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ABSTRACT

This dissertation is motivated by rapid and increasing rise in power density of modern pro-

cessing platforms. High power densities cause thermal hotspots which degrade reliability, perfor-

mance, and efficiency of a system. The research in this dissertation aims to alleviate these temper-

ature related problems in the context of real-time computing (systems where tasks have deadlines).

Traditionally, high temperature conditions are resolved by application of performance throttling

schemes such as dynamic voltage and frequency scaling (DVFS) and decode throttling. However,

these temperature management strategies cause performance degradation which may cause dead-

line violations in real-time systems. Depending on the criticality of a real-time system, deadline

violations and other failures can have catastrophic consequences; including loss of life. Therefore,

it is important to devise thermal management schemes specific to real-time systems; which is the

subject of this dissertation.

Majority of the research on real-time systems during last four decades has focused on meeting

deadline constraints of real-time tasks. Recently, work has been done on thermal constrained

scheduling. However, most existing thermal aware schemes use a restrictive power model and

employ DVFS to meet thermal constraints. More importantly, strong theoretical results for thermal

feasibility of real-time tasks have been missing. In this dissertation, we counter these limitations

and provide strong theoretical results pertinent to thermal feasibility of real-time tasks.
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We propose the concepts of Thermal Impact/Utilization which are used to prove several im-

portant theoretical results. Specifically, we prove that thermal utilization of less than or equal

to 1 is a necessary and sufficient condition for thermal feasibility of periodic real-time tasks on

uni-core systems. This is similar to the computational feasibility condition proposed by Liu and

Layland [1] in their seminal paper. Apart from periodic task scheduling, we also propose optimal

scheduling algorithms for aperiodic tasks. In line with current architectural trends, the concept of

Thermal Impact/Utilization is generalized to a multi-core processing platform and thermally opti-

mal scheduling strategies for multi-core platforms are proposed. In contrast to other research, the

scheduling strategies proposed in this work do not rely on DVFS to reduce system temperature.

However, DVFS strategies are also proposed which enable further temperature reduction. We also

evaluate the proposed multi-core solution on a hardware testbed. The theoretical results, simula-

tions and hardware evaluations show that the proposed concepts can be used to significantly reduce

system temperature while conforming to task deadline constraints. The application of the proposed

concepts to other application domains, such as mobile and data-center computing, also has signif-

icant potential and can lead to improved user experience, system efficiency and operational costs.
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Chapter 1

Introduction

Embedded computing systems are commonly used to monitor and control the dynamics of the

underlying physical processes in many cyber-physical applications. The objectives are to enhance

the performance, reliability, and safety of the applications. Examples include modern day automo-

biles, aerospace applications, smart electric grids, cyber-physical applications, monitoring health

of patients, and next generation transportation systems. For instance, modern day automobiles con-

tain embedded computing systems with 50–100 processors executing both critical and non-critical

application tasks [3]. The processors in a typical Powertrain Control Module execute critical tasks

that monitor and control key operational parameters such as engine speed and position, fuel in-

jection settings, and the timing of next spark signal. Other processors may execute non-critical

tasks such as those in the car’s entertainment system. Both types of tasks usually have stringent

real-time deadline constraints by which they must complete their execution. Failure to meet the

deadline constraints may have severe consequences on performance, reliability, and/or safety of

the vehicle.
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Research over the past three decades has resulted in extensive theory and algorithms for meet-

ing the real-time constraints of such embedded applications. The existing theory and the algorithms

deal with different processing models (single core, multi-core, or multiprocessor), different appli-

cation models (preemptive, non-preemptive, tasks with resource constraints, etc.), and different

timing guarantees (hard, firm, or soft). However, certain important emerging challenges of modern

day processors are not well-addressed by these extensive theory and algorithms.

One such emerging challenge is the need for thermal management in next generation process-

ing systems. As technology scales, on-chip power consumption and power density are increasing

rapidly. International Technology Roadmap for Semiconductors (ITRS) predicts that power densi-

ties will more than double over the next decade [4]. As power consumption and density increase,

their on-chip spatio-temporal variations will create thermal hot spots that are detrimental to both

processor performance and reliability. For example, studies have shown that a 10-15◦C increase in

temperature can more than double the probability of failure of the underlying semiconductor device

[5]. In addition, increase in on-chip temperature also causes increase in device leakage currents,

which increases on-chip power consumption, which in turn, increases the temperature further. This

positive feedback between temperature and leakage currents can cause “thermal runaway” which is

extremely detrimental to processor performance and reliability [6]. The challenge, therefore, is to

schedule and complete the application tasks in such a way that the peak on-chip temperature stays

below a pre-determined threshold and/or is kept as small as possible. To further reduce leakage

currents, additional objectives may include minimizing the spatio-temporal average of the on-chip

temperatures.
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Figure 1.1: Example schedule with two periodic tasks and one aperiodic task.

Figure 1.2: Core 1 temperature with/without aperiodic task execution on core 0.

Traditional approaches for on-chip thermal management often rely on scaling down the proces-

sor speed (through a combination of voltage and frequency scaling) to reduce its power consump-

tion and thereby temperature. Since scaling processor speed increases the time required to com-

plete a computation, meeting the real-time constraints of embedded applications becomes more

challenging. The challenge is even more acute for multi-core embedded applications where effects

such as inter-core thermal interactions and thermal inertia complicate the thermal constrained

scheduling problem. These effects and their implications are explained below with an example.
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Scheduling Example: Consider a processing system with two cores executing a real-time appli-

cation with two periodic tasks. Periodic tasks form an infinite sequence and repeat after a fixed

time period. The periodic task 1 has computation time of 4 time units and a period of 10 time

units. Periodic task 2 has a computation time of 10 time units and a period of 15 time units. The

application also consists of an aperiodic task with a computation time 15 time units. The schedule

for both periodic and aperiodic tasks is shown in Figure 1.1. Figure 1.2 plots the temperature of

core 1 for the following two scenarios.

(a) Aperiodic task is not executed. Periodic tasks are executed as shown in Figure 1.1.

(b) Aperiodic task is scheduled and executed as shown in in Figure 1.1

In the first case, where aperiodic task is not executed, the temperature profile of core 1 is low as

shown by the solid line curve in Figure 1.2. However in the second case, when the aperiodic task is

executed on core 0 from time 5 to time 20, core 1 temperature increases as shown by black dashed

curve in Figure 1.2. The temperature increase of core 1 due to execution on core 0 is due to the

thermal interaction between core 0 core 1. Furthermore, the temperature of core 1 remains high

well after the aperiodic task finishes execution on core 0 (at time 20). This is because of thermal

inertia (the delay in temperature increase on core 1 due to execution on core 0). Both of these

factors complicate the thermal constrained scheduling problem. In this particular case, assuming a

thermal constraint of 100◦C, the execution of aperiodic task on core 0 causes thermal violation on

core 1. Furthermore, thermal violation occurs well after the aperiodic task finishes execution (at

and after time 25). Therefore, in a multi-core platform, while watching out for possible thermal
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Table 1.1: Recent papers on real-time applications in RTSS, RTAS and ECRTS conferences con-

sidering thermal constraints.

Application Processor

Periodic

Single

[7][8][9] [10][11][12][13]

Periodic &Aperiodic [14]

Periodic & Sporadic [15]

Periodic

Multi

[16][17][18] [19][20] [21][22] [23]

Periodic & Aperiodic [24]

Periodic & Sporadic [22] [23]

violations during the execution of given task; we also need to consider the thermal effect of the

execution well after the execution finishes.

Recently, thermal constrained scheduling problem has gotten attention and Table 1.1 catego-

rizes state of the art recent works in this field that have appeared in premier real-time conferences.

The scope of these works and their limitations are discussed in Chapter 2. Broadly speaking most

of the exiting literature assumes a very simple constant power model and relies on speed scaling to

manage temperature. This research attempts to address these issues.

The research proposed in this dissertation does not have the limitations of constant power

model and high reliance on speed scaling. One of the foremost contributions of this research is the

derivation of necessary and the sufficient conditions for schedulability of thermally-constrained

embedded applications. For example, for single-core systems without thermal constraints, the
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Liu and Layland schedulability bound is a seminal result that has been widely used to provide

real-time guarantees [1]. Since then, widely used schedulability bounds have been derived for

multiprocessor systems and a variety of application models [25]. However, such bounds do not

exist for thermally-constrained real-time scheduling. The concept of thermal utilization, proposed

in this research, plays an analogous role to the traditional computational utilization for dealing with

thermal constraints. We propose thermally optimal scheduling algorithms for several real-time ap-

plication and task models. Specifically, this thesis makes the following vital contributions:

a) Necessary Schedulability Conditions: We propose the concept of Thermal Utilization and

prove that having thermal utilization ≤ 1 is a necessary condition for thermal feasibility of implicit

deadline periodic tasks on uni-core systems. We also propose a lower bound for processor temper-

ature for a given periodic taskset.

b) Sufficient Schedulability Conditions and Optimal Scheduling: We prove that Thermal Uti-

lization of ≤ 1 is a sufficient condition for schedulability of implicit deadline periodic tasks on

thermally constrained uni-core systems. We also prove that a scheduling algorithm inspired from

Generalized Processor Sharing [26] is thermally optimal.

c) Aperiodic task Scheduling: We propose an optimal algorithm for the scheduling of aperiodic

tasks along with periodic tasks on thermally constrained uni-core systems. The proposed algo-

rithm is based on the Total Bandwidth Server [27] concept and is optimal in terms of being able to

support maximum rate of aperiodic arrivals.

d) Speed Scaling Strategies: The optimal scheduling algorithms proposed in this dissertation do
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not rely on speed scaling. However, speed scaling strategies are proposed that enable further re-

duction of processor temperature.

e) Multi-Core Scheduling: We extend the concepts of thermal utilization to a multi-core platform

and prove necessary conditions for thermal schedulability. We also provide thermally optimal

partitioned solutions for the scheduling of implicit deadline periodic tasks on multi-core. The pro-

posed multi-core solution is also implemented and evaluated on a hardware testbed.

f) Executing Other Task Models: We present a general scheduling framework that can be used to

schedule other task, constraint and execution models. The extensions explained include: schedul-

ing of constrained deadline periodic tasks, introduction of resource constraints, and introduction

of precedence constraints.

Organization: Chapter 2 overviews the research in the field of thermal constrained scheduling

and thermal analysis. Chapter 3 covers the system, task and thermal models assumed in this work.

It also introduces the concept of Thermal Impact/Utilization and presents necessary conditions for

thermal schedulability of periodic real-time tasks on uni-core. Optimal scheduling algorithm for

periodic real-time tasks on uni-core, along with a necessary and sufficient thermal schedulability

condition is presented in Chapter 4. Chapter 5 covers an optimal scheduling strategy for aperiodic

tasks in the presence of hard headline periodic real-time tasks. Chapter 6 explains how the concepts

of thermal impact/utilization can be extended to accommodate speed scaling strategies. Periodic

task scheduling problem is generalized to multi-core platform and a partitioned scheduling solution

is proposed in Chapter 7. This chapter also includes the simulation results for multi-core solution
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and the evaluation of proposed multi-core solution on a hardware testbed. A general scheduling

framework which can be used to do thermal aware scheduling for other task models is explained

in Chapter 8 followed by conclusion and future work.
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Chapter 2

Related Research

2.1 Real-Time Applications and Scheduling

In this chapter we discuss the research work dealing with thermal aware scheduling and its

limitations. As mentioned before, Table 1.1 in the introduction chapter succinctly categorizes

recent work from literature on thermal-aware scheduling in real-time systems. In particular, the

table categorizes papers published in the years 2004–2013 in three premier conferences (Real-

Time Systems Symposium, Real-Time Technology and Applications Symposium, and Euromicro

Conference on Real-Time Systems) based on assumed models.

Most of the existing works in uni-core context rely on scaling down the processor speed

(through a combination of voltage and frequency scaling) to reduce its power consumption and

thereby temperature. They can be broadly subdivided into either reactive schemes [10][12] or

proactive schemes [7][28][9]. Reactive schemes reduce processor speed only when temperature

gets above a certain threshold. Wang et al. perform schedulability analysis for a two speed reactive

speed scaling scheme in [10]. They also perform delay analysis in [12]. Their scheme is improved

upon by Chen et al. [7] by using proactive speed scheduling. In proactive schemes, apart from

only reacting to a thermal triggers, speed can also be changed proactively by requests issued by
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task/scheduler. Chen et al. also derive approximation bounds on the maximum temperature for

Earliest Deadline First (EDF) schedule compared to a thermally optimal schedule in [19]. The

2-speed reactive solution is also improved upon by Chaturvedi et al. [29] who use an m-oscillating

scheme to schedule periodic tasks. The processor speed oscillates between m levels to keep the

system temperature below threshold. Thermally constrained scheduling of periodic tasks is also

studied by Quan et al. [28][9]. They derive thermal feasibility checks and also formulate construc-

tive speed scheduling algorithms for periodic tasks under thermal constraints.

Among existing schemes that consider multi-core model, Chantem et al. [30] use integer linear

programming to minimize the maximum temperature for a given set of real-time tasks. They use

an equivalent circuit model to estimate the transient core temperatures. Fisher et al. [22] use the

thermal characteristics of processing cores to derive preferred speeds for processing elements in a

homogeneous multi-core system to minimize system temperature. Hung et al. [31] focus on real-

time task scheduling for processing elements without dynamic voltage scaling capability to target

maximal power saving in a heterogeneous multi-core system. Liu et al. [32] propose a two-stage

approach, in which they first utilize the retiming and software pipelining technique to transform a

periodic dependent task graph into a set of independent tasks, and then iteratively adjust the task

schedule and voltage selection by incorporating the dynamic voltage scaling and dynamic power

management techniques.

In [17][18], Schor et al. perform worst case temperature analysis for real-time tasks running

on multi-core systems. They use a more generalized task model by using the concepts of real-

time calculus [33] to model arrivals and computation demands of real-time tasks. The worst case
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computation methodology is further used in [21] to perform task and frequency assignment for

real-time tasks executing on multi-core systems. The problem is formulated and solved as a binary

optimization problem. Kumar et al. [13] perform worst case delay analysis on a stream of jobs fol-

lowing arrival and computation patterns based on real-time calculus. In their work, Hettiarachchi

et al. [15] propose a new resiliency parameter for real-time systems with thermal constraints. Their

work focuses on the design of real-time systems that operate in unpredictable thermal environments

where the ambient temperature can change. This work is extended to multi-core processing envi-

ronment in [23]. In [20], Yun et al. consider scheduling of periodic tasks on a multi-core system

under soft thermal constraints. They design a proactive peak temperature manager which period-

ically estimates peak processor temperature. It uses machine learning to predict high temperature

on a given core. If a core is predicted to overheat, dynamic power management techniques are

applied to cool down the core without violating task timing constraints. Kumar et al. [16] address

the problem of minimizing end-to-end delay on a set of real-time tasks with inter-dependencies;

on a thermally constrained distributed system. They prove that the delay is minimized if all tasks

are executed as soon as possible under the system thermal constraints.

Specifically, all of the mentioned works have the following primary limitations which are ad-

dressed by this work:

1. Majority of works consider dynamic power consumption to be only a function of processor

speed. Therefore, it is assumed that power consumption is independent of the task executing

on the system. This is clearly a restrictive power model, considering that different applica-

tions exhibit vastly different power characteristics [34]. Therefore, to guarantee hard thermal
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constraints, the schemes which consider no power variation across tasks have to schedule

tasks based on the worst-case power/thermal behaviour; which may be very pessimistic.

2. Except for [29][30], all of the schemes rely on speed scaling to manage temperature. There-

fore, these schemes cannot be applied to systems which are not capable of Dynamic Fre-

quency Scaling or where speed change overheads are high.

3. None of the existing works present necessary and sufficient conditions for thermal schedu-

lability of periodic tasksets.

2.2 Thermal Analysis

The existing research on characterizing the thermal profile of ICs can be broadly classified into

three categories. The first category focuses on detailed accurate characterization of temperature

variations in the IC. The associated algorithms divide the IC into a discrete grid of suitable size

and solve a linear system of equations characterizing temperature relationships at the grid points.

Papers differ on the solution methodology used to accurately solve these system of equations as

fast as possible [35, 36, 37, 38]. There are two major drawbacks of this type of thermal analysis:

(i) they are impractical for runtime use in a scheduler because finding a good schedule requires

multiple runs of thermal analysis, and (ii) they depend on a detailed characterization of power

consumption profile within the IC, which is often difficult to obtain.

The second category relies on an architectural level simulation to characterize temperature

variations among different functional blocks in the processor. For example, Hotspot [39] ther-

mal analysis tool solves a linear system of equations but at very coarse-grain. It requires power
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consumption information for each functional block, and temperature difference equations are mod-

elled at functional block level given their relative location in the IC floorplan. Studies have shown

that tools such as Hotspot are fairly accurate at architectural level thermal profile characterization.

Unfortunately, thermal simulations are also computationally expensive and hence cannot easily be

performed by a scheduler at runtime.

Finally, the third category is tailored for use in schedulers [7, 8, 10, 9, 12, 32, 31, 22]. Methods

in this category rely on simple analytic models to characterize the thermal impact of executing a

given task. The underlying models usually rely on a simple uniform power consumption assump-

tion. These methods sacrifice accuracy for conservativeness and speed. As a result, the scheduling

decisions are usually pessimistic, e.g., a scheduler may excessively delay an aperiodic real-time

task due to the conservative processor temperature estimates.

In this work, we use the second and third model for all evaluations/simulation results. However,

a specific model is not necessary for the applicability of results presented in this work. As will be

explained in later chapters, the only assumption we make for the thermal model is that it is linear in

terms of power consumption of tasks. All three methodologies for temperature analysis/evaluation

satisfy linearity assumption. Furthermore, the proposed schemes do not compute temperature at

runtime. Therefore, there is no temperature computation overhead incurred by the scheduler.
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Chapter 3

Theoretical Foundation

In this chapter, we first specify the system, task and execution model assumed in this disser-

tation. That is followed by introduction of the concept of thermal impact. Thermal impact is the

fundamental concept on which several theoretical results in this dissertation are based. In this

chapter, Thermal Impact/Utilization is used to find a Necessary Condition for thermal schedulabil-

ity of implicit deadline periodic tasks on uni-core. This implies that:

For a given periodic taskset executing on a uni-core, if the condition presented in this chapter is

not satisfied; then no scheduling algorithm will be able to meet thermal constraints of the system

3.1 System Model

3.1.1 Processor Model

The processor has a set M of m identical cores for some m ≥ 1. Some of the results in this

dissertation are specific to uni-core system, i.e, m = 1. However, several results are applicable

and effective on multi-core systems, i.e, where m > 1. We define Δ̂ as the thermal constraint of

The work covered in this Chapter appeared in [11] and [40]

Rehan Ahmed, Parameswaran Ramanathan, Kewal K. Saluja, “On thermal utilization of periodic task sets in uni-

processor systems” RTCSA 2013

Rehan Ahmed, Parameswaran Ramanathan, Kewal K. Saluja, “Temperature Minimization Using Power Redistribution

in Embedded Systems”, VLSI Design 2014
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the processor. The temperature of each core m has to be less than Δ̂ for safe operation. The power

consumed by a core has two components: (i) dynamic power due to computational activities of a

task, and (ii) leakage power due to leakage currents. Studies have shown that leakage currents are

a strong function of temperature. However, within a typical operating temperature of a processor,

power due to leakage currents can be adequately modelled as a linear function of temperature [41].

As a result, if task τ is executing on core i at time t, then the total power consumed by core i at

time t can be written as

Ptot,i(t,Ψ(t)i) = Pτ + δΨ(t)i + ρ, (3.1)

where Pτ is the dynamic power due to computational activities of task τ , Ψ(t)i is the temperature

of core i at time t and where ρ and δ are modelling constants. Each core is assumed to be DVFS

capable with speed varying between [smin, smax]. Furthermore, it is assumed that voltage/frequency

of each core can be modified independently.

3.1.2 Thermal Model

The power consumption on a core causes its temperature to increase. Due to thermal cou-

pling between them, the power consumption on a core also causes temperature increases on other

cores of a multi-core system. Studies have shown that thermal effects of power consumption can

be modelled as linear resistance-capacitance (RC) circuits [39][22][30]. Accurate thermal mod-

els of multi-core processors typically include multiple discrete thermal elements. For example,

HOTSPOT [39], uses the thermal model shown in Figure 3.1 which models individual architec-

tural units, heat spreader, interface layer, heatsink and cooling due convection. In this model,
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Figure 3.1: Thermal model used by HOTSPOT. Figure taken from [2].

Power consumption is modelled as current and temperature is analogous to voltage. Transfer of

heat between different elements is modelled as current passing through a thermal resistor. The

delay in increase of temperature for a given element is modelled by a thermal capacitance. Using

the well-known Fourier law, thermal behaviour of a processor can be written as set of differential

equations, which in turn can be succinctly rewritten in matrix form as follows.

C ◦Ψ(t)′ = Ptot(t)−AΨ(t), (3.2)

where C is a vector characterizing the thermal capacitances of different elements in the model,

Ψ(t) is a vector of temperature at time t of all the thermal elements in the model, P (t) is a vector

of total power consumption of the different elements in the model at time t, and A is matrix which

is constructed using the thermal conductances between the different elements in the model in the
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following manner:

Ai,j =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
−Gi,j if i �= j

∑
j

Gi,j if i = j

(3.3)

Gi,j is the thermal conductance between elements i and j and Gi,i is assumed to be 0.

Let Ψidle,ss denote a vector of steady state temperatures when all cores are idle, i.e., when the

dynamic power consumption on every core is zero. Note that the power consumption of each core

is still non-zero because of static power component. Define a new variable Θ(t) = Ψ(t)−Ψidle,ss.

In other words, Θ(t) is a column vector of temperature at time t of all the thermal elements in the

model expressed as a relative increase with respect to the idle steady-state temperatures. Following

a few algebraic simplifications, one can show that

C ◦Θ(t)′ = Pdyn(t)− (A− δI)Θ(t). (3.4)

Note that, the above equation only contains dynamic power consumptions. Leakage power is

accounted for by expressing temperature as relative increase with respect to idle steady-state tem-

peratures and subtracting δ from diagonals of A matrix. For simplicity of presentation, the rest of

this dissertation assumes that all temperatures are expressed relative to the idle steady-state temper-

atures unless specified otherwise. The thermal constraint of the processor relative to steady-state

temperature is a vector Δ such that:

Δ = Δ̂ · 1−Ψidle,ss

where 1 is a column vector in which all entries are 1.
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Figure 3.2: Single RC thermal model.

3.1.3 Simplified Uni-Core Model

For some portions of this thesis (specifically the results for the uni-core section and examples),

we will revert to a simple uni-core model where the processor is modelled as a single resistance-

capacitance pair as shown in Figure 3.2. In this model, we can compute temperature by the fol-

lowing differential equation:

CΨ(t)′ = Ptot(t) +
Ψa −Ψ(t)

R
(3.5)

Where Ψa is the ambient temperature. The idle steady state temperature (Ψidle,ss) in this case can

be computed by setting Ψ(t)′ = 0 and Ptot(t) = δΨ(t) + ρ: Ψidle,ss = Rρ+Ψa

1−Rδ
. For notational

brevity, let β = 1
RC

− δ
C

and, Θ(t) = Ψ(t) − Rρ+Ψa

1−Rδ
. Following few algebraic simplifications,

Equation 3.5 simplifies to:

CΘ(t)′ = Pdyn(t) − βΘ(t) (3.6)
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R Thermal Resistance 0.36

C Thermal Capacitance 0.8

δ As defined in Equation 3.1 0.001

ρ As defined in Equation 3.1 0.1

Ψa Unadjusted ambient temperature 40◦C

Δ̂ Unadjusted threshold temperature 75◦C

β Cooling coefficient in Equation 3.7 3.471

ζ Unit Thermal Impact 0.36

Ψidle,ss Unadjusted idle steady state temperature 40.05◦C

Δ Threshold temperature 35◦C

Table 3.1: Simple uni-core thermal model parameters.

Assuming that power is constant in the interval [0,t), the differential equation has the following

solution:

CΘ(t) =
P

β
(1− e−βt) + Θ(0)e−βt (3.7)

Equation 3.7 will be used extensively in this document to evaluate processor temperature. In this

simplified uni-core model, modelling parameters and corresponding thermal model variables given

in Table 3.1 will be used for computation of processor temperature
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3.1.4 Task Model: Implicit Deadline Periodic Tasks

The initial chapters of this dissertation deal with the scheduling periodic, preemptive, inde-

pendent tasks with implicit deadlines. Let Γ denote the set of tasks in the application. Each task

τ is characterized by three parameters: (i) worst-case computation time Cτ , (ii) period Tτ , and

worst-case computational activity aτ . Furthermore, all tasks are assumed to be in-phase. Each task

instance also has a hard deadline equal to the arrival time of the next instance of the correspond-

ing periodic task (implicit deadline). Due to the computational activity of a task, the processor

consumes a certain amount of dynamic power whenever the task executes. The dynamic power

consumed by a task instance is assumed to be proportional to its worst-case computational activity.

In general, the dynamic power consumed by a task instance is also a strong function (typically

cubic) of the speed of the processing core at which the execution occurs. We assume that Cτ is the

worst-case computation time of the task τ at speed 1 and worst-case computation time is inversely

proportional to speed of execution i.e. computation time at speed sτ is Cτ/sτ . The worst-case

dynamic power consumption of task τ at speed sτ is:Pτ = aτs
3
τ .

In this work Π represents the periodic schedule. The value of Π(t) represents a 2 element tuple

with elements representing the task being executed at time t and the speed at which it is being

executed. For a multi-core system, Π(t) is a vector with tuples representing the task/speed values

of each core. The length of schedule Π is one hyperperiod (L); where hyperperiod is defined as

the Least Common Multiple (LCM) of all periodic tasks in Γ. In this work, we assume that the

periodic schedule is cyclic i.e. Π(t) = Π(t+ kL) for all t and all integers k.
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3.2 Meeting Deadline Constraints for Implicit Deadline Periodic Tasks
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Figure 3.3: RMA feasible processor utilization as

a function of number of periodic tasks.

The seminal work for the scheduling of pe-

riodic tasks was done in 1973 by Liu and Lay-

land [1]. The key contributions of this work

was the formulation of optimal algorithms for

computational feasibility of implicit deadline

periodic tasks. Liu and Layland proposed

two important scheduling algorithms. First of

these algorithms was a static priority algorithm

called Rate Monotonic Algorithm. In this al-

gorithm periodic tasks were assigned priorities

proportional to the execution rates ( Cτ

Tτ sτ
). A higher priority task is allowed to preempt execution a

lower priority task. The authors prove in [1] that:

Theorem 3.1. (Theorem 2 from [1])If a feasible priority assignment exists for some task set, the

rate monotonic priority assignment is feasible for that task set.

This implies that RMA is optimal static priority assignment algorithm for implicit deadline

periodic tasks on uni-core. The authors also prove that:

Theorem 3.2. (Theorem 5 from [1]) If a set of n tasks are scheduled in fixed priority order, then

RMA will guarantee all deadlines if processor utilization U ≤ n(21/n − 1).
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Note that the bound in Theorem 3.2 is a sufficient condition and not a necessary condition i.e.

if U > n(21/n − 1), then RMA may still be able to meet all deadlines for periodic tasks in Γ. The

expression n(21/n − 1) has an asymptotic value of 0.693 (as number of periodic tasks reaches ∞)

and it is plotted in Figure 3.3 as a function of number of periodic tasks.

To achieve higher processor utilization, Liu and Layland also propose a dynamic priority al-

gorithm called Earliest Deadline First (EDF). As the name suggests, in EDF, a task instance is

assigned priority inversely proportional to its deadline (task instances with earlier deadlines are

given higher priority). It is proven in [1] that:

Theorem 3.3. (Theorem 7 in [1]) For a given set of taskset Γ, the Earliest Deadline First schedul-

ing algorithm is feasible if and only if:
∑
τ∈Γ

Cτ

Tτ

≤ 1

Note that this is a necessary and sufficient condition implying that if
∑
τ∈Γ

Cτ

Tτ

> 1, then no

scheduling algorithm can meet deadlines of all periodic tasks. Therefore EDF is optimal for meet-

ing deadlines of implicit deadline periodic tasks on uni-core.

In the context of this dissertation, EDF is a very important scheduling algorithm. The thermal

aware scheduling schemes presented in this dissertation are compared against EDF as a baseline.

Therefore, in the interest of reader’s understanding, we now present a scheduling example that

illustrates the functioning of EDF.

3.2.1 EDF Example

The periodic taskset considered constitutes two periodic tasks:

Task 1 (C1 = 0.1, T1 = 0.25)
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0 0.25 0.5 0.75 1

Time (s)

T1(C= 0.1, T = 0.25) T2(C= 0.3, T = 1)

Figure 3.4: EDF schedule for 1 hyperperiod.

Task 2 (C2 = 0.3, T2 = 1)

In this example, we use Ji,j to represent jth instance of periodic task i, Di,j to represent its

absolute deadline. The EDF schedule for one hyperperiod is shown in Figure 3.4. J1,1 and J2,1

arrive simultaneously at time 0. D1,1 = 0.25 and D2,1 = 1.0. Since D1,1 < D2,1, J1,1 is scheduled

for execution starting at time 0 until its completion at time 0.1. At time 0.1, since task J2,1 is the

only ready task, it starts execution. However, at time 0.25 when J2,1 has completed 0.15 out of

0.3 units of its execution, J1,2 arrives with D1,2 = 0.5. Since D1,2 < D2,1, J2,1 is preempted and

J1,2 executes in the interval [0.25,0.35]. After completion of J1,2 at time 0.35, J2,1 executes and

completes its execution at time 0.5. After this J1,3 and J1,4 are executed in intervals [0.5, 0.6] and

[0.75, 0.85] respectively. J1,5 and J2,2 arrive simultaneously at time 1.0. 1.0 is the hyperperiod

(LCM(0.25, 1)=1) and entire EDF schedule from in the interval [0, 1.0) repeats in the interval [1.0,

2.0) and all future hyperperiods.

Even though EDF is optimal in terms meeting deadline constraints for periodic tasks, it is not a

Thermal Aware scheduling algorithm. Therefore, EDF cannot be used to safely execute real-time

tasks in a thermally constrained system. In the next sections of this chapter, we will cover the

theoretical foundation used to devise thermal aware scheduling algorithms.
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3.3 Thermal Impact

Thermal Impact gives a measure of the total temperature effect, execution of a given task will

have on a system. Given a task τ with computation time Cτ ; suppose that ητ (t) represents the

processor temperature at time t when τ is executed without preemption starting at time 0 with

Θ(0) = 0. Accumulated Thermal Impact of task τ at time t (ATIτ (t)) is defined as the cumulative

thermal effect until t. Specifically:

ATIτ (t) =

∫ t

0

ητ (u)du (3.8)

Total Thermal Impact of task τ is defined as the “net” thermal effect of execution of τ .

TTIτ = lim
t→∞

ATIτ (t) (3.9)

The concept of thermal impact is particularly useful in preemptive scheduling of tasks. This is

because, due to linearity of RC thermal model, the value of TTIτ remains unchanged after pre-

emption of task at arbitrary number of points. To understand these concepts further, consider the

following example:

Consider a task τ with computation time of 1s. In this example, we will consider the tempera-

ture effect of two possible executions of τ . As shown in Figure 3.5, in Execution 1, τ is executed

contiguously between time 0 and time 1 sec. In Execution 2, τ is preempted once before complet-

ing execution at time 1.5s. The thermal profile of τ for the two executions is shown in Figure3.6.

Based on the two thermal profile, the thermal impact of τ can be evaluated and is shown in Fig-

ure 3.7. Note that, as expected, two executions have different thermal profiles. Consequently, the

value of the accumulated thermal impact also varies temporally. However, note that the value of



25

Figure 3.5: Executions of task τ .

Figure 3.6: Thermal profile of Execution 1 and Execution 2.

accumulated thermal impact saturates after some time since the cooling temperature slowly de-

cays to 0. This value is the Total Thermal Impact. As illustrated in Figure 3.7, the value of Total

Thermal Impact for the two executions is same. We will now use this basic result to find a general

expression for Total Thermal Impact and see how it can be used to schedule periodic real-time

tasks.
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Figure 3.7: Accumulated Thermal Impact of Execution 1 and Execution 2.

3.4 Necessary Condition for Thermal Feasibility

Definition 3.4. Suppose that a single instance of a unit power task (Dynamic power consumption

= 1W) executes for one second on a uni-core processor starting at an initial reference temperature

of 0◦C. Its power consumption will cause the temperature of the core to increase. Let θ(t) denote

the temperature of the core at time t as a result of this execution. Then, Unit Thermal Impact (UTI)

of the core is defined as:

ζ =

∫ ∞

0

θ(t)dt.

Note that, due to the linearity of the system, if a single instance of a task with power P executes

for C seconds on the core, then its Total Thermal Impact on the core will be P · C · ζ . Similarly,

due to linearity of the system, it follows from superposition principle that total thermal impact of

executing more than one instance is the sum of the total thermal impacts of each instance.
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Thermal Steady State: As defined in Section 3.1 let Π(t) represent the cyclic periodic schedule.

Also, let ηΠ(t) represents the thermal profile of the periodic schedule Π(t). It was proved in

[28, 11, 24] that if we repeatedly execute a periodic schedule Π, the temperature at the start of

the hyperperiod increases monotonically until the temperature at the start and end of hyperperiod

are approximately equal. This scenario where the temperature at the start of hyperperiod stops

increasing is called thermal steady state. We call the temperature at the start of hyperperiod at

thermal steady state ΘΠ.

Before stating the theoretical results in this section, we define the following function

Cool(Θinit, t) = Θ(t) Where Θ(0) = Θinit and processor is idle for t > 0 (3.10)

Theorem 3.5. Suppose that all tasks are executed as per Π(t) and Θ(0) = ΘΠ, then

∫ L

0

Θ(t) = L · ζ
∑
τ∈Γ

PτCτ

Tτsτ
, (3.11)

where sτ is the speed at which all instances of task τ are executed.

Proof: given a periodic task τ with period Tτ , the hyperperiod will have L/Tτ instances of τ . Let

the start time of the instance i be stτ,j . The integral of processor temperature during hyperperiod

at thermal steady state can be computed using the following expression:

∫ L

0

Θ(t)dt =

∫ L

0

cool(ΘΠ, t)dt+
∑
τ∈Γ

∑
{j∈N0|j<L/Tτ}

(∫ L−stτ,j

0

ητ (t)dt

)

=

∫ ∞

0

cool(ΘΠ, t)dt+
∑
τ∈Γ

∑
{j∈N0|j<L/Tτ}

(∫ ∞

0

ητ (t)dt

)

−
∫ ∞

L

cool(ΘΠ, t)dt−
∑
τ∈Γ

∑
{j∈N0|j<L/Tτ}

(∫ ∞

L−stτ,j

ητ (t)dt

)
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By superposition, cool(ΘΠ, t)+
∑
τ∈Γ

∑
{j∈N0|j<L/Tτ}

(
ητ (L−stτ,j)

)
represents the temperature at the

end of hyperperiod assuming that initial temperature is ΘΠ. By definition of thermal steady state,

the temperature at the end of hyperperiod is ΘΠ. Therefore:∫ ∞

L

cool(ΘΠ, t)dt+
∑
τ∈Γ

∑
{j∈N0|j<L/Tτ}

(∫ ∞

L−stτ,j

ητ (t)dt

)
=

∫ ∞

0

cool(ΘΠ, t)dt

Therefore: ∫ L

0

Θ(t)dt =
∑
τ∈Γ

∑
{j∈N0|j<L/Tτ}

(∫ ∞

0

ητ (t)dt

)
By definition 3.4 the total thermal impact of one instance of periodic task τ is: PτCτ ζ

sτ
. Given that

periodic task τ has L/Tτ instances in the hyperperiod, the integral of processor temperature at

thermal steady state is therefore equal to:∫ L

0

Θ(t)dt = L · ζ
∑
τ∈Γ

PτCτ

Tτsτ

�

Note that, the value of the integral in the above theorem is only a function of the task character-

istics, the speed at which task is executed and UTI of the processor. In particular, it is independent

of the schedule Π. We call the value of integral in Equation 3.11 the Hyperperiod Thermal Impact

of periodic taskset Γ (HTI(Γ)) for a fixed task-to-speed assignment. The term
∑
τ∈Γ

PτCτ

Tτsτ
represents

the average dynamic power consumption of the processor due to scheduling of all periodic tasks

in Γ, during one hyperperiod. This average power consumption is represented by PΓ. Therefore:

HTI(Γ) = L · δ · PΓ

Theorem 3.6. Suppose that all tasks are executed as per Π(t) and Θ(0) = ΘΠ. Let φ(Π) be

the corresponding maximum temperature during the periodic schedule, i.e., φ(Π) = max
0≤t≤L

(Θ(t)).
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Then,

φ(Π) ≥ ζ
∑
τ∈Γ

PτCτ

Tτsτ
= ζ · PΓ. (3.12)

Proof: From Theorem 3.5, we know that at thermal steady state, integral of temperature during

the hyperperiod is L · ζ∑τ∈Γ
PτCτ

Tτ sτ
. The average temperature during the hyperperiod is therefore

given by: ζ
∑

τ∈Γ
PτCτ

Tτ sτ
. The maximum temperature within the hyperperiod has to be at least as

high as the average temperature across the hyperperiod. Hence the theorem. �

This theorem specifies a lower bound on the maximum temperature of periodic taskset Γ at

thermal steady state. We now define Thermal Utilization of a taskset Γ as follows.

Υ(Γ) =
ζ

Δ

∑
τ∈Γ

PτCτ

Tτsτ
=

ζ

Δ
PΓ. (3.13)

Based on this definition of thermal utilization and Theorem 3.6, it follows that Υ(Γ) must be less

than or equal to 1 in order for a periodic taskset Γ to have a thermally feasible schedule. Otherwise,

a lower bound on the maximum core temperature for any schedule of this taskset will be greater

than Δ, which in turn violates the thermal constraint of the processor. In other words, if the

thermal utilization of a periodic taskset is greater than 1, there is no feasible schedule which meets

the thermal constraint of the processor. Therefore, Υ(Γ) ≤ 1 is a necessary condition for thermal

feasibility.

3.5 Power Redistribution Algorithm

Based on the lower bound on temperature, we proposed a heuristic for minimizing processor

temperature when it is scheduling of implicit deadline periodic tasks [40], called Power Redistri-

bution Algorithm (PRA). We only give overview of PRA here since a superior scheduling scheme
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Figure 3.8: Fraction of thermally feasible periodic tasksets under EDF and PRA scheduling poli-

cies.

based on GPS/WF2Q was proposed later and is covered in the next chapter. PRA works by inter-

leaving periodic tasks with different power consumption and slack intervals such that the system

temperature is minimized. For non real-time applications, the basic interleaving strategy is studied

in [34]. The intuition behind the task interleaving scheme is that tasks with low thermal footprint

(Activity) are executed when the system temperature is high while tasks with high thermal foot-

print are executed when the system temperature is low; where thermal footprint can be considered

to be the thermal effect of executing the task.

At a given time t, PRA first computes the time by which the execution of all ready periodic

task instances, including partial instances, can be delayed without causing any deadline misses.

We propose two different algorithms to compute this slack value in this work. If slack is available,

PRA chooses a task for execution in the time interval t, t + ε which brings temperature at time

t + ε closest to a calculated target temperature. The value target temperature is computed using
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Theorem 3.6. If Slack is not available, then a ready task with earliest deadline is executed to avoid

deadline miss.

Figure 3.8 plots the fraction of periodic tasksets that were feasible using EDF and PRA schedul-

ing policies, as a function of thermal utilization. As specified in Theorem 3.6 and Equation 3.13, a

thermal utilization of ≤ 1 is a necessary condition for thermal feasibility. Therefore, after thermal

utilization of 1, the fraction of thermally feasible periodic tasks for both PRA and EDF becomes

0 in Figure 3.8. However, PRA is able to feasibly schedule several more high thermal utilization

periodic tasksets compared to EDF. This illustrates the efficacy of PRA in in terms of minimizing

maximum temperature.

In the next chapter, we present necessary and sufficient conditions for schedulability of im-

plicit deadline periodic tasks. We also present thermally optimal scheduling strategies inspired by

Generalized Processor Sharing.
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Chapter 4

Thermally Optimal Solution for Implicit Deadline Periodic Tasks
on Uni-Core

In this chapter we prove necessary and sufficient conditions for thermal schedulability of im-

plicit deadline periodic tasks on uni-core and prove that a scheduling algorithm based on General-

ized Processor Sharing [26] is thermally optimal. This implies that:

For a given periodic taskset executing on a uni-core, If GPS based algorithm can not meet the

thermal constraints of the system; then no other scheduling algorithm will be able to meet thermal

constraints of the system

We also present a discrete approximation of GPS and empirically validate the theoretical results.

4.1 Generalized Processor Sharing as a Thermally Optimal Scheduling Disci-
pline

We now prove that a scheduling scheme inspired by Generalized Processor Sharing (GPS) [26]

achieves this lower bound on temperature. Generalized Processing Sharing is a service policy for

entities sharing a common resource. In the context of this chapter, the different entities sharing a

common resource are the individual periodic tasks in periodic taskset Γ. The shared resource in

The work covered in this Chapter appeared in [42]

Rehan Ahmed, Parameswaran Ramanathan, Kewal K. Saluja, “Necessary and Sufficient Conditions for Thermal

Schedulability of Periodic Real-Time Tasks”, ECRTS 2014
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this case is the core itself with a resource capacity of 1. GPS assumes that service is fluid. In the

context of this work, this implies that all periodic tasks make progress concurrently at rate equal

to Cτ

Tτ sτ
∀τ ∈ Γ. This is an idealized discipline and will be approximated by Worst Case Fair

Weighted Fair Queuing. The explanation of Worst-Case-Fair Weighted Fair Queuing is covered

in the next subsection. Note that the version of GPS considered in this work is different from

traditional GPS. In traditional GPS any unused system capacity (if
∑
τ∈Γ

Cτ

Tτsτ
< 1), is distributed

among the active task streams. In our version, the unused system capacity is not distributed and

each task is executed at constant rate equal to Cτ

Tτ sτ

Theorem 4.1. The lower bound on maximum temperature for periodic taskset Γ at thermal steady

state, identified by Theorem 3.6, is achieved if and only if the processor temperature is constant

throughout hyperperiod and is equal to HTI(Γ)
L

Proof: We prove this by contradiction.

Case1 Θ(t1) < HTI(Γ)
L

: If the processor temperature at time t1, (Θ(t1)) < HTI(Γ)
L

, the processor

temperature at some other time t2 will have to be greater than
HTI(Γ)

L
for the integral of processor

temperature during hyperperiod to equal HTI(Γ). In this case, we do not achieve the lower bound

on temperature since Θ(t2) >
HTI(Γ)

L
.

Case2: Θ(t1) >
HTI(Γ)

L
: If the processor temperature at time t1, Θ(t1) >

HTI(Γ)
L

, then we do not

achieve the lower bound on temperature because of temperature at t1.

Therefore, processor temperature has to be constant at
HTI(Γ)

L
for us to achieve lower bound on

maximum temperature for periodic taskset Γ at thermal steady state. �
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Corollary 4.2. The lower bound on maximum temperature for periodic taskset Γ, is achieved if

and only if the processor power consumption is constant throughout hyperperiod and is equal to

PΓ

Proof: From Theorem 4.1, the lower bound on maximum temperature is achieved for periodic

taskset Γ if temperature is constant at
HTI(Γ)

L
= ζ · PΓ. This constant temperature can only be

achieved with constant power consumption; since any variation in power consumption would cause

variation in temperature. The energy consumption during one hyperperiod for periodic taskset Γ

can be computed as L · PΓ. Therefore, to achieve lower bound on maximum temperature, power

consumption must be constant at PΓ. �

Lemma 4.3. If computational utilization of a periodic taskset Γ ≤ 1 and GPS algorithm with

weight for task τ ∈ Γ equal to Cτ

Tτ sτ
is used for scheduling, all periodic task instances of task τ will

finish exactly at their absolute deadlines.

Proof: For a periodic task τ , GPS guarantees a rate of execution equal to its weight ( Cτ

Tτ sτ
)

if the sum of all weights in the system is less than system capacity (
∑
τ∈Γ

Cτ

Tτsτ
≤ 1). Since the

computation utilization of taskset Γ ≤ 1, GPS will guarantee execution rate of exactly Cτ

Tτ sτ
∀τ ∈ Γ.

Now suppose that we have a periodic task instance j of task τ with arrival time t1 and deadline

t1 + Tτ . By definition, GPS will execute j for exactly Cτ

Tτ sτ
(t2 − t1) where t1 < t2 ≤ t1 + Tτ . For a

periodic task instance to complete, it needs to execute for Cτ/sτ units of time. At time t+Tτ , GPS

will schedule instance j for exactly Cτ

Tτ sτ
((Tτ + t1) − t1) = Cτ/sτ time units. Therefore, instance

j will complete exactly at its deadline. Also, since the next instance of periodic task τ arrives at

time t1 + Tτ , periodic task τ is always Backlogged. �
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Theorem 4.4. If computational and thermal utilization of a periodic taskset Γ are ≤ 1, then Gen-

eralized Processor Sharing (GPS) algorithm with weight for task τ equal to Cτ

Tτ sτ
finds a schedule

for Γ that meets all deadline constraints and keeps the core temperature at or below threshold Δ.

Proof: By Lemma 4.3, there will be no timing violations if periodic taskset Γ is scheduled using

GPS and computation utilization of Γ ≤ 1. Now, consider any time interval (t, t + h) ∈ [0, L).

By Lemma 4.3, we know all all periodic tasks are always backlogged. Therefore, by definition

GPS will ensure that each task τ ∈ Γ executes for h · Cτ

Tτ sτ
time units in this interval. The average

power of all task instances executed in this interval is
∑
τ∈Γ

CτPτ

Tτsτ
= PΓ. Now if we make the

length of this interval infinitesimally small (i.e. h → 0), we can consider the power consumption

constant at PΓ throughout the hyperperiod. By Corollary 4.2, a constant power of PΓ achieves the

lower bound on maximum temperature for periodic taskset Γ. This constant temperature is equal

HTI(Γ)
L

= ζ · PΓ (Theorem 4.1). Therefore, if Thermal Utilization of periodic taskset ( ζ
Δ
PΓ ≤ 1),

maximum temperature given by GPS schedule ≤ Δ; hence the theorem. �

4.2 Worst-Case-Fair Weighted Fair Queuing

WF2Q [43] is a scheduling scheme which approximates GPS when the system is not fluid

(processor is not infinitely preemptible). We use this scheme in the analysis of results presented

in Sections 4.4 and 5.5. In the context of this work, WF2Q will assign each task τ a weight of

Cτ

Tτ sτ
. WF2Q makes scheduling decisions for contiguous time periods called Execution Intervals.

Let Eτ,WF2Q(t) be the net execution completed for task τ at time t under WF2Q scheduling pol-

icy. Likewise, let Eτ,GPS(t) = Cτ

Tτ sτ
· t be the net execution completed for task τ at time t under
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GPS scheduling policy. Also let B(t) be the set of tasks at time t such that B(t) = (τ ∈ Γ :

Eτ,WF2Q(t) ≤ Eτ,GPS(t)) i.e. GPS has completed at least as much execution as Wf2Q at time

t for all tasks in B(t). Then at time t WF2Q will pick a task i ∈ B(t) to execute during time

[t, t+execution interval) such that the scheduled execution has the earliest finish time under GPS

scheduling policy. i.e. i = argmin
j∈B(t)

(
(Ej,WF2Q(t) + execution interval) · Tj

Cj

)
On a uni-core system, WF2Q yields a schedule which is P-fair [44]; i.e. the execution done

for each periodic task will have an absolute difference of less than 1 execution interval from its

execution in a GPS schedule [43] at all times. Therefore, WF2Q scheduling scheme will not cause

any deadline misses if computation utilization is ≤1. Other scheduling algorithms which yield a

P-fair schedule [34] may also be used with similar results. Note that WF2Q scheduling has a high

preemption overhead since a context switch occurs after every execution interval. Furthermore, if

periodic tasks are assigned different speeds, the processor speed also changes after each execution

interval. Therefore, the length of execution interval has to be chosen large enough to mitigate the

effect of these overheads on a given system.

The discretization of fluid scheduling scheme leads to a temperature profile that oscillates

around the temperature profile of the fluid scheduling scheme executing the same tasks. At dif-

ferent time instances the temperature may be higher or lower than the temperature of the fluid

scheme. This variation is a decreasing function of scheduling interval length and power variation

across periodic/aperiodic tasks. Temperature variance because of discretization is illustrated in the

example covered in next section and visually shown in Figure 4.2.
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Figure 4.1: EDF and WF2Q schedules for the example periodic taskset.
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Figure 4.2: Steady state thermal profile for schedules shown in Figure 4.1 and GPS.

4.3 Scheduling Example

To illustrate the proposed concepts, we use the periodic taskset introduced in Section 3.2.1 as

an example. As before, the periodic taskset considered constitutes two periodic tasks:

Task 1 (C1 = 0.1, T1 = 0.25, a1 = 80)

Task 2 (C2 = 0.3, T2 = 1, a2 = 120)

The speeds at which both periodic tasks are executed is assumed to be 1. The hyperperiod for this
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periodic taskset is LCM(0.25,1) = 1sec. Figure 4.1 shows the EDF schedule for one hyperperiod.

Figure 4.1 also shows the WF2Q schedule for one hyperperiod with execution interval length =

12.5 msec. Figure 4.2 shows the temperature profile of the core during hyperperiod at thermal

steady state (initial temperature = ΘΠ) for both EDF and WF2Q schedules. As shown in the figure,

the maximum temperature for WF2Q is lower than the maximum temperature for EDF. However,

the area under the curves for both EDF and WF2Q are the same. This area can be computed using

Equation 3.11 and 3.7 as:

∫ L

o

Ψ(t) = L.

(∑
τ∈Γ

CτPτζ

Tτ

+Ψidle,ss

)
= (4× 0.1× 80 + 1× 0.3× 120)ζ + 40.05

using the thermal parameters, the value of ζ = 1
βC

= 0.360. Therefore,

∫ L

o

Ψ(t) = 68× 0.36 + 40.05 = 64.53

Figure 4.2 also shows the temperature profile of a fluid (GPS) schedule. With a GPS schedule,

the temperature remains constant at
∑
τ∈Γ

PτCτ

Tτ

+ Ψidle,ss = 64.53◦C. This is the lower bound on

maximum temperature which can be achieved for the periodic taskset under consideration.

4.4 Validation Results

The simulations conducted in this section use the simplified thermal model defined in Sec-

tion 3.1.3. We use UUniFast algorithm [45] to generate more than 10,000 periodic tasksets with

computation utilizations varying between 0.6-1.0. The power consumption of the periodic tasks in

a periodic taskset is uniformly distributed between 30W and 250W. Tasksets are selected such that
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Figure 4.3: Computation and thermal utilization of periodic tasksets simulated; and their thermal

feasibility with GPS scheduling policy.

Figure 4.4: Fraction of periodic tasksets which are thermally feasible using GPS, and EDF. Differ-

ent periodic task frequencies simulated.
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their thermal utilization varies between 0.6-1.2. It is assumed that the speed of all periodic tasks is

fixed at 1.

Figure 4.3 shows the computation and thermal utilizations of all periodic tasksets. It shows

the periodic tasksets which did not have any thermal violations using GPS, as gray dots. The

periodic tasksets which had thermal violations are shown as black dots. As Theorem 4.4 states,

a thermal utilization of ≤ 1 is both necessary and sufficient condition for thermal feasibility of

a periodic taskset. Therefore, all periodic tasksets with thermal utilization ≤ 1 have no thermal

violations. Figure 4.3 also shows that all periodic tasksets with thermal utilization > 1 violated

thermal constraint.

Figure 4.4 shows the fraction of periodic tasksets which were accepted for each thermal uti-

lization. The figure shows the idealized GPS results (All periodic tasksets with thermal utilization

≤ 1 do not cause thermal violations to occur). Figure 4.4 also shows the acceptance curves for

Earliest Deadline First scheduling algorithm. We conducted EDF simulations with three differ-

ent sets of periodic tasksets. In the first set of results, the computation times and periods of all

periodic tasksets are time scaled such that periodic tasks have frequencies varying between [1Hz,

100Hz]. For the second set of results, the time scaling factors are kept such that all periodic tasks

have frequencies varying between [0.1Hz, 100Hz]. For the third set of results, periodic tasks have

frequencies varying between [0.1Hz, 10Hz]. As Figure 4.4 shows, periodic tasksets with high

frequency periodic tasks have a higher thermal acceptance ratio as compared to low frequency pe-

riodic tasksets when EDF is used as a scheduling algorithm. This is because, when periodic tasks

have low frequency, it is likely that EDF will schedule a high power task for a large time duration;
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Figure 4.5: Fraction of thermally feasible periodic tasksets under WF2Q scheduling policy with

various Execution Interval lengths.

Figure 4.6: Processor temperature as a result of schedule given by GPS, WF2Q, and EDF schedul-

ing schemes for a periodic taskset.
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causing the processor temperature to exceed threshold temperature. However, when periodic tasks

have high frequency, regular preemptions will occur; making the execution of high power tasks

for large duration of time less likely. Therefore, high frequency periodic tasksets have a higher

acceptance ratio as compared to low frequency periodic tasksets. On the contrary, the acceptance

ratio of GPS scheduling strategy does not depend on the frequency of periodic tasks.

Figure 4.5 compares the acceptance ratios of periodic tasksets with thermal utilizations > 0.9

and with various lengths of WF2Q execution intervals. We conducted simulations for execution

intervals of length 100μs, 1ms, 2ms and 5ms. It is evident from the figure that the acceptance ratio

is higher for WF2Q with shorter execution intervals. This is because WF2Q with a short execution

interval emulates GPS more closely compared to WF2Q with a long scheduling interval. Figure 4.6

shows the temporal variation in temperature when GPS, WF2Q and EDF schedules for a periodic

taskset are executed. As shown in the figure, EDF schedule has the highest variation in tempera-

ture. It also has the highest maximum temperature among all scheduling schemes (68.32◦C). The

plots for GPS and WF2Q schedules are almost overlapping; with temperature remaining almost

constant at around 55.5◦ C. The execution interval for WF2Q schedule result shown in Figure 4.6

is 1ms.

In the next chapter, we present an optimal scheduling algorithm for aperiodic tasks executing

on thermally constrained uni-core processing environments. The proposed strategy is a thermal

extension of the Total Bandwidth Server [27] and utilizes the GPS inspired optimal scheduling

solution presented in this chapter.
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Chapter 5

Thermal Extension of the Total Bandwidth Server

This chapter covers a scheme for scheduling aperiodic tasks with hard deadline periodic tasks in

thermally constrained uni-core systems. We thermally extend Total Bandwidth Server (TBS) [27]

scheduling scheme. The proposed scheme is optimal in terms of being able to support maximum

rate of aperiodic task arrivals.

5.1 Task Model: Aperiodic Tasks

Aperiodic tasks do not conform to any specific arrival pattern and are not deadline constrained.

An aperiodic task j is characterized by (i) release time Rj , (ii) worst-case computation time Cj ,

worst-case dynamic power consumption Pj . It is assumed that these parameters are known when

an aperiodic task arrives on the system. The application considered in this chapter is composed

of both periodic tasks (model covered in Section 3.1.4) and aperiodic tasks. It is assumed at all

aperiodic tasks are executed at speed 1.

The work covered in this chapter appears in [46]

Rehan Ahmed, Ayoosh Bansal, Bhuvana Kakulooni, Parameswaran Ramanathan, Kewal K.Saluja, “Thermal Exten-

sion of the Total Bandwidth Server”, VLSI Design 2015.
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5.2 Total Bandwidth Server

Total Bandwidth Server (TBS) is a scheme for scheduling aperiodic tasks with hard deadline

periodic tasks. The functioning of TBS is simple. When jth aperiodic task arrives at time Rj with

computation requirement Cj , it is assigned a deadline Dj such that:

Dj = max(Rj, Dj−1) + Cj/UA

where Dj−1 is the deadline assigned to the previous aperiodic task and UA is the computation

utilization/system bandwidth assigned for the scheduling of aperiodic tasks. Once deadline (Dj)

is assigned, TBS uses Earliest Deadline First (EDF) algorithm to schedule periodic and aperiodic

tasks.

TBS scheme has the ability to strictly bound the amount of execution aperiodic tasks receive

within any time interval. Consider a time interval [t1, t2] and let Cape be the total amount of

aperiodic task execution for aperiodic tasks which arrive and have deadlines with in this interval.

In [27], Spuri et al. prove that Cape ≤ (t2 − t1)UA. Furthermore, they prove that there will

be no timing violations if UA + UP ≤ 1, where UP is the total utilization of all periodic tasks.

To guarantee maximum service for aperiodic tasks and no deadline violations for periodic tasks,

TBS sets UA + UP = 1. However, TBS is not a thermal-aware scheduling scheme. Therefore,

using TBS in a thermally-constrained system may lead to thermal violations. We will illustrate

this in section 5.4. In the following section, we propose a new algorithm inspired by TBS called

Thermally Constrained Total Bandwidth Server (T2BS).
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5.3 Thermally Constrained Total Bandwidth Server

Thermally Constrained Total Bandwidth Server (T2BS) schedules all periodic/aperiodic tasks

at set rates assuming a fluid system. T2BS assigns incoming aperiodic tasks deadlines based on

both their computation requirement and power consumption such that: i) There are no timing

violations for periodic tasks ii) There are no thermal violations during scheduling of aperiodic

tasks iii) There are no thermal violations in the future, due to execution of periodic tasks.

In T2BS, aperiodic tasks are assigned computation utilization limit (UC
A ) and thermal uti-

lization limit (UT
A ). Furthermore, we also define Computation Utilization of periodic tasks as

UC
P =

∑
τ∈Γ

Cτ

Tτsτ
and Thermal Utilization of periodic tasksets as UT

P = Υ(Γ) = ζ
Δ

∑
τ∈Γ

PτCτ

Tτ sτ
.

When jth aperiodic task arrives, at time Rj , it is assigned a deadline equal to:

Dj = max(DC
j , D

T
j ) where (5.1)

DC
j = max(Dj−1, Rj) + Cj/U

C
A (5.2)

DT
j = max(Dj−1, Rj) +

ζCjPj

ΔUT
A

(5.3)

In both Equations 5.2 and 5.3, Dj−1 is the deadline of the previous aperiodic task. In T2BS, all

periodic tasks are scheduled using GPS with execution rates equal to Cτ

Tτ sτ
∀τ ∈ Γ. Aperiodic

task j is scheduled using GPS in the interval [max(Dj−1, Rj), Dj] with execution rate equal to

Cj

Dj−max(Dj−1,Rj)
. We use a fluid scheduling scheme to present the theoretical results in this section.

In section 5.3.3, we review Worst Case Fair Weighted Fair Queuing as a non-fluid approximation

of GPS.
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5.3.1 Theoretical Results

Theorem 5.1. There will be no timing violations for periodic tasks and no thermal violations if

UC
P + UC

A ≤ 1 and UT
P + UT

A ≤ 1

and T2BS scheduling strategy is used.

The following text will prove Theorem 5.1. We also prove the tightness of results presented in

Theorem 5.1 at the end of this section.

Lemma 5.2. All periodic tasks meet their deadline constraints under T2BS if UC
P + UC

A ≤ 1

Proof: To prove no deadline violations, it is sufficient to prove that the net execution rate

requirement within any interval does not exceed 1 (Theorem 4.4). Specifically, periodic tasks will

not miss their deadlines if:

UC
P +

Cape T2BS

t2 − t1
≤ 1 ∀{(t1, t2)|t1 < t2}

where Cape T2BS is the amount of computation done for aperiodic tasks between time interval

[t1, t2] by algorithm T2BS. From Equation 5.1 and 5.2, we know that execution rate of aperiodic

tasks ≤ UC
A i.e.

Cape T2BS

t2−t1
≤ UC

A Therefore, UC
P +UC

A ≤ 1 guarantees that there will be no deadline

violations for periodic tasks. �

Lemma 5.3. Processor power consumption is ≤ Δ/ζ at all times if UT
P + UT

A ≤ 1

Proof: At any time t, we can divide the processor dynamic power consumption into two com-

ponents.

Pdyn(t) =
UT
PΔ

ζ
+ Pdyn A(t)
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The first term is power consumption due to the execution of periodic task streams. This is cal-

culated based on the definition of thermal utilization in Equation 3.13. Pdyn A(t) is the power

consumption due to execution of aperiodic tasks. Pdyn A(t) can vary depending on the following

three cases:

i) No active aperiodic task: Pdyn A(t) = 0

ii) DC
j ≥ DT

j : From Equation 5.2, rate of execution of aperiodic task is equal to UC
A and resultant

power consumption is Pdyn A(t) = UC
APj . By Equations 5.2 and 5.3

Cj

UC
A

≥ ζCjPj

ΔUT
A

Therefore,

Pdyn A ≤ UT
AΔ

ζ

iii) DC
j < DT

j : From Equation 5.3, the rate of execution of aperiodic task is equal to
UT
AΔ

ζPj
. There-

fore, Pdyn A =
UT
AΔ

ζ

Considering all three cases, Pdyn A ≤ UT
AΔ

ζ
. Therefore, Pdyn(t) ≤ UT

P Δ

ζ
+

UT
AΔ

ζ
. Therefore, if

UT
P + UT

A ≤ 1, Pdyn(t) ≤ Δ/ζ ∀t. �

Furthermore, by definition of Thermal Utilization in Equation 3.13 and Theorem 4.4, if proces-

sor power consumption is upper bounded by Δ/ζ , processor temperature will be ≤ Δ. Therefore,

Lemma 5.2 and 5.3 lead to Theorem 5.1.

Theorem 5.4. No scheduling algorithm can guarantee timing feasibility if UC
P + UC

A > 1

Proof: As a worst case scenario, assume that aperiodic tasks arrive periodically with computa-

tion utilization equal to UC
A . This arrival pattern conforms to the maximum computation bandwidth



48

assigned to aperiodic tasks. In this scenario, if UC
P +UC

A > 1, no scheduling algorithm can guaran-

tee timing constraints for periodic tasks; since the required computation bandwidth is greater than

available computation bandwidth. Hence the theorem. �

Theorem 5.5. No scheduling algorithm can guarantee thermal feasibility if UT
P + UT

A > 1

Proof: As a worst case scenario, assume that aperiodic tasks arrive periodically with thermal

utilization equal to UT
A . This arrival pattern conforms to the maximum thermal bandwidth assigned

to aperiodic tasks. In this scenario, if UT
P + UT

A > 1, then, by Theorem 3.6 and Equation 3.13, no

scheduling algorithm can guarantee thermal feasibility. Hence the theorem. �

5.3.2 Statistical Estimation of Response Time:

T2BS uses GPS to schedule all periodic/aperiodic tasks. Therefore, all periodic/aperiodic tasks

finish at their deadline. If the arrival of aperiodic tasks forms a Poisson Process, then we can use

this property to determine the average response time of aperiodic task using Pollaczek-Khinchin

(P-K) mean value formula [47]. By Equation 5.1, the service time (finish time - start time) of

aperiodic tasks is max(
Cj

UC
A
,
ζCjPj

ΔUT
A
). Using queuing theory, the mean response time is equal to:

W = E(S) +
λ(E(S)2 + Var(S))

2(1− λE(S))
(5.4)

Where E(S) is the mean service time, Var(S) is the variance of service time and λ is the mean ar-

rival rate of aperiodic tasks assuming a Poisson Process. We also define the Utilization of aperiodic

tasks:

UA = λE(S) (5.5)
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For a stable system, UA has to be < 1. If UA ≥ 1, the mean response time of aperiodic tasks is

unbounded.

5.3.3 Discretized T2BS

Discretized T2BS (D-T2BS) is a variant of T2BS where Worst Case Fair Weighted Fair Queu-

ing (WF2Q) [43] as explained in Section 4.2 is used instead of GPS to schedule periodic and

aperiodic tasks. To review, WF2Q is a scheduling scheme which approximates GPS when the sys-

tem is not fluid (processor is not infinitely preemptible). In the context of this chapter, D-T2BS

will assign each periodic task execution rate equal to Cτ

Tτ sτ
∀τ ∈ Γ. Aperiodic task j is scheduled in

an interval [max(Dj−1, Rj), Dj] with execution rate equal to
Cj

Dj−max(Dj−1,Rj)
. Scheduling decisions

are made for contiguous time periods called Execution Intervals. Because WF2Q closely approxi-

mates GPS, the absolute difference in response time of D-T2BS and T2BS is upper bounded by:

|Wj,T2BS −Wj,D−T2BS| ≤ Execution Interval

min(UC
A ,ΔUT

A/(ζPj))
(5.6)

As explained in Section 4.2, The discretization of fluid scheduling scheme leads to a temperature

profile that oscillates around the temperature profile of the fluid scheduling scheme executing the

same tasks. Temperature variance because of discretization is illustrated in the example covered in

next section and visually shown in Figure 5.2.

5.4 Scheduling Example

This section covers an example which illustrates the working of T2BS algorithm. The appli-

cation consists of two periodic (P1, P2) and two aperiodic (A1,A2) tasks. Task characteristics are

given in Table 5.1 The speeds of all tasks, periodic and aperiodic, are assumed to be 1. Based
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Task Computation Period Power Release

P1 100 ms 250 ms 80 W -

P2 300 ms 1000 ms 120 W -

A1 150 ms - 60 W 0 ms

A2 100 ms - 120 W 100 ms

Table 5.1: Periodic/Aperiodic task parameters.

0 0.25 0.5 0.75 1

D-T2BS Schedule

0 0.25 0.5 0.75 1

Time (s)

TBS Schedule

P1 P2 A1 A2

Figure 5.1: Example schedule with two periodic and two aperiodic tasks for TBS and D-T2BS

scheduling schemes.

on the these task parameters, UC
P = 0.7, UC

A = 1 − UC
P = 0.3. Furthermore, UT

P = 0.7,

UT
A = 1 − UT

P = 0.3 with the assumption that ζ = 0.36,Δ = 34.95◦C and Δ̂ = 75◦C. We

will now go over how TBS schedules all tasks. When Task A1 arrives at time 0, it is assigned

a deadline equal to CA1/U
C
A = 500ms. It is then scheduled using EDF along with the periodic

tasks. A2 arrives at time 100ms and is assigned a deadline equal to max(DA1, RA2) +CA1/U
C
A =

500+330 = 830ms. It is also scheduled using EDF. The schedule using TBS is given in Figure 5.2.
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Figure 5.2: Hyperperiod temperature profile for TBS and D-T2BS and T2BS scheduling schemes.

In contrast to TBS, T2BS assigns aperiodic task deadlines differently. Based on Equations 5.2 and

5.3: DC
A1 = 500ms, DT

A1 = 309ms, DC
A2 = 833ms, DT

A2 = 912ms. Therefore, DA1 = 500ms

and DA2 = 912ms. Notice that A2 has a later deadline in T2BS compared to its deadline in TBS.

This is because A2 has a high power consumption and T2BS decreases its execution rate to keep

processor temperature below threshold during its execution. T2BS executes periodic tasks P1 and

P2 at constant rates equal to 0.4 and 0.3 throughout the hyperperiod. Aperiodic task A1 is executed

at rate 0.3 in interval [0, 500ms] and task A2 is executed at rate 0.243 in interval [500ms, 912ms].

These execution rates lead to a power consumption of 86 W in interval [0, 500ms], 97.047 W(Δ/ζ)

in interval [500ms, 912ms] and 68 W in interval [912ms, 1000ms]. Figure 5.2 shows the unad-

justed temperature for TBS and T2BS schedules assuming that initial unadjusted temperature is

75◦C. For TBS schedule, the maximum unadjusted processor temperature (78.9◦C) is higher than

Δ̂ = 75◦C causing thermal violation. In contrast, the temperature for T2BS always remains below

threshold.
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Figures 5.1 and 5.2 also show the D-T2BS schedule with execution interval length of length

12.5ms and its corresponding temperature. As shown in Figure 5.2, maximum unadjusted temper-

ature is lower for D-T2BS scheme (75.16◦C) compared to TBS. However, it is slightly higher than

threshold. The increase in temperature for D-T2BS scheme is because of discretization of fluid

scheduling scheme in T2BS. To counteract for this temperature increase, we could either decrease

the execution interval length or decrease UT
A such that UT

P + UT
A < 1.

5.5 Results

In this section, we analyse the performance of T2BS and D-T2BS algorithms through a series

of experiments/simulations. We show that the response time of the T2BS algorithm closely follows

the theoretical value computed using Equation 5.4. Furthermore, we demonstrate through extensive

simulations that T2BS never exceeds threshold temperature. The performance of D-T2BS is also

compared against T2BS.

Simulation Setup: We use the same thermal model as used in the example section (Section 5.4).

In our experiments UC
P = 0.6 and UT

P = 0.65. Therefore, UC
A = 0.4 and UT

A = 0.35. Aperiodic

arrivals follow a Poisson process. In this section J will be used to to represent the set of all

aperiodic tasks. For succinctness, we define power consumption PS =
UT
AΔ

ζUC
A

= 84.92W . Given an

aperiodic task j; if Pj > PS , then Dj = DT
j ; otherwise Dj = DC

j . PS will be used for explanation

of results in this section. Without loss of generality, the computation time of all aperiodic tasks

is assumed to be 100ms. For all simulations conducted, simulation points where aperiodic task
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Figure 5.3: Response time for mixed aperiodic tasks with varying levels of average power con-

sumption.
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Figure 5.4: Mean response time, as a function of arrival rate and aperiodic task power consumption.

utilization UA = λE(S) < 0.98 are simulated. As explained in section 5.3, UA ≥ 1 leads to an

unstable system where aperiodic task response times grow unbounded.

Simulation Results: In the first experiment, we analyse the effect of aperiodic task power con-

sumption and arrival rate on response time. In this experiment, aperiodic tasks are chosen from a

set of aperiodic task types; with each type having different power consumption. By varying the
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Figure 5.5: Maximum temperature, as a function of arrival rate and aperiodic task power consump-

tion.

probabilities of selecting aperiodic task types, different average power levels of aperiodic tasks are

simulated. Average power consumption is PS , 1.5 × PS and 2 × PS for Low, Medium and High

power levels respectively. In this experiment, 100,000 aperiodic tasks are scheduled for each sim-

ulation point. Figure 5.3 shows the measured value of average response time for different average

power levels and arrival rates. The vertical lines in Figure 5.3 indicate the maximum arrival rate

which can be supported for a given average power consumption, determined using Equation 5.5.

Figure 5.3 also shows the analytical value of average response time which was determined using

Equation 5.4. As shown in the figure, the response time of aperiodic tasks increases with an in-

crease in arrival rate. Furthermore, response time also increases with an increase in average power

consumption of aperiodic tasks. This is because aperiodic tasks with high power consumption are

assigned larger deadlines. This increases the service time of aperiodic tasks; leading to an increase



55

in response time. For all simulations conducted, the measured value of average response time

matches very closely to the theoretical value from Equation 5.4.

In the next experiment, we conduct extensive simulations with 100 different arrival rates (λ)

and 90 aperiodic task power consumptions (P ). Each distinct (λ, P ) pair constitutes a single sim-

ulation point in this experiment. For each simulation point, 100,000 aperiodic tasks are simulated

with all of them having same power consumption. Figure 5.4 shows a heatmap, with color indi-

cating response time. As shown in the figure, response time increases with an increase in arrival

rate. An increase in power consumption does not cause an increase in response time when power

consumption is less than PS . This is because Dj = DC
j when Pj ≤ PS; and power consumption

has no effect on aperiodic task execution rate. When Pj > PS , Dj = DT
j . Therefore, we see an

increase in response time with an increase in power consumption > 84.9W . Figure 5.5 shows the

maximum processor temperature for all simulation points. As shown in the figure, maximum tem-

perature increases with an increase in aperiodic task power consumption <= PS . When aperiodic

task power consumption is > PS , the maximum unadjusted temperature remains constant at 75◦C;

since temperature is regulated by executing aperiodic tasks at lower rates based on their power

consumption. Figure 5.4 and 5.5 also show UA = λ ·max( P ·0.1
PSU

C
A
, 0.1
UC
A
) = 1 curve. Area under this

curve identifies the region where the response times of aperiodic tasks are bounded (stable system).

Next, we compare the performance of D-T2BS with T2BS. The execution interval length for

D-T2BS is 1ms. In this experiment we simulate 10,000 aperiodic tasks with power consumption

equal to PS × 1.5 and λ = 2. Figure 5.6 shows the histogram of unadjusted temperature for T2BS

and D-T2BS. As shown in the figure, T2BS and D-T2BS show similar temperature distribution.
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T2BS never exceeds threshold temperature. D-T2BS, however, has some thermal violations with

maximum unadjusted temperature equal to (75.245◦C). This increase in temperature is due to dis-

cretization of the fluid T2BS schedule. In Figure 5.7, we plot the difference in response times of

individual aperiodic tasks in T2BS and D-T2BS schedules. As stated in Section 5.3, the absolute

difference in response time should never exceed
Execution Interval

min(UC
A ,ΔUT

A/(ζPj))
=

0.001

min(0.4, 0.267)
= 0.00375.
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As shown in Figure 5.7, no aperiodic task has absolute difference in response time ≥ 0.00375;

empirically verifying the theoretical result.

In the next chapter, we introduce the tradeoff that exists between Computation Utilization and

Thermal Utilization when the processing system is DVFS capable. Strategies to minimize thermal

utilization by speed scaling are also presented in the next chapter .
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Chapter 6

Thermal Utilization and Speed Scaling

The theoretical results presented in Chapters 3 and 4 were based on the assumption that speeds

of all periodic tasks are fixed. Although different periodic tasks can have different speeds, all in-

stances of a given periodic task τ execute at the same speed sτ . This chapter first explores the trade-

off that exists between computation utilization and thermal utilization. Later part of this chapter

explains how speeds can be assigned to different periodic tasks in order to minimize temperature.

It is assumed that processor speed is upper and lower bounded by smax and smin respectively.

6.1 Thermal Utilization/Computation Utilization Tradeoff

For a single periodic task τ , the computation utilization and thermal utilization can be computed

by the following expressions:

Computation Utilization=
Cτ

Tτsτ
.

Thermal Utilization=
ζ

Δ
· PτCτ

Tτsτ
=

ζ

Δ
· aτCτs

2
τ

Tτ

The work covered in this chapter appears in [11] and is under review in [48]

Parameswaran Ramanathan, Kewal K. Saluja, “On thermal utilization of periodic task sets in uni-processor systems”

RTCSA 2013

Rehan Ahmed, Parameswaran Ramanathan, Kewal K.Saluja “Necessary and Sufficient Conditions for Thermal

Schedulability of Periodic Real-Time Tasks”, Submitted to ACM TECS.
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Figure 6.1: Variation in computation and thermal utilization of a periodic task with speed.

Based on these expressions, computation utilization of a periodic task is inversely proportional

to the speed of execution; while thermal utilization is directly proportional to the square of execu-

tion speed. This tradeoff between computation and thermal utilization is illustrated in Figure 6.1.

Based on this trend, it is possible to reduce thermal utilization; and consequently maximum tem-

perature; by reducing the speed of execution. However, decrease in speed increases the compu-

tation utilization. Therefore, the avoid timing violations, we have to ensure that the computation

utilization of the periodic taskset does not exceed 1.

The next immediate question is how can speed be assigned/changed such that thermal utiliza-

tion/maximum processor temperature is minimized. We illustrate the effect of speed scaling on the

thermal utilization of a periodic task by the following example:

Consider a periodic taskset with two periodic tasks. Tasks have following computation and thermal

utilizations at speed 1:

Task1: Computation Utilization = 0.3, Thermal Utilization =0.3
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Task2: Computation Utilization = 0.2, Thermal Utilization =0.9

Task 2 has a higher thermal utilization compared to task 1 due to higher activity (aτ ). Specifically,

the activity of task 2 is 4.5 times larger than the activity of task 1.

Figure 6.2 illustrates how the computation and thermal utilization of each periodic taskset

changes as speed is increased from 0.2 (smin) to 1 (smax). The objective is to minimize the sum

of thermal utilizations of the two periodic tasks (dashed curves) while ensuring that the sum of

computation utilizations of the two periodic tasks (solid curves) is ≤ 1 (To ensure timing feasibil-

ity). Figure 6.3 shows how the thermal utilization of periodic taskset changes when task 1 speed is

varied. The speed of task 2 is set such that the computation utilization of the periodic taskset is 1.

i.e. for a given task 1 speed (s1),
Ctask1

Ttask1s1
+

Ctask2

Ttask2s2
= 1. For the periodic taskset in this example,

the optimal task speed assignment makes the computation utilization of the periodic taskset 1 [11].

Therefore, the minimum point in Figure 6.3 is the minimum possible thermal utilization. At the

optimal point, task 1 and task 2 are executed at speeds 0.630 and 0.381 respectively. This speed

assignment increases the computation utilization to 1 and decreases the thermal utilization to 0.25

(compared to computation utilization of 0.5 and thermal utilization of 1.2 when both periodic tasks

are executed at speed 1).

6.2 Thermal Utilization Minimization

Now, we will now go over speed assignment approaches for minimizing thermal utilization.

According to Equation 3.13, the thermal utilization of a periodic taskset is given by the following
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expression:

Υ(Γ) =
ζ

Δ

∑
τ∈Γ

PτCτ

Tτsτ
=

ζ

Δ

∑
τ∈Γ

aτCτs
2
τ

Tτ

.

Therefore, minimizing thermal utilization involves finding values of sτ∀τ ∈ Γ such that the value

of summation is minimized and computation utilization of the periodic taskset is ≤ 1. Based on

the power consumption of periodic tasks, the energy consumption during one hyperperiod is given

by the following equation:

Energy Consumption = L ·
∑
τ∈Γ

PτCτ

Tτsτ
= L ·

∑
τ∈Γ

aτCτs
2
τ

Tτ

Since the summations in both equations are same, minimizing thermal utilization also minimizes

energy consumption and vice-versa. Therefore, we can use existing approaches in literature which

minimize the energy consumption of periodic tasks by speed scaling. When, all periodic tasks

have the same activity (aτ ), the solution is straightforward. Aydin et al.[49], prove that when all

periodic tasks have same activity (aτ ), speed scaling all periodic tasks uniformly such that the

computation utilization of the periodic taskset becomes 1, minimizes the energy consumption. For

the more generalized task power model adopted in this work, where different periodic tasks can

have different activity, Aydin et al. [50] give an order n3 algorithm for minimizing energy; where n

is the number of tasks. We now propose an order n2 algorithm for minimizing thermal utilization

which is shown to be optimal in majority of the cases. The reduced complexity is beneficial for

run-time/dynamic energy minimization strategies.

For notational brevity, we define the following term:
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Definition 6.1. For Z ⊆ Γ

G(Z) =
∑
i∈Z

Ci

Ti

(ai)
1/3

Theorem 6.2. If all instances of periodic task i are executed at speed:

s∗i = a
−1/3
i G(Γ) ∀i ∈ Γ (6.1)

then thermal utilization of periodic taskset Γ is minimized.

Proof: It has already been established that, if we minimize energy of a periodic task set, its thermal

utilization is also minimized. We know from [49], that energy is minimized if speed scaling is

performed such that all tasks have same power consumption and the periodic task utilization is

equal to 1, i.e.,∑
i∈Γ

Ci

Tis∗i
= 1 and ais

∗
i
3 = ajs

∗
j
3 = PT ∀i, j ∈ Γ

PT represents the power consumption of all tasks after optimal speed scaling. With this power

consumption:

s∗i =
(
PT

ai

)1/3

∀i ∈ Γ Therefore∑
i∈Γ

Ci

Ti

(
ai
PT

)1/3

= 1

P
1/3
T =

∑
i∈Γ

Ci

Ti

ai
1/3 = G(Γ) . The expression for s∗i in Theorem 6.2 follows. �

Unfortunately, it may not be possible to execute all tasks at speeds given by Theorem 6.2

because S∗
i �∈ [smin, smax] for some task i, where smin and smax are the processor speed constraints.

We now present an algorithm to identify the speed solution which minimizes thermal utilization of

the periodic task set Γ for the special case when there is no constraint on the minimum speed i.e

smin = 0. Without loss of generality, smax is assumed to be 1. Algorithm NoMinSpeed is iterative.
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Algorithm 1 NoMinSpeed: Assigning speeds to periodic tasks when smin = 0 and smax = 1.

Input: Periodic task set Γ
Output: Optimal speed setting si ∀i ∈ Γ

1: Let ΓX = ∅,ΓUX = Γ

2: ZX =

(
i :

(
a
−1/3
i G(ΓUX

)/(
1−

∑
j∈ΓX

Cj

Tjsj

)
> 1, i ∈ ΓUX

)
3: while ΓX �= ∅ do
4: si = 1 ∀i ∈ MX

5: Γx = Γx ∪ ZX

6: ΓUX = ΓUX − ZX

7: ZX =

(
i :

(
a
−1/3
i G(ΓUX

)/(
1−

∑
j∈ΓX

Cj

Tjsj

)
> 1, i ∈ ΓUX

)
8: end while
9: si =

(
a
−1/3
i G(ΓUX

)/(
1−

∑
j∈ΓX

Cj

Tjsj

)
∀i ∈ ΓUX

ΓX is a set of periodic tasks for which speed decision has been made. Initially, this set is empty.

Conversely, ΓUX is a set of periodic tasks for which speed decision has not been made. This set

initially consists of all periodic tasks in Γ. In line 2, ZX is the set of periodic tasks which violate

the maximum speed constraint. These tasks are then assigned speed 1(smax) in line 4. ZX is then

recomputed from the set of periodic tasks for which speeds have not been assigned in line 7. This

process of computing and assigning speed 1 to all tasks in ZX is repeated until the re-computation

of ZX in line 7 yields an empty set. After the termination of while loop, the remaining tasks are

assigned speeds in line 9.

Theorem 6.3. Algorithm NoMinSpeed is optimal in terms of thermal utilization minimization when

smin = 0

Proof: Given in Appendix A �
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Algorithm 2 SeCTUM: Assigning speeds to periodic tasks when smin �= 0 and smax = 1.

Input: Periodic task set Γ
Output: Optimal speed setting si ∀i ∈ Γ

1: Let ΓX = ∅,ΓUX = Γ

2: ZX =

(
i :

(
a
−1/3
i G(ΓUX

)/(
1−

∑
j∈ΓX

Cj

Tjsj

)
> 1, i ∈ ΓUX

)
3: while ΓX �= ∅ do
4: si = 1 ∀i ∈ ZX

5: Γx = Γx ∪ ZX

6: ΓUX = ΓUX − ZX

7: ZX =

(
i :

(
a
−1/3
i G(ΓUX

)/(
1−

∑
j∈ΓX

Cj

Tjsj

)
> 1, i ∈ ΓUX

)
8: end while

9: ZN =

(
i :

(
a
−1/3
i G(ΓUX

)/(
1−

∑
j∈ΓX

Cj

Tjsj

)
< smin, i ∈ ΓUX

)
10: while ΓX �= ∅ do
11: si = smin ∀i ∈ ZN

12: Γx = Γx ∪ ZN

13: ΓUX = ΓUX − ZX

14: ZN =

(
i :

(
a
−1/3
i G(ΓUX

)/(
1−

∑
j∈ΓX

Cj

Tjsj

)
< smin, i ∈ ΓUX

)
15: end while
16: si =

(
a
−1/3
i G(ΓUX

)/(
1−

∑
j∈ΓX

Cj

Tjsj

)
∀i ∈ ΓUX

If smin �= 0, then it is possible that the speed assignment from algorithm NoMinSpeed is

infeasible for some task i.e. for some task si < smin . Algorithm (SeCTUM)(Speed Constrained

Thermal Utilization Minimization) strives to find the optimal speed assignment when smin �= 0.

Note that, without loss of generality, smax can be assumed to be 1. Lines 1-8 of SeCTUM are

exactly as lines 1-8 of algorithm NoMinSpeed. In line 9, ZN is the set of tasks that violate the

minimum speed constraint at the end of algorithm NoMinSpeed. These tasks are then assigned

speed smin and ZN set is recomputed out of the set of periodic tasks for which speed assignments
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have not been done. This process of computing and setting the speeds of tasks in it to is repeated

in the second while loop (lines 10-15) until the computation of ZN yields an empty set. After the

termination of second while loop, the remaining periodic tasks are assigned speeds in line 16.

Theorem 6.4. If s∗i ≤ smax or s∗i ≥ smin ∀i ∈ Γ where s∗i is as defined in Equation 6.1 , then the

speed solution given by SeCTUM will be optimal.

Proof: See Appendix B. �

If the conditions in Theorem 6.4 are not satisfied, the solution from Algorithm SeCTUM may

be suboptimal. In these instances, the solution from Algorithm SeCTUM can be further improved

using the following simple modification:

Algorithm 3 I-SeCTUM: Assigning speeds to periodic tasks when smin �= 0 and smax = 1.

1: Let SSC1 be the speed solution given by SeCTUM

2: Let SSC2 be the speed solution given by an altered version of SeCTUM where the assignment

of set ZN and second while loop (lines 9-15) are executed before the assignment of set ZX and

first while loop (lines 3-8)

3: If speed solution SSC2 is computationally feasible, then pick speed solution S ∈
{SSC1, SSC2}which gives the minimum thermal utilization. Otherwise, S = SSC1

6.3 Simulation Results

We now investigate the impact of speed scaling on thermal utilization. We also compare I-

SeCTUM with optimal speed assignment strategy. Figure 6.4 illustrates the reduction in thermal

utilizations of all periodic tasksets evaluated in Section 4.4, after all periodic tasks are optimally

speed scaled such that the taskset thermal utilization is minimized.
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Figure 6.4: Fractional reduction in thermal utiliza-

tion of periodic tasksets after speed scaling.

In this figure, color represents:

Thermal Utilization after speed scaling
Thermal utilization at speed 1

.

Therefore, a lighter color shows higher reduc-

tion in thermal utilization. For the results pre-

sented here, smin = 0.2 and smax = 1. As

shown in the figure, when base thermal uti-

lization of the periodic taskset is small, ther-

mal utilization of the periodic taskset can be

reduced substantially by executing periodic

tasks at lower speeds (thermal utilization re-

duces quadratically with linear decrease in speed). However, as computation utilization of the

periodic taskset increases, there is less margin to execute individual periodic tasks at lower speeds.

Therefore, there is smaller reduction in thermal utilization at higher computation utilizations. Fur-

thermore, the fractional reduction in thermal utilization is only a function of computation utiliza-

tion; i.e. it is agnostic to the thermal utilization of the periodic taskset at speed 1.

We now compare I-SeCTUM with an optimal speed assignment strategy for more than 10,000

periodic tasks with computation utilization varying between [0.65, 0.99] and thermal utilization

varying between [0.3, 1.4]. For this analysis, smin = 0.65 and smax = 1.0. Following three

schemes are evaluated:

a) Optimal: Results corresponding to Optimal speed assignment solution.
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Figure 6.5: Thermal Utilization of Optimal, I-SeCTUM and Constant Speed schemes normalized

to the thermal utilization without speed scaling.

b) I-SeCTUM: Results corresponding to speed assignment solutions obtained from heuristic I-

SeCTUM.

c) Constant Speed: In this speed assignment approach, each periodic task is executed at the same

constant speed such that the computation utilization of the periodic task set becomes 1; subject

to the minimum speed constraint. This is similar to the approach presented in [49] for energy

minimization.

Figure 6.5 plots the resulting thermal utilization after speed scaling for the three algorithms,

for different groups of task sets categorized based on their computation utilization. For each group

(corresponding to a particular computation utilization), 1000 periodic task sets are simulated. All

results are normalized to the thermal utilization without speed scaling, and the average of normal-

ized thermal utilizations for each group is plotted in Figure 6.5. Three key observations can be

made from this figure:
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Figure 6.6: Difference in thermal utilizations of I-SeCTUM and Constant Speed schemes from

optimal speed assignment.

1. When computation utilization is small, speed scaling can significantly reduce thermal uti-

lization. For instance, when computation utilization is 0.65, the thermal utilization after

speed scaling is less than 45% of the thermal utilization without speed scaling. This result is

expected because the processor speed can be more easily reduced, without violating timing

constraints, when computation utilization is low.

2. Algorithm I-SeCTUM is better than constant speed scheme. In other words, unlike [49], it is

better to run each task at an individual selected speed rather than a single speed for all tasks.

This qualitative difference in result arises because Algorithm I-SeCTUM is more general

in the sense that it does not assume that all tasks consume the same power when executed.

Instead, I-SeCTUM accounts for differences in activity (hence power consumption) between

the tasks.



70

3. Algorithm I-SeCTUM is almost as effective as optimal scheme irrespective of the compu-

tation utilization. This is highly desirable because the runtime complexity of I-SeCTUM is

less than the optimal scheme. In fact, I-SeCTUM can be used at runtime to reclaim process-

ing times unused by other task instances. This is a significant factor because real-time tasks

are often scheduled based on worst case execution times which are usually much larger than

the actual execution times. The effectiveness of I-SeCTUM as compared to Optimal is fur-

ther demonstrated in Figure 6.6, where a histogram of thermal utilization difference between

I-SeCTUMs and Optimals solutions is plotted. Observe that in more than 95% of the case,

I-SeCTUMs solution exactly matches the optimal solution. Almost all of the remaining sub-

optimal solutions have difference in thermal utilization of less than 0.01. Constant speed, on

the other hand, is suboptimal in considerably more cases.

In the next chapter we extend the concepts of Thermal Impact/Utilization to a multi-core pro-

cessing environment. We also present a thermally optimal partitioned scheduling solution for

implicit deadline periodic tasks and corresponding simulation results. Evaluation of the proposed

multi-core solution on a hardware testbed is also presented.
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Chapter 7

Thermal-Aware Multi-Core Scheduling

In this chapter we extend the concepts of thermal impact/utilization presented in Chapter 3 to a

multi-core platform and propose optimal scheduling strategies. However, before going into details

of the proposed concepts, it is important to first define the processor and execution models which

have been used in literature:

A multi-core platform may be heterogeneous, homogeneous or uniform:

Heterogeneous: The cores are different. Therefore, the computation time of a task is dependant on

the core it is executing on.

Homogeneous: Each core is identical and executing at the same speed. Therefore, the computation

time of a task is not a function of the core it is executing on.

Uniform: The cores are identical. However, they are operating at different speeds. The computation

time of all tasks is inversely proportional to the speed of the core.

The scheduling schemes can be broadly characterized as Global and Partitioned approaches.

The work covered in this Chapter appeared in [42] and its extension [48] which is currently under review

Rehan Ahmed, Parameswaran Ramanathan, Kewal K. Saluja, “Necessary and Sufficient Conditions for Thermal

Schedulability of Periodic Real-Time Tasks”, ECRTS 2014.

Rehan Ahmed, Parameswaran Ramanathan, Kewal K.Saluja “Necessary and Sufficient Conditions for Thermal

Schedulability of Periodic Real-Time Tasks”, Submitted to ACM TECS.
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Global: Tasks are allowed to migrate from one core to another.

Partitioned: Tasks are assigned to cores and are not allowed to migrate across cores.

In this chapter, we propose a thermally optimal partitioned scheduling solution for implicit

deadline periodic tasks. The proposed concepts are initially evaluated on a homogeneous multi-

core platform. However, in Section 7.6, an extension for heterogeneous multi-core platform is

discussed. We also present the implementation and evaluation of the proposed concepts on a

hardware testbed.

7.1 Computational Feasibility

In this section, we succinctly cover the research that has been done for scheduling implicit

deadline periodic tasks on multi-cores without any consideration of thermal constraints. Dhall and

Liu [51] studied the global scheduling problem. They showed that if global EDF is used to schedule

all periodic tasks of a homogeneous m core system, then the worst-case schedulable utilization is

one. This occurs when we have m tasks of computation time 2ε and period 1 (light tasks), and one

task with computation time 1 and period 1 + ε (heavy task). Due to earlier deadline the m light

tasks, they will be executed concurrently on m cores and finish at time 2ε. The heavy task will start

executing at time 2ε and will therefore miss its deadline at time 1 + ε. As ε → 0, the maximum

schedulable utilization approaches 1. Notice that we had the same schedulable utilization on a

uni-core executing periodic tasks using EDF. Therefore global EDF is not able of leverage the

additional computation power of a multi-core processor. This phenomena has since been called

Dhall Effect. To alleviate this issue, researchers have proposed several priority based algorithms.
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The most notable of these algorithms is EDF-US[ς] [52]. EDF-US[ς] assigns priority to tasks in

the following manner:

1. Assign highest priority to all tasks τ with computation utilization Cτ

Tτ sτ
> ς .

2. For periodic tasks τ with computation utilization ≤ ς , assign priority based on its deadline.

Using this priority assignment strategy, if ς = m
2m−1

, the schedulable utilization of m core processor

is increased from 1 to m2

2m−1
. Setting ς = 1/2, we can achieve maximum schedule utilization of

m+1
2

. P-fair [44] is another approach for scheduling periodic tasks on multi-cores. In this strategy,

individual periodic tasks are broken down into smaller high frequency tasks and scheduled across

the multi-core chip. With this strategy, an ideal schedulable utilization of m is achieved at the cost

of higher number of task preemptions/migrations.

Various partitioned and hybrid (mix of partitioned and global) approaches have also been pro-

posed in literature[51][53][54][55]. The advantage of partitioned scheduling is that, after parti-

tioning, the problem reduces to uni-core scheduling problem. Therefore, after partitioning, wealth

of research on uni-core scheduling can be applied. However, task partitioning problem is similar

to bin packing problem and is known to be NP-Hard [56]. Furthermore, the maximum worst-case

schedulable utilization for implicit deadline periodic tasks with partitioned scheduling is m+1
2

[57].

This is because regardless of the partitioning strategy used, m + 1 tasks with computation time

1 + ε and deadline 2 can not be scheduled on an m-core processor.
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7.2 Necessary Condition For Thermal Schedulability on Multi-Core

To extend the concept of Thermal Impact presented in Chapter 3, we first redefine Unit Thermal

Impact (ζ). In a multi-core environment, the power consumption on a given core j results in

temperature increase of all cores i ∈ M . Suppose that a single instance of unit power executes

for one second on core j. Also suppose that the initial reference temperature of all cores is 0. Let

θ(t)i,j be the temperature of core i at time t as a result of this execution. Then, we redefine Unit

Thermal Impact for multi-core (ζ) as an m×m matrix where m = |M | and the element ζi,j of this

matrix is such that:

ζi,j =

∫ ∞

0

θ(t)i,jdt (7.1)

Due to the linearity of the system, if a single instance of a task with power P executes for C seconds

on the core j, then its Total Thermal Impact will be a vector equal to PC · ζej where ej is the jth

unit vector. Similarly, due to linearity of the system, it follows from superposition principle that

total thermal impact of executing more than one instance is the sum of the total thermal impacts of

each instance.

If we repeatedly execute a periodic schedule Π, the temperature of all cores at the start of

the hyperperiod will converge to a vector ΘΠ such that the processor temperature at the end of

hyperperiod approaches ΘΠ. This scenario where the temperature at the start of hyperperiod

approaches temperature at the end of hyperperiod, as before, is called thermal steady state.

Theorem 7.1. Consider a periodic taskset Γ, with assignment Λ and schedule Π(t). Also suppose

that Θ(0) = ΘΠ and assignment Λ is such all instances of periodic task τ executes on core j in
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schedule Π(t), then ∫ L

0

Θ(t)dt = L ·
∑
τ∈Γ

PτCτ

Tτsτ
ζej (7.2)

Proof: This theorem is an extension of Theorem 3.5 and follows from the definition of ζ matrix and

the linearity of RC thermal model. We call the value on integral in Equation 7.2 the Hyperperiod

Thermal Impact of periodic taskset Γ with assignment Λ (HTI(Γ,Λ)). Note that (HTI(Γ,Λ)) is a

vector with number of elements equal to the number of cores. �

Theorem 7.2. Consider a periodic taskset Γ with schedule Π starting at an initial temperature

Θ(0) = ΘΠ. Let φ(Π)i be the corresponding maximum temperature of core i during the periodic

schedule, i.e., φ(Π)i = max
0≤t≤L

(Θ(t)i). Then,

φ(Π)i ≥ HTI(Γ,Λ)i
L

. (7.3)

Proof: This theorem specifies a lower bound on the maximum temperature of each core i ∈ M

for periodic taskset Γ and assignment Λ. This theorem is a direct extension of Theorem 3.6 in

Chapter 3. �

Based on this lower bound on temperature, we also define thermal utilization of core i ∈ M

for a given periodic taskset Γ and assignment Λ:

Υ(Γ,Λ)i =
HTI(Γ,Λ)i

LΔi

(7.4)

Theorem 7.3. If thermal utilization of any core i > 1, then no scheduling algorithm can meet

thermal constraint for i.

Proof: This theorem follows from the lower bound on temperature given in Theorem 7.2 and

the definition of Υ(Γ,Λ)i. �
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7.2.1 Taskset Thermal Utilization

Since the integral of processor temperature is not constant for a periodic taskset and speed

assignment (it also depends on assignment Λ), Thermal Utilization of a periodic taskset in multi-

core processing environment can not be defined as it was done in Chapter 3 for uni-core. For

multi-core, the thermal utilization of periodic taskset Γ is defined as:

Υ(Γ) = inf
Π

{
max
i∈M

(
φ(Π)i
Δi

)}
(7.5)

where φ(Π)i is the maximum temperature of core i when periodic schedule Π(t) is executing on

the multi-core system and Δi is the threshold temperature for core i. i.e. Υ(Γ) is the lower bound

on max
i∈M

(
φ(Π)i
Δi

)
for any schedule (Π(t)) of periodic taskset Γ. Based on this definition, thermal

utilization of ≤ 1 is a necessary condition for thermal feasibility of a periodic taskset.

We find the value of Υ(Γ) for the following two cases: 1) Fixed task speeds 2) Variable task

speeds. In the first case, Υ(Γ) is computed while keeping speeds of all periodic tasks in Γ fixed. In

the later case, this fixed speed assumption is relaxed. To evaluate the value of Υ(Γ), in both cases,

we solve optimization formulations. We first relax the deadline constraints of periodic taskset Γ

by transforming it to taskset Γ̂. For each task τ ∈ Γ, there is a corresponding task τ̂ ∈ Γ̂ such that:

Pτ̂ = Pτ , Cτ̂ = CτL
Tτ

, Tτ̂ = L. Note that the amount of computations done for a given periodic

task in Γ in one hyperperiod are the same as the computations done for the corresponding task in

Γ̂. However, Γ̂ does not have any task deadlines within the hyperperiod. We also relax the No

Migration constraint on the execution of periodic task instances.
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Let xτ̂ ,j be a positive variable which is the amount execution done for periodic task τ̂ ∈ Γ̂ on

core j ∈ M in periodic schedule Π̂(t). Based on the values of xτ̂ ,j , the integral of temperature of

core i for one hyperperiod at thermal steady state is given by:

∫ ∞

0

Θ(t)idt =
∑
τ̂∈̂Γ

∑
j∈M

xτ̂ ,jaτ̂s
3
τ̂ζi,j ∀i ∈ M (7.6)

where Θ(0) ≈ Θ(L). Then based on Theorem 7.2, lower bound on the value of
φ(̂Π)i
Δi

is given by

φ(Π̂)i,LB
Δi

=
1

L ·Δi

∑
τ̂∈̂Γ

∑
j∈M

xτ̂ ,jaτ̂s
3
τ̂ζi,j ∀i ∈ M (7.7)

For the fixed speed case, we assume that the speed of each periodic task τ̂ ∈ Γ̂ is sτ where sτ

is the fixed speed of its corresponding task in Γ. We find the optimal values of xτ̂ ,i variables, such

that Υmax = max
i∈M

(
φ(Π̂)i,LB

Δi

)
is minimized with the following constraints:

∑
τ̂∈Γ

xτ̂ ,i ≤ L ∀i ∈ M (7.8)

∑
i∈M

xτ̂ ,i =
Cτ̂

sτ̂
∀τ̂ ∈ Γ̂ (7.9)

Constraint in Equation 7.8 ensures that no core is assigned more computation that it is able to

complete within the hyperperiod. Constraint in Equation 7.9 ensures that all tasks in the periodic

taskset Γ̂ complete within the hyperperiod. Since Γ̂ is a relaxation of periodic taskset Γ with all

deadline constraints removed, optimal value of Υmax is the lower bound of inf
Π

{
max
i∈M

(
φ(Π)i
Δi

)}
,

where Π(t) is a schedule of periodic taskset Γ and the speed of all periodic tasks τ ∈ Γ are fixed at

sτ . Therefore: Υ(Γ) = Υmax in the optimal solution of the LP problem presented in this section.
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The lower bound on maximum temperature of periodic taskset Γ can be computed as Υ(Γ) · Δi

where i = argmax
i∈M

(
i :

φ(Π̂)i,LB
Δi

)
.

For the variable speed case, sτ̂ is also considered a decision variable in the optimization formu-

lation. The objective and constraints remain the same. However, considering sτ̂ a decision variable

makes the optimization problem non linear; increasing its complexity.

7.3 Thermal Aware Multi-Core Scheduling

In this section, we present our proposed scheduling and assignment approach. We propose the

following three solutions which vary in the way speed assignment is done for periodic tasks:

1. TrUMPS: (Thermal Utilization Minimization with Partitioned Scheduling) assumes that the

speeds of all periodic tasks are fixed.

2. TrUMPS2: (Thermal Utilization Minimization with Partitioned Scheduling and Speed As-

signment) assumes that the each periodic task can execute at a different speed and speeds

can be changed independently.

3. TrUMPS-C: (Thermal Utilization Minimization with Partitioned Scheduling and Constant

Core Speed) assumes that the speed of a core can not change. However, different cores can

execute at different speeds.

All of these schemes have the same basic structure. They first solve an optimization problem to

find the value of task assignment (task and speed assignment for TrUMPS2 and TrUMPS-C) such

that the maximum thermal utilization across all cores is minimized. After the assignment stage,
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GPS/WF2Q is used on each individual core to minimize its maximum temperature. GPS ensures

that the maximum value of temperature of each core is equal to its thermal utilization times its

threshold temperature i.e.(Υ(Γ,Λ)i ·Δi). We now explain each of these schemes in detail.

7.3.1 TrUMPS

TrUMPS assumes that the speed of each periodic task is fixed/predetermined. Therefore, in

this solution, we first find the task to core assignments such that maximum value of core Thermal

Utilizations (Υ(Γ,Λ)i) across all cores is minimized. The objective of this optimization problem

is: Minimize Υmax = max
m∈M

(Υ(Γ,Λ)m) subject to:

∑
τ∈Γ

Cτ

Tτsτ
ej ≤ 1 where task τ is assigned to core j in Λ (7.10)

Where Υ(Γ,Λ)m is defined in Equation 7.4. This optimization formulation finds the optimal value

of task to core assignments (Λ) such that the maximum value of thermal utilization across all cores

is minimized. Constraint given in Equation 7.10 ensures that the computation utilization of each

individual core is ≤ 1. Once we find the optimal task-to-core assignments, GPS/WF2Q is used

on individual cores to minimize their temperature. Since we minimize the maximum value of core

thermal utilization in the assignment stage of the proposed solution, we conjecture that TrUMPS

with GPS yields the minimum value of maximum unadjusted temperature for a given periodic

taskset when execution of tasks is constrained by No Migration model and task speeds are fixed.

7.3.2 TrUMPS2

TrUMPS2 assumes that the speed of each periodic task can be changed independently. How-

ever, all executions of a given periodic task are done at the same speed. In this solution, we first
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find the task to core assignments and speed to task assignments such that maximum value of core

Thermal Utilizations (Υ(Γ,Λ)i) across all cores is minimized. The optimization formulation for

TrUMPS2 is similar to the formulation for TrUMPS given in Section 7.3.1 except that the speed

of each periodic task sτ is also a decision variable. The introduction of task speed as a decision

variable introduces following two additional constraints:

smin ≤ sτ ≤ smax ∀τ ∈ Γ

The optimization problem also becomes non-linear by considering speed a decision variable.

However, the complexity of the optimization problem is not large considering that it needs to be

solved a-priori. In this solution, since we minimize the maximum value of core thermal utilization

in the assignment stage, we conjecture that TrUMPS2 scheme yields the minimum value of max-

imum unadjusted temperature for a given periodic taskset when execution of tasks is constrained

by No Migration model. However, TRUMPS2 has a high speed change overhead, since system

frequency/voltage can potentially change after each preemption. For systems where the overhead

for changing frequency/voltage is high, we propose the next solution (TrUMPS-C)

7.3.3 TrUMPS-C

TrUMPS-C jointly finds the task to core assignment and the speed at which each core performs

execution; such that maximum value of core thermal utilization across all cores is minimized. Once

the speed of a core is assigned, it does not change temporally. Therefore there is no speed change

overhead during scheduling. We use sm to represent speed of a core m ∈ M . With core speeds
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fixed, the thermal utilization of each core is given by the following equation:

Υ(Γ,Λ, S)i =
1

Δi

(
L ·

∑
τ∈Γ

PτCτ

Tτsk
ζek

)
i

(7.11)

where Λ is the task to core assignment and S represents the core speeds in the multi-core system.

Each task τ executes on core k with speed sk. In TrUMPS-C solution, we minimize:

Υmax = max
i∈M

(Υ(Γ,Λ, S)i) (7.12)

with the following constraints:

∑
τ∈Γ

Cτ

Tτsj
ej ≤ 1 where task τ is assigned to core j in Λ (7.13)

smin ≤ sj ≤ smax ∀j ∈ M (7.14)

These constraints ensure that the computation utilization of each core ≤ 1 and the speed of each

core is within the speed bounds, respectively. Like TrUMPS2, TrUMPS-C is a Mixed Integer

Non-Linear Programming problem. However, complexity of the optimization problem is not large

considering that it needs to be solved a-priori. Once task to core assignments and core speeds

are determined GPS/WF2Q is used to minimize temperature of each individual core. Since the

speeds of all cores are fixed, there is no speed change overhead during scheduling; as opposed

to TrUMPS2 in which speed may change after each preemption. In the following section, we

compare the performance of TrUMPS-C with TrUMPS2 to illustrate that TrUMPS-C performs

close to TrUMPS2 with substantially lower scheduling overhead. We also compare TrUMPS-C

with schemes that decouple speed and task assignments. This comparison is done to quantify the

benefit of solving speed and task assignment problem jointly.
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7.4 Results

In this section, we conduct simulations for thermal feasibility of several periodic tasksets on

a 3-core system. In the first part of the results section, it is assumed that the speeds of all pe-

riodic tasks are fixed at 1. With this assumption, we compare the maximum temperatures given

by the proposed TrUMPS assignment/scheduling strategy against the lower bound on maximum

temperature for fixed task speeds; which is computed as explained in Section 7.2.1. Unadjusted

temperature values are given in all the results. We then compare the joint speed and task assignment

strategies (TrUMPS2 and TrUMPS-C). TrUMPS2 is compared against the lower bound on max-

imum temperature for variable task speeds (computed as explained at the end of Section 7.2.1).

This is done to illustrate that for majority of the periodic tasksets, TrUMPS2 reaches close to the

lower bound on maximum temperature; even though lower bound is computed with task deadline

and migration constraints/restrictions relaxed. TrUMPS-C is compared against TrUMPS2 to show

that it performs close to TrUMPS2 with reduction in runtime overhead; due to no temporal speed

transitions. Trumps-C is also compared against three static speed assignment schemes to quantify

the benefit of solving speed/task assignment problem jointly. Details of the static schemes will be

presented later in the results section.
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7.4.1 Simulation Setup

We conducted simulations using HOTSPOT [39] to evaluate ζ for our 3-core floorplan. For our

simulations:

ζ =

⎛⎜⎜⎜⎜⎜⎜⎝
0.72225 0.156 0.156

0.156 0.55375 0.16525

0.156 0.16525 0.55375

⎞⎟⎟⎟⎟⎟⎟⎠
Unadjusted threshold temperature (Δ̂) is assumed to be 75◦C and Ψidle,ss is assumed to be 40◦C for

all cores. We use UUniFast Discard algorithm [58] to generate more than 10,000 periodic tasksets

with computation utilizations varying from 1.5-3.0. The power consumption of the periodic tasks

in a periodic taskset is uniformly distributed between 10W and 125W. Thermal utilizations of

periodic tasksets vary between 0.5-1.1. All of these values are given at a speed of 1. Note that some

periodic tasksets may not be computationally feasible even though their computation utilization

is < 3 [59]. This is because there may be no possible task to core assignments which result

in the computation utilization of each core being ≤ 1. In this section, only tasksets which are

computationally feasible are included in the results.

7.4.2 Simulation Results - Fixed speed

Figure 7.1 shows the computation and thermal utilizations of all periodic tasksets. It shows

the periodic tasksets which did not have any thermal violations using GPS, as gray dots. The pe-

riodic tasksets which have thermal violations are shown as black dots. Contrary to the results in

the uni-core section, having thermal utilization ≤ 1 is not sufficient for thermal feasibility. This is

because the periodic tasks considered in this section are deadline constrained and their execution
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Figure 7.1: Computation and thermal utilization of periodic tasksets simulated; and their thermal

feasibility using TrUMPS.

is constrained by No Migration Model. Both of these restrictions were removed when lower bound

on temperature and thermal utilization was computed/defined in Section 7.2.1. Therefore, as Fig-

ure 7.1 shows, there are some periodic tasksets which violate thermal constraints when scheduled

using TrUMPS; even though their thermal utilizations are < 1. Furthermore, Figure 7.1 shows

that all periodic tasksets with thermal utilization > 1 violated thermal constraints. This is because

having thermal utilization ≤ 1 is a necessary condition for thermal feasibility of periodic taskset.

Figure 7.2 shows the difference in maximum temperature given TrUMPS from the lower bound

on temperature explained in Section 7.2.1. As shown in figure, more than 80% of the periodic

tasksets have the difference of less than 0.1◦C from the lower bound on temperature. Furthermore,

there are very few periodic tasksets with difference greater than 4◦C (7 periodic tasksets out of

10206), and no periodic tasksets with difference > 10. A large difference in temperature for some

periodic tasksets is observed because in these tasksets, there is one periodic task with high thermal
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Figure 7.4: Distribution of temperature differences between TrUMPS2 temperature lower bound.

utilization. The execution and thermal load of the hot task cannot be distributed across cores

because of partitioned nature of our solution. For these types of periodic tasks (where there is one

task with very high thermal utilization), adopting global scheduling strategies is expected to bring

the maximum temperature closer to the lower bound. Figure 7.3 illustrates how the maximum

temperature given by TrUMPS varies with the thermal and computation utilizations of periodic

tasksets. As shown in the figure, the maximum temperature is not dependent on computation

utilization. However, it rises linearly as thermal utilization is increased; which is the expected

result.

7.4.3 Simulation Results - Variable Speed

This section covers the results of multi-core scheduling when task speeds are not fixed. The first

comparison in this section is the performance of TrUMPS2 against the lower bound on processor



87

temperature with variable task speeds. Since TrUMPS2 is a thermally optimal partitioned schedul-

ing scheme, This comparison quantifies the loss in performance due to the partitioned nature of

our scheduling scheme. Figure 7.4 plots the histogram of differences in maximum temperature

between TrUMPS2 and lower bound. The results show that we approach very close to the lower

bound on temperature (difference of less than 0.1◦C) for a high percentage of periodic tasksets

(9095 out of 10206 tasksets). Furthermore, there are very few periodic tasksets which have high

difference in maximum temperature from the lower bound. However, we did encounter one peri-

odic taskset which showed a difference in maximum temperature of 10.57◦C. The reason behind

large difference was one periodic task with high computation and thermal utilization (computation

utilization of 0.708 and thermal utilization of 0.574 at speed 1). The execution of this task could

not be distributed across multiple cores due to the no-migration task execution model. Therefore,

the core on which this task executed had a high maximum temperature.

Next, we compare TrUMPS-C against TrUMPS2. We also provide analysis for the following

three core speed assignment strategies:

1. Proportional: Speeds are assigned to cores inversely proportional to their self heating ζ

coefficients. For the results presented in this section, since ζ1,1 is large compared to ζ2,2

and ζ3,3, core 1 is assigned a lower speed compared to core 2 and core 3 with the ratio

0.75:1.0:1.0. The sum of the speeds of the three cores is kept equal to the computation

utilization of the periodic taskset.

2. Equal: All cores are assigned the same speed. The sum of the speeds of the three cores is

kept equal to the computation utilization of the periodic taskset.
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Figure 7.5: Distribution of temperature differences between core speed assignment strategies and

TrUMPS2.

3. Random: Speeds are assigned randomly to each core with the condition that the sum of the

speeds of the three cores is equal to the computation utilization of periodic taskset.

Once speeds are assigned to cores, TrUMPS is used to assign tasks to different cores. Simulation

results for Proportional, Equal and Random speed assignment schemes is added to quantify the

benefit of solving the speed/task assignment problem jointly (As TrUMPS-C). Figure 7.5 shows the

histogram of difference in maximum temperature, of all four core speed assignment schemes, com-

pared to TrUMPS2. As shown in the figure TrUMPS-C shows best performance with high number

of periodic tasksets (90.6%) having difference in maximum temperature of less than 1◦C. Further-

more, there are no periodic tasksets which had a difference in maximum temperature of greater

than 4◦C. Proportional and Equal speed assignment strategies have lower performance compared

to TrUMPS-C, with high number of periodic tasksets having difference in maximum temperature

between 0.5 and 3 degrees. Random speed assignment scheme has the worst performance with

substantial number of periodic tasksets having high difference in maximum temperature. Another
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visualization of these results is given in Figure 7.6. In this figure, we plot the difference in maxi-

mum temperature for each periodic taskset for the core speed assignment schemes from TrUMPS2.

TrUMPS-C has a temperature difference of less than 1◦C for nearly all periodic tasksets. However,

Proportional and Equal speed assignment schemes have substantial number of periodic tasksets

with difference in maximum temperature greater than 2◦C. Random speed assignment strategy has

substantial number of periodic tasksets with high difference in maximum temperature.

7.5 Hardware Implementation/Analysis

We also implemented the proposed solution on a hardware testbed primarily to get rudimentary

estimates on the thermal gains which are possible using the task scheduling scheme proposed in

this work. We limit our evaluations to TrUMPS scheme without any speed scaling. Our testbed

constitutes Linux with Preempt-RT patch running on Intel Core i7-3632QM processor. Preempt-

RT patch adds real-time capability by making the kernel a preemptible process. It allows userspace

applications to have higher priority than the kernel, allowing for deterministic execution times.
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Figure 7.7: Distribution of jitter in sleep/wake time of high priority threads.

To determine real-time performance of our testbed, we ran the cyclictest application for 20 high

priority real-time threads. This tool acquires time jitter by measuring accuracy of sleep and wake

operations of highly prioritized real-time threads. A lower time jitter correlates to high real-time

performance. Figure 7.7 shows the time jitter for more than 10 million sleep/wake iterations. As

the figure shows, the value of jitter for most threads was about 3μs. Furthermore, the maximum

value of jitter we observed was 12μs. We contend that this is reasonable real-time performance for

our testbed implementation. Our testbed is composed of a pseudo-scheduler which is the highest

priority task in the system. The scheduler spawns high priority real-time threads and controls their

execution by sending Kill signals to their process IDs. The pseudo scheduler also has a thread

which periodically monitors and stores processor temperature. On our quad core system, one of

the cores is reserved for temperature monitoring thread. The remaining three cores run the real-

time schedule. Since the computed schedule is static, there is no run-time overhead for determining

the schedule.
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state hyperperiod of EDF schedule.
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Figure 7.10: Histogram of temperature in steady

state hyperperiod of TrUMPS schedule.

On our testbed, we schedule a periodic taskset composed of 10 periodic tasks. The periods of

periodic tasks vary between 20ms to 1sec while their worst case execution time varies between

8ms and 65ms. In this experiment, the computation time of all tasks is the worst-case compu-

tation time. The real-time tasks perform arithmetic operations (Add, Quick Sort, FFT). In our

analysis, we compare TrUMPS with WF2Q (scheduling interval of 1ms) against partitioned-EDF.

The temperature of each core at the start of experiment is 51◦C and temperature is monitored for a

duration of 100s. Figure 7.8 shows the temperature of the three cores when EDF is used. As can
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be seen, EDF causes the temperature of each core to vary significantly. The maximum temperature

in the case of EDF across all cores is 81◦C. When TrUMPS is used, there are less variations in

processor temperature. Furthermore, the maximum temperature across all cores is now 77◦C (A

reduction of 4 degrees from EDF). Figure 7.9 shows the histogram of temperature readings from

all three scheduling cores in the last hyperperiod when EDF is used for scheduling (hyperperiod

where we have reached thermal steady state). The histogram results show significant variations in

processor temperatures. For instance, the temperature of core 0 varies between 67◦C and 79◦C.
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Figure 7.11: Maximum temperature across all

cores for EDF and TrUMPS scheduling schemes.

Also the histogram in figure 7.9 shows that

the thermal load across the cores is not bal-

anced; since core 0 has majority of temper-

ature readings below 70◦C while core 1 has

majority of temperature readings higher than

75◦C. TrUMPS minimizes the processor tem-

perature by distributing thermal load evenly

and scheduling tasks using WF2Q so that tem-

poral temperature variations are reduced. This is illustrated in temperature histogram for TrUMPS

in figure 7.10. The temperature of all cores remains between 72◦C and 76◦C. The temperature

across all cores is also more evenly equalized; resulting in maximum temperature reduction of

4◦C. Figure 7.11 shows the maximum temperature across all cores. As shown in the figure, the

maximum temperature for WF2Q scheme remains consistently below the maximum temperature

for EDF.
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7.6 Computation Heterogeneity

A given multi-core platform may be computationally hydrogenous. This implies that a peri-

odic task may exhibit different worst-case execution time depending on the core it is executing

on. Computation heterogeneity may be caused by a non-uniform processing platform. Although

computational heterogeneity has not been explicitly evaluated in this section, it can easily be in-

corporated in the proposed solution.

This is done by considering computation time a core dependant parameter. To this end, we

define Ci,j as the worst-case computation time of task i on core j. Similarly, we may also consider

power consumption a core dependant parameter (Pi,j) is the dynamic power consumption of task

i on core j. With this generalization of worst-case computation time and power consumption, we

can compute hyperperiod thermal impact for a given periodic taskset Γ and task to core assignment

Λ:

HTI(Γ,Λ) =
∫ L

0

Θ(t)dt initial condition (Θ(0) = ΘΠ) = L ·
∑
τ∈Γ

Pτ,kCτ,k

Tτsτ
ζek (7.15)

Where all instances of task τ are executed on core j and ej is the jth unit vector. The expression

for thermal utilization is the same (Υ(Γ,Λ)i = HTI(Γ,Λ)i
LΔi

). For incorporating computation het-

erogeneity in TrUMPS, as before, we minimize thermal utilization across all core subject to the

constraint: ∑
τ∈Γ

Cτ,j

Tτsτ
ej ≤ 1 where task τ is assigned to core j in Λ (7.16)
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Similarly, the TrUMPS-C and TrUMPS2 can also be extended to incorporate computational het-

erogeneity.

In the next chapter, we present a framework that enables solutions for other task/execution mod-

els and constraints. We also present simulation results for non-partitioned scheduling of implicit

deadline periodic tasks on a multi-core platform.
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Chapter 8

Generalized Multi-Core Scheduling Framework

Thus far, in the domain of multi-core, we have only considered partitioned solutions for implicit

deadline periodic tasks. However, there are real-time applications characterized by other execution

and task models. For instance, periodic tasks may have constrained deadlines i.e. deadlines <

period; or they may have additional constraints such as resource or precedence. Under resource

constraints, tasks cannot execute concurrently on the multi-core because they require a shared

resource for execution. Due to precedence constraints a task cannot execute until certain other

task instances have completed their execution. In its current form, the periodic task scheduling

strategies presented in this work do not account for these additional constraints.

In this section, we propose a framework for thermal constrained scheduling of periodic tasks

with these additional execution constraints on a multi-core platform. The general idea is to divide

the hyperperiod into intervals and then solve an optimization formulation to distribute thermal

load across cores and across intervals for minimization of maximum temperature. The schemes

presented in this section are heuristics with bounded deviation from optimal solutions.
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Figure 8.1: Interval assignment for the example periodic taskset. Minimum number of intervals.

8.1 Non-Partitioned Scheduling of Periodic Tasks

To introduce the solution strategy, we consider non-partitioned scheduling of periodic tasks.

In the proposed solution, hyperperiod is divided into intervals. An interval i is characterized by

an end time Ei and a start time which is equal to the end time of the interval before (Intervals are

contiguous). The set of all intervals is called I = (I1, I2 · · · In). By definition E0 = 0. Interval end

times are chosen such that there are no task arrivals or deadlines within (Ei−1, Ei). and intervals

cover the entire hyperperiod such that:

∑
i∈I

Ei − Ei−1 = L

All task arrivals and deadlines occur at interval boundaries. As an example, consider a periodic

taskset composed of two implicit deadline periodic tasks:

Task 1 (C1 = 0.1, T1 = 0.25)

Task 2 (C2 = 0.3, T2 = 1.00)

For this periodic taskset, arrivals and deadline for one hyperperiod are shown in Figure 8.1. In

the figure Ai,j denotes arrival of the jth instance of task i while Di,j denotes deadline of the jth

instance of task i. Based on task arrivals and deadlines, hyperperiod can be divided into intervals
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Figure 8.2: Intervals assignment for the example periodic taskset. Arbitrary interval assignment.

as shown in Figure 8.1. Note that Figure 8.1 shows the case where hyperperiod is divided into

minimum number of intervals and each interval is as large as possible. This is not necessary and

we may choose intervals that are smaller as shown in Figure 8.2. Smaller intervals give more

scheduling flexibility and enable solutions to approach closer to the lower bound on temperature.

However, the complexity for finding solution increases linearly as the number of intervals increase.

Now we present the optimization formulation used for non-partitioned scheduling of implicit

deadline periodic tasks. Let I be a set of all intervals in the hyperperiod and let M be the set of

all cores in the multi-core platform. For a given task i, we define variable xi,j,k as the units of

execution performed for task i in interval j on core k. Based on this definition and the notations

defined in Chapter 7, the Total Thermal Impact of all executions done in interval j is given by:

∫ Ej

Ej−1

η(t) dt +

∫ ∞

0

cool(η(Ej), t) dt =
∑
i∈Γ
k∈M

xi,j,kPiζek (8.1)

We call this value Interval Thermal Impact where ITI(Γ, X)j is the vector denoting total thermal

impact of interval j for execution assignments X and periodic taskset Γ. In the current formulation,

task speeds are assumed to be fixed. The thermal utilization of interval j on core k is likewise
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defined as:

Υ(Γ, X)jk =
ITI(Γ, X)jk

(Ej − Ej−1)Δk

(8.2)

In order to minimize processor temperature, we solve the following optimization formulation:

Minimize
(
max
j∈X
k∈M

(
Υ(Γ, X)jk

))
Subject to:

αi,j,k =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
1, if xi,j,k > 1

0, otherwise

(8.3)

∑
i∈Γ
k∈M

αi,j,k ≤ 1 ∀j ∈ I (8.4)

∑
i∈Γ

xi,j,k ≤ Ej − Ej−1 ∀j ∈ I, ∀k ∈ M (8.5)

∑
j≤l
k∈M

xi,j,k =
El

Ti

· Ci

si
∀i ∈ Γ, ∀{l : El

Ti

∈ Z} (8.6)

Constraint in Equation 8.4 ensures that tasks do not migrate across cores within an interval. Con-

straint in Equation 8.5 ensures that an interval is not assigned more execution than its capacity.

Constraint in Equation 8.6 ensures that each periodic task instance finishes before its deadline.

Lemma 8.1. If constraints in Equations 8.4, 8.5 and 8.6 are met and each task i is executed in

interval j on core k at execution rate equal to xi,j,k

Ej−Ej−1
, then there will be no deadline violations

Proof: Constraint in Equation 8.6 ensures that each task is assigned execution equal to its com-

putation time within each period. This ensures that if each task receives execution equal to its

execution assignment in each interval, all task deadlines will be met. With an execution rate equal

to
xi,j,k

Ej−Ej−1
, task i receives execution equal to xi,j,k in interval j on core k; proving the lemma. �
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Theorem 8.2. For a periodic taskset Γ and interval execution assignment X , if constraints in

Equation 8.4, 8.5 and 8.6 are satisfied and GPS is used to schedule tasks within each interval as

in Lemma 8.1, then:

• All task deadlines will be met.

• Maximum processor temperature Φ(Γ, X) ≤
(
max
j∈X
k∈M

(
Υ(Γ, X)jk ·Δk

))
.

Proof: By Lemma 8.1, all task deadlines will be met. To prove the maximum temperature bound,

we consider the following two cases:

(a) Υ(Γ, X)jk = max
j∈I
k∈M

(
Υ(Γ, X)jk

)
(b) Υ(Γ, X)jk ≤ max

j∈I
k∈M

(
Υ(Γ, X)jk

)
In case (a), the thermal utilization of all intervals on all cores is equal:

Υ(Γ, X) = max
j∈X
k∈M

(
Υ(Γ, X)jk

)
· 1

This results in constant power consumption throughout the hyperperiod equal to ζ−1(Υ(Γ, X) ◦

Δ). This constant power constant power consumption results in constant temperature throughout

the hyperperiod equal to Υ(Γ, X) ◦Δ. Since the thermal utilization across all cores is equal, all

cores will have the same temperature equal to max
j∈X
k∈M

(
Υ(Γ, X)jk ·Δk

)
.

Since Υ(Γ, X)jk in case (b) is ≤ Υ(Γ, X)jk in case (a), ∀j ∈ I, ∀k ∈ M , the maximum temperature

in case (b) is no more than the maximum temperature in case (a); proving the theorem. �
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Figure 8.3: Interval assignment for the constrained deadline periodic taskset. Minimum number of

intervals.

8.2 Adaptations of Scheduling Framework

In this section, we extend the optimization formulation to find solutions for constrained dead-

line periodic tasks, tasks with resource conflicts and tasks with precedence constraints.

8.2.1 Constrained deadline periodic tasks

Constrained deadline periodic tasks are defined as periodic tasks where task deadline is less

than or equal to period. If a constrained deadline periodic task i is scheduled in accordance with

optimization formulation covered in Section 8.1, it may finish right before the arrival of next in-

stance. Therefore, if Di < Ti, deadline violations will occur. In this subsection, we introduce an

additional constraint which has to be considered in addition to constraints given in Equation 8.4,

8.5 and 8.6 to correctly schedule constrained deadline periodic tasks.

∑
j≤l
k∈M

xi,j,k =
El − Ti +Di

Ti

· Ci

si
∀i ∈ Γ, ∀{l : El − Ti +Di

Ti

∈ Z} (8.7)

Constraint in Equation 8.7 ensures that each periodic task finishes on or before its deadline. Note

that, intervals have to be constructed such that there are no periods, arrivals or deadlines within an
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interval. As an example, we consider the following constrained deadline periodic taskset:

Task 1 (C1 = 0.1, T1 = 0.25, Di = 0.20, a1 = 80)

Task 2 (C2 = 0.3, T2 = 1.00, Di = 1.00, a2 = 120)

Note that this periodic taskset is similar to the one we considered earlier in Section 8.1 with the ex-

ception that Task 1 now has a constrained relative deadline of 0.2. The interval assignment for this

periodic taskset with the minimum number of intervals in one hyperperiod is shown in Figure 8.3.

Note that because of Task 1’s constrained deadline, the number of intervals has increased from 4

in Figure 8.1 to 8 in Figure 8.3

8.2.2 Incorporation of Resource Constraints

If two or more tasks share a common resource, they cannot be executed concurrently. Such

resource constraints can be incorporated in the scheduling framework by imposing additional con-

straint:

resci,j =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
1, if task i and j have a resource conflict

0, otherwise∑
k∈M

αi,j,k +
∑
k∈M

αl,j,k · resci,l ≤ 1 ∀i, l ∈ Γ ∀j ∈ I (8.8)

Constraint in Equation 8.8 ensures that tasks with resource conflicts are not assigned execution in

the same interval.

8.2.3 Incorporation of Precedence Constraints

If periodic tasks have data dependencies, we have to introduce precedence constraints in our

scheduling framework. It is assumed here that tasks which have data dependencies have the same
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period. However, they can have different deadlines (constrained deadline periodic tasks), which

are accounted for constraint given in Equation 8.7. To incorporate precedence constraints, we

introduce the following variables:

prei,j =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
1, if task j has to precede task i

0, otherwise

b fini,j =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
0, if current instance of task i finished before interval j

1, otherwise

Binary variable b fini,j can be set using the following constraints:

⌈Ej−1

Ti

⌉
· Ci

si
−

∑
1≤l<j
k∈M

xi,l,k ≤ L · b fini,j ∀i ∈ Γ, ∀j ∈ (I\I1) (8.9a)

⌈Ej−1

Ti

⌉
· Ci

si
−

∑
1≤l<j
k∈M

xi,l,k ≥ b fini,j ∀i ∈ Γ, ∀j ∈ (I\I1) (8.9b)

b fini,1 = 1 ∀i ∈ Γ (8.9c)

Constraint in Equation 8.9a forces b fini,j to be 1 if current instance of task i has not completed

execution before interval j. Constraint in Equation 8.9b forces b fini,j to be 0 if current instance

of task i has completed execution. Constraint in Equation 8.9c sets the b fin variable for the first

interval. We now introduce a binary variable blocki,j,k such that:

blocki,j,k =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
1, if task i is blocked by task j in interval k due to precedence constraint

0, otherwise
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blocki,j,k variable is set using the following constraints:

blocki,j,k ≤ b finj,k ∀i, j ∈ Γ, ∀k ∈ I (8.10a)

blocki,j,k ≤ prei,j ∀i, j ∈ Γ, ∀k ∈ I (8.10b)

blocki,j,k ≥ b finj,k + prei,j − 1 ∀i, j ∈ Γ, ∀k ∈ I (8.10c)

Finally, we can use the following constraint to ensure that precedence constraints of the periodic

taskset are met: ∑
k∈M

xi,j,k ≤ Ci

si
· (1− blocki,l,j) ∀i, l ∈ Γ, ∀j ∈ I (8.11)

Equation 8.11 ensures that if a periodic task i is blocked by any other periodic task in interval j,

its execution assignment during interval j is 0.

In similar fashion, we can add additional constraints in this scheduling framework based on the

execution requirements/constraints of the real-time application. Note that, all optimization formu-

lations/constraints presented thus far are mixed integer linear programs. In the next section, we

will extend the framework to be DVFS capable. This adaptation, however, makes the optimization

model non-linear; significantly increasing its complexity.

8.2.4 Per-Interval Speed Solutions

In the previous formulations, each task was assigned a different fixed speed. Unless all tasks

are assigned the same speed, the speed change overhead may be significant; since the speed can po-

tentially change after each preemption. In this subsection, we present a formulation which assigns

speeds to intervals such that thermal utilization and temperature is minimized. In this solution,

speed change overhead is bounded since speed transition occurs only at interval boundaries. For
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this formulation, we introduce the variable si,j which denotes the speed of core j during inter-

val i. It is assumed that the speed does not change throughout the interval. With interval speed

assignments S, Interval Thermal Impact is redefined as:

ITI(Γ, X, S)k =
∑
i∈Γ
k∈M

xi,j,kais
3
j,kζek (8.12)

The expression for Interval Thermal Utilization is the same. It is however, a function of speed

assignment such that:

Υ(Γ, X, S)jk =
ITI(Γ, X, S)jk
(Ej − Ej−1)Δk

(8.13)

The constraints in Equations 8.6, 8.7, 8.9a, 8.9b and 8.11 are changed to account for the interval

speeds. In these equations, Ci

si
is replaced with Ci and xi,j,k is replaced with xi,j,k · sj,k. These ex-

pressions represent computation time of task i at unit speed and the amount of computation done

for task i during interval j on core k at unit speed respectively. With this alteration in objective

function and constraints, the optimization formulation will find the interval execution assignments

(X) and interval speed assignments (S) such that task execution constraints are met and temper-

ature is minimized. As with non-DVFS solutions, GPS is used to schedule tasks within each

interval.

8.3 Results

In this section, we evaluate the benefit of global scheduling strategy in Section 8.1 for im-

plicit deadline periodic tasks. For the results presented here, we assume zero preemption and task

migration overhead. This is to evaluate whether we can reach the lower bound on temperature

presented in Section 7.2.1. For evaluating the potential of global scheduling we relax constraint in
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Figure 8.4: Maximum temperature given by global scheduling scheme.

Equation 8.4 and replace it with the following constraint:

∑
k∈M

xi,j,k ≤ Ej − Ej−1 ∀i ∈ Γ, j ∈ I (8.14)

Removal of constraint in Equation 8.4 allows tasks to migrate across cores within an interval.

However, inclusion of constraint in Equation 8.14 prevents a task from executing more than the

interval length (avoiding concurrent execution). Figure 8.4 shows the simulation results for all

periodic tasksets simulated in Section 7.4 for this Global Scheduling Formulation. In Figure 8.4,

color represents the maximum processor temperature across all cores and intervals for all periodic

tasksets. We achieve the temperature lower bound defined in Section 7.2.1 in all of the simulated

cases. The difference from temperature lower bound is illustrated in Figure 8.5 which plots the

histogram of difference in maximum temperature given by global scheduling scheme from the

temperature lower bound. The results of TrUMPS are reproduced here for providing reference. As
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Figure 8.5: Difference in maximum temperature given by Global, TrUMPS and the lower bound

on temperature.

shown in figure 8.5, the global scheduling strategy presented in this section achieves lower bound

on temperature in all of the simulated cases.

This empirical evaluation leads to the conjecture that the higher maximum temperature for the

TrUMPS scheme, compared to the lower bound on maximum temperature, is entirely due to the

partitioned nature of TrUMPS solution. Therefore, a thermal utilization of ≤ 1 is both a necessary

and sufficient condition for thermal feasibility of implicit deadline periodic tasks on multi-core.

However, the sufficiency of this condition remains to be proven.
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Chapter 9

Conclusion and Future Work

In this dissertation, we present optimal thermal constrained scheduling solutions for real-time

tasks. The task models covered are periodic and aperiodic. The system models covered are uni-

core and homogeneous/heterogeneous multi-core. We present several important theoretical results

pertinent to the thermal feasibility of these tasks. Several extensions of this work are possible. We

will conclude this dissertation by going over these directions for future research. Future research

directions are ordered chronologically from short-term to long-term goals. Short-term goals are

augmentations to the research covered in this dissertation while long-term goals are new research

directions.

9.1 Dynamic reclaiming strategies

The worst-case estimates of computation time and power consumption are usually pessimistic.

The average case may be lower than the worst-case; and the additional margin is allowed to guar-

antee that the system does not fail under worst-case conditions. Therefore, it is possible to exploit

run-time behaviour of tasks to reduce temperature and energy consumption further. Work of this
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nature has been conducted for energy minimization [49]. However, there is potential for construct-

ing dynamic reclaiming strategies which minimize temperature as well as energy consumption by

exploiting run-time behaviour of tasks.

9.2 Dynamic Priority Exchange

Dynamic Priority Exchange (DPM) schemes are a means of reducing response time of aperi-

odic tasks. They function by executing periodic tasks at higher rate when aperiodic tasks are not

present in the system. When an aperiodic task arrives, the priorities of periodic and aperiodic tasks

are exchanged and aperiodic task executes at a higher rate. This reduces the response time for

aperiodic task. T2BS scheduling strategy presented in Chapter 5 can be extended by incorporating

DPM. However, the priorities will have to be exchanged such that there are no thermal violations.

9.3 Improved Thermal Models

The thermal model assumed in this work considers a core to be a single thermal element.

Accuracy of the thermal model can be improved if the modelling is done at finer granularity (e.g. by

consideration each functional unit within a core as a separate thermal element). This extension will

reduce temperature estimation error and enable improved applicability of the proposed concepts

in real-systems. Furthermore, there are some factors that make a real thermal system non-linear.

These include: (a) exponential dependence of leakage power on temperature, (b) different fan

speeds at different temperatures, (c) dependence of thermal resistance and capacitance on system

temperature. In this work, worst-case for all of these factors is assumed to ensure that no thermal
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violations occur. Therefore, the schedulability bounds in this work can be improved if variation in

these factors is incorporated in the thermal model.

9.4 Sufficient Conditions for WF2Q

We prove in Chapters 4 and 7 that a fluid GPS model of execution is optimal in-terms of

minimizing maximum temperature. Since a real system is non-fluid, WF2Q is used to emu-

late GPS on a real system. For better applicability of the proposed concepts, computational and

thermal overheads for WF2Q need to be studied. WF2Q computation overhead, comes from the

preemption/context-switch overhead on a given system. High number of preemptions will increase

the worst-case computation time of tasks. Similarly, the temperature of WF2Q fluctuates around

the ideal GPS temperature. Therefore, the maximum temperature reached by WF2Q is higher com-

pared to the maximum GPS temperature. It is valuable to bound these overheads so that sufficient

feasibility conditions for WF2Q can be proposed.

9.5 Non-Preemptive Execution Model

The focus of this dissertation is on preemptive scheduling strategies. However, some critical

applications are non-preemptive, either because of high preemption overhead or because of the

critical nature of the tasks being performed by the application. We have done work in the non-

preemtive domain. Specifically, [24] covers a scheme for non-preemptively scheduling aperiodic

tasks along with a fixed periodic schedule, in a thermally constrained multi-core system.
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The scheduling strategies proposed in this research rely on the preemptable nature of tasks

and, therefore, cannot be applied when the application is non-preemptable. However, the nec-

essary conditions for thermal feasibility presented in Chapter 3 and 7 apply to both preemptive

and non-preemptive domains. Therefore, this research may be valuable in devising thermal-aware

scheduling solutions for non-preemptive tasks. However, any solution in this domain will likely

be a heuristic. This is because non-preemptive scheduling of implicit deadline periodic tasks on

uni-core system is NP-Hard [60].

9.6 Sporadic Task Scheduling

Sporadic tasks are characterized by worst-case computation time, deadline and minimum-inter-

arrival time. Minimum inter-arrival time is the minimum time interval between arrivals of two

instances of a given sporadic tasks. Therefore, like periodic tasks, sporadic tasks also form an infi-

nite sequence. However,unlike periodic tasks, their arrival pattern is non-deterministic. Significant

work has been on on computation feasibility of sporadic tasks [61]. However, their thermal feasi-

bility is a subject on ongoing research. The proposed concepts of Thermal Impact/Utilization and

using GPS/WF2Q as scheduling strategies isolate/abstract the related constraints of computational

feasibility and thermal feasibility. Therefore, using the framework presented in this dissertation for

sporadic task scheduling may yield strong theoretical results pertinent to their thermal feasibility.

9.7 Mobile Computing

Mobile processing platforms have very strict thermal constraints since user will be inconve-

nienced if his/her cell phone is prone to overheating. Furthermore, mobile processing platforms
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have very restrictive cooling solutions since fans and other active cooling solutions cannot be em-

ployed. Due to these factors, reducing temperature by means of scheduling has significant potential

in mobile processing domain. Furthermore, several applications in this domain have soft real-time

constraints. Examples of these applications include gaming, video conferencing and multi-media.

Therefore, several of the schemes/concepts proposed in this dissertation have high applicability

in this domain and may lead to improved user experience and battery life. Partitioned multi-core

scheduling strategies and ability to model and exploit computational heterogeneity are especially

useful in this domain.

9.8 Data-Center Computing

The concepts proposed in this dissertation may also be applied to large scale data-centres for

reducing temperature and cooling costs. Data-centres are large structures that may house thou-

sands of computing servers. These structures generate a high amount of heat and, therefore, need

expensive cooling solutions to keep temperature within safe operating range. Although the thermal

model for a data-center is different compared to the processor thermal model used in this work, the

proposed concepts may be extended to incorporate the data-center thermal model. The schemes

proposed in this dissertation may then be used to distribute thermal load across the data-center such

that spacial variation in maximum temperature is minimized. This has potential of reducing max-

imum temperature across data-center; leading to lower cooling costs and making the data-center

more Green.
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Appendix A: Proof of Theorem 6.3

Proposition A.1. Let ΓX ⊂ Γ be a set of all periodic tasks for which the speed decision has been

made with speeds equal to si,X ∀i ∈ Γx. Then, the energy consumption of the remaining periodic

tasks in set ΓmathrmUX = Γ− ΓX is minimized if can be executed at speed

si =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
si,x ∀i ∈ ΓX

a
−1/3
i G(ΓUX)

/(
1−∑

j∈ΓX

Cj

Tjsj

)
∀i ∈ ΓUX

(A.1)

Proof: Given that the speed decision for all periodic tasks in ΓX has been made and their speed

cannot be changed, the computation utilization of all periodic tasks in ΓX is equal to
∑
j∈ΓX

Cj

Tjsj
.

Therefore, the maximum computation utilization of periodic tasks in ΓUX is

(
1 −

∑
j∈ΓX

Cj

Tjsj

)
.

Therefore, by Theorem 6.2, the energy consumption of periodic tasks in ΓUX is minimized if speed

assignments are done as in Equation A.1. �

However, if we consider speed constraints, we may not be able to execute all periodic tasks

at their optimal target speed. To solve the problem with speed constraints, we first enforce the

maximum speed constraint without enforcing the minimum speed constraint.

Proposition A.2. Let ZX = (i : s∗i ≥ smax) where s∗i is as defined in Equation 6.1. Then, for the

special case where smin = 0, the thermal utilization of the periodic taskset is minimized only if:

si = smax ∀i ∈ ZX

Proof: Suppose that we start solving the optimization problem by setting the speed of a single

periodic task τ ∈ ZX to smax. Then by proposition A.1, we know that the optimal solution for
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remaining periodic tasks would try to do speed assignment such that:

s̄i = a
−1/3
i G(Γ\τ)

/(
1− Cτ

Tτsmax

)
∀i ∈ (Γ\τ)

Since periodic task τ Since periodic task was executed at a speed sτ = smax ≤ s∗τ , s̄i ≥ s∗i ∀i ∈

(Γ\τ). Therefore, if we now compute set ẐX = (i : ¯si ≥ smax), we know that ẐX ⊇ ZX .

Therefore, the order in which the speeds of periodic tasks in MX are assigned does not influence

the solution. Furthermore,due to the convexity of the objective function
ζ

Δ
· aτCτs

2
τ

Tτ

in terms of

speed s, if s∗τ ≥ smax for a given periodic task τ , the optimal speed assignment would set the speed

of periodic task τ to smax. �

In algorithm 1, we first set the speeds of tasks in MX to smax = 1. After this assignment, MX is

recomputed tasks in MX are assigned speed smax. This process is repeated until the recomputation

of MX yields an empty set. By Proposition A.2, the optimal solution would assign all tasks in

MX speed of smax = 1 for all iterations of the while loop. After the completion of while loop,

the remaining tasks are assigned optimal speed based on Proposition A.1. Therefore, the solution

given by Algorithm 1 is optimal if smin = 0.
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Appendix B: Proof of Theorem 6.4

Proposition B.1. Let ZX = (i : s∗i ≥ smax) and ZN = (i : s∗i ≤ smin) where s∗i is as defined in

Equation 6.1. Then, for the special case where MX = ∅, the thermal utilization of the periodic

taskset is minimized only if: si = smin ∀i ∈ ZN

Proof: Suppose that we start solving the optimization problem by setting the speed of a single

periodic task τ ∈ ZN to smin. Then by proposition A.1, we know that the optimal solution for

remaining periodic tasks would try to do speed assignment such that:

s̄i = a
−1/3
i G(Γ\τ)

/(
1− Cτ

Tτsmin

)
∀i ∈ (Γ\τ)

Since periodic task τ was executed at a speed sτ = smin ≥ s∗τ , s̄i ≤ s∗i ∀i ∈ (Γ\τ). Therefore, if

we now compute set ẐN = (i : s̄i ≤ smin), we know that ẐN ⊇ ZN . Therefore, the order in which

the speeds of periodic tasks in MN are assigned does not influence the solution. Furthermore,due

to the convexity of the objective function
ζ

Δ
· aτCτs

2
τ

Tτ

in terms of speed s, if s∗τ ≤ smin for a given

periodic task τ , the optimal speed assignment would set the speed of periodic task τ to smin. �

Proposition B.2. Let ZX = (i : s∗i ≥ smax) and ZN = (i : s∗i ≤ smin) where s∗i is as defined in

Equation 6.1. Then, for the special case where MN = ∅, the thermal utilization of the periodic

taskset is minimized only if: si = smax ∀i ∈ ZX

Proof: Similar to Proposition B.1. �

Theorem 6.4 follows directly from Proposition B.1 and Proposition B.2. Furthermore, by

Proposition B.1, smin ≤ si ≤ smax ∀i ∈ ΓUX in line 16 of SeCTUM. Therefore, Proposition A.1

may be used to assign speeds to all tasks in ΓUX.
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