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Towards Understanding Embeddings of Neural Network

A Theoretical Perspective

Junyi Wei

Abstract

Theoretically understanding the success of modern neural networks remains challenging.
In the direction of theoretically understanding fully connected Multilayer Perceptrons
(MLPs), current theoretical frameworks, including the Neural Tangent Kernel (NTK), fall
short in explaining several crucial capabilities of neural networks, such as the feature learning
ability. Furthermore, there’s a significant gap between the empirical success and theoretical
understanding of novel architectures like transformers, as well as newer training approaches
such as fine-tuning of foundation models. This thesis aims to offer new theoretical insights
to narrow these gaps.

To explore feature learning in neural networks, we start from analyzing a practical
learning problem where labels are determined by a set of class relevant patterns and the
inputs are generated from these along with some background patterns. We prove that
neural networks trained via gradient descent can efficiently learn effective features from
exponentially many candidates, by exploiting the structure of data distribution. In contrast,
linear models with data-independent features fail to achieve comparable accuracy.

Building on this, we propose a unified theoretical framework for two-layer networks
trained with gradient descent, emphasizing feature learning through gradients. The frame-
work successfully explains multiple phenomena observed in the learning process, such as
feature emergence and the lottery ticket hypothesis. This framework can be applied to
different learning problems, including Gaussian mixtures and parity functions.

Our theoretical study into foundation models focused on two key aspects: training
methodology and architectural design. On the training front, we theoretically studied the
effectiveness of fine-tuning. Our theoretical results show that multitask fine-tuning with
diverse related tasks reduces target task error compared to the baseline. We introduce
diversity and consistency metrics to quantify task relationships and propose a practical task
selection algorithm. In terms of network architecture, we investigate transformers and their
in-context learning (ICL) abilities in two settings: (1) linear regression with single-head
transformers and (2) parity classification with multi-head transformers. Our analysis reveals
that smaller models emphasize key features and resist noise, while larger models capture
broader features but are more noise-sensitive. These findings illuminate how model scale
influences ICL behavior and sensitivity to test-time noise.
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Chapter 1

Introduction

From Multilayer Perceptron (MLP) [190] to transformer [268], Neural networks have

become a cornerstone of modern machine learning and artificial intelligence, thanks to their

remarkable empirical performance. Despite this, a comprehensive theoretical understanding

of their success remains elusive. Traditional analytical methods are mostly inadequate for

this new challenge because practical networks are often highly overparameterized, and their

training involves non-convex optimization using gradient descent.

Theoretical Study on MLPs. Fully connected MLPs, given their relative simplicity

and longer history, have a more extensive theoretical study. A line of studies(e.g. [134,

161, 57, 75, 15, 329] and many others) have established that, under certain conditions,

heavily overparameterized networks can be approximated by linear models. Specifically,

they operate as linear functions defined on the Neural Tangent Kernel (NTK), which

remains static during training. This perspective relies on the assumption that networks use

fixed, data-independent features to learn, making the approach applicable across a broad

range of scenarios. However, it also limits the framework to what is known as the kernel

regime, where feature learning—the adaptive process of discovering input representations

that improve prediction accuracy—is absent. This limitation is critical because feature

learning is widely considered a fundamental reason for the outstanding performance of

neural networks in many practical applications(e.g., [310, 107, 311, 175]).
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Emergence of New Architectures and Training Methods. Meanwhile, deep neural

networks with new architectures, such as transformers, have emerged as pivotal tools in

modern AI, largely due to their exceptional efficiency when trained on vast datasets. This

shift has ushered in a new era of foundation models [36]. These models, exemplified by large

language models (e.g., BERT [69] and GPT-3 [38]) and vision models (e.g., CLIP [221]

and DINOv2 [208]), have demonstrated the ability to generalize across a wide range of

downstream tasks, driving some of the most groundbreaking achievements in AI, such

as state-of-the-art conversational systems like ChatGPT [207] and GPT4 [206]. While

foundation models have shown impressive empirical success [316, 38, 95], they also present

significant challenges that must be addressed to unlock their full potential. On this direction

of study, this thesis will focus on two critical challenges, which will be introduced in the

following sections.

Few-Shot Learning Problem. Adapting a pretrained foundation model to a new task

with only a few labeled samples, known as the few-shot learning problem, has long been a

core challenge in machine learning [278]. Several strategies have been proposed to tackle

this issue. One common approach, in-context learning, involves using labeled examples

directly within the context prompt during inference [38]. Another method constructs simple

classifiers based on the pretrained model’s representations [316], while some techniques fine-

tune the model using prompts derived from the labeled data [95]. A promising alternative

involves fine-tuning a pretrained model on multiple auxiliary tasks that are relevant to

the target task. This multitask fine-tuning strategy, closely related to meta-learning [124],

has gained attention in both natural language processing (NLP) and computer vision [191,

274, 320, 128, 50, 181]. For instance, recent studies [233, 189] have shown that fine-tuning

language models on diverse task sets can lead to strong zero-shot generalization on new,

unseen tasks. Despite these advancements, a significant limitation persists: the absence of

rigorous theoretical explanations for these methods. This gap raises concerns about their
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reliability and capacity to generalize effectively to real-world scenarios [219].

Unexplained Behavior with the In-Context-Learning (ICL) Ability. A key ability

that has significantly contributed to the success of foundation models, particularly large

language models (LLMs), is in-context learning (ICL) [286, 16]. In ICL, the model is pre-

sented with a few input–label examples as part of its prompt before being asked to process

a new input. Remarkably, this approach enables LLMs to perform few-shot evaluations [38]

without requiring parameter updates. Even more surprising is that LLMs can handle

tasks they have never encountered during training, achieving strong performance without

any additional fine-tuning. This capability highlights the efficiency of ICL in adapting to

diverse downstream tasks with minimal sample and computational costs. ICL operates

in a fundamentally different way from traditional machine learning paradigms, such as

supervised and unsupervised learning. In standard neural networks, learning typically

involves parameter updates through gradient descent. In contrast, ICL relies solely on

forward inference, with no gradient updates occurring. Recent studies have sought to

explain the underlying mechanism of ICL, suggesting that LLMs may implicitly simulate

gradient descent or function as meta-optimizers during the forward pass [61, 272, 174] and

theoretical investigations [315, 5, 172, 53, 24, 131, 157, 117, 296] have provided insights

into this phenomenon. Despite these advances, the mechanism behind ICL remains only

partially understood. Further research is needed to deepen our comprehension of how

foundation models achieve this remarkable ability.

Recent studies have uncovered intriguing and unexpected observations about in-context

learning (ICL) in large language models (LLMs) [182, 213, 288, 237], revealing gaps in

current theoretical understanding. For instance, [237] highlights that LLMs exhibit a

lack of robustness during ICL, where irrelevant contextual information can easily distract

the model, compromising its performance. Similarly, [288] finds that injecting noise into

prompts can degrade the ICL abilities of larger language models more significantly than

smaller ones. The study speculates that larger models may overfit to noisy prompts, effec-
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tively disregarding the prior knowledge acquired during pretraining. In contrast, smaller

models appear to retain and rely more on this pretraining knowledge, enabling them to

perform more reliably in noisy scenarios. In support of this, [182, 213] demonstrate that

adding noise to prompts has minimal impact on the ICL performance of smaller mod-

els. These findings suggest that smaller models maintain a stronger bias toward their

pretraining knowledge, making them less susceptible to distractions introduced by noisy

or irrelevant inputs. These contrasting behaviors between large and small models raise

important questions about the mechanisms underlying ICL and call for further investigation.

Our Contribution. In this thesis we will provide theoretical insights in the three

directions introduced above, and we will summarize them here: 1) understanding the

feature-learning ability of fully-connected MLP, 2)understanding multitask finetuning and

few-shot learning of foundation models, and 3)understanding ICL mechanism of transformer

based foundation models, particularly LLMs.
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1.1 Background

Neural Network Learning Analysis. The theoretical analysis of neural network

learning has garnered growing interest recently, with various approaches attempting to

explain their remarkable success.

One prominent perspective links sufficiently over-parameterized neural networks to

linear models, such as those based on the Neural Tangent Kernel (NTK)(e.g. [134, 328,

161, 176, 330, 210, 154, 201, 304, 75, 15, 57, 212, 20, 40, 137, 42, 102, 186] and more).

This framework simplifies the training process by treating it as a convex optimization

problem, leveraging the first-order Taylor expansion of the network around its initialization.

However, this approach, often referred to as the "lazy training" or kernel regime, excludes

the possibility of feature learning [54, 152, 294, 101], limiting its applicability in explaining

real-world performance. Empirical and theoretical evidence (e.g. [21, 13, 283, 104, 309,

118, 14, 23, 9, 63, 74, 153, 47, 305, 129, 162, 105, 227, 173, 168, 41, 2] and more) suggests

that neural networks outperform NTK-based methods by utilizing their ability to learn

features. A second approach, the mean-field (MF) theory, models the training dynamics

of large-width networks as partial differential equations (PDEs) (e.g. [179, 56, 178, 248,

52, 229, 71] and more). This method assumes smaller initialization than NTK, allowing

parameters to evolve significantly during training. However, MF requires unrealistically

wide networks and does not provide explicit convergence rates, making it challenging to

apply practically. Another framework is the max-margin analysis, which examines the

implicit bias of gradient-based optimization methods (e.g. [252, 116, 193, 138, 170, 194, 55,

187, 136, 257, 91, 89, 171] and more). While this approach offers insights into convergence

behaviors, it typically assumes that training begins with near-perfect accuracy, which

conflicts with the fact that feature learning often occurs in the early stages of training. To

address these limitations, some studies focus on the intrinsic low-dimensional structure of

data [45, 46, 28, 86, 43, 253, 244, 146, 331, 32], while others explore how trained networks

recover ground truth or optimal solutions (like teacher network) [76, 18, 192, 217, 211,

326, 7, 6, 188]. These approaches often rely on restrictive assumptions, such as specific
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data distributions or idealized network structures. Another intriguing direction examines

the multi-phase dynamics of neural network training [108, 279, 81, 1, 269] where feature

learning precedes convex-like optimization. This requires conditions such as proxy convexity

[88] or PL condition [141] or special data structure.

Feature Learning Based on Gradient Analysis. Recent research emphasizes the

role of gradient dynamics in feature emergence. For linearly separable data, studies[10,

90] demonstrate that the initial gradient steps focus on learning features, followed by

network fine-tuning to these learned features. Similar patterns have been observed for

nonlinear data, such as parity functions [63, 239, 87], where a single dominant feature

suffices for accurate prediction. These insights highlight the importance of understanding

gradient-based mechanisms in feature learning.

Training Foundation Models. Foundation models [36] are generally trained using

self-supervised learning methods applied to extensive and diverse datasets. Two prominent

training paradigms dominate this area: contrastive learning for vision and multi-modal

tasks, and masked modeling for natural language processing.

In self-supervised contrastive learning, the goal is to bring augmented versions of the

same data point closer together in representation space while ensuring that representations

of different data points remain distinct. This method has achieved significant success in

vision and multi-modal training [205, 48, 123, 258, 110, 221] leading to a surge in research

focused on understanding its theoretical foundations. For instance, [19] provided theoretical

guarantees on the classification performance of models pretrained with contrastive learning.

[119] analyzed the spectral contrastive loss, offering insights into how contrastive learning

impacts model performance, particularly when the pretraining and downstream tasks share

the same data distribution. Other works [262, 327, 284, 277, 290, 280, 245, 130, 256, 255]

have further explored the principles behind contrastive learning, addressing topics such
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as alignment, uniformity, and the effectiveness of contrastive methods for downstream

adaptation. These studies contribute to a growing theoretical understanding of contrastive

learning, although many rely on idealized assumptions about data distribution and task

similarity, leaving room for further exploration in more realistic settings.

Masked modeling focuses on predicting masked tokens within an input sequence and

serves as the foundation for many large language models [69, 166, 58, 200, 263]. While

initially developed for natural language processing, this approach has recently been extended

to vision tasks [122]. Theoretical efforts to understand masked modeling include [317], which

frames masked language modeling as a standard supervised learning problem, where labels

are derived from the input text itself. This work also explores the relationship between

pretraining data diversity and model performance on testing data, shedding light on how

data characteristics influence learning outcomes.

Adapting Foundation Models. The adaptation of foundation models to downstream

tasks has become a critical area of research. In vision, the traditional approach involves using

the model’s representations for downstream tasks by either freezing the model and training

a simple classifier, such as a linear probe, or performing minor fine-tuning across the entire

model [271, 100, 48, 123, 122, 243]. In contrast, NLP has increasingly embraced prompt-

based fine-tuning [95, 125, 59, 251, 325, 298, 314]. This technique reformulates prediction

tasks into masked language modeling problems, making it a flexible and widely adopted

solution. Recent advances in large language models have also popularized parameter-

efficient tuning methods. For instance, prompt tuning [155, 158, 230] introduces additional

prompt tokens for new tasks while minimizing or avoiding updates to the model’s core

parameters. Another notable adaptation strategy is in-context learning [182, 286, 285, 246,

299], where the model is prompted with task-specific examples in its input context and

makes predictions without any parameter modifications. This method has gained significant

attention for its efficiency, especially in scenarios with limited labeled data.
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Multitask Learning. Multitask supervised learning has emerged as a powerful strategy

for transferring knowledge to a target task [320, 233, 50, 181, 282]. This approach has been

shown to facilitate zero-shot generalization in large language models [233]and supports

parameter-efficient adaptation techniques, such as prompt tuning [282]. For instance, [181,

50] emphasize the role of multitask learning in enhancing in-context learning, while [320]

explores task conversion, reformulating classification tasks into a question-answering format

to improve transferability. From a theoretical perspective, multitask learning has been

studied in terms of its impact on error bounds and sample complexity for the target task [77,

266, 245, 301]. For example, [267] developed a multitask learning framework based on the

concept of task diversity in training data, focusing on representations derived from multitask

supervised pretraining. Their work provides insights into how diverse tasks contribute

to effective knowledge transfer and improved performance on new tasks. These findings

underscore the potential of multitask learning as a robust method for leveraging shared

knowledge across tasks to address diverse challenges in machine learning.

Few-shot Learning and Meta Learning. Few-shot learning focuses on enabling models

to generalize effectively to new tasks with only a small number of labeled examples [278, 274,

191, 165, 306, 93]. Training directly on such limited data often leads to overfitting, making

this setting particularly challenging. Meta-learning has emerged as a promising approach to

address these challenges by equipping models with the ability to adapt efficiently to few-shot

scenarios [82, 223]. In meta-learning, the model is trained on a variety of tasks to develop

a general strategy for learning, enabling it to adapt quickly to new tasks with minimal

labeled data. This methodology has been successfully applied in vision tasks [271, 249, 51,

128], where techniques like matching networks [271] and prototypical networks [249] have

demonstrated effective few-shot learning capabilities. These approaches leverage shared

knowledge across tasks, reducing the reliance on extensive labeled data for each individual

task and addressing the overfitting challenges associated with few-shot settings.
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Large language model. Transformer-based neural networks [268] have become the

dominant architecture for natural language processing (NLP) tasks. When pretrained on

extensive and diverse datasets with billions of parameters, these models are referred to

as large language models (LLMs) or foundation models [36]. Notable examples include

BERT [69], PaLM [58], Llama[263], ChatGPT [207], GPT4 [206] and so on. LLMs have

demonstrated remarkable capabilities in general intelligence [39], achieving strong perfor-

mance across a wide range of downstream tasks. To adapt LLMs for specific downstream

applications, a variety of techniques have been developed. These include:

• Adapter-based methods: Lightweight modules added to pretrained models to enable

task-specific fine-tuning while keeping most parameters frozen [126, 314, 94, 245].

• Calibration techniques: Adjustments to improve model reliability and consistency [318,

321].

• Multitask fine-tuning: Finetuning from multiple tasks to enhance generalization [96,

301, 272, 303].

• Prompt-based methods: Including prompt tuning [95, 155], instruction tuning [158,

59, 183], and symbol tuning [289].

• Black-box optimization: Techniques like black-box tuning [254].

• Reasoning augmentations: Methods such as chain-of-thought prompting [285, 143,

307, 319], and scratchpads for intermediate reasoning steps [202]

• Reinforcement learning: Including reinforcement learning from human feedback

(RLHF), which fine-tunes models to align with user preferences [209] and many so on.

These adaptation methods highlight the flexibility of LLMs, enabling their application

to an increasingly broad array of tasks while optimizing for efficiency, accuracy, and user

alignment.
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In-context learning. One of the most remarkable emergent abilities of large language

models (LLMs) is in-context learning (ICL) [286, 38]. This capability allows LLMs to

make predictions for unseen test inputs by observing a short sequence of input-output

examples (a prompt) related to the task, all without requiring any updates to the model’s

parameters. ICL has been successfully applied across a wide range of domains, including

reasoning [322], negotiation [92], self-correction [220], machine translation [3] and so on.

Efforts to enhance the ICL and zero-shot generalization abilities of LLMs have led to

numerous advancements [181, 281, 287, 132]. These improvements focus on fine-tuning

strategies, data augmentation, and better prompt design to unlock the full potential of ICL.

Additionally, a growing body of research has sought to explore the mechanisms underlying

transformer learning [103, 297, 98, 135, 17, 156, 164, 11, 169, 261, 260, 323, 31, 300, 112,

113, 111, 114, 115] and in-context learning specifically [61, 172, 225, 24, 5, 272, 213, 157,

160, 159, 8, 313, 315, 131, 53, 291, 296, 117, 226]. These works span both empirical and

theoretical investigations, offering insights into how LLMs leverage prompts to infer task

structures, simulate learning dynamics, and adapt flexibly to new tasks. Understanding

these mechanisms remains an active area of research, crucial for advancing the practical

utility and reliability of in-context learning in diverse applications.
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1.2 Dissertation Overview

The rest of this dissertation is structured as follows.

• In Chapter 2, we theoretically investigate a fundamental question: How can effective

features emerge from inputs in the training dynamics of gradient descent? Is learning

features from inputs necessary for the superior performance? To address this, we

analyze a learning problem where labels are determined by class-relevant patterns

within the data, and inputs are composed of these patterns along with additional,

irrelevant background patterns. Our study employs a comparative approach: (1)

By contrasting the learning approaches with emergence of effective features with

approaches using fixed, predefined features, we demonstrate how emerging of effective

features provides a significant advantage over relying solely on fixed features. (2) We

further analyze the role of input structure by comparing problems with and without

structure in the input data. This comparison shows that input structure is critical for

enabling feature learning, which in turn leads to improved prediction performance.

This chapter is based on a joint work [238] with Zhenmei Shi:

Zhenmei Shi, Junyi Wei and Yingyu Liang, “A Theoretical Analysis on Fea-

ture Learning in Neural Networks: Emergence from Inputs And Advantages

Over Fixed Features”, International Conference on Learning Representations

(ICLR) 2022.

Contributions of the author: Zhenmei Shi and the author of this thesis Junyi Wei has

equal and core contribution towards the work.

• In Chapter 3, we pushed the question asked in Chapter 2 further and asked: Is there

a common principle for feature learning in networks via gradient descent? Is there

a unified analysis framework that can clarify the principle and also lead to provable

error guarantees for prototypical problem settings? In this chapter, we take a step

toward this goal by proposing a gradient feature learning framework for analyzing

two-layer network learning by gradient descent. (1) The framework makes essentially
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no assumption about the data distribution and can be applied to various problems.

(2) It leads to error guarantees competitive with the optimal in a family of networks

that use the features induced by gradients on the data distribution.

This chapter is based on a joint work [242] with Zhenmei Shi:

Zhenmei Shi, Junyi Wei and Yingyu Liang, “Provable Guarantees for

Neural Networks via Gradient Feature Learning”, Conference on Neural

Information Processing Systems (NeurIPS) 2023.

Contributions of the author: Zhenmei Shi and the author of this thesis Junyi Wei has

equal and core contribution towards the work.

• In Chapter 4, we study the theoretical justification of multitask finetuning. We

consider an intermediate step that finetunes a pretrained model with a set of relevant

tasks before adapting to a target task. We present a framework for analyzing

pretraining followed by multitask finetuning. Our analysis reveal that with limited

labeled data from diverse tasks, finetuning can improve the prediction performance

on a downstream task. Inspired by our theorem, we design a task selection algorithm

for multitask finetuning.

This chapter is based on a joint work [302] with Zhuoyan Xu and Zhenmei Shi:

Zhuoyan Xu, Zhenmei Shi, Junyi Wei, Fangzhou Mu, Yin Li, Yingyu

Liang, “Towards Few-Shot Adaption of Foundation Models via Multitask

Finetuning”, International Conference on Learning Representations (ICLR)

2024.

Contributions of the author: Zhuoyan Xu has main contribution towards this work.

The author Junyi Wei contributes in establishing the theoretical proof outline, solving

some proof obstacles, help running part of experiments and participating in discussion.

Zhuoyan Xu and Zhenmei Shi may submit this work for other degree or professional

qualification.
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• In Chapter 5, we attempted to give theoretical explanation on the behavioral difference

between language models of different size. We study two settings: (1) one-layer single-

head linear self-attention network pretrained on linear regression in-context tasks,

with rank constraint on the attention weight matrices for studying the effect of the

model scale; (2) two-layer multiple-head transformers [157] pretrained on sparse parity

classification in-context tasks, comparing small or large head numbers for studying the

effect of the model scale. In both settings, we give the closed-form optimal solutions.

The analysis gives evidence that smaller models are more robust to label noise and

input noise during evaluation, while larger models may easily be distracted by such

noises, so larger models may have a worse ICL ability than smaller ones.

This chapter is based on a joint work [247] with Zhenmei Shi and Zhuoyan Xu:

Zhenmei Shi, Junyi Wei, Zhuoyan Xu, Yingyu Liang, “Why Larger Language

Models Do In-context Learning Differently?”, International Conference on

Machine Learning (ICML) 2024.

Contributions of the author: Zhenmei Shi has main contribution towards the work.

The author Junyi Wei has core contribution in proving several major lemmas and

theorems. Zhuoyan Xu and Zhenmei Shi may submit this work for other degree or

professional qualification.

• In Appendix 7 we include complete proofs, more discussions and additional experi-

ments for each chapter.
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Chapter 2

A Theoretical Analysis on Feature

Learning in Neural Networks:

Emergence from Inputs and

Advantage over Fixed Features

In this chapter, we will focus on the first direction mentioned in the introduction: under-

standing the feature-learning ability of fully-connected MLP. We would like to theoretically

investigate a fundamental question: How can effective features emerge from inputs in the

training dynamics of gradient descent? Is learning features from inputs necessary for the

superior performance?

To provide more insight on this question, we propose to analyze learning problems

motivated by practical data, where the labels are determined by a set of class relevant

patterns and the inputs are generated from these along with some background patterns.

We use comparison for our study: (1) by comparing network learning approaches with fixed

feature approaches on these problems, we analyze the emergence of effective features and

demonstrate feature learning leads to the advantage over fixed features; (2) by comparing

these problems to those with the input structure removed, we demonstrate that the input
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structure is crucial for feature learning and prediction performance.

More precisely, we obtain the following results. We first prove that two-layer networks

trained by gradient descent can efficiently learn to small errors on these problems, and then

prove that no linear models on fixed features of polynomial sizes can learn to as good errors.

These two results thus establish the provable advantage of networks and imply that feature

learning leads to this advantage. More importantly, our analysis reveals the dynamics of

feature learning: the network first learns a rough approximation of the effective features,

then improves them to get a set of good features, and finally learns an accurate classifier

on these features. Notably, the improvement of the effective features in the second stage

is needed for obtaining the provable advantage. The analysis also reveals the emergence

and improvement of the effective features are by exploiting the data, and in particular,

they rely on the input structure. To formalize this, we further prove the third result: if

the specific input structure is removed and replaced by a uniform distribution, then no

polynomial algorithm can even weakly learn in the Statistical Query (SQ) learning model,

not to mention the advantage over fixed features. Since SQ learning includes essentially all

known algorithms (in particular, mini-batch stochastic gradient descent used in practice),

this implies that feature learning depends strongly on the input structure. Finally, we

perform simulations on synthetic data to verify our results. We also perform experiments

on real data and observe similar phenomena, which show that our analysis provides useful

insights for the practical network learning.

Our analysis then provides theoretical support for the following principle: feature learn-

ing in neural networks depends strongly on the input structure and leads to the superior

performance. In particular, our results make it explicit that learning features from the input

structure is crucial for the superior performance. This suggests that input-distribution-free

analysis (e.g., traditional PAC learning) may not be able to explain the practical success,

and advocates an emphasis of the input structure in the analysis. While these results are

for our proposed problem setting and network learning in practice can be more complicated,

the insights obtained match existing empirical observations and are supported by our
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experiments. The compelling evidence hopefully can attract more attention to further

studies on modeling the input structure and analyzing feature learning.

This chapter is based on a joint work [238] with Zhenmei Shi:

Zhenmei Shi, Junyi Wei and Yingyu Liang, “A Theoretical Analysis on Feature

Learning in Neural Networks: Emergence from Inputs And Advantages Over

Fixed Features”, International Conference on Learning Representations (ICLR)

2022.

Contributions of the author: Zhenmei Shi and the author of this thesis Junyi Wei has equal

and core contribution towards the work.

2.1 Problem Setup

To motivate our setup, consider images with various kinds of patterns like lines and

rectangles. Some patterns are relevant for the labels (e.g., rectangles for distinguishing

indoor or outdoor images), while the others are not. If the image contains a sufficient

number of the former, then we are confident that the image belongs to a certain class.

Dictionary learning or sparse coding is a classic model of such data (e.g., [204, 270, 33]). We

thus model the patterns as a dictionary, generate a hidden vector indicating the presence of

the patterns, and generate the input and label from this vector.

Let X = Rd be the input space, and Y = {±1} be the label space. Suppose M ∈ Rd×D

is an unknown dictionary with D columns that can be regarded as patterns. For simplicity,

assume M is orthonormal. Let ϕ̃ ∈ {0, 1}D be a hidden vector that indicates the presence

of each pattern. Let A ⊆ [D] be a subset of size k corresponding to the class relevant

patterns. Then the input is generated by Mϕ̃, and the label can be any binary function on

the number of class relevant patterns. More precisely, let P ⊆ [k]. Given A and P , we first

sample ϕ̃ from a distribution Dϕ̃, and then generate the input x̃ and the class label y from
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ϕ̃:

ϕ̃ ∼ Dϕ̃, x̃ = Mϕ̃, y =


+1, if

∑
i∈A ϕ̃i ∈ P,

−1, otherwise.
(2.1)

Learning with Input Structure. We allow quite general Dϕ̃ with the following assump-

tions:

(A0) The class probabilities are balanced: Pr[
∑

i∈A ϕ̃i ∈ P ] = 1/2.

(A1) The patterns in A are correlated with the labels with the same correlation: for any

i ∈ A, γ = E[yϕ̃i]− E[y]E[ϕ̃i] > 0.

(A2) Each pattern outside A is identically distributed and independent of all other patterns.

Let po := Pr[ϕ̃i = 1] and without loss of generality assume po ≤ 1/2.

Let D(A, P,Dϕ̃) denote the distribution on (x̃, y) for some A, P, and Dϕ̃. Given

parameters Ξ = (d,D, k, γ, po), the family FΞ of distributions include all D(A, P,Dϕ̃) with

A ⊆ [D], P ⊆ [k], and Dϕ̃ satisfying the above assumptions. The labeling function includes

some interesting special cases:

Example 1. Suppose P = {i ∈ [k] : i > k/2} for some threshold, i.e., we will set the

label y = +1 when more than a half of the relevant patterns are presented in the input.

Example 2. Suppose k is odd, and let P = {i ∈ [k] : i is odd}, i.e., the labels are given

by the parity function on ϕ̃j(j ∈ A). This is useful to prove our lower bounds via the

properties of parities.

Appendix A.6 presents results for more general settings (e.g., incoherent dictionary,

unbalanced classes, etc.). On the other hand, our problem setup does not include some

important data models. In particular, one would like to model hierarchical representations

often observed in practical data and believed to be important for deep learning. We leave

such more general cases for future work.

Learning Without Input Structure. For comparison, we also consider learning prob-

lems without input structure. The data are generated as above but with different distribu-
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tions Dϕ̃:

(A1’) The patterns are uniform over {0, 1}D: for any i ∈ [D],Pr[ϕ̃i = 1] = 1/2 indepen-

dently.

Given parameters Ξ0 = (d,D, k), the family FΞ0 of distributions without input structure

is the set of all the distributions with A ⊆ [D], P ⊆ [k] and Dϕ̃ satisfying the above

assumptions.

2.1.1 Neural Network Learning

Networks. We consider training a two-layer network via gradient descent on the data

distribution:

g(x) =
2m∑
i=1

aiσ(⟨wi,x⟩+ bi) (2.2)

where wi ∈ Rd,bi,ai ∈ R, and σ(z) = min(1,max(z, 0)) is the truncated rectified linear

unit (ReLU) activation function. Let θ = {wi,bi,ai}2mi=1 denote all the parameters, and

let superscript (t) denote the time step, e.g., g(t) denote the network at time step t with

θ(t) = {w(t)
i ,b

(t)
i ,a

(t)
i }.

Loss Function. Similar to typical practice, we will normalize the data for learning: first

compute x = (x̃−E[x̃])/σ̃ where σ̃2 = E
∑d

i=1(x̃i −E[x̃i])
2 is the variance of the data, and

then train on (x, y). This is equivalent to setting ϕ = (ϕ̃−E[ϕ̃])/σ̃ and generating x = Mϕ.

For (x̃, y) from D and the normalized (x, y), we will simply say (x, y) ∼ D.

For the training, we consider the hinge-loss ℓ(y, ŷ) = max{1 − yŷ, 0}. We will inject

some noise ξ to the neurons for the convenience of the analysis. (This can be viewed as

using a smoothed version of the activation σ̃(z) = Eξσ(z + ξ) similar to those in existing

studies like [10, 173]. See Section 2.3 for more explanations.) Formally, the loss is:

LD(g;σξ) = E(x,y)[ℓ(y, g(x; ξ))], where g(x; ξ) =

2m∑
i=1

aiEξ[σ(⟨wi,x⟩+ bi + ξi)] (2.3)
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where ξ ∼ N (0, σ2
ξIm×m) are independent Gaussian noise. Let LD(g) denote the typical

hinge-loss without noise. We also consider ℓ2 regularization: R(g;λa, λw) =
∑2m

i=1 λa|ai|2 +

λw∥wi∥22 with regularization coefficients λa, λw.

Training Process. We first perform an unbiased initialization: for every i ∈ [m], initialize

w
(0)
i ∼ N (0, σ2

wId×d) with σw = 1/k, b(0)
i ∼ N

(
0, σ2

b

)
with σb = 1/k2, a(0)i ∼ N (0, σ2

a)

with σa = σ̃2/(γk2), and then set w
(0)
m+i = w

(0)
i , b(0)

m+i = b
(0)
i , a(0)m+i = −a

(0)
i . We then do

gradient updates:

θ(t) = θ(t−1) − η(t)∇θ

(
LD(g

(t−1);σ
(t)
ξ ) +R(g(t−1);λ

(t)
a , λ

(t)
w )
)
, for t = 1, 2, . . . , T, (2.4)

for some choice of the hyperparameters η(t), λ
(t)
a , λ

(t)
w , σ(t)

ξ , and T .

2.2 Main Results

Provable Guarantee for Neural Networks. The network learning has the following

guarantee:

Theorem 2.2.1. For any δ, ϵ ∈ (0, 1), if k = Ω
(
log2 (D/(δγ))

)
, po = Ω(k2/D), and

max{Ω(k12/ϵ3/2), D} ≤ m ≤ poly(D), then with properly set hyperparameters, for any

D ∈ FΞ, with probability at least 1− δ, there exists t ∈ [T ] such that Pr[sign(g(t)(x)) ̸= y] ≤

LD(g
(t)) ≤ ϵ.

The theorem shows that for a wide range of the background pattern probability po

and the number of class relevant patterns k, the network trained by gradient descent can

obtain a small classification error. More importantly, the analysis shows the success comes

from feature learning. In the early stages, the network learns and improves the neuron

weights such that on the features (i.e., the neurons’ outputs) there is an accurate classifier;

afterwards it learns such a classifier. The next section will provide a detailed discussion on

the feature learning.
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Lower Bound for Fixed Features. Empirical observations and Theorem 2.2.1 do not

exclude the possibility that some methods without feature learning can achieve similar

performance. We thus prove a lower bound for the fixed feature approach, i.e., linear models

on data-independent features.

Theorem 2.2.2. Suppose Ψ is a data-independent feature mapping of dimension N with

bounded features, i.e., Ψ : X→ [−1, 1]N . For B > 0, the family of linear models on Ψ with

bounded norm B is HB = {h(x̃) : h(x̃) = ⟨Ψ(x̃), w⟩, ∥w∥2 ≤ B}. If 3 < k ≤ D/16 and k is

odd, then there exists D ∈ FΞ such that all h ∈ HB have hinge-loss at least po

(
1−

√
2NB
2k

)
.

So using fixed features independent of the data cannot get loss nontrivially smaller than

po unless with exponentially large models. In contrast, viewing the neurons σ(⟨wi,x⟩+bi) as

learned features, network learning can achieve any loss ϵ ∈ (0, 1) with models of polynomial

sizes. We emphasize the lower bound is because the feature map Ψ is independent of the

data. Indeed, there exists a small linear model on a small dimensional feature map allowing

0 loss for each data distribution in our problem set FΞ (Lemma 2.3.1). However, this feature

map Ψ∗ is different for different data distribution in FΞ, i.e., depends on the data. On the

other hand, the feature map Ψ in the lower bound is data-independent, i.e., fixed before

seeing the data. For Ψ to work simultaneously for all distributions in FΞ, it needs to have

exponential dimensions. Intuitively, it needs a large number of features, so that there are

some features to approximate each Ψ∗
i . There are exponentially many data distributions in

FΞ, and thus exponentially many data-dependent features Ψ∗
i , which requires Ψ to have an

exponentially large dimension. Network learning updates the hidden neurons using the data

and can learn to move the features to the right positions to approximate the ground-truth

data-dependent features Ψ∗, so it does not need an exponentially large dimension feature

map.

The theorem directly applies to linear models on fixed finite-dimensional feature maps,

e.g., linear models on the input or random feature approaches [224]. It also implies lower

bounds to infinite dimensional feature maps (e.g., some kernels) that can be approximated

by feature maps of polynomial dimensions. For example, Claim 1 in [224] implies that
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a function f using shift-invariant kernels (e.g., RBF) can be approximated by a model

⟨Ψ(x̃), w⟩ with the dimension N and weight norm B bounded by polynomials of the related

parameters of f like its RKHS norm and the input dimension. Then our theorem implies

some related parameter of f needs to be exponential in k for f to get nontrivial loss,

formalized in Corollary 2.2.3. [140] has more discussions on approximating kernels with

finite dimensional maps.

Corollary 2.2.3. For any function f using a shift-invariant kernel K with RKHS norm

bounded by L, or f(x) =
∑

i αiK(zi, x) for some data points zi and ||α||2 ≤ L. If 3 <

k ≤ D/16 and k is odd, then there exists D ∈ FΞ such that f has hinge-loss at least

po

(
1− poly(d,L)

2k

)
− 1

poly(d,L) .

Lower Bound for Without Input Structure. Existing results do not exclude the

possibility that some learning methods without exploiting the input structure can achieve

strong performance. To show the necessity of the input structure, we consider learning

FΞ0 with input structure removed. We obtain a lower bound for such learning problems

in the classic Statistical Query (SQ) model [142]. In this model, the algorithm can only

receive information about the data through statistical queries. A statistical query is

specified by some polynomially-computable property predicate Q of labeled instances and

a tolerance parameter τ ∈ [0, 1]. For a query (Q, τ), the algorithm receives a response

P̂Q ∈ [PQ−τ, PQ+τ ], where PQ = Pr[Q(x, y) is true]. Notice that a query can be simulated

using the average of roughly O(1/τ2) random data samples with high probability. The

SQ model captures almost all common learning algorithms (except Gaussian elimination)

including the commonly used mini-batch SGD, and thus is suitable for our purpose.

Theorem 2.2.4. For any algorithm in the Statistical Query model that can learn over FΞ0

to classification error less than 1
2 −

1

(Dk)
3 , either the number of queries or 1/τ must be at

least 1
2

(
D
k

)1/3
.

The theorem shows that without the input structure, polynomial algorithms in the SQ

model cannot get a classification error nontrivially smaller than random guessing. The
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comparison to the result for with input structure then shows that the input structure is

crucial for network learning, in particular, for achieving the advantage over fixed feature

models.

2.3 Proof Sketches

Here we provide the sketch of our analysis, focusing on the key intuition and discussing

some interesting implications. The complete proofs are included in Appendix A.2-A.4.

2.3.1 Provable Guarantees of Neural Networks

Overall Intuition. We first show that there is a two-layer network that can represent the

target labeling function, whose neurons can be viewed as the “ground-truth” features to be

learned. We then show that after the first gradient step, the hidden neurons of the trained

network become close to the ground-truth: their weights contain large components along

the class relevant patterns but small along the background patterns. We further show that

in the second gradient step, these features get improved: the “signal-noise” ratio between

the components for class relevant patterns and those for the background ones becomes

larger, giving a set of good features. Finally, we show that the remaining steps learn an

accurate classifier on these features.

Existence of A Good Network. We show that there is a two-layer network that can

fit the labels.

Lemma 2.3.1. For any D ∈ FΞ, there exists a network g∗(x) =
∑n

i=1 a
∗
iσ(⟨w∗

i ,x⟩+ b∗
i )

with y = g∗(x) for any (x, y) ∼ D. Furthermore, the number of neurons n = 3(k + 1),

|a∗i | ≤ 32k, 1/(32k) ≤ |b∗
i | ≤ 1/2, w∗

i = σ̃
∑

j∈AMj/(4k), and |⟨w∗
i ,x⟩+ b∗

i | ≤ 1 for any

i ∈ [n] and (x, y) ∼ D.

In particular, the weights of the neurons are proportional to
∑

j∈AMj , the sum of the

class relevant patterns. We thus focus on analyzing how the network learns such neuron

weights.
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Feature Emergence in the First Gradient Step. The gradient for wi (ignoring the

noise) is:

∂LD(g)

∂wi
= −aiE(x,y)∼D

{
yI[yg(x) ≤ 1]σ′[⟨wi,x⟩+ bi]x

}
= −aiE(x,y)∼D

{
yxσ′[⟨wi,x⟩+ bi]

}
where the last step is due to g(x) = 0 by the unbiased initialization. Let qj = ⟨Mj ,wi⟩

denote the component along the direction of the pattern Mj . Then the component of the

gradient on Mj is:

〈
Mj ,

∂

∂wi
LD(g)

〉
= −aiE

{
yϕjσ

′[⟨wi,x⟩+ bi]
}
= −aiE

yϕjσ
′

∑
ℓ∈[D]

ϕℓqℓ + bi

 .

The key intuition is that with the randomness of ϕℓ (and potentially that of the injected

noise ξ), the random variable under σ′ is not significantly affected by a small subset of

ϕℓqℓ. For example, for class relevant patterns j ∈ A, let I[D] := σ′
[∑

ℓ∈[D] ϕℓqℓ + bi

]
and

I−A := σ′
[∑

ℓ ̸∈A ϕℓqℓ + bi

]
. We have I[D] ≈ I−A and thus:

〈
Mj ,

∂

∂wi
LD(g)

〉
∝ E

{
yϕjI[D]

}
≈ E {yϕjI−A} = E {yϕj}E[I−A] =

γ

σ̃
E[I−A]

since y only depends on ϕj(j ∈ A). Then the gradient has a nontrivial component along

the pattern. Similarly, for background patterns j ̸∈ A, the component of the gradient along

Mj is close to 0.

Lemma 2.3.2 (Informal). Assume po, k as in Theorem 2.2.1 and σ
(1)
ξ < 1/k, then with

high probability ∂
∂wi

LD(g
(0);σ

(1)
ξ ) = −a(0)i

∑D
j=1MjTj where for a small ϵe:

• if j ∈ A, then |Tj − βγ/σ̃| ≤ O(ϵe/σ̃) with β ∈ [Ω(1), 1];

• if j ̸∈ A, then |Tj | ≤ O(σ2
ϕϵeσ̃).

By setting λ
(1)
w = 1/(2η(1)), we have w

(1)
i = η(1)a

(0)
i

∑D
j=1MjTj ≈ η(1)a

(0)
i

βγ
σ̃

∑
j∈AMj .

For small po, e.g., po = Õ(k2/D), these neurons can already allow accurate prediction.

However, for such small po, we cannot show a provable advantage of networks over fixed
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features. On the other hand, for larger po meaning a significant number of background

patterns in the input, the approximation error terms Tj(j ̸∈ A) together can overwhelm the

signals Tj(j ∈ A) and lead to bad prediction, even though each term is small. Fortunately,

we will show that the second gradient step can improve the weights by decreasing the ratio

between Tj(j ̸∈ A) and Tj(j ∈ A).

Feature Improvement in the Second Gradient Step. We note that by setting a

small η(1), after the update we still have yg(x; ξ) < 1 for most (x, y) ∼ D and thus the

gradient in the second step is:

∂

∂wi
LD(g;σξ) ≈ −aiE(x,y)∼D

{
yxEξσ

′[⟨wi,x⟩+ bi + ξi]
}
.

We can then follow the intuition for the first step again. For j ∈ A, the component

⟨Mj ,
∂

∂wi
LD(g)⟩ is roughly proportional to γ

σ̃E[I−A,ξ] where I−A,ξ := σ′
[∑

ℓ ̸∈A ϕℓqℓ + bi + ξi

]
.

While ϕℓqℓ may not have large enough variance, the injected noise ξi makes sure that a

nontrivial amount of data activate the neuron.1 Then I−A,ξ ̸= 0, leading to a nontrivial

component along Mj , similar to the first step. On the other hand, for j ̸∈ A, the ap-

proximation error term Tj depends on how well σ′
[∑

ℓ̸∈A,ℓ ̸=j ϕℓqℓ + bi + ξi

]
approximates

σ′
[∑

ℓ∈[D] ϕℓqℓ + bi + ξi

]
. Since the qℓ’s (the weight’s component along Mℓ) in the second

step are small compared to those in the first step, we can then get a small error term Tj . So

the ratio between Tj(j ̸∈ A) over Tj(j ∈ A) improves after the second step, giving better

features allowing accurate prediction.

Classifier Learning Stage. Given the learned features, we are then ready to show the

remaining gradient steps can learn accurate classifiers. Intuitively, with small hyperparame-

ter values (η(t) = k2

Tm1/3 , λ
(t)
a = λ

(t)
w ≤ k3

σ̃m1/3 , σ
(t)
ξ = 0 for 2 < t ≤ T = m4/3), the first layer’s

weights do not change too much and thus the learning is similar to convex learning using
1Equivalently, the network uses σ̃(z) = Eξσ(z+ ξ), a Gaussian smoothed version of σ, and the smoothing

allows z slightly outside the activated region of σ to generate gradient for the learning. Empirically it is not
needed since typically sufficient data can activate the neurons. One potential reason is that the data have
their own noise to achieve a similar effect (a remote analog being noisy gradients can help the optimization).
Further analysis on such an effect is left for future work.
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the learned features. Formally, our proof uses the online convex optimization technique

in [63].

2.3.2 Lower Bounds

The lower bounds are based on the following observation: our problem setup is general

enough to include learning sparse parity functions. Consider an odd k, and let P = {i ∈

[k] : i is odd}. Then y is given by ΠA(z) :=
∏

j∈A zj for zj = 2ϕ̃j − 1, i.e., the parity

function on zj(j ∈ A). Then known results for learning parity functions can be applied to

prove our lower bounds.

Lower Bound for Fixed Features. We show that FΞ contains learning problems that

consist of a mixture of two distributions with weights po and 1 − po respectively, where

in the first distribution D(1)
A , x̃ is given by the uniform distribution over ϕ̃ and the label

y is given by the parity function on A. On such D(1)
A , [63] shows that exponentially

large models over fixed features is needed to get nontrivial loss. Intuitively, there are

exponentially many labeling functions ΠA that are uncorrelated (i.e., “orthogonal” to each

other): E[ΠA1ΠA2 ] = 0 for any A1 and A2. Note that the best approximation of ΠA by

a fixed set of features Ψi’s is its projection on the linear span of the features. Then with

polynomial-size models, there always exists some ΠA far from the linear span.

Remark. It is instructive to compare to network learning, which finds the effective

weights
∑

j∈AMj among the exponentially many candidates corresponding to different

A’s. This can be done efficiently by exploiting the data since the gradient is roughly

proportional to E {yx} =
∑

j∈AMj . The network then learns data-dependent features on

which polynomial size linear models can achieve small loss.

Lower Bound for Learning without Input Structure. Clearly, FΞ0 contains the

distributions D(1)
A described above. The lower bound then follows from classic SQ learning

results [35].

Remark. The SQ lower bound analysis does not apply to FΞ, because in FΞ the input
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distribution is related the labeling function. This allows networks to learn with polynomial

time/samples. While both the labeling function and the input distribution affect the

learning, few existing studies explicitly point out the importance of the input structure.

We thus emphasize the input structure is crucial for networks to learn effective features

and achieve superior performance.

2.4 Experiments

Our experiments mainly focus on feature learning and the effect of the input structure.

We first perform simulations on our learning problems to (1) verify our main theorems on

the benefit of feature learning and the effect of input structure; (2) verify our analysis of

feature learning in networks. We then check if our insights carry over to real data: (3)

whether similar feature learning is presented in real network/data; (4) whether damaging

the input structure lowers the performance. The results are consistent with our analysis and

provide positive support for the theory. Below we present part of the results and include

the complete experimental details and results in Appendix A.5.

Figure 2.1: Test accuracy on simulated
data with or without input structure.

Simulation: Verification of the Main Re-

sults. We generate data according to our prob-

lem setup, with d = 500, D = 100, k = 5, po =

1/2, a randomly sampled A, and labels given by

the parity function. We then train a two-layer

network with m = 300 following our learning

process, and for comparison, we also use two

fixed feature methods (the NTK and random

feature methods based on the same network).

Finally, we also use these three methods on the data distribution with the input structure

removed (i.e., FΞ0 in Theorem 2.2.4).

Figure 2.1 shows that the results are consistent with our results. Network learning gets
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high test accuracy while the two fixed feature methods get significantly lower accuracy.

Furthermore, when the input structure is removed, all three methods get test accuracy

similar to random guessing.

Simulation: Feature Learning in Networks. We compute the cosine similarities

between the weights wi’s and visualize them by Multidimensional Scaling. (Recall that our

analysis is on the directions of the weights without considering their scaling, and thus it

is important to choose cosine similarity rather than say the typical Euclidean distance.)

Figure 2.2 shows that the results are as predicted by our analysis. After the first gradient

step, some weights begin to cluster around the ground-truth
∑

j∈AMj (or −
∑

j∈AMj due

to the ai in the gradient update which can be positive or negative). After the second step,

the weights get improved and well-aligned with the ground-truth (with cosine similarities

> 0.99). Furthermore, if a classifier is trained on the features after the first step, the test

accuracy is about 52%; if the same is done after the second step, the test accuracy is about

100%. This demonstrates while some effective features emerge in the first step, they need

to be improved in the second step to get accurate prediction.

Figure 2.2: Visualization of the weights wi’s after initialization/one gradient step/two
steps in network learning on the synthetic data. The red star denotes the ground-truth∑

j∈AMj ; the orange star is −
∑

j∈AMj . The red/orange dots are the weights closest to
the red/orange star, respectively.

Real Data: Feature Learning in Networks. We perform experiments on MNIST [151,

68], CIFAR10 [147], and SVHN [198]. On MNIST, we train a two-layer network with

m = 50 on the subset with labels 0/1 and visualize the neurons’ weights as in the simulation.

Figure 2.3 shows a similar feature learning phenomenon: effective features emerge after a
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Figure 2.3: Visualization of the neurons’ weights in a two-layer network trained on the
subset of MNIST data with label 0/1. The weights gradually form two clusters.

(a) (b) (c)

Figure 2.4: Test accuracy at different steps for an equal mixture of Gaussian inputs with
data: (a) MNIST, (b) CIFAR10, (c) SVHN.

few steps and then get improved to form two clusters. Similar results are observed on other

datasets. These suggest the insights obtained in our analysis are also applicable to the real

data.

Real Data: The Effect of Input Structure. Since we cannot directly manipulate the

input distribution of real data, we perform controlled experiments by injecting different

inputs. For labeled dataset L and injected input U , we first train a teacher network fitting

L, then use the teacher network to give labels on a mixture of inputs from L and U , and

finally train a student network on this new datasetM consisting of the mixed inputs and

the teacher network’s labels. Checking the student’ performance on different parts ofM

and comparing to those by directly training the student on the original data L can reveal

the impact of changing the input structure. We use MNIST, CIFAR10, or SVHN as L,

and use Gaussian or images in Tiny ImageNet [150] as U . The networks for MNIST are

two-layer with m = 9, and those for CIFAR10/SVHN are ResNet-18 convolutional neural

networks [120].
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Figure 2.4 shows the results on an equal mixture of data and Gaussian. It presents the

test accuracy of the student on the original data part, the Gaussian part, and the whole

mixture. For example, on CIFAR10, the network learns well over the CIFAR10 part (with

accuracy similar to directly training on the original data) but learns slower with worse

accuracy on the Gaussian part. Furthermore, the accuracy on the whole mixture is lower

than that of training on the original CIFAR10. This shows that the input structure indeed

has a significant impact on the learning. While MNIST+Gaussian shows a less significant

trend (possibly because the tasks are simpler), the other datasets show similar significant

trends as CIFAR10+Gaussian (the results using Tiny ImageNet are in the appendix).
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Chapter 3

A Theoretical Framework Towards

Provable Guarantees for Neural

Networks via Gradient Feature

Learning

In chapter ?? we provide theoretical evidence showing that feature learning in neural

networks depends strongly on the input structure and leads to the superior performance.

In this chapter, we take one step further beyond Chapter 2 by proposing a gradient feature

learning framework for analyzing two-layer network learning by gradient descent, from

a feature learning point of view. (1) The framework makes essentially no assumption

about the data distribution and can be applied to various problems. Furthermore, it is

centered around features from gradients, clearly illustrating how gradient descent leads to

feature learning in networks and subsequently accurate predictions. (2) It leads to error

guarantees competitive with the optimal in a family of networks that use the features

induced by gradients on the data distribution. Then for a specific problem with structured

data distributions, if the optimal in the induced family is small, the framework gives a

small error guarantee.
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We then apply the framework to several prototypical problems: mixtures of Gaussians,

parity functions, linear data, and multiple-index models. These have been used for studying

network learning (in particular, for the feature learning ability), but with different and

seemingly unrelated analyses. In contrast, straightforward applications of our framework

give small error guarantees, where the main effort is to compute the optimal in the induced

family. Furthermore, in some cases, such as parities, we can handle more general data

distributions than in the existing work.

Finally, we also demonstrate that the framework sheds light on several interesting

network learning phenomena or implications such as feature learning beyond the kernel

regime, lottery ticket hypothesis (LTH), simplicity bias, learning over different data dis-

tributions, and new perspectives about roadmaps forward. Due to space limitations, we

present implications about features beyond the kernel regime and LTH in the main body

but defer the other implications in B.2 with a brief here. (1) For simplicity bias, it is

generally believed that the optimization has some implicit regularization effect that restricts

learning dynamics to a low capacity subset of the whole hypothesis class, so can lead to

good generalization [199, 106]. Our framework provides an explanation that the learning

first learns simpler functions and then more sophisticated ones. (2) For learning over

different data distributions, we provide data-dependent non-vacuous guarantees, as our

framework can be viewed as using the optimal gradient-induced NN to measure or quantify

the “complexity” of the problem. For easier problems, this quantity is smaller, and our

framework can give a better error bound to derive guarantees. (3) For new perspectives

about roadmaps forward, our framework suggests the strong representation power of NN is

actually the key to successful learning, while traditional ones suggest strong representation

power leads to vacuous generalization bounds [63, 34]. Thus, we suggest a different analysis

road. Traditional analysis typically first reasons about the optimal based on the whole

function class then analyzes how NN learns proper features and reaches the optimal. In

contrast, our framework defines feature family first, and then reasons about the optimal

based on it.
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This chapter is based on a joint work [242] with Zhenmei Shi:

Zhenmei Shi, Junyi Wei and Yingyu Liang, “Provable Guarantees for Neural

Networks via Gradient Feature Learning”, Conference on Neural Information

Processing Systems (NeurIPS) 2023.

Contributions of the author: Zhenmei Shi and the author of this thesis Junyi Wei has equal

and core contribution towards the work.

3.1 Additional Related Work

[62] considers multiple-index with low-degree polynomials as labeling functions and shows

that a one-step gradient update can learn multiple features that lead to accurate prediction.

[22, 185] studies one gradient step feature improvements at different learning rates. [222]

proposes Recursive Feature Machines to show the mechanism of recursively feature learning

but without giving a final loss guarantee. These studies consider specific problems and

exploit properties of the data to analyze the gradient delicately, while our work provides a

general framework applicable to different problems.

3.2 Gradient Feature Learning Framework

Problem Setup. We denote [n] := {1, 2, . . . , n} and Õ(·), Θ̃(·), Ω̃(·) to omit the log term

inside. Let X ⊆ Rd denote the input space, Y ⊆ R the label space. Let D be an arbitrary

data distribution over X × Y. Denote the class of two-layer networks with m neurons as:

Fd,m :=
{
f(a,W,b)

∣∣ f(a,W,b)(x) := a⊤
[
σ(W⊤x− b)

]
=
∑
i∈[m]

ai [σ(⟨wi,x⟩ − bi)]
}
, (3.1)

where σ(z) = max(z, 0) is the ReLU activation function, a ∈ Rm is the second layer weight,

W ∈ Rd×m is the first layer weight, wi is the i-th column of W (i.e., the weight for the

i-th neuron), and b ∈ Rm is the bias for the neurons. For technical simplicity, we only
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train a,W but not b. Let superscript (t) denote the time step, e.g., f(a(t),W(t),b) denote

the network at time step t. Denote Ξ := (a,W,b), Ξ(t) := (a(t),W(t),b). The goal of

neural network learning is to minimize the expected risk, i.e., LD(g) := E(x,y)∼DL(x,y)(g),

where L(x,y)(g) = ℓ(yg(x)) is the loss on an example (x, y) for some loss function ℓ(·),

e.g., the hinge loss ℓ(z) = max{0, 1 − z}, and the logistic loss ℓ(z) = log[1 + exp(−z)].

We also consider ℓ2 regularization. The regularized loss with regularization coefficient

λ is LλD(g) := LD(g) + λ
2 (∥W∥

2
F + ∥a∥22). Given a training set with n i.i.d. samples

Z = {(x(l), y(l))}l∈[n] from D, the empirical risk and its regularized version are:

L̃Z(g) : =
1

n

∑
l∈[n]

L(x(l),y(l))(g), L̃λZ(g) := L̃Z(g) +
λ

2
(∥W∥2F + ∥a∥22). (3.2)

Then the training process is summarized in Algorithm 1.

Algorithm 1 Network Training via Gradient Descent

Initialize (a(0),W(0),b)
for t = 1 to T do

Sample Z(t−1) ∼ Dn

a(t) = a(t−1) − η(t)∇aL̃λ
(t)

Z(t−1)(fΞ(t−1)), W(t) = W(t−1) − η(t)∇WL̃λ
(t)

Z(t−1)(fΞ(t−1))
end for

In the whole paper, we need some natural assumptions about the data and the loss.

Assumption 3.2.1. We assume E[∥x∥2] ≤ Bx1, E[∥x∥22] ≤ Bx2, ∥x∥2 ≤ Bx and for any

label y, we have |y| ≤ 1. We assume the loss function ℓ(·) is a 1-Lipschitz convex decreasing

function, normalized ℓ(0) = 1, |ℓ′(0)| = Θ(1), and ℓ(∞) = 0.

Remark 3.2.2. The above are natural assumptions. Most input distributions have the

bounded norms required, and the typical binary classification Y = {±1} satisfies the

requirement. Also, the most popular loss functions satisfy the assumption, e.g., the hinge

loss and logistic loss.
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3.2.1 Warm Up: A Simple Setting with Frozen First Layer

To illustrate some high-level intuition, we first consider a simple setting where the first

layer is frozen after one gradient update, i.e., no updates to W for t ≥ 2 in Algorithm 1.

The first idea of our framework is to provide guarantees compared to the optimal in a

family of networks. Here let us consider networks with specific weights for the first layer:

Definition 3.2.3. For some fixed W ∈ Rd×m,b ∈ Rd, and a parameter Ba2, consider the

following family of networks FW,b,Ba2 , and the optimal approximation network loss in this

family:

FW,b,Ba2 :=
{
f(a,W,b) ∈ Fd,m

∣∣ ∥a∥2 ≤ Ba2

}
, OPTW,b,Ba2 := min

g∈FW,b,Ba2

LD(f).

(3.3)

The second idea is to compare to networks using features from gradient descent. As

an illustrative example, we now provide guarantees compared to networks with first layer

weights W(1) (i.e., the weights after the first gradient step):

Theorem 3.2.4 (Simple Setting). Assume L̃Z
(
f(a,W(1),b)

)
is L-smooth to a. Let η(t) =

1
L , λ

(t) = 0, for all t ∈ {2, 3, . . . , T}. Training by Algorithm 1 with no updates for the first

layer after the first gradient step, w.h.p., there exists t ∈ [T ] such that LD(f(a(t),W(1),b)) ≤

OPTW(1),b,Ba2
+O

(
L(∥a(1)∥22+B2

a2)
T +

√
B2

a2(∥W(1)∥2FB2
x+∥b∥22)

n

)
.

Intuitively, the theorem shows that if the weight W(1) after a one-step gradient gives a

good set of neurons in the sense that there exists a classifier on top of these neurons with

low loss, then the network will learn to approximate this good classifier and achieve low

loss. The proof is based on standard convex optimization and the Rademacher complexity

(details in Appendix B.3.1).

Such an approach, while simple, has been used to obtain interesting results on network

learning in existing work, which shows that W(1) can indeed give good neurons due to

the structure of the special problems considered (e.g., parities on uniform inputs [26], or

polynomials on a subspace [62]). However, it is unclear whether such intuition can still yield
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useful guarantees for other problems. So, for our purpose of building a general framework

covering more prototypical problems, the challenge is what features from gradient descent

should be considered so that the family of networks for comparison can achieve a low loss

on other problems. The other challenge is that we would like to consider the typical case

where the first layer weights are not frozen. In the following, we will introduce the core

concept of Gradient Features to address the first challenge, and stipulate proper geometric

properties of Gradient Features for the second challenge.

3.2.2 Core Concepts in the Gradient Feature Learning Framework
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Gradient Feature being cones under Mixture of Gaussians data

Figure 3.1: An illustration of Gradi-
ent Feature, i.e., Definition 3.2.7 with
random initialization (Gaussian), un-
der Mixture of three Gaussian clus-
ters in 3-dimension data space with
blue/green/orange color. The Gradient
Feature stays in three cones, where each
center of the cone aligns with the corre-
sponding Gaussian cluster center.

Now, we will introduce the core concept in our frame-

work, Gradient Features, and use it to build the

family of networks to derive guarantees. As men-

tioned, we consider the setting where the first layer

is not frozen. After the network learns good features,

to ensure the updates in later gradient steps of the

first layer are still benign for feature learning, we

need some geometric conditions about the gradient

features, which are measured by parameters in the

definition of Gradient Features. The conditions are

general enough, so that, as shown in Section 3.3,

many prototypical problems satisfy them and the

induced family of networks enjoys low loss, leading

to useful guarantees. We begin by considering what

features can be learned via gradients. Note that the

gradient w.r.t. wi is

∂LD(g)
∂wi

= aiE(x,y)

[
ℓ′(yg(x))y

[
σ′ (⟨wi,x⟩ − bi)

]
x
]

= aiE(x,y)

[
ℓ′(yg(x))yxI[⟨wi,x⟩ > bi]

]
.
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Inspired by this, we define the following notion:

Definition 3.2.5 (Simplified Gradient Vector). For any w ∈ Rd, b ∈ R, a Simplified

Gradient Vector is

G(w, b) := E(x,y)∼D[yxI[w⊤x > b]]. (3.4)

Remark 3.2.6. Note that the definition of G(w, b) ignores the term ℓ′(yg(x)) in the gradient,

where f is the model function. In the early stage of training (or the first gradient step),

ℓ′(·) is approximately a constant, i.e., ℓ′(yg(x)) ≈ ℓ′(0) due to the symmetric initialization

(see Equation (3.8)).

Definition 3.2.7 (Gradient Feature). For a unit vector D ∈ Rd with ∥D∥2 = 1, and a

γ ∈ (0, 1), a direction neighborhood (cone) CD,γ is defined as:

CD,γ := {w | | ⟨w, D⟩ |/∥w∥2 > (1− γ)} . (3.5)

Let w ∈ Rd, b ∈ R be random variables drawn from some distribution W,B. A Gradient

Feature set with parameters p, γ,BG is defined as:

Sp,γ,BG
(W,B) :=

{
(D, s)

∣∣ Pr
w,b

[
G(w, b) ∈ CD,γ , ∥G(w, b)∥2 ≥ BG , s = b/|b|

]
≥ p
}
.

(3.6)

Remark 3.2.8. When clear from context, write it as Sp,γ,BG
. Gradient features (see Figure 3.1

for illustration) are simply normalized vectors D that are given (approximately) by the

simplified gradient vectors. (Similarly, the normalized scalar s is given by the bias b.) To be

a useful gradient feature, we require the direction to be “hit” by sufficiently large simplified

gradient vectors with sufficient large probability, so as to be distinguished from noise and

remain useful throughout the gradient steps. Later we will use the gradient features when

W,B are the initialization distributions.

To make use of the gradient features, we consider the following family of networks using
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these features and with bounded norms, and will provide guarantees compared to the best

in this family:

Definition 3.2.9 (Gradient Feature Induced Networks). The Gradient Feature Induced

Networks are:

Fd,m,BF ,S :=
{
f(a,W,b) ∈ Fd,m

∣∣ ∀i ∈ [m], |ai| ≤ Ba1, ∥a∥2 ≤ Ba2, (wi,bi/|bi|) ∈ S, |bi| ≤ Bb

}
,

where S is some Gradient Feature set and BF := (Ba1, Ba2, Bb) are some parameters.

Remark 3.2.10. In above definition, the weight and bias of a neuron are simply the scalings

of some item in the feature set S (for simplicity the scaling of wi is absorbed into the

scaling of ai and bi).

Definition 3.2.11 (Optimal Approximation via Gradient Features). The optimal approxi-

mation network and loss using Gradient Feature Induced Networks Fd,r,BF ,S are defined

as:

g∗ := argmin
g∈Fd,r,BF ,S

LD(f), OPTd,r,BF ,S := min
g∈Fd,r,BF ,S

LD(f). (3.7)

3.2.3 Provable Guarantee via Gradient Feature Learning

To obtain the guarantees, we first specify the symmetric initialization. It is convenient

for the analysis and is typical in existing analysis (e.g., [63, 62, 10, 239]), though some

other initialization can also work. Formally, we train a two-layer network with 4m neurons,

f(a,W,b) ∈ Fd,4m. We initialize a
(0)
i ,w

(0)
i from Gaussians and bi from a constant for

i ∈ {1, . . . ,m}, and initialize the parameters for i ∈ {m+ 1, . . . , 4m} accordingly to get a

zero output initial network. Specifically:

for i ∈ {1, . . . ,m} : a
(0)
i ∼ N (0, σ2

a),w
(0)
i ∼ N (0, σ2

wI),bi = b̃,

for i ∈ {m+ 1, . . . , 2m} : a
(0)
i = −a(0)i−m,w

(0)
i = −w(0)

i−m,bi = −bi−m, (3.8)

for i ∈ {2m+ 1, . . . , 4m} : a
(0)
i = −a(0)i−2m,w

(0)
i = w

(0)
i−2m,bi = bi−2m,
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where σ2
a, σ

2
w, b̃ > 0 are hyper-parameters. After initialization, a,W are updated as in

Algorithm 1. We are now ready to present our main result in the framework.

Theorem 3.2.12 (Main Result). Assume Assumption 3.2.1. For any ϵ, δ ∈ (0, 1), if

m ≤ ed and

m =Ω

 1

pϵ4

(
rBa1Bx1

√
Bb

BG

)4

+
1√
δ
+

1

p

(
log
(r
δ

))2 ,

T =Ω

(
1

ϵ

(√
rBa2BbBx1

(mp)
1
4

+mb̃

)(√
logm√
BbBG

+
1

Bx1(mp)
1
4

))
,

n

log n
=Ω̃

(
m3pB2

xB
4
a2Bb

ϵ2r2B2
a1BG

+
(mp)

1
2Bx2

BbBG
+

B2
x

Bx2
+

1

p
+

(
1

B2
G

+
1

B2
x1

)
Bx2

|ℓ′(0)|2
+

Tm

δ

)
,

then with initialization (3.8) and proper hyper-parameter values, we have with probability

≥ 1− δ over the initialization and training samples, there exists t ∈ [T ] in Algorithm 1 with:

Pr[sign(fΞ(t)(x)) ̸= y] ≤ LD (fΞ(t))

≤ OPTd,r,BF ,Sp,γ,BG
+ rBa1Bx1

√√√√2γ +O

( √
Bx2 log n

BG|ℓ′(0)|n
1
2

)
+ ϵ.

Intuitively, the theorem shows when a data distribution admits a small approximation

error by some “ground-truth” network with r neurons using gradient features from Sp,γ,BG

(i.e., a small optimal approximate loss OPTd,r,BF ,Sp,γ,BG
), the gradient descent training can

successfully learn good neural networks with sufficiently many m neurons.

Now we discuss the requirements and the error guarantee. Viewing boundedness

parameters Ba1, Bx1 etc. as constants, then the number m of neurons learned is roughly

Θ̃
(

r4

pϵ4

)
, a polynomial overparameterization compared to the “ground-truth” network. The

proof shows that such an overparameterization is needed such that some neurons can

capture the gradient features given by gradient descent. This is consistent with existing

analysis about overparameterization network learning, and also consistent with existing

empirical observations.

The error bound consists of three terms. The last term ϵ can be made arbitrarily small,
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while the other two depend on the concrete data distribution. Specifically, with larger r

and γ, the second term increases. While the first term (the optimal approximation loss)

decreases, since a larger r means a larger “ground-truth” network family, and a larger γ

means a larger Gradient Feature set Sp,γ,BG
. So, there is a trade-off between these two terms.

When we later apply the framework to concrete problems (e.g., mixtures of Gaussians,

parity functions), we will show that depending on the specific data distribution, we can

choose the proper values for r, γ to make the error small. This then leads to error guarantees

for the concrete problems and demonstrates the unifying power of the framework. Please

refer to Appendix B.3.3 for more discussion about our problem setup and our core concept,

e.g., parameter choice, early stopping, the role of s, activation functions, and so on.

Proof Sketch. The intuition in the proof of Theorem 3.2.12 is closely related to the notion

of Gradient Features. First, the gradient descent will produce gradients that approximate

the features in Sp,γ,BG
. Then, the gradient descent update gives a good set of neurons,

such that there exists an accurate classifier using these neurons with loss comparable to the

optimal approximation loss. Finally, the training will learn to approximate the accurate

classifier, resulting in the desired error guarantee. The complete proof is in Appendix B.3

(the population version in Appendix B.3.2 and the empirical version in Appendix B.3.4),

including the proper values for hyper-parameters such as η(t) in Theorem B.3.17. Below,

we briefly sketch the key ideas and omit the technical details.

We first show that a large subset of neurons has gradients at the first step as good

features. (The claim can be extended to multiple steps; for simplicity, we follow existing

work (e.g., [63, 239]) and present only the first step.) Let ∇i denote the gradient of the

i-th neuron ∇wiLD(fΞ(0)). Denote the subset of neurons with nice gradients approximating

feature (D, s) as:

G(D,s),Nice :=
{
i ∈ [2m] : s = bi/|bi|, ⟨∇i, D⟩ > (1− γ) ∥∇i∥2 , ∥∇i∥2 ≥

∣∣∣a(0)i

∣∣∣BG

}
. (3.9)

Lemma 3.2.13 (Feature Emergence). For any r size subset {(D1, s1), . . . , (Dr, sr)} ⊆
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Sp,γ,BG
, with probability at least 1− re−Θ(mp), for all j ∈ [r], we have |G(Dj ,sj),Nice| ≥ mp

4 .

This is because ∇i = ℓ′(0)a
(0)
i E(x,y)

[
yσ′
[〈

w
(0)
i ,x

〉
− bi

]
x
]
= ℓ′(0)a

(0)
i G(w

(0)
i ,bi).

Now consider sj = +1 (the case −1 is similar). Since wi is initialized by Gaussians, by ∇i’s

connection to Gradient Features, we can see that for all i ∈ [m], Pr
[
i ∈ G(Dj ,+1),Nice

]
≥ p

2 .

The lemma follows from concentration via a large enough m, i.e., sufficient overparameteri-

zation. The gradients allow obtaining a set of neurons approximating the “ground-truth”

network with comparable loss:

Lemma 3.2.14 (Existence of Good Networks). For any δ ∈ (0, 1), with proper hyper-

parameter values, with probability at least 1− δ, there is ã such that ∥ã∥0 = O
(
r
√
mp
)

and

f(ã,W(1),b)(x) =
∑4m

i=1 ãiσ
(〈

w
(1)
i ,x

〉
− bi

)
satisfies

LD(f(ã,W(1),b)) ≤ OPTd,r,BF ,Sp,γ,BG
+
√
2rBa1Bx1

(
√
γ +

√
2Bb√
mpBG

)
.

Given the good set of neurons, we finally show that the remaining gradient steps can

learn an accurate classifier. Intuitively, with small step sizes η(t), the weights of the first

layer wi do not change too much (stay in a neighborhood) while the second layer weights

grow, and thus the learning is similar to convex learning using the good set of neurons.

Technically, we adopt the online convex optimization analysis (Theorem B.3.5) in [63] to

get the final loss guarantee in Theorem 3.2.12.

3.3 Applications in Special Cases

In this section we will apply the gradient feature learning framework to some specific prob-

lems, corresponding to concrete data distributions D. We primarily focus on prototypical

problems for analyzing feature learning in networks. We will present here the results for

mixtures of Gaussians and parity functions, and include the complete proofs and some

other results in Appendix B.4.
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3.3.1 Mixtures of Gaussians

Mixtures of Gaussians are among the most fundamental and widely used statistical models.

Recently, it has been used to study neural network learning, in particular, the effect of

gradient descent for feature learning of two-layer neural networks and the advantage over

fixed feature methods [227, 90].

Data Distributions. We follow notations from [227]. The data are from a mixture of r

high-dimensional Gaussians, and each Gaussian is assigned to one of two possible labels in

Y = {±1}. Let S(y) ⊆ [r] denote the set of indices of Gaussians associated with the label y.

The data distribution is then: q(x, y) = q(y)q(x|y), q(x|y) =
∑

j∈S(y) pjNj(x), where Nj(x)

is a multivariate normal distribution with mean µj , covariance Σj , and pj are chosen such

that q(x, y) is correctly normalized. We will make some assumptions about the Gaussians,

for which we first introduce some notations.

Dj :=
µj

∥µj∥2
, µ̃j := µj/

√
d, Bµ1 := min

j∈[r]
∥µ̃j∥2, Bµ2 := max

j∈[r]
∥µ̃j∥2, pB := min

j∈[r]
pj .

Assumption 3.3.1. Let 8 ≤ τ ≤ d be a parameter that will control our final error

guarantee. Assume

• Equiprobable labels: q(−1) = q(+1) = 1/2.

• For all j ∈ [r], Σj = σjId×d. Let σB := maxj∈[r] σj and σB+ := max{σB, Bµ2}.

• r ≤ 2d, pB ≥ 1
2d , Ω

(
1/d+

√
τσB+

2 log d/d
)
≤ Bµ1 ≤ Bµ2 ≤ d.

• The Gaussians are well-separated: for all i ̸= j ∈ [r], we have −1 ≤ ⟨Di, Dj⟩ ≤ θ,

where 0 ≤ θ ≤ min

{
1
2r ,

σB+

Bµ2

√
τ log d

d

}
.

Remark 3.3.2. The first two assumptions are for simplicity; they can be relaxed. We can

generalize our analysis to the mixture of Gaussians with unbalanced label probabilities and

general covariances. The third assumption is to make sure that each Gaussian has a good

amount of probability mass to be learned. The remaining assumptions are to make sure

that the Gaussians are well-separated and can be distinguished by the learning algorithm.
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We are now ready to apply the framework to these data distributions, for which we only

need to compute the Gradient Feature set and the corresponding optimal approximation

loss.

Lemma 3.3.3 (Mixtures of Gaussians: Gradient Features). (Dj ,+1) ∈ Sp,γ,BG
for all

j ∈ [r], where

p =
Bµ1

√
τ log dσB+ · dΘ(τσB+

2/B2
µ1)

, γ =
1

d0.9τ−1.5
, BG = pBBµ1

√
d−O

( σB+

d0.9τ

)
.

Let g∗(x) =
∑r

j=1
y(j)√

τ log dσB+

[
σ
(
⟨Dj ,x⟩ − 2

√
τ log dσB+

)]
whose hinge loss is at most

3
dτ + 4

d0.9τ−1
√
τ log d

.

Given the values on gradient feature parameters p, γ,BG and the optimal approximation

loss OPTd,r,BF ,Sp,γ,BG
, the framework immediately leads to the following guarantee:

Theorem 3.3.4 (Mixtures of Gaussians: Main Result). Assume Assumption 3.3.1. For

any ϵ, δ ∈ (0, 1), when Algorithm 1 uses hinge loss with

m = poly
(
1

δ
,
1

ϵ
, dΘ(τσB+

2/B2
µ1), r,

1

pB

)
≤ ed, T = poly (m) , n = poly (m)

and proper hyper-parameters, then with probability at least 1− δ, there exists t ∈ [T ] such

that

Pr[sign(fΞ(t)(x)) ̸= y] ≤
√
2r

d0.4τ−0.8
+ ϵ.

The theorem shows that gradient descent can learn to a small error via learning

the gradient features, given proper hyper-parameters. In particular, we need sufficient

overparameterization (a sufficiently large number m of neurons). When σB+
2/B2

µ1 is a

constant which is the prototypical interesting case, and we choose a constant τ , then m is

polynomial in the key parameters 1
δ ,

1
ϵ , d, r,

1
pB

, and the error bound is inverse polynomial

in d. The complete proof is given in Appendix B.4.2.
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[90] studies (almost) linear separable cases while our setting includes non-linear separable

cases, e.g., XOR. [227] mainly studies neural network classification on 4 Gaussian clusters

with XOR structured labels, while our setting is much more general, e.g., our cluster number

can extend up to 2d.

Mixtures of Gaussians: Beyond the Kernel Regime

As discussed in the introduction, it is important for the analysis to go beyond fixed feature

methods such as NTK (i.e., the kernel regime), so as to capture the feature learning ability

which is believed to be the key factor for the empirical success. We first review the fixed

feature methods. Following [63], suppose Ψ is a data-independent feature mapping of

dimension N with bounded features, i.e., Ψ : X→ [−1, 1]N . For B > 0, the family of linear

models on Ψ with bounded norm B is HB = {h(x̃) : h(x̃) = ⟨Ψ(x̃), w⟩, ∥w∥2 ≤ B}. This

can capture linear models on fixed finite-dimensional feature maps, e.g., NTK, and also

infinite dimensional feature maps, e.g., kernels like RBF, that can be approximated by

feature maps of polynomial dimensions [224, 140, 239].

Our framework indeed goes beyond fixed features and shows features from gradients

are more powerful than features from random initialization, e.g., NTK. Our framework

can show the advantage of network learning over kernel methods under the setting of [227]

(4 Gaussian clusters with XOR structured labels). For large enough d, our framework

only needs roughly Ω(log d) neurons and Ω
(
(log d)2

)
samples to achieve arbitrary small

constant error (see Theorem B.4.18 when σB = 1), while fixed feature methods need Ω(d2)

features and Ω(d2) samples to achieve nontrivial errors (as proved in [227]). Moreover,

[227] uses ODE to simulate the optimization process for the 2-layer networks learning

XOR-shaped Gaussian mixture with Ω(1) neurons and gives convincing evidence that Ω(d)

samples is enough to learn it, yet they do not give a rigorous convergence guarantee for this

problem. We successfully derive a convergence guarantee and we require a much smaller

sample size Ω
(
(log d)2

)
. For the proof (detailed in Appendix B.4.3), we only need to

calculate the p, γ,BG of the data distribution carefully and then inject these numbers into
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Theorem 3.2.12.

3.3.2 Parity Functions

Parity functions are a canonical family of learning problems in computational learning

theory, usually for showing theoretical computational barriers [236]. The typical sparse

parties over d-dim binary inputs ϕ ∈ {±1}d are
∏

i∈A ϕi where A ⊆ [d] is a subset of

dimensions. Recent studies have shown that when the distribution of inputs ϕ has structures

rather than uniform, neural networks can perform feature learning and finally learn parity

functions with a small error, while methods without feature learning, e.g. NTK, cannot

achieve as good results [63, 173, 239]. Thus, this has been a prototypical setting for studying

feature learning phenomena in networks. Here we consider a generalization of this problem

and show that our framework can show successful learning via gradient descent.

Data Distributions. Suppose M ∈ Rd×D is an unknown dictionary with D columns that

can be regarded as patterns. For simplicity, assume d = D and M is orthonormal. Let

ϕ ∈ Rd be a hidden representation vector. Let A ⊆ [D] be a subset of size rk corresponding

to the class relevant patterns and r is an odd number. Then the input is generated

by Mϕ, and some function on ϕA generates the label. WLOG, let A = {1, . . . , rk},

A⊥ = {rk+1, . . . , d}. Also, we split A such that for all j ∈ [r], Aj = {(j−1)k+1, . . . , jk}.

Then the input x and the class label y are given by:

x = Mϕ, y = g∗(ϕA) = sign
(∑

j∈[r]

XOR(ϕAj )
)
, (3.10)

where g∗ is the ground-truth labeling function mapping from Rrk to Y = {±1}, ϕA is the

sub-vector of ϕ with indices in A, and XOR(ϕAj ) =
∏

l∈Aj
ϕl is the parity function. We

still need to specify the distribution X of ϕ, which determines the structure of the input

distribution:

X := (1− 2rpA)XU +
∑
j∈[r]

pA(Xj,+ +Xj,−). (3.11)
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For all corresponding ϕA⊥ in X, we have ∀l ∈ A⊥, independently: ϕl =


+1, w.p. po

−1, w.p. po

0, w.p. 1− 2po

,

where po controls the signal noise ratio: if po is large, then there are many nonzero entries

in A⊥ which are noise interfering with the learning of the ground-truth labeling function

on A. For corresponding ϕA, any j ∈ [r], we have

• In Xj,+, ϕAj = [+1,+1, . . . ,+1]⊤ and ϕA\Aj
only have zero elements.

• In Xj,−, ϕAj = [−1,−1, . . . ,−1]⊤ and ϕA\Aj
only have zero elements.

• In XU , we have ϕA draw from {+1,−1}rk uniformly.

In short, we have r parity functions each corresponding to a block of k dimensions;

Xj,+ and Xj,− stands for the component providing a strong signal for the j-th parity; XU

corresponds to uniform distribution unrelated to any parity and providing weak learning

signal; A⊥ is the noise part. The label depends on the sum of the r parity functions.

Assumption 3.3.5. Let 8 ≤ τ ≤ d be a parameter that will control our final error

guarantee. Assume k is an odd number and: k ≥ Ω(τ log d), d ≥ rk +Ω(τr log d), po =

O
(

rk
d−rk

)
, pA ≥ 1

d .

Remark 3.3.6. We set up the problem to be more general than the parity function learning

in existing work. If r = 1, the labeling function reduces to the traditional k-sparse parties of

d bits. The assumptions require k, d, and pA to be sufficiently large so as to provide enough

large signals for learning. Note that when k = d
16 , r = 1, po = 1

2 , our analysis also holds,

which shows our framework is beyond the kernel regime (discuss in detail in Section 3.3.2).

To apply our framework, again we only need to compute the Gradient Feature set and

the corresponding optimal loss. We first define the Gradient Features: For all j ∈ [r], let

Dj =

∑
l∈Aj

Ml

∥
∑

l∈Aj
Ml∥2 .

Lemma 3.3.7 (Parity Functions: Gradient Features). We have (Dj ,+1), (Dj ,−1) ∈ Sp,γ,BG
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for all j ∈ [r], where

p = Θ

(
1√

τr log d · dΘ(τr)

)
, γ =

1

dτ−2
, BG =

√
kpA −O

(√
k

dτ

)
. (3.12)

With gradient features from Sp,γ,BG
, let g∗(x) =

∑r
j=1

∑k
i=0(−1)i+1

√
k
[
σ
(
⟨Dj ,x⟩ − 2i−k−1√

k

)
−

2σ
(
⟨Dj ,x⟩ − 2i−k√

k

)
+ σ

(
⟨Dj ,x⟩ − 2i−k+1√

k

) ]
whose hinge loss is 0.

Above, we show that Dj is the “indicator function” for the subset Aj so that we can

build the optimal neural network based on such directions. Given the values on gradient

feature parameters and the optimal approximation loss, the framework immediately leads

to the following guarantee:

Theorem 3.3.8 (Parity Functions: Main Result). Assume Assumption 3.3.5. For any

ϵ, δ ∈ (0, 1), when Algorithm 1 uses hinge loss with

m = poly
(
1

δ
,
1

ϵ
, dΘ(τr), k,

1

pA

)
≤ ed, T = poly (m) , n = poly (m)

and proper hyper-parameters, then with probability at least 1− δ, there exists t ∈ [T ] such

that

Pr[sign(fΞ(t)(x)) ̸= y] ≤ 3r
√
k

d(τ−3)/2
+ ϵ.

The theorem shows that gradient descent can learn to a small error in this problem.

We also need sufficient overparameterization: When r is a constant (e.g., r = 1 in existing

work), and we choose a constant τ , m is polynomial in 1
δ ,

1
ϵ , d, k,

1
pA

, and the error bound is

inverse polynomial in d. The proof is in Appendix B.4.4. Our setting is more general than

that in [63, 173] which corresponds to M = I, r = 1, pA = 1
4 , po = 1

2 . [239] study single

index learning, where one feature direction is enough for a two-layer network to recover the

label, while our setting considers r directions D1, . . . , Dr, so the network needs to learn

multiple directions to get a small error.
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Parity Functions: Beyond the Kernel Regime

Again, we show that our framework indeed goes beyond fixed features under parity functions.

Our problem setting in Section 3.3.2 is general enough to include the problem setting in [63].

Their lower bound for fixed feature methods directly applies to our case and leads to the

following:

Proposition 3.3.9. There exists a data distribution in the parity learning setting in

Section 3.3.2 with M = I, r = 1, pA = 1
4 , k = d

16 , po = 1
2 , such that all h ∈ HB have

hinge-loss at least 1
2 −

√
NB

2k
√
2
.

This means to get an inverse-polynomially small loss, fixed feature models need to have

an exponentially large size, i.e., either the number of features N or the norm B needs to be

exponential in k. In contrast, Theorem 3.3.8 shows our framework guarantees a small loss

with a polynomially large model, runtime, and sample complexity. Clearly, our framework

is beyond the fixed feature methods.

Parities on Uniform Inputs. When r = 1, pA = 0, our problem setting will degenerate to

the classic sparse parity function on a uniform input distribution. This has also been used

for analyzing network learning [25]. For this case, our framework can get a k2O(k) log(k)

network width bound and a O(dk) sample complexity bound, matching those in [25]. This

then again confirms the advantage of network learning over kernel methods that requires

dΩ(k) dimensions as shown in [25]. See the full statement in Theorem B.4.31, details in

Appendix B.4.5, and alternative analysis in Appendix B.4.6.

3.4 Further Implications

Our general framework sheds light on several interesting phenomena in NN learning observed

in practice. Feature learning beyond the kernel regime has been discussed in Section 3.3.1

and Section 3.3.2. Here we discuss the LTH and defer more implications such as simplicity

bias, learning over different data distributions, and new perspectives about roadmaps

forward in Appendix B.2.
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Lottery Ticket Hypothesis (LTH). Another interesting phenomenon is the LTH [83]:

randomly-initialized networks contain subnetworks that when trained in isolation reach test

accuracy comparable to the original network in a similar number of iterations. Later studies

(e.g., [84]) show that LTH is more stable when subnetworks are found in the network after

a few gradient steps.

Our framework provides an explanation for two-layer networks: the lottery ticket

subnetwork contains exactly those neurons whose gradient feature approximates the weights

of the “ground-truth” network f∗; they may not exist at initialization but can be found after

the first gradient step. More precisely, Lemma 3.2.14 shows that after the first gradient

step, there is a sparse second-layer weight ã with ∥ã∥0 = O
(
r
√
mp
)
, such that using this

weight on the hidden neurons gives a network with a small loss. Let U be the support

of ã. Equivalently, there is a small-loss subnetwork gUΞ with only neurons in U and with

second-layer weight ãU on these neurons. Following the same proof of Theorem 3.2.12:

Proposition 3.4.1. In the same setting of Theorem 3.2.12 but only considering the

subnetwork supported on U after the first gradient step, with the same requirements

on m and T , with proper hyper-parameter values, we have the same guarantee: with

probability ≥ 1 − δ, there is t ∈ [T ] with Pr[sign(gU
Ξ(t))(x) ̸= y] ≤ OPTd,r,BF ,Sp,γ,BG

+

rBa1Bx1

√
2γ +O

(√
Bx2 logn
BG

√
n

)
+ ϵ.

This essentially formally proves LTH for two-layer networks, showing (a) the existence

of the winning lottery subnetwork and (b) that gradient descent on the subnetwork can

learn to similar loss in similar runtime as on the whole network. In particular, (b) is novel

and not analyzed in existing work.

We provide this work’s limitations (e.g., statement of recovering existing results and

some failure cases beyond our framework) in Appendix B.1.
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Chapter 4

Towards Few-Shot Adaptation of

Foundation Models via Multitask

Finetuning

Empirical neural network models are evolving fast, and we don’t want to limit our theoretical

study in the regime of 2-layer MLPs. From this chapter, we will move on to more recent

structures and training method. In this chapter, we focus on the problem of adapting a

pretrained foundation model to a new task with a few labeled samples, where the target

task can differ significantly from pretraining and the limited labeled data are insufficient

for finetuning. As we have discussed in the introduction, latest studies [233, 189] show that

multitask finetuning enables strong zero-shot generalization on unseen tasks. Nonetheless,

the lack of sound theoretical explanations behind these previous approaches raises doubts

about their ability to generalize on real-world tasks [219].

To bridge the gap between empirical explorations and theoretical explanations, we study

the theoretical justification of multitask finetuning. We consider an intermediate step that

finetunes a pretrained model with a set of relevant tasks before adapting to a target task.

Each of these auxiliary tasks might have a small number of labeled samples, and categories

of these samples might not overlap with those on the target task. Our key intuition is
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that a sufficiently diverse set of relevant tasks can capture similar latent characteristics as

the target task, thereby producing meaningful representation and reducing errors in the

target task. To this end, we present rigorous theoretical analyses, provide key insight into

conditions necessary for successful multitask finetuning, and introduce a novel algorithm

for selecting tasks suitable for finetuning.

Our key contributions are three folds. Theoretically, we present a framework for an-

alyzing pretraining followed by multitask finetuning. Our analysis (Section 4.2) reveals

that with limited labeled data from diverse tasks, finetuning can improve the prediction

performance on a downstream task. Empirically, we perform extensive experiments on

both vision and language tasks (Section 4.3) to verify our theorem. Our results suggest

that our theorem successfully predicts the behavior of multitask finetuning across datasets

and models. Practically, inspired by our theorem, we design a task selection algorithm

for multitask finetuning. On the Meta-Dataset [265], our algorithm shows significantly

improved results in comparison to finetuning using all possible tasks.

This chapter is based on a joint work [302] with Zhuoyan Xu and Zhenmei Shi:

Zhuoyan Xu, Zhenmei Shi, Junyi Wei, Fangzhou Mu, Yin Li, Yingyu Liang,

“Towards Few-Shot Adaption of Foundation Models via Multitask Finetuning”,

International Conference on Learning Representations (ICLR) 2024.

Contributions of the author: Zhuoyan Xu has main contribution towards this work. The

author Junyi Wei contributes in establishing the theoretical proof outline, solving some

proof obstacles, help running part of experiments and participating in discussion. Zhuoyan

Xu and Zhenmei Shi may submit this work for other degree or professional qualification.
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4.1 Additional Background: Multitask Finetuning for Few-

Shot Learning

This section reviews the pretraining of foundation models and adaptation for few-shot

learning, and then formalizes the multitask finetuning approach.

Pretraining Foundation Models. We consider three common pretraining methods:

contrastive learning, masked language modeling, and supervised pretraining. Contrastive

learning is widely considered in vision and multi-modal tasks. This approach pretrains

a model ϕ from a hypothesis class Φ of foundation models via loss on contrastive pairs

generated from data points x. First sample a point x and then apply some transformation

to obtain x+; independently sample another point x−. The population contrastive loss is

then Lcon−pre(ϕ) := E
[
ℓu
(
ϕ(x)⊤ (ϕ(x+)− ϕ(x−))

)]
, where the loss function ℓu is a non-

negative decreasing function. In particular, logistic loss ℓu(v) = log (1 + exp (−v)) recovers

the typical contrastive loss in most empirical work [167, 205, 48]. Masked language modeling

is a popular self-supervised learning approach in NLP. It can be regarded as a kind of

supervised pretraining : the masked word is viewed as the class (see Appendix C.2 for more

details). In what follows we provide a unified formulation. On top of the representation

function ϕ, there is a linear function f ∈ F ⊂
{
Rd → RK

}
predicting the labels where K

is the number of classes. The supervised loss is: Lsup−pre(ϕ) := minf∈F E [ℓ (f ◦ ϕ(x), y)],

where ℓ(·, y) is the cross-entropy loss. To simplify the notation, we unify Lpre(ϕ) as the

pretraining loss.

Adapting Models for Few-shot Learning. A pretrained foundation model ϕ can be

used for downstream target tasks T by learning linear classifiers on ϕ. We focus on binary

classification (the general multiclass setting is in Appendix C.3). A linear classifier on ϕ is

given by w⊤ϕ(x) where w ∈ Rd. The supervised loss of ϕ w.r.t the task T is then:

Lsup(T , ϕ) := min
w

E
(x,y)∼DT

[
ℓ
(
w⊤ϕ(x), y

)]
, (4.1)

where DT (x, y) is the distribution of data (x, y) in task T . In few-shot learning with novel
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classes, there are limited labeled data points for learning the linear classifier. Further, the

target task T0 may contain classes different from those in pretraining. We are interested in

obtaining a model ϕ such that Lsup(T0, ϕ) is small.

Multitask Finetuning. In the challenging setting of few-shot learning, the data in

the target task is limited. On the other hand, we can have prior knowledge of the target

task characteristics and its associated data patterns, and thus can collect additional data

from relevant and accessible sources when available. Such data may cover the patterns

in target task and thus can be used as auxiliary tasks to finetune the pretrained model

before adaptation to the target task. Here we formalize this idea in a general form

and provide analysis in later sections. Formally, suppose we have M auxiliary tasks

{T1, T2, . . . , TM}, each with m labeled samples Si := {(xij , yij) : j ∈ [m]}. The finetuning

data are S := ∪i∈[M ]Si. Given a pretrained model ϕ̂, we further finetune it using the

objective:

min
ϕ∈Φ

1

M

M∑
i=1

L̂sup(Ti, ϕ), where L̂sup(Ti, ϕ) := min
wi∈Rd

1

m

m∑
j=1

ℓ(w⊤
i ϕ(x

i
j), y

i
j). (4.2)

This can be done via gradient descent from the initialization ϕ̂ (see Algorithm 8 in the

Appendix). Multitask finetuning is conceptually simple, and broadly applicable to different

models and datasets. While its effectiveness has been previously demonstrated [191, 274,

320, 128, 50, 181, 233, 189], the theoretical justification remains to be fully investigated

and understood.

4.2 Theoretical Analysis: Benefit of Multitask Finetuning

To understand the potential benefit of multitask finetuning, we will compare the performance

of ϕ̂ (from pretraining) and ϕ′ (from pretraining and multitask finetuning) on a target

task T0. That is, we will compare Lsup(T0, ϕ̂) and Lsup(T0, ϕ′), where Lsup(T , ϕ) is the

population supervised loss of ϕ on the task T defined in Equation (4.1). For the analysis, we

first formalize the data distributions and learning models, then introduce the key notions,
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and finally present the key theorems.

Data Distributions. Let X be the input space and Z ⊆ Rd be the output space of the

foundation model. Following [19], suppose there is a set of latent classes C with |C| = K,

and a distribution η over the classes; each class y ∈ C has a distribution D(y) over inputs

x. In pretraining using contrastive learning, the distribution Dcon(η) of the contrastive

data (x, x+, x−) is given by: (y, y−) ∼ η2 and x, x+ ∼ D(y), x− ∼ D(y−). In masked

self-supervised or fully supervised pretraining, (x, y) is generated by y ∼ η, x ∼ D(y). In

a task T with binary classes {y1, y2}, the data distribution DT (x, y) is by first uniformly

drawing y ∈ {y1, y2} and then drawing x ∼ D(y). Finally, let ζ denote the conditional

distribution of (y1, y2) ∼ η2 conditioned on y1 ̸= y2, and suppose the tasks in finetuning

are from ζ. Note that in few-shot learning with novel classes, the target task’s classes may

not be the same as those in the pretraining. Let C0 be the set of possible classes in the

target task, which may or may not overlap with C.

Learning Models. Recall that Φ is the hypothesis class of foundation models ϕ :

X → Z. To gauge the generalization performance, let ϕ∗ ∈ Φ denote the model with the

lowest target task loss Lsup(T0, ϕ∗) and ϕ∗
ζ ∈ Φ denote the model with the lowest average

supervised loss over the set of auxiliary tasks Lsup(ϕ∗
ζ) := ET ∼ζ [Lsup(T , ϕ∗

ζ)]. Note that

if all ϕ ∈ Φ have high supervised losses, we cannot expect the method to lead to a good

generalization performance, and thus we need to calibrate w.r.t. ϕ∗ and ϕ∗
ζ . We also need

some typical regularity assumptions.

Assumption 4.2.1 (Regularity Assumptions). ∥ϕ∥2 ≤ R and linear operator ∥w∥2 ≤ B.

The loss ℓu is bounded in [0, C] and L-Lipschitz. The supervised loss Lsup(T , ϕ) is L̃-

Lipschitz with respect to ϕ.

Diversity and Consistency. Central to our theoretical analysis lies in the definitions

of diversity in auxiliary tasks used for finetuning and their consistency with the target task.

Definition 1 (Diversity). The averaged representation difference for two model ϕ, ϕ̃ on a

distribution ζ over tasks is d̄ζ(ϕ, ϕ̃) := E
T ∼ζ

[
Lsup(T , ϕ)− Lsup(T , ϕ̃)

]
= Lsup(ϕ)−Lsup(ϕ̃).
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The worst-case representation difference between representations ϕ, ϕ̃ on the family of

classes C0 is dC0(ϕ, ϕ̃) := supT0⊆C0

∣∣∣Lsup(T0, ϕ)− Lsup(T0, ϕ̃)∣∣∣ . We say the model class Φ

has ν-diversity (for ζ and C0) with respect to ϕ∗
ζ , if for any ϕ ∈ Φ, dC0(ϕ, ϕ∗

ζ) ≤ d̄ζ(ϕ, ϕ
∗
ζ)/ν.

Such diversity notion has been proposed and used to derive statistical guarantees

(e.g., [267, 317]). Intuitively, diversity measures whether the data from ζ covers the

characteristics of the target data in C0, e.g., whether the span of the linear mapping

solutions w’s for tasks from ζ can properly cover the solutions for tasks from C0 [317].

Existing work showed that diverse pretraining data will lead to a large diversity parameter

ν and can improve the generalization in the target task. Our analysis will show the diversity

in finetuning tasks from ζ can benefit the performance of a target task from C0.

Definition 2 (Consistency). We say the model class Φ has κ-consistency (for ζ and C0) with

respect to ϕ∗ and ϕ∗
ζ , where κ := supT0⊆C0

[
Lsup(T0, ϕ∗

ζ)− Lsup(T0, ϕ∗)
]
.

This consistency notion measures the similarity between the data in tasks from ζ and

the data in the target task from C0. Intuitively, when the tasks from ζ are similar to the

target task T0, their solutions ϕ∗
ζ and ϕ∗ will be similar to each other, resulting in a small

κ. Below we will derive guarantees based on the diversity ν and consistency κ to explain

the gain from multitask finetuning.

Key Results. We now present the results for a uniform distribution η, and include

the full proof and results for general distributions in Appendix C.2 and Appendix C.3.

Recall that we will compare the performance of ϕ̂ (the model from pretraining) and ϕ′

(the model from pretraining followed by multitask finetuning) on a target task T0. For ϕ̂

without multitask finetuning, we have:

Theorem 4.2.1. (No Multitask Finetuning) Assume Assumption 4.2.1 and that Φ has ν-

diversity and κ-consistency with respect to ϕ∗ and ϕ∗
ζ . Suppose ϕ̂ satisfies L̂pre(ϕ̂) ≤ ϵ0.

Let τ := Pr
(y1,y2)∼η2

{y1 = y2}. Then for any target task T0 ⊆ C0,

Lsup(T0, ϕ̂)− Lsup(T0, ϕ∗) ≤ 1

ν

[
2ϵ0
1− τ

− Lsup(ϕ∗
ζ)

]
+ κ. (4.3)
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In Theorem 4.2.1, L̂pre(ϕ) is the empirical loss of Lpre(ϕ) with pretraining sample size

N . We now consider ϕ′ obtained by multitask finetuning. Define the subset of models with

pretraining loss smaller than ϵ̃ as Φ(ϵ̃) :=
{
ϕ ∈ Φ : L̂pre(ϕ) ≤ ϵ̃

}
. Recall the Rademacher

complexity of Φ on n points is Rn(Φ) := E
{σj}nj=1,{xj}nj=1

[
supϕ∈Φ

∑n
j=1 σjϕ(xj)

]
.

Theorem 4.2.2 below showing that the target prediction performance of the model ϕ′

from multitask finetuning can be significantly better than that of ϕ̂ without multitask

finetuning. In particular, achieves an error reduction 1
ν

[
(1− α) 2ϵ0

1−τ

]
. The reduction is

achieved when multitask finetuning is solved to a small loss ϵ1 for a small α on sufficiently

many finetuning data.

Theorem 4.2.2. (With Multitask Finetuning) Assume Assumption 4.2.1 and that Φ has ν-

diversity and κ-consistency with respect to ϕ∗ and ϕ∗
ζ . Suppose for some constant α ∈ (0, 1),

we solve Equation (4.2) with empirical loss lower than ϵ1 =
α
3

2ϵ0
1−τ and obtain ϕ′. For any

δ > 0, if for ϵ̃ = L̂pre(ϕ′),

M ≥ 1

ϵ1

[
4
√
2L̃RM (Φ(ϵ̃)) +

4C2

ϵ1
log(

2

δ
)

]
,Mm ≥ 1

ϵ1

[
16LBRMm(Φ(ϵ̃)) +

4C2

ϵ1
log(

2

δ
)

]
,

then with probability 1− δ, for any target task T0 ⊆ C0,

Lsup(T0, ϕ′)− Lsup(T0, ϕ∗) ≤ 1

ν

[
α

2ϵ0
1− τ

− Lsup(ϕ∗
ζ)

]
+ κ. (4.4)

The requirement is that the number of tasks M and the total number of labeled samples

Mm across tasks are sufficiently large. This implies when M is above the threshold, the

total size Mm determines the performance, and increasing either M or m while freezing

the other can improve the performance. We shall verify these findings in our experiments

(Section 4.3.1).

Theorem 4.2.2 also shows the conditions for successful multitask finetuning, in particular,

the impact of the diversity and consistency of the finetuning tasks. Besides small finetuning

loss on sufficiently many data, a large diversity parameter ν and a small consistency

parameter κ will result in a small target error bound. Ideally, data from the finetuning
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tasks should be similar to those from the target task, but also sufficiently diverse to

cover a wide range of patterns that may be encountered in the target task. This inspires

us to perform finer-grained analysis of diversity and consistency using a simplified data

model (Section 4.2.1), which sheds light on the design of an algorithm to select a subset of

finetuning tasks with better performance (Section 4.2.2).

4.2.1 Case Study of Diversity and Consistency

Our main results, rooted in notions of diversity and consistency, state the general conclusion

of multitask finetuning on downstream tasks. A key remaining question is how relevant

tasks should be selected for multitask finetuning in practice. Our intuition is that this task

selection should promote both diversity (encompassing the characteristics of the target

task) and consistency (focusing on the relevant patterns in achieving the target task’s

objective). To illustrate such theoretical concepts and connect them to practical algorithms,

we specialize the general conclusion to settings that allow easy interpretation of diversity

and consistency. In this section, we provide a toy linear case study and we put the proof

and also the analysis of a more general setting in Appendix C.4, e.g., more general latent

class C, C0, more general distribution ζ, input data with noise.

In what follows, we specify the data distributions and function classes under consid-

eration, and present an analysis for this case study. Our goal is to explain the intuition

behind diversity and consistency notions: diversity is about coverage, and consistency is

about similarity in the latent feature space. This can facilitate the design of task selection

algorithms.

kc d-kc

C

C0

1 1 1 1 1 1 1 -1

.

.

.

1 1 1 1 1 1 -1 1

1 1 1 1 1 -1 1 1

-1 1 1 1 1 1 1 1
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0 00 . . .

0 00 . . .

0 00 . . .

0 0 0 0 0 0 0 1 0 00 . . .

0 0 0 0 0 0 0 -1 0 00 . . .

T1

T2

T3

TM

T0

.

.

.

Figure 4.1: Illustration of features in linear
data. Blue are the features encoded in C
while red is not.

Linear Data and Tasks. Inspired by clas-

sic dictionary learning and recent analysis on rep-

resentation learning [290, 245], we consider the

latent class/representation setting where each

latent class z ∈ {0,−1,+1}d is represented as

a feature vector. We focus on individual bi-
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nary classification tasks, where Y = {−1,+1}

is the label space. Thus, each task has two latent classes z, z′ (denote the task as Tz,z′)

and we randomly assign −1 and +1 to each latent class. Namely, Tz,z′ is defined as:

x =


z, if y = −1

z′, if y = +1

. We show a diagram in Figure 4.1, we denote each task containing

two latent classes, namely (z, z′). Each task in diagram can be represented as (T1 to Tz1,z′1
,

T2 to Tz2,z′2
). We further assume a balanced class setting in all tasks, i.e., p(y = −1) =

p(y = +1) = 1
2 . Now, we define the latent classes seen in multitask finetuning tasks: C ={

(1, 1, . . . , 1, 1,−1︸ ︷︷ ︸
kC

, 0, . . . , 0︸ ︷︷ ︸
d−kC

)⊤, (1, 1, . . . , 1,−1, 1︸ ︷︷ ︸
kC

, 0, . . . , 0︸ ︷︷ ︸
d−kC

)⊤, . . . , (−1, 1, . . . , 1, 1, 1︸ ︷︷ ︸
kC

, 0, . . . , 0︸ ︷︷ ︸
d−kC

)⊤

}
.

Note that their feature vectors only encode the first kC features, and |C| = kC . We let

C0 := {z(1), z(2)} ⊆ {0,−1,+1}d which is used for the target task, and assume that z(1) and

z(2) only differ in 1 dimension, i.e., the target task can be done using this one particular

dimension. Let ζ be a distribution uniformly sampling two different latent classes from C.

Then, our data generation pipeline for getting a multitask finetuning task is (1) sample two

latent classes (z, z′) ∼ ζ; (2) assign label −1,+1 to two latent classes.

Linear Model and Loss Function. We consider a linear model class with regularity

Assumption 4.2.1, i.e., Φ = {ϕ ∈ Rd×d : ∥ϕ∥F ≤ 1} and linear head w ∈ Rd where ∥w∥2 ≤ 1.

Thus, the final output of the model and linear head is w⊤ϕx. We use the loss in [245], i.e.,

ℓ
(
w⊤ϕx, y

)
= −yw⊤ϕx.

Remark 4.2.2. Although we have linear data, linear model, and linear loss, Lsup(ϕ) is a

non-linear function on ϕ as the linear heads are different across tasks, i.e., each task has its

own linear head.

Now we can link our diversity and consistency to features encoded by training or target

tasks.

Theorem 4.2.3 (Diversity and Consistency). If C encodes the feature in C0, i.e., the different

entry dimension of z(1) and z(2) in C0 is in the first kC dimension, then we have ν is lower

bounded by constant c̃ ≥ 2
√
2−2

kC−1 and κ ≤ 1−
√

1
kC

. Otherwise, we have ν → 0 and κ ≥ 1.

Theorem 4.2.3 establishes c̃-diversity and κ-consistency in Definition 1 and Definition 2.
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The analysis shows that diversity can be intuitively understood as the coverage of the

finetuning tasks on the target task in the latent feature space: If the key feature dimension

of the target task is covered by the features encoded by finetuning tasks, then we have

lower-bounded diversity ν; if not covered, then the diversity ν tends to 0 (leading to vacuous

error bound in Theorem 4.2.2). Also, consistency can be intuitively understood as similarity

in the feature space: when kC is small, a large fraction of the finetuning tasks are related

to the target task, leading to a good consistency (small κ); when kC is large, we have less

relevant tasks, leading to a worse consistency. Such an intuitive understanding of diversity

and consistency will be useful for designing practical task selection algorithms.

4.2.2 Task Selection

T0

T6

T2T4

T3T1

T5

T7

T9

T8
Coverage Boundary

Figure 4.2: Illustration of the similarity and
coverage. Target tasks (T0) with the most
similar tasks in yellow and the rest in blue.
The ellipsoid spanned by yellow tasks is the
coverage for the target task. Adding more
tasks in blue to the ellipsoid does not increase
the coverage boundary.

Our analysis suggests that out of a pool of candi-

date tasks, a subset S with good consistency (i.e.,

small κ) and large diversity (i.e., large ν) will

yield better generalization to a target task. To

realize this insight, we present a greedy selection

approach, which sequentially adds tasks with the

best consistency, and stops when there is no sig-

nificant increase in the diversity of the selected

subset. In doing so, our approach avoids enu-

merating all possible subsets and thus is highly

practical.

A key challenge is to compute the consistency and diversity of the data. While the

exact computation deems infeasible, we turn to approximations that capture the key

notions of consistency and diversity. We show a simplified diagram for task selection in

Figure 4.2. Specifically, given a foundation model ϕ, we assume any task data T = {xj}

follows a Gaussian distribution in the representation space: let ϕ(T ) = {ϕ(xj)} denote

the representation vectors obtained by applying ϕ on the data points in T ; compute the
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sample mean µT and covariance CT for ϕ(T ), and view it as the Gaussian N (µT , CT ).

Further, following the intuition shown in the case study, we simplify consistency to similarity:

for the target task T0 and a candidate task Ti, if the cosine similarity CosSim(T0, Ti) :=

µ⊤
T0µTi/(∥µT0∥2∥µTi∥2) is large, we view Ti as consistent with T0. Next, we simplify diversity

to coverage: if a dataset D (as a collection of finetuning tasks) largely “covers” the target

data T0, we view D as diverse for T0. Regarding the task data as Gaussians, we note that

the covariance ellipsoid of D covers the target data µT0 iff (µD − µT0)
TC−1

D (µD − µT0) ≤

1. This inspires us to define the following coverage score as a heuristic for diversity:

coverage(D; T0) := 1/(µD − µT0)
⊤C−1

D (µD − µT0).

Using these heuristics, we arrive at the following selection algorithm: sort the candidate

task in descending order of their cosine similarities to the target data; sequentially add

tasks in the sorted order to L until coverage(L; T0) has no significant increase. Algorithm 2

illustrates this key idea.

Algorithm 2 Consistency-Diversity Task Selection
Input: Target task T0, candidate finetuning tasks: {T1, T2, . . . , TM}, model ϕ, threshold p.

1: Compute ϕ(Ti) and µTi for i = 0, 1, . . . ,M .
2: Sort Ti’s in descending order of similarity (T0, Ti). Denote the sorted list as
{T ′

1 , T ′
2 , . . . , T ′

M}.
3: L← {T ′

1}
4: for i = 2, . . . ,M do
5: If coverage(L∪T ′

i ; T0) ≥ (1+ p) · coverage(L; T0), then L← L∪T ′
i ; otherwise, break.

6: end for
Output: selected data L for multitask finetuning.

4.3 Experiments

We now present our main results, organized in three parts. Section 4.3.1 explores how

different numbers of finetuning tasks and samples influence the model’s performance, offering

empirical backing to our theoretical claims. Section 4.3.2 investigates whether our task

selection algorithm can select suitable tasks for multitask finetuning. Section 4.3.3 provides

a more extensive exploration of the effectiveness of multitask finetuning on various datasets
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and pretrained models. We defer other results to the appendix. Specifically, Appendix C.5.4

shows that better diversity and consistency of finetuning tasks yield improved performance

on target tasks under same sample complexity. Appendix C.5.4 shows that finetuning

tasks satisfying diversity yet without consistency lead to no performance gain even with

increased sample complexity. Further, Appendix C.6 and Appendix C.7 present additional

experiments using NLP and vision-language models, respectively.

Experimental Setup. We use four few-shot learning benchmarks: miniImageNet

[271], tieredImageNet [228], DomainNet [218] and Meta-dataset [265]. We use foundation

models with different pretraining schemes (MoCo-v3 [49], DINO-v2 [208], and supervised

learning with ImageNet [231]) and architectures (ResNet [121] and ViT [73]). We consider

few-shot tasks consisting of N classes with K support samples and Q query samples per

class (known as N -way K-shot). The goal is to classify the query samples based on the

support samples. Tasks used for finetuning are constructed by samples from the training

split. Each task is formed by randomly sampling 15 classes, with every class drawing 1 or 5

support samples and 10 query samples. Target tasks are similarly constructed from the test

set. We follow [51] for multitask finetuning and target task adaptation. During multitask

finetuning, we update all parameters in the model using a nearest centroid classifier, in

which all samples are encoded, class centroids are computed, and cosine similarity between

a query sample and those centroids are treated as the class logits For adaptation to a target

task, we only retain the model encoder and consider a similar nearest centroid classifier.

This multitask finetuning protocol applies to all experiments (Sections 4.3.1 to 4.3.3). We

provide full experimental set up in Appendix C.5.

4.3.1 Verification of Theoretical Analysis

We conduct experiments on the tieredImageNet dataset to confirm the key insight from our

theorem — the impact of the number of finetuning tasks (M) and the number of samples

per task (m).

Results. We first investigate the influence of the number of shots. We fix the target
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Figure 4.3: Results on ViT-B backbone pretrained by MoCo v3. (a) Accuracy v.s. number of shots
per finetuning task. Different curves correspond to different total numbers of samples Mm. (b)
Accuracy v.s. the number of tasks M . Different curves correspond to different numbers of samples
per task m. (c) Accuracy v.s. number of samples per task m. Different curves correspond to
different numbers of tasks M .

task as a 1-shot setting but vary the number of shots from 1 to 4 in finetuning, and vary the

total sample size Mm = [10k, 20k, 40k]. The results in Figure 4.3a show no major change

in accuracy with varying the number of shots in finetuning. It is against the common

belief that meta-learning like Prototypical Networks [249] has to mimic the exact few-shot

setting and that a mismatch will hurt the performance. The results also show that rather

than the number of shots, the total sample size Mm determines the performance, which is

consistent with our theorem. We next investigate the influence of M and m. We vary the

number of tasks (M = [200, 400, 600, 800]) and samples per task (m = [150, 300, 450, 600])

while keeping all tasks have one shot sample. Figure 4.3b shows increasing M with fixed m

improves accuracy, and Figure 4.3c shows increasing m with fixed M has similar behavior.

Furthermore, different configurations of M and m for the same total sample size Mm

have similar performance (e.g., M = 400,m = 450 compared to M = 600,m = 300 in

Figure 4.3b). These again align with our theorem.

4.3.2 Task Selection

Setup. To evaluate our task selection Algorithm 2, we use the Meta-Dataset [265]. It

contains 10 extensive public image datasets from various domains, each partitioned into

train/val/test splits. For each dataset except Describable Textures due to small size, we
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Pretrained Selection INet Omglot Acraft CUB QDraw Fungi Flower Sign COCO

CLIP Random 56.29 65.45 31.31 59.22 36.74 31.03 75.17 33.21 30.16
No Con. 60.89 72.18 31.50 66.73 40.68 35.17 81.03 37.67 34.28
No Div. 56.85 73.02 32.53 65.33 40.99 33.10 80.54 34.76 31.24
Selected 60.89 74.33 33.12 69.07 41.44 36.71 80.28 38.08 34.52

DINOv2 Random 83.05 62.05 36.75 93.75 39.40 52.68 98.57 31.54 47.35
No Con. 83.21 76.05 36.32 93.96 50.76 53.01 98.58 34.22 47.11
No Div. 82.82 79.23 36.33 93.96 55.18 52.98 98.59 35.67 44.89
Selected 83.21 81.74 37.01 94.10 55.39 53.37 98.65 36.46 48.08

MoCo v3 Random 59.66 60.72 18.57 39.80 40.39 32.79 58.42 33.38 32.98
No Con. 59.80 60.79 18.75 40.41 40.98 32.80 59.55 34.01 33.41
No Div. 59.57 63.00 18.65 40.36 41.04 32.80 58.67 34.03 33.67
Selected 59.80 63.17 18.80 40.74 41.49 33.02 59.64 34.31 33.86

Table 4.1: Results evaluating our task selection algorithm on Meta-dataset using ViT-B backbone.
No Con.: Ignore consistency. No Div.: Ignore diversity. Random: Ignore both consistency and
diversity.

conduct an experiment, where the test-split of that dataset is used as the target task while

the train-split from all the other datasets are used as candidate finetuning tasks. Each

experiment follows the experiment protocol in Section 4.3. We performed ablation studies

on the task selection algorithm, concentrating on either consistency or diversity, while

violating the other. See details in Appendix C.5.4.

Results. Table 4.1 compares the results from finetuning with tasks selected by our

algorithm to those from finetuning with tasks selected by other methods. Our algorithm

consistently attains performance gains. For instance, on Omniglot, our algorithm leads

to significant accuracy gains over random selection of 8.9%, 19.7%, and 2.4% with CLIP,

DINO v2, and MoCo v3, respectively. Violating consistency or diversity conditions generally

result in a reduced performance compared to our approach. These results are well aligned

with our expectations and affirm our diversity and consistency conclusions. We provide

more ablatioin study on task selection in Table C.7 in Appendix C.5.4. We also apply task

selection algorithm on DomainNet in Appendix C.5.5. Furthermore, in Appendix C.6, we

employ our algorithm for NLP models on the GLUE dataset.



64

miniImageNet tieredImageNet DomainNet

pretrained backbone method 1-shot 5-shot 1-shot 5-shot 1-shot 5-shot

MoCo v3 ViT-B Adaptation 75.33 (0.30) 92.78 (0.10) 62.17 (0.36) 83.42 (0.23) 24.84 (0.25) 44.32 (0.29)
Standard FT 75.38 (0.30) 92.80 (0.10) 62.28 (0.36) 83.49 (0.23) 25.10 (0.25) 44.76 (0.27)
Ours 80.62 (0.26) 93.89 (0.09) 68.32 (0.35) 85.49 (0.22) 32.88 (0.29) 54.17 (0.30)

ResNet50 Adaptation 68.80 (0.30) 88.23 (0.13) 55.15 (0.34) 76.00 (0.26) 27.34 (0.27) 47.50 (0.28)
Standard FT 68.85 (0.30) 88.23 (0.13) 55.23 (0.34) 76.07 (0.26) 27.43 (0.27) 47.65 (0.28)
Ours 71.16 (0.29) 89.31 (0.12) 58.51 (0.35) 78.41 (0.25) 33.53 (0.30) 55.82 (0.29)

DINO v2 ViT-S Adaptation 85.90 (0.22) 95.58 (0.08) 74.54 (0.32) 89.20 (0.19) 52.28 (0.39) 72.98 (0.28)
Standard FT 86.75 (0.22) 95.76 (0.08) 74.84 (0.32) 89.30 (0.19) 54.48 (0.39) 74.50 (0.28)
Ours 88.70 (0.22) 96.08 (0.08) 77.78 (0.32) 90.23 (0.18) 61.57 (0.40) 77.97 (0.27)

ViT-B Adaptation 90.61 (0.19) 97.20 (0.06) 82.33 (0.30) 92.90 (0.16) 61.65 (0.41) 79.34 (0.25)
Standard FT 91.07 (0.19) 97.32 (0.06) 82.40 (0.30) 93.07 (0.16) 61.84 (0.39) 79.63 (0.25)
Ours 92.77 (0.18) 97.68 (0.06) 84.74 (0.30) 93.65 (0.16) 68.22 (0.40) 82.62 (0.24)

Supervised ViT-B Adaptation 94.06 (0.15) 97.88 (0.05) 83.82 (0.29) 93.65 (0.13) 28.70 (0.29) 49.70 (0.28)
pretraining Standard FT 95.28 (0.13) 98.33 (0.04) 86.44 (0.27) 94.91 (0.12) 30.93 (0.31) 52.14 (0.29)
on ImageNet Ours 96.91 (0.11) 98.76 (0.04) 89.97 (0.25) 95.84 (0.11) 48.02 (0.38) 67.25 (0.29)

ResNet50 Adaptation 81.74 (0.24) 94.08 (0.09) 65.98 (0.34) 84.14 (0.21) 27.32 (0.27) 46.67 (0.28)
Standard FT 84.10 (0.22) 94.81 (0.09) 74.48 (0.33) 88.35 (0.19) 34.10 (0.31) 55.08 (0.29)
Ours 87.61 (0.20) 95.92 (0.07) 77.74 (0.32) 89.77 (0.17) 39.09 (0.34) 60.60 (0.29)

Table 4.2: Results of few-shot image classification. We report average classification accuracy
(%) with 95% confidence intervals on test splits. Adaptation: Direction adaptation without
finetuning; Standard FT: Standard finetuning; Ours: Our multitask finetuning; 1-/5-shot: number
of labeled images per class in the target task.

4.3.3 Effectiveness of Multitask Finetuning

Setup. We also conduct more extensive experiments on large-scale datasets across various

settings to confirm the effectiveness of multitask finetuning. We compare to two baselines:

direct adaptation where we directly adapt pretrained model encoder on target tasks without

any finetuning, and standard finetuning where we append encoder with a linear head to map

representations to class logits and finetune the whole model. During testing, we removed

the linear layer and used the same few-shot testing process with the finetuned encoders.

Please refer Table C.12 in Appendix C.5.8 for full results.

Results. Table 4.2 presents the results for various pretraining and finetuning methods,

backbones, datasets, and few-shot learning settings. Multitask finetuning consistently

outperforms the baselines in different settings. For example, in the most challenging setting

of 1-shot on DomainNet, it attains a major gain of 7.1% and 9.3% in accuracy over standard

finetuning and direct adaptation, respectively, when considering self-supervised pretraining

with DINO v2 and using a Transformer model (ViT-S). Interestingly, multitask finetuning

achieves more significant gains for models pretrained with supervised learning than those



65

pretrained with contrastive learning. For example, on DomainNet, multitask finetuning on

supervised pretrained ViT-B achieves a relative gain of 67% and 35% for 1- and 5-shot,

respectively. In contrast, multitask finetuning on DINO v2 pretrained ViT-B only shows a

relative gain of 10% and 4%. This suggests that models from supervised pretraining might

face a larger domain gap than models from DINO v2, and multitask finetuning helps to

bridge this gap.

Reproducibility Statement

For theoretical results in the Section 4.2, a complete proof is provided in the Appendix C.2.

The theoretical results and proofs for a multiclass setting that is more general than that

in the main text are provided in the Appendix C.3. The complete proof for linear case

study on diversity and consistency is provided in the Appendix C.4. For experiments

in the Section 4.3, complete details and experimental results are provided in the Ap-

pendices C.5 to C.7. The source code with explanations and comments is provided in

https://github.com/OliverXUZY/Foudation-Model_Multitask.
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Chapter 5

Why Larger Language Models do

In-context Learning Differently

In this chapter, we will continue with our investigation on foundation models. We would

like to focus on understanding the ICL mechanism of transformer based foundation models,

particularly LLMs.

In the regime of fundation models and LLMs, people have observed various unexpected

and unexplanable phenomenon. As we have discussed in the introduction, recently there

have been some important and surprising observations [182, 213, 288, 237] that cannot be

fully explained by existing studies. In particular, [237] finds that LLM is not robust during

ICL and can be easily distracted by an irrelevant context. Furthermore, [288] shows that

when we inject noise into the prompts, the larger language models may have a worse ICL

ability than the small language models, and conjectures that the larger language models

may overfit into the prompts and forget the prior knowledge from pretraining, while small

models tend to follow the prior knowledge. On the other hand, [182, 213] demonstrate

that injecting noise does not affect the in-context learning that much for smaller models,

which have a more strong pretraining knowledge bias. To improve the understanding of

the ICL mechanism, to shed light on the properties and inner workings of LLMs, and to

inspire efficient and safe use of ICL, we will attempt to answer the following question in
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this chapter:

Why do larger language models do in-context learning differently?

To answer this question, we study two settings: (1) one-layer single-head linear self-attention

network [234, 272, 8, 5, 315, 172, 296] pretrained on linear regression in-context tasks [98, 225,

272, 8, 24, 172, 315, 5, 160, 131, 296], with rank constraint on the attention weight matrices

for studying the effect of the model scale; (2) two-layer multiple-head transformers [157]

pretrained on sparse parity classification in-context tasks, comparing small or large head

numbers for studying the effect of the model scale. In both settings, we give the closed-form

optimal solutions. We show that smaller models emphasize important hidden features while

larger models cover more features, e.g., less important features or noisy features. Then, we

show that smaller models are more robust to label noise and input noise during evaluation,

while larger models may easily be distracted by such noises, so larger models may have a

worse ICL ability than smaller ones.

We also conduct in-context learning experiments on five prevalent NLP tasks utilizing

various sizes of the Llama model families [263, 264], whose results are consistent with

previous work [182, 213, 288] and our analysis.

Our contributions and novelty over existing work:

• We formalize new stylized theoretical settings for studying ICL and the scaling effect

of LLM. See Section 5.2 for linear regression and Section 5.3 for parity.

• We characterize the optimal solutions for both settings (Theorem 5.2.1 and Theo-

rem 5.3.1).

• The characterizations of the optimal elucidate different attention paid to different

hidden features, which then leads to the different ICL behavior (Theorem 5.2.2,

Theorem 5.2.3, Theorem 5.3.2).

• We further provide empirical evidence on large base and chat models corroborating

our theoretical analysis (Figure 5.1, Figure 5.2).
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Note that previous ICL analysis paper may only focus on (1) the approximation power

of transformers [98, 216, 117, 24, 53], e.g., constructing a transformer by hands which

can do ICL, or (2) considering one-layer single-head linear self-attention network learning

ICL on linear regression [272, 8, 172, 315, 5, 296], and may not focus on the robustness

analysis or explain the different behaviors. In this work, (1) we extend the linear model

linear data analysis to the non-linear model and non-linear data setting, i.e., two-layer

multiple-head transformers leaning ICL on sparse parity classification and (2) we have

a rigorous behavior difference analysis under two settings, which explains the empirical

observations and provides more insights into the effect of attention mechanism in ICL.

This chapter is based on a joint work [247] with Zhenmei Shi and Zhuoyan Xu:

Zhenmei Shi, Junyi Wei, Zhuoyan Xu, Yingyu Liang, “Why Larger Language

Models Do In-context Learning Differently?”, International Conference on Ma-

chine Learning (ICML) 2024.

Contributions of the author: Zhenmei Shi has main contribution towards the work. The

author Junyi Wei has core contribution in proving several major lemmas and theorems.

Zhenmei Shi and Zhuoyan Xu may submit this work for other degree or professional

qualification.

5.1 Preliminary

Notations. We denote [n] := {1, 2, . . . , n}. For a positive semidefinite matrix A, we

denote ∥x∥2A := x⊤Ax as the norm induced by a positive definite matrix A. We denote

∥ · ∥F as the Frobenius norm. diag() function will map a vector to a diagonal matrix or

map a matrix to a vector with its diagonal terms.

In-context learning. We follow the setup and notation of the problem in [315, 172, 5,

131, 296]. In the pretraining stage of ICL, the model is pretrained on prompts. A prompt

from a task τ is formed by N examples (xτ,1, yτ,1), . . . , (xτ,N , yτ,N ) and a query token xτ,q
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for prediction, where for any i ∈ [N ] we have yτ,i ∈ R and xτ,i,xτ,q ∈ Rd. The embedding

matrix Eτ , the label vector yτ , and the input matrix Xτ are defined as:

Eτ :=

xτ,1 xτ,2 . . . xτ,N xτ,q

yτ,1 yτ,2 . . . yτ,N 0

 ∈ R(d+1)×(N+1),

yτ :=[yτ,1, . . . , yτ,N ]⊤ ∈ RN , yτ,q ∈ R,

Xτ :=[xτ,1, . . . ,xτ,N ]⊤ ∈ RN×d, xτ,q ∈ Rd.

Given prompts represented as Eτ ’s and the corresponding true labels yτ,q’s, the pretraining

aims to find a model whose output on Eτ matches yτ,q. After pretraining, the evaluation

stage applies the model to a new test prompt (potentially from a different task) and

compares the model output to the true label on the query token.

Note that our pretraining stage is also called learning to learn in-context [181] or

in-context training warmup [72] in existing work. Learning to learn in-context is the first

step to understanding the mechanism of ICL in LLM following previous works [225, 323,

315, 172, 5, 131, 157, 296].

Linear self-attention networks. The linear self-attention network has been widely

studied [234, 272, 8, 5, 315, 172, 296, 4], and will be used as the learning model or a

component of the model in our two theoretical settings. It is defined as:

fLSA,θ(E) =

[
E+WPV E · E

⊤WKQE

ρ

]
, (5.1)

where θ = (WPV ,WKQ), E ∈ R(d+1)×(N+1) is the embedding matrix of the input prompt,

and ρ is a normalization factor set to be the length of examples, i.e., ρ = N during

pretraining. Similar to existing work, for simplicity, we have merged the projection and

value matrices into WPV , and merged the key and query matrices into WKQ, and have

a residual connection in our LSA network. The prediction of the network for the query

token xτ,q will be the bottom right entry of the matrix output, i.e., the entry at location

(d+ 1), (N + 1), while other entries are not relevant to our study and thus are ignored. So
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only part of the model parameters are relevant. To see this, let us denote

WPV =

 WPV
11 wPV

12

(wPV
21 )⊤ wPV

22

 ∈ R(d+1)×(d+1),

WKQ =

 WKQ
11 wKQ

12

(wKQ
21 )⊤ wKQ

22

 ∈ R(d+1)×(d+1),

where WPV
11 ,WKQ

11 ∈ Rd×d; wPV
12 ,wPV

21 ,wKQ
12 ,wKQ

21 ∈ Rd; and wPV
22 , wKQ

22 ∈ R. Then the

prediction is:

ŷτ,q =fLSA,θ(E)(d+1),(N+1) (5.2)

=

(
(wPV

21 )⊤ wPV
22

)(
EE⊤

ρ

) WKQ
11

(wKQ
21 )⊤

xτ,q.

5.2 Linear Regression

In this section, we consider the linear regression task for in-context learning which is widely

studied empirically [98, 225, 272, 8, 24] and theoretically [172, 315, 5, 160, 131, 296].

Data and task. For each task τ , we assume for any i ∈ [N ] tokens xτ,i,xτ,q
i.i.d.∼

N (0,Λ), where Λ is the covariance matrix. We also assume a d-dimension task weight

wτ
i.i.d.∼ N (0, Id×d) and the labels are given by yτ,i = ⟨wτ ,xτ,i⟩ and yτ,q = ⟨wτ ,xτ,q⟩.

Model and loss. We study a one-layer single-head linear self-attention transformer

(LSA) defined in Equation (5.1) and we use ŷτ,q := fLSA,θ(E)(d+1),(N+1) as the prediction.

We consider the mean square error (MSE) loss so that the empirical risk over B independent

prompts is defined as

L̂(fθ) :=
1

2B

B∑
τ=1

(ŷτ,q − ⟨wτ ,xτ,q⟩)2 .

Measure model scale by rank. We first introduce a lemma from previous work

that simplifies the MSE and justifies our measurement of the model scale. For notation

simplicity, we denote U = WKQ
11 , u = wPV

22 .
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Lemma 5.2.1 (Lemma A.1 in [315]). Let Γ :=
(
1 + 1

N

)
Λ + 1

N tr(Λ)Id×d ∈ Rd×d. Let

L(fLSA,θ) = lim
B→∞

L̂(fLSA,θ)

=
1

2
Ewτ ,xτ,1,...,xτ,N ,xτ,q

[
(ŷτ,q − ⟨wτ ,xτ,q⟩)2

]
,

ℓ̃(U, u) = tr

[
1

2
u2ΓΛUΛU⊤ − uΛ2U⊤

]
,

we have L(fLSA,θ) = ℓ̃(U, u) + C, where C is a constant independent with θ.

Lemma 5.2.1 tells us that the loss only depends on uU. If we consider non-zero u,

w.l.o.g, letting u = 1, then we can see that the loss only depends on U ∈ Rd×d,

L(fLSA,θ) = tr

[
1

2
ΓΛUΛU⊤ − Λ2U⊤

]
.

Note that U = WKQ
11 , then it is natural to measure the size of the model by rank of

U. Recall that we merge the key matrix and the query matrix in attention together, i.e.,

WKQ = (WK)⊤WQ. Thus, a low-rank U is equivalent to the constraint WK ,WQ ∈ Rr×d

where r ≪ d. The low-rank key and query matrix are practical and have been widely

studied [126, 44, 30, 78, 67, 243]. Therefore, we use r = rank(U) to measure the scale of

the model, i.e., larger r representing larger models. To study the behavior difference under

different model scale, we will analyze U under different rank constraints.

5.2.1 Low Rank Optimal Solution

Since the token covariance matrix Λ is positive semidefinite symmetric, we have eigende-

composition Λ = QDQ⊤, where Q is an orthonormal matrix containing eigenvectors of Λ

and D is a sorted diagonal matrix with non-negative entries containing eigenvalues of Λ,

denoting as D = diag([λ1, . . . , λd]), where λ1 ≥ · · · ≥ λd ≥ 0. Then, we have the following

theorem.

Theorem 5.2.1 (Optimal rank-r solution for regression). Recall the loss function ℓ̃ in
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Lemma 5.2.1. Let

U∗, u∗ = argmin
U∈Rd×d,rank(U)≤r,u∈R

ℓ̃(U, u).

Then U∗ = cQV∗Q⊤, u = 1
c , where c is any nonzero constant, and V∗ = diag([v∗1, . . . , v

∗
d])

satisfies for any i ≤ r, v∗i = N
(N+1)λi+tr(D) and for any i > r, v∗i = 0.

Proof sketch of Theorem 5.2.1. We defer the full proof to Appendix D.2.1. The proof idea

is that we can decompose the loss function into different ranks, so we can keep the direction

by their sorted “variance”, i.e.,

argmin
U∈Rd×d,rank(U)≤r,u∈R

ℓ̃(U, u) =
d∑

i=1

Tiλ
2
i

(
v∗i −

1

Ti

)2

,

where Ti =
(
1 + 1

N

)
λi +

tr(D)
N . We have that v∗i ≥ 0 for any i ∈ [d] and if v∗i > 0, we have

v∗i = 1
Ti

. Denote g(x) = x2
(

1

(1+ 1
N )x+ tr(D)

N

)
. We get the conclusion by g(x) is an increasing

function on [0,∞).

Theorem 5.2.1 gives the closed-form optimal rank-r solution of one-layer single-head

linear self-attention transformer learning linear regression ICL tasks. Let fLSA,θ denote the

optimal rank-r solution corresponding to the U∗, u∗ above. In detail, the optimal rank-r

solution fLSA,θ satisfies

W∗PV =

0d×d 0d

0⊤d u

 ,W∗KQ =

U∗ 0d

0⊤d 0

 . (5.3)

What hidden features does the model pay attention to? Theorem 5.2.1 shows

that the optimal rank-r solution indeed is the truncated version of the optimal full-rank

solution, keeping only the most important feature directions (i.e., the first r eigenvectors

of the token covariance matrix). In detail, (1) for the optimal full-rank solution, we have

for any i ∈ [d], v∗i = N
(N+1)λi+tr(D) ; (2) for the optimal rank-r solution, we have for any

i ≤ r, v∗i = N
(N+1)λi+tr(D) and for any i > r, v∗i = 0. That is, the small rank-r model keeps

only the first r eigenvectors (viewed as hidden feature directions) and does not cover the
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others, while larger ranks cover more hidden features, and the large full rank model covers

all features.

Recall that the prediction depends on U∗xτ,q = cQV∗Q⊤xτ,q; see Equation (5.2) and

(5.3). So the optimal rank-r model only uses the components on the first r eigenvector

directions to do the prediction in evaluations. When there is noise distributed in all

directions, a smaller model can ignore noise and signals along less important directions

but still keep the most important directions. Then it can be less sensitive to the noise, as

empirically observed. This insight is formalized in the next subsection.

5.2.2 Behavior Difference

We now formalize our insight into the behavior difference based on our analysis on the

optimal solutions. We consider the evaluation prompt to have M examples (may not be

equal to the number of examples N during pretraining for a general evaluation setting),

and assume noise in labels to facilitate the study of the behavior difference (our results can

be applied to the noiseless case by considering noise level σ = 0). Formally, the evaluation

prompt is:

Ê :=

x1 x2 . . . xM xq

y1 y2 . . . yM 0

 ∈ R(d+1)×(M+1)

=

 x1 . . . xM xq

⟨w,x1⟩+ ϵ1 . . . ⟨w,xM ⟩+ ϵM 0

 ,

where w is the weight for the evaluation task, and for any i ∈ [M ], the label noise

ϵi
i.i.d.∼ N (0, σ2).

Recall Q are eigenvectors of Λ, i.e., Λ = QDQ⊤ and D = diag([λ1, . . . , λd]). In practice,

we can view the large variance part of x (top r directions in Q) as a useful signal (like

words “positive”, “negative”), and the small variance part (bottom d− r directions in Q) as

the less important or useless information (like words “even”, “just”).

Based on such intuition, we can decompose the evaluation task weight w accordingly:
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w = Q(s+ ξ), where the r-dim truncated vector s ∈ Rd has si = 0 for any r < i ≤ d, and

the residual vector ξ ∈ Rd has ξi = 0 for any 1 ≤ i ≤ r. The following theorem (proved in

Appendix D.2.2) quantifies the evaluation loss at different model scales r which can explain

the scale’s effect.

Theorem 5.2.2 (Behavior difference for regression). Let w = Q(s+ ξ) ∈ Rd where s, ξ ∈ Rd

are truncated and residual vectors defined above. The optimal rank-r solution fLSA,θ in

Theorem 5.2.1 satisfies:

L(fLSA,θ; Ê)

:=Ex1,ϵ1,...,xM ,ϵM ,xq

(
fLSA,θ(Ê)− ⟨w,xq⟩

)2
=

1

M
∥s∥2(V∗)2D3 +

1

M

(
∥s+ ξ∥2D + σ2

)
tr
(
(V∗)2D2

)
+ ∥ξ∥2D +

∑
i∈[r]

s2iλi (λiv
∗
i − 1)2 .

Implications. If N is large enough with Nλr ≫ tr(D) (which is practical as we usually

pretrain networks on long text), then

L(fLSA,θ; Ê)≈∥ξ∥2D +
1

M

(
(r + 1)∥s∥2D + r∥ξ∥2D + rσ2

)
.

The first term ∥ξ∥2D is due to the residual features not covered by the network, so it

decreases for larger r and becomes 0 for full-rank r = d. The second term 1
M (·) is significant

since we typically have limited examples in evaluation, e.g., M = 16 ≪ N . Within it,

(r + 1)∥s∥2D corresponds to the first r directions, and rσ2 corresponds to the label noise.

These increase for larger r. So there is a trade-off between the two error terms when scaling

up the model: for larger r the first term decreases while the second term increases. This

depends on whether more signals are covered or more noise is kept when increasing the

rank r.

To further illustrate the insights, we consider the special case when the model already

covers all useful signals in the evaluation task: w = Qs, i.e., the label only depends on
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the top r features (like “positive”, “negative” tokens). Our above analysis implies that a

larger model will cover more useless features and keep more noise, and thus will have worse

performance. This is formalized in the following theorem (proved in Appendix D.2.2).

Theorem 5.2.3 (Behavior difference for regression, special case). Let 0 ≤ r ≤ r′ ≤ d and

w = Qs where s is r-dim truncated vector. Denote the optimal rank-r solution as f1 and

the optimal rank-r′ solution as f2. Then,

L(f2; Ê)− L(f1; Ê)

=
1

M

(
∥s∥2D + σ2

)( r′∑
i=r+1

(
Nλi

(N + 1)λi + tr(D)

)2
)
.

Implications. By Theorem 5.2.3, in this case,

L(f2; Ê)− L(f1; Ê) ≈ r′ − r

M
∥s∥2D︸ ︷︷ ︸

input noise

+
r′ − r

M
σ2︸ ︷︷ ︸

label noise

.

We can decompose the above equation to input noise and label noise, and we know that

∥s∥2D + σ2 only depends on the intrinsic property of evaluation data and is independent of

the model size. When we have a larger model (larger r′), we will have a larger evaluation

loss gap between the large and small models. It means larger language models may be easily

affected by the label noise and input noise and may have worse in-context learning ability,

while smaller models may be more robust to these noises as they only emphasize important

signals. Moreover, if we increase the label noise scale σ2 on purpose, the larger models will

be more sensitive to the injected label noise. This is consistent with the observation in [288,

237] and our experimental results in Section 5.4.

5.3 Sparse Parity Classification

We further consider a more sophisticated setting with nonlinear data which necessitates

nonlinear models. Viewing sentences as generated from various kinds of thoughts and

knowledge that can be represented as vectors in some hidden feature space, we consider
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the classic data model of dictionary learning or sparse coding, which has been widely used

for text and images [204, 270, 33]. Furthermore, beyond linear separability, we assume

the labels are given by the (d, 2)-sparse parity on the hidden feature vector, which is the

high-dimensional generalization of the classic XOR problem. Parities are a canonical family

of highly non-linear learning problems and recently have been used in many recent studies

on neural network learning [64, 27, 240, 242].

Data and task. Let X = Rd be the input space, and Y = {±1} be the label space.

Suppose G ∈ Rd×d is an unknown dictionary with d columns that can be regarded as

features; for simplicity, assume G is orthonormal. Let ϕ ∈ {±1}d be a hidden vector that

indicates the presence of each feature. The data are generated as follows: for each task τ ,

generate two task indices tτ = (iτ , jτ ) which determines a distribution Tτ ; then for this task,

draw examples by ϕ ∼ Tτ , and setting x = Gϕ (i.e., dictionary learning data), y = ϕiτϕjτ

(i.e., XOR labels).

We now specify how to generate tτ and ϕ. As some of the hidden features are more

important than others, we let A = [k] denote a subset of size k corresponding to the

important features. We denote the important task set as S1 := A × A \ {(l, l) : l ∈ A}

and less important task set as S2 := [d] × [d] \ ({(l, l) : l ∈ [d]} ∪ S1). Then tτ is drawn

uniformly from S1 with probability 1 − pT , and uniformly from S2 with probability pT ,

where pT ∈ [0, 12) is the less-important task rate. For the distribution of ϕ, we assume

ϕ[d]\{iτ ,jτ} is drawn uniformly from {±1}d−2, and assume ϕ{iτ ,jτ} has good correlation

(measured by a parameter γ ∈ (0, 14)) with the label to facilitate learning. Independently,

we have

Pr[(ϕiτ , ϕjτ ) = (1, 1)] = 1/4 + γ,

Pr[(ϕiτ , ϕjτ ) = (1,−1)] = 1/4,

Pr[(ϕiτ , ϕjτ ) = (−1, 1)] = 1/4,

Pr[(ϕiτ , ϕjτ ) = (−1,−1)] = 1/4− γ.
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Note that without correlation (γ = 0), it is well-known sparse parities will be hard to learn,

so we consider γ > 0.

Model. Following [296], we consider the reduced linear self-attention fLSA,θ(X,y,xq) =

y⊤X
N WKQxq (which is a reduced version of Equation (5.1)), and also denote WKQ as W

for simplicity. It is used as the neuron in our two-layer multiple-head transformers:

g(X,y,xq) =
∑
i∈[m]

aiσ

[
y⊤X

N
W(i)xq

]
,

where σ is ReLU activation, a = [a1, . . . ,am]⊤ ∈ [−1, 1]m, W(i) ∈ Rd×d and m is the

number of attention heads. Denote its parameters as θ = (a,W(1), . . . ,W(m)).

This model is more complicated as it uses non-linear activation, and also has two layers

with multiple heads.

Measure model scale by head number. We use the attention head number m to

measure the model scale, as a larger m means the transformer can learn more attention

patterns. We consider hinge loss ℓ(z) = max(0, 1 − z), and the population loss with

weight-decay regularization:

Lλ(g) =E [ℓ (yq · g(X,y,xq))] + λ

∑
i∈[m]

∥W(i)∥2F

 .

Suppose N →∞ and let the optimal solution of Lλ(g) be

g∗ = argmin
g

lim
λ→0+

Lλ(g).

5.3.1 Optimal Solution

We first introduce some notations to describe the optimal. Let bin(·) be the integer to

binary function, e.g., bin(6) = 110. Let digit(z, i) denote the digit at the i-th position

(from right to left) of z, e.g., digit(01000, 4) = 1. We are now ready to characterize the

optimal solution (proved in Appendix D.3.1).

Theorem 5.3.1 (Optimal solution for parity). Consider k = 2ν1 , d = 2ν2 , and let g∗1 and g∗2



78

denote the optimal solutions for m = 2(ν1 + 1) and m = 2(ν2 + 1), respectively.

When 0 < pT <
1
4
−γ

d(d−1)
2

( 1
4
+γ)+ 1

4
−γ

, g∗1 neurons are a subset of g∗2 neurons. Specifically,

for any i ∈ [2(ν2 + 1)], let V∗,(i) be diagonal matrix and

• For any i ∈ [ν2] and iτ ∈ [d], let a∗i = −1 and V
∗,(i)
iτ ,iτ

= (2 digit(bin(iτ −1), i)−1)/(4γ).

• For i = ν2 + 1 and any iτ ∈ [d], let a∗i = +1 and V
∗,(i)
iτ ,iτ

= −νj/(4γ) for g∗j .

• For i ∈ [2(ν2 + 1)] \ [ν2 + 1], let a∗i = a∗i−ν2−1 and V∗,(i) = −V∗,(i−ν2−1).

Let W∗,(i) = GV∗,(i)G⊤. Up to permutations, g∗2 has neurons (a∗,W∗,(1), . . . ,W∗,(m)) and

g∗1 has the {1, . . . , ν1, ν2 + 1, ν2 + 2 . . . , ν2 + ν1 + 1, 2ν2 + 2}-th neurons of g∗2.

Proof sketch of Theorem 5.3.1. The proof is challenging as the non-linear model and non-

linear data. We defer the full proof to Appendix D.3.1. The high-level intuition is

transferring the optimal solution to patterns covering problems. For small pT , the model

will “prefer” to cover all patterns in S1 first. When the model becomes larger, by checking

the sufficient and necessary conditions, it will continually learn to cover non-important

features. Thus, the smaller model will mainly focus on important features, while the larger

model will focus on all features.

Example for Theorem 5.3.1. When ν2 = 3, the optimal has a1 = a2 = a3 = −1,

a4 = +1 and,

V(1) = 1/4γ · diag([−1,+1,−1,+1,−1,+1,−1,+1])

V(2) = 1/4γ · diag([−1,−1,+1,+1,−1,−1,+1,+1])

V(3) = 1/4γ · diag([−1,−1,−1,−1,+1,+1,+1,+1])

V(4) = 3/4γ · diag([−1,−1,−1,−1,−1,−1,−1,−1])

and V(i+4) = −V(i),ai+4 = ai for i ∈ [4].

On the other hand, the optimal g∗1 for ν1 = 1 has the {1, 4, 5, 8}-th neurons of g∗2.

By carefully checking, we can see that the neurons in g∗1 (i.e., the {1, 4, 5, 8}-th neurons

of g∗2) are used for parity classification task from S1, i.e, label determined by the first



79

k = 2ν1 = 2 dimensions. With the other neurons (i.e., the {2, 3, 6, 7}-th neurons of g∗2),

g∗2 can further do parity classification on the task from S2, label determined by any two

dimensions other than the first two dimensions.

What hidden features does the model pay attention to? Theorem 5.3.1 gives the

closed-form optimal solution of two-layer multiple-head transformers learning sparse-parity

ICL tasks. It shows the optimal solution of the smaller model indeed is a sub-model of

the larger optimal model. In detail, the smaller model will mainly learn all important

features, while the larger model will learn more features. This again shows a trade-off when

increasing the model scale: larger models can learn more hidden features which can be

beneficial if these features are relevant to the label, but also potentially keep more noise

which is harmful.
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Figure 5.1: Larger models are easier to be affected by noise (flipped labels) and override
pretrained biases than smaller models for different datasets and model families (chat/with
instruct turning). Accuracy is calculated over 1000 evaluation prompts per dataset and over
5 runs with different random seeds for each evaluation, using M = 16 in-context exemplars.

5.3.2 Behavior Difference

Similar to Theorem 5.2.3, to illustrate our insights, we will consider a setting where the

smaller model learns useful features for the evaluation task while the larger model covers

extra features. That is, for evaluation, we uniformly draw a task tτ = (iτ , jτ ) from S1, and

then draw M samples to form the evaluation prompt in the same way as during pretraining.

To present our theorem (proved in Appendix D.3.2 using Theorem 5.3.1), we introduce
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Figure 5.2: Larger models are easier to be affected by noise (flipped labels) and override
pretrained biases than smaller models for different datasets and model families (origi-
nal/without instruct turning). Accuracy is calculated over 1000 evaluation prompts per
dataset and over 5 runs with different random seeds for each evaluation, using M = 16
in-context exemplars.

some notations. Let

D1 =
[
diag(V∗,(1)), . . . ,diag(V∗,(ν1)),diag(V∗,(ν2+1)),

. . . ,diag(V∗,(ν2+ν1+1)), diag(V∗,(2ν2+2))
]
∈ Rd×2(ν1+1)

D2 =
[
diag(V∗,(1)), . . . ,diag(V∗,(2ν2+2))

]
∈ Rd×2(ν2+1),

where for any i ∈ [2(ν2 + 1)], V∗,(i) is defined in Theorem 5.3.1. Let ϕ̂τ,q ∈ Rd satisfy

ϕ̂τ,q,iτ = ϕτ,q,iτ , ϕ̂τ,q,jτ = ϕτ,q,jτ and all other entries being zero. For a matrix Z and a

vector v, let PZ denote the projection of v to the space of Z, i.e., PZ(v) = Z(Z⊤Z)−1Z⊤v.

Theorem 5.3.2 (Behavior difference for parity). Assume the same condition as Theorem 5.3.1.

For j ∈ {1, 2}, Let θj denote the parameters of g∗j . For l ∈ [M ], let ξl be uniformly drawn

from {±1}d, and Ξ =
∑

l∈[M ] ξl
M . Then, for any δ ∈ (0, 1), with probability at least 1− δ over

the randomness of test data, we have

g∗j (Xτ ,yτ ,xτ,q) = h(θj , 2γϕ̂τ,q + PDj (Ξ)) + ϵj

:=
∑
i∈[m]

a∗iσ

[
diag

(
V∗,(i)

)⊤ (
2γϕ̂τ,q + PDj (Ξ)

)]
+ϵj
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Figure 5.3: The magnitude of attention between the labels and input sentences in Llama
2-13b and 70b on 100 evaluation prompts; see the main text for the details. x-axis: indices
of the prompts. y-axis: the norm of the last row of attention maps in the final layer.
Correct: original label; wrong: flipped label; relevant: original input sentence; irrelevant:
irrelevant sentence from other datasets. The results show that larger models focus on both
sentences, while smaller models only focus on relevant sentences.

where ϵj = O
(√

νj
M log 1

δ

)
and we have

• 2γϕ̂τ,q is the signal useful for prediction: 0 = ℓ(yq ·h(θ1, 2γϕ̂τ,q)) = ℓ(yq ·h(θ2, 2γϕ̂τ,q)).

• PD1(Ξ)) and PD2(Ξ)) is noise not related to labels, and E[∥PD1
(Ξ))∥22]

E[∥PD2
(Ξ))∥22]

= ν1+1
ν2+1 .

Implications. Theorem 5.3.2 shows that during evaluation, we can decompose the

input into two parts: signal and noise. Both the larger model and smaller model can capture

the signal part well. However, the smaller model has a much smaller influence from noise

than the larger model, i.e., the ratio is ν1+1
ν2+1 . The reason is that smaller models emphasize

important hidden features while larger ones cover more hidden features, and thus, smaller

models are more robust to noise while larger ones are easily distracted, leading to different
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ICL behaviors. This again sheds light on where transformers pay attention to and how that

affects ICL.

Remark 5.3.1. Here, we provide a detailed intuition about Theorem 5.3.2. Ξ is the input

noise. When we only care about the noise part, we can rewrite the smaller model as

g1 = h(θ1, PD1(Ξ)), and the larger model as g2 = h(θ2, PD2(Ξ)), where they share the same

h function. Our conclusion says that E[∥PD1(Ξ)∥22]/E[∥PD2(Ξ)∥22] = (ν1 + 1)/(ν2 + 1),

which means the smaller model’s “effect” input noise is smaller than the larger model’s

“effect” input noise. Although their original input noise is the same, as the smaller model

only focuses on limited features, the smaller model will ignore part of the noise, and the

“effect” input noise is small. However, the larger model is the opposite.

5.4 Experiments

Brilliant recent work [288] runs intensive and thorough experiments to show that larger

language models do in-context learning differently. Following their idea, we conduct similar

experiments on binary classification datasets, which is consistent with our problem setting

in the parity case, to support our theory statements.

Experimental setup. Following the experimental protocols in [288, 182], we conduct

experiments on five prevalent NLP tasks, leveraging datasets from GLUE [275] tasks and

Subj [60]. Our experiments utilize various sizes of the Llama model families [263, 264]:

3B, 7B, 13B, 70B. We follow the prior work on in-context learning [288] and use M = 16

in-context exemplars. We aim to assess the models’ ability to use inherent semantic biases

from pretraining when facing in-context examples. As part of this experiment, we introduce

noise by inverting an escalating percentage of in-context example labels. To illustrate,

a 100% label inversion for the SST-2 dataset implies that every “positive” exemplar is

now labeled “negative”. Note that while we manipulate the in-context example labels, the

evaluation sample labels remain consistent. We use the same templates as [181], a sample

evaluation for SST-2 when M = 2:

sentence: show us a good time

The answer is positive.
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sentence: as dumb and cheesy

The answer is negative.

sentence: it ’s a charming and often

affecting journey

The answer is

5.4.1 Behavior Difference

Figure 5.1 shows the result of model performance (chat/with instruct turning) across all

datasets with respect to the proportion of labels that are flipped. When 0% label flips,

we observe that larger language models have better in-context abilities. On the other

hand, the performance decrease facing noise is more significant for larger models. As the

percentage of label alterations increases, which can be viewed as increasing label noise σ2,

the performance of small models remains flat and seldom is worse than random guessing

while large models are easily affected by the noise, as predicted by our analysis. These

results indicate that large models can override their pretraining biases in-context input-label

correlations, while small models may not and are more robust to noise. This observation

aligns with the findings in [288] and our analysis.

We can see a similar or even stronger phenomenon in Figure 5.2: larger models are more

easily affected by noise (flipped labels) and override pretrained biases than smaller models

for the original/without instruct turning version (see the “Average” sub-figure). On the

one hand, we conclude that both large base models and large chat models suffer from ICL

robustness issues. On the other hand, this is also consistent with recent work suggesting

that instruction tuning will impair LLM’s in-context learning capability.

5.4.2 Ablation Study

To further verify our analysis, we provide an ablation study. We concatenate an irrelevant

sentence from GSM-IC [237] to an input-label pair sentence from SST-2 in GLUE dataset.
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We use “correct” to denote the original label and “wrong” to denote the flipped label. Then,

we measure the magnitude of correlation between label-input, by computing the norm

of the last row of attention maps across all heads in the final layer. We do this between

“correct”/“wrong” labels and the original/irrelevant inserted sentences. Figure 5.3 shows

the results on 100 evaluation prompts; for example, the subfigure Correct+Relevant shows

the correlation magnitude between the “correct” label and the original input sentence in

each prompt. The results show that the small model Llama 2-13b mainly focuses on the

relevant part (original input) and may ignore the irrelevant sentence, while the large model

Llama 2-70b focuses on both sentences. This well aligns with our analysis.

5.5 More Discussions about Noise

There are three kinds of noise covered in our analysis:

Pretraining noise. We can see it as toxic or harmful pretraining data on the website

(noisy training data). The model will learn these features and patterns. It is covered by ξ

in the linear regression case and S2 in the parity case.

Input noise during inference. We can see it as natural noise as the user’s wrong

spelling or biased sampling. It is a finite sampling error as x drawn from the Gaussian

distribution for the linear regression case and a finite sampling error as x drawn from a

uniform distribution for the parity case.

Label noise during inference. We can see it as adversarial examples, or misleading

instructions, e.g., deliberately letting a model generate a wrong fact conclusion or harmful

solution, e.g., poison making. It is σ in the linear regression case and S2 in the parity case.

For pretraining noise, it will induce the model to learn noisy or harmful features. During

inference, for input noise and label noise, the larger model will pay additional attention to

these noisy or harmful features in the input and label pair, i.e., y · x, so that the input and

label noise may cause a large perturbation in the final results. If there is no pretraining

noise, then the larger model will have as good robustness as the smaller model. Also, if

there is no input and label noise, the larger model will have as good robustness as the
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smaller model. The robustness gap only happens when both pretraining noise and inference

noise exist simultaneously.
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Chapter 6

Conclusion

In this thesis, we explored three interconnected aspects of modern machine learning,

contributing theoretical insights and practical methodologies to the field.

First, we proposed a general framework for analyzing two-layer neural network learning

via gradient descent. This framework provides provable guarantees for several prototypical

problem settings and goes beyond fixed-feature approaches such as the Neural Tangent

Kernel (NTK). It offers insights into phenomena like the lottery ticket hypothesis and

simplicity bias, paving the way for deeper understanding of neural network learning. Future

work in this direction includes extending the framework to deeper networks and formalizing

feature learning dynamics during later stages of training.

Second, we investigated the theoretical justification for multitask finetuning as a means

of adapting pretrained foundation models to downstream tasks with limited labeled data.

Our analysis demonstrated that, with sufficient sample complexity, finetuning using a

diverse set of pertinent tasks can significantly improve target task performance. These

findings were validated both theoretically and empirically. Furthermore, we proposed a

task selection algorithm for multitask finetuning that yielded superior results compared to

using all available tasks. We anticipate that this work will inspire further exploration into

the adaptation and optimization of foundation models.

Lastly, we addressed the question of why larger language models exhibit different
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behaviors during in-context learning (ICL). Through theoretical and empirical analysis,

we revealed that smaller models tend to emphasize critical hidden features, making them

more robust to noise, while larger models encompass a broader range of features, which can

render them more prone to distraction. These findings deepen our understanding of large

language models and their in-context learning mechanisms, offering potential avenues for

improving their training and application.

Together, these contributions offer theoretical insights of neural network learning,

foundation model adaptation, and large language model behavior. We hope this work will

stimulate further research and innovation across these critical areas of machine learning.
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Chapter 7

Appendix: Complete Proofs, More
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Experiments
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Appendix A

Discussions, Complete Proofs and

Additional Experiments in Chapter 2:

A Theoretical Analysis On Feature

Learning In Neural Networks

Section A.1 presents more technical discussion on related work. Section A.2-A.4 provides

the complete proofs for our results in the main text. Section A.5 provides the complete

details and experimental results for our experiments.

Section A.6 provides the theoretical results and complete proofs for a setting more

general than that in the main text, allowing incoherent dictionaries, unbalanced classes,

and Gaussian noise in the data.

A.1 More Technical Discussion on Related Work

Advantage of Neural Networks over Linear Models on Fixed Features. A recent

line of work has turned to show learning settings where network learning provably has

advantage over linear models on fixed features; see the nice summary in [173]. Here we
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highlight the results and focuses of the existing related studies and discuss the differences

from ours.

[309] shows that the random feature method fails to learn even a single ReLU neuron

on Gaussian inputs unless its size is exponentially large in dimension. This points out the

limitation of the random feature method (belonging to the fixed feature approach) but does

not consider feature learning in networks.

Some studies show that a single ReLU neuron can be learnt by gradient descent [308,

70, 85]. The analysis typically involves feature learning. However, their focus is different:

they do not show the advantage over fixed feature methods and do not consider the effect

of the input structures.

[326] shows that in a special teacher-student setting, the student network will do exact

local convergence in a surprising way that all student neurons will converge to one of the

teacher neurons. The work does not consider the effect of the input structure nor the

advantage over fixed features.

[74] explains the advantage of network learning by constructing adaptive Reproducing

Kernel Hilbert Space (RKHS) indexed by the training process of the neural network,

and shows that adaptive RKHS benefits from a smaller function space containing the

residue comparing to RKHS. The work shows the statistical advantage of networks over

data-independent kernels, but does not consider the optimization for learning the network.

[105] considers data generated from a hidden vector with two subsets of variables, each

uniformly distributed in a high-dimensional sphere (with a different radius), while the

label is determined by only the first subset of variables. It shows the existence of good

neural networks that can overcome the curse of dimensionality by representing the best

low-dimensional hidden structure. However, it studies the approximation power of neural

networks rather than the learning, i.e., it does not show how to learn the good network.

[80] argues that in the infinite width limit, a two-layer neural network will learn a nearly

optimal feature representation in the distribution sense, thanks to the convexity of the limit

problem. It is unclear how this result helps to understand the feature learning procedure
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for practical networks, which is usually a non-convex process.

[47] considers a fixed, randomly initialized neural network as a representation function

fed into another trainable network which is the quadratic Taylor model of a wide two-layer

network. It shows that learning over the random representation can achieve improved

sample complexities compared to learning over the raw data. However, the representation

considered is not learned, which is different from our focus on feature learning.

[9] considers Gaussian inputs with labels given by a multiple-layer network with quadratic

activations and skip connections (with the assumption of information gap on the weights),

and studies training a deep network with quadratic activation. It shows that the trained

network can learn proper representations and obtain small errors while no polynomial fixed

feature methods can. On the other hand, it does not focus on the influence of input structure

on feature learning: note that its input distribution contains no information about the

“ground-truth” features in the target network. It also points out that the learned features

get improved during training: higher-level layers will help lower-level layers to improve by

backpropagating correction signals. Our analysis also shows feature improvement which

however is by signals from the input distribution.

[13] considers PAC learning with labels given by a depth-2 ResNet, and studies training

an overparameterized depth-2 ResNet (using uniform inputs over Boolean hypercube as

an example). It shows the trained network can obtain small errors while no polynomial

kernel methods can obtain as good errors. Similar to [9], it does not focus on the influence

of input structure on feature learning or the advantage of networks.

[12] studies how ensemble of deep learning models can improve test accuracy and how

the ensemble can be distilled into a single model. It develops a theory which assumes

the data has multi-view structure and shows that the ensemble of independently trained

networks can provably improve test accuracy and the ensemble can also be provably distilled

into a single model. The analysis also relies on showing that the data structure can help the

ensemble and the distillation. On the other hand, their focus is on ensembles and is quite

different from ours: the analysis is on showing the multi-view input structure allows the
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ensembles of networks to improve over single ones and ensembles of fixed feature mappings

do not have improvement. While our focus is on supervisedly learning one single network

that outperforms the fixed feature approaches.

[63] considers the task of learning sparse parities with two-layer networks, and the

analysis suggests that the ability to learn the label-correlated features also seems to be

critical towards the success of neural networks, although the authors did not explore

much in this direction. [173] also considers similar learning problems but with specifically

designed models for the problems. The learning problems considered in [63, 173] have input

distributions that leak information about the target labeling function, which is similar

to our setting, and their analysis also shows that the first gradient descent can learn a

set of good features and later steps can learn an accurate classifier on top. Our work is

inspired by their studies, while there are some important differences. First, their focuses

are different from ours. [63] focuses on showing neural networks can learn targets (i.e.,

k-parity functions) that are inherently non-linear. Our analysis generalizes to more general

distributions, including practically motivated ones. [173] focuses on strong separations

between learning with gradient descent on differentiable models (including typical neural

networks) and learning using the corresponding tangent kernels. The analysis is on specific

differentiable models, while our work is on two-layer neural networks similar to practical

ones. Second, our analysis relies on the feature improvement in the second gradient step.

This is not an artifact of the analysis but comes from our problem setup. While in [63] the

data distribution allows some neurons to be sufficiently good after the first gradient step

and needs no feature improvement, our setup is more general where the data distribution

may not have a similar strong benign effect and thus needs feature improvement in the

second gradient step.

Most related to our work is [63]. Therefore, we provide a detailed discussion to highlight

the connections and differences.

1. Our problem setting is more general than that in [63]. To see this, let our dictionary

be the identity matrix, the set P to be the odd numbers (i.e., the labeling function is
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a sparse parity). Furthermore, let the distribution of the hidden representation be an

equal mixture of the following two:

(a) D1: Uniform distribution over the hypercube.

(b) D2: Irrelevant patterns ϕ̃j(j ̸∈ A) have appearance probability p0 = 1/2. And

the distribution of relevant patterns ϕ̃j(j ∈ A) is: all 0’s with probability 1/2,

and all 1’s with probability 1/2.

Then our problem setting reduces to their setting (up to scaling/translation of ϕ̃j ’s).

On the other hand, in general our setting allows for more choices for the labeling, the

dictionary, and the distributions over ϕ̃.

2. Upper bound: Because of the more general setting, our upper bound proof requires

technical novelty. Recall that in their work, the input distribution is essentially a

mixture of D1 and D2 above. In D2, the relevant patterns ϕ̃j(j ∈ A) have the specific

structure of all 0’s or all 1’s with probability 1/2. This allows to show that neurons

with weight w satisfying
∑

j∈Awj = 0 will have good gradients: small components

from irrelevant patterns (their Lemma 7) and large components from relevant patterns

(their Lemma 8). However, in our setting, the relevant patterns do not have this

specific structure, and thus their proof technique is not applicable (or can be applied

only when we have an exponentially large number of hidden neurons so that some hit

the good positions at random initialization). What we showed is that the gradient

has some correlation with the good feature direction. So after the first gradient

step, the neuron weights are not good yet but are in a better position for further

improvement (in particular, their setting corresponds to p0 = 1/2 which means large

noise in the weights after the first step; see discussion after our Lemma 2.3.2 in

Section 2.3). Then the latter gradient steps are able to improve the weights to better

“signal-to-noise-ratio”. In summary, our proof does not rely on their specific input

structure or an exponentially large number of hidden neurons for hitting some good

positions. The key is that the good feature will emerge with the help of the input
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structure, and once in a better position, the neurons’ weights can be improved to the

desired quality.

3. Lower bound: On the other hand, our lower bound is proved by a reduction to the

lower bound results in [63]. They have shown that D1 above can lead to large errors

for fixed feature models of polynomial size. Our proof is essentially constructing a

mixture of D1 and D2 with mixture weights p0 and (1− p0), and applying their lower

bound for D1. See our proof in Appendix A.3.

4. Conceptually, our work belongs to the same line of research as [63], to analyze how

feature learning leads to the superior performance of networks. While their analysis

also relies on feature learning from good gradients induced by input structure, their

focus is more on separating network learning and fixed feature models and has not

explicitly explored the impact of input structures (while we agree that such an explicit

study will not be difficult in their setting). More importantly, their input distribution

is specific and atypical in practice, which allows a specific type of feature learning

(as explained in the above discussion on upper bounds). Our work thus considers a

more general setting that is motivated by practical problems. Our results then bring

theoretical insights closer for explaining the feature learning in practice and provide

some positive evidence for the importance of analysis under proper models of the

input distributions.

Sparse Coding and Subspace Data Models. To analyze neural networks’ performance,

various data models have been considered. A practical way to model the underlying structure

of data is by assuming that a set of hidden variables exists and the input data is a high

dimensional projection of the hidden vector (possibly with noise). Along this line, the

classic sparse coding model has been used in existing works for analyzing networks. [144]

considers such a data distribution where the label is given by a linear function on the hidden

sparse vector, but studies the approximation power of networks and classic polynomial

methods rather than the learning. [10] considers similar data distributions, but studies
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the performance of networks under adversarial perturbations. Another type of related

data models assumes that the label is determined by a subset of hidden variables. [105]

considers a hidden vector with two subsets of variables, each uniformly distributed in a

high-dimensional sphere (with a different radius), while the label is determined by only

the first subset of variables. However, [105] studies the approximation power of neural

networks rather than the learning. Compared to these studies, our work assumes the input

is given by a dictionary multiplied with a hidden vector (not necessarily sparse) while the

label is determined by a subset of the hidden vector, as motivated by pattern recognition

applications in practice. Furthermore, we focus on the learning ability of networks instead

of approximation.
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A.2 Complete Proofs for Provable Guarantees of Neural Net-

works

We first make a few remarks about the proof.

Remark. The analysis can be carried out for more gradient steps following similar

intuition, while we analyze two steps for simplicity.

Remark. Readers may notice that the network can be overparameterized. With sufficient

overparameterization and proper initialization and step sizes, network learning becomes

approximately NTK. However, here our learning scheme allows going beyond this kernel

regime: we use aggressive gradient updates λ(t)
w = 1/(2η(t)) in the first two steps, completely

forgetting the old weights to learn effective features. Using proper initialization and

aggressive updates early to escape the kernel regime has been studied in existing work (e.g.,

[294, 163]). Our result thus adds another concrete example.

Notations. For a vector v and an index set I, let vI denote the vector containing the

entries of v indexed by I, and v−I denote the vector containing the entries of v with indices

outside I.

By initialization, w(0)
i for i ∈ [m] are i.i.d. copies of the same random variable w(0) ∼

N (0, σ2
wId×d); similar for a(0) and b(0). Let qℓ := ⟨w(0),Mℓ⟩, then ⟨w(0),x⟩ = ⟨ϕ, q⟩.

Similarly, define q
(t)
i,ℓ := ⟨w(t)

i ,Mℓ⟩. Let σ2
ϕ := po(1− po)/σ̃

2 denote the variance of ϕℓ for

ℓ ̸∈ A.

We also define the following sets to denote typical initialization. For a fixed δ ∈ (0, 1),

define

Gw(δ) :=

{
w ∈ Rd : qℓ = ⟨w,Mℓ⟩,

σ2
w(D − k)

2
≤
∑
ℓ̸∈A

q2ℓ ≤
3σ2

w(D − k)

2
,

max
ℓ
|qℓ| ≤ σw

√
2 log(Dm/δ)

}
, (A.1)
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Ga(δ) := {a ∈ R : |a| ≤ σa
√

2 log(m/δ)}. (A.2)

Gb(δ) := {b ∈ R : |b| ≤ σb
√

2 log(m/δ)}. (A.3)

A.2.1 Existence of A Good Network

we first show that there exists a network that can fit the data distribution.

Lemma A.2.1. For some s, a, b ∈ R with a, b ≥ 0, define a function δs,a,b : R→ R as

δs,a,b(z) = aσr(z − s+ b)− 2aσr(z − s) + aσr(z − s− b). (A.4)

where σr(z) = max{z, 0} is the ReLU activation function. Then

δs,a,b(z) =



0 when z ≤ s− b,

a(z − s) + ab when s− b ≤ z ≤ s,

−a(z − s) + ab when s ≤ z ≤ s+ b,

0 when s+ b ≤ z.

(A.5)

That is, δs,a,b(z) linearly interpolates between (s−b, 0), (s, ab), (s+b, 0) when z ∈ [s−b, s+b],

and is 0 elsewhere.

Proof of Lemma A.2.1. This can be simply verified for the four cases of the value of z.

Lemma A.2.2 (Restatement of Lemma 2.3.1). For any D ∈ FΞ, there exists a network

g∗(x) =
∑n

i=1 a
∗
iσ(⟨w∗

i ,x⟩ + b∗
i ) with y = g∗(x) for any (x, y) ∼ D. Furthermore, the

number of neurons n = 3(k + 1), |a∗i | ≤ 32k, 1/(32k) ≤ |b∗
i | ≤ 1/2, w∗

i = σ̃
∑

j∈AMj/(4k),

and |⟨w∗
i ,x⟩+ b∗

i | ≤ 1 for any i ∈ [n] and (x, y) ∼ D.
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Proof of Lemma 2.3.1. Let w = σ̃
∑

j∈AMj and let µ =
∑

j∈A E[ϕ̃j ]. We have

⟨w,x⟩ = σ̃
∑
j∈A
⟨Mj ,Mϕ⟩ = σ̃

∑
j∈A

ϕj =
∑
j∈A

ϕ̃j − µ. (A.6)

Then by Lemma A.2.1,

g∗1(x) :=
∑
p∈P

δp−µ,2,1/2(⟨w,x⟩)−
∑

p ̸∈P,0≤p≤k

δp−µ,2,1/2(⟨w,x⟩) (A.7)

=
∑
p∈P

δp,2,1/2(⟨w,x⟩+ µ)−
∑

p ̸∈P,0≤p≤k

δp,2,1/2(⟨w,x⟩+ µ) (A.8)

=
∑
p∈P

δp,2,1/2

∑
j∈A

ϕ̃j

− ∑
p ̸∈P,0≤p≤k

δp,2,1/2

∑
j∈A

ϕ̃j

 (A.9)

= y (A.10)

for any (x, y) ∼ D. Similarly,

g∗2(x) :=
∑
p∈P

δp−µ+1/4,4,1/2(⟨w,x⟩)−
∑

p ̸∈P,0≤p≤k

δp−µ+1/4,4,1/2(⟨w,x⟩) (A.11)

=
∑
p∈P

δp+1/4,4,1/2(⟨w,x⟩+ µ)−
∑

p ̸∈P,0≤p≤k

δp+1/4,4,1/2(⟨w,x⟩+ µ) (A.12)

=
∑
p∈P

δp+1/4,4,1/2

∑
j∈A

ϕ̃j

− ∑
p ̸∈P,0≤p≤k

δp+1/4,4,1/2

∑
j∈A

ϕ̃j

 (A.13)

= y (A.14)

for any (x, y) ∼ D. Note that the bias terms in g∗1 and g∗2 have distance at least 1/4, then

at least one of them satisfies that all its bias terms have absolute value ≥ 1/8. Pick that

one and denote it as g(x) =
∑n

i=1 aiσr(⟨wi,x⟩+ bi). By the positive homogeneity of σr,

we have

g(x) =
n∑

i=1

4kaiσr(⟨wi,x⟩/(4k) + bi/(4k)). (A.15)
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Since for any (x, y) ∼ D, |⟨wi,x⟩/(4k) + bi/(4k)| ≤ 1, then

g(x) =
n∑

i=1

4kaiσ(⟨wi,x⟩/(4k) + bi/(4k)) (A.16)

where σ is the truncated ReLU. Now we can set a∗i = 4kai,w
∗
i = wi/(4k),b

∗
i = bi/(4k), to

get our final g∗.

A.2.2 Initialization

We first show that with high probability, the initial weights are in typical positions.

Lemma A.2.3. For any δ ∈ (0, 1), with probability at least 1− δ− 2 exp (−Θ(D − k)) over

w(0),

σ2
w(D − k)/2 ≤

∑
ℓ̸∈A

q2ℓ ≤ 3σ2
w(D − k)/2,

max
ℓ
|qℓ| ≤ σw

√
2 log(D/δ).

With probability at least 1− δ over b(0),

|b(0)| ≤ σb
√

2 log(1/δ).

With probability at least 1− δ over a(0),

|a(0)| ≤ σa
√
2 log(1/δ).

Proof of Lemma A.2.3. From q ∼ N (0, σ2
wId×d), we have:

• With probability ≥ 1− δ/2, maxℓ |qℓ| ≤
√

2σ2
w log D

δ , and

• For any subset S ⊆ [D], with probability≥ 1−2 exp (−Θ(|S|)), ∥qS∥22 ∈
(
|S|σ2

w
2 , 3|S|σ

2
w

2

)
.

Similar for b(0) and a(0). The lemma then follows.

Lemma A.2.4. We have:
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• With probability ≥ 1− δ − 2m exp(−Θ(D − k)) over w
(0)
i ’s, for all i ∈ [2m], w(0)

i ∈

Gw(δ).

• With probability ≥ 1− δ over b
(0)
i ’s, for all i ∈ [2m], b(0)

i ∈ Gb(δ).

• With probability ≥ 1− δ over a
(0)
i ’s, for all i ∈ [2m], a(0)i ∈ Ga(δ).

Proof of Lemma A.2.4. This follows from Lemma A.2.3 by union bound.

The following lemma about the typical w(0)
i ’s will be useful for later analysis.

Lemma A.2.5. Fix δ ∈ (0, 1). For any w
(0)
i ∈ Gw(δ), we have

Pr
ϕ

∑
ℓ ̸∈A

ϕℓq
(0)
i,ℓ ≥ Θ

(√
(D − k)σ2

ϕσ
2
w

) = Θ(1)− O(log3/2(Dm/δ))√
(D − k)σ2

ϕσ̃
2

. (A.17)

Consequently, when po = Ω(k2/D) and k = Ω(log2(Dm/δ)),

Pr
ϕ

∑
ℓ̸∈A

ϕℓq
(0)
i,ℓ ≥ Θ(σw)

 = Θ(1)− O(1)

k1/4
. (A.18)

Proof of Lemma A.2.5. Note that for ℓ ̸∈ A, E[ϕℓ] = 0, E[ϕ2
ℓ ] = σ2

ϕ, and E[|ϕℓ|3] = Θ(σ2
ϕ/σ̃).

Then the statement follows from Berry-Esseen Theorem.

A.2.3 Some Auxiliary Lemmas

The expression of the gradients will be used frequently.

Lemma A.2.6.

∂

∂wi
LD(g;σξ) = −aiE(x,y)∼D {yI[yg(x; ξ) ≤ 1]EξiI[⟨wi,x⟩+ bi + ξi ∈ (0, 1)]x} , (A.19)

∂

∂bi
LD(g;σξ) = −aiE(x,y)∼D {yI[yg(x; ξ) ≤ 1]EξiI[⟨wi,x⟩+ bi ∈ (0, 1)]} , (A.20)

∂

∂ai
LD(g;σξ) = −E(x,y)∼D {yI[yg(x; ξ) ≤ 1]Eξiσ(⟨wi,x⟩+ bi + ξi)} . (A.21)

Proof of Lemma A.2.6. It follows from straightforward calculation.
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We now show that a small subset of the entries in ϕ, q does not affect the probability

distribution of ⟨ϕ, q⟩ much.

Lemma A.2.7. Suppose ν ∼ N (0, σ2). For any B ⊇ A and any b:

∣∣∣∣ Pr
ϕ−B ,ν

{⟨ϕ, q⟩+ ν ≥ b} − Pr
ϕ−B ,ν

{⟨ϕ−B, q−B⟩+ ν ≥ b}
∣∣∣∣ (A.22)

≤ O

(
|⟨ϕB, qB⟩|

(σ2
ϕ∥q−B∥22 + σ2)1/2

+
σ3 + σ2

ϕ∥q−B∥33/σ̃
(σ2 + σ2

ϕ∥q−B∥22)3/2

)
. (A.23)

Similarly,

∣∣∣∣ Prϕ−B

{⟨ϕ, q⟩ ≥ b} − Pr
ϕ−B

{⟨ϕ−B, q−B⟩ ≥ b}
∣∣∣∣ (A.24)

≤ O

(
|⟨ϕB, qB⟩|
σϕ∥q−B∥2

+
∥q−B∥33

σ̃σϕ∥q−B∥32

)
. (A.25)

Proof of Lemma A.2.7. Note that for ℓ ̸∈ A, E[ϕℓ] = 0, E[ϕ2
ℓ ] = σ2

ϕ, and E[|ϕℓ|3] = Θ(σ2
ϕ/σ̃).

Let t = |⟨ϕB, qB⟩|. Then by the Berry-Esseen Theorem,

∣∣∣∣ Prϕ−B

{⟨ϕ, q⟩+ ν ≥ b} − Pr
ϕ−B

{⟨ϕ−B, q−B⟩+ ν ≥ b}
∣∣∣∣ (A.26)

≤ Pr
ϕ−B

{⟨ϕ−B, q−B⟩+ ν ∈ [−t+ b, t+ b]} (A.27)

≤ 2t

(σ2
ϕ∥q−B∥22 + σ2)1/2

+
O(σ3 + σ2

ϕ∥q−B∥33/σ̃)
(σ2 + σ2

ϕ∥q−B∥22)3/2
. (A.28)

The second statement follows from a similar argument.

We also have the following auxiliary lemma for later calculations.
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Lemma A.2.8.

EϕA
{y} = 0, (A.29)

EϕA
{|y|} = 1, (A.30)

Eϕj
{|ϕj |} = 2σ2

ϕσ̃, for j ̸∈ A, (A.31)

EϕA
{yϕj} =

γ

σ̃
, (A.32)

EϕA
{|yϕj |} ≤

1

σ̃
, for all j ∈ [D]. (A.33)

Proof of Lemma A.2.8.

EϕA
{y} =

∑
v∈{±1}

EϕA
{y|y = v}Pr[y = v] (A.34)

=
1

2

∑
v∈{±1}

EϕA
{y|y = v} (A.35)

= 0. (A.36)

EϕA
{|y|} =

∑
v∈{±1}

EϕA
{|y| |y = v}Pr[y = v] (A.37)

=
1

2

∑
v∈{±1}

EϕA
{|y| |y = v} (A.38)

= 1. (A.39)

Eϕj
{|ϕj |} =

| − po|(1− po) + |1− po|po

σ̃
= 2σ2

ϕσ̃. (A.40)

EϕA
{yϕj} = EϕA

{
y
ϕ̃j − E[ϕ̃j ]

σ̃

}
(A.41)

=
1

σ̃
EϕA

{
yϕ̃j − yE[ϕ̃j ]

}
(A.42)

=
γ

σ̃
. (A.43)

EϕA
{|yϕj |} = EϕA

{|ϕj |} (A.44)

≤ 1

σ̃
. (A.45)
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A.2.4 Feature Emergence: First Gradient Step

We will show that w.h.p. over the initialization, after the first gradient step, there are

neurons that represent good features.

We begin with analyzing the gradients.

Lemma A.2.9 (Full version of Lemma 2.3.2). Fix δ ∈ (0, 1) and suppose w
(0)
i ∈ Gw(δ),b

(0)
i ∈

Gb(δ) for all i ∈ [2m]. Let

ϵe :=
k log1/2(Dm/δ) + log3/2(Dm/δ)√

σ2
ϕσ̃

2(D − k)
.

If po = Ω(k2/D), k = Ω(log2(Dm/δ)), and σ
(1)
ξ < 1/k, then

∂

∂wi
LD(g

(0);σ
(1)
ξ ) = −a(0)i

D∑
j=1

MjTj (A.46)

where Tj satisfies:

• if j ∈ A, then |Tj − βγ/σ̃| ≤ O(ϵe/σ̃), where β ∈ [Ω(1), 1] and depends only on

w
(0)
i ,b

(0)
i ;

• if j ̸∈ A, then |Tj | ≤ O(σ2
ϕϵeσ̃).

Proof of Lemma A.2.9. Consider one neuron index i and omit the subscript i in the pa-

rameters. Since the unbiased initialization leads to g(0)(x; ξ(1)) = 0, we have

∂

∂w
LD(g

(0);σ
(1)
ξ ) (A.47)

= −a(0)E(x,y)∼D

{
yI[yg(0)(x; ξ(1)) ≤ 1]Eξ(1)I[⟨w

(0),x⟩+ b(0) + ξ(1) ∈ (0, 1)]x
}

(A.48)

= −a(0)E(x,y)∼D,ξ(1)

{
yI[⟨w(0),x⟩+ b(0) + ξ(1) ∈ (0, 1)]x

}
(A.49)

= −a(0)
D∑
j=1

Mj E(x,y)∼D,ξ(1)

{
yI[⟨w(0),x⟩+ b(0) + ξ(1) ∈ (0, 1)]ϕj

}
︸ ︷︷ ︸

:=Tj

. (A.50)
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First, consider j ∈ A.

Tj = E(x,y)∼D,ξ(1)

{
yI[⟨w(0),x⟩+ b(0) + ξ(1) ∈ (0, 1)]ϕj

}
(A.51)

= EϕA,ξ(1)

{
yϕj Pr

ϕ−A

[
⟨ϕ, q⟩+ b(0) + ξ(1) ∈ (0, 1)

]}
. (A.52)

Let

Ia := Pr
ϕ−A

[
⟨ϕ, q⟩+ b(0) + ξ(1) ∈ (0, 1)

]
, (A.53)

I ′a := Pr
ϕ−A

[
⟨ϕ−A, q−A⟩+ b(0) + ξ(1) ∈ (0, 1)

]
. (A.54)

We have

|Eξ(1)(Ia − I ′a)| (A.55)

≤ Eξ(1)

∣∣∣∣ Prϕ−A

[
⟨ϕ, q⟩+ b(0) + ξ(1) ≥ 0

]
− Pr

ϕ−A

[
⟨ϕ−A, q−A⟩+ b(0) + ξ(1) ≥ 0

]∣∣∣∣ (A.56)

+ Pr
ϕ−A,ξ(1)

[
⟨ϕ, q⟩+ b(0) + ξ(1) ≥ 1

]
+ Pr

ϕ−A,ξ(1)

[
⟨ϕ−A, q−A⟩+ b(0) + ξ(1) ≥ 1

]
. (A.57)

Then by Lemma A.2.7,

∣∣∣∣ Prϕ−A

[
⟨ϕ, q⟩+ b(0) + ξ(1) ≥ 0

]
− Pr

ϕ−A

[
⟨ϕ−A, q−A⟩+ b(0) + ξ(1) ≥ 0

]∣∣∣∣ = O(ϵe). (A.58)

Note that
∑

ℓ̸∈A Var(ϕℓqℓ) = Θ(σ2
ϕσ

2
w(D − k)) = Θ(σ2

w), and |ϕℓ| ≤ 1
σ̃ , maxℓ |qℓ| ≤

σw
√
2 log(Dm/δ). Applying Bernstein’s inequality for bounded distributions, we have:

Pr
ϕ−A

[⟨ϕ−A, q−A⟩ ≥ 1/4] = exp(−Ω(k)) = O(ϵe). (A.59)

We also have:

Pr
ξ(1)

[
b(0) + ξ(1) ≥ 1/4

]
= exp(−Ω(k)) = O(ϵe). (A.60)
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Therefore,

Pr
ϕ−A,ξ(1)

[
⟨ϕ, q⟩+ b(0) + ξ(1) ≥ 1

]
= exp(−Ω(k)) = O(ϵe) (A.61)

where the last step follows from the assumption on σw and k. A similar argument gives:

Pr
ϕ−A,ξ(1)

[
⟨ϕ−A, q−A⟩+ b(0) + ξ(1) ≥ 1

]
= exp(−Ω(k)) = O(ϵe). (A.62)

Then we have

∣∣∣Tj − EϕA,ξ(1)
{
yϕjI

′
a

}∣∣∣ (A.63)

≤ EϕA

{
|yϕj |

∣∣∣Eξ(1)(Ia − I ′a)
∣∣∣} (A.64)

≤ O(ϵe)EϕA
{|yϕj |} (A.65)

≤ O(ϵe/σ̃) (A.66)

where the last step is from Lemma A.2.8. Furthermore,

EϕA,ξ(1)
{
yϕjI

′
a

}
(A.67)

= EϕA
{yϕj}Eξ(1) [I

′
a] (A.68)

= EϕA
{yϕj} Pr

ϕ−A,ξ(1)

[
⟨ϕ−A, q−A⟩+ b(0) + ξ(1) ∈ (0, 1)

]
(A.69)

By Lemma A.2.5, the assumption on po, and (A.59), we have

Pr
ϕ−A

[
⟨ϕ−A, q−A⟩+ b(0) ∈ (0, 1/2)

]
≥ Ω(1)−O(1/k1/4), (A.70)

Pr
ξ(1)

[
ξ(1) ∈ (0, 1/2)

]
= 1/2− exp(−Ω(k)), (A.71)

This leads to

β := Eξ(1) [I
′
a] = Pr

ϕ−A,ξ(1)

[
⟨ϕ−A, q−A⟩+ b(0) + ξ(1) ∈ (0, 1)

]
≥ Ω(1). (A.72)
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By Lemma A.2.8, EϕA
{yϕj} = γ/σ̃. Therefore,

|Tj − βγ/σ̃| ≤ O(ϵe/σ̃). (A.73)

Now, consider j ̸∈ A. Let B denote A ∪ {j}.

Tj = E(x,y)∼D,ξ(1)

{
yϕjI

[
⟨ϕ, q⟩+ b(0) + ξ(1) ∈ (0, 1)

]}
(A.74)

= EϕB
Eϕ−B ,ξ(1)

{
yϕjI

[
⟨ϕ, q⟩+ b(0) + ξ(1) ∈ (0, 1)

]}
(A.75)

= EϕB ,ξ(1)

{
yϕj Pr

ϕ−B

[
⟨ϕ, q⟩+ b(0) + ξ(1) ∈ (0, 1)

]}
. (A.76)

Let

Ib := Pr
ϕ−B

[
⟨ϕ, q⟩+ b(0) + ξ(1) ∈ (0, 1)

]
, (A.77)

I ′b := Pr
ϕ−B

[
⟨ϕ−B, q−B⟩+ b(0) + ξ(1) ∈ (0, 1)

]
. (A.78)

Similar as above, we have |Eξ(1)(Ib − I ′b)| ≤ O(ϵe) by Lemma A.2.7. Then by Lemma A.2.8,

∣∣∣Tj − EϕB ,ξ(1)
{
yϕjI

′
b

}∣∣∣ (A.79)

≤ EϕB

{
|yϕj ||Eξ(1)(Ib − I ′b)|

}
(A.80)

≤ O(ϵe)EϕA
{|y|}Eϕj

{|ϕj |} (A.81)

≤ O(ϵe)×O(σ2
ϕσ̃) (A.82)

= O(σ2
ϕϵeσ̃). (A.83)

Furthermore,

EϕB ,ξ(1)
{
yϕjI

′
b

}
= EϕA

{y}Eϕj
{ϕj}Eξ(1) [I

′
b] = 0. (A.84)
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Therefore,

|Tj | ≤ O(σ2
ϕϵeσ̃). (A.85)

Lemma A.2.10. Under the same assumptions as in Lemma A.2.9,

∂

∂bi
LD(g

(0);σ
(1)
ξ ) = −a(0)i Tb (A.86)

where |Tb| ≤ O(ϵe).

Proof of Lemma A.2.10. Consider one neuron index i and omit the subscript i in the

parameters. Since the unbiased initialization leads to g(0)(x; ξ(1)) = 0, we have

∂

∂b
LD(g

(0);σ
(1)
ξ ) (A.87)

= −a(0)E(x,y)∼D

{
yI[yg(0)(x; ξ) ≤ 1]Eξ(1)I[⟨w

(0),x⟩+ b(0) + ξ(1) ∈ (0, 1)]
}

(A.88)

= −a(0) E(x,y)∼D,ξ(1)

{
yI[⟨w(0),x⟩+ b(0) + ξ(1) ∈ (0, 1)]

}
︸ ︷︷ ︸

:=Tb

. (A.89)

Similar to the proof in Lemma 2.3.2,

∣∣∣∣ Prϕ−A

[⟨ϕ, q⟩+ b(0) + ξ(1) ∈ (0, 1)]− Pr
ϕ−A

[⟨ϕ−A, q−A⟩+ b(0) + ξ(1) ∈ (0, 1)]

∣∣∣∣ = O(ϵe).

(A.90)
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Then

∣∣∣∣Tb − EϕA,ξ(1)

{
y Pr
ϕ−A

[⟨ϕ−A, q−A⟩+ b(0) + ξ(1) ∈ (0, 1)]

}∣∣∣∣ (A.91)

= EϕA,ξ(1)

{
|y|
∣∣∣∣ Prϕ−A

[⟨ϕ, q⟩+ b(0) + ξ(1) ∈ (0, 1)]− Pr
ϕ−A

[⟨ϕ−A, q−A⟩+ b(0) + ξ(1) ∈ (0, 1)]

∣∣∣∣}
(A.92)

≤ O(ϵe)EϕA
{|y|} (A.93)

≤ O(ϵe). (A.94)

Also,

EϕA,ξ(1)

{
y Pr
ϕ−A

[⟨ϕ−A, q−A⟩+ b(0) + ξ(1) ∈ (0, 1)]

}
(A.95)

= EϕA
{y} Pr

ϕ−A,ξ(1)
[⟨ϕ−A, q−A⟩+ b(0) + ξ(1) ∈ (0, 1)] (A.96)

= 0. (A.97)

Therefore, |Tb| ≤ O(ϵe).

Lemma A.2.11. We have

∂

∂ai
LD(g

(0);σ
(1)
ξ ) = −Ta (A.98)

where |Ta| ≤ O(maxℓ q
(0)
i,ℓ ). So if w(0)

i ∈ G(δ), |Ta| ≤ O(σw
√

log(Dm/δ)).

Proof of Lemma A.2.11. Consider one neuron index i and omit the subscript i in the

parameters. Since the unbiased initialization leads to g(0)(x; ξ(1)) = 0, we have

∂

∂a
LD(g

(0);σ
(1)
ξ ) (A.99)

= −E(x,y)∼D

{
yI[yg(0)(x; ξ(1)) ≤ 1]Eξ(1)σ(⟨w

(0),x⟩+ b(0) + ξ(1))
}

(A.100)

= −E(x,y)∼D,ξ(1)

{
yσ(⟨w(0),x⟩+ b(0) + ξ(1))

}
︸ ︷︷ ︸

:=Ta

. (A.101)
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Let ϕ′
A be an independent copy of ϕA, ϕ′ be the vector obtained by replacing in ϕ the

entries ϕA with ϕ′
A, and let x′ = Mϕ′ and its label is y′. Then

|Ta| =
∣∣∣EϕA

{
yEϕ−A,ξ(1)σ(⟨w

(0),x⟩+ b(0) + ξ(1))
}∣∣∣ (A.102)

≤ 1

2

∣∣∣∣∣EϕA

{
Eϕ−A,ξ(1)σ(⟨w

(0),x⟩+ b(0) + ξ(1))|y = 1
}

(A.103)

− EϕA

{
Eϕ−A,ξ(1)σ(⟨w

(0),x⟩+ b(0) + ξ(1))|y = −1
} ∣∣∣∣∣ (A.104)

≤ 1

2

∣∣∣∣∣EϕA

{
Eϕ−A,ξ(1)σ(⟨w

(0),x⟩+ b(0) + ξ(1))|y = 1
}

(A.105)

− Eϕ′
A

{
Eϕ−A,ξ(1)σ(⟨w

(0),x′⟩+ b(0) + ξ(1))|y′ = −1
} ∣∣∣∣∣. (A.106)

Since σ is 1-Lipschitz,

|Ta| ≤
1

2
EϕA,ϕ′

A

{
Eϕ−A

∣∣∣⟨w(0),x⟩ − ⟨w(0),x′⟩
∣∣∣ |y = 1, y′ = −1

}
(A.107)

≤ 1

2
Eϕ−A

(
EϕA

{∣∣∣⟨w(0),x⟩
∣∣∣ |y = 1

}
+ Eϕ′

A

{∣∣∣⟨w(0),x′⟩
∣∣∣ |y′ = −1}) (A.108)

= Eϕ−A,ϕA

∣∣∣⟨w(0),x⟩
∣∣∣ (A.109)

= Ex

∣∣∣⟨w(0),x⟩
∣∣∣ (A.110)

≤
√

Ex⟨w(0),x⟩2 (A.111)

≤ max
ℓ

q
(0)
i,ℓ

√√√√√Ex

∑
ℓ∈[D]

ϕ2
ℓ +

∑
j ̸=ℓ:j,ℓ∈A

|ϕjϕℓ|

 (A.112)

≤ max
ℓ

q
(0)
i,ℓ

√
Ex (1 +O(1)) (A.113)

= Θ(max
ℓ

q
(0)
i,ℓ ). (A.114)

With the bounds on the gradient, we now summarize the results for the weights after

the first gradient step.
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Lemma A.2.12. Set

λ
(1)
w = 1/(2η(1)), λ

(1)
a = λ

(1)
b = 0, σ

(1)
ξ = 1/k3/2.

Fix δ ∈ (0, 1) and suppose w
(0)
i ∈ Gw(δ),b(0)

i ∈ Gb(δ) for all i ∈ [2m]. If po = Ω(k2/D),

k = Ω(log2(Dm/δ)), then for all i ∈ [m], w(1)
i =

∑D
ℓ=1 q

(1)
i,ℓ Mℓ satisfying

• if ℓ ∈ A, then |q(1)i,ℓ − η(1)a
(0)
i βγ/σ̃| ≤ O

(
|η(1)a(0)

i |ϵe
σ̃

)
, where β ∈ [Ω(1), 1] and depends

only on w
(0)
i ,b

(0)
i ;

• if ℓ ̸∈ A, then |q(1)i,ℓ | ≤ O
(
σ2
ϕ|η(1)a

(0)
i |ϵeσ̃

)
;

and

• b
(1)
i = b

(0)
i + η(1)a

(0)
i Tb where |Tb| = O (ϵe);

• a
(1)
i = a

(0)
i + η(1)Ta where |Ta| = O(σw

√
log(Dm/δ)).

Proof of Lemma A.2.12. This follows from Lemma A.2.4 and Lemma A.2.9-A.2.11.

A.2.5 Feature Improvement: Second Gradient Step

We first show that with properly set η(1), for most x, |g(1)(x;σ(2)
ξ )| < 1 and thus

yg(1)(x;σ
(2)
ξ ) < 1.

Lemma A.2.13. Fix δ ∈ (0, 1) and suppose w
(0)
i ∈ Gw(δ),b(0)

i ∈ Gb(δ),a
(0)
i ∈ Ga(δ) for

all i ∈ [2m]. If po = Ω(k2/D), k = Ω(log2(Dm/δ)), σa ≤ σ̃2/(γk2), η(1) = O
(

γ
kmσa

)
, and

σ
(2)
ξ ≤ 1/k, then with probability ≥ 1− exp(−Θ(k)) over (x, y), we have yg(1)(x;σ

(2)
ξ ) < 1.

Furthermore, for any i ∈ [2m],
∣∣∣⟨w(1)

i ,x⟩
∣∣∣ = ∣∣∣⟨q(1)i , ϕ⟩

∣∣∣ = O(η(1)σ̃/γ),
∣∣∣⟨(q(1)i )−A, ϕ−A⟩

∣∣∣ =
O(η(1)σ̃/γ), and

∣∣∣b(1)
i − b

(1)
m+i

∣∣∣ = O(|η(1)a(0)i |ϵe).

Proof of Lemma A.2.13. Note that w
(0)
i = w

(0)
m+i, b

(0)
i = b

(0)
m+i, and a

(0)
i = −a(0)m+i. Then

the gradient for wi is the negation of that for wm+i, the gradient for bi is the negation

of that for bm+i, and the gradient for ai is the same as that for am+i. With probability

≥ 1−exp(−Θ(max{2po(D−k), k})), among all j ̸∈ A, we have that at most 2po(D−k)+k
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of ϕj are (1− po)/σ̃, while the others are −po/σ̃. For data points with ϕ satisfying this, we

have:

∣∣∣g(1)(x;σ(2)
ξ )
∣∣∣ (A.115)

=

∣∣∣∣∣
2m∑
i=1

a
(1)
i Eξ(2)σ(⟨w

(1)
i ,x⟩+ b

(1)
i + ξ

(2)
i )

∣∣∣∣∣ (A.116)

=

∣∣∣∣∣
m∑
i=1

(
a
(1)
i Eξ(2)σ(⟨w

(1)
i ,x⟩+ b

(1)
i + ξ

(2)
i ) + a

(1)
m+iEξ(2)σ(⟨w

(1)
m+i,x⟩+ b

(1)
m+i + ξ

(2)
m+i)

)∣∣∣∣∣
(A.117)

≤

∣∣∣∣∣
m∑
i=1

(
a
(1)
i Eξ(2)σ(⟨w

(1)
i ,x⟩+ b

(1)
i + ξ

(2)
i ) + a

(1)
m+iEξ(2)σ(⟨w

(1)
i ,x⟩+ b

(1)
i + ξ

(2)
i )
)∣∣∣∣∣

(A.118)

+

∣∣∣∣∣
m∑
i=1

(
−a(1)m+iEξ(2)σ(⟨w

(1)
i ,x⟩+ b

(1)
i + ξ

(2)
i ) + a

(1)
m+iEξ(2)σ(⟨w

(1)
m+i,x⟩+ b

(1)
m+i + ξ

(2)
i )
)∣∣∣∣∣ .

(A.119)

Then we have

∣∣∣g(1)(x;σ(2)
ξ )
∣∣∣ ≤ m∑

i=1

∣∣∣2η(1)TaEξ(2)σ(⟨w
(1)
i ,x⟩+ b

(1)
i + ξ

(2)
i )
∣∣∣ (A.120)

+
m∑
i=1

∣∣∣a(1)m+i

∣∣∣ (∣∣∣⟨w(1)
i −w

(1)
m+i,x⟩

∣∣∣+ ∣∣∣b(1)
i − b

(1)
m+i

∣∣∣) (A.121)

≤
m∑
i=1

∣∣∣2η(1)Ta

∣∣∣ (∣∣∣⟨w(1)
i ,x⟩+ b

(1)
i

∣∣∣+ Eξ(2)

∣∣∣ξ(2)i

∣∣∣) (A.122)

+

m∑
i=1

∣∣∣a(1)m+i

∣∣∣ (∣∣∣⟨w(1)
i −w

(1)
m+i,x⟩

∣∣∣+ ∣∣∣b(1)
i − b

(1)
m+i

∣∣∣) . (A.123)
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We have |Ta| = O(σw
√

log(Dm/δ)), and

∣∣∣⟨w(1)
i ,x⟩

∣∣∣ ≤ O(|η(1)a(0)i |) (βγ/σ̃ + ϵe/σ̃)
k

σ̃
(A.124)

+O(|η(1)a(0)i |σ
2
ϕϵeσ̃) ((2po(D − k) + k)(1− po)/σ̃ + poD/σ̃) (A.125)

≤ O(|η(1)a(0)i |)
(
kγ/σ̃2 + ϵek/σ̃

2 + (k + poD)σ2
ϕϵe
)

(A.126)

≤ O(η(1)(1 + poσ̃)/γ). (A.127)∣∣∣b(1)
i

∣∣∣ ≤ ∣∣∣b(0)
i

∣∣∣+ ∣∣∣η(1)a(0)i Tb

∣∣∣ (A.128)

≤
√
log(m/δ)

k2
+
∣∣∣η(1)a(0)i

ϵe
σ̃

∣∣∣ . (A.129)

Eξ(2)

∣∣∣ξ(2)i

∣∣∣ ≤ O(σ
(2)
ξ ). (A.130)

|a(1)m+i| ≤ |a
(0)
i |+ |η

(1)Ta| ≤ |a(0)i |+O(η(1)σw
√
log(Dm/δ)). (A.131)∣∣∣⟨w(1)

i −w
(1)
m+i,x⟩

∣∣∣ = 2
∣∣∣⟨w(1)

i ,x⟩
∣∣∣ = O(η(1)(1 + poσ̃)/γ). (A.132)∣∣∣b(1)

i − b
(1)
m+i

∣∣∣ = 2|η(1)a(0)i Tb| = O(|η(1)a(0)i |ϵe). (A.133)

Then we have

∣∣∣g(1)(x;σ(2)
ξ )
∣∣∣ ≤ O

(
mη(1)σw

√
log(Dm/δ)

)(η(1)

γ
+

√
log(m/δ)

k2
+
∣∣∣η(1)a(0)i

ϵe
σ̃

∣∣∣+ σ
(2)
ξ

)
(A.134)

+O
(
m(|a(0)i |+ η(1)σw

√
log(Dm/δ))

)(η(1)

γ
+
∣∣∣η(1)a(0)i

ϵe
σ̃

∣∣∣) (A.135)

= O

(
mη(1)σw

log(Dm/δ)

k
+m|a(0)i |

(
η(1)

γ
+
∣∣∣η(1)a(0)i

ϵe
σ̃

∣∣∣)) (A.136)

= O

(
mη(1)σw

log(Dm/δ)

k
+m|a(0)i |

η(1)

γ
+mσaη

(1) k

γ

)
(A.137)

< 1. (A.138)

Then
∣∣∣yg(1)(x;σ(2)

ξ )
∣∣∣ < 1. Finally, the statement on

∣∣∣⟨(q(1)i )−A, ϕ−A⟩
∣∣∣ follows from a similar
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calculation on
∣∣∣⟨w(1)

i ,x⟩
∣∣∣ = ∣∣∣⟨q(1)i , ϕ⟩

∣∣∣.
We are now ready to analyze the gradients in the second gradient step.

Lemma A.2.14. Fix δ ∈ (0, 1) and suppose w
(0)
i ∈ Gw(δ),b(0)

i ∈ Gb(δ),a
(0)
i ∈ Ga(δ) for

all i ∈ [2m]. Let ϵe2 := O

(
η(1)|a(0)

i |k(γ+ϵe)

σ̃2σ
(2)
ξ

)
+ exp(−Θ(k)). If k = Ω(log2(Dm/δ)) and

k = O(D), σa ≤ σ̃2/(γk2), η(1) = O
(

γ
kmσa

)
, and σ

(2)
ξ = 1/k3/2, then

∂

∂wi
LD(g

(1);σ
(2)
ξ ) = −a(1)i

D∑
j=1

MjTj (A.139)

where Tj satisfies:

• if j ∈ A, then |Tj − βγ/σ̃| ≤ O(ϵe2/σ̃ + η(1)/σ
(2)
ξ + η(1)|a(0)i |ϵe/(σ̃σ

(2)
ξ )), where β ∈

[Ω(1), 1] and depends only on w
(0)
i ,b

(0)
i ;

• if j ̸∈ A, then |Tj | ≤ 1
σ̃ exp(−Θ(k)) +O(σ2

ϕϵe2σ̃).

Proof of Lemma A.2.14. Consider one neuron index i and omit the subscript i in the parame-

ters. By Lemma A.2.13, Pr[yg(1)(x; ξ(2)) > 1] ≤ exp(−Θ(k)). Let Ix = I[yg(1)(x; ξ(2)) ≤ 1].

∂

∂w
LD(g

(1);σ
(2)
ξ ) (A.140)

= −a(1)E(x,y)∼D

{
yIxEξ(2)I[⟨w

(1),x⟩+ b(1) + ξ(2) ∈ (0, 1)]x
}

(A.141)

= −a(1)
D∑
j=1

Mj E(x,y)∼D,ξ(2)

{
yIxI[⟨w(1),x⟩+ b(1) + ξ(2) ∈ (0, 1)]ϕj

}
︸ ︷︷ ︸

:=Tj

. (A.142)

Let Tj1 := E(x,y)∼D,ξ(2)
{
yI[⟨w(1),x⟩+ b(1) + ξ(2) ∈ (0, 1)]ϕj

}
. We have

|Tj − Tj1| (A.143)

=
∣∣∣E(x,y)∼D,ξ(2)

{
y(1− Ix)I[⟨w(1),x⟩+ b(1) + ξ(2) ∈ (0, 1)]ϕj

}∣∣∣ (A.144)

≤ 1

σ̃
E(x,y)∼D,ξ(2) |1− Ix| (A.145)

≤ 1

σ̃
exp(−Θ(k)). (A.146)
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So it is sufficient to bound Tj1. For simplicity, we use q as a shorthand for q
(1)
i .

First, consider j ∈ A.

Tj1 = E(x,y)∼D,ξ(2)

{
yI[⟨w(1),x⟩+ b(1) + ξ(2) ∈ (0, 1)]ϕj

}
(A.147)

= EϕA

{
yϕj Pr

ϕ−A,ξ(2)

[
⟨ϕ, q⟩+ b(1) + ξ(2) ∈ (0, 1)

]}
. (A.148)

Let

Ia := Pr
ξ(2)

[
⟨ϕ, q⟩+ b(1) + ξ(2) ∈ (0, 1)

]
, (A.149)

I ′a := Pr
ξ(2)

[
⟨ϕ−A, q−A⟩+ b(1) + ξ(2) ∈ (0, 1)

]
. (A.150)

By the property of the Gaussian ξ(2), that |⟨ϕA, qA⟩| = O(
η(1)|a(0)

i |k(γ+ϵe)

σ̃2 ), and that

|⟨ϕ, q⟩| = |⟨w(1)
i ,x⟩| = O(η(1)/γ) < O(1/k) and |⟨ϕ−A, q−A⟩| = O(η(1)/γ) < O(1/k),

we have

|Ia − I ′a| ≤
∣∣∣∣Pr
ξ(2)

[
⟨ϕ, q⟩+ b(1) + ξ(2) ≥ 0

]
− Pr

ξ(2)

[
⟨ϕ−A, q−A⟩+ b(1) + ξ(2) ≥ 0

]∣∣∣∣ (A.151)

+ Pr
ξ(2)

[
⟨ϕ, q⟩+ b(1) + ξ(2) ≥ 1

]
+ Pr

ξ(2)

[
⟨ϕ−A, q−A⟩+ b(1) + ξ(2) ≥ 1

]
(A.152)

= O

η(1)|a(0)i |k(γ + ϵe)

σ̃2σ
(2)
ξ

+ exp(−Θ(k)) = O(ϵe2). (A.153)

This leads to

∣∣Tj1 − EϕA,ϕ−A

{
yϕjI

′
a

}∣∣ (A.154)

≤ EϕA

{
|yϕj |

∣∣Eϕ−A
(Ia − I ′a)

∣∣} (A.155)

≤ O(ϵe2)EϕA
{|yϕj |} (A.156)

≤ O(ϵe2/σ̃) (A.157)
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where the last step is from Lemma A.2.8. Furthermore,

EϕA,ϕ−A

{
yϕjI

′
a

}
(A.158)

= EϕA
{yϕj}Eϕ−A

[I ′a] (A.159)

= EϕA
{yϕj} Pr

ϕ−A,ξ(2)

[
⟨ϕ−A, q−A⟩+ b(1) + ξ(2) ∈ (0, 1)

]
. (A.160)

By Lemma A.2.13, we have |⟨ϕ−A, q−A⟩| ≤ O(η(1)σ̃/γ). Also, |b(1) − b(0)| ≤ O(η(1)|a(0)i |ϵe).

By the property of ξ(2),

∣∣∣∣Pr
ξ(2)

[
⟨ϕ−A, q−A⟩+ b(1) + ξ(2) ∈ (0, 1)

]
− Pr

ξ(2)

[
b(0) + ξ(2) ∈ (0, 1)

]∣∣∣∣ (A.161)

≤ O(η(1)σ̃/(γσ
(2)
ξ )) +O(η(1)|a(0)i |ϵe/σ

(2)
ξ ). (A.162)

On the other hand,

β := Pr
ϕ−A,ξ(2)

[
b(0) + ξ(2) ∈ (0, 1)

]
= Pr

ξ(2)

[
ξ(2) ∈ (−b(0), 1− b(0))

]
(A.163)

= Ω(1) (A.164)

and β only depends on b(0). By Lemma A.2.8, EϕA
{yϕj} = γ/σ̃. Therefore,

|Tj1 − βγ/σ̃| ≤ O(ϵe2/σ̃) +O(η(1)/σ
(2)
ξ ) +O(η(1)|a(0)i |ϵe/(σ̃σ

(2)
ξ )). (A.165)

Now, consider j ̸∈ A. Let B denote A ∪ {j}.

Tj1 = E(x,y)∼D,ξ(2)

{
yϕjI

[
⟨ϕ, q⟩+ b(1) + ξ(2) ∈ (0, 1)

]}
(A.166)

= EϕB
Eϕ−B ,ξ(2)

{
yϕjI

[
⟨ϕ, q⟩+ b(1) + ξ(2) ∈ (0, 1)

]}
(A.167)

= EϕB

{
yϕj Pr

ϕ−B ,ξ(2)

[
⟨ϕ, q⟩+ b(1) + ξ(2) ∈ (0, 1)

]}
. (A.168)
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Let

Ib := Pr
ξ(2)

[
⟨ϕ, q⟩+ b(1) + ξ(2) ∈ (0, 1)

]
, (A.169)

I ′b := Pr
ξ(2)

[
⟨ϕ−B, q−B⟩+ b(1) + ξ(2) ∈ (0, 1)

]
. (A.170)

Similar as above, we have |Ib − I ′b| ≤ ϵe2. Then by Lemma A.2.8,

∣∣Tj1 − EϕB ,ϕ−B

{
yϕjI

′
b

}∣∣ (A.171)

≤ EϕB

{
|yϕj ||Eϕ−B

(Ib − I ′b)|
}

(A.172)

≤ O(ϵe2)Eϕj
{|ϕj |} (A.173)

≤ O(ϵe)×O(σ2
ϕσ̃) (A.174)

= O(σ2
ϕϵe2σ̃). (A.175)

Furthermore,

EϕB ,ϕ−B

{
yϕjI

′
b

}
= EϕA

{y}Eϕj
{ϕj}Eϕ−B

[I ′b] = 0. (A.176)

Therefore,

|Tj1| ≤ O(σ2
ϕϵe2σ̃). (A.177)

Lemma A.2.15. Under the same assumptions as in Lemma A.2.14,

∂

∂b
LD(g

(1);σ
(2)
ξ ) = −a(1)i Tb (A.178)

where |Tb| ≤ exp(−Ω(k)) +O(ϵe2).

Proof of Lemma A.2.15. Consider one neuron index i and omit the subscript i in the param-
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eters. By Lemma A.2.13, Pr[yg(1)(x; ξ(2)) > 1] ≤ exp(−Ω(k)). Let Ix = I[yg(1)(x; ξ(2)) ≤ 1].

∂

∂b
LD(g

(1);σ
(2)
ξ ) (A.179)

= −a(1) E(x,y)∼D

{
yIxEξ(2)I[⟨w

(1),x⟩+ b(1) + ξ(2) ∈ (0, 1)]
}

︸ ︷︷ ︸
:=Tb

. (A.180)

Let Tb1 := E(x,y)∼D,ξ(2)
{
yI[⟨w(1),x⟩+ b(1) + ξ(2) ∈ (0, 1)]

}
. We have

|Tb − Tb1| (A.181)

=
∣∣∣E(x,y)∼D,ξ(2)

{
y(1− Ix)I[⟨w(1),x⟩+ b(1) + ξ(2) ∈ (0, 1)]

}∣∣∣ (A.182)

≤ E(x,y)∼D,ξ(2) |1− Ix| (A.183)

≤ exp(−Ω(k)). (A.184)

So it is sufficient to bound Tb1. For simplicity, we use q as a shorthand for q
(1)
i .

Tb1 = E(x,y)∼D,ξ(2)

{
yI
[
⟨ϕ, q⟩+ b(1) + ξ(2) ∈ (0, 1)

]}
(A.185)

= EϕA
Eϕ−A,ξ(2)

{
yI
[
⟨ϕ, q⟩+ b(1) + ξ(2) ∈ (0, 1)

]}
(A.186)

= EϕA

{
y Pr
ϕ−A,ξ(2)

[
⟨ϕ, q⟩+ b(1) + ξ(2) ∈ (0, 1)

]}
. (A.187)

Let

Ib := Pr
ξ(2)

[
⟨ϕ, q⟩+ b(1) + ξ(2) ∈ (0, 1)

]
, (A.188)

I ′b := Pr
ξ(2)

[
⟨ϕ−A, q−A⟩+ b(1) + ξ(2) ∈ (0, 1)

]
. (A.189)
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Similar as in Lemma A.2.14, we have |Ib − I ′b| ≤ ϵe2. Then by Lemma A.2.8,

∣∣Tb1 − EϕA,ϕ−A

{
yI ′b
}∣∣ (A.190)

≤ EϕA

{
|Eϕ−A

(Ib − I ′b)|
}

(A.191)

≤ O(ϵe2). (A.192)

Furthermore,

EϕA,ϕ−A

{
yI ′b
}
= EϕA

{y}Eϕ−A
[I ′b] = 0. (A.193)

Therefore, |Tb1| ≤ O(ϵe2) and the statement follows.

Lemma A.2.16. Under the same assumptions as in Lemma A.2.14,

∂

∂ai
LD(g

(1);σ
(2)
ξ ) = −Ta (A.194)

where |Ta| = O(η(1)σ̃/γ) + exp(−Ω(k))poly(Dm).

Proof of Lemma A.2.16. Consider one neuron index i and omit the subscript i in the param-

eters. By Lemma A.2.13, Pr[yg(1)(x; ξ(2)) > 1] ≤ exp(−Ω(k)). Let Ix = I[yg(1)(x; ξ(2)) ≤ 1].

∂

∂a
LD(g

(1);σ
(2)
ξ ) (A.195)

= −E(x,y)∼D

{
yIxEξ(2)σ(⟨w

(1),x⟩+ b(1) + ξ(2))
}

︸ ︷︷ ︸
:=Ta

. (A.196)

Let Ta1 := E(x,y)∼D

{
yEξ(2)σ(⟨w(1),x⟩+ b(1) + ξ(2))

}
. We have

|Ta − Ta1| (A.197)

=
∣∣∣E(x,y)∼D

{
y(1− Ix)Eξ(2)σ(⟨w

(1),x⟩+ b(1) + ξ(2))
}∣∣∣ (A.198)

≤ E(x,y)∼D,ξ(2) |1− Ix| (A.199)

≤ exp(−Ω(k)). (A.200)
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So it is sufficient to bound Ta1. For simplicity, we use q as a shorthand for q
(1)
i .

Let ϕ′
A be an independent copy of ϕA, ϕ′ be the vector obtained by replacing in ϕ the

entries ϕA with ϕ′
A, and let x′ = Mϕ′ and its label is y′. Then

|Ta1| :=
∣∣∣EϕA

{
yEϕ−A,ξ(2)σ(⟨w

(1),x⟩+ b(1) + ξ(2))
}∣∣∣ (A.201)

≤ 1

2

∣∣∣∣∣EϕA

{
Eϕ−A,ξ(2)σ(⟨w

(1),x⟩+ b(1) + ξ(1))|y = 1
}

(A.202)

− EϕA

{
Eϕ−A,ξ(2)σ(⟨w

(1),x⟩+ b(1) + ξ(2))|y = −1
} ∣∣∣∣∣ (A.203)

≤ 1

2

∣∣∣∣∣EϕA

{
Eϕ−A,ξ(2)σ(⟨w

(1),x⟩+ b(1) + ξ(2))|y = 1
}

(A.204)

− Eϕ′
A

{
Eϕ−A,ξ(2)σ(⟨w

(1),x′⟩+ b(1) + ξ(2))|y′ = −1
} ∣∣∣∣∣ (A.205)

≤ 1

2
EϕA,ϕ′

A

{
Eϕ−A

∣∣∣⟨w(1),x⟩ − ⟨w(1),x′⟩
∣∣∣ |y = 1, y′ = −1

}
(A.206)

≤ 1

2
Eϕ−A

(
EϕA

{∣∣∣⟨w(1),x⟩
∣∣∣ |y = 1

}
+ Eϕ′

A

{∣∣∣⟨w(1),x′⟩
∣∣∣ |y′ = −1}) (A.207)

≤ Eϕ−A,ϕA

∣∣∣⟨w(1),x⟩
∣∣∣ (A.208)

= Ex

∣∣∣⟨w(1),x⟩
∣∣∣ (A.209)

= O(η(1)σ̃/γ) + exp(−Ω(k))×D × ∥q(1)∥∞∥ϕ∥∞ (A.210)

= O(η(1)σ̃/γ) + exp(−Ω(k))D|η
(1)a(0)|(γ + ϵe)

σ̃2
(A.211)

= O(η(1)σ̃/γ) + exp(−Ω(k))poly(Dm) (A.212)

where the fourth step follows from that σ is 1-Lipschitz, the third to the last step from

Lemma A.2.13, and the second to the last step from Lemma A.2.12.

With the above lemmas about the gradients, we are now ready to show that at the end

of the second step, we get a good set of features for accurate prediction.



120

Lemma A.2.17. Set

η(1) =
γ2σ̃

km3
, λ

(1)
a = 0, λ

(1)
w = 1/(2η(1)), σ

(1)
ξ = 1/k3/2, (A.213)

η(2) = 1, λ
(2)
a = λ

(2)
w = 1/(2η(2)), σ

(2)
ξ = 1/k3/2. (A.214)

Fix δ ∈ (0, O(1/k3)). If po = Ω(k2/D), k = Ω
(
log2

(
Dm
δγ

))
, and m ≥ max{Ω(k4), D},

then with probability at least 1− δ over the initialization, there exist ãi’s such that g̃(x) :=∑2m
i=1 ãiσ(⟨w

(2)
i ,x⟩ + b

(2)
i ) satisfies LD(g̃) = 0. Furthermore, ∥ã∥0 = O(m/k), ∥ã∥∞ =

O(k5/m), and ∥ã∥22 = O(k9/m). Finally, ∥a(2)∥∞ = O
(

1
km2

)
, ∥w(2)

i ∥2 = O(σ̃/k), and

|b(2)
i | = O(1/k2) for all i ∈ [2m].

Proof of Lemma A.2.17. By Lemma 2.3.1, there exists a network g∗(x) =
∑3(k+1)

ℓ=1 a∗ℓσ(⟨w∗
ℓ ,x⟩+

b∗
ℓ) satisfying g∗(x) for all (x, y) ∼ D. Furthermore, |a∗i | ≤ 32k, 1/(32k) ≤ |b∗

i | ≤ 1/2,

w∗
i = σ̃

∑
j∈AMj/(4k), and |⟨w∗

i ,x⟩+ b∗
i | ≤ 1 for any i ∈ [n] and (x, y) ∼ D. Now we fix

an ℓ, and show that with high probability there is a neuron in g(2) that can approximate

the ℓ-th neuron in g∗.

By Lemma A.2.4, with probability 1 − 2δ over w
(0)
i ’s, they are all in Gw(δ); with

probability 1− δ over a
(0)
i ’s, they are all in Ga(δ); with probability 1− δ over b

(0)
i ’s, they

are all in Gb(δ). Under these events, by Lemma A.2.12, Lemma A.2.14 and A.2.15, for any

neuron i ∈ [2m], we have

w
(2)
i = a

(1)
i

D∑
j=1

MjTj , (A.215)

b
(2)
i = b

(1)
i + a

(1)
i Tb. (A.216)

where

• if j ∈ A, then |Tj − βγ/σ̃| ≤ ϵw1 := O(ϵe2/σ̃+ η(1)/σ
(2)
ξ + η(1)|a(0)i |ϵe/(σ̃σ

(2)
ξ )), where

β ∈ [Ω(1), 1] and depends only on w
(0)
i ,b

(0)
i ;

• if j ̸∈ A, then |Tj | ≤ ϵw2 :=
1
σ̃ exp(−Θ(k)) +O(σ2

ϕϵe2σ̃).
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• |Tb| ≤ ϵb :=
1
σ̃ exp(−Θ(k)) +O(ϵe2).

Given the initialization, with probability Ω(1) over b
(0)
i , we have

|b(0)
i | ∈

[
1

2k2
,
2

k2

]
, sign(b

(0)
i ) = sign(b∗

ℓ ). (A.217)

Finally, since 4k|b∗
ℓ |βγ

|b(0)
i |σ̃2

∈ [Ω(k2γ/σ̃2), O(k3γ/σ̃2)] and depends only on w
(0)
i ,b

(0)
i , we have

that for ϵa = Θ(1/k2), with probability Ω(ϵa) > δ over a
(0)
i ,

∣∣∣∣∣4k|b∗
ℓ |βγ

|b(0)
i |σ̃2

a
(0)
i − 1

∣∣∣∣∣ ≤ ϵa, |a(0)i | = O

(
σ̃2

k2γ

)
. (A.218)

Let na = ϵam/4. For the given value of m, by (A.215)-(A.218) we have with probability

≥ 1− 5δ over the initialization, for each ℓ there is a different set of neurons Iℓ ⊆ [m] with

|Iℓ| = na and such that for each iℓ ∈ Iℓ,

|b(0)
iℓ
| ∈
[

1

2k2
,
2

k2

]
, sign(b

(0)
iℓ

) = sign(b∗
ℓ ), (A.219)∣∣∣∣∣4k|b∗

ℓ |βγ
|b(0)iℓ
|σ̃2

a
(0)
iℓ
− 1

∣∣∣∣∣ ≤ ϵa, |a(0)iℓ
| = O

(
σ̃2

k2γ

)
. (A.220)

We also have∣∣∣∣∣∣⟨w(2)
iℓ

,x⟩ −
a
(0)
iℓ

βγ

σ̃

∑
j∈A
⟨Mj ,x⟩

∣∣∣∣∣∣ (A.221)

≤

∣∣∣∣∣∣⟨w(2)
iℓ

,x⟩ −
a
(1)
iℓ

βγ

σ̃

∑
j∈A
⟨Mj ,x⟩

∣∣∣∣∣∣+
∣∣∣∣∣∣a

(1)
iℓ

βγ

σ̃

∑
j∈A
⟨Mj ,x⟩ −

a
(0)
iℓ

βγ

σ̃

∑
j∈A
⟨Mj ,x⟩

∣∣∣∣∣∣ (A.222)

=

∣∣∣∣∣∣a(1)iℓ

D∑
j=1

Tjϕj −
a
(1)
iℓ

βγ

σ̃

∑
j∈A

ϕj

∣∣∣∣∣∣+
∣∣∣a(1)iℓ

− a
(0)
iℓ

∣∣∣
∣∣∣∣∣∣βγσ̃

∑
j∈A

ϕj

∣∣∣∣∣∣ (A.223)

=
∣∣∣a(1)iℓ

∣∣∣
∣∣∣∣∣∣
D∑
j=1

Tjϕj −
βγ

σ̃

∑
j∈A

ϕj

∣∣∣∣∣∣+
∣∣∣a(1)iℓ

− a
(0)
iℓ

∣∣∣
∣∣∣∣∣∣βγσ̃

∑
j∈A

ϕj

∣∣∣∣∣∣ . (A.224)
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We have
∣∣∣a(1)iℓ

− a
(0)
iℓ

∣∣∣ = O(η(1)σw
√

log(Dm/δ)), and

∣∣∣∣∣∣
D∑
j=1

Tjϕj −
βγ

σ̃

∑
j∈A

ϕj

∣∣∣∣∣∣ ≤
∣∣∣∣∣∣
∑
j∈A

(Tj −
βγ

σ̃
)ϕj

∣∣∣∣∣∣+
∣∣∣∣∣∣
∑
j ̸∈A

Tjϕj

∣∣∣∣∣∣ (A.225)

≤ O(kϵw1/σ̃) +O(Dϵw2/σ̃) =: ϵϕ. (A.226)

For the given values of parameters, we have

ϵe2 = O
( γ

m2

)
, (A.227)

ϵw1 = O

(
kγ

m2σ̃
+

γϵe
km2

)
, (A.228)

ϵw2 = O
( γ

m2σ̃

)
, (A.229)

ϵb = O
( γ

m2

)
, (A.230)

ϵϕ = O

(
k2γ

m2σ̃2
+

γϵe
m2σ̃

+
γ

mσ̃2

)
. (A.231)

Therefore,

∣∣∣∣∣∣⟨w(2)
iℓ

,x⟩ −
a
(0)
iℓ

βγ

σ̃

∑
j∈A
⟨Mj ,x⟩

∣∣∣∣∣∣ (A.232)

≤
∣∣∣a(1)iℓ

∣∣∣ ϵϕ +
∣∣∣a(1)iℓ

− a
(0)
iℓ

∣∣∣ kγ
σ̃2

(A.233)

≤ O

(
σ̃2

k2γ
+ η(1)σw

√
log(Dm/δ)

)(
k2γ

m2σ̃2
+

γϵe
m2σ̃

+
γ

mσ̃2

)
(A.234)

+O
(
η(1)σw

√
log(Dm/δ)

) kγ

σ̃2
(A.235)

≤ O

(
1

m

)
. (A.236)

We also have by Lemma A.2.12 and A.2.15:

|b(2)
iℓ
− b

(0)
iℓ
| ≤ O

(
η(1)|a(0)iℓ

|ϵe + |a(1)iℓ
|
(
1

σ̃
exp(−Θ(k)) + ϵe2

))
≤ O

(
1

m

)
. (A.237)
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Now, construct ã such that ãiℓ =
2a∗

ℓ |b
∗
ℓ |

|b(0)iℓ
|na

for each ℓ and each iℓ ∈ Iℓ, and ãi = 0

elsewhere. Then

|g̃(x)− 2g∗(x)| (A.238)

=

∣∣∣∣∣∣
3(k+1)∑
ℓ=1

∑
iℓ∈Iℓ

ãiℓσ
(
⟨w(2)

iℓ
,x⟩+ b

(2)
iℓ

)
−

3(k+1)∑
ℓ=1

2a∗ℓσ (⟨w∗
ℓ ,x⟩+ b∗

ℓ )

∣∣∣∣∣∣ (A.239)

=

∣∣∣∣∣∣
3(k+1)∑
ℓ=1

∑
iℓ∈Iℓ

2a∗ℓ |b∗
ℓ |

|b(0)iℓ
|na

σ
(
⟨w(2)

iℓ
,x⟩+ b

(2)
iℓ

)
−

3(k+1)∑
ℓ=1

∑
iℓ∈Iℓ

2a∗ℓ |b∗
ℓ |

|b(0)iℓ
|na

σ

(
|b(0)iℓ
|

|b∗
ℓ |
⟨w∗

ℓ ,x⟩+ b
(0)
iℓ

)∣∣∣∣∣∣ (A.240)

≤

∣∣∣∣∣∣
3(k+1)∑
ℓ=1

∑
iℓ∈Iℓ

1

na

2a∗ℓ |b∗
ℓ |

|b(0)iℓ
|
σ
(
⟨w(2)

iℓ
,x⟩+ b

(2)
iℓ

)
− 2a∗ℓ |b∗

ℓ |
|b(0)iℓ
|
σ

a
(0)
iℓ

βγ

σ̃

∑
j∈A

⟨Mj ,x⟩+ b
(0)
iℓ

∣∣∣∣∣∣
(A.241)

+

∣∣∣∣∣∣
3(k+1)∑
ℓ=1

∑
iℓ∈Iℓ

1

na

2a∗ℓ |b∗
ℓ |

|b(0)iℓ
|
σ

a
(0)
iℓ

βγ

σ̃

∑
j∈A

⟨Mj ,x⟩+ b
(0)
iℓ

− 2a∗ℓ |b∗
ℓ |

|b(0)iℓ
|
σ

(
|b(0)iℓ
|

|b∗
ℓ |
⟨w∗

ℓ ,x⟩+ b
(0)
iℓ

)∣∣∣∣∣∣
(A.242)

≤ 3(k + 1)max
ℓ

2a∗ℓ |b∗
ℓ |

|b(0)
iℓ
|
O

(
1

m

)
+ (A.243)

3(k + 1)max
ℓ

2a∗ℓ |b∗
ℓ |

|b(0)
iℓ
|

σ̃|b(0)
iℓ
|

4k|b∗
ℓ |

∣∣∣∣∣4ka
(0)
iℓ

βγ|b∗
ℓ |

σ̃2|b(0)
iℓ
|
− 1

∣∣∣∣∣ kσ̃ (A.244)

= O

(
k4

m
+ k2ϵa

)
(A.245)

≤ 1. (A.246)

Here the second equation follows from that σ is positive-homogeneous in [0, 1], |⟨w∗
ℓ ,x⟩+

b∗
ℓ | ≤ 1, |b(0)

iℓ
|/|b∗

ℓ | ≤ 1. This guarantees yg̃(x) ≥ 1. Changing the scaling of δ leads to the

statement.

Finally, the bounds on ã follow from the above calculation. The bound on ∥a(2)∥2

follows from Lemma A.2.16, and those on ∥w(2)
i ∥2 and ∥b(2)

i ∥2 follow from (A.215)(A.216)

and the bounds on a
(1)
i and b

(1)
i in Lemma A.2.12.

A.2.6 Classifier Learning Stage

Once we have a set of good features, we are now ready to prove that the later steps will

learn an accurate classifier. The intuition is that the first layer’s weights do not change
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much and the second layer’s weights get updated till achieving good accuracy. In particular,

we will employ the online optimization technique from [63].

We begin by showing that the first layer’s weights do not change too much.

Lemma A.2.18. Assume the same conditions as in Lemma A.2.17. Suppose for t > 2,

λ
(t)
a = λ

(t)
w = λ, η(t) = η for some λ, η ∈ (0, 1), and σ

(t)
ξ = 0. Then for any t > 2 and

i ∈ [2m],

|a(t)i | ≤ ηt+O

(
1

km2

)
, (A.247)

∥w(t)
i −w

(2)
i ∥2 ≤ O

(
tηλσ̃

k

)
+ η2t2 +O

(
t

km2

)
, (A.248)

|b(t)
i − b

(2)
i | ≤ O

(
tηλ

k2

)
+ η2t2 +O

(
t

km2

)
. (A.249)

Proof of Lemma A.2.18. First, we bound the size of |a(t)i |:

|a(t)i | =
∣∣∣∣(1− 2ηλ)a

(t−1)
i − η

∂

∂ai
LD(g

(t−1))

∣∣∣∣ (A.250)

≤
∣∣∣(1− 2ηλ)a

(t−1)
i − ηE(x,y)∼D

{
yI[yg(t−1)(x) ≤ 1]σ(⟨w(t−1)

i ,x⟩+ b
(t−1)
i )

}∣∣∣
(A.251)

≤ |a(t−1)
i |+ η (A.252)

which leads to

|a(t)i | ≤ ηt+ |a(2)i | (A.253)
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where |a(2)i | = O
(

1
km2

)
. We are now to bound the change of w(t)

i and b
(t)
i .

∥w(t)
i −w

(2)
i ∥2 (A.254)

=

∥∥∥∥(1− 2ηλ)w
(t−1)
i − η

∂

∂wi
LD(g

(t−1))−w
(2)
i

∥∥∥∥
2

(A.255)

≤

∥∥∥∥∥(1− 2ηλ)w
(t−1)
i (A.256)

+ ηa
(t−1)
i E(x,y)∼D

{
yI[yg(t−1)(x) ≤ 1]I[⟨w(t−1)

i ,x⟩+ b
(t−1)
i ∈ (0, 1)]x

}
−w

(2)
i

∥∥∥∥∥
2

(A.257)

≤
∥∥∥(1− 2ηλ)w

(t−1)
i −w

(2)
i

∥∥∥
2

(A.258)

+ η
∥∥∥a(t−1)

i E(x,y)∼D

{
yI[yg(t−1)(x) ≤ 1]I[⟨w(t−1)

i ,x⟩+ b
(t−1)
i ∈ (0, 1)]x

}∥∥∥
2

(A.259)

≤ (1− 2ηλ)
∥∥∥w(t−1)

i −w
(2)
i

∥∥∥
2
+ 2ηλ

∥∥∥w(2)
i

∥∥∥
2
+ η

∣∣∣a(t−1)
i

∣∣∣ (A.260)

leading to

∥w(t)
i −w

(2)
i ∥2 ≤ 2tηλ

∥∥∥w(2)
i

∥∥∥
2
+ η2t2 + t|a(2)i |. (A.261)

Note that ∥w(2)
i ∥2 = O(σ̃/k).

|b(t)
i − b

(2)
i | =

∣∣∣∣b(t−1)
i − η

∂

∂bi
LD(g

(t−1))− b
(2)
i

∣∣∣∣ (A.262)

≤
∣∣∣b(t−1)

i − b
(2)
i

∣∣∣ (A.263)

+ η
∣∣∣a(t−1)

i E(x,y)∼D

{
yI[yg(t−1)(x) ≤ 1]I[⟨w(t−1)

i ,x⟩+ b
(t−1)
i ∈ (0, 1)]

}∣∣∣
(A.264)

≤
∣∣∣b(t−1)

i − b
(2)
i

∣∣∣+ η
∣∣∣a(t−1)

i

∣∣∣ (A.265)

leading to

|b(t)
i − b

(2)
i | ≤ η2t2 + t|a(2)i |. (A.266)
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Note that
∣∣∣b(2)

i

∣∣∣ = O(1/k2).

Lemma A.2.19. Assume the same conditions as in Lemma A.2.18. Let g
(t)
ã (x) =∑m

i=1 ãiσ(⟨w
(t)
i ,x⟩+ b

(t)
i ). Then

|ℓ(g(t)ã (x), y)− ℓ(g
(2)
ã (x), y)| ≤ ∥ã∥2

√
∥ã∥0

(
O

(
tηλσ̃

k

)
+ η2t2 +O

(
t

km2

))
. (A.267)

Proof of Lemma A.2.19. It follows from that

|ℓ(g(t)ã (x), y)− ℓ(g
(2)
ã (x))| (A.268)

≤ |g(t)ã (x)− g
(2)
ã (x)| (A.269)

≤ ∥ã∥2
√
∥ã∥0 max

i∈[2m]

∣∣∣σ(⟨w(t)
i ,x⟩+ b

(t)
i )− σ(⟨w(2)

i ,x⟩+ b
(2)
i )
∣∣∣ (A.270)

≤ ∥ã∥2
√
∥ã∥0 max

i∈[2m]

(∣∣∣⟨w(t)
i −w

(2)
i ,x⟩

∣∣∣+ ∣∣∣b(t)
i − b

(2)
i

∣∣∣) . (A.271)

and Lemma A.2.18.

A.2.7 Proof of Theorem 2.2.1

Based on the above lemmas, following the same argument as in the proof of Theorem 2

in [63], we get our main theorem.

Theorem A.2.20 (Full version of Theorem 2.2.1). Set

η(1) =
γ2σ̃2

km3
, λ

(1)
a = 0, λ

(1)
w = 1/(2η(1)), σ

(1)
ξ = 1/k2, (A.272)

η(2) = 1, λ
(2)
a = λ

(2)
w = 1/(2η(2)), σ

(2)
ξ = 1/k2, (A.273)

η(t) = η =
k2

Tm1/3
, λ

(t)
a = λ

(t)
w = λ ≤ k3

σ̃m1/3
, σ

(t)
ξ = 0, for 2 < t ≤ T. (A.274)

For any δ ∈ (0, 1), if po = Ω(k2/D), k = Ω
(
log2

(
D
δγ

))
, max{Ω(k4), D} ≤ m ≤ poly(D),
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then we have for any D ∈ FΞ, with probability at least 1− δ, there exists t ∈ [T ] such that

Pr[sign(g(t)(x)) ̸= y] ≤ LD(g
(t)) = O

(
k8

m2/3
+

k3T

m2
+

k2m2/3

T

)
. (A.275)

Consequently, for any ϵ ∈ (0, 1), if T = m4/3, and max{Ω(k12/ϵ3/2), D} ≤ m ≤ poly(D),

then

Pr[sign(g(t)(x)) ̸= y] ≤ LD(g
(t)) ≤ ϵ. (A.276)

Proof of Theorem 2.2.1. Consider L̃D(g
(t)) = E[ℓ(g(t), y)] + λ

(t)
a ∥a(t)∥22. Note that the

gradient update using L̃D(g
(t)) is the same as the update in our learning algorithm. Then

by Theorem A.2.21, Lemma A.2.17, and Lemma A.2.19,

1

T

T∑
t=3

L̃D(g
(t)) ≤ ∥ã∥

2
2

2
+ ∥ã∥2

√
∥ã∥0

(
O

(
Tηλσ̃

k

)
+ η2T 2 +O

(
T

km2

))
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+
∥ã∥22
2ηT

+ ∥a(2)∥2
√
m+ ηm (A.278)

≤ O

(
k9

m
+ k4η2T 2 +

k3T

m2
+

k9

ηTm
+ ηm

)
. (A.279)

≤ O

(
k8

m2/3
+

k3T

m2
+

k2m2/3

T

)
. (A.280)

The statement follows from that 0-1 classification error is bounded by the hinge-loss.

Theorem A.2.21 (Theorem 13 in [63]). Fix some η, and let f1, . . . , fT be some sequence

of convex functions. Fix some θ1, and assume we update θt+1 = θt − η∇ft(θt). Then for

every θ∗ the following holds:

1

T

T∑
t=1

ft(θt) ≤
1

T

T∑
t=1

ft(θ
∗) +

1

2ηT
∥θ∗∥22 + ∥θ1∥2

1

T

T∑
t=1

∥∇ft(θt)∥2 + η
1

T

T∑
t=1

∥∇ft(θt)∥22.

(A.281)
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A.3 Lower Bound for Linear Models on Fixed Feature Map-

pings

Theorem A.3.1 (Restatement of Theorem 2.2.2). Suppose Ψ is a data-independent feature

mapping of dimension N with bounded features, i.e., Ψ : X→ [−1, 1]N . Define for B > 0:

HB = {h(x̃) : h(x̃) = ⟨Ψ(x̃), w⟩, ∥w∥2 ≤ B}. (A.282)

Then, if 3 < k ≤ D/16 and k is odd, then there exists D ∈ FΞ such that all h ∈ HB have

hinge-loss at least po

(
1−

√
2NB
2k

)
.

Proof of Theorem 2.2.2. We first show that FΞ contains some distributions that are essen-

tially sparse parity learning problems, and then we invoke the lower bound result from

existing work for such problems.

Consider D defined as follows.

• Let P = {i ∈ [k] : i is odd}. That is, if there are odd numbers of 1’s in ϕ̃A, then

y = +1.

• Let D(0)

ϕ̃
be a distribution where all entries ϕ̃j are i.i.d. with Pr[ϕ̃j = 0] = Pr[ϕ̃j =

1] = 1/2. Let D(0) be the distribution over (x̃, y) induced by D(0)

ϕ̃
and the above P .

• Let D(1)

ϕ̃
be a distribution where all entries ϕ̃j for j ̸∈ A are i.i.d. with Pr[ϕ̃j = 1] =

po/(2− 2po), while Pr[ϕ̃A = (0, 0, . . . , 0)] = Pr[ϕ̃A = (1, 1, . . . , 1)] = 1/2. Let D(1) be

the distribution over (x̃, y) induced by D(1)

ϕ̃
and the above P .

• Let Dmix
A = poD(0) + (1− po)D(1).

It can be verified that such distributions are included in FΞ for γ = Θ(1).

Assume for contradiction that for all D ∈ FΞ, there exists h∗ ∈ HB such that h = ⟨Ψ, w∗⟩

loss smaller than po

(
1−

√
2NB
2k

)
. Then for all the distributions Dmix

A defined above, we
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have

ED(0) [ℓ(h∗(x̃), y)] < 1−
√
2NB

2k
. (A.283)

Now let Dz be a distribution over z ∈ {−1,+1}D with i.i.d. entries zj and Pr[zj =

−1] = Pr[zj = +1] = 1/2. Let fA(z) =
∏

j∈A zj be the k-sparse parity functions. Let

Ψ′(z) = Ψ(M(z + 1)/2). Then we have h′(z) = ⟨Ψ′(z), w∗⟩ such that for all A,

EDz [ℓ(h
′(z), fA(z))] < 1−

√
2NB

2k
. (A.284)

This is contradictory to Theorem A.3.2.

The following theorem is implicit in the proof in Theorem 1 in [63].

Theorem A.3.2. For a subset A ⊆ [D] of size k, let the distribution DA over (z, y) defined

as follows: z is uniform over {±1}D and y =
∏

i∈A zi. Fix some Ψ : {±1}D → [−1,+1]N ,

and define:

HB
Ψ = {z → ⟨Ψ(z), w⟩ : ∥w∥2 ≤ B}.

If k is odd and k ≤ D/16, then there exists some A such that

min
h∈HB

Ψ

EDA
[ℓ(h(z), y)] ≥ 1−

√
2NB

2k
.

We now prove the corollary.

Corollary A.3.3 (Restatement of Corollary 2.2.3). For any function f using a shift-

invariant kernel K with RKHS norm bounded by L, or f(x) =
∑

i αiK(zi, x) for some data

points zi and ||α||2 ≤ L. If 3 < k ≤ D/16 and k is odd, then there exists D ∈ FΞ such that

f have hinge-loss at least po(1− poly(d,L)
2k

)− 1
poly(d,L) .

Proof. By Claim 1 in [224], for any ν > 0, there exists N = poly(d, 1/ν) Fourier features

Ψj that can approximate the shift-invariant kernel up to error ν. For any ϵ > 0, consider∑
i αi⟨Ψ(zi),Φ(x)⟩ = ⟨

∑
i αiΨ(zi),Ψ(x)⟩. Let w =

∑
i αiΨ(zi) and let ν = O( ϵ

L), then
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⟨Ψ(x), w⟩ approximates f(x) upto error ϵ and N = poly(d, L, 1/ϵ) and the norm of w

bounded by B = poly(d, L, 1/ϵ). The reasoning is the same for f in the RKHS form,

replacing sum with integral. By Theorem 2.2.2, ⟨Ψ(x), w⟩ has hinge-loss at least p0(1−
√
2NB
2k

). Thus, the function f has loss at least p0(1− poly(d,L,1/ϵ)
2k

)− ϵ. Choose ϵ = 1
poly(d,L) ,

we get the bound.

A.4 Lower Bound for Learning without Input Structure

First recall the Statistical Query model [142]. In this model, the learning algorithm

can only receive information about the data through statistical queries. A statistical

query is specified by some property predicate Q of labeled instances, and a tolerance

parameter τ ∈ [0, 1]. When the algorithm asks a statistical query (Q, τ), it receives a

response P̂Q ∈ [PQ − τ, PQ + τ ], where PQ = Pr[Q(x, y) is true]. Q is also required to be

polynomially computable, i.e., for any (x, y) Q(x, y) can be computed in polynomial time.

Notice that a statistical query can be simulated by empirical average of a large random

sample of data of size roughly O(1/τ2) to assure the tolerance τ with high probability.

[35] introduces the notion of Statistical Query dimension, which is convenient for our

purpose.

Definition A.4.1 (Definition 2 in [35]). For concept class C and distribution D, the

statistical query dimension SQ-DIM(C,D) is the largest number d such that C contains d

concepts c1, . . . , cd that are nearly pairwise uncorrelated: specifically, for all i ̸= j,

| Pr
x∼D

[ci(x) = cj(x)]− Pr
x∼D

[ci(x) ̸= cj(x)]| ≤ 1/d3. (A.285)

Theorem A.4.2 (Theorem 12 in [35]). In order to learn C to error less than 1/2− 1/d3

in the Statistical Query model, where d = SQ-DIM(C,D), either the number of queries or

1/τ must be at least 1
2d

1/3.

We now use the above tools to prove our lower bound.
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Theorem A.4.3 (Restatement of Theorem 2.2.4). For any algorithm in the Statistical

Query model that can learn over FΞ0 to error less than 1
2 −

1

(Dk)
3 , either the number of

queries or 1/τ must be at least 1
2

(
D
k

)1/3
.

Proof of Theorem 2.2.4. Consider the following concept class and marginal distribution:

• Let D be the distribution over x̃, given by x̃ = Mϕ̃ and ϕ̃j are i.i.d. with Pr[ϕ̃j =

0] = Pr[ϕ̃j = 1] = 1/2.

• Let C be the class of functions y = gA(ϕ̃) = I[
∑

j(1− ϕ̃j) is odd] for different A ⊆ [D].

The distributions over (x̃, y) induced by (C,D) are a subset of FΞ0 . It is then sufficient to

show that SQ-DIM(C,D) ≥
(
D
k

)
.

It is easy to see that C are essentially the sparse parity functions: if zj = 2ϕ̃j − 1, then

gA(ϕ̃) =
∏

j∈A zj . This then implies that the gA’s are uncorrelated, so SQ-DIM(C,D) ≥(
D
k

)
.
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A.5 Complete Experimental Results

Our experiments mainly focus on feature learning and the effect of the input structure. We

first perform simulations on our learning problems to (1) verify our main theorems on the

benefit of feature learning and the effect of input structure (2) verify our analysis of feature

learning in networks. We then check if our insights carry over to real data: (3) whether

similar feature learning is presented in real network/data; (4) whether damaging the input

structure lowers the performance. The results are consistent with our analysis and provide

positive support for the theory.

The experiments were ran 5 times with different random seeds, and the average results

(accuracy) are reported. The standard deviations of the results are smaller than 0.5%

and thus we do not present them for clarity. The hardware specifications are 4 Intel(R)

Core(TM) i7-7700HQ CPU @ 2.80GHz, 16 GB RAM, and one NVIDIA GPU GTX1080.

A.5.1 Simulation

We train a two-layer network following our learning process. We use two fixed feature

methods: the NTK [79] and random feature (RF) methods based on the same network

and random initialization as the network learning. More precisely, in the NTK method, we

randomly initialize the network and take its NTK and learn a classifier on it. In the RF

method, we freeze the first layer of the network, and train the second layer (on the random

features given by the frozen neurons). The training step number is the same as that in

network learning. We also test these three methods on the data distribution with input

structure removed (i.e., FΞ0 in Theorem 2.2.4). For comparison, we take the representation

of our two-layer network at step one/step two, named One Step/Two Step (fix the weight

of the 1st layer after the first step/second step to train the weight of the second layer), and

train the best classifiers on top of them.

Recall that our analysis is on the directions of the weights without considering their

scaling, and thus it is important to choose cosine similarity rather than the typical ℓ2

distance. Thus, we use metric Cos Similarity max{i∈[2m]} cos(wi,
∑

j∈AMj) in our tables,
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and use Multidimensional Scaling to plot the weights distribution. The simulation dataset

size is 50000. During training, the batch size is 1000, while for the first two steps we use the

approximate full gradient (batch size is 50000). Each step is corresponding to one weights

update.

Parity Labeling

Setting. We generate data according to the parity function data distributions used in our

proof of the lower bound for fixed features (Theorem 2.2.2), with d = 500, D = 100, k =

5, po = 1/2, with a randomly sampled A. More precisely, we consider D defined as follows.

• Let P = {i ∈ [k] : i is odd}. That is, if there are odd numbers of 1’s in ϕ̃A, then

y = +1.

• Let D(0)

ϕ̃
be a distribution where all entries ϕ̃j are i.i.d. with Pr[ϕ̃j = 0] = Pr[ϕ̃j =

1] = 1/2. Let D(0) be the distribution over (x̃, y) induced by D(0)

ϕ̃
and the above P .

• Let D(1)

ϕ̃
be a distribution where all entries ϕ̃j for j ̸∈ A are i.i.d. with Pr[ϕ̃j = 1] =

po/(2− 2po), while Pr[ϕ̃A = (0, 0, . . . , 0)] = Pr[ϕ̃A = (1, 1, . . . , 1)] = 1/2. Let D(1) be

the distribution over (x̃, y) induced by D(1)

ϕ̃
and the above P .

• Let Dmix
A = poD(0) + (1− po)D(1).

The network and the training follow Section 2.1, where the network size is m = 300

and the training time T = 600 steps.

Model Network NTK RF One Step Two Step Network w/o structure
Train Acc (%) 100.0 84.0 74.7 51.3 100.0 100.0
Test Acc (%) 100.0 86.4 76.0 52.2 100.0 52.0
Cos Similarity 0.997 NA 0.114 0.848 0.997 0.253

Table A.1: Parity labeling results in six methods. The cosine similarity is computed between
the ground-truth

∑
j∈AMj and the closest neuron weight.

Verification of the Main Results. Figure A.1 shows that the results are consistent

with our analysis. Network learning gets high test accuracy while the two fixed feature
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Figure A.1: Test accuracy on simulated data under parity labeling with or without input
structure.

Figure A.2: Visualization of the weights wi’s after initialization/one gradient step/two
gradient steps in network learning under parity labeling. The red star denotes the ground-
truth

∑
j∈AMj ; the orange star is −

∑
j∈AMj . The red dots are the weights closest to

the red star after two steps; the orange ones are for the orange star.

methods get significantly lower accuracy. Furthermore, when the input structure is removed,

all three methods get test accuracy similar to random guessing.

Feature Learning in Networks. Figure A.2 shows that the results are as predicted

by our analysis. After the first gradient step, some weights begin to cluster around the

ground-truth
∑

j∈AMj (or −
∑

j∈AMj due to we have ai in the gradient update which can

be positive or negative). After the second step the weights get improved and well-aligned

with the ground-truth (with cosine similarity > 0.99).

Table A.1 shows the results for different methods. Recall that the Cos Similarity metric

is max{i∈[2m]} cos(wi,
∑

j∈AMj), which reports the cosine value of the closest one. One
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Step refers to the method where we take the neurons after one gradient step, freeze their

weights, and train a classifier on top; similar for Two Step. One Step gets test accuracy

about 52%, while Two Step gets accuracy about 100%. This demonstrates that while some

effective feature emerge in the first step, they need to be improved in the second step for

accurate prediction. NTK, random feature, One Step all failed, while Network and Two

Step can achieve 100% test accuracy. Network w/o structure refers to training the network

on data without the input structure. It overfits the training dataset with 52% test accuracy.

Interval Labeling

Figure A.3: Test accuracy on simulated data under interval labeling with or without input
structure.

Figure A.4: Visualization of the weights wi’s after initialization/one gradient step/two
gradient steps in network learning under interval labeling. The red star denotes the ground-
truth

∑
j∈AMj ; the orange star is −

∑
j∈AMj . The red dots are the weights closest to

the red star after two steps; the orange ones are for the orange star.
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Model Network NTK RF One Step Two Step Network w/o structure
Train Acc (%) 100.0 100.0 76.4 44.1 100.0 100.0
Test Acc (%) 100.0 100.0 73.2 41.0 100.0 100.0
Cos Similarity 1.00 NA 0.153 0.901 0.994 0.965

Table A.2: Interval labeling results in six methods.

Setting. We also tried interval function, where y = 1 if
∑

i∈A ϕ̃i is in the range [t1, t2]

with t1 = 20 and t2 = 30, otherwise y = −1. We use d = 500, D = 100, k = 30. The ϕ̃i’s

are independent, and Pr[ϕ̃i = 1] = 2/3 for any i ∈ A, and Pr[ϕ̃i = 1] = 1/2 otherwise.

When the input structure is removed, we set Pr[ϕ̃i = 1] = 1/2 for all i’s.

The network and training again follows Section 2.1 with a network size m = 100 and

the training time T = 200 steps.

Verification of the Main Results. Figure A.3 shows that network learning learns the

fastest, NTK learns slower but reaches similar test accuracy, while random feature can only

reach a decent but lower accuracy. This is because for such simpler labeling functions, fixed

feature methods can still achieve good performance (note that the lower bound does not

hold for such a case), while the performance depends on what fixed features to use.

Furthermore, when the input structure is removed, the methods still get similar (or only

slightly worse) performance as with input structure. This shows that when the labeling

function is simple, the help of the input structure for learning may not be needed. In the

experiments on real data, we will show that when the input structure is changed, it indeed

leads to lower performance which suggests that the labeling function in practice is typically

more complicated than this interval labeling setting, and the help of the input structure is

significant for learning.

Feature Learning in Networks. Figure A.4 shows the phenomenon of feature learning

similar to that in the parity labeling setting. Table A.2 shows the test accuracy of six

different methods. Random feature and One Step failed, while Network, NTK and Two

Step succeed showing that interval labeling setting is a simpler case than parity labeling
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setting.

A.5.2 More Simulation Result in Various Settings

We show the robustness of our simulation results by studying the learning behaviors in a

variety of settings including different sample size, input data dimension and class imbalance.

We reuse the same setting as the simulation in the main text (details in A.5.1), vary different

parameters, and report the accuracy, the cosine similarities between the learned weights,

and the visualization of the neuron weights.

Varying Input Data Dimension

In the simulation experiments in the main text, the input data dimension d is 500. Here we

change the input data dimension to 100 and 2000. All other configurations follow A.5.1.

Verification of the Main Results. Figure A.5 shows that our claim is robust under

different input data dimensions. The performance of network learning is superior over NTK

and random feature approaches on inputs with structure, and on inputs without structure,

all three methods fail.

(a) d = 100 (b) d = 2000

Figure A.5: Test accuracy on simulated data under different input data dimensions.

Feature Learning in Networks. Figure A.6 visualizes the neuron weights. It shows

similar results to that in A.5.1: the weights gets updated to to the effective feature in the
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Figure A.6: Visualization of the weights wi’s in early steps under different input data
dimensions. Upper row: input data dimension d = 100; lower row: d = 2000.

d = 100 Network NTK RF One Step Two Step Network w/o structure
Train Acc 100.0 83.1 78.9 53.0 100.0 100.0
Test Acc 100.0 81.5 78.3 51.1 100.0 51.0

Cos Similarity 1.000 NA 0.354 0.967 1.000 0.331

d = 2000 Network NTK RF One Step Two Step Network w/o structure
Train Acc 100.0 75.6 80.0 50.22 100.0 100.0
Test Acc 100.0 75.4 77.0 50.01 100.0 52.5

Cos Similarity 0.998 NA 0.056 0.560 0.998 0.309

Table A.3: Results of six methods for different input data dimensions. The cosine similarity
is computed between the ground-truth

∑
j∈AMj and the closest neuron weight.

first two steps, forming clusters. Table A.3 shows some quantitative results. In particular,

the average cosine similarities between neuron weights and the effective features after two

steps are close to 1, showing that they match the effective features.

Varying Class Imbalance Ratio

The experiments in the main text has 25000 training samples for each class. Here we keep

the total sample size 50000 but use different class imbalance ratios, which is the class −1

sample size divide by the total sample size.
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Verification of the Main Results. Figure A.7 shows that our claim is robust under

different class imbalance ratios. The results are similar to those for balanced classes, except

that NTK becomes less stable.

(a) Negative class ratio = 0.8 (b) Negative class ratio = 0.9

Figure A.7: Test accuracy on simulated data under different negative class ratios.

Figure A.8: Visualization of the weights wi’s in early steps under different class imbalance
ratios. Upper row: negative class ratio 0.8; lower row: 0.9.

Feature Learning in Networks. Figure A.8 visualizes the neurons’ weights. Again,

the observation is similar to that for balanced classes. Table A.4 shows some quantitative

results which are also similar to those for balanced classes.
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ratio = 0.8 Network NTK RF One Step Two Step Network w/o structure
Train Acc 100.0 62.9 72.7 78.3 100.0 100.0
Test Acc 100.0 82.7 70.4 75.7 100.0 61.7

Cos Similarity 0.999 NA 0.293 0.950 0.999 0.218

ratio = 0.9 Network NTK RF One Step Two Step Network w/o structure
Train Acc 100.0 84.0 73.6 92.3 100.0 100.0
Test Acc 100.0 81.7 72.4 89.2 100.0 71.8

Cos Similarity 0.997 NA 0.296 0.956 0.997 0.286

Table A.4: Results of six methods under different negative class ratios.

Varying Sample Size

Here we change the sample size 50000 in Section A.5.1 to be 25000 and 10000. For sample

size 25000, we observe similar results. For sample size 10000, we observe over-fitting (test

accuracy much lower than train accuracy). Therefore, for sample size 10000 we reduces the

size of the network (i.e., number of hidden neurons) from m = 300 to m = 50.

Verification of the Main Results. Figure A.9 shows that our claim is robust under

different sample sizes. In particular, the network learning still outperforms the NTK and

random feature approaches on structured inputs.

(a) n = 25000 (b) n = 10000

Figure A.9: Test accuracy on simulated data under different sample sizes n.

Feature Learning in Networks. Figure A.10 and Table A.5 show that the phenomenon

of feature learning for different samples is similar to that in A.5.1.
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Figure A.10: Visualization of the weights wi’s in early steps under different sample sizes.
Upper row: sample size 25000; lower row: 10000.

n = 25000 Network NTK RF One Step Two Step Network w/o structure
Train Acc 100.0 84.0 78.6 50.6 100.0 100
Test Acc 100.0 84.1 74.7 50.0 100.0 50.2

Cos Similarity 0.997 NA 0.105 0.851 0.997 0.230

n = 10000 Network NTK RF One Step Two Step Network w/o structure
Train Acc 100.0 73.9 71.6 50.7 100.0 100.0
Test Acc 100.0 75.0 74.3 50.3 100.0 52.2

Cos Similarity 0.995 NA 0.096 0.974 0.994 0.176

Table A.5: Results of six methods for different sample size.

A.5.3 Experiments on More Data Generation Models

In this section we consider some additional data distributions and run the simulation

experiments, in particular, focusing on the feature learning phenomenon. Note that our

analysis is for the setting where the input distributions have structure revealing some

information about the labeling function. (More precisely, the labeling function is specified

by A and P , while the input distribution also depends on them.) We therefore consider

two other data generation mechanisms where the labeling function also has connections to

the input distributions.
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Hidden Representation Labeling

Here we consider the following data model: first uniformly at random select ϕ̃A from a set

of binary vectors, and assign label 1 to some and -1 to others; sample irrelevant patterns

ϕ̃−A uniformly at random; generate the input x = Mϕ̃. We randomly select 50 binary

vectors for each label, with d = 500, D = 250, k = 50, po = 1/2.

This is a generalization of the distribution D(1), a component in the distribution of our

simulation experiments (see the proof of Theorem 2.2.2 for details). Recall the definition

of D(1): ϕ̃A is uniform on only two values [+1, . . . ,+1] and [0, . . . , 0], and uniform over

irrelevant patterns; the value [+1, . . . ,+1] corresponds to one class and [0, . . . , 0] correspond

to another class. Our data model here generalizes D(1) to more than 2 values.

The visualization is shown in Figure A.11. We can observe similar feature learning

phenomena, and the neuron weights are updated to form clusters.

Figure A.11: Visualization of the weights wi’s after initialization/one gradient step/two
gradient steps in network learning under hidden representation labeling.

Two-layer Networks on Mixture of Gaussians

To further support our intuition of feature learning, we run experiments on mixture of

Gaussians.

Data. Let X = Rd be the input space, and Y = {±1} be the label space. Suppose

M ∈ Rd×k is an dictionary with k orthonormal columns. Let εi, i = 1, . . . , k be i.i.d

symmetric Bernoulli random variables, and g ∼ N (0, σ2
r
k
d Id). Then we generate the input
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x and class label y by:

x =
k∑

i=1

εiM:i + g, y =
k∏

i=1

εi (A.286)

In this case, 2k Gaussian clusters will be created. The centers of the Gaussian clusters∑k
i=1±M:i lie on the vertices of a hyper cube, and the label of each Gaussian cluster is

determined by the parity function on the vertices of the hyper cube.

Note that the labeling function is roughly equivalent to a network: y =
∑n

i=1 aiReLU(⟨ci,x⟩)

where ci’s are the Gaussian centers, and ai ∝ 1 for Gaussian components with label 1 and

ai ∝ −1 for those with label -1.

Setting. We then train a two-layer network with m = 800 hidden neurons on data sets

generated as above with different chosen k’s and d’s. The training follows typical practice

(not the hyperparameters in our analysis). In this setting, we expect the neural network to

learn the effective features: the directions of Gaussian cluster centers.

Result. We run experiments with different settings. The parameters are shown in Table

A.6. From Figure A.12 we can see that some neurons learn the directions of Gaussian centers,

and each Gaussian center is covered by some neurons, which matches our expectation.

Parameters d k Number of Clusters σr
Experiment 1 100 4 16 1
Experiment 2 25 4 16 0.7
Experiment 3 100 5 32 1

Table A.6: Gaussian mixture setting.

A.5.4 Real Data: Feature Learning in Networks

We take the subset of MNIST [68] with labels 0/1, CIFAR10 [147] with labels air-

plane/automobile and SVHN [198] with labels 0/1, and train a two-layer network with

m = 50. We use traditional weight initialization method (random Gaussian) and training
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(a) Experiment 1 with epoch 0/50/80

(b) Experiment 2 with epoch 0/30/50

(c) Experiment 3 with epoch 0/50/80

Figure A.12: Visualization of the weights wi’s (blue dots) and Gaussian centers (red for
positive labeled clusters and orange for negative labeled clusters).

Figure A.13: Visualization of the neurons’ weights in a two-layer network trained on the
subset of MNIST data with label 0/1. The weights gradually form two clusters.

method (SGD with momentum = 0.95 without regularization) in this section, for our

purpose of investigating the training dynamics in practice.
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Figure A.14: Visualization of the neurons’ weights in a two-layer network trained on the
subset of CIFAR10 data with label airplane/automobile. The weights gradually form two
clusters.

Figure A.15: Visualization of the neurons’ weights in a two-layer network trained on the
subset of SVHN data with label 0/1. The weights gradually form four clusters.

Then we visualize the neurons’ weights following the same method in the simulation.

Figure A.13, Figure A.14 and Figure A.15 show a similar feature learning phenomenon:

effective features emerge after a few steps, and then get improved to form clusters. This

shows the insights obtained on our learning problems are also applicable to the real data.

CNNs on Binary Cifar10: Feature Learning in Networks

Setting. We use ResNet(m), which is a ResNet-18 convolutional neural network [120]

with m filters in the first residual block. It is obtained by scaling the number of filters

in each block proportionally from the standard ResNet-18 network which is ResNet(64).

We use ResNet(128) and ResNet(256) in this experiment. We train our model on Binary

CIFAR10 [147] with labels airplane/automobile for 20 epochs. The final test accuracy of

ResNet(128) is 95.75% and that of ResNet(256) is 93.8%.
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cos(v1, v̄) cos(v2, v̄) cos(v3, v̄) cos(v1, v2) cos(v1, v3) cos(v2, v3)

ResNet(128) 0.9727 0.8655 0.6549 0.7454 0.5083 0.6533
ResNet(256) 0.8646 0.9665 0.9121 0.7087 0.6919 0.9135

Table A.7: Cosine similarities between the gradients in the early steps. We choose the
neuron weight closest to the average weight of the green cluster at the end of the training
(in Figure A.16 for ResNet(128) and Figure A.17 for ResNet(256)). We record the gradients
of the first 30 steps and divide them to three trunks of 10 steps evenly and sequentially.
For the three trunks, we get the average gradients v1, v2, v3. We calculate their cosine
similarities to their average v̄ = (v1 + v2 + v3)/3 and those between them.

Results. Figure A.16 visualizes the filters’ weights of different residual blocks in ResNet(128)

at Epoch 0, 3, and 20, and Figure A.17 shows those in ResNet(256). They show that

feature learning happens in the early stage, and show that there are some clusters of weights

(e.g., the red and green points). These colored points are selected at Epoch 20. We first

visualize the weights at Epoch 20, and then hand pick the points that roughly form two

clusters (i.e., the points in the same cluster are close to each other while those in different

clusters are far away). We assign red and green colors to the two clusters at Epoch 20, and

then assign these weights with the same color in Epoch 0 and 3. Finally, we compute the

cosine similarities and show that the hand picked points are indeed roughly clusters in the

high-dimension.

In particular, we have the following three observations.

First, we can see that the filter weights change significantly during the early stage of

the training, indicating feature learning happens in the early stage: the change between

Epoch 0 and Epoch 3 is much more significant than that between Epoch 3 and Epoch 20.

Second, we can also verify that the feature learning is guided by the gradients: the

gradients of a filter in the early gradient steps point to similar directions (and thus the

updated filter will learn this direction). More precisely, for a selected filter, we average the

gradients every 10 gradient steps (so to reduce the variance due to mini-batch), and get

v1, v2 and v3 for the first 30 steps and compute their cosine similarities and those to their

average. Table A.7 shows the results. In general the similarities are high indicating they

point to similar directions. (Note that a similarity of 0.6 is regarded as very significant as
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(a) Residual block 1: (Green: 0.6152, Red: 0.6973, Two Centers: -0.7245)

(b) Residual block 2: (Green: 0.5528, Red: 0.6000, Two Centers: -0.7509)

(c) Residual block 3: (Green: 0.4260, Red: 0.5006, Two Centers: -0.5099)

(d) Residual block 4: (Green: 0.5584, Red: 0.5697, Two Centers: -0.9074)

Figure A.16: Visualization of the normalized convolution weights in all Residual block of
ResNet(128) trained on the subset of CIFAR10 data with labels airplane/automobile. We
show the weights after 0/3/20 epochs in network learning. The weights gradually form
two clusters in all Residual blocks. We also report average cosine similarity between the
green/red points in the clusters to their centers and cosine similarity between two cluster
centers as (Green, Red, Two Centers).
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(a) Residual block 1: (Green: 0.7065, Red: 0.6551, Two Centers: -0.7875)

(b) Residual block 2: (Green: 0.6599, Red: 0.5299, Two Centers: -0.9004)

(c) Residual block 3: (Green: 0.5193, Red: 0.6267, Two Centers: -0.9258)

(d) Residual block 4: (Green: 0.7386, Red: 0.6839, Two Centers: -0.9740)

Figure A.17: Visualization of the normalized convolution weights in all Residual block of
ResNet(256) trained on the subset of CIFAR10 data with labels airplane/automobile. We
show the weights after 0/3/20 epochs in network learning. The weights gradually form
two clusters in all Residual blocks. We also report average cosine similarity between the
green/red points in the clusters to their centers and cosine similarity between two cluster
centers as (Green, Red, Two Centers).
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the filters are in a high dimension of 3× 3× 1024 = 9216).

Third, we also observe some clustering effect of the filter weights, though not as significant

as in our simulations. For example, in the red and green clusters in Figure A.16(a) for

the first residual block, the average cosine similarity for filter weights in the red cluster is

about 0.62 and that for the green is about 0.7, while the cosine similarity between the two

clusters’ centers is about -0.72. This shows significant similarities within the cluster while

difference between clusters.

Note that the clustering is less significant than our simulation experiments. This is

because practical data have more patterns (i.e., effective feature directions) to be learned

than our synthetic data, and also the practical network is not as overparameterized as in

our simulation. Then filters are likely to learn different patterns (or their mixtures) without

forming significant clusters. The results of ResNet(256) show more significant clustering

than ResNet(128), which supports our explanation. On the other hand, we emphasize that

the key insight of our analysis is that the gradient guides the learning of effective features in

the early stage of training (rather than the clustering), which is verified as discussed above.

A.5.5 Real Data: The Effect of Input Structure

To study the influence of the input structure, we propose to keep the labeling function

unchanged, vary the input distributions, and exam the change of the loss surface and the

training dynamics. We first describe the detailed experimental methodology, which allows

us to generate data with similar labeling function but different input distributions. Then

we perform experiments on the generated datasets to investigate the change of the learning

due to the change in the input distributions, and present the experimental results. Finally,

we also perform experiments to verify the intuition behind our experimental method.

Experimental Methodology

We consider the following experimental method. Given an original dataset L = {(xi, yi)}ni=1

(e.g., CIFAR10) and an unlabeled dataset U = {x̃i}mi=1 from a proposed distribution PU
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(e.g., Gaussians), first extend the labeling function of L to U , giving synthetic labels ỹi to x̃i.

Then train a neural network on the union of L and the synthetic data LU = {(x̃i, ỹi)}mi=1.

By investigating the new training dynamics, in particular the difference on the original

part L and the synthetic part LU , we can see the effect of the input structure. The original

dataset should be from real-world data, since one of our goals is to compare them with

synthetic data, and identify the properties of real-world data important for the success of

learning.

A natural idea is to first learn a powerful network f(x) (called the teacher) on L to

approximate the true labeling function, then apply f on U to generate synthetic labels, and

finally train another network (called the student) on the synthetic data and original data.

However, we found that naïvely implementation of this idea fails miserably: the support

of L and U can be typically different, and the powerful network learned over L can have

entirely different behavior on U . Therefore, we need to control the size of the teacher f

so that the labeling on U has similar complexity as that on L. For our purpose, we can

define the complexity of the labeling on L as the minimum size of the teacher achieving an

approximation error ϵ for a chosen ϵ, if the ground-truth data distribution of L is known.

However, given only limited data, we cannot faithfully estimate the needed size of the

teacher, and need to take into account the variance introduced by the finite data.

Our key idea is to use the U-shaped curve of the bias-variance trade-off and select

the size of the teacher at the minimum of the U-shaped curve. Since recent works [29,

196] show that neural networks can have a double descent curve for the error v.s. model

complexity, we thus plot the double descent curve, and find the minimum in the classical

regime (corresponding to the traditional U-shape curve).

Our method is designed based on the following two reasons. First, on the U-shaped

curve, the complexity of the network is still roughly controlled by that of the number of

parameters. The local minimum of the U-shaped curve is a good measurement of the

complexity of the data. If the ground-truth is much more complicated than the teacher,

then increasing the teacher’s size leads to a significant decrease in the approximation error
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(bias) compared to a small increase in the variance, that is, we will be on the left-hand

side of the U-shaped. In contrast, on the right-hand side of the U-shaped, increasing the

teacher’s size leads to a small decrease in the bias compared to a significant increase in the

variance. That is, the complexity of the ground-truth is comparable to or lower than the

teacher. So the local minimum approximates the complexity of the ground-truth labeling

function.

Second, the local minimum point is chosen to get the best approximation of the true

labels. This helps to maintain the labeling from the real-world data and thus helps our

investigation on the input, since too drastic change in the labeling can affect the training.

We note that the method is not perfect. First, the teacher at the local minimum of

U-shape may not have very high accuracy, especially on more complicated data. To alleviate

this, we also use the teacher to give synthetic labels y′i to xi in L, and train the student

network on L′ = {(xi, y′i)}ni=1. Though this introduces some differences from the original

labels, it is acceptable for our purpose of studying the inputs. Furthermore, ensuring the

consistency of the labels on the original input in L and U is important in our experiments.

Second, the measurement is an approximation due to variance. Since only limited labeled

data is available, it’s important and necessary to calibrate the measurement w.r.t. the level

of variance on the given dataset.

Method Description. Algorithm 3 presents the details. For a fixed network architecture

for the teacher f , it first varies the network size and plots the double descent curve. Then

it selects the local minimum in the classic regime of U-shape and trains the teacher with

the corresponding size. In practice, we observed that the teacher might have unbalanced

probabilities for different classes on U if its training does not take into account U . Therefore,

we propose the following heuristic regularization using x ∈ U , where λ is a regularization
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weight, and f(x) is the probabilities over classes given by the teacher:

R(x) = R1(x) + λR2(x) (A.287)

R1(x) =
∑
j

(∑
i f(x)j
m

ln

∑
i f(x)j
m

)
(A.288)

R2(x) = −
1

m

∑
i

∑
j

(f(x)j ln(f(x)j)). (A.289)

Here, R1(x) guarantees that each kind of label has the same average probability to be

generated, and R2(x) pushes the probability away from uniform to avoid the case that the

class probabilities for each data point converge to uniform.

Algorithm 3 Learning the teacher network to generate synthetic labels for studying the
effect of the input structure

Input: teacher architecture f , labeled dataset L = {(xi, yi)}ni=1, unlabeled dataset
U = {x̃i}mi=1.
Let i to be the size of f , fi to be the teacher of size i.
for i = 1 to n do

Train fi on L and let li denote the test loss
end for
Plot li v.s. i, identify the classical regime, and the size it corresponding to the local
minimum in classical regime.
Train fit on L with a regularizer R(x) on U defined in (A.287).
Output: fit

Experimental Results

Network models. Here we use one-hidden-layer fully-connected networks with m hidden

units and quadratic activation functions. The network is denoted as FC(m). We use

ResNet(m), which is a ResNet-18 convolutional neural network [120] with m filters in

the first residual block. It is obtained by scaling the number of filters in each block

proportionally from the standard ResNet-18 network which is ResNet(64).

Datasets. We use MNIST [68], CIFAR10 [147] and SVHN [198] as L, and use Gaussian

and images in Tiny ImageNet [150] as U . We generate the mixture data, where the fraction

of the unlabeled data is denoted as α.
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Setup. We first use Algorithm 3 on the labeled data L and the unlabeled data U to get a

synthetic labeling function (the teacher network) and then use it to give synthetic labels on

a mixture of inputs from L and U . For MNIST, the teacher network learned is FC(9), where

the number of the hidden units is determined by Algorithm 3. See empirical verification in

Figure A.22. For CIFAR10 and SVHN, the teacher networks are ResNet(5) and ResNet(2),

respectively, as determined by our method. The student network for MNIST is FC(9), and

those for CIFAR10 and SVHN are ResNet(9) and ResNet(8), respectively. Finally, we train

the student networks on these new datasets with perturbed input distributions.

(a) (b) (c)

Figure A.18: Test accuracy at different steps for an equal mixture α = 0.5 of Gaussian
inputs with data: (a) MNIST, (b) CIFAR10, (c) SVHN.

(a) (b)

Figure A.19: Test accuracy at different steps for an equal mixture α = 0.5 of Tiny ImageNet
inputs with data: (a) CIFAR10, (b) SVHN.

Figure A.18 shows the results on an equal mixture of data and Gaussian. It presents

the test accuracy of the student on the original data part, the Gaussian part, and the

whole mixture. For example, for CIFAR10, the test accuracy on the whole mixture is lower

than that of training on the original CIFAR10, showing that the input structure indeed
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(a) α = 0.25 (b) α = 0.50 (c) α = 0.75

Figure A.20: Test accuracy at different steps for varying mixture α of Gaussian inputs with
CIFAR10.

has a significant impact on the learning. Furthermore, the network learns well over the

CIFAR10 part (with accuracy similar to that on the original data) but learns slower with

worse accuracy on the Gaussian part. This suggests that the CIFAR10 input structure is

still helping the network to learn effective features. While the results on MNIST+Gaussian

do not show a significant trend (possibly because the tasks there are simpler), the results

on SVHN+Gaussian show similar significant trends as CIFAR10+Gaussian.

Figure A.20 shows the results when we vary the fraction of the Gaussian data α. We

observe that the test accuracy curve on the original part and that on the synthetic part

have roughly the same trend for different α as before, further verifying our insights.

Figure A.19 shows the results when mixed with Tiny ImageNet data instead of Gaussians.

It shows a similar trend, while the performance on the Tiny ImageNet part is higher than

that on the Gaussian part. This suggests that compared to Gaussians, the Tiny ImageNet

data has helpful input structures, though not as helpful as that on the original data for

learning the particular labeling.

Larger Network on MNIST for Checking The Effect of Input Structure

Here we perform the experiment on MNIST as in A.5.5, but for a network with m = 50

hidden neurons rather than m = 9. Figure A.21 shows similar results as those for m = 9:

the learning on the MNIST input part is faster and better than that on the Gaussian input

part. The separation between the two is actually more significant than that for m = 9.



155

This then also supports our insight about the effect of input structures.

Figure A.21: Test accuracy at different steps for an equal mixture α = 0.5 of Gaussian
inputs with MNIST, where m = 50.

Empirical Verification of Our Method

(a) Teacher’s double descent curve (b) Student’s curve when
Teacher=FC(9)

(c) Student’s curve when
Teacher=FC(50)

(d) Student’s curve when
Teacher=FC(500)

Figure A.22: Double descent curves of the students trained on data with synthetic labels
(Loss v.s. Parameter number).
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We also perform experiments to verify the intuition behind our methodology, i.e., the

method gives a synthetic labeling function with roughly the same complexity on the original

inputs and the injected inputs. We first use our method on MNIST and samples (of the

same size as MNIST) from a Gaussian to get the teacher FC(9); the double descent curve is

in Figure A.22(a). Then we train students on the Gaussian data with synthetic labels from

the teacher, and plot the double descent curve for the students in Figure A.22(b). The

local minimums of the two U-shapes are roughly the same, matching our reasoning. Then

we also train larger teachers and plot the double descent curve for students on Gaussian

data. Figure A.22(c) Teacher size 50. Figure A.22(d) Teacher size 500. The local minimum

of the U-shape becomes larger when the teacher gets larger, again matching our reasoning.
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A.6 Provable Guarantees for Neural Networks in A More

General Setting

This section provides the analysis in a more general setting. We first describe the learning

problems, and then provide the proofs following similar intuitions as for the simpler settings

in the main text.

A.6.1 Problem Setup

Let X = Rd be the input space, and Y = {±1} be the label space. Suppose M ∈ Rd×D is

a dictionary with D elements, where each element Mj can be regarded as a pattern. We

assume quite general incoherent dictionary:

(D) M is µ-incoherent, i.e., the columns of M are unit vectors, and for any i ̸=

j, |⟨Mi,Mj⟩| ≤ µ/
√
d.

Note that the setting in the main text corresponds to µ = 0.

Let ϕ̃ ∈ {0, 1}D be a hidden vector that indicates the presence of each pattern, and Dϕ̃

a distribution for ϕ̃. Let A ⊆ [D] be a subset of size k corresponding to the class relevant

patterns. Let P ⊆ [k]. We first sample ϕ̃ from Dϕ̃, and then generate the input x̃ and the

class label y from ϕ̃,A, P by:

x̃ = Mϕ̃+ ζ, y =


+1, if

∑
i∈A ϕ̃i ∈ P,

−1, otherwise
(A.290)

where the Gaussian noise ζ ∼ N (0, σ2
ζId×d) is independent from ϕ̃. Note that the setting in

the main text corresponds to σζ = 0.

We allow general Dϕ̃ with the following assumptions:

(A1) The patterns in A are correlated with the labels: for any i ∈ A, for v ∈ {±1} let

γv = E[yϕ̃i|y = v], then γ := (γ+1 + γ−1)/2 > 0.

(A2) The patterns outside A are independent of the patterns in A.
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Note that we allow imbalanced classes. Let pmin := min(Pr[y = −1],Pr[y = +1]). If the

classes are balanced, then the assumption (A1) implies the assumption (A1) in the main

text, so the setting here is more general. (A2) is also more general, in particular, allowing

dependence between irrelevant patterns and non-identical distributions for them.

Let D(A, P,Dϕ̃) denote the distribution on (x̃, y) corresponding to some A, P, and Dϕ̃.

Given parameters Ξ = (d,D, k, γ, po, µ, σζ), the family FΞ of distributions for learning is

the set of all D(A, P,Dϕ̃) with A ⊆ [D], P ⊆ [k], and Dϕ̃ satisfying the above assumptions.

One special case is the mixture of two Gaussians.

Example. Suppose M has one single column v, and y = +1 if ϕ̃ = 1 and y = −1 otherwise.

Then the data distribution is simply a mixture of two Gaussians: x̃ ∼ v
2 +N (y v

2 , σ
2
ζId×d).

Neural Network Learning

Again, we will normalize the data for learning: we first compute x = (x̃− E[x̃])/σ̃ where

σ̃2 :=
∑d

i=1(x̃i−E[x̃i])
2 =

∑
j∈[D] Var(ϕ̃j) + dσ2

ζ is the variance of the data, and then train

on (x, y). This is equivalent to setting ϕ = (ϕ̃− E[ϕ̃])/σ̃ and generating x = Mϕ+ ζ/σζ .

For (x̃, y) from D and the normalized (x, y), we will simply say (x, y) ∼ D.

The learning will be the same as that in the main text, except the following. We will

use a small σ2
w = σ̃2/poly(Dm). And we will use a weighted loss to handle the imbalanced

classes in the first two steps for feature learning, and then use the unweighted loss in the

remaining steps. Formally, the weighted loss is:

Lα
D(g;σξ) = E(x,y)[αyℓ(y, g(x; ξ))], (A.291)

where the class weights αv = 1
2Pr[y=v] for v ∈ {±1}.

A.6.2 Main Result

In this setting, we have the following theorem:
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Theorem A.6.1. Set

η(1) =
γ2pminσ̃

km3
, λ

(1)
a = 0, λ

(1)
w = 1/(2η(1)), σ

(1)
ξ = 1/k3/2, (A.292)

η(2) = 1, λ
(2)
a = λ

(2)
w = 1/(2η(2)), σ

(2)
ξ = 1/k3/2, (A.293)

η(t) = η =
k2

Tm1/3
, λ

(t)
a = λ

(t)
w = λ ≤ k3

σ̃m1/3
, σ

(t)
ξ = 0, for 2 < t ≤ T. (A.294)

For any δ ∈ (0, O(1/k3)), if µ ≤ O(
√
d/D), σζ ≤ O(min{1/σ̃, σ̃/

√
d}), k = Ω

(
log2

(
Dmd
δγpmin

))
,

m ≥ max{Ω(k4), D, d}, then we have for any D ∈ FΞ, with probability at least 1− δ, there

exists t ∈ [T ] such that

Pr[sign(g(t)(x)) ̸= y] ≤ LD(g
(t)) = O

(
k8

m2/3
+

k3T

m2
+

k2m2/3

T

)
. (A.295)

Consequently, for any ϵ ∈ (0, 1), if T = m4/3, and m ≥ max{Ω(k12/ϵ3/2), D}, then

Pr[sign(g(t)(x)) ̸= y] ≤ LD(g
(t)) ≤ ϵ. (A.296)

The rest of the section is devoted to the proof of this theorem.

A.6.3 Notations

Recall some notations that we will use throughout the analysis.

For a vector v and an index set I, let vI denote the vector containing the entries of v

indexed by I, and v−I denote the vector containing the entries of v with indices outside I.

Let ρ := M⊤M. Then we have ρjj = 1 for any j, and |ρjℓ| ≤ µ/
√
d for any j ̸= ℓ.

By initialization, w(0)
i for i ∈ [m] are i.i.d. copies of the same random variable w(0) ∼

N (0, σ2
wId×d); similar for a(0) and b(0). Let σ2

ϕj
:= poj(1 − poj)/σ̃

2 denote the variance

of ϕℓ for ℓ ̸∈ A, where poj = Pr[ϕ̃j = 1]. Let po be the value such that with probability

1− exp(−Ω(k)),
∑

j ̸∈A ϕ̃j ≤ po(D − k) for some po ∈ [0, 1]. That is, po is an upper bound

on the density of ϕ̃j with high probability.

Let qℓ := ⟨w(0),Mℓ⟩. Similarly, define q
(t)
i,ℓ := ⟨w(t)

i ,Mℓ⟩.
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We also define the following sets to denote typical initialization. For a fixed δ ∈ (0, 1),

define

Gw(δ) :=

{
w ∈ Rd : qℓ = ⟨w,Mℓ⟩,

σ2
wd

2
≤ ∥w(0)∥22 ≤

3σ2
wd

2
, (A.297)

σ2
w(D − k)

2
≤
∑
ℓ̸∈A

q2ℓ ≤
3σ2

w(D − k)

2
,

max
ℓ
|qℓ| ≤ σw

√
2 log(Dm/δ)

}
, (A.298)

Ga(δ) := {a ∈ R : |a| ≤ σa
√

2 log(m/δ)}. (A.299)

Gb(δ) := {b ∈ R : |b| ≤ σb
√

2 log(m/δ)}. (A.300)

A.6.4 Existence of A Good Network

We first show that there exists a network that can fit the data distribution.

Lemma A.6.2. Suppose kµ√
d

poD
σ̃ ≤ 1

16 . For any D ∈ FΞ, there exists a network g∗(x) =∑n
i=1 a

∗
iσ(⟨w∗

i ,x⟩+ b∗
i ) which satisfies

Pr
(x,y)∼D

[yg∗(x) ≤ 1] ≤ exp(−Ω(k)) + exp

(
−Ω

(
1

σ2
ζ (k + k2µ/

√
d)

))
.

Furthermore, the number of neurons n = 3(k + 1), |a∗i | ≤ 64k, 1/(64k) ≤ |b∗
i | ≤ 1/4,

w∗
i = σ̃

∑
j∈AMj/(8k), and |⟨w∗

i ,x⟩+ b∗
i | ≤ 1 for any i ∈ [n] and (x, y) ∼ D.

Consequently, if furthermore we have kµ/
√
d < 1 and σζ < 1/k, then

Pr
(x,y)∼D

[yg∗(x) ≤ 1] ≤ exp(−Ω(k)).
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Proof of Lemma A.6.2. Let w = σ̃
∑

j∈AMj and let u =
∑

j∈A E[ϕ̃j ]. We have

⟨w,x⟩ = σ̃
∑
j∈A
⟨Mj ,Mϕ⟩+ ⟨w, ζ/σ̃⟩ (A.301)

=
∑
j∈A

ϕj +
∑

j∈A,ℓ̸=j

ρjℓϕℓ + ⟨w, ζ/σ̃⟩ (A.302)

=
∑
j∈A

ϕ̃j − u+
∑

j∈A,ℓ̸=j

ρjℓϕℓ + ⟨w, ζ/σ̃⟩︸ ︷︷ ︸
:=ϵx

. (A.303)

With probability ≥ 1− exp(−Ω(k)), among all j ̸∈ A, we have that at most po(D − k)

of ϕj are (1− po)/σ̃, while the others are −po/σ̃, and thus

∣∣∣∣∣∣
∑

j∈A,ℓ̸=j

ρjℓϕℓ

∣∣∣∣∣∣ ≤ kµ√
d

poD

σ̃
≤ 1

16
. (A.304)

Furthermore, ⟨w, ζ⟩ ∼ N (0, σ2
ζ∥w∥22) and ∥w∥22 ≤ σ̃2(k + k2µ/

√
d), we have

Pr[|⟨w, ζ/σ̃⟩| ≤ 1/16] ≥ 1− exp

(
−Θ

(
1

σ2
ζ∥w∥22/σ̃2

))
(A.305)

≥ 1− exp

(
−Θ

(
1

σ2
ζ (k + k2µ/

√
d)

))
. (A.306)

For good data points with ϕ and ζ satisfying the above, we have |ϵx| ≤ 1/8. By

Lemma A.2.1,

g∗1(x) :=
∑
p∈P

δp−µ,4,1/2(⟨w,x⟩)−
∑

p ̸∈P,0≤p≤k

δp−µ,4,1/2(⟨w,x⟩) (A.307)

=
∑
p∈P

δp,4,1/2(⟨w,x⟩+ u)−
∑

p̸∈P,0≤p≤k

δp,4,1/2(⟨w,x⟩+ u) (A.308)

=
∑
p∈P

δp,4,1/2

∑
j∈A

ϕ̃j + ϵx

− ∑
p ̸∈P,0≤p≤k

δp,4,1/2

∑
j∈A

ϕ̃j + ϵx

 . (A.309)
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Then for good data points, we have yg∗1(x) ≥ 1. Similarly,

g∗2(x) :=
∑
p∈P

δp−µ+1/4,8,1/2(⟨w,x⟩)−
∑

p ̸∈P,0≤p≤k

δp−µ+1/4,8,1/2(⟨w,x⟩) (A.310)

=
∑
p∈P

δp+1/4,8,1/2(⟨w,x⟩+ u)−
∑

p̸∈P,0≤p≤k

δp+1/4,8,1/2(⟨w,x⟩+ u) (A.311)

=
∑
p∈P

δp+1/4,8,1/2

∑
j∈A

ϕ̃j + ϵx

− ∑
p ̸∈P,0≤p≤k

δp+1/4,8,1/2

∑
j∈A

ϕ̃j + ϵx

 . (A.312)

Then for good data points, we have yg∗2(x) ≥ 1.

Note that the bias terms in g∗1 and g∗2 have distance at least 1/4, then at least one of

them satisfies that all its bias terms have absolute value ≥ 1/8. Pick that one and denote

it as g(x) =
∑n

i=1 aiσr(⟨wi,x⟩+ bi). By the positive homogeneity of σr, we have

g(x) =

n∑
i=1

8kaiσr(⟨wi,x⟩/(8k) + bi/(8k)). (A.313)

Since for any good data points, |⟨wi,x⟩/(8k) + bi/(8k)| ≤ 1, then

g(x) =
n∑

i=1

8kaiσ(⟨wi,x⟩/(8k) + bi/(8k)) (A.314)

where σ is the truncated ReLU. Now we can set a∗i = 8kai,w
∗
i = wi/(8k),b

∗
i = bi/(8k), to

get our final g∗.

A.6.5 Initialization

We first show that with high probability, the initial weights are in typical positions.

Lemma A.6.3. Suppose Dµ/
√
d ≤ 1/16. For any δ ∈ (0, 1), with probability at least

1− δ − 2 exp (−Θ(D − k)) over w(0),

σ2
wd/2 ≤ ∥w(0)∥22 ≤ 3σ2

wd/2,
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σ2
w(D − k)/2 ≤

∑
ℓ̸∈A

q2ℓ ≤ 3σ2
w(D − k)/2,

max
ℓ
|qℓ| ≤ σw

√
2 log(D/δ).

With probability at least 1− δ over b(0),

|b(0)| ≤ σb
√

2 log(1/δ).

With probability at least 1− δ over a(0),

|a(0)| ≤ σa
√
2 log(1/δ).

Proof of Lemma A.6.3. The bound on ∥w(0)∥22 follows from the property of Gaussians.

Note that q = M⊤w(0) ∼ N (0, σ2
wρ) for the matrix ρ = M⊤M. We have with

probability ≥ 1− δ/2, maxℓ |qℓ| ≤
√

2σ2
w log D

δ .

For any subset S ⊆ [D], let ρS denote the submatrix of ρ containing the rows and

columns indexed by S. Then qS = M⊤w(0) ∼ N (0, σ2
wρS). By diagonalizing ρS and

then applying Bernstein’s inequality, we have with probability ≥ 1− 2 exp (−Θ(|S|/∥ρ∥2),

∥qS∥22 ∈
(
(∥ρS∥2F −

|S|
4 )σ2

w, (∥ρS∥2F + |S|
4 )σ2

w

)
. By Gershgorin circle theorem, we have

∥ρ∥2 ≤ 1 + (|S| − 1)µ/
√
d ≤ 17/16.

Similarly, we have

3

4
|S| ≤

(
15

16

)2

|S| ≤ ∥ρS∥2F ≤
(
17

16

)2

|S| ≤ 5

4
|S|.

The bounds on q then follow.

The bounds on b(0) and a(0) follow from the property of Gaussians.

Lemma A.6.4. Suppose Dµ/
√
d ≤ 1/16. We have:

• With probability ≥ 1− δ − 2m exp(−Θ(D − k)) over w
(0)
i ’s, for all i ∈ [2m], w(0)

i ∈
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Gw(δ).

• With probability ≥ 1− δ over b
(0)
i ’s, for all i ∈ [2m], b(0)

i ∈ Gb(δ).

• With probability ≥ 1− δ over a
(0)
i ’s, for all i ∈ [2m], a(0)i ∈ Ga(δ).

Proof of Lemma A.6.4. This follows from Lemma A.6.3 by union bound.

A.6.6 Some Auxiliary Lemmas

The expression of the gradients will be used frequently.

Lemma A.6.5.

∂

∂wi
Lα
D(g;σξ) = −aiE(x,y)∼D {αyyI[yg(x; ξ) ≤ 1]EξiI[⟨wi,x⟩+ bi + ξi ∈ (0, 1)]x} ,

(A.315)

∂

∂bi
Lα
D(g;σξ) = −aiE(x,y)∼D {αyyI[yg(x; ξ) ≤ 1]EξiI[⟨wi,x⟩+ bi ∈ (0, 1)]} , (A.316)

∂

∂ai
Lα
D(g;σξ) = −E(x,y)∼D {αyyI[yg(x; ξ) ≤ 1]Eξiσ(⟨wi,x⟩+ bi + ξi)} . (A.317)

Proof of Lemma A.6.5. It follows from straightforward calculation.

We also have the following auxiliary lemma for later calculations.

Lemma A.6.6.

EϕA
{αyy} = 0, (A.318)

EϕA
{|αyy|} = 1, (A.319)

Eϕj
{|ϕj |} = 2σ2

ϕj
σ̃, for j ̸∈ A, (A.320)

EϕA
{αyyϕj} =

γ

σ̃
, for j ∈ A, (A.321)

EϕA
{|αyyϕj |} ≤

1

σ̃
, for all j ∈ [D]. (A.322)
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Proof of Lemma A.6.6.

EϕA
{αyy} =

∑
v∈{±1}

EϕA
{αyy|y = v}Pr[y = v] (A.323)

=
1

2

∑
v∈{±1}

EϕA
{y|y = v} (A.324)

= 0. (A.325)

EϕA
{|αyy|} =

∑
v∈{±1}

EϕA
{|αyy| |y = v}Pr[y = v] (A.326)

=
1

2

∑
v∈{±1}

EϕA
{|y| |y = v} (A.327)

= 1. (A.328)

Eϕj
{|ϕj |} =

| − poj |(1− poj) + |1− poj |poj

σ̃
= 2σ2

ϕj
σ̃. (A.329)

EϕA
{αyyϕj} =

∑
v∈{±1}

EϕA
{αyyϕj | y = v}Pr[y = v] (A.330)

=
1

2

∑
v∈{±1}

EϕA
{yϕj | y = v} (A.331)

=
1

2

∑
v∈{±1}

EϕA

{
y
ϕ̃j − E[ϕ̃j ]

σ̃

∣∣∣∣∣y = v

}
(A.332)

=
1

2σ̃
(γ+1 + γ−1) =

γ

σ̃
. (A.333)

EϕA
{|αyyϕj |} =

∑
v∈{±1}

EϕA
{|αvyϕj | |y = v}Pr[y = v] (A.334)

≤ 1

2

∑
v∈{±1}

EϕA
{|yϕj | |y = v} (A.335)

≤ 1

2

∑
v∈{±1}

EϕA
{|yϕj | |y = v} (A.336)

≤ 1

σ̃
. (A.337)
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A.6.7 Feature Emergence: First Gradient Step

We will show that w.h.p. over the initialization, after the first gradient step, there are

neurons that represent good features.

We begin with analyzing the gradients.

Lemma A.6.7. Fix δ ∈ (0, 1) and suppose w
(0)
i ∈ Gw(δ),b

(0)
i ∈ Gb(δ) for all i ∈ [2m]. Let

ϵe :=
Dσw

√
2 log(D/δ)

σ̃2σ
(1)
ξ

+

√
dσξσw

√
2 log(D/δ)

σ̃σ
(1)
ξ

, ϵν := ϵe.

If σ2
ζσ

2
wd/σ̃

2 = O(1/k), po = Ω(k2/D), k = Ω(log2(Dmd/δ)), and σ
(1)
ξ = O(1/k), then

∂

∂wi
Lα
D(g

(0);σ
(1)
ξ ) = −a(0)i

 D∑
j=1

MjTj + ν

 (A.338)

where Tj satisfies:

• if j ∈ A, then |Tj − βγ/σ̃| ≤ O(ϵe/σ̃), where β ∈ [Ω(1), 1] and depends only on

w
(0)
i ,b

(0)
i ;

• if j ̸∈ A, then |Tj | ≤ O(σ2
ϕj
ϵeσ̃);

• |νj | ≤ O

(
σζ

√
log(k)

σ̃ ϵν

)
+

σζd
σ̃ e−Θ(k).

Proof of Lemma A.6.7. Consider one neuron index i and omit the subscript i in the pa-
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rameters. Since the unbiased initialization leads to g(0)(x; ξ(1)) = 0, we have

∂

∂w
Lα
D(g

(0);σ
(1)
ξ ) (A.339)

= −a(0)E(x,y)∼D

{
αyyI[yg(0)(x; ξ(1)) ≤ 1]Eξ(1)I[⟨w

(0),x⟩+ b(0) + ξ(1) ∈ (0, 1)]x
}

(A.340)

= −a(0)E(x,y)∼D,ξ(1)

{
αyyI[⟨w(0),x⟩+ b(0) + ξ(1) ∈ (0, 1)]x

}
(A.341)

= −a(0)
D∑
j=1

Mj E(x,y)∼D,ξ(1)

{
αyyϕjI[⟨w(0),x⟩+ b(0) + ξ(1) ∈ (0, 1)]

}
︸ ︷︷ ︸

:=Tj

(A.342)

− a(0) E(x,y)∼D,ξ(1)

{
αyyζ

σ̃
I[⟨w(0),x⟩+ b(0) + ξ(1) ∈ (0, 1)]

}
︸ ︷︷ ︸

:=ν

(A.343)

First, consider j ∈ A.

Tj = E(x,y)∼D,ξ(1)

{
αyyϕjI[⟨w(0),x⟩+ b(0) + ξ(1) ∈ (0, 1)]

}
(A.344)

= EϕA,ζ

{
αyyϕj Pr

ϕ−A,ξ(1)

[
⟨ϕ, q⟩+ ι+ b(0) + ξ(1) ∈ (0, 1)

]}
. (A.345)

where ι := ⟨w(0), ζ/σ̃⟩.

Let

Ia := Pr
ξ(1)

[
⟨ϕ, q⟩+ ι+ b(0) + ξ(1) ∈ (0, 1)

]
, (A.346)

I ′a := Pr
ξ(1)

[
⟨ϕ−A, q−A⟩+ ι+ b(0) + ξ(1) ∈ (0, 1)

]
. (A.347)

Note that |⟨ϕA, qA⟩| = O(
kσw

√
2 log(D/δ)

σ̃2 ), and that |ι| = |⟨w(0)
i , ζ/σ̃⟩| = O(

√
dσξσw

√
2 log(D/δ)

σ̃ ),

and that |⟨ϕ, q⟩|, |⟨ϕ−A, q−A⟩| are O(
Dσw

√
2 log(D/δ)

σ̃2 ). When σw is sufficiently small, by the
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property of the Gaussian ξ(1), we have

|Ia − I ′a| (A.348)

≤
∣∣∣∣Pr
ξ(1)

[
⟨ϕ, q⟩+ ι+ b(0) + ξ(1) ≥ 0

]
− Pr

ξ(1)

[
⟨ϕ−A, q−A⟩+ ι+ b(0) + ξ(1) ≥ 0

]∣∣∣∣ (A.349)

+ Pr
ξ(1)

[
⟨ϕ, q⟩+ ι+ b(0) + ξ(1) ≥ 1

]
+ Pr

ξ(1)

[
⟨ϕ−A, q−A⟩+ ι+ b(0) + ξ(1) ≥ 1

]
(A.350)

= O(ϵe). (A.351)

In summary,

|Eζ,ϕ−A
(Ia − I ′a)| = O(ϵe). (A.352)

Then we have

∣∣Tj − EϕA,ζ,ϕ−A

{
αyyϕjI

′
a

}∣∣ (A.353)

≤ EϕA

{
|αyyϕj |

∣∣Eζ,ϕ−A
(Ia − I ′a)

∣∣} (A.354)

≤ O(ϵe)EϕA
{|αyyϕj |} (A.355)

≤ O(ϵe/σ̃) (A.356)

where the last step is from Lemma A.6.6. Furthermore,

EϕA,ζ,ϕ−A

{
αyyϕjI

′
a

}
(A.357)

= EϕA
{αyyϕj}Eζ,ϕ−A

[I ′a] (A.358)

= EϕA
{αyyϕj} Pr

ϕ−A,ζ,ϕ−A

[
⟨ϕ−A, q−A⟩+ ι+ b(0) + ξ(1) ∈ (0, 1)

]
(A.359)

When σw is sufficiently small, we have

Pr
ϕ−A

[
⟨ϕ−A, q−A⟩+ b(0) ∈ (0, 1/2)

]
≥ Ω(1), (A.360)

Pr
ζ,ξ(1)

[
ι+ ξ(1) ∈ (0, 1/2)

]
= 1/2− exp(−Ω(k)), (A.361)
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This leads to

β := Eζ,ϕ−A
[I ′a] = Pr

ϕ−A,ζ,ξ(1)

[
⟨ϕ−A, q−A⟩+ ι+ b(0) + ξ(1) ∈ (0, 1)

]
≥ Ω(1). (A.362)

By Lemma A.6.6, EϕA
{αyyϕj} = γ/σ̃. Therefore,

|Tj − βγ/σ̃| ≤ O(ϵe/σ̃). (A.363)

Now, consider j ̸∈ A. Let B denote A ∪ {j}.

Tj = E(x,y)∼D,ζ,ξ(1)

{
αyyϕjI

[
⟨ϕ, q⟩+ ι+ b(0) + ξ(1) ∈ (0, 1)

]}
(A.364)

= EϕB
Eϕ−B ,ζ,ξ(1)

{
αyyϕjI

[
⟨ϕ, q⟩+ ι+ b(0) + ξ(1) ∈ (0, 1)

]}
(A.365)

= EϕB ,ζ

{
αyyϕj Pr

ϕ−B ,ξ(1)

[
⟨ϕ, q⟩+ ι+ b(0) + ξ(1) ∈ (0, 1)

]}
. (A.366)

Let

Ib := Pr
ξ(1)

[
⟨ϕ, q⟩+ ι+ b(0) + ξ(1) ∈ (0, 1)

]
, (A.367)

I ′b := Pr
ξ(1)

[
⟨ϕ−B, q−B⟩+ ι+ b(0) + ξ(1) ∈ (0, 1)

]
. (A.368)

Similar as above, we have |Eζ,ξ(1)(Ib − I ′b)| ≤ O(ϵe). Then by Lemma A.6.6,

∣∣Tj − EϕB ,ζ,ϕ−B

{
αyyϕjI

′
b

}∣∣ (A.369)

≤ EϕB

{
|αyyϕj ||Eζ,ϕ−B

(Ib − I ′b)|
}

(A.370)

≤ O(ϵe)EϕA
{|αyy|}Eϕj

{|ϕj |} (A.371)

≤ O(ϵe)× 1×O(σ2
ϕj
σ̃) (A.372)

= O(σ2
ϕj
ϵeσ̃). (A.373)
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Furthermore,

EϕB ,ζ,ϕ−B

{
αyyϕjI

′
b

}
= EϕA

{αyy}Eϕj
{ϕj}Eζ,ϕ−B

[I ′b] = 0. (A.374)

Therefore,

|Tj | ≤ O(σ2
ϕϵeσ̃). (A.375)

Finally, consider νj .

νj = E(x,y)∼D,ξ(1)

{
αyyζj
σ̃

I[⟨w(0),x⟩+ b(0) + ξ(1) ∈ (0, 1)]

}
(A.376)

= EϕA,ϕ−A,ζ,ξ(1)

{
αyyζj
σ̃

I[⟨ϕ, q⟩+ ιj + ι−j + b(0) + ξ(1) ∈ (0, 1)]

}
(A.377)

= EϕA,ζ

{
αyyζj
σ̃

Pr
ϕ−A,ξ(1)

[⟨ϕ, q⟩+ ιj + ι−j + b(0) + ξ(1) ∈ (0, 1)]

}
(A.378)

where ιj := w
(0)
j ζj/σ̃ and ι−j := ⟨w(0), ζ/σ̃⟩ − ιj .

With probability ≥ 1− d exp(−Θ(k)) over ζ, for any j, |ζj | ≤ O(σζ
√
log(k)). Let Gζ

denote this event.

Let

Ij := Pr
ξ(1)

[
⟨ϕ, q⟩+ ιj + ι−j + b(0) + ξ(1) ∈ (0, 1)

]
, (A.379)

I ′j := Pr
ξ(1)

[
⟨ϕ, q⟩+ ι−j + b(0) + ξ(1) ∈ (0, 1)

]
. (A.380)

Similar as above, we have |Eζ [Ij − I ′j |Gζ ]| ≤ O(ϵν). Then

|Eζ,ϕ−A
(Ij − I ′j)| ≤ |Eζ,ϕ−A

[(Ij − I ′j)|Gζ ]|+ Pr[−Gζ ] (A.381)

≤ O(ϵν + d exp(−Θ(k))). (A.382)



171

∣∣∣∣νj − EϕA,ζ,ϕ−A

{
αyyζj
σ̃

I ′j

}∣∣∣∣ (A.383)

=

∣∣∣∣EϕA,ζ,ϕ−A

{
αyyζj
σ̃

(Ij − I ′j)

}∣∣∣∣ (A.384)

≤
∣∣∣∣EϕA,ζ,ϕ−A

{
αyyζj
σ̃

(Ij − I ′j)|Gζ
}∣∣∣∣+ ∣∣∣∣EϕA,ζ,ϕ−A

{
αyyζj
σ̃

(Ij − I ′j)| − Gζ
}∣∣∣∣Pr[−Gζ ].

(A.385)

The first term is bounded by

∣∣∣∣EϕA,ζ,ϕ−A

{
αyyζj
σ̃

(Ij − I ′j)|Gζ
}∣∣∣∣ (A.386)

≤ EϕA

{
αyyσζ

√
log(k)

σ̃
|Eζ,ϕ−A

[Ib − I ′b|Gζ ]|

}
(A.387)

≤ O(ϵν)EϕA
{|αyy|}

σζ
√
log(k)

σ̃
(A.388)

≤ O(ϵν)× 1×
σζ
√
log(k)

σ̃
(A.389)

= O

(
σζ
√

log(k)

σ̃
ϵν

)
. (A.390)

The second term is bounded by

∣∣∣∣EϕA,ζ,ϕ−A

{
αyyζj
σ̃

(Ij − I ′j)| − Gζ
}∣∣∣∣Pr[−Gζ ] (A.391)

≤
∣∣∣∣EϕA,ζ,ϕ−A

{
αyyζj
σ̃

(Ij − I ′j)| − Gζ
}∣∣∣∣× de−Θ(k) (A.392)

≤ EϕA

∣∣∣αyy

σ̃

∣∣∣× Eζ {|ζj || − Gζ} × de−Θ(k) (A.393)

≤
σζ
σ̃
× de−Θ(k) (A.394)

≤
σζd

σ̃
e−Θ(k). (A.395)

Furthermore,

EϕA,ζ,ϕ−A

{
αyyζj
σ̃

I ′j

}
= EϕA

{αyy}Eζj

{
ζj
σ̃

}
Eζ−j

[I ′j ] = 0. (A.396)
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Therefore,

|νj | ≤ O

(
σζ
√
log(k)

σ̃
ϵν

)
+

σζd

σ̃
e−Θ(k). (A.397)

Lemma A.6.8. Under the same assumptions as in Lemma A.6.7,

∂

∂bi
Lα
D(g

(0);σ
(1)
ξ ) = −a(0)i Tb (A.398)

where |Tb| ≤ O(ϵe).

Proof of Lemma A.6.8. Consider one neuron index i and omit the subscript i in the pa-

rameters. Since the unbiased initialization leads to g(0)(x; ξ(1)) = 0, we have

∂

∂b
Lα
D(g

(0);σ
(1)
ξ ) (A.399)

= −a(0)E(x,y)∼D

{
αyyI[yg(0)(x; ξ(1)) ≤ 1]Eξ(1)I[⟨w

(0),x⟩+ b(0) + ξ(1) ∈ (0, 1)]
}

(A.400)

= −a(0)E(x,y)∼D,ξ(1)

{
αyyI[⟨w(0),x⟩+ b(0) + ξ(1) ∈ (0, 1)]

}
(A.401)

= −a(0) EϕA,ζ,ξ(1)

{
αyy Pr

ϕ−A

[
⟨ϕ, q⟩+ ι+ b(0) + ξ(1) ∈ (0, 1)

]}
︸ ︷︷ ︸

:=Tb

. (A.402)

where ι := ⟨w(0), ζ/σ̃⟩. Similar to the proof in Lemma A.6.7,

∣∣∣∣∣Eζ

(
Pr

ϕ−A,ξ(1)
[⟨ϕ, q⟩+ ι+ b(0) + ξ(1) ∈ (0, 1)] (A.403)

− Pr
ϕ−A,ξ(1)

[⟨ϕ−A, q−A⟩+ ι+ b(0) + ξ(1) ∈ (0, 1)]

)∣∣∣∣∣ = O(ϵe). (A.404)
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Then

∣∣∣∣∣Tb − EϕA,ζ

{
αyy Pr

ϕ−A,ξ(1)
[⟨ϕ−A, q−A⟩+ ι+ b(0) + ξ(1) ∈ (0, 1)]

}∣∣∣∣∣ (A.405)

= EϕA,ζ

{
|αyy|

∣∣∣∣∣ Pr
ϕ−A,ξ(1)

[⟨ϕ, q⟩+ ι+ b(0) + ξ(1) ∈ (0, 1)] (A.406)

− Pr
ϕ−A,ξ(1)

[⟨ϕ−A, q−A⟩+ ι+ b(0) + ξ(1) ∈ (0, 1)]

∣∣∣∣∣
}

(A.407)

≤ O(ϵe)EϕA
{|αyy|} (A.408)

≤ O(ϵe). (A.409)

Also,

EϕA,ζ

{
αyy Pr

ϕ−A,ξ(1)
[⟨ϕ−A, q−A⟩+ ι+ b(0) + ξ(1) ∈ (0, 1)]

}
(A.410)

= EϕA
{αyy} Pr

ϕ−A,ζ,ξ(1)
[⟨ϕ−A, q−A⟩+ ι+ b(0) + ξ(1) ∈ (0, 1)] (A.411)

= 0. (A.412)

Therefore, |Tb| ≤ O(ϵe).

Lemma A.6.9. We have

∂

∂ai
Lα
D(g

(0);σ
(1)
ξ ) = −Ta (A.413)

where |Ta| ≤ O(maxℓ q
(0)
i,ℓ ). So if w(0)

i ∈ G(δ), |Ta| ≤ O(σw
√

log(Dm/δ)).

Proof of Lemma A.6.9. Consider one neuron index i and omit the subscript i in the pa-
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rameters. Since the unbiased initialization leads to g(0)(x; ξ(1)) = 0, we have

∂

∂a
Lα
D(g

(0);σ
(1)
ξ ) (A.414)

= −E(x,y)∼D

{
αyyI[yg(0)(x; ξ(1)) ≤ 1]Eξ(1)σ(⟨w

(0),x⟩+ b(0) + ξ(1))
}

(A.415)

= −E(x,y)∼D,ξ(1)

{
αyyσ(⟨w(0),x⟩+ b(0) + ξ(1))

}
︸ ︷︷ ︸

:=Ta

. (A.416)

Let ϕ′
A be an independent copy of ϕA, ϕ′ be the vector obtained by replacing in ϕ the

entries ϕA with ϕ′
A, and let x′ = Mϕ′ + ζ/σ̃ and its label is y′. Then

|Ta| =
∣∣∣EϕA

{
αyyEϕ−A,ζ,ξ(1)σ(⟨w

(0),x⟩+ b(0) + ξ(1))
}∣∣∣ (A.417)

≤ 1

2

∣∣∣∣∣EϕA

{
Eϕ−A,ζ,ξ(1)σ(⟨w

(0),x⟩+ b(0) + ξ(1))|y = 1
}

(A.418)

− EϕA

{
Eϕ−A,ζ,ξ(1)σ(⟨w

(0),x⟩+ b(0) + ξ(1))|y = −1
} ∣∣∣∣∣ (A.419)

≤ 1

2

∣∣∣∣∣EϕA

{
Eϕ−A,ζ,ξ(1)σ(⟨w

(0),x⟩+ b(0) + ξ(1))|y = 1
}

(A.420)

− Eϕ′
A

{
Eϕ−A,ζ,ξ(1)σ(⟨w

(0),x′⟩+ b(0) + ξ(1))|y′ = −1
} ∣∣∣∣∣. (A.421)

Since σ is 1-Lipschitz,

|Ta| ≤
1

2
EϕA,ϕ′

A

{
Eϕ−A

∣∣∣⟨w(0),Mϕ⟩ − ⟨w(0),Mϕ′⟩
∣∣∣ |y = 1, y′ = −1

}
(A.422)

≤ 1

2
Eϕ−A

(
EϕA

{∣∣∣⟨w(0),Mϕ⟩
∣∣∣ |y = 1

}
+ Eϕ′

A

{∣∣∣⟨w(0),Mϕ′⟩
∣∣∣ |y′ = −1}) (A.423)

≤ max
ℓ

q
(0)
i,ℓ

√√√√√Eϕ

∑
ℓ∈[D]

ϕ2
ℓ +

∑
j ̸=ℓ:j,ℓ∈A

|ϕjϕℓ|

 (A.424)

≤ max
ℓ

q
(0)
i,ℓ

√
Eϕ (1 +O(1)) (A.425)

= Θ(max
ℓ

q
(0)
i,ℓ ). (A.426)
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With the bounds on the gradient, we now summarize the results for the weights after

the first gradient step.

Lemma A.6.10. Set

λ
(1)
w = 1/(2η(1)), λ

(1)
a = λ

(1)
b = 0, σ

(1)
ξ = 1/k3/2.

Fix δ ∈ (0, 1) and suppose w
(0)
i ∈ Gw(δ),b

(0)
i ∈ Gb(δ) for all i ∈ [2m]. If k = Ω(log2(Dm/δ)),

then for all i ∈ [m], w(1)
i =

∑D
ℓ=1 q

(1)
i,ℓ Mℓ + υ satisfying

• if ℓ ∈ A, then |q(1)i,ℓ − η(1)a
(0)
i βγ/σ̃| ≤ O

(
|η(1)a(0)

i |ϵe
σ̃

)
, where β ∈ [Ω(1), 1] and depends

only on w
(0)
i ,b

(0)
i ;

• if ℓ ̸∈ A, then |q(1)i,ℓ | ≤ O
(
|η(1)a(0)i |σ2

ϕℓ
ϵeσ̃
)
;

• |υj | ≤ O

(
|η(1)a(0)i |

(
σζ

√
log(k)

σ̃ ϵν +
σζd
σ̃ e−Θ(k)

))
.

and

• b
(1)
i = b

(0)
i + η(1)a

(0)
i Tb where |Tb| = O (ϵe);

• a
(1)
i = a

(0)
i + η(1)Ta where |Ta| = O(σw

√
log(Dm/δ)).

Proof of Lemma A.6.10. This follows from Lemma A.6.4 and Lemma A.6.7-A.6.9.

A.6.8 Feature Improvement: Second Gradient Step

We first show that with properly set η(1), for most x, |g(1)(x;σ(2)
ξ )| < 1 and thus

yg(1)(x;σ
(2)
ξ ) < 1.

Lemma A.6.11. Fix δ ∈ (0, 1) and suppose w
(0)
i ∈ Gw(δ),b(0)

i ∈ Gb(δ),a
(0)
i ∈ Ga(δ)

for all i ∈ [2m]. If Dµ/
√
d ≤ 1/16, σζ σ̃ = O(1), σ2

ζd/σ̃
2 = O(1), k = Ω(log2(Dm/δ)),

σa ≤ σ̃2/(γk2), η(1) = O
(

γ
kmσaσ̃

)
, and σ

(2)
ξ ≤ 1/k, then with probability ≥ 1 − (d +

D) exp(−Ω(k)) over (x, y), we have yg(1)(x;σ
(2)
ξ ) < 1. Furthermore, for any i ∈ [2m],∣∣∣⟨w(1)

i , ζ/σ̃⟩
∣∣∣ = O(η(1)σ̃/γ),

∣∣∣⟨q(1)i , ϕ⟩
∣∣∣ = O(η(1)σ̃/γ), and

∣∣∣⟨(q(1)i )−A, ϕ−A⟩
∣∣∣ = O(η(1)σ̃/γ),

and for any j ∈ [d], ℓ ∈ [D], |ζj | ≤ O(σζ
√

log(k)) and |⟨ζ,Dℓ⟩| ≤ O(σζ
√
log(k)).
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Proof of Lemma A.6.11. Note that w
(0)
i = w

(0)
m+i, b

(0)
i = b

(0)
m+i, and a

(0)
i = a

(0)
m+i. Then the

gradient for wm+i is the negation of that for wm+i, the gradient for bm+i is the negation

of that for bm+i, and the gradient for am+i is the same as that for am+i.

∣∣∣g(1)(x;σ(2)
ξ )
∣∣∣ (A.427)

=

∣∣∣∣∣
2m∑
i=1

a
(1)
i Eξ(2)σ(⟨w

(1)
i ,x⟩+ b

(1)
i + ξ

(2)
i )

∣∣∣∣∣ (A.428)

=

∣∣∣∣∣
m∑
i=1

(
a
(1)
i Eξ(2)σ(⟨w

(1)
i ,x⟩+ b

(1)
i + ξ

(2)
i ) + a

(1)
m+iEξ(2)σ(⟨w

(1)
m+i,x⟩+ b

(1)
m+i + ξ

(2)
m+i)

)∣∣∣∣∣
(A.429)

≤

∣∣∣∣∣
m∑
i=1

(
a
(1)
i Eξ(2)σ(⟨w

(1)
i ,x⟩+ b

(1)
i + ξ

(2)
i ) + a

(1)
m+iEξ(2)σ(⟨w

(1)
i ,x⟩+ b

(1)
i + ξ

(2)
i )
)∣∣∣∣∣

(A.430)

+

∣∣∣∣∣
m∑
i=1

(
−a(1)m+iEξ(2)σ(⟨w

(1)
i ,x⟩+ b

(1)
i + ξ

(2)
i ) + a

(1)
m+iEξ(2)σ(⟨w

(1)
m+i,x⟩+ b

(1)
m+i + ξ

(2)
i )
)∣∣∣∣∣ .

(A.431)

Then we have

∣∣∣g(1)(x;σ(2)
ξ )
∣∣∣ ≤ m∑

i=1

∣∣∣2η(1)TaEξ(2)σ(⟨w
(1)
i ,x⟩+ b

(1)
i + ξ

(2)
i )
∣∣∣ (A.432)

+
m∑
i=1

∣∣∣a(1)m+i

∣∣∣ (∣∣∣⟨w(1)
i −w

(1)
m+i,x⟩

∣∣∣+ ∣∣∣b(1)
i − b

(1)
m+i

∣∣∣) (A.433)

≤
m∑
i=1

∣∣∣2η(1)Ta

∣∣∣ (∣∣∣⟨w(1)
i ,x⟩+ b

(1)
i

∣∣∣+ Eξ(2)

∣∣∣ξ(2)i

∣∣∣) (A.434)

+

m∑
i=1

∣∣∣a(1)m+i

∣∣∣ (∣∣∣⟨w(1)
i −w

(1)
m+i,x⟩

∣∣∣+ ∣∣∣b(1)
i − b

(1)
m+i

∣∣∣) . (A.435)

With probability ≥ 1−exp(−Ω(k)), among all j ̸∈ A, we have that at most po(D−k) of

ϕj are (1−poj)/σ̃, while the others are −poj/σ̃. With probability ≥ 1− (d+D) exp(−Ω(k))

over ζ, for any j, |ζj | ≤ O(σζ
√

log(k)) and |⟨ζ,Dℓ⟩| ≤ O(σζ
√
log(k)). For data points with

ϕ and ζ satisfying these, we have:
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Claim A.6.1.
∣∣∣⟨w(1)

i ,x⟩
∣∣∣ ≤ O(η(1)/γ)(1 + σ̃ + σ̃/

√
k).

Proof of Claim A.6.1.

∣∣∣⟨w(1)
i ,x⟩

∣∣∣ =
∣∣∣∣∣∣⟨

D∑
ℓ=1

q
(1)
i,ℓ Mℓ + υ,

D∑
j=1

ϕjMj + ζ/σ̃⟩

∣∣∣∣∣∣ (A.436)

≤

∣∣∣∣∣∣⟨
D∑
ℓ=1

q
(1)
i,ℓ Mℓ,

D∑
j=1

ϕjMj⟩

∣∣∣∣∣∣+
∣∣∣∣∣⟨

D∑
ℓ=1

q
(1)
i,ℓ Mℓ, ζ/σ̃⟩

∣∣∣∣∣+
∣∣∣∣∣∣⟨υ,

D∑
j=1

ϕjMj⟩

∣∣∣∣∣∣+ |⟨υ, ζ/σ̃⟩| .
(A.437)

For each term above we bound as follows. Note that when σw is sufficiently small,

ϵe = O(k log1/2(Dm/δ)/
√
D). Let

B1 := βγ/σ̃ + ϵe/σ̃, (A.438)

B2 := σ2
ϕϵeσ̃ = O(ϵe/

√
D), (A.439)

C1 =
k

σ̃
, (A.440)

C2 := poD/σ̃ = O(D/σ̃). (A.441)

Then

|a(0)i |B1C1 = O(log(Dm/δ)/k + log(Dm/δ)ϵe/(γk)) = O(1/γ), (A.442)

|a(0)i |B2C2 = O(σ̃/γ), (A.443)

|a(0)i |B1C2 = O(D/k +
√
D/γ), (A.444)

|a(0)i |B2C1 = O(ϵe/(γ
√
k)) = O(1/γ), (A.445)
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Then by the assumption on µ,

∣∣∣∣∣∣⟨
D∑
ℓ=1

q
(1)
i,ℓ Mℓ,

D∑
j=1

ϕjMj⟩

∣∣∣∣∣∣ (A.446)

=

∣∣∣∣∣∑
ℓ∈A
⟨q(1)i,ℓ Mℓ,Mℓϕℓ⟩

∣∣∣∣∣+
∣∣∣∣∣∣
∑
ℓ ̸∈A
⟨q(1)i,ℓ Mℓ,Mℓϕℓ⟩

∣∣∣∣∣∣+
∣∣∣∣∣∣
∑
ℓ ̸=j

⟨q(1)i,ℓ Mℓ,Mjϕj⟩

∣∣∣∣∣∣ (A.447)

≤ O(|η(1)a(0)i |)
(
B1C1 +B2C2 +

µ√
d
(kB1(C1 + C2) +DB2(C1 + C2))

)
(A.448)

≤ O(|η(1)a(0)i |)
(
B1C1 +B2C2 +

kµ√
d
B1C2 +B2C1

)
(A.449)

≤ O(η(1))(1/γ + σ̃/γ + 1/γ + 1/γ) (A.450)

≤ O(η(1)/γ)(1 + σ̃). (A.451)

By the assumption on σζ ,

∣∣∣∣∣⟨
D∑
ℓ=1

q
(1)
i,ℓ Mℓ, ζ/σ̃⟩

∣∣∣∣∣ (A.452)

≤ O(|η(1)a(0)i |)(kB1 +DB2)
σζ
√

log(k)

σ̃
(A.453)

≤ O(η(1))(kB1 +DB2)
σζ
√
log(k)

σ̃

σ̃2
√

log(Dm/δ)

γk2
(A.454)

≤ O(η(1))

(
σζ log(Dm/δ)

(
1

k
+

ϵe
γk

)
+ σζ σ̃

log(k) log(Dm/δ)

γk

)
(A.455)

≤ O(η(1)/γ). (A.456)

Also note that |νj | ≤ O
(
σζ log

2(Dm/δ)

σ̃
√
D

)
. Then by the assumption on σζ ,

∣∣∣∣∣∣⟨υ,
D∑
j=1

ϕjMj⟩

∣∣∣∣∣∣ (A.457)

≤ O(|η(1)a(0)i |)×
√
d×O

(
σζ log

2(Dm/δ)

σ̃
√
D

)
× (C1 + C2) (A.458)

≤ O(|η(1)/γ). (A.459)
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Finally, we have

|⟨υ, ζ/σ̃⟩| ≤
d∑

j=1

|υj ||ζj/σ̃| (A.460)

≤ O(|η(1)a(0)i |)× d×
σζ log

2(Dm/δ)

σ̃
√
D

σ̃
√
log(k)

σ̃
(A.461)

≤ O(η(1)/γ)
σ̃√
k
. (A.462)

We also have:

|Ta| = O(σw
√
log(Dm/δ)) (A.463)∣∣∣b(1)

i

∣∣∣ ≤ ∣∣∣b(0)
i

∣∣∣+ ∣∣∣η(1)a(0)i Tb

∣∣∣ (A.464)

≤
√

log(m/δ)

k2
+
∣∣∣η(1)a(0)i ϵe

∣∣∣ . (A.465)

Eξ(2)

∣∣∣ξ(2)i

∣∣∣ ≤ O(σ
(2)
ξ ). (A.466)

|a(1)m+i| ≤ |a
(0)
i |+ |η

(1)Ta| ≤ |a(0)i |+O(η(1)σw
√
log(Dm/δ)). (A.467)∣∣∣⟨w(1)

i −w
(1)
m+i,x⟩

∣∣∣ = 2
∣∣∣⟨w(1)

i ,x⟩
∣∣∣ = O(η(1)σ̃/γ). (A.468)∣∣∣b(1)

i − b
(1)
m+i

∣∣∣ = 2|η(1)a(0)i Tb| = O(|η(1)a(0)i |ϵe). (A.469)
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Then we have

∣∣∣g(1)(x;σ(2)
ξ )
∣∣∣ ≤ O

(
mη(1)σw

√
log(Dm/δ)

)(η(1)σ̃

γ
+

√
log(m/δ)

k2
+
∣∣∣η(1)a(0)i ϵe

∣∣∣+ σ
(2)
ξ

)
(A.470)

+O
(
m(|a(0)i |+ η(1)σw

√
log(Dm/δ))

)(η(1)σ̃

γ
+
∣∣∣η(1)a(0)i ϵe

∣∣∣) (A.471)

= O

(
mη(1)σw

log(Dm/δ)

k
+m|a(0)i |

(
η(1)σ̃

γ
+
∣∣∣η(1)a(0)i ϵe

∣∣∣)) (A.472)

= O

(
mη(1)σw

log(Dm/δ)

k
+m|a(0)i |

η(1)σ̃

γ
+m|a(0)i |

η(1)σ̃

γ
√
k

)
(A.473)

< 1. (A.474)

Then
∣∣∣yg(1)(x;σ(2)

ξ )
∣∣∣ < 1. Finally, the statement on

∣∣∣⟨(q(1)i )−A, ϕ−A⟩
∣∣∣ follows from a similar

calculation on
∣∣∣⟨w(1)

i ,x⟩
∣∣∣ = ∣∣∣⟨q(1)i , ϕ⟩

∣∣∣.
We are now ready to analyze the gradients in the second gradient step.

Lemma A.6.12. Fix δ ∈ (0, 1) and suppose w
(0)
i ∈ Gw(δ),b(0)

i ∈ Gb(δ),a
(0)
i ∈ Ga(δ) for

all i ∈ [2m]. Let ϵe2 := O

(
η(1)|a(0)

i |k(γ+ϵe)

σ̃2σ
(2)
ξ

)
+ exp(−Θ(k)). If Dµ/

√
d ≤ 1/16, σζ σ̃ = O(1),

σ2
ζd/σ̃

2 = O(1), k = Ω(log2(Dm/δ)), σa ≤ σ̃2/(γk2), η(1) = O
(

γ
kmσaσ̃

)
, and σ

(2)
ξ = 1/k3/2,

then

∂

∂wi
LD(g

(1);σ
(2)
ξ ) = −a(1)i

 D∑
j=1

MjTj + ν

 (A.475)

where Tj satisfies:

• if j ∈ A, then |Tj − βγ/σ̃| ≤ O(ϵe2/σ̃ + η(1)/σ
(2)
ξ + η(1)|a(0)i |ϵe/(σ̃σ

(2)
ξ )), where β ∈

[Ω(1), 1] and depends only on w
(0)
i ,b

(0)
i ;

• if j ̸∈ A, then |Tj | ≤ 1
σ̃ exp(−Ω(k)) +O(σ2

ϕσ̃ϵe2);

• |νj | ≤ O

(
η(1)σζ

γσ
(2)
ξ

)
+ exp(−Ω(k)).
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Proof of Lemma A.6.12. Consider one neuron index i and omit the subscript i in the

parameters. By Lemma A.6.11, with probability at least 1− (d+D) exp(−Ω(k)) = 1−

exp(−Ω(k)) over (x, y), yg(1)(x; ξ(2)) > 1 and furthermore, for any i ∈ [2m],
∣∣∣⟨w(1)

i , ζ/σ̃⟩
∣∣∣ =

O(η(1)σ̃/γ),
∣∣∣⟨q(1)i , ϕ⟩

∣∣∣ = O(η(1)σ̃/γ), and
∣∣∣⟨(q(1)i )−A, ϕ−A⟩

∣∣∣ = O(η(1)σ̃/γ), and for any

j ∈ [d], ℓ ∈ [D], |ζj | ≤ O(σζ
√
log(k)) and |⟨ζ,Dℓ⟩| ≤ O(σζ

√
log(k)). Let Ix be the

indicator of this event.

∂

∂w
Lα
D(g

(1);σ
(2)
ξ ) (A.476)

= −a(1)E(x,y)∼D

{
αyyIxEξ(2)I[⟨w

(1),x⟩+ b(1) + ξ(2) ∈ (0, 1)]x
}

(A.477)

= −a(1)
D∑
j=1

Mj E(x,y)∼D,ξ(2)

{
αyyIxI[⟨w(1),x⟩+ b(1) + ξ(2) ∈ (0, 1)]ϕj

}
︸ ︷︷ ︸

:=Tj

(A.478)

− a(1) E(x,y)∼D,ξ(2)

{
αyyζ

σ̃
IxI[⟨w(1),x⟩+ b(1) + ξ(2) ∈ (0, 1)]

}
︸ ︷︷ ︸

:=ν

. (A.479)

Let Tj1 := E(x,y)∼D,ξ(2)
{
αyyI[⟨w(1),x⟩+ b(1) + ξ(2) ∈ (0, 1)]ϕj

}
. We have

|Tj − Tj1| (A.480)

=
∣∣∣E(x,y)∼D,ξ(2)

{
αyy(1− Ix)I[⟨w(1),x⟩+ b(1) + ξ(2) ∈ (0, 1)]ϕj

}∣∣∣ (A.481)

≤ 1

σ̃
exp(−Ω(k)). (A.482)

Similarly, let ν ′ := E(x,y)∼D,ξ(2)

{
αyyζ
σ̃ I[⟨w(1),x⟩+ b(1) + ξ(2) ∈ (0, 1)]

}
. We have

∣∣ν − ν ′
∣∣ (A.483)

=

∣∣∣∣E(x,y)∼D,ξ(2)

{
αyyζ

σ̃
(1− Ix)I[⟨w(1),x⟩+ b(1) + ξ(2) ∈ (0, 1)]

}∣∣∣∣ (A.484)

≤
σζ
σ̃

exp(−Ω(k)). (A.485)

So it is sufficient to bound Tj1 and ν ′. For simplicity, we use q as a shorthand for q
(1)
i .
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First, consider j ∈ A.

Tj1 = E(x,y)∼D,ξ(2)

{
αyyI[⟨w(1),x⟩+ b(1) + ξ(2) ∈ (0, 1)]ϕj

}
(A.486)

= EϕA

{
αyyϕj Pr

ϕ−A,ξ(2)

[
⟨ϕ, q⟩+ ι+ b(1) + ξ(2) ∈ (0, 1)

]}
(A.487)

where ι := ⟨w(1), ζ/σ̃⟩. Let

Ia := Pr
ξ(2)

[
⟨ϕ, q⟩+ ι+ b(1) + ξ(2) ∈ (0, 1)

]
, (A.488)

I ′a := Pr
ξ(2)

[
⟨ϕ−A, q−A⟩+ ι+ b(1) + ξ(2) ∈ (0, 1)

]
. (A.489)

By the property of the Gaussian ξ(2), that |⟨ϕA, qA⟩| = O(
η(1)|a(0)

i |k(γ+ϵe)

σ̃2 ), and that

|ι| = |⟨w(1)
i , ζ/σ̃⟩|, |⟨ϕ, q⟩|, |⟨ϕ−A, q−A⟩| are all O(η(1)σ̃/γ) < O(1/k), we have

|Ia − I ′a| (A.490)

≤
∣∣∣∣Pr
ξ(2)

[
⟨ϕ, q⟩+ ι+ b(1) + ξ(2) ≥ 0

]
− Pr

ξ(2)

[
⟨ϕ−A, q−A⟩+ ι+ b(1) + ξ(2) ≥ 0

]∣∣∣∣ (A.491)

+ Pr
ξ(2)

[
⟨ϕ, q⟩+ ι+ b(1) + ξ(2) ≥ 1

]
+ Pr

ξ(2)

[
⟨ϕ−A, q−A⟩+ ι+ b(1) + ξ(2) ≥ 1

]
(A.492)

= O

η(1)|a(0)i |k(γ + ϵe)

σ̃2σ
(2)
ξ

+ exp(−Θ(k)) = O(ϵe2). (A.493)

This leads to

∣∣Tj1 − EϕA,ϕ−A

{
αyyϕjI

′
a

}∣∣ (A.494)

≤ EϕA

{
|αyyϕj |

∣∣Eϕ−A
(Ia − I ′a)

∣∣} (A.495)

≤ O(ϵe2)EϕA
{|αyyϕj |} (A.496)

≤ O(ϵe2/σ̃) (A.497)
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where the last step is from Lemma A.6.6. Furthermore,

EϕA,ϕ−A

{
αyyϕjI

′
a

}
(A.498)

= EϕA
{αyyϕj}Eϕ−A

[I ′a] (A.499)

= EϕA
{αyyϕj} Pr

ϕ−A,ξ(2)

[
⟨ϕ−A, q−A⟩+ ι+ b(1) + ξ(2) ∈ (0, 1)

]
. (A.500)

By Lemma A.2.13, we have |⟨ϕ−A, q−A⟩+ι| ≤ O(η(1)σ̃/γ). Also, |b(1)−b(0)| ≤ O(η(1)|a(0)i |ϵe).

By the property of ξ(2),

∣∣∣∣Pr
ξ(2)

[
⟨ϕ−A, q−A⟩+ ι+ b(1) + ξ(2) ∈ (0, 1)

]
− Pr

ξ(2)

[
b(0) + ξ(2) ∈ (0, 1)

]∣∣∣∣ (A.501)

≤ O(η(1)σ̃/(γσ
(2)
ξ )) +O(η(1)|a(0)i |ϵe/σ

(2)
ξ ). (A.502)

On the other hand,

β := Pr
ϕ−A,ξ(2)

[
b(0) + ξ(2) ∈ (0, 1)

]
= Pr

ξ(2)

[
ξ(2) ∈ (−b(0), 1− b(0))

]
(A.503)

= Ω(1) (A.504)

and β only depends on b(0). By Lemma A.6.6, EϕA
{αyyϕj} = γ/σ̃. Therefore,

|Tj1 − βγ/σ̃| ≤ O(ϵe2/σ̃) +O(η(1)/σ
(2)
ξ ) +O(η(1)|a(0)i |ϵe/(σ̃σ

(2)
ξ )). (A.505)

Now, consider j ̸∈ A. Let B denote A ∪ {j}.

Tj1 = E(x,y)∼D,ξ(2)

{
αyyϕjI

[
⟨ϕ, q⟩+ ι+ b(1) + ξ(2) ∈ (0, 1)

]}
(A.506)

= EϕB
Eϕ−B ,ζ,ξ(2)

{
αyyϕjI

[
⟨ϕ, q⟩+ ι+ b(1) + ξ(2) ∈ (0, 1)

]}
(A.507)

= EϕB

{
αyyϕj Pr

ϕ−B ,ζ,ξ(2)

[
⟨ϕ, q⟩+ ι+ b(1) + ξ(2) ∈ (0, 1)

]}
. (A.508)
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Let

Ib := Pr
ξ(2)

[
⟨ϕ, q⟩+ ι+ b(1) + ξ(2) ∈ (0, 1)

]
, (A.509)

I ′b := Pr
ξ(2)

[
⟨ϕ−B, q−B⟩+ ι+ b(1) + ξ(2) ∈ (0, 1)

]
. (A.510)

Similar as above, we have |Ib − I ′b| ≤ ϵe2. Then by Lemma A.6.6,

∣∣Tj1 − EϕB ,ϕ−B ,ζ

{
αyyϕjI

′
b

}∣∣ (A.511)

≤ EϕB

{
|αyyϕj ||Eϕ−B ,ζ(Ib − I ′b)|

}
(A.512)

≤ O(ϵe2)EϕA
{|αyy|}Eϕj

{|ϕj |} (A.513)

≤ O(ϵe2)×O(σ2
ϕσ̃) (A.514)

= O(σ2
ϕσ̃ϵe2). (A.515)

Furthermore,

EϕB ,ϕ−B ,ζ

{
αyyϕjI

′
b

}
= EϕA

{αyy}Eϕj
{ϕj}Eϕ−B

[I ′b] = 0. (A.516)

Therefore,

|Tj1| ≤ O(σ2
ϕσ̃ϵe2). (A.517)

Finally, consider ν ′j .

ν ′j = E(x,y)∼D,ξ(2)

{
αyyζj
σ̃

I[⟨w(1),x⟩+ b(1) + ξ(2) ∈ (0, 1)]

}
(A.518)

= EϕA,ϕ−A,ζ,ξ(2)

{
αyyζj
σ̃

I[⟨ϕ, q⟩+ ι+ b(1) + ξ(2) ∈ (0, 1)]

}
(A.519)

= EϕA,ϕ−A,ζ

{
αyyζj
σ̃

Pr
ξ(2)

[⟨ϕ, q⟩+ ι+ b(1) + ξ(2) ∈ (0, 1)]

}
(A.520)
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Let

Ij := Pr
ξ(2)

[
⟨ϕ, q⟩+ ι+ b(0) + ξ(1) ∈ (0, 1)

]
, (A.521)

I ′j := Pr
ξ(2)

[
⟨ϕ, q⟩+ b(0) + ξ(1) ∈ (0, 1)

]
. (A.522)

Since |ι| ≤ O(η(1)σ̃/γ), we have |Ij − I ′j | ≤ O(η(1)σ̃/(γσ
(2)
ξ )). Then

∣∣∣∣ν ′j − EϕA,ϕ−A,ζ

{
αyyζj
σ̃

I ′j

}∣∣∣∣ (A.523)

=

∣∣∣∣EϕA,ϕ−A,ζ

{
αyyζj
σ̃

(Ij − I ′j)

}∣∣∣∣ (A.524)

≤ O(η(1)σ̃/(γσ
(2)
ξ ))EϕA,ϕ−A,ζ

∣∣∣∣αyyζj
σ̃

∣∣∣∣ (A.525)

≤ O(η(1)σ̃/(γσ
(2)
ξ ))EϕA

|αyy|Eζ

∣∣∣∣ζjσ̃
∣∣∣∣ (A.526)

≤ O(η(1)σ̃/(γσ
(2)
ξ ))× 1×

σζ
σ̃

(A.527)

≤ O(η(1)σζ/(γσ
(2)
ξ )). (A.528)

Furthermore,

EϕA,ϕ−A,ζ

{
αyyζj
σ̃

I ′j

}
= EϕA,ϕ−A

{αyy

σ̃
I ′j

}
Eζ {ζj} = 0. (A.529)

Therefore,

|νj | ≤ O

η(1)σζ

γσ
(2)
ξ

+ exp(−Ω(k)). (A.530)

Lemma A.6.13. Under the same assumptions as in Lemma A.6.12,

∂

∂b
LD(g

(1);σ
(2)
ξ ) = −a(1)i Tb (A.531)
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where |Tb| ≤ exp(−Ω(k)) +O(ϵe2).

Proof of Lemma A.6.13. Consider one neuron index i and omit the subscript i in the param-

eters. By Lemma A.6.11, Pr[yg(1)(x; ξ(2)) > 1] ≤ exp(−Ω(k)). Let Ix = I[yg(1)(x; ξ(2)) ≤ 1].

∂

∂b
Lα
D(g

(1);σ
(2)
ξ ) (A.532)

= −a(1) E(x,y)∼D

{
αyyIxEξ(2)I[⟨w

(1),x⟩+ b(1) + ξ(2) ∈ (0, 1)]
}

︸ ︷︷ ︸
:=Tb

. (A.533)

Let Tb1 := E(x,y)∼D,ξ(2)
{
αyyI[⟨w(1),x⟩+ b(1) + ξ(2) ∈ (0, 1)]

}
. We have

|Tb − Tb1| (A.534)

=
∣∣∣E(x,y)∼D,ξ(2)

{
αyy(1− Ix)I[⟨w(1),x⟩+ b(1) + ξ(2) ∈ (0, 1)]

}∣∣∣ (A.535)

≤ exp(−Ω(k)). (A.536)

So it is sufficient to bound Tb1. For simplicity, we use q as a shorthand for q
(1)
i .

Tb1 = E(x,y)∼D,ξ(2)

{
αyyI

[
⟨ϕ, q⟩+ ι+ b(1) + ξ(2) ∈ (0, 1)

]}
(A.537)

= EϕA
Eϕ−A,ξ(2)

{
αyyI

[
⟨ϕ, q⟩+ ι+ b(1) + ξ(2) ∈ (0, 1)

]}
(A.538)

= EϕA

{
αyy Pr

ϕ−A,ξ(2)

[
⟨ϕ, q⟩+ ι+ b(1) + ξ(2) ∈ (0, 1)

]}
. (A.539)

Let

Ib := Pr
ξ(2)

[
⟨ϕ, q⟩+ ι+ b(1) + ξ(2) ∈ (0, 1)

]
, (A.540)

I ′b := Pr
ξ(2)

[
⟨ϕ−A, q−A⟩+ ι+ b(1) + ξ(2) ∈ (0, 1)

]
. (A.541)
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Similar as in Lemma A.2.14, we have |Ib − I ′b| ≤ ϵe2. Then by Lemma A.6.6,

∣∣Tb1 − EϕA,ϕ−A

{
αyyI

′
b

}∣∣ (A.542)

=
∣∣EϕA,ϕ−A

{
αyy(Ib − I ′b)

}∣∣ (A.543)

= O(ϵe2)EϕA,ϕ−A
|αyy| (A.544)

≤ O(ϵe2). (A.545)

Furthermore,

EϕA,ϕ−A

{
αyyI

′
b

}
= EϕA

{αyy}Eϕ−A
[I ′b] = 0. (A.546)

Therefore, |Tb1| ≤ O(ϵe2) and the statement follows.

Lemma A.6.14. Under the same assumptions as in Lemma A.6.12,

∂

∂ai
LD(g

(1);σ
(2)
ξ ) = −Ta (A.547)

where |Ta| = O
(

η(1)σ̃
γpmin

)
+ exp(−Ω(k))poly

(
dD
pmin

)
.

Proof of Lemma A.6.14. Consider one neuron index i and omit the subscript i in the parame-

ters. By Lemma A.6.11, Pr[yg(1)(x; ξ(2)) > 1] ≤ exp(−Θ(k)). Let Ix = I[yg(1)(x; ξ(2)) ≤ 1].

∂

∂a
Lα
D(g

(1);σ
(2)
ξ ) (A.548)

= −E(x,y)∼D

{
αyyIxEξ(2)σ(⟨w

(1),x⟩+ b(1) + ξ(2))
}

︸ ︷︷ ︸
:=Ta

. (A.549)

Let Ta1 := E(x,y)∼D

{
αyyEξ(2)σ(⟨w(1),x⟩+ b(1) + ξ(2))

}
. We have

|Ta − Ta1| (A.550)

=
∣∣∣E(x,y)∼D

{
αyy(1− Ix)Eξ(2)σ(⟨w

(1),x⟩+ b(1) + ξ(2))
}∣∣∣ (A.551)

≤ exp(−Ω(k)). (A.552)
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So it is sufficient to bound Ta1. For simplicity, we use q as a shorthand for q
(1)
i .

Let ϕ′
A be an independent copy of ϕA, ϕ′ be the vector obtained by replacing in ϕ the

entries ϕA with ϕ′
A, and let x′ = Mϕ′ + ζ and its label is y′. Then

|Ta1| :=
∣∣∣EϕA

{
αyyEϕ−A,ζ,ξ(2)σ(⟨w

(1),x⟩+ b(1) + ξ(2))
}∣∣∣ (A.553)

≤ 1

2

∣∣∣∣∣EϕA

{
Eϕ−A,ζ,ξ(2)σ(⟨w

(1),x⟩+ b(1) + ξ(1))|y = 1
}

(A.554)

− EϕA

{
Eϕ−A,ζ,ξ(2)σ(⟨w

(1),x⟩+ b(1) + ξ(2))|y = −1
} ∣∣∣∣∣ (A.555)

≤ 1

2

∣∣∣∣∣EϕA

{
Eϕ−A,ζ,ξ(2)σ(⟨w

(1),x⟩+ b(1) + ξ(2))|y = 1
}

(A.556)

− Eϕ′
A

{
Eϕ−A,ζ,ξ(2)σ(⟨w

(1),x′⟩+ b(1) + ξ(2))|y′ = −1
} ∣∣∣∣∣ (A.557)

≤ 1

2
EϕA,ϕ′

A

{
Eϕ−A

∣∣∣⟨w(1),x⟩ − ⟨w(1),x′⟩
∣∣∣ |y = 1, y′ = −1

}
(A.558)

≤ 1

2
Eϕ−A

(
EϕA

{∣∣∣⟨w(1),Mϕ⟩
∣∣∣ |y = 1

}
+ Eϕ′

A

{∣∣∣⟨w(1),Mϕ′⟩
∣∣∣ |y′ = −1}) (A.559)

≤ Eϕ−A,ϕA

∣∣∣αy⟨w(1),Mϕ⟩
∣∣∣ (A.560)

= Eϕ

∣∣∣αy⟨w(1),Mϕ⟩
∣∣∣ (A.561)

= O(η(1)σ̃/γ) + exp(−Ω(k))×
√
dD

σ̃
× ∥w(1)∥∞ (A.562)

= O

(
η(1)σ̃

γpmin

)
+ exp(−Ω(k))poly(dD/pmin) (A.563)

where the fourth step follows from that σ is 1-Lipschitz, and the second to the last line

from Lemma A.6.11 and that
∣∣⟨w(1),Mϕ⟩

∣∣ ≤ ∥w(1)∥∞
√

d∥Mϕ∥22.

With the above lemmas about the gradients, we are now ready to show that at the end

of the second step, we get a good set of features for accurate prediction.

Lemma A.6.15. Set

η(1) =
γ2pminσ̃

km3
, λ

(1)
a = 0, λ

(1)
w = 1/(2η(1)), σ

(1)
ξ = 1/k3/2, (A.564)

η(2) = 1, λ
(2)
a = λ

(2)
w = 1/(2η(2)), σ

(2)
ξ = 1/k3/2. (A.565)
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Fix δ ∈ (0, O(1/k3)). If Dµ/
√
d ≤ 1/16, σζ σ̃ = O(1), σ2

ζd/σ̃
2 = O(1), k = Ω

(
log2

(
Dmd
δγpmin

))
,

and m ≥ max{Ω(k4), D, d}, then with probability at least 1− δ over the initialization, there

exist ãi’s such that g̃(x) :=
∑2m

i=1 ãiσ(⟨w
(2)
i ,x⟩+ b

(2)
i ) satisfies LD(g̃) ≤ exp(−Ω(k)). Fur-

thermore, ∥ã∥0 = O(m/k), ∥ã∥∞ = O(k5/m), and ∥ã∥22 = O(k9/m). Finally, ∥a(2)∥∞ =

O
(

1
km2

)
, ∥w(2)

i ∥2 = O(σ̃/k), and |b(2)
i | = O(1/k2) for all i ∈ [2m].

Proof of Lemma A.6.15. By Lemma A.6.2, there exists a network g∗(x) =
∑3(k+1)

ℓ=1 a∗ℓσ(⟨w∗
ℓ ,x⟩+

b∗
ℓ ) satisfying

Pr
(x,y)∼D

[yg∗(x) ≤ 1] ≤ exp(−Ω(k)).

Furthermore, the number of neurons n = 3(k + 1), |a∗i | ≤ 64k, 1/(64k) ≤ |b∗
i | ≤ 1/4,

w∗
i = σ̃

∑
j∈AMj/(8k), and |⟨w∗

i ,x⟩+ b∗
i | ≤ 1 for any i ∈ [n] and (x, y) ∼ D. Now we fix

an ℓ, and show that with high probability there is a neuron in g(2) that can approximate

the ℓ-th neuron in g∗.

With probability ≥ 1− exp(−Ω(max{2po(D − k), k})), among all j ̸∈ A, we have that

at most 2po(D−k)+k of ϕj are (1−po)/σ̃, while the others are −po/σ̃. With probability ≥

1−(d+D) exp(−Ω(k)) over ζ, for any j, |ζj | ≤ O(σζ
√
log(k)) and |⟨ζ,Dℓ⟩| ≤ O(σζ

√
log(k)).

Below we consider data points with ϕ and ζ satisfying these.

By Lemma A.6.4, with probability 1 − 2δ over w
(0)
i ’s, they are all in Gw(δ); with

probability 1− δ over a
(0)
i ’s, they are all in Ga(δ); with probability 1− δ over b

(0)
i ’s, they

are all in Gb(δ). Under these events, by Lemma A.6.10, Lemma A.6.12 and A.6.13, for any

neuron i ∈ [2m], we have

w
(2)
i = a

(1)
i

 D∑
j=1

MjTj + ν

 , (A.566)

b
(2)
i = b

(1)
i + a

(1)
i Tb. (A.567)

where

• if j ∈ A, then |Tj − βγ/σ̃| ≤ ϵw1 := O(ϵe2/σ̃+ η(1)/σ
(2)
ξ + η(1)|a(0)i |ϵe/(σ̃σ

(2)
ξ )), where

β ∈ [Ω(1), 1] and depends only on w
(0)
i ,b

(0)
i ;
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• if j ̸∈ A, then |Tj | ≤ ϵw2 :=
1
σ̃ exp(−Ω(k)) +O(σ2

ϕσ̃ϵe2);

• |νj | ≤ ϵν := O

(
η(1)σζ

γσ
(2)
ξ

)
+ exp(−Ω(k)).

• |Tb| ≤ ϵb := exp(−Ω(k)) +O(ϵe2).

Given the initialization, with probability Ω(1) over b
(0)
i , we have

|b(0)
i | ∈

[
1

2k2
,
2

k2

]
, sign(b

(0)
i ) = sign(b∗

ℓ ). (A.568)

Finally, since 8k|b∗
ℓ |βγ

|b(0)
i |σ̃2

∈ [Ω(k2γ/σ̃2), O(k3γ/σ̃2)] and depends only on w
(0)
i ,b

(0)
i , we have

that for ϵa = Θ(1/k2), with probability Ω(ϵa) > δ over a
(0)
i ,

∣∣∣∣∣8k|b∗
ℓ |βγ

|b(0)
i |σ̃2

a
(0)
i − 1

∣∣∣∣∣ ≤ ϵa, |a(0)i | = O

(
σ̃2

k2γ

)
. (A.569)

Let na = ϵam/4. For the given value of m, by (A.566)-(A.569) we have with probability

≥ 1− 5δ over the initialization, for each ℓ there is a different set of neurons Iℓ ⊆ [m] with

|Iℓ| = na and such that for each iℓ ∈ Iℓ,

|b(0)
iℓ
| ∈
[

1

2k2
,
2

k2

]
, sign(b

(0)
iℓ

) = sign(b∗
ℓ ), (A.570)∣∣∣∣∣8k|b∗

ℓ |βγ
|b(0)iℓ
|σ̃2

a
(0)
iℓ
− 1

∣∣∣∣∣ ≤ ϵa, |a(0)iℓ
| = O

(
σ̃2

k2γ

)
. (A.571)

Now, construct ã such that ãiℓ =
2a∗

ℓ |b
∗
ℓ |

|b(0)iℓ
|na

for each ℓ and each iℓ ∈ Iℓ, and ãi = 0

elsewhere. To show that it gives accurate predictions, we first consider bounding some error

terms.
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For the given values of parameters, we have

ϵe2 = O
( γ

m2

)
, (A.572)

ϵw1 = O

(
kγ

m2σ̃
+

γϵe
km2

)
, (A.573)

ϵw2 = O
( γ

m2σ̃

)
, (A.574)

ϵν = O

(
γk

m3

)
, (A.575)

ϵb = O
( γ

m2

)
. (A.576)

We also have the following useful claims.

Claim A.6.2.
∑

ℓ∈A |⟨Mℓ,x⟩| ≤ O
(
k
σ̃

)
.

Proof of Claim A.6.2.

∑
ℓ∈A
|⟨Mℓ,x⟩| (A.577)

≤
∑
ℓ∈A

|ϕj |+

∣∣∣∣∣∣
∑
j ̸=ℓ

M⊤
ℓ Mjϕj

∣∣∣∣∣∣+
∣∣∣M⊤

ℓ ζ/σ̃
∣∣∣
 (A.578)

≤ O

(
k

σ̃

)
+O

(
kD

µ√
dσ̃

)
+O

(
k
σζ
√

log(k)

σ̃

)
(A.579)

≤ O

(
k

σ̃

)
. (A.580)

Claim A.6.3. ∣∣∣∣∣∣⟨w(2)
iℓ

,x⟩ −
a
(0)
iℓ

βγ

σ̃

∑
j∈A
⟨Mj ,x⟩

∣∣∣∣∣∣ ≤ O

(
1

m

)
. (A.581)
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Proof of Claim A.6.3.

∣∣∣⟨w(2)
iℓ

,x⟩
∣∣∣ = ∣∣∣∣∣⟨

D∑
ℓ=1

a
(1)
iℓ

TℓMℓ + υ,x⟩

∣∣∣∣∣ (A.582)

≤

∣∣∣∣∣⟨∑
ℓ∈A

a
(1)
iℓ

TℓMℓ,x⟩

∣∣∣∣∣+
∣∣∣∣∣∣⟨
∑
ℓ̸∈A

a
(1)
iℓ

TℓMℓ,x⟩

∣∣∣∣∣∣+ |⟨υ,x⟩| . (A.583)

Then∣∣∣∣∣∣⟨w(2)
iℓ

,x⟩ −
a
(0)
iℓ

βγ

σ̃

∑
j∈A
⟨Mj ,x⟩

∣∣∣∣∣∣ (A.584)

≤

∣∣∣∣∣∣⟨w(2)
iℓ

,x⟩ −
a
(1)
iℓ

βγ

σ̃

∑
j∈A
⟨Mj ,x⟩

∣∣∣∣∣∣+
∣∣∣∣∣∣a

(1)
iℓ

βγ

σ̃

∑
j∈A
⟨Mj ,x⟩ −

a
(0)
iℓ

βγ

σ̃

∑
j∈A
⟨Mj ,x⟩

∣∣∣∣∣∣ (A.585)

≤

∣∣∣∣∣∣⟨w(2)
iℓ

,x⟩ −
a
(1)
iℓ

βγ

σ̃

∑
j∈A
⟨Mj ,x⟩

∣∣∣∣∣∣+
∣∣∣a(1)iℓ

− a
(0)
iℓ

∣∣∣
∣∣∣∣∣∣βγσ̃

∑
j∈A
⟨Mj ,x⟩

∣∣∣∣∣∣ . (A.586)

The first term is∣∣∣∣∣∣⟨w(2)
iℓ

,x⟩ −
a
(1)
iℓ

βγ

σ̃

∑
j∈A
⟨Mj ,x⟩

∣∣∣∣∣∣ (A.587)

≤
∣∣∣a(1)iℓ

∣∣∣
∣∣∣∣∣⟨∑

ℓ∈A

(
Tℓ −

βγ

σ̃

)
Mℓ,x⟩

∣∣∣∣∣+
∣∣∣∣∣∣⟨
∑
ℓ̸∈A

TℓMℓ,x⟩

∣∣∣∣∣∣+ |⟨ν,x⟩|
 . (A.588)

By Claim A.6.2,

∣∣∣∣∣⟨∑
ℓ∈A

(
Tℓ −

βγ

σ̃

)
Mℓ,x⟩

∣∣∣∣∣ ≤∑
ℓ∈A

∣∣∣∣Tℓ −
βγ

σ̃

∣∣∣∣ |⟨Mℓ,x⟩| (A.589)

≤ ϵw1

∑
ℓ∈A
|⟨Mℓ,x⟩| (A.590)

≤ O

(
kϵw1

σ̃

)
. (A.591)
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∣∣∣∣∣∣⟨
∑
ℓ ̸∈A

TℓMℓ,x⟩

∣∣∣∣∣∣ ≤
∣∣∣∣∣∣
∑
ℓ̸∈A

Tℓϕj

∣∣∣∣∣∣+
∣∣∣∣∣∣
∑

ℓ ̸∈A,j ̸=ℓ

TℓM
⊤
ℓ Mjϕj

∣∣∣∣∣∣+
∣∣∣∣∣∣
∑
ℓ ̸∈A

TℓM
⊤
ℓ ζ/σ̃

∣∣∣∣∣∣ (A.592)

≤ O

(
Dϵw2

σ̃

)
+O

(
D2ϵw2

µ√
dσ̃

)
+O

(
Dϵw2

σζ
√

log(k)

σ̃

)
(A.593)

≤ O

(
Dϵw2

σ̃

)
. (A.594)

|⟨ν,x⟩| ≤

∣∣∣∣∣∣⟨ν,
∑
ℓ∈[D]

Mℓϕℓ⟩

∣∣∣∣∣∣+ |⟨ν, ζ/σ̃⟩| (A.595)

≤
∑
ℓ∈[D]

|ϕℓ⟨ν,Mℓ⟩|+ |⟨ν, ζ/σ̃⟩| (A.596)

≤ O

(
poD + k

σ̃

)
ϵν
√
d+ dϵν

O(σζ
√

log(k))

σ̃
(A.597)

≤ O

(
ϵν
√
d

σ̃

)(
poD +

√
dϵν
√
log(k)

)
(A.598)

≤ O

(
ϵν
√
d

σ̃

)(
poD + σ̃

√
log(k)

)
(A.599)

≤ O

(
poDϵν

√
d

σ̃

)
. (A.600)

Then by (A.572)-(A.576),

ϵϕ :=

(
kϵw1

σ̃
+

Dϵw2

σ̃
+

poDϵν
√
d

σ̃

)
= O

(
k2γ

m2σ̃2
+

γϵe
m2σ̃

+
γ

mσ̃2
+

γk

m3/2σ̃

)
. (A.601)

We have
∣∣∣a(1)iℓ

− a
(0)
iℓ

∣∣∣ = O(η(1)σw
√
log(Dm/δ)). So the first term is bounded by

∣∣∣∣∣∣⟨w(2)
iℓ

,x⟩ −
a
(0)
iℓ

βγ

σ̃

∑
j∈A
⟨Mj ,x⟩

∣∣∣∣∣∣ ≤
∣∣∣a(1)iℓ

∣∣∣ ϵϕ (A.602)

≤ O

(
σ̃2

k2γ
+ η(1)σw

√
log(Dm/δ)

)(
k2γ

m2σ̃2
+

γϵe
m2σ̃

+
γ

mσ̃2
+

γk

m3/2σ̃

)
≤ O

(
1

m

)
.

(A.603)
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By Claim A.6.2, the second term is bounded by

∣∣∣a(1)iℓ
− a

(0)
iℓ

∣∣∣
∣∣∣∣∣∣βγσ̃

∑
j∈A
⟨Mj ,x⟩

∣∣∣∣∣∣ ≤ O

(
kη(1)σw

√
log(Dm/δ)γ

σ̃2

)
≤ O

(
γ3

m3

)
. (A.604)

Combining the bounds on the two terms leads to the claim.

Claim A.6.4.

|b(2)
iℓ
− b

(0)
iℓ
| ≤ O

(
1

k2m

)
. (A.605)

Proof of Claim A.6.4. By Lemma A.6.10 and A.6.13:

|b(2)
iℓ
− b

(0)
iℓ
| ≤ |b(2)

iℓ
− b

(1)
iℓ
|+ |b(1)

iℓ
− b

(0)
iℓ
| (A.606)

≤ O
(
η(1)|a(0)iℓ

|ϵe + |a(1)iℓ
| (exp(−Ω(k)) + ϵe2)

)
(A.607)

≤ O

(
γ

km2
+

1

k2m

)
≤ O

(
1

k2m

)
. (A.608)
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We are now ready to show g̃ is close to 2g∗.

|g̃(x)− 2g∗(x)| (A.609)

=

∣∣∣∣∣∣
3(k+1)∑
ℓ=1

∑
iℓ∈Iℓ

ãiℓσ
(
⟨w(2)

iℓ
,x⟩+ b

(2)
iℓ

)
−

3(k+1)∑
ℓ=1

2a∗ℓσ (⟨w∗
ℓ ,x⟩+ b∗

ℓ )

∣∣∣∣∣∣ (A.610)

=

∣∣∣∣∣∣
3(k+1)∑
ℓ=1

∑
iℓ∈Iℓ

2a∗ℓ |b∗
ℓ |

|b(0)iℓ
|na

σ
(
⟨w(2)

iℓ
,x⟩+ b

(2)
iℓ

)
−

3(k+1)∑
ℓ=1

∑
iℓ∈Iℓ

2a∗ℓ |b∗
ℓ |

|b(0)iℓ
|na

σ

(
|b(0)iℓ
|

|b∗
ℓ |
⟨w∗

ℓ ,x⟩+ b
(0)
iℓ

)∣∣∣∣∣∣
(A.611)

≤

∣∣∣∣∣∣
3(k+1)∑
ℓ=1

∑
iℓ∈Iℓ

1

na

2a∗ℓ |b∗
ℓ |

|b(0)iℓ
|
σ
(
⟨w(2)

iℓ
,x⟩+ b

(2)
iℓ

)
−

2a∗ℓ |b∗
ℓ |

|b(0)iℓ
|
σ

a
(0)
iℓ

βγ

σ̃

∑
j∈A
⟨Mj ,x⟩+ b

(0)
iℓ

∣∣∣∣∣∣
(A.612)

+

∣∣∣∣∣∣
3(k+1)∑
ℓ=1

∑
iℓ∈Iℓ

1

na

2a∗ℓ |b∗
ℓ |

|b(0)iℓ
|
σ

a
(0)
iℓ

βγ

σ̃

∑
j∈A
⟨Mj ,x⟩+ b

(0)
iℓ

− 2a∗ℓ |b∗
ℓ |

|b(0)iℓ
|
σ

(
|b(0)iℓ
|

|b∗
ℓ |
⟨w∗

ℓ ,x⟩+ b
(0)
iℓ

)∣∣∣∣∣∣ .
(A.613)

Here the second equation follows from that σ is positive-homogeneous in [0, 1], |⟨w∗
ℓ ,x⟩+

b∗
ℓ | ≤ 1, |b(0)

iℓ
|/|b∗

ℓ | ≤ 1.

By Claim A.6.3 and A.6.4, the first term is bounded by:

3(k + 1)max
ℓ

2a∗ℓ |b∗
ℓ |

|b(0)
iℓ
|

∣∣∣∣∣∣⟨w(2)
iℓ

,x⟩ −
a
(0)
iℓ

βγ

σ̃

∑
j∈A
⟨Mj ,x⟩

∣∣∣∣∣∣+ |b(2)
iℓ
− b

(0)
iℓ
|

 (A.614)

≤ 3(k + 1)max
ℓ

2a∗ℓ |b∗
ℓ |

|b(0)
iℓ
|
O

(
1

m

)
(A.615)

≤ O

(
k4

m

)
. (A.616)
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By Claim A.6.2, the second term is bounded by:

3(k + 1)max
ℓ

2a∗ℓ |b∗
ℓ |

|b(0)
iℓ
|

∣∣∣∣∣∣a
(0)
iℓ

βγ

σ̃

∑
j∈A
⟨Mj ,x⟩ −

|b(0)iℓ
|

|b∗
ℓ |
⟨w∗

ℓ ,x⟩

∣∣∣∣∣∣ (A.617)

≤ 3(k + 1)max
ℓ

2a∗ℓ |b∗
ℓ |

|b(0)
iℓ
|

∣∣∣∣∣∣a
(0)
iℓ

βγ

σ̃

∑
j∈A
⟨Mj ,x⟩ −

|b(0)iℓ
|σ̃

8k|b∗
ℓ |
∑
j∈A
⟨Mj ,x⟩

∣∣∣∣∣∣ (A.618)

≤ 3(k + 1)max
ℓ

2a∗ℓ |b∗
ℓ |

|b(0)
iℓ
|

σ̃|b(0)
iℓ
|

8k|b∗
ℓ |

∣∣∣∣∣8kaiℓβγ|b∗
ℓ |

σ̃2|b(0)
iℓ
|
− 1

∣∣∣∣∣
∣∣∣∣∣∣
∑
j∈A
⟨Mj ,x⟩

∣∣∣∣∣∣ (A.619)

≤ 3(k + 1)max
ℓ

O(a∗ℓϵa) (A.620)

≤ O
(
k2ϵa

)
. (A.621)

Then

|g̃(x)− 2g∗(x)| = O

(
k4

m
+ k2ϵa

)
≤ 1. (A.622)

This guarantees yg̃(x) ≥ 1. Changing the scaling of δ leads to the statement.

Finally, the bounds on ã follow from the above calculation. The bound on ∥a(2)∥2

follows from Lemma A.6.14, and those on ∥w(2)
i ∥2 and ∥b(2)

i ∥2 follow from (A.566)(A.567)

and the bounds on a
(1)
i and b

(1)
i in Lemma A.6.10.

A.6.9 Classifier Learning Stage and Main Theorem

Once we have a good set of features in Lemma A.6.15, we can follow exactly the same

argument as in Section A.2.6 and A.2.7 for the simplified setting, and arrive at the main

theorem for the general setting:
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Theorem A.6.16 (Restatement of Theorem A.6.1). Set

η(1) =
γ2pminσ̃

km3
, λ

(1)
a = 0, λ

(1)
w = 1/(2η(1)), σ

(1)
ξ = 1/k3/2, (A.623)

η(2) = 1, λ
(2)
a = λ

(2)
w = 1/(2η(2)), σ

(2)
ξ = 1/k3/2, (A.624)

η(t) = η =
k2

Tm1/3
, λ

(t)
a = λ

(t)
w = λ ≤ k3

σ̃m1/3
, σ

(t)
ξ = 0, for 2 < t ≤ T. (A.625)

For any δ ∈ (0, O(1/k3)), if µ ≤ O(
√
d/D), σζ ≤ O(min{1/σ̃, σ̃/

√
d}), k = Ω

(
log2

(
Dmd
δγpmin

))
,

m ≥ max{Ω(k4), D, d}, then we have for any D ∈ FΞ, with probability at least 1− δ, there

exists t ∈ [T ] such that

Pr[sign(g(t)(x)) ̸= y] ≤ LD(g
(t)) = O

(
k8

m2/3
+

k3T

m2
+

k2m2/3

T

)
. (A.626)

Consequently, for any ϵ ∈ (0, 1), if T = m4/3, and m ≥ max{Ω(k12/ϵ3/2), D}, then

Pr[sign(g(t)(x)) ̸= y] ≤ LD(g
(t)) ≤ ϵ. (A.627)
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Appendix B

Discussions, Complete Proofs and

Additional Experiments in Chapter 3:

A Theoretical Framework Towards

Provable Guarantees for Neural

Networks via Gradient Feature

Learning

Appendix B.1 describes the limitations of our work. In Appendix B.2, we present our

framework implications about simplicity bias. The complete proof of our main results is

given in Appendix B.3. We present the case study of linear data in Appendix B.4.1, mixtures

of Gaussians in Appendix B.4.2 and Appendix B.4.3, parity functions in Appendix B.4.4,

Appendix B.4.5 and Appendix B.4.6, and multiple-index models in Appendix B.4.7. We

put the auxiliary lemmas in Appendix B.5.
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B.1 Limitations

Recover Existing Results. The framework may or may not recover the width or sample

complexity bounds in existing work.

1. The framework can give matching bounds as the existing work in some cases, like

parities over uniform inputs (Appendix B.4.5).

2. In some other cases, it gives polynomial error bounds not the same as those in the

existing work (e.g., for parities over structured inputs). This is because our work is

analyzing general cases, and thus may not give better than or the same bounds as

those in special cases, since special cases have more properties that can be exploited

to get potentially better bounds. On the other hand, our bounds can already show

the advantage over kernel methods (e.g., Proposition 3.3.9).

We would like to emphasize that our contribution is providing an analysis framework that

can (1) formalize the unifying principles of learning features from gradients in network

training, and (2) give polynomial error bounds for prototypical problems. Our focus is not

to recover the guarantees in existing work.

Failure Cases. There are some failure cases that gradient feature learning framework

cannot cover:

1. In [232], they constructed a function that is easy to approximate using a 3-layer

network but not approximable by any 2-layer network. Since the function is not

approximable by any 2-layer network, it cannot be approximated by the gradient-

induced networks as well, so OPT will be large. As a result, the final error will be

large.

2. In uniform parity data distribution, considering an odd number of features rather

than even, i.e., k is an odd number in Assumption B.4.28, we can show that our

gradient feature set is empty even when p in Equation (3.6) is exponentially small,

thus the OPT is a positive constant since the gradient induced network can only be

constants. Meanwhile, the neural network won’t be able to learn this data distribution
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because its gradient is always 0 through the training, and the final error equals OPT.

The first case corresponds to the approximation hardness of 2-layer networks, while the

second case gives a learning hardness example. The above two cases show that if there is

an approximation or learning hardness, our gradient feature learning framework may be

vacuous because the optimal model in the gradient feature class has a large risk, then the

ground-truth mapping from inputs to labels is not learnable by gradient descent. These

analyses are consistent with previous works [232, 26].

B.2 More Further Implications

Our general framework also sheds some light on several interesting phenomena in neural

network (NN) learning observed in practice. Feature learning beyond the kernel regime has

been discussed in Section 3.3.1 and Section 3.3.2. The lottery ticket hypothesis (LTH) has

been discussed in Section 3.4. Below we discuss other implications.

Implicit Regularization/Simplicity Bias. It is now well known that practical NN

are overparameterized and traditional uniform convergence bounds cannot adequately

explain their generalization performance [312, 195, 133]. It is generally believed that the

optimization has some implicit regularization effect that restricts learning dynamics to a

subset of the whole hypothesis class, which is not of high capacity so can lead to good

generalization [199, 106]. Furthermore, learning dynamics tend to first learn simple functions

and then learn more and more sophisticated ones (referred to as simplicity bias) [197, 235].

However, it remains elusive to formalize such simplicity bias.

Our framework provides a candidate explanation: the learning dynamics first learn to

approximate the best network in a smaller family of gradient feature induced networks

Fd,r,BF ,S and then learn to approximate the best in a larger family. Consider the number

of neurons r for illustration. Let r1 ≪ r2, and let T1 and T2 be their corresponding runtime

bounds for T in the main Theorem 3.2.12. Clearly, T1 ≪ T2. Then, at time T1, the

theorem guarantees the learning dynamics learn to approximate the best in the family
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Fd,r1,BF ,S with r1 neurons, but not for the larger family Fd,r2,BF ,S . Later, at time T2, the

learning dynamics learn to approximate the best in the larger family Fd,r2,BF ,S . That is,

the learning first learns simpler functions and then more sophisticated ones where the

simplicity bias is measured by the size of the family of gradient feature-induced networks.

The implicit regularization is then restricting to networks approximating smaller families

of gradient feature-induced networks. Furthermore, we can also conclude that for an

SGD-optimized NN, its actual representation power is from the subset of NN based on

gradient features, instead of the whole set of NN. This view helps explain the simplicity

bias/implicit regularization phenomenon of NN learning in practice.

Learning over Different Data Distributions. Our framework articulates the following

key principles (pointed out for specific problems in existing work but not articulated more

generally):

• Role of gradient: the gradient leads to the emergence of good features, which is useful

for the learning of upper layers in later stages.

• From features to solutions: learned features in early steps will not be distorted, if

not improved, in later stages. The training dynamic for upper layers will eventually

learn a good combination of hidden neurons based on gradient features, giving a good

solution.

Then, more interesting insights are obtained from the generality of the framework. To build

a general framework, the meaningful error guarantees should be data-dependent, since NN

learning on general data distributions is hard and data-independent guarantees will be

vacuous [66, 65]. Comparing the optimal in a family of “ground-truth” functions (inspired by

agnostic learning in learning theory) is a useful method to obtain the data-dependent bound.

We further construct the “ground-truth” functions using properties of the training dynamics,

i.e., gradient features. This greatly facilitates the analysis of the training dynamics and is

the key to obtaining the final guarantees. On the other hand, the framework can also be

viewed as using the optimal by gradient-induced NN to measure or quantify the “complexity”

of the problem. For easier problems, this quantity is smaller, and our framework can give a
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better error bound. So this provides a united way to derive guarantees for specific problems.

New Perspectives about Roadmaps Forward. We argue a new perspective about

the connection between the strong representation power and the successful learning of NN.

Traditionally, the strong representation power of NN is the key reason for hardness results of

NN learning: NN has strong representation power and can encode hard learning questions,

so they are hard to learn. See the proof in SQ bound from [63] or NP-hardness from [34].

The strong representation power also causes trouble for the statistical aspect: it leads to

vacuous generalization bounds when traditional uniform convergence tools are used.

Our framework suggests a perspective in sharp contrast: the strong representation power

of NN with gradient features is actually the key to successful learning. More concretely, the

optimal error of the gradient feature-induced NN being small (i.e., strong representation

power for a given data distribution) can lead to a small guarantee, which is the key to

successful learning. The above new perspective suggests a different analysis road than

traditional ones. Traditional analysis typically first reasons about the optimal based on the

whole function class, i.e. the ground truth, then analyze how NN learns proper features

and reaches the optimal. In contrast, our framework defines feature family first, and then

reasons about the optimal based on it.

Our framework provides the foundation for future work on analyzing gradient-based

NN learning, which may inspire future directions including but not limited to (1) defining

a new feature family for 2-layer NN rather than gradient feature, (2) considering deep NN

and introducing new gradient features (e.g., gradient feature notion for upper layers), (3)

defining different gradient feature family at different training stages (e.g., gradient feature

notion for later stages). In particular, the challenges in the later-stage analysis are: (a) the

weights in the later stage will not be as normal as the initialization, and we need new tools

to analyze their properties; (b) to show that the later-stage features eventually lead to a

good solution, we may need new analysis tools for the non-convex optimization due to the

changes in the first layer weights.
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B.3 Gradient Feature Learning Framework

We first prove a Simplified Gradient Feature Learning Framework in Appendix B.3.1, which

only considers one-step gradient feature learning. Then, we prove our Gradient Feature

Learning Framework, e.g., no freezing of the first layer. In Appendix B.3.2, we consider

population loss to simplify the proof. Then, we provide more discussion about our problem

setup and our core concept in Appendix B.3.3. Finally, we prove our Gradient Feature

Learning Framework under empirical loss considering sample complexity in Appendix B.3.4.

B.3.1 Simplified Gradient Feature Learning Framework

Algorithm 4 Training by Algorithm 1 with no updates for the first layer after the first
gradient step

Initialize f(a(0),W(0),b) ∈ Fd,m; Sample Z ∼ Dn

Get (a(1),W(1),b) by one gradient step update and fix W(1),b
for t = 2 to T do
a(t) = a(t−1) − η(t)∇aL̃Z(fΞ(t−1))

end for

Theorem 3.2.4 (Simple Setting). Assume L̃Z
(
f(a,W(1),b)

)
is L-smooth to a. Let η(t) =

1
L , λ

(t) = 0, for all t ∈ {2, 3, . . . , T}. Training by Algorithm 1 with no updates for the first

layer after the first gradient step, w.h.p., there exists t ∈ [T ] such that LD(f(a(t),W(1),b)) ≤

OPTW(1),b,Ba2
+O

(
L(∥a(1)∥22+B2

a2)
T +

√
B2

a2(∥W(1)∥2FB2
x+∥b∥22)

n

)
.

Proof of Theorem 3.2.4. Recall that

FW,b,Ba2 :=
{
f(a,W,b) ∈ Fd,m

∣∣ ∥a∥2 ≤ Ba2

}
, OPTW,b,Ba2 := min

g∈FW,b,Ba2

LD(f).

(B.1)

We denote f∗ = argming∈FW,b,Ba2
LD(f) and f̃∗ = argming∈FW,b,Ba2

L̃Z(f). We use a∗
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and ã∗ to denote their second layer weights respectively. Then, we have

LD(f(a(t),W(1),b)) =LD(f(a(t),W(1),b))− L̃Z(f(a(t),W(1),b)) (B.2)

+ L̃Z(f(a(t),W(1),b))− L̃Z(f(ã∗,W(1),b)) (B.3)

+ L̃Z(f(ã∗,W(1),b))− L̃Z(f(a∗,W(1),b)) (B.4)

+ L̃Z(f(a∗,W(1),b))− LD(f(a∗,W(1),b)) (B.5)

+ LD(f(a∗,W(1),b)) (B.6)

≤
∣∣∣LD(f(a(t),W(1),b))− L̃Z(f(a(t),W(1),b))

∣∣∣ (B.7)

+
∣∣∣L̃Z(f(a(t),W(1),b))− L̃Z(f(ã∗,W(1),b))

∣∣∣ (B.8)

+ 0 (B.9)

+
∣∣∣L̃Z(f(a∗,W(1),b))− LD(f(a∗,W(1),b))

∣∣∣ (B.10)

+OPTW(1),b,Ba2
. (B.11)

Fixing W(1), b and optimizing a only is a convex optimization problem. Note that η ≤ 1
L ,

where L̃Z is L-smooth to a. Thus with gradient descent, we have

1

T

T∑
t=1

L̃Z
(
f(a(t),W(1),b)

)
− L̃Z

(
f(a∗,W(1),b)

)
≤ ∥a

(1) − a∗∥22
2Tη

. (B.12)

Then our theorem gets proved by Lemma B.5.9 and generalization bounds based on

Rademacher complexity.

B.3.2 Gradient Feature Learning Framework under Expected Risk

We consider the following training process under population loss to simplify the proof. We

prove our Gradient Feature Learning Framework under empirical loss considering sample

complexity in Appendix B.3.4.

Given an input distribution, we can get a Gradient Feature set Sp,γ,BG
and g∗(x) =∑r

j=1 a
∗
jσ(
〈
w∗

j ,x
〉
−b∗

j ), where f∗ ∈ Fd,r,BF ,Sp,γ,BG
is a Gradient Feature Induced networks

defined in Definition 3.2.11. Considering training by Algorithm 5, we have the following
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Algorithm 5 Network Training via Gradient Descent

Initialize (a(0),W(0),b) as in Equation (3.8)
for t = 1 to T do
a(t) = a(t−1) − η(t)∇aLλ

(t)

D (fΞ(t−1))

W(t) = W(t−1) − η(t)∇WLλ
(t)

D (fΞ(t−1))
end for

results.

Theorem B.3.1 (Gradient Feature Learning Framework under Expected Risk). Assume As-

sumption 3.2.1. For any ϵ, δ ∈ (0, 1), if m ≤ ed and

m =Ω

1

p

(
rBa1Bx1

ϵ

√
Bb

BG

)4

+
1√
δ
+

1

p

(
log
(r
δ

))2 , (B.13)

T =Ω

(
1

ϵ

(√
rBa2BbBx1

(mp)
1
4

+mb̃

)(√
logm√
BbBG

+
1

Bx1(mp)
1
4

))
, (B.14)

then with proper hyper-parameter values, we have with probability ≥ 1 − δ, there exists

t ∈ [T ] in Algorithm 5 with

Pr[sign(fΞ(t)(x)) ̸= y] ≤ LD (fΞ(t)) ≤ OPTd,r,BF ,Sp,γ,BG
+ rBa1Bx1

√
2γ + ϵ. (B.15)

See the full statement and proof in Theorem B.3.9. Below, we show some lemmas used

in the analysis of population loss.

Feature Learning

We first show that a large subset of neurons has gradients at the first step as good features.

Definition B.3.2 (Nice Gradients Set. Equivalent to Equation (3.9)). We define

G(D,+1),Nice :=
{
i ∈ [m] :

〈
w

(1)
i , D

〉
> (1− γ)

∥∥∥w(1)
i

∥∥∥
2
,
∥∥∥w(1)

i

∥∥∥
2
≥
∣∣∣η(1)ℓ′(0)a(0)i

∣∣∣BG

}
G(D,−1),Nice :=

{
i ∈ [2m] \ [m] :

〈
w

(1)
i , D

〉
> (1− γ)

∥∥∥w(1)
i

∥∥∥
2
,
∥∥∥w(1)

i

∥∥∥
2
≥
∣∣∣η(1)ℓ′(0)a(0)i

∣∣∣BG

}

where γ,BG is the same in the Definition 3.2.7.
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Lemma B.3.3 (Feature Emergence. Full Statement of Lemma 3.2.13). Let λ(1) = 1
η(1)

. For

any r size subset {(D1, s1), . . . , (Dr, sr)} ⊆ Sp,γ,BG
, with probability at least 1 − 2re−cmp

where c > 0 is a universal constant, we have that for all j ∈ [r], |G(Dj ,sj),Nice| ≥ mp
4 .

Proof of Lemma B.3.3. By symmetric initialization and Lemma B.5.1, we have for all

i ∈ [2m]

w
(1)
i =− η(1)ℓ′(0)a

(0)
i E(x,y)

[
yσ′
[〈

w
(0)
i ,x

〉
− bi

]
x
]

(B.16)

=− η(1)ℓ′(0)a
(0)
i G(w

(0)
i ,bi). (B.17)

For all j ∈ [r], as (Dj , sj) ∈ Sp,γ,BG
, by Lemma B.5.3,

(1) if sj = +1, for all i ∈ [m], we have

Pr
[
i ∈ G(Dj ,sj),Nice

]
(B.18)

=Pr


〈
w

(1)
i , Dj

〉
∥∥∥w(1)

i

∥∥∥
2

> (1− γ),
∥∥∥w(1)

i

∥∥∥
2
≥
∣∣∣η(1)ℓ′(0)a(0)i

∣∣∣BG

 (B.19)

=Pr


〈
w

(1)
i , Dj

〉
∥∥∥w(1)

i

∥∥∥
2

> (1− γ),
∥∥∥w(1)

i

∥∥∥
2
≥
∣∣∣η(1)ℓ′(0)a(0)i

∣∣∣BG,
bi

|bi|
= sj

 (B.20)

≥Pr

[
G(w

(0)
i ,bi) ∈ CDj ,γ , ∥G(w

(0)
i ,bi)∥2 ≥ BG,

bi

|bi|
= sj , a

(0)
i

〈
G(w

(0)
i ,bi), Dj

〉
> 0

]
≥p

2
, (B.21)

(2) if sj = −1, for all i ∈ [2m] \ [m], similarly we have

Pr
[
i ∈ G(Dj ,sj),Nice

]
≥ p

2
. (B.22)

By concentration inequality, (Chernoff’s inequality under small deviations), we have

Pr
[
|G(Dj ,sj),Nice| <

mp

4

]
≤ 2e−cmp. (B.23)

We complete the proof by union bound.
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Good Network Exists

Then, the gradients allow for obtaining a set of neurons approximating the “ground-truth”

network with comparable loss.

Lemma B.3.4 (Existence of Good Networks. Full Statement of Lemma 3.2.14). Let

λ(1) = 1
η(1)

. For any Bϵ ∈ (0, Bb), let σa = Θ
(

b̃
−ℓ′(0)η(1)BGBϵ

)
and δ = 2re−

√
mp. Then,

with probability at least 1−δ over the initialization, there exists ãi’s such that f(ã,W(1),b)(x) =∑4m
i=1 ãiσ

(〈
w

(1)
i ,x

〉
− bi

)
satisfies

LD(f(ã,W(1),b)) ≤ rBa1

(
B2

x1Bb√
mpBGBϵ

+Bx1

√
2γ +Bϵ

)
+OPTd,r,BF ,Sp,γ,BG

, (B.24)

and ∥ã∥0 = O
(
r(mp)

1
2

)
, ∥ã∥2 = O

(
Ba2Bb

b̃(mp)
1
4

)
, ∥ã∥∞ = O

(
Ba1Bb

b̃(mp)
1
2

)
.

Proof of Lemma B.3.4. Recall g∗(x) =
∑r

j=1 a
∗
jσ(
〈
w∗

j ,x
〉
−b∗

j ), where f∗ ∈ Fd,r,BF ,Sp,γ,BG

is defined in Definition 3.2.11 and let s∗j =
b∗
j

|b∗
j |

. By Lemma B.3.3, with probability at

least 1 − δ1, δ1 = 2re−cmp, for all j ∈ [r], we have |G(w∗
j ,s

∗
j ),Nice| ≥ mp

4 . Then for all

i ∈ G(w∗
j ,s

∗
j ),Nice ⊆ [2m], we have −ℓ′(0)η(1)G(w

(0)
i ,bi)

b∗
j

b̃
only depend on w

(0)
i and bi,

which is independent of a(0)i . Given Definition 3.2.7, we have

−ℓ′(0)η(1)∥G(w
(0)
i ,bi)∥2

b∗
j

b̃
∈
[
ℓ′(0)η(1)Bx1

Bb

b̃
,−ℓ′(0)η(1)Bx1

Bb

b̃

]
. (B.25)

We split [r] into Γ = {j ∈ [r] : |b∗
j | < Bϵ}, Γ− = {j ∈ [r] : b∗

j ≤ −Bϵ} and Γ+ = {j ∈

[r] : b∗
j ≥ Bϵ}. Let ϵa = Bx1Bb√

mpBGBϵ
. Then we know that for all j ∈ Γ+ ∪ Γ−, for all



208

i ∈ G(w∗
j ,s

∗
j ),Nice, we have

Pr
a
(0)
i ∼N (0,σ2

a)

[∣∣∣∣−a(0)i ℓ′(0)η(1)∥G(w
(0)
i ,bi)∥2

|b∗
j |
b̃
− 1

∣∣∣∣ ≤ ϵa

]
(B.26)

= Pr
a
(0)
i ∼N (0,σ2

a)

[
1− ϵa ≤ −a(0)i ℓ′(0)η(1)∥G(w

(0)
i ,bi)∥2

|b∗
j |
b̃
≤ 1 + ϵa

]
(B.27)

= Pr
g∼N (0,1)

[
1− ϵa ≤ gΘ

(
∥G(w

(0)
i ,bi)∥2|b∗

j |
BGBϵ

)
≤ 1 + ϵa

]
(B.28)

= Pr
g∼N (0,1)

[
(1− ϵa)Θ

(
BGBϵ

∥G(w
(0)
i ,bi)∥2|b∗

j |

)
≤ g ≤ (1 + ϵa)Θ

(
BGBϵ

∥G(w
(0)
i ,bi)∥2|b∗

j |

)]

=Θ

(
ϵaBGBϵ

∥G(w
(0)
i ,bi)∥2|b∗

j |

)
(B.29)

≥Ω
(
ϵaBGBϵ

Bx1Bb

)
(B.30)

=Ω

(
1
√
mp

)
. (B.31)

Thus, with probability Ω
(

1√
mp

)
over a

(0)
i , we have

∣∣∣∣−a(0)i ℓ′(0)η(1)∥G(w
(0)
i ,bi)∥2

|b∗
j |
b̃
− 1

∣∣∣∣ ≤ ϵa,
∣∣∣a(0)i

∣∣∣ = O

(
b̃

−ℓ′(0)η(1)BGBϵ

)
. (B.32)

Similarly, for j ∈ Γ, for all i ∈ G(w∗
j ,s

∗
j ),Nice, with probability Ω

(
1√
mp

)
over a

(0)
i , we have

∣∣∣∣−a(0)i ℓ′(0)η(1)∥G(w
(0)
i ,bi)∥2

Bϵ

b̃
− 1

∣∣∣∣ ≤ ϵa,
∣∣∣a(0)i

∣∣∣ = O

(
b̃

−ℓ′(0)η(1)BGBϵ

)
. (B.33)

For all j ∈ [r], let Λj ⊆ G(w∗
j ,s

∗
j ),Nice be the set of i’s such that condition Equation (B.32)

or Equation (B.33) are satisfied. By Chernoff bound and union bound, with probability at

least 1− δ2, δ2 = re−
√
mp, for all j ∈ [r] we have |Λj | ≥ Ω(

√
mp).
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We have for ∀j ∈ Γ+ ∪ Γ−,∀i ∈ Λj ,

∣∣∣∣ |b∗
j |
b̃

〈
w

(1)
i ,x

〉
−
〈
w∗

j ,x
〉∣∣∣∣ (B.34)

≤

∥∥∥∥∥−a(0)i ℓ′(0)η(1)∥G(w
(0)
i ,bi)∥2

|b∗
j |
b̃

w
(1)
i

∥w(1)
i ∥2

−
w

(1)
i

∥w(1)
i ∥2

+
w

(1)
i

∥w(1)
i ∥2

−w∗
j

∥∥∥∥∥ ∥x∥2 (B.35)

≤(ϵa +
√

2γ)∥x∥2. (B.36)

Similarly, for ∀j ∈ Γ,∀i ∈ Λj ,

∣∣∣∣Bϵ

b̃

〈
w

(1)
i ,x

〉
−
〈
w∗

j ,x
〉∣∣∣∣ ≤ (ϵa +

√
2γ)∥x∥2. (B.37)

If i ∈ Λj , j ∈ Γ+ ∪ Γ−, set ãi = a∗j
|b∗

j |
|Λj |b̃

, if i ∈ Λj , j ∈ Γ, set ãi = a∗j
Bϵ

|Λj |b̃
, otherwise set

ãi = 0, we have ∥ã∥0 = O
(
r(mp)

1
2

)
, ∥ã∥2 = O

(
Ba2Bb

b̃(mp)
1
4

)
, ∥ã∥∞ = O

(
Ba1Bb

b̃(mp)
1
2

)
.
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Finally, we have

LD(f(ã,W(1),b)) (B.38)

=LD(f(ã,W(1),b))− LD(g
∗) + LD(g∗) (B.39)

≤E(x,y)

[∣∣∣f(ã,W(1),b)(x)− g∗(x)
∣∣∣]+ LD(g∗) (B.40)

≤E(x,y)

∣∣∣∣∣∣
m∑
i=1

ãiσ
(〈

w
(1)
i ,x

〉
− b̃
)
+

2m∑
i=m+1

ãiσ
(〈

w
(1)
i ,x

〉
+ b̃
)
−

r∑
j=1

a∗jσ(
〈
w∗

j ,x
〉
− b∗

j )

∣∣∣∣∣∣


+ LD(g∗) (B.41)

≤E(x,y)

∣∣∣∣∣∣
∑
j∈Γ+

∑
i∈Λj

a∗j
1

|Λj |

∣∣∣∣ |b∗
j |
b̃

σ
(〈

w
(1)
i ,x

〉
− b̃
)
− σ(

〈
w∗

j ,x
〉
− b∗

j )

∣∣∣∣
∣∣∣∣∣∣
 (B.42)

+ E(x,y)

∣∣∣∣∣∣
∑
j∈Γ−

∑
i∈Λj

a∗j
1

|Λj |

∣∣∣∣ |b∗
j |
b̃

σ
(〈

w
(1)
i ,x

〉
+ b̃
)
− σ(

〈
w∗

j ,x
〉
− b∗

j )

∣∣∣∣
∣∣∣∣∣∣
 (B.43)

+ E(x,y)

∣∣∣∣∣∣
∑
j∈Γ

∑
i∈Λj

a∗j
1

|Λj |

∣∣∣∣Bϵ

b̃
σ
(〈

w
(1)
i ,x

〉
− b̃
)
− σ(

〈
w∗

j ,x
〉
− b∗

j )

∣∣∣∣
∣∣∣∣∣∣
+ LD(g∗) (B.44)

≤E(x,y)

∣∣∣∣∣∣
∑
j∈Γ+

∑
i∈Λj

a∗j
1

|Λj |

∣∣∣∣ |b∗
j |
b̃

〈
w

(1)
i ,x

〉
−
〈
w∗

j ,x
〉∣∣∣∣
∣∣∣∣∣∣
 (B.45)

+ E(x,y)

∣∣∣∣∣∣
∑
j∈Γ−

∑
i∈Λj

a∗j
1

|Λj |

∣∣∣∣ |b∗
j |
b̃

〈
w

(1)
i ,x

〉
−
〈
w∗

j ,x
〉∣∣∣∣
∣∣∣∣∣∣
 (B.46)

+ E(x,y)

∣∣∣∣∣∣
∑
j∈Γ

∑
i∈Λj

a∗j
1

|Λj |

∣∣∣∣Bϵ

b̃

〈
w

(1)
i ,x

〉
+Bϵ −

〈
w∗

j ,x
〉∣∣∣∣
∣∣∣∣∣∣
+ LD(g∗) (B.47)

≤r∥a∗∥∞(ϵa +
√

2γ)E(x,y)∥x∥2 + |Γ|∥a∗∥∞Bϵ + LD(g∗) (B.48)

≤rBx1Ba1(ϵa +
√
2γ) + |Γ|Ba1Bϵ +OPTd,r,BF ,Sp,γ,BG

. (B.49)

We finish the proof by union bound and δ ≥ δ1 + δ2.

Learning an Accurate Classifier

We will use the following theorem from existing work to prove that gradient descent

learns a good classifier (Theorem B.3.9). Theorem B.3.1 is simply a direct corollary of
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Theorem B.3.9.

Theorem B.3.5 (Theorem 13 in [63]). Fix some η, and let f1, . . . , fT be some sequence

of convex functions. Fix some θ1, and assume we update θt+1 = θt − η∇ft(θt). Then for

every θ∗ the following holds:

1

T

T∑
t=1

ft(θt) ≤
1

T

T∑
t=1

ft(θ
∗) +

1

2ηT
∥θ∗∥22 + ∥θ1∥2

1

T

T∑
t=1

∥∇ft(θt)∥2 + η
1

T

T∑
t=1

∥∇ft(θt)∥22.

To apply the theorem we first present a few lemmas bounding the change in the network

during steps.

Lemma B.3.6 (Bound of Ξ(0),Ξ(1)). Assume the same conditions as in Lemma B.3.4,

and d ≥ logm, with probability at least 1 − δ − 1
m2 over the initialization, ∥a(0)∥∞ =

O
(

b̃
√
logm

−ℓ′(0)η(1)BGBϵ

)
, and for all i ∈ [4m], we have ∥w(0)

i ∥2 = O
(
σw
√
d
)
. Finally, ∥a(1)∥∞ =

O
(
−η(1)ℓ′(0)(Bx1σw

√
d+ b̃)

)
, and for all i ∈ [4m], ∥w(1)

i ∥2 = O
(
b̃
√
logmBx1

BGBϵ

)
.

Proof of Lemma B.3.6. By Lemma B.5.4, we have ∥a(0)∥∞ = O
(

b̃
√
logm

−ℓ′(0)η(1)BGBϵ

)
with

probability at least 1− 1
2m2 by property of maximum i.i.d Gaussians. For any i ∈ [4m], by

Lemma B.5.5 and d ≥ logm, we have

Pr

(
1

σ2
w

∥∥∥w(0)
i

∥∥∥2
2
≥ d+ 2

√
4d log(m) + 8 log(m)

)
≤ O

(
1

m4

)
. (B.50)

Thus, by union bound, with probability at least 1 − 1
2m2 , for all i ∈ [4m], we have

∥w(0)
i ∥2 = O

(
σw
√
d
)
.

For all i ∈ [4m], we have

|a(1)i | =− η(1)ℓ′(0)
∣∣∣E(x,y)

[
y
[
σ
(〈

w
(0)
i ,x

〉
− bi

)]]∣∣∣ (B.51)

≤− η(1)ℓ′(0)(∥w(0)
i ∥2E(x,y)[∥x∥2] + b̃) (B.52)

≤O
(
−η(1)ℓ′(0)(Bx1σw

√
d+ b̃)

)
. (B.53)
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∥w(1)
i ∥2 =− η(1)ℓ′(0)

∥∥∥a(0)i E(x,y)

[
yσ′
[〈

w
(0)
i ,x

〉
− bi

]
x
]∥∥∥

2
(B.54)

≤O

(
b̃
√
logmBx1

BGBϵ

)
. (B.55)

Lemma B.3.7 (Bound of Ξ(t)). Assume the same conditions as in Lemma B.3.6, and

let η = η(t) for all t ∈ {2, 3, . . . , T}, 0 < TηBx1 ≤ o(1), and 0 = λ = λ(t) for all

t ∈ {2, 3, . . . , T}, for all i ∈ [4m], we have

|a(t)i | ≤O

(
|a(1)i |+ ∥w

(1)
i ∥2 +

b̃

Bx1
+ ηb̃

)
(B.56)

∥w(t)
i −w

(1)
i ∥2 ≤O

(
tηBx1|a(1)i |+ tη2B2

x1∥w
(1)
i ∥2 + tη2Bx1b̃

)
. (B.57)

Proof of Lemma B.3.7. For all i ∈ [4m], by Lemma B.3.6,

|a(t)i | =
∣∣∣(1− ηλ)a

(t−1)
i − ηE(x,y)

[
ℓ′(yfΞ(t−1)(x))y

[
σ
(〈

w
(t−1)
i ,x

〉
− bi

)]]∣∣∣ (B.58)

≤
∣∣∣(1− ηλ)a

(t−1)
i

∣∣∣+ η
∣∣∣E(x,y)

[[
σ
(〈

w
(t−1)
i ,x

〉
− bi

)]]∣∣∣ (B.59)

≤
∣∣∣a(t−1)

i

∣∣∣+ η(Bx1∥w(t−1)
i ∥2 + b̃) (B.60)

≤
∣∣∣a(t−1)

i

∣∣∣+ ηBx1∥w(t−1)
i −w

(1)
i ∥2 + ηBx1∥w(1)

i ∥2 + ηb̃ (B.61)

=
∣∣∣a(t−1)

i

∣∣∣+ ηBx1∥w(t−1)
i −w

(1)
i ∥2 + ηZi, (B.62)

where we denote Zi = Bx1∥w(1)
i ∥2 + b̃. Then we give a bound of the first layer’s weights

change,

∥w(t)
i −w

(1)
i ∥2 (B.63)

=
∥∥∥(1− ηλ)w

(t−1)
i − ηa

(t−1)
i E(x,y)

[
ℓ′(yfΞ(t−1)(x))yσ

′
[〈

w
(t−1)
i ,x

〉
− bi

]
x
]
−w

(1)
i

∥∥∥
2

(B.64)

≤∥w(t−1)
i −w

(1)
i ∥2 + ηBx1|a(t−1)

i |. (B.65)
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Combine two bounds, we can get

|a(t)i | ≤|a
(t−1)
i |+ ηZi + (ηBx1)

2
t−2∑
l=1

|a(l)i | (B.66)

⇔
t∑

l=1

|a(l)i | ≤2

(
t−1∑
l=1

|a(l)i |

)
− (1− (ηBx1)

2)

(
t−2∑
l=1

|a(l)i |

)
+ ηZi. (B.67)

Let h(1) = |a(1)i |, h(2) = 2|a(1)i |+ ηZi and h(t+ 2) = 2h(t+ 1)− (1− (ηBx1)
2)h(t) + ηZi

for n ∈ N+, by Lemma B.5.8, we have

h(t) =− Zi

ηB2
x1

+ c1(1− ηBx1)
(t−1) + c2(1 + ηBx1)

(t−1) (B.68)

c1 =
1

2

(
|a(1)i |+

Zi

ηB2
x1

−
|a(1)i |+ ηZi

ηBx1

)
(B.69)

c2 =
1

2

(
|a(1)i |+

Zi

ηB2
x1

+
|a(1)i |+ ηZi

ηBx1

)
. (B.70)

Thus, by |c1| ≤ c2, and 0 < TηBx1 ≤ o(1), we have

|a(t)i | ≤h(t)− h(t− 1) (B.71)

=− ηBx1c1(1− ηBx1)
(t−2) + ηBx1c2(1 + ηBx1)

(t−2) (B.72)

≤2ηBx1c2(1 + ηBx1)
t (B.73)

≤O(2ηBx1c2). (B.74)
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Similarly, by binomial approximation, we also have

∥w(t)
i −w

(1)
i ∥2 ≤ηBx1h(t− 1) (B.75)

=ηBx1

(
− Zi

ηB2
x1

+ c1(1− ηBx1)
(t−2) + c2(1 + ηBx1)

(t−2)

)
(B.76)

≤ηBx1O

(
− Zi

ηB2
x1

+ c1(1− (t− 2)ηBx1) + c2(1 + (t− 2)ηBx1)

)
(B.77)

≤ηBx1O

(
− Zi

ηB2
x1

+ c1 + c2 + (c2 − c1)tηBx1

)
(B.78)

≤ηBx1O

(
|a(1)i |+

|a(1)i |+ ηZi

ηBx1
tηBx1

)
(B.79)

≤O
(
(η|a(1)i |+ η2Zi)tBx1

)
. (B.80)

We finish the proof by plugging Zi, c2 into the bound.

Lemma B.3.8 (Bound of Loss Gap and Gradient). Assume the same conditions as in

Lemma B.3.7, for all t ∈ [T ], we have

|LD(f(ã,W(t),b))− LD(f(ã,W(1),b))| ≤Bx1∥ã∥2
√
∥ã∥0 max

i∈[4m]
∥w(t)

i −w
(1)
i ∥2 (B.81)

and for all t ∈ [T ], for all i ∈ [4m], we have

∣∣∣∣∣∂LD(fΞ(t))

∂a
(t)
i

∣∣∣∣∣ ≤Bx1(∥w(t)
i −w

(1)
i ∥2 + ∥w

(1)
i ∥2) + b̃. (B.82)

Proof of Lemma B.3.8. It follows from that

|LD(f(ã,W(t),b))− LD(f(ã,W(1),b))| (B.83)

≤ E(x,y)|f(ã,W(t),b)(x)− f(ã,W(1),b)(x)| (B.84)

≤ E(x,y)

[
∥ã∥2

√
∥ã∥0 max

i∈[4m]

∣∣∣σ [〈w(t)
i ,x

〉
− bi

]
− σ

[〈
w

(1)
i ,x

〉
− bi

]∣∣∣] (B.85)

≤ Bx1∥ã∥2
√
∥ã∥0 max

i∈[4m]
∥w(t)

i −w
(1)
i ∥2. (B.86)
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Also, we have

∣∣∣∣∣∂LD(fΞ(t))

∂a
(t)
i

∣∣∣∣∣ = ∣∣∣E(x,y)

[
ℓ′(yfΞ(t)(x))y

[
σ
(〈

w
(t)
i ,x

〉
− bi

)]]∣∣∣ (B.87)

≤Bx1∥w(t)
i ∥2 + b̃ (B.88)

≤Bx1(∥w(t)
i −w

(1)
i ∥2 + ∥w

(1)
i ∥2) + b̃. (B.89)

We are now ready to prove the main theorem.

Theorem B.3.9 (Online Convex Optimization. Full Statement of Theorem B.3.1). Con-

sider training by Algorithm 5, and any δ ∈ (0, 1). Assume d ≥ logm. Set

σw > 0, b̃ > 0, η(t) = η, λ(t) = 0 for all t ∈ {2, 3, . . . , T},

η(1) = Θ

(
min{O(η), O(ηb̃)}
−ℓ′(0)(Bx1σw

√
d+ b̃)

)
, λ(1) =

1

η(1)
, σa = Θ

(
b̃(mp)

1
4

−ℓ′(0)η(1)Bx1

√
BGBb

)
.

Let 0 < TηBx1 ≤ o(1), m = Ω
(

1√
δ
+ 1

p

(
log
(
r
δ

))2). With probability at least 1− δ over the

initialization, there exists t ∈ [T ] such that

LD (fΞ(t)) ≤OPTd,r,BF ,Sp,γ,BG
+ rBa1

(
2Bx1

(mp)
1
4

√
Bb

BG
+Bx1

√
2γ

)
(B.90)

+ η
(√

rBa2BbTηB
2
x1 +mb̃

)
O

(√
logmBx1(mp)

1
4

√
BbBG

+ 1

)
+O

(
B2

a2B
2
b

ηT b̃2(mp)
1
2

)
.
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Furthermore, for any ϵ ∈ (0, 1), set

b̃ =Θ

B
1
4
GBa2B

3
4
b√

rBa1

 , m = Ω

 1

pϵ4

(
rBa1Bx1

√
Bb

BG

)4

+
1√
δ
+

1

p

(
log
(r
δ

))2 ,

(B.91)

η =Θ

 ϵ(√
rBa2BbBx1

(mp)
1
4

+mb̃

)(√
logmBx1(mp)

1
4√

BbBG
+ 1

)
 , T = Θ

(
1

ηBx1(mp)
1
4

)
, (B.92)

we have there exists t ∈ [T ] with

Pr[sign(fΞ(t))(x) ̸= y] ≤ LD (fΞ(t)) ≤OPTd,r,BF ,Sp,γ,BG
+ rBa1Bx1

√
2γ + ϵ. (B.93)

Proof of Theorem B.3.9. By m = Ω
(

1√
δ
+ 1

p

(
log
(
r
δ

))2) we have 2re−
√
mp + 1

m2 ≤ δ.

For any Bϵ ∈ (0, Bb), when σa = Θ
(

b̃
−ℓ′(0)η(1)BGBϵ

)
, by Theorem B.3.5, Lemma B.3.4,

Lemma B.3.8, with probability at least 1− δ over the initialization, we have

1

T

T∑
t=1

LD (fΞ(t)) (B.94)

≤ 1

T

T∑
t=1

|(LD(f(ã,W(t),b))− LD(f(ã,W(1),b))|+ LD(f(ã,W(1),b))) (B.95)

+
∥ã∥22
2ηT

+ (2∥a(1)∥2
√
m+ 4ηm) max

i∈[4m]

∣∣∣∣∣∂LD(fΞ(T ))

∂a
(T )
i

∣∣∣∣∣ (B.96)

≤OPTd,r,BF ,Sp,γ,BG
+ rBa1

(
B2

x1Bb√
mpBGBϵ

+Bx1

√
2γ +Bϵ

)
(B.97)

+Bx1∥ã∥2
√
∥ã∥0 max

i∈[4m]
∥w(T )

i −w
(1)
i ∥2 (B.98)

+
∥ã∥22
2ηT

+ 4mBx1(∥a(1)∥∞ + η)

(
max
i∈[4m]

∥w(T )
i −w

(1)
i ∥2 + max

i∈[4m]
∥w(1)

i ∥2 +
b̃

Bx1

)
.

(B.99)
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By Lemma B.3.4, Lemma B.3.6, Lemma B.3.7, when η(1) = Θ
(

min{O(η),O(ηb̃)}
−ℓ′(0)(Bx1σw

√
d+b̃)

)
, we have

∥ã∥0 =O
(
r(mp)

1
2

)
, ∥ã∥2 = O

(
Ba2Bb

b̃(mp)
1
4

)
(B.100)

∥a(1)∥∞ =O
(
−η(1)ℓ′(0)(Bx1σw

√
d+ b̃)

)
(B.101)

=min{O(η), O(ηb̃)} (B.102)

max
i∈[4m]

∥w(1)
i ∥2 =O

(
b̃
√
logmBx1

BGBϵ

)
(B.103)

max
i∈[4m]

∥w(T )
i −w

(1)
i ∥2 =O

(
TηBx1∥a(1)∥∞ + Tη2B2

x1 max
i∈[4m]

∥w(1)
i ∥2 + Tη2Bx1b̃

)
(B.104)

=O

(
Tη2B2

x1

(
max
i∈[4m]

∥w(1)
i ∥2 +

b̃

Bx1

))
. (B.105)

Set Bϵ =
Bx1

(mp)
1
4

√
Bb
BG

, we have σa = Θ

(
b̃(mp)

1
4

−ℓ′(0)η(1)Bx1
√
BGBb

)
which satisfy the requirements.

Then,

1

T

T∑
t=1

LD (fΞ(t)) (B.106)

≤OPTd,r,BF ,Sp,γ,BG
+ rBa1

(
2Bx1

(mp)
1
4

√
Bb

BG
+Bx1

√
2γ

)
(B.107)

+

(√
rBa2BbTη

2B2
x1

Bx1

b̃
+mηBx1

)
O

(
b̃
√
logmBx1

BGBϵ
+

b̃

Bx1

)
+O

(
B2

a2B
2
b

ηT b̃2(mp)
1
2

)

≤OPTd,r,BF ,Sp,γ,BG
+ rBa1

(
2Bx1

(mp)
1
4

√
Bb

BG
+Bx1

√
2γ

)
(B.108)

+ η
(√

rBa2BbTηB
2
x1 +mb̃

)
O

(√
logmBx1(mp)

1
4

√
BbBG

+ 1

)
+O

(
B2

a2B
2
b

ηT b̃2(mp)
1
2

)
. (B.109)
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Furthermore, for any ϵ ∈ (0, 1), set

b̃ =Θ

B
1
4
GBa2B

3
4
b√

rBa1

 , m = Ω

 1

pϵ4

(
rBa1Bx1

√
Bb

BG

)4

+
1√
δ
+

1

p

(
log
(r
δ

))2 ,

(B.110)

η =Θ

 ϵ(√
rBa2BbBx1

(mp)
1
4

+mb̃

)(√
logmBx1(mp)

1
4√

BbBG
+ 1

)
 , T = Θ

(
1

ηBx1(mp)
1
4

)
, (B.111)

we have

1

T

T∑
t=1

LD (fΞ(t)) ≤OPTd,r,BF ,Sp,γ,BG
+ rBa1

(
2Bx1

(mp)
1
4

√
Bb

BG
+Bx1

√
2γ

)
+

ϵ

2
(B.112)

+O

(
Bx1B

2
a2B

2
b

b̃2(mp)
1
4

)
(B.113)

≤OPTd,r,BF ,Sp,γ,BG
+ rBa1Bx1

√
2γ + ϵ. (B.114)

We finish the proof as the 0-1 classification error is bounded by the loss function, e.g.,

I[sign(g(x)) ̸= y] ≤ ℓ(yg(x))
ℓ(0) , where ℓ(0) = 1.

B.3.3 More Discussion about Setting

Range of σw. In practice, the value of σw cannot be arbitrary, because its choice will

have an effect on the Gradient Feature set Sp,γ,BG
. On the other hand, d ≥ logm is a

natural assumption, otherwise, the two-layer neural networks may fall in the NTK regime.

Parameter Choice. We use λ = 1/η in the first step so that the neural network will

totally forget its initialization, leading to the feature emergence here. This is a common

setting for analysis convenience in previous work, e.g., [63, 239, 62]. We can extend this to

other choices (e.g., small initialization and large step size for the first few steps), as long

as after the gradient update, the gradient dominates the neuron weights. We use λ = 0

afterward as the regularization effect is weak in our analysis. We can extend our analysis
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to λ being a small value.

Early Stopping. Our analysis divides network learning into two stages: the feature

learning stage, and then classifier learning over the good features. The feature learning stage

is simplified to one gradient step for the convenience of analysis, while in practice feature

learning can happen in multiple steps. The current framework focuses on the gradient

features in the early gradient steps, while feature learning can also happen in later steps, in

particular for more complicated data. It is an interesting direction to extend the analysis

to a longer training horizon.

Role of s. The s encodes the sign of the bias term, which is important. Recall that we

do not update the bias term for simplicity. Let’s consider a simple toy example. Assume

we have f1(x) = a1σ(w
⊤
1 x+ 1), f2(x) = a2σ(w

⊤
2 x− 1) and f3(x) = a3σ(w

⊤
3 x+ 2), where σ

is ReLU activation function which is a homogeneous function.

1. The sign of the bias term is important. We can see that we always have a1σ(w⊤
1 x+1) ̸=

a2σ(w
⊤
2 x− 1) for any a1, w1, a2, w2. This means that f1(x) and f2(x) are intrinsically

different and have different active patterns. Thus, we need to handle the sign of the

bias term carefully.

2. The scaling of the bias is absorbed. On the other hand, we can see that a1σ(w⊤
1 x+1) =

a3σ(w
⊤
3 x+ 2) when a1 = 2a3, 2w1 = w3. It means that the scale of the bias term is

less important, which can be absorbed into other terms.

Thus, we only need to handle bias with different signs carefully.

Gradient Feature Distribution. We may define a gradient feature distribution rather

than a gradient feature set. However, we find that the technical tools used in this continuous

setting are pretty different from the discrete version.

Activation Functions. We can change the ReLU activation function to a sublinear

activation function, e.g. leaky ReLU, sigmoid, to get a similar conclusion. First, we need
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to introduce a corresponding gradient feature set, and then we can make it by following the

same analysis pipeline. For simplicity, we present ReLU only.

B.3.4 Gradient Feature Learning Framework under Empirical Risk with

Sample Complexity

In this section, we consider training with empirical risk. Intuitively, the proof is straightfor-

ward from the proof for population loss. We can simply replace the population loss with

the empirical loss, which will introduce an error term in the gradient analysis. We use

concentration inequality to control the error term and show that the error term depends

inverse-polynomially on the sample size n.

Definition B.3.10 (Empirical Simplified Gradient Vector). Recall Z = {(x(l), y(l))}l∈[n],

for any w ∈ Rd, b ∈ R, an Empirical Simplified Gradient Vector is defined as

G̃(w, b) :=
1

n

∑
l∈[n]

[y(l)x(l)I[w⊤x(l) > b]]. (B.115)

Definition B.3.11 (Empirical Gradient Feature). Recall Z = {(x(l), y(l))}l∈[n], let w ∈ Rd,

b ∈ R be random variables drawn from some distribution W,B. An Empirical Gradient

Feature set with parameters p, γ,BG is defined as:

S̃p,γ,BG
(W,B) :=

{
(D, s)

∣∣∣∣ Pr
w,b

[
G̃(w, b) ∈ CD,γ and ∥G̃(w, b)∥2 ≥ BG and s =

b

|b|

]
≥ p

}
.

When clear from context, write it as S̃p,γ,BG
.

Considering training by Algorithm 1, we have the following results.

Theorem 3.2.12 (Main Result). Assume Assumption 3.2.1. For any ϵ, δ ∈ (0, 1), if
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m ≤ ed and

m =Ω
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+
1√
δ
+

1

p

(
log
(r
δ

))2 ,

T =Ω

(
1

ϵ

(√
rBa2BbBx1

(mp)
1
4

+mb̃

)(√
logm√
BbBG

+
1
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n

log n
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(
m3pB2
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4
a2Bb

ϵ2r2B2
a1BG
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(mp)

1
2Bx2

BbBG
+
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Bx2
+

1

p
+

(
1

B2
G

+
1

B2
x1

)
Bx2

|ℓ′(0)|2
+

Tm

δ

)
,

then with initialization (3.8) and proper hyper-parameter values, we have with probability

≥ 1− δ over the initialization and training samples, there exists t ∈ [T ] in Algorithm 1 with:

Pr[sign(fΞ(t)(x)) ̸= y] ≤ LD (fΞ(t))

≤ OPTd,r,BF ,Sp,γ,BG
+ rBa1Bx1

√√√√2γ +O

( √
Bx2 log n

BG|ℓ′(0)|n
1
2

)
+ ϵ.

See the full statement and proof in Theorem B.3.17. Below, we show some lemmas used

in the analysis under empirical loss.

Lemma B.3.12 (Empirical Gradient Concentration Bound). When n
logn > B2

x
Bx2

, with

probability at least 1−O
(
1
n

)
over training samples, for all i ∈ [4m], we have

∥∥∥∥∥∂L̃Z(fΞ)∂wi
− ∂LD(fΞ)

∂wi

∥∥∥∥∥
2

≤ O

(
|ai|
√
Bx2 log n

n
1
2

)
, (B.116)∣∣∣∣∣∂L̃Z(fΞ)∂ai

− ∂LD(fΞ)
∂ai

∣∣∣∣∣ ≤ O

(
∥wi∥2

√
Bx2 log n

n
1
2

)
, (B.117)

∣∣∣L̃Z (fΞ)− LD (fΞ)
∣∣∣ ≤ O


(
∥a∥0∥a∥∞(maxi∈[4m] ∥wi∥2Bx + b̃) + 1

)√
log n

n
1
2

 . (B.118)

Proof of Lemma B.3.12. First, we define,

z(l) =ℓ′(y(l)fΞ(x
(l)))y(l)

[
σ′
(〈

wi,x
(l)
〉
− bi

)
x(l)
]

(B.119)

− E(x,y)

[
ℓ′(yfΞ(x))y

[
σ′ (⟨wi,x⟩ − bi)

]
x
]
. (B.120)



222

As |ℓ′(z)| ≤ 1, |y| ≤ 1, |σ′(z)| ≤ 1, we have z(l) is zero-mean random vector with
∥∥z(l)∥∥

2
≤

2Bx as well as E
[∥∥z(l)∥∥2

2

]
≤ Bx2. Then by Vector Bernstein Inequality, Lemma 18 in [145],

for 0 < z < Bx2
Bx

we have

Pr

(∥∥∥∥∥∂L̃Z(fΞ)∂wi
− ∂LD(fΞ)

∂wi

∥∥∥∥∥
2

≥ |ai|z

)
= Pr

∥∥∥∥∥∥ 1n
∑
l∈[n]

z(l)

∥∥∥∥∥∥
2

≥ z

 (B.121)

≤ exp

(
−n · z2

8Bx2
+

1

4

)
. (B.122)

Thus, let z = n− 1
2
√
Bx2 log n, with probability at least 1−O

(
1
n

)
, we have

∥∥∥∥∥∂L̃Z(fΞ)∂wi
− ∂LD(fΞ)

∂wi

∥∥∥∥∥
2

≤ O

(
|ai|
√
Bx2 log n

n
1
2

)
. (B.123)

On the other hand, by Bernstein Inequality, for z > 0 we have

Pr

(∣∣∣∣∣∂L̃Z(fΞ)∂ai
− ∂LD(fΞ)

∂ai

∣∣∣∣∣ > z∥wi∥2

)
(B.124)

=Pr

(∣∣∣∣∣ 1n ∑
l∈[n]

(
ℓ′(y(l)fΞ(x

(l)))y(l)
[
σ
(〈

wi,x
(l)
〉
− bi

)]
(B.125)

− E(x,y)

[
ℓ′(yfΞ(x))y [σ (⟨wi,x⟩ − bi)]

])∣∣∣∣∣ > z∥wi∥2

)
(B.126)

≤2 exp

(
−

1
2nz

2

Bx2 +
1
3Bxz

)
. (B.127)

Thus, when n
logn > B2

x
Bx2

, let z = n− 1
2
√
Bx2 log n, with probability at least 1 − O

(
1
n

)
, we

have

∣∣∣∣∣∂L̃Z(fΞ)∂ai
− ∂LD(fΞ)

∂ai

∣∣∣∣∣ ≤ O

(
∥wi∥2

√
Bx2 log n

n
1
2

)
. (B.128)
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Finally, we have

∣∣∣L̃Z (fΞ)− LD (fΞ)
∣∣∣ (B.129)

=

∣∣∣∣∣ 1n
n∑

l=1

(
ℓ
(
y(l)a⊤

[
σ(W⊤x(l) − b)

])
− E(x,y)∼D

[
ℓ
(
ya⊤

[
σ(W⊤x− b)

])])∣∣∣∣∣ . (B.130)

By Assumption 3.2.1, we have ℓ
(
y(l)a⊤

[
σ(W⊤x(l) − b)

])
−E(x,y)∼D

[
ℓ
(
ya⊤

[
σ(W⊤x− b)

])]
is a zero-mean random variable, with bound 2∥a∥0∥a∥∞(maxi∈[4m] ∥wi∥2Bx + b̃) + 2. By

Hoeffding’s inequality, for all z > 0, we have

Pr
(∣∣∣L̃Z (fΞ)− LD (fΞ)

∣∣∣ ≥ z
)
≤ 2 exp

(
− z2n

(∥a∥0∥a∥∞(maxi∈[4m] ∥wi∥2Bx + b̃) + 1)2

)
.

Thus, with probability at least 1−O
(
1
n

)
, we have

∣∣∣L̃Z (fΞ)− LD (fΞ)
∣∣∣ ≤ O


(
∥a∥0∥a∥∞(maxi∈[4m] ∥wi∥2Bx + b̃) + 1

)√
log n

n
1
2

 . (B.131)

The gradients allow for obtaining a set of neurons approximating the “ground-truth”

network with comparable loss.

Lemma B.3.13 (Existence of Good Networks under Empirical Risk). Suppose n
logn >

Ω
(

B2
x

Bx2
+ 1

p + Bx2

B2
G|ℓ′(0)|2

)
. Let λ(1) = 1

η(1)
. For any Bϵ ∈ (0, Bb), let σa = Θ

(
b̃

−|ℓ′(0)|η(1)BGBϵ

)
and δ = 2re−

√
mp
2 . Then, with probability at least 1− δ over the initialization and training

samples, there exists ãi’s such that f(ã,W(1),b)(x) =
∑4m

i=1 ãiσ
(〈

w
(1)
i ,x

〉
− bi

)
satisfies

LD(f(ã,W(1),b)) (B.132)

≤rBa1

 2B2
x1Bb√

mpBGBϵ
+Bx1

√√√√2γ +O

( √
Bx2 log n

BG|ℓ′(0)|n
1
2

)
+Bϵ

+OPTd,r,BF ,Sp,γ,BG
,

(B.133)



224

and ∥ã∥0 = O
(
r(mp)

1
2

)
, ∥ã∥2 = O

(
Ba2Bb

b̃(mp)
1
4

)
, ∥ã∥∞ = O

(
Ba1Bb

b̃(mp)
1
2

)
.

Proof of Lemma B.3.13. Denote ρ = O
(
1
n

)
and β = O

(√
Bx2 logn

n
1
2

)
. Note that by symmet-

ric initialization, we have ℓ′(yfΞ(0)(x)) = |ℓ′(0)| for any x ∈ X , so that, by Lemma B.3.12,

we have
∥∥∥G̃(w

(0)
i ,bi)−G(w

(0)
i ,bi)

∥∥∥
2
≤ β

|ℓ′(0)| with probability at least 1 − ρ. Thus,

by union bound, we can see that Sp,γ,BG
⊆ S̃

p−ρ,γ+ β
BG|ℓ′(0)| ,BG− β

|ℓ′(0)|
. Consequently, we

have OPT
d,r,BF ,S̃

p−ρ,γ+
β

BG|ℓ′(0)| ,BG− β
|ℓ′(0)|

≤ OPTd,r,BF ,Sp,γ,BG
. Exactly follow the proof in

Lemma B.3.4 by replacing Sp,γ,BG
to S̃

p−ρ,γ+ β
BG|ℓ′(0)| ,BG− β

|ℓ′(0)|
. Then, we finish the proof

by ρ ≤ p
2 ,

β
|ℓ′(0)| ≤ (1− 1/

√
2)BG.

We will use Theorem B.3.5 to prove that gradient descent learns a good classifier

(Theorem B.3.17). Theorem 3.2.12 is simply a direct corollary of Theorem B.3.17. To apply

the theorem we first present a few lemmas bounding the change in the network during

steps.

Lemma B.3.14 (Bound of Ξ(0),Ξ(1) under Empirical Risk). Assume the same conditions

as in Lemma B.3.13, and d ≥ logm, with probability at least 1−δ− 1
m2 −O

(
m
n

)
over the ini-

tialization and training samples, ∥a(0)∥∞ = O
(

b̃
√
logm

|ℓ′(0)|η(1)BGBϵ

)
, and for all i ∈ [4m], we have

∥w(0)
i ∥2 = O

(
σw
√
d
)
. Finally, ∥a(1)∥∞ = O

(
η(1)|ℓ′(0)|(Bx1σw

√
d+ b̃) + η(1) σw

√
dBx2 logn

n
1
2

)
,

and for all i ∈ [4m], ∥w(1)
i ∥2 = O

(
b̃
√
logmBx1

BGBϵ
+ b̃

√
logmBx2 logn

|ℓ′(0)|BGBϵn
1
2

)
.

Proof of Lemma B.3.14. The proof exactly follows the proof of Lemma B.3.6 with Lemma B.3.12.

Lemma B.3.15 (Bound of Ξ(t) under Empirical Risk). Assume the same conditions as

in Lemma B.3.14, and let η = η(t) for all t ∈ {2, 3, . . . , T}, 0 < TηBx1 ≤ o(1), and

0 = λ = λ(t) for all t ∈ {2, 3, . . . , T}. With probability at least 1 − O
(
Tm
n

)
over training
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samples, for all i ∈ [4m], for all t ∈ {2, 3, . . . , T}, we have

|a(t)i | ≤O

|a(1)i |+ ∥w
(1)
i ∥2 +

b̃(
Bx1 +

√
Bx2 logn

n
1
2

) + ηb̃

 (B.134)

∥w(t)
i −w

(1)
i ∥2 ≤O

(
tη

(
Bx1 +

√
Bx2 log n

n
1
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)
|a(1)i |+ tη2

(
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√
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n
1
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)2
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i ∥2

+ tη2
(
Bx1 +

√
Bx2 log n

n
1
2

)
b̃

)
. (B.135)

Proof of Lemma B.3.15. The proof exactly follows the proof of Lemma B.3.7 with Lemma B.3.12.

Note that, we have

|a(t)i | ≤
∣∣∣a(t−1)

i

∣∣∣+ η(Bx1∥w(t−1)
i ∥2 + b̃) + η

∥w(t−1)
i ∥2

√
Bx2 log n

n
1
2

(B.136)

≤
∣∣∣a(t−1)

i

∣∣∣+ η

(
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√
Bx2 log n

n
1
2

)
∥w(t−1)

i −w
(1)
i ∥2 + ηZi, (B.137)

where we denote Zi =
(
Bx1 +

√
Bx2 logn

n
1
2

)
∥w(1)

i ∥2 + b̃. Similarly, we have

∥w(t)
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(1)
i ∥2 + η

(
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√
Bx2 log n

n
1
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)
|a(t−1)

i |. (B.138)

We finish the proof by following the same arguments in the proof of Lemma B.3.7 and

union bound.

Lemma B.3.16 (Bound of Loss Gap and Gradient under Empirical Risk). Assume the

same conditions as in Lemma B.3.15. With probability at least 1−O
(
T
n

)
, for all t ∈ [T ],

we have

∣∣∣L̃Z(t)

(
f(ã,W(t),b)

)
− LD(f(ã,W(1),b))

∣∣∣ (B.139)
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+Bx1∥ã∥2
√
∥ã∥0 max

i∈[4m]
∥w(t)

i −w
(1)
i ∥2. (B.141)
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With probability at least 1−O
(
T
n

)
, for all t ∈ [T ], i ∈ [4m] we have

∣∣∣∣∣∂L̃Z(t)(fΞ(t))
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i
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n
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)
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Proof of Lemma B.3.16. By Lemma B.3.8 and Lemma B.3.12, with probability at least

1−O
(
T
n

)
, for all t ∈ [T ], we have

∣∣∣L̃Z(t)

(
f(ã,W(t),b)

)
− LD(f(ã,W(1),b))

∣∣∣ (B.143)

≤
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)
− LD(f(ã,W(t),b))
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(1)
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By Lemma B.3.8 and Lemma B.3.12, with probability at least 1−O
(
T
n

)
, for all t ∈ [T ],

i ∈ [4m] we have
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We are now ready to prove the main theorem.

Theorem B.3.17 (Online Convex Optimization under Empirical Risk. Full Statement of

Theorem 3.2.12). Consider training by Algorithm 1, and any δ ∈ (0, 1). Assume d ≥ logm.

Set

σw > 0, b̃ > 0, η(t) = η, λ(t) = 0 for all t ∈ {2, 3, . . . , T},

η(1) = Θ

(
min{O(η), O(ηb̃)}
−ℓ′(0)(Bx1σw

√
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)
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1
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√
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)
.
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(
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G
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)
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)
.
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With probability at least 1−δ over the initialization and training samples, there exists t ∈ [T ]

such that

LD (fΞ(t)) (B.148)

≤OPTd,r,BF ,Sp,γ,BG
+ rBa1

2
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+

√
log n

n
1
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·
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√
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√
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Furthermore, for any ϵ ∈ (0, 1), set

b̃ =Θ
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we have there exists t ∈ [T ] with

Pr[sign(fΞ(t))(x) ̸= y] ≤LD (fΞ(t)) (B.154)
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Proof of Theorem B.3.17. We follow the proof in Theorem B.3.9. By m = Ω
(
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δ
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∥ã∥0 max

i∈[4m]
∥w(T )

i −w
(1)
i ∥2 (B.160)

+O


(
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(
Bx2

B2
x1|ℓ′(0)|2

)
, when
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η(1) = Θ
(

min{O(η),O(ηb̃)}
−ℓ′(0)(Bx1σw

√
d+b̃)

)
, we have

∥ã∥0 =O
(
r(mp)

1
2

)
, ∥ã∥2 = O

(
Ba2Bb

b̃(mp)
1
4

)
, ∥ã∥∞ = O

(
Ba1Bb

b̃(mp)
1
2

)
(B.164)

∥a(1)∥∞ =O

(
η(1)|ℓ′(0)|(Bx1σw

√
d+ b̃) + η(1)

σw
√
dBx2 log n

n
1
2

)
(B.165)

=min{O(η), O(ηb̃)} (B.166)

∥a(T )∥∞ ≤O

∥a(1)∥∞ + max
i∈[4m]

∥w(1)
i ∥2 +

b̃(
Bx1 +

√
Bx2 logn

n
1
2

) + ηb̃

 (B.167)

≤O

(
max
i∈[4m]

∥w(1)
i ∥2 +

b̃

Bx1

)
(B.168)

max
i∈[4m]

∥w(1)
i ∥2 =O

(
b̃
√
logmBx1

BGBϵ
+

b̃
√
logm

√
Bx2 log n

|ℓ′(0)|BGBϵn
1
2

)
(B.169)

=O

(
b̃
√
logmBx1

BGBϵ

)
(B.170)

=O

(
b̃
√
logm(mp)

1
4

√
BbBG

)
(B.171)

max
i∈[4m]

∥w(T )
i −w

(1)
i ∥2 =O

(
Tη

(
Bx1 +

√
Bx2 log n

n
1
2

)
|a(1)i | (B.172)

+ Tη2
(
Bx1 +

√
Bx2 log n

n
1
2

)2

∥w(1)
i ∥2 (B.173)

+ Tη2
(
Bx1 +

√
Bx2 log n

n
1
2

)
b̃

)
(B.174)

=O

(
Tη2B2

x1

(
max
i∈[4m]

∥w(1)
i ∥2 +

b̃

Bx1

))
. (B.175)
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Then, following the proof in Theorem B.3.9, we have

1

T

T∑
t=1

LD (fΞ(t)) (B.176)

≤OPTd,r,BF ,Sp,γ,BG
+ rBa1

2
√
2Bx1

(mp)
1
4

√
Bb

BG
+Bx1

√√√√2γ +O

( √
Bx2 log n

BG|ℓ′(0)|n
1
2

) (B.177)

+ η
(√

rBa2BbTηB
2
x1 +mb̃

)
O

(√
logmBx1(mp)

1
4

√
BbBG

+ 1

)
+O

(
B2

a2B
2
b

ηT b̃2(mp)
1
2

)
(B.178)

+O


(
(∥ã∥0∥ã∥∞ +m∥a(T )∥∞)(maxi∈[4m] ∥w

(T )
i ∥2Bx + b̃) + 2

)√
log n

n
1
2

 (B.179)

+O

(
mηmaxi∈[4m] ∥w

(T )
i ∥2

√
Bx2 log n

n
1
2

)
(B.180)

≤OPTd,r,BF ,Sp,γ,BG
+ rBa1

2
√
2Bx1

(mp)
1
4

√
Bb

BG
+Bx1

√√√√2γ +O

( √
Bx2 log n

BG|ℓ′(0)|n
1
2

) (B.181)

+ η
(√

rBa2BbTηB
2
x1 +mb̃

)
O

(√
logmBx1(mp)

1
4

√
BbBG

+ 1

)
+O

(
B2

a2B
2
b

ηT b̃2(mp)
1
2

)
(B.182)

+

√
log n

n
1
2

O

((
rBa1Bb

b̃
+m

(
b̃
√
logm(mp)

1
4

√
BbBG

+
b̃

Bx1

))
(B.183)

·

((
b̃
√
logm(mp)

1
4

√
BbBG

+ Tη2Bx1b̃

)
Bx + b̃

)
+ 2

)
(B.184)

+

√
log n

n
1
2

O

(
mη

(
b̃
√
logm(mp)

1
4

√
BbBG

+ Tη2Bx1b̃

)√
Bx2

)
. (B.185)

Furthermore, for any ϵ ∈ (0, 1), set

b̃ =Θ

B
1
4
GBa2B

3
4
b√

rBa1

 , m = Ω

 1

pϵ4

(
rBa1Bx1

√
Bb

BG

)4

+
1√
δ
+

1

p

(
log
(r
δ

))2 ,

η =Θ

 ϵ(√
rBa2BbBx1

(mp)
1
4

+mb̃

)(√
logmBx1(mp)

1
4√

BbBG
+ 1

)
 , T = Θ

(
1

ηBx1(mp)
1
4

)
,

n

log n
=Ω

(
m3pB2

xB
4
a2Bb(logm)2

ϵ2r2B2
a1BG

+
(mp)

1
2Bx2 logm

BbBG
+

B2
x

Bx2
+

1

p
+

(
1

B2
G

+
1

B2
x1

)
Bx2

|ℓ′(0)|2
+

Tm

δ

)
,
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and note that BG ≤ Bx1 ≤ Bx and
√

Bx2 ≤ Bx naturally, we have

1

T

T∑
t=1

LD (fΞ(t)) (B.186)

≤OPTd,r,BF ,Sp,γ,BG
+ rBa1

2
√
2Bx1

(mp)
1
4

√
Bb

BG
+Bx1

√√√√2γ +O

( √
Bx2 log n

BG|ℓ′(0)|n
1
2

) (B.187)

+
ϵ

2
+O

(
Bx1B

2
a2B

2
b

b̃2(mp)
1
4

)
+

√
log n

n
1
2
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(
mBxB

2
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√
Bb(mp)
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2 logm
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√
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)
(B.188)

+

√
log n

n
1
2

O

(
ϵ
√
Bx2 logm(mp)

1
4

√
BbBG

)
(B.189)

≤OPTd,r,BF ,Sp,γ,BG
+ rBa1Bx1

√√√√2γ +O

( √
Bx2 log n

BG|ℓ′(0)|n
1
2

)
+ ϵ. (B.190)

We finish the proof as the 0-1 classification error is bounded by the loss function, e.g.,

I[sign(g(x)) ̸= y] ≤ ℓ(yg(x))
ℓ(0) , where ℓ(0) = 1.

B.4 Applications in Special Cases

We present the case study of linear data in Appendix B.4.1, mixtures of Gaussians in

Appendix B.4.2 and Appendix B.4.3, parity functions in Appendix B.4.4, Appendix B.4.5

and Appendix B.4.6, and multiple-index models in Appendix B.4.7.

In special case applications, we consider binary classification with hinge loss, e.g.,

ℓ(z) = max{1− z, 0}. Let X = Rd be the input space, and Y = {±1} be the label space.

Remark B.4.1 (Hinge Loss and Logistic Loss). Both hinge loss and logistic loss can be used

in special cases and general cases. For convenience, we use hinge loss in special cases, where

we can directly get the ground-truth NN close form of the optimal solution which has zero

loss. For logistic loss, there is no zero-loss solution. We can still show that the OPT value

has an exponentially small upper bound at the cost of more computation.



232

B.4.1 Linear Data

Data Distributions. Suppose two labels are equiprobable, i.e., E[y = −1] = E[y =

+1] = 1
2 . The input data are linearly separable and there is a ground truth direction

w∗, where ∥w∗∥2 = 1, such that y ⟨w∗,x⟩ > 0. We also assume E[yPw∗⊥x] = 0, where

Pw∗⊥ is the projection operator on the complementary space of the ground truth, i.e., the

components of input data being orthogonal with the ground truth are independent of the

label y. We define the input data signal level as ρ := E[y ⟨w∗,x⟩] > 0 and the margin as

β := min(x,y) y ⟨w∗,x⟩ > 0.

We call this data distribution Dlinear.

Lemma B.4.2 (Linear Data: Gradient Feature Set). Let b̃ = dτBx1σw, where τ is

any number large enough to satisfy dτ/2−
1
4 > Ω

(√
Bx2
ρ

)
. For Dlinear setting, we have

(w∗,−1) ∈ Sp,γ,BG
where

p =
1

2
, γ = Θ

( √
Bx2

ρdτ/2−
1
4

)
, BG = ρ−Θ

( √
Bx2

dτ/2−
1
4

)
. (B.191)

Proof of Lemma B.4.2. By data distribution, we have

E(x,y)[yx] = ρw∗. (B.192)

Define SSure : {i ∈ [m] : ∥w(0)
i ∥2 ≤ 2

√
dσw}. For all i ∈ [m], we have

Pr[i ∈ SSure] = Pr[∥w(0)
i ∥2 ≤ 2

√
dσw] ≥

1

2
. (B.193)
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For all i ∈ SSure, by Markov’s inequality and considering neuron i+m, we have

Pr
x

[〈
w

(0)
i+m,x

〉
− bi+m < 0

]
=Pr

x

[〈
w

(0)
i ,x

〉
+ bi < 0

]
(B.194)

≤Pr
x

[
∥w(0)

i ∥2∥x∥2 ≥ bi

]
(B.195)

≤Pr
x

[
∥x∥2 ≥

dτ−
1
2Bx1

2

]
(B.196)

≤Θ
(

1

dτ−
1
2

)
. (B.197)

For all i ∈ SSure, by Hölder’s inequality, we have

∥∥∥E(x,y)

[
y
(
1− σ′

[〈
w

(0)
i+m,x

〉
− bi+m

])
x
]∥∥∥

2
(B.198)

=
∥∥∥E(x,y)

[
y
(
1− σ′

[〈
w

(0)
i ,x

〉
+ bi

])
x
]∥∥∥

2
(B.199)

≤

√
E[∥x∥22]E

[(
1− σ′

[〈
w

(0)
i ,x

〉
+ bi

])2]
(B.200)

≤Θ
( √

Bx2

dτ/2−
1
4

)
. (B.201)

We have

1−

∣∣∣〈G(w
(0)
i+m,bi+m),w∗

〉∣∣∣
∥G(w

(0)
i+m,bi+m)∥2

=1−

∣∣∣〈G(w
(0)
i ,−bi),w

∗
〉∣∣∣

∥G(w
(0)
i ,−bi)∥2

(B.202)

≤1−
ρ−Θ

( √
Bx2

dτ/2−
1
4

)
ρ+Θ

( √
Bx2

dτ/2−
1
4

) (B.203)

=Θ

( √
Bx2

ρdτ/2−
1
4

)
= γ. (B.204)

We finish the proof by bi+m

|bi+m| = −1.

Lemma B.4.3 (Linear Data: Existence of Good Networks). Assume the same conditions
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as in Lemma B.4.2. Define

g∗(x) =
1

β
σ(⟨w∗,x⟩)− 1

β
σ(⟨−w∗,x⟩). (B.205)

For Dlinear setting, we have g∗ ∈ Fd,r,BF ,Sp,γ,BG
, where r = 2, BF = (Ba1, Ba2, Bb) =(

1
β ,

√
2

β , 1
B2

x1

)
, p = 1

2 , γ = Θ

( √
Bx2

ρdτ/2−
1
4

)
, BG = ρ−Θ

( √
Bx2

dτ/2−
1
4

)
. We also have OPTd,r,BF ,Sp,γ,BG

=

0.

Proof of Lemma B.4.3. By Lemma B.4.2 and Lemma B.5.3, we have g∗ ∈ Fd,r,BF ,Sp,γ,BG
.

We also have

OPTd,r,BF ,Sp,γ,BG
≤LDlinear

(g∗) (B.206)

=E(x,y)∼Dlinear
L(x,y)(g∗) (B.207)

=0. (B.208)

Theorem B.4.4 (Linear Data: Main Result). For Dlinear setting, for any δ ∈ (0, 1) and

for any ϵ ∈ (0, 1) when

m = poly
(
1

δ
,
1

ϵ
,
1

β
,
1

ρ

)
≤ ed, T = poly (m,Bx1) , n = poly

(
m,Bx,

1

δ
,
1

ϵ
,
1

β
,
1

ρ

)
,

(B.209)

trained by Algorithm 1 with hinge loss, with probability at least 1− δ over the initialization,

with proper hyper-parameters, there exists t ∈ [T ] such that

Pr[sign(fΞ(t)(x)) ̸= y] ≤ϵ. (B.210)

Proof of Theorem B.4.4. Let b̃ = dτBx1σw, where τ is a number large enough to sat-

isfy dτ/2−
1
4 > Ω

(√
Bx2
ρ

)
and O

(
Bx1B

1
4
x2

β
√
ρdτ/4−

1
8

)
≤ ϵ

2 . By Lemma B.4.3, we have g∗ ∈

Fd,r,BF ,Sp,γ,BG
, where r = 2, BF = (Ba1, Ba2, Bb) =

(
1
β ,

√
2

β , 1
B2

x1

)
, p = 1

2 , γ = Θ

( √
Bx2

ρdτ/2−
1
4

)
,
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BG = ρ−Θ
( √

Bx2

dτ/2−
1
4

)
. We also have OPTd,r,BF ,Sp,γ,BG

= 0.

Adjust σw such that b̃ = dτBx1σw = Θ

(
B

1
4
GBa2B

3
4
b√

rBa1

)
. Injecting above parameters into

Theorem 3.2.12, we have with probability at least 1− δ over the initialization, with proper

hyper-parameters, there exists t ∈ [T ] such that

Pr[sign(fΞ(t)(x)) ̸= y] ≤O

 Bx1B
1
4
x2

β
√
ρdτ/4−

1
8

+O

(
Bx1Bx2

1
4 (log n)

1
4

β
√
ρn

1
4

)
+ ϵ/2 ≤ ϵ. (B.211)

B.4.2 Mixture of Gaussians

We recap the problem setup in Section 3.3.1 for readers’ convenience.

Problem Setup

Data Distributions. We follow the notations from [227]. The data are from a mixture of

r high-dimensional Gaussians, and each Gaussian is assigned to one of two possible labels

in Y = {±1}. Let S(y) ⊆ [r] denote the set of indices of the Gaussians associated with the

label y. The data distribution is then:

q(x, y) = q(y)q(x|y), q(x|y) =
∑

j∈S(y)

pjNj(x), (B.212)

where Nj(x) is a multivariate normal distribution with mean µj and covariance Σj , and pj

are chosen such that q(x, y) is correctly normalized.

We call this data distribution Dmixture.

We will make some assumptions about the Gaussians, for which we first introduce some

notations. For all j ∈ [r], let y(j) ∈ {+1,−1} be the label for Nj(x).

Dj :=
µj

∥µj∥2
, µ̃j := µj/

√
d, Bµ1 := min

j∈[r]
∥µ̃j∥2, Bµ2 := max

j∈[r]
∥µ̃j∥2, pB := min

j∈[r]
pj .
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Assumption B.4.5 (Mixture of Gaussians. Recap of Assumption 3.3.1). Let 8 ≤ τ ≤ d

be a parameter that will control our final error guarantee. Assume

• Equiprobable labels: q(−1) = q(+1) = 1/2.

• For all j ∈ [r], Σj = σjId×d. Let σB := maxj∈[r] σj and σB+ := max{σB, Bµ2}.

• r ≤ 2d, pB ≥ 1
2d , Ω

(
1
d +

√
τσB+

2 log d
d

)
≤ Bµ1 ≤ Bµ2 ≤ d.

• The Gaussians are well-separated: for all i ̸= j ∈ [r], we have −1 ≤ ⟨Di, Dj⟩ ≤ θ,

where 0 ≤ θ ≤ min

{
1
2r ,

σB+

Bµ2

√
τ log d

d

}
.

Below, we define a sufficient condition that randomly initialized weights will fall in nice

gradients set after the first gradient step update.

Definition B.4.6 (Mixture of Gaussians: Subset of Nice Gradients Set). Recall w(0)
i is

the weight for the i-th neuron at initialization. For all j ∈ [r], let SDj ,Sure ⊆ [m] be those

neurons that satisfy

•
〈
w

(0)
i , µj

〉
≥ CSure,1bi,

•
〈
w

(0)
i , µj′

〉
≤ CSure,2bi, for all j′ ̸= j, j′ ∈ [r].

•
∥∥∥w(0)

i

∥∥∥
2
≤ Θ(

√
dσw).

Mixture of Gaussians: Feature Learning

We show the important Lemma B.4.7 first and defer other Lemmas after it.

Lemma B.4.7 (Mixture of Gaussians: Gradient Feature Set. Part statement of Lemma 3.3.3).

Let CSure,1 = 3
2 , CSure,2 = 1

2 , b̃ = Cb

√
τd log dσwσB+, where Cb is a large enough universal

constant. For Dmixture setting, we have (Dj ,+1) ∈ Sp,γ,BG
for all j ∈ [r], where

p = Θ

(
Bµ1

√
τ log dσB+ · d(9C

2
b τσB+

2/(2B2
µ1))

)
, γ =

1

d0.9τ−1.5
, (B.213)

BG = pBBµ1

√
d−O

( σB+

d0.9τ

)
. (B.214)
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Proof of Lemma B.4.7. For all j ∈ [r], by Lemma B.4.10, for all i ∈ SDj ,Sure,

1−

∣∣∣〈G(w
(0)
i ,bi), Dj

〉∣∣∣
∥G(w

(0)
i ,bi)∥2

(B.215)

≤1−

∣∣∣〈G(w
(0)
i ,bi), Dj

〉∣∣∣√∣∣∣〈G(w
(0)
i ,bi), Dj

〉∣∣∣2 +maxD⊤
j D⊥

j =0,∥D⊥
j ∥2=1

∣∣∣〈G(w
(0)
i ,bi), D⊥

j

〉∣∣∣2 (B.216)

≤1−

∣∣∣〈G(w
(0)
i ,bi), Dj

〉∣∣∣∣∣∣〈G(w
(0)
i ,bi), Dj

〉∣∣∣+maxD⊤
j D⊥

j =0,∥D⊥
j ∥2=1

∣∣∣〈G(w
(0)
i ,bi), D⊥

j

〉∣∣∣ (B.217)

≤1− 1

1 +
Bµ2O

(
1

d
τ− 1

2

)
+σB+O

(
1

d0.9τ

)
pjBµ1

√
d(1−O( 1

dτ ))−Bµ2O

(
1

d
τ− 1

2

)
−σB+O

(
1

d0.9τ

)
(B.218)

≤
σB+O

(
1

d0.9τ

)
pjBµ1

√
d− σB+O

(
1

d0.9τ

) (B.219)

<
1

d0.9τ−1.5
= γ, (B.220)

where the last inequality follows Bµ1 ≥ Ω

(
σB+

√
τ log d

d

)
.

Thus, we have G(w
(0)
i ,bi) ∈ CDj ,γ and

∣∣∣〈G(w
(0)
i ,bi), Dj

〉∣∣∣ ≤ ∥G(w
(0)
i ,bi)∥2 ≤ Bx1,

bi
|bi| = +1. Thus, by Lemma B.4.8, we have

Pr
w,b

[
G(w, b) ∈ CDj ,γ and ∥G(w, b)∥2 ≥ BG and

b

|b|
= +1

]
(B.221)

≥Pr
[
i ∈ SDj ,Sure

]
(B.222)

≥p. (B.223)

Thus, (Dj ,+1) ∈ Sp,γ,BG
. We finish the proof.

Below are Lemmas used in the proof of Lemma B.4.7. In Lemma B.4.8, we calculate p

used in Sp,γ,BG
.

Lemma B.4.8 (Mixture of Gaussians: Geometry at Initialization. Lemma B.2 in [10]).

Assume the same conditions as in Lemma B.4.7, recall for all i ∈ [m], w(0)
i ∼ N (0, σ2

wId×d),
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over the random initialization, we have for all i ∈ [m], j ∈ [r],

Pr
[
i ∈ SDj ,Sure

]
≥ Θ

(
Bµ1

√
τ log dσB+ · d(9C

2
b τσB+

2/(2B2
µ1))

)
. (B.224)

Proof of Lemma B.4.8. Recall for all l ∈ [r], µ̃l = µl/
√
d.

WLOG, let j = r. For all l ∈ [r − 1]. We define Z1 = {l ∈ [r − 1] : ⟨Dl, Dr⟩ ≥ −θ}

and Z2 = {l ∈ [r − 1] : −1 < ⟨Dl, Dr⟩ < −θ}. WLOG, let Z1 = [r1], Z2 = {r1 + 1, . . . , r2},

where 0 ≤ r1 ≤ r2 ≤ r − 1. We define the following events

ζl =
{〈

w
(0)
i , µl

〉
≤ CSure,2bi

}
, ζ̂l =

{∣∣∣〈w(0)
i , µl

〉∣∣∣ ≤ CSure,2bi

}
. (B.225)

We define space A = span(µ1, . . . , µr1) and µ̂r = PA⊥µr, where PA⊥ is the projection

operator on the complementary space of A. For l ∈ Z2, we also define µ̇l = µl − ⟨µl,µr⟩µr

∥µr∥22
,

and the event

ζ̇l =
{〈

w
(0)
i , µ̇l

〉
≤ CSure,2bi

}
,
ˆ̇
ζl =

{∣∣∣〈w(0)
i , µ̇l

〉∣∣∣ ≤ CSure,2bi

}
. (B.226)

For l ∈ Z2, we have µl = µ̇l − ρµr, where ρ ≥ 0. So ⟨w, µl⟩ = ⟨w, µ̇l⟩ − ρ⟨w, µr⟩ ≤ ⟨w, µ̇l⟩

when ⟨w, µr⟩ ≥ 0. As a result, we have

ζ̇l ∩
{〈

w
(0)
i , µr

〉
≥ CSure,1bi

}
⊆ ζl ∩

{〈
w

(0)
i , µr

〉
≥ CSure,1bi

}
. (B.227)

By Assumption 3.3.1, we have

1

2
≤ 1− rθ ≤ 1− r1θ ≤

∥µ̂r∥2
∥µr∥2

≤ 1. (B.228)
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We also have,

Pr
[〈

w
(0)
i , µr

〉
≥ CSure,1bi, ζ1, . . . , ζr−1

]
(B.229)

=Pr
[〈

w
(0)
i , µr

〉
≥ CSure,1bi, ζ1, . . . , ζr2

]
(B.230)

≥Pr
[〈

w
(0)
i , µr

〉
≥ CSure,1bi, ζ1, . . . , ζr1 , ζ̇r1+1, . . . , ζ̇r2

]
(B.231)

≥Pr
[〈

w
(0)
i , µr

〉
≥ CSure,1bi, ζ̂1, . . . , ζ̂r1 ,

ˆ̇
ζr1+1, . . . ,

ˆ̇
ζr2

]
(B.232)

=Pr
[〈

w
(0)
i , µr

〉
≥ CSure,1bi

∣∣∣ζ̂1, . . . , ζ̂r1 , ˆ̇ζr1+1, . . . ,
ˆ̇
ζr2

]
︸ ︷︷ ︸

pr

Pr
[
ζ̂1, . . . , ζ̂r1 ,

ˆ̇
ζr1+1, . . . ,

ˆ̇
ζr2

]
︸ ︷︷ ︸

Πl∈[r2]
pl

.

For the first condition in Definition B.4.6, we have,

pr =Pr
[〈

w
(0)
i , µr

〉
≥ CSure,1bi

∣∣∣ζ̂1, . . . , ζ̂r1 , ˆ̇ζr1+1, . . . ,
ˆ̇
ζr2

]
(B.233)

=Pr
[〈

w
(0)
i , µ̂r + µr − µ̂r

〉
≥ CSure,1bi

∣∣∣ζ̂1, . . . , ζ̂r1] (B.234)

≥Pr
[〈

w
(0)
i , µ̂r + µr − µ̂r

〉
≥ CSure,1bi,

〈
w

(0)
i , µr − µ̂r

〉
≥ 0
∣∣∣ζ̂1, . . . , ζ̂r1] (B.235)

=Pr
[〈

w
(0)
i , µ̂r + µr − µ̂r

〉
≥ CSure,1bi

∣∣∣ 〈w(0)
i , µr − µ̂r

〉
≥ 0, ζ̂1, . . . , ζ̂r1

]
(B.236)

· Pr
[〈

w
(0)
i , µr − µ̂r

〉
≥ 0
∣∣∣ζ̂1, . . . , ζ̂r1] (B.237)

=
1

2
Pr
[〈

w
(0)
i , µ̂r + µr − µ̂r

〉
≥ CSure,1bi

∣∣∣〈w(0)
i , µr − µ̂r

〉
≥ 0, ζ̂1, . . . , ζ̂r1

]
(B.238)

≥1

2
Pr
[〈

w
(0)
i , µ̂r

〉
≥ CSure,1bi

∣∣∣〈w(0)
i , µr − µ̂r

〉
≥ 0, ζ̂1, . . . , ζ̂r1

]
(B.239)

=
1

2
Pr
[〈

w
(0)
i , µ̂r

〉
≥ CSure,1bi

]
(B.240)

≥Θ

(
∥µ̃r∥2

√
τ log dσB+ · d(9C

2
b τσB+

2/(2∥µ̃r∥22))

)
, (B.241)

where the last equality following that µ̂r is orthogonal with µ1, . . . , µr1 and the property of

the standard Gaussian vector, and the last inequality follows Lemma B.5.6.
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For the second condition in Definition B.4.6, by Lemma B.5.6, we have,

p1 =Pr
[
ζ̂1

]
= 1−Θ

(
∥µ̃1∥2

√
τ log dσB+ · d(C

2
b τσB+

2/(8∥µ̃1∥22))

)
(B.242)

p2 =Pr
[
ζ̂2

∣∣∣ζ̂1] ≥ Pr
[
ζ̂2

]
≥ 1−Θ

(
∥µ̃2∥2

√
τ log dσB+ · d(C

2
b τσB+

2/(8∥µ̃2∥22))

)
(B.243)

... (B.244)

pr−1 =Pr
[
ˆ̇
ζr2

∣∣∣ζ̂1, . . . , ζ̂r1 , ˆ̇ζr1+1, . . . ,
ˆ̇
ζr2

]
≥ Pr

[
ˆ̇
ζr2

]
≥ Pr

[
ζ̂r2

]
(B.245)

≥ 1−Θ

(
∥µ̃r−1∥2

√
τ log dσB+ · d(C

2
b τσB+

2/(8∥µ̃r2∥
2
2))

)
. (B.246)

On the other hand, if X is a χ2(k) random variable. Then we have

Pr(X ≥ k + 2
√
kx+ 2x) ≤ e−x. (B.247)

Therefore, by assumption Bµ1 ≥ Ω

(
σB+

√
τ log d

d

)
, we have

Pr

(
1

σ2
w

∥∥∥w(0)
i

∥∥∥2
2
≥ d+ 2

√(
9C2

b τσB+
2/(2B2

µ1) + 2
)
dlog d (B.248)

+ 2
(
9C2

b τσB+
2/(2B2

µ1) + 2
)
log d

)
(B.249)

≤O
(

1

d2 · d(9C
2
b τσB+

2/(2B2
µ1))

)
. (B.250)
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Recall Bµ1 = minj∈[r] ∥µ̃j∥2, Bµ2 = maxj∈[r] ∥µ̃j∥2. Thus, by union bound, we have

Pr
[
i ∈ SDj ,Sure

]
(B.251)

≥Πl∈[r]pl −O

(
1

d2 · d(9C
2
b τσB+

2/(2B2
µ1))

)
(B.252)

≥Θ

(
Bµ1

√
τ log dσB+ · d(9C

2
b τσB+

2/(2B2
µ1))
·

(
1− rBµ2
√
τ log dσB+ · d(C

2
b τσB+

2/(8B2
µ2))

))
(B.253)

−O

(
1

d2 · d(9C
2
b τσB+

2/(2B2
µ1))

)
(B.254)

≥Θ

(
Bµ1

√
τ log dσB+ · d(9C

2
b τσB+

2/(2B2
µ1))

)
. (B.255)

In Lemma B.4.9, we compute the activation pattern for the neurons in SDj ,Sure.

Lemma B.4.9 (Mixture of Gaussians: Activation Pattern). Assume the same conditions

as in Lemma B.4.7, for all j ∈ [r], i ∈ SDj ,Sure, we have

(1) When x ∼ Nj(µj , σjId×d), the activation probability satisfies,

Pr
x∼Nj(µj ,σjId×d)

[〈
w

(0)
i ,x

〉
− bi ≥ 0

]
≥ 1−O

(
1

dτ

)
. (B.256)

(2) For all j′ ̸= j, j′ ∈ [r], when x ∼ Nj′(µj′ ,Σj′), the activation probability satisfies,

Pr
x∼Nj′ (µj′ ,σj′Id×d)

[〈
w

(0)
i ,x

〉
− bi ≥ 0

]
≤ O

(
1

dτ

)
. (B.257)

Proof of Lemma B.4.9. In the proof, we need b̃ = Cb

√
τd log dσwσB+, where Cb is a large

enough universal constant. For the first statement, when x ∼ Nj(µj , σjId×d), by CSure,1 ≥ 3
2 ,
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we have

Pr
x∼Nj(µj ,σjId×d)

[〈
w

(0)
i ,x

〉
− bi ≥ 0

]
≥ Pr

x∼N (0,σjId×d)

[〈
w

(0)
i ,x

〉
≥ (1− CSure,1)bi

]
(B.258)

≥ Pr
x∼N (0,σjId×d)

[〈
w

(0)
i ,x

〉
≥ −bi

2

]
(B.259)

=1− Pr
x∼N (0,σjId×d)

[〈
w

(0)
i ,x

〉
≤ −bi

2

]
(B.260)

≥1− exp

(
− bi

2

Θ(dσ2
wσ

2
j )

)
(B.261)

≥1−O

(
1

dτ

)
, (B.262)

where the third inequality follows the Chernoff bound and symmetricity of the Gaussian

vector.

For the second statement, we prove similarly by 0 < CSure,2 ≤ 1
2 .

Then, Lemma B.4.10 gives gradients of neurons in SDj ,Sure. It shows that these gradients

are highly aligned with Dj .

Lemma B.4.10 (Mixture of Gaussians: Feature Emergence). Assume the same conditions

as in Lemma B.4.7, for all j ∈ [r], i ∈ SDj ,Sure, we have

〈
E(x,y)

[
yσ′
(〈

w
(0)
i ,x

〉
− bi

)
x
]
, y(j)Dj

〉
(B.263)

≥pjBµ1

√
d

(
1−O

(
1

dτ

))
−Bµ2O

(
1

dτ−
1
2

)
− σB+O

(
1

d0.9τ

)
. (B.264)

For any unit vector D⊥
j which is orthogonal with Dj, we have

∣∣∣〈E(x,y)

[
yσ′
(〈

w
(0)
i ,x

〉
− bi

)
x
]
, D⊥

j

〉∣∣∣ ≤Bµ2O

(
1

dτ−
1
2

)
+ σB+O

(
1

d0.9τ

)
. (B.265)
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Proof of Lemma B.4.10. For all j ∈ [r], i ∈ SDj ,Sure, we have

E(x,y)

[
yσ′
(〈

w
(0)
i ,x

〉
− bi

)
x
]

(B.266)

=
∑
l∈[r]

plEx∼Nl(x)

[
yσ′
(〈

w
(0)
i ,x

〉
− bi

)
x
]

(B.267)

=
∑
l∈[r]

ply(l)Ex∼N (0,σlId×d)

[
σ′
(〈

w
(0)
i ,x+ µl

〉
− bi

)
(x+ µl)

]
. (B.268)

Thus, by Lemma B.5.7 and Lemma B.4.9,

〈
E(x,y)

[
yσ′
(〈

w
(0)
i ,x

〉
− bi

)
x
]
, y(j)Dj

〉
(B.269)

=pjEx∼N (0,σjId×d)

[
σ′
(〈

w
(0)
i ,x+ µj

〉
− bi

)
(x+ µj)

⊤Dj

]
(B.270)

+
∑

l∈[r],l ̸=j

ply(l)y(j)Ex∼N (0,σlId×d)

[
σ′
(〈

w
(0)
i ,x+ µl

〉
− bi

)
(x+ µl)

⊤Dj

]
(B.271)

≥pjµ⊤
j Dj

(
1−O

(
1

dτ

))
−

∑
l∈[r],l ̸=j

pl|µ⊤
l Dj |O

(
1

dτ

)
(B.272)

− pj

∣∣∣Ex∼N (0,σjI)

[
σ′
(〈

w
(0)
i ,x+ µj

〉
− bi

)
x⊤Dj

]∣∣∣ (B.273)

−
∑

l∈[r],l ̸=j

pl

∣∣∣Ex∼N (0,σlI)

[
σ′
(〈

w
(0)
i ,x+ µl

〉
− bi

)
x⊤Dj

]∣∣∣ (B.274)

≥pjBµ1

√
d

(
1−O

(
1

dτ

))
−Bµ2O

(
1

dτ−
1
2

)
(B.275)

− pj

∣∣∣Ex∼N (0,σjI)

[(
1− σ′

(〈
w

(0)
i ,x+ µj

〉
− bi

)
− 1
)
x⊤Dj

]∣∣∣ (B.276)

−
∑

l∈[r],l ̸=j

pl

∣∣∣Ex∼N (0,σlI)

[
σ′
(〈

w
(0)
i ,x+ µl

〉
− bi

)
x⊤Dj

]∣∣∣ (B.277)

=pjBµ1

√
d

(
1−O

(
1

dτ

))
−Bµ2O

(
1

dτ−
1
2

)
(B.278)

− pj

∣∣∣Ex∼N (0,σjI)

[(
1− σ′

(〈
w

(0)
i ,x+ µj

〉
− bi

))
x⊤Dj

]∣∣∣ (B.279)

−
∑

l∈[r],l ̸=j

pl

∣∣∣Ex∼N (0,σlI)

[
σ′
(〈

w
(0)
i ,x+ µl

〉
− bi

)
x⊤Dj

]∣∣∣ (B.280)

≥pjBµ1

√
d

(
1−O

(
1

dτ

))
−Bµ2O

(
1

dτ−
1
2

)
− σB+O

(
1

d0.9τ

)
. (B.281)
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For any unit vector D⊥
j which is orthogonal with Dj , similarly, we have

∣∣∣〈E(x,y)

[
yσ′
(〈

w
(0)
i ,x

〉
− bi

)
x
]
, D⊥

j

〉∣∣∣ (B.282)

≤pj
∣∣∣Ex∼N (0,σjI)

[
σ′
(〈

w
(0)
i ,x+ µj

〉
− bi

)
x⊤D⊥

j

]∣∣∣ (B.283)

+
∑

l∈[r],l ̸=j

pl

∣∣∣Ex∼N (0,σlI)

[
σ′
(〈

w
(0)
i ,x+ µl

〉
− bi

)
(x+ µl)

⊤D⊥
j

]∣∣∣ (B.284)

≤Bµ2O

(
1

dτ−
1
2

)
+ pj

∣∣∣Ex∼N (0,σjI)

[
σ′
(〈

w
(0)
i ,x+ µj

〉
− bi

)
x⊤D⊥

j

]∣∣∣ (B.285)

+
∑

l∈[r],l ̸=j

pl

∣∣∣Ex∼N (0,σlI)

[
σ′
(〈

w
(0)
i ,x+ µl

〉
− bi

)
x⊤D⊥

j

]∣∣∣ (B.286)

≤Bµ2O

(
1

dτ−
1
2

)
+ σB+O

(
1

d0.9τ

)
. (B.287)

Mixture of Gaussians: Final Guarantee

Lemma B.4.11 (Mixture of Gaussians: Existence of Good Networks. Part statement of

Lemma 3.3.3). Assume the same conditions as in Lemma B.4.7. Define

g∗(x) =
r∑

j=1

y(j)√
τ log dσB+

[
σ
(
⟨Dj ,x⟩ − 2

√
τ log dσB+

)]
. (B.288)

For Dmixture setting, we have g∗ ∈ Fd,r,BF ,Sp,γ,BG
, where BF = (Ba1, Ba2, Bb) =

(
1√

τ log dσB+
,

√
r√

τ log dσB+
, 2
√
τ log dσB+

)
,

p = Θ

(
Bµ1

√
τ log dσB+·d(9C

2
b
τσB+

2/(2B2
µ1))

)
, γ = 1

d0.9τ−1.5 , BG = pBBµ1

√
d−O

( σB+

d0.9τ

)
and Bx1 =

(Bµ2+σB+)
√
d,Bx2 = (Bµ2+σB+)

2d. We also have OPTd,r,BF ,Sp,γ,BG
≤ 3

dτ +
4

d0.9τ−1
√
τ log d

.

Proof of Lemma B.4.11. We can check Bx1 = (Bµ2 + σB+)
√
d,Bx2 = (Bµ2 + σB+)

2d by

direct calculation. By Lemma B.4.7, we have g∗ ∈ Fd,r,BF ,Sp,γ,BG
.
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For any j ∈ [r], by Bµ1 ≥ Ω

(
σB+

√
τ log d

d

)
≥ 4σB+

√
τ log d

d , we have

Pr
x∼Nj(µj ,σjId×d)

[
⟨Dj ,x⟩ − 2

√
τ log dσB+ ≥

√
τ log dσB+

]
(B.289)

= Pr
x∼Nj(0,σjId×d)

[
⟨Dj ,x⟩+ ∥µj∥2 − 2

√
τ log dσB+ ≥

√
τ log dσB+

]
(B.290)

≥ Pr
x∼Nj(0,σjId×d)

[
⟨Dj ,x⟩+

√
dBµ1 − 2

√
τ log dσB+ ≥

√
τ log dσB+

]
(B.291)

≥ Pr
x∼Nj(0,σjId×d)

[
⟨Dj ,x⟩ ≥ −

√
τ log dσB+

]
(B.292)

≥1− 1

dτ
, (B.293)

where the last inequality follows Chernoff bound.

For any l ̸= j, l ∈ [r], by θ ≤ σB+

Bµ2

√
τ log d

d , we have

Pr
x∼Nj(µj ,σjId×d)

[
⟨Dl,x⟩ − 2

√
τ log dσB+ ≥ 0

]
(B.294)

≤ Pr
x∼Nj(0,σjId×d)

[
⟨Dl,x⟩+ θBµ2

√
d− 2

√
τ log dσB+ ≥ 0

]
(B.295)

≤ Pr
x∼Nj(0,σjId×d)

[
⟨Dl,x⟩ ≥

√
τ log dσB+

]
(B.296)

≤ 1

dτ
. (B.297)

Thus, we have

Pr
(x,y)∼Dmixture

[yg∗(x) > 1] (B.298)

≥
∑
j∈[r]

pj

(
Pr

x∼Nj(µj ,σjId×d)

[
⟨Dj ,x⟩ − 2

√
τ log dσB+ ≥

√
τ log dσB+

])
(B.299)

−
∑
j∈[r]

pj

 ∑
l ̸=j,l∈[r]

Pr
x∼Nj(µj ,σjId×d)

[
⟨Dl,x⟩ − 2

√
τ log dσB+ < 0

] (B.300)

≥1− 2

dτ
. (B.301)
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We also have

E(x,y)∼Dmixture
[I[yg∗(x) ≤ 1]|yg∗(x)|] (B.302)

≤
∑
j∈[r]

pj

(
Pr

x∼Nj(µj ,σjId×d)

[
⟨Dj ,x⟩ − 2

√
τ log dσB+ <

√
τ log dσB+

] y2(j)√τ log dσB+
√
τ log dσB+

)

+
∑
j∈[r]

pj

 ∑
l ̸=j,l∈[r]

Ex∼Nj(µj ,σjId×d)

[
σ′
[
⟨Dl,x⟩ − 2

√
τ log dσB+ > 0

] ⟨Dl,x⟩ − 2
√
τ log dσB+√

τ log dσB+

]
≤ 1

dτ
+
∑
j∈[r]

pj

 ∑
l ̸=j,l∈[r]

Ex∼Nj(0,σjId×d)

[
σ′
[
⟨Dl,x⟩ >

√
τ log dσB+

] ⟨Dl,x⟩ −
√
τ log dσB+√

τ log dσB+

]
≤ 1

dτ
+

1√
τ log d

∑
j∈[r]

pj

 ∑
l ̸=j,l∈[r]

Ex∼Nj(0,Id×d)

[
σ′
[
⟨Dl,x⟩ >

√
τ log d

]
⟨Dl,x⟩

] (B.303)

≤ 1

dτ
+

4

d0.9τ−1
√
τ log d

, (B.304)

where the second last inequality follows Lemma B.5.7 and r ≤ 2d. Thus, we have

OPTd,r,BF ,Sp,γ,BG
≤E(x,y)∼Dmixture

[ℓ(yg∗(x))] (B.305)

=E(x,y)∼Dmixture
[I[yg∗(x) ≤ 1](1− yg∗(x))] (B.306)

≤E(x,y)∼Dmixture
[I[yg∗(x) ≤ 1]|yg∗(x)|] + E(x,y)∼Dmixture

[I[yg∗(x) ≤ 1]]

≤ 3

dτ
+

4

d0.9τ−1
√
τ log d

. (B.307)

Theorem 3.3.4 (Mixtures of Gaussians: Main Result). Assume Assumption 3.3.1. For

any ϵ, δ ∈ (0, 1), when Algorithm 1 uses hinge loss with

m = poly
(
1

δ
,
1

ϵ
, dΘ(τσB+

2/B2
µ1), r,

1

pB

)
≤ ed, T = poly (m) , n = poly (m)

and proper hyper-parameters, then with probability at least 1− δ, there exists t ∈ [T ] such
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that

Pr[sign(fΞ(t)(x)) ̸= y] ≤
√
2r

d0.4τ−0.8
+ ϵ.

Proof of Theorem 3.3.4. Let b̃ = Cb

√
τd log dσwσB+, where Cb is a large enough universal

constant.

By Lemma B.4.11, we have g∗ ∈ Fd,r,BF ,Sp,γ,BG
, where BF = (Ba1, Ba2, Bb) =

(
1√

τ log dσB+
,

√
r√

τ log dσB+
, 2
√
τ log dσB+

)
,

p = Θ

(
Bµ1

√
τ log dσB+·d(9C

2
b
τσB+

2/(2B2
µ1))

)
, γ = 1

d0.9τ−1.5 , BG = pBBµ1

√
d−O

( σB+

d0.9τ

)
and Bx1 =

(Bµ2+σB+)
√
d,Bx2 = (Bµ2+σB+)

2d. We also have OPTd,r,BF ,Sp,γ,BG
≤ 3

dτ +
4

d0.9τ−1
√
τ log d

.

Adjust σw such that b̃ = Cb

√
τd log dσwσB+ = Θ

(
B

1
4
GBa2B

3
4
b√

rBa1

)
. Injecting above param-

eters into Theorem 3.2.12, we have with probability at least 1− δ over the initialization,

with proper hyper-parameters, there exists t ∈ [T ] such that

Pr[sign(fΞ(t)(x)) ̸= y] (B.308)

≤ 3

dτ
+

4

d0.9τ−1
√
τ log d

+

√
2rBµ2

d(0.9τ−1.5)/2
√
τ log dσB+

+O

(
rBa1Bx1Bx2

1
4 (log n)

1
4

√
BGn

1
4

)
+ ϵ/2

≤
√
2r

d0.4τ−0.8
+ ϵ. (B.309)

B.4.3 Mixture of Gaussians - XOR

We consider a special Mixture of Gaussians distribution studied in [227]. Consider the same

data distribution in Appendix B.4.2 and Definition B.4.6 with the following assumptions.

Assumption B.4.12 (Mixture of Gaussians in [227]). Assume four Gaussians cluster with

XOR-like pattern, for any τ > 0,

• r = 4 and p1 = p2 = p3 = p4 =
1
4 .

• µ1 = −µ2, µ3 = −µ4 and ∥µ1∥2 = ∥µ2∥2 = ∥µ3∥2 = ∥µ4∥2 =
√
d and ⟨µ1, µ3⟩ = 0.

• For all j ∈ [4], Σj = σBId×d and 1 ≤ σB ≤
√

d
τ log log d .
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• y(1) = y(2) = 1 and y(3) = y(4) = −1.

We denote this data distribution as Dmixture−xor setting.

Mixture of Gaussians - XOR: Feature Learning

Lemma B.4.13 (Mixture of Gaussians in [227]: Gradient Feature Set). Let CSure,1 =
6
5 ,

CSure,2 =
√
2√

τ log log d
, b̃ =

√
τd log log dσwσB and d is large enough. For Dmixture−xor

setting, we have (Dj ,+1) ∈ Sp,γ,BG
for all j ∈ [4], where

p = Θ

 1

√
τ log log dσB · (log d)

18τσ2
B

25

 , γ =
σB√
d
, (B.310)

BG =

√
d

4

(
1−O

(
1

(log d)
τ
50

))
− σBO

(
1

(log d)0.018τ

)
. (B.311)

Proof of Lemma B.4.13. For all j ∈ [r], by Lemma B.4.16, for all i ∈ SDj ,Sure,

1−

∣∣∣〈G(w
(0)
i ,bi), Dj

〉∣∣∣
∥G(w

(0)
i ,bi)∥2

(B.312)

≤1−

∣∣∣〈G(w
(0)
i ,bi), Dj

〉∣∣∣√∣∣∣〈G(w
(0)
i ,bi), Dj

〉∣∣∣2 +maxD⊤
j D⊥

j =0,∥D⊥
j ∥2=1

∣∣∣〈G(w
(0)
i ,bi), D⊥

j

〉∣∣∣2 (B.313)

≤1−

∣∣∣〈G(w
(0)
i ,bi), Dj

〉∣∣∣∣∣∣〈G(w
(0)
i ,bi), Dj

〉∣∣∣+maxD⊤
j D⊥

j =0,∥D⊥
j ∥2=1

∣∣∣〈G(w
(0)
i ,bi), D⊥

j

〉∣∣∣ (B.314)

≤1− 1

1 +
σBO

(
1

(log d)0.018τ

)
1
4

√
d

(
1−O

(
1

(log d)
τ
50

))
−σBO

(
1

(log d)0.018τ

)
(B.315)

≤
σBO

(
1

(log d)0.018τ

)
1
4

√
d

(
1−O

(
1

(log d)
τ
50

))
− σBO

(
1

(log d)0.018τ

) (B.316)

<
σB√
d
= γ. (B.317)

Thus, we have G(w
(0)
i ,bi) ∈ CDj ,γ and

∣∣∣〈G(w
(0)
i ,bi), Dj

〉∣∣∣ ≤ ∥G(w
(0)
i ,bi)∥2 ≤ Bx1,
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bi
|bi| = +1. Thus, by Lemma B.4.14, we have

Pr
w,b

[
G(w, b) ∈ CDj ,γ and ∥G(w, b)∥2 ≥ BG and

b

|b|
= +1

]
(B.318)

≥Pr
[
i ∈ SDj ,Sure

]
(B.319)

≥p. (B.320)

Thus, (Dj ,+1) ∈ Sp,γ,BG
. We finish the proof.

Lemma B.4.14 (Mixture of Gaussians in [227]: Geometry at Initialization). Assume the

same conditions as in Lemma B.4.13. Recall for all i ∈ [m], w(0)
i ∼ N (0, σ2

wId×d), over the

random initialization, we have for all i ∈ [m], j ∈ [4],

Pr
[
i ∈ SDj ,Sure

]
≥Θ

 1

√
τ log log dσB · (log d)

18τσ2
B

25

 . (B.321)

Proof of Lemma B.4.14. WLOG, let j = 1. By Assumption B.4.12, for the first condition

in Definition B.4.6, we have,

Pr
[〈

w
(0)
i , µ1

〉
≥ CSure,1bi

]
≥Θ

 1

√
τ log log dσB · (log d)

18τσ2
B

25

 , (B.322)

where the the last inequality follows Lemma B.5.6.

For the second condition in Definition B.4.6, by Lemma B.5.6, we have,

Pr
[∣∣∣〈w(0)

i , µ2

〉∣∣∣ ≤ CSure,2bi

]
≥1− 1

2
√
π

1

σB · eσ
2
B

, (B.323)

On the other hand, if X is a χ2(k) random variable. Then we have

Pr(X ≥ k + 2
√
kx+ 2x) ≤ e−x. (B.324)
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Therefore, we have

Pr

 1

σ2
w

∥∥∥w(0)
i

∥∥∥2
2
≥ d+ 2

√(
18τσ2

B

25
+ 2

)
dlog log d+ 2

(
18τσ2

B

25
+ 2

)
log log d


(B.325)

≤O

 1

(log d)2 · (log d)
18τσ2

B
25

 . (B.326)

Thus, by union bound, we have

Pr
[
i ∈ SDj ,Sure

]
≥Θ

 1

√
τ log log dσB · (log d)

18τσ2
B

25

 . (B.327)

Lemma B.4.15 (Mixture of Gaussians in [227]: Activation Pattern). Assume the same

conditions as in Lemma B.4.13, for all j ∈ [4], i ∈ SDj ,Sure, we have

(1) When x ∼ Nj(µj , σBId×d), the activation probability satisfies,

Pr
x∼Nj(µj ,σBId×d)

[〈
w

(0)
i ,x

〉
− bi ≥ 0

]
≥ 1− 1

(log d)
τ
50

. (B.328)

(2) For all j′ ̸= j, j′ ∈ [4], when x ∼ Nj′(µj′ , σBId×d), the activation probability satisfies,

Pr
x∼Nj′ (µj′ ,σBId×d)

[〈
w

(0)
i ,x

〉
− bi ≥ 0

]
≤ O

(
1

(log d)
τ
2

)
. (B.329)

Proof of Lemma B.4.15. In the proof, we need b̃ =
√
τd log log dσwσB. For the first state-
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ment, when x ∼ Nj(µj , σBId×d), by CSure,1 ≥ 6
5 , we have

Pr
x∼Nj(µj ,σBId×d)

[〈
w

(0)
i ,x

〉
− bi ≥ 0

]
≥ Pr

x∼N (0,σBId×d)

[〈
w

(0)
i ,x

〉
≥ (1− CSure,1)bi

]
(B.330)

≥ Pr
x∼N (0,σBId×d)

[〈
w

(0)
i ,x

〉
≥ −bi

5

]
(B.331)

=1− Pr
x∼N (0,σBId×d)

[〈
w

(0)
i ,x

〉
≤ −bi

5

]
(B.332)

≥1− exp

(
− bi

2

50dσ2
wσ

2
B

)
(B.333)

≥1− 1

(log d)
τ
50

, (B.334)

where the third inequality follows the Chernoff bound and symmetricity of the Gaussian

vector.

For the second statement, we prove similarly by 0 < CSure,2 ≤
√
2√

τ log log d
.

Then, Lemma B.4.16 gives gradients of neurons in SDj ,Sure. It shows that these gradients

are highly aligned with Dj .

Lemma B.4.16 (Mixture of Gaussians in [227]: Feature Emergence). Assume the same

conditions as in Lemma B.4.13, for all j ∈ [4], i ∈ SDj ,Sure, we have

〈
E(x,y)

[
yσ′
(〈

w
(0)
i ,x

〉
− bi

)
x
]
, y(j)Dj

〉
(B.335)

≥1

4

√
d

(
1−O

(
1

(log d)
τ
50

))
− σBO

(
1

(log d)0.018τ

)
. (B.336)

For any unit vector D⊥
j which is orthogonal with Dj, we have

∣∣∣〈E(x,y)

[
yσ′
(〈

w
(0)
i ,x

〉
− bi

)
x
]
, D⊥

j

〉∣∣∣ ≤σBO( 1

(log d)0.018τ

)
. (B.337)



252

Proof of Lemma B.4.16. For all j ∈ [4], i ∈ SDj ,Sure, we have

E(x,y)

[
yσ′
(〈

w
(0)
i ,x

〉
− bi

)
x
]

(B.338)

=
∑
l∈[4]

1

4
Ex∼Nl(x)

[
yσ′
(〈

w
(0)
i ,x

〉
− bi

)
x
]

(B.339)

=
∑
l∈[4]

1

4
y(l)Ex∼N (0,σlId×d)

[
σ′
(〈

w
(0)
i ,x+ µl

〉
− bi

)
(x+ µl)

]
. (B.340)

Thus, by Lemma B.5.7 and Lemma B.4.15,

〈
E(x,y)

[
yσ′
(〈

w
(0)
i ,x

〉
− bi

)
x
]
, y(j)Dj

〉
(B.341)

=
1

4
Ex∼N (0,σBId×d)

[
σ′
(〈

w
(0)
i ,x+ µj

〉
− bi

)
(x+ µj)

⊤Dj

]
(B.342)

+
∑

l∈[4],l ̸=j

1

4
y(l)y(j)Ex∼N (0,σlId×d)

[
σ′
(〈

w
(0)
i ,x+ µl

〉
− bi

)
(x+ µl)

⊤Dj

]
(B.343)

≥1

4
µ⊤
j Dj

(
1−O

(
1

(log d)
τ
50

))
−

∑
l∈[4],l ̸=j

1

4
|µ⊤

l Dj |O
(

1

d
τ
2

)
(B.344)

− 1

4

∣∣∣Ex∼N (0,σBI)

[
σ′
(〈

w
(0)
i ,x+ µj

〉
− bi

)
x⊤Dj

]∣∣∣ (B.345)

−
∑

l∈[4],l ̸=j

1

4

∣∣∣Ex∼N (0,σlI)

[
σ′
(〈

w
(0)
i ,x+ µl

〉
− bi

)
x⊤Dj

]∣∣∣ (B.346)

≥1

4

√
d

(
1−O

(
1

(log d)
τ
50

))
− 1

4

∣∣∣Ex∼N (0,σBI)

[(
1− σ′

(〈
w

(0)
i ,x+ µj

〉
− bi

)
− 1
)
x⊤Dj

]∣∣∣
−

∑
l∈[4],l ̸=j

1

4

∣∣∣Ex∼N (0,σlI)

[
σ′
(〈

w
(0)
i ,x+ µl

〉
− bi

)
x⊤Dj

]∣∣∣ (B.347)

=
1

4

√
d

(
1−O

(
1

(log d)
τ
50

))
− 1

4

∣∣∣Ex∼N (0,σBI)

[(
1− σ′

(〈
w

(0)
i ,x+ µj

〉
− bi

))
x⊤Dj

]∣∣∣
−

∑
l∈[4],l ̸=j

1

4

∣∣∣Ex∼N (0,σlI)

[
σ′
(〈

w
(0)
i ,x+ µl

〉
− bi

)
x⊤Dj

]∣∣∣ (B.348)

≥1

4

√
d

(
1−O

(
1

(log d)
τ
50

))
− σBO

(
1

(log d)0.018τ

)
. (B.349)
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For any unit vector D⊥
j which is orthogonal with Dj , similarly, we have

∣∣∣〈E(x,y)

[
yσ′
(〈

w
(0)
i ,x

〉
− bi

)
x
]
, D⊥

j

〉∣∣∣ (B.350)

≤1

4

∣∣∣Ex∼N (0,σBI)

[
σ′
(〈

w
(0)
i ,x+ µj

〉
− bi

)
x⊤D⊥

j

]∣∣∣ (B.351)

+
∑

l∈[4],l ̸=j

1

4

∣∣∣Ex∼N (0,σlI)

[
σ′
(〈

w
(0)
i ,x+ µl

〉
− bi

)
(x+ µl)

⊤D⊥
j

]∣∣∣ (B.352)

≤1

4

∣∣∣Ex∼N (0,σBI)

[
σ′
(〈

w
(0)
i ,x+ µj

〉
− bi

)
x⊤D⊥

j

]∣∣∣ (B.353)

+
∑

l∈[4],l ̸=j

1

4

∣∣∣Ex∼N (0,σlI)

[
σ′
(〈

w
(0)
i ,x+ µl

〉
− bi

)
x⊤D⊥

j

]∣∣∣ (B.354)

≤σBO
(

1

(log d)0.018τ

)
. (B.355)

Mixture of Gaussians - XOR: Final Guarantee

Lemma B.4.17 (Mixture of Gaussians in [227]: Existence of Good Networks). Assume the

same conditions as in Lemma B.4.13 and let τ = 1 and when 0 < τ̃ ≤ O
(

d
σ2
B log d

)
. Define

g∗(x) =
4∑

j=1

y(j)√
τ̃ log dσB

[
σ
(
⟨Dj ,x⟩ − 2

√
τ̃ log dσB

)]
. (B.356)

For Dmixture−xor setting, we have g∗ ∈ Fd,r,BF ,Sp,γ,BG
, where BF = (Ba1, Ba2, Bb) =(

1√
τ̃ log dσB

, 2√
τ̃ log dσB

, 2
√
τ̃ log dσB

)
, p = Ω

(
1

σB ·(log d)σ
2
B

)
, γ = σB√

d
, r = 4, BG = 1

5

√
d and

Bx1 = (1+σB)
√
d,Bx2 = (1+σB)

2d. We also have OPTd,r,BF ,Sp,γ,BG
≤ 3

dτ̃
+ 4

d0.9τ̃−1
√
τ̃ log d

.

Proof of Lemma B.4.17. We finish the proof by following the proof of Lemma B.4.11

Theorem B.4.18 (Mixture of Gaussians in [227]: Main Result). For Dmixture−xor setting

with Assumption B.4.12, when d is large enough, for any δ ∈ (0, 1) and for any ϵ ∈ (0, 1)
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when

m =Ω

(
σB(log d)

σ2
B

((
log

(
1

δ

))2

+
1 + σB

ϵ4

)
+

1√
δ

)
≤ ed, (B.357)

T =poly(σB, 1/ϵ, 1/δ, log d), (B.358)

n =Ω̃

 m3(1 + σ2
B)

ϵ2max
{
σB · (log d)σ

2
B , 1
} + σB · (log d)σ

2
B +

Tm

δ

 , (B.359)

trained by Algorithm 1 with hinge loss, with probability at least 1− δ over the initialization

and training samples, with proper hyper-parameters, there exists t ∈ [T ] such that

Pr[sign(fΞ(t)(x)) ̸= y] ≤O

((
1 + σ

3
2
B

)(
1

d
1
4

+
(log n)

1
4

n
1
4

))
+ ϵ. (B.360)

Proof of Theorem B.4.18. Let b̃ =
√
d log log dσwσB. By Lemma B.4.17, let τ = 1 and

when τ̃ = O
(

d
σ2
B log d

)
, we have g∗ ∈ Fd,r,BF ,Sp,γ,BG

, where BF = (Ba1, Ba2, Bb) =(
1√

τ̃ log dσB
, 2√

τ̃ log dσB
, 2
√
τ̃ log dσB

)
, p = Ω

(
1

σB ·(log d)σ
2
B

)
, γ = σB√

d
, r = 4, BG = 1

5

√
d and

Bx1 = (1+ σB)
√
d,Bx2 = (1+ σB)

2d. We also have OPTd,r,BF ,Sp,γ,BG
≤ 3

dτ̃
+ 4

d0.9τ̃−1
√
τ̃ log d

.

Adjust σw such that b̃ =
√
d log log dσwσB = Θ

(
B

1
4
GBa2B

3
4
b√

rBa1

)
. Injecting above parame-

ters into Theorem 3.2.12, we have with probability at least 1 − δ over the initialization,

with proper hyper-parameters, there exists t ∈ [T ] such that

Pr[sign(fΞ(t)(x)) ̸= y] ≤O

((
1 + σ

3
2
B

)(
1

d
1
4

+
(log n)

1
4

n
1
4

))
+ ϵ. (B.361)

B.4.4 Parity Functions

We recap the problem setup in Section 3.3.2 for readers’ convenience.
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Problem Setup

Data Distributions. Suppose M ∈ Rd×D is an unknown dictionary with D columns

that can be regarded as patterns. For simplicity, assume d = D and M is orthonormal. Let

ϕ ∈ Rd be a hidden representation vector. Let A ⊆ [D] be a subset of size rk corresponding

to the class relevant patterns and r is an odd number. Then the input is generated

by Mϕ, and some function on ϕA generates the label. WLOG, let A = {1, . . . , rk},

A⊥ = {rk+1, . . . , d}. Also, we split A such that for all j ∈ [r], Aj = {(j−1)k+1, . . . , jk}.

Then the input x and the class label y are given by:

x = Mϕ, y = g∗(ϕA) = sign

 r∑
j=1

XOR(ϕAj )

 , (B.362)

where g∗ is the ground-truth labeling function mapping from Rrk to Y = {±1}, ϕA is the

sub-vector of ϕ with indices in A, and XOR(ϕAj ) =
∏

l∈Aj
ϕl is the parity function.

We still need to specify the distribution of ϕ, which determines the structure of the

input distribution:

X := (1− 2rpA)XU +
∑
j∈[r]

pA(Xj,+ +Xj,−). (B.363)

For all corresponding ϕA⊥ in X, we have ∀l ∈ A⊥, independently:

ϕl =


+1, w.p. po

−1, w.p. po

0, w.p. 1− 2po

where po controls the signal noise ratio: if po is large, then there are many nonzero entries

in A⊥ which are noise interfering with the learning of the ground-truth labeling function

on A.

For corresponding ϕA, any j ∈ [r], we have
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• In Xj,+, ϕAj = [+1,+1, . . . ,+1]⊤ and ϕA\Aj
only have zero elements.

• In Xj,−, ϕAj = [−1,−1, . . . ,−1]⊤ and ϕA\Aj
only have zero elements.

• In XU , we have ϕA draw from {+1,−1}rk uniformly.

We call this data distribution Dparity.

Assumption B.4.19 (Parity Functions. Recap of Assumption 3.3.5). Let 8 ≤ τ ≤ d be a

parameter that will control our final error guarantee. Assume k is an odd number and:

k ≥ Ω(τ log d), d ≥ rk +Ω(τr log d), po = O

(
rk

d− rk

)
, pA ≥

1

d
. (B.364)

Remark B.4.20. The assumptions require k, d, and pA to be sufficiently large so as to

provide enough large signals for learning. When po = Θ( rk
d−rk ) means that the signal noise

ratio is constant: the expected norm of ϕA and that of ϕA⊥ are comparable.

To apply our framework, again we only need to compute the parameters in the Gradient

Feature set and the corresponding optimal approximation loss. To this end, we first define

the gradient features: For all j ∈ [r], let

Dj =

∑
l∈Aj

Ml

∥
∑

l∈Aj
Ml∥2

. (B.365)

Remark B.4.21. Our data distribution is symmetric, which means for any ϕ ∈ Rd:

• −y = g∗(−ϕA) and −x = M(−ϕ),

• P(ϕ) = P(−ϕ),

• E(x,y)[yx] = 0.

Below, we define a sufficient condition that randomly initialized weights will fall in nice

gradients set after the first gradient step update.

Definition B.4.22 (Parity Functions: Subset of Nice Gradients Set). Recall w(0)
i is the

weight for the i-th neuron at initialization. For all j ∈ [r], let SDj ,Sure ⊆ [m] be those

neurons that satisfy

•
〈
w

(0)
i , Dj

〉
≥ CSure,1√

k
bi,
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•
∣∣∣〈w(0)

i , Dj′

〉∣∣∣ ≤ CSure,2√
k

bi, for all j′ ̸= j, j′ ∈ [r],

•
∥∥∥PAw

(0)
i

∥∥∥
2
≤ Θ(

√
rkσw),

•
∥∥∥PA⊥w

(0)
i

∥∥∥
2
≤ Θ(

√
d− rkσw),

where PA, PA⊥ are the projection operator on the space MA and MA⊥ .

Parity Functions: Feature Learning

We show the important Lemma B.4.23 first and defer other Lemmas after it.

Lemma B.4.23 (Parity Functions: Gradient Feature Set. Part statement of Lemma 3.3.7).

Let CSure,1 = 3
2 , CSure,2 = 1

2 , b̃ = Cb

√
τrk log dσw, where Cb is a large enough universal

constant. For Dparity setting, we have (Dj ,+1), (Dj ,−1) ∈ Sp,γ,BG
for all j ∈ [r], where

p = Θ

(
1

√
τr log d · d(9C2

b τr/8)

)
, γ =

1

dτ−2
, BG =

√
kpA −O

(√
k

dτ

)
. (B.366)

Proof of Lemma B.4.23. Note that for all l ∈ [d], we have M⊤
l x = ϕl. For all j ∈ [r], by

Lemma B.4.26, for all i ∈ SDj ,Sure, when γ = 1
dτ−2 ,

∣∣∣〈G(w
(0)
i ,bi), Dj

〉∣∣∣− (1− γ)∥G(w
(0)
i ,bi)∥2 (B.367)

=

∣∣∣∣∣
〈
G(w

(0)
i ,bi),

∑
l∈Aj

Ml
√
k

〉∣∣∣∣∣− (1− γ)∥G(w
(0)
i ,bi)∥2 (B.368)

≥
√
kpA −O

(√
k

dτ

)
−
(
1− 1

dτ−2

)√√√√kp2A +
∑
l∈[d]

O

(
1

dτ

)2

(B.369)

≥
√
kpA −O

(√
k

dτ

)
−
(
1− 1

dτ−2

)(√
kpA +O

(
1

dτ−
1
2

))
(B.370)

≥
√
kpA

dτ−2
−O

(√
k

dτ

)
−O

(
1

dτ−
1
2

)
(B.371)

>0. (B.372)

Thus, we have G(w
(0)
i ,bi) ∈ CDj ,γ and

√
kpA − O

(√
k

dτ

)
≤ ∥G(w

(0)
i ,bi)∥2 ≤

√
kpA +
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O
(

1

dτ−
1
2

)
, bi
|bi| = +1. Thus, by Lemma B.4.24, we have

Pr
w,b

[
G(w, b) ∈ CDj ,γ and ∥G(w, b)∥2 ≥ BG and

b

|b|
= +1

]
(B.373)

≥Pr
[
i ∈ SDj ,Sure

]
(B.374)

≥p. (B.375)

Thus, (Dj ,+1) ∈ Sp,γ,BG
. Since E(x,y)[yx] = 0, by Lemma B.5.2 and considering i ∈

[2m] \ [m], we have (Dj ,−1) ∈ Sp,γ,BG
. We finish the proof.

Below are Lemmas used in the proof of Lemma B.4.23. In Lemma B.4.24, we calculate

p used in Sp,γ,BG
.

Lemma B.4.24 (Parity Functions: Geometry at Initialization. Lemma B.2 in [10]). Assume

the same conditions as in Lemma B.4.23, recall for all i ∈ [m], w(0)
i ∼ N (0, σ2

wId×d), over

the random initialization, we have for all i ∈ [m], j ∈ [r],

Pr
[
i ∈ SDj ,Sure

]
≥ Θ

(
1

√
τr log d · d(9C2

b τr/8)

)
. (B.376)

Proof of Lemma B.4.24. For every i ∈ [m], j, j′ ∈ [r], j ̸= j′, by Lemma B.5.6,

p1 = Pr

[〈
w

(0)
i , Dj

〉
≥

CSure,1√
k

bi

]
= Θ

(
1

√
τr log d · d(9C2

b τr/8)

)
(B.377)

p2 = Pr

[∣∣∣〈w(0)
i , Dj′

〉∣∣∣ ≥ CSure,2√
k

bi

]
= Θ

(
1

√
τr log d · d(C2

b τr/8)

)
. (B.378)

On the other hand, if X is a χ2(k) random variable, by Lemma B.5.5, we have

Pr(X ≥ k + 2
√
kx+ 2x) ≤ e−x. (B.379)
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Therefore, by assumption rk ≥ Ω(τr log d), d− rk ≥ Ω(τr log d) , we have

Pr

(
1

σ2
w

∥∥∥PAw
(0)
i

∥∥∥2
2
≥ rk + 2

√(
9C2

b τr/8 + 2
)
rklog d+ 2

(
9C2

b τr/8 + 2
)
log d

)
(B.380)

≤O
(

1

d2 · d(9C2
b τr/8)

)
, (B.381)

Pr

(
1

σ2
w

∥∥∥PAw
(0)
i

∥∥∥2
2
≥ (d− rk) + 2

√(
9C2

b τr/8 + 2
)
(d− rk)log d+ 2

(
9C2

b τr/8 + 2
)
log d

)
≤O

(
1

d2 · d(9C2
b τr/8)

)
. (B.382)

Thus, by union bound, and D1, . . . , Dr being orthogonal with each other, we have

Pr
[
i ∈ SDj ,Sure

]
≥p1(1− p2)

r−1 −O

(
1

d2 · d(9C2
b τr/8)

)
(B.383)

=Θ

(
1

√
τr log d · d(9C2

b τr/8)
·

(
1− r
√
τr log d · d(C2

b τr/8)

))
(B.384)

−O

(
1

d2 · d(9C2
b τr/8)

)
(B.385)

=Θ

(
1

√
τr log d · d(9C2

b τr/8)

)
. (B.386)

In Lemma B.4.25, we compute the activation pattern for the neurons in SDj ,Sure.

Lemma B.4.25 (Parity Functions: Activation Pattern). Assume the same conditions as

in Lemma B.4.23, for all j ∈ [r], i ∈ SDj ,Sure, we have

(1) When x ∼ X, we have

Pr
x∼X

∣∣∣∣∣∣
∑
l∈A⊥

〈
w

(0)
i ,Mlϕl

〉∣∣∣∣∣∣ ≥ t

 ≤ exp

(
− t2

Θ(rkσ2
w)

)
. (B.387)

(2) When x ∼ XU , we have

Pr
x∼XU

[∣∣∣∣∣∑
l∈A

〈
w

(0)
i ,Mlϕl

〉∣∣∣∣∣ ≥ t

]
≤ exp

(
− t2

Θ(rkσ2
w)

)
. (B.388)
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(3) When x ∼ XU , the activation probability satisfies,

Pr
x∼XU

∑
l∈[d]

〈
w

(0)
i ,Mlϕl

〉
− bi ≥ 0

 ≤ O

(
1

dτ

)
. (B.389)

(4) When x ∼ Xj,+, the activation probability satisfies,

Pr
x∼Xj,+

∑
l∈[d]

〈
w

(0)
i ,Mlϕl

〉
− bi ≥ 0

 ≥ 1−O

(
1

dτ

)
. (B.390)

(5) For all j′ ̸= j, j′ ∈ [r], s ∈ {+,−}, when x ∼ Xj′,s, or x ∼ Xj,−, the activation

probability satisfies,

Pr

∑
l∈[d]

〈
w

(0)
i ,Mlϕl

〉
− bi ≥ 0

 ≤ O

(
1

dτ

)
. (B.391)

Proof of Lemma B.4.25. For the first statement, when x ∼ X, note that
〈
w

(0)
i ,Ml

〉
ϕl is a

mean-zero sub-Gaussian random variable with sub-Gaussion norm Θ
(∣∣∣〈w(0)

i ,Ml

〉∣∣∣√po).
Pr
x∼X

∣∣∣∣∣∣
∑
l∈A⊥

〈
w

(0)
i ,Mlϕl

〉∣∣∣∣∣∣ ≥ t

 = Pr
x∼X

∣∣∣∣∣∣
∑
l∈A⊥

〈
w

(0)
i ,Ml

〉
ϕl

∣∣∣∣∣∣ ≥ t

 (B.392)

≤ exp

− t2∑
l∈A⊥ Θ

(〈
w

(0)
i ,Ml

〉2
po

)
 (B.393)

≤ exp

(
− t2

Θ((d− rk)σ2
wpo)

)
(B.394)

≤ exp

(
− t2

Θ(rkσ2
w)

)
, (B.395)

where the inequality follows general Hoeffding’s inequality.
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For the second statement, when x ∼ XU , by Hoeffding’s inequality,

Pr
x∼XU

[∣∣∣∣∣∑
l∈A

〈
w

(0)
i ,Mlϕl

〉∣∣∣∣∣ ≥ t

]
= Pr

x∼XU

[∣∣∣∣∣∑
l∈A

〈
w

(0)
i ,Ml

〉
ϕl

∣∣∣∣∣ ≥ t

]
(B.396)

≤2 exp

− t2

2
∑

l∈A

〈
w

(0)
i ,Ml

〉2
 (B.397)

≤ exp

(
− t2

Θ(rkσ2
w)

)
. (B.398)

In the proof of the third to the last statement, we need b̃ = Cb

√
τrk log dσw, where Cb

is a large enough universal constant.

For the third statement, when x ∼ XU , by union bound and previous statements,

Pr
x∼XU

∑
l∈[d]

〈
w

(0)
i ,Mlϕl

〉
− bi ≥ 0

 (B.399)

≤ Pr
x∼XU

[∑
l∈A

〈
w

(0)
i ,Mlϕl

〉
≥ bi

2

]
+ Pr

x∼XU

∑
l∈A⊥

〈
w

(0)
i ,Mlϕl

〉
≥ bi

2

 (B.400)

≤O
(

1

dτ

)
. (B.401)

For the forth statement, when x ∼ Xj,+, by CSure,1 ≥ 3
2 and previous statements,

Pr
x∼Xj,+

∑
l∈[d]

〈
w

(0)
i ,Mlϕl

〉
− bi ≥ 0

 (B.402)

= Pr
x∼Xj,+

∑
l∈Aj

〈
w

(0)
i ,Mlϕl

〉
+

∑
l∈A\Aj

〈
w

(0)
i ,Mlϕl

〉
+
∑
l∈A⊥

〈
w

(0)
i ,Mlϕl

〉
≥ bi

 (B.403)

≥ Pr
x∼Xj,+

∑
l∈A⊥

〈
w

(0)
i ,Mlϕl

〉
≥ (1− CSure,1)bi

 (B.404)

≥ Pr
x∼Xj,+

∑
l∈A⊥

〈
w

(0)
i ,Mlϕl

〉
≥ −bi

2

 (B.405)

≥1−O

(
1

dτ

)
. (B.406)
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For the last statement, we prove similarly by 0 < CSure,2 ≤ 1
2 .

Then, Lemma B.4.26 gives gradients of neurons in SDj ,Sure. It shows that these gradients

are highly aligned with Dj .

Lemma B.4.26 (Parity Functions: Feature Emergence). Assume the same conditions as

in Lemma B.4.23, for all j ∈ [r], i ∈ SDj ,Sure, we have the following holds:

(1) For all l ∈ Aj, we have

pA −O

(
1

dτ

)
≤ E(x,y)

[
yσ′
(〈

w
(0)
i ,x

〉
− bi

)
ϕl

]
≤ pA +O

(
1

dτ

)
. (B.407)

(2) For all l ∈ Aj′ , any j′ ̸= j, j′ ∈ [r], we have

∣∣∣E(x,y)

[
yσ′
(〈

w
(0)
i ,x

〉
− bi

)
ϕl

]∣∣∣ ≤ O

(
1

dτ

)
. (B.408)

(3) For all l ∈ A⊥, we have

∣∣∣E(x,y)

[
yσ′
(〈

w
(0)
i ,x

〉
− bi

)
ϕl

]∣∣∣ ≤ O

(
1

dτ

)
. (B.409)

Proof of Lemma B.4.26. For all l ∈ [d], we have

E(x,y)

[
yσ′
(〈

w
(0)
i ,x

〉
− bi

)
ϕl

]
(B.410)

=pA
∑
l∈[r]

(
Ex∼Xl,+

[
σ′
(〈

w
(0)
i ,x

〉
− bi

)
ϕl

]
− Ex∼Xl,−

[
σ′
(〈

w
(0)
i ,x

〉
− bi

)
ϕl

])
(B.411)

+ (1− 2rpA)Ex∼XU

[
yσ′
(〈

w
(0)
i ,x

〉
− bi

)
ϕl

]
. (B.412)
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For the first statement, for all l ∈ Aj , by Lemma B.4.25 (3) and (4), we have

E(x,y)

[
yσ′
(〈

w
(0)
i ,x

〉
− bi

)
ϕl

]
(B.413)

=pA

(
Ex∼Xj,+

[
σ′
(〈

w
(0)
i ,x

〉
− bi

)]
+ Ex∼Xj,−

[
σ′
(〈

w
(0)
i ,x

〉
− bi

)])
(B.414)

+ (1− 2rpA)Ex∼XU

[
yσ′
(〈

w
(0)
i ,x

〉
− bi

)
ϕl

]
(B.415)

≥pA
(
1−O

(
1

dτ

))
−O

(
1

dτ

)
(B.416)

≥pA −O

(
1

dτ

)
, (B.417)

and we also have

E(x,y)

[
yσ′
(〈

w
(0)
i ,x

〉
− bi

)
ϕl

]
(B.418)

=pA

(
Ex∼Xj,+

[
σ′
(〈

w
(0)
i ,x

〉
− bi

)]
+ Ex∼Xj,−

[
σ′
(〈

w
(0)
i ,x

〉
− bi

)])
(B.419)

+ (1− 2rpA)Ex∼XU

[
yσ′
(〈

w
(0)
i ,x

〉
− bi

)
ϕl

]
(B.420)

≤pA +O

(
1

dτ

)
. (B.421)

Similarly, for the second statement, for all l ∈ Aj′ , any j′ ̸= j, j′ ∈ [r], by Lemma B.4.25

(3) and (5), we have

∣∣∣E(x,y)

[
yσ′
(〈

w
(0)
i ,x

〉
− bi

)
ϕl

]∣∣∣ (B.422)

≤
∣∣∣pA (Ex∼Xj′,+

[
σ′
(〈

w
(0)
i ,x

〉
− bi

)]
+ Ex∼Xj′,−

[
σ′
(〈

w
(0)
i ,x

〉
− bi

)])∣∣∣+O

(
1

dτ

)
≤O

(
1

dτ

)
. (B.423)
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For the third statement, for all l ∈ A⊥, by Lemma B.4.25 (3), (4), (5), we have

∣∣∣E(x,y)

[
yσ′
(〈

w
(0)
i ,x

〉
− bi

)
ϕl

]∣∣∣ (B.424)

≤pA
∑
l∈[r]

∣∣∣Ex∼Xl,+

[
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(〈

w
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i ,x

〉
− bi

)
ϕl

]
− Ex∼Xl,−

[
σ′
(〈

w
(0)
i ,x

〉
− bi

)
ϕl

]∣∣∣+O

(
1

dτ

)

≤pA
∣∣∣Ex∼Xj,+

[
σ′
(〈

w
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i ,x

〉
− bi

)
ϕl

]
− Ex∼Xj,−

[
σ′
(〈

w
(0)
i ,x

〉
− bi

)
ϕl

]∣∣∣+O

(
1

dτ

)
≤pA

∣∣∣Ex∼Xj,+

[(
1− σ′

(〈
w

(0)
i ,x

〉
− bi

))
ϕl

]
− Ex∼Xj,−

[(
1− σ′

(〈
w

(0)
i ,x

〉
− bi

))
ϕl

]∣∣∣
+ pA

∣∣Ex∼Xj,+ [ϕl]− Ex∼Xj,− [ϕl]
∣∣+O

(
1

dτ

)
(B.425)

=pA

∣∣∣Ex∼Xj,+

[(
1− σ′

(〈
w

(0)
i ,x

〉
− bi

))
ϕl

]
− Ex∼Xj,−

[(
1− σ′

(〈
w

(0)
i ,x

〉
− bi

))
ϕl

]∣∣∣
+O

(
1

dτ

)
(B.426)

≤O
(

1

dτ

)
, (B.427)

where the second inequality follows 2rpA ≤ 1 and the third inequality follows the triangle

inequality.

Parity Functions: Final Guarantee

Lemma B.4.27 (Parity Functions: Existence of Good Networks. Part statement of

Lemma 3.3.7). Assume the same conditions as in Lemma B.4.23. Define

g∗(x) =

r∑
j=1

k∑
i=0

(−1)i+1
√
k (B.428)

·
[
σ

(
⟨Dj ,x⟩ −

2i− k − 1√
k

)
− 2σ

(
⟨Dj ,x⟩ −

2i− k√
k

)
+ σ

(
⟨Dj ,x⟩ −

2i− k + 1√
k

)]
.

For Dparity setting, we have g∗ ∈ Fd,3r(k+1),BF ,Sp,γ,BG
, where BF = (Ba1, Ba2, Bb) =(

2
√
k, 2
√
rk(k + 1), k+1√

k

)
, p = Θ

(
1

√
τr log d·d(9C

2
b
τr/8)

)
, γ = 1

dτ−2 , BG =
√
kpA − O

(√
k

dτ

)
and Bx1 =

√
d,Bx2 = d. We also have OPTd,3r(k+1),BF ,Sp,γ,BG

= 0.

Proof of Lemma B.4.27. We can check Bx1 =
√
d,Bx2 = d by direct calculation. By
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Lemma B.4.23, we have g∗ ∈ Fd,3r(k+1),BF ,Sp,γ,BG
. We note that

σ

(
⟨Dj ,x⟩ −

2i− k − 1√
k

)
− 2σ

(
⟨Dj ,x⟩ −

2i− k√
k

)
+ σ

(
⟨Dj ,x⟩ −

2i− k + 1√
k

)
(B.429)

is a bump function for ⟨Dj ,x⟩ at 2i−k√
k

. We can check that yg∗(x) ≥ 1. Thus, we have

OPTd,3r(k+1),BF ,Sp,γ,BG
≤LDparity(g

∗) (B.430)

=E(x,y)∼Dparity
L(x,y)(g∗) (B.431)

=0. (B.432)

Theorem 3.3.8 (Parity Functions: Main Result). Assume Assumption 3.3.5. For any

ϵ, δ ∈ (0, 1), when Algorithm 1 uses hinge loss with

m = poly
(
1

δ
,
1

ϵ
, dΘ(τr), k,

1

pA

)
≤ ed, T = poly (m) , n = poly (m)

and proper hyper-parameters, then with probability at least 1− δ, there exists t ∈ [T ] such

that

Pr[sign(fΞ(t)(x)) ̸= y] ≤ 3r
√
k

d(τ−3)/2
+ ϵ.

Proof of Theorem 3.3.8. Let b̃ = Cb

√
τrk log dσw, where Cb is a large enough universal con-

stant. By Lemma B.4.27, we have g∗ ∈ Fd,3r(k+1),BF ,Sp,γ,BG
, where BF = (Ba1, Ba2, Bb) =(

2
√
k, 2
√
rk(k + 1), k+1√

k

)
, p = Θ

(
1

√
τr log d·d(9C

2
b
τr/8)

)
, γ = 1

dτ−2 , BG =
√
kpA − O

(√
k

dτ

)
and Bx1 =

√
d,Bx2 = d. We also have OPTd,3r(k+1),BF ,Sp,γ,BG

= 0.

Adjust σw such that b̃ = Cb

√
τrk log dσw = Θ

(
B

1
4
GBa2B

3
4
b√

rBa1

)
. Injecting above parameters

into Theorem 3.2.12, we have with probability at least 1− δ over the initialization, with
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proper hyper-parameters, there exists t ∈ [T ] such that

Pr[sign(fΞ(t)(x)) ̸= y] ≤2
√
2r
√
k

d(τ−3)/2
+O

(
rBa1Bx1Bx2

1
4 (log n)

1
4

√
BGn

1
4

)
+ ϵ/2 ≤ 3r

√
k

d(τ−3)/2
+ ϵ.

B.4.5 Uniform Parity Functions

We consider the sparse parity problem over the uniform data distribution studied in [26].

We use the properties of the problem to prove the key lemma (i.e., the existence of good

networks) in our framework and then derive the final guarantee from our theorem of the

simple setting (Theorem 3.2.4). We provide Theorem B.4.31 as (1) use it as a warm-up and

(2) follow the original analysis in [26] to give a comparison. We will provide Theorem B.4.40

as an alternative version that trains both layers.

Consider the same data distribution in Appendix B.4.4 and Definition B.4.22 with the

following assumptions.

Assumption B.4.28 (Uniform Parity Functions). We follow the data distribution in

Appendix B.4.4. Let r = 1, pA = 0, po = 1
2 , M = Id×d and d ≥ 2k2, and k is an even

number.

We denote this data distribution as Dparity−uniform setting.

To apply our framework, again we only need to compute the parameters in the Gradient

Feature set and the corresponding optimal approximation loss. To this end, we first define

the gradient features: let

D =

∑
l∈AMl

∥
∑

l∈AMl∥2
. (B.433)

We follow the initialization and training dynamic in [26].
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Initialization and Loss. We use hinge loss and we have unbiased initialization, for all

i ∈ [m],

a
(0)
i ∼ Unif({±1}),w(0)

i ∼ Unif({±1}d),bi = Unif({−1 + 1/k, . . . , 1− 1/k}). (B.434)

Training Process. We use the following one-step training algorithm for this specific

data distribution.

Algorithm 6 Network Training via Gradient Descent [26]. Special case of Algorithm 4

Initialize (a(0),W(0),b) as in Equation (3.8) and Equation (B.434); Sample Z ∼
Dn

parity−uniform

W(1) = W(0) − η(1)(∇WL̃Z(fΞ(0)) + λ(1)W(0))

a(1) = a(0) − η(1)(∇aL̃Z(fΞ(0)) + λ(1)a(0))
for t = 2 to T do
a(t) = a(t−1) − η(t)∇aL̃Z(fΞ(t−1))

end for

Use the notation in Section 5.3 of [203], for every S ∈ [n], s.t. |S| = k, we define

ξk := M̂aj(S) = (−1)
k−1
2

( d−1
2

d−1
2

)
(
d−1
k−1

) · 2−(d−1)

(
d− 1
d−1
2

)
. (B.435)

Lemma B.4.29 (Uniform Parity Functions: Existence of Good Networks. Rephrase

of Lemma 5 in [26]). For every ϵ, δ ∈ (0, 1/2), denoting τ =
|ξk−1|

16k
√

2d log(32k3d/ϵ)
, let

η(1) = 1
k|ξk−1| , λ

(1) = 1
η(1)

, m ≥ k ·2k log(k/δ), n ≥ 2
τ2

log(4dm/δ) and d ≥ Ω
(
k4 log(kd/ϵ)

)
,

w.p. at least 1 − 2δ over the initialization and the training samples, there exists ã ∈ Rm

with ∥ã∥∞ ≤ 8k and ∥ã∥2 ≤ 8k
√
k such that f(ã,W(1),b) satisfies

LDparity−uniform

(
f(ã,W(1),b)

)
≤ ϵ. (B.436)

Additionally, it holds that ∥σ(W(1)⊤x− b)∥∞ ≤ d+ 1.

Remark B.4.30. In [26], they update the bias term in the first gradient step. However, if we

check the proof carefully, we can see that the fixed bias still goes through all their analysis.
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Uniform Parity Functions: Final Guarantee

Considering training by Algorithm 6, we have the following results.

Theorem B.4.31 (Uniform Parity Functions: Main Result). Fix ϵ ∈ (0, 1/2) and let m ≥

Ω
(
k · 2k log(k/ϵ)

)
, n ≥ Ω

(
k7/6d

(
d

k−1

)
log(kd/ϵ) log(dm/ϵ) + k3md2

ϵ2

)
, d ≥ Ω

(
k4 log(kd/ϵ)

)
.

Let η(1) = 1
k|ξk−1| , λ(1) = 1

η(1)
, and η = η(t) = Θ

(
1

d2m

)
, for all t ∈ {2, 3, . . . , T}. If

T ≥ Ω
(
k3md2

ϵ

)
, then training by Algorithm 6 with hinge loss, w.h.p. over the initialization

and the training samples, there exists t ∈ [T ] such that

Pr[sign(fΞ(t))(x) ̸= y] ≤ LDparity−uniform
f(a(t),W(1),b) ≤ ϵ. (B.437)

Proof of Theorem B.4.31. By Lemma B.4.29, w.h.p., we have for properly chosen hyper-

parameters,

OPTW(1),b,Ba2
≤ LDparity−uniform

(
f(ã,W(1),b)

)
≤ ϵ

3
. (B.438)

We compute the L-smooth constant of L̃Z
(
f(a,W(1),b)

)
to a.

∥∥∥∇aL̃Z
(
f(a1,W(1),b)

)
−∇aL̃Z

(
f(a2,W(1),b)

)∥∥∥
2

(B.439)

=

∥∥∥∥∥ 1n ∑
x∈Z

[(
ℓ′
(
yf(a1,W(1),b)(x)

)
− ℓ′

(
yf(a2,W(1),b)(x)

))
σ(W(1)⊤x− b)

]∥∥∥∥∥
2

(B.440)

≤

∥∥∥∥∥ 1n ∑
x∈Z

[∣∣∣f(a1,W(1),b)(x)− f(a2,W(1),b)(x)
∣∣∣σ(W(1)⊤x− b)

]∥∥∥∥∥
2

(B.441)

≤ 1

n

∑
x∈Z

[
∥a1 − a2∥2

∥∥∥σ(W(1)⊤x− b)
∥∥∥2
2

]
. (B.442)

By the Lemma B.4.29, we have ∥σ(W(1)⊤x− b)∥∞ ≤ d+ 1. Thus, we have,

L = O

(
1

n

∑
x∈Z

∥∥∥σ(W(1)⊤x− b)
∥∥∥2
2

)
(B.443)

≤ O(d2m). (B.444)
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This means that we can let η = Θ
(

1
d2m

)
and we will get our convergence result. Note that

we have a(1) = 0 and ∥ã∥2 = O
(
k
√
k
)
. So, if we choose T ≥ Ω

(
k3

ϵη

)
, there exists t ∈ [T ]

such that L̃Z
(
f(a(t),W(1),b)

)
− L̃Z

(
f(ã,W(1),b)

)
≤ O

(
L∥a(1)−ã∥22

T

)
≤ ϵ/3.

We also have
√

∥ã∥22(∥W(1)∥2FB2
x+∥b∥22)

n ≤ ϵ
3 . Then our theorem gets proved by Theo-

rem 3.2.4.

B.4.6 Uniform Parity Functions: Alternative Analysis

It is also possible to unify [26] into our general Gradient Feature Learning Framework by

mildly modifying the framework in Theorem 3.2.12. In order to do that, we first need to

use a different metric in the definition of gradient features.

Modified General Feature Learning Framework for Uniform Parity Functions

Definition B.4.32 (Gradient Feature with Infinity Norm). For a unit vector D ∈ Rd

with ∥D∥2 = 1, and a γ∞ ∈ (0, 1), a direction neighborhood (cone) C∞D,γ∞
is defined as:

C∞D,γ∞
:=
{
w
∣∣∣ ∥∥∥ w

∥w∥ −D
∥∥∥
∞

< γ∞

}
. Let w ∈ Rd, b ∈ R be random variables drawn from

some distribution W,B. A Gradient Feature set with parameters p, γ∞, BG, BG1 is defined

as:

S∞
p,γ∞,BG,BG1

(W,B) :=
{
(D, s)

∣∣∣∣ Pr
w,b

[
G(w, b) ∈ C∞D,γ∞ , BG1 ≥ ∥G(w, b)∥2 ≥ BG , s =

b

|b|

]
≥ p

}
.

When clear from context, write it as S∞
p,γ∞,BG,BG1

.

Definition B.4.33 (Optimal Approximation via Gradient Features with Infinity Norm).

The Optimal Approximation network and loss using gradient feature induced networks

Fd,r,BF ,S∞
p,γ∞,BG,BG1

are defined as:

g∗ := argmin
g∈Fd,r,BF ,S∞

p,γ∞,BG,BG1

LD(f), (B.445)

OPTd,r,BF ,S∞
p,γ∞,BG,BG1

:= min
g∈Fd,r,BF ,S∞

p,γ∞,BG,BG1

LD(f). (B.446)
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We consider the data distribution in Appendix B.4.4 with Assumption B.4.28, i.e.,

Dparity−uniform in Appendix B.4.5. Note that with this dataset, we have ∥x∥∞ ≤ Bx∞ = 1.

We use the following unbiased initialization:

for i ∈ {1, . . . ,m} : a
(0)
i ∼ N (0, σ2

a),w
(0)
i ∼ {±1}

d,bi = b̃ ≤ 1,

for i ∈ {m+ 1, . . . , 2m} : a
(0)
i = −a(0)i−m,w

(0)
i = −w(0)

i−m,bi = −bi−m,

for i ∈ {2m+ 1, . . . , 4m} : a
(0)
i = −a(0)i−2m,w

(0)
i = w

(0)
i−2m,bi = bi−2m (B.447)

Let ∇i denote the gradient of the i-th neuron ∇wiLD(fΞ(0)). Denote the subset of neurons

with nice gradients approximating feature (D, s) as:

G∞
(D,s),Nice :=

{
i ∈ [2m] : s =

bi

|bi|
,

∥∥∥∥ ∇i

∥∇i∥
−D

∥∥∥∥
∞
≤ γ∞,

∣∣∣a(0)i

∣∣∣BG1 ≥ ∥∇i∥2 ≥
∣∣∣a(0)i

∣∣∣BG

}
.

Lemma B.4.34 (Existence of Good Networks. Modified Version of Lemma 3.2.14 Under

Uniform Parity Setting). Let λ(1) = 1
η(1)

. For any Bϵ ∈ (0, Bb), let σa = Θ
(

b̃
−ℓ′(0)η(1)BGBϵ

)
and δ = 2re−

√
mp + 1

d2
. Then, with probability at least 1− δ over the initialization, there

exists ãi’s such that f(ã,W(1),b)(x) =
∑4m

i=1 ãiσ
(〈

w
(1)
i ,x

〉
− bi

)
satisfies

LD(f(ã,W(1),b)) ≤ rBa1

(
Bx1BG1Bb√
mpBGBϵ

+
√

2 log(d)dγ∞ +Bϵ

)
+OPTd,r,BF ,S∞

p,γ∞,BG,BG1
,

and ∥ã∥0 = O
(
r(mp)

1
2

)
, ∥ã∥2 = O

(
Ba2Bb

b̃(mp)
1
4

)
, ∥ã∥∞ = O

(
Ba1Bb

b̃(mp)
1
2

)
.

Proof of Lemma B.4.34. Recall g∗(x) =
∑r

j=1 a
∗
jσ(
〈
w∗

j ,x
〉
−b∗

j ), where f∗ ∈ Fd,r,BF ,S∞
p,γ∞,BG,BG1

is defined in Definition B.4.33 and let s∗j =
b∗
j

|b∗
j |

. By Lemma B.3.3, with probability at

least 1 − δ1, δ1 = 2re−cmp, for all j ∈ [r], we have |G∞
(w∗

j ,s
∗
j ),Nice| ≥

mp
4 . Then for all

i ∈ G∞
(w∗

j ,s
∗
j ),Nice ⊆ [2m], we have −ℓ′(0)η(1)G(w

(0)
i ,bi)

b∗
j

b̃
only depend on w

(0)
i and bi,
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which is independent of a(0)i . Given Definition B.4.32, we have

−ℓ′(0)η(1)∥G(w
(0)
i ,bi)∥2

b∗
j

b̃
∈
[
ℓ′(0)η(1)Bx1

Bb

b̃
,−ℓ′(0)η(1)Bx1

Bb

b̃

]
. (B.448)

We split [r] into Γ = {j ∈ [r] : |b∗
j | < Bϵ}, Γ− = {j ∈ [r] : b∗

j ≤ −Bϵ} and Γ+ = {j ∈

[r] : b∗
j ≥ Bϵ}. Let ϵa = BG1Bb√

mpBGBϵ
. Then we know that for all j ∈ Γ+ ∪ Γ−, for all

i ∈ G∞
(w∗

j ,s
∗
j ),Nice, we have

Pr
a
(0)
i ∼N (0,σ2

a)

[∣∣∣∣−a(0)i ℓ′(0)η(1)∥G(w
(0)
i ,bi)∥2

|b∗
j |
b̃
− 1

∣∣∣∣ ≤ ϵa

]
(B.449)

= Pr
a
(0)
i ∼N (0,σ2

a)

[
1− ϵa ≤ −a(0)i ℓ′(0)η(1)∥G(w

(0)
i ,bi)∥2

|b∗
j |
b̃
≤ 1 + ϵa

]
(B.450)

= Pr
g∼N (0,1)

[
1− ϵa ≤ gΘ

(
∥G(w

(0)
i ,bi)∥2|b∗

j |
BGBϵ

)
≤ 1 + ϵa

]
(B.451)

= Pr
g∼N (0,1)

[
(1− ϵa)Θ

(
BGBϵ

∥G(w
(0)
i ,bi)∥2|b∗

j |

)
≤ g ≤ (1 + ϵa)Θ

(
BGBϵ

∥G(w
(0)
i ,bi)∥2|b∗

j |

)]

=Θ

(
ϵaBGBϵ

∥G(w
(0)
i ,bi)∥2|b∗

j |

)
(B.452)

≥Ω
(
ϵaBGBϵ

BG1Bb

)
(B.453)

=Ω

(
1
√
mp

)
. (B.454)

Thus, with probability Ω
(

1√
mp

)
over a

(0)
i , we have

∣∣∣∣−a(0)i ℓ′(0)η(1)∥G(w
(0)
i ,bi)∥2

|b∗
j |
b̃
− 1

∣∣∣∣ ≤ ϵa,
∣∣∣a(0)i

∣∣∣ = O

(
b̃

−ℓ′(0)η(1)BGBϵ

)
. (B.455)

Similarly, for j ∈ Γ, for all i ∈ G∞
(w∗

j ,s
∗
j ),Nice, with probability Ω

(
1√
mp

)
over a

(0)
i , we have

∣∣∣∣−a(0)i ℓ′(0)η(1)∥G(w
(0)
i ,bi)∥2

Bϵ

b̃
− 1

∣∣∣∣ ≤ ϵa,
∣∣∣a(0)i

∣∣∣ = O

(
b̃

−ℓ′(0)η(1)BGBϵ

)
. (B.456)

For all j ∈ [r], let Λj ⊆ G∞
(w∗

j ,s
∗
j ),Nice be the set of i’s such that condition Equation (B.455)
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or Equation (B.456) are satisfied. By Chernoff bound and union bound, with probability

at least 1 − δ2, δ2 = re−
√
mp, for all j ∈ [r] we have |Λj | ≥ Ω(

√
mp). We have for

∀j ∈ Γ+ ∪ Γ−,∀i ∈ Λj ,

∣∣∣∣ |b∗
j |
b̃

〈
w

(1)
i ,x

〉
−
〈
w∗

j ,x
〉∣∣∣∣ (B.457)

≤

∣∣∣∣∣
〈
−a(0)i ℓ′(0)η(1)∥G(w

(0)
i ,bi)∥2

|b∗
j |
b̃

w
(1)
i

∥w(1)
i ∥2

−
w

(1)
i

∥w(1)
i ∥2

,x

〉
+

〈
w

(1)
i

∥w(1)
i ∥2

−w∗
j ,x

〉∣∣∣∣∣
≤ϵa∥x∥2 +

√
2 log(d)dγ∞. (B.458)

With probability 1− 1
d2

by Hoeffding’s inequality. Similarly, for ∀j ∈ Γ,∀i ∈ Λj ,

∣∣∣∣Bϵ

b̃

〈
w

(1)
i ,x

〉
−
〈
w∗

j ,x
〉∣∣∣∣ ≤ ϵa∥x∥2 +

√
2 log(d)dγ∞. (B.459)

If i ∈ Λj , j ∈ Γ+ ∪ Γ−, set ãi = a∗j
|b∗

j |
|Λj |b̃

, if i ∈ Λj , j ∈ Γ, set ãi = a∗j
Bϵ

|Λj |b̃
, otherwise set

ãi = 0, we have ∥ã∥0 = O
(
r(mp)

1
2

)
, ∥ã∥2 = O

(
Ba2Bb

b̃(mp)
1
4

)
, ∥ã∥∞ = O

(
Ba1Bb

b̃(mp)
1
2

)
.
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Finally, we have

LD(f(ã,W(1),b)) (B.460)

=LD(f(ã,W(1),b))− LD(g
∗) + LD(g∗) (B.461)

≤E(x,y)

[∣∣∣f(ã,W(1),b)(x)− g∗(x)
∣∣∣]+ LD(g∗) (B.462)

≤E(x,y)

∣∣∣∣∣∣
m∑
i=1

ãiσ
(〈

w
(1)
i ,x

〉
− b̃
)
+

2m∑
i=m+1

ãiσ
(〈

w
(1)
i ,x

〉
+ b̃
)
−

r∑
j=1

a∗jσ(
〈
w∗

j ,x
〉
− b∗

j )

∣∣∣∣∣∣


+ LD(g∗) (B.463)

≤E(x,y)

∣∣∣∣∣∣
∑
j∈Γ+

∑
i∈Λj

a∗j
1

|Λj |

∣∣∣∣ |b∗
j |
b̃

σ
(〈

w
(1)
i ,x

〉
− b̃
)
− σ(

〈
w∗

j ,x
〉
− b∗

j )

∣∣∣∣
∣∣∣∣∣∣
 (B.464)

+ E(x,y)

∣∣∣∣∣∣
∑
j∈Γ−

∑
i∈Λj

a∗j
1

|Λj |

∣∣∣∣ |b∗
j |
b̃

σ
(〈

w
(1)
i ,x

〉
+ b̃
)
− σ(

〈
w∗

j ,x
〉
− b∗

j )

∣∣∣∣
∣∣∣∣∣∣
 (B.465)

+ E(x,y)

∣∣∣∣∣∣
∑
j∈Γ

∑
i∈Λj

a∗j
1

|Λj |

∣∣∣∣Bϵ

b̃
σ
(〈

w
(1)
i ,x

〉
− b̃
)
− σ(

〈
w∗

j ,x
〉
− b∗

j )

∣∣∣∣
∣∣∣∣∣∣
+ LD(g∗)

(B.466)

≤E(x,y)

∣∣∣∣∣∣
∑
j∈Γ+

∑
i∈Λj

a∗j
1

|Λj |

∣∣∣∣ |b∗
j |
b̃

〈
w

(1)
i ,x

〉
−
〈
w∗

j ,x
〉∣∣∣∣
∣∣∣∣∣∣
 (B.467)

+ E(x,y)

∣∣∣∣∣∣
∑
j∈Γ−

∑
i∈Λj

a∗j
1

|Λj |

∣∣∣∣ |b∗
j |
b̃

〈
w

(1)
i ,x

〉
−
〈
w∗

j ,x
〉∣∣∣∣
∣∣∣∣∣∣
 (B.468)

+ E(x,y)

∣∣∣∣∣∣
∑
j∈Γ

∑
i∈Λj

a∗j
1

|Λj |

∣∣∣∣Bϵ

b̃

〈
w

(1)
i ,x

〉
+Bϵ −

〈
w∗

j ,x
〉∣∣∣∣
∣∣∣∣∣∣
+ LD(g∗) (B.469)

≤r∥a∗∥∞(ϵaE(x,y)∥x∥2 +
√

2 log(d)dγ∞) + |Γ|∥a∗∥∞Bϵ + LD(g∗) (B.470)

≤rBa1(ϵaBx1 +
√

2 log(d)dγ∞) + |Γ|Ba1Bϵ +OPTd,r,BF ,S∞
p,γ,BG,BG1

. (B.471)

We finish the proof by union bound and δ ≥ δ1 + δ2 +
1
d2

.

Lemma B.4.35 (Empirical Gradient Concentration Bound for Single Coordinate). For

i ∈ [m], when n ≥ (log(d))6, with probability at least 1 − O
(
exp

(
−n

1
3

))
over training
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samples, we have

∣∣∣∣∣∂L̃Z(fΞ)∂wi,j
− ∂LD(fΞ)

∂wi,j

∣∣∣∣∣ ≤ O

(
|ai|Bx∞

n
1
3

)
, ∀j ∈ [d]. (B.472)

Proof of Lemma B.4.35. First, we define,

z
(l)
i,j =ℓ′(y(l)fΞ(x

(l)))y(l)
[
σ′
(〈

wi,x
(l)
〉
− bi

)
x
(l)
j

]
(B.473)

− E(x,y)

[
ℓ′(yfΞ(x))y

[
σ′ (⟨wi,x⟩ − bi)

]
xj

]
. (B.474)

As |ℓ′(z)| ≤ 1, |y| ≤ 1, |σ′(z)| ≤ 1, we have z
(l)
i,j is zero-mean random variable with

∣∣∣z(l)i,j

∣∣∣ ≤
2Bx∞ as well as E

[∣∣∣z(l)i,j

∣∣∣2
2

]
≤ 4B2

x∞. Then by Bernstein Inequality, for 0 < z < 2Bx∞, we

have

Pr

(∣∣∣∣∣∂L̃Z(fΞ)∂wi,j
− ∂LD(fΞ)

∂wi,j

∣∣∣∣∣ ≥ |ai|z
)

= Pr

∣∣∣∣∣∣ 1n
∑
l∈[n]

z
(l)
i,j

∣∣∣∣∣∣ ≥ z

 (B.475)

≤ exp

(
−n · z2

8Bx∞

)
. (B.476)

Thus, for some i ∈ [m], when n ≥ (log(d))6, with probability at least 1−O
(
expΘ

(
−n

1
3

))
,

from a union bound over j ∈ [d], we have, for ∀j ∈ [d],

∣∣∣∣∣∂L̃Z(fΞ)∂wi,j
− ∂LD(fΞ)

∂wi,j

∣∣∣∣∣ ≤ O

(
|ai|Bx∞

n
1
3

)
. (B.477)

Lemma B.4.36 (Existence of Good Networks under Empirical Risk. Modified version of

Lemma B.3.13 Under Uniform Parity Setting). Suppose n > Ω

((
Bx√
Bx2

+ log 1
p + Bx∞

BG|ℓ′(0)| +
Bx∞

BG1|ℓ′(0)|

)3
+ (log(d))6

)
.

Let λ(1) = 1
η(1)

. For any Bϵ ∈ (0, Bb), let σa = Θ
(

b̃
−|ℓ′(0)|η(1)BGBϵ

)
and δ = 2re−

√
mp
2 + 1

d2
.

Then, with probability at least 1− δ over the initialization and training samples, there exists
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ãi’s such that f(ã,W(1),b)(x) =
∑4m

i=1 ãiσ
(〈

w
(1)
i ,x

〉
− bi

)
satisfies

LD(f(ã,W(1),b)) (B.478)

≤rBa1

(
2Bx1BG1Bb√
mpBGBϵ

+
√

2 log(d)d

(
γ∞ +O

(
Bx∞

BG|ℓ′(0)|n
1
3

))
+Bϵ

)
+OPTd,r,BF ,S∞

p,γ,BG,BG1
,

and ∥ã∥0 = O
(
r(mp)

1
2

)
, ∥ã∥2 = O

(
Ba2Bb

b̃(mp)
1
4

)
, ∥ã∥∞ = O

(
Ba1Bb

b̃(mp)
1
2

)
.

Proof of Lemma B.4.36. Denote ρ = O
(
expΘ

(
−n

1
3

))
and β = O

(
Bx∞

n
1
3

)
. Note that

by symmetric initialization, we have ℓ′(yfΞ(0)(x)) = |ℓ′(0)| for any x ∈ X , so that, by

Lemma B.4.35, we have
∣∣∣G̃(w

(0)
i ,bi)j −G(w

(0)
i ,bi)j

∣∣∣ ≤ β
|ℓ′(0)| with probability at least 1−ρ.

Thus, by union bound, we can see that S∞
p,γ∞,BG,BG1

⊆ S̃∞
p−ρ,γ∞+ β

BG|ℓ′(0)| ,BG− β
|ℓ′(0)| ,BG1+

β
|ℓ′(0)|

.

Consequently, we have OPT
d,r,BF ,S̃∞

p−ρ,γ∞+
β

BG|ℓ′(0)| ,BG− β
|ℓ′(0)| ,BG1+

β
|ℓ′(0)|

≤ OPTd,r,BF ,S∞
p,γ∞,BG,BG1

.

Exactly follow the proof in Lemma B.3.4 by replacing S∞
p,γ∞,BG,BG1

to S̃∞
p−ρ,γ∞+ β

BG|ℓ′(0)| ,BG− β
|ℓ′(0)| ,BG1+

β
|ℓ′(0)|

.

Then, we finish the proof by ρ ≤ p
2 ,

β
|ℓ′(0)| ≤ (1− 1/

√
2)BG,

β
|ℓ′(0)| ≤ (

√
2− 1)BG1.

Theorem B.4.37 (Online Convex Optimization under Empirical Risk. Modified version of

Theorem B.3.17 Under Uniform Parity Setting ). Consider training by Algorithm 1, and

any δ ∈ (0, 1). Assume d ≥ logm, δ ≤ O( 1
d2
). Set

σw > 0, b̃ > 0, η(t) = η, λ(t) = 0 for all t ∈ {2, 3, . . . , T},

η(1) = Θ

(
min{O(η), O(ηb̃)}
−ℓ′(0)(Bx1σw

√
d+ b̃)

)
, λ(1) =

1

η(1)
, σa = Θ

(
b̃(mp)

1
4

−ℓ′(0)η(1)Bx1

√
BGBb

)
.

Let 0 < TηBx1 ≤ o(1), m = Ω
(

1√
δ
+ 1

p

(
log
(
r
δ

))2) and n > Ω

((
Bx√
Bx2

+ log Tm
pδ + (1 + 1

BG
+ 1

BG1
) Bx∞
|ℓ′(0)|

)3)
.

With probability at least 1−δ over the initialization and training samples, there exists t ∈ [T ]
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such that

LD (fΞ(t)) (B.479)

≤OPTd,r,BF ,Sp,γ,BG
+ rBa1

(
2
√
2
√
Bx1BG1

(mp)
1
4

√
Bb

BG
+
√
2 log(d)d

(
γ∞ +O

(
Bx∞

BG|ℓ′(0)|n
1
3

)))

+ η
(√

rBa2BbTηB
2
x1 +mb̃

)
O

(√
logmBx1(mp)

1
4

√
BbBG

+ 1

)
+O

(
B2

a2B
2
b

ηT b̃2(mp)
1
2

)
(B.480)

+
1

n
1
3

O

((
rBa1Bb

b̃
+m

(
b̃
√
logm(mp)

1
4

√
BbBG

+
b̃

Bx1

))
(B.481)

·

((
b̃
√
logm(mp)

1
4

√
BbBG

+ Tη2Bx1b̃

)
Bx + b̃

)
+ 2

)
(B.482)

+
1

n
1
3

O

(
mη

(
b̃
√
logm(mp)

1
4

√
BbBG

+ Tη2Bx1b̃

)√
Bx2

)
. (B.483)

Furthermore, for any ϵ ∈ (0, 1), set

b̃ =Θ

B
1
4
GBa2B

3
4
b√

rBa1

 , m = Ω

 1

pϵ4

(
rBa1

√
Bx1BG1

√
Bb

BG

)4

+
1√
δ
+

1

p

(
log
(r
δ

))2 ,

η =Θ

 ϵ(√
rBa2BbBx1

(mp)
1
4

+mb̃

)(√
logmBx1(mp)

1
4√

BbBG
+ 1

)
 , T = Θ

(
1

ηBx1(mp)
1
4

)
,

n =Ω

(mBxB
2
a2

√
Bb(mp)

1
2 logm

ϵrBa1

√
BG

)3

+

(
Bx√
Bx2

+ log
Tm

pδ
+ (1 +

1

BG
+

1

BG1
)
Bx∞
|ℓ′(0)|

)3
 ,

we have there exists t ∈ [T ] with

Pr[sign(fΞ(t))(x) ̸= y] ≤ LD (fΞ(t)) (B.484)

≤OPTd,r,BF ,S∞
p,γ∞,BG,BG1

+ rBa1

√
2 log(d)d

(
γ∞ +O

(
Bx∞

BG|ℓ′(0)|n
1
3

))
+ ϵ. (B.485)

Proof of Theorem B.4.37. Proof of the theorem and parameter choices remain the same as

Theorem B.3.17 except for setting Bϵ =
√
Bx1BG1

(mp)
1
4

√
Bb
BG

and apply Lemma B.4.36.
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Feature Learning of Uniform Parity Functions

We denote

gi,j = E(x,y)

[
yσ′
[〈

w
(0)
i ,x

〉
− bi

]
xj

]
(B.486)

ξk = (−1)
k−1
2

n−1
2

k−1
2


n− 1

k − 1


· 2−(n−1)

n− 1

n−1
2

 . (B.487)

Lemma B.4.38 (Uniform Parity Functions: Gradient Feature Learning. Corollary of

Lemma 3 in [26]). Assume that n ≥ 2(k + 1)2. Then, the following holds:

If j ∈ A, then

gi,j = ξk−1

∏
l∈A\{j}

(w
(0)
i,l ). (B.488)

If i /∈ A, then

gi,j = ξk−1

∏
l∈A∪{j}

(w
(0)
i,l ). (B.489)

Lemma B.4.39 (Uniform Parity Functions: Existence of Good Networks (Alternative)).

Assume the same condition as in Lemma B.4.38. Define

D =

∑
l∈AMl

∥
∑

l∈AMl∥2
(B.490)
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and

g∗(x) =
k∑

i=0

(−1)i
√
k (B.491)

·
[
σ

(
⟨D,x⟩ − 2i− k − 1√

k

)
− 2σ

(
⟨D,x⟩ − 2i− k√

k

)
+ σ

(
⟨D,x⟩ − 2i− k + 1√

k

)]
.

For Dparity−uniform setting, we have g∗ ∈ Fd,3(k+1),BF ,S∞
p,γ∞,BG,BG1

where BF = (Ba1, Ba2, Bb) =(
2
√
k, 2
√
(k(k + 1)), k+1√

k

)
, p = Θ

(
1

2k−1

)
, γ∞ = O

( √
k

d−k

)
, BG = Θ(BG1) = Θ(d−k) and

Bx1 =
√
d, Bx2 = d. We also have OPTd,3(k+1),BF ,S∞

p,γ∞,BG,BG1
= 0.

Proof of Lemma B.4.39. Fix index i, with probability p1 = Θ(2−k), we will have w
(0)
i,j =

sign(a(0)i ) · sign(ξk−1), for ∀j. For w
(0)
i that satisfy these conditions, we will have:

sign(a(0)i )gi,j = |ξk−1|, ∀j ∈ A (B.492)

sign(a(0)i )gi,j = |ξk+1|, ∀j /∈ A. (B.493)

Then by Lemma 4 in [26], we have

∥∥∥∥∥sign(a(0)i )G(w
(0)
i , b̃)

∥G(w
(0)
i , b̃)∥

−D

∥∥∥∥∥
∞

≤ max


∣∣∣∣∣∣ 1

k
√

1
k + 1

d−k

− 1√
k

∣∣∣∣∣∣ ,
∣∣∣∣∣∣ 1

(d− k)
√

1
k + 1

d−k

∣∣∣∣∣∣


(B.494)

≤
√
k

d− k
(B.495)

and

∥sign(a(0)i )G(w
(0)
i , b̃)∥2 =

√
k|ξk−1|2 + (d− k)|ξk+1|2 = Θ(dΘ(k)). (B.496)

From here, we can see that if we set γ∞ =
√
k

d−k , BG = BG1 =
√
k|ξk−1|2 + (d− k)|ξk+1|2,

p = p1, we will have (D,+1), (D,−1) ∈ S∞
p,γ∞,BG,BG1

by our symmetric initialization.
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As a result, we have f∗ ∈ Fd,3(k+1),BF ,S∞
p,γ∞,BG,BG1

. Finally, it is easy to verify that

f∗(x) = XOR(xA), thus OPTd,3(k+1),BF ,S∞
p,γ∞,BG,BG1

= 0.

Theorem B.4.40 (Uniform Parity Functions: Main Result (Alternative)). For Dparity−uniform

setting, for any δ ∈ (0, 1) satisfying δ ≤ O( 1
d2
) and for any ϵ ∈ (0, 1) when

m = poly
(
log

(
1

δ

)
,
1

ϵ
, 2Θ(k), d

)
, T = Θ

(
dΘ(k)

)
, n = Θ

(
dΘ(k)

)
(B.497)

trained by Algorithm 1 with hinge loss, with probability at least 1− δ over the initialization,

with proper hyper-parameters, there exists t ∈ [T ] such that

Pr[sign(fΞ(t)(x)) ̸= y] ≤
k2
√
d log(d)

d− k
+ ϵ. (B.498)

Proof of Theorem B.4.40. Plug the values of parameters into Theorem B.4.37 and directly

get the result.

B.4.7 Multiple Index Model with Low Degree Polynomial

Problem Setup

The multiple-index data problem has been used for studying network learning [32, 62]. We

consider proving guarantees for the setting in [62], following our framework. We use the

properties of the problem to prove the key lemma (i.e., the existence of good networks) in

our framework and then derive the final guarantee from our theorem of the simple setting

(Theorem 3.2.4).

Data Distributions. We draw input from the distribution DX = N (0, Id×d), and we

assume the target function is g∗(x) : Rd −→ R, where g∗ is a degree τ polynomial normalized

so that Ex∼DX [g
∗(x)2] = 1.

Assumption B.4.41. There exists linearly independent vectors u1, . . . , ur such that

g∗(x) = g(⟨x, u1⟩, . . . , ⟨x, ur⟩). H := Ex∼DX [∇2g∗(x)] has rank r, where H is a Hessian

matrix.
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Definition B.4.42. Denote the normalized condition number of H by

κ :=
∥H†∥√

r
. (B.499)

Initialization and Loss. For ∀i ∈ [m], we use the following initialization:

a
(0)
i ∼ {−1, 1}, w

(0)
i ∼ N

(
0,

1

d
Id×d

)
and bi = 0. (B.500)

For this regression problem, we use mean square loss:

LDX (fΞ) = Ex∼DX

[
(fΞ(x)− g∗(x))2

]
. (B.501)

Training Process. We use the following one-step training algorithm for this specific

data distribution.

Algorithm 7 Network Training via Gradient Descent [62]. Special case of Algorithm 4

Initialize (a(0),W(0),b) as in Equation (3.8) and Equation (B.500); Sample Z ∼ Dn
X

ρ = 1
n

∑
x∈Z g∗(x), β = 1

n

∑
x∈Z g∗(x)x

y = g∗(x)− ρ− β · x
W(1) = W(0) − η(1)(∇WL̃Z(fΞ(0)) + λ(1)W(0))
Re-initialize bi ∼ N (0, 1)
for t = 2 to T do
a(t) = a(t−1) − η(t)∇aL̃Z(fΞ(t−1))

end for

Lemma B.4.43 (Multiple Index Model with Low Degree Polynomial: Existence of Good

Networks. Rephrase of Lemma 25 in [62]). Assume n ≥ d2rκ2(Cl log(nmd))τ+1, d ≥

Cdκr
3/2, and m ≥ rτκ2τ (Cl log(nmd))6τ+1 for sufficiently large constants Cd, Cl, and let

η(1) =
√

d
(Cl log(nmd))3

and λ(1) = 1
η(1)

. Then with probability 1 − 1
poly(m,d) , there exists

ã ∈ Rm such that f(ã,W(1),b) satisfies

LDX

(
f(ã,W(1),b)

)
≤ O

(
1

n
+

rτκ2τ (Cl log(nmd))6τ+1)

m

)
(B.502)



281

and

∥ã∥22 ≤ O

(
rτκ2τ (Cl log(nmd))6τ

m

)
. (B.503)

Multiple Index Model: Final Guarantee

Considering training by Algorithm 7, we have the following results.

Theorem B.4.44 (Multiple Index Model with Low Degree Polynomial: Main Result). As-

sume n ≥ Ω
(
d2rκ2(Cl log(nmd))τ+1 +m

)
, d ≥ Cdκr

3/2, and m ≥ Ω
(
1
ϵ r

τκ2τ (Cl log(nmd))6τ+1
)

for sufficiently large constants Cd, Cl. Let η(1) =
√

d
(Cl log(nmd))3

and λ(1) = 1
η(1)

, and

η = η(t) = Θ(m−1), for all t ∈ {2, 3, . . . , T}. For any ϵ ∈ (0, 1), if T ≥ Ω
(
m2

ϵ

)
, then with

properly set parameters and Algorithm 7, with high probability that there exists t ∈ [T ] such

that

LDX f(a(t),W(1),b) ≤ ϵ. (B.504)

Proof of Theorem B.4.44. By Lemma B.4.43, we have for properly chosen hyper-parameters,

OPTW(1),b,Ba2
≤ LDX

(
f(ã,W(1),b)

)
≤O

(
1

n
+

rτκ2τ (Cl log(nmd))6τ+1)

m

)
(B.505)

≤ ϵ

3
. (B.506)
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We compute the L-smooth constant of L̃Z
(
f(a,W(1),b)

)
to a.

∥∥∥∇aL̃Z
(
f(a1,W(1),b)

)
−∇aL̃Z

(
f(a2,W(1),b)

)∥∥∥
2

(B.507)

=

∥∥∥∥∥ 1n ∑
x∈Z

[
2
(
f(a1,W(1),b)(x)− g∗ − f(a2,W(1),b)(x) + g∗

)
σ(W(1)⊤x− b)

]∥∥∥∥∥
2

(B.508)

≤

∥∥∥∥∥ 1n ∑
x∈Z

[
2
(
a⊤1 σ(W

(1)⊤x− b)− a⊤2 σ(W
(1)⊤x− b)

)
σ(W(1)⊤x− b)

]∥∥∥∥∥
2

(B.509)

≤ 1

n

∑
x∈Z

[
2 ∥a1 − a2∥2

∥∥∥σ(W(1)⊤x− b)
∥∥∥2
2

]
. (B.510)

By the proof of Lemma 25 in [62], we have for ∀i ∈ [4m], with probability at least 1− 1
poly(m,d) ,

|⟨wi,x⟩| ≤ 1, with some large polynomial poly(m, d). As a result, we have

1

n

∑
x∈Z

∥∥∥W(1)⊤x
∥∥∥2
2
≤ m+

1

poly(m, d)
≤ O(m). (B.511)

Thus, we have,

L = O

(
1

n

∑
x∈Z

∥∥∥σ(W(1)⊤x− b)
∥∥∥2
2

)
(B.512)

≤ O

(
1

n

∑
x∈Z

∥∥∥W(1)⊤x− b
∥∥∥2
2

)
(B.513)

≤ O

(
1

n

∑
x∈Z

∥∥∥W(1)⊤x
∥∥∥2
2
+ ∥b∥22

)
(B.514)

≤ O(m). (B.515)

This means that we can let η = Θ
(
m−1

)
and we will get our convergence result. We

can bound ∥a(1)∥2 and ∥ã∥2 by ∥a(1)∥2 = O (
√
m) and ∥ã∥2 = O

(
rτκ2τ (Cl log(nmd))6τ

m

)
=

O(ϵ). So, if we choose T ≥ Ω
(
m
ϵη

)
, there exists t ∈ [T ] such that L̃Z

(
f(a(t),W(1),b)

)
−

L̃Z
(
f(ã,W(1),b)

)
≤ O

(
L∥a(1)−ã∥22

T

)
≤ ϵ/3.

We also have
√

∥ã∥22(∥W(1)∥2FB2
x+∥b∥22)

n ≤ ϵ
3 . Then our theorem gets proved by Theo-

rem 3.2.4.



283

Discussion. We would like to unify [62], whcih are very closely related to our framework:

their analysis for multiple index data follows the same principle and analysis approach as

our general framework, although it does not completely fit into our Theorem 3.2.12 due to

some technical differences. We can cover it with our Theorem 3.2.4.

Our work and [62] share the same principle and analysis approach. [62] shows that the

first layer learns good features by one gradient step update, which can approximate the true

labels by a low-degree polynomial function. Then, a classifier (the second layer) is trained

on top of the learned first layer which leads to the final guarantees. This is consistent with

our framework: we first show that the first layer learns good features by one gradient step

update, which can approximate the true labels, and then show a good classifier can be

learned on the first layer.

Our work and [62] have technical differences. First, in the second stage, [62] fix the

first layer and only update the top layer which is a convex optimization. Our framework

allows updates in the first layer and uses online convex learning techniques for the analysis.

Second, they consider the square loss (this is used to calculate Hermite coefficients explicitly

for gradients, which are useful in the low-degree polynomial function approximation). While

in our online convex learning analysis, we need boundedness of the derivative of the loss

to show that the first layer weights’ changes are bounded in the second stage. Given the

above two technicalities, we analyze their training algorithm (Algorithm 4) which fixes the

first layer weights and fits into our Theorem 3.2.4.

B.5 Auxiliary Lemmas

In this section, we present some Lemmas used frequently.
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Lemma B.5.1 (Lemmas on Gradients).

∇WL(x,y)(fΞ) =
[
∂L(x,y)(fΞ)

∂w1
, . . . ,

∂L(x,y)(fΞ)
∂wi

, . . . ,
∂L(x,y)(fΞ)

∂w4m

]
, (B.516)

∂L(x,y)(fΞ)
∂wi

= aiℓ
′(yfΞ(x))y

[
σ′ (⟨wi,x⟩ − bi)

]
x, (B.517)

∇WLD(fΞ) =
[
∂LD(fΞ)
∂w1

, . . . ,
∂LD(fΞ)

∂wi
, . . . ,

∂LD(fΞ)
∂w4m

]
, (B.518)

∂LD(fΞ)
∂wi

= aiE(x,y)

[
ℓ′(yfΞ(x))y

[
σ′ (⟨wi,x⟩ − bi)

]
x
]
, (B.519)

∂LD(fΞ)
∂ai

= E(x,y)

[
ℓ′(yfΞ(x))y [σ (⟨wi,x⟩ − bi)]

]
. (B.520)

Proof. These can be verified by direct calculation.

Lemma B.5.2 (Property of Symmetric Initialization). For any x ∈ Rd, we have fΞ(0)(x) =

0 . For all i ∈ [2m], we have w
(1)
i = −w(1)

i+2m. When input data is symmetric, i.e,

E(x,y)[yx] = 0, for all i ∈ [m], we have w
(1)
i = w

(1)
i+m.

Proof of Lemma B.5.2. By symmetric initialization, we have fΞ(0)(x) = 0. For all i ∈ [2m],

we have

w
(1)
i =− η(1)ℓ′(0)a

(0)
i E(x,y)

[
yσ′
[〈

w
(0)
i ,x

〉
− bi

]
x
]

(B.521)

=η(1)ℓ′(0)a
(0)
i+2mE(x,y)

[
yσ′
[〈

w
(0)
i+2m,x

〉
− bi+2m

]
x
]

(B.522)

=−w
(1)
i+2m. (B.523)

When E(x,y)[yx] = 0, for all i ∈ [m], we have

w
(1)
i =− η(1)ℓ′(0)a

(0)
i E(x,y)

[
yσ′
[〈

w
(0)
i ,x

〉
− bi

]
x
]

(B.524)

=η(1)ℓ′(0)a
(0)
i+mE(x,y)

[
yσ′
[〈
−w(0)

i+m,x
〉
+ bi+m

]
x
]

(B.525)

=η(1)ℓ′(0)a
(0)
i+mE(x,y)

[
yσ′
[〈
−w(0)

i+m,x
〉
+ bi+m

]
x− yx

]
(B.526)

=η(1)ℓ′(0)a
(0)
i+mE(x,y)

[
−yσ′

[〈
w

(0)
i+m,x

〉
− bi+m

]
x
]

(B.527)

=w
(1)
i+m. (B.528)



285

Lemma B.5.3 (Property of Direction Neighborhood). If w ∈ CD,γ, we have ρw ∈ CD,γ for

any ρ ̸= 0. We also have 0 /∈ CD,γ. Also, if (D, s) ∈ Sp,γ,BG
, we have (−D, s) ∈ Sp,γ,BG

.

Proof. These can be verified by direct calculation.

Lemma B.5.4 (Maximum Gaussian Tail Bound). Mn is the maximum of n i.i.d. standard

normal Gaussian. Then

Pr

(
Mn ≥

√
2 log n+

z√
2 log n

)
≤ e−z. (B.529)

Proof. These can be verified by direct calculation.

Lemma B.5.5 (Chi-squared Tail Bound). If X is a χ2(k) random variable. Then, ∀z ∈ R,

we have

Pr(X ≥ k + 2
√
kz + 2z) ≤ e−z. (B.530)

Proof. These can be verified by direct calculation.

Lemma B.5.6 (Gaussian Tail Bound). If g is standard Gaussian and z > 0, we have

1√
2π

z

z2 + 1
e−z2/2 < Pr

g∼N (0,1)
[g > z] <

1√
2π

1

z
e−z2/2. (B.531)

Proof. These can be verified by direct calculation.

Lemma B.5.7 (Gaussian Tail Expectation Bound). If g is standard Gaussian and z ∈ R,

we have

|Eg∼N (0,1)[I[g > z]g]| < 2 Pr
g∼N (0,1)

[g > z]0.9. (B.532)
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Proof of Lemma B.5.7. For any p ∈ (0, 1), we have

∣∣∣∣∣∣
∫ √

2erf−1(2p−1)

−∞

e−
x2

2 x√
2π

dx

∣∣∣∣∣∣ < 2p0.9, (B.533)

where
√
2erf−1(2p− 1) is the quantile function of the standard Gaussian. We finish the

proof by replacing p to be Prg∼N (0,1)[g > z].

Lemma B.5.8. If a function g satisfy h(n+ 2) = 2h(n+ 1)− (1− ρ2)h(n) + β for n ∈ N+

where ρ, β > 0, then h(n) = − β
ρ2

+ c1(1− ρ)n + c2(1 + ρ)n, where c1, c2 only depends on

h(1) and h(2).

Proof. These can be verified by direct calculation.

Lemma B.5.9 (Rademacher Complexity Bounds. Rephrase of Lemma 48 in [62]). For

fixed W,b, let F = {f(a,W,b) : ∥a∥ ≤ Ba2}. Then,

R(F) ≤
√

B2
a2(∥W∥2FB2

x + ∥b∥22)
n

. (B.534)
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Appendix C

Discussions, Complete Proofs and

Additional Experiments in Chapter 4

Towards Few-shot Adaptation of

Foundation Models via Multitask

Finetuning

In this appendix, we first state our limitation in Appendix C.1. Then, we provide more

related work in ??. The proof of our theoretical results for the binary case is presented in

Appendix C.2, where we formalize the theoretical settings and assumptions and elaborate

on the results to contrastive pretraining in Appendix C.2.1 and supervised pretraining

in Appendix C.2.2. We prove the main theory in Appendix C.2.4, which is a direct

derivative of C.2.1 and C.2.2. We generalize the setting to multiclass and provide proof in

Appendix C.3. We include the full proof of the general linear case study in Appendix C.4.

We provide additional experimental results of vision tasks in Appendix C.5, language tasks

in Appendix C.6, and vision-language tasks in Appendix C.7.
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C.1 Limitation

We recognize an interesting phenomenon within multitask finetuning and dig into deeper

exploration with theoretical analysis, while our experimental results may or may not beat

state-of-the-art (SOTA) performance, as our focus is not on presenting multitask finetuning

as a novel approach nor on achieving SOTA performance. On the other hand, the estimation

of our diversity and consistency parameters accurately on real-world datasets is valuable but

time-consuming. Whether there exists an efficient algorithm to estimate these parameters

is unknown. We leave this challenging problem as our future work.

C.2 Deferred Proofs

In this section, we provide a formal setting and proof. We first formalize our setting in

multiclass. Consider our task T contains r classes where r ≥ 2.

Contrastive Learning. In contrastive learning, we sampled one example x from any

latent class y, then apply the data augmentation module that randomly transforms such

sample into another view of the original example denoted x+. We also sample other r − 1

examples {x−k }
r
k=1 from other latent classes {y−k }

r−1
k=1. We treat (x, x+) as a positive pair and

(x, x−k ) as negative pairs. We define Dcon(η) over sample (x, x+, x−1 , . . . , x
−
r−1) by following

sampling procedure

(y, y−1 , . . . , y
−
r−1) ∼ ηr (C.1)

x ∼ D(y), x+ ∼ D(y), x−k ∼ D(y
−
k ), k = 1, . . . , r − 1. (C.2)

We consider general contrastive loss ℓu
({

ϕ(x)⊤
(
ϕ(x+)− ϕ(x−k )

)}r−1

k=1

)
, where loss function

ℓu is non-negative decreasing function. Minimizing the loss is equivalent to maximiz-

ing the similarity between positive pairs while minimizing it between negative pairs. In

particular, logistic loss ℓu(v) = log (1 +
∑

i exp (−vi)) for v ∈ Rr−1 recovers the one

used in most empirical works: − log

(
exp{ϕ(x)⊤ϕ(x+)}

exp{ϕ(x)⊤ϕ(x+)}+∑r−1
i=1 exp{ϕ(x)⊤ϕ(x−

i )}

)
. The popula-
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tion contrastive loss is defined as Lcon−pre(ϕ) := E
[
ℓu

({
ϕ(x)⊤

(
ϕ(x+)− ϕ(x−k )

)}r−1

k=1

)]
.

Let Scon−pre :=
{
xj , x

+
j , x

−
j1, . . . , x

−
j(r−1)

}N

j=1
denote our contrastive training set with

N samples, sampled from Dcon(η), we have empirical contrastive loss L̂con−pre(ϕ) :=

1
N

∑N
i=1

[
ℓu

({
ϕ(x)⊤

(
ϕ(x+)− ϕ(x−k )

)}r−1

k=1

)]
.

Supervised Learning. In supervised learning we have a labeled dataset denoted as

Scon−pre := {xj , yj}Nj=1 with N samples, by following sampling procedure:

y ∼ η (C.3)

x ∼ D(y). (C.4)

There are in total K classes, denote C as the set consists of all classes. On top of the

representation function ϕ, there is a linear function f ∈ F ⊂
{
Rd → RK

}
predicting the

labels, denoted as g(x) = f ◦ ϕ(x). We consider general supervised loss on data point (x, y)

is

ℓ(g(x), y) := ℓu
(
(g(x))y − (g(x))y′ ̸=y,y′∈C

)
. (C.5)

where loss function ℓu is non-negative decreasing function. In particular, logistic loss

ℓu(v) = log (1 +
∑

i exp (−vi)) for v ∈ RK−1 recovers the one used in most empirical

works:

ℓ(g(x), y) = ℓu
(
(g(x))y − (g(x))y′ ̸=y,y′∈C

)
(C.6)

= log

1 +
K∑

k ̸=y

exp (− [(g(x))y − (g(x))k])

 (C.7)

= − log

{
exp(g(x))y∑K
k=1 exp(g(x))k

}
. (C.8)
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The population supervised loss is

Lsup−pre(ϕ) = min
f∈F

E
x,y

[ℓ (f ◦ ϕ(x), y)] . (C.9)

For training set Ssup−pre := {xi, yi}Ni=1 with N samples, the empirical supervised pretraining

loss is L̂sup−pre(ϕ) := minf∈F
1
N

∑N
i=1 [ℓ (f ◦ ϕ(xi), yi)].

Masked Language Modeling. Masked language modeling is a self-supervised learning

method. It can be viewed as a specific form of supervised pretraining above. The pretraining

data is a substantial dataset of sentences, often sourced from Wikipedia. In the pretraining

phase, a random selection of words is masked within each sentence, and the training

objective is to predict these masked words using the context provided by the remaining

words in the sentence. This particular pretraining task can be viewed as a multi-class

classification problem, where the number of classes (denoted as K) corresponds to the size of

the vocabulary. Considering BERT and its variations, we have function ϕ as a text encoder.

This encoder outputs a learned representation, often known as [CLS] token. The size of

such learned representation is d, which is 768 for BERTBASE or 1024 for BERTLARGE.

Supervised Tasks. Given a representation function ϕ, we apply a task-specific linear

transformation W to the representation to obtain the final prediction. Consider r-way

supervised task T consist a set of distinct classes (y1, . . . , yr) ⊆ C. We define DT (y) as the

distribution of randomly drawing y ∈ (y1, . . . , yr), we denote this process as y ∼ T . Let

ST := {xj , yj}mj=1 denote our labeled training set with m samples, sampled i.i.d. from yj ∼ T

and xj ∼ D(yj). Define g(ϕ(x)) := Wϕ(x) ∈ Rr as prediction logits, where W ∈ Rr×d. The

typical supervised logistic loss is ℓ(g ◦ ϕ(x), y) := ℓu

({
g(ϕ(x))y − g(ϕ(x))y′

}
y′ ̸=y

)
. Similar

to [19], define supervised loss w.r.t the task T

Lsup(T , ϕ) := min
W∈Rr×d

E
y∼T

E
x∼D(y)

[ℓ (W · ϕ(x), y)] . (C.10)
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Algorithm 8 Multitask Finetuning

Input: multitasks T1, . . . , TM , pretrained model ϕ̂ with parameter θ, step size γ
1: Initialize ϕ with ϕ̂
2: repeat
3: for all Ti do
4: θ ← θ − γ∇θ L̂sup(Ti, ϕ) { L̂sup(Ti, ϕ) is defined in (4.2)}
5: end for
6: until converge

Output: The final model, denoted as ϕ′

Define supervised loss with mean classifier as Lµsup(T , ϕ) := E
y∼T

E
x∼D(y)

[ℓ (Wµ · ϕ(x), y)]

where each row of Wµ is the mean of each class in T , Wµ
yk := µyk = E

x∼yk
(ϕ(x)), k =

1, . . . , r. In the target task, suppose we have r distinct classes from C with equal weights.

Consider T follows a general distribution ζ. Define expected supervised loss as Lsup(ϕ) :=

E
T ∼ζ

[Lsup(T , ϕ)].

Mutlitask Finetuning. Suppose we have M auxiliary tasks {T1, T2, . . . , TM}, each with

m labeled samples Si := {(xij , yij) : j ∈ [m]}. The finetuning data are S := ∪i∈[M ]Si. Given

a pretrained model ϕ̂, we further finetune it using the objective:

min
ϕ∈Φ

1

M

M∑
i=1

L̂sup(Ti, ϕ), where L̂sup(Ti, ϕ) := min
wi∈Rd

1

m

m∑
j=1

ℓ(w⊤
i ϕ(x

i
j), y

i
j). (C.11)

This can be done via gradient descent from the initialization ϕ̂ (see Algorithm 8).

Algorithm 8 has similar pipeline as [223] where in the inner loop only a linear layer

on top of the embeddings is learned. However, our algorithm is centered on multitask

finetuning, where no inner loop is executed.

Finally, we formalize our assumption Assumption 4.2.1 below.

Assumption C.2.1 (Regularity Conditions). The following regularity conditions hold:

(A1) Representation function ϕ satisfies ∥ϕ∥2 ≤ R.

(A2) Linear operator W satisfies bounded spectral norm ∥W∥2 ≤ B.

(A3) The loss function ℓu are bounded by [0, C] and ℓ(·) is L-Lipschitz.
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(A4) The supervised loss Lsup(T , ϕ) is L̃-Lipschitz with respect to ϕ for ∀T .

C.2.1 Contrastive Pretraining

In this section, we will show how multitask finetuning improves the model from contrastive

pretraining. We present pretraining error in binary classification and DT (y) as uniform.

See the result for the general condition with multi-class in Appendix C.3.

Contrastive Pretraining and Direct Adaptation

In this section, we show the error bound of a foundation model on a target task, where the

model is pretrained by contrastive loss followed directly by adaptation.

We first show how pretraining guarantees the expected supervised loss:

Lsup(ϕ) = E
T ∼ζ

[Lsup(T , ϕ)] . (C.12)

The error on the target task can be bounded by Lsup(ϕ). We use ϵ∗ denote Lsup(ϕ∗
ζ).

Lemma C.2.1 (Lemma 4.3 in [19]). For ∀ϕ ∈ Φ pretrained in contrastive loss, we have

Lsup(ϕ) ≤ 1
1−τ (Lcon−pre(ϕ)− τ).

We state the theorem below.

Theorem C.2.2. Assume Assumption 4.2.1 and that Φ has ν-diversity and κ-consistency

with respect to ϕ∗, ϕ∗
ζ . Suppose ϕ̂ satisfies L̂con−pre(ϕ̂) ≤ ϵ0. Let τ := Pr

(y1,y2)∼η2
{y1 = y2}.

Consider pretraining set Scon−pre =
{
xj , x

+
j , x

−
j

}N

j=1
. For any δ ≥ 0, if

N ≥ 1

ϵ0

[
8LRRN (Φ) +

8C2

ϵ0
log(

2

δ
)

]
.

Then with probability 1− δ, for any target task T0 ⊂ C0,

Lsup(T0, ϕ̂)− Lsup(T0, ϕ∗) ≤ 1

ν

[
1

1− τ
(2ϵ0 − τ)− Lsup(ϕ∗)

]
+ κ. (C.13)
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The pretraining sample complexity is O(RN (Φ)
ϵ0

+ log(1/δ)
ϵ20

). The first term is the

Rademacher complexity of the entire representation space Φ with sample size N . The

second term relates to the generalization bound. Pretraining typically involves a vast and

varied dataset, sample complexity is usually not a significant concern during this stage.

Proof of Theorem C.2.2. Recall in binary classes, Scon−pre =
{
xj , x

+
j , x

−
j

}N

j=1
denote our

contrastive training set, sampled from Dcon(η). Then by Lemma A.2 in [19], with (A1)

and (A3), we have for ∀ϕ ∈ Φ with probability 1− δ,

Lcon−pre(ϕ)− L̂con−pre(ϕ) ≤
4LRRN (Φ)

N
+ C

√
log 1

δ

N
. (C.14)

To have above ≤ ϵ0, we have sample complexity

N ≥ 1

ϵ0

[
8LRRN (Φ) +

8C2

ϵ0
log(

2

δ
)

]
.

In pretraining, we have ϕ̂ such that

L̂con−pre(ϕ̂) ≤ ϵ0.

Then with the above sample complexity, we have pretraining ϕ̂

Lcon−pre(ϕ̂) ≤ 2ϵ0.
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Recall ν-diversity and κ-consistency, for target task T0, we have that for ϕ̂ and ϕ∗,

Lsup(T0, ϕ̂)− Lsup(T0, ϕ∗) = Lsup(T0, ϕ̂)− Lsup(T0, ϕ∗
ζ) + Lsup(T0, ϕ∗

ζ)− Lsup(T0, ϕ∗)

(C.15)

≤ dC0(ϕ̂, ϕ
∗
ζ) + Lsup(T0, ϕ∗

ζ)− Lsup(T0, ϕ∗) (C.16)

≤ d̄ζ(ϕ̂, ϕ
∗
ζ)/ν + κ (C.17)

≤ 1

ν

[
Lsup(ϕ̂)− Lsup(ϕ∗

ζ)
]
+ κ (C.18)

=
1

ν

[
1

1− τ
(Lcon−pre(ϕ̂)− τ)− ϵ∗

]
+ κ (C.19)

≤ 1

ν

[
1

1− τ
(2ϵ0 − τ)− ϵ∗

]
+ κ, (C.20)

where the second to last inequality comes from Lemma C.2.1.

Contrastive Pretraining and Multitask Finetuning

In this section, we show the error bound of a foundation model on a target task can

be further reduced by multitask finetuning. We achieve this by showing that expected

supervised loss Lsup(ϕ) can be further reduced after multitask finetuning. The error on the

target task can be bounded by Lsup(ϕ). We use ϵ∗ denote Lsup(ϕ∗
ζ).

Following the intuition in [99], we first re-state the definition of representation space.

Definition 3. The subset of representation space is

Φ(ϵ̃) =
{
ϕ ∈ Φ : L̂pre(ϕ) ≤ ϵ̃

}
.

Recall S = {(xij , yij) : i ∈ [M ], j ∈ [m]} as finetuning dataset.

We define two function classes and associated Rademacher complexity.

Definition 4. Consider function class

Gℓ(ϵ̃) =
{
gW,ϕ(x, y) : gW,ϕ(x, y) = ℓ(Wϕ(xij), y

i
j), ϕ ∈ Φ(ϵ̃), ∥W∥2 ≤ B

}
.
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We define Rademacher complexity as

Rn(Gℓ(ϵ̃)) = E
{σi}nj=1,{xj ,yj}nj=1

 sup
ℓ∈Gℓ(ϵ̃)

n∑
j=1

σjℓ(W · ϕ(xj), yj)

 .

Definition 5. Consider function class

G(ϵ̃) = {gϕ : gϕ(T ) = Lsup(T, ϕ), ϕ ∈ Φ(ϵ̃)} .

We define Rademacher complexity as

RM (G(ϵ̃)) = E
{σi}Mi=1,{Ti}Mi=1

[
sup

ϕ∈Φ(ϵ̃)

M∑
i=1

σiLsup(Ti, ϕ)

]
.

The key idea is multitask finetuning further reduce the expected supervised loss of a

pretrained foundation model ϕ:

Lsup(ϕ) = E
T ∼ζ

[Lsup(T , ϕ)] . (C.21)

We first introduce some key lemmas. These lemmas apply to general r classes in a task

T .

Lemma C.2.3 (Bounded Rademacher complexity). By (A2) and (A3), we have for ∀n

Rn(Gℓ(ϵ̃)) ≤ 4
√
r − 1LBRn(Φ(ϵ̃)).

Proof of Lemma C.2.3. We first prove ℓ(g(ϕ(x)), y) is
√

2(r − 1)LB-Lipschitz with respect

to ϕ for all ∀y ∈ C. Consider

fy(g(ϕ(x))) =
{
g(ϕ(x))y − g(ϕ(x))y′

}
y′ ̸=y

,
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where fy : Rr → Rr−1. Note that

ℓ(g ◦ ϕ(x), y) = ℓ
({

g(ϕ(x))y − g(ϕ(x))y′
}
y′ ̸=y

)
= ℓ(fy(g(ϕ(x)))).

By (A3), we have ℓ is L-Lipschitz. We then prove fy is
√
2(r − 1)-Lipschitz. Without loss

generality, consider y = r. We have fy(y) = [yr − yi]
r−1
i=1 . We have ∂fj

yi
= −1{j = i}, i =

1, . . . , r − 1, ∂fj
yr

= 1. The Jacobian J satisfies ∥J∥2 ≤ ∥J∥F =
√

2(r − 1).

Since g is B-Lipschitz by (A2):∥W∥2 ≤ B. Then ℓ(g(ϕ(x)), y) is
√
2(r − 1)LB-Lipschitz

with respect to ϕ for all ∀y ∈ C. The conclusion follows Corollary 4 in [177].

Lemma C.2.4 (Bounded ϵ̃). After finite steps in Multitask finetuning in Algorithm 8, we

solve Equation (4.2) with empirical loss lower than ϵ1 = α
3

1
1−τ (2ϵ0− τ) and obtain ϕ′. Then

there exists a bounded ϵ̃ such that ϕ′ ∈ Φ(ϵ̃).

Proof of Lemma C.2.4. Given finite number of steps and finite step size γ in Algorithm 8,

we have bounded ∥ϕ′ − ϕ̂∥. Then with (A2) and (A3), using Lemma C.2.3 we have

ℓ(g(ϕ(x)), y) is
√
2(r − 1)LB-Lipschitz with respect to ϕ for all ∀y, using theorem A.2 in

[19] we have lu is LC-Lipschitz with respect to ϕ, we have L̂pre(ϕ) is M -Lipschitz with

respect to ϕ with bounded M . We have ∃ ϵ such that L̂pre(ϕ′)− L̂pre(ϕ̂) ≤ ϵ∥ϕ′ − ϕ̂∥. We

have L̂pre(ϕ′) ≤ ϵ0 + ϵ∥ϕ′ − ϕ̂∥. Take ϵ̃ = ϵ0 + ϵ∥ϕ′ − ϕ̂∥ yields the result.

Lemma C.2.5. Assume Assumption 4.2.1 and that Φ has ν-diversity and κ-consistency with

respect to ϕ∗, ϕ∗
ζ . Suppose for some small constant α ∈ (0, 1) and ϵ̃, we solve Equation (4.2)

with empirical loss lower than ϵ1 =
α
3

1
1−τ (2ϵ0 − τ) and obtain ϕ′. For any δ > 0, if

M ≥ 1

ϵ1

[
4
√
2L̃RM (Φ(ϵ̃)) +

4C2

ϵ1
log(

2

δ
)

]
,Mm ≥ 1

ϵ1

[
8
√
r − 1LBRMm(Φ(ϵ̃)) +

4C2

ϵ1
log(

2

δ
)

]
,

then expected supervised loss Lsup(ϕ′) ≤ α 1
1−τ (2ϵ0 − τ), with probability 1− δ.

Proof of Lemma C.2.5. Recall S := {(xij , yij) : i ∈ [M ], j ∈ [m]} as finetuning dataset. Con-
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sider in Equation (4.2) we have Ŵ := (Ŵ1, . . . , ŴM ) and ϕ′ such that 1
M

∑M
i=1

1
m

∑m
j=1 ℓ(Ŵi·

ϕ′(xij), y
i
j) ≤ ϵ1 <

α
3 ϵ0.

We tried to bound

Lsup(ϕ′)− 1

m

m∑
j=1

ℓ(Ŵi · ϕ′(xij), y
i
j).

Recall that

Lsup(Ti, ϕ) = min
W∈Rr×d

E
y∼Ti

E
x∼D(y)

[ℓ (W · ϕ(x), y)] .

For ∀ϕ ∈ Φ(ϵ̃)

Lsup(ϕ) = ET ∼ζ [Lsup(T , ϕ)] = ET ∼ζ

[
min

W∈Rr×d
E

y∼T
E

x∼D(y)
[ℓ (W · ϕ(x), y)]

]
.

We have for ∀ϕ ∈ Φ(ϵ̃), by uniform convergence (see [184] Theorem 3.3), we have with

probability 1− δ/2

ET ∼ζ [Lsup(T , ϕ)]−
1

M

M∑
i=1

Lsup(Ti, ϕ) ≤
2RM (G(ϵ̃))

M
+

√
log(2/δ)

M
(C.22)

≤2
√
2L̃RM (Φ(ϵ̃))

M
+

√
log(2/δ)

M
, (C.23)

where the last inequality comes from (A4) and Corollary 4 in [177]. To have above ≤ ϵ1/2,

we have sample complexity

M ≥ 1

ϵ1

[
4
√
2L̃RM (Φ(ϵ̃)) +

4C2

ϵ1
log(

2

δ
)

]
.

Then we consider generalization bound for ∀ϕ and W := (W1, . . . ,WM )

Lsup(ϕ,W) =
1

M

M∑
i=1

E
yi∼Ti

E
xi∼D(yi)

ℓ
(
Wi · ϕ(xi), yi

)
(C.24)

L̂sup(ϕ,W) =
1

M

M∑
i=1

1

m

m∑
j=1

ℓ(Wi · ϕ(xij), yij), (C.25)

where W = (W1, . . . ,WM ).
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By uniform convergence (see [184] Theorem 3.3), we have with probability 1− δ/2,

Lsup(ϕ,W)−L̂sup(ϕ,W) ≤ 2RMm(Gℓ)
Mm

+

√
log(2/δ)

Mm
≤ 8
√
r − 1LBRMm(Φ(ϵ̃))

Mm
+C

√
log(2/δ)

Mm
,

where the last inequality comes from Lemma C.2.3. To have above ≤ ϵ1/2, we have sample

complexity

Mm ≥ 1

ϵ1

[
8
√
r − 1LBRMm(Φ(ϵ̃)) +

4C2

ϵ1
log(

2

δ
)

]
,

satisfying ∀ϕ ∈ Φ(ϵ̃)

1

M

M∑
i=1

Lsup(Ti, ϕ) =
1

M

M∑
i=1

min
W∈Rr×d

E
y∼Ti

E
x∼D(y)

[ℓ (W · ϕ(x), y)]

≤ 1

M

M∑
i=1

E
y∼Ti

E
x∼D(y)

[
ℓ
(
Ŵi · ϕ(x), y

)]
= Lsup(ϕ,Ŵ)

≤ L̂sup(ϕ,Ŵ) + ϵ1/2.

Then combine above with Equation (C.22)

Lsup(ϕ) = E
T ∼ζ

[Lsup(T , ϕ)]

≤ L̂sup(ϕ,Ŵ) + ϵ1.

We have

Lsup(ϕ′)− 1

m

m∑
j=1

ℓ(Ŵi · ϕ′(xij), y
i
j) ≤ ϵ1

Lsup(ϕ′) ≤ 2ϵ1 ≤ α
1

1− τ
(2ϵ0 − τ).

The boundedness of ϵ̃ follows Lemma C.2.4.

We state the theorem below.

Theorem C.2.6. Assume Assumption 4.2.1 and that Φ has ν-diversity and κ-consistency
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with respect to ϕ∗, ϕ∗
ζ . Suppose for some small constant α ∈ (0, 1), we solve Equation (4.2)

with empirical loss lower than ϵ1 =
α
3

1
1−τ (2ϵ0 − τ) and obtain ϕ′. For any δ > 0, if

M ≥ 1

ϵ1

[
4
√
2L̃RM (Φ(ϵ̃)) +

4C2

ϵ1
log(

2

δ
)

]
,Mm ≥ 1

ϵ1

[
8LBRMm(Φ(ϵ̃)) +

4C2

ϵ1
log(

2

δ
)

]
,

then with probability 1− δ, for any target task T0 ⊆ C0,

Lsup(T0, ϕ′)− Lsup(T0, ϕ∗) ≤ 1

ν

[
α

1

1− τ
(2ϵ0 − τ)− Lsup(ϕ∗

ζ)

]
+ κ. (C.26)

Proof of Theorem C.2.6. Recall with ν-diversity and κ-consistency with respect to ϕ∗, ϕ∗
ζ ,

for target task T0, we have that for ϕ′ and ϕ∗,

Lsup(T0, ϕ′)− Lsup(T0, ϕ∗) = Lsup(T0, ϕ′)− Lsup(T0, ϕ∗
ζ) + Lsup(T0, ϕ∗

ζ)− Lsup(T0, ϕ∗)

≤ 1

ν
d̄ζ(ϕ

′, ϕ∗
ζ) + κ

≤ 1

ν

[
Lsup(ϕ′)− Lsup(ϕ∗

ζ)
]
+ κ

≤ 1

ν

[
α

1

1− τ
(2ϵ0 − τ)− ϵ∗

]
+ κ,

where the last inequality comes from Lemma C.2.5, where taking r = 2.

C.2.2 Supervised Pretraining

In this section, we will show how multitask finetuning improves the model from supervised

pretraining. We present pretraining error in binary classification and DT (y) as uniform.

See the result for the general condition with multi-class in Appendix C.3.

Supervised Pretraining and Direct Adaptation

In this section, we show the error bound of a foundation model on a target task, where the

model is pretrained by supervised loss followed directly by adaptation. For general y ∼ η.

Let pi := Pr
y∼η
{y = yi}, where

∑K
i=1 pi = 1.
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Lemma C.2.7. Suppose y ∼ η and l ≤ Pr
y∼η
{y = yi} ≤ u. Consider a task T containing r

classes, which is a subset of the total class set C. We have ∀ϕ ∈ Φ,

Lsup(ϕ) ≤
(u
l

)r
Lsup−pre(ϕ),

where

Lsup−pre(ϕ) = min
f∈F

E
x,y

[ℓ (f ◦ ϕ(x), y)] . (C.27)

Proof of Appendix C.2.2. We first prove r = 3, where T = {y1, y2, y3}. Then in supervised

pretraining, we have:

Lsup−pre(ϕ) = min
f∈F

E
y∼T

E
x∼y

[ℓ (f ◦ ϕ(x), y)] . (C.28)

Let f = (f1, f2, f3)
⊤ be the best linear classifier on top of ϕ, the prediction logits are

g(x) = f ◦ ϕ(x) = (g1(x), g2(x), g3(x))
⊤. Then we have:

E
x∼y1

[ℓ (g ◦ ϕ(x), y)] = − log
exp(g1(x))∑3
k=1 exp(gk(x))

.

We let yk(x) = exp(gk(x)), k = 1, 2, 3. Then

Lsup−pre(ϕ)

=−

[
p1 E

x∼y1

(
log

y1(x)∑3
k=1 yk(x)

)
+ p2 E

x∼y2

(
log

y2(x)∑3
k=1 yk(x)

)
+ p3 E

x∼y3

(
log

y3(x)∑3
k=1 yk(x)

)]

=p1 E
x∼y1

(
log

∑3
k=1 yk(x)

y1(x)

)
+ p2 E

x∼y2

(
log

∑3
k=1 yk(x)

y2(x)

)
+ p3 E

x∼y3

(
log

∑3
k=1 yk(x)

y3(x)

)
.

Recall

Lsup(T , ϕ) := min
w

E
y∼T

E
x∼D(y)

[
ℓ
(
w⊤ϕ(x), y

)]
. (C.29)
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Consider

L∗sup(T , ϕ) := E
y∼T

E
x∼D(y)

[
ℓ
(
w⊤ϕ(x), y

)]
, (C.30)

where w is the corresponding sub-vector of f according to task (for e.g., w = (f1, f2)
⊤ if

T = {y1, y2}). Then we have

L∗sup(T , ϕ) =−
p1p2

p1p2 + p1p3 + p2p3
· 1
2

[
E

x∼y1

(
log

y1(x)

y1(x) + y2(x)

)
+ E

x∼y2

(
log

y2(x)

y1(x) + y2(x)

)]
− p1p3

p1p2 + p1p3 + p2p3
· 1
2

[
E

x∼y1

(
log

y1(x)

y1(x) + y3(x)

)
+ E

x∼y3

(
log

y3(x)

y1(x) + y3(x)

)]
− p2p3

p1p2 + p1p3 + p2p3
· 1
2

[
E

x∼y2

(
log

y2(x)

y2(x) + y3(x)

)
+ E

x∼y3

(
log

y3(x)

y2(x) + y3(x)

)]
=

p1p2
p1p2 + p1p3 + p2p3

· 1
2

[
E

x∼y1

(
log

y1(x) + y2(x)

y1(x)

)
+ E

x∼y2

(
log

y1(x) + y2(x)

y2(x)

)]
p1p3

p1p2 + p1p3 + p2p3
· 1
2

[
E

x∼y1

(
log

y1(x) + y3(x)

y1(x)

)
+ E

x∼y3

(
log

y1(x) + y3(x)

y3(x)

)]
p2p3

p1p2 + p1p3 + p2p3
· 1
2

[
E

x∼y2

(
log

y2(x) + y3(x)

y2(x)

)
+ E

x∼y3

(
log

y2(x) + y3(x)

y3(x)

)]
.

By observing the terms with y1(x) as denominator (similar as y2(x), y3(x)), we want to

prove:

p1

(u
l

)2
≥ 1

2

(
p1p2 + p1p3

p1p2 + p1p3 + p2p3

)
.

This obtained by
(
u
l

)2 ≥ 1
3
u
l2

.

We have

L∗sup(T , ϕ) ≤
(u
l

)2
Lsup−pre(ϕ).

For the general K-class setting, we follow similar steps, we have

Lsup−pre(ϕ) = −

[
r∑

i=1

pi E
x∼yi

(
log

yi(x)∑K
k=1 yk(x)

)]
.

We denote J as all possible r product of pi ∈ {p1, . . . , pK}, J = {p1 · · · pr, . . .}. Similarly,
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we have

L∗sup(T , ϕ) = −
1

r

∑
T ⊊C

[∏
i∈T pi

J

∑
i∈T

E
x∼yi

(
log

yi(x)∑
j∈T yj(x)

)] ,

where T are all tasks with r classes. By observing, inside the summation there are in total(
K−1
r−1

)
terms with y1(x) as the numerator, where corresponding probability is

p1
∏

i∈T ,i ̸=1 pi

J
,

where each term can be upper bounded by −
(
u
l

)r
p1 E

x∼yi

(
log yi(x)∑K

k=1 yk(x)

)
(similar as

yj(x), j ∈ T ).

We state the theorem below.

Theorem C.2.8. Assume Assumption 4.2.1 and that Φ has ν-diversity and κ-consistency

with respect to ϕ∗, ϕ∗
ζ . Suppose ϕ̂ satisfies L̂sup−pre(ϕ̂) ≤ ϵ0. Let pi := Pr

y∼η
{y = yi} , where∑K

i=1 pi = 1. Let ρ := maxi pi
minj pj

. Consider pretraining set Ssup−pre := {xi, yi}Ni=1, for any

δ ≥ 0, if

N ≥ 1

ϵ0

[
8LR
√
KRN (Φ) +

8C2

ϵ0
log(

2

δ
)

]
.

Then with probability 1− δ, for any target task T0 ⊂ C0,

Lsup(T0, ϕ̂)− Lsup(T0, ϕ∗) ≤ 1

ν

[
2ρ2ϵ0 − ϵ∗

]
+ κ. (C.31)

Proof of Theorem C.2.8. The proof follows similar steps in Theorem C.2.2. For supervised

pretraining, the sample complexity is similar to Theorem C.2.2, note that there is an extra
√
K term. We show how we have this term below:

Consider function class

Gℓ =
{
gW,ϕ(x, y) : gW,ϕ(x, y) = ℓ(W⊤ϕ(xij), y

i
j), ϕ ∈ Φ, ∥W∥2 ≤ B

}
.
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The Rademacher complexity is

Rn(Gℓ) = E
{σi}nj=1,{xj ,yj}nj=1

sup
ℓ∈Gℓ

n∑
j=1

σjℓ(W · ϕ(xj), yj)

 .

Then from Lemma C.2.3, the pretraining is a large task with classification among K classes.

Rn(Gℓ) ≤ 4
√
KLBRn(Φ).

Then by Theorem 3.3 in [184], with (A1) and (A3), we have for ∀ϕ ∈ Φ with probability

1− δ,

Lsup−pre(ϕ)− L̂sup−pre(ϕ) ≤
4LR
√
KRN (Φ)

N
+ C

√
log 1

δ

N
. (C.32)

To have above ≤ ϵ0, we have sample complexity

N ≥ 1

ϵ0

[
8LR
√
KRN (Φ) +

8C2

ϵ0
log(

2

δ
)

]
.

With the above sample complexity of Ssup−pre = {xi, yi}Ni=1, we have pretraining ϕ̂

Lsup−pre(ϕ̂) ≤ 2ϵ0.

Recall ν-diversity and κ-consistency, with respect to ϕ∗, ϕ∗
ζ , for target task T0, we have

that for ϕ̂ and ϕ∗,
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Lsup(T0, ϕ̂)− Lsup(T0, ϕ∗) ≤ dC0(ϕ̂, ϕ
∗
ζ) + Lsup(T0, ϕ∗

ζ)− Lsup(T0, ϕ∗) (C.33)

≤ d̄ζ(ϕ̂, ϕ
∗
ζ)/ν + κ (C.34)

≤ 1

ν

[
Lsup(ϕ̂)− Lsup(ϕ∗

ζ)
]
+ κ (C.35)

≤ 1

ν

[
ρ2Lsup−pre(ϕ̂)− ϵ∗

]
+ κ (C.36)

≤ 1

ν

[
2ρ2ϵ0 − ϵ∗

]
+ κ (C.37)

where the second to last inequality comes from Lemma C.2.7.

Supervised Pretraining and Multitask Finetuning

In this section, we show the error bound of a supervised pretrained foundation model on

a target task can be further reduced by multitask finetuning. We follow similar steps in

Appendix C.2.1. Recall Definition 3, similar to Lemma C.2.5, we introduce the following

lemma under supervised pretraining loss.

Lemma C.2.9. Assume Assumption 4.2.1 and that Φ has (ν, ϵ)-diversity for ζ and C0.

Suppose for some small constant α ∈ (0, 1), we solve Equation (4.2) with empirical loss

lower than ϵ1 =
α
3 2ρ

2ϵ0 and obtain ϕ′. For any δ > 0, if

M ≥ 1

ϵ1

[
4
√
2L̃RM (Φ(ϵ̃)) +

4C2

ϵ1
log(

2

δ
)

]
,Mm ≥ 1

ϵ1

[
16LBRMm(Φ(ϵ̃)) +

4C2

ϵ1
log(

2

δ
)

]
,

then expected supervised loss Lsup(ϕ′) ≤ 2αρ2ϵ0, with probability 1− δ.

Proof of Lemma C.2.9. The steps follow similar steps in Lemma C.2.5.

We state the main theorem below.

Theorem C.2.10. Assume Assumption 4.2.1 and that Φ has (ν, ϵ)-diversity for ζ and C0.

Suppose for some small constant α ∈ (0, 1), we solve Equation (4.2) with empirical loss
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lower than ϵ1 =
α
3 2ρ

2ϵ0 and obtain ϕ′. For any δ > 0, if

M ≥ 1

ϵ1

[
4
√
2L̃RM (Φ(ϵ̃)) +

4C2

ϵ1
log(

2

δ
)

]
,Mm ≥ 1

ϵ1

[
16LBRMm(Φ(ϵ̃)) +

4C2

ϵ1
log(

2

δ
)

]
,

then with probability 1− δ, for any target task T0 ⊆ C0,

Lsup(T0, ϕ′)− Lsup(T0, ϕ∗) ≤ 1

ν

(
2αρ2ϵ0 − Lsup(ϕ∗)

)
+ ϵ. (C.38)

Proof of Theorem C.2.10. Recall ν-diversity and κ-consistency, with respect to ϕ∗, ϕ∗
ζ , for

target task T0, we have that for ϕ̂ and ϕ∗,

Lsup(T0, ϕ′)− Lsup(T0, ϕ∗) ≤ dC0(ϕ
′, ϕ∗

ζ) + Lsup(T0, ϕ∗
ζ)− Lsup(T0, ϕ∗) (C.39)

≤ d̄ζ(ϕ
′, ϕ∗

ζ)/ν + κ (C.40)

≤ 1

ν

[
Lsup(ϕ′)− Lsup(ϕ∗

ζ)
]
+ κ (C.41)

≤ 1

ν

(
2αρ2ϵ0 − ϵ∗

)
+ κ, (C.42)

where the last inequality comes from Lemma C.2.9.

C.2.3 Masked Language Pretraining

The theoretical guarantee in masked language pretraining follows the same error bound in

supervised pretraining, with K representing the size of the vocabulary.

C.2.4 Unified Main Theory

We now prove the main theory below. We first re-state the theorem.

Theorem 4.2.1. (No Multitask Finetuning) Assume Assumption 4.2.1 and that Φ has ν-

diversity and κ-consistency with respect to ϕ∗ and ϕ∗
ζ . Suppose ϕ̂ satisfies L̂pre(ϕ̂) ≤ ϵ0.
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Let τ := Pr
(y1,y2)∼η2

{y1 = y2}. Then for any target task T0 ⊆ C0,

Lsup(T0, ϕ̂)− Lsup(T0, ϕ∗) ≤ 1

ν

[
2ϵ0
1− τ

− Lsup(ϕ∗
ζ)

]
+ κ. (4.3)

Proof of Theorem 4.2.1. The result is a direct combination of Theorem C.2.2 and Theo-

rem C.2.8.

Theorem 4.2.2. (With Multitask Finetuning) Assume Assumption 4.2.1 and that Φ has ν-

diversity and κ-consistency with respect to ϕ∗ and ϕ∗
ζ . Suppose for some constant α ∈ (0, 1),

we solve Equation (4.2) with empirical loss lower than ϵ1 =
α
3

2ϵ0
1−τ and obtain ϕ′. For any

δ > 0, if for ϵ̃ = L̂pre(ϕ′),

M ≥ 1

ϵ1

[
4
√
2L̃RM (Φ(ϵ̃)) +

4C2

ϵ1
log(

2

δ
)

]
,Mm ≥ 1

ϵ1

[
16LBRMm(Φ(ϵ̃)) +

4C2

ϵ1
log(

2

δ
)

]
,

then with probability 1− δ, for any target task T0 ⊆ C0,

Lsup(T0, ϕ′)− Lsup(T0, ϕ∗) ≤ 1

ν

[
α

2ϵ0
1− τ

− Lsup(ϕ∗
ζ)

]
+ κ. (4.4)

Proof of Theorem 4.2.2. Follow the similar steps in proof of Lemma C.2.5, we have

Lsup(ϕ′) ≤ 2ϵ1 ≤ α
2ρ2

1− τ
ϵ0.

Recall ν-diversity and κ-consistency, with respect to ϕ∗, ϕ∗
ζ , for target task T0, we have

that for ϕ′ and ϕ∗,
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Lsup(T0, ϕ′)− Lsup(T0, ϕ∗) ≤ dC0(ϕ
′, ϕ∗

ζ) + Lsup(T0, ϕ∗
ζ)− Lsup(T0, ϕ∗) (C.43)

≤ d̄ζ(ϕ
′, ϕ∗

ζ)/ν + κ (C.44)

≤ 1

ν

[
Lsup(ϕ′)− Lsup(ϕ∗

ζ)
]
+ κ (C.45)

≤ 1

ν

[
α

2ρ2

1− τ
ϵ0 − ϵ∗

]
+ κ. (C.46)

The sample complexity of finetuning depends on ϵ̃ = L̂pre(ϕ′). Below we show that ϵ̃

can be upper bounded in finite step finetuning.

Lemma C.2.11 (Bounded ϵ̃). After finite steps in Multitask finetuning in Algorithm 8, we

solve Equation (4.2) with empirical loss lower than ϵ1 = α
3

1
1−τ (2ϵ0− τ) and obtain ϕ′. Then

there exists a bounded ϵ̃ such that ϕ′ ∈ Φ(ϵ̃).

Proof of Lemma C.2.11. Given finite number of steps and finite step size γ in Algorithm 8,

we have bounded ∥ϕ′ − ϕ̂∥. Then with (A2) and (A3), using Lemma C.2.3 and lemma

A.3 in [19], we have L̂pre(ϕ) is M -Lipschitz with respect to ϕ with bounded M . We have

∃ ϵ such that L̂pre(ϕ′) − L̂pre(ϕ̂) ≤ ϵ∥ϕ′ − ϕ̂∥. We have L̂pre(ϕ′) ≤ ϵ0 + ϵ∥ϕ′ − ϕ̂∥. Take

ϵ̃ = ϵ0 + ϵ∥ϕ′ − ϕ̂∥ yields the result.

C.2.5 Bounded Task Loss by Task Diversity

By the previous lemma and claim, we have the below corollary.

Corollary C.2.12. Suppose we have ϕ in pretraining: for ∀ϕ ∈ Φ, Lsup(ϕ) ≤ 1
1−τ

(
u
l

)r Lpre(ϕ),
where Lpre(ϕ) is Lcon−pre(ϕ) if contrastive learning and Lsup−pre(ϕ) if supervised learning.

Consider ρ = u
l and Corollary C.2.12,

Recall ν-diversity and κ-consistency, with respect to ϕ∗, ϕ∗
ζ , for target task T0, we have

that for ϕ̂ and ϕ∗,



308

Lsup(T0, ϕ̂)− Lsup(T0, ϕ∗) ≤ dC0(ϕ̂, ϕ
∗
ζ) + Lsup(T0, ϕ∗

ζ)− Lsup(T0, ϕ∗) (C.47)

≤ d̄ζ(ϕ̂, ϕ
∗
ζ)/ν + κ (C.48)

≤ 1

ν

[
Lsup(ϕ̂)− Lsup(ϕ∗

ζ)
]
+ κ (C.49)

≤ 1

ν

[
ρr

1− τ
Lpre(ϕ̂)− Lsup(ϕ∗)

]
+ κ. (C.50)

C.3 Multi-class Classification

In this section, we provide a general result for multi-classes.

C.3.1 Contrastive Pretraining

Lemma C.3.1 (Theorem 6.1 in [19]). For multi-classes, we have

Lsup(ϕ) ≤ Lµsup(ϕ) ≤
1

1− τr
Lcon−pre(ϕ), (C.51)

where τr = E
(y,y−1 ,...,y−r−1)∼ηr

1{y does not appear in (y−1 , . . . , y
−
r−1)}.

Proof of Lemma C.3.1. The proof of Lemma C.3.1 follows the first two steps in the proof

of Theorem B.1 of [19]. we denote distribution of y ∼ T as DT (y) and it’s uniform

distribution.

We first provide contrastive pretraining error similar to Theorem C.2.2 in a multiclass

setting.

Theorem C.3.2. Assume Assumption 4.2.1 and that Φ has ν-diversity and κ-consistency

with respect to ϕ∗, ϕ∗
ζ . Suppose ϕ̂ satisfies L̂con−pre(ϕ̂) ≤ ϵ0. Consider a pretraining set

Sun =
{
xj , x

+
j , x

−
j1, . . . , xj(r−1)

}N

j=1
. For target task T0, with sample complexity

N ≥ 1

ϵ0

[
8LR
√
r − 1RN (Φ) +

8C2

ϵ0
log(

2

δ
)

]
,
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it’s sufficient to learn an ϕ̂ with classification error Lsup(T0, ϕ̂)−Lsup(T0, ϕ∗) ≤ 1
ν

[
2

1−τr
ϵ0 − ϵ∗

]
+

ϵ, with probability 1− δ.

Proof of Theorem C.3.2. Following similar step of proof of Theorem C.2.2, we have with

N ≥ 1

ϵ0

[
8LR
√
r − 1RN (Φ) +

8C2

ϵ0
log(

2

δ
)

]
.

Then pretraining ϕ̂

Lcon−pre(ϕ̂) ≤ 2ϵ0.

Recall ν-diversity and κ-consistency, for target task T0, we have that for ϕ̂ and ϕ∗,

Lsup(T0, ϕ̂)− Lsup(T0, ϕ∗) ≤ d̄ζ(ϕ̂, ϕ
∗
ζ)/ν + κ (C.52)

≤ 1

ν

[
Lsup(ϕ̂)− Lsup(ϕ∗

ζ)
]
+ κ (C.53)

(C.54)

Consider Lemma C.3.1, we have:

Lsup(T0, ϕ̂)− Lsup(T0, ϕ∗) ≤ 1

ν

[
1

1− τr
Lcon−pre(ϕ̂)− ϵ∗

]
+ κ (C.55)

=
1

ν

(
2ϵ0

1− τr
− ϵ∗

)
+ κ. (C.56)

Below, we provide our main result similar to Theorem C.2.6 for multi-classes setting.

Theorem C.3.3. For target evaluation task T0, consider the error bound in pretraining is

Lsup(T0, ϕ̂)− Lsup(T0, ϕ∗) ≤ 1
ν

[
2ϵ0
1−τr

− ϵ∗
]
+ κ. Consider α as any small constant, for any

ϵ1 < α
3

2ϵ0
1−τr

, consider a multitask finetuning set S = {(xij , yij) : i ∈ [M ], j ∈ [m]}, with M
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number of tasks, and m number of samples in each task. Then, with sample complexity

M ≥ 1

ϵ1

[
4
√
2L̃RM (Φ(ϵ̃)) +

4C2

ϵ1
log(

2

δ
)

]
Mm ≥ 1

ϵ1

[
8LB
√
r − 1RMm(Φ(ϵ̃)) +

4C2

ϵ1
log(

2

δ
)

]
.

Solving Equation (4.2) with empirical risk lower than ϵ1 is sufficient to learn an ϕ′ with

classification error Lsup(T0, ϕ′)− Lsup(T0, ϕ∗) ≤ 1
ν (α

2ϵ0
1−τr

− ϵ∗) + κ, with probability 1− δ.

Proof of Theorem C.3.3. Recalling Lemma C.2.3 and Lemma C.2.5, the proof follows the

same steps in the proof of Theorem C.2.6, with different r.

C.3.2 Supervised Pretraining

We first provide contrastive pretraining error similar to Theorem C.2.8 in the multiclass

setting.

Theorem C.3.4. Assume Assumption 4.2.1 and that Φ has ν-diversity and κ-consistency

with respect to ϕ∗, ϕ∗
ζ . Suppose ϕ̂ satisfies L̂sup−pre(ϕ̂) ≤ ϵ0. Let pi := Pr

y∼η
{y = yi} , where∑K

i=1 pi = 1. Let ρ := maxi pi
minj pj

. Consider pretraining set Ssup−pre := {xi, yi}Ni=1, for any

δ ≥ 0, if

N ≥ 1

ϵ0

[
8LR
√
KRN (Φ) +

8C2

ϵ0
log(

2

δ
)

]
.

Then with probability 1− δ, for any target task T0 ⊂ C0,

Lsup(T0, ϕ̂)− Lsup(T0, ϕ∗) ≤ 1

ν

[
2ρrϵ0 − Lsup(ϕ∗

ζ)
]
+ κ. (C.57)

Proof of Theorem C.3.4. The proof follows similar steps of Theorem C.2.8.

Below, we provide our main result similar to Theorem C.2.10 for multi-classes setting.

Theorem C.3.5. Assume Assumption 4.2.1 and that Φ has ν-diversity and κ-consistency

with respect to ϕ∗, ϕ∗
ζ . Suppose for some small constant α ∈ (0, 1), we solve Equation (4.2)
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with empirical loss lower than ϵ1 =
α
3 2ρ

rϵ0 and obtain ϕ′. For any δ > 0, if

M ≥ 1

ϵ1

[
4
√
2L̃RM (Φ(ϵ̃)) +

4C2

ϵ1
log(

2

δ
)

]
,Mm ≥ 1

ϵ1

[
8LB
√
r − 1RMm(Φ(ϵ̃)) +

4C2

ϵ1
log(

2

δ
)

]
,

then with probability 1− δ, for any target task T0 ⊆ C0,

Lsup(T0, ϕ′)− Lsup(T0, ϕ∗) ≤ 1

ν

(
2αρrϵ0 − Lsup(ϕ∗

ζ)
)
+ κ. (C.58)

Proof of Theorem C.3.5. Recalling Lemma C.2.3 and Lemma C.2.5, the proof follows the

same steps in the proof of Theorem C.2.10, with different r.

C.4 Linear Case Study

In this section, we provide a full analysis of the linear case study to provide intuition about

our consistency, diversity, and task selection algorithm. Intuitively, we have multiple classes,

each centered around its mean vector. Target data has a subset of classes, while training

data has another subset of classes. Consistency and diversity are related to how these two

subsets overlap, i.e., the number of shared features and the number of disjoint features.

Then, we can link it to the task selection algorithm.

In this section, zi means the i-th dimension of vector z rather than the sample index.

C.4.1 Problem Setup

Linear Data and Tasks. We consider dictionary learning or sparse coding settings,

which is a classic data model (e.g., [204, 270, 33, 241, 242]). Let X ⊆ Rd be the input

space and we have input data x ∈ X . Suppose Q ∈ Rd×D is an unknown dictionary with

D columns that can be regarded as patterns or features. For simplicity, assume d = D and

Q is orthonormal. We have z ∈ {0,−1,+1}d as a latent class, where z is a hidden vector

that indicates the presence of each pattern. Each latent class z has a distribution Dz(x)

over inputs x. We assume Dz(x) be a distribution with mean Qz, i.e., x = Qz + ez, where

ez ∈ Rd is some noise vector drawing from a zero-mean distribution.
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For simplicity, we consider each task to be a binary classification task, where Y =

{−1,+1} is the label space. In each task (in multitask finetuning or target task), we have

two latent classes z, z′ (denote the task as Tz,z′) and we randomly assign −1 and +1 to

each latent class. W.l.o.g., we have in Tz,z′ :

x =


Qz + ez, if y = −1

Qz′ + ez′ , if y = +1.

(C.59)

For simplicity, we consider a balanced class setting in all tasks, i.e., p(y = −1) = p(y =

+1) = 1
2 .

Now, we define multitask finetuning tasks and target tasks. Suppose there is a set of

latent classes C ⊆ {0,−1,+1}d used for multitask finetuning tasks, which has an index set

JC ⊆ [d], kC := |JC | such that for any z ∈ C, we have zJC ∈ {−1,+1}kC and z[d]\JC ∈ {0}
d−kC .

Similarly, suppose there is a set of latent classes C0 ⊆ {0,−1,+1}d used for target tasks

whose index set is J0 ⊆ [d], k0 := |J0|. Note that JC may or may not overlap with J0

and denote the set of features encoded both by C0 and C as LC := J0 ∩ JC , lC := |LC |.

Intuitively, LC represents the target features covered by training data. Let ζ over C × C be

the distribution of multitask finetuning tasks. Then, in short, our data generation pipeline

for multitask finetuning tasks is (1) sample two latent classes (z, z′) ∼ ζ as a task Tz,z′ ;

(2) assign label −1,+1 to two latent classes; (3) sample input data from Dz(x) and Dz′(x)

with balanced probabilities.

For simplicity, we have a symmetric assumption and a non-degenerate assumption for

ζ. Symmetric assumption means each dimension is equal important and non-degenerate

assumption means any two dimensions are not determined by each other in all tasks.

Assumption C.4.1 (Symmetric). We assume for any multitask finetuning tasks distribution

ζ, for any j, k ∈ JC , switching two dimensions zj and zk does not change the distribution ζ.

Assumption C.4.2 (Non-degenerate). We assume for any multitask finetuning tasks

distribution ζ, for any j, k ∈ JC , over ζ we have p(zj = z′j , zk ̸= z′k) > 0.
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Remark C.4.3. There exists many ζ satisfying above assumptions, e.g., (1) zJC and z′JC

uniformly sampling from {−1,+1}kC ; or (2) let kC = 2, zJC and z′JC uniformly sampling from

{(+1,+1), (−1,+1), (+1,−1)} (note that uniformly sampling from {(+1,+1), (−1,−1)}

does not satisfy non-degenerate assumption). Also, we note that even when C = C0, the

target latent class may not exist in the multitask finetuning tasks.

Linear Model and Loss Function. Let Φ be the hypothesis class of models ϕ : X → Z,

where Z ⊆ Rd is the output space of the model. We consider a linear model class with

regularity Assumption 4.2.1, i.e., Φ = {ϕ ∈ Rd×d : ∥ϕ∥F ≤ R} and linear head w ∈ Rd

where ∥w∥2 ≤ B. Thus, the final output of the model and linear head is w⊤ϕx. We use

linear loss in [245], i.e., ℓ
(
w⊤ϕx, y

)
= −yw⊤ϕx and we have

Lsup(T , ϕ) := min
w∈Rd,∥w∥2≤B

E
z,y∼T

E
x∼Dz(x)

[
ℓ
(
w⊤ϕx, y

)]
(C.60)

Lsup(ϕ) := E
T ∼ζ

[Lsup(T , ϕ)] (C.61)

ϕ∗
ζ := argmin

ϕ∈Φ
Lsup(ϕ), (C.62)

where ϕ∗
ζ is the optimal representation for multitask finetuning.

C.4.2 Diversity and Consistency Analysis

Optimal Representation for Multitask Finetuning

Lemma C.4.1. Assume Assumption C.4.1 and Assumption C.4.2. We have ϕ∗
ζ = UΛ∗Q−1,

where U is any orthonormal matrix, Λ∗ = diag(λ∗). For any i ∈ JC , λ∗
i =

R√
kC

and λ∗
i = 0

otherwise.

Proof of Lemma C.4.1. We have the singular value decomposition ϕ = UΛV ⊤, where
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Λ = diag(λ), where λ ∈ Rd. Then, we have

Lsup(ϕ) = E
T ∼ζ

[Lsup(T , ϕ)] (C.63)

= E
T ∼ζ

[
min

w∈Rd,∥w∥2≤B
E

z,y∼T
E

x∼Dz(x)

[
ℓ
(
w⊤ϕx, y

)]]
(C.64)

= E
Tz,z′∼ζ

[
min

w∈Rd,∥w∥2≤B

1

2

(
E

x∼Dz(x)

[
ℓ
(
w⊤ϕx,−1

)]
+ E

x∼Dz′ (x)

[
ℓ
(
w⊤ϕx,+1

)])]
(C.65)

=
1

2
E

Tz,z′∼ζ

[
min

w∈Rd,∥w∥2≤B
E

x∼Dz(x)

[
w⊤ϕx

]
+ E

x∼Dz′ (x)

[
−w⊤ϕx

]]
(C.66)

=
1

2
E

Tz,z′∼ζ

[
min

w∈Rd,∥w∥2≤B
w⊤ϕQz − w⊤ϕQz′

]
(C.67)

= −B

2
E

Tz,z′∼ζ

[
∥ϕQ(z − z′)∥2

]
(C.68)

= −B

2
E

Tz,z′∼ζ

[
∥ΛV ⊤Q(z − z′)∥2

]
. (C.69)

W.l.o.g., we can assume V ⊤ = Q−1. As ∥ϕ∥F = ∥Λ∥F = ∥λ∥2 thus we have

min
ϕ∈Φ
Lsup(ϕ) = −

B

2
max

∥Λ∥F≤R
E

Tz,z′∼ζ

[
∥Λ(z − z′)∥2

]
= −B

2
max

∥λ∥2≤R
E

Tz,z′∼ζ


√√√√ d∑

i=1

λ2
i (zi − z′i)

2


= −B

2
max

∥λ∥2=R
E

Tz,z′∼ζ


√√√√ d∑

i=1

λ2
i (zi − z′i)

2


= −B max

∥λ∥2=R
E

Tz,z′∼ζ

√∑
i∈JC

λ2
i1[zi ̸= z′i]

 , (C.70)

where 1[zi ̸= z′i] is a Boolean function, mapping True to 1 and False to 0.

Let ϕ∗
ζ = UΛ∗Q−1 with corresponding λ∗. Now, we use contradiction to prove for any
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j, k ∈ JC , we have λ∗
j = λ∗

k. W.l.o.g., suppose λ∗
j < λ∗

k,

Lsup(ϕ∗
ζ)

= −B E
Tz,z′∼ζ

√λ∗2
j 1[zj ̸= z′j ] + λ∗2

k 1[zk ̸= z′k] +
∑

i∈JC\{j,k}

λ∗2
i 1[zi ̸= z′i]


= −B

{
p(zj ̸= z′j , zk ̸= z′k) E

Tz,z′∼ζ

√λ∗2
j + λ∗2

k +
∑

i∈JC\{j,k}

λ∗2
i 1[zi ̸= z′i]

∣∣∣∣∣∣zj ̸= z′j , zk ̸= z′k


+ p(zj = z′j , zk ̸= z′k) E

Tz,z′∼ζ

√λ∗2
k +

∑
i∈JC\{j,k}

λ∗2
i 1[zi ̸= z′i]

∣∣∣∣∣∣zj = z′j , zk ̸= z′k


+ p(zj ̸= z′j , zk = z′k) E

Tz,z′∼ζ

√λ∗2
j +

∑
i∈JC\{j,k}

λ∗2
i 1[zi ̸= z′i]

∣∣∣∣∣∣zj ̸= z′j , zk = z′k

}.
By symmetric Assumption C.4.1 and non-degenerate Assumption C.4.2, we have p(zj =

z′j , zk ̸= z′k) = p(zj ̸= z′j , zk = z′k) > 0, and

E
Tz,z′∼ζ

√λ∗2
k +

∑
i∈JC\{j,k}

λ∗2
i 1[zi ̸= z′i]

∣∣∣∣∣∣zj = z′j , zk ̸= z′k


+ E

Tz,z′∼ζ

√λ∗2
j +

∑
i∈JC\{j,k}

λ∗2
i 1[zi ̸= z′i]

∣∣∣∣∣∣zj ̸= z′j , zk = z′k


= E

Tz,z′∼ζ

√λ∗2
k +

∑
i∈JC\{j,k}

λ∗2
i 1[zi ̸= z′i]

∣∣∣∣∣∣zj = z′j , zk ̸= z′k


+ E

Tz,z′∼ζ

√λ∗2
j +

∑
i∈JC\{j,k}

λ∗2
i 1[zi ̸= z′i]

∣∣∣∣∣∣zk ̸= z′k, zj = z′j


<2 E

Tz,z′∼ζ

√√√√λ∗2
j + λ∗2

k

2
+

∑
i∈JC\{j,k}

λ∗2
i 1[zi ̸= z′i]

∣∣∣∣∣∣zj = z′j , zk ̸= z′k


= E

Tz,z′∼ζ

√√√√λ∗2
j + λ∗2

k

2
+

∑
i∈JC\{j,k}

λ∗2
i 1[zi ̸= z′i]

∣∣∣∣∣∣zj = z′j , zk ̸= z′k


+ E

Tz,z′∼ζ

√√√√λ∗2
j + λ∗2

k

2
+

∑
i∈JC\{j,k}

λ∗2
i 1[zi ̸= z′i]

∣∣∣∣∣∣zk ̸= z′k, zj = z′j

 .
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where two equality follows Assumption C.4.1 and the inequality follows Jensen’s inequality.

Let ϕ′ = UΛ′Q−1 with corresponding λ′, where λ′
j = λ′

k =

√
λ∗2
j +λ∗2

k

2 and for any i ∈

JC \ {j, k}, λ′
i = λ∗

i . We have ∥ϕ′∥F = ∥ϕ∗
ζ∥F and Lsup(ϕ∗

ζ) > Lsup(ϕ′) which is a

contradiction as we have ϕ∗
ζ is the optimal solution. Thus, for any j, k ∈ JC , we have

λ∗
j = λ∗

k and we finish the proof under simple calculation.

Now, we are ready to analyze consistency and diversity under this linear case study.

Consistency

The intuition is that ζ not only covers C0 but contains too much unrelated information.

Recall that the consistent term in Definition 2 is κ = supT0⊆C0

[
Lsup(T0, ϕ∗

ζ)− Lsup(T0, ϕ∗
0)
]
.

We first define some notation we will use later. Let ζ0 be a multitask finetuning tasks

distribution over C0 × C0 and denote the corresponding optimal representation model as ϕ∗
0.

Suppose for any target task T0 contains two latent classes z, z′ from C0. W.l.o.g., denote

z, z′ differ in n0 entries (1 ≤ n0 ≤ k0), whose nC entries fall in LC , where 0 ≤ nC ≤ n0.

Then, we get the lemma below:

Lemma C.4.2. Assume Assumption C.4.1 and Assumption C.4.2. We have

κ = sup
T0⊆C0

[
Lsup(T0, ϕ∗

ζ)− Lsup(T0, ϕ∗
0)
]
= BR

(√
n0

k0
−
√

nC
kC

)
. (C.71)

Proof of Lemma C.4.2. Recall 1 ≤ n0 ≤ k0 and 0 ≤ nC ≤ n0. By Lemma C.4.1, we have

ϕ∗
ζ = UΛ∗Q−1, where U is any orthonormal matrix, Λ∗ = diag(λ∗). For any i ∈ JC ,

λ∗
i = R√

kC
and λ∗

i = 0 otherwise. We also have ϕ∗
0 = U0Λ

∗
0Q

−1, where U0 is any orthonormal

matrix, Λ∗
0 = diag(λ0,∗). For any i ∈ J0, λ

0,∗
i = R√

k0
and λ0,∗

i = 0 otherwise. Thus, we have

κ = sup
T0⊆C0

[
Lsup(T0, ϕ∗

ζ)− Lsup(T0, ϕ∗
0)
]

(C.72)

= BR

(√
n0

k0
−
√

nC
kC

)
. (C.73)
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Let n′
C = kC − nC . Note this kC is an increasing factor if C contains more features.

Moreover, nC is the number of features encoded by both target and training data, rep-

resenting the information of target data covered by training data, nC increases as more

target information covered by training data, the loss will decrease. n′
C is the number of

features encoded in training data but not encoded by target data, representing the un-useful

information, n′
C increases as more un-related information is covered by training data, the

loss will increase.

Diversity

We first review some definitions in Definition 1. The averaged representation difference

for two model ϕ, ϕ̃ on a distribution ζ over tasks is

d̄ζ(ϕ, ϕ̃) := E
T ∼ζ

[
Lsup(T , ϕ)− Lsup(T , ϕ̃)

]
= Lsup(ϕ)− Lsup(ϕ̃). (C.74)

The worst-case representation difference between representations ϕ, ϕ̃ on the family of

classes C0 is

dC0(ϕ, ϕ̃) := sup
T0⊆C0

∣∣∣Lsup(T0, ϕ)− Lsup(T0, ϕ̃)∣∣∣ . (C.75)

We say the model class Φ has ν-diversity for ζ and C0 if for any ϕ ∈ Φ and ϕ∗
ζ ,

dC0(ϕ, ϕ
∗
ζ) ≤ d̄ζ(ϕ, ϕ

∗
ζ)/ν. (C.76)

To find the minimum value of ν in Definition 1, we need further information about

ζ. For simplicity, we have a fixed distance assumption, e.g., uniformly sampling from

{(+1,+1,−1), (+1,−1,+1), (−1,+1,+1)}. Then, we consider two different cases below.

We consider that all T0 ⊆ C0 such containing z, z′ that differ in only 1 entry.

Assumption C.4.4 (Fixed Distance). We assume for any multitask finetuning tasks

distribution ζ, for any two latent classes (z, z′) ∼ ζ, we have z, z′ differ in nk entries.
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Case LC ̸= J0. In this case, J0 \ LC ≠ ∅, we have the features learned in multitask

finetuning that do not cover all features used in the target task. Then, we have the following

lemma, which means if LC ̸= J0 we can have infinitesimal ν to satisfy the diversity definition.

Lemma C.4.3. Assume Assumption C.4.1, Assumption C.4.2 and Assumption C.4.4. When

LC ̸= J0, we have ν → 0.

Proof of Lemma C.4.3. As features in C0 not covered by C, we can always find a T0 such

containing z, z′ that only differ in entries in J0 \ LC , we say as entry ĩ.

By Lemma C.4.1, we have ϕ∗
ζ = UΛ∗Q−1, where U is any orthonormal matrix, Λ∗ =

diag(λ∗). For any i ∈ JC , λ∗
i =

R√
kC

and λ∗
i = 0 otherwise. We have Lsup(T0, ϕ∗

ζ) = 0 and

by Equation (C.70),

Lsup(ϕ∗
ζ) = −B E

Tz,z′∼ζ

√∑
i∈JC

λ∗2
i 1[zi ̸= z′i]

 (C.77)

= −BR

√
nk

kC
. (C.78)

On the other hand, for any ϕ ∈ Φ, we have Lsup(T0, ϕ) = −B|λĩ|. Thus, we have

ν = min
ϕ∈Φ

Lsup(ϕ)− Lsup(ϕ∗
ζ)∣∣∣Lsup(T0, ϕ)− Lsup(T0, ϕ∗

ζ)
∣∣∣

= min
ϕ∈Φ

Lsup(ϕ) +BR
√

nk
kC

B|λĩ|

= min
ϕ∈Φ

−B E
Tz,z′∼ζ

[√∑
i∈JC λ

2
i1[zi ̸= z′i]

]
+BR

√
nk
kC

B|λĩ|

≤
− E

Tz,z′∼ζ

[√∑
i∈JC

R2−λ2
ĩ

kC
1[zi ̸= z′i]

]
+R

√
nk
kC

|λĩ|

=
−
√

(R2−λ2
ĩ
)nk

kC
+R

√
nk
kC

|λĩ|
, (C.79)

where the first inequality is by constructing a specific ϕ. Note that Equation (C.79) → 0
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when |λĩ| → 0. ϕ is constructed as: for any i ∈ JC , λi =

√
R2−λ2

ĩ
kC

and |λĩ| → 0. Thus, we

finish the proof.

Case LC = J0. In this case J0 \ LC = ∅, we have all features in C0 covered by C.

Lemma C.4.4. Assume Assumption C.4.1, Assumption C.4.2 and Assumption C.4.4. When

all T0 ⊆ C0 such containing z, z′ that differ in only 1 entry and LC = J0, we have ν is lower

bounded by some constant c̃ =
√
nk

(
1−

√
1

kC(kC−1)

(√
nk(nk − 1) + kC − nk

))
.

Proof of Lemma C.4.4. We say the differ entry in T0 as entry ĩ. By Lemma C.4.1, we

have ϕ∗
ζ = UΛ∗Q−1, where U is any orthonormal matrix, Λ∗ = diag(λ∗). For any i ∈ JC ,

λ∗
i = R√

kC
and λ∗

i = 0 otherwise. By Equation (C.70), we have Lsup(T0, ϕ∗
ζ) = −BR

√
n0
kC

and Lsup(ϕ∗
ζ) = −BR

√
nk
kC

.

On the other hand, for any ϕ ∈ Φ, we have Lsup(T0, ϕ) = −B|λĩ|. Thus, by Assump-

tion C.4.1, we have

ν = min
T0⊆C0,ϕ∈Φ

Lsup(ϕ)− Lsup(ϕ∗
ζ)∣∣∣Lsup(T0, ϕ)− Lsup(T0, ϕ∗

ζ)
∣∣∣

= min
T0⊆C0,ϕ∈Φ

Lsup(ϕ) +BR
√

nk
kC

| −B|λĩ|+BR
√

1
kC
|

= min
T0⊆C0,ϕ∈Φ

−B E
Tz,z′∼ζ

[√∑
i∈JC λ

2
i1[zi ̸= z′i]

]
+BR

√
nk
kC

| −B|λĩ|+BR
√

1
kC
|

= min
T0⊆C0,ϕ∈Φ

− E
Tz,z′∼ζ

[√
λ2
ĩ
1[zĩ ̸= z′

ĩ
] +
∑

i∈JC\{̃i}
R2−λ2

ĩ
kC−1 1[zi ̸= z′i]

]
+R

√
nk
kC

| − |λĩ|+R
√

1
kC
|

= min
T0⊆C0,ϕ∈Φ

−

[
nk
kC

√
λ2
ĩ
+

R2−λ2
ĩ

kC−1 (nk − 1) + kC−nk
kC

√
nk(R2−λ2

ĩ
)

kC−1

]
+R

√
nk
kC

| − |λĩ|+R
√

1
kC
|

=
√
nk

(
1−

√
1

kC(kC − 1)

(√
nk(nk − 1) + kC − nk

))
, (C.80)
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where the last equality take λĩ = 0.

C.4.3 Proof of Main Results

Proof of Theorem 4.2.3. Note that R = B = n0 = k0 = 1, nk = 2.

We see that ζ satisfies Assumption C.4.1, Assumption C.4.2 and Assumption C.4.4.

We finish the proof by Lemma C.4.2, Lemma C.4.3 and Lemma C.4.4 with some simple

calculations.

Thus, we can link our diversity and consistency parameters to the number of features in

z encoded by training tasks or target tasks. Based on this intuition, we propose a selection

algorithm, where selection is based on x, we want to select data that encodes more relevant

features of z, this can be achieved by comparing x from target data and training data either

using cosine similarity or KDE.

C.5 Vision Experimental Results

We first provide a summary of dataset and protocal we use, we provide details in following

sections.

Datasets and Models. We use four widely used few-shot learning benchmarks: mini-

ImageNet [271], tieredImageNet [228], DomainNet [218] and Meta-dataset [265], following

the protocol in [51, 259]. We use exemplary foundation models with different pretraining

schemes (MoCo-v3 [49], DINO-v2 [208], and supervised learning with ImageNet [231]) and

architectures (ResNet [121] and ViT [73]).

Experiment Protocol. We consider few-shot tasks consisting of N classes with K

support samples and Q query samples per class (known as N -way K-shot). The goal is to

classify the query samples into the N classes based on the support samples. Tasks used

for finetuning are constructed by samples from the training split. Each task is formed

randomly by sampling 15 classes, with every class drawing 1 or 5 support samples and 10
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query samples. Target tasks are similarly constructed, yet from the test set. We follow

[51] for multitask finetuning and target task adaptation. During multitask finetuning, we

update all parameters in the model using a nearest centroid classifier, in which all samples

are encoded, class centroids are computed, and cosine similarity between a query sample

and those centroids are treated as the class logits. For adaptation to a target task, we only

retain the model encoder and consider a similar nearest centroid classifier. This experiment

protocol applies to all three major experiments (Sections 4.3.1 to 4.3.3).

C.5.1 Datasets

The miniImageNet dataset is a common benchmark for few-shot learning. It contains

100 classes sampled from ImageNet, then is randomly split into 64, 16, and 20 classes as

training, validation, and testing set respectively.

The tieredImageNet dataset is another widely used benchmark for few-shot learning. It

contains 608 classes from 34 super-categories sampled from ImageNet. These categories are

then subdivided into 20 training categories with 351 classes, 6 validation categories with 97

classes, and 8 testing categories with 160 classes

DomainNet is the largest domain adaptation benchmark with about 0.6 million images.

It consists of around 0.6 million images of 345 categories from 6 domains: clipart (clp),

infograph (inf), quickdraw (qdr), real (rel) and sketch (skt). We split it into 185, 65, 100

classes as training, validation, and testing set respectively. We conduct experiments on

Sketch (skt) subsets.

Meta-Dataset encompasses ten publicly available image datasets covering a wide array

of domains: ImageNet-1k, Omniglot, FGVC-Aircraft, CUB-200-2011, Describable Textures,

QuickDraw, FGVCx Fungi, VGG Flower, Traffic Signs, and MSCOCO. Each of these

datasets is split into training, validation, and testing subsets. For additional information

on the Meta-Dataset can be found in Appendix 3 of [265].
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C.5.2 Experiment Protocols

Our evaluation and the finetuning process take the form of few-shot tasks, where a target

task consists of N classes with K support samples and Q query samples in each class. The

objective is to classify the query samples into the N classes based on the support samples.

To accomplish this, we take the support samples in each class and feed them through an

image encoder to obtain representations for each sample. We then calculate the average of

these representations within each class to obtain the centroid of each class. For a given

query sample x, we compute the probability that x belongs to class y based on the cosine

similarity between the representation of x and the centroid of class y.

In our testing stage, we constructed 1500 target tasks, each consisting of 15 classes

randomly sampled from the test split of the dataset. Within each class, we randomly

selected 1 or 5 of the available images as shot images and 15 images as query images. These

tasks are commonly referred to as 1-shot or 5-shot tasks. We evaluated the performance of

our model on these tasks and reported the average accuracy along with a 95% confidence

interval.

During multitask finetuning, the image encoder is directly optimized on few-shot

classification tasks. To achieve this, we construct multitasks in the same format as the

target tasks and optimize from the same evaluation protocol. Specifically, we create a total

of 200 finetuning tasks, each task consists of 15 classes sampled from the train split of data,

where each class contains 1 support image and 9 query images, resulting in 150 images per

task. The classes in a finetuning task are sampled from the train split of the data.

To ensure a fair comparison with the finetuning baseline, we used the same training

and testing data, as well as batch size, and applied standard finetuning. During standard

finetuning, we added a linear layer after the encoder and trained the model. We also utilized

the linear probing then finetuning (LP-FT) technique proposed by [148], which has been

shown to outperform finetuning alone on both in-distribution and out-of-distribution data.

In the testing stage, we removed the linear layer and applied the same few-shot testing

pipeline to the finetuned encoders.
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For task selection, we employ the CLIP ViT-B image encoder to obtain image embeddings.

We assess consistency by measuring the cosine similarity of the mean embeddings and we

evaluate diversity through a coverage score derived from the ellipsoid formula outlined in

Section 4.2.2.

For optimization, we use the SGD optimizer with momentum 0.9, the learning rate is

1e-5 for CLIP and moco v3 pretrained models, and is 2e-6 for DINO v2 pretrained models.

The models were finetuned over varying numbers of epochs in each scenario until they

reached convergence.

C.5.3 Existence of Task Diversity

Task diversity is crucial for the foundation model to perform well on novel classes in target

tasks.

In this section, we prove for task satisfying consistency, greater diversity in the related

data can help reduce the error on the target task. Specifically, for the target task, where

the target tasks data originates from the test split of a specific dataset, we utilized the

train split of the same dataset as the finetuning tasks data. Then finetuning tasks satisfied

consistency. In experiments, we varied the number of classes accessible to the model during

the finetuning stage, while keeping the total sample number the same. This serves as a

measure of the diversity of training tasks.

miniImageNet and Omniglot

We show the results of CLIP encoder on miniImageNet and Omniglot. We vary the number

of classes model access to in finetuning stage. The number of classes varies from all classes,

i.e., 64 classes, to 8 classes. Each task contains 5 classes. For finetuning tasks, each class

contains 1 shot image and 10 query images. For target tasks, each class contains the 1-shot

image and 15 query images.

Table C.1 shows the accuracy of ViT-B32 across different numbers of classes during

the finetuning stage. The “Class 0” represents direct evaluation without any finetuning.
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# limited classes 64 32 16 8 0
Accuracy 90.02 ± 0.15 88.54 ± 1.11 87.94 ± 0.22 87.07 ± 0.20 83.03 ± 0.24

Table C.1: Class diversity on ViT-B32 backbone on miniImageNet.

We observe that finetuning the model leads to an average accuracy improvement of 4%.

Furthermore, as the diversity of classes increases, we observe a corresponding increase

in performance. This indicates that incorporating a wider range of classes during the

finetuning process enhances the model’s overall accuracy.

For task diversity, we also use dataset Omniglot [149]. The Omniglot dataset is designed

to develop more human-like learning algorithms. It contains 1623 different handwritten

characters from 50 different alphabets. The 1623 classes are divided into 964, 301, and

358 classes as training, validation, and testing sets respectively. We sample multitask in

finetuning stage from training data and the target task from testing data.

# limited classes 964 482 241 50 10 0
Accuracy 95.35 ± 0.14 95.08 ± 0.14 94.29 ± 0.15 88.48 ± 0.20 80.26 ± 0.24 74.69 ± 0.26

Table C.2: Class diversity on ViT-B32 backbone on Omniglot.

Table C.2 shows the accuracy of ViT-B32 on different numbers of classes in finetuning

stage, where class 0 indicates direct evaluation without finetuning. Finetuning improves

the average accuracy by 5.5%. As class diversity increases, performance increases.

tieredImageNet

We then show results on tieredImageNet across learning settings for the ViT-B backbone.

We follow the same setting where we restrain each task that contains 15 classes.

We found that using more classes from related data sources during finetuning improves

accuracy. This result indicates that upon maintaining consistency, a trend is observed

where increased diversity leads to an enhancement in performance.
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Pretrained 351 175 43 10

DINOv2 84.74 82.75 82.60 82.16
CLIP 68.57 67.70 67.06 63.52
Supervised 89.97 89.69 89.19 88.92

Table C.3: The performance of the ViT-B backbone using different pretraining methods on
tieredImagenet, varying the number of classes accessible to the model during the finetuning stage.
Each column represents the number of classes within the training data.

C.5.4 Ablation Study

In Section 4.3 and the result in Table 4.2, we utilize the train split from the same dataset

to construct the finetuning data. It is expected that the finetuning data possess a diversity

and consistency property, encompassing characteristics that align with the test data while

also focusing on its specific aspects.

In the following ablation study, we explore the relationship between the diversity and

consistency of data in finetuning tasks, sample complexity, and finetuning methods. We

seek to answer the following questions: Does multitask finetuning benefit only from certain

aspects? How do these elements interact with each other?

Violate both consistency and diversity: Altering Finetuning Task Data with

Invariant Sample Complexity

In this portion, we examine the performance when the model is finetuned using data

completely unrelated to the target task data. With the same finetuning sample complexity,

the performance cannot be compared to the accuracy we have currently attained.

In this section, we present the performance of MoCo v3 with a ViT-B backbone on the

DomainNet dataset. We finetuned the model using either ImageNet data or DomainNet

train-split data and evaluated its performance on the test-split of DomainNet. We observed

that finetuning the model with data selected from the DomainNet train-split resulted in

improved performance on the target task. This finding aligns with our expectations and

highlights the significance of proper finetuning data selection.
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When considering the results presented in Table C.4, we also noticed that for MoCo

v3 with a ResNet50 backbone and DINO v2 with a ViT-S backbone, multitask finetuning

on ImageNet led to a decrease in model performance compared to direct adaptation. This

suggests that inappropriate data selection can have a detrimental effect on the final model

performance. This conclusion is also supported by the findings of [148].

pretrained backbone FT data Accuracy

MoCo v3 ViT-B ImageNet 24.88 (0.25)
DomainNet 32.88 (0.29)

ResNet50 ImageNet 27.22 (0.27)
DomainNet 33.53 (0.30)

DINO v2 ViT-S ImageNet 51.69 (0.39)
DomainNet 61.57 (0.40)

ViT-B ImageNet 62.32 (0.40)
DomainNet 68.22 (0.40)

Supervised ViT-B ImageNet 31.16 (0.31)
DomainNet 48.02 (0.38)

ResNet50 ImageNet 29.56 (0.28)
DomainNet 39.09 (0.34)

Table C.4: Finetuning data selection on model performance. FT data: dataset we select for
multitask finetuning. Report the accuracy on the test-split of DomainNet.

Violating consistency while retaining diversity: The Trade-Off between Task

Consistency and Sample Complexity

Finetuning tasks with superior data are expected to excel under identical complexity, a

natural question can be proposed: Does additional data enhance performance? Our results

in this section negate this question. Testing the model on the DomainNet test-split, we

employ two settings. In the first setting, we finetune the model on the DomainNet train-split.

In the second, the model is finetuned with a combination of the same data from DomainNet

as in the first setting, along with additional data from ImageNet.
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Within our theoretical framework, mixing data satisfies diversity but fails consistency.

The finetuning data, although containing related information, also encompasses excessive

unrelated data. This influx of unrelated data results in a larger consistency parameter κ in

our theoretical framework, adversely impacting model performance on the target task. We

offer empirical evidence to affirm our theoretical conclusion.

Pretrained DomainNet DomainNet + ImageNet

DINOv2 68.22 66.93
CLIP 64.97 63.48
Supervised 48.02 43.76

Table C.5: Results evaluating on DomainNet test-split using ViT-B backbone. First column shows
performance where model finetune on data from DomainNet train-split alone, second column shows
the performance of the model finetuned using a blend of the same data from DomainNet, combined
with additional data from ImageNet.

Table C.5 shows mixed data of domainNet and ImageNet will doesn’t provide the same

advantages as using only DomainNet data. In this case, an increasing in data does not

necessarily mean better performance.

Diversity and Consistency of Task Data and Finetuning Methods

To provide a more comprehensive understanding of the impact of task data and finetuning

methods on model performance, we conduct additional experiments, utilizing varying

finetuning methods and data. The model is tested on the DomainNet test split. We employ

either multitask finetuning or standard finetuning, where a linear layer is added after

the pretrained model. This linear layer maps the representations learned by encoders to

the logits. The data of finetuning tasks derive from either the DomainNet train-split or

ImageNet.

In Table C.6, we detail how data quality and finetuning methods of tasks impact

the ultimate performance. Standard finetuning (SFT) with unrelated data diminishes

performance compared to direct adaptation (col-1 vs col-2). On the other hand, multitask

finetuning using unrelated data (ImageNet), or SFT with related data (DomainNet), both
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1 2 3 4 5
Pretrained Adaptation ImageNet (SFT) ImageNet (Ours) DomainNet (SFT) DomainNet (Ours)

DINOv2 61.65 59.80 62.32 61.84 68.22
CLIP 46.39 46.50 58.94 47.72 64.97
Supervised 28.70 28.52 31.16 30.93 48.02

Table C.6: Results evaluating on DomainNet test-split using ViT-B backbone. Adaptation:
Direction adaptation without finetuning; SFT: Standard finetuning; Ours: Our multitask finetuning.
Col-1 shows performance without any finetuning, Col-2,3,4,5 shows performance with different
finetuning methods and data.

outperform direct adaptation. However, multitask finetuning with unrelated data proves

more beneficial than the latter (col-3 vs col-4). The peak performance is attained through

multitask finetuning on related data (col-5).

Ablation Study on Task Selection Algorithm

We show a simplified diagram for task selection in Figure 4.2.

We first provide some details of Table 4.1. We first create an array of finetuning tasks,

and then apply our task selection algorithm to these tasks. Specifically, we design 100

finetuning tasks by randomly selecting 15 classes, each providing 1 support sample and 10

query samples. The target tasks remain consistent with those discussed in Section 4.3. For

a more comprehensive analysis of our algorithm, we performed ablation studies on the task

selection algorithm, concentrating solely on either consistency or diversity, while violating

the other. Violate Diversity: If the algorithm terminates early without fulfilling the

stopping criteria, the data utilized in finetuning tasks fails to encompass all the attributes

present in the target data. This leads to a breach of the diversity principle. Violate

Consistency: Conversely, if the algorithm persists beyond the stopping criteria, the

finetuning tasks become overly inclusive, incorporating an excessive amount of unrelated

data, thus breaching the consistency.

This section details an ablation study on task selection for the dataset, we implement

our task selection process on a meta-dataset, treating each dataset as a distinct task and

choosing datasets to serve as data sources for the finetuning tasks. We show the result in

Table C.7.
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Pretrained Selection INet Omglot Acraft CUB QDraw Fungi Flower Sign COCO

CLIP All 60.87 70.53 31.67 66.98 40.28 34.88 80.80 37.82 33.71
Selected 60.87 77.93 32.02 69.15 42.36 36.66 80.92 38.46 37.21

DINOv2 All 83.04 72.92 36.52 94.01 49.65 52.72 98.54 34.59 47.05
Selected 83.04 80.29 36.91 94.12 52.21 53.31 98.65 36.62 50.09

MoCo v3 All 59.62 60.85 18.72 40.49 40.96 32.65 59.60 33.94 33.42
Selected 59.62 63.08 19.03 40.74 41.16 32.89 59.64 35.25 33.51

Table C.7: Results evaluating our task selection algorithm on Meta-dataset using ViT-B backbone.

Table C.7 indicates that maintaining both consistency and diversity in the task selection

algorithm is essential for optimal performance. This is evident from the comparison

between the Random selection and the our approach, where the latter often shows improved

performance across multiple datasets. ImageNet as the target task is an exception where

the two approaches give the best results. Due to its extensive diversity, all samples from

all other datasets are beneficial for finetuning. Consequently, the task selection algorithm

tends to select all the candidate tasks.

C.5.5 Task Selection Algorithm on DomainNet

We verify our task selection algorithm by applying it on DomainNet. Here, the mini-

ImageNet test-split is regarded as the target task source, and diverse domains (such as

clipart (clp), infograph (inf), quickdraw (qdr), real (rel), and sketch (skt)) are considered as

sources for finetuning tasks. We view different domain datasets as distinct finetuning tasks.

With 6 domains in focus, our objective is to select a subset that optimizes model performance.

We systematically apply Algorithm 2. Initially, we calculate the cosine similarity of mean

embeddings between each domain and target tasks, ordering them from most to least similar:

real, painting, sketch, clipart, infograph, and quickdraw. Sequentially adding datasets in

this order, the process continues until the diversity score (1 over Mahalanobis distance)

stops exhibiting significant increase.

As we can see in Figure C.1, the diversity does not increase when we just select real

and painting as our finetuning task data. For a comprehensive analysis, each combination

is finetuned and the model performance accuracy on the target task is displayed.
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Figure C.1: Dataset selection based on consistency and diversity on domainNet. Figure C.1a
shows the consistency. Figure C.1b shows the diversity.
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Figure C.2: Finetuning with different selection of domain datasets, where rp: real and painting ;
rps: real and painting and sketch and so on.

As we can see in Figure C.2,the accuracy aligns with the conclusions drawn based on

consistency and diversity. Remarkably, only real and painting suffice for the model to excel

on the target task.

C.5.6 More Results with CLIP Encoder

In this section, we show additional results on CLIP [221] model.

We can observe from Table C.8 standard finetuning improves performance compared

to direct adaptation. However, our proposed multitask finetuning approach consistently
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miniImageNet tieredImageNet DomainNet

backbone method 1-shot 5-shot 1-shot 5-shot 1-shot 5-shot

CLIP-ViTB32 Direct Adaptation 68.41 (0.54) 87.43 (0.15) 59.55 (0.21) 79.51 (0.27) 46.48 (0.37) 72.01 (0.29)
Standard FT 69.39 (0.30) 88.39 (0.15) 61.20 (0.37) 80.65 (0.27) 47.72 (0.37) 72.82 (0.29)
Multitask FT (Ours) 78.62 (0.15) 93.22 (0.11) 68.57 (0.37) 84.79 (0.22) 64.97 (0.39) 80.49 (0.25)

CLIP-ResNet50 Direct Adaptation 61.31 (0.31) 82.03 (0.18) 51.76 (0.36) 71.40 (0.30) 40.55 (0.36) 64.90 (0.31)
Standard FT 63.15 (0.31) 83.45 (0.17) 55.77 (0.35) 75.28 (0.29) 43.77 (0.38) 67.30 (0.31)
Multitask FT (Ours) 67.03 (0.30) 85.09 (0.17) 57.56 (0.36) 75.80 (0.28) 52.67 (0.39) 72.19 (0.30)

Table C.8: Comparison on 15-way classification. Average few-shot classification accuracies
(%) with 95% confidence intervals clip encoder.

achieves even better results than the standard baseline.

Task (M) vs Sample (m). We vary the task size and sample size per task during

finetuning. We verify the trend of different numbers of tasks and numbers of images per

task. Each task contains 5 classes. For finetuning tasks, m = 50 indicates each class

contains the 1-shot image and 9-query images. m = 100 indicates each class contains 2-shot

and 18-query images. m = 200 indicates each class contains 4-shot and 36-query images.

M = m = 0 indicates direct evaluation without finetuning. For target tasks, each class

contains the 1-shot image and 15 query images.

Task (M)
Sample (m) 0 50 100 200

0 83.03 ± 0.24
200 89.07 ± 0.20 89.95± 0.19 90.09 ± 0.19
400 89.31 ± 0.19 90.11± 0.19 90.70 ± 0.18
800 89.71 ± 0.19 90.27± 0.19 90.80 ± 0.18

Table C.9: Accuracy with a varying number of tasks and samples (ViT-B32 backbone).

Table C.9 shows the results on the pretrained CLIP model using the ViT backbone.

For direct adaptation without finetuning, the model achieves 83.03% accuracy. Multitask

finetuning improves the average accuracy at least by 6%. For a fixed number of tasks or

samples per task, increasing samples or tasks improves accuracy. These results suggest that

the total number of samples (M ×m) will determine the overall performance, supporting

our main theorem.
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Few-shot Effect. We perform experiments on the few-shot effects of finetuning tasks.

We aim to evaluate whether increasing the number of few-shot images in the finetuning

task leads to significant improvements. Each finetuning task consists of 5 classes, and we

maintain a fixed number of 10 query images per class while gradually increasing the number

of shot images, as illustrated in Table C.10. As for the target tasks, we ensure each class

contains 1 shot image and 15 query images for evaluation.

# shot images 20 10 5 1 0
Accuracy 91.03 ± 0.18 90.93 ± 0.18 90.54 ± 0.18 90.02 ± 0.15 83.03 ± 0.24

Table C.10: Few-shot effect on ViT-B32 backbone on miniImageNet.

Table C.10 displays the accuracy results of ViT-B32 when varying the number of few-shot

images in the finetuning tasks. We observe that increasing the number of few-shot images,

thereby augmenting the sample size within each task, leads to improved performance.

This finding is quite surprising, considering that the finetuning tasks and target tasks

have different numbers of shot images. However, this aligns with our understanding of

sample complexity, indicating that having access to more training examples can enhance

the model’s ability to generalize and perform better on unseen data.

C.5.7 Sample Complexity on Performance for tieredImageNet

We provide a table and visualization of the trend of the number of tasks and the number

of samples per task for the MoCo v3 ViT model on tieredImageNet in Table C.11 and

Figure C.3.

As demonstrated in the paper, we have observed that increasing the number of tasks

generally leads to performance improvements, while keeping the number of samples per task

constant. Conversely, when the number of samples per task is increased while maintaining

the same number of tasks, performance also tends to improve. These findings emphasize the

positive relationship between the number of tasks and performance, as well as the influence

of sample size within each task.
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Task (M)
Sample (m) 150 300 450 600

200 68.32 (0.35) 71.42 (0.35) 73.84 (0.35) 75.58 (0.35)
400 71.41 (0.35) 75.60 (0.35) 77.57 (0.34) 78.66 (0.34)
600 73.85 (0.35) 77.59 (0.34) 79.04 (0.33) 79.76 (0.33)
800 75.56 (0.35) 78.68 (0.34) 79.78 (0.33) 80.26 (0.33)

Table C.11: Accuracy with a varying number of tasks and samples (ViT-B32 backbone).

Figure C.3: Finetuning using tieredImageNet train-split, test on test-split.

C.5.8 Full results for Effectiveness of Multitask Finetuning

In this section, we provide another baseline in complement to the results in Section 4.3.3.

We incorporated the Model-Agnostic Meta-Learning (MAML) algorithm, as outlined by

[82], as another baseline for our few-shot tasks. MAML operates in a two-step process: it

initially updates parameters based on within-episode loss (the inner loop), then it evaluates

and updates loss based on learned parameters (the outer loop). We follow the pipeline in

[265] to implement MAML for few-shot tasks. We show results in Table C.12.

Table C.12 reveals that MAML exhibits variable performance across different settings.

For instance, it outperforms both Adaptation and Standard FT methods in scenarios like

MoCo v3 ViT-B on miniImageNet, DomainNet, and ResNet 50 on supervised training

for tieredImageNet. However, its performance is less impressive in other contexts, such

as DINOv2 ViT-B on miniImageNet and ViT-B on supervised training for miniImageNet.

This variability in performance is attributed to the constraints of our few-shot tasks, where

the limited number of support samples restricts the model’s capacity to adapt to new tasks.
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miniImageNet tieredImageNet DomainNet

pretrained backbone method 1-shot 5-shot 1-shot 5-shot 1-shot 5-shot

MoCo v3 ViT-B Adaptation 75.33 (0.30) 92.78 (0.10) 62.17 (0.36) 83.42 (0.23) 24.84 (0.25) 44.32 (0.29)
Standard FT 75.38 (0.30) 92.80 (0.10) 62.28 (0.36) 83.49 (0.23) 25.10 (0.25) 44.76 (0.27)
MAML 79.26 (0.28) 93.02 (0.08) 67.96 (0.32) 84.66 (0.19) 28.91 (0.39) 51.12 (0.28)
Ours 80.62 (0.26) 93.89 (0.09) 68.32 (0.35) 85.49 (0.22) 32.88 (0.29) 54.17 (0.30)

ResNet50 Adaptation 68.80 (0.30) 88.23 (0.13) 55.15 (0.34) 76.00 (0.26) 27.34 (0.27) 47.50 (0.28)
Standard FT 68.85 (0.30) 88.23 (0.13) 55.23 (0.34) 76.07 (0.26) 27.43 (0.27) 47.65 (0.28)
MAML 69.28 (0.26) 88.78 (0.12) 55.31 (0.32) 75.51 (0.19) 27.53 (0.39) 47.73 (0.28)
Ours 71.16 (0.29) 89.31 (0.12) 58.51 (0.35) 78.41 (0.25) 33.53 (0.30) 55.82 (0.29)

DINO v2 ViT-S Adaptation 85.90 (0.22) 95.58 (0.08) 74.54 (0.32) 89.20 (0.19) 52.28 (0.39) 72.98 (0.28)
Standard FT 86.75 (0.22) 95.76 (0.08) 74.84 (0.32) 89.30 (0.19) 54.48 (0.39) 74.50 (0.28)
MAML 86.67 (0.24) 95.54 (0.08) 74.63 (0.34) 89.60 (0.19) 52.72 (0.34) 73.35 (0.28)
Ours 88.70 (0.22) 96.08 (0.08) 77.78 (0.32) 90.23 (0.18) 61.57 (0.40) 77.97 (0.27)

ViT-B Adaptation 90.61 (0.19) 97.20 (0.06) 82.33 (0.30) 92.90 (0.16) 61.65 (0.41) 79.34 (0.25)
Standard FT 91.07 (0.19) 97.32 (0.06) 82.40 (0.30) 93.07 (0.16) 61.84 (0.39) 79.63 (0.25)
MAML 90.77 (0.18) 97.20 (0.08) 82.54 (0.32) 92.88 (0.19) 62.30 (0.39) 79.01 (0.28)
Ours 92.77 (0.18) 97.68 (0.06) 84.74 (0.30) 93.65 (0.16) 68.22 (0.40) 82.62 (0.24)

Supervised ViT-B Adaptation 94.06 (0.15) 97.88 (0.05) 83.82 (0.29) 93.65 (0.13) 28.70 (0.29) 49.70 (0.28)
pretraining Standard FT 95.28 (0.13) 98.33 (0.04) 86.44 (0.27) 94.91 (0.12) 30.93 (0.31) 52.14 (0.29)
on ImageNet MAML 95.35 (0.12) 98.50 (0.08) 86.79 (0.32) 94.72 (0.19) 30.53 (0.39) 52.21 (0.28)

Ours 96.91 (0.11) 98.76 (0.04) 89.97 (0.25) 95.84 (0.11) 48.02 (0.38) 67.25 (0.29)

ResNet50 Adaptation 81.74 (0.24) 94.08 (0.09) 65.98 (0.34) 84.14 (0.21) 27.32 (0.27) 46.67 (0.28)
Standard FT 84.10 (0.22) 94.81 (0.09) 74.48 (0.33) 88.35 (0.19) 34.10 (0.31) 55.08 (0.29)
MAML 82.07 (0.28) 94.12 (0.08) 75.69 (0.32) 89.30 (0.19) 35.10 (0.39) 56.51 (0.28)
Ours 87.61 (0.20) 95.92 (0.07) 77.74 (0.32) 89.77 (0.17) 39.09 (0.34) 60.60 (0.29)

Table C.12: Results of few-shot image classification. We report average classification
accuracy (%) with 95% confidence intervals on test splits. Adaptation: Direction adaptation
without finetuning; Standard FT: Standard finetuning; MAML: MAML algorithm in [82]; Ours:
Our multitask finetuning; 1-/5-shot: number of labeled images per class in the target task.

Despite these fluctuations, our multitask finetuning approach consistently surpasses the

mentioned baselines, often by a significant margin, across all evaluated scenarios.
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C.6 NLP Experimental Results

We first provide a summary of the experimental setting and results in the below subsection.

Then we provide details in the following subsections.

C.6.1 Summary

To further validate our approach, we conducted prompt-based finetuning experiments on

masked language models, following the procedure outlined in [95].

Datasets and Models. We consider a collection of 14 NLP datasets, covering 8 single-

sentence and 6 sentence-pair English tasks. This collection includes tasks from the GLUE

benchmark [276], as well as 7 other popular sentence classification tasks. The objective is

to predict the label based on a single sentence or a sentence-pair. Specifically, the goal is

to predict sentiments for single sentences or to estimate the relationship between sentence

pairs. Each of the datasets is split into training and test set. See details in Appendix C.6.2.

We experiment with a pretrained model RoBERTa [166].

Experiment Protocols. We consider prompt-based finetuning for language models [95].

This approach turns a prediction task into a masked language modeling problem, where

the model generates a text response to a given task-specific prompt as the label. Our

experiment protocol follows [95]. The experiments are divided into 14 parallel experiments,

each corresponding to a dataset. For the few-shot experiment, we use test split data as the

target task data and sample 16 examples per class from the train split as finetuning data.

The evaluation metric is measured by prompt-based prediction accuracy.

During the testing stage, we conduct experiments in zero-shot and few-shot settings for

a given dataset. In the zero-shot setting, we directly evaluate the model’s prompt-based

prediction accuracy. In the few-shot setting, we finetune the model using support samples

from the same dataset and assess its accuracy on the test split. For multitask finetuning, we

select support samples from other datasets and construct tasks for prompt-based finetuning.
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SST-2 SST-5 MR CR MPQA Subj TREC CoLA
(acc) (acc) (acc) (acc) (acc) (acc) (acc) (Matt.)

Prompt-based zero-shot 83.6 35.0 80.8 79.5 67.6 51.4 32.0 2.0
Multitask FT zero-shot 92.9 37.2 86.5 88.8 73.9 55.3 36.8 -0.065

Prompt-based FT† 92.7 (0.9) 47.4 (2.5) 87.0 (1.2) 90.3 (1.0) 84.7 (2.2) 91.2 (1.1) 84.8 (5.1) 9.3 (7.3)
Multitask Prompt-based FT 92.0 (1.2) 48.5 (1.2) 86.9 (2.2) 90.5 (1.3) 86.0 (1.6) 89.9 (2.9) 83.6 (4.4) 5.1 (3.8)

+ task selection 92.6 (0.5) 47.1 (2.3) 87.2 (1.6) 91.6 (0.9) 85.2 (1.0) 90.7 (1.6) 87.6 (3.5) 3.8 (3.2)

MNLI MNLI-mm SNLI QNLI RTE MRPC QQP
(acc) (acc) (acc) (acc) (acc) (F1) (F1)

Prompt-based zero-shot 50.8 51.7 49.5 50.8 51.3 61.9 49.7
Multitask FT zero-shot 63.2 65.7 61.8 65.8 74.0 81.6 63.4

Prompt-based FT† 68.3 (2.3) 70.5 (1.9) 77.2 (3.7) 64.5 (4.2) 69.1 (3.6) 74.5 (5.3) 65.5 (5.3)
Multitask Prompt-based FT 70.9 (1.5) 73.4 (1.4) 78.7 (2.0) 71.7 (2.2) 74.0 (2.5) 79.5 (4.8) 67.9 (1.6)

+ task selection 73.5 (1.6) 75.8 (1.5) 77.4 (1.6) 72.0 (1.6) 70.0 (1.6) 76.0 (6.8) 69.8 (1.7)

Table C.13: Results of few-shot learning with NLP benchmarks. All results are obtained
using RoBERTa-large. We report mean (and standard deviation) of metrics over 5 different splits.
†: Result in [95]; FT: finetuning; task selection: select multitask data from customized datasets.

We then evaluate the performance of the finetuned model on the target task. More details

can be found in Appendix C.6.3.

Task Selection. We select datasets by using task selection algorithm of feature vectors,

which are obtained by computing the representations of each dataset and analyzing their

relationship. We first obtain text features for each data point in the dataset. We select

few-shot samples for generating text features. For each example, we replace the masked

word with the true label in its manual template, then we forward them through the BERT

backbone. Then, we compute the first principal component to obtain a feature vector

for each dataset. Dataset selection provides certain improvements on some datasets, as

elaborated below. Further details can be found in Appendix C.6.4.

Results. Our results are presented in Table C.13. Again, our method outperforms direct

adaptation on target tasks across most datasets. For zero-shot prediction, our method

provides improvements on all datasets except CoLA. Our multitask finetuning approach

results in performance improvements on 12 out of 15 target tasks for few-shot prediction,

with the exceptions being SST-2, Subj, and CoLA. CoLA is also reported by [95] as an

exception that contains non-grammatical sentences that are outside of the distribution of the

pretrained language model. SST-2 already achieves high accuracy in zero-shot prediction,
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and our model performs best in such setting. Subj is unique in that its task is to predict

whether a given sentence is subjective or objective, therefore multitasking with few-shot

samples from other datasets may not provide significant improvement for this task.

C.6.2 Datasets and Models

The text dataset consisted of 8 single-sentence and 6 sentence-pair English tasks, including

tasks from the GLUE benchmark [276], as well as 7 other popular sentence classification

tasks (SNLI [37], SST-5 [250], MR [215], CR [127], MPQA [293], Subj [214], TREC [273]).

The objective was to predict the label based on a single sentence or a sentence-pair.

Specifically, for single sentences, we aimed to predict their semantics as either positive or

negative, while for sentence-pairs, we aimed to predict the relationship between them. We

experiment with the pretrained model RoBERTa. We have 14 datasets in total. We split

each dataset into train and test split, see details below. We experiment with the pretrained

model RoBERTa.

We follow [95] in their train test split. We use the original development sets of SNLI

and datasets from GLUE for testing. For datasets such as MR, CR, MPQA, and Subj that

require a cross-validation evaluation, we randomly select 2,000 examples for testing and

exclude them from training. For SST5 and TREC, we utilize their official test sets.

To construct multitask examples from support samples, we gather support samples

from all datasets except the testing dataset. For each task, we randomly select ten support

samples and prompt-based finetuning the model.

C.6.3 Experiment Protocols

[95] proposed a prompt-based finetuning pipeline for moderately sized language models such

as BERT, RoBERTa. Prompt-based prediction converts the downstream prediction task as a

(masked) language modeling problem, where the model directly generates a textual response

also known as a label word, to a given prompt defined by a task-specific template. As

an illustration, consider the SST-2 dataset, which comprises sentences expressing positive
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Task Template Label words

SST-2 <S1> It was [MASK] . positive: great, negative: terrible
SST-5 <S1> It was [MASK] . v.positive: great, positive: good, neutral: okay, negative: bad, v.negative: terrible
MR <S1> It was [MASK] . positive: great, negative: terrible
CR <S1> It was [MASK] . positive: great, negative: terrible
Subj <S1> This is [MASK] . subjective: subjective, objective: objective
TREC [MASK] : <S1> abbreviation: Expression, entity: Entity, description: Description

human: Human, location: Location, numeric: Number
COLA <S1> This is [MASK] . grammatical: correct, not_grammatical: incorrect

MNLI <S1> ? [MASK] , <S2> entailment: Yes, netural: Maybe, contradiction: No
SNLI <S1> ? [MASK] , <S2> entailment: Yes, netural: Maybe, contradiction: No
QNLI <S1> ? [MASK] , <S2> entailment: Yes, not_entailment: No
RTE <S1> ? [MASK] , <S2> entailment: Yes, not_entailment: No
MRPC <S1> [MASK] , <S2> equivalent: Yes, not_equivalent: No
QQP <S1> [MASK] , <S2> equivalent: Yes, not_equivalent: No

Table C.14: Manual templates and label words that we used in our experiments, following [95].

or negative sentiment. The binary classification task can be transformed into a masked

prediction problem using the template <S>, it was <MASK>., where <S> represents the

input sentence and <MASK> is the label word (e.g., "great" or "terrible") that the model is

supposed to predict, see full templates in Table C.14. Prompt-based finetuning updates

the model with prompt-based prediction loss for a given example, such as a sentence or

sentence-pair.

To conduct the few-shot experiment, we use all data from the test split as the target

task data for each dataset, and sample 16 examples per class from the train split as the

support samples. The experiments are divided into 14 parallel experiments, with each

corresponding to one dataset. The evaluation accuracy is measured as the prompt-based

prediction accuracy. We subsampled 5 different sets of few-shot examples to run replicates

experiments and report average performance.

During the testing stage, for a given dataset (e.g. QNLI), we consider the entire test

split as the target task and divide the experiment into zero-shot and few-shot settings.

In the zero-shot setting, we directly evaluate the model by measuring the accuracy of

prompt-based predictions. In the few-shot setting, we first prompt-based finetune the model

with support samples from the same dataset (QNLI) and then evaluate the accuracy on the

test split. This experimental protocol follows the same pipeline as described in [95].
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To perform multitask finetuning for a target task on a particular dataset (e.g. QNLI),

we select support samples from other datasets (e.g. SST-2, Subj, QQP, etc.) as finetuning

examples. We construct tasks using these examples and apply the same prompt-based

finetuning protocol to multitask finetune the model on these tasks. Finally, we evaluate the

performance of the finetuned model on the target task.

C.6.4 Task Selection

The importance of the relationship between the data used in the training tasks and the target

task cannot be overstated in multitask finetuning. Our theory measures this relationship

through diversity and consistency statements, which require that our finetuning data are

diverse enough to capture the characteristics of the test data, while still focusing on the

specific regions where the test data aligns. We visualize this diversity and relationship

through the feature maps of the datasets.

Figure C.4: Linear similarity among features vectors among 14 language datasets.

To visualize the relationship between feature vectors of different datasets, we first obtain

text features for each data point in the dataset. We select few-shot samples for generating
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cola: mr, cr,sst-2,sst-5,subj
sst-2: cola,mr, cr,sst-5,subj,

mrpc: qnli, rte
qqp: snli, mnli
mnli: snli, qqp
snli: qqp, mnli
qnli: mrpc, rte
rte: mrpc, qnli

mr: cola, cr,sst-2,sst-5,subj
sst-5: cola,mr, cr,sst-2,subj
subj: cola,mr, cr,sst-2,sst-5

trec: mpqa
cr: cola,mr,sst-2,sst-5,subj

mpqa: trec

Table C.15: Dataset selection.

text features. For each example, we replace the masked word with the true label in its

manual template, then we forward them through the BERT backbone. The reason for using

BERT over RoBERTa is that the latter only has masked token prediction in pretraining, the

[CLS] in pretrained RoBERTa model might not contain as much sentence information as

BERT. Then, we compute the first principal component to obtain a feature vector for each

dataset. We illustrate the relationship between these feature vectors in Figure C.4.

We further perform training data selection based on the task selection algorithm among

the feature vectors, the selected dataset is shown in table Table C.15.

By performing task selection, we observed further improvements in multitask prompt-

based finetuning on MR, CR, TREC, MNLI, QNLI, and QQP datasets. However, it’s worth

noting that the CoLA dataset is an exception, as it involves predicting the grammaticality

of sentences, and its inputs may include non-grammatical sentences that are outside the

distribution of masked language models, as noted in [95]. Overall, our approach shows

promising results for multitask learning in language tasks.
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SST-2 SST-5 MR CR MPQA Subj TREC CoLA
(acc) (acc) (acc) (acc) (acc) (acc) (acc) (Matt.)

Prompt-based zero-shot 83.6 35.0 80.8 79.5 67.6 51.4 32.0 2.0
Multitask FT zero-shot 92.9 37.2 86.5 88.8 73.9 55.3 36.8 -0.065

+ task selection 92.5 34.2 87.1 88.7 71.8 72.0 36.8 0.001

Prompt-based FT† 92.7 (0.9) 47.4 (2.5) 87.0 (1.2) 90.3 (1.0) 84.7 (2.2) 91.2 (1.1) 84.8 (5.1) 9.3 (7.3)
Multitask Prompt-based FT 92.0 (1.2) 48.5 (1.2) 86.9 (2.2) 90.5 (1.3) 86.0 (1.6) 89.9 (2.9) 83.6 (4.4) 5.1 (3.8)

+ task selection 92.6 (0.5) 47.1 (2.3) 87.2 (1.6) 91.6 (0.9) 85.2 (1.0) 90.7 (1.6) 87.6 (3.5) 3.8 (3.2)

MNLI MNLI-mm SNLI QNLI RTE MRPC QQP
(acc) (acc) (acc) (acc) (acc) (F1) (F1)

Prompt-based zero-shot 50.8 51.7 49.5 50.8 51.3 61.9 49.7
Multitask FT zero-shot 63.2 65.7 61.8 65.8 74.0 81.6 63.4

+ task selection 62.4 64.5 65.5 61.6 64.3 75.4 57.6

Prompt-based FT† 68.3 (2.3) 70.5 (1.9) 77.2 (3.7) 64.5 (4.2) 69.1 (3.6) 74.5 (5.3) 65.5 (5.3)
Multitask Prompt-based FT 70.9 (1.5) 73.4 (1.4) 78.7 (2.0) 71.7 (2.2) 74.0 (2.5) 79.5 (4.8) 67.9 (1.6)

+ task selection 73.5 (1.6) 75.8 (1.5) 77.4 (1.6) 72.0 (1.6) 70.0 (1.6) 76.0 (6.8) 69.8 (1.7)

Table C.16: Results of few-shot learning with NLP benchmarks. All results are obtained
using RoBERTa-large. We report the mean (and standard deviation) of metrics over 5 different
splits. †: Result in [95] in our paper; FT: finetuning; task selection: select multitask data from
customized datasets.

Full Results with Task Selection

To complement task selection in Table C.13, we provide full results here and explain each

method thoroughly.

We first elaborate on what each method did in each stage. During the testing stage, we

conducted experiments in zero-shot and few-shot settings for a given dataset following [95],

who applied prompt-based methods on moderately sized language models such as RoBERTa.

Prompt-based finetuning method updates the model with prompt-based prediction loss for

a given example. The given example can either be from a testing dataset or other datasets.

Table C.16 shows our multitask finetuning and task selection provide helps on target

tasks, as detailed in Appendix C.6.1. We will elaborate on what each method did in the

“Multitask fintuning phase” and “Downstream phase”.

In the “Multitask fintuning phase”: For prompt-based zero-shot (col-1) and prompt-

based FT (col-4) we do not finetune any model. For Multitask Prompt-based finetuning

(col-2,3,5,6), we conduct prompt-based finetuning methods using finetuning(auxiliary) tasks.

The data of tasks are from datasets other than testing datasets. For instance, consider a

model designated to adapt to a dataset (say SST-2), we choose data from other datasets (mr,
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cr, etc. ) and combine these data together and form multiple auxiliary tasks, these tasks

updated the model using prompt-based finetuning methods. In the “downstream phase”

where we adapt the model: In the zero-shot setting (col-1,2,3), we directly evaluate the

model’s prompt-based prediction accuracy. In the few-shot setting (col-4,5,6), we finetune

the model using shot samples from the same dataset (sst-2) and assess its accuracy on the

test split.

Additional Results on simCSE

SST-2 SST-5 MR CR MPQA Subj TREC CoLA
(acc) (acc) (acc) (acc) (acc) (acc) (acc) (Matt.)

Prompt-based zero-shot 50.9 19.3 50 50 50 50.4 27.2 0
Multitask FT zero-shot 51.3 13.8 50 50 50 50.6 18.8 0

Prompt-based FT† 51.8(2.6) 20.5 (6.1) 50.6 (0.8) 50.8 (1.1) 52.3 (1.9) 55.4 (3.7) 19.8 (7.3) 0.8 (0.9)
Multitask Prompt-based FT 50.6 (0.7) 22.1 (6.2) 50.5 (1.0) 51.5 (1.7) 53.4 (2.7) 51.0 (1.4) 26.4 (8.5) 0.9 (1.3)

+ task selection 51.7 (1.7) 19.7 (5.6) 50.6 (0.8) 51.6 (1.6) 52.3 (2.7) 54.7 (2.5) 23.2 (9.9) 0.5 (0.7)

MNLI MNLI-mm SNLI QNLI RTE MRPC QQP
(acc) (acc) (acc) (acc) (acc) (F1) (F1)

Prompt-based zero-shot 35.4 35.2 33.8 50.5 47.3 1.4 1.5
Multitask FT zero-shot 35.4 35.2 33.6 49.5 47.3 53.8 53.8

Prompt-based FT† 32.9 (0.8) 33.0 (0.7) 33.7 (0.6) 50.6 (1.4) 48.7 (3.7) 79.2 (4.1) 53.5 (2.7)
Multitask Prompt-based FT 32.5 (0.6) 32.5 (0.7) 33.5 (0.4) 50.6 (2.4) 50.0 (2.0) 76.3 (6.5) 54.2 (0.8)

+ task selection 33.2 (1.2) 33.2 (1.1) 35.0 (0.8) 50.3 (0.4) 51.8 (2.0) 72.2 (10.8) 52.9 (3.0)

Table C.17: Our main results using simCSE [97]. We report mean (and standard deviation)
performance over 5 splits of few-shot examples. FT: fine-tuning; task selection: select multitask
data from customized dataset.

We present our results using the same approach as described in our paper. However,

we used a different pretrained loss, namely simCSE, as proposed by [97]. However, the

results are not promising, The reason is simCSE is trained with a contrastive loss instead

of masked language prediction, making it less suitable for prompt-based finetuning.

C.7 Vision Language Tasks

Pretrained vision-language as another type of foundation model has achieved tremendous

success across various downstream tasks. These models, such as CLIP [221] and ALIGN [139],

align images and text in a shared space, enabling zero-shot classification in target tasks.
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Finetuning such models has resulted in state-of-the-art accuracy in several benchmarks.

Vision-language model enables the classification of images through prompting, where

classification weights are calculated by a text encoder. The text encoder inputs text prompts

containing class information, and outputs features aligned with features from the vision

encoder in the same space.

However, standard finetuning can be affected by minor variations underperforming

direct adaptation [148, 295]. Additionally, standard finetuning can be computationally

expensive, as it requires training the model on a large amount of target task data.

We perform our multitask finetuning pipeline on the vision-language model and ob-

serve certain improvements. It’s worth mentioning although the vision-language model

is pretrained using contrastive learning, the model does not align with our framework.

Vision-language model computes contrastive loss between image and text encoder, whereas

our pretraining pipeline formulates the contrastive loss between the same representation

function ϕ for positive and negative sample pairs. Despite the discrepancy, we provide some

results below.

C.7.1 Improving Zero-shot Performance

We investigate the performance of CLIP models in a zero-shot setting, following the

established protocol for our vision tasks. Each task includes 50 classes, with one query

image per class. We employ text features combined with class information as the centroid

to categorize query images within the 50 classes. During adaptation, we classify among

randomly selected classes in the test split, which consists of 50 classes.

We experimented with our methods on tieredImageNet and DomainNet. The text

template utilized in tieredImageNet was adapted from the CLIP documentation. In

adaptation, we classify among all classes in the test split (160 classes in tieredImageNet

and 100 classes in DomainNet). For text features on tieredImageNet, we use 8 tem-

plates adapted from CLIP a photo of a {}, itap of a {}, a bad photo of the {},

a origami {}, a photo of the large {}, a {} in a video game, art of the {}, a
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photo of the small {}. For templates on DomainNet, we simply use a photo of a {}.

In the DomainNet The text template used for this experiment is "a photo of {}". We

perform Locked-Text Tuning, where we fixed the text encoder and update the vision encoder

alone.

Backbone Method tieredImageNet DomainNet
ViT-B Adaptation 84.43 (0.25) 70.93 (0.32)

Ours 84.50 (0.25) 73.31 (0.30)
ResNet50 Adaptation 81.01 (0.28) 63.61 (0.34)

Ours 81.02 (0.27) 65.55 (0.34)

Table C.18: Multitask finetune on zero-shot performance with CLIP model.

Table C.18 demonstrates that CLIP already exhibits a high level of zero-shot performance.

This is due to the model classifying images based on text information rather than relying

on another image from the same class, which enables the model to utilize more accurate

information to classify among query images. We show the effectiveness of zero-shot accuracy

in tieredImageNet and DomainNet. It is worth highlighting that our multitask finetuning

approach enhances the model’s zero-shot performance, particularly on the more realistic

DomainNet dataset. We have observed that our multitask finetuning pipeline yields greater

improvements for tasks on which the model has not been extensively trained.

C.7.2 Updating Text Encoder and Vision Encoder

We also investigated whether updating the text encoder will provide better performance. On

the tieredImageNet dataset, We finetune the text encoder and vision encoder simultaneously

using the contrastive loss, following the protocol in [109].

Method Zero-shot Multitask finetune
Accuracy 84.43 (0.25) 85.01 (0.76)

Table C.19: Multitask finetune on zero-shot performance with ViT-B32 backbone on tieredIma-
geNet.

In Table C.19, we observed slightly better improvements compared to updating the
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vision encoder alone. We anticipate similar performance trends across various datasets and

backbone architectures. We plan to incorporate these findings into our future work.

C.7.3 CoCoOp

We also multitask finetune the vision language model following the protocol outlined in

[324]. This approach involved prepending an image-specific token before the prompt to

enhance prediction accuracy. To generate this token, we trained a small model on the input

image. We evaluate the performance of our model on all classes in the test split, which

corresponds to a 160-way classification task. This allows us to comprehensively assess the

model’s ability to classify among a large number of categories.

Method Zero-shot Multitask finetune
ViT-B32 69.9 71.4

Table C.20: Multitask finetune on zero-shot performance with ViT-B32 backbone on tieredIma-
geNet.

Table C.20 showed the result of the performance of the CoCoOp method. We observed

an improvement of 1.5% in accuracy on direct adaptation.
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Appendix D

Discussions, Complete Proofs and

Additional Experiments in Chapter 5:

Why Larger Language Models do

In-context Learning Differently

D.1 Limitations

We study and understand an interesting phenomenon of in-context learning: smaller models

are more robust to noise, while larger ones are more easily distracted, leading to different

ICL behaviors. Although we study two stylized settings and give the closed-form solution,

our analysis cannot extend to real Transformers easily due to the high non-convex function

and complicated design of multiple-layer Transformers. Also, our work does not study

optimization trajectory, which we leave as future work. On the other hand, we use simple

binary classification real-world datasets to verify our analysis, which still has a gap for the

practical user using the LLM scenario.
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D.2 Deferred Proof for Linear Regression

D.2.1 Proof of Theorem 5.2.1

Here, we provide the proof of Theorem 5.2.1.

Theorem 5.2.1 (Optimal rank-r solution for regression). Recall the loss function ℓ̃ in

Lemma 5.2.1. Let

U∗, u∗ = argmin
U∈Rd×d,rank(U)≤r,u∈R

ℓ̃(U, u).

Then U∗ = cQV∗Q⊤, u = 1
c , where c is any nonzero constant, and V∗ = diag([v∗1, . . . , v

∗
d])

satisfies for any i ≤ r, v∗i = N
(N+1)λi+tr(D) and for any i > r, v∗i = 0.

Proof of Theorem 5.2.1. Note that,

argmin
U∈Rd×d,rank(U)≤r,u∈R

ℓ̃(U, u) = argmin
U∈Rd×d,rank(U)≤r,u∈R

ℓ̃(U, u)− min
U∈Rd×d,u∈R

ℓ̃(U, u)

= argmin
U∈Rd×d,rank(U)≤r,u∈R

(
ℓ̃(U, u)− min

U∈Rd×d,u∈R
ℓ̃(U, u)

)
.

Thus, we may consider Equation (D.4) in Lemma D.2.1 only. On the other hand, we have

Γ =

(
1 +

1

N

)
Λ +

1

N
tr(Λ)Id×d

=

(
1 +

1

N

)
QDQ⊤ +

1

N
tr(D)QId×dQ

⊤

=Q

((
1 +

1

N

)
D+

1

N
tr(D)Id×d

)
Q⊤.

We denote D′ =
(
1 + 1

N

)
D+ 1

N tr(D)Id×d. We can see Λ
1
2 = QD

1
2Q⊤, Γ

1
2 = QD′ 12Q⊤,

and Γ−1 = QD′−1Q⊤. We denote V = uQ⊤UQ. Since Γ and Λ are commutable and

the Frobenius norm (F -norm) of a matrix does not change after multiplying it by an
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orthonormal matrix, we have Equation (D.4) as

ℓ̃(U, u)− min
U∈Rd×d,u∈R

ℓ̃(U, u) =
1

2

∥∥∥Γ 1
2

(
uΛ

1
2UΛ

1
2 − ΛΓ−1

)∥∥∥2
F

=
1

2

∥∥∥Γ 1
2Λ

1
2
(
uU− Γ−1

)
Λ

1
2

∥∥∥2
F

=
1

2

∥∥∥D′ 12D
1
2

(
V −D′−1

)
D

1
2

∥∥∥2
F
.

As WKQ is a matrix whose rank is at most r, we have V is also at most rank r. Then, we

denote V∗ = argminV∈Rd×d,rank(V)≤r

∥∥∥D′ 12D
1
2

(
V −D′−1

)
D

1
2

∥∥∥2
F
. We can see that V∗ is

a diagonal matrix. Denote D′ = diag([λ′
1, . . . , λ

′
d]) and V∗ = diag([v∗1, . . . , v

∗
d]). Then, we

have

∥∥∥D′ 12D
1
2

(
V −D′−1

)
D

1
2

∥∥∥2
F

(D.1)

=

d∑
i=1

(
λ′
i

1
2λi

(
v∗i −

1

λ′
i

))2

(D.2)

=

d∑
i=1

((
1 +

1

N

)
λi +

tr(D)

N

)
λ2
i

(
v∗i −

1(
1 + 1

N

)
λi +

tr(D)
N

)2

. (D.3)

As V∗ is the minimum rank r solution, we have that v∗i ≥ 0 for any i ∈ [d] and if v∗i > 0,

we have v∗i = 1

(1+ 1
N )λi+

tr(D)
N

. Denote g(x) =
((

1 + 1
N

)
x+ tr(D)

N

)
x2
(

1

(1+ 1
N )x+ tr(D)

N

)2

=

x2
(

1

(1+ 1
N )x+ tr(D)

N

)
. It is easy to see that g(x) is an increasing function on [0,∞). Now, we

use contradiction to show that V∗ only has non-zero entries in the first r diagonal entries.

Suppose i > r, such that v∗i > 0, then we must have j ≤ r such that v∗j = 0 as V∗ is a rank

r solution. We find that if we set v∗i = 0, v∗j = 1

(1+ 1
N )λj+

tr(D)
N

and all other values remain

the same, Equation (D.3) will strictly decrease as g(x) is an increasing function on [0,∞).

Thus, here is a contradiction. We finish the proof by V∗ = uQ⊤U∗Q.

D.2.2 Behavior Difference

Theorem 5.2.2 (Behavior difference for regression). Let w = Q(s+ ξ) ∈ Rd where s, ξ ∈ Rd

are truncated and residual vectors defined above. The optimal rank-r solution fLSA,θ in
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Theorem 5.2.1 satisfies:

L(fLSA,θ; Ê)

:=Ex1,ϵ1,...,xM ,ϵM ,xq

(
fLSA,θ(Ê)− ⟨w,xq⟩

)2
=

1

M
∥s∥2(V∗)2D3 +

1

M

(
∥s+ ξ∥2D + σ2

)
tr
(
(V∗)2D2

)
+ ∥ξ∥2D +

∑
i∈[r]

s2iλi (λiv
∗
i − 1)2 .

Proof of Theorem 5.2.2. By Theorem 5.2.1, w.l.o.g, letting c = 1, the optimal rank-r

solution fLSA,θ satisfies θ = (WPV ,WKQ), and

W∗PV =

0d×d 0d

0⊤d 1

 ,W∗KQ =

U∗ 0d

0⊤d 0

 ,

where U∗ = QV∗Q⊤.

We can see that U∗ and Λ commute. Denote Λ̂ := 1
M

∑M
i=1 xix

⊤
i . Note that we have

ŷq =fLSA,θ(Ê)

=

0d×d 0d

0⊤d 1

(ÊÊ⊤

M

)U∗ 0d

0⊤d 0

xq

=

0d×d 0d

0⊤d 1


 1

M

(
xqx

⊤
q +

∑M
i=1 xix

⊤
i

)
1
M

(∑M
i=1 xix

⊤
i w +

∑M
i=1 ϵixi

)
1
M

(∑M
i=1w

⊤xix
⊤
i +

∑M
i=1 ϵix

⊤
i

)
1
M

∑M
i=1(w

⊤xi + ϵi)
2


·

U∗ 0d

0⊤d 0

xq

=

(
w⊤Λ̂ +

1

M

M∑
i=1

ϵix
⊤
i

)
U∗xq.
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Then, we have

Ex1,ϵ1,...,xM ,ϵM ,xq (ŷq − ⟨w,xq⟩)2

=Ex1,ϵ1,...,xM ,ϵM ,xq

(
w⊤Λ̂U∗xq +

1

M

M∑
i=1

ϵix
⊤
i U

∗xq −w⊤xq

)2

=E
[(

w⊤Λ̂U∗xq −w⊤xq

)2]
︸ ︷︷ ︸

(I)

+E

( 1

M

M∑
i=1

ϵix
⊤
i U

∗xq

)2


︸ ︷︷ ︸
(II)

,

where the last equality is due to i.i.d. of ϵi. We see that the label noise can only have an

effect in the second term. For the term (I) we have,

(I) =E
[(

w⊤Λ̂U∗xq −w⊤ΛU∗xq +w⊤ΛU∗xq −w⊤xq

)2]
=E

[(
w⊤Λ̂U∗xq −w⊤ΛU∗xq

)2]
︸ ︷︷ ︸

(III)

+E
[(

w⊤ΛU∗xq −w⊤xq

)2]
︸ ︷︷ ︸

(IV)

,

where the last equality is due to E[Λ̂] = Λ and Λ̂ is independent with xq. Note the fact

that U∗ and Λ commute. For the (III) term, we have

(III) =E
[
E
[(

w⊤Λ̂U∗xq

)2
+
(
w⊤ΛU∗xq

)2
− 2

(
w⊤Λ̂U∗xq

)(
w⊤ΛU∗xq

)]∣∣∣∣xq

]
=E

[(
w⊤Λ̂U∗xq

)2
−
(
w⊤ΛU∗xq

)2]
.
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By the property of trace, we have,

(III) =E
[
tr
(
Λ̂ww⊤Λ̂(U∗)2Λ

)]
− ∥w∥2(U∗)2Λ3

=E

[
1

M2
tr

((
M∑
i=1

xix
⊤
i

)
ww⊤

(
M∑
i=1

xix
⊤
i

)
(U∗)2Λ

)]
− ∥w∥2(U∗)2Λ3

=E
[
M − 1

M
tr
(
Λww⊤Λ(U∗)2Λ

)
+

1

M
tr
(
x1x

⊤
1 ww⊤x1x

⊤
1 (U

∗)2Λ
)]
− ∥w∥2(U∗)2Λ3

=− 1

M
∥w∥2(U∗)2Λ3 +

1

M
E
[
tr
(
x1x

⊤
1 ww⊤x1x

⊤
1 (U

∗)2Λ
)]

=− 1

M
∥w∥2(U∗)2Λ3 +

1

M
E
[
tr
((
∥w∥2ΛΛ + 2Λw⊤wΛ

)
(U∗)2Λ

)]
=

1

M
∥w∥2(U∗)2Λ3 +

1

M
∥w∥2Λ tr

(
(U∗)2Λ2

)
,

where the third last equality is by Lemma D.2.2. Furthermore, injecting w = Q(s+ ξ), as

ξ⊤V∗ is a zero vector, we have

(III) =
1

M
∥s+ ξ∥2(V∗)2D3 +

1

M
∥s+ ξ∥2D tr

(
(V∗)2D2

)
=

1

M
∥s∥2(V∗)2D3 +

1

M
∥s+ ξ∥2D tr

(
(V∗)2D2

)
.

Similarly, for the term (IV), we have

(IV) =E
[(

(s+ ξ)⊤Q⊤ΛU∗xq − (s+ ξ)⊤Q⊤xq

)2]
=E

[(
s⊤DV∗Q⊤xq − s⊤Q⊤xq − ξ⊤Q⊤xq

)2]
=s⊤(V∗)2D3s+ s⊤Ds+ ξ⊤Dξ − 2s⊤V∗D2s

=ξ⊤Dξ +
∑
i∈[r]

s2iλi

(
λ2
i (v

∗
i )

2 − 2λiv
∗
i + 1

)
=∥ξ∥2D +

∑
i∈[r]

s2iλi (λiv
∗
i − 1)2 ,

where the third equality is due to s⊤Aξ = 0 for any diagonal matrix A ∈ Rd×d.

Now, we analyze the label noise term. By U∗ and Λ being commutable, for the term
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(II), we have

(II) =
σ2

M2
E

( M∑
i=1

x⊤
i U

∗xq

)2


=
σ2

M2
E

tr
( M∑

i=1

xi

)⊤

U∗ΛU∗

(
M∑
i=1

xi

)
=
σ2

M
E
[
tr
(
x⊤
1 U

∗ΛU∗x1

)]
=
σ2

M
tr
(
(V∗)2D2

)
,

where all cross terms vanish in the second equality. We conclude by combining four

terms.

Theorem 5.2.3 (Behavior difference for regression, special case). Let 0 ≤ r ≤ r′ ≤ d and

w = Qs where s is r-dim truncated vector. Denote the optimal rank-r solution as f1 and

the optimal rank-r′ solution as f2. Then,

L(f2; Ê)− L(f1; Ê)

=
1

M

(
∥s∥2D + σ2

)( r′∑
i=r+1

(
Nλi

(N + 1)λi + tr(D)

)2
)
.

Proof of Theorem 5.2.3. Let V∗ = diag([v∗1, . . . , v
∗
d]) satisfying for any i ≤ r, v∗i = N

(N+1)λi+tr(D)

and for any i > r, v∗i = 0. Let V′∗ = diag([v′∗1, . . . , v
′∗
d]) be satisfied for any i ≤ r′, v′∗i =

N
(N+1)λi+tr(D) and for any i > r′, v′∗i = 0. Note that V∗ is a truncated diagonal matrix of
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V′∗. By Theorem 5.2.1 and Theorem 5.2.2, we have

L(f2; Ê)− L(f1; Ê) =

 1

M
∥s∥2(V′∗)2D3 +

1

M

(
∥s∥2D + σ2

)
tr
(
(V′∗)2D2

)
+
∑
i∈[r′]

s2iλi

(
λiv

′∗
i − 1

)2
−

 1

M
∥s∥2(V∗)2D3 +

1

M

(
∥s∥2D + σ2

)
tr
(
(V∗)2D2

)
+
∑
i∈[r]

s2iλi (λiv
∗
i − 1)2


=

1

M

(
∥s∥2D + σ2

) (
tr
(
(V′∗)2D2

)
− tr

(
(V∗)2D2

))
=

1

M

(
∥s∥2D + σ2

)( r′∑
i=r+1

(
Nλi

(N + 1)λi + tr(D)

)2
)
.

D.2.3 Auxiliary Lemma

Lemma D.2.1 provides the structure of the quadratic form of our MSE loss.

Lemma D.2.1 (Corollary A.2 in [315]). The loss function ℓ̃ in Lemma 5.2.1 satisfies

min
U∈Rd×d,u∈R

ℓ̃(U, u) = −1

2
tr[Λ2Γ−1],

where U = cΓ−1, u = 1
c for any non-zero constant c are minimum solution. We also have

ℓ̃(U, u)− min
U∈Rd×d,u∈R

ℓ̃(U, u) =
1

2

∥∥∥Γ 1
2

(
uΛ

1
2UΛ

1
2 − ΛΓ−1

)∥∥∥2
F
. (D.4)

Lemma D.2.2. Let x ∼ N (0,Λ), ϵ ∼ N (0, σ2) and y = ⟨w,x⟩+ ϵ, where w ∈ Rd is a fixed

vector. Then we have

E
[
y2xx⊤

]
=σ2Λ + ∥w∥2ΛΛ + 2Λw⊤wΛ,

E(yx)E(yx)⊤ =Λ⊤ww⊤Λ,

E
[
(yx− E(yx))(yx− E(yx))⊤

]
=σ2Λ + ∥w∥2ΛΛ + Λw⊤wΛ.

Proof of Lemma D.2.2. As y is a zero mean Gaussian, by Isserlis’ theorem [292, 180], for
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any i, j ∈ [d] we have

E[y2xixj ] =E[y2]E[xixj ] + 2E[yxi]E[yxj ]

=
(
σ2 +w⊤Λw

)
Λi,j + 2Λ⊤

i ww⊤Λj .

Thus, we have E
[
y2xx⊤] = (σ2 +w⊤Λw

)
Λ+2Λw⊤wΛ. Similarly, we also have E(yx)E(yx)⊤ =

Λ⊤ww⊤Λ. Thus, we have

E
[
(yx− E(yx))(yx− E(yx))⊤

]
=E

[
y2xx⊤ − yxE(yx)⊤ − E(yx)yx⊤ + E(yx)E(yx)⊤

]
=E

[
y2xx⊤

]
− E(yx)E(yx)⊤

=
(
σ2 +w⊤Λw

)
Λ + Λw⊤wΛ.

D.3 Deferred Proof for Parity Classification

D.3.1 Proof of Theorem 5.3.1

Here, we provide the proof of Theorem 5.3.1.

Proof of Theorem 5.3.1. Recall tτ = (iτ , jτ ). Let zτ ∈ Rd satisfy zτ,iτ = zτ,jτ = 2γ and all

other entries are zero. Denote V(i) = G⊤W(i)G. Notice that ∥W(i)∥2F = ∥V(i)∥2F . Thus,
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we denote V∗,(i) = G⊤W∗,(i)G. Then, we have

Eτ [ℓ (yτ,q · g(Xτ ,yτ ,xτ,q))]

=Eτ

ℓ
yτ,q

∑
i∈[m]

aiσ

[
y⊤
τ Xτ

N
W(i)xτ,q

]
=Eτ

ℓ
yτ,q

∑
i∈[m]

aiσ
[
z⊤τ V

(i)ϕτ,q

]
=Eτ

ℓ
yτ,q

∑
i∈[m]

aiσ
[
2γ(V

(i)
iτ ,:

+V
(i)
jτ ,:

)ϕτ,q

] .

We can see that for any i ∈ [m], |a∗i | = 1 and V
∗,(i)
j,l = 0 when j ̸= l. As ReLU is a

homogeneous function, we have

Eτ [ℓ (yτ,q · g∗(Xτ ,yτ ,xτ,q))]

= (1− pT )E

ℓ
2γϕτ,q,iτϕτ,q,jτ

∑
i∈[m]

a∗iσ
[
V

∗,(i)
iτ ,iτ

ϕτ,q,iτ +V
∗,(i)
jτ ,jτ

ϕτ,q,jτ

]∣∣∣∣∣∣tτ ∈ S1


︸ ︷︷ ︸

(I)

+ pT E

ℓ
2γϕτ,q,iτϕτ,q,jτ

∑
i∈[m]

a∗iσ
[
V

∗,(i)
iτ ,iτ

ϕτ,q,iτ +V
∗,(i)
jτ ,jτ

ϕτ,q,jτ

]∣∣∣∣∣∣tτ ∈ S2


︸ ︷︷ ︸

(II)

.
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We have

(I) =(1− pT ) ·

{
(
1

4
+ γ)E

ℓ
2γ

∑
i∈[m]

a∗iσ
[
V

∗,(i)
iτ ,iτ

+V
∗,(i)
jτ ,jτ

]∣∣∣∣∣∣tτ ∈ S1


+

1

4
E

ℓ
−2γ

∑
i∈[m]

a∗iσ
[
V

∗,(i)
iτ ,iτ
−V

∗,(i)
jτ ,jτ

]∣∣∣∣∣∣tτ ∈ S1


+ (

1

4
− γ)E

ℓ
2γ

∑
i∈[m]

a∗iσ
[
−V∗,(i)

iτ ,iτ
−V

∗,(i)
jτ ,jτ

]∣∣∣∣∣∣tτ ∈ S1


+

1

4
E

ℓ
−2γ

∑
i∈[m]

a∗iσ
[
−V∗,(i)

iτ ,iτ
+V

∗,(i)
jτ ,jτ

]∣∣∣∣∣∣tτ ∈ S1

}.
We can get a similar equation for (II).

We make some definitions to be used. We define a pattern as (z1, {(iτ , z2), (jτ , z3)}),

where z1, z2, z3 ∈ {±1}. We define a pattern is covered by a neuron means there exists

i ∈ [m], such that a∗i = z1 and sign(V
∗,(i)
iτ ,iτ

) = z2 and sign(V
∗,(i)
jτ ,jτ

) = z3. We define a neuron

as being positive when its a∗i = +1 and being negative when its a∗i = −1. We define a

pattern as being positive if z1 = +1 and being negative if z1 = −1.

Then all terms in (I) and (II) can be written as:

αE

ℓ
2γz1

∑
i∈[m]

a∗iσ
[
z2V

∗,(i)
iτ ,iτ

+ z3V
∗,(i)
jτ ,jτ

] ,

where α is the scalar term. Note that there are total k(k−1)
2 × 4 patterns in (I) and(

d(d−1)
2 − k(k−1)

2

)
× 4 patterns in (II). The loss depends on the weighted sum of non-

covered patterns. To have zero loss, we need all patterns to be covered by m neurons, i.e.,

(a∗,V∗,(1), . . . ,V∗,(m)).

Note that one neuron at most cover d(d−1)
2 patterns. Also, by 0 < pT <

1
4
−γ

d(d−1)
2

( 1
4
+γ)+ 1

4
−γ

,

we have

d(d− 1)

2
pT (

1

4
+ γ) < (1− pT )(

1

4
− γ),



357

which means the model will only cover all patterns in (I) before covering a pattern in (II)

in purpose.

Now, we show that the minimum number of neurons to cover all patterns in (I) and (II)

is 2(ν2 + 1).

First, we show that 2(ν2 + 1) neurons are enough to cover all patterns in (I)

and (II). For i ∈ [ν2] and iτ ∈ [d], V
(i)
iτ ,iτ

= (2 digit(bin(iτ − 1), i) − 1)/(4γ) and

all non-diagonal entries in V(i) being zero and ai = −1. For i = ν2 + 1 and iτ ∈ [d],

V
(i)
iτ ,iτ

= −ν2/(4γ) and all non-diagonal entries in V(i) being zero and ai = +1. For

i ∈ [2(ν2 + 1)] \ [ν2 + 1], let V(i) = −V(i−ν2−1) and ai = ai−ν2−1.

We can check that this construction can cover all patterns in (I) and (II) and only needs

2(ν2 + 1) neurons. V(ν2+1) and V(2(ν2+1)) cover all positive patterns. All other neurons

cover all negative patterns. This is because bin(iτ ) and bin(jτ ) have at least one digit

difference. If bin(iτ ) and bin(jτ ) are different in the i-th digit, then (−1, {(iτ ,−1), (jτ ,+1)})

and (−1, {(iτ ,+1), (jτ ,−1)}) are covered by the i-th and i+ ν2 + 1-th neuron.

We can also check that the scalar 1
4γ and ν2

4γ is the optimal value. Note that

(1) For any negative patterns, the positive neurons will not have a cancellation effect on

the negative neurons, i.e., when yq = −1, the positive neurons will never activate.

(2) For each negative neuron, there exist some patterns that are uniquely covered by it.

(3) For any positive patterns, there are at most ν2 − 1 negative neurons that will have a

cancellation effect on the positive neurons, i.e., when yq = +1, these negative neurons

will activate simultaneously. Also, we can check that there is a positive pattern such

that there are ν2 − 1 negative neurons that will have a cancellation effect.

(4) For two positive neurons, there exist some patterns that are uniquely covered by one

of them.

Due to hinge loss, we can see that 1
4γ is tight for negative neurons as (1) and (2). Similarly,

we can also see that ν2
4γ is tight for positive neurons as (3) and (4).
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Second, we prove that we need at least 2(ν2 + 1) neurons to cover all patterns in

(I) and (II). We can see that we need at least 2 positive neurons to cover all positive

patterns. Then, we only need to show that 2ν2 − 1 neurons are not enough to cover all

negative patterns. We can prove that all negative patterns are covered equivalent to all

numbers from {0, 1, . . . , 2ν2−1} are encoded by
{(

V
(1)
i,i , . . . ,V

(ν2)
i,i

) ∣∣∣ i ∈ [k]
}

. Then 2ν2−1

is not enough to do so.

Therefore, the minimum number of neurons to cover all patterns in (I) and (II) is

2(ν2 + 1).

Thus, when m = 2(ν1 + 1), the optimal solution will cover all patterns in (I) but not all

in (II). When m ≥ 2(ν2 + 1), the optimal solution will cover all patterns in (I) and (II). We

see that g∗1 neurons as the subset of g∗2 neurons, while the only difference is that the scalar

of positive neurons is ν1
4γ for g∗1 and ν2

4γ for g∗2. Thus, we finished the proof.

D.3.2 Proof of Theorem 5.3.2

Here, we provide the proof of Theorem 5.3.2.

Proof of Theorem 5.3.2. Let Φτ = [ϕτ,1, . . . , ϕτ,M ]⊤ ∈ RM×d. Recall tτ = (iτ , jτ ). Let

zτ ∈ Rd satisfy zτ,iτ = zτ,jτ = 2γ and all other entries are zero. We see tτ as an index set

and let rτ = [d] \ tτ . Then, we have

g∗2(Xτ ,yτ ,xτ,q)

=
∑
i∈[m]

a∗iσ

[
y⊤
τ Xτ

M
W∗,(i)xτ,q

]

=
∑
i∈[m]

a∗iσ

[
y⊤
τ Φ

τ

M
V∗,(i)ϕτ,q

]

=
∑
i∈[m]

a∗iσ

[
y⊤
τ Φ

τ
:,tτ

M
V

∗,(i)
tτ ,:

ϕτ,q,tτ +
y⊤
τ Φ

τ
:,rτ

M
V

∗,(i)
rτ ,: ϕτ,q,rτ

]
.

Note that we can absorb the randomness of yτ ,Φ
τ
:,rτ , ϕτ,q,rτ together.

Let zi for i ∈ [n] uniformly draw from {−1,+1}. By Chernoff bound for binomial
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distribution (Lemma D.3.1), for any 0 < ϵ < 1, we have

Pr

(∣∣∣∣∣
∑

i∈[n] zi

n

∣∣∣∣∣ ≥ ϵ

)
≤ 2 exp

(
−ϵ2n

6

)
.

Thus, for any 0 < δ < 1, with probability at least 1−δ over the randomness of evaluation

data, such that

∣∣∣Ξ⊤
tτ diag(V

∗,(i)
tτ ,tτ

)
∣∣∣ ≤ O

(√
1

M
log

1

δ

)
.

Then, for any 0 < δ < 1, with probability at least 1− δ over the randomness of evaluation

data, we have

g∗2(Xτ ,yτ ,xτ,q)

=
∑
i∈[m]

a∗iσ

[
y⊤
τ Φ

τ
:,tτ

M
V

∗,(i)
tτ ,:

ϕτ,q,tτ + Ξ⊤ diag(V∗,(i))− Ξ⊤
tτ diag(V

∗,(i)
tτ ,tτ

)

]

=
∑
i∈[m]

a∗iσ
[
z⊤τ V

∗,(i)
tτ ,:

ϕτ,q,tτ + Ξ⊤ diag(V∗,(i))− Ξ⊤
tτ diag(V

∗,(i)
tτ ,tτ

)
]

=
∑
i∈[m]

a∗iσ

[
2γ diag

(
V

∗,(i)
tτ ,tτ

)⊤
ϕτ,q,tτ + Ξ⊤ diag(V∗,(i))− Ξ⊤

tτ diag(V
∗,(i)
tτ ,tτ

)

]

=
∑
i∈[m]

a∗iσ

[
diag

(
V∗,(i)

)⊤ (
2γϕ̂τ,q + Ξ

)
− Ξ⊤

tτ diag(V
∗,(i)
tτ ,tτ

)

]

=
∑
i∈[m]

a∗iσ

[
diag

(
V∗,(i)

)⊤ (
2γϕ̂τ,q + Ξ

)
+O

(√
1

M
log

1

δ

)]

=
∑
i∈[m]

a∗iσ

[
diag

(
V∗,(i)

)⊤ (
2γϕ̂τ,q + PD2(Ξ)

)
+O

(√
1

M
log

1

δ

)]

= h(θ2, 2γϕ̂τ,q + PD2(Ξ)) +O

(√
ν2
M

log
1

δ

)
.

Similarly, we have g∗1(Xτ ,yτ ,xτ,q) = h(θ1, 2γϕ̂τ,q + PD1(Ξ)) +O
(√

ν1
M log 1

δ

)
.

As tτ ∈ S1 and the number of (ϕiτ , ϕjτ ) being balanced as training, by careful checking,

we can see that ℓ(yq · h(θ1, 2γϕ̂τ,q)) = ℓ(yq · h(θ2, 2γϕ̂τ,q)) = 0 and we have 2γϕ̂τ,q is the
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signal part.

On the other hand, we know that all the first half columns in D2 are orthogonal with each

other, and the second half columns in D2 are opposite to the first half columns. We have

the same fact to D1. As Ξ is a symmetric noise distribution, we have E[∥PD1
(Ξ))∥22]

E[∥PD2
(Ξ))∥22]

= ν1+1
ν2+1

and we have PD1(Ξ)) and PD2(Ξ)) is the noise part.

D.3.3 Auxiliary Lemma

Lemma D.3.1 (Chernoff bound for binomial distribution). Let Z ∼ Bin(n, p) and let

µ = E[Z]. For any 0 < ϵ < 1, we have

Pr(|Z − µ| ≥ ϵµ) ≤ 2 exp

(
−ϵ2µ

3

)
.
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