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A B S T R A C T

Modularity concepts have been recently explored in the context of industrial production

(manufacturing) systems such as chemical processes, energy systems, and infrastructures.

Standardization and size reduction brought by modular technologies enable mass off-site

fabrication, fast transportation, and deployment of equipment, which could ultimately

lead to technology cost reductions. Modular systems, contrasting with large and central-

ized systems that involve lengthy on-site construction phases and difficult transportation

(and are thus rarely relocated), also enable sequential investment strategies that provide

flexibility to mitigate market and regulatory risks. Therefore, a thorough study of modu-

larity concepts using computational frameworks and optimization tools is required.

We study modularity in the context of manufacturing systems and address the follow-

ing three questions: what is modularity (concepts), why should we consider modular de-

signs (benefits), and how can we incorporate modular concepts in actual designs (usage).

Specifically, we first propose a modularity measure that captures unique characteristics in

the context of manufacturing systems. Then, we study the spatial and temporal flexibil-

ity brought by modular construction (decentralization in electricity market and capacity

expansion planning). Finally, we propose a system-level design concept: spatial super-

structure, and based on this new concept, we derive a formulation that provides optimal

spatial modular design of a process or supply chain.

By providing a complete story on modularity in manufacturing and supply chain, we

seek to encourage incorporating modular concepts in future process and supply chain de-

signs. In this work, we provide necessary definitions and computational frameworks that

aid the modular process design and solve potential design problems such as scalability.



1

1
I N T R O D U C T I O N

1.1 Traditional Centralized Chemical Plants

In the past century, two rules have defined and guided the process system design in

modern chemical engineering: the economy of scale and unit operations (Baldea et al.,

2017). First, economies of scale are the cost advantages that businesses obtain as a result

of their size of operations and can be described as the decrease in cost per unit of output

due to an increase in scale (Silvestre, 1987). In chemical engineering, constructions of

chemical plants can be more capital efficient by simply making them larger, reducing the

operational cost and products prices and thus improving the profits (Berthouex, 1972). A

prominent example of it in chemical engineering is the cost of pipes (openstax). The cost

of materials used to manufacture a pipe is proportional to the pipe’s circumference and

length. However, the cross-sectional area of a pipe determines the volume of chemicals

that may flow through it. Thus, a pipe which uses twice as much material to make

can carry four times the volume of chemicals because the cross-section area of the pipe

rises by a factor of four. Of course, the actual economies of scale for chemical plant

are far more complicated than what this example suggests, but process engineers and

designers have long used the so-called "six-tenths rule"(or "two-thirds rule"), a rule of
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thumb which indicates that increasing the amount of product produced in a chemical

plant by a given percentage will only result in a six-tenth (or two-thirds) rise in overall

cost (Kerridge, 1982). Second, in the early 20th century, Warren K. Lewis, one of the

pioneers in chemical engineering, together with his several colleagues explained in their

book, The Principles of Chemical Engineering, that the variety of chemical industries have

processes that follow the same physical laws, and they concluded these similar processes

into unit operations to facilitate calculations in an era ruled by the slide rule rather than

by the digital computer (Walker et al., 1923; Cabe et al., 2018). While slide rules have

become obsolete nowadays, unit operations remained as a central piece in the design,

simulation and optimization of chemical processes.

In the past two decades, these two principals - economies of scale and unit opera-

tions - have undergone serious challenges as markets become more and more volatile

and fast-paced, and resources become more sparsely scattered (Gwehenberger and Naro-

doslawsky, 2008; Stevens, 2003; Charpentier, 2002). Based on the electricity price data for

more than 5000 locations in California throughout the year 2015 collected from California

Independent System Operator (CAISO), the average electricity price for real time market

(RTM) is 32.71 USD/MWh while the temporal volatility is 62.42 USD/MWh (Shao and

Zavala, 2019). And in one particular location, the price shifts from 50 USD/MWh to 600

USD/MWh and then back to 35 USD/MWh in just 20 minutes. If a conventional ammo-

nia manufacturing plant which consumes the power at 50 MW was built at this location

(Egenhofer et al., 2017), the risk caused by electricity price fluctuation is enormous. What

is more, building a chemical plant of this size usually takes 5 to 7 years of on-site con-

struction (Rahman et al., 2014). During this period of time, if the initial demand forecast

becomes overly optimistic (especially when some unforeseen events such as COVID-19

happen) or a new type of technology or product appears to replace the old one, investors

are likely to lose billions of dollars due to this long project time-line (Roy and Eng, 2017).

Eventually, transporting raw materials to a centralized plant for processing might not be

possible for certain industries. For instance, many oil gathering companies have been
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flaring and venting off natural gas in the Permian Basin of west Texas (Davis, 2016). Flar-

ing is a well-head technique used to dispose of excess natural gas that is produced along

with oil (Emam, 2015). According to the U.S. Energy Information Administration, a tril-

lion cubic feet of natural gas in the Permian Basin has been flared since 2013 and it is

responsible for 25 percent of today’s warming from human activities. It occurs because

the pipeline infrastructure could not carry the amount of natural gas, and burning it is

the most cost efficient way (Udok and Akpan, 2017; Soltanieh et al., 2016). Capturing or

processing the flare gas by building traditional centralized plant is not viable as the plant

will be abandoned when the oil well dries out. To solve the above mentioned challenges

that are specific to today’s markets and environmental concerns, new design concept such

as modular design (or modularization) has become prevalent (Roy and Eng, 2017).

1.2 Modular Design Concepts/Modularization

Modularization is a manufacturing trend that is being adopted in different industrial

sectors such as power generation, data centers, chemical processes, and supply chains

(Frivaldsky et al., 2018; Berthélemy and Rangel, 2015; Dong et al., 2009; Chakraborty

et al., 2009; R., 1999). For instance, decentralized power generation and storage systems

are becoming increasingly attractive as climate changes and adoption of renewable power

disrupt markets and space-time demand patterns (Heuberger et al., 2017; Liu et al., 2018;

Shao and Zavala, 2019). Modular manufacturing systems are typically built from small-

scale and standardized technologies (equipment units) that perform self-contained tasks

and that are coupled together using sparse interfaces. Small dimensions and sparse in-

terfaces facilitate system assembly/dis-assembly and reconfiguration (e.g., migration of

technologies to a different location and expansion of capacity). This logistical flexibility

helps systems adapt to fast-changing markets and other externalities (e.g., climate, re-

source availability, policy) (Jaikumar, 1986; Rajagopalan, 1993) and enables the recovery

of resources that are highly distributed and potentially short-lived (Allman and Zhang,
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2020; Chen and Grossmann, 2019; Davis, 2016). In the context of chemical engineering,

a modular plant can be comprised of a single module that incorporate many unit op-

erations or of multiple modules that are shop-fabricated separately, transported to the

manufacturing site, and eventually connected to form a large process system (Bieringer

et al., 2013; Kockmann, 2016). The process equipment, valves, piping components, and

electrical wiring are installed within a structural steel framework known as a module and

each module is a self-contained process unit that is typically built off-site (Seifert et al.,

2012). The project start-up time for a modular plant is minimized since systems can be

fully assembled and tested before they ship, reducing the amount of on-site construction

time (Kockmann et al., 2017). Lower labor and operational costs are achieved due to a

shorter project time-line, efficient use of material, and a smaller field crew (Hady et al.,

2009). Also, off-site module construction does not interrupt or shut-down pre-existing op-

erations. All these advantages have made modular design a preferred choice that adapts

today’s market requirements and in fact, many pioneering companies have announced

their modular solutions for chemical engineering industries.

Figure 1.1: "Flarecatcher" by Pioneer Energy (Pionner Energy)

Pfaudler Group, a leading provider of technologies, systems and services for the

chemical and pharmaceutical industries, designs complete modular process systems with
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all ancillary equipment, piping, and instruments included. Pfaudler is able to design and

construct a large Wiped Film Evaporator (WFE) system as two large modules within two

months and then complete the on-site construction of them within 24 hours. Pfaudler

leads the way in providing complete process systems as pre-assembled modules, which

provide lower project costs, shorter construction schedules, and improved quality (Pfaudler

Group). Another example that utilizes modular concepts is the "Flarecatchers" con-

structed by Pioneer Energy. At well sites or central processing facilities, "Flarecatchers"

extract Natural Gas Liquids (NGLs) from rich, associated and non-associated gas while

conditioning the remaining gas. The remaining gas is then conditioned to pipeline qual-

ity, making it ideal for on-site power generation, conversion to compressed or liquefied

natural gas, or injection into a lean gas pipeline. As shown in Figure 1.1, their systems are

skid-mounted, modular, autonomous units that are remotely monitored and controlled.

This enables flexibility in equipment deployment and superior up-time, while minimiz-

ing required capital and operating expenditures (Pionner Energy). The merits of modular

design concept are not only suitable in process system design, but also applicable in areas

such as supply chain design (Becker et al., 2021; Doran and Giannakis, 2011; Palys et al.,

2018), and many industrial companies are switching from traditional centralized plants

to this more efficient, flexible, and environmental friendly way of design and construction

(Epic Systems).

1.3 Research Questions on Modular Designs

The concept of modular design is not difficult to understand, and the benefits of it seem

to be obvious. However, the adaptation of the concept is slow, and many companies

still hesitate on the lack of quantitative analysis and mathematical backup of the idea.

Therefore, a thorough analysis and study using mathematical tools on modular process

and system design is needed. First, the definition of modularity or modularization is

ambiguous in the context of manufacturing. In graph theory, for a given organization,
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the amount of internal module coupling relative to coupling between modules is referred

to as the degree of modularity (Newman, 2006; Brandes et al., 2007). While the notion of

modularity is pervasive in all areas of science and engineering (Langlois, 2002; Coltheart,

1999; Baldwin et al., 2000), there are no well-established mathematical (quantifiable) mea-

sures of modularity in manufacturing. The availability of such measures is key to enable

more systematic analysis and design of modular systems. Second, quantitative analysis

on the benefits of modular design is missing. We would like to provide a quantita-

tive view on the flexibility, cost saving, and risk minimizing effects brought by modular

design comparing to the traditional centralized design. This direct comparison would

provide tangible proofs and build mathematical foundations for the benefits of modular

design concept. As a final step, we would like to extend the modular concept to design

modular supply chains and propose a general computational framework that provides

tools to guide the synthesis of modular processes and supply chains. By providing a

complete story on modularity in manufacturing and supply chain, we seek to encourage

incorporating modular concepts in future process and supply chain design, and provide

necessary definitions and computational frameworks that aid the modular process design

and solve potential design problems such as scalability.

By identifying these issues, this work tries to provide insights to the following re-

search questions about quantifying modular design concept and providing modular de-

sign schemes:

1. What - What is modularity? How do we define a quantifiable measure for modu-

larity in manufacturing context?

2. Why - Why should we consider modular design? Can we use mathematical tools to

demonstrate the benefits of modular designs comparing to traditional ones?

3. How - How do we design a modular process or supply chain? Can we provide a

general framework to aid the synthesis of modular processes and supply chains?
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1.4 Outline

This dissertation is structured as follows:

Chapter 2 – Modularity Measures: Concepts, Computation, and Applications to Manu-

facturing Systems. This chapter addresses the "What" question. It introduces a measure

to quantify the modularity of industrial production (manufacturing) systems and pro-

poses an optimization formulation to compute it. It provides a discussion on advantages

and disadvantages of alternative modularity measures used in different scientific and en-

gineering communities and the uniqueness of our proposed measure in manufacturing

context.

Chapter 3 – Benefits of Modular Design - Spatial Flexibility This chapter addresses the

first part of the "Why" question. In this chapter, we study the economic incentives for de-

ploying modular technologies created by space-time dynamics of day-ahead and real-time

electricity markets. We first formulate the electricity market clearing model and explore

the effects of modularization on social welfare and electricity prices. We then develop

an optimal technology placement formulation that seeks to identify optimal strategies to

maximize expected profit and minimize risk in the electricity markets.

Chapter 4 – Benefits of Modular Design - Temporal Flexibility This chapter addresses

the second part of the "Why" question. This chapter studies logistical investment flexibil-

ity provided by modular processing technologies for mitigating risk under the setting of

the capacity expansion problem. This capacity expansion problem is a stochastic, multi-

stage, and multi-objective optimization problem, and we study the trade-offs between

expected profit and risk for capacity expansion plans with different sizes of technologies

available. Case studies of different complexity are presented to illustrate the develop-

ments.
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Chapter 5 – A Spatial Superstructure Approach to the Optimal Design of Modular Sys-

tems. This chapter addresses the "How" question. It first introduces a design concept,

Spatial Superstructure, that encodes spatial (geographical) context of all system compo-

nents. We then extends the design concept to include the modularity measure proposed

in previous section, which enables the simultaneous modular design of processes, facili-

ties, and of supply chains. Finally, we propose an optimization framework based on this

new design concept to facilitate the design of modular manufacturing systems.

Chapter 6 – Conclusions and Future Directions. This chapter provides a summary of

the major contributions of this dissertation. Specific areas for improvement for future

research are also identified.
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2
M O D U L A R I T Y M E A S U R E S : C O N C E P T S , C O M P U TAT I O N , A N D

A P P L I C AT I O N S T O M A N U FA C T U R I N G S Y S T E M S

This chapter is published in Shao and Zavala (2020).

2.1 Introduction

Modularization is an organization strategy that is used in living, socio-economic, and

industrial systems to facilitate learning and evolution and to cope with complexity (Si-

mon, 1962; Langlois, 2002). For instance, biological networks and the human body exhibit

high modularity (Ravasz et al., 2002; Meunier et al., 2010; Newman, 2006; Meunier et al.,

2009). This organization structure facilitates specialization of components (e.g., organs

and metabolic cycles) and enables management of large numbers of functions. In a mod-

ular organization, fundamental components and associated functions are grouped into

clusters (modules). Modules have the distinctive feature that coupling between internal

components (intra-module) is significantly stronger than coupling across modules (inter-

module). Scientists have long argued that modular organization provides flexibility and

facilitates evolution because modules can adapt, mature, or disappear without signifi-

cantly disrupting the entire system. This arrangement also facilitates the management of
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complexity because tasks and information are refined progressively. Herbert Simon, one

of the pioneers of computer and cognitive science, argued that it is rather natural that

human-made organizations (e.g., government institutions and enterprises) also exhibit

high degrees of modularity (Simon, 1962). This is because the human brain processes

information and makes decisions in a modular manner (Meunier et al., 2009). Modular-

ity provides an indication of the flexibility and maturity of an organization and of the

range of functions that it can perform (Langlois, 2002). Modularity has also been found

to facilitate the control of large networks (Constantino et al., 2019).

Modularity concepts have also been recently explored in the context of industrial pro-

duction (manufacturing) systems such as chemical processes, energy systems, and infras-

tructures. Industrial production systems can be built from small-scale and standardized

equipment modules that perform well-defined tasks and that are coupled together using

well-defined and sparse interfaces (Seifert et al., 2012; Bramsiepe et al., 2012; Baldea et al.,

2017). Standardization and size reduction enables mass off-site fabrication and fast trans-

portation and deployment of equipment, which accelerates experimentation and learning

and ultimately leads to technology cost reductions (Lier and Grünewald, 2011; Lier et al.,

2016; Rogers and Bottaci, 1997; Tatum, 1987; Roy and Eng, 2017; Hesler, 1990). A cele-

brated example of this principle is Henry Ford’s assembly line (Langlois, 2002). Modular

systems contrast with large and customized systems, which involve lengthy on-site con-

struction phases and difficult transportation (and are thus rarely relocated); this systems

also provide limited experimentation/testing opportunities (Wells, 1979). Modular sys-

tems also enable sequential investment strategies, which provide flexibility to mitigate

market and regulatory risk (Hagspiel et al., 2016). Small modular systems can also facili-

tate the processing of geographically dispersed resources that are deemed too expensive

to collect and centralize.

Modularization can accelerate investment in technologies such as small nuclear reac-

tors, distributed generators, power electronics, chemical processes, and battery storage

systems (Berthélemy and Rangel, 2015; Chakraborty et al., 2009; R., 1999; Rothwell, 2006;
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Dong et al., 2009). Specifically, large industrial facilities (reaching investments of billions

of U.S. dollars) might involve slow deployments and risks that few investors are willing

to tolerate. On the other hand, modularization provides flexibility in investment size and

enables faster deployments that ultimately result in reductions in time-to-market and fa-

cilitates financing. Moreover, expansion of production capacity in modular systems can

proceed sequentially, which provides a mechanism to hedge against the market and reg-

ulatory risk. We can interpret the ability to accelerate and stage investment (and thus

a hedge against risk) as a form of built-in logistical temporal flexibility. Modularity can

also provide logistical spatial flexibility in the sense that small modules can be easily

transported and relocated. This can enable the recovery of resources that are highly dis-

tributed and potentially short-lived. As a result, it has been argued that modularization

can enable more sustainable systems and circular economies (Seliger and Zettl, 2008).

For instance, modular systems can be used to harness natural gas resources that remain

stranded at oil production facilities due to limited gas pipeline infrastructure (Davis,

2016). Modular technologies can also be used to recover bio-gas from organic waste gen-

erated at animal farms, landfills, and waste-water treatment facilities. It has also been

recently observed that modular systems can be strategically placed to exploit space-time

electricity price dynamics and with this mitigate risk (Shao and Zavala, 2019). In this

context, module transportability is important from a relocation perspective. For instance,

unlike large central systems, modular systems might not be permanently placed at a sin-

gle location but might be disassembled, relocated, and re-assembled at different locations

throughout their lifetime based on changes in resource availability, policy, weather, and

infrastructure. For instance, a change in government regulations might render a given

facility location undesirable or obsolete. Small modules can also be transported back to

shops to perform maintenance and can be quickly replaced. As can be seen, space-time

logistical flexibility provided by modularity can allow organizations to diversify, mitigate

risk, and have a higher likelihood of surviving strong fluctuations of markets, govern-

ment regulations, and other externalities. On the downside, flexibility provided by small
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modular systems often comes at the expense of higher investments and reduced opera-

tional efficiency when comparing to large systems. Specifically, economies of scale benefit

large systems due to the favorable scaling of throughput with equipment size. Industrial

systems will thus likely evolve into a mixed state in which certain tasks are performed

in small dispersed modular systems while others are performed in large centralized fa-

cilities. This has the potential of inducing a re-organization of production facilities and

of entire supply chains. This is particularly the case in chemical processes and power

plants (Peters et al., 1968). This reasoning also indicates that large centralized facilities

are operationally efficient but logistically inefficient from an assembly and transportation

stand-point.

The concept of modularity is pervasive in science and engineering but, surprisingly,

there are few quantifiable measures of modularity. The availability of proper measures

is key to enable more systematic analysis, design, and comparison of modular systems.

In pioneering work, Newman proposed a modularity measure that quantifies the edge

density of a system (represented as a graph) relative to the expected edge density of a

random graph (Clauset et al., 2004; Newman, 2006). The argument behind this measure is

that modular organizations that arise in natural systems are non-random. This measure

is intuitive and has seen many interesting applications; for instance, this measure has

been shown to provide a flexible and powerful tool for the analysis and design of con-

trol architectures (Jogwar and Daoutidis, 2017; Moharir et al., 2019; Daoutidis et al., 2018;

Tang et al., 2018; Pourkargar et al., 2018, 2019) and for the decomposition of large-scale

optimization problems (Moharir et al., 2017; Allman et al., 2019). A powerful general-

ization of Newman’s measure has been proposed in (Reichardt and Bornholdt, 2006) and

here it was shown that systems of high modularity are extremum points of a Hamiltonian

function. Information-theoretical interpretations of modularity have also been proposed

in the literature (Rosvall and Bergstrom, 2008).

Unfortunately, the modularity measure proposed by Newman (and its generaliza-

tions) do not have an intuitive interpretation from a manufacturing perspective and fail
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to capture some desirable features arising in this context (e.g., module dimensions). In

order to define alternative modularity measures, it is important to highlight that: modu-

larity is not a classification but a measure (i.e., systems have different degrees of modular-

ity). Moreover, one should note that a system with fixed physical connectivity (topology)

can have different modular organizations with associated degrees of modularity and that

topology dictates the number of alternative modular organizations and their associated

modularity value. While these notions are clear from a conceptual point of view, there

is significant ambiguity associated with the definition of modularity in manufacturing.

In the metal processing industry, for instance, a module is defined as a technically and

organizationally limited area of a facility that fulfills a defined task in terms of company-

internal or -external salable goods and services (Wiendahl H.-P. and F., 2005). In the

process industry, a module is defined as an unmodifiable element that provides a dedi-

cated function for the process and is reusable during the planning or realization of mod-

ular plants (Hohmann et al., 2017). In other words, a module is a standardized and

self-functioning unit. While these definitions are intuitive, they do not provide means

to quantify modularity. Specifically, under these definitions, any equipment unit or an

entire facility itself can be a module. Moreover, these definitions fail to capture aspects

such as transportability and dimensions.

In this chapter, we propose measures to quantify the modularity of manufacturing

systems and optimization formulations to compute them. We claim that, from a manu-

facturing perspective, a system is deemed modular if: i) the equipment units that compose

it form clusters (modules) of dense connectivity (i.e., difficult module construction is per-

formed off-site), ii) connectivity between modules is sparse (i.e., easy module assembly

is performed on-site), iii) the number of modules is small, and iv) the module dimen-

sions facilitate transportation. In the proposed framework, a facility has a topology that

is modeled as a graph. Here, the physical equipment units represent nodes that are cou-

pled together via edges. This representation allows us to borrow concepts and techniques

from graph theory. Specifically, from a graph-theoretical perspective, the partitioning of
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a graph induces a modular organization, as each partition (module) is composed of a set

of nodes. For a given organization, the amount of internal module coupling relative to

the coupling between modules is referred to as the modularity (Newman, 2006). In our

approach, the proposed measure is computed for a graph by finding the partition that

induces the maximum modularity (given a fixed number of modules). We show that this

measure can be computed by solving a convex mixed-integer quadratic program. Addi-

tionally, we show that the mixed-integer representation allows us to impose additional

features such as module dimensions and to identify multiple solutions that give the same

level of modularity. We compare the proposed measure against that of Newman (widely

used in other scientific communities) to highlight the advantages and disadvantages from

a manufacturing perspective. This analysis reveals that the mixed-integer programming

formulations proposed can also be used to compute the measure of Newman while han-

dling constraints and that they can be used to find multiple solutions. Moreover, the

proposed measure can be used within optimal design formulations and in other applica-

tions beyond manufacturing (e.g., design of control architectures and decomposition of

large sets of equations).

2.2 Measures of Modularity

In our framework, we assume that connectivity, number of modules, and dimensions are

key features that define the modularity of a system. Connectivity and number of modules

dictate the nature and complexity of off-site and on-site assembly tasks while dimensions

dictate whether modules are transportable (and thus off-site assembly is possible) and

dictate economies of scale. Module connectivity is related to the problem of community

detection in networks, which has been widely studied in graph theory (Fortunato, 2010).

Motivated by this, it seems natural to model a manufacturing system as a graph that is

composed of nodes (equipment units) and edges (that connect the units) and use graph

theoretical techniques to identify modular organizations. Current techniques available
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include hierarchical clustering algorithms (Trevor Hastie and Friedman, 2009; Heo et al.,

2015), k-means clustering (Rattigan et al., 2007), spectral clustering (Donath and Hoffman,

1973), and techniques based on modularity maximization (Clauset et al., 2004; Newman,

2006). An excellent review on community detection techniques is provided in (Daoutidis

et al., 2019). In this work, we adopt a modularity maximization approach, as this provides

an intuitive approach to analyze and design modular manufacturing systems.

Figure 2.1: United States federal regulations on transportation dimensions (Fed, 2017).

Transportation logistics is a key factor that is often overlooked in modularity stud-

ies and that is unique to manufacturing (compared to other scientific disciplines such

as neurology). In particular, a commercially-viable equipment module must be trans-

portable using available infrastructure (e.g., railway and trucks) (Haney et al.). As such,

module dimensions (length, width, and height) and weight must follow government reg-

ulations. For instance, according to the United States regulations for commercial motor

vehicles, the maximum width allowed in an interstate highway is 102-130 inches (2.6-3.3

meters), the maximum height allowed is 14-16 feet (4.3-4.9 meters), the maximum length

allowed is 75 feet (22.86 meters), and the maximum weight is 44,000 lbs (Haney et al.).

Consequently, any system that does not satisfy these limits must be partitioned in or-

der to enable transportation. For example, a distillation system with a diameter of more

than 120 inches and height of 100 feet (around 40 trays with 24 inches spacing) must be

partitioned to enable transportation and must be assembled on-site. As expected, the

larger the dimensions of the system the more partitions that will be needed and the more
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complex the on-site assembly.

We observe that the different features desired for modular systems might be conflict-

ing. For instance, a small system might be the ideal modular system in that it can be

completely assembled off-site (i.e., minimizing on-site assembly tasks), packed in a single

module, and transported to its final destination. However, this small system might be

inefficient from the perspective of economies of scale. Consequently, one might be will-

ing to modularize only certain components of the system (thus increasing the number of

modules but increasing efficiency). As another example, note that one might intentionally

prefer a system with a larger number of modules in order to facilitate shop assembly of

different types of modules and at different locations.

2.2.1 Graph Theoretical Concepts

We model a system as an undirected graph G = (V, E) where V is its set of nodes (vertices)

and E is its set of edges. We define the number of nodes as n := |V| and the number

of edges as m := |E|. Connectivity of nodes in G is encoded in the adjacency matrix

A ∈ Rn×n with entries Ai,j, i, j ∈ V. We have that Ai,j = 1 if node i and node j are

connected by an edge or Ai,j = 0 otherwise. We also have that A is symmetric (i.e.,

Ai,j = Aj,i) and we assume that no self-connections are present (i.e., Ai,i = 0).

A graph G = (V, E) admits multiple possible modular organizations. A given orga-

nization partitions the node set V into a set of modules C and we define the number

of modules as t := |C|. A module c ∈ C is a node collection Vc ⊆ V and we have that⋃
c∈C Vc = V and Vc

⋂
Vc′ = ∅, c, c′ ∈ C (modules have non-overlapping elements). We use

notation c(i) ∈ C, i ∈ V to denote the module that node i ∈ V belongs to. We define the

binary module membership matrix δ ∈ {0, 1}n×n with entries:

δi,j =

 1 if c(i) = c(j)

0 otherwise
i, j ∈ V. (2.2.1)
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In other words, δi,j = 1 if nodes i, j are in the same module or δi,j = 0 otherwise. If all

nodes are in the same module we have that ∑i∈V ∑j∈V δi,j = n · n; on the other hand, if all

nodes are in separate modules, we have that ∑i∈V ∑j∈V δi,j = n because δi,j = 1 for i = j

and δi,j = 0 for i 6= j (i.e., the membership matrix is the identity matrix). An important

property of the membership matrix is that rank(δ) = t. In other words, the number of

modules equals the number of linearly independent columns (or rows) of δ. As can be

seen, the membership matrix δ encodes all relevant information associated with a given modular

organization.

To illustrate the relationship between the rank of the membership matrix and the

number of modules, suppose that we have a graph with four nodes V = {a, b, c, d} and

C = {1, 2} modules (and thus t = 2). Assume that nodes a and b are in the same module

and nodes c and d are in the another module. Therefore, we have δa,b = δc,d = 1, and

δa,d = δc,b = 0. We define the columns of δ corresponding to nodes a and c as δa and δc,

and we would like to show that these columns are linearly independent. Equivalently, we

want to prove that the only solution to the linear system

S1δa,b + S2δc,b = 0 (2.2.2a)

S1δa,d + S2δc,d = 0 (2.2.2b)

is S1 = S2 = 0. Upon substitution of δi,j in the above equations we obtain that S1 = S2 = 0

and we thus have rank(δ) = t = 2.

The partitioning of the graph G = (V, E) into modules induces an organization with a

given connectivity inside modules (intra-modules) and between modules (inter-modules).

We measure modularity of an organization as the density of internal module edges rela-

tive to the total number of edges. This measure is known as the graph coverage and can be

computed as:

cov(δ) =
1
m ∑

c∈C
|E(c)|
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=
1

2m ∑
i,j∈V

δi,j Ai,j (2.2.3)

where |E(c)| denotes the number of edges in module c ∈ C. The factor 1/2 eliminates the

repeated counting of edges in the adjacency matrix A.

We define the modularity measure of system G as:

Mt := max
δ

cov(δ) (2.2.4a)

s.t. rank(δ) ≥ t. (2.2.4b)

In other words, the modularity measure is computed by solving a rank-constrained op-

timization problem. We note that ∑i,j∈V δi,j Ai,j is at least zero and at most 2m and thus

cov(δ) ∈ [0, 1]. The cov(δ) = 1 case corresponds to ∑i,j∈V δi,j Ai,j = 2m and occurs when

δi,j = 1 for all i, j ∈ V (all nodes are in one module and thus t = 1). The cov(δ) = 0 case

corresponds to ∑i,j∈V δi,j Ai,j = 0 and occurs when δi,j = 0 for all i, j ∈ V such that Ai,j = 1.

For the maximum possible rank n = t = rank(δ), this occurs when δi,i = 1 and δi,j = 0

(the membership matrix is the identity matrix). In general, we have that cov(δ) is large

when connectivity between modules is sparse (connectivity inside modules is dense) and

we have that cov(δ) is small when the connectivity between modules is dense (inside

modules is sparse).

Consistent with the definition of graph coverage, the maximum possible value for

Mt is achieved when all nodes are contained in one module (t = 1). Consequently, for

connected graphs, the value of M1 is always one. In this case, the modularity measure

is given by the unconstrained problem M1 = maxδ cov(δ). Restricting the number of

modules to any value t > 1 forces placement of edges outside modules and thus decreases

the modularity measure Mt. In the limit when we restrict t = n, we obtain the minimum

modularity Mn (corresponding to the case in which every node is in a different module).

The proposed modularity measure Mt thus naturally captures trade-offs between graph

connectivity and number of modules.
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The proposed definition of modularity is intuitive from a manufacturing perspective

but alternative definitions exist in the literature (particularly in scientific applications).

In the supplementary material we provide a perspective on alternative definitions along

with their advantages and limitations.

2.2.2 Illustrative Example

1

2

3

4

5

Figure 2.2: Example graph G = (V, E) used to illustrate graph theoretical concepts.
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4

5

1
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Figure 2.3: Modular organizations for example graph with t = 2 (left) and t = 5 (right).

We use a simple graph (see Figure 2.2) with n = 5 nodes and m = 6 edges to illustrate
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the concepts. The adjacency matrix A of this graph is:

A =



0 1 1 0 1

1 0 1 0 0

1 1 0 1 0

0 0 1 0 1

1 0 0 1 0


The membership matrices δ for two modular organizations with t = 2 and t = 5 (see

Figure 2.3) are:

δ =



1 1 1 1 0

1 1 1 1 0

1 1 1 1 0

1 1 1 1 0

0 0 0 0 1


δ =



1 0 0 0 0

0 1 0 0 0

0 0 1 0 0

0 0 0 1 0

0 0 0 0 1


The matrix on the left has rank(δ) = t = 2 and is a solution of problem (2.2.4) with t = 2

and modularity measure is M2 = 4/6 (coverage cov(δ) = 4/6). Because this is a solution

to (2.2.4), any alternative configuration with t = 2 must have M2 ≤ 4/6. Upon inspection,

one can indeed see that the number of internal module edges is four and the total number

of edges is m = 6. The identity matrix on the right indicates that each node belongs to

a module and thus rank(δ) = t = 5 and is the solution of problem (2.2.4) with t = 5 and

M5 = 0 (coverage is cov(δ) = 0).

2.2.3 Optimization Formulations for the Modularity Measure

We proceed to show that the proposed modularity measure can be formulated as a mixed-

integer quadratic program. To motivate our discussion, we define the binary variable

matrix x ∈ {0, 1}n×n with entries xi,j := (1− δi,j). The unconstrained modularity measure
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can be computed by using the mixed-integer linear program (MILP):

max
x

1
2m ∑

i,j
Ai,j(1− xi,j) (2.2.5a)

s.t. xi,j ≤ xi,k + xk,j, j > i, i, j, k ∈ V (2.2.5b)

xi,i = 0, i ∈ V (2.2.5c)

xi,j = xj,i, i, j ∈ V . (2.2.5d)

The first constraint enforces the logic that, if i and j are in the same module and i and k

are in the same module, then j and k must be in the same module. The second and third

constraints capture basic logic that follows from the definition of the membership matrix.

This formulation highlights intuitive connections between modularity and mixed-integer

formulations. Unfortunately, this MILP formulation does not offer direct control on the

number of modules (which is needed to compute measure Mt).

To obtain direct control on the number of modules, we propose a mixed-integer

quadratic (MIQP) programming formulation. Here, we define a module (partition) set

C := {1, ..., t} with dimension t ≤ n. We define a binary variable matrix x ∈ {0, 1}n×t

with entries xi,k = 1 if node i ∈ V is in module k ∈ C and xi,k = 0 otherwise. Importantly,

under these definitions, we have that:

δi,j = ∑
k∈C

xi,kxj,k, i, j ∈ V. (2.2.6)

Because of this, the modularity measure Mt can be computed by using the MIQP:

max
x

1
2m ∑

i,j∈V
Ai,j ∑

k∈C
xi,kxj,k (2.2.7a)

s.t. ∑
k∈C

xi,k = 1, i ∈ V (2.2.7b)

∑
i∈V

xi,k ≥ 1, k ∈ C (2.2.7c)
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The first constraint enforces the logic that a node can only belong to one module while the

second constraint ensures that at least one node is assigned to each module. The MIQP

formulation is expected to be more computationally intensive than the MILP formulation

but it captures the features needed (i.e., enforces the rank constraint). For simplicity

in the discussion, we transform the MIQP into a minimization problem with objective

− 1
2m ∑i,j∈V Ai,j ∑k∈C xi,kxj,k.

2.2.4 Convexification of MIQP Formulation

We have found that the MIQP (in minimization form) can be cast as a convex MIQP,

which is solvable by modern solvers. To see this, we define the variable vector xk =

(x1,k, x2,k, ..., xn,k), k ∈ C and note that we can rewrite the objective function as:

1
2m ∑

i,j∈V
Ai,j ∑

k∈C
xi,kxj,k =

1
2m ∑

k∈C
∑

i,j∈V
xi,k Ai,jxj,k

=
1

2m ∑
k∈C

xT
k Axk

=
1

2m
vec(x)T Hvec(x) (2.2.8)

where H is a block-diagonal matrix of the form:

H =


A

. . .

A

 (2.2.9)

and vec(x) = (x1, x2, ..., xt). We note that H is indefinite because the adjacency matrix A is

indefinite. However, we note that the entries of vec(x) are all binary at any feasible solu-

tion and thus vec(x)Te = vec(x)Tvec(x) holds (e is a vector of ones of the same dimension

as vec(x)). Consequently, we can write the objective function in the equivalent form:

1
2m

vec(x)T Hvec(x) =
1

2m
(vec(x)T(H + Iρ)vec(x)− ρvec(x)Te). (2.2.10)
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for any positive ρ ∈ R+ and where I is the identity matrix. This equivalence follows from:

1
2m

vec(x)T Hvec(x) =
1

2m
(vec(x)T(H + Iρ)vec(x)− ρvec(x)T Ivec(x))

=
1

2m
(vec(x)T(H + Iρ)vec(x)− ρvec(x)Te)

=
1

2m
(vec(x)T Hvec(x) + ρvec(x)Te− ρvec(x)Te)

=
1

2m
vec(x)T Hvec(x). (2.2.11)

As a result, we can always make the coefficient matrix of the MIQP (H + Iρ) positive

definite without affecting the solution and thus make the problem solvable using state-

of-the-art solvers. The most obvious choice for ρ would be to use the smallest eigenvalue

of H (the smallest eigenvalue of A).

2.2.5 Modeling Extensions and Other Applications

Mixed-integer programming formulations offer flexibility to impose requirements that

might be of interest from a manufacturing perspective. For instance, we consider the

extended formulation:

max
x

1
2m ∑

i,j∈V
Ai,j ∑

k∈C
xi,kxj,k (2.2.12a)

s.t. ∑
k∈C

xi,k = 1, i ∈ V (2.2.12b)

∑
i∈V

xi,k ≥ 1, k ∈ C (2.2.12c)

Dk ≤ ∑
i∈V

xi,kDi ≤ D̄k, k ∈ C (2.2.12d)

Here, the last constraint imposes module feature constraints. The quantity Di ∈ R+

denotes the feature of each node and Dk, Dk ∈ R+ are lower and upper bounds for the

features. This constraint can be used to enforce different module features such as weight,

height, and number of nodes in a module. For instance, the number of nodes in a module
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can be controlled by using the constraint:

Dk ≤ ∑
i∈V

xi,k ≤ D̄k, k ∈ C. (2.2.13)

The proposed formulation can also be extended to impose logic constraints to force/pre-

vent nodes from being in the same modules and can be extended to identify multiple

organizations that lead to the same modularity measure (e.g., by using no-good cuts). In

fact, modern mixed-integer solvers can compute all solutions that give the same optimal

objective value.

We highlight that the proposed modularity measure and MIQP formulation can be

used in other applications that go beyond manufacturing. For instance, these tools can

be used to identify optimal configurations for control architectures and optimal decom-

position strategies for optimization problems (Daoutidis et al., 2019; Allman et al., 2019).

In this context, constraints on the number and size of modules can be used to create

balanced configurations (e.g., to handle computational load balancing issues).

It is important to emphasize that modularity is directly associated to the partitioning

of a graph and, as such, there is no analytical representation for such a measure. In other

words, one needs to specify the partition of the graph first and then compute the modu-

larity measure. Because of this, modularity needs to be expressed as an optimization that

implicitly finds a partition of maximum modularity.

2.2.6 Alternative Modularity Measures

Broadly speaking, modularity is a graph measure that captures the density of internal

edges in the modules relative to the total number of edges in a graph. From a mathemat-

ical standpoint, the measure can be defined in different forms and the actual selection is

driven by the application at hand (Fortunato, 2010). In this section, we discuss an alter-

native modularity measure that is widely used in network analysis (in order to highlight

advantages and disadvantages in the context of manufacturing).
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In pioneering work, Newman proposed to measure the modularity of the graph by

comparing the density of the internal module edges relative to those found in a random

graph with similar properties (Newman, 2006). The argument behind this definition is

that modularity originates naturally in real systems from non-random structures and thus

a graph with high modularity should be the one that deviates as much as possible from

a random graph.

To derive Newman’s modularity measure, we define a random graph that has the

same degree distribution as the system graph G = (V, E). The random graph is such

that the probability that a node is connected to another is uniform. Consequently, the

probability that an edge starts from or ends at node i ∈ V is ki/2m. We define the

probability matrix P ∈ Rn×n with entries

Pi,j =
ki

2m
· k j

2m
=

kik j

4m2 , i, j ∈ V (2.2.14)

denoting the probability of finding a connection between node i and j. The expected

value of the number of edges between nodes i and j is given by

Fi,j = 2m · kik j

4m2 =
kik j

2m
, i, j ∈ V (2.2.15)

At the core of Newman’s measure is the modularity matrix B ∈ Rn×n with entries

Bi,j = Ai,j − Fi,j, i, j ∈ V (the matrix is the difference of the graph adjacency matrix and

the adjacency matrix of the random graph). We can establish that the modularity matrix

is symmetric:

Bi,j = Ai,j −
kik j

2m

= Aj,i −
kik j

2m

= Bj,i, i, j ∈ V. (2.2.16)

Moreover, we have that ∑i∈V Bi,j = ∑i∈V Bj,i = 0 for all j ∈ V (the modularity matrix has
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normalized columns and rows). Newman noticed that this property induces desirable

properties of the eigenvalues and eigenvectors of the modularity matrix.

For a given organization (partition into set of modules C) we define the quality func-

tion Q ∈ R that measures the density of internal edges inside modules relative to the

fraction induced by the associated random graph. In mathematical terms:

Q = ∑
c∈C

(
|E(c)|

m
−
(

∑i∈V ki

2m

)2
)

, (2.2.17)

where |E(c)| is the number of intra-cluster edges in module c (|E(c)|/m is the coverage)

and ki is the degree of node i. The quality can be expressed in terms of the membership

matrix δ as:

Q(δ) =
1

2m ∑
i,j∈V

Bi,jδi,j

=
1

2m ∑
i,j∈V

(
Ai,j − Fi,j

)
δi,j

=
1

2m ∑
i,j∈V

(
Ai,j −

kik j

2m

)
δi,j. (2.2.18)

Newman’s modularity measure is given by the modular organization that achieves the

maximum quality function:

M := max
δ

Q(δ) (2.2.19)

One can show that the quality function Q(δ) can take any value in the range [−1/2, 1] and

thus M ∈ [−1/2, 1].

The measure of Newman does not assume a number of modules (as the proposed

measure does). One can extend the definition to control the number of modules by using

the rank-constrained formulation:

Mt := max
δ

Q(δ) (2.2.20)
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s.t. rank(δ) ≥ t. (2.2.21)

Diverse MILP and MIQP formulations have been proposed to compute the unconstrained

and rank-constrained variants of the modularity measure of Newman (Agarwal and

Kempe, 2008; Xu et al., 2007). Interestingly, we note that one can compute this measure

by using a MIQP that is similar to that proposed in our work. The MIQP formulation

takes the form:

max
x

1
2m ∑

i,j∈V
Bi,j ∑

k∈C
xi,kxj,k (2.2.22a)

s.t. ∑
k∈C

xi,k = 1, i ∈ V (2.2.22b)

∑
i∈V

xi,k ≥ 1, k ∈ C. (2.2.22c)

The objective function of this problem can also be expressed as
1

2m
vec(x)T Hvec(x) where

H is a block-diagonal matrix of the form:

H =


B

. . .

B

 (2.2.23)

The modularity matrix B is indefinite (Newman, 2006) (and thus H is indefinite) but we

can use the same convexification procedure outlined previously to reformulate the MIQP

into a concave QP. The proposed formulation is more intuitive and compact that the MIQP

formulations that exist in the literature (Xu et al., 2007). Bench-marking the computational

performance of different formulations is left as an interesting topic of future work.

The modularity measure of Newman can in principle be used to guide modular de-

signs in manufacturing. The interpretation of this measure, however, is less intuitive

from this perspective (e.g., it can take negative values and is a measure relative to a ran-

dom graph). Moreover, this measure is not monotonic in the number of modules (as the
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measure proposed in this work is). Because of this, the measure of Newman does not

naturally minimize the number of modules. As a result, using this measure to perform

comparisons between designs and systems is more complicated. We also highlight that

the measure of Newman is degenerate (many configurations can give the same measure)

and this can introduce significant ambiguity in the analysis. The proposed mixed-integer

programming formulations provide a mechanism to explore and mitigate this degener-

acy. Unfortunately, there are significant computational challenges to apply mixed-integer

techniques in the analysis of large graphs (the community detection problem is known to

be NP hard). A large number of heuristic techniques have been developed in the literature

to handle large graphs

2.3 Case Study

We use the proposed modularity measure and MIQP formulation to identify modular

configurations for a dimethyl-ethyl (DME) production process from methanol (Bhat-

tacharyya et al., 2012). Methanol is an intermediate product during the production of

DME from natural gas and thus small modular DME plants can provide a potential path-

way to help recover billions of cubic feet of natural gas that are currently stranded and

flared. The DME process is intuitively partitioned by practitioners into three functional

subsystems: the feed and reactor section, the DME purification section, and the methanol

separation and the recycle section. The process flow diagram (PFD) and the subsystems

are shown in Figure 2.4. We created a block and graph representation for the process. To

do so, we represent each equipment unit and junction as a node and each flow connection

as an edge. The block and graph representations are shown in Figure 2.5. We use node

dimension as a feature that affects the system modularity (i.e., this affects transportation).

Labels and dimensions for the nodes are presented in Table 2.1.

We first computed the unconstrained modularity measure while ignoring rank (num-

ber of modules) and dimension constraints. As expected, the solution of this problem
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Figure 2.4: Flow diagram and subsystems for dimethyl-ethyl (DME) process (adapted
from (Bhattacharyya et al., 2012)).

gives a modularity measure M1 = 1 (i.e., all nodes are assigned to one module). We then

computed the modularity measure by spanning the range t ∈ [1, 6]. The results are sum-

marized in Table 2.2 and a visualization of each configuration is presented in Figure 2.6.

We can see that, as the number of modules increases, the modularity measure decreases

from M1 = 1 to M6 = 0.875. We thus have that, for a configuration with t = 6, 87.5% of

the edges are inside the modules while 12.5% connect the modules (the configuration has

sparse intermodule coupling).

For every value of t, we computed all possible equivalent configurations (solutions

that give the maximum value of Mt). We do this in order to highlight that multiple con-

figurations can give the same modularity measure. We found that the number of alter-

native solutions increases sharply with the increasing number of modules. This indicates

that degeneracy increases with the number of modules and highlights the combinato-



30

Figure 2.5: Block diagram representation (top) and graph representation (bottom) for
DME process.

rial nature of the problem. This also indicates that there is significant flexibility to find

configurations that satisfy additional requirements (such as dimension constraints).

We computed the modularity measure by considering dimension constraints (but ig-
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Table 2.1: Node labels and dimensions for each node in the DME process.

Node Equipment Dimension Node Equipment Dimension

1 Feed 0 19 Valve 1

2 V-1001 5 20 Valve 1

3 P-1001A/B 2 21 Product 0

4 Flow Junction 0 22 Valve 1

5 Valve 1 23 T-1002 15

6 E-1001 2 24 E-1007 2

7 E-1002 8 25 V-1003 4

8 R-1001 20 26 P-1003A/B 2

9 Flow Junction 0 27 Valve 1

10 Valve 1 28 E-1006 2

11 Flow Junction 0 29 Valve 1

12 E-1003 2 30 E-1008 2

13 Valve 1 31 Product 0

14 T-1001 20 32 Valve 1

15 E-1004 2 33 Flow Junc 0

16 E-1005 2 34 Flow Junc 0

17 V-1002 4 35 Flow Junc 0

18 P-1002A/B 2

nore rank constraints). Here, we explore the impact of scaling-up the process and set the

minimum dimension of each module to Dk = 20 and the maximum dimension D̄k = 40. A

visualization of the modular configuration is shown in Figure 2.7 and the associated node-

module membership is shown in Table 2.3. Here, we also report the module dimensions

∑i∈V xi,kDi for all k ∈ C. We observe that the dimension constraints induce an organi-

zation with t = 3 modules and the associated modularity measure is M3 = 0.925 (only

7.5% of the edges connect modules). Interestingly, we can see that the resulting modu-
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Table 2.2: Modularity measures and number of alternative configurations for DME pro-
cess obtained with rank constraints (without dimension constraints).

Rank (t) Modularity Measure (Mt) # of Configurations Solution Time (sec)

1 1 1 14.69

2 0.975 18 14.67

3 0.95 216 14.77

4 0.925 2016 15.68

5 0.9 15120 15.16

6 0.875 90720 15.10

t=1 t=2 t=3

t=6t=5t=4

Figure 2.6: Sample modular configurations for DME process for t ∈ [1, 6].

lar organization is the same as the functional organization shown in Figure 2.4 (with the

exception of valves). In fact, we found that the modularity measure that result from the

functional organization of Figure 2.4 is 0.925 and is thus optimal. This highlights that

practitioners use natural logic to modularize systems and that the proposed modularity

measure is intuitive.

We explored the effect of scaling up and down on the modularity measure by scaling
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Figure 2.7: Modular configuration for baseline DME process obtained under dimension
constraints (adapted from (Bhattacharyya et al., 2012)). Graph representation (top) and
corresponding flowsheet (bottom).
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Table 2.3: Modular configuration for DME process obtained under dimension constraints.

Module Nodes Module Dimension

1 [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 32, 33] 40

2 [12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 34] 36

3 [23, 24, 25, 26, 27, 28, 29, 30, 31, 35] 29

the equipment unit dimensions. Scaling results are summarized in Table 2.4. We recall

that the baseline measure value is M3 = 0.925. As expected, we observe that the number

of modules increases and the modularity measure decreases as we scale up the process.

By scaling the equipment units up by 20% the measure decreases to M2 = 0.875. The

modularity measure achieves its ideal value of M1 = 1 when the baseline process is scaled

down by 30%. This highlights that the modularity measure proposed is consistent and

that dimension constraints can also be used to implicitly control the number of modules.

Table 2.4: Effect of DME process scaling on modularity measure.

Scale Measure Rank Solution Time (sec) Solution Time (sec)

(Mt) (t) with Gurobi with Convexification

0.3 1.0 1 15.59 16.91

0.5 0.95 2 15.25 16.17

1 (Baseline) 0.925 3 15.36 17.67

1.2 0.875 4 15.80 16.48

1.5 0.775 5 15.37 16.73

1.9 0.75 6 16.05 17.01

The MIQPs were solved using Gurobi (version 0.6.0) and were implemented in the

Julia-based JuMP modeling framework. We use GraphPlot and LightGraphs for graph
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manipulation and visualization. All node needed to reproduce the results can be found in

https://github.com/zavalab/JuliaBox/tree/master/ModularityMeasures. We solved

the MIQP problems by convexifying them directly. To do so, the minimum eigenvalue

of the adjacency matrix A is -2.62 and thus we used ρ = 3. We highlight that Gurobi

can also automatically convexify the problem (convexification by the user is not needed).

We confirmed that both approaches give the same solutions (Gurobi gives slightly better

times). The solution times obtained are in the range of 14 to 17 seconds (these are reported

in Table 2.4).

Table 2.5: Comparison of the number of solutions for problems with and without dimen-
sion constraints (DCs).

Rank Measure (Mt) # of Configurations Measure (Mt) # of Configurations

(t) without DCs without DCs with DCs with DCs

3 0.950 216 0.925 78

4 0.925 2016 0.875 384

5 0.900 15120 0.775 1920

We computed the number of solutions for problems with dimension constraints for

t = 3, t = 4 and t = 5 and compared against the number of solutions obtained without

dimension constraints. The results are summarized in Table 2.5. We can see that for

all cases, the number of solutions are drastically reduced when dimensional constraints

are added. This highlights the importance of enforcing additional module features to

mitigate the natural degeneracy of modularity measures. In particular, other modularity

measures used in the scientific literature, such as that of Newman, are degenerate (i.e.,

different organizations give the same modularity measure) and this degeneracy can in-

troduce ambiguity in the analysis. Mixed-integer programming approaches allow us to

systematically explore the set of feasible solutions.

https://github.com/zavalab/JuliaBox/tree/master/ModularityMeasures
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2.4 Conclusions and Future Work

In this chapter, we propose a measure to quantify the modularity of industrial production

(manufacturing) systems and optimization formulations to compute it. From a manufac-

turing perspective, we argue that a system is deemed modular if: i) the equipment units

that comprise it form clusters (modules) of dense connectivity (i.e., difficult module as-

sembly tasks are performed off-site), ii) connectivity between modules is sparse (i.e., easy

assembly tasks are performed on-site), iii) the number of modules is small, and iv) the

module dimensions facilitate transportation. We show that the measure proposed satis-

fies these requirements and that it can be computed by solving a convex mixed-integer

quadratic program. Moreover, this formulation allows us to capture logical constraints

associated with module dimensions and node-module membership restrictions. We pro-

vide a discussion on advantages and disadvantages of alternative modularity measures

used in different scientific and engineering communities. Our results seek to highlight

conceptual and computational challenges that arise from the need to define and quantify

modularity in a manufacturing context.

As part of future work, we are interested in using the proposed measure to guide the

synthesis of systems with desired modularity properties. To tackle scalability issues, we

are also interested in exploring computational strategies to analyze large-scale graphs.

Moreover, there exist interesting synergies of the modular design principles discussed

in this work with modular design principles of control architectures (Daoutidis et al.,

2019). This is because in both cases one is implicitly seeking to minimize the degree of

interaction between modules. Using the proposed measure to understand the interplay

between modular design and control is an interesting topic of future work.
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3
B E N E F I T S O F M O D U L A R D E S I G N - S PAT I A L F L E X I B I L I T Y

This chapter talks about the spatial flexibility brought by deploying modular technologies,

and is published in Shao and Zavala (2019) titled "Space-Time Dynamics of Electricity

Markets Incentivize Technology Decentralization".

3.1 Introduction

Decentralization of technologies for power generation (e.g., power plants), consumption

(e.g., manufacturing facilities and data centers), and storage (e.g., batteries) is an ongoing

industrial trend (Stankiewicz et al., 2000; Ramshaw, 1999). From the perspective of an in-

dependent system operator (ISO) of the power grid, decentralization is desirable as it can

provide spatial flexibility to control network flows and to overcome limited transmission

infrastructure (Buchholz, 2010; Kim et al., 2017a). In addition, large centralized power

generation and consumption facilities can become liabilities during extreme weather or

cyber attacks (Lier and Grünewald, 2011). To give an idea of the risk that large central-

ized facilities pose to the power grid, consider the fact that the load of a conventional

ammonia manufacturing plant is around 64 MW (Egenhofer et al., 2017) and that the

load of a large data center reaches 50 MW (Avgerinou et al., 2017) (equivalent to the load
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of tens of thousands of homes). Similarly, the power supply of a large centralized power

plant such as the Hammond plant in Georgia is 800 MW (Georgia Power). The growing

demand from large data centers is of particular concern as it is projected that, within the

next decade, the loads from such facilities will represent over 20% of the total grid load

(Kim et al., 2017a). Another issue associated with centralized facilities is that they provide

limited investment flexibility to mitigate long-term risks in electricity prices and policy.

The need to mitigate investment risks is promoting the development and deployment of

smaller-scale (modular) technologies (Guo et al., 2009; Wu et al., 2009; Palys et al., 2018;

Kim et al., 2017b). On the other hand, it is well-known that large centralized systems

benefit from economies of scale and thus a strong trade-off exists between expected profit

and risk.

Figure 3.1: Electricity price fluctuation in the RTM on February 5, 2015 in CAISO.

Because electricity prices are a key driving factor in the revenue/cost of facilities,

space-time price fluctuations must be considered in investment and operating decisions.

For instance, power generation and consumption facilities often sell/purchase electricity

in the Day-Ahead Energy Market (DAM) as opposed to the Real-Time Energy Market

(RTM) to minimize risk, as the former is far less volatile (ISO New England; Dowling

et al., 2017; Conejo et al., 2005). The growing share of renewable power in the supply port-

folio is also introducing stronger market volatility and risk (Johnson and Oliver, 2016), as
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unpredictable weather events can disrupt these renewable technologies and thus cause in-

termittent and volatile electricity supply. This issue is exacerbated by the lack of sufficient

elastic (flexible) demand. The temporal and spatial volatility of electricity prices in RTM

is illustrated in Figure 3.1. Here, we show the nodal price change over 20 minutes for a

specific day in California. We see that, under a 20-minute period, the average electric-

ity price increases from 48.42 USD/MWh to 592.33 USD/MWh and then drops to 35.15

USD/MWh. Here, we also see that such fluctuations are less abrupt at some network

locations. Price volatility is less severe in day-ahead markets; in fact, day-ahead markets

are precisely designed to pre-allocate generation and loads in the network in order to

help participants mitigate profit risk (Zavala et al., 2017). On the other hand, the average

RTM price is typically lower than the average DAM price. Consequently, there exists a

premium to participate in the DAM (in order to avoid RTM volatility and associated risk).

This suggests that there exists an economic incentive to decentralize (diversify) generation

and load assets over multiple network locations in order to exploit spatial correlations in

DAM and RTM prices (and with this avoid large premia). Similarly, spatial variations in

DAM and RTM prices can be exploited by decentralized facilities to maximize profit. For

instance, large cloud computing providers are currently placing data centers strategically

in the network in order to avoid large electricity costs (Kim et al., 2017b). One could also

envision that small modular manufacturing facilities can be relocated to exploit more fa-

vorable prices. A challenge that arises in this context is that DAM and RTM prices exhibit

complex spatio-temporal dynamics and correlation patterns (Wang and Hobbs, 2014). As

a result, it is non-trivial to identify suitable degrees of asset decentralization and optimal

locations for such assets.

In this work, we propose a computational framework for analyzing economic incen-

tives created by space-time dynamics of electricity markets. Our framework is based

on an asset placement formulation that seeks to find optimal locations for generation

and load (consumption) assets in the network that minimize profit risk. We show that

an unconstrained version of this problem can be cast as an eigenvalue problem. Under
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this representation, optimal network allocations are eigenvectors of the space-time price

covariance matrix, while the eigenvalues are the profit variances that result from such

allocations. Consequently, risk analysis can be performed in a systematic and computa-

tionally efficient manner by using principal component analysis (PCA). We construct a

constrained placement problem that captures constraints on the types of assets and that

trade-offs risk and expected profit. Unfortunately, for the ISO-scale data sets of inter-

est, this problem is a large-scale mixed-integer quadratic programming (MIQP) problem

that cannot be solved with current solvers. We use the mean absolute deviation as an

alternative risk measure to obtain a more scalable (but still challenging) mixed-integer

linear program (MILP). Analysis using the California ISO (CAISO) market data for 2015

reveals that space-time market dynamics provide significant incentives for strategic di-

versification and asset placement but that complete mitigation of revenue risk is only

possible by simultaneous investment in decentralized generation and load assets (which

can also be achieved by using batteries or hybrid systems such as microgrids or other

prosumers). These results are of relevance given the recent interest in the deployment

of small-scale modular technologies. We highlight that our work focuses on the use of

real (but historical) data to conduct analysis; as such, the study is realistic but has limited

predicted power. Unfortunately, existing forecasting techniques for economic time-series

data focus on uni-dimensional data (Ledoit and Wolf, 2004), while the market data set

considered here is high-dimensional (reaching thousands of locations that are correlated

in space and time). As part of future work, we will investigate forecasting strategies for

such high-dimensional data sets.

In the following sections, we motivate our discussion by conducting a basic space-

time analysis of electricity markets in California. In section 3.2, we formulate the elec-

tricity market clearing model and explore the effect of modularization on social welfare

and electricity prices. In Section 3.3 we formulate the technology placement problem,

interpret it as an eigenvalue problem, and provide scalable constrained variants. A de-

tailed analysis of the California ISO data set using the placement problem formulations
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is provided in Section 3.4.

3.2 Electricity Market Clearing Model

In this section, we formulate the electricity market clearing model and use optimization

tools to find out the effect of modularization on social welfare and electricity prices.

3.2.1 Market Setting

We consider a deterministic market setting that comprises a set of nodes N , transmission

lines that between each node F , power suppliers S , and power consumers D. Each node

n ∈ N is associated with a power supplier, a power consumer and power flows in and out

of that node. At a single node, each power supplier i ∈ S has its own capacity s̄i ∈ R+ and

bidding price αs
i ∈ R+, and each power consumer j ∈ D has its own capacity d̄j ∈ R+ and

bidding price αd
j ∈ R+. The transmission line ` ∈ F has a two-directional flow f` ∈ R,

and satisfies 0 ≤ f` ≤ f̄`. A positive value of f` corresponds to a flow into the node, while

a negative value of f` corresponds to a flow out of the node. We also define a market

clearing price (i.e., locational marginal price) for each node n ∈ N as πn. A shorthand

notation s, d, f is used to refer to all supply, demand and flow in the electricity market.

3.2.2 Node Balance

Each node n ∈ N in the network should satisfy the following flow balance:

(
∑

i∈Sn

si − ∑
j∈Dn

dj

)
+

 ∑
`∈F out

n

f` − ∑
`∈F in

n

f`

 = 0, n ∈ N (3.2.1)

The terms inside the first parenthesis are the supply and demand of electricity at each

node. The terms inside the second parenthesis are the total inflows and outflows of a

node. The difference in the supply and demand at each node is balanced by the net flow
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that comes in or flows out of the node.

3.2.3 Capacity Constraints

The supply, demand, and flows of each node are bounded by:

0 ≤ si ≤ s̄i, i ∈ S (3.2.2a)

0 ≤ dj ≤ d̄j, j ∈ D (3.2.2b)

0 ≤ f` ≤ f̄`, ` ∈ F . (3.2.2c)

The upper bounds of the supply and the demand are the amount of electricity that each

supplier and consumer report to the ISO before it clears the market. The flow constraints

are determined based on the quality of transmission lines.

3.2.4 Market Clearing Formulation

Every time the ISO clears the market, the goal is to maximize the social welfare, which

includes any gain or loss on the transmission lines and the difference between the benefit

of all the consumers and the overall cost of all the suppliers. The social welfare function

in a coordinated market that captures the supply, the demand, and the transmission lines

is:

ϕ = ∑
j∈D

αd
j dj −∑

i∈S
αs

i si − ∑
`∈F

α
f
` f` (3.2.3)

Therefore, the optimization problem that the ISO faces is to maximize the social welfare

function. The market clearing problem becomes:

max ∑
j∈D

αd
j dj −∑

i∈S
αs

i si − ∑
`∈F

α
f
` f` (3.2.4a)



43

s.t.

(
∑

i∈Sn

si − ∑
j∈Dn

dj

)
+

 ∑
`∈F out

n

f` − ∑
`∈F in

n

f`

 = 0, n ∈ N (3.2.4b)

0 ≤ si ≤ s̄i, i ∈ S (3.2.4c)

0 ≤ dj ≤ d̄j, j ∈ D (3.2.4d)

0 ≤ f` ≤ f̄`, ` ∈ F . (3.2.4e)

3.2.5 Electricity Price and Market Player Profits

The dual variable of the above optimization model represents the market clearing price

at node n for n ∈ N as πn, and the profit of each market player is represented as follows:

φs
i (πi, si) := (πi − αs

i )si, i ∈ S (3.2.5a)

φd
j (πj, dj) := (αd

j − πj)dj, j ∈ D (3.2.5b)

φ
f
` (∆π`, f`) := (∆π` − α

f
` ) f`, ` ∈ F . (3.2.5c)

Equation 3.2.5a shows the profit of each supplier in the market. πisi is the revenue gained

by supplier i ∈ S from selling electricity, and αs
i si represents the cost of power production

by the same supplier. Similarly, Equation 3.2.5b shows the profit each consumer achieves

in the market. πjdj is the cost of consumer j ∈ D by paying the electricity, and αd
j dj is the

revenue gained by the consumer, which can be thought of as the price that the customer

values the electricity. Equation 3.2.5c shows the profit gathered by the transmission line

operators. Here, ∆π` represents the difference in the electricity price between the two

nodes that the transmission line connects. ∆π` f` represents the revenue gained and α
f
` f`

represents the cost of the transmission line.



44

Figure 3.2: Scheme of system 1 with 2 settings

3.2.6 Case Study

Now that we have established the fundamentals of the electricity market, we use a simple

setting, in which observations can be made comparatively easily, to explore the effect of

modularization on social welfare and electricity prices. We seek to make a generalized

conclusion based on our observations, and prove certain properties mathematically in the

following sections.

Figure 3.2 shows the same electricity power grid with two different market settings

that we will use to demonstrate the idea of modularization. In the first setting, the system

has three nodes, each of which is associated with a supply and a demand. Each supply

and demand are deterministic, and they are independent of each other. Node 1 has a

supply capacity of 50 MWh and a demand capacity of 0 MWh. Node 2 has a supply

capacity of 25 MWh and a demand capacity of 150 MWh. Node 3 has a supply capacity

of 100 MWh and a demand capacity of 0 MWh. For all three nodes, the bid prices for

the suppliers, αs
i , are {10,1,20} $/MWh, while the bid prices for the consumers, αd

i , are

{1000,1000,10000} $/MWh. The electricity can flow from node 1 to node 2, and from node
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Table 3.1: System 1. Comparison of quantities, prices and social welfare

settings dj (MWh) si (MWh) πi ($) f` (MWh) ϕ ($)

setting 1 {0,150,0} {25,25,50} {10,1000,20} {25,-50} 98,650

setting 2 {50,50,50} {50,25,75} {20,21,20} {0,-25} 147,950

Table 3.2: System 1. Comparison of the profits

settings φs
i (πi, si) ($) φd

j (πj, dj) ($) φ
f
` (∆π`, f`) ($) Total Profit ($)

setting 1 24,975 0 73,675 98,650

setting 2 1,000 146,950 0 147,950

2 to node 3, both forward and backward but not from node 1 to node 3. The transmission

capacities of both lines are also deterministic, and set to {25,50} MWh. The costs of

transmission for both lines are set to be 1 $/MWh. In this setting, the electricity consumer

at node 2 represents one of the chemical plants or data centers mentioned previously,

which consumes a huge amount of electricity that may have a profound impact on power

transmissions and electricity prices at different locations.

In the second setting, we still have 3 nodes, and all the settings remain the same except

that now, the single demand at node 2 in setting 1 is replaced by 3 identical demand at all

3 nodes. That is, the demand capacity for node 1, 2 and 3 is all 50 MWh. In other words,

instead of a single centralized chemical plant or data center, now it is decentralized to

3 modular facilities that each has the same electricity consumption and adds up to the

amount that the centralized facility in setting 1 consumes. With the decentralized loads,

we expect that the tension in the transmission lines can be relaxed, and the electricity can

be transformed more freely among the three nodes. The described setups and the results

for both settings are summarized in Table 3.1 and 3.2.

We can see that when we decentralize the electricity consumption among all three
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nodes in setting 2, the social welfare improves by 50%, from 98,650$ to 147,950$. Both

transmission lines changes from fully loaded in setting 1 to partially loaded or fully

relaxed in setting 2. In setting 1, only 100 MWh of 150 MWh electricity demand is

satisfied due to the limits of the transmission line. However, in setting 2, the relatively

small energy consumption at each node can first be satisfied by the electricity supply at its

own location, which relaxes the tension in the transmission lines, and creates the spatial

flexibility that allows the ISO to satisfy more electricity demand elsewhere. Another

characteristic of setting 2 is that the electricity prices at all 3 nodes are homogenized. In

setting 1, again because of the limits in the transmission line and the shortage of electricity,

the electricity price at node 2 is the same as the bid price for consumers, leaving no profits

for them in the electricity market. However, when the tension in the transmission lines is

relaxed, and all demands are satisfied in setting 2, the electricity market switches from a

seller’s market to a buyer’s market. The spatial flexibility allows the ISO to allocate the

electricity freely around the three nodes, homogenizing the prices at all locations. The

absurdly high price at node 2 disappears, and profits for electricity consumers increase.

Also shown in Table 3.2, the profits for the supplier and the transmission lines decrease,

while the profit for electricity consumers increases. Most importantly, the total profit

increases and the value matches the maximized social welfare. The profit change is mainly

the result of homogenized electricity prices.

3.3 Optimal Placement Problem

In this section, we derive different variants of the optimal placement problem that will

allow us to explore incentives provides by space-time dynamics of electricity markets.

3.3.1 Unconstrained Formulation

We capture the space-time price data in a matrix Π ∈ Rm×n. Here, the number of columns

n is the number of spatial network locations (nodes) and the number of rows m is the
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number of time points. The matrix entry Πi,j is interpreted as price at time i and at

node j. We use pi := Πi,: ∈ Rn, i = 1, ..., m to denote all node prices at time i. We

denote the set of spatial locations as N := {1, ..., n} and the set of all time realizations as

M := {1, ..., m}. All prices have units of USD/MWh and we construct separate matrices

for DAM and RTM.

Given the space-time price data, we seek to identify optimal locations for loads and

generators in the network that minimize the temporal profit variance (variance is used as

a standard measure of risk and can also be interpreted as profit volatility). We define a

node allocation vector w ∈ Rn and the profit function at time i as ϕ(w, pi) := ∑j∈N wjΠi,j.

We interpret a positive node allocation wj > 0 as an injection of power (a generation

asset incurring revenue for a positive price) and a negative node allocation wj < 0 as a

withdrawal of power (a load asset incurring cost for a positive price). The node allocations

wj have units of MWh. If the prices are negative, a positive allocation incurs cost and a

negative allocation incurs a revenue. In other words, installing generators maximizes

revenue, but we will see that the simultaneous installation of generators and loads is

needed to minimize risk.

The temporal average of the profit is given by:

µϕ(w) =
1
m ∑

i∈M
ϕ(w, pi) (3.3.6)

and the temporal variance is

Σϕ(w) =
1

m− 1 ∑
i∈M

(ϕ(w, pi)− µϕ(w))2. (3.3.7)

The optimal placement problem consists of finding the allocation vector w that minimizes

the profit risk. This problem is stated as:

min
w

Σϕ(w). (3.3.8)
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We assume that the optimal allocation vector (denoted as w∗1) satisfies the constraint

‖w∗1‖2= 1 (it is a vector of unit length), where ‖·‖2 denotes the Euclidean norm. This

constraint is interpreted as the distribution of a finite amount of power among the net-

work nodes. We note that the placement problem is scale-invariant. In other words,

replacing w → γw for some γ > 0 in the optimization problem yields the same optimal

allocations. This is because Σϕ(γw) = γ2wTSw (resulting in a linear scaling of the objec-

tive function). Consequently, imposing a constraint of the form ‖w‖2= 1/γ will yield the

same optimal allocation obtained with the constraint ‖w‖2= 1. This formulation seeks to

exploit the space-time dynamics of the prices to identify node allocations for generation

or load that minimize risk. This is a large-scale and continuous quadratic program (QP).

3.3.2 Eigenvalue Interpretation

An interesting observation that we make is that, under the special case with no tempo-

ral price correlations, the optimal placement problem described above can be interpreted

as an eigenvalue problem. This connection reveals some interesting properties of the mar-

ket prices. In the absence of temporal price correlations, the price at the spatial loca-

tion (network node) j can be modeled as a random variable (denoted as Pj) and we use

P = {P1, ..., Pm} to denote a random vector containing all node prices. Consequently, the

matrix entry Πi,j is interpreted as the i-th time realization of the price Pj and we assume

that the probability of the realization is 1/m. In this case, pi denotes the i-th realiza-

tion of the spatial price vector P. Under this setting, the sample average of the profit

approximates the expected value of the profit:

µϕ(w) ≈ E[ϕ(w, P)] (3.3.9)

and the sample variance approximates the variance:

Σϕ(w) ≈ V[ϕ(w, P)]. (3.3.10)
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Here, we recall that V[ϕ(w, P)] = E[ϕ(w, P)2]− E[ϕ(w, P)]2. The key observation is that

the profit variance is related to the price covariance as V[ϕ(w, P)] = wTE[(P−E[P])(P−
E[P])T]w. This result can be from the following series of implications:

V[ϕ(w, P)] = E[ϕ(w, P)2]−E[ϕ(w, P)]2

= ∑
j∈N

∑
k∈N

wjwkE[PjPk]− ∑
j∈N

∑
k∈N

wjwkE[Pj]E[Pk]

= ∑
j∈N

∑
k∈N

wjwkCov(Pj, Pk)

= wTE[(P−E[P])(P−E[P])T]w. (3.3.11)

One can derive a similar relationship between the sample profit and covariance matrix to

establish Σϕ(w) = wTΣw. Consequently, the optimal placement problem (3.3.8) can also

be written as:

min
w

wTΣw s.t. ‖w‖2= 1. (3.3.12)

This reveals that the placement problem is an eigenvalue problem. Accordingly, the optimal

allocation vector w∗1 is the eigenvector corresponding to the minimum eigenvalue λ∗1 of

the price covariance matrix Σ. Moreover, the minimum eigenvalue is the minimum profit

variance (λ∗1 = Σϕ(w∗1)). The eigenvalue problem is also a QP but this can also be solved

efficiently using standard techniques (e.g., QR or SVD).

The eigenvalue problem is the basis of principal component analysis (PCA). The

first principal component is given by (w∗1)T pi, i ∈ N . In PCA, one extracts the entire

eigenvalue spectrum of the price matrix to obtain all the principal components. For in-

stance, to obtain the second smallest eigenvalue and corresponding eigenvector we add

the linear orthogonality constraint wTw∗1 = 0 to the eigenvalue problem (3.3.12). The

solution of the new problem yields the eigenvector w∗2 and corresponding eigenvalue

λ∗2 = Σϕ(w∗2). Since adding the orthogonality constraint restricts the feasible space, we
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have that Σϕ(w∗2) ≥ Σϕ(w∗1). This procedure is repeated to obtain the entire set of eigen-

pairs w∗j , λ∗j , j ∈ N , where λ∗n = Σϕ(w∗n) is the maximum possible cost variance (obtained

with the loading allocation w∗n). In our context, this procedure provides useful informa-

tion because it allows us to obtain a family of allocations w∗j , j ∈ N and to rank them

according to their profit variance. The eigenvectors can also be used to form a matrix W

that can be used to project any price realization pi into the space of the principal compo-

nents as W pi. The projection can be used to identify clusters and/or outliers in the price

data by analyzing only a subset of principal components.

3.3.3 Constrained Formulation

While mitigating profit variance is an important investment goal, obtaining a maximum

expected profit is also important. Moreover, one often has constraints on the nature and

capacity of assets that can be installed. We thus extend the placement problem (3.3.8) to

capture these features. We impose an `1-norm constraint on the allocation vector w so that

the total amount of power allocated adds up to one MWh and we add a condition that

only one type of asset is allowed to be built at one location (either generation or load).

Consequently, we can decompose the node allocation wj into a generation 0 ≤ wj,l ≤ 1

and a load component −1 ≤ wj,g ≤ 0 (which are mutually exclusive). This gives the

following conflict resolution (multi-objective optimization) problem:

max
w
{µϕ(w),−Σϕ(w)} (3.3.13a)

s.t. ∑
j∈N

(
|wj,l |+|wj,g|

)
= 1 (3.3.13b)

0 ≤ wj,g ≤ zj,g, j ∈ N (3.3.13c)

− zj,l ≤ wj,l ≤ 0, j ∈ N (3.3.13d)

zj,l + zj,g ≤ 1, j ∈ N (3.3.13e)

zj,l , zj,g ∈ {0, 1}, j ∈ N . (3.3.13f)
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where zj,l and zj,g are binary variables that indicate if either a load or generation asset is

installed at a particular location j. The constraint zj,l + zj,g ≤ 1 indicates that either a load

or a generator (but not both) can be installed at one location. Consequently, we have that

∑j∈N
(
|wj,l |+|wj,g|

)
= ∑j∈N |wj|= ‖w‖1. This constraint is used to avoid degeneracy of the

solution (e.g., adding a load and a generator in a given node has the same net effect as

installing one generator or load). The objective function captures the trade-off between

expected profit and risk (which are often conflicting). The use of binary variables allows

us to enforce a sharp separation between loads and generators (a continuous formulation

does not allow for this). This facilitates interpretability of the solution. Specifically, we

aim to use the placement formulation to explore how space-time price dynamics provide

incentives to install decentralize facilities for loads and generators.

Unfortunately, the constrained placement problem is a large-scale mixed-integer QP.

This problem is intractable for the ISO-scale data sets considered in this work. Motivated

by this limitation, we consider the mean absolute deviation as a risk measure. This is

given by:

MD(w) =
1
m ∑

i∈M
|ϕ(w, pi)− µϕ(w)|≈ E[|ϕ(w, P)− µϕ(w)|]. (3.3.14)

This risk measure is used to formulate the placement problem:

max
w
{µϕ(w),−MD(w)} (3.3.15a)

s.t. ∑
j∈N

(
|wj,l |+|wj,g|

)
= 1 (3.3.15b)

0 ≤ wj,g ≤ zj,g, j ∈ N (3.3.15c)

− zj,l ≤ wj,l ≤ 0, j ∈ N (3.3.15d)

zj,l + zj,g ≤ 1, j ∈ N (3.3.15e)

zj,l , zj,g ∈ {0, 1}, j ∈ N (3.3.15f)
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which can be cast as a mixed-integer linear program that is still large-scale scale but

tractable with existing tools. The constrained placement problem is also scale-invariant.

In other words, replacing w → γw for some γ > 0 yields the same optimal allocations.

This is because MD(γw) = γMD(w), and µϕ(γw) = γµϕ(w) (resulting in a linear scaling

of the objective function). Consequently, imposing a constraint of the form ‖w‖1= 1/γ

will yield the same allocation obtained with the unit-length constraint ‖w‖1= 1. The

constraints set capacity of load and generators, and the constraint on the binary variables

ensures that only one type of technology is allowed at each location. We can use the

above formulation to understand the impacts of installing only certain types of assets or

at certain locations. For instance, if we only wish to install generation assets, we set all

zj,l to zero.

3.4 Results and Discussion

In this section we use conduct a basic statistical analysis for an electricity market data

set of CAISO and use the optimal placement formulation to analyze economic incentives

created by the DAM and RTM.

3.4.1 Volatility Analysis of Electricity Markets

In the DAM, electricity prices are updated hourly and market participants commit to

buy or sell power one day before real-time operation, thus avoiding price volatility. This

market produces one financial settlement per day. In the RTM market, prices are updated

every 5 minutes and participants commit to buy or sell electricity over the course of

the operating day. This market seeks to balance discrepancies between the day-ahead

commitments and the actual real-time generation and loads seen in the power grid (e.g.,

due to unexpected variations in renewable power supply, equipment failures, and so on)

. The DAM and RTM work together to produce a multi-settlement system that balances

power at different timescales and at thousands of network locations (Dowling et al., 2017).
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Usually, electricity prices in the DAM are usually less volatile but are on average higher

than RTM prices, and thus market participants can participate strategically in either or

both of these markets.

Figure 3.3: Temporal average price (at different spatial locations) for CAISO in the DAM
(left) and RTM (right).

We conducted a basic statistical analysis to compute space-time price averages and

standard deviations for the CAISO data set for the year of 2015. This dataset is open-

access and was collected from CAISO Open Access Same-time Information System (OA-

SIS) (AM and EC, 2014). The dataset includes complete electricity price profiles for the

year at 2,234 different network locations. The data set contains over 19,569,840 price

points for the DAM (one-hour time resolution) and 234,838,080 price points for the RTM

(5-minute time resolution). We use this data to construct a space-time covariance matrix

Σ form both the DAM and RTM.

The results are visualized in Figures 3.3, 3.4, and 3.5. Figure 3.3 illustrates that the

time-average price for both markets is in the range of 27-50 USD/MWh. The space-time

average RTM price is 32.71 USD/MWh, which is 2.62% lower than the corresponding

average DAM price of 33.59 USD/MWh. The differences illustrate that there is a premium
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Figure 3.4: Temporal average standard deviation (at different spatial locations) for the
DAM (left) and RTM (right).

Figure 3.5: Spatial average standard deviation (at different temporal locations) for the
DAM (left) and RTM (right).

in the DAM. Spatial patterns for both markets are quite similar, indicating that prices

are dictated by the network topology. Figure 3.4 demonstrates temporal price volatility

(standard deviation) at all locations. The temporal volatility in the DAM is consistently

under 10 USD/MWh in most locations while the volatility in the RTM is in the range

of 60-70 USD/MWh and reaches levels of 90 USD/MWh in some locations. The spatial

average of the temporal volatilities was found to be 62.41 USD/MWh for the RTM, almost
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four times larger than in the DAM, which was only 12.93 USD/MWh. These results

clearly indicate that RTM possesses greater temporal volatility. Figure 3.5 presents spatial

volatility through time. We see that the DAM shows low spatial volatility (except in a few

instances in the summer months) while the RTM shows more frequent spikes in spatial

volatility. Based on this analysis we conclude that the RTM is more volatile than the DAM

in both time and space. We also found that the temporal average of the spatial volatility

was found to be 8.85 USD/MWh for the RTM and 5.60 USD/MWh for the DAM. We

can thus see that, on average, spatial volatility is less significant than temporal volatility

(which are 12.93 USD/MWh for DAM and 62.42 USD/MWh for the RTM).

Figure 3.6: Pearson Correlation Matrix for the DAM (left) and RTM (right).

We also computed the spatial correlation matrix based on the covariance matrix and

it is visualized in Figure 3.6. Our results show that, in the DAM, the average correla-

tion is 0.67, that 99% of the total number of locations are positively correlated, and that

the minimum correlation is -0.22. In the RTM, the average correlation is 0.82 and the

minimum correlation is 0.00083. We conclude that a strong positive correlation exists in

both electricity markets (prices at different locations tend to move in the same direction).

This indicates that there is tight physical network coupling. As we will see next, strong

positive correlation indicates that it is impossible to eliminate investment risk by simply

investing in either generation or loads (a combination of both is needed). This would not

be the case if we had a strong negative correlation in the market.
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3.4.2 Eigenvalue Analysis of Space-Time Covariance Matrix

Solving the basic placement formulation is equivalent to solving an eigenvalue problem.

In Table 3.3 and Figure 3.7, we summarize the eigenvalue spectrum in ascending order

for both the DAM and RTM price covariance matrices (recall that the eigenvalues are the

variances of the profit). Recall that both the DAM and RTM matrices have a total of 2,234

eigenvalues. The first 1,180 eigenvalues of the DAM price covariance are close to zero.

For the RTM, the first 1,454 eigenvalues are close to zero (below a threshold value of

O(10−2)). This indicates that many eigenvectors (allocations) give zero variance, meaning

that many combinations of asset locations (given by the corresponding eigenvectors) can

eliminate profit variance. An optimal strategy to eliminate risk is to place combinations

of loads and generators at neighboring nodes (those with similar temporal price profiles).

This can be visualized in Figure 3.8, where we show the optimal placement of assets (the

eigenvectors) corresponding to the minimum eigenvalues. As can be seen, allocations of

generation and load always appear in pairs next to each other and are of equal magnitude.

Table 3.3: Eigenvalues for DAM and RTM covariance matrices.

Eigenvalue DAM RTM

λ1 −4.25× 10−12 −4.59× 10−11

λ10 −2.09× 10−14 −1.90× 10−12

λ100 −2.86× 10−16 −5.74× 10−16

λ500 2.91× 10−18 5.80× 10−17

λ1000 5.78× 10−4 4.68× 10−5

λ1500 0.24 0.016

λ2000 5.87 9.20

λ2100 18.35 74.15

λ2200 300.62 2806.04

λ2234 2.54× 105 7.31× 106
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Figure 3.7: Cumulative eigenvalue spectrum for the DAM (left) and the RTM (right)
covariances.

The largest eigenvalue (the maximum possible profit variance) is O(105) for the DAM

and O(106) for the RTM, indicating that there is more volatility in the RTM (reinforcing the

observations made with basic statistical analysis). In Figure 3.9, we present the optimal

allocations corresponding to the maximum variance. The strategy here is to place the

same asset type (in this case power generation) at all nodes. The maps also reveal areas the

are strongly positively correlated (so the strategy to maximize variance is to allocate more

generation at such locations). Obviously, this strategy is not optimal from an investment

standpoint but highlights some interesting properties of the behavior of electricity prices.

3.4.3 Risk vs. Mean Profit Trade-off for the DAM

We used the placement formulation to analyze trade-offs between risk and expected

profit. In Table 3.4 and Figure 3.10 we present the optimal trade-off solutions (Pareto op-

timal solutions) for the DAM. The Pareto solutions were identified using an ε-constrained

approach. From these results we can make a number of interesting observations. First, it

is clear that to maximize expected profit it is optimal to centralize facilities (these facilities

are simply installed at locations with large mean price). In this case, obviously, the type

of asset to install is generation and the expected profit is 52.76 $/MWh. This strategy,

however, results in a large risk (an MD value of 24.03 $/MWh). We can also see that the
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Figure 3.8: Optimal placement leading to zero risk for the DAM (left) and RTM (right).

Figure 3.9: Optimal placement leading to maximum risk for the DAM (left) and RTM
(right).

mean deviation is significant, representing half of the expected profit, which is due to the

high temporal volatility of the prices. The trade-off trends also indicate that installation

of a larger number of smaller power generators (diversifying generation among multi-

ple locations) can substantially decrease risk. For instance, by increasing the number of

generators to five, we see that the risk is decreased by 50% and this only decreases the
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expected profit by 15%. This illustrates that there is a strong nonlinear trade-off between

expected profit and risk. The mean absolute deviation gives linear penalties for large and

small deviations (compared to the standard deviation, which attributes quadratic penal-

ties). In Table 3.4 we present the standard deviation values for each placement problem

solved. Note that the trend of standard deviation agrees with that of the mean absolute

deviation. Therefore, choosing the mean absolute deviation as the risk measure for the

optimal placement problem is consistent. In other words, one can recover elements of

the Pareto frontier corresponding to the standard deviation by using the mean absolute

deviation (there is a one-to-one corresponding between the risk measures).

From Table 3.4 and Figure 3.10 we see that further reductions in risk require the instal-

lation of both generation and loads. In particular, elimination of risk cannot be achieved

through the use of either just generation or just loads (due to the positive correlation

of prices). In the hypothetical case in which market prices were negatively correlated,

installing the same asset type would be sufficient to fully mitigate risk. Consequently,

the limiting value of risk for single asset type is an indicator of the degree of positive

correlation in the market. Figure 3.11 shows optimal placement locations for low-risk and

high-risk cases. We see that high-risk is achieved by placing only generation assets while

low-risk is achieved by diversifying loads and generation.

An interesting trade-off point that we see in Table 3.4 is that in which we obtain a

risk of MD = 5.06 USD/MWh and expected profit of µϕ = 31.85 USD/MWh (this is

the solution for minimum possible risk achieved with only generation assets). In this

solution, seven generation locations achieve a mean absolute deviation of 5.06 MWh and

an expected profit of 31.85 MW (78.94% of the risk is reduced while 39.63% of the profit

is sacrificed). In Table 3.5 we show the power allocation to each of the seven locations. We

see that two locations share 90% of the total generation (these seek to maximize expected

profit) while 10% of the generation is split in small generators (these seek to minimize

risk). From Table 3.4, we see that the use of just two generators incurs a large risk.

Consequently, investing in smaller generators is key to mitigate risk. From these results
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Table 3.4: Risk vs. expected profit trade-off for DAM.

Risk Std. dev. Expected Profit # of # of

(USD/MWh) (USD/MWh) (USD/MWh) Loads Generators

24.03 46.66 52.76 0 2

18.15 33.78 49.15 0 3

12.19 19.52 44.22 0 5

8.31 11.64 39.24 0 12

5.75 7.85 34.16 0 8

5.06 7.00 31.85 0 7

4.25 5.53 28.15 3 9

3.15 4.08 22.13 13 9

1.33 1.75 10.63 29 12

0.16 0.23 1.92 142 112

0.055 0.011 0.80 287 254
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Figure 3.10: Risk vs. expected profit trade-off for the DAM.

we also conclude that further diversification of generation does not provide significant

benefits in risk mitigation.
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Figure 3.11: Optimal placement for low risk (left) and high risk (right) in the DAM.

Table 3.5: Optimal allocation for case with MD = 5.06 USD/MWh and −µϕ = 31.85
USD/MWh in the DAM.

Location wi (MWh)

NEORBLF_7_B1 0.60

JBBLACK1_7_B1 0.31

DELNORTE_LNODED50 0.037

HMBUNIT2_7_GN010 0.023

HMBLTBY_6_N003 0.017

TOPAZC1_7_N021 0.010

BAFCOG12_7_B1 0.00090

3.4.4 Risk vs. Expected Profit Trade-off for the RTM

Trade-off analysis for the RTM was performed by using price data with a time resolu-

tion of 20 minutes. The reason is that the placement problem is intractable at higher

resolutions. The Pareto analysis results are summarized in Table 3.6 and Figure 3.12.

Here, we report standard deviation values in order to highlight how the mean and stan-



62

dard deviation follow the same trend. The results for RTM have similar trends to those

found in the DAM. In contrast with the DAM results, however, the risk for RTM is higher

(which is consistent with the results obtained using the eigenvalue analysis). Compared

to the DAM, more diversification of generation is needed to decrease the risk by the same

amount (due to the higher volatility in RTM). We also observe that a combination of loads

and generators is needed to fully eliminate risk and that the expected profit obtained with

the RTM and DAM are similar.

Figure 3.13 shows high-risk and low-risk allocations. High-risk allocations with large

expected profit favor centralization of assets while low-risk ones favor decentralization of

assets. Moreover, this indicates that assets capable of providing simultaneous provision

of generation and load (e.g., microgrids or batteries) can be used to mitigate risk. Our

analysis also indicates that electricity markets provide significant incentives to modular-

ize power-intensive assets (e.g., manufacturing facilities and data centers). For instance,

decentralization of ammonia systems can help mitigate risk associated with the high con-

sumption of electricity in refrigeration systems.

The risk estimated with the 20-minute formulation underestimates that of the 5-

minute counterpart. We can see, however, that the 20-minute resolution data already

reveals that much higher risk is observed in RTM relative to DAM. This observation is

also confirmed using the eigenvalue analysis (which was performed using the 5-minute

resolution data). Moreover, we expect similar trade-off trends by using higher time reso-

lutions.

3.4.5 Computational Considerations

The unconstrained placement problem is an eigenvalue problem that can be readily

solved for both the DAM and the RTM data (even at 5 minute resolutions). The con-

strained placement formulation (3.3.15), on the other hand, is a large-scale mixed-integer

linear program. The RTM problem (with 20-min resolution) contains 85,544 constraints
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Table 3.6: Risk vs. expected profit trade-off for the RTM.

Risk Std. dev. Expected Profit # of # of

(USD/MWh) (USD/MWh) (USD/MWh) Loads Generators

36.85 94.55 51.59 0 1

29 79.96 47.03 0 3

24 68.47 43.75 0 4

19 57.79 40.22 0 4

16 54.11 37.70 0 6

13 44.04 33.98 0 13

10 31.08 29.46 0 22

8 20.86 25.43 0 21

6 14.53 19.71 6 18

4 9.87 13.44 21 22

2 4.98 6.88 45 47

1 2.55 3.53 71 62

0.6 1.56 2.17 87 84

0.4 1.06 1.49 103 99

0.2 0.54 0.76 130 157

and 61,496 variables (4,468 binary) while the DAM problem contains 32,985 constraints,

21,989 continuous variable (4,468 binary). The problems were solved using Gurobi with

default relative MIP gap of 0.01% and solution times range from 1.5 hours to 5 hours

(on a standard personal computer). The long times are due to significant symmetries in

the problem (i.e., many allocation combinations achieve the same optimal objective). This

degeneracy was revealed by the eigenvalue analysis (which indicates that the price covari-

ance has a large number of zero eigenvalues). The RTM problem is intractable with time

resolutions below 20 minutes. We are currently investigating strategies to decompose the

placement problem in order to be able to scale to higher time resolutions. In particular,
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Figure 3.12: Risk vs. expected profit trade-off for the RTM.

Figure 3.13: Optimal placement for low risk (left) and high risk (right) in the RTM.

this problem has the interesting property that it only has a single coupling constraint.

Consequently, one can develop specialized Lagrangian decomposition (Fisher, 2004; Held

and Karp, 1971) schemes that achieve high parallel execution efficiency.
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3.5 Conclusions and Future Work

This work examines economic incentives created by space-time dynamics of day-ahead

and real-time electricity markets. We first formulate the electricity market clearing model

and explore the effect of modularization on social welfare and electricity prices. We

then develop an optimal technology placement formulation that seeks to identify optimal

strategies to maximize expected profit and minimize risk. We have shown that a pure risk

minimization formulation can be cast as an eigenvalue problem. We also develop more

sophisticated formulations that capture different technology asset types (e.g., generation

or loads) and risk measures using mixed-integer programming techniques. Our analysis

for the CAISO market reveals that significantly more temporal (as opposed to spatial)

volatility is observed in both DAM and RTM markets (the RTM also has more volatility

in general). Our analysis also reveals that both markets exhibit positive spatial correla-

tion in prices, indicating that it is impossible to fully eliminate risk by using only either

generators or loads. Consequently, decentralizing technologies of the same type has sig-

nificant but limited impacts on risk mitigation. Full risk mitigation can only be achieved

by combinations of generation and load assets (which can be achieved with microgrids,

prosumers, or batteries). Our analysis also indicates that electricity markets provide sig-

nificant incentives to modularize power-intensive technologies (e.g., manufacturing and

data centers). This is of particular relevance due to recent interest in the deployment of

small-scale modular technologies.

Our analysis is retroactive in nature (uses historical data) and thus lacks predictive

capabilities. Enabling predictability requires us to develop advanced forecasting meth-

ods that capture simultaneous spatial and temporal correlations. Specifically, we are in-

terested in investigating recently-developed dynamic principal component analysis and

dynamic mode decomposition techniques to conduct space-time analysis and forecasting

of market data (Vanhatalo et al., 2017; Dong and Qin, 2018). Such techniques exploit

space-time correlations to identify dominant modes in the data.
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As time points in RTM exceed 100 thousands, current state-of-art solvers could not re-

solve the placement problem under reasonable CPU time. Methods to shrink the problem

size such as grouping the time points and reducing the number of redundant locations

could be explored. Also, our model currently assumes that electricity price at each time

point is independent, and therefore no temporal correlation of the electricity prices are

considered. It is necessary to extend the placement formulations to analyze effects of

temporal flexibility. In particular, our current formulation assumes that technologies pro-

vide a fixed capacity all the time, while new technologies can provide ramping capacity

to account for uncertainty due to demand and renewable forecasting errors. Besides this,

electricity storage facilities could potentially help to reduce risk in the volatile market.

Therefore, we are interested in developing advanced formulations that can capture tech-

nologies that can shift load/generation in time. These formulations are intractable with

off-the-shelf tools (due to a dramatic increase in the number of decision variables) and

we will thus investigate decomposition algorithms for their solution. Specifically, such

formulations reach tens to hundreds of millions of variables but note that the placement

formulation exhibits sparse coupling (the total installed capacity constraint). As a result,

one can envision using Lagrangian dual decomposition techniques to tackle this prob-

lem. We are also interested in including nonlinear effects of economy of scales in the

placement, which can be done by using piece-wise linear approximations.
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4
B E N E F I T S O F M O D U L A R D E S I G N - T E M P O R A L F L E X I B I L I T Y

This chapter talks about the temporal flexibility brought by modular technologies, and is

published in Shao et al. (2021) titled "Mitigating Investment Risk Using Modular Tech-

nologies".

4.1 Introduction

Decentralized power generation and storage systems are becoming increasingly attractive

as climate change and adoption of renewable power disrupts markets and space-time de-

mand patterns (Heuberger et al., 2017; Liu et al., 2018; Shao and Zavala, 2019). Modular

technologies can be easily transported to different geographical locations to exploit chang-

ing market patterns and to enable the recovery of resources that are highly distributed

and potentially short-lived (Allman and Zhang, 2020; Chen and Grossmann, 2019; Davis,

2016). We can interpret this ability as a form of spatial-shifting flexibility. This decentral-

ized approach contrasts with the more traditional monolithic approach in which a large

processing system is installed at a fixed location over its entire lifetime (Zhao et al., 2018).

This centralized approach involves investments that can reach billions of US dollars and

face significant risk due to changing markets and climate, shortages of resources at a spe-
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cific location (e.g., water), and changes in the policy landscape (e.g., carbon emissions).

As such, large central systems can face significant economic fallouts that investors might

not be willing to tolerate. For instance, large ammonia production systems in the US have

shut down due to low-cost supply from China, and large coal power plants are shutting

down due to decreasing costs of renewable power and policy changes. Moreover, the

mass deployment of small modular units facilitates experimentation, learning, and shar-

ing of best practices that can reduce operational costs (compared to large facilities, in

which experimentation is more difficult). On the downside, the flexibility provided by

small modular systems often comes at the expense of increased investment and opera-

tional costs (Rajagopalan, 1993). Specifically, economies of scale benefit large systems due

to the favorable scaling of throughput with equipment size (Peters et al., 1968). Due to

complex trade-offs between costs and flexibility, industrial systems will likely evolve into

a mixed state in which certain processing tasks are performed in small modular systems

while others are performed in large centralized systems. Identifying optimal investment

strategies in such settings is complicated due to complex product interdependencies and

uncertainties.

A key observation driving this work is that modular systems provide logistical flex-

ibility in investment size and timing that can be strategically exploited to mitigate risk.

Specifically, expansion of production capacity in modular systems can proceed sequen-

tially, which provides a mechanism to hedge against risk (we can interpret this as temporal-

shifting flexibility). To give an example, the deployment of new power generators and

transmission lines is subject to significant short-term and long-term uncertainties. Specif-

ically, short-term fluctuations in demand and wind/solar supply can affect an optimal

generation mix, and changes in fuel prices and policy can render entire technologies un-

economical (Liu et al., 2018). Therefore, the progressive expansion of capacity using both

large and small processing systems can help make and correct decisions and to better

balance cost and risk.

In this work, we investigate investment flexibility provided by modular technologies;
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to do so, we propose a multi-product capacity expansion (CE) problem that exploits

the availability of technologies of different types and sizes to mitigate risk. Variants

of the CE problem have been studied in different applications such as power generation,

semiconductor manufacturing, railroad networks, and waste-to-energy systems (Cardin

and Hu, 2015; Sun and Schonfeld, 2015; SHIINA et al., 2018; Geng et al., 2009). A cost-

minimization CE problem that considers a single-product deterministic setting with in-

stallation decisions of a fixed-capacity facility was formulated in (Luss, 1979). This for-

mulation was extended to incorporate facilities with multiple capacities in (Luss, 1983,

1986). Uncertainty in demand for a single-product cost-minimization CE problem was

addressed by using a stochastic programming (SP) model in (F.H. Murphy and Soyster,

1982; DapkLus and Bowe, 1984; Shiina and Birge, 2003). A stochastic CE formulation

for planning investments in electricity generation, storage, and transmission investments

over a long planning horizon was proposed in (Liu et al., 2018). These CE problem formu-

lations use expected cost as an investment metric and thus do not control investment risk.

Recently, a CE problem formulation that trades-off expected cost and risk was proposed

in(Zhao et al., 2019). Here, the conditional value-at-risk (CVaR) was used as a risk metric

that is minimized at each stage. All the aforementioned formulations consider facilities

that produce a single product; in a chemical process, however, multi-product dependen-

cies need to be captured. Specifically, a chemical manufacturing facility might involve

processes that produce intermediate or final products and demands for such products

might face different levels of uncertainty. Making investment decisions in a multi-product

setting is a non-trivial problem. Capturing risk in time-dependent decision-making set-

tings (such as CE) is also an active topic of research. For instance, time-consistency of

per-stage risk minimization is an issue of concern. In the context of CE, time consis-

tency indicates that, if an alternative A is riskier than alternative B at some time, then A

should also be considered riskier than B at every prior time (Boda and Filar, 2006). Unfor-

tunately, deriving SP formulations that achieve time-consistency is not straightforward.

Moreover, per-stage risk minimization is not necessarily a decision-making strategy that
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investors might follow; specifically, investors are typically concerned with assessing risk

of cumulative metrics such as the net present value (NPV).

In this work, we propose a multi-product CE formulation to investigate flexibility

brought by modularization for mitigating investment risk. Our framework is a multi-

stage and multi-objective SP problem that captures demand product uncertainty and

trade-offs between expected value and risk of the NPV. We provide case studies of dif-

ferent complexity to illustrate the developments. Our analysis reveals that the Pareto

frontier of a flexible setting (allowing for deployment of units of various sizes) dominates

the Pareto frontier of an inflexible setting (allowing only for deployment of large units).

Our formulation also avoids difficulties associated with time-consistency issues of stage-

wise risk-minimization formulations and we argue that is more compatible with more

traditional investment strategies.

4.2 Problem Formulations

In this section, we present CE formulations of different complexity (single-product/multi-

product and deterministic/stochastic) in order to highlight different aspects of the prob-

lem. We begin our discussion by posing a couple of illustrative examples; this will help

us introduce some key concepts that are essential in developing more complex CE formu-

lations.

4.2.1 Problem Setting

Consider the following deterministic CE setting: a decision-maker (investor) wants to

progressively add capacity to a production system by installing technologies of different

sizes (capacities). The resulting assembled system seeks to generate sufficient product

to satisfy a time-dependent demand over a given planning horizon. At each planning

stage, the investor decides how many technologies (and associated capacities) it should

install; if a technology is added at one stage, this will generate a product to satisfy the
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demand at the next stage (there is a deployment delay of one stage). Demand satisfaction

generates revenue. We assume that an installed technology has to operate at full capacity;

if the system production exceeds demand at a given time, the investor can decide to either

store the excess product at a cost (and carry the product over to the next stage) or it can

dispose of excess product at a cost. At the final stage, the system disposes of leftover

excess product. The goal is to make an optimal CE plan over the horizon that maximizes

NPV (accumulated cash flows over the horizon); in doing so, the investor is constrained

by the capacities of the technologies available. For simplicity, in this example, we assume

that NPV is simply determined by the excess product (waste) at the end of the planning

horizon and that there is no interest rate.

Case 1
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Capacity

Installation 100+100

Installation 100+50 50
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1 2 3
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Figure 4.1: Illustrative example of the single-product deterministic capacity expansion
setting.

We illustrate this decision-making setting in Figure 4.1; here, we would like to make

decisions on how much capacity to install at Stage 1 and Stage 2 to minimize waste at

Stage 3. In Case 1, only large technologies are available (with a capacity of 100 units); to

satisfy future demands, it is decided to install 2 units of this large technology at Stage

1. Since the demand at Stage 2 is 150, it is required to shift excess production to Stage

3. Moreover, since the demand at Stage 3 is 200, it is necessary to dispose of 50 units of



72

Case 1

Case 2

100

50

100

Capacity

Capacity
Stage 1

Stage 2

Stage 3

Installation
Case 1 100
Case 2 50

Case 2 100+50

125 25

Case 1 0
Case 2 0Case 2 75 Case 2 25

Case 1 75 Case 1 125

Case 2 50
Case 1 100

Case 2 0
Case 1 50Waste

Demand
150 50

200 100

1,1

2,1 2,2

3,1 3,2 3,3 3,4

Figure 4.2: Illustrative example of the single-product stochastic capacity expansion set-
ting.

excess product. In Case 2, a large technology and a small technology are available; this

opens the possibility of an investment strategy in which we install a large unit (size 100)

and a small unit (size 50) at Stage 1 and add a small unit at Stage 2. This strategy prevents

wasting material at Stage 3 and highlights the flexibility provided by the availability of

small technologies. Note that, in this setting, the demands are time-dependent but are

assumed to be known at the moment of decision (deterministic setting).

The CE setting can be extended to account for uncertainty in the demands (stochastic

setting). Here, demand uncertainty is represented in the form of possible scenarios. An

illustrative example of this setting is shown in Figure 4.2. We would like to make instal-

lation decisions at each stage and scenario (here, we consider two possible scenarios per

stage). Stages and scenarios are represented as a decision tree and each node is associ-

ated with a different demand scenario. Installation decisions are shown next to the node

and wasted amounts are shown exiting the nodes at the last stage. In Case 1 (only large

technologies are available), we decide to install a large technology in Stage 1; in Stage 2,

we can decide to install a large technology in scenario 1 (high demand) or no technology

in Scenario 2 (low demand). This investment strategy results in four scenarios of waste

product in Stage 3 (10,75,50,125). Assuming that these scenarios have equal probability



73

(1/4), the expected value of the waste is 65 and the standard deviation (typical measure

of risk) is 48. In Case 2 (large and small technologies available), we install a small unit in

Stage 1; in Scenario 1 in Stage 2 we install a large technology (to satisfy the large demand)

and in Scenario 2 we install another small technology (to satisfy the small demand). This

investment strategy results in four scenarios of waste excess product in Stage 3 (0,75,0,25).

This gives a mean waste of 25 and a risk of 35. We can thus see that adding the possibility

of installing small units reduces expected waste and risk.

Risk can be measured in different ways; in the previous setting, we computed the

risk at Stage 3 (last stage) but we could have also computed the risk at Stage 2 and we

could have added this to the risk of Stage 3 (add risks for all stages) to determine the

best strategy. This highlights issues that one may encounter when measuring risk in a

multi-stage decision-making setting. Specifically, risk can vary over time and one might

or might not be interested in shaping risk over time. This is similar in spirit to how in-

vestors think about cash flows; typically, investors are not necessarily interested in the

temporal behavior of cash flows but want to aggregate cash flows in a single metric (e.g.,

NPV). Following this reasoning, in this work, we will compute NPV for every branch in

the tree and compute the associated risk.

The CE problem can be further extended to a multi-product setting in which a sys-

tem can produce multiple intermediate or final products. Intermediate products generate

interdependencies between possible technologies (i.e., technology can take intermediate

products obtained from another technology as raw materials). Multi-product dependen-

cies make the problem significantly more complicated and we will see that, in such a

setting, investment flexibility provided by small units becomes particularly relevant. We

now proceed to formulate single-product deterministic and stochastic CE problems and

we then proceed to extend this to a multi-product setting.
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Figure 4.3: Tree representation of planning horizon in deterministic case

4.2.2 Single-Product, Deterministic Setting

Consider the decision-making setting shown in Figure 4.3. We consider a planning hori-

zon comprising a set of stages T = {1, 2, . . . , T} with cardinality |T |:= T. The time-

dependent product demand is given by dt, t ∈ T . Investment decisions are made at

stages t ∈ {1, 2, . . . , T − 1} and we thus define the decision stages D = {1, 2, . . . , T − 1}
with cardinality |D|:= T − 1. In a deterministic setting, the planning horizon is a linear

graph (a tree) in which each node represents a stage. As such, for each node t, we define

a parent node at ∈ T (in this case we have at = t− 1). The root node t = 1 does not have

a parent node and thus a1 = ∅.

The investor has a list of of possible technology choices that can be installed at each

stage. Each choice has a different capacity and associated installation cost (which capture

economies of scale). We define the set of capacities as B = {B1, B2, . . . , BN} ∈ ZN
+ and

the set of associated costs as C = {C1, C2, . . . , CN} ∈ RN
+ , both with same cardinality

|B|= |C|:= N. For convenience, we also define a set of choice indexes F = {1, 2, . . . , N}.
To capture economies of scale, it is typical to assume that costs follow a 2/3 rule and thus:

(
Bk

Bk′

)
=
(

Ck

Ck′

) 3
2

, k, k′ ∈ F (4.2.1)

where Bk, Bk′ ∈ B are the kth and k′th capacity choices and Ck, Ck′ ∈ C are the installation
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costs.

Product storage comes at a cost ρs ∈ R+ and we define a maximum storage capacity

s̄ ∈ Z+. Disposal of excess product comes at a cost ρw. We define a variable st ∈ Z+, t ∈ T
to capture the amount of storage at stage t. We set s1 = 0 and sn = 0 (any excess product

is regarded as waste at the final stage). We define the integer variable wt ∈ Z+, t ∈ T
to represent the waste generated at each stage. We assume w1 = 0 (waste is generated at

the end of each stage). The investor has a choice to deal with any excess product; either

to dispose of the product or to store it (shift it to the next stage). To capture installation

delays, we assume that capacity installed at stage t generate production, storage, disposal

and sales of products at stage t + 1.

We define integer variables ut,k ∈ Z+, t ∈ D, k ∈ F ; here, ut,k is the number of

technologies of type k ∈ B installed at stage t ∈ D. The total capacity installed at time t

is thus:

xt = ∑
k∈F

ut,kBk, t ∈ D (4.2.2)

and the total installation cost at time t is:

yt = ∑
k∈F

ut,kCk, t ∈ D (4.2.3)

We define variable Xt, t ∈ T to represent the total amount of product generated at stage

t; Xt is the cumulative installed capacity up to stage t and follows the dynamic evolution:

Xt = Xat + xat , t ∈ T (4.2.4)

We set the initial production as X1 = 0 and recall that at = t− 1. In the proposed setting,

we can install more than one technology at each time but we limit the total final installed

capacity XT by using the upper bound x̄ ∈ Z+.
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We use the following constraint to ensure that demand is satisfies at each stage:

0 ≤ sat + Xt − st − wt ≤ dt, t ∈ T (4.2.5)

We define a production cost as ρp ∈ R+ and selling price as πp ∈ R+. Under these

definitions, the cost at stage t (denoted as qt ∈ R) can be expressed as:

qt = yt + ρpXt + ρsst + ρwwt, t ∈ T . (4.2.6a)

and the revenue at stage t (denoted as rt ∈ R) is expressed as:

rt = πp(Xt + sat − st − wt), t ∈ T . (4.2.7)

Note that s0, X1, s1, w1 = 0 and thus r1 = 0.

We consider a CE formulation that maximizes the NPV of the project; to do so, we

define an interest rate γ ∈ [0, 1] that is used to discount any future cash flow and we

define the discount factor βt = 1/(1 + γ)t−1. We define the discounted profit (cash flow)

achieved at stage t as vt and the cumulative profit upto stage t as Vt. These quantities are

computed as:

vt = βt · (rt − qt), t ∈ T (4.2.8a)

Vt = Vat + vt, t ∈ T . (4.2.8b)

With this, the NPV is given by VT = ∑t∈T vt.
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In summary, the CE problem is a mixed-integer linear program (MILP) of the form:

max
u,s

VT (4.2.9a)

s.t. xt = ∑
k∈F

ut,kBk, t ∈ D (4.2.9b)

yt = ∑
k∈F

ut,kCk, t ∈ D (4.2.9c)

Xt = Xat + xat , t ∈ T (4.2.9d)

qt = yt + ρpXt + ρsst + ρwwt, t ∈ T (4.2.9e)

rt = πp(Xt + sat − st − wt), t ∈ T (4.2.9f)

vt = βt · (rt − qt), t ∈ T (4.2.9g)

Vt = Vat + vt, t ∈ T (4.2.9h)

0 ≤ sat + Xt − st − wt ≤ dt, t ∈ T (4.2.9i)

0 ≤ st ≤ s̄, t ∈ D (4.2.9j)

XT ≤ x̄ (4.2.9k)

ut,k ∈ Z+, t ∈ D, k ∈ F (4.2.9l)

st ∈ Z+, t ∈ T . (4.2.9m)

The NPV metric accumulates all the cash flows vt, t ∈ T to the initial stage t = 1 and this

accounts for time value of money. If we set γ = 0, we obtain βt = 1 and the CE problem

maximizes the cumulative cash flows over the planning horizon (the total profit). As we

discuss next, the NPV is a convenient metric that allows us to summarize random cash

flows that arise in settings that face uncertainty.

4.2.3 Single-Product, Stochastic Setting

We now extend the CE problem to a stochastic setting; this formulation allows us to

explore trade-offs between expected profit and risk. The stochastic setting is illustrated
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Figure 4.4: Tree representation of planning horizon in stochastic case

in Figure 4.4. We define the set of scenarios at each stage t ∈ T as St = {1, 2, . . . St} with

cardinality |St|:= St. Each scenario is represented as a node in a tree; the number of levels

in the tree is given by the number of stages. We define parent node at,j, t ∈ T , j ∈ St as

the parent stage and scenario that node {t, j} emanates from. For example, if scenario

{t, j′1} is generated from scenario j at stage t− 1, then the parent node is at,j′1
= {t− 1, j}

(see Figure 4.5). The scenario set of the root node is a singleton S1 = {1} and the parent

of the root node is empty and thus a1,1 = ∅.

The demand is a discrete random variable; the realization of this variable at time

t and scenario j is denoted as dt,j, t ∈ T , j ∈ St. The probability of realization dt,j is

represented as pt,j ∈ [0, 1]. For each stage t ∈ T , these probabilities satisfy ∑j∈St
pt,j = 1.

It is important to highlight that these are joint probabilities that capture the history of

events leading to node {t, j}. In other words, joint probabilities are node probabilities

(conditional probabilities are arc/edge probabilities and marginal probabilities ignore

history). For example, in Figure 4.4, p3,1 is the probability of node {3, 1} corresponding
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t, j1

t, j2

t − 1, j

at,j1

at,j2

j ∈ St−1 j1, j2 ∈ St

Stage t-1 Stage t

Figure 4.5: Schematic of parent-node notation. Here, node {t − 1, j} is the ancestor of
{t− 1, j′1} and {t− 1, j} and thus at,j1 = at,j2 = {t− 1, j}.

to the demand event sequence d1,1, d2,1 and d3,1 and thus:

p3,1 = P({1, 1}, {2, 1}, {3, 1}) (4.2.10a)

= P({3, 1}|{1, 1}, {2, 1}) ·P({1, 1}, {2, 1}) (4.2.10b)

= P({3, 1}|{1, 1}, {2, 1}) · p2,1 (4.2.10c)

= P({3, 1}|{1, 1}, {2, 1}) ·P({2, 1}|{1, 1}) · p1,1. (4.2.10d)

where P({3, 1}|{1, 1}, {2, 1}) is the conditional probability of event {3, 1} given that {1, 1}
and {2, 1} have been realized. We thus have that probability pt,j carries information of its

ancestor nodes (i.e., p3,1 carries information of p2,1 and p1,1).

We define an integer variable ut,j,k ∈ Z+, t ∈ D, j ∈ St, k ∈ F to represent the number

of technologies of type k ∈ B installed at stage t ∈ T and at scenario j ∈ St. The total

capacity installed at time t and scenario j is:

xt,j = ∑
k∈F

ut,j,kBk, t ∈ D, j ∈ St, (4.2.11)
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and total installation cost at time t and scenario j is:

yt,j = ∑
k∈F

ut,j,kCk, t ∈ D, j ∈ St. (4.2.12)

We use the integer variable st,j ∈ Z+, t ∈ T , j ∈ St to denote the amount of storage at

stage t in scenario j. Similar to the deterministic case, the storage for the first and last

stage are assumed to be zero. We define the waste variable as wt,j ∈ Z+, t ∈ T , j ∈ St and

we assume that the waste for the first stage zero.

We define a variable Xt,j, t ∈ T , j ∈ St as the total amount of product produced at

stage t and scenario j. Here, Xt,j is interpreted as the cumulative installed capacity up to

stage and scenario at,j, expressed in (4.2.13). The total installed capacity at stage one is

X1,j = 0, j ∈ S1.

Xt,j = Xat,j + xat,j , t ∈ T , j ∈ St (4.2.13)

With the above definitions, we can define the undiscounted cost at stage t for scenario j

as qt,j, and is given by:

qt,j = yt,j + ρpXt,j + ρsst,j + ρwwt,j, t ∈ T \ {T}, j ∈ St. (4.2.14a)

The undiscounted revenue at stage t scenario j is denoted as rt,j and can be expressed as

rt,j = πp(Xt,j + sat,j − st,j − wt,j), t ∈ T , j ∈ St. (4.2.15a)

Our goal is to maximize the expected NPV and to minimize its risk. To model these

quantities, we introduce variable vt,j, t ∈ T , j ∈ St that denotes the cash flow (profit)

achieved in stage t and scenario j. We also define the cumulative variable Vt,j, t ∈ T , j ∈ St

to denote the cumulative profit up to stage t and scenario j. Using the notation proposed,
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these quantities can be computed using a form that is analogous to the deterministic case:

vt,j = βt · (rt,j − qt,j), t ∈ T , j ∈ St (4.2.16a)

Vt,j = Vat,j + vt,j, t ∈ T , j ∈ St. (4.2.16b)

The NPV is the total accumulated cash flow and is given by VT,j, j ∈ ST. We note that

this is a random quantity and that each realization correspond to a branch of the scenario

tree connecting the root node {1, 1} to the final nodes {T, j} with j ∈ ST. The NPV thus

summarizes information of the entire project and captures probabilities of the different

paths that the project can take. When the interest rate is zero, the NPV of a given path is

the total profit of the project for such path.

The expected NPV is given by:

E = ∑
j∈ST

pT,jVT,j, (4.2.17)

and its risk is measured by using the mean deviation:

R = ∑
j∈ST

pT,j|VT,j − E|. (4.2.18)

Alternative risk metrics can be used; here, we provide the mean deviation as this is a

coherent risk measure that is easy to interpret.

The CE problem can be cast as the following stochastic, multistage, multi-objective

optimization (SMMO) problem:

max
u,s
{E ,−R} (4.2.19a)
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s.t. xt,j = ∑
k∈F

ut,j,kBk, t ∈ D, j ∈ St (4.2.19b)

yt,j = ∑
k∈F

ut,j,kCk, t ∈ D, j ∈ St (4.2.19c)

Xt,j = Xat,j + xat,j , t ∈ T , j ∈ St (4.2.19d)

qt,j = yt,j + ρpXt,j + ρsst,j + ρwwt,j, t ∈ T , j ∈ St (4.2.19e)

rt,j = πp(Xt,j + sat,j − st,j − wt,j), t ∈ T , j ∈ St (4.2.19f)

vt,j = βt(rt,j − qt,j), t ∈ T , j ∈ St (4.2.19g)

Vt,j = Vat,j + vt,j, t ∈ T , j ∈ St (4.2.19h)

E = ∑
j∈ST

pT,jVT,j (4.2.19i)

R = ∑
j∈ST

pT,j|VT,j − E| (4.2.19j)

0 ≤ sat,j + Xt,j − st,j − wt,j ≤ dt,j, t ∈ T j ∈ St (4.2.19k)

0 ≤ st,j ≤ s̄, t ∈ D, j ∈ St (4.2.19l)

XT,j ≤ x̄, j ∈ ST (4.2.19m)

ut,j,k ∈ Z+, t ∈ D, j ∈ St, k ∈ F (4.2.19n)

st,j ∈ Z+, t ∈ T , j ∈ St (4.2.19o)

The Pareto solutions of this problem are found by using an ε-constrained method. It is

important to highlight that the SMMO problem does not seek to optimize the conditional

expectation and risk at every time (as in traditional multi-stage SP formulations). Instead,

the SMMO problem optimizes the joint expectation and risk (over the entire planning

time). This formulation thus avoids ambiguity issues associated with time consistency of

conditional risk evaluation encountered in traditional formulations. Another way to think

about this difference is that our formulation first determines the accumulated cash flow

over all stages and then optimizes its risk, while a traditional formulation determines the

risk of the cash flow at each stage and then optimizes the accumulated risk over all stages.
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4.2.4 Multi-Product, Stochastic Setting

We can conveniently extend the previous formulation to a multi-product setting. Assume

that the investor now has a choice of producing multiple products I = {i1, i2, . . . , iI}. We

use αi,i′ , i, i′ ∈ I to represent the inter-dependencies between product i and i′. Specifically,

αi,i′ denotes the units of product i′ required to produce i. Note that αi,i = 0, i ∈ I . For each

product i ∈ I , we define a set of technologies that can produce it; these technologies have

capacities Bi and installation costs C i. Also, for each product i ∈ I , we define a storage

cost, waste disposal cost, operational cost, and selling price as ρi
s, ρi

w, ρi
p, and πi

p. We also

define a capacity limit for product i as x̄i, i ∈ I , and storage limit for product i as s̄i, i ∈ I .

We define the demand for product i at stage t and scenario j as di
t,j, t ∈ T , j ∈ St, i ∈ I .

Our decision variables are the number of technologies with capacity Bi
k to be installed

from the capacities list at stage t and scenario j for product i and these are modeled using

the integer variables ui
t,j,k ∈ Z+, t ∈ D, j ∈ St, k ∈ F i, i ∈ I .

The total capacity installed at stage t and scenario j for product i is denoted as xi
t,j, t ∈

D, j ∈ St, i ∈ I . The total installation cost at stage t and scenario j for product i is denoted

as yi
t,j, t ∈ D, j ∈ St, i ∈ I . These quantities are computed as:

xi
t,j = ∑

k∈F i

ui
t,j,kBi

k, t ∈ D, j ∈ St, i ∈ I (4.2.20a)

yi
t,j = ∑

k∈F i

ui
t,j,kCi

k, t ∈ D, j ∈ St, i ∈ I (4.2.20b)

The amount of storage at stage t and scenario j for product i is defined as si
t,j ∈ Z+, t ∈

T , j ∈ St, i ∈ I , and the amount of product disposed at stage t and scenario j for product

i is wi
t,j ∈ Z+, t ∈ T , j ∈ St, i ∈ I . The total production at stage t and scenario j for

product i is denoted as Xi
t,j, t ∈ D, j ∈ St, i ∈ I . We also incorporate the cumulative

installation cost occurred along the path to time t and scenario j for product i and denote
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this as Yi
t,j, t ∈ D, j ∈ St, i ∈ I . These quantities are computed as:

Xi
t,j = Xi

at,j
+ xi

at,j
, t ∈ T , j ∈ St, i ∈ I (4.2.21a)

Yi
t,j = Yi

at,j
+ yi

t,j, t ∈ D, j ∈ St, i ∈ I (4.2.21b)

The cost incurred at stage t and scenario j, is qt,j, j ∈ ST and is computed as:

qt,j = ∑
i∈I

yi
t,j + ρi

pXi
t,j + ρi

ss
i
t,j + ρi

wwi
t,j, t ∈ T , j ∈ St. (4.2.22)

The profit incurred at stage t and scenario j is rt,j, t ∈ D, j ∈ St and is computed as:

rt,j = ∑
i∈I

πi
p(Xi

t,j + si
at,j
− si

t,j − wi
t,j − ∑

i′∈I
Xi′

t,jαi′ ,i), t ∈ T , j ∈ St. (4.2.23)

Under these definitions, we can define the rest of the quantities for cash flow, cumulative

cash flow, and NPV in the same way that we did for the single-product case. This gives

the SMMO problem:

max
u,s
{E ,−R} (4.2.24a)

s.t. xi
t,j = ∑

k∈F i

ui
t,j,kBi

k, t ∈ D, j ∈ St, i ∈ I (4.2.24b)

yi
t,j = ∑

k∈F i

ui
t,j,kCi

k, t ∈ D, j ∈ St, i ∈ I (4.2.24c)

Xi
t,j = Xi

at,j
+ xi

at,j
, t ∈ T , j ∈ St, i ∈ I (4.2.24d)

Yi
t,j = Yi

at,j
+ yi

t,j, t ∈ D, j ∈ St, i ∈ I (4.2.24e)

qt,j = ∑
i∈I

yi
t,j + ρi

pXi
t,j + ρi

ss
i
t,j + ρi

wwi
t,j, t ∈ D, j ∈ St (4.2.24f)

rt,j = ∑
i∈I

πi
p(Xi

t,j + si
at,j
− si

t,j − wi
t,j − ∑

i′∈I
Xi′

t,jαi′ ,i), t ∈ T , j ∈ St (4.2.24g)

vt,j = βt(rt,j − qt,j), t ∈ T , j ∈ St (4.2.24h)
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Vt,j = Vat,j + vt,j, t ∈ T , j ∈ St (4.2.24i)

E = ∑
j∈ST

pT,jVT,j (4.2.24j)

R = ∑
j∈ST

pT,j|VT,j − E| (4.2.24k)

0 ≤ si
at,j

+ Xi
t,j − si

t,j − wi
t,j −∑

i∈I
Xi′

t,jαi′ ,i ≤ di
t,j, t ∈ T , j ∈ St, i, i′ ∈ I (4.2.24l)

αi,i′Xi
t,j ≤ si′

at,j
+ Xi′

t,j, t ∈ D, j ∈ St, i, i′ ∈ I (4.2.24m)

0 ≤ si
t,j ≤ s̄i, t ∈ D, j ∈ St, i ∈ I (4.2.24n)

Xi
T,j ≤ x̄i, j ∈ ST , i ∈ I (4.2.24o)

∑
i∈I

Yi
T,j ≤ ȳ, j ∈ ST (4.2.24p)

ui
t,j,k ∈ Z+, i ∈ D, j ∈ St, k ∈ F i, i ∈ I (4.2.24q)

si
t,j ∈ Z+, t ∈ T , j ∈ St, i ∈ I (4.2.24r)

We highlight that the proposed formulation can be extended in a number of ways to add

different investment logic (e.g., account for limited investment budgets). Here, we present

a formulation that contains enough features to highlight benefits of modular technologies

in mitigating risk.

4.3 Case Studies

In this section, we present different case studies to illustrate how modularization can help

mitigate risk. The first case study involves a single-product setting with 3 stages and has

a structure of a binary tree. We then present a more complex and realistic case study that

includes interdependent products and more stages and scenarios. The optimization prob-

lems were solved using Gurobi (version 0.7.6) with a default MIP Gap of 0.01% and were

implemented in the JuMP modeling framework. The scripts to reproduce all results can

be found in https://github.com/zavalab/JuliaBox/tree/master/ModularPlanning.

https://github.com/zavalab/JuliaBox/tree/master/ModularPlanning
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Figure 4.6: Tree representation for single-product stochastic case over 3 stages.

4.3.1 Single-Product Problem

Table 4.1: Data for single-product problem

Parameters Values

Capacities (tons), B {100, 500, 1000, 1500}

Installation Cost ($), C {247, 721, 1145, 1500}

Capacity Limit (tons), x̄ 1500

Installation Cost Limit ($), ȳ 2000

Storage Cost ($), ρs 30

Storage Limit (tons), s̄ 400

Waste Cost ($), ρw 30

Operational Cost ($), ρp 50

Selling Price ($), πp 140

Discount rate, γ 0.06

Figure 4.6 shows the stages, scenarios, and their corresponding demand and proba-

bilities. The number inside each node represents the scenarios at each stage and the other
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number next to the node indicates the demand for each scenario in tons. Each parent

node has two children nodes and we assume that each outcome has equal probability. All

other required data is summarized in Table 4.1. All the capacity-related quantities have

the units of metric tons and price-related quantities have units of US dollars.

In this problem, we are seeking to make investment decisions at stage 1 and 2 that

can help minimize NPV risk while achieving a constant level of expected NPV. To see

the effect of that modular units have on flexibility, we solved this problem under three

different capacity options (we call them Cases 1,2,3). In Case 1, we only allow the investor

to choose between large capacities of 1500 tons and 1000 tons. In Case 2, we add medium

capacity unit (500 tons ) to the list to provide more flexibility. In Case 3, we allow the

investor to choose from the complete capacity list (which includes smaller modular units).

The three cases are solved for the undiscounted and discounted NPV problem (to see the

impact of time value of money).

!"#$%#
!

!"#$%#
!

&"!$%#
!

&"!$%#
!

Figure 4.7: Pareto frontiers under undiscounted NPV (left) and discounted NPV (right)
settings.

The Pareto frontiers for both problems are shown in Figure 4.7. Examples of invest-

ment plans obtained with these formulations are shown in Table 4.2. We can see that

the shape of the Pareto frontiers for the discounted and undiscounted problems is simi-

lar. We can thus see that the discounting factor does not influence the decisions made at
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each stage since the number of stages is small. As we will see in the next case study, the

effect of discounting can be quite pronounced for problems that involve long planning

horizons. The Pareto frontiers highlight that that a strong trade-off exists between the

expected value and risk of the NPV (higher expected NPV results in higher risk). This

trade-off arises from economies of scale and flexibility (it is less expensive but more risky

to install large units). It is clear that the Pareto frontier for cases 2 and 3 (under which

small units are available) dominate the frontier of case 1 (under which only large units

are available). Importantly, this occurs even if the installation costs of the large units have

better economies of scale. At the same level for the expected NPV, Cases 2 and 3 achieve a

significantly lower risk (reduction by a factor of 3). Similarly, at the same risk level, Cases

2 and 3 achieve a much higher expected NPV (increase by a factor of 2). We can also see

that Case 2 and 3 achieve levels of expected NPV that are not achievable in Case 1. Note

that since we used ε-constrained method to obtain the Pareto solutions, the smoothness

of the curve largely depends on the resolution of ε that was chosen. As different capacity

plans result in discrete risk and expected value combinations, gaps (flat region of the line)

may appear on the Pareto frontier.

In Table 4.2, the installation column shows installation decisions made for the undis-

counted problem. These decisions are also visualized in Figures 4.8, 4.9, and 4.10. We

can see that, with only larger capacity options (Case 1), we have no choice but to install

the large unit at stage 1. In Case 2, we install a medium-sized unit in stage 1 and an-

other medium-sized unit in stage 2; this achieves the same expected NPV but the risk is

drastically reduced. For Case 3, we installed four small-sized units in the first stage and

one medium-sized unit in the second stage. This achieves the same expected NPV but

further decreases the risk. We thus conclude that the different capacity choices enable

higher investment flexibility and reduced risk.
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Figure 4.8: Investment strategy under Case 1 (undiscounted NPV setting).
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Figure 4.9: Investment strategy under Case 2 (undiscounted NPV setting).
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Table 4.2: Investment strategy and associated risks (undiscounted NPV setting).

Cases Technology Sizes (tons) Risk ($) Expected Value ($)

Case 1 {1000, 0, 0} 93149 7.0× 104

Case 2 {500, 500, 0} 24361 7.0× 104

Case 3 {100×4, 500 , 0} 16495 7.0× 104

200
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10001600

1200

Cumulative profit

Installation
Product produced

Stage 1

Stage 2

Stage 3

X1,1 = 0

V3,1 = 102651 V3,2 = 70181 V3,3 = 70162 V3,4 = 37012

x1,1 = 400

X2,1 = 400
x2,1 = 500 x2,2 = 0

X2,2 = 400

X3,1 = 900 X3,2 = 900 X3,3 = 400 X3,4 = 400

Figure 4.10: Investment strategy under Case 3 (undiscounted NPV setting).

4.3.2 Multi-Product Problem

Biogas is a methane-rich gas mixture that can be produced from anaerobic digestion of

organic waste (such as cow manure). The biogas (in metric tons) can be sold directly or

can be used as raw material to produce electricity (in MWh) and liquefied biomethane (in

gallons). These products are represented as i1, i2, and i3 respectively (Krich et al., 2005;

Sampat et al., 2018). The process under study is visualized in Figure 4.11. The available

technology capacities, investment cost, operation cost and other required information are

summarized in Table 4.3 (Hu et al., 2018; Beddoes et al., 2007; Patel, 2019). The capital
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Table 4.3: Data for biogas capacity expansion problem.

Parameters Notation Values

Capacities List

Bi1 (tons) [400, 800, 1200]

Bi2 (MWh) [500, 1000, 2000]

Bi3 (gallons) [60000, 180000, 300000]

Installation Cost ($)

Ci1 [272844, 374693, 457138]

Ci2 [172219, 234688, 347021]

Ci3 [577269, 1930312, 2935611]

Capacity Limit

x̄i1 (tons) 6000

x̄i2 (MWh) 6000

x̄i3 (gallons) 1500000

Storage Cost

ρi1
s ($ per tons) 0

ρi2
s ($ per MWh) 150000

ρi3
s ($ per gallon) 0.2

Storage Limit

s̄i1 (tons) 800

s̄i2 (MWh) 1000

s̄i3 (gallons) 180000

Waste Disposal Cost

ρi1
w ($ per ton) 0

ρi2
w ($ per MWh) 0

ρi3
w ($ per gallon) 2

Operational Cost

ρi1
p ($ per ton) 34

ρi2
p ($ per MWh) 40

ρi3
p ($ per gallon) 0.56

Selling Price

πi1
p ($ per ton) 100

πi2
p ($ per MWh) 130

πi3
p ($ per gallon) 2.5

Interdependency
αi2 ,i1 0.68

αi3 ,i1 0.0046

Total Installation Cost Limit ($) ȳ 1× 107

Interest Rate γ 0.06
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Figure 4.11: Process for the production of biogas and its byproducts

cost for these technologies roughly follows the 2/3 rule. The products are interdepen-

dent: producing 1 MWh of i2 requires 0.68 tons of i1 and producing 1 gallon of i3 requires

0.0046 tons of i1. The planning stages have a duration of one year; as such, all capacities

and production levels are expressed on a per-year basis.

The stochastic multistage setting is illustrated in Figure 4.12. Here, we have a planning

horizon with 10 stages. From stage 1 to stage 6, each parent node has two children nodes

(which capture variability in market demands); after stage 6, the market is assumed to

stay constant and thus each parent node only has one children node. The demand for

selected nodes is shown next to the node. For the first six stages, the children nodes of

each parent node represent an optimistic market and a pessimistic market.

We consider 3 possible cases; for Case 1, the unit for producing i1 has a capacity of

1200 tons, the unit producing i2 has a capacity of 2000 MWh, and the unit for producing

i3 has the capacity of 300000 gallons. In Case 2, we add a unit with a capacity of 800 tons
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2,1 = [1800, 3600, 324000] di

2,2 = [1200, 2400, 216000]

di
10,1 = [3000, 6000, 540000] di

10,32 = [0, 0, 0]

Figure 4.12: Tree representation of planning stages and scenarios of biogas case study.
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for producing i1, we add a unit with a capacity of 1000 MWh for the choices for i2, and

a capacity of 180,000 gallons for i3. For Case 3, we further expand the capacity choices

for product i1 to include 400 tons, expand choices for i2 to include 500 MWh, and expand

choices for i3 to include 60,000 gallons. To provide some context on the size of these units,

an annual capacity of 500 MWh corresponds to a power capacity of 500/8760=0.057 MW

(57 kW). As such, the small capacities for the power generators correspond to those of

small modular systems.

!"#$%#
!

%"&$%#
"

!"'$%#
!

($%#
"

Achievable only in case 3

Figure 4.13: Pareto frontiers for undiscounted NPV (left) and discounted NPV (right)
settings.

We would like to determine the number of planning stages that it takes for the in-

vestment to be profitable. As such, we gradually increase the planning horizon of the

CE problem until the profit is positive. We found that, for both discounted and undis-

counted problems, the expected NPV remains zero for any planning horizon with less

than 8 stages. In other words, the investment is only profitable if the project lifetime is at

least 8 years. We can thus see that the length of the planning horizon plays an important

role in making investment decisions. We assume that the planning horizon is 10 years (as

shown in Figure 4.12). Again, we would like to determine an optimal investment strategy

that maximizes expected NPV and minimizes its risk. The Pareto frontiers are shown

in Figure 4.13 and we compare risks obtained under the different cases in Table 4.4 and

Table 4.6.
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Table 4.4: Investment strategy for undiscounted NPV problem with E = 3.0× 105

Cases Installation
Expected

Risk ($)
# of # of Variables

Value ($) Constraints (Cont.+Int.)

Case 1

xi1
1,1 = 1200× 2 tons

3.0× 105 3.26× 105
4355 2225+1623

xi2
1,1 = 2000 MWh

Case 2

xi1
1,1 = 1200 tons

3.0× 105 2.43× 105
4355 2225+2100

xi2
1,1 = 1000 MWh

xi1
2,1 = 1200 tons

xi3
2,1 = 180000 gallons

xi1
3,1 = 1200 tons

xi2
5,1 = 2000 MWh

xi2
5,4 = 1000 MWh

xi2
6,6 = 2000 MWh

Case 3

xi1
1,1 = 800 tons

3.0× 105 1.02× 105
4355 2225+2577

xi3
1,1 = 60000 gallons

xi1
3,1 = 1200× 2 tons

xi3
3,1 = 60000× 2 gallons

We again find that the Pareto frontier of Case 3 (considering small technologies) dom-

inates. Looking horizontally (for the same expected NPV) cases with more capacity op-

tions reduce risk. Looking vertically (for the same risk) we can see that modularity allows

us to reach higher expected NPVs. For the discounted NPV problem we see that adding

smaller capacity options (Case 2) reduces risk, further reducing the capacity (Case 3) can

achieve higher expected profits but does not help to mitigate the risk. This is because

of complex interplays between discounting and economies of scale. As we discount the

future cash flow, the effect of installing small capacities at future stages reduces, and

together with the effect of economies of scale, the advantages brought by modular tech-

nologies become less obvious. This indicates that reducing technology sizes aids flexibil-

ity (but there is a limit to such flexibility). From Table 4.4 and Table 4.5 we can see that,
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Table 4.5: Investment strategy for discounted NPV problem with R = 3.9× 105

Cases Installation Expected Value($) Risk ($)

Case 1

xi1
1,1 = 1200× 2 tons

2.64× 105 3.90× 105

xi2
1,1 = 2000 MWh

Case 2

xi1
1,1 = 1200 tons

3.72× 105 3.90× 105

xi1
2,1 = 1200× 2 tons

xi2
2,1 = 2000 MWh

xi3
2,1 = 180000 gallons

xi2
3,4 = 1000 MWh

xi2
6,24 = 1000 MWh

Case 3

xi1
1,1 = 1200 tons

6.50× 105 3.90× 105

xi3
1,1 = 60000× 2 gallons

xi1
2,1 = 1200× 2 tons

xi2
2,1 = 2000 MWh

xi3
3,1 = 60000 tons

Table 4.6: Investment strategy for discounted NPV problem with E = 1.5× 104

Cases Installation Expected Value($) Risk ($)

Case 1 xi1
1,1 = 1200 tons 1.5× 104 3.06× 106

Case 2

xi1
1,1 = 1200 tons

1.5× 104 2.41× 106xi2
3,4 = 1000 MWh

xi2
5,12 = 1000 MWh

xi2
6,16 = 1000 MWh

Case 3

xi1
1,1 = 1200 tons

1.5× 104 2.41× 106xi2
3,4 = 1000 MWh

xi2
5,12 = 1000 MWh

xi2
6,16 = 1000 MWh
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for the undiscounted problem, most of the investment occurs at the early stages. Here, we

can also see that modular technologies are used extensively to reduce risk (risk is reduced

by a factor of three) and increase profit (profit is increased by a factor of three).

4.4 Conclusion and Future Work

We study logistical investment flexibility provided by modular processing technologies

for mitigating risk. Specifically, we propose a capacity expansion problem that aims to

determine optimal investment strategies over a given planning horizon. This expansion

problem is a stochastic, multi-stage, and multi-objective optimization problem. The for-

mulation accounts for multi-product dependencies between small/large units and for

trade-offs between expected profit and risk. The formulation uses a cumulative risk mea-

sure to avoid time-consistency issues of traditional, per-stage risk-minimization formula-

tions and we argue that this approach is more compatible with typical investment metrics

such as the net present value. Case studies of different complexity are presented to il-

lustrate the developments. Our studies reveal that the Pareto frontier of a flexible setting

(allowing for deployment of small units) dominates the Pareto frontier of an inflexible set-

ting (allowing only for deployment of large units). Notably, this dominance is prevalent

despite benefits arising from economies of scale of large processing units. Small technolo-

gies provide flexibility that translates into tangible reductions of risk (despite the fact that

they are not benefited by economies of scale). However, we also find that flexibility pro-

vided by capacity reductions has limits that result from the complex interplay between

economies of scale and discounting.

As part of future work, we are interested in exploring the use of decomposition strate-

gies to address tractability issues (e.g., by using stochastic dual dynamic programming

techniques). In this work we ignored engineering costs associated with different types of

technologies (which can be reduced using modularization). We will use more detailed

cost representations and case studies in future work.
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5
A S PAT I A L S U P E R S T R U C T U R E A P P R O A C H T O T H E O P T I M A L

D E S I G N O F M O D U L A R S Y S T E M S

This article is submitted to Computers and Chemical Engineering and is currently under

review.

5.1 Introduction

Modularity is a design principle that aims to provide flexibility for spatio-temporal assem-

bly, disassembly, and reconfiguration of systems. This design principle can be applied to

multi-scale manufacturing systems that connect equipment units/technologies, processes

(collections of units/technologies), facilities (collections of processes), and entire supply

chains (collections of facilities). Modularity principles have been recently explored in di-

verse industrial sectors such as power generation, data centers, and chemical processes

(Frivaldsky et al., 2018; Berthélemy and Rangel, 2015; Dong et al., 2009; Chakraborty et al.,

2009; R., 1999). It is a design principle that can be applied at different levels of an orga-

nization; for instance, processes that compose a facility (collection of processes at a given

geographical location) can be interpreted as modules and products exchanged between

such modules give rise to a facility. The connectivity induced from products exchanged
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between processes and from product transformation in such processes induces a degree

of modularity of the facility. For instance, facilities that have dense product interdepen-

dencies are less modular than those that have sparse interdependencies. The degree of

product interdependency affects flexibility, as facilities that are tightly coupled are typi-

cally more difficult to reconfigure. Similarly, at a higher organization level, facilities that

compose a supply chain can be interpreted as modules that exchange products across ge-

ographical locations (e.g., via long-distance transport). This indicates that a supply chain

can be seen as a distributed network of processes (a distributed facility with processes

placed at different geographical locations), while a typical facility can be seen as a cen-

tralized network of processes (all processes are placed at the same geographical location).

As in the case of a facility, the modularity of a supply chain is affected by the connectivity

induced from product transport across components, from product transformation in its

components, and from its ability to be reconfigured (e.g., movable processes). For in-

stance, a supply chain composed of small processes (easier to move reconfigure) is more

flexible than one composed of large processes (difficult to move and reconfigure) (Zhao

et al., 2018). Similarly, a supply chain with sparse product connectivity will be more

modular than that with dense product connectivity. This is because, when a process fails

in a densely connected supply chain, it can trigger a collapse of the entire system.

Modular design studies reported in the literature have focused mostly on single pro-

cesses and thus do not assess how modularization can help mitigate system-wide (i.e.,

at facilities and supply chain levels). Recent work in power grid and natural gas net-

works has revealed that deploying distributed data centers, batteries, vehicle charging

stations, gas-fired power plants, and manufacturing facilities can add flexibility, relieve

network congestion, and enhance system-wide performance (Kim et al., 2017b; Sioshansi

et al., 2009; Chiang and Zavala, 2016). This flexibility can be used to absorb fluctuations

of wind and solar power and can help withstand externalities (e.g., extreme weather

events, policy, equipment failures). One could thus argue that widespread deployment of

small modular systems can, in principle, provide network flexibility to mitigate system-
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wide risks (e.g., climate change). Modular supply chain design that considers demand

uncertainty to manage risk has recently been explored. A mixed integer stochastic pro-

gramming problem is formulated to determine the number of modules, the locations of

facilities and the flow of materials to minimize the downside risk and the overall profit

at the same time (Bhosekar et al., 2021). However, this work considers modularity only at

the facility level, instead of at the system level that involves the entire supply chain.

Maximal p-graph structures and superstructures are system representations that have

been widely used for the design of chemical processes and of mass/energy recovery net-

works for single facilities (F Friedler and Fan, 1992; Christodoulos A Floudas and Gross-

mann, 1986). A maximal p-graph structure encodes all possible feasible paths between

primary products, processing tasks, and intermediate and final products (Yeomans and

Grossmann, 1999). A superstructure encodes all possible configurations of equipment

units and product flows that perform tasks defined by the maximal p-graph (i.e., multi-

ple units might perform the same task) (El-Halwagi and Manousiouthakis, 1989; Isafiade

and Fraser, 2009). While these representations provide a powerful framework to investi-

gate systems at a process level, they do not encode spatial information, which is necessary

to capture how design affects flexibility at higher organization levels (facilities and supply

chains).

In this work, we propose an optimization framework to facilitate the design of mod-

ular processes, facilities, and supply chains. Central to our approach is the concept a

spatial superstructure, which is a graph that encodes all possible dependencies between

components. We show that the spatial superstructure is a generalization of the super-

structure and p-graph used for process design in that it encodes spatial (geographical)

context. Moreover, we show that this generalization enables the simultaneous design of

processes, facilities, and of supply chains in a unified manner. Specifically, a spatial su-

perstructure is a superstructure under which technologies and flows encode positional

(geographical) context and that encodes product dependencies that arise from transfor-

mation (as in a p-graph). This allows us to represent standard centralized processes and
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facilities (under which technologies are placed at the same geographical location) and

a spatially-distributed process (under which technologies are distributed over multiple

geographical locations) by using the same graph topology. The graph representation re-

veals that a key distinction between a spatial superstructure and other representations is

in how product transportation is accounted for. For instance, short-range transport (in-

side a process or facility) might use pipelines while long-range transport might use truck

hauling or railways.

The proposed approach leverages the graph representation of the spatial superstruc-

ture to identify topologies that minimize system design cost and that maximize design

modularity. We show that this design problem can be cast as a mixed-integer, multi-

objective optimization formulation and allows us to capture interdependencies between

primary products (raw materials), intermediate products, and final products that arise

from product transformation and transport across components. We also leverage the

topology of the spatial superstructure to accelerate the optimal design search by restrict-

ing such search along feasible paths that obtain desired products from primary prod-

ucts. This approach contrasts with standard superstructure optimization approaches that

search over individual technologies/units. We demonstrate the capabilities for the design

of a plastic waste upcycling supply chain.

5.2 Concepts and Graph Representations

In this section, we revisit the concept of a p-graph, maximal p-graph, and superstructure

and provide a unifying graph-theoretic perspective. We use these concepts to propose a

spatial superstructure that will be used to guide the design of modular systems.

5.2.1 P-graph and Maximal p-graph

In the context of chemical processes, graphs have been used to analyze interdependencies

between products and technologies (unit operations) in a process and with this unravel a



102

number of fundamental systems properties such as topological feasibility (e.g., ability to

reach a set of products from a set of primary products).

A process can be represented/modeled as a p-graph (short for process graph). In a

p-graph, nodes represent technologies (processing tasks or unit operations) and products

(primary products as well as intermediate and final products) while edges represent de-

pendencies between products and technologies. Here, the concept of product is general

in that it can capture general resources such as energy (e.g., electricity). In addition, we

note that technologies induce complex interdependencies because they conduct transfor-

mation of products into other products (e.g., a chemical reactor or a separation unit).

Under the p-graph abstraction, it is possible to derive a maximal p-graph (max p-graph

for short) that encodes all possible technologies and required primary products and in-

termediate products that can be used to obtain reach a desired set of final products. This

representation is powerful and insightful because any possible process configuration that

connects primary products, technologies, and intermediate/final products is embedded

in the maximal p-graph. A specific process realization is derived by selection of specific

nodes and edges (which form a path between primary products (i.e., primary products),

intermediate products, and final products desired). As we will see, superstructure repre-

sentations inherit the topology of max p-graphs.

Suppose that a process involves a set of intermediate/final products P and a set of

primary products R from which intermediate/final products are derived (via technolo-

gies). Furthermore, we define a set of all products involved in the process as I . A product

can potentially be generated by different types of technologies (techs for short), and we

define a set of possible techs as T .

Associated with each tech t ∈ T , there is a set of output products Ωt ∈ P , a set

of input products Kt ∈ I , and a tech type θt. For convenience, we categorize techs by

products and types using the subsets Ti,i′ ,j ⊆ T with Ti,i′ ,j := {t|i ∈ Ωt, i′ ∈ Kt, θt = j}.
We model the max p-graph as a directed graph G p = (N p; E p) where N p is its set of

nodes (vertices) and E p is its set of edges. The set of nodes include product nodes and tech
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nodes. We define the set of nodes representing the supplies/sources of primary product

as S p ⊆ N p). Associated with each node s ∈ S p there is a type of primary product

Ωs ∈ R. For convenience, we categorize suppliers as S p
i ⊆ S p with S p

i := {s|Ωs = i}.
Similarly, we define the set of nodes representing demands/sinks of final products as

Dp ⊆ N p. Associated with each d ∈ Dp, there is a type of product Kd ∈ P ; we categorize

demand nodes as Dp
i ⊆ Dp with Dp

i := {d|Kd = i}.
We define the set of nodes representing the techs as U p ⊆ N p. For each node u ∈ U p,

there is a tech τu ∈ T associated with it, and we classify tech nodes as U p
t ⊆ U p with

U p
t := {u|τu = t}. Because each tech t is also associated with an product sets Ωt,Kt and a

type θt, we have that each node u ∈ U p is associated with a set of products Ωτu ∈ P that

the tech generates, a set of products Kτu ∈ I that enter the tech, and a type of tech θτu .

For convenience, we use the short-hand notation Ωu, Ku, and θu. We define the subsets

U p
i,i′ ,j := {u|i ∈ Ωu, i′ ∈ Ku, θu = j}. We highlight that, in the max p-graph representation,

the tech node set U p contains only attributes of tech t ∈ T , so they are defined similarly.

In other words, node U p
t = U p

i,i′ ,j corresponds to the tech t = Ti,i′ ,j. Finally, the set of all

nodes is:

N p = S p ∪Dp ∪ U p. (5.2.1)

Figure 5.1 provides an illustration of a max p-graph and showcases how complex in-

terdependencies between products and techs arise. In this example, the set P contains

products i3 and i5, set R contains primary products i1, i2, i3, i4 and i5, and the set I
contains the final product i5. The intermediate product i3 and final product i5 are also

included in the primary products because we consider the possibility of satisfying the

demand by purchasing it from an external market. The set T contains a couple of tech

types producing product i3 from either i1 or i1 and i2, and 2 types of techs producing

product i5 from either i3 or i3 and i4, represented as {Ti3 ,i1,j1 , Ti3,{i1 ,i2},j2 , Ti5 ,{i3 ,i4},j1 , Ti5,i3 ,j2}.
Nodes representing supplies of primary products are on the left, shown as nodes Sp

i1
, Sp

i2
,
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Sp
i3

, Sp
i4

, and Sp
i5

in set S p; nodes representing technologies are in the middle, shown as

node Up
i3,i1,j1

, Up
i3 ,{i1 ,i2},j2 , Up

i5 ,{i3,i4},j1 and Up
i5,i3,j2

in set U p; nodes representing the demand

are on the right, shown as node Dp
i5

in set Dp. Nodes and edges are highlighted based

on the associated product; for example, node Sp
i4

and the edge that carries the product

i4 to technology Up
i5 ,{i3 ,i4},j1 have the same color. The product hierarchy of the process is

also displayed in this max p-graph representation; looking from top to bottom, we can

see that products or techs that are involved in the early stage of the process are on the

top and those that are involved later in the process are on the bottom. Moreover, the max

p-graph tells us that primary products i1, i2, and i4 can only be purchased but not pro-

duced. Product i3 is an intermediate product that can be produced by either type of tech

or purchased from the external market; this product is also fed to the techs that produce

product i5 (which is the final product).
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<latexit sha1_base64="qaX50jmWNYQIxW2A7imY9FNazNM=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9mVih6LXjxWtB/Srks2zbahSXZJskJZ+iu8eFDEqz/Hm//GtN2Dtj4YeLw3w8y8MOFMG9f9dgorq2vrG8XN0tb2zu5eef+gpeNUEdokMY9VJ8SaciZp0zDDaSdRFIuQ03Y4up767SeqNIvlvRkn1Bd4IFnECDZWerh7TIKMBbVJUK64VXcGtEy8nFQgRyMof/X6MUkFlYZwrHXXcxPjZ1gZRjidlHqppgkmIzygXUslFlT72ezgCTqxSh9FsbIlDZqpvycyLLQei9B2CmyGetGbiv953dREl37GZJIaKsl8UZRyZGI0/R71maLE8LElmChmb0VkiBUmxmZUsiF4iy8vk9ZZ1Tuvure1Sv0qj6MIR3AMp+DBBdThBhrQBAICnuEV3hzlvDjvzse8teDkM4fwB87nD6LrkEw=</latexit>

Sp
i4

<latexit sha1_base64="rVvWWwSlFeCJzVni1LdjSOf0aXs=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVix6LXjxWtB/Srks2zbahSXZJskJZ+iu8eFDEqz/Hm//GtN2Dtj4YeLw3w8y8MOFMG9f9dgorq2vrG8XN0tb2zu5eef+gpeNUEdokMY9VJ8SaciZp0zDDaSdRFIuQ03Y4up767SeqNIvlvRkn1Bd4IFnECDZWerh7TIKMBbVJUK64VXcGtEy8nFQgRyMof/X6MUkFlYZwrHXXcxPjZ1gZRjidlHqppgkmIzygXUslFlT72ezgCTqxSh9FsbIlDZqpvycyLLQei9B2CmyGetGbiv953dREl37GZJIaKsl8UZRyZGI0/R71maLE8LElmChmb0VkiBUmxmZUsiF4iy8vk9ZZ1atV3dvzSv0qj6MIR3AMp+DBBdThBhrQBAICnuEV3hzlvDjvzse8teDkM4fwB87nD6RwkE0=</latexit>

Sp
i5

<latexit sha1_base64="Un3/rV3umPKqmMdEDrvMUMZqws4=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVix6LevBYwX5Iuy7ZNNuGJtklyQpl6a/w4kERr/4cb/4b03YP2vpg4PHeDDPzwoQzbVz32ymsrK6tbxQ3S1vbO7t75f2Dlo5TRWiTxDxWnRBrypmkTcMMp51EUSxCTtvh6Hrqt5+o0iyW92acUF/ggWQRI9hY6eHmMQkyFtQmQbniVt0Z0DLxclKBHI2g/NXrxyQVVBrCsdZdz02Mn2FlGOF0UuqlmiaYjPCAdi2VWFDtZ7ODJ+jEKn0UxcqWNGim/p7IsNB6LELbKbAZ6kVvKv7ndVMTXfoZk0lqqCTzRVHKkYnR9HvUZ4oSw8eWYKKYvRWRIVaYGJtRyYbgLb68TFpnVa9Wde/OK/WrPI4iHMExnIIHF1CHW2hAEwgIeIZXeHOU8+K8Ox/z1oKTzxzCHzifP408kD4=</latexit>

Dp
i5

<latexit sha1_base64="2WyyqJiDiNmn4CRdok7ZgncuojA=">AAAB+nicbVBNT8JAEJ3iF+JX0aOXRmLigZDWj+iR6MUjJhZIoDbbZQsr222zu9WQyk/x4kFjvPpLvPlvXKAHBV8yyct7M5mZFySMSmXb30ZhaXllda24XtrY3NreMcu7TRmnAhMXxywW7QBJwignrqKKkXYiCIoCRlrB8Gritx6IkDTmt2qUEC9CfU5DipHSkm+W3bvEz6h/UqW+U733nbFvVuyaPYW1SJycVCBHwze/ur0YpxHhCjMkZcexE+VlSCiKGRmXuqkkCcJD1CcdTTmKiPSy6elj61ArPSuMhS6urKn6eyJDkZSjKNCdEVIDOe9NxP+8TqrCCy+jPEkV4Xi2KEyZpWJrkoPVo4JgxUaaICyovtXCAyQQVjqtkg7BmX95kTSPa85Zzb45rdQv8ziKsA8HcAQOnEMdrqEBLmB4hGd4hTfjyXgx3o2PWWvByGf24A+Mzx/gS5MZ</latexit>

Up
i3,i1,j1

<latexit sha1_base64="4ZVVQnUgbIezQusSCxYCb2PuH2k=">AAAB+nicbVBNT8JAEJ3iF+JX0aOXjcTEAyEtSvRI9OIREwskUJvtssDK9iO7Ww2p/BQvHjTGq7/Em//GBXpQ8CWTvLw3k5l5fsyZVJb1beRWVtfWN/Kbha3tnd09s7jflFEiCHVIxCPR9rGknIXUUUxx2o4FxYHPacsfXU391gMVkkXhrRrH1A3wIGR9RrDSkmcWnbvYS5lXKzPvtHzvVSeeWbIq1gxomdgZKUGGhmd+dXsRSQIaKsKxlB3bipWbYqEY4XRS6CaSxpiM8IB2NA1xQKWbzk6foGOt9FA/ErpChWbq74kUB1KOA193BlgN5aI3Ff/zOonqX7gpC+NE0ZDMF/UTjlSEpjmgHhOUKD7WBBPB9K2IDLHAROm0CjoEe/HlZdKsVuxaxbo5K9UvszjycAhHcAI2nEMdrqEBDhB4hGd4hTfjyXgx3o2PeWvOyGYO4A+Mzx/n/JMe</latexit>

Up
i5,i3,j2

<latexit sha1_base64="2u4GOPf17rysh2z6QhJyiZtGRlk=">AAACBXicbVC7TsMwFHV4lvIKMMJgUSExVFVSQDBWsDAWibSVmhA5rtOaOk5kO0hVlIWFX2FhACFW/oGNv8FtM0DLka7u0Tn3yr4nSBiVyrK+jYXFpeWV1dJaeX1jc2vb3NltyTgVmDg4ZrHoBEgSRjlxFFWMdBJBUBQw0g6GV2O//UCEpDG/VaOEeBHqcxpSjJSWfPPAuUv8jPonVejqZlch9etuXoX3fj33zYpVsyaA88QuSAUUaPrml9uLcRoRrjBDUnZtK1FehoSimJG87KaSJAgPUZ90NeUoItLLJlfk8EgrPRjGQhdXcKL+3shQJOUoCvRkhNRAznpj8T+vm6rwwssoT1JFOJ4+FKYMqhiOI4E9KghWbKQJwoLqv0I8QAJhpYMr6xDs2ZPnSates89q1s1ppXFZxFEC++AQHAMbnIMGuAZN4AAMHsEzeAVvxpPxYrwbH9PRBaPY2QN/YHz+AKXvlr4=</latexit>

Up
i3,{i1,i2},j2

<latexit sha1_base64="fXzf9jbztAdv+CfDF8zGNu96Sno=">AAACBXicbVC7TsMwFHXKq5RXgBEGiwqJoaoSaAVjBQtjkehDakLkuE5r6jiR7SBVURYWfoWFAYRY+Qc2/ga3zQAtR7q6R+fcK/seP2ZUKsv6NgpLyyura8X10sbm1vaOubvXllEiMGnhiEWi6yNJGOWkpahipBsLgkKfkY4/upr4nQciJI34rRrHxA3RgNOAYqS05JmHrbvYS6lXr0BHt7MKpF7NySrw3rMzzyxbVWsKuEjsnJRBjqZnfjn9CCch4QozJGXPtmLlpkgoihnJSk4iSYzwCA1IT1OOQiLddHpFBo+10odBJHRxBafq740UhVKOQ19PhkgN5bw3Ef/zeokKLtyU8jhRhOPZQ0HCoIrgJBLYp4JgxcaaICyo/ivEQyQQVjq4kg7Bnj95kbRPq3a9at3Uyo3LPI4iOABH4ATY4Bw0wDVoghbA4BE8g1fwZjwZL8a78TEbLRj5zj74A+PzB63UlsM=</latexit>

Up
i5,{i3,i4},j1

Figure 5.1: Illustration of a max p-graph showing dependencies between products and
technologies.
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<latexit sha1_base64="Y6Y+QIcZcO80s5WxHBs+c9P2ehc=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSJ4kLIRRY9FLx4r2A9ol5JNs23abLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurO9/eyura+sbm4Wt4vbO7t5+6eCwYVSqKatTJZRuhcQwwSWrW24FayWakTgUrBmO7qZ+84lpw5V8tOOEBTHpSx5xSqyTGsMuPke4Wyr7FX8GtExwTsqQo9YtfXV6iqYxk5YKYkwb+4kNMqItp4JNip3UsITQEemztqOSxMwE2ezaCTp1Sg9FSruSFs3U3xMZiY0Zx6HrjIkdmEVvKv7ntVMb3QQZl0lqmaTzRVEqkFVo+jrqcc2oFWNHCNXc3YrogGhCrQuo6ELAiy8vk8ZFBV9V/IfLcvU2j6MAx3ACZ4DhGqpwDzWoA4UhPMMrvHnKe/HevY9564qXzxzBH3ifPydVjjE=</latexit>

j1, 1
<latexit sha1_base64="PXwjF3IXShHJNI+WXW7yLD0fOAY=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBg5Tdouix6MVjBfsB7VKyabZNm02WJCuUpf/BiwdFvPp/vPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaDyV3mt5+o0kyKRzONqR/hoWAhI9hYqTXuexeo1i9X3Ko7B1olXk4qkKPRL3/1BpIkERWGcKx113Nj46dYGUY4nZV6iaYxJhM8pF1LBY6o9tP5tTN0ZpUBCqWyJQyaq78nUhxpPY0C2xlhM9LLXib+53UTE974KRNxYqggi0VhwpGRKHsdDZiixPCpJZgoZm9FZIQVJsYGVLIheMsvr5JWrepdVd2Hy0r9No+jCCdwCufgwTXU4R4a0AQCY3iGV3hzpPPivDsfi9aCk88cwx84nz8o2Y4y</latexit>

j1, 2
<latexit sha1_base64="bRgpY4nsmMj14c1dPME1pXdY8WU=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAbBg4RdH+gx6MVjBPOAZAmzk9lkktmZZWZWCEv+wYsHRbz6P978GyfJHjSxoKGo6qa7K0w408bzvp3Cyura+kZxs7S1vbO75+4fNLRMFaF1IrlUrRBrypmgdcMMp61EURyHnDbD0d3Ubz5RpZkUj2ac0CDGfcEiRrCxUmPY9c/QRdctexVvBrRM/JyUIUet6351epKkMRWGcKx12/cSE2RYGUY4nZQ6qaYJJiPcp21LBY6pDrLZtRN0YpUeiqSyJQyaqb8nMhxrPY5D2xljM9CL3lT8z2unJroJMiaS1FBB5ouilCMj0fR11GOKEsPHlmCimL0VkQFWmBgbUMmG4C++vEwa5xX/quI9XJart3kcRTiCYzgFH66hCvdQgzoQGMIzvMKbI50X5935mLcWnHzmEP7A+fwBKl2OMw==</latexit>

j1, 3
<latexit sha1_base64="lCbdyQ15ezLTNj0cnEO2dCGPm1Q=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBg5Tdouix6MVjBfsB7VKyabZNm02WJCuUpf/BiwdFvPp/vPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaDyV3mt5+o0kyKRzONqR/hoWAhI9hYqTXu1y6Q1y9X3Ko7B1olXk4qkKPRL3/1BpIkERWGcKx113Nj46dYGUY4nZV6iaYxJhM8pF1LBY6o9tP5tTN0ZpUBCqWyJQyaq78nUhxpPY0C2xlhM9LLXib+53UTE974KRNxYqggi0VhwpGRKHsdDZiixPCpJZgoZm9FZIQVJsYGVLIheMsvr5JWrepdVd2Hy0r9No+jCCdwCufgwTXU4R4a0AQCY3iGV3hzpPPivDsfi9aCk88cwx84nz8o3I4y</latexit>

j2, 1
<latexit sha1_base64="nW8XEEP05tRWs6D65xAifQWkwKM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBg5Tdouix6MVjBfsB7VKyabZNm02WJCuUpf/BiwdFvPp/vPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaDyV3mt5+o0kyKRzONqR/hoWAhI9hYqTXu1y5QrV+uuFV3DrRKvJxUIEejX/7qDSRJIioM4VjrrufGxk+xMoxwOiv1Ek1jTCZ4SLuWChxR7afza2fozCoDFEplSxg0V39PpDjSehoFtjPCZqSXvUz8z+smJrzxUybixFBBFovChCMjUfY6GjBFieFTSzBRzN6KyAgrTIwNqGRD8JZfXiWtWtW7qroPl5X6bR5HEU7gFM7Bg2uowz00oAkExvAMr/DmSOfFeXc+Fq0FJ585hj9wPn8AKmCOMw==</latexit>

j2, 2

<latexit sha1_base64="Y6Y+QIcZcO80s5WxHBs+c9P2ehc=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSJ4kLIRRY9FLx4r2A9ol5JNs23abLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurO9/eyura+sbm4Wt4vbO7t5+6eCwYVSqKatTJZRuhcQwwSWrW24FayWakTgUrBmO7qZ+84lpw5V8tOOEBTHpSx5xSqyTGsMuPke4Wyr7FX8GtExwTsqQo9YtfXV6iqYxk5YKYkwb+4kNMqItp4JNip3UsITQEemztqOSxMwE2ezaCTp1Sg9FSruSFs3U3xMZiY0Zx6HrjIkdmEVvKv7ntVMb3QQZl0lqmaTzRVEqkFVo+jrqcc2oFWNHCNXc3YrogGhCrQuo6ELAiy8vk8ZFBV9V/IfLcvU2j6MAx3ACZ4DhGqpwDzWoA4UhPMMrvHnKe/HevY9564qXzxzBH3ifPydVjjE=</latexit>

j1, 1
<latexit sha1_base64="PXwjF3IXShHJNI+WXW7yLD0fOAY=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBg5Tdouix6MVjBfsB7VKyabZNm02WJCuUpf/BiwdFvPp/vPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaDyV3mt5+o0kyKRzONqR/hoWAhI9hYqTXuexeo1i9X3Ko7B1olXk4qkKPRL3/1BpIkERWGcKx113Nj46dYGUY4nZV6iaYxJhM8pF1LBY6o9tP5tTN0ZpUBCqWyJQyaq78nUhxpPY0C2xlhM9LLXib+53UTE974KRNxYqggi0VhwpGRKHsdDZiixPCpJZgoZm9FZIQVJsYGVLIheMsvr5JWrepdVd2Hy0r9No+jCCdwCufgwTXU4R4a0AQCY3iGV3hzpPPivDsfi9aCk88cwx84nz8o2Y4y</latexit>

j1, 2
<latexit sha1_base64="lCbdyQ15ezLTNj0cnEO2dCGPm1Q=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBg5Tdouix6MVjBfsB7VKyabZNm02WJCuUpf/BiwdFvPp/vPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaDyV3mt5+o0kyKRzONqR/hoWAhI9hYqTXu1y6Q1y9X3Ko7B1olXk4qkKPRL3/1BpIkERWGcKx113Nj46dYGUY4nZV6iaYxJhM8pF1LBY6o9tP5tTN0ZpUBCqWyJQyaq78nUhxpPY0C2xlhM9LLXib+53UTE974KRNxYqggi0VhwpGRKHsdDZiixPCpJZgoZm9FZIQVJsYGVLIheMsvr5JWrepdVd2Hy0r9No+jCCdwCufgwTXU4R4a0AQCY3iGV3hzpPPivDsfi9aCk88cwx84nz8o3I4y</latexit>

j2, 1

<latexit sha1_base64="MbgER37H45vo+fC2J+P5KRTq4/A=">AAAB9XicbVBNT8JAEJ3iF+IX6tHLRmLiwZBWNHokevGIiQUSKM122cKG7bbZ3WpIw//w4kFjvPpfvPlvXKAHBV8yyct7M5mZFyScKW3b31ZhZXVtfaO4Wdra3tndK+8fNFWcSkJdEvNYtgOsKGeCupppTtuJpDgKOG0Fo9up33qkUrFYPOhxQr0IDwQLGcHaSD3Xz5hfO0PMdyY95ZcrdtWeAS0TJycVyNHwy1/dfkzSiApNOFaq49iJ9jIsNSOcTkrdVNEEkxEe0I6hAkdUedns6gk6MUofhbE0JTSaqb8nMhwpNY4C0xlhPVSL3lT8z+ukOrz2MiaSVFNB5ovClCMdo2kEqM8kJZqPDcFEMnMrIkMsMdEmqJIJwVl8eZk0z6vOZdW+v6jUb/I4inAEx3AKDlxBHe6gAS4QkPAMr/BmPVkv1rv1MW8tWPnMIfyB9fkDX1WRxw==</latexit>

Us
i3,i1

<latexit sha1_base64="OeSuxt82eKGN80Y7e/GOp84sb1I=">AAAB9XicbVBNT8JAEJ3iF+IX6tHLRmLiwZBWJXokevGIiQUSKM122cKG7bbZ3WpIw//w4kFjvPpfvPlvXKAHBV8yyct7M5mZFyScKW3b31ZhZXVtfaO4Wdra3tndK+8fNFWcSkJdEvNYtgOsKGeCupppTtuJpDgKOG0Fo9up33qkUrFYPOhxQr0IDwQLGcHaSD3Xz5hfO0PMv5j0lF+u2FV7BrRMnJxUIEfDL391+zFJIyo04VipjmMn2suw1IxwOil1U0UTTEZ4QDuGChxR5WWzqyfoxCh9FMbSlNBopv6eyHCk1DgKTGeE9VAtelPxP6+T6vDay5hIUk0FmS8KU450jKYRoD6TlGg+NgQTycytiAyxxESboEomBGfx5WXSPK86tap9f1mp3+RxFOEIjuEUHLiCOtxBA1wgIOEZXuHNerJerHfrY95asPKZQ/gD6/MHZXuRyw==</latexit>

Us
i5,i3

<latexit sha1_base64="AG/LY9ABd/XYPR28ScQHcSL9H+o=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVix6LXjxWtB/Srks2zbahSXZJskJZ+iu8eFDEqz/Hm//GtN2Dtj4YeLw3w8y8MOFMG9f9dgorq2vrG8XN0tb2zu5eef+gpeNUEdokMY9VJ8SaciZp0zDDaSdRFIuQ03Y4up767SeqNIvlvRkn1Bd4IFnECDZWergLMhZ4k0cdlCtu1Z0BLRMvJxXI0QjKX71+TFJBpSEca9313MT4GVaGEU4npV6qaYLJCA9o11KJBdV+Njt4gk6s0kdRrGxJg2bq74kMC63HIrSdApuhXvSm4n9eNzXRpZ8xmaSGSjJfFKUcmRhNv0d9pigxfGwJJorZWxEZYoWJsRmVbAje4svLpHVW9WpV9/a8Ur/K4yjCERzDKXhwAXW4gQY0gYCAZ3iFN0c5L8678zFvLTj5zCH8gfP5A6K0kEw=</latexit>

Ss
i1

<latexit sha1_base64="NA7W25IAuhWg53WIyllW1mhpjTY=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktih6LXjxWtB/Srks2zbahSXZJskJZ+iu8eFDEqz/Hm//GtN2Dtj4YeLw3w8y8MOFMG9f9dgorq2vrG8XN0tb2zu5eef+gpeNUEdokMY9VJ8SaciZp0zDDaSdRFIuQ03Y4up767SeqNIvlvRkn1Bd4IFnECDZWergLMhbUJo86KFfcqjsDWiZeTiqQoxGUv3r9mKSCSkM41rrruYnxM6wMI5xOSr1U0wSTER7QrqUSC6r9bHbwBJ1YpY+iWNmSBs3U3xMZFlqPRWg7BTZDvehNxf+8bmqiSz9jMkkNlWS+KEo5MjGafo/6TFFi+NgSTBSztyIyxAoTYzMq2RC8xZeXSatW9c6r7u1ZpX6Vx1GEIziGU/DgAupwAw1oAgEBz/AKb45yXpx352PeWnDymUP4A+fzB6Q7kE0=</latexit>

Ss
i2

<latexit sha1_base64="nw5QRxIdUdwLCICgBVh7Rr+Iaqw=">AAAB8HicbVDLTsMwENyUVymvAkcuFhUSpyrhIThWcOFYBH2gNkSO67RWbSeyHaQq6ldw4QBCXPkcbvwNbpsDtIy00mhmV7s7YcKZNq777RSWlldW14rrpY3Nre2d8u5eU8epIrRBYh6rdog15UzShmGG03aiKBYhp61weD3xW09UaRbLezNKqC9wX7KIEWys9HAXZCw4HT/qoFxxq+4UaJF4OalAjnpQ/ur2YpIKKg3hWOuO5ybGz7AyjHA6LnVTTRNMhrhPO5ZKLKj2s+nBY3RklR6KYmVLGjRVf09kWGg9EqHtFNgM9Lw3Ef/zOqmJLv2MySQ1VJLZoijlyMRo8j3qMUWJ4SNLMFHM3orIACtMjM2oZEPw5l9eJM2TqndedW/PKrWrPI4iHMAhHIMHF1CDG6hDAwgIeIZXeHOU8+K8Ox+z1oKTz+zDHzifP6XCkE4=</latexit>

Ss
i3

<latexit sha1_base64="BvcrONKszoD3q2H8iCaAbnxZtwY=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9mVih6LXjxWtB/Srks2zbahSXZJskJZ+iu8eFDEqz/Hm//GtN2Dtj4YeLw3w8y8MOFMG9f9dgorq2vrG8XN0tb2zu5eef+gpeNUEdokMY9VJ8SaciZp0zDDaSdRFIuQ03Y4up767SeqNIvlvRkn1Bd4IFnECDZWergLMhbUJo86KFfcqjsDWiZeTiqQoxGUv3r9mKSCSkM41rrruYnxM6wMI5xOSr1U0wSTER7QrqUSC6r9bHbwBJ1YpY+iWNmSBs3U3xMZFlqPRWg7BTZDvehNxf+8bmqiSz9jMkkNlWS+KEo5MjGafo/6TFFi+NgSTBSztyIyxAoTYzMq2RC8xZeXSeus6p1X3dtapX6Vx1GEIziGU/DgAupwAw1oAgEBz/AKb45yXpx352PeWnDymUP4A+fzB6dJkE8=</latexit>
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Figure 5.2: Illustration of a superstructure (associated with max p-graph in Figure 5.1)
showing dependencies between products and technologies.
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5.2.2 Superstructure

A superstructure is a system representation that inherits properties of a max p-graph

(product-tech connectivity) but also accounts for the possibility of having multiple unit-

s/copies of techs and also account for additional attributes of techs (e.g., capacities). It is

thus important to highlight that a superstructure can be derived from the topology of a

max p-graph. The key difference is that, in a max p-graph, techs are interpreted as unit

operations while, in a superstructure, techs represent equipment units.

A superstructure can also be represented as a graph; specifically, it can be represented

as a directed graph Gs = (N s; E s), where N s is its set of nodes (vertices) and E s is its

set of edges. As in the p-graph, primary products are defined as R; intermediate/final

products are defined as P ; and all products are defined as I ; techs are defined as T with

the same attributes categories as in the max-p graph. Nodes representing supplies and

demands are defined as S s and Ds, and the set of nodes U s that represents techs. In

this representation, each tech u ∈ U s has an additional attribute that represents the unit

number ηu.

We categorize the nodes U s as U s
t,h = U s

i,i′ ,j,h ⊆ U s with U s
t,h := {u|τu = t, ηu = h} and

U s
i,i′ ,j,h := {u|i ∈ Ωu, i′ ∈ Ku, θu = j, ηu = h}. In the case of a superstructure, the set U s

adds another layer of information on top of the set T to indicate that multiple copies of

the same tech might be available. In other words, node U s
t,h = U s

i,i′ ,j,h corresponds to the h

unit/copy of tech Ti,i′ ,j. The setN s for all nodes in the superstructure isN s = S s∪Ds∪U s.

Using the same example shown in Figure 5.1, we illustrate a superstructure represen-

tation of this system in Figure 5.2. Here, we labeled the set U s
i,i′ := {u|i ∈ Ωu, i′ ∈ Ku} on

the side and labeled the attribute {θu, ηu} on the node for each u ∈ U s. Comparing to the

max p-graph representation, only the notation for nodes representing techs has changed.

For instance, the notation Us
i3 ,i1,j1 ,1 denotes the first unit/copy of tech Ti3,i1,j1 that is used

to obtain the intermediate product i3. Multiple units/copies of this tech are available to

satisfy the demand of final product i5 and the same applied for other techs. We can also
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observe that the product-tech connectivity of the max p-graph is inherited by the super-

structure. Moreover, we see that the superstructure graph is much denser than that of the

max p-graph (due to the availability of multiple tech units).

5.2.3 Spatial Superstructure

We now proceed to generalize the notion of a max p-graph and of a superstructure to

capture spatial context. Capturing spatial context is necessary to represent flexibility pro-

vided by modularity at different scales (process, facilities, supply chains). The key obser-

vation is that a supply chain can be seen as a distributed facility that exchanges products

between processes (placed at different geographical locations). Similarly, a centralized

facility can be seen as a supply chain with a single geographical location. This unifying

view of a system will reveal interesting insights that can be exploited to derive a general

graph-theoretic framework that explains how modularity emerges in a system design.

Specifically, we will see that the topology of the spatial superstructure directly inherits

the topology of a superstructure, which in turn inherits the product-tech topology of a

max p-graph. Exploiting this topological dependencies is key in building superstructures

and in identifying feasible system designs. Our final aim will be to derive optimization

formulations identify a subgraph from the spatial superstructure (a design) to obtain a

supply chain (composed of processes and facilities of different sizes and at potentially

multiple locations) that minimizes system-wide cost and that maximizes modularity.

A spatial superstructure is a superstructure under which techs and connections en-

code positional context. This allows us to represent a standard single-site process/fa-

cility (under which equipment units are located at the same geographical location) and

a spatially-distributed process/facility (under which units are distributed over multiple

geographical locations) by using the same graph topology. The spatial superstructure

allows us to capture transportation modes for the products and associated constraints

and costs; for instance, short-range transport (inside a location) might use pipelines while
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long-range transport (across locations) might use trucks or railways.

The graph representation of the spatial superstructure is inherited from that of the

superstructure. We model the spatial superstructure as a directed graph Gq = (N q; E q)

where N q is its set of nodes (vertices) and E q is its set of edges. We define a set of

potential spatial locations for placing technologies as Gt, a set of potential locations for

suppliers as Gs, and a set of potential locations for demands as Gd. We then define a set

of all locations as G = Gt ∪ Gs ∪ Gd.

As in the max p-graph representation, primary products are defined as R; intermedi-

ate and final products are defined as P ; all products are defined as I ; techs are defined

as T with the same attributes and nested representation. Nodes representing supplies

are defined as Sq, and for nodes s ∈ S , there is a new attribute φs ∈ Gs representing

the location of the supplies/sources of primary products. We define subsets to catego-

rize suppliers by location and product as Sq
i,g ⊆ S

q
i ⊆ Sq with Sq

i,g := {s|Ωs = i, φs = g}
and Sq

i := {s|Ωs = i}. Nodes representing demands are defined as Dq, and for node

d ∈ Dq, there is a new location attribute φd ∈ Gd. We define the categorization as subsets

Dq
i′ ,g ⊆ D

q
i′ ⊆ Dq with Dq

i′ ,g := {d|Kd = i′, φd = g} and Dq
i′ := {d|Kd = i′}.

For each tech node u ∈ U q there is a new location attribute φu ∈ Gt, and the subsets

are written as U q
t,h,g = U q

i,i′ ,j,h,g ⊆ U q with U q
t,h,g := {u|τu = t, ηu = h, φu = g} and U q

i,i′ ,j,h,g :=

{u|i ∈ Ωu, i′ ∈ Ku, θu = j, ηu = h, φu = g}. Specifically, node U q
t,h,g = U q

i,i′ ,j,h,g corresponds

to the h copy of tech Ti,i′ ,j that is located at location g. The set of all nodes is N q =

Sq ∪Dq ∪ U q.

Using the same example shown in Figure 5.2 and a couple of potential locations A

and B, we illustrate the spatial superstructure in Figure 5.3. Here, we labeled the set

U q
i,i′ for the nodes on the side while labeled the attribute {θu, ηu, φu} on the nodes. We

note that there might be multiple locations for suppliers and demands. We also note that

edges that connect nodes at the same locations or across different locations have different

meaning. For example, we can choose to install the first copy of tech Ti3 ,i1 ,j1 that produces

i3 at location A (represented as node Uq
i3,i1 ,j1,1,A) and the first copy of tech Ti5 ,i3 ,j2 that
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produces i5 at location B (represented as node Uq
i5 ,i3 ,j2,1,B), and the edge connecting them

represents the transportation of product i3 from location A to location B. If these techs

are both placed at location A, an edge connecting them represents short-range (on-site)

transport. We observe that the topology of the spatial superstructure is inherited from

that of the superstructure, which in turn inherits the product-tech connectivity from the

max p-graph. We also note that the spatial superstructure is much larger and denser than

the superstructure and can becomes difficult (if not impossible) to express and visualize,

due to the potential need to capture many geographical locations and tech units at such

locations. Therefore, deriving an automatic approach that generates and analyzes the

connectivity of the spatial superstructure is necessary.

5.2.4 Feasible Paths

A feasible path is a collection of nodes and edges that enables reaching final products

from primary products. A feasible path can be derived by a reduction of nodes and

edges of a max p-graph or superstructure by leveraging graph-theoretic concepts. For

example, a feasible path is a subgraph G f = (N f , E f ) of the superstructure graph Gs (i.e.,

G f ⊆ Gs) where N f is a subset of N s and E f is a subset of E s. We present a feasible path

obtained from an example max p-graph and superstructure in Figure 5.4. Compared

to the number of possible paths derived from a max p-graph, the number of feasible

paths from a superstructure is much larger because we now consider multiple copies of

technologies (which enables more combinations). It is also important to highlight that,

any feasible path in a superstructure (and spatial superstructure), has to be a feasible path

for the max p-graph (because the superstructure inherits the product-tech connectivity).

This observation is key in building superstructures that avoid spurious (infeasible) paths.

We can similarly derive any feasible paths from a spatial superstructure between pri-

mary products, techs, and final products as shown in Figure 5.5. Here, a couple of copies

of the same technology Ti3 ,i1 ,j1 that produces product i3 is located at location B (nodes
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Dq
i5

<latexit sha1_base64="dQvfebYQm8c/Wh1VWIpW9/fj374=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgIYRdUfQY9eIxgnlAEsLsZDYZMzu7zPQKYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3+bEUBl3328mtrK6tb+Q3C1vbO7t7xf2DhokSzXidRTLSLZ8aLoXidRQoeSvWnIa+5E1/dDv1m09cGxGpBxzHvBvSgRKBYBSt1HzseWWvfN0rltyKOwNZJl5GSpCh1it+dfoRS0KukElqTNtzY+ymVKNgkk8KncTwmLIRHfC2pYqG3HTT2bkTcmKVPgkibUshmam/J1IaGjMOfdsZUhyaRW8q/ue1EwyuuqlQcYJcsfmiIJEEIzL9nfSF5gzl2BLKtLC3EjakmjK0CRVsCN7iy8ukcVbxLiru/XmpepPFkYcjOIZT8OASqnAHNagDgxE8wyu8ObHz4rw7H/PWnJPNHMIfOJ8/wouOiA==</latexit>

j1, 1, A
<latexit sha1_base64="os9DEzXUh2Ye+/kHxruqEVFTREo=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgIYRdUfQY9eIxgnlAEsLspDcZMzu7zMwKYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3+bHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSLZ9qFFxi3XAjsBUrpKEvsOmPbqd+8wmV5pF8MOMYuyEdSB5wRo2Vmo89r3xWvu4VS27FnYEsEy8jJchQ6xW/Ov2IJSFKwwTVuu25semmVBnOBE4KnURjTNmIDrBtqaQh6m46O3dCTqzSJ0GkbElDZurviZSGWo9D33aG1Az1ojcV//PaiQmuuimXcWJQsvmiIBHERGT6O+lzhcyIsSWUKW5vJWxIFWXGJlSwIXiLLy+TxlnFu6i49+el6k0WRx6O4BhOwYNLqMId1KAODEbwDK/w5sTOi/PufMxbc042cwh/4Hz+AMQRjok=</latexit>

j1, 2, A
<latexit sha1_base64="GwRxtRC9VLpMMaXjWLTOnUsaWVk=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hLDrAz1GvXiMYB6QLGF20knGzM4uM7NCWPIRXjwo4tXv8ebfOEn2oIkFDUVVN91dQSy4Nq777Swtr6yurec28ptb2zu7hb39uo4SxbDGIhGpZkA1Ci6xZrgR2IwV0jAQ2AiGtxO/8YRK80g+mFGMfkj7kvc4o8ZKjceOVzorXXcKRbfsTkEWiZeRImSodgpf7W7EkhClYYJq3fLc2PgpVYYzgeN8O9EYUzakfWxZKmmI2k+n547JsVW6pBcpW9KQqfp7IqWh1qMwsJ0hNQM9703E/7xWYnpXfsplnBiUbLaolwhiIjL5nXS5QmbEyBLKFLe3EjagijJjE8rbELz5lxdJ/bTsXZTd+/Ni5SaLIweHcAQn4MElVOAOqlADBkN4hld4c2LnxXl3PmatS042cwB/4Hz+AMWXjoo=</latexit>

j1, 3, A

<latexit sha1_base64="fYfQ8gfCzIaKWi+xqJ9HnkTTrSI=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgIYRdH+gxxIvHCOYBSQizk95kzOzsMjMrhCUf4cWDIl79Hm/+jZNkDxotaCiquunu8mPBtXHdLye3srq2vpHfLGxt7+zuFfcPmjpKFMMGi0Sk2j7VKLjEhuFGYDtWSENfYMsf38z81iMqzSN5byYx9kI6lDzgjBortR76Xvm8XOsXS27FnYP8JV5GSpCh3i9+dgcRS0KUhgmqdcdzY9NLqTKcCZwWuonGmLIxHWLHUklD1L10fu6UnFhlQIJI2ZKGzNWfEykNtZ6Evu0MqRnpZW8m/ud1EhNc91Iu48SgZItFQSKIicjsdzLgCpkRE0soU9zeStiIKsqMTahgQ/CWX/5LmmcV77Li3l2UqrUsjjwcwTGcggdXUIVbqEMDGIzhCV7g1YmdZ+fNeV+05pxs5hB+wfn4Bscbjos=</latexit>

j1, 3, B
<latexit sha1_base64="ZZb88Jtl9aRsUFWX2LjqxhmWPMA=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgIYRdUfQY4sVjBPOAZAmzk9lkzOzsMtMrhJCP8OJBEa9+jzf/xkmyB00saCiquunuChIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbmt564NiJWDzhOuB/RgRKhYBSt1HrseeWLcq1XLLkVdw6ySryMlCBDvVf86vZjlkZcIZPUmI7nJuhPqEbBJJ8WuqnhCWUjOuAdSxWNuPEn83On5MwqfRLG2pZCMld/T0xoZMw4CmxnRHFolr2Z+J/XSTG88SdCJSlyxRaLwlQSjMnsd9IXmjOUY0so08LeStiQasrQJlSwIXjLL6+S5kXFu6q495elai2LIw8ncArn4ME1VOEO6tAABiN4hld4cxLnxXl3PhatOSebOYY/cD5/AMWVjoo=</latexit>

j1, 2, B
<latexit sha1_base64="oGX1Mwb75mXTVCXleGcTTECMnFo=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgIYRdUfQY4sVjBPOAZAmzk95kzOzsMjMrhJCP8OJBEa9+jzf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWP5YMYJ+hEdSB5yRo2VWo89r+yVa71iya24c5BV4mWkBBnqveJXtx+zNEJpmKBadzw3Mf6EKsOZwGmhm2pMKBvRAXYslTRC7U/m507JmVX6JIyVLWnIXP09MaGR1uMosJ0RNUO97M3E/7xOasIbf8JlkhqUbLEoTAUxMZn9TvpcITNibAllittbCRtSRZmxCRVsCN7yy6ukeVHxriru/WWpWsviyMMJnMI5eHANVbiDOjSAwQie4RXenMR5cd6dj0VrzslmjuEPnM8fxA+OiQ==</latexit>

j1, 1, B

<latexit sha1_base64="Gd726yie+EchWTDqMwGnX4RUQA0=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgIYRdUfQY9eIxgnlAEsLspDcZMzu7zMwKYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3+bHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSLZ9qFFxi3XAjsBUrpKEvsOmPbqd+8wmV5pF8MOMYuyEdSB5wRo2Vmo+9s7JXvu4VS27FnYEsEy8jJchQ6xW/Ov2IJSFKwwTVuu25semmVBnOBE4KnURjTNmIDrBtqaQh6m46O3dCTqzSJ0GkbElDZurviZSGWo9D33aG1Az1ojcV//PaiQmuuimXcWJQsvmiIBHERGT6O+lzhcyIsSWUKW5vJWxIFWXGJlSwIXiLLy+TxlnFu6i49+el6k0WRx6O4BhOwYNLqMId1KAODEbwDK/w5sTOi/PufMxbc042cwh/4Hz+AMQTjok=</latexit>

j2, 1, A

<latexit sha1_base64="xCy6XgDH1Vl6dSUxl8XiL7Y/CRw=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgIYRdUfQY4sVjBPOAZAmzk9lkzOzsMtMrhJCP8OJBEa9+jzf/xkmyB00saCiquunuChIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbmt564NiJWDzhOuB/RgRKhYBSt1HrsXZS9cq1XLLkVdw6ySryMlCBDvVf86vZjlkZcIZPUmI7nJuhPqEbBJJ8WuqnhCWUjOuAdSxWNuPEn83On5MwqfRLG2pZCMld/T0xoZMw4CmxnRHFolr2Z+J/XSTG88SdCJSlyxRaLwlQSjMnsd9IXmjOUY0so08LeStiQasrQJlSwIXjLL6+S5kXFu6q495elai2LIw8ncArn4ME1VOEO6tAABiN4hld4cxLnxXl3PhatOSebOYY/cD5/AMWXjoo=</latexit>

j2, 1, B
<latexit sha1_base64="OFIYGJyN0S5sBvdtLu2wDhZB0uQ=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hLAbFD2GePEYwTwgWcLspJOMmZ1dZmaFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7glhwbVz321lb39jc2s7t5Hf39g8OC0fHTR0limGDRSJS7YBqFFxiw3AjsB0rpGEgsBWMb2d+6wmV5pF8MJMY/ZAOJR9wRo2VWo+9SqlSqvUKRbfszkFWiZeRImSo9wpf3X7EkhClYYJq3fHc2PgpVYYzgdN8N9EYUzamQ+xYKmmI2k/n507JuVX6ZBApW9KQufp7IqWh1pMwsJ0hNSO97M3E/7xOYgY3fsplnBiUbLFokAhiIjL7nfS5QmbExBLKFLe3EjaiijJjE8rbELzll1dJs1L2rsru/WWxWsviyMEpnMEFeHANVbiDOjSAwRie4RXenNh5cd6dj0XrmpPNnMAfOJ8/xx2Oiw==</latexit>

j2, 2, B

<latexit sha1_base64="gzXYJ33Uyn8rw5WeQuSa9fcprOQ=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hLAbFD1GvXiMYB6QLGF2MpuMmZ1dZnqFEPIRXjwo4tXv8ebfOEn2oIkFDUVVN91dQSKFQdf9dlZW19Y3NnNb+e2d3b39wsFhw8SpZrzOYhnrVkANl0LxOgqUvJVoTqNA8mYwvJ36zSeujYjVA44S7ke0r0QoGEUrNR+7lVKldN0tFN2yOwNZJl5GipCh1i18dXoxSyOukElqTNtzE/THVKNgkk/yndTwhLIh7fO2pYpG3Pjj2bkTcmqVHgljbUshmam/J8Y0MmYUBbYzojgwi95U/M9rpxhe+WOhkhS5YvNFYSoJxmT6O+kJzRnKkSWUaWFvJWxANWVoE8rbELzFl5dJo1L2Lsru/XmxepPFkYNjOIEz8OASqnAHNagDgyE8wyu8OYnz4rw7H/PWFSebOYI/cD5/AMWZjoo=</latexit>

j2, 2, A

<latexit sha1_base64="dQvfebYQm8c/Wh1VWIpW9/fj374=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgIYRdUfQY9eIxgnlAEsLsZDYZMzu7zPQKYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3+bEUBl3328mtrK6tb+Q3C1vbO7t7xf2DhokSzXidRTLSLZ8aLoXidRQoeSvWnIa+5E1/dDv1m09cGxGpBxzHvBvSgRKBYBSt1HzseWWvfN0rltyKOwNZJl5GSpCh1it+dfoRS0KukElqTNtzY+ymVKNgkk8KncTwmLIRHfC2pYqG3HTT2bkTcmKVPgkibUshmam/J1IaGjMOfdsZUhyaRW8q/ue1EwyuuqlQcYJcsfmiIJEEIzL9nfSF5gzl2BLKtLC3EjakmjK0CRVsCN7iy8ukcVbxLiru/XmpepPFkYcjOIZT8OASqnAHNagDgxE8wyu8ObHz4rw7H/PWnJPNHMIfOJ8/wouOiA==</latexit>

j1, 1, A
<latexit sha1_base64="os9DEzXUh2Ye+/kHxruqEVFTREo=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgIYRdUfQY9eIxgnlAEsLspDcZMzu7zMwKYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3+bHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSLZ9qFFxi3XAjsBUrpKEvsOmPbqd+8wmV5pF8MOMYuyEdSB5wRo2Vmo89r3xWvu4VS27FnYEsEy8jJchQ6xW/Ov2IJSFKwwTVuu25semmVBnOBE4KnURjTNmIDrBtqaQh6m46O3dCTqzSJ0GkbElDZurviZSGWo9D33aG1Az1ojcV//PaiQmuuimXcWJQsvmiIBHERGT6O+lzhcyIsSWUKW5vJWxIFWXGJlSwIXiLLy+TxlnFu6i49+el6k0WRx6O4BhOwYNLqMId1KAODEbwDK/w5sTOi/PufMxbc042cwh/4Hz+AMQRjok=</latexit>

j1, 2, A

<latexit sha1_base64="ZZb88Jtl9aRsUFWX2LjqxhmWPMA=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgIYRdUfQY4sVjBPOAZAmzk9lkzOzsMtMrhJCP8OJBEa9+jzf/xkmyB00saCiquunuChIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbmt564NiJWDzhOuB/RgRKhYBSt1HrseeWLcq1XLLkVdw6ySryMlCBDvVf86vZjlkZcIZPUmI7nJuhPqEbBJJ8WuqnhCWUjOuAdSxWNuPEn83On5MwqfRLG2pZCMld/T0xoZMw4CmxnRHFolr2Z+J/XSTG88SdCJSlyxRaLwlQSjMnsd9IXmjOUY0so08LeStiQasrQJlSwIXjLL6+S5kXFu6q495elai2LIw8ncArn4ME1VOEO6tAABiN4hld4cxLnxXl3PhatOSebOYY/cD5/AMWVjoo=</latexit>

j1, 2, B
<latexit sha1_base64="oGX1Mwb75mXTVCXleGcTTECMnFo=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgIYRdUfQY4sVjBPOAZAmzk95kzOzsMjMrhJCP8OJBEa9+jzf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWP5YMYJ+hEdSB5yRo2VWo89r+yVa71iya24c5BV4mWkBBnqveJXtx+zNEJpmKBadzw3Mf6EKsOZwGmhm2pMKBvRAXYslTRC7U/m507JmVX6JIyVLWnIXP09MaGR1uMosJ0RNUO97M3E/7xOasIbf8JlkhqUbLEoTAUxMZn9TvpcITNibAllittbCRtSRZmxCRVsCN7yy6ukeVHxriru/WWpWsviyMMJnMI5eHANVbiDOjSAwQie4RXenMR5cd6dj0VrzslmjuEPnM8fxA+OiQ==</latexit>

j1, 1, B

<latexit sha1_base64="Gd726yie+EchWTDqMwGnX4RUQA0=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgIYRdUfQY9eIxgnlAEsLspDcZMzu7zMwKYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3+bHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSLZ9qFFxi3XAjsBUrpKEvsOmPbqd+8wmV5pF8MOMYuyEdSB5wRo2Vmo+9s7JXvu4VS27FnYEsEy8jJchQ6xW/Ov2IJSFKwwTVuu25semmVBnOBE4KnURjTNmIDrBtqaQh6m46O3dCTqzSJ0GkbElDZurviZSGWo9D33aG1Az1ojcV//PaiQmuuimXcWJQsvmiIBHERGT6O+lzhcyIsSWUKW5vJWxIFWXGJlSwIXiLLy+TxlnFu6i49+el6k0WRx6O4BhOwYNLqMId1KAODEbwDK/w5sTOi/PufMxbc042cwh/4Hz+AMQTjok=</latexit>

j2, 1, A

<latexit sha1_base64="xCy6XgDH1Vl6dSUxl8XiL7Y/CRw=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgIYRdUfQY4sVjBPOAZAmzk9lkzOzsMtMrhJCP8OJBEa9+jzf/xkmyB00saCiquunuChIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbmt564NiJWDzhOuB/RgRKhYBSt1HrsXZS9cq1XLLkVdw6ySryMlCBDvVf86vZjlkZcIZPUmI7nJuhPqEbBJJ8WuqnhCWUjOuAdSxWNuPEn83On5MwqfRLG2pZCMld/T0xoZMw4CmxnRHFolr2Z+J/XSTG88SdCJSlyxRaLwlQSjMnsd9IXmjOUY0so08LeStiQasrQJlSwIXjLL6+S5kXFu6q495elai2LIw8ncArn4ME1VOEO6tAABiN4hld4cxLnxXl3PhatOSebOYY/cD5/AMWXjoo=</latexit>

j2, 1, B

<latexit sha1_base64="yQ9zzfHa0LxVRjACjo/2XkWoGno=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJCYqiqpIBgrGBhLBJpKzUhclynteo4wXaQqigLv8LCAEKsfAYbf4PbZoCWI13do3PulX1PkDAqlWV9G6Wl5ZXVtfJ6ZWNza3vH3N1ryzgVmDg4ZrHoBkgSRjlxFFWMdBNBUBQw0glG1xO/80iEpDG/U+OEeBEacBpSjJSWfPPAuX/wM+qf1qCrm12D1G+4ee6bVatuTQEXiV2QKijQ8s0vtx/jNCJcYYak7NlWorwMCUUxI3nFTSVJEB6hAelpylFEpJdND8jhsVb6MIyFLq7gVP29kaFIynEU6MkIqaGc9ybif14vVeGll1GepIpwPHsoTBlUMZykAftUEKzYWBOEBdV/hXiIBMJKZ1bRIdjzJy+SdqNun9et27Nq86qIowwOwRE4ATa4AE1wA1rAARjk4Bm8gjfjyXgx3o2P2WjJKHb2wR8Ynz/WNpVG</latexit>

U q
i3,{i1,i2}

<latexit sha1_base64="KriHsjJPdfL2WrIYGnlaxLHzPlA=">AAACAHicbVC7TsMwFHV4lvIKMDCwWFRIDFWVQCsYK1gYi0TaSk2IHNdprTpOsB2kKsrCr7AwgBArn8HG3+C2GaDlSFf36Jx7Zd8TJIxKZVnfxtLyyuraemmjvLm1vbNr7u23ZZwKTBwcs1h0AyQJo5w4iipGuokgKAoY6QSj64nfeSRC0pjfqXFCvAgNOA0pRkpLvnno3D/4GfUbVejqdl6F1K+7ee6bFatmTQEXiV2QCijQ8s0vtx/jNCJcYYak7NlWorwMCUUxI3nZTSVJEB6hAelpylFEpJdND8jhiVb6MIyFLq7gVP29kaFIynEU6MkIqaGc9ybif14vVeGll1GepIpwPHsoTBlUMZykAftUEKzYWBOEBdV/hXiIBMJKZ1bWIdjzJy+S9lnNbtSs23qleVXEUQJH4BicAhtcgCa4AS3gAAxy8AxewZvxZLwY78bHbHTJKHYOwB8Ynz/fgpVM</latexit>

U q
i5,{i3,i4}

<latexit sha1_base64="yQ9zzfHa0LxVRjACjo/2XkWoGno=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJCYqiqpIBgrGBhLBJpKzUhclynteo4wXaQqigLv8LCAEKsfAYbf4PbZoCWI13do3PulX1PkDAqlWV9G6Wl5ZXVtfJ6ZWNza3vH3N1ryzgVmDg4ZrHoBkgSRjlxFFWMdBNBUBQw0glG1xO/80iEpDG/U+OEeBEacBpSjJSWfPPAuX/wM+qf1qCrm12D1G+4ee6bVatuTQEXiV2QKijQ8s0vtx/jNCJcYYak7NlWorwMCUUxI3nFTSVJEB6hAelpylFEpJdND8jhsVb6MIyFLq7gVP29kaFIynEU6MkIqaGc9ybif14vVeGll1GepIpwPHsoTBlUMZykAftUEKzYWBOEBdV/hXiIBMJKZ1bRIdjzJy+SdqNun9et27Nq86qIowwOwRE4ATa4AE1wA1rAARjk4Bm8gjfjyXgx3o2P2WjJKHb2wR8Ynz/WNpVG</latexit>

U q
i3,{i1,i2}

<latexit sha1_base64="KriHsjJPdfL2WrIYGnlaxLHzPlA=">AAACAHicbVC7TsMwFHV4lvIKMDCwWFRIDFWVQCsYK1gYi0TaSk2IHNdprTpOsB2kKsrCr7AwgBArn8HG3+C2GaDlSFf36Jx7Zd8TJIxKZVnfxtLyyuraemmjvLm1vbNr7u23ZZwKTBwcs1h0AyQJo5w4iipGuokgKAoY6QSj64nfeSRC0pjfqXFCvAgNOA0pRkpLvnno3D/4GfUbVejqdl6F1K+7ee6bFatmTQEXiV2QCijQ8s0vtx/jNCJcYYak7NlWorwMCUUxI3nZTSVJEB6hAelpylFEpJdND8jhiVb6MIyFLq7gVP29kaFIynEU6MkIqaGc9ybif14vVeGll1GepIpwPHsoTBlUMZykAftUEKzYWBOEBdV/hXiIBMJKZ1bWIdjzJy+S9lnNbtSs23qleVXEUQJH4BicAhtcgCa4AS3gAAxy8AxewZvxZLwY78bHbHTJKHYOwB8Ynz/fgpVM</latexit>

U q
i5,{i3,i4}

Figure 5.3: Illustration of a spatial superstructure (associated with max p-graph of Fig-
ure 5.1 and superstructure of Figure 5.2) showing dependencies between products and
technologies across geographical locations.

Uq
i3,i1,j1,1,B and Uq

i3,i1,j1,2,B), and two other technologies Ti3,{i1,i2},j2 (node Uq
i3 ,{i1,i2},j2 ,1,A) and

Ti5 ,{i3,i4},j2 (node Uq
i5,{i3 ,i4},j2,1,A) that produces i3 and final product i5 are located at loca-

tion B. As we add spatial information to the superstructure, combinations of techs across

different locations are now possible and thus the number of possible feasible paths be-

comes even larger. Among all the feasible paths, an optimal design is a feasible path that

takes into account tech and transport costs and modularity. As we consider complicated

interdependencies between products and different capital and transportation cost due to

potential locations, finding an optimal design is not immediately obvious from the spa-
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𝑖!

𝑖"

𝑖#

𝑖!

𝑖"

<latexit sha1_base64="xkS5rChK3kJ9+2+xdoOM+qsL8cA=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVix6LXjxWtB/Srks2zbahSXZJskJZ+iu8eFDEqz/Hm//GtN2Dtj4YeLw3w8y8MOFMG9f9dgorq2vrG8XN0tb2zu5eef+gpeNUEdokMY9VJ8SaciZp0zDDaSdRFIuQ03Y4up767SeqNIvlvRkn1Bd4IFnECDZWerh7TIKMBd4kKFfcqjsDWiZeTiqQoxGUv3r9mKSCSkM41rrruYnxM6wMI5xOSr1U0wSTER7QrqUSC6r9bHbwBJ1YpY+iWNmSBs3U3xMZFlqPRWg7BTZDvehNxf+8bmqiSz9jMkkNlWS+KEo5MjGafo/6TFFi+NgSTBSztyIyxAoTYzMq2RC8xZeXSeus6tWq7u15pX6Vx1GEIziGU/DgAupwAw1oAgEBz/AKb45yXpx352PeWnDymUP4A+fzB55ckEk=</latexit>

Sp
i1

<latexit sha1_base64="Un3/rV3umPKqmMdEDrvMUMZqws4=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVix6LevBYwX5Iuy7ZNNuGJtklyQpl6a/w4kERr/4cb/4b03YP2vpg4PHeDDPzwoQzbVz32ymsrK6tbxQ3S1vbO7t75f2Dlo5TRWiTxDxWnRBrypmkTcMMp51EUSxCTtvh6Hrqt5+o0iyW92acUF/ggWQRI9hY6eHmMQkyFtQmQbniVt0Z0DLxclKBHI2g/NXrxyQVVBrCsdZdz02Mn2FlGOF0UuqlmiaYjPCAdi2VWFDtZ7ODJ+jEKn0UxcqWNGim/p7IsNB6LELbKbAZ6kVvKv7ndVMTXfoZk0lqqCTzRVHKkYnR9HvUZ4oSw8eWYKKYvRWRIVaYGJtRyYbgLb68TFpnVa9Wde/OK/WrPI4iHMExnIIHF1CHW2hAEwgIeIZXeHOU8+K8Ox/z1oKTzxzCHzifP408kD4=</latexit>

Dp
i5

<latexit sha1_base64="4ZVVQnUgbIezQusSCxYCb2PuH2k=">AAAB+nicbVBNT8JAEJ3iF+JX0aOXjcTEAyEtSvRI9OIREwskUJvtssDK9iO7Ww2p/BQvHjTGq7/Em//GBXpQ8CWTvLw3k5l5fsyZVJb1beRWVtfWN/Kbha3tnd09s7jflFEiCHVIxCPR9rGknIXUUUxx2o4FxYHPacsfXU391gMVkkXhrRrH1A3wIGR9RrDSkmcWnbvYS5lXKzPvtHzvVSeeWbIq1gxomdgZKUGGhmd+dXsRSQIaKsKxlB3bipWbYqEY4XRS6CaSxpiM8IB2NA1xQKWbzk6foGOt9FA/ErpChWbq74kUB1KOA193BlgN5aI3Ff/zOonqX7gpC+NE0ZDMF/UTjlSEpjmgHhOUKD7WBBPB9K2IDLHAROm0CjoEe/HlZdKsVuxaxbo5K9UvszjycAhHcAI2nEMdrqEBDhB4hGd4hTfjyXgx3o2PeWvOyGYO4A+Mzx/n/JMe</latexit>

Up
i5,i3,j2

<latexit sha1_base64="AG/LY9ABd/XYPR28ScQHcSL9H+o=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVix6LXjxWtB/Srks2zbahSXZJskJZ+iu8eFDEqz/Hm//GtN2Dtj4YeLw3w8y8MOFMG9f9dgorq2vrG8XN0tb2zu5eef+gpeNUEdokMY9VJ8SaciZp0zDDaSdRFIuQ03Y4up767SeqNIvlvRkn1Bd4IFnECDZWergLMhZ4k0cdlCtu1Z0BLRMvJxXI0QjKX71+TFJBpSEca9313MT4GVaGEU4npV6qaYLJCA9o11KJBdV+Njt4gk6s0kdRrGxJg2bq74kMC63HIrSdApuhXvSm4n9eNzXRpZ8xmaSGSjJfFKUcmRhNv0d9pigxfGwJJorZWxEZYoWJsRmVbAje4svLpHVW9WpV9/a8Ur/K4yjCERzDKXhwAXW4gQY0gYCAZ3iFN0c5L8678zFvLTj5zCH8gfP5A6K0kEw=</latexit>

Ss
i1

<latexit sha1_base64="NA7W25IAuhWg53WIyllW1mhpjTY=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktih6LXjxWtB/Srks2zbahSXZJskJZ+iu8eFDEqz/Hm//GtN2Dtj4YeLw3w8y8MOFMG9f9dgorq2vrG8XN0tb2zu5eef+gpeNUEdokMY9VJ8SaciZp0zDDaSdRFIuQ03Y4up767SeqNIvlvRkn1Bd4IFnECDZWergLMhbUJo86KFfcqjsDWiZeTiqQoxGUv3r9mKSCSkM41rrruYnxM6wMI5xOSr1U0wSTER7QrqUSC6r9bHbwBJ1YpY+iWNmSBs3U3xMZFlqPRWg7BTZDvehNxf+8bmqiSz9jMkkNlWS+KEo5MjGafo/6TFFi+NgSTBSztyIyxAoTYzMq2RC8xZeXSatW9c6r7u1ZpX6Vx1GEIziGU/DgAupwAw1oAgEBz/AKb45yXpx352PeWnDymUP4A+fzB6Q7kE0=</latexit>

Ss
i2

<latexit sha1_base64="MUPrH2FZcZFiIsQkGLjRwZrTZcI=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVix6LevBYwX5Iuy7ZNNuGJtklyQpl6a/w4kERr/4cb/4b03YP2vpg4PHeDDPzwoQzbVz32ymsrK6tbxQ3S1vbO7t75f2Dlo5TRWiTxDxWnRBrypmkTcMMp51EUSxCTtvh6Hrqt5+o0iyW92acUF/ggWQRI9hY6eEmyFhQmzzqoFxxq+4MaJl4OalAjkZQ/ur1Y5IKKg3hWOuu5ybGz7AyjHA6KfVSTRNMRnhAu5ZKLKj2s9nBE3RilT6KYmVLGjRTf09kWGg9FqHtFNgM9aI3Ff/zuqmJLv2MySQ1VJL5oijlyMRo+j3qM0WJ4WNLMFHM3orIECtMjM2oZEPwFl9eJq2zqlerunfnlfpVHkcRjuAYTsGDC6jDLTSgCQQEPMMrvDnKeXHenY95a8HJZw7hD5zPH5GckEE=</latexit>

Ds
i5

<latexit sha1_base64="OeSuxt82eKGN80Y7e/GOp84sb1I=">AAAB9XicbVBNT8JAEJ3iF+IX6tHLRmLiwZBWJXokevGIiQUSKM122cKG7bbZ3WpIw//w4kFjvPpfvPlvXKAHBV8yyct7M5mZFyScKW3b31ZhZXVtfaO4Wdra3tndK+8fNFWcSkJdEvNYtgOsKGeCupppTtuJpDgKOG0Fo9up33qkUrFYPOhxQr0IDwQLGcHaSD3Xz5hfO0PMv5j0lF+u2FV7BrRMnJxUIEfDL391+zFJIyo04VipjmMn2suw1IxwOil1U0UTTEZ4QDuGChxR5WWzqyfoxCh9FMbSlNBopv6eyHCk1DgKTGeE9VAtelPxP6+T6vDay5hIUk0FmS8KU450jKYRoD6TlGg+NgQTycytiAyxxESboEomBGfx5WXSPK86tap9f1mp3+RxFOEIjuEUHLiCOtxBA1wgIOEZXuHNerJerHfrY95asPKZQ/gD6/MHZXuRyw==</latexit>

Us
i5,i3

<latexit sha1_base64="lCbdyQ15ezLTNj0cnEO2dCGPm1Q=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBg5Tdouix6MVjBfsB7VKyabZNm02WJCuUpf/BiwdFvPp/vPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaDyV3mt5+o0kyKRzONqR/hoWAhI9hYqTXu1y6Q1y9X3Ko7B1olXk4qkKPRL3/1BpIkERWGcKx113Nj46dYGUY4nZV6iaYxJhM8pF1LBY6o9tP5tTN0ZpUBCqWyJQyaq78nUhxpPY0C2xlhM9LLXib+53UTE974KRNxYqggi0VhwpGRKHsdDZiixPCpJZgoZm9FZIQVJsYGVLIheMsvr5JWrepdVd2Hy0r9No+jCCdwCufgwTXU4R4a0AQCY3iGV3hzpPPivDsfi9aCk88cwx84nz8o3I4y</latexit>

j2, 1
<latexit sha1_base64="nW8XEEP05tRWs6D65xAifQWkwKM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBg5Tdouix6MVjBfsB7VKyabZNm02WJCuUpf/BiwdFvPp/vPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaDyV3mt5+o0kyKRzONqR/hoWAhI9hYqTXu1y5QrV+uuFV3DrRKvJxUIEejX/7qDSRJIioM4VjrrufGxk+xMoxwOiv1Ek1jTCZ4SLuWChxR7afza2fozCoDFEplSxg0V39PpDjSehoFtjPCZqSXvUz8z+smJrzxUybixFBBFovChCMjUfY6GjBFieFTSzBRzN6KyAgrTIwNqGRD8JZfXiWtWtW7qroPl5X6bR5HEU7gFM7Bg2uowz00oAkExvAMr/DmSOfFeXc+Fq0FJ585hj9wPn8AKmCOMw==</latexit>

j2, 2

<latexit sha1_base64="lCbdyQ15ezLTNj0cnEO2dCGPm1Q=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBg5Tdouix6MVjBfsB7VKyabZNm02WJCuUpf/BiwdFvPp/vPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaDyV3mt5+o0kyKRzONqR/hoWAhI9hYqTXu1y6Q1y9X3Ko7B1olXk4qkKPRL3/1BpIkERWGcKx113Nj46dYGUY4nZV6iaYxJhM8pF1LBY6o9tP5tTN0ZpUBCqWyJQyaq78nUhxpPY0C2xlhM9LLXib+53UTE974KRNxYqggi0VhwpGRKHsdDZiixPCpJZgoZm9FZIQVJsYGVLIheMsvr5JWrepdVd2Hy0r9No+jCCdwCufgwTXU4R4a0AQCY3iGV3hzpPPivDsfi9aCk88cwx84nz8o3I4y</latexit>

j2, 1

<latexit sha1_base64="fGLqS7Gz1MHZKAg7FBL5ebTP4Mw=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktih6LXjxWtB/Srks2zbahSXZJskJZ+iu8eFDEqz/Hm//GtN2Dtj4YeLw3w8y8MOFMG9f9dgorq2vrG8XN0tb2zu5eef+gpeNUEdokMY9VJ8SaciZp0zDDaSdRFIuQ03Y4up767SeqNIvlvRkn1Bd4IFnECDZWerh7TIKMBbVJUK64VXcGtEy8nFQgRyMof/X6MUkFlYZwrHXXcxPjZ1gZRjidlHqppgkmIzygXUslFlT72ezgCTqxSh9FsbIlDZqpvycyLLQei9B2CmyGetGbiv953dREl37GZJIaKsl8UZRyZGI0/R71maLE8LElmChmb0VkiBUmxmZUsiF4iy8vk1at6p1X3duzSv0qj6MIR3AMp+DBBdThBhrQBAICnuEV3hzlvDjvzse8teDkM4fwB87nD5/hkEo=</latexit>

Sp
i2𝑖#

<latexit sha1_base64="XnSz5OUrURzzVNCP8UCpuPf3mfo=">AAACAHicbVDLSsNAFL2pr1pfURcu3AwWwUUpSVV0WXTjsoJphSaGyXTaDp08mJkIJWTjr7hxoYhbP8Odf+O0zUJbD1zu4Zx7mbknSDiTyrK+jdLS8srqWnm9srG5tb1j7u61ZZwKQh0S81jcB1hSziLqKKY4vU8ExWHAaScYXU/8ziMVksXRnRon1AvxIGJ9RrDSkm8eOA/Sz5h/WkOubnYNMb/h5rlvVq26NQVaJHZBqlCg5Ztfbi8maUgjRTiWsmtbifIyLBQjnOYVN5U0wWSEB7SraYRDKr1sekCOjrXSQ/1Y6IoUmqq/NzIcSjkOAz0ZYjWU895E/M/rpqp/6WUsSlJFIzJ7qJ9ypGI0SQP1mKBE8bEmmAim/4rIEAtMlM6sokOw509eJO1G3T6vW7dn1eZVEUcZDuEITsCGC2jCDbTAAQI5PMMrvBlPxovxbnzMRktGsbMPf2B8/gDZZpVI</latexit>

Us
i3,{i1,i2}

<latexit sha1_base64="2u4GOPf17rysh2z6QhJyiZtGRlk=">AAACBXicbVC7TsMwFHV4lvIKMMJgUSExVFVSQDBWsDAWibSVmhA5rtOaOk5kO0hVlIWFX2FhACFW/oGNv8FtM0DLka7u0Tn3yr4nSBiVyrK+jYXFpeWV1dJaeX1jc2vb3NltyTgVmDg4ZrHoBEgSRjlxFFWMdBJBUBQw0g6GV2O//UCEpDG/VaOEeBHqcxpSjJSWfPPAuUv8jPonVejqZlch9etuXoX3fj33zYpVsyaA88QuSAUUaPrml9uLcRoRrjBDUnZtK1FehoSimJG87KaSJAgPUZ90NeUoItLLJlfk8EgrPRjGQhdXcKL+3shQJOUoCvRkhNRAznpj8T+vm6rwwssoT1JFOJ4+FKYMqhiOI4E9KghWbKQJwoLqv0I8QAJhpYMr6xDs2ZPnSates89q1s1ppXFZxFEC++AQHAMbnIMGuAZN4AAMHsEzeAVvxpPxYrwbH9PRBaPY2QN/YHz+AKXvlr4=</latexit>

Up
i3,{i1,i2},j2

Figure 5.4: Example of a feasible path obtained from a max p-graph (left) and from a
superstructure (right).

tial superstructure. Therefore, one needs to rely on optimization techniques to identify

optimal paths, as we describe next.

5.3 Optimization Formulation for Finding Optimal System De-

signs

In this section, we derive an optimization formulation that aims to identify the hierar-

chy of products in the system. This step is essential for computing the amount of each

product and the number of technologies required. This information is in turn required

to generate superstructures and spatial superstructures. We then proceed to introduce an

optimization formulation to obtain an optimal system design.
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𝑖!

𝑖" 𝑖#

<latexit sha1_base64="fjDytFGt8nMGsOZCloALdyHHzX8=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVRY9FLx4r2g9p1yWbZtvQJLsmWaEs/RVePCji1Z/jzX9j2u5BWx8MPN6bYWZemHCmjet+O4Wl5ZXVteJ6aWNza3unvLvX1HGqCG2QmMeqHWJNOZO0YZjhtJ0oikXIaSscXk381hNVmsXyzowS6gvclyxiBBsr3d8+PAYZC7xxUK64VXcKtEi8nFQgRz0of3V7MUkFlYZwrHXHcxPjZ1gZRjgdl7qppgkmQ9ynHUslFlT72fTgMTqySg9FsbIlDZqqvycyLLQeidB2CmwGet6biP95ndREF37GZJIaKslsUZRyZGI0+R71mKLE8JElmChmb0VkgBUmxmZUsiF48y8vkuZJ1TurujenldplHkcRDuAQjsGDc6jBNdShAQQEPMMrvDnKeXHenY9Za8HJZ/bhD5zPH5/mkEo=</latexit>

Sq
i1

<latexit sha1_base64="p4//th1ifHVOtYUAo6mUxiUbG5w=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJ4KrtF0WPRi8eK9kPadcmm2TY0ya5JVihLf4UXD4p49ed489+YtnvQ1gcDj/dmmJkXJpxp47rfztLyyuraemGjuLm1vbNb2ttv6jhVhDZIzGPVDrGmnEnaMMxw2k4UxSLktBUOryZ+64kqzWJ5Z0YJ9QXuSxYxgo2V7m8fHoOMBdVxUCq7FXcKtEi8nJQhRz0ofXV7MUkFlYZwrHXHcxPjZ1gZRjgdF7uppgkmQ9ynHUslFlT72fTgMTq2Sg9FsbIlDZqqvycyLLQeidB2CmwGet6biP95ndREF37GZJIaKslsUZRyZGI0+R71mKLE8JElmChmb0VkgBUmxmZUtCF48y8vkma14p1V3JvTcu0yj6MAh3AEJ+DBOdTgGurQAAICnuEV3hzlvDjvzsesdcnJZw7gD5zPH6FrkEs=</latexit>

Sq
i2

<latexit sha1_base64="AjAYDcqQVhu3snJ7qngWlDlSIEo=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJ4Krti0WNRDx4r2A9p1yWbZtvQJLsmWaEs/RVePCji1Z/jzX9j2u5BWx8MPN6bYWZemHCmjet+O0vLK6tr64WN4ubW9s5uaW+/qeNUEdogMY9VO8SaciZpwzDDaTtRFIuQ01Y4vJr4rSeqNIvlnRkl1Be4L1nECDZWur9+eAwyFlTHQansVtwp0CLxclKGHPWg9NXtxSQVVBrCsdYdz02Mn2FlGOF0XOymmiaYDHGfdiyVWFDtZ9ODx+jYKj0UxcqWNGiq/p7IsNB6JELbKbAZ6HlvIv7ndVITXfgZk0lqqCSzRVHKkYnR5HvUY4oSw0eWYKKYvRWRAVaYGJtR0Ybgzb+8SJqnFa9acW/PyrXLPI4CHMIRnIAH51CDG6hDAwgIeIZXeHOU8+K8Ox+z1iUnnzmAP3A+fwCOxpA/</latexit>

Dq
i5

Location B

Location A

<latexit sha1_base64="byAChrqHct7VUEvnR94GmME+1l8=">AAAB9HicbVBNT8JAEJ36ifiFevSykZh4MKRViR6JXjxiYoEEarNdtrBhuy27WxLS8Du8eNAYr/4Yb/4bF+hBwZdM8vLeTGbmBQlnStv2t7Wyura+sVnYKm7v7O7tlw4OGypOJaEuiXksWwFWlDNBXc00p61EUhwFnDaDwd3Ub46oVCwWj3qcUC/CPcFCRrA2kuc+Df2M+dVz5l9O/FLZrtgzoGXi5KQMOep+6avTjUkaUaEJx0q1HTvRXoalZoTTSbGTKppgMsA92jZU4IgqL5sdPUGnRumiMJamhEYz9fdEhiOlxlFgOiOs+2rRm4r/ee1UhzdexkSSairIfFGYcqRjNE0AdZmkRPOxIZhIZm5FpI8lJtrkVDQhOIsvL5PGRcWpVuyHq3LtNo+jAMdwAmfgwDXU4B7q4AKBITzDK7xZI+vFerc+5q0rVj5zBH9gff4ACv+Rnw==</latexit>

Uq
i5,i3

<latexit sha1_base64="Gd726yie+EchWTDqMwGnX4RUQA0=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgIYRdUfQY9eIxgnlAEsLspDcZMzu7zMwKYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3+bHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSLZ9qFFxi3XAjsBUrpKEvsOmPbqd+8wmV5pF8MOMYuyEdSB5wRo2Vmo+9s7JXvu4VS27FnYEsEy8jJchQ6xW/Ov2IJSFKwwTVuu25semmVBnOBE4KnURjTNmIDrBtqaQh6m46O3dCTqzSJ0GkbElDZurviZSGWo9D33aG1Az1ojcV//PaiQmuuimXcWJQsvmiIBHERGT6O+lzhcyIsSWUKW5vJWxIFWXGJlSwIXiLLy+TxlnFu6i49+el6k0WRx6O4BhOwYNLqMId1KAODEbwDK/w5sTOi/PufMxbc042cwh/4Hz+AMQTjok=</latexit>

j2, 1, A

<latexit sha1_base64="Gd726yie+EchWTDqMwGnX4RUQA0=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgIYRdUfQY9eIxgnlAEsLspDcZMzu7zMwKYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3+bHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSLZ9qFFxi3XAjsBUrpKEvsOmPbqd+8wmV5pF8MOMYuyEdSB5wRo2Vmo+9s7JXvu4VS27FnYEsEy8jJchQ6xW/Ov2IJSFKwwTVuu25semmVBnOBE4KnURjTNmIDrBtqaQh6m46O3dCTqzSJ0GkbElDZurviZSGWo9D33aG1Az1ojcV//PaiQmuuimXcWJQsvmiIBHERGT6O+lzhcyIsSWUKW5vJWxIFWXGJlSwIXiLLy+TxlnFu6i49+el6k0WRx6O4BhOwYNLqMId1KAODEbwDK/w5sTOi/PufMxbc042cwh/4Hz+AMQTjok=</latexit>

j2, 1, A

<latexit sha1_base64="OFIYGJyN0S5sBvdtLu2wDhZB0uQ=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hLAbFD2GePEYwTwgWcLspJOMmZ1dZmaFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7glhwbVz321lb39jc2s7t5Hf39g8OC0fHTR0limGDRSJS7YBqFFxiw3AjsB0rpGEgsBWMb2d+6wmV5pF8MJMY/ZAOJR9wRo2VWo+9SqlSqvUKRbfszkFWiZeRImSo9wpf3X7EkhClYYJq3fHc2PgpVYYzgdN8N9EYUzamQ+xYKmmI2k/n507JuVX6ZBApW9KQufp7IqWh1pMwsJ0hNSO97M3E/7xOYgY3fsplnBiUbLFokAhiIjL7nfS5QmbExBLKFLe3EjaiijJjE8rbELzll1dJs1L2rsru/WWxWsviyMEpnMEFeHANVbiDOjSAwRie4RXenNh5cd6dj0XrmpPNnMAfOJ8/xx2Oiw==</latexit>

j2, 2, B
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Figure 5.5: Example of a feasible path obtained from a spatial superstructure.

5.3.1 Computing a Product Hierarchy

Generating a superstructure and a spatial superstructure requires that we compute the

number of all possible pathways based on their product-tech connectivity encoded in

the max p-graph. Here, we assume that there are no cycles in the dependencies in the

underlying max p-graph. For instance, if producing product i1 requires some i2, pro-

ducing i2 cannot require product i1. With this, we can define a product hierarchy that

moves from primary products to intermediate products and to final products. We use

βi′
i,t, i′ ∈ I , i ∈ Ωt, t ∈ T to represent that producing a unit of product i ∈ Ωt requires βi′

i,t

units of product i′. These quantities can be interpreted as technology yield/transforma-

tion factors.

Taking the example form the previous section, we consider the product-tech depen-

dencies of a system that involves supplies of i1 and i2 and produces the intermediate

product i3 using techs Ti3 ,i1 ,j1 and Ti3 ,{i1 ,i2},j2 and a system that involves supplies of i3 and
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Table 5.1: Example of product dependencies in technologies.

i3 i5

Ti3 ,i1 ,j1 Ti3 ,{i1 ,i2},j2 Ti5,{i3 ,i4},j1 Ti5 ,i3 ,j2

i1 2 1 0 0

i2 0 1.5 0 0

i3 0 0 0.8 1

i4 0 0 1 0

i4 and produces the final product i5 using techs Ti5 ,{i3,i4},j1 and Ti5,i3 ,j2 . The product de-

pendencies are shown in Table 5.1. Rows in this table represent input products while the

columns represent output products. Specifically, producing i3 requires 2 units of i1 using

Ti3 ,i1 ,j1 (βi1
i3 ,Ti3,i1,j1

= 2) or 1 unit of i1 and 1.5 unit of i2 using Ti3,{i1,i2},j2 (βi1
i3 ,Ti3,{i1,i2},j1

= 1,

and βi2
i3 ,Ti3,{i1,i2},j1

= 1.5), and it is represented in entries 2 and 1 in the first row (i1 as the

feed)and first two columns (i3 as the product) in the table. Producing i5 requires 0.8 unit

of i3 and 1 unit of i4 using Ti5,{i3 ,i4},j1 (βi3
i5,Ti5,{i3,i4},j1

= 0.8 and βi4
i5,Ti5,{i3,i4},j1

= 1) or 1 unit of

i3 using Ti5,i3 ,j2 (βi3
i5 ,Ti5,i3,j1

= 1), and it is represented in entries 0.8 and 1 in the third row

(i3 as the feed) and last columns (i5 as the product) of the table. Here, i1, i2 and i4 can be

seen as a primary product, i3 can be seen as an intermediate product and i5 can be treated

as a product. In this case, i3 has a higher hierarchy than i1 and i2 because producing it

depends on these products. Product i5 has the highest hierarchy since no other products

depend on it. Because there are no dependencies between products i1, i2, and i4, the hier-

archy among them can be arbitrary. Therefore, a possible hierarchy of these five products

is {i1 : 3, i2 : 3, i3 : 2, i4 : 3, i5 : 1}. Obtaining the product hierarchy allows us to estimate

the amount of each product and the number of techs needed for the system to satisfy

a set of demands; this information is necessary for generating the superstructure and

spatial superstructure. Unfortunately, when the product-tech dependency becomes com-

plicated, such product hierarchical order is not easy to observe; therefore, we formulate



114

an optimization problem that determines the hierarchical level of each product.

We define a positive integer variable xi, i ∈ I that represents the hierarchy of each

product i. The optimization formulation that computes the product hierarchy is:

min
x ∑

i∈I
xi (5.3.2a)

s.t. xi ≤ xi′ − 1, t ∈ T , i ∈ Ωt, i′ ∈ Kt (5.3.2b)

xi ≥ 1, i ∈ I , (5.3.2c)

Minimizing the objective (5.3.2a) ensures that the hierarchies for all products are consec-

utive numbers. Constraint (5.3.2b) indicates that, if producing product i requires product

i′, the hierarchy of i should be higher than the hierarchy of i′. The final constraint makes

sure that the highest hierarchy starts with a value of one. This computation of the hier-

archical level for each product aids the computation of the number of each techs possibly

required, which is necessary information for generating the superstructures. Then, with-

out further computations, we are able to derive a connectivity matrix (adjacency matrix)

for all the nodes (products and techs) based on the information of products involved and

their interdependencies, and thus build the graph representation of the superstructures.

We define the adjacency matrix for the superstructure and spatial superstructure as

µk,k′ , k, k′ ∈ N s and µk,k′ , k, k′ ∈ N q, respectively. The adjacency matrix is a fundamental

quantity that encodes the topology of the superstructures.

5.3.2 Computing Optimal Designs from Superstructures

We first derive an optimization formulation to identify an optimal design from a super-

structure that minimizes cost and maximizes modularity; this will generate a modular

process design, as a superstructure does not encode locational context. We will then

extend the formulation to identify an optimal design for a supply chain from a spatial

superstructure.
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Cost-Minimizing Optimal Design

A feasible path (a process design) is obtained by extracting a subgraph (nodes and edges)

from the superstructure graph. Our goal is that this feasible path minimizes cost and

maximizes modularity). The graph representation of the superstructure will allow us to

derive an intuitive (and computable) measure for modularity, this measure will implicitly

capture logistical flexibility (e.g., by capturing module sizes and connectivity).

We consider the overall system cost is the net present value for the annualized capital

and operational cost. Associated with each tech t ∈ T , we define the installation cost

α
ξ
t and we define the capacity of tech t that produces product i ∈ Ωt as ξt,i. For each

node u ∈ U s and its associated tech τu, we define the capital cost, operational cost, and

capacity as α
ξ
τu , αo

τu
, and ξτu ,Ωu and we use the short-hand notation α

ξ
u, αo

u, and ξu,i, i ∈ Ωu

(the capital cost is annualized with factor εu). The unit cost of each material is defined

as α
ρ
i , i ∈ R and the required amount of final product i is δi, i ∈ P . For simplicity, we

assume that the cost for every connection/transport, denoted as α f , is the same regardless

of the product and scales linearly with the amount of product that it carries. The disposal

cost of any excess product is denoted as αd
i , i ∈ I ; this disposal cost allows us to capture

potential environmental impacts (e.g., carbon emissions).

We define a collection of continuous variables fk,k′ , k, k′ ∈ N s representing the flow of

product from node k to node k′. We define a continuous variable vi, i ∈ R that represents

the amount of each primary product purchased from suppliers. We define a binary vari-

able yu, u ∈ U s such that yu = 1 if node u (a unit) is selected as part of the design, and

yu = 0 otherwise.

Under these definitions, the total annualized cost is:

C = ∑
u∈U s

(εu · αξ
u + αo

u) · yu + ∑
s∈S s ,i∈Ωs

α
ρ
i · vi + ∑

k,k′∈N s

α f · fk,k′

+ ∑
u∈U s ,i∈Ωu

(ξu · yu − ∑
k∈N s if i∈Kk

fu,k) · αd
i .

(5.3.3)
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The total cost captures installation cost, the cost of purchasing primary products, the

cost of transport, and the cost of waste disposal. The installation cost implicitly captures

economies of scale (as it captures technology cost based on size/capacity).

There are a couple of constraint sets that contribute to the formulation. The first set of

constraints ensures that the feasible path is derived from the superstructure and can be

expressed as:

fk,k′ ≤ M · µk,k′ , k, k′ ∈ N s (5.3.4)

where M is a sufficiently large coefficient; this constraint reduces the feasible region of

the problem. The second set of constraints are the product balances at the graph nodes:

∑
k∈N s

fs,k ≤ vi, s ∈ S s, i ∈ Ωs (5.3.5a)

∑
k′∈N s

fu,k′ ≤ ξu,i · yu, u ∈ U s, i ∈ Ωu (5.3.5b)

∑
k∈N s

fk,u = ξu,i′ · βi′
i,τu
· yu, u ∈ U s, i′ ∈ Ku, i ∈ Ωu (5.3.5c)

∑
k∈N s

fk,d = δi′ , d ∈ Ds, i′ ∈ Kd. (5.3.5d)

Constraint (5.3.5a) is the product balance for supplier nodes, (5.3.5b) and (5.3.5c) ensure

the inlet and outlet balance for tech nodes, and constraint (5.3.5c) is the balance for the

demand node.

To illustrate the definition of the variables and constraints in the optimization formu-

lation, we will use the same example discussed in the previous section. Consider that

an optimal design is derived from a superstructure as shown in Figure 5.6. Nodes in the

design on the right are marked from k1 through k5, where k1 and k2 are suppliers, k3, k4

and k5 are technologies and k6 is demand. If nodes k3 and k4 (copies of the same technol-

ogy) take 400 units of primary product i1 and 200 units of i2 and produces 200 units of

i3. Product streams i3 are then fed into node k5 that produces 300 units of final product i5

that is required by the market. The non-zero entries for each decision variables f , v, and
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y are highlighted.
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Figure 5.6: Illustration of notation for optimal design from superstructure.

With these definitions and constraints, we formulate the optimal design problem:

min
f ,v,y

C (5.3.6a)

s.t. fk,k′ ≤ M · µk,k′ , k, k′ ∈ N s (5.3.6b)

∑
k∈N s

fs,k ≤ vi, s ∈ S s, i ∈ Ωs (5.3.6c)

∑
k′∈N s if i∈Kk′

fu,k′ ≤ ξu,i · yu, u ∈ U s, i ∈ Ωu (5.3.6d)

∑
k∈N s

fk,u = ξu,i′ · βi′
i,θu
· yu, u ∈ U s, i′ ∈ Ku, i ∈ Ωu (5.3.6e)

∑
k∈N s

fk,d = δi′ , d ∈ Ds, i′ ∈ Kd (5.3.6f)

fk,k′ ≥ 0, k, k′ ∈ N s (5.3.6g)

This formulation uses the superstructure connectivity to reduce the feasible space of the

problem and is concise to read and easy to understand. We will now expand this formu-

lation by incorporating a modularity measure as a trade-off of cost.
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Cost-Minimizing Optimal Modular Design

The modularity measure that we adopt is a modified version of that presented in (Shao

and Zavala, 2020). This measure is directly derived from graph-theoretical principles,

can be computed using mixed-integer optimization techniques, and captures aspects of

relevance in the context of manufacturing systems and supply chains. Specifically, the

measure captures dimension (size) of modules, which enables capturing the fact that such

modules should be transportable. The modularity measure proposed is computationally

more suitable for system design.

The modularity measure is ccomputed using concept of graph coverage; this is done

by formulating a mixed integer optimization problem that minimizes the number of inter-

modular edges relative to the total number of edges (intra- and inter-modular). In other

words, the measure aims to capture the ability of assembling/disassembling a system.

The measure is defined as Mn with n being the predefined number of modules. The

measure Mn has a range has a range of [0, 1]; Mn = 1 being the most modular system

possible and Mn = 0 represents the least modular system possible.

In addition to the previous attributes of tech t ∈ T , we define a dimension (physical

size) of the tech represented as γt. Similarly, for each node u ∈ U s and its associated tech

t = τu, the dimension is represented as γτu , abbreviated as γu. The set of modules is de-

fined as L = {1, 2, ..., n} and |L|= n (the number of modules). We impose dimensionality

constraints for each module by defining D̄ and D as upper and lower limits.

To compute the modularity measure of a given feasible path (a potential design), we

define the collection of binary parameters au,u′ , u, u′ ∈ U s, which represent the adjacency

matrix of the subgraph associated to the feasible path. We define the collection of binary

variables am
u,u′ ,l , u, u′ ∈ U s, l ∈ L; here, am

u,u′ ,l = 1 indicates that nodes u, u′ are connected

and they are both in module l. We define the binary variable yu,l , u ∈ U s, l ∈ L such that

yu,l = 1 if node (unit) u exists in the design and appears in module l.

The measure that we propose is computed by minimizing the following function for
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a pre-defined number of modules n:

Mn =
∑

u,u′∈U s ,l∈L
am

u,u′ ,l

∑
u,u′∈U s

au,u′
. (5.3.7)

We note that this modularity measure is different from that reported in (Shao and Zavala,

2020), which is:

Mn =
∑

u,u′∈U s

πu,u′ · au,u′

∑
u,u′∈U s

au,u′
. (5.3.8)

where π is the membership variable matrix. Here, we have that the entry πu,u′ is 1 if

node u and u′ are in the same module. We highlight that, in the work of (Shao and

Zavala, 2020), the adjacency au,u is a fixed parameter and ∑u,u′∈U s au,u′ = 2m, where m

is the number of edges in the graph. However, in the design context discussed here,

the adjacency au,u is a variable (affected by the design selection). As such, the second

modularity measure would be computationally difficult to implement. This motivates our

desire to use the first modularity measure (we will see that this is easier to implement).

We now proceed to show that the modularity measures are equivalent; we establish

this result by showing that:

∑
l∈L

am
u,u′ ,l = πu,u′ · au,u′ . (5.3.9)

In other words, we aim show that the numerators of both modularity measures are equiv-

alent. Specifically, we would like to show that both numerators are binary and that, when

the numerator on the left takes a value of 1, the numerator on the right also takes a value

of 1.

The right numerator is binary because both terms are binary and thus their product

is binary. For the left numerator we have that, by definition, there are no overlapping
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modules (each node can exist only in one module). For a module l′ ∈ L we thus have

that:

am
u,u′ ,l′ = 1⇐⇒ ∑

l∈L
am

u,u′ ,l = 1 (5.3.10)

and

∑
l∈L

am
u,u′ ,l ≤ 1. (5.3.11)

Because the variable am is also binary, we have that it can only take values of 0 and 1.

We then have that, by definition, the term am
u,u′ ,l′ takes a value of 1 if and only if node u

connects to node u′ and they are both in module l. Therefore, for a module l′ ∈ L, we

have:

am
u,u′ ,l′ = 1⇐⇒ au,u′ = 1 and πu,u′ = 1. (5.3.12)

Combining these expressions:

∑
l∈L

am
u,u′ ,l = 1⇐⇒ au,u′ = 1 and πu,u′ = 1. (5.3.13)

Therefore, we can rewrite the above expression as:

∑
l∈L

am
u,u′ ,l = au,u′ · πu,u′ (5.3.14)

which establishes the equivalence.

Note that the new modularity measure proposed is nonlinear (fractional) and would

make the design formulation intractable if this is added directly as an objective function.

Interestingly, however, when the measure is used as a constraint, this can be reformulated
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in linear form as:

∑
u,u′∈U s ,l∈L

am
u,u′ ,l ≥ εM · ∑

u,u′∈U s

au,u′ , (5.3.15)

where εM is a desired threshold value for the modularity measure. This observation is

relevant because the design formulation is multi-objective (minimize cost and maximize

modularity). Using an ε-constrained method to compute the Pareto frontier thus provides

a natural approach to deal with the modularity measure.

In addition to the modularity constraint and the constraints in formulation (5.3.6),

new constraints are added the impact of the assignment of nodes into modules on process

variables. The logic between continuous flow variables and the binary adjacency variables

is:

fk,k′ ≤ M · ak,k′ , k, k′ ∈ N s (5.3.16)

ak,k′ ≤ fk,k′ , k, k′ ∈ N s. (5.3.17)

The logic for variable y (a node can only exist in one module), variable am, and a (a node

u connects to any node u′ and they all belong to a module l only if node u and u′ both

exist) are:

∑
l∈L

yu,l ≤ 1, u ∈ U s (5.3.18)

∑
u′∈U s

am
u,u′ ,l + ∑

u′∈U s

am
u′ ,u,l ≤ M · yu,l , u ∈ U s, l ∈ L (5.3.19)

∑
l∈L

am
u,u′ ,l ≤ au,u′ , u, u′ ∈ U s (5.3.20)

The constraint that governs the upper and lower bound for the dimensionality of each

module is:

D ≤ ∑
u∈U s

yu,l · γu ≤ D̄, l ∈ L. (5.3.21)
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Figure 5.7 presents an example to demonstrate the definitions of variables and constraints.

Here, we show a modular division of the optimal design where k3 and k5 are in module

l1 and k4 is in module l2. It this worth noticing is that only one entry of variable am is 1

since only the edge that connects node k3 and k5 is counted as the edge within modules.

𝑖!
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i2

<latexit sha1_base64="MUPrH2FZcZFiIsQkGLjRwZrTZcI=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVix6LevBYwX5Iuy7ZNNuGJtklyQpl6a/w4kERr/4cb/4b03YP2vpg4PHeDDPzwoQzbVz32ymsrK6tbxQ3S1vbO7t75f2Dlo5TRWiTxDxWnRBrypmkTcMMp51EUSxCTtvh6Hrqt5+o0iyW92acUF/ggWQRI9hY6eEmyFhQmzzqoFxxq+4MaJl4OalAjkZQ/ur1Y5IKKg3hWOuu5ybGz7AyjHA6KfVSTRNMRnhAu5ZKLKj2s9nBE3RilT6KYmVLGjRTf09kWGg9FqHtFNgM9aI3Ff/zuqmJLv2MySQ1VJL5oijlyMRo+j3qM0WJ4WNLMFHM3orIECtMjM2oZEPwFl9eJq2zqlerunfnlfpVHkcRjuAYTsGDC6jDLTSgCQQEPMMrvDnKeXHenY95a8HJZw7hD5zPH5GckEE=</latexit>

Ds
i5

<latexit sha1_base64="OeSuxt82eKGN80Y7e/GOp84sb1I=">AAAB9XicbVBNT8JAEJ3iF+IX6tHLRmLiwZBWJXokevGIiQUSKM122cKG7bbZ3WpIw//w4kFjvPpfvPlvXKAHBV8yyct7M5mZFyScKW3b31ZhZXVtfaO4Wdra3tndK+8fNFWcSkJdEvNYtgOsKGeCupppTtuJpDgKOG0Fo9up33qkUrFYPOhxQr0IDwQLGcHaSD3Xz5hfO0PMv5j0lF+u2FV7BrRMnJxUIEfDL391+zFJIyo04VipjmMn2suw1IxwOil1U0UTTEZ4QDuGChxR5WWzqyfoxCh9FMbSlNBopv6eyHCk1DgKTGeE9VAtelPxP6+T6vDay5hIUk0FmS8KU450jKYRoD6TlGg+NgQTycytiAyxxESboEomBGfx5WXSPK86tap9f1mp3+RxFOEIjuEUHLiCOtxBA1wgIOEZXuHNerJerHfrY95asPKZQ/gD6/MHZXuRyw==</latexit>

Us
i5,i3

<latexit sha1_base64="lCbdyQ15ezLTNj0cnEO2dCGPm1Q=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBg5Tdouix6MVjBfsB7VKyabZNm02WJCuUpf/BiwdFvPp/vPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaDyV3mt5+o0kyKRzONqR/hoWAhI9hYqTXu1y6Q1y9X3Ko7B1olXk4qkKPRL3/1BpIkERWGcKx113Nj46dYGUY4nZV6iaYxJhM8pF1LBY6o9tP5tTN0ZpUBCqWyJQyaq78nUhxpPY0C2xlhM9LLXib+53UTE974KRNxYqggi0VhwpGRKHsdDZiixPCpJZgoZm9FZIQVJsYGVLIheMsvr5JWrepdVd2Hy0r9No+jCCdwCufgwTXU4R4a0AQCY3iGV3hzpPPivDsfi9aCk88cwx84nz8o3I4y</latexit>

j2, 1
<latexit sha1_base64="nW8XEEP05tRWs6D65xAifQWkwKM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBg5Tdouix6MVjBfsB7VKyabZNm02WJCuUpf/BiwdFvPp/vPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaDyV3mt5+o0kyKRzONqR/hoWAhI9hYqTXu1y5QrV+uuFV3DrRKvJxUIEejX/7qDSRJIioM4VjrrufGxk+xMoxwOiv1Ek1jTCZ4SLuWChxR7afza2fozCoDFEplSxg0V39PpDjSehoFtjPCZqSXvUz8z+smJrzxUybixFBBFovChCMjUfY6GjBFieFTSzBRzN6KyAgrTIwNqGRD8JZfXiWtWtW7qroPl5X6bR5HEU7gFM7Bg2uowz00oAkExvAMr/DmSOfFeXc+Fq0FJ585hj9wPn8AKmCOMw==</latexit>

j2, 2

<latexit sha1_base64="lCbdyQ15ezLTNj0cnEO2dCGPm1Q=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBg5Tdouix6MVjBfsB7VKyabZNm02WJCuUpf/BiwdFvPp/vPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaDyV3mt5+o0kyKRzONqR/hoWAhI9hYqTXu1y6Q1y9X3Ko7B1olXk4qkKPRL3/1BpIkERWGcKx113Nj46dYGUY4nZV6iaYxJhM8pF1LBY6o9tP5tTN0ZpUBCqWyJQyaq78nUhxpPY0C2xlhM9LLXib+53UTE974KRNxYqggi0VhwpGRKHsdDZiixPCpJZgoZm9FZIQVJsYGVLIheMsvr5JWrepdVd2Hy0r9No+jCCdwCufgwTXU4R4a0AQCY3iGV3hzpPPivDsfi9aCk88cwx84nz8o3I4y</latexit>

j2, 1

<latexit sha1_base64="RKJjCYvS2ICfOc2bsUnHBcoBBiY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh3Hf65crbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVa9Wde8vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gD5JY2X</latexit>

k1

<latexit sha1_base64="RjYjhKTvW9123qAyXyz2/Kxpz1k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0MO7X+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbRqVe+y6t5fVOo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AH6qY2Y</latexit>

k2

<latexit sha1_base64="Y/5fOq7ZsKg64MDcODxiqMj/qpg=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6QI9BLx4jmgckS5idzCZDZmeXmV4hLPkELx4U8eoXefNvnCR70MSChqKqm+6uIJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+64lrI2L1iOOE+xEdKBEKRtFKD6Peea9ccavuDGSZeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5S6qeEJZSM64B1LFY248bPZqRNyYpU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/9TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0SjYEb/HlZdI8q3qXVff+olK7yeMowhEcwyl4cAU1uIM6NIDBAJ7hFd4c6bw4787HvLXg5DOH8AfO5w/8LY2Z</latexit>

k3
<latexit sha1_base64="DWEmjvReppRJGIV57wXEl7oKq6I=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0MO7X+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqt5l1b2vVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AH9sY2a</latexit>

k4

<latexit sha1_base64="f4qzmW3+R/Mt/0b17PLI6oS6WWE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh3G/1i9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbQuql6t6t5fVuo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AH/NY2b</latexit>

k5
<latexit sha1_base64="zAOepxF5NH3zlSgwldysTYpR9lQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSw6h32StX3Ko7A1kmXk4qkKPeK391+zFLI66QSWpMx3MT9DOqUTDJJ6VuanhC2YgOeMdSRSNu/Gx26oScWKVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uw2s/EypJkSs2XxSmkmBMpn+TvtCcoRxbQpkW9lbChlRThjadkg3BW3x5mTTPqt5F1b0/r9Ru8jiKcATHcAoeXEEN7qAODWAwgGd4hTdHOi/Ou/Mxby04+cwh/IHz+QMAyI2c</latexit>

k6

<latexit sha1_base64="Mee5ucjOj9vBuHodtmope9jDJiE=">AAAB+nicbVDLSgNBEOz1GeNro0cvg0HwIGFWI3oRgl48RjAPSJZldjKbDJl9MDOrhDWf4sWDIl79Em/+jZNkD5pY0FBUddPd5SeCK43xt7W0vLK6tl7YKG5ube/s2qW9popTSVmDxiKWbZ8oJnjEGpprwdqJZCT0BWv5w5uJ33pgUvE4utejhLkh6Uc84JRoI3l2KfCyoeecDL2zMbpCVYw9u4wreAq0SJyclCFH3bO/ur2YpiGLNBVEqY6DE+1mRGpOBRsXu6liCaFD0mcdQyMSMuVm09PH6MgoPRTE0lSk0VT9PZGRUKlR6JvOkOiBmvcm4n9eJ9XBpZvxKEk1i+hsUZAKpGM0yQH1uGRUi5EhhEpubkV0QCSh2qRVNCE48y8vkuZpxTmv4LtquXadx1GAAziEY3DgAmpwC3VoAIVHeIZXeLOerBfr3fqYtS5Z+cw+/IH1+QOmJ5JL</latexit>

fk1,k3
= 400

<latexit sha1_base64="ts46yox1IPswR7rUOV5IOAnoEy8=">AAAB+nicbVDLSgNBEOyNrxhfGz16GQyCBwmzEtGLEPTiMYJ5QLIss5PZZMjsg5lZJaz5FC8eFPHql3jzb5wke9DEgoaiqpvuLj8RXGmMv63Cyura+kZxs7S1vbO7Z5f3WypOJWVNGotYdnyimOARa2quBeskkpHQF6ztj26mfvuBScXj6F6PE+aGZBDxgFOijeTZ5cDLRp5zOvJqE3SFahh7dgVX8QxomTg5qUCOhmd/9foxTUMWaSqIUl0HJ9rNiNScCjYp9VLFEkJHZMC6hkYkZMrNZqdP0LFR+iiIpalIo5n6eyIjoVLj0DedIdFDtehNxf+8bqqDSzfjUZJqFtH5oiAVSMdomgPqc8moFmNDCJXc3IrokEhCtUmrZEJwFl9eJq2zqnNexXe1Sv06j6MIh3AEJ+DABdThFhrQBAqP8Ayv8GY9WS/Wu/Uxby1Y+cwB/IH1+QOnspJM</latexit>

fk1,k4
= 400

<latexit sha1_base64="S1nrDvNqyksv59ialhzRRvm1kis=">AAAB+nicbVBNS8NAEJ34WetXqkcvi0XwICUpFb0IRS8eK9gPaEPYbDft0s0m7G6UEvtTvHhQxKu/xJv/xm2bg7Y+GHi8N8PMvCDhTGnH+bZWVtfWNzYLW8Xtnd29fbt00FJxKgltkpjHshNgRTkTtKmZ5rSTSIqjgNN2MLqZ+u0HKhWLxb0eJ9SL8ECwkBGsjeTbpdDPRn71bOTXJugKVR3Ht8tOxZkBLRM3J2XI0fDtr14/JmlEhSYcK9V1nUR7GZaaEU4nxV6qaILJCA9o11CBI6q8bHb6BJ0YpY/CWJoSGs3U3xMZjpQaR4HpjLAeqkVvKv7ndVMdXnoZE0mqqSDzRWHKkY7RNAfUZ5ISzceGYCKZuRWRIZaYaJNW0YTgLr68TFrVintece5q5fp1HkcBjuAYTsGFC6jDLTSgCQQe4Rle4c16sl6sd+tj3rpi5TOH8AfW5w+mNZJL</latexit>

fk2,k4
= 200

<latexit sha1_base64="+0SQu+tWlhnNmTR0tGDkejP6Fqo=">AAAB+nicbVDLSgNBEOz1GeNro0cvg0HwIGE2KnoRgl48RjAPSJZldjKbDJl9MDOrhDWf4sWDIl79Em/+jZNkD5pY0FBUddPd5SeCK43xt7W0vLK6tl7YKG5ube/s2qW9popTSVmDxiKWbZ8oJnjEGpprwdqJZCT0BWv5w5uJ33pgUvE4utejhLkh6Uc84JRoI3l2KfCyoVc9GXqnY3SFqhh7dhlX8BRokTg5KUOOumd/dXsxTUMWaSqIUh0HJ9rNiNScCjYudlPFEkKHpM86hkYkZMrNpqeP0ZFReiiIpalIo6n6eyIjoVKj0DedIdEDNe9NxP+8TqqDSzfjUZJqFtHZoiAVSMdokgPqccmoFiNDCJXc3IrogEhCtUmraEJw5l9eJM1qxTmv4Luzcu06j6MAB3AIx+DABdTgFurQAAqP8Ayv8GY9WS/Wu/Uxa12y8pl9+APr8wekqpJK</latexit>

fk2,k3
= 200

<latexit sha1_base64="vX8Ev08oNvh8B7k5l9oMci+KH74=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgQsqkWnQjFN24rGAf0IYwmU7aIZNJmJkoJfZT3LhQxK1f4s6/cdpmoa0HLhzOuZd77/ETzpRG6NsqrKyurW8UN0tb2zu7e3Z5v63iVBLaIjGPZdfHinImaEszzWk3kRRHPqcdP7yZ+p0HKhWLxb0eJ9SN8FCwgBGsjeTZ5cDLQu/sNPTqE3gFawh5dgVV0QxwmTg5qYAcTc/+6g9ikkZUaMKxUj0HJdrNsNSMcDop9VNFE0xCPKQ9QwWOqHKz2ekTeGyUAQxiaUpoOFN/T2Q4Umoc+aYzwnqkFr2p+J/XS3Vw6WZMJKmmgswXBSmHOobTHOCASUo0HxuCiWTmVkhGWGKiTVolE4Kz+PIyadeqTr2K7s4rjes8jiI4BEfgBDjgAjTALWiCFiDgETyDV/BmPVkv1rv1MW8tWPnMAfgD6/MHqU+STQ==</latexit>

fk3,k5
= 200

<latexit sha1_base64="bDL3ecowJiprIDKyOYHJzXW21Z8=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgQsqktOhGKLpxWcE+oA1hMp20QyaTMDNRSuynuHGhiFu/xJ1/47TNQlsPXDiccy/33uMnnCmN0LdVWFvf2Nwqbpd2dvf2D+zyYUfFqSS0TWIey56PFeVM0LZmmtNeIimOfE67fngz87sPVCoWi3s9Sagb4ZFgASNYG8mzy4GXhV79PPQaU3gFawh5dgVV0RxwlTg5qYAcLc/+GgxjkkZUaMKxUn0HJdrNsNSMcDotDVJFE0xCPKJ9QwWOqHKz+elTeGqUIQxiaUpoOFd/T2Q4UmoS+aYzwnqslr2Z+J/XT3Vw6WZMJKmmgiwWBSmHOoazHOCQSUo0nxiCiWTmVkjGWGKiTVolE4Kz/PIq6dSqTqOK7uqV5nUeRxEcgxNwBhxwAZrgFrRAGxDwCJ7BK3iznqwX6936WLQWrHzmCPyB9fkDqt6STg==</latexit>

fk4,k5
= 200

<latexit sha1_base64="KlKvTsqFgjn1X9+iOMSMh/W8Lvk=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgQspErboRim5cVrAPaEOYTCftkMkkzEyUEvspblwo4tYvceffOG2z0NYDFw7n3Mu99/gJZ0oj9G0VlpZXVteK66WNza3tHbu821JxKgltkpjHsuNjRTkTtKmZ5rSTSIojn9O2H95M/PYDlYrF4l6PEupGeCBYwAjWRvLscuBloVc7Dr3zMbyCpwh5dgVV0RRwkTg5qYAcDc/+6vVjkkZUaMKxUl0HJdrNsNSMcDou9VJFE0xCPKBdQwWOqHKz6eljeGiUPgxiaUpoOFV/T2Q4UmoU+aYzwnqo5r2J+J/XTXVw6WZMJKmmgswWBSmHOoaTHGCfSUo0HxmCiWTmVkiGWGKiTVolE4Iz//IiaZ1UnVoV3Z1V6td5HEWwDw7AEXDABaiDW9AATUDAI3gGr+DNerJerHfrY9ZasPKZPfAH1ucPr36SUQ==</latexit>

fk5,k6
= 300

<latexit sha1_base64="UPB3ov9UAjBsAHr7CZKHB8ffZww=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU8mKYi9C0YvHCvYD2mXJptk2NJtdk2yhLP0dXjwo4tUf481/Y9ruQVsfDDzem2FmXpAIrg3G305hbX1jc6u4XdrZ3ds/KB8etXScKsqaNBax6gREM8ElaxpuBOskipEoEKwdjO5mfnvMlOaxfDSThHkRGUgeckqMlbyxn3HfnaIbVMPYL1dwFc+BVombkwrkaPjlr14/pmnEpKGCaN11cWK8jCjDqWDTUi/VLCF0RAasa6kkEdNeNj96is6s0kdhrGxJg+bq74mMRFpPosB2RsQM9bI3E//zuqkJa17GZZIaJuliUZgKZGI0SwD1uWLUiIklhCpub0V0SBShxuZUsiG4yy+vktZF1b2q4ofLSv02j6MIJ3AK5+DCNdThHhrQBApP8Ayv8OaMnRfn3flYtBacfOYY/sD5/AHhIZDb</latexit>

vi1 = 800
<latexit sha1_base64="DpmST5A2seY6bFOVUosg0gjf5WI=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU8mWil6EohePFWwttMuSTbNtaDa7JtlCWfo7vHhQxKs/xpv/xrTdg7Y+GHi8N8PMvCARXBuMv53C2vrG5lZxu7Szu7d/UD48aus4VZS1aCxi1QmIZoJL1jLcCNZJFCNRINhjMLqd+Y9jpjSP5YOZJMyLyEDykFNirOSN/Yz7tSm6RnWM/XIFV/EcaJW4OalAjqZf/ur1Y5pGTBoqiNZdFyfGy4gynAo2LfVSzRJCR2TAupZKEjHtZfOjp+jMKn0UxsqWNGiu/p7ISKT1JApsZ0TMUC97M/E/r5ua8MrLuExSwyRdLApTgUyMZgmgPleMGjGxhFDF7a2IDoki1NicSjYEd/nlVdKuVd2LKr6vVxo3eRxFOIFTOAcXLqEBd9CEFlB4gmd4hTdn7Lw4787HorXg5DPH8AfO5w/clJDY</latexit>

vi2 = 400

Module 1

Module 2

<latexit sha1_base64="D+x5U/ICadYtuyHTGh2UqJ6Oe3M=">AAACF3icbVDLSsNAFJ34rPUVdelmsAguJCS1RTdC0Y3LCvYBbQiT6bQdOpmEmYkQQv/Cjb/ixoUibnXn3zhJs7CtFwbO417u3ONHjEpl2z/Gyura+sZmaau8vbO7t28eHLZlGAtMWjhkoej6SBJGOWkpqhjpRoKgwGek409uM7/zSISkIX9QSUTcAI04HVKMlJY800q8dOJdnEPmOVN4DXNam6f1jFYz6nhmxbbsvOAycApQAUU1PfO7PwhxHBCuMENS9hw7Um6KhKKYkWm5H0sSITxBI9LTkKOASDfN75rCU60M4DAU+nEFc/XvRIoCKZPA150BUmO56GXif14vVsMrN6U8ihXheLZoGDOoQpiFBAdUEKxYogHCguq/QjxGAmGloyzrEJzFk5dBu2o5dcu+r1UaN0UcJXAMTsAZcMAlaIA70AQtgMETeAFv4N14Nl6ND+Nz1rpiFDNHYK6Mr1+UYJxm</latexit>

yk3,l1 = yk4,l1 = yk5,l2 = 1

<latexit sha1_base64="wAQtaayTJxUyZeqHJVHechqANCs=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgQkriA90IRTcuK9gHtCFMppN2yGQSZiaFEvonblwo4tY/ceffOG2z0NYDFw7n3Mu99wQpZ0o7zrdVWlldW98ob1a2tnd29+z9g5ZKMklokyQ8kZ0AK8qZoE3NNKedVFIcB5y2g+h+6rdHVCqWiCc9TqkX44FgISNYG8m3beznke+eoci/mKBb5Pp21ak5M6Bl4hakCgUavv3V6ycki6nQhGOluq6Tai/HUjPC6aTSyxRNMYnwgHYNFTimystnl0/QiVH6KEykKaHRTP09keNYqXEcmM4Y66Fa9Kbif1430+GNlzORZpoKMl8UZhzpBE1jQH0mKdF8bAgmkplbERliiYk2YVVMCO7iy8ukdV5zr2rO42W1flfEUYYjOIZTcOEa6vAADWgCgRE8wyu8Wbn1Yr1bH/PWklXMHMIfWJ8/Da6R+Q==</latexit>

ak1,k3
= 1

<latexit sha1_base64="d1ceEkB+7vTgVLTSzGVnYg1qXjg=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBg5REKnoRil48VrAf0Iaw2W7aJZtN2N0USug/8eJBEa/+E2/+G7dtDtr6YODx3gwz84KUM6Ud59sqra1vbG6Vtys7u3v7B/bhUVslmSS0RRKeyG6AFeVM0JZmmtNuKimOA047QXQ/8ztjKhVLxJOepNSL8VCwkBGsjeTbNvbzyHcvUOTXp+gWub5ddWrOHGiVuAWpQoGmb3/1BwnJYio04Vipnuuk2sux1IxwOq30M0VTTCI8pD1DBY6p8vL55VN0ZpQBChNpSmg0V39P5DhWahIHpjPGeqSWvZn4n9fLdHjj5UykmaaCLBaFGUc6QbMY0IBJSjSfGIKJZOZWREZYYqJNWBUTgrv88ippX9bcq5rzWK827oo4ynACp3AOLlxDAx6gCS0gMIZneIU3K7derHfrY9FasoqZY/gD6/MHDzeR+g==</latexit>

ak1,k4
= 1

<latexit sha1_base64="cts5cDm7SJ5b077+/csu8idvV4E=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSJ4kJKUil6EohePFewHtCFstpt2yWYTdjeFEvpPvHhQxKv/xJv/xm2bg7Y+GHi8N8PMvCDlTGnH+bbW1jc2t7ZLO+Xdvf2DQ/vouK2STBLaIglPZDfAinImaEszzWk3lRTHAaedILqf+Z0xlYol4klPUurFeChYyAjWRvJtG/t55NcuUeTXp+gWub5dcarOHGiVuAWpQIGmb3/1BwnJYio04Vipnuuk2sux1IxwOi33M0VTTCI8pD1DBY6p8vL55VN0bpQBChNpSmg0V39P5DhWahIHpjPGeqSWvZn4n9fLdHjj5UykmaaCLBaFGUc6QbMY0IBJSjSfGIKJZOZWREZYYqJNWGUTgrv88ipp16ruVdV5rFcad0UcJTiFM7gAF66hAQ/QhBYQGMMzvMKblVsv1rv1sWhds4qZE/gD6/MHEMWR+w==</latexit>

ak2,k4
= 1

<latexit sha1_base64="SQPrGqUieHFMHQBGRtJcm5nlAiI=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSJ4kJJURS9C0YvHCvYD2hA22027ZLMJu5tCCf0nXjwo4tV/4s1/47bNQVsfDDzem2FmXpByprTjfFsrq2vrG5ulrfL2zu7evn1w2FJJJgltkoQnshNgRTkTtKmZ5rSTSorjgNN2EN1P/faISsUS8aTHKfViPBAsZARrI/m2jf088mvnKPIvJugWub5dcarODGiZuAWpQIGGb3/1+gnJYio04Vipruuk2sux1IxwOin3MkVTTCI8oF1DBY6p8vLZ5RN0apQ+ChNpSmg0U39P5DhWahwHpjPGeqgWvan4n9fNdHjj5UykmaaCzBeFGUc6QdMYUJ9JSjQfG4KJZOZWRIZYYqJNWGUTgrv48jJp1aruVdV5vKzU74o4SnAMJ3AGLlxDHR6gAU0gMIJneIU3K7derHfrY966YhUzR/AH1ucPDzyR+g==</latexit>

ak2,k3
= 1

<latexit sha1_base64="5Gd0KkCH24eVEkZxc/sWXo/gDE0=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSJ4kJKoRS9C0YvHCvYD2hA22027ZLMJu5tCCf0nXjwo4tV/4s1/47bNQVsfDDzem2FmXpByprTjfFsrq2vrG5ulrfL2zu7evn1w2FJJJgltkoQnshNgRTkTtKmZ5rSTSorjgNN2EN1P/faISsUS8aTHKfViPBAsZARrI/m2jf088i/PUeTXJugWub5dcarODGiZuAWpQIGGb3/1+gnJYio04Vipruuk2sux1IxwOin3MkVTTCI8oF1DBY6p8vLZ5RN0apQ+ChNpSmg0U39P5DhWahwHpjPGeqgWvan4n9fNdHjj5UykmaaCzBeFGUc6QdMYUJ9JSjQfG4KJZOZWRIZYYqJNWGUTgrv48jJpXVTdWtV5vKrU74o4SnAMJ3AGLlxDHR6gAU0gMIJneIU3K7derHfrY966YhUzR/AH1ucPE9yR/Q==</latexit>

ak3,k5
= 1

<latexit sha1_base64="/o7WLLhJypGNfoV8l3zXTGYC/eo=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSJ4kJJIi16EohePFewHtCFstpt2yWYTdjeFEvpPvHhQxKv/xJv/xm2bg7Y+GHi8N8PMvCDlTGnH+bbW1jc2t7ZLO+Xdvf2DQ/vouK2STBLaIglPZDfAinImaEszzWk3lRTHAaedILqf+Z0xlYol4klPUurFeChYyAjWRvJtG/t55NcuUeTXp+gWub5dcarOHGiVuAWpQIGmb3/1BwnJYio04Vipnuuk2sux1IxwOi33M0VTTCI8pD1DBY6p8vL55VN0bpQBChNpSmg0V39P5DhWahIHpjPGeqSWvZn4n9fLdHjj5UykmaaCLBaFGUc6QbMY0IBJSjSfGIKJZOZWREZYYqJNWGUTgrv88ippX1XdetV5rFUad0UcJTiFM7gAF66hAQ/QhBYQGMMzvMKblVsv1rv1sWhds4qZE/gD6/MHFWqR/g==</latexit>

ak4,k5
= 1

<latexit sha1_base64="Fkh9WvMRDRJ5xVGGeCvoE6Qa7zE=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSJ4kJKIVS9C0YvHCvYD2hA22027ZLMJu5tCCf0nXjwo4tV/4s1/47bNQVsfDDzem2FmXpByprTjfFsrq2vrG5ulrfL2zu7evn1w2FJJJgltkoQnshNgRTkTtKmZ5rSTSorjgNN2EN1P/faISsUS8aTHKfViPBAsZARrI/m2jf088mvnKPKvJugWub5dcarODGiZuAWpQIGGb3/1+gnJYio04Vipruuk2sux1IxwOin3MkVTTCI8oF1DBY6p8vLZ5RN0apQ+ChNpSmg0U39P5DhWahwHpjPGeqgWvan4n9fNdHjj5UykmaaCzBeFGUc6QdMYUJ9JSjQfG4KJZOZWRIZYYqJNWGUTgrv48jJpXVTdWtV5vKzU74o4SnAMJ3AGLlxDHR6gAU0gMIJneIU3K7derHfrY966YhUzR/AH1ucPGIGSAA==</latexit>

ak5,k6
= 1

<latexit sha1_base64="1UrEFw1lEuze00yI3N/6BsQL5bc=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KKURC26EYpuXFawD2hjmEyn7ZCZSZiZCCVk46+4caGIWz/DnX/jtM1CWw9cOJxzL/feE8SMKu0431ZhaXllda24XtrY3NresXf3WipKJCZNHLFIdgKkCKOCNDXVjHRiSRAPGGkH4c3Ebz8SqWgk7vU4Jh5HQ0EHFCNtJN8+QA/cT0P/rAJDv1aBzHczeAVd3y47VWcKuEjcnJRBjoZvf/X6EU44ERozpFTXdWLtpUhqihnJSr1EkRjhEA1J11CBOFFeOn0gg8dG6cNBJE0JDafq74kUcaXGPDCdHOmRmvcm4n9eN9GDSy+lIk40EXi2aJAwqCM4SQP2qSRYs7EhCEtqboV4hCTC2mRWMiG48y8vktZp1a1Vnbvzcv06j6MIDsEROAEuuAB1cAsaoAkwyMAzeAVv1pP1Yr1bH7PWgpXP7IM/sD5/AGgvlFY=</latexit>

am
k3,k5,l1 = 1

<latexit sha1_base64="XnSz5OUrURzzVNCP8UCpuPf3mfo=">AAACAHicbVDLSsNAFL2pr1pfURcu3AwWwUUpSVV0WXTjsoJphSaGyXTaDp08mJkIJWTjr7hxoYhbP8Odf+O0zUJbD1zu4Zx7mbknSDiTyrK+jdLS8srqWnm9srG5tb1j7u61ZZwKQh0S81jcB1hSziLqKKY4vU8ExWHAaScYXU/8ziMVksXRnRon1AvxIGJ9RrDSkm8eOA/Sz5h/WkOubnYNMb/h5rlvVq26NQVaJHZBqlCg5Ztfbi8maUgjRTiWsmtbifIyLBQjnOYVN5U0wWSEB7SraYRDKr1sekCOjrXSQ/1Y6IoUmqq/NzIcSjkOAz0ZYjWU895E/M/rpqp/6WUsSlJFIzJ7qJ9ypGI0SQP1mKBE8bEmmAim/4rIEAtMlM6sokOw509eJO1G3T6vW7dn1eZVEUcZDuEITsCGC2jCDbTAAQI5PMMrvBlPxovxbnzMRktGsbMPf2B8/gDZZpVI</latexit>

Us
i3,{i1,i2}

Figure 5.7: Illustration of notation for optimal design (left) obtained from superstructure
(right).

The optimization formulation to select the cost-optimal design given a modularity

threshold εM is:

min
f ,v,a,am ,y

C (5.3.22a)

s.t. fk,k′ ≤ M · µk,k′ , k, k′ ∈ N s (5.3.22b)

∑
k∈N s

fs,k ≤ vi, s ∈ S s, i ∈ Ωs (5.3.22c)

∑
k′∈N s

fu,k′ ≤ ξu,i · ∑
l∈L

yu,l , u ∈ U s, i ∈ Ωu (5.3.22d)

∑
k∈N s

fk,u = ξu,i′ · βi′
i,τu
· ∑

l∈L
yu,l , u ∈ U s, i′ ∈ Ku, i ∈ Ωu (5.3.22e)

∑
k∈N s

fk,d = δi′ , d ∈ Ds, i′ ∈ Kd (5.3.22f)

fk,k′ ≤ M · ak,k′ , k, k′ ∈ N s (5.3.22g)
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ak,k′ ≤ fk,k′ , k, k′ ∈ N s (5.3.22h)

∑
l∈L

yu,l ≤ 1, u ∈ U s (5.3.22i)

∑
u′∈U s

am
u,u′ ,l + ∑

u′∈U s

am
u′ ,u,l ≤ M · yu,l , u ∈ U s, l ∈ L (5.3.22j)

∑
l∈L

am
u,u′ ,l ≤ au,u′ , u, u′ ∈ U s (5.3.22k)

D ≤ ∑
u∈U s

yu,l · γu ≤ D̄, l ∈ L (5.3.22l)

∑
u,u′∈U s ,l∈L

am
u,u′ ,l ≥ εM · ∑

u,u′∈U s

au,u′ (5.3.22m)

fk,k′ ≥ 0, k, k′ ∈ N s (5.3.22n)

Incorporating the modularity measure in the design formulation increases the number of

variables and constraints, which are required for the calculation of intra-modular edges.

However, this formulation gives us interesting insights on connectivity, decentralization,

and transportability of the process design. Formulation (5.3.6) and (5.3.22) find the opti-

mal modular design based on the superstructure graph (that does not account for spatial

information). We will now introduce formulations that find the optimal feasible path

with spatial information, and we would like to show that with the concept of spatial

superstructure, these formulations are similar to formulations (5.3.6) and (5.3.22).

5.3.3 Computing Optimal Designs from Spatial Superstructures

We then consider the situation that we not only assign technologies to modules, but

also put them at different locations. Here, we consider two potential factors that might

change the geological preference for different technologies. First, the installation cost may

be different for the same technology at different locations due to the different cost of land.

Second, the transportation cost from one location to another may be different for the same

product. Specifically, if technologies connected to each other are installed at the same

location, the short-range transport of product can be achieved using pipelines or other
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simple methods. If they are placed at different locations, trucks or trains may be utilized

to long-range transport of the product. Alternative for short- and long-range transport

options are directly captured by our formulation. Also, the primary products are usually

supplied at some certain locations and the final products are usually transported to the

location of demand. We further assume that technologies within the same module should

be placed together in the same location and multiple modules can be placed at the same

location. We first formulate the problem that solves for the cost-minimizing optimal

spatial feasible path and then incorporate the modularity measure for an optimal modular

design.

Cost-Minimizing Optimal Design with Spatial Information

The graph-theoretic representation of the spatial superstructure makes the notation of the

optimization formulation directly analogous to that of the superstructure. As such, we

briefly discuss all the necessary definitions for the formulation.

The capacity associated with technology t = τu for node u ∈ U q are abbreviated as

ξu. The installation cost associated with each technology t ∈ T at location g ∈ Gt is

defined as α
ξ
t,g. For the node u ∈ U q associated with techτu, the installation cost can be

represented as α
ξ
τu ,φu

, abbreviated similarly as α
ξ
u. The unit cost of each product is α

ρ
i

and the demand of the market for each product i ∈ P is defined as δi, and the cost of

disposal for each product is defined as αd
i . We redefine the cost for connection/flow of

product i from location g to location g′ which stands for the cost of transportation as

α
f
i,g,g′ , i ∈ I , g, g′ ∈ G. Note that if g = g′, we obtain the short-term transport cost (as in a

typical process).

The variables defined for the spatial superstructure problem have a similar interpre-

tation as those of the superstructure but we can now attribute locational context. Specif-

ically, we define a continuous variable fk,k′ , k, k′ ∈ N q representing the flow of product

from node k at location φk to node k′ at location φk′ . We also define a continuous variable

for the purchase of each primary product as vi, i ∈ R. We define a binary variable matrix
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Demands

𝑖!

𝑖" 𝑖#

<latexit sha1_base64="fjDytFGt8nMGsOZCloALdyHHzX8=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVRY9FLx4r2g9p1yWbZtvQJLsmWaEs/RVePCji1Z/jzX9j2u5BWx8MPN6bYWZemHCmjet+O4Wl5ZXVteJ6aWNza3unvLvX1HGqCG2QmMeqHWJNOZO0YZjhtJ0oikXIaSscXk381hNVmsXyzowS6gvclyxiBBsr3d8+PAYZC7xxUK64VXcKtEi8nFQgRz0of3V7MUkFlYZwrHXHcxPjZ1gZRjgdl7qppgkmQ9ynHUslFlT72fTgMTqySg9FsbIlDZqqvycyLLQeidB2CmwGet6biP95ndREF37GZJIaKslsUZRyZGI0+R71mKLE8JElmChmb0VkgBUmxmZUsiF48y8vkuZJ1TurujenldplHkcRDuAQjsGDc6jBNdShAQQEPMMrvDnKeXHenY9Za8HJZ/bhD5zPH5/mkEo=</latexit>

Sq
i1

<latexit sha1_base64="p4//th1ifHVOtYUAo6mUxiUbG5w=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJ4KrtF0WPRi8eK9kPadcmm2TY0ya5JVihLf4UXD4p49ed489+YtnvQ1gcDj/dmmJkXJpxp47rfztLyyuraemGjuLm1vbNb2ttv6jhVhDZIzGPVDrGmnEnaMMxw2k4UxSLktBUOryZ+64kqzWJ5Z0YJ9QXuSxYxgo2V7m8fHoOMBdVxUCq7FXcKtEi8nJQhRz0ofXV7MUkFlYZwrHXHcxPjZ1gZRjgdF7uppgkmQ9ynHUslFlT72fTgMTq2Sg9FsbIlDZqqvycyLLQeidB2CmwGet6biP95ndREF37GZJIaKslsUZRyZGI0+R71mKLE8JElmChmb0VkgBUmxmZUtCF48y8vkma14p1V3JvTcu0yj6MAh3AEJ+DBOdTgGurQAAICnuEV3hzlvDjvzsesdcnJZw7gD5zPH6FrkEs=</latexit>

Sq
i2

<latexit sha1_base64="AjAYDcqQVhu3snJ7qngWlDlSIEo=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJ4Krti0WNRDx4r2A9p1yWbZtvQJLsmWaEs/RVePCji1Z/jzX9j2u5BWx8MPN6bYWZemHCmjet+O0vLK6tr64WN4ubW9s5uaW+/qeNUEdogMY9VO8SaciZpwzDDaTtRFIuQ01Y4vJr4rSeqNIvlnRkl1Be4L1nECDZWur9+eAwyFlTHQansVtwp0CLxclKGHPWg9NXtxSQVVBrCsdYdz02Mn2FlGOF0XOymmiaYDHGfdiyVWFDtZ9ODx+jYKj0UxcqWNGiq/p7IsNB6JELbKbAZ6HlvIv7ndVITXfgZk0lqqCSzRVHKkYnR5HvUY4oSw0eWYKKYvRWRAVaYGJtR0Ybgzb+8SJqnFa9acW/PyrXLPI4CHMIRnIAH51CDG6hDAwgIeIZXeHOU8+K8Ox+z1iUnnzmAP3A+fwCOxpA/</latexit>

Dq
i5

Location B

Location A

<latexit sha1_base64="byAChrqHct7VUEvnR94GmME+1l8=">AAAB9HicbVBNT8JAEJ36ifiFevSykZh4MKRViR6JXjxiYoEEarNdtrBhuy27WxLS8Du8eNAYr/4Yb/4bF+hBwZdM8vLeTGbmBQlnStv2t7Wyura+sVnYKm7v7O7tlw4OGypOJaEuiXksWwFWlDNBXc00p61EUhwFnDaDwd3Ub46oVCwWj3qcUC/CPcFCRrA2kuc+Df2M+dVz5l9O/FLZrtgzoGXi5KQMOep+6avTjUkaUaEJx0q1HTvRXoalZoTTSbGTKppgMsA92jZU4IgqL5sdPUGnRumiMJamhEYz9fdEhiOlxlFgOiOs+2rRm4r/ee1UhzdexkSSairIfFGYcqRjNE0AdZmkRPOxIZhIZm5FpI8lJtrkVDQhOIsvL5PGRcWpVuyHq3LtNo+jAMdwAmfgwDXU4B7q4AKBITzDK7xZI+vFerc+5q0rVj5zBH9gff4ACv+Rnw==</latexit>

Uq
i5,i3

<latexit sha1_base64="Gd726yie+EchWTDqMwGnX4RUQA0=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgIYRdUfQY9eIxgnlAEsLspDcZMzu7zMwKYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3+bHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSLZ9qFFxi3XAjsBUrpKEvsOmPbqd+8wmV5pF8MOMYuyEdSB5wRo2Vmo+9s7JXvu4VS27FnYEsEy8jJchQ6xW/Ov2IJSFKwwTVuu25semmVBnOBE4KnURjTNmIDrBtqaQh6m46O3dCTqzSJ0GkbElDZurviZSGWo9D33aG1Az1ojcV//PaiQmuuimXcWJQsvmiIBHERGT6O+lzhcyIsSWUKW5vJWxIFWXGJlSwIXiLLy+TxlnFu6i49+el6k0WRx6O4BhOwYNLqMId1KAODEbwDK/w5sTOi/PufMxbc042cwh/4Hz+AMQTjok=</latexit>

j2, 1, A

<latexit sha1_base64="Gd726yie+EchWTDqMwGnX4RUQA0=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgIYRdUfQY9eIxgnlAEsLspDcZMzu7zMwKYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3+bHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSLZ9qFFxi3XAjsBUrpKEvsOmPbqd+8wmV5pF8MOMYuyEdSB5wRo2Vmo+9s7JXvu4VS27FnYEsEy8jJchQ6xW/Ov2IJSFKwwTVuu25semmVBnOBE4KnURjTNmIDrBtqaQh6m46O3dCTqzSJ0GkbElDZurviZSGWo9D33aG1Az1ojcV//PaiQmuuimXcWJQsvmiIBHERGT6O+lzhcyIsSWUKW5vJWxIFWXGJlSwIXiLLy+TxlnFu6i49+el6k0WRx6O4BhOwYNLqMId1KAODEbwDK/w5sTOi/PufMxbc042cwh/4Hz+AMQTjok=</latexit>

j2, 1, A

<latexit sha1_base64="OFIYGJyN0S5sBvdtLu2wDhZB0uQ=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hLAbFD2GePEYwTwgWcLspJOMmZ1dZmaFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7glhwbVz321lb39jc2s7t5Hf39g8OC0fHTR0limGDRSJS7YBqFFxiw3AjsB0rpGEgsBWMb2d+6wmV5pF8MJMY/ZAOJR9wRo2VWo+9SqlSqvUKRbfszkFWiZeRImSo9wpf3X7EkhClYYJq3fHc2PgpVYYzgdN8N9EYUzamQ+xYKmmI2k/n507JuVX6ZBApW9KQufp7IqWh1pMwsJ0hNSO97M3E/7xOYgY3fsplnBiUbLFokAhiIjL7nfS5QmbExBLKFLe3EjaiijJjE8rbELzll1dJs1L2rsru/WWxWsviyMEpnMEFeHANVbiDOjSAwRie4RXenNh5cd6dj0XrmpPNnMAfOJ8/xx2Oiw==</latexit>

j2, 2, B

<latexit sha1_base64="Mee5ucjOj9vBuHodtmope9jDJiE=">AAAB+nicbVDLSgNBEOz1GeNro0cvg0HwIGFWI3oRgl48RjAPSJZldjKbDJl9MDOrhDWf4sWDIl79Em/+jZNkD5pY0FBUddPd5SeCK43xt7W0vLK6tl7YKG5ube/s2qW9popTSVmDxiKWbZ8oJnjEGpprwdqJZCT0BWv5w5uJ33pgUvE4utejhLkh6Uc84JRoI3l2KfCyoeecDL2zMbpCVYw9u4wreAq0SJyclCFH3bO/ur2YpiGLNBVEqY6DE+1mRGpOBRsXu6liCaFD0mcdQyMSMuVm09PH6MgoPRTE0lSk0VT9PZGRUKlR6JvOkOiBmvcm4n9eJ9XBpZvxKEk1i+hsUZAKpGM0yQH1uGRUi5EhhEpubkV0QCSh2qRVNCE48y8vkuZpxTmv4LtquXadx1GAAziEY3DgAmpwC3VoAIVHeIZXeLOerBfr3fqYtS5Z+cw+/IH1+QOmJ5JL</latexit>

fk1,k3
= 400

<latexit sha1_base64="ts46yox1IPswR7rUOV5IOAnoEy8=">AAAB+nicbVDLSgNBEOyNrxhfGz16GQyCBwmzEtGLEPTiMYJ5QLIss5PZZMjsg5lZJaz5FC8eFPHql3jzb5wke9DEgoaiqpvuLj8RXGmMv63Cyura+kZxs7S1vbO7Z5f3WypOJWVNGotYdnyimOARa2quBeskkpHQF6ztj26mfvuBScXj6F6PE+aGZBDxgFOijeTZ5cDLRp5zOvJqE3SFahh7dgVX8QxomTg5qUCOhmd/9foxTUMWaSqIUl0HJ9rNiNScCjYp9VLFEkJHZMC6hkYkZMrNZqdP0LFR+iiIpalIo5n6eyIjoVLj0DedIdFDtehNxf+8bqqDSzfjUZJqFtH5oiAVSMdomgPqc8moFmNDCJXc3IrokEhCtUmrZEJwFl9eJq2zqnNexXe1Sv06j6MIh3AEJ+DABdThFhrQBAqP8Ayv8GY9WS/Wu/Uxby1Y+cwB/IH1+QOnspJM</latexit>

fk1,k4
= 400

<latexit sha1_base64="RKJjCYvS2ICfOc2bsUnHBcoBBiY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh3Hf65crbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVa9Wde8vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gD5JY2X</latexit>

k1

<latexit sha1_base64="RjYjhKTvW9123qAyXyz2/Kxpz1k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0MO7X+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbRqVe+y6t5fVOo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AH6qY2Y</latexit>

k2

<latexit sha1_base64="S1nrDvNqyksv59ialhzRRvm1kis=">AAAB+nicbVBNS8NAEJ34WetXqkcvi0XwICUpFb0IRS8eK9gPaEPYbDft0s0m7G6UEvtTvHhQxKu/xJv/xm2bg7Y+GHi8N8PMvCDhTGnH+bZWVtfWNzYLW8Xtnd29fbt00FJxKgltkpjHshNgRTkTtKmZ5rSTSIqjgNN2MLqZ+u0HKhWLxb0eJ9SL8ECwkBGsjeTbpdDPRn71bOTXJugKVR3Ht8tOxZkBLRM3J2XI0fDtr14/JmlEhSYcK9V1nUR7GZaaEU4nxV6qaILJCA9o11CBI6q8bHb6BJ0YpY/CWJoSGs3U3xMZjpQaR4HpjLAeqkVvKv7ndVMdXnoZE0mqqSDzRWHKkY7RNAfUZ5ISzceGYCKZuRWRIZaYaJNW0YTgLr68TFrVintece5q5fp1HkcBjuAYTsGFC6jDLTSgCQQe4Rle4c16sl6sd+tj3rpi5TOH8AfW5w+mNZJL</latexit>

fk2,k4
= 200

<latexit sha1_base64="+0SQu+tWlhnNmTR0tGDkejP6Fqo=">AAAB+nicbVDLSgNBEOz1GeNro0cvg0HwIGE2KnoRgl48RjAPSJZldjKbDJl9MDOrhDWf4sWDIl79Em/+jZNkD5pY0FBUddPd5SeCK43xt7W0vLK6tl7YKG5ube/s2qW9popTSVmDxiKWbZ8oJnjEGpprwdqJZCT0BWv5w5uJ33pgUvE4utejhLkh6Uc84JRoI3l2KfCyoVc9GXqnY3SFqhh7dhlX8BRokTg5KUOOumd/dXsxTUMWaSqIUh0HJ9rNiNScCjYudlPFEkKHpM86hkYkZMrNpqeP0ZFReiiIpalIo6n6eyIjoVKj0DedIdEDNe9NxP+8TqqDSzfjUZJqFtHZoiAVSMdokgPqccmoFiNDCJXc3IrogEhCtUmraEJw5l9eJM1qxTmv4Luzcu06j6MAB3AIx+DABdTgFurQAAqP8Ayv8GY9WS/Wu/Uxa12y8pl9+APr8wekqpJK</latexit>

fk2,k3
= 200

<latexit sha1_base64="vX8Ev08oNvh8B7k5l9oMci+KH74=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgQsqkWnQjFN24rGAf0IYwmU7aIZNJmJkoJfZT3LhQxK1f4s6/cdpmoa0HLhzOuZd77/ETzpRG6NsqrKyurW8UN0tb2zu7e3Z5v63iVBLaIjGPZdfHinImaEszzWk3kRRHPqcdP7yZ+p0HKhWLxb0eJ9SN8FCwgBGsjeTZ5cDLQu/sNPTqE3gFawh5dgVV0QxwmTg5qYAcTc/+6g9ikkZUaMKxUj0HJdrNsNSMcDop9VNFE0xCPKQ9QwWOqHKz2ekTeGyUAQxiaUpoOFN/T2Q4Umoc+aYzwnqkFr2p+J/XS3Vw6WZMJKmmgswXBSmHOobTHOCASUo0HxuCiWTmVkhGWGKiTVolE4Kz+PIyadeqTr2K7s4rjes8jiI4BEfgBDjgAjTALWiCFiDgETyDV/BmPVkv1rv1MW8tWPnMAfgD6/MHqU+STQ==</latexit>

fk3,k5
= 200

<latexit sha1_base64="bDL3ecowJiprIDKyOYHJzXW21Z8=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgQsqktOhGKLpxWcE+oA1hMp20QyaTMDNRSuynuHGhiFu/xJ1/47TNQlsPXDiccy/33uMnnCmN0LdVWFvf2Nwqbpd2dvf2D+zyYUfFqSS0TWIey56PFeVM0LZmmtNeIimOfE67fngz87sPVCoWi3s9Sagb4ZFgASNYG8mzy4GXhV79PPQaU3gFawh5dgVV0RxwlTg5qYAcLc/+GgxjkkZUaMKxUn0HJdrNsNSMcDotDVJFE0xCPKJ9QwWOqHKz+elTeGqUIQxiaUpoOFd/T2Q4UmoS+aYzwnqslr2Z+J/XT3Vw6WZMJKmmgiwWBSmHOoazHOCQSUo0nxiCiWTmVkjGWGKiTVolE4Kz/PIq6dSqTqOK7uqV5nUeRxEcgxNwBhxwAZrgFrRAGxDwCJ7BK3iznqwX6936WLQWrHzmCPyB9fkDqt6STg==</latexit>

fk4,k5
= 200

<latexit sha1_base64="Y/5fOq7ZsKg64MDcODxiqMj/qpg=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6QI9BLx4jmgckS5idzCZDZmeXmV4hLPkELx4U8eoXefNvnCR70MSChqKqm+6uIJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+64lrI2L1iOOE+xEdKBEKRtFKD6Peea9ccavuDGSZeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5S6qeEJZSM64B1LFY248bPZqRNyYpU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/9TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0SjYEb/HlZdI8q3qXVff+olK7yeMowhEcwyl4cAU1uIM6NIDBAJ7hFd4c6bw4787HvLXg5DOH8AfO5w/8LY2Z</latexit>

k3

<latexit sha1_base64="DWEmjvReppRJGIV57wXEl7oKq6I=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0MO7X+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqt5l1b2vVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AH9sY2a</latexit>

k4

<latexit sha1_base64="f4qzmW3+R/Mt/0b17PLI6oS6WWE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh3G/1i9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbQuql6t6t5fVuo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AH/NY2b</latexit>

k5

<latexit sha1_base64="KlKvTsqFgjn1X9+iOMSMh/W8Lvk=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgQspErboRim5cVrAPaEOYTCftkMkkzEyUEvspblwo4tYvceffOG2z0NYDFw7n3Mu99/gJZ0oj9G0VlpZXVteK66WNza3tHbu821JxKgltkpjHsuNjRTkTtKmZ5rSTSIojn9O2H95M/PYDlYrF4l6PEupGeCBYwAjWRvLscuBloVc7Dr3zMbyCpwh5dgVV0RRwkTg5qYAcDc/+6vVjkkZUaMKxUl0HJdrNsNSMcDou9VJFE0xCPKBdQwWOqHKz6eljeGiUPgxiaUpoOFV/T2Q4UmoU+aYzwnqo5r2J+J/XTXVw6WZMJKmmgswWBSmHOoaTHGCfSUo0HxmCiWTmVkiGWGKiTVolE4Iz//IiaZ1UnVoV3Z1V6td5HEWwDw7AEXDABaiDW9AATUDAI3gGr+DNerJerHfrY9ZasPKZPfAH1ucPr36SUQ==</latexit>

fk5,k6
= 300

<latexit sha1_base64="UPB3ov9UAjBsAHr7CZKHB8ffZww=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU8mKYi9C0YvHCvYD2mXJptk2NJtdk2yhLP0dXjwo4tUf481/Y9ruQVsfDDzem2FmXpAIrg3G305hbX1jc6u4XdrZ3ds/KB8etXScKsqaNBax6gREM8ElaxpuBOskipEoEKwdjO5mfnvMlOaxfDSThHkRGUgeckqMlbyxn3HfnaIbVMPYL1dwFc+BVombkwrkaPjlr14/pmnEpKGCaN11cWK8jCjDqWDTUi/VLCF0RAasa6kkEdNeNj96is6s0kdhrGxJg+bq74mMRFpPosB2RsQM9bI3E//zuqkJa17GZZIaJuliUZgKZGI0SwD1uWLUiIklhCpub0V0SBShxuZUsiG4yy+vktZF1b2q4ofLSv02j6MIJ3AK5+DCNdThHhrQBApP8Ayv8OaMnRfn3flYtBacfOYY/sD5/AHhIZDb</latexit>

vi1 = 800
<latexit sha1_base64="DpmST5A2seY6bFOVUosg0gjf5WI=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU8mWil6EohePFWwttMuSTbNtaDa7JtlCWfo7vHhQxKs/xpv/xrTdg7Y+GHi8N8PMvCARXBuMv53C2vrG5lZxu7Szu7d/UD48aus4VZS1aCxi1QmIZoJL1jLcCNZJFCNRINhjMLqd+Y9jpjSP5YOZJMyLyEDykFNirOSN/Yz7tSm6RnWM/XIFV/EcaJW4OalAjqZf/ur1Y5pGTBoqiNZdFyfGy4gynAo2LfVSzRJCR2TAupZKEjHtZfOjp+jMKn0UxsqWNGiu/p7ISKT1JApsZ0TMUC97M/E/r5ua8MrLuExSwyRdLApTgUyMZgmgPleMGjGxhFDF7a2IDoki1NicSjYEd/nlVdKuVd2LKr6vVxo3eRxFOIFTOAcXLqEBd9CEFlB4gmd4hTdn7Lw4787HorXg5DPH8AfO5w/clJDY</latexit>

vi2 = 400

<latexit sha1_base64="hRQ0SSgNUSqUDTyQiBMyIqheHb8=">AAACCHicbZDLSsNAFIYn9VbrLerShYNFcFUSbdGNUHTjsoK9QBvCZDpph04mYWYihNClG1/FjQtF3PoI7nwbJ2kQbf1h4OM/53Dm/F7EqFSW9WWUlpZXVtfK65WNza3tHXN3ryPDWGDSxiELRc9DkjDKSVtRxUgvEgQFHiNdb3Kd1bv3REga8juVRMQJ0IhTn2KktOWah4mbTtyzKbyEOdV/qJGR7ZpVq2blgotgF1AFhVqu+TkYhjgOCFeYISn7thUpJ0VCUczItDKIJYkQnqAR6WvkKCDSSfNDpvBYO0Poh0I/rmDu/p5IUSBlEni6M0BqLOdrmflfrR8r/8JJKY9iRTieLfJjBlUIs1TgkAqCFUs0ICyo/ivEYyQQVjq7ig7Bnj95ETqnNbtRs27r1eZVEUcZHIAjcAJscA6a4Aa0QBtg8ACewAt4NR6NZ+PNeJ+1loxiZh/8kfHxDeeel/c=</latexit>

yk3
= yk4

= yk5
= 1
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Location A

<latexit sha1_base64="byAChrqHct7VUEvnR94GmME+1l8=">AAAB9HicbVBNT8JAEJ36ifiFevSykZh4MKRViR6JXjxiYoEEarNdtrBhuy27WxLS8Du8eNAYr/4Yb/4bF+hBwZdM8vLeTGbmBQlnStv2t7Wyura+sVnYKm7v7O7tlw4OGypOJaEuiXksWwFWlDNBXc00p61EUhwFnDaDwd3Ub46oVCwWj3qcUC/CPcFCRrA2kuc+Df2M+dVz5l9O/FLZrtgzoGXi5KQMOep+6avTjUkaUaEJx0q1HTvRXoalZoTTSbGTKppgMsA92jZU4IgqL5sdPUGnRumiMJamhEYz9fdEhiOlxlFgOiOs+2rRm4r/ee1UhzdexkSSairIfFGYcqRjNE0AdZmkRPOxIZhIZm5FpI8lJtrkVDQhOIsvL5PGRcWpVuyHq3LtNo+jAMdwAmfgwDXU4B7q4AKBITzDK7xZI+vFerc+5q0rVj5zBH9gff4ACv+Rnw==</latexit>

Uq
i5,i3

<latexit sha1_base64="OsPOKNP80jc/wesiV70n0dAoNdQ=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBg5TED/RY9OKxgmkLbQyb7aZdutmku5tCCf0dXjwo4tUf481/47bNQVsfDDzem2FmXpBwprRtf1uFldW19Y3iZmlre2d3r7x/0FBxKgl1Scxj2QqwopwJ6mqmOW0lkuIo4LQZDO6mfnNEpWKxeNTjhHoR7gkWMoK1kTz3aehnzL84Y74z8csVu2rPgJaJk5MK5Kj75a9ONyZpRIUmHCvVduxEexmWmhFOJ6VOqmiCyQD3aNtQgSOqvGx29ASdGKWLwliaEhrN1N8TGY6UGkeB6Yyw7qtFbyr+57VTHd54GRNJqqkg80VhypGO0TQB1GWSEs3HhmAimbkVkT6WmGiTU8mE4Cy+vEwa51Xnqmo/XFZqt3kcRTiCYzgFB66hBvdQBxcIDOEZXuHNGlkv1rv1MW8tWPnMIfyB9fkDBOORmw==</latexit>

Uq
i3,i1

<latexit sha1_base64="byAChrqHct7VUEvnR94GmME+1l8=">AAAB9HicbVBNT8JAEJ36ifiFevSykZh4MKRViR6JXjxiYoEEarNdtrBhuy27WxLS8Du8eNAYr/4Yb/4bF+hBwZdM8vLeTGbmBQlnStv2t7Wyura+sVnYKm7v7O7tlw4OGypOJaEuiXksWwFWlDNBXc00p61EUhwFnDaDwd3Ub46oVCwWj3qcUC/CPcFCRrA2kuc+Df2M+dVz5l9O/FLZrtgzoGXi5KQMOep+6avTjUkaUaEJx0q1HTvRXoalZoTTSbGTKppgMsA92jZU4IgqL5sdPUGnRumiMJamhEYz9fdEhiOlxlFgOiOs+2rRm4r/ee1UhzdexkSSairIfFGYcqRjNE0AdZmkRPOxIZhIZm5FpI8lJtrkVDQhOIsvL5PGRcWpVuyHq3LtNo+jAMdwAmfgwDXU4B7q4AKBITzDK7xZI+vFerc+5q0rVj5zBH9gff4ACv+Rnw==</latexit>

Uq
i5,i3

<latexit sha1_base64="OsPOKNP80jc/wesiV70n0dAoNdQ=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBg5TED/RY9OKxgmkLbQyb7aZdutmku5tCCf0dXjwo4tUf481/47bNQVsfDDzem2FmXpBwprRtf1uFldW19Y3iZmlre2d3r7x/0FBxKgl1Scxj2QqwopwJ6mqmOW0lkuIo4LQZDO6mfnNEpWKxeNTjhHoR7gkWMoK1kTz3aehnzL84Y74z8csVu2rPgJaJk5MK5Kj75a9ONyZpRIUmHCvVduxEexmWmhFOJ6VOqmiCyQD3aNtQgSOqvGx29ASdGKWLwliaEhrN1N8TGY6UGkeB6Yyw7qtFbyr+57VTHd54GRNJqqkg80VhypGO0TQB1GWSEs3HhmAimbkVkT6WmGiTU8mE4Cy+vEwa51Xnqmo/XFZqt3kcRTiCYzgFB66hBvdQBxcIDOEZXuHNGlkv1rv1MW8tWPnMIfyB9fkDBOORmw==</latexit>

Uq
i3,i1

<latexit sha1_base64="fjDytFGt8nMGsOZCloALdyHHzX8=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVRY9FLx4r2g9p1yWbZtvQJLsmWaEs/RVePCji1Z/jzX9j2u5BWx8MPN6bYWZemHCmjet+O4Wl5ZXVteJ6aWNza3unvLvX1HGqCG2QmMeqHWJNOZO0YZjhtJ0oikXIaSscXk381hNVmsXyzowS6gvclyxiBBsr3d8+PAYZC7xxUK64VXcKtEi8nFQgRz0of3V7MUkFlYZwrHXHcxPjZ1gZRjgdl7qppgkmQ9ynHUslFlT72fTgMTqySg9FsbIlDZqqvycyLLQeidB2CmwGet6biP95ndREF37GZJIaKslsUZRyZGI0+R71mKLE8JElmChmb0VkgBUmxmZUsiF48y8vkuZJ1TurujenldplHkcRDuAQjsGDc6jBNdShAQQEPMMrvDnKeXHenY9Za8HJZ/bhD5zPH5/mkEo=</latexit>

Sq
i1

<latexit sha1_base64="p4//th1ifHVOtYUAo6mUxiUbG5w=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJ4KrtF0WPRi8eK9kPadcmm2TY0ya5JVihLf4UXD4p49ed489+YtnvQ1gcDj/dmmJkXJpxp47rfztLyyuraemGjuLm1vbNb2ttv6jhVhDZIzGPVDrGmnEnaMMxw2k4UxSLktBUOryZ+64kqzWJ5Z0YJ9QXuSxYxgo2V7m8fHoOMBdVxUCq7FXcKtEi8nJQhRz0ofXV7MUkFlYZwrHXHcxPjZ1gZRjgdF7uppgkmQ9ynHUslFlT72fTgMTq2Sg9FsbIlDZqqvycyLLQeidB2CmwGet6biP95ndREF37GZJIaKslsUZRyZGI0+R71mKLE8JElmChmb0VkgBUmxmZUtCF48y8vkma14p1V3JvTcu0yj6MAh3AEJ+DBOdTgGurQAAICnuEV3hzlvDjvzsesdcnJZw7gD5zPH6FrkEs=</latexit>

Sq
i2

<latexit sha1_base64="3qAuDnIijKZsEouKIjFAuZI6iNM=">AAAB8HicbVDLTsMwENyUVymvAkcuFhUSpyrhIThWcOFYBH2gNkSO67RWbSfYDlIV9Su4cAAhrnwON/4Gt80BCiOtNJrZ1e5OmHCmjet+OYWFxaXlleJqaW19Y3OrvL3T1HGqCG2QmMeqHWJNOZO0YZjhtJ0oikXIaSscXk781iNVmsXy1owS6gvclyxiBBsr3d3cPwQZC47HQbniVt0p0F/i5aQCOepB+bPbi0kqqDSEY607npsYP8PKMMLpuNRNNU0wGeI+7VgqsaDaz6YHj9GBVXooipUtadBU/TmRYaH1SIS2U2Az0PPeRPzP66QmOvczJpPUUElmi6KUIxOjyfeoxxQlho8swUQxeysiA6wwMTajkg3Bm3/5L2keVb3Tqnt9Uqld5HEUYQ/24RA8OIMaXEEdGkBAwBO8wKujnGfnzXmftRacfGYXfsH5+Aai8JBM</latexit>

Sq
i3

<latexit sha1_base64="tBkPOPO6oCebgv9tsxiRp1tUHI4=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVRY9FLx4r2g9p1yWbZtvQJLsmWaEs/RVePCji1Z/jzX9j2u5BWx8MPN6bYWZemHCmjet+O4Wl5ZXVteJ6aWNza3unvLvX1HGqCG2QmMeqHWJNOZO0YZjhtJ0oikXIaSscXk381hNVmsXyzowS6gvclyxiBBsr3d8+PAYZC07HQbniVt0p0CLxclKBHPWg/NXtxSQVVBrCsdYdz02Mn2FlGOF0XOqmmiaYDHGfdiyVWFDtZ9ODx+jIKj0UxcqWNGiq/p7IsNB6JELbKbAZ6HlvIv7ndVITXfgZk0lqqCSzRVHKkYnR5HvUY4oSw0eWYKKYvRWRAVaYGJtRyYbgzb+8SJonVe+s6t6cVmqXeRxFOIBDOAYPzqEG11CHBhAQ8Ayv8OYo58V5dz5mrQUnn9mHP3A+fwCkdZBN</latexit>

Sq
i4

<latexit sha1_base64="B/ZIL/nryFWsbHpszOvSN3LUQBQ=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJ4Krti0WPRi8eK9kPadcmm2TY0ya5JVihLf4UXD4p49ed489+YtnvQ1gcDj/dmmJkXJpxp47rfztLyyuraemGjuLm1vbNb2ttv6jhVhDZIzGPVDrGmnEnaMMxw2k4UxSLktBUOryZ+64kqzWJ5Z0YJ9QXuSxYxgo2V7m8fHoOMBdVxUCq7FXcKtEi8nJQhRz0ofXV7MUkFlYZwrHXHcxPjZ1gZRjgdF7uppgkmQ9ynHUslFlT72fTgMTq2Sg9FsbIlDZqqvycyLLQeidB2CmwGet6biP95ndREF37GZJIaKslsUZRyZGI0+R71mKLE8JElmChmb0VkgBUmxmZUtCF48y8vkuZpxatW3Juzcu0yj6MAh3AEJ+DBOdTgGurQAAICnuEV3hzlvDjvzsesdcnJZw7gD5zPH6X6kE4=</latexit>

Sq
i5

<latexit sha1_base64="AjAYDcqQVhu3snJ7qngWlDlSIEo=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJ4Krti0WNRDx4r2A9p1yWbZtvQJLsmWaEs/RVePCji1Z/jzX9j2u5BWx8MPN6bYWZemHCmjet+O0vLK6tr64WN4ubW9s5uaW+/qeNUEdogMY9VO8SaciZpwzDDaTtRFIuQ01Y4vJr4rSeqNIvlnRkl1Be4L1nECDZWur9+eAwyFlTHQansVtwp0CLxclKGHPWg9NXtxSQVVBrCsdYdz02Mn2FlGOF0XOymmiaYDHGfdiyVWFDtZ9ODx+jYKj0UxcqWNGiq/p7IsNB6JELbKbAZ6HlvIv7ndVITXfgZk0lqqCSzRVHKkYnR5HvUY4oSw0eWYKKYvRWRAVaYGJtR0Ybgzb+8SJqnFa9acW/PyrXLPI4CHMIRnIAH51CDG6hDAwgIeIZXeHOU8+K8Ox+z1iUnnzmAP3A+fwCOxpA/</latexit>

Dq
i5

<latexit sha1_base64="dQvfebYQm8c/Wh1VWIpW9/fj374=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgIYRdUfQY9eIxgnlAEsLsZDYZMzu7zPQKYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3+bEUBl3328mtrK6tb+Q3C1vbO7t7xf2DhokSzXidRTLSLZ8aLoXidRQoeSvWnIa+5E1/dDv1m09cGxGpBxzHvBvSgRKBYBSt1HzseWWvfN0rltyKOwNZJl5GSpCh1it+dfoRS0KukElqTNtzY+ymVKNgkk8KncTwmLIRHfC2pYqG3HTT2bkTcmKVPgkibUshmam/J1IaGjMOfdsZUhyaRW8q/ue1EwyuuqlQcYJcsfmiIJEEIzL9nfSF5gzl2BLKtLC3EjakmjK0CRVsCN7iy8ukcVbxLiru/XmpepPFkYcjOIZT8OASqnAHNagDgxE8wyu8ObHz4rw7H/PWnJPNHMIfOJ8/wouOiA==</latexit>

j1, 1, A
<latexit sha1_base64="os9DEzXUh2Ye+/kHxruqEVFTREo=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgIYRdUfQY9eIxgnlAEsLspDcZMzu7zMwKYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3+bHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSLZ9qFFxi3XAjsBUrpKEvsOmPbqd+8wmV5pF8MOMYuyEdSB5wRo2Vmo89r3xWvu4VS27FnYEsEy8jJchQ6xW/Ov2IJSFKwwTVuu25semmVBnOBE4KnURjTNmIDrBtqaQh6m46O3dCTqzSJ0GkbElDZurviZSGWo9D33aG1Az1ojcV//PaiQmuuimXcWJQsvmiIBHERGT6O+lzhcyIsSWUKW5vJWxIFWXGJlSwIXiLLy+TxlnFu6i49+el6k0WRx6O4BhOwYNLqMId1KAODEbwDK/w5sTOi/PufMxbc042cwh/4Hz+AMQRjok=</latexit>

j1, 2, A
<latexit sha1_base64="GwRxtRC9VLpMMaXjWLTOnUsaWVk=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hLDrAz1GvXiMYB6QLGF20knGzM4uM7NCWPIRXjwo4tXv8ebfOEn2oIkFDUVVN91dQSy4Nq777Swtr6yurec28ptb2zu7hb39uo4SxbDGIhGpZkA1Ci6xZrgR2IwV0jAQ2AiGtxO/8YRK80g+mFGMfkj7kvc4o8ZKjceOVzorXXcKRbfsTkEWiZeRImSodgpf7W7EkhClYYJq3fLc2PgpVYYzgeN8O9EYUzakfWxZKmmI2k+n547JsVW6pBcpW9KQqfp7IqWh1qMwsJ0hNQM9703E/7xWYnpXfsplnBiUbLaolwhiIjL5nXS5QmbEyBLKFLe3EjagijJjE8rbELz5lxdJ/bTsXZTd+/Ni5SaLIweHcAQn4MElVOAOqlADBkN4hld4c2LnxXl3PmatS042cwB/4Hz+AMWXjoo=</latexit>

j1, 3, A

<latexit sha1_base64="fYfQ8gfCzIaKWi+xqJ9HnkTTrSI=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgIYRdH+gxxIvHCOYBSQizk95kzOzsMjMrhCUf4cWDIl79Hm/+jZNkDxotaCiquunu8mPBtXHdLye3srq2vpHfLGxt7+zuFfcPmjpKFMMGi0Sk2j7VKLjEhuFGYDtWSENfYMsf38z81iMqzSN5byYx9kI6lDzgjBortR76Xvm8XOsXS27FnYP8JV5GSpCh3i9+dgcRS0KUhgmqdcdzY9NLqTKcCZwWuonGmLIxHWLHUklD1L10fu6UnFhlQIJI2ZKGzNWfEykNtZ6Evu0MqRnpZW8m/ud1EhNc91Iu48SgZItFQSKIicjsdzLgCpkRE0soU9zeStiIKsqMTahgQ/CWX/5LmmcV77Li3l2UqrUsjjwcwTGcggdXUIVbqEMDGIzhCV7g1YmdZ+fNeV+05pxs5hB+wfn4Bscbjos=</latexit>

j1, 3, B
<latexit sha1_base64="ZZb88Jtl9aRsUFWX2LjqxhmWPMA=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgIYRdUfQY4sVjBPOAZAmzk9lkzOzsMtMrhJCP8OJBEa9+jzf/xkmyB00saCiquunuChIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbmt564NiJWDzhOuB/RgRKhYBSt1HrseeWLcq1XLLkVdw6ySryMlCBDvVf86vZjlkZcIZPUmI7nJuhPqEbBJJ8WuqnhCWUjOuAdSxWNuPEn83On5MwqfRLG2pZCMld/T0xoZMw4CmxnRHFolr2Z+J/XSTG88SdCJSlyxRaLwlQSjMnsd9IXmjOUY0so08LeStiQasrQJlSwIXjLL6+S5kXFu6q495elai2LIw8ncArn4ME1VOEO6tAABiN4hld4cxLnxXl3PhatOSebOYY/cD5/AMWVjoo=</latexit>

j1, 2, B
<latexit sha1_base64="oGX1Mwb75mXTVCXleGcTTECMnFo=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgIYRdUfQY4sVjBPOAZAmzk95kzOzsMjMrhJCP8OJBEa9+jzf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWP5YMYJ+hEdSB5yRo2VWo89r+yVa71iya24c5BV4mWkBBnqveJXtx+zNEJpmKBadzw3Mf6EKsOZwGmhm2pMKBvRAXYslTRC7U/m507JmVX6JIyVLWnIXP09MaGR1uMosJ0RNUO97M3E/7xOasIbf8JlkhqUbLEoTAUxMZn9TvpcITNibAllittbCRtSRZmxCRVsCN7yy6ukeVHxriru/WWpWsviyMMJnMI5eHANVbiDOjSAwQie4RXenMR5cd6dj0VrzslmjuEPnM8fxA+OiQ==</latexit>

j1, 1, B

<latexit sha1_base64="Gd726yie+EchWTDqMwGnX4RUQA0=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgIYRdUfQY9eIxgnlAEsLspDcZMzu7zMwKYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3+bHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSLZ9qFFxi3XAjsBUrpKEvsOmPbqd+8wmV5pF8MOMYuyEdSB5wRo2Vmo+9s7JXvu4VS27FnYEsEy8jJchQ6xW/Ov2IJSFKwwTVuu25semmVBnOBE4KnURjTNmIDrBtqaQh6m46O3dCTqzSJ0GkbElDZurviZSGWo9D33aG1Az1ojcV//PaiQmuuimXcWJQsvmiIBHERGT6O+lzhcyIsSWUKW5vJWxIFWXGJlSwIXiLLy+TxlnFu6i49+el6k0WRx6O4BhOwYNLqMId1KAODEbwDK/w5sTOi/PufMxbc042cwh/4Hz+AMQTjok=</latexit>

j2, 1, A

<latexit sha1_base64="xCy6XgDH1Vl6dSUxl8XiL7Y/CRw=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgIYRdUfQY4sVjBPOAZAmzk9lkzOzsMtMrhJCP8OJBEa9+jzf/xkmyB00saCiquunuChIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbmt564NiJWDzhOuB/RgRKhYBSt1HrsXZS9cq1XLLkVdw6ySryMlCBDvVf86vZjlkZcIZPUmI7nJuhPqEbBJJ8WuqnhCWUjOuAdSxWNuPEn83On5MwqfRLG2pZCMld/T0xoZMw4CmxnRHFolr2Z+J/XSTG88SdCJSlyxRaLwlQSjMnsd9IXmjOUY0so08LeStiQasrQJlSwIXjLL6+S5kXFu6q495elai2LIw8ncArn4ME1VOEO6tAABiN4hld4cxLnxXl3PhatOSebOYY/cD5/AMWXjoo=</latexit>

j2, 1, B
<latexit sha1_base64="OFIYGJyN0S5sBvdtLu2wDhZB0uQ=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hLAbFD2GePEYwTwgWcLspJOMmZ1dZmaFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7glhwbVz321lb39jc2s7t5Hf39g8OC0fHTR0limGDRSJS7YBqFFxiw3AjsB0rpGEgsBWMb2d+6wmV5pF8MJMY/ZAOJR9wRo2VWo+9SqlSqvUKRbfszkFWiZeRImSo9wpf3X7EkhClYYJq3fHc2PgpVYYzgdN8N9EYUzamQ+xYKmmI2k/n507JuVX6ZBApW9KQufp7IqWh1pMwsJ0hNSO97M3E/7xOYgY3fsplnBiUbLFokAhiIjL7nfS5QmbExBLKFLe3EjaiijJjE8rbELzll1dJs1L2rsru/WWxWsviyMEpnMEFeHANVbiDOjSAwRie4RXenNh5cd6dj0XrmpPNnMAfOJ8/xx2Oiw==</latexit>

j2, 2, B

<latexit sha1_base64="gzXYJ33Uyn8rw5WeQuSa9fcprOQ=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hLAbFD1GvXiMYB6QLGF2MpuMmZ1dZnqFEPIRXjwo4tXv8ebfOEn2oIkFDUVVN91dQSKFQdf9dlZW19Y3NnNb+e2d3b39wsFhw8SpZrzOYhnrVkANl0LxOgqUvJVoTqNA8mYwvJ36zSeujYjVA44S7ke0r0QoGEUrNR+7lVKldN0tFN2yOwNZJl5GipCh1i18dXoxSyOukElqTNtzE/THVKNgkk/yndTwhLIh7fO2pYpG3Pjj2bkTcmqVHgljbUshmam/J8Y0MmYUBbYzojgwi95U/M9rpxhe+WOhkhS5YvNFYSoJxmT6O+kJzRnKkSWUaWFvJWxANWVoE8rbELzFl5dJo1L2Lsru/XmxepPFkYNjOIEz8OASqnAHNagDgyE8wyu8OYnz4rw7H/PWFSebOYI/cD5/AMWZjoo=</latexit>

j2, 2, A

<latexit sha1_base64="dQvfebYQm8c/Wh1VWIpW9/fj374=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgIYRdUfQY9eIxgnlAEsLsZDYZMzu7zPQKYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3+bEUBl3328mtrK6tb+Q3C1vbO7t7xf2DhokSzXidRTLSLZ8aLoXidRQoeSvWnIa+5E1/dDv1m09cGxGpBxzHvBvSgRKBYBSt1HzseWWvfN0rltyKOwNZJl5GSpCh1it+dfoRS0KukElqTNtzY+ymVKNgkk8KncTwmLIRHfC2pYqG3HTT2bkTcmKVPgkibUshmam/J1IaGjMOfdsZUhyaRW8q/ue1EwyuuqlQcYJcsfmiIJEEIzL9nfSF5gzl2BLKtLC3EjakmjK0CRVsCN7iy8ukcVbxLiru/XmpepPFkYcjOIZT8OASqnAHNagDgxE8wyu8ObHz4rw7H/PWnJPNHMIfOJ8/wouOiA==</latexit>

j1, 1, A
<latexit sha1_base64="os9DEzXUh2Ye+/kHxruqEVFTREo=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgIYRdUfQY9eIxgnlAEsLspDcZMzu7zMwKYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3+bHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSLZ9qFFxi3XAjsBUrpKEvsOmPbqd+8wmV5pF8MOMYuyEdSB5wRo2Vmo89r3xWvu4VS27FnYEsEy8jJchQ6xW/Ov2IJSFKwwTVuu25semmVBnOBE4KnURjTNmIDrBtqaQh6m46O3dCTqzSJ0GkbElDZurviZSGWo9D33aG1Az1ojcV//PaiQmuuimXcWJQsvmiIBHERGT6O+lzhcyIsSWUKW5vJWxIFWXGJlSwIXiLLy+TxlnFu6i49+el6k0WRx6O4BhOwYNLqMId1KAODEbwDK/w5sTOi/PufMxbc042cwh/4Hz+AMQRjok=</latexit>

j1, 2, A

<latexit sha1_base64="ZZb88Jtl9aRsUFWX2LjqxhmWPMA=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgIYRdUfQY4sVjBPOAZAmzk9lkzOzsMtMrhJCP8OJBEa9+jzf/xkmyB00saCiquunuChIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbmt564NiJWDzhOuB/RgRKhYBSt1HrseeWLcq1XLLkVdw6ySryMlCBDvVf86vZjlkZcIZPUmI7nJuhPqEbBJJ8WuqnhCWUjOuAdSxWNuPEn83On5MwqfRLG2pZCMld/T0xoZMw4CmxnRHFolr2Z+J/XSTG88SdCJSlyxRaLwlQSjMnsd9IXmjOUY0so08LeStiQasrQJlSwIXjLL6+S5kXFu6q495elai2LIw8ncArn4ME1VOEO6tAABiN4hld4cxLnxXl3PhatOSebOYY/cD5/AMWVjoo=</latexit>

j1, 2, B
<latexit sha1_base64="oGX1Mwb75mXTVCXleGcTTECMnFo=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgIYRdUfQY4sVjBPOAZAmzk95kzOzsMjMrhJCP8OJBEa9+jzf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWP5YMYJ+hEdSB5yRo2VWo89r+yVa71iya24c5BV4mWkBBnqveJXtx+zNEJpmKBadzw3Mf6EKsOZwGmhm2pMKBvRAXYslTRC7U/m507JmVX6JIyVLWnIXP09MaGR1uMosJ0RNUO97M3E/7xOasIbf8JlkhqUbLEoTAUxMZn9TvpcITNibAllittbCRtSRZmxCRVsCN7yy6ukeVHxriru/WWpWsviyMMJnMI5eHANVbiDOjSAwQie4RXenMR5cd6dj0VrzslmjuEPnM8fxA+OiQ==</latexit>

j1, 1, B

<latexit sha1_base64="Gd726yie+EchWTDqMwGnX4RUQA0=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgIYRdUfQY9eIxgnlAEsLspDcZMzu7zMwKYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3+bHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSLZ9qFFxi3XAjsBUrpKEvsOmPbqd+8wmV5pF8MOMYuyEdSB5wRo2Vmo+9s7JXvu4VS27FnYEsEy8jJchQ6xW/Ov2IJSFKwwTVuu25semmVBnOBE4KnURjTNmIDrBtqaQh6m46O3dCTqzSJ0GkbElDZurviZSGWo9D33aG1Az1ojcV//PaiQmuuimXcWJQsvmiIBHERGT6O+lzhcyIsSWUKW5vJWxIFWXGJlSwIXiLLy+TxlnFu6i49+el6k0WRx6O4BhOwYNLqMId1KAODEbwDK/w5sTOi/PufMxbc042cwh/4Hz+AMQTjok=</latexit>

j2, 1, A

<latexit sha1_base64="xCy6XgDH1Vl6dSUxl8XiL7Y/CRw=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgIYRdUfQY4sVjBPOAZAmzk9lkzOzsMtMrhJCP8OJBEa9+jzf/xkmyB00saCiquunuChIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbmt564NiJWDzhOuB/RgRKhYBSt1HrsXZS9cq1XLLkVdw6ySryMlCBDvVf86vZjlkZcIZPUmI7nJuhPqEbBJJ8WuqnhCWUjOuAdSxWNuPEn83On5MwqfRLG2pZCMld/T0xoZMw4CmxnRHFolr2Z+J/XSTG88SdCJSlyxRaLwlQSjMnsd9IXmjOUY0so08LeStiQasrQJlSwIXjLL6+S5kXFu6q495elai2LIw8ncArn4ME1VOEO6tAABiN4hld4cxLnxXl3PhatOSebOYY/cD5/AMWXjoo=</latexit>

j2, 1, B

<latexit sha1_base64="yQ9zzfHa0LxVRjACjo/2XkWoGno=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJCYqiqpIBgrGBhLBJpKzUhclynteo4wXaQqigLv8LCAEKsfAYbf4PbZoCWI13do3PulX1PkDAqlWV9G6Wl5ZXVtfJ6ZWNza3vH3N1ryzgVmDg4ZrHoBkgSRjlxFFWMdBNBUBQw0glG1xO/80iEpDG/U+OEeBEacBpSjJSWfPPAuX/wM+qf1qCrm12D1G+4ee6bVatuTQEXiV2QKijQ8s0vtx/jNCJcYYak7NlWorwMCUUxI3nFTSVJEB6hAelpylFEpJdND8jhsVb6MIyFLq7gVP29kaFIynEU6MkIqaGc9ybif14vVeGll1GepIpwPHsoTBlUMZykAftUEKzYWBOEBdV/hXiIBMJKZ1bRIdjzJy+SdqNun9et27Nq86qIowwOwRE4ATa4AE1wA1rAARjk4Bm8gjfjyXgx3o2P2WjJKHb2wR8Ynz/WNpVG</latexit>

U q
i3,{i1,i2}

<latexit sha1_base64="KriHsjJPdfL2WrIYGnlaxLHzPlA=">AAACAHicbVC7TsMwFHV4lvIKMDCwWFRIDFWVQCsYK1gYi0TaSk2IHNdprTpOsB2kKsrCr7AwgBArn8HG3+C2GaDlSFf36Jx7Zd8TJIxKZVnfxtLyyuraemmjvLm1vbNr7u23ZZwKTBwcs1h0AyQJo5w4iipGuokgKAoY6QSj64nfeSRC0pjfqXFCvAgNOA0pRkpLvnno3D/4GfUbVejqdl6F1K+7ee6bFatmTQEXiV2QCijQ8s0vtx/jNCJcYYak7NlWorwMCUUxI3nZTSVJEB6hAelpylFEpJdND8jhiVb6MIyFLq7gVP29kaFIynEU6MkIqaGc9ybif14vVeGll1GepIpwPHsoTBlUMZykAftUEKzYWBOEBdV/hXiIBMJKZ1bWIdjzJy+S9lnNbtSs23qleVXEUQJH4BicAhtcgCa4AS3gAAxy8AxewZvxZLwY78bHbHTJKHYOwB8Ynz/fgpVM</latexit>

U q
i5,{i3,i4}

<latexit sha1_base64="yQ9zzfHa0LxVRjACjo/2XkWoGno=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJCYqiqpIBgrGBhLBJpKzUhclynteo4wXaQqigLv8LCAEKsfAYbf4PbZoCWI13do3PulX1PkDAqlWV9G6Wl5ZXVtfJ6ZWNza3vH3N1ryzgVmDg4ZrHoBkgSRjlxFFWMdBNBUBQw0glG1xO/80iEpDG/U+OEeBEacBpSjJSWfPPAuX/wM+qf1qCrm12D1G+4ee6bVatuTQEXiV2QKijQ8s0vtx/jNCJcYYak7NlWorwMCUUxI3nFTSVJEB6hAelpylFEpJdND8jhsVb6MIyFLq7gVP29kaFIynEU6MkIqaGc9ybif14vVeGll1GepIpwPHsoTBlUMZykAftUEKzYWBOEBdV/hXiIBMJKZ1bRIdjzJy+SdqNun9et27Nq86qIowwOwRE4ATa4AE1wA1rAARjk4Bm8gjfjyXgx3o2P2WjJKHb2wR8Ynz/WNpVG</latexit>

U q
i3,{i1,i2}

<latexit sha1_base64="KriHsjJPdfL2WrIYGnlaxLHzPlA=">AAACAHicbVC7TsMwFHV4lvIKMDCwWFRIDFWVQCsYK1gYi0TaSk2IHNdprTpOsB2kKsrCr7AwgBArn8HG3+C2GaDlSFf36Jx7Zd8TJIxKZVnfxtLyyuraemmjvLm1vbNr7u23ZZwKTBwcs1h0AyQJo5w4iipGuokgKAoY6QSj64nfeSRC0pjfqXFCvAgNOA0pRkpLvnno3D/4GfUbVejqdl6F1K+7ee6bFatmTQEXiV2QCijQ8s0vtx/jNCJcYYak7NlWorwMCUUxI3nZTSVJEB6hAelpylFEpJdND8jhiVb6MIyFLq7gVP29kaFIynEU6MkIqaGc9ybif14vVeGll1GepIpwPHsoTBlUMZykAftUEKzYWBOEBdV/hXiIBMJKZ1bWIdjzJy+S9lnNbtSs23qleVXEUQJH4BicAhtcgCa4AS3gAAxy8AxewZvxZLwY78bHbHTJKHYOwB8Ynz/fgpVM</latexit>

U q
i5,{i3,i4}

<latexit sha1_base64="yQ9zzfHa0LxVRjACjo/2XkWoGno=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJCYqiqpIBgrGBhLBJpKzUhclynteo4wXaQqigLv8LCAEKsfAYbf4PbZoCWI13do3PulX1PkDAqlWV9G6Wl5ZXVtfJ6ZWNza3vH3N1ryzgVmDg4ZrHoBkgSRjlxFFWMdBNBUBQw0glG1xO/80iEpDG/U+OEeBEacBpSjJSWfPPAuX/wM+qf1qCrm12D1G+4ee6bVatuTQEXiV2QKijQ8s0vtx/jNCJcYYak7NlWorwMCUUxI3nFTSVJEB6hAelpylFEpJdND8jhsVb6MIyFLq7gVP29kaFIynEU6MkIqaGc9ybif14vVeGll1GepIpwPHsoTBlUMZykAftUEKzYWBOEBdV/hXiIBMJKZ1bRIdjzJy+SdqNun9et27Nq86qIowwOwRE4ATa4AE1wA1rAARjk4Bm8gjfjyXgx3o2P2WjJKHb2wR8Ynz/WNpVG</latexit>

U q
i3,{i1,i2}

<latexit sha1_base64="yQ9zzfHa0LxVRjACjo/2XkWoGno=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJCYqiqpIBgrGBhLBJpKzUhclynteo4wXaQqigLv8LCAEKsfAYbf4PbZoCWI13do3PulX1PkDAqlWV9G6Wl5ZXVtfJ6ZWNza3vH3N1ryzgVmDg4ZrHoBkgSRjlxFFWMdBNBUBQw0glG1xO/80iEpDG/U+OEeBEacBpSjJSWfPPAuX/wM+qf1qCrm12D1G+4ee6bVatuTQEXiV2QKijQ8s0vtx/jNCJcYYak7NlWorwMCUUxI3nFTSVJEB6hAelpylFEpJdND8jhsVb6MIyFLq7gVP29kaFIynEU6MkIqaGc9ybif14vVeGll1GepIpwPHsoTBlUMZykAftUEKzYWBOEBdV/hXiIBMJKZ1bRIdjzJy+SdqNun9et27Nq86qIowwOwRE4ATa4AE1wA1rAARjk4Bm8gjfjyXgx3o2P2WjJKHb2wR8Ynz/WNpVG</latexit>

U q
i3,{i1,i2}

Figure 5.8: Illustration of notation for optimal design (right) obtained from spatial super-
structure (left).

yu, u ∈ U q such that yu = 1 if node u is selected as part of the design located at location

φu, and yu = 0 otherwise. Therefore, the total annualized cost of the system can be written

as:

C = ∑
u∈U q

(ε · αξ
u + αo

u) · yu + ∑
s∈Sq ,i∈Ωs

α
ρ
i · vi + ∑

i∈Ωk ,k∈N q ,k′∈N q
α

f
i,φk ,φk′

· fk,k′

+ ∑
u∈U q ,i∈Ωu

(ξu · yu − ∑
k∈N q if k∈Kk

fu,k) · αd
i .

(5.3.23)

The only difference in this cost function is that we can now capture transport cost. An

illustration of the problem variables is provided in Figure 5.8.

The formulation to obtain a cost-minimizing design from the spatial superstructure

is:

min
f ,v,y

C (5.3.24a)

s.t. fk,k′ ≤ M · µk,k′ , k, k′ ∈ N q (5.3.24b)

∑
k∈N q

fs,k ≤ vi, s ∈ Sq, i ∈ Ωs (5.3.24c)
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∑
k′∈N q if i∈Kk′

fu,k′ ≤ ξu,i · yu, u ∈ U q, i ∈ Ωu (5.3.24d)

∑
k∈N q

fk,u = ξu,i′ · βi′
i,τu
· yu, u ∈ U q, i′ ∈ Ku, i ∈ Ωu (5.3.24e)

∑
k∈N q

fk,d = δi′ , d ∈ Dq, i′ ∈ Kd (5.3.24f)

fk,k′ ≥ 0, k, k′ ∈ N q (5.3.24g)

The spatial superstructure is encoded µk,k′ , k, k′ ∈ N q. This optimization formulation is

directly analogous to that in (5.3.6) but can be computationally more challenging to solve

because one can account for multiple possible locations for techs, suppliers, and demands.

Cost-Minimizing Optimal Modular Design with Spatial Information

The modularity measure is directly analogous to the one defined previously but we need

to specify additional information to account for location of modules. The dimension

associated with technology t = τu for node u ∈ U q are abbreviated as γu. We use set

L = {1, 2, ..., n} for the set of modules, and D̄ and D to represent the upper and lower lim-

its of the dimensionality requirements. We use the binary variable matrix ak,k′ , k, k′ ∈ N q

to represent the adjacency matrix of the feasible path (subgraph of the spatial superstruc-

ture). The binary variable am
u,u′ ,l , u, u′ ∈ U q, l ∈ L represents the relationship between

node u, u′ and module l. We define the binary variable yu,l , u ∈ U q, l ∈ L such that

yu,l = 1 if node u belongs to module l at location φu and yu,l = 0 otherwise. Finally, we

define the binary variable collection zl,g, l ∈ L, g ∈ Gt such that if module l is placed at

location g, zl,g = 1 and zl,g = 0 otherwise.

The modularity measure with predefined number of modules n modules is:

Mn =
∑

u,u′∈U q ,l∈L
am

u,u′ ,l

∑
u,u′∈U q

au,u′
. (5.3.25)

A couple of additional constrains (compared to formulation (5.3.22)) are added due to
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the newly defined variable z. The first ensures that one module can only be placed at

one location, and the second one ensures the logic between variable y and z (a node u

that exists in module l only if the module l exists at location of node u), and they are

expressed as:

∑
g∈Gt

zl,g ≤ 1, l ∈ L (5.3.26)

yu,l ≤ zl,φu , u ∈ U q, l ∈ L. (5.3.27)

An illustration of the defined variables is shown in Figure 5.9; note that a couple of entries

for the newly defined variable z are 0, as module l1 exists at location A and module l2

exists at location B.

Demands

𝑖!

𝑖" 𝑖#

<latexit sha1_base64="fjDytFGt8nMGsOZCloALdyHHzX8=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVRY9FLx4r2g9p1yWbZtvQJLsmWaEs/RVePCji1Z/jzX9j2u5BWx8MPN6bYWZemHCmjet+O4Wl5ZXVteJ6aWNza3unvLvX1HGqCG2QmMeqHWJNOZO0YZjhtJ0oikXIaSscXk381hNVmsXyzowS6gvclyxiBBsr3d8+PAYZC7xxUK64VXcKtEi8nFQgRz0of3V7MUkFlYZwrHXHcxPjZ1gZRjgdl7qppgkmQ9ynHUslFlT72fTgMTqySg9FsbIlDZqqvycyLLQeidB2CmwGet6biP95ndREF37GZJIaKslsUZRyZGI0+R71mKLE8JElmChmb0VkgBUmxmZUsiF48y8vkuZJ1TurujenldplHkcRDuAQjsGDc6jBNdShAQQEPMMrvDnKeXHenY9Za8HJZ/bhD5zPH5/mkEo=</latexit>

Sq
i1

<latexit sha1_base64="p4//th1ifHVOtYUAo6mUxiUbG5w=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJ4KrtF0WPRi8eK9kPadcmm2TY0ya5JVihLf4UXD4p49ed489+YtnvQ1gcDj/dmmJkXJpxp47rfztLyyuraemGjuLm1vbNb2ttv6jhVhDZIzGPVDrGmnEnaMMxw2k4UxSLktBUOryZ+64kqzWJ5Z0YJ9QXuSxYxgo2V7m8fHoOMBdVxUCq7FXcKtEi8nJQhRz0ofXV7MUkFlYZwrHXHcxPjZ1gZRjgdF7uppgkmQ9ynHUslFlT72fTgMTq2Sg9FsbIlDZqqvycyLLQeidB2CmwGet6biP95ndREF37GZJIaKslsUZRyZGI0+R71mKLE8JElmChmb0VkgBUmxmZUtCF48y8vkma14p1V3JvTcu0yj6MAh3AEJ+DBOdTgGurQAAICnuEV3hzlvDjvzsesdcnJZw7gD5zPH6FrkEs=</latexit>

Sq
i2

<latexit sha1_base64="AjAYDcqQVhu3snJ7qngWlDlSIEo=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJ4Krti0WNRDx4r2A9p1yWbZtvQJLsmWaEs/RVePCji1Z/jzX9j2u5BWx8MPN6bYWZemHCmjet+O0vLK6tr64WN4ubW9s5uaW+/qeNUEdogMY9VO8SaciZpwzDDaTtRFIuQ01Y4vJr4rSeqNIvlnRkl1Be4L1nECDZWur9+eAwyFlTHQansVtwp0CLxclKGHPWg9NXtxSQVVBrCsdYdz02Mn2FlGOF0XOymmiaYDHGfdiyVWFDtZ9ODx+jYKj0UxcqWNGiq/p7IsNB6JELbKbAZ6HlvIv7ndVITXfgZk0lqqCSzRVHKkYnR5HvUY4oSw0eWYKKYvRWRAVaYGJtR0Ybgzb+8SJqnFa9acW/PyrXLPI4CHMIRnIAH51CDG6hDAwgIeIZXeHOU8+K8Ox+z1iUnnzmAP3A+fwCOxpA/</latexit>

Dq
i5

Location B

Location A

<latexit sha1_base64="byAChrqHct7VUEvnR94GmME+1l8=">AAAB9HicbVBNT8JAEJ36ifiFevSykZh4MKRViR6JXjxiYoEEarNdtrBhuy27WxLS8Du8eNAYr/4Yb/4bF+hBwZdM8vLeTGbmBQlnStv2t7Wyura+sVnYKm7v7O7tlw4OGypOJaEuiXksWwFWlDNBXc00p61EUhwFnDaDwd3Ub46oVCwWj3qcUC/CPcFCRrA2kuc+Df2M+dVz5l9O/FLZrtgzoGXi5KQMOep+6avTjUkaUaEJx0q1HTvRXoalZoTTSbGTKppgMsA92jZU4IgqL5sdPUGnRumiMJamhEYz9fdEhiOlxlFgOiOs+2rRm4r/ee1UhzdexkSSairIfFGYcqRjNE0AdZmkRPOxIZhIZm5FpI8lJtrkVDQhOIsvL5PGRcWpVuyHq3LtNo+jAMdwAmfgwDXU4B7q4AKBITzDK7xZI+vFerc+5q0rVj5zBH9gff4ACv+Rnw==</latexit>

Uq
i5,i3

<latexit sha1_base64="Gd726yie+EchWTDqMwGnX4RUQA0=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgIYRdUfQY9eIxgnlAEsLspDcZMzu7zMwKYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3+bHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSLZ9qFFxi3XAjsBUrpKEvsOmPbqd+8wmV5pF8MOMYuyEdSB5wRo2Vmo+9s7JXvu4VS27FnYEsEy8jJchQ6xW/Ov2IJSFKwwTVuu25semmVBnOBE4KnURjTNmIDrBtqaQh6m46O3dCTqzSJ0GkbElDZurviZSGWo9D33aG1Az1ojcV//PaiQmuuimXcWJQsvmiIBHERGT6O+lzhcyIsSWUKW5vJWxIFWXGJlSwIXiLLy+TxlnFu6i49+el6k0WRx6O4BhOwYNLqMId1KAODEbwDK/w5sTOi/PufMxbc042cwh/4Hz+AMQTjok=</latexit>

j2, 1, A

<latexit sha1_base64="Gd726yie+EchWTDqMwGnX4RUQA0=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgIYRdUfQY9eIxgnlAEsLspDcZMzu7zMwKYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3+bHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSLZ9qFFxi3XAjsBUrpKEvsOmPbqd+8wmV5pF8MOMYuyEdSB5wRo2Vmo+9s7JXvu4VS27FnYEsEy8jJchQ6xW/Ov2IJSFKwwTVuu25semmVBnOBE4KnURjTNmIDrBtqaQh6m46O3dCTqzSJ0GkbElDZurviZSGWo9D33aG1Az1ojcV//PaiQmuuimXcWJQsvmiIBHERGT6O+lzhcyIsSWUKW5vJWxIFWXGJlSwIXiLLy+TxlnFu6i49+el6k0WRx6O4BhOwYNLqMId1KAODEbwDK/w5sTOi/PufMxbc042cwh/4Hz+AMQTjok=</latexit>

j2, 1, A

<latexit sha1_base64="OFIYGJyN0S5sBvdtLu2wDhZB0uQ=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hLAbFD2GePEYwTwgWcLspJOMmZ1dZmaFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7glhwbVz321lb39jc2s7t5Hf39g8OC0fHTR0limGDRSJS7YBqFFxiw3AjsB0rpGEgsBWMb2d+6wmV5pF8MJMY/ZAOJR9wRo2VWo+9SqlSqvUKRbfszkFWiZeRImSo9wpf3X7EkhClYYJq3fHc2PgpVYYzgdN8N9EYUzamQ+xYKmmI2k/n507JuVX6ZBApW9KQufp7IqWh1pMwsJ0hNSO97M3E/7xOYgY3fsplnBiUbLFokAhiIjL7nfS5QmbExBLKFLe3EjaiijJjE8rbELzll1dJs1L2rsru/WWxWsviyMEpnMEFeHANVbiDOjSAwRie4RXenNh5cd6dj0XrmpPNnMAfOJ8/xx2Oiw==</latexit>

j2, 2, B

<latexit sha1_base64="Mee5ucjOj9vBuHodtmope9jDJiE=">AAAB+nicbVDLSgNBEOz1GeNro0cvg0HwIGFWI3oRgl48RjAPSJZldjKbDJl9MDOrhDWf4sWDIl79Em/+jZNkD5pY0FBUddPd5SeCK43xt7W0vLK6tl7YKG5ube/s2qW9popTSVmDxiKWbZ8oJnjEGpprwdqJZCT0BWv5w5uJ33pgUvE4utejhLkh6Uc84JRoI3l2KfCyoeecDL2zMbpCVYw9u4wreAq0SJyclCFH3bO/ur2YpiGLNBVEqY6DE+1mRGpOBRsXu6liCaFD0mcdQyMSMuVm09PH6MgoPRTE0lSk0VT9PZGRUKlR6JvOkOiBmvcm4n9eJ9XBpZvxKEk1i+hsUZAKpGM0yQH1uGRUi5EhhEpubkV0QCSh2qRVNCE48y8vkuZpxTmv4LtquXadx1GAAziEY3DgAmpwC3VoAIVHeIZXeLOerBfr3fqYtS5Z+cw+/IH1+QOmJ5JL</latexit>

fk1,k3
= 400

<latexit sha1_base64="ts46yox1IPswR7rUOV5IOAnoEy8=">AAAB+nicbVDLSgNBEOyNrxhfGz16GQyCBwmzEtGLEPTiMYJ5QLIss5PZZMjsg5lZJaz5FC8eFPHql3jzb5wke9DEgoaiqpvuLj8RXGmMv63Cyura+kZxs7S1vbO7Z5f3WypOJWVNGotYdnyimOARa2quBeskkpHQF6ztj26mfvuBScXj6F6PE+aGZBDxgFOijeTZ5cDLRp5zOvJqE3SFahh7dgVX8QxomTg5qUCOhmd/9foxTUMWaSqIUl0HJ9rNiNScCjYp9VLFEkJHZMC6hkYkZMrNZqdP0LFR+iiIpalIo5n6eyIjoVLj0DedIdFDtehNxf+8bqqDSzfjUZJqFtH5oiAVSMdomgPqc8moFmNDCJXc3IrokEhCtUmrZEJwFl9eJq2zqnNexXe1Sv06j6MIh3AEJ+DABdThFhrQBAqP8Ayv8GY9WS/Wu/Uxby1Y+cwB/IH1+QOnspJM</latexit>

fk1,k4
= 400

<latexit sha1_base64="wAQtaayTJxUyZeqHJVHechqANCs=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgQkriA90IRTcuK9gHtCFMppN2yGQSZiaFEvonblwo4tY/ceffOG2z0NYDFw7n3Mu99wQpZ0o7zrdVWlldW98ob1a2tnd29+z9g5ZKMklokyQ8kZ0AK8qZoE3NNKedVFIcB5y2g+h+6rdHVCqWiCc9TqkX44FgISNYG8m3beznke+eoci/mKBb5Pp21ak5M6Bl4hakCgUavv3V6ycki6nQhGOluq6Tai/HUjPC6aTSyxRNMYnwgHYNFTimystnl0/QiVH6KEykKaHRTP09keNYqXEcmM4Y66Fa9Kbif1430+GNlzORZpoKMl8UZhzpBE1jQH0mKdF8bAgmkplbERliiYk2YVVMCO7iy8ukdV5zr2rO42W1flfEUYYjOIZTcOEa6vAADWgCgRE8wyu8Wbn1Yr1bH/PWklXMHMIfWJ8/Da6R+Q==</latexit>

ak1,k3
= 1

<latexit sha1_base64="d1ceEkB+7vTgVLTSzGVnYg1qXjg=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBg5REKnoRil48VrAf0Iaw2W7aJZtN2N0USug/8eJBEa/+E2/+G7dtDtr6YODx3gwz84KUM6Ud59sqra1vbG6Vtys7u3v7B/bhUVslmSS0RRKeyG6AFeVM0JZmmtNuKimOA047QXQ/8ztjKhVLxJOepNSL8VCwkBGsjeTbNvbzyHcvUOTXp+gWub5ddWrOHGiVuAWpQoGmb3/1BwnJYio04Vipnuuk2sux1IxwOq30M0VTTCI8pD1DBY6p8vL55VN0ZpQBChNpSmg0V39P5DhWahIHpjPGeqSWvZn4n9fLdHjj5UykmaaCLBaFGUc6QbMY0IBJSjSfGIKJZOZWREZYYqJNWBUTgrv88ippX9bcq5rzWK827oo4ynACp3AOLlxDAx6gCS0gMIZneIU3K7derHfrY9FasoqZY/gD6/MHDzeR+g==</latexit>

ak1,k4
= 1

<latexit sha1_base64="RKJjCYvS2ICfOc2bsUnHBcoBBiY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh3Hf65crbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVa9Wde8vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gD5JY2X</latexit>

k1

<latexit sha1_base64="RjYjhKTvW9123qAyXyz2/Kxpz1k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0MO7X+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbRqVe+y6t5fVOo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AH6qY2Y</latexit>

k2

<latexit sha1_base64="S1nrDvNqyksv59ialhzRRvm1kis=">AAAB+nicbVBNS8NAEJ34WetXqkcvi0XwICUpFb0IRS8eK9gPaEPYbDft0s0m7G6UEvtTvHhQxKu/xJv/xm2bg7Y+GHi8N8PMvCDhTGnH+bZWVtfWNzYLW8Xtnd29fbt00FJxKgltkpjHshNgRTkTtKmZ5rSTSIqjgNN2MLqZ+u0HKhWLxb0eJ9SL8ECwkBGsjeTbpdDPRn71bOTXJugKVR3Ht8tOxZkBLRM3J2XI0fDtr14/JmlEhSYcK9V1nUR7GZaaEU4nxV6qaILJCA9o11CBI6q8bHb6BJ0YpY/CWJoSGs3U3xMZjpQaR4HpjLAeqkVvKv7ndVMdXnoZE0mqqSDzRWHKkY7RNAfUZ5ISzceGYCKZuRWRIZaYaJNW0YTgLr68TFrVintece5q5fp1HkcBjuAYTsGFC6jDLTSgCQQe4Rle4c16sl6sd+tj3rpi5TOH8AfW5w+mNZJL</latexit>

fk2,k4
= 200

<latexit sha1_base64="+0SQu+tWlhnNmTR0tGDkejP6Fqo=">AAAB+nicbVDLSgNBEOz1GeNro0cvg0HwIGE2KnoRgl48RjAPSJZldjKbDJl9MDOrhDWf4sWDIl79Em/+jZNkD5pY0FBUddPd5SeCK43xt7W0vLK6tl7YKG5ube/s2qW9popTSVmDxiKWbZ8oJnjEGpprwdqJZCT0BWv5w5uJ33pgUvE4utejhLkh6Uc84JRoI3l2KfCyoVc9GXqnY3SFqhh7dhlX8BRokTg5KUOOumd/dXsxTUMWaSqIUh0HJ9rNiNScCjYudlPFEkKHpM86hkYkZMrNpqeP0ZFReiiIpalIo6n6eyIjoVKj0DedIdEDNe9NxP+8TqqDSzfjUZJqFtHZoiAVSMdokgPqccmoFiNDCJXc3IrogEhCtUmraEJw5l9eJM1qxTmv4Luzcu06j6MAB3AIx+DABdTgFurQAAqP8Ayv8GY9WS/Wu/Uxa12y8pl9+APr8wekqpJK</latexit>

fk2,k3
= 200

<latexit sha1_base64="cts5cDm7SJ5b077+/csu8idvV4E=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSJ4kJKUil6EohePFewHtCFstpt2yWYTdjeFEvpPvHhQxKv/xJv/xm2bg7Y+GHi8N8PMvCDlTGnH+bbW1jc2t7ZLO+Xdvf2DQ/vouK2STBLaIglPZDfAinImaEszzWk3lRTHAaedILqf+Z0xlYol4klPUurFeChYyAjWRvJtG/t55NcuUeTXp+gWub5dcarOHGiVuAWpQIGmb3/1BwnJYio04Vipnuuk2sux1IxwOi33M0VTTCI8pD1DBY6p8vL55VN0bpQBChNpSmg0V39P5DhWahIHpjPGeqSWvZn4n9fLdHjj5UykmaaCLBaFGUc6QbMY0IBJSjSfGIKJZOZWREZYYqJNWGUTgrv88ipp16ruVdV5rFcad0UcJTiFM7gAF66hAQ/QhBYQGMMzvMKblVsv1rv1sWhds4qZE/gD6/MHEMWR+w==</latexit>

ak2,k4
= 1

<latexit sha1_base64="SQPrGqUieHFMHQBGRtJcm5nlAiI=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSJ4kJJURS9C0YvHCvYD2hA22027ZLMJu5tCCf0nXjwo4tV/4s1/47bNQVsfDDzem2FmXpByprTjfFsrq2vrG5ulrfL2zu7evn1w2FJJJgltkoQnshNgRTkTtKmZ5rSTSorjgNN2EN1P/faISsUS8aTHKfViPBAsZARrI/m2jf088mvnKPIvJugWub5dcarODGiZuAWpQIGGb3/1+gnJYio04Vipruuk2sux1IxwOin3MkVTTCI8oF1DBY6p8vLZ5RN0apQ+ChNpSmg0U39P5DhWahwHpjPGeqgWvan4n9fNdHjj5UykmaaCzBeFGUc6QdMYUJ9JSjQfG4KJZOZWRIZYYqJNWGUTgrv48jJp1aruVdV5vKzU74o4SnAMJ3AGLlxDHR6gAU0gMIJneIU3K7derHfrY966YhUzR/AH1ucPDzyR+g==</latexit>

ak2,k3
= 1

<latexit sha1_base64="vX8Ev08oNvh8B7k5l9oMci+KH74=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgQsqkWnQjFN24rGAf0IYwmU7aIZNJmJkoJfZT3LhQxK1f4s6/cdpmoa0HLhzOuZd77/ETzpRG6NsqrKyurW8UN0tb2zu7e3Z5v63iVBLaIjGPZdfHinImaEszzWk3kRRHPqcdP7yZ+p0HKhWLxb0eJ9SN8FCwgBGsjeTZ5cDLQu/sNPTqE3gFawh5dgVV0QxwmTg5qYAcTc/+6g9ikkZUaMKxUj0HJdrNsNSMcDop9VNFE0xCPKQ9QwWOqHKz2ekTeGyUAQxiaUpoOFN/T2Q4Umoc+aYzwnqkFr2p+J/XS3Vw6WZMJKmmgswXBSmHOobTHOCASUo0HxuCiWTmVkhGWGKiTVolE4Kz+PIyadeqTr2K7s4rjes8jiI4BEfgBDjgAjTALWiCFiDgETyDV/BmPVkv1rv1MW8tWPnMAfgD6/MHqU+STQ==</latexit>

fk3,k5
= 200

<latexit sha1_base64="bDL3ecowJiprIDKyOYHJzXW21Z8=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgQsqktOhGKLpxWcE+oA1hMp20QyaTMDNRSuynuHGhiFu/xJ1/47TNQlsPXDiccy/33uMnnCmN0LdVWFvf2Nwqbpd2dvf2D+zyYUfFqSS0TWIey56PFeVM0LZmmtNeIimOfE67fngz87sPVCoWi3s9Sagb4ZFgASNYG8mzy4GXhV79PPQaU3gFawh5dgVV0RxwlTg5qYAcLc/+GgxjkkZUaMKxUn0HJdrNsNSMcDotDVJFE0xCPKJ9QwWOqHKz+elTeGqUIQxiaUpoOFd/T2Q4UmoS+aYzwnqslr2Z+J/XT3Vw6WZMJKmmgiwWBSmHOoazHOCQSUo0nxiCiWTmVkjGWGKiTVolE4Kz/PIq6dSqTqOK7uqV5nUeRxEcgxNwBhxwAZrgFrRAGxDwCJ7BK3iznqwX6936WLQWrHzmCPyB9fkDqt6STg==</latexit>

fk4,k5
= 200

<latexit sha1_base64="5Gd0KkCH24eVEkZxc/sWXo/gDE0=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSJ4kJKoRS9C0YvHCvYD2hA22027ZLMJu5tCCf0nXjwo4tV/4s1/47bNQVsfDDzem2FmXpByprTjfFsrq2vrG5ulrfL2zu7evn1w2FJJJgltkoQnshNgRTkTtKmZ5rSTSorjgNN2EN1P/faISsUS8aTHKfViPBAsZARrI/m2jf088i/PUeTXJugWub5dcarODGiZuAWpQIGGb3/1+gnJYio04Vipruuk2sux1IxwOin3MkVTTCI8oF1DBY6p8vLZ5RN0apQ+ChNpSmg0U39P5DhWahwHpjPGeqgWvan4n9fNdHjj5UykmaaCzBeFGUc6QdMYUJ9JSjQfG4KJZOZWRIZYYqJNWGUTgrv48jJpXVTdWtV5vKrU74o4SnAMJ3AGLlxDHR6gAU0gMIJneIU3K7derHfrY966YhUzR/AH1ucPE9yR/Q==</latexit>

ak3,k5
= 1

<latexit sha1_base64="/o7WLLhJypGNfoV8l3zXTGYC/eo=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSJ4kJJIi16EohePFewHtCFstpt2yWYTdjeFEvpPvHhQxKv/xJv/xm2bg7Y+GHi8N8PMvCDlTGnH+bbW1jc2t7ZLO+Xdvf2DQ/vouK2STBLaIglPZDfAinImaEszzWk3lRTHAaedILqf+Z0xlYol4klPUurFeChYyAjWRvJtG/t55NcuUeTXp+gWub5dcarOHGiVuAWpQIGmb3/1BwnJYio04Vipnuuk2sux1IxwOi33M0VTTCI8pD1DBY6p8vL55VN0bpQBChNpSmg0V39P5DhWahIHpjPGeqSWvZn4n9fLdHjj5UykmaaCLBaFGUc6QbMY0IBJSjSfGIKJZOZWREZYYqJNWGUTgrv88ippX1XdetV5rFUad0UcJTiFM7gAF66hAQ/QhBYQGMMzvMKblVsv1rv1sWhds4qZE/gD6/MHFWqR/g==</latexit>

ak4,k5
= 1

<latexit sha1_base64="Y/5fOq7ZsKg64MDcODxiqMj/qpg=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6QI9BLx4jmgckS5idzCZDZmeXmV4hLPkELx4U8eoXefNvnCR70MSChqKqm+6uIJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+64lrI2L1iOOE+xEdKBEKRtFKD6Peea9ccavuDGSZeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5S6qeEJZSM64B1LFY248bPZqRNyYpU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/9TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0SjYEb/HlZdI8q3qXVff+olK7yeMowhEcwyl4cAU1uIM6NIDBAJ7hFd4c6bw4787HvLXg5DOH8AfO5w/8LY2Z</latexit>

k3

<latexit sha1_base64="DWEmjvReppRJGIV57wXEl7oKq6I=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0MO7X+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqt5l1b2vVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AH9sY2a</latexit>

k4

<latexit sha1_base64="f4qzmW3+R/Mt/0b17PLI6oS6WWE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh3G/1i9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbQuql6t6t5fVuo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AH/NY2b</latexit>

k5
<latexit sha1_base64="KlKvTsqFgjn1X9+iOMSMh/W8Lvk=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgQspErboRim5cVrAPaEOYTCftkMkkzEyUEvspblwo4tYvceffOG2z0NYDFw7n3Mu99/gJZ0oj9G0VlpZXVteK66WNza3tHbu821JxKgltkpjHsuNjRTkTtKmZ5rSTSIojn9O2H95M/PYDlYrF4l6PEupGeCBYwAjWRvLscuBloVc7Dr3zMbyCpwh5dgVV0RRwkTg5qYAcDc/+6vVjkkZUaMKxUl0HJdrNsNSMcDou9VJFE0xCPKBdQwWOqHKz6eljeGiUPgxiaUpoOFV/T2Q4UmoU+aYzwnqo5r2J+J/XTXVw6WZMJKmmgswWBSmHOoaTHGCfSUo0HxmCiWTmVkiGWGKiTVolE4Iz//IiaZ1UnVoV3Z1V6td5HEWwDw7AEXDABaiDW9AATUDAI3gGr+DNerJerHfrY9ZasPKZPfAH1ucPr36SUQ==</latexit>

fk5,k6
= 300

<latexit sha1_base64="Fkh9WvMRDRJ5xVGGeCvoE6Qa7zE=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSJ4kJKIVS9C0YvHCvYD2hA22027ZLMJu5tCCf0nXjwo4tV/4s1/47bNQVsfDDzem2FmXpByprTjfFsrq2vrG5ulrfL2zu7evn1w2FJJJgltkoQnshNgRTkTtKmZ5rSTSorjgNN2EN1P/faISsUS8aTHKfViPBAsZARrI/m2jf088mvnKPKvJugWub5dcarODGiZuAWpQIGGb3/1+gnJYio04Vipruuk2sux1IxwOin3MkVTTCI8oF1DBY6p8vLZ5RN0apQ+ChNpSmg0U39P5DhWahwHpjPGeqgWvan4n9fNdHjj5UykmaaCzBeFGUc6QdMYUJ9JSjQfG4KJZOZWRIZYYqJNWGUTgrv48jJpXVTdWtV5vKzU74o4SnAMJ3AGLlxDHR6gAU0gMIJneIU3K7derHfrY966YhUzR/AH1ucPGIGSAA==</latexit>

ak5,k6
= 1

<latexit sha1_base64="UPB3ov9UAjBsAHr7CZKHB8ffZww=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU8mKYi9C0YvHCvYD2mXJptk2NJtdk2yhLP0dXjwo4tUf481/Y9ruQVsfDDzem2FmXpAIrg3G305hbX1jc6u4XdrZ3ds/KB8etXScKsqaNBax6gREM8ElaxpuBOskipEoEKwdjO5mfnvMlOaxfDSThHkRGUgeckqMlbyxn3HfnaIbVMPYL1dwFc+BVombkwrkaPjlr14/pmnEpKGCaN11cWK8jCjDqWDTUi/VLCF0RAasa6kkEdNeNj96is6s0kdhrGxJg+bq74mMRFpPosB2RsQM9bI3E//zuqkJa17GZZIaJuliUZgKZGI0SwD1uWLUiIklhCpub0V0SBShxuZUsiG4yy+vktZF1b2q4ofLSv02j6MIJ3AK5+DCNdThHhrQBApP8Ayv8OaMnRfn3flYtBacfOYY/sD5/AHhIZDb</latexit>

vi1 = 800
<latexit sha1_base64="DpmST5A2seY6bFOVUosg0gjf5WI=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU8mWil6EohePFWwttMuSTbNtaDa7JtlCWfo7vHhQxKs/xpv/xrTdg7Y+GHi8N8PMvCARXBuMv53C2vrG5lZxu7Szu7d/UD48aus4VZS1aCxi1QmIZoJL1jLcCNZJFCNRINhjMLqd+Y9jpjSP5YOZJMyLyEDykFNirOSN/Yz7tSm6RnWM/XIFV/EcaJW4OalAjqZf/ur1Y5pGTBoqiNZdFyfGy4gynAo2LfVSzRJCR2TAupZKEjHtZfOjp+jMKn0UxsqWNGiu/p7ISKT1JApsZ0TMUC97M/E/r5ua8MrLuExSwyRdLApTgUyMZgmgPleMGjGxhFDF7a2IDoki1NicSjYEd/nlVdKuVd2LKr6vVxo3eRxFOIFTOAcXLqEBd9CEFlB4gmd4hTdn7Lw4787HorXg5DPH8AfO5w/clJDY</latexit>

vi2 = 400

<latexit sha1_base64="D+x5U/ICadYtuyHTGh2UqJ6Oe3M=">AAACF3icbVDLSsNAFJ34rPUVdelmsAguJCS1RTdC0Y3LCvYBbQiT6bQdOpmEmYkQQv/Cjb/ixoUibnXn3zhJs7CtFwbO417u3ONHjEpl2z/Gyura+sZmaau8vbO7t28eHLZlGAtMWjhkoej6SBJGOWkpqhjpRoKgwGek409uM7/zSISkIX9QSUTcAI04HVKMlJY800q8dOJdnEPmOVN4DXNam6f1jFYz6nhmxbbsvOAycApQAUU1PfO7PwhxHBCuMENS9hw7Um6KhKKYkWm5H0sSITxBI9LTkKOASDfN75rCU60M4DAU+nEFc/XvRIoCKZPA150BUmO56GXif14vVsMrN6U8ihXheLZoGDOoQpiFBAdUEKxYogHCguq/QjxGAmGloyzrEJzFk5dBu2o5dcu+r1UaN0UcJXAMTsAZcMAlaIA70AQtgMETeAFv4N14Nl6ND+Nz1rpiFDNHYK6Mr1+UYJxm</latexit>

yk3,l1 = yk4,l1 = yk5,l2 = 1

<latexit sha1_base64="1UrEFw1lEuze00yI3N/6BsQL5bc=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KKURC26EYpuXFawD2hjmEyn7ZCZSZiZCCVk46+4caGIWz/DnX/jtM1CWw9cOJxzL/feE8SMKu0431ZhaXllda24XtrY3NresXf3WipKJCZNHLFIdgKkCKOCNDXVjHRiSRAPGGkH4c3Ebz8SqWgk7vU4Jh5HQ0EHFCNtJN8+QA/cT0P/rAJDv1aBzHczeAVd3y47VWcKuEjcnJRBjoZvf/X6EU44ERozpFTXdWLtpUhqihnJSr1EkRjhEA1J11CBOFFeOn0gg8dG6cNBJE0JDafq74kUcaXGPDCdHOmRmvcm4n9eN9GDSy+lIk40EXi2aJAwqCM4SQP2qSRYs7EhCEtqboV4hCTC2mRWMiG48y8vktZp1a1Vnbvzcv06j6MIDsEROAEuuAB1cAsaoAkwyMAzeAVv1pP1Yr1bH7PWgpXP7IM/sD5/AGgvlFY=</latexit>

am
k3,k5,l1 = 1

<latexit sha1_base64="r4q9s5B7P22ZIrAa8S8maboJOXs=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgopSkKLoRat24rGAf0IYwmU7aoZNJmJkINXThxl9x40IRt36EO//GSZqFth4YOPece7lzjxcxKpVlfRuFldW19Y3iZmlre2d3z9w/6MgwFpi0cchC0fOQJIxy0lZUMdKLBEGBx0jXm1ynfveeCElDfqemEXECNOLUpxgpLblm+cFNmGtX4dUMXsKsqFdhMy1s16xYNSsDXCZ2TiogR8s1vwbDEMcB4QozJGXftiLlJEgoihmZlQaxJBHCEzQifU05Coh0kuyIGTzWyhD6odCPK5ipvycSFEg5DTzdGSA1loteKv7n9WPlXzgJ5VGsCMfzRX7MoAphmggcUkGwYlNNEBZU/xXiMRIIK51bSYdgL568TDr1mn1Ws25PK41mHkcRlMEROAE2OAcNcANaoA0weATP4BW8GU/Gi/FufMxbC0Y+cwj+wPj8Ac7MlZ4=</latexit>

zl1,A = zl2,B = 1
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Location B

Location A

<latexit sha1_base64="byAChrqHct7VUEvnR94GmME+1l8=">AAAB9HicbVBNT8JAEJ36ifiFevSykZh4MKRViR6JXjxiYoEEarNdtrBhuy27WxLS8Du8eNAYr/4Yb/4bF+hBwZdM8vLeTGbmBQlnStv2t7Wyura+sVnYKm7v7O7tlw4OGypOJaEuiXksWwFWlDNBXc00p61EUhwFnDaDwd3Ub46oVCwWj3qcUC/CPcFCRrA2kuc+Df2M+dVz5l9O/FLZrtgzoGXi5KQMOep+6avTjUkaUaEJx0q1HTvRXoalZoTTSbGTKppgMsA92jZU4IgqL5sdPUGnRumiMJamhEYz9fdEhiOlxlFgOiOs+2rRm4r/ee1UhzdexkSSairIfFGYcqRjNE0AdZmkRPOxIZhIZm5FpI8lJtrkVDQhOIsvL5PGRcWpVuyHq3LtNo+jAMdwAmfgwDXU4B7q4AKBITzDK7xZI+vFerc+5q0rVj5zBH9gff4ACv+Rnw==</latexit>

Uq
i5,i3

<latexit sha1_base64="OsPOKNP80jc/wesiV70n0dAoNdQ=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBg5TED/RY9OKxgmkLbQyb7aZdutmku5tCCf0dXjwo4tUf481/47bNQVsfDDzem2FmXpBwprRtf1uFldW19Y3iZmlre2d3r7x/0FBxKgl1Scxj2QqwopwJ6mqmOW0lkuIo4LQZDO6mfnNEpWKxeNTjhHoR7gkWMoK1kTz3aehnzL84Y74z8csVu2rPgJaJk5MK5Kj75a9ONyZpRIUmHCvVduxEexmWmhFOJ6VOqmiCyQD3aNtQgSOqvGx29ASdGKWLwliaEhrN1N8TGY6UGkeB6Yyw7qtFbyr+57VTHd54GRNJqqkg80VhypGO0TQB1GWSEs3HhmAimbkVkT6WmGiTU8mE4Cy+vEwa51Xnqmo/XFZqt3kcRTiCYzgFB66hBvdQBxcIDOEZXuHNGlkv1rv1MW8tWPnMIfyB9fkDBOORmw==</latexit>

Uq
i3,i1

<latexit sha1_base64="byAChrqHct7VUEvnR94GmME+1l8=">AAAB9HicbVBNT8JAEJ36ifiFevSykZh4MKRViR6JXjxiYoEEarNdtrBhuy27WxLS8Du8eNAYr/4Yb/4bF+hBwZdM8vLeTGbmBQlnStv2t7Wyura+sVnYKm7v7O7tlw4OGypOJaEuiXksWwFWlDNBXc00p61EUhwFnDaDwd3Ub46oVCwWj3qcUC/CPcFCRrA2kuc+Df2M+dVz5l9O/FLZrtgzoGXi5KQMOep+6avTjUkaUaEJx0q1HTvRXoalZoTTSbGTKppgMsA92jZU4IgqL5sdPUGnRumiMJamhEYz9fdEhiOlxlFgOiOs+2rRm4r/ee1UhzdexkSSairIfFGYcqRjNE0AdZmkRPOxIZhIZm5FpI8lJtrkVDQhOIsvL5PGRcWpVuyHq3LtNo+jAMdwAmfgwDXU4B7q4AKBITzDK7xZI+vFerc+5q0rVj5zBH9gff4ACv+Rnw==</latexit>

Uq
i5,i3

<latexit sha1_base64="OsPOKNP80jc/wesiV70n0dAoNdQ=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBg5TED/RY9OKxgmkLbQyb7aZdutmku5tCCf0dXjwo4tUf481/47bNQVsfDDzem2FmXpBwprRtf1uFldW19Y3iZmlre2d3r7x/0FBxKgl1Scxj2QqwopwJ6mqmOW0lkuIo4LQZDO6mfnNEpWKxeNTjhHoR7gkWMoK1kTz3aehnzL84Y74z8csVu2rPgJaJk5MK5Kj75a9ONyZpRIUmHCvVduxEexmWmhFOJ6VOqmiCyQD3aNtQgSOqvGx29ASdGKWLwliaEhrN1N8TGY6UGkeB6Yyw7qtFbyr+57VTHd54GRNJqqkg80VhypGO0TQB1GWSEs3HhmAimbkVkT6WmGiTU8mE4Cy+vEwa51Xnqmo/XFZqt3kcRTiCYzgFB66hBvdQBxcIDOEZXuHNGlkv1rv1MW8tWPnMIfyB9fkDBOORmw==</latexit>

Uq
i3,i1

<latexit sha1_base64="fjDytFGt8nMGsOZCloALdyHHzX8=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVRY9FLx4r2g9p1yWbZtvQJLsmWaEs/RVePCji1Z/jzX9j2u5BWx8MPN6bYWZemHCmjet+O4Wl5ZXVteJ6aWNza3unvLvX1HGqCG2QmMeqHWJNOZO0YZjhtJ0oikXIaSscXk381hNVmsXyzowS6gvclyxiBBsr3d8+PAYZC7xxUK64VXcKtEi8nFQgRz0of3V7MUkFlYZwrHXHcxPjZ1gZRjgdl7qppgkmQ9ynHUslFlT72fTgMTqySg9FsbIlDZqqvycyLLQeidB2CmwGet6biP95ndREF37GZJIaKslsUZRyZGI0+R71mKLE8JElmChmb0VkgBUmxmZUsiF48y8vkuZJ1TurujenldplHkcRDuAQjsGDc6jBNdShAQQEPMMrvDnKeXHenY9Za8HJZ/bhD5zPH5/mkEo=</latexit>

Sq
i1

<latexit sha1_base64="p4//th1ifHVOtYUAo6mUxiUbG5w=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJ4KrtF0WPRi8eK9kPadcmm2TY0ya5JVihLf4UXD4p49ed489+YtnvQ1gcDj/dmmJkXJpxp47rfztLyyuraemGjuLm1vbNb2ttv6jhVhDZIzGPVDrGmnEnaMMxw2k4UxSLktBUOryZ+64kqzWJ5Z0YJ9QXuSxYxgo2V7m8fHoOMBdVxUCq7FXcKtEi8nJQhRz0ofXV7MUkFlYZwrHXHcxPjZ1gZRjgdF7uppgkmQ9ynHUslFlT72fTgMTq2Sg9FsbIlDZqqvycyLLQeidB2CmwGet6biP95ndREF37GZJIaKslsUZRyZGI0+R71mKLE8JElmChmb0VkgBUmxmZUtCF48y8vkma14p1V3JvTcu0yj6MAh3AEJ+DBOdTgGurQAAICnuEV3hzlvDjvzsesdcnJZw7gD5zPH6FrkEs=</latexit>

Sq
i2

<latexit sha1_base64="3qAuDnIijKZsEouKIjFAuZI6iNM=">AAAB8HicbVDLTsMwENyUVymvAkcuFhUSpyrhIThWcOFYBH2gNkSO67RWbSfYDlIV9Su4cAAhrnwON/4Gt80BCiOtNJrZ1e5OmHCmjet+OYWFxaXlleJqaW19Y3OrvL3T1HGqCG2QmMeqHWJNOZO0YZjhtJ0oikXIaSscXk781iNVmsXy1owS6gvclyxiBBsr3d3cPwQZC47HQbniVt0p0F/i5aQCOepB+bPbi0kqqDSEY607npsYP8PKMMLpuNRNNU0wGeI+7VgqsaDaz6YHj9GBVXooipUtadBU/TmRYaH1SIS2U2Az0PPeRPzP66QmOvczJpPUUElmi6KUIxOjyfeoxxQlho8swUQxeysiA6wwMTajkg3Bm3/5L2keVb3Tqnt9Uqld5HEUYQ/24RA8OIMaXEEdGkBAwBO8wKujnGfnzXmftRacfGYXfsH5+Aai8JBM</latexit>

Sq
i3

<latexit sha1_base64="tBkPOPO6oCebgv9tsxiRp1tUHI4=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVRY9FLx4r2g9p1yWbZtvQJLsmWaEs/RVePCji1Z/jzX9j2u5BWx8MPN6bYWZemHCmjet+O4Wl5ZXVteJ6aWNza3unvLvX1HGqCG2QmMeqHWJNOZO0YZjhtJ0oikXIaSscXk381hNVmsXyzowS6gvclyxiBBsr3d8+PAYZC07HQbniVt0p0CLxclKBHPWg/NXtxSQVVBrCsdYdz02Mn2FlGOF0XOqmmiaYDHGfdiyVWFDtZ9ODx+jIKj0UxcqWNGiq/p7IsNB6JELbKbAZ6HlvIv7ndVITXfgZk0lqqCSzRVHKkYnR5HvUY4oSw0eWYKKYvRWRAVaYGJtRyYbgzb+8SJonVe+s6t6cVmqXeRxFOIBDOAYPzqEG11CHBhAQ8Ayv8OYo58V5dz5mrQUnn9mHP3A+fwCkdZBN</latexit>

Sq
i4

<latexit sha1_base64="B/ZIL/nryFWsbHpszOvSN3LUQBQ=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJ4Krti0WPRi8eK9kPadcmm2TY0ya5JVihLf4UXD4p49ed489+YtnvQ1gcDj/dmmJkXJpxp47rfztLyyuraemGjuLm1vbNb2ttv6jhVhDZIzGPVDrGmnEnaMMxw2k4UxSLktBUOryZ+64kqzWJ5Z0YJ9QXuSxYxgo2V7m8fHoOMBdVxUCq7FXcKtEi8nJQhRz0ofXV7MUkFlYZwrHXHcxPjZ1gZRjgdF7uppgkmQ9ynHUslFlT72fTgMTq2Sg9FsbIlDZqqvycyLLQeidB2CmwGet6biP95ndREF37GZJIaKslsUZRyZGI0+R71mKLE8JElmChmb0VkgBUmxmZUtCF48y8vkuZpxatW3Juzcu0yj6MAh3AEJ+DBOdTgGurQAAICnuEV3hzlvDjvzsesdcnJZw7gD5zPH6X6kE4=</latexit>

Sq
i5

<latexit sha1_base64="AjAYDcqQVhu3snJ7qngWlDlSIEo=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJ4Krti0WNRDx4r2A9p1yWbZtvQJLsmWaEs/RVePCji1Z/jzX9j2u5BWx8MPN6bYWZemHCmjet+O0vLK6tr64WN4ubW9s5uaW+/qeNUEdogMY9VO8SaciZpwzDDaTtRFIuQ01Y4vJr4rSeqNIvlnRkl1Be4L1nECDZWur9+eAwyFlTHQansVtwp0CLxclKGHPWg9NXtxSQVVBrCsdYdz02Mn2FlGOF0XOymmiaYDHGfdiyVWFDtZ9ODx+jYKj0UxcqWNGiq/p7IsNB6JELbKbAZ6HlvIv7ndVITXfgZk0lqqCSzRVHKkYnR5HvUY4oSw0eWYKKYvRWRAVaYGJtR0Ybgzb+8SJqnFa9acW/PyrXLPI4CHMIRnIAH51CDG6hDAwgIeIZXeHOU8+K8Ox+z1iUnnzmAP3A+fwCOxpA/</latexit>

Dq
i5

<latexit sha1_base64="dQvfebYQm8c/Wh1VWIpW9/fj374=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgIYRdUfQY9eIxgnlAEsLsZDYZMzu7zPQKYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3+bEUBl3328mtrK6tb+Q3C1vbO7t7xf2DhokSzXidRTLSLZ8aLoXidRQoeSvWnIa+5E1/dDv1m09cGxGpBxzHvBvSgRKBYBSt1HzseWWvfN0rltyKOwNZJl5GSpCh1it+dfoRS0KukElqTNtzY+ymVKNgkk8KncTwmLIRHfC2pYqG3HTT2bkTcmKVPgkibUshmam/J1IaGjMOfdsZUhyaRW8q/ue1EwyuuqlQcYJcsfmiIJEEIzL9nfSF5gzl2BLKtLC3EjakmjK0CRVsCN7iy8ukcVbxLiru/XmpepPFkYcjOIZT8OASqnAHNagDgxE8wyu8ObHz4rw7H/PWnJPNHMIfOJ8/wouOiA==</latexit>

j1, 1, A
<latexit sha1_base64="os9DEzXUh2Ye+/kHxruqEVFTREo=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgIYRdUfQY9eIxgnlAEsLspDcZMzu7zMwKYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3+bHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSLZ9qFFxi3XAjsBUrpKEvsOmPbqd+8wmV5pF8MOMYuyEdSB5wRo2Vmo89r3xWvu4VS27FnYEsEy8jJchQ6xW/Ov2IJSFKwwTVuu25semmVBnOBE4KnURjTNmIDrBtqaQh6m46O3dCTqzSJ0GkbElDZurviZSGWo9D33aG1Az1ojcV//PaiQmuuimXcWJQsvmiIBHERGT6O+lzhcyIsSWUKW5vJWxIFWXGJlSwIXiLLy+TxlnFu6i49+el6k0WRx6O4BhOwYNLqMId1KAODEbwDK/w5sTOi/PufMxbc042cwh/4Hz+AMQRjok=</latexit>

j1, 2, A
<latexit sha1_base64="GwRxtRC9VLpMMaXjWLTOnUsaWVk=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hLDrAz1GvXiMYB6QLGF20knGzM4uM7NCWPIRXjwo4tXv8ebfOEn2oIkFDUVVN91dQSy4Nq777Swtr6yurec28ptb2zu7hb39uo4SxbDGIhGpZkA1Ci6xZrgR2IwV0jAQ2AiGtxO/8YRK80g+mFGMfkj7kvc4o8ZKjceOVzorXXcKRbfsTkEWiZeRImSodgpf7W7EkhClYYJq3fLc2PgpVYYzgeN8O9EYUzakfWxZKmmI2k+n547JsVW6pBcpW9KQqfp7IqWh1qMwsJ0hNQM9703E/7xWYnpXfsplnBiUbLaolwhiIjL5nXS5QmbEyBLKFLe3EjagijJjE8rbELz5lxdJ/bTsXZTd+/Ni5SaLIweHcAQn4MElVOAOqlADBkN4hld4c2LnxXl3PmatS042cwB/4Hz+AMWXjoo=</latexit>

j1, 3, A

<latexit sha1_base64="fYfQ8gfCzIaKWi+xqJ9HnkTTrSI=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgIYRdH+gxxIvHCOYBSQizk95kzOzsMjMrhCUf4cWDIl79Hm/+jZNkDxotaCiquunu8mPBtXHdLye3srq2vpHfLGxt7+zuFfcPmjpKFMMGi0Sk2j7VKLjEhuFGYDtWSENfYMsf38z81iMqzSN5byYx9kI6lDzgjBortR76Xvm8XOsXS27FnYP8JV5GSpCh3i9+dgcRS0KUhgmqdcdzY9NLqTKcCZwWuonGmLIxHWLHUklD1L10fu6UnFhlQIJI2ZKGzNWfEykNtZ6Evu0MqRnpZW8m/ud1EhNc91Iu48SgZItFQSKIicjsdzLgCpkRE0soU9zeStiIKsqMTahgQ/CWX/5LmmcV77Li3l2UqrUsjjwcwTGcggdXUIVbqEMDGIzhCV7g1YmdZ+fNeV+05pxs5hB+wfn4Bscbjos=</latexit>

j1, 3, B
<latexit sha1_base64="ZZb88Jtl9aRsUFWX2LjqxhmWPMA=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgIYRdUfQY4sVjBPOAZAmzk9lkzOzsMtMrhJCP8OJBEa9+jzf/xkmyB00saCiquunuChIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbmt564NiJWDzhOuB/RgRKhYBSt1HrseeWLcq1XLLkVdw6ySryMlCBDvVf86vZjlkZcIZPUmI7nJuhPqEbBJJ8WuqnhCWUjOuAdSxWNuPEn83On5MwqfRLG2pZCMld/T0xoZMw4CmxnRHFolr2Z+J/XSTG88SdCJSlyxRaLwlQSjMnsd9IXmjOUY0so08LeStiQasrQJlSwIXjLL6+S5kXFu6q495elai2LIw8ncArn4ME1VOEO6tAABiN4hld4cxLnxXl3PhatOSebOYY/cD5/AMWVjoo=</latexit>

j1, 2, B
<latexit sha1_base64="oGX1Mwb75mXTVCXleGcTTECMnFo=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgIYRdUfQY4sVjBPOAZAmzk95kzOzsMjMrhJCP8OJBEa9+jzf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWP5YMYJ+hEdSB5yRo2VWo89r+yVa71iya24c5BV4mWkBBnqveJXtx+zNEJpmKBadzw3Mf6EKsOZwGmhm2pMKBvRAXYslTRC7U/m507JmVX6JIyVLWnIXP09MaGR1uMosJ0RNUO97M3E/7xOasIbf8JlkhqUbLEoTAUxMZn9TvpcITNibAllittbCRtSRZmxCRVsCN7yy6ukeVHxriru/WWpWsviyMMJnMI5eHANVbiDOjSAwQie4RXenMR5cd6dj0VrzslmjuEPnM8fxA+OiQ==</latexit>

j1, 1, B

<latexit sha1_base64="Gd726yie+EchWTDqMwGnX4RUQA0=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgIYRdUfQY9eIxgnlAEsLspDcZMzu7zMwKYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3+bHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSLZ9qFFxi3XAjsBUrpKEvsOmPbqd+8wmV5pF8MOMYuyEdSB5wRo2Vmo+9s7JXvu4VS27FnYEsEy8jJchQ6xW/Ov2IJSFKwwTVuu25semmVBnOBE4KnURjTNmIDrBtqaQh6m46O3dCTqzSJ0GkbElDZurviZSGWo9D33aG1Az1ojcV//PaiQmuuimXcWJQsvmiIBHERGT6O+lzhcyIsSWUKW5vJWxIFWXGJlSwIXiLLy+TxlnFu6i49+el6k0WRx6O4BhOwYNLqMId1KAODEbwDK/w5sTOi/PufMxbc042cwh/4Hz+AMQTjok=</latexit>

j2, 1, A

<latexit sha1_base64="xCy6XgDH1Vl6dSUxl8XiL7Y/CRw=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgIYRdUfQY4sVjBPOAZAmzk9lkzOzsMtMrhJCP8OJBEa9+jzf/xkmyB00saCiquunuChIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbmt564NiJWDzhOuB/RgRKhYBSt1HrsXZS9cq1XLLkVdw6ySryMlCBDvVf86vZjlkZcIZPUmI7nJuhPqEbBJJ8WuqnhCWUjOuAdSxWNuPEn83On5MwqfRLG2pZCMld/T0xoZMw4CmxnRHFolr2Z+J/XSTG88SdCJSlyxRaLwlQSjMnsd9IXmjOUY0so08LeStiQasrQJlSwIXjLL6+S5kXFu6q495elai2LIw8ncArn4ME1VOEO6tAABiN4hld4cxLnxXl3PhatOSebOYY/cD5/AMWXjoo=</latexit>

j2, 1, B
<latexit sha1_base64="OFIYGJyN0S5sBvdtLu2wDhZB0uQ=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hLAbFD2GePEYwTwgWcLspJOMmZ1dZmaFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7glhwbVz321lb39jc2s7t5Hf39g8OC0fHTR0limGDRSJS7YBqFFxiw3AjsB0rpGEgsBWMb2d+6wmV5pF8MJMY/ZAOJR9wRo2VWo+9SqlSqvUKRbfszkFWiZeRImSo9wpf3X7EkhClYYJq3fHc2PgpVYYzgdN8N9EYUzamQ+xYKmmI2k/n507JuVX6ZBApW9KQufp7IqWh1pMwsJ0hNSO97M3E/7xOYgY3fsplnBiUbLFokAhiIjL7nfS5QmbExBLKFLe3EjaiijJjE8rbELzll1dJs1L2rsru/WWxWsviyMEpnMEFeHANVbiDOjSAwRie4RXenNh5cd6dj0XrmpPNnMAfOJ8/xx2Oiw==</latexit>

j2, 2, B

<latexit sha1_base64="gzXYJ33Uyn8rw5WeQuSa9fcprOQ=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hLAbFD1GvXiMYB6QLGF2MpuMmZ1dZnqFEPIRXjwo4tXv8ebfOEn2oIkFDUVVN91dQSKFQdf9dlZW19Y3NnNb+e2d3b39wsFhw8SpZrzOYhnrVkANl0LxOgqUvJVoTqNA8mYwvJ36zSeujYjVA44S7ke0r0QoGEUrNR+7lVKldN0tFN2yOwNZJl5GipCh1i18dXoxSyOukElqTNtzE/THVKNgkk/yndTwhLIh7fO2pYpG3Pjj2bkTcmqVHgljbUshmam/J8Y0MmYUBbYzojgwi95U/M9rpxhe+WOhkhS5YvNFYSoJxmT6O+kJzRnKkSWUaWFvJWxANWVoE8rbELzFl5dJo1L2Lsru/XmxepPFkYNjOIEz8OASqnAHNagDgyE8wyu8OYnz4rw7H/PWFSebOYI/cD5/AMWZjoo=</latexit>

j2, 2, A

<latexit sha1_base64="dQvfebYQm8c/Wh1VWIpW9/fj374=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgIYRdUfQY9eIxgnlAEsLsZDYZMzu7zPQKYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3+bEUBl3328mtrK6tb+Q3C1vbO7t7xf2DhokSzXidRTLSLZ8aLoXidRQoeSvWnIa+5E1/dDv1m09cGxGpBxzHvBvSgRKBYBSt1HzseWWvfN0rltyKOwNZJl5GSpCh1it+dfoRS0KukElqTNtzY+ymVKNgkk8KncTwmLIRHfC2pYqG3HTT2bkTcmKVPgkibUshmam/J1IaGjMOfdsZUhyaRW8q/ue1EwyuuqlQcYJcsfmiIJEEIzL9nfSF5gzl2BLKtLC3EjakmjK0CRVsCN7iy8ukcVbxLiru/XmpepPFkYcjOIZT8OASqnAHNagDgxE8wyu8ObHz4rw7H/PWnJPNHMIfOJ8/wouOiA==</latexit>

j1, 1, A
<latexit sha1_base64="os9DEzXUh2Ye+/kHxruqEVFTREo=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgIYRdUfQY9eIxgnlAEsLspDcZMzu7zMwKYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3+bHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSLZ9qFFxi3XAjsBUrpKEvsOmPbqd+8wmV5pF8MOMYuyEdSB5wRo2Vmo89r3xWvu4VS27FnYEsEy8jJchQ6xW/Ov2IJSFKwwTVuu25semmVBnOBE4KnURjTNmIDrBtqaQh6m46O3dCTqzSJ0GkbElDZurviZSGWo9D33aG1Az1ojcV//PaiQmuuimXcWJQsvmiIBHERGT6O+lzhcyIsSWUKW5vJWxIFWXGJlSwIXiLLy+TxlnFu6i49+el6k0WRx6O4BhOwYNLqMId1KAODEbwDK/w5sTOi/PufMxbc042cwh/4Hz+AMQRjok=</latexit>

j1, 2, A

<latexit sha1_base64="ZZb88Jtl9aRsUFWX2LjqxhmWPMA=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgIYRdUfQY4sVjBPOAZAmzk9lkzOzsMtMrhJCP8OJBEa9+jzf/xkmyB00saCiquunuChIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbmt564NiJWDzhOuB/RgRKhYBSt1HrseeWLcq1XLLkVdw6ySryMlCBDvVf86vZjlkZcIZPUmI7nJuhPqEbBJJ8WuqnhCWUjOuAdSxWNuPEn83On5MwqfRLG2pZCMld/T0xoZMw4CmxnRHFolr2Z+J/XSTG88SdCJSlyxRaLwlQSjMnsd9IXmjOUY0so08LeStiQasrQJlSwIXjLL6+S5kXFu6q495elai2LIw8ncArn4ME1VOEO6tAABiN4hld4cxLnxXl3PhatOSebOYY/cD5/AMWVjoo=</latexit>

j1, 2, B
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Figure 5.9: Illustration of notation for optimal modular design from spatial superstructure

With the previous definitions, the optimization formulation is:

min
f ,v,a,am ,y,z

C (5.3.28a)
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s.t. fk,k′ ≤ M · µk,k′ , k, k′ ∈ N q (5.3.28b)

∑
k∈N q

fs,k ≤ vi, s ∈ Sq, i ∈ Ωs (5.3.28c)

∑
k′∈N q

fu,k′ ≤ ξu,i · ∑
l∈L

yu,l , u ∈ U q, i ∈ Ωu (5.3.28d)

∑
k∈N q

fk,u = ξu,i′ · βi′
i,τu
· ∑

l∈L
yu,l , u ∈ U q, i′ ∈ Ku, i ∈ Ωu (5.3.28e)

∑
k∈N q

fk,d = δi′ , d ∈ Dq, i′ ∈ Kd (5.3.28f)

fk,k′ ≤ M · ak,k′ , k, k′ ∈ N q (5.3.28g)

ak,k′ ≤ fk,k′ , k, k′ ∈ N q (5.3.28h)

∑
l∈L

yu,l ≤ 1, u ∈ U q (5.3.28i)

∑
u′∈U q

am
u,u′ ,l + ∑

u′∈U q
am

u′ ,u,l ≤ M · yu,l , u ∈ U q, l ∈ L (5.3.28j)

∑
l∈L

am
u,u′ ,l ≤ au,u′ , u, u′ ∈ U q (5.3.28k)

D ≤ ∑
u∈U q

yu,l · γu ≤ D̄, l ∈ L (5.3.28l)

∑
u,u′∈U q ,l∈L

am
u,u′ ,l ≥ ε · ∑

u,u′∈U q
au,u′ (5.3.28m)

fk,k′ ≥ 0, k, k′ ∈ N q (5.3.28n)

∑
g∈Gt

zl,g ≤ 1, l ∈ L (5.3.28o)

yu,l ≤ zl,φu , u ∈ U q, l ∈ L (5.3.28p)

This formulation is more comprehensive that the one based on a superstructure in that

it delivers an optimal system design that not only captures techs needed but also their

geographical location. In other words, this formulation simultaneously designs a supply

chain and associated processes.
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5.4 Case Study

We present a case study to illustrate how our optimization formulations can help auto-

mate the generation of superstructures and spatial superstructures and to identify optimal

system designs with desired modularity. The study tries to identify an optimal supply

chain design for plastic waste upcycling that takes municipal solid waste (MSW) as the

input and produces ethylene, propylene and hydrogen as final products. The MILPs

were solved using Gurobi (version 9.0.3) and were implemented in the Julia-based JuMP

modeling framework. We use Gephi for graph manipulation and visualization. All op-

timization formulations are solved using a commercial laptop and the solving time is

referred to the wall clock time. All code needed to reproduce the results can be found in

https://github.com/zavalab/JuliaBox/tree/master/ModularDesign.

Municipal Solid Waste
(MSW)

House Holds
Material Recovery Facility

Plastic Bale

Reprocessing Facility

Plastic Flake

Pyrolysis plant

Pyrolysis Gas
Pyrolysis Oil

Steam Cracking Unit

Ethylene

Propylene

Hydrogen

Figure 5.10: High-level view of processing tasks involved in plastic waste upcycling.

5.4.1 Problem Setup and Material Hierarchy of the Process

A high-level view of the processing tasks involved in plastic waste upcycling is provided

in Figure 5.10. Here, MSW (denoted as i1) collected from households is fed into a product

https://github.com/zavalab/JuliaBox/tree/master/ModularDesign
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recovery facility (MRF) that obtains a plastic bale (i2), the plastic bale goes through a

reprocessing facility (RF) that cleans the bale and converts it into plastic flakes (i3), a

pyrolysis process (PP) takes the plastic flakes and converts these into pyrolysis gas (i4)

and pyrolysis oil (i5), a steam cracking (SC) process obtains the final products, given

by ethylene (i6), propylene (i7), and hydrogen (i8). For this system, techs that produce

the same products have the same interdependencies between products and they only

differ in their capacities. Therefore, we eliminate the attribute of techs and the product

dependencies between the different techs is shown in Table 5.2. Producing 1 unit of i2

requires 7.69 unit of i1; producing 1 unit of i3 requires 1 unit of i2; producing 1 unit of

i5 requires 1.29 unit of i3; finally, 1 unit of i6, i7 or i8 requires 3.81, 6.16 or 125 unit of i5

respectively. Note that intermediate product i4 is not used in the following process and is

therefore considered a waste. Additional information is summarized in Table 5.3.

Table 5.2: Product interdependencies between technologies.

i2 i3 i5 i6 i7 i8

i1 7.69 0 0 0 0 0

i2 0 1 0 0 0 0

i3 0 0 1.29 0 0 0

i5 0 0 0 3.81 6.16 125

Each installation cost, operating cost tech dimension and tech capacity is associ-

ated with each technology in the above row respectively. For example, for technology

T{i4 ,i5},i3 ,j1 , its installation cost is $ 0.46× 108, operating cost is $ 14 per unit of input i3,

dimension is 2, and capacities for producing product i4 and i5 are 169,000 tons and 39,000

tons, respectively. We assume that the operating cost for techs producing the same prod-

ucts but of different sizes/kinds is the same. It is worth emphasizing that, to capture

economies of scale, the estimation of the installation cost is based on the so-called “2/3

rule" that is prevalent in cost estimation. Specifically, the rule that applies to the different

technologies producing product i2 can be expressed as:
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Table 5.3: Data for plastic upcycling system.

Parameters Values

Supplied Materials,R [i1, i2, i3, i5]

Products, P [i2, i3, i4, i5, i6, i7, i8]

All Materials, I [i1, i2, i3, i4, i5, i6, i2, i8]

Technologies , T

[Ti2 ,i1 ,j1 , Ti2 ,i1 ,j2 , Ti2 ,i1 ,j3 ]

[Ti3 ,i2 ,j1 , Ti3 ,i2 ,j2 , Ti3 ,i2 ,j3 ]

[T{i4 ,i5},i3 ,j1 , T{i4 ,i5},i3 ,j2 , T{i4 ,i5},i3 ,j3 ]

[T{i6 ,i7 ,i8},i5 ,j1 , T{i6 ,i7 ,i8},i5 ,j2 , T{i6 ,i7 ,i8},i5 ,j3 ]

Installation Cost, αξ (×108 $)

[0.27, 0.46, 0.70]

[0.13, 0.30, 0.56]

[0.46, 0.79, 1.20]

[6.05, 9.17 13.90]

Operating Cost, αu ($ / unit of input)

8.87

44.19

14

71.8

Technology Dimension, γ

[3, 5, 8]

[3, 5, 8]

[2, 4, 8]

[3, 5, 8]

Technology Capacity, ξ ( ×104 tons)

[24.2, 60.5, 120.9]

[20.8, 52, 104]

[[16.9, 3.9], [42.3, 9.8], [112.8, 26.3]]

[[13.1, 8.1, 0.4], [26.1, 16.2, 0.80], [52.3, 32.3, 1.6]]

Purchasing Unit Cost, α
ρ
i , i ∈ R, ($/unit) [0, 250, 1300, 1100]

Disposal Cost, αd
i , i ∈ I , ($/ton) [50, 40, 40, 400, 800, 0, 0, 0]

Required Production, δi , i ∈ I , (tons) [0, 0, 0, 0, 0, 150000, 100000, 5000]

Project Duration, tp (yrs) 20

Discount Rate, r 0.06

Annualization Factor, εu 0.087

Module Dimension Limits, [D, D̄] [2, 12]
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(
ξTi2,i1,j1

ξTi2,i1,j2

)
=

α
ξ
Ti2,i1,j1

α
ξ
Ti2,i1,j2


3
2

. (5.4.29)

In order to generate the superstructures of the system, we first use the formulation

(5.3.2) to solve for the hierarchy of all products based on their interdependencies. The

result shows that i4, i6, i7, and i8 have the highest hierarchy followed by i5, i3, i2 and i1

respectively. This makes sense because products i6, i7, and i8 are the final product of the

process, and for intermediate product i4, even though it is the product of an intermediate

process, it is the waste of the process that no other products depend on. Therefore, it

has the highest hierarchy but it is not a required product in the process. Then, with the

hierarchy of each product, we can compute the total amount of each product needed for

the system and the number of all possible techs needed for the process. The information

is summarized in Table 5.4.

With above information, we are now ready to generate the superstructures of the

system and then identify an optimal feasible path. We first consider the design using su-

perstructure without spatial information and solve the problem using formulation (5.3.6)

and (5.3.22). Then, we solve for the spatial optimal design using formulation (5.3.24) and

(5.3.28).

5.4.2 Optimal System Design without Spatial Information

The superstructure of this system is shown in Figure 5.11. Looking from top to bottom,

we have the product hierarchy of the system, which takes MSW as the input, generates

plastic bale/flakes and pyrolysis gas/oil as intermediate products, and generates ethy-

lene, propylene and hydrogen as final outputs. Looking from left to right, we have four

nodes representing the supplies of the four primary products, and in the middle nodes

with different sizes represent techs of different capacities. The number of copies of each
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Table 5.4: Results for hierarchy of products, quantity of products, and number of tech-
nologies.

Materials Hierarchy Required Amount (tons) Number of Technologies

i1 5 6.22× 106 −

i2 4 8.09× 105

Ti2,i1,j1 : 4

Ti2,i1 j2 : 2

Ti2,i1,j3 : 1

i3 3 8.09× 105

Ti3,i2,j1 : 4

Ti3,i2,j2 : 2

Ti3,i2,j3 : 1

i5 2 6.25× 105

T{i4,i5},i3 ,j1 : 4

T{i4,i5},i3 ,j2 : 2

T{i4 ,i5},i3 ,j3 : 1

i4 1 0 /

i6 1 1.5× 105 T{i6 ,i7,i8},i5 ,j1 : 2

i7 1 1× 105 T{i6 ,i7,i8},i5 ,j2 : 1

i8 1 5× 103 T{i6 ,i7,i8},i5 ,j3 : 1

techs coincides with the number shown in Table 5.4. Finally, the three nodes on the right

represent the demands. As expected, the superstructure is dense due to the large number

of possible techs.

We assume that the connectivity cost α f is $ 0.01 per unit of product that an edge

carries. First, we used formulation (5.3.6) to solve for the cost-minimizing optimal supply

chain design and the result is shown in Figure 5.12 . The design problem contains 1028

continuous variables and 25 binary variables, and contains 1111 constraints. This problem

takes less than 0.01 second to solve. The result shows that the optimal design design

contains 7 tech units and achieves an annualized cost of $ 6.56× 108. We can see that it

chooses the tech with largest capacity for processes MRF, RF and PP as they are the most

cost efficient units to satisfy the required amount of products.
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<latexit sha1_base64="O002inp23bzSSmaHTAJQtfkYcT8=">AAAB8HicbVDLSsNAFL2pr1pfrS7dDBZBNyURfCyLunBZwbSVJobJdNIOnUzCzEQooV/hxoUibv0cd/6Ia6ePhbYeuHA4517uvSdMOVPatr+swtLyyupacb20sbm1vVOu7DZVkklCXZLwRLZDrChngrqaaU7bqaQ4DjlthYOrsd96pFKxRNzpYUr9GPcEixjB2kj31w8qyFlwNgrKVbtmT4AWiTMj1fqxV/G/Xa8RlD+9bkKymApNOFaq49ip9nMsNSOcjkpepmiKyQD3aMdQgWOq/Hxy8AgdGqWLokSaEhpN1N8TOY6VGsah6Yyx7qt5byz+53UyHV34ORNppqkg00VRxpFO0Ph71GWSEs2HhmAimbkVkT6WmGiTUcmE4My/vEiaJzXntGbfmjQuYYoi7MMBHIED51CHG2iACwRieIIXeLWk9Wy9We/T1oI1m9mDP7A+fgBm25MY</latexit>

Ds
i6

<latexit sha1_base64="WZ0EsIAGqXSjVF/fYSPi5DO+B54=">AAAB8HicbVBNS8NAEJ3Ur1q/Wj16WSyCXkoiSD0W9eCxgmkrTQyb7aZdupuE3Y1QQn+FFw+KePXnePOPeHb7cdDWBwOP92aYmRemnClt219WYWV1bX2juFna2t7Z3StX9lsqySShLkl4IjshVpSzmLqaaU47qaRYhJy2w+HVxG8/UqlYEt/pUUp9gfsxixjB2kj31w8qyFlQHwflql2zp0DLxJmTauPUq/jfrtcMyp9eLyGZoLEmHCvVdexU+zmWmhFOxyUvUzTFZIj7tGtojAVVfj49eIyOjdJDUSJNxRpN1d8TORZKjURoOgXWA7XoTcT/vG6mows/Z3GaaRqT2aIo40gnaPI96jFJieYjQzCRzNyKyABLTLTJqGRCcBZfXiats5pzXrNvTRqXMEMRDuEITsCBOjTgBprgAgEBT/ACr5a0nq03633WWrDmMwfwB9bHD2hgkxk=</latexit>

Ds
i7

<latexit sha1_base64="xTyezuB2Th7KCLe0C59Fl5qusZk=">AAAB8HicbVBNS8NAEJ3Ur1q/Wj16WSyCXkoiiD0W9eCxgmkrTQyb7aZdupuE3Y1QQn+FFw+KePXnePOPeHb7cdDWBwOP92aYmRemnClt219WYWV1bX2juFna2t7Z3StX9lsqySShLkl4IjshVpSzmLqaaU47qaRYhJy2w+HVxG8/UqlYEt/pUUp9gfsxixjB2kj31w8qyFlQHwflql2zp0DLxJmTauPUq/jfrtcMyp9eLyGZoLEmHCvVdexU+zmWmhFOxyUvUzTFZIj7tGtojAVVfj49eIyOjdJDUSJNxRpN1d8TORZKjURoOgXWA7XoTcT/vG6mo7qfszjNNI3JbFGUcaQTNPke9ZikRPORIZhIZm5FZIAlJtpkVDIhOIsvL5PWWc05r9m3Jo1LmKEIh3AEJ+DABTTgBprgAgEBT/ACr5a0nq03633WWrDmMwfwB9bHD2nlkxo=</latexit>

Ds
i8

<latexit sha1_base64="PXwjF3IXShHJNI+WXW7yLD0fOAY=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBg5Tdouix6MVjBfsB7VKyabZNm02WJCuUpf/BiwdFvPp/vPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaDyV3mt5+o0kyKRzONqR/hoWAhI9hYqTXuexeo1i9X3Ko7B1olXk4qkKPRL3/1BpIkERWGcKx113Nj46dYGUY4nZV6iaYxJhM8pF1LBY6o9tP5tTN0ZpUBCqWyJQyaq78nUhxpPY0C2xlhM9LLXib+53UTE974KRNxYqggi0VhwpGRKHsdDZiixPCpJZgoZm9FZIQVJsYGVLIheMsvr5JWrepdVd2Hy0r9No+jCCdwCufgwTXU4R4a0AQCY3iGV3hzpPPivDsfi9aCk88cwx84nz8o2Y4y</latexit>

j1, 2
<latexit sha1_base64="Y6Y+QIcZcO80s5WxHBs+c9P2ehc=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSJ4kLIRRY9FLx4r2A9ol5JNs23abLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurO9/eyura+sbm4Wt4vbO7t5+6eCwYVSqKatTJZRuhcQwwSWrW24FayWakTgUrBmO7qZ+84lpw5V8tOOEBTHpSx5xSqyTGsMuPke4Wyr7FX8GtExwTsqQo9YtfXV6iqYxk5YKYkwb+4kNMqItp4JNip3UsITQEemztqOSxMwE2ezaCTp1Sg9FSruSFs3U3xMZiY0Zx6HrjIkdmEVvKv7ntVMb3QQZl0lqmaTzRVEqkFVo+jrqcc2oFWNHCNXc3YrogGhCrQuo6ELAiy8vk8ZFBV9V/IfLcvU2j6MAx3ACZ4DhGqpwDzWoA4UhPMMrvHnKe/HevY9564qXzxzBH3ifPydVjjE=</latexit>

j1, 1
<latexit sha1_base64="bRgpY4nsmMj14c1dPME1pXdY8WU=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAbBg4RdH+gx6MVjBPOAZAmzk9lkktmZZWZWCEv+wYsHRbz6P978GyfJHjSxoKGo6qa7K0w408bzvp3Cyura+kZxs7S1vbO75+4fNLRMFaF1IrlUrRBrypmgdcMMp61EURyHnDbD0d3Ubz5RpZkUj2ac0CDGfcEiRrCxUmPY9c/QRdctexVvBrRM/JyUIUet6351epKkMRWGcKx12/cSE2RYGUY4nZQ6qaYJJiPcp21LBY6pDrLZtRN0YpUeiqSyJQyaqb8nMhxrPY5D2xljM9CL3lT8z2unJroJMiaS1FBB5ouilCMj0fR11GOKEsPHlmCimL0VkQFWmBgbUMmG4C++vEwa5xX/quI9XJart3kcRTiCYzgFH66hCvdQgzoQGMIzvMKbI50X5935mLcWnHzmEP7A+fwBKl2OMw==</latexit>

j1, 3
<latexit sha1_base64="UZelw0iYtiV8AYvGCPcTTlZqaGA=">AAAB9XicbVBNT8JAEJ3iF+IX6tHLRmLiwZCWYPRI9OIREwskUJrtsoUN222zu9WQhv/hxYPGePW/ePPfuEAPCr5kkpf3ZjIzL0g4U9q2v63C2vrG5lZxu7Szu7d/UD48aqk4lYS6JOax7ARYUc4EdTXTnHYSSXEUcNoOxrczv/1IpWKxeNCThHoRHgoWMoK1kfpuX/kZ82sXiPnO1C9X7Ko9B1olTk4qkKPpl796g5ikERWacKxU17ET7WVYakY4nZZ6qaIJJmM8pF1DBY6o8rL51VN0ZpQBCmNpSmg0V39PZDhSahIFpjPCeqSWvZn4n9dNdXjtZUwkqaaCLBaFKUc6RrMI0IBJSjSfGIKJZOZWREZYYqJNUCUTgrP88ipp1arOZdW+r1caN3kcRTiBUzgHB66gAXfQBBcISHiGV3iznqwX6936WLQWrHzmGP7A+vwBX5iRxg==</latexit>

Us
i2,i1

<latexit sha1_base64="ehEva4R5V66mp2pojVijHG6jusM=">AAAB9XicbVBNT8JAEJ3iF+IX6tHLRmLiwZAWNXokevGIiQUSKM122cKG7bbZ3WpIw//w4kFjvPpfvPlvXKAHBV8yyct7M5mZFyScKW3b31ZhZXVtfaO4Wdra3tndK+8fNFWcSkJdEvNYtgOsKGeCupppTtuJpDgKOG0Fo9up33qkUrFYPOhxQr0IDwQLGcHaSD23p/yM+edniPm1iV+u2FV7BrRMnJxUIEfDL391+zFJIyo04VipjmMn2suw1IxwOil1U0UTTEZ4QDuGChxR5WWzqyfoxCh9FMbSlNBopv6eyHCk1DgKTGeE9VAtelPxP6+T6vDay5hIUk0FmS8KU450jKYRoD6TlGg+NgQTycytiAyxxESboEomBGfx5WXSrFWdy6p9f1Gp3+RxFOEIjuEUHLiCOtxBA1wgIOEZXuHNerJerHfrY95asPKZQ/gD6/MHYqeRyA==</latexit>

Us
i3,i2

<latexit sha1_base64="4oZyJ4O/s1t6iQ2RbZaWtnz8h38=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAbBg4RdH+gx6MVjBPOAZAmzk9lkktmZZWZWCEv+wYsHRbz6P978GyfJHjSxoKGo6qa7K0w408bzvp3Cyura+kZxs7S1vbO75+4fNLRMFaF1IrlUrRBrypmgdcMMp61EURyHnDbD0d3Ubz5RpZkUj2ac0CDGfcEiRrCxUmPYvThDftctexVvBrRM/JyUIUet6351epKkMRWGcKx12/cSE2RYGUY4nZQ6qaYJJiPcp21LBY6pDrLZtRN0YpUeiqSyJQyaqb8nMhxrPY5D2xljM9CL3lT8z2unJroJMiaS1FBB5ouilCMj0fR11GOKEsPHlmCimL0VkQFWmBgbUMmG4C++vEwa5xX/quI9XJart3kcRTiCYzgFH66hCvdQgzoQGMIzvMKbI50X5935mLcWnHzmEP7A+fwBKmOOMw==</latexit>

j3, 1
<latexit sha1_base64="lCbdyQ15ezLTNj0cnEO2dCGPm1Q=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBg5Tdouix6MVjBfsB7VKyabZNm02WJCuUpf/BiwdFvPp/vPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaDyV3mt5+o0kyKRzONqR/hoWAhI9hYqTXu1y6Q1y9X3Ko7B1olXk4qkKPRL3/1BpIkERWGcKx113Nj46dYGUY4nZV6iaYxJhM8pF1LBY6o9tP5tTN0ZpUBCqWyJQyaq78nUhxpPY0C2xlhM9LLXib+53UTE974KRNxYqggi0VhwpGRKHsdDZiixPCpJZgoZm9FZIQVJsYGVLIheMsvr5JWrepdVd2Hy0r9No+jCCdwCufgwTXU4R4a0AQCY3iGV3hzpPPivDsfi9aCk88cwx84nz8o3I4y</latexit>

j2, 1
<latexit sha1_base64="nW8XEEP05tRWs6D65xAifQWkwKM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBg5Tdouix6MVjBfsB7VKyabZNm02WJCuUpf/BiwdFvPp/vPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaDyV3mt5+o0kyKRzONqR/hoWAhI9hYqTXu1y5QrV+uuFV3DrRKvJxUIEejX/7qDSRJIioM4VjrrufGxk+xMoxwOiv1Ek1jTCZ4SLuWChxR7afza2fozCoDFEplSxg0V39PpDjSehoFtjPCZqSXvUz8z+smJrzxUybixFBBFovChCMjUfY6GjBFieFTSzBRzN6KyAgrTIwNqGRD8JZfXiWtWtW7qroPl5X6bR5HEU7gFM7Bg2uowz00oAkExvAMr/DmSOfFeXc+Fq0FJ585hj9wPn8AKmCOMw==</latexit>

j2, 2
<latexit sha1_base64="vXiMURBXLXDllldv8XjAfMYtAsE=">AAAB7XicbVDLSgNBEOyNrxhfUY+KDAbBg4RdUfQY9OIxAfOAZAmzk9lkktmZZWZWCCFH7148KOLVX8h3ePMb/Aknj4MmFjQUVd10dwUxZ9q47peTWlpeWV1Lr2c2Nre2d7K7exUtE0VomUguVS3AmnImaNkww2ktVhRHAafVoHc79qsPVGkmxb3px9SPcFuwkBFsrFTpNr0zdNHM5ty8OwFaJN6M5AqHo9L349Go2Mx+NlqSJBEVhnCsdd1zY+MPsDKMcDrMNBJNY0x6uE3rlgocUe0PJtcO0YlVWiiUypYwaKL+nhjgSOt+FNjOCJuOnvfG4n9ePTHhtT9gIk4MFWS6KEw4MhKNX0ctpigxvG8JJorZWxHpYIWJsQFlbAje/MuLpHKe9y7zbsmmcQNTpOEAjuEUPLiCAtxBEcpAoAtP8AKvjnSenTfnfdqacmYz+/AHzscPGOCR2w==</latexit>

j1, 4

<latexit sha1_base64="fot4LOK+8+0DKb0sAEy3J8ZG6kU=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVix6LXjxWtB/Srks2zbahSXZJskJZ+iu8eFDEqz/Hm//GtN2Dtj4YeLw3w8y8MOFMG9f9dgorq2vrG8XN0tb2zu5eef+gpeNUEdokMY9VJ8SaciZp0zDDaSdRFIuQ03Y4up767SeqNIvlvRkn1Bd4IFnECDZWerh71EHGAm8SlCtu1Z0BLRMvJxXI0QjKX71+TFJBpSEca9313MT4GVaGEU4npV6qaYLJCA9o11KJBdV+Njt4gk6s0kdRrGxJg2bq74kMC63HIrSdApuhXvSm4n9eNzXRpZ8xmaSGSjJfFKUcmRhNv0d9pigxfGwJJorZWxEZYoWJsRmVbAje4svLpHVW9WpV9/a8Ur/K4yjCERzDKXhwAXW4gQY0gYCAZ3iFN0c5L8678zFvLTj5zCH8gfP5A6L6kEw=</latexit>

Ss
i1

<latexit sha1_base64="PXwjF3IXShHJNI+WXW7yLD0fOAY=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBg5Tdouix6MVjBfsB7VKyabZNm02WJCuUpf/BiwdFvPp/vPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaDyV3mt5+o0kyKRzONqR/hoWAhI9hYqTXuexeo1i9X3Ko7B1olXk4qkKPRL3/1BpIkERWGcKx113Nj46dYGUY4nZV6iaYxJhM8pF1LBY6o9tP5tTN0ZpUBCqWyJQyaq78nUhxpPY0C2xlhM9LLXib+53UTE974KRNxYqggi0VhwpGRKHsdDZiixPCpJZgoZm9FZIQVJsYGVLIheMsvr5JWrepdVd2Hy0r9No+jCCdwCufgwTXU4R4a0AQCY3iGV3hzpPPivDsfi9aCk88cwx84nz8o2Y4y</latexit>

j1, 2
<latexit sha1_base64="Y6Y+QIcZcO80s5WxHBs+c9P2ehc=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSJ4kLIRRY9FLx4r2A9ol5JNs23abLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurO9/eyura+sbm4Wt4vbO7t5+6eCwYVSqKatTJZRuhcQwwSWrW24FayWakTgUrBmO7qZ+84lpw5V8tOOEBTHpSx5xSqyTGsMuPke4Wyr7FX8GtExwTsqQo9YtfXV6iqYxk5YKYkwb+4kNMqItp4JNip3UsITQEemztqOSxMwE2ezaCTp1Sg9FSruSFs3U3xMZiY0Zx6HrjIkdmEVvKv7ntVMb3QQZl0lqmaTzRVEqkFVo+jrqcc2oFWNHCNXc3YrogGhCrQuo6ELAiy8vk8ZFBV9V/IfLcvU2j6MAx3ACZ4DhGqpwDzWoA4UhPMMrvHnKe/HevY9564qXzxzBH3ifPydVjjE=</latexit>

j1, 1
<latexit sha1_base64="bRgpY4nsmMj14c1dPME1pXdY8WU=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAbBg4RdH+gx6MVjBPOAZAmzk9lkktmZZWZWCEv+wYsHRbz6P978GyfJHjSxoKGo6qa7K0w408bzvp3Cyura+kZxs7S1vbO75+4fNLRMFaF1IrlUrRBrypmgdcMMp61EURyHnDbD0d3Ubz5RpZkUj2ac0CDGfcEiRrCxUmPY9c/QRdctexVvBrRM/JyUIUet6351epKkMRWGcKx12/cSE2RYGUY4nZQ6qaYJJiPcp21LBY6pDrLZtRN0YpUeiqSyJQyaqb8nMhxrPY5D2xljM9CL3lT8z2unJroJMiaS1FBB5ouilCMj0fR11GOKEsPHlmCimL0VkQFWmBgbUMmG4C++vEwa5xX/quI9XJart3kcRTiCYzgFH66hCvdQgzoQGMIzvMKbI50X5935mLcWnHzmEP7A+fwBKl2OMw==</latexit>

j1, 3
<latexit sha1_base64="4oZyJ4O/s1t6iQ2RbZaWtnz8h38=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAbBg4RdH+gx6MVjBPOAZAmzk9lkktmZZWZWCEv+wYsHRbz6P978GyfJHjSxoKGo6qa7K0w408bzvp3Cyura+kZxs7S1vbO75+4fNLRMFaF1IrlUrRBrypmgdcMMp61EURyHnDbD0d3Ubz5RpZkUj2ac0CDGfcEiRrCxUmPYvThDftctexVvBrRM/JyUIUet6351epKkMRWGcKx12/cSE2RYGUY4nZQ6qaYJJiPcp21LBY6pDrLZtRN0YpUeiqSyJQyaqb8nMhxrPY5D2xljM9CL3lT8z2unJroJMiaS1FBB5ouilCMj0fR11GOKEsPHlmCimL0VkQFWmBgbUMmG4C++vEwa5xX/quI9XJart3kcRTiCYzgFH66hCvdQgzoQGMIzvMKbI50X5935mLcWnHzmEP7A+fwBKmOOMw==</latexit>

j3, 1
<latexit sha1_base64="lCbdyQ15ezLTNj0cnEO2dCGPm1Q=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBg5Tdouix6MVjBfsB7VKyabZNm02WJCuUpf/BiwdFvPp/vPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaDyV3mt5+o0kyKRzONqR/hoWAhI9hYqTXu1y6Q1y9X3Ko7B1olXk4qkKPRL3/1BpIkERWGcKx113Nj46dYGUY4nZV6iaYxJhM8pF1LBY6o9tP5tTN0ZpUBCqWyJQyaq78nUhxpPY0C2xlhM9LLXib+53UTE974KRNxYqggi0VhwpGRKHsdDZiixPCpJZgoZm9FZIQVJsYGVLIheMsvr5JWrepdVd2Hy0r9No+jCCdwCufgwTXU4R4a0AQCY3iGV3hzpPPivDsfi9aCk88cwx84nz8o3I4y</latexit>

j2, 1
<latexit sha1_base64="nW8XEEP05tRWs6D65xAifQWkwKM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBg5Tdouix6MVjBfsB7VKyabZNm02WJCuUpf/BiwdFvPp/vPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaDyV3mt5+o0kyKRzONqR/hoWAhI9hYqTXu1y5QrV+uuFV3DrRKvJxUIEejX/7qDSRJIioM4VjrrufGxk+xMoxwOiv1Ek1jTCZ4SLuWChxR7afza2fozCoDFEplSxg0V39PpDjSehoFtjPCZqSXvUz8z+smJrzxUybixFBBFovChCMjUfY6GjBFieFTSzBRzN6KyAgrTIwNqGRD8JZfXiWtWtW7qroPl5X6bR5HEU7gFM7Bg2uowz00oAkExvAMr/DmSOfFeXc+Fq0FJ585hj9wPn8AKmCOMw==</latexit>

j2, 2
<latexit sha1_base64="vXiMURBXLXDllldv8XjAfMYtAsE=">AAAB7XicbVDLSgNBEOyNrxhfUY+KDAbBg4RdUfQY9OIxAfOAZAmzk9lkktmZZWZWCCFH7148KOLVX8h3ePMb/Aknj4MmFjQUVd10dwUxZ9q47peTWlpeWV1Lr2c2Nre2d7K7exUtE0VomUguVS3AmnImaNkww2ktVhRHAafVoHc79qsPVGkmxb3px9SPcFuwkBFsrFTpNr0zdNHM5ty8OwFaJN6M5AqHo9L349Go2Mx+NlqSJBEVhnCsdd1zY+MPsDKMcDrMNBJNY0x6uE3rlgocUe0PJtcO0YlVWiiUypYwaKL+nhjgSOt+FNjOCJuOnvfG4n9ePTHhtT9gIk4MFWS6KEw4MhKNX0ctpigxvG8JJorZWxHpYIWJsQFlbAje/MuLpHKe9y7zbsmmcQNTpOEAjuEUPLiCAtxBEcpAoAtP8AKvjnSenTfnfdqacmYz+/AHzscPGOCR2w==</latexit>

j1, 4

<latexit sha1_base64="PXwjF3IXShHJNI+WXW7yLD0fOAY=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBg5Tdouix6MVjBfsB7VKyabZNm02WJCuUpf/BiwdFvPp/vPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaDyV3mt5+o0kyKRzONqR/hoWAhI9hYqTXuexeo1i9X3Ko7B1olXk4qkKPRL3/1BpIkERWGcKx113Nj46dYGUY4nZV6iaYxJhM8pF1LBY6o9tP5tTN0ZpUBCqWyJQyaq78nUhxpPY0C2xlhM9LLXib+53UTE974KRNxYqggi0VhwpGRKHsdDZiixPCpJZgoZm9FZIQVJsYGVLIheMsvr5JWrepdVd2Hy0r9No+jCCdwCufgwTXU4R4a0AQCY3iGV3hzpPPivDsfi9aCk88cwx84nz8o2Y4y</latexit>

j1, 2
<latexit sha1_base64="Y6Y+QIcZcO80s5WxHBs+c9P2ehc=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSJ4kLIRRY9FLx4r2A9ol5JNs23abLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurO9/eyura+sbm4Wt4vbO7t5+6eCwYVSqKatTJZRuhcQwwSWrW24FayWakTgUrBmO7qZ+84lpw5V8tOOEBTHpSx5xSqyTGsMuPke4Wyr7FX8GtExwTsqQo9YtfXV6iqYxk5YKYkwb+4kNMqItp4JNip3UsITQEemztqOSxMwE2ezaCTp1Sg9FSruSFs3U3xMZiY0Zx6HrjIkdmEVvKv7ntVMb3QQZl0lqmaTzRVEqkFVo+jrqcc2oFWNHCNXc3YrogGhCrQuo6ELAiy8vk8ZFBV9V/IfLcvU2j6MAx3ACZ4DhGqpwDzWoA4UhPMMrvHnKe/HevY9564qXzxzBH3ifPydVjjE=</latexit>

j1, 1
<latexit sha1_base64="bRgpY4nsmMj14c1dPME1pXdY8WU=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAbBg4RdH+gx6MVjBPOAZAmzk9lkktmZZWZWCEv+wYsHRbz6P978GyfJHjSxoKGo6qa7K0w408bzvp3Cyura+kZxs7S1vbO75+4fNLRMFaF1IrlUrRBrypmgdcMMp61EURyHnDbD0d3Ubz5RpZkUj2ac0CDGfcEiRrCxUmPY9c/QRdctexVvBrRM/JyUIUet6351epKkMRWGcKx12/cSE2RYGUY4nZQ6qaYJJiPcp21LBY6pDrLZtRN0YpUeiqSyJQyaqb8nMhxrPY5D2xljM9CL3lT8z2unJroJMiaS1FBB5ouilCMj0fR11GOKEsPHlmCimL0VkQFWmBgbUMmG4C++vEwa5xX/quI9XJart3kcRTiCYzgFH66hCvdQgzoQGMIzvMKbI50X5935mLcWnHzmEP7A+fwBKl2OMw==</latexit>

j1, 3
<latexit sha1_base64="4oZyJ4O/s1t6iQ2RbZaWtnz8h38=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAbBg4RdH+gx6MVjBPOAZAmzk9lkktmZZWZWCEv+wYsHRbz6P978GyfJHjSxoKGo6qa7K0w408bzvp3Cyura+kZxs7S1vbO75+4fNLRMFaF1IrlUrRBrypmgdcMMp61EURyHnDbD0d3Ubz5RpZkUj2ac0CDGfcEiRrCxUmPYvThDftctexVvBrRM/JyUIUet6351epKkMRWGcKx12/cSE2RYGUY4nZQ6qaYJJiPcp21LBY6pDrLZtRN0YpUeiqSyJQyaqb8nMhxrPY5D2xljM9CL3lT8z2unJroJMiaS1FBB5ouilCMj0fR11GOKEsPHlmCimL0VkQFWmBgbUMmG4C++vEwa5xX/quI9XJart3kcRTiCYzgFH66hCvdQgzoQGMIzvMKbI50X5935mLcWnHzmEP7A+fwBKmOOMw==</latexit>

j3, 1
<latexit sha1_base64="lCbdyQ15ezLTNj0cnEO2dCGPm1Q=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBg5Tdouix6MVjBfsB7VKyabZNm02WJCuUpf/BiwdFvPp/vPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaDyV3mt5+o0kyKRzONqR/hoWAhI9hYqTXu1y6Q1y9X3Ko7B1olXk4qkKPRL3/1BpIkERWGcKx113Nj46dYGUY4nZV6iaYxJhM8pF1LBY6o9tP5tTN0ZpUBCqWyJQyaq78nUhxpPY0C2xlhM9LLXib+53UTE974KRNxYqggi0VhwpGRKHsdDZiixPCpJZgoZm9FZIQVJsYGVLIheMsvr5JWrepdVd2Hy0r9No+jCCdwCufgwTXU4R4a0AQCY3iGV3hzpPPivDsfi9aCk88cwx84nz8o3I4y</latexit>

j2, 1
<latexit sha1_base64="nW8XEEP05tRWs6D65xAifQWkwKM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBg5Tdouix6MVjBfsB7VKyabZNm02WJCuUpf/BiwdFvPp/vPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaDyV3mt5+o0kyKRzONqR/hoWAhI9hYqTXu1y5QrV+uuFV3DrRKvJxUIEejX/7qDSRJIioM4VjrrufGxk+xMoxwOiv1Ek1jTCZ4SLuWChxR7afza2fozCoDFEplSxg0V39PpDjSehoFtjPCZqSXvUz8z+smJrzxUybixFBBFovChCMjUfY6GjBFieFTSzBRzN6KyAgrTIwNqGRD8JZfXiWtWtW7qroPl5X6bR5HEU7gFM7Bg2uowz00oAkExvAMr/DmSOfFeXc+Fq0FJ585hj9wPn8AKmCOMw==</latexit>

j2, 2
<latexit sha1_base64="vXiMURBXLXDllldv8XjAfMYtAsE=">AAAB7XicbVDLSgNBEOyNrxhfUY+KDAbBg4RdUfQY9OIxAfOAZAmzk9lkktmZZWZWCCFH7148KOLVX8h3ePMb/Aknj4MmFjQUVd10dwUxZ9q47peTWlpeWV1Lr2c2Nre2d7K7exUtE0VomUguVS3AmnImaNkww2ktVhRHAafVoHc79qsPVGkmxb3px9SPcFuwkBFsrFTpNr0zdNHM5ty8OwFaJN6M5AqHo9L349Go2Mx+NlqSJBEVhnCsdd1zY+MPsDKMcDrMNBJNY0x6uE3rlgocUe0PJtcO0YlVWiiUypYwaKL+nhjgSOt+FNjOCJuOnvfG4n9ePTHhtT9gIk4MFWS6KEw4MhKNX0ctpigxvG8JJorZWxHpYIWJsQFlbAje/MuLpHKe9y7zbsmmcQNTpOEAjuEUPLiCAtxBEcpAoAtP8AKvjnSenTfnfdqacmYz+/AHzscPGOCR2w==</latexit>

j1, 4

<latexit sha1_base64="PXwjF3IXShHJNI+WXW7yLD0fOAY=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBg5Tdouix6MVjBfsB7VKyabZNm02WJCuUpf/BiwdFvPp/vPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaDyV3mt5+o0kyKRzONqR/hoWAhI9hYqTXuexeo1i9X3Ko7B1olXk4qkKPRL3/1BpIkERWGcKx113Nj46dYGUY4nZV6iaYxJhM8pF1LBY6o9tP5tTN0ZpUBCqWyJQyaq78nUhxpPY0C2xlhM9LLXib+53UTE974KRNxYqggi0VhwpGRKHsdDZiixPCpJZgoZm9FZIQVJsYGVLIheMsvr5JWrepdVd2Hy0r9No+jCCdwCufgwTXU4R4a0AQCY3iGV3hzpPPivDsfi9aCk88cwx84nz8o2Y4y</latexit>

j1, 2
<latexit sha1_base64="Y6Y+QIcZcO80s5WxHBs+c9P2ehc=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSJ4kLIRRY9FLx4r2A9ol5JNs23abLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurO9/eyura+sbm4Wt4vbO7t5+6eCwYVSqKatTJZRuhcQwwSWrW24FayWakTgUrBmO7qZ+84lpw5V8tOOEBTHpSx5xSqyTGsMuPke4Wyr7FX8GtExwTsqQo9YtfXV6iqYxk5YKYkwb+4kNMqItp4JNip3UsITQEemztqOSxMwE2ezaCTp1Sg9FSruSFs3U3xMZiY0Zx6HrjIkdmEVvKv7ntVMb3QQZl0lqmaTzRVEqkFVo+jrqcc2oFWNHCNXc3YrogGhCrQuo6ELAiy8vk8ZFBV9V/IfLcvU2j6MAx3ACZ4DhGqpwDzWoA4UhPMMrvHnKe/HevY9564qXzxzBH3ifPydVjjE=</latexit>

j1, 1
<latexit sha1_base64="4oZyJ4O/s1t6iQ2RbZaWtnz8h38=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAbBg4RdH+gx6MVjBPOAZAmzk9lkktmZZWZWCEv+wYsHRbz6P978GyfJHjSxoKGo6qa7K0w408bzvp3Cyura+kZxs7S1vbO75+4fNLRMFaF1IrlUrRBrypmgdcMMp61EURyHnDbD0d3Ubz5RpZkUj2ac0CDGfcEiRrCxUmPYvThDftctexVvBrRM/JyUIUet6351epKkMRWGcKx12/cSE2RYGUY4nZQ6qaYJJiPcp21LBY6pDrLZtRN0YpUeiqSyJQyaqb8nMhxrPY5D2xljM9CL3lT8z2unJroJMiaS1FBB5ouilCMj0fR11GOKEsPHlmCimL0VkQFWmBgbUMmG4C++vEwa5xX/quI9XJart3kcRTiCYzgFH66hCvdQgzoQGMIzvMKbI50X5935mLcWnHzmEP7A+fwBKmOOMw==</latexit>

j3, 1
<latexit sha1_base64="lCbdyQ15ezLTNj0cnEO2dCGPm1Q=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBg5Tdouix6MVjBfsB7VKyabZNm02WJCuUpf/BiwdFvPp/vPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaDyV3mt5+o0kyKRzONqR/hoWAhI9hYqTXu1y6Q1y9X3Ko7B1olXk4qkKPRL3/1BpIkERWGcKx113Nj46dYGUY4nZV6iaYxJhM8pF1LBY6o9tP5tTN0ZpUBCqWyJQyaq78nUhxpPY0C2xlhM9LLXib+53UTE974KRNxYqggi0VhwpGRKHsdDZiixPCpJZgoZm9FZIQVJsYGVLIheMsvr5JWrepdVd2Hy0r9No+jCCdwCufgwTXU4R4a0AQCY3iGV3hzpPPivDsfi9aCk88cwx84nz8o3I4y</latexit>

j2, 1

<latexit sha1_base64="truHyLNzwiJiuq7wxMtWx0wjC00=">AAACAHicbVC7TsMwFHV4lvIKMDCwWFRIDKhKoBWMFSyMRSJtpSZEjuu0Vh0nsh2kKsrCr7AwgBArn8HG3+C0GaDlSFf36Jx7Zd8TJIxKZVnfxtLyyuraemWjurm1vbNr7u13ZJwKTBwcs1j0AiQJo5w4iipGeokgKAoY6Qbjm8LvPhIhaczv1SQhXoSGnIYUI6Ul3zx0HqSfuRn1G2eQ+k03L9pF7ps1q25NAReJXZIaKNH2zS93EOM0IlxhhqTs21aivAwJRTEjedVNJUkQHqMh6WvKUUSkl00PyOGJVgYwjIUuruBU/b2RoUjKSRToyQipkZz3CvE/r5+q8MrLKE9SRTiePRSmDKoYFmnAARUEKzbRBGFB9V8hHiGBsNKZVXUI9vzJi6RzXrebdeuuUWtdl3FUwBE4BqfABpegBW5BGzgAgxw8g1fwZjwZL8a78TEbXTLKnQPwB8bnD+YClU4=</latexit>

Us
{i4,i5},i3

<latexit sha1_base64="HngCWDEKCQJE36iUrFBf3NV4Z0M=">AAACBXicbVC7TsMwFHV4lvIKMMJgUSExoCpBlHasYGEsEmkrNSFyXKe16jiR7SBVURcWfoWFAYRY+Qc2/ganzQAtR7Lv0Tn3yr4nSBiVyrK+jaXlldW19dJGeXNre2fX3NtvyzgVmDg4ZrHoBkgSRjlxFFWMdBNBUBQw0glG17nfeSBC0pjfqXFCvAgNOA0pRkpLvnnk3Es/czPqX55B6tfzq+FO8lKb+GbFqlpTwEViF6QCCrR888vtxziNCFeYISl7tpUoL0NCUczIpOymkiQIj9CA9DTlKCLSy6ZbTOCJVvowjIU+XMGp+nsiQ5GU4yjQnRFSQznv5eJ/Xi9VYcPLKE9SRTiePRSmDKoY5pHAPhUEKzbWBGFB9V8hHiKBsNLBlXUI9vzKi6R9XrVrVev2otK8KuIogUNwDE6BDeqgCW5ACzgAg0fwDF7Bm/FkvBjvxsesdckoZg7AHxifP8bjltI=</latexit>

Us
{i6,i7,i8},i5

Figure 5.11: Superstructure for plastic upcycling system (no spatial information).

We then use optimization formulation (5.3.22) to solve for the cost-minimizing design

that also achieves a certain degree of modularity. This problem has 1028 continuous vari-

ables, 3624 integer variables, and 3918 constraints. A couple of designs that correspond to

different levels of modularity are shown in Figure 5.13. Module division in both cases are

grouped by red dashed rectangles and nodes within 4 modules for each case are summa-

rized in Table 5.5. Note that the optimal design shown on the left in Figure 5.13 contains

identical techs as in Figure 5.12. This means that the cost-minimizing design without

considering modularity achieves a modularity measure of 0.3. This is the maximum level

of modularity that a valid system design can achieve, while achieving the minimum level

of the cost (and we see that this value is quite low). We can also see that, as we require

a higher degree of modularity, medium- and small-sized technologies start to be consid-

ered in the design. We summarize the results for different combinations of modularity
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<latexit sha1_base64="Y6Y+QIcZcO80s5WxHBs+c9P2ehc=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSJ4kLIRRY9FLx4r2A9ol5JNs23abLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurO9/eyura+sbm4Wt4vbO7t5+6eCwYVSqKatTJZRuhcQwwSWrW24FayWakTgUrBmO7qZ+84lpw5V8tOOEBTHpSx5xSqyTGsMuPke4Wyr7FX8GtExwTsqQo9YtfXV6iqYxk5YKYkwb+4kNMqItp4JNip3UsITQEemztqOSxMwE2ezaCTp1Sg9FSruSFs3U3xMZiY0Zx6HrjIkdmEVvKv7ntVMb3QQZl0lqmaTzRVEqkFVo+jrqcc2oFWNHCNXc3YrogGhCrQuo6ELAiy8vk8ZFBV9V/IfLcvU2j6MAx3ACZ4DhGqpwDzWoA4UhPMMrvHnKe/HevY9564qXzxzBH3ifPydVjjE=</latexit>

j1, 1

<latexit sha1_base64="PXwjF3IXShHJNI+WXW7yLD0fOAY=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBg5Tdouix6MVjBfsB7VKyabZNm02WJCuUpf/BiwdFvPp/vPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaDyV3mt5+o0kyKRzONqR/hoWAhI9hYqTXuexeo1i9X3Ko7B1olXk4qkKPRL3/1BpIkERWGcKx113Nj46dYGUY4nZV6iaYxJhM8pF1LBY6o9tP5tTN0ZpUBCqWyJQyaq78nUhxpPY0C2xlhM9LLXib+53UTE974KRNxYqggi0VhwpGRKHsdDZiixPCpJZgoZm9FZIQVJsYGVLIheMsvr5JWrepdVd2Hy0r9No+jCCdwCufgwTXU4R4a0AQCY3iGV3hzpPPivDsfi9aCk88cwx84nz8o2Y4y</latexit>

j1, 2
<latexit sha1_base64="Y6Y+QIcZcO80s5WxHBs+c9P2ehc=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSJ4kLIRRY9FLx4r2A9ol5JNs23abLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurO9/eyura+sbm4Wt4vbO7t5+6eCwYVSqKatTJZRuhcQwwSWrW24FayWakTgUrBmO7qZ+84lpw5V8tOOEBTHpSx5xSqyTGsMuPke4Wyr7FX8GtExwTsqQo9YtfXV6iqYxk5YKYkwb+4kNMqItp4JNip3UsITQEemztqOSxMwE2ezaCTp1Sg9FSruSFs3U3xMZiY0Zx6HrjIkdmEVvKv7ntVMb3QQZl0lqmaTzRVEqkFVo+jrqcc2oFWNHCNXc3YrogGhCrQuo6ELAiy8vk8ZFBV9V/IfLcvU2j6MAx3ACZ4DhGqpwDzWoA4UhPMMrvHnKe/HevY9564qXzxzBH3ifPydVjjE=</latexit>

j1, 1

<latexit sha1_base64="4oZyJ4O/s1t6iQ2RbZaWtnz8h38=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAbBg4RdH+gx6MVjBPOAZAmzk9lkktmZZWZWCEv+wYsHRbz6P978GyfJHjSxoKGo6qa7K0w408bzvp3Cyura+kZxs7S1vbO75+4fNLRMFaF1IrlUrRBrypmgdcMMp61EURyHnDbD0d3Ubz5RpZkUj2ac0CDGfcEiRrCxUmPYvThDftctexVvBrRM/JyUIUet6351epKkMRWGcKx12/cSE2RYGUY4nZQ6qaYJJiPcp21LBY6pDrLZtRN0YpUeiqSyJQyaqb8nMhxrPY5D2xljM9CL3lT8z2unJroJMiaS1FBB5ouilCMj0fR11GOKEsPHlmCimL0VkQFWmBgbUMmG4C++vEwa5xX/quI9XJart3kcRTiCYzgFH66hCvdQgzoQGMIzvMKbI50X5935mLcWnHzmEP7A+fwBKmOOMw==</latexit>

j3, 1

<latexit sha1_base64="4oZyJ4O/s1t6iQ2RbZaWtnz8h38=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAbBg4RdH+gx6MVjBPOAZAmzk9lkktmZZWZWCEv+wYsHRbz6P978GyfJHjSxoKGo6qa7K0w408bzvp3Cyura+kZxs7S1vbO75+4fNLRMFaF1IrlUrRBrypmgdcMMp61EURyHnDbD0d3Ubz5RpZkUj2ac0CDGfcEiRrCxUmPYvThDftctexVvBrRM/JyUIUet6351epKkMRWGcKx12/cSE2RYGUY4nZQ6qaYJJiPcp21LBY6pDrLZtRN0YpUeiqSyJQyaqb8nMhxrPY5D2xljM9CL3lT8z2unJroJMiaS1FBB5ouilCMj0fR11GOKEsPHlmCimL0VkQFWmBgbUMmG4C++vEwa5xX/quI9XJart3kcRTiCYzgFH66hCvdQgzoQGMIzvMKbI50X5935mLcWnHzmEP7A+fwBKmOOMw==</latexit>

j3, 1

<latexit sha1_base64="4oZyJ4O/s1t6iQ2RbZaWtnz8h38=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAbBg4RdH+gx6MVjBPOAZAmzk9lkktmZZWZWCEv+wYsHRbz6P978GyfJHjSxoKGo6qa7K0w408bzvp3Cyura+kZxs7S1vbO75+4fNLRMFaF1IrlUrRBrypmgdcMMp61EURyHnDbD0d3Ubz5RpZkUj2ac0CDGfcEiRrCxUmPYvThDftctexVvBrRM/JyUIUet6351epKkMRWGcKx12/cSE2RYGUY4nZQ6qaYJJiPcp21LBY6pDrLZtRN0YpUeiqSyJQyaqb8nMhxrPY5D2xljM9CL3lT8z2unJroJMiaS1FBB5ouilCMj0fR11GOKEsPHlmCimL0VkQFWmBgbUMmG4C++vEwa5xX/quI9XJart3kcRTiCYzgFH66hCvdQgzoQGMIzvMKbI50X5935mLcWnHzmEP7A+fwBKmOOMw==</latexit>

j3, 1

<latexit sha1_base64="Y6Y+QIcZcO80s5WxHBs+c9P2ehc=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSJ4kLIRRY9FLx4r2A9ol5JNs23abLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurO9/eyura+sbm4Wt4vbO7t5+6eCwYVSqKatTJZRuhcQwwSWrW24FayWakTgUrBmO7qZ+84lpw5V8tOOEBTHpSx5xSqyTGsMuPke4Wyr7FX8GtExwTsqQo9YtfXV6iqYxk5YKYkwb+4kNMqItp4JNip3UsITQEemztqOSxMwE2ezaCTp1Sg9FSruSFs3U3xMZiY0Zx6HrjIkdmEVvKv7ntVMb3QQZl0lqmaTzRVEqkFVo+jrqcc2oFWNHCNXc3YrogGhCrQuo6ELAiy8vk8ZFBV9V/IfLcvU2j6MAx3ACZ4DhGqpwDzWoA4UhPMMrvHnKe/HevY9564qXzxzBH3ifPydVjjE=</latexit>

j1, 1

<latexit sha1_base64="UZelw0iYtiV8AYvGCPcTTlZqaGA=">AAAB9XicbVBNT8JAEJ3iF+IX6tHLRmLiwZCWYPRI9OIREwskUJrtsoUN222zu9WQhv/hxYPGePW/ePPfuEAPCr5kkpf3ZjIzL0g4U9q2v63C2vrG5lZxu7Szu7d/UD48aqk4lYS6JOax7ARYUc4EdTXTnHYSSXEUcNoOxrczv/1IpWKxeNCThHoRHgoWMoK1kfpuX/kZ82sXiPnO1C9X7Ko9B1olTk4qkKPpl796g5ikERWacKxU17ET7WVYakY4nZZ6qaIJJmM8pF1DBY6o8rL51VN0ZpQBCmNpSmg0V39PZDhSahIFpjPCeqSWvZn4n9dNdXjtZUwkqaaCLBaFKUc6RrMI0IBJSjSfGIKJZOZWREZYYqJNUCUTgrP88ipp1arOZdW+r1caN3kcRTiBUzgHB66gAXfQBBcISHiGV3iznqwX6936WLQWrHzmGP7A+vwBX5iRxg==</latexit>

Us
i2,i1

<latexit sha1_base64="ehEva4R5V66mp2pojVijHG6jusM=">AAAB9XicbVBNT8JAEJ3iF+IX6tHLRmLiwZAWNXokevGIiQUSKM122cKG7bbZ3WpIw//w4kFjvPpfvPlvXKAHBV8yyct7M5mZFyScKW3b31ZhZXVtfaO4Wdra3tndK+8fNFWcSkJdEvNYtgOsKGeCupppTtuJpDgKOG0Fo9up33qkUrFYPOhxQr0IDwQLGcHaSD23p/yM+edniPm1iV+u2FV7BrRMnJxUIEfDL391+zFJIyo04VipjmMn2suw1IxwOil1U0UTTEZ4QDuGChxR5WWzqyfoxCh9FMbSlNBopv6eyHCk1DgKTGeE9VAtelPxP6+T6vDay5hIUk0FmS8KU450jKYRoD6TlGg+NgQTycytiAyxxESboEomBGfx5WXSrFWdy6p9f1Gp3+RxFOEIjuEUHLiCOtxBA1wgIOEZXuHNerJerHfrY95asPKZQ/gD6/MHYqeRyA==</latexit>

Us
i3,i2

<latexit sha1_base64="NA7W25IAuhWg53WIyllW1mhpjTY=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktih6LXjxWtB/Srks2zbahSXZJskJZ+iu8eFDEqz/Hm//GtN2Dtj4YeLw3w8y8MOFMG9f9dgorq2vrG8XN0tb2zu5eef+gpeNUEdokMY9VJ8SaciZp0zDDaSdRFIuQ03Y4up767SeqNIvlvRkn1Bd4IFnECDZWergLMhbUJo86KFfcqjsDWiZeTiqQoxGUv3r9mKSCSkM41rrruYnxM6wMI5xOSr1U0wSTER7QrqUSC6r9bHbwBJ1YpY+iWNmSBs3U3xMZFlqPRWg7BTZDvehNxf+8bmqiSz9jMkkNlWS+KEo5MjGafo/6TFFi+NgSTBSztyIyxAoTYzMq2RC8xZeXSatW9c6r7u1ZpX6Vx1GEIziGU/DgAupwAw1oAgEBz/AKb45yXpx352PeWnDymUP4A+fzB6Q7kE0=</latexit>

Ss
i2

<latexit sha1_base64="nw5QRxIdUdwLCICgBVh7Rr+Iaqw=">AAAB8HicbVDLTsMwENyUVymvAkcuFhUSpyrhIThWcOFYBH2gNkSO67RWbSeyHaQq6ldw4QBCXPkcbvwNbpsDtIy00mhmV7s7YcKZNq777RSWlldW14rrpY3Nre2d8u5eU8epIrRBYh6rdog15UzShmGG03aiKBYhp61weD3xW09UaRbLezNKqC9wX7KIEWys9HAXZCw4HT/qoFxxq+4UaJF4OalAjnpQ/ur2YpIKKg3hWOuO5ybGz7AyjHA6LnVTTRNMhrhPO5ZKLKj2s+nBY3RklR6KYmVLGjRVf09kWGg9EqHtFNgM9Lw3Ef/zOqmJLv2MySQ1VJLZoijlyMRo8j3qMUWJ4SNLMFHM3orIACtMjM2oZEPw5l9eJM2TqndedW/PKrWrPI4iHMAhHIMHF1CDG6hDAwgIeIZXeHOU8+K8Ox+z1oKTz+zDHzifP6XCkE4=</latexit>

Ss
i3

<latexit sha1_base64="O002inp23bzSSmaHTAJQtfkYcT8=">AAAB8HicbVDLSsNAFL2pr1pfrS7dDBZBNyURfCyLunBZwbSVJobJdNIOnUzCzEQooV/hxoUibv0cd/6Ia6ePhbYeuHA4517uvSdMOVPatr+swtLyyupacb20sbm1vVOu7DZVkklCXZLwRLZDrChngrqaaU7bqaQ4DjlthYOrsd96pFKxRNzpYUr9GPcEixjB2kj31w8qyFlwNgrKVbtmT4AWiTMj1fqxV/G/Xa8RlD+9bkKymApNOFaq49ip9nMsNSOcjkpepmiKyQD3aMdQgWOq/Hxy8AgdGqWLokSaEhpN1N8TOY6VGsah6Yyx7qt5byz+53UyHV34ORNppqkg00VRxpFO0Ph71GWSEs2HhmAimbkVkT6WmGiTUcmE4My/vEiaJzXntGbfmjQuYYoi7MMBHIED51CHG2iACwRieIIXeLWk9Wy9We/T1oI1m9mDP7A+fgBm25MY</latexit>

Ds
i6

<latexit sha1_base64="WZ0EsIAGqXSjVF/fYSPi5DO+B54=">AAAB8HicbVBNS8NAEJ3Ur1q/Wj16WSyCXkoiSD0W9eCxgmkrTQyb7aZdupuE3Y1QQn+FFw+KePXnePOPeHb7cdDWBwOP92aYmRemnClt219WYWV1bX2juFna2t7Z3StX9lsqySShLkl4IjshVpSzmLqaaU47qaRYhJy2w+HVxG8/UqlYEt/pUUp9gfsxixjB2kj31w8qyFlQHwflql2zp0DLxJmTauPUq/jfrtcMyp9eLyGZoLEmHCvVdexU+zmWmhFOxyUvUzTFZIj7tGtojAVVfj49eIyOjdJDUSJNxRpN1d8TORZKjURoOgXWA7XoTcT/vG6mows/Z3GaaRqT2aIo40gnaPI96jFJieYjQzCRzNyKyABLTLTJqGRCcBZfXiats5pzXrNvTRqXMEMRDuEITsCBOjTgBprgAgEBT/ACr5a0nq03633WWrDmMwfwB9bHD2hgkxk=</latexit>

Ds
i7

<latexit sha1_base64="xTyezuB2Th7KCLe0C59Fl5qusZk=">AAAB8HicbVBNS8NAEJ3Ur1q/Wj16WSyCXkoiiD0W9eCxgmkrTQyb7aZdupuE3Y1QQn+FFw+KePXnePOPeHb7cdDWBwOP92aYmRemnClt219WYWV1bX2juFna2t7Z3StX9lsqySShLkl4IjshVpSzmLqaaU47qaRYhJy2w+HVxG8/UqlYEt/pUUp9gfsxixjB2kj31w8qyFlQHwflql2zp0DLxJmTauPUq/jfrtcMyp9eLyGZoLEmHCvVdexU+zmWmhFOxyUvUzTFZIj7tGtojAVVfj49eIyOjdJDUSJNxRpN1d8TORZKjURoOgXWA7XoTcT/vG6mo7qfszjNNI3JbFGUcaQTNPke9ZikRPORIZhIZm5FZIAlJtpkVDIhOIsvL5PWWc05r9m3Jo1LmKEIh3AEJ+DABTTgBprgAgEBT/ACr5a0nq03633WWrDmMwfwB9bHD2nlkxo=</latexit>

Ds
i8

<latexit sha1_base64="fot4LOK+8+0DKb0sAEy3J8ZG6kU=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVix6LXjxWtB/Srks2zbahSXZJskJZ+iu8eFDEqz/Hm//GtN2Dtj4YeLw3w8y8MOFMG9f9dgorq2vrG8XN0tb2zu5eef+gpeNUEdokMY9VJ8SaciZp0zDDaSdRFIuQ03Y4up767SeqNIvlvRkn1Bd4IFnECDZWerh71EHGAm8SlCtu1Z0BLRMvJxXI0QjKX71+TFJBpSEca9313MT4GVaGEU4npV6qaYLJCA9o11KJBdV+Njt4gk6s0kdRrGxJg2bq74kMC63HIrSdApuhXvSm4n9eNzXRpZ8xmaSGSjJfFKUcmRhNv0d9pigxfGwJJorZWxEZYoWJsRmVbAje4svLpHVW9WpV9/a8Ur/K4yjCERzDKXhwAXW4gQY0gYCAZ3iFN0c5L8678zFvLTj5zCH8gfP5A6L6kEw=</latexit>

Ss
i1

<latexit sha1_base64="truHyLNzwiJiuq7wxMtWx0wjC00=">AAACAHicbVC7TsMwFHV4lvIKMDCwWFRIDKhKoBWMFSyMRSJtpSZEjuu0Vh0nsh2kKsrCr7AwgBArn8HG3+C0GaDlSFf36Jx7Zd8TJIxKZVnfxtLyyuraemWjurm1vbNr7u13ZJwKTBwcs1j0AiQJo5w4iipGeokgKAoY6Qbjm8LvPhIhaczv1SQhXoSGnIYUI6Ul3zx0HqSfuRn1G2eQ+k03L9pF7ps1q25NAReJXZIaKNH2zS93EOM0IlxhhqTs21aivAwJRTEjedVNJUkQHqMh6WvKUUSkl00PyOGJVgYwjIUuruBU/b2RoUjKSRToyQipkZz3CvE/r5+q8MrLKE9SRTiePRSmDKoYFmnAARUEKzbRBGFB9V8hHiGBsNKZVXUI9vzJi6RzXrebdeuuUWtdl3FUwBE4BqfABpegBW5BGzgAgxw8g1fwZjwZL8a78TEbXTLKnQPwB8bnD+YClU4=</latexit>

Us
{i4,i5},i3

<latexit sha1_base64="HngCWDEKCQJE36iUrFBf3NV4Z0M=">AAACBXicbVC7TsMwFHV4lvIKMMJgUSExoCpBlHasYGEsEmkrNSFyXKe16jiR7SBVURcWfoWFAYRY+Qc2/ganzQAtR7Lv0Tn3yr4nSBiVyrK+jaXlldW19dJGeXNre2fX3NtvyzgVmDg4ZrHoBkgSRjlxFFWMdBNBUBQw0glG17nfeSBC0pjfqXFCvAgNOA0pRkpLvnnk3Es/czPqX55B6tfzq+FO8lKb+GbFqlpTwEViF6QCCrR888vtxziNCFeYISl7tpUoL0NCUczIpOymkiQIj9CA9DTlKCLSy6ZbTOCJVvowjIU+XMGp+nsiQ5GU4yjQnRFSQznv5eJ/Xi9VYcPLKE9SRTiePRSmDKoY5pHAPhUEKzbWBGFB9V8hHiKBsNLBlXUI9vzKi6R9XrVrVev2otK8KuIogUNwDE6BDeqgCW5ACzgAg0fwDF7Bm/FkvBjvxsesdckoZg7AHxifP8bjltI=</latexit>

Us
{i6,i7,i8},i5

Figure 5.12: Cost-minimizing optimal design of plastic upcycling system (no spatial in-
formation).

measure and cost in Table 5.6.

Table 5.5: Module details for optimal system designs with different degrees of modular-
ity.

Modularity Annualized
Module 1 Module 2 Module 3 Module 4

Measure, M4 Cost, C ($)

0.3 6.56 ×108 Us
i2,i1 ,j1,1 Us

i2 ,i1 ,j3 ,1 Us
i3 ,i2,j1 ,2 Us

{i6 ,i7 ,i8},i5 ,j1 ,1
Us

i3,i2 ,j3,1 Us
i3 ,i2 ,j1 ,1 Us

{i4 ,i5},i3 ,j3,1

0.6 6.95 ×108

Us
i2,i1 ,j1,1

Us
i2 ,i1 ,j1 ,3 Us

i2 ,i1,j2 ,1 Us
{i4 ,i5},i3 ,j2,1

Us
i2,i1 ,j1,2 Us

i3 ,i2 ,j1 ,3 Us
{i4 ,i5},i3 ,j2,1 Us

{i6 ,i7 ,i8},i5 ,j2 ,1

Us
i3,i2 ,j1,1 Us

{i4 ,i5},i3,j2,2

Us
i3,i2 ,j1,2
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<latexit sha1_base64="O002inp23bzSSmaHTAJQtfkYcT8=">AAAB8HicbVDLSsNAFL2pr1pfrS7dDBZBNyURfCyLunBZwbSVJobJdNIOnUzCzEQooV/hxoUibv0cd/6Ia6ePhbYeuHA4517uvSdMOVPatr+swtLyyupacb20sbm1vVOu7DZVkklCXZLwRLZDrChngrqaaU7bqaQ4DjlthYOrsd96pFKxRNzpYUr9GPcEixjB2kj31w8qyFlwNgrKVbtmT4AWiTMj1fqxV/G/Xa8RlD+9bkKymApNOFaq49ip9nMsNSOcjkpepmiKyQD3aMdQgWOq/Hxy8AgdGqWLokSaEhpN1N8TOY6VGsah6Yyx7qt5byz+53UyHV34ORNppqkg00VRxpFO0Ph71GWSEs2HhmAimbkVkT6WmGiTUcmE4My/vEiaJzXntGbfmjQuYYoi7MMBHIED51CHG2iACwRieIIXeLWk9Wy9We/T1oI1m9mDP7A+fgBm25MY</latexit>

Ds
i6

<latexit sha1_base64="WZ0EsIAGqXSjVF/fYSPi5DO+B54=">AAAB8HicbVBNS8NAEJ3Ur1q/Wj16WSyCXkoiSD0W9eCxgmkrTQyb7aZdupuE3Y1QQn+FFw+KePXnePOPeHb7cdDWBwOP92aYmRemnClt219WYWV1bX2juFna2t7Z3StX9lsqySShLkl4IjshVpSzmLqaaU47qaRYhJy2w+HVxG8/UqlYEt/pUUp9gfsxixjB2kj31w8qyFlQHwflql2zp0DLxJmTauPUq/jfrtcMyp9eLyGZoLEmHCvVdexU+zmWmhFOxyUvUzTFZIj7tGtojAVVfj49eIyOjdJDUSJNxRpN1d8TORZKjURoOgXWA7XoTcT/vG6mows/Z3GaaRqT2aIo40gnaPI96jFJieYjQzCRzNyKyABLTLTJqGRCcBZfXiats5pzXrNvTRqXMEMRDuEITsCBOjTgBprgAgEBT/ACr5a0nq03633WWrDmMwfwB9bHD2hgkxk=</latexit>

Ds
i7

<latexit sha1_base64="xTyezuB2Th7KCLe0C59Fl5qusZk=">AAAB8HicbVBNS8NAEJ3Ur1q/Wj16WSyCXkoiiD0W9eCxgmkrTQyb7aZdupuE3Y1QQn+FFw+KePXnePOPeHb7cdDWBwOP92aYmRemnClt219WYWV1bX2juFna2t7Z3StX9lsqySShLkl4IjshVpSzmLqaaU47qaRYhJy2w+HVxG8/UqlYEt/pUUp9gfsxixjB2kj31w8qyFlQHwflql2zp0DLxJmTauPUq/jfrtcMyp9eLyGZoLEmHCvVdexU+zmWmhFOxyUvUzTFZIj7tGtojAVVfj49eIyOjdJDUSJNxRpN1d8TORZKjURoOgXWA7XoTcT/vG6mo7qfszjNNI3JbFGUcaQTNPke9ZikRPORIZhIZm5FZIAlJtpkVDIhOIsvL5PWWc05r9m3Jo1LmKEIh3AEJ+DABTTgBprgAgEBT/ACr5a0nq03633WWrDmMwfwB9bHD2nlkxo=</latexit>

Ds
i8

Demands

Hydrogen

Propylene

Ethylene
<latexit sha1_base64="O002inp23bzSSmaHTAJQtfkYcT8=">AAAB8HicbVDLSsNAFL2pr1pfrS7dDBZBNyURfCyLunBZwbSVJobJdNIOnUzCzEQooV/hxoUibv0cd/6Ia6ePhbYeuHA4517uvSdMOVPatr+swtLyyupacb20sbm1vVOu7DZVkklCXZLwRLZDrChngrqaaU7bqaQ4DjlthYOrsd96pFKxRNzpYUr9GPcEixjB2kj31w8qyFlwNgrKVbtmT4AWiTMj1fqxV/G/Xa8RlD+9bkKymApNOFaq49ip9nMsNSOcjkpepmiKyQD3aMdQgWOq/Hxy8AgdGqWLokSaEhpN1N8TOY6VGsah6Yyx7qt5byz+53UyHV34ORNppqkg00VRxpFO0Ph71GWSEs2HhmAimbkVkT6WmGiTUcmE4My/vEiaJzXntGbfmjQuYYoi7MMBHIED51CHG2iACwRieIIXeLWk9Wy9We/T1oI1m9mDP7A+fgBm25MY</latexit>

Ds
i6

<latexit sha1_base64="WZ0EsIAGqXSjVF/fYSPi5DO+B54=">AAAB8HicbVBNS8NAEJ3Ur1q/Wj16WSyCXkoiSD0W9eCxgmkrTQyb7aZdupuE3Y1QQn+FFw+KePXnePOPeHb7cdDWBwOP92aYmRemnClt219WYWV1bX2juFna2t7Z3StX9lsqySShLkl4IjshVpSzmLqaaU47qaRYhJy2w+HVxG8/UqlYEt/pUUp9gfsxixjB2kj31w8qyFlQHwflql2zp0DLxJmTauPUq/jfrtcMyp9eLyGZoLEmHCvVdexU+zmWmhFOxyUvUzTFZIj7tGtojAVVfj49eIyOjdJDUSJNxRpN1d8TORZKjURoOgXWA7XoTcT/vG6mows/Z3GaaRqT2aIo40gnaPI96jFJieYjQzCRzNyKyABLTLTJqGRCcBZfXiats5pzXrNvTRqXMEMRDuEITsCBOjTgBprgAgEBT/ACr5a0nq03633WWrDmMwfwB9bHD2hgkxk=</latexit>

Ds
i7

<latexit sha1_base64="xTyezuB2Th7KCLe0C59Fl5qusZk=">AAAB8HicbVBNS8NAEJ3Ur1q/Wj16WSyCXkoiiD0W9eCxgmkrTQyb7aZdupuE3Y1QQn+FFw+KePXnePOPeHb7cdDWBwOP92aYmRemnClt219WYWV1bX2juFna2t7Z3StX9lsqySShLkl4IjshVpSzmLqaaU47qaRYhJy2w+HVxG8/UqlYEt/pUUp9gfsxixjB2kj31w8qyFlQHwflql2zp0DLxJmTauPUq/jfrtcMyp9eLyGZoLEmHCvVdexU+zmWmhFOxyUvUzTFZIj7tGtojAVVfj49eIyOjdJDUSJNxRpN1d8TORZKjURoOgXWA7XoTcT/vG6mo7qfszjNNI3JbFGUcaQTNPke9ZikRPORIZhIZm5FZIAlJtpkVDIhOIsvL5PWWc05r9m3Jo1LmKEIh3AEJ+DABTTgBprgAgEBT/ACr5a0nq03633WWrDmMwfwB9bHD2nlkxo=</latexit>

Ds
i8

<latexit sha1_base64="NA7W25IAuhWg53WIyllW1mhpjTY=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktih6LXjxWtB/Srks2zbahSXZJskJZ+iu8eFDEqz/Hm//GtN2Dtj4YeLw3w8y8MOFMG9f9dgorq2vrG8XN0tb2zu5eef+gpeNUEdokMY9VJ8SaciZp0zDDaSdRFIuQ03Y4up767SeqNIvlvRkn1Bd4IFnECDZWergLMhbUJo86KFfcqjsDWiZeTiqQoxGUv3r9mKSCSkM41rrruYnxM6wMI5xOSr1U0wSTER7QrqUSC6r9bHbwBJ1YpY+iWNmSBs3U3xMZFlqPRWg7BTZDvehNxf+8bmqiSz9jMkkNlWS+KEo5MjGafo/6TFFi+NgSTBSztyIyxAoTYzMq2RC8xZeXSatW9c6r7u1ZpX6Vx1GEIziGU/DgAupwAw1oAgEBz/AKb45yXpx352PeWnDymUP4A+fzB6Q7kE0=</latexit>

Ss
i2

<latexit sha1_base64="nw5QRxIdUdwLCICgBVh7Rr+Iaqw=">AAAB8HicbVDLTsMwENyUVymvAkcuFhUSpyrhIThWcOFYBH2gNkSO67RWbSeyHaQq6ldw4QBCXPkcbvwNbpsDtIy00mhmV7s7YcKZNq777RSWlldW14rrpY3Nre2d8u5eU8epIrRBYh6rdog15UzShmGG03aiKBYhp61weD3xW09UaRbLezNKqC9wX7KIEWys9HAXZCw4HT/qoFxxq+4UaJF4OalAjnpQ/ur2YpIKKg3hWOuO5ybGz7AyjHA6LnVTTRNMhrhPO5ZKLKj2s+nBY3RklR6KYmVLGjRVf09kWGg9EqHtFNgM9Lw3Ef/zOqmJLv2MySQ1VJLZoijlyMRo8j3qMUWJ4SNLMFHM3orIACtMjM2oZEPw5l9eJM2TqndedW/PKrWrPI4iHMAhHIMHF1CDG6hDAwgIeIZXeHOU8+K8Ox+z1oKTz+zDHzifP6XCkE4=</latexit>

Ss
i3

<latexit sha1_base64="4aDn9JAkAJq/f7foiNRcRi0CJHc=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVix6LXjxWtB/Srks2zbahSXZJskJZ+iu8eFDEqz/Hm//GtN2Dtj4YeLw3w8y8MOFMG9f9dgorq2vrG8XN0tb2zu5eef+gpeNUEdokMY9VJ8SaciZp0zDDaSdRFIuQ03Y4up767SeqNIvlvRkn1Bd4IFnECDZWergLMhbUJo86KFfcqjsDWiZeTiqQoxGUv3r9mKSCSkM41rrruYnxM6wMI5xOSr1U0wSTER7QrqUSC6r9bHbwBJ1YpY+iWNmSBs3U3xMZFlqPRWg7BTZDvehNxf+8bmqiSz9jMkkNlWS+KEo5MjGafo/6TFFi+NgSTBSztyIyxAoTYzMq2RC8xZeXSeus6tWq7u15pX6Vx1GEIziGU/DgAupwAw1oAgEBz/AKb45yXpx352PeWnDymUP4A+fzB6jQkFA=</latexit>

Ss
i5

<latexit sha1_base64="fot4LOK+8+0DKb0sAEy3J8ZG6kU=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVix6LXjxWtB/Srks2zbahSXZJskJZ+iu8eFDEqz/Hm//GtN2Dtj4YeLw3w8y8MOFMG9f9dgorq2vrG8XN0tb2zu5eef+gpeNUEdokMY9VJ8SaciZp0zDDaSdRFIuQ03Y4up767SeqNIvlvRkn1Bd4IFnECDZWerh71EHGAm8SlCtu1Z0BLRMvJxXI0QjKX71+TFJBpSEca9313MT4GVaGEU4npV6qaYLJCA9o11KJBdV+Njt4gk6s0kdRrGxJg2bq74kMC63HIrSdApuhXvSm4n9eNzXRpZ8xmaSGSjJfFKUcmRhNv0d9pigxfGwJJorZWxEZYoWJsRmVbAje4svLpHVW9WpV9/a8Ur/K4yjCERzDKXhwAXW4gQY0gYCAZ3iFN0c5L8678zFvLTj5zCH8gfP5A6L6kEw=</latexit>

Ss
i1

<latexit sha1_base64="fot4LOK+8+0DKb0sAEy3J8ZG6kU=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVix6LXjxWtB/Srks2zbahSXZJskJZ+iu8eFDEqz/Hm//GtN2Dtj4YeLw3w8y8MOFMG9f9dgorq2vrG8XN0tb2zu5eef+gpeNUEdokMY9VJ8SaciZp0zDDaSdRFIuQ03Y4up767SeqNIvlvRkn1Bd4IFnECDZWerh71EHGAm8SlCtu1Z0BLRMvJxXI0QjKX71+TFJBpSEca9313MT4GVaGEU4npV6qaYLJCA9o11KJBdV+Njt4gk6s0kdRrGxJg2bq74kMC63HIrSdApuhXvSm4n9eNzXRpZ8xmaSGSjJfFKUcmRhNv0d9pigxfGwJJorZWxEZYoWJsRmVbAje4svLpHVW9WpV9/a8Ur/K4yjCERzDKXhwAXW4gQY0gYCAZ3iFN0c5L8678zFvLTj5zCH8gfP5A6L6kEw=</latexit>

Ss
i1

<latexit sha1_base64="PXwjF3IXShHJNI+WXW7yLD0fOAY=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBg5Tdouix6MVjBfsB7VKyabZNm02WJCuUpf/BiwdFvPp/vPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaDyV3mt5+o0kyKRzONqR/hoWAhI9hYqTXuexeo1i9X3Ko7B1olXk4qkKPRL3/1BpIkERWGcKx113Nj46dYGUY4nZV6iaYxJhM8pF1LBY6o9tP5tTN0ZpUBCqWyJQyaq78nUhxpPY0C2xlhM9LLXib+53UTE974KRNxYqggi0VhwpGRKHsdDZiixPCpJZgoZm9FZIQVJsYGVLIheMsvr5JWrepdVd2Hy0r9No+jCCdwCufgwTXU4R4a0AQCY3iGV3hzpPPivDsfi9aCk88cwx84nz8o2Y4y</latexit>

j1, 2
<latexit sha1_base64="Y6Y+QIcZcO80s5WxHBs+c9P2ehc=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSJ4kLIRRY9FLx4r2A9ol5JNs23abLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurO9/eyura+sbm4Wt4vbO7t5+6eCwYVSqKatTJZRuhcQwwSWrW24FayWakTgUrBmO7qZ+84lpw5V8tOOEBTHpSx5xSqyTGsMuPke4Wyr7FX8GtExwTsqQo9YtfXV6iqYxk5YKYkwb+4kNMqItp4JNip3UsITQEemztqOSxMwE2ezaCTp1Sg9FSruSFs3U3xMZiY0Zx6HrjIkdmEVvKv7ntVMb3QQZl0lqmaTzRVEqkFVo+jrqcc2oFWNHCNXc3YrogGhCrQuo6ELAiy8vk8ZFBV9V/IfLcvU2j6MAx3ACZ4DhGqpwDzWoA4UhPMMrvHnKe/HevY9564qXzxzBH3ifPydVjjE=</latexit>

j1, 1
<latexit sha1_base64="bRgpY4nsmMj14c1dPME1pXdY8WU=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAbBg4RdH+gx6MVjBPOAZAmzk9lkktmZZWZWCEv+wYsHRbz6P978GyfJHjSxoKGo6qa7K0w408bzvp3Cyura+kZxs7S1vbO75+4fNLRMFaF1IrlUrRBrypmgdcMMp61EURyHnDbD0d3Ubz5RpZkUj2ac0CDGfcEiRrCxUmPY9c/QRdctexVvBrRM/JyUIUet6351epKkMRWGcKx12/cSE2RYGUY4nZQ6qaYJJiPcp21LBY6pDrLZtRN0YpUeiqSyJQyaqb8nMhxrPY5D2xljM9CL3lT8z2unJroJMiaS1FBB5ouilCMj0fR11GOKEsPHlmCimL0VkQFWmBgbUMmG4C++vEwa5xX/quI9XJart3kcRTiCYzgFH66hCvdQgzoQGMIzvMKbI50X5935mLcWnHzmEP7A+fwBKl2OMw==</latexit>

j1, 3

<latexit sha1_base64="PXwjF3IXShHJNI+WXW7yLD0fOAY=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBg5Tdouix6MVjBfsB7VKyabZNm02WJCuUpf/BiwdFvPp/vPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaDyV3mt5+o0kyKRzONqR/hoWAhI9hYqTXuexeo1i9X3Ko7B1olXk4qkKPRL3/1BpIkERWGcKx113Nj46dYGUY4nZV6iaYxJhM8pF1LBY6o9tP5tTN0ZpUBCqWyJQyaq78nUhxpPY0C2xlhM9LLXib+53UTE974KRNxYqggi0VhwpGRKHsdDZiixPCpJZgoZm9FZIQVJsYGVLIheMsvr5JWrepdVd2Hy0r9No+jCCdwCufgwTXU4R4a0AQCY3iGV3hzpPPivDsfi9aCk88cwx84nz8o2Y4y</latexit>

j1, 2
<latexit sha1_base64="Y6Y+QIcZcO80s5WxHBs+c9P2ehc=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSJ4kLIRRY9FLx4r2A9ol5JNs23abLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurO9/eyura+sbm4Wt4vbO7t5+6eCwYVSqKatTJZRuhcQwwSWrW24FayWakTgUrBmO7qZ+84lpw5V8tOOEBTHpSx5xSqyTGsMuPke4Wyr7FX8GtExwTsqQo9YtfXV6iqYxk5YKYkwb+4kNMqItp4JNip3UsITQEemztqOSxMwE2ezaCTp1Sg9FSruSFs3U3xMZiY0Zx6HrjIkdmEVvKv7ntVMb3QQZl0lqmaTzRVEqkFVo+jrqcc2oFWNHCNXc3YrogGhCrQuo6ELAiy8vk8ZFBV9V/IfLcvU2j6MAx3ACZ4DhGqpwDzWoA4UhPMMrvHnKe/HevY9564qXzxzBH3ifPydVjjE=</latexit>

j1, 1
<latexit sha1_base64="bRgpY4nsmMj14c1dPME1pXdY8WU=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAbBg4RdH+gx6MVjBPOAZAmzk9lkktmZZWZWCEv+wYsHRbz6P978GyfJHjSxoKGo6qa7K0w408bzvp3Cyura+kZxs7S1vbO75+4fNLRMFaF1IrlUrRBrypmgdcMMp61EURyHnDbD0d3Ubz5RpZkUj2ac0CDGfcEiRrCxUmPY9c/QRdctexVvBrRM/JyUIUet6351epKkMRWGcKx12/cSE2RYGUY4nZQ6qaYJJiPcp21LBY6pDrLZtRN0YpUeiqSyJQyaqb8nMhxrPY5D2xljM9CL3lT8z2unJroJMiaS1FBB5ouilCMj0fR11GOKEsPHlmCimL0VkQFWmBgbUMmG4C++vEwa5xX/quI9XJart3kcRTiCYzgFH66hCvdQgzoQGMIzvMKbI50X5935mLcWnHzmEP7A+fwBKl2OMw==</latexit>

j1, 3

<latexit sha1_base64="4oZyJ4O/s1t6iQ2RbZaWtnz8h38=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAbBg4RdH+gx6MVjBPOAZAmzk9lkktmZZWZWCEv+wYsHRbz6P978GyfJHjSxoKGo6qa7K0w408bzvp3Cyura+kZxs7S1vbO75+4fNLRMFaF1IrlUrRBrypmgdcMMp61EURyHnDbD0d3Ubz5RpZkUj2ac0CDGfcEiRrCxUmPYvThDftctexVvBrRM/JyUIUet6351epKkMRWGcKx12/cSE2RYGUY4nZQ6qaYJJiPcp21LBY6pDrLZtRN0YpUeiqSyJQyaqb8nMhxrPY5D2xljM9CL3lT8z2unJroJMiaS1FBB5ouilCMj0fR11GOKEsPHlmCimL0VkQFWmBgbUMmG4C++vEwa5xX/quI9XJart3kcRTiCYzgFH66hCvdQgzoQGMIzvMKbI50X5935mLcWnHzmEP7A+fwBKmOOMw==</latexit>

j3, 1

<latexit sha1_base64="4oZyJ4O/s1t6iQ2RbZaWtnz8h38=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAbBg4RdH+gx6MVjBPOAZAmzk9lkktmZZWZWCEv+wYsHRbz6P978GyfJHjSxoKGo6qa7K0w408bzvp3Cyura+kZxs7S1vbO75+4fNLRMFaF1IrlUrRBrypmgdcMMp61EURyHnDbD0d3Ubz5RpZkUj2ac0CDGfcEiRrCxUmPYvThDftctexVvBrRM/JyUIUet6351epKkMRWGcKx12/cSE2RYGUY4nZQ6qaYJJiPcp21LBY6pDrLZtRN0YpUeiqSyJQyaqb8nMhxrPY5D2xljM9CL3lT8z2unJroJMiaS1FBB5ouilCMj0fR11GOKEsPHlmCimL0VkQFWmBgbUMmG4C++vEwa5xX/quI9XJart3kcRTiCYzgFH66hCvdQgzoQGMIzvMKbI50X5935mLcWnHzmEP7A+fwBKmOOMw==</latexit>

j3, 1

<latexit sha1_base64="4oZyJ4O/s1t6iQ2RbZaWtnz8h38=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAbBg4RdH+gx6MVjBPOAZAmzk9lkktmZZWZWCEv+wYsHRbz6P978GyfJHjSxoKGo6qa7K0w408bzvp3Cyura+kZxs7S1vbO75+4fNLRMFaF1IrlUrRBrypmgdcMMp61EURyHnDbD0d3Ubz5RpZkUj2ac0CDGfcEiRrCxUmPYvThDftctexVvBrRM/JyUIUet6351epKkMRWGcKx12/cSE2RYGUY4nZQ6qaYJJiPcp21LBY6pDrLZtRN0YpUeiqSyJQyaqb8nMhxrPY5D2xljM9CL3lT8z2unJroJMiaS1FBB5ouilCMj0fR11GOKEsPHlmCimL0VkQFWmBgbUMmG4C++vEwa5xX/quI9XJart3kcRTiCYzgFH66hCvdQgzoQGMIzvMKbI50X5935mLcWnHzmEP7A+fwBKmOOMw==</latexit>

j3, 1

<latexit sha1_base64="lCbdyQ15ezLTNj0cnEO2dCGPm1Q=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBg5Tdouix6MVjBfsB7VKyabZNm02WJCuUpf/BiwdFvPp/vPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaDyV3mt5+o0kyKRzONqR/hoWAhI9hYqTXu1y6Q1y9X3Ko7B1olXk4qkKPRL3/1BpIkERWGcKx113Nj46dYGUY4nZV6iaYxJhM8pF1LBY6o9tP5tTN0ZpUBCqWyJQyaq78nUhxpPY0C2xlhM9LLXib+53UTE974KRNxYqggi0VhwpGRKHsdDZiixPCpJZgoZm9FZIQVJsYGVLIheMsvr5JWrepdVd2Hy0r9No+jCCdwCufgwTXU4R4a0AQCY3iGV3hzpPPivDsfi9aCk88cwx84nz8o3I4y</latexit>

j2, 1

<latexit sha1_base64="lCbdyQ15ezLTNj0cnEO2dCGPm1Q=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBg5Tdouix6MVjBfsB7VKyabZNm02WJCuUpf/BiwdFvPp/vPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaDyV3mt5+o0kyKRzONqR/hoWAhI9hYqTXu1y6Q1y9X3Ko7B1olXk4qkKPRL3/1BpIkERWGcKx113Nj46dYGUY4nZV6iaYxJhM8pF1LBY6o9tP5tTN0ZpUBCqWyJQyaq78nUhxpPY0C2xlhM9LLXib+53UTE974KRNxYqggi0VhwpGRKHsdDZiixPCpJZgoZm9FZIQVJsYGVLIheMsvr5JWrepdVd2Hy0r9No+jCCdwCufgwTXU4R4a0AQCY3iGV3hzpPPivDsfi9aCk88cwx84nz8o3I4y</latexit>

j2, 1

<latexit sha1_base64="lCbdyQ15ezLTNj0cnEO2dCGPm1Q=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBg5Tdouix6MVjBfsB7VKyabZNm02WJCuUpf/BiwdFvPp/vPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaDyV3mt5+o0kyKRzONqR/hoWAhI9hYqTXu1y6Q1y9X3Ko7B1olXk4qkKPRL3/1BpIkERWGcKx113Nj46dYGUY4nZV6iaYxJhM8pF1LBY6o9tP5tTN0ZpUBCqWyJQyaq78nUhxpPY0C2xlhM9LLXib+53UTE974KRNxYqggi0VhwpGRKHsdDZiixPCpJZgoZm9FZIQVJsYGVLIheMsvr5JWrepdVd2Hy0r9No+jCCdwCufgwTXU4R4a0AQCY3iGV3hzpPPivDsfi9aCk88cwx84nz8o3I4y</latexit>

j2, 1
<latexit sha1_base64="nW8XEEP05tRWs6D65xAifQWkwKM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBg5Tdouix6MVjBfsB7VKyabZNm02WJCuUpf/BiwdFvPp/vPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaDyV3mt5+o0kyKRzONqR/hoWAhI9hYqTXu1y5QrV+uuFV3DrRKvJxUIEejX/7qDSRJIioM4VjrrufGxk+xMoxwOiv1Ek1jTCZ4SLuWChxR7afza2fozCoDFEplSxg0V39PpDjSehoFtjPCZqSXvUz8z+smJrzxUybixFBBFovChCMjUfY6GjBFieFTSzBRzN6KyAgrTIwNqGRD8JZfXiWtWtW7qroPl5X6bR5HEU7gFM7Bg2uowz00oAkExvAMr/DmSOfFeXc+Fq0FJ585hj9wPn8AKmCOMw==</latexit>

j2, 2

<latexit sha1_base64="lCbdyQ15ezLTNj0cnEO2dCGPm1Q=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBg5Tdouix6MVjBfsB7VKyabZNm02WJCuUpf/BiwdFvPp/vPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaDyV3mt5+o0kyKRzONqR/hoWAhI9hYqTXu1y6Q1y9X3Ko7B1olXk4qkKPRL3/1BpIkERWGcKx113Nj46dYGUY4nZV6iaYxJhM8pF1LBY6o9tP5tTN0ZpUBCqWyJQyaq78nUhxpPY0C2xlhM9LLXib+53UTE974KRNxYqggi0VhwpGRKHsdDZiixPCpJZgoZm9FZIQVJsYGVLIheMsvr5JWrepdVd2Hy0r9No+jCCdwCufgwTXU4R4a0AQCY3iGV3hzpPPivDsfi9aCk88cwx84nz8o3I4y</latexit>

j2, 1<latexit sha1_base64="lCbdyQ15ezLTNj0cnEO2dCGPm1Q=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBg5Tdouix6MVjBfsB7VKyabZNm02WJCuUpf/BiwdFvPp/vPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaDyV3mt5+o0kyKRzONqR/hoWAhI9hYqTXu1y6Q1y9X3Ko7B1olXk4qkKPRL3/1BpIkERWGcKx113Nj46dYGUY4nZV6iaYxJhM8pF1LBY6o9tP5tTN0ZpUBCqWyJQyaq78nUhxpPY0C2xlhM9LLXib+53UTE974KRNxYqggi0VhwpGRKHsdDZiixPCpJZgoZm9FZIQVJsYGVLIheMsvr5JWrepdVd2Hy0r9No+jCCdwCufgwTXU4R4a0AQCY3iGV3hzpPPivDsfi9aCk88cwx84nz8o3I4y</latexit>

j2, 1

<latexit sha1_base64="PXwjF3IXShHJNI+WXW7yLD0fOAY=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBg5Tdouix6MVjBfsB7VKyabZNm02WJCuUpf/BiwdFvPp/vPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaDyV3mt5+o0kyKRzONqR/hoWAhI9hYqTXuexeo1i9X3Ko7B1olXk4qkKPRL3/1BpIkERWGcKx113Nj46dYGUY4nZV6iaYxJhM8pF1LBY6o9tP5tTN0ZpUBCqWyJQyaq78nUhxpPY0C2xlhM9LLXib+53UTE974KRNxYqggi0VhwpGRKHsdDZiixPCpJZgoZm9FZIQVJsYGVLIheMsvr5JWrepdVd2Hy0r9No+jCCdwCufgwTXU4R4a0AQCY3iGV3hzpPPivDsfi9aCk88cwx84nz8o2Y4y</latexit>

j1, 2
<latexit sha1_base64="Y6Y+QIcZcO80s5WxHBs+c9P2ehc=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSJ4kLIRRY9FLx4r2A9ol5JNs23abLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurO9/eyura+sbm4Wt4vbO7t5+6eCwYVSqKatTJZRuhcQwwSWrW24FayWakTgUrBmO7qZ+84lpw5V8tOOEBTHpSx5xSqyTGsMuPke4Wyr7FX8GtExwTsqQo9YtfXV6iqYxk5YKYkwb+4kNMqItp4JNip3UsITQEemztqOSxMwE2ezaCTp1Sg9FSruSFs3U3xMZiY0Zx6HrjIkdmEVvKv7ntVMb3QQZl0lqmaTzRVEqkFVo+jrqcc2oFWNHCNXc3YrogGhCrQuo6ELAiy8vk8ZFBV9V/IfLcvU2j6MAx3ACZ4DhGqpwDzWoA4UhPMMrvHnKe/HevY9564qXzxzBH3ifPydVjjE=</latexit>

j1, 1

<latexit sha1_base64="Y6Y+QIcZcO80s5WxHBs+c9P2ehc=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSJ4kLIRRY9FLx4r2A9ol5JNs23abLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurO9/eyura+sbm4Wt4vbO7t5+6eCwYVSqKatTJZRuhcQwwSWrW24FayWakTgUrBmO7qZ+84lpw5V8tOOEBTHpSx5xSqyTGsMuPke4Wyr7FX8GtExwTsqQo9YtfXV6iqYxk5YKYkwb+4kNMqItp4JNip3UsITQEemztqOSxMwE2ezaCTp1Sg9FSruSFs3U3xMZiY0Zx6HrjIkdmEVvKv7ntVMb3QQZl0lqmaTzRVEqkFVo+jrqcc2oFWNHCNXc3YrogGhCrQuo6ELAiy8vk8ZFBV9V/IfLcvU2j6MAx3ACZ4DhGqpwDzWoA4UhPMMrvHnKe/HevY9564qXzxzBH3ifPydVjjE=</latexit>

j1, 1

Suppliers

Technologies

<latexit sha1_base64="UZelw0iYtiV8AYvGCPcTTlZqaGA=">AAAB9XicbVBNT8JAEJ3iF+IX6tHLRmLiwZCWYPRI9OIREwskUJrtsoUN222zu9WQhv/hxYPGePW/ePPfuEAPCr5kkpf3ZjIzL0g4U9q2v63C2vrG5lZxu7Szu7d/UD48aqk4lYS6JOax7ARYUc4EdTXTnHYSSXEUcNoOxrczv/1IpWKxeNCThHoRHgoWMoK1kfpuX/kZ82sXiPnO1C9X7Ko9B1olTk4qkKPpl796g5ikERWacKxU17ET7WVYakY4nZZ6qaIJJmM8pF1DBY6o8rL51VN0ZpQBCmNpSmg0V39PZDhSahIFpjPCeqSWvZn4n9dNdXjtZUwkqaaCLBaFKUc6RrMI0IBJSjSfGIKJZOZWREZYYqJNUCUTgrP88ipp1arOZdW+r1caN3kcRTiBUzgHB66gAXfQBBcISHiGV3iznqwX6936WLQWrHzmGP7A+vwBX5iRxg==</latexit>

Us
i2,i1

<latexit sha1_base64="ehEva4R5V66mp2pojVijHG6jusM=">AAAB9XicbVBNT8JAEJ3iF+IX6tHLRmLiwZAWNXokevGIiQUSKM122cKG7bbZ3WpIw//w4kFjvPpfvPlvXKAHBV8yyct7M5mZFyScKW3b31ZhZXVtfaO4Wdra3tndK+8fNFWcSkJdEvNYtgOsKGeCupppTtuJpDgKOG0Fo9up33qkUrFYPOhxQr0IDwQLGcHaSD23p/yM+edniPm1iV+u2FV7BrRMnJxUIEfDL391+zFJIyo04VipjmMn2suw1IxwOil1U0UTTEZ4QDuGChxR5WWzqyfoxCh9FMbSlNBopv6eyHCk1DgKTGeE9VAtelPxP6+T6vDay5hIUk0FmS8KU450jKYRoD6TlGg+NgQTycytiAyxxESboEomBGfx5WXSrFWdy6p9f1Gp3+RxFOEIjuEUHLiCOtxBA1wgIOEZXuHNerJerHfrY95asPKZQ/gD6/MHYqeRyA==</latexit>

Us
i3,i2

Suppliers

Technologies

<latexit sha1_base64="truHyLNzwiJiuq7wxMtWx0wjC00=">AAACAHicbVC7TsMwFHV4lvIKMDCwWFRIDKhKoBWMFSyMRSJtpSZEjuu0Vh0nsh2kKsrCr7AwgBArn8HG3+C0GaDlSFf36Jx7Zd8TJIxKZVnfxtLyyuraemWjurm1vbNr7u13ZJwKTBwcs1j0AiQJo5w4iipGeokgKAoY6Qbjm8LvPhIhaczv1SQhXoSGnIYUI6Ul3zx0HqSfuRn1G2eQ+k03L9pF7ps1q25NAReJXZIaKNH2zS93EOM0IlxhhqTs21aivAwJRTEjedVNJUkQHqMh6WvKUUSkl00PyOGJVgYwjIUuruBU/b2RoUjKSRToyQipkZz3CvE/r5+q8MrLKE9SRTiePRSmDKoYFmnAARUEKzbRBGFB9V8hHiGBsNKZVXUI9vzJi6RzXrebdeuuUWtdl3FUwBE4BqfABpegBW5BGzgAgxw8g1fwZjwZL8a78TEbXTLKnQPwB8bnD+YClU4=</latexit>

Us
{i4,i5},i3
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Technology Node Sets

Figure 5.13: Cost-minimizing optimal modular designs with M4 ≥ 0.3 (left) and M4 ≥ 0.6
(right)

We can see that, as we increase the required degree of modularity, the cost increases

and the number of techs installed also increases. This demonstrates that, to achieve a

higher modularity measure, smaller techs need to be installed and there exists a trade-off

between cost and the degree of modularity of the system. In addition, we observe that,

we increase the level of modularity measure from 0 to 0.6, the cost increase is relatively

small (∼2% for 0.1 increase in modularity). However, as we further increase the modular-

ity (from 0.6 and above), the cost increases sharply in order to achieve the same amount

of modularity increase (∼10% for 0.1 increase in modularity). This means that there ex-

ists a threshold for the process design when increasing modularity measure becomes too

expensive and makes no economic sense; as such, decision-makers should choose any

optimal design within that threshold to achieve a balanced trade-off between cost and

modularity. As we increase the modularity measure, the solution time generally becomes
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longer since the smaller technologies become relevant here, increasing the possible num-

ber of designs and therefore harder for the solver to find an optimal solution. When we

are at a high modularity measure (0.8 in this case), the design requirements become too

strict, and therefore reduce the number of possible designs available. This explains the

reduction on the solution time for the case when the modularity measure is 0.8.

Table 5.6: Trade-offs between system cost and modularity for optimal designs (no spatial
information).

Modularity Measure Cost ($) # of Technology Solving Time (s)

0 6.56× 108
7 0.27

0.3 6.56× 108
7 1.42

0.4 6.71× 108
9 22.33

0.5 6.83× 108
10 16.99

0.6 6.95× 108
11 22.52

0.7 7.65× 108
11 48.51

0.8 8.38× 108
12 17.71

5.4.3 Optimal System Design with Spatial Information

When we extend the problem to include spatial information, all the case settings defined

in Table 5.2 and Table 5.3 remain valid. We define the additional spatial information such

as potential locations to install techs and the transportation cost across different locations

in Table 5.7.

Here, a couple of potential locations (B and D) are available to install technologies.

Locations for suppliers and demands corresponds to the sequences of product i in set

R and P as shown in Table 5.3. For example, supply of product i1 is at location B

and demand of product i6 is at location C. Installation costs for location B and D are

represented as a scale times the cost defined in Table 5.3. For instance, installation costs

for tech t ∈ Ti2 (technologies Ti2 ,i1,j1 , Ti2 ,i1,j2 , and Ti2,i1 ,j3) at locations B equals to the scale
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Table 5.7: Spatial information for plastic upcycling system.

Parameters Values

Potential Locations to Install Technologies, Gt [B, D]

Locations for Suppliers of Materials, G i
s, i ∈ R [B, C, B, D]

Locations for Demand of Materials, G i
d, i ∈ P [C, D, B, C, B, B]

Set of All Locations, G [B, C, D]

Scale of Total Cost at [B, D]

Ti2 : [0.9, 1.1]

Ti3 : [1, 1.1]

T{i4 ,i5}: [1.1, 1]

T{i6 ,i7 ,i8}: [0.9, 1.1]

Transportation Cost, α
f
i,B,g′ , i ∈ I , g′ ∈ G ($/unit) [0.01, 0.1, 0.14]

Transportation Cost, α
f
i,C,g′ , i ∈ I , g′ ∈ G ($/unit) [0.14, 0.01, 0.12]

Transportation Cost, α
f
i,D,g′ , i ∈ I , g′ ∈ G ($/unit) [0.14, 0.11, 0.01]

0.9 times their original installation costs [0.19, 0.45, 0.89] as defined in Table 5.3, and the

costs at location D equals to the scale 1.1 times their original costs. Finally, we assume that

transport costs for different products are the same but they are different across different

locations. For example, transportation cost for any product from location B to D is 0.14

and from location C to D is 0.12. Note that transportation costs at the same location (from

location B to B) are much smaller than those across different locations.

The spatial superstructure of the system is shown in Figure 5.14. Nodes on the top

represent potential technologies at location B while nodes on the bottom represent their

installation at location D. This spatial superstructure is much denser than the superstruc-

ture in Figure 5.11; therefore, we have a much larger optimization problem.

We first use formulation (5.3.24) to solve for the cost-minimizing spatial design and

the result is shown in Figure 5.15 . This problem has 3253 continuous variables, 50 binary

variables, and 3416 constraints, and required 0.16 seconds to solve. The result shows

that the optimal design contains 7 techs, with 6 of them being placed at location B while

the only pyrolysis plant is placed at location D. This configuration makes sense, as the
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j1, 2
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<latexit sha1_base64="bRgpY4nsmMj14c1dPME1pXdY8WU=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAbBg4RdH+gx6MVjBPOAZAmzk9lkktmZZWZWCEv+wYsHRbz6P978GyfJHjSxoKGo6qa7K0w408bzvp3Cyura+kZxs7S1vbO75+4fNLRMFaF1IrlUrRBrypmgdcMMp61EURyHnDbD0d3Ubz5RpZkUj2ac0CDGfcEiRrCxUmPY9c/QRdctexVvBrRM/JyUIUet6351epKkMRWGcKx12/cSE2RYGUY4nZQ6qaYJJiPcp21LBY6pDrLZtRN0YpUeiqSyJQyaqb8nMhxrPY5D2xljM9CL3lT8z2unJroJMiaS1FBB5ouilCMj0fR11GOKEsPHlmCimL0VkQFWmBgbUMmG4C++vEwa5xX/quI9XJart3kcRTiCYzgFH66hCvdQgzoQGMIzvMKbI50X5935mLcWnHzmEP7A+fwBKl2OMw==</latexit>

j1, 3

<latexit sha1_base64="4oZyJ4O/s1t6iQ2RbZaWtnz8h38=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAbBg4RdH+gx6MVjBPOAZAmzk9lkktmZZWZWCEv+wYsHRbz6P978GyfJHjSxoKGo6qa7K0w408bzvp3Cyura+kZxs7S1vbO75+4fNLRMFaF1IrlUrRBrypmgdcMMp61EURyHnDbD0d3Ubz5RpZkUj2ac0CDGfcEiRrCxUmPYvThDftctexVvBrRM/JyUIUet6351epKkMRWGcKx12/cSE2RYGUY4nZQ6qaYJJiPcp21LBY6pDrLZtRN0YpUeiqSyJQyaqb8nMhxrPY5D2xljM9CL3lT8z2unJroJMiaS1FBB5ouilCMj0fR11GOKEsPHlmCimL0VkQFWmBgbUMmG4C++vEwa5xX/quI9XJart3kcRTiCYzgFH66hCvdQgzoQGMIzvMKbI50X5935mLcWnHzmEP7A+fwBKmOOMw==</latexit>

j3, 1
<latexit sha1_base64="lCbdyQ15ezLTNj0cnEO2dCGPm1Q=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBg5Tdouix6MVjBfsB7VKyabZNm02WJCuUpf/BiwdFvPp/vPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaDyV3mt5+o0kyKRzONqR/hoWAhI9hYqTXu1y6Q1y9X3Ko7B1olXk4qkKPRL3/1BpIkERWGcKx113Nj46dYGUY4nZV6iaYxJhM8pF1LBY6o9tP5tTN0ZpUBCqWyJQyaq78nUhxpPY0C2xlhM9LLXib+53UTE974KRNxYqggi0VhwpGRKHsdDZiixPCpJZgoZm9FZIQVJsYGVLIheMsvr5JWrepdVd2Hy0r9No+jCCdwCufgwTXU4R4a0AQCY3iGV3hzpPPivDsfi9aCk88cwx84nz8o3I4y</latexit>

j2, 1
<latexit sha1_base64="nW8XEEP05tRWs6D65xAifQWkwKM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBg5Tdouix6MVjBfsB7VKyabZNm02WJCuUpf/BiwdFvPp/vPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaDyV3mt5+o0kyKRzONqR/hoWAhI9hYqTXu1y5QrV+uuFV3DrRKvJxUIEejX/7qDSRJIioM4VjrrufGxk+xMoxwOiv1Ek1jTCZ4SLuWChxR7afza2fozCoDFEplSxg0V39PpDjSehoFtjPCZqSXvUz8z+smJrzxUybixFBBFovChCMjUfY6GjBFieFTSzBRzN6KyAgrTIwNqGRD8JZfXiWtWtW7qroPl5X6bR5HEU7gFM7Bg2uowz00oAkExvAMr/DmSOfFeXc+Fq0FJ585hj9wPn8AKmCOMw==</latexit>

j2, 2

<latexit sha1_base64="vXiMURBXLXDllldv8XjAfMYtAsE=">AAAB7XicbVDLSgNBEOyNrxhfUY+KDAbBg4RdUfQY9OIxAfOAZAmzk9lkktmZZWZWCCFH7148KOLVX8h3ePMb/Aknj4MmFjQUVd10dwUxZ9q47peTWlpeWV1Lr2c2Nre2d7K7exUtE0VomUguVS3AmnImaNkww2ktVhRHAafVoHc79qsPVGkmxb3px9SPcFuwkBFsrFTpNr0zdNHM5ty8OwFaJN6M5AqHo9L349Go2Mx+NlqSJBEVhnCsdd1zY+MPsDKMcDrMNBJNY0x6uE3rlgocUe0PJtcO0YlVWiiUypYwaKL+nhjgSOt+FNjOCJuOnvfG4n9ePTHhtT9gIk4MFWS6KEw4MhKNX0ctpigxvG8JJorZWxHpYIWJsQFlbAje/MuLpHKe9y7zbsmmcQNTpOEAjuEUPLiCAtxBEcpAoAtP8AKvjnSenTfnfdqacmYz+/AHzscPGOCR2w==</latexit>

j1, 4
<latexit sha1_base64="PXwjF3IXShHJNI+WXW7yLD0fOAY=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBg5Tdouix6MVjBfsB7VKyabZNm02WJCuUpf/BiwdFvPp/vPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaDyV3mt5+o0kyKRzONqR/hoWAhI9hYqTXuexeo1i9X3Ko7B1olXk4qkKPRL3/1BpIkERWGcKx113Nj46dYGUY4nZV6iaYxJhM8pF1LBY6o9tP5tTN0ZpUBCqWyJQyaq78nUhxpPY0C2xlhM9LLXib+53UTE974KRNxYqggi0VhwpGRKHsdDZiixPCpJZgoZm9FZIQVJsYGVLIheMsvr5JWrepdVd2Hy0r9No+jCCdwCufgwTXU4R4a0AQCY3iGV3hzpPPivDsfi9aCk88cwx84nz8o2Y4y</latexit>

j1, 2
<latexit sha1_base64="Y6Y+QIcZcO80s5WxHBs+c9P2ehc=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSJ4kLIRRY9FLx4r2A9ol5JNs23abLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurO9/eyura+sbm4Wt4vbO7t5+6eCwYVSqKatTJZRuhcQwwSWrW24FayWakTgUrBmO7qZ+84lpw5V8tOOEBTHpSx5xSqyTGsMuPke4Wyr7FX8GtExwTsqQo9YtfXV6iqYxk5YKYkwb+4kNMqItp4JNip3UsITQEemztqOSxMwE2ezaCTp1Sg9FSruSFs3U3xMZiY0Zx6HrjIkdmEVvKv7ntVMb3QQZl0lqmaTzRVEqkFVo+jrqcc2oFWNHCNXc3YrogGhCrQuo6ELAiy8vk8ZFBV9V/IfLcvU2j6MAx3ACZ4DhGqpwDzWoA4UhPMMrvHnKe/HevY9564qXzxzBH3ifPydVjjE=</latexit>

j1, 1

<latexit sha1_base64="4oZyJ4O/s1t6iQ2RbZaWtnz8h38=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAbBg4RdH+gx6MVjBPOAZAmzk9lkktmZZWZWCEv+wYsHRbz6P978GyfJHjSxoKGo6qa7K0w408bzvp3Cyura+kZxs7S1vbO75+4fNLRMFaF1IrlUrRBrypmgdcMMp61EURyHnDbD0d3Ubz5RpZkUj2ac0CDGfcEiRrCxUmPYvThDftctexVvBrRM/JyUIUet6351epKkMRWGcKx12/cSE2RYGUY4nZQ6qaYJJiPcp21LBY6pDrLZtRN0YpUeiqSyJQyaqb8nMhxrPY5D2xljM9CL3lT8z2unJroJMiaS1FBB5ouilCMj0fR11GOKEsPHlmCimL0VkQFWmBgbUMmG4C++vEwa5xX/quI9XJart3kcRTiCYzgFH66hCvdQgzoQGMIzvMKbI50X5935mLcWnHzmEP7A+fwBKmOOMw==</latexit>

j3, 1
<latexit sha1_base64="lCbdyQ15ezLTNj0cnEO2dCGPm1Q=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBg5Tdouix6MVjBfsB7VKyabZNm02WJCuUpf/BiwdFvPp/vPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaDyV3mt5+o0kyKRzONqR/hoWAhI9hYqTXu1y6Q1y9X3Ko7B1olXk4qkKPRL3/1BpIkERWGcKx113Nj46dYGUY4nZV6iaYxJhM8pF1LBY6o9tP5tTN0ZpUBCqWyJQyaq78nUhxpPY0C2xlhM9LLXib+53UTE974KRNxYqggi0VhwpGRKHsdDZiixPCpJZgoZm9FZIQVJsYGVLIheMsvr5JWrepdVd2Hy0r9No+jCCdwCufgwTXU4R4a0AQCY3iGV3hzpPPivDsfi9aCk88cwx84nz8o3I4y</latexit>

j2, 1

<latexit sha1_base64="PXwjF3IXShHJNI+WXW7yLD0fOAY=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBg5Tdouix6MVjBfsB7VKyabZNm02WJCuUpf/BiwdFvPp/vPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaDyV3mt5+o0kyKRzONqR/hoWAhI9hYqTXuexeo1i9X3Ko7B1olXk4qkKPRL3/1BpIkERWGcKx113Nj46dYGUY4nZV6iaYxJhM8pF1LBY6o9tP5tTN0ZpUBCqWyJQyaq78nUhxpPY0C2xlhM9LLXib+53UTE974KRNxYqggi0VhwpGRKHsdDZiixPCpJZgoZm9FZIQVJsYGVLIheMsvr5JWrepdVd2Hy0r9No+jCCdwCufgwTXU4R4a0AQCY3iGV3hzpPPivDsfi9aCk88cwx84nz8o2Y4y</latexit>

j1, 2
<latexit sha1_base64="Y6Y+QIcZcO80s5WxHBs+c9P2ehc=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSJ4kLIRRY9FLx4r2A9ol5JNs23abLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurO9/eyura+sbm4Wt4vbO7t5+6eCwYVSqKatTJZRuhcQwwSWrW24FayWakTgUrBmO7qZ+84lpw5V8tOOEBTHpSx5xSqyTGsMuPke4Wyr7FX8GtExwTsqQo9YtfXV6iqYxk5YKYkwb+4kNMqItp4JNip3UsITQEemztqOSxMwE2ezaCTp1Sg9FSruSFs3U3xMZiY0Zx6HrjIkdmEVvKv7ntVMb3QQZl0lqmaTzRVEqkFVo+jrqcc2oFWNHCNXc3YrogGhCrQuo6ELAiy8vk8ZFBV9V/IfLcvU2j6MAx3ACZ4DhGqpwDzWoA4UhPMMrvHnKe/HevY9564qXzxzBH3ifPydVjjE=</latexit>

j1, 1
<latexit sha1_base64="bRgpY4nsmMj14c1dPME1pXdY8WU=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAbBg4RdH+gx6MVjBPOAZAmzk9lkktmZZWZWCEv+wYsHRbz6P978GyfJHjSxoKGo6qa7K0w408bzvp3Cyura+kZxs7S1vbO75+4fNLRMFaF1IrlUrRBrypmgdcMMp61EURyHnDbD0d3Ubz5RpZkUj2ac0CDGfcEiRrCxUmPY9c/QRdctexVvBrRM/JyUIUet6351epKkMRWGcKx12/cSE2RYGUY4nZQ6qaYJJiPcp21LBY6pDrLZtRN0YpUeiqSyJQyaqb8nMhxrPY5D2xljM9CL3lT8z2unJroJMiaS1FBB5ouilCMj0fR11GOKEsPHlmCimL0VkQFWmBgbUMmG4C++vEwa5xX/quI9XJart3kcRTiCYzgFH66hCvdQgzoQGMIzvMKbI50X5935mLcWnHzmEP7A+fwBKl2OMw==</latexit>

j1, 3

<latexit sha1_base64="4oZyJ4O/s1t6iQ2RbZaWtnz8h38=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAbBg4RdH+gx6MVjBPOAZAmzk9lkktmZZWZWCEv+wYsHRbz6P978GyfJHjSxoKGo6qa7K0w408bzvp3Cyura+kZxs7S1vbO75+4fNLRMFaF1IrlUrRBrypmgdcMMp61EURyHnDbD0d3Ubz5RpZkUj2ac0CDGfcEiRrCxUmPYvThDftctexVvBrRM/JyUIUet6351epKkMRWGcKx12/cSE2RYGUY4nZQ6qaYJJiPcp21LBY6pDrLZtRN0YpUeiqSyJQyaqb8nMhxrPY5D2xljM9CL3lT8z2unJroJMiaS1FBB5ouilCMj0fR11GOKEsPHlmCimL0VkQFWmBgbUMmG4C++vEwa5xX/quI9XJart3kcRTiCYzgFH66hCvdQgzoQGMIzvMKbI50X5935mLcWnHzmEP7A+fwBKmOOMw==</latexit>

j3, 1
<latexit sha1_base64="lCbdyQ15ezLTNj0cnEO2dCGPm1Q=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBg5Tdouix6MVjBfsB7VKyabZNm02WJCuUpf/BiwdFvPp/vPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaDyV3mt5+o0kyKRzONqR/hoWAhI9hYqTXu1y6Q1y9X3Ko7B1olXk4qkKPRL3/1BpIkERWGcKx113Nj46dYGUY4nZV6iaYxJhM8pF1LBY6o9tP5tTN0ZpUBCqWyJQyaq78nUhxpPY0C2xlhM9LLXib+53UTE974KRNxYqggi0VhwpGRKHsdDZiixPCpJZgoZm9FZIQVJsYGVLIheMsvr5JWrepdVd2Hy0r9No+jCCdwCufgwTXU4R4a0AQCY3iGV3hzpPPivDsfi9aCk88cwx84nz8o3I4y</latexit>

j2, 1
<latexit sha1_base64="nW8XEEP05tRWs6D65xAifQWkwKM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBg5Tdouix6MVjBfsB7VKyabZNm02WJCuUpf/BiwdFvPp/vPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaDyV3mt5+o0kyKRzONqR/hoWAhI9hYqTXu1y5QrV+uuFV3DrRKvJxUIEejX/7qDSRJIioM4VjrrufGxk+xMoxwOiv1Ek1jTCZ4SLuWChxR7afza2fozCoDFEplSxg0V39PpDjSehoFtjPCZqSXvUz8z+smJrzxUybixFBBFovChCMjUfY6GjBFieFTSzBRzN6KyAgrTIwNqGRD8JZfXiWtWtW7qroPl5X6bR5HEU7gFM7Bg2uowz00oAkExvAMr/DmSOfFeXc+Fq0FJ585hj9wPn8AKmCOMw==</latexit>

j2, 2

<latexit sha1_base64="vXiMURBXLXDllldv8XjAfMYtAsE=">AAAB7XicbVDLSgNBEOyNrxhfUY+KDAbBg4RdUfQY9OIxAfOAZAmzk9lkktmZZWZWCCFH7148KOLVX8h3ePMb/Aknj4MmFjQUVd10dwUxZ9q47peTWlpeWV1Lr2c2Nre2d7K7exUtE0VomUguVS3AmnImaNkww2ktVhRHAafVoHc79qsPVGkmxb3px9SPcFuwkBFsrFTpNr0zdNHM5ty8OwFaJN6M5AqHo9L349Go2Mx+NlqSJBEVhnCsdd1zY+MPsDKMcDrMNBJNY0x6uE3rlgocUe0PJtcO0YlVWiiUypYwaKL+nhjgSOt+FNjOCJuOnvfG4n9ePTHhtT9gIk4MFWS6KEw4MhKNX0ctpigxvG8JJorZWxHpYIWJsQFlbAje/MuLpHKe9y7zbsmmcQNTpOEAjuEUPLiCAtxBEcpAoAtP8AKvjnSenTfnfdqacmYz+/AHzscPGOCR2w==</latexit>

j1, 4
<latexit sha1_base64="PXwjF3IXShHJNI+WXW7yLD0fOAY=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBg5Tdouix6MVjBfsB7VKyabZNm02WJCuUpf/BiwdFvPp/vPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaDyV3mt5+o0kyKRzONqR/hoWAhI9hYqTXuexeo1i9X3Ko7B1olXk4qkKPRL3/1BpIkERWGcKx113Nj46dYGUY4nZV6iaYxJhM8pF1LBY6o9tP5tTN0ZpUBCqWyJQyaq78nUhxpPY0C2xlhM9LLXib+53UTE974KRNxYqggi0VhwpGRKHsdDZiixPCpJZgoZm9FZIQVJsYGVLIheMsvr5JWrepdVd2Hy0r9No+jCCdwCufgwTXU4R4a0AQCY3iGV3hzpPPivDsfi9aCk88cwx84nz8o2Y4y</latexit>

j1, 2
<latexit sha1_base64="Y6Y+QIcZcO80s5WxHBs+c9P2ehc=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSJ4kLIRRY9FLx4r2A9ol5JNs23abLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurO9/eyura+sbm4Wt4vbO7t5+6eCwYVSqKatTJZRuhcQwwSWrW24FayWakTgUrBmO7qZ+84lpw5V8tOOEBTHpSx5xSqyTGsMuPke4Wyr7FX8GtExwTsqQo9YtfXV6iqYxk5YKYkwb+4kNMqItp4JNip3UsITQEemztqOSxMwE2ezaCTp1Sg9FSruSFs3U3xMZiY0Zx6HrjIkdmEVvKv7ntVMb3QQZl0lqmaTzRVEqkFVo+jrqcc2oFWNHCNXc3YrogGhCrQuo6ELAiy8vk8ZFBV9V/IfLcvU2j6MAx3ACZ4DhGqpwDzWoA4UhPMMrvHnKe/HevY9564qXzxzBH3ifPydVjjE=</latexit>

j1, 1
<latexit sha1_base64="bRgpY4nsmMj14c1dPME1pXdY8WU=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAbBg4RdH+gx6MVjBPOAZAmzk9lkktmZZWZWCEv+wYsHRbz6P978GyfJHjSxoKGo6qa7K0w408bzvp3Cyura+kZxs7S1vbO75+4fNLRMFaF1IrlUrRBrypmgdcMMp61EURyHnDbD0d3Ubz5RpZkUj2ac0CDGfcEiRrCxUmPY9c/QRdctexVvBrRM/JyUIUet6351epKkMRWGcKx12/cSE2RYGUY4nZQ6qaYJJiPcp21LBY6pDrLZtRN0YpUeiqSyJQyaqb8nMhxrPY5D2xljM9CL3lT8z2unJroJMiaS1FBB5ouilCMj0fR11GOKEsPHlmCimL0VkQFWmBgbUMmG4C++vEwa5xX/quI9XJart3kcRTiCYzgFH66hCvdQgzoQGMIzvMKbI50X5935mLcWnHzmEP7A+fwBKl2OMw==</latexit>

j1, 3

<latexit sha1_base64="4oZyJ4O/s1t6iQ2RbZaWtnz8h38=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAbBg4RdH+gx6MVjBPOAZAmzk9lkktmZZWZWCEv+wYsHRbz6P978GyfJHjSxoKGo6qa7K0w408bzvp3Cyura+kZxs7S1vbO75+4fNLRMFaF1IrlUrRBrypmgdcMMp61EURyHnDbD0d3Ubz5RpZkUj2ac0CDGfcEiRrCxUmPYvThDftctexVvBrRM/JyUIUet6351epKkMRWGcKx12/cSE2RYGUY4nZQ6qaYJJiPcp21LBY6pDrLZtRN0YpUeiqSyJQyaqb8nMhxrPY5D2xljM9CL3lT8z2unJroJMiaS1FBB5ouilCMj0fR11GOKEsPHlmCimL0VkQFWmBgbUMmG4C++vEwa5xX/quI9XJart3kcRTiCYzgFH66hCvdQgzoQGMIzvMKbI50X5935mLcWnHzmEP7A+fwBKmOOMw==</latexit>

j3, 1
<latexit sha1_base64="lCbdyQ15ezLTNj0cnEO2dCGPm1Q=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBg5Tdouix6MVjBfsB7VKyabZNm02WJCuUpf/BiwdFvPp/vPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaDyV3mt5+o0kyKRzONqR/hoWAhI9hYqTXu1y6Q1y9X3Ko7B1olXk4qkKPRL3/1BpIkERWGcKx113Nj46dYGUY4nZV6iaYxJhM8pF1LBY6o9tP5tTN0ZpUBCqWyJQyaq78nUhxpPY0C2xlhM9LLXib+53UTE974KRNxYqggi0VhwpGRKHsdDZiixPCpJZgoZm9FZIQVJsYGVLIheMsvr5JWrepdVd2Hy0r9No+jCCdwCufgwTXU4R4a0AQCY3iGV3hzpPPivDsfi9aCk88cwx84nz8o3I4y</latexit>

j2, 1
<latexit sha1_base64="nW8XEEP05tRWs6D65xAifQWkwKM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBg5Tdouix6MVjBfsB7VKyabZNm02WJCuUpf/BiwdFvPp/vPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaDyV3mt5+o0kyKRzONqR/hoWAhI9hYqTXu1y5QrV+uuFV3DrRKvJxUIEejX/7qDSRJIioM4VjrrufGxk+xMoxwOiv1Ek1jTCZ4SLuWChxR7afza2fozCoDFEplSxg0V39PpDjSehoFtjPCZqSXvUz8z+smJrzxUybixFBBFovChCMjUfY6GjBFieFTSzBRzN6KyAgrTIwNqGRD8JZfXiWtWtW7qroPl5X6bR5HEU7gFM7Bg2uowz00oAkExvAMr/DmSOfFeXc+Fq0FJ585hj9wPn8AKmCOMw==</latexit>

j2, 2

<latexit sha1_base64="vXiMURBXLXDllldv8XjAfMYtAsE=">AAAB7XicbVDLSgNBEOyNrxhfUY+KDAbBg4RdUfQY9OIxAfOAZAmzk9lkktmZZWZWCCFH7148KOLVX8h3ePMb/Aknj4MmFjQUVd10dwUxZ9q47peTWlpeWV1Lr2c2Nre2d7K7exUtE0VomUguVS3AmnImaNkww2ktVhRHAafVoHc79qsPVGkmxb3px9SPcFuwkBFsrFTpNr0zdNHM5ty8OwFaJN6M5AqHo9L349Go2Mx+NlqSJBEVhnCsdd1zY+MPsDKMcDrMNBJNY0x6uE3rlgocUe0PJtcO0YlVWiiUypYwaKL+nhjgSOt+FNjOCJuOnvfG4n9ePTHhtT9gIk4MFWS6KEw4MhKNX0ctpigxvG8JJorZWxHpYIWJsQFlbAje/MuLpHKe9y7zbsmmcQNTpOEAjuEUPLiCAtxBEcpAoAtP8AKvjnSenTfnfdqacmYz+/AHzscPGOCR2w==</latexit>

j1, 4
<latexit sha1_base64="PXwjF3IXShHJNI+WXW7yLD0fOAY=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBg5Tdouix6MVjBfsB7VKyabZNm02WJCuUpf/BiwdFvPp/vPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaDyV3mt5+o0kyKRzONqR/hoWAhI9hYqTXuexeo1i9X3Ko7B1olXk4qkKPRL3/1BpIkERWGcKx113Nj46dYGUY4nZV6iaYxJhM8pF1LBY6o9tP5tTN0ZpUBCqWyJQyaq78nUhxpPY0C2xlhM9LLXib+53UTE974KRNxYqggi0VhwpGRKHsdDZiixPCpJZgoZm9FZIQVJsYGVLIheMsvr5JWrepdVd2Hy0r9No+jCCdwCufgwTXU4R4a0AQCY3iGV3hzpPPivDsfi9aCk88cwx84nz8o2Y4y</latexit>

j1, 2
<latexit sha1_base64="Y6Y+QIcZcO80s5WxHBs+c9P2ehc=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSJ4kLIRRY9FLx4r2A9ol5JNs23abLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurO9/eyura+sbm4Wt4vbO7t5+6eCwYVSqKatTJZRuhcQwwSWrW24FayWakTgUrBmO7qZ+84lpw5V8tOOEBTHpSx5xSqyTGsMuPke4Wyr7FX8GtExwTsqQo9YtfXV6iqYxk5YKYkwb+4kNMqItp4JNip3UsITQEemztqOSxMwE2ezaCTp1Sg9FSruSFs3U3xMZiY0Zx6HrjIkdmEVvKv7ntVMb3QQZl0lqmaTzRVEqkFVo+jrqcc2oFWNHCNXc3YrogGhCrQuo6ELAiy8vk8ZFBV9V/IfLcvU2j6MAx3ACZ4DhGqpwDzWoA4UhPMMrvHnKe/HevY9564qXzxzBH3ifPydVjjE=</latexit>

j1, 1
<latexit sha1_base64="bRgpY4nsmMj14c1dPME1pXdY8WU=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAbBg4RdH+gx6MVjBPOAZAmzk9lkktmZZWZWCEv+wYsHRbz6P978GyfJHjSxoKGo6qa7K0w408bzvp3Cyura+kZxs7S1vbO75+4fNLRMFaF1IrlUrRBrypmgdcMMp61EURyHnDbD0d3Ubz5RpZkUj2ac0CDGfcEiRrCxUmPY9c/QRdctexVvBrRM/JyUIUet6351epKkMRWGcKx12/cSE2RYGUY4nZQ6qaYJJiPcp21LBY6pDrLZtRN0YpUeiqSyJQyaqb8nMhxrPY5D2xljM9CL3lT8z2unJroJMiaS1FBB5ouilCMj0fR11GOKEsPHlmCimL0VkQFWmBgbUMmG4C++vEwa5xX/quI9XJart3kcRTiCYzgFH66hCvdQgzoQGMIzvMKbI50X5935mLcWnHzmEP7A+fwBKl2OMw==</latexit>

j1, 3

<latexit sha1_base64="4oZyJ4O/s1t6iQ2RbZaWtnz8h38=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAbBg4RdH+gx6MVjBPOAZAmzk9lkktmZZWZWCEv+wYsHRbz6P978GyfJHjSxoKGo6qa7K0w408bzvp3Cyura+kZxs7S1vbO75+4fNLRMFaF1IrlUrRBrypmgdcMMp61EURyHnDbD0d3Ubz5RpZkUj2ac0CDGfcEiRrCxUmPYvThDftctexVvBrRM/JyUIUet6351epKkMRWGcKx12/cSE2RYGUY4nZQ6qaYJJiPcp21LBY6pDrLZtRN0YpUeiqSyJQyaqb8nMhxrPY5D2xljM9CL3lT8z2unJroJMiaS1FBB5ouilCMj0fR11GOKEsPHlmCimL0VkQFWmBgbUMmG4C++vEwa5xX/quI9XJart3kcRTiCYzgFH66hCvdQgzoQGMIzvMKbI50X5935mLcWnHzmEP7A+fwBKmOOMw==</latexit>

j3, 1
<latexit sha1_base64="lCbdyQ15ezLTNj0cnEO2dCGPm1Q=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBg5Tdouix6MVjBfsB7VKyabZNm02WJCuUpf/BiwdFvPp/vPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaDyV3mt5+o0kyKRzONqR/hoWAhI9hYqTXu1y6Q1y9X3Ko7B1olXk4qkKPRL3/1BpIkERWGcKx113Nj46dYGUY4nZV6iaYxJhM8pF1LBY6o9tP5tTN0ZpUBCqWyJQyaq78nUhxpPY0C2xlhM9LLXib+53UTE974KRNxYqggi0VhwpGRKHsdDZiixPCpJZgoZm9FZIQVJsYGVLIheMsvr5JWrepdVd2Hy0r9No+jCCdwCufgwTXU4R4a0AQCY3iGV3hzpPPivDsfi9aCk88cwx84nz8o3I4y</latexit>

j2, 1
<latexit sha1_base64="nW8XEEP05tRWs6D65xAifQWkwKM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBg5Tdouix6MVjBfsB7VKyabZNm02WJCuUpf/BiwdFvPp/vPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaDyV3mt5+o0kyKRzONqR/hoWAhI9hYqTXu1y5QrV+uuFV3DrRKvJxUIEejX/7qDSRJIioM4VjrrufGxk+xMoxwOiv1Ek1jTCZ4SLuWChxR7afza2fozCoDFEplSxg0V39PpDjSehoFtjPCZqSXvUz8z+smJrzxUybixFBBFovChCMjUfY6GjBFieFTSzBRzN6KyAgrTIwNqGRD8JZfXiWtWtW7qroPl5X6bR5HEU7gFM7Bg2uowz00oAkExvAMr/DmSOfFeXc+Fq0FJ585hj9wPn8AKmCOMw==</latexit>

j2, 2

<latexit sha1_base64="vXiMURBXLXDllldv8XjAfMYtAsE=">AAAB7XicbVDLSgNBEOyNrxhfUY+KDAbBg4RdUfQY9OIxAfOAZAmzk9lkktmZZWZWCCFH7148KOLVX8h3ePMb/Aknj4MmFjQUVd10dwUxZ9q47peTWlpeWV1Lr2c2Nre2d7K7exUtE0VomUguVS3AmnImaNkww2ktVhRHAafVoHc79qsPVGkmxb3px9SPcFuwkBFsrFTpNr0zdNHM5ty8OwFaJN6M5AqHo9L349Go2Mx+NlqSJBEVhnCsdd1zY+MPsDKMcDrMNBJNY0x6uE3rlgocUe0PJtcO0YlVWiiUypYwaKL+nhjgSOt+FNjOCJuOnvfG4n9ePTHhtT9gIk4MFWS6KEw4MhKNX0ctpigxvG8JJorZWxHpYIWJsQFlbAje/MuLpHKe9y7zbsmmcQNTpOEAjuEUPLiCAtxBEcpAoAtP8AKvjnSenTfnfdqacmYz+/AHzscPGOCR2w==</latexit>

j1, 4
<latexit sha1_base64="PXwjF3IXShHJNI+WXW7yLD0fOAY=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBg5Tdouix6MVjBfsB7VKyabZNm02WJCuUpf/BiwdFvPp/vPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaDyV3mt5+o0kyKRzONqR/hoWAhI9hYqTXuexeo1i9X3Ko7B1olXk4qkKPRL3/1BpIkERWGcKx113Nj46dYGUY4nZV6iaYxJhM8pF1LBY6o9tP5tTN0ZpUBCqWyJQyaq78nUhxpPY0C2xlhM9LLXib+53UTE974KRNxYqggi0VhwpGRKHsdDZiixPCpJZgoZm9FZIQVJsYGVLIheMsvr5JWrepdVd2Hy0r9No+jCCdwCufgwTXU4R4a0AQCY3iGV3hzpPPivDsfi9aCk88cwx84nz8o2Y4y</latexit>

j1, 2
<latexit sha1_base64="Y6Y+QIcZcO80s5WxHBs+c9P2ehc=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSJ4kLIRRY9FLx4r2A9ol5JNs23abLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurO9/eyura+sbm4Wt4vbO7t5+6eCwYVSqKatTJZRuhcQwwSWrW24FayWakTgUrBmO7qZ+84lpw5V8tOOEBTHpSx5xSqyTGsMuPke4Wyr7FX8GtExwTsqQo9YtfXV6iqYxk5YKYkwb+4kNMqItp4JNip3UsITQEemztqOSxMwE2ezaCTp1Sg9FSruSFs3U3xMZiY0Zx6HrjIkdmEVvKv7ntVMb3QQZl0lqmaTzRVEqkFVo+jrqcc2oFWNHCNXc3YrogGhCrQuo6ELAiy8vk8ZFBV9V/IfLcvU2j6MAx3ACZ4DhGqpwDzWoA4UhPMMrvHnKe/HevY9564qXzxzBH3ifPydVjjE=</latexit>

j1, 1

<latexit sha1_base64="4oZyJ4O/s1t6iQ2RbZaWtnz8h38=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAbBg4RdH+gx6MVjBPOAZAmzk9lkktmZZWZWCEv+wYsHRbz6P978GyfJHjSxoKGo6qa7K0w408bzvp3Cyura+kZxs7S1vbO75+4fNLRMFaF1IrlUrRBrypmgdcMMp61EURyHnDbD0d3Ubz5RpZkUj2ac0CDGfcEiRrCxUmPYvThDftctexVvBrRM/JyUIUet6351epKkMRWGcKx12/cSE2RYGUY4nZQ6qaYJJiPcp21LBY6pDrLZtRN0YpUeiqSyJQyaqb8nMhxrPY5D2xljM9CL3lT8z2unJroJMiaS1FBB5ouilCMj0fR11GOKEsPHlmCimL0VkQFWmBgbUMmG4C++vEwa5xX/quI9XJart3kcRTiCYzgFH66hCvdQgzoQGMIzvMKbI50X5935mLcWnHzmEP7A+fwBKmOOMw==</latexit>

j3, 1
<latexit sha1_base64="lCbdyQ15ezLTNj0cnEO2dCGPm1Q=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBg5Tdouix6MVjBfsB7VKyabZNm02WJCuUpf/BiwdFvPp/vPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaDyV3mt5+o0kyKRzONqR/hoWAhI9hYqTXu1y6Q1y9X3Ko7B1olXk4qkKPRL3/1BpIkERWGcKx113Nj46dYGUY4nZV6iaYxJhM8pF1LBY6o9tP5tTN0ZpUBCqWyJQyaq78nUhxpPY0C2xlhM9LLXib+53UTE974KRNxYqggi0VhwpGRKHsdDZiixPCpJZgoZm9FZIQVJsYGVLIheMsvr5JWrepdVd2Hy0r9No+jCCdwCufgwTXU4R4a0AQCY3iGV3hzpPPivDsfi9aCk88cwx84nz8o3I4y</latexit>

j2, 1

<latexit sha1_base64="fjDytFGt8nMGsOZCloALdyHHzX8=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVRY9FLx4r2g9p1yWbZtvQJLsmWaEs/RVePCji1Z/jzX9j2u5BWx8MPN6bYWZemHCmjet+O4Wl5ZXVteJ6aWNza3unvLvX1HGqCG2QmMeqHWJNOZO0YZjhtJ0oikXIaSscXk381hNVmsXyzowS6gvclyxiBBsr3d8+PAYZC7xxUK64VXcKtEi8nFQgRz0of3V7MUkFlYZwrHXHcxPjZ1gZRjgdl7qppgkmQ9ynHUslFlT72fTgMTqySg9FsbIlDZqqvycyLLQeidB2CmwGet6biP95ndREF37GZJIaKslsUZRyZGI0+R71mKLE8JElmChmb0VkgBUmxmZUsiF48y8vkuZJ1TurujenldplHkcRDuAQjsGDc6jBNdShAQQEPMMrvDnKeXHenY9Za8HJZ/bhD5zPH5/mkEo=</latexit>

Sq
i1

<latexit sha1_base64="p4//th1ifHVOtYUAo6mUxiUbG5w=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJ4KrtF0WPRi8eK9kPadcmm2TY0ya5JVihLf4UXD4p49ed489+YtnvQ1gcDj/dmmJkXJpxp47rfztLyyuraemGjuLm1vbNb2ttv6jhVhDZIzGPVDrGmnEnaMMxw2k4UxSLktBUOryZ+64kqzWJ5Z0YJ9QXuSxYxgo2V7m8fHoOMBdVxUCq7FXcKtEi8nJQhRz0ofXV7MUkFlYZwrHXHcxPjZ1gZRjgdF7uppgkmQ9ynHUslFlT72fTgMTq2Sg9FsbIlDZqqvycyLLQeidB2CmwGet6biP95ndREF37GZJIaKslsUZRyZGI0+R71mKLE8JElmChmb0VkgBUmxmZUtCF48y8vkma14p1V3JvTcu0yj6MAh3AEJ+DBOdTgGurQAAICnuEV3hzlvDjvzsesdcnJZw7gD5zPH6FrkEs=</latexit>

Sq
i2

<latexit sha1_base64="3qAuDnIijKZsEouKIjFAuZI6iNM=">AAAB8HicbVDLTsMwENyUVymvAkcuFhUSpyrhIThWcOFYBH2gNkSO67RWbSfYDlIV9Su4cAAhrnwON/4Gt80BCiOtNJrZ1e5OmHCmjet+OYWFxaXlleJqaW19Y3OrvL3T1HGqCG2QmMeqHWJNOZO0YZjhtJ0oikXIaSscXk781iNVmsXy1owS6gvclyxiBBsr3d3cPwQZC47HQbniVt0p0F/i5aQCOepB+bPbi0kqqDSEY607npsYP8PKMMLpuNRNNU0wGeI+7VgqsaDaz6YHj9GBVXooipUtadBU/TmRYaH1SIS2U2Az0PPeRPzP66QmOvczJpPUUElmi6KUIxOjyfeoxxQlho8swUQxeysiA6wwMTajkg3Bm3/5L2keVb3Tqnt9Uqld5HEUYQ/24RA8OIMaXEEdGkBAwBO8wKujnGfnzXmftRacfGYXfsH5+Aai8JBM</latexit>

Sq
i3

<latexit sha1_base64="B/ZIL/nryFWsbHpszOvSN3LUQBQ=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJ4Krti0WPRi8eK9kPadcmm2TY0ya5JVihLf4UXD4p49ed489+YtnvQ1gcDj/dmmJkXJpxp47rfztLyyuraemGjuLm1vbNb2ttv6jhVhDZIzGPVDrGmnEnaMMxw2k4UxSLktBUOryZ+64kqzWJ5Z0YJ9QXuSxYxgo2V7m8fHoOMBdVxUCq7FXcKtEi8nJQhRz0ofXV7MUkFlYZwrHXHcxPjZ1gZRjgdF7uppgkmQ9ynHUslFlT72fTgMTq2Sg9FsbIlDZqqvycyLLQeidB2CmwGet6biP95ndREF37GZJIaKslsUZRyZGI0+R71mKLE8JElmChmb0VkgBUmxmZUtCF48y8vkuZpxatW3Juzcu0yj6MAh3AEJ+DBOdTgGurQAAICnuEV3hzlvDjvzsesdcnJZw7gD5zPH6X6kE4=</latexit>

Sq
i5

<latexit sha1_base64="2XS+TMI2iN1iNS/PNPQGr8T/9aA=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJ4Krui2GNRDx4r2A9p1yWbZtvQJLsmWaEs/RVePCji1Z/jzX9j2u5BWx8MPN6bYWZemHCmjet+O0vLK6tr64WN4ubW9s5uaW+/qeNUEdogMY9VO8SaciZpwzDDaTtRFIuQ01Y4vJr4rSeqNIvlnRkl1Be4L1nECDZWur9+eAwyFlTHQansVtwp0CLxclKGHPWg9NXtxSQVVBrCsdYdz02Mn2FlGOF0XOymmiaYDHGfdiyVWFDtZ9ODx+jYKj0UxcqWNGiq/p7IsNB6JELbKbAZ6HlvIv7ndVITVf2MySQ1VJLZoijlyMRo8j3qMUWJ4SNLMFHM3orIACtMjM2oaEPw5l9eJM3TindecW/PyrXLPI4CHMIRnIAHF1CDG6hDAwgIeIZXeHOU8+K8Ox+z1iUnnzmAP3A+fwCTVZBC</latexit>

Dq
i8

<latexit sha1_base64="72mCknWrThh5OYc4CdTwjNUp2Ro=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJ4Krui1GNRDx4r2A9p1yWbZtvQJLsmWaEs/RVePCji1Z/jzX9j2u5BWx8MPN6bYWZemHCmjet+O0vLK6tr64WN4ubW9s5uaW+/qeNUEdogMY9VO8SaciZpwzDDaTtRFIuQ01Y4vJr4rSeqNIvlnRkl1Be4L1nECDZWur9+eAwyFlTHQansVtwp0CLxclKGHPWg9NXtxSQVVBrCsdYdz02Mn2FlGOF0XOymmiaYDHGfdiyVWFDtZ9ODx+jYKj0UxcqWNGiq/p7IsNB6JELbKbAZ6HlvIv7ndVITXfgZk0lqqCSzRVHKkYnR5HvUY4oSw0eWYKKYvRWRAVaYGJtR0Ybgzb+8SJqnFe+84t6elWuXeRwFOIQjOAEPqlCDG6hDAwgIeIZXeHOU8+K8Ox+z1iUnnzmAP3A+fwCR0JBB</latexit>

Dq
i7

<latexit sha1_base64="XLVgbjBB0awzKNoN+3L+58sJNbU=">AAAB8HicbVDLTsMwENyUVymvAkcuFhUSpypBvI4VcOBYJPpAbYgc12mt2k6wHaQq6ldw4QBCXPkcbvwNbpsDFEZaaTSzq92dMOFMG9f9cgoLi0vLK8XV0tr6xuZWeXunqeNUEdogMY9VO8SaciZpwzDDaTtRFIuQ01Y4vJz4rUeqNIvlrRkl1Be4L1nECDZWuru6fwgyFpyOg3LFrbpToL/Ey0kFctSD8me3F5NUUGkIx1p3PDcxfoaVYYTTcambappgMsR92rFUYkG1n00PHqMDq/RQFCtb0qCp+nMiw0LrkQhtp8BmoOe9ifif10lNdO5nTCapoZLMFkUpRyZGk+9RjylKDB9Zgoli9lZEBlhhYmxGJRuCN//yX9I8qnonVffmuFK7yOMowh7swyF4cAY1uIY6NICAgCd4gVdHOc/Om/M+ay04+cwu/ILz8Q2QS5BA</latexit>

Dq
i6

<latexit sha1_base64="5uzZ8fJSaDre/H0FT+iV8jhgVqM=">AAAB9HicbVBNT8JAEJ3iF+IX6tHLRmLiwZCWaPRI9OIREwskUJvtsoUN223Z3ZKQht/hxYPGePXHePPfuEAPCr5kkpf3ZjIzL0g4U9q2v63C2vrG5lZxu7Szu7d/UD48aqo4lYS6JOaxbAdYUc4EdTXTnLYTSXEUcNoKhnczvzWmUrFYPOpJQr0I9wULGcHaSJ77NPIz5tcumO9M/XLFrtpzoFXi5KQCORp++avbi0kaUaEJx0p1HDvRXoalZoTTaambKppgMsR92jFU4IgqL5sfPUVnRumhMJamhEZz9fdEhiOlJlFgOiOsB2rZm4n/eZ1UhzdexkSSairIYlGYcqRjNEsA9ZikRPOJIZhIZm5FZIAlJtrkVDIhOMsvr5JmrepcVe2Hy0r9No+jCCdwCufgwDXU4R4a4AKBETzDK7xZY+vFerc+Fq0FK585hj+wPn8AA1qRmg==</latexit>

Uq
i2,i1

<latexit sha1_base64="Iqtv+LResjJldkm0bFIzZ2WpNlE=">AAAB9HicbVBNT8JAEJ36ifiFevSykZh4MKRFjR6JXjxiYoEEarNdtrBhuy27WxLS8Du8eNAYr/4Yb/4bF+hBwZdM8vLeTGbmBQlnStv2t7Wyura+sVnYKm7v7O7tlw4OGypOJaEuiXksWwFWlDNBXc00p61EUhwFnDaDwd3Ub46oVCwWj3qcUC/CPcFCRrA2kuc+Df2M+RfnzK9O/FLZrtgzoGXi5KQMOep+6avTjUkaUaEJx0q1HTvRXoalZoTTSbGTKppgMsA92jZU4IgqL5sdPUGnRumiMJamhEYz9fdEhiOlxlFgOiOs+2rRm4r/ee1UhzdexkSSairIfFGYcqRjNE0AdZmkRPOxIZhIZm5FpI8lJtrkVDQhOIsvL5NGteJcVeyHy3LtNo+jAMdwAmfgwDXU4B7q4AKBITzDK7xZI+vFerc+5q0rVj5zBH9gff4ABmiRnA==</latexit>
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Figure 5.14: Spatial superstructure for plastic waste upcycling system. Technologies on
the top are for location B and technologies on the bottom are for location D.
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Figure 5.15: Cost-minimizing optimal spatial system design.
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optimal design tries to put technologies at locations with less installation cost, which is

the major cost of the process. This cost-minimizing design achieves an annualized cost

of $ 6.30× 108 and similarly, it selects the technology with largest capacity for processes

MRF, RF, and PP as they are the most cost-efficient units to satisfy the required amount of

products. We then use optimization formulation (5.3.28) to solve for the cost-minimizing

design with spatial information that also achieves a certain level of modularity.

The optimal designs that correspond to two different levels of modularity are shown

in Figure 5.16.
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<latexit sha1_base64="4oZyJ4O/s1t6iQ2RbZaWtnz8h38=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAbBg4RdH+gx6MVjBPOAZAmzk9lkktmZZWZWCEv+wYsHRbz6P978GyfJHjSxoKGo6qa7K0w408bzvp3Cyura+kZxs7S1vbO75+4fNLRMFaF1IrlUrRBrypmgdcMMp61EURyHnDbD0d3Ubz5RpZkUj2ac0CDGfcEiRrCxUmPYvThDftctexVvBrRM/JyUIUet6351epKkMRWGcKx12/cSE2RYGUY4nZQ6qaYJJiPcp21LBY6pDrLZtRN0YpUeiqSyJQyaqb8nMhxrPY5D2xljM9CL3lT8z2unJroJMiaS1FBB5ouilCMj0fR11GOKEsPHlmCimL0VkQFWmBgbUMmG4C++vEwa5xX/quI9XJart3kcRTiCYzgFH66hCvdQgzoQGMIzvMKbI50X5935mLcWnHzmEP7A+fwBKmOOMw==</latexit>

j3, 1

<latexit sha1_base64="fjDytFGt8nMGsOZCloALdyHHzX8=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVRY9FLx4r2g9p1yWbZtvQJLsmWaEs/RVePCji1Z/jzX9j2u5BWx8MPN6bYWZemHCmjet+O4Wl5ZXVteJ6aWNza3unvLvX1HGqCG2QmMeqHWJNOZO0YZjhtJ0oikXIaSscXk381hNVmsXyzowS6gvclyxiBBsr3d8+PAYZC7xxUK64VXcKtEi8nFQgRz0of3V7MUkFlYZwrHXHcxPjZ1gZRjgdl7qppgkmQ9ynHUslFlT72fTgMTqySg9FsbIlDZqqvycyLLQeidB2CmwGet6biP95ndREF37GZJIaKslsUZRyZGI0+R71mKLE8JElmChmb0VkgBUmxmZUsiF48y8vkuZJ1TurujenldplHkcRDuAQjsGDc6jBNdShAQQEPMMrvDnKeXHenY9Za8HJZ/bhD5zPH5/mkEo=</latexit>

Sq
i1

<latexit sha1_base64="p4//th1ifHVOtYUAo6mUxiUbG5w=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJ4KrtF0WPRi8eK9kPadcmm2TY0ya5JVihLf4UXD4p49ed489+YtnvQ1gcDj/dmmJkXJpxp47rfztLyyuraemGjuLm1vbNb2ttv6jhVhDZIzGPVDrGmnEnaMMxw2k4UxSLktBUOryZ+64kqzWJ5Z0YJ9QXuSxYxgo2V7m8fHoOMBdVxUCq7FXcKtEi8nJQhRz0ofXV7MUkFlYZwrHXHcxPjZ1gZRjgdF7uppgkmQ9ynHUslFlT72fTgMTq2Sg9FsbIlDZqqvycyLLQeidB2CmwGet6biP95ndREF37GZJIaKslsUZRyZGI0+R71mKLE8JElmChmb0VkgBUmxmZUtCF48y8vkma14p1V3JvTcu0yj6MAh3AEJ+DBOdTgGurQAAICnuEV3hzlvDjvzsesdcnJZw7gD5zPH6FrkEs=</latexit>

Sq
i2

<latexit sha1_base64="3qAuDnIijKZsEouKIjFAuZI6iNM=">AAAB8HicbVDLTsMwENyUVymvAkcuFhUSpyrhIThWcOFYBH2gNkSO67RWbSfYDlIV9Su4cAAhrnwON/4Gt80BCiOtNJrZ1e5OmHCmjet+OYWFxaXlleJqaW19Y3OrvL3T1HGqCG2QmMeqHWJNOZO0YZjhtJ0oikXIaSscXk781iNVmsXy1owS6gvclyxiBBsr3d3cPwQZC47HQbniVt0p0F/i5aQCOepB+bPbi0kqqDSEY607npsYP8PKMMLpuNRNNU0wGeI+7VgqsaDaz6YHj9GBVXooipUtadBU/TmRYaH1SIS2U2Az0PPeRPzP66QmOvczJpPUUElmi6KUIxOjyfeoxxQlho8swUQxeysiA6wwMTajkg3Bm3/5L2keVb3Tqnt9Uqld5HEUYQ/24RA8OIMaXEEdGkBAwBO8wKujnGfnzXmftRacfGYXfsH5+Aai8JBM</latexit>

Sq
i3

Municipal
Solid Waste

Plastic Bale

Plastic Flake

Suppliers

Technologies

Demands

Hydrogen

Propylene

Ethylene

<latexit sha1_base64="5uzZ8fJSaDre/H0FT+iV8jhgVqM=">AAAB9HicbVBNT8JAEJ3iF+IX6tHLRmLiwZCWaPRI9OIREwskUJvtsoUN223Z3ZKQht/hxYPGePXHePPfuEAPCr5kkpf3ZjIzL0g4U9q2v63C2vrG5lZxu7Szu7d/UD48aqo4lYS6JOaxbAdYUc4EdTXTnLYTSXEUcNoKhnczvzWmUrFYPOpJQr0I9wULGcHaSJ77NPIz5tcumO9M/XLFrtpzoFXi5KQCORp++avbi0kaUaEJx0p1HDvRXoalZoTTaambKppgMsR92jFU4IgqL5sfPUVnRumhMJamhEZz9fdEhiOlJlFgOiOsB2rZm4n/eZ1UhzdexkSSairIYlGYcqRjNEsA9ZikRPOJIZhIZm5FZIAlJtrkVDIhOMsvr5JmrepcVe2Hy0r9No+jCCdwCufgwDXU4R4a4AKBETzDK7xZY+vFerc+Fq0FK585hj+wPn8AA1qRmg==</latexit>

Uq
i2,i1

<latexit sha1_base64="Iqtv+LResjJldkm0bFIzZ2WpNlE=">AAAB9HicbVBNT8JAEJ36ifiFevSykZh4MKRFjR6JXjxiYoEEarNdtrBhuy27WxLS8Du8eNAYr/4Yb/4bF+hBwZdM8vLeTGbmBQlnStv2t7Wyura+sVnYKm7v7O7tlw4OGypOJaEuiXksWwFWlDNBXc00p61EUhwFnDaDwd3Ub46oVCwWj3qcUC/CPcFCRrA2kuc+Df2M+RfnzK9O/FLZrtgzoGXi5KQMOep+6avTjUkaUaEJx0q1HTvRXoalZoTTSbGTKppgMsA92jZU4IgqL5sdPUGnRumiMJamhEYz9fdEhiOlxlFgOiOs+2rRm4r/ee1UhzdexkSSairIfFGYcqRjNE0AdZmkRPOxIZhIZm5FpI8lJtrkVDQhOIsvL5NGteJcVeyHy3LtNo+jAMdwAmfgwDXU4B7q4AKBITzDK7xZI+vFerc+5q0rVj5zBH9gff4ABmiRnA==</latexit>

Uq
i3,i2

<latexit sha1_base64="2XS+TMI2iN1iNS/PNPQGr8T/9aA=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJ4Krui2GNRDx4r2A9p1yWbZtvQJLsmWaEs/RVePCji1Z/jzX9j2u5BWx8MPN6bYWZemHCmjet+O0vLK6tr64WN4ubW9s5uaW+/qeNUEdogMY9VO8SaciZpwzDDaTtRFIuQ01Y4vJr4rSeqNIvlnRkl1Be4L1nECDZWur9+eAwyFlTHQansVtwp0CLxclKGHPWg9NXtxSQVVBrCsdYdz02Mn2FlGOF0XOymmiaYDHGfdiyVWFDtZ9ODx+jYKj0UxcqWNGiq/p7IsNB6JELbKbAZ6HlvIv7ndVITVf2MySQ1VJLZoijlyMRo8j3qMUWJ4SNLMFHM3orIACtMjM2oaEPw5l9eJM3TindecW/PyrXLPI4CHMIRnIAHF1CDG6hDAwgIeIZXeHOU8+K8Ox+z1iUnnzmAP3A+fwCTVZBC</latexit>

Dq
i8

<latexit sha1_base64="72mCknWrThh5OYc4CdTwjNUp2Ro=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJ4Krui1GNRDx4r2A9p1yWbZtvQJLsmWaEs/RVePCji1Z/jzX9j2u5BWx8MPN6bYWZemHCmjet+O0vLK6tr64WN4ubW9s5uaW+/qeNUEdogMY9VO8SaciZpwzDDaTtRFIuQ01Y4vJr4rSeqNIvlnRkl1Be4L1nECDZWur9+eAwyFlTHQansVtwp0CLxclKGHPWg9NXtxSQVVBrCsdYdz02Mn2FlGOF0XOymmiaYDHGfdiyVWFDtZ9ODx+jYKj0UxcqWNGiq/p7IsNB6JELbKbAZ6HlvIv7ndVITXfgZk0lqqCSzRVHKkYnR5HvUY4oSw0eWYKKYvRWRAVaYGJtR0Ybgzb+8SJqnFe+84t6elWuXeRwFOIQjOAEPqlCDG6hDAwgIeIZXeHOU8+K8Ox+z1iUnnzmAP3A+fwCR0JBB</latexit>

Dq
i7

<latexit sha1_base64="XLVgbjBB0awzKNoN+3L+58sJNbU=">AAAB8HicbVDLTsMwENyUVymvAkcuFhUSpypBvI4VcOBYJPpAbYgc12mt2k6wHaQq6ldw4QBCXPkcbvwNbpsDFEZaaTSzq92dMOFMG9f9cgoLi0vLK8XV0tr6xuZWeXunqeNUEdogMY9VO8SaciZpwzDDaTtRFIuQ01Y4vJz4rUeqNIvlrRkl1Be4L1nECDZWuru6fwgyFpyOg3LFrbpToL/Ey0kFctSD8me3F5NUUGkIx1p3PDcxfoaVYYTTcambappgMsR92rFUYkG1n00PHqMDq/RQFCtb0qCp+nMiw0LrkQhtp8BmoOe9ifif10lNdO5nTCapoZLMFkUpRyZGk+9RjylKDB9Zgoli9lZEBlhhYmxGJRuCN//yX9I8qnonVffmuFK7yOMowh7swyF4cAY1uIY6NICAgCd4gVdHOc/Om/M+ay04+cwu/ILz8Q2QS5BA</latexit>

Dq
i6

<latexit sha1_base64="PXwjF3IXShHJNI+WXW7yLD0fOAY=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBg5Tdouix6MVjBfsB7VKyabZNm02WJCuUpf/BiwdFvPp/vPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaDyV3mt5+o0kyKRzONqR/hoWAhI9hYqTXuexeo1i9X3Ko7B1olXk4qkKPRL3/1BpIkERWGcKx113Nj46dYGUY4nZV6iaYxJhM8pF1LBY6o9tP5tTN0ZpUBCqWyJQyaq78nUhxpPY0C2xlhM9LLXib+53UTE974KRNxYqggi0VhwpGRKHsdDZiixPCpJZgoZm9FZIQVJsYGVLIheMsvr5JWrepdVd2Hy0r9No+jCCdwCufgwTXU4R4a0AQCY3iGV3hzpPPivDsfi9aCk88cwx84nz8o2Y4y</latexit>

j1, 2

<latexit sha1_base64="Y6Y+QIcZcO80s5WxHBs+c9P2ehc=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSJ4kLIRRY9FLx4r2A9ol5JNs23abLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurO9/eyura+sbm4Wt4vbO7t5+6eCwYVSqKatTJZRuhcQwwSWrW24FayWakTgUrBmO7qZ+84lpw5V8tOOEBTHpSx5xSqyTGsMuPke4Wyr7FX8GtExwTsqQo9YtfXV6iqYxk5YKYkwb+4kNMqItp4JNip3UsITQEemztqOSxMwE2ezaCTp1Sg9FSruSFs3U3xMZiY0Zx6HrjIkdmEVvKv7ntVMb3QQZl0lqmaTzRVEqkFVo+jrqcc2oFWNHCNXc3YrogGhCrQuo6ELAiy8vk8ZFBV9V/IfLcvU2j6MAx3ACZ4DhGqpwDzWoA4UhPMMrvHnKe/HevY9564qXzxzBH3ifPydVjjE=</latexit>

j1, 1
<latexit sha1_base64="lCbdyQ15ezLTNj0cnEO2dCGPm1Q=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBg5Tdouix6MVjBfsB7VKyabZNm02WJCuUpf/BiwdFvPp/vPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaDyV3mt5+o0kyKRzONqR/hoWAhI9hYqTXu1y6Q1y9X3Ko7B1olXk4qkKPRL3/1BpIkERWGcKx113Nj46dYGUY4nZV6iaYxJhM8pF1LBY6o9tP5tTN0ZpUBCqWyJQyaq78nUhxpPY0C2xlhM9LLXib+53UTE974KRNxYqggi0VhwpGRKHsdDZiixPCpJZgoZm9FZIQVJsYGVLIheMsvr5JWrepdVd2Hy0r9No+jCCdwCufgwTXU4R4a0AQCY3iGV3hzpPPivDsfi9aCk88cwx84nz8o3I4y</latexit>

j2, 1
<latexit sha1_base64="nW8XEEP05tRWs6D65xAifQWkwKM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBg5Tdouix6MVjBfsB7VKyabZNm02WJCuUpf/BiwdFvPp/vPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaDyV3mt5+o0kyKRzONqR/hoWAhI9hYqTXu1y5QrV+uuFV3DrRKvJxUIEejX/7qDSRJIioM4VjrrufGxk+xMoxwOiv1Ek1jTCZ4SLuWChxR7afza2fozCoDFEplSxg0V39PpDjSehoFtjPCZqSXvUz8z+smJrzxUybixFBBFovChCMjUfY6GjBFieFTSzBRzN6KyAgrTIwNqGRD8JZfXiWtWtW7qroPl5X6bR5HEU7gFM7Bg2uowz00oAkExvAMr/DmSOfFeXc+Fq0FJ585hj9wPn8AKmCOMw==</latexit>

j2, 2

<latexit sha1_base64="lCbdyQ15ezLTNj0cnEO2dCGPm1Q=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBg5Tdouix6MVjBfsB7VKyabZNm02WJCuUpf/BiwdFvPp/vPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaDyV3mt5+o0kyKRzONqR/hoWAhI9hYqTXu1y6Q1y9X3Ko7B1olXk4qkKPRL3/1BpIkERWGcKx113Nj46dYGUY4nZV6iaYxJhM8pF1LBY6o9tP5tTN0ZpUBCqWyJQyaq78nUhxpPY0C2xlhM9LLXib+53UTE974KRNxYqggi0VhwpGRKHsdDZiixPCpJZgoZm9FZIQVJsYGVLIheMsvr5JWrepdVd2Hy0r9No+jCCdwCufgwTXU4R4a0AQCY3iGV3hzpPPivDsfi9aCk88cwx84nz8o3I4y</latexit>

j2, 1
<latexit sha1_base64="nW8XEEP05tRWs6D65xAifQWkwKM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBg5Tdouix6MVjBfsB7VKyabZNm02WJCuUpf/BiwdFvPp/vPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaDyV3mt5+o0kyKRzONqR/hoWAhI9hYqTXu1y5QrV+uuFV3DrRKvJxUIEejX/7qDSRJIioM4VjrrufGxk+xMoxwOiv1Ek1jTCZ4SLuWChxR7afza2fozCoDFEplSxg0V39PpDjSehoFtjPCZqSXvUz8z+smJrzxUybixFBBFovChCMjUfY6GjBFieFTSzBRzN6KyAgrTIwNqGRD8JZfXiWtWtW7qroPl5X6bR5HEU7gFM7Bg2uowz00oAkExvAMr/DmSOfFeXc+Fq0FJ585hj9wPn8AKmCOMw==</latexit>

j2, 2

<latexit sha1_base64="Y6Y+QIcZcO80s5WxHBs+c9P2ehc=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSJ4kLIRRY9FLx4r2A9ol5JNs23abLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurO9/eyura+sbm4Wt4vbO7t5+6eCwYVSqKatTJZRuhcQwwSWrW24FayWakTgUrBmO7qZ+84lpw5V8tOOEBTHpSx5xSqyTGsMuPke4Wyr7FX8GtExwTsqQo9YtfXV6iqYxk5YKYkwb+4kNMqItp4JNip3UsITQEemztqOSxMwE2ezaCTp1Sg9FSruSFs3U3xMZiY0Zx6HrjIkdmEVvKv7ntVMb3QQZl0lqmaTzRVEqkFVo+jrqcc2oFWNHCNXc3YrogGhCrQuo6ELAiy8vk8ZFBV9V/IfLcvU2j6MAx3ACZ4DhGqpwDzWoA4UhPMMrvHnKe/HevY9564qXzxzBH3ifPydVjjE=</latexit>

j1, 1

<latexit sha1_base64="fjDytFGt8nMGsOZCloALdyHHzX8=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVRY9FLx4r2g9p1yWbZtvQJLsmWaEs/RVePCji1Z/jzX9j2u5BWx8MPN6bYWZemHCmjet+O4Wl5ZXVteJ6aWNza3unvLvX1HGqCG2QmMeqHWJNOZO0YZjhtJ0oikXIaSscXk381hNVmsXyzowS6gvclyxiBBsr3d8+PAYZC7xxUK64VXcKtEi8nFQgRz0of3V7MUkFlYZwrHXHcxPjZ1gZRjgdl7qppgkmQ9ynHUslFlT72fTgMTqySg9FsbIlDZqqvycyLLQeidB2CmwGet6biP95ndREF37GZJIaKslsUZRyZGI0+R71mKLE8JElmChmb0VkgBUmxmZUsiF48y8vkuZJ1TurujenldplHkcRDuAQjsGDc6jBNdShAQQEPMMrvDnKeXHenY9Za8HJZ/bhD5zPH5/mkEo=</latexit>

Sq
i1

Municipal
Solid Waste

Pyrolysis Oil
<latexit sha1_base64="B/ZIL/nryFWsbHpszOvSN3LUQBQ=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJ4Krti0WPRi8eK9kPadcmm2TY0ya5JVihLf4UXD4p49ed489+YtnvQ1gcDj/dmmJkXJpxp47rfztLyyuraemGjuLm1vbNb2ttv6jhVhDZIzGPVDrGmnEnaMMxw2k4UxSLktBUOryZ+64kqzWJ5Z0YJ9QXuSxYxgo2V7m8fHoOMBdVxUCq7FXcKtEi8nJQhRz0ofXV7MUkFlYZwrHXHcxPjZ1gZRjgdF7uppgkmQ9ynHUslFlT72fTgMTq2Sg9FsbIlDZqqvycyLLQeidB2CmwGet6biP95ndREF37GZJIaKslsUZRyZGI0+R71mKLE8JElmChmb0VkgBUmxmZUtCF48y8vkuZpxatW3Juzcu0yj6MAh3AEJ+DBOdTgGurQAAICnuEV3hzlvDjvzsesdcnJZw7gD5zPH6X6kE4=</latexit>

Sq
i5 Hydrogen

Propylene

Ethylene
<latexit sha1_base64="2XS+TMI2iN1iNS/PNPQGr8T/9aA=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJ4Krui2GNRDx4r2A9p1yWbZtvQJLsmWaEs/RVePCji1Z/jzX9j2u5BWx8MPN6bYWZemHCmjet+O0vLK6tr64WN4ubW9s5uaW+/qeNUEdogMY9VO8SaciZpwzDDaTtRFIuQ01Y4vJr4rSeqNIvlnRkl1Be4L1nECDZWur9+eAwyFlTHQansVtwp0CLxclKGHPWg9NXtxSQVVBrCsdYdz02Mn2FlGOF0XOymmiaYDHGfdiyVWFDtZ9ODx+jYKj0UxcqWNGiq/p7IsNB6JELbKbAZ6HlvIv7ndVITVf2MySQ1VJLZoijlyMRo8j3qMUWJ4SNLMFHM3orIACtMjM2oaEPw5l9eJM3TindecW/PyrXLPI4CHMIRnIAHF1CDG6hDAwgIeIZXeHOU8+K8Ox+z1iUnnzmAP3A+fwCTVZBC</latexit>

Dq
i8

<latexit sha1_base64="72mCknWrThh5OYc4CdTwjNUp2Ro=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJ4Krui1GNRDx4r2A9p1yWbZtvQJLsmWaEs/RVePCji1Z/jzX9j2u5BWx8MPN6bYWZemHCmjet+O0vLK6tr64WN4ubW9s5uaW+/qeNUEdogMY9VO8SaciZpwzDDaTtRFIuQ01Y4vJr4rSeqNIvlnRkl1Be4L1nECDZWur9+eAwyFlTHQansVtwp0CLxclKGHPWg9NXtxSQVVBrCsdYdz02Mn2FlGOF0XOymmiaYDHGfdiyVWFDtZ9ODx+jYKj0UxcqWNGiq/p7IsNB6JELbKbAZ6HlvIv7ndVITXfgZk0lqqCSzRVHKkYnR5HvUY4oSw0eWYKKYvRWRAVaYGJtR0Ybgzb+8SJqnFe+84t6elWuXeRwFOIQjOAEPqlCDG6hDAwgIeIZXeHOU8+K8Ox+z1iUnnzmAP3A+fwCR0JBB</latexit>

Dq
i7

<latexit sha1_base64="XLVgbjBB0awzKNoN+3L+58sJNbU=">AAAB8HicbVDLTsMwENyUVymvAkcuFhUSpypBvI4VcOBYJPpAbYgc12mt2k6wHaQq6ldw4QBCXPkcbvwNbpsDFEZaaTSzq92dMOFMG9f9cgoLi0vLK8XV0tr6xuZWeXunqeNUEdogMY9VO8SaciZpwzDDaTtRFIuQ01Y4vJz4rUeqNIvlrRkl1Be4L1nECDZWuru6fwgyFpyOg3LFrbpToL/Ey0kFctSD8me3F5NUUGkIx1p3PDcxfoaVYYTTcambappgMsR92rFUYkG1n00PHqMDq/RQFCtb0qCp+nMiw0LrkQhtp8BmoOe9ifif10lNdO5nTCapoZLMFkUpRyZGk+9RjylKDB9Zgoli9lZEBlhhYmxGJRuCN//yX9I8qnonVffmuFK7yOMowh7swyF4cAY1uIY6NICAgCd4gVdHOc/Om/M+ay04+cwu/ILz8Q2QS5BA</latexit>

Dq
i6
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Figure 5.16: Cost-minimizing optimal modular system design (with spatial information)
for modularity M4 ≥ 0.4 (left) and M4 ≥ 0.6 (right)

Module divisions in both cases are grouped by red dashed rectangles and nodes

within four modules for each case are summarized in Table 5.8. We can see that, when

requirement for modularity is low, the large pyrolysis plant in purple takes the advantage

of low installation costs at location D and is grouped with a small reprocessing facility in

blue. The module (facility) that these units form is placed at location D, while all other

units and modules are placed at a facility in location B. On the right we can see that, as

we require a higher degree of modularity, all units and modules are placed at location

B. Here, a low installation cost is outweighed by the high transportation cost due to in-
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Table 5.8: Details for a couple of modular designs.

Modularity Annualized
Module 1 Module 2 Module 3 Module 4

Measure, M4 Cost, C ($)

0.4 6.46 ×108

Uq
i2,i1 ,j2,1 Uq

i2,i1 ,j2,2 Uq
i2,i1,j1,1 Uq

i3,i2,j1 ,2

Uq
i3,i2 ,j2,1 Uq

i3,i2 ,j2,2 Uq
i3,i2,j1,1 Uq

{i4 ,i5},i3 ,j3,1

Uq
{i6 ,i7,i8},i5 ,j2 ,1

0.6 6.74 ×108

Uq
i2,i1 ,j1,1

Uq
i2,i1 ,j1,3 Uq

i2,i1,j2,1 Uq
{i4 ,i5},i3 ,j2,2

Uq
i2,i1 ,j1,2 Uq

i3,i2 ,j1,3 Uq
i3,i2,j2,1 Uq

{i6 ,i7 ,i8},i5 ,j2 ,1

Uq
i3,i2 ,j1,1 Uq

{i4,i5},i3 ,j2 ,1

Uq
i3,i2 ,j1,2

creased connectivity across locations and therefore no units are placed at location D. We

can also see that smaller techs are utilized in the optimal design with higher modularity.

We also summarize the results for different combinations of modularity measure and cost

in Table 5.9. A similar trend can be observed in Table 5.6; specifically, a threshold exists

around a modularity measure of 0.6 where further increasing the measure causes the cost

of design to rise sharply, and the solving time increases dramatically as we increase the

requirement for modularity measure initially, and eventually drops when the requirement

is too high.

5.5 Conclusions and Future Work

In this work, we propose an optimization framework to facilitate the design of modular

manufacturing systems. Central to our approach is the concept of a spatial superstructure,

which is a graph that captures all possible system configurations and interdependencies

between components. The spatial superstructure is a generalization of the notion of a

superstructure and of a p-graph used in process design, in that it encodes spatial (geo-

graphical) context of the system components. We show that this generalization enables



142

Table 5.9: Trade-off between cost and modularity for optimal system design (with spacial
information).

Modularity Measure Cost ($) # of Technologies Solving Time (s)

0 6.30× 108
7 0.92

0.3 6.32× 108
7 4.89

0.4 6.46× 108
9 287.51

0.5 6.61× 108
10 708.48

0.6 6.74× 108
11 719.71

0.7 7.44× 108
11 3074.36

0.8 8.17× 108
12 1312.20

the simultaneous design of processes, facilities, and of supply chains. Our framework

aims to select the system topology from the spatial superstructure that minimizes design

cost and that maximizes design modularity. We show that this design problem can be

cast as a mixed-integer, multi-objective optimization formulation. We demonstrate these

capabilities using a case study arising in the design of a plastic waste upcycling supply

chain. As part of future work, we are interested in exploring the use of strategies to ad-

dress computational tractability issues and to capture higher fidelity in the design (e.g.,

detailed physical models).
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6
C O N C L U S I O N S , C O N T R I B U T I O N S , A N D F U T U R E D I R E C T I O N S

6.1 Contributions

The main contributions of this work are to answer the three questions mentioned in

Chapter 1:

1. What - What is modularity? How do we define a quantifiable measure for modu-

larity in manufacturing context?

2. Why - Why should we consider modular design? Can we use mathematical tools to

demonstrate the benefits of modular designs comparing to traditional ones?

3. How - How do we design a modular process or supply chain? Can we provide a

general framework to aid the synthesis of modular processes and supply chains?

Specifically, they include the development of a quantifiable modularity measure that fits

in the manufacturing context, the verification from a mathematical and optimization point

of view on the spatial and temporal flexibility brought by modular technologies, and the

development of a design scheme that facilitates modular process and supply chain de-

sign using computational and analytical tools such as exploratory data analysis, Pareto

trade-off analysis, and conflict resolution methodologies. Each newly proposed concept
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is accompanied with illustrative visualizations and realistic case studies, and any math-

ematical demonstrations and optimization formulations are under careful considerations

and rigorous derivations.

Quantifiable Modularity Measure in Manufacturing Context

In Chapter 2, we propose a measure to quantify the modularity of industrial pro-

duction (manufacturing) systems with optimization formulations to compute it. From a

manufacturing perspective, we argue that a system is deemed modular if: i) the equip-

ment units that comprise it form clusters (modules) of dense connectivity (i.e., difficult

module assembly tasks are performed off-site), ii) connectivity between modules is sparse

(i.e., easy assembly tasks are performed on-site), iii) the number of modules is small, and

iv) the module dimensions facilitate transportation. We show that the measure proposed

satisfies these requirements and that it can be computed by solving a convex mixed-

integer quadratic program. We provide a discussion on advantages and disadvantages

of alternative modularity measures used in different scientific and engineering commu-

nities. Our results seek to highlight conceptual and computational challenges that arise

from the need to define and quantify modularity in a manufacturing context. This chapter

addresses the "What" question by clarifying the definition of modularity and identifying

some unique characteristics of modularity in manufacturing.

Benefits of Modular Design - Spatial Flexibility

In Chapter 3, we talk about the spatial flexibility via technology decentralization in

electricity markets. Specifically. We study economic incentives provided by space-time

dynamics of day-ahead and real-time electricity markets. We seek to analyze to what

extent such dynamics promote decentralization of technologies for generation, consump-

tion, and storage (which is essential to obtain a more flexible power grid). Incentives

for decentralization are also of relevance given recent interest in the deployment of small-

scale modular technologies (e.g., modular ammonia and biogas production systems). Our
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analysis is based on an asset placement problem that seeks to find optimal locations for

generators and loads in the network that minimize profit risk. We show that an uncon-

strained version of this problem can be cast as an eigenvalue problem. Under this repre-

sentation, optimal network allocations are eigenvectors of the space-time price covariance

matrix while the eigenvalues are the associated profit variances. We also construct a more

sophisticated placement formulation that captures different risk metrics and constraints

on types of technologies to systematically analyze trade-offs in expected profit and risk.

Our analysis reveals that space-time market dynamics provide significant incentives for

decentralization and strategic asset placement but that full mitigation of risk is only pos-

sible through simultaneous investment in generation and loads (which can be achieved

using batteries or microgrids).

Benefits of Modular Design - Temporal Flexibility

In Chapter 4, we talk about the temporal flexibility by modular technologies under

the setting of a capacity expansion problem. Specifically, we study logistical investment

flexibility provided by modular processing technologies for mitigating risk. We propose a

multi-stage stochastic programming formulation that determines optimal capacity expan-

sion plans that mitigate demand uncertainty. The formulation accounts for multi-product

dependencies between small/large units and for trade-offs between expected profit and

risk. The formulation uses a cumulative risk measure to avoid time-consistency issues

of traditional, per-stage risk-minimization formulations and we argue that this approach

is more compatible with typical investment metrics such as the net present value. Case

studies of different complexity are presented to illustrate the developments. Our stud-

ies reveal that the Pareto frontier of a flexible setting (allowing for deployment of small

units) dominates the Pareto frontier of an inflexible setting (allowing only for deploy-

ment of large units). Notably, this dominance is prevalent despite benefits arising from

economies of scale of large processing units. Both Chapter 3 and Chapter 4 address the

"Why" question.
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A Spatial Superstructure Approach to the Optimal Design of Modular Systems

Chapter 5 addresses the "How" question by proposing an optimization framework to

facilitate the design of modular manufacturing systems. Central to our approach is the

concept of a spatial superstructure, which is a graph that captures all possible system

configurations and interdependencies between components. The spatial superstructure is

a generalization of the notion of a superstructure and of a p-graph used in process design,

in that it encodes spatial (geographical) context of the system components. We show that

this generalization enables the simultaneous design of processes, facilities, and of supply

chains. Our framework aims to select the system topology from the spatial superstructure

that minimizes design cost and that maximizes design modularity. We show that this

design problem can be cast as a mixed-integer, multi-objective optimization formulation.

We demonstrate these capabilities using a case study arising in the design of a plastic

waste upcycling supply chain.

6.2 Future Research Directions

The future research directions are mainly motivated by three aspects of the modularity

related problem that our work does not cover, but can be good additions to further un-

derstand and extend the modularity concept. First, the complexity of modularity related

optimization formulations can grow exponentially with increased resolution, and proper

solution approximation methodology should be developed and implemented. Second,

the economical assumptions we make about modular technologies need further consider-

ation, and universally acceptable simulation framework for modeling modular technolo-

gies need to be established. And finally, the concept of modularity is closely related to

that of process intensification, and therefore can be combined with it to further facilitate

the design of modular and intensified processes.
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Complexity in Modularity Related Formulations

The work in this dissertation includes various chemical process and supply chain

case studies under certain assumptions, and they are solved by state-of-art commercial

solvers, such as Gurobi. We still observe that some of those models cannot be solved to

optimality within reasonable CPU time. This is because the model size explodes exponen-

tially as the resolution (for instance, time resolution can only be 20 minutes in real time

electricity markets, and number of locations and potential technologies can not be too

large) increases. Furthermore, the mixed-integer formulations of the related optimization

models involve the decision of binary variables, which introduces additional difficulty in

problem-solving.

While chemical processes and supply chains with limited choice of technologies and

locations can be tackled properly, an optimal solution may not be obtainable if we expand

the decision set of the problem or increase the model resolution. Therefore, it is neces-

sary to develop methodologies to provide good solutions for large-scale, high-resolution

decision-making models. In our models, we realize that binary variables are usually

sparse, with limited number of non-zero entries. This characteristics of the model fits into

some well-developed decomposition or relaxation methods that can largely help with the

problem size. For instance, column generation (Desaulniers et al., 2006; Lübbecke, 2010)

and branch-and-price (Barnhart et al., 1998; Savelsbergh, 1997) are popular tools for large-

scale integer problems. There are studies on using Dantzig-Wolfe decomposition which is

based on the delayed column generation methods for solving multistage stochastic plan-

ning problems (Singh et al., 2009), and using Benders decomposition and Lagrangian re-

laxation as decomposition methods for network design has also been explored (Gendron,

2011; Panconesi and Srinivasan, 1996). As we consider chemical processes and supply

chains using a network representation, these methods are well-suited in our case. In pure

graph theory, similar problems such as community detection and correlation clustering,

have long been studied, and algorithms such as polynomial-time approximation scheme

(PTAS) Arora (1998) could also be investigated and applied in our case. In addition, new
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methodologies are proposed in recent years that aim to solve similar problems. For in-

stance, semi-definite relaxation methods have been explored to solve large-scale binary

quadratic optimization problems that are suitable in solving the modularity measure in

our case (Wang et al., 2016), and using unsupervised neural network to solve large-scale

multiobjective optimization problem with sparse solutions has also been proposed (Tian

et al., 2020). We also note that since there is a trade-off between the model resolution

and complexity, methods in selecting optimal resolution for decision-making should be

developed and validated.

Assumptions in Modeling Modular Technologies and Processes

For the case studies that performed in this work, modular technologies are usually

modeled as ones with smaller capacity with a trade-off of more expensive per unit cost

based on the economy of scale. To make things simple, the capital cost of a modular

technology is assumed to be based on the "six-tenth" rule (or similarly "two-thirds" rule).

However, the differences between modular technology and conventional facility are much

more profound, and sometimes cannot be evaluated economically. For instance, modular

technologies are usually shop fabricated that are not delayed by weather conditions. This

makes the project length much more manageable, and can potentially save on construc-

tion cost. Also, as multiple copies of the same modular technologies are often needed

to expand the capacity, the workers become sophisticated during the process which can

also reduce the project length and save on the building cost. As modular technologies

are usually built with movability, the cost of transporting, assembling, and disassembling

modules should also be accurately estimated and included. From another perspective, a

smaller construction crew and the indoor building environment can potentially reduce

the carbon footprint of the project. As more and more companies are now making bold

declarations about their carbon neutral plans, this advantage of modular technologies,

even though not measurable directly by money, are even more important nowadays com-

paring to some percentage cost savings. As going modular is still a relatively new concept
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in the industry, there are currently no broadly accepted rules of thumbs like the "six-tenth"

rule on estimating the cost factors of modular technologies. Researchers have looked into

estimating the fixed capital investment for modular production plants, and a net present

value analysis has been done on modular chemical plants (Lier and Grünewald, 2011;

Sievers et al., 2017). However, there is still a lack of contributions in this research field,

and as one of the fundamental assumptions that my work depends on, establishing a rule

for modeling modular technologies can be an important and interesting future direction.

Connections with Process Intensification

Process intensification is another popular concept that tends to make dramatic reduc-

tions in the size of a chemical plant (Stankiewicz and Moulijn, 2002; Stankiewicz et al.,

2000; Van Gerven and Stankiewicz, 2009). The concepts of modular technologies and pro-

cess intensification are usually mentioned together in literature (Bielenberg and Palou-

Rivera, 2019; Kim et al., 2017b), but unlike modular technologies which can achieve size

reduction simply by scaling down of a process, process intensification requires combina-

tions of multiple unit operations to achieve size reduction and usually involves develop-

ment of new technologies and operating equipment such as membrane reactors (Becht

et al., 2009; Drioli et al., 2011). Therefore, an intensified process is generally harder to

design and can vary for different chemical processes. However, performing modular

analysis for a conventional process can help identify unit operations that are closely tied

together and therefore more likely to be intensified. In general, modular technology and

intensified process are closely related, and investigating how to combine these two con-

cepts such as using modular analysis to help identify potentially "intensifiable" operations

is an interesting future direction.
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