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Abstract

The first part of this thesis is based on the results in [AVis]. We show that any asymptot-
ically locally Euclidean (ALE) metric which is obstruction-flat or extended obstruction-
flat must be ALE of a certain optimal order. Moreover, our proof applies to very general
elliptic systems and in any dimension n > 3. The proof is based on the technique of
Cheeger-Tian for Ricci-flat metrics. We also apply this method to obtain a singular-
ity removal theorem for (extended) obstruction-flat metrics with isolated C°-orbifold
singular points.

The second part of this thesis is based on [AVnt], where we restrict our attention
to Riemannian 4-manifolds and analyze the indicial roots of the self-dual deformation
complex on a cylinder (R x Y3 dt? + gy), where Y3 is a space of constant curvature. An
application is the optimal decay rate of solutions on a self-dual manifold with cylindrical
ends having cross-section Y3. We also resolve a conjecture of Kovalev-Singer in the case
where Y is a hyperbolic rational homology 3-sphere, and show that there are infinitely
many examples for which the conjecture is true, and infinitely many examples for which

the conjecture is false. Applications to gluing theorems are also discussed.
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Chapter 1

Introduction

1.1 Background and Overview

In [FG85] Charles Fefferman and Robin Graham studied the problem of constructing a
Poincaré metric associated to a given conformal structure. Let (M™, g) be a Riemannian
manifold of dimension n > 3 and consider the n+1-dimensional manifold X" = [0, 1] x
M". Given a 1-parameter family of metrics {g,}rc,1) on M one considers conformally

compact metrics g on X that can be written as
gt =r2(dr®dr+g,). (1.1.1)
Constructing a Poincaré metric on X amounts to solving the following problem:

Problem 1.1.1 (Cauchy Problem). Find a 1-parameter family of metrics g, with r €

[0,1] defined on the base manifold M satisfying
(a) go = 9,
(b) g. is even in r,

(¢) The conformally compact metric gt defined in (1.1.1) is a formal power series

solution (in r) of the Poincaré-FEinstein equation

Ric(gF) = —ng'. (1.1.2)



Surprisingly, the solution to Problem 1.1.1 depends on the evenness of the dimension
n. More precisely, in [FG85] it is shown that if n is odd, there exists a solution to the
Cauchy problem which is unique up to the action of diffeomorphisms that fix the base
manifold M. When n is even, however, one can in general only prescribe the family of

metrics {g,}, to satisfy
Ric(gh) + g =0("?), asr — 0, (1.1.3)

therefore, in order to prove the existence of formal power series solutions of (1.1.2) a
cancellation must occur, otherwise there is an obstruction to the existence of solutions
to the Cauchy Problem 1.1.1. On the other hand, solutions of (1.1.3) always exist and
are unique up to diffeomorphisms that fix the base manifold M and terms of order "2
as r — 0. Given the unique solution of (1.1.3) associated to (M™, g) (n even), the (0, 2)-

tensor

2" 2(n/2 — 1)1?
O(g) = eatf (r*" (Ric(g™) +1g") lrar) , en = (:/_ 2 ) ;

where tf denotes “Trace-Free part” is called the Ambient Obstruction Tensor. The tensor
O(g) is a natural tensor invariant of the metric g, i.e., in local coordinates, the com-
ponents of O(g) are given by universal polynomials in g, ¢!, the components of the
curvature tensor Rm(g) and its derivatives. Moreover, O(g) is a conformal invariant of
weight 2 — n, i.e., if ¢ € C°°(M) then O(p?%g) = > "O(g) and O(g) = 0 if g is locally
conformally Einstein. In dimension 4, the obstruction tensor is equivalent to the Bach

tensor, i.e., the gradient of the conformally invariant functional

Wig) = /M W av,,



where W is the Weyl curvature tensor associated to g. It has shown in [GHO5] that
in even dimensions higher than 4, the obstruction tensor O(g) has also a variational

characterization, namely, O(g) is formally the gradient of the functional

Qg) = /M Qv

where @), is the @Q-curvature of g, which is a scalar quantity defined on even dimensional
manifolds introduced in [Bra95] (see also [Cha04]). In general, @, is not a pointwise
conformal invariant like [T¥|2, but the functional Q(g) restricted to a compact manifold

M is a conformal invariant. In dimension 4, for example, @), is given by

Q= = (AR + R?> — 3|Ric|*) .

Wl =

We say that a metric g is obstruction-flat if it satisfies O(g) = 0 and we have already
mentioned above that conformally Einstein metrics are obstruction-flat, however, it is
not clear in general what geometric conditions guarantee that obstruction-flat metrics
are conformally Einstein. In dimension 4, an important class of examples of obstruction-
flat (or Bach-flat) metrics is the class of self-dual and anti self-dual metrics (see Sections
1.3 and 5.1 for definitions). By means of a gluing construction it was shown in [Flo91]
the existence of self-dual metrics on (CP*)#™ i.e., connected sums of n copies of CP?
with the natural orientation. However, for m > 4 the spaces (CP?)#*™ do not admit
Einstein metrics (see for example [Bes08, Chapter 6]).

In the we study the problem of the optimal decay at infinity for obstruction-flat
metrics which are Asymptotically Locally Euclidean (ALE). We also obtain singularity
removal theorems for obstruction-flat metrics with constant scalar curvature which have
isolated orbifold singularities. For the second part of this thesis, we specialize to di-

mension four and present a complete analysis of the self-dual deformation complex at a



cylindrical metric and discuss applications to the analytic gluing problem. In addition,
for the case of hyperbolic cross-sections we resolve a conjecture of Kovalev and Singer

stated in [KSO01] (see Section 1.3 and the references therein).

1.2 Statement of results in Part 1

We first recall the definition of an ALE metric.

Definition 1.2.1. A complete Riemannian manifold (M, g) is called asymptotically lo-
cally Euclidean or ALFE of order 7 if it has finitely many ends, and for each end there
exists a finite subgroup I' C SO(n) acting freely on R" \ B(0, R) and a diffeomorphism
U:M\K — (R"\ B(0,R))/I" where K is a subset of M containing all other ends, and

such that under this identification,

(‘Ij*g)w = 5ij + O(T’_T), (121)

I (W.g);; = O(r™"), (1.2.2)

for any partial derivative of order k, as r — oo, where r is the distance to some fixed
basepoint. We say that (M, g) is ALE of order 0 if we can find a coordinate system as

above with (V.g);; = d;; + o(1), and I*(W,g);; = o(r~*) for any k > 1 as r — oo.

ALE spaces are ubiquitous in modern geometric analysis, and we do not attempt
to give a complete list of references here. A crucial result in the Ricci-flat case was
obtained by Cheeger-Tian: if (M™, g) is Ricci-flat ALE of order 0, there exists a change
of coordinates at infinity so that (M",g) is ALE of order n, where n is the dimension
[CT94]. This generalized and improved earlier work of Bando-Kasue-Nakajima [BKN89],

who employed improved Kato inequalities together with a Moser iteration argument.



The Cheeger-Tian method has the advantage of finding the optimal order of curvature
decay, without relying on Kato inequalities.
Another interesting class of metrics is that of Bach-flat scalar-flat ALE metrics in

dimension 4, or more generally any metric satisfying a system of the form

ARic = Rm % Ric, (1.2.3)

where the right hand side is shorthand for a contraction of the full curvature tensor
with the Ricci tensor. In the case of anti-self-dual scalar-flat metrics, or scalar-flat
metrics with harmonic curvature, it was proved in [TV05a] that such spaces are ALE
of order 7 for any 7 < 2, using the technique of Kato inequalities. Subsequently, this
was generalized to Bach-flat metrics and metrics with harmonic curvature in dimension
4 in [Str10al], using the Cheeger-Tian technique. In this thesis, we will simplify and
generalize the Streets argument so that it also works for higher order systems and yields
the optimal ALE order. A simplification from [Str10a] is that we do not need to perform
the entire radial separation of variables on symmetric tensors to obtain the optimal
decay rate. Rather, we show this optimal decay can be obtained directly in Euclidean
coordinates without running into very complicated formulas in radial coordinates, see

Proposition 2.0.2.

1.2.1 The ambient obstruction tensor

We now continue the discussion in Section 1.1 and present a more detailed list of prop-
erties of the ambient obstruction tensor introduced by Charles Fefferman and Robin

Graham. Let (M™,g) be an n-dimensional Riemannian manifold, where n > 2. Recall



that the curvature tensor admits the decomposition
Rm =W+ A, 0 g, (1.2.4)

where W is the Weyl tensor, ® is the Kulkarni-Nomizu product, A, is the Schouten

tensor defined as

Ay = ! 5 (Rz’c— z(n—R—ng) : (1.2.5)

n —

where R denotes the scalar curvature. Define the n-dimensional Bach Tensor by (see

[CF08, GHO5))
By = AAi; — VAV, Ay + AM W, (1.2.6)

where A denotes the rough Laplacian (our convention is to use the analyst’s Laplacian).
If the dimension n is even, then the ambient obstruction tensor introduced in [FG85,

FG12], and denoted by O is a symmetric (0, 2)-tensor that has the following properties:
1. O(yg) is trace-free.
2. If n =14, 0;;(g) equals B;;(g) where B;;(g) is the Bach tensor of g.
3. If g is conformal to an Einstein metric then O(g) = 0.
4. O(g) has an expansion of the form
Oy = A272B;; + Lot (1.2.7)

where [.0.t. denotes quadratic and higher order terms in curvature involving fewer

derivatives.



5. O(g) is variational, in fact O(g) is the gradient of the functional

Flg) = /M QuV,.

where @), is the Q-curvature of g. In particular, O(g) is divergence-free.

1.2.2 Extended obstruction tensors

If (M",g) is even-dimensional, there is also a family of symmetric (0, 2)-tensors called
extended obstruction tensors introduced in [Gra09] and denoted by Q%*)(g) where 1 <

k < % — 2 which have the following properties:
1. Q®(g) is trace-free.

2. When the dimension n is seen as a formal parameter, Q) (g) has a pole at n =
2(k 4 1), and its residue at n = 2(k + 1) is a multiple of the obstruction tensor in

that dimension, for example,

and when n = 4, B;; equals the obstruction tensor.
3. If (M, g) is locally conformally flat then Q*)(g) = 0.

4. QW (g) has an expansion of the form

k) _ 1

"B + lo.t. 2.
Y (4—n)(6—n)...(2k—n)A Bij +lo.t., (1.2.8)

where [.0.t. denotes quadratic and higher order terms in curvature involving fewer

derivatives.



To simplify notation, we define Q¥ (g) = O(g) for k=2 — 1.
The main theorem in this thesis gives the optimal decay rate for obstruction-flat or

extended obstruction-flat scalar-flat ALE metrics:

Theorem 1.2.2. Let (M™, g) be even-dimensional, scalar-flat, and Q¥ -flat for some
k with 1 <k <% —1. If (M",g) is ALE of order zero, then there exists a change of

coordinates at infinity so that g is ALE of order n — 2k.

The method of Cheeger-Tian is to show that after a suitable change of coordinates,
g may be written as g = gy + h, where gy is Euclidean, and h is divergence-free. One
then considers the linearization of the (extended) obstruction tensor at the flat metric.
In the divergence-free gauge, this becomes becomes a power of the Laplacian (the trace
is controlled using the scalar-flat condition). An analysis of the decay rates of solutions
of the gauged linearized equation, together with an estimate on the nonlinear terms in
the equation, then yields Theorem 1.2.2.

The main technical complication is that the assumption of ALE of order 0 does
not directly yield a divergence-free gauge. As in [CT94], we obtain initially a modified
divergence-free gauge 0,2 = 0 (see Section 4). In this gauge, we must rule out certain
solutions of the linearized equation which we call degenerate solutions (see Definition
4.2.1). Once these degenerate solutions are ruled out, we are able to find a change of
coordinates so that (M, g) is ALE of order § > 0. This step requires a technique of
Leon Simon called the Three Annulus Lemma, which was also employed by Cheeger-
Tian [Sim85, CT94]. We generalize this technique so that it applies to higher-order
equations. For this step, we show that Turan’s Lemma implies the necessary estimates,

which we prove in Section 4.6. Once this step is complete, it is relatively easy to find a



divergence-free gauge using standard Fredholm Theory, and then to prove the optimal

decay order. This work is carried out in Sections 2-4.7.

Remark 1.2.3. In the case of the obstruction tensor, which is conformally invariant, one
may obtain many examples through the following construction. Let (M", g) be an even-
dimensional compact Einstein manifold with positive scalar curvature, and let GG, denote
the Green’s functions of the conformal Laplacian at a point x. The metric g = GZg,
where p = ﬁ, is asymptotically flat and scalar-flat [LP87]. Since Einstein spaces are
obstruction-flat [GHO5, Theorem 2.1], g is also obstruction-flat and asymptotically flat
of order at least 2. If (M™, g) is instead locally conformally flat with positive scalar
curvature, the same construction yields an Q(M-flat asymptotically flat space of order at

least n — 2.

Our method applies to much more general systems than just the obstruction tensors,
and works in any dimension n > 3. Given two tensor fields A, B, the notation A * B

will mean a linear combination of contractions of A ® B yielding a symmetric 2-tensor.

Theorem 1.2.4. Let k=1ifn=3, or 1 <k <5 —1ifn>4. Assume that (M, g) is

scalar-flat, ALE of order 0, and satisfies

k+1
AbRic=")" > VO Rm ... % V% Rm. (1.2.9)

5=2 oty =2(k+1)—2j
Then (M, g) is ALE of order n — 2k.

For k =1, this is simply

ARic = Rm * Rm. (1.2.10)
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We emphasize that this is more general than (1.2.3), since the right hand side is allowed
to be quadratic in the full curvature tensor. This is satisfied in particular by scalar-
flat Kahler metrics and metrics with harmonic curvature in any dimension, and also
anti-self-dual metrics in dimension 4. These special cases were previously considered in
[Che09] using improved Kato inequalites and a Moser iteration technique. We emphasize
that our argument yields the optimal decay rate without requiring any improved Kato
inequalities, and therefore applies to the more general system (1.2.9). The optimal
decay for scalar-flat anti-self-dual ALE metrics was previously considered in [CLWO0S,
Proposition 13]|. The case of extremal Kédhler ALE metrics was considered in [CW11]. As
mentioned above, the cases of Bach-flat metrics and metrics with harmonic curvature in
dimension 4 were considered in [Str10a]. However, we note that (1.2.10) is more general

than (1.2.3).

Remark 1.2.5. We do not need such a strong requirement on the decay of partial
derivatives of arbitrarily high order in (1.3.16) in Definition 1.3.10, but have assumed
this here in the introduction for simplicity of stating the result. We only need to assume

this up to a finite number of partial derivatives, see Remark 4.5.1.

1.2.3 Singularity removal

The methods used to prove the above results can also be applied to analyze isolated
singularities. Similar results were proved in [BKN89, Che09, CW11, CLW08, Str10a,

Tia90, TV05b]. We next recall the definition of a C°-orbifold point.

Definition 1.2.6. Let g be a metric defined on B,(0)\ {0}, where B,(0) is a metric ball

in a flat cone. We say that the origin is a C%-orbifold point if there exists a coordinate



11

system around the origin such that

9ij = 0i5 + o(1), (1.2.11)

d'gi; = o(r~11, (1.2.12)

for any multi-index [ with |I| > 1 as » — 0. We say that the origin is a smooth orbifold
point, if after lifting to the universal cover of B,(0)\ {0}, the metric extends to a smooth

metric over the origin, after diffeomorphism.

Remark 1.2.7. As in the ALE case, we will not need to assume (1.2.12) for partial
derivatives of arbitrarily high order, only up to a certain finite number of derivatives,

see Remark 4.8.2.

Applying the Cheeger-Tian technique directly to the singularity, we obtain the fol-

lowing.

Theorem 1.2.8. Let B,(0) be as above and even-dimensional, and let g be (extended)
obstruction-flat in B,(0)\{0} with constant scalar curvature. If the origin is a C°-

orbifold point for g, then the metric extends to a smooth orbifold metric in B,(0).

As in the ALE case, this theorem also applies to much more general higher-order

systems:

Theorem 1.2.9. Let k = 1 ifn =3, or1 < k < § —1ifn > 4. Assume that

(B,(0)\ {0}, g) has constant scalar curvature and satisfies

k+1
AbRic =" > VO Rm * ...x V% Rm. (1.2.13)

J=2 ar+..4a;=2(k+1)—2j
If the origin is a C°-orbifold point for g, then the metric extends to a smooth orbifold
g

metric in B,(0).
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Theorem 1.2.9 will be proved in Section 4.8, the proof of which uses the same method

as that of Theorem 1.2.2, with a few minor modifications.

1.3 Statement of results in Part 11

Let (M*, g) be a four-dimensional Riemannian manifold and let Rm denote the Rieman-
nian curvature tensor of g. Recall that Rm admits an orthogonal decomposition of the

form

1 1
Rm:W—l-éE@g%—ﬁRg@g, (1.3.1)

where W is the Weyl tensor, F is the traceless Ricci tensor of g, R is the scalar curva-
ture, and @ is the Kullkarni-Nomizu product. If (M*, g) is oriented, there is a further
decomposition of (1.3.1). The Hodge-* operator associated to g acting on 2-forms is a

mapping * : A2 — A? satisfying > = Id, and A? admits a decomposition of the form
A=A @ A2, (1.3.2)

where A7 are the +1 eigenspaces of *|,,. Sections of A2 and A% are called self-dual and
anti-self-dual 2-forms, respectively. The curvature tensor can be viewed as an operator
R : A> — A2, and we let W and & denote the operators associated to the Weyl and

traceless Ricci tensors, respectively. With respect to the decomposition (1.3.2), the full
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curvature operator decomposes as

R 1
W+ + ﬁ[ 587’('_

R = , (1.3.3)

1 — R

where 74 is the projection onto A%, and the self-dual and anti-self-dual Weyl tensors

are defined by W* = m. W,

Definition 1.3.1. Let (M*, g) be an oriented four-manifold. Then g is called self-dual
if W= = 0, and ¢ is called anti-self-dual if W* = 0. In either case ¢ is said to be

half-conformally-flat.

By reversing orientation, a self-dual metric becomes an anti-self-dual metric, so with-
out loss of generality, we will only consider self-dual metrics.

Since Poon’s example of a 1-parameter family of self dual metrics on CP?#CP? in
1988 [Poo86], there has been an explosion of examples of self-dual metrics on various
four-manifolds. We do not attempt to give a complete history here, but only mention a
few results closely related to our results in this thesis. In 1989, Donaldson and Friedman
developed a twistor space gluing procedure which invoked many non-trivial results in
algebraic geometry [DF89]. In 1991, Floer produced examples on n#CP? by an analytic
gluing procedure [Flo91]. Then in 2001, Kovalev and Singer generalized Floer’s analytic
gluing result to cover the case of gluing orbifold self-dual metrics [KS01]. We will describe

the relation of our work with these prior works in more detail below, but first will state
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our main results.
Since the SD condition is conformally invariant, we are free to conformally change
an end to obtain different types of asymptotics. For simplifying computations, the most

useful type of geometry is that of cylindrical ends:

Definition 1.3.2. Let (Y, gy) be a compact 3-manifold with constant curvature. A
complete Riemannian manifold (M?, g) is called asymptotically cylindrical or AC with
cross-section Y of order 7 if there exists a diffeomorphism ¢ : M \ K — R, x Y where

K is a subset of M containing all other ends, satisfying

(1+9)ij = (90)i; + O(e™™), (1.3.4)

M (g)iy = O(e™™), (1.3.5)

for any partial derivative of order k, as t — oo, where go = dt? + gy is the product

cylindrical metric.

Self-dual metrics have a rich obstruction theory. If (M, g) is a self-dual four-manifold,

the deformation complex is given by
D(T*M) 22 T(S2(T*M)) -2 T(S2(A2)), (1.3.6)
where K, is the conformal Killing operator defined by
1
(ICg(w)),-j = Viwj + iji — 5(5&))9, (137)

with dw = Viw;, and D = (W), is the linearized anti-self-dual Weyl curvature operator.

This complex is then wrapped-up into a single operator

F:T(Sg(T*M)) — T(S5(A%)) @ T(T* M), (1.3.8)
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defined by
F(h) = (Dh, 20h), (1.3.9)

and (6h); = V'h;;. This operator is mixed order elliptic of order (2,(0,1)) in the sense

of Douglis-Nirenberg [DN55], with formal L?-adjoint
F*:T(S3(A2) @ T(T*M) — T(S3(T*M)), (1.3.10)
given by
F'(Z,w)=D"Z — Kyw. (1.3.11)

Definition 1.3.3. The indicial roots of F on the cylinder (Rx Y3, gc), are those complex
numbers A for which there is a solution A of F'(h) = 0 such that the components of h
have the form e*p(y,t) where p is a polynomial in t with coefficients in C*(Y’). The

indicial roots of F* are defined analogously for pairs (Z,w). !

We will first determine the indicial roots of F*. The indicial roots of F' can then be
obtained by using an index theorem, as we will show below. One could equivalently first
analyze the indicial roots of F', however, for purposes of computation it turns out to be
somewhat easier to completely analyze the cokernel (although the computations are in

principle equivalent).

1.3.1 Spherical cross-section

Our first result deals with cross-section Y having constant positive curvature. In Theo-
rem 7.3.1 below, we determine all indicial roots of F™*, but for simplicity we only state

the following here in the introduction:

LYOur definition of indicial roots differs from that in [LM85] by a factor of v/—1.
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Theorem 1.3.4. Let M be R x S3/T" with product metric g = dt* +9gss/r, where ggs r is
a metric of constant curvature 1. Let T* denote the set of indicial roots of F*. If B € I*
satisfies |Re(B)| < 2 then =0 or = +x1. In these cases, the corresponding solutions
are of the form (0,w), where w is dual to a conformal Killing field (that is, K,w = 0).

Consequently,

e Case (0): 0 € I*, and the corresponding solutions are given by (0,dt), or (0,wp)

for wy dual to a Killing field on S3/T.

e Case (1): £1 € I* if and only if T is trivial. In this case, the corresponding
solutions are given by (0,w), where w is given by e (pdt F d¢) where ¢ is a lowest

nontrivial eigenfunction of Ags with eigenvalue 3.

Remark 1.3.5. The indicial roots § € Z* satisfying |Re(3)| > 2 fall into two classes.
The indicial roots in the first class are integers and the corresponding solutions are of
the form (Z,0); these are Cases (2) and (3) in Theorem 7.3.1. The indicial roots in the
other class have non-zero imaginary part, and the corresponding solutions are of the form

(Z,w) with Z nontrivial and KC,(w) # 0; these are Cases (4) and (5) in Theorem 7.3.1.

We can also completely characterize the indicial roots of the forward operator F.
This follows from the above determination of the cokernel indicial roots, together with
the index theorem of Lockhart and McOwen; it turns out that these are the same. We
will describe all kernel elements explicitly below in Theorem 7.3.3, but for purposes of
brevity in the introduction we only state here the following theorem which generalizes a

well-known result of Floer [Flo91]. In order to state the theorem, we define the symmetric
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product of 1-forms w; and wy by
W1 Owy =w; @ wsy + wor Q wi. (1312)

Theorem 1.3.6. Let M be R x S3/T with product metric g = dt* + gssr, where ggs p
18 a metric of constant curvature 1, and let Z denote the set of indicial roots of F'. Then

T =1T* For3=0¢€Z, the corresponding solutions of F'(h) =0 are given by
span{3dt ® dt — ggs,dt ® wp}, (1.3.13)

where wy s a dual to a Killing field on S3/T.
Next, p = £1 € T if and only iof I is trivial. In this case, the corresponding kernel

elements are given by
hg = p(t)p(3dt @ dt — ggs) + q(t)(dt © do), (1.3.14)

where p(t) = Cze' — Cye™" and q(t) = Cse' + Cye™, for some constants Cs and Cy, and
¢ is a lowest nonconstant eigenfunction of Ags.
Morever, solutions in (1.3.13) and (1.3.14) are in the image of the conformal Killing

operator. All other indicial roots 5 € T satisfy |Re(B)| > 2.

Remark 1.3.7. As in Remark 1.3.5, the indicial roots 5 € Z satisfying |Re(3)| > 2 fall
into two classes. The indicial roots in the first class are integers and the corresponding
solutions are not in the image of the conformal Killing operator; these are Cases (2)
and (3) in Theorem 7.3.3. The indicial roots in the other class have non-zero imaginary

part, and the corresponding solutions are in the image of the conformal Killing operator;

these are Cases (4) and (5) in Theorem 7.3.3.

A corollary is the optimal result:
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Corollary 1.3.8. Let (M*,g) be the the cylinder R x Y3, where Y3 = S3/T" with T' C
SO(4) a finite subgroup acting freely on S* with product metric g = dt* + gy, where gy

18 a metric of constant curvature 1.

(a) Let (Z,w) be a solution of D*Z = Kyw. If Z = o(e*") and w = o(e*") as |t| — oo

then Z =0, and w is dual to a conformal Killing field.

(b) Let h be a solution of Dh =0 and 5h = 0. If h = o(e*") as |t| — oo then h can

be written as a linear combination of elements in (1.3.13) and (1.3.14).

Standard analysis in weighted spaces then implies the following corollary for AC

manifolds with spherical cross-section:

Corollary 1.3.9. Let (M*,g) be self-dual and asymptotically cylindrical with cross-
section (Y3 = S3/T", gy) with T C SO(4) a finite subgroup acting freely on S, where gy

s a metric of constant curvature 1.

(a) Let (Z,w) be a solution of D*Z = Kyw. If Z = o(e*) and w = o(e*) then w is

dual to a conformal Killing field, and Z = O(e™%) as t — cc.

(b) Let h be a solution of Dh = 0 and dh = 0. If h = o(e*") as [t| — oo then h has

an asymptotic expansion with leading term as in (1.3.13) or (1.3.14).

In Section 8, we apply Corollary 1.3.9 to fix a gap in the proof of a key step in the
main gluing result in [KS01].

To state the next result, we require the following definition.

Definition 1.3.10. A complete Riemannian manifold (M?*,g) is called asymptotically

locally Fuclidean or ALE of order 7 if it has finitely many ends, and for each end
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there exists a finite subgroup I' C SO(4) acting freely on S* and a diffeomorphism

Y: M\ K — (R*\ B(0,R))/T where K is a subset of M containing all other ends, and
such that under this identification,

(@Z)*g)w = 5@']‘ + O(T_T), (1315)

O (1h.g);y = O(r™"), (1.3.16)

for any partial derivative of order k, as r — oo, where r is the distance to some fixed

basepoint.

It is known that any self-dual ALE metric is ALE of order 2, after a possible change
of coordinates at infinity. ALE of any order 7 < 2 was first shown by [TV05a], while
ALE of order exactly 2 was shown in [Str10b], see also [Che09, AVis]. This order is
optimal, so without loss of generality we will assume that all ALE spaces are ALE of
order 2.

We also have the following optimal decay result for self-dual ALE spaces:
Theorem 1.3.11. Let (M, g) be self-dual and asymptotically locally Euclidean.

(a) Any solution of D*Z = K,w satisfying Z = o(1) and w = o(r~') must satisfy w = 0

and Z = O(r~*) as r — oo.

(b) Any solution of Dh = 0 and 5h = 0 satisfying h = o(1) must satisfy Z = O(r2)

as r — O0.

1.3.2 Hyperbolic cross-section

We first define

HLY)={B e S}T*Y) |d"B =0,tr(B) =0}, (1.3.17)
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where (dV B)y; is given by (d¥ B)g; = Vi Bi; — V1 By;, to be the vector space of traceless

Codazzi tensor fields. For the case of hyperbolic cross-section, we have the following:

Theorem 1.3.12. Let (M*,g) be the the cylinder R x Y3, where (Y3, gy) is compact
and hyperbolic with constant curvature —1, with product metric g = dt* + gy, and let Z*
denote the set of indicial roots of F*. Then there exists an € > 0 such that if 5 € T*

with |Re(B)| < € then 5 € {0,+i}. The corresponding kernel of F* has dimension
1+ b(Y) 4+ 2dim(HA(Y)). (1.3.18)
The corresponding kernel of F' has the same dimension and is spanned by
{3dt ® dt — gy, dt ©® w,cos(t) - B,sin(t) - B}, (1.3.19)
where w is any harmonic 1-form w, and B is any traceless Codazzi tensor on Y3,

Remark 1.3.13. The element (0,dt) is in the cokernel, which accounts for the 1 in
(1.3.18). The other cokernel elements in case by (Y') # 0 arise from non-trivial harmonic
1-forms, and those in case H:(Y") # {0} of course arise from non-trivial traceless Codazzi
tensor fields. These elements are written down explicitly in Section 7.1, see Propositions
7.1.5(b) and 7.1.9(b). We only note here that the nontrivial solutions in this case satisfy

Z = 0(1) as |t| — oo or are periodic in ¢.
We define?

H2ZRxY?*) ={Z € S}A2) | D*Z =0and Z = O(el')

as [t| — oo for every € > 0}.

ZNote that this definition is more general than the definition in [KS01, Section 4.2.1] in that we allow
solutions which have polynomial growth in ¢.
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In [KS01, Conjecture 4.11], it was conjectured that H? (R xY?3) = {0} for any hyperbolic
rational homology 3-sphere. Theorem 1.3.12 shows that this is true if and only if Y does
not admit any non-trivial traceless Codazzi tensor field. Using this, and some examples
of certain hyperbolic 3-manifolds of [Kap94, DeB06|, we obtain infinitely many examples
for which the conjecture is true, and infinitely many examples for which the conjecture

is false:

Theorem 1.3.14. Let (Y3, gy) be a hyperbolic rational homology 3-sphere, with gy of
constant curvature —1, and M = R x Y3 with the product metric ¢ = dt*> + gy. Then
H(RxY?) = {0} if and only if Y admits no non-trivial traceless Codazzi tensor fields.
Furthermore, there are infintely many hyperbolic rational homology 3-spheres satisfying

H2(R x Y?) = {0}, and infinitely many satisfying H3 (R x Y?*) # {0}.
We also have the following application to AC manifolds with hyperbolic cross-section:

Corollary 1.3.15. Let (M?*,g) be self-dual and asymptotically cylindrical with cross-
section (Y3, gy) a hyperbolic rational homology 3-sphere with gy of constant curvature

—1, satisfying H5(Y) = {0}.

(a) Let (Z,w) be a solution of D*Z = K,w. Then there exists a constant € > 0, such
that if (Z,w) solves D*Z = K,w and satisfies Z = o(e") and w = o(e!) ast — oo

then w is dual to a conformal Killing field and Z = o(e™") as t — oo.

(b) Let h be a solution of Dh = 0 and dh = 0. Then there exists a constant € > 0,

such that if h = o(e) as |t| — oo, then h admits an expansion
h=c-(dt®dt —3gy) + O(e ") (1.3.20)

for some constant ¢ as |t| — oo.



22

1.3.3 Flat cross-section

Finally, in the case that (Y3, g) is a flat torus, we have the following:

Theorem 1.3.16. Let (M*,g) be the the cylinder R x Y3, where (Y3, gy) is compact
and flat, with product metric g = dt*> + gy, and let T denote the set of indicial roots of
F. Then there exists an € > 0 such that if 3 € T with |Re(B)| < € then § = 0. The

corresponding kernel of F has dimension 14 and is spanned by
{3dt ® dt — gy, dt ®w, B,tB}, (1.3.21)

where w is any parallel 1-form and B is any parallel traceless symmetric 2-tensor on Y3.

The corresponding cokernel of F' has dimension 14 and is spanned by
{(O,dt),(O,Cd()),(Z, 0)7(tZa O)}? (1322)
where wy is a parallel 1-form, and Z is any parallel section of S3(A%).

Remark 1.3.17. One can easily use our computations to explicitly determine allindicial
roots in the case of flat cross-section Y3 = T3. However, in the interest of brevity this

is omitted.

1.3.4 Remarks and outline of Part 11

We next give a brief outline of the second part of this thesis. Sections 5.1 and 6.1 will be
concerned with the derivation of the linearized anti-self-dual Weyl tensor in separated
variables. In these sections, there is overlap with computations in Floer’s paper [Flo91].
However, the main formula given in Floer for (W~)" at a cylindrical metric is incorrect

[Flo91, Proposition 5.1] (in addition to mistakes in the coefficients, Floer’s formula
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omits crucial terms involving the trace component hgy). The correct formula (which
moreover holds for any cross-section Y? with constant curvature) is given in Theorem
6.1.3. Section 6.2 contains required formulas for a Dirac-type operator, as well as some
necessary eigenvalue computations. Section 7.1 contains the core analysis of the kernel
of D*. The analysis in Section 7.2 is necessary to determine the possibilities for the
1-form w appearing in the adjoint equation. The proofs of all the main theorems are
then completed in Section 7.3. In Section 7.4, we discuss the application of our results
to gluing theorems.

Finally, the Appendix contains the derivation of a crucial formula relating the square
of the Dirac operator to the linearized Einstein equation on the cross-section. In the
case of spherical cross-section, Floer writes down such a formula [Flo91, Lemma 5.1],
but which has errors in the coefficients. The correct formula (which moreover holds for

general cross-section Y') is given in Corollary 7.5.1.
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Chapter 2

Linearized obstruction-flat equation

We begin with some notation: in the following § will denote the divergence operator,
which can act either on a symmetric 2-tensor h, or on a 1-form w. In the former case
6h = V'h;; and in the latter case dw = V'w;. The L*-adjoint of § will be denoted
by ¢*, which is —(1/2)L, where L is the Lie derivative operator, defined by (Lw);; =
Viw; + Vjw;. The trace of a symmetric 2-tensor h will be denoted by tr(h).

We now analyze the linearizations of (1.2.7) and (1.2.8). Note that from the de-
pendence of the lower order terms in both equations on the curvature tensor it follows
that the linearized equations (Q(k));o (h)=0for 1 <k < 5 — 1 at a flat metric gy are
equivalent to A" 'B! (h) = 0. With this observation we have the following, which holds

in any dimension n > 3:

Proposition 2.0.1. At a flat metric go we have

AFY (B, () =AM (——2<n1_ A = 5o 1;(71 gV Au(h) o
1 S . 1 . 0.
=) VO~ gy AT ey gy (A7) — AddR) go) ,

Proof. The Bach tensor can be written as B;; = AA;; — V*V,;Ay; + AM Wi, and at a

/
g0

flat metric (A*W;;) (h) =0 for any h € S* (T*R"), so then

B (h) = AAL(h) — VEV, AL (h).
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By the Bianchi identity and using again that gq is flat we have

1

—VEVi(A ) ik(h) = =V VF (Agy )i (h) = —mvivjf%o(h)
1 (2.0.2)
= Sy Vi (At(h) — 6(om)).
On the other hand
A, (h) = ﬁA (Rz’c’go(h) _ %(h)go) o
_ (n—i2>A (—%Ah — V() — 55+ ﬁ [Atr(h) — 6(5h) go) S
Adding (2.0.2) and (2.0.3) together and taking A*~! we obtain (2.0.1).
]

The linearized equations are not strictly elliptic due to the diffeomorphism invariance
of the (extended) obstruction-flat equations. Note, however, that if h is divergence free

and if the trace of h is harmonic then from (2.0.1) the linearized equations reduce to

AR =0, (2.0.4)
Atr(h) =0, (2.0.5)
6h = 0, (2.0.6)

and (2.0.4) is an elliptic equation on h. We point out that we will not be able to prescribe
that h be divergence-free at first, so we will follow the approach in [CT94] and introduce
a modified divergence operator in Section 2.1.1. The proof of Theorem 1.2.2 relies on

the following crucial proposition.

Proposition 2.0.2. Let n > 2, and h € S*(T*R") be a solution on R™\B,(0) for some
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p > 0 of the system

AFh =0, (2.0.7)

Sh =0, (2.0.8)

for1 <k <%—1 (or for k=1 whenn = 3) satisfying h = O(|x|'~¢) with e > 0. Then,

h can be written as
h=he+ O (Jo| "), (2.0.9)

where h. is constant. The result also holds for k = 0 if in addition we assume that

tr(h) = 0.

Proof. Consider first the case 1 < k < 5 -2 Since the components of h satisfy the
scalar equation AFT!f = 0, using a classical expansion, we may write a solution h of

(2.0.7)-(2.0.8) as

h(z) = he + i hy(x), (2.0.10)

where h,. is constant and each h; is a homogeneous solution of (2.0.7)-(2.0.8) of degree
2(k+1) —n —1[. If h; is one of such solutions, we can write
k
() =) > U () | (2.0.11)
7=0 \ {s:2(k—j)+s=1}
where the components of A j(x) in (2.0.11) are spherical harmonics of degree s. In order
to prove the claim for 1 < k < 5 —2it suffices to show that hg = hy = 0. For [ =0, we

have

(ho)sj(z) = |x**+1) "¢y,
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where ¢;; is constant. From (2.0.8) we obtain

n

E Cijxi = O,

=1

for each ;7 and this clearly implies that A is identically zero. For h; we have

i 2(k4+1)—n x
(h);; () = [aPEHD ", (W) ,

where u;;(x) is a homogeneous polynomial of degree 1 that we will write as

=1

From (2.0.8) we have for every j

n

0= 0 (le* D " uyy(x/|2*)) = = D (n = 2k)aifa* D uyy(a)
=1

=1

+ ’$|2kin Z &uw(x),
=1

which becomes

i=1 [=1 i=1

For fixed j and every x € R", with x # 0. If in (2.0.13) we let x be the vector with

coordinates z; = d;, for fixed p, one obtains the identity

1 n
Apjp = m Z Aljl for fixed j (2014)
=1

An obvious consequence of (2.0.14) is that A,;, is independent of p for fixed j, in par-

ticular, for every p and j

pip — n— ok pIp) (2.0.15)



29

and then A,;, = 0 since k£ # 0. For the components of the form A;;,, with { # m, the
coeflicient of z;x,, in the left-hand side of (2.0.13) is (n — 2k) (Ajm + Ayyji) while in the

right-hand side there are no off-diagonal terms, so we conclude that
Aljm = _Amjl for { # m, (2016)

If 1, j, m are all different we obtain from the symmetry of A;;,, in [, j and from (2.0.16)

the identity
Aljm = _Amjl = _Ajml = Almj = Amlj = _Ajlm = _Aljm7

therefore, in this case A;;, = 0. For the components of the form A;; and Aj; when
[ # j, it is easy to see that Ay; = —A;; and Aj; = Ajj; and as we saw above this implies
that both components are zero, so we conclude that all polynomials u;; are identically
Zero.

For the case k = § — 1 there is only one difference with the argument above: hq(x)
is logarithmic, i.e., a solution of the form h;;(x) = log(|z|)c;; with ¢;; constant, however
the condition 0h = 0 implies that 2?21 cijz; = 0 for every ¢ and hence ¢;; = 0 for all
1, j so this solution in fact does not occur.

For the case £k =1 and n = 3 we write h as

h(x) =) (), (2.0.17)

where h;(x) is a homogeneous solution of degree —I of A%h(z) = 0 on R"\{0}. In this
case, the solution hy(z) has the form ho(x) = he + hoi(x) where the components of
he are constant and the components of g are spherical harmonics of degree 1. The

solutions hy(z) with [ > 1 have the form hy(z) = |z|™ (hii—1(x) + hy41(z)) where the
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components of hy ;11 (z) are spherical harmonics of degree [ £ 1. We only have to prove
that if dhg1(z) = 0 on R™\{0} then hg;(z) = 0. For that purpose write the components
of ho1(z) as (hon)ii(z) = wy (ﬁ) where u;;(x) are linear functions given by (2.0.12).

The condition dhg1(z) = 0 for all z # 0 becomes

3 3 3
Z ZAijzfz‘xl = |$|2 Z Aijia
i=1 I=1 i=1
and we can argue as in the case 1 < k < § — 1 to conclude that A;; = 0 for all

1,7,0=1,2,3.
The above proof can be extended to the case of k = 0 provided the trace vanishes.
However, we omit the proof, and instead refer the reader to the proof given in [CT94,

page 538], which is an alternative argument using Obata’s Theorem. O]

2.1 Nonlinear terms in the obstruction-flat systems

In this section we derive an expression for the error terms in the linearization of the

(extended) obstruction tensors, i.e., the difference

/

QP (go + h) — QP (go) — (QW) (h), (2.1.1)

g0

where ¢g is a flat metric in R™. Given two tensor fields A, B by A * B we mean a linear
combination of contractions of A ® B using the metric gy, and for a positive integer 7,

A~7 x B means contractions of j copies of the inverse of A with B.

Proposition 2.1.1. Let gy be a flat metric on R™ and let h € S*(T*R™) be such that

go+h is another Riemannian metric on R™. For the (extended) obstruction tensors Q*)
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with 1 <k < 3 —1, we have

Q¥ (go + h) = (Q(k))/ (h) —go ' % hx (go +h)~Hx V2EFI

g0

1 | (2.1.2)
+> (go+h) 7= > Vohx...«V%h|,
Jj=2 at+...+a;=2(k+1)

for some integer T, > 2(k + 1). For the scalar curvature we have,

Rlgo ) = Ry (0) + o0+ )7 e Tl o )™ 5 (T Vo)
2.1.3

+(90 + h>73 (Vgo * Vgoh * h) :

Proof. For any tensor T, we have
VgoirnT = Vg, T+ (9o +h) "' % Vg hx T (2.1.4)
From this it follows that
Rm(go+ h) = Rm(go) + (9o + h) ™" % V2 b+ (g0 + h) > % Vgoh % Vg, h. (2.1.5)

Here we see Rm as a (1, 3)-curvature tensor. It follows that the Ric(go + h) has an

expansion similar to (2.1.6). For the scalar curvature, on the other hand, we have
R(go+h) = (g0 +h) " = (Ric(go + h))
= (go+ 1) ((go + 1) VE R+ (go+h) % % Vyoh x Vh) (2.1.6)
= ((go+h) 2= V2 I+ (go+ h) ™ # Vg h % Vg, h) .
Using the identity
(go+h) " —go' =—go *h*(go+h)", (2.1.7)

we obtain

R(go+h)=(go+h) "« Vih+ (go+h) " (h* Vi h+VyhVyh)

+(go + h) P * h* Vyh* Vyh,
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another application of (2.1.7) yields

R(go+h)=VZh+(go+h) "« VEh+ (go+h) 2 (xh* V2 h+ Vg h*Vyh) 218
2.1.8

+(go+h) 7P # bk Vgoh % Voh,

and since the only term in (2.1.8) that contributes to the linearization of R at go is
Vgoh equation (2.1.3) follows. In order to find a similar expansion for the Bach tensor

B(go + h) we note that for any metric g, B(g) can be written schematically as
Blg) = AgRic(g) + VoR(g) + (AgR(g)) g + Ric(g) = Rm(g), (2.1.9)

where the term Ric(g) * Rm(g) has in local coordinates the form RPIR;,;, and the
indices p, g are raised using the metric g. If for example we consider the term A, Ric(g)
at ¢ = go + h in (2.1.9), we first take one covariant derivative of Ric(g) and obtain

Taking a covariant derivative, and assuming that gq is flat, we have

VornRic(go +h) = (go+ h) ™" % (V3 h) + (go + h) >« Vo h* Vg h
(2.1.10)
+ (go + h) 2 * Vyoh * Vyoh x Vg h,

Taking another covariant derivative and one contraction with respect to go+h, we obtain

Ago+hRiC(go + h) = (90 + h)_2 * (Vzgloh)
+(go + h) P % (V2 h* VER+ V3 hs Vg h
( g0 go go 7 ) (2.1.11)
+(go+h) ™ % Vi ok Voo h % Vg h
+ (g0 + 1) (Vgolo % Voo Vg bk Vo)

Using (2.1.7) once more we may write (2.1.11) as

5
Ag0+hR¢c(go+h):v;}0h+Z Z (go+h) 7« Vithx. .. «Viih, (21.12)

j:1 a1+...+a]~:4
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and using that gq is flat we conclude that

5
AgornRic(go+h) = Ay Ricy () + > > (go+h) 7« Vethx...xVih

j:1 a1+...+aj:4

(2.1.13)

From similar computations for the terms in V2 R(g), (AyR(g)) g and Ric(g)*g in (2.1.9)

we conclude that

i
Blgo+h) =B (h)+> Y (go+h) 7« Vyhs. Vb, (2.1.14)

j:1 a1+...+o¢j=4

where Z; is some integer with Z; > 7. For any m > 1 it follows that

A" B(g+h) = A"'B] (h)

go+h
T (2.1.15)
+ (go+h) 7 x D Vihx..xVgh
J=1 041+...+o¢j:m+4

where Z,, is some integer with Z,, > m + 7. Next, using scaling arguments it is clear
that the terms l.o.t. in (1.2.7) and (1.2.8) have the form

k+1
> > VRm*...«VRm |, (2.1.16)

J=2 \ai1+...4a;=2(k+1)—2j
see for example the proof of Theorem 2.1 in [GHO5].
Equation (2.1.2) follows from combining (1.2.7) or (1.2.8) in Section 1.2.2 with
(2.1.15) and with the identity Finally, equation (2.1.3) follows directly from (2.1.6) and

(2.1.7). O

Next, defining

L fl<k<2-—2
Coe = (4—n)(6—n)...(2k—n) 2 (2117)

1 if k=21,
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from Proposition 2.1.1, we may write
Q8 (go + h) — Q" (go) = cop AT B (h) + FP (h, go), (2.1.18)
where F*)(h, go) is the remainder in (2.1.2). For the scalar curvature we will write
R(go +h) — R(go) = Ry, (h) + F'(h, g0), (2.1.19)

where F'(h, go) is the error term in (2.1.3). From now on, we will use V to denote V,,

therefore all operators A, 9, tr are taken with respect to go.

2.1.1 Scalar-flat condition and the modified equation

In order to address the difficulty of not initially being able to prescribe h to be divergence-

free, we follow [CT94] and introduce a modified divergence operator given by
Ouh = 0h —ti, 1 o h, (2.1.20)

and we will show in Section 4 that we can find a gauge where 0;h = 0. A difference
with the approach in [CT94] is that the obstruction-flat systems are not elliptic even if
we are able to prescribe d;h = 0 because Ak’lBg’m(h) is traceless regardless of the gauge

condition. Note that if 6;h = 0 we obtain
L e ! V2Atr(h)
2(n — 2) 2(n—1)(n—2)

t t
2(n—1) (n—2)
T 2§(n —y (A%r(h) —tAS (z’rl%h» go) .

At this point we use the scalar-flat condition on gy + h. Assuming again that 6,h = 0,

AP (h) = AR (—

V20i, 10l — A§"i, 10 h (2.1.21)

the linearization of the scalar curvature at gy becomes

R (h) = —Atr(h) + 86h = —Atr(h) + t8i,- o h, (2.1.22)

or
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so from the scalar-flat equation we have
Atr(h) = t(5ir1agh + F/(h, go), (2123)

where F’(h, go) is the remainder in (2.1.19). Inserting (2.1.23) into (2.1.21) we obtain

1 t
AR (B = AP ————A’h— ————V%5i _,0h
- A=) 2(n_2)v o (2.1.24)
; 1.
" AS (k)
(= 2>A5 z,,_léarh) + EW (R, go),
where £¥)(h, go) is given by
(k) = — AV R AR . 2.1.2
& <h> gO) 2<n _ 1)(n _ 2) ( \Y (ha 90) + (ha gO)QO) ( 5)
We now define a linear operator Pt(k) by
k) oy _ Cnk aker (Lo, Tooc _ g

Clearly, the operator P is strictly elliptic. From (2.1.2) and (2.1.24), if §;h = 0 and

go + h is scalar-flat, the (extended) obstruction-flat system may be written as
0=P"h+RO(h,g) for 1 <k < g ~1, (2.1.27)
where
R¥(h, go) = capE™ (h, go) + F¥) (b, go).

Writing £®)(h, go) schematically as V2 F'(h, go), we easily see using the proof of Propo-

sition 2.1.1 that R™ (h, gy) has the same form as the remainder in (2.1.2)

R® (B, go) = (g0 + h) ™" s hox V2D,

2(k+1) | (2.1.28)
+ > (go+h) > Vohs... «Vuh|,

J=2 o1+ 4a;=2(k+1)



36

so that none of the terms in R (h, gy) contribute to the linearization. This shows that
(2.1.27) defines a family of elliptic equations on R™\{0}. This same argument applies

equally to the system (1.2.9). We have proved

Corollary 2.1.2. Let 1 < k < § —1. If g = go + h is scalar-flat and Q) _flat with

o0th =0, then h satisfies
PER +RE (B, go) = 0, (2.1.29)

where Pt(k) is the linear operator given by (2.1.26) and R%¥) (h, go) is the error term given
by (2.1.28). The operator P,fk) is strictly elliptic.

Letk=1ifn=3, or1<k<%—14fn>4. If g= go+ h is scalar-flat and solves
(1.2.9) with 6:h = 0, then h also satisfies (2.1.29) with a remainder term of the same

form.
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Chapter 3

The modified gauge condition

3.1 Weighted Holder and Sobolev Spaces

In this section we introduce weighted spaces that will be useful in the analysis needed to
construct divergence-free gauges. We start by reviewing some of the notation in [CT94].
If we write R” as R" = C(S"'), we define maps ¢, : C(S"1) = C(S™!) for a > 0
given by ¢,(r,z) = (ar,x). The weighted Holder norms are defined as follows: if u > 0,

let A, be the natural scaling on tensors of type (p, q), i.e.

Ay = (1) @ ® (Yu1) @Y, ® - @Yy, . (3.1.1)

~\~ ~~
p q

Given a tensor T of type (p,q) we have
|T(u,x)|m,a;0 = |up7unT(1,a:)|m,a;07 (3.1.2)

where | - |.q:0 is the C™*-norm with respect to the flat metric ¢ at the point (1, x). We

can now define Holder norms by
|T|m7a;0 = (SU.p) |T(u,x)|m7o¢;0a (313)
and also weighted Holder norms given by

’T’Tnﬂa;l = ’rilT’m,a;Ov (314)
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for any [ € R. We say that a tensor T of type (p,q) is in 7%, if |T'|;m.a0 < 00. We use
A, 4(0) to denote the annulus A.4(0) = {(r,z)|c <r < d}. For a tensor h of type (u,v)

and 0 € R we define a weighted L” norm by

|\h|\L,§,u,u:</R \h\p|m|‘5p‘"dm) : (3.1.5)

where | - | is the usual pointwise norm on tensors of type (u,v). For any nonnegative

integer m, we also define weighted Sobolev norms by

R llwrgrse =Y (1R e, (3.1.6)

=0

and then W’{"""" is the space
ey {h ST — oo} . (3.1.7)

For further properties of these weighted Sobolev spaces see [Bar86].

For notational convenience, if h is a symmetric (0, 2)-tensor we will use |||h|||as to
denote the norm ||h||L§’O’2(Aa,b(0))7 i.e., the L? norm of h with weight 0 on the annulus
Aup(0). Another way to construct the norm ||| - ||| is as follows: consider the weighted

inner product on the slices (r, S"~!) given by

((hy, o)) = T—(n—l)/( Sn_1)<h1,h2>d%3n71m, (3.1.8)

where (-, -, ) is the usual pointwise inner product. It follows that

b
R R T (3.1.9)

where || - || is the norm defined by the inner product ((-,-)) in (3.1.8). The norms ||| - |||

are scale invariant in the sense that if i is a (0,2) tensor and if we let ¢ = a=2*h then

[1Allla,az = {llql

L (3.1.10)
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Finally, we say that a (p, ¢)-tensor T is radially parallel if

or

Vol =0. (3.1.11)

3.1.1 Divergence and the Lie derivative operator

We now consider the operator [J : A'(R") — A'(R") defined by L€ = §L¢go, where Lg is
the Lie derivative operator. This operator is formally self-adjoint and elliptic. From now
on we use Ay, t~r75 and d to denote the Hodge laplacian, trace, divergence and exterior
differentiation in the cross section metric ggn-1 respectively. Following [CT94, Section

2], if we write £ in polar coordinates as
= fdr+w, (3.1.12)
we have
Lego = 2f'dr @ dr + (w’ —2rtw+ cif) Xdr + L,ggn— + 2rfggn-1, (3.1.13)

here we use primes to denote differentiation respect to r. Also, given a 1-form a we
denote by a X dr the symmetric product a ® dr 4+ dr ® «. If now h is a symmetric

(0, 2)-tensor written in polar coordinates as

h = hoodr @ dr + o X dr + B, (3.1.14)

where B is a symmetric (0,2) tensor whose radial components are zero, the divergence
of h is given by

Sh = (hgo +(n— 1)rYhoy + r2ba R dr — r’3t~r(B)> dr

(3.1.15)
+a' +(n—1rta+r"2%B.
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Combining (3.1.13) and (3.1.15), the operator [J takes the form
0¢ = <2f” +2(n —1)rtf 2 (—AHf —2(n — 1)f> + 720w — 47“_350)) dr
+w’ +(n—3)r W +r? (—AHw + cZ&u) +df +r~Yn+1)df.
(3.1.16)
As pointed out in [CT94, Section 2|, any 1-form defined on R™\{0} can be written as
an infinite sum of forms of two types
1. Type I: p(r)y where ¢ € AY(T*S™ 1), 6 = 0 and Aptp = ph,

2. Type IL: 7 (r)pdr + u(r)rde where ¢ € A°(T*S™ 1) and Ayd = vé.

Moreover, the operator [J preserves these two types of forms. If £ is a 1-form of type I or
I1, the equation [J¢ = 0 reduces to a second order linear system of ordinary differential
equations of at most two equations. In order to see what these systems look like we
consider the change of variable r = e® and use p(s) to denote p(e®) for forms of type I
and we use [(s), u(s) to denote [(e®) and u(e®) respectively for forms of type II. With

this notation we have for example

P =e0p, p'=e(02p— 0sp). (3.1.17)
On forms of type I, LI is given by

0¢ =e ™ (02p+ (n— 4)0sp — pp) ¥, (3.1.18)

while on forms of type II, [I¢ takes the form

O¢ = e 2 (28§l +2n —4)9,0 — A(n — 2+ D) — vou + 4vu> ods
4 (3.1.19)

+e 7 (Ou+ (n — 4)95u — 2vu + Ol + nl) do.



41

The solutions of (3.1.18) and (3.1.19) are given by the following

4 —
a= 2", 0=/ +pu, at =a+o. (3.1.20)

All solutions of [J¢ = 0 of type I are given by

& =19 (3.1.21)

In this case, since r1 is radially parallel, we see that the order of growth of £ is a®™ — 1.
For solutions ¢ of type 11, we set

ﬁzzgn, C=+/B+v, b* =8+, (3.1.22)

and then ¢ is either of the form
PP de + bFrt L pdr, (3.1.23)
or of the form
2P 2 + b g, (3.1.24)

See [CT94, Section 2] for more details. The above computations motivate the following

definition

Definition 3.1.1. The set E of all numbers a™ — 1, b* — 1 or b* + 1 with a*, b defined
by (3.1.20), (3.1.22), is called the set of exceptional values for 0. If v € R\ E then ~ is

said to be nonexceptional.

Remark 3.1.2. All elements in E are integers, in fact, computing the eigenvalues of
Ap on 1-forms in "' as in [Fol89, Theorem C], one can prove that all numbers in
(3.1.21) have the form

—4) 1
a}t:—%ii(n—2+2j) for j =1,2,..., (3.1.25)
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and all numbers in (3.1.22) have the form

) 1
bf:—%ié(n—Q—i—Q‘j) for j=0,1,2,.... (3.1.26)

An important property of [1 is

Proposition 3.1.3. On R™\ {0}, if v is nonexceptional then O : W’i’p’o’l — W’g’féo’l is

an 1somorphism with bounded inverse.
Proof. Compare [Bar86, Theorem 1.7]. O

Finally, note that from (3.1.25) and (3.1.26) it follows that 1 is an exceptional value
for [, which means that there are elements in the kernel of [J with linear growth, i.e.,
forms ¢ with [J¢ = 0 satisfying & = rn where 7 is radially parallel.

All 1-forms of type I in the kernel of [J which have linear growth have the form
£ =r*, (3.1.27)

where v is dual to a Killing field in S™~!. For forms of type II, all solutions of [J¢ = 0
that have linear growth correspond to the eigenvalues v = 0,2n of Ay on functions,

moreover, in that case the solution corresponding to v = 0 is
& = rdr, (3.1.28)
and the solution corresponding to v = 2n is
¢ = 2rgdr + r2dg. (3.1.29)

Note that the forms in (3.1.27) and (3.1.29) have linear growth because ¢ and rdg are

radially parallel.
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3.1.2 A modified [J operator
Given t # 0, let [J; be the modified operator
Ui = 61 Lego = € — tir_l%Lfgo. (3.1.30)
In order to compute J; for £ as in (3.1.12) we start by noting that
iy 0 Lego = 2r L fldr 47! <w’ — 2 tw+ ch) .
The modified operator [J; is then computed to be

0,6 = <2f” Y on—1— ) 4 (—AHf —9n — 1)f)) dr
42 (&u’ — 47“_3&)) dr +w" +(n—3—t)r
+ 2 (—AHw + 2w + J&u) +df +rH(n+1—t)df.

Using again the change of variable r = e and the notation in Section 3.1.1, we see that

(1€ for € a 1-form of type I is given by
O =e > (2p+ (n—4—1)0sp — (1 — 2t)p) . (3.1.31)

On forms of type II, [J;£ is given by

t
O =e 2 (283[ +2n—4—-1t)0 —4(n—2— ) + %)l — v0su + 4yu> ¢ds

(3.1.32)
+e 7 (D2u+ (n—4—1)0u—2(v — hu+ sl + (n — t)l) do.
We conclude that in these cases, the system
0. =0, (3.1.33)

reduces again to a constant coefficient system of ordinary differential equations. From

(3.1.31), we easily see that the possible growth and decay rates of solutions (3.1.33) on
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1-forms of type I are given by

_;n—4—oi%¢m—4—oz+qﬂ—my (3.1.34)

For forms of type II, we note that we can simplify (3.1.32) by setting

so we obtain a system of equations involving only m and w, namely

v

4(n+4—t)w:0,

fm—{m—4—ov4+mn—2—wz+wg}m—g@w+

02w — {W%—%v—ﬂ}w%—@sm—l—WTn:O.
Let
B(v,t) :W +2(n—2—1t/2+v/4),
W) == S(n+4-1),
duw_@£%195+my—m
S LETEY]

In what follows we will omit to write the dependence of §,7v,0,7 on v and t. If in

addition we let

myp = m,
my = Oymy,
w; = w,

wy = Jswy,



then the vector

satisfies

where A is the matrix

0O 1 0 0
B 0 v 3
A= 2
0O 0 0 1
T —1 o 0

The characteristic polynomial p(\) of the matrix A in (3.1.35) is given by
PN =N = (048 =N+ (7= T)A+Bo -,

and note that

(n+4-t)v _

1%
= _Zn44—t — 0.
v ﬁn+ )+ 5 i

2

The roots of the characteristic polynomial p in (3.1.36) are then given by

MNE(v,t) = i\/ﬁ—i—aT—y/Z + %\/(5 + 0 —v/2)?+ 4yt — 4f0.

45

(3.1.35)

(3.1.36)

(3.1.37)

We can simplify the expression in (3.1.37) by fixing ¢ and studying the dependence of the

functions BJFUT_V/Q and (8 + o —v/2)? + 4y7 — 40 on the parameter v. More precisely,
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if we let
0, (v) = M’
and
02(v) = (B + 0 — v/2)* 4 4y7 — 40,

then

0

- -9

ayel(e) )

0

592(6’) =16 — &t,

and after evaluating 6, (v) and 6,(v) at v = 0, we obtain

1 3 1
My, t) = \/Z(n_4_t)2 +(n—2)— §t+uj: 5\/(2(77,—2) + )%+ (16 — 8t)v.
(3.1.38)
From (3.1.38), we conclude that the possible growth and decay rates of solutions of

(3.1.33) on forms of type II are

—m}ﬂi/\i(y,t) for v > 0,
(3.1.39)

—@ﬂ:% (n—t)2+4t forv=0.

As in the discussion at the end of Subsection 3.1.1, we are interested in solutions of

(3.1.33) which are essentially linear, i.e., solutions & that satisfy for every 0 < v < 1,
E=00F"") asr =00, E=00'") asr — 0. (3.1.40)

For these solutions we have
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Proposition 3.1.4. There exists ty > 0 such that for 0 < |t| < to there is a number
Yo(t) with 0 < 4o(t) < 1 such that if & is a 1-form in the kernel of O, satisfying (3.1.40)

for some 0 <y < (t) then & is dual to a Killing vector field in R™.

Proof. Since [0,§ = 6:L¢go, it follows that a 1-form which is dual to a Killing field in R"
is in the kernel of [J; regardless of the gauge condition. Next, since the general solution
may be written as an infinite sum of 1-forms of Type I and Type II, it suffices to prove
the proposition for 1-forms of either type. When ¢ = 0 and as pointed out in Section
3.1.1, all solutions of (3.1.33) in separated variables which satisfy (3.1.40) correspond to
the eigenvalues p = 2(n — 2) on forms of type I and v = 0,2n on forms of type II. For
t # 0 small, the growth rates are small perturbations of the rates af —1 and bjE — 1 with
a;-:, bj[ given by (3.1.25) and (3.1.26), moreover the rates corresponding to eigenvalues
1> 2n or v > 2n have real parts bounded away from 1 and hence, for these solutions
the proposition follows. It only remains to consider the kernel corresponding to the
eigenvalues = 2(n — 2) and v = 0,2n. From [Fol89, Theorem C], all eigenvalues p

corresponding to 1-forms of type I are
p=>G+1(G+n—-3)forj=1,2,..., (3.1.41)

and then from (3.1.34) all solutions of [;§ = 0 with £ a 1-form of type I can be written

as
£ =S5O () | (3.1.42)

where

(1) - —(n—4—t)i\/(n2—2+2j)2—2nt+t2’ (3.1.43)
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and 1; is a 1-form with eigenvalue (j+1)(j+n—3). It follows that if ¢ # 0 is sufficiently
small, all solutions given by (3.1.43) are such that Re (cji(t)) — 1) is bounded away from
1 except for ¢f (t) — 1 which equals 1 for any t. In this case 7?1, is dual to a Killing field
in R”. For those 1-forms of type II corresponding to the eigenvalues v = 0, 2n, one can
show in a similar way using (3.1.39) that the growth rates are strictly bounded away

from 1 for ¢ # 0 sufficiently small. O
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Chapter 4

Existence of divergence-free gauges

4.1 Outline

In order to construct divergence-free gauges, we use the approach in [CT94] which con-
sists in using the ALE of order 0 condition to initially prove that we can fix a gauge
such that the modified divergence-free condition 6;h = 0 for ¢ # 0 is satisfied. One is
then interested in the d;-free kernel of the modified operator Pt(k). This kernel can be

classified into three types:
1. Growth solutions, i.e., solutions that are O(r®) on R™\{0} for some 3’ > 0,
2. Decay solutions, i.e., solutions that are O(r—?) on R™\{0} for some 8’ > 0,

3. “Degenerate” solutions, i.e., solutions that are O(r7) as r — oo and O(r~7) as

r — 0 for some v > 0 sufficiently small (depending upon ¢).

The main step is to prove that solutions with the behavior described in (3) do not occur
(see Proposition 4.3.1). We can then prove a growth estimate for solutions of the linear
elliptic equation Pt(k)h = 0 (see Lemma 4.2.3) which we call the Three Annulus Lemma.
The next step is to use scaling properties of the nonlinear system (2.1.29), and elliptic
estimates to prove a nonlinear version of the Three Annulus Lemma (Lemma 4.4.4), so

that the behavior of solutions of (2.1.29) can be modeled after the behavior of solutions of
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the linearized equation. Consequently, we can use the nonlinear Three Annulus Lemma
and the ALE of order zero condition to rule out the behavior described in (1) and (3) for
solutions of the nonlinear equation. It follows that the only possible behavior at infinity
for solutions of the nonlinear equation in the d;-gauge is that of decay solutions in (2),
which yields a gauge where the metric g is ALE of positive order (see Corollary 4.5.4).
With this improvement, one we can easily construct a global divergence-free gauge, see
Proposition 4.5.5.

The Three Annulus Lemma was introduced in [Sim85] and used in [CT94] for the
Ricci-flat case. Even though our statement of the Three Annulus Lemma is very similar
to that of [CT94], we base our proof on a result called Turdn’s Lemma that we discuss
in Section 4.6. Our case is complicated by the fact that higher powers of log may enter

into the asymptotic expansions since the system is of higher order.

4.2 The linearized equation in separated variables
We consider solutions on R™\{0} of the system
PHE R =0, (4.2.1)

for 1 <k <3 —1ifn >4, orfor k =1if n =3, with P,fk) given by (2.1.26). With
notation as in [CT94], we write the general solution of Pt(k)h = 0 as an infinite sum of
the form

h = Z (ljgbde & d’l“ + k?jTj & d?” + ijj +pj¢j7“2g) s (422)
=0

J

where
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1. The functions l;,k;, f; and p; are radial, and the (0, 2) tensors ¢;dr @ dr, 7; K dr,

Bj, and ¢jr2g are radially parallel.

2. The components ¢; € AY(T*S" 1), 7; € AH(T*S" 1), B; € S3(T*S™1) are eigen-
tensors of the rough laplacian. Here S3(T*S™"!) is the traceless component of

SZ(T*S™ 1.
3. The set
{l;¢;dr @ dr + kyr; K dr + f;B; + pjd;r°g};,
is orthogonal in the inner product ({-,-)) in (3.1.8).

It is clear that Pt(k) preserves the expansion (4.2.2) in the sense that

7Jt(k) (qubjdr ® dr + kj; Wdr + f;B; + pjébjg)

= FV¢;dr @ dr + FP7;Rdr + FO By + F V0%,

where Fj(c) = F-(C)(lj, kj, fi,p;) for ¢ = 1,2,3,4. It follows that if PP h = 0 then for each

J

7 we must have
(k) 25\ _
Pt (qubjd’f’ ® dr + k‘jTj X dr + ijj +pj¢j7" 2) = 0, (423)
and
F, kg, f5,p5) =0, for c=1,2,3,4. (4.2.4)

The system (4.2.4) is a linear system of ordinary differential equations which is homo-
geneous of order 2(k + 1). Using the change of variable r = €, (4.2.4) can be written as

a constant coefficient linear system of ordinary differential equations, in particular, for
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every j = 0,1,..., the system (4.2.4) reduces to a first order constant coefficient linear

system of the form
X = M;X, (4.2.5)

where M; is a matrix of order 8(k+1) x 8(k+1). Let @, is the characteristic polynomial

of the matrix A; and suppose that we factor ®; as

mj

0i(2) = [[(z = Ga)™, (4.2.6)
a=1
with
ZJ Nja = 8(k+1). (4.2.7)
a=1

Note that in general, the roots (;, depend on t and &, however, for simplicity we omit
this dependence in the notation above. Each of the functions [;, k;, f;, p; may be

expressed as a linear combination of functions of the form
(log(r))orSe with b= 0,...,n, — 1. (4.2.8)
Fix j and let Tj(c) with ¢ = 1,2, 3,4, be the (0,2) tensors
TV = ¢idr @ dr, T = 7;Rdr, T\” = B;, T\ = ¢;1%3, (4.2.9)

J J

so that we can write

4
lid;dr @ dr + k;; K dr + f;B; + pj;r’g = Z qj,ch@), (4.2.10)

c=1

where

Qj,l = lj, qJ'72 = kj, q]"g = fj and qJ'74 = pj' (4211)
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It follows that if £ satisfies P'h = 0 on R™\{0} then h can be expanded as an infinite

sum of the form

h=>" ¢TI, (4.2.12)
where
1. The (0, 2)-tensors Tj(c) are radially parallel.
2. The set {Tj(c) }j.c is orthogonal with respect to the norm ((-,-)).
3. The radial functions ¢;. are linear combinations of functions of the form (4.2.8).

Let us write the radial function g¢;.(r) as

mj Nj,a—

Ge(r) =Y Z dype(log(r))rsre, (4.2.13)

a=1 b=0

where d, ;. are complex numbers. From (4.2.13) we introduce the following sets

={1<a<m;: Re((;q) >0}, (4.2.14)
A7 ={1 <a<m;: Re((a) <0}, (4.2.15)
={1<a<m;: Re((,.) = 0}. (4.2.16)
We will use qfc to denote
Nja—
C]JC Z Z dapc(log(r))brsie, (4.2.17)
aEA;t b=0
and ¢j . will be used to denote
Ng—1

@e(r) =D > dupc(log(r))rée. (4.2.18)

aGAO b=0
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With this we have a decomposition of the form
h=h"+h"+h° (4.2.19)

where

o) 4 ) 4
WE=3N g and B0 =N g0 11 (4.2.20)

=0 c=1 =0 c=1

Definition 4.2.1. A solution & of (4.2.8) is a degenerate solution of (4.2.1) if h = hP.

It will also be important for us to consider for any nonnegative integer j the number

B; = min{|Re(Ca)| 1 @ € AT}, (4.2.21)

4.2.1 Estimates for the linearized equation

Consider a solution of (4.2.1) on an annulus, i.e., a solution of the problem
PP =0 on Ag,(0), (4.2.22)

where 0 < a < b. Note that since A,;(0) and R™\{0} have the same cross section, if h
is a solution of (4.2.22) then we can repeat the analysis in Subsection 4.2 to decompose
h as h = ht + h™ + h°. For solutions of (4.2.22), however, the infinite sum (4.2.12)
may not be defined outside of A,;(0). By definition of the norm ||| - |||, if we expand a

solution of h of (4.2.22) satisfying |||h|||as < 00 as in (4.2.12) we see that

co 4

b
1812, = SN [ laselo)frtar (42.23)

j=0 c=1

where

() _ (e) rnle)
N — (1, Ty, (4.2.24)
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We consider again the numbers 3, in (4.2.21) and we define

p= inf {f;}. (4.2.25)

7=0,1,...

The number [ is well-defined and positive for ¢ sufficiently small, since the equation
(4.2.1) is a perturbation of A*!h = 0, which has indicial roots contained in Z C C
(compare (2.0.10)-(2.0.11)).

We have the following property for solutions of (4.2.22):

Lemma 4.2.2. Fort sufficiently small, let 0 < ' < %B Let h be a solution of (4.2.22)
on an annulus of the form A, 12,(0) where a > 0 and L > 1, and consider the decompo-

sition
h = h+ + h~ + ho on Aa,L2a(0)‘ (4226)

Then there exists Lo = Lo(8,5") > 1 such that if L > Ly, then

AH | za,zza = L7 1B |0, Las (4.2.27)
and

1177 W az2a < L7177 |lla,La- (4.2.28)
Proof. By the scale invariance of the norms ||| - |||, it suffices to prove the lemma for
a = 1. The proof is completed in Section 4.6 using Turan’s Lemma. O

We note that we are only able to prove (4.2.27) and (4.2.28) for 0 < 8/ < £3 and not
for 0 < ' < B as in [CT94]. However, the estimates (4.2.27) and (4.2.28) are sufficient

for our purpose. Next, we use this to prove
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Lemma 4.2.3 (Three Annulus Lemma). Let a > 0, L > 1 and suppose that h is a
solution of (4.2.1) in Ap, 134(0) for t sufficiently small. Suppose in addition that in the
decomposition (4.2.26), hg = 0. For any 0 < ' < %B, there exists Lo = Lq (8, 8") with

Lo > 1 such that for L > Ly, if

hlllazaz> > L7)|IR] |aaL, (4.2.29)
then
1allazzazs = L7N10ar.az2; (4.2.30)
and if
7 azz.azs < L7 (|P]|laz.ar2, (4.2.31)
then
Alllazazz < L7 [[]]]a,La- (4.2.32)

Moreover, at least one of (4.2.30), (4.2.32) holds (whether or not at least one of (4.2.29),

(4.2.32) holds).

Proof. By scaling properties of the norms ||| - |||, it suffices to prove the lemma for the
case a = 1. Suppose that (4.2.29) holds. From the decomposition h = h™ + h~ and the

Cauchy-Schwarz inequality we clearly have
1A 22 < 2 (AT 22 + AT, 2) (4.2.33)
and then

2 (A NIZ 2o+ A IZ o) = L2 (AN L+ A7 L + 20T A7)))ie) - (4.2.34)
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Here (((-,-))) is the inner product associated to the norm ||| -|||. From Lemma 4.2.2, for

L large enough (depending on 8 and /') we can estimate (((h™,h7))); 1 in (4.2.34) as
(R > =B el e > =277 A ez l1A e, (4.2.35)

and then for a fixed 0 < € < 3, there exists a positive constant c(e) such that (4.2.34)

and (4.2.35) imply

L2 (A1 2 + A1 L = 26(€)L 2 A1 1o — 2€ll1A7115.)

< 2(IRFIIZ 2 + WRTIIE 2) - (4.2.36)
and hence
21+ c(e)) (1A 1702 + A7 [[7.22) = (1= 2002 (1AM I1E L + AR L) - (4.237)
We have shown that for fixed 0 < € < % there exists a positive constant g(¢) such that
(A IZ 22+ 1A I1Z 22) = gL (NIRHIE L + 1A L) - (4.2.38)
Combining Lemma 4.2.2 with (4.2.38) we obtain
(AN 22+ 1R 22) = a(@ LRI L = a() L7 IR IIZ, 1o, (4.2.39)
and therefore
I 22 = (al@)L* = 1) A1 1o (4:2.40)
On the other hand, for fixed 0 < € < % we choose c(€) as before so that

AN s > (1= 2€)[[[AH][[72,05 — 2e(e) A7 I]]72 54 (4.2.41)
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and by virtue of Lemma 4.2.2, for any " with g/ < (" < %B, there exists Ly =

Lo(B, ") > 0 such that if L > Ly then
1All72, 22 = (1= 20) L2 [[WH|17, 2 — 2e() L[ |A~ | 2. (4.2.42)
If L is large enough so that L=2%" < 1 we have from (4.2.40)
T e L PR g [T TR T T
> LI e + (9L 1) A7 e (42.43)
Finally, from (4.2.42) and (4.2.43) it follows that
50 > vl L B 8OVE I o + e, L B 8L I o (4240
where
v(e, L, B, 5") = %(1 — 2€)L2B"=A), (4.2.45)
and
w(e, L, B, 8") = (1 — 2€)(q(e) L% — L™27") — 2¢(e) L7265 +87), (4.2.46)
It is clear that we can choose L large enough so that v(e, L, 5, "), w(e, L, B', 5") > 2
and then

1All72 s = 2L2 (AT 12 + [[1B7111Z.02) = LRI, 2, (4.2.47)

as needed. The proof for the case (4.2.31) is analogous. For the rest of the proposition,
note that by the Cauchy-Schwarz inequality we must have either |[|h*]||1.2 > 3|[|A]]|1,L2
or |[|h||lr.r2 = sl|Bllr.r2- IE|[|AT]||L,2 > 3l[|R[||L L2, then for fixed 0 < € < 1 there

exists co(€) > 1 such that

(1= colNMRTIIL L2 + (L= ORI 22 < (AT, L2 (4.2.48)
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and since [|[A]|[7 . < 4[|[h*]|]7 L. we conclude that for some positive constant c;(e) we

have
RN, 22 = (AT L2 (4.2.49)
On the other hand, if we fix 0 < € < 1 there exists a constant cy(€) > 0 such that
117ll[Z2,s = (1= R[22 1o = c2(IAN][Z2, 15, (4.2.50)

and from Lemma 4.2.2, for any 5’ < " < %ﬁ there exists Ly = Lo(8, ") such that if

L > Ly then
IAl[Z2 o > (1= LRI g2 — ea() L7 [|A7(I17 o, (4.2.51)
and from (4.2.49) we have
1Al11Z2,00 = Cle, L, 8, B") L7 |02, g2, (4.2.52)
where

Cle, LB, B") = (1 — e)L2P"=#) e2(€) ;o) (4.2.53)
ci(e)
If we choose L large enough so that C'(e, L, 5/, ") > 4 we obtain
1Pl e > AL |07 2 > L2 Y[BIIF Lo, (4.2.54)

as needed. In a similar way we can show that if [[|h7[[[7 . > 3l|A[I7 ., then we have

the inequality |||h[||7 ;> < L*25'|Hh|||iL, which completes the proof. O

4.3 Degenerate solutions of the linearized equations

We now turn our attention to degenerate solutions of (4.2.1). If ¢ = 0, then constants are

non-trivial degenerate solutions, which are also divergence-free. However, these are not
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0i-free for t # 0. The main result of this section is that there are in fact no degenerate

solutions of (4.2.1) for all ¢ nonzero and sufficiently small:

Proposition 4.3.1. There exists to > 0 such that if 0 < |t| < to there are no degenerate
solutions of (4.2.1) subject to 0;h = 0 on any annulus A.4(0). In particular, for t # 0

sufficiently small, Lemma 4.2.3 holds.

Proof. We only need to consider the case that h is a finite sum in (4.2.12). In this case,
h extends to a solution of P = 0 on R™\{0} subject to 0;h = 0. Let p > 0, let

to,t,7(t) be as in Proposition 3.1.4 and let ¢ be a C* function such that ¢|g, o) = 0

07p7071

and ¢|gm\B,,(0) = 1. Choose p > n and a number 0 < v < y(t) < 1, then pdh € WP

and (1 — p)oh € W%’;Oil. Since 7 is nonexceptional it follows from Proposition 3.1.3

that there exists X; € W’z’f’lo 1 such that OX; = @dh and X, € W’Q_”;fi’f such that

00Xy = (1 — ¢)dh, therefore
0(X, + X3) = 0h, (4.3.1)
moreover, there exists hy such that dhg = 0, phg € W’i’p’O’Q, (1 —p)hg € W’E’;’O’Q, and
h = L(x,4+x5)90 + ho on R"\{0}. (4.3.2)

Note that from the weighted Sobolev inequality (see [Bar86, Theorem 1.2]), we must

have
ho=0(r77)asr — 0, and hg = O(r7) as r — 0. (4.3.3)
Let X = X; + X5, from P,fk)h =0 and é;h = 0, h satisfies

AF1 <%A2h + %Vz&ih + Aé*csh) =0 (4.3.4)
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on R™\{0}. From diffeomorphism invariance, any Lie derivative Lxgo is in the kernel
of the linearized operator, and similarly, R} (Lxgo) = 0. It follows that Lxgo satisfies

(4.3.4) and so does hy on R™\{0}. From dhy = 0, hy satisfies
AFhy =0, (4.3.5)

so we can expand hg in terms of homogeneous solutions of (4.3.5) on R™\{0} and by
(4.3.3) and the proof of Proposition 2.0.2 we conclude that hy = log(r) - C' + C’ where
C,(C" are matrices whose components are constant, but since dhg = 0 it follows from
Proposition 2.0.2 that C' = 0 and hy is constant in R™, in particular hg is a Lie derivative.
We can now write h = Ly gg where Y is a solution of 0,Y = §;Ly gy = 0 and clearly Y
is essentially linear in the sense of (3.1.40) for some v with 0 < 7 < 7y(¢). But from
Proposition 3.1.4, we know that for ¢ # 0 sufficiently small, if any such solution Y is
non-zero then it must be dual to a Killing field which shows that h = 0 as needed. In the
case n = 3, all solutions A?hg = 0 satisfying (4.3.3) are of the form hy = C' + h; where
the components of C' are constant and the components of h; are spherical harmonics of

order 1, however, if dhg = 0 then h; = 0 as seen in the proof of Proposition 2.0.2. O

Remark 4.3.2. The argument in [Str10a, Corollary 3.7] is incomplete since only radially
parallel solutions are ruled out there. One must moreover rule out degenerate solutions
(those with oscillatory behavior and possibly times a power of log) which are not radially

parallel.
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4.4 Scaling and the nonlinear equation

In this subsection we prove the nonlinear version of the Three Annulus Lemma. We
assume that (M",g) is ALE of order 0, as in Definition 1.3.10. In the following we
use the ALE coordinate system to transfer the problem to (R™\B,(0)) /I. We have the

following elliptic Schauder estimate for solutions of (2.1.29):

Lemma 4.4.1. Let 0 < a < d and let h € mfx;o(Aa,d) be a solution of (2.1.29). There

exists x > 0 such that if “h“ﬁg’i;o(Aa,d(o)) < X, then for every b,c with a < b < ¢ < d one

has

||h||7}%’i;o(z4b,c(0)) < C[|h]|]a,a: (4.4.1)

with C'= C(A1, Ao, n,m,a,b—a,d — ¢, t), where 0 < Ay < Ay are ellipticity constants of

(2.1.29).

Proof. The result follows from standard interior elliptic regularity estimates, see for
example [E‘fd69, Chapter IT]. Note the leading order term is a power of the Laplacian,
but lower order coefficients are negative powers of r. However, the Schauder estimate
depends only on an appropriate weighted norm of the coefficients, which in this case is

bounded, as one can easily verify. O]

The following scaling lemma will be used to reduce the nonlinear problem to the

linear case.

Lemma 4.4.2. Let {h;} be a sequence of solutions of (2.1.29) satisfying

Hhi”ﬂli;o(%,ﬁa(o)) < Xis (4.4.2)
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where {x;} is a sequence of positive numbers such that x; — 0. Suppose in addition that

for some positive constant C' we have
Aillla,ca + [[17illl 220,30 < Cll[Rill|a,L2a- (4.4.3)

Let q; = H|hl|||zi 24N, then on any annulus Acq4(0) with a < ¢ < d < L3a, there exists

a subsequence q;, that converges in 7;2;2,;0(Ac,d(0)) with o < a to § satisfying (4.2.1).

Proof. The sequence {¢;} satisfies

gillla,a + gl a2 230 < C, (4.4.4)

in particular, if ¢, d as in the statement, we have from Lemma 4.4.1 the inequality

HQiHm’,i;o(Ac,d(o)) < Cla (4.4.5)

for some positive constant C’. By the Arzela-Ascoli theorem there exists a subsequence

{q;,} that converges in Toii,;O(AC,d(O)) with o < a to ¢. It only remains to prove that

m

g solves (4.2.1). For that purpose we write (2.1.29) as
P (ciar) + R® (cigr, o) = 0, (4.4.6)

where ¢; = |||hil||La.z24- Note that ¢; — 0 as i — co. From the estimate (4.4.5) and

equation ( 2.1.28) it follows that

R(k)(ciqi,go) = O(cg) as ¢; — 0, (4.4.7)

where the bound in the right-hand side of (4.4.7) is with respect to the Hoélder norm in

7;2’_22(k+1) w0(Acd(0)), so (4.4.6) takes the form

Ci t(k)(qi) =0(c?) as ¢; — 0. (4.4.8)

)

Passing to the subsequence {¢;, } we conclude that the limit ¢ satisfies Pt(k)q = 0. O]
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Remark 4.4.3. Using scaling properties of the norms ||| - |[|..a and || - || 02 and
m,a;0

(Ac.a(0)

the ALE of order 0 conditions, we can construct a nontrivial sequence {g;}; of solutions

of (2.1.29) on the annulus A, ,z3(0) satisfying ||¢;||-0.2 — 0 as ¢ — oco. More
’ Tm,a;O(AL7L3(0))

precisely, if h is defined on A, +(0), then from the ALE of order 0 condition, we see that

for any sequence of positive numbers b; with b; — oo we have

}i}% HhHT»rSzO,’Ci)O (Abia,biaL3(O)) N O’

from (3.1.2) and (3.1.10) we see that q; = b; %y} h, satisfies

H’qima,aL?’ = H’h’ bia,b;al?)

tim a0z, 4, a0) =0

as needed.

Using Lemma 4.2.3 and Proposition 4.3.1 we have the following nonlinear version of

the Three Annulus Lemma:

Lemma 4.4.4. Let p,t > 0 and let h be a solution of (2.1.29) on A, (0) with §;h = 0.
Let ' >0 and Ly > 1 be as in Lemma 4.2.3 and let L,a > 0 be such that Loa > p and
L > Lo . There exist x = x(n, A\, A) >0 so that if ‘h‘ﬁﬂ’,i;o(f‘pm(ﬂ)) < X, then if
117/l La,z2a = L7 IRl la,za; (4.4.9)
then
117/l 220,250 = L7 (112l La,r2as (4.4.10)

and if

1Al 20,50 < L7 |1Flll o220, (4.4.11)
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then
|||h|’|La,L2a S L_ﬂ/|||h|||a,La- (4412)

Moreover, there exists tg > 0 such that if 0 < |t| < to then at least one of the inequalities

(4.4.10),(4.4.12) must hold.

Proof. For simplicity we will only prove the last assertion, i.e., at least one of (4.4.10)
and (4.4.12) must hold (the other two assertions are proved analogously). Suppose this
is not the case, then, there exists a sequence of positive numbers y; with lim; ., x; =0
and solutions h; of (2.1.29) with |hi|7;212a;0(Ap,oo(0)) < x; such that neither (4.4.10) nor
(4.4.11) hold for h; (such a sequence can be obtained from Remark 4.4.3, for example).

In that case we have,
11Palllaza + illl 220,250 < 2L7 (11 Pall| a,p20-

Choose a sequence of positive numbers {¢}; with 0 < ¢ < 1 such that ¢ N\, 0.
If we rescale h; by h; = Al ) 2,hi, We can use Lemma 4.2.3 to obtain a sub-

sequence h;y with |||h;1]||az3¢ < C for some positive number C, that converges in

,2
m,a;0

(Aute 13a—e, (0)) to a solution ¢; of (4.2.1) satisfying d,q; = 0. From the sequence
{h;1} we can obtain a subsequence {h;}; that converges in mZZ;O(AaJFEQ’L%_EQ(O)) to a
solution ¢y of (4.2.1) satisfying d;go = 0. By repeating this construction we can produce

for every [ > 1 a subsequence {ﬁ”}Z of {ﬁl}l satisfying
L |[hiallla,za < C,
2. {ﬁ”}l is a subsequence of {Bi,lﬂ}i,

3. {f~zzl}Z converges in T, 0:0(Aate, L3a—e; (0)),
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4. The limit ¢; of {71”}Z as ¢ — oo is a solution of (4.2.1) that satisfies d,q; = 0,
5. The restriction ¢ to Ayie, | £3a—c,_,(0) i qi_1.

It follows that from the diagonal sequence {h;} = {h;;}, we can obtain a solution & of
(4.2.1) on mi;o(Aa,Lsa(O)) satisfying 6,7 = 0 and |||A||4.z3« < 00. This solution does not

satisfy (4.4.10) or (4.4.12) and this contradicts Proposition 4.3.1 if ¢ > 0 is sufficiently

small.
[l
4.5 Global divergence-free gauges
From (1.3.15) and (1.3.16) it follows that W,g — g satisfies the estimate
| (Y49 = 90) (.0 Imaso = 0(1) as 7 — o0. (4.5.1)

for all m > 0.

Remark 4.5.1. We do not need to assume decay on derivatives of arbitrary order in
(1.3.16). Our proof only requires that the estimate (1.3.16) be satisfied only for all

multi-indices [ such that 1 < |l| <2(k+ 1)+ 1. Then (4.5.1) holds for all m < 2(k+1).

With the decay in (4.5.1) we can prove the existence of §;-free gauges on certain annuli
by means of the implicit function theorem. The following result is contained in [CT94,

Theorem 3.1] and does not depend on the metric g being Q*)-flat:

Proposition 4.5.2. Let ty be as in Proposition 3.1.4 and let t be such that 0 < |t| < t,.

There exists x = x(t,m) such that if (C(N"'), go) is a Ricci-flat cone and g is a metric



on A.(0) C C(N™1) such that
19 = 9oll722 (ac i) < X0

then there exists a diffeomorphism ¢ = ¢(g), ¢ : Acoo(0) = Acoo(0) such that

miO( ( ))7

and
61(¢"g — go) = 0.
Moreover, if

||6t(§) H/TT?z’il,a;—l(ACyOO(p)) < 67

then

|¢%g — §||7;?L”i;0(Acyoo(p)) < d(e),

where §(€) (0 as € — 0.
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(4.5.2)

(4.5.3)

(4.5.4)

(4.5.5)

(4.5.6)

In our application of this Lemma, we will simply let g = W,g, and g the flat metric on

the Euclidean cone (recall Definition 1.3.10). We will then write h = ¢*§ — go. From

Proposition 4.5.2 and using that ¢ is ALE of order 0 we have

Lemma 4.5.3. Let h and A.~(0) be as above, and let Ly > 0 be as in Lemma 4.2.5.

For any L > Ly and any a > ¢ we have lim;_, |||h||

the inequality

il

Lia,Litlq < L (i=io) ’Hh’H

Lioa,Liot1a fOT all 1 > ig.

Lia,Lit1q = 0, moreover, we have

(4.5.7)
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Proof. By Lemma 4.4.4, for any ¢ > ig we have either

[[1Bl[ze+1,p02 = LP ][R

Lz‘7Li+1, (458)
or

[11B]l]zepier < L7 ]|R]]

Lint 1) (4.5.9)

Suppose that we have (4.5.8), then we conclude again from Lemma 4.4.4 that we must

have for any integer s > 1 the inequality

|||h|| Lits Litst+1 > LBISHVZH

L'L,Lz'+1. (4510)

Since ¢ is ALE of order 0, we can use (4.5.5) in Proposition 4.5.2 to conclude that for

€ > 0 sufficiently small and s > 1 large we must have

W9 = goll702 (4, i) <6 (4.5.11)

. 1
19" ¥eg = Vuglizoz (4 <3 (4.5.12)

Li+s ,Li+s+1 (0>)

and therefore

”h|’7’79{,i;o(ALi+s,Li+s+1(0)) < 1. (4.5.13)
In particular, we must have

[[R]]]pi+s pivstr < cplog(L), (4.5.14)

where ¢, is a dimensional constant. It is clear that (4.5.10) contradicts (4.5.14) for s

large. It follows that (4.5.9) holds and then, by Lemma 4.4.4 we must have (4.5.7). [

From Lemma 4.5.3 we have the following improvement in the ALE order of g:
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Corollary 4.5.4. If g is ALE of order 0, scalar flat and (extended) obstruction-flat or
satisfies (1.2.9), then there exists an annulus of the form Ay «(0) and a diffeomorphism
¢ Ay oo(0) = Awo(0) such that |¢*V.g — golman = O(™") as r — oo and therefore,

g is ALE of order (.

Proof. From Lemma 4.4.1, Proposition 4.5.2, and Lemma 4.5.3, there exists a constant

C > 0 such that for any (r,z) € Av ~(0) with r sufficiently large we have

|(¢*\P*g - gO)(T,x)|m,o¢;0 S Cr_ﬁla
so the claim follows. ]
From [CT94, Sections 2 and 3] we have

Proposition 4.5.5. Suppose g is a metric defined on R"\B,(0) and satisfies
g—go=0(r"") asr — o0, (4.5.15)

then there exists a diffeomorphism ¢ : R"\B,(0) — R™"\B,(0) such that h = ¢*g — go

satisfies h € T, (R"™\B,(0)) and §g,h = 0.
We summarize the results of this section in the following corollary

Corollary 4.5.6. If g is ALE of order 0, scalar flat and (extended) obstruction-flat or
satisfies (1.2.9), then there exists a diffeomorphism ® : M\K — (R"\B,(0))/T" for some

p > 0 and a compact set K C M such that h = ®,g — gy satisfies h € 7:2’2

yed

— B and

Sgoh = 0.
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4.6 Turan’s Lemma

We close this chapter by stating a classical result proved by Pal Turan which is sometimes

called Turdn’s Lemma and showing how one can apply it to prove Lemma 4.2.2. Given

complex numbers 21, ..., zg and a nonnegative integer [ we use .S; denote the sum
d
cly...,cq €C, Sl:chzé-. (4.6.1)
j=1

The following is the version of Turan’s Lemma that we will use throughout this

section:
Lemma 4.6.1. Let zy,...,24 where d > 1 be complex numbers with |z;| > 1 for j =
1,...,d and let m be an integer with m > 1. Then

150> < Cmax{|Sms1l’, - - [Smrdl’}, (4.6.2)

where the positive constant C' = C(m,d) can be estimated as

C < Ald) <mT+d)2(dl) , (4.6.3)

for some constant A(d) depending only on d.

A way of proving Lemma 4.6.1 is by means of the following elementary lemma whose

proof we omit (see also [Naz93, Section 1.1]).

Lemma 4.6.2. Let m > 1 be an integer and let p(z) be the polynomial

u(z) = ljl (1 - Z—i) O <1j (1 - i) _1> , (4.6.4)

J

where for a C™ function f(z) at the origin, o, (f) (z) denotes the Taylor polynomial of

degree m of f(z) around 0. Then u(z) is a polynomial of degree m + d that has the form

u(z) =14+ az2™™ + .+ ag2™, (4.6.5)
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and vanishes at the points z1 ..., zq. Moreover, for j = 1,...,d we have |a;| < |byl

where by, 1 ; is the coefficient of the ™% in the polynomial

1
_ d
In particular, we have

(4.6.7)

d—1
max{|ai], ..., aa]} < de(m+ )

d—1

4.6.1 An integral form of Turan’s Lemma

Let h be a positive number and consider the arithmetic progression {t; = [h}, where [
are nonnegative integers. Consider also complex numbers (, ..., (; such that Re(¢;) > 0

for j =1,...,d. If we let p(t) denote

d
p(t) =) e, (4.6.8)
j=1

then
p(lh) = Z%(h), (4.6.9)

where z;(h) = €%". Since |z;(h)| > 1 we have from Lemma 4.6.1 an inequality of the

form

PO < COnd) (, max (@} ) < Clom.a ( 3 \pumP), (4.6.10)

l=m+1

for any integer m > 1 where C'(m,d) < A(d) (%)Q(d—l).

Lemma 4.6.3. Let (3, ..., (4 be complexr numbers satisfying Re(¢;) > 0 forj=1,....,d,

and let p(t) = E?Zl c;e’it. Then for any positive numbers 0 < a < b

2(d—-1) a b
b < a@) (22) g [ o (4.6.11)
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Proof. Let ¢ = “+b , set hy = bz_—da and let m be the integer part of h—co (i.e. the only
integer m such that m < h—co < m+1). Note that in this case m > 1. For any h > 0 by

(4.6.10) we have

m+d (d—1) m+d
poF < 4@ (") S ). (4.6.12)
l=m+1
By our choice of m and hy we have

so then a < lhg <bforl=m+1,....m+d. Letn= az—fb, i.e. cn = a. Note that
0 < n < 1. By taking the average of (4.6.12) respect to h on the interval [nhg, ho|] we
have

m 2(d—1) ho m+d
1p(0)[? < A(d) (%l) #/ (Z p(Ih)] ) (4.6.14)

nho \ij=m+1
It is easy to see that if f : R — R is a continuous nonnegative function and and Tj, T}
are positive numbers with Ty < T}, then
T m+d d (m+d)T1
/ > f(h) ) dh <5 / f(h)dh. (4.6.15)
To I=m+1 2 (m+1)To

Therefore, we have

m 2(d-1) b
p(0)]* < A(d)c—i (%) M/ Ip(t)|dt, (4.6.16)

where we have used that (m + 1)nhy > ¢n = a. We also have (1 —n)hg = 2(5(_1)1); On

the other hand

md\* Y ((mt dho )Y <oy (b o (4.6.17)
d dhg = b—a ’ Al

so the result follows. O
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Corollary 4.6.4. If p(t) is as before then for any R > 0 we have

A d 2R
P < 25 [ oo (4.6.18)
and also
R 2R
/ Ip(t)[2dt < A(d)/ Ip(t)[2dt. (4.6.19)
0 3%

Proof. Let ty € [0, R] be such that ||p||z=p,r = |p(to)], and consider py,(7) given by

d
P (T) = Z c;et0esT. (4.6.20)

j=1
Clearly py,(t —to) = p(t) and [py,(0)| = ||p||o,r)- By Lemma 4.6.3 we have

2R — 1o\ (IR -2t [P0
1pe, (0)2 < 4 - 2971 A(d) ( = “) (QTZO) / e, (1) 2dr. (4.6.21)
3R

= —to

Using a change of variables in (4.6.21) we obtain

3 7 2R
Py < 444 (5) [ ot (4622)

which proves (4.6.18). Once we have shown (4.6.18) we can prove (4.6.19) by writing

1 (B A(d) 2R
E/o Ip(t)[?dt < ||pll7eio.m < TLQ Ip(t)|*dt. (4.6.23)

2

O

4.6.2 Proof of Lemma 4.2.2

By making the change of variables r = ¢, it it is clear from (4.2.23) that it suffices to

show the following lemma



Lemma 4.6.5. Let p(t) be a sum of the form
d nj

p(t) =D D cale™,
7j=1 s=0

where n; > 0 are integers, and cj, € C are fived. Let M = Z;l:l n;. Then

1. If X = min{Re((1), ..., Re(Ca)} > 0 then for every positive integer ,
(+1)R

IR
& A m@|ﬁSAM4+®/‘ p(t) .

—1)R IR

2. If \ = min{—Re((1),...,—Re((q)} > 0, then for any positive integer [,

(+1)R IR
[ wra < coraet [

R (I-1)R

Proof. We first consider functions p : R — C that have the form

d
p(t) = e,
j=1
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(4.6.24)

(4.6.25)

(4.6.26)

(4.6.27)

with ¢; € C, i.e., we do not consider the case of roots (; with multiplicities. Suppose

that all numbers (;, j = 1,...,d have positive real part. Let us first prove (4.6.25) for

[ = 1. Consider the function p(t) given by

d
Bt) =Y cjel™V,
j=1
Since Re((; —A) > 0 for all j =1,...,d, we have from Corollary 4.6.4

[ < a [ o,

2

multiplying both sides of (4.6.29) by e3*? we have

R R 2R
[T e ipopar < [ < a@e [ P

2

3R
2

2R 2R
SA@/‘waWﬁSM@/ N (1),
3 R

(4.6.28)

(4.6.29)

(4.6.30)
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and e*|p(t)|? = |p(t)|?>. For the case | > 1, we write any ¢t € [(I — )R, (I + 1)R] as

t=(l—1)R+ 7 where 7 € [0,2R] and then we write p(t) as
d

p(t) = qu(r) = e, (4.6.31)

j=1

where ¢;; = c;e"YE. Applying the above argument to ¢;(7) then (4.6.25) follows after
a change of variables. If now all numbers Re();) are negative for j =1...,d, it suffices
to prove (4.6.26) for [ = 1 since as before, the general case [ > 1 follows after a change
of variables. Let p(t) = Z;l:l c; el Nt and write t € [0,2R] as t = 2R — 7 where
7 € [0,2R)], then ¢;e(tNt = ;e TV2Ee=(G+NT and Re(—(¢; + A)) > 0, so by (4.6.25),

if we let q(7) = Z?Zl c;elGFTN2Re=(GHNT we obtain

/0 g(r)Pdr < A(d) / o) (4.6.32)

2

On the other hand,

[“uerar = [T ma [Ciwrer= [Cpor o

3R
R 2

so from (4.6.32), we have

2R 2R &
R / D0 Pt < e / () [2dE < A(d)e— R / B8 [2dt
p R 0 (4.6.34)

R
<a) [ eppa < a@ [ e o
0 0
and e”**[p(t)|* = |p(t)*.
For the general case involving multiplicity, we will only prove the statement for
the case min{Re((1),..., Re(¢q)} > 0 since the other case will follow as in the above
argument. We consider first the case corresponding to n; = 1 and ny = ... = ng = 0.

Let € > 0 and let p.(t) be given by

d
pe(t) = cl’oe@t + L (e(<1+€)t — e<1t) + Z cjjoecﬂ't, (4.6.35)
€
=2



76

then by (4.6.25) for the case with no multiplicity, we have
IR (+1)R
M poPd <A@y [ ndoPa (4.6.30
(=R IR
where \ is defined as before, and since A(d + 1) does not depend on € we can take the

limit of (4.6.36) as € tends to zero and obtain (4.6.25). For the higher multiplicity case,

(4.6.25) can be proved using induction. O
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4.7 Optimal ALE order

In this Section, we complete the proof of Theorems 1.2.2 and 1.2.4.

4.7.1 Weighted Sobolev spaces and A**!

In this section we state some properties of the weighted Sobolev spaces introduced in
Section 4.3 that will be useful to improve the decay estimate for the metric g derived
in Section 4.5. Throughout this section we will work only with (0,2) tensors so when
we write W5 we actually mean the space W'5""%*. We start by defining the set of

exceptional values for A*+1.

Definition 4.7.1. A number § € R is said to be exceptional for A*+1 if § is in the set

. (Gez:j+#-1,-2,...20k+1)— (-1} ifn>20k+1) )
Z it n=2(k+1).

We say that § is nonexceptional if § € R\ E.

Remark 4.7.2. The exceptional values for A**! correspond to the growth rates of
solutions of A*"'h = 0 on the complement of a ball, however, when n = 2(k + 1), as
observed in the proof of Proposition 2.0.2, there are solutions of A*!h = 0 on R™\{0}

that are O(log(r)) as r — oo.

Lemma 4.7.3. If § is nonexceptional, the map A1 : W’g(kﬂ)’p — W/gfz(k-f-l) is an

1somorphism.

Proof. See [Bar86, Theorem 1.7]. O
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Lemma 4.7.4. Suppose that h is defined on R\ B,(0) and satisfies h = O(r®) asr — oo
and assume that A*'h = O(r® 2k g5 r — oo with & < 6. Then, for any T > 0

such that &' + 7 is nonexceptional there exists h' € W’ﬁfﬁi”’p and a ball B, (0) such that

A (h—R) =0 on R™\B,(0), (4.7.2)

Furthermore, if 2(k 4+ 1) < n, there exists an exceptional value j < max{d,d' + 7} such

that
h—h =p;+00" 1) asr — oo, (4.7.3)

where p; is homogeneous of degree j and satisfies A%V (p;) = 0 on R"\{0}. Ifn =

2(k + 1), we may also have
h—h" = A-log(r) +O(1) as r — oo, (4.7.4)
where the components of A are constant.

Proof. Let ¢ be a function in C*°(R™) such that ¢ = 0 on B,(0) and ¢ = 1 on R™\ By,(0),

then A (ph) € W’g;’iQ( for every 7 > 0. If we choose 7 in such a way that &' + 7

k+1)+T1

is nonexceptional, by Lemma 4.7.3 there exists h’' € W’ §,(_’f_j” such that
AFTD (hp — By =0, (4.7.5)

and on R™\By,(0) we have (4.7.2). The expansion (4.7.3) follows from the expansion
at infinity of solutions of A*1h = 0 on R™\B;(0) (compare with the proof of Proposi-

tion 4.3.1). O
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4.7.2 Optimal decay

Suppose that (M",g) is ALE of order 0, scalar-flat, and either Q*)-flat or satisfies
(1.2.9). Corollary 4.5.6 showed that g is ALE of order f’ for some ' > 0. In the next

proposition we obtain the optimal value for 8’ as stated in Theorems 1.2.2 and 1.2.4.

Proposition 4.7.5. Let h be as in Corollary 4.5.6. If g is Q" -flat or satisfies (1.2.9),

then h e T2 and g is ALE of order n — 2k.

m,a;2k—n
Proof. Let us treat first the case (k + 1) = 4. Since 0h = 0, h satisfies (2.1.29) with
t=0, ie.

n
Cn, -

M—_%Mh =REV(h, go), (4.7.6)
where R(Z~Y(h, gy) is given by equation (2.1.28). Since h = O(r~%) as r — oo, the
slowest decaying terms in (2.1.28) are those of the form V*'h % V*2h with oy + ay = n,
so from (4.7.6) we obtain A2h = O(r=2*~"), and by Lemma (4.7.4), for any 7 > 0 such
that —23’ + 7 is nonexceptional there exists h; € W”fg’ﬁ,w such that Az(h—h;) =0 on
the complement of some ball. From the weighted Sobolev inequality, if we take p > n
then hy = O(r~2#*7) as r — oo and clearly we can assume that —23 +7 < —f', so
that both h,h; have pointwise decay at infinity but h; has a better decay at infinity

than h. By Lemma 4.7.4, and since —1 is the least negative exceptional value for A%,

the difference h — hy has an expansion at infinity of the form
h—hy=F+00?), (4.7.7)

where F is a homogeneous solution of degree —1 of Ah = 0 on R™\{0}. From the

proof of Proposition 2.0.2, any such F} has the form

(F1)ij(2) = uy (kv%) : (4.7.8)
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where u;; are linear functions. We now claim that on the complement of some ball, i

satisfies
h=F +0( 1, (4.7.9)

for some ¢ > 0. If —28" < —1 we can choose 7 > 0 sufficiently small so that h
satisfies (4.7.9). If not, we have h = O(r~—2/*7) with —28' + 7 < —f’ and again
from (4.7.6) it follows that AZh = O(r~*+?7) and we can argue as above to obtain
h = O(r— ™45 =2"H) for some 7/ > 0 such that —48 + 7' < —28' + 7. It is clear
that we can use induction to obtain (4.7.9). Note that if §F} is not identically zero then
0F; = O(r=2) as r — oo but we do not have §F, = O(r=27¢) as r — oo for any € > 0,

however, by (4.7.9) one has
Sh=06F +0(r 27 asr — oo, (4.7.10)

therefore, from dh = 0 it follows that 0 F} = 0, and by Proposition 2.0.2, F; = 0 which
shows that h = O(r~7) with v > 1. By (4.7.6) one obtains Azh = O(r~2~") and
repeating the argument used to obtain (4.7.9) we can show that on the complement of

some ball, h has an expansion of the form
h=F,+0( % asr — oo, (4.7.11)

where Fy is homogeneous of degree —2 and satisfies A2 F, = 0 on R"\{0} and ¢ is some
positive number. This proves that h = O(r=2) as r — oo as needed. For the case
2(k+ 1) < n, the only difference with the previous proof is that we have to consider ho-
mogeneous solutions of A¥*1h = 0 on R™\{0} that decay like r2*+1)=" and like r2+1-n
but as shown in the proof of Proposition 2.0.2, these solutions are not divergence-free

unless they are identically zero. O]
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4.8 Singularity removal theorems

In this section we present the proofs of Theorems 1.2.8 and 1.2.9.

Lemma 4.8.1. Let g = go + h be a metric defined on B,(0)\{0} with constant scalar
curvature, and assume that g is either Q) -flat or satisfies (1.2.13). Suppose in addition

that 0;h = 0 on B,(0)\{0}. Then, on B,(0)\{0}, h satisfies the equation
P+ RO (h, go) = 0, (48.1)

where P and R¥)(h, go) have the same expressions as in (2.1.26) and (2.1.28) respec-

tively. The operator Pt(k) 15 elliptic.

Proof. Suppose that R(go + h) = ¢ where ¢ is a constant. If we also have ;2 = 0 on

B,(0)\{0}, then from R(go + h) — R(go) = ¢ we conclude that h satisfies the equation
Atr(h) = —c+ 157,10 h + F'(h, go), (4.8.2)
on B,(0)\{0}. We now write the equation Q" (gy + h) — Q¥ (gy) = 0 as
0= (W), (k) + F™(h, go), (4.8.3)

with F®)(h, go) as in (2.1.2). Using (2.0.1), we see that if we insert (4.8.2) into (4.8.3)
then h satisfies (4.8.1) on B,(0)\{0}. The rest of the claim follows easily, and the same

argument works for (1.2.13). O

Recalling the C%-orbifold condition as defined in Definition 1.2.6, we now assume

that there exists a coordinate system around the origin such that

d'gi; = o(r~11, (4.8.5)

for any multi-index ! with [I| > 1 as r — 0.
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Remark 4.8.2. As in the ALE case (compare Remark 4.5.1), we do not need an as-
sumption on derivatives of arbitrary order. If [ in (4.8.5) only satisfies |I| < 2(k+1)+1,
then we have | (¢ — go) ;.. lm,a0 = 0(1) as 7 — 0 for any m < 2(k+1), which is sufficient

for our proof.
Next, we state the existence of a divergence-free gauge.

Lemma 4.8.3. Suppose that g defined on B,(0) has constant scalar curvature and is (ex-
tended) obstruction-flat or satisfies (1.2.13). Suppose also that the origin is a C°-orbifold
point for g. Then for some p' < p there exists a diffeomorphism ¢ : B, (0)\{0} —
B, (0)\{0} such that 64,9 =0 on B, (0)\{0}. Moreover, there exists o > 0 such that

|09 — go| = O(r?) as v — 0 and '¢.g = O(r°= W) for any multi-index | with |I| > 1.

Proof. This follows from a straightforward modification of the proof of Corollary 4.5.6.

O
We will also need the following

Lemma 4.8.4. If the components of h € S*(T*R") are linear functions then h = Lxgo

for some quadratic vector field.

Proof. Let S? be the subspace of S?(T*R™) consisting of all elements whose components

are linear functions. If h € S?, we can write the components of h as

hl](l') = ZAijlxl, (486)
=1

where A;j, is symmetric in 7,5 and therefore dim(S7) = "Q(T;_l). On the other hand,

if we let T') be the space of all vector fields whose components are functions which are
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homogeneous of degree 2, then any X € I'} can be written as X = X;-2 where

19zt

Xi(f) = Z Aim&i&m, (4-8-7)

I,m
with a;,, symmetric in [,m, and therefore dim (T'}) = @ = dim(S?). Since there
are no quadratic Killing vector fields, the map £ : '} — S? defined by £(X) = Lxgo is

an isomorphism. O

Lemma 4.8.5. Let X a vector field that is homogeneous of degree 2 and let Kx be the
diffeomorphism generated by taking the flow of X to time 1 (which exists for r sufficiently

small). If go is the Euclidean metric we have
K%go— Lxgo — go = O(r?) asr — 0. (4.8.8)
Proof. Let ¢; be the flow of X, then we have for any ¢ > 0
brg0 = go +tLxgo + E(1), (4.8.9)

where E(t) is an error term that can be estimated as

2 2
|ﬂMsiwpqa@

) , (4.8.10)

2 sy ds?
here | - | is the usual pointwise norm on S?*(T*R"). In particular
K go = go + Lxgo + E(1). (4.8.11)

Since X is homogeneous of degree 2, we have for any p € R”

O 6un)P = 22 6), 0u0) < Lo (18,12
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for some constant C' > 0 that only depends on X. Letting r denote the distance of p
to the origin, it follows from (4.8.12) that for 0 < r < £ and 0 < ¢ < 1 we have the
inequality

2r

|¢t(p)| < 2 Crt’ (4-8-13)

and then |¢;(p)| = O(r) as r — 0. A similar argument shows that for all first order

partial derivatives one has
|01p¢| = O(1) as r — 0. (4.8.14)

Since gq is the Euclidean metric, we have

(0790)i; = Y Ou(@)idi(er);,
kg

and using the chain rule we can write schematically

o2
@qﬁfgg = (0°X)(¢y) * X () * Oy % Oy + (0X) (1) * (0X) () * Dy % Oy, (4.8.15)
and by (4.8.14),(4.8.15) we conclude that for r sufficiently small
82 /.2
’ﬁ¢tgo < C'r , (4816)

for C” depending only on X. By (4.8.10),(4.8.11) and (4.8.16) the result follows. O

Lemma 4.8.6. Let g a metric defined on B,(0) with a C°-orbifold point at the origin.
Suppose that g has constant scalar curvature and is (extended) obstruction-flat or satis-
fies (1.2.13) on B,(0)\{0}. Then there exists a change of coordinates ¢, defined in some
small neighborhood around the origin, such that gg*g satisfies

9= g0+ O(|z*), (4.8.17)

d'g = O(|z|>~ 1), (4.8.18)

for any multi-index | with |l| > 1 as |x| — 0.
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Proof. Let ¢ be the gauge given by Lemma 4.8.3 and if we take h = ¢.g — gy we obtain

Cn.k k+1 (k)
— A h=R h go)- 4.8.1
2(n — 2) ( ' O) ( 8 9)

Since h = O(r?) as r — 0 we have A*1h = O(r?9=2-+1) a5 + — 0 and as in the proof

of Proposition 4.7.5, for p > n and for 7 > 0 such that 20 — 7 is nonexceptional and

positive, there exists ' € W'3” _ such that A*! (h — h') = 0 on B,(0)\{0}. Since both

20—T1

h,h’ are o(1) as r — 0 we conclude that
h—h =G +0(?*) asr —0, (4.8.20)

and the components of GG; are linear functions. As in Proposition 4.7.5 we can use

induction to show that h satisfies
h=Gy+00" ) asr—0, (4.8.21)

for some € > 0. The strategy for proving (4.8.17), (4.8.18) is slightly different to that
used to prove Proposition 4.7.5, but is still based on an argument used in [CT94]. From
dh = 0 on B, (0)\{0}, it follows that 6G; = 0 and by Lemma 4.8.4, G; = Lxgo for
some vector field X such that X (p) is homogeneous of degree 2 in p. Assume that p’ is
sufficiently small so that K, the diffeomorphism obtained by taking the flow of X to

time 1, is defined. By Lemma 4.8.5
Kgo—go— Lxgo = O(r*) asr — 0, (4.8.22)
and from

(pug — KX 90) + (KX g0 — g0 — Lxgo) = O(rmm{Q’He}) as r — 0, (4.8.23)
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we conclude that
K* .9 — g0 = O(rmin{1+€’2}) asr — 0. (4.8.24)

As in Corollary 4.5.6, we can find a diffeomorphism ¢’ defined on a smaller ball such

that
h' = ¢, K* vé.9 — go, (4.8.25)

is divergence-free and A’ = O(r™»{1+¢2}h) ag » — 0. With this new h’ we argue again as

in the proof of Proposition 4.7.5 to obtain (4.8.17) and (4.8.18) as needed. O
Lemma 4.8.7. In the coordinate system constructed in Lemma 4.8.6 we have
V'Rm = 0'Rm + O(r' M) as r — 0, (4.8.26)
for any multi-index | with |I| > 1 and
AT Ric(g) = Ay Ric(g) + O(r=2m=Yy g5 — 0. (4.8.27)
with m > 1.

Proof. To show (4.8.26), we consider first the case |I| = 1 and we write V Rm schemati-

cally as
VRm = 0Rm + 1 * Rm, (4.8.28)
and note that the terms I' x Rm are O(r) as r — 0. The general case follows easily by
induction. For (4.8.27) we start also with the case m = 1 and write
AyRic =g '« VVRic= g ' %V (ORic + I * Ric)
=g ' % (0°Ric+ 0T * Ric + I' x ORic + T I % Ric) (4.8.29)

=g ' % 0?Ric+ Ol * Ric+ T x ORic+ T T * Ric,
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and the term g~! * 9*Ric has the form g" 0,0, Ric;; which we can also write as
AgORz’cij + (gkl — (Skl) 8klRicij. (4830)

The terms (g — 6*) Oy Ric;;, O * Ric, and ' x ORic in (4.8.29) are O(1) as r — 0 and
the terms ' * T x Ric are O(r?) as r — 0 as needed. The other cases follow also by

induction. O

Proof of Theorems 1.2.8 and 1.2.9. By Lemma 4.8.6, we can find a change of coordi-
nates ¢ around the origin such that ¢.g satisfies (4.8.17) and (4.8.18). Recall that the

obstruction-flat systems have the form

k+1
A’;’IBU- = Z Z Vo Rmx ... x VI Rm. (4.8.31)

=2 a4t =2(k+1)—2j

From the expression (1.2.6) we can write the Bach tensor as
Bij = AA;; — Vivakj + Rm x Rm, (4.8.32)

and using that ¢ has constant scalar curvature together with the Bianchi identity we

can rewrite (4.8.31) as

k+1
AbRic=")" > VO Rm ... % V% Rm, (4.8.33)

=2 ar+.ta;=2(k+1)-2j

which is exactly the same form as (1.2.13). From Lemma 4.8.7, (4.8.33) becomes
k .
Ay Ric=T, (4.8.34)

where T = O(r~2*=Y) as » — 0. Note that 7" € L” near the origin for p = oo if k = 1
and for any 1 < p < ﬁ if £ > 1. On the other hand, since Ric is bounded near the

origin, Ric € LP for any such p. It follows that Ric(g) is a weak solution of ASORiC =T



38

on B,(0)\{0} and it is easy to prove that in that case Ric(g) extends to a weak solution

of (4.8.34) on B,(0). We conclude that Ric € WP, Choose

00 ifk=1
p= (4.8.35)
(1-€)gpyy Wwith0<e< ggifk>1
Observe also that 0 < 2k — 1 — % < 1 so by the Sobolev inequality, for any « such that

0<a<2k—1—%wehave
||VRiC|’Ca(BP(0)) S CHVRZ'CHW%A,p(BP(O)), (4.8.36)

with C = C(n,p,k,p) and then Ric € C*(B,(0)). Note that from the estimates
(4.8.17) and (4.8.18) we have g € C'*, which is sufficient for the existence of harmonic
coordinates at the origin [DK81, Lemma 1.2.]. In this harmonic coordinate system the
metric g is also OV and solves (4.8.33). Moreover, by (4.8.36) and [DK81, Corollary
1.4], Ric € C** near the origin.

We then have that g is a solution of (4.8.34) and is also a solution of an equation of

the form

1 ,
59”(9%%1 + Qr(99,9) = —Ricu(g), (4.8.37)

where Q(Jg, g) is an expression that is quadratic in dg, polynomial in g and has \/m
in its denominator. Letting p and a be as above, we know that g and Ric(g) are C1*
at the origin, in particular they both are in W1?. Using elliptic regularity in (4.8.37)
we conclude that g € W3? and the Sobolev inequality (compare (4.8.36)) implies that
g € C*“ Furthermore, since Ric € C%* it also follows that g € C** (see [DKSI,
Theorem 4.5]). With this regularity in ¢ we can write (4.8.33) as (4.8.34) in harmonic
coordinates, i.e., we can write (4.8.33) as an equation of the form A’;ORiC = T" with

T € LP.
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Next, we claim that A} Ric € W', To see this, take one derivative of (4.8.33). Since
g € C3*, one sees that all of the terms on the right hand side are O(r~2¢+=1) as r — 0,
which is in L? for p as in (4.8.35). This shows that A¥Ric € W', Replacing A¥ Ric with
A’;ORZ'C will introduce terms as in Lemma 4.8.7, but using the fact that Ric is now in
CYe, we see that these terms are also in W1, and consequently AI;O Ric € WP, Elliptic
regularity then implies that Ric € W22 By the Sobolev inequality, Ric € C?“ and
then (4.8.37) implies g € C**. Tt is clear that we can bootstrap the above argument to

prove that ¢ is smooth at the origin. O
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Chapter 5

Curvature decomposition in

dimension 4

5.1 The anti self-dual part of the curvature tensor

Let (M*,g) be an orientable 4-manifold. As mentioned in the introduction, according

to the decomposition

1 1
Rm:W++W*+§E@g+2—4Rgg@g, (5.1.1)

we have the associated curvature operators are written as

R:W++W+5+2—148, (5.1.2)
where
+ 1 2 * 2 *
(W +ﬁ8>:Ai(T M)~ AL (T*M), (5.1.3)
and
E:NL(T"M) — A2 (T"M). (5.1.4)

Some basic properties of the tensors W= and of the curvature operators W* are the

following
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1. Viewed as a (1, 3) tensor, for any C? function f, W*(e=2/g) = W*(g).

2. Letting C : S? (A2 (T*M)) — S? (T*M) be the Ricci Contraction Map defined by

(CU)ab = ngUacbd) then

CW==0. (5.1.5)

3. Both WT and W~ are traceless.

We note that our convention is that if P is a tensor satisfying Pjjn = —Pjiu =

—Pyjir. = Pij, then the associated operator P : A> — A? is given by

1
(Pw);; = 5 Z Pijrawp- (5.1.6)
el

5.1.1 The anti self-dual part of the Weyl tensor as a bilinear

form

Consider a warped product metric on M = R x Y3 of the form
g = dt* + gy, (5.1.7)

Where gy is a smooth metric on Y, possibly depending on t. Our ultimate goal is a

formula for the linearized anti-self-dual Weyl curvature D, which maps from
D:SFT*M) — S5(A2). (5.1.8)
Using the decomposition T*M = {dt} & T*Y, we have

S2HT*M) = S*(dt) @ (dt © T*Y) @ S*(T*Y), (5.1.9)



93

which we will write as
h = hoodt @ dt + (a @ dt + dt @ a) + h. (5.1.10)
Next, we have
A*(dt @ T*Y) = (A'(dt) @ AN(T*Y)) @ A*(T*Y). (5.1.11)
Given an orientation, we then have
A*(dt @ T*Y) = (A'(dt) @ AN (T*Y)) @ AN (T*Y). (5.1.12)
Under this decomposition, the self-dual forms correspond to
dt \ a + *a, (5.1.13)
while the anti-self-dual forms correspond to
dt \ o — *a, (5.1.14)
where * is the Hodge-* operator on Y. Consequently, we have the identification
S2(A%) = SYT*Y), (5.1.15)
and we can therefore view D as a mapping
D: SHT*M) — S3(T*Y). (5.1.16)
In order to proceed, we must first write down W™, considered as an element of S3(T*Y").
Proposition 5.1.1.

W) = iy — Vg5 + Qi (5.1.17)
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where

D5 = tf(Roio;(9)), (5.1.18)
U = tf (Symij (Z ﬁiklROjkz(g)>> : (5.1.19)
ol
1
Qij = th <; ;EiklequRklpq(g)> s (5120)

where the symbols €;;, are the components of the volume element defined by
e; N\ €; N e = €ijk€1 N e A €3, (5121)
Sym in (5.1.19) denotes the Symmetrization Operator given by

Sym;;(F) = 5 (Fy + Fji) (5.1.22)

N —

and for h € S*(T*Y), tf(h) denotes the traceless component of h with respect to the

metric gy .

Proof. Given g as in (5.1.7) and considering the decomposition (5.1.2), we conclude from

(5.1.2),(5.1.3) and (5.1.4) that for any w,w’ € A% (M)

(v + L)) -

In order to compute (Rw,w’) we use the isomorphism between Q' (Y) & Q! (Y) and

A? (R x Y) given as follows: any 2-form w in A% (R x Y') can be written uniquely as
w=dt N7 (§) + 7" (¥n), (5.1.23)

where 7 is the projection map 7 : R x Y — Y, £ and 7 are 1-forms in Q'(Y) and % is

the Hodge-* operator with respect to the metric gy. Given a local orthonormal oriented
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basis {ey, €s,e3} of I'(TY), the operator * : Q1Y) — Q*(Y) takes the form

3

* (C)” = Z eijka' (5.1.24)

k=1

Using i, k, [ to denote indices in {1,2,3} we see that the 1-forms &, n in (5.1.23) can be

written in coordinates as

1
§p = Wok, 1 = 5 E €ijkWik = E €ijkWik,

J.k i<k

Moreover, in these coordinates, the Hodge-* operator can be computed as
*w = dt N1 (n) + 7" (%€), (5.1.25)

therefore, w € A% (T*Y) if and only if £ = 4. Given 2-forms w,w’ € A? (M), let us
write w = dt A 7*(§) + 7*(%n) and W’ = dt A& + 7 (%) , then we can express (Rw,w’)

as
(Rw, w') = @i;&&; + Big&in); + Bimi& + Yigmin (5.1.26)
where clearly

1 1
Q5 = Roin(9)7 5ij = 5 Z Ejk:lROik:l(g)a Yij = Z Z ZﬁikzequRmmn(Q)- (5-1-27)

k,l kl pg
If now *xw = —w and xw’ = —w’, from (5.1.26) and (5.1.25) we obtain
(Rw,w') = (aij — (Byj + Bji) + ij) &&- (5.1.28)

This shows that with the isomorphism defined by (5.1.23), we can identify the map
W™+ £8) : A2(T*M) — A2 (T*M) with a bilinear form in S? (T*Y’) such that in the

local orthonormal basis {ej, €5, €3} has components

aij — (Bij + Bji) + vij- (5.1.29)
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with a;;, Bi;,7i; given by (5.1.27). Since the scalar curvature operator S contributes a

pure-trace term, we are done. 0

We next give a more detailed description of some of the terms appearing in (5.1.17)

and for that purpose we will make use of the following notation:
o All letters 4, j, k, [, ... will denote non-zero indices.

Given H € S? (A?(M)), by cy H we will mean the map defined as

(v H);p, = 9y Hijir,

By try (cy H) we will mean gi(cy H)sj,

An upper dot will denote a t-derivative.

We will use gy * gy to denote linear combinations of contractions of gy ® gy using

the metric gy .

Proposition 5.1.2. We have the identity

1 1
1 > eim€juH i = — (CyH — gty (evH) gy)

k,lLuv

ij
Proof. Suppose i = j, and let p,q with p < ¢ be indices such that {1,2,3} = {i,p, ¢}

11_[ Z Z EikIEjukaluv = %L Z Z €ikl€iuo Hptmn = HP(IPCI'

kil uv kil uw

Note that the trace of cy H is given by

1
étrY (cyH) = Hygpq + Hipip + Higig-
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Therefore

1 1
Hypgpg = §th(CYH) — (Hipi + Higiq) = §trY(CYH) — (ey H)is

1 try(cy H
= Sty (ey H)s — (ey H) = — (cyH - %gy) '

If now i # j and p is such that {1,2,3} = {i, 7, p}, we have

1
Z E § 6iklej'uvj—fkluv = €ijp€jiijpjp

kg uw

= _ijip == (CYH)Z‘]‘ = - (CYH —

tI’y (CyH) )
) )
2 i

and the claim follows. O]

We will also need to compute the Christoffel symbols and components of the curvature

tensor of ¢ in terms of the metric gy:

Proposition 5.1.3. The Christoffel symbols of the metric g = dt* + gy are given by
k [y 0 L. k k
[io(g) = §9Y (gy)il7 Fij<g> = ) (gy)ij7 Fz‘j(Q) = Fij(gy>’
Too(9) = To:(9) = 0.

For the components of the curvature tensor we have

I .
Ry,; = ) (Gv)ij + (9v * gy )ij

Rsz(g) = RZ[(QY) + (gy * QY)sz-
In particular, if gy is independent of t, then

0 iof any o, 8,7 equals 0
as(9) = : (5.1.30)
[ 5(gy) otherwise



98

and consequently

0 if any o, B, 1, v equals 0
= . (5.1.31)
Ry 5,(gy) otherwise
Proof. The proof follows from a straightforward computation. m

We can now write out a more convenient expression for €2;; in (5.1.17)
Proposition 5.1.4. The term Q;; in (5.1.17) has the form
Qij = (—E(gy) + gv * gv )y » (5.1.32)
where E(gy) is the traceless Ricci tensor of gy .

Proof. Recall that (2;; is given by

1
Qij = tf (Z_l Z €ikl€jmanlmn(g>> ) (5133)

k,l,m,n

and from Proposition 5.1.2 we must have

Q; = —tf (6yRm(g) - %try(qum(g))gy) . (5.1.34)

With the expressions obtained for the components of Rm in Proposition 5.1.3 we have

- (CYRm(g)) = (_Ric(gY) + gY * gY)w’ )

v

and then
try (cy Rm(g)) = Ry, + Gy * gy,

which implies (5.1.32). O
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Chapter 6

The linearized equation and

Dirac-type operators

6.1 Linearization of I/~ at a cylindrical metric

Consider the cylindrical metric
g =dt* +gy, (6.1.1)

defined on M = R x Y, where gy is a fixed metric of constant curvature x = +1,0,
or —1. We note that ¢ is locally conformally flat, and therefore is self-dual. We are
interested in studying the linearization of W~ at g. Given h € S2(M), we consider a
path of metrics g(e) with e € (—4,4) for some § > 0 satisfying ¢(0) = g and ¢'(0) = h.
The linearization of W™ at g in the direction of h is the map

(W), () = (g0l co.

We next define a Dirac-type operator:

Definition 6.1.1. Let {e1, €2, e3} be a local orthonormal basis of I' (TY"). Then, for any

h € S*(T*Y) the operator dh is given in these coordinates by

(dh)i; = Sym,; (Z €ikldvhklj) ; (6.1.2)

k.l
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where (dvh)klj is given by (dvh)klj = thlj - Vlhkj .
We also recall the conformal Killing operator:

Definition 6.1.2. For an n-dimensional manifold (M™, g), the conformal Killing oper-

ator with respect to the metric g is the map K, : AY(T*M) — S3(T*M), given by

where L, is the Lie derivative operator.

In cylindrical coordinates, a tensor h € S*(M) can be decomposed as
h = hoodt @ dt + a © dt + h,

where hgg € A°(M), a € AYT*Y) and h € S*(T*Y), so we will use the notation

h = {hgo, @, h}. The main result of this section is the following

Theorem 6.1.3. For the cylindrical metric given by g = dt* + gy, the linearization

(W‘)Ig (h) with try(h) =0, is given by

’ 1 1 1 .. 1 .
(W) (hoos . ) = 5K, (—édhoo a— *da) — StE(h) + Sdh— (), (6.1.3)

where E'(h) is the linearization of the traceless Ricci tensor at gy. Equivalently, after

computing E'(h) explicitly, (W*)lg (h) is given by

1 1 1
(W*)’ (hoo, a, h) = §IC9Y (—idhoo —dyh + & — xda + §dtry(h))

1 1. 1
—§tf(h) — k- ti(h) + édh + §Agytf(h). (6.1.4)
where Ay, is the rough laplacian on S*(T*Y), and (8yh); = Vi-h;; is the divergence.

The remainder of the section will be concerned with the proof of Theorem 6.1.3.
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6.1.1 Conformal Killing operator and d

The operator d enjoys the following properties:

Proposition 6.1.4. For the operator d, we have

d:S*(T*Y) — S§(T*Y), (6.1.5)
d(ugy) =0 for any u € C*(Y), (6.1.6)
d:S3T*Y) — SZ(T*Y) is formally self-adjoint. (6.1.7)

Proof. For the first property, in an orthonormal basis

3
try (dh) = ZZ%SYTHU (eimd” ;) Zzéml (Vihy — Vihg)
i.j

i=1 k,l#i

= Z Z €t VI — Z Z €ixVihg = 0.

i=1 k,l#i i=1 k,l#i

For (6.1.6), in an orthonormal basis and using that gy is parallel we have

d (ugy);; ZSme (Ezkld (UQY)MJ>

= Sym;; <Z (€ir(Viw)(gy )iy — Eikl(Vzu)(QY)kj)>

k.l

3 3 3
= Symij <Z eikjvku — Z eiﬂvlu> = —QSymij <Z Eijkvku> )

k=1 =1 k=1

and since €;;;Vyu is skew-symmetric in 4, j, it follows that d (ugy) = 0.

Finally, let h, i/ be elements in S?*(T*Y), then in an orthonormal basis we have

/ (dh, B')dV,, = ZZ / eint (Vihiy — Vihyg) hl;dVy,
%,J
_ZZ / €intVichujhidVy = ZZ / €irthi;Vihi;dVy,
2,] (2]
_ZZ / € Vel hysdVy, = / (h,dh)aV,
2,] Y
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O
For the operators d, IC; and D we have
Proposition 6.1.5. The operators d and ICy satisfy the following identities
ALy, (W) = Iy, (*dw), (6.1.8)
D (K, (©)) = 0 for any & € AY(T*M). (6.1.9)

Proof. Identity (6.1.8) is a consequence of the following computation: let h = L, (w)

then

(dh);; = Sym,; <Z et (Vihyy — Vﬂlkj))

k.l

= Symij <Z €ikl (Vkvle -+ Vijwl — Vlvkwj — Vlvj'wk>> . (6.1.10)

k,l

Commuting covariant derivatives in (6.1.10) we obtain
(dh);; = Symy; (Z €irt (Vi Viw — V;Viwg — R} jw, — Ry w, + Rfjkwp)) . (6.1.11)
kel

Note that —R},; — Ry, + Rjj, = —2R},; by the algebraic Bianchi identity, so (6.1.11)

becomes

(dh)m = Symij (Z €ikl (Vjvkwl — Vlewk) -2 Z eiklRlewp> . (6.1.12)

k,l k,l

Since gy has constant sectional curvature equal to k
-2 Z qkleljwp = 2K Z €ikt (01015 — O] Okj) Wy
k,l k,l

= —2kK (Z €ikiWrO1; — Z Eiklwl5kj> = —2K (Z (€ikj — €ijk) wk) -

k.l k.l k



103

Since €;;; — €5 1s skew-symmetric in 4, 7 we obtain

(dh);; = Sym,, <Z €t (V,; Vi, — vjvlwk)>

k.l

= Symij (Vj (Z €t (Viw, — vlwk)>>

k.l

= (Egy(%dw))l.j )

Since dh is traceless, we actually obtain dL,, (w) = Ky, (¥dw) as needed. For proving
(6.1.9), we note that by diffeomorphism invariance of W~ and since g is locally con-
formally flat we have D(L,(w)) = 0 for any 1-form @ € AY(T*M). By the conformal
invariance of W, we have D(fg) = 0 for any f € C°°(M), therefore the composition of

D and K, is zero. O]

6.1.2 The case of no radial components

We first compute (W) (h) assuming that  has no radial components, i.e. h has the

form h = {0,0, h}.

Proposition 6.1.6. The linearization of W~ at g = dt*> + gy in the direction h =
{0,0,h} is

(W) (h) = —%tf(ﬁ) b5 (h) — Bl (1), (6.1.13)

Proof. We start by linearizing the component €2;; in (5.1.17). Note that

o 5v(0) 3v(0) o =, (0-1.14
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for any variation which is purely spherical, that is, a variation which only deforms
the cross-section metric on Y. From Proposition 5.1.4 and (6.1.14) it is clear that for

h = {0,0,h} we have
Qi;(h) = —FE'(h). (6.1.15)

For the term ®;; in (5.1.17), we consider a purely spherical deformation g. of g in the

direction of h so that from (5.1.18) we have

D;i5(ge) = thgy (o) (Roiog (dt? + gy (€))) ,

and from Proposition 5.1.3
L. ) )
Roioj(9e) = { —59v(e) + gv(€) * gv(e) | (6.1.16)
ij

then

(), (h) = 83 (=thgy Gy (€)) + gy (€) * gy (€)) |e—o = —%tfgyﬁ. (6.1.17)

Finally, for the components ¥;; we recall that we can express W;;(dt* 4+ gy) as
qu‘j = Symij (Z Ejkl(gy)ROikl<dt2 + gy)> .
k,l
Note that taking the tracefree part is not necessary, see Proposition 6.1.4. Before lin-
earizing ejkl(gy)ROikl(dtQ + gy ), we note that if we evaluate W;; along a purely spherical
deformation g. of g in the direction of h, the symbol €;;; may depend on gy (€) and so
we must write

Wij(ge) = Symy; (Z ijl(gY(G))ROz’kl(ge)> :

k.l
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however, since Ro;;1.(dt?+ gy) = 0 for all choices of 7, j, k as seen in (5.1.31), we conclude

that the linearization of W;; in the direction h = {0,0,h} is

Symij <Z €5kl (R;])oml (ﬁ)> .

k,l
Linearizing Rm at ¢ in the direction of h, and using Proposition 5.1.3, we obtain
- 1 - - - -
(BY) gy (1) = 5 (VoVilie = VoViha = ViVihow + ViVihor ) (6.1.18)
It is easy to see that

VoVihi = Vihy, and V;Vihy = V;Vihg; = 0,

so we have proved

%(70 = Sym;; (Z ekt (Ry) oo (il)>

k.l

(6.1.19)
1 . . 1 .
== —§Symij (Z Ejkl (th,l - Vlhzk>> == _E(dh)”
k.l
The proposition follows from combining (6.1.15), (6.1.17) and (6.1.19). O

6.1.3 The case of conformal variations

Using conformal invariance, we next extend the formula in Proposition 6.1.6 to tensors

of the form {hgo, 0, h}.

Proposition 6.1.7. The linearization of W~ at g in the direction h = {hoo,0,h} is

1

D(hgodt @ dt + h) = D(h) — 3

1
(szhoo - g(Agyh()O)gY) .
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Proof. Since the cylinder is locally conformally flat, for any C? function v we have
D (v (dt® +gy)) =0,
therefore

D (hoodt @ dt + h) = D (hoo (dt? + gy) — hoogy + h)

= D(h — hoggy) = D(h) — D(hoogy).
Since hgogy is a scalar tensor we have by Corollary 6.1.6 and (6.1.6)

D(hoogy) = —Ey, (hoogy) = —Ey, (hoogy)- (6.1.20)

Next, consider a path {gs} of metric on Y given by g; = e™gy, then gy = gy and

0s9s|s=0 = ugy. Since gy is Einstein, a standard formula for conformal changes gives

s 1 52 1
E(gs) = —3 (ngu - g(Agyu)gy) + T (du ® du — §|ngu|29y) )

Differentiating at s = 0, we obtain

, 1
Egy (ugy) = _5 <v3yu - g(Agyu)gY> ,

and the proposition follows. O

6.1.4 Completion of proof of Theorem 6.1.3

Consider now a variation h of the form h = {0, a, 0}.

Proposition 6.1.8. The linearization of W~ at g in the direction {0, «, 0} is given by

D({0,,0}) = %/cgy (6 — #da) . (6.1.21)
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Proof. Choose w so that w = «. In this case the conformal Killing operator equals
1 1
Ky(w) = —ééyw, a, Ky, (w) + 65}/&] gy ¢ -
We write

D({0,0,0) = D({0, 2,0} — K, ()
=2 (0,00 { oy )+ (3v) v |

1 1
=D (iéyw, 0,—Kyy (w) — (géyw) gy> )

Recall that for any C? function u we have D (udt?) = D (—ugy ), using (6.1.20) we obtain

D(0.0.01) = D (K () = (v ) v = (3ve) av ) = D=Ly ) (6222

From Corollary 6.1.6 and from (6.1.8) and (6.1.22) we obtain

D{0,a,0}) = K,, (%w) - %dﬁgy (@), (6.1.23)
and since w = «, we have
o= a, (6.1.24)
AL, () = K,y (3did) = K,y (Fdav), (6.1.25)
so from (6.1.23), (6.1.24) and (6.1.25) we obtain (6.1.21). O

With (6.1.21) we are ready to prove Theorem 6.1.3.

Proof of Theorem 6.1.3. Combining Corollary 6.1.6, Proposition 6.1.7 and (6.1.21) we

obtain (6.1.3). In order to prove (6.1.4) we linearize E at gy in the direction of h

. 1 ' , 1 1
B0 = (Ricte) = 3Ryg) (1) = Ricy, (1) = 3Ry, (g — 3Ry
gy
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The linearization of Ric is
- 1 1, 1
(RZCQY (h))” - _§ALhij — §Vijt1'(h) + 5 (Vzéjh + Vjézh) 3 (6126)
where Aph is the Lichnerowicz Laplacian given by
Aphij = Agy hij + 2Rijph" — RPhy, — REhy,. (6.1.27)
Since gy has constant sectional curvature x, Ay can be computed as
Aphij = Dgy hij + 25 ((QY)z‘j (9v )i, — (9v)sy, (gY)lj) h'? — 2667 Ry, — 2607 iy

= Agyhij + 2/‘€try(h) (gy)ij — 2/‘6}17;]' — 4/€hi]’

= Ay, hi; — 6rtf(R)s;. (6.1.28)
On the other hand, the linearization of R, is
R'(h) = =Ay tr(h) 4+ dy oy h — (Ric(gy ), h) g, - (6.1.29)
and
%(ngh — (Ric(gy ), 1) gy gv) = 26tE(R). (6.1.30)
Combining (6.1.26) and (6.1.29), we conclude that £} (h) is given by

1 2
E;Y (h) = —5 <ALh + V2tr(h) - éAthry(h>gy>

1

- 3 Ordvhy ) = (o= (Riclay) 1), (6130

1
t3 (ﬁgy(dyh)
and using (6.1.28) and (6.1.30), we finally obtain
1 ° 1
E,_(h) = —3 (Agytf(h)Jr v? try(h)> + §IC9Y (0yh) + K - tf(h), (6.1.32)

where V? denotes the traceless Hessian operator. From (6.1.3) and (6.1.32), (6.1.4)

follows easily. |
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6.2 Some properties of d

In this section we derive several useful identities for the operator ¢ introduced in Section
6.1 apart from those proved in Subsection 6.1.1. First, we have a crucial formula for the

square of d:
Proposition 6.2.1. The operator & : S>(T*Y) — S3(T*Y) is given by
d'h = 40, tf(h) — 2 V2 try (h) + 3K, (Oyh) + 12k - tf(h). (6.2.1)
Proof. The proof is moved to Appendix 7.5.1. n
Next, we have
Proposition 6.2.2. For any h € S*(T*Y') we have dy (dh) = *ddyh.

Proof. In a local orthonormal basis we have
(Oy (dh)), Z V;(dh)y;

3
= quklvj‘vkhw + ZZequVijhqi. (622)

Jj=1 kil Jj=1 pyq

Commuting covariant derivatives we have

Z Z ezle thly Z Z E1,Icl vkv hl] Rjklhsj o jk]hls)

=1 k|l =1 k|l

3
= Z it (VieVihy + 5( = hjjgu + hujgi — Pujgej + hukgjs))

3
= (%doyh), + k Z (Z {=hjj€imgm + €irhi — b + 3€iklhlk}> .

k1 \j=1
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Since all terms in the sum consist of a term skew-symmetric in k£ and [ times a term

symmetric in k£ and [, the sum is zero, so we obtain

3
Z Z € V;Vihy; = (¥doyh), . (6.2.3)

j=1 k|l
We also have

3

3
Z €pg Vi Vphai = Z Z €jpq (vaj hqi — R;pthi - ijz'th)

J=1 pyg J=1 pygq
3
= Z Z €jipg (vpvthi + ”( — hijGpq + Mpige; + NajGpi — hpqgji)) ,
Jj=1 pyq

and clearly the last 4 terms sum to zero. So we have

3 3
Z Z €ipg Vi Vphe = Z Z €ipgVpVilai

Jj=1 pyq Jj=1 pyq

By reindexing j and p on the right hand side, we obtain

3 3 3
Z Z €pg Vi Vphai = Z Z €pjq Vi Vphagi = — Z Z €pa V5 Vplai,

=1 pa =1 pa =1 pa
so this sum vanishes. Combining this with (6.2.2) and (6.2.3), the proposition then

follows. N
Corollary 6.2.3. For any h € S*(T*Y) we have

@A, h = A, dh. (6.2.4)
Proof. From (6.2.1) we have

A°h = —4dA, tfh — 2d Vo2 try (h) + 3dC,, (6yh) + 12k - d(tf(R)),
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and clearly

_AdA,, tth = —AdA,, b, (6.2.5)
A V2 try () %QUng(dtrgY h) =0, (6.2.6)
34K, (5y h) — 3K, (3doyh) — 3K, (dydh), (6.2.7)

d(tf(h)) = dh. (6.2.8)

On the other hand we have

Lh = 2l = —4A, dh — 2 V2 try (dh) + 3K, (Sydh) + 125 - dh

= —4A,, dh + 3K, (0ydh) + 12k - dh,

and this proves the claim. O

For the next lemma we will use Ay to denote the Hodge-Laplacian on AY(T*Y)

which is given by
AHW = —déyw — 5ydw
= d¥xd*w — *dxdw,
which is related to the rough Laplacian on 1-forms by the Weitzenbock formula

A, = —Ay + 25, (6.2.9)

gy

Lemma 6.2.4. The operator K,, (w) satisfies

1
6legy (w) = Agyw + g : déyw + 2KWw

1
= —-Apgw + 3 ddyw + 4kw,
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and also

Agy Ky, (w) = Koy ((Agy + 4k) w)

= Ky (—Ap + 6r) w).

Proof. Both identities follow from straightforward computations that can be found for

example in [Str10a, Appendix]. O

Corollary 6.2.5. If h is a divergence-free eigentensor of Ay, with eigenvalue —\ in
S3(T*Y) which satisfies Ny, (h) = —X - h then dh = £2v/X+ 3k - h and if h has the
form h = Ky, (W) with Agw = vw and dyw = 0 then dh = £y/v - h. Both signs occur if

(Y3, gy) admits an orientation-reversing isometry (which is always true for S* ork = 0).

Proof. Note that in either of the above cases we must have th = ¢ I for some constant
c. To see this, if A, h = —Ah and dyh = 0 with A > 0 then by Proposition 6.2.1 we

have
d*h = —4- Ny h+ 126 - h = (4\ + 12k) - h. (6.2.10)

In this case ¢ = (4\ + 12k). For the second case, from Lemma 6.2.4 we have the

identities

Ay h = (6k —v) Ky (w) = (66 —v) - h, (6.2.11)

gy

and

5.‘]YIC9Y (w) = (4’1 - V) ) ICHY (w) (6'2'12>

=4k —v) - h. (6.2.13)
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Since we also have
try(h) =0, (6.2.14)
we easily obtain from Proposition 6.2.1
d°h=v-h, (6.2.15)

so in this case ¢* = v.

In both cases, observe that if we fix an eigenvalue v of Ay, on SZ(T*Y) then the
eigenspace E, = {h € S§(T*Y) : A, h = —v - h} is not necessarily SO(3)-irreducible,
and decomposes into E, = AT @ A7, where AX = {h € S(T*Y) : dh = +c- h} and are

SO(3)-invariant. To see this, given any eigentensor, writing the equation d°h = ¢2- h as
d+c-I)(d—c-I)h=0, (6.2.16)

we conclude that either +c or —c occurs as an eigenvalue of d. If Y? admits an
orientation-reversing isometry, then since the operator ¢ changes sign under reversal of
orientation, pulling an eigentensor back along an orientation-reversing isometry shows

that both AT and A_ are nontrivial and of the same dimension. ]

Corollary 6.2.6. If w is an eigenform of the Hodge Laplacian on 1-forms with eigen-
value v satisfying dyw = 0 then ¥dw = ++/v - w. Both signs occur if (Y3, gy) admits an

orientation-reversing isometry (which is always true for S® or kK =0).
Proof. Obviously, since dyw = 0, then
(%d)’w = *dxd = —dydw = Agw = v - w. (6.2.17)

Using a similar argument as in Corollary 6.2.5, we conclude that *dw = ++/v - w, with

both signs occurring on S3. O
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Chapter 7

Analysis for the Self-Dual

Deformation Complex

7.1 The adjoint of D
The adjoint operator will map from
D* . S2(A?) — SZ(T*M), (7.1.1)
and using the decompositions in Subsection 5.1.1 we will think of this as
D*: SHTY) = S*(v)d (v THY)) & S*(T*Y). (7.1.2)

Proposition 7.1.1. The adjoint operator is given by

N 1 1. . 1. _ 1. 1 . 1
D Z = { — 5512/2, §5yZ + 5(5}[*53/2, —§Z — KL — §dZ + iAgYZ
1 1
Lo (0vZ) 4 §<5iz>gy}. (7.1.3)

Where 0y is the Hodge divergence on forms given by g = d*.

Proof. Let Z € S3(T*Y), from the decomposition (5.1.9) we can see SZ(T*Y") as embed-
ded in S%(T*M), so taking (,) to be the inner product induced by the cylindrical metric

g on S*(T*M) we observe that since Z is traceless with respect to gy we have for any
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h = hoodt @ dt + dt ® o + h,

- 1 1 1
<Dh, Z> = <§£gy (-56”100 — (Syh + & — *da + §dtry(h>> ,Z>

1. 1. 1
+<—§h—/<;h—|—§¢h,Z>+<§Agyh,Z>. (7.1.4)
Formal integration by parts then yields

/ / (Dh, Z)dtdV,,, — —+ / ((hoo L2Z) + {0, 6y 7 + 6H>T<5YZ>> dtdv,,
0 Y

o[ s @2,
/ /( ; 5YZ)—%Z—HZ>+%<¢M,Z>) dtdv,,.

Note that by the inner product
<Oé, 5yZ -+ 5H>T<5yZ>,

we mean the usual inner product on 1-forms, however, using the decomposition in (7.1.2),

we identify a 1-form & with the tensor
{0,£,0} =¢{@dt+dt ®E,
so we obtain
(a, 8y 7 + Sp#dy Z) = %({o, a,0},{0,0y Z 4 ooy Z,0}).
Finally, the proposition follows using that d is formally self-adjoint. O]

Proposition 7.1.2. We have the decompositions
Sg(T*Y) = Ker(dy) @ Im(K,, ), (7.1.5)
and

AYT*Y) = Im(d) ® Ker(d"). (7.1.6)
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Proof. Since dy is the formal adjoint of —3KC,, , (7.1.5) follows from standard Fredholm

theory. The Hodge decomposition theorem says that
A(T*Y) = HNTY) & (dA(T*Y)) & (d*A*(T*Y)), (7.1.7)

where H'(T*Y') is the space of harmonic 1-forms in A'(7T*Y"), and (7.1.6) follows easily

from this since H'(T*Y") and d*A?*(T*Y’) are both contained in Ker(d*). O
Using this decomposition we obtain:

Corollary 7.1.3. Any time dependent Z € SZ(T*Y) can be written uniquely as an

infinite linear combination of elements of three types, namely

1. Elements of type 1:
f(t) - Koy (do), (7.1.8)
where ¢ is an eigenfunction of Ay on A° (T*Y),
2. Elements of type 11:
f(t) - Koy (w), (7.1.9)
where w 1s an eigenform of Ag on A (T*Y) satisfying dyw = 0,
3. Elements of type 111:
ft)- B, (7.1.10)
where B is an eigentensor of A, on S§(T*Y) satisfying oy B = 0.

In all of the three above cases f(t) denotes a real-valued function.
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From Propositions 6.2.2, 6.2.4, and 6.2.5, we observe that the image of D* on an

element of type I has the form

D (f(t) - Ky (d0)) = ar(t) - ¢dt @ dt + as(t) - do & dt

+as(t) - Ky, (do) + as(t) - Pgy, (7.1.11)

where each coefficient a; depends on f and the eigenvalue of Ay corresponding to ¢.

On elements of type II the image of D* is
D (f(t) - Kgp(w)) =b1(t) - w O dt + ba(t) - Ky (w), (7.1.12)

where each b; depends on f and the eigenvalue of Ay on divergence-free 1-forms corre-

sponding to n. Finally, on elements of type III we have
D (f(t)- B) = f(t) - B, (7.1.13)

where f is determined by f and the eigenvalue of A, corresponding to B. In a similar
way to Corollary 7.1.3 one can prove that all elements in S3(T*M) can be written
uniquely as an infinite sum of elements as in the right hand sides of (7.1.11), (7.1.12)
and (7.1.13), so it follows that in order to find the general solution of D*Z = 0 it suffices
to consider solutions Z of types I, IT and III separately. For example, if Z has the form
(7.1.8) then writing D*Z as in (7.1.11) one sees that in order to obtain D*Z = 0 one
must solve for f in (7.1.8) so that in (7.1.12) one has a; = as = a3 = a4 = 0 and
in general this amounts to solving an ordinary differential equation on f. We start by

considering solutions of type III. For that purpose we use the following:

Lemma 7.1.4. If X is an eigenvalue of —A,, on divergence-free sections of S3(T*Y),

then
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(a) if k=1, A > 6,

(b) if Kk = =1, A > 3 with equality achieved only for nontrivial Codazzi tensors h €

S2(T*Y), that is, d¥h = 0.
(c) if k =0, A\ >0 with equality for parallel sections in Sz(T*Y).

Proof. These are due to Koiso, we only give a brief argument [Koi78]. For (a), the

inequality
. Vil + Vihei + Vihig|?dV > 0, (7.1.14)
easily implies that A > 6. For (b), the inequality
/Y Vihji — Vi ?dV > 0, (7.1.15)

implies that A > 3, with equality exactly for Codazzi tensors. Finally, the x = 0 case is

trivial. O

The classification of type III solutions is given by the following.

Proposition 7.1.5. Let 0 < A\ < Ay < ..., be the eigenvalues of —A,4, on divergence-
free tensors in S3(T*Y) and let B; = \/\; + 3k. For each eigenvalue \; there exist

trace-free and divergence-free eigentensors B]j-E and C’f satisfying
AB = £8,B, AC: = +p;Cr, (7.1.16)
such that the general solution of D*Z = 0 with Z satisfying

Sy 7 =0, (7.1.17)

try Z = 0, (7.1.18)

can be written in in the following way:
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(a) If K =1 then
Z:i ﬁj+1)tB++€ﬁ] tC++e ﬁjﬂ)tB +e —Bi— C )
j=1
Letting oz?c = B; £ 1, we have 0 < |af| < |a5| < ..., and |ai| = 2.
(b) If k = —
7 = Z {P" (B} cos(t) + Cfsin(t)) + e~ fit (B; cos(t) + C; sin(t)) },
with By = 0 and where B and CF are trace-free Codazzi tensors.
(¢) If k=0,
Z = By +1Cy + i (e%'Bf +te%'CH + e %' By + te™7'CY)

Jj=2

where By and Cy are parallel sections of SZ(T*Y).

Proof. Let Z be a solution of D*Z = 0 of type III, that is, Z = fB with B satisfying

(7.1.17), (7.1.18) and A, B = —\ - B, then f and B satisfy the equation
. 1. 1. A

from (6.2.5) we have

g[Zng(f-B) S <2\/)\+3/@-B). (7.1.19)
It follows that f is a solution of the ordinary differential equation

1. . A

—§fi\/)\+3/<o-f—</<o+§>f:0. (7.1.20)

Letting 5 = v/ A + 3k, then the characteristic roots of (7.1.20) are

18+ vk
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The expansions follow from considering the different solutions obtained for x in the set

1,—1,0}, and Lemma 7.1.4. O
{ ) ) }7

We now turn to solutions of D*(Z) = 0 with Z of types I and II. We will need to

introduce the operator

Ok : AYT*Y) — AYT*Y),
given by

Oien = 0y Kgy ()-

We have the following
Lemma 7.1.6. Let n € AY(T*Y), then

Oxn = (dyd + %déy + 4K)n. (7.1.21)
Also, if 7 1s an eigenform of Ay on 1-forms then

Hin =c-n,

where ¢ = (—3p + 4k) if n = d¢ and Ay = p¢ or ¢ = (4s — v) if Agn = vy and

dyn = 0. Moreover, in either case the constant ¢ is nonzero unless Z = 0.

Proof. The expression (7.1.21) for Iy, is a direct consequence of Lemma 6.2.4. Suppose

now that Agn = X-n. If n = d¢ with Ag¢ = v¢, then observe that

4
Oien = (5d + gdé + 41{) n

4 4
= (§d5 + 4/{) n= (—gu + 4/~£> 7.
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If 6yn = 0, then
Oxen = (5yd + gdéy + 4/{) n
= (Oyd+4k)n = —Agn+4kn = (—v +4K) 1.

Finally, in order to show that ¢ = 0 does not occur we note that when x = 1, there are
eigenforms of Ay corresponding to the eigenvalue p = 3 on closed forms and to v = 4
on co-closed forms and in these cases ¢ = 0. However, for any of these eigenvalues,
the corresponding eigenforms are conformally Killing. In the hyperbolic case k = —1,
the constant c is strictly negative for either closed or co-closed eigenforms of the Hodge
Laplacian. In the flat case k = 0, the constant ¢ equals zero only for parallel forms, but

in this case Z = 0. O

Next, assume that Z is a non-trivial solution of D*Z = 0 with Z of type I or Il and

¢ # 0, where ¢ is the constant in Lemma 7.1.6. The first component of (7.1.3) yields

Since Z is non-trivial and ¢ # 0, we conclude that dyw = 0 and hence, solutions of type

I do not occur. Furthermore, we can prove

Proposition 7.1.7. We have
fidw = —vfw. (7.1.23)
Proof. The second component of (7.1.3) yields

0=f-0yK,, (w) — foy*dy Ky, (), (7.1.24)



which by Lemma 6.2.4 is equivalent to

f(=v +48)w + fou*(—v + 4k)w =0
and writing dy on 2-forms as *d* we obtain
fw = — fxdw,
and after taking *d on both sides we conclude that

firdw = — frdidw = — fd*dw = —v fw,

as needed.
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(7.1.25)

(7.1.26)

(7.1.27)

]

Proposition 7.1.8. Let Z = f(t) - Ky, w satisfy D*Z = 0, where w satisfies oyw = 0

and
Apgw=v-w.
Then
f(t) = e,
with
o = +(/7),
or

f(t) = co,

for a constant cq, if w is a non-trivial harmonic 1-form.

(7.1.28)

(7.1.29)

(7.1.30)

(7.1.31)



Proof. From (7.1.23) we have

1

1. 1.
gz = =5 [y (W) = —3

= gﬂcgy (w),

we also have from Lemma 6.2.4

52 = [(t) - Sy Koy ()

= (1) (~v +4K) -,
w7 = () Dy Ky ()

= f(1) - (65 — ) - Ky ().
B2 = f(1) - 5Ky ()

= f(t)- (—v+4K) - dyw = 0.

The equation on the purely spherical component of D*(7) is

1. 1. 1
0:——Z—KZ—§¢Z+§AQYZ—

2 2

which by (7.1.33), (7.1.34),(7.1.35) and (7.1.32) simplifies to

0= <—1f'—nf+ %(6n—y)f— %(45—1/)) K,, (@) -

2

1. 1
= _§f,C9Y (w> + §Vf’C9Y<w)v

which we write as

(f - V) Ky (w) = 0.

and for 1-forms w that are not dual to Killing fields we obtain solutions

f(t) = eV

flcgy (*dw)

1 1
=Ly, (0yZ) + 5(512/2)95/7

_f}CgY (;dw)
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(7.1.32)

(7.1.33)

(7.1.34)

(7.1.35)

(7.1.36)

(7.1.37)

(7.1.38)

(7.1.39)
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The solutions with f as in (7.1.31) correspond to v = 0 which is the case of a harmonic
1-form. In this case, the tensor Z =t - Ky, (w) is ruled out by (7.1.26) above, and only

the solution Z = ¢ - Ky, (w) occurs. O

Let 0 =1y < 11 < ..., be all the eigenvalues of Ay on co-closed forms in AY(T*Y).
Note that there are non-trivial eigenforms corresponding to vy if and only if by (T*Y) # 0
since such eigenforms are harmonic 1-forms. In particular, for x = 1 there are no

nontrivial 1-forms in A'(T*Y"). We close this section with the following.

Proposition 7.1.9. Let Z € S3(T*Y) be a solution of D*Z = 0. Then Z can be written

as
7 = /ng(w) + Zo,

where Zy is divergence-free and has an expansion as in Proposition 7.1.5. Also for each
etgenvalue vj, j = 0,1,..., there are eigenforms w such that K,y (w) can be written

uniquely as an infinite sum of the following form
(a) If Kk =1 then
Ko () = 30070 () + V7K, (7).
j=2
where c;-t are constants. In the case Y = S%, v; = (54 1)2.
(b) If Kk = —1 then
j

ICQY (w) + Z e\ﬁt j ) + e_ﬁt’CQY (w'_>) )
7=1

where wy is a harmonic 1-form.
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(¢) If K =0 then

= D (V7Kg () + VK, (7))

J
Jj=1

Proof. From Proposition 7.1.8, we can write the 1-form w as an infinite sum of the form

w=wy+ Z (eVVi'wh 4+ ¢ye Viilwy ). (7.1.40)
j=1
In case kK = 1, there are no harmonic 1-forms, and all eigenforms corresponding to

v1 = 4 are dual to Killing fields, so the sum starts at j = 2 in this case. The form of the
eigenvalues v; in the case k = 1 follows from [Fol89]. The x = —1 case follows directly

from (7.1.40). In the case x = 0, any harmonic 1-form is parallel. O]

7.2 Mixed solutions
Returning to the full system
D*Z = Ky(w), (7.2.1)

we note that since D* 7 is divergence-free, the 1-form @ automatically satisfies the equa-

tion
(5gng((Z)) = D,C,g(dj) =0, (7.2.2)

so we next analyze solutions of (7.2.2) at a cylindrical metric g = dt?+gy. The conformal

Killing operator on a 1-form w = fdt + w is

Ky(@) = (;f — %M}) dt @ dt + (& +df) © dt + L, (w) — % (f' + 5yw) gy. (7.2.3)
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The divergence of a traceless symmetric 2-tensor
h=hedt @dt + (a@dt +dt @ a) +h (7.2.4)
is given by
éil = (iLoo + 533&)6# + o+ 533h. (725)
Combining (7.2.3) and (7.2.5), we obtain
- 3. 1. . . 1
D,C,gw = §f + 55}/&) - AHf dt +w + §y£gy (u)) - §d(5yw.
Commuting covariant derivatives as in Lemma 6.2.4, we have
Oy Ly, (w) = —Apw + ddyw + 4kw,
so Ok gw takes the form
- 3. 1., . 1 1 .
Oxq(@) = §f + §5yw —Apgfldt+d— Apgw+ §d(5yw + 4Kkw + §df.

Any 1-form @ € AY(T*M) can be written as an infinite sum of 1-forms of two types,

namely
(i) Forms of type (a)
c(t)pdt + k(t)do, (7.2.6)

where ¢ is an eigenfunction of the Hodge laplacian Ay on A°(T*Y') with eigenvalue

wand ¢ = ¢(t), k = k(t) are functions of ¢,
(ii) Forms of type (b)

m(t)n, (7.2.7)
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where 7 is an eigenform of the Hodge Laplacian Ay on AY(T*Y) satisfying
oyn =0,
and m = m(t).

Let us start by solving O ,0 = 0 assuming that @ is of type (a). In this case, from
(7.2.6) we conclude that the functions [ and m satisfy the following system of ordinary

differential equations

[
gt g,

1. 3
m:—il—l—(ﬁ,u—él/{) m.

If welet Iy =1, Iy = i1, m; = m and msy = 1y, the system (7.2.8) is equivalent to the

(7.2.8)

first order linear system

X = AX,
where X and A are given by
Iy 0 1 0 0
X — ly A= %,u 0 0 g
my 0 0 0 1
Mo 0 —% (%u — 4,%) 0

The characteristic roots of the matrix A are +a®(u) where a*(u) is given by

o =aF(u) = \/u —2r £ 2¢/K? — %H, (7.2.9)

We now consider solutions of Oxw = 0 with @ of type (b). If @ is as in (7.2.7), the

system U@ = 0 takes the form

m —vm + 4km = 0, (7.2.10)
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and the characteristic roots of this equation are

++vv — 4k.

Let 0 = pip < p1 < ... be all the eigenvalues of Ay on A°(T*Y) and let v; for j =
0,1,..., denote all the eigenvalues of Ag on co-closed forms in A'(T*Y). In particular

if k =1and I' = {e}, u; = j(j +2). We have

Proposition 7.2.1. Let (Z,0) be a solution of (7.2.1). Then up to addition of 1-forms

which are dual to conformal Killing fields, the 1-form @& can be written as follows.

(a) If k =1 and T' = {e}, @ is an infinite sum of the form
Z A5t {gzﬁ cos(v;t) + %J sin(v;t) } dt + {cl cos(; )dgzﬁ + CQij sin(vjt)dgb;tj})

]:
o0
575 + —0;t, —
+> (e e Vwy)
J=2

where gzﬁcj and qbQi] are eigenfunctions of Ay corresponding to pu; = j(j +2), and

the coefficients cfj and cgtj are constants, for j > 2. The rates [3; satisfy V6 < B;

+

for j > 2 and are given by B; = Re(aj*), v = [m(aj ), where

af_\/j(j+2)—2i§\/—_1.¢3(j—1)(j+3).

Also, w;E are eigenforms corresponding to the eigenvalues v; = (j + 1)* of Ay on

co-closed forms, and 0; = \/v; — 4.

If T" # {e} then :I:oz;»IE or £0; will occur as indicial roots if and only if the corre-

sponding eigenfunction or eigenform descends to the quotient S3 /T, respectively.
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(b) If Kk = —1, then

M

~ +oft & toit 4 + +olt .+ + Foit g+
w = ({e 1y te gzﬁzj}dt—f—clje 1 0dgn; + e e dngj)

1

J

£ (e ),

I

<
Il
=)

where w(jf are harmonic 1-forms in A*(T*Y"). The numbers U;t for 3 > 1 are real

af:\/uj+2i2,/1+%, (7.2.11)

where p; are the eigenvalues with respect to the hyperbolic metric. The numbers

and are given by

7; are also real and are given by 7; = \/v; + 4, where v; are the eigenvalues with

respect to the hyperbolic metric. The coefficients cfj and cétj for g > 1 are constants.
(¢) If =0,

eV ({91 + oy } dt + {ci;doT; + teydey: })

&
I
.Mg

1

J

3 (V] + ).

I

1

J

where the notation is as above, but with eigenvalues p; and v; corresponding to the

metric on T3.

Proof. For the case k = 1, the only real roots in (7.2.9) correspond to the eigenvalues
= 0,3 of Ay on A°(T*Y), however, we see in either case that for the solution & of
(7.2.2) obtained, ICj(@) is not in the image of D*. To clarify this observation, we note

that for y = 0, K,(@) has the form

1(t)dt  dt + k(t)gy, (7.2.12)



130

i.e., [ and k only depend on ¢ and for p = 3, KCy(@) has the form

where ¢ is a spherical harmonic of order 1 (and hence d¢ is conformally Killing with
respect to the metric gy). From (7.1.11), (7.1.12) and (7.1.13), we conclude that elements
of the form (7.2.12) or (7.2.13) in the image of D* can only arise from evaluating D* at
an element of the form f(t) - Ky, (de)), but in either case Ky, (d¢)) = 0 and therefore @
must be conformally Killing with respect to the metric g. Similarly, for forms of type
(b) in the case k = 1, we see that the solution of (7.2.2) obtained for the least positive
eigenvalue of Ay on co-closed forms in AY(T*Y) (which is v = 4), is dual to a Killing
field in Y, and in this case K, (@) is not in the image of D* either. It is also easy to see
from (7.2.9) that for 4 > 3 all the rates o (u) satisfy |Re(a®(u))] > v/6. The rest of
the Proposition follows from straightforward computations.

]

We are now ready to describe the general solution of (7.2.1). If (Z,®) is a solution

of (7.2.1), then we can write Z as
Z=1Zy+Z,

where Z, satisfies D*Z, = 0 and Z is a non-zero solution of (7.2.1). We now prove that

this solution Z indeed exists.

Proposition 7.2.2. Let @ € A(T*M) be a solution of (7.2.2) of type (a) or type
(b) which is not conformally Killing. There exists a nonzero Z € S2(T*M) such that

D*Z = K.
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Proof. For the proof, we consider a solution of (7.2.1) with @ of type (a), that is,
& = lodt + mdo,

where ¢ is an eigenfunction of Ay on AY(T*Y") with eigenvalue p and [, m are solutions
of (7.2.8). On the other hand, for the element of type I, f(¢) - KCy, (d¢), the operator D*

can be computed explicitly following the results in Section 7.1 as
. 2 . 2
D (FKay (d0)) = { n(2x = ) f. (26 = Spn)do,
—5 (F =) Loy (de) = £ (F = (u—20)F) o9y }.
Suppose that d¢ is not conformally Killing with respect to gy, then L, (d¢) and ¢gy

are linearly independent. If we write Z = Ky, (d¢), then we can solve for f such that

D*Z = K,(@) by considering the system

M%—§Mf=§+gm,
(26 — 2p)f =1+,
3 (7.2.14)
5 (F=57)=m
. 1 .
L (F = t=2m)f) = =50 = pm).

Note that from the condition that d¢ is not conformally Killing we see that in the cases

r = £1 we have p(2x — 2p1) # 0 and then, from (7.2.8) we see that if we set

1 3. W
- - _ (g 4+E
I M@H-§M)<2 +ifn)’

then f is a a nontrivial solution of the system (7.2.14) unless @ is conformally Killing
with respect to the metric g = dt*> + gy and hence Z = fK,, (d¢) is a nontrivial solution

of (7.2.1). The case k = 0 is similar.
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If now w is of type (b), we can write @ = mn where n € AY(T*Y) is a co-closed
eigenform of Ay with eigenvalue v. Let us also consider an element of type II written
as Z = fK,, (n) where f is a function. Assuming that n is not conformally Killing, we

have
D7 = {0, %(45 —v) (f + ﬁf) , % (—fﬂF \/Pf) Egy(n)} :

where the sign of ++/v arises from Corollary 6.2.6. In order to solve D*Z = K,(w), we

consider @ = mn, where m solves (7.2.10) so (7.2.1) reduces to the system
1 :
Sk —v) (fi V) =,
1 /. :
—5 (F=vwi) =m.

and again since 7 is not conformally Killing with respect to gy it follows that 4k — v is

(7.2.15)

non-zero and if we find f satisfying

2m

fEVvf=

4k — v
then f is a solution of (7.2.15) and fIC,, () is a solution of (7.2.1) with @ = mn. We

can choose f to be

eVt

F(t) = eV fo + 1 — >

t
/ m(s)eTVreds,
0

where fy is a constant. It is clear that we can choose the constant f, so that f is a

solution of (7.2.10). The case x = 0 is similar. O

7.3 Completion of proofs

We first state the following which determines all indicial roots of F™* in the spherical

case:
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Theorem 7.3.1. Let M be R x S3/T" with product metric g = dt* + gs3 T, where ggsp

1s a metric of constant curvature 1. Let Z* denote the set of indicial roots of F™*.
e Case (0): 0 € Z*.
o Case (1): If T'={e} then j = £1 € Z*. If I is non-trivial, then j = £1 ¢ T*.

All solutions in Case (0) and Case (1) are of the form (0,w), where w is dual to a

conformal Killing field (that is, Kyw = 0).

e Case (2): If B is a nontrivial eigentensor of Ags;p on divergence-free symmetric

2-tensors, with eigenvalue j* + 25 — 2 with j > 2, then {£j, +(j +2)} € Z*.

e Case (3): If w is an eigenform of Ags,r on divergence-free 1-forms with eigenvalue

(5 + 1)%, with j > 2, then £(j +1) € Z*.
All solutions in Case (2) and Case (3) are of the form (Z,0).

e Case (4) If u is an eigenfunction of Ags p with eigenvalue j(j +2),j > 2 then

iaji—i\/j(j+2)—2i§\/—_1-\/(j+3)(j—1)EI* (7.3.1)

e Case (5) If w is an eigenform of Agsr on divergence-free 1-forms with eigenvalue

(j +1)2, with j > 2, then
+0;, =/ (j+1)2—-4eI". (7.3.2)

All solutions in Case (4) and Case (5) are of the form (Z,w) with both Z and w nontrivial

and Kyw # 0.
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Remark 7.3.2. If I' = {e}, then all of the above indicial roots do in fact occur. For
nontrivial I', exactly which roots occur depends on which eigentensors descend from S3

to the quotient S3/T.

Proof of Theorem 7.3.1. This follows from combining Propositions 7.1.9 and 7.2.2 for

the case k = 1. ]

Proof of Theorem 1.3.4. This follows immediately from Theorem 7.3.1, since Cases (2)
and (3) obviously have real part larger than 2, and it is easy to see that |Re(a§c)| > 6
and |Re(0;)| > V5 for all j > 2. The determination of the conformal Killing fields

follows easily from Section 7.2. O
Next we state the following Theorem, which immediately implies Theorem 1.3.6.

Theorem 7.3.3. Let M be R x S*/T with product metric dt* + ggsr, where ggsr is a

metric of constant curvature 1. Let Z denote the set of indicial roots of F.
e Case (0): 0 € Z. The corresponding kernel is
span{3dt @ dt — ggs, dt © wp} (7.3.3)
where wy s dual to a Killing field on S3/T.

o Case (1): IfT' = {e} then j =x1 € Z. If T is non-trivial, then j = +1 ¢ Z. The

corresponding kernel elements are given by

he = p(t)p(3dt @ dt — ggs) + q(t)(dt © do), (7.3.4)

where p(t) = Cse' — Cye™" and q(t) = Cze' + Cye™t, for some constants Cs and
Cy, and ¢ is a lowest nonconstant eigenfunction of Ags . In particular, if T' is

nontrivial, then 7 = +1 are not indicial roots.
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All solutions in Case (0) and Case (1) are in the image of the conformal Killing operator.

More precisely,
3dt @ dt — ggs = ICy(2tdt) and dt © wy = K,y (two), (7.3.5)
and
1 t —t 1 t —t
h¢ = ng{§ (Cg(t + 3)6 — C4(t — 3)6 ) ¢dt + 5 (—Cgt@ — C4t€ ) d¢} (736)

e Case (2): If B is a nontrivial eigentensor of Ags/r on divergence-free symmetric

2-tensors, with eigenvalue j* + 25 — 2 with j > 2, then {+j,+(j +2)} € Z.

o Case (3): If w is an eigenform of Agsr on divergence-free 1-forms with eigenvalue

(5 + 1)%, with j > 2, then £(j +1) € Z.

The kernel elements in Case (2) are of the form h = f(t)B, and in Case (3) are of the
form h = fo(t)-wodt+ fi(t)-Kgs(w). Neither of these are in the image of the conformal

Killing operator IC, of the cylinder.

o Case (4) If u is an eigenfunction of Ags;r with eigenvalue j(j + 2),5 > 2 then

iaji € Z, where a;-: were defined in (7.3.1).

e Case (5) If w is an eigenform of Agsr on divergence-free 1-forms with eigenvalue

(7 +1)%, with j > 2, then +6; € Z, where §; were defined in (7.3.2).

All solutions in Case (4) and Case (5) are in the image of the conformal Killing operator
of the cylinder. More precisely, they are exactly those solutions of Uy qw = 0 which are

not conformally Killing.
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Remark 7.3.4. Asbefore, if I' = {e}, then all of the above indicial roots do in fact occur.
For nontrivial ', exactly which roots occur depends on which eigentensors descend to

the quotient.

Proof of Theorem 7.3.3. From the index theorem of Lockhart-McOwen, it follows that
the real parts of indicial roots of F' are the same as those of F* and the dimensions of
the space of solutions of the form e*p(y,t) where p is a polynomial in ¢ with coefficients
in C*°(Y") are the same for all indicial roots with the same real part. We consider Cases
(0) — (5) in order.

For Case (0), the corresponding kernel of F* is of the form (0,w), where w is dual
to a bounded conformal Killing field on the cylinder. By direct calculation, elements in
(7.3.3) form the corresponding space of kernel elements.

For Case (1), the corresponding kernel of F** is of the form (0,w), where w is dual to
a conformal Killing field which grows like e’ on one end. For S3, this is an 8-dimensional
space, while if I' is nontrivial, this space is empty. Again, by direct calculation, elements
in (7.3.4) form the corresponding 8-dimensional space of kernel elements in the case
of the sphere. The formulas in (7.3.5) and (7.3.6) can also easily be verified by direct
calculation, which we omit.

For Case (2), we consider solutions of the form

f(t)- B,

where f is a function, and B € S3(T*Y) is an eigentensor of A, with eigenvalue —\

satisfying try (B) = 0 and dy B = 0. In this case the equation F' = 0 takes the form

_%f'.B_f.B_%f.BJrf'-dB:O.
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Case (2) follows as in the proof of Proposition 7.1.5, and the index theorem.

For Case (3), we consider solutions of the form
h=folt) - wedt+ fi(t) - Ky (w),

which are not in the image of Kj, where w € AYT*Y) is an eigenform of Ay with
eigenvalue v > 0 satisfying dyw = 0. Case (3) then follows as in Proposition 7.1.9, and
the index theorem.

For Cases (4) and (5), we consider h of the form
h= Ky(@),

where @ € AY(T*M). The equation 6h = 0 says that w is a solution of Ox & = 0,
and the solutions of this equations were completely classified in Section 7.2 into those
of types (a) and (b). Cases (4) and (5) then follow from Proposition 7.2.2 and the index

theorem. O

Proof of Corollaries 1.3.8 and 1.3.9. Corollary 1.3.8 follows immediately from Theorem
1.3.4. Corollary 1.3.9 then follows using a standard argument that solutions of elliptic
equations in weighted spaces admit asymptotic expansions with leading terms solutions

on the cylinder corresponding to indicial roots [LM85]. O

Proof of Theorem 1.3.11. Applying the divergence operator to the equation D*Z =
Kqw, we see that w satisfies Oxw = 0. An integration by parts shows that Kyw = 0,
which implies that w = 0 since there are no nontrivial decaying conformal Killing fields.
We next convert (M, g) into a manifold with a cylindrical end, using the conformal factor
u~? which is smooth and positive and equal to r—2 outside of some compact set, and let

g = r~2g. From conformal invariance of D*, we have that D37z = 0. Using Corollary
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1.3.9, we conclude that |Z|; = O(e™?"), where t = log(u) as ¢ — oo. This implies that
|Z], = O(r~*) as r — oo.

Next, if h solves Dh = 0 and dh = 0, then B'(h) = D*Dh = 0, where B’ is is
the linearized Bach tensor [Ito95]. Since B’ is asymptotic to A% as 7 — oo, [AVis,
Proposition 2.2], implies that there is no O(r~!) term in the asymptotic expansion of h

and therefore h = O(r=2) as r — oo. O

Proof of Theorem 1.3.12. The cokernel statements follow from combining Propositions
7.1.9 and 7.2.2 for the case k = —1. The kernel statements follow from an analysis
similar to the one outlined in the proof of Theorem 7.3.3, using the index theorem. For
the indicial roots {0, £i}, the corresponding kernel of F* is of dimension 1+ b;(Y) +
2dim(H(Y)). From Theorem 6.1.3, we see that 3dt ® dt — gy is in the kernel of F'. For
a harmonic 1-form w, from Theorem 6.1.3 we also see that w ® dt is also in the kernel of

F. For a traceless Codazzi tensor B on Y3, from Theorem 6.1.3 it follows that
(c1 cos(t) + cosin(t)) B, (7.3.7)

is in the kernel of F' for any constants ¢; and c¢o. By counting dimensions and using the
index theorem, this accounts for all kernel elements of F' corresponding to the indicial
roots in {0, £i}.

]

Proof of Theorem 1.3.14. A compact hyperbolic 3-manifold (Y, gy ) corresponds to a dis-
crete cocompact subgroup I' C O,(3, 1) without torsion. The space of locally conformally
flat deformations of Y is given by H*(T, g), where g is the lie algebra to O(4, 1) viewed as
a I'module under the adjoint representation. If Y is a hyperbolic rational homology 3-

sphere, then by assumption b'(Y) = 0, so Theorem 1.3.12 implies that H? (RxY?) = {0}
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if and only if HL(Y) = {0}.

In [Kap94] it was shown that infinitely many (p, ¢)-surgeries on a hyperbolic 2-bridge
knot satisfy H*(T, g) = {0} (a 2-bridge knot is any knot that my be embedded in R? with
only 2 local maxima, and the figure 8 knot is an example of a hyperbolic 2-bridge knot).
These have p > 2 and are therefore rational homology 3-spheres, and all but finitely
many are hyperbolic by Thurston’s hyperbolic Dehn surgery Theorem (see, for example,
[HKO05] or [PP00]). By [Laf83, Lemma 6], there is an injection H:(Y) — H' (T, g), so
these examples are therefore an infinite family of hyperbolic rational homology 3-spheres
satisfying H3 (R x Y?) = {0}.

Next, it was shown by DeBlois that there are infinitely many hyperbolic rational
homology 3-spheres containing closed embedded totally geodesic surfaces [DeB06] (these
examples are n-fold cyclic branched covers of S? branched along a certain 2-component
link). By [Laf83, Theorem 2], such a surface yields a non-trivial traceless Codazzi tensor
field on Y. Thus by Theorem 1.3.12, the examples of DeBlois are an infinite family of
examples of hyperbolic rational homology 3-spheres satisfying H3 (R x Y?) # {0}.

]

Proof of Corollary 1.5.15. This follows from Theorem 1.3.12, again using a standard
argument that solutions of elliptic equations in weighted spaces admit asymptotic ex-
pansions with leading terms solutions on the cylinder corresponding to indicial roots

[LMS85]. 0

Proof of Theorem 1.3.16. The cokernel statements follow from combining Propositions
7.1.9 and 7.2.2 for the case k = 0. The kernel statements follow from an analysis similar

to the one outlined in the proof of Theorem 7.3.3, using the index theorem. O
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7.4 The gluing problem

We will next describe the setup to the gluing theorem of Kovalev-Singer. A brief state-

ment of the theorem is as follows.

Theorem 7.4.1 (Floer, Kovalev-Singer, Lebrun-Singer, Donaldson-Friedman [Flo91,
KS01, LS94, DF89]). Let (X1, [q1]) and (Xa,[g2]) be self-dual conformal structures on
compact 4-manifolds X; satisfying H*(X;, [¢:]) = 0 for i = 1,2. Then the connect sum

X # X5 admits self-dual conformal structures.

Donaldson-Friedman proved this using twistor theory, using methods from the de-
formation theory of singular complex 3-folds. The proofs of Floer, Kovalev-Singer and
Lebrun-Singer are analytic, and thus generalize more easily to the setting of orbifolds.
Consequently, the gluing can be performed at isolated orbifold points p; € X;,1 = 1,2,
provided they are compatible. This means that there is an orientation-reversing inter-
twining map between the actions of the respective orbifold groups I'; C SO(4) at the
gluing points.

We will next outline the idea of the analytic proof. Let r;(z) = d(p;, z) in sufficiently
small neighborhoods of p;, and extend to smooth positive functions on each X;. Consider
the conformal cylindrification of X;, which is X; = X; \ {p;} with metric §; = 7; %g;,
and let t; = —logr;. These metrics are then “glued” together with a cylindrical region
in between using cutoff functions, we refer the reader to [KS01, Section 2.3] for the
exact formulas. We only need to remark here that the main argument of [KS01] is to
reduce the gluing problem to the study of the deformation complex on the component
cylindrified spaces. A weight 6 > 0 and a weight function are chosen so that in the limit,

ot

the weight function is ¢’ in the middle cylindrical region, and ¢ on X; and e~ on
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X,. One next considers the operators

F1 . €6t10k’a(A1) % 6&1 Ok_2’a(Bl) D €6t10k—1,a(01)’ (741)
Fy: e®'Ch(Ay) D2, tOF 2 (By) @ ORI (Cy), (7.4.2)
Fy: e 0ka(Ay) 2200, —stch-2a(B,) @ o ch-la(Cy), (7.4.3)

where A; = T*X;,B; = S3(T*X;), and C; = S2(A2)(T*X;). The adjoints of these

operators are maps

Fy:e?1CR(By) @ e 1O h(Cy) = e MR (4y) (7.4.4)
Ep e 0" (By) @ e OtCF 1 (Ch) — 712 (Ay) (7.4.5)
Fy 2 22C%(By) @ 220 10(0y) — 920k 29(A,), (7.4.6)
given by
F(Z,w)=D"Z — Kjw. (7.4.7)

Note the duals of the Holder spaces are not Holder spaces, but we are only interested in
the kernel and cokernel, which will be smooth by elliptic regularity, so this slight abuse
of notation does not matter.

On the middle cylindrical region, Corollary 1.3.8 shows that Fj is an isomorphism for
0 <6 < 2. On Xy, we consider solutions of F¥(Z,w) = 0 with both Z = O(e~") and
w = 0(e™*") as t; — oo. Corollary 1.3.9 implies that w is a conformal Killing field, and
Z = O(e™1) as t; — oo. The conformal transformation formula D;Z = 7D} Z shows
that Z is a solution of D;Z = 0 on X\ {p2} satisfying Z = O(1) as r; — 0. The operator
DD* is an elliptic operator with leading term A? ([AVis, Str10b]). Consequently, the
singularity is removable, so Z extends to a smooth solution of D*Z = 0 on X3, and Z

then vanishes by the assumption that H?(X7, [g1]) = 0.
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On X5, we consider solutions of Fj(Z,w) = 0 with both Z = O(e2) and w = O(e’*2)
as ty — 0o. Vanishing of Z again follows from Corollary 1.3.9 and the assumption that

HCQ(X27 [92]) =0.

Remark 7.4.2. The argument given on [KS01, page 1259-1260] to handle the case of
X, is incorrect, because there was a mistake in the order of growth given there. Namely,
the growth rate given on the bottom on page 1258 for H?* should be |¥|y = O(r~2%9),
and not |¥|y = O(r=2%%) as written there and then applied incorrectly in the subsequent
argument. Indeed, on X, the weight function is e~%, while the argument given there to
remove the singularity (quoting Biquard’s Theorem from [Bigq91]) requires 6 > 0. The

above argument fixes this gap.
The remainder of the proof then proceeds as in [KS01].

Remark 7.4.3. We note that there can be asymptotic cokernel arising from conformal
Killing fields on the factors. Namely, on X; there are conformal Killing fields in the
cokernel satisfying w = O(e 1) as t; — oo. The conformal transformation formula
Ks(w) = ri?K,(riw) shows that 3w is a conformal Killing field on X satisfying |r?w|,, =
O(ri™) as r; — 0. Thus the asymptotic cokernel contains conformal Killing fields on
Xy which vanish at p; and whose first derivatives vanish at p. Similarly, on X5 there
are conformal Killing fields in the cokernel satisfying w = O(e’®2) as t, — oco. Then
r?w is a conformal Killing field on X, satisfying |r?wl|,, = O(r3°) as r5 — 0. Thus
the asymptotic cokernel also contains conformal Killing fields on X5 which vanish at ps.
However, the existence of this cokernel does not affect finding a self-dual metric, since

we only need to find a zero of the first component of F' (and do not necessarily need to

find a zero of the divergence map).
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7.5 Appendix

7.5.1 The square of d
In this appendix, we give the proof of Proposition 6.2.1.

Proof of Proposition 6.2.1. In a local orthonormal basis we have

d*hy; = Z €iabVa(dh)p; + Z €jcdVe(dN) gi-

a,b c,d

Expanding the right hand side, we obtain

dzhij - Z Z E7Lab€bk:lvavkhlj + Z Z Eiabbejmnvavmhnb

ab k|l a,b m,n
+ Z Z chdﬁdpqvcvz)hqi + Z Z €jcd€iuvvcvuhvd
C,d D,q C,d u,v
=I+I11+1IT+1V.

Note that I+111 is twice the symmetrization of [ and I1+1V is twice the symmetrization
of 11, so it will suffice to compute I and I1. A straightforward computation shows that

if we let a,b be indices such that {i,a,b} = {1,2,3} then
I =V ,Vihe —VoVohi; + ViVihyg — Vi Vihy;.
Commuting covariant derivatives we have

Vavihaj = vz‘vahaj - Rgiahpj - Rgi]'hap
- vivahaj -k (5£(QY)M - 5?(.93/)11&) hpj
— 5 (8(9v )i = 67 (9v )aj) ap

= V;V,hg; + Fé(hij — haal9y)ij — (gY>ajhai)'
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Similarly,
Vi Vil = Vi Vihy; + £(hi; — hap(9y )ij — (9 )vjhw)-
It follows that

VaVihaj + ViVihy; = V; (5Y)j — ViVihi
+ 28R + K (haa + oy + i) (9v )i
— K (hii<gy>ij + hm‘(QY)aj + hbi(gY>bj)

=V, (dy); — ViVihij + 3rtf(h),
and clearly
I =V, (6yh); — Ahi; + 3rtf(h).
We conclude that
I+111 =L, (0yh) —2Ah + 6ktf(h).

For I1 we consider two cases. If i # j we let [ be a an index such that {1, j,[} such that

{i,7,1} = {1,2,3}, then it is easy to see that II equals

II = —VjVih” + Vjvlhﬂ + VlVihlj — VlVlhij (751)

For the terms in (7.5.1) we have

A1 = —VjVZ-h” = —V]Vitry(h) + VJVZhw + V]Vihjj,

Ag = Vlehil = V](éyh)z — V]Vzh” - Vjthij,
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For As we commute covariant derivatives

A3 = ViVih; = V,Vhy; — Rﬁlhm — Rﬁ-jhlp
= ViVihuy — 667 g0 — 0¥ gu) hpy — & (67 935 — 6% 915) hup
= ViVihy; + khij
= Vz (5yh)] — Vzvlh” — VZV]hU + /*ihij,
and finally

A4 — —VlVlhij — _Agyhij + Vzvlh” + Vjthij.
We then have

Al + AQ = —Vjvitl"y(h) + vj(5yh)z + VjVZ-hjj — Vjthij,

and
Ag + A4 = Vl (5yh)] — Vlvlh” — Vlvjhw + /fhij
— Agyhij + VIV,h” + vjvjhij
= Vz <5yh)J + fihij - Agyhz’j
— ViV,h; + V;Vhij,
so then

IT=A+A+ A3+ Ay
= —V]Vitry(h) — Agyhij

+ ﬁgy ((Syh) + /ihij + VjVihjj — Vithjj.
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Commuting covariant derivatives we have

VjVZ-hjj — Viv]'hjj = _RP -hpj — Rp hjp = —QRP hpj

Jjtj Jij jij
= —2r (879;; — 0955) hip
= 2I€hij,
so we have shown

Il = —Ahu - VZVjtry(h) + Egy <5yh) + 3/€hii,
so then IT + IV is given by
If now i = j we let a,b be indices such that {i,a,b} = {1,2,3} so that we have

Il = vavahbb - Vavbhmb - Vbvmhab + Vbvbham;
which simplifies to
17 = Agytry(h) — V,’V{Cl")/(h) — ((5y(5yh) + Vz ((Sh)z — Agyhii
+ ViVihi + VaViha + ViVihg.
Commuting covariant derivatives we obtain
Il = Agytry(h) — Vivitry(h) — ((Sydyh) — Agyhii
+ Vi((SYh)i - gmhpi - Rzz'ihap - Rgz'ihpb - Rgibhipﬁ

and it is easy to see from this expression that

Il = Agytry<h) — ViVitry(h) — (5y5yh) — Agyhii —+ QVZ (5yh)2 + 3/£tf(h), (754)
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so then

17 + 1V = 2Agyt1"y(h) - QVZVZtI'y(h) -2 (5y5yh)

— 2Agy h“ + 4VZ (5yh)l + 6lﬁ}tf(h)

Now, since we are using a local orthonormal basis to compute dzh, it is clear that in

either case i = j or i # j the results in (7.5.3) and (7.5.4) are equivalent to

17 -+ 1V = —2Agytf(h) - 2V2h + 2£gy ((Syh) -2 ((5}/5)/) gy

2
+ 3 (Agytry (h)) gy + 6ktf(R).
Expressing I + [11 as

2
[ + [[I = —2Agytf(h) — gAthl”y(h)gy + ﬁgy ((Syh) + 6/'itf(h>,

we conclude that
d*h = —4A,, tf(h) — 2 v? try (h) + 3K,y (Oyh) 4 12ktf(R),
as needed. O
The following corollary should be compared with [Flo91, Lemma 5.1}

Corollary 7.5.1. For any h € S*(T*Y) we have

1

Eyh) = ¢

Ah— i V2 try (h) + %Kgy(éyh) - gtf(h)- (7.5.5)
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