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ABSTRACT

This thesis gives an overview of the current results on uncertainty quantification and sensi-

tivity analysis for multiscale kinetic equations with random inputs, with an emphasis on the

author’s contribution to this field.

In the first part of this thesis we consider a kinetic-fluid model for disperse two-phase flows

with uncertainty in the fine particle regime. We propose a stochastic asymptotic-preserving

(s-AP) scheme in the generalized polynomial chaos stochastic Galerkin (gPC-sG) framework,

which allows the efficient computation of the problem in both kinetic and hydrodynamic

regimes. The s-AP property is proved by deriving the equilibrium of the gPC version of

the Fokker-Planck operator. The coefficient matrices that arise in a Helmholtz equation

and a Poisson equation, essential ingredients of the algorithms, are proved to be positive

definite under reasonable and mild assumptions. The computation of the gPC version of a

translation operator that arises in the inversion of the Fokker-Planck operator is accelerated

by a spectrally accurate splitting method. Numerical examples illustrate the s-AP property

and the efficiency of the gPC-sG method in various asymptotic regimes.

In the second part of this thesis we consider the same kinetic-fluid model with random initial

inputs in the light particle regime. Using energy estimates, we prove the uniform regularity

in the random space of the model for random initial data near the global equilibrium in

some suitable Sobolev spaces, with the randomness in the initial particle distribution and

fluid velocity. By hypocoercivity arguments, we prove that the energy decays exponentially

in time, which means that the long time behavior of the solution is insensitive to such



x

randomness in the initial data. Then we consider the gPC-sG method for the same model.

For initial data near the global equilibrium and smooth enough in the physical and random

spaces, we prove that the gPC-sG method has spectral accuracy, uniformly in time and the

Knudsen number, and the error decays exponentially in time.

In the third part of this thesis we propose a stochastic Galerkin method using sparse wavelet

bases for the Boltzmann equation with multi-dimensional random inputs. The method uses

locally supported piecewise polynomials as an orthonormal basis of the random space. By

a sparse approach, only a moderate number of basis functions is required to achieve good

accuracy in multi-dimensional random spaces. We discover a sparse structure of a set of basis-

related coefficients, which allows us to accelerate the computation of the collision operator.

Regularity of the solution of the Boltzmann equation in the random space and an accuracy

result of the stochastic Galerkin method are proved in multi-dimensional cases. The efficiency

of the method is illustrated by numerical examples with uncertainties from the initial data,

boundary data and collision kernel.

In the fourth part of this thesis we explore the possibility of using Generalized polynomial

chaos (gPC) for uncertainty quantification in hyperbolic problems. GPC has been exten-

sively used in uncertainty quantification problems to handle random variables. For gPC

to be valid, one requires high regularity on the random space that hyperbolic type prob-

lems usually cannot provide, and thus it is believed to behave poorly in those systems. We

provide a counter-argument, and show that despite the solution profile itself develops singu-

larities in the random space, which prevents the use of gPC, the physical quantities such as

shock emergence time, shock location, and shock width are all smooth functions of random

variables in the initial data: with proper shifting, the solution’s polynomial interpolation

approximates with high accuracy. The studies were inspired by the stability results from

hyperbolic systems. We use the Burgers’ equation as an example for thorough analysis, and

the analysis could be extended to general conservation laws with convex fluxes.
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Chapter 1

Introduction

1.1 Kinetic equations

Kinetic equations are widely used in rarefied gas dynamics, plasma physics, biology, etc.

They describe the behavior of particles in the mesoscopic scale, for which the number of

particles is too large for particle models to be computationally affordable, and the material

is far from local equilibrium so that hydrodynamic models are not accurate enough. Kinetic

equations usually take the form

∂tf + v · ∇xf + F · ∇vf = Q(f). (1.1)

Here t ∈ R+, x ∈ Ω ⊂ Rdx , v ∈ Rdv are the time, space and velocity variables, respectively.

f = f(t, x, v) is the particle distribution function defined on the phase space, which represents

the particle density at time t, space position x, and with velocity v. F = F (x, t) is force on the

particles, which may be external forces (e.g., gravity) or self-consistence forces (e.g., electric

field generated by the particles themselves, in case the particles are charged). Q(f) is the

collision operator, which describes the collisions between the particles and some background

(for which Q is linear, usually written as L(f)), or between two particles (for which Q is

quadratic, usually written as Q(f, f)). Typical examples of kinetic equations include

• The Boltzmann equation [18]

∂tf + v · ∇xf = QB(f, f), (1.2)

QB(f, f) =

∫
Rdv

∫
Sdv−1

B(v, v∗, σ) [f(v
′)f(v′∗)− f(v)f(v∗)] dσ dv∗. (1.3)
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f is the density of some uncharged particles. QB(f, f) is the Boltzmann collision

operator, describing the binary collisions between particles. v, v∗ are the velocities of

the two particles before collision, while v′, v′∗ are those after collision, given by
v′ =

v + v∗
2

+
|v − v∗|

2
σ,

v′∗ =
v + v∗

2
− |v − v∗|

2
σ,

(1.4)

where σ is the angle between relative pre-collision and post-collision outgoing velocities.

B(v, v∗, σ) is the cross section, which describes the frequency of collisions between a

pair of particles with velocities v, v∗ and with collision angle σ. A commonly used

model for the collision kernel is the variable hard sphere (VHS) model [9], which takes

the form

B = b|v − v∗|λ, (1.5)

where b and λ are some constants whose values are usually determined by matching

with the experimental data to reproduce the correct transport coefficients such as the

viscosity.

• The Fokker-Planck-Landau (FPL) equation (or Vlasov-Poisson-Landau equation) [65,

99]

∂tf + v · ∇xf + E(t, x) · ∇vf = QL(f, f), (1.6)

f is the density of electrons in a plasma. E(t, x) is the self-consistent electric field

given by

E(t, x) = −∇xϕ(t, x), (1.7)

and ϕ(t, x) is a self-consistent electrostatic potential function satisfying the Poisson

equation

∆xϕ(t, x) = µ(x)−
∫
Rdv

f(t, x, v) dv, (1.8)

where µ(x) is a neutralizing background satisfying∫
Rdx

µ(x) dx =

∫
Rdx

∫
Rdv

f(t, x, v) dv dx. (1.9)
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QL(f, f) on the right-hand side of (1.6) is the FPL collision operator (or Landau

collision operator) that models binary interactions among particles:

QL(f, f)(v) = ∇v ·
∫
Rdv

A(v − v∗)[f(v∗)∇vf(v)− f(v)∇v∗f(v∗)] dv∗. (1.10)

Here A(w) is a semi-positive definite matrix defined by

A(w) = Ψ(w)

(
I − w ⊗ w

|w|2

)
, (1.11)

where I is the identity matrix. For inverse-power law potentials, Ψ(w) = |w|γ+2 with

−3 ≤ γ ≤ 1. The case γ = −3 corresponds to the Coulomb interaction which is of

primary importance in plasma applications.

• Kinetic-fluid two-phase flow models. One example is the following system [40, 41]:
∂tf + v · ∇xf −∇xΦ · ∇vf = Luf,

∂tu+∇x · (u⊗ u) +∇xp−
1

Re
∆xu = κ

∫
(v − u)f dv,

∇x · u = 0,

(1.12)

where Luf is the Fokker-Planck (FP) operator

Luf = ∇v · ((v − u)f +∇vf). (1.13)

This model describes disperse two-phase flows, in which the primary phase is fluid,

whose velocity field u satisfies the incompressible Navier-Stokes equations, while the

secondary phase is particles, whose distribution function f satisfies a kinetic equation.

Here Re is the Reynolds number, κ is a coupling constant describing the mass ratio of

the two phases, and Φ is a external potential (e.g., gravity). The drag force between

the two phases is assumed to satisfy the Stokes law, i.e., proportional to their relative

velocity.

We remark that the general form (1.1) does not include all kinetic equations: for example,

aggregation models in biology and social science [47, 80] often have collision operators which

are nonlocal in x; models from quantum mechanics [28] may involve collisions that are not

binary; etc. In this paper we will only focus on kinetic equations in the form (1.1).
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1.1.1 Basic properties of kinetic equations

We briefly summarize some basic properties of kinetic equations. First of all, most colli-

sion operators satisfy conservation properties, which is a direct consequence of the physical

conservation laws of particle collisions. Such conservation property takes the form

⟨Q(f)ϕ(v)⟩ = 0, ∀f = f(v), (1.14)

for some given function ϕ(v), called a collision invariant. Here ⟨·⟩ denotes the integral in

v. For example, the Fokker-Planck operator Luf in (1.13) satisfies the mass conservation

property, which corresponds to ϕ(v) = 1; the Boltzmann and FPL collision operators sat-

isfy the mass, momentum and energy conservation, which correspond to ϕ(v) = 1, v, |v|2,

respectively. As a result of (1.14), if one multiplies (1.2) by ϕ(v) and integrate in v, one

obtains

∂t⟨fϕ(v)⟩+∇x · ⟨fvϕ(v)⟩ = 0, (1.15)

which means that the quantity ⟨fϕ(v)⟩ (as a function of x) is transported by the flux

⟨fvϕ(v)⟩. In the cases ϕ(v) = 1, v, |v|2, this quantity is nothing but the macroscopic quan-

tities (density, momentum, energy) at position x. If one further integrates (1.15) in x and

adds proper boundary conditions (e.g., periodic boundary), one concludes that the total

amount of the macroscopic quantities
∫
⟨fϕ(v)⟩ dx do not change in time.

Another important property of collision operators is the entropy dissipation property.

For the Boltzmann and FPL collision operators, it takes the form

⟨QB(f, f) ln f⟩ ≤ 0, ∀f > 0, (1.16)

which is called the Boltzmann H-theorem. We remark that the Fokker-Planck operator also

satisfies a similar entropy dissipation property, see [17]. If one multiplies (1.2) by (ln f + 1)

and integrate in v, one obtains

∂t⟨f ln f⟩+∇x · ⟨vf ln f⟩ ≤ 0, (1.17)

which means that the entropy ⟨f ln f⟩ is transported by the entropy flux ⟨vf ln f⟩ and may

decrease due to collision. If one further integrates (1.17) in x and adds proper boundary
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conditions, one concludes that the total entropy
∫
⟨f ln f⟩ is non-increasing in time. This

is nothing but the Second Law of Thermodynamics. We remark that the same conclusion

holds for the FPL collision operator.

For the FPL equation (1.6) and the two-phase flow model (1.12), one can use the same

manipulation to obtain similar conservation properties and entropy dissipation properties.

We omit the details here, and refer to Section 3.1 for those properties of (1.12).

1.1.2 Hydrodynamic limits

After doing nondimensionalization of the kinetic equation (1.1), one often obtains equa-

tions with dimensionless parameters. Usually one would like to take a specific scaling and

reduce to the case where there is only one dimensionless parameter, the Knudsen number

ϵ, which describes the strength of collision: smaller ϵ means collisions are more frequent. In

the case of the Boltzmann equation, ϵ is defined as the ratio between the mean free path

and the typical length scale. Two typical scalings are the hyperbolic scaling and diffusive

scaling.

The hyperbolic scaling assumes that the collision is strong and keeps the time scale at

O(1). For (1.2), the hyperbolic scaling, usually called the compressible Euler scaling [8],

takes the form

∂tf + v · ∇xf =
1

ϵ
QB(f, f). (1.18)

For (1.12), a similar scaling is the fine particle regime [41], which takes the form
∂tf + v · ∇xf −∇xΦ · ∇vf =

1

ϵ
Luf,

∂tu+∇x · (u⊗ u) +∇xp−
1

Re
∆xu =

1

ϵ
κ

∫
(v − u)f dv,

∇x · u = 0.

(1.19)

The diffusive scaling assumes that the collision is strong and takes the long time scale

O(1
ϵ
). For (1.2), the diffusive scaling, usually called the incompressible Navier-Stokes scal-

ing [8], takes the form

ϵ∂tf + v · ∇xf =
1

ϵ
QB(f, f). (1.20)
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For (1.12), a similar scaling is the light particle regime [40], which takes the form
∂tf +

1

ϵ
v · ∇xf −∇xΦ · ∇vf =

1

ϵ2
Lϵuf,

∂tu+∇x · (u⊗ u) +∇xp−
1

Re
∆xu =

1

ϵ
κ

∫
(v − ϵu)f dv,

∇x · u = 0.

(1.21)

In the regime where collision is very strong, i.e., as ϵ → 0, f will achieve local equilib-

rium, i.e., Q(f) ≈ 0, and the behavior of f can be effectively approximated by macroscopic

hydrodynamic equations. This is called the hydrodynamic limit of kinetic equations. One

can formally derive this limit by the Chapman-Enskog expansion.

For (1.18), let ϵ→ 0, one formally has QB(f, f) = 0, which implies

f =M(v)(ρ,u,T ) =
ρ

(2πT )dv/2
e−

|v−u|2
2T , (1.22)

which is called the Maxwellian. ρ, u and T are the density, bulk velocity and temperature,

given by

ρ(t, x) =

∫
f dv, u(t, x) =

1

ρ

∫
fv dv, T (t, x) =

1

dvρ

∫
f |v − u|2 dv. (1.23)

Notice that ρ, u, T are determined explicitly by the moments
∫
fϕ(v) dv, ϕ = 1, v, |v|2 against

the collision invariants of QB. Then, taking moments of (1.18) against the collision invariants

and expressing f = M(v)(ρ,u,T ) in terms of the macroscopic quantities, one obtains the

compressible Euler equations
ρt +∇x · (ρu) = 0,

(ρu)t +∇x · (ρu⊗ u+ pI) = 0,

Et +∇x · ((E + p)u) = 0,

(1.24)

for the macroscopic quantities, where E = 1
2
ρu2 + dv

2
ρT is the total energy, and p = ρT is

the pressure. See [8] for more details about this limit.

For (1.19), we first define the moments

n(t, x) =

∫
f(t, x, v) dv, J(t, x) =

∫
vf(t, x, v) dv, P (t, x) =

∫
v ⊗ vf(t, x, v) dv.

(1.25)
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Let ϵ→ 0, one formally has Luf = 0, which implies

f(t, x, v) = n(t, x)Mu(v), (1.26)

where

Mu(v) =
1

(2π)dv/2
exp(−|v − u(t, x)|2

2
), (1.27)

is the local Maxwellian. This implies

J = nu, P = nu⊗ u+ nI, (1.28)

where I is the identity matrix. Integrating the first equation of (1.19) in v against 1, v, one

has

∂tn+∇x · J = 0, (1.29)

∂tJ +∇x · P = −1

ϵ

∫
(v − u)f dv + n∇xΦ. (1.30)

Then multiplying (1.30) by κ and adding it to the second equation of (1.19), using (1.28),

one gets
∂tn+∇x · (nu) = 0,

∂t((1 + κn)u) +∇x((1 + κn)u⊗ u) +∇x(p+ κn) + κn∇xΦ =
1

Re
∆xu,

(1.31)

which is the incompressible Navier-Stokes equations with variable density (1 + κn). See [41]

for more details about this limit.

For (1.20), one can derive the hydrodynamic limit as the incompressible Navier-Stokes-

Fourier equations for the macroscopic quantities. For (1.21), one can derive the hydrody-

namic limit as the incompressible Navier-Stokes equations for u and a convection-diffusion

equation for the particle density n. We refer to [8] and [40] respectively for details.

Rigorous justification of hydrodynamic limits have been done for many kinetic equations

in the last two decades, based on entropy dissipation estimates for weak solutions [37, 40, 41]

for example, or energy estimates for strong solutions in the perturbative regime [29]. A

further discussion on this topic is out of the scope of this paper.
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1.1.3 Asymptotic-preserving (AP) schemes

Due to the stiffness of the collision term, a direct numerical discretization of the multi-

scale kinetic equations with a small Knudsen number ϵ usually requires stability constraint

∆t = O(ϵ), which is prohibitively restrictive if ϵ is very small. Asymptotic-preserving (AP)

schemes [52] are those numerical schemes that are stable even if ∆t >> ϵ, and as ϵ→ 0, the

scheme automatically becomes a consistent discretization of the limiting hydrodynamic equa-

tions. With the AP property, one can use a fixed set of numerical parameters (∆t, ∆x, ∆v)

to solve effectively a stiff kinetic equation with all sizes of ϵ, ranging from O(1) to very small,

because as ϵ→ 0, the scheme automatically captures the hydrodynamic limit of the kinetic

equation. In other words, the numerical parameters can be chosen independent of ϵ.

We first take the Boltzmann equation in the hyperbolic scaling (1.18) as an example. If

one could afford to treat the collision operator implicitly, then the forward-backward Euler

scheme
fn+1 − fn

∆t
+ v · ∇xf

n =
1

ϵ
QB(f

n+1, fn+1), (1.32)

is AP. In fact, as ϵ → 0, one formally has QB(f
n+1, fn+1) = 0, which implies fn+1 is a

Maxwellian for any n. Then taking moments against 1, v, |v|2 one obtains a kinetic scheme

for the limiting Euler equations with forward Euler time discretization. However, treating

the Boltzmann collision operator implicitly requires nonlinear iterations, which can be very

expensive due to the complexity of this operator. [30] proposed an AP scheme to avoid this

implicit treatment, based on the idea of penalization. They use

fn+1 − fn

∆t
+ v · ∇xf

n =
1

ϵ
(QB(f

n, fn)− βP (fn) + βP (fn+1)), (1.33)

where P (f) =M [f ]−f is the BGK operator, M [f ] being the Maxwellian with the same mo-

ments of f against 1, v, |v|2. In this way they can make sure fn+1 is driven to the Maxwellian,

without treating QB implicitly. Similar idea is used in [59] to deal with the FPL equation,

using a Fokker-Planck operator as penalization operator. Another method to avoid the im-

plicit treatment of QB is the exponential Runge-Kutta method [70], for which we omit the

details here.
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For the two-phase flow model in the fine particle regime (1.19), an AP scheme is proposed

in [42], based on a combination of the projection method for the incompressible Navier-Stokes

equation and an implicit treatment for the stiff Fokker-Planck operator.

AP schemes for equations with diffusive scalings usually require a reformulation of the

equation before doing numerical discretizations. Two popular approaches are the even-odd

decomposition and the micro-macro decomposition, see [56] and [67] respectively as examples.

Once a first order AP scheme is obtained, one can use implicit-explicit (IMEX) Runge-

Kutta or multi-step methods [86] to extend to higher order AP schemes.

1.2 Uncertainty quantification (UQ) for kinetic equations with ran-
dom inputs

Most previous works on kinetic equations only consider the deterministic case. However,

there are many sources of uncertainty in kinetic equations:

• The initial data and boundary data often come from experiments, thus have measure-

ment error.

• The parameters inside the model may have uncertainty, since many models are em-

pirical, and the parameters are obtained by matching with experimental data. For

example, the variable hard sphere model (1.5) is an empirical model with two param-

eters b and λ. Such parameter has uncertainty due to experimental error.

To provide reliable predictions and a guidance to improve the model, it is imperative to incor-

porate these uncertainties into the system, and quantify these uncertainties by numerically

solving the resulting system with uncertain inputs.

To model the uncertainties, we introduce a random parameter z lying in a random space

Iz with probability distribution π(z) dz. The uncertainties are modeled by letting the random

quantities depend on z: for example, a random initial data is given by fin = fin(x, v, z), and

a random collision kernel [50] may appear as B = b(z)|v− v∗|λ, etc. As a result, the solution
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also depends on z. Then, to quantify the effect of the uncertainties on the solution, one

needs to solve the same kinetic equation with an extra random parameter z.

We summarize some popular numerical methods for uncertainty quantification (UQ) [34,

45, 75, 102, 103]: the first one is Monte-Carlo (MC) methods [83], which take random

samples in Iz, solve the deterministic problem on these samples, and then get the statistical

moments by taking the average on these samples. MC methods are half-order accurate for

any dimensional random spaces, and thus they are not accurate enough for low dimensional

random spaces, but very efficient for high-dimensional random spaces. The second method

is stochastic collocation (sC) methods [4, 7, 84, 104], which take sample points on a well-

designed grid (quadrature points, sparse grids, or by some optimization procedure), compute

the deterministic solutions on the samples, and then reconstruct the solution in the whole

random domain by some interpolation rules. SC methods can achieve good accuracy in low

dimensional random spaces, but the efficiency drops as the dimension becomes high. The

third method is stochastic Galerkin (sG) methods [7, 5, 105], which takes an orthonormal

basis in the random domain, approximate the functions by a truncated sG series, i.e., the

generalized Fourier series with respect to this basis, and then obtain a deterministic system

of equations on the sG coefficients via the Galerkin projection. SG methods are as accurate

as sC methods for low dimensional random spaces, and behave better than sC for moderately

high dimensional random spaces if one wants to achieve high accuracy [7]. In this paper we

will focus on sG methods.

1.2.1 Stochastic Galerkin (sG) methods

The sG method takes a set of orthonormal basis functions {ϕk(z)}∞k=1 with respect to the

probability measure π(z) dz, and expands any function depending on z into an sG series.

For example, the solution f = f(t, x, v, z) is expanded as

f(t, x, v, z) =
∞∑
k=1

fk(t, x, v)ϕk(z), (1.34)
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where fk(t, x, v) =
∫
f(t, x, v, z)ϕ(z)π(z) dz are the sG coefficients, which no longer depends

on z. Then one approximates f by truncating this series:

f(t, x, v, z) ≈ fK(t, x, v, z) :=
K∑
k=1

fk(t, x, v)ϕk(z). (1.35)

Using this ansatz in the kinetic equation and conducting the Galerkin projection, one obtains

a deterministic system for the coefficients f1, . . . , fK . Then one can design numerical schemes

to solve this deterministic system. Finally, the statistical information of the solution can be

obtained from the coefficients. For example, if the first basis function is a constant function

ϕ1(z) = 1, then the mean and variance can be computed by

E(f) = f1, var(f) =
K∑
k=2

f 2
k . (1.36)

A popular choice of the basis functions is the generalized polynomial chaos (gPC) ba-

sis [105]. When the random space Iz is one-dimensional, the gPC basis is the set of polyno-

mials defined on Iz, orthonormal with respect to the given probability measure π(z) dz, with

ϕk being a polynomial of degree k − 1. GPC basis functions for higher dimensional random

spaces are the tensor product basis functions. The biggest advantage of the gPC basis is

that it can achieve spectral accuracy for low dimensional random spaces, if the function to

approximate is smooth. When the dimension becomes moderately high, one can still truncate

the gPC basis in a proper way (total degree, hyperbolic cross, etc.) [7] in order to achieve

good accuracy with a moderately large number of basis functions.

1.2.2 Stochastic asymptotic-preserving (s-AP) schemes

For gPC-sG methods for multiscale kinetic equations with random inputs, a desirable

property is the stochastic asymptotic-preserving (s-AP) [58], which means that as the Knud-

sen number ϵ → 0, the gPC-sG method for the kinetic equation automatically becomes

a consistent gPC-sG approximation for the limiting hydrodynamic system. Similar to the

deterministic AP property, the s-AP property enables one to use a fixed set of numerical

parameters, including the number of basis functions K, to effectively solve the multiscale
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kinetic equation with uncertainty for all sizes of ϵ, i.e., K can be chosen independent of ϵ.

Apart from the linear transport equation considered in [58], s-AP schemes for other kinetic

equations have been developed in the recent two years [54, 57, 110, 55].

Since the gPC coefficients {fk}Kk=1 satisfy a system of deterministic kinetic equations, the

key to check the s-AP property is to derive (at least formally) a hydrodynamic limit for this

system. To do this, one needs to know the null space of the gPC version of the stiff collision

operator, i.e., what one can conclude for {fk} from∫
Q(fK)ϕk(z)π(z) dz = 0, k = 1, . . . , K. (1.37)

If (1.37) implies that {fk} is some equilibrium form determined by some moments, then

(in the cases of hyperbolic scalings) one can take the moments of the kinetic system to

obtain a hydrodynamic system for the moments of {fk}. For most of the known cases,

this system is indeed a consistent gPC-sG approximation of the hydrodynamic limit of the

original equation. After deriving the hydrodynamic limit of the kinetic gPC system, one

needs to design a (deterministic) AP scheme to capture this limit. This can be done by

mimicking the AP scheme for the original deterministic kinetic equation.

In the case where Q(f) = σ(z)L(f) where L is a deterministic linear operator and

σ(z) > 0 is given, (1.37) implies

K∑
j=1

(∫
σ(z)ϕj(z)ϕk(z)π(z) dz

)
L(fj) = 0, k = 1, . . . , K. (1.38)

It is easy to show that the matrix whose (k, j) term is
(∫

σ(z)ϕj(z)ϕk(z)π(z) dz
)

is a sym-

metric positive-definite matrix, thus one concludes L(fk) = 0, k = 1, . . . , K, which simply

means fk is in the null space of the deterministic operator L, for each k. This is indeed the

cases in [58].

The case of the Fokker-Planck operator (1.13) is a little harder. In the author’s work

with S. Jin [57], we show that when Q(f) = Lu(f) where u = u(z) is given, (1.37) implies

f⃗(v) = T⃗u⃗(M0C⃗), (1.39)
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where we use the vector notation f⃗ = (f1, . . . , fK)
T , M0 = e−|v|2/2 is the Maxwellian centered

at 0, and C⃗ is any constant vector. The vector-valued translation operator T⃗u⃗ is defined by

T⃗u⃗(f⃗) = exp(−A(1)∂v1 − A(2)∂v2)(f⃗), A
(i)
jk =

K∑
j,k=1

∫
u(i)(z)ϕj(z)ϕk(z) dz, (1.40)

in the case where v is two-dimensional, u(i) standing for the i-th component of u.

We remark that the problem of designing an s-AP scheme for the Boltzmann equation

and the FPL equation is still open. One difficulty is that the implication of (1.37) for

the Boltzmann or FPL collision operator is unknown. Another difficulty is that (in the

hyperbolic scaling) a direct gPC approximation of the limiting Euler equations may fail to

be hyperbolic [23].

1.3 Sensitivity analysis for kinetic equations with random inputs

For kinetic equations with uncertainty, in order to understand the sensitivity of the

solution on the random inputs, one needs to estimate ∂zf . In order to guarantee the spec-

tral accuracy of gPC based methods, including sG and sC methods, it is necessary to give

estimates for ∂kz f, k = 1, 2, . . . , which provides the spectral accuracy of the polynomial

approximations in the random space.

1.3.1 Energy/hypocoercivity estimates

In the recent two years, energy/hypocoercivity estimates have been adopted to estimate

∂kz f for kinetic equations with uncertainty, for both linear [53, 71, 54, 73] and nonlinear [60,

95, 74] kinetic equations. To illustrate the idea, we first consider a linear kinetic equation

with uncertainty

∂tf + v · ∇xf = σ(z)L(f), (1.41)

where L is a deterministic linear collision operator and σ(z) ≥ σ0 > 0. Multiplying by f

and integrating in x, v, adopting a proper boundary condition (e.g., periodic boundary), one
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obtains
1

2
∂t∥f∥2L2 = σ(z)

∫ ∫
L(f)f dv dx. (1.42)

Many linear kinetic operators have a finite-dimensional null space (which is the local equi-

librium), with a spectral gap estimates∫
L(f)f dv ≤ −c∥f⊥∥2L2 , (1.43)

where f⊥ is the projection of f onto the orthogonal complement of the null space of L. This

implies
1

2
∂t∥f∥2L2 ≤ −cσ0∥f⊥∥2L2 . (1.44)

This estimate means the L2 norm of f is non-increasing. However, in order to obtain the

exponential decay in time of f , which is an essential long-time behavior, one has to find a

dissipation term for the macroscopic quantities, i.e., the projection onto the null space of L.

For many collision operators, hypocoercivity theory [100] uses a carefully designed Lyapunov

functional |∥ · ∥|, equivalent to the H1 norm, such that there is indeed an estimate

1

2
∂t|∥f∥|2 ≤ −c1|∥f∥|2, (1.45)

which gives the exponential decay of f .

In order to estimate the z-derivatives of f , we take ∂kz on (1.41) and get

∂t∂
k
z f + v · ∇x∂

k
z f = σ(z)L(∂kz f) + Sk, (1.46)

where the source term

Sk =
k∑

j=1

(
k

j

)
∂jzσL(∂

k−j
z f), (1.47)

only involves the z-derivatives of f of lower order. Conducting energy estimate for ∂kz f ,

this source term can be controlled by adding suitable multiples of the energy estimates of

∂jzf, j = 1, . . . , k−1, see [53]. Then, combined with a hypocoercivity estimate, one can show

the exponential decay of f .

For kinetic equations with multiscale features (small Knudsen number ϵ), one can prove

uniform-in-ϵ energy estimates for ∂kz f , if the size of the initial data is suitable with respect to
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ϵ (O(1) for some cases and O(ϵ) for other cases). Most of the scaling issues can be handled

in the same way as the deterministic case. We refer to [74] for more details on the scaling

issues for a large class of collisional kinetic equations.

For nonlinear kinetic equations, the same method can be applied to prove the exponential

decay of solution as well as its z-derivatives, if the initial data is close enough to the global

equilibrium [60, 95, 74]. In this case, for any nonlinear term Γ(f, f), as long as there is an

estimate

∥Γ(f, g)∥ ≤ C∥f∥∥g∥, (1.48)

in a suitable space (e.g., some Sobolev space), one will be able to absorb this term by the

dissipation from the linear terms, under the small data assumption. The author’s work

with S. Jin [95] uses this method to prove the uniform-in-ϵ random space regularity of the

two-phase flow model in the light particle regime (1.21) under smallness conditions, and

exponential decay of ∂kz f is proved via hypocoercivity.

1.3.2 Spectral accuracy of the gPC-sG method

The spectral accuracy of gPC-sC methods follows directly from the random space reg-

ularity. However, for gPC-sG methods, apart from the interpolation error, there is also an

error from the Galerkin projection, thus require further analysis to justify its accuracy.

The spectral accuracy of the gPC-sG method for the linear equation (1.41) is proved

in [53], in which the linear equation satisfied by the error f − fK is analyzed. To deal

with nonlinear equations, it is desirable to have a small initial data condition indepen-

dent of the numerical parameter K, which means that the accuracy results are true for

a fixed set of initial data, for all K. If one directly uses (1.48) to estimate the terms∫
Γ(fK , fK)ϕk(z) dz, k = 1, . . . , K, then one will end up with the terms

C|Sijk|∥fi∥∥fj∥, i, j, k = 1, . . . , K, (1.49)
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which are a large number (K3) of terms involving the gPC coefficients f1, . . . , fK . Here Sijk

is the basis related triple product coefficient

Sijk =

∫
ϕiϕjϕkπ(z) dz. (1.50)

This will give an estimate which requires the smallness condition depending on K.

To overcome this difficulty, the author’s work with S. Jin [95] introduced a weighted sum

of the Sobolev norm of the gPC coefficients to control the nonlinear terms with an estimate

independent of K. Instead of estimating a naive summation of the norms of fk, we estimate
K∑
k=1

∥kqfk∥2, (1.51)

where we assume that the basis functions satisfy a technical condition |Sijk| ≤ kp, and the

constant q satisfies q > p + 2. This extra weight enables us to combine the terms (1.49)

together as part of a convergent series, and obtain an estimate independent of K. Using this

technique, we prove the uniform-in-(t, ϵ) spectral accuracy of the gPC-sG method for the two-

phase flow model in the light particle regime (1.21) under smallness conditions independent

of K. Later this technique is adopted by [74] to prove the spectral accuracy of the gPC-sG

methods for a class of collisional kinetic equations.

1.3.3 Random space regularity for the Vlasov-Poisson equation

For the Vlasov-Poisson equation

∂tf + v · ∇xf + E · ∇vf = 0, E = F [f ] = −∇W ∗ ρ, ρ =

∫
f dv, (1.52)

where W is a given interacting potential and x ∈ Td, there does not hold any energy

dissipation estimate due to the time-reversibility. However, if the initial data is close enough

to some specific spatial homogeneous equilibrium and has enough regularity, [82] showed

that the long time behavior of the solution exhibits the Landau damping behavior [64], i.e.,

the electric field E decays exponentially in time, and the particle distribution f is well

approximated by the free transport of some fixed profile. Then, it is natural to ask whether

the long time behavior of the Landau damping solution is sensitive to initial perturbations.
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In the author’s work with S. Jin [94], we proved a first result in this direction: there

exists initial data for the Vlasov-Poisson equation which depending on z smoothly, such that

this random space regularity persists for all time. To be precise, ∂kzE decays exponentially

in time, and ∂kz f converges exponentially fast to the free transport of some fixed profile.

Our result is based on an earlier deterministic Landau damping result [16]. Currently we

are working on the random space regularity for all initial data near a linearly-stable spatial

homogeneous equilibrium, based on [82].

1.4 Other related topics

1.4.1 UQ for kinetic equations with high-dimensional random inputs

Uncertainty quantification for kinetic equations with high-dimensional random inputs is

hard due to the fact that deterministic kinetic equations are already high-dimensional (3d in

x and 3d in v). In the author’s work with J. Hu and S. Jin [93], we did a first attempt in this

direction. For the Boltzmann equation with multi-dimensional random inputs, we adopt the

sparse wavelet basis [101], which uses locally supported piecewise polynomials and a Smolyak

type construction. Using this basis, we conduct the sG method for the Boltzmann equation,

and accelerate the computation of the collision part by observing a sparsity structure in the

basis related coefficients Sijk defined in (1.50), which is a consequence of the local support of

the basis functions. Numerical experiments suggest that this method has convergence order

higher than the Monte Carlo method, and is effective in at least 6 dimensional random space.

1.4.2 UQ for hyperbolic equations with discontinuous solutions

The spectral accuracy of gPC based UQ methods relies on the random space regularity,

which may fail in some cases, for example, nonlinear hyperbolic equations and kinetic equa-

tions with hyperbolic scaling and small Knudsen number. It is very challenging to design

numerical methods which have good accuracy for such problems. In the author’s work with

Q. Li and J.-G. Liu [69], we did a first attempt in this direction. We consider the Burgers
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equation

∂tu+ ∂x(
1

2
u2) = 0, (1.53)

with random inputs, and we assume the initial data satisfies a few conditions so that only one

shock is developed for each value of z. In this special case, we proved that the shock location

depends smoothly on z, if the initial data does. The main idea of the proof is to analyze the

ODE satisfied by the upper and lower boundary of the shock. This result enables us to use

gPC based interpolation methods to obtain the shock location as well as the solution away

from the shock with high accuracy.

1.5 Outline of this thesis

In the rest of this thesis, we go through some of the author’s results: Chapter 2 is the

author’s work with S. Jin [57] on the s-AP method for the two-phase flow model in the fine

particle regime (1.19); Chapter 3 is our work [95] on the random space regularity and spectral

accuracy of the gPC-sG method for the two-phase flow model in the light particle regime

(1.21); Chapter 4 is the author’s work with J. Hu and S. Jin [93] on the sparse wavelet based

sG method for the Boltzmann equation with multi-dimensional random inputs; Chapter 5

is the author’s work with Q. Li and J.-G. Liu [69] on the polynomial interpolations for the

Burgers equation with random inputs. The thesis is concluded in Chapter 6.
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Chapter 2

S-AP method for the two-phase flow model in the fine
particle regime

In this chapter we go through the author’s work with S. Jin [57] on the s-AP method for

the two-phase flow model in the fine particle regime (1.19).

2.1 Introduction

We are concerned with kinetic-fluid models for disperse two-phase flows. Such models

arise naturally in the study of mixture of a continuum of fluid, such as gas and liquids,

and small particles, such as droplets and suspension of solids. The fluid phase is described

by hydrodynamic equations, such as the Euler equations or the Navier-Stokes equations,

while the particle phase is described by a kinetic equation. The application of kinetic-fluid

models includes the dynamic of sprays [27, 85, 51], granular flows [3, 36, 26], and combustion

theory [38, 88], to name a few.

We assume the following physical assumptions:

1. The primary phase is liquid or dilute gas, and therefore modeled by the incompressible

Navier-Stokes equations.

2. The secondary phase is small particles (or droplets, bubbles), scattered in the fluid,

and it is modeled by a kinetic equation.
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3. The interaction between the two phases is assumed to be the Stokes drag force, i.e., a

particle is subject to a force proportional to the relative velocity between it and the

fluid.

4. The particles are assumed to be subject to the Brownian motions.

There are two scalings that are physically important: one is the light particle regime [40],

which assumes:

1. The velocity of the fluid is small compared to the typical molecular velocity of the

particles.

2. The particles are light, and thus its effect on the fluid is small.

3. The relaxation time is much smaller than the typical time scale.

Another one is the fine particle regime [41], which assumes:

1. The particle size is small compared to the typical length scale.

2. The density of the fluid and particles are of the same order.

3. The relaxation time is much smaller than the typical time scale.

In this chapter we focus on the fine particle regime with two-dimensional physical space.

The model is given by (1.19) where the Fokker-Planck operator Lff is defined by (1.13).

x = (x1, x2) ∈ Ω ⊂ R2 is the space variable, and v = (v1, v2) ∈ R2 is the velocity variable.

f = f(t, x, v) is the density function of the particles. u = u(t, x) = (u(1)(t, x), u(2)(t, x)) is

the velocity field of the fluid. Φ = Φ(x) is an external force field. The first equation of (1.19)

describes the motion of particles. The two terms in the FP operator comes from the drag

force from the fluid and the effect of Brownian motions, respectively. The ∇xΦ term is the

effect of the external force field on the particles. The second and third equations of (1.19) are

the standard incompressible Navier-Stokes equations for the fluid, with the right-hand-side

term describing the force coming from the particle. κ > 0 is the coupling constant depending
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on the typical mass ratio between the particles and the fluid, and Re is the Reynolds number.

ϵ is the Knudsen number given by ϵ = 2ρP a2

9µ
, where µ is the dynamic viscosity of the fluid,

a the typical radius of the particles, and ρP the density of the particles.

The hydrodynamic limit of this model was first investigated by Goudon et al. [40, 41]

in the light particle regime and the fine particle regime, respectively. In [42] Goudon et al.

proposed an Asymptotic-preserving (AP) [52] scheme for the two-phase flow system (1.19),

which are efficient for both the cases of small and large ϵ. The main idea of this work is to

incorporate the evolution of the moments of the particles into the projection method [20, 98]

for the NS system. The possibly stiff (when ϵ is small) FP operator is treated fully implicitly,

with a well-balanced spatial discretization proposed by Jin and Yan [59]. The second order

time discretization is given by the backward difference.

The paper [42] only concerns with the case where all the physical quantities and pa-

rameters are deterministic. However, there are many sources of uncertainties in this model.

For example, the initial data of f and u come from experimental measurements, hence may

have measurement errors. If one adopts the Maxwellian boundary condition for f with the

accommodation coefficient, or the no-slip boundary condition for u against a wall with a

non-zero velocity, then these boundary data will contain parameters, which come from di-

rect measurements or matching with experimental data. Such parameters will also give rise

to uncertainties. Furthermore, the parameters ϵ, κ, Re and the external field Φ come from

measurements and have uncertainties. In [] we proposed an s-AP scheme for the two-phase

flow model (1.19). In order to simplify the presentation and emphasize the main idea, we only

consider the case of uncertain initial data. Uncertainties from other terms can be treated

similarly in the sG framework, see [110].

Compared with the deterministic problem in [42], there are several new difficulties to

overcome. First, the formal proof of the s-AP property is less obvious, due to the vector

form of the scheme. The way to overcome this difficulty is already mentioned in Section

1.2.2. Second, one needs to show that the resulted Helmholtz and Poisson systems, essential

ingredients of the s-AP schemes, are well-defined systems. Indeed these properties, which are
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based on the positive-definiteness of the coefficient matrices in these systems, will be proven

under reasonable and mild assumptions. Thirdly, to treat L⃗ implicitly, which is needed for

good numerical stability property, it is necessary to compute the translation operator T⃗ ,

which is very expensive if computed directly. We accelerate this computation dramatically

by using a spectrally accurate splitting together with the Fast Fourier Transform. Then the

problem is reduced to the inversion of L0, which can be easily and efficiently computed by

the method for the deterministic Fokker-Planck system in [59]. As a result, we just need

to diagonalize two matrices of size K in each time step, while the direct method needs to

diagonalize N2
v such matrices, where K is the number of basis functions and Nv the number

of mesh points in the one-dimensional velocity space.

This chapter is organized as follows: in Section 2.2 we briefly review the deterministic

problem; in Section 2.3 we propose the gPC approximation to the problem with uncertain

initial data, and prove the s-AP property of the gPC-sG method; in Section 2.4 we give the

fully discrete s-AP scheme, prove the positive-definiteness of two coefficient matrices, and

give a spectrally accurate splitting method for the translation operator T⃗ ; in Section 2.5 we

demonstrate the s-AP property and the efficiency of the gPC-sG method by some numerical

examples.

2.2 The Deterministic Problem

In this section we briefly review the results for the deterministic problem. The hydrody-

namic limit of the system (1.19) was proved in [41]. Since we already explained the formal

derivation of this limit in Section 1.1.2, here we only give a derivation of the null space of

Lu.

First note that

Luf = ∇v ·
(
Mu∇v

(
f

Mu

))
, (2.1)

with the local Maxwellian Mu defined by (1.27). This implies that Lu is a self-adjoint

operator on L2
u(R2), defined as the weighted L2 space with weight M−1

u . Denote the inner
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product on L2
u(R2) by ⟨f, g⟩ =

∫
fgM−1

0 dv. Then one has the coercivity estimate

⟨f,Luf⟩ = −
∫
Mu

∣∣∣∣∇v

(
f

Mu

)∣∣∣∣2 dv ≤ 0, (2.2)

which implies that the null space of Lu is one dimensional, spanned by Mu.

2.3 The gPC Approximation to the Problem with Uncertainty

We consider the system (1.19) with the random variable z as introduced in Section 1.2.

We assume that the only random input is the initial data, i.e., fin and uin depend on z

2.3.1 Equations for the gPC coefficients

We adopt the gPC-sG approximation for (1.19) (as introduced in Section 1.2.1) and

obtain the following deterministic system for the gPC coefficients:
∂tfj + v · ∇xfj −∇xΦ · ∇vfj =

1

ϵ
(Luf

K)j,

∂tuj +∇x · (uK ⊗ uK)j +∇xpj −
1

Re
∆xuj =

1

ϵ
κ

∫
((v − uK)fK)j dv,

∇x · uj = 0,

(2.3)

where the sub-index j = 1, . . . , K.

With a chosen K, for a function g = g(z) ≈ gK , we introduce the notation

g⃗ = (g1, . . . , gK)
T ,

A(g) is a size K + 1 matrix defined byA(g)ij =
K∑
k=1

Sijkgk,
(2.4)

where Sijk is defined by (1.50). Then the system of gPC coefficients can be written as
∂tf⃗ + v · ∇xf⃗ −∇xΦ · ∇vf⃗ =

1

ϵ
L⃗u⃗f⃗ ,

∂tu⃗
(i) + ∂x1(A

(i)u⃗(1)) + ∂x2(A
(i)u⃗(2)) + ∂xi

p⃗− 1

Re
∆xu⃗

(i) =
1

ϵ
κ

∫
(vi − A(i))f⃗ dv, i = 1, 2,

∇x · u⃗ = 0,

(2.5)
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where L⃗ is the gPC version of the Fokker-Planck operator

L⃗u⃗(f⃗) = ∆vf⃗ + ∂v1(v1f⃗) + ∂v2(v2f⃗)− ∂v1(A
(1)f⃗)− ∂v2(A

(2)f⃗), (2.6)

and A(1), A(2) are given by

A(1) = A(u(1)), A(2) = A(u(2)), (2.7)

and a term like A(i)u⃗(1) or A(i)f⃗ is interpreted as a matrix-vector multiplication.

2.3.2 The structure and coercivity of L⃗u⃗

We will analyze the structure of L⃗u⃗ and give a coercivity result as a generalization of (2.2).

We begin with introducing the gPC version of the translation operator T⃗u on L2(R2,RK+1)

by

T⃗u⃗(f⃗) = exp(−A(1)∂v1 − A(2)∂v2)(f⃗). (2.8)

In other words, T⃗u⃗(f⃗) is the solution at s = 1 of the hyperbolic system

∂sg⃗(s, v) + A(1)∂v1 g⃗ + A(2)∂v2 g⃗ = 0, g⃗(0, ·) = f⃗(·). (2.9)

Note that this system is hyperbolic because A(1), A(2) are symmetric. It is easy to see that

T⃗u⃗ is a unitary operator, i.e.,
∫
T⃗u⃗f⃗ · T⃗u⃗g⃗ dv =

∫
f⃗ · g⃗ dv. We first prove the following lemma:

Lemma 2.1.

T⃗u⃗[∂v1(v1f⃗) + ∂v2(v2f⃗)] = ∂v1(v1T⃗u⃗f⃗) + ∂v2(v2T⃗u⃗f⃗)− (A(1)∂v1 + A(2)∂v2)T⃗u⃗f⃗ . (2.10)

Proof. Let g⃗(s, v) be the solution of the hyperbolic system (2.9). Then

∂s[∂v1(v1g⃗)]

=∂v1 [v1(−A(1)∂v1 − A(2)∂v2)g⃗]

=∂v1 [(−A(1)∂v1 − A(2)∂v2)(v1g⃗) + A(1)g⃗]

=(−A(1)∂v1 − A(2)∂v2)∂v1(v1g⃗) + A(1)∂v1 g⃗

(2.11)
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Writing a similar expression for the second component of v and adding together, one gets

∂s[∂v1(v1g⃗) + ∂v2(v2g⃗)]

=(−A(1)∂v1 − A(2)∂v2)[∂v1(v1g⃗) + ∂v2(v2g⃗)] + (A(1)∂v1 + A(2)∂v2)g⃗
(2.12)

Then

∂s[∂v1(v1g⃗) + ∂v2(v2g⃗)− s(A(1)∂v1 + A(2)∂v2)g⃗]

=(−A(1)∂v1 − A(2)∂v2)[∂v1(v1g⃗) + ∂v2(v2g⃗)]− s(A(1)∂v1 + A(2)∂v2)∂sg⃗

=(−A(1)∂v1 − A(2)∂v2)[∂v1(v1g⃗) + ∂v2(v2g⃗)− s(A(1)∂v1 + A(2)∂v2)g⃗]

(2.13)

Since the function ∂v1(v1g⃗)+∂v2(v2g⃗)− s(A(1)∂v1 +A
(2)∂v2)g⃗ evaluated at s = 0 is ∂v1(v1f⃗)+

∂v2(v2f⃗), and it satisfies the hyperbolic system (2.9), we get the conclusion by the definition

of T⃗u⃗ (RHS of (2.10) is just this function evaluated at s = 1).

Theorem 2.3.1.

L⃗u⃗ = T⃗u⃗L⃗0⃗T⃗
−1
u⃗ . (2.14)

Proof. By Lemma 3.1 and the fact that the Laplacian ∆v commutes with T⃗u⃗, one gets

T⃗u⃗L⃗0⃗ = L⃗u⃗T⃗u⃗, (2.15)

which is the desired conclusion.

Define

⟨f⃗ , g⃗⟩u⃗ =

∫
(T⃗ −1

u⃗ f⃗) · (T⃗ −1
u⃗ g⃗)M−1

0 dv, (2.16)

where M0 = 1
2π

exp(− |v|2
2
). It is clear that ⟨f⃗ , f⃗⟩u⃗ is positive if f⃗ ̸= 0⃗, and thus ⟨·, ·⟩u⃗ is

an inner product on L2
u⃗(R2,RK+1), defined as the subspace of L2(R2,RK+1) consisting of

functions f⃗ with ⟨f⃗ , f⃗⟩u⃗ < ∞. This space is the vector analog of L2
u(R2) defined in Section

2.2.

From

⟨f⃗ , L⃗u⃗g⃗⟩u⃗ =

∫
T⃗ −1
u⃗ f⃗ · (T⃗ −1

u⃗ L⃗u⃗g⃗)M
−1
0 dv =

∫
T⃗ −1
u⃗ f⃗ · (L⃗0⃗T⃗

−1
u⃗ g⃗)M−1

0 dv, (2.17)
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and the self-adjointness of L0, it is clear that L⃗u⃗ is self-adjoint on L2
u⃗(R2,RK+1). Also, it

follows from (2.2) that

⟨f⃗ , L⃗u⃗f⃗⟩u⃗ =

∫
T⃗ −1
u⃗ f⃗ · (L⃗0⃗T⃗

−1
u⃗ f⃗)M−1

0 dv = −
∫
M0

∣∣∣∣∣∇v

(
T⃗ −1
u⃗ f⃗

M0

)∣∣∣∣∣
2

dv ≤ 0, (2.18)

which is a vector analog of the coercivity estimate (2.2). From (2.18) it is easy to prove the

following theorem:

Theorem 2.3.2. The null space of L⃗u⃗ is given by

M⃗(v) = T⃗u⃗(M0C⃗), (2.19)

where M0 =
1
2π

exp(− |v|2
2
), and C⃗ is any constant vector.

2.3.3 The hydrodynamic limit of the gPC system

Based on Theorem 2.3.2, we formally derive the hydrodynamic limit of the gPC system

(2.5), and show that the limit is the gPC approximation to the limiting Navier-Stokes system

(1.31), which means that the gPC approximation (2.5) is s-AP.

Define the moments of f⃗ by

n⃗ =

∫
f⃗ dv, J⃗ =

∫
vf⃗ dv, P⃗ =

∫
v ⊗ vf⃗ dv. (2.20)

As ϵ→ 0, from (2.5) one formally has L⃗u⃗f⃗ = 0, which implies

f⃗(v) = M⃗(v) = T⃗u⃗(M0C⃗), (2.21)

by Theorem 2.3.2. Substituting into (2.20), one gets

n⃗ =

∫
M⃗(v) dv = C⃗,

J⃗ (i) =

∫
viM⃗(v) dv = A(i)n⃗, i = 1, 2,

P⃗ (ij) =

∫
vivjM⃗(v) dv = δijn⃗+

1

2
(A(i)A(j) + A(j)A(i))n⃗, i, j = 1, 2,

(2.22)
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which are consistent with the expression of J, P in the deterministic case (see (1.28)). Inte-

grating the first equation of (2.5) against 1, v one gets
∂tn⃗+∇x · J⃗ = 0,

∂tJ⃗
(i) +∇x · P⃗ (i) − n⃗∇xi

Φ = −1

ϵ

∫
(vi − A(i))f⃗ dv, i = 1, 2.

(2.23)

Substituting (2.22) into the above equations and doing proper linear combinations, one has
∂tn⃗+∇x · (An⃗) = 0,

∂t(u⃗
(i) + κA(i)n⃗) +∇x · [Au⃗(i) +

κ

2
(A(i)A+ AA(i))n⃗]

+ ∂xi
(p⃗+ κn⃗) + κn⃗∂xi

Φ =
1

Re
∆xu⃗

(i), i = 1, 2.

(2.24)

Note if one inserts the gPC ansatz f = fK =
∑K

k=1 fkϕk, u = uK =
∑K

k=1 ukϕk with defi-

nitions in (2.20) into the Navier-Stokes system (1.31) and conducts the Galerkin projection,

one gets exactly (2.24). Thus the s-AP property of (2.5) is justified.

2.4 The Fully Discrete s-AP Scheme for the System with Uncer-
tainty

For simplicity of notation, in this section, an expression of the form c + B where c is a

scalar and B is a matrix is interpreted as cI +B, where I is the identity matrix.

In order to get a first order AP scheme for the system with uncertainty, we follow the

steps of the deterministic AP scheme [42]. Starting from (2.5), we first give an outline of the

scheme, and then provide justifications in the subsequent sections.

STEP 1: Integrating the first equation of (2.5) over v,

1

∆t
(n⃗k+1 − n⃗k) = −

∫
v · ∇xf⃗

k dv. (2.25)

Then one gets n⃗k+1.

STEP 2: We adopt the idea of the projection method for the Navier-Stokes equations.

We first solve the second equation of (2.5) with the pressure term being ∇xp⃗
k, and then

solve for the increment of p⃗. Multiplying the first equation of (2.5) and integrating over v,
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combining with the second equation of (2.5), one gets

1

∆t
(J⃗∗ − J⃗k) = −

∫
v ⊗ v · ∇xf⃗

k dv − n⃗k∇xΦ− 1− α

ϵ
[J⃗∗ − A(n⃗k+1)u⃗∗], (2.26)

1

∆t
(u⃗∗ − u⃗k) +∇xp⃗

k −∆xu⃗
∗ = −∇x · [A(u⃗k)⊗ u⃗k] +

1− α

ϵ
κ[J⃗∗ − A(n⃗k+1)u⃗∗], (2.27)

where α ∈ (0, 1) is a fixed parameter to be chosen. Only a part of the stiff term 1−α
ϵ
(J⃗∗ −

A(n⃗k+1)u⃗∗) is contained in this step, and another part is contained in STEP 3. The purpose

of this is to make sure that as ϵ→ 0, the equation J⃗ = A(n⃗)u⃗ holds at each step. Eliminating

J⃗∗ one gets,

(B1 −
1

Re
∆x)u⃗

∗ =
u⃗k

∆t
−∇x · [A(u⃗k)⊗ u⃗k]

−∇xp⃗
k +

(1− α)κ

ϵ+ (1− α)∆t
(J⃗k −∆t

∫
v ⊗ v∇xf⃗

k dv −∆tn⃗k∇xΦ),

(2.28)

where

B1 =
1

∆t
+

1− α

ϵ+ (1− α)∆t
κA(n⃗k+1). (2.29)

This is a system of the Helmholtz equation, whose coefficient matrix B1 is symmetric positive

definite under reasonable and mild assumptions on n⃗k+1 (given in Section 2.4.1). Solving

it by the conjugate gradient method to get u⃗∗, and then substituting the result of u⃗∗ into

(2.26), one gets J⃗∗.

STEP 3: To solve for the increment of p⃗, make u⃗k+1 divergence-free, and include the

other part of the stiff term α
ϵ
(J⃗∗∗ − A(n⃗k+1)u⃗k+1), one has

1

∆t
(J⃗∗∗ − J⃗∗) = −α

ϵ
[J⃗∗∗ − A(n⃗k+1)u⃗k+1],

1

∆t
(u⃗k+1 − u⃗∗) +∇x(p⃗

k+1 − p⃗k) =
α

ϵ
κ[J⃗∗∗ − A(n⃗k+1)u⃗k+1].

(2.30)

Eliminate J∗∗,

u⃗k+1 +

[
1

∆t
+
α

ϵ
(1 + κA(n⃗k+1))

]−1

(
1

∆t
+
α

ϵ
)∆t∇x(p⃗

k+1 − p⃗k)

=

[
1

∆t
+
α

ϵ
(1 + κA(n⃗k+1))

]−1(
(
1

∆t
+
α

ϵ
)u⃗∗ +

α

ϵ
κJ⃗∗

)
.

(2.31)
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To solve for u⃗k+1, first take divergence:

∇x · (B2∇x(p
k+1 − pk)) =

1

∆t
∇x ·

[[
1

∆t
+
α

ϵ
(1 + κA(n⃗k+1))

]−1(
(
1

∆t
+
α

ϵ
)u⃗∗ +

α

ϵ
κJ⃗∗

)]
,

(2.32)

with

B2 =

[
1

∆t
+
α

ϵ
(1 + κA(n⃗k+1))

]−1

(
1

∆t
+
α

ϵ
). (2.33)

This is a system of the variable coefficient Poisson equation for (p⃗k+1− p⃗k), whose coefficient

matrix is symmetric positive definite under reasonable assumptions on n⃗k+1 (given in Section

2.4.1). Solving it with the Neumann boundary condition

∂(p⃗k+1 − p⃗k)

∂ν

∣∣∣∣
∂Ω

= 0, (2.34)

by the conjugate gradient method to get p⃗k+1, and then substituting back to (2.31), one gets

u⃗k+1.

STEP 4: To get f⃗k+1 we solve the first equation of (2.5) with the stiff term L⃗u⃗f⃗ treated

implicitly, using the u⃗k+1 obtained above:

f⃗k+1 − f⃗k

∆t
+ v · ∇xf⃗

k −∇xΦ · ∇vf⃗
k =

1

ϵ
L⃗u⃗k+1 f⃗k+1. (2.35)

Using the relation L⃗u⃗ = T⃗u⃗L⃗0⃗T⃗
−1
u⃗ (where we omit the index k + 1 on u⃗), one gets

f⃗k+1 = ϵT⃗u⃗(
ϵ

∆t
− L⃗0⃗)

−1T⃗ −1
u⃗

(
f⃗k

∆t
− v · ∇xf⃗

k +∇xΦ · ∇vf⃗
k

)
. (2.36)

The computation of the operator T⃗u⃗ and T⃗ −1
u⃗ is given in Section 2.4.2, and the inversion of

( ϵ
∆t

− L⃗0⃗) can be done by the same method as the deterministic case [59] (see the Appendix

A for details), since L⃗0⃗ is the operator L0 acting on each gPC mode. Thus one can get f⃗k+1,

and get J⃗k+1 by taking moments of f⃗k+1.

The second order AP scheme can be derived in the same way as the deterministic case,

see [42] for details.
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2.4.1 On the Helmholtz equation and the Poisson equation

In STEP 2 and STEP 3 one needs to solve a system of Helmholtz equations and a system

of Poisson equations respectively. We give the proof of positive definiteness of the coefficient

matrices of these equations under reasonable assumptions.

In STEP 2 the system of Helmholtz equations for u⃗∗ has the form (we omit the time step

indexes)

(B1 −
1

Re
∆x)u⃗(x) = g⃗(x), (2.37)

where B1 is defined in (2.29). Define the LHS of (2.37) as B1(u⃗), and then B1 is an (un-

bounded) operator on the Hilbert space L2(Ω,RK+1). B1 is symmetric since

< B1(u⃗), w⃗ >

=

∫ [ K∑
i,j,k=0

1− α

ϵ+ (1− α)∆t
Sijkni(x)uj(x) +

K∑
k=0

(
1

∆t
− 1

Re
∆xuk(x))

]
wk(x) dx

=

∫ K∑
k=0

(
1

∆t
uk(x)wk(x) +

1

Re
∇xuk(x) · ∇xwk(x)

)
dx

+
1− α

ϵ+ (1− α)∆t

∫ ∫
nK(x, z)uK(x, z)wK(x, z)π(z) dz dx

(2.38)

for u⃗, w⃗ ∈ H1
0 (Ω,RK+1).

By Poincaré’s Inequality,∫
|∇uk(x)|2 dx ≥ C1

∫
|uk(x)|2 dx, (2.39)

for some positive constant C1 depending on Ω, the x-domain. Then, under the assumption

that

nK(x, z) > −δ1, (2.40)

where

δ1 =
(1 + C1∆t/Re)(ϵ+ (1− α)∆t)

(1− α)∆t
> 1, (2.41)

one can see that B1 is positive definite. The assumption (2.40) is reasonable since nK(x, z) is

an approximation of n(x, z) ≥ 0 with a spectral accuracy (see Remark 2.2 for more details).
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In STEP 3 the system of Poisson equations for u⃗∗∗ has the form

∇ · (B2∇u⃗(x)) = g⃗(x), (2.42)

where B2 is defined in (2.33). Define the LHS as B2(u⃗), and then B2 is an (unbounded)

operator on the Hilbert space L2(Ω,RK+1). B is symmetric since

< B2(u⃗), w⃗ >

=

∫ K∑
j,k=0

(∇x · (B2,jk(x)∇uj(x))wk(x) dx

= −
∫ K∑

j,k=0

B2,jk(x)∇xuj(x) · ∇xwk(x) dx

for u⃗, w⃗ ∈ H1
0 (Ω,RK+1). Similar to the case of B1, one can show that the matrix

[
1
∆t

+ α
ϵ
(1 + κA(n⃗))

]
is positive definite if

nK(x, z) > −δ2, (2.43)

where

δ2 =
ϵ+ α∆t

ακ∆t
>

1

κ
. (2.44)

This assumption is also reasonable due to the positivity of the exact solution n(x, z) (see

Remark 2.2 for more details). Then one can deduce that the inverse matrix in the definition

of B2 exists, and B2 is also positive definite. Therefore the operator B2 is negative definite.

Remark 2.2. In general the numerical solution nK(x, z) is not necessarily positive ev-

erywhere. However, since the exact solution n(x, z) is positive everywhere, and the gPC

approximation is spectrally accurate (based on the smoothness of n(x, z)), it is expected that

(2.40) and (2.43) are easily satisfied if K is reasonably large.

The loss of positivity is a pitfall of any spectral method, with no exception to the gPC

method. We did not encounter any problem in this paper. If positivity is necessary (for

example, if one considers a more complicated model where n enters into the definition of

drag coefficients), one might need to use some positivity-preserving techniques, such as the

one developed in [109], to fix the problem. This will be studied in a subsequent work.
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2.4.2 Computing T⃗ numerically

In STEP 4 it is required to compute the operator T⃗u⃗ = exp(−A(1)∂v1 − A(2)∂v2). If

one computes it directly by the discrete Fourier transform, then one needs to multiply

exp(−iA(1)ξ1−iA(2)ξ2) on each Fourier mode (ξ1, ξ2). Since the matrices A(1) and A(2) do not

commute in general, in order to compute these matrix exponentials, one has to diagonalize

the matrix (A(1)ξ1 + A(2)ξ2) for each (ξ1, ξ2). Thus one needs N2
v times of diagonalization

of matrices of size K + 1, where Nv is the number of mesh points in one dimension of the

velocity space. This can be extremely expensive if Nv and K are large. Here we introduce

an operator splitting

exp(−A(1)∂v1 − A(2)∂v2)f⃗ ≈ exp(−A(1)∂v1) exp(−A(2)∂v2)f⃗ . (2.45)

In general, on the Fourier mode (ξ1, ξ2), the difference between the matrices exp(−iA(1)ξ1 −

iA(2)ξ2) and exp(−iA(1)ξ1) exp(−iA(2)ξ2) can be of order O(1) since the commutator of A(1)

and A(2) can be of order O(1). However, we will prove that under smoothness assumptions,

the splitting (2.45) has spectral accuracy and show that it saves the computational cost

of T⃗u⃗ dramatically. By saying that an approximation has spectral accuracy, or an error is

spectrally small, we mean that the error of the approximation in L2 norm is less than Cm

Km ,

for any m ≥ 1. Our accuracy result is

Theorem 2.4.1. Assume that u(z) = uK is sufficiently smooth in z, f(v, z) = fK is

sufficiently smooth in v, z. Then the splitting (2.45) has spectral accuracy, namely,

exp(−A(1)∂v1 − A(2)∂v2)f⃗ − exp(−A(1)∂v1) exp(−A(2)∂v2)f⃗ = O(
1

Km
), ∀m ≥ 1, (2.46)

where m depends on the regularity of u and f .

To prove the theorem, we need the following lemma concerning the spectral accuracy of

the gPC approximation of the linear transport equation:

Lemma 2.3. Consider the equation

∂sg + u · ∇vg = 0, g|s=0 = g0, (2.47)
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where g = g(s, v, z), u(z) = uK(z), and its gPC approximation

∂sg̃ + A(u) · ∇vg̃ = 0, g̃|s=0 = (g0)K , (2.48)

where the matrix A(u) acts on g̃ by matrix multiplication as if g̃ is written in the vector

form g⃗ (see (2.4)). Suppose u is sufficiently smooth in z and g0 is sufficiently smooth in v, z.

Then g̃|s=1 as an approximation of g|s=1 has spectral accuracy.

Proof. Denote PK as the projection onto the gPC approximation space. Then PKg satisfies

∂sPKg + PK(u · ∇vPKg) + PK(u · ∇v(I − PK)g) = 0. (2.49)

By the definition of A(u) in (2.4), one can see that

A(u) · ∇vg̃ = PK(u · ∇vg̃). (2.50)

Thus

∂sg̃ + PK(u · ∇vg̃) = 0. (2.51)

Take the difference between (2.49) and (2.51) one gets

∂s(PKg − g̃) + A(u) · ∇v(PKg − g̃) + PK(u · ∇v(I − PK)g) = 0. (2.52)

Since PKg = g̃ = (g0)K at s = 0, one solves the above equation as

(PKg − g̃)|s=1 = −
∫ 1

0

exp(−(1− τ)A(u) · ∇v)PK(u · ∇v(I − PK)g(τ, v, z)) dτ. (2.53)

Since g(s, v, z) = g0(v − su(z), z) and g0, u are sufficiently smooth, the higher order v, z-

derivatives of g are bounded in L∞
s ([0, 1], L2

v,z). Thus ∇v(I − PK)g is spectrally small in

the same norm, and so is PK(u · ∇v(I − PK)g). Since exp(−(1 − τ)A(u) · ∇v) is unitary,

one concludes that (PKg − g̃)|s=1 is spectrally small. Then one can get the conclusion since

(PKg − g)|s=1 is spectrally small due to the smoothness of g|s=1.

Proof of the Theorem. One notes that the previous lemma implies that

exp(−A(1)∂v1 − A(2)∂v2)f⃗ − fK(v − u(z), z) (2.54)
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is spectrally small, where the first term is interpreted as a function of v, z. Also, by taking

u = (0, u(2)), the lemma implies that

exp(−A(2)∂v2)f⃗ − fK(v1, v2 − u(2)(z), z) (2.55)

is spectrally small. Then, by taking u = (u(1), 0), the lemma implies that

exp(−A(1)∂v1) exp(−A(2)∂v2)f⃗ − fK(v1 − u(1)(z), v2 − u(2)(z), z) (2.56)

is spectrally small. Then combining (2.54) and (2.56) the theorem is proved.

Thus if one computes T⃗u⃗ by the RHS of (2.45), then at most a spectral error is introduced.

The RHS of (2.45) can be computed by using the discrete Fourier transform. For example,

the operator exp(−A(1)∂v1) is the multiplication of exp(−iA(1)ξ1) on the Fourier mode ξ1.

By diagonalizing the matrix A(1), all such matrix exponentials are easily computed. Thus,

with this splitting, only two (instead of N2
v as in the direct method) matrix diagonalizations

are required.

2.5 Numerical Results

In the numerical tests in this section, the x-domain is [0, 1] × [0, 1], and the no-slip

boundary condition for u is taken. We take the parameters κ = 2, Re = 1000, and

Φ(x) = x2 the gravity field. The random domain is taken as Iz = [−1, 1] with the uniform

distribution, except for the last example, where Iz = (−∞,∞) with the normal distribution

N (0, 1). For the stochastic Galerkin method, we take

K = 7, Nx = 128, Nv = 32, Rv = 7, ∆t = 1/2560. (2.57)

(Notice that the notation is a little different from []: here K is the number of basis functions,

while in [] (K + 1) is the number of basis functions.) The mesh sizes are given by

∆x =
1

Nx

, ∆v =
2Rv

Nv

. (2.58)
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The ∆t is about 0.18∆x
Rv

, which satisfies the CFL condition for the kinetic flux term v · ∇xf .

For the problems in Section 2.5.2, the total time t is taken as 2000 time steps, which is about

t = 0.39.

The mesh points of the x-domain and the v-domain are defined by

xi,j =

(
(i+

1

2
)∆x, (j +

1

2
)∆x

)
, i, j = 0, . . . , Nx − 1

vi,j =

(
−Rv + (i+

1

2
)∆v,−Rv + (j +

1

2
)∆v

)
, i, j = 0, . . . , Nv − 1

(2.59)

The kinetic flux term v·∇xf and the forcing term ∇xΦ·∇vf are numerically approximated

by the second order upwind scheme with the minmod slope limiter. Other flux terms are

approximated by the centered difference scheme.

Given a function g(z) =
∑K

k=1 gkϕk(z), the expectation value is given by g0 and the

standard deviation is given by
√∑K

k=2 g
2
k.

Given the bulk density n(z) =
∑K

k=1 nkΦk(z) and the momentum J(z) =
∑K

k=1 JkΦk(z)

of the particles, the bulk velocity of the particles up(z) ≈
∑K

k=1 u
p
kΦk(z) is computed by

solving upk from the linear equations

A(n)u⃗p = J⃗ , (2.60)

where A(n) is defined in (2.4). It is easy to check that the matrix A(n) is symmetric

positive-definite if n(z) is everywhere positive. Thus u⃗p can be solved from this set of linear

equations. In all the numerical experiments we conducted in this paper, A(n) is always

invertible. However, the gPC method does not guarantee positivity. To deal with the

positivity issue, see discussions in Remark 2.2.

2.5.1 The s-AP property

To verify the s-AP property of the stochastic Galerkin method, we take initial fluid

velocity

u = (x2 − 0.5,−(x1 − 0.5)) · 1000(1 + 0.2z) · [(x1 − 0.5)2 + (x2 − 0.5)2]

· exp[−100((x1 − 0.5)2 + (x2 − 0.5)2)],
(2.61)
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and particle distribution as the Maxwellian with density

n = 0.5− 0.4 arctan[10(x1 − 0.5)]/(π/2), (2.62)

and bulk velocity J
n

= −u. Notice that this is different from the equilibrium, which is

given by a Maxwellian with bulk velocity u. We observe the time evolution of the difference

between f⃗ and the corresponding equilibrium M⃗ = T⃗u⃗(M0n⃗) with n⃗ =
∫
f⃗ dv for different

values of ϵ (see Section 2.3.3 for related definitions). The difference is measured in L∞
x (L2

v,z).

The result is shown in Figure 1. One can clearly see that f⃗ is driven to M⃗ as t increases,

until ∥f⃗ − M⃗∥ = O(ϵ).

2.5.2 Problems with random initial data

Example 1: random initial fluid velocity.

We take the initial fluid velocity the same as (2.61) and the particle distribution as the

equilibrium with density as in (2.62) and bulk velocity the same as the fluid velocity. With

this initial data, the fluid near the center of the domain is rotating clockwisely, and the

particle density has the tendency of falling to the left bottom due to gravity, as well as the

tendency of diffusion due to the gradient of the density.

The expectation and standard deviation of the fluid velocity u and the macroscopic

quantities of the particles are shown in Figures 2, 3, 4 (for ϵ = 1, 0.01, 10−8 respectively).

One can clearly see that for ϵ = 1, the fluid velocity and the particle bulk velocity

differ much. From the expectations of n and up one can clearly see that the particles are

falling down (second component of up) and there is a strong diffusion of the particles due

to the gradient of the initial density (first component of up). The randomness on the initial

bulk velocity and fluid velocity have little effect on the particle density and bulk velocity

afterwards.

For ϵ = 0.01 the fluid velocity and the particle bulk velocity are very close but not the

same; for ϵ = 10−8 they look the same. Also, in these two cases one can clearly see that the

fluid together with the particles are rotating clockwisely, while for ϵ = 0.01 there is still some

visible kinetic effect which is smoothing, compared to the ϵ = 10−8 case. The s-AP property
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ϵ = 10−3, 10−4, 10−5, 10−6, 10−7.
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is verified because (1) smaller ϵ makes the fluid velocity and the particle bulk velocity closer,

(2) the solution with ϵ = 0.01 is close to the solution with ϵ = 10−8, which can be viewed as

the solution of the limiting system since ϵ << ∆t,∆x.

One can also see that in all three cases, the fluid velocity is sensitive to the initial

uncertainty, while for the particle density and bulk velocity, they are insensitive to the

initial uncertainty for ϵ = 1 case, and sensitive for the ϵ = 0.01, 10−8 cases. The reason for

the insensitiveness in the kinetic regime is that the interaction between the particles and the

fluid is weak, and the kinetic diffusion effect and the gravity dominate the motion of the

particles.

We also compare the solution by the stochastic Galerkin method with the solution by a

stochastic collocation (sC) method with 10 Gauss-Legendre collocation points. The results

are compared at the 1d slice x1 = 0.55 and shown in Figure 5.

One can see that the expectations computed by the two methods agree very well, while

some standard deviations have some discrepancy due to their small magnitude.

To compare the efficiency of the sG method and the sC method, since the exact solution

is expected to be smooth, one expects that the sG method with degree K polynomials will

give the same accuracy as the Gauss-Legendre sC method with K collocation points in each

random direction. Since the sC method is non-intrusive, one expects that for 1d random

space sC is more efficient than sG. However, if one considers a d-dimensional random space,

then sG requires
(
K+d
d

)
basis functions, while sC with tensor grids requires Kd collocation

points. From this one can see that sG can be much more efficient than sC if d is large.

However, to seriously compare the efficiency of the two methods in very high dimension, one

needs to utilize sparse grids in both methods. This is out of the scope of the paper.

Example 2: random initial particle density.

We take initial fluid velocity as zero and particle distribution as the equilibrium with

density

n = 0.5− 0.4 arctan[10(x1 − 0.5 + 0.1z + 0.2x2)]/(π/2), (2.63)
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Figure 2.5 Example 1: at x1 = 0.55. Upper: ϵ = 1; middle: ϵ = 0.01; lower: ϵ = 10−8.
Curve: collocation; asterisks: Galerkin. Blue: expectation; red: standard deviation. From
left to right: particle density n, fluid velocity u (first component), particle bulk velocity J

n

(first component). Some standard deviations are multiplied by constants to make them
easy to observe, as noted on the figure.
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and bulk velocity as zero. The particles still tend to fall to left bottom, and diffuse, and as

a result, the fluid will be forced to rotate counter-clockwisely.

The expectation and standard deviation of the fluid velocity and the macroscopic quan-

tities of the particles are shown in Figures 6, 7, 8 (for ϵ = 1, 0.01, 10−8 respectively).

For ϵ = 1 one can see the expected behavior of the particles, as well as the rotation of

the fluid. Notice that the fluid velocity is much smaller than the particle bulk velocity, and

their shapes do not look similar. This is because for ϵ = 1 the interaction between the fluid

and the particles is weak. Also one can see the randomness on the initial density propagates

into the particle bulk velocity and the fluid velocity.

As ϵ getting smaller, one can clearly see that the fluid velocity and the particle bulk

velocity get closer, and they are rotating counter-clockwisely. Also, the solution with ϵ = 0.01

is close to the solution with ϵ = 10−8. This verifies the s-AP property.

In all three cases, the particle density and bulk velocity are sensitive to the initial un-

certainty, while the fluid velocity becomes sensitive only when ϵ gets small (ϵ = 0.01, 10−8).

This is because there is no uncertainty in the initial fluid velocity, and only when ϵ is small,

the interaction between the particles and the fluid is strong enough to propagate a significant

amount of the initial uncertainty from the particles to the fluid.

Example 3: random initial particle density with the normal distribution.

In this example, the random variable z̃ obeys the normal distribution N (0, 1). We take

initial fluid velocity as zero and particle distribution as the equilibrium with density

n = 0.5− 0.2 arctan[10(x1 − 0.5 + 0.1z̃ + 0.2x2)]/(π/2), (2.64)

and bulk velocity as zero. This initial data is similar to Example 2, so one expects similar

physical behaviors. The expectation and standard deviation of the fluid velocity and the

macroscopic quantities of the particles are shown in Figures 9, 10, 11 (for ϵ = 1, 0.01, 10−8

respectively). One can see that the result is similar to Example 2. One difference is that

the standard deviations of Example 3 are smoother than the corresponding quantities in
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Figure 2.6 Example 2: ϵ = 1. Left column: expectation. Right column: standard
deviation. Rows: particle density n, fluid velocity u (two components), particle bulk

velocity J
n

(two components).
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Figure 2.7 Example 2: ϵ = 0.01. Left column: expectation. Right column: standard
deviation. Rows: particle density n, fluid velocity u (two components), particle bulk

velocity J
n

(two components).
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Figure 2.8 Example 2: ϵ = 10−8. Left column: expectation. Right column: standard
deviation. Rows: particle density n, fluid velocity u (two components), particle bulk

velocity J
n

(two components).
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Example 2. This is because the Gaussian random variable z̃ ranges in (−∞,∞), but the

uniform random variable z ranges in [−1, 1]. In the initial data the random variables appear

as the position of the sharp gradient of n. Therefore with a larger range of z̃, the uncertainty

is less concentrated in the x-space.
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Figure 2.9 Example 3: ϵ = 1. Left column: expectation. Right column: standard
deviation. Rows: particle density n, fluid velocity u (two components), particle bulk

velocity J
n

(two components).
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Figure 2.10 Example 3: ϵ = 0.01. Left column: expectation. Right column: standard
deviation. Rows: particle density n, fluid velocity u (two components), particle bulk

velocity J
n

(two components).
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Figure 2.11 Example 3: ϵ = 10−8. Left column: expectation. Right column: standard
deviation. Rows: particle density n, fluid velocity u (two components), particle bulk

velocity J
n

(two components).
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Chapter 3

Random space regularity and spectral accuracy of the
gPC-sG method for the two-phase flow model in the light
particle regime

In this chapter we go through the author’s work with S. Jin on the random space regu-

larity and spectral accuracy of the gPC-sG method for the two-phase flow model in the light

particle regime (1.21).

3.1 Introduction

For simplicity the space is taken as T3 = [−π, π]3 with periodic boundary condition. To

be consistent with the notations in [95], we rewrite the model as
ut + u · ∇xu+∇xp−∆xu =

1

ϵ

∫
(v − ϵu)F dv,

∇x · u = 0,

Ft +
1

ϵ
v · ∇xF =

1

ϵ2
∇v · (∇vF + (v − ϵu)F ),

(3.1)

with initial data

u|t=0 = u0, ∇x · u0 = 0, F |t=0 = F0, (3.2)

where t ∈ R+ is the time variable, x ∈ T3 is the space variable, and v ∈ R3 is the velocity

variable. u = u(t, x) is the velocity field of the fluid, and F = F (t, x, v) is the distribution

function of the particles. ϵ is the Knudsen number, which satisfies 0 < ϵ ≤ 1. ϵ = O(1)

corresponds to the kinetic regime, while ϵ→ 0 corresponds to the fluid regime.
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This system satisfies the following conservation properties:

Mass conservation: d

dt

∫ ∫
F dv dx = 0,

Momentum conservation: d

dt

(∫
u dx+ ϵ

∫ ∫
vF dv dx

)
= 0,

Energy/Entropy dissipation: d

dt

(∫
|u|2

2
dx+

∫ ∫
(F lnF +

|v|2

2
F ) dv dx

)
+

1

ϵ2

∫ ∫
|(ϵu− v)F −∇vF |2

F
dv dx+

∫
|∇xu|2 dx = 0.

(3.3)

As ϵ→ 0, it is shown in [40] that (3.1) has a hydrodynamic limit
ut + u · ∇xu+∇xp−∆xu = 0,

∇x · u = 0,

∂tρ+∇x · (uρ−∇xρ) = 0,

(3.4)

with ρ(x) =
∫
F (x, v) dv being the particle density, which is self-consistent Navier-Stokes

equations for u, and a convection-diffusion equation for ρ with drift velocity u.

Goudon et al. [39] proved the first existence result of (3.1), in the case of kinetic regime

(ϵ = O(1)) and initial data near the global equilibrium, which means that F is close enough

to the global Maxwellian

µ(v) =
1

(2π)3/2|T3|
e−|v|2/2, (3.5)

and u is close to 0, in some suitable Sobolev spaces. In fact their method also works for

small ϵ. They first write

F = µ+
√
µf. (3.6)

Then (3.1) becomes the following system for (u, f):
ut + u · ∇xu+∇xp−∆xu+ u+

∫
√
µuf dv − 1

ϵ

∫
v
√
µf dv = 0,

∇x · u = 0,

ft +
1

ϵ
v · ∇xf +

1

ϵ
(∇v −

v

2
) · (uf)− 1

ϵ
u · v√µ =

1

ϵ2
(
−|v|2

4
+

3

2
+ ∆v)f,

(3.7)

with initial data

u|t=0 = u0, f |t=0 = f0. (3.8)
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They assume that (u0, f0), the perturbation of initial data, satisfies the conditions∫
u0 dx+

∫ ∫
v
√
µf0 dv dx = 0, ∇x · u0 = 0, (3.9)

∫ ∫
√
µf0 dv dx = 0, (3.10)

which mean that the perturbation does not affect the total momentum and mass, and the

perturbation of the fluid velocity is divergence-free. Then, combining with a relation for the

mean fluid velocity

ū(t) =
1

|T3|

∫
u(t, x) dx, (3.11)

ūt + 2ū+
1

|T3|

∫ ∫
√
µ(uf) dv dx = 0, (3.12)

which is a consequence of (3.9), using energy estimates, they proved the decay of an energy

functional, defined as the summation of some suitable Sobolev norms, under the assumption

that it is small enough initially. Then, by using hypocoercivity arguments, they proved that

the L2 norms of u and f decay exponentially in time, under some smoothness assumptions.

As introduced in Section 1.2 and 1.3, it is important to consider the system (3.7) with an

extra random parameter z, and give estimates for the z-derivatives of the solution. Also, it

is desirable to prove the uniform-in-(t, ϵ) spectral accuracy of the gPC-sG method for (3.7).

We will assume the random space Iz is one-dimensional, for simplicity of notation. Our

results can be extend to the case multi-dimensional random spaces. See more discussions at

the end of Section 3.2. We also assume that the only random input is the initial data.

In this chapter, we first analyze the z-regularity of (3.7) for random initial data near the

global equilibrium in some suitable Sobolev spaces (with derivatives with respect to x and z).

We use energy estimates and hypocoercivity arguments similar to [39] on the z-derivatives

of u and f . Our result implies that for near equilibrium initial data with regular dependence

on x and z, the solution depends regularly on z for all time, and is insensitive to random

perturbations on the initial data for large time. Then for the sG method, we consider the

most popular choice of basis functions, the generalized polynomial chaos (gPC) [105], i.e.,
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the orthonormal polynomials with respect to π(z) dz. We write the equations for the gPC

coefficients and do energy estimates. As mentioned in Section 1.3.2, using a weighted sum of

the Sobolev norm of the gPC coefficients (Lemma 3.10), we manage to make this estimate

independent of K, the number of basis functions. Finally we write the equations for the

error of the gPC-sG method and do energy and hypocoercivity estimates. Our result implies

that if the random initial data (u0, f0) is small enough in some suitable Sobolev spaces,

then the gPC-sG method has spectral accuracy, uniformly in time and ϵ, and captures the

exponential decay in time of the exact solution. An important feature of our results is that

all the constants involved are independent of ϵ.

This chapter is organized as follows: in Section 3.2, we introduce some notations and

state the main results; in Section 3.3 we prove the energy estimates for the z-derivatives of

u and f ; in Section 3.4 we use hypocoercivity arguments to prove the exponential decay of

these derivatives; in Section 3.5 we prove the spectral accuracy of the sG method.

3.2 Notations and statements of main results

3.2.1 Notations

Due to the extra variable z (compared to [39]), our notation is slightly different from

that in [39]. All the norms or inner products with a single bound (like | · |, ⟨·, ·⟩) are only

integrated in x, v and pointwise in z (thus the result is a function in z). All the norms or

inner products with a double bound (like ∥ · ∥, ⟨⟨·, ·⟩⟩) are integrated in all variables, thus

the result is a number.

Let α = (α1, α2, α3) be a multi-index. Then define

∂α = ∂α1
x1
∂α2
x2
∂α3
x3
. (3.13)

The z-derivative of order γ of a function f is denoted by

fγ = ∂γz f. (3.14)

There will not be any Sobelev norm with v-derivatives, so we do not give a short notation

for them.
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For function u = u(x), f = f(x, v), define the Sobolev norm (with x-derivatives)

∥u∥2s =
∑
|α|≤s

∥∂αu∥2L2
x
, ∥f∥2s =

∑
|α|≤s

∥∂αf∥2L2
x,v
. (3.15)

In particular, ∥u∥0 denote the L2
x norm of u. For function u = u(x, z), f = f(x, v, z), define

the sum of Sobolev norms

|u|2s,r =
∑
|γ|≤r

∥uγ(·, z)∥2s, |f |2s,r =
∑
|γ|≤r

∥fγ(·, ·, z)∥2s, (3.16)

where |u|s,r and |f |s,r are functions of z. Then define the expected value of the total Sobolev

norm by

∥u∥2s,r =
∫

|u|2s,rπ(z) dz, ∥f∥2s,r =
∫

|f |2s,rπ(z) dz. (3.17)

For function ū = ū(z), define the sum of derivatives and the Sobolev norm by

|ū|2r =
∑
|γ|≤r

|ūγ|2, ∥ū∥2r =
∫

|ū|2rπ(z) dz. (3.18)

In all these notations, the sub-index r is omitted when r = 0.

The L2 inner product of functions defined on x-space of x, v-space will be denoted by

⟨·, ·⟩, i.e.,

⟨f, g⟩ =
∫
fg dx, or ⟨f, g⟩ =

∫ ∫
fg dv dx. (3.19)

In case the inputs also depend on z, ⟨f, g⟩ only integrates in x or (x, v), and the result is a

function in z. For example,

⟨f, g⟩(z) =
∫
f(x, z)g(x, z) dx. (3.20)

Then we introduce the inner products related to the hypocoercivity arguments. Define

K = ∇v +
v

2
, P = v · ∇x, Si = [Ki,P ] = KiP − PKi = ∂xi

, K∗ = −∇v +
v

2
, (3.21)

where K∗ is the adjoint operator of K, in the sense that ⟨Kf, g⟩ = ⟨f,K∗ · g⟩, where f has

one component and g has three components .
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For functions f = f(x, v), g = g(x, v), define

(f, g) = 2⟨Kf,Kg⟩+ ϵ⟨Kf,Sg⟩+ ϵ⟨Sf,Kg⟩+ ϵ2⟨Sf,Sg⟩,

[f, g] = ⟨Kf,Kg⟩+ ϵ2⟨Sf,Sg⟩+ ⟨K2f,K2g⟩+ ϵ2⟨KSf,KSg⟩,
(3.22)

where we denote ⟨KSf,KSg⟩ :=
∑3

i,j=1⟨KiSjf,KiSjg⟩.

For functions f = f(x, v, z), g = g(x, v, z), define

(f, g)s,r =
∑
|γ|≤r

∑
|α|≤s

(∂αfγ(·, ·, z), ∂αgγ(·, ·, z)), (3.23)

where (f, g)s,r is a function of z. Similarly define [f, g]s,r.

Then we introduce the inner product in the (x, v, z) space:

⟨⟨f, g⟩⟩ =
∫
⟨f, g⟩π(z) dz, (3.24)

and similarly define ((f, g)), ((f, g))s,r, [[f, g]], [[f, g]]s,r as the corresponding inner products

integrated in z. We also define the following norms in the (x, v, z) space:

∥u∥W s,∞ = max
|α|≤s

∥∂αu∥L∞
x,z
,

∥f∥W s,∞ = max
|α|≤s

∥∂αf∥L∞
x,z(L

2
v)
.

(3.25)

3.2.2 Regularity in the random space

Now we focus on the system (3.7) with the random variable z. In all of our results, the

constants involved are independent of ϵ.

Both results in this subsection can be viewed as generalization of those in [39]. Our first

main result is the following energy estimate assuming near equilibrium initial data:

Theorem 3.2.1. Assume (u, f) solves (3.7) with initial data verifying (3.9). Fix a point z.

Define the energy

E(t; z) = Es,r(t; z) = |u|2Hs,r + |f |2s,r + |ū|2r, (3.26)

with integers s ≥ 2 and r ≥ 0. Then there exists a constant c1 = c1(s, r) > 0, such that

E(0; z) ≤ c1 implies that E(t; z) is non-increasing in t.
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This theorem is proved by an energy estimate on ∂αfγ. This theorem means that for

initial data near the global equilibrium, in the sense that E(0; z) is small, the solution

depends regularly in z for all time and all ϵ, and the z-derivatives are bounded uniformly in

t and ϵ.

From now on we will omit the dependence on z of E, in case there is no confusion.

Next, by a standard hypocoercivity argument, we strengthen the above theorem into the

following one:

Theorem 3.2.2. Assume (u, f) solves (3.7) with initial data verifying (3.9) and (3.10).

There exists a constant c′1(s, r) such that, if we assume s ≥ 0, Es+3,r(0) ≤ c′1(s, r), and that

Ch
s,r = (f, f)s,r|t=0 (defined by (3.23)) is finite, then there exists a constant λ > 0 such that

Es,r(t) ≤ C(Es,r(0) + Ch
s,r)e

−λt, (3.27)

where C = C(s, r).

This theorem implies that as long as the random perturbation (u0, f0) on the initial

data is small in suitable Sobolev spaces and has vanishing total mass and momentum, the

long-time behavior of the solution is not sensitive to the random initial data. The smallness

condition is independent of ϵ.

3.2.3 Error estimate for the gPC-sG method

The gPC-sG method (as introduced in Section 1.2.1) for (3.7) reads
∂tuk + (u · ∇xu)k +∇xpk −∆xuk + uk +

∫
√
µ(uf)k dv −

∫
v
√
µfk dv = 0,

∇x · uk = 0,

∂tfk + v · ∇xfk + (∇v −
v

2
) · (uf)k − uk · v

√
µ = (

−|v|2

4
+

3

2
+ ∆v)fk,

(3.28)

with initial data

uk|t=0 = (u0)k =

∫
u0ϕk(z)π(z) dz, fk|t=0 = (f0)k. (3.29)
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Here the gPC coefficient of a product is given by

(uw)k =
K∑

i,j=1

Sijkuiwj, (3.30)

where Sijk as defined in (1.50).

The goal is to show that under smallness assumptions on the initial data, the gPC-sG

method (3.28) has uniform-in-ϵ spectral accuracy for all K. We start from an energy estimate

for (3.28). Although being similar to the original system (3.7), it indeed requires some new

idea to obtain an estimate independent of K, i.e., the smallness requirement on the initial

data is independent of K. The difficulty comes from the K2 nonlinear terms appeared in

the gPC product (3.30).

To overcome this difficulty, we introduce the technical condition (3.31), and introduce

the weighted Sobolev norm
∑K

k=1 ∥kquk∥2s (see the theorem below for detail). This idea

originates from the analog between the gPC series and Fourier series. If one takes a function

Φ = Φ(y) defined on y ∈ [−1, 1], then ∥Φ∥2Hr =
∑

k |Φ̂k(1 + |k|2)r/2|2 where Φ̂k denotes the

k-th Fourier coefficient. Therefore our weighted Sobolev norm is almost a Sobolev norm in

both x and z spaces. With this viewpoint, it is natural to expect a nonlinear estimate with

this norm (Lemma 3.10, the key nonlinear estimate), being independent of K, similar to

the nonlinear estimate ∥uw∥Hs ≤ C∥u∥Hs∥w∥Hs in the x-space. With the aid of this new

technique, we prove

Theorem 3.2.3. Assume the technical condition

∥ϕk∥L∞ ≤ Ckp, ∀k, (3.31)

with a parameter p > 0. Let q > p + 2 and s ≥ 2. Let (uk, fk), k = 1, . . . , K, solve (3.28)

with initial data verifying (3.9), and define the energy EK by

EK(t) = EK
s,q(t) =

K∑
k=1

(∥kquk∥2s + ∥kqfk∥2s + |kqūk|2). (3.32)

Then there exists a constant c2 = c2(s, q) > 0, independent of K, such that EK(0) ≤ c2

implies that EK(t) is decreasing in t.
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Next we give a sufficient condition on the initial data, under which the assumption

EK(0) ≤ c2 in Theorem 3.2.3 holds:

Proposition 3.1. With the same assumptions as Theorem 3.2.3, the condition EK
s,q(0) ≤

c2(s, q) holds if ∥Es,r(0)∥L1
z
≤ Cc2(s, q) with r > q + 1

2
, and C = C(s, q, r).

Theorem 3.2.3 is proved by the same type of energy estimate as Theorem 3.2.1, with

the aid of the nonlinear estimate Lemma 3.10. Notice that c2 being independent of K is

important, because it implies that the condition EK(0) ≤ c2 is in fact, in view of Proposition

3.1, a consequence of a smoothness condition on (u0, f0), for all K. This means for such initial

data, the gPC-sG method is stable for all K.

We remark that (3.31) holds for gPC basis with respect to a large class of probability

measures supported on a finite interval. To be precise, we have

Proposition 3.2. Suppose Iz = [−R,R], R < +∞ with π(z) satisfying 1/π(z) ∈ Lp1 for

some p1 > 0. Then (3.31) holds with p = 1 + 1/p1.

This proposition gives (3.31) for the uniform distribution on [−1, 1] (with normalized Leg-

endre polynomials as gPC basis), the distribution π(z) = 2
π
√
1−z2

on [−1, 1] (with normalized

Chebyshev polynomials as gPC basis), and all piecewise polynomial probability distributions

on a finite interval with isolated zeros. More details about (3.31) can be found in Section

3.5.

Finally, by a combination of the above results, we obtain the spectral accuracy of the

gPC-sG method, uniformly in t and ϵ, with a small initial data assumption on (u0, f0),

independent of K and ϵ:

Theorem 3.2.4. Assume (3.31) holds. Let (uk, fk), k = 1, . . . , K, solve (3.28) with initial

data verifying (3.9)(3.10). There exists a constant c′′1(s, r) such that the following holds:

Assume s ≥ 0, r > p + 5
2
, ∥Es+3,r(0)∥L∞

z
≤ c′′1(s, r), and Ch

s,r is finite. Then Ee, the energy

of the gPC approximation error, defined by

Ee = ∥ue∥2s + ∥f e∥2s + ∥ūe∥2, ue = u− uK , f e = f − fK , (3.33)
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satisfies

Ee ≤ C

K2r
, (3.34)

for all time, i.e., the gPC-sG method has r-th order accuracy uniformly in time.

This theorem is proved by an energy estimate in the (x, v, z) space on (ue, f e) with the

aid of the previous theorems.

Finally we prove that the error also decays exponentially in time, by a hypocoercivity

argument:

Theorem 3.2.5. Assume (3.31) holds. Let (uk, fk), k = 1, . . . , K, solves (3.28) with initial

data verifying (3.9)(3.10). There exists a constant c′′2(s, r) such that the following holds:

Assume s ≥ 0, r > p+ 5
2
, ∥Es+6,r(0)∥L∞

z
≤ c′′2(s, r), and Ch

s+3,r is finite. Then there exists a

constant λe > 0 such that

Ee ≤ C

Kr−p−1/2
e−λet. (3.35)

These theorems imply that for random initial data near the global equilibrium, in the

sense that (u0, f0) is small in some suitable Sobolev spaces, the gPC-sG method has spectral

accuracy, uniformly in time and ϵ, and it captures the long-time behavior of (3.7) with

random initial data.

Remark 3.3. In cases where the random space Iz has dimension d > 1, the proof of Theorem

3.2.1 and Theorem 3.2.2 stays valid, but the results of other theorems may deteriorate due

to:

1. The spectral accuracy of gPC approximation deteriorates. To be precise, suppose one

takes the multi-dimensional gPC basis as the tensor product of one-dimensional ones,

then the approximation error becomes C
Kr/d , where K is the number of basis functions.

2. The constant p in (3.31) will become pd in the case of tensor product basis.

To investigate how d affects the estimate for the gPC-sG method is left as our future work.
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3.3 Basic energy estimate: proof of Theorem 3.2.1

We first state some lemmas on nonlinear estimates. Denote the space of functions with

finite ∥ · ∥s norm as

Hs = {u(x) : ∥u∥s <∞}, H̃s = {f(x, v) : ∥f∥s <∞}. (3.36)

The following lemma is from [39]:

Lemma 3.4. Let u = u(x) ∈ Hs, w = w(x) ∈ Hs, f = f(x, v) ∈ H̃s. Then for s > 3/2,

∥uw∥s ≤ C∥u∥s∥w∥s, (3.37)

∥uf∥s ≤ C∥u∥s∥f∥s, (3.38)

where C = C(s).

It follows that

Lemma 3.5. Let u = u(x, z) ∈ W r,∞
z (Hs), w = w(x, z) ∈ W r,∞

z (Hs), f = f(x, v, z) ∈

W r,∞
z (H̃s). Let |γ| ≤ r. Then for s > 3/2 and all z,

|(uw)γ|s ≤ C|u|s,r|w|s,r, (3.39)

|(uf)γ|s ≤ C|u|s,r|f |s,r, (3.40)

where C = C(s, r).

Proof. By the Leibniz rule,

(uw)γ =

γ∑
β=0

(
γ

β

)
uβwγ−β. (3.41)

Then

|(uw)γ|s ≤
γ∑

β=0

(
γ

β

)
|uβwγ−β|s ≤ C(s)

γ∑
β=0

(
γ

β

)
|uβ|s|wγ−β|s ≤ C(s, r)|u|s,r|w|s,r, (3.42)

where the second inequality uses (3.37). This finishes the proof of (3.39). The proof of (3.40)

is similar, in view of (3.38).
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And then a bilinear version follows:

Lemma 3.6. Let u = u(x, z) ∈ W r,∞
z (Hs), w = w(x, z) ∈ W r,∞

z (Hs), y = y(x, z) ∈

W r,∞
z (Hs), f = f(x, v, z) ∈ W r,∞

z (H̃s), g = g(x, v, z) ∈ W r,∞
z (H̃s). Let |γ| ≤ r, |α| ≤ s.

Then for s > 3/2 and all z,

|⟨∂α(uw)γ, yγ⟩| ≤ C(δ, s, r)|u|2s,r|w|2s,r + δ|y|20,r, (3.43)

|⟨∂α(uf)γ, gγ⟩| ≤ C(δ, s, r)|u|2s,r|f |2s,r + δ|g|20,r, (3.44)

where δ is any positive number.

Proof. To prove (3.43),

||⟨∂α(uw)γ, yγ⟩| ≤ 1

4δ
|∂α(uw)γ|2L2 + δ|yγ|2L2 ≤

1

4δ
|(uw)γ|2s + δ|y|20,r

≤ C(δ, s, r)|u|2s,r|w|2s,r + δ|y|20,r,
(3.45)

where the first inequality uses Young’s inequality, and the last inequality uses (3.39). The

proof of (3.44) is similar.

Proof of Theorem 3.2.1. Taking z-derivative of order γ and x-derivative of order α of (3.7),

and taking z-derivative of order γ of (3.12) gives

∂t∂
αuγ + ∂α(u · ∇xu)

γ +∇x∂
αpγ−∆x∂

αuγ +∂αuγ︸ ︷︷ ︸+ ∫ √
µ∂α(uf)γ dv−1

ϵ

∫
v
√
µ∂αfγ dv︸ ︷︷ ︸ = 0,

∇x · ∂αuγ = 0,

∂t∂
αfγ +

1

ϵ
v · ∇x∂

αfγ +
1

ϵ
(∇v −

v

2
) · ∂α(uf)γ −1

ϵ
∂αuγ · v√µ︸ ︷︷ ︸ = 1

ϵ2
(
−|v|2

4
+

3

2
+ ∆v)∂

αfγ︸ ︷︷ ︸,
∂tū

γ+2ūγ +
1

|T3|

∫ ∫
√
µ(uf)γ dv dx = 0.

(3.46)

Now do L2 estimate on each equation above (except the second one), i.e., multiply the first

equation by ∂αuγ and integrate in x; multiply the third equation by ∂αfγ and integrate in
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(v, x); multiply the fourth equation by ūγ. And then add the results together and sum over

|γ| ≤ r, |α| ≤ s. Then one gets the following equation (at each z):

1

2
∂tE +G+B = 0, (3.47)

where the energy E is given by (3.26). The good terms G are given by

G = G1 + G2︸︷︷︸ = ∑
|γ|≤s

G1,γ +
∑
|γ|≤s

G2,γ, (3.48)

with

G1,γ = |∇xu
γ|2s + 2|ūγ|2 ≥ C|uγ|2s+1,

G2,γ =

∣∣∣∣uγ√µ− 1

ϵ
∇vf

γ − 1

ϵ

v

2
fγ

∣∣∣∣2
s

,
(3.49)

where the above inequality is by the Poincare-Wirtinger inequality. G1 and G2 come from

the underlined terms and the underbraced terms in (3.46), respectively. To verify the G2

term, we provide the following calculation:

⟨∂αuγ, ∂αuγ⟩ − 1

ϵ
⟨v√µ∂αuγ, ∂αfγ⟩ − 1

ϵ
⟨∂αuγ · v√µ, ∂αfγ⟩ − 1

ϵ2
⟨(−|v|2

4
+

3

2
+ ∆v)∂

αfγ, ∂αfγ⟩

=⟨∂αuγ√µ, ∂αuγ√µ⟩ − 2
1

ϵ
⟨∂αuγ√µ, v

2
∂αfγ⟩ − 2

1

ϵ
⟨∂αuγ√µ,∇v∂

αfγ⟩

+
1

ϵ2
⟨∇v∂

αfγ +
v

2
∂αfγ,∇v∂

αfγ +
v

2
∂αfγ⟩

=⟨A1, A1⟩ − 2⟨A1, A3⟩ − 2⟨A1, A2⟩+ ⟨A2 + A3, A2 + A3⟩

=|A1 − A2 − A3|20 =
∣∣∣∣∂α(uγ√µ− 1

ϵ
∇vf

γ − 1

ϵ

v

2
fγ

)∣∣∣∣2
0

,

(3.50)

where we used integration by parts in v, ∇v
√
µ = −v

2

√
µ, and the notations

A1 = ∂αuγ
√
µ, A2 =

1

ϵ
∇v∂

αfγ, A3 =
1

ϵ

v

2
∂αfγ. (3.51)

The notation | · |0 is interpreted by (3.16) with s = r = 0, i.e., taking L2
x,v norm for a fixed z.

The bad terms B are given by

B = B1 +B2 +B3 =
∑

|γ|≤r,|α|≤s

B1,α,γ +
∑

|γ|≤r,|α|≤s

B2,α,γ +
∑
|γ|≤r

B3,γ, (3.52)
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with

B1,α,γ = ⟨∂α(u · ∇xu)
γ, ∂αuγ⟩,

B2,α,γ =

⟨
∂α(uf)γ, ∂α

[
uγ

√
µ− 1

ϵ
∇vf

γ − 1

ϵ

v

2
fγ

]⟩
,

B3,γ =
1

|T3|
⟨(uf)γ, ūγ√µ⟩,

(3.53)

coming from the nonlinear terms.

By using Lemma 3.6, the bad terms are controlled by

|B1,α,γ| ≤ C(δ)|u|2s+1,r|u|2s,r + δ|u|2s,r ≤ C(δ)EG1 + δG1,

|B2,α,γ| ≤ C(δ)|u|2s,r|f |2s,r + δ

∣∣∣∣uγ√µ− 1

ϵ
∇vf

γ − 1

ϵ

v

2
fγ

∣∣∣∣
s

≤ C(δ)EG1 + δG2,

|B3,γ| ≤ C(δ)|u|2s,r|f |2s,r + δ|ūγ|2 ≤ C(δ)EG1 + δG1.

(3.54)

In conclusion, we have the energy estimate

1

2
∂tE ≤ −(1− C(δ)E − Cδ)G. (3.55)

Take δ = 1
4C

where C is the constant in (3.55), and c1(s, r) = 1
4C(δ)

. Then we will show that

E(t) ≤ c1 for all t. In fact, let

T ∗ = sup{T̃ ≥ 0 : sup
0≤t<T̃

E(t) ≤ c1}. (3.56)

Then it follows that E(t) ≤ c1 for 0 ≤ t ≤ T ∗. Then by our choice of δ and c1,

1− C(δ)E − Cδ ≥ 1− 1

4
− 1

4
=

1

2
, (3.57)

and therefore (3.55) implies

∂tE +G ≤ 0, (3.58)

for 0 ≤ t ≤ T ∗. This prevents T ∗ from being finite. Thus we proved E(t) ≤ c1 for all t, and

as a result, (3.58) holds for all t. Thus E(t) is decreasing in t.
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3.4 Hypocoercivity estimates: proof of Theorem 3.2.2

We will use the following lemma, which is Proposition 4.2 in [39]:

Lemma 3.7. There exisits a constant C > 0 such that for f(x, v) ∈ L2
x,v orthogonal to √

µ,

one has

∥f∥2L2 ≤ C(∥Kf∥2L2 + ∥Sf∥2L2). (3.59)

We begin by proving the following lemma, which is indeed a modification of part of the

proof of Proposition 4.1 in [39]:

Lemma 3.8. For f and g orthogonal to √
µ,

|(u · K∗f, g)| ≤ C
1

ϵ
∥u∥H3([f, f ] + [g, g]). (3.60)

Proof. Using the commutator relation

K(u · K∗f) = (u · K∗)Kf + uf, (3.61)

i.e.,

Ki

(
3∑

j=1

ujK∗
jf

)
=

3∑
j=1

ujK∗
jKif + uif, (3.62)

one gets

(u · K∗f, g) =2⟨K(u · K∗f),Kg⟩+ ϵ⟨K(u · K∗f),Sg⟩+ ϵ⟨S(u · K∗f),Kg⟩+ ϵ2⟨S(u · K∗f),Sg⟩

=2⟨uKf,K2g⟩+ 2⟨uf,Kg⟩+ ϵ⟨uKf,KSg⟩+ ϵ⟨uf,Sg⟩

+ ϵ⟨S(uf),K2g⟩+ ϵ2⟨S(uf),SKg⟩

=2⟨uKf,K2g⟩+ 2⟨uf,Kg⟩+ ϵ⟨uKf,KSg⟩+ ϵ⟨uf,Sg⟩

+ ϵ⟨(Su)f,K2g⟩+ ϵ⟨u(Sf),K2g⟩+ ϵ2⟨(Su)f,SKg⟩+ ϵ2⟨u(Sf),KSg⟩.

(3.63)

where the term ⟨S(uf),SKg⟩ :=
∑3

i,j=1⟨Si(ujf),SiKjg⟩. Now use the Cauchy-Schwarz

inequality, Lemma 3.7, and the Sobolev inequality

∥u∥L∞ + ∥∇xu∥L∞ ≤ C∥u∥H3 , (3.64)
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on each term. We provide the details for two of them and omit the others:

⟨uf,Kg⟩ ≤∥u∥L∞∥f∥L2∥Kg∥L2 ≤ C∥u∥L∞(∥Kf∥L2 + ∥Sf∥L2)∥Kg∥L2

≤C∥u∥L∞(∥Kf∥2L2 + ∥Kg∥2L2 + ϵ∥Sf∥2L2 +
1

ϵ
∥Kg∥2L2),

ϵ⟨uf,Sg⟩ ≤ϵ∥u∥L∞∥f∥L2∥Sg∥L2 ≤ Cϵ∥u∥L∞(∥Kf∥L2 + ∥Sf∥L2)∥Sg∥L2

≤Cϵ∥u∥L∞(∥Kf∥2L2 + ∥Sg∥2L2 + ∥Sf∥2L2 + ∥Sg∥2L2).

(3.65)

Then one gets the conclusion, in view of the definition of [·, ·].

Now we prove the following lemma, which is an analog to Proposition 4.1 of [39]:

Lemma 3.9. Let the assumptions of Theorem 3.2.2 be fulfilled. Then there exists a constant

c′1(s, r) ≤ c1(s+ 3, r) such that, if we assume that Es+3,r(0) ≤ c′1(s, r) is small enough, then

there exists a constant λ1 > 0 such that (at each z)

∂t(f, f)s,r + λ1
1

ϵ2
[f, f ]s,r ≤ C(λ1)(|u|2s,r + |∇xu|2s,r +

1

ϵ2
|Kf |2s,r). (3.66)

Proof. One can write the evolution equation of ∂αfγ as

∂t∂
αfγ+

1

ϵ
P∂αfγ+

1

ϵ2
(K∗·K)∂αfγ =

1

ϵ
∂αuγ ·v√µ+1

ϵ

∑
0≤η≤α

∑
0≤β≤γ

(
γ

β

)(
α

η

)
∂ηuβ ·K∗∂α−ηfγ−β.

(3.67)

We will take the (·, ·) inner product of (3.67) with ∂αfγ. For the linear terms, by the same

argument as the proof of Proposition 4.1 of [39], one gets
1

ϵ
(P∂αfγ, ∂αfγ) =2

1

ϵ
⟨S∂αfγ,K∂αfγ⟩+ |S∂αfγ|20 ≥

3

4
|S∂αfγ|20 − 4

1

ϵ2
|K∂αfγ|20,

1

ϵ2
(K∗ · K∂αfγ, ∂αfγ) =2

1

ϵ2
|K∂αfγ|20 + 2

1

ϵ2
|K2∂αfγ|20 + |SK∂αfγ|20

+
1

ϵ
⟨K∂αfγ,S∂αfγ⟩+ 2

1

ϵ
⟨K2∂αfγ,SK∂αfγ⟩

≥3

2

1

ϵ2
|K∂αfγ|20 +

1

2

1

ϵ2
|K2∂αfγ|20 +

1

3
|SK∂αfγ|20 −

1

2
|S∂αfγ|20,

1

ϵ
|(∂αuγ · v√µ, ∂αfγ)| =|21

ϵ
⟨K(∂αuγ · v√µ),K∂αfγ⟩+ ⟨K(∂αuγ · v√µ),S∂αfγ⟩

+ ⟨S(∂αuγ · v√µ),K∂αfγ⟩+ ϵ⟨S(∂αuγ · v√µ),S∂αfγ⟩|

≤δ( 1
ϵ2
|K∂αfγ|20 + |S∂αfγ|20) + C(δ)(|u|2s,r + |∇xu|2s,r).

(3.68)
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The notation | · |0 is interpreted by (3.16) with s = r = 0, i.e., taking L2
x,v norm for a fixed

z. For the nonlinear term (the summation), we apply Lemma 3.8 and get

1

ϵ
|(∂ηuβ · K∗∂α−ηfγ−β, ∂αfγ)|

≤C 1

ϵ2
|∂ηuβ|3,0([∂α−ηfγ−β, ∂α−ηfγ−β] + [∂αfγ, ∂αfγ])

≤C 1

ϵ2
|u|s+3,r[f, f ]s,r,

(3.69)

where we used the fact that the x and z derivatives commute with the operators K and S.

With these estimates, we get

1

2
∂t(∂

αfγ, ∂αfγ) +
1

2

1

ϵ2
|K2∂αfγ|20 +

1

3
|SK∂αfγ|20 +

1

4
|S∂αfγ|20 −

5

2

1

ϵ2
|K∂αfγ|20

≤ δ(
1

ϵ2
|K∂αfγ|20 + |S∂αfγ|20) + C(δ)(|u|2s,r + |∇xu|2s,r) + C

1

ϵ2
|u|s+3,r[f, f ]s,r.

(3.70)

Then we choose δ = 1/8 to absorb the term |S∂αfγ|20 on the RHS by the same term on the

LHS. Summing over α, γ, we get

∂t(f, f)s,r + (
1

8
− C1|u|s+3,r)

1

ϵ2
[f, f ]s,r ≤ C2(|u|2s,r + |∇xu|2s,r +

1

ϵ2
|Kf |2s,r), (3.71)

where C1 = NC, C2 = max{3, NC(δ)}, N being the number of possible pairs (α, γ).

Thus if one chooses c′1 = min{c1(s + 3, r), 1
16C1

}, then by Theorem 3.2.1, Es+3,r(t) is

decreasing, so Es+3,r(t) ≤ c′1 for all t. Thus |u|s+3,r ≤ Es+3,r ≤ c′1 for all t, and one gets the

conclusion, with λ1 = 1/16.

Proof of Theorem 3.2.2. To obtain the energy decay estimate, we write

G = |∇xu|2s,r + 2|ū|2r + |u√µ− 1

ϵ
Kf |2s,r

≥ |ū|2r + 2λ2|u|2s+1,r + |u√µ− 1

ϵ
Kf |2s,r

≥ |ū|2r + λ2|u|2s+1,r +
1

2
|u√µ− 1

ϵ
Kf |2s,r + λ3

1

ϵ2
|Kf |2s,r,

(3.72)
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where λ3 = min{λ2

2
, 1
4
}. The first inequality is by the Poincare-Wirtinger inequality. The

second inequality is because

|1
ϵ
Kf |2s,r = |(1

ϵ
Kf − u

√
µ) + u

√
µ|2s,r ≤ 2(|1

ϵ
Kf − u

√
µ|2s,r + |u√µ|2s,r)

= 2(|1
ϵ
Kf − u

√
µ|2s,r + |u|2s,r).

(3.73)

Thus, by adding to (3.58) some positive constant λ4 (to be chosen) times (3.66), we have

∂tẼ + G̃ ≤ λ4B̃, (3.74)

where

Ẽ = E + λ4(f, f)s,r, G̃ = G+ λ4λ1
1

ϵ2
[f, f ]s,r, (3.75)

B̃ = C(λ1)(|u|2s,r + |∇xu|2s,r +
1

ϵ2
|Kf |2s,r). (3.76)

It is clear from (3.72) that B̃ ≤ CG ≤ CG̃. Thus by choosing λ4 = min{ 1
2C
, 1}, C being the

previous constant, we get

∂tẼ +
1

2
G̃ ≤ 0. (3.77)

Notice that Lemma 3.7 implies that

|f |2s,r ≤ C(|Kf |2s,r + |Sf |2s,r), (3.78)

and by definition one also has

(f, f)s,r ≤ C(|Kf |2s,r + |Sf |2s,r) ≤ C
1

ϵ2
(f, f)s,r. (3.79)

Thus

Ẽ ≤ C(G+ |f |2s,r) + λ4((f, f))s,r ≤ C(G+ |Kf |2s,r + |Sf |2s,r) ≤ CG̃. (3.80)

This together with (3.77) implies

Ẽ(t) ≤ Ẽ(0)e−λt, (3.81)

where λ = 1
2C

, C being the constant in (3.80).

Finally, the proof of Theorem 3.2.2 is finished by noticing that

E(t) ≤ Ẽ(t) ≤ Ẽ(0)e−λt ≤ (E(0) + Ch)e−λt. (3.82)
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3.5 Proof of spectral accuracy of the gPC-sG approximation

In order to prove the accuracy of the gPC-sG method, we first prove Theorem 3.2.3,

which is an energy estimate for the gPC coefficients (uk, fk).

3.5.1 Estimate of the gPC coefficients: proof of Theorem 3.2.3

In this section, all the norms and inner products acting on ϕk are taken on the random

space Iz, and with respect to the measure π(z) dz if not stated otherwise. In order to prove

the estimate for the gPC coefficients, we need the extra assumption (3.31) on the basis

functions.

We mention some special cases where (3.31) is satisfied [97]. For the case Iz = [−1, 1]

with uniform distribution, ϕk are the normalized Legendre polynomials, and (3.31) holds

with p = 1/2. For the case Iz = [−1, 1] with the distribution π(z) = 2
π
√
1−z2

, ϕk are the

normalized Chebyshev polynomials, and (3.31) holds with p = 0.

Now we prove Proposition 3.2, which guarantees (3.31) for gPC basis with respect to a

large class of probability measures supported on a finite interval.

Proof of Proposition 3.2. First, if {ϕk} is the gPC basis for the probability measure π(z) dz

on [−R,R], then {ϕk(R·)} is the gPC basis for the probability measure Rπ(Rz) dz on [−1, 1].

Therefore we can assume R = 1 without loss of generality.

Let Φ(z) be any degree k polynomial on Iz = [−1, 1] with
∫
Iz
Φ(z)2 1

2
dz = 1, i.e., has

norm 1 in the L2 space with uniform distribution 1
2
dz. Then one can expand it into series

of normalized Legendre polynomials {ψj}:

Φ(z) =
k+1∑
j=1

Φjψj(z),
k+1∑
j=1

Φ2
j = 1. (3.83)

Then it follows that

|Φ(z)| ≤

(
k+1∑
j=1

Φ2
j

)1/2(k+1∑
j=1

ψj(z)
2

)1/2

≤ Ck, (3.84)

by the fact that {ψj} satisfies (3.31) with p = 1/2. Thus ∥Φ∥L∞ ≤ Ck.
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Take Φ = ϕk

∥ϕk∥L2(1/2 dz)
, we obtain

∥ϕk∥L∞ ≤ Ck∥ϕk∥L2(1/2 dz). (3.85)

Next writing p2 = p1 + 1 > 1, p′2 = p2/(p2 − 1) = 1 + 1/p1, we estimate

∥ϕk∥L2(1/2 dz) =

(∫
ϕk(z)

2 1

2π(z)
π(z) dz

)1/2

≤
(∫

|ϕk(z)|2p
′
2π(z) dz

)1/(2p′2)
(∫

1

(2π(z))p2
π(z) dz

)1/(2p2)

≤ C∥ϕk∥
(p′2−1)/p′2
L∞ ∥ϕk∥

1/p′2
L2(π(z) dz)

= C∥ϕk∥
(p′2−1)/p′2
L∞ ,

(3.86)

where we use the assumption that
∫
π(z)1−p2 dz <∞ in the second inequality, and ∥ϕk∥L2(π(z) dz) =

1 in the last equality. Combining with (3.85) we conclude the proof.

This proposition gives (3.31) for a large class of probability measures on a finite interval.

For example, if π(z) is continuous and has only finite number of zeros, with π(z − z0) ≥

c|z − z0|p3 for some p3 > 0, c > 0 near any zero z = z0, then the condition of Lemma 3.2

is satisfied with any p1 < 1/p3. This already includes all piecewise polynomial weights with

separated zeros.

It follows from (3.31) that

|Sijk| ≤ Cip, (3.87)

since

|Sijk| ≤ ∥ϕi∥L∞⟨|ϕj|, |ϕk|⟩ ≤ ∥ϕi∥L∞∥ϕj∥L2∥ϕk∥L2 ≤ Cip. (3.88)

Also, note that ϕk is a polynomial of degree k − 1, orthogonal to all lower order polyno-

mials. If (i− 1) + (j − 1) < k − 1, then Sijk = 0. Thus Sijk may be nonzero only when the

triangle inequality

i+ j ≥ k + 1, (3.89)

holds.
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Note that due to the symmetry in i, j, k of Sijk, (3.87) and (3.89) also hold if i, j, k are

permuted.

Then we have the following lemma, which is the key nonlinear estimate:

Lemma 3.10. Assume condition (3.87). Let q > p+ 2. Let s > 3
2
, α be a multi-index with

|α| ≤ s. Let uk = uk(x) ∈ Hs, wk = wk(x) ∈ Hs, yk = yk(x) ∈ L2, fk = fk(x, v) ∈ H̃2, gk =

gk(x, v) ∈ L2. Then∣∣∣∣∣
K∑
k=1

k2q⟨∂α(uw)k, yk⟩

∣∣∣∣∣ ≤ C(δ)
K∑
i=1

∥iqui∥2s
K∑
j=1

∥jqwj∥2s + δ
K∑
k=1

∥kqyk∥20, (3.90)

∣∣∣∣∣
K∑
k=1

k2q⟨∂α(uf)k, gk⟩

∣∣∣∣∣ ≤ C(δ)
K∑
i=1

∥iqui∥2s
K∑
j=1

∥jqfj∥2s + δ
K∑
k=1

∥kqgk∥20, (3.91)

where the constants are independent of K, and δ is any positive constant.

Proof. We focus on the proof of the first inequality, and the second one is similar (just use

(3.38) instead of (3.37)). Note (by (3.37))

k2q∥Sijk∂
α(uiwj)∥0 ≤ Ck2q|Sijk|∥ui∥s∥wj∥s = C

k2q

iqjq
|Sijk| · ∥iqui∥s · ∥jqwj∥s. (3.92)

First we consider the case i ≥ j. Then since

iqjq ≥ 1

C
(
k + 1

2
)q|Sijk|jq−p, (3.93)

by (3.87) and (3.89), we conclude that

k2q

iqjq
|Sijk| ≤ Ckqjp−q. (3.94)
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Thus if we write the (uw)k on the LHS of (3.90) as a summation in i, j by (3.30), the

i ≥ j terms can be estimated by∣∣∣∣∣
K∑
k=1

k2q
K∑

i,j=1; i≥j

χijkSijk⟨∂α(uiwj), yk⟩

∣∣∣∣∣
≤

K∑
i,j,k=1; i≥j

k2q∥Sijk∂
α(uiwj)∥0 · ∥yk∥0 · χijk

≤C
K∑

i,j,k=1; i≥j

jp−q · ∥iqui∥s · ∥jqwj∥s · ∥kqyk∥0 · χijk

≤C
K∑

i,j,k=1

jp−q · ∥iqui∥s · ∥jqwj∥s · ∥kqyk∥0 · χijk

≤C(δ)
K∑

i,j,k=1

jp−q · ∥iqui∥2s · ∥jqwj∥2s · χijk + δ
K∑

i,j,k=1

jp−q∥kquk∥20 · χijk

=C(δ)I + δII,

(3.95)

where the second inequality uses (3.94), and χijk is the indicator function of the set of indexes

(i, j, k) for which Sijk ̸= 0.

Now we claim that

I ≤ 2
K∑
i=1

∥iqui∥2s ·
K∑
j=1

∥jqwj∥2s. (3.96)

In fact, fix i, then one can write

I =
K∑
i=1

∥iqui∥2sIi, Ii =
K∑

j,k=1

jp−q · ∥jqwj∥2sχijk. (3.97)

Notice that χijk = 1 implies that i − j + 1 ≤ k ≤ i + j − 1, by (3.89). Thus in the last

summation, there is at most 2j terms corresponding to a fixed j. Thus

Ii ≤ 2
K∑
j=1

jp−q+1∥jqwj∥2s ≤ 2
K∑
j=1

∥jqwj∥2s, (3.98)

if q ≥ p+ 1. This proves (3.96).

II is controlled by

II ≤ 2
K∑
j=1

jp−q+1

K∑
k=1

∥kqyk∥20, (3.99)
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since for each fixed (j, k) there is at most 2j choices for i. Thus if q > p+ 2, one has

II ≤ C
K∑
k=1

∥kqyk∥20, C = 2
∞∑
j=1

jp−q+1 ≤ 2(1 + (p− q + 2)−1). (3.100)

Thus we conclude that the i ≥ j terms can be controlled by the RHS of (3.90) (with δ

replaced by Cδ).

For the terms of the LHS of (3.90) with i ≤ j, we exchange the indexes i and j, and get

the LHS of (3.95) with u and w exchanged. Thus one proceeds as before and get the same

conclusion, since the RHS of (3.90) is invariant if u and w are exchanged.

Remark 3.11. The weight kq appeared in the above lemma is essential. Suppose one uses a

summation
∑K

k=1⟨∂α(uw)k, yk⟩, then one ends up with the estimate∣∣∣∣∣
K∑
k=1

⟨∂α(uw)k, yk⟩

∣∣∣∣∣ =
∣∣∣∣∣

K∑
i,j,k=1

Sijk⟨∂α(uiwj), yk⟩

∣∣∣∣∣
≤

K∑
i,j,k=1

min(i, j, k)p[C(δ)∥ui∥2s∥wj∥2s + δ∥yk∥20]

≤C(δ)C1(K)
K∑
i=1

∥ui∥2s
K∑
j=1

∥wj∥2s + δC2(K)
K∑
k=1

∥yk∥20,

(3.101)

where C1(K) =
∑K

k=1 k
p = O(Kp+1), C2(K) = K

∑K
i=1 i

p = O(Kp+2). Thus in this way

one gets an estimate with the coefficient depending on K. If one uses this estimate to prove

an analog of Theorem 3.2.3, then one will get a constant c2 depending on K.

In view of Proposition 3.1, c2 being independent of K implies that the conclusion of

Theorem 3.2.3 holds if the initial data satisfies a smoothness condition independent of K.

If c2 depends on K, then the initial data needs to satisfy a K-dependent condition to make

the conclusion of Theorem 3.2.3 true. This is not good, since it is desirable that the gPC-sG

method is stable for a class of initial data, for all K.

Remark 3.12. For gPC basis with respect to a probability measure supported on R, for

example, the Gaussian distribution, numerical evidence suggests that (3.87) may fail. In this

case one might require a weaker condition, for example, (3.87) with kp replaced by λk for
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some λ > 1, and prove results similar to Lemma 3.10 with different weights. This is out of

the scope of this paper.

Due to the similarity of Lemma 3.6 and Lemma 3.10, it is straightforward to modify the

proof of Theorem 3.2.1 into a proof of Theorem 3.2.3:

Proof of Theorem 3.2.3. We take ∂α on the first and third equations of (3.28), and do L2

estimates on them as well as on the fourth equation, and then sum over k and α with the

k-th equation multiplied by k2q. Then we get

1

2
∂tE

K +GK +BK = 0, (3.102)

where

EK(t) =
K∑
k=1

(∥kquk∥2s + ∥kqfk∥2s + |kqūk|2),

GK = GK
1 +GK

2 =
K∑
k=1

(∥∇xk
quk∥2s + 2|kqūk|2) +

K∑
k=1

∥∥∥∥kq (uk√µ− 1

ϵ
∇vfk −

1

ϵ

v

2
fk

)∥∥∥∥2
s

,

BK = BK
1 +BK

2 +BK
3 =

∑
|α|≤s

BK
1,α +

∑
|α|≤s

BK
2,α +BK

3 ,

(3.103)

with

BK
1,α =

K∑
k=1

k2q⟨∂α(u · ∇xu)k, ∂
αuk⟩,

BK
2,α =

K∑
k=1

k2q
⟨
∂α(uf)k, ∂

α

[
uk
√
µ− 1

ϵ
∇vfk −

1

ϵ

v

2
fk

]⟩
,

BK
3 =

1

|T3|

K∑
k=1

k2q⟨(uf)k, ūk
√
µ⟩.

(3.104)
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Now apply Lemma 3.10 to get

|BK
1,α| ≤ C(δ)

K∑
k=1

∥kquk∥2s+1

K∑
k=1

∥kquk∥2s + δ

K∑
k=1

∥kquk∥2s+1 ≤ C(δ)EKGK
1 + δGK

1 ,

|BK
2,α| ≤ C(δ)

K∑
k=1

∥kquk∥2s
K∑
k=1

∥kqfk∥2s + δGK
2 ≤ C(δ)EKGK

1 + δGK
2 ,

|BK
3 | ≤ C(δ)

K∑
k=1

∥kquk∥2s
K∑
k=1

∥kqfk∥2s +
K∑
k=1

δ|kqūk|2 ≤ C(δ)EKGK
1 + δGK

1 .

(3.105)

And then one concludes
1

2
∂tE

K ≤ −(1− C(δ)EK − Cδ)GK . (3.106)

Assuming δ = 1
4C

where C is the constant in (3.106), and c2(s, r) =
1

4C(δ)
, then by the same

argument as in the proof of Theorem 3.2.1, if EK(0) ≤ c2(s, r), then one has

∂tE
K +GK ≤ 0, (3.107)

and EK is non-increasing.

Proof of Proposition 3.1. Note that (u0)k is the k-th gPC coefficient of the initial data u0,

and thus satisfies the spectral accuracy estimate

|(u0)k(x)| ≤ C
∥u0(x, ·)∥Hr

z

kr
, (3.108)

at each fixed x. By integrating (3.108) in x and replacing u by ∂αu and summing over α,

one gets

∥kq(uk)0∥s ≤ Ckq−r∥u0∥s,r. (3.109)

Thus if r > q + 1
2
, one has

K∑
k=1

∥kq(uk)0∥2s ≤ C∥u0∥2s,r. (3.110)

Similar estimate holds for f and ū. Thus one has

EK
s,q(0) ≤ C∥Es,r(0)∥L1

z
, (3.111)

and the proof is finished.
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3.5.2 Accuracy analysis: proof of Theorem 3.2.4

Recall the reconstructed gPC solution

uK(x, z) =
K∑
k=1

uk(x)ϕk(z). (3.112)

Then at a fixed x point one has

∥uK(x, ·)∥2L2
z
=

K∑
k=1

|uk(x)|2 ≤
K∑
k=1

|kquk(x)|2. (3.113)

Thus

∥uK∥20 ≤ EK
0,q. (3.114)

for any q ≥ 0.

Furthermore, with the assumption (3.31), one has the estimate

∥uK(x)∥2L∞
z
≤ C

(
K∑
k=1

|uk(x)|kp
)2

≤ C

(
K∑
k=1

|kquk(x)|2
)(

K∑
k=1

k2(p−q)

)
≤ C

(
K∑
k=1

|kquk(x)|2
)
,

(3.115)

since q > p+ 2. Thus

∥uK∥2L∞
z (L2

x)
≤ ∥uK∥2L2

x(L
∞
z ) ≤ CEK

0,q. (3.116)

Similar estimates hold for f and ū and their x derivatives.

Proof of Theorem 3.2.4. The gPC coefficients of the mean fluid velocity satisfies

∂tūk + 2ūk + C

∫ ∫
√
µ(uf)k dv dx = 0. (3.117)

Denote the projection operator onto the span of {ϕk}Kk=1 by PK . Multiplying (3.28) and

(3.117) by ϕk(z) and summing in k, one gets the equations for (uK , fK)

∂tu
K + PK(u

K · ∇xu
K) +∇xp

K −∆xu
K + uK +

∫
√
µPK(u

KfK) dv − 1

ϵ

∫
v
√
µfK dv = 0,

∇x · uK = 0,

∂tf
K +

1

ϵ
v · ∇xf

K +
1

ϵ
(∇v −

v

2
) · PK(u

KfK)− 1

ϵ
uK · v√µ =

1

ϵ2
(
−|v|2

4
+

3

2
+ ∆v)f

K ,

∂tū
K + 2ūK +

1

|T3|

∫ ∫
√
µPK(u

KfK) dv dx = 0.

(3.118)



77

Then subtracting from (3.7) and (3.12), one gets

∂tu
e + [(I − PK)(u · ∇xu) + PK(u

e · ∇xu+ uK · ∇xu
e)] +∇xp

e −∆xu
e + ue

+

∫
√
µ[(I − PK)(uf) + PK(u

ef + uKf e)] dv − 1

ϵ

∫
v
√
µf e dv = 0,

∇x · ue = 0,

∂tf
e +

1

ϵ
v · ∇xf

e +
1

ϵ
(∇v −

v

2
) · [(I − PK)(uf) + PK(u

ef + uKf e)]

− 1

ϵ
ue · v√µ =

1

ϵ2
(
−|v|2

4
+

3

2
+ ∆v)f

e,

∂tū
e + 2ūe +

1

|T3|

∫ ∫
√
µ[(I − PK)(uf) + PK(u

ef + uKf e)] dv dx = 0,

(3.119)

where (ue, f e) is the approximation error

ue = u− uK , f e = f − fK . (3.120)

Notice that (3.119) is linear in (ue, f e).

Now take ∂α on the first and third equations of (3.119), and do L2 estimates on the first,

third, fourth equations in (x, z), (x, v, z), z, respectively. First notice that PK commutes

with x-derivatives, and has operator norm 1 on L2
z. Thus one has

|⟨⟨∂αPK(u
e · ∇xu+ uK · ∇xu

e), ∂αue⟩⟩| ≤ C(∥u∥W s+1,∞ + ∥uK∥W s,∞)∥ue∥2s+1, (3.121)

where the W norms mean the Sobolev norms with power index ∞, as defined in (3.25),

and the sub-index r = 0 is omitted. By estimating the terms PK(u
ef + uKf e) in the same

manner, i.e.,

|⟨⟨∂αPK(u
ef + uKf e), ∂αue⟩⟩| ≤ C(∥f∥W s,∞ + ∥uK∥W s,∞)(∥ue∥2s + ∥f e∥2s), (3.122)

one gets the energy estimate

1

2
∂tE

e ≤ −(
2

3
− CH)Ge + CS, (3.123)
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where

Ee =∥ue∥2s + ∥f e∥2s + ∥ūe∥2,

Ge =∥∇xu
e∥2s + 2∥ūe∥2 +

∥∥∥∥ue√µ− 1

ϵ
∇vf

e − 1

ϵ

v

2
f e

∥∥∥∥2
s

,

S =(∥(I − PK)(u · ∇xu)∥2s + ∥(I − PK)(uf)∥2s),

H =∥u∥W s+1,∞ + ∥uK∥W s,∞ + ∥f∥W s,∞ .

(3.124)

First notice that by Sobolev embedding,

∥u∥W s+1,∞ ≤ C∥u∥L∞
z (Hs+3

x ), ∥f∥W s,∞ ≤ C∥f∥L∞
z (Hs+2

x (L2
v))
, (3.125)

and by (3.116)

∥uK∥2W s,∞ ≤ CEK
s+2,q. (3.126)

Thus H can be controlled by

H ≤ C(∥Es+3,0∥L∞
z
+ EK

s+2,q)
1/2. (3.127)

In view of Lemma 3.1, for r > p+ 5
2

one has

H ≤ C∥Es+3,r∥1/2L∞
z
, (3.128)

which implies that

CH ≤ 1

6
, (3.129)

in (3.123) for all time if ∥Es+3,r(0)∥L∞
z

≤ c′′1(s, r) ≤ min{ 1
4C
, c1(s, r), c2(s, q)}, in view of

Theorem 3.2.1 and Theorem 3.2.3.

To estimate the source term S, notice that at each fixed x, v,

∥(I − PK)∂
α(uf)(x, v)∥L2

z
≤ C

∥∂α(uf)(x, v)∥Hr
z

Kr
. (3.130)

Integrating in x, v and summing over α,

∥(I − PK)(uf)∥s ≤ C
∥uf∥s,r
Kr

. (3.131)
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Notice that at each z,

|uf |s,r ≤ max
|α|≤s, |γ|≤r

∥∂αuγ∥L∞
x
|f |s,r ≤ C|u|s+2,r|f |s,r. (3.132)

Thus

∥uf∥s,r ≤ ∥|uf |s,r∥L∞
z
≤ C∥|u|s+2,r∥L∞

z
∥|f |s,r∥L∞

z
≤ C∥Es+2,r∥1/2L∞

z
∥Es,r∥1/2L∞

z
. (3.133)

Then by Theorem 3.2.1 and Theorem 3.2.2 (suppress the dependence on Ch), taking

c′′1 ≤ c′1(s, r),

Es+2,r(t) ≤ C, Es,r(t) ≤ Ce−λt. (3.134)

Thus we finally get

∥(I − PK)(uf)∥s ≤
Ce−

λ
2
t

Kr
. (3.135)

The term ∥(I−PK)(u·∇xu)∥s can be estimated similarly, by using |u·∇xu|s,r ≤ C|u|s+3,r|u|s,r,

and we get

S ≤ Ce−λt

K2r
. (3.136)

In conclusion, we have the estimate

∂tE
e +Ge ≤ C

K2r
e−λt. (3.137)

Finally, combining (3.123), (3.129) and (3.136), noticing that
∫∞
0
e−2λt dt converges, one

concludes that Ee ≤ C
K2r uniformly in time and ϵ.

3.5.3 Hypocoercivity estimates for the error: proof of Theorem 3.2.5

Proof of Theorem 3.2.5. In order to get a hypocoercivity estimate for (ue, f e), we write the

equation of ∂αf e as

∂t∂
αf e +

1

ϵ
P∂αf e +

1

ϵ2
K∗K∂αf e =

1

ϵ
∂αue · v√µ

+
1

ϵ
[(I − PK)∂

α(u · K∗f) + PK∂
α(ue · K∗f) + PK∂

α(uK · K∗f e)].
(3.138)
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and then do energy estimate in (x, v, z). The linear terms can be handled in the same way

as Lemma 3.8. The first nonlinear term is estimated by∣∣∣∣1ϵ (( (I − PK)∂
α(u · K∗f), ∂αf e))

∣∣∣∣ ≤ C

Kr

1

ϵ2
∥u∥L∞

z (Hs+3,r)([[f, f ]]s,r + [[f e, f e]]s). (3.139)

In fact, by modifying the proof of Lemma 3.8, one can get an expression like (3.63):

(( (I − PK)∂
α(u · K∗f), ∂αf e)) = 2⟨⟨(I − PK)∂

α(uKf),K2∂αf e⟩⟩+ similar terms. (3.140)

The first term in (3.140) is estimated by

|⟨⟨(I − PK)∂
α(uKf),K2∂αf e⟩⟩|

≤∥(I − PK)∂
α(uKf)∥0∥K2∂αf e∥0 ≤

C

Kr
∥∂α(u · Kf)∥0,r∥K2f e∥s

≤ C

Kr
max

|γ|≤r,|β|≤s
∥∂βuγ∥L∞∥Kf∥s,r∥K2f e∥s

≤ C

Kr
∥u∥L∞

z (Hs+3,r)(∥Kf∥2s,r + ∥K2f e∥2s),

(3.141)

and other terms in (3.140) can be estimated similarly.

The second nonlinear term in (3.138) is estimated by Lemma 3.8 as follows:∣∣∣∣1ϵ ((PK∂
α(ue · K∗f), ∂αf e))

∣∣∣∣ ≤ ∣∣∣∣1ϵ ((∂α(ue · K∗f), ∂αf e))

∣∣∣∣
≤ C

1

ϵ2
max
|β|≤s

∥∂βue∥L∞(C(δ)[[f, f ]]s + δ[[f e, f e]]s).

(3.142)

The third nonlinear term is estimated by Lemma 3.8 as follows:∣∣∣∣1ϵ ((PK∂
α(uK · K∗f e), ∂αf e))

∣∣∣∣ ≤ ∣∣∣∣1ϵ ((∂α(uK · K∗f e), ∂αf e))

∣∣∣∣ ≤ C
1

ϵ2
∥uK∥L∞

z (Hs+3)[[f
e, f e]]s.

(3.143)

Now by assumption, ∥Es+3,r(t)∥L∞
z

is small enough at t = 0 (which implies that they are

small enough for all time, by Theorem 3.2.1). Similar result holds for EK
s+3,q ≤ C∥Es+3,r∥L∞

z
,

by Theorem 3.2.3. As a result, ∥u∥L∞
z (Hs+3,r) and ∥uK∥L∞

z (Hs+3) are small enough, see (3.116)

for the latter.

To bound the term max|β|≤s ∥∂βue∥L∞ appeared in (3.142), we estimate

∥ue∥L∞
z
=

∥∥∥∥∥
K∑
k=1

(ue)kϕk(z)

∥∥∥∥∥
L∞
z

≤ C

(
K∑
k=1

|(ue)k|2
)1/2( K∑

k=1

k2p

)1/2

≤ C∥ue∥L2
z
Kp+1/2,

(3.144)
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at any fixed x. Then taking L∞ in x we obtain

∥ue∥L∞ ≤ CKp+1/2∥ue∥L∞
x (L2

z)
≤ CKp+1/2∥ue∥L2

z(L
∞
x ) ≤ CKp+1/2∥ue∥L2

z(H
2
x)
. (3.145)

By Theorem 3.2.4, ∥ue∥L2
z(H

s+3) is bounded by C
Kr . Doing the same estimate for the x-

derivatives of ue, we obtain

max
|β|≤s

∥∂βue∥L∞ ≤ C

Kr−p−1/2
. (3.146)

Then by choosing δ in (3.142) small enough, all the [[f e, f e]]s terms from the nonlinear

terms can be absorbed by the corresponding term from the linear terms, and then one

concludes the estimate

∂t((f
e, f e))s + λe1

1

ϵ2
[[f e, f e]]s ≤ C(λe1)(∥ue∥2s + ∥∇xu

e∥2s +
1

ϵ2
∥Kf e∥2s) +

C

Kr−p−1/2

1

ϵ2
[[f, f ]]s,r.

(3.147)

Finally, similar to the proof of Theorem 3.2.2, by taking a suitable linear combination of

(3.147)(3.137) and (3.77) integrated in z (where the appearance of (3.77) is to control the

term [[f, f ]]s,r in (3.147)), we get

∂tẼ
e +

1

2
G̃e ≤ λe4

C

Kr−p−1/2

1

ϵ2
[[f, f ]]s,r +

C

Kr
e−λt, (3.148)

where

Ẽe = Ee + λe4((f
e, f e))s +

1

Kr−p−1/2
λe5∥Ẽ∥L1

z
, (3.149)

and

G̃e = Ge + λe4λ
e
1

1

ϵ2
[[f e, f e]]s +

1

2Kr−p−1/2
λe5∥G̃∥L1

z
. (3.150)

The choice of λe4 is in the same way as the choice of λ4. To choose λe5, one wants the G̃ term

to control the first RHS term in (3.148), and thus choose

λe5 = 4
Cλe4
λ4λ1

, (3.151)

where the C is the first constant in (3.148). Then

∂tẼ
e +

1

4
G̃e ≤ C

Kr
e−λt. (3.152)
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Then since Ẽe ≤ CG̃e (which can be proved similarly as the proof of Ẽ ≤ CG̃, see (3.80)),

and Ẽe(0) ≤ C
Kr−p−1/2 , one concludes that

Ẽe ≤ C

Kr−p−1/2
e−λet, (3.153)

where λe = min{λ, 1
4C

} − δ for some δ > 0 small enough, in view of the lemma below.

Lemma 3.13. Let Φ = Φ(t) satisfy

dΦ

dt
+ a1Φ ≤ a2e

−a3t. (3.154)

Then

Φ(t) ≤ e−at(Φ(0) + a2C(δ)), (3.155)

with a = min{a1, a3} − δ, δ being any positive constant.

Proof.
d

dt
(ea1tΦ) ≤ a2e

(a1−a3)t, (3.156)

ea1tΦ ≤ Φ(0) +

∫ t

0

a2e
(a1−a3)s ds, (3.157)

Φ(t) ≤ e−a1tΦ(0) + a2
e−a3t − e−a1t

a1 − a3
= e−a1tΦ(0) + a2te

−ξt, (3.158)

for some ξ between a1 and a3, by the mean value theorem. Then the conclusion follows since

te−ξt ≤ e−at(te−δt) ≤ C(δ)e−at, (3.159)

where C(δ) = (δe)−1.
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Chapter 4

A sparse wavelet based sG method for the Boltzmann
equation with multi-dimensional random inputs

In this chapter we go through the author’s work with J. Hu and S. Jin on the sparse

wavelet based sG method for the Boltzmann equation (1.2) with multi-dimensional random

inputs. In order to emphasize the vector notations, in this chapter we will use bold letters

to denote vectors.

4.1 Introduction

The Boltzmann equation plays an essential role in kinetic theory [18]. It describes the

time evolution of the density distribution of dilute gases, where fluid dynamics equations,

such as the Euler equations and the Navier-Stokes equations, fail to provide reliable informa-

tion. It is an indispensable tool in fields concerning non-equilibrium statistical mechanics,

such as rarefied gas dynamics and astronautical engineering.

As introduced in Section 1.2, it is important to consider the Boltzmann equation with

random inputs. Hu and Jin [50] gave a first numerical method to solve the Boltzmann

equation with uncertainty by a gPC-sG method. By a singular value decomposition on a set

of basis related coefficients, together with the fast spectral method for the Boltzmann collision

operator proposed by [81], the computational cost of the collision operator is decreased

dramatically. However, their work focuses on low dimensional random spaces, and a direct

extension of their method to multi-dimensional random spaces will suffer from the curse of

dimensionality, which means K, the total number of basis functions, will grow like K =
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(
K1+d
K1

)
, where K1 is the number of basis in one dimension, and d is the dimension of the

random space. This cost is not affordable if both K1 and d are large. Monte-Carlo methods

are feasible, but a halfth order convergence rate can be unsatisfactory in many applications.

Therefore it is desirable to have an efficient and accurate method to solve the Boltzmann

equation with multi-dimensional random inputs.

In this work, we adopt a sparse approach [15, 32] for the stochastic Galerkin method

to circumvent the curse of dimensionality. The idea of sparse approaches traces back to

Smolyak [96]. In recent years, sparse approaches have become a major way to break the

curse of dimensionality in various contexts, for example in Galerkin finite element meth-

ods [15, 107, 92], finite difference methods [43, 44], high-dimensional stochastic differential

equations [104, 84] and uncertainty quantification [89, 76]. The sparse approach we adopt

was first proposed by Schwab et al. [90] for transport-dominated diffusion problems, and

then applied to discontinuous Galerkin methods for elliptic equations by Wang et al. [101]

and transport equations by Guo and Cheng [46]. Simply speaking, we start from a hier-

archical basis in one dimension. To construct the sparse wavelet basis in multi-dimension,

we take the tensor basis and discard those basis functions that are in deep levels in most

dimensions. In this way only a small number of basis functions are kept, yet it can be proved

that the accuracy is still as good as the corresponding tensor basis, if the function to approx-

imate is smooth enough. With a hierarchical basis with N levels and piecewise polynomials

of degree at most m, our method can achieve an accuracy of O(Nd−12−N(m+1)) with num-

ber of basis K = O((m + 1)d2NNd−1) for d-dimensional random spaces. This accuracy is

O(K−(m+1)(logK)(m+2)(d−1)) in terms of K. It is algebraically accurate, but as d increases,

the accuracy deteriorates very slowly. Furthermore, we discover a sparse structure of a set

of basis related coefficients, Sijk, which greatly reduces the cost of the expensive collision

operator evaluation.

The rest of the chapter is organized as follows: in Section 4.2 we introduce the Boltzmann

equation with uncertainty and the framework of stochastic Galerkin (sG) method; in Section

4.3 we introduce our sparse method with multi-wavelet functions; in Section 4.4 we give an
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estimate of the sparsity of the coefficients Sijk; in Section 4.5 we prove the random space

regularity of the solution of the Boltzmann equation with uncertainty, as well as the accuracy

of the sG method with sparse wavelet basis; in Section 4.6 we give some numerical results.

4.2 The Boltzmann equation with uncertainty

To make the notation consistent with [93], we rewrite the classical (deterministic) Boltz-

mann equation in its dimensionless form as

∂tf + v · ∇xf =
1

KnQ(f, f), (4.1)

where f = f(t,x,v) is the density distribution function of a dilute gas at time t ∈ R+,

position x ∈ Ω ⊂ Rdx , and with particle velocity v ∈ Rdv . Kn is the Knudsen number, a

dimensionless number defined as the ratio of the mean free path and a typical length scale,

such as the size of the spatial domain. The collision operator Q(f, f) is defined by (1.2)

(where we used QB instead of the notation Q here). The basic properties of the Boltzmann

equation, as well as its hydrodynamic limit as Kn → 0, are already mentioned in Section

1.1.

The initial condition of the Boltzmann equation is given by

f(0,x,v) = f 0(x,v), (4.2)

and a boundary condition is needed if the spatial domain Ω is a proper subset of Rdx . We

adopt the Maxwell boundary condition, which takes the form

f(t,x,v) = g(t,x,v), x ∈ ∂Ω, v · n > 0, (4.3)

with

g(t,x,v) =(1− α)f(t,x,v − 2(v · n)n)

+
α

(2π)(dv−1)/2Tw(x)(dv+1)/2
e−

|v|2
2Tw(x)

∫
v·n<0

f(t,x,v)|v · n| dv,
(4.4)

where Tw is the temperature of the wall, and n is the inner normal unit vector of the wall.

The first term is the specular reflective part, and the second term is the diffusive part. α is



86

the accommodation coefficient. α = 1 implies purely diffusive boundary, while α = 0 implies

purely reflective boundary. For simplicity we only consider the case where the wall is static.

As mentioned before, there are many sources of uncertainties in the Boltzmann equation,

such as the initial data, boundary data, and collision kernel. To quantify these uncertainties

we introduce the Boltzmann equation with uncertainty
∂tf(t,x,v, z) + v · ∇xf(t,x,v, z) =

1

KnQz(f, f), t ∈ R+, x ∈ Ω ⊂ Rdx , v ∈ Rdv , z ∈ Iz ⊂ Rd,

f(0,x,v, z) = f 0(x,v, z), x ∈ Ω, v ∈ Rdv , z ∈ Iz,

f(t,x,v, z) = g(t,x,v, z), t ∈ R+, x ∈ ∂Ω, v ∈ Rdv , z ∈ Iz.

(4.5)

Here z ∈ Iz is a d-dimensional random vector with probability distribution π(z) character-

izing the uncertainty in the system. We assume that the collision kernel has the form

B(v,v∗, σ, z) = b(z)B0(v,v∗, σ),

which means that Qz can be written as

Qz(f, f) = b(z)Q(f, f).

The Maxwell boundary data g(t,x,v, z) is given by

g(t,x,v, z) =(1− α(z))f(t,x,v − 2(v · n)n, z)

+
α(z)

(2π)(dv−1)/2Tw(x, z)(dv+1)/2
e−

|v|2
2Tw(x,z)

∫
v·n<0

f(t,x,v, z)|v · n| dv.
(4.6)

To solve the stochastic system (4.5), Hu and Jin [50] proposed a stochastic Galerkin (sG)

method. As introduced in Section 1.2, the sG method for the Boltzmann equation reads

∂tfk(t,x,v) + v · ∇xfk(t,x,v) = Qk(f
K , fK), (4.7)

fk(0,x,v) = f 0
k (x,v), (4.8)

Qk(f
K , fK) =

K∑
i,j=1

SijkQ(fi, fj), (4.9)
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where Sijk is defined by (1.50). The boundary condition is given by

gk =
K∑
j=1

∫
Iz

(1− α(z))Φk(z)Φj(z)π(z) dzfj(t,x,v − 2(v · n)n)

+
K∑
j=1

Dkj(x,v)

∫
v·n<0

fj(t,x,v, z)|v · n| dv,

(4.10)

where

Dkj(x,v) =

∫
Iz

α(z)

(2π)(dv−1)/2Tw(x, z)(dv+1)/2
e−

|v|2
2Tw(x,z)Φk(z)Φj(z)π(z) dz (4.11)

is a matrix that is time independent hence can be pre-computed.

This gPC-sG method works well for low dimensional random inputs, but for high dimen-

sional ones, it might require a very large number of basis functions (K large) to approximate

f to a given accuracy. If one takes K1 basis functions in each dimension of a d-dimensional

random space, then a direct extension of the gPC-sG method will require K =
(
K1+d
K1

)
basis

functions, which is prohibitively expensive if both K1 and d are large. Furthermore, since the

computation of Qk typically requires O(K2) times evaluation of the deterministic collision

operator, one has to choose a relatively small K in order to afford the computation. Also,

[50] uses the singular value decomposition of a size K matrix as pre-computation for the

collision operator, which reduces the computational cost by one order of magnitude, but this

pre-computation can be prohibitively expensive if K is large. In the following sections we

propose a stochastic Galerkin method with sparse wavelet basis functions, which requires

much fewer basis functions for multi-dimensional random spaces.

4.3 A sparse approach with multi-wavelet basis functions

4.3.1 The sparse wavelet basis construction

For simplicity we restrict to the case Iz = [−1, 1]d, and π(z) = 1
2d

is the uniform distribu-

tion. We follow the notation by Guo and Cheng [46]. We start by constructing a hierarchical

decomposition of the space consisting of piecewise polynomials of degree at most m. Let

Pm(a, b) be the space of polynomials of degree at most m on the interval (a, b), and for every
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N ≥ 0,

V m
N = {ϕ : ϕ ∈ Pm(−1 + 2−N+1j,−1 + 2−N+1(j + 1)), j = 0, 1, . . . , 2N − 1}. (4.12)

Then define the wavelet spaceWm
N , N = 1, 2, . . . as the orthogonal complement of V m

N−1 inside

V m
N . For convenience we define Wm

0 = V m
0 . Then one obtains the hierarchical decomposition

V m
N = ⊕0≤j≤NW

m
j .

Then a standard sparse trick can be applied. For simplicity we introduce the following

vector notations:

If i = (i1, . . . , id), j = (j1, . . . , jd) then

i ≤ j means i1 ≤ j1, . . . , id ≤ jd,(
j

i

)
:=

(
j1
i1

)
× · · · ×

(
jd
id

)
,

1m is the vector with 1 at m-th component and 0 elsewhere,

|i|∞ = max
1≤m≤d

{|im|}, |i|1 = |i1|+ · · ·+ |id|.

Define the d-fold tensor product of V m
N by

Vm
N,z = V m

N,z1
× · · · × V m

N,zd
. (4.13)

Similarly define the d-fold tensor product of Wm
j by

Wm
j,z = Wm

j1,z1
× · · · ×Wm

jd,zd
. (4.14)

Then

Vm
N,z = ⊕0≤|j|∞≤NW

m
j,z.

The sparse trick is to replace the l∞ norm on j by the l1 norm. In this way we define the

sparse wavelet space

V̂m
N,z = ⊕0≤|j|1≤NW

m
j,z. (4.15)

From now on we will omit the subscript z for these spaces.
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4.3.2 Construction of the basis functions

We adopt the basis functions of Wm
j constructed by Alpert [2]. The basis functions of

Wm
j are denoted by ψm′

j,l , m′ = 0, 1, . . . ,m, l = 0, 1, . . . , 2j−1−1 for j ≥ 1 and l = 0 for j = 0.

ψm′
0,0 are the orthonormal Legendre polynomials of degree m′ on [−1, 1], and ψm′

1,0 are piecewise

polynomials on [−1, 0] and [0, 1] that are orthogonal to those Legendre polynomials, which

can be constructed by a procedure similar to the Gram-Schmidt orthogonalization. Other

ψm′

j,l are defined by dilation and translation of ψm′
1,0:

ψm′

j,l (y) = 2(j−1)/2ψm′

1,0(2
j−1y + 2j−1 − 1− 2l), j = 2, 3, . . . , l = 0, 1, . . . , 2j−1 − 1,

which has support on the interval [−1 + 22−jl,−1 + 22−j(l + 1)].

The basis functions of Wm
j are tensor products of the one dimensional basis functions:

ψm′

j,l (z) = ψ
m′

1
j1,l1

(z1)×· · ·×ψm′
d

jd,ld
(zd), 0 ≤ |m′|∞ ≤ m, 0 ≤ l1 ≤ 2j1−1−1, . . . , 0 ≤ ld ≤ 2jd−1−1,

and the basis functions of V̂m
N consist of all the above functions for 0 ≤ |j|1 ≤ N . By re-

ordering the basis functions for V̂m
N we make them Φ1(z), . . . ,ΦK(z), where K = K(m,N, d)

is the total number of basis functions. It is proved in Lemma 2.3 of [101] that

K = O((m+ 1)d2NNd−1). (4.16)

4.4 Estimate of the Sparsity of Sijk

Recall the triple product tensor Sijk defined in (1.50). Due to the local support of

the sparse wavelet basis functions Φk, this tensor is sparse, especially when N and d are

large. Due to this sparsity, when one computes Qk =
∑K

i,j=1 SijkQ(fi, fj), one only needs

to compute those Q(fi, fj) where there is at least one k with Sijk ̸= 0. Now we prove some

results on its sparsity. We focus on the dependence on N , so every O(·) notation means

multiplication by a constant that may depend on d.

Recall that when one takes the sparse wavelet space V̂m
N , the basis functions are

ψm′

j,l (z) = ψ
m′

1
j1,l1

(z1)× · · · × ψ
m′

d
jd,ld

(zd), 0 ≤ |m′|∞ ≤ m,

0 ≤ l1 ≤ 2j1−1 − 1, . . . , 0 ≤ ld ≤ 2jd−1 − 1, |j|1 ≤ N.
(4.17)
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The function ψm′

j,l (z) is supported on the interval [−1+ 22−jl,−1+ 22−j(l+1)] for j ≥ 1.

Since this support is independent of m′, we omit the m′ index in the following consideration.

If ψj1,l1 and ψj2,l2 have non-intersecting supports, then∫
Iz

b(z)ψj1,l1(z)ψj2,l2(z)ψj3,l3(z)π(z) dz = 0, ∀j3, l3.

Recall that the number of basis functions, in V̂m
N , which includes those ψj,l with |j|1 ≤ N

and 0 ≤ l1 ≤ 2j1−1 − 1, . . . , 0 ≤ ld ≤ 2jd−1 − 1, is O((m + 1)d2NNd−1). Thus the number of

the pairs of such functions is O((m+ 1)2d22NN2d−2). Now we state our result:

Theorem 4.4.1. The pairs of basis functions of V̂m
N with intersecting supports have a total

number at most O((m+ 1)2d22NNd+1).

Proof. The number of ϕj,l for a fixed j is (m + 1)2j−1 for j ≥ 1, and m + 1 if j = 0. Thus

it is less than or equal to (m + 1)2j for all j. For fixed j1, j2, suppose j1 ≥ j2, then ϕj1,l1

and ϕj2,l2 have intersecting supports if and only if the support of ϕj1,l1 is a subinterval of

the support of ϕj2,l2 . For every l1, there is one and only one such l2. Thus the number of

pairs l1, l2 such that ϕj1,l1 and ϕj2,l2 have intersecting supports is 2j
1 , which is 2max{j1,j2} in

general.

Thus the desired number is

S = (m+ 1)2d
∑

0≤|j1|1≤N,0≤|j2|1≤N

2max{j11 ,j21}+···+max{j1d ,j
2
d}. (4.18)

Let k1 = max{j1, j2}, where the maximum acts on each component of vectors. Similarly

let k2 = min{j1, j2}. Then |k1 + k2|1 = |j1 + j2|1 = |j1|1 + |j2|1 ≤ 2N , and for each fixed

k1,k2, there are at most 2d pairs of j1, j2 satisfying the conditions k1 = max{j1, j2} and

k2 = min{j1, j2}. Thus

S ≤ C(d)(m+ 1)2d
∑

0≤|k1|1+|k2|1≤2N

2|k
1|1

= C(d)(m+ 1)2d
2N∑
k=0

2k
(
k + d− 1

d− 1

) 2N−k∑
l=0

(
l + d− 1

d− 1

)

≤ C(d)(m+ 1)2dN
2N∑
k=0

2k(k + 1)d−1(2N − k + 1)d−1.
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The first equality is because there are
(
k+d−1
d−1

)
choices of k1 with |k1|1 = k, and similarly for

k2. The second inequality is because
(
k+d−1
d−1

)
= k+1

1
k+2
2

· · · k+d−1
d−1

≤ (k + 1)d−1, and taking

the largest term in the l summation.

Then by taking derivative with respect of k, it is easy to see that the previous summation

is optimized at kmax = 2N −O(d). Thus

S ≤ C(d)(m+ 1)2dN22kmax(kmax + 1)d−1(2N − kmax + 1)d−1

≤ C(d)(m+ 1)2d22NNd+1,

which finishes the proof.

Remark 4.1. When d ≥ 4, one has 22NN2d−2 > 22NNd+1, thus in this case the number of

Q(fi, fj) needed to be computed is much less than the total number of pairs of fi, fj. And the

bigger d is, the more saving one will gain.

Numerically, we observe this sparsity result even in the cases d = 2, 3 (see Section 4.6.1),

and for a fixed d, the percentage of Q(fi, fj) needed to be computed decreases exponentially

as N increases, which is better than what one expects from the above theorem (where the

percentage is O( 1
Nd−3 )). This suggests that the above theorem is not sharp.

4.5 Regularity and accuracy

In this section, we prove the regularity of the solution to the Boltzmann equation in

the random space, and the accuracy of the stochastic Galerkin method using sparse wavelet

basis. These are straightforward multi-dimensional extensions of the corresponding results in

[50]. We assume that the random collision kernel depends linearly on z. This is a reasonable

assumption because when one uses the Karhunen-Loeve expansion to approximate a random

field, the resulting dependence on z is linear.

We consider the spatially homogeneous Boltzmann equation

∂f

∂t
= Q(f, f), (4.19)
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subject to random initial data and random collision kernel

f(0,v, z) = f 0(v, z), B = B(v,v∗, σ, z), z ∈ Iz.

4.5.1 Regularity in the random space for the Boltzmann equation

We define the norms and operators:

∥f(t, ·, z)∥Lp
v
=

(∫
Rdv

|f(t,v, z)|p dv

)1/p

, ∥f(t,v, ·)∥L2
z
=

(∫
Iz

f(t,v, z)2π(z) dz

)1/2

,

∥|f(t, ·, ·)∥|k = sup
z∈Iz

 k∑
|l|=0

∥∂lzf(t,v, z)∥2L2
v

1/2

,

Q(g, h)(v) =

∫
Rdv

∫
Sdv−1

B(v,v∗, σ, z) [g(v
′)h(v′

∗)− g(v)h(v∗)] dσ dv∗,

Q1,j(g, h)(v) =

∫
Rdv

∫
Sdv−1

∂zjB(v,v∗, σ, z) [g(v
′)h(v′

∗)− g(v)h(v∗)] dσ dv∗.

We first state the following estimates of Q(g, h) and Q1,j(g, h), which are standard results

proved in [72, 12] and its extension to the uncertain case is straightforward:

Lemma 4.2. Assume the collision kernel B depends on z linearly, B and ∂zB are locally

integrable and bounded in z. If g, h ∈ L1
v ∩ L2

v, then

∥Q(g, h)∥L2
v
, ∥Q1,j(g, h)∥L2

v
≤ CB∥g∥L1

v
∥h∥L2

v
, (4.20)

∥Q(g, h)∥L2
v
, ∥Q1,j(g, h)∥L2

v
≤ CB∥g∥L2

v
∥h∥L2

v
, (4.21)

where the constant CB > 0 depends only on B and ∂zjB, j = 1, . . . , d.

Now we state our estimate on ∥|f∥|k.

Theorem 4.5.1. Assume that B satisfies the assumption in Lemma 4.2, and supz∈Iz ∥f 0∥L1
v
≤

M , ∥|f 0∥|k < ∞ for some integer k ≥ 0. Then there exists a constant Ck > 0, depending

only on CB, M , T , and ∥|f 0∥|k such that

∥|f∥|k ≤ Ck, for any t ∈ [0, T ] . (4.22)

The proof of the theorem is provided in the Appendix B.
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4.5.2 Accuracy analysis

In this subsection, we will prove the convergence rate of the stochastic Galerkin method

using the previously established regularity. As in section 4.5.1, we will still restrict to the

spatially homogeneous equation (4.19).

We use the sparse wavelet space V̂m
N with parameters m,N . For this space, the number

of basis functions K = O((m+ 1)d2NNd−1).

Define the space Hm(Iz) by

∥f∥Hm(Iz) = max
∑

0≤mi1
,...,mir≤m

∑
0≤mj1

,...,mjd−r
≤1

∥∂mi1
zi1

· · · ∂mir
zir

∂
mj1
zj1

· · · ∂
mjd−r
zjd−r

f∥L2(Iz),

where the maximum is taken over all non-empty subsets {i1, . . . , ir} ⊂ {1, . . . , d}, and

{j1, . . . , jd−r} is the complement of {i1, . . . , ir}. Using the orthonormal basis {Φk(z)}, the

solution f to (4.19) can be represented as

f(t,v, z) =
∞∑
k=1

fk(t,v)Φk(z), where fk(t,v) =

∫
Iz

f(t,v, z)Φk(z)π(z) dz . (4.23)

Let PK be the projection operator defined as

PKf(t,v, z) =
K∑
k=1

fk(t,v)Φk(z).

Then one has the following projection error estimate (Theorem 5.1 in [90]):

Lemma 4.3. For any f ∈ Hm+1(Iz), N ≥ 1, we have

∥PKf − f∥L2(Iz) ≤ C(m, d)Nd−1 2−N(m+1)∥f∥Hm+1(Iz). (4.24)

This lemma implies that the projection error

∥PKf − f∥L2(Iz) ≤ C(m, d)K−(m+1)(logK)(m+2)(d−1)∥f∥Hm+1(Iz). (4.25)

Define the norms

∥f(t, ·, ·)∥L2
v,z

=

(∫
Iz

∫
Rd

f(t,v, z)2 dvπ(z) dz

)1/2

, (4.26)

then we have the following:
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Lemma 4.4. Assume z obeys the uniform distribution, i.e., z ∈ Iz = [−1, 1]d and π(z) =

1/2d. If ∥|f 0∥|d(m+1) is bounded, then

∥PKf − f∥L2
v,z

≤ C(m, d)K−(m+1)(logK)(m+2)(d−1), (4.27)

where C(m, d) is a constant depending on m and d.

Given the gPC approximation of f :

fK(t,v, z) =
K∑
k=1

f̂k(t,x,v)Φk(z), (4.28)

we now define the error function

eK(t,v, z) = PKf(t,v, z)− fK(t,v, z) :=
K∑
k=1

ek(t,v)Φk(z),

where ek = f̂k − fk. Then we have

Theorem 4.5.2. Assume the random variable z and initial data f 0 satisfy the assumption

in Lemma 4.3, and the gPC approximation fK is uniformly bounded in K, then

∥f − fK∥L2
v,z

≤ C(t)
{
C(m, d)K−(m+1)(logK)(m+2)(d−1) + ∥eK(0)∥L2

v,z

}
.

The proof of Lemma 4.4 and Theorem 4.5.2 can be proved in the same way as Section

4.2 in Hu and Jin [50], in view of Lemma 4.3. We omit the details.

Remark 4.5. In general, wavelet bases are used for functions with low regularity. Here

we briefly explain the reason why we use them for smooth functions. For low dimensional

random spaces (d ≤ 4), by choosing a large m (i.e., m ≥ 2) one can obtain a good accuracy

order (almost (m+ 1)-th order) with the wavelet basis. However, due to the factor (m+ 1)d

in the number of basis functions K (see (4.16)), m cannot be large for higher dimensional

random spaces (d ≥ 5). Thus for such random spaces one has to sacrifice the accuracy order

a little and take m = 0, 1 in order to make the number of basis functions K affordable.
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4.6 Numerical results

In this section we give some numerical results of the stochastic Galerkin method with

sparse technique. We first demonstrate the efficiency of the sparse wavelet basis, and then

show its application to the Boltzmann equation with uncertainty.

The random space is taken as [0, 1]d with the uniform distribution. For the Boltzmann

equation with uncertainty, the physical space is taken as [0, 1], and the velocity space is

truncated as [−Rv, Rv]
2. The physical space is discretized into Nx grid points

xi = (i+
1

2
)∆x, i = 0, 1, . . . , Nx − 1, (4.29)

where ∆x = 1
Nx

. The velocity space is discretized into Nv grid points in each dimension:

vi,j = (−Rv + (i+
1

2
)∆v,−Rv + (j +

1

2
)∆v), i, j = 0, 1, . . . , Nv − 1, (4.30)

where ∆v = 2Rv

Nv
.

The flux term v · ∇xfk in (4.8) is discretized by the second order upwind scheme with

the minmod slope limiter. The collision operator is computed by the fast spectral method

[81]. The time discretization is given by the second order Runge-Kutta scheme.

4.6.1 The sparse wavelet basis

• Number of basis functions

We first give a comparison of number of basis functions between our sparse wavelet

function space V̂m
N and the tensor basis Vm

N . The result is shown in Table 1. It is

clear that the sparse technique saves a great number of basis functions, especially in

multi-dimensional random spaces.

• Efficiency of the sparse wavelet function space

We give a comparison of the L2 approximation error of V̂m
N and Vm

N . For each random

dimension d = 2, 3, 4 we pick a smooth test function as follows:

f(z) =
1

2πK(z)2
exp

(
− 1

2K(z)

)(
2K(z)− 1 +

1−K(z)

2K(z)

)
, (4.31)
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(a) m = 0

N = 3 N = 4 N = 5

d = 1 8,8 16,16 32,32

d = 2 20,64 48,256 112,1024

d = 3 38,512 104,4096 272,32768

d = 4 63,4096 192,65536 552,1048576

(b) m = 1

N = 3 N = 4 N = 5

d = 1 16,16 32,32 64,64

d = 2 80,256 192,1024 448,4096

d = 3 304,4096 832,32768 2176,262144

Table 4.1 Comparison of number of basis functions: m is the maximal degree of
polynomials. d is the dimension; in each cell, the left number is the number of basis of

functions of V̂m
N ; the right number is the number of basis of functions of Vm

N .
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where

Kd=2(z) = 1− 0.5(0.5 + 0.1 sin(z1) + 0.1 sin(2z2)),

Kd=3(z) = 1− 0.5(0.5 + 0.1 sin(z1) + 0.1 sin(2z2) + 0.1 cos(z3)),

Kd=4(z) = 1− 0.5(0.5 + 0.1 sin(z1) + 0.1 sin(2z2) + 0.1 cos(z3) + 0.1 cos(2z4)).

(4.32)

We use the function spaces V̂m
N and Vm

N with differentm, N values to approximate these

functions, and compute their relative L2 error ∥f−PKf∥L2

∥f∥L2
, where PK is the projection

operator onto the corresponding function space. The result is shown in Figure 1. It can

be seen that the sparse wavelet method performs much better than the tensor method.

Sparsity of Sijk We give a test of the sparsity of the tensor Sijk, as well as the number

of Q(fi, fj) needed to compute. We take a random collision kernel b(z) = 1+0.2z1. For

simplicity we only show the results with m = 0, since the sparsity of Sijk with larger m

is similar. The result is shown in Figure 2. One can clearly see an exponential decay

of the percentage of nonzeros in Sijk, as well as the percentage of Q(fi, fj) needed to

compute, as N or d increase. This is even better than what we have proved.

To further demonstrate the sparsity of Sijk we give a graph of nonzero elements of Sijk

for m = 0, N = 4, d = 3, shown in Figure 3. The points in the first graph represent

nonzero elements in Sijk. The second graph is the projection of the first graph onto

i, j coordinates, and the points in it represent those Q(fi, fj) needed to compute.

4.6.2 Application to the Boltzmann equation with uncertainty

In this subsection, the velocity space is assumed to be two-dimensional and its dis-

cretization is always given by Nv = 32. The time discretization is given by 0.8 times the

CFL condition for spatial inhomogeneous problems.

• Accuracy of the approximation of the collision operator

We first check the accuracy of the collision operator Q(f, f) computed by the sparse

stochastic Galerkin method. The function f is given by the Bobylev-Krook-Wu [10, 63]
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solution with uncertainty:

f(v, z) =
1

2πK(z)2
exp

(
− |v|2

2K(z)

)(
2K(z)− 1 +

1−K(z)

2K(z)
v2

)
, (4.33)

where

Kd=2(z) = 1− 0.5(0.5 + 0.1 sin(z1) + 0.1 sin(2z2)),

Kd=3(z) = 1− 0.5(0.5 + 0.1 sin(z1) + 0.1 sin(2z2) + 0.1 cos(z3)),

Kd=4(z) = 1− 0.5(0.5 + 0.1 sin(z1) + 0.1 sin(2z2) + 0.1 cos(z3) + 0.1 cos(2z4)).

(4.34)

For this f , Q(f, f) with collision kernel B = 1
2π

is given explicitly by

Q(f, f)(v, z) =

((
− 2

K(z)
+

|v|2

2K(z)2

)
f

+
1

2πK(z)2
exp

(
− |v|2

2K(z)

)(
2− 1

2K(z)2
|v|2
))

1−K(z)

8
.

(4.35)

The numerical solution is given by

Q̃(f, f)(v, z) =
K∑
k=0

Qk(v)Φk(z), where Qk(v) =
K∑

i,j=0

SijkQ(fi, fj)(v).

We compare the relative L2 error for d = 2, 3, 4 and sparse basis V̂m
N with different

m,N . The result is shown in Figure 4. One can clearly see the error is a little worse

than O(K−(m+1)), and it becomes a little worse as d increases. This is caused by the

logK factor in the error estimate.

• The homogeneous Boltzmann equation with uncertainty on the collision

kernel

We solve the homogeneous Boltzmann equation with deterministic initial data and a

random collision kernel. We take the dimension of the random space d = 2, 3, and the

collision kernels are

b(z) = 1 + 0.2z1 + 0.1z2, d = 2,

b(z) = 1 + 0.2z1 + 0.1z2 + 0.07z3, d = 3.
(4.36)



101

101 102 10310−4

10−3

10−2

10−1

number of basis

re
la

tiv
e 

L2  e
rr

or

 

 
d=2,m=0
d=2,m=1
d=3,m=0
d=3,m=1
d=4,m=0
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Figure 4.5 The homogeneous Boltzmann equation with a random collision kernel:
accuracy result. m = 0, ∆t = 0.01, t = 1.

The initial data is the BKW solution

f0(v, z) =
1

π
exp(−|v|2) |v|

2

2
, (4.37)

and the exact solution is given by

f(t,v, z) =
1

2πK2
exp

(
−|v|2

2K

)(
2K − 1 +

1−K
2K

|v|2
)
, (4.38)

with

K(t, z) = 1− exp(−b(z)t/8)/2. (4.39)

We solve this equation by the sparse sG method with m = 0, time step ∆t = 0.01 and

final time t = 1, and check the relative L2 error with the exact solution. The result is

shown in Figure 5. The phenomenon is similar to the previous accuracy test.

• The Boltzmann equation with random initial data

We test our method on the (inhomogeneous) Boltzmann equation with uncertainty.

The random space is 4-dimensional. We take the x-domain to be [0, 1] with the periodic
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boundary condition. We use the following random initial data to mimic the Karhunen-

Loeve expansion

ρ0 =
1

3
(2 + sin(2πx) + sin(4πx)z1/2 + sin(6πx)z2/4 + sin(8πx)z3/6 + sin(10πx)z4/7) ,

u0 = (0.2, 0),

T0 =
1

4
(3 + cos(2πx) + cos(4πx)z1/2 + cos(6πx)z2/4 + cos(8πx)z3/6 + cos(10πx)z4/7) ,

f =
ρ0

4πT0

(
exp(−|v − u0|2

2T0
) + exp(−|v + u0|2

2T0
)

)
.

(4.40)

The x-domain is discretized into Nx = 50 mesh points, and we compare the solution by

the sparse stochastic Galerkin method with m = 0, N = 3 and a stochastic collocation

method with full tensor basis in random space at time t = 0.1. The collocation

method is implemented by solving the deterministic problem at points of the form

z = (z1, . . . , zd) where each zi is one of the Mz = 8 Gauss-Legendre quadrature points

(thus one needs to solve Md
z deterministic problems). And then the mean and standard

deviation are computed by numerical quadrature. The comparison result is shown in

Figure 6. We see the results by the two methods agree well.

• The Boltzmann equation with randomness on initial data, boundary data,

and collision kernel

We finally solve the inhomogeneous Boltzmann equation with uncertainty on initial

data, boundary data, and collision kernel. The random domain is taken to be 6-

dimensional. We take the initial data to be the equilibrium with

ρ(x, z) = 1, u(x, z) = 0, T = 1+0.5(1+0.2z2) exp(−100(1+0.1z3)(x−0.4−0.01z1)
2),

(4.41)

and the boundary data is given by the Maxwellian boundary condition with random

parameters

Tw = 1 + 0.2z4, α = 0.5 + 0.3z5. (4.42)
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The collision kernel is given by

b(z) = 1 + 0.2z6. (4.43)

The spatial discretization is given by Nx = 100 to better capture the details near

the boundary. We compare the result by the stochastic Galerkin method with sparse

technique with the stochastic collocation method with full grid at time t = 0.04. The

Galerkin method has parameters m = 0, N = 3, and the collocation method is as

described in the previous numerical result with Mz = 4 collocation points in each

dimension. The result is shown in Figure 7. One can see that the two results agree

well.
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Figure 4.7 The Boltzmann equation with randomness on initial data, boundary data, and
collision kernel (d = 6). Nx = 100, t = 0.04. Curve: collocation with Mz = 4; asterisks:

Galerkin with m = 0, N = 3. Left column: mean of density, first component of bulk
velocity, and temperature. Right column: standard deviation of density, first component of

bulk velocity, and temperature.
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Chapter 5

Polynomial interpolations for the Burgers equation with
random inputs

In this chapter we go through the author’s work with Q. Li and J.-G. Liu on the poly-

nomial interpolations for the Burgers equation with random inputs.

5.1 Introduction

In this chapter we address one simple problem: can we use polynomial interpolation

idea to compute the Burgers’ equation, or general hyperbolic conservation laws with random

initial data?

Polynomial interpolation type algorithms have been extensively used under the uncer-

tainty quantification (UQ) framework. Given a PDE with some unknown coefficients, for

the computation, one needs to make an ansatz for the solution. More specifically, we are

given a PDE in a general form:

L(x; z)u = 0 ,

with L being some operator on x and z being the random variables, and we assume that the

solution u enjoys a certain form:

u(x; z) ∈ Span{ϕi(x)} ⊗ Span{ψj(z)}, (5.1)

where ϕi and ψj are basis functions prepared on x and z directions respectively.

The so-termed generalized polynomial chaos (gPC) method and related ideas regard

the solution well approximated by polynomials of random variables in the random space,
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meaning ψj(z) are simply set as polynomials of z. The generalized polynomial chaos-

stochastic Galerkin method (gPC-SG) plugs the ansatz back into the equation and seeks

for the governing equations for the projection coefficients, while the generalized polynomial

chaos-stochastic collocation method (gPC-SC) computes the original equation multiple times

on collocation grid points, and then interpolates on z for every x. The latter method is re-

garded non-intrusive since the forward PDE solver with deterministic coefficients could be

recycled and run multiple times before assembled for the interpolation step, while the for-

mer one, on the opposite, is intrusive, and a different code is called for. Compared with

the traditional Monte Carlo method, the advantage is obvious: the two polynomial based

methods enjoy much faster convergence: ideally, the convergence is of spectral type (rN)

with N being the number of modes used in the ansatz and r < 1, instead of 1/
√
N provided

by the Monte Carlo method.

Since the introduction of gPC based methods [35, 104, 106], they were widely used to

deal with many equations under the UQ framework, and the polynomial ansatz was made for

many equations with unknown coefficients. Many aspects centered around the methods have

drawn lots of attention: this includes the challenges induced from the high dimensionality,

which was partially addressed by the sparse grid idea [84], and then low rank structure or

sparsity concept was also explored to reduce the computation [91, 19, 21, 6, 49, 48].

One challenge, however, is still left unaddressed: using polynomial basis functions lies in

the spectral method framework. It brings the possibility of obtaining spectral accuracy, but

it also naturally inherits the strong assumptions: for the spectral accuracy to be achieved, the

solution has to be very smooth in the random space. The order of the regularity determines

the order of the convergence rate: analyticity leads to exponential convergence but irregular

solution leads to Gibbs phenomena, see reviews [45, 103]. The smoothness of the solution,

however, needs to be studied case by case. For elliptic and parabolic equation, it was very

well-studied. In [5, 4] the authors proved the analyticity in the random space that justifies the

polynomial expansion for elliptic equations, and similar analysis was conducted for parabolic

equations in [108]. Extensions to kinetic equations were performed in [50, 54, 71]. All
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such analysis that justifies the validity of gPC type methods concentrates on showing the

regularity of the solution in the random space, and it is typically done for equations that are

essentially “good” – the solutions are known to be smooth. For systems that are known to be

“bad”, gPC seems to be useless [13]. If we take hyperbolic conservation laws, or particularly,

the Burgers’ equation, as a toy model for example: these equations are nonlinear, and

even with C∞ initial data, the solutions generically develop singularities, meaning that the

accuracy deteriorates as the Gibbs phenomenon emerges.

We would like to better understand the break down of gPC on the conservation laws.

More specifically, we study the regularity of the solution to the Burgers’ equation with

random initial data, and later extend the idea to hyperbolic equations with convex flux

terms. We are going to show that although the solution itself, as a function of space, is

not regular in the random space, the physical quantities such as shock locations, shock

widths, and shock heights all smoothly depend on random variables. This means that the

gPC method can still be used for these equations, but has to be used to deal with physical

quantities mainly. We will prove this argument, and our numerical experiments also support

it.

The idea was initially inspired by the rich studies on L1 contraction [11, 31], L2 contrac-

tion [61, 14], and other stability related properties of the hyperbolic conservation laws [77].

According to the studies, for the Burgers’ equation, the initial random perturbation will be

unseen in L2 in long time, if the solution gets shifted by a right amount. In certain cases,

such shifts can even be computed explicitly [66, 62]. This indicates the low rank structure of

the solution space in the random space upon the correct “shifting”. This property is simply

not used in the brute-force application of gPC, but should be. Technically, such “shifting” is

related to physical quantities such as shock location and shock emerging time. To explicitly

trace their evolution, we employ the hodograph transformation method that flips the coordi-

nate and the solution, representing x as a function of u. Such method reduces the nonlinear

conservation law problems to linear problems, and the dynamics of physical quantities can

be computed through a set of ODEs, which are much easier to handle. We note that the
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hodograph method, aside from its application on most 1D evolutional problems, could also

be used to treat 2D stationary isentropic gas dynamics, and we leave that for future research.

We should emphasize that the main goal of this chapter is not only to justify the usage of

gPC on the Burgers’ equation. In fact, except some very special cases such as WENO type

methods, almost all numerical methods require certain regularity of the solution, and they

simply cannot be applied to hyperbolic conservation laws at the emergence of the shock. We

do want to mention that there have been efforts made on finding the correct quantification

of the regularity. In [78, 79], the authors proved the wellposedness of entropy solution when

randomness is present in initial data and flux, and L1 contraction is used for estimating

the error from interpolation method. In [87], the authors introduced entropic variable and

expand the solution as polynomials of the new variable with the understanding that it is

smoother when represented by the new variable. Other approaches include [1, 33] where

authors either employed the so-termed truncate-encode framework, or in [22] where kinetic

formulation is utilized. In this chapter, we aim at providing a different perspective to look

at the solution space, and we emphasize on the physical quantities instead of the solution

profile. This allows us to single out the quantities that are smooth and can be computed

using standard numerical methods.

5.2 Burgers’ equation – deterministic case

In this section, we collect some understanding of the shock formation of the Burgers’

equation, as a preparation for introducing random variables later.

Consider the inviscid Burgers’ equation with known fixed initial data at two infinite ends:∂tu+ ∂x(
1
2
u2) = 0,

limx→±∞ ui(x) = ∓1 .

(5.2)

Here ui is the initial data. For simplicity, we assume [68]

Assumption 5.2.1. on the initial data:

• ui monotonically decreases in x: i.e. u′i(x) < 0 for all x.
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• ui has a unique inflection point (x∗, u∗), meaning ui(x
∗) = u∗i and u′′i (x∗) = 0.

• u′′′i (x
∗) > 0.

With the standard conservation law technique, the solution keeps being constants along

characteristics:

u(t, x(t)) = ui(x0) , on x(t) = x0 + ui(x0)t , (5.3)

and shocks form when two characteristics collide, meaning:

x(t) = x1 + ui(x1)t = x2 + ui(x2)t ⇒ t∗ = − x2 − x1
ui(x2)− ui(x1)

.

The earliest time for the shock to form, i.e. the smallest possible t∗ is achieved by the

smallest u′i(x) (or biggest in absolute value), which is given by the inflection point (x∗, u∗).

5.2.1 Reformulation of the Burgers’ equation

The monotonicity of u on x for all time ensures that one could flip x − u coordinate to

u− x coordinate and write down the inverse function. We reformulate the equation in this

section and write x as a function of u. Let x = x(t, u) be the inverse function of u, then the

domain is [0,∞)× (−1, 1).

• Before the formation of the shock

Here, since x(u) is the coordinate that sits on u-level set, it propagates with speed u,

meaning before t∗ when no shocks have been formed, the equation writes:∂tx(t, u) = u , u ∈ (−1, 1),

xi(u) = x(t = 0, u).

(5.4)

Take ∂u of (5.4), we also have:

∂t∂ux(t, u) = 1 , ⇒ ∂ux(t, u) = x′i(u) + t . (5.5)

According to Assumption 5.2.1, we have, before t∗:
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– ∂ux(t, u) ≤ 0 for all time, meaning x′i(u) + t ≤ 0 (this also means that t∗ =

min(−x′i(u)) is the earliest time for a shock emergence, which is achieved at

−x′i(u∗));

– xi has one unique inflection point at (u∗, x∗);

– (xi)
′′′(u∗) < 0.

• After the formation of the shock

However, at t∗ = −x′i(u∗), a shock forms. Just as the strong solution to (5.2) breaks

down, equation (5.4) no longer correctly characterizes the solution behavior. The weak

solution to (5.2) needs to satisfy the entropy condition, and thus was shown that the

shock propagates with the average speed of the two sides. Denote u1 and u2 the top

and the bottom of the shock, the shock speed is governed by the Rankine-Hugoniot

jump condition

s =
u1(t)

2/2− u2(t)
2/2

u1(t)− u2(t)
=
u1(t) + u2(t)

2
. (5.6)

Such adjust is reflected on the equation for x(u) as well. A shock on u(t, x) plane

translates to a “flat” region on x(t, u) plane. When regarded as a function of u, x stays

as a constant between u1 and u2. While u1(t) expands to the right and u2(t) expands

to the left as time propagates, the constant changes with speed s in (5.6), meaning the

“flat” region moves horizontally with speed s. More specifically, if we denote xc the

height of the flat region, then:

d

dt
xc =

u1(t) + u2(t)

2
, with xc(t∗) = x∗ . (5.7)

We now study the ODE system for u1,2(t).

In the neighborhood of u1, the flat region propagates with speed s, while x propagates

with speed u1, and thus in δt,

δx = (u1 − s)δt =
u1(t)− u2(t)

2
δt,
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is absorbed into the shock. The corresponding δu is:

δu = −∂xu(t, x)|u=u1

u1(t)− u2(t)

2
δt = (−∂ux(t, u1))−1u2(t)− u1(t)

2
δt . (5.8)

Take (5.5) into account one has:

δu

δt
= (−x′i(u1)− t)−1u2(t)− u1(t)

2
. (5.9)

Perform the same analysis on u2 and denote f(u) = −x′i(u), we derive:

du1
dt

= F1(u1, u2) =
1

2
(u1 − u2)(f(u1)− t)−1,

du2
dt

= F2(u1, u2) = −1

2
(u1 − u2)(f(u2)− t)−1,

(5.10)

with the initial condition

u1(t
∗) = u2(t

∗) = u∗ . (5.11)

Here we use F1,2 to denote the forcing terms for u1/2 respectively, and f purely depends

on the initial data.

Note that by (5.5) and the monotonicity of ∂ux, we see −f(u1,2)+ t = x′i(u1,2)+ t ≤ 0.

Combined with (5.10), it is shown that u1(t) monotonically increases in time and u2(t)

monotonically decreases in time. Thus

u1 ≥ u∗, u2 ≤ u∗, −x′i(u1,2)− t ≥ 0 . (5.12)

• Summary To summarize the reformulation, the Burgers’ equation, when writes on

x(u) plane, becomes:
t < t∗ = −x′i(u∗) : Equation (5.4)

t > t∗ :

Equation (5.4) with u ∈ (−1, u2) ∪ (u1, 1)

Equation (5.7) with u ∈ (u2, u1)

, (5.13)

where u1 and u2 are the shock locations satisfying the ODE system (5.10).
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5.2.2 Shock behavior in small time

To understand the shock behavior is the key for unraveling the random variable depen-

dence. We thus carefully study (5.10) here. To start, we first assume u∗ = 0 and t∗ = 0,

then since t∗ = −x′i(u∗) and u1(t
∗) = u2(t

∗) = u∗, one has:

u1(0) = u2(0) = 0 , and f(0) = 0 . (5.14)

Physically it means the flat region start forming right at the initial time t = 0, at location

u = 0.

Considering the properties of xi, we summarize the properties of f :

• f(u) ≥ 0;

• f ′(u) = 0 at only one point u∗;

• f ′(u∗ < 0) < 0 and f ′(u∗ > 0) > 0 with f ′′(u∗) > 0.

And when the conditions in (5.14) hold, locally around u = 0, f(u) behaves like a quadratic

function

f(u) ∼ au2 , with a =
1

2
f ′′(0) > 0 .

Note that the wellposedness of the ODE system is not guaranteed. In fact, the two

forcing terms F1 and F2 in (5.10) are Lipschitz continuous on u1 and u2 if f(u1,2) − t are

away from 0. In fact, we show in the lemma below that once f(u1,2)− t > 0, it keeps being

that way:

Lemma 5.1. Assume u1,2(t) solves (5.10) with f(u1,2(t1))− t1 > 0 for some t1. Then there

exists c > 0 such that f(u1,2(t))− t > c for all t > t1.

Proof.
d

dt
(f(u1)− t) =

1

2
(u1 − u2)f

′(u1)(f(u1)− t)−1 − 1 . (5.15)

Since u1 is increasing, u2 is decreasing, and f ′(u) > 0 is increasing for u > u∗, one has

1

2
(u1 − u2)f

′(u1) ≥ [
1

2
(u1 − u2)f

′(u1)]|t=t1 := c1 > 0, ∀t ≥ t1 . (5.16)
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According to the ODE (5.15),

f(u1)− t ≥ min{c1/2, (f(u1)− t)t=t1} := c > 0, ∀t ≥ t1 . (5.17)

The proof for f(u2)− t is similar.

However, at t = 0, f(u1,2) − t = f(u∗) − t∗ = 0 and that F1,2 are infinitely big, and

special treatment is thus needed. Below we focus on the small time behavior and show the

existence and the uniqueness when the Lipschitz continuity of F1,2 breaks down.

Remark 5.2. In fact, In small time, u is small too. If we simply set f(u) = au2, the

equation (5.10) becomes:

du1
dt

=
1

2
(u1 − u2)(au

2
1 − t)−1,

du2
dt

= −1

2
(u1 − u2)(au

2
2 − t)−1,

(5.18)

and one has the explicit solution:

u1 = −u2 = (3a−1t)1/2 . (5.19)

For general f(u), we need to sandwich it with two quadratic functions bounding from above

and below.

We first state our theorem:

Theorem 5.2.1. Under the above assumptions on f , assume u1,2(t) solve the ODE sys-

tem (5.10) with initial condition (5.14) and satisfy u1 > 0, u2 < 0, f(u1,2)− t > 0 for t > 0.

Then, for any ϵ > 0, there holds

(3(a+ϵ)−1t)1/2 ≤ u1 ≤ (3(a−ϵ)−1t)1/2, −(3(a−ϵ)−1t)1/2 ≤ u2 ≤ −(3(a+ϵ)−1t)1/2, (5.20)

for t small enough.

Before proving the theorem, we first study the following ODE:
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Figure 5.1 Proof of Lemma 5.3

Lemma 5.3. The ODE
du

dt
= u(f(u)− t)−1, (5.21)

has a unique solution which satisfies the initial condition u(0) = 0 and the constraint u(t) >

0, f(u) > t, ∀t > 0 .

Proof. The wellposedness is not obvious only if the solution touches f(u) = t line, making

the forcing term blowing up. So to show the wellposedness we fix an arbitrary t0 > 0 and

an arbitrary u0 with f(u0) > t0, and compute the equation backwards in time. Denote the

solution u(t;u0). We can show if u0 is set too large, the solution u(0;u0) > 0, while if u0
is too small the solution u(t;u0) will hit the f(u) = t for positive t. There is a unique u0
such that solving the equation backwards give a solution that passes through (0, 0). More

specifically we make the following three statements (see Figure 5.1 for demonstration):

1 The solution, computing backwards in time, monotonically depends on u0, meaning,

there exists a small enough positive number umono such that:

u(t;u0)− u(t;u1) ≥ u0 − u1 ≥ 0 , ∀t < t0, (5.22)
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for all u0,1 < umono and f(u1) − t0 > 0. To show this, we take the derivative with

respect to u of the forcing term u(f(u)− t)−1.

d

du
[u(f(u)− t)−1] = (f(u)− t)−2(f(u)− t− uf ′(u)) . (5.23)

With expansion f(u) = au2 + O(u3), uf ′(u) = u(2au + O(u2)) = 2au2 + O(u3), it is

seen that this quantity is negative, for u is small enough, meaning smaller u leads to

bigger slope, and (5.22) is shown.

2 If t0 is small enough, then there exists uM = uM(t0) > 0 with uM < umono such that

computing (5.21) backwards in time with initial data u(t0) = uM gives a solution

entirely above the f(u) = t line, and thus the forcing term in (5.21) is always well-

defined and is Lipschitz, up to t = 0. The solution therefore exists and is unique in

t ∈ [0, t0], with u(t = 0; u0) > 0, and it continuously depends on u0.

To show this, we take a positive number uM1 < umono/2 and evolve (5.21) forward with

u(0) = uM1. Then for t0 small enough, there holds u(t0) < umono. This t0 together

with uM = u(t0) are what we desired.

3 If u0 is chosen to be too close to f(u) = t line, then the slope is given by a large

number, meaning computing (5.21) backwards in time gives blow-up solution with u

hitting f(u) = t for some t < t0;

Items 1 and 2 combined means with small enough t0 and u0, u(t = 0; u0) monotonically

depends on u0 and approaches 0. Item 3 guarantees that 0 is reachable since too small of

the u0 hits the f(u) = t line.

Lemma 5.4. If f(u) = f(−u) is a symmetric function then (u,−u) solves (5.10) if u

solves (5.21).

We omit the proof. It is easily obtained by symmetry.

Lemma 5.5. Let (u1, u2) solves (5.10) with initial condition (5.14), and (v,−v) solves (5.10)

with initial condition (5.14) where f is replaced by an even function g (g(u) = g(−u)). If
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f(u) < g(u) for all u, then u1 ≥ v, u2 ≤ −v for t small enough. If f(u) > g(u) for all u,

then u1 ≤ v, u2 ≥ −v for t small enough.

Proof. We prove the first statement by contradiction. Suppose it is not true, then there

exists a t0 > 0 small enough such that u1(t0) < v(t0) or u2(t0) > −v(t0). Without loss of

generality, we assume the former case, and that −u2(t0) ≥ u1(t0). From the previous lemma,

there exists a g-solution (v1,−v1) with v1(t0) > u1(t0), and this solution hits g(v1) − t = 0

line before t = 0, meaning there is t1 > 0 such that:

f

(
v1 −

∫ t0

t1

F g
1 (v1,−v1) ds

)
= t1 .

Here F g
1 is the forcing term for v1 defined by g.

We claim that there is no t ≤ t0 such that u1(t) ≥ v1(t), u2(t) ≤ −v1(t). In fact, this is

not true at t = t0. Suppose t2 is the largest time such that this holds, then without loss of

generality, we assume that u1(t2) = v1(t2). Then we have:

F f
1 (u1(t2), u2(t2)) =

1

2
(u1(t2)− u2(t2))(f(u1(t2))− t2)

−1 ≥ 1

2
(v1(t2) + v1(t2))(f(v1(t2))− t2)

−1

>
1

2
(v1(t2) + v1(t2))(g(v1(t2))− t2)

−1 = F g
1 (v1(t2),−v1(t2)).

This contradicts the choice of t2. See Figure 5.2 (left) for an illustration.

This claim contradicts the fact that (u1, u2) can be continued to the time t1, since at this

time, f(u1) − t < g(u1) − t ≤ g(v1) − t = 0 or f(u2) − t < g(u2) − t ≤ g(−v1) − t = 0.

Thus the first statement is proved. See Figure 5.2 (right) for an illustration. The second

statement can be proved similarly.

We now turn to show Theorem 5.2.1.

Proof. Locally at t = 0, f(u) ∼ au2 and thus we approximate (5.10) by:
du1
dt

=
1

2
(u1 − u2)(au

2
1 − t)−1,

du2
dt

= −1

2
(u1 − u2)(au

2
2 − t)−1.

(5.24)

Then one can see that

u1 = −u2 = (3a−1t)1/2 . (5.25)
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Figure 5.2 Proof of Lemma 5.5. Left: obtaining a contradiction at time t2. The dashed
circle is the approximate positions of u1,2 at time slightly larger than t2, which contradicts
the choice of t2. Right: obtaining the final contradiction. u1 or u2 must touches the curve

f(u) = t at some time larger than t1 (the star in the picture).
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solves (5.24)(5.14). To estimate the solution of (5.10) near t = 0, we assume that ϵ < a, and

then there exists δ such that

|f(u, z)− a(z)u2| < ϵu2, ∀|u| < δ,∀z. (5.26)

Then by Lemma 5.5 it is clear that for sufficiently small t, i.e., t such that u−1 < δ,−u−2 < δ,

u+1 ≤ u1 ≤ u−1 , u
−
2 ≤ u2 ≤ u+2 , (5.27)

where u±i is the solution of (5.24) with a replaced by a± ϵ, i.e., (5.25) with this replacement.

Remark 5.6. We note that the initial condition imposed in (5.14) is not the reason for

having singularities. If we do not shift the emergence time and location of the shock, the

singularity will simply appears at (t = t∗, u1 = u∗, u2 = u∗), with f(u∗) = t∗. We imposed the

condition (5.14) not to induce new singularities, but to move the singularity from (t∗, u∗, u∗)

to (0, 0, 0).

5.3 Random variable dependence

With the shock behavior in hand, we are ready to study the random variable’s influence.

As stated in Introduction, we are interested mainly in showing the regularity of physical

quantities, namely if the initial data f(u) depends smoothly on z, the random variable, then

both u1 and u2 that define the shock height, and xc that determines the shock location

depend smoothly on z also. In the end we will show:

Theorem 5.3.1. Assume u solves (5.2), with smooth initial data satisfies the convexity

conditions. We assume that t∗(z) is bounded in z, and that there exists δ > 0 such that

−1+δ ≤ u∗(z) ≤ 1−δ for all z. Then for (t, z) with t− t∗(z) small enough, the z-derivatives

of the physical quantities are bounded:

∂kzu1,2 = Pk(D
ku∗, Dkt∗) +O((t− t∗)1/2), ∂kzx

c = Pk(D
kx∗, Dkt∗) +O((t− t∗)3/2) ,

where Pk is a polynomial, and Dk = (∂0z , ∂
1
z , . . . , ∂

k
z ).
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For the sake of conciseness, in this chapter we only study regularity in one random

variable, and will leave higher dimensional case to future studies. As a preparation we first

study the case where the initial conditions in (5.14) are satisfied, and then perform the

shifting in both t and u for the proof of the theorem above.

Proposition 5.7. Consider (5.10) with initial condition (5.14). Suppose the initial profile

represented by f(u) has smooth z-dependence where z is the random variable, i.e., f(u; z) ∈

Ck(u, z). Then for t small enough, the z-derivatives of u1, u2 satisfy the estimate

∂zu1,2 = O(t1/2) .

Proof. We take z-derivatives of the system (5.10):

d∂zu1
dt

=
1

2
(∂zu1 − ∂zu2)(f(u1)− t)−1 − 1

2
(u1 − u2)(f(u1)− t)−2(f ′(u1)∂zu1 + ∂zf(u1)),

d∂zu2
dt

= −1

2
(∂zu1 − ∂zu2)(f(u2)− t)−1 +

1

2
(u1 − u2)(f(u2)− t)−2(f ′(u2)∂zu2 + ∂zf(u2)).

or in a compact form:

d∂zu1
dt

= A11∂zu1 + A12∂zu2 + S1,

d∂zu2
dt

= A21∂zu1 + A22∂zu2 + S2,

(5.28)

with initial data

∂zu1(0) = ∂zu2(0) = 0.

By Theorem 5.2.1, u1,2(t) ≈ ±(3a−1t)1/2. Thus we have the estimates:

A11 =
1

2
(f(u1)− t)−1 − 1

2
(u1 − u2)(f(u1)− t)−2f ′(u1) ≈ −5

4
t−1 ,

and

A12 = −1

2
(f(u1)− t)−1 ≈ −1

4
t−1 .

Similarly

A21 ≈ −1

4
t−1, A22 ≈ −5

4
t−1 .
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Here the approximation ≈ sign means: if A(t) ≈ B(t) then limt→0+
A(t)
B(t)

= 1. For the source

terms, one uses f(u; z) ∼ a(z)u2 to obtain ∂zf ∼ ∂zau
2. Therefore:

S1 = −1

2
(u1 − u2)(f(u1)− t)−2∂zf(u1) = O(t−1/2), S2 = O(t−1/2) . (5.29)

With these estimates, we perform L2 type estimate for (5.28). We multiply (5.28) on both

sides with ∂zu1,2 and incorporate the estimates from above. For a small positive ϵ, and small

t, one has:

1

2

d

dt
(∂zu1)

2 ≤ −(
5

4
− ϵ)t−1(∂zu1)

2 + (
1

4
+ ϵ)t−1|∂zu1∂zu2|+ Ct−1/2|∂zu1| ,

1

2

d

dt
(∂zu2)

2 ≤ −(
5

4
− ϵ)t−1(∂zu2)

2 + (
1

4
+ ϵ)t−1|∂zu1∂zu2|+ Ct−1/2|∂zu2| .

Add the two inequalities and use the fact that

|∂zu1∂zu2| ≤
1

2
((∂zu1)

2 + (∂zu2)
2) , and t−1/2|∂zu1| ≤ ϵ1t

−1(∂zu1)
2 +

1

4ϵ1
, ∀ϵ1 > 0 ,

one gets:

1

2

d

dt
((∂zu1)

2 + (∂zu2)
2) ≤ −

(
5

4
− ϵ− (

1

4
+ ϵ)− Cϵ1

)
t−1((∂zu1)

2 + (∂zu2)
2) +

C

2ϵ1
.

Choosing ϵ = 1/4, ϵ1 = 1/(2C), one gets

d

dt
((∂zu1)

2 + (∂zu2)
2) ≤ 2C2 ,

which finishes the proof.

To extend to higher derivatives, one conducts induction and the computation is more

involved, but the conclusion still holds true.

Proposition 5.8. Consider (5.10) with initial condition (5.14). With the same conditions

as in Proposition 5.7, the higher z-derivatives of u1, u2 still satisfy:

∂kzu1,2 = O(t1/2) . (5.30)
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Proof. We show this by induction. Assume ∂jzu1,2 = O(t1/2) holds true for all j < k, and we

show it for k-th derivative.

To start, we first take k-th z-derivative of the ODE system (5.10). It gives:
d∂kzu1
dt

= A11∂
k
zu1 + A12∂

k
zu2 + Sk

1 ,

d∂kzu2
dt

= A21∂
k
zu1 + A22∂

k
zu2 + Sk

2 ,

(5.31)

where Amn are the same as defined in (5.28) (m,n = 1, 2), and thus share the estimations,

but the source term Sk
1 becomes much more complicated: it is a summation of terms of the

form

c∂r1z (u1 − u2)(f(u1)− t)−(1+r2)

r2∏
j=1

∂r3,jz ∂r4,ju f(u1)
L∏
l=1

∂
r5,l
z u1 , (5.32)

where the indices satisfy the relation

L =
∑
j

r4,j ,

and every r5,l is at most k − 1. We notice that

f(u1) ∼ u21 = O(t), f ′(u1) ∼ u = O(t1/2), and ∂ruf(u1) = O(1), r ≥ 2 .

As a result, ∂ruf(u1) ≲ O(t1−r/2), r ≥ 0. This also holds with f replaced by its z-derivatives.

Thus, with the assumptions that ∂lzu1 = O(t1/2) for l ≤ k − 1, the order of the term (5.32)

is (in term of the power of t)
1

2
− (1 + r2) +

∑
j

(1− r4,j
2

) +
L

2
= −1

2
.

We analyze Sk
2 in the same way, and obtain the same L2 estimate which finished the proof.

Proposition 5.9. With the same assumptions as in Theorem 5.8, one has

∂kzx
c = ∂kzx

∗(z) +O(t3/2) .

Proof. It follows easily from checking (5.7) which holds true on t > t∗ = 0 with xc(0) = x∗.

Take its z derivative, we have:
d

dt
∂kzx

c =
∂kzu1 + ∂kzu2

2
= O(t1/2) ,

which leads to the conclusion.
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With all these preparations for equations with special initial data, we are ready to perform

shifting for proving Theorem 5.3.1.

Proof of Theorem 5.3.1. This theorem deals with the equation with initial conditions not

satisfying (5.14), and thus both u∗ and t∗ vary with respect to z. We first shift the system

pointwisely in z by t∗(z). Define:

ũ1,2(t, z) = u1,2(t− t∗(z), z) , (5.33)

then ũ1,2 satisfy the ODE system (5.10) with initial condition:

f̃(u, z) = f(u, z)− t∗(z)u .

Correspondingly, the physical quantities need adjustments: the shock location xc gets shifted

in time, but u∗ is kept the same, meaning:

xc(t, z) = x̃c(t∗(z) + t, z) , u∗(z) = ũ∗(z) , and t̃∗(z) = 0 . (5.34)

We then shift the systems by u∗. Define:

ū1,2(t, z) = ũ1,2(t, z)− u∗(z) , (5.35)

then ū satisfy (5.10) with initial condition:

f̄(u, z) = f̃(u+ u∗, z) .

Correspondingly, the physical quantities are adjusted:

x̄c(z) = x̃c(z) , ū∗ = ũ∗ − u∗ = 0 , and t̄∗(z) = t̃∗(z) = 0 . (5.36)

Given the assumption that there exists δ > 0 such that −1 + δ ≤ u∗(z) ≤ 1− δ for all z, we

have f̄ well-defined for u ∈ [−δ, δ].

With these shiftings, ū satisfies the conditions in Proposition 5.8 and 5.9 and thus:

∂kz ū1,2 = O(t1/2) , and ∂kz x̄
c = O(t3/2) .
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Then according to (5.35) and (5.36):

∂kz ũ1,2 = ∂kz ū1,2 + ∂kzu
∗ = ∂kzu

∗ +O(t1/2) , and ∂kz x̃
c = ∂kz x̄

c = O(t3/2) .

Plugging it back in (5.33) and (5.34), one gets:

∂kzu1,2 = ∂kz ũ1,2(t− t∗(z), z) , and ∂kzx
c = ∂kz x̃

c(t− t∗(z)) ,

which concludes the theorem.

5.4 Numerical methods

According to Theorem 5.3.1, the physical quantities of the Burger’s equation enjoy high

order regularity in the random space. This suggests that polynomial interpolation is still

feasible if done properly. We propose two interpolation methods in this section, both of

which are based on the regularities proved before.

To proceed, we denote {zj}Nj=1 a set of quadrature points. Following the gPC idea, in the

offline stage, we first compute all solutions on these quadrature points and obtain u(t, x, zj)

for all j = 1, · · · , N . The goal is to utilize these solutions to find a good approximation to

u(t, x, z0) for arbitrary given z0 in the online stage through interpolation.

5.4.1 Method 1: the x-transformed interpolation

In the first method we propose, we shift all solutions in x by xc, the shock location, so

that solutions with different z develop shocks at the same location. Let

ũ(t, x, z) = u(t, x+ xc(t, z), z), (5.37)

be the shifted solution, then its polynomial interpolation is defined as:

ũN(t, x, z) =
N∑
j=1

lj(z)ũ(t, x, zj) , (5.38)

where lj(z) is the Lagrange polynomial associated with zj. From Proposition 5.9, xc ∈

Ck(z), and at the same time, it is a standard practice that u(t, x, z) smoothly depends on
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z away from the shock too. We show below that ũ(t, x, z) ∈ Ck(z), permitting an accurate

polynomial interpolation:

Proposition 5.10. The shifted ũ (defined in (5.37)) has continuous dependence on z away

from the shock. To be precise,

|∂kz ũ(t, x0, z)| ≤
C

|x0|
. (5.39)

Proof. We only show the boundedness of ∂zũ and that of higher order derivatives are similar.

For all x0 ̸= 0, we take z-derivative of (5.37):

∂zũ(t, x0, z) = ∂zu(t, x0 + xc(t, z), z) + ∂xu(t, x0 + xc(t, z), z)∂zx
c(t, z)

= ∂xu(t, x0 + xc(t, z), z) [∂zx(t, u0, z) + ∂zx
c(t, z)]

= ∂xu(t, x0 + xc(t, z), z) [∂z(xi(u0, z) + u0t) + ∂zx
c(t, z)]

= ∂xu(t, x0 + xc(t, z), z) [∂zxi(u0, z) + ∂zx
c(t, z)] , (5.40)

where u0 = u(t, x0 + xc(t, z), z), and the third line comes from solving (5.4). We then claim

that ∣∣∣∣ 1

∂xu(t, x0 + xc(t, z), z)

∣∣∣∣ = |∂ux(t, u0, z)| ≥
|x0|
2

(5.41)

In fact, suppose x0 > 0, then

u(t, x0 + xc(t, z), z)− u(t, xc(t, z), z) =

∫ x0+xc(t,z)

xc(t,z)

∂xu(t, y, z) dy ≤ x0∂xu(t, x0 + xc(t, z), z) ,

where the inequality is because u(t, x, z) is convex in x for x > xc(t, z), and thus ∂xu(t, y, z) ≤

∂xu(t, x0 + xc(t, z), z). Taking absolute value, noticing that ∂xu < 0, we get

|x0∂xu(t, x0 + xc(t, z), z)| ≤|u(t, x0 + xc(t, z), z)− u(t, xc(t, z), z)|

≤|u(t, x0 + xc(t, z), z)|+ |u(t, xc(t, z), z)| ≤ 2,

and the claim is proved. The case x0 < 0 is similar.

Combining (5.40) and (5.41), we get the constant bound:

|∂zũ(t, x0, z)| ≤
2

|x0|
[|∂zxi(u0, z)|+ |∂zxc(t, z)|] , (5.42)

away from the shock.
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Note that by the definition of (5.37), the solution gets shifted in x by xc, the shock

location. It implicitly requires that at time t, the solutions for all z have the shock developed

already. Therefore this method only works for t big enough so that t > t∗(z),∀z. For smaller

t, we use Method 2.

5.4.2 Method 2: the (x, t)-transformed interpolation

The second method is relatively more subtle. We perform shifting in both x and t. We

first interpolate t∗(z) by:

t∗N(z) =
N∑
j=1

lj(z)t
∗(zj) ,

and then define:

ū(t, x, z) = u(t+ t∗N(z), x+ xc(t+ t∗N(z), z), z),

and interpolate it using:

ūN(t, x, z) =
N∑
j=1

lj(z)ū(t, x, zj) .

For example to obtain u(t, x, z0), we have:

u(t, x, z0) =
N∑
j=1

lj(z0)u(t+ t∗N(zj), x+ xc(t+ t∗N(zj), zj), zj) .

5.4.3 Comments on numerical error

In practice one is given profile of u for all collocation points zj, and needs to find, for all

these collocation points, the evaluation of xc and t∗, with which interpolates for their values

for arbitrary z0. Two parts of error incur: finding the evaluation of xc and t∗ numerically for

all zj, and use these values for interpolating their values at z0.

To numerically evaluating xc and t∗, we simply take numerical differentiation. For ob-

taining xc, we take

k∗ ≈ argmaxk|u(t, xk+1, z)− u(t, xk−1, z)| ,
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and we call xc = xk. Here we do introduce numerical error of O(∆x). t∗ is the first time for

the shock to appear. We thus define

t∗ ≈ argmint[max
k

|u(t, xk+1, z)− u(t, xk−1, z)|
2∆x

> C] ,

with C set as a big threshold. Naturally it gives O(∆t) error.

These errors would propagate into numerical interpolation. Take interpolating xc for

example. Since the interpolation formula writes:

xc(z) ∼
∑
j

(
∑
k

xc(zk)ϕj(zk)wk)ϕj(z) ,

where ϕj is a set of orthonormal polynomials (with respect to some probability measure),

and (zk, wk) is the corresponding Gauss quadrature location and weight, perturbing every

xc(zk) by O(∆x) means that xc(z) is perturbed by at most

O(∆x)
∑
j,k

|ϕj(zk)|wk|ϕj(z)| ≤ O(∆x)
∑
j

|ϕj(z)| .

Suppose one uses Chebyshev polynomials ϕj(z) ≤ 1, then the error would be at most

O(N∆x).

5.5 Numerical results

In this section we demonstrate the efficiency of the method numerically. We solve the

Burgers equation (5.2) with initial data

ui(x) = v(x)− 0.2(v(x) + 0.5)(1− v(x)2)z, with v(x) =
1− ex−3z3

1 + ex−3z3
, (5.43)

and the random variable z ∈ [−1, 1]. This initial data, for every z, satisfies the assumptions

listed below (5.2). We truncate the x-domain to [−R,R] with R = 15 and discretize the

domain by Nx = 1500 grid points. The equation is computed using 5th order finite difference

WENO scheme with the 3rd order SSP Runge-Kutta in time. We choose to use very accurate

solver in x and t space to minimize the error induced by the discretization in physical domain.
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5.5.1 Accuracy of the interpolation methods

On the random space, we sample Nz = 10 Chebyshev quadrature points

zj = cos

(
2j − 1

2Nz

π

)
, j = 1, . . . , Nz , (5.44)

and we use the two methods proposed in the Section 5.4 for the interpolation. We plot

the solution at z0 = 0.234 at time T = 2.2. In Figure 5.3, we plot the numerical result

using method 1. It is obvious that the x-transformation put all the shocks together, and the

interpolation error is small (less than 10−3) apart from the a few grid points near the shock.

The results using method 2 achieve similar accuracy and are shown in Figure 5.4.

For comparison, we give the result of a direct polynomial interpolation in z. The numer-

ical result is shown in Figure 5.5. One can clearly see that the two solutions do not agree

well, and the error is large (larger than 10−2) inside the interval [−2.5, 2.5]. This is precisely

the region where most of the shocks are located at (as seen in top left of Figure 5.3).

5.5.2 Regularity of u1, u2, xc

We also show the regularity of u1, u2, xc. To do this, we sample Nz = 50 Chebyshev

quadrature points

zj = cos

(
2j − 1

2Nz

π

)
, j = 1, . . . , Nz , (5.45)

on the random space and then solve the Burgers equation up to T = 4. Numerically we find

xc using the method proposed in Section 5.4.3, and we assign u1 and u2 the values of u taken

in a small neighborhood of xc (extending to the two sides by 2 grid points). In Figure 5.6

we plot u1,2 , xc as functions of both time and the random variable z. They clearly have the

regular dependence. We have to note the zigzags at the boundary comes from the O(∆x)

error from numerically finding xc. The empty area for small t means that shocks have not

been developed yet.
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Figure 5.3 Top left: solutions at all {zj}; top right: transformed solutions by method 1;
bottom left: compare the interpolation solution (by method 1, dots) with the numerical

scheme solution (line) at z0; bottom right: error (difference between the two solutions given
in bottom left).
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Figure 5.4 Left: transformed solutions by method 2; middle: compare the interpolation
solution (by method 2, dots) with the numerical scheme solution (line) at z0; right: error

(difference between the two solutions given in bottom left).
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Figure 5.5 Left: compare the interpolation solution (direct, dots) with the numerical
scheme solution (line) at z0; right: error (difference between the two solutions given in

bottom left).
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Figure 5.6 Left to right: u1, u2, xc as functions of time and the random variable.
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5.6 General convex scalar conservation laws

All the analysis can be extended to study general scalar conservation laws with convex

flux term. The equation writes: ∂tu+ ∂xF (u) = 0,

limx→±∞ ui(x) = ∓1 .

(5.46)

where the flux function F is smooth and strictly convex. As done for the Burgers equation,

we assume that the initial data is decreasing, and therefore the inverse function x(u) is

well-defined on (−1, 1).

We once again flip x − u space to u − x space, and derive the equation for x(u) as a

function of u.

5.6.1 Reformulation of the equation

• Before shocking emergence

The solution keeps being constant along characteristic lines. This naturally gives the

equation of x as a function of u:∂tx(t, u) = F ′(u) , u ∈ (−1, 1),

xi(u) = x(t = 0, u).

(5.47)

Since F is convex, F ′ is increasing, and thus has a smooth inverse denoted by G, then:

G(F ′(u)) = F ′(G(u)) = u . (5.48)

Plugging it back into (5.47) and denoting y(t, u) = x(t, G(u)), we have:∂ty(t, u) = ∂tx(t, G(u)) = u , u ∈ (−1, 1),

yi(u) = x(t = 0, G(u)) = xi(G(u)).

As was done for the Burgers’ equation, we take one more derivative on u and obtain:∂t∂uy(t, u) = 1 , u ∈ (−1, 1) ,

y′i(u) = x′i(G(u))G
′(u) .
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Therefore

∂uy = y′i(u) + t ,

and equivalently, the earliest shock appears at t∗ = −min y′i(u) and we assume there

is one and only one and set it as:

t∗ = −min y′i(u) = −y′i(F ′(u∗)) .

• After the emergence of the shock

Once the shock appears, on u − x plane, a “flat” region appears. We denote u1 and

u2 the top and the bottom of the shock point, then on the u− x plane, in (u2, u1) the

solution is a constant. Away from such “flat” region, we still use (5.47), but the shock

itself moves horizontally with speed:

s =
F (u1)− F (u2)

u1 − u2
.

and thus if we call the shock location, or the value for the flat region xc, it satisfies:

d

dt
xc =

F (u1)− F (u2)

u1 − u2
, with xc(t∗) = x∗ . (5.49)

With the same derivation as in Section 5.2.1, one has:

du1
dt

= F1(u1, u2) =

(
F ′(u1)−

F (u1)− F (u2)

u1 − u2

)
(f(u1)− F ′′(u1)t)

−1,

du2
dt

= F2(u1, u2) = −
(
F (u1)− F (u2)

u1 − u2
− F ′(u2)

)
(f(u2)− F ′′(u2)t)

−1,

(5.50)

with initial condition u1(t
∗) = u2(t

∗) = u∗. Here we denoted f(u) = −x′i(u). Consid-

ering F ′ is an increasing function, we see that

du1
dt

> 0 >
du2
dt

.

• Summary
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To summarize the reformulation, in the general convex flux case, when writes on x(u)

plane, x satisfies equation
t < t∗ = −y′i(u∗) : Equation (5.47) with

t > t∗ :

Equation (5.47) with u ∈ (−1, u2) ∪ (u1, 1)

Equation (5.49) with u ∈ (u2, u1)

(5.51)

with u1 and u2 being the shock locations satisfying the ODE system (5.50).

5.6.2 Shock behavior in small time

We assume t∗ = 0, u∗ = 0. Then one has u1 > 0, u2 < 0 for t > 0. To study the

shock time behavior of equation (5.50), we analyze the two forces. Near u1,2 = 0 we can

approximate one term:

F ′(u1)−
F (u1)− F (u2)

u1 − u2

=F ′(0) + F ′′(0)u1 −
F ′(0)(u1 − u2) +

1
2
F ′′(0)(u21 − u22))

u1 − u2
+O(u21, u

2
2, u1u2)

=
1

2
F ′′(0)(u1 − u2) +O(u21, u

2
2, u1u2).

(5.52)

Since −y′i achieves its maximum at F ′(u∗) = F ′(0), we have f(G(u))G′(u) achieves the

minimum at u = F ′(u∗) = F ′(0). Furthermore, since t∗ = 0, one has

0 = t∗ = f(G(F ′(u∗))) = f(u∗) = f(0) .

Thus one has the expansion

f(G(u))G′(u) = a1(u− F ′(0))2 +O((u− F ′(0))3), a1 =
1

2

d2

du2
f(G(u))G′(u)|u=F ′(0) > 0 .

Then, near u = 0,

f(u) =
f(G(F ′(u)))G′(F ′(u))

G′(F ′(u))

=
a(F ′(u)− F ′(0))2 +O((F ′(u)− F ′(0))3)

G′(F ′(0)) +O(u)

=au2 +O(u3) ,
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where a = a1F ′′(0)2

G′(F ′(0))
is a positive number.

Therefore, if we replace the terms in (5.50) by their first order approximations, we get
du1
dt

=
1

2
F ′′(0)(u1 − u2)(au

2
1 − F ′′(0)t)−1,

du2
dt

= −1

2
F ′′(0)(u1 − u2)(au

2
2 − F ′′(0)t)−1.

(5.53)

It is a scaled version of (5.18) and has the explicit solution

u1 = −u2 = (ct)1/2, c =
3F ′′(0)

a
. (5.54)

Away from the leading order when f(u) no longer gets approximated by au2, one needs to

perform similar analysis as is done in Theorem 5.2.1 by sandwiching two sides with two

quadratic functions. We omit the proof but simply conjecture that Theorem 5.2.1 still holds

true for equation (5.50) in the general conservation law setting, with 3a−1 replaced by c.

5.6.3 Regularities in the random space

We study the solution’s regularity in the random space in this section. It is the counter-

part of Section 5.3. Due to the complexity of the formula, we only present the first derivative

in z of (5.50). Higher derivatives are all similar.

Taking the first derivation of (5.50), we get:
d∂zu1
dt

=

[
F ′′
1 ∂zu1 −

F ′
1∂zu1 − F ′

2∂zu2
u1 − u2

+
(F1 − F2)(∂zu1 − ∂zu2)

(u1 − u2)2

]
(f1 − F ′′

1 t)
−1

−
[
F ′
1 −

F1 − F2

u1 − u2

]
(f1 − F ′′

1 t)
−2(f ′

1∂zu1 − F ′′′
1 ∂zu1t+ ∂zf1),

d∂zu2
dt

=−
[
F ′
1∂zu1 − F ′

2∂zu2
u1 − u2

− (F1 − F2)(∂zu1 − ∂zu2)

(u1 − u2)2
− F ′′

1 ∂zu1

]
(f2 − F ′′

2 t)
−1

+

[
F1 − F2

u1 − u2
− F ′

2

]
(f2 − F ′′

2 t)
−2(f ′

2∂zu2 − F ′′′
2 ∂zu2t+ ∂zf2),

(5.55)

where we have used γ1,2 to denote γ(u1) or γ(u2) respectively for all quantities. In a compact

form, it writes:
d∂zu1
dt

= A11∂zu1 + A12∂zu2 + S1,

d∂zu2
dt

= A21∂zu1 + A22∂zu2 + S2,
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with initial data

∂zu1(0) = ∂zu2(0) = 0 .

Here:

A11 =

[
F ′′
1 − F ′

1

u1 − u2
+

F1 − F2

(u1 − u2)2

]
(f1 − F ′′

1 t)
−1 −

[
F ′
1 −

F1 − F2

u1 − u2

]
(f1 − F ′′

1 t)
−2(f ′

1 − F ′′′
1 t) ,

A12 =

[
F ′
2

u1 − u2
− F1 − F2

(u1 − u2)2

]
(f1 − F ′′

1 t)
−1 ,

S1 =−
[
F ′
1 −

F1 − F2

u1 − u2

]
(f1 − F ′′

1 t)
−2∂zf1 .

To analyze the term A11, we note that

F ′′
1 ≈ F ′′(0) ;

− F ′
1

u1 − u2
+

F1 − F2

(u1 − u2)2
=

1

u1 − u2

[
−F ′(u1) +

F (u1)− F (u2)

u1 − u2

]
≈ −1

2
F ′′(0) ;

f(u1)− F ′′(u1)t ≈ (ac− F ′′(0))t = 2F ′′(0)t ;

f ′(u1)− F ′′′(u1)t ≈ 2a(ct)1/2, .

(5.56)

Plugging them back in A11, we have

A11 ≈
1

2
F ′′(0) · (2F ′′(0)t)

−1 − 2actF ′′(0)(2F ′′(0)t)−2 = −5

4
t−1 ,

Similarly one has:

A22 ≈ −1

4
t−1 , and S1 = O(t−1/2) .

All together,
d

dt

[
(∂zu)

2 + (∂zu2)
2
]
≤ C,

and H1( dz) norm grows at most algebraically.
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Chapter 6

Conclusion

Kinetic equations with random inputs have been studied extensively during the recent

three years. On the numerical aspect, stochastic asymptotic-preserving (s-AP) schemes have

been designed for many multiscale kinetic equations, including the author’s work with S.

Jin [57] on a kinetic-fluid two-phase flow model. On the theoretical aspect, random space

regularity has been proved for many multiscale kinetic equations using energy/hypocoercivity

estimates, including the author’s work with S. Jin [95] on the two-phase flow model. Spectral

accuracy of generalized polynomial chaos based stochastic Galerkin (gPC-sG) methods are

also proved, for which the author’s work with S. Jin [95] is the first result for nonlinear

kinetic equations. The random space regularity of the Vlasov-Poisson equation, which is

time-reversible, is also studied by the author’s work with S. Jin [94]. The author also

contributes to some other related topics, including gPC-sG methods for kinetic equations

with multi-dimensional random inputs [93], and spectrally accurate interpolation methods

for the Burgers’ equation with random inputs [69].

Several questions are still open: on the numerical aspect,

1. How to design s-AP schemes for kinetic equations with nonlinear collision operators?

[95] deals with the Fokker-Planck operator Lu, which is only weakly nonlinear, in the

sense that it is linear for a fixed u. For equations with quadratic collision operators,

like the Boltzmann or FPL equations, s-AP schemes have not been developed yet.

2. How to design accurate UQ methods for hyperbolic equations with discontinuous solu-

tions? This is closely related to the previous question, since the hydrodynamic limits
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of many kinetic equations are hyperbolic. One result in this direction is [87], which

uses the entropy variables to ensure the hyperbolicity of the gPC system. However,

their method suffers from a costly optimization procedure. Another result is [69], in

which we interpolate the shock location, but this only works for very special solutions.

3. How to design efficient UQ methods for kinetic equations with high-dimensional ran-

dom inputs? In [93] we can deal with moderately high-dimensional random spaces,

but for really high dimensions (like 20 or more), there are currently no available UQ

methods other than Monte Carlo.

On the theoretical aspect,

1. Is it possible to prove random space regularity for nonlinear kinetic equations with large

initial data? Deterministic results for existence and long-time behavior are available for

some special cases (e.g., [24, 25]). However, it is not clear whether one can generalize

such results to prove random space regularity.

2. Is there any kinetic equation such that the solution with random inputs behaves worse

than the deterministic solution? All current theoretical results for kinetic equations

with random inputs suggest that a deterministic long time decay can be generalized

into the random case. It would be interesting if one can find a counterexample to this.



140

Appendix A: Inversion of the deterministic operator Lu

Here, for readers’ convenience, we give a review of the method of inversion of the deter-

ministic operator Lu proposed in [59]. Lu can be written as

Luf =
√
MuL̃uh, (A.1)

where

h =
f√
Mu

, L̃uh =
1√
Mu

∇v ·
(
Mu∇v

(
h√
Mu

))
, (A.2)

and Mu as defined in (1.27). The key observation is that the operator L̃u is symmetric in

L2
v. This symmetry can be preserved by the spatial discretization

(L̃uh)i,j =
1

∆v2

(
hi,j+1 + hi,j−1 + hi+1,j + hi−1,j −

√
Mi,j+1 +

√
Mi,j−1 +

√
Mi+1,j +

√
Mi−1,j√

Mi,j

hi,j

)
,

(A.3)

where the subindex u of Mu is omitted. Note that the discrete operator satisfies the well-

balanced property L̃u(
√
Mu) = 0. If one uses this spatial discretization to solve an equation

(a− Lu)f = g, (A.4)

where a > 0 is a constant, then the resulting system of linear equations is symmetric positive

definite, and one can solve it by the Conjugate Gradient method.
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Appendix B: Proof of Theorem 4.5.1

Proof. First, from the conservation property of Q, one has

∥f(t, ·, z)∥L1
v
= ∥f 0(·, z)∥L1

v
≤M .

Then we use mathematical induction on k. For k = 0, multiplying (4.19) by f and integrating

on v, by the Cauchy-Schwarz inequality and (4.20), one obtains

1

2
∂t

∫
Rd

f 2 dv =

∫
Rd

fQ(f, f) dv ≤ ∥f∥L2
v
∥Q(f, f)∥L2

v
≤ CB∥f∥L1

v
∥f∥2L2

v
≤ CBM∥f∥2L2

v
.

Now Gronwall’s inequality implies that there is a positive constant C0 such that (4.22) is

true for k = 0.

Now for some k ≥ 0 assume (4.22) holds. Take any multi-index j with |j|1 = k + 1.

Taking j-th derivative of z on (4.19) gives

∂t∂
j
zf =

j∑
l=0

(
j

l

)
Q(∂lzf, ∂

j−l
z f) +

d∑
m=1

jm

j−1m∑
l=0

(
j− 1m

l

)
Q1,m(∂

l
zf, ∂

j−1m−l
z f), (A.1)

where we used the bilinearity of the collision operator and the assumption that B is linear

in z.

Multiplying (A.1) by ∂jzf and integrating over v yields

1

2
∂t

∫
Rd

(∂jzf)
2 dv

≤
j∑

l=0

(
j

l

)
∥∂jzf∥L2

v
∥Q(∂lzf, ∂j−l

z f)∥L2
v
+

d∑
m=1

jm

j−1m∑
l=0

(
j− 1m

l

)
∥∂jzf∥L2

v
∥Q1,m(∂

l
zf, ∂

j−1m−l
z f)∥L2

v

≤
j∑

l=0

(
j

l

)
CB∥∂jzf∥L2

v
∥∂lzf∥L2

v
∥∂j−l

z f∥L2
v
+

d∑
m=1

jm

j−1m∑
l=0

(
j− 1m

l

)
CB∥∂jzf∥L2

v
∥∂lzf∥L2

v
∥∂j−1m−l

z f∥L2
v

≤ CBC
2
k∥∂jzf∥L2

v

∑
0≤l≤j,l̸=0,j

(
j

l

)
+ 2CBC0∥∂jzf∥2L2

v
+ CBC

2
k∥∂jzf∥L2

v

d∑
m=1

jm

j−1m∑
l=0

(
j− 1m

l

)
= (2k+1 − 2)CBC

2
k∥∂jzf∥L2

v
+ 2CBC0∥∂jzf∥2L2

v
+ 2k(k + 1)CBC

2
k∥∂jzf∥L2

v
. (A.2)

In the first inequality we used the Cauchy-Schwarz inequality, and in the second inequality

we used (4.21). In the third inequality the induction assumption is used for the second sum,
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since the indexes l and j− 1m − l appeared there have order less than or equal to k. Every

term in the first sum can be treated similarly except terms corresponding to the cases of

l = 0 and l = j, which are treated separately. In the final equality, we used the identity∑L
l=0

(
L
l

)
= (1 + 1)L = 2L.

Then we apply Gronwall’s inequality to (A.2) and get the control

sup
z∈Iz

(
∥∂jzf(t,v, z)∥2L2

v

)1/2
≤ Ck+1,

with a positive constant Ck+1. Sum over all j with |j|1 = k + 1 we get (4.22) for k + 1. This

completes the mathematical induction and the proof.
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