−1

〉]
≤ E

[
2a2

s

K (1 + As−1γ)
∥∥∥∇(j)f(ws,k,j) −

(
∇(j)ftj (ww,k,j) − ∇(j)ftj (ỹs−1) + µ(j)

s

)∥∥∥2

+ K (1 + As−1γ)
8

∥∥∥v(j)
s,k − v

(j)
s,k−1

∥∥∥2
]
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= E
[

2a2
s

K (1 + As−1γ)E
[∥∥∥(∇(j)ftj (ws,k,j) + ∇(j)ftj (ỹs−1)

)
−
(
∇(j)f(ws,k,j) − µ(j)

s

)∥∥∥2
|Fs,k,j−1

]]

+ E
[
K (1 + As−1γ)

8
∥∥∥v(j)

s,k − v
(j)
s,k−1

∥∥∥2
]

= E
[

2a2
s

K (1 + As−1γ)E
[∥∥∥∇(j)ftj (ws,k,j) − ∇(j)ftj (ỹs−1)

∥∥∥2
|Fs,k,j−1

]]

+ E
[
K (1 + As−1γ)

8
∥∥∥v(j)

s,k − v
(j)
s,k−1

∥∥∥2
]

(3.35)
≤ E

[
4a2

s

K (1 + As−1γ)

(∥∥∥∇(j)ftj (ws,k,j) − ∇(j)ftj (xs,k)
∥∥∥2

+
∥∥∥∇(j)ftj (xs,k) − ∇(j)ftj (ỹs−1)

∥∥∥2
)

+ K (1 + As−1γ)
8

∥∥∥v(j)
s,k − v

(j)
s,k−1

∥∥∥2
]

,

where the first equality comes from E
[
∇(j)ftj (ws,k,j) − ∇(j)ftj (ỹs−1)|Fs,k,j−1

]
= ∇(j)f(ws,k,j) −

∇(j)f(ỹs−1) since the only randomness is in tj when conditioned at Fs,k,j−1, and the last inequality
comes from (a + b)2 ≤ 2(a2 + b2). In order to bound the second term in Eq. (3.35), we will include
the outer summation with respect to j and apply the results from Lemma 14 to get

m∑
j =1

E
[∥∥∥∇(j)ftj (xs,k) − ∇(j)ftj (ỹs−1)

∥∥∥2
]

=
m∑

j=1
E
[
E
[∥∥∥∇(j)ftj (xs,k) − ∇(j)ftj (ỹs−1)

∥∥∥2
|Fs,k,0

]]

= E

 m∑
j=1

n∑
l=1

1
n

∥∥∥∇(j)fl(xs,k) − ∇(j)fl(ỹs−1)
∥∥∥2


= E
[

n∑
l=1

1
n

∥∇fl(xs,k) − ∇fl(ỹs−1)∥2
]

(3.36)≤ E [2L (f(ỹs−1) − f(xs,k) − ⟨∇f(xs,k), ỹs−1 − xs,k⟩)] ,

where the second equality comes from xs,k, ỹs−1 ∈ Fs,k,0 and the last inequality is by applying
Lemma 14 and the definition of f(x) = 1

n

∑n
l=1 fl(x). To bound the first term of Eq. (3.35), we

apply similar arguments as in Lemma 21 and get

m∑
j=1

E
[∥∥∥∇(j)ftj (ws,k,j) − ∇(j)ftj (xs,k)

∥∥∥2
]

≤ E
[
a2

sL
2

2A2
s

∥vs,k − vs,k−1∥2
]
. (3.37)

Combining Eqs. (3.35) – (3.37) gives the lemma statement.

In the following lemma, we bound the expected error terms
∑S

s=2
∑K

k=1 E [Es,k(u)] arising from
the gap bound stated in the previous lemma. This bound is then finally used in Theorem 7 to obtain
the claimed convergence results.
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Lemma 23. With a2
s ≤ KAs−1(1+As−1γ)

8L , as,k = as and As,k = As for k ∈ [K], as,0 = as−1 and
As,0 = As−1, then for any fixed u ∈ dom(g) we have

S∑
s =2

K∑
k =1

E [Es,k(u)]

≤ −
m∑

j=1
a1
〈
∇(j)f(x1,1) − ∇(j)f(w1,1,j),v(j)

1,1 − u(j)
〉

+
m∑

j=1
aSE

[〈
∇(j)f(xS,K) − ∇(j)f(wS,K,j),v(j)

S,K − u(j)
〉]

+ K

64 ∥v1,1 − v1,0∥2 − 5K (1 + AS−1γ)
32 E

[
∥vS,K − vS,K−1∥2

]
,

where x1,1,v1,0 ∈ dom(g) can be chosen arbitrarily and w1,1,j is defined in Algorithm 6.

Proof. Combining Lemma 19, 20, 21, 22, setting as such that a2
s = KAs−1(1+As−1γ)

8L and using As−1
As

≤ 1,
we have

E [Es,k(u)] ≤
m∑

j=1
asE

[〈
∇(j)f(xs,k) − ∇(j)f(ws,k,j),v(j)

s,k − u(j)
〉]

−
m∑

j=1
as,k−1E

[〈
∇(j)f(xs,k−1) − ∇(j)f(ws,k−1,j),v(j)

s,k−1 − u(j)
〉]

−
(5K (1 + As−1γ)

32

)
E
[
∥vs,k − vs,k−1∥2

]
+
(

a4
s,k−1L

2

KA2
s,k−1 (1 + As−1γ)

)
E
[
∥vs,k−1 − vs,k−2∥2

]
.
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Next, by setting as,0 = as−1 and as,k = as for k = [K], we can telescope the error terms and get

S∑
s =2

K∑
k =1

E [Es,k(u)] ≤
m∑

j=1

S∑
s=2

K∑
k=1

asE
[〈

∇(j)f(xs,k) − ∇(j)f(ws,k,j),v(j)
s,k − u(j)

〉]

−
m∑

j=1

S∑
s=2

K∑
k=1

as,k−1E
[〈

∇(j)f(xs,k−1) − ∇(j)f(ws,k−1,j),v(j)
s,k−1 − u(j)

〉]

−
S∑

s=2

K∑
k=1

5K (1 + As−1γ)
32 E

[
∥vs,k − vs,k−1∥2

]
+

S∑
s=2

[
K (1 + As−2γ)

64 ∥vs,0 − vs,−1∥2 +
K∑

k=2

K (1 + As−1γ)
64 ∥vs,k−1 − vs,k−2∥2

]

≤
m∑

j=1
aSE

[〈
∇(j)f(xS,K) − ∇(j)f(wS,K,j),v(j)

S,K − u(j)
〉]

−
m∑

j=1
a1E

[〈
∇(j)f(x1,1) − ∇(j)f(w1,1,j),v(j)

1,1 − u(j)
〉]

+ K (1 + A0γ)
64 E

[
∥v2,0 − v2,−1∥2

]
− 5K (1 + AS−1γ)

32 E
[
∥vS,K − vS,K−1∥2

]
.

The lemma follows by setting A0 = 0, v2,−1 = v1,0, x2,0 = x1,1 and w2,0,j = w1,1,j .

Our main result for this section is summarized in the following theorem.

Theorem 7. Let x0 ∈ dom(g) be an arbitrary initial point. Fix K ≥ 1 and consider the updates in
Algorithm 6. Then for S ≥ 2 and ∀u ∈ dom(g), we have

E
[
f̄(ỹS) − f̄(u)

]
+ 9 (1 + AS−1γ)

64AS
E
[
∥vS,K − u∥2

]
≤ 5

8AS
∥x0 − u∥2 .

In particular if x∗ = arg minx f̄(x) exists, then we have

E
[
f̄(ỹS) − f̄(x∗)

]
≤ 5

8AS
∥x0 − x∗∥2

and
E
[
∥vS,K − x∗∥2

]
≤ 40

9 (1 + AS−1γ) ∥x0 − x∗∥2 .

Finally in all the bounds above we have

AS ≥ max

S
2K

64L ,
1

4L

1 +
√
Kγ

8L

S−1
 .
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Proof. Combining Lemma 18 and Lemma 23, and by setting y1,0 = x1,1 = x0 and y1,1 = v1,1, we
have

(3.38)

KASE
[
f̄(ỹS) − f̄(u)

]
≤ K

2 ∥x0 − u∥2 − K (1 + AS)
2 E

[
∥vS,K − u∥2

]
− 15K

64 ∥v1,1 − x0∥2 − 5K (1 + AS−1γ)
32 E

[
∥vS,K − vS,K−1∥2

]
−

m∑
j=1

a1
〈
∇(j)f(x1,1) − ∇(j)f(w1,1,j),v(j)

1,1 − u(j)
〉

+
m∑

j=1
aSE

[〈
∇(j)f(xS,K) − ∇(j)f(wS,K,j),v(j)

S,K − v
(j)
S,K−1

〉]
.

Using the same approach as Lemma 21 and Lemma 22, we can upper bound the first inner product
term by

−
m∑

j =1
a1
〈
∇(j)f(x1,1) − ∇(j)f(w1,1,j),v(j)

1,1 − u(j)
〉

≤ 1
8K ∥v1,1 − x0∥2 + K

16 ∥v1,1 − u∥2

(3.39)≤ 15K
64 ∥v1,1 − x0∥2 + K

8 ∥x0 − u∥2 ,

where we used (a+ b)2 ≤ 2(a2 + b2), a1 ≤ 1
4L and K ≥ 2 in the last inequality. Similarly, we have

(3.40)

m∑
j =1

aSE
[〈

∇(j)f(xS,K) − ∇(j)f(wS,K,j),v(j)
S,K − v

(j)
S,K−1

〉]
≤ K (1 + AS−1γ)

8 E
[
∥vS,K − vS,K−1∥2

]
+ K (1 + AS−1γ)

64 E
[
∥vS,K − u∥2

]
,

where we also used a2
S ≤ KAS−1(1+AS−1γ)

8L here. Combining Eqs. (3.38)–(3.40) gives us our main
bounds in the theorem. Lastly, recall that {as}s≥1 is chosen so that as

2 = KAs−1(1+As−1γ)
8L . When

γ = 0, this leads to the standard As ≥ k2K
64L growth of accelerated algorithms by choosing as = sK

32L

for k ≥ 1. When γ > 0, we have as

As−1
>
√

Kγ
8L , and it remains to use that Ak = Ak

Ak−1
· . . . · A2

A1
· A1 =

A1
(
1 +

√
Kγ
8L

)k−1
where a1 = A1 = 1

4L using the choice of ak in Algorithm 3 and A0 = a0 = 0,
completing the proof.

Note that in Theorem 7, we can set the number of inner iterations K to be any positive integer.
However, in order to balance the computational cost between the outer loop of each epoch and the
inner loops, it is optimal to set K = Θ(n) and for simplicity we can set K = n. Therefore, the total
number of arithmetic operations required to obtain an ϵ-accurate solution ỹS by applying Algorithm 5
such that E[f̄(ỹS) − f̄(x∗)] ≤ ϵ is at most O

(
nd
√

L∥x0−x∗∥
nϵ

)
for the general convex case when γ = 0,

and O
(

nd log(ϵL/∥x0−x∗∥)
log(1+

√
nγ/L)

)
for the strongly convex case when γ > 0.
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3.4.1 Adaptive Variance Reduced A-CODER

Similar to A-CODER, VR-A-CODER can adaptively estimate the Lipschitz parameter by check-
ing the quadratic bounds between ys, and xs,k as well as between ỹs and xs,k. For completeness, we
have included the adaptive version of VR-A-CODER in Algorithm 7 below.

Adaptive VR-A-CODER. Similar to A-CODER, VR-A-CODER can adaptively estimate the
Lipschitz parameter. For completeness, we have included the adaptive version of VR-A-CODER in
Algorithm 7.

3.5 Numerical Experiments and Discussion

To verify the effectiveness of our proposed algorithms, we conducted a set of numerical experi-
ments to demonstrate that both A-CODER (Algorithm 3) and VR-A-CODER (Algorithm 5) almost
completely outperform other comparable block-coordinate descent methods in terms of both iteration
count and wall-clock time. In particular, we compare against a number of representative methods:
CODER [SD21a], RCDM, ACDM [Nes12], ABCGD [BT13] and APCG [LLX15]. For all the meth-
ods, we use the function value gap f(x) − f(x∗) as the performance measure and we plot our results
against the total number of full-gradient evaluations and against wall-clock time in seconds. We im-
plement our experiments in Julia, a high performance programming language designed for numerical
analysis and computational science, while optimizing all implementations to the best of our ability.
We set the block size to one in all the experiments, i.e., each block corresponds to one coordinate.
We discussed in Section 3.4 that in theory it is optimal to choose K = Θ(n) in order to balance
the computational costs of outer loop and inner loop in VR-A-CODER. We observed in our exper-
iments that it is beneficial to choose K to be slightly smaller than n (K ≈ n/10) to balance the
computational time and the number of full-gradient evaluations.

We consider instances of ℓ2-norm (Ridge), ℓ1-norm (LASSO) (γ = 0) and elastic net (γ > 0)
regularized logistic regression problems using three LIBSVM datasets: sonar, a1a and a9a. In the
ridge regularized logistic regression problem ( (Figure 3.2), we use λ2 = 10−5 for sonar dataset
and λ2 = 10−4 for a1a and a9a datasets. In the elastic net regularized logistic regression problem
(Figure 3.3), we use λ1 = λ2 = 10−5 for sonar dataset and λ1 = λ2 = 10−4 for a1a and a9a datasets.
In the ℓ1-norm regularized logistic regression problem (Figure 3.4), we use λ1 = 10−5 for sonar
dataset and λ1 = 10−4 for a1a and a9a datasets. figures/acccyclic 3.3 and 3.4 provide performance
comparisons between algorithms considered in terms of the number of full-gradient evaluations and
wall-clock time for the elastic net regularized logistic regression problems. We search for the best L
or M for each algorithm individually at intervals of 2i for i ∈ Z, and display the best performing
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runs in the plots. As predicted by our theoretical results, A-CODER and VR-A-CODER exhibit
accelerated convergence rates and improved dependence on the number of blocks m even in the worst
case, outperforming all other algorithms. In terms of wall-clock time, due to different per-iteration
cost of each algorithm in practice, we see a mildly different set of convergence behaviors. However,
A-CODER and VR-A-CODER still both perform significantly better than comparable methods.

Combined with the best known theoretical convergence rates guarantee, we believe that this work
provides strong supporting arguments for cyclic methods in modern machine learning applications.
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Figure 3.2: Performance comparisons between implemented algorithms in terms of the number of
full-gradient evaluations and wall-clock time for logistic regression with ridge regularized problems.
The top row contains plots against the number of full-gradient evaluations, and the bottom row
contains plots against the wall-clock time. The left column is for the sonar dataset, the middle
column is for the a1a dataset and the rightmost column is for the a9a dataset, all obtained from
LIBSVM [CL11].
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Figure 3.3: Performance comparisons between implemented algorithms in terms of the number of full-
gradient evaluations and wall-clock time for logistic regression with elastic net regularized problems.
The top row contains plots against the number of full-gradient evaluations, and the bottom row
contains plots against the wall-clock time. The left column is for the sonar dataset, the middle
column is for the a1a dataset and the rightmost column is for the a9a dataset, all obtained from
LIBSVM [CL11].
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Figure 3.4: Performance comparisons between various algorithms in terms of number of full-gradient
evaluations and wall-clock time for logistic regression with LASSO regularized problems. The top
row contains plots against the number of full-gradient evaluations, and the bottom two contains plots
against wall-clock time. The left column is on sonar dataset, the middle column is on a1a dataset
and the rightmost column is on a9a dataset.
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Algorithm 7 Variance Reduced A-CODER (Adaptive Version)
1: Input: x0 ∈ dom(g), γ ≥ 0, L0 > 0,m, {S1, . . . ,Sm}
2: Initialization: ỹ0 = v1,0 = y1,0 = x1,1 = x0; z1,0 = 0
3: L1 = L0/2
4: repeat
5: L1 = 2L1

6: a0 = A0 = 0; A1 = a1 = 1
4L0

7: z1,1 = ∇f(x0); v1,1 = proxa1g(x0 − z1,1)
8: until f(v1,1) ≤ f(x0) + ⟨∇f(x0),v1,1 − x0⟩ + L1

2 ∥v1,1 − x0∥2

9: ỹ1 = y1,1 = v1,1

10: w1,1,j = (x(1)
1,1, . . . ,x

(j)
1,1,y

(j+1)
1,1 , . . . ,y

(m)
1,1 )

11: v2,0 = v1,1; w2,0,j = w1,1,j ; x2,0 = x1,1; y2,0 = y1,1; z2,0 = z1,1

12: for s = 2 to S do
13: Ls = Ls−1/2
14: repeat
15: Ls = 2Ls

16: Set as > 0 s.t. a2
s = KAs−1(1+As−1γ)

8Ls
; As = As−1 + as

17: as,0 = as−1; as,1 = as,2 = · · · = as,K = as

18: vs,0 = vs−1,K ; ws,0,j = ws−1,K,j ; xs,0 = xs−1,K ; ys,0 = ys−1,K ; zs,0 = zs−1,K

19: µs = ∇f(ỹs−1)
20: for k = 1 to K do
21: xs,k = As−1

As
ỹs−1 + as

As
vs,k−1

22: for j = m to 1 do
23: ws,k,j = (x(1)

s,k, . . . ,x
(j)
s,k,y

(j+1)
s,k , . . . ,y

(m)
s,k )

24: Choose t in [n] uniformly at random
25: ∇̃(j)

s,k = ∇(j)ft(ws,k,j) − ∇(j)ft(ỹs−1) + µ
(j)
s

26: q
(j)
s,k = ∇̃(j)

s,k + as,k−1
as

(∇(j)ft(xs,k−1) − ∇(j)ft(ws,k−1,j))
27: z

(j)
s,k = z

(j)
s,k−1 + asq

(j)
s,k

28: v
(j)
s,k = prox(As−1+ ask

K
)gj (x(j)

0 − z
(j)
s,k/K)

29: y
(j)
s,k = As−1

As
ỹ

(j)
s−1 + as

As
v

(j)
s,k

30: end for
31: end for
32: ỹs = 1

K

∑K
k=1 ys,k

33: until f(ys,k) ≤ f(xs,k) + ⟨∇f(xs,k),ys,k − xs,k⟩ + Ls

2 ∥ys,k − xs,k∥2

and 1
n

∑n
t=1 ∥∇ft(xs,k) − ∇ft(ỹs−1)∥2 ≤ 2Ls(f(ỹs−1) − f(xs,k) − ⟨∇f(xs,k), ỹs−1 − xs,k⟩)

34: end for
35: return vS,K , ỹS



89

Chapter 4

Faster Algorithms for Solving Generalized Lin-
ear Programming and the Connection to Distri-
butionally Robust Optimization

In this chapter, we study a class of generalized linear programs (GLP) in a large-scale setting,
which includes a simple, possibly nonsmooth convex regularizer and simple convex set constraints.
By reformulating GLP as an equivalent convex-concave min-max problem, we show that the linear
structure in the problem can be used to design an efficient, scalable first-order algorithm, to which
we give the name Coordinate Linear Variance Reduction (clvr; pronounced “clever”). clvr yields
improved complexity results for GLP that depend on the max row norm of the linear constraint
matrix in GLP rather than the spectral norm. When the regularization terms and constraints
are separable, clvr admits an efficient lazy update strategy that makes its complexity bounds
scale with the number of nonzero elements of the linear constraint matrix in GLP rather than the
matrix dimensions. Further, for the special case of linear programs and by exploiting sharpness,
we propose a restart scheme for clvr to obtain empirical linear convergence. Finally, we show
that Distributionally Robust Optimization (DRO) problems with ambiguity sets based on both f -
divergence and Wasserstein metrics can be reformulated as GLPs by introducing sparsely connected
auxiliary variables. We complement our theoretical guarantees with numerical experiments that
verify our algorithm’s practical effectiveness in terms of wall-clock time and number of data passes.

4.1 Introduction

We study the following generalized linear program (GLP):

min
x

{cT x + r(x) : Ax = b, x ∈ X }, (GLP)

where x, c ∈ Rd, A ∈ Rn×d, b ∈ Rn, r : Rd → R is a convex regularizer, and X ⊆ Rd is a
closed convex set, such that a proximal/projection operator involving r and X can be computed
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efficiently. When X is the nonnegative orthant {x : xi ≥ 0, i ∈ [d]} and r ≡ 0, (GLP) reduces to the
standard form of a linear program (LP). When X is a convex cone and r ≡ 0, (GLP) reduces to a
conic linear program. (GLP) is an important paradigm in traditional engineering disciplines such as
transportation, energy, telecommunications, and manufacturing. In modern data science, we note the
renaissance of (GLP) due to its modeling power in such areas as reinforcement learning [DFVR03],
optimal transport [Vil09], and neural network verification [LAL+20]. For traditional engineering
disciplines with moderate scale or exploitable sparsity, off-the-shelf interior point methods that form
and factorize matrices in each iteration are often good choices as practical solvers [Gur22]. In
data science applications, however, where the data are often dense or of extreme scale, the amount
of computation and/or memory required by matrix factorization is prohibitive. Thus, first-order
methods that avoid matrix factorizations are potentially appealing options. In this context, because
the presence of the linear equality constraint in (GLP) may complicate projection operations onto
the feasible set, we consider an equivalent reformulation of (GLP) as a min-max problem involving
the Lagrangian:

min
x∈X ⊂Rd

max
y∈Rn

{
L(x,y) := cT x + r(x) + yT Ax − yT b

}
. (PD-GLP)

In data science applications, both n and d can be very large. (PD-GLP) can be viewed as a structured
bilinearly coupled min-max problem, where the linearity of L(x,y) in the dual variable vector y is
vital to our algorithmic development.

4.1.1 Background

While there have been few papers that directly address (PD-GLP) — some special cases have
been considered in [MM79, Man84, Man04, GZ17, Xu20, ZZ20, ZZ22, CJST20] — there has been
significant recent work on first-order methods for general bilinearly coupled convex-concave min-max
problems. Deterministic first-order methods include the proximal point method (PPM) [Roc76], the
extragradient/mirror-prox method (EGM) [Kor76, Nem04], the primal-dual hybrid gradient (PDHG)
method [CP11], and the alternating direction method of multipliers (ADMM) [DR56]. All these
methods have per-iteration cost Θ(nnz(A)) and convergence rate 1/k, where nnz(A) denotes the
number of nonzero elements of A and k is the number of iterations.

For better scalability, stochastic counterparts of these methods have been proposed. [JNT11,
OHTG13, Bia16, PN17] have used “vanilla” stochastic gradients to replace the full gradients of their
deterministic counterparts. [CJST19, HJ20, AM22] have exploited the finite-sum structure of the
interaction term ⟨y,Ax⟩ involving both primal and dual variables to perform variance reduction.
With a separability assumption for the dual variables, [ADFC17] and [CERS18] have combined
incremental coordinate approaches on the dual variables with an implicit variance reduction strategy
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on the primal variables. Recently, under a separability assumption for dual variables, [SWD21]
proposed a new incremental coordinate method with an initialization step that requires a single
access to the full data. This approach, known as variance reduction via primal-dual accelerated dual
averaging (vrpda2), obtains the first theoretical bounds that are better than their deterministic
counterparts in the class of incremental coordinate approaches. The vrpda2 algorithm serves as the
main motivation for our approach.

It is of particular interest to design algorithms that scale with the number of nonzero elements
in A for at least two reasons: (i) the data matrix can be sparse; and (ii) when we consider simplified
reformulations of certain complicated models, we often need to introduce sparsely connected auxiliary
variables. Nevertheless, the randomized coordinate algorithms of [ADFC17, CERS18, SWD21] have
O(d) per-iteration cost regardless of the sparsity of A. To address this issue, [FB19, LFP19] have
proposed incremental primal-dual coordinate methods with per-iteration cost that scales with the
number of nonzero elements in the row of A used in each iteration, at the price of needing to
take a smaller step than for dense A. Moreover, [AFC20] has proposed a random extrapolation
approach that admits both low per-iteration cost and larger step size. Despite these developments,
all these algorithms produce less accurate iterates than the methods with O(d) per-iteration cost,
thus degrading their worst-case complexity. 1

Finally, for the special case of LP, based on the positive Hoffman constant [Hof03], [AHLL21]
proved that the primal-dual formulation of LP exhibits a sharpness property that lower-bounds the
growth of a normalized primal-dual gap from the same work. Leveraging this sharpness property,
[AHLL21] proposed a restart scheme for the deterministic first-order methods discussed above to
obtain linear convergence. [ADH+21] further extended this restart strategy using various heuristics
to improve practical performance.

4.1.2 Motivation

We sharpen the focus from general bilinearly coupled convex-concave min-max problems to (GLP)
and its primal-dual formulation (PD-GLP), because many complicated models can be reformulated as
(GLP) and because this formulation possesses additional structure that can be exploited in algorithm
design. Our motivation for focusing on (GLP) is to bridge the large gap between the well-studied
stochastic variance reduced first-order methods [JZ13, AZ17, SJM20, SWD21] and the increasingly
popular and complicated, yet highly structured large-scale problems arising in distributionally robust
optimization (DRO) [WKS14, SAMEK15, ND16, EK18, HNSS18, DN21, LHS19, DGN21, YLMJ21];
see also a recent survey by [RM19] and references therein.

1Subsequent to this paper, a version of the PURE-CD algorithm of [AFC20] that exploits sparsity in A
was developed and analyzed in [ACW22].
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For DRO problems with ambiguity sets defined by f -divergence [ND16, HNSS18, LCDS20], the
original formulation is a nonbilinearly coupled convex-concave min-max problem. Even the well
constructed reformulation in [LCDS20] does not admit unbiased stochastic gradients, leading to
complicated algorithms and analysis. For DRO problems with ambiguity sets defined by Wasserstein
metric [SAMEK15, EK18, LHS19, YLMJ21, HNW22], the original formulation is in general infinite-
dimensional. (Finite-dimensional reformulations [SAMEK15, EK18] exist for special cases of logistic
regression and smooth convex losses.) Solvers that have been proposed for DRO with Wasserstein
metric are either multiple-loop deterministic ADMM [LHS19] or are designed for general convex-
concave problems [YLMJ21].

By introducing auxiliary variables with sparse connections, 2 we show that DRO with ambiguity
sets based on both f -divergence and the Wasserstein metric can be reformulated as (GLP). Thus,
complicated DRO problems can be addressed by a simple, efficient, and scalable algorithm for (GLP).
Our algorithm for solving (GLP) and the proposed reformulations of DRO are our main contributions.

4.2 Contributions

Algorithm. Motivated by vrpda2 [SWD21], we propose a simple, efficient, and scalable algorithm
for (PD-GLP). Our algorithm combines an incremental coordinate method with exploitation of the
linear structure for the dual variables in (PD-GLP) and the implicit variance reduction effect in the
algorithm, so we name it coordinate linear variance reduction (clvr, pronounced “clever”). clvr is
inspired by vrpda2 but customized to the particular structure of (PD-GLP). In particular, by
exploiting the fact that the max problem is linear and unconstrained in the dual variable vector
y ∈ Rn, we find that the expensive initialization step used in vrpda2 is not needed and we can
take simpler and larger steps. Further, in the structured case in which A is sparse and the convex
constraint set X and the regularizer r(x) are fully separable3, we show that the dual averaging
update in clvr enables us to design an efficient lazy update strategy for which the per-iteration cost
of clvr scales with the number of nonzero elements of the selected row from A in each iteration,
which is potentially much lower than the order-d cost in vrpda2. Finally, clvr uses extrapolation
on dual variables rather than on primal variables considered in vrpda2, which significantly reduces
implementation complexity of our lazy update strategy for structured variants of (PD-GLP). On
the technical side, although both clvr and vrpda2 are randomized algorithms that bound the

2“Sparse connections” here means that even though the newly introduced variables may substantially
increase the problem dimensions, the number of nonzero entries in the constraint matrix remains of the same
order.

3We state the results here for the fully separable setting for convenience of comparison; however, our
results are also applicable to the block separable setting.
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primal-dual gap in expectation, the guarantee provided by clvr is stronger as it allows bounding
the expectation of the supremum gap as opposed to the supremum of expected gap in vrpda2.

To state our complexity results, we make the following scaling assumption.

Assumption 9. L := ∥A∥ and each row of A in (GLP) is normalized with Euclidean norm R.

Preprocessing in modern LP solvers [Gur22] often ensures normalized rows/columns for the data
matrix. Observe that R ≤ L ≤

√
nR, the upper bound being achieved when all elements of A have

identical value. Although the latter case is extreme, there exist ill-conditioned practical datasets
where we can expect significant performance gains if the complexity can be reduced from O(L) to
O(R). (We provide empirical comparison between the values of L and R in practical problems in
Section 4.6.)

In Table 4.1, we give the overall complexity bounds (total number of arithmetic operations) and
the per-iteration cost of a representative set of existing algorithms, including our clvr algorithm,
for solving a structured form of (PD-GLP) in which the set X and the function r have separable
structure: X = X1 × · · · × Xd with Xi ∈ R (i ∈ [d]) and r(x) :=

∑d
i=1 r(xi). To make the complexity

results comparable, we assume further that for the stochastic algorithms [CERS18, AM22, SWD21]
and our clvr algorithm, we draw one row of A per iteration uniformly at random. The general
convex setting corresponds to r(x) being general convex (σ = 0), while the strongly convex setting
corresponds to r(x) being σ-strongly convex (σ > 0).

As shown in Table 4.1, all the algorithms have optimal dependence on ϵ [OX19], while the
dependence on the ambient dimensions n, d, the number of nonzero elements of A (nnz(A)), and the
constants L and R are quite different. For both the general convex and strongly convex settings and
among coordinate-type methods, clvr is the first algorithm that reduces the runtime dependence
on the input matrix size from nd to nnz(A). Moreover, the complexity of clvr depends on the max
row norm R rather than the spectral norm L, and the per-iteration cost of clvr depends only on
the nonzero elements of the selected row from A in each iteration, which can be far less than d.

By exploiting the linear structure again, we provide explicit guarantees for both the objective
value and the constraint satisfaction of (GLP). Further, the analysis of clvr applies to the more
general block-coordinate update setting, which is better suited to modern parallel computing plat-
forms. Finally, following the restart strategy based on the normalized duality gap for LP introduced
in [AHLL21], we propose a more straightforward strategy to restart our clvr algorithm (as well as
other iterative algorithms for (PD-GLP)): Restart the algorithm every time a widely known metric
for LP optimality [AA00] halves. Compared with the normalized duality gap, the LPMetric can be
computed more efficiently and in a more straightforward fashion.
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Table 4.1: Overall complexity and per-iteration cost for solving structured (PD-GLP). (“—”
indicates that the corresponding result does not exist or is unknown.)

Algorithm
General Convex Strongly Convex Per-Iteration

(Primal-Dual Gap) (Distance to Solution) Cost
pdhg [CP11]

O(nnz(A)L
ϵ ) O( (nnz(A)+n+d)L

σ
√

ϵ
) O(nnz(A))

spdhg [CERS18]
O(ndL

ϵ ) O( ndL
σ

√
ϵ
) O(d)

evr [AM22]
O(nnz(A) +

√
nnz(A)(n+d)nR

ϵ ) — O(n+ d)

vrpda2
O(nd log min{1

ϵ , n} + ndR
ϵ ) O(nd log min{1

ϵ , n} + ndR
σ

√
ϵ
) O(d)

SWD([SWD21])
clvr

O(nnz(A)R
ϵ ) O(nnz(A)R

σ
√

ϵ
) O(nnz(row(A)))

(This Paper)

DRO reformulations. When the loss function is convex, DRO problems with ambiguity sets
based on f -divergence [ND16] or Wasserstein metric [EK18] are convex. However, because both
problems either have complicated constraints or are infinite-dimensional, vanilla first-order methods
are inapplicable.

For DRO with f -divergence, we show that by using convex conjugates and introducing auxiliary
variables, the problem can be reformulated as a (GLP). As a result, the issue of biased stochastic
gradients encountered in [LCDS20] does not arise, and clvr can be applied. Even though the
resulting problem has larger dimensions, due to the sparseness of the introduced auxiliary variables
and the lazy update strategy of clvr, it can be solved with complexity scaling only with the number
of nonzero elements of the data matrix. Due to being cast as a (GLP), the DRO problem can be
solved with O(1/ϵ) iteration complexity with clvr, while existing methods such as [LCDS20] have
O(1/ϵ2) iteration complexity, with higher iteration cost because of the batch of samples needed to
reduce bias. This improvement is enabled in part by considering the primal-dual gap (rather than
the primal gap considered in [LCDS20]) and by allowing the constraints to be approximately satisfied
(see Corollary 1).

For DRO with Wasserstein metric, following the reformulation of [SAMEK15, Theorem 1], we
show further that the problem can be cast in the form of (GLP). Compared with the existing
reformulations [SAMEK15, EK18, LHS19, YLMJ21], our reformulation can handle both smooth
and nonsmooth convex loss functions. In fact, our reformulation can provide a more compact form
for nonsmooth piecewise-linear convex loss functions (such as hinge loss). Moreover, compared with
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algorithms customized to this problem [LHS19] and extragradient methods [Kor76, Nem04, YLMJ21]
for general convex-concave min-max problems, our clvr method attains the best-known iteration
complexity and per-iteration cost, as shown in Table 4.1.

4.3 Notation and preliminaries

For any positive integer p, we use [p] to denote {1, 2, . . . , p}. We assume that there is a given
partition of the set [n] into sets Sj , j ∈ [m], where |Sj |= nj > 0 and

∑m
j=1 n

j = n. For j ∈ [m],
we use ASj to denote the submatrix of A with rows indexed by Sj and ySj to denote the subvector
of y indexed by Sj . We use 0d and 1d to denote the vectors with all ones and all zeros in d

dimensions, respectively. Unless otherwise specified, we use ∥·∥ to denote the Euclidean norm for
vectors and the spectral norm for matrices. For a given proper convex lower semi-continuous function
f : R → R∪{+∞}, we define the convex conjugate in the standard way as f∗(y) = supx∈R{yx−f(x)}
(so that f∗∗ = f). For a vector u, the inequality u ≥ 0 is applied entry-wise. For a convex function
r(x), we use r′(x) to denote an element of the subdifferential set ∂r(x). The proximal operator of
r(x) over X is

proxr(x̂) = arg min
x∈X

{1
2∥x − x̂∥2+r(x)

}
. (4.1)

Further, we make the following assumptions, which apply throughout the convergence analysis.

Assumption 10. (PD-GLP) attains at least one primal-dual solution (x∗,y∗). W∗ denotes the set
of all primal-dual solutions.

Due to the convex-concave property of (PD-GLP), W∗ is a convex set in X × Rn.

Assumption 11. L̂ = maxj∈[m]∥ASj ∥ is given at the input, where ∥ASj ∥= max∥x∥≤1∥ASj
x∥.

Note that L̂ can be obtained either via preprocessing of the data or by parameter tuning. By
combining Assumptions 9 and 11, it follows that R ≤ L̂ ≤

√
maxj∈[m]|Sj |R.

Assumption 12. r(x) is σ-strongly convex (σ ≥ 0); that is, for all x1 and x2 in X and all r′(x2) ∈
∂r(x2), we have r(x1) ≥ r(x2) + ⟨r′(x2),x1 − x2⟩ + σ

2 ∥x1 − x2∥2.

For convex-concave min-max problems, a common metric for measuring solution quality is the
primal-dual gap, which, for a feasible solution (x,y) of (PD-GLP), is defined by

sup
(u,v)∈X ×Rn

{L(x,v) − L(u,y)}. (4.2)
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However, as the domain of v is unbounded, the primal-dual gap can be infinite, which makes it a
poor metric for measuring the progress of algorithms. As a result, for measuring the progress of our
algorithm, we consider the following restricted primal-dual gap instead:

sup
(u,v)∈W

{L(x,v) − L(u,y)}, (4.3)

where W ⊂ X × Rn is a compact (i.e., closed and bounded) convex set. The use of a restricted
version of primal-dual gap is standard in the existing literature; see, e.g., [Nes07a, CP11].

4.4 The CLVR algorithm

We specify the implementation of clvr in Algorithm 8 for (PD-GLP) in the general setting.
However, the implementation version can be difficult to understand from a theoretical perspective
directly due to the closed form format for y§i

k where it stems from an minimization problem of the
estimation sequence ψ(y). As such, we state a version of clvr in Algorithm 9 that is convenient for
analysis, and is equivalent to Algorithm 8. Before analyzing the convergence of clvr, we justify our
claim of equivalence in Proposition 1.

Algorithm 8 Coordinate Linear Variance Reduction (clvr)

1: Input: x0 ∈ X ,y0 ∈ Rn, z0 = AT y0, γ > 0, L̂ > 0, σ ≥ 0, K,m, {S1, S2, . . . , Sm}.
2: a1 = A1 = 1

2L̂m
, q0 = a1(z0 + c).

3: for k = 1, 2, . . . , K do
4: xk = prox 1

γ
Akr(x0 − 1

γ qk−1).
5: Pick jk uniformly at random in [m].

6: ySi

k =

ySi

k−1, i ̸= jk

ySi

k−1 + γmak(ASi
xk − bSi), i = jk

.

7: ak+1 =
√

1+σAk/γ

2L̂m
, Ak+1 = Ak + ak+1.

8: zk = zk−1 + ASjk ,T (ySjk

k − ySjk

k−1).
9: qk = qk−1 + ak+1(zk + c) +mak(zk − zk−1).

10: end for
11: return x̃K = 1

AK

∑K
k=1 akxk, ỹK = 1

AK

∑K
k=1(akyk + (m− 1)ak(yk − yk−1)).

Proposition 1. The iterates of Algorithm 8 and 9 are equivalent.

Proof. To argue equivalence, we show that the iterates of Algorithm 8 and 9 solve the same op-
timization problems. To avoid ambiguity, here we will use x̂k, ŷk to denote the iterates xk,yk in
Algorithm 9, while we retain the notation xk,yk for the iterates of Algorithm 8.
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Let us first start by writing an equivalent definition of xk in Algorithm 8. To do so, we first
unroll the recursive definitions of zk and qk. We can observe that, since by definition yk and yk−1

only differ over the coordinate block Sjk , we have

zk = z0 +
k∑

i=1
AT (yi − yi−1) = AT yk. (4.4)

On the other hand, using Eq. (4.4), the definition of qk implies

qk = Ak+1c + a1AT y0 +
k∑

i=1
AT [ai+1yi +mai(yi − yi−1)] (4.5)

Using the definition of the proximal operator (see Eq. (4.1)) and the definition of xk in Step 4 of
Algorithm 8, we have

xk = arg min
x∈X

{
Ak

γ
r(x) + 1

2
∥∥∥x − x0 + 1

γ
qk−1

∥∥∥2
}

= arg min
x∈X

{
Akr(x) + γ

2
∥∥∥x − x0 + 1

γ
qk−1

∥∥∥2
}
.

(4.6)

Now let us consider the optimization problem that defines x̂k. Assume for now that the definitions
of yk and ŷk agree (we justify this claim below). Observe first that the minimization problem defining
x̂k is independent of u, so by unrolling the recursion for ϕk, we have

x̂k = arg min
x∈X

{
γ

2 ∥x − x0∥2+Akr(x) + a1
〈
x, c + AT ȳ0

〉

+
k∑

i=2
ai

〈
x, c + AT

(
yi−1 + mai−1

ai
(yi−1 − yi−2)

)〉}

= arg min
x∈X

{
γ

2 ∥x − x0∥2+Akr(x)

+
〈

x, Akc + a1AT y0 + AT
( k∑

i=2
[aiyi−1 +mai−1(yi−1 − yi−2)]

)〉}
= arg min

x∈X

{γ
2 ∥x − x0∥2+Akr(x) + ⟨x, qk−1⟩

}
= arg min

x∈X

{
Akr(x) + γ

2
∥∥∥x − x0 + 1

γ
qk−1

∥∥∥2
}

= xk.

It remains to argue that the definitions of yk and ŷk agree. First, observe that since the definitions
of ψk and ψk−1 differ only over block Sjk , we have ŷSj

k = ŷSj

k−1 for all j ̸= jk. For j = jk, we have by
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unrolling the recursive definition of ψk that

ŷSjk

k = arg min
ySjk ∈Rnjk

{ 1
2γ ∥ySjk − ySjk

0 ∥2−
k∑

i=1
1{Sji =Sjk }mai

〈
ySji

,ASji
xi − bSji

〉}

= ySjk

0 + γ
k∑

i=1
1{Sji =Sjk }mai(ASji

xi − bSji )

= ŷSjk

k−1 + γmak(ASjk xk − bSjk )

= ySjk

k ,

as claimed.

Algorithm 9 Coordinate Linear Variance Reduction (Analysis Version)

1: Input: x0 = x−1 ∈ X ,y0 = ȳ0 ∈ Rn, m, {S1, S2, . . . , Sm}, K, γ > 0, L̂ > 0.
2: ϕ0(·) = γ

2 ∥· − x0∥2, ψ0(·) = 1
2γ ∥· − y0∥2.

3: a1 = A1 = 1
2L̂m

.

4: for k = 1, 2, 3, . . . , K do
5: xk = arg minx∈X {ϕk(x) = ϕk−1(x) + ak(⟨x − u,AT ȳk−1 + c⟩ + r(x) − r(u))}.
6: Pick jk uniformly at random in [m].
7: yk = arg miny∈Rn{ψk(y) = ψk−1(y) +mak(−⟨ySjk − vSjk ,ASjk xk − bSjk ⟩)}.

8: ak+1 =
√

1+σAk/γ

2L̂m
, Ak+1 = Ak + ak+1.

9: ȳk = yk + mak

ak+1
(yk − yk−1).

10: end for
11: return x̃K := 1

AK

∑K
k=1 akxk, ỹK = 1

AK

∑K
k=1(akyk + (m− 1)ak(yk − yk−1)).

4.4.1 Algorithm and analysis for general formulation

The algorithm alternates the full update for xk in Step 4 (O(d) cost) with an incremental block
coordinate update for yk in Steps 5 and 6 (with O(|Sjk |d) cost for dense A). The auxiliary variables
zk and qk accumulate the cancellation terms in the estimation sequence and give a pathway to a
straightforward development of the lazified CLVR, which appears as Algorithm 10 in Section 4.4.2.
The cost of updating auxiliary vectors zk and qk is O(|Sjk |d) and O(d), respectively. In essence,
clvr is a primal-dual coordinate method that uses a dual averaging update for xk, then updates
the state variables {qk} by a linear recursion, and computes xk from qk−1 via a proximal step
without direct dependence on xk−1. The output x̃K is a convex combination of the iterates {xk}K

k=1,
as is standard for primal-dual methods. However, ỹK is only an affine (not convex) combination
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of {yk}K
k=0, as it involves the term −(m − 1)y0 (whose coefficient is negative) and some of the

coefficients mak − (m − 1)ak+1 multiplying yk for k ∈ {1, . . . K − 1} may also be negative. An
affine combination still provides valid bounds because the dual variable vector y appears linearly in
(PD-GLP). Moreover, in Step 9, the term mak(zk − zk−1) serves to cancel certain errors from the
randomization of the update w.r.t. yk, thus playing a key role in implicit variance reduction.

In the following three lemmas, we bound ϕk(xk) and ψk(yk) below and above, which is then
subsequently used to bound the primal-dual gap in Theorem 8.

Lemma 24. For all steps of Algorithm 9 with k ≥ 1, we have, ∀(u,v) ∈ X × Rn,

ϕk(xk) ≤ γ

2 ∥u − x0∥2−γ + σAk

2 ∥u − xk∥2,

ψk(yk) ≤ 1
2γ ∥v − y0∥2− 1

2γ ∥v − yk∥2.

Proof. By the definitions of ψk(y) and ϕk(x) in Algorithm 9, it follows that, ∀k ≥ 1,

ϕk(x) =
k∑

i=1
ai(⟨x − u,AT ȳi−1 + c⟩ + r(x) − r(u)) + γ

2 ∥x − x0∥2, (4.7)

and

ψk(y) =
k∑

i=1
mai

(
−
〈
ySji − vSji

,ASji
xi − bSji

〉 )
+ 1

2γ ∥y − y0∥2. (4.8)

Observe that, as function of x, ϕk(x) is (γ + σAk)-strongly convex. As, by definition, xk =
arg minx∈X ϕk(x), it follows that

ϕk(u) ≥ ϕk(xk) + γ + σAk

2 ∥u − xk∥2. (4.9)

Now, writing ϕk(u) explicitly and rearranging the last inequality, the stated bound on ϕk(xk) follows.
As a function of y, ψk(y) is 1/γ-strongly convex. The proof for the bound on ψk uses the same

argument and is omitted.

In the following proof, for k ≥ 1, let Fk denote the natural filtration, containing all the randomness

in the algorithm up to and including iteration k. Recall that A =

 AS1

...
ASm

, and let AS̄j (j ∈ [m])

denote the matrix A with its Sj block of rows replaced by a zero block.
For convenience, for k = 1, 2, . . . , we define

ŷk = yk−1 + γmak(Axk − b). (4.10)

Then from the definition of yk in Algorithm 8, we have E[yk − yk−1|Fk−1] = 1
m(ŷk − yk−1).

Motivated by [AFC19], we have the following result.
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Lemma 25. Given the sequences {yk} in Algorithm 9 and {ŷk} in Eq. (4.10), we define the sequence
{v̌k} by

v̌k = (yk − yk−1) − 1
m

(ŷk − yk−1).

Then for any v ∈ Rd that may be correlated with the randomness in {v̌i}k
i=1, we have

E
[

−
k∑

i=1
⟨v, v̌i⟩

]
≤ E

[1
2∥y0 − v∥2+1

2

k∑
i=1

∥yi − yi−1∥2
]
, (4.11)

where the expectation is taken over all the randomness in the history.

Proof. First, we prove a bound for E
[∑k

i=1∥v̌i∥2
]
. By the fact that E[yi −yi−1|Fi−1] = 1

m(ŷi −yi−1),
for each v̌i, we have

E[∥v̌i∥2|Fi−1] = E
[
∥yi − yi−1∥2|Fi−1

]
− E

[
∥ 1
m

(ŷi − yi−1)∥2|Fi−1
]

≤ E[∥yi − yi−1∥2|Fi−1].

Taking expectation on all the randomness in the history, for E
[∑k

i=1∥v̌i∥2
]
, we have

E
[ k∑

i=1
∥v̌i∥2

]
= E

[ k∑
i=1

E[∥v̌i∥2|Fi−1]
]

≤ E
[ k∑

i=1
E[∥yi − yi−1∥2|Fi−1]

]
= E

[ k∑
i=1

∥yi − yi−1∥2
]
. (4.12)

Then to prove (4.11), we define the sequence {y̌k}∞
k=0 by y̌0 = y0 and y̌k = y̌k−1 −v̌k for k = 1, 2, . . . .

By expanding 1
2∥y̌k − v∥2,

1
2∥y̌k − v∥2 = 1

2∥y̌k−1 − v∥2−⟨v̌k, y̌k−1 − v⟩ + 1
2∥v̌k∥2

=⇒ ⟨v̌k, y̌k−1 − v⟩ = 1
2∥y̌k−1 − v∥2−1

2∥y̌k − v∥2+1
2∥v̌k∥2.

By summing this expression and telescoping, we obtain
k∑

i=1
⟨y̌i−1 − v, v̌i⟩ = 1

2∥y̌0 − v∥2−1
2∥y̌k − v∥2+

k∑
i=1

1
2∥v̌i∥2

≤ 1
2∥y̌0 − v∥2+

k∑
i=1

1
2∥v̌i∥2

= 1
2∥y0 − v∥2+

k∑
i=1

1
2∥v̌i∥2, (4.13)

It follows that

E
[

−
k∑

i=1
⟨v, v̌i⟩

]
= E

[ k∑
i=1

⟨y̌i−1 − v, v̌i⟩ −
k∑

i=1
⟨y̌i−1, v̌i⟩

]

≤ E
[1
2∥y0 − v∥2+

k∑
i=1

1
2∥v̌i∥2−

k∑
i=1

⟨y̌i−1, v̌i⟩
]

≤ E
[1
2∥y0 − v∥2+1

2

k∑
i=1

∥yi − yi−1∥2−
k∑

i=1
⟨y̌i−1, v̌i⟩

]
. (4.14)



101

where the first inequality is by Eq. (4.13) and the second inequality is by Eq. (4.12). To ob-
tain the result (4.11), we use the facts that E[v̌i | Fi−1] = 0 and that y̌i−1 ∈ Fi−1 to obtain
E
[∑k

i=1 ⟨y̌i−1, v̌i⟩
]

= 0.

We emphasize that Lemma 25 holds for any v that may be even correlated with the randomness
in the algorithm.

Lemma 26. For all steps of Algorithm 9 with k ≥ 1, we have for all (u,v) ∈ X × Rn that

ϕk(xk) ≥ ϕk−1(xk−1) + γ + σAk−1

2 ∥xk − xk−1∥2+ak(r(xk) − r(u))

− ak

〈
xk − u,AT (yk − yk−1)

〉
+ ak

〈
xk − u,AT yk + c

〉
+mak−1

( 〈
xk−1 − u,AT (yk−1 − yk−2)

〉
+
〈
xk − xk−1,A

T (yk−1 − yk−2)
〉 )
,

ψk(yk) ≥ ψk−1(yk−1) + 1
2γ ∥yk − yk−1∥2−ak⟨Axk − b,yk − v⟩

− (m− 1)ak⟨Axk − b,yk − yk−1⟩ + 1
γ

〈
yk−1 − v,−(yk − yk−1) + 1

m
(ŷk − yk−1)

〉
.

Proof. For the first claim, we have from the definition of ϕk(xk), using that ϕk−1(xk−1) is (γ+σAk−1)-
strongly convex and minimized at xk−1, that

ϕk(xk) ≥ ϕk−1(xk−1) + γ + σAk−1

2 ∥xk − xk−1∥2

+ ak(⟨xk − u,AT ȳk−1 + c⟩ + r(xk) − r(u)).
(4.15)

Meanwhile, by the definition of {ȳk} (using y−1 = y0 for the case of k = 1), we have that

ak

〈
xk − u,AT ȳk−1

〉
= ak

〈
xk − u,AT

(
yk−1 + mak−1

ak
(yk−1 − yk−2)

)〉
= − ak

〈
xk − u,AT (yk − yk−1)

〉
+ ak

〈
xk − u,AT yk

〉
+mak−1

( 〈
xk−1 − u,AT (yk−1 − yk−2)

〉
+
〈
xk − xk−1,A

T (yk−1 − yk−2)
〉 )
. (4.16)

The claimed lower bound on ϕk(xk) follows when we combine (4.15) and (4.16).
For the second claim, we have by the definition of ψk that

ψk(yk) − ψk−1(yk−1) = ψk−1(yk) − ψk−1(yk−1) −mak

〈
ySjk

k − vSjk ,ASjk xk − bSjk
〉
. (4.17)

To obtain the claimed lower bound on ψk, we proceed to bound the terms on the right-hand side in
(4.17). First, since ψk−1 is (1/γ)-strongly convex and minimized at yk−1, we have

ψk−1(yk) − ψk−1(yk−1) ≥ 1
2γ ∥yk − yk−1∥2. (4.18)
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Second, by using the definition of ASjk and AS̄jk , and by using several times that yk−1 and yk differ
only in their Sjk components, we have

−
〈
ySjk

k − vSjk ,ASjk xk − bSjk
〉

= − ⟨yk − v,Axk − b⟩ +
〈
yk − v,AS̄jk xk − bS̄jk

〉
= − ⟨yk − v,Axk − b⟩ +

〈
yk−1 − v,AS̄jk xk − bS̄jk

〉
= − ⟨yk − v,Axk − b⟩ + m− 1

m
⟨yk−1 − v,Axk − b⟩

+
〈

yk−1 − v,AS̄jk xk − bS̄jk − m− 1
m

(Axk − b)
〉

= − 1
m

⟨yk − v,Axk − b⟩ + m− 1
m

⟨yk−1 − yk,Axk − b⟩

+
〈
ySjk

k−1 − vSjk ,−(ASjk xk − bSjk )
〉

+ 1
m

⟨yk−1 − v,Axk − b)⟩

= − 1
m

⟨yk − v,Axk − b⟩ + m− 1
m

⟨yk−1 − yk,Axk − b⟩

+
〈

yk−1 − v,− 1
γmak

(yk − yk−1) + 1
γm2ak

(ŷk − yk−1)
〉
, (4.19)

where in the last equality we used ySjk

k −ySjk

k−1 = γmak(ASjk xk −bSjk ) and ŷk −yk−1 = γmak(Axk −
b), which both hold by definitions of ŷk and yk.

Finally, combining (4.17)–(4.19), we have the bound on ψk(yk) from the statement of the lemma.

By combining the two lower bounds in Lemma 26, we obtain the following result.

Lemma 27. For any (u,v) ∈ X × Rn, the sum of ψk(yk) + ϕk(xk) can be bounded as follows: for
all k ≥ 1,

ϕk(xk) + ψk(yk)

≥ ϕk−1(xk−1) + ψk−1(yk−1)

−mak

〈
xk − u,AT (yk − yk−1)

〉
+mak−1

〈
xk−1 − u,AT (yk−1 − yk−2)

〉
+ 1

2γ ∥yk − yk−1∥2− 1
4γ ∥yk−1 − yk−2∥2+Qk,

(4.20)

where

Qk :=ak

(
r(xk) − r(u) − ⟨Au,yk⟩ + ⟨xk,A

T v⟩ + ⟨xk − u, c⟩ + ⟨b,yk − v⟩

− (m− 1)⟨Au − b,yk − yk−1⟩
)

+ 1
γ

〈
yk−1 − v,−(yk − yk−1) + 1

m
(ŷk − yk−1)

〉
.

(4.21)
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Proof. Before our proof, as A−1 and A0 are not used in Algorithm 9, without loss of generality, we
set A−1 = A0 = 0. Fix any (u,v) ∈ X × Rn. By combining the bounds on ϕk(xk) and ψk(yk) from
Lemma 26, we have ∀k ≥ 1 that

ϕk(xk) + ψk(yk)

≥ ϕk−1(xk−1) + ψk−1(yk−1)

−mak

〈
xk − u,AT (yk − yk−1)

〉
+mak−1

〈
xk−1 − u,AT (yk−1 − yk−2)

〉
+ Pk +Qk,

(4.22)

where

Pk = γ + σAk−1

2 ∥xk − xk−1∥2+ 1
2γ ∥yk − yk−1∥2+mak−1

〈
xk − xk−1,A

T (yk−1 − yk−2)
〉

(4.23)

and Qk is defined in Eq. (4.21).
To find a lower bound on Pk we start by bounding the magnitude of the inner product term in

(4.23). Recall that yk−2 and yk−1 differ only on the coordinate block Sjk−1 . We thus have:

|mak−1⟨xk − xk−1,A
T (yk−1 − yk−2)⟩|

= |mak−1 ⟨ASjk−1 (xk − xk−1),ySjk−1
k−1 − ySjk−1

k−2 ⟩|

≤ mak−1∥ASjk−1 (xk − xk−1)∥∥ySjk−1
k−1 − ySjk−1

k−2 ∥

≤ (mak−1)2γ∥ASjk−1 (xk − xk−1)∥2+ 1
4γ ∥ySjk−1

k−1 − ySjk−1
k−2 ∥2

≤ (mL̂ak−1)2γ∥xk − xk−1∥2+ 1
4γ ∥ySjk−1

k−1 − ySjk−1
k−2 ∥2

= (mL̂ak−1)2γ∥xk − xk−1∥2+ 1
4γ ∥yk−1 − yk−2∥2 (4.24)

where the second inequality is by Young’s inequality, and the third inequality is by Assumption 11
where ∥ASjk−1 (xk − xk−1)∥≤ L̂∥xk − xk−1∥. With our setting ak−1 =

√
1+σAk−2/γ

2mL̂
≤

√
1+σAk−1/γ

2mL̂
,

for all k ≥ 1, we have
(mL̂ak−1)2γ = γ + σAk−1

4 .

By substituting this equality into (4.24) and then combining with (4.23), we obtain

Pk ≥ γ + σAk−1

4 ∥xk − xk−1∥2+ 1
2γ ∥yk − yk−1∥2− 1

4γ ∥yk−1 − yk−2∥2

≥ 1
2γ ∥yk − yk−1∥2− 1

4γ ∥yk−1 − yk−2∥2. (4.25)

We complete the proof by combining Eqs. (4.22), (4.23) and the bound Eq. (4.25) for Pk.
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By telescoping the inequality in Lemma 27, and using Lemmas 24 and 25, we obtain the next
result.

Lemma 28. For all (u,v) ∈ X × Rn, we have

Ak(L(x̃k,v) − L(u, ỹk)) + γ + σAk

4 ∥u − xk∥2+ 1
2γ ∥v − yk∥2

≤ γ

2 ∥u − x0∥2+ 1
2γ ∥v − y0∥2− 1

4γ

k∑
i=1

∥yi − yi−1∥2+ 1
γ

k∑
i=1

⟨yi−1, v̌i⟩ − 1
γ

k∑
i=1

⟨v, v̌i⟩ ,
(4.26)

where v̌i is defined in Lemma 25.

Proof. Telescoping the inequality in Lemma 27, we have

ϕk(xk) + ψk(yk) ≥ ϕ0(x0) + ψ0(y0)

−mak

〈
xk − u,AT (yk − yk−1)

〉
+ma0

〈
x0 − u,AT (y0 − y−1)

〉
+ 1

2γ ∥yk − yk−1∥2− 1
4γ ∥y0 − y−1∥2+ 1

4γ

k−1∑
i=1

∥yi − yi−1∥2+
k∑

i=1
Qi

= −mak

〈
xk − u,AT (yk − yk−1)

〉
+ 1

4γ ∥yk − yk−1∥2

+ 1
4γ

k∑
i=1

∥yi − yi−1∥2+
k∑

i=1
Qi, (4.27)

where the last equality is by the fact that ψ0(y0) = ϕ0(x0) = 0, a0 = 0, and our convention that
y−1 := y0.

Then by the convexity of r(·) and the definition of {Qi}, we have

k∑
i=1

Qi ≥ Ak(r(x̃k) − r(u) − ⟨Au, ỹk⟩ + ⟨x̃k,A
T v⟩ + ⟨x̃k − u, c⟩ + ⟨b, ỹk − v⟩)

+ 1
γ

k∑
i=1

〈
yi−1 − v,−(yi − yi−1) + 1

m
(ŷi − yi−1)

〉

= Ak(L(x̃k,v) − L(u, ỹk)) + 1
γ

k∑
i=1

⟨yi−1 − v,−v̌i⟩ . (4.28)

where x̃k = 1
Ak

∑k
i=1 aixi, ỹk = 1

Ak

∑k
i=1(aiyi + (m − 1)ai(yi − yi−1)) (as defined in (4.33)) and the

last equality is by the definition of the Lagrangian L(·, ·) and {v̌i} in Lemma 25.
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Then by combining Eqs. (4.27)-(4.28) and Lemma 24, we have

Ak(L(x̃k,v) − L(u, ỹk))

≤
(
ψk(yk) + ϕk(xk) +mak

〈
xk − u,AT (yk − yk−1)

〉 )
− 1

4γ ∥yk − yk−1∥2

− 1
4γ

k∑
i=1

∥yi − yi−1∥2+ 1
γ

k∑
i=1

⟨yi−1, v̌i⟩ − 1
γ

k∑
i=1

⟨v, v̌i⟩

≤
( 1

2γ ∥v − y0∥2− 1
2γ ∥v − yk∥2+γ

2 ∥u − x0∥2−γ + σAk

2 ∥u − xk∥2
)

+mak

〈
xk − u,AT (yk − yk−1)

〉
− 1

4γ ∥yk − yk−1∥2− 1
4γ

k∑
i=1

∥yi − yi−1∥2

+ 1
γ

k∑
i=1

⟨yi−1, v̌i⟩ − 1
γ

k∑
i=1

⟨v, v̌i⟩ .

Finally, we have from the fact that yk and yk−1 differ in only the Sjk components, Young’s
inequality, and the definition of ak that

|mak⟨xk − u,AT (yk − yk−1)⟩|

= |mak ⟨ASjk (xk − u),ySjk

k − ySjk

k−1⟩|

≤ mak∥ASjk (xk − u)∥∥ySjk

k − ySjk

k−1∥

≤ (mak)2γ∥ASjk (xk − u)∥2+ 1
4γ ∥ySjk

k − ySjk

k−1∥2

≤ (mL̂ak)2γ∥xk − u∥2+ 1
4γ ∥ySjk

k − ySjk

k−1∥2

= (mL̂ak)2γ∥xk − u∥2+ 1
4γ ∥yk − yk−1∥2

= γ + σAk−1

4 ∥xk − u∥2+ 1
4γ ∥yk − yk−1∥2

≤ γ + σAk

4 ∥xk − u∥2+ 1
4γ ∥yk − yk−1∥2

leading to
Ak(L(x̃k,v) − L(u, ỹk)) + 1

2γ ∥v − yk∥2+γ + σAk

4 ∥u − xk∥2

≤ γ

2 ∥u − x0∥2+ 1
2γ ∥v − y0∥2− 1

4γ

k∑
i=1

∥yi − yi−1∥2

+ 1
γ

k∑
i=1

⟨yi−1, v̌i⟩ − 1
γ

k∑
i=1

⟨v, v̌i⟩

and completing the proof.
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Lemma 29. Suppose that (x∗,y∗) is a Nash point for (PD-GLP). Then the iterates xk,yk from
Algorithm 8 satisfy

E
[γ + σAk

4 ∥x∗ − xk∥2+ 1
2γ ∥y∗ − yk∥2+ 1

4γ

k∑
i=1

∥yi − yi−1∥2
]

≤ γ

2 ∥x∗ − x0∥2+ 1
2γ ∥y∗ − y0∥2,

(4.29)

where the expectation is w.r.t. all the randomness in the algorithm.

Proof. Note that the existence of a Nash point is assumed in Assumption 10. With (u,v) = (x∗,y∗),
by the definition of Nash equilibrium, we have

L(x̃k,y
∗) − L(x∗, ỹk) = (L(x̃k,y

∗) − L(x∗,y∗)) − (L(x∗, ỹk) − L(x∗,y∗)) ≥ 0. (4.30)

By setting (u,v) = (x∗,y∗) in the result of Lemma 28, using (4.30) to eliminate the first term on
the left-hand side of the inequality, and rearranging, we obtain

γ + σAk

4 ∥x∗ − xk∥2+ 1
2γ ∥y∗ − yk∥2+ 1

4γ

k∑
i=1

∥yi − yi−1∥2

≤ γ

2 ∥x∗ − x0∥2+ 1
2γ ∥y∗ − y0∥2+ 1

γ

k∑
i=1

⟨yi−1, v̌i⟩ − 1
γ

k∑
i=1

⟨v, v̌i⟩ .

The result will follow when we show that the expectation (with respect to all the randomness) of the
last two terms on the right-hand side is zero. Since yi−1 ∈ Fi−1, we have

E
[

k∑
i=1

⟨yi−1, v̌i⟩
]

= E
[
E
[

k∑
i=1

⟨yi−1, v̌i⟩
∣∣∣Fi−1

]]
= E

[
k∑

i=1
⟨yi−1,E [v̌i|Fi−1]⟩

]
= 0, (4.31)

which takes care of the second-last term. For any fixed v ∈ Rn, we also have

E
[1
γ

k∑
i=1

⟨v, v̌i⟩
]

= 0, (4.32)

which takes care of the last term, and completes the proof.

Next we state a technical lemma, proved in an earlier paper, which provides the final ingredient
for the proof of Theorem 8.

Lemma 30. [[SWD21]] Let {Ak}k≥0 be a sequence of nonnegative real numbers such that A0 = 0
and Ak is defined recursively via Ak = Ak−1 +

√
c2

1 + c2Ak−1, where c1 > 0, and c2 ≥ 0. Define
K0 = ⌈ c2

9c1
⌉. Then

Ak ≥


c2
9

(
k −K0 + max

{
3
√

c1
c2
, 1
})2

, if c2 > 0 and k > K0,

c1k, otherwise.
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We are now ready to prove our main result. Theorem 8 provides the convergence results for
Algorithm 8. Note that γ in the theorem (as in the algorithm) is a positive parameter that can be
tuned.

Theorem 8. Let xk, yk, k ∈ [K], be the iterates of Algorithm 8 and let x̃k, ỹk be defined by

x̃k = 1
Ak

k∑
i=1

aixi, ỹk = 1
Ak

k∑
i=1

(aiyi + (m− 1)ai(yi − yi−1)), (4.33)

for k ∈ [K]. Let Wk ⊂ X × Rn, k ∈ [K], be a sequence of compact convex sets such that (x̃k, ỹk) ∈
Wk ⊂ W ⊂ X × Rn, where W is also convex and compact. Then:

E
[

sup
(u,v)∈Wk

{L(x̃k,v) − L(u, ỹk)}
]

≤ 1
Ak

(
E
[γ

2 ∥û − x0∥2+ 1
γ

∥v̂ − y0∥2
]

+ γ

2 ∥x∗ − x0∥2+ 1
2γ ∥y∗ − y0∥2

)
,

(4.34)

where (û, v̂) = arg sup(u,v)∈Wk
{L(x̃k,v) − L(u, ỹk)}. Furthermore,

E
[γ + σAk

4 ∥xk − x∗∥2+ 1
2γ ∥yk − y∗∥2

]
≤ γ

2 ∥x∗ − x0∥2+ 1
2γ ∥y∗ − y0∥2. (4.35)

Define K0 = ⌈ σ
18L̂mγ

⌉. Then in the bounds above:

Ak ≥ max
{

k

2L̂m
,

σ

(6L̂m)2γ

(
k −K0 + max

{
3
√

2L̂mγ/σ, 1
})2

}
.

Proof. To provide a guarantee in terms of primal-dual gap, we need to take the supremum on u,v

of {L(x̃k,v) − L(u, ỹk))} over Wk; we denote the arg sup by (û, v̂). When we subsequently take
the expectation, we have to account for the fact that v̂ will be correlated with the randomness
in the iteration history. We can however, use Lemmas 25 and 29 to give the upper bound on
E
[

−
∑k

i=1 ⟨v̂, v̌i⟩
]
.
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From (4.26), using the fact that 1
2γ ∥v − yk∥2+γ+σAk

4 ∥u − xk∥2≥ 0, we have

E
[
Ak sup

(u,v)∈Wk

{L(x̃k,v) − L(u, ỹk)})
]

≤ E
[γ

2 ∥û − x0∥2+ 1
2γ ∥y0 − v̂∥2

]
− 1

4γE
[ k∑

i=1
∥yi − yi−1∥2

]
+ 1
γ
E
[ k∑

i=1
⟨yi−1, v̌i⟩

]

+ 1
γ
E
[

−
k∑

i=1
⟨v̂, v̌i⟩

]

≤ E
[γ

2 ∥û − x0∥2+ 1
2γ ∥y0 − v̂∥2

]
− 1

4γE
[ k∑

i=1
∥yi − yi−1∥2

]

+ 1
γ
E
[1
2∥y0 − v̂∥2+1

2

k∑
i=1

∥yi − yi−1∥2
]

= E
[γ

2 ∥û − x0∥2+ 1
γ

∥y0 − v̂∥2
]

+ 1
4γE

[ k∑
i=1

∥yi − yi−1∥2
]

≤ E
[γ

2 ∥û − x0∥2+ 1
γ

∥y0 − v̂∥2
]

+ γ

2 ∥x∗ − x0∥2+ 1
2γ ∥y∗ − y0∥2. (4.36)

where the first inequality is by Eq. (4.26), the second inequality is by Lemma 25 and (4.31), and the
last inequality is by Lemma 29. This proves the first claim (4.34). The second claim (4.35) follows
from Lemma 29 with the fact that 1

4γE
[∑k

i=1∥yi − yi−1∥2
]

≥ 0. The final claim concerning Ak

follows from Lemma 30 when we set

c1 = 1
2L̂m

, c2 = σ

(2L̂m)2γ
.

Observe that (û, v̂) in the theorem statement exists because of compactness of Wk and our
assumptions on r(·). The parameter γ can be tuned to balance the relative weights of primal and dual
initial quantities ∥x∗ − x0∥ and ∥y∗ − y0∥ (or estimates of these quantities), which can significantly
influence practical performance of the method.

In addition to the guarantee on the variational form, due to the linear structure, we also provide
explicit guarantees for both the objective and the constraints in (GLP), stated in the following
corollary.

Corollary 1. In Algorithm 8, for all k ≥ 1, x̃k satisfies

E[∥y∗∥·∥Ax̃k − b∥] ≤
γ∥x∗ − x0∥2+ 1

2γ ∥y∗ − y0∥2+ 1
γE[∥v − y0∥2]

Ak
,

|E[(cT x̃k + r(x̃k)) − (cT x∗ + r(x∗))]|≤
γ∥x∗ − x0∥2+ 1

2γ ∥y∗ − y0∥2+ 1
γE[∥v − y0∥2]

Ak
,
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where v = 2 ∥y∗∥
∥Ax̃k−b∥(Ax̃k − b).

Proof. Assume that ∥Ax̃k − b∦= 0, as otherwise the first bound follows trivially. Let u = x∗ and
v = 2∥y∗∥(Ax̃k−b)

∥Ax̃k−b∥ . Then we have

L(x̃k,v) − L(u, ỹk)

= (cT x̃k + r(x̃k) + 2∥y∗∥∥Ax̃k − b∥) − (cT x∗ + r(x∗) + ỹT
k (Ax∗ − b))

= (cT (x̃k − x∗) + r(x̃k) − r(x∗)) + 2∥y∗∥∥Ax̃k − b∥. (4.37)

For any fixed u, and any v ∈ Rn possibly depending on the randomness in the algorithm, we
have from Lemma 28, taking expectation over all the randomness, that

AkE[L(x̃k,v) − L(u, ỹk)]

≤ E
[
Ak(L(x̃k,v) − L(u, ỹk)) + 1

2γ ∥v − yk∥2+γ + σAk

4 ∥u − xk∥2
]

≤ γ

2 ∥u − x0∥2+ 1
2γE[∥v − y0∥2] − E

[ 1
4γ

k∑
i=1

∥yi − yi−1∥2
]

+ 1
γ
E
[ k∑

i=1
⟨yi−1, v̌i⟩

]
− 1
γ
E
[ k∑

i=1
⟨v, v̌i⟩

]
. (4.38)

Meanwhile, we have

− 1
4γE

[ k∑
i=1

∥yi − yi−1∥2
]

− 1
γ
E
[ k∑

i=1
⟨v, v̌i⟩

]

≤ 1
2γE

[
∥y0 − v∥2

]
+ 1

4γE
[ k∑

i=1
∥yi − yi−1∥2

]
≤ 1

2γE[∥y0 − v∥2] + γ

2 ∥x∗ − x0∥2+ 1
2γ ∥y∗ − y0∥2,

where the first inequality is by Lemma 25 and the second inequality is by Lemma 29. Since yi−1 ∈
Fi−1, we have as in (4.31) that

1
γ
E
[ k∑

i=1
⟨yi−1, v̌i⟩

]
= 0. (4.39)

By combining Eq. (4.37)-(4.39) with u = x∗, we have

E[(cT (x̃k − x∗) + r(x̃k) − r(x∗)) + 2∥y∗∥∥Ax̃k − b∥]

≤
γ∥x∗ − x0∥2+ 1

γE[∥v − y0∥2] + 1
2γ ∥y∗ − y0∥2

Ak
. (4.40)
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By the KKT condition of (PD-GLP) and the optimality of (x∗,y∗), we have for all x ∈ X that

(cT x + r(x)) − (cT x∗ + r(x∗)) − ⟨y∗,Ax − b⟩ ≥ 0, (4.41)

and thus

(cT x + r(x)) − (cT x∗ + r(x∗)) ≥ −∥y∗∥∥Ax − b∥. (4.42)

By combining Eq. (4.40) and Eq. (4.42), we have

E[∥y∗∥·∥Ax̃k − b∥] ≤
γ∥x∗ − x0∥2+ 1

γE[∥v − y0∥2] + 1
2γ ∥y∗ − y0∥2

Ak
, (4.43)

proving our first claim. The second claim is obtained by combining Eqs. (4.40), (4.42), and (4.43).

In clvr, we allow for arbitrary (x0,y0) ∈ X × Rn. Nevertheless, by setting y = 0n, we can
obtain z0 = 0d at no cost — a useful strategy for large-scale problems since it avoids the (potentially
expensive) single matrix-vector multiplication w.r.t. A.

Remark 1. For our algorithm, the condition that y belongs to a whole Euclidean space is key to
proving our convergence result. Although many convex-concave min-max problems have constraints
or nonsmooth regularizers on the dual variable y, we can still reformulate it so that the dual variable
is unconstrained and no nonsmooth regularizers are applied to it. For instance, we can verify that

min
x∈X

max
y∈Y

L(x,y) ≡ min
x∈X ,zdom(δ∗

Y )
max
y∈Rn

L(x,y) − ⟨z,y⟩ + δ∗
Y(z), (4.44)

where both X and Y are convex sets with Y ∈ Rn, δ∗
Y(z) = supy∈Y yT z.

4.4.2 Lazy update for sparse and structured GLP

In Algorithm 8, direct computation of the iterates (xk,yk) and the output points (x̃k, ỹk) can
be expensive. However, [DL15] showed that it is possible to only update the averaged vector in the
coordinate block chosen for that iteration. This strategy requires us to record the most recent update
for each coordinate block and update it only when it is selected again, which is tricky and needs
to be implemented carefully. For sparse and block coordinate-separable instances of (PD-GLP), we
show that by introducing auxiliary variables that are sparsely connected, we can significantly simplify
clvr and make its complexity scale independently of the ambient dimension n · d, instead scaling
with nnz(A).
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Lazification. In Algorithm 8, for dense A, the O(|Sjk |d) cost of Steps 6 and 8 dominates the O(d)
cost of Steps 4 and 9. However, when A is sparse and |Sjk | is small, the cost of Steps 6 and 8 will
be O(nnz(ASjk )), which may be less than the O(d) cost of Steps 4 and 9. Using this observation, we
show that the nature of the dual averaging update enables us to propose an efficient implementation
whose complexity depends on nnz(A) rather than n · d.

Recall that we partition [n] into subsets {S1, S2, . . . , Sm} and use ASj (j ∈ [m]) to denote the jth
row block of A. For each block ASj , we use Cj ⊂ [d] to denote the indices of those columns of ASj

that contain at least one nonzero element. (Of course, {C1, . . . , Cm} is not in general a partition of
[d] as different subsets Sj may have non-zeros in the same columns.) We assume further that X and
r are coordinate separable, that is, X = X1 × · · · × Xd with Xi ⊂ R for all i and r(x) :=

∑d
i=1 r(xi)

with xi ∈ Xi.

In Step 4 of Algorithm 8, the separability of X and r means that an update to one coordinate
block of x — say the Cjk block in the update from xk−1 to xk, which requires a projection and
an application of the proximal operator — does not influence other coordinates xi

k for i /∈ Cjk .
Moreover, we can efficiently maintain an implicit representation of qk, in terms of a newly introduced
auxiliary vector rk; see Lemma 31 below. Similarly, to update ỹk efficiently, we maintain an implicit
representation of ỹk via an auxiliary vector sk, as shown in Lemma 32 below.

It is generally not possible to maintain x̃k efficiently since, in principle, all components of xk can
change on every iteration, and we wish to avoid the O(d) cost of evaluating every full xk. We seek
instead to output a proxy x̂K for x̃K from Algorithm 8 such that E[x̂K ] = x̃K . One possible choice
is to pick an index k′ ∈ [K] from the weighted discrete distribution ( a1

AK
, a2

AK
, . . . , aK

AK
) (computing

the scalar quantities ak and Ak for k ∈ [K] in advance), then setting x̂K = xk′ . A slightly more
sophisticated strategy is to sample a predetermined number K̂ of vectors xk, k ∈ [K], and define
x̂K to be the simple average of these vectors. Once again, the indices are chosen from the weighted
discrete distribution ( a1

AK
, a2

AK
, . . . , aK

AK
). Note that the total expected cost of the K iterations of the

algorithm (excluding the full-vector updates) is O(Knnz(A)/m), while the total cost of evaluating
the K̂ full vectors xk and accumulating them into x̂K is O(K̂d). Thus, for the full-step iterations
not to dominate the total cost, we can choose K̂ to be O(Knnz(A)/(md)). Finally, we note that
Theorem 8 is for x̃k, not x̂K . However, since E[x̂k] = x̃k, we expect the convergence rates from the
theorem to hold for x̂K in practice.

An implementation of Algorithm 8 that exploits the form of qk in Lemma 31 and ỹk in Lemma
32, and evaluates explicitly only those components of xk needed to perform the rest of the iteration
is given as Algorithm 10. This version also incorporates the strategy for obtaining x̂K by sampling
K̂ iterates on which to evaluate the full vector xk.
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Due to the efficient implementation in Algorithm 10, to attain an ϵ-accurate solution in terms of
the primal-dual gap in Theorem 8, we need O(nnz(A)L̂

ϵ ) FLOPS, which corresponds to O( L̂
ϵ ) data

passes. As a result, because a smaller batch size leads to a smaller L̂, we attain the best performance
in terms of number of data passes when the batch size is set to one. However, as modern computer
architecture has particular design for vectorized operations, lower runtime is obtained for a small
batch size strictly larger than one (see Section 4.6).

Remark 2. While we consider the case of fully coordinate separable r and X for simplicity, our lazy
update approach is also applicable to the coordinate block partitioning case in which X = X1 × · · · Xm

with Xi ∈ Rdi (i ∈ [m],
∑m

i=1 di = d) and r(x) :=
∑m

i=1 r(xi) with xi ∈ Xi. The difference is that for
each coordinate block ASj (j ∈ [m]), we overload Cj ⊂ [m] to denote the set of blocks in ASj where
each coordinate block contains at least one nonzero element.

Remark 3. Dual averaging has been shown to have significant advantage in producing sparser iterates
than mirror descent in the context of online learning [Xia10, LW12]. It further leads to better bounds
in well-conditioned finite-sum optimization [SJM20]. In this work, we show that dual averaging offers
better flexibility with sparse matrices than does mirror descent.

We need to compute explicitly only those components of qk−1 and xk that are needed to update
yk.

Lemma 31. For {qk} defined in Algorithm 8, we have

qk = Ak+1(c + zk) + rk, k = 0, 1, 2, . . . ,

where r0 = 0 and for all k = 1, 2, . . .

rk = rk−1 + (mak − Ak)(zk − zk−1).

Proof. The proof is by induction. For k = 0, we have q0 = A1(c + z0) which is true by definition.
Assuming that the result holds for some index k, we show that it continues to hold for k + 1. We
have from Step 9 of Algorithm 8, then using the inductive assumption, that

qk+1 = ak+2(zk+1 + c) +mak+1(zk+1 − zk) + qk

= ak+2(zk+1 + c) +mak+1(zk+1 − zk) + Ak+1(c + zk) + rk

= Ak+2c + (Ak+2 − Ak+1)zk+1 +mak+1(zk+1 − zk) + Ak+1zk + rk

= Ak+2(c + zk+1) + (mak+1 − Ak+1)(zk+1 − zk) + rk

= Ak+2(c + zk+1) + rk+1,

as required.
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This lemma indicates that we can reconstruct qk (or any subvector of qk that we need, on
demand), provided we maintain zk and rk. Note that the update from zk to zk+1 is sparse; these
two vectors differ only in the components corresponding to the block Cjk . To obtain rk+1 from rk,
we need to add a scalar times the sparse vector zk+1 − zk, so this update is also efficient.

We can also maintain an implicit representation of the averaged vector ỹk efficiently, as shown in
the following lemma.

Lemma 32. For {ỹk} defined in (4.33), we have

ỹk = yk + 1
Ak

sk, k = 1, 2, . . . ,

where s0 = 0 and for all k = 1, 2, . . . ,

sk = sk−1 + ((m− 1)ak − Ak−1)(yk − yk−1).

Proof. Recall that ỹK (K ≥ 1) is defined in Step 11 of Algorithm 8. The proof is by induction. For
k = 1, ỹ1 = y1 + 1

A1
(m − 1)a1(y1 − y0) = y1 + 1

A1
s1 which is true by the definition of s1 and A0.

Next, we assume that the result holds for some k ≥ 2 and show that it continues to hold for k + 1.
We have

Ak+1ỹk+1 =
k+1∑
i=1

(aiyi + (m− 1)ai(yi − yi−1))

= Akỹk + ak+1yk+1 + (m− 1)ak+1(yk+1 − yk)

= Akyk + sk + ak+1yk+1 + (m− 1)ak+1(yk+1 − yk)

= Ak(yk − yk+1 + yk+1) + sk + ak+1yk+1 + (m− 1)ak+1(yk+1 − yk)

= Ak+1yk+1 + sk + ((m− 1)ak+1 − Ak)(yk+1 − yk)

= Ak+1yk+1 + sk+1.

as required.

4.4.3 Restart scheme
We now propose a fixed restart strategy with a fixed number of iterations per each restart epoch

and discuss an adaptive restart strategy for the special case of standard-form LP, which corresponds
to (GLP) with r(x) ≡ 0 and X = {x : xi ≥ 0, i ∈ [d]}. We write

min
x

cT x s. t. Ax = b, x ≥ 0d, (LP)
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Algorithm 10 Coordinate Linear Variance Reduction with Lazy Update (Lazy CLVR)

1: Input: x̃0 = x0 = x−1 ∈ X ,y0 ∈ Rn, z0 = AT y0, γ > 0, L̂ > 0, K, K̂, m, {S1, S2, . . . , Sm},
{C1, C2, . . . , Cm}.

2: a0 = A0 = 0, a1 = A1 = 1
2L̂m

, q0 = a1(z0 + c), r0 = 0d, s0 = 0n.
3: for k = 1, 2, . . . , K − 1 do
4: ak+1 =

√
1+σAk/γ

2L̂m
, Ak+1 = Ak + ak+1.

5: end for
6: Choose indices {ℓ1, . . . , ℓK̂

} i.i.d. from [K] according to the distribution
{

a1
AK
, a2

AK
, . . . , aK

AK

}
.

7: for k = 1, 2, . . . , K do
8: Pick jk uniformly at random in [m].
9: if k = ℓi for some i = 1, 2, . . . , K̂ then

10: qk−1 = Ak(c + zk−1) + rk−1.

11: xk = prox 1
γ

Akr(x0 − 1
γ qk−1).

12: else
13: qCjk

k−1 = Ak(cCjk + zCjk

k−1) + rCjk

k−1.

14: xCjk

k = prox 1
γ

Akr(xCjk

0 − 1
γ qCjk

k−1).
15: end if
16: ySjk

k = ySjk

k−1 + γmak(ASjk ,Cjk xCjk

k − bSjk ),ySi

k−1 for all i ̸= jk.

17: zCjk

k = zCjk

k−1 + (ASjk ,Cjk )T (ySjk

k − ySjk

k−1), zi
k = zi

k−1 for all i /∈ Cjk ;
18: rCjk

k = rCjk

k−1 + (mak − Ak)(zCjk

k − zCjk

k−1), ri
k = ri

k−1 for all i /∈ Cjk ;
19: sSjk

k = sSjk

k−1 + ((m− 1)ak − Ak−1)(ySjk

k − ySjk

k−1), si
k = si

k−1 for all i /∈ Sjk ;
20: end for
21: x̂K = 1

K̂

∑K̂
i=1 xℓi .

22: ỹK = yK + 1
AK

sK .

23: return x̂K and ỹK .

and the primal-dual form

min
x≥0d

max
y∈Rn

{
L(x,y) = cT x + yT Ax − yT b

}
. (PD-LP)

This problem has a sharpness property that can be used to obtain linear convergence in first-order
methods [AHLL21]. For convenience, in the following, we define w = (x,y), ŵ = (x̂, ŷ), w̃ = (x̃, ỹ)
and w∗ = (x∗,y∗). Meanwhile, for γ > 0, we denote the weighted norm
∥w∥(γ):=

√
γ∥x − x∗∥2

2+ 1
γ ∥y − y∗∥2

2. Further, we use W∗ to denote the optimal solution set of the
LP and define the distance to W∗ by dist(w,W∗)(γ) = minw∗∈W∗∥w −w∗∥(γ). When γ = 1, ∥·∥(γ) is
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the standard Euclidean norm. Then based on (PD-LP), we can use the following classical LPMetric4

to measure the progress of iterative algorithms for LP:

LPMetric(x,y)

=
√

∥max{−x,0}∥2
2+∥Ax − b∥2

2+∥max{−AT y − c,0}∥2
2+|max{cT x + bT y, 0}|2, (4.45)

which can be explicitly and directly computed. For the Euclidean case (γ = 1), it is well-
known [Hof03] that there exists a Hoffman constant H1 such that

LPMetric(w) ≥ H1dist(w,W∗)(1). (4.46)

Using the equivalence of norms in finite dimensions, for general γ > 0, we can conclude that there
exists another constant Hγ (to which we refer as the generalized Hoffman’s constant) such that

LPMetric(w) ≥ Hγdist(w,W∗)(γ). (4.47)

Using Eq. (4.47) and Theorem 8, we then obtain the following bounds for distance and LPMetric.
The standard-form LP (PD-LP) is derived by setting r(x) ≡ 0 and X = {x ∈ Rd : xi ≥ 0, i ∈ [d]}

in (PD-GLP). Given any w ∈ X × Rn, we define a compact convex subset Wζ,γ(w) of X × Rn as
follows:

Wζ,γ(w) = {ŵ ∈ X × Rn : ∥ŵ − w∥(γ)≤ ζ, ζ > 0, γ > 0}, (4.48)

where we have defined ∥·∥(γ) by ∥w∥(γ)=
√
γ∥x∥2+ 1

γ ∥y∥2 in Section 4.4.3.

Lemma 33. Consider the standard-form LP (LP). Given τ > 0 and w ∈ X × Rn, if ∥w∥(γ)≤ τ

and ζ ≤ τ , then

sup
ŵ∈Wζ,γ(w)

{L(x, ŷ) − L(x̂,y)} ≥ ζ

γ + 1/γ + τ
LPMetric(w). (4.49)

Proof. Let F (w) =

AT y + c

b − Ax

 . Then we have

ρζ,γ(w) := sup
ŵ∈Wζ,γ(w)

{L(x, ŷ) − L(x̂,y)} = sup
ŵ∈Wζ,γ(w)

F (w)T (w − ŵ) ≥ 0, (4.50)

where the inequality follows from w ∈ Wζ,γ(w).
4In (PD-LP), we dualize the constraint Ax = b by yT (Ax−b) instead of yT (b−Ax), so in our LPMetric,

there exist a sign difference for y from the more common representation such as the one in [AHLL21].
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First, we prove

ρζ,γ(w) ≥ ζ∥max{−AT y − c, 0}∥2

γ
. (4.51)

If ∥max{−AT y−c, 0}∥2> 0, for ŵ1 = (x̂1, ŷ1), let x̂1 = x+ ζ
γ∥max{−AT y−c, 0}∥2

max{−AT y−c, 0} ∈
X and ŷ1 = y. Then we have ∥ŵ1 − w∥(γ)= ζ and thus ŵ1 ∈ Wζ,γ(w). So, as ρζ,γ(w) ≥
F (w)T (w − ŵ1), with the definition of ŵ1, Eq. (4.51) holds. If ∥max{−AT y − c, 0}∥2= 0, then
Eq. (4.51) holds trivially.

Second, we prove

ρζ,γ(w) ≥ ζγ∥Ax − b∥2. (4.52)

If ∥Ax − b∥2> 0, for ŵ2 = (x̂2, ŷ2), let x̂2 = x and ŷ2 = y + ζγ
∥Ax−b∥(Ax − b). Then we have

∥ŵ2 − w∥(γ)= ζ and thus ŵ2 ∈ Wζ,γ(w). Then as ρζ,γ(w) ≥ F (w)T (w − ŵ2), Eq. (4.52) holds. If
∥Ax − b∥2= 0, then Eq. (4.52) holds trivially.

Third, we prove that

ρζ,γ(w) ≥ ζ

τ
max{cT x + bT y, 0}. (4.53)

Note that the inequality holds trivially if cT x + bT y ≤ 0, so we assume that cT x + bT y > 0, and
note that F (w)T w = cT x + bT y > 0 in this case. This condition implies that w ̸= 0, so we can
define ŵ3 = w − min { ζ

∥w∥(γ)
, 1}w. Then we have ∥ŵ3 − w∥(γ)≤ ζ

∥w∥(γ)
∥w∥(γ)≤ ζ. Meanwhile, we

also have x̂3 ≥ x3 − x3 = 0, so that ŵ3 ∈ X × Rn. Thus, we have ŵ3 ∈ Wζ,γ(w). Then, with the
assumptions ζ ≤ τ and ∥w∥(γ)≤ τ, together with F (w)T w > 0, we have

ρζ,γ(w) ≥ min
{ ζ

∥w∥(γ)
, 1
}

F (w)T w ≥ min
{ζ
τ
, 1
}

F (w)T w = ζ

τ
F (w)T w = ζ

τ
(cT x + bT y),

(4.54)

completing the proof of the claim (4.53).
By combining Eqs. (4.51), (4.52) and (4.53), we obtain

(γ + 1/γ + τ)2ρ2
ζ,γ(w) ≥ ζ2(∥max{−AT y − c, 0}∥2

2+∥Ax − b∥2
2+ max{cT x + bT y, 0}2)

≥ ζ2(LPMetric(w))2, (4.55)

from which the result follows.

Lemma 34. Consider the standard-form LP (LP), and let w∗ = (x∗,y∗) be a Nash point (that is,
a solution of the primal-dual form (PD-LP)). For a starting point w0, define ζ = ∥w0 − w∗∥(γ) and
choose γ > 0. Then for all k = 1, 2, . . . , we have

E[∥w̃k − w∗∥(γ)] ≤
√

2∥w0 − w∗∥(γ),
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where the expectation is taken w.r.t. all the randomness up to iteration k. Further, for Wζ,γ(w̃k)
defined as in (4.48), we have

E
[

sup
w∈Wζ,γ(w̃k)

{L(x̃k,y) − L(y, ỹk)}
]

≤ 25L̂m
k

∥w0 − w∗∥2
(γ). (4.56)

Proof. By Theorem 8, we have

E
[γ

4 ∥x∗ − xk∥2+ 1
2γ ∥y∗ − yk∥2

]
≤ γ

2 ∥x∗ − x0∥2+ 1
2γ ∥y∗ − y0∥2= 1

2∥w0 − w∗∥2
(γ),

by the definition of ∥·∥(γ). Using this definition again, we have that the left-hand side in this
expression is bounded below by 1

4∥wk − w∗∥2
(γ), so that

E
[
∥wk − w∗∥2

(γ)] ≤ 2∥w0 − w∗∥2
(γ), ∀k ≥ 1. (4.57)

By convexity of ∥·∥2, we obtain

E[∥w̃k − w∗∥2
(γ)] = E

[∥∥∥1
k

k∑
i=1

(wi − w∗)
∥∥∥2

(γ)

]
≤ 1
k
E
[ k∑

i=1
∥wi − w∗∥2

(γ)

]
≤ 2∥w0 − w∗∥2

(γ). (4.58)

The first claim of the lemma now follows by applying Jensen’s inequality to this bound.
For ŵ = (x̂, ŷ) ∈ Wζ,γ(w̃k), we have the following bound on E

[
γ∥x̂ − x0∥2+ 1

γ ∥ŷ − y0∥2
]
:

E
[
γ∥x̂ − x0∥2+ 1

γ
∥ŷ − y0∥2

]
= E[∥w0 − ŵ∥2

(γ)]

= E[∥w0 − w∗ + w∗ − w̃k + w̃k − ŵ∥2
(γ)]

≤ E[(∥w0 − w∗∥(γ)+∥w∗ − w̃k∥(γ)+∥w̃k − ŵ∥(γ))2]

≤ E[3(∥w0 − w∗∥2
(γ)+∥w∗ − w̃k∥2

(γ)+∥w̃k − ŵ∥2
(γ))]

≤ E[3(∥w0 − w∗∥2
(γ)+2∥w∗ − w0∥2

(γ)+∥w0 − w∗∥2
(γ))]

= 12∥w0 − w∗∥2
(γ), (4.59)

where the first inequality is by the triangle inequality, the second inequality is by the arithmetic
inequality, the third inequality is by Eq. (4.58) and our assumption ŵ ∈ Wζ,γ(w̃k) with ζ = ∥w0 −
w∗∥(γ).

For the case of linear programming, the strong convexity constant is σ = 0, so that Ak = k
2L̂m

in
clvr. Thus, by applying Theorem 8 with Wk = Wζ,γ(w̃k) and

ŵ = (x̂, ŷ) = arg sup
w=(x,y)∈Wζ,γ(w̃k)

{L(x̃k,y) − L(x, ỹk)},
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and using the definition of ∥·∥(γ) and Eq. (4.59), we have

E
[

sup
w∈Wζ,γ(w̃k)

{L(x̃k,y) − L(y, ỹk)}
]

≤ 2L̂m
k

(
E
[γ

2 ∥x̂ − x0∥2+ 1
γ

∥ŷ − y0∥2
]

+ γ

2 ∥x∗ − x0∥2+ 1
2γ ∥y∗ − y0∥2

)
≤ 2L̂m

k

(
E[∥w0 − ŵ∥2

(γ)] + 1
2∥w0 − w∗∥2

(γ)

)
≤ 2L̂m

k

(
12∥w0 − w∗∥2

(γ)+
1
2∥w0 − w∗∥2

(γ)

)
≤ 25L̂m

k
∥w0 − w∗∥2

(γ). (4.60)

Then with Theorem 8, Lemmas 33 and 34, we give our theorem for the fixed restart strategy.

Theorem 9. Consider the clvr algorithm applied to the standard-form LP problem (PD-LP), with
input w0 and output w̃k. Given γ > 0, define w∗ = arg minw∈W∗ ∥w0 − w∥(γ), and define C0 =
γ + 1/γ + (

√
2 + 1)∥w0 − w∗∥(γ)+∥w∗∥(γ). Then for Hγ defined as in (4.47), we have

E
[√

dist(w̃k,W∗)(γ)

]
≤ 5

√√√√ L̂mC0

Hγk

√
dist(w0,W∗)(γ),

E[
√

LPMetric(w̃k)] ≤ 5

√√√√ L̂mC0

Hγk

√
LPMetric(w0).

Proof. Applying Lemma 33 with w = w̃k, τ = ∥w̃k∥(γ)+∥w0 − w∗∥(γ) and ζ = ∥w0 − w∗∥(γ)≤ τ ,
we have

sup
ŵ∈Wζ,γ(w)

{L(x̃k, ŷ) − L(x̂, ỹk)} ≥
∥w0 − w∗∥(γ)LPMetric(w̃k)

γ + 1/γ + ∥w̃k∥(γ)+∥w0 − w∗∥(γ)
. (4.61)

As x2

y is jointly convex in x, y on the domain {(x, y) : x ∈ R, y > 0} [BV04, Example 3.18] using
Jensen’s inequality, we have that E[x2

y ] ≥ (E[x])2

E[y] . (In our case, this simply follows as x, y depend on
the same source of randomness.) Applying this inequality to (4.61) with x =

√
LPMetric(w̃k) and

y = γ + 1/γ + ∥w̃k∥(γ)+∥w0 − w∗∥(γ), we obtain

E
[

sup
ŵ∈Wζ,γ(w̃k)

{L(x̃k, ŷ) − L(x̂, ỹk)}
]

≥ E
[ ∥w0 − w∗∥(γ)(

√
LPMetric(w̃k))2

γ + 1/γ + ∥w̃k∥(γ)+∥w0 − w∗∥(γ)

]

≥
∥w0 − w∗∥(γ)

(
E[
√

LPMetric(w̃k)]
)2

E[γ + 1/γ + ∥w̃k∥(γ)+∥w0 − w∗∥(γ)]
. (4.62)
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Using Lemma 34, we have

E[γ + 1/γ + ∥w̃k∥(γ)+∥w0 − w∗∥(γ)]

= γ + 1/γ + ∥w0 − w∗∥(γ)+E[∥w̃k∥(γ)]

≤ γ + 1/γ + ∥w0 − w∗∥(γ)+E[∥w∗∥(γ)+∥w̃k − w∗∥(γ)]

≤ γ + 1/γ + ∥w0 − w∗∥(γ)+∥w∗∥(γ)+
√

2∥w0 − w∗∥(γ)

= γ + 1/γ + (
√

2 + 1)∥w0 − w∗∥(γ)+∥w∗∥(γ). (4.63)

By combining Eqs. (4.62) and (4.63) and using the definition of C0, we have

E
[

sup
ŵ∈Wζ,γ(w̃k)

{L(x̃k, ŷ) − L(x̂, ỹk)}
]

≥
∥w0 − w∗∥(γ)

C0

(
E[
√

LPMetric(w̃k)]
)2

≥
∥w0 − w∗∥(γ)

C0

(
E[
√
Hγdist(w̃k,W∗)(γ)]

)2
, (4.64)

where the last inequality is by the definition of Hoffman constant in Eq. (4.47). Meanwhile, by
Lemma 34, we have:

E
[

sup
ŵ∈Wζ,γ(w̃k)

{L(x̃k, ŷ) − L(x̂, ỹk)}
]

≤ 25L̂m
k

∥w0 − w∗∥2
(γ). (4.65)

Now, recalling that w∗ = arg minw∈W∗∥w0 − w∥(γ) and using Eq. (4.47), we have

∥w0 − w∗∥(γ)= dist(w0,W∗)(γ) ≤ 1
Hγ

LPMetric(w0). (4.66)

By combining Eqs. (4.64)-(4.66), we have

1
C0

(
E
[√

Hγdist(w̃k,W∗)(γ)

])2
≤ 1
C0

(
E[
√

LPMetric(w̃k)]
)2

≤ 25L̂m
k

dist(w0,W∗)(γ)

≤ 25L̂m
Hγk

LPMetric(w0). (4.67)

Both bounds follow from this chain of inequalities.

As a result, by Theorem 9, if we know the values of L̂, ∥w∗∥(γ) and Hγ , then by setting k =
100L̂mC0

Hγk , we can halve the square root of the distance and the LPMetric in expectation. Thus we
can obtain linear convergence if we restart the CLVR algorithm after a fixed number of iterations.
However, the values of ∥w∗∥(γ) and Hγ are often unknown and thus make this strategy unrealistic
in practice.
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Compared with the above fixed restart strategy, a natural strategy is to restart whenever the
LPMetric halves, summarized in Algorithm 11 below. Since LPMetric is easy to monitor and update,
implementation of this strategy is straightforward. However, bounding the number of iterations
required to halve the metric (in expectation or with high probability) seems nontrivial. What can
be said (based on Theorem 9 and denoting by K the number of iterations on clvr between restarts)
is that P[K > 50L̂mC0

δ2Hγ
] ≤ δ. This follows by Markov inequality, as P[K > k] = P

[√
LPMetric(w̃k) >√

LPMetric(w0)
2

]
≤ 5

√
2 L̂mC0

Hγk . We provide a comparison between the adaptive restart scheme proposed
in [AHLL21] and our proposed adaptive restart scheme in Section 4.6.1 to demonstrate its practical
competitiveness. Although we use adaptive restart in our experiments, we defer its convergence
analysis to future work. Finally, as an independent and parallel work to ours, [LY21] proposed a
high probability guarantee for scheduled restart for stochastic extragradient-type methods.

Finally, we summarize the adaptive restart strategy in Algorithm 11.

Algorithm 11 Lazy CLVR with Adaptive Restarts
1: Input: ϵ > 0, x0 ∈ X ,y0 ∈ Rn, γ > 0, L̂ > 0, K, K̂, m, {S1, S2, . . . , Sm}, {C1, C2, . . . , Cm}
2: t = 0, x

(0)
0 = x0, y

(0)
0 = y0, w(0) = (x(0)

0 ,y
(0)
0 )

3: repeat
4: Run Lazy CLVR (Algorithm 10) until LPMetric(w(t+1)) ≤ 1

2LPMetric(w(t)) where, w(t+1) =
w̃

(t)
K = (x̃(t)

K , ỹ
(t)
K ) and x̃

(t)
K , ỹ

(t)
K are the output points of Lazy CLVR

5: t = t+ 1
6: until LPMetric(w(t)) ≤ ϵ

7: Return: w(t)

4.5 Application: Distributionally Robust Optimization

The underlying assumption of standard empirical minimization in machine learning is that all
the data samples (used for both training and testing) are sampled uniformly at random from a
fixed probability distribution [Vap13]. However, it is well-known that such an assumption is of-
ten violated in practice—the underlying distribution is not fixed and can vary due to a variety of
reasons, such as changing from the underlying domain [BDBC+10], perturbations from the physi-
cal world [GSS14, KGB+16, MMS+18], and adversarial attacks [KGB17, CW17]. To address the
uncertainty of the underlying distribution, a more reasonable assumption is that the distribution it-
self can vary within some ambiguity set while the goal for the trained model is that it performs
well even w.r.t. the worst case distribution from the ambiguity set. Such a learning paradigm
is called Distributionally Robust Optimization (DRO) [DY10, SAMEK15, ND16, DN21, HNSS18,
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EK18, SJ19, DN19, LCDS20] and the resulting optimization problem based on finite data is called
Robust Empirical Risk Minimization (R-ERM) [ND16]. The ambiguity set is typically modeled
by bounded deviation from the starting (e.g., uniform) distribution, where deviation is measured
using functions such as the f -divergence [ND16, HNSS18, DN21, LCDS20] and Wasserstein met-
ric [SAMEK15, EK18, LHS19, YLMJ21]. In this paper, we focus on the ambiguity sets defined
w.r.t. the Wasserstein metric, as this setup has gained significant attention in both theory [PC+19]
and practice [ACB17], as it allows the two distributions to be defined on different support sets.

Despite its substantial success in operations research [DY10, WKS14, BGK18, EK18, DGN21],
DRO has not been widely adopted in common machine learning practice due to the lack of large
scale optimization methods for solving the corresponding R-ERM problem.

Consider sample vectors {a1,a2, . . . ,an} with labels {b1, b2, . . . , bn}, where bi ∈ {1,−1} (i ∈ [n]).
The DRO problem with f -divergence based ambiguity set is

min
x∈X

sup
p∈Pρ,n

n∑
i=1

pig(bia
T
i x), (4.68)

where Pρ,n = {p ∈ Rn :
∑n

i=1 pi = 1, pi ≥ 0 (i ∈ [n]), Df (p∥1/n) ≤ ρ
n} is the ambiguity set, g

is a convex loss function and Df is an f -divergence defined by Df (p∥q) =
∑

i=1 qif(pi/qi) with
p, q ∈ {p ∈ Rn :

∑n
i=1 pi = 1, pi ≥ 0} and f being a convex function [ND16]. The formulation

(4.68) is a nonbilinearly coupled convex-concave min-max problem with constraint set Pρ,n for which
efficient projections are not available in general. When g is a nonsmooth loss (e.g., the hinge loss),
many well-known methods such as the extragradient [Kor76, Nem04] cannot be used even if we
could project onto Pρ,n efficiently. However, by introducing auxiliary variables, additional linear
constraints, and simple convex constraints, we can make the interacting term between primal and
dual variables bilinear, as shown next.

Theorem 10. Let X be a compact convex set. Then the DRO problem in Eq. (4.68) is equivalent to

min
x,u,v,w,µ,q,γ

{
γ + ρµ1

n
+ 1
n

n∑
i=1

µif
∗
( qi

µi

)}
s. t. w + v − q

n
− γ1n = 0n,

ui = bia
T
i x, i ∈ [n]

µ1 = µ2 = · · · = µn,

g(ui) ≤ wi, i ∈ [n]

qi ∈ µidom(f∗), i ∈ [n]

vi ≥ 0, µi ≥ 0, i ∈ [n]

x ∈ X .
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Proof. Since the context is clear, to simplify the notation, in the following we use P to denote Pρ,n.

First, using Sion’s minimax theorem, we have that

min
x∈X

sup
p∈P

n∑
i=1

pig(bia
T
i x) = sup

p∈P
min
x∈X

n∑
i=1

pig(bia
T
i x).

Introducing auxiliary variables w and u, the problem is further equivalent to

sup
p∈P

min
x∈X ,w,u:

ui=biaT
i x,i∈[n],

g(ui)≤wi,i∈[n]

pT w ≡ min
x∈X ,w,u:

ui=biaT
i x,i∈[n],

g(ui)≤wi,i∈[n]

sup
p∈P

pT w,

where the last equivalence is by applying minimax equality, which holds due to compactness of
P [Sto63]. Hence, we can conclude that

min
x∈X

sup
p∈P

n∑
i=1

pig(bia
T
i x) = min

x∈X ,w,u:
ui=biaT

i x,i∈[n],
g(ui)≤wi,i∈[n]

sup
p∈P

pT w. (4.69)

For a fixed tuple (x,w,u), using Lagrange multipliers to enforce the constraints from P , we can
further write

sup
p∈P

pT w = − inf
p∈P

−pT w

= − inf
p∈Rn

(
− pT w + sup

v≥0,γ∈R,µ≥0

(
− pT v + γ

( n∑
i=1

pi − 1
)

+ µ
(
Df (p∥1/n) − ρ

n

)))
= sup

p∈Rn

inf
v≥0,γ∈R,µ≥0

(
pT w + pT v − γ

( n∑
i=1

pi − 1
)

− µ
(
Df (p∥1/n) − ρ

n

))
.

Now, using the definitions of Df and the convex conjugate of f , we have

Df (p∥1/n) =
n∑

i=1

1
n
f(npi) =

n∑
i=1

1
n

sup
νi∈dom(f∗)

(npiνi − f∗(νi)). (4.70)

As a result, we have

inf
µ≥0

−µ
(
Df (p∥1/n) − ρ

n

)
= inf

µ≥0
−µ

n

( n∑
i=1

sup
νi∈dom(f∗),i∈[n]

(npiνi − f∗(νi)) − ρ
)

= inf
µ≥0,νi∈dom(f∗),i∈[n]

−µ

n

( n∑
i=1

(npiνi − f∗(νi)) − ρ
)

= inf
µ≥0,qi∈µdom(f∗),i∈[n]

1
n

n∑
i=1

( − piqi + µf∗( qi

nµ
)) + µρ

n

= inf
µ1=µ2=···=µn≥0,

qi∈µidom(f∗),i∈[n]

1
n

n∑
i=1

( − piqi + µif
∗( qi

nµi
)) + µ1ρ

n
,
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where the first equality is by Eq. (4.70), the third one is by the variable substitution qi = nµνi,
and the last one is by introducing µ1, µ2, . . . , µn to replace µ. Then each nµif

∗( qi

nµi
)(i ∈ [n]) is a

perspective function of f∗ [BV04], which is jointly convex w.r.t. (µi, qi). Hence, we can conclude that

sup
p∈P

pT w

= sup
p∈Rn

inf
γ∈R,v≥0,

µ1=µ2=···=µn≥0,
qi∈µidom(f∗),i∈[n]

(
pT w + pT v − γ

( n∑
i=1

pi − 1
)

+ 1
n

n∑
i=1

( − piqi + µif
∗( qi

nµi
)) + µ1ρ

n

)

= inf
γ∈R,v≥0,

µ1=µ2=···=µn≥0,
qi∈µidom(f∗),i∈[n]

sup
p∈Rn

(
pT w + pT v − γ

( n∑
i=1

pi − 1
)

+ 1
n

n∑
i=1

( − piqi + µif
∗( qi

nµi
)) + µ1ρ

n

)
,

where the last line is by strong duality. Thus, combining with Eq. (4.69), we conclude that the
original DRO problem with f -divergence based ambiguity set is equivalent to the following problem:

min
x,u,v,w,µ,q,γ

max
p∈Rn

{
γ + ρµ1

n
+ 1
n

n∑
i=1

µif
∗
( qi

µi

)
+ pT

(
w + v − q

n
− γ1n

)}
s. t. ui = bia

T
i x, i ∈ [n]

µ1 = µ2 = · · · = µn,

g(ui) ≤ wi, i ∈ [n]

qi ∈ µidom(f∗), i ∈ [n]

vi ≥ 0, µi ≥ 0, i ∈ [n]

x ∈ X .

Finally, noticing that the maximization problem over p ∈ Rn enforces the equality constraint w +
v − q

n − γ1n = 0n, we obtain

min
x,u,v,µ,q,γ

{
γ + ρµ1

n
+ 1
n

n∑
i=1

µif
∗( qi

µi
)
}

s. t. w + v − q

n
− γ1n = 0n,

ui = bia
T
i x, i ∈ [n]

µ1 = µ2 = · · · = µn,

g(ui) ≤ wi, i ∈ [n]

qi ∈ µidom(f∗), i ∈ [n]

vi ≥ 0, µi ≥ 0, i ∈ [n]

x ∈ X ,

as claimed.
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In Theorem 10, the domain of the one-dimensional convex function f∗(·) is an interval such as
[a, b], so that qi ∈ µidom(f∗) denotes the inequality µia ≤ qi ≤ µib. Since the perspective function
µf∗( q

µ) is a simple convex function of two variables, we can assume that the proximal operator for
this function on the domain {(µ, q) : q ∈ µdom(f∗), µ > 0} can be computed efficiently [BV04].
Similarly, we can assume that the constraint g(u) ≤ w admits an efficiently computable projection
operator. As a result, the formulation (4.68) can be solved by clvr. When expressing (4.68) in the
form of (PD-GLP), the primal and dual variable vectors have dimensions d + 1 + 4n and 3n − 1,
respectively. However, according to Table 4.1, provided that X is coordinate separable, the overall
complexity of clvr will only be O( (nnz(A)+n)(R+1)

ϵ ).

Example: Conditional Value at Risk (CVaR) with hinge loss. As a specific example of an
application of Theorem 10, we consider CVaR at level α ∈ (0, 1), which leads to the optimization
problem:

min
x∈Rd

sup
p≥0,1T

n p=1
pi≤ 1

αn
(i∈[d])

n∑
i=1

pig(bia
T
i x), (4.71)

where g(ui) = max{0, 1 − ui} is the hinge loss. Here the ambiguity set constraint reduces to simple
bounds pi ≤ 1

αn for i ∈ [n], so the reformulation based on the convex perspective function can
be avoided altogether and replaced by simple Lagrange multipliers for this linear constraint. In
particular, in the proof of Theorem 10, we can write

sup
p∈P

pT w = sup
p∈Rn

inf
v≥0,γ∈R,µ≥0

(
pT w + pT v − γ

( n∑
i=1

pi − 1
)

−
n∑

i=1
µi

(
pi − 1

αn

))
= sup

p∈Rn

inf
v≥0,γ∈R,µ≥0

(
γ + pT (w + v − γ1n − µ) + 1

αn
µT 1n

))
= inf

v≥0,γ∈R,µ≥0
sup

p∈Rn

(
γ + pT (w + v − γ1n − µ) + 1

αn
µT 1n

))
.

Following the argument from the proof of Theorem 10, and expressing wi ≥ g(ui) equivalently as the
pair of constraints wi ≥ 0 and wi ≥ 1 − ui, the problem reduces to

min
x,u,v,w,µ,γ

{
γ + 1

αn
µT 1n

}
s. t. w + v − γ1n − µ = 0n,

ui = bia
T
i x, i ∈ [n],

wi ≥ 0, wi ≥ 1 − ui, i ∈ [n],

vi ≥ 0, µi ≥ 0, i ∈ [n],

(4.72)

which is a linear program. To write it in the standard form, we further introduce slack variables
s ∈ Rn, s ≥ 0, to replace inequality constraints wi ≥ 1−ui by si −ui −wi = −1. For implementation
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purposes, we define X to be the set of simple non-negativity constraints (wi ≥ 0, si ≥ 0,, vi ≥ 0, µi,≥
0, ∀i ∈ [n]) from Eq. (4.72). The problem then becomes

min
x,u,v,w,µ,s,γ

{
γ + 1

αn
µT 1n

}
s. t. w + v − γ1n − µ = 0n,

ui − bia
T
i x = 0, i ∈ [n],

s − u − w = −1n,

w ≥ 0n, v ≥ 0n, µ ≥ 0n, s ≥ 0n.

The original DRO problem with Wasserstein metric based ambiguity set is an infinite-dimensional
nonbilinearly coupled convex-concave min-max problem defined by

min
w∈Rd

sup
P∈Pρ,κ

EP[g(baT w)], (4.73)

where a ∈ Rd, b ∈ {1,−1}, P is a distribution on Rd × {1,−1}, g is a convex loss function and Pρ,κ

is the Wasserstein metric-based ambiguity set [SAMEK15].

Definition 7. Let µ and ν be two probability distributions supported on Θ = Rd × {1,−1} and
let Π(µ,ν) denote the set of all joint distributions between µ and ν. Then the Wasserstein metric
between µ and ν is defined by

W (µ,ν) = inf
π∈Π(µ,ν)

∫
Θ×Θ

ζ(ξ, ξ′)π(dξ, dξ′), (4.74)

where ξ, ξ′ ∈ Θ and ζ(·, ·) : Θ × Θ → R+ is a convex cost function defined by

ζ((a, b), (a′, b′)) = ∥a − a′∥+κ|b− b′|,

where ∥·∥ denotes a general norm and κ > 0 is used to balance the feature mismatch and label
uncertainty. Let Q = 1

n

∑n
i=1 δ(ai,bi), where δ(ai,bi) is the Dirac Delta function (or a point mass) at

point (ai, bi). Then, the Wasserstein metric based ambiguity set is defined as

Pρ,κ =
{
P : W (P,Q) ≤ ρ

}
. (4.75)

Assumption 13. R ∋ M = supθ∈dom(g∗)|θ|.

We first show the following auxiliary lemma which is used in the proof of Theorem 11. A similar
result for the special case of a logistic loss function can be found in [SAMEK15].
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Lemma 35. Let (a′, b′) ∈ Rd × {1,−1} be a given pair of data sample and label. Then, for every
λ > 0, we have

sup
a∈Rd

g(b′aT w) − λ∥a − a′∥=

g(b
′a′T w), if ∥w∥∗≤ λ/M

+∞, otherwise
. (4.76)

Proof. Since g is assumed to be proper, convex, and lower semicontinuous, by the Fenchel-Moreau
theorem, it is equal to its biconjugate. Applying this property, we have

sup
a∈Rd

{g(b′aT w) − λ∥a − a′∥}

= sup
a∈Rd,

θ∈dom(g∗)

{θb′aT w − g∗(θ) − λ∥a − a′∥}

= sup
a∈Rd,

θ∈dom(g∗)

{θb′(a − a′)T w + θb′(a′)T w − g∗(θ) − λ∥a − a′∥.}

Applying the change of variable v := a − a′, we further have

sup
a∈Rd

{g(b′aT w) − λ∥a − a′∥}

= sup
v∈Rd,

θ∈dom(g∗)

{θb′vT w + θb′(a′)T w − g∗(θ) − λ∥v∥}

= sup
θ∈dom(g∗)

{1{∥θb′w∥∗≤λ} + θb′(a′)T w − g∗(θ)}

=

g(b
′(a′)T w), if supθ∈dom(g∗)∥θb′w∥∗≤ λ

+∞, otherwise
,

where the second equality is by the convex conjugate of a norm ∥·∥ being equal to the convex
indicator of the unit ball w.r.t. the dual norm ∥·∥∗. Finally, it remains to use that, by Assumption 13,
supθ∈dom(g∗)|θ|= M.

Then following [SAMEK15, Theorem 1], we provide reformulations of the problem from Eq. (4.73)
that can be addressed by computationally efficient solvers.
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Theorem 11. The optimization problem from Eq. (4.73) is equivalent to:

min
w,λ,u,v,s,t

ρλ+ 1
n

n∑
i=1

si

s. t. ui = bia
T
i w, i ∈ [n],

vi = −ui, i ∈ [n],

ti = 2κλ+ si, i ∈ [n],

g(ui) ≤ si, i ∈ [n],

g(vi) ≤ ti, i ∈ [n],

∥w∥∗≤ λ/M.

(4.77)

Proof. Let z = (a, b) ∈ Θ := Rd × {1,−1} and let hw(z) := g(baT w). Then by the definition of the
Wasserstein metric,

sup
P∈Pρ,κ

EP[g(baT w)] =

supπ∈Π(P,P̂n)
∫

Θ hw(z)π(dz,Θ)

s. t.
∫

Θ×Θ ζ(z, z′)π(dz, dz′) ≤ ρ.
(4.78)

Assume that the conditional distribution of z given z′ = (ai, bi) is Pi, for all i ∈ [n]. Then, based on
the definition of Pn = 1

n

∑n
i=1 δ(ai,bi), we have

π(dz, dz′) = 1
n

n∑
i=1

δ(ai,bi)P
i(dz). (4.79)

As a result, the problem from Eq. (4.78) is equivalent to

sup
P∈Pρ,κ

EP[g(baT w)] =


supPi

1
n

∑n
i=1
∫

Θ hw(z)Pi(dz)

s. t. 1
n

∑n
i=1
∫

Θ ζ(z, z′)Pi(dz) ≤ ρ∫
Θ Pi(dz) = 1.

(4.80)

Then substituting in z = (a, b), using that the domain of y is {1,−1}, and decomposing Pi into
unnormalized measures P±1(da) = Pi(da, {b = ±1}) supported on Rd, the RHS of Eq. (4.80) can be
simplified to

sup
Pi

±

1
n

n∑
i=1

∫
Rd

(hw(a, 1)Pi
1(da) + hw(a,−1)Pi

−1(da))

s. t. 1
n

n∑
i=1

∫
Rd

(ζ((a, 1), (ai, bi))Pi
1(da) + ζ((a,−1), (ai, bi))Pi

−1(da)) ≤ ρ∫
Rd

(Pi
1(da) + Pi

−1(da)) = 1.
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With the definition of the cost function ζ((a, b), (a′, b′)) = ∥a − a′∥+κ|b− b′|, it follows that

1
n

n∑
i=1

∫
Rd
ζ((a, 1), (ai, bi))Pi

1(da) + ζ((a,−1), (ai, bi))Pi
−1(da)

= 1
n

∫
Rd

∑
bi=1

[∥a − ai∥Pi
1(da) + ∥a − ai∥Pi

−1(da) + 2κPi
−1(da)]

+ 1
n

∫
Rd

∑
bi=−1

[∥a − ai∥Pi
−1(da) + ∥a − ai∥Pi

1(da) + 2κPi
1(da)]

= 2κ
n

∫
Rd

( ∑
bi=1

Pi
−1(da) +

∑
bi=−1

Pi
1(da)

)
+ 1
n

∫
Rd

n∑
i=1

∥a − ai∥(Pi
−1(da) + Pi

1(da)). (4.81)

Thus, we have

sup
P∈Pρ,κ

EP[g(baT w)] =



sup
Pi

±1

1
n

n∑
i=1

∫
Rd

(hw(a, 1)Pi
1(da) + hw(a,−1)Pi

−1(da))

s. t. 2κ
n

∫
Rd

∑
bi=1

Pi
−1(da) +

∑
bi=−1

Pi
1(da)


+ 1
n

∫
Rd

n∑
i=1

∥a − ai∥(Pi
−1(da) + Pi

1(da)) ≤ ρ∫
Rd

(Pi
1(da) + Pi

−1(da)) = 1.

The above problem w.r.t. Pi
±1 is an infinite-dimensional linear program with a finite number of

constraints. By [Sha01, Proposition 3.4], we get the following equivalent dual formulation:

sup
P∈Pρ,κ

EP[g(baT w)] =



min
λ,si

ρλ+ 1
n

n∑
i=1

si

s. t. sup
a∈Rd

hw(a, 1) − λ∥a − ai∥−λκ(1 − bi) ≤ si, i ∈ [n]

sup
a∈Rd

hw(a,−1) − λ∥a − ai∥−λκ(1 + bi) ≤ si, i ∈ [n]

λ ≥ 0.

Then, recalling that hw(a,±1) is short for g(±aT w), by Lemma 35, we have

sup
a∈Rd

hw(a,±1) − λ∥a − ai∥=

g(±aT
i w), if supθ∈dom(g∗)∥θw∥∗≤ λ

+∞, otherwise.
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Finally, the resulting reformulation is

min
w,λ,s

ρλ+ 1
n

n∑
i=1

si

s. t. g(bia
T
i w) ≤ si, i ∈ [n],

g(−bia
T
i w) − 2λκ ≤ si, i ∈ [n],

sup
θ∈dom(g∗)

∥θw∥∗ ≤ λ.

Finally, recalling that, by assumption, supθ∈dom(g∗)|θ|= M, it follows that the constraint
supθ∈dom(g∗)∥θw∥∗≤ λ is equivalent to ∥w∥∗≤ λ/M. Meanwhile, by introducing ui = bia

T
i w, vi =

−ui(i ∈ [n]) and si, ti(i ∈ [n], we obtain Theorem 11.

In Theorem 11, when we assume that the conic constraints g(u) ≤ s and ∥w∥∗≤ λ/M in Eq. (4.77)
admit efficient proximal operators, we can formulate this problem as (PD-GLP) and apply clvr. The
resulting complexity bounds are similar to those discussed above for the f -divergence formulation.

4.6 Numerical experiments

We provide experimental evaluations of our algorithm for the reformulation of the DRO with
Wasserstein metric based on the ℓ1-norm (with κ = 0.1 and ρ = 10) and hinge loss. For its LP
formulation (see Theorem 11), we compare our clvr method with three representative methods:
pdhg [CP11], spdhg [CERS18] and pure-cd [AFC20]. For all algorithms we use LPMetric (4.45)
as the performance measure and use a restart strategy based on successive halving of LPMetric
(Section 4.4.3) to obtain linear convergence. We implemented clvr and other algorithms in Julia,
optimizing all implementations to the extent possible. Our code is available at https://github.

com/ericlincc/Efficient-GLP.

Comparison between values of L and R. As described in Section 4.1, a major advantage of
clvr is that the complexity of clvr depends on the max row norm R instead of the spectral norm
L, which in the worst case for ill-conditioned problems can lead to a factor of

√
n improvement.

In practical problems where the problem instances are highly structured (e.g., reformulated DRO
problems), R can be much smaller than L. Table 4.2 provides empirical evidence for this claim. In
all our experiments, we normalize each rows of A to R = 1 as stated in Assumption 9, so the values
of L demonstrate the theoretical improvements for the experiments described in Section 4.6.

Comparison with primal-dual algorithms. Figure 4.1 provides a comparison between algo-
rithms in terms of the number of data passes and wall-clock time. The spikes in all the plots are due

https://julialang.org
https://github.com/ericlincc/Efficient-GLP
https://github.com/ericlincc/Efficient-GLP
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Table 4.2: Values of the spectral norm L in the reformulated DRO problems with Wasserstein
metric after each row is normalized to R = 1.

Reformulated a9a Reformulated gisette Reformulated rcv1 Reformulated news20
d = 130738, n = 97929 d = 44002, n = 28000 d = 269914, n = 155198 d = 5500750, n = 2770370

117.3 65.9 196.4 1041.6

Figure 4.1: Comparison of numerical results in terms of number of data passes and wall-clock time.

to restarts: At the beginning of each restart cycle, the value of LPMetric increases significantly, then
decreases rapidly. For the number of data passes (top row), clvr with block size 1 and pure-cd
perform best on all three datasets, clvr with block size 10 and spdhg with block size 50 have
second-tier performance, and pdhg is worst. For the clvr algorithm, smaller block size corresponds
to smaller L̂ in Assumption 11, which corresponds to better complexity in terms of data passes
by Theorem 8. Nevertheless, the gap between empirical performance and theoretical guarantee for
spdhg and pure-cd deserves further research because, to date, they have only been shown to have
the same iteration complexity as pdhg. 5 Empirically, on a9a, clvr with block size 1 performs
better than pure-cd in terms of data passes.

In terms of wall-clock time (bottom row of Figure 4.1), because of different per-iteration costs
of each algorithm and instruction-level parallelism in modern processors [HP11], the plots differ

5The later paper [ACW22] describes complexity results for a newly developed version of PURE-CD that
exploits sparsity in A.
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significantly from the plots for number of data passes. Even with block size 50, spdhg spends the
most wall-clock time for one data pass and is the slowest on sparse datasets a9a and rcv1, but is
faster than pdhg on the dense dataset gisette. Meanwhile, while clvr with block size 10 is not best
in terms of data passes, it remains fastest in terms of wall-clock time on all datasets due to cheaper
per-iteration cost and instruction-level parallelism. On rcv1, the per-iteration cost of pure-cd is
about 60% of that of clvr with block size 1. Hence, despite having similar performance in terms of
data passes, pure-cd is faster than clvr with block size 1, but is still slower than clvr with block
size 10.

Comparison with production linear programming solvers. Table 4.3 shows that clvr is
competitive against production-quality linear programming solvers such as GLPK [glp22] and
Gurobi [Gur22]. We observe that clvr reached accurate solutions significantly faster than GLPK
and Gurobi in the reformulated problems with gisette and rcv1 datasets. Although clvr is much
slower than Gurobi(barrier) on a9a dataset, we believe that much of the performance gap in this
case is due to the redundancy in the problem formulation with the a9a dataset, much of which is
removed by Gurobi presolver6. We leave presolving and other heuristic speedups of clvr for future
work.

Table 4.3: Comparison of numerical results between clvr and three production solvers for linear
programming, showing time required (in seconds) for each solver to reach accuracy 10−8.

Time (seconds) Reformulated a9a Reformulated gisette Reformulated rcv1
d = 130738, n = 97929 d = 44002, n = 28000 d = 269914, n = 155198

JuMP+GLPK 899 > 4 × 104 > 4 × 104

JuMP+Gurobi(simplex) 893 2482 7008
JuMP+Gurobi(barrier) 26 1039.7 1039.5

CLVR 962 697 582

4.6.1 Comparison of adaptive restart schemes

We provide a brief empirical comparison between our adaptive restart scheme that uses LPMet-
ric and the adaptive restart scheme using the normalized duality gap proposed in [AHLL21]. We
compared the performance of PDHG on benchmark problem sets qap10, qap15, nug08, and nug20

used in [AHLL21], using the two adaptive restart criteria. We ran PDHG until reaching accuracy as
6In our DRO instance with a9a dataset, Gurobi presolver removed 25% of the columns and 58% of the

nonzeros.
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described in [AHLL21] (that is, until normalized duality gap is at most 10−6 and primal and dual
infeasibility is at most 10−8).

Table 4.4: Number of iterations required for the normalized duality gap
and primal and dual infeasibility to fall below 10−6 and 10−8, respectively.

Problem Name Adaptive Normalized Duality Gap Adaptive LPMetric
qap10 13041 14521
qap15 12561 961
nug08 841 1481
nug20 22001 16281

Table 4.4 shows that the two restart criteria give similar performance in terms of iteration com-
plexity. Normalized gap is better on qap10 and nug08, while LPMetric is better on qap15 and nug20.
For further details, Figure 4.2 plots the normalized duality gap vs iteration count. The two adaptive
restart schemes lead to similar performance of PDHG over iterations. Comparisons based on wall-
clock time are shown in Figure 4.3; the behavior is similar. We conclude that our restart criterion
based on LPMetric seems comparable with normalized duality gap, in terms of iteration complexity.

4.6.2 Batch optimizations for practical computations

When we consider the DRO problem with Wasserstein metric of ℓ1-norm and with hinge loss,
we observe that the reformulation described in Theorem 11 can be further reformulated into an
ordinary LP, as the dual norm of ℓ1 norm is ℓ∞ norm and hinge loss can be decomposed linearly with
additional auxiliary variables. Thus in the following instances we consider, we apply our adaptive
restart scheme with respect to LPMetric as illustrated in Section 4.4.3 to achieve heuristic linear
convergence rate in terms of the number of data passes. We compare our clvr method with three
representative methods: pdhg [CP11], spdhg [CERS18] and pure-cd [AFC20]. We implemented
clvr and other algorithms in Julia, optimizing all implementations to the best of our ability.7 For
spdhg, whose per-iteration cost is at least O(d), we consider a large batch size of 50 to balance the
effect of the O(d) cost and improve the overall efficiency. Meanwhile, pure-cd with block size 1 is
already well suited to sparsity. For clvr, we experiment with block sizes 1 and 10.

We conducted our experiments on LibSVM [CL11] datasets a9a, gisette, and rcv1.binary, each
with different sparsity levels. We run each algorithm using one CPU core, on a Linux machine with a
second generation Intel Xeon Scalable Processor (Cascade Lake-SP) with 128 GB of RAM. Because
the weight parameter γ between primal and dual variables (see Theorem 8) strongly influences

7Julia is particularly designed for high performance numerical computation.

https://julialang.org
https://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/binary.html
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Figure 4.2: Comparisons of restart schemes that use LPMetric and that use the normalized duality
gap against number of iterations. The plots from left to right and then top to bottom are for qap10,
qap15, nug08, and nug20.

empirical performance, we tune it for all datasets by trying the values {10−i} for i ∈ Z, for each of
the methods. We set the Lipschitz constant of pdhg to be the largest singular value of the constraint
matrix in the LP formulation. For pure-cd and clvr with block size 1, because the rows of the
matrix are normalized, we set the Lipschitz constant to 1. For clvr with block size 10 and spdhg
with block size 50, the Lipschitz constants are tuned to 3 and 9, respectively.

Remark 4 (Comparisons of using different block sizes). We conducted experiments to compare the
practical performance of clvr against different choices of block sizes, with results shown in Figure 4.4.
We ran the DRO with Wasserstein metric using the same setup as described in Section 4.6, on the
rcv1 dataset and using an early stopping criterion of LPMetric at 10−1. In the plot, we can see that
clvr converges to an approximate solution fastest when the block size is set to 10, providing support
for our choice of 10 in Section 4.6. As illustrated in Figure 4.1, clvr is most efficient in terms of the
number of data passes when the block size is 1, but in terms of the execution time, running clvr with
larger block size yields better performance. We attribute this phenomenon to the instruction-level
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Figure 4.3: Comparisons of restart schemes that use LPMetric and that use the normalized duality
gap against wall clock time in terms of seconds. The plots from left to right and then top to bottom
are for qap10, qap15, nug08, and nug20.

parallelism [HP11] in modern processors, allowing more computations to be completed in the same
number of clock cycles.

In Table 4.5, we list information about the three datasets and the corresponding matrices in the
reformulations. As we see, due to the sparse connectivity of auxiliary variables, all the matrices in
reformulations are quite sparse. As a commonly adopted preprocessing step for LP, we normalize the
matrix in the standard-form LP so that each row has Euclidean norm 1.

Remark 5 (Performance comparison using multiple cores). We conducted further experiments to
examine the effects of allowing the algorithms to run on more computing cores. However, we did
not observe any meaningful difference in performances in terms of wall-clock time when we repeated
the experiments described above and in Section 4.6 using 2 CPU cores per algorithm. Our inter-
pretation of this observation is that because most of the steps within clvr and other algorithms we
are comparing against are simple and cheap, involving very few large matrix-vector multiplications
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Figure 4.4: Comparison of the performance of CLVR with various choices of blocksizes.

and no matrix factorization, the practical performance of algorithms becomes memory-bound, hence
additional cores do not make much difference.

Conclusion. Our numerical experiments show that clvr is fastest in both the number of data
passes and wall-clock time on considered datasets, among all primal-dual algorithms that we imple-
mented. It is also competitive with production-quality linear programming solvers. Since it has a
theoretical guarantee that matches or improves the state of the art among primal-dual methods, we
believe that clvr could be a method of choice.
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Table 4.5: The dimension and sparsity of the original datasets and the corresponding matrices in
reformulations.

Dataset Original (d, n) #nonzeros / (d× n) Reformulated (d, n) #nonzeros / (d× n)
a9a (123, 32561) 0.11 (130738, 97929) 9.6 × 10−5

gisette (5000, 6000) 0.99 (44002, 28000) 4.9 × 10−2

rcv1 (47236, 20242) 1.5 × 10−3 (269914, 155198) 8.8 × 10−5
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Chapter 5

Conclusions and Future Directions

In this dissertation, we designed and analyzed coordinate algorithms for solving modern structured
machine learning problems under some favorable structures that arises in large-scale settings, given
in Eq. (1.1). Our results contribute to the algorithmic understandings of continuous first-order
optimization via efficient and scalable coordinate algorithms. Below we highlight general conclusions
and possible future directions.

Chapter 2: Tighter Convergence Bounds for Shuffled SGD via Primal-Dual Perspective.
Through the lens of primal-dual perspective, we provided the first fine-grained, data-dependent
convergence bounds for shuffled SGD, a class of incremental method with random permutations, in
general convex finite-sum and in generalized linear model settings. There remains further explorations
to be done to extend our results to less favorable settings such as loss functions with non-convexity
with mild assumptions, which can generally appear in modern deep learning settings.

Chapter 3: Accelerating Cyclic Coordinate Algorithms via Dual Averaging with Extrap-
olation. We further extended the cyclic smoothness idea from [SD21a] to propose the A-CODER
algorithm for composite convex optimization, where the objective function can be expressed as the
sum of a smooth convex function accessible via a gradient oracle and a convex, possibly nonsmooth,
function accessible via a proximal oracle. We showed that A-CODER attains the optimal convergence
rate with improved dependence on the number of blocks compared to prior work. We demonstrated
that the new dependence on the number of blocks may be of constant factors for many machine
learning datasets through numerical experiments, despite that dependency being the order of the
square root of the number of blocks in the worst case. As a note for future direction, there still
remains a gap in our theoretical understanding about what structures should present in the objective
functions for that extra dependency on the number of blocks to diminish fully.
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Chapter 4: Faster Algorithms for Solving Generalized Linear Programming and the
Connection to Distributionally Robust Optimization. We studied a class of generalized
linear programs (GLP) in a large-scale setting, which includes a simple, possibly non-smooth convex
regularizer and simple convex set constraints. By reformulating (GLP) as an equivalent convex-
concave min-max problem, we designed an efficient, scalable first-order algorithm named Coordinate
Linear Variance Reduction (CLVR). CLVR yielded improved complexity results for (GLP) that
depend on the max row norm of the linear constraint matrix A rather than the spectral norm.
We further introduced two strategies to improve the convergence rates: 1) lazy updates when the
regularization term and constraints are coordinate-separable, and 2) an adaptive restart scheme when
the regularization term is zero. Furthermore, by introducing sparsely connected auxiliary variables,
we showed that Distributionally Robust Optimization (DRO) problems with ambiguity sets based
on both f -divergence and Wasserstein metrics can be reformulated as (GLPs).
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coordinate descent using non-uniform sampling. In Proc. ICML’16, 2016.
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