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Abstract

The first part of this thesis is based on the results in [AVis]. We show that any asymptot-

ically locally Euclidean (ALE) metric which is obstruction-flat or extended obstruction-

flat must be ALE of a certain optimal order. Moreover, our proof applies to very general

elliptic systems and in any dimension n ≥ 3. The proof is based on the technique of

Cheeger-Tian for Ricci-flat metrics. We also apply this method to obtain a singular-

ity removal theorem for (extended) obstruction-flat metrics with isolated C0-orbifold

singular points.

The second part of this thesis is based on [AVnt], where we restrict our attention

to Riemannian 4-manifolds and analyze the indicial roots of the self-dual deformation

complex on a cylinder (R×Y 3, dt2 + gY ), where Y 3 is a space of constant curvature. An

application is the optimal decay rate of solutions on a self-dual manifold with cylindrical

ends having cross-section Y 3. We also resolve a conjecture of Kovalev-Singer in the case

where Y 3 is a hyperbolic rational homology 3-sphere, and show that there are infinitely

many examples for which the conjecture is true, and infinitely many examples for which

the conjecture is false. Applications to gluing theorems are also discussed.
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3.1 Weighted Hölder and Sobolev Spaces . . . . . . . . . . . . . . . . . . . . 37

3.1.1 Divergence and the Lie derivative operator . . . . . . . . . . . . . 39

3.1.2 A modified � operator . . . . . . . . . . . . . . . . . . . . . . . . 43

4 Existence of divergence-free gauges 49

4.1 Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

4.2 The linearized equation in separated variables . . . . . . . . . . . . . . . 50

4.2.1 Estimates for the linearized equation . . . . . . . . . . . . . . . . 54

4.3 Degenerate solutions of the linearized equations . . . . . . . . . . . . . . 59

4.4 Scaling and the nonlinear equation . . . . . . . . . . . . . . . . . . . . . 62

4.5 Global divergence-free gauges . . . . . . . . . . . . . . . . . . . . . . . . 66

4.6 Turán’s Lemma . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

4.6.1 An integral form of Turán’s Lemma . . . . . . . . . . . . . . . . . 71

4.6.2 Proof of Lemma 4.2.2 . . . . . . . . . . . . . . . . . . . . . . . . . 73

4.7 Optimal ALE order . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

4.7.1 Weighted Sobolev spaces and ∆k+1 . . . . . . . . . . . . . . . . . 77

4.7.2 Optimal decay . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

4.8 Singularity removal theorems . . . . . . . . . . . . . . . . . . . . . . . . 81

II Asymptotics of the Self-Dual Deformation Complex 90

5 Curvature decomposition in dimension 4 91

5.1 The anti self-dual part of the curvature tensor . . . . . . . . . . . . . . . 91

5.1.1 The anti self-dual part of the Weyl tensor as a bilinear form . . . 92



vi

6 The linearized equation and Dirac-type operators 99

6.1 Linearization of W− at a cylindrical metric . . . . . . . . . . . . . . . . . 99

6.1.1 Conformal Killing operator and � . . . . . . . . . . . . . . . . . . 101

6.1.2 The case of no radial components . . . . . . . . . . . . . . . . . . 103

6.1.3 The case of conformal variations . . . . . . . . . . . . . . . . . . . 105

6.1.4 Completion of proof of Theorem 6.1.3 . . . . . . . . . . . . . . . . 106

6.2 Some properties of � . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

7 Analysis for the Self-Dual Deformation Complex 114

7.1 The adjoint of D . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114

7.2 Mixed solutions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125

7.3 Completion of proofs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 132

7.4 The gluing problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 140

7.5 Appendix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 143

7.5.1 The square of � . . . . . . . . . . . . . . . . . . . . . . . . . . . . 143

Bibliography 148



1

Chapter 1

Introduction

1.1 Background and Overview

In [FG85] Charles Fefferman and Robin Graham studied the problem of constructing a

Poincaré metric associated to a given conformal structure. Let (Mn, g) be a Riemannian

manifold of dimension n ≥ 3 and consider the n+1-dimensional manifold Xn+1 = [0, 1]×

Mn. Given a 1-parameter family of metrics {gr}r∈[0,1] on M one considers conformally

compact metrics g+
r on X that can be written as

g+
r = r−2 (dr ⊗ dr + gr) . (1.1.1)

Constructing a Poincaré metric on X amounts to solving the following problem:

Problem 1.1.1 (Cauchy Problem). Find a 1-parameter family of metrics gr with r ∈

[0, 1] defined on the base manifold M satisfying

(a) g0 = g,

(b) gr is even in r,

(c) The conformally compact metric g+
r defined in (1.1.1) is a formal power series

solution (in r) of the Poincaré-Einstein equation

Ric(g+
r ) = −ng+

r . (1.1.2)
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Surprisingly, the solution to Problem 1.1.1 depends on the evenness of the dimension

n. More precisely, in [FG85] it is shown that if n is odd, there exists a solution to the

Cauchy problem which is unique up to the action of diffeomorphisms that fix the base

manifold M . When n is even, however, one can in general only prescribe the family of

metrics {g+
r }r to satisfy

Ric(g+
r ) + g+

r = O(rn−2), as r → 0, (1.1.3)

therefore, in order to prove the existence of formal power series solutions of (1.1.2) a

cancellation must occur, otherwise there is an obstruction to the existence of solutions

to the Cauchy Problem 1.1.1. On the other hand, solutions of (1.1.3) always exist and

are unique up to diffeomorphisms that fix the base manifold M and terms of order rn−2

as r → 0. Given the unique solution of (1.1.3) associated to (Mn, g) (n even), the (0, 2)-

tensor

O(g) = cntf
(
r2−n (Ric(g+) + ng+

)
|TM
)
, cn =

2n−2(n/2− 1)!2

n− 2
,

where tf denotes“Trace-Free part” is called the Ambient Obstruction Tensor. The tensor

O(g) is a natural tensor invariant of the metric g, i.e., in local coordinates, the com-

ponents of O(g) are given by universal polynomials in g, g−1, the components of the

curvature tensor Rm(g) and its derivatives. Moreover, O(g) is a conformal invariant of

weight 2− n, i.e., if ϕ ∈ C∞(M) then O(ϕ2g) = ϕ2−nO(g) and O(g) = 0 if g is locally

conformally Einstein. In dimension 4, the obstruction tensor is equivalent to the Bach

tensor, i.e., the gradient of the conformally invariant functional

W(g) =

∫
M

|W |2dVg,
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where W is the Weyl curvature tensor associated to g. It has shown in [GH05] that

in even dimensions higher than 4, the obstruction tensor O(g) has also a variational

characterization, namely, O(g) is formally the gradient of the functional

Q(g) =

∫
M

QgdVg,

where Qg is the Q-curvature of g, which is a scalar quantity defined on even dimensional

manifolds introduced in [Bra95] (see also [Cha04]). In general, Qg is not a pointwise

conformal invariant like |W |2, but the functional Q(g) restricted to a compact manifold

M is a conformal invariant. In dimension 4, for example, Qg is given by

Qg =
1

3

(
∆R +R2 − 3|Ric|2

)
.

We say that a metric g is obstruction-flat if it satisfies O(g) = 0 and we have already

mentioned above that conformally Einstein metrics are obstruction-flat, however, it is

not clear in general what geometric conditions guarantee that obstruction-flat metrics

are conformally Einstein. In dimension 4, an important class of examples of obstruction-

flat (or Bach-flat) metrics is the class of self-dual and anti self-dual metrics (see Sections

1.3 and 5.1 for definitions). By means of a gluing construction it was shown in [Flo91]

the existence of self-dual metrics on (CP2)#m, i.e., connected sums of n copies of CP2

with the natural orientation. However, for m ≥ 4 the spaces (CP2)#m do not admit

Einstein metrics (see for example [Bes08, Chapter 6]).

In the we study the problem of the optimal decay at infinity for obstruction-flat

metrics which are Asymptotically Locally Euclidean (ALE). We also obtain singularity

removal theorems for obstruction-flat metrics with constant scalar curvature which have

isolated orbifold singularities. For the second part of this thesis, we specialize to di-

mension four and present a complete analysis of the self-dual deformation complex at a
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cylindrical metric and discuss applications to the analytic gluing problem. In addition,

for the case of hyperbolic cross-sections we resolve a conjecture of Kovalev and Singer

stated in [KS01] (see Section 1.3 and the references therein).

1.2 Statement of results in Part I

We first recall the definition of an ALE metric.

Definition 1.2.1. A complete Riemannian manifold (M, g) is called asymptotically lo-

cally Euclidean or ALE of order τ if it has finitely many ends, and for each end there

exists a finite subgroup Γ ⊂ SO(n) acting freely on Rn \B(0, R) and a diffeomorphism

Ψ : M \K → (Rn \B(0, R))/Γ where K is a subset of M containing all other ends, and

such that under this identification,

(Ψ∗g)ij = δij +O(r−τ ), (1.2.1)

∂|k|(Ψ∗g)ij = O(r−τ−k), (1.2.2)

for any partial derivative of order k, as r → ∞, where r is the distance to some fixed

basepoint. We say that (M, g) is ALE of order 0 if we can find a coordinate system as

above with (Ψ∗g)ij = δij + o(1), and ∂|k|(Ψ∗g)ij = o(r−k) for any k ≥ 1 as r →∞.

ALE spaces are ubiquitous in modern geometric analysis, and we do not attempt

to give a complete list of references here. A crucial result in the Ricci-flat case was

obtained by Cheeger-Tian: if (Mn, g) is Ricci-flat ALE of order 0, there exists a change

of coordinates at infinity so that (Mn, g) is ALE of order n, where n is the dimension

[CT94]. This generalized and improved earlier work of Bando-Kasue-Nakajima [BKN89],

who employed improved Kato inequalities together with a Moser iteration argument.
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The Cheeger-Tian method has the advantage of finding the optimal order of curvature

decay, without relying on Kato inequalities.

Another interesting class of metrics is that of Bach-flat scalar-flat ALE metrics in

dimension 4, or more generally any metric satisfying a system of the form

∆Ric = Rm ∗Ric, (1.2.3)

where the right hand side is shorthand for a contraction of the full curvature tensor

with the Ricci tensor. In the case of anti-self-dual scalar-flat metrics, or scalar-flat

metrics with harmonic curvature, it was proved in [TV05a] that such spaces are ALE

of order τ for any τ < 2, using the technique of Kato inequalities. Subsequently, this

was generalized to Bach-flat metrics and metrics with harmonic curvature in dimension

4 in [Str10a], using the Cheeger-Tian technique. In this thesis, we will simplify and

generalize the Streets argument so that it also works for higher order systems and yields

the optimal ALE order. A simplification from [Str10a] is that we do not need to perform

the entire radial separation of variables on symmetric tensors to obtain the optimal

decay rate. Rather, we show this optimal decay can be obtained directly in Euclidean

coordinates without running into very complicated formulas in radial coordinates, see

Proposition 2.0.2.

1.2.1 The ambient obstruction tensor

We now continue the discussion in Section 1.1 and present a more detailed list of prop-

erties of the ambient obstruction tensor introduced by Charles Fefferman and Robin

Graham. Let (Mn, g) be an n-dimensional Riemannian manifold, where n > 2. Recall
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that the curvature tensor admits the decomposition

Rm = W + Ag 7 g, (1.2.4)

where W is the Weyl tensor, 7 is the Kulkarni-Nomizu product, Ag is the Schouten

tensor defined as

Ag =
1

n− 2

(
Ric− R

2(n− 1)
g

)
, (1.2.5)

where R denotes the scalar curvature. Define the n-dimensional Bach Tensor by (see

[CF08, GH05])

Bij = ∆Aij −∇k∇iAkj + AklWikjl, (1.2.6)

where ∆ denotes the rough Laplacian (our convention is to use the analyst’s Laplacian).

If the dimension n is even, then the ambient obstruction tensor introduced in [FG85,

FG12], and denoted by O is a symmetric (0, 2)-tensor that has the following properties:

1. O(g) is trace-free.

2. If n = 4, Oij(g) equals Bij(g) where Bij(g) is the Bach tensor of g.

3. If g is conformal to an Einstein metric then O(g) = 0.

4. O(g) has an expansion of the form

Oij = ∆
n
2
−2Bij + l.o.t., (1.2.7)

where l.o.t. denotes quadratic and higher order terms in curvature involving fewer

derivatives.
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5. O(g) is variational, in fact O(g) is the gradient of the functional

F(g) =

∫
M

QgdVg,

where Qg is the Q-curvature of g. In particular, O(g) is divergence-free.

1.2.2 Extended obstruction tensors

If (Mn, g) is even-dimensional, there is also a family of symmetric (0, 2)-tensors called

extended obstruction tensors introduced in [Gra09] and denoted by Ω(k)(g) where 1 ≤

k ≤ n
2
− 2 which have the following properties:

1. Ω(k)(g) is trace-free.

2. When the dimension n is seen as a formal parameter, Ω(k)(g) has a pole at n =

2(k + 1), and its residue at n = 2(k + 1) is a multiple of the obstruction tensor in

that dimension, for example,

Ω(1) =
1

4− n
Bij,

and when n = 4, Bij equals the obstruction tensor.

3. If (M, g) is locally conformally flat then Ω(k)(g) = 0.

4. Ω(k)(g) has an expansion of the form

Ω
(k)
ij =

1

(4− n)(6− n) . . . (2k − n)
∆k−1Bij + l.o.t., (1.2.8)

where l.o.t. denotes quadratic and higher order terms in curvature involving fewer

derivatives.
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To simplify notation, we define Ω(k)(g) = O(g) for k = n
2
− 1.

The main theorem in this thesis gives the optimal decay rate for obstruction-flat or

extended obstruction-flat scalar-flat ALE metrics:

Theorem 1.2.2. Let (Mn, g) be even-dimensional, scalar-flat, and Ω(k)-flat for some

k with 1 ≤ k ≤ n
2
− 1. If (Mn, g) is ALE of order zero, then there exists a change of

coordinates at infinity so that g is ALE of order n− 2k.

The method of Cheeger-Tian is to show that after a suitable change of coordinates,

g may be written as g = g0 + h, where g0 is Euclidean, and h is divergence-free. One

then considers the linearization of the (extended) obstruction tensor at the flat metric.

In the divergence-free gauge, this becomes becomes a power of the Laplacian (the trace

is controlled using the scalar-flat condition). An analysis of the decay rates of solutions

of the gauged linearized equation, together with an estimate on the nonlinear terms in

the equation, then yields Theorem 1.2.2.

The main technical complication is that the assumption of ALE of order 0 does

not directly yield a divergence-free gauge. As in [CT94], we obtain initially a modified

divergence-free gauge δth = 0 (see Section 4). In this gauge, we must rule out certain

solutions of the linearized equation which we call degenerate solutions (see Definition

4.2.1). Once these degenerate solutions are ruled out, we are able to find a change of

coordinates so that (M, g) is ALE of order β > 0. This step requires a technique of

Leon Simon called the Three Annulus Lemma, which was also employed by Cheeger-

Tian [Sim85, CT94]. We generalize this technique so that it applies to higher-order

equations. For this step, we show that Turán’s Lemma implies the necessary estimates,

which we prove in Section 4.6. Once this step is complete, it is relatively easy to find a
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divergence-free gauge using standard Fredholm Theory, and then to prove the optimal

decay order. This work is carried out in Sections 2–4.7.

Remark 1.2.3. In the case of the obstruction tensor, which is conformally invariant, one

may obtain many examples through the following construction. Let (Mn, g) be an even-

dimensional compact Einstein manifold with positive scalar curvature, and let Gx denote

the Green’s functions of the conformal Laplacian at a point x. The metric ĝ = Gp
xg,

where p = 4
n−2

, is asymptotically flat and scalar-flat [LP87]. Since Einstein spaces are

obstruction-flat [GH05, Theorem 2.1], ĝ is also obstruction-flat and asymptotically flat

of order at least 2. If (Mn, g) is instead locally conformally flat with positive scalar

curvature, the same construction yields an Ω(1)-flat asymptotically flat space of order at

least n− 2.

Our method applies to much more general systems than just the obstruction tensors,

and works in any dimension n ≥ 3. Given two tensor fields A,B, the notation A ∗ B

will mean a linear combination of contractions of A⊗B yielding a symmetric 2-tensor.

Theorem 1.2.4. Let k = 1 if n = 3, or 1 ≤ k ≤ n
2
− 1 if n ≥ 4. Assume that (M, g) is

scalar-flat, ALE of order 0, and satisfies

∆k
gRic =

k+1∑
j=2

∑
α1+...+αj=2(k+1)−2j

∇α1
g Rm ∗ . . . ∗ ∇αj

g Rm. (1.2.9)

Then (M, g) is ALE of order n− 2k.

For k = 1, this is simply

∆Ric = Rm ∗Rm. (1.2.10)
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We emphasize that this is more general than (1.2.3), since the right hand side is allowed

to be quadratic in the full curvature tensor. This is satisfied in particular by scalar-

flat Kähler metrics and metrics with harmonic curvature in any dimension, and also

anti-self-dual metrics in dimension 4. These special cases were previously considered in

[Che09] using improved Kato inequalites and a Moser iteration technique. We emphasize

that our argument yields the optimal decay rate without requiring any improved Kato

inequalities, and therefore applies to the more general system (1.2.9). The optimal

decay for scalar-flat anti-self-dual ALE metrics was previously considered in [CLW08,

Proposition 13]. The case of extremal Kähler ALE metrics was considered in [CW11]. As

mentioned above, the cases of Bach-flat metrics and metrics with harmonic curvature in

dimension 4 were considered in [Str10a]. However, we note that (1.2.10) is more general

than (1.2.3).

Remark 1.2.5. We do not need such a strong requirement on the decay of partial

derivatives of arbitrarily high order in (1.3.16) in Definition 1.3.10, but have assumed

this here in the introduction for simplicity of stating the result. We only need to assume

this up to a finite number of partial derivatives, see Remark 4.5.1.

1.2.3 Singularity removal

The methods used to prove the above results can also be applied to analyze isolated

singularities. Similar results were proved in [BKN89, Che09, CW11, CLW08, Str10a,

Tia90, TV05b]. We next recall the definition of a C0-orbifold point.

Definition 1.2.6. Let g be a metric defined on Bρ(0)\{0}, where Bρ(0) is a metric ball

in a flat cone. We say that the origin is a C0-orbifold point if there exists a coordinate
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system around the origin such that

gij = δij + o(1), (1.2.11)

∂lgij = o(r−|l|), (1.2.12)

for any multi-index l with |l| ≥ 1 as r → 0. We say that the origin is a smooth orbifold

point, if after lifting to the universal cover of Bρ(0)\{0}, the metric extends to a smooth

metric over the origin, after diffeomorphism.

Remark 1.2.7. As in the ALE case, we will not need to assume (1.2.12) for partial

derivatives of arbitrarily high order, only up to a certain finite number of derivatives,

see Remark 4.8.2.

Applying the Cheeger-Tian technique directly to the singularity, we obtain the fol-

lowing.

Theorem 1.2.8. Let Bρ(0) be as above and even-dimensional, and let g be (extended)

obstruction-flat in Bρ(0)\{0} with constant scalar curvature. If the origin is a C0-

orbifold point for g, then the metric extends to a smooth orbifold metric in Bρ(0).

As in the ALE case, this theorem also applies to much more general higher-order

systems:

Theorem 1.2.9. Let k = 1 if n = 3, or 1 ≤ k ≤ n
2
− 1 if n ≥ 4. Assume that

(Bρ(0) \ {0}, g) has constant scalar curvature and satisfies

∆k
gRic =

k+1∑
j=2

∑
α1+...+αj=2(k+1)−2j

∇α1
g Rm ∗ . . . ∗ ∇αj

g Rm. (1.2.13)

If the origin is a C0-orbifold point for g, then the metric extends to a smooth orbifold

metric in Bρ(0).
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Theorem 1.2.9 will be proved in Section 4.8, the proof of which uses the same method

as that of Theorem 1.2.2, with a few minor modifications.

1.3 Statement of results in Part II

Let (M4, g) be a four-dimensional Riemannian manifold and let Rm denote the Rieman-

nian curvature tensor of g. Recall that Rm admits an orthogonal decomposition of the

form

Rm = W +
1

2
E 7 g +

1

24
Rg 7 g, (1.3.1)

where W is the Weyl tensor, E is the traceless Ricci tensor of g, R is the scalar curva-

ture, and 7 is the Kullkarni-Nomizu product. If (M4, g) is oriented, there is a further

decomposition of (1.3.1). The Hodge-∗ operator associated to g acting on 2-forms is a

mapping ∗ : Λ2 7→ Λ2 satisfying ∗2 = Id, and Λ2 admits a decomposition of the form

Λ2 = Λ2
+ ⊕ Λ2

−, (1.3.2)

where Λ2
± are the ±1 eigenspaces of ∗|Λ2 . Sections of Λ2

+ and Λ2
− are called self-dual and

anti-self-dual 2-forms, respectively. The curvature tensor can be viewed as an operator

R : Λ2 → Λ2, and we let W and E denote the operators associated to the Weyl and

traceless Ricci tensors, respectively. With respect to the decomposition (1.3.2), the full
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curvature operator decomposes as

R =



W+ + R
12
I 1

2
Eπ−

1
2
Eπ+ W− + R

12
I


, (1.3.3)

where π± is the projection onto Λ2
±, and the self-dual and anti-self-dual Weyl tensors

are defined by W± = π±Wπ±.

Definition 1.3.1. Let (M4, g) be an oriented four-manifold. Then g is called self-dual

if W− = 0, and g is called anti-self-dual if W+ = 0. In either case g is said to be

half-conformally-flat.

By reversing orientation, a self-dual metric becomes an anti-self-dual metric, so with-

out loss of generality, we will only consider self-dual metrics.

Since Poon’s example of a 1-parameter family of self dual metrics on CP2#CP2 in

1988 [Poo86], there has been an explosion of examples of self-dual metrics on various

four-manifolds. We do not attempt to give a complete history here, but only mention a

few results closely related to our results in this thesis. In 1989, Donaldson and Friedman

developed a twistor space gluing procedure which invoked many non-trivial results in

algebraic geometry [DF89]. In 1991, Floer produced examples on n#CP2 by an analytic

gluing procedure [Flo91]. Then in 2001, Kovalev and Singer generalized Floer’s analytic

gluing result to cover the case of gluing orbifold self-dual metrics [KS01]. We will describe

the relation of our work with these prior works in more detail below, but first will state
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our main results.

Since the SD condition is conformally invariant, we are free to conformally change

an end to obtain different types of asymptotics. For simplifying computations, the most

useful type of geometry is that of cylindrical ends:

Definition 1.3.2. Let (Y 3, gY ) be a compact 3-manifold with constant curvature. A

complete Riemannian manifold (M4, g) is called asymptotically cylindrical or AC with

cross-section Y of order τ if there exists a diffeomorphism ψ : M \K → R+ × Y where

K is a subset of M containing all other ends, satisfying

(ψ∗g)ij = (gC)ij +O(e−τt), (1.3.4)

∂|k|(ψ∗g)ij = O(e−τt), (1.3.5)

for any partial derivative of order k, as t → ∞, where gC = dt2 + gY is the product

cylindrical metric.

Self-dual metrics have a rich obstruction theory. If (M, g) is a self-dual four-manifold,

the deformation complex is given by

Γ(T ∗M)
Kg−→ Γ(S2

0(T ∗M))
D−→ Γ(S2

0(Λ2
−)), (1.3.6)

where Kg is the conformal Killing operator defined by

(Kg(ω))ij = ∇iωj +∇jωi −
1

2
(δω)g, (1.3.7)

with δω = ∇iωi, and D = (W−)′g is the linearized anti-self-dual Weyl curvature operator.

This complex is then wrapped-up into a single operator

F : Γ(S2
0(T ∗M)) −→ Γ(S2

0(Λ2
−))⊕ Γ(T ∗M), (1.3.8)
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defined by

F (h) = (Dh, 2δh), (1.3.9)

and (δh)j = ∇ihij. This operator is mixed order elliptic of order (2, (0, 1)) in the sense

of Douglis-Nirenberg [DN55], with formal L2-adjoint

F ∗ : Γ(S2
0(Λ2

−))⊕ Γ(T ∗M) −→ Γ(S2
0(T ∗M)), (1.3.10)

given by

F ∗(Z, ω) = D∗Z −Kgω. (1.3.11)

Definition 1.3.3. The indicial roots of F on the cylinder (R×Y 3, gC), are those complex

numbers λ for which there is a solution h of F (h) = 0 such that the components of h

have the form eλtp(y, t) where p is a polynomial in t with coefficients in C∞(Y ). The

indicial roots of F ∗ are defined analogously for pairs (Z, ω). 1

We will first determine the indicial roots of F ∗. The indicial roots of F can then be

obtained by using an index theorem, as we will show below. One could equivalently first

analyze the indicial roots of F , however, for purposes of computation it turns out to be

somewhat easier to completely analyze the cokernel (although the computations are in

principle equivalent).

1.3.1 Spherical cross-section

Our first result deals with cross-section Y having constant positive curvature. In Theo-

rem 7.3.1 below, we determine all indicial roots of F ∗, but for simplicity we only state

the following here in the introduction:

1Our definition of indicial roots differs from that in [LM85] by a factor of
√
−1.
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Theorem 1.3.4. Let M be R×S3/Γ with product metric g = dt2 +gS3/Γ, where gS3/Γ is

a metric of constant curvature 1. Let I∗ denote the set of indicial roots of F ∗. If β ∈ I∗

satisfies |Re(β)| < 2 then β = 0 or β = ±1. In these cases, the corresponding solutions

are of the form (0, ω), where ω is dual to a conformal Killing field (that is, Kgω = 0).

Consequently,

• Case (0): 0 ∈ I∗, and the corresponding solutions are given by (0, dt), or (0, ω0)

for ω0 dual to a Killing field on S3/Γ.

• Case (1): ±1 ∈ I∗ if and only if Γ is trivial. In this case, the corresponding

solutions are given by (0, ω), where ω is given by e±t(φdt∓dφ) where φ is a lowest

nontrivial eigenfunction of ∆S3 with eigenvalue 3.

Remark 1.3.5. The indicial roots β ∈ I∗ satisfying |Re(β)| ≥ 2 fall into two classes.

The indicial roots in the first class are integers and the corresponding solutions are of

the form (Z, 0); these are Cases (2) and (3) in Theorem 7.3.1. The indicial roots in the

other class have non-zero imaginary part, and the corresponding solutions are of the form

(Z, ω) with Z nontrivial and Kg(ω) 6= 0; these are Cases (4) and (5) in Theorem 7.3.1.

We can also completely characterize the indicial roots of the forward operator F .

This follows from the above determination of the cokernel indicial roots, together with

the index theorem of Lockhart and McOwen; it turns out that these are the same. We

will describe all kernel elements explicitly below in Theorem 7.3.3, but for purposes of

brevity in the introduction we only state here the following theorem which generalizes a

well-known result of Floer [Flo91]. In order to state the theorem, we define the symmetric
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product of 1-forms ω1 and ω2 by

ω1 � ω2 = ω1 ⊗ ω2 + ω2 ⊗ ω1. (1.3.12)

Theorem 1.3.6. Let M be R× S3/Γ with product metric g = dt2 + gS3/Γ, where gS3/Γ

is a metric of constant curvature 1, and let I denote the set of indicial roots of F . Then

I = I∗. For β = 0 ∈ I, the corresponding solutions of F (h) = 0 are given by

span{3dt⊗ dt− gS3 , dt� ω0}, (1.3.13)

where ω0 is a dual to a Killing field on S3/Γ.

Next, β = ±1 ∈ I if and only if Γ is trivial. In this case, the corresponding kernel

elements are given by

hφ = p(t)φ(3dt⊗ dt− gS3) + q(t)(dt� dφ), (1.3.14)

where p(t) = C3e
t − C4e

−t and q(t) = C3e
t + C4e

−t, for some constants C3 and C4, and

φ is a lowest nonconstant eigenfunction of ∆S3.

Morever, solutions in (1.3.13) and (1.3.14) are in the image of the conformal Killing

operator. All other indicial roots β ∈ I satisfy |Re(β)| ≥ 2.

Remark 1.3.7. As in Remark 1.3.5, the indicial roots β ∈ I satisfying |Re(β)| ≥ 2 fall

into two classes. The indicial roots in the first class are integers and the corresponding

solutions are not in the image of the conformal Killing operator; these are Cases (2)

and (3) in Theorem 7.3.3. The indicial roots in the other class have non-zero imaginary

part, and the corresponding solutions are in the image of the conformal Killing operator;

these are Cases (4) and (5) in Theorem 7.3.3.

A corollary is the optimal result:
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Corollary 1.3.8. Let (M4, g) be the the cylinder R × Y 3, where Y 3 = S3/Γ with Γ ⊂

SO(4) a finite subgroup acting freely on S3 with product metric g = dt2 + gY , where gY

is a metric of constant curvature 1.

(a) Let (Z, ω) be a solution of D∗Z = Kgω. If Z = o(e2|t|) and ω = o(e2|t|) as |t| → ∞

then Z = 0, and ω is dual to a conformal Killing field.

(b) Let h be a solution of Dh = 0 and δh = 0. If h = o(e2|t|) as |t| → ∞ then h can

be written as a linear combination of elements in (1.3.13) and (1.3.14).

Standard analysis in weighted spaces then implies the following corollary for AC

manifolds with spherical cross-section:

Corollary 1.3.9. Let (M4, g) be self-dual and asymptotically cylindrical with cross-

section (Y 3 = S3/Γ, gY ) with Γ ⊂ SO(4) a finite subgroup acting freely on S3, where gY

is a metric of constant curvature 1.

(a) Let (Z, ω) be a solution of D∗Z = Kgω. If Z = o(e2t) and ω = o(e2t) then ω is

dual to a conformal Killing field, and Z = O(e−2t) as t→∞.

(b) Let h be a solution of Dh = 0 and δh = 0. If h = o(e2|t|) as |t| → ∞ then h has

an asymptotic expansion with leading term as in (1.3.13) or (1.3.14).

In Section 8, we apply Corollary 1.3.9 to fix a gap in the proof of a key step in the

main gluing result in [KS01].

To state the next result, we require the following definition.

Definition 1.3.10. A complete Riemannian manifold (M4, g) is called asymptotically

locally Euclidean or ALE of order τ if it has finitely many ends, and for each end
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there exists a finite subgroup Γ ⊂ SO(4) acting freely on S3 and a diffeomorphism

ψ : M \K → (R4 \B(0, R))/Γ where K is a subset of M containing all other ends, and

such that under this identification,

(ψ∗g)ij = δij +O(r−τ ), (1.3.15)

∂|k|(ψ∗g)ij = O(r−τ−k), (1.3.16)

for any partial derivative of order k, as r → ∞, where r is the distance to some fixed

basepoint.

It is known that any self-dual ALE metric is ALE of order 2, after a possible change

of coordinates at infinity. ALE of any order τ < 2 was first shown by [TV05a], while

ALE of order exactly 2 was shown in [Str10b], see also [Che09, AVis]. This order is

optimal, so without loss of generality we will assume that all ALE spaces are ALE of

order 2.

We also have the following optimal decay result for self-dual ALE spaces:

Theorem 1.3.11. Let (M, g) be self-dual and asymptotically locally Euclidean.

(a) Any solution of D∗Z = Kgω satisfying Z = o(1) and ω = o(r−1) must satisfy ω = 0

and Z = O(r−4) as r →∞.

(b) Any solution of Dh = 0 and δh = 0 satisfying h = o(1) must satisfy Z = O(r−2)

as r →∞.

1.3.2 Hyperbolic cross-section

We first define

H1
C(Y ) = {B ∈ S2

0(T ∗Y ) | d∇B = 0, tr(B) = 0}, (1.3.17)
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where (d∇B)klj is given by (d∇B)klj = ∇kBlj−∇lBkj, to be the vector space of traceless

Codazzi tensor fields. For the case of hyperbolic cross-section, we have the following:

Theorem 1.3.12. Let (M4, g) be the the cylinder R × Y 3, where (Y 3, gY ) is compact

and hyperbolic with constant curvature −1, with product metric g = dt2 + gY , and let I∗

denote the set of indicial roots of F ∗. Then there exists an ε > 0 such that if β ∈ I∗

with |Re(β)| < ε then β ∈ {0,±i}. The corresponding kernel of F ∗ has dimension

1 + b1(Y ) + 2 dim(H1
C(Y )). (1.3.18)

The corresponding kernel of F has the same dimension and is spanned by

{3dt⊗ dt− gY , dt� ω, cos(t) ·B, sin(t) ·B}, (1.3.19)

where ω is any harmonic 1-form ω, and B is any traceless Codazzi tensor on Y 3.

Remark 1.3.13. The element (0, dt) is in the cokernel, which accounts for the 1 in

(1.3.18). The other cokernel elements in case b1(Y ) 6= 0 arise from non-trivial harmonic

1-forms, and those in case H1
C(Y ) 6= {0} of course arise from non-trivial traceless Codazzi

tensor fields. These elements are written down explicitly in Section 7.1, see Propositions

7.1.5(b) and 7.1.9(b). We only note here that the nontrivial solutions in this case satisfy

Z = O(1) as |t| → ∞ or are periodic in t.

We define2

H2
+(R× Y 3) = {Z ∈ S2

0(Λ2
−) | D∗Z = 0 and Z = O(eε|t|)

as |t| → ∞ for every ε > 0}.

2Note that this definition is more general than the definition in [KS01, Section 4.2.1] in that we allow
solutions which have polynomial growth in t.
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In [KS01, Conjecture 4.11], it was conjectured that H2
+(R×Y 3) = {0} for any hyperbolic

rational homology 3-sphere. Theorem 1.3.12 shows that this is true if and only if Y 3 does

not admit any non-trivial traceless Codazzi tensor field. Using this, and some examples

of certain hyperbolic 3-manifolds of [Kap94, DeB06], we obtain infinitely many examples

for which the conjecture is true, and infinitely many examples for which the conjecture

is false:

Theorem 1.3.14. Let (Y 3, gY ) be a hyperbolic rational homology 3-sphere, with gY of

constant curvature −1, and M = R × Y 3 with the product metric g = dt2 + gY . Then

H2
+(R×Y 3) = {0} if and only if Y 3 admits no non-trivial traceless Codazzi tensor fields.

Furthermore, there are infintely many hyperbolic rational homology 3-spheres satisfying

H2
+(R× Y 3) = {0}, and infinitely many satisfying H2

+(R× Y 3) 6= {0}.

We also have the following application to AC manifolds with hyperbolic cross-section:

Corollary 1.3.15. Let (M4, g) be self-dual and asymptotically cylindrical with cross-

section (Y 3, gY ) a hyperbolic rational homology 3-sphere with gY of constant curvature

−1, satisfying H1
C(Y ) = {0}.

(a) Let (Z, ω) be a solution of D∗Z = Kgω. Then there exists a constant ε > 0, such

that if (Z, ω) solves D∗Z = Kgω and satisfies Z = o(eε|t|) and ω = o(eε|t|) as t→∞

then ω is dual to a conformal Killing field and Z = o(e−ε|t|) as t→∞.

(b) Let h be a solution of Dh = 0 and δh = 0. Then there exists a constant ε > 0,

such that if h = o(eε|t|) as |t| → ∞, then h admits an expansion

h = c · (dt⊗ dt− 3gY ) +O(e−ε|t|) (1.3.20)

for some constant c as |t| → ∞.
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1.3.3 Flat cross-section

Finally, in the case that (Y 3, g) is a flat torus, we have the following:

Theorem 1.3.16. Let (M4, g) be the the cylinder R × Y 3, where (Y 3, gY ) is compact

and flat, with product metric g = dt2 + gY , and let I denote the set of indicial roots of

F . Then there exists an ε > 0 such that if β ∈ I with |Re(β)| < ε then β = 0. The

corresponding kernel of F has dimension 14 and is spanned by

{3dt⊗ dt− gY , dt� ω,B, tB}, (1.3.21)

where ω is any parallel 1-form and B is any parallel traceless symmetric 2-tensor on Y 3.

The corresponding cokernel of F has dimension 14 and is spanned by

{(0, dt), (0, ω0), (Z, 0), (tZ, 0)}, (1.3.22)

where ω0 is a parallel 1-form, and Z is any parallel section of S2
0(Λ2

−).

Remark 1.3.17. One can easily use our computations to explicitly determine all indicial

roots in the case of flat cross-section Y 3 = T 3. However, in the interest of brevity this

is omitted.

1.3.4 Remarks and outline of Part II

We next give a brief outline of the second part of this thesis. Sections 5.1 and 6.1 will be

concerned with the derivation of the linearized anti-self-dual Weyl tensor in separated

variables. In these sections, there is overlap with computations in Floer’s paper [Flo91].

However, the main formula given in Floer for (W−)′ at a cylindrical metric is incorrect

[Flo91, Proposition 5.1] (in addition to mistakes in the coefficients, Floer’s formula
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omits crucial terms involving the trace component h00). The correct formula (which

moreover holds for any cross-section Y 3 with constant curvature) is given in Theorem

6.1.3. Section 6.2 contains required formulas for a Dirac-type operator, as well as some

necessary eigenvalue computations. Section 7.1 contains the core analysis of the kernel

of D∗. The analysis in Section 7.2 is necessary to determine the possibilities for the

1-form ω appearing in the adjoint equation. The proofs of all the main theorems are

then completed in Section 7.3. In Section 7.4, we discuss the application of our results

to gluing theorems.

Finally, the Appendix contains the derivation of a crucial formula relating the square

of the Dirac operator to the linearized Einstein equation on the cross-section. In the

case of spherical cross-section, Floer writes down such a formula [Flo91, Lemma 5.1],

but which has errors in the coefficients. The correct formula (which moreover holds for

general cross-section Y ) is given in Corollary 7.5.1.
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Chapter 2

Linearized obstruction-flat equation

We begin with some notation: in the following δ will denote the divergence operator,

which can act either on a symmetric 2-tensor h, or on a 1-form ω. In the former case

δh = ∇ihij and in the latter case δω = ∇iωi. The L2-adjoint of δ will be denoted

by δ∗, which is −(1/2)L, where L is the Lie derivative operator, defined by (Lω)ij =

∇iωj +∇jωi. The trace of a symmetric 2-tensor h will be denoted by tr(h).

We now analyze the linearizations of (1.2.7) and (1.2.8). Note that from the de-

pendence of the lower order terms in both equations on the curvature tensor it follows

that the linearized equations
(
Ω(k)

)′
g0

(h) = 0 for 1 ≤ k ≤ n
2
− 1 at a flat metric g0 are

equivalent to ∆k−1B′g0(h) = 0. With this observation we have the following, which holds

in any dimension n ≥ 3:

Proposition 2.0.1. At a flat metric g0 we have

∆k−1
(
B′g0(h)

)
= ∆k−1

(
− 1

2(n− 2)
∆2h− 1

2(n− 1)(n− 2)
∇2∆tr(h)

− 1

2(n− 1)
∇2δδh− 1

(n− 2)
∆δ∗δh+

1

2(n− 1)(n− 2)

(
∆2tr(h)−∆δδh

)
g0

)
.

(2.0.1)

Proof. The Bach tensor can be written as Bij = ∆Aij −∇k∇iAkj + AklWikjl, and at a

flat metric
(
AklWikjl

)′
g0

(h) = 0 for any h ∈ S2 (T ∗Rn), so then

B′ij(h) = ∆A′ij(h)−∇k∇iA
′
jk(h).
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By the Bianchi identity and using again that g0 is flat we have

−∇k∇i(A
′
g0

)jk(h) = −∇i∇k(Ag0)
′
kj(h) = − 1

2(n− 1)
∇i∇jR

′
g0

(h)

=
1

2(n− 1)
∇i∇j (∆tr(h)− δ(δh)) .

(2.0.2)

On the other hand

∆A′g0(h) =
1

(n− 2)
∆

(
Ric′g0(h)−

R′g0
2(n− 1)

(h)g0

)
=

1

(n− 2)
∆

(
−1

2
∆h− 1

2
∇2tr(h)− δ∗δh+

1

2(n− 1)
[∆tr(h)− δ(δh)] g0

)
.

(2.0.3)

Adding (2.0.2) and (2.0.3) together and taking ∆k−1 we obtain (2.0.1).

The linearized equations are not strictly elliptic due to the diffeomorphism invariance

of the (extended) obstruction-flat equations. Note, however, that if h is divergence free

and if the trace of h is harmonic then from (2.0.1) the linearized equations reduce to

∆k+1h = 0, (2.0.4)

∆tr(h) = 0, (2.0.5)

δh = 0, (2.0.6)

and (2.0.4) is an elliptic equation on h. We point out that we will not be able to prescribe

that h be divergence-free at first, so we will follow the approach in [CT94] and introduce

a modified divergence operator in Section 2.1.1. The proof of Theorem 1.2.2 relies on

the following crucial proposition.

Proposition 2.0.2. Let n > 2, and h ∈ S2(T ∗Rn) be a solution on Rn\Bρ(0) for some
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ρ > 0 of the system

∆k+1h = 0, (2.0.7)

δh = 0, (2.0.8)

for 1 ≤ k ≤ n
2
− 1 (or for k = 1 when n = 3) satisfying h = O(|x|1−ε) with ε > 0. Then,

h can be written as

h = hc +O
(
|x|−n+2k

)
, (2.0.9)

where hc is constant. The result also holds for k = 0 if in addition we assume that

tr(h) = 0.

Proof. Consider first the case 1 ≤ k ≤ n
2
− 2. Since the components of h satisfy the

scalar equation ∆k+1f = 0, using a classical expansion, we may write a solution h of

(2.0.7)-(2.0.8) as

h(x) = hc +
∞∑
l=0

hl(x), (2.0.10)

where hc is constant and each hl is a homogeneous solution of (2.0.7)-(2.0.8) of degree

2(k + 1)− n− l. If hl is one of such solutions, we can write

hl(x) =
k∑
j=0

 ∑
{s:2(k−j)+s=l}

|x|2(j+1)−n−shs,j(x)

 , (2.0.11)

where the components of hs,j(x) in (2.0.11) are spherical harmonics of degree s. In order

to prove the claim for 1 ≤ k ≤ n
2
− 2 it suffices to show that h0 = h1 ≡ 0. For l = 0, we

have

(h0)ij(x) = |x|2(k+1)−ncij,
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where cij is constant. From (2.0.8) we obtain

n∑
i=1

cijxi = 0,

for each j and this clearly implies that h0 is identically zero. For h1 we have

(h1)ij (x) = |x|2(k+1)−nuij

(
x

|x|2

)
,

where uij(x) is a homogeneous polynomial of degree 1 that we will write as

uij(x) =
n∑
l=1

Aijlxl. (2.0.12)

From (2.0.8) we have for every j

0 =
n∑
i=1

∂i
(
|x|2(k+1)−nuij(x/|x|2)

)
=−

n∑
i=1

(n− 2k)xi|x|2(k−1)−nuij(x)

+ |x|2k−n
n∑
i=1

∂iuij(x),

which becomes

(n− 2k)
n∑
i=1

n∑
l=1

Aijlxixl = |x|2
n∑
i=1

Aiji. (2.0.13)

For fixed j and every x ∈ Rn, with x 6= 0. If in (2.0.13) we let x be the vector with

coordinates xi = δip for fixed p, one obtains the identity

Apjp =
1

n− 2k

n∑
l=1

Aljl for fixed j. (2.0.14)

An obvious consequence of (2.0.14) is that Apjp is independent of p for fixed j, in par-

ticular, for every p and j

Apjp =
n

n− 2k
Apjp, (2.0.15)
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and then Apjp = 0 since k 6= 0. For the components of the form Aljm with l 6= m, the

coefficient of xlxm in the left-hand side of (2.0.13) is (n− 2k) (Aljm + Amjl) while in the

right-hand side there are no off-diagonal terms, so we conclude that

Aljm = −Amjl for l 6= m, (2.0.16)

If l, j,m are all different we obtain from the symmetry of Aljm in l, j and from (2.0.16)

the identity

Aljm = −Amjl = −Ajml = Almj = Amlj = −Ajlm = −Aljm,

therefore, in this case Aljm = 0. For the components of the form Allj and Ajll when

l 6= j, it is easy to see that Allj = −Aljl and Ajll = Aljl and as we saw above this implies

that both components are zero, so we conclude that all polynomials uij are identically

zero.

For the case k = n
2
− 1 there is only one difference with the argument above: h0(x)

is logarithmic, i.e., a solution of the form hij(x) = log(|x|)cij with cij constant, however

the condition δh = 0 implies that
∑n

j=1 cijxj = 0 for every i and hence cij = 0 for all

i, j so this solution in fact does not occur.

For the case k = 1 and n = 3 we write h as

h(x) =
∞∑
l=0

hl(x), (2.0.17)

where hl(x) is a homogeneous solution of degree −l of ∆2h(x) = 0 on Rn\{0}. In this

case, the solution h0(x) has the form h0(x) = hC + h0,1(x) where the components of

hC are constant and the components of h0,1 are spherical harmonics of degree 1. The

solutions hl(x) with l ≥ 1 have the form hl(x) = |x|−l (hl,l−1(x) + hl,l+1(x)) where the
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components of hl,l±1(x) are spherical harmonics of degree l ± 1. We only have to prove

that if δh0,1(x) = 0 on Rn\{0} then h0,1(x) ≡ 0. For that purpose write the components

of h0,1(x) as (h0,1)ij(x) = uij

(
x
|x|

)
where uij(x) are linear functions given by (2.0.12).

The condition δh0,1(x) = 0 for all x 6= 0 becomes

3∑
i=1

3∑
l=1

Aijlxixl = |x|2
3∑
i=1

Aiji,

and we can argue as in the case 1 ≤ k ≤ n
2
− 1 to conclude that Aijl = 0 for all

i, j, l = 1, 2, 3.

The above proof can be extended to the case of k = 0 provided the trace vanishes.

However, we omit the proof, and instead refer the reader to the proof given in [CT94,

page 538], which is an alternative argument using Obata’s Theorem.

2.1 Nonlinear terms in the obstruction-flat systems

In this section we derive an expression for the error terms in the linearization of the

(extended) obstruction tensors, i.e., the difference

Ω(k)(g0 + h)− Ω(k)(g0)−
(
Ω(k)

)′
g0

(h), (2.1.1)

where g0 is a flat metric in Rn. Given two tensor fields A,B by A ∗B we mean a linear

combination of contractions of A ⊗ B using the metric g0, and for a positive integer j,

A−j ∗B means contractions of j copies of the inverse of A with B.

Proposition 2.1.1. Let g0 be a flat metric on Rn and let h ∈ S2(T ∗Rn) be such that

g0 +h is another Riemannian metric on Rn. For the (extended) obstruction tensors Ω(k)
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with 1 ≤ k ≤ n
2
− 1, we have

Ω(k)(g0 + h) =
(
Ω(k)

)′
g0

(h)− g−1
0 ∗ h ∗ (g0 + h)−1 ∗ ∇2(k+1)h

+

I‖∑
j=2

(g0 + h)−j ∗

 ∑
α1+...+αj=2(k+1)

∇α1
g0
h ∗ . . . ∗ ∇αj

g0
h

 ,
(2.1.2)

for some integer Ik ≥ 2(k + 1). For the scalar curvature we have,

R(g0 + h) = R′g0(h) + (g0 + h)−1 ∗ h ∗ ∇2
g0
h+ (g0 + h)−2 ∗ (∇g0h ∗ ∇g0h)

+(g0 + h)−3 (∇g0 ∗ ∇g0h ∗ h) .

(2.1.3)

Proof. For any tensor T , we have

∇g0+hT = ∇g0T + (g0 + h)−1 ∗ ∇g0h ∗ T. (2.1.4)

From this it follows that

Rm(g0 + h) = Rm(g0) + (g0 + h)−1 ∗ ∇2
g0
h+ (g0 + h)−2 ∗ ∇g0h ∗ ∇g0h. (2.1.5)

Here we see Rm as a (1, 3)-curvature tensor. It follows that the Ric(g0 + h) has an

expansion similar to (2.1.6). For the scalar curvature, on the other hand, we have

R(g0 + h) = (g0 + h)−1 ∗ (Ric(g0 + h))

= (g0 + h)−1 ∗
(
(g0 + h)−1 ∗ ∇2

g0
h+ (g0 + h)−2 ∗ ∇g0h ∗ ∇g0h

)
=
(
(g0 + h)−2 ∗ ∇2

g0
h+ (g0 + h)−3 ∗ ∇g0h ∗ ∇g0h

)
.

(2.1.6)

Using the identity

(g0 + h)−1 − g−1
0 = −g−1

0 ∗ h ∗ (g0 + h)−1, (2.1.7)

we obtain

R(g0 + h) = (g0 + h)−1 ∗ ∇2
g0
h+ (g0 + h)−2 (h ∗ ∇2

g0
h+∇g0h ∗ ∇g0h

)
+(g0 + h)−3 ∗ h ∗ ∇g0h ∗ ∇g0h,
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another application of (2.1.7) yields

R(g0 + h) = ∇2
g0
h+ (g0 + h)−1 ∗ ∇2

g0
h+ (g0 + h)−2 (∗h ∗ ∇2

g0
h+∇g0h ∗ ∇g0h

)
+(g0 + h)−3 ∗ h ∗ ∇g0h ∗ ∇g0h,

(2.1.8)

and since the only term in (2.1.8) that contributes to the linearization of R at g0 is

∇2
g0
h equation (2.1.3) follows. In order to find a similar expansion for the Bach tensor

B(g0 + h) we note that for any metric g, B(g) can be written schematically as

B(g) = ∆gRic(g) +∇2
gR(g) + (∆gR(g)) g +Ric(g) ∗Rm(g), (2.1.9)

where the term Ric(g) ∗ Rm(g) has in local coordinates the form RpqRipjq and the

indices p, q are raised using the metric g. If for example we consider the term ∆gRic(g)

at g = g0 + h in (2.1.9), we first take one covariant derivative of Ric(g) and obtain

Taking a covariant derivative, and assuming that g0 is flat, we have

∇g0+hRic(g0 + h) = (g0 + h)−1 ∗
(
∇3
g0
h
)

+ (g0 + h)−2 ∗ ∇2
g0
h ∗ ∇g0h

+ (g0 + h)−3 ∗ ∇g0h ∗ ∇g0h ∗ ∇g0h,

(2.1.10)

Taking another covariant derivative and one contraction with respect to g0+h, we obtain

∆g0+hRic(g0 + h) = (g0 + h)−2 ∗
(
∇4
g0
h
)

+ (g0 + h)−3 ∗
(
∇2
g0
h ∗ ∇2

g0
h+∇3

g0
h ∗ ∇g0h

)
+ (g0 + h)−4 ∗ ∇2

g0
h ∗ ∇g0h ∗ ∇g0h

+ (g0 + h)−5 (∇g0h ∗ ∇g0h ∗ ∇g0h ∗ ∇g0h) .

(2.1.11)

Using (2.1.7) once more we may write (2.1.11) as

∆g0+hRic(g0 + h) = ∇4
g0
h+

5∑
j=1

∑
α1+...+αj=4

(g0 + h)−j ∗ ∇α1
g0
h ∗ . . . ∗ ∇αj

g0
h, (2.1.12)
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and using that g0 is flat we conclude that

∆g0+hRic(g0 + h) = ∆g0Ric
′
g0

(h) +
5∑
j=1

∑
α1+...+αj=4

(g0 + h)−j ∗ ∇α1
g0
h ∗ . . . ∗ ∇αj

g0
h.

(2.1.13)

From similar computations for the terms in ∇2
gR(g), (∆gR(g)) g and Ric(g)∗g in (2.1.9)

we conclude that

B(g0 + h) = B′g0(h) +

I1∑
j=1

∑
α1+...+αj=4

(g0 + h)−j ∗ ∇α1
g0
h ∗ . . . ∗ ∇αj

g0
h, (2.1.14)

where I1 is some integer with I1 ≥ 7. For any m ≥ 1 it follows that

∆m−1
g0+hB(g + h) = ∆m−1B′g0(h)

+
Im∑
j=1

(g0 + h)−j ∗

 ∑
α1+...+αj=m+4

∇α1
g0
h ∗ . . . ∗ ∇αj

g0
h

 .
(2.1.15)

where Im is some integer with Im ≥ m + 7. Next, using scaling arguments it is clear

that the terms l.o.t. in (1.2.7) and (1.2.8) have the form

k+1∑
j=2

 ∑
α1+...+αj=2(k+1)−2j

∇α1Rm ∗ . . . ∗ ∇αjRm

 , (2.1.16)

see for example the proof of Theorem 2.1 in [GH05].

Equation (2.1.2) follows from combining (1.2.7) or (1.2.8) in Section 1.2.2 with

(2.1.15) and with the identity Finally, equation (2.1.3) follows directly from (2.1.6) and

(2.1.7).

Next, defining

cn,k =


1

(4−n)(6−n)...(2k−n)
if 1 ≤ k ≤ n

2
− 2

1 if k = n
2
− 1,

(2.1.17)
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from Proposition 2.1.1, we may write

Ω(k)(g0 + h)− Ω(k)(g0) = cn,k∆
k−1B′g0(h) + F (k)(h, g0), (2.1.18)

where F (k)(h, g0) is the remainder in (2.1.2). For the scalar curvature we will write

R(g0 + h)−R(g0) = R′g0(h) + F ′(h, g0), (2.1.19)

where F ′(h, g0) is the error term in (2.1.3). From now on, we will use ∇ to denote ∇g0 ,

therefore all operators ∆, δ, tr are taken with respect to g0.

2.1.1 Scalar-flat condition and the modified equation

In order to address the difficulty of not initially being able to prescribe h to be divergence-

free, we follow [CT94] and introduce a modified divergence operator given by

δth = δh− tir−1 ∂
∂r
h, (2.1.20)

and we will show in Section 4 that we can find a gauge where δth = 0. A difference

with the approach in [CT94] is that the obstruction-flat systems are not elliptic even if

we are able to prescribe δth = 0 because ∆k−1B′g0(h) is traceless regardless of the gauge

condition. Note that if δth = 0 we obtain

∆k−1B′g0(h) = ∆k−1

(
− 1

2(n− 2)
∆2h− 1

2(n− 1)(n− 2)
∇2∆tr(h)

− t

2(n− 1)
∇2δir−1 ∂

∂r
h− t

(n− 2)
∆δ∗ir−1 ∂

∂r
h

+
1

2(n− 2)(n− 1)

(
∆2tr(h)− t∆δ

(
ir−1 ∂

∂r
h
))

g0

)
.

(2.1.21)

At this point we use the scalar-flat condition on g0 + h. Assuming again that δth = 0,

the linearization of the scalar curvature at g0 becomes

R′g0(h) = −∆tr(h) + δδh = −∆tr(h) + tδir−1 ∂
∂r
h, (2.1.22)
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so from the scalar-flat equation we have

∆tr(h) = tδir−1 ∂
∂r
h+ F ′(h, g0), (2.1.23)

where F ′(h, g0) is the remainder in (2.1.19). Inserting (2.1.23) into (2.1.21) we obtain

∆k−1B′g0(h) = ∆k−1

(
− 1

2(n− 2)
∆2h− t

2(n− 2)
∇2δir−1 ∂

∂r
h

− t

(n− 2)
∆δ∗ir−1 ∂

∂r
h

)
+ E (k)(h, g0),

(2.1.24)

where E (k)(h, g0) is given by

E (k)(h, g0) =
1

2(n− 1)(n− 2)

(
−∆k−1∇2F ′(h, g0) + ∆kF ′(h, g0)g0

)
. (2.1.25)

We now define a linear operator P(k)
t by

P(k)
t (h) =

cn,k
n− 2

∆k−1

(
−1

2
∆2h− t

2
∇2δir−1 ∂

∂r
h− t∆δ∗ir−1 ∂

∂r
h

)
. (2.1.26)

Clearly, the operator P(k)
t is strictly elliptic. From (2.1.2) and (2.1.24), if δth = 0 and

g0 + h is scalar-flat, the (extended) obstruction-flat system may be written as

0 = P(k)
t h+R(k)(h, g0) for 1 ≤ k ≤ n

2
− 1, (2.1.27)

where

R(k)(h, g0) = cn,kE (k)(h, g0) + F (k)(h, g0).

Writing E (k)(h, g0) schematically as ∇2kF ′(h, g0), we easily see using the proof of Propo-

sition 2.1.1 that R(k)(h, g0) has the same form as the remainder in (2.1.2)

R(k)(h, g0) = (g0 + h)−1 ∗ h ∗ ∇2(k+1)
g0

h

+

2(k+1)∑
j=2

(g0 + h)−j ∗

 ∑
α1+...+αj=2(k+1)

∇α1
g0
h ∗ . . . ∗ ∇αj

g0
h

 ,
(2.1.28)
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so that none of the terms in R(k)(h, g0) contribute to the linearization. This shows that

(2.1.27) defines a family of elliptic equations on Rn\{0}. This same argument applies

equally to the system (1.2.9). We have proved

Corollary 2.1.2. Let 1 ≤ k ≤ n
2
− 1. If g = g0 + h is scalar-flat and Ω(k)-flat with

δth = 0, then h satisfies

P(k)
t h+R(k)(h, g0) = 0, (2.1.29)

where P(k)
t is the linear operator given by (2.1.26) and R(k)(h, g0) is the error term given

by (2.1.28). The operator P(k)
t is strictly elliptic.

Let k = 1 if n = 3, or 1 ≤ k ≤ n
2
− 1 if n ≥ 4. If g = g0 + h is scalar-flat and solves

(1.2.9) with δth = 0, then h also satisfies (2.1.29) with a remainder term of the same

form.
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Chapter 3

The modified gauge condition

3.1 Weighted Hölder and Sobolev Spaces

In this section we introduce weighted spaces that will be useful in the analysis needed to

construct divergence-free gauges. We start by reviewing some of the notation in [CT94].

If we write Rn as Rn = C(Sn−1), we define maps ψa : C(Sn−1) → C(Sn−1) for a > 0

given by ψa(r, x) = (ar, x). The weighted Hölder norms are defined as follows: if u > 0,

let Au be the natural scaling on tensors of type (p, q), i.e.

Au = (ψu−1)∗ ⊗ · · · ⊗ (ψu−1)∗︸ ︷︷ ︸
p

⊗ψ∗u ⊗ · · · ⊗ ψ∗u︸ ︷︷ ︸
q

. (3.1.1)

Given a tensor T of type (p, q) we have

|T(u,x)|m,α;0 = |up−qAuT(1,x)|m,α;0, (3.1.2)

where | · |m,α;0 is the Cm,α-norm with respect to the flat metric g at the point (1, x). We

can now define Hölder norms by

|T |m,α;0 = sup
(u,x)

|T(u,x)|m,α;0, (3.1.3)

and also weighted Hölder norms given by

|T |m,α;l = |r−lT |m,α;0, (3.1.4)
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for any l ∈ R. We say that a tensor T of type (p, q) is in T p,qm,α;l if |T |m,α;l <∞. We use

Ac,d(0) to denote the annulus Ac,d(0) = {(r, x)|c < r < d}. For a tensor h of type (u, v)

and δ ∈ R we define a weighted Lp norm by

‖h‖L′p,u,vδ
=

(∫
Rn
|h|p|x|−δp−ndx

) 1
p

, (3.1.5)

where | · | is the usual pointwise norm on tensors of type (u, v). For any nonnegative

integer m, we also define weighted Sobolev norms by

‖h‖W ′m,p,u,vδ
=

m∑
j=0

‖∇jh‖L′p,u,vδ−j
, (3.1.6)

and then W ′m,p,u,v
δ is the space

W ′m,p,u,v
δ =

{
h : ‖h‖W ′m,p,u,vδ

<∞
}
. (3.1.7)

For further properties of these weighted Sobolev spaces see [Bar86].

For notational convenience, if h is a symmetric (0, 2)-tensor we will use |||h|||a,b to

denote the norm ‖h‖L2,0,2
0 (Aa,b(0)), i.e., the L2 norm of h with weight 0 on the annulus

Aa,b(0). Another way to construct the norm ||| · ||| is as follows: consider the weighted

inner product on the slices (r, Sn−1) given by

〈〈h1, h2〉〉 = r−(n−1)

∫
(r,Sn−1)

〈h1, h2〉dVgSn−1(r)
, (3.1.8)

where 〈·, ·, 〉 is the usual pointwise inner product. It follows that

|||h|||2a,b =

∫ b

a

r−1‖h‖2dr, (3.1.9)

where ‖ · ‖ is the norm defined by the inner product 〈〈·, ·〉〉 in (3.1.8). The norms ||| · |||

are scale invariant in the sense that if h is a (0, 2) tensor and if we let q = a−2ψ∗ah then

|||h|||a,aL = |||q|||1,L. (3.1.10)
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Finally, we say that a (p, q)-tensor T is radially parallel if

∇ ∂
∂r
T = 0. (3.1.11)

3.1.1 Divergence and the Lie derivative operator

We now consider the operator � : Λ1(Rn)→ Λ1(Rn) defined by �ξ = δLξg0, where Lξ is

the Lie derivative operator. This operator is formally self-adjoint and elliptic. From now

on we use ∆̃H , t̃r,δ̃ and d̃ to denote the Hodge laplacian, trace, divergence and exterior

differentiation in the cross section metric gSn−1 respectively. Following [CT94, Section

2], if we write ξ in polar coordinates as

ξ = fdr + ω, (3.1.12)

we have

Lξg0 = 2f ′dr ⊗ dr +
(
ω′ − 2r−1ω + d̃f

)
� dr + LωgSn−1 + 2rfgSn−1 , (3.1.13)

here we use primes to denote differentiation respect to r. Also, given a 1-form α we

denote by α � dr the symmetric product α ⊗ dr + dr ⊗ α. If now h is a symmetric

(0, 2)-tensor written in polar coordinates as

h = h00dr ⊗ dr + α� dr +B, (3.1.14)

where B is a symmetric (0, 2) tensor whose radial components are zero, the divergence

of h is given by

δh =
(
h′00 + (n− 1)r−1h00 + r−2δ̃α� dr − r−3t̃r(B)

)
dr

+ α′ + (n− 1)r−1α + r−2δ̃B.

(3.1.15)
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Combining (3.1.13) and (3.1.15), the operator � takes the form

�ξ =
(

2f ′′ + 2(n− 1)r−1f ′ + r−2
(
−∆̃Hf − 2(n− 1)f

)
+ r−2δ̃ω′ − 4r−3δ̃ω

)
dr

+ ω′′ + (n− 3)r−1ω′ + r−2
(
−∆̃Hω + d̃δ̃ω

)
+ d̃f ′ + r−1(n+ 1)d̃f.

(3.1.16)

As pointed out in [CT94, Section 2], any 1-form defined on Rn\{0} can be written as

an infinite sum of forms of two types

1. Type I: p(r)ψ where ψ ∈ Λ1(T ∗Sn−1), δ̃ψ = 0 and ∆̃Hψ = µψ,

2. Type II: r−1l(r)φdr + u(r)rd̃φ where φ ∈ Λ0(T ∗Sn−1) and ∆̃Hφ = νφ.

Moreover, the operator � preserves these two types of forms. If ξ is a 1-form of type I or

II, the equation �ξ = 0 reduces to a second order linear system of ordinary differential

equations of at most two equations. In order to see what these systems look like we

consider the change of variable r = es and use p(s) to denote p(es) for forms of type I

and we use l(s), u(s) to denote l(es) and u(es) respectively for forms of type II. With

this notation we have for example

p′ = e−s∂sp, p
′′ = e−2s

(
∂2
sp− ∂sp

)
. (3.1.17)

On forms of type I, �ξ is given by

�ξ = e−2s
(
∂2
sp+ (n− 4)∂sp− µp

)
ψ, (3.1.18)

while on forms of type II, �ξ takes the form

�ξ = e−2s
(

2∂2
s l + 2(n− 4)∂sl − 4(n− 2 +

ν

4
)l − ν∂su+ 4νu

)
φds

+ e−2s
(
∂2
su+ (n− 4)∂su− 2νu+ ∂sl + nl

)
d̃φ.

(3.1.19)
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The solutions of (3.1.18) and (3.1.19) are given by the following

α =
4− n

2
, θ =

√
α2 + µ, a± = α± θ. (3.1.20)

All solutions of �ξ = 0 of type I are given by

ξ = ra
±
ψ. (3.1.21)

In this case, since rψ is radially parallel, we see that the order of growth of ξ is a± − 1.

For solutions ξ of type II, we set

β =
2− n

2
, ζ =

√
β2 + ν, b± = β ± ζ, (3.1.22)

and then ξ is either of the form

rb
±
d̃φ+ b±rb

±−1φdr, (3.1.23)

or of the form

2rb
±+2d̃φ+ b∓rb

±+1φdr. (3.1.24)

See [CT94, Section 2] for more details. The above computations motivate the following

definition

Definition 3.1.1. The set E of all numbers a±−1, b±−1 or b±+ 1 with a±, b± defined

by (3.1.20), (3.1.22), is called the set of exceptional values for �. If γ ∈ R\E then γ is

said to be nonexceptional.

Remark 3.1.2. All elements in E are integers, in fact, computing the eigenvalues of

∆̃H on 1-forms in Sn−1 as in [Fol89, Theorem C], one can prove that all numbers in

(3.1.21) have the form

a±j = −(n− 4)

2
± 1

2
(n− 2 + 2j) for j = 1, 2, . . . , (3.1.25)
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and all numbers in (3.1.22) have the form

b±j = −(n− 2)

2
± 1

2
(n− 2 + 2j) for j = 0, 1, 2, . . . . (3.1.26)

An important property of � is

Proposition 3.1.3. On Rn \ {0}, if γ is nonexceptional then � : W ′2,p,0,1
γ → W ′0,p,0,1

γ−2 is

an isomorphism with bounded inverse.

Proof. Compare [Bar86, Theorem 1.7].

Finally, note that from (3.1.25) and (3.1.26) it follows that 1 is an exceptional value

for �, which means that there are elements in the kernel of � with linear growth, i.e.,

forms ξ with �ξ = 0 satisfying ξ = rη where η is radially parallel.

All 1-forms of type I in the kernel of � which have linear growth have the form

ξ = r2ψ, (3.1.27)

where ψ is dual to a Killing field in Sn−1. For forms of type II, all solutions of �ξ = 0

that have linear growth correspond to the eigenvalues ν = 0, 2n of ∆̃H on functions,

moreover, in that case the solution corresponding to ν = 0 is

ξ = rdr, (3.1.28)

and the solution corresponding to ν = 2n is

ξ = 2rφd̃r + r2d̃φ. (3.1.29)

Note that the forms in (3.1.27) and (3.1.29) have linear growth because rψ and rd̃φ are

radially parallel.
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3.1.2 A modified � operator

Given t 6= 0, let �t be the modified operator

�tξ ≡ δtLξg0 = �ξ − tir−1 ∂
∂r
Lξg0. (3.1.30)

In order to compute �t for ξ as in (3.1.12) we start by noting that

ir−1 ∂
∂r
Lξg0 = 2r−1f ′dr + r−1

(
ω′ − 2r−1ω + d̃f

)
.

The modified operator �t is then computed to be

�tξ =
(

2f ′′ + 2(n− 1− t)r−1f ′ + r−2
(
−∆̃Hf − 2(n− 1)f

))
dr

+ r−2
(
δ̃ω′ − 4r−3δ̃ω

)
dr + ω′′ + (n− 3− t)r−1ω′

+ r−2
(
−∆̃Hω + 2tω + d̃δ̃ω

)
+ d̃f ′ + r−1(n+ 1− t)d̃f.

Using again the change of variable r = es and the notation in Section 3.1.1, we see that

�tξ for ξ a 1-form of type I is given by

�tξ = e−2s
(
∂2
sp+ (n− 4− t)∂sp− (µ− 2t)p

)
ψ. (3.1.31)

On forms of type II, �tξ is given by

�tξ = e−2s

(
2∂2

s l + 2(n− 4− t)∂sl − 4(n− 2− t

2
+
ν

4
)l − ν∂su+ 4νu

)
φds

+ e−2s
(
∂2
su+ (n− 4− t)∂su− 2(ν − t)u+ ∂sl + (n− t)l

)
d̃φ.

(3.1.32)

We conclude that in these cases, the system

�tξ = 0, (3.1.33)

reduces again to a constant coefficient system of ordinary differential equations. From

(3.1.31), we easily see that the possible growth and decay rates of solutions (3.1.33) on



44

1-forms of type I are given by

−1

2
(n− 4− t)± 1

2

√
(n− 4− t)2 + 4(µ− 2t). (3.1.34)

For forms of type II, we note that we can simplify (3.1.32) by setting

l(s) = e−
(n−4−t)

2
sm(s),

u(s) = e−
(n−4−t)

4
sw(s),

so we obtain a system of equations involving only m and w, namely

∂2
sm−

{
(n− 4− t)2/4 + 2(n− 2− t/2 + ν/4)

}
m− ν

2
∂sw +

ν

4
(n+ 4− t)w = 0,

∂2
sw −

{
(n− 4− t)2

4
+ 2(ν − t)

}
w + ∂sm+

(n+ 4− t)
2

m = 0.

Let

β(ν, t) =
(n− 4− t)2

4
+ 2(n− 2− t/2 + ν/4),

γ(ν, t) =− ν

4
(n+ 4− t),

σ(ν, t) =
(n− 4− t)2

4
+ 2(ν − t),

τ(t) =− (n+ 4− t)
2

.

In what follows we will omit to write the dependence of β, γ, σ, τ on ν and t. If in

addition we let

m1 = m,

m2 = ∂sm1,

w1 = w,

w2 = ∂sw1,
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then the vector

X(s) =



m1(s)

m2(s)

w1(s)

w2(s)


,

satisfies

∂sX(s) = AX(s),

where A is the matrix

A =



0 1 0 0

β 0 γ ν
2

0 0 0 1

τ −1 σ 0


. (3.1.35)

The characteristic polynomial p(λ) of the matrix A in (3.1.35) is given by

p(λ) = λ4 − (σ + β − ν

2
)λ2 + (γ − τν

2
)λ+ βσ − γτ, (3.1.36)

and note that

γ − τν

2
= −ν

4
(n+ 4− t) +

(n+ 4− t)
2

ν

2
= 0.

The roots of the characteristic polynomial p in (3.1.36) are then given by

λ±(ν, t) = ±
√
β + σ − ν/2

2
± 1

2

√
(β + σ − ν/2)2 + 4γτ − 4βσ. (3.1.37)

We can simplify the expression in (3.1.37) by fixing t and studying the dependence of the

functions β+σ−ν/2
2

and (β + σ − ν/2)2 + 4γτ − 4βσ on the parameter ν. More precisely,
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if we let

θ1(ν) =
β + σ − ν/2

2
,

and

θ2(ν) = (β + σ − ν/2)2 + 4γτ − 4βσ,

then

∂

∂ν
θ1(θ) = 2,

∂

∂ν
θ2(θ) = 16− 8t,

and after evaluating θ1(ν) and θ2(ν) at ν = 0, we obtain

λ±(ν, t) =

√
1

4
(n− 4− t)2 + (n− 2)− 3

2
t+ ν ± 1

2

√
(2(n− 2) + t)2 + (16− 8t)ν.

(3.1.38)

From (3.1.38), we conclude that the possible growth and decay rates of solutions of

(3.1.33) on forms of type II are − (n−2−t)
2
± λ±(ν, t) for ν > 0,

− (n−2−t)
2
± 1

2

√
(n− t)2 + 4t for ν = 0.

(3.1.39)

As in the discussion at the end of Subsection 3.1.1, we are interested in solutions of

(3.1.33) which are essentially linear, i.e., solutions ξ that satisfy for every 0 < γ < 1,

ξ = O(r1+γ) as r →∞, ξ = O(r1−γ) as r → 0. (3.1.40)

For these solutions we have
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Proposition 3.1.4. There exists t0 > 0 such that for 0 < |t| < t0 there is a number

γ0(t) with 0 < γ0(t) < 1 such that if ξ is a 1-form in the kernel of �t satisfying (3.1.40)

for some 0 < γ < γ0(t) then ξ is dual to a Killing vector field in Rn.

Proof. Since �tξ = δtLξg0, it follows that a 1-form which is dual to a Killing field in Rn

is in the kernel of �t regardless of the gauge condition. Next, since the general solution

may be written as an infinite sum of 1-forms of Type I and Type II, it suffices to prove

the proposition for 1-forms of either type. When t = 0 and as pointed out in Section

3.1.1, all solutions of (3.1.33) in separated variables which satisfy (3.1.40) correspond to

the eigenvalues µ = 2(n − 2) on forms of type I and ν = 0, 2n on forms of type II. For

t 6= 0 small, the growth rates are small perturbations of the rates a±j −1 and b±j −1 with

a±j , b±j given by (3.1.25) and (3.1.26), moreover the rates corresponding to eigenvalues

µ > 2n or ν > 2n have real parts bounded away from 1 and hence, for these solutions

the proposition follows. It only remains to consider the kernel corresponding to the

eigenvalues µ = 2(n − 2) and ν = 0, 2n. From [Fol89, Theorem C], all eigenvalues µ

corresponding to 1-forms of type I are

µ = (j + 1)(j + n− 3) for j = 1, 2, . . . , (3.1.41)

and then from (3.1.34) all solutions of �tξ = 0 with ξ a 1-form of type I can be written

as

ξ = rc
±
j (t)−1 (rψj) , (3.1.42)

where

c±j (t) =
−(n− 4− t)±

√
(n− 2 + 2j)2 − 2nt+ t2

2
, (3.1.43)
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and ψj is a 1-form with eigenvalue (j+1)(j+n−3). It follows that if t 6= 0 is sufficiently

small, all solutions given by (3.1.43) are such that Re
(
c±j (t))− 1

)
is bounded away from

1 except for c+
1 (t)−1 which equals 1 for any t. In this case r2ψ1 is dual to a Killing field

in Rn. For those 1-forms of type II corresponding to the eigenvalues ν = 0, 2n, one can

show in a similar way using (3.1.39) that the growth rates are strictly bounded away

from 1 for t 6= 0 sufficiently small.
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Chapter 4

Existence of divergence-free gauges

4.1 Outline

In order to construct divergence-free gauges, we use the approach in [CT94] which con-

sists in using the ALE of order 0 condition to initially prove that we can fix a gauge

such that the modified divergence-free condition δth = 0 for t 6= 0 is satisfied. One is

then interested in the δt-free kernel of the modified operator P(k)
t . This kernel can be

classified into three types:

1. Growth solutions, i.e., solutions that are O(rβ
′
) on Rn\{0} for some β′ > 0,

2. Decay solutions, i.e., solutions that are O(r−β
′
) on Rn\{0} for some β′ > 0,

3. “Degenerate” solutions, i.e., solutions that are O(rγ) as r → ∞ and O(r−γ) as

r → 0 for some γ > 0 sufficiently small (depending upon t).

The main step is to prove that solutions with the behavior described in (3) do not occur

(see Proposition 4.3.1). We can then prove a growth estimate for solutions of the linear

elliptic equation P(k)
t h = 0 (see Lemma 4.2.3) which we call the Three Annulus Lemma.

The next step is to use scaling properties of the nonlinear system (2.1.29), and elliptic

estimates to prove a nonlinear version of the Three Annulus Lemma (Lemma 4.4.4), so

that the behavior of solutions of (2.1.29) can be modeled after the behavior of solutions of
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the linearized equation. Consequently, we can use the nonlinear Three Annulus Lemma

and the ALE of order zero condition to rule out the behavior described in (1) and (3) for

solutions of the nonlinear equation. It follows that the only possible behavior at infinity

for solutions of the nonlinear equation in the δt-gauge is that of decay solutions in (2),

which yields a gauge where the metric g is ALE of positive order (see Corollary 4.5.4).

With this improvement, one we can easily construct a global divergence-free gauge, see

Proposition 4.5.5.

The Three Annulus Lemma was introduced in [Sim85] and used in [CT94] for the

Ricci-flat case. Even though our statement of the Three Annulus Lemma is very similar

to that of [CT94], we base our proof on a result called Turán’s Lemma that we discuss

in Section 4.6. Our case is complicated by the fact that higher powers of log may enter

into the asymptotic expansions since the system is of higher order.

4.2 The linearized equation in separated variables

We consider solutions on Rn\{0} of the system

P(k)
t h = 0, (4.2.1)

for 1 ≤ k ≤ n
2
− 1 if n ≥ 4, or for k = 1 if n = 3, with P(k)

t given by (2.1.26). With

notation as in [CT94], we write the general solution of P(k)
t h = 0 as an infinite sum of

the form

h =
∞∑
j=0

(
ljφjdr ⊗ dr + kjτj � dr + fjBj + pjφjr

2g̃
)
, (4.2.2)

where
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1. The functions lj,kj, fj and pj are radial, and the (0, 2) tensors φjdr ⊗ dr, τj � dr,

Bj, and φjr
2g̃ are radially parallel.

2. The components φj ∈ Λ0(T ∗Sn−1), τj ∈ Λ1(T ∗Sn−1), Bj ∈ S2
0(T ∗Sn−1) are eigen-

tensors of the rough laplacian. Here S2
0(T ∗Sn−1) is the traceless component of

S2(T ∗Sn−1).

3. The set

{ljφjdr ⊗ dr + kjτj � dr + fjBj + pjφjr
2g̃}j,

is orthogonal in the inner product 〈〈·, ·〉〉 in (3.1.8).

It is clear that P(k)
t preserves the expansion (4.2.2) in the sense that

P(k)
t

(
ljφjdr ⊗ dr + kjτj � dr + fjBj + pjφj g̃

)
= F

(1)
j φjdr ⊗ dr + F

(2)
j τj � dr + F

(3)
j Bj + F

(4)
j φjr

2g̃,

where F
(c)
j = F

(c)
j (lj, kj, fj, pj) for c = 1, 2, 3, 4. It follows that if P(k)

t h = 0 then for each

j we must have

P(k)
t

(
ljφjdr ⊗ dr + kjτj � dr + fjBj + pjφjr

2g̃
)

= 0, (4.2.3)

and

F
(c)
j (lj, kj, fj, pj) ≡ 0, for c = 1, 2, 3, 4. (4.2.4)

The system (4.2.4) is a linear system of ordinary differential equations which is homo-

geneous of order 2(k+ 1). Using the change of variable r = es, (4.2.4) can be written as

a constant coefficient linear system of ordinary differential equations, in particular, for
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every j = 0, 1, . . . , the system (4.2.4) reduces to a first order constant coefficient linear

system of the form

Ẋ = MjX, (4.2.5)

where Mj is a matrix of order 8(k+1)×8(k+1). Let Φj is the characteristic polynomial

of the matrix Aj and suppose that we factor Φj as

Φj(z) =

mj∏
a=1

(z − ζj,a)nj,a , (4.2.6)

with

mj∑
a=1

nj,a = 8(k + 1). (4.2.7)

Note that in general, the roots ζj,a depend on t and k, however, for simplicity we omit

this dependence in the notation above. Each of the functions lj, kj, fj, pj may be

expressed as a linear combination of functions of the form

(log(r))brζj,a with b = 0, . . . , nj,a − 1. (4.2.8)

Fix j and let T
(c)
j with c = 1, 2, 3, 4, be the (0, 2) tensors

T
(1)
j = φjdr ⊗ dr, T (2)

j = τj � dr, T
(3)
j = Bj, T

(4)
j = φjr

2g̃, (4.2.9)

so that we can write

ljφjdr ⊗ dr + kjτj � dr + fjBj + pjφjr
2g̃ =

4∑
c=1

qj,cT
(c)
j , (4.2.10)

where

qj,1 = lj, qj,2 = kj, qj,3 = fj and qj,4 = pj. (4.2.11)
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It follows that if h satisfies P(k)
t h = 0 on Rn\{0} then h can be expanded as an infinite

sum of the form

h =
∞∑
j=0

4∑
c=1

qj,cT
(c)
j , (4.2.12)

where

1. The (0, 2)-tensors T
(c)
j are radially parallel.

2. The set {T (c)
j }j,c is orthogonal with respect to the norm 〈〈·, ·〉〉.

3. The radial functions qj,c are linear combinations of functions of the form (4.2.8).

Let us write the radial function qj,c(r) as

qj,c(r) =

mj∑
a=1

nj,a−1∑
b=0

da,b,c(log(r))brζj,a , (4.2.13)

where da,b,c are complex numbers. From (4.2.13) we introduce the following sets

A+
j = {1 ≤ a ≤ mj : Re(ζj,a) > 0}, (4.2.14)

A−j = {1 ≤ a ≤ mj : Re(ζj,a) < 0}, (4.2.15)

A0
j = {1 ≤ a ≤ mj : Re(ζj,a) = 0}. (4.2.16)

We will use q±j,c to denote

q±j,c(r) =
∑
a∈A±j

nj,a−1∑
b=0

da,b,c(log(r))brζj,a , (4.2.17)

and q0
j,c will be used to denote

q0
j,c(r) =

∑
a∈A0

j

na−1∑
b=0

da,b,c(log(r))brζj,a . (4.2.18)



54

With this we have a decomposition of the form

h = h+ + h− + h0, (4.2.19)

where

h± =
∞∑
j=0

4∑
c=1

q±j,cT
(c)
j , and h0 =

∞∑
j=0

4∑
c=1

q0
j,cT

(c)
j . (4.2.20)

Definition 4.2.1. A solution h of (4.2.8) is a degenerate solution of (4.2.1) if h = h0.

It will also be important for us to consider for any nonnegative integer j the number

βj = min{|Re(ζj,a)| : a ∈ A±j }. (4.2.21)

4.2.1 Estimates for the linearized equation

Consider a solution of (4.2.1) on an annulus, i.e., a solution of the problem

P(k)
t h = 0 on Aa,b(0), (4.2.22)

where 0 < a < b. Note that since Aa,b(0) and Rn\{0} have the same cross section, if h

is a solution of (4.2.22) then we can repeat the analysis in Subsection 4.2 to decompose

h as h = h+ + h− + h0. For solutions of (4.2.22), however, the infinite sum (4.2.12)

may not be defined outside of Aa,b(0). By definition of the norm ||| · |||, if we expand a

solution of h of (4.2.22) satisfying |||h|||a,b <∞ as in (4.2.12) we see that

|||h|||2a,b =
∞∑
j=0

4∑
c=1

λ
(c)
j

∫ b

a

|qj,c(r)|2r−1dr, (4.2.23)

where

λ
(c)
j = 〈〈T (c)

j , T
(c)
j 〉〉. (4.2.24)
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We consider again the numbers βj in (4.2.21) and we define

β = inf
j=0,1,...

{βj}. (4.2.25)

The number β is well-defined and positive for t sufficiently small, since the equation

(4.2.1) is a perturbation of ∆k+1h = 0, which has indicial roots contained in Z ⊂ C

(compare (2.0.10)-(2.0.11)).

We have the following property for solutions of (4.2.22):

Lemma 4.2.2. For t sufficiently small, let 0 < β′ < 1
2
β. Let h be a solution of (4.2.22)

on an annulus of the form Aa,L2a(0) where a > 0 and L > 1, and consider the decompo-

sition

h = h+ + h− + h0 on Aa,L2a(0). (4.2.26)

Then there exists L0 = L0(β, β′) > 1 such that if L > L0, then

|||h+|||La,L2a ≥ Lβ
′|||h+|||a,La, (4.2.27)

and

|||h−|||La,L2a ≤ L−β
′|||h−|||a,La. (4.2.28)

Proof. By the scale invariance of the norms ||| · |||, it suffices to prove the lemma for

a = 1. The proof is completed in Section 4.6 using Turán’s Lemma.

We note that we are only able to prove (4.2.27) and (4.2.28) for 0 < β′ < 1
2
β and not

for 0 < β′ < β as in [CT94]. However, the estimates (4.2.27) and (4.2.28) are sufficient

for our purpose. Next, we use this to prove
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Lemma 4.2.3 (Three Annulus Lemma). Let a > 0, L > 1 and suppose that h is a

solution of (4.2.1) in ALa,L3a(0) for t sufficiently small. Suppose in addition that in the

decomposition (4.2.26), h0 ≡ 0. For any 0 < β′ < 1
2
β, there exists L0 = L0 (β, β′) with

L0 > 1 such that for L > L0, if

|||h|||aL,aL2 ≥ Lβ
′|||h|||a,aL, (4.2.29)

then

|||h|||aL2,aL3 ≥ Lβ
′ |||h|||aL,aL2 , (4.2.30)

and if

|||h|||aL2,aL3 ≤ L−β
′|||h|||aL,aL2 , (4.2.31)

then

|||h|||aL,aL2 ≤ L−β
′ |||h|||a,La. (4.2.32)

Moreover, at least one of (4.2.30), (4.2.32) holds (whether or not at least one of (4.2.29),

(4.2.32) holds).

Proof. By scaling properties of the norms ||| · |||, it suffices to prove the lemma for the

case a = 1. Suppose that (4.2.29) holds. From the decomposition h = h+ + h− and the

Cauchy-Schwarz inequality we clearly have

|||h|||2L,L2 ≤ 2
(
|||h+|||2L,L2 + |||h−|||2L,L2

)
, (4.2.33)

and then

2
(
|||h+|||2L,L2 + |||h−|||2L,L2

)
≥ L2β′

(
|||h+|||21,L + |||h−|||21,L + 2〈〈〈h+, h−〉〉〉1,L

)
. (4.2.34)
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Here 〈〈〈·, ·〉〉〉 is the inner product associated to the norm ||| · |||. From Lemma 4.2.2, for

L large enough (depending on β and β′) we can estimate 〈〈〈h+, h−〉〉〉1,L in (4.2.34) as

〈〈〈h+, h−〉〉〉1,L ≥ −|||h+|||1,L|||h−|||1,L ≥ −L−β
′ |||h+|||L,L2|||h−|||1,L, (4.2.35)

and then for a fixed 0 < ε < 1
2
, there exists a positive constant c(ε) such that (4.2.34)

and (4.2.35) imply

L2β′
(
|||h+|||21,L + |||h−|||21,L − 2c(ε)L−2β′|||h+|||2L,L2 − 2ε|||h−|||21,L

)
≤ 2

(
|||h+|||2L,L2 + |||h−|||2L,L2

)
, (4.2.36)

and hence

2(1 + c(ε))
(
|||h+|||2L,L2 + |||h−|||2L,L2

)
≥ (1− 2ε)L2β′

(
|||h+|||21,L + |||h−|||21,L

)
. (4.2.37)

We have shown that for fixed 0 < ε < 1
2

there exists a positive constant q(ε) such that

(
|||h+|||2L,L2 + |||h−|||2L,L2

)
≥ q(ε)L2β′

(
|||h+|||21,L + |||h−|||21,L

)
. (4.2.38)

Combining Lemma 4.2.2 with (4.2.38) we obtain

(
|||h+|||2L,L2 + |||h−|||2L,L2

)
≥ q(ε)L2β′ |||h−|||21,L ≥ q(ε)L4β′ |||h−|||2L,L2 , (4.2.39)

and therefore

|||h+|||2L,L2 ≥
(
q(ε)L4β′ − 1

)
|||h−|||2L,L2 . (4.2.40)

On the other hand, for fixed 0 < ε < 1
2

we choose c(ε) as before so that

|||h|||2L2,L3 ≥ (1− 2ε)|||h+|||2L2,L3 − 2c(ε)|||h−|||2L2,L3 , (4.2.41)
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and by virtue of Lemma 4.2.2, for any β′′ with β′ < β′′ < 1
2
β, there exists L0 =

L0(β, β′′) > 0 such that if L > L0 then

|||h|||2L2,L3 ≥ (1− 2ε)L2β′′ |||h+|||2L,L2 − 2c(ε)L−2β′′ |||h−|||L,L2 . (4.2.42)

If L is large enough so that L−2β′′ < 1
2

we have from (4.2.40)

L2β′′ |||h+|||2L,L2 ≥ L2β′′
(

1

2
+ L−2β′′

)
|||h+|||2L,L2 ≥

1

2
L2β′′ |||h+|||2L,L2 + |||h+|||2L,L2

≥ 1

2
L2β′′ |||h+|||2L,L2 +

(
q(ε)L4β′ − 1

)
|||h−|||2L,L2 . (4.2.43)

Finally, from (4.2.42) and (4.2.43) it follows that

|||h|||2L2,L3 ≥ v(ε, L, β′, β′′)L2β′ |||h+|||2L,L2 + w(ε, L, β′, β′′)L2β′ |||h−|||2L,L2 , (4.2.44)

where

v(ε, L, β′, β′′) =
1

2
(1− 2ε)L2(β′′−β′), (4.2.45)

and

w(ε, L, β′, β′′) = (1− 2ε)(q(ε)L2β′ − L−2β′)− 2c(ε)L−2(β′+β′′). (4.2.46)

It is clear that we can choose L large enough so that v(ε, L, β′, β′′), w(ε, L, β′, β′′) ≥ 2

and then

|||h|||2L2,L3 ≥ 2L2β′
(
|||h+|||2L,L2 + |||h−|||2L,L2

)
≥ L2β′ |||h|||2L,L2 , (4.2.47)

as needed. The proof for the case (4.2.31) is analogous. For the rest of the proposition,

note that by the Cauchy-Schwarz inequality we must have either |||h+|||L,L2 ≥ 1
2
|||h|||L,L2

or |||h−|||L,L2 ≥ 1
2
|||h|||L,L2 . If |||h+|||L,L2 ≥ 1

2
|||h|||L,L2 , then for fixed 0 < ε < 1 there

exists c0(ε) > 1 such that

(1− c0(ε))|||h+|||2L,L2 + (1− ε)|||h−|||2L,L2 ≤ |||h|||2L,L2 , (4.2.48)
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and since |||h|||2L,L2 ≤ 4|||h+|||2L,L2 we conclude that for some positive constant c1(ε) we

have

|||h+|||2L,L2 ≥ c1(ε)|||h−|||2L,L2 . (4.2.49)

On the other hand, if we fix 0 < ε < 1 there exists a constant c2(ε) > 0 such that

|||h|||2L2,L3 ≥ (1− ε)|||h+|||2L2,L3 − c2(ε)|||h−|||2L2,L3 , (4.2.50)

and from Lemma 4.2.2, for any β′ < β′′ < 1
2
β there exists L0 = L0(β, β′′) such that if

L > L0 then

|||h|||2L2,L3 ≥ (1− ε)L2β′′|||h+|||2L,L2 − c2(ε)L−2β′′ |||h−|||2L,L2 , (4.2.51)

and from (4.2.49) we have

|||h|||2L2,L3 ≥ C(ε, L, β′, β′′)L2β′|||h+|||2L,L2 , (4.2.52)

where

C(ε, L, β′, β′′) = (1− ε)L2(β′′−β′) − c2(ε)

c1(ε)
L−2(β′+β′′). (4.2.53)

If we choose L large enough so that C(ε, L, β′, β′′) ≥ 4 we obtain

|||h|||2L2,L3 ≥ 4L2β′|||h+|||2L,L2 ≥ L2β′ |||h|||2L,L2 , (4.2.54)

as needed. In a similar way we can show that if |||h−|||2L,L2 ≥ 1
2
|||h|||2L,L2 , then we have

the inequality |||h|||2L,L2 ≤ L−2β′ |||h|||21,L, which completes the proof.

4.3 Degenerate solutions of the linearized equations

We now turn our attention to degenerate solutions of (4.2.1). If t = 0, then constants are

non-trivial degenerate solutions, which are also divergence-free. However, these are not
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δt-free for t 6= 0. The main result of this section is that there are in fact no degenerate

solutions of (4.2.1) for all t nonzero and sufficiently small:

Proposition 4.3.1. There exists t0 > 0 such that if 0 < |t| < t0 there are no degenerate

solutions of (4.2.1) subject to δth = 0 on any annulus Ac,d(0). In particular, for t 6= 0

sufficiently small, Lemma 4.2.3 holds.

Proof. We only need to consider the case that h is a finite sum in (4.2.12). In this case,

h extends to a solution of P(k)
t h = 0 on Rn\{0} subject to δth = 0. Let ρ > 0, let

t0, t, γ0(t) be as in Proposition 3.1.4 and let ϕ be a C∞ function such that ϕ|Bρ(0) ≡ 0

and ϕ|Rn\B2ρ(0) ≡ 1. Choose p > n and a number 0 < γ < γ0(t) < 1, then ϕδh ∈ W ′0,p,0,1
γ−1

and (1 − ϕ)δh ∈ W 0,p,0,1
−γ−1 . Since γ is nonexceptional it follows from Proposition 3.1.3

that there exists X1 ∈ W ′2,p,0,1
γ+1 such that 2X1 = ϕδh and X2 ∈ W ′2,p,0,1

−γ+1 such that

2X2 = (1− ϕ)δh, therefore

2 (X1 +X2) = δh, (4.3.1)

moreover, there exists h0 such that δh0 ≡ 0, ϕh0 ∈ W ′1,p,0,2
γ , (1− ϕ)h0 ∈ W ′1,p,0,2

−γ , and

h = L(X1+X2)g0 + h0 on Rn\{0}. (4.3.2)

Note that from the weighted Sobolev inequality (see [Bar86, Theorem 1.2]), we must

have

h0 = O(r−γ) as r → 0, and h0 = O(rγ) as r →∞. (4.3.3)

Let X = X1 +X2, from P(k)
t h = 0 and δth = 0, h satisfies

∆k−1

(
1

2
∆2h+

1

2
∇2δδh+ ∆δ∗δh

)
= 0 (4.3.4)
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on Rn\{0}. From diffeomorphism invariance, any Lie derivative LXg0 is in the kernel

of the linearized operator, and similarly, R′g0(LXg0) = 0. It follows that LXg0 satisfies

(4.3.4) and so does h0 on Rn\{0}. From δh0 = 0, h0 satisfies

∆k+1h0 = 0, (4.3.5)

so we can expand h0 in terms of homogeneous solutions of (4.3.5) on Rn\{0} and by

(4.3.3) and the proof of Proposition 2.0.2 we conclude that h0 = log(r) · C + C ′ where

C,C ′ are matrices whose components are constant, but since δh0 ≡ 0 it follows from

Proposition 2.0.2 that C = 0 and h0 is constant in Rn, in particular h0 is a Lie derivative.

We can now write h = LY g0 where Y is a solution of 2tY = δtLY g0 ≡ 0 and clearly Y

is essentially linear in the sense of (3.1.40) for some γ with 0 < γ < γ0(t). But from

Proposition 3.1.4, we know that for t 6= 0 sufficiently small, if any such solution Y is

non-zero then it must be dual to a Killing field which shows that h ≡ 0 as needed. In the

case n = 3, all solutions ∆2h0 = 0 satisfying (4.3.3) are of the form h0 = C + h1 where

the components of C are constant and the components of h1 are spherical harmonics of

order 1, however, if δh0 ≡ 0 then h1 ≡ 0 as seen in the proof of Proposition 2.0.2.

Remark 4.3.2. The argument in [Str10a, Corollary 3.7] is incomplete since only radially

parallel solutions are ruled out there. One must moreover rule out degenerate solutions

(those with oscillatory behavior and possibly times a power of log) which are not radially

parallel.
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4.4 Scaling and the nonlinear equation

In this subsection we prove the nonlinear version of the Three Annulus Lemma. We

assume that (Mn, g) is ALE of order 0, as in Definition 1.3.10. In the following we

use the ALE coordinate system to transfer the problem to (Rn\Bρ(0)) /Γ. We have the

following elliptic Schauder estimate for solutions of (2.1.29):

Lemma 4.4.1. Let 0 < a < d and let h ∈ T 0,2
m,α;0(Aa,d) be a solution of (2.1.29). There

exists χ > 0 such that if ‖h‖T 0,2
m,α;0(Aa,d(0)) < χ, then for every b, c with a < b < c < d one

has

‖h‖T 0,2
m,α;0(Ab,c(0)) ≤ C|||h|||a,d, (4.4.1)

with C = C(λ1, λ2, n,m, α, b− a, d− c, t), where 0 < λ1 ≤ λ2 are ellipticity constants of

(2.1.29).

Proof. The result follows from standard interior elliptic regularity estimates, see for

example [È̆ıd69, Chapter II]. Note the leading order term is a power of the Laplacian,

but lower order coefficients are negative powers of r. However, the Schauder estimate

depends only on an appropriate weighted norm of the coefficients, which in this case is

bounded, as one can easily verify.

The following scaling lemma will be used to reduce the nonlinear problem to the

linear case.

Lemma 4.4.2. Let {hi} be a sequence of solutions of (2.1.29) satisfying

‖hi‖T 0,2
m,α;0(Aa,L3a(0)) < χi, (4.4.2)
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where {χi} is a sequence of positive numbers such that χi → 0. Suppose in addition that

for some positive constant C we have

|||hi|||a,La + |||hi|||L2a,L3a ≤ C|||hi|||La,L2a. (4.4.3)

Let qi = |||hi|||−1
La,L2ahi, then on any annulus Ac,d(0) with a < c < d < L3a, there exists

a subsequence qij that converges in T 0,2
m,α′;0(Ac,d(0)) with α′ < α to q̃ satisfying (4.2.1).

Proof. The sequence {qi} satisfies

|||qi|||a,La + |||qi|||La2,L3a ≤ C, (4.4.4)

in particular, if c, d as in the statement, we have from Lemma 4.4.1 the inequality

‖qi‖T 0,2
m,α;0(Ac,d(0)) ≤ C ′, (4.4.5)

for some positive constant C ′. By the Arzela-Ascoli theorem there exists a subsequence

{qij} that converges in T 0,2
m,α′;0(Ac,d(0)) with α′ < α to q̃. It only remains to prove that

q̃ solves (4.2.1). For that purpose we write (2.1.29) as

P(k)
t (ciqi) +R(k)(ciqi, g0) = 0, (4.4.6)

where ci = |||hi|||La,L2a. Note that ci → 0 as i → ∞. From the estimate (4.4.5) and

equation ( 2.1.28) it follows that

R(k)(ciqi, g0) = O(c2
i ) as ci → 0, (4.4.7)

where the bound in the right-hand side of (4.4.7) is with respect to the Hölder norm in

T 0,2
m−2(k+1),α′;0(Ac,d(0)), so (4.4.6) takes the form

ciP(k)
t (qi) = O(c2

i ) as ci → 0. (4.4.8)

Passing to the subsequence {qij} we conclude that the limit q̃ satisfies P(k)
t q̃ = 0.
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Remark 4.4.3. Using scaling properties of the norms ||| · |||c,d and ‖ · ‖T (0,2)
m,α;0(Ac,d(0)) and

the ALE of order 0 conditions, we can construct a nontrivial sequence {qi}i of solutions

of (2.1.29) on the annulus Aa,aL3(0) satisfying ‖qi‖T (0,2)
m,α;0(AL,L3 (0))

→ 0 as i → ∞. More

precisely, if h is defined on Aa,∞(0), then from the ALE of order 0 condition, we see that

for any sequence of positive numbers bi with bi →∞ we have

lim
i→∞
‖h‖T (0,2)

m,α;0

(
Abia,biaL3 (0)

) = 0,

from (3.1.2) and (3.1.10) we see that qi = b−2
i ψ∗i h, satisfies

|||qi|||a,aL3 = |||h|||bia,biaL3 ,

lim
i→∞
‖qi‖T (0,2)

m,α;0(Aa,aL3 (0)) = 0,

as needed.

Using Lemma 4.2.3 and Proposition 4.3.1 we have the following nonlinear version of

the Three Annulus Lemma:

Lemma 4.4.4. Let ρ, t > 0 and let h be a solution of (2.1.29) on Aρ,∞(0) with δth = 0.

Let β′ > 0 and L0 > 1 be as in Lemma 4.2.3 and let L, a > 0 be such that L0a > ρ and

L > L0 . There exist χ = χ(n, λ,Λ) > 0 so that if |h|T 0,2
m,α;0(Aρ,∞(0)) < χ, then if

|||h|||La,L2a ≥ Lβ
′|||h|||a,La, (4.4.9)

then

|||h|||L2a,L3a ≥ Lβ
′ |||h|||La,L2a, (4.4.10)

and if

|||h|||L2a,L3a ≤ L−β
′|||h|||La,L2a, (4.4.11)
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then

|||h|||La,L2a ≤ L−β
′ |||h|||a,La. (4.4.12)

Moreover, there exists t0 > 0 such that if 0 < |t| < t0 then at least one of the inequalities

(4.4.10),(4.4.12) must hold.

Proof. For simplicity we will only prove the last assertion, i.e., at least one of (4.4.10)

and (4.4.12) must hold (the other two assertions are proved analogously). Suppose this

is not the case, then, there exists a sequence of positive numbers χi with limi→∞ χi = 0

and solutions hi of (2.1.29) with |hi|T 0,2
m,α;0(Aρ,∞(0)) < χi such that neither (4.4.10) nor

(4.4.11) hold for hi (such a sequence can be obtained from Remark 4.4.3, for example).

In that case we have,

|||hi|||a,La + |||hi|||L2a,L3a ≤ 2Lβ
′ |||hi|||La,L2a.

Choose a sequence of positive numbers {εl}l with 0 < εl < 1 such that εl ↘ 0.

If we rescale hi by h̃i = |||hi|||−1
La,L2ahi, we can use Lemma 4.2.3 to obtain a sub-

sequence h̃i,1 with |||h̃i,1|||a,L3a ≤ C for some positive number C, that converges in

T 0,2
m,α;0(Aa+ε1,L3a−ε1(0)) to a solution q1 of (4.2.1) satisfying δtq1 = 0. From the sequence

{h̃i,1} we can obtain a subsequence {h̃i,2}i that converges in T 0,2
m,α;0(Aa+ε2,L3a−ε2(0)) to a

solution q2 of (4.2.1) satisfying δtq2 = 0. By repeating this construction we can produce

for every l > 1 a subsequence {h̃i,l}i of {h̃i}i satisfying

1. |||h̃i,l|||a,L3a ≤ C,

2. {h̃i,l}i is a subsequence of {h̃i,l−1}i,

3. {h̃i,l}i converges in Tm,α;0(Aa+εl,L3a−εl(0)),
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4. The limit ql of {h̃i,l}i as i→∞ is a solution of (4.2.1) that satisfies δtql = 0,

5. The restriction ql to Aa+εl−1,L3a−εl−1
(0) is ql−1.

It follows that from the diagonal sequence {h∗l } = {h̃l,l}, we can obtain a solution h̃ of

(4.2.1) on T 0,2
m,α;0(Aa,L3a(0)) satisfying δth̃ = 0 and |||h̃|||a,L3a <∞. This solution does not

satisfy (4.4.10) or (4.4.12) and this contradicts Proposition 4.3.1 if t > 0 is sufficiently

small.

4.5 Global divergence-free gauges

From (1.3.15) and (1.3.16) it follows that Ψ∗g − g0 satisfies the estimate

| (Ψ∗g − g0)(r,x) |m,α;0 = o(1) as r →∞. (4.5.1)

for all m ≥ 0.

Remark 4.5.1. We do not need to assume decay on derivatives of arbitrary order in

(1.3.16). Our proof only requires that the estimate (1.3.16) be satisfied only for all

multi-indices l such that 1 ≤ |l| ≤ 2(k+ 1) + 1. Then (4.5.1) holds for all m ≤ 2(k+ 1).

With the decay in (4.5.1) we can prove the existence of δt-free gauges on certain annuli

by means of the implicit function theorem. The following result is contained in [CT94,

Theorem 3.1] and does not depend on the metric g being Ω(k)-flat:

Proposition 4.5.2. Let t0 be as in Proposition 3.1.4 and let t be such that 0 < |t| < t0.

There exists χ = χ(t,m) such that if (C(Nn−1), g0) is a Ricci-flat cone and g̃ is a metric
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on Ac,∞(0) ⊂ C(Nn−1) such that

‖g̃ − g0‖T 0,2
m,α;0(Ac,∞(0)) < χ, (4.5.2)

then there exists a diffeomorphism φ = φ(g̃), φ : Ac,∞(0)→ Ac,∞(0) such that

φ∗g̃ ∈ T 0,2
m,α;0(Ac,∞(0)), (4.5.3)

and

δt(φ
∗g̃ − g0) = 0. (4.5.4)

Moreover, if

‖δt(g̃)‖T 0,1
m−1,α;−1(Ac,∞(p)) < ε, (4.5.5)

then

‖φ∗g̃ − g̃‖T 0,2
m,α;0(Ac,∞(p)) < δ(ε), (4.5.6)

where δ(ε)↘ 0 as ε→ 0.

In our application of this Lemma, we will simply let g̃ = Ψ∗g, and g0 the flat metric on

the Euclidean cone (recall Definition 1.3.10). We will then write h = φ∗g̃ − g0. From

Proposition 4.5.2 and using that g is ALE of order 0 we have

Lemma 4.5.3. Let h and Ac,∞(0) be as above, and let L0 > 0 be as in Lemma 4.2.3.

For any L > L0 and any a > c we have limi→∞ |||h|||Lia,Li+1a = 0, moreover, we have

the inequality

|||h|||Lia,Li+1a ≤ L−β
′(i−i0)|||h|||Li0a,Li0+1a for all i ≥ i0. (4.5.7)



68

Proof. By Lemma 4.4.4, for any i > i0 we have either

|||h|||Li+1,Li+2 ≥ Lβ
′ |||h|||Li,Li+1 , (4.5.8)

or

|||h|||Li,Li+1 ≤ L−β
′ |||h|||Li−1,Li , (4.5.9)

Suppose that we have (4.5.8), then we conclude again from Lemma 4.4.4 that we must

have for any integer s ≥ 1 the inequality

|||h|||Li+s,Li+s+1 ≥ Lβ
′s|||h|||Li,Li+1 . (4.5.10)

Since g is ALE of order 0, we can use (4.5.5) in Proposition 4.5.2 to conclude that for

ε > 0 sufficiently small and s > 1 large we must have

‖Ψ∗g − g0‖T 0,2
m,α;0(ALi+s,Li+s+1 (0)) < ε, (4.5.11)

‖φ∗Ψ∗g −Ψ∗g‖T 0,2
m,α;0(ALi+s,Li+s+1(0))

<
1

2
, (4.5.12)

and therefore

‖h‖T 0,2
m,α;0(ALi+s,Li+s+1 (0)) < 1. (4.5.13)

In particular, we must have

|||h|||Li+s,Li+s+1 ≤ cn log(L), (4.5.14)

where cn is a dimensional constant. It is clear that (4.5.10) contradicts (4.5.14) for s

large. It follows that (4.5.9) holds and then, by Lemma 4.4.4 we must have (4.5.7).

From Lemma 4.5.3 we have the following improvement in the ALE order of g:
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Corollary 4.5.4. If g is ALE of order 0, scalar flat and (extended) obstruction-flat or

satisfies (1.2.9), then there exists an annulus of the form Ac′,∞(0) and a diffeomorphism

φ : Ac′,∞(0)→ Ac′,∞(0) such that |φ∗Ψ∗g − g0|m,α;0 = O(r−β
′
) as r →∞ and therefore,

g is ALE of order β′.

Proof. From Lemma 4.4.1, Proposition 4.5.2, and Lemma 4.5.3, there exists a constant

C > 0 such that for any (r, x) ∈ Ac′,∞(0) with r sufficiently large we have

|(φ∗Ψ∗g − g0)(r,x)|m,α;0 ≤ Cr−β
′
,

so the claim follows.

From [CT94, Sections 2 and 3] we have

Proposition 4.5.5. Suppose g is a metric defined on Rn\Bρ(0) and satisfies

g − g0 = O(r−τ ) as r →∞, (4.5.15)

then there exists a diffeomorphism φ : Rn\Bρ(0) → Rn\Bρ(0) such that h = φ∗g − g0

satisfies h ∈ T 0,2
m,α;−τ (Rn\Bρ(0)) and δg0h = 0.

We summarize the results of this section in the following corollary

Corollary 4.5.6. If g is ALE of order 0, scalar flat and (extended) obstruction-flat or

satisfies (1.2.9), then there exists a diffeomorphism Φ : M\K → (Rn\Bρ(0))/Γ for some

ρ > 0 and a compact set K ⊂ M such that h = Φ∗g − g0 satisfies h ∈ T 0,2
m,α;−β′ and

δg0h = 0.
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4.6 Turán’s Lemma

We close this chapter by stating a classical result proved by Pál Turán which is sometimes

called Turán’s Lemma and showing how one can apply it to prove Lemma 4.2.2. Given

complex numbers z1, . . . , zd and a nonnegative integer l we use Sl denote the sum

c1, . . . , cd ∈ C, Sl =
d∑
j=1

cjz
l
j. (4.6.1)

The following is the version of Turán’s Lemma that we will use throughout this

section:

Lemma 4.6.1. Let z1, . . . , zd where d > 1 be complex numbers with |zj| ≥ 1 for j =

1, . . . , d and let m be an integer with m ≥ 1. Then

|S0|2 ≤ C max{|Sm+1|2, . . . , |Sm+d|2}, (4.6.2)

where the positive constant C = C(m, d) can be estimated as

C ≤ A(d)

(
m+ d

d

)2(d−1)

, (4.6.3)

for some constant A(d) depending only on d.

A way of proving Lemma 4.6.1 is by means of the following elementary lemma whose

proof we omit (see also [Naz93, Section 1.1]).

Lemma 4.6.2. Let m ≥ 1 be an integer and let p(z) be the polynomial

u(z) =
d∏
j=1

(
1− z

zj

)
σm

(
d∏
j=1

(
1− z

zj

)−1
)
, (4.6.4)

where for a C∞ function f(z) at the origin, σm (f) (z) denotes the Taylor polynomial of

degree m of f(z) around 0. Then u(z) is a polynomial of degree m+ d that has the form

u(z) = 1 + a1z
m+1 + . . .+ adz

m+d, (4.6.5)
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and vanishes at the points z1 . . . , zd. Moreover, for j = 1, . . . , d we have |aj| ≤ |bm+j|

where bm+j is the coefficient of the zm+j in the polynomial

v(z) = (1 + z)dσm

(
1

(1− z)d

)
, (4.6.6)

In particular, we have

max{|a1|, . . . , |ad|} ≤ d2d
(
m+ d− 1

d− 1

)
. (4.6.7)

4.6.1 An integral form of Turán’s Lemma

Let h be a positive number and consider the arithmetic progression {tl = lh}l where l

are nonnegative integers. Consider also complex numbers ζ1, . . . , ζd such that Re(ζj) ≥ 0

for j = 1, . . . , d. If we let p(t) denote

p(t) =
d∑
j=1

cje
ζjt, (4.6.8)

then

p(lh) =
d∑
j=1

cjz
l
j(h), (4.6.9)

where zj(h) = eζjh. Since |zj(h)| ≥ 1 we have from Lemma 4.6.1 an inequality of the

form

|p(0)|2 ≤ C(m, d)

(
max

l=m+1,...,m+d

{
|p(lh)|2

})
≤ C(m, d)

(
m+d∑
l=m+1

|p(lh)|2
)
, (4.6.10)

for any integer m ≥ 1 where C(m, d) ≤ A(d)
(
m+d
d

)2(d−1)
.

Lemma 4.6.3. Let ζ1, . . . , ζd be complex numbers satisfying Re(ζj) ≥ 0 for j = 1, . . . , d,

and let p(t) =
∑d

j=1 cje
ζjt. Then for any positive numbers 0 < a < b

|p(0)|2 ≤ A(d)

(
b

b− a

)2(d−1)
(b+ a)

(b− a)2

∫ b

a

|p(t)|2dt. (4.6.11)
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Proof. Let c = a+b
2

, set h0 = b−c
d

= b−a
2d

and let m be the integer part of c
h0

(i.e. the only

integer m such that m ≤ c
h0
< m+ 1). Note that in this case m ≥ 1. For any h > 0 by

(4.6.10) we have

|p(0)|2 ≤ A(d)

(
m+ d

d

)2(d−1) m+d∑
l=m+1

(
|p(lh)|2

)
. (4.6.12)

By our choice of m and h0 we have

(m+ d)h0 ≤ c+ dh0 = b, (4.6.13)

so then a ≤ lh0 ≤ b for l = m + 1, . . . ,m + d. Let η = 2a
a+b

, i.e. cη = a. Note that

0 < η < 1. By taking the average of (4.6.12) respect to h on the interval [ηh0, h0] we

have

|p(0)|2 ≤ A(d)

(
m+ d

d

)2(d−1)
1

h0(1− η)

∫ h0

ηh0

(
m+d∑
l=m+1

|p(lh)|2
)
dh, (4.6.14)

It is easy to see that if f : R 7→ R is a continuous nonnegative function and and T0, T1

are positive numbers with T0 < T1, then∫ T1

T0

(
m+d∑
l=m+1

f(lh)

)
dh ≤ d

2

∫ (m+d)T1

(m+1)T0

f(h)dh. (4.6.15)

Therefore, we have

|p(0)|2 ≤ A(d)
d

2

(
m+ d

d

)2(d−1)
1

h0(1− η)

∫ b

a

|p(t)|2dt, (4.6.16)

where we have used that (m + 1)ηh0 > cη = a. We also have (1 − η)h0 = (b−a)2

2d(b+a)
. On

the other hand(
m+ d

d

)2(d−1)

=

(
(m+ d)h0

dh0

)2(d−1)

≤ 22(d−1)

(
b

b− a

)2(d−1)

, (4.6.17)

so the result follows.
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Corollary 4.6.4. If p(t) is as before then for any R > 0 we have

‖p‖2
L∞[0,R] ≤

A(d)

R

∫ 2R

3R
2

|p(t)|2dt, (4.6.18)

and also ∫ R

0

|p(t)|2dt ≤ A(d)

∫ 2R

3R
2

|p(t)|2dt. (4.6.19)

Proof. Let t0 ∈ [0, R] be such that ‖p‖L∞[0,R] = |p(t0)|, and consider pt0(τ) given by

pt0(τ) =
d∑
j=1

cje
ζjt0eζjτ . (4.6.20)

Clearly pt0(t− t0) = p(t) and |pt0(0)| = ‖p‖L∞[0,R]. By Lemma 4.6.3 we have

|pt0(0)|2 ≤ 4 · 2d−1A(d)

(
2R− t0
R

)d−1( 7
2
R− 2t0

R2

)∫ 2R−t0

3R
2
−t0
|pt0(τ)|2dτ. (4.6.21)

Using a change of variables in (4.6.21) we obtain

‖p‖2
L∞[0,R] ≤ 4 · 4d−1A(d)

(
7

2R

)∫ 2R

3
2
R

|p(t)|2dt, (4.6.22)

which proves (4.6.18). Once we have shown (4.6.18) we can prove (4.6.19) by writing

1

R

∫ R

0

|p(t)|2dt ≤ ‖p‖2
L∞[0,R] ≤

A(d)

R

∫ 2R

3R
2

|p(t)|2dt. (4.6.23)

4.6.2 Proof of Lemma 4.2.2

By making the change of variables r = et, it it is clear from (4.2.23) that it suffices to

show the following lemma



74

Lemma 4.6.5. Let p(t) be a sum of the form

p(t) =
d∑
j=1

nj∑
s=0

cj,st
seζjt, (4.6.24)

where nj ≥ 0 are integers, and cj,s ∈ C are fixed. Let M =
∑d

j=1 nj. Then

1. If λ = min{Re(ζ1), . . . , Re(ζd)} > 0 then for every positive integer l,

eλR
∫ lR

(l−1)R

|p(t)|2dt ≤ A(M + d)

∫ (l+1)R

lR

|p(t)|2dt. (4.6.25)

2. If λ = min{−Re(ζ1), . . . ,−Re(ζd)} > 0, then for any positive integer l,∫ (l+1)R

lR

|p(t)|2dt ≤ C(M + d)e−λR
∫ lR

(l−1)R

|p(t)|2dt. (4.6.26)

Proof. We first consider functions p : R 7→ C that have the form

p(t) =
d∑
j=1

cje
ζjt, (4.6.27)

with cj ∈ C, i.e., we do not consider the case of roots ζj with multiplicities. Suppose

that all numbers ζj, j = 1, . . . , d have positive real part. Let us first prove (4.6.25) for

l = 1. Consider the function p̃(t) given by

p̃(t) =
d∑
j=1

cje
(ζj−λ)t. (4.6.28)

Since Re(ζj − λ) ≥ 0 for all j = 1, . . . , d, we have from Corollary 4.6.4∫ R

0

|p̃(t)|2dt ≤ A(d)

∫ 2R

3R
2

|p̃(t)|2dt, (4.6.29)

multiplying both sides of (4.6.29) by e3λR we have

eλR
∫ R

0

e2λt|p̃(t)|2dt ≤ e3λR

∫ R

0

|p̃(t)|2dt ≤ A(d)e3λR

∫ 2R

3R
2

|p̃(t)|2dt

≤ A(d)

∫ 2R

3R
2

e2λt|p̃(t)|2dt ≤ A(d)

∫ 2R

R

e2λt|p̃(t)|2dt,
(4.6.30)
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and e2λt|p̃(t)|2 = |p(t)|2. For the case l > 1, we write any t ∈ [(l − 1)R, (l + 1)R] as

t = (l − 1)R + τ where τ ∈ [0, 2R] and then we write p(t) as

p(t) = ql(τ) =
d∑
j=1

cj,le
ζjτ , (4.6.31)

where cj,l = cje
(l−1)R. Applying the above argument to ql(τ) then (4.6.25) follows after

a change of variables. If now all numbers Re(λj) are negative for j = 1 . . . , d, it suffices

to prove (4.6.26) for l = 1 since as before, the general case l ≥ 1 follows after a change

of variables. Let p̃(t) =
∑d

j=1 cje
(ζj+λ)t and write t ∈ [0, 2R] as t = 2R − τ where

τ ∈ [0, 2R], then cje
(ζj+λ)t = cje

(ζj+λ)2Re−(ζj+λ)τ and Re(−(ζj + λ)) ≥ 0, so by (4.6.25),

if we let q(τ) =
∑d

j=1 cje
(ζj+λ)2Re−(ζj+λ)τ we obtain∫ R

0

|q(τ)|2dτ ≤ A(d)

∫ 2R

3R
2

|q(τ)|2dτ. (4.6.32)

On the other hand,∫ R

0

|q(τ)|2dτ =

∫ 2R

R

|p̃(t)|2dt, and

∫ 2R

3R
2

|q(τ)|2dτ =

∫ R
2

0

|p̃(t)|2dt, (4.6.33)

so from (4.6.32), we have

eλR
∫ 2R

R

e−2λt|p̃(t)|2dt ≤ e−λR
∫ 2R

R

|p̃(t)|2dt ≤ A(d)e−λR
∫ R

2

0

|p̃(t)|2dt

≤ A(d)

∫ R
2

0

e−2λt|p̃(t)|2dt ≤ A(d)

∫ R

0

e−2λt|p̃(t)|2dt,
(4.6.34)

and e−2λt|p̃(t)|2 = |p(t)|2.

For the general case involving multiplicity, we will only prove the statement for

the case min{Re(ζ1), . . . , Re(ζd)} > 0 since the other case will follow as in the above

argument. We consider first the case corresponding to n1 = 1 and n2 = . . . = nd = 0.

Let ε > 0 and let pε(t) be given by

pε(t) = c1,0e
ζ1t +

c1,1

ε

(
e(ζ1+ε)t − eζ1t

)
+

d∑
j=2

cj,0e
ζjt, (4.6.35)
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then by (4.6.25) for the case with no multiplicity, we have

eλR
∫ lR

(l−1)R

|pε(t)|2dt ≤ A(d+ 1)

∫ (l+1)R

lR

|pε(t)|2dt, (4.6.36)

where λ is defined as before, and since A(d + 1) does not depend on ε we can take the

limit of (4.6.36) as ε tends to zero and obtain (4.6.25). For the higher multiplicity case,

(4.6.25) can be proved using induction.
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4.7 Optimal ALE order

In this Section, we complete the proof of Theorems 1.2.2 and 1.2.4.

4.7.1 Weighted Sobolev spaces and ∆k+1

In this section we state some properties of the weighted Sobolev spaces introduced in

Section 4.3 that will be useful to improve the decay estimate for the metric g derived

in Section 4.5. Throughout this section we will work only with (0, 2) tensors so when

we write W ′m,p
δ we actually mean the space W ′m,p,0,2

δ . We start by defining the set of

exceptional values for ∆k+1.

Definition 4.7.1. A number δ ∈ R is said to be exceptional for ∆k+1 if δ is in the set

E =

 {j ∈ Z : j 6= −1,−2, . . . , 2(k + 1)− (n− 1)} if n > 2(k + 1)

Z if n = 2(k + 1).
(4.7.1)

We say that δ is nonexceptional if δ ∈ R\E.

Remark 4.7.2. The exceptional values for ∆k+1 correspond to the growth rates of

solutions of ∆k+1h = 0 on the complement of a ball, however, when n = 2(k + 1), as

observed in the proof of Proposition 2.0.2, there are solutions of ∆k+1h = 0 on Rn\{0}

that are O(log(r)) as r →∞.

Lemma 4.7.3. If δ is nonexceptional, the map ∆k+1 : W ′2(k+1),p
δ → W ′0,p

δ−2(k+1) is an

isomorphism.

Proof. See [Bar86, Theorem 1.7].
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Lemma 4.7.4. Suppose that h is defined on Rn\Bρ(0) and satisfies h = O(rδ) as r →∞

and assume that ∆k+1h = O(rδ
′−2(k+1)) as r → ∞ with δ′ < δ. Then, for any τ > 0

such that δ′+ τ is nonexceptional there exists h′ ∈ W ′2(k+1),p
δ′+τ and a ball Bρ′(0) such that

∆k+1(h− h′) = 0 on Rn\Bρ′(0), (4.7.2)

Furthermore, if 2(k + 1) < n, there exists an exceptional value j ≤ max{δ, δ′ + τ} such

that

h− h′ = pj +O(rj−1) as r →∞, (4.7.3)

where pj is homogeneous of degree j and satisfies ∆(k+1)(pj) = 0 on Rn\{0}. If n =

2(k + 1), we may also have

h− h′ = A · log(r) +O(1) as r →∞, (4.7.4)

where the components of A are constant.

Proof. Let ϕ be a function in C∞(Rn) such that ϕ ≡ 0 on Bρ(0) and ϕ ≡ 1 on Rn\B2ρ(0),

then ∆k+1 (ϕh) ∈ W ′0,p
δ′−2(k+1)+τ for every τ > 0. If we choose τ in such a way that δ′+ τ

is nonexceptional, by Lemma 4.7.3 there exists h′ ∈ W ′2(k+1)
δ′+τ such that

∆(k+1) (hϕ− h′) = 0, (4.7.5)

and on Rn\B2ρ(0) we have (4.7.2). The expansion (4.7.3) follows from the expansion

at infinity of solutions of ∆k+1h̃ = 0 on Rn\B1(0) (compare with the proof of Proposi-

tion 4.3.1).
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4.7.2 Optimal decay

Suppose that (Mn, g) is ALE of order 0, scalar-flat, and either Ω(k)-flat or satisfies

(1.2.9). Corollary 4.5.6 showed that g is ALE of order β′ for some β′ > 0. In the next

proposition we obtain the optimal value for β′ as stated in Theorems 1.2.2 and 1.2.4.

Proposition 4.7.5. Let h be as in Corollary 4.5.6. If g is Ω(k)-flat or satisfies (1.2.9),

then h ∈ T 0,2
m,α;2k−n and g is ALE of order n− 2k.

Proof. Let us treat first the case (k + 1) = n
2
. Since δh = 0, h satisfies (2.1.29) with

t = 0, i.e.

cn,n
2
−1

2(n− 2)
∆

n
2 h = R(n

2
−1)(h, g0), (4.7.6)

where R(n
2
−1)(h, g0) is given by equation (2.1.28). Since h = O(r−β

′
) as r → ∞, the

slowest decaying terms in (2.1.28) are those of the form ∇α1h ∗ ∇α2h with α1 + α2 = n,

so from (4.7.6) we obtain ∆
n
2 h = O(r−2β′−n), and by Lemma (4.7.4), for any τ > 0 such

that −2β′+ τ is nonexceptional there exists h1 ∈ W ′n,p
−2β′+τ such that ∆

n
2 (h−h1) = 0 on

the complement of some ball. From the weighted Sobolev inequality, if we take p > n

then h1 = O(r−2β′+τ ) as r → ∞ and clearly we can assume that −2β′ + τ < −β′, so

that both h, h1 have pointwise decay at infinity but h1 has a better decay at infinity

than h. By Lemma 4.7.4, and since −1 is the least negative exceptional value for ∆
n
2 ,

the difference h− h1 has an expansion at infinity of the form

h− h1 = F1 +O(r−2), (4.7.7)

where F1 is a homogeneous solution of degree −1 of ∆
n
2 h = 0 on Rn\{0}. From the

proof of Proposition 2.0.2, any such F1 has the form

(F1)ij(x) = uij

(
x

|x|2

)
, (4.7.8)
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where uij are linear functions. We now claim that on the complement of some ball, h

satisfies

h = F1 +O(r−1−ε), (4.7.9)

for some ε > 0. If −2β′ < −1 we can choose τ > 0 sufficiently small so that h

satisfies (4.7.9). If not, we have h = O(r−2β′+τ ) with −2β′ + τ < −β′ and again

from (4.7.6) it follows that ∆
n
2 h = O(r−4β′+2τ ) and we can argue as above to obtain

h = O(r−min{1,4β′−2τ ′}) for some τ ′ > 0 such that −4β′ + τ ′ < −2β′ + τ . It is clear

that we can use induction to obtain (4.7.9). Note that if δF1 is not identically zero then

δF1 = O(r−2) as r → ∞ but we do not have δF1 = O(r−2−ε) as r → ∞ for any ε > 0,

however, by (4.7.9) one has

δh = δF1 +O(r−2−ε) as r →∞, (4.7.10)

therefore, from δh ≡ 0 it follows that δF1 ≡ 0, and by Proposition 2.0.2, F1 ≡ 0 which

shows that h = O(r−γ) with γ > 1. By (4.7.6) one obtains ∆
n
2 h = O(r−2γ−n) and

repeating the argument used to obtain (4.7.9) we can show that on the complement of

some ball, h has an expansion of the form

h = F2 +O(r−2−ε) as r →∞, (4.7.11)

where F2 is homogeneous of degree −2 and satisfies ∆
n
2F2 ≡ 0 on Rn\{0} and ε is some

positive number. This proves that h = O(r−2) as r → ∞ as needed. For the case

2(k+ 1) < n, the only difference with the previous proof is that we have to consider ho-

mogeneous solutions of ∆k+1h ≡ 0 on Rn\{0} that decay like r2(k+1)−n and like r2k+1−n,

but as shown in the proof of Proposition 2.0.2, these solutions are not divergence-free

unless they are identically zero.
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4.8 Singularity removal theorems

In this section we present the proofs of Theorems 1.2.8 and 1.2.9.

Lemma 4.8.1. Let g = g0 + h be a metric defined on Bρ(0)\{0} with constant scalar

curvature, and assume that g is either Ω(k)-flat or satisfies (1.2.13). Suppose in addition

that δth = 0 on Bρ(0)\{0}. Then, on Bρ(0)\{0}, h satisfies the equation

P(k)
t h+R(k)(h, g0) = 0, (4.8.1)

where P(k)
t and R(k)(h, g0) have the same expressions as in (2.1.26) and (2.1.28) respec-

tively. The operator P(k)
t is elliptic.

Proof. Suppose that R(g0 + h) = c where c is a constant. If we also have δth = 0 on

Bρ(0)\{0}, then from R(g0 + h)−R(g0) = c we conclude that h satisfies the equation

∆tr(h) = −c+ tδir−1 ∂
∂r
h+ F ′(h, g0), (4.8.2)

on Bρ(0)\{0}. We now write the equation Ω(k)(g0 + h)− Ω(k)(g0) = 0 as

0 = (Ω(k))′g0(h) + F (k)(h, g0), (4.8.3)

with F (k)(h, g0) as in (2.1.2). Using (2.0.1), we see that if we insert (4.8.2) into (4.8.3)

then h satisfies (4.8.1) on Bρ(0)\{0}. The rest of the claim follows easily, and the same

argument works for (1.2.13).

Recalling the C0-orbifold condition as defined in Definition 1.2.6, we now assume

that there exists a coordinate system around the origin such that

gij = δij + o(1), (4.8.4)

∂lgij = o(r−|l|), (4.8.5)

for any multi-index l with |l| ≥ 1 as r → 0.
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Remark 4.8.2. As in the ALE case (compare Remark 4.5.1), we do not need an as-

sumption on derivatives of arbitrary order. If l in (4.8.5) only satisfies |l| ≤ 2(k+ 1) + 1,

then we have | (g − g0)(r,x) |m,α;0 = o(1) as r → 0 for any m ≤ 2(k+1), which is sufficient

for our proof.

Next, we state the existence of a divergence-free gauge.

Lemma 4.8.3. Suppose that g defined on Bρ(0) has constant scalar curvature and is (ex-

tended) obstruction-flat or satisfies (1.2.13). Suppose also that the origin is a C0-orbifold

point for g. Then for some ρ′ < ρ there exists a diffeomorphism φ : Bρ′(0)\{0} →

Bρ′(0)\{0} such that δg0φ∗g = 0 on Bρ′(0)\{0}. Moreover, there exists σ > 0 such that

|φ∗g − g0| = O(rσ) as r → 0 and ∂lφ∗g = O(rσ−|l|) for any multi-index l with |l| ≥ 1.

Proof. This follows from a straightforward modification of the proof of Corollary 4.5.6.

We will also need the following

Lemma 4.8.4. If the components of h ∈ S2(T ∗Rn) are linear functions then h = LXg0

for some quadratic vector field.

Proof. Let S2
1 be the subspace of S2(T ∗Rn) consisting of all elements whose components

are linear functions. If h ∈ S2
1 , we can write the components of h as

hij(x) =
n∑
l=1

Aijlxl, (4.8.6)

where Aijk is symmetric in i, j and therefore dim(S2
1) = n2(n−1)

2
. On the other hand,

if we let Γ1
2 be the space of all vector fields whose components are functions which are
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homogeneous of degree 2, then any X ∈ Γ1
2 can be written as X = Xi

∂
∂xi

where

Xi(ξ) =
∑
l,m

ailmξlξm, (4.8.7)

with ailm symmetric in l,m, and therefore dim (Γ1
2) = n2(n−1)

2
= dim(S2

1). Since there

are no quadratic Killing vector fields, the map L : Γ1
2 → S2

1 defined by L(X) = LXg0 is

an isomorphism.

Lemma 4.8.5. Let X a vector field that is homogeneous of degree 2 and let KX be the

diffeomorphism generated by taking the flow of X to time 1 (which exists for r sufficiently

small). If g0 is the Euclidean metric we have

K∗Xg0 − LXg0 − g0 = O(r2) as r → 0. (4.8.8)

Proof. Let φt be the flow of X, then we have for any t > 0

φ∗tg0 = g0 + tLXg0 + E(t), (4.8.9)

where E(t) is an error term that can be estimated as

|E(t)| ≤ t2

2
sup
s∈[0,t]

(∣∣∣∣ ∂2

∂s2
φs

∣∣∣∣) , (4.8.10)

here | · | is the usual pointwise norm on S2(T ∗Rn). In particular

K∗Xg0 = g0 + LXg0 + E(1). (4.8.11)

Since X is homogeneous of degree 2, we have for any p ∈ Rn

∂

∂t
|φt(p)|2 = 2〈 ∂

∂t
φt(p), φt(p)〉 ≤ C|φt(p)|3, (4.8.12)
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for some constant C > 0 that only depends on X. Letting r denote the distance of p

to the origin, it follows from (4.8.12) that for 0 < r < 1
C

and 0 ≤ t ≤ 1 we have the

inequality

|φt(p)| ≤
2r

2− Crt
, (4.8.13)

and then |φt(p)| = O(r) as r → 0. A similar argument shows that for all first order

partial derivatives one has

|∂lφt| = O(1) as r → 0. (4.8.14)

Since g0 is the Euclidean metric, we have

(φ∗tg0)ij =
∑
k,j

∂k(φt)i∂l(φt)j,

and using the chain rule we can write schematically

∂2

∂t2
φ∗tg0 = (∂2X)(φt) ∗X(φt) ∗ ∂φt ∗ ∂φt + (∂X)(φt) ∗ (∂X)(φt) ∗ ∂φt ∗ ∂φt, (4.8.15)

and by (4.8.14),(4.8.15) we conclude that for r sufficiently small∣∣∣∣ ∂2

∂t2
φ∗tg0

∣∣∣∣ ≤ C ′r2, (4.8.16)

for C ′ depending only on X. By (4.8.10),(4.8.11) and (4.8.16) the result follows.

Lemma 4.8.6. Let g a metric defined on Bρ(0) with a C0-orbifold point at the origin.

Suppose that g has constant scalar curvature and is (extended) obstruction-flat or satis-

fies (1.2.13) on Bρ(0)\{0}. Then there exists a change of coordinates φ̃, defined in some

small neighborhood around the origin, such that φ̃∗g satisfies

g = g0 +O(|x|2), (4.8.17)

∂lg = O(|x|2−|l|), (4.8.18)

for any multi-index l with |l| ≥ 1 as |x| → 0.



85

Proof. Let φ be the gauge given by Lemma 4.8.3 and if we take h = φ∗g − g0 we obtain

cn,k
2(n− 2)

∆k+1h = R(k)(h, g0). (4.8.19)

Since h = O(rσ) as r → 0 we have ∆k+1h = O(r2σ−2(k+1)) as r → 0 and as in the proof

of Proposition 4.7.5, for p > n and for τ > 0 such that 2σ − τ is nonexceptional and

positive, there exists h′ ∈ W ′n,p
2σ−τ such that ∆k+1 (h− h′) = 0 on Bρ(0)\{0}. Since both

h, h′ are o(1) as r → 0 we conclude that

h− h′ = G1 +O(r2) as r → 0, (4.8.20)

and the components of G1 are linear functions. As in Proposition 4.7.5 we can use

induction to show that h satisfies

h = G1 +O(r1+ε) as r → 0, (4.8.21)

for some ε > 0. The strategy for proving (4.8.17), (4.8.18) is slightly different to that

used to prove Proposition 4.7.5, but is still based on an argument used in [CT94]. From

δh = 0 on Bρ′(0)\{0}, it follows that δG1 ≡ 0 and by Lemma 4.8.4, G1 = LXg0 for

some vector field X such that X(p) is homogeneous of degree 2 in p. Assume that ρ′ is

sufficiently small so that KX , the diffeomorphism obtained by taking the flow of X to

time 1, is defined. By Lemma 4.8.5

K∗Xg0 − g0 − LXg0 = O(r2) as r → 0, (4.8.22)

and from

(φ∗g −K∗Xg0) + (K∗Xg0 − g0 − LXg0) = O(rmin{2,1+ε}) as r → 0, (4.8.23)
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we conclude that

K∗−Xφ∗g − g0 = O(rmin{1+ε,2}) as r → 0. (4.8.24)

As in Corollary 4.5.6, we can find a diffeomorphism φ′ defined on a smaller ball such

that

h′ = φ′∗K
∗
−Xφ∗g − g0, (4.8.25)

is divergence-free and h′ = O(rmin{1+ε,2}) as r → 0. With this new h′ we argue again as

in the proof of Proposition 4.7.5 to obtain (4.8.17) and (4.8.18) as needed.

Lemma 4.8.7. In the coordinate system constructed in Lemma 4.8.6 we have

∇lRm = ∂lRm+O(r1−|l|) as r → 0, (4.8.26)

for any multi-index l with |l| ≥ 1 and

∆m
g Ric(g) = ∆m

g0
Ric(g) +O(r−2(m−1)) as r → 0. (4.8.27)

with m ≥ 1.

Proof. To show (4.8.26), we consider first the case |l| = 1 and we write ∇Rm schemati-

cally as

∇Rm = ∂Rm+ Γ ∗Rm, (4.8.28)

and note that the terms Γ ∗ Rm are O(r) as r → 0. The general case follows easily by

induction. For (4.8.27) we start also with the case m = 1 and write

∆gRic = g−1 ∗ ∇∇Ric = g−1 ∗ ∇ (∂Ric+ Γ ∗Ric)

= g−1 ∗
(
∂2Ric+ ∂Γ ∗Ric+ Γ ∗ ∂Ric+ Γ ∗ Γ ∗Ric

)
= g−1 ∗ ∂2Ric+ ∂Γ ∗Ric+ Γ ∗ ∂Ric+ Γ ∗ Γ ∗Ric,

(4.8.29)
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and the term g−1 ∗ ∂2Ric has the form gkl∂k∂lRicij which we can also write as

∆g0Ricij +
(
gkl − δkl

)
∂klRicij. (4.8.30)

The terms
(
gkl − δkl

)
∂klRicij, ∂Γ ∗Ric, and Γ ∗ ∂Ric in (4.8.29) are O(1) as r → 0 and

the terms Γ ∗ Γ ∗ Ric are O(r2) as r → 0 as needed. The other cases follow also by

induction.

Proof of Theorems 1.2.8 and 1.2.9. By Lemma 4.8.6, we can find a change of coordi-

nates φ around the origin such that φ∗g satisfies (4.8.17) and (4.8.18). Recall that the

obstruction-flat systems have the form

∆k−1
g Bij =

k+1∑
j=2

∑
α1+...+αj=2(k+1)−2j

∇α1
g Rm ∗ . . . ∗ ∇αj

g Rm. (4.8.31)

From the expression (1.2.6) we can write the Bach tensor as

Bij = ∆Aij −∇i∇kAkj +Rm ∗Rm, (4.8.32)

and using that g has constant scalar curvature together with the Bianchi identity we

can rewrite (4.8.31) as

∆k
gRic =

k+1∑
j=2

∑
α1+...+αj=2(k+1)−2j

∇α1
g Rm ∗ . . . ∗ ∇αj

g Rm, (4.8.33)

which is exactly the same form as (1.2.13). From Lemma 4.8.7, (4.8.33) becomes

∆k
g0
Ric = T, (4.8.34)

where T = O(r−2(k−1)) as r → 0. Note that T ∈ Lp near the origin for p = ∞ if k = 1

and for any 1 ≤ p < n
2(k−1)

if k > 1. On the other hand, since Ric is bounded near the

origin, Ric ∈ Lp for any such p. It follows that Ric(g) is a weak solution of ∆k
g0
Ric = T
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on Bρ(0)\{0} and it is easy to prove that in that case Ric(g) extends to a weak solution

of (4.8.34) on Bρ(0). We conclude that Ric ∈ W 2k,p. Choose

p =

 ∞ if k = 1

(1− ε) n
2(k−1)

with 0 < ε < 1
2k−1

if k > 1.
(4.8.35)

Observe also that 0 < 2k − 1− n
p
≤ 1 so by the Sobolev inequality, for any α such that

0 < α < 2k − 1− n
p

we have

‖∇Ric‖Cα(Bρ(0)) ≤ C‖∇Ric‖W 2k−1,p(Bρ(0)), (4.8.36)

with C = C(n, p, k, ρ) and then Ric ∈ C1,α(Bρ(0)). Note that from the estimates

(4.8.17) and (4.8.18) we have g ∈ C1,α, which is sufficient for the existence of harmonic

coordinates at the origin [DK81, Lemma 1.2.]. In this harmonic coordinate system the

metric g is also C1,α and solves (4.8.33). Moreover, by (4.8.36) and [DK81, Corollary

1.4], Ric ∈ C1,α near the origin.

We then have that g is a solution of (4.8.34) and is also a solution of an equation of

the form

1

2
gij∂2

ijgkl +Qkl(∂g, g) = −Rickl(g), (4.8.37)

where Q(∂g, g) is an expression that is quadratic in ∂g, polynomial in g and has
√
|g|

in its denominator. Letting p and α be as above, we know that g and Ric(g) are C1,α

at the origin, in particular they both are in W 1,p. Using elliptic regularity in (4.8.37)

we conclude that g ∈ W 3,p and the Sobolev inequality (compare (4.8.36)) implies that

g ∈ C2,α. Furthermore, since Ric ∈ C1,α it also follows that g ∈ C3,α (see [DK81,

Theorem 4.5]). With this regularity in g we can write (4.8.33) as (4.8.34) in harmonic

coordinates, i.e., we can write (4.8.33) as an equation of the form ∆k
g0
Ric = T ′ with

T ′ ∈ Lp.
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Next, we claim that ∆k
g0
Ric ∈ W 1,p. To see this, take one derivative of (4.8.33). Since

g ∈ C3,α, one sees that all of the terms on the right hand side are O(r−2(k−1)) as r → 0,

which is in Lp for p as in (4.8.35). This shows that ∆k
gRic ∈ W 1,p. Replacing ∆k

gRic with

∆k
g0
Ric will introduce terms as in Lemma 4.8.7, but using the fact that Ric is now in

C1,α, we see that these terms are also in W 1,p, and consequently ∆k
g0
Ric ∈ W 1,p. Elliptic

regularity then implies that Ric ∈ W 2k+1,p. By the Sobolev inequality, Ric ∈ C2,α and

then (4.8.37) implies g ∈ C4,α. It is clear that we can bootstrap the above argument to

prove that g is smooth at the origin.
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Chapter 5

Curvature decomposition in

dimension 4

5.1 The anti self-dual part of the curvature tensor

Let (M4, g) be an orientable 4-manifold. As mentioned in the introduction, according

to the decomposition

Rm = W+ +W− +
1

2
E 7 g +

1

24
Rgg 7 g, (5.1.1)

we have the associated curvature operators are written as

R =W+ +W− + E +
1

24
S, (5.1.2)

where (
W± +

1

24
S
)

: Λ2
± (T ∗M) 7→ Λ2

± (T ∗M) , (5.1.3)

and

E : Λ2
± (T ∗M) 7→ Λ2

∓ (T ∗M) . (5.1.4)

Some basic properties of the tensors W± and of the curvature operators W± are the

following
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1. Viewed as a (1, 3) tensor, for any C2 function f , W±(e−2fg) = W±(g).

2. Letting C : S2 (Λ2 (T ∗M)) 7→ S2 (T ∗M) be the Ricci Contraction Map defined by

(CU)ab = gcdUacbd, then

CW± = 0. (5.1.5)

3. Both W+ and W− are traceless.

We note that our convention is that if Pijkl is a tensor satisfying Pijkl = −Pjikl =

−Pijlk = Pklij, then the associated operator P : Λ2 → Λ2 is given by

(Pω)ij =
1

2

∑
k,l

Pijklωkl. (5.1.6)

5.1.1 The anti self-dual part of the Weyl tensor as a bilinear

form

Consider a warped product metric on M = R× Y 3 of the form

g = dt2 + gY , (5.1.7)

Where gY is a smooth metric on Y , possibly depending on t. Our ultimate goal is a

formula for the linearized anti-self-dual Weyl curvature D, which maps from

D : S2
0(T ∗M)→ S2

0(Λ2
−). (5.1.8)

Using the decomposition T ∗M = {dt} ⊕ T ∗Y , we have

S2(T ∗M) = S2(dt)⊕ (dt� T ∗Y )⊕ S2(T ∗Y ), (5.1.9)
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which we will write as

h̃ = h00dt⊗ dt+ (α⊗ dt+ dt⊗ α) + h. (5.1.10)

Next, we have

Λ2(dt⊕ T ∗Y ) = (Λ1(dt)⊗ Λ1(T ∗Y ))⊕ Λ2(T ∗Y ). (5.1.11)

Given an orientation, we then have

Λ2(dt⊕ T ∗Y ) = (Λ1(dt)⊗ Λ1(T ∗Y ))⊕ Λ1(T ∗Y ). (5.1.12)

Under this decomposition, the self-dual forms correspond to

dt ∧ α + ∗̃α, (5.1.13)

while the anti-self-dual forms correspond to

dt ∧ α− ∗̃α, (5.1.14)

where ∗̃ is the Hodge-∗ operator on Y . Consequently, we have the identification

S2
0(Λ2

−) = S2
0(T ∗Y ), (5.1.15)

and we can therefore view D as a mapping

D : S2
0(T ∗M)→ S2

0(T ∗Y ). (5.1.16)

In order to proceed, we must first write downW−, considered as an element of S2
0(T ∗Y ).

Proposition 5.1.1.

(W−)ij = Φij −Ψij + Ωij, (5.1.17)
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where

Φij = tf(R0i0j(g)), (5.1.18)

Ψij = tf

(
Symij

(∑
k,l

εiklR0jkl(g)

))
, (5.1.19)

Ωij =
1

4
tf

(∑
k,l

∑
p,q

εiklεjpqRklpq(g)

)
, (5.1.20)

where the symbols εijk are the components of the volume element defined by

ei ∧ ej ∧ ek = εijke1 ∧ e2 ∧ e3, (5.1.21)

Sym in (5.1.19) denotes the Symmetrization Operator given by

Symij(F ) =
1

2
(Fij + Fji) , (5.1.22)

and for h ∈ S2 (T ∗Y ), tf(h) denotes the traceless component of h with respect to the

metric gY .

Proof. Given g as in (5.1.7) and considering the decomposition (5.1.2), we conclude from

(5.1.2),(5.1.3) and (5.1.4) that for any ω, ω′ ∈ Λ2
− (M)〈(

W− +
1

24
S
)
ω, ω′

〉
= 〈Rω, ω′〉.

In order to compute 〈Rω, ω′〉 we use the isomorphism between Ω1 (Y ) ⊕ Ω1 (Y ) and

Λ2 (R× Y ) given as follows: any 2-form ω in Λ2 (R× Y ) can be written uniquely as

ω = dt ∧ π∗ (ξ) + π∗ (∗̃η) , (5.1.23)

where π is the projection map π : R × Y 7→ Y , ξ and η are 1-forms in Ω1(Y ) and ∗̃ is

the Hodge-∗ operator with respect to the metric gY . Given a local orthonormal oriented
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basis {e1, e2, e3} of Γ (TY ), the operator ∗̃ : Ω1(Y ) 7→ Ω2(Y ) takes the form

∗̃ (ζ)ij =
3∑

k=1

εijkζk. (5.1.24)

Using i, k, l to denote indices in {1, 2, 3} we see that the 1-forms ξ, η in (5.1.23) can be

written in coordinates as

ξk = ω0k, ηi =
1

2

∑
j,k

εijkωjk =
∑
j<k

εijkωjk,

Moreover, in these coordinates, the Hodge-∗ operator can be computed as

∗ω = dt ∧ π∗ (η) + π∗ (∗̃ξ) , (5.1.25)

therefore, ω ∈ Λ2
± (T ∗Y ) if and only if ξ = ±η. Given 2-forms ω, ω′ ∈ Λ2 (M), let us

write ω = dt ∧ π∗(ξ) + π∗(∗̃η) and ω′ = dt ∧ ξ′ + π∗(∗̃η′) , then we can express 〈Rω, ω′〉

as

〈Rω, ω′〉 = αijξiξ
′
j + βijξiη

′
j + βjiηiξ

′
j + γijηiη

′
j (5.1.26)

where clearly

αij = R0i0j(g), βij =
1

2

∑
k,l

εjklR0ikl(g), γij =
1

4

∑
k,l

∑
p,q

εiklεjpqRklmn(g). (5.1.27)

If now ∗ω = −ω and ∗ω′ = −ω′, from (5.1.26) and (5.1.25) we obtain

〈Rω, ω′〉 = (αij − (βij + βji) + γij) ξiξ
′
j. (5.1.28)

This shows that with the isomorphism defined by (5.1.23), we can identify the map(
W− + 1

24
S
)

: Λ2
−(T ∗M) 7→ Λ2

−(T ∗M) with a bilinear form in S2 (T ∗Y ) such that in the

local orthonormal basis {e1, e2, e3} has components

αij − (βij + βji) + γij. (5.1.29)
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with αij, βij, γij given by (5.1.27). Since the scalar curvature operator S contributes a

pure-trace term, we are done.

We next give a more detailed description of some of the terms appearing in (5.1.17)

and for that purpose we will make use of the following notation:

• All letters i, j, k, l, . . . will denote non-zero indices.

• Given H ∈ S2 (Λ2 (M)), by cYH we will mean the map defined as

(cYH)jk = gilYHijlk,

• By trY (cYH) we will mean gijY (cYH)ij,

• An upper dot will denote a t-derivative.

• We will use ġY ∗ ġY to denote linear combinations of contractions of ġY ⊗ ġY using

the metric gY .

Proposition 5.1.2. We have the identity

1

4

∑
k,l,u,v

εiklεjuvHkluv = −
(
cYH −

1

2
trY (cYH) gY

)
ij

.

Proof. Suppose i = j, and let p, q with p < q be indices such that {1, 2, 3} = {i, p, q}

1

4

∑
k,l

∑
u,v

εiklεjuvHkluv =
1

4

∑
k,l

∑
u,v

εiklεiuvHklmn = Hpqpq.

Note that the trace of cYH is given by

1

2
trY (cYH) = Hpqpq +Hipip +Hiqiq.
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Therefore

Hpqpq =
1

2
trY (cYH)− (Hipi +Hiqiq) =

1

2
trY (cYH)− (cYH)ii

=
1

2
trY (cYH)δii − (cYH)ii = −

(
cYH −

trY (cYH)

2
gY

)
ii

.

If now i 6= j and p is such that {1, 2, 3} = {i, j, p}, we have

1

4

∑
k,l

∑
u,v

εiklεjuvHkluv = εijpεjipHjpjp

= −Hjpip = − (cYH)ij = −
(
cYH −

trY (cYH)

2
gY

)
ij

,

and the claim follows.

We will also need to compute the Christoffel symbols and components of the curvature

tensor of g in terms of the metric gY :

Proposition 5.1.3. The Christoffel symbols of the metric g = dt2 + gY are given by

Γki0(g) =
1

2
gklY (ġY )il , Γ0

ij(g) = −1

2
(ġY )ij , Γkij(g) = Γkij(gY ),

Γk00(g) = Γ0
0i(g) = 0.

For the components of the curvature tensor we have

R0
0ij = −1

2
(g̈Y )ij + (ġY ∗ ġY )ij,

Rk
ijl(g) = Rk

ijl(gY ) + (ġY ∗ ġY )kijl.

In particular, if gY is independent of t, then

Γγαβ(g) =

 0 if any α, β, γ equals 0

Γγαβ(gY ) otherwise
, (5.1.30)
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and consequently

Rν
αβµ =

 0 if any α, β, µ, ν equals 0

Rν
αβµ(gY ) otherwise

. (5.1.31)

Proof. The proof follows from a straightforward computation.

We can now write out a more convenient expression for Ωij in (5.1.17)

Proposition 5.1.4. The term Ωij in (5.1.17) has the form

Ωij = (−E(gY ) + ġY ∗ ġY )ij , (5.1.32)

where E(gY ) is the traceless Ricci tensor of gY .

Proof. Recall that Ωij is given by

Ωij = tf

(
1

4

∑
k,l,m,n

εiklεjmnRklmn(g)

)
, (5.1.33)

and from Proposition 5.1.2 we must have

Ωij = −tf

(
cYRm(g)− 1

2
trY (cYRm(g))gY

)
. (5.1.34)

With the expressions obtained for the components of Rm in Proposition 5.1.3 we have

− (cYRm(g))ij = (−Ric(gY ) + ġY ∗ ġY )ij ,

and then

trY (cYRm(g)) = RgY + ġY ∗ ġY ,

which implies (5.1.32).
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Chapter 6

The linearized equation and

Dirac-type operators

6.1 Linearization of W− at a cylindrical metric

Consider the cylindrical metric

g = dt2 + gY , (6.1.1)

defined on M = R × Y , where gY is a fixed metric of constant curvature κ = +1, 0,

or −1. We note that g is locally conformally flat, and therefore is self-dual. We are

interested in studying the linearization of W− at g. Given h̃ ∈ S2(M), we consider a

path of metrics g(ε) with ε ∈ (−δ, δ) for some δ > 0 satisfying g(0) = g and g′(0) = h̃.

The linearization of W− at g in the direction of h̃ is the map

(
W−)′

g
(h̃) =

∂

∂ε
W−(gε)|ε=0.

We next define a Dirac-type operator:

Definition 6.1.1. Let {e1, e2, e3} be a local orthonormal basis of Γ (TY ). Then, for any

h ∈ S2(T ∗Y ) the operator �h is given in these coordinates by

(�h)ij = Symij

(∑
k,l

εikld
∇hklj

)
, (6.1.2)
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where (d∇h)klj is given by (d∇h)klj = ∇khlj −∇lhkj .

We also recall the conformal Killing operator:

Definition 6.1.2. For an n-dimensional manifold (Mn, g), the conformal Killing oper-

ator with respect to the metric g is the map Kg : Λ1(T ∗M)→ S2
0(T ∗M), given by

Kg(ω̃) = Lg(ω̃)− 2

n
(δω̃)g,

where Lg is the Lie derivative operator.

In cylindrical coordinates, a tensor h̃ ∈ S2(M) can be decomposed as

h̃ = h00dt⊗ dt+ α� dt+ h,

where h00 ∈ Λ0(M), α ∈ Λ1(T ∗Y ) and h ∈ S2(T ∗Y ), so we will use the notation

h̃ = {h00, α, h}. The main result of this section is the following

Theorem 6.1.3. For the cylindrical metric given by g = dt2 + gY , the linearization

(W−)
′
g (h̃) with trg(h̃) = 0, is given by

(
W−)′ (h00, α, h) =

1

2
KgY

(
−1

2
dh00 + α̇− ∗dα

)
− 1

2
tf(ḧ) +

1

2
�ḣ− E ′(h), (6.1.3)

where E ′(h) is the linearization of the traceless Ricci tensor at gY . Equivalently, after

computing E ′(h) explicitly, (W−)
′
g (h̃) is given by

(
W−)′ (h00, α, h) =

1

2
KgY

(
−1

2
dh00 − δY h+ α̇− ∗dα +

1

2
dtrY (h)

)
−1

2
tf(ḧ)− κ · tf(h) +

1

2
�ḣ+

1

2
∆gY tf(h). (6.1.4)

where ∆gY is the rough laplacian on S2(T ∗Y ), and (δY h)j = ∇i
Y hij is the divergence.

The remainder of the section will be concerned with the proof of Theorem 6.1.3.
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6.1.1 Conformal Killing operator and �

The operator � enjoys the following properties:

Proposition 6.1.4. For the operator �, we have

� : S2(T ∗Y )→ S2
0(T ∗Y ), (6.1.5)

� (ugY ) = 0 for any u ∈ C2(Y ), (6.1.6)

� : S2
0(T ∗Y )→ S2

0(T ∗Y ) is formally self-adjoint. (6.1.7)

Proof. For the first property, in an orthonormal basis

trY (�h) =
∑
i,j

∑
k,l

δijSymij

(
εikld

∇hklj
)

=
3∑
i=1

∑
k,l 6=i

εikl (∇khli −∇lhki)

=
3∑
i=1

∑
k,l 6=i

εikl∇khli −
3∑
i=1

∑
k,l 6=i

εilk∇lhki = 0.

For (6.1.6), in an orthonormal basis and using that gY is parallel we have

� (ugY )ij =
∑
k,l

Symij

(
εikld

∇ (ugY )klj

)
= Symij

(∑
k,l

(εikl(∇ku)(gY )lj − εikl(∇lu)(gY )kj)

)

= Symij

(
3∑

k=1

εikj∇ku−
3∑
l=1

εijl∇lu

)
= −2Symij

(
3∑

k=1

εijk∇ku

)
,

and since εijk∇ku is skew-symmetric in i, j, it follows that � (ugY ) = 0.

Finally, let h, h′ be elements in S2(T ∗Y ), then in an orthonormal basis we have∫
Y

〈�h, h′〉dVgY =
1

2

∑
i,j

∑
k,l

∫
Y

εikl (∇khlj −∇lhkj)h
′
ijdVgY

=
∑
i,j

∑
k,l

∫
Y

εikl∇khljh
′
ijdVg = −

∑
i,j

∑
k,l

∫
Y

εiklhlj∇kh
′
ijdVgY

=
∑
i,j

∑
k,l

∫
Y

εlki∇kh
′
ijhljdVgY =

∫
Y

〈h, �h′〉dVgY .
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For the operators �,Kg and D we have

Proposition 6.1.5. The operators � and Kg satisfy the following identities

�LgY (ω) = KgY (∗̃dω), (6.1.8)

D (KgY (ω̃)) = 0 for any ω̃ ∈ Λ1(T ∗M). (6.1.9)

Proof. Identity (6.1.8) is a consequence of the following computation: let h = LgY (ω)

then

(�h)ij = Symij

(∑
k,l

εikl (∇khlj −∇lhkj)

)

= Symij

(∑
k,l

εikl (∇k∇lωj +∇k∇jωl −∇l∇kωj −∇l∇jωk)

)
. (6.1.10)

Commuting covariant derivatives in (6.1.10) we obtain

(�h)ij = Symij

(∑
k,l

εikl
(
∇j∇kωl −∇j∇lωk −Rp

kljωp −R
p
kjlωp +Rp

ljkωp
))

. (6.1.11)

Note that −Rp
klj − R

p
kjl + Rp

ljk = −2Rp
klj by the algebraic Bianchi identity, so (6.1.11)

becomes

(�h)ij = Symij

(∑
k,l

εikl (∇j∇kωl −∇j∇lωk)− 2
∑
k,l

εiklR
p
kljωp

)
. (6.1.12)

Since gY has constant sectional curvature equal to κ

− 2
∑
k,l

εiklR
p
kljωp = −2κ

∑
k,l

εikl (δ
p
kδlj − δ

p
l δkj)ωp

= −2κ

(∑
k,l

εiklωkδlj −
∑
k,l

εiklωlδkj

)
= −2κ

(∑
k

(εikj − εijk)ωk

)
.
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Since εikj − εijk is skew-symmetric in i, j we obtain

(�h)ij = Symij

(∑
k,l

εikl (∇j∇kωl −∇j∇lωk)

)

= Symij

(
∇j

(∑
k,l

εikl (∇kωl −∇lωk)

))

= 2Symij (∇j (∗̃dω)i) = ∇j (∗̃dω)i +∇i(∗̃dω)j

= (LgY (∗̃dω))ij .

Since �h is traceless, we actually obtain �LgY (ω) = KgY (∗̃dω) as needed. For proving

(6.1.9), we note that by diffeomorphism invariance of W− and since g is locally con-

formally flat we have D(Lg(ω̃)) = 0 for any 1-form ω̃ ∈ Λ1(T ∗M). By the conformal

invariance of W−, we have D(fg) = 0 for any f ∈ C∞(M), therefore the composition of

D and Kg is zero.

6.1.2 The case of no radial components

We first compute (W−)
′
(h̃) assuming that h̃ has no radial components, i.e. h̃ has the

form h̃ = {0, 0, h}.

Proposition 6.1.6. The linearization of W− at g = dt2 + gY in the direction h̃ =

{0, 0, h} is

(
W−)′ (h̃) = −1

2
tf(ḧ) +

1

2

(
�ḣ
)
− E ′gY (h). (6.1.13)

Proof. We start by linearizing the component Ωij in (5.1.17). Note that

∂

∂ε
(ġY (ε) ∗ ġY (ε)) |ε=0 = 0, (6.1.14)
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for any variation which is purely spherical, that is, a variation which only deforms

the cross-section metric on Y . From Proposition 5.1.4 and (6.1.14) it is clear that for

h̃ = {0, 0, h} we have

Ω′ij(h̃) = −E ′(h). (6.1.15)

For the term Φij in (5.1.17), we consider a purely spherical deformation gε of g in the

direction of h so that from (5.1.18) we have

Φij(gε) = tfgY (ε)

(
R0i0j(dt

2 + gY (ε))
)
,

and from Proposition 5.1.3

R0i0j(gε) =

(
−1

2
g̈Y (ε) + ġY (ε) ∗ ġY (ε)

)
ij

, (6.1.16)

then

(
Φ′g
)
ij

(h̃) =
∂

∂ε
(−tfgY (g̈Y (ε)) + ġY (ε) ∗ ġY (ε)) |ε=0 = −1

2
tfgY ḧ. (6.1.17)

Finally, for the components Ψij we recall that we can express Ψij(dt
2 + gY ) as

Ψij = Symij

(∑
k,l

εjkl(gY )R0ikl(dt
2 + gY )

)
.

Note that taking the tracefree part is not necessary, see Proposition 6.1.4. Before lin-

earizing εjkl(gY )R0ikl(dt
2 + gY ), we note that if we evaluate Ψij along a purely spherical

deformation gε of g in the direction of h, the symbol εjkl may depend on gY (ε) and so

we must write

Ψij(gε) = Symij

(∑
k,l

εjkl(gY (ε))R0ikl(gε)

)
,
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however, since R0ijk(dt
2 +gY ) = 0 for all choices of i, j, k as seen in (5.1.31), we conclude

that the linearization of Ψij in the direction h̃ = {0, 0, h} is

Symij

(∑
k,l

εjkl
(
R′g
)

0ikl
(h̃)

)
.

Linearizing Rm at g in the direction of h̃, and using Proposition 5.1.3, we obtain

(
R′g
)

0ikl
(h̃) =

1

2

(
∇0∇lh̃ik −∇0∇kh̃il −∇i∇lh̃0k +∇i∇kh̃0l

)
. (6.1.18)

It is easy to see that

∇0∇kh̃il = ∇kḣil, and ∇i∇kh̃0l = ∇i∇lh0j = 0,

so we have proved

Ψ′ij(h̃) = Symij

(∑
k,l

εjkl
(
R′g
)

0ikl
(h̃)

)

= −1

2
Symij

(∑
k,l

εjkl

(
∇kḣil −∇lḣik

))
= −1

2
(�ḣ)ij.

(6.1.19)

The proposition follows from combining (6.1.15), (6.1.17) and (6.1.19).

6.1.3 The case of conformal variations

Using conformal invariance, we next extend the formula in Proposition 6.1.6 to tensors

of the form {h00, 0, h}.

Proposition 6.1.7. The linearization of W− at g in the direction h̃ = {h00, 0, h} is

D(h00dt⊗ dt+ h) = D(h)− 1

2

(
∇2
Y h00 −

1

3
(∆gY h00)gY

)
.



106

Proof. Since the cylinder is locally conformally flat, for any C2 function v we have

D
(
v
(
dt2 + gY

))
= 0,

therefore

D (h00dt⊗ dt+ h) = D
(
h00

(
dt2 + gY

)
− h00gY + h

)
= D(h− h00gY ) = D(h)−D(h00gY ).

Since h00gY is a scalar tensor we have by Corollary 6.1.6 and (6.1.6)

D(h00gY ) = −E ′gY (h00gY ) = −E ′gY (h00gY ). (6.1.20)

Next, consider a path {gs} of metric on Y given by gs = esugY , then g0 = gY and

∂sgs|s=0 = ugY . Since gY is Einstein, a standard formula for conformal changes gives

E(gs) = −s
2

(
∇2
gY
u− 1

3
(∆gY u)gY

)
+
s2

4

(
du⊗ du− 1

3
|∇gY u|2gY

)
.

Differentiating at s = 0, we obtain

E ′gY (ugY ) = −1

2

(
∇2
gY
u− 1

3
(∆gY u)gY

)
,

and the proposition follows.

6.1.4 Completion of proof of Theorem 6.1.3

Consider now a variation h̃ of the form h̃ = {0, α, 0}.

Proposition 6.1.8. The linearization of W− at g in the direction {0, α, 0} is given by

D({0, α, 0}) =
1

2
KgY (α̇− ∗̃dα) . (6.1.21)
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Proof. Choose ω so that ω̇ = α. In this case the conformal Killing operator equals

Kg(ω) =

{
−1

2
δY ω, α,KgY (ω) +

(
1

6
δY ω

)
gY

}
.

We write

D({0, α, 0}) = D({0, α, 0} − Kg(ω))

= D
(
{0, α, 0} −

{
−1

2
δY ω, α,KgY (ω) +

(
1

6
δY ω

)
gY

})
= D

(
1

2
δY ω, 0,−KgY (ω)−

(
1

6
δY ω

)
gY

)
.

Recall that for any C2 function u we have D (udt2) = D (−ugY ), using (6.1.20) we obtain

D({0, α, 0}) = D
(
−KgY (ω)−

(
1

6
δY ω

)
gY −

(
1

2
δY ω

)
gY

)
= D (−LgY (ω)) (6.1.22)

From Corollary 6.1.6 and from (6.1.8) and (6.1.22) we obtain

D({0, α, 0}) = KgY
(

1

2
ω̈

)
− 1

2
�LgY (ω̇), (6.1.23)

and since ω̇ = α, we have

ω̈ = α̇, (6.1.24)

�LgY (ω̇) = KgY (∗̃dω̇) = KgY (∗̃dα), (6.1.25)

so from (6.1.23), (6.1.24) and (6.1.25) we obtain (6.1.21).

With (6.1.21) we are ready to prove Theorem 6.1.3.

Proof of Theorem 6.1.3. Combining Corollary 6.1.6, Proposition 6.1.7 and (6.1.21) we

obtain (6.1.3). In order to prove (6.1.4) we linearize E at gY in the direction of h

E ′(h) =

(
Ric(g)− 1

3
Rgg

)′
gY

(h) = Ric′gY (h)− 1

3
R′gY (h)gY −

1

3
RgY h.
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The linearization of Ric is

(
Ric′gY (h)

)
ij

= −1

2
∆Lhij −

1

2
∇2
ijtr(h) +

1

2
(∇iδjh+∇jδih) , (6.1.26)

where ∆Lh is the Lichnerowicz Laplacian given by

∆Lhij = ∆gY hij + 2Riljph
lp −Rp

ihjp −R
p
jhip. (6.1.27)

Since gY has constant sectional curvature κ, ∆L can be computed as

∆Lhij = ∆gY hij + 2κ
(

(gY )ij (gY )lp − (gY )ip (gY )lj

)
hlp − 2κδpi hjp − 2κδpjhip

= ∆gY hij + 2κtrY (h) (gY )ij − 2κhij − 4κhij

= ∆gY hij − 6κtf(h)ij. (6.1.28)

On the other hand, the linearization of Rg is

R′(h) = −∆gY tr(h) + δY δY h− 〈Ric(gY ), h〉gY . (6.1.29)

and

1

3
(RgY h− 〈Ric(gY ), h〉gY gY ) = 2κtf(h). (6.1.30)

Combining (6.1.26) and (6.1.29), we conclude that E ′gY (h) is given by

E ′gY (h) = −1

2

(
∆Lh+∇2tr(h)− 2

3
∆gY trY (h)gY

)
+

1

2

(
LgY (δY h)− 1

3
(δY δY h)gY

)
− 1

3
(RgY h− 〈Ric(gY ), h〉gY ), (6.1.31)

and using (6.1.28) and (6.1.30), we finally obtain

E ′gY (h) = −1

2

(
∆gY tf(h)+

◦
∇2 trY (h)

)
+

1

2
KgY (δY h) + κ · tf(h), (6.1.32)

where
◦
∇2 denotes the traceless Hessian operator. From (6.1.3) and (6.1.32), (6.1.4)

follows easily.
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6.2 Some properties of �

In this section we derive several useful identities for the operator � introduced in Section

6.1 apart from those proved in Subsection 6.1.1. First, we have a crucial formula for the

square of �:

Proposition 6.2.1. The operator �2 : S2(T ∗Y ) 7→ S2
0(T ∗Y ) is given by

�2h = −4∆gY tf(h)− 2
◦
∇2 trY (h) + 3KgY (δY h) + 12κ · tf(h). (6.2.1)

Proof. The proof is moved to Appendix 7.5.1.

Next, we have

Proposition 6.2.2. For any h ∈ S2(T ∗Y ) we have δY (�h) = ∗̃dδY h.

Proof. In a local orthonormal basis we have

(δY (�h))i =
3∑
j=1

∇j(�h)ij

=
3∑
j=1

∑
k,l

εikl∇j∇khlj +
3∑
j=1

∑
p,q

εjpq∇j∇phqi. (6.2.2)

Commuting covariant derivatives we have

3∑
j=1

∑
k,l

εikl∇j∇khlj =
3∑
j=1

∑
k,l

εikl
(
∇k∇jhlj −Rs

jklhsj −Rs
jkjhls

)
=

3∑
j=1

∑
k,l

εikl
(
∇k∇jhlj + κ

(
− hjjgkl + hkjgjl − hljgkj + hlkgjj

))
= (∗̃dδY h)i + κ

∑
k,l

(
3∑
j=1

{−hjjεiklgkl + εiklhkl − εiklhlk + 3εiklhlk}

)
.
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Since all terms in the sum consist of a term skew-symmetric in k and l times a term

symmetric in k and l, the sum is zero, so we obtain

3∑
j=1

∑
k,l

εikl∇j∇khlj = (∗̃dδY h)i . (6.2.3)

We also have

3∑
j=1

∑
p,q

εjpq∇j∇phqi =
3∑
j=1

∑
p,q

εjpq
(
∇p∇jhqi −Rs

jpqhsi −Rs
jpihqs

)
=

3∑
j=1

∑
p,q

εjpq
(
∇p∇jhqi + κ

(
− hijgpq + hpigqj + hqjgpi − hpqgji

))
,

and clearly the last 4 terms sum to zero. So we have

3∑
j=1

∑
p,q

εjpq∇j∇phqi =
3∑
j=1

∑
p,q

εjpq∇p∇jhqi

By reindexing j and p on the right hand side, we obtain

3∑
j=1

∑
p,q

εjpq∇j∇phqi =
3∑
j=1

∑
p,q

εpjq∇j∇phqi = −
3∑
j=1

∑
p,q

εjpq∇j∇phqi,

so this sum vanishes. Combining this with (6.2.2) and (6.2.3), the proposition then

follows.

Corollary 6.2.3. For any h ∈ S2(T ∗Y ) we have

�∆gY h = ∆gY �h. (6.2.4)

Proof. From (6.2.1) we have

�3h = −4�∆gY tfh− 2�
◦
∇2 trY (h) + 3�KgY (δY h) + 12κ · �(tf(h)),
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and clearly

−4�∆gY tfh = −4�∆gY h, (6.2.5)

�
◦
∇2 trY (h) =

1

2
�KgY (dtrgY h) = 0, (6.2.6)

3�KgY (δY h) = 3KgY (∗̃dδY h) = 3KgY (δY �h), (6.2.7)

�(tf(h)) = �h. (6.2.8)

On the other hand we have

�3h = �2�h = −4∆gY �h− 2
◦
∇2 trY (�h) + 3KgY (δY �h) + 12κ · �h

= −4∆gY �h+ 3KgY (δY �h) + 12κ · �h,

and this proves the claim.

For the next lemma we will use ∆H to denote the Hodge-Laplacian on Λ1(T ∗Y )

which is given by

∆Hω = −dδY ω − δY dω

= d∗̃d∗̃ω − ∗̃d∗̃dω,

which is related to the rough Laplacian on 1-forms by the Weitzenböck formula

∆gY = −∆H + 2κ. (6.2.9)

Lemma 6.2.4. The operator KgY (ω) satisfies

δYKgY (ω) = ∆gY ω +
1

3
· dδY ω + 2κω

= −∆Hω +
1

3
· dδY ω + 4κω,
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and also

∆gYKgY (ω) = KgY ((∆gY + 4κ)ω)

= KgY ((−∆H + 6κ)ω) .

Proof. Both identities follow from straightforward computations that can be found for

example in [Str10a, Appendix].

Corollary 6.2.5. If h is a divergence-free eigentensor of ∆gY with eigenvalue −λ in

S2
0(T ∗Y ) which satisfies ∆gY (h) = −λ · h then �h = ±2

√
λ+ 3κ · h and if h has the

form h = KgY (ω) with ∆Hω = νω and δY ω = 0 then �h = ±
√
ν · h. Both signs occur if

(Y 3, gY ) admits an orientation-reversing isometry (which is always true for S3 or κ = 0).

Proof. Note that in either of the above cases we must have �2h = c2 ·h for some constant

c. To see this, if ∆gY h = −λh and δY h = 0 with λ > 0 then by Proposition 6.2.1 we

have

�2h = −4 ·∆gY h+ 12κ · h = (4λ+ 12κ) · h. (6.2.10)

In this case c2 = (4λ + 12κ). For the second case, from Lemma 6.2.4 we have the

identities

∆gY h = (6κ− ν) · KgY (ω) = (6κ− ν) · h, (6.2.11)

and

δgYKgY (ω) = (4κ− ν) · KgY (ω) (6.2.12)

= (4κ− ν) · h. (6.2.13)
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Since we also have

trY (h) = 0, (6.2.14)

we easily obtain from Proposition 6.2.1

�2h = ν · h, (6.2.15)

so in this case c2 = ν.

In both cases, observe that if we fix an eigenvalue υ of ∆gY on S2
0(T ∗Y ) then the

eigenspace Eυ = {h ∈ S2
0(T ∗Y ) : ∆gY h = −υ · h} is not necessarily SO(3)-irreducible,

and decomposes into Eυ = A+
c ⊕A−c , where A±c = {h ∈ S2

0(T ∗Y ) : �h = ±c · h} and are

SO(3)-invariant. To see this, given any eigentensor, writing the equation �2h = c2 · h as

(� + c · I) (�− c · I)h = 0, (6.2.16)

we conclude that either +c or −c occurs as an eigenvalue of �. If Y 3 admits an

orientation-reversing isometry, then since the operator � changes sign under reversal of

orientation, pulling an eigentensor back along an orientation-reversing isometry shows

that both A+
c and A−c are nontrivial and of the same dimension.

Corollary 6.2.6. If ω is an eigenform of the Hodge Laplacian on 1-forms with eigen-

value ν satisfying δY ω = 0 then ∗̃dω = ±
√
ν · ω. Both signs occur if (Y 3, gY ) admits an

orientation-reversing isometry (which is always true for S3 or κ = 0).

Proof. Obviously, since δY ω = 0, then

(∗̃d)2ω = ∗̃d∗̃d = −δY dω = ∆Hω = ν · ω. (6.2.17)

Using a similar argument as in Corollary 6.2.5, we conclude that ∗̃dω = ±
√
ν · ω, with

both signs occurring on S3.
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Chapter 7

Analysis for the Self-Dual

Deformation Complex

7.1 The adjoint of D

The adjoint operator will map from

D∗ : S2
0(Λ2

−)→ S2
0(T ∗M), (7.1.1)

and using the decompositions in Subsection 5.1.1 we will think of this as

D∗ : S2
0(T ∗Y )→ S2(ν)⊕ (ν � T ∗(Y ))⊕ S2(T ∗Y ). (7.1.2)

Proposition 7.1.1. The adjoint operator is given by

D∗Z =

{
− 1

2
δ2
YZ,

1

2
δY Ż +

1

2
δH ∗̃δYZ,−

1

2
Z̈ − κZ − 1

2
�Ż +

1

2
∆gY Z

− 1

2
LgY (δYZ) +

1

2
(δ2
YZ)gY

}
. (7.1.3)

Where δH is the Hodge divergence on forms given by δH = d∗.

Proof. Let Z ∈ S2
0(T ∗Y ), from the decomposition (5.1.9) we can see S2

0(T ∗Y ) as embed-

ded in S2(T ∗M), so taking 〈, 〉 to be the inner product induced by the cylindrical metric

g on S2(T ∗M) we observe that since Z is traceless with respect to gY we have for any
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h̃ = h00dt⊗ dt+ dt� α + h,

〈Dh̃, Z〉 =

〈
1

2
LgY

(
−1

2
dh00 − δY h+ α̇− ∗̃dα +

1

2
dtrY (h)

)
, Z

〉
+

〈
−1

2
ḧ− κh+

1

2
�ḣ, Z

〉
+

〈
1

2
∆gY h, Z

〉
. (7.1.4)

Formal integration by parts then yields∫ ∞
0

∫
Y

〈Dh̃, Z〉dtdVgY = −1

2

∫ ∞
0

((
h00 · δ2

YZ
)

+ 〈α, δY Ż + δH ∗̃δYZ〉
)
dtdVgY

+

∫ ∞
0

∫
Y

〈
h,

1

2

(
δ2
YZ
)
gY

〉
dtdVgY

−
∫ ∞

0

∫
Y

(〈
h,

1

2
LgY (δYZ)− 1

2
Z̈ − κZ

〉
+

1

2
〈�ḣ, Z〉

)
dtdVgY .

Note that by the inner product

〈α, δY Ż + δH ∗̃δYZ〉,

we mean the usual inner product on 1-forms, however, using the decomposition in (7.1.2),

we identify a 1-form ξ with the tensor

{0, ξ, 0} = ξ ⊗ dt+ dt⊗ ξ,

so we obtain

〈α, δY Ż + δH ∗̃δYZ〉 =
1

2
〈{0, α, 0}, {0, δY Ż + δH ∗̃δYZ, 0}〉.

Finally, the proposition follows using that � is formally self-adjoint.

Proposition 7.1.2. We have the decompositions

S2
0(T ∗Y ) = Ker(δY )⊕ Im(KgY ), (7.1.5)

and

Λ1(T ∗Y ) = Im(d)⊕Ker(d∗). (7.1.6)
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Proof. Since δY is the formal adjoint of −1
2
KgY , (7.1.5) follows from standard Fredholm

theory. The Hodge decomposition theorem says that

Λ1(T ∗Y ) = H1(T ∗Y )⊕
(
dΛ0(T ∗Y )

)
⊕
(
d∗Λ2(T ∗Y )

)
, (7.1.7)

where H1(T ∗Y ) is the space of harmonic 1-forms in Λ1(T ∗Y ), and (7.1.6) follows easily

from this since H1(T ∗Y ) and d∗Λ2(T ∗Y ) are both contained in Ker(d∗).

Using this decomposition we obtain:

Corollary 7.1.3. Any time dependent Z ∈ S2
0(T ∗Y ) can be written uniquely as an

infinite linear combination of elements of three types, namely

1. Elements of type I:

f(t) · KgY (dφ), (7.1.8)

where φ is an eigenfunction of ∆H on Λ0 (T ∗Y ),

2. Elements of type II:

f(t) · KgY (ω), (7.1.9)

where ω is an eigenform of ∆H on Λ1 (T ∗Y ) satisfying δY ω = 0,

3. Elements of type III:

f(t) ·B, (7.1.10)

where B is an eigentensor of ∆gY on S2
0(T ∗Y ) satisfying δYB = 0.

In all of the three above cases f(t) denotes a real-valued function.
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From Propositions 6.2.2, 6.2.4, and 6.2.5, we observe that the image of D∗ on an

element of type I has the form

D∗ (f(t) · KgY (dφ)) = a1(t) · φdt⊗ dt+ a2(t) · dφ� dt

+a3(t) · KgY (dφ) + a4(t) · φgY , (7.1.11)

where each coefficient ai depends on f and the eigenvalue of ∆H corresponding to φ.

On elements of type II the image of D∗ is

D∗ (f(t) · KgY (ω)) = b1(t) · ω � dt+ b2(t) · KgY (ω), (7.1.12)

where each bi depends on f and the eigenvalue of ∆H on divergence-free 1-forms corre-

sponding to η. Finally, on elements of type III we have

D∗ (f(t) ·B) = f̃(t) ·B, (7.1.13)

where f̃ is determined by f and the eigenvalue of ∆gY corresponding to B. In a similar

way to Corollary 7.1.3 one can prove that all elements in S2
0(T ∗M) can be written

uniquely as an infinite sum of elements as in the right hand sides of (7.1.11), (7.1.12)

and (7.1.13), so it follows that in order to find the general solution of D∗Z = 0 it suffices

to consider solutions Z of types I, II and III separately. For example, if Z has the form

(7.1.8) then writing D∗Z as in (7.1.11) one sees that in order to obtain D∗Z = 0 one

must solve for f in (7.1.8) so that in (7.1.12) one has a1 = a2 = a3 = a4 = 0 and

in general this amounts to solving an ordinary differential equation on f . We start by

considering solutions of type III. For that purpose we use the following:

Lemma 7.1.4. If λ is an eigenvalue of −∆gY on divergence-free sections of S2
0(T ∗Y ),

then
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(a) if κ = 1, λ ≥ 6,

(b) if κ = −1, λ ≥ 3 with equality achieved only for nontrivial Codazzi tensors h ∈

S2
0(T ∗Y ), that is, d∇h = 0.

(c) if κ = 0, λ ≥ 0 with equality for parallel sections in S2
0(T ∗Y ).

Proof. These are due to Koiso, we only give a brief argument [Koi78]. For (a), the

inequality ∫
S3

|∇ihjk +∇jhki +∇khij|2dV ≥ 0, (7.1.14)

easily implies that λ ≥ 6. For (b), the inequality∫
Y

|∇ihjk −∇jhik|2dV ≥ 0, (7.1.15)

implies that λ ≥ 3, with equality exactly for Codazzi tensors. Finally, the κ = 0 case is

trivial.

The classification of type III solutions is given by the following.

Proposition 7.1.5. Let 0 ≤ λ1 < λ2 < . . ., be the eigenvalues of −∆gY on divergence-

free tensors in S2
0(T ∗Y ) and let βj =

√
λj + 3κ. For each eigenvalue λj there exist

trace-free and divergence-free eigentensors B±j and C±j satisfying

�B±j = ±βjB±j , �C±j = ±βjC±j , (7.1.16)

such that the general solution of D∗Z = 0 with Z satisfying

δYZ = 0, (7.1.17)

trYZ = 0, (7.1.18)

can be written in in the following way:
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(a) If κ = 1 then

Z =
∞∑
j=1

(
e(βj+1)tB+

j + e(βj−1)tC+
j + e(−βj+1)tB−j + e(−βj−1)tC−j

)
.

Letting α±j = βj ± 1, we have 0 < |α±1 | < |α±2 | < . . . , and |α±1 | = 2.

(b) If κ = −1

Z =
∞∑
j=1

{
eβjt

(
B+
j cos(t) + C+

j sin(t)
)

+ e−βjt
(
B−j cos(t) + C−j sin(t)

)}
,

with β1 = 0 and where B±1 and C±1 are trace-free Codazzi tensors.

(c) If κ = 0,

Z = B1 + tC1 +
∞∑
j=2

(
eβjtB+

j + teβjtC+
j + e−βjtB−j + te−βjtC−j

)
,

where B1 and C1 are parallel sections of S2
0(T ∗Y ).

Proof. Let Z be a solution of D∗Z = 0 of type III, that is, Z = fB with B satisfying

(7.1.17), (7.1.18) and ∆gYB = −λ ·B, then f and B satisfy the equation

0 = D∗(fB) =

{
0, 0,−1

2
f̈B − 1

2
ḟ�B −

(
κ+

λ

2

)
fB

}
,

from (6.2.5) we have

�Ż = �
(
ḟ ·B

)
= ±ḟ

(
2
√
λ+ 3κ ·B

)
. (7.1.19)

It follows that f is a solution of the ordinary differential equation

−1

2
f̈ ±
√
λ+ 3κ · ḟ −

(
κ+

λ

2

)
f = 0. (7.1.20)

Letting β =
√
λ+ 3κ, then the characteristic roots of (7.1.20) are

±β ±
√
κ.



120

The expansions follow from considering the different solutions obtained for κ in the set

{1,−1, 0}, and Lemma 7.1.4.

We now turn to solutions of D∗(Z) = 0 with Z of types I and II. We will need to

introduce the operator

�K : Λ1(T ∗Y ) 7→ Λ1(T ∗Y ),

given by

�Kη = δYKgY (η).

We have the following

Lemma 7.1.6. Let η ∈ Λ1(T ∗Y ), then

�Kη = (δY d+
4

3
dδY + 4κ)η. (7.1.21)

Also, if η is an eigenform of ∆H on 1-forms then

�Kη = c · η,

where c = (−4
3
µ + 4κ) if η = dφ and ∆Hφ = µφ or c = (4κ − ν) if ∆Hη = νη and

δY η = 0. Moreover, in either case the constant c is nonzero unless Z = 0.

Proof. The expression (7.1.21) for KgY is a direct consequence of Lemma 6.2.4. Suppose

now that ∆Hη = λ · η. If η = dφ with ∆Hφ = νφ, then observe that

�Kη =

(
δd+

4

3
dδ + 4κ

)
η

=

(
4

3
dδ + 4κ

)
η =

(
−4

3
µ+ 4κ

)
η.
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If δY η = 0, then

�Kη =

(
δY d+

4

3
dδY + 4κ

)
η

= (δY d+ 4κ) η = −∆Hη + 4κη = (−ν + 4κ) η.

Finally, in order to show that c = 0 does not occur we note that when κ = 1, there are

eigenforms of ∆H corresponding to the eigenvalue µ = 3 on closed forms and to ν = 4

on co-closed forms and in these cases c = 0. However, for any of these eigenvalues,

the corresponding eigenforms are conformally Killing. In the hyperbolic case κ = −1,

the constant c is strictly negative for either closed or co-closed eigenforms of the Hodge

Laplacian. In the flat case κ = 0, the constant c equals zero only for parallel forms, but

in this case Z = 0.

Next, assume that Z is a non-trivial solution of D∗Z = 0 with Z of type I or II and

c 6= 0, where c is the constant in Lemma 7.1.6. The first component of (7.1.3) yields

0 = δY (δYZ) = f(t) · δY�Kη = f(t) · δY (cη). (7.1.22)

Since Z is non-trivial and c 6= 0, we conclude that δY ω = 0 and hence, solutions of type

I do not occur. Furthermore, we can prove

Proposition 7.1.7. We have

ḟ ∗̃dω = −νfω. (7.1.23)

Proof. The second component of (7.1.3) yields

0 = ḟ · δYKgY (ω)− fδY ∗̃δYKgY (ω), (7.1.24)
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which by Lemma 6.2.4 is equivalent to

ḟ(−ν + 4κ)ω + fδH ∗̃(−ν + 4κ)ω = 0 (7.1.25)

and writing δH on 2-forms as ∗̃d∗̃ we obtain

ḟω = −f ∗̃dω, (7.1.26)

and after taking ∗̃d on both sides we conclude that

ḟ ∗̃dω = −f ∗̃d∗̃dω = −fd∗dω = −νfω, (7.1.27)

as needed.

Proposition 7.1.8. Let Z = f(t) · KgY ω satisfy D∗Z = 0, where ω satisfies δY ω = 0

and

∆Hω = ν · ω. (7.1.28)

Then

f(t) = eαt, (7.1.29)

with

α = ±(
√
ν), (7.1.30)

or

f(t) = c0, (7.1.31)

for a constant c0, if ω is a non-trivial harmonic 1-form.
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Proof. From (7.1.23) we have

−1

2
�Ż = −1

2
ḟ�KgY (ω) = −1

2
ḟKgY (∗̃dω)

=
ν

2
fKgY (ω), (7.1.32)

we also have from Lemma 6.2.4

δYZ = f(t) · δYKgY (ω)

= f(t) · (−ν + 4κ) · ω, (7.1.33)

∆gY Z = f(t) ·∆gYKgY (ω)

= f(t) · (6κ− ν) · KgY (ω), (7.1.34)

δ2
YZ = f(t) · δ2

YKgY (ω)

= f(t) · (−ν + 4κ) · δY ω = 0. (7.1.35)

The equation on the purely spherical component of D∗(Z) is

0 = −1

2
Z̈ − κZ − 1

2
�Ż +

1

2
∆gY Z −

1

2
LgY (δYZ) +

1

2
(δ2
YZ)gY , (7.1.36)

which by (7.1.33), (7.1.34),(7.1.35) and (7.1.32) simplifies to

0 =

(
−1

2
f̈ − κf +

1

2
(6κ− ν)f − 1

2
(4κ− ν)

)
KgY (ω)− 1

2
ḟKgY (∗̃dω)

= −1

2
f̈KgY (ω) +

1

2
νfKgY (ω), (7.1.37)

which we write as (
f̈ − ν

)
KgY (ω) = 0. (7.1.38)

and for 1-forms ω that are not dual to Killing fields we obtain solutions

f(t) = e±
√
νt. (7.1.39)
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The solutions with f as in (7.1.31) correspond to ν = 0 which is the case of a harmonic

1-form. In this case, the tensor Z = t · KgY (ω) is ruled out by (7.1.26) above, and only

the solution Z = c0 · KgY (ω) occurs.

Let 0 = ν0 < ν1 < . . . , be all the eigenvalues of ∆H on co-closed forms in Λ1(T ∗Y ).

Note that there are non-trivial eigenforms corresponding to ν0 if and only if b1(T ∗Y ) 6= 0

since such eigenforms are harmonic 1-forms. In particular, for κ = 1 there are no

nontrivial 1-forms in Λ1(T ∗Y ). We close this section with the following.

Proposition 7.1.9. Let Z ∈ S2
0(T ∗Y ) be a solution of D∗Z = 0. Then Z can be written

as

Z = KgY (ω) + Z0,

where Z0 is divergence-free and has an expansion as in Proposition 7.1.5. Also for each

eigenvalue νj, j = 0, 1, . . ., there are eigenforms ω±j such that KgY (ω) can be written

uniquely as an infinite sum of the following form

(a) If κ = 1 then

KgY (ω) =
∞∑
j=2

(e
√
νjtKgY (ω+

j ) + e−
√
νjtKgY (ω−j )).

where c±j are constants. In the case Y = S3, νj = (j + 1)2.

(b) If κ = −1 then

KgY (ω) = KgY (ω0) +
∞∑
j=1

(
e
√
νjtKgY (ω+

j ) + e−
√
νjtKgY (ω−j )

)
,

where ω0 is a harmonic 1-form.
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(c) If κ = 0 then

KgY (ω) =
∞∑
j=1

(
e
√
νjtKgY (ω+

j ) + e−
√
νjtKgY (ω−j )

)
.

Proof. From Proposition 7.1.8, we can write the 1-form ω as an infinite sum of the form

ω = ω0 +
∞∑
j=1

(
e
√
νjtω+

j + c−j e
−√νjtω−j

)
. (7.1.40)

In case κ = 1, there are no harmonic 1-forms, and all eigenforms corresponding to

ν1 = 4 are dual to Killing fields, so the sum starts at j = 2 in this case. The form of the

eigenvalues νj in the case κ = 1 follows from [Fol89]. The κ = −1 case follows directly

from (7.1.40). In the case κ = 0, any harmonic 1-form is parallel.

7.2 Mixed solutions

Returning to the full system

D∗Z = Kg(ω̃), (7.2.1)

we note that since D∗Z is divergence-free, the 1-form ω̃ automatically satisfies the equa-

tion

δgKg(ω̃) ≡ 2K,g(ω̃) = 0, (7.2.2)

so we next analyze solutions of (7.2.2) at a cylindrical metric g = dt2+gY . The conformal

Killing operator on a 1-form ω̃ = fdt+ ω is

Kg(ω̃) =

(
3

2
ḟ − 1

2
δY ω

)
dt⊗ dt+ (ω̇ + df)� dt+ LgY (ω)− 1

2

(
ḟ + δY ω

)
gY . (7.2.3)
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The divergence of a traceless symmetric 2-tensor

h̃ = h00dt⊗ dt+ (α⊗ dt+ dt⊗ α) + h (7.2.4)

is given by

δh̃ = (ḣ00 + δS3α)dt+ α̇ + δS3h. (7.2.5)

Combining (7.2.3) and (7.2.5), we obtain

2K,gω̃ =

(
3

2
f̈ +

1

2
δY ω̇ −∆Hf

)
dt+ ω̈ + δYLgY (ω)− 1

2
dδY ω.

Commuting covariant derivatives as in Lemma 6.2.4, we have

δYLgY (ω) = −∆Hω + dδY ω + 4κω,

so 2K,gω̃ takes the form

2K,g(ω̃) =

(
3

2
f̈ +

1

2
δY ω̇ −∆Hf

)
dt+ ω̈ −∆Hω +

1

2
dδY ω + 4κω +

1

2
dḟ .

Any 1-form ω̃ ∈ Λ1(T ∗M) can be written as an infinite sum of 1-forms of two types,

namely

(i) Forms of type (a)

c(t)φdt+ k(t)dφ, (7.2.6)

where φ is an eigenfunction of the Hodge laplacian ∆̃H on Λ0(T ∗Y ) with eigenvalue

µ and c = c(t), k = k(t) are functions of t,

(ii) Forms of type (b)

m(t)η, (7.2.7)
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where η is an eigenform of the Hodge Laplacian ∆H on Λ1(T ∗Y ) satisfying

δY η = 0,

and m = m(t).

Let us start by solving 2K,gω̃ = 0 assuming that ω̃ is of type (a). In this case, from

(7.2.6) we conclude that the functions l and m satisfy the following system of ordinary

differential equations

l̈ =
2

3
µl +

µ

3
ṁ,

m̈ = −1

2
l̇ +

(
3

2
µ− 4κ

)
m.

(7.2.8)

If we let l1 = l, l2 = l̇1, m1 = m and m2 = ṁ1, the system (7.2.8) is equivalent to the

first order linear system

Ẋ = AX,

where X and A are given by

X =



l1

l2

m1

m2


, A =



0 1 0 0

2
3
µ 0 0 µ

3

0 0 0 1

0 −1
2

(
3
2
µ− 4κ

)
0


.

The characteristic roots of the matrix A are ±α±(µ) where α±(µ) is given by

α± = α±(µ) =

√
µ− 2κ± 2

√
κ2 − µ

3
κ, (7.2.9)

We now consider solutions of �Kω̃ = 0 with ω̃ of type (b). If ω̃ is as in (7.2.7), the

system �Kω̃ = 0 takes the form

m̈− νm+ 4κm = 0, (7.2.10)
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and the characteristic roots of this equation are

±
√
ν − 4κ.

Let 0 = µ0 < µ1 < . . . be all the eigenvalues of ∆H on Λ0(T ∗Y ) and let νj for j =

0, 1, . . . , denote all the eigenvalues of ∆H on co-closed forms in Λ1(T ∗Y ). In particular

if κ = 1 and Γ = {e}, µj = j(j + 2). We have

Proposition 7.2.1. Let (Z, ω̃) be a solution of (7.2.1). Then up to addition of 1-forms

which are dual to conformal Killing fields, the 1-form ω̃ can be written as follows.

(a) If κ = 1 and Γ = {e}, ω̃ is an infinite sum of the form

∞∑
j=2

e±βjt
({
φ±1j cos(γjt) + φ±2j sin(γjt)

}
dt+

{
c±1j cos(γjt)dφ

±
1j + c±2j sin(γjt)dφ

±
2j

})
+
∞∑
j=2

(
eδjtω+

j + e−δjtω−j
)
,

where φ±1j and φ±2j are eigenfunctions of ∆H corresponding to µj = j(j + 2), and

the coefficients c±1j and c±2j are constants, for j ≥ 2. The rates βj satisfy
√

6 < βj

for j ≥ 2 and are given by βj = Re(α+
j ), γj = Im(α+

j ), where

α±j =

√
j(j + 2)− 2± 2

3

√
−1 ·

√
3(j − 1)(j + 3).

Also, ω±j are eigenforms corresponding to the eigenvalues νj = (j + 1)2 of ∆H on

co-closed forms, and δj =
√
νj − 4.

If Γ 6= {e} then ±α±j or ±δj will occur as indicial roots if and only if the corre-

sponding eigenfunction or eigenform descends to the quotient S3/Γ, respectively.



129

(b) If κ = −1, then

ω̃ =
∞∑
j=1

({
e±σ

+
j tφ±1j + e±σ

−
j tφ±2j

}
dt+ c±1je

±σ+
j tdφ±1j + c±2je

±σ−j tdφ±2j

)
+
∞∑
j=0

(
eτjtω+

j + e−τjtω−j
)
,

where ω±0 are harmonic 1-forms in Λ1(T ∗Y ). The numbers σ±j for j ≥ 1 are real

and are given by

σ±j =

√
µj + 2± 2

√
1 +

µj
3
, (7.2.11)

where µj are the eigenvalues with respect to the hyperbolic metric. The numbers

τj are also real and are given by τj =
√
νj + 4, where νj are the eigenvalues with

respect to the hyperbolic metric. The coefficients c±1j and c±2j for j ≥ 1 are constants.

(c) If κ = 0,

ω̃ =
∞∑
j=1

e±t
√
µj
({
φ±1j + tφ±2j

}
dt+

{
c±1jdφ

±
1j + tc±2jdφ

±
2j

})
+
∞∑
j=1

(
et
√
νjω+

j + e−t
√
νjω−j

)
,

where the notation is as above, but with eigenvalues µj and νj corresponding to the

metric on T 3.

Proof. For the case κ = 1, the only real roots in (7.2.9) correspond to the eigenvalues

µ = 0, 3 of ∆H on Λ0(T ∗Y ), however, we see in either case that for the solution ω̃ of

(7.2.2) obtained, Kg(ω̃) is not in the image of D∗. To clarify this observation, we note

that for µ = 0, Kg(ω̃) has the form

l(t)dt⊗ dt+ k(t)gY , (7.2.12)
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i.e., l and k only depend on t and for µ = 3, Kg(ω̃) has the form

c1(t)φdt⊗ dt+ c2(t)dφ� dt+ c3(t)φgY , (7.2.13)

where φ is a spherical harmonic of order 1 (and hence dφ is conformally Killing with

respect to the metric gY ). From (7.1.11), (7.1.12) and (7.1.13), we conclude that elements

of the form (7.2.12) or (7.2.13) in the image of D∗ can only arise from evaluating D∗ at

an element of the form f(t) · KgY (dψ), but in either case KgY (dψ) = 0 and therefore ω̃

must be conformally Killing with respect to the metric g. Similarly, for forms of type

(b) in the case κ = 1, we see that the solution of (7.2.2) obtained for the least positive

eigenvalue of ∆H on co-closed forms in Λ1(T ∗Y ) (which is ν = 4), is dual to a Killing

field in Y , and in this case Kg(ω̃) is not in the image of D∗ either. It is also easy to see

from (7.2.9) that for µ > 3 all the rates α±(µ) satisfy |Re(α±(µ))| >
√

6. The rest of

the Proposition follows from straightforward computations.

We are now ready to describe the general solution of (7.2.1). If (Z, ω̃) is a solution

of (7.2.1), then we can write Z as

Z = Z0 + Z̃,

where Z0 satisfies D∗Z0 = 0 and Z̃ is a non-zero solution of (7.2.1). We now prove that

this solution Z̃ indeed exists.

Proposition 7.2.2. Let ω̃ ∈ Λ1(T ∗M) be a solution of (7.2.2) of type (a) or type

(b) which is not conformally Killing. There exists a nonzero Z̃ ∈ S2
0(T ∗M) such that

D∗Z̃ = Kgω̃.
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Proof. For the proof, we consider a solution of (7.2.1) with ω̃ of type (a), that is,

ω̃ = lφdt+mdφ,

where φ is an eigenfunction of ∆H on Λ0(T ∗Y ) with eigenvalue µ and l,m are solutions

of (7.2.8). On the other hand, for the element of type I, f(t) · KgY (dφ), the operator D∗

can be computed explicitly following the results in Section 7.1 as

D∗ (fKgY (dφ)) =
{
µ(2κ− 2

3
µ)fφ, ḟ(2κ− 2

3
µ)dφ,

−1

2

(
f̈ − µ

3
f
)
LgY (dφ)− µ

3

(
f̈ − (µ− 2κ)f

)
φgY

}
.

Suppose that dφ is not conformally Killing with respect to gY , then LgY (dφ) and φgY

are linearly independent. If we write Z = fKgY (dφ), then we can solve for f such that

D∗Z = Kg(ω̃) by considering the system

µ(2κ− 2

3
µ)f =

3

2
l̇ +

µ

2
m,

(2κ− 2

3
µ)ḟ = l + ṁ,

−1

2

(
f̈ − µ

3
f
)

= m,

−µ
3

(
f̈ − (µ− 2κ)f

)
= −1

2
(l̇ − µm).

(7.2.14)

Note that from the condition that dφ is not conformally Killing we see that in the cases

κ = ±1 we have µ(2κ− 2
3
µ) 6= 0 and then, from (7.2.8) we see that if we set

f =
1

µ(2κ− 2
3
µ)

(
3

2
l̇ +

µ

2
m

)
,

then f is a a nontrivial solution of the system (7.2.14) unless ω̃ is conformally Killing

with respect to the metric g = dt2 + gY and hence Z = fKgY (dφ) is a nontrivial solution

of (7.2.1). The case κ = 0 is similar.
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If now ω̃ is of type (b), we can write ω̃ = mη where η ∈ Λ1(T ∗Y ) is a co-closed

eigenform of ∆H with eigenvalue ν. Let us also consider an element of type II written

as Z = fKgY (η) where f is a function. Assuming that η is not conformally Killing, we

have

D∗Z =

{
0,

1

2
(4κ− ν)

(
ḟ ±
√
νf
)
η,

1

2

(
−f̈ ∓

√
νḟ
)
LgY (η)

}
,

where the sign of ±
√
ν arises from Corollary 6.2.6. In order to solve D∗Z = Kg(ω̃), we

consider ω̃ = mη, where m solves (7.2.10) so (7.2.1) reduces to the system

1

2
(4κ− ν)

(
ḟ ±
√
νf
)

= ṁ,

−1

2

(
f̈ ±
√
νḟ
)

= m.

(7.2.15)

and again since η is not conformally Killing with respect to gY it follows that 4κ− ν is

non-zero and if we find f satisfying

ḟ ±
√
νf =

2ṁ

4κ− ν
,

then f is a solution of (7.2.15) and fKgY (η) is a solution of (7.2.1) with ω̃ = mη. We

can choose f to be

f(t) = e±
√
νtf0 +

2e±
√
νt

4κ− ν

∫ t

0

ṁ(s)e∓
√
νsds,

where f0 is a constant. It is clear that we can choose the constant f0 so that f is a

solution of (7.2.10). The case κ = 0 is similar.

7.3 Completion of proofs

We first state the following which determines all indicial roots of F ∗ in the spherical

case:
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Theorem 7.3.1. Let M be R× S3/Γ with product metric g = dt2 + gS3/Γ, where gS3/Γ

is a metric of constant curvature 1. Let I∗ denote the set of indicial roots of F ∗.

• Case (0): 0 ∈ I∗.

• Case (1): If Γ = {e} then j = ±1 ∈ I∗. If Γ is non-trivial, then j = ±1 /∈ I∗.

All solutions in Case (0) and Case (1) are of the form (0, ω), where ω is dual to a

conformal Killing field (that is, Kgω = 0).

• Case (2): If B is a nontrivial eigentensor of ∆S3/Γ on divergence-free symmetric

2-tensors, with eigenvalue j2 + 2j − 2 with j ≥ 2, then {±j,±(j + 2)} ∈ I∗.

• Case (3): If ω is an eigenform of ∆S3/Γ on divergence-free 1-forms with eigenvalue

(j + 1)2, with j ≥ 2, then ±(j + 1) ∈ I∗.

All solutions in Case (2) and Case (3) are of the form (Z, 0).

• Case (4) If u is an eigenfunction of ∆S3/Γ with eigenvalue j(j + 2), j ≥ 2 then

±α±j = ±
√
j(j + 2)− 2± 2

9

√
−1 ·

√
(j + 3)(j − 1) ∈ I∗ (7.3.1)

• Case (5) If ω is an eigenform of ∆S3/Γ on divergence-free 1-forms with eigenvalue

(j + 1)2, with j ≥ 2, then

±δj = ±
√

(j + 1)2 − 4 ∈ I∗. (7.3.2)

All solutions in Case (4) and Case (5) are of the form (Z, ω) with both Z and ω nontrivial

and Kgω 6= 0.
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Remark 7.3.2. If Γ = {e}, then all of the above indicial roots do in fact occur. For

nontrivial Γ, exactly which roots occur depends on which eigentensors descend from S3

to the quotient S3/Γ.

Proof of Theorem 7.3.1. This follows from combining Propositions 7.1.9 and 7.2.2 for

the case κ = 1.

Proof of Theorem 1.3.4. This follows immediately from Theorem 7.3.1, since Cases (2)

and (3) obviously have real part larger than 2, and it is easy to see that |Re(α±j )| >
√

6

and |Re(δj)| ≥
√

5 for all j ≥ 2. The determination of the conformal Killing fields

follows easily from Section 7.2.

Next we state the following Theorem, which immediately implies Theorem 1.3.6.

Theorem 7.3.3. Let M be R× S3/Γ with product metric dt2 + gS3/Γ, where gS3/Γ is a

metric of constant curvature 1. Let I denote the set of indicial roots of F .

• Case (0): 0 ∈ I. The corresponding kernel is

span{3dt⊗ dt− gS3 , dt� ω0} (7.3.3)

where ω0 is dual to a Killing field on S3/Γ.

• Case (1): If Γ = {e} then j = ±1 ∈ I. If Γ is non-trivial, then j = ±1 /∈ I. The

corresponding kernel elements are given by

hφ = p(t)φ(3dt⊗ dt− gS3) + q(t)(dt� dφ), (7.3.4)

where p(t) = C3e
t − C4e

−t and q(t) = C3e
t + C4e

−t, for some constants C3 and

C4, and φ is a lowest nonconstant eigenfunction of ∆S3/Γ. In particular, if Γ is

nontrivial, then j = ±1 are not indicial roots.
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All solutions in Case (0) and Case (1) are in the image of the conformal Killing operator.

More precisely,

3dt⊗ dt− gS3 = Kg(2tdt) and dt� ω0 = Kg(tω0), (7.3.5)

and

hφ = Kg
{1

2

(
C3(t+ 3)et − C4(t− 3)e−t

)
φdt+

1

2

(
−C3te

t − C4te
−t) dφ}. (7.3.6)

• Case (2): If B is a nontrivial eigentensor of ∆S3/Γ on divergence-free symmetric

2-tensors, with eigenvalue j2 + 2j − 2 with j ≥ 2, then {±j,±(j + 2)} ∈ I.

• Case (3): If ω is an eigenform of ∆S3/Γ on divergence-free 1-forms with eigenvalue

(j + 1)2, with j ≥ 2, then ±(j + 1) ∈ I.

The kernel elements in Case (2) are of the form h = f(t)B, and in Case (3) are of the

form h = f0(t) ·ω�dt+f1(t) ·KS3(ω). Neither of these are in the image of the conformal

Killing operator Kg of the cylinder.

• Case (4) If u is an eigenfunction of ∆S3/Γ with eigenvalue j(j + 2), j ≥ 2 then

±α±j ∈ I, where α±j were defined in (7.3.1).

• Case (5) If ω is an eigenform of ∆S3/Γ on divergence-free 1-forms with eigenvalue

(j + 1)2, with j ≥ 2, then ±δj ∈ I, where δj were defined in (7.3.2).

All solutions in Case (4) and Case (5) are in the image of the conformal Killing operator

of the cylinder. More precisely, they are exactly those solutions of �K,gω = 0 which are

not conformally Killing.
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Remark 7.3.4. As before, if Γ = {e}, then all of the above indicial roots do in fact occur.

For nontrivial Γ, exactly which roots occur depends on which eigentensors descend to

the quotient.

Proof of Theorem 7.3.3. From the index theorem of Lockhart-McOwen, it follows that

the real parts of indicial roots of F are the same as those of F ∗ and the dimensions of

the space of solutions of the form eλtp(y, t) where p is a polynomial in t with coefficients

in C∞(Y ) are the same for all indicial roots with the same real part. We consider Cases

(0) – (5) in order.

For Case (0), the corresponding kernel of F ∗ is of the form (0, ω), where ω is dual

to a bounded conformal Killing field on the cylinder. By direct calculation, elements in

(7.3.3) form the corresponding space of kernel elements.

For Case (1), the corresponding kernel of F ∗ is of the form (0, ω), where ω is dual to

a conformal Killing field which grows like et on one end. For S3, this is an 8-dimensional

space, while if Γ is nontrivial, this space is empty. Again, by direct calculation, elements

in (7.3.4) form the corresponding 8-dimensional space of kernel elements in the case

of the sphere. The formulas in (7.3.5) and (7.3.6) can also easily be verified by direct

calculation, which we omit.

For Case (2), we consider solutions of the form

f(t) ·B,

where f is a function, and B ∈ S2
0(T ∗Y ) is an eigentensor of ∆gY with eigenvalue −λ

satisfying trY (B) = 0 and δYB = 0. In this case the equation F = 0 takes the form

−1

2
f̈ ·B − f ·B − λ

2
f ·B + ḟ · �B = 0.
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Case (2) follows as in the proof of Proposition 7.1.5, and the index theorem.

For Case (3), we consider solutions of the form

h̃ = f0(t) · ω � dt+ f1(t) · KgY (ω),

which are not in the image of Kg, where ω ∈ Λ1(T ∗Y ) is an eigenform of ∆H with

eigenvalue ν > 0 satisfying δY ω = 0. Case (3) then follows as in Proposition 7.1.9, and

the index theorem.

For Cases (4) and (5), we consider h̃ of the form

h̃ = Kg(ω̃),

where ω̃ ∈ Λ1(T ∗M). The equation δh̃ = 0 says that ω is a solution of �K,gω̃ = 0,

and the solutions of this equations were completely classified in Section 7.2 into those

of types (a) and (b). Cases (4) and (5) then follow from Proposition 7.2.2 and the index

theorem.

Proof of Corollaries 1.3.8 and 1.3.9. Corollary 1.3.8 follows immediately from Theorem

1.3.4. Corollary 1.3.9 then follows using a standard argument that solutions of elliptic

equations in weighted spaces admit asymptotic expansions with leading terms solutions

on the cylinder corresponding to indicial roots [LM85].

Proof of Theorem 1.3.11. Applying the divergence operator to the equation D∗Z =

Kgω, we see that ω satisfies �Kω = 0. An integration by parts shows that Kgω = 0,

which implies that ω = 0 since there are no nontrivial decaying conformal Killing fields.

We next convert (M, g) into a manifold with a cylindrical end, using the conformal factor

u−2 which is smooth and positive and equal to r−2 outside of some compact set, and let

ĝ = r−2g. From conformal invariance of D∗, we have that D∗ĝZ = 0. Using Corollary
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1.3.9, we conclude that |Z|ĝ = O(e−2t), where t = log(u) as t → ∞. This implies that

|Z|g = O(r−4) as r →∞.

Next, if h solves Dh = 0 and δh = 0, then B′(h) = D∗Dh = 0, where B′ is is

the linearized Bach tensor [Ito95]. Since B′ is asymptotic to ∆2 as r → ∞, [AVis,

Proposition 2.2], implies that there is no O(r−1) term in the asymptotic expansion of h

and therefore h = O(r−2) as r →∞.

Proof of Theorem 1.3.12. The cokernel statements follow from combining Propositions

7.1.9 and 7.2.2 for the case κ = −1. The kernel statements follow from an analysis

similar to the one outlined in the proof of Theorem 7.3.3, using the index theorem. For

the indicial roots {0,±i}, the corresponding kernel of F ∗ is of dimension 1 + b1(Y ) +

2 dim(H1
C(Y )). From Theorem 6.1.3, we see that 3dt⊗ dt− gY is in the kernel of F . For

a harmonic 1-form ω, from Theorem 6.1.3 we also see that ω� dt is also in the kernel of

F . For a traceless Codazzi tensor B on Y 3, from Theorem 6.1.3 it follows that

(c1 cos(t) + c2 sin(t))B, (7.3.7)

is in the kernel of F for any constants c1 and c2. By counting dimensions and using the

index theorem, this accounts for all kernel elements of F corresponding to the indicial

roots in {0,±i}.

Proof of Theorem 1.3.14. A compact hyperbolic 3-manifold (Y, gY ) corresponds to a dis-

crete cocompact subgroup Γ ⊂ O◦(3, 1) without torsion. The space of locally conformally

flat deformations of Y is given by H1(Γ, g), where g is the lie algebra to O(4, 1) viewed as

a Γ–module under the adjoint representation. If Y 3 is a hyperbolic rational homology 3-

sphere, then by assumption b1(Y ) = 0, so Theorem 1.3.12 implies that H2
+(R×Y 3) = {0}
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if and only if H1
C(Y ) = {0}.

In [Kap94] it was shown that infinitely many (p, q)-surgeries on a hyperbolic 2-bridge

knot satisfy H1(Γ, g) = {0} (a 2-bridge knot is any knot that my be embedded in R3 with

only 2 local maxima, and the figure 8 knot is an example of a hyperbolic 2-bridge knot).

These have p ≥ 2 and are therefore rational homology 3-spheres, and all but finitely

many are hyperbolic by Thurston’s hyperbolic Dehn surgery Theorem (see, for example,

[HK05] or [PP00]). By [Laf83, Lemma 6], there is an injection H1
C(Y ) ↪→ H1(Γ, g), so

these examples are therefore an infinite family of hyperbolic rational homology 3-spheres

satisfying H2
+(R× Y 3) = {0}.

Next, it was shown by DeBlois that there are infinitely many hyperbolic rational

homology 3-spheres containing closed embedded totally geodesic surfaces [DeB06] (these

examples are n-fold cyclic branched covers of S3 branched along a certain 2-component

link). By [Laf83, Theorem 2], such a surface yields a non-trivial traceless Codazzi tensor

field on Y . Thus by Theorem 1.3.12, the examples of DeBlois are an infinite family of

examples of hyperbolic rational homology 3-spheres satisfying H2
+(R× Y 3) 6= {0}.

Proof of Corollary 1.3.15. This follows from Theorem 1.3.12, again using a standard

argument that solutions of elliptic equations in weighted spaces admit asymptotic ex-

pansions with leading terms solutions on the cylinder corresponding to indicial roots

[LM85].

Proof of Theorem 1.3.16. The cokernel statements follow from combining Propositions

7.1.9 and 7.2.2 for the case κ = 0. The kernel statements follow from an analysis similar

to the one outlined in the proof of Theorem 7.3.3, using the index theorem.
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7.4 The gluing problem

We will next describe the setup to the gluing theorem of Kovalev-Singer. A brief state-

ment of the theorem is as follows.

Theorem 7.4.1 (Floer, Kovalev-Singer, Lebrun-Singer, Donaldson-Friedman [Flo91,

KS01, LS94, DF89]). Let (X1, [g1]) and (X2, [g2]) be self-dual conformal structures on

compact 4-manifolds Xi satisfying H2
c (Xi, [gi]) = 0 for i = 1, 2. Then the connect sum

X1#X2 admits self-dual conformal structures.

Donaldson-Friedman proved this using twistor theory, using methods from the de-

formation theory of singular complex 3-folds. The proofs of Floer, Kovalev-Singer and

Lebrun-Singer are analytic, and thus generalize more easily to the setting of orbifolds.

Consequently, the gluing can be performed at isolated orbifold points pi ∈ Xi, i = 1, 2,

provided they are compatible. This means that there is an orientation-reversing inter-

twining map between the actions of the respective orbifold groups Γi ⊂ SO(4) at the

gluing points.

We will next outline the idea of the analytic proof. Let ri(x) = d(pi, x) in sufficiently

small neighborhoods of pi, and extend to smooth positive functions on each Xi. Consider

the conformal cylindrification of Xi, which is X̃i = Xi \ {pi} with metric g̃i = r−2
i gi,

and let ti = − log ri. These metrics are then “glued” together with a cylindrical region

in between using cutoff functions, we refer the reader to [KS01, Section 2.3] for the

exact formulas. We only need to remark here that the main argument of [KS01] is to

reduce the gluing problem to the study of the deformation complex on the component

cylindrified spaces. A weight δ > 0 and a weight function are chosen so that in the limit,

the weight function is eδt in the middle cylindrical region, and eδt1 on X̃1 and e−δt2 on
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X̃2. One next considers the operators

F1 : eδt1Ck,α(A1)
D⊕2δg̃1−−−−→ eδt1Ck−2,α(B1)⊕ eδt1Ck−1,α(C1), (7.4.1)

F0 : eδtCk,α(A0)
D⊕2δg̃0−−−−→ eδtCk−2,α(B0)⊕ eδtCk−1,α(C0), (7.4.2)

F2 : e−δt2Ck,α(A2)
D⊕2δg̃2−−−−→ e−δt2Ck−2,α(B2)⊕ e−δt2Ck−1,α(C2), (7.4.3)

where Ai = T ∗X̃i, Bi = S2
0(T ∗X̃i), and Ci = S2

0(Λ2
−)(T ∗X̃i). The adjoints of these

operators are maps

F ∗1 : e−δt1Ck,α(B1)⊕ e−δt1Ck−1,α(C1)→ e−δt1Ck−2,α(A1) (7.4.4)

F ∗0 : e−δtCk,α(B0)⊕ e−δtCk−1,α(C0)→ e−δtCk−2,α(A0) (7.4.5)

F ∗2 : eδt2Ck,α(B2)⊕ eδt2Ck−1,α(C2)→ eδt2Ck−2,α(A2), (7.4.6)

given by

F ∗i (Z, ω) = D∗Z −Kg̃iω. (7.4.7)

Note the duals of the Hölder spaces are not Hölder spaces, but we are only interested in

the kernel and cokernel, which will be smooth by elliptic regularity, so this slight abuse

of notation does not matter.

On the middle cylindrical region, Corollary 1.3.8 shows that F0 is an isomorphism for

0 < δ < 2. On X̃1, we consider solutions of F ∗1 (Z, ω) = 0 with both Z = O(e−δt1) and

ω = O(e−δt1) as t1 →∞. Corollary 1.3.9 implies that ω is a conformal Killing field, and

Z = O(e−2t1) as t1 → ∞. The conformal transformation formula D∗ĝZ = r2
1D∗gZ shows

that Z is a solution of D∗gZ = 0 on X2\{p2} satisfying Z = O(1) as r1 → 0. The operator

DD∗ is an elliptic operator with leading term ∆2 ([AVis, Str10b]). Consequently, the

singularity is removable, so Z extends to a smooth solution of D∗Z = 0 on X1, and Z

then vanishes by the assumption that H2
c (X1, [g1]) = 0.
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On X̃2, we consider solutions of F ∗2 (Z, ω) = 0 with both Z = O(eδt2) and ω = O(eδt2)

as t2 →∞. Vanishing of Z again follows from Corollary 1.3.9 and the assumption that

H2
c (X2, [g2]) = 0.

Remark 7.4.2. The argument given on [KS01, page 1259-1260] to handle the case of

X̃2 is incorrect, because there was a mistake in the order of growth given there. Namely,

the growth rate given on the bottom on page 1258 for H2,± should be |Ψ|0 = O(r−2±δ),

and not |Ψ|0 = O(r−2∓δ) as written there and then applied incorrectly in the subsequent

argument. Indeed, on X2 the weight function is e−δt, while the argument given there to

remove the singularity (quoting Biquard’s Theorem from [Biq91]) requires δ > 0. The

above argument fixes this gap.

The remainder of the proof then proceeds as in [KS01].

Remark 7.4.3. We note that there can be asymptotic cokernel arising from conformal

Killing fields on the factors. Namely, on X̃1 there are conformal Killing fields in the

cokernel satisfying ω = O(e−δt1) as t1 → ∞. The conformal transformation formula

Kĝ(ω) = r−2
1 Kg(r2

1ω) shows that r2
1ω is a conformal Killing field onX1 satisfying |r2

1ω|g1 =

O(r1+δ
1 ) as r1 → 0. Thus the asymptotic cokernel contains conformal Killing fields on

X1 which vanish at p1 and whose first derivatives vanish at p. Similarly, on X2 there

are conformal Killing fields in the cokernel satisfying ω = O(eδt2) as t2 → ∞. Then

r2
2ω is a conformal Killing field on X2 satisfying |r2ω|g2 = O(r1−δ

2 ) as r2 → 0. Thus

the asymptotic cokernel also contains conformal Killing fields on X2 which vanish at p2.

However, the existence of this cokernel does not affect finding a self-dual metric, since

we only need to find a zero of the first component of F (and do not necessarily need to

find a zero of the divergence map).
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7.5 Appendix

7.5.1 The square of �

In this appendix, we give the proof of Proposition 6.2.1.

Proof of Proposition 6.2.1. In a local orthonormal basis we have

�2hij =
∑
a,b

εiab∇a(�h)bj +
∑
c,d

εjcd∇c(�h)di.

Expanding the right hand side, we obtain

�2hij =
∑
a,b

∑
k,l

εiabεbkl∇a∇khlj +
∑
a,b

∑
m,n

εiabεjmn∇a∇mhnb

+
∑
c,d

∑
p,q

εjcdεdpq∇c∇phqi +
∑
c,d

∑
u,v

εjcdεiuv∇c∇uhvd

= I + II + III + IV.

Note that I+III is twice the symmetrization of I and II+IV is twice the symmetrization

of II, so it will suffice to compute I and II. A straightforward computation shows that

if we let a, b be indices such that {i, a, b} = {1, 2, 3} then

I = ∇a∇ihaj −∇a∇ahij +∇b∇ihbj −∇b∇bhij.

Commuting covariant derivatives we have

∇a∇ihaj = ∇i∇ahaj −Rp
aiahpj −R

p
aijhap

= ∇i∇ahaj − κ (δpa(gY )ia − δpi (gY )aa)hpj

− κ (δpa(gY )ij − δpi (gY )aj)hap

= ∇i∇ahaj + κ
(
hij − haa(gY )ij − (gY )ajhai

)
.
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Similarly,

∇b∇ihbj = ∇i∇bhbj + κ
(
hij − hbb(gY )ij − (gY )bjhbi

)
.

It follows that

∇a∇ihaj +∇b∇ihbj = ∇i (δY )j −∇i∇ihij

+ 2κhij + κ (haa + hbb + hii) (gY )ij

− κ (hii(gY )ij + hai(gY )aj + hbi(gY )bj)

= ∇i (δY )j −∇i∇ihij + 3κtf(h),

and clearly

I = ∇i (δY h)j −∆hij + 3κtf(h).

We conclude that

I + III = LgY (δY h)− 2∆h+ 6κtf(h).

For II we consider two cases. If i 6= j we let l be a an index such that {i, j, l} such that

{i, j, l} = {1, 2, 3}, then it is easy to see that II equals

II = −∇j∇ihll +∇j∇lhil +∇l∇ihlj −∇l∇lhij (7.5.1)

= A1 + A2 + A3 + A4. (7.5.2)

For the terms in (7.5.1) we have

A1 = −∇j∇ihll = −∇j∇itrY (h) +∇j∇ihii +∇j∇ihjj,

A2 = ∇j∇lhil = ∇j(δY h)i −∇j∇ihii −∇j∇jhij,
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For A3 we commute covariant derivatives

A3 = ∇l∇ihlj = ∇i∇lhlj −Rp
lilhpj −R

p
lijhlp

= ∇i∇lhlj − κ (δpl gil − δ
p
i gll)hpj − κ (δpl gij − δ

p
i glj)hlp

= ∇i∇lhlj + κhij

= ∇i (δY h)j −∇i∇ihij −∇i∇jhij + κhij,

and finally

A4 = −∇l∇lhij = −∆gY hij +∇i∇ihij +∇j∇jhij.

We then have

A1 + A2 = −∇j∇itrY (h) +∇j(δY h)i +∇j∇ihjj −∇j∇jhij,

and

A3 + A4 = ∇i (δY h)j −∇i∇ihij −∇i∇jhij + κhij

−∆gY hij +∇i∇ihij +∇j∇jhij

= ∇i (δY h)j + κhij −∆gY hij

−∇i∇jhjj +∇j∇jhij,

so then

II = A1 + A2 + A3 + A4

= −∇j∇itrY (h)−∆gY hij

+ LgY (δY h) + κhij +∇j∇ihjj −∇i∇jhjj.
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Commuting covariant derivatives we have

∇j∇ihjj −∇i∇jhjj = −Rp
jijhpj −R

p
jijhjp = −2Rp

jijhpj

= −2κ
(
δpj gij − δ

p
i gjj

)
hjp

= 2κhij,

so we have shown

II = −∆hij −∇i∇jtrY (h) + LgY (δY h) + 3κhii,

so then II + IV is given by

II + IV = −2∆gY h− 2∇i∇jtrY (h) + 2LgY (δY h) + 6κhij. (7.5.3)

If now i = j we let a, b be indices such that {i, a, b} = {1, 2, 3} so that we have

II = ∇a∇ahbb −∇a∇bhab −∇b∇ahab +∇b∇bhaa,

which simplifies to

II = ∆gY trY (h)−∇i∇itrY (h)− (δY δY h) +∇i (δh)i −∆gY hii

+∇i∇ihii +∇a∇ihai +∇b∇ihib.

Commuting covariant derivatives we obtain

II = ∆gY trY (h)−∇i∇itrY (h)− (δY δY h)−∆gY hii

+∇i(δY h)i −Rp
aiahpi −R

p
aiihap −R

p
biihpb −R

p
bibhip,

and it is easy to see from this expression that

II = ∆gY trY (h)−∇i∇itrY (h)− (δY δY h)−∆gY hii + 2∇i (δY h)i + 3κtf(h), (7.5.4)
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so then

II + IV = 2∆gY trY (h)− 2∇i∇itrY (h)− 2 (δY δY h)

− 2∆gY hii + 4∇i (δY h)i + 6κtf(h).

Now, since we are using a local orthonormal basis to compute �2h, it is clear that in

either case i = j or i 6= j the results in (7.5.3) and (7.5.4) are equivalent to

II + IV = −2∆gY tf(h)− 2
◦
∇2h+ 2LgY (δY h)− 2 (δY δY ) gY

+
2

3
(∆gY trY (h)) gY + 6κtf(h).

Expressing I + III as

I + III = −2∆gY tf(h)− 2

3
∆gY trY (h)gY + LgY (δY h) + 6κtf(h),

we conclude that

�2h = −4∆gY tf(h)− 2
◦
∇2 trY (h) + 3KgY (δY h) + 12κtf(h),

as needed.

The following corollary should be compared with [Flo91, Lemma 5.1]:

Corollary 7.5.1. For any h ∈ S2(T ∗Y ) we have

E ′g(h) =
1

8
�2h− 1

4

◦
∇2 trY (h) +

1

8
KgY (δY h)− κ

2
tf(h). (7.5.5)
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2005, pp. 59–71.

[Gra09] C. Robin Graham, Extended obstruction tensors and renormalized volume co-

efficients, Adv. Math. 220 (2009), no. 6, 1956–1985.

[HK05] Craig D. Hodgson and Steven P. Kerckhoff, Universal bounds for hyperbolic

Dehn surgery, Ann. of Math. (2) 162 (2005), no. 1, 367–421.
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