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ABSTRACT

In this dissertation, we study optimization algorithms with coordinate updates, a family of iter-
ative optimization algorithms that serve as the workhorses for training modern data-driven decision
systems (also known as machine learning), in stochastic and in cyclic manners. We introduce highly
structured related machine learning problems, present several novel algorithms that improve upon
existing convergence guarantees, and extend the theoretical understanding of these problems through
rigorous mathematical analysis, and detailed numerical experiments. In Chapters 2 and 3, we focus
on the cyclic coordinate descent case, where the bias accumulated within each epoch is nontriv-
ial to tackle. In Chapter 4, we shift our focus to solving generalized linear programming (GLP)
via randomized coordinate linear primal-dual techniques, and introduce a novel connection between

distributionally robust optimization (DRO) and GLP.
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Chapter 1

Introduction

Stochastic gradient descent (SGD) and coordinate descent (CD) are the two mostly influential
optimization algorithms in the era of modern machine learning and deep learning problems. While
both classes of algorithms have a long history in the area of mathematical optimization, their core idea
is to reduce full expensive update rules to simple update rules with cheap per-iteration costs. In the
modern era where there is a seemingly unlimited supply of data and unimaginably scalable computing
resources for training predictive models, their cheap per-iteration costs and lower memory overhead
make them particularly attractive as the go-to optimization algorithms. At the same time, their
resurgence has motivated a new wave of research into their theoretical properties and their practical
performances. In this dissertation, we focus on improving the understanding of coordinate descent
algorithms with cyclic and stochastic strategies for solving structured smooth optimization and min-
max problems, which have strong connections to many modern machine learning applications. In
this chapter, we focus on defining the notation that will be used throughout the thesis, as well as

the basics of the algorithms of interest.

1.1 Problem Description

The basic continuous optimization problem can be phrased as

gleig f(x) +r(x) (1.1)

where X C R? is a compact convex set, f : R? — R is a convex objective function and r :
R? — R U {oco} is an optional regularization function. Depending on the structure of the prob-
lem, its optimization problem can be of composite form or not, while its objective function can
be smooth/nonsmooth and strongly-convex/non-strongly convex. In the following, we give a brief

overview of the common properties in convex optimization.



Definition 1 (Convex set). A set X is convex if for all x,y € X and 0 < v <1 it holds that
ye+ (1 —7v)y e X. (1.2)

Definition 2 (Convex function). A function f is convex over X if for all z,y € X and 0 < v <1
it holds that

fOx+ (1 =7)y) <vf(x)+ (1 —7)f(y) (1.3)

We further consider common nice properties that facilitate important mathematical analysis on
the convergence rates of algorithms under various assumptions. In particular, we define Lipschitz

continuity, L-smoothness and p-strong convexity as follows:

Definition 3 (Lipschitz continuity). A function f is M-Lipschitz continuous over X if for all x,y €
X it holds that

() = f()lly < Mz —yll,- (1.4)

Definition 4 (Lipschitz smoothness). A differentiable function f is L-Lipschitz smooth over X if
for all x,y € X it holds that

IVi(@) = Viyl, < Liz—-yl,. (1.5)

Definition 5 (Strong convexity). A function f is p-strongly convex over X if for all x,y € X there
exists 4 >0 and 0 < v < 1 such that

fom+ (1 =7y) < 9f(@) + (1= Nf ) =11 =D lle -yl (1.6)

1.2 Favorable Structures for Efficient Algorithms in Modern Ma-
chine Learning Problems

Without the presence of any favorable structures such as the above defined convexity, smoothness
or strong convexity, an optimization problem for predictive models can be difficult. In fact, a general
nonconvex nonsmooth minimization problem for predictive models can be NP-hard with respect to
the number of model parameters in the worst case. However in the past few decades, overwhelming
empirical evidence in machine learning and deep learning has shown that optimization problems in
most model training are not near the difficulty of NP-hardness (e.g., [KSH12]). Therefore it is natural
to believe that those problems possess some forms of favorable structures, leading to some popular
assumptions of niceness in algorithm designs. In this section, we present two additional structures

that motivate the innovation of more efficient and scalable algorithms in this thesis.



1.2.1 Data Separability

Even in modern big data applications, it is natural to consider a dataset as a finite collection of
data points where each data point (or each batch of data points) can be accessed cheaply and indepen-
dently. This motivates the following form of data-separable finite-sum structure in our optimization

problem:

min {f(az) +r(x) = iifz(m) +r(w)} (1.7)

xrecX et
where f; correspond to the loss function with respect to the i-th data point and n is the total

number of data points in the dataset. This structure permits the designs of efficient stochastic

algorithms by variance reduction techniques.

1.2.2 Coordinate Separability

Modern learning problems are very high-dimensional. In certain structured problems where they
can be decomposed into smaller simpler subproblems along the dimension of parameters [PWX™"16],
we can consider each update on one or a small block of parameters while fixing others. This obser-
vation motivates us to partition = into coordinate blocks (z!, 22, ...,2%) where d is the number of
model parameters.

These types of coordinate algorithms are particularly useful when the data matrix is sparse,
leading to cheap updates when solving coordinate subproblems during each coordinate update. In
recent years, we have also seen a renewed interest to model distributed large language model training

as coordinate separable problem to understand the parallelization of such algorithms.

1.3 Contributions and Organization

In the following, I briefly outline the organization of this thesis and our contributions. I defer
the details of background-related work for each topic to its respective chapter due to the diversity of

areas.

Chapter 1: In the first chapter we revisit fundamental concepts in convex optimization that will
be used throughout the thesis. We also define the optimization problem and discuss its characteristic

and structures.



Chapter 2: Shuffled-style Stochastic gradient descent (SGD) algorithms are a class of simple yet
powerful algorithms that are widely used in practice to train large-scale deep learning models. How-
ever, in contrast to its widely-studied theoretical counterpart which usually relies on the assumption
of sampling with replacement, the convergence behavior of shuffled-style SGD is much less well-
understood despite its superior numerical performance. We propose to view shuffled-style SGD in
a primal-dual perspective where the gradient descent iterations with respect to individual samples
in datasets becomes cyclic coordinate steps in the dual space. We show improved fine-grained con-
vergence bounds and offer a theoretical explanation of the superior empirical performance of data

permutations over vanilla counterparts in machine learning problems.

Chapter 3: Traditional gradient descent algorithms solve optimization problems by iteratively
computing the full gradients and perform updates over all model parameters at each step. In contrast,
coordinate descent algorithms solve them by successively performing minimization along coordinate
directions or hyperplanes (in block coordinate setting). We focus on accelerating cyclic coordinate
algorithms via introducing dual averaging with extrapolation and make an important step towards

a dimension-independent algorithm in the class of cyclic algorithms.

Chapter 4: Departing from the cyclic settings of Chapter 2 and 3, we study a class of GLP in a
large-scale settings via a form of randomized dual coordinate algorithm. We reformulate GLP as an
equivalent convex-concave min-max problem where we exploit the linear structure in the problem and
propose an efficient scalable first-order algorithm named CLVR. We introduce a novel reformulation
connecting DRO problems with ambiguity sets based on both f-divergence and Wasserstein metrics

to GLP, and demonstrate the practical effectiveness in solving DRO problems through CLVR.

1.4 Other Work During My Ph.D.

Some of the work done during my Ph.D. was not included in this thesis because it was not closely
related to the theme or because it has not been fully completed yet, but I would like to take the

opportunity to mention it in this section.

Parameter-free Locally Accelerated Conditional Gradients. The first project during my
Ph.D. involves studying parameter-free acceleration under conditional gradient settings. Projection-
free conditional gradient (CG) methods are the algorithms of choice for constrained optimization
setups in which projections are often computationally prohibitive but linear optimization over the
constraint set remains computationally feasible. Unlike in projection-based methods, globally ac-

celerated convergence rates are in general unattainable for CG. However, a very recent work (at



the time) on Locally accelerated CG (LaCG) has demonstrated that local acceleration for CG is
possible for many settings of interest. The main downside of LaCG is that it requires knowledge
of the smoothness and strong convexity parameters of the objective function. We remove this lim-
itation by introducing a novel, Parameter-Free Locally accelerated CG (PF-LaCG) algorithm, for
which we provide rigorous convergence guarantees. Our theoretical results are complemented by nu-
merical experiments, which demonstrate local acceleration and showcase the practical improvements
of PF-LaCG over non-accelerated algorithms, both in terms of iteration count and wall-clock time.
Figure provides a brief description of the design and execution of PF-LaCG.

Efficient Waveform De-convolution for Neutrino Detection. Towards the end of my Ph.D.,
Jelena and I began a collaboration with wonderful scientists Benedikt Riedel, Jim Braun and Josh
Peterson from the IceCube Neutrino Observatory. Despite making significant algorithmic progress,
our work has not been deployed to their production yet, thus yet a publication, due to various
constraints.

The IceCube Neutrino Observatory is a 1 km? neutrino detector located in the South Pole, op-
timized for detection of high-energy astrophysical neutrinos [AT17]. When a high energy neutrino
interacts with a nucleon, ultra-relativistic charged particles are produced and emit Cherenkov radia-
tion. Digital optical modules (DOMs), housing a photomultiplier-tube (PMT), measure and digitize
the voltage waveforms produced by incoming Cherenkov photons. The algorithmic challenge arises
during the phase where the digitized waveform is required to be de-convoluted into a pulse series
with photon charge (approximate number of photons) and timing information. The de-convolution

problems can be formulated as a Non-Negative Least Square (NNLS+) problem
. 2
min || Az — bll; + r(x)

where the basis matrix A is non-negative, highly sparse, and highly structured. Furthermore, the
desired form of regularization r(x) is unclear due to various physical properties which we would
like the algorithm to attain. We propose a fast multi-stage block-coordinate exact minimization
algorithm which leverages the block incremental structure of the basis matrix to repeatedly solve a
simpler approximated subproblem. Furthermore, we show improved computational efficiency in terms
of CPU-time compared to the production algorithm, which is a Lawson Hanson NNLS algorithm
specialized for use in IceCube. We hope to further optimize our algorithm and aim to have our work

deployed in the next generation of IceCube Gen II.



1.5 Contributions to Literature

e The non-included work on Parameter-free Locally Accelerated Conditional Gradients was pub-
lished in the proceedings of ICML’21 [CDLP21]. Carderera, A., Diakonikolas, J., Lin, C.Y., &
Pokutta, S. (2021). Parameter-free Locally Accelerated Conditional Gradients. International

Conference on Machine Learning.

e Chapter 2 is based on [CLD24]: Cai, X.*, Lin, C. Y.* & Diakonikolas, J. (2024). Tighter
Convergence Bounds for Shuffled SGD via Primal-Dual Perspective. Advances in Neural In-

formation Processing Systems.

e Chapter 3 is based on [LSD23|: Lin, C.Y., Song, C., & Diakonikolas, J. (2023). Accelerated
Cyclic Coordinate Dual Averaging with Extrapolation for Composite Convex Optimization.

International Conference on Machine Learning.

e Chapter 4 is based on [SLWD22]: Song, C.*, Lin, C. Y.*, Wright, S., & Diakonikolas, J.
(2022). Coordinate Linear Variance Reduction for Generalized Linear Programming. Advances

in Neural Information Processing Systems.



Figure 1.1: An example of coupling between Away-Step Frank Wolfe (AFW) and accelerated gradient
descent (ACC) in PF-LaCG on a tetrahedron as the feasible set, starting from initial point & with
the base of the tetrahedron as its support Sg. The two algorithms are run in parallel from xqg: AFW
optimizes over the entire tetrahedron, allowing it to add and remove vertices, while ACC optimizes
over the base of the tetrahedron only and it cannot converge to the optimal point &*, as * ¢ co(Sp).
After several iterations, once the restart criterion for AFW is triggered, PF-LaCG chooses the output
point of AFW over that of ACC, as w*"W < min{w"¢C, wﬁgg /2}, hence a PF-LaCG restart occurs
at . For ease of exposition we assume that the point outputted by AFW is contained in F(x*)
after a single halving of w(x,S), although in practice several restarts may be needed for AFW to

reach F(z*). Since zft

is on the optimal face F(x*), PF-LaCG has completed the burn-in phrase.
The two algorithms again run in parallel from z® after the restart. However, ACC converges to the
optimal x* at an accelerated rate, much faster than AFW. Hence, local acceleration is achieved by

PF-LaCG while being at least as fast as vanilla AFW.



Chapter 2

Tighter Convergence Bounds for Shuffled SGD
via Primal-Dual Perspective

Stochastic gradient descent (SGD) is the most fundamental optimization algorithm in modern
machine learning. Similar to the traditional gradient descent algorithm, SGD is an iterative algorithm
that updates the model parameters based on the gradient of the loss function, minimizing the loss
function in the process. Different than the traditional gradient descent algorithm, SGD approximates
the gradient of the loss function by computing it from a single sample or a mini-batch of sample at
each step. This is a simple yet powerful algorithm, removing the memory and computation burden
of making a full pass over the entire dataset. This feature has allowed SGD, along with its many
variants such as momentum SGD, ADAM and RMSProp, to scale particularly well in deep learning
applications, where models often have millions or even billions of parameters trained over billions rows
of data. Despite its huge success in modern machine learning applications, there exist fundamental
gaps between the theoretical understanding of these algorithms vs their practical effectiveness. In
this chapter, we will focus on studying a variant of SGD most widely used in practice — Shuffled
SGD.

The most basic version of SGD picks a single sample from the dataset at random, computes
its gradient and conducts an update to model parameters at each step. The empirical practice in-
stead samples from the dataset without replacement (shuffling) and with (possible) reshuffling at each
epoch. While this shuffling strategy does not align with the theoretical counterpart of SGD which
usually relies on the assumption of sampling with replacement, it has proven to be extremely effective
in training complex machine learning and deep learning models over large datasets. It is only very

recently that SGD using sampling without replacement — shuffled SGD — has been analyzed with



matching upper and lower bounds. However, we observe that those bounds are too pessimistic to ex-
plain often the superior empirical performance of data permutations (sampling without replacement)

over vanilla counterparts (sampling with replacement) on machine learning problems.

2.1 Introduction

Originally proposed in [RM51], SGD has been broadly studied in the machine learning literature
due to its effectiveness in large-scale settings, where full gradient computations are often computa-
tionally prohibitive. When applied to unconstrained finite-sum problems

min f(z), where f(a) =13 fi(a), (P)

xeR? n
SGD performs the update x; = x;—1 — nV fi,(xi—1) for iy € [n] ([n] := {1,...,n}), in each itera-
tion ¢t. Traditional theoretical analysis for SGD builds upon the assumption of sampling i; € [n]
with replacement according to a fixed distribution p = (py1,...,p,)" over [n], which leads to
E;, [V fi,(xi—1)/(np;,)] = Vf(ai-1), and thus much of the (deterministic) gradient descent-style
analysis can be transferred to this setting. By contrast, no such connection between the compo-
nent and the full gradient can be established for shufled SGD — which employs sampling without
replacement — making its analysis much more challenging. As a result, despite its fundamental
nature, there were no non-asymptotic convergence results for shufled SGD until a very recent line
of work [GOP21l [Shal6l, [HS19, NJN19, RGP20), [AYS20, MKR20, NTDP*21) [CLY23]. All existing
results consider general finite sum problems, with the same regularity condition constant (Lipschitz
constant of f; or its gradient) assumed for all the component functions. As a result, the obtained
convergence bounds are typically no better than for (full) gradient descent, and are only better than
the bounds for SGD with replacement sampling if the algorithm is run for many full passes over the
data [MKR20, NTDP*21].

Furthermore, there is a large gap between the empirical performance of shufied SGD and the
predicted convergence rates from prior work [MKR20L, [GOP21]. One cause for this discrepancy are
overly pessimistic bounds on the step size in prior work, which are of order 1/(nlmax), where Lax
is the maximum smoothness constant over components f; in (]ED In practice, the step sizes are
tuned to achieve better convergence bounds than predicted by the current theory. We illustrate how
restrictions on the step size affect convergence of shuffled SGD (with random permutations in each
epoch) in Fig. where we plot the resulting optimality gap over full data passes when shuffled
SGD is applied to logistic regression problems on standard datasets. To compare the effect of the
step size 7 from prior work and our work, we choose take 7 = 1/(v/2nLyax) based on [MKR20], and
n=1/ (n\/ﬁ) from our work, where L, L are our novel fine-grained, data-dependent smoothness
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Figure 2.1: An illustration of the convergence behaviour of shuffied SGD for logistic regression
problems on LIBSVM datasets luke, leu and a9a, where we use step sizes from existing bounds and
our work. Due to randomness, we average over 20 runs for each plot and include a ribbon around
each line to show its variance. However, as suggested by the concentration of L (see Subsection m
and Subsection , the variance across multiple runs is negligible, hence the ribbons are barely
observable here. Our finding shows a significant gap between the current theoretical understanding of
shuffled SGD (existing bound) and its potential practical performance, motivating us to investigate
whether the current bounds are too pessimistic. We observe that our novel bounds can offer up
to y/min(n, d) improvement on the step sizes, which translates to the predicted convergence rates

compared to state of the art upper bounds.

parameters defined in Section for smooth convex finite-sum problems with linear predictors. As
can be observed from Fig. larger step sizes resulting from our theory lead to faster convergence
of shuffled SGD and, as a result, our convergence bounds better predict the performance of shuffled
SGD.

Building on these insights, we introduce a fined-grained theoretical analysis to transparently show
how the structure of the data and the possibly different Lipschitz constants of the component func-
tions or their gradients affect the performance of shuffied SGD, thus providing a better explanation

of the heuristic success of shuffled SGD in modern machine learning.

2.2 Our Results

Through fine-grained analysis in the lens of primal-dual cyclic coordinate methods and the intro-
duction of novel smoothness parameters, we present several results for shufled SGD on smooth and
non-smooth convex losses, where our novel analysis framework provides tighter convergence bounds
over all popular shuffling schemes (IG, SO, and RR). Notably, our new bounds predict faster con-
vergence than existing bounds in the literature — by up to a factor of O(y/n), mirroring benefits

from tighter convergence bounds using component smoothness parameters in randomized coordinate
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methods. Lastly, we numerically demonstrate on common machine learning datasets that our bounds
are indeed much tighter, thus offering a bridge between theory and practice.

In this chapter, we study the convergence rates of shuffled SGD in various settings through a
unified primal-dual perspective, making intriguing connections to cyclic coordinate methods. This
analysis framework is novel and allows us to leverage cyclic bias accumulation techniques on the
dual side to obtain fine-grained convergence bounds. The obtained bounds mirror the improvements
in randomized coordinate methods, which come from different coordinate smoothness parameters.
While coordinate methods are no better than full-gradient methods in the worst case, on typical
problem instances, they are much faster and the improvements come precisely from a more fine-
grained view of smoothness. We see a similar phenomenon in our analysis, which highlights the
usefulness of the fine-grained smoothness characterizations introduced in our work.

We provide improved bounds for all three popular data permutation strategies RR, SO and IG,
in smooth convex settings. When the problem objective narrows to empirical risk minimization with
linear predictors, we are able to exploit the data-dependent structure and uncouple the linear and
nonlinear parts of the objective function, allowing us to provide tighter data-dependent bounds, up
to a factor of O(y/n). Moreover, we show that our techniques extend to non-smooth convex settings,
providing improved bounds over existing work.

We summarize our results and compare them to the state of the art in Table[2.1] As is standard, all
complexity results in Table[2.1|are expressed in terms of individual (component) gradient evaluations.
They represent the number of gradient evaluations required to construct a solution with (expected)

optimality gap €, given a target error € > 0.

Extensions to mini-batching and IG. When presenting our results for general finite-sum prob-
lems (in Section , we consider simple updates without mini-batching for ease of presentation and
to avoid introducing excessive notation. However, we emphasize that all our results can be extended
to shuffled SGD with mini-batching. Our results are also the first to provide convergence bounds that
demonstrate benefits of mini-batching in shufled SGD. For completeness and generality, the proofs in
the appendix are carried out for mini-batch settings with arbitrary batch sizes b € {1,...,n}. Thus,
all the results stated in Section [2.3| can be recovered by setting b = 1. Moreover, our framework can

provide similar fine-grained convergence bounds for IG.

2.2.1 Background and related work

SGD (with replacement) has been extensively studied in many settings (see e.g., [RM51], BCNIS,
B*15, [AWBR09] for convex optimization). Compared to SGD, shuffled SGD usually exhibits faster

convergence in practice [Bot09, RR13], and is easier and more efficient to implement [Benl2]. For
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each epoch k, shuffled SGD-style algorithms perform incremental gradient updates based on the
sample ordering (permutation of the data points) denoted by 7% There are three main choices of
data permutations: (i) 7®) = 7 for some fixed permutation of [n] for all epochs, where shuffled SGD
reduces to the incremental gradient (IG) method; (ii) 7*) = # where 7 is randomly chosen only once,
at the beginning of the first epoch, referred to as the shuffle-once (SO) scheme; (iii) 7*) randomly
generated at the beginning of each epoch, referred to as random reshuffling (RR).

For general smooth convex settings, the convergence of shuffled SGD has been established
only recently. For the number of epochs K sufficiently large, [NJN19] proved a convergence rate
O(1/v/nK) for RR, which leads to the complexity matching SGD. This result was later improved to
O(1/(n'3K?/3)) by [MKR20, NTDP*21], [CLY23] for K sufficiently large and with bounded variance
assumed at the minimizer, while the same rate holds for SO [MKR20]. These results were com-
plemented by matching lower bounds in [CLY23|, under sufficiently small step sizes as utilized in
prior work. The results in [MKR20, NTDP*21] require restricted O(1/(nL)) step sizes and reduce
to O(1/K) for small K, acquiring the same iteration complexity as full-gradient methods. Unlike in
strongly convex settings, we are not aware of any follow-up work with improvements under small K
for smooth convex settings.

The major difficulty in analyzing shufiled SGD comes from characterizing the difference between
the intermediate iterate and the iterate after one full data pass, for which current analysis (see
e.g., [MKR20] in smooth convex settings) uses the global smoothness constant with a triangle in-
equality. Such a bound may be too pessimistic and fail capturing the nuances of intermediate progress
of shuffled SGD, which leads to a small step size and large K restrictions. To provide a more fine-
grained analysis that narrows the theory-practice gap for shuffled SGD, we notice that such a proof
difficulty is reminiscent of the analysis of cyclic block coordinate methods relating the partial gra-
dients to the full one. This natural connection was further emphasized in studies of cyclic methods
with random permutations [LW19, [WT.20]; however, these results were limited to convex quadratics.
More generally, it is possible to interpret shuffled SGD as a primal-dual method performing cyclic
updates on the dual side (see in Section 2.3.1] and (PL-PD) in Section 2.4). We note here

that prior work on dual coordinate methods [SSZ13| provided theoretical guarantees only for the

algorithms that choose the dual coordinate to optimize uniformly at random, while the cyclic variant
(related to shuffled SGD) had only been studied numerically up until this work.

In this chapter, we view shuffled SGD as a primal-dual method where the updates are performed
on the dual side in a cyclic manner, thus we can leverage techniques from general cyclic methods.
However, in contrast to randomized methods (corresponding to standard SGD), cyclic methods are
usually more challenging to analyze [Nes12|, basic variants exhibit much worse worst-case complexity
than even full gradient methods |[LZAT17, [SY21l, BT13| [GOPVI1T, LZAT17, [ST13, XY15, XY17],
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Table 2.1: Comparison of our results with state of the art, in terms of individual gradient oracle

complexity required to output o, with E[f(xout) — f(x«)] < €, where € > 0 is the target error and

@, is the optimal solution. Here, 02 = 1570 |||V fi(x,)||3, D = ||@o — @.||2, and generalized linear

model refers to objectives of the form f(x) = 2 Y7, /;(a; ) as defined in Section Parameters

ﬁg, L9 are defined in Section and satisfy L9 < %Z?:l L; and 9 < Liax. Parameters IA/, I~/7 and
G are defined in Section and are discussed in the text of this section.

PAPER COMPLEXITY ASSUMPTIONS STEP SIZE
NTDPT21
%CLYT%J J (RR) O("Lmj"D2 + V"LZ?/XZ"*DQ) fit Lmax-SMOOTH, CONVEX O(7t—)
[MKR20) (RR/SO) O(anj"Dz + ¥ "L‘:;/"QU*DQ) fit Lmax-SMOOTH, CONVEX O(ﬁ)
[Ours, Theorem (RR/SO) O("v ﬁge]:gD2 + "fg;g*Dz) fi: L;-SMOOTH, CONVEX (’)( \/ngﬁ)
n
ViiD2 3 2 £;: L;-SMOOTH, CONVEX
ours Theorem (RH/50) O(" E nELB%D ) (‘EI\ZIERAZLIZED LINEAR MODEL O( ILL)
x L. 9 n
[CLYQ?)J (RR) Q( VL maxox D2 ) fit Lmax-SMOOTH, CONVEX, O( 1 )
LOWER BOUND 3/2 LARGE K nlmax
o B2G2, £i: Gmax-LIPSCHITZ, CONVEX
[SHATG) (RR/SO) ( 32) ) B-BOUNDED ITERATES, ||a;||< 1 O(in)
(K =1,n=0(1/e)) GENERALIZED LINEAR MODEL
5 l;: G;-Lips R
[Ours, Theorem ‘ (RR/SO) O(@Qp?) i: G4-LIPSCHITZ, CONVEX O( | )
€ GENERALIZED LINEAR MODEL nVGK

with more refined results being established only recently [SD21bl [CSWD22b, [LSD23]. While the
inspiration for our work came from these recent results [SD21b, [CSWD22b, [LSD23]|, they are com-
pletely technically disjoint. First, all these results rely on non-standard block Lipschitz assumptions,
which are not present in our work. Second, all of them leverage proximal gradient-style cyclic up-
dates to carry out the analysis, which is inapplicable in our case for the cyclic updates on the dual
side, as otherwise the method would not correspond to (shuffled) SGD. Finally, [SD21b, [LSD23]
utilize extrapolation steps, which would break the connection to shuffled SGD in our setting, while
[CSWD22b)] relies on a gradient descent-type descent lemma, which is impossible to establish in our

setting.
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2.2.2 Notation and preliminaries

We consider a real d-dimensional Euclidean space (RY, ||-||) where d is finite and ||-|| is the fo-
norm. For a vector @, we let &’ denote its j-th coordinate. For any positive integer m, we use [m]
to denote the set {1,2,...,m}. Given a matrix A, [|A[[:= supgepa || <1]|Az|| denotes its operator
norm. For a positive definite matrix A, ||-|a denotes the Mahalanobis norm, ||z|s:= /(Az,x).
We use I to denote the identity matrix, and diag(v) to denote the diagonal matrix with vector
v on the main diagonal. For any j € [n], we define I;; as the matrix obtained from the identity
matrix I by setting the first j diagonal elements to zero, and let I; be the matrix with only the
j-th diagonal element nonzero and equal to 1. To handle the cases with random data permutations,
we use the following definitions corresponding to the data permutation 7 = {7, 7% ... 7"} of [n]:
A, = [as 0, ... ,a; ] permuting the rows based on 7 given a matrix A = [a1,as,...,a,]",
and v, = (V™ V™, ... ,'U’T”)T permuting the coordinates/subvectors based on 7 given a vector
v=(v,v? .. . o).

2.3 Primal-Dual Framework for Smooth Convex Finite-Sum Prob-
lems

Throughout this section, we make the following standard assumptions.
Assumption 1. Each f; is convex and L;-smooth, and there exists a minimizer x, € R? for f(x).

Assumption [I] implies that f and all component functions f; are L-smooth, where Lp.. :=

maxep, Li. It also implies that each convex conjugate f; is L _strongly convex [Becl7]. In this

L;
section, we define A = diag(Ly,...,L1,..., Ly,..., Ly) € R™*" and slightly abuse the notation to
d d
use A, = diag( Ly1,..., Ly, ..., Lan, ..., Ly ) given a permutation m of [n]. For the permutation

d d
T at the k-th epoch, we denote A, = A, , for brevity.
We further assume that the variance at @, is bounded, same as prior work [MKR20, NTDP*21].

Assumption 2. The quantity o2 = L 3" ||V fi(2.)||? is bounded.

2.3.1 Primal-dual view of shuffled SGD

Problem @ can be reformulated into a primal-dual form using the standard Fenchel conjugacy
argument (see, e.g., [CP11l, ICERS1S]),

min max {ﬁ(m,y) = %Z (<yi,x> — fi*(yi)) = % (Exz,y) —

d d
R4 yeR"® e} )
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where we slightly abuse the notation in this section and use y* € R? to be the i-th d elements
of the vector y such that y = (y',...,y")" € R E = [I;,...,I;]"7 € R4 is the vertical
————

n
concatenation of n identity matrices I; € R¥? and f; is the convex conjugate of f; defined by f;(x) =

SUDyiera (Y', &) — [ (y"). In the following, we consider the mini-batch estimator of batch size b, and
let y@ e Rb denote the vector comprised of the i*" bd elements of y. For simplicity and without loss
of generality, we assume that n = bm for some positive integer m, so that y = (y(l), e ,y(m))T. Note
that if choosing b = 1, our setting is the same as the ones in [MKR20, NTDP*21]. Then we have the

primal-dual view of shuffled SGD scheme for general smooth convex minimization as in Alg. [l where

E] =[I,,...,1I;)" € R¥*4 g the vertical concatenation of b identity matrices I; € R¥9. Given the
b
data permutation 7(*) = {w%k), Wék), . ,m(zk)} of [n] at the k-th epoch, we use the same notation of
() MO d ) (k) \ T d . . .
vp = (™ .. ) € R™ yop = (Y ,...,yl" ) € R™ as in previous sections except now

® g . .
each v™i ", y.* are d-dimensional subvectors. Further, we denote the permuted smoothness constant

matrices by Ay = diag(L7r(k)7 v Lwyy o Loy 7Lﬂ_(k)) € R**nd and we use I for I,,q € R4
1 1 n n

d d
throughout this section.

Given a primal-dual pair (x,vy), the primal-dual gap of (PD) is defined by

Gap(x7 y) = max{ﬁ(w, ,U) - ‘C(u? y)}
In particular, we consider the pair (z,y,) for £ € R?, and bound Gap®(x,y.) := L(z,v) — L(x., ys)
for an arbitrary but fixed v. To finally obtain the function value gap f(x) — f(x.) for (P]), we only
need to choose v = arg max,, £(x, w) = Y.
Using this primal-dual formulation and standard convex conjugacy arguments, we can equivalently

write the standard shuffled SGD algorithm in a primal-dual form as summarized in Algorithm

Improved bounds with new smoothness constants. To simplify the notation in the following

lemmas and to clearly compare our results, we introduce the following novel definitions of smoothness
constants for shufled SGD

1 ” : ;

L= —[IA (2 -0 BE La1y) Ay, L9 = max Lg, (2.1)
: ] ] .

Lg = LAY (S Ly BET Lan) A, Lf = max Lz,

where Iz = Z?‘iibd(i—l) 41 1;. Permutation-dependent quantities le?T and E% defined in (2.1) are
obtained directly from our analysis. We remark that L9 is bounded by the average smoothness of f

and L9 is bounded by the max of individual smoothness constants of f;. However, as we argue in



16

Algorithm 1 Shuffled SGD (Primal-Dual View, General Convex Smooth)

1: Input: Initial point xo € R, step size {n;} > 0, number of epochs K > 0
2: for k=1to K do

Cenerate some permutation 7(*) of [n] (either deterministic or random)

Lk—1,1 = Lk—1

3
4
5. for i =1 to n in the ordering of 7*) do
6 Y}, = argmax,icpa { (Y' xo—1) — [} (yl)}
7 Tk—1,+1 = ArgMiNycpa { (Yp, ) + ﬁ”m - mk—l,iHQ} =Xp-1i — MV fi(®Tr-1,4)
8: end for
9 xp=Tp—10+1
10: end for

11: Return: &5 = Zszl Ukwk/ZkK:1 Mk

later sections, these upper bounds on LY and LY are loose in general, and so the convergence bounds
) ™ T 9

based on L’; and IZ’; that we obtain align better with the empirical performance of shuffled SGD.

To compare ﬁg and L := max;ep, L;, we make use of the Kronecker product with notation ®
defined by
A11B s AlnB
A® B = : :
A B -+ An,B

for two matrices A € R™*" and B € RP*?. The following lemma states a useful fact for the

Kronecker product.

Lemma 1. For square matrices A and B of sizes p and q and with eigenvalues X\; (i € [p]) and i,

(j € [q]) respectively, the eigenvalues of A ® B are \jj; fori € [pl, j € [q].

We now use the following chain of inequalities to compare LY and L for any permutation 7 of [n]:

LY = % HA}T/Z ( ZZ:? Ibd(i—l)TEETIbd(i—l)T> A2 H2
< lHAl/QEETAl/QH
n 2

= e o,

@) 1 <
[
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where we define I = (\/Ln,,\/Lny,---,/Lx,) . For (i), we use Lemma (1| and notice that the

eigenvalues of I; all equal 1, while the largest elgenvalue of L1l = ||I|3= 3", L;, so the operator
norm of (Lkl]) ® Iyis iy L.

To compare LY and L, we notice that
AV Iy EE  Igy)AY? = 37 Lo AV EETAY T4

is a block diagonal matrix whose operator norm is the maximum of the operator norms over its

diagonal block submatrices, so we have

o= max HI(dZ AY’EETAY?1

™

= fmaXHI(dz (= o) @ La) (4

b ie[m)

= max — ZLM(Z ey S L,

i€fm] b 4

where for (i) we use Lemmafor each submatrix (lgf B )T) ® I; and

1 = (0,...,0,\/Laysyirs- s\ Ly 0,2, 0) T

Similar to the case of generalized linear models, the inequality is tight when b = 1 but can be loose
for other values of b.
Before proceeding to the main proofs, we first state the following standard definitions and first-

order characterization of strong convexity, for completeness.

Definition 6. A function f : R® — R is said to be p-strongly convex with parameter p > 0, if for
any z,y € R and any X € (0,1):

JO® + (1= Ny) < Af(@) + (1= V() = SA1 = V]2 - g3

Lemma 2. Let f : R = R be a continuous p-strongly convex function with > 0. Then, for any
x,y € R
I
fY) = f(@) + gy — 2) + 5o — 5,
where g5 € Of(x), and Of (x) is the subdifferential of [ at x.

We also include the following lemma on the variance bound under without-replacement sampling,

which is useful for our proof.
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Lemma 3. Let B be the set of |B|= b samples from [n|, drawn without replacement and uniformly
at random. Then, V& € RY,

n—>b
b(n —1)

Es[l5 3 Vi) - Vi@ = oIV @) - V@) B

eB

Proof. We first expand the square on the left-hand side, as follows

Ea[l3 3 Vi) - V@3]
ieB

= B[ Y (Viile) - V(@) Vfola) - V()]
1,3'eB

= SB[ Y (V@) - V@), V() - Vi) | + FENT ) - V@R
i3/ €B, it

Since the batch B is sampled uniformly and without replacement from [n], the probability that any
b(b—1)
n(n—1)"

pair (i,7') from [n] with i # 4’ is in B is By the linearity of expectation, we have

Es[ Y (V@) - V@), Vi)~ Vf@)]

1,1/ €B,i#i!
—Bs[ > lies (VSi(@) - V(@), V() - V(@)
i,i' €[n] i’
= > Es[lises (Vfi(z) - V(@) Vi(z) - V(@) |
i,i' €[n] i’
b(b —
e Y (V@) - V(@) Vhide) - Vi),
i1 €[n) i’

where 1 is the indicator function such that 1; ycp = 1 if both 4,7" € B and is equal to zero otherwise.

Hence, we obtain

B[l 3 Vh@) - V)]

i€eB

= DTS (S hie) - V@), V(@) - V(@) + BV i) - V)]
bn(n = 1) o i b
b— —-b
T o (VI ~ V@), Vfe(a) = Vi) + o= Bl i) = V@)
i)y n—= . )
BV @) ~ V@)
where (i) is due to f = 2 37 | f; having the finite sum structure. O

Now we provide the main proofs for obtaining a tighter fine-grained convergence bound for shuffled

SGD in the general mini-batch setting.
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Lemma 4. Under Assumption|1}, for any k € [K], the iterates {yk ymy and {x_1: 34t generated
by Algorithm [1] satisfy
< kN M X T( (0)
;Z<Eb yk , L — Tp— 1z+1> ”Z1<E — Yy ),mk*$k—1,i> .
= = 2.2

Nk 2 Mk 2 2
- %Hyk - Uk||A;1—%Hyk - y*,kHA;—% ;Hfﬁk—l,iﬂ — 14|,

where & 1= npGap® (xk, Yyu) + o= [|@ — Tpl|3— 2 || — 21 |3

Proof. We first note that based on Line 6 of Alg. [l we have

b
<Eb y Lh— lz> Z “ k) (yj) :Z(<yjawk—1,i> f (k) (yj))-

= To(i—1)+4 = To(i-1)+j

Since the max problem defining yy, is separable, we have for b(i — 1) +1 < j < bi and i € [m)

yi = arg max{ <yj, :Bk71,¢> - f;;_k) (yj)},

yIicRd

which leads to ;1 ; € 0 f » (yk) Further, since each component function f7 is L%_—strongly convex

thus for b(i — 1) +1 < j < bz we also have

. A i} , A . 1 A ,
Froo@h) = Foo (ul) + (@er0v] — ) + op vk = wl®,
J J k)

J

which leads to

L(xg,v)
= :Li (<Eb v 1> - Z [ ('vk)) + % i <EbTv,(;)7 Tr — :L'k,1ﬂ->
j= b(z 1)+1 " i=1
Sii«Ebyk » Lh— 1z> Z f(k)(yk))+7llzm:<El;rU](;)awk_wk 1z>
j=b(i—-1)+1 "’ i=1

1 2
— ol — ol

Using the same argument, as . € 97 (y) for i € [n], we have

A , , A 1 A
* 7 * 7 T a0 v
fﬂlw (k) = fwlgm (Yir) + <~’13*, Y, y*k> + 2L Y



Thus,

Iy (B -

> (B g =) -
=S (B

- _ 2
+ inlyk Yorllp-r-

j=b(i—1)+1

b ) b ) bi . ;
)+ gyl = @il =5 e - wenllf= 3 ()

Z f (k)(y* k))

jbll)l

. (o 1 2
S )+ Sl =yl

J

2n

j=b(i—1)+1 "’

Using the updating scheme of @j_1 ;41 and noticing that ¢i (z) = <El;ry,(§z), > + ﬁ |l — @1,

77%—strongly convex and minimized at @j_1 41, we have

<E;ry,(cZ ,m*> + LIIw* — Tp—1,

)

2
20y, H

; b b
> <E1)Ty1(;)>33k—1,i+1> + 7ka—1,i+1 - xk—l,iH2+7Hwk—1,i+l — x*sz

which leads to

L(xy,ys) > :Li (<E

i=1

b

2

201

> (

m

3

b
<Eb yk , Lk— 11+1>+T‘|mk 1,i+1

b
bTy;(C), Tp—1 1+1> + —|Tr—1i+1

2 2

bi
Z f ;(m (yllc))

21k j=b(i—1)+1 ’

1
@i = @alP o = @) + o~ vl

Z f () (yk))

J=b(i—1)+

1
2 _ 2 2
(Il = P~ llx 1 — 2.]2) + 1Y = Yenllz

Hence, combining the bounds on L(xy,v) and L(x.,y.) and letting

b
E = np(L(Tk, v) — L(Ts, Ys)) + %Hmk — Ty

b
[P~ s — .2

20

H2 is
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we obtain
gkﬁn;< yk;mk 1 — Th— 1z+1>+n§<EbU](€)7mk_xk 1z>
Nk Mk b &
2 2 2
= o 19k = vkl =y = yurlly =5 ;HCEHM — X1l
_ Mk T , Mo S~ /T @)y ,
= §<Eb Y’ Tk xk—l,z+1> + n - <Eb (v Yp' ) Tk, mk—l,z>
e R R L o PP
2n Ay 9n A 2n = ¢ ¢
thus completing the proof. O

We note that the first inner product term 7; := & 37" <E;ry,g), T — azk,17i+1> in Eq. (2.2)
can be cancelled by the last negative term — 2 37, Hmk_l’i+1 — xk_1,||* therein, as precisely proved
in Lemma [§] of Section In the following subsections, we continue our analysis and handle the

remaining terms in Eq. (2.2) according to different shuffling and derive the final complexity.

2.3.2 Random reshuffling/shuffle-once schemes

We introduce the following lemma to bound the second inner product term

T2 = Zﬁ Z <ET( - y;(f)),a:k - -'kal,i>

i=1

in Lemma 4| when there are random permutations.

Lemma 5. Under Assumptz'ons and@ for any k € [K], the iterates {y,gi)}?ll and {xy_1,; )"
generated by Algorithm |1} with uniformly random shuffling (RR/SO) satisfy

Lo (n —b)(n+0) ,

nknLﬂ(k) (k) o
6b%(n — 1) ¥

BT < B[00 g g2 2 o 2] ¢

where T 1= 370 <Eb( @ —y,(f)),wk —ﬁ?k—1,i>-

Proof. First note that

m

Ty — Tho1 = Y (Th1j41 — Tho1;) ZET Y =

j=i

%ETIbd(i—myk,



22

so we have

3

SHES
ii
—_
S
=,
—~
i~
=D
<
Salesy
8
kol
|
8
Bl
=
N

(wk 1,j+1 — Lk— 1])>

™=

E/ (v —y).

I
SHES
—

<
I
—

<ETI(dz') (Vs — yi), B Ipgim I)Tyk:>

I
|
=o

NE

bn 4
=1

"

= Z <E Tigi (v — yi), ET L1y (yr — y*k)>
=1
T
M 1
_ﬁ Z <ETI(dZ)(vk - yk)a ETIbd(ifl)Ty*7k> .

i=1

Io

For the term Z;, we use Young’s inequality with a > 0 to be set later and obtain

2 m
Ty = — ZTI; . <ETI(di) (Vk — Yr), ETIbd(ifl)T(yk — y*,k>>
77
= obn : ZHETI(dz)(”k —yn)|? + ZHE Lot (ye — ys) 1> (2.3)

Further, notice that
o
k ZHE L)1 (yx — Y[

o
- gk% Z<yk = Yue) Toai n BE " Tyaiory (Y — Yok)
=1

m
77 (6%
= 22 (Yr — Yurk) (Z Ibd(z‘q)TEETIbd(iq)T) (Yr — Yurk)

o
B gllj (yk—y*k)TA 2A 1/2(Zfbd(z 1)TEE Tpa(i- 1)T)A ? Ay V2 (Yr — Yur)
i=1

IA

;h%bz HA}@/Q ( Zf; Ibd(ifl)TEETIbd(ifl)T> Allg/Q H2 Y — y*,k”i;l

nima
= ka Li(k)Hyk yhk”i;l’
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where for the last inequality we use Cauchy-Schwarz inequality. Using the same argument, we can

bound

i
— 2bna

ETI @i (v —y)||? <

ana HA}C/Q(g}I(di)EETI(di))Alle/QHQHU’“ - kaf\;l

Wk z 2
= %Liw [or = ykl[3 -1 (2.5)

Thus, combining (2.3)—(2.5)) and choosing o = 277kI:i (> We obtain

3,79 T4
UkmLAmL (*) 2 Mk 2
I, < ”b [y — y*,kHA;lJr%H'Uk —Yrlla-

For the term Zy, we again apply Young’s inequality with 8 > 0 to be set later and obtain

2 m
77k T T
I, = b 2= <E TIigi(vr —ye), E Ibd(z‘—1)¢y*,k>
B < .
= 2 Z”E L1yl +2b ﬁan Iiaiy (vr — wi)|1?
77k5 7

Lg
2
< 2bn. ZHE Ibd(Z 1)Ty*kH + B H k_kaA’;l.

Choosing g = 277kl~/9 and using the fact that Ei(k) < L9, we have

3

I < ZHE Ly 11yl +7||vk—yk:HA L.

=1

Hence, combining the above two estimates with m = n/b, we have

k L (k) 7T(k)

n N
To < TERZH0Z20 g, — gy o+ o o — il

First, consider the RR scheme. Taking conditional expectation on both sides w.r.t. the randomness

up to but not including k-th epoch, we have

379 m
Ei[Te] < BB [ Y I BT Lag-1yyy-al?]
=1

3,79
ML Le &
B[ g — gl oo — el -
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)

For the first term, since the only randomness comes from the permutation 7(¥), we can proceed as

in the proof of Lemma [0] and obtain

379
7712” {ZHE Ibdz 1)¢y*kH } © 772 ZEM“E Ibd(z 1)Ty*kH }

i=1
37g m E'IL,. 2
L . 2 bd(i—1)1Yx .k
bn ;(” oi=1) W“‘){H n—>b@i—1) ’H
() L9 - 2 b(i — 1) >
< —b(i—1
= “bn ;(” =) - ym =™

L (n —b)(n+b) ,
g )
6b%(n — 1) *

where we use the linearity of expectation for (i), and (i) is due to Lemma [3[ and the definition
o2 = L3 |IVfi(m)|?= 2 X%, ||lyill>. Then taking expectation w.r.t. all randomness on both

sides, we obtain

BE(n = b)(n+b) ,
6b2(n —1) O~

nknLﬂ( (k)
E[T;] <E P—;%—wm—wuuﬁ-um mmﬂ+

Finally, we remark that the above argument for bounding the term “ Ek [ >y HETIbd(z‘q)T?J*,kHﬂ
also applies to the SO scheme, in which case there is only one random permutation at the very

beginning that induces the randomness. O

We state the final convergence rate and complexity in the following theorem and provide the

proof for completeness.

Theorem 1. Under Assumptions|1| and |3, if g, < ——2—— and Hx = S5, mi, the output &g
n, /207, LY
(k) (k)

of Algorithm |1} with uniformly random (RR/SO) shuffling satisfies

3
. LY b)(n+0b
Bl () — F(@))] < o — a3 3 B DD 3
= (-1
As a consequence, for any € > 0, there exists a choice of a constant step size n, = n for which

E[f(2x) — f(z.)] < € after O(™ Lng!mo_m*”g + ("n(ﬁl(";)rb ' nngﬁ*Jfo_m*HQ) gradient queries.

Proof. Combining the bounds in Lemma 4] and [5{ and plugging them into Eq. (2.2)), we obtain

Lo (n —b)(n+b) ,

El&] < 602(n—1) O~

B [(ninﬁim Ei(k)

Nk
5 = 2l = yeali ] +
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Lo L9
For the stepsize ny such that n, < b , we have MM 2= <0, thus
n Qﬁg(k)ﬂg(k)
2L9(n —b)(n+b

602(n —1) O

Using our definition of &£ and telescoping from k& =1 to K, we have

Z 7713Lg b)(n+b)

6b2( n—l) e

K b , b
[; mGap® (@ y.)| < ol — @3~ Ell @, — ax3

Noticing that L(x,v) is convex in « for a fixed v, we have Gap’(Tg,y.) <

Zle neGap® (xk, y«)/Hi, where & = Zszl nexr/Hi and Hi = Zszl Nk, which leads to

K 3
v n Lg n+b
B[ s, 1] < oo — ol Y BT G0t

Further choosing v = y4,, we obtain

Bl () ~ [(.)] < ”wo—w*HfrznkLébz( et (26)

To analyze the individual gradient oracle complexity, we choose constant stepsizes n < b
nv/2L9 Lo

then Eq. (2.6 will become

nzf/g(n —b)(n+10b) 2
6b%(n — 1) *

Without loss of generality, we assume that b # n, otherwise the method and its analysis reduce to

o — . [|3+

E[f(Zx) — f(=)] <

(full) gradient descent. We consider the following two cases:

« » . 3b%(n—1 —x. |2 1/3
e “Small K7 case: if n = n\/zbjig/ig < <n(n(7b)(iﬁ;’ifl(lzz) , we have

E[f(Zx) — f(z.)]
P LI(n —b)(n +b) ,
6b%(n — 1) .
VI9Ls 1/ (n—b)(n + b)\1/3(L9) 3623 zg — .|| ¥/?
< WH%O - w*”%"”( n2(n — 1) ) 31/3K§/3 :

o (363 (n—1)|mo—.]2 \1/3 b
if n= (n(n—b)(n—i—b)[:gKoé) = NI

97
n°LI(n—b)(n+0b) ,
”wo w*”2+ 662(n— 1) Oy

lco — .13+

o “Large K7 case: we have

Elf(Zx) — f(=)] <

<

(= 0)y (L9) Y362 |y — .||
nQ(n _ 1) 31/3K2/3
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3 (0 . 12\1/3
Combining these two cases by setting 7 = min { 7 b__ | (S?n(nb) aﬂzg’Llelé) }, we obtain
n\/2L9L9 - Koy

V9L
V2K

Hence, to guarantee E[f(Zx) — f(x.)] < € for € > 0, the total number of individual gradient

Elf(@x) — f(z)] <

(n b><n+b>)”3<ig>”3of/3!wo |

2
||:D0_:D*||2+< ng(n_ 1) 31/3 [(2/3

evaluations will be

nabobolsy — .l (0= Dt by 2B L) oy —
6 b) b

nk > max{ 31/23/2

n—1

as claimed. O

2.3.3 Incremental gradient descent (IG)

In this subsection, we provide the convergence results for incremental gradient descent which

does not involve random permutations. We first prove the technical lemma below to bound the term

Toi=12500 <EJ(U,(f) - y,(:)), T — :Bk,17,~> in Eq. (2.2)) of Lemma

Lemma 6. For any k € [K], the iterates {y,(;)}ﬁl and {xy_1:}"4" generated by Algom'thm with
fized data ordering satisfy

T < ninﬁgig . 2 My, 2
< 0 E gy — vl 2 o — 3 -
2.
3 3 2
(TN sy ne(n —b)* =
—|—m1n{£2Lng||y*Hi_17’be)ngf}.

Proof. Proceeding as in the proof of Lemma [5|, we have

<

) —y?)

&
_‘
<

SHES

s
I
MR

b (

, L — xk—l,z’>

m
(U(z) - y,(;)), Z(wk—1,j+1 - ivk—1,j)>

J=1

-
Il

I Il
\ 3|F
gl M3
=
=

@
Il
MR

<ETI(di)('U — Yk), ETIbd(i—l)Tyk>

I
|
S

&
I
—

<ETI(di) (v — i), E" Tyggi 1y (yr — y*)>

T

<ETI(di) (v —yr), ETIbd(ifl)Ty*> :

|
SR
ng

&
Il
—

I
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For both terms Z; and Z,, we apply Young’s inequality with a = 277kl~/g and obtain

77 [0
T < k ZHE La—1yt(ye — ys) I3+ 2b (v —yi)l3
nOZ
< ;b2 Ly — y|a- 1+2 Lg||’v—yk||A 1
77 mn
= lfg LLY|lys, — y*Hi—Hr%Hv—kai—l» (2.8)
and
oy -
IzS k ZHE Loaii—1)19:13 aZ||ETI(di)(U—yk)||§
=1
2
77 e
<3 k ZHE Tpagi- 1)Ty*||2 LgHU—kaA 1
= dLg Y E'T — yill? 2.9
=" ZH b (i 1)??!*“2 HU Yilla-1- (2.9)

30 A~
We now show that the term le ° S ET Tpagi—1)1y«||3 is no larger than either % L§ L{||y.|/3 -1 or

"Ik(n b) Lg 2

former one, we have

m m
S IET Loy l3 < [AY2( Y Toag- 1 EE T )
i=1 =1

= mnLf|ly.|3-=

To prove the latter one, we notice that

ZHE Iy 1)¢y*||2—ZH Z

i=1  j=b(i—1)+1

m— 12
=)o
=1 Jj=

y*

This is trivial when b=nas E'Ipy, = 3", y. = 0. When b < n, to show the

A2y 3

2

s £y
b Yslla-1-

gHZy* ZHZy*

= i=1  j=bi+1
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using the fact that -7 ; y? = 0. Then using Young’s inequality we obtain

ZHZy*

m—1 bi )
> biy Iyl
i=1 =1

i=1 j=1
m—1 bi ]
g2l
i=1 j=1
m—1 bi

>, (m=0lyll3

=1 j=b(i—1)+1
(m—1)b

DR
1=1

Further noticing that E(m l)bHy*H§< S lY]|?= no?, we have

npL{ mpL{ 2L (n — b)?
0 0 2. 2 _ Meto 2
"> b(m — 1)*nos = B o

m
HE Lyai-1)1y:[3<
The same bound also captures the case b = n and leads to

LY & i ne(n —b)? -
SN Ryl win (7 B o, U Tt} a0

Hence, combining Eq. (2.8)—(2.10]), we obtain
3
Noag= 3
I, < ”bLLngnyk — A g o~ i

b
+m1n{né“2 LILY ||y |4~ l’nk(b)L }

which finishes the proof. O

We are now ready to state our convergence results for IGD in the following theorem, with its

proof provided for completeness.

grg
OLO

Theorem 2. Under Assumptions |l and |2, if np < % and Hi = Zle Nk, the output Ty of
n
Algorithm [1] with a fived permutation satisfies

K

3 2
. m ng(n —b)* -
Hi(f(#x) — f(x.)) < wao — a5+ mm{ gg L{LY|lylA- I,TLgaf}-
k=1

As a consequence, for any € > 0, there exists a choice of a constant step size ni, = 1 such that f(&x)—

f(zx,) < € after 0(" v igig!m“m*”% + min {\/nL§ L8|y o-1, (n=b)\/Lo. }|zo—a. |3

372 ) gradient queries.
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Proof. Combining the bounds in Lemma |8 and |§| and plugging them into Eq. (2.2) in Lemma
without random permutations, we have
3.7T9749
& < (Uk”LoLo Nk

o
2 %Mm—wﬁwHM{kL%WwMu

3 _bQ~
)2 el = 2) (n—b) Lgof}.

b2

ninLy Ly
52

If g < — #& <0, thus

W, we have
3 3 2
(TN g 7 ni(n —b)" -
& < min { WL L lylla-s, Py Lo}
Using the definition of & and telescoping from k =1 to K, we obtain

b
S Gap (o 32) < L. — ol
=1 n

3 2
nin Np(n —0)* -
+me{ Ly B )

Noticing that £(z,v) is convex w.r.t. 2, we have Gap¥(&x, y.) < Sor_, mGap®(xy, y.)/Hr, where
T = fozl mexy/Hk and Hg = E,If:l Nk, SO we obtain
. b K ) 3(n —b)? -
HKGap’U<$K, y*) S %H.’BO — :L.*H§+ Z mln{ngz LngHy*HA 1, T}(bQ)LgO—f}7

Further choosing v = yz, , we obtain
. b 2 S Uk 979 773(71_5)2172
Hi(f(Zr) — flzi)) < %Hmo - m*”z"‘zmm{ b2 L L ||y*||A 1, 721100*} (2.11)

T 1 he individual i 1 lexi h i <2t
o analyze the individual gradient oracle complexity, we choose constant stepsizes n < T

and assume b < n without loss of generality, then Eq. (2.11)) becomes

2 2
_nPn n°(n—b)"-
o — @3+ min { 5 L L1y a1, T Ljo?}.

flar) - () < -

~ 2npK

1/3
g < (b — mi { b ( b ||lzo—.||3 ) } :
When L ollylla-: - o2, we set n = min it R LKl and consider the

following two possible cases:

3|0 — 1/3
«@ 9 - —_ b < IZSHEBO :Z:*Hg
e “Small K7 case: if n oI (%QLSLgKIIy*Hfrl) , we have
. b
(@) = () < gl - o L8
/igig Lere 9\1/3 .|| ¥ 2/3 o — s 4/3

= V2K 22/3n1/3K2/3
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. b3Hw0—:E ”2 1/3 b

13 b2 *

e “Large K7 case: if n = (— - 2 < 2> we have
& " 2 LLGK |ly- 1% _, = V2LILy’

. b
@10 = 1(0) < gl — w5+ AT I
= 2EGLG g X o — Iy
- nl/3K2/3 ’
Combining these two cases, we have
A Visis 23 (L ER Y . |2 o — . |2

V2K n1/3K2/3

Hence, to guarantee E[f(Zx) — f(z.)] < € for € > 0, the total number of required individual gradient

evaluations will be

n 2L L |0 — .3 4nt/2(L919)? |y, — .
nszax{ o ”2 n 0) ||§I/2||A tizo — ||2} (2.12)
€ €
_ - _ 1/3
When £5872 < g wo s = i e (5l ) ) coser he
0+-0
cases as below:
« » e b b lzo—a.]2 /3
e “Small K7 case: if n = T < (2n(n—b)2LgK203> , we have
A~ b 2 772(71—5) 79 2
Fl@r) = fl@.) < goellw — =l Lo
L§LY o (= 0PI g — .|y
S Ak [0 — @.[[3+ 92/3,2/3 [(2/3
« ) e 3 _ b3||:1:0—:1:*||§ 1/3 b
e “Large K7 case: if n = (7271(71%)%31(03) < oI we have

2( _ H)2
f@n) — f(@) < gl — @+ T

21/3(n _ b)2/3(ig)1/302/3“w o H4/3
< * *
= n2/3[C2/3 :

Lio?

Combining these two cases, we obtain

) VI§LE
f@r) = f(®.) < ol

To guarantee E[f(Zx) — f(x.)] < € for € > 0, the total number of required individual gradient

23— 0L P02 g — . 3]
n2/3K2/3

laco — .13+

evaluations will be

\/2L9Lg Ty — Ty _ 1/2 _

€3/2
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Combining Eq. (2.12)) and Eq. (2.13)), we finally have

o n2LE Ll — @3
- €

4n' P(LSLE) 2 [y |a-t o — @13 A(n — b)(L§)" 0 o — w*H%}
3/2 ' 3/2 '

+ min {
thus finishing the proof. O

2.4 Tighter Bounds for Convex Finite-Sum Problems with Linear
Predictors

To study the effect of the structure of the data on the convergence of shuffled SGD, we sharpen

the focus from general finite-sum problems to convex finite-sum with linear predictors:

n
min {(2) = i;m} z)}. (PL)
where a; € R? (i € [n]) are data vectors and ¢; : R — R are convex and either smooth or Lipschitz
nonsmooth functions associated with the linear predictors (a;,x) for ¢ € [n]. In addition to their
explicit dependence on the data, it is worth noting that problems of the form cover most of the
standard convex ERM problems where shuffled SGD is commonly applied, such as support vector
machines, least absolute deviation, least squares, and logistic regression.

Problem (PL) admits an explicit primal-dual formulation using the standard Fenchel conjugacy
argument (see, e.g., [CP11l [CERS1S]),

. 1 R N U N S
min max {L(,y):= ~(Az,y) -~ ;&- ()=~ ; (al zy' — ()}, (PL-PD)
where A = [a1,as,...,a,]" € R™? is the data matrix and £; : R — R is the convex conjugate

of ¢;. This observation allows us to again interpret without-replacement SGD updates as cyclic
coordinate updates on the dual side. Note that due to the objective structure in , the primal-dual
formulation can decouple the linear (a, ) and the non-linear (¢;) parts within individual
loss functions f;. We redefine the conjugate pair of x € R? to be y, = (yL,...,y2)" € R", with
v, = argmaxyex {y'al @ — ((y)}.

Based on the formulation , we view shuffled SGD as a primal-dual method with block
coordinate updates on the dual side, as summarized in Algorithm [2 for completeness. To see the
equivalence, in i-th inner iteration of k-th epoch, we first update the i-th block y,(:) € R of the dual

vector yr—1 € R" based on ®;_1; as in Line 6. Since the dual update has a decomposable structure,
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this maximization step corresponds to computing the (sub)gradients {E;(k) (a:(k)mk_17i)}?i:b(i_1)+l at
i i

xy_1,; for the batch of individual losses indexed by {71'( )}j bi—1)+1-
(@

minimization step using yk) to compute ;_1 ;41 on the primal side. Combining these two steps, we

Then in Line 7, we perform a

have @141 = Tp—14 — & Zj:b(i—l)—H Eﬂ(k>(a:(k)a:k_17i)aﬂ(k>7 which is exactly the original primal
( ( :
shuffled SGD updating scheme. ’ ’
In this section, we consider shufled SGD with mini-batch estimators of size b and assume without

loss of generality that n = bm for some positive integer m.

Algorithm 2 Shuffled SGD (Primal-Dual View)

1: Input: Initial point @y € RY, batch size b > 0, step size {n;} > 0, number of epochs K > 0
2: for k=1to K do
3:  Generate any permutation 7*¥) of [n] (either deterministic or random)

Lk—1,1 = Lk—1

4
5 fori=1tomdo
6

yi) = argmaxycp {y" AV @1~ S0 0 ()}
b(i—1)+j
7 Tp—1,+1 = ArgMiny pa {y A(Z):B + ﬁHw —xp_14]*}
8 end for
2 T
9: Ty = Tk—1,m+1, Y = (y,i ),y,(c )7 e 7y1(cm))
10: end for

11: Return: &x = S0 mur /S0 me

2.4.1 Smooth and convex objectives

Throughout this subsection, we make the following standard assumptions, corresponding to As-
sumptions [T] and 2] from Section

Assumption 3. Each {; is conver and L;-smooth (i € [n]), i.e., |ti(x) — li(y)|< Lilx — y| for any

z,y € R. There exists a minimizer &, € argming pa f(x).

We remark that Assumption implies that both f and each component function f;(x) = ¢;(a; x)
are Lmax-smooth, where Lyac = maxX;ep, Liflasl|3. Assumption (3] also implies that each convex
conjugate £ is L%—strongly convex [Becl7]. In the following, we let A = diag(Ly, Lo,..., L,), and
A, =diag(Ly1, L2, ..., L), given a permutation 7 of [n].

We further assume bounded variance at ., same as prior work [MKR20, NTDP*21} [TNTD21],
TSN22).

Assumption 4. 02 := 13" ||Vfi(x.)|?= 2 Y0 (6(a] x.))?|a;i|3 is bounded.

n
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Improved bounds with new smoothness constants. Our convergence bounds depend on the
smoothness parameters defined in Eq. (2.14]) below. We provide a detailed discussion on how these
parameters relate to traditional smoothness parameters both in the worst case and on typical datasets,

in Section [2.5.1] with additional numerical results provided in Subsection [2.5.2]

~ 1 m ~ ~
L= —|AY*(XZ0, Ib(j_l)TAﬂA;Ib(j_l)T)Ai/ s L = max L,
min " (2.14)

1 m A2
Le = LA (ST 1) Ax AT 1) A, L = max Ly,

where I = Z?ib(jq)ﬂ I;. In comparison to the smoothness constants defined in Eq. for
general finite-sum problems, we note that the constants in Eq. applying to generalized linear
models are tighter and more informative estimates, as the data matrix A and the smoothness con-
stants from the nonlinear part A are separated in Eq. . Thus, the constants L, and L, directly
depend on the data matrix, which explicitly demonstrates how the structure of the data affects the

convergence of shuffled SGD.

2.4.2 Tighter Rates for Random Reshuffling/Shuffle-Once Schemes
with Linear Predictors

Lemma 7. Given {yk)}m1 and {xy_1 .} generated by Algorithm I for k € [K], let & =
mGap® (g, Yu) + = |2 — zpl|3— 2 ||z — 1|3 If Assumptwn@ holds, then

m
& < 777]; Z y,i”TAﬁj) (T — Tr—1,i+1)

1=1
k - 7 (%) 7
+ I () A()(in—inlz)
naz 1 (2.15)
Nk
= 2y = vl =5 e — gl
—iiﬂwk 1i — a1,
—12 —1,2 )
2n =

Proof. By Line 6 in Alg. [2| we have y() = argmaxycpe {yTA,(j)mk_u — Zj 1€ *) (yJ)} for

Th(i— 1)+
i € [m]. Notice that since

yTA;(;)Ckal i Zf w W)=Y (yjaT(m Tp—1,— (yj))

e e = Th(i=1)+ To(i=1)+

is separable, we have y] = arg max,cp{ya ', Tp_1; — (k)( )} for b(i — 1) +1 < j < bi, thus
T ]

a:<,€)mk_17i € 86;(k)(yi). Since £ is L%_—strongly convex by Assumption , then by Lemma [2[ we
J J
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obtain for b(1 — 1) +1 < j < bi

40 (”i) > w (yi) + a:@wk,l,i(vi - yi) + o7, v — yi)za
J J J (k)
which leads to
LN (0T 40 S el LS 0T 40
Llap,v) =~ (Uk poeii— Y L (%)) 2 o0 A (@ — )
i=1 j=b(i-1)+1 "’ i=1
bi
S - Z ( l)TA(Z)a:k—l,i - Z [;:(k) (yi)) + — Z (Z)TA(i) (J) — LE—1 2)
j=b(i—1)41 ni=
1 2
- %Hyk - 'Uk:HA]:l- (2.16)

Using the same argument for £(x., y.) as a @, € 9¢;(yl) for j € [n], we have

bi

1 & )T 42 % i
Llany) == (v Ale. — X Cuyly)
i=1 j=b(i—1)+1 7
bi
SIS (T Ae - S Cwd) + - el 2.17)
=0 Y. kL <\ Y m Yk — Y« k AT .
i=1 j=b(i-1)+1 "’
Adding and substracting the term ﬁm S e — @x—1.]|3 on the R.H.S. of Eq. (2.17), we obtain
L (0T 40y b R ~
Li@.y.) 2 52( u Al e el Y Cw())
P Mk j=b(i—1)+1 7
2
27”] ZHCB* - Lp— 1l||2 ||yk_y*7k||A;1'

By Line 7 of Alg. we have &1 ;41 = arg mingpa {y,(;)TA Z)achQn le—xr—143 } Further noticing

that qbg)(m) = yk A(l)az—k o2 ||l — 2p_14)3 is ——strongly convex w.r.t.  and ng)k (Tr—1,41) =0,

2ng,
we have
o) @) 2 60 (@r-1511) + 20 — @p a1l
V(@) > ¢y vitn) gl k—1,i+1|[2
which leads to
| m ) bi ‘
L(xs,ys) > — Z ( 7T 4 mk 1Li+1 + THmk Lit1 — @13 Z oo (yi)>
n = Mk j=b(i-1)+1 7
b 2 2 1 2
+ S ; (s = zh-rsallz=llas — zr-rall2) + oYk = Yurlly
o1 ) bi ‘
- Z ( LA «’L‘k Li+1 t 7“% i1 — @p-1l3— Z o (yi))
n 21 j=b(i—1)+1 ’
2 b 2 1 2
2n77 sk — *H2_MH”’/€—1 - m*\|2+%Hyk ~ Yerllppr (2:18)
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where we telescope from i = 1 to m for the term 37 (||&x — ®r—1.441]3—||T — ®k—1,4])3), and use
the definitions that @y = @g_1 11 and xx_1 = a1 for (7).
Combining the bounds from Eq. (2.16|) and Eq. (2.18) and denoting

b b
Ex 1= (L@, v) = L(@0y)) + o[ — @illz—5 -l — @i

we obtain
M= ()T A (i M o= ()T A
& < o Zy,(f) A (@) 15— p11) + o Zv;(f) AV (@), — @p1,)
i=1 i=1
X S XIS B o 2
a9 = ol =gl = vl 3l = @il
M~ DT 4 (3) M i) @ j
= . Zyz(; Az(; (Tp — Tp—1,i41) + . Z(Uz(; - ykl))TAz(cz)(wk — Th-1,)
i=1 i=1
Mk 2 Tk 2 b 2
= o lye = vkl =5 g = gl =5 ;H-’Bk—l,z‘ — @p—1,i41 12,
thus completing the proof. O

Lemma 8. For any k € [K], the iterates {y,(:)}gil and {x)_1,; 75" in Algom'thm@ satisfy

b

b & 2 2
T = o ;Hmk—l,i - mk—l,i+1||2_%”xk—1 — 5.

Proof. By Line 7 in Alg. [2| we have A,gi)Ty,ii) = ,,%(xk—l,i — Xf_1,+1). Further noticing that xj, —

m .
Th—1,i+1 = — 2 jeir1(Th-1,; — Th—1,+1), we obtain

T = % Zy,ﬁi)TA,(j)(a:k — Tp_1,i41)

i=1
b m—1 m
= — = Z <wk—1,i — L1441, Lk—1,5 — xk—l,j+1>
o1 j=itt
Byl A g I
=5 Lh—1,i — Lk—1,i+1 —*H Lp—1,i — Lh—1,i+1 )
2n = 2n =
thus completing the proof. O

Lemma 9. Under Assumption for any k € [K], the iterates {y,gi)}i’il and {xy_1:}"4* generated
by Algorithm [ with uniformly random shuffling satisfy

nLn =D +b)
6b%(n — 1) *

n nLTr(k)Lﬂ.(k) Nk
E[Te] < B[P0 g — glho oo — wellh ] +
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Proof. By Line 7 in Alg. [2| we have xj_1; — Tp—1,+1 = %A,(fi)Ty,gi). Using the definition of I} for
0 <j<n-—1asin Section we obtain

m

Ty — T = — O _(Tp—1,j — Th—1,j41) ZAif’Ty,i” = —Z)k ALy 1)1Yk-

Jj=t
Also, we have A,(f)T(v,?) 2)) AL (v, — yi) by the definition of I(;) in Section Combining

these two observations, we have

(o) =y A (@) — 1)

3
|
SHES

s
I
MR

=
TN

= Z<Ak Loii1yryn: Ay L) (v yk)>

‘
S
.

Il

R

—
S
N
=
TN

g
-

@
Il
—

<AzIb(i—1)T(yk — yn)s AL Iy (v — yk)> (2.19)

|
S
Mz

@
I
—_

<Ak Ib(z 1)1 Y+ ks Ak I(z)( yk)> ) (220)

where we make a decomposition w.r.t. gy, in (i). For the first term in Eq. (2.19)), we use Young’s

inequality for a > 0 and have

2 m
n
— ﬁ Z <AkTIb(i—1)T(yk — Ysk); AEI(i)(vk - yk)>

(2.21)
77 a
< 2];3 ZHAk Lyi—1yt (Yk — Yei) I3+ 2b w i (vk — yi)|I3-
Expanding the squares and rearranging the terms in Eq. 1 , we have
MhQ om AT 2
b D 1AL 1)y (Y — v 13
i=1
Mo T T
= S5 Z(yk —Yuk) L1 ArAg Toi—1)1 (Y — Ysk)
n =
m
e
= G (94~ Yek) (Z Tyt Ar AL Doyt ) (W5 = 1) (2.22)
(6% _
= gz (s — yer) Ay 2A 1/2(2Ib(z ) AR AL Ty 1)¢)A PNy — yer)
@) nia

< MHA;/Z(;I,)@.1)TAkA,;rIb<i1)T)A,1/2H2||yk —yeallio

where we use Cauchy Schwarz inequality for (7). Using a similar argument, we also have

() (U = ) 2= 2bna

2bn04 ’1“/2(;I(i)AkAZI(i)>A’1f/2H2||vk N yk”f\il'
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By the definitions of iﬂm and Eﬂ(k), and choosing o = 277kf1ﬂ.(k) in Eq. (2.21)), we obtain

2 m
n

- ﬁ > <A;—Ib(z’71)T(yk — yur)s A Iy (vg, — yk)>

N (2.23)

n%an(k)Lﬁ(k)

2 Nk 2
< B D250 g — yon o+ 1 o — gl

For the second term in Eq. (2.20]), we apply Young’s inequality with 5 > 0 and proceed as above:

2 m
- Z% Z <AJIIb(i—1)T’y*,k, AkTI(i)('Uk - yk)>
=1

B

§2Z Z”Al—lc—Ib(z 1Yk ll5+ 2b ZHATI@ — )3
Nif

S k ZHAka(z 1)Ty*k||2 (k)Hvk—'kai;l'

26

Noticing that L _u < L, we choose § = 2n;L and obtain

2 m
—Tkl Z <A2Ib(i,1)¢y*7k, A;—I(i)<vk - yk>>

771% T L 2 (224)
< ;HAk L1yt Yekll s+ - os — wellg
Combining Eq. (2.23)) and Eq. (2.24)), we have
. . -
ML) Lo Mk
Z |AgIb(i71)Ty*,k”%+kb—2Hyk - y*,kHi;ﬁL%Hvk — yillj - (2.25)

We first assume the RR scheme. Taking conditional expectation w.r.t. the randomness up to but not

including k-th epoch, we have

3L
Ei[T5] < 2 Ek[ZuAk Tyi-1y19e. 3]

nknLﬂUc 7r(k)

+Ek[ =

2 Mk 2
o = yealy g loe = welly .
.
For the first term %Ek{ZngAzIb(iflﬁy*,kH%}a the only randomness is from the random permu-
tation 7). In this case, each term AgIb(i_l)Ty*,k can be considered as a sum of a batch sampled

without replacement from {yla;};ep,, while > yla; = 0 as . is the minimizer, we then can use
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Lemma [3] and obtain

L

0
b Ek[ZHAk Lyi-1yy-sll3] © E i [| Af To(i—1)1Ys.r 3]

‘?Sw
Sl
s

n

~

~ L o 1P [ AL
@) 3L b(i —1) )

< (n— b(i — 1))?

Ny
S
.MS

Il
—

(n—0(i —1)n—1)°

n (2
_ L(n = b)(n +b) 2
6b%(n — 1) *

where (i) is due to the linearity of expectation, and we use our definition 02 = L 3", (y9)?||a;||3=

E;[|lyia;||3] for (ii). Taking expectation w.r.t. all the randomness on both 51des and using the law

of total expectation, we obtain

L= b +b)
6b%(n — 1) *

RO
n TLLWUC) Lﬂ(k)
E[B]SE[’“b—QHyk y*k\IA-1+ ok = welly- |+

For the SO scheme, since there is only one random permutation generated at the very beginning,
we can take expectation w.r.t. all the randomness on both sides of (2.25)), and the randomness for

-
the term %E{Z;’;lHAkTIb(i,l)Ty*,kH%} is only from the initial random permutation. So the above

argument still applies to this case, and we complete the proof. O
Theorem 3. Under Assumptions and if e < n\/ﬁ and Hy = Ele Nk, then the output
T of Alg. 1| with uniformly random (RR/SO) shuﬁlz’ngﬂsati:;ﬁes
3
mL(n —b)(n+b)
ElHk(f (k) — f(z.))] < Hwo - w*HerZ . 602 (n — 1) a?.
k=1

As a result, given € > 0, there exists a constant step size N = n such that B[f(Zx) — f(x.)] < € after

AT T _ 2 — /T _ 2
O™ LL”Z:O ellp 4 v/ (nn(lg(fngb) nLUZUf; m*HQ) individual gradient queries.

Proof. Combining the bounds in Lemma |8 and |§| and plugging them into Eq. (2.15)), we obtain

3, T T 37
ML) Ley M 2 MeL(n —b)(n+0b) ,
Ble) < B[(F 0 - o)l - vl | + g ot

. Tlg,nﬁ,,(k) i‘ﬁ(k) Nk
For the stepsize n; such that 7, < e 55 < 0, thus

< ————— we have &
n\/2Lﬂ.(k)L7\_(k)
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Noticing that & = nrGap®(zk, Ys) + 2= ||@s — @k [3— L [|@s — 1|3 and telescoping from k = 1 to

K, we have

K K 3f7f
v b 2 b 2 MpLl(n —0)(n+0b) ,
E[;%Gap (93k7y*)} < %HCU* - 530”2_%153[”11’* —xkl3] + ]; 602(n — 1) Oy

Noticing that £(z, ) is convex w.r.t. , we have Gap®(&x, y.) < Sh_, mGap®(xx, y.)/Hr, where
T = Zszl nexr/Hi and Hi = Zszl Mk, which leads to

o~ b K mL(n —b)(n+b)
E|HiGap® (@x,9.)] < - l@o — @[3+ T -
k=1

Further choosing v = y4,., we obtain

SL(n —b)(n+b) ,
62(n—1)

K
E[Hk(f(®K) — f(zs))] < %ng —z 3+ n
k=1

(2.26)

To analyze the individual gradient oracle complexity, we choose constant stepsizes 1 < —%—, then

ny 2[3[:’
Eq. (2.26) will become

n?L(n —b)(n + b) 52
6b%(n — 1) *

lzo — . [I3+

Elf(Zx) — f(=)] <

2nnK
Without loss of generality, we assume that b # n, otherwise the method and its analysis reduce to

(full) gradient descent. We consider the following two cases:

‘ " emser ifp— b 363 (n—1) o —. I3\ 1/3
e “Small K7 case: if n = il < (n(nib)(nﬁ)ma’%) , we have
b n?L(n — b)(n + b)
]E 1 - * < T L 3 2
< zgw__wW+1Cn—mm+mywﬁﬁd“wo—mﬁ“
= Var Y TR Tz ) 313 K2/3

3b3<n—1>\|mo—m*u§)1/3 b
_ < we have
n(n—b)(n+b)LKo? = w2ii’

b n?L(n — b)(n +b) 2
2nnK 6b%(n — 1) *
IR N A et Y

n?(n —1) 31/32/3

e “Large K7 case: if n = (

lzg — .3+

Elf(@x) — f(.)] <

Dl 1/3
Combining these two cases by setting n = min{ b (31)3(" Dljzo m*H§> }, we obtain

Y n(n—b)(n+b) LK o2
VILL

Elf(#x) — f(m.)] < ﬁ”wo - «’MH%%—(

(=Dt D)yl o iz - .l

n?(n —1) 31/3 2/3
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Hence, to guarantee E[f(Zx) — f(x.)] < € for ¢ > 0, the total number of individual gradient

evaluations will be

nV2LL||zo — .2 ((n —b)(n+ b))1/223/2£1/20*\x0 - x*ug}
€ ’ ’

nk > max{ 17232

n—1

as claimed. 0

A few remarks are in order here. When b = n, we recover the standard guarantee of gradient

descent, which serves as a sanity check as in this case the algorithm reduces to standard gradient

descent. When € = Q(%), the resulting complexity is O(M) Observe that this
case can happen when either € is large (compared to, say, 1/n) or when o, is small (it is, in fact,
possible for o, to be zero, which happens, for example, when the data rows are linearly independent).
Unlike in bounds from previous work, we observe from our bounds the benefit of using shuffled SGD
compared to full gradient descent, where the difference is by a factor that can be as large as \/n, as we
have discussed in the introduction (see also Section. When € = O(%), the second term
in our complexity bound dominates. In this case, when b = 1, we recover the state of the art results
from [MKR20, NTDP™21} [CLY23], while for b > 1 our bound provides the €( % . %)—factor
improvement, providing insights into benefits from the mini-batching strategy commonly used in

practice.

2.4.3 Tighter Rates for Incremental Gradient Descent with Linear
Predictors

We now provide the proof for convergence of IGD in the smooth convex settings. We first
prove the following technical lemma, which bounds the inner product term 75 := 2 Y7 (v(® —

y,ii))TA(i) (xr — xp—1,) without random permutations involved.

Lemma 10. For any k € [K], the iterates {y,(f)}?;l and {x)_1,;}5" generated by Algorithm@ with
fized data ordering satisfy

3
nas = k
Ta < Sy LoLollye — vl A5 o —wilz-
n (2.27)

3 3 2
) na ~ n—>b) -
+ min {%LOLOH?J*Hi_l, 77k(bQ)Loaf}.
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Proof. Proceeding as in Lemma [9] we have

7= B3 (00 )T A 1)

~
v |
Ju

|
|
T

N
Il
—

<ATIb(i—1)Tyk) AT (v - yk)>

TN

|
SEESEES
NE

Ik

&
I
MR

(AT Ly iy (e — ), AT Ly (v — w)) (2.28)

<A Ib(z 1)¢y*,A I(l)(v—yk)> (2.29)

&
Il
—

For both terms in Eq. (2.:28) and Eq. (2.29), we use Young’s inequality for o = 2mLo > 0 and
proceed as in Eq. (2.22) to obtain

2 m
n
-k <ATIb(i71)T(yk — Ys), ATI(i) (v— yk)>

bn
< ”’fa ZHA Lo — w13 ZHATI (v — )13
= (i—)M Yk — Yx 2b () Yi) |2
2
nina » -
S ;bz LO”yk y*Hi—l—FQiL()H’U—kaifl
- b2 L0L0”yk—y*”A 1+7|’v_kaA 1 (2.30)
and
e ~—
e T T
T & <A Tyi-1)1ys, A I<i>(v—yk)>
2
el
<= ZIIATIM- Y5+ ZHATI@ (v -3
2bn = 2b
77204 “ 77
< EENNAT Ly ye|2+ =2 Lollv — ygllA-
= % ;H b(i—1)1Y H2+2na OHU kaA 1
-
n;, L
= ];LbOZHATIb(z my*Her v —yilla-s, (2.31)

i=1

where again we used o = 21, Ly. We then prove the term nkLO S JAT L1494 ]|3 in Eq. (2.31)) is
no larger than the minimum of %* L0L0||y*HA , and ” ) Loo?. Note that when b = n, we have
AT I o)1y« = 0, so this term disappears. When b < n, the former one can be derived as in Eq.-,

which gives

ZHA Tyi-1yyll3 < HAW(ZIIH it AAT L ) A2l 3= mnLolly. 3 -

= ?ﬁolly*lli—l-
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For the latter one, we notice that

iHATIb(z‘fl)T?/*H%:iH Zn: yiasz

i=1 i=1  j=b(i—1)+1
m—1 n ) 9
=2 | X v,
i=0  j=bi+1
m—1 n . 9 m—1 bi ] 9
= 2| ¥ saf,= X | Xeial,
i=1  j=bi+1 i=1  j=1
by using the fact that Z?:l yJa; = 0. Using Young’s inequality, we have
m—l b -1 b
SIS v, < S0 6> Iwlal3
=1 j=1 =1 j=1
m—1 bi ]
<bm—1) Y > llyla,l3
i=1 j=1
m—1 bi )
= b(m —1) Y (m—i)lylal}
i=1 j=b(i—1)+1

(m—1)b
<bm -1 Y lylal3.
i=1

By the definition that o? = 1 7 |yda; |3 and S ydas|3< 0 llydas 3= no?, we obtain
37 m 37 3 2
N Lo n; Lo n(n—b)* =
B0 S AT By B bm — 172 = B e (2.32)
1=1

Note that the bound in Eq. (2.32)) equals to zero when b = n, which recovers the case of full gradient

descent, so we have

m 3 3 2
(M s = n(n—>b

S I T3 min {0 B oy 3, 0

i=1

ﬁi’io
nb
Combining Eq. (2.30)(2.33), we obtain
Snooo- k . s s a(n—0)* -
To < B Lo Lollys = 9l 25 o — gt min {2 £ Lo g 0, 22 F o),
b 2n b
thus finishing the proof. O

Loo?}. (2.33)

Theorem 4. Under Assumptions and if e < n\/ﬁ and Hig = Zszl Nk, the output Ty of
Alg. [3 with a fized permutation satisfies

. b Ko i . - n3(n —b)? -
Hic(F @)~ F(@2)) < - lloo — @3+ min {2 Eo Loy, B0 2],
k=1
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As a consequence, given € > 0, there exists a constant step size mp = n such that

1/A T _ 2
f(@k) — f(xs) < € after the number of gradient queries bounded by O(% +
min{\/nﬁoiouy*u,\,l,(nfb)\/ioa*}umofm*ug)

372

Proof. Proceeding as in Lemmas [7] and [§ but without random permutations, we have

k - )T i k - i 7 i
& < % Sy A (@ — @1 i41) + % 3 (00— y N TAD (g — a1 )
=1 =1
Tk 2 Nk 2 b o 2
- %Hyk - ’vHAfl_%Hyk - y*HA*l_% ;Hﬂ?k—l,i — 14113

m

Nk i i i Nk Nk
< BN (0 — yN T AP (@), — @m10) — o g — vl Ao — o g — yal[A- (2.34)
n = 2n 2n

Using the bound in Lemma [10|and applying Eq. (2.27) into Eq. (2.34)), we obtain

3.7 F 3 3 2
nmenLoLo — ny (MM s ng(n —b)* -
& < (" = g )l = wallz o min {5 Lo Lollye A, #5555 Lo}
If gy, < e Tbﬁoio’ we have nz"bLQOLO — #& <0, thus
) S . - 3(n —b)? -
Er < min {%LOLOHy*H%,l, 77’6(172)[/003}.

Noticing that & = neGap®(@k, ys) + 2 [|@ — @p|3— L [|@. — x)—1]|3 and telescoping from k = 1 to

K, we have

K
> mGap® (z, y.)

k=1
b g b 2 <N mn s - 2 M —=b)?-
< gl = @ol3—o e — @xl3+ Y min {5 LoLolly.li-r, 5 Loo?}.

k=1

Noticing that £(z,v) is convex w.r.t. @, we have Gap®(Zr, y«) < S, mGap® (xy, ¥.)/Hy, where
T = Zszl nexr/Hi and Hi = ZkK:l Nk, SO we obtain
K
Y (1

v b 2 . i - 2 -0
HgGap®(Zr, ys) < %Hmo — x./3+ ) _ min {bTLoLOHy*HA—u TLOU*},
k=1

Further choosing v = yz,., we obtain

. b Ko i . - nd(n —b)? -
Hie(f () — @) < oo — @l 3 min {0 Lo Lol 3 B 102 (235)

— 2n — b



To analyze the individual gradient oracle complexity, we choose constant stepsizes n < —=—— and

assume b < n without loss of generality, then Eq. (2.35]) becomes

3 b g : 7 (n—b)°
f(@r) — f(z:) < 2nnKHiEo — @[5+ min {bTLOLOHy*Hi—lv TLOUQ}

(n=b)* b)

When Loy |3 o2, we set n = min{ b ( Vo 2.3 )1/3} and consider the
0| Yx* A*l ) n\/2ﬁ0E07 2n2L0L0K”y*Hi_1

following two possible cases:

« 9 e 3 _ b b3||1?0—1?*“§ 1/3
e “Small K7 case: if n = T < <2n2ioEoKHy*Hf\,1) , we have
A b 7’]27'LA ~
f@x) = f@) < 3 zleo =+ oLl -
oz £1/351/3 2/3 4/3
< VLo e DL el w0 — .
= oK 0 R 92/3,1/3 [(2/3
« Y caser if p— (—tlwo—melz /3 b
e “Large K7 case: if n = (2n2£0£0K”y*Hi—1) S iy we have
. b n’n . -
f(@x) — flzs) < WH% - w*H%ijTLOLOHy*Hifl
£1/371/3 2/3 4/3
o 2L Ly 3 o — @
— nl/3K2/3
Combining these two cases, we have
W £1/371/3 2/3 4/3
) — o) < YL — g 2L T e L o =

Hence, to guarantee E[f(Zx) — f(x,)] < € for € > 0, the total number of individual gradient

evaluations will be

n\/2LoLollzo — @3 4n2L LY |y |la-1 2o — 2. |12
nk > max { 0 0” 0 ”2 1 ”?{,,/!A o = @ ”2}. (2.36)
€

(n=b)? 2 _ 7 2 ot b b lwo—a. |3 \1/3 "
When “—>~07 < Lol|y«|3-1, we set n = mm{n\/ﬁoio’ (2n(nib)2E0KZUZ) } and consider the two
cases as below:

« ” Lo _ b b3Ha:0 :I:*H% 1/3

e “Small K7 case: if n = T < (2n(n—b)2£oKai) , we have
b 2 n2(n - 5)2 7

Fl@x) = fl@) < 5ella - e 02 Lo

N b 2/3L1/3 2/3 Y3
< VO a3 ) o = ]
V2K 92/31,2/3 [(2/3
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0¥ |lzo—a. |13 )1/3< b
n

[13 2 :
[ ] N = | ——= PR S—
Large K7 case: if n <2n(n_b)2 ToKo? S VRRL we have

2, b 2 772(” - b)2 = 9
f(@k) = f(z.) < 2nnKH’d’?o = @yt Loos
¥1/3 2/3 4/3
_ 2B = 0PIy — @y

- n2/3 K2/3

Combining these two cases, we obtain

Fax) — fla,) < Voo

V2K

To guarantee E[f(Zx) — f(x.)] < € for € > 0, the total number of individual gradient evaluations
will be

21/3(n — )23 Lo/ 52 |2y — .||y
n2/3 K2/3 ’

lco — .13+

n\/2LoLo| o — )13 4(n — b) LY 0, ||zo — 2.||3
nKZmaX{ oLoflo Hz’ (n=b)Lo SQHmO v ||2} (2.37)
€ €

Combining Eq. (2.36) and Eq. (2.37)), we finally have

nK 2 ny/ 2L0.Z/0||ZL‘Q — :L‘*Hg
€
£1/271/2 jl/2
an' 2Ly L lyallas o — 2.3 4(n — b) Ly * ol - as*n%}
€3/2 ’ €3/2 ?

+ min {
thus finishing the proof. O

2.4.4 Extension to non-smooth convex loss functions

In non-smooth settings, we make the following standard assumption.

Assumption 5. Fach {; is convex and G;-Lipschitz (i € [n]), i.e., [6i(x) —4;(y)|< Gilz — y| for any
z,y € R; thus |gi(x)|< G; where g;(x) € 0l;(x). There exists a minimizer x, € argmingcpa f().

If Assumption holds, each Ki(aiT x) is also Gpax-Lipschitz with respect to @, where
Gmax = maxepy Gillas||2. To state our results, we define I' := diag(G},G3,...,G2) and 'y =
diag(G2 , G2

2 G2 ,...,G% ), given a data permutation 7 of [n].

We now extend our analysis of Algorithm [I] to convex nonsmooth Lipschitz settings, where the
conjugate functions £;(y?) are only convex. Proceeding as in Lemma {4l we obtain a bound on the
primal-dual gap similar to , but lose two retraction terms induced by smoothness. Instead of
cancelling the corresponding error terms like in the smooth case, we rely on the boundedness of the

subgradients to bound these terms under a sufficiently small step size, which is common in nonsmooth
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Lipschitz settings. Similar to Section we introduce the following quantities to obtain a tighter

guarantee with respect to the data matrix and Lipschitz constants

A

1 1/2
Gr = %Hﬂ/z( S o1y An AL Ty T,
= 1 m rl/2
Gr = S IV (S Ty Ax AT T ()T,
We discuss the improvements in convergence from G and G, in Section while we prove the

convergence of Algorithm [2] in the non-smooth convex settings in the following. we first recall the

following standard first-order characterization of convexity.

Lemma 11. Let f : R? = R be a continuous convex function. Then, for any x,y € R%:

fy) = f(®) + (gz,y — 2),
where gz € Of(x), and Of(x) is the subdifferential of f at .
The following technical lemma provides a primal-dual gap bound in convex nonsmooth settings.

Lemma 12. For any k € [K], the iterates {yk)}m1 and {xy_1;}"4" generated by Algomthmla
satisfy

Tk
ggZZ

(0" AL @i = 2pri0) + (0] —y)TAL (@ — @i,
b m
?Zka 1i — Lh— 11+1H27

m

—_

(2.38)

where = i (L(xx, v) = L2 ys) + g2 — 2il3— g 20 — 23

Proof. By the same argument as in the proof for Lemma [7] we know that ajr(k)a:k_l,i € 86;(,@(;%)
! (

for b(i — 1) + 1 < j < bi, then by Lemma[11] we have

C o (v3) = C oo () + aLk)a:k_Li('vi ),

which leads to

m bi
L(xk,v) = ( (Z)TA(Z):Bk 1i— Z C (v] ) Z A(l () — Tp—1,)

i=1 j=b(i—1)+1 " =

1 “ % % U %) 7
<=3 (w AV - Y e (yk)) v TA (@), — @), (2.39)
= J=b(i1)+1 i



47

Using the same argument for £(x,, y.) as a;ra:* € 85}“(3}1) for j € [n], we have

bi

1 - K3 7 E ]
L@y =~ Zl (i AP, — b(zlmfwék) (y!1))
1= J=b(i—
m bi
> LS (0T AP, - o) (2:40)
Yy Ay 200 (Y
i3 j=b(i—1)+1 ’

Adding and substracting the term ﬁ S lles — xp—1.4]|3 on the R.H.S. of Eq. (2.40)), we obtain

nm
1 T bi )
L(@.,y.) zf§:(@44%a+—ﬂm* zili= Y Cwd)
n = O T
i=1 j=b(i—1)+1

2m7 lem*—mk Lill3-

Denote qﬁl(j)( )= y,(j)TA(Z)a: + 5 e | |13, which is ——strongly convex w.r.t. x. Notlclng that

Tp_1,i41 = Argmingcpa { (z)TA(Z)m+ o lle—xr— ill? } by Line 7 of Alg. I we have ng)k (Tr—1,i41) =
0, which leads to
. , b
O (@) > O (®—1,i1) + %Hw* — 1413

Thus, we obtain

1 & AT b bi i} A
L@ey.) >~ (v A @p 41 + S | Rt~ meoli— Y )
i= j=b(i=1)+1 7

‘ @ )

m
Z e — ey 3=l — 2e-il3)

bi

Mﬁsw

@) 1 i b * 4
T ( DTAD gy o+ gk = zi-villi— Y. L (yi))
Mk j=b(i-1)+1 7
- - 13 (241)
- — &, —— || -1 — T« ) ’
Sy N 2™ G 101 2

where (i) is by telescoping >, (|[@x — Tx—111/3—||T« — Tr—1.4]|3) and using zx = Tx_1,m41 and
X1 = Tk—1,1, which both hold by definition.
Combining the bounds from Eq. (2.39)) and Eq. (2.41)), and denoting

b b
Ex 1= (L (@1, 0) = L(@2y2) + -0 = 2B o 2. — w11l
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we finally obtain

& < %k > Yy TA (@1 — @) + %k Zvl(ci)TA;(ci)(ﬂ?k — Tp_1,)
i=1 =1

™ > k-1 — e-1is1ll3

Tk UL i b i i i
= Sy TAY (@ — @g) + % S () — " AP (@ — @)
=1 =1
b m

2n11

[@k—1,i — Tr—141]]3,

thus completing the proof. O

Note that we can still use Lemma to bound the first inner product term in Eq. (2.38]), as we are

studying the same algorithm. The following lemma provides a bound on the second inner product
term 75 == 2 Y7 (0 — T AD (@) — 2, 1) in Eq. [@:35).

n

Lemma 13. Under Assumptz'on@ for any k € [K], the iterates {yk } oy and {1}t generated
by Algorithm [ satisfy

< 77;% Y, éﬂw) éwm
- b

Proof. Proceeding as in Lemma [9] we have

(2.42)

Y GGy
4b

.. lon = well2

n =1

m 2 m
Mk i j ‘ N
Ty = — Z (,U](gl) N y](;))TAI(;) (iEk — wk_u) = —i Z <A;—Ib(z’—1)1‘yk7 A;—I(l) (’Uk — yk)> .
i=1
Using Young’s inequality for some o > 0 and proceeding as in Eq. (2.22)), we obtain

2
77 «
T2 <5 k ZHATIb(z ! Tyk\|2+2b ZHATI(Z (ve — y)lI3

nna

2
U
S T w(k)HkaF—r‘rQ W(k)H’Uk - ka]Q:\;la

where we use our definitions that G, ) := LHI‘}C/Q( >y Ty 1)TAkA;—Ib G—1yp)T 1/2H2 and G =
%||I‘,1€/2( > I(j)AkA,II(j))I‘}CﬂHQ It remains to choose a@ = 2, |G G’“ to finish the proof. O

We are now ready to prove Theorem [5| for the convergence of shuffied SGD in the convex nons-

mooth Lipschitz settings.
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Theorem 5. Under Assumptz'on@, if Hx = Zszl m, and G = E.[\/ éﬂéﬂ], the output T of Alg.
with possible uniformly random shuffling satisfies

K

BH(f(@x) ~ f(@)] < 5120 — 2.3+ Y 200G,
k=1

As a result, for any € > 0, there exists a step size n = n such that BE[f(Zx) — f(x.)] < € after

~ _ 2
O(M) individual gradient queries.

Proof. To simplify the presentation of our analysis, we first assume ||v||%_, < n, which will be later
verified by our choice of v = Yz, and Assumption
Combining the bounds in Lemma 8| and [13| and plugging them into Eq. (2.38)), we have

7],%\/ éﬂ.(k)éﬂ-(k:) 9 7]/% \/ éw(k)éqr(k) 2
(@) N2\ G G s i Grw G 5 9
< 2 [ykllpr+ 5% ([olle-2+llyellp1)
(i1) 217]%71 éw(k)éﬂ(m
< — , (2.43)

where we use Young’s inequality for [Jv, — g2 . and HU]{;HF;l: |v||2-1 as v is a fixed vector for
k
(1), and (i) is due to [|yg||Z 1< n by Assumption 5| and assuming that ||v|[f. < n. Proceeding as
k
the proof for Theorem [3] we first assume the RR scheme and take conditional expectation w.r.t. the

randomness up to but not including k-th epoch, then we obtain

2ninEy| éﬂ-(k‘) éﬂ.(k)]

Ex[&] < 2

Since the randomness only comes from the random permutation 7*), we have

2n2nE, \/GAWGTr
Ek[gk]ﬁ Nk [ ]

b

For notational convenience, we denote G = E.[y\/ éﬂéﬂ], and further take expectation w.r.t. all the

randomness on both sides and use the law of total expectation to obtain

L
E[&] < 2"kb”G. (2.44)

For the SO scheme, there is one random permutation 7 generated at the very beginning such that
7®) = 7 for all k € [K]. So we can directly take expectation w.r.t. all the randomness on both
sides of Eq. (2.43)), with the randomness only from 7, which leads to the same bound as Eq. ([2.44))
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with E[ éﬂ.(k)éﬂ.(k)] = EF[\/CA?WG’W]. Note that for incremental gradient (IG) descent, we can let

G = \/GyGy without randomness involved, where Go = CA}'W(O) and Gy = éﬂ(m w.r.t. the initial, fixed
permutation 7 of the data matrix A.
Noticing that & = npGap® (T, Ys) + o= [T« — Tk||3— L ||@ — @x—_1]|3 and telescoping from k = 1

to K, we have

277,%11@

K K
v b b
E[ Y- mCap®(@e,y.)] < o-llwe — ol -5 Elllw. — 23] + 3 =

k=1 k=1
Noticing that £(z,v) is convex wrt x, we have Gap®(&x,¥y.) < Y&, mGap®(zx, y.)/Hy, where
T = Zszl nexr/Hk and Hi = ZkK:l Mk, S0 we obtain

K

. b
E|HiGap® (#x,9.)| < 5-lleo — @3+ 3
k=1

277,%71@
—

Further choosing v = yz,, which also verifies ||v||2_1= ||yz, |3 < n by Assumption |5 we obtain

277,371@

K
ElHi([(@x) ~ [(@.)] < pollao — a3+ Y 22

k=1

To analyze the individual gradient oracle complexity, we choose constant stepsize 1. Then, the above

bound becomes _
2nnG

o — . 3+

Elf(Zx) — f(=)] <

b
2nnK
bllo—z+ |2

Choosing n = SonvrG e have

_ 2WG||wg — |2
< N .

Hence, given ¢ > 0, to ensure E[f(2x) — f(x«)] < € the total number of individual gradient

Elf(@x) — f(x.)]

evaluations will be _ )
WK > 4nG||a:02— 513*”27
€

thus completing the proof. O

We now briefly discuss this result. The total number of individual gradient queries is

O(M), which appears independent of the batch size, but this is actually not the case, as the

parameter G = E[\/GG,] depends on the block partitioning, due to Eq. ([2:38). When b = n, as a
sanity check, we recover the standard guarantee of (full) subgradient descent, which is expected, as
in this case shuffled SGD reduces to subgradient descent. When b = 1, however, the bound is worse

than the corresponding bound for standard SGD, by a factor O(nG/G?). By a similar sequence of
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inequalities as in Eq. (2.45)), this factor is never worse than n, but it is typically much smaller, taking
values as small as 1. We note that it is not known whether a better bound is possible for shuffied
SGD in this setting, as the only seemingly tighter upper bound from [Shal6] applies only for constant

K, when n = Q(%), and under an additional boundedness assumption for the algorithm iterates.

2.5 Discussion of Our New Smoothness Constants and Numerical
Results

To succinctly explain where our improvements come from, we now consider where /¢; is
1-smooth and b = 1, ignoring the gains from the mini-batch estimators (for large K) and our
softer guarantee that handles individual smoothness constants. For this specific case, L = Lyax =
maxi<;<p|la;||?, and thus our results for the smooth case and the RR and SO variants match state of
the art in the second term, which dominates when there are many (K = Q(%)) epochs. When
there are K = O(Lfﬂ%zmn) epochs in the SO and RR variants or for all regimes of K in the IG variant,
the difference between our and state of the art bounds comes from the constant I that replaces Lax,
and our improvement is by a factor \/ Liax/ L. Note that O(%) from prior bounds, which is the
dominating term in the small K regime, is even worse than the complexity of full gradient descent,
as the full gradient Lipschitz constant of f in this case is 2[|AAT[2< Lyax.

Given a worst-case permutation 7, and denoting by Az the data matrix A with its rows permuted
according to 7, our constant L can be bounded above by Lyax using the following sequence of

inequalities:

N (7)
L= 50 I Ar AL Ty lle < 2 S5 1ot A AL T 1yl

(@)
< &Yl Az AL (2.45)

< LS a3 masiciclanli= L

where (i) holds by the triangle inequality, (i) holds because the operator norm of the matrix
I 1Az AT 1)t (equal to the operator norm of the bottom right (n —j + 1) x (n — j + 1)
submatrix of A;A]) is always at most ||A;Al|= ||[AAT||, for any permutation 7, and (4ii) holds
by bounding above the operator norm of a symmetric matrix by its trace. Hence L is never larger
than L.y, but can generally be much smaller, due to the sequence of inequality relaxations in .
While each of these inequalities can be loose, we emphasize that (ii7) is almost always loose, by a
factor that can be as large as n.

As a specific example where L is smaller than Lyax by a factor of n, consider the example of

Gaussian data, where we draw n ii.d. standard Gaussian vectors from N(0,I;) and take d = n.

By standard concentration results, with high probability, all columns/rows of Az in this case are
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near-orthogonal (see, e.g., [BHK20, Chapter]) and ||a;||3~ d = n for all i. As a result, the operator
norm to trace inequality (i) is loose by a factor d = n, with high probability. Note that in this
example all individual smoothness parameters of components f; are essentially the same (w.h.p.)
and equal ||a;||3, thus the improvement of our bound on the smoothness parameter does not come
from averaging but from the structure of the data. This observation is important for contrasting the
results from Section [2.3]and Section[2.4] In particular, focusing solely on the finite sum structure and
ignoring the structure of the data matrix would provide no improvements in the resulting convergence
bounds.

As further evidence, we empirically evaluate Lax/ Lon15 large-scale machine learning datasets
and demonstrate that on those datasets Lyax/ L is of the order n®, for a € [0.15,0.96] (see Sec. m

for more details), providing strong evidence of a tighter guarantee as a function of n.
2

max’

For the nonsmooth settings, by a similar sequence of inequalities, we can show that G < G
which can be loose by a factor 1/n due to the operator norm to trace inequality. Thus, our bound
is never worse than what would be obtained from the full subgradient method, but can match the

bound of standard SGD, or even improvdﬂ upon it for at least some data matrices A.

2.5.1 Numerical results and discussion

In this section, we provide empirical evidence to support our claim about usefulness of the new
convergence bounds obtained in our work. In particular, we conduct numerical evaluations to compare
L to the classical smoothness constant L on synthetic datasets and on popular machine learning
benchmark datasets.

For a more streamlined comparison and to focus on the dependence on the data matrix, we
assume that the loss functions ¢; all have the same smoothness constant, which leads to Lyax/ L=
(maxlgign{ﬂaiHQ})/(#HZ?:l Ij_11AzALT;_1)t|2). Since the scale of the smoothness constant of
the loss functions is irrelevant for the ratio Lyax/ L in this case, for simplicity, we take it to equal
one. Note that assuming different smoothness constants over component loss functions would only
make our bound better compared to related work (see Eq. and the discussion following it).

We also compare L and Ly, on a number of benchmarking datasets from LIBSVM [CL11],
MNIST [Denl2], CIFAR10 [KHT09], and Broad Bioimage Benchmark Collection [LSCI12]. For each
dataset, we generate a uniformly random permutation 7 for the data matrix A and compute L.
We repeat this procedure 1000 times for all datasets and display the average Lyax/ L, in Table ,
except for e2006train, CIFAR10, MNIST, and BBBCOO5 where we do 20 repetitions due to limitations

of computation resources required for each calculation. We observe that among the datasets that we

IThis is because it is possible for inequalities (i) and (ii) to be loose, in addition to (4ii).
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Table 2.2: The following table shows the computed values of Lyayx/ L where [ is the empirical mean
of L over random permutations. We note that the quantity \/ Lmax/ L represents the improvement

provided by the bound via our novel primal-dual perspective, compared to previous work.

DATASET #FEATURES (d) #DATAPOINTS (n)  Luax/L 108, Liax/L  108umin(an) Lmax/L

AlA 123 1605 5.50 0.231 0.354
A9A 123 32561 5.49 0.164 0.354
BBBCO005 361920 19201 18.3 0.295 0.295
BBBC010 361920 201 7.04 0.368 0.368
CIFAR10 3072 50000 10.0 0.213 0.287
DUKE 7129 44 38.0 0.962 0.962
E2006TRAIN 150360 16087 5.35 0.173 0.173
GISETTE 5000 6000 3.52 0.145 0.148
LEU 7129 38 32.8 0.960 0.960
MNIST 780 60000 19.1 0.268 0.443
NEWS20 1355191 19996 42.1 0.378 0.378
RCV1 47236 20242 111 0.475 0.475
REAL-SIM 20958 72309 194 0.471 0.529
SONAR 60 208 6.26 0.344 0.448
T™C2007 30438 21519 10.9 0.239 0.239

consider, which contain all three data matrix “shapes” d >> n, d << n, and d = n, our novel bound
dependent on L is much tighter. For instance, for rcvl and real-sim datasets, where d and n are
of the same order, we observe that Lpax/ L are approximately 111 and 194, respectively. For news20
dataset where d >> n, Lmax/f/ ~~ 42.1. For MNIST, where d << n, Lmax/ﬁ ~ 19.1. Further results
are provided in Subsection [2.5.2

Finally, as a justification for using the empirical mean of L over random permutations 7 in the
results displayed in Table we observe in our evaluations that the values of Ly.x/ L, are fairly
concentrated around their empirical mean values. Histogram plots showing the empirical distributions
of Linax/ EW for each of the datasets are provided in Subsection m

We conclude with a few additional remarks. Our results indicate that the structure of the data is
important for predicting behavior of popular machine learning methods such as variants of shuffled
SGD considered in our work, and thus should be incorporated in their study: as demonstrated in the

Gaussian data example, considering simple finite sum structure and ignoring the dependence on the
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data can lead to overly pessimistic bounds. Thus it would be interesting to provide a further theoret-
ical study of shuffled SGD that incorporates distributional assumptions for the data. Additionally,
as mentioned in the previous paragraph, we empirically observed that permutation-dependent pa-
rameter L, concentrates around its mean for permutations generated uniformly at random. Thus,
it would be interesting to consider whether our theoretical results can be strengthened to depend on

the mean value of L, (as opposed to maximum). We leave such considerations for future work.

2.5.2 Experiment Details

We implement the computation of L and Lyax in Julia, a high-performance scientific computation
programming language, and compute matrix operator norms using the default settings in the Julia
Arpack Package. However, limited by computational memory and time constraint, our selection of
datasets is focused on moderately large-scale datasets of n in the order of O(10%). We also include

comparisons of small datasets such as ala and sonar.

2.5.3 Evaluations of L,/ L, on Synthetic Gaussian Datasets

We first study the gap between L, and Luay for different batch sizes b, as shown in Figure As
in Section we focus on their dependence on the data matrix, and assume that the loss functions
¢; all have the same smoothness constant. In this case, the ratio Lyax/ L, that characterizes the gap
between Lr and Lyay will become Lipax/Lr = (maxlgign{HaiH%})/(%Hzgnzl I A A I |2). In
particular, we run experiments on standard Gaussian data of size (n,d). We fix the dimension
d = 500, and vary the number of samples with n = 100,500, 1000, 2000. In Figure we plot the
ratio Liax/ L, versus the batch size b for 100 different random permutations m, where the dotted
lines represent the mean values and the filled regions indicate the standard deviation of permutations.
We observe that the ratio Liay/Ly is concentrated around its empirical mean and exhibits b* (a €
[0.74,0.87]) growth as the batch size b increases. In particular, if we choose b = /n, the ratio can
be O(n%4).

2.5.4 Distributions of L./ L.

In this subsection, we include histograms in Figure to illustrate the spread of Lyax/ L. with
respect to random permutations, for completeness. We observe that in all the examples Lyayx/ L is
concentrated around its empirical mean. The following plots are normalized, with y-axis representing

the empirical probability density. The x-axis represents Lyayx/ L.
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Chapter 3

Accelerating Cyclic Coordinate Algorithms via
Dual Averaging with Extrapolation

3.1 Contributions

We study the following composite convex problem

min { f(x) = f(2) + (=)}, (P)

xR

where f is smooth and convex and g is proper, (possibly strongly) convex, and lower semicontinuous.
This is a standard and broadly studied setting of structured nonsmooth optimization; see, e.g, [BT09,
Nes07h] and the follow-up work. To further make the problem amenable to optimization via block
coordinate methods, we assume that ¢ is block separable, with each component function admitting
an efficiently computable prox operator (see Section for a precise statement of the assumptions).

Similar to [SD21al], we define a summary Lipschitz constant L of f obtained from Lipschitz
conditions of individual blocks. Our summary Lipschitz condition is similar to that of [SD21al
(although not exactly the same) and enjoys the same favorable properties as the condition introduced
in that paper; see Section for more details.

We introduce a new accelerated cyclic algorithm for @ whose full gradient oracle com-
plexity (number of full gradient passes or, equivalently, number of full cycles) is of the order
O(min{\/gHmo — x*o, ﬂlog(M)}), where 7 is the strong convexity parameter of g
(equal to zero if g is only convex, by convention), &* is an optimal solution to (P]), and zo € dom(g)
is an arbitrary initial point. This complexity result matches the gradient oracle complexity of the fast
gradient method [Nes83], but with the traditional Lipschitz constant being replaced by the Lipschitz
constant introduced in our work. In the very worst case, this constant is no higher than /m times

/4 improvement in the resulting

the traditional one, where m is the number of blocks, giving an m
complexity over the accelerated cyclic method from [BT13|. Even in this worst case, the obtained

improvement in the dependence on the number of blocks is the first such improvement for accelerated
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methods since the work of [BT13]. We note, however, that for both synthetic data and real data sets
and on an example problem where both Lipschitz constants are explicitly computable, our Lipschitz
constant is within a small constant factor (smaller than 1.5) of the traditional one (see Figure [3.1]
Table and the related discussion in Section .

Some key ingredients in our analysis are the following. First, we construct an estimate of the
optimality gap we want to bound, where we replace the gradient terms with a vector composed
of partial, or block, extrapolated gradient terms evaluated at intermediate points within a cycle.
Crucially, we show that the error introduced by doing so can be controlled and bounded via our
Lipschitz condition. An auxiliary result allowing us to carry out the analysis and appropriately
bound the error terms resulting from our approach is Lemma which shows that our Lipschitz

condition translates into inequalities of the form

Fly)— fl@) < (Vi) y — o) + ¢y~ al’

IVf(y) = Vi@)I[P< 2L(f(y) — f(z) — (Vf(z),y —z)),

similar to the standard inequalities that hold for the traditional, full-gradient, Lipschitz constant.
Finally, we note that the accelerated algorithm that we introduce is novel even in the single block
(i.e., full-gradient) setting, due to the employed gradient extrapolation.

We further consider the finite sum setting, where f is expressible as f(x) = 130, fi(x),

and where n is typically very large. We then propose a variance-reduced variant of our accel-
erated method, which further reduces the full gradient oracle complexity to O(min{\/iﬂxo —

x*||2, \/%log(M)}). The variance reduction that we employ is of the SVRG type [JZ13].
While following a similar approach as the basic accelerated algorithm described above, the analysis in
this case turns out to be much more technical, due to the need to simultaneously handle error terms
arising from variance reduction as well as the error terms arising from the cyclic updates. Through
utilizing the novel smoothness properties obtained in Lemma [14] specific to convex minimization, we
are able to obtain the desired error bounds without using the additional point extrapolation step in
the gradient estimator as [SD21a], but rather only with an SVRG estimator. This important change
paves a path to achieving accelerated convergence rates while also simplifying the implementation of
our algorithms.

Last but not least, we demonstrate the practical efficacy of our novel accelerated algorithms A-
CODER and VR-A-CODER through numerical experiments, comparing against other relevant block
coordinate descent methods. The use of A-CODER and VR-A-CODER achieves faster convergence

in primal gap with respect to both the number of full-gradient evaluations and wall-clock time.
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3.1.1 Background

Block coordinate descent methods are broadly used in machine learning due to their effectiveness
on large datasets brought by cheap iterations requiring only partial access to problem informa-
tion [Wrilhl [Nes12]. They are frequently applied to problems such as feature selection [WLT08,
FHT10, MFH11], empirical risk minimization [Nes12| [ZL15, [LLX15, [AZQRY16, [ADFCI17, IGOPV17,
DO1§|, and in distributed computing [LWR™ 14, [FR15, [RT16]. In the more recent literature, coordi-
nate updates on either the primal or the dual side in primal-dual settings have been used to attain
variance-reduced guarantees in finite sum settings [CERSI18| [ADFCI17, [AFC20, [STM20l [STWD22].

Most of the existing theoretical results for (block) coordinate-type methods have been established
for algorithms that select coordinate blocks to be updated by random sampling without replace-
ment [Nes12, Wril5, [CERSIS, [ADFC17, [AFC20, [SIM20, [SLWD22, ZL15, [ILLX15, [AZQRY16, DO18§].
Such methods are commonly referred to as the randomized block coordinate methods (RBCMs).
What makes these methods particularly appealing from the aspect of convergence analysis is that
the gradient evaluated on the sampled coordinate block can be related to the full gradient, by taking
the expectation over the random choice of a coordinate block.

An alternative class of block coordinate methods is the class of cyclic block coordinate methods
(CBCMs), which update blocks of coordinates in a cyclic order. CBCMs are frequently used in
practice due to often superior empirical performance compared to RBCMs [BT13| [CWY17, [SY19)
and are also part of standard software packages for high-dimensional computational statistics such
as GLMNet [FHT10] and SparseNet [MFH11]. However, CBCMs have traditionally been considered
much more challenging to analyze than RBCMs.

The first convergence rate analysis of CBCMs for smooth convex optimization problems, obtained
by [BT13], relied on relating the partial coordinate blocks of the gradient to the full gradient. For
this reason, the dependence of iteration complexity on the number of coordinate blocks in [BT13]
scaled linearly and as a square root for vanilla CBCM and its accelerated variant, respectively.
Such a high dependence on the number of blocks (equal to the dimension in the coordinate case)
makes the complexity guarantee of CBCMs seem worse than not only RBCMs but even full gradient
methods such as gradient descent and the fast gradient method of [Nes83|, bringing into question their
usefulness. This is further exacerbated by a result that shows that such a high gap in complexity does
happen in the worst case [SY19], prompting research that would explain the gap between the theory
and practice of CBCMs. However, most of the results that improved the dependence on the number
of blocks only did so for structured classes of convex quadratic problems [WL20, LW19, I[GOPV17].

On the other hand, a very recent work in [SD21al introduced an extrapolated CBCM for varia-

tional inequalities whose complexity guarantee does not involve explicit dependence on the number
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of blocks. This result is enabled by a novel Lipschitz condition introduced in the same work. While
the result from [SD21a] applies to convex minimization settings as a special case, the obtained con-
vergence rates are not accelerated. Our main motivation in this work is to close this convergence gap
by providing accelerated extrapolated CBCMs for convex composite minimization.

As discussed at the beginning of this section, cyclic block coordinate methods constitute a fun-
damental class of optimization methods whose convergence is not yet well understood. In the worst
case, the full gradient oracle complexity of vanilla cyclic block coordinate gradient update is worse
than that of vanilla gradient descent, by a factor scaling with the number of blocks m (equal to the
dimension in the coordinate case) [SY19, [BT13|. Since the initial results providing such an upper
bound [SY19], there were no improvements on the dependence on the dependence on the number of
blocks in the convergence guarantees of cyclic methods until the very recent work of [SD21al, which
in the worst case improves the dependence on m by a factor \/m. Our work further contributes to
this line of work by improving the dependence on m in accelerated methods from /m to m!* in the
worst case.

In the finite-sum settings, variance reduction has been widely explored; e.g., in [JZ13, [DBLJ14]
AZ17, RHS™16, [LJCJ17, [STM20L [SLRB17] for the case of full-gradient methods and in [CG16, [LS18]
for randomized block coordinate methods. However, variance reduced schemes for cyclic methods
are much more rare, with nonasymptotic guarantees being obtained very recently for the case of
variational inequalities [SD21a] and nonconvex optimization [CSWD22al XY14]. We are not aware

of any existing variance reduced results for accelerated cyclic block coordinate methods.

3.1.2 OQOutline of the Chapter

Section [3.2] introduces the necessary notation and background and outlines our main problem
assumptions. Section [3.3introduces the A-CODER algorithm and provides the analysis. Section [3.4
presents VR-A-CODER and detailed its convergence analysis and comparison against the vanilla
A-CODER. Finally, Section provides numerical experiments for our results and concludes the

paper with a discussion.

3.2 Notation and Preliminaries

For a positive integer K, we use [K| to denote the set {1,2, ..., K'}. We consider the d-dimensional
Euclidean space (R, ||-||), where ||-||= +/(, -) denotes the Euclidean norm, {-, -) denotes the (standard)
inner product, and d is assumed to be finite. Throughout the paper, we assume that there is a given
partition of the set {1,2,...,d} into sets 87, j € {1,...,m}, where |S?|= &’ > 0. For convenience

of notation, we assume that sets S/ are comprised of consecutive elements from {1,2,...,d}, that
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is, ' = {1,2,...,d'}, S = {d' + L.d" +2,....d" +d®}, ... 8" = {I P+ 1LY+
2,200 d’}. This assumption is without loss of generality, as all our results are invariant to
permutations of the coordinates (though the value of the Lipschitz constant of the gradients defined
in our work depends on the ordering of the coordinates; see Assumption . For a vector & € 19,
we use ) to denote its coordinate components indexed by &7. Similarly for a gradient Vf of a
function f : R — R, we use VU f to denote its coordinate components indexed by S7. We use
(- )>; to denote an operator for vectors and square matrices that replaces the first j — 1 elements of
rows and columns with zeros, i.e., keeping elements with indices > j the same, otherwise zeros.

Given a proper, convex, lower semicontinuous function g : R — R U {+o00}, we use dg(x) to
denote the subdifferential set (the set of all subgradients) of g. Of particular interests to us are
functions g whose proximal operator (or resolvent), defined by

) 1
prox,,(u) := arg min {Tg(a:) + §Har: - u||2} (3.1)
zER?

is efficiently computable for all 7 > 0 and u € R?. To unify the cases in which g are convex and
strongly convex respectively, we say that g is v-strongly convex with modulus v > 0, if for all
x,y € R and ¢/(x) € dg(x),

v
Sy — ]|,

9(y) = g(@) + {¢'(),y —2) + 3

Problem definition. We consider Problem under the following assumptions.

Assumption 6. g(x) is y-strongly convexr, where v > 0, and block-separable over coordinate sets
{S7ym, s g(x) =YL, ¢ (29)). EBach ¢/ (%)) for j € [m] admits an efficiently computable prozimal

operator.

Assumption 7. There exist positive semidefinite matrices {Q", Q?,...,Q™} such that VU f(.) is

1-Lipschitz continuous w.r.t. the seminorm ||-||qs, i.e., V&, y € R%,
VD f () = VI F()IP< 1z — yllgs, (3.2)

where || — y\%j:: (x — y)TQ’(x — y) is the Mahalanobis (semi)norm. Moreover, we define a new
Lipschitz constant L such that L? = 2||Q|| < co where Q = Y Q7)) + (Q7)5j41]

Observe that when f is M-smooth in a traditional sense (i.e., when f has M-Lipschitz gradients
w.r.t. the Euclidean norm), Assumption [7| can be trivially satisfied using @’ = M for all j € [m],
where I is the identity matrix. Consequently, it can be argued that L < 2y/mM [SD21a]; however,
we show that this bound is much tighter in practice as illustrated in Figure [3.1] and in Table In
particular, we follow the experiments in [SD21a] and show empirically that the standard Lipschitz
constant M and our new Lipschitz constant L scale within the same factor for both synthetic and

real data.
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Figure 3.1: Comparisons of Lipschitz constants for elastic-net problems on synthetic datasets, where
M denotes the commonly known Lipschitz constant and L is our new Lipschitz constant as defined
in Assumption

Table 3.1: Comparisons of Lipschitz constants for elastic-net problems on LibSVM datasets. M
is the classical gradient Lipschitz constant and L is our novel smoothness constant. We use each

coordinate as a block, i.e., m = d.

DATASET #FEATURES M L
SONAR 60 12.5 15.8
COLON 2000 310.6 394.7
A9A 123 6.1 7.7
PHISHING 68 0.60 0.76
MADELON 500 1.2 1.5

3.3 Accelerated Cyclic Algorithm

In this section, we introduce and analyze A-CODER, whose pseudocode is provided in Algo-
rithm A-CODER can be seen as a Nesterov-style accelerated variant of CODER, previously
introduced for solving variational inequalities by [SD21a]. A-CODER is related to other acceler-
ated algorithms in the following sense. In the case of a single block (m = 1) and when gradient
extrapolation is not used (i.e., when qx = pi), A-CODER reduces to a generalized variant of AGD+
[CDO18| [DG21] or the method of similar triangles [GN18]. The analysis of A-CODER follows the
general gap bounding argument [DO19, [STM21] and it is based on three key ingredients: (i) gradient

extrapolation, which enables the use of partial information about the gradients within a full epoch of
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cyclic updates, (ii) Lipschitz condition for the gradients based on the Mahalanobis norm as defined
in Assumption |7} and (iii) upper and lower bounds on the difference between the function and its
linear approximation that are compatible with the gradient Lipschitz condition that we use, as stated
in Lemma [14]

Lemma 14. Let f : R? = R be a convezx and smooth function whose gradients satisfy Assumption E
Then, Vx,y € R% :

Fly)~ F@) < (Vi@).y—2)+ 5y~ =l

IV£(y) = V(@) *< 2L(f(y) - f(=) = (Vf(z),y — ).

Proof. Let z; = (M, .. 20 yUt)  40™)) and observe that 2z, = « and z; = y. Then we
have .
fly) = flx) =) (f(zj-1) = f(2)))- (3.3)
j=1

As f is continuously differentiable and z; and z;_; only differ over the 5% block, we further have,

by Taylor’s theorem,
1
f(zj—1) = f(z) = /0 (Vf(zj+t(zj1 — 2), zj-1 — 2;) dt

v, . .
_ / (VO f(z) + (201 — 27)), 9P — 2t )
0

— (VO f(), y - 2 + /01 (V9 (2 + Hzm1 — 21)) — VO (), 5 — 203

Using Young’s inequality, we have, for any a > 0,
<V(j)f(zj Ft(zjo1 — 2;)) — VO f(a), yP) — m(j)>

« : . 1 . .
< 5\\V<”f(zj +t(zjo1 — 25)) = VO f()||* + 5Hym — |2

- 5 1. S
= gsz +t(zj-1 — zj) — zl[gs + %Hy(ﬂ — V||
«

<
-2

1 ) )
(= 0)llz; — @l + tllz1 — @3] + 5 -y — 2|2,

where the second inequality is by our block Lipschitz assumption from Assumption [7] and the last
line is by Jensen’s inequality. Now observe that z; and x agree on the first j blocks. Thus,
we can write z; — & = (y — x)>j41 and 2zj_; — = (y — x)>;, while noting that we have

2 2 2 2 . .
1(y — fc)szQj = ly - wH(Qi)zj and |[(y — w)2j+1||QJ' =y - wH(Qi)Z].+1' So by combining with
Eq. (3.4) and integrating over ¢, we have, Ya > 0,

) . . 1 . )
f(zi-0) = £(z) < (VS @),y = a?) + [y — 2|

N ) , (3.5)
5 Iy = alitg. + ly = 2lig.,.. )
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Summing Eq. (3.5) over j € [m] and using the definition of Mahalanobis norm, we finally get
fly) = f(@) =D (flzj-1) = (=)

=1

<

«

IN

v Qly )+ oy — o

Lol 1y o
20 8 y—=zi

(Vi) y — =) +

< (Vf(z),y—=) +

I

where we used Holder’s inequality and the definition of L in Assumption Letting o = % now
completes the proof of the first part.

The second part of the proof is standard and is provided for completeness. Let @,y be any two
points from RY. Define h,(y) = f(y) — (Vf(x),y). Observe that hy(y) is convex (as the sum of
a convex function f(y) and a linear function — (V f(x),y)) and is minimized at y = x (as for any
y € R hy(y) — he(x) = fly) — flz) — (Vf(x),y —x) > 0, by convexity of f). Observe further

that for any y, z € R?, we have
ha(y) — ha(2) = (Vha(z),y — z) = f(y) — f(2) = (Vf(2),y — 2)

L
< S lly -zl

where the last inequality is by the first part of the proof. The last inequality and the fact that x

minimizes h, now allow us to conclude that

ho(@) < ho(y — 1 Vha(y))

o) — 5 | Vha ()]

IN

To complete the proof, it remains to plug the definition of &, (+) into the last inequality, and rearrange.
O

We now derive the A-CODER algorithm. We define {aj}x>1 and {Ax}r>1 to be sequences of
positive numbers with A = Zle a;,ap = Ap = 0. Let {xy}r>0 be an arbitrary sequence of points
in dom(g). Our goal here is to bound the function value gap f(yx) — f(u) above for all u € dom(g).

Towards this goal, we define an estimation sequence v, recursively by ¥g(u) = %Hu — x|? and

Ur(u) = Pr1(uw) + ar(f(@r) + (gr, v — 2x) + g(u))

for £ > 1. Meanwhile, vy and y;, are defined as vy, := argmin, cpa ¢ (u) and yi = A%c Zle a;v;

respectively. We start our analysis by characterizing the gap function in the following lemma.
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Lemma 15. For any u € R? and any sequence of vectors {q;}i>1, we have

Al Fw) ~ Flw)) < ZE ) ety A (3.6)
where
Ei(u) = Ai(f(yi) = f(@i)) = Aia (f (gi-1) — [ ()
= a; (qi, Vi — ;) + ai (Vf(xi) — qi, xi — w)
Ay v (3.7)

Proof. As yi, = Aik Sk a;v; and g is convex, we have g(yi) < Aik Sk aig(v;) and thus,

k
Arf(yr) < Arf(ye) + Y aig(v;)
i=1
k k
Z (Aif(yi) — Aic1 f(yi1)) + > aig(vy), (3.8)
i=1 i=1
where the equality is by Ay = 0. Then, as f is convex and f = f + g, we have, Vu,
k
Aef(u) =Y aif Z +(Vf(@i), u —x;) + g(u))
=1 =1
k k
= Y- ailf(@) + (g w — ) +g(w) + D ai (V@) — qiu— )
i=1 i=1
k
= Pr(u) — vo(u) + > a; (Vf(xi) — qi,u — ;)
i=1
1+ Ay

> r(vr) +

1
7w — w2 [ — o

k
+Zai (Vf(xi) — qi,u — x;)
i—1

where the first inequality is by the convexity of f, the third equality is by the recursive definition of
Yr(u), and the last inequality is by the (1 + Agy)-strong convexity of g (u), vy = arg min,, V¥ (u)
which implies ¢ (u) > g (vg) + %H’u — vg||?, and the definition of ().
Then as ¥g(vg) = 0, using the recursive definition of 1, we have
k

wk( ) (%(Uz) %71(%'71))

s
Il
—

|
M=

(wz 1(03) = im (v51) + ai( (@) + (@i, v — @) + g(v)))

1

<.
I

1+ A;_
(—5—

v

@
Il
=

[0 = vit | + ai(f @) + (@i, 01 — @) + 9(v2)), (3.9)
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Algorithm 3 Accelerated Cyclic cOordinate Dual avEraging with extRapolation (A-CODER)
1: Input: xy € dom(g), v >0, L >0, m, {S',...,S™}
2: Initialization: x_1 = xo = v_1 =vg =yo; po = Vf(xg); 20 =0; a9 = Ag =0
3: for k=1to K do
4:  Set ar > 0 be largest value s.t.

k - < M where Ay, = Ap_1 + ag

5 Ty = AAk Lk 1

6 for j =mto1do

T p) =@y, el g g™
3 ql(cy) _ p(J) + ak—l (V(])f(wk—l) p](cy)l)

9 (]) ( |+ argt ()

10 vl(cj) — prox, ;gg]( 29 (j))

11: ylgj) Azklykj)l T ak,vJ)

12:  end for

13: end for

14: return vy, yx

where the last inequality is by the (1 + A;_17)-strong convexity of 1,1 and the optimality of v;_;.
Combining Egs. ) and . we have

= = 1+ Ak’y 1
AT le) — Flu)) < 3 Bula) — 2 w2 ] (3.10)
i=1
where E;(u) is defined in (3.7)). O

Lemma applies to an arbitrary algorithm that satisfies its assumptions. From now on, we
make the analysis specific to A-CODER (Algorithm [3). In Lemma [15] {E;(u)} are the error terms
that we need to bound above. If YF | Ej(u) < %Hu — v;]|?, then we get the desired 1/A;, rate.
To this end, we bound each term Ej(w) in Lemma |16 by using the extrapolation direction g, the

definition of yi, i and the parameter setting of ay.

Lemma 16. Let xy € dom(g) be an arbitrary initial point and consider the updates in Algorithm @
If, for k> 1, % < 2= e Y,

Ep(u) < ap (Vf(zr) — pr, vr — u)
— ap—1 (Vf(Tr-1) — Pr—1,Vk—1 — u)

Ay 2
10
1+ A,
+ 727”1%,1 — ’Uk,2||2.

10



67

Proof. By the convexity of f, we have

flyr—1) — flx) > (Vf(xr), Yr—1 — xp) -

Then by applying Lemma [T14] we have

AT ()~ 1)) — A (P 1) — (1)) < (VT (@), Ay — Ay 1 — aue) + oy —
2
— (VS (@) o= @)+ G o v P (3.1

where we used the definitions of y; and @, from Algorithmin the last equality. Combining Eq. (3.7))
(with @ = k) in Lemma [15{and Eq. (3.11]), we have

ap’lL 1+ Ay
Bi(u) < (25 = 2 fow — v |P+an (V£ (1) — gr, vr — ). (3.12)
2A 2

Thus by rewriting the second term as the sum of inner products over the m blocks and by using the
definition of q(j ) in Algorithm (3], we have

ar(V () — qu, v — u) = ap Z <V(j)f(:ck) _ q/r(fj)a ,U](CJ‘) _ u(j)>

j=1
Z [ak <v(])f z) — p(j) ’U]E;j) _ u(j)>
J=1 ‘ A (3.13
ey <v(j>f(xk_ ) —p o — u<z>>
a3 (VO s ) — ol w2, —of).
7=1

Notice that the first two inner product terms in the first line of Eq. (3.13)) telescope when summed

over k, therefore it remains to bound a1 327", <V(j)f(mk 1) — p,(f)l, 'v,Ef) 'v,(f)1> In particular we

let wy; = (x}, .. wk,yfl, ..., yp') so that p (]) V(j)f(w;w-), then we have

<V(j)f(wk_1) pl(c] 1>'Uk])1 _ (J)> <V(J)f(wk 1) — V(j)f(wk 15); Ul(cj)1 (j)>

st =St 5 o~

| /\

| /\

— szzk 1 — Wi 1,]||Q] + — Hv(J) U’E?J)H (3.14)

where the first inequality holds for any a > 0 by Young’s inequality and the second inequality is by

Assumption m Notice that ;1 and wy_;; agree on the first j blocks, so similar to the proof of
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Lemmawe can write 1 —wg—1,; = (Yr—1 —Tk—1)>;+1. Therefore by applying similar arguments
as Lemma [14] we get

m m
2 2
Yoz —wiiillgr = > k-1 — @1l

7 =1 j=1
m m
2 2
<My = @iealiigy, ., + 22 1ye-1 — @eallign.,
j=1 j=1
= llyr-1 -zl
a2 . I?
< 7 ooy — vpa? (3.15)

=2,

where we used the non-negativity of Mahalanobis norm w.r.t. semi-positive definite matrix in the first
inequality and the definition of @y, yx and L in the last inequality. Lastly, by combining Eqgs. (3.12)),
(3.13), (3.14) and (3.15)), we have

Ep(u) < ap (Vf(xr) — P, v —u) — ap—1 (Vf(Tp-1) — Pb—1, V%1 — u)

21, 14 Ap_ _ aas L2
+ (ak - e + o 1) vk —Uk—1H2+ <k_1 V-1 —”k—2”2'

24y 2 2 4A2
2
It remains to choose o = a‘i’:lL and some sequence {ai}iC such that Z—’; < w. O

We are now ready to state the main convergence result of this section.

Theorem 6. Let xy € dom(g) be an arbitrary initial point and consider the updates in Algorithm @
Then, Yk > 1 and any u € dom(g):

- - 3(1+ Ag-17) o Jlu—ol?
- D TR T gy — |2 O
flyk) = fu) + 104, Ju — v < A,
In particular, if €* = argming, f(x) exists, then
n e E Ak
— <
flyr) — f2*) < oA,
Further, in this case we also have:
* (12 * |2
vp — F||°< ———— || — |7,
o= =" IP< g5 leo =l

5 k a;
%112 ? *(|2
— @ < E Ty — T .

Finally, in all the bounds we have

2 27\F k2
Ay > (1)
’“max{m( " 5L> ’ 1OL}
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Proof. By Lemma and using the fact Ay = ag = 0 and vg = v_1, we have

1+ A,
S Ei(u) < —17;%% — v |2 ran (V f(zr) — pr, vk — ). (3.16)

Same as in the proof of Lemma we can bound ay, (V f(xr) — pk, v — u) using Young’s inequality
and the definition of smoothness for f. In particular, for any o > 0,
al? 9 1 9
_ ) < - _ Ml —
ai (Vf (@) = i, o — ) < a7 lye — el P+l — i)

al?a;? 5 1 9
= ak(mnvk — 'Uk_1|| +£”u — 'Uk” )

Choosing o = aATkL and using %': < W , we get
14 Ag— 1+ Ap-
(V) — ppon— ) < TR g e EE By e g7

Then combining Lemma [15] Eq. (3.17) and Eq. (3.16) with the fact Ay_; < Ay, we have

. . 3(1+ Ap_17)

(Flw) = Flw) + 2 = o< o = ol (315)

- 24,

Assume now that «* = arg min,, f(x) exists. As f(yx) — f(x*) > 0, Eq. (3.18) implies

loy, — 2*)*< 5 lazg — ||, (3.19)

(1+ Ap-17)

Using Jensen’s inequality, as yi = Aik Zle a;v;, we also have from Eq. (3.19)

5 k a;
%112 7 * (]2
k— I < E ro— T .
Hy H <3Ak i1 1—|—AZ‘ 17) H 0 H

Finally, recall once again that {aj }x>1 is chosen so that % = W. When v = 0, this leads

to the standard Ay > 1’8—1 growth of accelerated algorithms by choosing a; = 5% for k > 1. When

k—1
v > 0, we have AZ: > g—z,andit remains to use that Ak:A‘:fl -...-%-A1:A1(1+\/§—Z>

where a1 = A; = % using the choice of ay in Algorithmand Ag = ag = 0, completing the proof. [

3.3.1 (Lipschitz) Parameter-Free A-CODER

Adaptive A-CODER. The Lipschitz parameter L used in the statement of A-CODER (Algo-
rithm is usually not readily available for typical instances of convex composite minimization
problems. However it is possible to adaptively estimate the Lipschitz parameter Ly for A-CODER.
Note that in the case of A-CODER, all that is needed for the analysis from Section to apply is
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Algorithm 4 Adaptive Accelerated Cyclic cOordinate Dual avEraging with extRapolation (Ada-A-
CODER)

1: Input: =y € dom(g),y >0, Lo > 0,m, {S*,..., 5™}

2: Initialization: x_; = xp =v_1 =vg =yo,P0 = Vf(x0),20 =0, a9 = Ay =0

3: for k=1to K do

4: Ly =Lk_1/2

5 repeat

6 Ly =2L;

7 Set ax > 0 be largest value s.t. Z—% < 2(1%’;’”) where Ay = Ap_1 + ag
8 Ty = Afl:ykq + vk

9 for j =m to 1 do
10: p,(cj) = V(j)f(ac,(:), . ,m,(ﬂj), y,gj+1), . ,y,gm))
L1: ) = p + =2 (VO f(@i) - pi)
1. ORI ORI
13: 'v,(gj) = proxAkgj(a:(()j) - z,(cj))
14: yy) = Ayl 4 @yl
15: end for
16:  until f(yx) < f(mr) + (VF(n), ys — 2x) + 5 |y — i
17: end for

18: return vg, yx

that the quadratic bound from Lemma holds between x; and yi. A variant of A-CODER that
implements this adaptive estimation is provided in Algorithm

A variant of A-CODER implementing this adaptive estimation of L is provided in Algorithm [4]
This is enabled by our analysis, which only requires the stated Lipschitz condition to hold between the
successive iterates of the algorithm. Notably, unlike randomized algorithms which estimate Lipschitz
constants for each of the coordinate blocks (see, e.g., [Nes12]), we only need to estimate one summary
Lipschitz parameter L. Note that our adaptive version of A-CODER does not require extra gradient

computations in each iteration to verify the smoothness condition, unlike in RCDM [Nes12].

3.4 Variance Reduced A-CODER

In this section, we assume that the problem has a finite sum structure, i.e., f(x) =

%Z?:l fi(x), where n may be very large. For this case, we can further reduce the per-iteration
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Algorithm 5 Variance Reduced A-CODER (Implementable Version)

1: Input: xy € dom(g), v >0, L >0, m, {S,...,8™}
2: Initialization: gy = v = Y10 = €11 = To; 210 =0
3: :AOZO'Alzalzﬁ
4: 211 = Vf(xo); v11 = proxalg(mo —211)
5 Y1 =yY11 =011
6: wyyy = (2], 2yl )
T: V20 = V11; W0 = W11, L20 = L11; Y2,0 = Y1,1; 22,0 = 21,1
8: for s =2to S do
9: aSZ\/—W; Ag = A1 +ag
10: a5 = as-1; Gs1 = Qg2 =+ = Ag kK = Us
11 w50 = Vs1,K; Ws0,j = Ws—1,K,55 Ts,0 = Ls-1,K; Ys,0 = Ys—1,K; 25,0 = Zs—1,K
122 ps = Vf(Gs1)
13:  for k=1to K do
14: T = *1373 1+ G Vs k-1
15: for j =m to 1 do
16: wapy = (@ 2yl )
17 Choose t in [n] uniformly at random
18 Vil = VO fu(wsg) = VO folgsr) +
19: ) = 9 + 2 (V0 1)~ VO (w1,
20: zgﬂk = zf,z L+ asq(”
21: vijlg = prox(A 482k g (33(()] - zgj,z/K)
22 yU) = gl + 40l
23: end for
24:  end for
250 U= g¢ Lie1 Ysk
26: end for

27: return vg g, Ys

cost and improve the complexity results by combining the well-known SVRG-style variance reduc-
tion strategy [JZ13] with the results from the previous section to obtain our variance reduced
A-CODER (VR-A-CODER). From another perspective, VR-A-CODER can be seen as a cyclic
gradient-extrapolated version of the recent VRADA algorithm for finite-sum composite convex min-
imization [SJM20].

For this finite-sum setting, we need to make the following stronger assumption for each f;(x).
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Algorithm 6 Variance Reduced A-CODER (Analysis Version)

[ S e T e T e T e T o T o SRS St

21:
22:
23:
24:
25:
26:

Input: xy € dom(g),y > 0,L > 0,m, {S,...,8™}
Initialization: gy = vip = Y10 = 1,1 = To
ag = Ag = 0; Alzalzﬁ
dio(-) = 5l — ol
vy1 = argmin, {¢11(v) == Y10(v) + Kai(f(xo) + (Vf(®0), v — o) + g(v))}
Wi = (:cﬁ, . ,mﬂ, y(jﬂ)lyl, o yﬂl))
Y1 = V20 = Y1,1 = V11 W2 = W15 P20 = P11
for s =2 to S do
Set as > 0 s.t. a? = W; As=As 1+ as
Us0 = Gs—1; Qg1 = Us2 =+ = Og K = Us
Ts0 = Ts—1,K; Ys,0 = Ts—1,K; Ws0,j = Ws—1,K,5; Vs,0 = Vs—1,K; Vs,0 = Ys—1,K
ts =V f(Ys-1)
for k=1 to K do
Tok = S Pe1 + G0k
for j =m to 1 do
wapy = (@ 2yl )
Choose t in [n] uniformly at random
VI = VO fiw, ) = VO fu(ger) + pl
g} = V) + (VO (@ 1) = VO fu(worory)
vl = argmingg o {1 (00) = ¥ (07) + (S (@) + (gl 00
¢ (v9))}
yU) = 2290 + o)
end for
end for
Ys = % 2521 Ys.k
end for

return vg r, Ys

@)

- ys,k—1> +

Assumption 8. For allt € [n], fi(x) is convex. Moreover for all t € [n], there exist positive semi-
definite matrices {Q',Q?,...,Q™} such that VU f,(-) is 1-Lipschitz continuous w.r.t. the norm
HHQJ i.e., Yo,y € Rdat € {n]y

IV9 fi(@) = VO L) IP< 2 -yl -
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Lemma 17. If f(x) = %2?21 fi(x) satisfies Assumption@ then it satisfies Assumptionlj and thus
Lemma [T holds.

Proof. By using Jensen’s inequality and Assumption [8, we have
) ) 2 12 ) ) 2
|V f@) = VO )| < =3 [V fi@) - VO L) | < Nl -yl -
t=1

O

With this assumption, we can now derive the VR-A-CODER algorithm. Similar to Section [3.3]
we define {as}s>1 and {As}s>1 to be sequences of positive numbers with As = >°7_ a;,a0 = Ag = 0.
Let {ys}s>0 be a sequence of points in dom(g) which will be determined by the VR-A-CODER
algorithm. Our goal here is to bound the function value gap f(¥s) — f(u) above (u € dom(g)). To

attain this, we define the estimate sequence {1 }s>1 ke(r] recursively by ¥y o(u) = & |lu — xo||?,
Y1a(uw) = Y1o(u) + Kai(f(zo) + (V f(@o), u — xo) + g(u)), (3.20)
and Yoo =111; for s > 2,1 <k < K,

w&k(u) = ws,kfl(u) + aS(f(wS,k) + <qs,k7 u — ws,k> + g(u)), (3'21)

and Ys110 = Yo . In Egs. (3.20) and (3.21)), = is the initial point, @ and y,; are computed
as convex combinations of two points, which is commonly used in Nesterov-style acceleration, and

qsi = (qg?lg,qg?,z, e ,qu)) is a variance reduced stochastic gradient with extrapolation, which is

the main novelty in our algorithm design. Meanwhile, we define vy by v, i, := arg min, e Vs 1 (u)
and note that due to the specific choice of g, vsy is updated in a cyclic (block) coordinate way.
Furthermore, in VR-A-CODER, for s > 2, we define g, = % Zszl Ys k-

We start our analysis by characterizing the gap function, in the following lemma, similar to

Lemma [15] in Section [3.3] although the proof is much more technical in this case.

Lemma 18. For any u € R% and any sequence of vectors 1G5k }s>2,ke[K), for all S > 2, we have

KAs(f(gs) — f(u))
K K(1+ Agv)
2

<
- 2

|vs.x —ull” — 1 o1 —violl®+ D Eorl(uw),
S:2k:1

o — l* -

where

Esk(u) = As(f(Ys) — f(@sk)) = Asm1(f(Fs—1) — f(@sk)) + as (Vf(@s k) — Qs o, Ts ke — 1)
Kt A y) (3.22)

+ as <QS,ka Ls ke — vs,k> - 9 ||Us,k - vs7k71H2'
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Proof. As f is convex and f = f + g, we have: Vu,

KASf Zzasf

s=1 k=
Zkhﬁ(ml)(Vﬂxn)u—wm)+ﬂU»

S K
33 as(fl@og) + (V(@sp), u — 2 5) + g(w))

s=2 k=1
= wS,K( ¢1 olu + Z Z as vf L, k —qsk, U — ws,k)
s=2 k=1
K(1+A K
> bgse(wsse) + AU A oy gt By
S K (3.23)
+ Z Z Qs <vf($57k) - qS,k7 u — ws,k> )

s=2 k=1

where the first inequality is by the convexity of f, the second equality is by the recursive definition

of ¥gk(u), the second inequality is by the K (1 4+ Agy)-strong convexity of ¢g x(u) and vgx =
: . A

argmin,, s i (u) leading to ¢g i (u) > Vg x(vs k) + MHU —vsk|*

Then using our recursive definition of the estimate sequences again, we have

s,k (VsK)

s K
= Y1a(v11) + YD (s k(Vsk) = Vs p-1(Vs 1))

s=2 k=1

5 K
=Yr1(v11 +ZZ Vs k-1 (Vs k) — Vs k-1 (Vs k1))

s=2k=1
S K
ZZ a:sk +<qskavsk_$sk>+g(vsk))

+
K

>

-2

o110 — vl P+ Kai(f(@11) + (Vf(1,1), 0110 — ®11) + g(v11))
s K

K(1+ As_
P BOE A e
s=2 k=1
S K
+>

as(f(ws,k) + <QS,k; Vs k — 5Ds,k> + g(vs,k))a (324)
s=2 k=1

where the first equality is by ¥s41,0 = ¥s k and vs41,0 = v, i, the second equality is by the definition
of 151, the last inequality is by the definition of 1y 1(v; 1) and the K(1 + A,_;7v)-strong convexity
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of thsk—1(s > 2,k € [K]). Then by Lemmas [17 and [14] we have

L
foi) < f(xe1) +(Vf(®1,1),v10 —211) + §HUL1 — @y |

1
< fl@11) +(Vf(x11), 0110 —®11) + Eﬂvl,l — vl (3.25)

where the last inequality is by a; < ﬁ and v19 = ®11.

Using gy, = % Zszl Ysk = %qu + Zﬁil v, 1, the convexity of g, and Ag = 0, we have

S K S 1 K S
Y asg(ver) > ZK‘LSQ(} sz,k> > (KAg(gs) — KAs19(Fs-1))
s=2 k=1 s=2

s=2 k=1

= KAsg9(ys) — KA1g(91)
= KASQ(’QS) — KA1g<’Ul,1). (326)

Thus, combining Egs. (3.23))—(3.26)), we have

- K1+ A K K
KAsfw) > PEEAD g2 Byl 4 Koy — a4 Ko (o)
S K
K(1+ A,
F00 (a0 (Vf@er) — g~ o) + AT ) (o
s=2 k=1

_|_

M
M=

as(f(ins,k) + <QS,ka Vs k — 5Bs,k>) + KASQ(QS)-

2k

Il
—

S

Then with Ag =0 and g, = % Z;ﬁil Ys.k, We also have

S
KAsf(9s) = KALf(§1) + K> (Asf (Gs) — As-1f(Fs-1))
5=2
S K S
< Kalf 1, 1 ‘|‘ Z Z Asf(ys,k) - KZ Asflf(gsfl)a (328)
s=2 k=1 s=2

where the last equality is by Ay = a1, 91 = v1,;. Subtracting Eq. (3.27) from (3.28)) and noting that
f(gs) = f(9s) + g(9s) now completes the proof. O

Lemma 19. The error sequence {Esx(u)}s>2 pe[x] in Lemma satisfies

Es,k(u) S _As—l(f(:'gs—l) - f(ws,k) - <vf(ms,k); :gs—l - $s,k>)

La?  K(1+A,_
+as(Vf(Tsk) — Qse, Vs — u) + ( Sy ( 5 17)

Yvss = vora®
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Proof. Using Assumption [§] Lemma [17] and Lemma [I4] and applying the definition of y, j, we have

fYsp) = [(@sr)
L
S <vf(ms,k)v ys,k - ms,k> + §Hys7k - ajs,k”z

Ag_q as
= (Vf (@), = o1+ 5 Vks = Tai) +
A

As

La, 9
942 Vs 5 — Vs g1l
S

. La?
. <vf(ws,k)7 Ys—1 — ws,k) + - vf(ws,k)a Vsl — C'33,1€> + ﬁsg”’vs,k - ’Us,k71||2- (329)

a
XS<
It remains to plug Eq. (3.29)) into the definition of Ej, (), and rearrange. O

The definition of the variance reduced extrapolation point gy is crucial for bounding the error
terms {Fsx(u)} from Lemma The next three auxiliary lemmas apply the definition of qgj,z to
bound the inner product term (V f(xsr) — gs i, Vsp — ) in E;(u) when we take the expectation
over all randomness in the algorithm. We will use F 1 ; to denote the natural filtration, containing
all randomness up to and including epoch s, outer iteration k, and inner iteration i. Note that
in Algorithm [6] the index of the inner iteration goes from j = m to 1, therefore inner iteration i

corresponds to when index of the inner iteration is j = m — i+ 1. This detail however does not play

a important role in our analysis.

Lemma 20. For all s > 2, k € [K] and w € dom(g), we have
SEUV (s k) — Qo s Vs o — )]
ZGSE (VD fagr) — VD flwe ), v (J) ) —ul)]
j=1

- Z sk B[V f(@ap1) = VI f(wep 1), vg’i_l — u®)]
j=1

" 4k BV oy (@ m1) — VO fy (g g1), 00— 0U)_)]
j 1

+Zas VO fwg i) — (VD fy, (s gg) = VO fi (Gem1) + i), 009 —09)_ ],

Proof. Using the definition of qg,z, we have

as(V9D f(zss) — q)
= as(VY f(zgi) — VO f(wy5)) + as(VD f(wy ) — )

= as(VOf (@) = VO f(ws)) + as(VO (Wi ) = (VO i, (W) = VO Ly, (Gs1) + 1@ R
- as,kfl(v(J)ftj (ms,kfl) - (])ft]’ (w&k*l»j))'
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First, for j € [m] and any fixed u), we have

E[CLS(V(j)f(wS’k,j) _ (V(j)ftj (W ;) — J)ftj<y5 D+ H(])) ( ) u(])>]
= Elas(VY f(ws ;) — (VO fy, (ws g j) — VI fi (G- 1)+u(y) (J (]) )]
+ @BV f(wy1) — (T o (wy5) — VO fy (Go1) + B0 o), 00, — )
= Elag(VO) f(wory) = (V9 fi, (o g) = VO fi, (Fs-1) + ), 08 = o)), (3.31)

where the first equality follows from Uﬁf}lq € Fskj—1 and the second equality follows from
VO fy, (W )| Fors] = VO f(wypy) and BVD fy (g, 1) Fopsa] = VOf(gea) = pi.

Meanwhile, for j € [m] and any fixed u?), we have
Elas i1 (VY fi, (@sh1) — VO fiy (s i1, 09) — uld)]
= Elas -1 (VY fi, (s jom1) = VO fi, (wsom1,5), ’03]12 - ”Sk 1))
+ EE[as -1 (VO fo, (ag1) = VO fy (wo i), 09 — w9 Fopj]]

- E[as’k—ﬂv(ﬂftj (Tsh—1) — v(j)ftj (Wsp-1,5), 'viji - 'Ugjii 1] (3.32)
+ Elas s 1 (VY f(s5-1) — VY fwg 1), vg,z_l — )],

where the last equality is by ”S}lq € Fshj1, E[V(j)ft]. (s —1)|Fs k1] = VO (s, 1) and

EVO) fi (wsp—1,5)|Fopjo1] = VO f(wsk—1,). Combining Eqs. (3.30)-(3.32) completes the proof.
O

In the following two lemmas, we will bound the third and the fourth terms of the R.H.S. in
Lemma [20] by above using our novel Lipschitz Assumption [7] and Assumption

Lemma 21. For s > 2 and k € K], we have

- askE {<v(j)ftj(ws,kfl) VO fy, (g ), 09 — oY) 1>}
=

K1+ As_17y) ag,k—lLQ

<E ———
< S sk — vsg—1]” + KAZ, (14 A

) Hvs,k—l - vs,k—2"2] )

where asg = as_1, Aso = As_1 and asy = as, As = As for k € [K].
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Proof. Using Cauchy—Schwarz and Young’s inequalities, we have

—as 1 E [<V(j)ftj (s h—1) — v(j)ftj(ws,k—l,j)y vﬁj,l - vfk 1>}

[ 2a%, . . 2 K(1+ A5 17) 2

_ skl |Igl) _ vl . AT As=17) |1 JG) _ o,0)
<E| ity Vs @) = VO (wasmn [+ == ol |

[ 242, , s K+ Ac 1) 2
<E|——2 ||@sp1 — Wsjp1.ill5y, + —————— 2 3) )
SE Rt A,y Pt~ wei-sillgr 2 |09 =8|

20’3 k—1 2 K(l +As,1’}/) (])

= E m ”xs,kfl - ys,qu(Qj)ZHl + f ‘ ’US sk 1H (333)

where we used Assumption [8|in the first inequality and the definitions of @, ;1 and w,,—1 ; in the
last equality. Finally by including the summation and using the definition of L, ;1 and ys k1,

the first term of the above expression becomes

iE $kal_yk1”2‘ =k ¢H$kl_yklu2m ‘
1+A87 ) s,k— SE=HI(QT)>j41 K(1+As—1’}/) 8,k— s,k— Zj:1(Q])2j+1

j=1
Y L — §
’ Vs k—1 — Vs k— ,
KAz,k:_l (1 —|—AS_1’)/) S,k 1 S7k 2

IN

(3.34)

where as0 = as-1, Aso = As—1 and as = as, As = A for k € [K]. Taking summation over j and
combining Egs. (3.33]) and (3.34]) give the lemma statement. O

Lemma 22. For s > 2 and k € [K|, we have

Zas (99 fwess) = (V9 fi (i) = V9 fy (Gem) + V9 £ (Gu)) o) = 00|

2L2%q} K(1+ As—17) 9
<E s 2 sk — Vs e
- KKA%(HAS_WW 5 ) o mae

8a2 L
K (1 + Asflf}/)

E [f(:gs—l) - f(xs,k) - <Vf(ms,k)a gs—l - ws,k>]
Proof. Using similar arguments in the proof of Lemma [21], we have

0B (VO f(wors) = (VO iy (wans) = VO £y (5m1) + vmf(ysfl)) o= o)

242 va Flwsps) — (vm Fo(Wons) — VO £, (g (])) H

<E|—F>——
K (1 + As—17)

K+ A,
n (+8 w)‘

ool
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—E [K(lfiw)E (991 (wer) + 991, (5)) = (VO f(w0) — ) [ rfs,k,“H

el LSS
_E[K(licﬁs_ME {“v(j)ftj(ws,k,) V(J)ftj H | F ki 1H
e [He ot

<E [4@2 (1791, () = V9 o o)+ |99 5 0 = ¥ 1 )|
K(1+ A1) S e T ’ (3.35)
+K(1+8As—17)‘ 09 — 29 1H2 ,

where the first equality comes from E [V(j)ftj (W k) — V(j)ftj (gs_l)]}'s,k,j_l} = V(j)f(wsyk,j) —
v f (Ys—1) since the only randomness is in ¢; when conditioned at Fs ;—1, and the last inequality
comes from (a + b)? < 2(a® + b?). In order to bound the second term in Eq. (3.35)), we will include

the outer summation with respect to j and apply the results from Lemma [14|to get

S B [[V9 s, o)~ 99 1 @] = B B[99 0000~ VO sy ()| 1P|
Jj=1 j=1

=11[l=1

= [ZZ HVJ)fz Ts k) V(j)fl('gs—l)HQ]

=K [i E ||Vfl(ms7k) - vfl(gsl)”2‘|

=1
SERL(f(gs-1) = [(@sr) = V(@5 k), Y51 — 25,1 H36)

where the second equality comes from x,,Ys—1 € Fsro and the last inequality is by applying
Lemma [14] and the definition of f(z) = 137/, fi(x). To bound the first term of Eq. (3.35), we
apply similar arguments as in Lemma [21] and get

m () () 2 2L
Y E Mva iy (wi ) = VY ftj(ws,k)H } <E|TD Ve — Vs i1 (3.37)
j=1

Combining Eqs. (3.35]) — (3.37)) gives the lemma statement. ]

In the following lemma, we bound the expected error terms Y25, "8 | B [E, x(u)] arising from
the gap bound stated in the previous lemma. This bound is then finally used in Theorem [7|to obtain

the claimed convergence results.
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Lemma 23. With a? < W, ask = as and Agp = Ay for k € [K], aso = as—1 and

Ao = A1, then for any fized uw € dom(g) we have

>

s =

M=

E[Esr(u)]

2o
ol
Il

1

< -

Ms

a1 <V(j)f($1,1) - V(j)f(w1,1,j),v§ff - U(j)>

<

+
'Msl

ask [<v(j)f($s,f<) = VO f(ws,x;), 'U(Sj% - u(j)>]

Jj=1
K 5K (14 Ag—
b o ol - A g gy a2

where 1,1, V10 € dom(g) can be chosen arbitrarily and wy ;1 ; is defined in Algorithm @

Proof. Combining Lemma setting a, such that a? = W and using Aj‘:l <1,

we have

Eqpo(u Sf: [<V(])f xgp) — VY flwsr,), (%—u(])ﬂ

; Z @s g1 [<V(j)f(“"s:’f—1) — VO fwep1), 00 — “(j)ﬂ
j=1

K+ A,_
_ (5 ( + 17)) E [Hvs,k o 'vs,k—1||2:|

32

as,k—1L2 E 2
! KAZ oy (14 Asry) [”vs’k_l ~ vkl } '
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Next, by setting aso = as—1 and asp = a5 for k = [K], we can telescope the error terms and get

S K m
DY EEk(uw)] <)

—

M
=

W E [(VO) f(@o) = O f(w,05),00) - u)]

®
Il
N
bl
Il
—
<

2 k=1

w
Il

64 64

m S K

Y s E[(VO f(@ai) = VO flwi ) 08, — ul)]

j=1s5=2k=1

5 5K (1+ Ay

By ( ”)E[Hvs,k—vs,k_llﬂ

s=2k=1 32

S K (1 ASi K K(1 Asf
T ) S ey ”““‘2”2]

I
o

k=2

MSM

<) ask [<V(j)f(93s,1<) — VO f(ws k. 5), ”g% u(j)ﬂ

1

_ Z aE [<V(j)f(w1,1) V(J)f(wl L U1 1 _ u(J)ﬂ
j=1
g

K1+ A
n (1+ OW)E
64

<.
Il

5K (1+ Ag_1vy
32

(Ilv20 = v, 11| = E [lvs.x —vsrc ]

The lemma follows by setting Ay = 0, v2 1 = V19, 29 = x1,1 and wap; = W11 ;. O
Our main result for this section is summarized in the following theorem.

Theorem 7. Let xy € dom(g) be an arbitrary initial point. Fix K > 1 and consider the updates in
Algorithm @ Then for S > 2 and Yu € dom(g), we have

B [7(gs) - f(w)] + XL [jogye — ] < 2 oo - wlf

In particular if €* = argmin,, f(x) exists, then we have
E [[(gs) - fla")] < [l — o]
— 8Ag
and

40 )

[HUSK_?U | } > m

Finally in all the bounds above we have

S—1
S2K 1 | K~
>
As 2 max 64L 4L (1+ 8L)
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Proof. Combining Lemma [18 and Lemma and by setting y10 = €11 = ®o and Y11 = vy, we

have
— - K K(1+A
KASE [F(gs) ~ )] < 5 g — uff? = AV [jog e )
15K 5K (1+ Ag_
-5 ol - UL AV [ ¢~ w510 ]

A . A , (3.38)
_ Z ay <V(J)f(w171) _ V(])f(wl,l,j)7 UH _ u(a)>

+ ZasE (VO @s.x) = VY flws i) vk — o))

Using the same approach as Lemma [21] and Lemma we can upper bound the first inner product
term by

m 4 . 4 4 1 K
=Y @ (VO (@1) = VO f(wray), o8] —u) < e llors = ol * + 3 lons —ul?

j=1
15K

K
< 1 llona = @ol” + 5 flwo — wl*, (3.39)

where we used (a + b)? < 2(a* +b?), a1 < - and K > 2 in the last inequality. Similarly, we have

m
> asE K VO f(ws,x) — VY fws i 5), U(S])K - v&( 1>}
2 (3.40)
K(1+ As- K(1+4+ As-
< (SSW)E [H’US,K - 'US,K—IHQ} + (MSW)E [HUS’K B UHQ} ’

where we also used a% < W here. Combining Eqgs. 1)1) gives us our main

bounds in the theorem. Lastly, recall that {as}s>1 is chosen so that ag? = W. When
~ = 0, this leads to the standard A > % growth of accelerated algorithms by choosing as = %
for £ > 1. When v > 0, we have A‘;il 8L, and it remains to use that A = ‘:: S ﬁ—f CA =
Aq (1 + \/%)kil where a1 = Ay = ﬁ using the choice of a; in Algorithm [3| and Ag = ag = 0,
completing the proof. O

Note that in Theorem [7, we can set the number of inner iterations K to be any positive integer.
However, in order to balance the computational cost between the outer loop of each epoch and the
inner loops, it is optimal to set K = ©(n) and for simplicity we can set K = n. Therefore, the total

number of arithmetic operations required to obtain an e-accurate solution gg by applying Algorithm 5]

such that E[f(gs) — f(z*)] < € is at most O(nd\/ w> for the general convex case when v = 0,

ndlog(eL/||@o—x*])
andO( log(1+\/n’Y/L)

) for the strongly convex case when v > 0.
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3.4.1 Adaptive Variance Reduced A-CODER

Similar to A-CODER, VR-A-CODER can adaptively estimate the Lipschitz parameter by check-
ing the quadratic bounds between y, and x,; as well as between ys and x, ;. For completeness, we
have included the adaptive version of VR-A-CODER in Algorithm [7] below.

Adaptive VR-A-CODER. Similar to A-CODER, VR-A-CODER can adaptively estimate the
Lipschitz parameter. For completeness, we have included the adaptive version of VR-A-CODER in
Algorithm

3.5 Numerical Experiments and Discussion

To verify the effectiveness of our proposed algorithms, we conducted a set of numerical experi-
ments to demonstrate that both A-CODER (Algorithm [3) and VR-A-CODER (Algorithm [5)) almost
completely outperform other comparable block-coordinate descent methods in terms of both iteration
count and wall-clock time. In particular, we compare against a number of representative methods:
CODER [SD21a], RCDM, ACDM [Nes12], ABCGD [BT13] and APCG |LLX15]. For all the meth-
ods, we use the function value gap f(x) — f(x*) as the performance measure and we plot our results
against the total number of full-gradient evaluations and against wall-clock time in seconds. We im-
plement our experiments in Julia, a high performance programming language designed for numerical
analysis and computational science, while optimizing all implementations to the best of our ability.
We set the block size to one in all the experiments, i.e., each block corresponds to one coordinate.
We discussed in Section that in theory it is optimal to choose K = O(n) in order to balance
the computational costs of outer loop and inner loop in VR-A-CODER. We observed in our exper-
iments that it is beneficial to choose K to be slightly smaller than n (K ~ n/10) to balance the
computational time and the number of full-gradient evaluations.

We consider instances of fo-norm (Ridge), ¢1-norm (LASSO) (v = 0) and elastic net (y > 0)
regularized logistic regression problems using three LIBSVM datasets: sonar, ala and a9a. In the
ridge regularized logistic regression problem ( (Figure , we use Ay = 107° for sonar dataset
and Ay = 107 for ala and a9a datasets. In the elastic net regularized logistic regression problem
(Figure , we use \; = Ao = 107° for sonar dataset and A; = \y = 107 for ala and a9a datasets.
In the ¢;-norm regularized logistic regression problem (Figure , we use \; = 107° for sonar
dataset and \; = 107 for ala and a9a datasets. figures/acccyclic and provide performance
comparisons between algorithms considered in terms of the number of full-gradient evaluations and
wall-clock time for the elastic net regularized logistic regression problems. We search for the best L

or M for each algorithm individually at intervals of 2¢ for i € Z, and display the best performing
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runs in the plots. As predicted by our theoretical results, A-CODER and VR-A-CODER exhibit
accelerated convergence rates and improved dependence on the number of blocks m even in the worst
case, outperforming all other algorithms. In terms of wall-clock time, due to different per-iteration
cost of each algorithm in practice, we see a mildly different set of convergence behaviors. However,
A-CODER and VR-A-CODER still both perform significantly better than comparable methods.
Combined with the best known theoretical convergence rates guarantee, we believe that this work

provides strong supporting arguments for cyclic methods in modern machine learning applications.
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Figure 3.2: Performance comparisons between implemented algorithms in terms of the number of
full-gradient evaluations and wall-clock time for logistic regression with ridge regularized problems.
The top row contains plots against the number of full-gradient evaluations, and the bottom row
contains plots against the wall-clock time. The left column is for the sonar dataset, the middle

column is for the ala dataset and the rightmost column is for the a9a dataset, all obtained from

LIBSVM [CL11].



86

Mo —e— ACODER \ —e— ACODER —e— ACODER
**——+— ., |8 ACODER\R | VA 8- ACODER-VR 1t - ACODER-VR
—+—CODER * —+—CODER \ —+—CODER
——APCG e, |——APCG \ ——APCG

10°
0 1000 2000 3000 4001 0 500 1000 1501 o 200 400 600 800 1001
#Full Gradient Evaluations #Full Gradient Evaluations #Full Gradient Evaluations
10°
—e— ACODER \ —e— ACODER —e— ACODER
‘\"——4,,* @ ACODER-VR W - ACODER-VR 100 o ACODER-VR
T *—+*—%_, , |-+ CODER —+— CODER —+— CODER
——APCG ——APCG ——APCG
-

— 10

. 0.0 05 1.0 15 2.0 0 5 10 15
Time (seconds) Time (seconds) Time (seconds)

Figure 3.3: Performance comparisons between implemented algorithms in terms of the number of full-
gradient evaluations and wall-clock time for logistic regression with elastic net regularized problems.
The top row contains plots against the number of full-gradient evaluations, and the bottom row
contains plots against the wall-clock time. The left column is for the sonar dataset, the middle

column is for the ala dataset and the rightmost column is for the a9a dataset, all obtained from

LIBSVM [CL11].
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Figure 3.4: Performance comparisons between various algorithms in terms of number of full-gradient
evaluations and wall-clock time for logistic regression with LASSO regularized problems. The top
row contains plots against the number of full-gradient evaluations, and the bottom two contains plots
against wall-clock time. The left column is on sonar dataset, the middle column is on ala dataset

and the rightmost column is on a9a dataset.
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Algorithm 7 Variance Reduced A-CODER (Adaptive Version)

1: Input: xy € dom(g),v > 0,Lo > 0,m, {S,...,8™}
2: Initialization: gy = v = Y10 = €11 = To; 210 =0
3: Ly = Lo/2
4: repeat
5 L1 =21,
6: CLO:Ag:O‘Al:al:TiO
7. z11 = Vf(®20); v1,1 = prox,, ,(zo — 21,1)
8 until f(vi1) < f(@o) + (Vf(w0), v11 — o) + & [[v11 — ao|?
9: Y1 = Y11 =011
10: wiy = (@i, yh ™)
11: v = V1,15 Wapj = W11, T20 = T1,1; Y2,0 = Y1,15 22,0 = 21,1
12: for s =2 to S do
13: Lg=Ls1/2
14:  repeat
15: Ls=2L;
16: Set a5 > 0 s.t. a? —w% As = As1 +as
17: Us = Us—1; (g1 = U2 =+ = Us K = Us
18: Vs0 = Us—1,K; Ws0,j = Ws—1,K,j; Ls,0 = Ls—1,K; Ys,0 = Ys—1,K; 25,0 = Zs—1,K
19: ps =V [(Ys-1)
20: for k=1 to K do
21: To = B0t + F Uk
22: for j =mto1do
S e SO )
24: Choose t in [n] uniformly at random
25: ?(j) = V(j)ft(’ws,kz,j) — V) fi(gs_1) + ng)
26: q;g = V) 4 22190 fy (@ 1) — VO fi(ws 1)
2r: 20 = ziﬁl + gl
28: vl - brox(s. e (@) = 28/ K)
929 y?ﬁ _ ygj)l + o ,v(])
30: end for
31 end for
32: Us = # St Ysk
33: until f(ysp) < f(@sp) + (VF(@sp)s Ysk — Top) + 5 |Ysp — s pel|”

and 2 30 IV fy(@a k) = Vfi(@s-1) 1 < 2La(f (1) — f(@sk) — (VI (Tsk), Fo
34: end for

35: return vg i, Ys

- ms,k>)
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Chapter 4

Faster Algorithms for Solving Generalized Lin-
ear Programming and the Connection to Distri-
butionally Robust Optimization

In this chapter, we study a class of generalized linear programs (GLP) in a large-scale setting,
which includes a simple, possibly nonsmooth convex regularizer and simple convex set constraints.
By reformulating GLP as an equivalent convex-concave min-max problem, we show that the linear
structure in the problem can be used to design an efficient, scalable first-order algorithm, to which
we give the name Coordinate Linear Variance Reduction (CLVR; pronounced “clever”). CLVR yields
improved complexity results for GLP that depend on the max row norm of the linear constraint
matrix in GLP rather than the spectral norm. When the regularization terms and constraints
are separable, CLVR admits an efficient lazy update strategy that makes its complexity bounds
scale with the number of nonzero elements of the linear constraint matrix in GLP rather than the
matrix dimensions. Further, for the special case of linear programs and by exploiting sharpness,
we propose a restart scheme for CLVR to obtain empirical linear convergence. Finally, we show
that Distributionally Robust Optimization (DRO) problems with ambiguity sets based on both f-
divergence and Wasserstein metrics can be reformulated as GLPs by introducing sparsely connected
auxiliary variables. We complement our theoretical guarantees with numerical experiments that

verify our algorithm’s practical effectiveness in terms of wall-clock time and number of data passes.

4.1 Introduction
We study the following generalized linear program (GLP):
min {"e+r(x): Az =b, x € X}, (GLP)

where ¢,¢c € R?, A € R b € R, r : R? - R is a convex regularizer, and X C R? is a

closed convex set, such that a proximal/projection operator involving r and X can be computed
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efficiently. When X is the nonnegative orthant {x : x; > 0,7 € [d]} and r = 0, reduces to the
standard form of a linear program (LP). When X is a convex cone and r = 0, reduces to a
conic linear program. is an important paradigm in traditional engineering disciplines such as
transportation, energy, telecommunications, and manufacturing. In modern data science, we note the
renaissance of due to its modeling power in such areas as reinforcement learning [DEVRO3],
optimal transport [Vil09], and neural network verification [LALT20]. For traditional engineering
disciplines with moderate scale or exploitable sparsity, off-the-shelf interior point methods that form
and factorize matrices in each iteration are often good choices as practical solvers [Gur22]. In
data science applications, however, where the data are often dense or of extreme scale, the amount
of computation and/or memory required by matrix factorization is prohibitive. Thus, first-order
methods that avoid matrix factorizations are potentially appealing options. In this context, because
the presence of the linear equality constraint in may complicate projection operations onto
the feasible set, we consider an equivalent reformulation of as a min-max problem involving
the Lagrangian:

mg{iéle Inax {E(zc, y)=clx+r(x)+y Az — yTb}. (PD-GLP)
In data science applications, both n and d can be very large. (PD-GLP)) can be viewed as a structured
bilinearly coupled min-max problem, where the linearity of £(x,y) in the dual variable vector y is

vital to our algorithmic development.

4.1.1 Background

While there have been few papers that directly address — some special cases have
been considered in [MMT79 Man84, Man04, IGZ17, Xu20, 2720, [ZZ22], [CIST20] — there has been
significant recent work on first-order methods for general bilinearly coupled convex-concave min-max
problems. Deterministic first-order methods include the proximal point method (PPM) [Roc76], the
extragradient /mirror-prox method (EGM) [Kor76, [Nem04], the primal-dual hybrid gradient (PDHG)
method [CP11], and the alternating direction method of multipliers (ADMM) [DR56]. All these
methods have per-iteration cost ©(nnz(A)) and convergence rate 1/k, where nnz(A) denotes the
number of nonzero elements of A and & is the number of iterations.

For better scalability, stochastic counterparts of these methods have been proposed. [JNTI1I,
OHTG13, Bial6l [PN17] have used “vanilla” stochastic gradients to replace the full gradients of their
deterministic counterparts. [CJST19, [HJ20, [AM22] have exploited the finite-sum structure of the
interaction term (y, Ax) involving both primal and dual variables to perform variance reduction.
With a separability assumption for the dual variables, [ADFC17] and [CERS1§| have combined

incremental coordinate approaches on the dual variables with an implicit variance reduction strategy



91

on the primal variables. Recently, under a separability assumption for dual variables, [SWD21]
proposed a new incremental coordinate method with an initialization step that requires a single
access to the full data. This approach, known as wvariance reduction via primal-dual accelerated dual
averaging (VRPDA?), obtains the first theoretical bounds that are better than their deterministic
counterparts in the class of incremental coordinate approaches. The VRPDA? algorithm serves as the
main motivation for our approach.

It is of particular interest to design algorithms that scale with the number of nonzero elements
in A for at least two reasons: (i) the data matrix can be sparse; and (ii) when we consider simplified
reformulations of certain complicated models, we often need to introduce sparsely connected auxiliary
variables. Nevertheless, the randomized coordinate algorithms of [ADFCI17, [CERS18 SWD21] have
O(d) per-iteration cost regardless of the sparsity of A. To address this issue, [FB19, [LFP19] have
proposed incremental primal-dual coordinate methods with per-iteration cost that scales with the
number of nonzero elements in the row of A used in each iteration, at the price of needing to
take a smaller step than for dense A. Moreover, [AFC20] has proposed a random extrapolation
approach that admits both low per-iteration cost and larger step size. Despite these developments,
all these algorithms produce less accurate iterates than the methods with O(d) per-iteration cost,
thus degrading their worst-case complexity. E|

Finally, for the special case of LP, based on the positive Hoffman constant [Hof03|, [AHLL21]
proved that the primal-dual formulation of LP exhibits a sharpness property that lower-bounds the
growth of a normalized primal-dual gap from the same work. Leveraging this sharpness property,
[AHLL21] proposed a restart scheme for the deterministic first-order methods discussed above to
obtain linear convergence. [ADHT21] further extended this restart strategy using various heuristics

to improve practical performance.

4.1.2 Motivation

We sharpen the focus from general bilinearly coupled convex-concave min-max problems to
and its primal-dual formulation , because many complicated models can be reformulated as
(GLP)) and because this formulation possesses additional structure that can be exploited in algorithm
design. Our motivation for focusing on is to bridge the large gap between the well-studied
stochastic variance reduced first-order methods [JZ13) [AZ17] [STM20, SWD21] and the increasingly
popular and complicated, yet highly structured large-scale problems arising in distributionally robust
optimization (DRO) [WKS14, SAMEK15, ND16, [EK18, [HNSS18, [DN21] [LHS19, DGN21) YLMJ21];

see also a recent survey by [RM19] and references therein.

!Subsequent to this paper, a version of the PURE-CD algorithm of [AFC20] that exploits sparsity in A
was developed and analyzed in [ACW22].
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For DRO problems with ambiguity sets defined by f-divergence [ND16, [HNSS18, [LCDS20|, the
original formulation is a nomnbilinearly coupled convex-concave min-max problem. Even the well
constructed reformulation in [LCDS20] does not admit unbiased stochastic gradients, leading to
complicated algorithms and analysis. For DRO problems with ambiguity sets defined by Wasserstein
metric [SAMEKT5L [EK18| [LHS19, [YLM.J21, [HNW22], the original formulation is in general infinite-
dimensional. (Finite-dimensional reformulations [SAMEK15| [EK18| exist for special cases of logistic
regression and smooth convex losses.) Solvers that have been proposed for DRO with Wasserstein
metric are either multiple-loop deterministic ADMM [LHSI19] or are designed for general convex-
concave problems [YLM.J21].

By introducing auxiliary variables with sparse connections, E| we show that DRO with ambiguity
sets based on both f-divergence and the Wasserstein metric can be reformulated as . Thus,
complicated DRO problems can be addressed by a simple, efficient, and scalable algorithm for (GLP)).
Our algorithm for solving and the proposed reformulations of DRO are our main contributions.

4.2 Contributions

Algorithm. Motivated by VRPDA? [SWD2T], we propose a simple, efficient, and scalable algorithm
for . Our algorithm combines an incremental coordinate method with exploitation of the
linear structure for the dual variables in and the implicit variance reduction effect in the
algorithm, so we name it coordinate linear variance reduction (CLVR, pronounced “clever”). CLVR is
inspired by VRPDA? but customized to the particular structure of . In particular, by
exploiting the fact that the max problem is linear and unconstrained in the dual variable vector
y € R”, we find that the expensive initialization step used in VRPDA? is not needed and we can
take simpler and larger steps. Further, in the structured case in which A is sparse and the convex
constraint set X' and the regularizer r(x) are fully separableﬂ, we show that the dual averaging
update in CLVR enables us to design an efficient lazy update strategy for which the per-iteration cost
of CLVR scales with the number of nonzero elements of the selected row from A in each iteration,
which is potentially much lower than the order-d cost in VRPDAZ. Finally, CLVR uses extrapolation
on dual variables rather than on primal variables considered in VRPDAZ, which significantly reduces
implementation complexity of our lazy update strategy for structured variants of . On
the technical side, although both CLVR and VRPDA? are randomized algorithms that bound the

2«Sparse connections” here means that even though the newly introduced variables may substantially
increase the problem dimensions, the number of nonzero entries in the constraint matrix remains of the same
order.

3We state the results here for the fully separable setting for convenience of comparison; however, our
results are also applicable to the block separable setting.
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primal-dual gap in expectation, the guarantee provided by CLVR is stronger as it allows bounding
the expectation of the supremum gap as opposed to the supremum of expected gap in VRPDAZ.

To state our complexity results, we make the following scaling assumption.
Assumption 9. L := ||A]| and each row of A in (GLP) is normalized with Euclidean norm R.

Preprocessing in modern LP solvers [Gur22] often ensures normalized rows/columns for the data
matrix. Observe that R < L < y/nR, the upper bound being achieved when all elements of A have
identical value. Although the latter case is extreme, there exist ill-conditioned practical datasets
where we can expect significant performance gains if the complexity can be reduced from O(L) to
O(R). (We provide empirical comparison between the values of L and R in practical problems in
Section [4.6])

In Table we give the overall complexity bounds (total number of arithmetic operations) and
the per-iteration cost of a representative set of existing algorithms, including our CLVR algorithm,
for solving a structured form of in which the set X and the function r have separable
structure: X = Xy x --- x Xy with &; € R (i € [d]) and 7(z) := 324, r(2"). To make the complexity
results comparable, we assume further that for the stochastic algorithms J[CERSI8| [AM22] [SWD21]
and our CLVR algorithm, we draw one row of A per iteration uniformly at random. The general
convex setting corresponds to r(x) being general convex (o = 0), while the strongly convex setting
corresponds to r(x) being o-strongly convex (o > 0).

As shown in Table all the algorithms have optimal dependence on e [OX19], while the
dependence on the ambient dimensions n, d, the number of nonzero elements of A (nnz(A)), and the
constants L and R are quite different. For both the general convex and strongly convex settings and
among coordinate-type methods, CLVR is the first algorithm that reduces the runtime dependence
on the input matrix size from nd to nnz(A). Moreover, the complexity of CLVR depends on the max
row norm R rather than the spectral norm L, and the per-iteration cost of CLVR depends only on
the nonzero elements of the selected row from A in each iteration, which can be far less than d.

By exploiting the linear structure again, we provide explicit guarantees for both the objective
value and the constraint satisfaction of . Further, the analysis of CLVR applies to the more
general block-coordinate update setting, which is better suited to modern parallel computing plat-
forms. Finally, following the restart strategy based on the normalized duality gap for LP introduced
in [AHLL21], we propose a more straightforward strategy to restart our CLVR algorithm (as well as
other iterative algorithms for ): Restart the algorithm every time a widely known metric
for LP optimality [AAQO] halves. Compared with the normalized duality gap, the LPMetric can be

computed more efficiently and in a more straightforward fashion.



Table 4.1: Overall complexity and per-iteration cost for solving structured (PD-GLP)). (“—”

indicates that the corresponding result does not exist or is unknown.)

) General Convex Strongly Convex Per-Iteration
Algorithm ) . .
(Primal-Dual Gap) (Distance to Solution) Cost
PDHG |[CP11
[CPL) O(2neAlL) Ol Aintdil O(nnz(A))
spDHG [CERSIS] " "
O(xL) O(2L) O(d)
EVR [AM22
: ] O(nnz(A) 4 YA @EOnT) — O(n + d)
VRPDA?
O(ndlog min{} ndRy | O(ndlog min{ !, n} + 24 o(d
SWD([SWD2I)) (n ogmm{e,n}—i— - ) (n ogmm{E n} aﬁ) (d)
CLVR
19 nnz(A)R 19) nnz(A)R 19) A
“This Paper) (tam) (mm) (nnarov(A))

DRO reformulations. When the loss function is convex, DRO problems with ambiguity sets
based on f-divergence [ND16] or Wasserstein metric [EKIS8] are convex. However, because both
problems either have complicated constraints or are infinite-dimensional, vanilla first-order methods
are inapplicable.

For DRO with f-divergence, we show that by using convex conjugates and introducing auxiliary
variables, the problem can be reformulated as a . As a result, the issue of biased stochastic
gradients encountered in [LCDS20] does not arise, and CLVR can be applied. Even though the
resulting problem has larger dimensions, due to the sparseness of the introduced auxiliary variables
and the lazy update strategy of CLVR, it can be solved with complexity scaling only with the number
of nonzero elements of the data matrix. Due to being cast as a , the DRO problem can be
solved with O(1/¢) iteration complexity with CLVR, while existing methods such as [LCDS20] have
O(1/€?) iteration complexity, with higher iteration cost because of the batch of samples needed to
reduce bias. This improvement is enabled in part by considering the primal-dual gap (rather than
the primal gap considered in [LCDS20]) and by allowing the constraints to be approximately satisfied
(see Corollary [1).

For DRO with Wasserstein metric, following the reformulation of [SAMEKI5, Theorem 1], we
show further that the problem can be cast in the form of . Compared with the existing
reformulations [SAMEKI5L [EK18 [LHS19, YLMJ21], our reformulation can handle both smooth
and nonsmooth convex loss functions. In fact, our reformulation can provide a more compact form

for nonsmooth piecewise-linear convex loss functions (such as hinge loss). Moreover, compared with
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algorithms customized to this problem [LHS19] and extragradient methods [Kor76, [Nem04) YTLMJ21]
for general convex-concave min-max problems, our CLVR method attains the best-known iteration

complexity and per-iteration cost, as shown in Table
4.3 Notation and preliminaries

For any positive integer p, we use [p] to denote {1,2,...,p}. We assume that there is a given
partition of the set [n] into sets 57, j € [m], where [S7|= n/ > 0 and }72, n? = n. For j € [m)],
we use A5 to denote the submatrix of A with rows indexed by S7 and ij to denote the subvector
of y indexed by S7. We use 04 and 14 to denote the vectors with all ones and all zeros in d
dimensions, respectively. Unless otherwise specified, we use ||-|| to denote the Euclidean norm for
vectors and the spectral norm for matrices. For a given proper convex lower semi-continuous function
f R — RU{+00}, we define the convex conjugate in the standard way as f*(y) = sup,cr{yz—f(x)}
(so that f** = f). For a vector u, the inequality w > 0 is applied entry-wise. For a convex function
r(x), we use ' (x) to denote an element of the subdifferential set dr(x). The proximal operator of
r(x) over X is

prox,. (&) = arg min {EHLB - :f:|]2+7"(:1:)}. (4.1)
zex 2

Further, we make the following assumptions, which apply throughout the convergence analysis.

Assumption 10. (PD-GLP) attains at least one primal-dual solution (x*,y*). W* denotes the set

of all primal-dual solutions.
Due to the convex-concave property of (PD-GLP)), W* is a convex set in X' x R™.
Assumption 11. L = maxje[m}HAst is given at the input, where ||AS’||= maXHmHgl”ASij-

Note that L can be obtained either via preprocessing of the data or by parameter tuning. By
combining Assumptions |§| and [11} it follows that R < L < \/MaxX )| S7|R.

Assumption 12. r(x) is o-strongly convezr (o > 0); that is, for all x1 and x3 in X and all '(x3) €

Or(x2), we have r(xy) > r(x2) + (' (@2), @1 — x2) + §ll@1 — 2|

For convex-concave min-max problems, a common metric for measuring solution quality is the

primal-dual gap, which, for a feasible solution (x,y) of (PD-GLP)), is defined by

” u?»lel}c)xﬂzn{ﬁ(x7 v) — L(u,y)}. (4.2)
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However, as the domain of v is unbounded, the primal-dual gap can be infinite, which makes it a
poor metric for measuring the progress of algorithms. As a result, for measuring the progress of our
algorithm, we consider the following restricted primal-dual gap instead:

(uﬁqﬁgw{ﬁ(m’ v) — L(u,y)}, (4.3)
where W C X x R" is a compact (i.e., closed and bounded) convex set. The use of a restricted

version of primal-dual gap is standard in the existing literature; see, e.g., [Nes07al, [CP11].

4.4 The CLVR algorithm

We specify the implementation of CLVR in Algorithm [§| for in the general setting.
However, the implementation version can be difficult to understand from a theoretical perspective
directly due to the closed form format for y,% where it stems from an minimization problem of the
estimation sequence ¥ (y). As such, we state a version of CLVR in Algorithm |§| that is convenient for
analysis, and is equivalent to Algorithm [8] Before analyzing the convergence of CLVR, we justify our

claim of equivalence in Proposition

Algorithm 8 Coordinate Linear Variance Reduction (CLVR)
1: Input: o€ X,yo € R", 2o = ATy, v > 0,L > 0,0 > 0,K,m, {S*,52,...,5™}.
2 a1 = A = ﬁ,CIO =a1(zo + c).
3: fork=1,2,..., K do
4:  xh = pI"OX%AkT(CL‘O — %qk,l).

5. Pick ji uniformly at random in [m)].

R R/ i # ik
Y1 T ymag(A” zp — b)), i=ji
V/1+0 A,
#’ A1 = Ap + ag41.

8 zp=zp1 + ATyt —y).

9 qr = Q-1 + aks1(zK + €) + mag(zp — zp—1).
10: end for

7 Ap4+1 =

11: return xx = i 25:1 axTy, Yk = i Zle(akyk + (m - l)ak(yk — yk—l))-

Proposition 1. The iterates of Algorithm[§ and[9 are equivalent.

Proof. To argue equivalence, we show that the iterates of Algorithm [§] and [J solve the same op-
timization problems. To avoid ambiguity, here we will use &,y to denote the iterates xy,yr in

Algorithm [0} while we retain the notation @y, yi for the iterates of Algorithm
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Let us first start by writing an equivalent definition of x; in Algorithm To do so, we first
unroll the recursive definitions of z; and qx. We can observe that, since by definition y; and yi_1

only differ over the coordinate block S7¢, we have

k
ZEp = 20 + Z AT (y; —yim1) = ATy, (4.4)
i=1

On the other hand, using Eq. (4.4]), the definition of g implies

k
@ = A+ a ATy + Y ATy + mai(ys — yio1)] (4.5)
i=1
Using the definition of the proximal operator (see Eq. (4.1))) and the definition of x; in Step 4 of
Algorithm [§] we have

. {Ak 1 1 2
@) = argmin{ —r(x) + —’ T — X+ quqH
xrzcX Y 2 Y
1 ) (4.6)

= arg min {Akr Ha:—w0+ —qk,lH }
xreX Y
Now let us consider the optimization problem that defines &j. Assume for now that the definitions
of yr and gy, agree (we justify this claim below). Observe first that the minimization problem defining
&y, is independent of w, so by unrolling the recursion for ¢y, we have

A

&), = arg min {ryHm — o ||* 4+ Apr(x) + a1 <:c, c+ ATg0>
xrzeX 2

o)

=2 g

= arg min {'ny — x| P+ Apr(z)
X 2

xTe
k
+ <€B7 Apc+ a1 ATyo + AT(Z aiYi—1 +ma;—1(Yi—1 — yiQ)])> }
=2
= arg min {1”33 — x| P+ Apr(x) + (2, qr_1) }
xeX 2
. Yy 2
= arg min {Akr( )+ QHw—mo—i— —Qr— 1H }
xeX

= Tk-

It remains to argue that the definitions of y; and g agree. First, observe that since the definitions

of ¢ and v,_; differ only over block S7¢, we have ;Ij,fj = y,fil for all j # ji. For j = ji, we have by
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unrolling the recursive definition of 1, that

k
ylfjk = argiun {Z*Hysjk - y()% HQ_ Z 1y gii—giryma; <ySJ , A x; — b > }

yS'* Rk i=1
J Ji T
= y()g "+ ’}/Z ]l{sjizsjk}mai(AS T; — b> )
i=1
— 927 + ymag( A% @) — b
=y,
as claimed. O

Algorithm 9 Coordinate Linear Variance Reduction (Analysis Version)

1: Input: zo=x_; € X,yo =190 € R", m,{S",52,..., 8™} K,y >0,L > 0.

2 o) = 31 — @l Yo() = - — wol

3 a1 =A; = ﬁ

4: for k=1,2,3,..., K do

5. xp = argmingey {0k (x) = op—1(x) + ax((x — u, ATy, +¢) +r(z) — r(u))}.
6:  Pick ji uniformly at random in [m)].

7y = argming e {U(y) = Y1 (y) + mag(—(y" — o5, AT @ — )}
8 a1 = 7W,Ak+1 = Ap + apy1-

9 Uk =Yk + o (Yk — Yk-1)-

10: end for

11: return g = ﬁ Zszl aLTi, Yk = ﬁ Zle(akyk + (m—Dar(yr — yr-1))-

4.4.1 Algorithm and analysis for general formulation

The algorithm alternates the full update for xj in Step 4 (O(d) cost) with an incremental block
coordinate update for yj, in Steps 5 and 6 (with O(|S7%|d) cost for dense A). The auxiliary variables
zr, and @i accumulate the cancellation terms in the estimation sequence and give a pathway to a
straightforward development of the lazified CLVR, which appears as Algorithm [10]in Section [4.4.2]
The cost of updating auxiliary vectors zj, and qi is O(]S7¢|d) and O(d), respectively. In essence,
CLVR is a primal-dual coordinate method that uses a dual averaging update for xj, then updates
the state variables {qx} by a linear recursion, and computes xy from qi_; via a prozimal step
without direct dependence on zx_1. The output Zx is a convex combination of the iterates {xy}5_;,

as is standard for primal-dual methods. However, gx is only an affine (not convex) combination
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of {yk}<,, as it involves the term —(m — 1)y (whose coefficient is negative) and some of the
coefficients may — (m — 1)ag1 multiplying yy, for £ € {1,... K — 1} may also be negative. An
affine combination still provides valid bounds because the dual variable vector y appears linearly in
. Moreover, in Step 9, the term may(z — zx—1) serves to cancel certain errors from the
randomization of the update w.r.t. y;, thus playing a key role in implicit variance reduction.

In the following three lemmas, we bound ¢x(xx) and v (yx) below and above, which is then

subsequently used to bound the primal-dual gap in Theorem

Lemma 24. For all steps of Algom'thm@ with k > 1, we have, V(u,v) € X x R™,

'Y+0Ak

T~

or(xr) < %H’U»—QUOHQ_
VYr(yr) < ! [ & ! | &
—I|lv — ——|v — .

E\Yk) > 2y Yo 2y Yk

Proof. By the definitions of ¥ (y) and ¢y (x) in Algorithm |§|7 it follows that, Vk > 1,

k
Oulw) = Y ail(w — w, ATy +¢) +r(w) — r(w)) + o — o] (1.7)
i=1
and i
_ ) Sdi Sii A8, Sdi 1 2
wk<y>;ma@(—<y — o™, A% =) )+ ly = wol (48)

Observe that, as function of @, ¢r(x) is (v + o Ax)-strongly convex. As, by definition, x) =

arg ming y ¢r(x), it follows that

’Y+0Ak

Sl — e (4.9)

dr(u) > op(Tr) +

Now, writing ¢ (w) explicitly and rearranging the last inequality, the stated bound on ¢y () follows.
As a function of y, ¥y (y) is 1/y-strongly convex. The proof for the bound on ¢ uses the same

argument and is omitted. O

In the following proof, for k > 1, let F, denote the natural filtration, containing all the randomness
th _
in the algorithm up to and including iteration k. Recall that A = ( ), and let A% (j € [m))
AS™
denote the matrix A with its S’ block of rows replaced by a zero block.

For convenience, for k =1,2,..., we define
Uk = Yr—1 + ymay(Azy — b). (4.10)
Then from the definition of yy in Algorithm [8) we have Elyr — yx—1|Fr—1] = %(@k — Yk—1)-

Motivated by [AFC19], we have the following result.
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Lemma 25. Given the sequences {yi} in Algom'thm@ and {gx} in Eq. (4.10), we define the sequence
{v} by
L
O = (Yb — Yr—1) — E('yk — Yk-1)-
Then for any v € R? that may be correlated with the randomness in {v;}¥_,, we have

k 1 1 k
[ > (v } = Eb||yo—v\|2+§ Z||yi—yze1||2], (4.11)
=1

i=1

where the expectation is taken over all the randomness in the history.
Proof. First, we prove a bound for E[ K H'I),-HQ}. By the fact that Ely; —yi—1|Fi—1] = = (9 —yi-1),
for each ¥;, we have

. .
B9 Fi-) = B lly: = yir|P1Fia] = B[l — (@ = g )P 1Fica ] < Elllys = gima |1 Fi-a].

Taking expectation on all the randomness in the history, for E[ i 10| } we have
k

k k k
E[ Y l6lP] = B[S E19i121F ]| < B[S Ellly — i |21F]] = [Z i —yia|?]- (412)
i=1 i=1 i=1 =1
Then to prove (4.11)), we define the sequence {5 }7°, by 9o = yo and gy, = Yp—1 —Vp for k =1,2,.. ..
By expanding %H?Jk —vl?,
1
S~ 0l = S ks — vl (e s — )+ L )
o L. o Lo o Lo
— @t~ ) = 2 - vl g ol S e

By summing this expression and telescoping, we obtain
k

Y (G —v,0) = fllyo - 'UHQ_*Hyk — || +Z ||'vzH2

i=1 i= 1

1. LA T,
5”1/0-”” +Z§Hvz‘||
=1

IN

1 o1
= Sllyo —ol*+ 3 Sllwl?, (4.13)
=1
It follows that

k k k
[ Z ’U ,Uj } :E[Z@;ifl_vavz Z yz 1,V }
i=1 i=1 i=1

1 2 1 ~ 12 d ~ -

<E[3llvo — vl +25Hvin =3 (G100 |
i=1 i=1

1 ; k ’ k
<E[Sllyo — vl +5 Yllgs - gioal*= Y @ier. 9 |. (4.14)
i=1

i=1
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where the first inequality is by Eq. (4.13)) and the second inequality is by Eq. (4.12)). To ob-
tain the result (4.11), we use the facts that E[v;|Fi—1] = 0 and that y,_; € F;,—1 to obtain

B[S, @i, 5)] =0, O
We emphasize that Lemma [25| holds for any v that may be even correlated with the randomness

in the algorithm.

Lemma 26. For all steps of Algom'thm@ with k > 1, we have for all (u,v) € X x R™ that

Y+ oA
2

— ay <wk —u, A" (y — yk—1)> + ag <£L‘k —u, ATy, + C>

+ mag_1 ( <wk—1 —u, AT (yp_1 — yk—2)> + <i13k — @1, AT (Y1 — yk—2)> ),

Or(Tr) > dr—1(xR—1) + @ — @ | +ar(r(zr) — r(u))

1
V(i) > Yk—1(yr—1) + g”yk — yp_1|*—ar(Azy — b,y — v)

1 1
—(m —1ar(Az — b, yr — yr—1) + 5 <yk1 — v, —(Yr — Y1) + E(yk - yk1)> :
Proof. For the first claim, we have from the definition of ¢y (@), using that ¢g_1 (xx_1) is (Y+oAg_1)-

strongly convex and minimized at x;_1, that
v+ O'Ak,1 2
— @k — @]

2 (4.15)
+ ap({(x — u, ATy, + c) +r(xy) —r(u)).

k() > dp—1(Tr—1) +

Meanwhile, by the definition of {yx} (using y_; = yo for the case of k = 1), we have that
ay <£Uk - u, ATﬂk71>
_ _ T _
= aj <93k u, A (ykfl + o (Yr—1 yk2)>>

= —ay <:vk —u, ATy, — yk—1)> + ak <wk Bt ATyk>

+ mag—1 ( <$k—1 —u, AT (g1 — yk—2)> + <wk —xp 1, AT (Y1 — yk—2>> ) (4.16)

maj—1

The claimed lower bound on ¢y (xy) follows when we combine (4.15)) and (4.16]).
For the second claim, we have by the definition of vy, that

Uk(wr) = Ve (mr1) = e (k) — Vo1 (1) — mag (g — o™, A% @ 6 ) - (417)

To obtain the claimed lower bound on v, we proceed to bound the terms on the right-hand side in

(4.17)). First, since ¥g_1 is (1/7)-strongly convex and minimized at yj_1, we have

Vr—1(Yr) — Yr-1(Yr—1) = 217”'!#@ — Y1 (4.18)
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Second, by using the definition of A% and Agjk7 and by using several times that y;_; and yy differ

only in their S/ components, we have

— (yit =™, Ay — b5
= —{yr — v, Az, —b) + <yk —v, Az, — bg“'>
—{yn — v, Az — b) + <yk71 — v, Az, — ij'€>
:_<yk_v’A$k_b>+mT_l<yk | —v, Az — b)

m

;(A:Bk - b)>

* <yk—1 -, Ag]k Tp — bé]k -
m
1 m—1
- (yp — v, Az, — b) + o (Yr—1 — Yi, Az, — b)
j j j 1
+ (yil — o™ (A @ = b)) + — (g1 — v, Az — b))
m
1 m—1
- (yp —v, Az, — b) + o (Yr—1 — Yr, Az — b)

1 1
— Yp— . — Yk— 4.19
(Yr — Yyr—1) + i (Ur — Y 1)> ; (4.19)

+ <yk:—1 - v, —
ymag

where in the last equality we used y,f y,fjkl = vmak(ASj’“a:k — ijk) and g —yp_1 = ymay(Axy —
b), which both hold by definitions of g, and y.

Finally, combining (4.17)—(4.19)), we have the bound on vy (yy) from the statement of the lemma.

O

By combining the two lower bounds in Lemma we obtain the following result.

Lemma 27. For any (u,v) € X x R", the sum of ¥r(yx) + ér(xk) can be bounded as follows: for
dlk>1,

(k) + Vr(yr)
> dp—1(Tr—1) + Vr—1(Yr—1)

4.20

— mag <€Ek —u, AT(yk - yk—1)> + mag_1 <€Ek—1 —-—u, AT(yk—l - yk—2)> ( )

1 9 1 2
+ 27”1//%: Yr—1]| 47Hyk—1 Yr—2||"+Qk,
where
Qr =ax(r(@) — r(u) — (Au, ) + <xk, ATv) + (z), — u, c) + (b, yy — v)
1 1.
—(m—1)(Au — b, yr — Yr—1) 7< 1=, (Y — Yr—1) + m(yk—yk1)>

(4.21)
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Proof. Before our proof, as A_; and Aj are not used in Algorithm [0} without loss of generality, we
set A1 = Ay = 0. Fix any (u,v) € X x R". By combining the bounds on ¢ (xx) and 1 (yx) from
Lemma [26] we have Vk > 1 that

(k) + Vr(yr)
> Gr—1(Tr—1) + Vr—1(Yr-1)
. . (4.22)
— mag <=’Bk —u, A (yk - yk—1)> + mag—1 <=’Bk—1 —u, A (yk—l - yk—2)>
+ P + Qx,
where
+oAp_ 1
P, = %Hfﬂk — $k71H2+ﬂHyk — Y1 ||*+mag_ <$Ck —xp1, AT (yp1 — yk—2)> (4.23)

and @y, is defined in Eq. (4.21])).
To find a lower bound on P, we start by bounding the magnitude of the inner product term in
([4.23)). Recall that yj_o and y_; differ only on the coordinate block S7*1. We thus have:

|mag_1(zx — xx_1, AT (Yr—1 — Yr_2))|

= Jmag_1 (A" (@ — @) Y~ Yis )

Jle— Th— Gle—
< mag_1|A%" (@ — 2o ) | lyey — vils |l

- 1 i P
< (may—1)* 7| A% (2 — wk71)||2+@!\yfﬁl —yis |

N 1 o Gl
< (mLag1)*y|r — wk—1||2+@|!y/ff1 ey P

R 1
= (mLax—1)*y|zr — wk&””@”?ﬂm — Yo (4.24)

where the second inequality is by Young’s inequality, and the third inequality is by Assumption

. \/1+0Ak_2/'y < \/1+0'Ak_1/’y
- o2ml - omlL !

where HASJk_l(mk — x31)||< L&, — @p_1]|. With our setting aj_;

for all £ > 1, we have
R

4
By substituting this equality into (4.24)) and then combining with (4.23)), we obtain

(mLay-1)y

v+ oA 9 1 9 1 2
P> — — X — — 1P ——lyp_1 — yr_
k= 1 |k — Tp—1]| +27||yk Yi—1]| 47||ylc 1 — Y2
1 1
> — —yqP=—= 1 — Yol 4.25
= 2,}/”'916 Yi—1| 47Hyk 1~ Y2l ( )

We complete the proof by combining Eqgs. (4.22), (4.23) and the bound Eq. (4.25)) for Pj. O]
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By telescoping the inequality in Lemma and using Lemmas [24] and we obtain the next
result.

Lemma 28. For all (u,v) € X x R", we have

’Y+0Ak

- _ 1
Ap(L(@r, v) = L(w, Gr)) + — |l ~ wkl!”g\\v — yill?

) 1 i iy b (1.26)
< Sllu —@olP+ v = yol* == D _llyi — g [P+= D (i1, %) — =D (0, %),
e TR TS =p DRSS DI B
where V; is defined in Lemma |25
Proof. Telescoping the inequality in Lemma we have
r(xr) + Yr(Yr) = do(xo) + Yo(yo)
— may, <$k —u, AT (y, — yk71)> + mag <wo —u, A" (yo — y71)>
k
+nyk—yk 1| —*Hyo—y 1[I + ZHyz yial*+) Qi
i=1 i=1
= —may (@ — u, AT (g — yi 1)) + Ly — g ?
4y
L k
+ @ZH% —yia|?+ Qi (4.27)
i=1 i=1

where the last equality is by the fact that ¥o(yo) = ¢o(xo) = 0, ap = 0, and our convention that
Y-1 = Yo.
Then by the convexity of r(-) and the definition of {Q;}, we have

k
Z Qi > Ap(r(&y) — r(u) — (Aw, §i) + (@&, ATv) + (&1, — u, €) + (b, G — v))
k
+ i; <yi1 —v,—(Yi —Yi1) + %('gZ — yi1)>
k
= AL v) = iZ 1=V, =) (4.28)

where &), = Aik Sk iz, g = A%c Sk (aiy; + (m — Dai(y; — yi—1)) (as defined in (#.33)) and the
last equality is by the definition of the Lagrangian £(-,-) and {®;} in Lemma
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Then by combining Eqgs. (4.27)-(4.28]) and Lemma we have
Ap(L(Zk, v) — L(w, Yr))

1
< (vrlwe) + onlw) + mar (i = w AT = p-)) ) = -l = e

k

1 & 1 &
- = lly: — yi—1|\2+* (Yio1,0;) — — (v, ;)
Ay ; g ; g ;

1 5 1 9 Y 9 7+ oA 9
< (gl = woll*= 5 o = el 4 G lu = ol === u - @)

1 1 &
+ may (@, — u, A (yp — yp1)) — oo yHIIQ—@ > llyi = yial?

i 1
Z (Yi-1,0i) — =

i=1

+

2=
)
Mw

z:l

Finally, we have from the fact that y; and y;_; differ in only the S’* components, Young’s
inequality, and the definition of a; that

|mak<$k —u, AT(’yk - yk—1)>|
= |may, (A" (z), —w), y7" — yi)|

< mag|| A% (z, — w)|[|lyg” — v
< (mag)*y]| A% (@), — u)| +*Ily5“‘ —y |
< (mLap)*y||lzr — ul +*||ys” — |

= (mLak) e — u|? +E||yk: — yp_1|?

’Y—FO'Ak 1 1
—|lzr — u|’2+z||yk — Y |?
Y
’YJFO'Ak 2 1 9
< — — — — Y
= 1 (B +47||ylc Yr—1|
leading to
~ ~ 1 ’}/—FO'Ak
Ap(L(@k, v) — L(u, Yr)) + *Ilv = ykIIZ+THu — x|
Y
< 5l u — a? +*|| —yo\IQ—*ZHyz Y|’
ﬁy =1

1 1
+7Z yzflavz - Z v vz
v =1 =1

)

and completing the proof. O
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Lemma 29. Suppose that (x*,y*) is a Nash point for (PD-GLP|). Then the iterates xy,yi from
Algorithm [§ satisfy

’Y‘f‘O’Ak

E[4

|z* — || to- Hy — yil? R ZHyz yi—lHﬂ
(4.29)

Y * 2 1 * 2
< L _ _ _
< Sl = ol ly — ol
where the expectation is w.r.t. all the randomness in the algorithm.

Proof. Note that the existence of a Nash point is assumed in Assumption |10} With (u,v) = (z*, y*),
by the definition of Nash equilibrium, we have

L(@r,y") — L(2%, g) = (L(@r, y") — L(27,y7)) — (L(27,98) — L(27, 7)) > 0. (4.30)

By setting (u,v) = (*,y*) in the result of Lemma using (4.30) to eliminate the first term on

the left-hand side of the inequality, and rearranging, we obtain

k

Y+ody, o L 2, 1 4 2
T e T S M A
7 1 & 1<

< Sllat —ao? + ||y — yol*+= Z Yi—1,0;) —*Z

2 ’71 1 ’yz:l

The result will follow when we show that the expectation (with respect to all the randomness) of the

last two terms on the right-hand side is zero. Since y;_1 € F;_1, we have

k k
E [Z <yi71;'vz ‘| = [ Z Yi— lvvl ‘| =

i=1
which takes care of the second-last term. For any fixed v € R", we also have

z 1

k
> (yio, E[6:]| Fia])| =0, (4.31)
=1

1k
E[ > (v, m] =0, (4.32)
7ia
which takes care of the last term, and completes the proof. O

Next we state a technical lemma, proved in an earlier paper, which provides the final ingredient

for the proof of Theorem

Lemma 30. [[SWDZ21]] Let {Ax}r>0 be a sequence of nonnegative real numbers such that Ay = 0
and Ay is defined recursively via Ay = Ax_1 + \/c% + cAp_1, where ¢ > 0, and co > 0. Define

Ko =[g&]1. Then

b 2 (k - Ko +max {3, /2, 1})2, if ey >0 and k > Ko,
k —Z

cik, otherwise.
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We are now ready to prove our main result. Theorem [§| provides the convergence results for
Algorithm |8, Note that « in the theorem (as in the algorithm) is a positive parameter that can be

tuned.

Theorem 8. Let i, yi, k € [K], be the iterates of Algom'thm@ and let &y, Y be defined by

_ 1 & ) k
LT — A7k Zaiwia Y = Z 1yz — 1)al(yl — %—1)), (433)
=1

for k € [K]. Let W, C X x R", k € [K], be a sequence of compact convex sets such that (Ti,Yx) €
Wr CW C X xR", where W is also convex and compact. Then:

E[ sup {ﬁ(;ik,v)—ﬁ(u,gk)}}

(u v)EWY (4 34)
< o (E[Z0a - mol+2 16 - wolP] + J e = woll*+ 518" - wol?) |
gl 2 2y ’
where (@, D) = arg sup(y, v)ew, 1 £(&k, v) — L(u, Yx) }. Furthermore,
Y+ oA a2, L " 2
B[ e — 1P o =y IP] < Sl — oo ||y — yol> (4.35)
Define Ko = [mgm,yl Then in the bounds above:
k o - 2
A >max{ —— (k= Ko+ max {3y/2Lm~vy/o,1 }
g 2Lm’ (6Lm)2’y( ° { v/ }>

Proof. To provide a guarantee in terms of primal-dual gap, we need to take the supremum on w, v
of {L(&k,v) — L(u,Yx))} over Wy; we denote the argsup by (@, 0). When we subsequently take
the expectation, we have to account for the fact that © will be correlated with the randomness

in the iteration history. We can however, use Lemmas and to give the upper bound on
k ~ v
E[ — 2lit1 (0, 0y) }
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From (4.26]), using the fact that %”’U - yk||2—|—7+;ﬂ\|u — z*> 0, we have

E[Ac sup {L(@,v) = Llw5)})
(u,v)EWy

. 1 . 1 k 1 ]
< E[%HU — $O||2+Z”y0 - 'U||2} — @E{ZH% - yi71||2} + aE[Z <y2‘,1, ’UZ>}
i=1

=1

v 1 R Lory
< B[~ g o — 1) — B[S~ ]
1 (1 1
+ ;EbHyo - ﬁuz+§ > llyi— yi_l\ﬂ

i=1

N 1 . 1 &
B[ 8 = ol +llyo — 91 + B[l — v ]
=1

Yis 1 N Vi Lo
< B3 lla @l llyo = 9l1°] + Flla” — wol*+5-lly” = wol” (4:36)

where the first inequality is by Eq. (4.26)), the second inequality is by Lemma [25{and (4.31]), and the
last inequality is by Lemma This proves the first claim (4.34). The second claim (4.35)) follows
from Lemma [29| with the fact that ﬁE[ Koy — yi_1||2} > 0. The final claim concerning Ay

follows from Lemma [30] when we set

1 o
Cl = —% s Cy — =
2Lm (2Lm)%y

O

Observe that (@, ®) in the theorem statement exists because of compactness of W and our
assumptions on r(-). The parameter  can be tuned to balance the relative weights of primal and dual
initial quantities ||x* — xo|| and ||y* — yo|| (or estimates of these quantities), which can significantly
influence practical performance of the method.

In addition to the guarantee on the variational form, due to the linear structure, we also provide
explicit guarantees for both the objective and the constraints in , stated in the following

corollary.

Corollary 1. In Algorithm[8, for all k > 1, &, satisfies

Ala* = zol*+ £y — yol+LE[ v — yol
Ak ’
Al — @+ lly* — yol*+LE[ v — yol|?
Ap ’

Ellly™|l-| AZx — b]] <

E[(c" @k +r(zx)) — (2" +r(z")]|<
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where v = 2 ”m I B (Azy — b).

Proof. Assume that ||AZj, — b||# 0, as otherwise the first bound follows trivially. Let v = «* and

2||y*|[(A&,—b)

Az —b] Then we have

v =

E(i:k,v) — £(u, gk)
= (&) + (@) + 2lly° || Azy — b)) — ("* + r(z”) + G (Az” — b))
= (" (@ — a*) +r(@) —r(z")) + 2]ly" || Azy, - b]]. (4.37)

For any fixed w, and any v € R" possibly depending on the randomness in the algorithm, we

have from Lemma taking expectation over all the randomness, that
AE[L(2r,v) — L(u, Yp)]

N _ 1 +0A
<E [Akw(wk,v) — L)) + 5o - mHu%uu - P

<

b2

ot — 45 ~El[[o ~ ol [ Zuyz yia|?]

k 1 k
[Z Yi_1,0; }—;E{Z v, v; ] (4.38)

Meanwhile, we have

L 1 e
— B[Sy - vl - SE[Y 0,90
i=1 Ttim
k
< %’E{Hyo —of?] + ;E{;\yi ~ yial?]

1 vy 1
< E _ 2 A * 2 * 2
<9 [llyo = vlT + S ll&" — o] +*2W||y Yoll”,

where the first inequality is by Lemma [25| and the second inequality is by Lemma Since y;_1 €
Fi—1, we have as in (4.31) that

[Z: (yio1, i) | = 0. (4.39)

By combining Eq. (4.37)-(4.39) with © = a*, we have

El(c" (@ — 2") +r(zx) — r(z")) + 2]y’ ||| Azx — b]]

_ e = 2olP+LEl — olP) + &y — vl
< <

(4.40)
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By the KKT condition of and the optimality of (x*, y*), we have for all € X that
(cT:c +r(x)) — (cTar:* +7r(x*) — (y*, Az — b) > 0, (4.41)

and thus
(c'z+r(x)) - (c"a” +r(x") > ~[ly"[| Az - b]. (4.42)

By combining Eq. (4.40) and Eq. (4.42), we have

Yl — o>+ Elllv — woll?] + 55 ly* — oll?
A ’

proving our first claim. The second claim is obtained by combining Eqgs. (4.40)), (4.42)), and (4.43). O

Ellly"[|-| Azx — b]]] <

(4.43)

In CLVR, we allow for arbitrary (xo,yo) € X x R™. Nevertheless, by setting y = 0,,, we can
obtain zy = 04 at no cost — a useful strategy for large-scale problems since it avoids the (potentially

expensive) single matrix-vector multiplication w.r.t. A.

Remark 1. For our algorithm, the condition that y belongs to a whole Fuclidean space is key to
proving our convergence result. Although many convex-concave min-mazx problems have constraints
or nonsmooth reqularizers on the dual variable y, we can still reformulate it so that the dual variable
s unconstrained and no nonsmooth reqularizers are applied to it. For instance, we can verify that

B ) = B B L) — ) + 55 (2) (144

where both X and Y are convex sets with Y € R™, 03)(2) = sup,ey ylz.

4.4.2 Lazy update for sparse and structured GLP

In Algorithm [§ direct computation of the iterates (xk,yx) and the output points (&, gx) can
be expensive. However, [DL15] showed that it is possible to only update the averaged vector in the
coordinate block chosen for that iteration. This strategy requires us to record the most recent update
for each coordinate block and update it only when it is selected again, which is tricky and needs
to be implemented carefully. For sparse and block coordinate-separable instances of , we
show that by introducing auxiliary variables that are sparsely connected, we can significantly simplify
CLVR and make its complexity scale independently of the ambient dimension n - d, instead scaling
with nnz(A).
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Lazification. In Algorithm for dense A, the O(]S7*|d) cost of Steps 6 and 8 dominates the O(d)
cost of Steps 4 and 9. However, when A is sparse and |S7¢| is small, the cost of Steps 6 and 8 will
be O(nnz(AS™)), which may be less than the O(d) cost of Steps 4 and 9. Using this observation, we
show that the nature of the dual averaging update enables us to propose an efficient implementation
whose complexity depends on nnz(A) rather than n - d.

Recall that we partition [n] into subsets {S*, S2,..., 5™} and use A% (j € [m]) to denote the jth
row block of A. For each block A% we use €Y C [d] to denote the indices of those columns of AS’
that contain at least one nonzero element. (Of course, {C*,...,C™} is not in general a partition of
[d] as different subsets S/ may have non-zeros in the same columns.) We assume further that X and
r are coordinate separable, that is, X = Xy x -+ x X; with X; C R for all i and r(z) := > 0, r(x?)
with ¢ € X;.

In Step 4 of Algorithm [8] the separability of X and r means that an update to one coordinate
block of & — say the C’* block in the update from x;_; to xj, which requires a projection and
an application of the proximal operator — does not influence other coordinates x} for i ¢ CU*.
Moreover, we can efficiently maintain an implicit representation of g, in terms of a newly introduced
auxiliary vector 7y; see Lemma [31] below. Similarly, to update gy, efficiently, we maintain an implicit
representation of g5 via an auxiliary vector sg, as shown in Lemma [32| below.

It is generally not possible to maintain &, efficiently since, in principle, all components of xj can
change on every iteration, and we wish to avoid the O(d) cost of evaluating every full a;. We seek
instead to output a proxy &y for x from Algorithm |8 such that E[£x] = £x. One possible choice
is to pick an index k" € [K] from the weighted discrete distribution (4=, 4%,..., 45) (computing
the scalar quantities a; and Ay for k € [K]| in advance), then setting & = xp. A slightly more
sophisticated strategy is to sample a predetermined number K of vectors xi, k € [K], and define
Zx to be the simple average of these vectors. Once again, the indices are chosen from the weighted
discrete distribution (X—;{, X—i, e j—’;) Note that the total expected cost of the K iterations of the
algorithm (excluding the full-vector updates) is O(Knnz(A)/m), while the total cost of evaluating
the K full vectors ; and accumulating them into &g is O([A( d). Thus, for the full-step iterations
not to dominate the total cost, we can choose K to be O(Knnz(A)/(md)). Finally, we note that
Theorem [8) is for @y, not . However, since E[&;] = &), we expect the convergence rates from the
theorem to hold for & in practice.

An implementation of Algorithm [§] that exploits the form of q; in Lemma [31] and 4 in Lemma
and evaluates explicitly only those components of @; needed to perform the rest of the iteration
is given as Algorithm This version also incorporates the strategy for obtaining & by sampling

K iterates on which to evaluate the full vector x.
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Due to the efficient implementation in Algorithm to attain an e-accurate solution in terms of
the primal-dual gap in Theorem we need O(%) FLOPS, which corresponds to O(£) data
passes. As a result, because a smaller batch size leads to a smaller f/, we attain the best performance
in terms of number of data passes when the batch size is set to one. However, as modern computer
architecture has particular design for vectorized operations, lower runtime is obtained for a small

batch size strictly larger than one (see Section [4.6)).

Remark 2. While we consider the case of fully coordinate separable r and X for simplicity, our lazy
update approach is also applicable to the coordinate block partitioning case in which X = X} X -+ X,
with X; € R% (i € [m], 0 d; = d) and r(x) := 1", r(x) with €' € X;. The difference is that for
each coordinate block A% (j € [m]), we overload C9 C [m] to denote the set of blocks in A" where

each coordinate block contains at least one nonzero element.

Remark 3. Dual averaging has been shown to have significant advantage in producing sparser iterates
than mirror descent in the context of online learning [ Xiald, ILW12]. It further leads to better bounds
in well-conditioned finite-sum optimization [SIM20]. In this work, we show that dual averaging offers

better flexibility with sparse matrices than does mirror descent.

We need to compute explicitly only those components of qx_1 and x; that are needed to update

Yk
Lemma 31. For {qi} defined in Algom'thm@ we have
qr = Ag(e+zp) + 1, E=0,1,2)...,
where ro = 0 and for all k =1,2, ...
rE = Tp—1 + (mar — Ar)(zk — 2k-1).

Proof. The proof is by induction. For k = 0, we have gy = Aj(c + z¢) which is true by definition.
Assuming that the result holds for some index k, we show that it continues to hold for k + 1. We
have from Step [J] of Algorithm [§] then using the inductive assumption, that

Qi+1 = Aiy2(Zpt1 + €) + mag1 (2o — 2) + G
= ags2(2ps1 + €) + mags1(zke1 — 2x) + Appr (e + zx) +7p
= Aproc+ (Apya — A1) Zkr1 + magr1 (Ze41 — 25) + Ap126 + T
= Apso(c+ zpp1) + (marg1 — Apr1) (21 — 21) + 7

= Apyo(e+ zpy1) + T,

as required. O
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This lemma indicates that we can reconstruct qx (or any subvector of gq; that we need, on
demand), provided we maintain z; and r;. Note that the update from zj to zp. is sparse; these
two vectors differ only in the components corresponding to the block C7k. To obtain 7y from 7y,
we need to add a scalar times the sparse vector zp11 — 2k, so this update is also efficient.

We can also maintain an implicit representation of the averaged vector gy, efficiently, as shown in

the following lemma.

Lemma 32. For {y;} defined in (4.33]), we have

S e
Yk Yk Ak k> s 4y ’

where so =0 and for all k =1,2,...,
8k = 8p—1+ ((m — ag — Ap—1)(Yr — Yr-1).

Proof. Recall that gy (K > 1) is defined in Step 11 of Algorithm [8] The proof is by induction. For
k=1, 91 =y + A%(m —Dai(yr —yo) = y1 + A%sl which is true by the definition of s; and Aj.
Next, we assume that the result holds for some k£ > 2 and show that it continues to hold for & + 1.
We have

k+1

Ap1Grn = Y (ayi + (m — Dai(y: — yi1))
i=1

= AkYr + ap1Yr+1 + (M — Va1 (Ye+1 — Yr)

= ApYr + Sk + G 1Yp+1 + (M — Dag1 (Y41 — Yi)

= Ar(Yk = Ykt1 + Ys1) + Sk + a1y + (M — Dag1(Yrrr — Yr)
= Apt1Yr+1 + Sk + ((m — Dagrr — Ap) (Y1 — Yr)

= Ak 1Ykt1 + Skt

as required. O

4.4.3 Restart scheme

We now propose a fixed restart strategy with a fixed number of iterations per each restart epoch
and discuss an adaptive restart strategy for the special case of standard-form LP, which corresponds
to (GLP)) with r(z) =0 and X = {x: x; > 0,i € [d]}. We write

min c’x s.t. Az =b, x > 0y, (LP)
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Algorithm 10 Coordinate Linear Variance Reduction with Lazy Update (Lazy CLVR)

A1+ A/y

kg1 = Y5 App1 = A + apqa.

end for

Choose indices {/1,...,{z} i.i.d. from [K] according to the distribution { L2

Input: & =axg=x_1 € X,yo € R", zo = ATyy, v >0, L >0, K, K, m, {S*,52,..., 8™},
(ct,c2,... cm).

0=Ag=0,a; zAlzﬁ,qO:al(zo—i—c), ro = 04, 859 = 0,,.
fork=1,2,..., K—1do

a1 a2 aK
Ar’ A’ Ag [

for k=1,2,..., K do

Pick ji uniformly at random in [m)].

if k = {; for some ¢ = 1,2,...7[? then
qi—1 = Ar(c+ zp—1) + Tp_1.
T = Proxiy, (o — Zqi-1).

else

Cik __ Cik CIk CIk
g1 = Ap(c™" + 2170) + i

Cik __ Cik 1 _Ck
Ty = PTOX%AW(% - ;qkf1)~
end if

Sk __ , STk Sk ,CIk ,,Ck STk St . .
Yy - = yp +ymar(A xy " —b7"),yp for all i # ji.

Cik _ _CIk Sik CIk\T (,,S7k Sk i 1 . ik .
zy =z + (A Y (Yt —ypl), 2 = 2, for all i ¢ C*;

CIk Cik Ck Ck i ] ; ke -
ry =1+ (map — Ap) (2" — z;4), T, =1, for all i ¢ CI*;

2 = s+ (O = aw = A1)~y s} = siy forall 1 5%

: end for

A 1K

. 1
Yk =YK T 48K

: return g and yg.

and the primal-dual form

- T T A oT
:glcl)ld 2@@ {E(:c,y)—c r+y Ax—y b}.

(PD-LP)

This problem has a sharpness property that can be used to obtain linear convergence in first-order

methods [AHLL21]. For convenience, in the following, we define w = (x,y),w = (£,9), w = (&, y)

and w* = (z*,y*). Meanwhile, for v > 0, we denote the weighted norm

|w|(y):= \/fy||m - :B*||§+%||y — y*||3. Further, we use W* to denote the optimal solution set of the

LP and define the distance to WW* by dist(w, W*)(,) = ming«ew-

'w—w*||(7). When Y= 1, ”H('y) is
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the standard Euclidean norm. Then based on (PD-LPJ), we can use the following classical LPMetri(ﬂ

to measure the progress of iterative algorithms for LP:

LPMetric(z, y)

= \/IlmaX{—-’E, 0}[j3+]| Az — b3+ |max{— ATy — ¢, 0}||3+|max{c’z + bTy, 0}/, (4.45)

which can be explicitly and directly computed. For the Euclidean case (y = 1), it is well-
known [Hof03] that there exists a Hoffman constant H; such that

LPMetric(w) > Hydist(w, W*) (). (4.46)

Using the equivalence of norms in finite dimensions, for general v > 0, we can conclude that there

exists another constant H, (to which we refer as the generalized Hoffman’s constant) such that
LPMetric(w) > H,dist(w, W*) (. (4.47)

Using Eq. (4.47)) and Theorem |8 we then obtain the following bounds for distance and LPMetric.
The standard-form LP (PD-LP)) is derived by setting r(x) = 0 and X = {x € R% : ; > 0,4 € [d]}
in (PD-GLP)). Given any w € X x R", we define a compact convex subset We ,(w) of X x R" as

follows:
W (w) = {t € X x B : [t — wl]()< ¢.C > 0,7 > 0}, (4.48)

where we have defined |||, by [|w]] )= ,/’yHa:HQ—F%HyHQ in Section 4.4.3

Lemma 33. Consider the standard-form LP (LP). Given 7 > 0 and w € X x R", if |w|[< 7
and ¢ < 1, then

¢

sup {L(z,9) — L(Z,y)} > ——————LPMetric(w). 4.49
L (L) L)) 2 (w) (1.49)
AT
Proof. Let F(w) = y+e . Then we have
b— Ax
peny(w) = sup  {L(x,9)—L(&,y)}= suwp F(w) (w—w)>0, (4.50)
WEW, (w) WEW, »(w)

where the inequality follows from w € W ,(w).

4In (PD-LP)), we dualize the constraint Az = b by y” (Az —b) instead of y*' (b— Ax), so in our LPMetric,
there exist a sign difference for y from the more common representation such as the one in [AHLL21].
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First, we prove

_ (Imax{~A"y — ¢, 0},

- (4.51)

P (W)

If |max{—ATy—c, 0}||2> 0, for @y = (£1,91), let 1 = w+7”max{_ACTy_c,0}H2 max{—ATy—c, 0} €
X and g1 = y. Then we have [|w; — w|)= ¢ and thus w; € W, (w). So, as p¢(w) >
F(w)"(w — ), with the definition of @, Eq. holds. If [max{—ATy — ¢, 0}|2= 0, then
Eq. holds trivially.

Second, we prove
pey(w) = Cv[|[Az — bllo. (4.52)

If ||Az — b||2> 0, for Wy = (T2,Y2), let o = x and Yo = y + \|A§:77—b\|(Am —b). Then we have
|y — wl| ()= ¢ and thus Wy € W, (w). Then as p¢y(w) > F(w)" (w — w,), Eq. ([£.52) holds. If
| Az — bljo= 0, then Eq. (4.52) holds trivially.

Third, we prove that
pe(w) > ¢ max{c’x + by, 0}. (4.53)
T

Note that the inequality holds trivially if ¢’ + b’y < 0, so we assume that ¢’z + b’y > 0, and
note that F(w)Tw = ¢’z + b'y > 0 in this case. This condition implies that w # 0, so we can
A _ . C N C .

define w3 = w — mm{m, 1}w. Then we have ||z — wl|(;)< W”wn(v)é ¢. Meanwhile, we
also have &3 > x3 — &3 = 0, so that w3 € X x R". Thus, we have w3 € W¢(w). Then, with the
assumptions ¢ < 7 and [|wl|,)< 7, together with F(w)"w > 0, we have

<
T

¢

pe(w) > min {|7 1} F(w)"w > min {g 1} F(w)"w = > F(w) w = (w1 bTy),

[wli)’
(4.54)
completing the proof of the claim (4.53]).
By combining Eqs. (4.51)), (4.52)) and (4.53)), we obtain
(Y +1/7+7)%0¢ 4 (w) > C(|max{—ATy — ¢, 0}[5+]| Az — b]3+ max{c "z + b"y,0}?)
> (?(LPMetric(w))?, (4.55)
from which the result follows. O

Lemma 34. Consider the standard-form LP (LP)), and let w* = (x*,y*) be a Nash point (that is,
a solution of the primal-dual form (PD-LP)). For a starting point wy, define ¢ = ||wo — w*(|(y) and
choose v > 0. Then for all k =1,2,..., we have

E[lwr — w*||()] < V2[wo — w*||),
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where the expectation is taken w.r.t. all the randomness up to iteration k. Further, for We (W)

defined as in (4.48), we have

25Lm

E[ swp  {L(@y) - Ly )} < wl?,). (4.56)

wWEW, (W)
Proof. By Theorem [§ we have

E[X

oy
4

1 1 1
* 2 * 2 * 2 * 2 *(|2
I = well*+ 5y = well*] < Sll2” = 2ol lly” = woll'= 5 llwo — w’lI,,

by the definition of ||-||(,). Using this definition again, we have that the left-hand side in this

expression is bounded below by 1 |lwy, — w*||?w), so that
E|[|wy — w*([?,)] < 2w — w2, k> 1. (4.57)

By convexity of ||-||?, we obtain

2 1
e %[zﬂmh w't)] < 2wo —wiIf,). (458)

B[y — w”|[2)] = m,

The first claim of the lemma now follows by applying Jensen’s inequality to this bound.

For w = (&,9) € W, (W), we have the following bound on E[’y”:ﬁ - m0||2+%||?9 - yoHQ}:

N L.
E[7l1@ = o™+ 19 - oll*

[

= E[||lwy — w* + w* — Wy, + Wy, — wH?W)]
[
[

< E[([Jwo — w*|| () +]|w* — @y || (y)+|@r — @||())?]

< Ef3(lwo — w*H%W)+||'w* o wk”%v)+”'d’k - "1’H%w))]

< Ef3(lwo — w’ I, +20w” — wollf, +lwo — w7,

= 120 =l (1.59)

where the first inequality is by the triangle inequality, the second inequality is by the arithmetic
inequality, the third inequality is by Eq. (4.58) and our assumption w € W (W) with ¢ = |lwy —

Wl ).

For the case of linear programming, the strong convexity constant is ¢ = 0, so that Ay = ﬁ in

CLVR. Thus, by applying Theorem 8 with W), = W, (w;;) and

w=(&,9) =arg sup {L(Zx,y) — L(T,U) },
w:(wvy)EWC,"r(wk)
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and using the definition of [|-||(,y and Eq. (4.59)), we have

E[ sup  {L(@k,y) — ['(I%ﬂk)}}

wEWC"y(’lI}k)
2Lm Yoo 9 1. 9 Y« 9, 1 * 2
<= (Eb”w—a:oll +;Hy—yoH } + o llz" = o] +5Hy = %ol )
Qf/m ~ 112 1 *|2
< = (Bllwo — )] + 5 lwo — ')
Qﬁm %112 1 * 12
< = (120w — w2+ o — w2,
25Lm .
< 2 g — ', (460
0

Then with Theorem [§] Lemmas [33] and [34] we give our theorem for the fixed restart strategy.

Theorem 9. Consider the CLVR algorithm applied to the standard-form LP problem (PD-LP)), with

mput wy and output Wwy. Given v > 0, define w* = arg mingeyy-

wy — w||(y), and define Cy =
v+ 1/7+ (V2 + D]wy — w*|| )+ |w*|| (). Then for H, defined as in (£.47), we have

E[\/dist(’d)k,w*)(v) ] < 5\ E;Ifiio \/diSt(w0>W*)(7)7

LmC
E[/LPMetric(ty)] < 5 [’{n - \/LPMetric(wp).
v

Proof. Applying Lemma 33| with w = Wy, 7 = ||wg||,)+|wo — w*||(y) and ¢ = [[wg — w*||(;)< 7,
we have

. . wy — w* || LPMetric(wy,
sp {L(Ee§) - L@, G0} >~ o) (@)
DEW,.., (w) v+ 1/ + Wkl () +wo — w*[|(4)

(4.61)

As % is jointly convex in z,y on the domain {(z,y) : x € R,y > 0} [BV04, Example 3.18| using
(E[x])?

Jensen’s inequality, we have that E[%] > B (In our case, this simply follows as z,y depend on

the same source of randomness.) Applying this inequality to (4.61) with x = \/LPMetric(wy) and
y =7+ 1/7+ [|[wr]|()+wo — w*||(,), we obtain

E[ s {L@n9) - L@ 5} > E

weWe ()

[ lwo — w*||,) (/LPMetric(wy))* ]

v+ 1y + |l ]| () +wo — w*| ()

|wo — w*||() (E[\ /LPI\/IetriC(ﬁJ/zﬁ)])2

> - .
E[ly + 1/ + [|[@wg | () +llwo — w* || ()]

(4.62)
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Using Lemma [34] we have

Ely 4+ 1/7 + [[wgl () +wo — w*|[)]
=7+ 1/7 + lwo — w|| () +E[ || @] ()]
<+ 17+ [wo — w| () +E[[|w” [ )+l wn — w ()]
<y +1/7 + [lwo — w|| )+ w* || ) +V2||wo — w?|| )
=7+ 1/7+ (V24 1)lwo — w*||i) + 1w ). (4.63)

By combining Egs. (4.62)) and (4.63)) and using the definition of Cj, we have

B sw {£n9) - £ g0)] = 1200 (w1 LpNetric(we))

WEW, - (1) Co

- |wo — w*|()

- Co (E[\/HvdiSt(’wk, W*)(V)DQ, (4.64)

where the last inequality is by the definition of Hoffman constant in Eq. (4.47). Meanwhile, by
Lemma we have:

Bl sup  {L(@ng) ~ L& 5)}] < = lwo — w2, (4.65)

’uAJGVVC’,Y (’lf)k)

Now, recalling that w* = arg min,,e- [|wo — wl|(,y and using Eq. (4.47)), we have
1

[wo — w*|| ()= dist(wo, W)y < FLPMetric(wo). (4.66)
gl

By combining Eqs. (4.64)-(4.66)), we have

1 — . 2 1 ———\2
o (B[ \/H,dist(wr, W) | ) < o (E[y/LPMetric(wy)]
251
< 5kmdist('w0, W) )
251
< HVZLLPMetric(wO). (4.67)
Both bounds follow from this chain of inequalities. O

As a result, by Theorem @ if we know the values of L, |w*||(yy and H.,, then by setting k =

100LmCq
H,k

can obtain linear convergence if we restart the CLVR algorithm after a fixed number of iterations.

, we can halve the square root of the distance and the LPMetric in expectation. Thus we

However, the values of ||w*||(,) and H, are often unknown and thus make this strategy unrealistic

in practice.
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Compared with the above fixed restart strategy, a natural strategy is to restart whenever the
LPMetric halves, summarized in Algorithm [11] below. Since LPMetric is easy to monitor and update,
implementation of this strategy is straightforward. However, bounding the number of iterations
required to halve the metric (in expectation or with high probability) seems nontrivial. What can
be said (based on Theorem [9] and denoting by K the number of iterations on CLVR between restarts)
is that P[K > 505%7%00] < 0. This follows by Markov inequality, as P[K > k| = }P’[ LPMetric(wy) >

4/ %ﬂc(w“)} < 5,/2 ;}:C,’;O . We provide a comparison between the adaptive restart scheme proposed
in [AHLL21] and our proposed adaptive restart scheme in Section to demonstrate its practical
competitiveness. Although we use adaptive restart in our experiments, we defer its convergence
analysis to future work. Finally, as an independent and parallel work to ours, [LY21] proposed a
high probability guarantee for scheduled restart for stochastic extragradient-type methods.

Finally, we summarize the adaptive restart strategy in Algorithm

Algorithm 11 Lazy CLVR with Adaptive Restarts

: Input: € >0, zg € X,yo € R", v>0, L >0, K, K, m, {S*,52,...,8™}, {C',C?,....C"™}

=0,y =@, yy = yo, w® = (2" ")

1

2

3: repeat
4: Run Lazy CLVR (Algorithm [10)) until LPMetric(w*V) < ILPMetric(w®) where, w1 =
'LZ)&? = (:i:%),g]%)) and :Eg?, ;Ijg;) are the output points of Lazy CLVR

t=1t+1

6: until LPMetric(w®) < ¢

7: Return: w®

ot

4.5 Application: Distributionally Robust Optimization

The underlying assumption of standard empirical minimization in machine learning is that all
the data samples (used for both training and testing) are sampled uniformly at random from a
fized probability distribution [Vapl3]. However, it is well-known that such an assumption is of-
ten violated in practice—the underlying distribution is not fixed and can vary due to a variety of
reasons, such as changing from the underlying domain [BDBCT10|, perturbations from the physi-
cal world [GSS14, KGB™16, IMMS™1§|, and adversarial attacks [KGB17, [CW17]. To address the
uncertainty of the underlying distribution, a more reasonable assumption is that the distribution it-
self can vary within some ambiguity set while the goal for the trained model is that it performs
well even w.r.t. the worst case distribution from the ambiguity set. Such a learning paradigm
is called Distributionally Robust Optimization (DRO) [DY10, SAMEKI1S, IND16, [DN21, [HNSS18|
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EK18, [SJ19, [DN19, [LCDS20] and the resulting optimization problem based on finite data is called
Robust Empirical Risk Minimization (R-ERM) [ND16]. The ambiguity set is typically modeled
by bounded deviation from the starting (e.g., uniform) distribution, where deviation is measured
using functions such as the f-divergence [NDI16, [HNSSI8 [DN21l [LCDS20] and Wasserstein met-
ric [SAMEK15, [EK18 [LHS19L [YLM.J21]. In this paper, we focus on the ambiguity sets defined
w.r.t. the Wasserstein metric, as this setup has gained significant attention in both theory [PCT19]
and practice [ACBI17], as it allows the two distributions to be defined on different support sets.

Despite its substantial success in operations research [DY10, WKS14, BGKIS8| [EK18, [DGN21],
DRO has not been widely adopted in common machine learning practice due to the lack of large
scale optimization methods for solving the corresponding R-ERM problem.

Consider sample vectors {a1, as, ..., a,} with labels {b1,ba,...,b,}, where b; € {1,—1} (i € [n]).
The DRO problem with f-divergence based ambiguity set is

- T
min sup pig(ba; x), 4.68
By 2 potbiare) (465)

where P,,, = {p € R" : YL p; = L,p; > 0(i € [n]), Dy(p[|1/n) < £} is the ambiguity set, g
is a convex loss function and Dy is an f-divergence defined by D¢ (pl|lq) = > ;=i ¢if(pi/q;) with
p.g e {peR":>" pp=1p > 0} and f being a convex function [NDI16]. The formulation
is a nonbilinearly coupled convex-concave min-max problem with constraint set P, , for which
efficient projections are not available in general. When ¢ is a nonsmooth loss (e.g., the hinge loss),
many well-known methods such as the extragradient [Kor76, Nem04] cannot be used even if we
could project onto P,,, efficiently. However, by introducing auxiliary variables, additional linear
constraints, and simple convex constraints, we can make the interacting term between primal and

dual variables bilinear, as shown next.

Theorem 10. Let X' be a compact convex set. Then the DRO problem in Eq. (4.68)) is equivalent to

min {4 24 +i§:1mf*(i)}

Z,u,v,w,n,q,Y n

s. t. w—l—v—g—q/ln:On,
n

T

u; = ba; x, i€ n]
M1 = M2 == Un,

g(u;) < w, i € [n]
qi € pidom(f™), i € [n]
vi >0, p; >0, i € [n]

xeX.
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Proof. Since the context is clear, to simplify the notation, in the following we use P to denote P, ,,.

First, using Sion’s minimax theorem, we have that

minsup » p;g ba x —supmln Dig ba x
zEX pEP; ’ ) pcP TEX Z ’ )

Introducing auxiliary variables w and u, the problem is further equivalent to

sup min pT'w = min sup pT'w,
peEP rzeEX w,u: rzeEX w,u: peP
ui=b;al x,i€[n], ui=b;al xi€[n],
g(ui)<wi i€ln] g(ui)<wi i€ln]

where the last equivalence is by applying minimax equality, which holds due to compactness of
P [Sto63]. Hence, we can conclude that
min su g(balx) = min sup plw. 4.69
TeX peg z;pl ) zeX, w,u: peg p ( )
v ui:bia;z,ie[n],
For a fixed tuple (z, w, u), using Lagrange multipliers to enforce the constraints from P, we can
further write

supplw = — inf —plw
peP peP

=t (e s (pees(Sn-1) +a(Ditplm - L))

PER™ v>0,7€R, >0

= sup _inf (pTerpTv—v(zn:pi—l)—M(Df(le/N)—fL))

pERn v2>0,7€R,u>0

Now, using the definitions of Dy and the convex conjugate of f, we have

n

Dy(pl|1/n) = Z L) =% sup  (npii — £7(w)). (4.70)

iz1 ™V viedom(f*)

As a result, we have

n
. I *
= inf — = sup npiv; — [F(v)) —p
w20 n<i=1 vi€dom(f*), ZG[n]( o ( l)) )

= inf . (i (npiv; — f*(vi)) — p)

u>0,v;€dom(f*) Ze[n]
n

= ' : +pft
- u>0, qleudom(f )i€n] N P 1 T pidiT R nu

qi Hip
= i T+ L + —,
L S, n; — piti + i f (nm>) "

i€ pidom(f*), i€n]
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where the first equality is by Eq. (4.70]), the third one is by the variable substitution ¢; = nuy;,
and the last one is by introducing g1, pto, ..., i, to replace . Then each n,uzf*(nqﬂ)(z € [n]) is a

perspective function of f* [BV04], which is jointly convex w.r.t. (u;, ¢;). Hence, we can conclude that

sup plw
peEP
. S 1 & g M1P>
— f T Ty 1 - e fE k.l
s, (p w+pv 7(;]71 )+n;( pigi + pif (nm))+ p

p1=p2="=pn >0,
gi€pidom(f*),i€(n]

n
= inf su Tw+pTo — ( -—1)+
~ER, >0, peﬂgt (p p " sz
pr=p2="=pn>0,
gi€pidom(f*),i€[n]

where the last line is by strong duality. Thus, combining with Eq. (4.69)), we conclude that the
original DRO problem with f-divergence based ambiguity set is equivalent to the following problem:

> (b () 4 1),

7

g s (4 O T () 40 (w0 1)

s.t. u; = bal x, i € [n]
B1 = H2 = = Un,
g(u;) < wj, i € [n]
qi € pidom(f*), i € [n]
v; > 0,1, >0, i € [n]
T eX.

Finally, noticing that the maximization problem over p € R™ enforces the equality constraint w +

v—92 41, =0,, we obtain

: prn 1~ g
e, U T om0

s. t. w+v—g—71n20n,
n

u; = bial x, i € [n]
p1 = po = = lUn,

g(u;) < wj, i € [n]
¢; € pidom(f*), i € [n]
v; 2 0,0 >0, i € [n]
reX,

as claimed.



124

In Theorem the domain of the one-dimensional convex function f*(-) is an interval such as
[a,b], so that ¢; € p;dom(f*) denotes the inequality pu;a < g; < p;b. Since the perspective function
7 f*(%) is a simple convex function of two variables, we can assume that the proximal operator for
this function on the domain {(x,q) : ¢ € pdom(f*),u > 0} can be computed efficiently [BV04].
Similarly, we can assume that the constraint g(u) < w admits an efficiently computable projection
operator. As a result, the formulation can be solved by CLVR. When expressing in the
form of , the primal and dual variable vectors have dimensions d + 1 4+ 4n and 3n — 1,
respectively. However, according to Table [£.1], provided that X is coordinate separable, the overall
complexity of CLVR will only be O(w).

Example: Conditional Value at Risk (CVaR) with hinge loss. As a specific example of an
application of Theorem we consider CVaR at level a € (0, 1), which leads to the optimization

problem:
n
arﬂr&gj >0$111£) , Zpig(biag’w), (4.71)
p2U, 1, p=1 i=1
pi< - (i€d)

where g(u;) = max{0,1 — u;} is the hinge loss. Here the ambiguity set constraint reduces to simple
bounds p; < a—ln for i € [n], so the reformulation based on the convex perspective function can
be avoided altogether and replaced by simple Lagrange multipliers for this linear constraint. In
particular, in the proof of Theorem [I0} we can write

wpw— st (e (S 1) - S L
sppTw=sp (e epte (S 1) - w1

1
e v207ER, >0 <7 tP (wtv—aly —p)+ n))

1
=  inf T — 1, — —u'1,) ).
vzo,vuelR,uzosgﬂgl <7+p (wHv =yl =)+ ant ”))

Following the argument from the proof of Theorem and expressing w; > g(u;) equivalently as the
pair of constraints w; > 0 and w; > 1 — u;, the problem reduces to
: I 7
T SR

s.t. w+v—v1l, — =0,

u; = ba i € [n], (4.72)
w; 20, wy > 1 —wy, i € [n],
U1207 //4207 ZE{”],

which is a linear program. To write it in the standard form, we further introduce slack variables

s € R", s > 0, to replace inequality constraints w; > 1 —wu; by s; —u; —w; = —1. For implementation
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purposes, we define X to be the set of simple non-negativity constraints (w; > 0,s; > 0,, v; > 0, y;, >
0, Vi € [n]) from Eq. (4.72). The problem then becomes

el 1 1)
s.t. wH+v—v1, — p=0,,
u; — bial x =0, i € [n],
s—u—w=—1,,
w>0, v>0, >0, s>0,.
The original DRO problem with Wasserstein metric based ambiguity set is an infinite-dimensional

nonbilinearly coupled convex-concave min-max problem defined by

min sup Ef[g(ba” w)], (4.73)
weR? pep, .

where a € R%, b € {1, -1}, P is a distribution on R? x {1, -1}, ¢ is a convex loss function and P,
is the Wasserstein metric-based ambiguity set [SAMEKT5].

Definition 7. Let p and v be two probability distributions supported on © = R? x {1, —1} and
let TI(p,v) denote the set of all joint distributions between p and v. Then the Wasserstein metric

between p and v is defined by

W(p,v) = inf /@  ClE& (e, de). (4.74)

mell(p,v)

where €& € © and ((-,+) : © x © — R is a convex cost function defined by
(((a,b), (@, V)) = |la — a'||+x[b - b,

where ||-|| denotes a general norm and k > 0 is used to balance the feature mismatch and label
uncertainty. Let Q = % =1 0(aib;), where d(q,p,) is the Dirac Delta function (or a point mass) at

point (a;,b;). Then, the Wasserstein metric based ambiguity set is defined as

Prw = {P: W(P,Q) < p}. (4.75)

Assumption 13. R 5 M = supgeqom(g+)|0]-

We first show the following auxiliary lemma which is used in the proof of Theorem A similar

result for the special case of a logistic loss function can be found in [SAMEK15].
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Lemma 35. Let (a',V') € R? x {1,—1} be a given pair of data sample and label. Then, for every
A > 0, we have

b/a/Tw 7 i wl,. < M
iy oftfaTw) - Afa— a |90 T Twls A

acR? +00, otherwise

(4.76)

Proof. Since g is assumed to be proper, convex, and lower semicontinuous, by the Fenchel-Moreau

theorem, it is equal to its biconjugate. Applying this property, we have

sup  {g(t'a"w) — A|a — a'|}}
acRd

— s {BaTw— g"(6) — Na—d'|}
acR?,
fcdom(g*)

= sup {O0(a—a) w+0V(a)w—g"0) - \a—ad|.}
acR?,
GEdgm(g*)

Applying the change of variable v := a — a’, we further have

sup  {g(t'a"w) - A|a - o[}

acRd
= sup {00 w+ 0V (a) w — g*(0) — \|v|}
vERY,
0cdom(g*)
= sup  {Lyjoyu|.<x) + 0V (a)) w —g"(0)}
0edom(g*)
g(b’(a’)T'w), if Supeedom(g*) ‘%/'wH*S A
~+00, otherwise
where the second equality is by the convex conjugate of a norm [|-|| being equal to the convex

indicator of the unit ball w.r.t. the dual norm ||-||.. Finally, it remains to use that, by Assumption |13]
o= M. O

Sup@edom(g*)

Then following [SAMEKI5, Theorem 1], we provide reformulations of the problem from Eq. (4.73))

that can be addressed by computationally efficient solvers.
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Theorem 11. The optimization problem from Eq. (4.73)) is equivalent to:

1 n
min p)\Jersi
n 4

w,\u,v,s,t

s.t. u; = bial w, i€ n],
v = —uy, i € [n],
ti =2kA +s;, i€ n], (4.77)
g(ui) < si, i€ [n],
g(v;) < t, i € [n],
Jwll.< A/M.

Proof. Let z = (a,b) € © ;=R x {1, -1} and let hy,(2) := g(ba”w). Then by the definition of the

Wasserstein metric,

su 5 hw(z)m(dz, ©
sup EP[g(baTw)] = Prenp ) Jo hw(2)m( )

PEP,,x s. t. Joxo C(z,2)m(dz,d2") < p

(4.78)

Assume that the conditional distribution of z given 2’ = (a;, b;) is P?, for all i € [n]. Then, based on
the definition of P, = % > i1 0(aiby), We have

m(dz,dz") Z(s(a“b )P (dz). (4.79)
=1

As a result, the problem from Eq. (4.78]) is equivalent to

Supp:i % ?—1f@hw(Z)Pi(dZ>

IFD5171)p Ep[g(baT'w)] ={gt. 1 1f@ [PZ (dz) < (4.80)
S Pk

Jo Pi(dz) = 1.

Then substituting in z = (a,b), using that the domain of y is {1,—1}, and decomposing P! into
unnormalized measures P (da) = P!(da, {b = +1}) supported on R?, the RHS of Eq. (4.80) can be
simplified to

sup —Z/Rd (a, 1)Pi(da) + hy(a, —1)P.(da))
st 23 [ (Cl@ 1), e b)) + (a1, (s b)EL (da) <
/R (Pi(da) + PLy(da)) = 1
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With the definition of the cost function (((a,b), (a’,V")) = ||a — a’||+~x|b — V|, it follows that
1 & ; i
=3 [ Gl(@ D). (@ b))Pda) + (@ ~D), (@i, b)) (da)
=1

= 5/ > lla —a;||Pi(da) + [la — ai|[PL(da) + 2P~ | (da)]
R? b;=1
+ /Rd Y lla = ailP%i(da) + [la — a,[|Pi(da) + 2+Pi(da)]

bi=—1
)) + rlz/Rd ZHa — a;||(P" | (da) + P! (da)). (4.81)

n b;=—1

2 . A
_ R Rd(zpﬂ_l(daw > Pi(da
bi=1

Thus, we have
1 ¢ < ‘
sup ~ Z/ (hw(a@, 1)Pi(da) + hy(a, —1)P (da))
. Rd

i=—1

]Pj:1 n =1
2K ; i
s.t. — ZIP’_l(da)+ Z P{(da)
sup EFg(ba”w)] = n e\ b
PEP) i 1 n ‘ ‘
= [ la—al (¥ (da) + Pi(da) < p
i=1

/ (Pi(da) + P ,(da)) = 1.
R4

The above problem w.r.t. PY; is an infinite-dimensional linear program with a finite number of

constraints. By [ShaOll, Proposition 3.4], we get the following equivalent dual formulation:

I/I\lgl pA+ % gsi
wp EP[g(baTww)] = s. t. as;gd hw(a,1) — Mla — a;||-Ac(1 = b;) < s;, i€ [n]
P sulgd haw(a,—1) = Ma — a;|| - k(1 + b;) < s;, @ € [n]
ac
A>0.
Then, recalling that h.,(a,41) is short for g(+a”w), by Lemma [35, we have
wl[.< A

g(:l:a?w), if SUPgedom (g*)

sup hy(a,+1) — A|a — a;||=
otherwise.

acRd +OO,
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Finally, the resulting reformulation is

mln PA+ — Z S

s. t. g(biaj w) <s;, i€ [n],
g(=biaTw) — 2)\k < s;, i € [n],

sup 0wl < A
fedom(g*)

Finally, recalling that, by assumption, Supgegom (- M, it follows that the constraint
[« < A is equivalent to ||w|[.< A/M. Meanwhile, by introducing u; = b;al w,v; =

—u;(i € [n]) and s;,¢;(i € [n], we obtain Theorem [11] O

In Theorem[11] when we assume that the conic constraints g(u) < s and ||w||.< A/M in Eq. [£.77)
admit efficient proximal operators, we can formulate this problem as (PD-GLP)) and apply CLVR. The

resulting complexity bounds are similar to those discussed above for the f-divergence formulation.

4.6 Numerical experiments

We provide experimental evaluations of our algorithm for the reformulation of the DRO with
Wasserstein metric based on the ¢;-norm (with x = 0.1 and p = 10) and hinge loss. For its LP
formulation (see Theorem , we compare our CLVR method with three representative methods:
pDHG |CP11], sppHG [CERSI8| and PURE-CD [AFC20]. For all algorithms we use LPMetric
as the performance measure and use a restart strategy based on successive halving of LPMetric
(Section to obtain linear convergence. We implemented CLVR and other algorithms in Julia,
optimizing all implementations to the extent possible. Our code is available at https://github.

com/ericlincc/Efficient-GLPL

Comparison between values of I, and R. As described in Section a major advantage of
CLVR is that the complexity of CLVR depends on the max row norm R instead of the spectral norm
L, which in the worst case for ill-conditioned problems can lead to a factor of y/n improvement.
In practical problems where the problem instances are highly structured (e.g., reformulated DRO
problems), R can be much smaller than L. Table provides empirical evidence for this claim. In
all our experiments, we normalize each rows of A to R =1 as stated in Assumption [9] so the values

of L demonstrate the theoretical improvements for the experiments described in Section

Comparison with primal-dual algorithms. Figure provides a comparison between algo-

rithms in terms of the number of data passes and wall-clock time. The spikes in all the plots are due


https://julialang.org
https://github.com/ericlincc/Efficient-GLP
https://github.com/ericlincc/Efficient-GLP
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Table 4.2: Values of the spectral norm L in the reformulated DRO problems with Wasserstein

metric after each row is normalized to R = 1.

Reformulated a9a | Reformulated gisette | Reformulated rcvl Reformulated news20
d = 130738, n = 97929 |d = 44002, n = 28000 | d = 269914, n = 155198 | d = 5500750, n = 2770370
117.3 65.9 196.4 1041.6
a%a (n = 32561, d = 123) gisette (n = 6000, d = 5000) rcvl (n = 20242, d = 47236)

—PDHG
—— SPDHG (blocksize=50)
PURE-CD (blocksize=1) f=
— CLVR (blocksize=1)
—— CLVR (blocksize=10)

—PDHG
—— SPDHG (blocksize=50)
PURE-CD (blocksize=1)
— CLVR (blocksize=1)
— CLVR (blocksize=10)

—PDHG
—— SPDHG (blocksize=50)
PURE-CD (blocksize=1) P~
— CLVR (blocksize=1)
—— CLVR (blocksize=10)
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Figure 4.1: Comparison of numerical results in terms of number of data passes and wall-clock time.

to restarts: At the beginning of each restart cycle, the value of LPMetric increases significantly, then
decreases rapidly. For the number of data passes (top row), CLVR with block size 1 and PURE-CD
perform best on all three datasets, CLVR with block size 10 and SPDHG with block size 50 have
second-tier performance, and PDHG is worst. For the CLVR algorithm, smaller block size corresponds
to smaller L in Assumption which corresponds to better complexity in terms of data passes
by Theorem [§] Nevertheless, the gap between empirical performance and theoretical guarantee for
SPDHG and PURE-CD deserves further research because, to date, they have only been shown to have
the same iteration complexity as PDHG. E| Empirically, on a9a, CLVR with block size 1 performs
better than PURE-CD in terms of data passes.

In terms of wall-clock time (bottom row of Figure , because of different per-iteration costs

of each algorithm and instruction-level parallelism in modern processors [HP11], the plots differ

5The later paper [ACW22] describes complexity results for a newly developed version of PURE-CD that
exploits sparsity in A.
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significantly from the plots for number of data passes. Even with block size 50, SPDHG spends the
most wall-clock time for one data pass and is the slowest on sparse datasets a9a and rcvi, but is
faster than PDHG on the dense dataset gisette. Meanwhile, while CLVR with block size 10 is not best
in terms of data passes, it remains fastest in terms of wall-clock time on all datasets due to cheaper
per-iteration cost and instruction-level parallelism. On rcvl, the per-iteration cost of PURE-CD is
about 60% of that of CLVR with block size 1. Hence, despite having similar performance in terms of
data passes, PURE-CD is faster than CLVR with block size 1, but is still slower than CLVR with block

size 10.

Comparison with production linear programming solvers. Table shows that CLVR is
competitive against production-quality linear programming solvers such as GLPK [gIp22] and
Gurobi [Gur22]. We observe that CLVR reached accurate solutions significantly faster than GLPK
and Gurobi in the reformulated problems with gisette and rcvl datasets. Although CLVR is much
slower than Gurobi(barrier) on a9a dataset, we believe that much of the performance gap in this
case is due to the redundancy in the problem formulation with the a9a dataset, much of which is
removed by Gurobi presolvelﬂ We leave presolving and other heuristic speedups of CLVR for future

work.

Table 4.3: Comparison of numerical results between CLVR and three production solvers for linear

programming, showing time required (in seconds) for each solver to reach accuracy 107%.

Time (seconds) Reformulated a9a | Reformulated gisette | Reformulated rcvl
d =130738,n = 97929 | d = 44002, n = 28000 | d = 269914, n = 155198
JuMP+GLPK 899 >4 x 10* >4 % 10*
JuMP+Gurobi(simplex) 893 2482 7008
JuMP+Gurobi(barrier) 26 1039.7 1039.5
CLVR 962 697 582

4.6.1 Comparison of adaptive restart schemes

We provide a brief empirical comparison between our adaptive restart scheme that uses LPMet-
ric and the adaptive restart scheme using the normalized duality gap proposed in [AHLL21]. We
compared the performance of PDHG on benchmark problem sets qap10, gqap15, nug08, and nug20
used in [AHLL21], using the two adaptive restart criteria. We ran PDHG until reaching accuracy as

5Tn our DRO instance with a9a dataset, Gurobi presolver removed 25% of the columns and 58% of the
NONZEros.
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described in [AHLL21] (that is, until normalized duality gap is at most 1076 and primal and dual

infeasibility is at most 107%).

Table 4.4: Number of iterations required for the normalized duality gap

and primal and dual infeasibility to fall below 1075 and 1078, respectively.

Problem Name | Adaptive Normalized Duality Gap | Adaptive LPMetric
gapl10 13041 14521
qap15 12561 961
nug08 841 1481
nug20 22001 16281

Table shows that the two restart criteria give similar performance in terms of iteration com-
plexity. Normalized gap is better on qap10 and nug08, while LPMetric is better on gap15 and nug?20.
For further details, Figure plots the normalized duality gap vs iteration count. The two adaptive
restart schemes lead to similar performance of PDHG over iterations. Comparisons based on wall-
clock time are shown in Figure the behavior is similar. We conclude that our restart criterion

based on LPMetric seems comparable with normalized duality gap, in terms of iteration complexity.

4.6.2 Batch optimizations for practical computations

When we consider the DRO problem with Wasserstein metric of ¢;-norm and with hinge loss,
we observe that the reformulation described in Theorem [II] can be further reformulated into an
ordinary LP, as the dual norm of ¢; norm is ¢, norm and hinge loss can be decomposed linearly with
additional auxiliary variables. Thus in the following instances we consider, we apply our adaptive
restart scheme with respect to LPMetric as illustrated in Section to achieve heuristic linear
convergence rate in terms of the number of data passes. We compare our CLVR method with three
representative methods: pDHG |[CP11], sppHG |[CERSI1S] and PURE-CD [AFC20]. We implemented
CLVR and other algorithms in Julia, optimizing all implementations to the best of our abilitym For
SPDHG, whose per-iteration cost is at least O(d), we consider a large batch size of 50 to balance the
effect of the O(d) cost and improve the overall efficiency. Meanwhile, PURE-CD with block size 1 is
already well suited to sparsity. For CLVR, we experiment with block sizes 1 and 10.

We conducted our experiments on LibSVM |CL11] datasets a9a, gisette, and rcvl.binary, each
with different sparsity levels. We run each algorithm using one CPU core, on a Linux machine with a
second generation Intel Xeon Scalable Processor (Cascade Lake-SP) with 128 GB of RAM. Because

the weight parameter 7 between primal and dual variables (see Theorem strongly influences

7Julia is particularly designed for high performance numerical computation.


https://julialang.org
https://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/binary.html
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Figure 4.2: Comparisons of restart schemes that use LPMetric and that use the normalized duality
gap against number of iterations. The plots from left to right and then top to bottom are for qap10,
gap15, nug08, and nug20.

empirical performance, we tune it for all datasets by trying the values {107} for i € Z, for each of
the methods. We set the Lipschitz constant of PDHG to be the largest singular value of the constraint
matrix in the LP formulation. For PURE-CD and CLVR with block size 1, because the rows of the
matrix are normalized, we set the Lipschitz constant to 1. For CLVR with block size 10 and SPDHG

with block size 50, the Lipschitz constants are tuned to 3 and 9, respectively.

Remark 4 (Comparisons of using different block sizes). We conducted experiments to compare the
practical performance of CLVR against different choices of block sizes, with results shown in Figure[4.4}
We ran the DRO with Wasserstein metric using the same setup as described in Section [[.6, on the
rcvl dataset and using an early stopping criterion of LPMetric at 1071, In the plot, we can see that
CLVR converges to an approximate solution fastest when the block size is set to 10, providing support
for our choice of 10 in Section[{.6 As illustrated in Figure[{.1, CLVR is most efficient in terms of the
number of data passes when the block size is 1, but in terms of the execution time, running CLVR with

larger block size yields better performance. We attribute this phenomenon to the instruction-level
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Figure 4.3: Comparisons of restart schemes that use LPMetric and that use the normalized duality
gap against wall clock time in terms of seconds. The plots from left to right and then top to bottom

are for qap10, qap15, nug08, and nug?20.

parallelism [HP11)] in modern processors, allowing more computations to be completed in the same

number of clock cycles.

In Table we list information about the three datasets and the corresponding matrices in the
reformulations. As we see, due to the sparse connectivity of auxiliary variables, all the matrices in
reformulations are quite sparse. As a commonly adopted preprocessing step for LP, we normalize the

matrix in the standard-form LP so that each row has Euclidean norm 1.

Remark 5 (Performance comparison using multiple cores). We conducted further experiments to
examine the effects of allowing the algorithms to run on more computing cores. However, we did
not observe any meaningful difference in performances in terms of wall-clock time when we repeated
the experiments described above and in Section [{.0 using 2 CPU cores per algorithm. Our inter-
pretation of this observation is that because most of the steps within CLVR and other algorithms we

are comparing against are simple and cheap, involving very few large matriz-vector multiplications
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Figure 4.4: Comparison of the performance of CLVR with various choices of blocksizes.

and no matriz factorization, the practical performance of algorithms becomes memory-bound, hence

additional cores do mot make much difference.

Conclusion. Our numerical experiments show that CLVR is fastest in both the number of data
passes and wall-clock time on considered datasets, among all primal-dual algorithms that we imple-
mented. It is also competitive with production-quality linear programming solvers. Since it has a
theoretical guarantee that matches or improves the state of the art among primal-dual methods, we

believe that CLVR could be a method of choice.
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Table 4.5: The dimension and sparsity of the original datasets and the corresponding matrices in

reformulations.
Dataset |Original (d,n)|#nonzeros / (d x n)| Reformulated (d,n)|#nonzeros / (d x n)
a9a | (123,32561) 0.11 (130738, 97929) 9.6 x 105
gisette| (5000,6000) 0.99 (44002, 28000) 4.9 x 1072
revi | (47236,20242) 1.5 x 103 (269914, 155198) 8.8 x 1075
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Chapter 5

Conclusions and Future Directions

In this dissertation, we designed and analyzed coordinate algorithms for solving modern structured
machine learning problems under some favorable structures that arises in large-scale settings, given
in Eq. . Our results contribute to the algorithmic understandings of continuous first-order
optimization via efficient and scalable coordinate algorithms. Below we highlight general conclusions

and possible future directions.

Chapter 2: Tighter Convergence Bounds for Shuffled SGD via Primal-Dual Perspective.
Through the lens of primal-dual perspective, we provided the first fine-grained, data-dependent
convergence bounds for shuffled SGD, a class of incremental method with random permutations, in
general convex finite-sum and in generalized linear model settings. There remains further explorations
to be done to extend our results to less favorable settings such as loss functions with non-convexity

with mild assumptions, which can generally appear in modern deep learning settings.

Chapter 3: Accelerating Cyclic Coordinate Algorithms via Dual Averaging with Extrap-
olation. We further extended the cyclic smoothness idea from [SD21al to propose the A-CODER
algorithm for composite convex optimization, where the objective function can be expressed as the
sum of a smooth convex function accessible via a gradient oracle and a convex, possibly nonsmooth,
function accessible via a proximal oracle. We showed that A-CODER attains the optimal convergence
rate with improved dependence on the number of blocks compared to prior work. We demonstrated
that the new dependence on the number of blocks may be of constant factors for many machine
learning datasets through numerical experiments, despite that dependency being the order of the
square root of the number of blocks in the worst case. As a note for future direction, there still
remains a gap in our theoretical understanding about what structures should present in the objective

functions for that extra dependency on the number of blocks to diminish fully.
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Chapter 4: Faster Algorithms for Solving Generalized Linear Programming and the
Connection to Distributionally Robust Optimization. We studied a class of generalized
linear programs (GLP) in a large-scale setting, which includes a simple, possibly non-smooth convex
regularizer and simple convex set constraints. By reformulating (GLP) as an equivalent convex-
concave min-max problem, we designed an efficient, scalable first-order algorithm named Coordinate
Linear Variance Reduction (CLVR). CLVR yielded improved complexity results for (GLP) that
depend on the max row norm of the linear constraint matrix A rather than the spectral norm.
We further introduced two strategies to improve the convergence rates: 1) lazy updates when the
regularization term and constraints are coordinate-separable, and 2) an adaptive restart scheme when
the regularization term is zero. Furthermore, by introducing sparsely connected auxiliary variables,
we showed that Distributionally Robust Optimization (DRO) problems with ambiguity sets based

on both f-divergence and Wasserstein metrics can be reformulated as (GLPs).
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