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Towards Understanding Embeddings of Neural Network
A Theoretical Perspective

Junyi Wei

Abstract

Theoretically understanding the success of modern neural networks remains challenging.
In the direction of theoretically understanding fully connected Multilayer Perceptrons
(MLPs), current theoretical frameworks, including the Neural Tangent Kernel (NTK), fall
short in explaining several crucial capabilities of neural networks, such as the feature learning
ability. Furthermore, there’s a significant gap between the empirical success and theoretical
understanding of novel architectures like transformers, as well as newer training approaches
such as fine-tuning of foundation models. This thesis aims to offer new theoretical insights
to narrow these gaps.

To explore feature learning in neural networks, we start from analyzing a practical
learning problem where labels are determined by a set of class relevant patterns and the
inputs are generated from these along with some background patterns. We prove that
neural networks trained via gradient descent can efficiently learn effective features from
exponentially many candidates, by exploiting the structure of data distribution. In contrast,
linear models with data-independent features fail to achieve comparable accuracy.

Building on this, we propose a unified theoretical framework for two-layer networks
trained with gradient descent, emphasizing feature learning through gradients. The frame-
work successfully explains multiple phenomena observed in the learning process, such as
feature emergence and the lottery ticket hypothesis. This framework can be applied to
different learning problems, including Gaussian mixtures and parity functions.

Our theoretical study into foundation models focused on two key aspects: training
methodology and architectural design. On the training front, we theoretically studied the
effectiveness of fine-tuning. Our theoretical results show that multitask fine-tuning with
diverse related tasks reduces target task error compared to the baseline. We introduce
diversity and consistency metrics to quantify task relationships and propose a practical task
selection algorithm. In terms of network architecture, we investigate transformers and their
in-context learning (ICL) abilities in two settings: (1) linear regression with single-head
transformers and (2) parity classification with multi-head transformers. Our analysis reveals
that smaller models emphasize key features and resist noise, while larger models capture
broader features but are more noise-sensitive. These findings illuminate how model scale
influences ICL behavior and sensitivity to test-time noise.
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Chapter 1

Introduction

From Multilayer Perceptron (MLP) [190] to transformer |268|, Neural networks have
become a cornerstone of modern machine learning and artificial intelligence, thanks to their
remarkable empirical performance. Despite this, a comprehensive theoretical understanding
of their success remains elusive. Traditional analytical methods are mostly inadequate for
this new challenge because practical networks are often highly overparameterized, and their

training involves non-convex optimization using gradient descent.

Theoretical Study on MLPs. Fully connected MLPs, given their relative simplicity
and longer history, have a more extensive theoretical study. A line of studies(e.g. |134}
161, 57, |75, 15, |329] and many others) have established that, under certain conditions,
heavily overparameterized networks can be approximated by linear models. Specifically,
they operate as linear functions defined on the Neural Tangent Kernel (NTK), which
remains static during training. This perspective relies on the assumption that networks use
fixed, data-independent features to learn, making the approach applicable across a broad
range of scenarios. However, it also limits the framework to what is known as the kernel
regime, where feature learning—the adaptive process of discovering input representations
that improve prediction accuracy—is absent. This limitation is critical because feature
learning is widely considered a fundamental reason for the outstanding performance of

neural networks in many practical applications(e.g., [310} 107, 311} [175]).



Emergence of New Architectures and Training Methods. Meanwhile, deep neural
networks with new architectures, such as transformers, have emerged as pivotal tools in
modern Al, largely due to their exceptional efficiency when trained on vast datasets. This
shift has ushered in a new era of foundation models [36]. These models, exemplified by large
language models (e.g., BERT [69] and GPT-3 [38]) and vision models (e.g., CLIP [221]
and DINOv2 |208]), have demonstrated the ability to generalize across a wide range of
downstream tasks, driving some of the most groundbreaking achievements in AI, such
as state-of-the-art conversational systems like ChatGPT [207] and GPT4 [206]. While
foundation models have shown impressive empirical success |316} 38, 95|, they also present
significant challenges that must be addressed to unlock their full potential. On this direction
of study, this thesis will focus on two critical challenges, which will be introduced in the

following sections.

Few-Shot Learning Problem. Adapting a pretrained foundation model to a new task
with only a few labeled samples, known as the few-shot learning problem, has long been a
core challenge in machine learning [278|. Several strategies have been proposed to tackle
this issue. One common approach, in-context learning, involves using labeled examples
directly within the context prompt during inference [38|. Another method constructs simple
classifiers based on the pretrained model’s representations [316], while some techniques fine-
tune the model using prompts derived from the labeled data [95]. A promising alternative
involves fine-tuning a pretrained model on multiple auxiliary tasks that are relevant to
the target task. This multitask fine-tuning strategy, closely related to meta-learning [124],
has gained attention in both natural language processing (NLP) and computer vision |191,
274}, 1320, 1128, 50, |181]. For instance, recent studies [233| |189] have shown that fine-tuning
language models on diverse task sets can lead to strong zero-shot generalization on new,
unseen tasks. Despite these advancements, a significant limitation persists: the absence of

rigorous theoretical explanations for these methods. This gap raises concerns about their



reliability and capacity to generalize effectively to real-world scenarios [219).

Unexplained Behavior with the In-Context-Learning (ICL) Ability. A key ability
that has significantly contributed to the success of foundation models, particularly large
language models (LLMs), is in-context learning (ICL) 286 |16]. In ICL, the model is pre-
sented with a few input—label examples as part of its prompt before being asked to process
a new input. Remarkably, this approach enables LLMs to perform few-shot evaluations [38|
without requiring parameter updates. Even more surprising is that LLMs can handle
tasks they have never encountered during training, achieving strong performance without
any additional fine-tuning. This capability highlights the efficiency of ICL in adapting to
diverse downstream tasks with minimal sample and computational costs. ICL operates
in a fundamentally different way from traditional machine learning paradigms, such as
supervised and unsupervised learning. In standard neural networks, learning typically
involves parameter updates through gradient descent. In contrast, ICL relies solely on
forward inference, with no gradient updates occurring. Recent studies have sought to
explain the underlying mechanism of ICL, suggesting that LLMs may implicitly simulate
gradient descent or function as meta-optimizers during the forward pass |61}, 272, |174] and
theoretical investigations [315| 5, (172} 53| 24, |131} (157, [117} 296] have provided insights
into this phenomenon. Despite these advances, the mechanism behind ICL remains only
partially understood. Further research is needed to deepen our comprehension of how

foundation models achieve this remarkable ability.

Recent studies have uncovered intriguing and unexpected observations about in-context
learning (ICL) in large language models (LLMs) [182, [213] [288, 237, revealing gaps in
current theoretical understanding. For instance, [237] highlights that LLMs exhibit a
lack of robustness during ICL, where irrelevant contextual information can easily distract
the model, compromising its performance. Similarly, [288| finds that injecting noise into
prompts can degrade the ICL abilities of larger language models more significantly than

smaller ones. The study speculates that larger models may overfit to noisy prompts, effec-



tively disregarding the prior knowledge acquired during pretraining. In contrast, smaller
models appear to retain and rely more on this pretraining knowledge, enabling them to
perform more reliably in noisy scenarios. In support of this, [182} 213| demonstrate that
adding noise to prompts has minimal impact on the ICL performance of smaller mod-
els. These findings suggest that smaller models maintain a stronger bias toward their
pretraining knowledge, making them less susceptible to distractions introduced by noisy
or irrelevant inputs. These contrasting behaviors between large and small models raise

important questions about the mechanisms underlying ICL and call for further investigation.

Our Contribution. In this thesis we will provide theoretical insights in the three
directions introduced above, and we will summarize them here: 1) understanding the
feature-learning ability of fully-connected MLP, 2)understanding multitask finetuning and
few-shot learning of foundation models, and 3)understanding ICL mechanism of transformer

based foundation models, particularly LLMs.



1.1 Background

Neural Network Learning Analysis. The theoretical analysis of neural network
learning has garnered growing interest recently, with various approaches attempting to
explain their remarkable success.

One prominent perspective links sufficiently over-parameterized neural networks to

linear models, such as those based on the Neural Tangent Kernel (NTK)(e.g. [134) ,
161 [176, [330, 210, [154, 201] 304, 20, [40, [137, [42, [102} [i86] and more).

This framework simplifies the training process by treating it as a convex optimization

problem, leveraging the first-order Taylor expansion of the network around its initialization.
However, this approach, often referred to as the "lazy training" or kernel regime, excludes
the possibility of feature learning , limiting its applicability in explaining
real-world performance. Empirical and theoretical evidence (e.g. , ,
(1, (14, 23, 3, 63} 72, 153, 7. 505, 129, 162, 105, 27, (173, [165} 11, ) and more) suggests

that neural networks outperform NTK-based methods by utilizing their ability to learn

features. A second approach, the mean-field (MF) theory, models the training dynamics

of large-width networks as partial differential equations (PDEs) (e.g. [179} [56] [178] [248,

52, and more). This method assumes smaller initialization than NTK, allowing
parameters to evolve significantly during training. However, MF requires unrealistically
wide networks and does not provide explicit convergence rates, making it challenging to

apply practically. Another framework is the maz-margin analysis, which examines the

implicit bias of gradient-based optimization methods (e.g. [252, [116} 193]
257, and more). While this approach offers insights into convergence

behaviors, it typically assumes that training begins with near-perfect accuracy, which
conflicts with the fact that feature learning often occurs in the early stages of training. To

address these limitations, some studies focus on the intrinsic low-dimensional structure of

data , , , , , while others explore how trained networks

recover ground truth or optimal solutions (like teacher network) 217, 211},
, @ 188|. These approaches often rely on restrictive assumptions, such as specific



data distributions or idealized network structures. Another intriguing direction examines
the multi-phase dynamics of neural network training 108} 279, 81, |1}, 269] where feature
learning precedes convex-like optimization. This requires conditions such as proxy convexity

[88] or PL condition [141] or special data structure.

Feature Learning Based on Gradient Analysis. Recent research emphasizes the
role of gradient dynamics in feature emergence. For linearly separable data, studies|10,
90| demonstrate that the initial gradient steps focus on learning features, followed by
network fine-tuning to these learned features. Similar patterns have been observed for
nonlinear data, such as parity functions [63, 239, 87|, where a single dominant feature
suffices for accurate prediction. These insights highlight the importance of understanding

gradient-based mechanisms in feature learning.

Training Foundation Models. Foundation models [36] are generally trained using
self-supervised learning methods applied to extensive and diverse datasets. Two prominent
training paradigms dominate this area: contrastive learning for vision and multi-modal
tasks, and masked modeling for natural language processing.

In self-supervised contrastive learning, the goal is to bring augmented versions of the
same data point closer together in representation space while ensuring that representations
of different data points remain distinct. This method has achieved significant success in
vision and multi-modal training [205, 48, (123, 258, [110} [221] leading to a surge in research
focused on understanding its theoretical foundations. For instance, [19] provided theoretical
guarantees on the classification performance of models pretrained with contrastive learning.
[119] analyzed the spectral contrastive loss, offering insights into how contrastive learning
impacts model performance, particularly when the pretraining and downstream tasks share
the same data distribution. Other works [262, 327, [284} 277} 290, 280, [245, |130} 256, 255|

have further explored the principles behind contrastive learning, addressing topics such



as alignment, uniformity, and the effectiveness of contrastive methods for downstream
adaptation. These studies contribute to a growing theoretical understanding of contrastive
learning, although many rely on idealized assumptions about data distribution and task
similarity, leaving room for further exploration in more realistic settings.

Masked modeling focuses on predicting masked tokens within an input sequence and
serves as the foundation for many large language models |69, 166}, |58, 200, 263]. While
initially developed for natural language processing, this approach has recently been extended
to vision tasks [122]. Theoretical efforts to understand masked modeling include [317], which
frames masked language modeling as a standard supervised learning problem, where labels
are derived from the input text itself. This work also explores the relationship between
pretraining data diversity and model performance on testing data, shedding light on how

data characteristics influence learning outcomes.

Adapting Foundation Models. The adaptation of foundation models to downstream
tasks has become a critical area of research. In vision, the traditional approach involves using
the model’s representations for downstream tasks by either freezing the model and training
a simple classifier, such as a linear probe, or performing minor fine-tuning across the entire
model [271} 100, 48, |123], 122, [243|. In contrast, NLP has increasingly embraced prompt-
based fine-tuning [95, 125, 59} 251} [325] 298, |314]. This technique reformulates prediction
tasks into masked language modeling problems, making it a flexible and widely adopted
solution. Recent advances in large language models have also popularized parameter-
efficient tuning methods. For instance, prompt tuning |155} |158, 230] introduces additional
prompt tokens for new tasks while minimizing or avoiding updates to the model’s core
parameters. Another notable adaptation strategy is in-context learning |182, 286 285, [246]
299|, where the model is prompted with task-specific examples in its input context and
makes predictions without any parameter modifications. This method has gained significant

attention for its efficiency, especially in scenarios with limited labeled data.



Multitask Learning. Multitask supervised learning has emerged as a powerful strategy
for transferring knowledge to a target task [320] 233, |50, 181} 282]. This approach has been
shown to facilitate zero-shot generalization in large language models [233|and supports
parameter-efficient adaptation techniques, such as prompt tuning [282|. For instance, [181]
50| emphasize the role of multitask learning in enhancing in-context learning, while |320)|
explores task conversion, reformulating classification tasks into a question-answering format
to improve transferability. From a theoretical perspective, multitask learning has been
studied in terms of its impact on error bounds and sample complexity for the target task |77,
266, [245] 301|. For example, [267] developed a multitask learning framework based on the
concept of task diversity in training data, focusing on representations derived from multitask
supervised pretraining. Their work provides insights into how diverse tasks contribute
to effective knowledge transfer and improved performance on new tasks. These findings
underscore the potential of multitask learning as a robust method for leveraging shared

knowledge across tasks to address diverse challenges in machine learning.

Few-shot Learning and Meta Learning. Few-shot learning focuses on enabling models
to generalize effectively to new tasks with only a small number of labeled examples [278, 274,
1911 {165} [306, 93]. Training directly on such limited data often leads to overfitting, making
this setting particularly challenging. Meta-learning has emerged as a promising approach to
address these challenges by equipping models with the ability to adapt efficiently to few-shot
scenarios |82, [223|. In meta-learning, the model is trained on a variety of tasks to develop
a general strategy for learning, enabling it to adapt quickly to new tasks with minimal
labeled data. This methodology has been successfully applied in vision tasks [271, [249, [51]
128], where techniques like matching networks |271] and prototypical networks [249] have
demonstrated effective few-shot learning capabilities. These approaches leverage shared
knowledge across tasks, reducing the reliance on extensive labeled data for each individual

task and addressing the overfitting challenges associated with few-shot settings.



Large language model. Transformer-based neural networks [268| have become the
dominant architecture for natural language processing (NLP) tasks. When pretrained on
extensive and diverse datasets with billions of parameters, these models are referred to
as large language models (LLMs) or foundation models [36]. Notable examples include
BERT [69], PaLM [58|, Llama|263|, ChatGPT [207], GPT4 |206] and so on. LLMs have
demonstrated remarkable capabilities in general intelligence [39], achieving strong perfor-
mance across a wide range of downstream tasks. To adapt LLMs for specific downstream

applications, a variety of techniques have been developed. These include:

e Adapter-based methods: Lightweight modules added to pretrained models to enable

task-specific fine-tuning while keeping most parameters frozen 126|314} 94, 245].

e Calibration techniques: Adjustments to improve model reliability and consistency [318,

321).

e Multitask fine-tuning: Finetuning from multiple tasks to enhance generalization [96,

301, 272, [303].

e Prompt-based methods: Including prompt tuning |95} |155], instruction tuning |158,
59, [183], and symbol tuning |289).

e Black-box optimization: Techniques like black-box tuning [254].

e Reasoning augmentations: Methods such as chain-of-thought prompting [285, |143,

307, 319|, and scratchpads for intermediate reasoning steps [202]

e Reinforcement learning: Including reinforcement learning from human feedback

(RLHF), which fine-tunes models to align with user preferences [209] and many so on.

These adaptation methods highlight the flexibility of LLMs, enabling their application
to an increasingly broad array of tasks while optimizing for efficiency, accuracy, and user

alignment.
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In-context learning. One of the most remarkable emergent abilities of large language
models (LLMs) is in-context learning (ICL) [286], [38]. This capability allows LLMs to
make predictions for unseen test inputs by observing a short sequence of input-output
examples (a prompt) related to the task, all without requiring any updates to the model’s
parameters. ICL has been successfully applied across a wide range of domains, including
reasoning [322|, negotiation [92], self-correction , machine translation [3| and so on.

Efforts to enhance the ICL and zero-shot generalization abilities of LLMs have led to

numerous advancements [181, 281} 287, [132]. These improvements focus on fine-tuning

strategies, data augmentation, and better prompt design to unlock the full potential of ICL.

Additionally, a growing body of research has sought to explore the mechanisms underlying

transformer learning [103| 297, (98| [135] [17, [156 [164] [11}, [169] [261}, [260] [323| [31], [300; [112,
[113| [111}, [114} [115] and in-context learning specifically [61} 24, 5, 157

1160, 1159, 8l 1313, [315], 131}, |53}, 1291} 296, (117}, 226|. These works span both empirical and

theoretical investigations, offering insights into how LLMs leverage prompts to infer task
structures, simulate learning dynamics, and adapt flexibly to new tasks. Understanding
these mechanisms remains an active area of research, crucial for advancing the practical

utility and reliability of in-context learning in diverse applications.
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1.2 Dissertation Overview

The rest of this dissertation is structured as follows.

e In Chapter [2] we theoretically investigate a fundamental question: How can effective
features emerge from inputs in the training dynamics of gradient descent? Is learning
features from inputs necessary for the superior performance? To address this, we
analyze a learning problem where labels are determined by class-relevant patterns
within the data, and inputs are composed of these patterns along with additional,
irrelevant background patterns. Our study employs a comparative approach: (1)
By contrasting the learning approaches with emergence of effective features with
approaches using fixed, predefined features, we demonstrate how emerging of effective
features provides a significant advantage over relying solely on fixed features. (2) We
further analyze the role of input structure by comparing problems with and without
structure in the input data. This comparison shows that input structure is critical for
enabling feature learning, which in turn leads to improved prediction performance.

This chapter is based on a joint work [238| with Zhenmei Shi:

Zhenmei Shi, Junyi Wei and Yingyu Liang, “A Theoretical Analysis on Fea-
ture Learning in Neural Networks: Emergence from Inputs And Advantages
Over Fixed Features”, International Conference on Learning Representations

(ICLR) 2022.

Contributions of the author: Zhenmei Shi and the author of this thesis Junyi Wei has

equal and core contribution towards the work.

e In Chapter [3| we pushed the question asked in Chapter [2] further and asked: Is there
a common principle for feature learning in networks via gradient descent? Is there
a unified analysis framework that can clarify the principle and also lead to provable
error guarantees for prototypical problem settings? In this chapter, we take a step
toward this goal by proposing a gradient feature learning framework for analyzing

two-layer network learning by gradient descent. (1) The framework makes essentially
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no assumption about the data distribution and can be applied to various problems.
(2) It leads to error guarantees competitive with the optimal in a family of networks
that use the features induced by gradients on the data distribution.

This chapter is based on a joint work [242] with Zhenmei Shi:

Zhenmei Shi, Junyi Wei and Yingyu Liang, “Provable Guarantees for
Neural Networks via Gradient Feature Learning”, Conference on Neural

Information Processing Systems (NeurIPS) 2023.

Contributions of the author: Zhenmei Shi and the author of this thesis Junyi Wei has

equal and core contribution towards the work.

In Chapter [ we study the theoretical justification of multitask finetuning. We
consider an intermediate step that finetunes a pretrained model with a set of relevant
tasks before adapting to a target task. We present a framework for analyzing
pretraining followed by multitask finetuning. Our analysis reveal that with limited
labeled data from diverse tasks, finetuning can improve the prediction performance
on a downstream task. Inspired by our theorem, we design a task selection algorithm
for multitask finetuning.

This chapter is based on a joint work [302] with Zhuoyan Xu and Zhenmei Shi:

Zhuoyan Xu, Zhenmei Shi, Junyi Wei, Fangzhou Mu, Yin Li, Yingyu
Liang, “Towards Few-Shot Adaption of Foundation Models via Multitask
Finetuning”, International Conference on Learning Representations (ICLR)

2024.

Contributions of the author: Zhuoyan Xu has main contribution towards this work.
The author Junyi Wei contributes in establishing the theoretical proof outline, solving
some proof obstacles, help running part of experiments and participating in discussion.
Zhuoyan Xu and Zhenmei Shi may submit this work for other degree or professional

qualification.
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e In Chapter[5] we attempted to give theoretical explanation on the behavioral difference
between language models of different size. We study two settings: (1) one-layer single-
head linear self-attention network pretrained on linear regression in-context tasks,
with rank constraint on the attention weight matrices for studying the effect of the
model scale; (2) two-layer multiple-head transformers |157| pretrained on sparse parity
classification in-context tasks, comparing small or large head numbers for studying the
effect of the model scale. In both settings, we give the closed-form optimal solutions.
The analysis gives evidence that smaller models are more robust to label noise and
input noise during evaluation, while larger models may easily be distracted by such
noises, so larger models may have a worse ICL ability than smaller ones.

This chapter is based on a joint work [247] with Zhenmei Shi and Zhuoyan Xu:

Zhenmei Shi, Junyi Wei, Zhuoyan Xu, Yingyu Liang, “Why Larger Language
Models Do In-context Learning Differently?”, International Conference on

Machine Learning (ICML) 2024.

Contributions of the author: Zhenmei Shi has main contribution towards the work.
The author Junyi Wei has core contribution in proving several major lemmas and
theorems. Zhuoyan Xu and Zhenmei Shi may submit this work for other degree or

professional qualification.

e In Appendix [7] we include complete proofs, more discussions and additional experi-

ments for each chapter.
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Chapter 2

A Theoretical Analysis on Feature
Learning in Neural Networks:
Emergence from Inputs and

Advantage over Fixed Features

In this chapter, we will focus on the first direction mentioned in the introduction: under-
standing the feature-learning ability of fully-connected MLP. We would like to theoretically
investigate a fundamental question: How can effective features emerge from inputs in the
training dynamics of gradient descent? Is learning features from inputs necessary for the
superior performance?

To provide more insight on this question, we propose to analyze learning problems
motivated by practical data, where the labels are determined by a set of class relevant
patterns and the inputs are generated from these along with some background patterns.
We use comparison for our study: (1) by comparing network learning approaches with fixed
feature approaches on these problems, we analyze the emergence of effective features and
demonstrate feature learning leads to the advantage over fixed features; (2) by comparing

these problems to those with the input structure removed, we demonstrate that the input



15

structure is crucial for feature learning and prediction performance.

More precisely, we obtain the following results. We first prove that two-layer networks
trained by gradient descent can efficiently learn to small errors on these problems, and then
prove that no linear models on fixed features of polynomial sizes can learn to as good errors.
These two results thus establish the provable advantage of networks and imply that feature
learning leads to this advantage. More importantly, our analysis reveals the dynamics of
feature learning: the network first learns a rough approximation of the effective features,
then improves them to get a set of good features, and finally learns an accurate classifier
on these features. Notably, the improvement of the effective features in the second stage
is needed for obtaining the provable advantage. The analysis also reveals the emergence
and improvement of the effective features are by exploiting the data, and in particular,
they rely on the input structure. To formalize this, we further prove the third result: if
the specific input structure is removed and replaced by a uniform distribution, then no
polynomial algorithm can even weakly learn in the Statistical Query (SQ) learning model,
not to mention the advantage over fixed features. Since SQ learning includes essentially all
known algorithms (in particular, mini-batch stochastic gradient descent used in practice),
this implies that feature learning depends strongly on the input structure. Finally, we
perform simulations on synthetic data to verify our results. We also perform experiments
on real data and observe similar phenomena, which show that our analysis provides useful
insights for the practical network learning.

Our analysis then provides theoretical support for the following principle: feature learn-
ing in neural networks depends strongly on the input structure and leads to the superior
performance. In particular, our results make it explicit that learning features from the input
structure is crucial for the superior performance. This suggests that input-distribution-free
analysis (e.g., traditional PAC learning) may not be able to explain the practical success,
and advocates an emphasis of the input structure in the analysis. While these results are
for our proposed problem setting and network learning in practice can be more complicated,

the insights obtained match existing empirical observations and are supported by our
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experiments. The compelling evidence hopefully can attract more attention to further

studies on modeling the input structure and analyzing feature learning.

This chapter is based on a joint work [238] with Zhenmei Shi:

Zhenmei Shi, Junyi Wei and Yingyu Liang, “A Theoretical Analysis on Feature
Learning in Neural Networks: Emergence from Inputs And Advantages Over
Fixed Features”, International Conference on Learning Representations (ICLR)

2022.

Contributions of the author: Zhenmei Shi and the author of this thesis Junyi Wei has equal

and core contribution towards the work.

2.1 Problem Setup

To motivate our setup, consider images with various kinds of patterns like lines and
rectangles. Some patterns are relevant for the labels (e.g., rectangles for distinguishing
indoor or outdoor images), while the others are not. If the image contains a sufficient
number of the former, then we are confident that the image belongs to a certain class.
Dictionary learning or sparse coding is a classic model of such data (e.g., |[204} 270, 33]). We
thus model the patterns as a dictionary, generate a hidden vector indicating the presence of
the patterns, and generate the input and label from this vector.

Let X = R? be the input space, and Y = {£1} be the label space. Suppose M € RAxD
is an unknown dictionary with D columns that can be regarded as patterns. For simplicity,
assume M is orthonormal. Let ¢ € {0,1}” be a hidden vector that indicates the presence
of each pattern. Let A C [D] be a subset of size k corresponding to the class relevant
patterns. Then the input is generated by M¢~), and the label can be any binary function on
the number of class relevant patterns. More precisely, let P C [k]. Given A and P, we first

sample ¢ from a distribution D pe and then generate the input x and the class label y from
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3 5 +1, if Y,ca i € P,
%=Mj, y-= 4 (2.1)

—1, otherwise.

Learning with Input Structure. We allow quite general D s with the following assump-

tions:

(A0) The class probabilities are balanced: Pr[} . o ¢ € P]=1/2.

(A1) The patterns in A are correlated with the labels with the same correlation: for any
i€ A, v=E[yd] — E[yIE[¢:] > 0.

(A2) Each pattern outside A is identically distributed and independent of all other patterns.
Let po := Pr[éf;i = 1] and without loss of generality assume p, < 1/2.

Let D(A, P, Dd;) denote the distribution on (%X,y) for some A, P, and D;. Given
parameters = = (d, D, k, 7, po), the family Fz of distributions include all D(A, P, D d;) with
A C[D], P C [k], and D 3 satisfying the above assumptions. The labeling function includes
some interesting special cases:

Example 1. Suppose P = {i € [k] : i > k/2} for some threshold, i.e., we will set the
label y = +1 when more than a half of the relevant patterns are presented in the input.

Ezample 2. Suppose k is odd, and let P = {i € [k] : i is odd}, i.e., the labels are given
by the parity function on qgj (j € A). This is useful to prove our lower bounds via the
properties of parities.

Appendix presents results for more general settings (e.g., incoherent dictionary,
unbalanced classes, etc.). On the other hand, our problem setup does not include some
important data models. In particular, one would like to model hierarchical representations
often observed in practical data and believed to be important for deep learning. We leave

such more general cases for future work.

Learning Without Input Structure. For comparison, we also consider learning prob-

lems without input structure. The data are generated as above but with different distribu-
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tions D 5
(A1’) The patterns are uniform over {0,1}P: for any i € [D], Pr[¢; = 1] = 1/2 indepen-
dently.
Given parameters =y = (d, D, k), the family Fz, of distributions without input structure
is the set of all the distributions with A C [D], P C [k] and Dy satisfying the above

assumptions.

2.1.1 Neural Network Learning

Networks. We consider training a two-layer network via gradient descent on the data

distribution:
Zal (wi, x) + by) (2.2)

where w; € R b;,a; € R, and o(z) = min(1, max(z,0)) is the truncated rectified linear
unit (ReLU) activation function. Let 6 = {w;, b;,a;}?™ denote all the parameters, and
let superscript (t) denote the time step, e.g., g(t) denote the network at time step ¢ with

z’z

Loss Function. Similar to typical practice, we will normalize the data for learning: first
compute X = (X — E[X])/& where 62 = E Z?Zl(fq — E[%;])? is the variance of the data, and
then train on (x,y). This is equivalent to setting ¢ = (¢ — E[@])/6 and generating x = M.
For (%X,y) from D and the normalized (x,y), we will simply say (x,y) ~ D.

For the training, we consider the hinge-loss ¢(y, ) = max{1 — y7,0}. We will inject
some noise ¢ to the neurons for the convenience of the analysis. (This can be viewed as
using a smoothed version of the activation 7(z) = E¢o(z + ) similar to those in existing

studies like [10, 173]. See Section [2.3| for more explanations.) Formally, the loss is:

Lp(g; 0¢) = By [0y, 9(x;€))], where g(x; &) = ZalEg ((wi,x) +bi+ &) (23)
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where £ ~ N(0, aglmxm) are independent Gaussian noise. Let Lp(g) denote the typical
hinge-loss without noise. We also consider £y regularization: R(g; Aa, Aw) = .7t Aala|? +

Aw||w;||2 with regularization coefficients Aa, Aw.

Training Process. We first perform an unbiased initialization: for every i € [m], initialize
wl(.o) ~ N(0,02 I4+q) with oy = 1/k, bl(»o) ~ N (0,08) with o, = 1/k?, al(»o) ~ N(0,02)
with o5 = 6%/(vk?), and then set WESZH- = WZ(O), bfgli = bgo), agz)H = —az(»o). We then do

gradient updates:
00 = 000 — 4OV, (Lo 50l) + Rg* VD AD))  fort=1,2,...,T, (24)

for some choice of the hyperparameters n(t), )\g ), )\5,5), aét), and T

2.2 Main Results

Provable Guarantee for Neural Networks. The network learning has the following

guarantee:

Theorem 2.2.1. For any d,e € (0,1), if k = Q (log2 (D/(67))), po = Qk?/D), and
max{Q(k12/e3/2),D} < m < poly(D), then with properly set hyperparameters, for any
D € Fz, with probability at least 1 — &, there exists t € [T such that Pr[sign(g® (x)) # 4] <
Lp(g") <.

The theorem shows that for a wide range of the background pattern probability p,
and the number of class relevant patterns k, the network trained by gradient descent can
obtain a small classification error. More importantly, the analysis shows the success comes
from feature learning. In the early stages, the network learns and improves the neuron
weights such that on the features (i.e., the neurons’ outputs) there is an accurate classifier;
afterwards it learns such a classifier. The next section will provide a detailed discussion on

the feature learning.
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Lower Bound for Fixed Features. Empirical observations and Theorem do not
exclude the possibility that some methods without feature learning can achieve similar
performance. We thus prove a lower bound for the fixed feature approach, i.e., linear models

on data-independent features.

Theorem 2.2.2. Suppose ¥ is a data-independent feature mapping of dimension N with
bounded features, i.e., ¥ : X — [=1,1)V. For B > 0, the family of linear models on ¥ with

bounded norm B is Hp = {h(x) : h(x) = (V(X),w), |[w|l2 < B}. If 3 <k < D/16 and k is

odd, then there exists D € F= such that all h € Hp have hinge-loss at least p, (1 — @B).

So using fized features independent of the data cannot get loss nontrivially smaller than
Do unless with exponentially large models. In contrast, viewing the neurons o ((w;, x)+b;) as
learned features, network learning can achieve any loss € € (0, 1) with models of polynomial
sizes. We emphasize the lower bound is because the feature map ¥ is independent of the
data. Indeed, there exists a small linear model on a small dimensional feature map allowing
0 loss for each data distribution in our problem set Fz (Lemma . However, this feature
map U* is different for different data distribution in F=, i.e., depends on the data. On the
other hand, the feature map W in the lower bound is data-independent, i.e., fixed before
seeing the data. For ¥ to work simultaneously for all distributions in F=, it needs to have
exponential dimensions. Intuitively, it needs a large number of features, so that there are
some features to approximate each ¥;. There are exponentially many data distributions in
F=, and thus exponentially many data-dependent features W7, which requires ¥ to have an
exponentially large dimension. Network learning updates the hidden neurons using the data
and can learn to move the features to the right positions to approximate the ground-truth
data-dependent features W*, so it does not need an exponentially large dimension feature
map.

The theorem directly applies to linear models on fixed finite-dimensional feature maps,
e.g., linear models on the input or random feature approaches [224]. It also implies lower
bounds to infinite dimensional feature maps (e.g., some kernels) that can be approximated

by feature maps of polynomial dimensions. For example, Claim 1 in [224] implies that
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a function f using shift-invariant kernels (e.g., RBF) can be approximated by a model
(¥(x),w) with the dimension N and weight norm B bounded by polynomials of the related
parameters of f like its RKHS norm and the input dimension. Then our theorem implies
some related parameter of f needs to be exponential in k for f to get nontrivial loss,
formalized in Corollary [140] has more discussions on approximating kernels with

finite dimensional maps.

Corollary 2.2.3. For any function f using a shift-invariant kernel K with RKHS norm
bounded by L, or f(x) = >, 0;K(z;,x) for some data points z; and ||alls < L. If 3 <

k < D/16 and k is odd, then there exists D € Fg such that f has hinge-loss at least

poly(d,L) 1
Do (1 L ) ~ poly(d,L)

Lower Bound for Without Input Structure. Existing results do not exclude the
possibility that some learning methods without exploiting the input structure can achieve
strong performance. To show the necessity of the input structure, we consider learning
Fz=, with input structure removed. We obtain a lower bound for such learning problems
in the classic Statistical Query (SQ) model [142]. In this model, the algorithm can only
receive information about the data through statistical queries. A statistical query is
specified by some polynomially-computable property predicate @ of labeled instances and
a tolerance parameter 7 € [0,1]. For a query (Q,7), the algorithm receives a response
Py € [Pg—, Po+7], where Py = Pr[Q(z,y) is true]. Notice that a query can be simulated
using the average of roughly O(1/72) random data samples with high probability. The
SQ model captures almost all common learning algorithms (except Gaussian elimination)

including the commonly used mini-batch SGD, and thus is suitable for our purpose.

Theorem 2.2.4. For any algorithm in the Statistical Query model that can learn over Fz,

1

(0"

to classification error less than & — either the number of queries or 1/ must be at

least % (lk)) 1/3.

The theorem shows that without the input structure, polynomial algorithms in the SQ

model cannot get a classification error nontrivially smaller than random guessing. The
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comparison to the result for with input structure then shows that the input structure is
crucial for network learning, in particular, for achieving the advantage over fixed feature

models.

2.3 Proof Sketches

Here we provide the sketch of our analysis, focusing on the key intuition and discussing

some interesting implications. The complete proofs are included in Appendix A4

2.3.1 Provable Guarantees of Neural Networks

Overall Intuition. We first show that there is a two-layer network that can represent the
target labeling function, whose neurons can be viewed as the “ground-truth” features to be
learned. We then show that after the first gradient step, the hidden neurons of the trained
network become close to the ground-truth: their weights contain large components along
the class relevant patterns but small along the background patterns. We further show that
in the second gradient step, these features get improved: the “signal-noise” ratio between
the components for class relevant patterns and those for the background ones becomes
larger, giving a set of good features. Finally, we show that the remaining steps learn an

accurate classifier on these features.

Existence of A Good Network. We show that there is a two-layer network that can

fit the labels.

Lemma 2.3.1. For any D € Fz, there exists a network g*(x) = Y i, afo((w},x) + b})
with y = g*(x) for any (x,y) ~ D. Furthermore, the number of neurons n = 3(k + 1),

laf| < 32k,1/(32k) < |bf| <1/2, wf =06 ..o M;/(4k), and |(w},x) +b}| <1 for any

JEA
i € [n] and (x,y) ~ D.

In particular, the weights of the neurons are proportional to > jeA M;, the sum of the
class relevant patterns. We thus focus on analyzing how the network learns such neuron

weights.
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Feature Emergence in the First Gradient Step. The gradient for w; (ignoring the

noise) is:

JdLp(g)
6wl-

= —a;Ex ) op {¥llyg(x) < 1o’ [(wi, x) + bi]x} = —aEx y)p {yx0'[(wi, x) + byl }

where the last step is due to g(x) = 0 by the unbiased initialization. Let g; = (M;, w;)
denote the component along the direction of the pattern M. Then the component of the

gradient on M is:

0
<Mj7 awLD(g)> = —a;E {y¢;o’[(w;,x) + bi]} = —a,E yo,o’ Z ®eqe + by
! ¢e[D)
The key intuition is that with the randomness of ¢, (and potentially that of the injected
noise &), the random variable under ¢’ is not significantly affected by a small subset of
¢eqe. For example, for class relevant patterns j € A, let Ijp) := o’ Zee[D} ¢eqe + b;| and

I_p:=0 [ZzeA deqe + bl} . We have Ip) ~ [_a and thus:

<Mj, aaWiLD(Q)> x E{y¢;lip)} =~ E{y¢;1-a} = E{y¢;} E[l_a] = %E[H—A]

since y only depends on ¢;(j € A). Then the gradient has a nontrivial component along
the pattern. Similarly, for background patterns j € A, the component of the gradient along

M, is close to 0.

Lemma 2.3.2 (Informal). Assume p,,k as in Theorem |2.2.1| and aél) < 1/k, then with

high probability %Lp(g(o); aél)) = —al(-o) ZjD:l M;T; where for a small e:
o if j€ A, then |Tj — Bv/d] < O(e./d) with 5 € [Q(1),1];
o if j & A, then |T;| < 0(0'(2]5665').

By setting AWD = 1/(2nM), we have wit) = n(l)ago) Z?zl M,T; ~ n(l)ago)% > jea M.

i
For small p,, e.g., po = O(k?/D), these neurons can already allow accurate prediction.

However, for such small p,, we cannot show a provable advantage of networks over fixed
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features. On the other hand, for larger p, meaning a significant number of background
patterns in the input, the approximation error terms 7}(j ¢ A) together can overwhelm the
signals T;(j € A) and lead to bad prediction, even though each term is small. Fortunately,
we will show that the second gradient step can improve the weights by decreasing the ratio

between T;(j ¢ A) and T;(j € A).

Feature Improvement in the Second Gradient Step. We note that by setting a
small (1), after the update we still have yg(x; &) < 1 for most (x,y) ~ D and thus the

gradient in the second step is:

S LD (930¢) = —ail(xy)np {yxEeo'[(wi,x) + b; + &1} .

We can then follow the intuition for the first step again. For j € A, the component
(M, aiwiLD(g)) is roughly proportional to ZE[I_ 4 ¢] where I_4 ¢ := o {ZEQA Geqe + b; + fz} .
While ¢yq; may not have large enough variance, the injected noise &; makes sure that a
nontrivial amount of data activate the neuronm Then I_4 ¢ # 0, leading to a nontrivial
component along M, similar to the first step. On the other hand, for j ¢ A, the ap-
proximation error term 7 depends on how well ¢ {Z&Z At Pede + b+ §i] approximates
o’ ZZe[D} deqe + b; + 51] Since the g¢’s (the weight’s component along M) in the second
step are small compared to those in the first step, we can then get a small error term 7). So
the ratio between T;(j ¢ A) over T;(j € A) improves after the second step, giving better

features allowing accurate prediction.

Classifier Learning Stage. Given the learned features, we are then ready to show the

remaining gradient steps can learn accurate classifiers. Intuitively, with small hyperparame-

ter values (n(*) = Tnlfj/S ) AD =AW < 5,7]2?/3 , aét) = 0for 2 <t < T =m*3), the first layer’s

weights do not change too much and thus the learning is similar to convex learning using

'"Equivalently, the network uses (z) = E¢o(z +¢&), a Gaussian smoothed version of o, and the smoothing
allows z slightly outside the activated region of o to generate gradient for the learning. Empirically it is not
needed since typically sufficient data can activate the neurons. One potential reason is that the data have
their own noise to achieve a similar effect (a remote analog being noisy gradients can help the optimization).
Further analysis on such an effect is left for future work.
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the learned features. Formally, our proof uses the online convex optimization technique

in [63].

2.3.2 Lower Bounds

The lower bounds are based on the following observation: our problem setup is general
enough to include learning sparse parity functions. Consider an odd k, and let P = {i €
[k] : v is odd}. Then y is given by IIa(2) := [[;ca 25 for z; = 2¢; — 1, i.c., the parity
function on z;(j € A). Then known results for learning parity functions can be applied to

prove our lower bounds.

Lower Bound for Fixed Features. We show that Fz contains learning problems that
consist of a mixture of two distributions with weights p, and 1 — p, respectively, where
in the first distribution Dg), % is given by the uniform distribution over ¢ and the label
y is given by the parity function on A. On such Dg), [63] shows that exponentially
large models over fixed features is needed to get nontrivial loss. Intuitively, there are
exponentially many labeling functions ITao that are uncorrelated (i.e., “orthogonal” to each
other): E[ITa,ITa,] = 0 for any A; and Aj. Note that the best approximation of IIo by
a fixed set of features W,;’s is its projection on the linear span of the features. Then with
polynomial-size models, there always exists some Il5 far from the linear span.

Remark. It is instructive to compare to network learning, which finds the effective
weights > jea M among the exponentially many candidates corresponding to different
A’s. This can be done efficiently by exploiting the data since the gradient is roughly

proportional to E{yx} =) .. M;. The network then learns data-dependent features on

jEA

which polynomial size linear models can achieve small loss.

Lower Bound for Learning without Input Structure. Clearly, Fz, contains the
distributions Dg) described above. The lower bound then follows from classic SQ learning
results [35].

Remark. The SQ lower bound analysis does not apply to Fz=, because in F= the input
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distribution is related the labeling function. This allows networks to learn with polynomial
time/samples. While both the labeling function and the input distribution affect the
learning, few existing studies explicitly point out the importance of the input structure.
We thus emphasize the input structure is crucial for networks to learn effective features

and achieve superior performance.

2.4 Experiments

Our experiments mainly focus on feature learning and the effect of the input structure.
We first perform simulations on our learning problems to (1) verify our main theorems on
the benefit of feature learning and the effect of input structure; (2) verify our analysis of
feature learning in networks. We then check if our insights carry over to real data: (3)
whether similar feature learning is presented in real network/data; (4) whether damaging
the input structure lowers the performance. The results are consistent with our analysis and
provide positive support for the theory. Below we present part of the results and include

the complete experimental details and results in Appendix

Simulation: Verification of the Main Re-
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process, and for comparison, we also use two

Figure 2.1: Test accuracy on simulated

fi f h he NTK . . .
xed feature methods (the and random data with or without input structure.

feature methods based on the same network).
Finally, we also use these three methods on the data distribution with the input structure
removed (i.e., Fg, in Theorem [2.2.4)).

Figure [2.1] shows that the results are consistent with our results. Network learning gets
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high test accuracy while the two fixed feature methods get significantly lower accuracy.
Furthermore, when the input structure is removed, all three methods get test accuracy

similar to random guessing.

Simulation: Feature Learning in Networks. We compute the cosine similarities
between the weights w;’s and visualize them by Multidimensional Scaling. (Recall that our
analysis is on the directions of the weights without considering their scaling, and thus it
is important to choose cosine similarity rather than say the typical Euclidean distance.)
Figure shows that the results are as predicted by our analysis. After the first gradient
step, some weights begin to cluster around the ground-truth 3 jea M (or = > jea M due
to the a; in the gradient update which can be positive or negative). After the second step,
the weights get improved and well-aligned with the ground-truth (with cosine similarities
> 0.99). Furthermore, if a classifier is trained on the features after the first step, the test
accuracy is about 52%; if the same is done after the second step, the test accuracy is about
100%. This demonstrates while some effective features emerge in the first step, they need

to be improved in the second step to get accurate prediction.

Step 0 Step 1 Step 2

Figure 2.2: Visualization of the weights w;’s after initialization/one gradient step/two
steps in network learning on the synthetic data. The red star denotes the ground-truth
Z]EA M;; the orange star is — ZjeA M;. The red/orange dots are the weights closest to
the red /orange star, respectively.

Real Data: Feature Learning in Networks. We perform experiments on MNIST [151}
68|, CIFARI10 [147], and SVHN [198]. On MNIST, we train a two-layer network with
m = 50 on the subset with labels 0/1 and visualize the neurons’ weights as in the simulation.

Figure [2.3] shows a similar feature learning phenomenon: effective features emerge after a
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Figure 2.3: Visualization of the neurons’ weights in a two-layer network trained on the
subset of MNIST data with label 0/1. The weights gradually form two clusters.

Figure 2.4: Test accuracy at different steps for an equal mixture of Gaussian inputs with
data: (a) MNIST, (b) CIFAR10, (c) SVHN.

few steps and then get improved to form two clusters. Similar results are observed on other
datasets. These suggest the insights obtained in our analysis are also applicable to the real

data.

Real Data: The Effect of Input Structure. Since we cannot directly manipulate the
input distribution of real data, we perform controlled experiments by injecting different
inputs. For labeled dataset £ and injected input U, we first train a teacher network fitting
L, then use the teacher network to give labels on a mixture of inputs from £ and U, and
finally train a student network on this new dataset M consisting of the mixed inputs and
the teacher network’s labels. Checking the student’ performance on different parts of M
and comparing to those by directly training the student on the original data £ can reveal
the impact of changing the input structure. We use MNIST, CIFAR10, or SVHN as L,
and use Gaussian or images in Tiny ImageNet [150] as ¢. The networks for MNIST are
two-layer with m = 9, and those for CIFAR10/SVHN are ResNet-18 convolutional neural

networks [120].
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Figure shows the results on an equal mixture of data and Gaussian. It presents the
test accuracy of the student on the original data part, the Gaussian part, and the whole
mixture. For example, on CIFAR10, the network learns well over the CIFAR10 part (with
accuracy similar to directly training on the original data) but learns slower with worse
accuracy on the Gaussian part. Furthermore, the accuracy on the whole mixture is lower
than that of training on the original CIFAR10. This shows that the input structure indeed
has a significant impact on the learning. While MNIST+Gaussian shows a less significant
trend (possibly because the tasks are simpler), the other datasets show similar significant

trends as CIFAR10+ Gaussian (the results using Tiny ImageNet are in the appendix).
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Chapter 3

A Theoretical Framework Towards
Provable Guarantees for Neural
Networks via Gradient Feature

Learning

In chapter 7?7 we provide theoretical evidence showing that feature learning in neural
networks depends strongly on the input structure and leads to the superior performance.
In this chapter, we take one step further beyond Chapter [2| by proposing a gradient feature
learning framework for analyzing two-layer network learning by gradient descent, from
a feature learning point of view. (1) The framework makes essentially no assumption
about the data distribution and can be applied to various problems. Furthermore, it is
centered around features from gradients, clearly illustrating how gradient descent leads to
feature learning in networks and subsequently accurate predictions. (2) It leads to error
guarantees competitive with the optimal in a family of networks that use the features
induced by gradients on the data distribution. Then for a specific problem with structured
data distributions, if the optimal in the induced family is small, the framework gives a

small error guarantee.
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We then apply the framework to several prototypical problems: mixtures of Gaussians,
parity functions, linear data, and multiple-index models. These have been used for studying
network learning (in particular, for the feature learning ability), but with different and
seemingly unrelated analyses. In contrast, straightforward applications of our framework
give small error guarantees, where the main effort is to compute the optimal in the induced
family. Furthermore, in some cases, such as parities, we can handle more general data
distributions than in the existing work.

Finally, we also demonstrate that the framework sheds light on several interesting
network learning phenomena or implications such as feature learning beyond the kernel
regime, lottery ticket hypothesis (LTH), simplicity bias, learning over different data dis-
tributions, and new perspectives about roadmaps forward. Due to space limitations, we
present implications about features beyond the kernel regime and LTH in the main body
but defer the other implications in with a brief here. (1) For simplicity bias, it is
generally believed that the optimization has some implicit reqularization effect that restricts
learning dynamics to a low capacity subset of the whole hypothesis class, so can lead to
good generalization [199} [106]. Our framework provides an explanation that the learning
first learns simpler functions and then more sophisticated ones. (2) For learning over
different data distributions, we provide data-dependent non-vacuous guarantees, as our
framework can be viewed as using the optimal gradient-induced NN to measure or quantify
the “complexity” of the problem. For easier problems, this quantity is smaller, and our
framework can give a better error bound to derive guarantees. (3) For new perspectives
about roadmaps forward, our framework suggests the strong representation power of NN is
actually the key to successful learning, while traditional ones suggest strong representation
power leads to vacuous generalization bounds |63} 34]. Thus, we suggest a different analysis
road. Traditional analysis typically first reasons about the optimal based on the whole
function class then analyzes how NN learns proper features and reaches the optimal. In
contrast, our framework defines feature family first, and then reasons about the optimal

based on it.
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This chapter is based on a joint work [242] with Zhenmei Shi:

Zhenmei Shi, Junyi Wei and Yingyu Liang, “Provable Guarantees for Neural
Networks via Gradient Feature Learning”, Conference on Neural Information

Processing Systems (NeurIPS) 2025.

Contributions of the author: Zhenmei Shi and the author of this thesis Junyi Wei has equal

and core contribution towards the work.

3.1 Additional Related Work

[62] considers multiple-index with low-degree polynomials as labeling functions and shows
that a one-step gradient update can learn multiple features that lead to accurate prediction.
|22} |185] studies one gradient step feature improvements at different learning rates. [222]
proposes Recursive Feature Machines to show the mechanism of recursively feature learning
but without giving a final loss guarantee. These studies consider specific problems and
exploit properties of the data to analyze the gradient delicately, while our work provides a

general framework applicable to different problems.

3.2 Gradient Feature Learning Framework

Problem Setup. We denote [n] := {1,2,...,n} and O(-), ©(-), Q2(:) to omit the log term
inside. Let X C R? denote the input space, ) C R the label space. Let D be an arbitrary

data distribution over X x ). Denote the class of two-layer networks with m neurons as:
Fam = {fawp) | fawp(x)=a’ [U(WTX - b)} = Z a; [o((wi,x) —b;)] }, (3.1)
i€[m]

where o(z) = max(z,0) is the ReLU activation function, a € R™ is the second layer weight,
W € R¥™™ is the first layer weight, w; is the i-th column of W (i.e., the weight for the

i-th neuron), and b € R™ is the bias for the neurons. For technical simplicity, we only
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train a, W but not b. Let superscript (¢) denote the time step, e.g., f(a(t),w<t),b) denote
the network at time step t. Denote Z := (a, W, b), E® := (a® W® b). The goal of
neural network learning is to minimize the expected risk, i.e., Lp(g) := Ex 3)~DL(x,y)(9)>
where Ly ,y(g) = £(yg(x)) is the loss on an example (x,y) for some loss function £(-),
e.g., the hinge loss ¢(z) = max{0,1 — z}, and the logistic loss ¢(z) = log[l + exp(—=z)].
We also consider {5 regularization. The regularized loss with regularization coefficient
Xis L3(9) = Lp(g) + 5(|W]|% + [lal|2). Given a training set with n ii.d. samples

Z = {(x®, y(l))}le[n] from D, the empirical risk and its regularized version are:

- 1 ~ ~ A
Lz(g):= > Luwyon),  Li(g) =Lz(g) + §(IIWH% +ald). (32
l€[n]

Then the training process is summarized in Algorithm

Algorithm 1 Network Training via Gradient Descent

Initialize (a(®), W) b)
for t=1toT do

Sample Z(=1) ~ p»

a® =al=b — n(t)VaZ;},z(:z—l)(fE(t—l))7 WO = w1l — n(t)waﬁfffl)(fEu—l))
end for

In the whole paper, we need some natural assumptions about the data and the loss.

Assumption 3.2.1. We assume E[||x||2] < By1, E[||x]|3] < Ba2, ||x|l2 < B, and for any
label y, we have |y| < 1. We assume the loss function ¢(-) is a 1-Lipschitz convex decreasing

function, normalized £(0) = 1, |¢/(0)| = ©(1), and £(o0) = 0.

Remark 3.2.2. The above are natural assumptions. Most input distributions have the
bounded norms required, and the typical binary classification ) = {£1} satisfies the
requirement. Also, the most popular loss functions satisfy the assumption, e.g., the hinge

loss and logistic loss.
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3.2.1 Warm Up: A Simple Setting with Frozen First Layer

To illustrate some high-level intuition, we first consider a simple setting where the first
layer is frozen after one gradient update, i.e., no updates to W for ¢ > 2 in Algorithm
The first idea of our framework is to provide guarantees compared to the optimal in a

family of networks. Here let us consider networks with specific weights for the first layer:

Definition 3.2.3. For some fixed W € R%™ b € R?, and a parameter Bgs, consider the
following family of networks Fw 1, B,,, and the optimal approximation network loss in this

family:

FW.b,Baz = {faw,p) € Fam | lall2 < Baz}, OPTwpb,B,, := min  Lp(f).

9EFW b, By

(3.3)

The second idea is to compare to networks using features from gradient descent. As
an illustrative example, we now provide guarantees compared to networks with first layer

weights W) (i.e., the weights after the first gradient step):

Theorem 3.2.4 (Simple Setting). Assume Lz <f(a,W<1),b)) is L-smooth to a. Let n® =

%, XO =0, forallt e {2,3,...,T}. Training by Algom'thm with no updates for the first

layer after the first gradient step, w.h.p., there exists t € [T| such that ED(f(a(t)7W(1),b)) <

OP Ty p 5. + O<L<||a<1>||§+332> +/ Big(IIW“)H%B%JrIIbII%))
»D,Da2 T '

n

Intuitively, the theorem shows that if the weight W) after a one-step gradient gives a
good set of neurons in the sense that there exists a classifier on top of these neurons with
low loss, then the network will learn to approximate this good classifier and achieve low
loss. The proof is based on standard convex optimization and the Rademacher complexity
(details in Appendix .

Such an approach, while simple, has been used to obtain interesting results on network
learning in existing work, which shows that W) can indeed give good neurons due to
the structure of the special problems considered (e.g., parities on uniform inputs 26|, or

polynomials on a subspace [62]). However, it is unclear whether such intuition can still yield
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useful guarantees for other problems. So, for our purpose of building a general framework

covering more prototypical problems, the challenge is what features from gradient descent

should be considered so that the family of networks for comparison can achieve a low loss

on other problems. The other challenge is that we would like to consider the typical case

where the first layer weights are not frozen. In the following, we will introduce the core

concept of Gradient Features to address the first challenge, and stipulate proper geometric

properties of Gradient Features for the second challenge.

3.2.2 Core Concepts in the Gradient Feature Learning Framework

Now, we will introduce the core concept in our frame-
work, Gradient Features, and use it to build the
family of networks to derive guarantees. As men-
tioned, we consider the setting where the first layer
is not frozen. After the network learns good features,
to ensure the updates in later gradient steps of the
first layer are still benign for feature learning, we
need some geometric conditions about the gradient
features, which are measured by parameters in the
definition of Gradient Features. The conditions are
general enough, so that, as shown in Section [3.3]
many prototypical problems satisfy them and the
induced family of networks enjoys low loss, leading
to useful guarantees. We begin by considering what
features can be learned via gradients. Note that the

gradient w.r.t. w; is

0Lp(g)
8WZ’

Gradient Feature being cones under Mixture of Gaussians data

Figure 3.1: An illustration of Gradi-
ent Feature, i.e., Definition [3.2.7 with
random initialization (Gaussian), un-
der Mixture of three Gaussian clus-
ters in 3-dimension data space with
blue/green/orange color. The Gradient
Feature stays in three cones, where each
center of the cone aligns with the corre-
sponding Gaussian cluster center.

= a;E () [0 (yg(x))y [0" ((wi, x) — by)] x]

= a;E(xy) [¢ (yg(x))yxI[(wi, x) > by]] .
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Inspired by this, we define the following notion:

Definition 3.2.5 (Simplified Gradient Vector). For any w € R%, b € R, a Simplified

Gradient Vector is
G(w,b) := ExopyxI[w x> b]]. (3.4)

Remark 3.2.6. Note that the definition of G(w,b) ignores the term ¢ (yg(x)) in the gradient,
where f is the model function. In the early stage of training (or the first gradient step),
¢'(+) is approximately a constant, i.e., £'(yg(x)) ~ ¢/(0) due to the symmetric initialization

(see Equation (3.8)).

Definition 3.2.7 (Gradient Feature). For a unit vector D € R? with || D[z = 1, and a

v € (0,1), a direction neighborhood (cone) Cp , is defined as:
Cpyi=Aw | [{(w,D)[/[wl2>(1—=7)}. (3.5)

Let w € R% b € R be random variables drawn from some distribution W, B. A Gradient

Feature set with parameters p,y, Bg is defined as:

Spy.Be(W,B) = {(D,s) | 512 [G(W,b) €Cpy, |G(W,b)||2 > Bg , s = b/|b|] > p}.

(3.6)

Remark 3.2.8. When clear from context, write it as Sy, , . Gradient features (see Figure
for illustration) are simply normalized vectors D that are given (approximately) by the
simplified gradient vectors. (Similarly, the normalized scalar s is given by the bias b.) To be
a useful gradient feature, we require the direction to be “hit” by sufficiently large simplified
gradient vectors with sufficient large probability, so as to be distinguished from noise and
remain useful throughout the gradient steps. Later we will use the gradient features when

W, B are the initialization distributions.

To make use of the gradient features, we consider the following family of networks using
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these features and with bounded norms, and will provide guarantees compared to the best

in this family:

Definition 3.2.9 (Gradient Feature Induced Networks). The Gradient Feature Induced

Networks are:
fd,m,BF,S = {f(a,W,b) € ]:d,m { Vi € [m]v ‘az’ < Bab HaH2 < Ba2a (Wl7b’b/|bl’) € Sa |bl‘ < Bb}>

where S is some Gradient Feature set and B := (Bq1, Ba2, Bp) are some parameters.

Remark 3.2.10. In above definition, the weight and bias of a neuron are simply the scalings
of some item in the feature set S (for simplicity the scaling of w; is absorbed into the

scaling of a; and b;).

Definition 3.2.11 (Optimal Approximation via Gradient Features). The optimal approxi-
mation network and loss using Gradient Feature Induced Networks Fy, g, s are defined

as:

g* = argmin Lp(f), OPT4,pps:= min Lp(f). (3.7)
9EFd,rBp,S 9€Fd,r,Bp,S

3.2.3 Provable Guarantee via Gradient Feature Learning

To obtain the guarantees, we first specify the symmetric initialization. It is convenient
for the analysis and is typical in existing analysis (e.g., |63}, |62} |10, [239]), though some

other initialization can also work. Formally, we train a two-layer network with 4m neurons,

Jawp) € Fiam. We initialize ago),wgo) from Gaussians and b; from a constant for
i € {1,...,m}, and initialize the parameters for i € {m + 1,...,4m} accordingly to get a

zero output initial network. Specifically:

forie {1,....,m}: ago) N./\/'(O,Ug),wl(o) ~N(0,621),b; = b,

forie {m+1,...,2m}: ago) = —al" WZ(O) = —w” b= —bin, (3.8)

1—m’ i—m -t

forie {2m+1,...,4m} : ago) - —a? WZ(O) — w¥ b; = b;_am,

i—2m? i—2m?
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2 2

where o7, UW,B > 0 are hyper-parameters. After initialization, a, W are updated as in

Algorithm [l We are now ready to present our main result in the framework.

Theorem 3.2.12 (Main Result). Assume Assumption m For any €,6 € (0,1), if

m < e and

4
1 By 11 "\ 2
Q| — | rBuBay/ 22 + —+ -~ (10g (% :
e (ramay[ )+ G5 (s (3)
Q 1 ﬁBa2B?Bm1+ml~) \/logm_{_ 1 i ’
€ (mp)1 vVByBe B, (mp)1

1
n_g m3pB2B,B,  (mp)2 By N B? N 1 N 1 1 By [ Tm
log n 627‘2331 BG BbBG BIQ P ’

m

T

+ —
B:  Ba

O

then with initialization (@ and proper hyper-parameter values, we have with probability

> 1—0 over the initialization and training samples, there exists t € [T] in Algorithm with:

Prlsign(fz (x)) # yl < Lp (fz»)

v/ Bgologn
< OPTd,T,BF,SmeG 4+ 7Bg1Bz1,| 27+ O <I2g> Ny

Ba|#(0)|n2

Intuitively, the theorem shows when a data distribution admits a small approximation
error by some “ground-truth” network with r neurons using gradient features from S, g,

(i.e., a small optimal approximate loss OPT 4, g, s

- BG), the gradient descent training can

successfully learn good neural networks with sufficiently many m neurons.

Now we discuss the requirements and the error guarantee. Viewing boundedness
parameters By, B,1 etc. as constants, then the number m of neurons learned is roughly
S (;%), a polynomial overparameterization compared to the “ground-truth” network. The
proof shows that such an overparameterization is needed such that some neurons can
capture the gradient features given by gradient descent. This is consistent with existing
analysis about overparameterization network learning, and also consistent with existing

empirical observations.

The error bound consists of three terms. The last term € can be made arbitrarily small,
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while the other two depend on the concrete data distribution. Specifically, with larger r
and -, the second term increases. While the first term (the optimal approximation loss)
decreases, since a larger r means a larger “ground-truth” network family, and a larger ~
means a larger Gradient Feature set Sy, 5 . So, there is a trade-off between these two terms.
When we later apply the framework to concrete problems (e.g., mixtures of Gaussians,
parity functions), we will show that depending on the specific data distribution, we can
choose the proper values for r, v to make the error small. This then leads to error guarantees
for the concrete problems and demonstrates the unifying power of the framework. Please
refer to Appendix for more discussion about our problem setup and our core concept,
e.g., parameter choice, early stopping, the role of s, activation functions, and so on.
Proof Sketch. The intuition in the proof of Theorem is closely related to the notion
of Gradient Features. First, the gradient descent will produce gradients that approximate
the features in S, B,. Then, the gradient descent update gives a good set of neurons,
such that there exists an accurate classifier using these neurons with loss comparable to the
optimal approximation loss. Finally, the training will learn to approximate the accurate
classifier, resulting in the desired error guarantee. The complete proof is in Appendix [B-3]
(the population version in Appendix and the empirical version in Appendix ,
including the proper values for hyper-parameters such as n® in Theorem Below,
we briefly sketch the key ideas and omit the technical details.

We first show that a large subset of neurons has gradients at the first step as good
features. (The claim can be extended to multiple steps; for simplicity, we follow existing
work (e.g., [63,239]) and present only the first step.) Let V; denote the gradient of the
i-th neuron V, Lp(fz)). Denote the subset of neurons with nice gradients approximating

feature (D, s) as:

G(D,s),Nice = {Z € [2m]: s = b;/bi|,(Vi, D) > (1 =) [[Villy, IVilly >

a§°>’ BG}. (3.9)

Lemma 3.2.13 (Feature Emergence). For any r size subset {(D1,51),...,(Dy,s7)} C
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Sp~.Be, with probability at least 1 — re=®) | for all j € [r], we have |G(D, s;),Nicel = "3

This is because V; = E’(O)al(.o)E(xyy) [ya’ [<W§0),X> - bz} X} = E’(O)aEO)G(W(O),bi).

(2
Now consider s; = +1 (the case —1 is similar). Since w; is initialized by Gaussians, by V;’s
connection to Gradient Features, we can see that for all i € [m], Pr [z € G(p,; 4+1),Nice| = L.
The lemma follows from concentration via a large enough m, i.e., sufficient overparameteri-

zation. The gradients allow obtaining a set of neurons approximating the “ground-truth”

network with comparable loss:

Lemma 3.2.14 (Existence of Good Networks). For any ¢ € (0,1), with proper hyper-

parameter values, with probability at least 1 — 8, there is & such that ||allo = O (r/mp) and
fa,wm b (x) = 2?211 a;o <<w§1),x> — bi) satisfies

2By
‘CD(f(é,W(D,b)) < OPTd,T,BF,Sp,'y,BG + \/iT'Balel <ﬁ+ \/ﬂTpBG) .

Given the good set of neurons, we finally show that the remaining gradient steps can
learn an accurate classifier. Intuitively, with small step sizes n(t), the weights of the first
layer w; do not change too much (stay in a neighborhood) while the second layer weights
grow, and thus the learning is similar to convex learning using the good set of neurons.
Technically, we adopt the online convex optimization analysis (Theorem in [63] to

get the final loss guarantee in Theorem [3.2.12]

3.3 Applications in Special Cases

In this section we will apply the gradient feature learning framework to some specific prob-
lems, corresponding to concrete data distributions D. We primarily focus on prototypical
problems for analyzing feature learning in networks. We will present here the results for
mixtures of Gaussians and parity functions, and include the complete proofs and some

other results in Appendix [B.4]
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3.3.1 Mixtures of Gaussians

Mixtures of Gaussians are among the most fundamental and widely used statistical models.
Recently, it has been used to study neural network learning, in particular, the effect of
gradient descent for feature learning of two-layer neural networks and the advantage over
fixed feature methods 227} 90].

Data Distributions. We follow notations from [227]. The data are from a mixture of r
high-dimensional Gaussians, and each Gaussian is assigned to one of two possible labels in
Y = {£1}. Let S(y) C [r] denote the set of indices of Gaussians associated with the label y.
The data distribution is then: q(x,y) = q(y)a(x|y), a(x[y) = > ;cs(,) PN (x), where Nj(x)
is a multivariate normal distribution with mean p;, covariance ¥;, and p; are chosen such
that g(x,y) is correctly normalized. We will make some assumptions about the Gaussians,
for which we first introduce some notations.

Hj

D= ———  [:= U \/&, B :=min ||fti]||2, B2 :=max|/ |2, pp:= minp;.
J ||Mj||2 J ]/ Iz jel] ” ]H Iz jelr] ” JH jel J

Assumption 3.3.1. Let 8 < 7 < d be a parameter that will control our final error
guarantee. Assume
e Equiprobable labels: ¢(—1) = ¢(+1) = 1/2.
e For all j € [r], ¥j = 0jl4xa. Let op 1= max;c, 0; and op; = max{op, Bz}
«r<2, pp=dy, Q(1/d+ rop,7logd]d) < B < B2 <d.
e The Gaussians are well-separated: for all i # j € [r], we have —1 < (D;, D;) < 0,

Where0§9§min{1 g5+ Tlogd}.

2 BHQ d

Remark 3.3.2. The first two assumptions are for simplicity; they can be relaxed. We can
generalize our analysis to the mixture of Gaussians with unbalanced label probabilities and
general covariances. The third assumption is to make sure that each Gaussian has a good
amount of probability mass to be learned. The remaining assumptions are to make sure

that the Gaussians are well-separated and can be distinguished by the learning algorithm.
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We are now ready to apply the framework to these data distributions, for which we only
need to compute the Gradient Feature set and the corresponding optimal approximation

loss.

Lemma 3.3.3 (Mixtures of Gaussians: Gradient Features). (D;,+1) € S, B, for all

J € [r], where

B 1 Bt
- v YT oer—15e BGZPBBl\/g—O< )
VTlogdop, - Je(ro5+2/B}) 10-97—1.5 I 7097
Let g*(x) = > iy %&}H [0 ((Dj,x) — 2y/Tlogdopy)] whose hinge loss is at most

3 + -4
ar 0971, /rlogd’

Given the values on gradient feature parameters p, vy, Bg and the optimal approximation

loss OPTy, B,.s the framework immediately leads to the following guarantee:

p,v,Bg’

Theorem 3.3.4 (Mixtures of Gaussians: Main Result). Assume Assumption|3.5.1. For

any €,6 € (0,1), when Algam'thm uses hinge loss with

11 1
m = poly (5, o dO(7o5+2/B) o pB> <el, T=poly(m), n=poly(m)

and proper hyper-parameters, then with probability at least 1 — §, there exists t € [T] such

that

Pr[sign(fzo (x)) # y] < do.\ffo.s Te

The theorem shows that gradient descent can learn to a small error via learning
the gradient features, given proper hyper-parameters. In particular, we need sufficient
overparameterization (a sufficiently large number m of neurons). When op, 2/ Bﬁl is a

constant which is the prototypical interesting case, and we choose a constant 7, then m is

1

polynomial in the key parameters %, %, d,r, T and the error bound is inverse polynomial

in d. The complete proof is given in Appendix
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[90] studies (almost) linear separable cases while our setting includes non-linear separable
cases, e.g., XOR. [227] mainly studies neural network classification on 4 Gaussian clusters
with XOR structured labels, while our setting is much more general, e.g., our cluster number

can extend up to 2d.

Mixtures of Gaussians: Beyond the Kernel Regime

As discussed in the introduction, it is important for the analysis to go beyond fixed feature
methods such as NTK (i.e., the kernel regime), so as to capture the feature learning ability
which is believed to be the key factor for the empirical success. We first review the fixed
feature methods. Following [63|, suppose ¥ is a data-independent feature mapping of
dimension N with bounded features, i.e., ¥ : X — [~1,1]V. For B > 0, the family of linear
models on ¥ with bounded norm B is Hp = {h(X) : h(X) = (¥(X),w), |w|]2 < B}. This
can capture linear models on fixed finite-dimensional feature maps, e.g., NTK, and also
infinite dimensional feature maps, e.g., kernels like RBF, that can be approximated by
feature maps of polynomial dimensions [224, 140, [239).

Our framework indeed goes beyond fixed features and shows features from gradients
are more powerful than features from random initialization, e.g., NTK. Our framework
can show the advantage of network learning over kernel methods under the setting of [227]
(4 Gaussian clusters with XOR structured labels). For large enough d, our framework
only needs roughly €2 (log d) neurons and ((log d)2) samples to achieve arbitrary small
constant error (see Theorem when op = 1), while fixed feature methods need Q(d?)
features and Q(d?) samples to achieve nontrivial errors (as proved in [227]). Moreover,
[227] uses ODE to simulate the optimization process for the 2-layer networks learning
XOR-shaped Gaussian mixture with (1) neurons and gives convincing evidence that Q(d)
samples is enough to learn it, yet they do not give a rigorous convergence guarantee for this
problem. We successfully derive a convergence guarantee and we require a much smaller
sample size ) ((log d)z). For the proof (detailed in Appendix , we only need to

calculate the p, v, Bg of the data distribution carefully and then inject these numbers into
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Theorem B.2.12

3.3.2 Parity Functions

Parity functions are a canonical family of learning problems in computational learning
theory, usually for showing theoretical computational barriers [236]. The typical sparse
parties over d-dim binary inputs ¢ € {£1}? are [];cx ¢ where A C [d] is a subset of
dimensions. Recent studies have shown that when the distribution of inputs ¢ has structures
rather than uniform, neural networks can perform feature learning and finally learn parity
functions with a small error, while methods without feature learning, e.g. NTK, cannot
achieve as good results [63, 173, 239]. Thus, this has been a prototypical setting for studying
feature learning phenomena in networks. Here we consider a generalization of this problem
and show that our framework can show successful learning via gradient descent.

Data Distributions. Suppose M € R?? is an unknown dictionary with D columns that
can be regarded as patterns. For simplicity, assume d = D and M is orthonormal. Let
¢ € R? be a hidden representation vector. Let A C [D] be a subset of size 7k corresponding
to the class relevant patterns and r is an odd number. Then the input is generated
by M¢, and some function on ¢ generates the label. WLOG, let A = {1,...,rk},
AL ={rk+1,...,d}. Also, we split A such that for all j € [r], A; = {(j — 1)k +1,...,jk}.

Then the input x and the class label y are given by:

x = Mg,y = g"(¢a) = sign( Y XOR(4a,)), (3.10)

j€lr]
where ¢* is the ground-truth labeling function mapping from R"* to Y = {£1}, ¢4 is the
sub-vector of ¢ with indices in A, and XOR(¢a;) = [];c A, @1 1s the parity function. We
still need to specify the distribution X of ¢, which determines the structure of the input

distribution:

X = (1= 2rpa)Xu + Y pa(X +X;). (3.11)
J€lr]
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¢

+1, w.p. po

For all corresponding ¢ 1 in X, we have VI € A+, independently: ¢; = —1, w.p. Po

0, w.p. 1 —2p,

where p, controls the signal noise ratio: if p, is large, then there are nfany nonzero entries
in A+ which are noise interfering with the learning of the ground-truth labeling function
on A. For corresponding ¢a, any j € [r], we have

e In X, pa, =[+1,+1,..., +1]7 and ®a\a,; only have zero elements.

e InX;_,¢a, =[-1,-1,..., —1]7 and ®a\a, only have zero elements.

e In Xy, we have ¢ draw from {41, —1}"* uniformly.

In short, we have r parity functions each corresponding to a block of k£ dimensions;
X+ and &; _ stands for the component providing a strong signal for the j-th parity; Xy
corresponds to uniform distribution unrelated to any parity and providing weak learning

signal; A' is the noise part. The label depends on the sum of the r parity functions.

Assumption 3.3.5. Let 8 < 7 < d be a parameter that will control our final error

guarantee. Assume k is an odd number and: k > Q(7logd), d>rk+ Q(rrlogd), po=

k 1
O(dirk>’ pAZ a-

Remark 3.3.6. We set up the problem to be more general than the parity function learning
in existing work. If » = 1, the labeling function reduces to the traditional k-sparse parties of
d bits. The assumptions require k, d, and p4 to be sufficiently large so as to provide enough
large signals for learning. Note that when k = 1%, r=1,p, = %, our analysis also holds,

which shows our framework is beyond the kernel regime (discuss in detail in Section [3.3.2)).

To apply our framework, again we only need to compute the Gradient Feature set and

the corresponding optimal loss. We first define the Gradient Features: For all j € [r], let

D, — ZlEAj M,
17 Tiea, Mill2*

Lemma 3.3.7 (Parity Functions: Gradient Features). We have (D;,+1), (Dj, —1) € Sp 4 B,
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for all j € [r], where

1 1 VEk
e - _ - Ba=Vkps—0O|—]. 3.12
Y < Trlogd - d@(ﬂ’)) ’ T 6= Vhpa ( dr ) (312)

With gradient features from Sy B, let g*(x) = >0, Zfzo(—l)i"“l\/%[a <<Dj, x) — 217\/’“%71)—

20 ((Dj,x) - %) +o ((Dj,x) - %) } whose hinge loss is 0.

Above, we show that D; is the “indicator function” for the subset A; so that we can
build the optimal neural network based on such directions. Given the values on gradient
feature parameters and the optimal approximation loss, the framework immediately leads

to the following guarantee:

Theorem 3.3.8 (Parity Functions: Main Result). Assume Assumption m For any
6,0 € (0,1), when Algom'thm uses hinge loss with

1

mzpoly((s

1 1
) Ev de(TT)a k? pA> S ed7 T = pOly (m) ) n= pOly (m)

and proper hyper-parameters, then with probability at least 1 — ¢, there exists t € [T] such
that

Prlsign(fze (x)) # y] < m e

The theorem shows that gradient descent can learn to a small error in this problem.
We also need sufficient overparameterization: When r is a constant (e.g., r = 1 in existing
work), and we choose a constant 7, m is polynomial in %, %, d, k, p—lA, and the error bound is
inverse polynomial in d. The proof is in Appendix Our setting is more general than
that in |63, 173] which corresponds to M = I,r = 1,p4 = %,po = % [239] study single
index learning, where one feature direction is enough for a two-layer network to recover the

label, while our setting considers r directions Dy, ..., D,, so the network needs to learn

multiple directions to get a small error.
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Parity Functions: Beyond the Kernel Regime

Again, we show that our framework indeed goes beyond fixed features under parity functions.
Our problem setting in Section is general enough to include the problem setting in [63].
Their lower bound for fixed feature methods directly applies to our case and leads to the

following:

Proposition 3.3.9. There exists a data distribution in the parity learning setting in

Section with M = I,7r = 1,psy = %,/@ = %,po = %, such that all h € Hp have

hinge-loss at least % — ‘Q/ICN\/’;.

This means to get an inverse-polynomially small loss, fixed feature models need to have
an exponentially large size, i.e., either the number of features N or the norm B needs to be
exponential in k. In contrast, Theorem [3.3.8 shows our framework guarantees a small loss
with a polynomially large model, runtime, and sample complexity. Clearly, our framework
is beyond the fixed feature methods.

Parities on Uniform Inputs. When r = 1,p4 = 0, our problem setting will degenerate to
the classic sparse parity function on a uniform input distribution. This has also been used
for analyzing network learning |25]. For this case, our framework can get a k20 (k) log(k)
network width bound and a O(d¥) sample complexity bound, matching those in [25]. This
then again confirms the advantage of network learning over kernel methods that requires

d¥*) dimensions as shown in [25]. See the full statement in Theorem [B.4.31} details in

Appendix and alternative analysis in Appendix

3.4 Further Implications

Our general framework sheds light on several interesting phenomena in NN learning observed
in practice. Feature learning beyond the kernel regime has been discussed in Section [3.3.1
and Section [3.3.2] Here we discuss the LTH and defer more implications such as simplicity

bias, learning over different data distributions, and new perspectives about roadmaps

forward in Appendix
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Lottery Ticket Hypothesis (LTH). Another interesting phenomenon is the LTH [83]:
randomly-initialized networks contain subnetworks that when trained in isolation reach test
accuracy comparable to the original network in a similar number of iterations. Later studies
(e.g., |84]) show that LTH is more stable when subnetworks are found in the network after
a few gradient steps.

Our framework provides an explanation for two-layer networks: the lottery ticket
subnetwork contains exactly those neurons whose gradient feature approximates the weights
of the “ground-truth” network f*; they may not exist at initialization but can be found after
the first gradient step. More precisely, Lemma shows that after the first gradient
step, there is a sparse second-layer weight a with ||afo = O (r/mp), such that using this
weight on the hidden neurons gives a network with a small loss. Let U be the support
of a. Equivalently, there is a small-loss subnetwork gg with only neurons in U and with

second-layer weight ay on these neurons. Following the same proof of Theorem [3:2.12}

Proposition 3.4.1. In the same setting of Theorem but only considering the
subnetwork supported on U after the first gradient step, with the same requirements
on m and T, with proper hyper-parameter values, we have the same guarantee: with

probability > 1 — 0, there is t € [T] with Pr[sign(ggt))(x) # y] < OPTq, B,.s

p,v,Bg
rBalel\/?y o (7“33;\1/05”) te

_l’_

This essentially formally proves LTH for two-layer networks, showing (a) the existence
of the winning lottery subnetwork and (b) that gradient descent on the subnetwork can
learn to similar loss in similar runtime as on the whole network. In particular, (b) is novel
and not analyzed in existing work.

We provide this work’s limitations (e.g., statement of recovering existing results and

some failure cases beyond our framework) in Appendix .
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Chapter 4

Towards Few-Shot Adaptation of
Foundation Models via Multitask

Finetuning

Empirical neural network models are evolving fast, and we don’t want to limit our theoretical
study in the regime of 2-layer MLPs. From this chapter, we will move on to more recent
structures and training method. In this chapter, we focus on the problem of adapting a
pretrained foundation model to a new task with a few labeled samples, where the target
task can differ significantly from pretraining and the limited labeled data are insufficient
for finetuning. As we have discussed in the introduction, latest studies [233) 189 show that
multitask finetuning enables strong zero-shot generalization on unseen tasks. Nonetheless,
the lack of sound theoretical explanations behind these previous approaches raises doubts
about their ability to generalize on real-world tasks |219].

To bridge the gap between empirical explorations and theoretical explanations, we study
the theoretical justification of multitask finetuning. We consider an intermediate step that
finetunes a pretrained model with a set of relevant tasks before adapting to a target task.
Each of these auxiliary tasks might have a small number of labeled samples, and categories

of these samples might not overlap with those on the target task. Our key intuition is
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that a sufficiently diverse set of relevant tasks can capture similar latent characteristics as
the target task, thereby producing meaningful representation and reducing errors in the
target task. To this end, we present rigorous theoretical analyses, provide key insight into
conditions necessary for successful multitask finetuning, and introduce a novel algorithm
for selecting tasks suitable for finetuning.

Our key contributions are three folds. Theoretically, we present a framework for an-
alyzing pretraining followed by multitask finetuning. Our analysis (Section reveals
that with limited labeled data from diverse tasks, finetuning can improve the prediction
performance on a downstream task. Empirically, we perform extensive experiments on
both vision and language tasks (Section to verify our theorem. Our results suggest
that our theorem successfully predicts the behavior of multitask finetuning across datasets
and models. Practically, inspired by our theorem, we design a task selection algorithm
for multitask finetuning. On the Meta-Dataset |265|, our algorithm shows significantly

improved results in comparison to finetuning using all possible tasks.

This chapter is based on a joint work [302] with Zhuoyan Xu and Zhenmei Shi:

Zhuoyan Xu, Zhenmei Shi, Junyi Wei, Fangzhou Mu, Yin Li, Yingyu Liang,
“Towards Few-Shot Adaption of Foundation Models via Multitask Finetuning”,

International Conference on Learning Representations (ICLR) 2024.

Contributions of the author: Zhuoyan Xu has main contribution towards this work. The
author Junyi Wei contributes in establishing the theoretical proof outline, solving some
proof obstacles, help running part of experiments and participating in discussion. Zhuoyan

Xu and Zhenmei Shi may submit this work for other degree or professional qualification.
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4.1 Additional Background: Multitask Finetuning for Few-

Shot Learning

This section reviews the pretraining of foundation models and adaptation for few-shot
learning, and then formalizes the multitask finetuning approach.

Pretraining Foundation Models. We consider three common pretraining methods:
contrastive learning, masked language modeling, and supervised pretraining. Contrastive
learning is widely considered in vision and multi-modal tasks. This approach pretrains
a model ¢ from a hypothesis class ® of foundation models via loss on contrastive pairs
generated from data points x. First sample a point  and then apply some transformation
to obtain x"; independently sample another point x=. The population contrastive loss is
then Leon—pre(9) := E [€y, (¢(x) T (¢(zT) — ¢(z7)))], where the loss function ¢, is a non-
negative decreasing function. In particular, logistic loss ¢, (v) = log (1 + exp (—v)) recovers
the typical contrastive loss in most empirical work [167 205, 48|. Masked language modeling
is a popular self-supervised learning approach in NLP. It can be regarded as a kind of
supervised pretraining: the masked word is viewed as the class (see Appendix for more
details). In what follows we provide a unified formulation. On top of the representation
function ¢, there is a linear function f € F C {Rd — RE } predicting the labels where K
is the number of classes. The supervised loss is: Lsup—pre(¢) := minger E [0 (f o ¢(x), )],
where £(-,y) is the cross-entropy loss. To simplify the notation, we unify £,,.(¢) as the
pretraining loss.

Adapting Models for Few-shot Learning. A pretrained foundation model ¢ can be
used for downstream target tasks 7 by learning linear classifiers on ¢. We focus on binary
classification (the general multiclass setting is in Appendix . A linear classifier on ¢ is
given by w ' ¢(z) where w € R?. The supervised loss of ¢ w.r.t the task 7 is then:

Low(T,0) :=min E [z(w%(m),y)}, (4.1)

W (z,y)~Dr

where Dy (x,y) is the distribution of data (z,y) in task 7. In few-shot learning with novel
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classes, there are limited labeled data points for learning the linear classifier. Further, the
target task 7o may contain classes different from those in pretraining. We are interested in
obtaining a model ¢ such that Lg,;,(7o, ¢) is small.

Multitask Finetuning. In the challenging setting of few-shot learning, the data in
the target task is limited. On the other hand, we can have prior knowledge of the target
task characteristics and its associated data patterns, and thus can collect additional data
from relevant and accessible sources when available. Such data may cover the patterns
in target task and thus can be used as auxiliary tasks to finetune the pretrained model
before adaptation to the target task. Here we formalize this idea in a general form
and provide analysis in later sections. Formally, suppose we have M auxiliary tasks
{T,T2,...,Tar}, each with m labeled samples S; := {(x;,y;) : j € [m]}. The finetuning
data are § := UjcanSi- Given a pretrained model quﬁ, we further finetune it using the
objective:

1
min

~ ~ : 1 ) )
HED M’L ['sup(’];a ¢)7 where Esup(7; (ZS) = Imn 7Z€<w:¢($])uy]) (42)

1 i —

WE
g
B
3

This can be done via gradient descent from the initialization gg (see Algorithm [8]in the
Appendix). Multitask finetuning is conceptually simple, and broadly applicable to different
models and datasets. While its effectiveness has been previously demonstrated [191], 274,
320, 1128, 50}, 1181} 233, |189|, the theoretical justification remains to be fully investigated

and understood.

4.2 Theoretical Analysis: Benefit of Multitask Finetuning

To understand the potential benefit of multitask finetuning, we will compare the performance

of & (from pretraining) and ¢’ (from pretraining and multitask finetuning) on a target

~

task 7p. That is, we will compare Lgup(To, ¢) and Leyp(To, ¢'), where Loy (T, ¢) is the
population supervised loss of ¢ on the task 7 defined in Equation (4.1). For the analysis, we

first formalize the data distributions and learning models, then introduce the key notions,
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and finally present the key theorems.

Data Distributions. Let X be the input space and Z C R be the output space of the
foundation model. Following [19], suppose there is a set of latent classes C with |C| = K,
and a distribution 7 over the classes; each class y € C has a distribution D(y) over inputs
x. In pretraining using contrastive learning, the distribution Deon(n) of the contrastive
data (z,z%,27) is given by: (y,y7) ~ n? and z,2+ ~ D(y), 2~ ~ D(y~). In masked
self-supervised or fully supervised pretraining, (z,y) is generated by y ~ 1,z ~ D(y). In
a task 7 with binary classes {y1, 32}, the data distribution Dy (x,y) is by first uniformly
drawing y € {y1,y2} and then drawing = ~ D(y). Finally, let ¢ denote the conditional
distribution of (y1,%2) ~ 7% conditioned on y; # 2, and suppose the tasks in finetuning
are from (. Note that in few-shot learning with novel classes, the target task’s classes may
not be the same as those in the pretraining. Let Cy be the set of possible classes in the
target task, which may or may not overlap with C.

Learning Models. Recall that ® is the hypothesis class of foundation models ¢ :
X — Z. To gauge the generalization performance, let ¢* € ® denote the model with the
lowest target task loss Ly, (70, ¢*) and qﬁz € ® denote the model with the lowest average
supervised loss over the set of auxiliary tasks Loup(¢F) 1= E7¢[Loup(T, ¢7)]. Note that
if all ¢ € ® have high supervised losses, we cannot expect the method to lead to a good
generalization performance, and thus we need to calibrate w.r.t. ¢* and ¢Z“ We also need

some typical regularity assumptions.

Assumption 4.2.1 (Regularity Assumptions). ||¢|2 < R and linear operator ||w|2 < B.
The loss £, is bounded in [0,C] and L-Lipschitz. The supervised loss Lgu, (T, ¢) is L-

Lipschitz with respect to ¢.

Diversity and Consistency. Central to our theoretical analysis lies in the definitions

of diversity in auxiliary tasks used for finetuning and their consistency with the target task.

Definition 1 (Diversity). The averaged representation difference for two model é,¢ on a

distribution ¢ over tasks is d¢ (¢, ¢) := TIEC Loup(T5 ) = Lsup(T,0)| = Lsup(d) — Lup()-
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The worst-case representation difference between representations ¢, ¢ on the family of

classes Cg is de, (¢, @) = suprcey |Lsup(To, @) — Lsup(To, @)| - We say the model class @
has v-diversity (for ¢ and Co) with respect to ¢7, if for any ¢ € @, de, (¢, ¢7) < de(o, o¢)/v.

Such diversity notion has been proposed and used to derive statistical guarantees
(e.g., [267) [317]). Intuitively, diversity measures whether the data from ( covers the
characteristics of the target data in Cp, e.g., whether the span of the linear mapping
solutions w’s for tasks from ¢ can properly cover the solutions for tasks from Cy [317].
Existing work showed that diverse pretraining data will lead to a large diversity parameter
v and can improve the generalization in the target task. Our analysis will show the diversity

in finetuning tasks from ¢ can benefit the performance of a target task from Cy.

Definition 2 (Consistency). We say the model class ® has x-consistency (for ¢ and Cp) with

respect to ¢* and ¢f, where r := supr e, [ESUP(TQ, qﬁé) — Lsup(To, ¢*)

This consistency notion measures the similarity between the data in tasks from ¢ and
the data in the target task from Cy. Intuitively, when the tasks from ( are similar to the
target task 7, their solutions gbz and ¢* will be similar to each other, resulting in a small
k. Below we will derive guarantees based on the diversity v and consistency k to explain
the gain from multitask finetuning.

Key Results. We now present the results for a uniform distribution n, and include
the full proof and results for general distributions in Appendix [C.2] and Appendix [C-3]
Recall that we will compare the performance of gZ; (the model from pretraining) and ¢’
(the model from pretraining followed by multitask finetuning) on a target task 7g. For )
without multitask finetuning, we have:

Theorem 4.2.1. (No Multitask Finetuning) Assume Assumption and that ® has v-
diversity and k-consistency with respect to ¢* and o Suppose qg satisfies ﬁpre((i) < €.

Let 7:= Pr {y;1 = y2}. Then for any target task Ty C Co,
(y1,y2)~n?

~ 1 2
Loup(T6:0) = Loa(To,67) < €0

— Loup(7)| + 5. (4.3)
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In Theorem Epre(qb) is the empirical loss of L,¢(¢) with pretraining sample size
N. We now consider ¢’ obtained by multitask finetuning. Define the subset of models with
pretraining loss smaller than € as ®(¢é) := {gb €d: Epre(gb) < €}. Recall the Rademacher
= E [sup "o a:}
R T 22 j=109(%;)
Theorem below showing that the target prediction performance of the model ¢’

complexity of ® on n points is R, (P) :

from multitask finetuning can be significantly better than that of ¢ without multitask

finetuning. In particular, achieves an error reduction X [(1 — 04)12_%] The reduction is

achieved when multitask finetuning is solved to a small loss €; for a small o on sufficiently
many finetuning data.

Theorem 4.2.2. (With Multitask Finetuning) Assume Assumption and that ® has v-

diversity and k-consistency with respect to ¢* and qbz Suppose for some constant o € (0, 1),

we solve Equation 1} with empirical loss lower than €; = § 20 and obtain ¢/. For any

1—71

6> 0, if for € = Zpre(¢/)>

1 . 4C? 2 1 4C? 2
M >~ [4[2LRM(<1>(5)) + eﬁ 1og(5)] Mm > — [16LBRMm(¢(€)) + Ei log(5)
1 1 1 1

then with probability 1 — 4, for any target task Ty C Co,

2¢€0

ﬁsup(7E)7 ¢/) — Esup(’ﬁ), ¢*) S % |:041 — Esup(¢z):| + K. (44)

The requirement is that the number of tasks M and the total number of labeled samples
Mm across tasks are sufficiently large. This implies when M is above the threshold, the
total size M'm determines the performance, and increasing either M or m while freezing
the other can improve the performance. We shall verify these findings in our experiments
(Section [4.3.1).

Theorem also shows the conditions for successful multitask finetuning, in particular,
the impact of the diversity and consistency of the finetuning tasks. Besides small finetuning
loss on sufficiently many data, a large diversity parameter v and a small consistency

parameter x will result in a small target error bound. Ideally, data from the finetuning
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tasks should be similar to those from the target task, but also sufficiently diverse to
cover a wide range of patterns that may be encountered in the target task. This inspires
us to perform finer-grained analysis of diversity and consistency using a simplified data
model (Section , which sheds light on the design of an algorithm to select a subset of

finetuning tasks with better performance (Section [4.2.2]).

4.2.1 Case Study of Diversity and Consistency

Our main results, rooted in notions of diversity and consistency, state the general conclusion
of multitask finetuning on downstream tasks. A key remaining question is how relevant
tasks should be selected for multitask finetuning in practice. Our intuition is that this task
selection should promote both diversity (encompassing the characteristics of the target
task) and consistency (focusing on the relevant patterns in achieving the target task’s
objective). To illustrate such theoretical concepts and connect them to practical algorithms,
we specialize the general conclusion to settings that allow easy interpretation of diversity
and consistency. In this section, we provide a toy linear case study and we put the proof
and also the analysis of a more general setting in Appendix [C.4] e.g., more general latent
class C, Cy, more general distribution {, input data with noise.

In what follows, we specify the data distributions and function classes under consid-
eration, and present an analysis for this case study. Our goal is to explain the intuition
behind diversity and consistency notions: diversity is about coverage, and consistency is

about similarity in the latent feature space. This can facilitate the design of task selection

algorithms.

Linear Data and Tasks. Inspired by clas- . dke ®
o . : Lo le] = [ok
sic dictionary learning and recent analysis on rep- G Bl fole] - [o (1)

¢ | BB e o] = o7 (™)
resentation learning [290, 245|, we consider the
Bl e [alala [+ ole] - [o
latent class/representation setting where each (oo [s [+ oo [ o] o%
Co
BBOHOO DOEmOE.C

latent class z € {0,—1, —i—l}d is represented as

Figure 4.1: Tllustration of features in linear
data. Blue are the features encoded in C
while red is not.

a feature vector. We focus on individual bi-
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nary classification tasks, where ) = {—1,+1}
is the label space. Thus, each task has two latent classes z, 2’ (denote the task as T ./)
and we randomly assign —1 and +1 to each latent class. Namely, 7, ./ is defined as:

z, ify=-1
T = . We show a diagram in Figure |4.1] we denote each task containing
2, ify=+1
two latent classes, namely (z, 2’). Each task in diagram can be represented as (T} to 1% 2
T5 to T, ). We further assume a balanced class setting in all tasks, i.e., p(y = —1) =

22,25

ply=+41) = % Now, we define the latent classes seen in multitask finetuning tasks: C =

{(1,1,...,1,1,—1,0,...,O)T,(1,1,...,1,—1,1,0,...,0)T,...,(—1,1,...,1,1,1,0,...,O)T}.
—_— — —

ke d—ke ke d—ke ke d—ke
Note that their feature vectors only encode the first k¢ features, and |C| = k¢. We let

Co :={z(1), 2} C {0, -1, +1}% which is used for the target task, and assume that z(!) and
22 only differ in 1 dimension, i.e., the target task can be done using this one particular
dimension. Let ¢ be a distribution uniformly sampling two different latent classes from C.
Then, our data generation pipeline for getting a multitask finetuning task is (1) sample two
latent classes (z,2") ~ (; (2) assign label —1,+1 to two latent classes.

Linear Model and Loss Function. We consider a linear model class with regularity
Assumption ie, ® = {p € R |¢|r <1} and linear head w € R% where |Jwl|2 < 1.
Thus, the final output of the model and linear head is w ' ¢2. We use the loss in [245], i.e.,
l (ngbm,y) = —yw' px.

Remark 4.2.2. Although we have linear data, linear model, and linear loss, Lsup(¢) is a
non-linear function on ¢ as the linear heads are different across tasks, i.e., each task has its

own linear head.

Now we can link our diversity and consistency to features encoded by training or target
tasks.

Theorem 4.2.3 (Diversity and Consistency). If C encodes the feature in Cy, i.e., the different
entry dimension of z(!) and 23 in €y is in the first k¢ dimension, then we have v is lower

bounded by constant ¢ > 2,;(%12 and Kk <1 — ,/é. Otherwise, we have v — 0 and xk > 1.

Theorem [4.2.3| establishes ¢-diversity and x-consistency in Definition [If and Definition
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The analysis shows that diversity can be intuitively understood as the coverage of the
finetuning tasks on the target task in the latent feature space: If the key feature dimension
of the target task is covered by the features encoded by finetuning tasks, then we have
lower-bounded diversity v; if not covered, then the diversity v tends to 0 (leading to vacuous
error bound in Theorem . Also, consistency can be intuitively understood as similarity
in the feature space: when k¢ is small, a large fraction of the finetuning tasks are related
to the target task, leading to a good consistency (small x); when k¢ is large, we have less
relevant tasks, leading to a worse consistency. Such an intuitive understanding of diversity

and consistency will be useful for designing practical task selection algorithms.

4.2.2 Task Selection

Our analysis suggests that out of a pool of candi-

date tasks, a subset S with good consistency (i.e., @ // /@\
4 /
small k) and large diversity (i.e., large v) will y Q) /
! S @

yield better generalization to a target task. To N
realize this insight, we present a greedy selection

approach, which sequentially adds tasks with the Figure 4.2: Illustration of the similarity and
coverage. Target tasks (7p) with the most
similar tasks in yellow and the rest in blue.
The ellipsoid spanned by yellow tasks is the
coverage for the target task. Adding more
tasks in blue to the ellipsoid does not increase
the coverage boundary.

best consistency, and stops when there is no sig-
nificant increase in the diversity of the selected
subset. In doing so, our approach avoids enu-
merating all possible subsets and thus is highly
practical.

A key challenge is to compute the consistency and diversity of the data. While the
exact computation deems infeasible, we turn to approximations that capture the key
notions of consistency and diversity. We show a simplified diagram for task selection in
Figure . Specifically, given a foundation model ¢, we assume any task data 7 = {z;}
follows a Gaussian distribution in the representation space: let ¢(7) = {¢(x;)} denote

the representation vectors obtained by applying ¢ on the data points in 7; compute the
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sample mean pu7 and covariance Cr for ¢(7T), and view it as the Gaussian N (ur, Cr).
Further, following the intuition shown in the case study, we simplify consistency to similarity:
for the target task 7y and a candidate task 7;, if the cosine similarity CosSim(7g,7;) :=
,u% wr; /(s ll2llper; 112) s large, we view 7; as consistent with 7g. Next, we simplify diversity
to coverage: if a dataset D (as a collection of finetuning tasks) largely “covers” the target
data 7y, we view D as diverse for 7. Regarding the task data as Gaussians, we note that
the covariance ellipsoid of D covers the target data pr, iff (up — ufr(,)TC'Bl(u D — p7) <
1. This inspires us to define the following coverage score as a heuristic for diversity:
coverage(D; To) := 1/(up — i)' Cp' (D — 17 )-

Using these heuristics, we arrive at the following selection algorithm: sort the candidate
task in descending order of their cosine similarities to the target data; sequentially add
tasks in the sorted order to L until coverage(L; 7p) has no significant increase. Algorithm

illustrates this key idea.

Algorithm 2 Consistency-Diversity Task Selection
Input: Target task 7y, candidate finetuning tasks: {71, 72, ..., Tar}, model ¢, threshold p.

1: Compute ¢(7;) and p7; for i =0,1,..., M.

2: Sort 7;’s in descending order of similarity (79,7;). Denote the sorted list as
{7’1/a 2/7"" ]\//[}

L {T)

s fori=2,...,M do
If coverage(LUT/; To) > (1 +p) - coverage(L; Tp), then L < LUT/; otherwise, break.

end for

Output: selected data L for multitask finetuning.

> g oe w

4.3 Experiments

We now present our main results, organized in three parts. Section explores how
different numbers of finetuning tasks and samples influence the model’s performance, offering
empirical backing to our theoretical claims. Section investigates whether our task
selection algorithm can select suitable tasks for multitask finetuning. Section provides

a more extensive exploration of the effectiveness of multitask finetuning on various datasets
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and pretrained models. We defer other results to the appendix. Specifically, Appendix [C.5.4]
shows that better diversity and consistency of finetuning tasks yield improved performance
on target tasks under same sample complexity. Appendix shows that finetuning
tasks satisfying diversity yet without consistency lead to no performance gain even with
increased sample complexity. Further, Appendix [C.6] and Appendix [C.7] present additional
experiments using NLP and vision-language models, respectively.

Experimental Setup. We use four few-shot learning benchmarks: minilmageNet
[271], tieredImageNet [228|, DomainNet [218] and Meta-dataset [265]. We use foundation
models with different pretraining schemes (MoCo-v3 |49], DINO-v2 |208|, and supervised
learning with ImageNet [231]) and architectures (ResNet [121] and ViT [73]). We consider
few-shot tasks consisting of IV classes with K support samples and () query samples per
class (known as N-way K-shot). The goal is to classify the query samples based on the
support samples. Tasks used for finetuning are constructed by samples from the training
split. Each task is formed by randomly sampling 15 classes, with every class drawing 1 or 5
support samples and 10 query samples. Target tasks are similarly constructed from the test
set. We follow [51] for multitask finetuning and target task adaptation. During multitask
finetuning, we update all parameters in the model using a nearest centroid classifier, in
which all samples are encoded, class centroids are computed, and cosine similarity between
a query sample and those centroids are treated as the class logits For adaptation to a target
task, we only retain the model encoder and consider a similar nearest centroid classifier.
This multitask finetuning protocol applies to all experiments (Sections to . We

provide full experimental set up in Appendix [C.5

4.3.1 Verification of Theoretical Analysis

We conduct experiments on the tieredlmageNet dataset to confirm the key insight from our
theorem — the impact of the number of finetuning tasks (M) and the number of samples
per task (m).

Results. We first investigate the influence of the number of shots. We fix the target
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Figure 4.3: Results on ViT-B backbone pretrained by MoCo v3. (a) Accuracy v.s. number of shots
per finetuning task. Different curves correspond to different total numbers of samples Mm. (b)
Accuracy v.s. the number of tasks M. Different curves correspond to different numbers of samples
per task m. (c) Accuracy v.s. number of samples per task m. Different curves correspond to
different numbers of tasks M.

task as a 1-shot setting but vary the number of shots from 1 to 4 in finetuning, and vary the
total sample size Mm = [10k, 20k, 40k]. The results in Figure show no major change
in accuracy with varying the number of shots in finetuning. It is against the common
belief that meta-learning like Prototypical Networks [249] has to mimic the exact few-shot
setting and that a mismatch will hurt the performance. The results also show that rather
than the number of shots, the total sample size M'm determines the performance, which is
consistent with our theorem. We next investigate the influence of M and m. We vary the
number of tasks (M = [200, 400, 600, 800]) and samples per task (m = [150, 300, 450, 600])
while keeping all tasks have one shot sample. Figure [£:3D] shows increasing M with fixed m
improves accuracy, and Figure shows increasing m with fixed M has similar behavior.
Furthermore, different configurations of M and m for the same total sample size M'm
have similar performance (e.g., M = 400, m = 450 compared to M = 600,m = 300 in

Figure [4.3b)). These again align with our theorem.

4.3.2 Task Selection

Setup. To evaluate our task selection Algorithm [2, we use the Meta-Dataset [265]. It
contains 10 extensive public image datasets from various domains, each partitioned into

train/val/test splits. For each dataset except Describable Textures due to small size, we
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Pretrained Selection INet Omglot Acraft CUB QDraw Fungi Flower Sign COCO

CLIP Random  56.29 65.45 31.31  59.22 36.74 31.03 75.17 33.21 30.16
No Con.  60.89 72.18 31.50  66.73 40.68 35.17 81.03 37.67 34.28
No Div. 56.85 73.02 3253  65.33 40.99 33.10 80.54 34.76 31.24
Selected  60.89  74.33 33.12 69.07 41.44 36.71 80.28 38.08 34.52

DINOv2 Random  83.05 62.05 36.75  93.75 39.40 52.68 98.57 31.54 47.35
No Con.  83.21 76.05 36.32  93.96 50.76 53.01 98.58 34.22 47.11
No Div. 82.82 79.23 36.33  93.96 55.18 52.98 98.59 35.67  44.89
Selected 83.21 81.74 37.01 94.10 55.39 53.37 98.65 36.46 48.08

MoCo v3 Random  59.66 60.72 18.57  39.80 40.39 32.79 58.42 33.38 32.98
No Con.  59.80 60.79 18.75  40.41 40.98 32.80 59.55 34.01 33.41
No Div. 59.57 63.00 18.65  40.36 41.04 32.80 58.67 34.03 33.67
Selected  59.80  63.17 18.80 40.74 41.49 33.02 59.64 34.31 33.86

Table 4.1: Results evaluating our task selection algorithm on Meta-dataset using ViT-B backbone.
No Con.: Ignore consistency. No Div.: Ignore diversity. Random: Ignore both consistency and
diversity.

conduct an experiment, where the test-split of that dataset is used as the target task while
the train-split from all the other datasets are used as candidate finetuning tasks. Each
experiment follows the experiment protocol in Section [£.3] We performed ablation studies
on the task selection algorithm, concentrating on either consistency or diversity, while
violating the other. See details in Appendix [C.5.4]

Results. Table compares the results from finetuning with tasks selected by our
algorithm to those from finetuning with tasks selected by other methods. Our algorithm
consistently attains performance gains. For instance, on Omniglot, our algorithm leads
to significant accuracy gains over random selection of 8.9%, 19.7%, and 2.4% with CLIP,
DINO v2, and MoCo v3, respectively. Violating consistency or diversity conditions generally
result in a reduced performance compared to our approach. These results are well aligned
with our expectations and affirm our diversity and consistency conclusions. We provide
more ablatioin study on task selection in Table in Appendix [C.5.4 We also apply task
selection algorithm on DomainNet in Appendix [C.5.5] Furthermore, in Appendix [C.0] we

employ our algorithm for NLP models on the GLUE dataset.
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minilmageNet tieredImageNet DomainNet
pretrained backbone method 1-shot 5-shot 1-shot 5-shot 1-shot 5-shot
MoCo v3 ViT-B Adaptation 75.33 (0.30)  92.78 (0.10) 62.17 (0.36) 83.42 (0.23) 24.84 (0.25)  44.32 (0.29)
Standard FT ~ 75.38 (0.30)  92.80 (0.10)  62.28 (0.36)  83.49 (0.23)  25.10 (0.25)  44.76 (0.27)
Ours 80.62 (0.26) 93.89 (0.09) 68.32 (0.35) 85.49 (0.22) 32.88 (0.29) 54.17 (0.30)

ResNet50  Adaptation 68.80 (0.30) 88.23 (0.13) 55.15 (0.34)  76.00 (0.26) 27.34 (0.27)  47.50 (0.28)
Standard FT ~ 68.85 (0.30)  88.23 (0.13) 55.23 (0.34)  76.07 (0.26) 27.43 (0.27)  47.65 (0.28)

Ours 71.16 (0.29) 89.31 (0.12) 58.51 (0.35) 78.41 (0.25) 33.53 (0.30) 55.82 (0.29)

DINO v2 ViT-S Adaptation  85.90 (0.22) 95.58 (0.08) 74.54 (0.32) 89.20 (0.19)  52.28 (0.39)  72.98 (0.28)
Standard FT 86.75 (0.22)  95.76 (0.08)  74.84 (0.32) 89.30 (0.19) 54.48 (0.39)  74.50 (0.28)

Ours 88.70 (0.22) 96.08 (0.08) 77.78 (0.32) 90.23 (0.18) 61.57 (0.40) 77.97 (0.27)

ViT-B Adaptation  90.61 (0.19) 97.20 (0.06) 82.33 (0.30) 92.90 (0.16) 61.65 (0.41)  79.34 (0.25)

Standard FT  91.07 (0.19)  97.32 (0.06) 82.40 (0.30)  93.07 (0.16) 61.84 (0.39)  79.63 (0.25)

Ours 92.77 (0.18) 97.68 (0.06) 84.74 (0.30) 93.65 (0.16) 68.22 (0.40) 82.62 (0.24)

Supervised  ViT-B Adaptation  94.06 (0.15)  97.88 (0.05) 83.82 (0.20)  93.65 (0.13) 28.70 (0.20)  49.70 (0.28)
pretraining Standard FT ~ 95.28 (0.13) 98.33 (0.04) 86.44 (0.27) 94.91 (0.12) 30.93 (0.31)  52.14 (0.29)
on ImageNet Ours 96.91 (0.11) 98.76 (0.04) 89.97 (0.25) 95.84 (0.11) 48.02 (0.38) 67.25 (0.29)

ResNet50  Adaptation 81.74 (0.24)  94.08 (0.09) 65.98 (0.34) 84.14 (0.21) 27.32 (0.27)  46.67 (0.28)
Standard FT ~ 84.10 (0.22) 94.81 (0.09) 74.48 (0.33) 88.35 (0.19) 34.10 (0.31)  55.08 (0.29)
Ours 87.61 (0.20) 95.92 (0.07) 77.74 (0.32) 89.77 (0.17) 39.09 (0.34) 60.60 (0.29)

Table 4.2: Results of few-shot image classification. We report average classification accuracy
(%) with 95% confidence intervals on test splits. Adaptation: Direction adaptation without
finetuning; Standard FT: Standard finetuning; Ours: Our multitask finetuning; 1-/5-shot: number
of labeled images per class in the target task.

4.3.3 Effectiveness of Multitask Finetuning

Setup. We also conduct more extensive experiments on large-scale datasets across various
settings to confirm the effectiveness of multitask finetuning. We compare to two baselines:
direct adaptation where we directly adapt pretrained model encoder on target tasks without
any finetuning, and standard finetuning where we append encoder with a linear head to map
representations to class logits and finetune the whole model. During testing, we removed
the linear layer and used the same few-shot testing process with the finetuned encoders.
Please refer Table in Appendix for full results.

Results. Table [1.2] presents the results for various pretraining and finetuning methods,
backbones, datasets, and few-shot learning settings. Multitask finetuning consistently
outperforms the baselines in different settings. For example, in the most challenging setting
of 1-shot on DomainNet, it attains a major gain of 7.1% and 9.3% in accuracy over standard
finetuning and direct adaptation, respectively, when considering self-supervised pretraining
with DINO v2 and using a Transformer model (ViT-S). Interestingly, multitask finetuning

achieves more significant gains for models pretrained with supervised learning than those
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pretrained with contrastive learning. For example, on DomainNet, multitask finetuning on
supervised pretrained ViT-B achieves a relative gain of 67% and 35% for 1- and 5-shot,
respectively. In contrast, multitask finetuning on DINO v2 pretrained ViT-B only shows a
relative gain of 10% and 4%. This suggests that models from supervised pretraining might
face a larger domain gap than models from DINO v2, and multitask finetuning helps to

bridge this gap.

Reproducibility Statement

For theoretical results in the Section [1.2] a complete proof is provided in the Appendix [C.2]
The theoretical results and proofs for a multiclass setting that is more general than that
in the main text are provided in the Appendix [C.3] The complete proof for linear case
study on diversity and consistency is provided in the Appendix [C.4] For experiments
in the Section [4.3] complete details and experimental results are provided in the Ap-
pendices [C.5| to [C7] The source code with explanations and comments is provided in

https://github.com/OliverXUZY /Foudation-Model Multitask.
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Chapter 5

Why Larger Language Models do

In-context Learning Differently

In this chapter, we will continue with our investigation on foundation models. We would
like to focus on understanding the ICL mechanism of transformer based foundation models,
particularly LLMs.

In the regime of fundation models and LLMs, people have observed various unexpected
and unexplanable phenomenon. As we have discussed in the introduction, recently there
have been some important and surprising observations [182, |213, 288 237] that cannot be
fully explained by existing studies. In particular, [237] finds that LLM is not robust during
ICL and can be easily distracted by an irrelevant context. Furthermore, [288] shows that
when we inject noise into the prompts, the larger language models may have a worse ICL
ability than the small language models, and conjectures that the larger language models
may overfit into the prompts and forget the prior knowledge from pretraining, while small
models tend to follow the prior knowledge. On the other hand, [182} [213| demonstrate
that injecting noise does not affect the in-context learning that much for smaller models,
which have a more strong pretraining knowledge bias. To improve the understanding of
the ICL mechanism, to shed light on the properties and inner workings of LLMs, and to

inspire efficient and safe use of ICL, we will attempt to answer the following question in
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this chapter:
Why do larger language models do in-context learning differently?

To answer this question, we study two settings: (1) one-layer single-head linear self-attention
network [234, 272} 18, |5, 315, 172, 296| pretrained on linear regression in-context tasks |98, 225,
272, 8l 124, 1172} |315, |5, 160, |131} |296], with rank constraint on the attention weight matrices
for studying the effect of the model scale; (2) two-layer multiple-head transformers [157]
pretrained on sparse parity classification in-context tasks, comparing small or large head
numbers for studying the effect of the model scale. In both settings, we give the closed-form
optimal solutions. We show that smaller models emphasize important hidden features while
larger models cover more features, e.g., less important features or noisy features. Then, we
show that smaller models are more robust to label noise and input noise during evaluation,
while larger models may easily be distracted by such noises, so larger models may have a
worse ICL ability than smaller ones.

We also conduct in-context learning experiments on five prevalent NLP tasks utilizing
various sizes of the Llama model families [263, [264], whose results are consistent with
previous work [182} [213] 288] and our analysis.

Our contributions and novelty over existing work:

e We formalize new stylized theoretical settings for studying ICL and the scaling effect

of LLM. See Section [5.2] for linear regression and Section [5.3] for parity.

e We characterize the optimal solutions for both settings (Theorem and Theo-

rem f31).

e The characterizations of the optimal elucidate different attention paid to different

hidden features, which then leads to the different ICL behavior (Theorem m
Theorem Theorem [5.3.2)).

o We further provide empirical evidence on large base and chat models corroborating

our theoretical analysis (Figure Figure .
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Note that previous ICL analysis paper may only focus on (1) the approximation power
of transformers [98, 216, [117], 24, 53|, e.g., constructing a transformer by hands which
can do ICL, or (2) considering one-layer single-head linear self-attention network learning
ICL on linear regression [272, [8 172, 315, |5 296], and may not focus on the robustness
analysis or explain the different behaviors. In this work, (1) we extend the linear model
linear data analysis to the non-linear model and non-linear data setting, i.e., two-layer
multiple-head transformers leaning ICL on sparse parity classification and (2) we have
a rigorous behavior difference analysis under two settings, which explains the empirical

observations and provides more insights into the effect of attention mechanism in ICL.

This chapter is based on a joint work [247| with Zhenmei Shi and Zhuoyan Xu:

Zhenmei Shi, Junyi Wei, Zhuoyan Xu, Yingyu Liang, “Why Larger Language
Models Do In-context Learning Differently?”; International Conference on Ma-

chine Learning (ICML) 2024.

Contributions of the author: Zhenmei Shi has main contribution towards the work. The
author Junyi Wei has core contribution in proving several major lemmas and theorems.
Zhenmei Shi and Zhuoyan Xu may submit this work for other degree or professional

qualification.

5.1 Preliminary

Notations. We denote [n] := {1,2,...,n}. For a positive semidefinite matrix A, we
denote [|x||% :=x" Ax as the norm induced by a positive definite matrix A. We denote
| - [|7 as the Frobenius norm. diag() function will map a vector to a diagonal matrix or
map a matrix to a vector with its diagonal terms.

In-context learning. We follow the setup and notation of the problem in 315} 172} |5,
131} 296|. In the pretraining stage of ICL, the model is pretrained on prompts. A prompt

from a task 7 is formed by N examples (Xr1,¥71),- .., (XrN,yrn) and a query token x, 4
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for prediction, where for any i € [N] we have y,; € R and X, X, 4 € R?. The embedding

matrix E,, the label vector y,, and the input matrix X, are defined as:

Xr1 Xr2 ... XN Xrg

E —| " 77 € REFDX N+
yﬂl .%,2 e yT’N 0

yr 2:[y771,-'-,y7—,N]T GRN, y‘l‘,q €R7

XT ::[)(7.,17 . ,XT7N]T € RNXda X14q € Rd‘

Given prompts represented as E;’s and the corresponding true labels y; ,’s, the pretraining
aims to find a model whose output on E; matches y, ,. After pretraining, the evaluation
stage applies the model to a new test prompt (potentially from a different task) and
compares the model output to the true label on the query token.

Note that our pretraining stage is also called learning to learn in-context [181] or
in-context training warmup [72] in existing work. Learning to learn in-context is the first
step to understanding the mechanism of ICL in LLM following previous works [225 323,
315, (172, |5, |131} 157} 296].

Linear self-attention networks. The linear self-attention network has been widely
studied [234, 272, 8, 5, [315, (172, 296, [4], and will be used as the learning model or a
component of the model in our two theoretical settings. It is defined as:

ETWEQE

frsap(E) = |E+ WIVE. — | (5.1)

where § = (WFPV WEQ) E ¢ REHDX(N+1) 5 the embedding matrix of the input prompt,
and p is a normalization factor set to be the length of examples, i.e., p = N during
pretraining. Similar to existing work, for simplicity, we have merged the projection and
value matrices into WPV and merged the key and query matrices into WX and have
a residual connection in our LSA network. The prediction of the network for the query
token x, , will be the bottom right entry of the matrix output, i.e., the entry at location

(d+1),(N + 1), while other entries are not relevant to our study and thus are ignored. So
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only part of the model parameters are relevant. To see this, let us denote

PV PV

WPV _ Wik wi € RE+FDx(d+1)
(w3 )T wyy”
KQ Q

wEkQ — Wi Wiz € REFDX(d+1)
(W )T wyy?

Wao

where W1V ,W € Réx4; wi’év,wflv,wgcg,w21 € R%; and wi) ,wg € R. Then the

prediction is:

Yrqg =fLsa0(E)(dt1),(v+1) (5.2)
EET\ [ Wi¢
(i o) (B )| T e
P (ws1°)

5.2 Linear Regression

In this section, we consider the linear regression task for in-context learning which is widely
studied empirically 98] 225, |272, 8, [24] and theoretically [172, 315| |5, (160} 131, [296].
Data and task. For each task 7, we assume for any i € [N] tokens X1y Xrg iid.
N(0,A), where A is the covariance matrix. We also assume a d-dimension task weight
W, i (0, Igxq) and the labels are given by y,; = (W, X;;) and yr 4 = (Wr,Xrq).
Model and loss. We study a one-layer single-head linear self-attention transformer
(LSA) defined in Equation and we use Ur = fLsA0(E)(d41),(v+1) as the prediction.

We consider the mean square error (MSE) loss so that the empirical risk over B independent

prompts is defined as
f9 QBZ qu WT7XT,q>)2'

Measure model scale by rank. We first introduce a lemma from previous work

that simplifies the MSE and justifies our measurement of the model scale. For notation

simplicity, we denote U = WﬁQ, u=wh).
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Lemma 5.2.1 (Lemma A.1 in [315]). Let T':= (14 +) A+ & tr(A)Igxq € R4, Let

L(frsan) = l;iinw L(fLsan)

1

~ 2
:§Ew7,x7,1,...,x771\;,x7,q [(yﬂ',q - <WTaXT,q>) } )

~ 1
(U, u) =tr 5u2rAUAUT — uAZUT] ,

we have L(frsae) = £(U,u) + C, where C is a constant independent with 0.

Lemma tells us that the loss only depends on uU. If we consider non-zero u,

w.l.o.g, letting w = 1, then we can see that the loss only depends on U € R4,
1
L(fisao) = tr | ;TAUAUT — A?UT .

Note that U = WﬁQ, then it is natural to measure the size of the model by rank of
U. Recall that we merge the key matrix and the query matrix in attention together, i.e.,
WER — (WEK)TW®, Thus, a low-rank U is equivalent to the constraint WX, W& ¢ R7*¢
where r <« d. The low-rank key and query matrix are practical and have been widely
studied [126, 44}, 130, |78, |67, 243|. Therefore, we use r = rank(U) to measure the scale of
the model, i.e., larger r representing larger models. To study the behavior difference under

different model scale, we will analyze U under different rank constraints.

5.2.1 Low Rank Optimal Solution

Since the token covariance matrix A is positive semidefinite symmetric, we have eigende-
composition A = QDQT, where Q is an orthonormal matrix containing eigenvectors of A
and D is a sorted diagonal matrix with non-negative entries containing eigenvalues of A,
denoting as D = diag([A1,...,A\q]), where Ay > --- > A\; > 0. Then, we have the following
theorem.

Theorem 5.2.1 (Optimal rank-r solution for regression). Recall the loss function { in
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Lemma [5.2.1l Let

U* u* = arg min (U, u).
UeR4xd rank(U)<r,ucR

Then U* = cQV*Q",u = 1, where ¢ is any nonzero constant, and V* = diag([v?, ..., v}])

c’

satisfies for any i < r,v; = (

N : _
NFOnTaD) and for any 7 > r,v] = 0.

Proof sketch of Theorem[5.2.1. We defer the full proof to Appendix The proof idea
is that we can decompose the loss function into different ranks, so we can keep the direction

by their sorted “variance”, i.e.,

d 2
~ 1
arg min (U, u) = g T\ <v;‘ - > ,
UeR4Xd rank(U)<r,ucR i—1 T;

where T} = (1+ %) A + trg\]?). We have that v} > 0 for any ¢ € [d] and if v} > 0, we have

v,

i T% Denote g(z) = 2 (M) We get the conclusion by g(z) is an increasing
N

T+ ~
function on [0, 00). O
Theorem gives the closed-form optimal rank-r solution of one-layer single-head
linear self-attention transformer learning linear regression ICL tasks. Let frga ¢ denote the
optimal rank-r solution corresponding to the U*, u* above. In detail, the optimal rank-r

solution f1,sa ¢ satisfies
,WHEQ — . (5.3)

What hidden features does the model pay attention to? Theorem shows
that the optimal rank-r solution indeed is the truncated version of the optimal full-rank
solution, keeping only the most important feature directions (i.e., the first r eigenvectors

of the token covariance matrix). In detail, (1) for the optimal full-rank solution, we have

for any i € [d],v] = m; (2) for the optimal rank-r solution, we have for any

igr,vf:(

m and for any ¢ > r,v; = 0. That is, the small rank-r model keeps

only the first r eigenvectors (viewed as hidden feature directions) and does not cover the
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others, while larger ranks cover more hidden features, and the large full rank model covers
all features.

Recall that the prediction depends on U*x,, = CQV*QTXMI; see Equation and
. So the optimal rank-r model only uses the components on the first r eigenvector
directions to do the prediction in evaluations. When there is noise distributed in all
directions, a smaller model can ignore noise and signals along less important directions
but still keep the most important directions. Then it can be less sensitive to the noise, as

empirically observed. This insight is formalized in the next subsection.

5.2.2 Behavior Difference

We now formalize our insight into the behavior difference based on our analysis on the
optimal solutions. We consider the evaluation prompt to have M examples (may not be
equal to the number of examples N during pretraining for a general evaluation setting),
and assume noise in labels to facilitate the study of the behavior difference (our results can
be applied to the noiseless case by considering noise level o = 0). Formally, the evaluation

prompt is:

E .= XLoX2 e XM Xg c R+ X (M+1)
voy2 .. ym 0
X1 e XM Xq
(w,x1)+€ ... (w,xp)+ey O

where w is the weight for the evaluation task, and for any ¢ € [M], the label noise
€ R (0,02).

Recall Q are eigenvectors of A, i.e., A = QDQ' and D = diag([\,. .., A\g]). In practice,
we can view the large variance part of x (top r directions in Q) as a useful signal (like
words “positive”, “negative”), and the small variance part (bottom d — r directions in Q) as

the less important or useless information (like words “even”; “just”).

Based on such intuition, we can decompose the evaluation task weight w accordingly:
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w = Q(s + &), where the r-dim truncated vector s € R? has s; = 0 for any r < i < d, and
the residual vector ¢ € R? has & = 0 for any 1 <4 < r. The following theorem (proved in
Appendix |D.2.2)) quantifies the evaluation loss at different model scales r which can explain

the scale’s effect.

Theorem 5.2.2 (Behavior difference for regression). Let w = Q(s + £) € R? where s, ¢ € R?
are truncated and residual vectors defined above. The optimal rank-r solution frsa ¢ in

Theorem [5.2.1] satisfies:

~

L(frsae; E)
~ 2
::Exl,el,...,xM,eM,xq (fLSA,G(E) - <W7Xq>)
1 2 1 2 2 *\21T12
=7 Islltveyzps + 77 (IIs +&llD +0°) tr ((V¥)*D?)

IR + D sia (v —1)%.
1€[r]
Implications. If N is large enough with N\, > tr(D) (which is practical as we usually

pretrain networks on long text), then

- 1
L(fisao E)=[€]D + 77 (o + DIslB +rlglD +ro?) -

The first term ||€]|% is due to the residual features not covered by the network, so it
decreases for larger r and becomes 0 for full-rank r» = d. The second term ﬁ() is significant
since we typically have limited examples in evaluation, e.g., M = 16 < N. Within it,
(r + 1)||s||} corresponds to the first r directions, and ro? corresponds to the label noise.
These increase for larger r. So there is a trade-off between the two error terms when scaling
up the model: for larger r the first term decreases while the second term increases. This
depends on whether more signals are covered or more noise is kept when increasing the
rank 7.

To further illustrate the insights, we consider the special case when the model already

covers all useful signals in the evaluation task: w = Qs, i.e., the label only depends on
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AN

the top r features (like “positive”, “negative” tokens). Our above analysis implies that a
larger model will cover more useless features and keep more noise, and thus will have worse

performance. This is formalized in the following theorem (proved in Appendix [D.2.2)).

Theorem 5.2.3 (Behavior difference for regression, special case). Let 0 < r <1’/ < d and
w = Qs where s is r-dim truncated vector. Denote the optimal rank-r solution as f; and

the optimal rank-r" solution as fy. Then,

L(f2;E) — L(f1:E)
1 "

N ’
=7 (Ilslb +0?) ( 2 <(N+1) mtr(D)) )

i=r+1

Implications. By Theorem [5.2.3] in this case,

~ ~ r—r r'—r
L(fE) - L(fi;E) = ——ls|p + — 0"
N—_——
input noise label noise

We can decompose the above equation to input noise and label noise, and we know that
|s||3 + o2 only depends on the intrinsic property of evaluation data and is independent of
the model size. When we have a larger model (larger '), we will have a larger evaluation
loss gap between the large and small models. It means larger language models may be easily
affected by the label noise and input noise and may have worse in-context learning ability,
while smaller models may be more robust to these noises as they only emphasize important
signals. Moreover, if we increase the label noise scale o2 on purpose, the larger models will
be more sensitive to the injected label noise. This is consistent with the observation in [288,

237] and our experimental results in Section

5.3 Sparse Parity Classification

We further consider a more sophisticated setting with nonlinear data which necessitates
nonlinear models. Viewing sentences as generated from various kinds of thoughts and

knowledge that can be represented as vectors in some hidden feature space, we consider
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the classic data model of dictionary learning or sparse coding, which has been widely used
for text and images [204} 270, [33]. Furthermore, beyond linear separability, we assume
the labels are given by the (d,2)-sparse parity on the hidden feature vector, which is the
high-dimensional generalization of the classic XOR problem. Parities are a canonical family
of highly non-linear learning problems and recently have been used in many recent studies
on neural network learning |64, 27, 240, 242].

Data and task. Let X = R? be the input space, and ) = {#£1} be the label space.

Suppose G € Rx4

is an unknown dictionary with d columns that can be regarded as
features; for simplicity, assume G is orthonormal. Let ¢ € {#1}? be a hidden vector that
indicates the presence of each feature. The data are generated as follows: for each task 7,
generate two task indices t; = (i, jr) which determines a distribution 7;; then for this task,
draw examples by ¢ ~ T-, and setting x = G¢ (i.e., dictionary learning data), y = ¢; ¢;,
(i.e., XOR labels).

We now specify how to generate t, and ¢. As some of the hidden features are more
important than others, we let A = [k] denote a subset of size k corresponding to the
important features. We denote the important task set as S; := A x A\ {([,1) : | € A}
and less important task set as Sy := [d] x [d] \ ({({,1) : l € [d]} US7). Then t, is drawn
uniformly from S7 with probability 1 — p7, and uniformly from So with probability pr,
where p7 € [0, %) is the less-important task rate. For the distribution of ¢, we assume
®ld)\{irj-} 18 drawn uniformly from {£1}972, and assume ¢4i,,j,) has good correlation
(measured by a parameter v € (0, %)) with the label to facilitate learning. Independently,

we have

Pr(i., ¢5.) = (L1)] = 1/4 +,
Pr(¢i, ¢5.) = (1, =1)] = 1/4,
Pr{(¢i, ¢5.) = (=1, 1)] = 1/4,
Pr(i,, ¢5,) = (=1, —1)] = 1/4 — .
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Note that without correlation (v = 0), it is well-known sparse parities will be hard to learn,
so we consider v > 0.

Model. Following [296|, we consider the reduced linear self-attention fsa ¢(X,y,%xq) =
YTTXWK qu (which is a reduced version of Equation ), and also denote WE@ as W

for simplicity. It is used as the neuron in our two-layer multiple-head transformers:

Y X i
g(X7Yan) = Z a;o |:NW(Z)Xq:| s
1€[m]
where o is ReLU activation, a = [a;,...,a,]" € [-1,1]™, W& e R4 and m is the
number of attention heads. Denote its parameters as 6 = (a, wm ,W(m)).

This model is more complicated as it uses non-linear activation, and also has two layers
with multiple heads.

Measure model scale by head number. We use the attention head number m to
measure the model scale, as a larger m means the transformer can learn more attention
patterns. We consider hinge loss ¢(z) = max(0,1 — z), and the population loss with

weight-decay regularization:

LMg) =E[t(ys 9(Xy,x))] + A | D WO

i€[m)]

Suppose N — oo and let the optimal solution of £*(g) be

*—aremin  lim £(g).
g =argmin  lim £7(g)

5.3.1 Optimal Solution

We first introduce some notations to describe the optimal. Let bin(:) be the integer to
binary function, e.g., bin(6) = 110. Let digit(z,4) denote the digit at the i-th position
(from right to left) of z, e.g., digit(01000,4) = 1. We are now ready to characterize the

optimal solution (proved in Appendix [D.3.1)).

Theorem 5.3.1 (Optimal solution for parity). Consider k = 2"1,d = 2"2, and let g7 and g5
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denote the optimal solutions for m = 2(v; 4+ 1) and m = 2(v, + 1), respectively.

1_
When 0 < DT < d(dgl)(%—‘,—'}/

- g7 neurons are a subset of g5 neurons. Specifically,
4

for any i € [2(vy + 1)], let V*() be diagonal matrix and
e For any i € (o] and i, € [d], let af = —1 and V:(Z = (2digit(bin(ir —1),7) —1)/(4~).
e For i =1y + 1 and any i, € [d], let af = +1 and V:(Z = —v;/(4v) for g;.

e Foric [2(vg+1)]\[re+1],let al =aF | and V5O = —v*(—v2—1),

i—Lg—
Let W) = GV*@OGT. Up to permutations, g5 has neurons (a*, wem ,W*’(m)) and

g7 has the {1,...,v1,v0+ 1,0 +2...,v0 + 11 + 1,205 + 2}-th neurons of g3.

Proof sketch of Theorem [5.3.1 The proof is challenging as the non-linear model and non-
linear data. We defer the full proof to Appendix [D:3.1] The high-level intuition is
transferring the optimal solution to patterns covering problems. For small py, the model
will “prefer” to cover all patterns in Sy first. When the model becomes larger, by checking
the sufficient and necessary conditions, it will continually learn to cover non-important
features. Thus, the smaller model will mainly focus on important features, while the larger

model will focus on all features. O

Example for Theorem When v9 = 3, the optimal has a; = ap = ag = —1,
a4 = +1 and,
VW = 1/4~ - diag([—1,+1, -1, 41, -1, +1, -1, +1])

V(2) = 1/47 : dlag([_17 _17+17+1a _L _17+17+1])
V(3) = 1/47 : dlag([_17 _17_1> _17+1a+17+17+1])
VW =3/4~ - diag([-1,-1,-1,-1,-1,-1, -1, —1])

and Vit+Y) = V() a; 4 = a, for i e [4].
On the other hand, the optimal g7 for 1 = 1 has the {1, 4,5, 8}-th neurons of g3.
By carefully checking, we can see that the neurons in gj (i.e., the {1, 4,5, 8}-th neurons

of ¢g3) are used for parity classification task from Si, i.e, label determined by the first
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k = 2"* = 2 dimensions. With the other neurons (i.e., the {2,3,6, 7}-th neurons of ¢3),
g5 can further do parity classification on the task from Sy, label determined by any two
dimensions other than the first two dimensions.

What hidden features does the model pay attention to? Theorem [5.3.1] gives the
closed-form optimal solution of two-layer multiple-head transformers learning sparse-parity
ICL tasks. It shows the optimal solution of the smaller model indeed is a sub-model of
the larger optimal model. In detail, the smaller model will mainly learn all important
features, while the larger model will learn more features. This again shows a trade-off when
increasing the model scale: larger models can learn more hidden features which can be
beneficial if these features are relevant to the label, but also potentially keep more noise

which is harmful.
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Figure 5.1: Larger models are easier to be affected by noise (flipped labels) and override
pretrained biases than smaller models for different datasets and model families (chat/with
instruct turning). Accuracy is calculated over 1000 evaluation prompts per dataset and over
5 runs with different random seeds for each evaluation, using M = 16 in-context exemplars.

5.3.2 Behavior Difference

Similar to Theorem [5.2.3] to illustrate our insights, we will consider a setting where the
smaller model learns useful features for the evaluation task while the larger model covers
extra features. That is, for evaluation, we uniformly draw a task t, = (i, j-) from S;, and
then draw M samples to form the evaluation prompt in the same way as during pretraining.

To present our theorem (proved in Appendix using Theorem [5.3.1]), we introduce
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Figure 5.2: Larger models are easier to be affected by noise (flipped labels) and override
pretrained biases than smaller models for different datasets and model families (origi-
nal /without instruct turning). Accuracy is calculated over 1000 evaluation prompts per
dataset and over 5 runs with different random seeds for each evaluation, using M = 16
in-context exemplars.

some notations. Let

D, = [diag(V*(W), ... diag(V*")), diag(V*2T),
o ,diag(V*’(V2+yl+1)), diag(v*,(2u2+2))] c Rdx2(u1+1)

D, = [diag(V*’(l)), . ,diag(v*v@”?“))] € RIX2(2+1)

where for any i € [2(vo + 1)], V*() is defined in Theorem m Let gfgﬂq € RY satisfy
gZ)T,qﬂ'T = @rq,irs qAan,jT = ¢r4,- and all other entries being zero. For a matrix Z and a
vector v, let Pz denote the projection of v to the space of Z, i.e., Pz(v) = Z(ZTZ)_lzTV.
Theorem 5.3.2 (Behavior difference for parity). Assume the same condition as Theoremm
For j € {1,2}, Let 6; denote the parameters of g;. For [ € [M], let § be uniformly drawn

Zlej\[f‘ﬂ & Then, for any ¢ € (0,1), with probability at least 1 — § over

from {#+1}%, and = =

the randomness of test data, we have

g;(XTv}’Ta XT,q) = h(@j, 27$T,q + PD]- (2)) + €j

= Z ajo [diag (V*’(i)>T (27¢A5T7q + PDJ.(E))} +e;j

1€[m)]
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Figure 5.3: The magnitude of attention between the labels and input sentences in Llama
2-13b and 70b on 100 evaluation prompts; see the main text for the details. z-axis: indices
of the prompts. y-axis: the norm of the last row of attention maps in the final layer.
Correct: original label; wrong: flipped label; relevant: original input sentence; irrelevant:
irrelevant sentence from other datasets. The results show that larger models focus on both
sentences, while smaller models only focus on relevant sentences.

where €; = O (\ / VHJ log %) and we have

. 2fyg5ﬂq is the signal useful for prediction: 0 = ¢(y,-h(61, 2’y$77q)) = U(yq-h(62, 27(]3qu)).

EllPp, ENIZ) _ mi+1

e Pp,(E)) and Pp,(E)) is noise not related to labels, and B[ Po EN[E] = vetl:
2\ 2

Implications. Theorem shows that during evaluation, we can decompose the
input into two parts: signal and noise. Both the larger model and smaller model can capture

the signal part well. However, the smaller model has a much smaller influence from noise

vi+1

than the larger model, i.e., the ratio is DT

The reason is that smaller models emphasize
important hidden features while larger ones cover more hidden features, and thus, smaller

models are more robust to noise while larger ones are easily distracted, leading to different
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ICL behaviors. This again sheds light on where transformers pay attention to and how that

affects ICL.

Remark 5.3.1. Here, we provide a detailed intuition about Theorem = is the input
noise. When we only care about the noise part, we can rewrite the smaller model as
g1 = h(01, Pp,(Z)), and the larger model as go = h(62, Pp,(Z)), where they share the same
h function. Our conclusion says that E[||Pp,(Z)|13]/E[|Pp,(E)|3] = (1 +1)/(v2 + 1),
which means the smaller model’s “effect” input noise is smaller than the larger model’s
“effect” input noise. Although their original input noise is the same, as the smaller model
only focuses on limited features, the smaller model will ignore part of the noise, and the

“effect” input noise is small. However, the larger model is the opposite.

5.4 Experiments

Brilliant recent work [288| runs intensive and thorough experiments to show that larger
language models do in-context learning differently. Following their idea, we conduct similar
experiments on binary classification datasets, which is consistent with our problem setting

in the parity case, to support our theory statements.

Experimental setup. Following the experimental protocols in [288| |[182], we conduct
experiments on five prevalent NLP tasks, leveraging datasets from GLUE [275] tasks and
Subj [60]. Our experiments utilize various sizes of the Llama model families [263| 264]:
3B, 7B, 13B, 70B. We follow the prior work on in-context learning [288]| and use M = 16
in-context exemplars. We aim to assess the models’ ability to use inherent semantic biases
from pretraining when facing in-context examples. As part of this experiment, we introduce
noise by inverting an escalating percentage of in-context example labels. To illustrate,
a 100% label inversion for the SST-2 dataset implies that every “positive” exemplar is
now labeled “negative”. Note that while we manipulate the in-context example labels, the
evaluation sample labels remain consistent. We use the same templates as |181], a sample

evaluation for SST-2 when M = 2:

sentence: show us a good time

The answer is positive.
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sentence: as dumb and cheesy

The answer is negative.

sentence: it ’s a charming and often
affecting journey

The answer is

5.4.1 Behavior Difference

Figure shows the result of model performance (chat/with instruct turning) across all
datasets with respect to the proportion of labels that are flipped. When 0% label flips,
we observe that larger language models have better in-context abilities. On the other
hand, the performance decrease facing noise is more significant for larger models. As the
percentage of label alterations increases, which can be viewed as increasing label noise o2,
the performance of small models remains flat and seldom is worse than random guessing
while large models are easily affected by the noise, as predicted by our analysis. These
results indicate that large models can override their pretraining biases in-context input-label
correlations, while small models may not and are more robust to noise. This observation
aligns with the findings in |288| and our analysis.

We can see a similar or even stronger phenomenon in Figure 5.2} larger models are more
easily affected by noise (flipped labels) and override pretrained biases than smaller models
for the original /without instruct turning version (see the “Average” sub-figure). On the
one hand, we conclude that both large base models and large chat models suffer from ICL

robustness issues. On the other hand, this is also consistent with recent work suggesting

that instruction tuning will impair LLM’s in-context learning capability.

5.4.2 Ablation Study

To further verify our analysis, we provide an ablation study. We concatenate an irrelevant

sentence from GSM-IC [237] to an input-label pair sentence from SST-2 in GLUE dataset.
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We use “correct” to denote the original label and “wrong” to denote the flipped label. Then,
we measure the magnitude of correlation between label-input, by computing the norm
of the last row of attention maps across all heads in the final layer. We do this between
“correct”/“wrong” labels and the original /irrelevant inserted sentences. Figure shows
the results on 100 evaluation prompts; for example, the subfigure Correct+Relevant shows
the correlation magnitude between the “correct” label and the original input sentence in
each prompt. The results show that the small model Llama 2-13b mainly focuses on the
relevant part (original input) and may ignore the irrelevant sentence, while the large model

Llama 2-70b focuses on both sentences. This well aligns with our analysis.

5.5 More Discussions about Noise

There are three kinds of noise covered in our analysis:

Pretraining noise. We can see it as toxic or harmful pretraining data on the website
(noisy training data). The model will learn these features and patterns. It is covered by &
in the linear regression case and So in the parity case.

Input noise during inference. We can see it as natural noise as the user’s wrong
spelling or biased sampling. It is a finite sampling error as  drawn from the Gaussian
distribution for the linear regression case and a finite sampling error as x drawn from a
uniform distribution for the parity case.

Label noise during inference. We can see it as adversarial examples, or misleading
instructions, e.g., deliberately letting a model generate a wrong fact conclusion or harmful
solution, e.g., poison making. It is ¢ in the linear regression case and Ss in the parity case.

For pretraining noise, it will induce the model to learn noisy or harmful features. During
inference, for input noise and label noise, the larger model will pay additional attention to
these noisy or harmful features in the input and label pair, i.e., y - x, so that the input and
label noise may cause a large perturbation in the final results. If there is no pretraining
noise, then the larger model will have as good robustness as the smaller model. Also, if

there is no input and label noise, the larger model will have as good robustness as the
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smaller model. The robustness gap only happens when both pretraining noise and inference

noise exist simultaneously.
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Chapter 6

Conclusion

In this thesis, we explored three interconnected aspects of modern machine learning,
contributing theoretical insights and practical methodologies to the field.

First, we proposed a general framework for analyzing two-layer neural network learning
via gradient descent. This framework provides provable guarantees for several prototypical
problem settings and goes beyond fixed-feature approaches such as the Neural Tangent
Kernel (NTK). It offers insights into phenomena like the lottery ticket hypothesis and
simplicity bias, paving the way for deeper understanding of neural network learning. Future
work in this direction includes extending the framework to deeper networks and formalizing
feature learning dynamics during later stages of training.

Second, we investigated the theoretical justification for multitask finetuning as a means
of adapting pretrained foundation models to downstream tasks with limited labeled data.
Our analysis demonstrated that, with sufficient sample complexity, finetuning using a
diverse set of pertinent tasks can significantly improve target task performance. These
findings were validated both theoretically and empirically. Furthermore, we proposed a
task selection algorithm for multitask finetuning that yielded superior results compared to
using all available tasks. We anticipate that this work will inspire further exploration into
the adaptation and optimization of foundation models.

Lastly, we addressed the question of why larger language models exhibit different
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behaviors during in-context learning (ICL). Through theoretical and empirical analysis,
we revealed that smaller models tend to emphasize critical hidden features, making them
more robust to noise, while larger models encompass a broader range of features, which can
render them more prone to distraction. These findings deepen our understanding of large
language models and their in-context learning mechanisms, offering potential avenues for
improving their training and application.

Together, these contributions offer theoretical insights of neural network learning,
foundation model adaptation, and large language model behavior. We hope this work will

stimulate further research and innovation across these critical areas of machine learning.
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Appendix A

Discussions, Complete Proofs and
Additional Experiments in Chapter 2
A Theoretical Analysis On Feature

Learning In Neural Networks

Section presents more technical discussion on related work. Section provides
the complete proofs for our results in the main text. Section provides the complete
details and experimental results for our experiments.

Section provides the theoretical results and complete proofs for a setting more
general than that in the main text, allowing incoherent dictionaries, unbalanced classes,

and Gaussian noise in the data.

A.1 More Technical Discussion on Related Work

Advantage of Neural Networks over Linear Models on Fixed Features. A recent
line of work has turned to show learning settings where network learning provably has

advantage over linear models on fixed features; see the nice summary in [173|. Here we
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highlight the results and focuses of the existing related studies and discuss the differences
from ours.

[309] shows that the random feature method fails to learn even a single ReLU neuron
on Gaussian inputs unless its size is exponentially large in dimension. This points out the
limitation of the random feature method (belonging to the fixed feature approach) but does
not consider feature learning in networks.

Some studies show that a single ReLU neuron can be learnt by gradient descent [308,
70, [85]. The analysis typically involves feature learning. However, their focus is different:
they do not show the advantage over fixed feature methods and do not consider the effect
of the input structures.

[326] shows that in a special teacher-student setting, the student network will do exact
local convergence in a surprising way that all student neurons will converge to one of the
teacher neurons. The work does not consider the effect of the input structure nor the
advantage over fixed features.

[74] explains the advantage of network learning by constructing adaptive Reproducing
Kernel Hilbert Space (RKHS) indexed by the training process of the neural network,
and shows that adaptive RKHS benefits from a smaller function space containing the
residue comparing to RKHS. The work shows the statistical advantage of networks over
data-independent kernels, but does not consider the optimization for learning the network.

[105] considers data generated from a hidden vector with two subsets of variables, each
uniformly distributed in a high-dimensional sphere (with a different radius), while the
label is determined by only the first subset of variables. It shows the existence of good
neural networks that can overcome the curse of dimensionality by representing the best
low-dimensional hidden structure. However, it studies the approximation power of neural
networks rather than the learning, i.e., it does not show how to learn the good network.

[80] argues that in the infinite width limit, a two-layer neural network will learn a nearly
optimal feature representation in the distribution sense, thanks to the convexity of the limit

problem. It is unclear how this result helps to understand the feature learning procedure
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for practical networks, which is usually a non-convex process.

[47] considers a fixed, randomly initialized neural network as a representation function
fed into another trainable network which is the quadratic Taylor model of a wide two-layer
network. It shows that learning over the random representation can achieve improved
sample complexities compared to learning over the raw data. However, the representation
considered is not learned, which is different from our focus on feature learning.

[9] considers Gaussian inputs with labels given by a multiple-layer network with quadratic
activations and skip connections (with the assumption of information gap on the weights),
and studies training a deep network with quadratic activation. It shows that the trained
network can learn proper representations and obtain small errors while no polynomial fixed
feature methods can. On the other hand, it does not focus on the influence of input structure
on feature learning: note that its input distribution contains no information about the
“ground-truth” features in the target network. It also points out that the learned features
get improved during training: higher-level layers will help lower-level layers to improve by
backpropagating correction signals. Our analysis also shows feature improvement which
however is by signals from the input distribution.

[13] considers PAC learning with labels given by a depth-2 ResNet, and studies training
an overparameterized depth-2 ResNet (using uniform inputs over Boolean hypercube as
an example). It shows the trained network can obtain small errors while no polynomial
kernel methods can obtain as good errors. Similar to 9], it does not focus on the influence
of input structure on feature learning or the advantage of networks.

[12] studies how ensemble of deep learning models can improve test accuracy and how
the ensemble can be distilled into a single model. It develops a theory which assumes
the data has multi-view structure and shows that the ensemble of independently trained
networks can provably improve test accuracy and the ensemble can also be provably distilled
into a single model. The analysis also relies on showing that the data structure can help the
ensemble and the distillation. On the other hand, their focus is on ensembles and is quite

different from ours: the analysis is on showing the multi-view input structure allows the
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ensembles of networks to improve over single ones and ensembles of fixed feature mappings
do not have improvement. While our focus is on supervisedly learning one single network
that outperforms the fixed feature approaches.

[63] considers the task of learning sparse parities with two-layer networks, and the
analysis suggests that the ability to learn the label-correlated features also seems to be
critical towards the success of neural networks, although the authors did not explore
much in this direction. [173] also considers similar learning problems but with specifically
designed models for the problems. The learning problems considered in [63, 173| have input
distributions that leak information about the target labeling function, which is similar
to our setting, and their analysis also shows that the first gradient descent can learn a
set of good features and later steps can learn an accurate classifier on top. Our work is
inspired by their studies, while there are some important differences. First, their focuses
are different from ours. [63| focuses on showing neural networks can learn targets (i.e.,
k-parity functions) that are inherently non-linear. Our analysis generalizes to more general
distributions, including practically motivated ones. [173| focuses on strong separations
between learning with gradient descent on differentiable models (including typical neural
networks) and learning using the corresponding tangent kernels. The analysis is on specific
differentiable models, while our work is on two-layer neural networks similar to practical
ones. Second, our analysis relies on the feature improvement in the second gradient step.
This is not an artifact of the analysis but comes from our problem setup. While in [63] the
data distribution allows some neurons to be sufficiently good after the first gradient step
and needs no feature improvement, our setup is more general where the data distribution
may not have a similar strong benign effect and thus needs feature improvement in the
second gradient step.

Most related to our work is [63]. Therefore, we provide a detailed discussion to highlight

the connections and differences.

1. Our problem setting is more general than that in [63]. To see this, let our dictionary

be the identity matrix, the set P to be the odd numbers (i.e., the labeling function is
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a sparse parity). Furthermore, let the distribution of the hidden representation be an

equal mixture of the following two:

(a) Dj: Uniform distribution over the hypercube.

(b) Da: Irrelevant patterns éj (j ¢ A) have appearance probability po = 1/2. And
the distribution of relevant patterns (;3]- (j € A) is: all 0’s with probability 1/2,

and all 1’s with probability 1/2.

Then our problem setting reduces to their setting (up to scaling/translation of ¢~)j’s).
On the other hand, in general our setting allows for more choices for the labeling, the

dictionary, and the distributions over ¢.

. Upper bound: Because of the more general setting, our upper bound proof requires
technical novelty. Recall that in their work, the input distribution is essentially a
mixture of D1 and Dy above. In Dy, the relevant patterns ¢~>j (7 € A) have the specific
structure of all 0’s or all 1’s with probability 1/2. This allows to show that neurons
with weight w satisfying Zje 4 wj = 0 will have good gradients: small components
from irrelevant patterns (their Lemma 7) and large components from relevant patterns
(their Lemma 8). However, in our setting, the relevant patterns do not have this
specific structure, and thus their proof technique is not applicable (or can be applied
only when we have an exponentially large number of hidden neurons so that some hit
the good positions at random initialization). What we showed is that the gradient
has some correlation with the good feature direction. So after the first gradient
step, the neuron weights are not good yet but are in a better position for further
improvement (in particular, their setting corresponds to pg = 1/2 which means large
noise in the weights after the first step; see discussion after our Lemma [2.3.2] in
Section . Then the latter gradient steps are able to improve the weights to better
“signal-to-noise-ratio”. In summary, our proof does not rely on their specific input
structure or an exponentially large number of hidden neurons for hitting some good

positions. The key is that the good feature will emerge with the help of the input
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structure, and once in a better position, the neurons’ weights can be improved to the

desired quality.

3. Lower bound: On the other hand, our lower bound is proved by a reduction to the
lower bound results in [63]. They have shown that D; above can lead to large errors
for fixed feature models of polynomial size. Our proof is essentially constructing a
mixture of D; and Dy with mixture weights pg and (1 — pp), and applying their lower
bound for D;. See our proof in Appendix [A3]

4. Conceptually, our work belongs to the same line of research as [63], to analyze how
feature learning leads to the superior performance of networks. While their analysis
also relies on feature learning from good gradients induced by input structure, their
focus is more on separating network learning and fixed feature models and has not
explicitly explored the impact of input structures (while we agree that such an explicit
study will not be difficult in their setting). More importantly, their input distribution
is specific and atypical in practice, which allows a specific type of feature learning
(as explained in the above discussion on upper bounds). Our work thus considers a
more general setting that is motivated by practical problems. Our results then bring
theoretical insights closer for explaining the feature learning in practice and provide
some positive evidence for the importance of analysis under proper models of the

input distributions.

Sparse Coding and Subspace Data Models. To analyze neural networks’ performance,
various data models have been considered. A practical way to model the underlying structure
of data is by assuming that a set of hidden variables exists and the input data is a high
dimensional projection of the hidden vector (possibly with noise). Along this line, the
classic sparse coding model has been used in existing works for analyzing networks. [144]
considers such a data distribution where the label is given by a linear function on the hidden
sparse vector, but studies the approximation power of networks and classic polynomial

methods rather than the learning. [10] considers similar data distributions, but studies
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the performance of networks under adversarial perturbations. Another type of related
data models assumes that the label is determined by a subset of hidden variables. [105]
considers a hidden vector with two subsets of variables, each uniformly distributed in a
high-dimensional sphere (with a different radius), while the label is determined by only
the first subset of variables. However, [105] studies the approximation power of neural
networks rather than the learning. Compared to these studies, our work assumes the input
is given by a dictionary multiplied with a hidden vector (not necessarily sparse) while the
label is determined by a subset of the hidden vector, as motivated by pattern recognition
applications in practice. Furthermore, we focus on the learning ability of networks instead

of approximation.
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A.2 Complete Proofs for Provable Guarantees of Neural Net-

works

We first make a few remarks about the proof.

Remark. The analysis can be carried out for more gradient steps following similar
intuition, while we analyze two steps for simplicity.

Remark. Readers may notice that the network can be overparameterized. With sufficient
overparameterization and proper initialization and step sizes, network learning becomes
approximately NTK. However, here our learning scheme allows going beyond this kernel
regime: we use aggressive gradient updates )\Ef,) =1/(29®) in the first two steps, completely
forgetting the old weights to learn effective features. Using proper initialization and
aggressive updates early to escape the kernel regime has been studied in existing work (e.g.,

[294, 163]). Our result thus adds another concrete example.

Notations. For a vector v and an index set I, let v; denote the vector containing the
entries of v indexed by I, and v_; denote the vector containing the entries of v with indices
outside I.

O for i € [m] are i.i.d. copies of the same random variable w(®) ~

By initialization, w'
N(0,02134); similar for a®© and b, Let ¢, := (w(®,M,), then (w(® x) = (¢,q).
Similarly, define qgg) = <w£t), My). Let 0’5) := po(1 — po) /5% denote the variance of ¢, for
(& A.

We also define the following sets to denote typical initialization. For a fixed ¢ € (0, 1),
define

o2.(D — k)

302,(D — k)
— d . _ w 2 w
Gw(0) :== {w €ER%:q = <W,Me>,f < é%qg S5

max ge] < owy/2 log<Dm/a>}, (A1)
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Ga(d) :={aeR: |a| < gay/2log(m/d)}. (A.2)

Go(8) == {b € R : |b| < op\/21log(m/d)}. (A.3)

A.2.1 Existence of A Good Network

we first show that there exists a network that can fit the data distribution.

Lemma A.2.1. For some s,a,b € R with a,b > 0, define a function ds4p : R — R as

0s,ap(2) = aoe(z — s +b) — 2a0,(z — s) + aoy(z — s — b). (A.4)

where oy(z) = max{z,0} is the ReLU activation function. Then

0 when z < s — b,

a(z — s) + ab when s —b < z < s,

5s,a’b(z) = (A5)
—a(z—s)+ab when s<z<s+b,

0 when s+ b < z.

That is, d5,4,5(2) linearly interpolates between (s—b,0), (s, ab), (s+0b,0) when z € [s—b, s+],

and is 0 elsewhere.
Proof of Lemma[A.2.1. This can be simply verified for the four cases of the value of z. [J

Lemma A.2.2 (Restatement of Lemma [2.3.1). For any D € Fz, there exists a network
gf(x) = >t afo((w),x) + b}) with y = g*(x) for any (x,y) ~ D. Furthermore, the

number of neurons n = 3(k + 1), |aj| < 32k, 1/(32k) < [bj| < 1/2, wj =63 ;.2 M;/(4k),

and |(w},x) + bl <1 for any i € [n] and (x,y) ~ D.
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Proof of Lemma[2.5.1 Let w =563, Mj and let =3 ;o E[$;]. We have

(w,x) =6 (M;,M¢) =6 ¢;=Y & —p (A.6)

jEA JEA JEA

Then by Lemma

Z — 1,2 1/2 (W, x)) — Z 5p—u,2,1/2(<W7 x)) (A7)
peP p€P,0<p<k
= Z Op,2,1/2({W,x) + p) — Z Op,2,1/2({W,x) + 1) (A.8)
peEP pgP,0<p<k
= Z 0p.2,1/2 Z o | — Z Op,2,1/2 Z ®; (A.9)
peP JEA p¢P,0<p<k JEA
—y (A.10)

for any (x,y) ~ D. Similarly,

Z —p+1/4,4,1/2 ((w,x)) — Z 5p—u+1/4,4,1/2(<W7 x)) (A.11)
peEP pgP,0<p<k

= Z Opt1/,4,/2({W, x) + 1) — Z Opr1/a,4,1/2((W,X) + 1) (A.12)
peEP pgP,0<p<k

= Z Opt1/4,4,1/2 Z o | - Z Opt1/4,4,1/2 Z oy (A.13)
peEP JEA p€P,0<p<k JEA

for any (z,y) ~ D. Note that the bias terms in g] and g3 have distance at least 1/4, then
at least one of them satisfies that all its bias terms have absolute value > 1/8. Pick that
one and denote it as g(x) = > ; a;0,((W;,x) + b;). By the positive homogeneity of o,

we have

Zzufazar ((wi,x)/(4k) + b;/(4k)). (A.15)
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Since for any (x,y) ~ D, [(w;,x)/(4k) + b;/(4k)| < 1, then
g(x) =Y 4kaio((wi, x)/(4k) + by/(4k)) (A.16)
i=1

where o is the truncated ReLU. Now we can set a = 4ka;, w; = w;/(4k), b} = b;/(4k), to

get our final g*. O

A.2.2 Initialization

We first show that with high probability, the initial weights are in typical positions.

Lemma A.2.3. For any ¢ € (0,1), with probability at least 1 — 6 —2exp (—O(D — k)) over

w©®

)

oe(D—k)/2<) ¢} <3058 (D—k)/2,
1gA

ma |ge| < ow/2108(D/5).

With probability at least 1 — § over b(0),

b < op,1/210g(1/0).

With probability at least 1 — § over a0,

0] < 0ay/210g(1/0).

Proof of Lemma[A.2.3. From q ~ N(0,02,Ixq), we have:

e With probability > 1 — §/2, maxy || < /202 log £, and

e For any subset S C [D], with probability > 1-2exp (—=0(|S])), |lgs3 € (%, %)
Similar for b(®) and a(®. The lemma then follows. O

Lemma A.2.4. We have:
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o With probability > 1 —§ —2mexp(—O(D — k)) over W,EO) s, for all i € [2m)], WEO) €
Gw(0).
o With probability > 1 — 6 over b\*) s, for all i € [2m], b{”) € Gy (5).
e With probability > 1 — § over ago) s, for all i € [2m], ago) € Ga(9).
Proof of Lemma[A.2.4. This follows from Lemma by union bound. O
(0)

The following lemma about the typical w;’s will be useful for later analysis.

Lemma A.2.5. Fiz 6 € (0,1). For any WEO) € Gw(0), we have

Pr 0 5 0 (/(D—Ro2z)| = o) - Qe (Dm/5) A7
> L%qu,e >0 (\/(D k) w)] N e (A7)

Consequently, when p, = Q(k?/D) and k = Q(log®(Dm/$)),

l?br |:%£ <Z>eq§f? >0 (Uw)] =0(1) — 21(/14) (A.18)

Proof of Lemma[A.2.5. Note that for ¢ & A, E[¢¢] = 0, E[¢7] = a;, and E[|¢¢|3] = @(aé/&).
Then the statement follows from Berry-Esseen Theorem. O
A.2.3 Some Auxiliary Lemmas

The expression of the gradients will be used frequently.

Lemma A.2.6.

0
WLD(QQ o¢) = —a;E(x ) op {9llyg(x:§) < 1Eg I[(wi,x) +b; +& € (0,1)]x}, (A.19)

aiALD(QS o¢) = —ail(x y)p {yl[yg(x; &) < 1EI[(wi,x) + b; € (0,1)]}, (A.20)
;&Lv(g; 0¢) = —Ey)op {¥llyg(x; §) < 1Ego((wi,x) + b + &)} (A.21)

1

Proof of Lemma[A.2.6. It follows from straightforward calculation. O



101

We now show that a small subset of the entries in ¢, ¢ does not affect the probability

distribution of (¢, ¢) much.

Lemma A.2.7. Suppose v ~ N(0,0%). For any B 2 A and any b:

]¢Pr (6.0 +vz0)— Pr {<¢B7q3>+uzb}] (A.22)
,B7V ,B,V
|(¢B,q8)] o® +o3llq-sl3/c
<0 + . A23
((aznq_Bn%wﬂ/Q % + 2R (8.28)
Similarly,
\Pr {(6.q) > b} — Pr {{(6_pra_p) > b}' (A.24)
$—B ¢-B
3
o <\<¢B,q3> o o sl 3) | 25
oslla-Bllz ~ Goglla—sBll5

Proof of Lemma[A2.7 Note that for £ ¢ A, E[¢y] = 0, E[¢7] = 03, and E[|¢¢|] = O(03 /7).
Let t = |(¢B,qp)|- Then by the Berry-Esseen Theorem,

RRCY DTS S USWRSENEL] (A.26)
b-B B
< Pr {(¢-maqp) +vE[-t+bt+b]) (A.27)
-B
_ O + o2lla-sl3/3) s,
“(03lla-sl3 + o) (0 +0Flla-Bl3)*? '
The second statement follows from a similar argument. O

We also have the following auxiliary lemma for later calculations.
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Lemma A.2.8.
Egn {y} =0, (A.29)
Epa {lyl} =1, (A.30)
By, {651} = 2036, for j & A, (A.31)
g, {ys;} = g (A.32)
Eon {y51} < 2, for all j € (D] (A.33)
Proof of Lemma[A.2.§
Egpp {v} = Y Eon {uly = v}Prly =] (A.34)
ve{£1}
= % > Eoa {yly =0} (A.35)
ve{£l}
= 0. (A.36)
Eon {lyl} = > Eon {lylly = v} Prly =] (A.37)
ve{£l}
1
=5 > Esa{lylly=0} (A.38)
ve{£1}
=1. (A.39)
— FPo 1 — VMo 1 - Po o ~
Eg, {1651} = = poll p&)ﬂ Polp = 20735 (A.40)
5. — Elds
Ed’A {y¢3} = ]E¢A {y(b]&[d)J]} (A'41)
1 - -
= ~E,, {y¢j - yIE[qu]} (A.42)
7
= 1. (A.43)
Ega {lyosl} = Eg, {051} (A.44)
<1 (A.45)
g
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A.2.4 Feature Emergence: First Gradient Step

We will show that w.h.p. over the initialization, after the first gradient step, there are
neurons that represent good features.

We begin with analyzing the gradients.

Lemma A.2.9 (Full version of Lemma . Fiz § € (0,1) and suppose WEO) € Gw(0), bgo) €
Gu(0) for alli € [2m]. Let

B klog?(Dm/8) + log®?(Dm,/§)
U;&Q(D — k)

If po = Q(k?/D), k = Q(log?(Dm/)), and a ) < 1/k, then

0

ow;

Lp(g™;0M) (O)ZM T; (A.46)

where T} satisfies:

o if j € A, then |Tj — Bv/5| < O(ec/d), where f € [Q2(1),1] and depends only on
w® p0.

o if j & A, then |Tj| < O(J(z)éed)

Proof of Lemma[A.2.9. Consider one neuron index ¢ and omit the subscript ¢ in the pa-
rameters. Since the unbiased initialization leads to ¢(¥ (x; €M) = 0, we have
0 (g 0D (A.47)
ow e
= —aOBp {yllyg® (x:6€0) < B Iw®, %) + O + €D € (0,1)]x}  (A.48)

=-aOF, . p e {y]I[(w( ), %)+ b0+ M e (o, 1)}x} (A.49)
D

O3 M E ) pen (W@, %) + 5O+ € (0,1))65} (A.50)
j=1

=T
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First, consider j € A.

Tj = E(x y)op,e) {yﬂ[<w<°>, x) + b +¢W e (o, 1)1@} (A.51)
~ By {003 1 [(6.0) 45+ € e 0.1)] | (452
Let
I = Pr [(6,0) +b® +¢ € (0,1)] (A.53)
P—A
I, = Pr [<¢_A, g_a) +bO + 0 ¢ (0, 1)} . (A.54)
—A
We have
Eeary (Lo — 1) (A.55)
< Eeoy | Pr [(6,0) +bO +60 > 0] = Pr [(6-a,0-4) + b +¢0 > 0] ‘ (A.56)
d_A -a

+ Pr [<¢, g) +b©® 4 @) > 1] + Pr [<¢>_A,q_A> +bO 4 > 1} . (ABT)
d-a£M b_aED

Then by Lemma[A.2.7]
] Pr [(6,) + D@ +¢® >0 = Pr [(6-a,q-a) + D@ +¢D > 0] ‘ =0(ce).  (A58)
BN A

Note that 35,,a Var(dege) = ©(0j0%(D — k) = O(oy,), and |¢¢| < 3, maxg|g| <

w g’

ow+/2log(Dm/§). Applying Bernstein’s inequality for bounded distributions, we have:

L [(¢-a,q-a) = 1/4] = exp(—Q(k)) = O(ee). (A.59)
We also have:
Py [b“]) + €M > 1/4] = exp(—Q(k)) = O(eo). (A.60)
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Therefore,

P [(6.0) + O + €0 > 1] = exp(- k) = O(cc) (A.61)

where the last step follows from the assumption on oy and k. A similar argument gives:

, PE(D (0—a,q-a) + b0 + W > 1| = exp(—Q(k)) = O(ee). (A.62)

Then we have

‘T] - E¢A,g(1> {y¢jIZz} (A.63)
< Eon { Iy [Ber (1 — )]} (A.64)
< O(ee)Eg, {lyosl} (A.65)
< O(ee/) (A.66)
where the last step is from Lemma [A:2.8] Furthermore,
LAOREZS (A.67)
=Eg, {y9;} Ecoy 1] (A.68)
=Egp{yos} Pr [(0-a.q-a)+b®+¢0 e (0,1)] (A.69)
b-a g™
By Lemma the assumption on p,, and (A.59)), we have
Pr [(6-na-a) + b € (0.1/2)] > Q1) ~ Ok, (A.70)
A
P €V € (0,1/2)] = 1/2 - exp(—2()), (A.T1)
This leads to
B:=Ew([l}]= Pr [(qs_A, g-a) +b© + ¢ e (o, 1)} > Q(1). (A.72)
d-n M
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By Lemma Eg, {yo;j} = v/6. Therefore,
|T; — Bv/a| < Oe /7). (A.73)

Now, consider j ¢ A. Let B denote A U {j}.

Tj = By {651 [(6,0) + DO +¢0 € 0,1)] } (A74)
=By By, e {yoi1 [(6,0) + D@ + 60 € 0,1)] } (A.75)
=:E¢Bgu>{y¢jgggB¢,@-+tﬂm-+f“>e(0;w}}. (A.76)

Let
ly:= Pr [(6.0) + 60+ e 0.1)] (ATT)
= Pr (&5 a5) + O+ e (0,1)]. (A.78)

Similar as above, we have [E¢q) (I, — ;)| < O(ee) by Lemma Then by Lemma

Ty — By (w6513} (A.79)
< Egp {ly651 Beo (I — 1) | (A.80)
< O(ee)Egy {lyl} Eg, {1051} (A.81)
< Ofee) x O(036) (A.82)
= O(05€0). (A.83)

Furthermore,

Ey, e {05y} = Eop {y} Eg; {05} Ecy[I] = 0. (A.84)
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Therefore,

T3] < O(02e.5). (A.85)

Lemma A.2.10. Under the same assumptions as in Lemma[A.2.9,

0
Ob;

Lp(g®;0) = —alT; (A.86)

where |Tp| < O(e).

Proof of Lemma[A.2.10. Consider one neuron index ¢ and omit the subscript ¢ in the

parameters. Since the unbiased initialization leads to ¢(©) (x;& (1)) =0, we have

0
). (1)
—abLD(g ;0 ) (A.87)

= —a Oy y)p {y1lyg® (x:€) < B I(w®, %) + b + W e (0,1)]}  (A88)

= —aO By eor {pTIw %) + b0 + ¢ € (0,1)]}. (A.89)

::Tb

Similar to the proof in Lemma [2.3.2

Prl(o.a)+ b + W e (0,1)] - Pr(o-a,q-a)+ b + W € (o, 1)]‘ = O(ee).

(A.90)
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Then

T~ By o {u Pr[0-aa-ah + 50+ €0 € 011} (A.91)

—E,, e {\yr ‘fr (6,6) + 5O+ €0 € (0,1)] ~ Prl(6-a,qa) +bO 40 € (0 1)]]}

(A.92)
< O(ee)Egn {lyl} (A.93)
< O(€e). (A.94)
Also,
Egpem {y Pri(o-a.aa)+ b +¢W e (o, 1)]} (A.95)
—A
=Eop (s}, Pr [(6-n.q-a) + DO +6W € (0.1)] (A.96)
—A>
=0. (A.97)
Therefore, |Tp| < O(ee). O
Lemma A.2.11. We have
2 (g ®:0M) = _7 (A.98)
aaZ I 5 a .

where |T,| < O(maxy qﬂ)). So z'fwl(O) € G(9), |Ta|l < O(ow/log(Dm/J)).

Proof of Lemma[A.2.11] Consider one neuron index 7 and omit the subscript ¢ in the

parameters. Since the unbiased initialization leads to ¢(©) (x;€ (1)) = 0, we have

9 0). (1)
%LD(Q()’% ) (A.99)

= ~Egeyn {llyg O (x:€V) < 1Bo((w®,x) + b + )} (A.100)

= =B y)~pe® {yU(<W(O),x> +b® ¢ 5(1))} : (A.101)

—4da
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Let ¢y be an independent copy of ¢a, ¢’ be the vector obtained by replacing in ¢ the

entries ¢ with ¢/, , and let 2’ = M¢' and its label is . Then

ITa] = )Em {yE¢_A,5<1>U(< © %) + b 4 £0 )H (A.102)
_1

< 5B {Bo_pcno((w,x) + O + D)y = 1} (A.103)

—Egy {E¢_A,g<1>o(< %) + b0 + W)y —1} | (A.104)

< % Ega {E o (WO x) + 5@+ W)y = 1} (A.105)

—Eg, {E¢,A,g<1>o(< @ xy + b 4 W)y = —1} ‘ (A.106)

Since o is 1-Lipschitz,

1
ITal < 5B 0 {Eooa [(W®, %) = (w0, )

< %EmA <E¢A {‘(W(O),X>‘ ly = 1} + Ey, {‘<W(O),X/>

/= —1} (A.107)

ly = —1}) (A.108)

=Ep_a.6a ‘<W(°), X>( (A.109)
= Ex (W(O),X>’ (A.110)
</ Ex(w(0) x)2 (A.111)

< maxq, (Z B+ Y @-m) (A.112)

Le[D] jELGLEA
< max ¢ /Ex (1+0(1)) (A.113)
= ©(max a.9). (A.114)
O]

With the bounds on the gradient, we now summarize the results for the weights after

the first gradient step.
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Lemma A.2.12. Set
A =1/@nM) A = A = 0,08 = 1/k3/2,
Fiz 6 € (0,1) and suppose WEO) € Gw(0), b, b\ € Gu(0) for all i € [2m]. If p, = Q(k?/D),

k = Q(log?(Dm/6)), then for all i € [m), wi = ZK:I qi(,le)Mg satisfying

: W ()05 = InMal®|e.
o ifl € A, then ]qi’g nWa, " py/a| <O = , where 5 € [Q2(1),1] and depends

only on WZ(O), bgo) ;

o if { & A, then ]qi(}g)\ <0 <aé\n(1)a§0)|ee&) ;
and
. bl(l) = bz(o) + n(l)ago)Tb where |Tp| = O (ec);
o 2V =al” £ yOT, where |T,| = O(ow+/log(Dm/5)).

Proof of Lemma[A.2.19 This follows from Lemma and Lemma O

A.2.5 Feature Improvement: Second Gradient Step

We first show that with properly set 71, for most x, [¢(V(x; Ug )| < 1 and thus

2
g (xo)) < 1

Lemma A.2.13. Fiz 6 € (0,1) and suppose W,L(D) € gw(é),bgo) € gb(d),ago) ) for

Ga(0
all i € [2m]. If p, = Q(k?/D), k = Qlog?(Dm/5)), oa < 52/(vk2), 'V = O (,mjga), and

0(2) < 1/k, then with probability > 1 — exp(—@(k)) over (X,y), we have yg(l)(X' 0(2)) < 1.

3
Furthermore, for any i € [2m], x| = [, 0)| = 0mWa /), [((a")-as0-n)| =
O(nMé&/v), and ‘bi ’ O( n(l)a l€e).
Proof of Lemma[A.2.13 Note that WEO) = ngli, bz(-o) = bfgli, and ago) = —aﬁgli Then

the gradient for w; is the negation of that for w,,4;, the gradient for b; is the negation
of that for b,,;, and the gradient for a; is the same as that for a,,4;. With probability

> 1—exp(—O(max{2p,(D —k),k})), among all j ¢ A, we have that at most 2p,(D —k)+k
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of ¢ are (1 —p,)/&, while the others are —p,/&. For data points with ¢ satisfying this, we

have:
’9(1)(& af))‘ (A.115)
2m
= > alVEqeo((wit) x) + b + ) (A.116)
=1
=13 (alVEewo((w”, %) + b +62) + all B a((wi, %) + b0, + sﬁ,%ln)‘
=1
(A.117)
<12 (agl)Ew)U((ng)aX) +bV + ) +al) Emo((wi x) + bV + 5(2))>'
1=1
(A.118)
+ (*a&lilﬁlf(a)a((wgl),x) + bgl) + 52(2)) ;LzEgz)a(( inzrz, x) + bgﬂ +§ ))
i=1
(A.119)
Then we have
m
‘g(l)(X; Uéz))‘ <Y ‘277( T Eemo((wi”,x) + bl + 59)‘ (A.120)
i=1
> ’aﬁlz ( (wit) - WSL,X)‘ + b~ ) (A.121)
=1
<> 07| (| %) + 5| + B [¢7)]) (A.122)
=1
+ ‘afilz ( (wi) - Wfili,@‘ + bl — b ) . (A.123)




We have |T,| = O(ow+/log(Dm/J)), and

Q| =

%) < 0(nDal”)) (8v/6 + eo/3) £
+0(Inal” (026t ((2po(D = k) + k)(1 = po) /G + poD/5)
< O(InWal”|) (kv/5% + ek /5% + (k + poD)o2ee)
<OV (1 + pod)/7).

bl(l)‘ <

|+ [n el

1Og(m/ 5) 1),.(0) €e
< VR el

)‘ < 0(022)).

Ee) (€ (2

| m+z

‘<W§l) — Wik X (1)»X>‘ = 0"V (1 +pod) /7).
b?”—b&L = 2lnMa 97| = O(InalVe,).

Then we have

k?

1) 1 B
90| < 0 (mnVa, mame0<7y+‘%m”>+Mm#“?

| < 2% + VT < 127 + 0(nVaw/log(Dm/3)).

112

(A.124)

(A.125)
(A.126)
(A.127)

(A.128)

(A.129)

(A.130)

(A.131)
(A.132)

(A.133)

(2)
+ ey )

(A.134)

(A.135)
(A.136)

(A.137)

(A.138)

Then |ygM (x; (2))‘ < 1. Finally, the statement on ((qgl))_A, ¢_A>‘ follows from a similar
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calculation on ’<W£1),X>) = ‘<qgl),¢)‘. O
We are now ready to analyze the gradients in the second gradient step.

Lemma A.2.14. Fiz 6 € (0,1) and suppose Wl(o) € Qw(é),bgo) € Qb(5),ago) € Ga(0) for

(0)
all i € [2m]. Let epy = O <’7”'*‘”"§(7+>> 4 exp(—O(k)). If k = Q(log2(Dm/8)) and
k=0(D), oq < &%/ (vk?), V) =0 (L>, and a @ — = 1/k%/2, then

kmoa

0
I (1) (2) (1) M T Al
o ; D(g E ( 39)

where Tj satisfies:

o if j € A, then |Tj — fv/6] < O(ecs/d + n(l)/ag) + n(l)\ago)ke/(&aéz))), where B €
(0) 1,0,

)

[2(1),1] and depends only on w;

e ifj & A, then |Tj| < Lexp(—O(k)) + O(o?beeg&).

Proof of Lemma[A.2.17j Consider one neuron index i and omit the subscript i in the parame-

ters. By Lemmal[A 2.13] Prlyg™) (x;6®)) > 1] < exp(—O(k)). Let L = I[ygV (x;6@)) < 1].

0

o (1) o2

5o Lolg"io) (A.140)

— _all >E(x,y)ND{yHXE§<2)H[< M x)+b® + €@ € (0,1)]x } (A.141)
D

= -2l Y M By op e { VWD, %) + DD 6P € 0,10} (A142)
j=1

ZZT]'

Let Tj1 :=Ey y)p e {yI[[(W( ), x) + b +£3) € (0,1)] ¢J} We have

T; — Tl (A.143)
= B {p(1 — TOTwW, %) + b0 + €2 € (0,1)6; }] (A.144)
< SExypee 1 - x| (A.145)

IN
Q| — Q| —

@
»
o
T
@
—~
=y
~
~—

(A.146)
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So it is sufficient to bound 7. For simplicity, we use ¢ as a shorthand for qz-(l).

First, consider j € A.

Tj = E(x,y)wp,g(z) {ZJH[<W(1),X> +bM + 5(2) € (0, 1)]¢J} (A.147)
= Eoa {y% ot [<¢>7 g)+bM +¢® € (o, 1)] } : (A.148)
Let
Io:=Pr [(6,0) + bV +€? € (0,1)] (A.149)
¢
I, = Pr [(9-a.q-a) + bV +? € (0,1)]. (A.150)
¢

(1)1,(0)
By the property of the Gaussian £, that |($a,qa)| = O(M)7 and that

(pya)| = [(wi,x)| = O(mW/7) < O(1/k) and |(¢_a.q-a)| = O(M/y) < O(L/k),

we have

L1 < ‘ Py [(6,0) +bM +¢@ > 0] - Py [(0-aq-a) + b +£@ > 0| ‘ (A.151)

+Pr[(6,0) +bM + €@ = 1]+ Pr [(9-a,0-a) +bV + 6@ 21| (A152)
£2) £

1) €
0 (77 Ul ‘ké’;* e)) + exp(—0O(k)) = O(ee2). (A.153)

52
g O-f

This leads to

Tj1 — Egao_a {90515} | (A.154)
< Eps {1yo5] [Eg_a(Ia — Io)|} (A.155)
< O(ee2)Egy {lyasl} (A.156)

< O(ee2/7) (A.157)
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where the last step is from Lemma Furthermore,

Egn. a {y0ila} (A.158)
=Egn {y0;} Eg_al10] (A.159)
=Eg, {yo;} Pljé(Q) [<¢)—AaQ—A> +bM 4¢3 € (0,1)]. (A.160)

By Lemma we have |(¢_a,q_a)| < O(nW5/7). Also, b —bO@] < O(nM]al?|e).

By the property of £3)

[<¢ Ard-a) + bW 1+ @ e (0, 1)] ~Pr [b<0> +€@ e (0, 1)H (A.161)
5(2) €2

0(W5/(oP)) + 0(Wal|ec/o?). (A.162)
On the other hand,

B:= Pr |bO+¢®e(0,1) =Pr|c? e (-p®,1-pO A.163
£2)

=Q(1) (A.164)
and 8 only depends on b(®). By Lemma Eg, {yo;} = v/7. Therefore,
(Tj1 = B7/5] < Oleca/3) + OV Jo ) + 0D 2l ec/ (50Y)). (A.165)
Now, consider j ¢ A. Let B denote A U {j}.

Tj1 =B e {0051 [(6.0) + b0 +62 € (0,1)] } (A.166)
)

= EguE,_ e {9051 [(6.0) + DV +6@ € (0,1)] } (A.167)

_B,£(2

=Ky, {y@ Pr [(¢, ¢) +bM + @ ¢ (o, 1)} } . (A.168)
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Let
Iy = Pr [(6,9)+ bV +6@ € (0.1)] (A.169)
3
Iy = Pr [(¢-pa-p) + bV +€? € (0,1)]. (A.170)
3

Similar as above, we have |I, — Ij| < €c2. Then by Lemma

Tt~ Eopo s {4051} (A.171)
< By {lyoilEo_p (Ib — I)| } (A.172)
< O(ee2)Eg, {[0;]} (A.173)
< Ofee) x O(035) (A.174)
= 0(0'356626'). (A.175)

Furthermore,
E¢po 5 {y¢]Il/;} =Eg, {Z/} E¢j {(ﬁj} Es 5 [I{,] =0. (A.176)

Therefore,

Tj1| < O(05€e25). (A.177)
O

Lemma A.2.15. Under the same assumptions as in Lemma

0
@). @y = _ @
8bLD(g ’UE )— a; Tb (A.178)

where |Tp| < exp(—Q(k)) + O(ee2).

Proof of Lemma[A.2.15 Consider one neuron index ¢ and omit the subscript ¢ in the param-



117

eters. By Lemma 3L Prlyg™M (x; @) > 1] < exp(—Q(k)). Let I, = I[yg™M (x; @) < 1].

0

il () e

o Lo(e™ia”) (A.179)
= —alV Ep)p {yeBelliw®, %) + bV + 6@ € (0,1)]}. (A.180)

Let Ty := E(xy ~D£(2) {yI[ W(l) ,X) + b + 5(2) € (0,1)] } We have

Ty — Tha| (A.181)
= [Eeyopew {p(1 - LW, x) + bV + 6@ e 1)} (A182)
< By yope 11— Ix| (A.183)
< exp(—Q(k)). (A.184)

So it is sufficient to bound T3;. For simplicity, we use ¢ as a shorthand for qi(l).

Tyt =By {41 [(6,0) + DD+ € 0,1)] } (A.185)
—Eg,Ey_, e {81 [(6,0) + DD+ € 0,1)] } (A.186)
=Ey, {y Pr( . [(qﬁ, @) +bW +£@ (o, 1)} } : (A.187)
Let
I:=Dr [(6,0) + DD +6@ € (0,1)] (A.188)

= Px [(6-a q-a) + DD+ € 0,1)]. (A.189)
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Similar as in Lemma |[A.2.14] we have |I — I}| < €e2. Then by Lemma [A.2.8]

To1 = Epp6-a {913}] (A.190)
< Egp {[Eg_n (I — )|} (A.191)
< O(ée2)- (A.192)
Furthermore,
Eop.o-a {0lp} = Eps {y} Egp_n[I;] = 0. (A.193)
Therefore, |Tp1| < O(ee2) and the statement follows. O

Lemma A.2.16. Under the same assumptions as in Lemma[A.2.1]],

0
— M. ,@y _ _
8aiLD(g jog) =14 (A.194)

where |T,| = O(n™Mé /) + exp(—Q(k))poly(Dm).

Proof of Lemma[A.2.16 Consider one neuron index ¢ and omit the subscript ¢ in the param-

eters. By Lemma Prlyg™M (x;£?) > 1] < exp(—Q(k)). Let Iy = I[yg™M (x;£?)) < 1].

0
1. 52
aaLD(g ’Uf ) (A.195)

= ~Exy~p {nyEaz)U((W(l),X) +b 5(2))} : (A.196)

=T,

Let Tat := Ey)op {yE§(2)0(<w(1), x) + bW & 5(2>)}. We have

’Ta - Ta1| (A197)
= [Epepyom {91 = LB o ((w ™, x) + b 4 £ } (A.198)
S E(x,y)wD,§(2) |1 - ]Ix‘ (Algg)

< exp(—Q(k)). (A.200)



119

(1)

So it is sufficient to bound 7;;. For simplicity, we use ¢ as a shorthand for g,

Let ¢/y be an independent copy of ¢a, ¢’ be the vector obtained by replacing in ¢ the

entries ¢a with ¢y, and let 2/ = M¢ and its label is y'. Then

Tut] = [Bon {3B_, o ((w®, %) + b + €20} (A.201)
1
< 5 [Bon {Bs_p coa((w®, ) + b0 + D)y =1} (A.202)
_ E¢A {E¢7A7£(2)0'(<W(1)7X> + b + 5(2))|y — _1} | (A.203)
1
< 5 [Bon {Bsp coa(w®, ) + b0 + €@y =1} (A.204)
_ E¢/A {E¢7A75(2)0'(<W(1)7X/> + b(l) + 6(2))“// — _1} ‘ (A.205)
1
< 5Eon0, {Es_a ‘(W“%X) — (w3 ly =1,y = -1} (A.206)
1
< 5B (Bon { w0\ ly = 1} + By, {Jw,x)| Iy = =1})  (a.207)
<Ep_pon |(WD, )] (A.208)
= Ex ‘<W(1),X>‘ (A.200)
= 0(nW&/7) + exp(—Q(k)) x D x [¢" ool 6]l (A.210)
~ DI g0) + €
= 0(nW5 /v) + exp(—Q(k))poly(Dm) (A.212)

where the fourth step follows from that o is 1-Lipschitz, the third to the last step from
Lemma [A:2.13] and the second to the last step from Lemma [A.2.12] O

With the above lemmas about the gradients, we are now ready to show that at the end

of the second step, we get a good set of features for accurate prediction.
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Lemma A.2.17. Set

2~
T 1
D = A0 =000 = 1/@nM), 0 = 17872, (A.213)
n®@ =120 =28 =1/29?), 08 = 1/K/2. (A.214)

Fiz 5 € (0,0(1/k%)). If po = Q(k2/D), k = Q (log2 (%gl)) and m > max{Q(k%), D},
then with probability at least 1 — § over the initialization, there exist &;’s such that §(x) :=
27 a0 (W' x) + b)) satisfies Lp(§) = 0. Purthermore, ||allo = O(m/k), ||a]|os =
O(K*/m), and ||al|2 = O(K®/m). Finally, |a® e = O (=5), WP |2 = O(E/k), and
b | = O(1/k2) for all i € [2m).

Proof of Lemma[A.2.17. By Lemma there exists a network g*(x) = ?(:klﬂ) ajo((wy,x)+
b;) satisfying g*(x) for all (x,y) ~ D. Furthermore, |af| < 32k,1/(32k) < |b}| < 1/2,
Wi =53 ;ea M;/(4k), and [{(w],x) + bj| <1 for any i € [n] and (x,y) ~ D. Now we fix
an ¢, and show that with high probability there is a neuron in g(2) that can approximate
the ¢-th neuron in g*.

By Lemma with probability 1 — 20 over WEO)’S, they are all in Gy (9); with

probability 1 — ¢ over a(o)’s, they are all in G,(9); with probability 1 — § over b(o)’s, they

) %

are all in Gp(0). Under these events, by Lemma [A.2.12] Lemma |[A.2.14] and |A.2.15| for any

neuron 7 € [2m], we have

D

w =a S My, (A.215)
j=1

b =b" + T, (A.216)

where

o if j € A, then |Tj — Bv/5| < ew1 := O(eeg/6+n(1)/(7§2) +n(1)|a§0)|ee/(50§2))), where

B € [€(1),1] and depends only on WEO), bgo);

e if j & A, then |Tj| < ews := Lexp(—0O(k)) + 0(0’3)6625').
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° ’Tb’ <€ = éexp(—@(k)) + O(Eez).

(0)

Given the initialization, with probability ©(1) over b;”’, we have
b e |2, 2| sign(b®) = sign(b; A.217
|b,”’| € SYSLNE) ,sign(b; ) = sign(by). (A.217)

4k[b7 |8y
b{?)|52
that for e, = ©(1/k?), with probability Q(ea) > & over ago),

Finally, since € [Q(k?v/52),0(k3y/52)] and depends only on W(O),b(-o), we have
’y (2 (2

~2

kb7 IBY 00 ) <, a§0>y=o<kj‘2>. (A.218)
Y

@52 !

Let ng = eam/4. For the given value of m, by (A.215])-(A.218) we have with probability

> 1 — 56 over the initialization, for each ¢ there is a different set of neurons I, C [m] with

|I¢| = ng and such that for each i, € Iy,

(0) 1 2 . 0)\ . *
b€ |z | sien®) = sign(v). (4219)
4k|b? 52
M0 1] <o =0 (). (220
b3} 15° o
We also have
(0)
a
<W§¢2)’X> _ ﬁzﬂwﬂ"@ (A.221)
7 jea
(1) (1) (0)
a;’ By a;’ By a; By
< <WS),X> — 765 Z<Mj,x> + ZT Z(Mja)() - ZT Z(Mjax> (A-222)
jEA JEA JEA
D (1)
a; By B
_ az(él) ZTj¢j _ z& Z il + az(j) _ az(?) % Z ; (A.223)
j=1 jEA jEA
D By By
1 1 0
=[a| o m0s -5 X+ |al) —all| | e (.224)
j=1 jEA JEA



We have az(-zl) — al(-?) = O(nWow+/log(Dm/5)), and
D By By
D Tios == D 6| < D (T — )65+ D Lo
j=1 jeA jEA J¢A

< O(kewl/&) + O(DEWQ/&) = €p-

For the given values of parameters, we have

€e2 = O % ;
SEYER)
@=0(2g):
2
=0z * s * )

Therefore,

(2) al('o)ﬁ'}’
<Wz‘e \X) = ZT Z<Mj7x>

Ky
5.2

ad)
iy

<0 iQ+ M4 Nog(Dm/5) Ky + Y€e 4 v
- k2~ ow m262  m26  mo?
k
+0 (n(l)aw\/log(Dm/6)> 5—;
m

We also have by Lemma [A.2.12] and [A.2.15}

ORI G)

< :
= (2] (2

€y +

1
b2~ b1 < 0 (10l e + 1ol ( § exp(-0(0) + ) ) < 0

122

(A.225)

(A.226)

(A.227)

(A.228)

(A.229)

(A.230)

(A.231)

(A.232)

(A.233)

(A.234)

(A.235)

(A.236)

(A.237)
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2a;|bj|
b5, I

Now, construct a such that a;, = for each ¢ and each iy € Iy, and a; = 0

elsewhere. Then

(%) — 29" (x)] (A.238)
3(k+1) 3(k+1)
IS Y ae ( w? b<2>) Z 2a%0 ((w,x) + bi) (A.239)
=1 iy€l,
3(k+1) 3(k+1) (0)
_ 2a€|b,\ 2) (2) |b1)‘ b3, . (0)
_ ZZI ; ( x) + b)) - ;1 ; B (i) + 0] )| (a.200)
T £ K2 4
3(k+1) (0)
2a;[bj| 2) @) _ 2a;[b| a, By (0)
S Z Z (0 o (<Wu 7X> + bi[ ) (0) ea_ Z<M > + b
=1 sl Ma b ‘ |b | jEA
(A.241)
3(k+1) (0) (0)
2a} |b \ a;,’" By 0 2ajby| (16,1, . 0
Z Z Z £ f& Z(Mj,x>+b§e) — 2(0)12 o |b£*| <W£7X>+b7(;[)
=1 7.@6[[ | jEA |bie | L
(A.242)
2aj|b}
< 3(k + 1) max F‘Z(O)| ilo (m> + (A.243)
ie
~1,(0) (0) *
2a;|b}| 6|b;’| |4ka;,’ B|bj] k
3(k 4 1) max —£ ¢ 2 —1|= (A.244)
‘ |b(0)| 4k|bj | 52|b§f)| G
k4 9
=0(—+k (A.245)
m
<1 (A.246)

Here the second equation follows from that o is positive-homogeneous in [0, 1], [(w},x) +
bj| <1, |b ’/|be| < 1. This guarantees yg(x) > 1. Changing the scaling of § leads to the
statement.

Finally, the bounds on a follow from the above calculation. The bound on ||a® ||,

follows from Lemma |A.2.16, and those on HW,L(z)HQ and Hb,EZ)HQ follow from ({A.215))(A.216])
and the bounds on agl) and bl(.l) in Lemma [A.2.12 O

A.2.6 Classifier Learning Stage

Once we have a set of good features, we are now ready to prove that the later steps will

learn an accurate classifier. The intuition is that the first layer’s weights do not change
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much and the second layer’s weights get updated till achieving good accuracy. In particular,
we will employ the online optimization technique from [63].

We begin by showing that the first layer’s weights do not change too much.

Lemma A.2.18. Assume the same conditions as in Lemma[A.2.17. Suppose for t > 2,

S) = )\‘(,5) =X\, W = n for some \,n € (0,1), and o) = 0. Then for any t > 2 and

§
i€ [2m],
) < 1
la,”| <mt+O (km2> ; (A.247)
lw'? —w?|, <0 (“7];\‘7) L2240 (k;?) , (A.248)
tnA t
|bz(t) - bz('z)’ <0 (ZQ) + 772t2 +0 <W> . (A.249)

Proof of Lemma[A.2.18 First, we bound the size of |al(.t)|:

0 _
—Lp(g(t 1))

— naai (A.250)

al”l = |1~ 200

<[ = 202" = i {utlug 00 < WtV x) b
(A.251)

<lal" Y+ (A.252)
which leads to

2l <t + )| (A.253)



125

where |a§2)| =0 (ﬁ) We are now to bound the change of WZ@ and bz(»t).
lw” — w2 (A.254)
= H (1 -2 )wi ) — naaLD(g(“)) ~w® (A.255)
i 2
< || —2pywi Y (A.256)

VB {ulug 60 < UIw .50 + B0 € (0,1))x) - wl®

%

<[ —2mywY - wi? H2 (A.258)

1|

a' VEq {yﬂ{yg(t_l)(X) < 1w %) + bV € (0, 1)]X}H2 (A.259)

< (1—-2nA) ngt_l) — wl(-Q)H2 + 21\ HWEQ)HZ +1n agt_l)’ (A.260)
leading to
Iwi® = will < 22 |wi® |+ 722 + 2. (A.261)
Note that |]w£2)||2 = O0(a/k).
b2 = b g pole ) b (4.262)
= ‘bEH) - bﬂ (A.263)
+ 1|2l By {ullyg V0 < UMWY, x) + b € (0, 1]}
(A.264)
= ‘bz('t*l) - b§2)) +1 aﬁH)’ (A.265)

leading to

b — | < % + t]al”)]. (A.266)
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Note that

bZ@)‘ = O(1/k?). 0

Lemma A.2.19. Assume the same conditions as in Lemma . Let gét)(x) =
i 51'0(<W£t), X) + bgt)). Then

660 0) — 6”01 < lalav/Tala (0 (“27) w10 (115)) (Ao

Proof of Lemma[A.2.19. It follows from that

(9 (%), ) — £ (%)) (A.268)

<199 (x) — 687 ()| (A.269)

< Jalv/Talo max |o((w”,x) +b{) —o((w? ) + b (A210)

< Jalv/Tallo max. ([l —wi® 3|+ b ~b{Z}). (A271)

and Lemma [A2.18 O

A.2.7 Proof of Theorem 2.2.1]

Based on the above lemmas, following the same argument as in the proof of Theorem 2

in [63], we get our main theorem.

Theorem A.2.20 (Full version of Theorem [2.2.1). Set

2~2
y°o
= A =000 =1/(20W), 0V = 1/k2, (A.272)
1@ =128 =20 =1/@2n?), 0 = 1/k%, (A.273)
k2 k3
W _ . _ (1) _ () _ ® _
n n Tol/3 Ao’ =Aw =A< = 175 0¢ 0, for 2 <t <T. (A.274)

For any § € (0,1), if p, = Q(k?/D), k = (log2 (%)), max{Q(k*), D} < m < poly(D),
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then we have for any D € Fz, with probability at least 1 — 0, there exists t € [T such that

kS /{33T k2 2/3
m ) . (A.275)

Prsign(g" (x)) # y] < Lp(¢"") = O <m2/3 toot 7

Consequently, for any e € (0,1), if T = m*?, and max{Q(k'?/e*/?), D} < m < poly(D),

then
Prlsign(g'") (x)) # y] < Lp(g") <. (A.276)

Proof of Theorem[2.2.1. Consider Lp(g®)) = E[t(¢®),y)] + AY Ha )||3. Note that the

gradient update using ip(g(t)) is the same as the update in our learning algorithm. Then

by Theorem Lemma and Lemma

el
Mﬂ

13 TnA T
(9™) 2 + [lall2 \/Ha!o( ( d U) +772T2+O<km2>> (A.277)

+ ”;‘Q% + o/ + (A.278)
K9 KT K
m m nTm
Ko ET | KPm?
<
<O <m2/3 el B (A.280)

The statement follows from that 0-1 classification error is bounded by the hinge-loss. [

Theorem A.2.21 (Theorem 13 in [63]). Fiz some n, and let fi,..., fr be some sequence
of convez functions. Fix some 61, and assume we update 0,41 = 0y — 0V f(0;). Then for
every 0% the following holds:

1 T

fz fe(6r) < = Z fe(67) +7H9*H2+H91H2 ZHVft (6:) H2+77TZHVft (0:)]]3-

t=1 t=1

S

(A.281)
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A.3 Lower Bound for Linear Models on Fixed Feature Map-
pings

Theorem A.3.1 (Restatement of Theorem [2.2.2)). Suppose ¥ is a data-independent feature

mapping of dimension N with bounded features, i.e., ¥ : X — [~1,1]N. Define for B > 0:

Hp = {h(%) : h(X) = (U(X), w), |w]|2 < B}. (A.282)

Then, if 3 < k < D/16 and k is odd, then there exists D € F= such that all h € Hp have

hinge-loss at least p, (1 —

Proof of Theorem[2.2.3. We first show that Fz contains some distributions that are essen-
tially sparse parity learning problems, and then we invoke the lower bound result from

existing work for such problems.

Consider D defined as follows.

Let P = {i € [k] : i is odd}. That is, if there are odd numbers of 1’s in ¢, then

y=+1.

Let Dg)) be a distribution where all entries ¢3j are i.i.d. with Pr[¢~>j =0] = Pr[¢~$j =

1] = 1/2. Let D© be the distribution over (X,y) induced by D((Z)O) and the above P.

Let Dg) be a distribution where all entries ¢; for j ¢ A are ii.d. with Pr[¢; = 1] =
Do/ (2 — 2po), while Pr[¢a = (0,0,...,0)] = Pr[pa = (1,1,...,1)] = 1/2. Let DM be

the distribution over (X,y) induced by Dg) and the above P.

Let DX = p, DO + (1 — p,)DW.

It can be verified that such distributions are included in Fz for v = O(1).

Assume for contradiction that for all D € Fz, there exists h* € Hp such that h = (¥, w*)

loss smaller than p, (1 — \/2271273 ) Then for all the distributions DKiX defined above, we
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have

V2NB

ED(O) [g(h*(i)a y)] <1- ok

(A.283)

Now let D, be a distribution over z € {—1,+1}” with ii.d. entries z; and Pr[z; =
—1] = Pr[z; = +1] = 1/2. Let fa(z) = [[;ca #j be the k-sparse parity functions. Let
U'(z) = U(M(z 4 1)/2). Then we have h/(z) = (¥'(z),w*) such that for all A,

V2NB
-

Ep. [((F'(2), fa(2))] < 1 (A.284)

This is contradictory to Theorem O
The following theorem is implicit in the proof in Theorem 1 in [63].

Theorem A.3.2. For a subset A C [D] of size k, let the distribution Da over (z,y) defined
as follows: z is uniform over {1} and y = [[;cp zi. Fiz some ¥ : {£1}P — [—1, +1]V,
and define:

Hy = {2 = (¥(2),w) : |wll2 < B}

If k is odd and k < D/16, then there exists some A such that

V2NB
in E >1-— .
Jin, Bp, [£(h(2),y)] = oF

We now prove the corollary.

Corollary A.3.3 (Restatement of Corollary [2.2.3)). For any function f using a shift-
invariant kernel K with RKHS norm bounded by L, or f(x) =), ;K (z;,x) for some data

points z; and ||al|ls < L. If 3 < k < D/16 and k is odd, then there exists D € F= such that

_ poly(d,L) ) — 1
2k poly(d,L)

f have hinge-loss at least p,(1

Proof. By Claim 1 in [224], for any v > 0, there exists N = poly(d, 1/v) Fourier features

VU, that can approximate the shift-invariant kernel up to error v. For any € > 0, consider

i ai{V(2z), ®(x)) = (O; 0¥(z:), ¥(z)). Let w = ), a;¥(2) and let v = O(f), then



130

(U(x),w) approximates f(x) upto error e and N = poly(d, L,1/e) and the norm of w
bounded by B = poly(d,L,1/¢). The reasoning is the same for f in the RKHS form,

replacing sum with integral. eorem |2.2. x),w) has hinge-loss at least —
placing ith integral. By Th 2.2.2) (¥(z),w) has hinge-1 least po(1

*/227,:”3). Thus, the function f has loss at least po(1 — %) — €. Choose € = m,
we get the bound. O

A.4 Lower Bound for Learning without Input Structure

First recall the Statistical Query model [142|. In this model, the learning algorithm
can only receive information about the data through statistical queries. A statistical
query is specified by some property predicate () of labeled instances, and a tolerance
parameter 7 € [0,1]. When the algorithm asks a statistical query (@, ), it receives a
response Py € [Pg — 7, Pg + 7], where Py = Pr[Q(z,y) is true]. @ is also required to be
polynomially computable, i.e., for any (x,y) Q(z,y) can be computed in polynomial time.
Notice that a statistical query can be simulated by empirical average of a large random
sample of data of size roughly O(1/72) to assure the tolerance 7 with high probability.
[35] introduces the notion of Statistical Query dimension, which is convenient for our

purpose.

Definition A.4.1 (Definition 2 in [35]). For concept class C' and distribution D, the

statistical query dimension SQ-DIM(C, D) is the largest number d such that C' contains d

concepts c1, .. .,cq that are nearly pairwise uncorrelated: specifically, for all i # j,
| Pr[ei(e) = o)) — Pr () # e(a)]| < 1/d (A.285)

Theorem A.4.2 (Theorem 12 in [35]). In order to learn C to error less than 1/2 —1/d®
in the Statistical Query model, where d = SQ-DIM(C, D), either the number of queries or

1/7 must be at least %dl/‘g.

We now use the above tools to prove our lower bound.
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Theorem A.4.3 (Restatement of Theorem [2.2.4)). For any algorithm in the Statistical
11
()7

Query model that can learn over Fz, to error less than

either the number of

1/3
queries or 1/T must be at least %(i)) / .

Proof of Theorem[2.2.4 Consider the following concept class and marginal distribution:

e Let D be the distribution over X, given by x = M¢ and ¢~>j are i.i.d. with Pr[g?)j =

0] = Pr[p; =1] =1/2.
e Let C be the class of functions y = ga (¢) = ]I[Zj(l—qgj) is odd] for different A C [D].

The distributions over (X,y) induced by (C, D) are a subset of Fz,. It is then sufficient to
D
show that SQ-DIM(C, D) > ().
It is easy to see that C' are essentially the sparse parity functions: if z; = 2gz~5j — 1, then

ga(P) = [Ijca #;- This then implies that the ga’s are uncorrelated, so SQ-DIM(C, D) >

(%) 0
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A.5 Complete Experimental Results

Our experiments mainly focus on feature learning and the effect of the input structure. We
first perform simulations on our learning problems to (1) verify our main theorems on the
benefit of feature learning and the effect of input structure (2) verify our analysis of feature
learning in networks. We then check if our insights carry over to real data: (3) whether
similar feature learning is presented in real network/data; (4) whether damaging the input
structure lowers the performance. The results are consistent with our analysis and provide
positive support for the theory.

The experiments were ran 5 times with different random seeds, and the average results
(accuracy) are reported. The standard deviations of the results are smaller than 0.5%
and thus we do not present them for clarity. The hardware specifications are 4 Intel(R)

Core(TM) i7-7700HQ CPU @ 2.80GHz, 16 GB RAM, and one NVIDIA GPU GTX1080.

A.5.1 Simulation

We train a two-layer network following our learning process. We use two fixed feature
methods: the NTK [79] and random feature (RF) methods based on the same network
and random initialization as the network learning. More precisely, in the NTK method, we
randomly initialize the network and take its NTK and learn a classifier on it. In the RF
method, we freeze the first layer of the network, and train the second layer (on the random
features given by the frozen neurons). The training step number is the same as that in
network learning. We also test these three methods on the data distribution with input
structure removed (i.e., Fz, in Theorem [2.2.4). For comparison, we take the representation
of our two-layer network at step one/step two, named One Step/Two Step (fix the weight
of the 1st layer after the first step/second step to train the weight of the second layer), and
train the best classifiers on top of them.

Recall that our analysis is on the directions of the weights without considering their
scaling, and thus it is important to choose cosine similarity rather than the typical /o

distance. Thus, we use metric Cos Similarity max;e(am)y cos(wi, > ;e 4 M;) in our tables,
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and use Multidimensional Scaling to plot the weights distribution. The simulation dataset
size is 50000. During training, the batch size is 1000, while for the first two steps we use the
approximate full gradient (batch size is 50000). Each step is corresponding to one weights

update.

Parity Labeling

Setting. We generate data according to the parity function data distributions used in our
proof of the lower bound for fixed features (Theorem [2.2.2)), with d = 500, D = 100, k =

5,po = 1/2, with a randomly sampled A. More precisely, we consider D defined as follows.

e Let P = {i € [k] : i is odd}. That is, if there are odd numbers of 1’s in ¢4, then

y=+1.
o Let Dg)) be a distribution where all entries <;~5j are i.i.d. with Pr[@ =0] = Pr[gz;j =

1] = 1/2. Let D be the distribution over (%X,y) induced by Dg)) and the above P.

e Let Dg) be a distribution where all entries gzgj for j & A are i.i.d. with Pr[ggj =1] =
Do/ (2 — 2po), while Pr[gpa = (0,0,...,0)] = Pr[pa = (1,1,...,1)] = 1/2. Let D) be
the distribution over (X,y) induced by D((Z,l) and the above P.

e Let DR = p,DO) + (1 — po)DW).

The network and the training follow Section 2.1} where the network size is m = 300

and the training time 7" = 600 steps.

Model ‘ Network NTK RF  One Step Two Step Network w/o structure
Train Acc (%) 100.0 84.0 74.7 51.3 100.0 100.0
Test Acc (%) 100.0 86.4  76.0 52.2 100.0 52.0
Cos Similarity 0.997 NA 0.114 0.848 0.997 0.253

Table A.1: Parity labeling results in six methods. The cosine similarity is computed between
the ground-truth > jea M; and the closest neuron weight.

Verification of the Main Results. Figure shows that the results are consistent

with our analysis. Network learning gets high test accuracy while the two fixed feature
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Figure A.1: Test accuracy on simulated data under parity labeling with or without input
structure.

Step 0 Step 1 Step 2

Figure A.2: Visualization of the weights w;’s after initialization/one gradient step/two
gradient steps in network learning under parity labeling. The red star denotes the ground-
truth ZjeA M;; the orange star is — ZjeA M. The red dots are the weights closest to
the red star after two steps; the orange ones are for the orange star.

methods get significantly lower accuracy. Furthermore, when the input structure is removed,

all three methods get test accuracy similar to random guessing.

Feature Learning in Networks. Figure [A2]shows that the results are as predicted
by our analysis. After the first gradient step, some weights begin to cluster around the
ground-truth » .. o M (or — 3. o M; due to we have a; in the gradient update which can
be positive or negative). After the second step the weights get improved and well-aligned
with the ground-truth (with cosine similarity > 0.99).

Table shows the results for different methods. Recall that the Cos Similarity metric

is maxyieiomy cos(Wi, Y jeA M;), which reports the cosine value of the closest one. One
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Step refers to the method where we take the neurons after one gradient step, freeze their
weights, and train a classifier on top; similar for Two Step. One Step gets test accuracy
about 52%, while Two Step gets accuracy about 100%. This demonstrates that while some
effective feature emerge in the first step, they need to be improved in the second step for
accurate prediction. NTK, random feature, One Step all failed, while Network and Two
Step can achieve 100% test accuracy. Network w/o structure refers to training the network

on data without the input structure. It overfits the training dataset with 52% test accuracy.

Interval Labeling
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50 4 —@- Network, w/fo structure
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Figure A.3: Test accuracy on simulated data under interval labeling with or without input
structure.

Step 0 Step 1 Step 2

Figure A.4: Visualization of the weights w;’s after initialization/one gradient step/two
gradient steps in network learning under interval labeling. The red star denotes the ground-
truth > . s Mj; the orange star is — .. M;. The red dots are the weights closest to
the red star after two steps; the orange ones are for the orange star.
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Model ‘ Network NTK RF  One Step Two Step Network w/o structure
Train Acc (%) 100.0 100.0 76.4 44.1 100.0 100.0
Test Acc (%) 100.0 100.0 73.2 41.0 100.0 100.0
Cos Similarity 1.00 NA 0.153 0.901 0.994 0.965

Table A.2: Interval labeling results in six methods.

Setting. We also tried interval function, where y = 1if 37, 5 ¢; is in the range [t1, t9]
with ¢; = 20 and ¢, = 30, otherwise y = —1. We use d = 500, D = 100, k = 30. The ¢;’s
are independent, and Pr[¢; = 1] = 2/3 for any i € A, and Pr[¢; = 1] = 1/2 otherwise.
When the input structure is removed, we set Pr[d; = 1] = 1/2 for all i’s.

The network and training again follows Section with a network size m = 100 and

the training time 7' = 200 steps.

Verification of the Main Results. Figure shows that network learning learns the
fastest, NTK learns slower but reaches similar test accuracy, while random feature can only
reach a decent but lower accuracy. This is because for such simpler labeling functions, fixed
feature methods can still achieve good performance (note that the lower bound does not
hold for such a case), while the performance depends on what fixed features to use.
Furthermore, when the input structure is removed, the methods still get similar (or only
slightly worse) performance as with input structure. This shows that when the labeling
function is simple, the help of the input structure for learning may not be needed. In the
experiments on real data, we will show that when the input structure is changed, it indeed
leads to lower performance which suggests that the labeling function in practice is typically
more complicated than this interval labeling setting, and the help of the input structure is

significant for learning.

Feature Learning in Networks. Figure shows the phenomenon of feature learning
similar to that in the parity labeling setting. Table shows the test accuracy of six
different methods. Random feature and One Step failed, while Network, NTK and Two

Step succeed showing that interval labeling setting is a simpler case than parity labeling
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A.5.2 More Simulation Result in Various Settings

We show the robustness of our simulation results by studying the learning behaviors in a
variety of settings including different sample size, input data dimension and class imbalance.
We reuse the same setting as the simulation in the main text (details in, vary different
parameters, and report the accuracy, the cosine similarities between the learned weights,

and the visualization of the neuron weights.

Varying Input Data Dimension

In the simulation experiments in the main text, the input data dimension d is 500. Here we

change the input data dimension to 100 and 2000. All other configurations follow [AZ5.1]

Verification of the Main Results. Figure shows that our claim is robust under
different input data dimensions. The performance of network learning is superior over NTK

and random feature approaches on inputs with structure, and on inputs without structure,

all three methods fail.
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=»= NTK, w/fo structure
—&- Random Feature, w/o structure

80 80

70 4 70 1

test accuracy
test accuracy

60 - 60 4
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50 4 :ffi*gﬁh"ét‘—l"’#%mz‘q*%mi

T T T T T T T T T T T T
0 100 200 300 400 500 0 100 200 300 400 500
step step

(a) d = 100 (b) d = 2000

Figure A.5: Test accuracy on simulated data under different input data dimensions.

Feature Learning in Networks. Figure[A.0] visualizes the neuron weights. It shows

similar results to that in [A’5.1} the weights gets updated to to the effective feature in the
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Figure A.6: Visualization of the weights w;’s in early steps under different input data
dimensions. Upper row: input data dimension d = 100; lower row: d = 2000.

d =100 Network NTK RF  One Step Two Step Network w/o structure
Train Acc 100.0 83.1 78.9 53.0 100.0 100.0
Test Acc 100.0 81.5 78.3 ol.1 100.0 51.0
Cos Similarity 1.000 NA 0.354 0.967 1.000 0.331

d = 2000 Network NTK RF  One Step Two Step Network w/o structure
Train Acc 100.0 75.6  80.0 50.22 100.0 100.0
Test Acc 100.0 75.4 77.0 50.01 100.0 52.5
Cos Similarity 0.998 NA  0.056 0.560 0.998 0.309

Table A.3: Results of six methods for different input data dimensions. The cosine similarity
is computed between the ground-truth > jeA M, and the closest neuron weight.

first two steps, forming clusters. Table shows some quantitative results. In particular,

the average cosine similarities between neuron weights and the effective features after two

steps are close to 1, showing that they match the effective features.

Varying Class Imbalance Ratio

The experiments in the main text has 25000 training samples for each class. Here we keep

the total sample size 50000 but use different class imbalance ratios, which is the class —1

sample size divide by the total sample size.
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Verification of the Main Results. Figure[A.7shows that our claim is robust under
different class imbalance ratios. The results are similar to those for balanced classes, except

that NTK becomes less stable.
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Figure A.7: Test accuracy on simulated data under different negative class ratios.
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Figure A.8: Visualization of the weights w;’s in early steps under different class imbalance
ratios. Upper row: negative class ratio 0.8; lower row: 0.9.

Feature Learning in Networks. Figure [A.§] visualizes the neurons’ weights. Again,
the observation is similar to that for balanced classes. Table [A.4] shows some quantitative

results which are also similar to those for balanced classes.
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ratio = 0.8 Network NTK RF  One Step Two Step Network w/o structure

Train Acc 100.0 629 727 78.3 100.0 100.0
Test Acc 100.0 82.7 70.4 75.7 100.0 61.7
Cos Similarity 0.999 NA  0.293 0.950 0.999 0.218
ratio = 0.9 Network NTK RF  One Step Two Step Network w/o structure
Train Acc 100.0 84.0  73.6 92.3 100.0 100.0
Test Acc 100.0 81.7 724 89.2 100.0 71.8
Cos Similarity 0.997 NA  0.296 0.956 0.997 0.286

Table A.4: Results of six methods under different negative class ratios.

Varying Sample Size

Here we change the sample size 50000 in Section [A.5.1] to be 25000 and 10000. For sample
size 25000, we observe similar results. For sample size 10000, we observe over-fitting (test
accuracy much lower than train accuracy). Therefore, for sample size 10000 we reduces the

size of the network (i.e., number of hidden neurons) from m = 300 to m = 50.

Verification of the Main Results. Figure[A.9 shows that our claim is robust under
different sample sizes. In particular, the network learning still outperforms the NTK and

random feature approaches on structured inputs.
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(a) n = 25000 (b) n = 10000

Figure A.9: Test accuracy on simulated data under different sample sizes n.

Feature Learning in Networks. Figure[A.10]and Table [A-5] show that the phenomenon

of feature learning for different samples is similar to that in
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Figure A.10: Visualization of the weights w;’s in early steps under different sample sizes.
Upper row: sample size 25000; lower row: 10000.

n = 25000 Network NTK RF  One Step Two Step Network w/o structure

Train Acc 100.0 84.0  78.6 50.6 100.0 100
Test Acc 100.0 84.1  74.7 50.0 100.0 50.2
Cos Similarity 0.997 NA  0.105 0.851 0.997 0.230
n = 10000 Network NTK RF  One Step Two Step Network w/o structure
Train Acc 100.0 739 716 50.7 100.0 100.0
Test Acc 100.0 75.0  74.3 50.3 100.0 52.2
Cos Similarity 0.995 NA  0.096 0.974 0.994 0.176

Table A.5: Results of six methods for different sample size.

A.5.3 Experiments on More Data Generation Models

In this section we consider some additional data distributions and run the simulation
experiments, in particular, focusing on the feature learning phenomenon. Note that our
analysis is for the setting where the input distributions have structure revealing some
information about the labeling function. (More precisely, the labeling function is specified
by A and P, while the input distribution also depends on them.) We therefore consider
two other data generation mechanisms where the labeling function also has connections to

the input distributions.
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Hidden Representation Labeling

Here we consider the following data model: first uniformly at random select ¢ from a set
of binary vectors, and assign label 1 to some and -1 to others; sample irrelevant patterns
gf;, A uniformly at random; generate the input x = Mgg We randomly select 50 binary
vectors for each label, with d = 500, D = 250, k = 50, p, = 1/2.

This is a generalization of the distribution DM a component in the distribution of our
simulation experiments (see the proof of Theorem for details). Recall the definition
of D) ¢4 is uniform on only two values [+1,...,+1] and [0,...,0], and uniform over
irrelevant patterns; the value [+1,. .., +1] corresponds to one class and [0, ..., 0] correspond
to another class. Our data model here generalizes D) to more than 2 values.

The visualization is shown in Figure [A.TI] We can observe similar feature learning

phenomena, and the neuron weights are updated to form clusters.
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Figure A.11: Visualization of the weights w;’s after initialization/one gradient step/two
gradient steps in network learning under hidden representation labeling.

Two-layer Networks on Mixture of Gaussians

To further support our intuition of feature learning, we run experiments on mixture of

Gaussians.

Data. Let X = R be the input space, and Y = {£1} be the label space. Suppose
M € R™F is an dictionary with k orthonormal columns. Let &;,i = 1,...,k be iid

symmetric Bernoulli random variables, and g ~ N(0, o2 ]Id) Then we generate the input
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x and class label y by:
k k
x=> eMi+g, y=]]e (A.286)
i=1 i=1

In this case, 2% Gaussian clusters will be created. The centers of the Gaussian clusters
Zle +M.; lie on the vertices of a hyper cube, and the label of each Gaussian cluster is
determined by the parity function on the vertices of the hyper cube.

Note that the labeling function is roughly equivalent to a network: y = > | a;ReLU({¢;, x))
where ¢;’s are the Gaussian centers, and a; & 1 for Gaussian components with label 1 and

a; < —1 for those with label -1.

Setting. We then train a two-layer network with m = 800 hidden neurons on data sets
generated as above with different chosen k’s and d’s. The training follows typical practice
(not the hyperparameters in our analysis). In this setting, we expect the neural network to

learn the effective features: the directions of Gaussian cluster centers.

Result. We run experiments with different settings. The parameters are shown in Table
[A.6] From Figure we can see that some neurons learn the directions of Gaussian centers,

and each Gaussian center is covered by some neurons, which matches our expectation.

Parameters d k Number of Clusters o,
Experiment 1 | 100 4 16 1
4
5

Experiment 2 | 25 16 0.7
Experiment 3 | 100 32 1

Table A.6: Gaussian mixture setting.

A.5.4 Real Data: Feature Learning in Networks

We take the subset of MNIST [68] with labels 0/1, CIFAR10 [147] with labels air-
plane/automobile and SVHN [198] with labels 0/1, and train a two-layer network with

m = 50. We use traditional weight initialization method (random Gaussian) and training
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(¢) Experiment 3 with epoch 0/50,/80

Figure A.12: Visualization of the weights w;’s (blue dots) and Gaussian centers (red for

positive labeled clusters and orange for negative labeled clusters).

Step 0 Step 3 Step 20
100
e 100 .

0001 o * . .. . .
-0.25 . . . . e LI . . .. -0.25
. . . -0.50

050 L. . . e .
: et . . ° : 075
. -

Ce . e

075 ..
: cete t e -1.00

-025 000 025 050 075 100

-100 -075 -0.50

-1.00 ct .
-1.00
-025 000 025 050 075 100

-100 -075 -0.50 -0.25 000 025 050 075 100 -1.00 -0.75 -0.50

Figure A.13: Visualization of the neurons’ weights in a two-layer network trained on the
subset of MNIST data with label 0/1. The weights gradually form two clusters.

method (SGD with momentum = 0.95 without regularization) in this section, for our

purpose of investigating the training dynamics in practice.
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Figure A.14: Visualization of the neurons’ weights in a two-layer network trained on the
subset of CIFAR10 data with label airplane/automobile. The weights gradually form two
clusters.
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Figure A.15: Visualization of the neurons’ weights in a two-layer network trained on the
subset of SVHN data with label 0/1. The weights gradually form four clusters.

Then we visualize the neurons’ weights following the same method in the simulation.
Figure Figure and Figure show a similar feature learning phenomenon:
effective features emerge after a few steps, and then get improved to form clusters. This

shows the insights obtained on our learning problems are also applicable to the real data.

CNNs on Binary Cifar10: Feature Learning in Networks

Setting. We use ResNet(m), which is a ResNet-18 convolutional neural network [120]
with m filters in the first residual block. It is obtained by scaling the number of filters
in each block proportionally from the standard ResNet-18 network which is ResNet(64).
We use ResNet(128) and ResNet(256) in this experiment. We train our model on Binary
CIFARIO0 |147] with labels airplane/automobile for 20 epochs. The final test accuracy of

ResNet(128) is 95.75% and that of ResNet(256) is 93.8%.
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cos(v1,v) cos(vg,¥) cos(vs,v) cos(vy,vy) cos(vi,vs) cos(va, v3)
ResNet(128) 0.9727 0.8655 0.6549 0.7454 0.5083 0.6533
ResNet(256) 0.8646 0.9665 0.9121 0.7087 0.6919 0.9135

Table A.7: Cosine similarities between the gradients in the early steps. We choose the
neuron weight closest to the average weight of the green cluster at the end of the training
(in Figure for ResNet(128) and Figure for ResNet(256)). We record the gradients
of the first 30 steps and divide them to three trunks of 10 steps evenly and sequentially.
For the three trunks, we get the average gradients v1,v9,v3. We calculate their cosine
similarities to their average v = (v; 4+ v2 + v3)/3 and those between them.

Results. Figurevisualizes the filters’ weights of different residual blocks in ResNet(128)
at Epoch 0, 3, and 20, and Figure shows those in ResNet(256). They show that
feature learning happens in the early stage, and show that there are some clusters of weights
(e.g., the red and green points). These colored points are selected at Epoch 20. We first
visualize the weights at Epoch 20, and then hand pick the points that roughly form two
clusters (i.e., the points in the same cluster are close to each other while those in different
clusters are far away). We assign red and green colors to the two clusters at Epoch 20, and
then assign these weights with the same color in Epoch 0 and 3. Finally, we compute the
cosine similarities and show that the hand picked points are indeed roughly clusters in the
high-dimension.

In particular, we have the following three observations.

First, we can see that the filter weights change significantly during the early stage of
the training, indicating feature learning happens in the early stage: the change between
Epoch 0 and Epoch 3 is much more significant than that between Epoch 3 and Epoch 20.

Second, we can also verify that the feature learning is guided by the gradients: the
gradients of a filter in the early gradient steps point to similar directions (and thus the
updated filter will learn this direction). More precisely, for a selected filter, we average the
gradients every 10 gradient steps (so to reduce the variance due to mini-batch), and get
v1, v9 and vz for the first 30 steps and compute their cosine similarities and those to their
average. Table [A.7] shows the results. In general the similarities are high indicating they

point to similar directions. (Note that a similarity of 0.6 is regarded as very significant as
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Figure A.16: Visualization of the normalized convolution weights in all Residual block of
ResNet(128) trained on the subset of CIFAR10 data with labels airplane/automobile. We
show the weights after 0/3/20 epochs in network learning. The weights gradually form
two clusters in all Residual blocks. We also report average cosine similarity between the
green/red points in the clusters to their centers and cosine similarity between two cluster

centers as (Green, Red, Two Centers).
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Figure A.17: Visualization of the normalized convolution weights in all Residual block of
ResNet(256) trained on the subset of CIFAR10 data with labels airplane/automobile. We
show the weights after 0/3/20 epochs in network learning. The weights gradually form
two clusters in all Residual blocks. We also report average cosine similarity between the
green/red points in the clusters to their centers and cosine similarity between two cluster

centers as (Green, Red, Two Centers).
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the filters are in a high dimension of 3 x 3 x 1024 = 9216).

Third, we also observe some clustering effect of the filter weights, though not as significant
as in our simulations. For example, in the red and green clusters in Figure (a) for
the first residual block, the average cosine similarity for filter weights in the red cluster is
about 0.62 and that for the green is about 0.7, while the cosine similarity between the two
clusters’ centers is about -0.72. This shows significant similarities within the cluster while
difference between clusters.

Note that the clustering is less significant than our simulation experiments. This is
because practical data have more patterns (i.e., effective feature directions) to be learned
than our synthetic data, and also the practical network is not as overparameterized as in
our simulation. Then filters are likely to learn different patterns (or their mixtures) without
forming significant clusters. The results of ResNet(256) show more significant clustering
than ResNet(128), which supports our explanation. On the other hand, we emphasize that
the key insight of our analysis is that the gradient guides the learning of effective features in

the early stage of training (rather than the clustering), which is verified as discussed above.

A.5.5 Real Data: The Effect of Input Structure

To study the influence of the input structure, we propose to keep the labeling function
unchanged, vary the input distributions, and exam the change of the loss surface and the
training dynamics. We first describe the detailed experimental methodology, which allows
us to generate data with similar labeling function but different input distributions. Then
we perform experiments on the generated datasets to investigate the change of the learning
due to the change in the input distributions, and present the experimental results. Finally,

we also perform experiments to verify the intuition behind our experimental method.

Experimental Methodology

We consider the following experimental method. Given an original dataset £ = {(x;, y;)}",

(e.g., CIFAR10) and an unlabeled dataset ¢ = {Z;}!"; from a proposed distribution Py
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(e.g., Gaussians), first extend the labeling function of £ to U, giving synthetic labels g; to Z;.
Then train a neural network on the union of £ and the synthetic data Ly = {(Z;,9:)}1";.
By investigating the new training dynamics, in particular the difference on the original
part £ and the synthetic part £y, we can see the effect of the input structure. The original
dataset should be from real-world data, since one of our goals is to compare them with
synthetic data, and identify the properties of real-world data important for the success of
learning.

A natural idea is to first learn a powerful network f(z) (called the teacher) on £ to
approximate the true labeling function, then apply f on U to generate synthetic labels, and
finally train another network (called the student) on the synthetic data and original data.
However, we found that naively implementation of this idea fails miserably: the support
of £ and U can be typically different, and the powerful network learned over £ can have
entirely different behavior on Y. Therefore, we need to control the size of the teacher f
so that the labeling on U has similar complexity as that on £. For our purpose, we can
define the complexity of the labeling on £ as the minimum size of the teacher achieving an
approximation error € for a chosen e, if the ground-truth data distribution of £ is known.
However, given only limited data, we cannot faithfully estimate the needed size of the
teacher, and need to take into account the variance introduced by the finite data.

Our key idea is to use the U-shaped curve of the bias-variance trade-off and select
the size of the teacher at the minimum of the U-shaped curve. Since recent works [29,
196| show that neural networks can have a double descent curve for the error v.s. model
complexity, we thus plot the double descent curve, and find the minimum in the classical
regime (corresponding to the traditional U-shape curve).

Our method is designed based on the following two reasons. First, on the U-shaped
curve, the complexity of the network is still roughly controlled by that of the number of
parameters. The local minimum of the U-shaped curve is a good measurement of the
complexity of the data. If the ground-truth is much more complicated than the teacher,

then increasing the teacher’s size leads to a significant decrease in the approximation error
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(bias) compared to a small increase in the variance, that is, we will be on the left-hand
side of the U-shaped. In contrast, on the right-hand side of the U-shaped, increasing the
teacher’s size leads to a small decrease in the bias compared to a significant increase in the
variance. That is, the complexity of the ground-truth is comparable to or lower than the
teacher. So the local minimum approximates the complexity of the ground-truth labeling
function.

Second, the local minimum point is chosen to get the best approximation of the true
labels. This helps to maintain the labeling from the real-world data and thus helps our
investigation on the input, since too drastic change in the labeling can affect the training.

We note that the method is not perfect. First, the teacher at the local minimum of
U-shape may not have very high accuracy, especially on more complicated data. To alleviate
this, we also use the teacher to give synthetic labels y/ to x; in £, and train the student
network on £ = {(z;,y;)}1~;. Though this introduces some differences from the original
labels, it is acceptable for our purpose of studying the inputs. Furthermore, ensuring the
consistency of the labels on the original input in £ and i/ is important in our experiments.
Second, the measurement is an approximation due to variance. Since only limited labeled
data is available, it’s important and necessary to calibrate the measurement w.r.t. the level

of variance on the given dataset.

Method Description. Algorithm [3| presents the details. For a fixed network architecture
for the teacher f, it first varies the network size and plots the double descent curve. Then
it selects the local minimum in the classic regime of U-shape and trains the teacher with
the corresponding size. In practice, we observed that the teacher might have unbalanced
probabilities for different classes on I/ if its training does not take into account U4. Therefore,

we propose the following heuristic regularization using x € U, where A is a regularization
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weight, and f(x) is the probabilities over classes given by the teacher:

R(z) = Ri(z) + AR2(x) (A.287)
) = 30 (Eed o, B -

J

Rofw) = —— 37 S (f )y n(f(2);). (A.289)
to g

Here, R;(z) guarantees that each kind of label has the same average probability to be
generated, and Ry (x) pushes the probability away from uniform to avoid the case that the

class probabilities for each data point converge to uniform.

Algorithm 3 Learning the teacher network to generate synthetic labels for studying the
effect of the input structure

Input: teacher architecture f, labeled dataset £ = {(x;,y;)};, unlabeled dataset
U=z},
Let ¢ to be the size of f, f; to be the teacher of size i.
for i=1ton do
Train f; on £ and let [; denote the test loss
end for
Plot I; v.s. i, identify the classical regime, and the size i; corresponding to the local
minimum in classical regime.
Train f;, on £ with a regularizer R(z) on U defined in (A.287).
Output: f;,

Experimental Results

Network models. Here we use one-hidden-layer fully-connected networks with m hidden
units and quadratic activation functions. The network is denoted as FC(m). We use
ResNet(m), which is a ResNet-18 convolutional neural network [120] with m filters in
the first residual block. It is obtained by scaling the number of filters in each block

proportionally from the standard ResNet-18 network which is ResNet(64).

Datasets. We use MNIST [68|, CIFAR10 [147] and SVHN [198] as £, and use Gaussian
and images in Tiny ImageNet [150] as U. We generate the mixture data, where the fraction

of the unlabeled data is denoted as «.
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Setup. We first use Algorithm [3]on the labeled data £ and the unlabeled data U to get a
synthetic labeling function (the teacher network) and then use it to give synthetic labels on
a mixture of inputs from £ and U. For MNIST, the teacher network learned is FC(9), where
the number of the hidden units is determined by Algorithm [3] See empirical verification in
Figure For CIFAR10 and SVHN, the teacher networks are ResNet(5) and ResNet(2),
respectively, as determined by our method. The student network for MNIST is FC(9), and
those for CIFAR10 and SVHN are ResNet(9) and ResNet(8), respectively. Finally, we train

the student networks on these new datasets with perturbed input distributions.

—e— SVHN part
= Mixture
—&— Gaussian part

—e— CIFAR10 part 20
= Mixture

—e— MNIST part
= Mixture
—— Gaussian part —— Gaussian part 10

0 25 50 75 100 125 150 175 200 0 25 50 75 100 125 150 175 200 0 25 5 75 100 125 150 175 200
epoch epoch epoch

(a) (b) (c)

Figure A.18: Test accuracy at different steps for an equal mixture @ = 0.5 of Gaussian
inputs with data: (a) MNIST, (b) CIFAR10, (c) SVHN.

—e— CIFAR1O part 2 —e— SVHN part
- Mixture - Mixture

—&— TinyimageNet part 10 —&— TinyimageNet part

0 25 50 75 100 125 150 175 200 0 25 s 75 100 125 150 175 200
epoch epoch

(a) (b)

Figure A.19: Test accuracy at different steps for an equal mixture av = 0.5 of Tiny ImageNet
inputs with data: (a) CIFAR10, (b) SVHN.

Figure shows the results on an equal mixture of data and Gaussian. It presents
the test accuracy of the student on the original data part, the Gaussian part, and the
whole mixture. For example, for CIFAR10, the test accuracy on the whole mixture is lower

than that of training on the original CIFAR10, showing that the input structure indeed
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—e— CIFAR10 part —e— CIFAR10 part —e— CIFAR10 part
— Mixture 30 = Mixture 30 = Mixture
—&— Gaussian part —4— Gaussian part —4— Gaussian part

0 25 50 75 100 125 150 175 200 O 25 50 75 100 125 150 175 200 0 25 50 75 100 125 150 175 200
epoch epoch epoch

Figure A.20: Test accuracy at different steps for varying mixture « of Gaussian inputs with
CIFARI10.

has a significant impact on the learning. Furthermore, the network learns well over the
CIFARI10 part (with accuracy similar to that on the original data) but learns slower with
worse accuracy on the Gaussian part. This suggests that the CIFARI0 input structure is
still helping the network to learn effective features. While the results on MNIST+Gaussian
do not show a significant trend (possibly because the tasks there are simpler), the results
on SVHN-+Gaussian show similar significant trends as CIFAR10+Gaussian.

Figure [A.20] shows the results when we vary the fraction of the Gaussian data o.. We
observe that the test accuracy curve on the original part and that on the synthetic part
have roughly the same trend for different « as before, further verifying our insights.

Figure[A.I9shows the results when mixed with Tiny ImageNet data instead of Gaussians.
It shows a similar trend, while the performance on the Tiny ImageNet part is higher than
that on the Gaussian part. This suggests that compared to Gaussians, the Tiny ImageNet
data has helpful input structures, though not as helpful as that on the original data for

learning the particular labeling.

Larger Network on MNIST for Checking The Effect of Input Structure

Here we perform the experiment on MNIST as in but for a network with m = 50
hidden neurons rather than m = 9. Figure shows similar results as those for m = 9:
the learning on the MNIST input part is faster and better than that on the Gaussian input

part. The separation between the two is actually more significant than that for m = 9.
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This then also supports our insight about the effect of input structures.

80

o
S

test accuracy

IS
s

—e— MNIST part
== Mixture
—&— Gaussian part

204

] 25 50 75 100 125 150 175 200
epoch

Figure A.21: Test accuracy at different steps for an equal mixture @ = 0.5 of Gaussian
inputs with MNIST, where m = 50.

Empirical Verification of Our Method

1.2 1 — test

— train

104

0.8

loss

0.6

loss

0.4

0.2 4

0.0 4

(a) Teacher’s double descent curve (b) Student’s curve when
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Teacher=FC(50) Teacher=FC(500)

Figure A.22: Double descent curves of the students trained on data with synthetic labels
(Loss v.s. Parameter number).
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We also perform experiments to verify the intuition behind our methodology, i.e., the
method gives a synthetic labeling function with roughly the same complexity on the original
inputs and the injected inputs. We first use our method on MNIST and samples (of the
same size as MNIST) from a Gaussian to get the teacher FC(9); the double descent curve is
in Figure a). Then we train students on the Gaussian data with synthetic labels from
the teacher, and plot the double descent curve for the students in Figure [A.22|b). The
local minimums of the two U-shapes are roughly the same, matching our reasoning. Then
we also train larger teachers and plot the double descent curve for students on Gaussian
data. Figure[A.22|c) Teacher size 50. Figure [A.22|(d) Teacher size 500. The local minimum

of the U-shape becomes larger when the teacher gets larger, again matching our reasoning.
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A.6 Provable Guarantees for Neural Networks in A More

General Setting

This section provides the analysis in a more general setting. We first describe the learning
problems, and then provide the proofs following similar intuitions as for the simpler settings

in the main text.

A.6.1 Problem Setup

Let X = R? be the input space, and ) = {£1} be the label space. Suppose M € RI*D g
a dictionary with D elements, where each element M, can be regarded as a pattern. We

assume quite general incoherent dictionary:

(D) M is p-incoherent, i.e., the columns of M are unit vectors, and for any i #

7, [ (M, My)| < p/Vd.

Note that the setting in the main text corresponds to p = 0.

Let qg € {0,1}? be a hidden vector that indicates the presence of each pattern, and D 3
a distribution for ¢. Let A C [D] be a subset of size k corresponding to the class relevant
patterns. Let P C [k]. We first sample <z~5 from D 3 and then generate the input X and the
class label y from g?), A, P by:

§ +1, i Y,ea i € P,
X=Mo+(, y= <A (A.290)

—1, otherwise

where the Gaussian noise ¢ ~ N (0, J?Idxd) is independent from qg Note that the setting in
the main text corresponds to o¢ = 0.

We allow general D b with the following assumptions:

(A1) The patterns in A are correlated with the labels: for any ¢ € A, for v € {£1} let

Yo = Elyd;ly = v], then y := (v41 +7-1)/2 > 0.

(A2) The patterns outside A are independent of the patterns in A.
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Note that we allow imbalanced classes. Let ppin := min(Prly = —1], Prly = +1]). If the
classes are balanced, then the assumption (A1) implies the assumption (A1) in the main
text, so the setting here is more general. (A2) is also more general, in particular, allowing
dependence between irrelevant patterns and non-identical distributions for them.

Let D(A, P,D ¢~)) denote the distribution on (X, y) corresponding to some A, P, and D 3
Given parameters Z = (d, D, k, 7, po, it, 0¢), the family Fz of distributions for learning is
the set of all D(A, P, Dj) with A C [D], P C [k], and Dj satisfying the above assumptions.

One special case is the mixture of two Gaussians.

Ezample. Suppose M has one single column v, and y = +1if ¢ = 1 and y = —1 otherwise.

Then the data distribution is simply a mixture of two Gaussians: X ~ 5 + N (ys, J?Idxd).

Neural Network Learning

Again, we will normalize the data for learning: we first compute x = (X — E[X])/6 where
52 = Zle(fci —E[x])? = > jelD] Var(¢;) + dag is the variance of the data, and then train
n (x,y). This is equivalent to setting ¢ = ((;3 — E[qﬂ)/& and generating x = M¢ + (/o¢.
For (x,y) from D and the normalized (x,y), we will simply say (x,y) ~ D.
The learning will be the same as that in the main text, except the following. We will
use a small 02, = 52 /poly(Dm). And we will use a weighted loss to handle the imbalanced
classes in the first two steps for feature learning, and then use the unweighted loss in the

remaining steps. Formally, the weighted loss is:

Lp(g;0¢) = Exg lay(y, 9(x;6))], (A.291)

where the class weights o, = m for v € {£1}.

A.6.2 Main Result

In this setting, we have the following theorem:
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Theorem A.6.1. Set

2 ~
1) _ V" Pmin0 (1) _ (1) 1 1 _ 3/92
= e A = 0.0 = 1/ @), 0 = 1787, (A.292)
n® =120 =28 =1/29@),08) = 1/k3/2, (A.293)
k2 K
0 _ ., _ (0 _ O _ ® _
n _n_Tml/s,)\a =A\w = géml/B,o—é =0, for2<t<T. (A.294)

For any 6 € (0,0(1/k%)), ifu < O(Vd/D), o¢ < O(min{1/5,5/Vd}), k = Q (1og2 (Lmd))

0YPmin
m > max{Q(k?), D,d}, then we have for any D € F=, with probability at least 1 — §, there

exists t € [T] such that

8 3 2,.2/3
t) b MT Fm ) (A.295)

Pr[sign(g'" (x)) # y] < Lp(g") = O <m2/3 st
Consequently, for any e € (0,1), if T =m*3, and m > max{Q(k'%/e*/?), D}, then
Prfsign(g” (x)) # y] < Lp(g") <. (A.296)
The rest of the section is devoted to the proof of this theorem.

A.6.3 Notations

Recall some notations that we will use throughout the analysis.
For a vector v and an index set I, let v; denote the vector containing the entries of v
indexed by I, and v_; denote the vector containing the entries of v with indices outside I.

Let p := M M. Then we have p;; = 1 for any j, and |pj¢| < pu/V/d for any j # £.
(0)

By initialization, w,’ for ¢ € [m] are i.i.d. copies of the same random variable w0 ~
N(0,02Ixq); similar for a® and b©®. Let aéj = poj(1 — poj)/&2 denote the variance
of ¢y for £ ¢ A, where p,; = Pr[(fﬁj = 1]. Let p, be the value such that with probability
1 —exp(—Q(k)), >-iga ¢j < po(D — k) for some p, € [0,1]. That is, p, is an upper bound
on the density of q[;j with high probability.

Let qp := (w(®, My,). Similarly, define ql(fe) = <W£t),Mg>.
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We also define the following sets to denote typical initialization. For a fixed 6 € (0, 1),

define
d 3vd (0))12 3O'V2Vd
Gu(8) 1= w € B : o = (w, M), 750 < w03 < T, (A.297)
a, D — k) Z —k)
A )
m?X|qg] <ow 210g(Dm/5)}, (A.298)
Ga(d) :={a€eR:|a| < gay/2log(m/d)}. (A.299)
Gb(0) :={b e R : |b|] < opy/2log(m/d)}. (A.300)

A.6.4 Existence of A Good Network

We first show that there exists a network that can fit the data distribution.

Lemma A.6.2. Suppose 7% ‘(’} < iﬁ For any D € F=, there exists a network g*(x) =

Yo ajo((w),x) + by) which satisfies

) 1
(xi’)l;p[yg (z) < 1] < exp(—Q(k)) + exp (—Q (02% - kzu/ﬁ))) :

Furthermore, the number of neurons n = 3(k + 1), |a| < 64k,1/(64k) < |b}| < 1/4,
Wi =0 ica M;/(8k), and [(w},x) +bi[ <1 for any i € [n] and (x,y) ~D.
Consequently, if furthermore we have ku/v/d < 1 and oc < 1/k, then

(x’l;{vp[yg*(x) < 1] < exp(=Q(k)).
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Proof of Lemma[A.6.4 Let w =53, o Mj and let u =37, E[$;]. We have

(w,x) =6 (M, M¢) + (w,(/5) (A.301)
JEA
=D b+ > pude+ (W, (/5) (A.302)
JEA JEA I#]
= b —ut > pudet (w,(/5). (A.303)
JEA ZGA,Z#;‘

=€x

With probability > 1 — exp(—Q(k)), among all j ¢ A, we have that at most p,(D — k)

of ¢; are (1 —po)/c, while the others are —p,/&, and thus

ku poD 1
> pjede _% = <16 (A.304)
JEA LF]

Furthermore, (w, () ~ N(O,agHwH%) and |Jw||3 < &%(k + k?>u/V/d), we have

Pr[|(w,(/a)] <1/16] > 1 —exp <—@ (12>> (A.305)

o¢lwli3/o

1
>1—exp <—G) (0?(/4: n k:%t/\/@)) . (A.306)

For good data points with ¢ and ( satisfying the above, we have |ex| < 1/8. By
Lemma [A.2.0]

Z M74 1/2 W7X>) - Z 6pfu,4,1/2(<wax>) (ASO?)
peP pgP0<p<k

=Y Sparp((wex)+u) = Y Sparya((w,x) +u) (A.308)
peP pgP,0<p<k

= Z Opa,1/2 (Z sz + €x> - Z Op,a,1/2 (Z ng + ex) . (A.309)

peEP JEA p¢P,0<p<k JEA
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Then for good data points, we have ygj(x) > 1. Similarly,

95(x Z Op—pr1/a8,1/2((W, %)) — Z Op—pr1/4,8,1/2((W, X)) (A.310)
peP pEP,0<p<k
Z p1/48,1/2((W, %) +u) — Z Op+1/4,8,1/2((W, X) + u) (A.311)
peP PEP,0<p<k
= Z Op41/4,8,1/2 Z ng +Teéx | — Z Op41/4,8,1/2 Z ¢~>j +ex |- (A312)
peP JEA p€P,0<p<k JEA

Then for good data points, we have yg5(z) > 1.
Note that the bias terms in g7 and g5 have distance at least 1/4, then at least one of
them satisfies that all its bias terms have absolute value > 1/8. Pick that one and denote

it as g(x) = >, a;0:((w;,x) + b;). By the positive homogeneity of oy, we have

= Zn: 8kaior({wi, x)/(8k) + bi/(8k)). (A.313)
Since for any good data points, |(w;, x)/(8k) + b;/(8k)| < 1, then

= 3 ko (w0 /(58) + b/ (5K) (A314)

where o is the truncated ReLU. Now we can set a} = 8ka;, w; = w;/(8k), b} = b;/(8k), to

get our final g*. O

A.6.5 Initialization

We first show that with high probability, the initial weights are in typical positions.

Lemma A.6.3. Suppose Du/v/d < 1/16. For any § € (0,1), with probability at least
1-6—2exp(—O(D —k)) over w(®,

e d/2 < |Ww|3 < 30%,d/2,
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ow(D—k)/2< > qf <3og(D—k)/2,
0ZA

max|q| < owy/2log(D/0).

With probability at least 1 — § over b(®),

b©| < op,\/210g(1/9).

With probability at least 1 — § over a(®),

a®| < 0ay/210g(1/0).

Proof of Lemma[A.6.3. The bound on [|w(?)|]3 follows from the property of Gaussians.

Note that ¢ = MTw(© ~ A(0,02p) for the matrix p = M'M. We have with

probability > 1 — §/2, maxy |q¢| < /202, log %.

For any subset S C [D], let pg denote the submatrix of p containing the rows and
columns indexed by S. Then gg = M'w(©® ~ N(0,02,ps). By diagonalizing ps and

then applying Bernstein’s inequality, we have with probability > 1 — 2exp (—©(|S|/||pll2),

lgsl3 € ((HpsH% - @)og‘,, (Ilpsl% + %)a&,). By Gershgorin circle theorem, we have

lolls < 1+ (IS — Dp/Vd < 17/16.

Similarly, we have

3 152 ) 17\? 5
— <|— < < | — < —15].
2151= (16> 1S] < llpslE < <16> [S] < 7151

The bounds on ¢ then follow.

The bounds on b(® and a® follow from the property of Gaussians. O
Lemma A.6.4. Suppose Dy/+/d < 1/16. We have:

o With probability > 1 — § — 2mexp(—0O(D — k)) over WEO) s, for all i € [2m], WEO) €



Gw(0).
o With probability > 1 — 0 over bgo) s, for all i € [2m)], bgo) € Gp(90).

e With probability > 1 — § over ago) s, for all i € [2m], ago) € Gal9).

164

Proof of Lemma[A.6.4 This follows from Lemma [A-6.3] by union bound. O
A.6.6 Some Auxiliary Lemmas
The expression of the gradients will be used frequently.
Lemma A.6.5.
9 Lo
a—WiLD(g; 0¢) = —a; By op {ayyl[yg(x; €) < 1Ee I[(wi, x) +b; + & € (0,1)]x},
(A.315)
L 18(0:06) = By fagpllyg(x:€) < EI{(ws,x) +bi € (0, 1)]},  (A316)
9 14
2 L83(9:0¢) = ~Expep {apllyg (5 < VEeo((wa) +bi+ &)} (A7)
Proof of Lemma[A.6.5 It follows from straightforward calculation. O
We also have the following auxiliary lemma for later calculations.
Lemma A.6.6.
Epa {oyy} =0, (A.318)
Ega {layyl} =1, (A.319)
B, {1651} = 202 5. for j ¢ A, (A.320)
Y .
Eg, {ayyo;} = > forj € A, (A.321)
1 .
Eg, {|ayye;l} < FL for all j € [D]. (A.322)
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Proof of Lemma[A.6.6
Epp {oyy} = > Eon {ayyly = 0} Prly = o] (A.323)
ve{x1}
1
=5 > B {uly=1} (A.324)
ve{£1}
=0. (A.325)
Ega {loyyl} = D Egp {layylly = v} Prly = o] (A.326)
ve{£l}
1
=3 > B {lylly =} (A.327)
ve{£l}
=L (A.328)
| = Poj (1 = Poj) + 1 — pojlpo; 5
Eg, {1651} = ’ F I =207 6. (A.329)
Ega {oyyo;t = Z Egpa {ayydj|ly = v} Prly = v] (A.330)
ve{%1}
1
=5 > Eou{vojly =10} (A.331)
ve{£l}
_1 ¢ —Elpj]|
=5 > Ega {y(} y=uv (A.332)
ve{£l}
1
=5z (1 +7-1) = < (A.333)
g g
Ega {layye;l} = Z Eg, {lawydj|ly = v} Prly = o] (A.334)
ve{£l}
1
<35 D B, {lyoilly = v} (A.335)
ve{£1}
1
<35 D B, {lyeilly = v} (A.336)
ve{£1}
1
< —. .
<z (A.337)
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A.6.7 Feature Emergence: First Gradient Step

We will show that w.h.p. over the initialization, after the first gradient step, there are
neurons that represent good features.

We begin with analyzing the gradients.

Lemma A.6.7. Fiz § € (0,1) and suppose w® e Gw(9), bz(»o) € Gp(0) for alli € [2m]. Let

7

_ Doy +\/2log(D/d) N Vdogow/21log(D/0)

520§1) 6021)

€e , €y = €e.

If 020%,d/3% = O(1/k), po = Q(k>/D), k = Qlog?(Dmd/5)), and 0" = O(1/k), then

0

8Wi

D
L3950y = —al” [ S MyTy + v (A.338)
j=1

where Tj satisfies:

o if j € A, then |T; — Bv/5| < O(ec/d), where B € [Q(1),1] and depends only on
Wz(O)vbz(O);
o if j & A, then |T;| < O(O’é]fe(}),‘

o |v;| <O <UC\/?‘%(’“)6V> i %de—e(k),

Proof of Lemma[A.6.7, Consider one neuron index i and omit the subscript ¢ in the pa-
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rameters. Since the unbiased initialization leads to ¢(®) (x;¢ (1)) = 0, we have

I$(5; HON (A.339)

— —aOB ) {ayullyg® (x: €M) < U W, x) + bO + 6D € (0,1))x}

(A.340)
=%ngwmw%%mww%@+b@+é”emnh} (A.341)
zWZMEmww@mm %)+ + ¢ e (0,1)]} (A.342)
] ! ::Tj
Oé

— 2By g { LW, %) + 5O+ € 0,1} (4343

First, consider j € A.
Tj = Exy)npie {ayy¢jﬂ[< ©,x) + @ + ¢ € (0, 1)]} (A.344)
=Epa ¢ {ayy¢]¢ P, [<¢>, g)+1+bO +¢W e (o, 1)}} (A.345)

Y3
where ¢ := (w(® (/5).
Let
Ioi=Pr [(9.0) +1 b0+ € (0,1)], (A.346)
13

I—gﬂwAgAww+b +¢W e (0,1)]. (A.347)

Note that | (¢, ga)| = (V2L o that |o] = |(w'”), ¢/5)| = O(YLizem v 21oaD/d) )

g

and that |(¢, ¢)],|{d_a,q—A)| are O([MW— V?}lgog(D/&)). When oy is sufficiently small, by the



property of the Gaussian £, we have

‘Ia _IC/L|

+ Pr [<¢7Q> +14bO ¢ > 1] +Pr [<¢_A,q—A> 44D M > 1]

M)

= O(€e).
In summary,
|EC7¢—A (Ia — I{z)’ = O(€e).

Then we have

T = Egaco_a {yydily}]
< Epp {layydjl |Eco_n(la — I)]}
< O(ee)Egp {layyesl}

< O(ee/7)
where the last step is from Lemma Furthermore,

Epacoa 100510}

=Egn {oyyd;} Ecp_4 1]

=Eon foypést | Pr [(6-a,q a)+e+bO+60 e (0,1)]

¢—ACP-A

When oy, is sufficiently small, we have

$-A

< |Pr[(6,0) + 0+ b0+ 60 > 0] - Pr [(6-a,q-a) + ¢4+ bO +¢0 > 0] '
&) £(1)

Pr [(6-a,q-a) + b € (0,1/2)] = Q(1),

Pr [o+¢0 € (0,1/2)] = 1/2 - exp(—0(k)),

168

(A.348)

(A.349)
(A.350)

(A.351)

(A.352)

(A.353)
(A.354)
(A.355)

(A.356)

(A.357)
(A.358)

(A.359)

(A.360)

(A.361)
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This leads to

Bi=Fco allll= Pr |{¢-a,qga)+e+b@+cWe (1) >0(1). (A362)
P-a G ED
By Lemma Egn {ayyd;} = v/7. Therefore,

T} — Bv/3] < Olce/3). (A.363)

Now, consider j ¢ A. Let B denote A U {j}.

Tj = Eeypence {auwesl [(6,0) +1+bO + €0 e (0,1)] } (A.364)
= BBy ccm {oywdsl [(6,0) +0+ DO + €0 e 0,1)]} (A.365)
—Eqsg,g{ayyqﬁj Pr [ >+L+b(°’+§(1)€(0,1)]}- (A.366)

Let
Ih=Pr [<¢>, )+ ¢+ b0 M ¢ (o, 1)} , (A.367)
= Px [<¢ B.q_p) + ¢+ bO 4 ) (0,1)}. (A.368)

Similar as above, we have |E; 1) (fp — I})| < O(€e). Then by Lemma m

75— Eop o {0yyili}| (A.369)
< By {layydsl|EBeg_p (I — 1)} (A.370)
< O(ee)Egp {loyyl} Eg, {1651} (A.371)
< O(ee) x 1 x O(agj&) (A.372)

= O(aéjee(f). (A.373)
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Furthermore,

Egpco p 10wy9ily} = Eon {ayy} Eg; {05} Ecg 53] = 0. (A.374)
Therefore,
T < O(03ecd). (A.375)

Finally, consider v;.

ol
4y = By | 22w, x) + b +60) € (0,1)] (A.376)
Ay YG;
- E¢A7¢7A,C7§(l) { y& JH[<¢’Q> +ii i+ b© + g(l) e (0, 1)]} (A.377)
=By L S (¢, a) + 5+ + DO + M) € (0,1)] (A.378)
0 ¢_atW

where ¢ := wj(.O)Cj/& and o := (w0 (/&) — ;.
With probability > 1 — dexp(—©(k)) over ¢, for any j, |(j| < O(o¢y/log(k)). Let G¢

denote this event.

Let
;= Pr[(6.) + 15+ 05 +b0 +6W € (0.1)], (A.379)
¢
Ij:= Py [(qb,q} 4+ b +eW ¢ (0, 1)] . (A.380)
¢

Similar as above, we have |E¢[l; — I}|G¢]| < O(e,). Then

Eco Ly — I < [Ecp 2[(L; — I})|Gc]| + Pr[-G] (A.381)

< O(ey + dexp(—O(k))). (A.382)



ayyGj
vj —E¢A,<,¢A{ - jf}}‘

(2

ay Y,
= ‘E¢A,c,¢_A { rt f})}‘

ayYGj

oy YG;
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(A.383)

(A.384)

< [Boncoon { 201 - 116 | + [Boncon { 2250 — 1)1 Gc | -

The first term is bounded by

ayYG;
‘Em,c,mA { s f})lgc}‘
ayyoc+/log(k)
<Eg, {yC5|EC¢A[Ib — L|Gc]]
ocy/1og(k
< 06 gy {loyyy 7Y 280

< O(e) x 1 x V0800 Vlog(k)
0 (cwg<k>>

The second term is bounded by

Eoncon{ 290 - 1)l - 6 f | Pri-6d
< 'E¢>A,<,¢>A {ayggj (L = Ij)| = Qc}

oY _
< Eop [222| < B {IG]| - Gc} x de®®

x de—©*)

<%

o

< U%de*@(k).
g

x de~©k)

Furthermore,

I

yYGj
Eoaco a { e f}} = Egs {ayy} B, {

Q

) } Ec_,[I}] = 0.

(A.385)

(A.386)

(A.387)

(A.388)
(A.389)

(A.390)

(A.391)
(A.392)

(A.393)
(A.394)

(A.395)

(A.396)



172

Therefore,

J
vj| <O (UC;g(k)ey> + %de*@“). (A.397)

Lemma A.6.8. Under the same assumptions as in Lemma[A26.7,

O L3(g®0) = a0, (A.398)

where |Tp| < O(e).

Proof of Lemma[A.6.8 Consider one neuron index ¢ and omit the subscript ¢ in the pa-
rameters. Since the unbiased initialization leads to ¢(®) (x;€ (1)) = 0, we have

0 1

e (q0 ) ( ) A.

L (5; o) (A.399)
= a5 p {yyllyg @ (x; €M) < B I(w!®, %) + b +¢W € (0,1)]} (A.400)

= —aOF ) p e {alliw®, %) + b0 + €0 € (0,1)]} (A.401)
=-a"E, ..o {ayy Pr [<¢, @) +o+bO 4 M e (0, 1)] } . (A.402)
—A
:;5—71,

where ¢ := (w(®,(/&). Similar to the proof in Lemma

E<(¢ o g)+1+b? +¢W e (0,1)] (A.403)

e Agm[@b Aq-a) +1+bO + M e o, 1)]>| = O(ce). (A.404)
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Then
Ty —Ega {ayy , o l6-aa-a) 4ot b + £ € (0,1)] H (A.405)
—A
= E¢A,<{ gyl | Pr (@) +0+DO +60 € (0,1) (A.406)
—A,
— Pr [(¢-a,q-a) +1+bO+£D € (0,1)] } (A.407)
d_a,£M)
< O(€e)Epp {layyl} (A.408)
< O(ee)- (A.409)
Also,
Ega.c {%y , Pr5 W H9-aa-a) + ot b©@ + M ¢ (o, 1)]} (A.410)
—A>
=Epp {ayy}  Pr [(p-a,q-a) + 0+ + W e (0,1)] (A.411)
6_aGED
=0. (A.412)
Therefore, |Tj| < O(ee). O

Lemma A.6.9. We have

9 o
aLD(g(O% oél)) =T, (A.413)

where | Ty < O(maxgq.y)). So if w” € G(8), |Tu| < O(0w+/log(Dm/3)).

Proof of Lemma[A.6.9 Consider one neuron index ¢ and omit the subscript ¢ in the pa-
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rameters. Since the unbiased initialization leads to ¢(®) (x;¢ (1)) = 0, we have

0

aa Lbeiog") (A.414)
~E(xy)~p {%yﬂ[yg (x;60) < 1By o ((w®,x) + b0 4 ¢ )} (A.415)
=~ Ey)~pem {ayy0(< %) + @ + 0 )} (A.416)

=Ty

Let ¢y be an independent copy of ¢a, ¢’ be the vector obtained by replacing in ¢ the
entries pa with ¢y, and let 2’ = M¢' + (/& and its label is 3. Then

Tl = |Bon {asyBy_y ccro((w@,) + O + €0} (A417)
< 5 [Eon {Eo_pceo(tw®,x) + 5O +c0ly =1} (A418)
—Ey, {IE¢ w0 ((w® x) 4O 4 Wy = —1} ‘ (A.419)

< 5 [Eon {Eo_p ccna((w®,x) + b0 1)y =1} (4.420)
—E%{%A“(l)a w©, %) + bO 4 M)y :—1}. (A.421)

Since ¢ is 1-Lipschitz,

1
Tal < 5Eon gy {Eo_n | (w0, M6) = (WO M) Iy = 1,/ = 1} (A.422)
1
1 (0) _ , 0) Mo _
< 5Es n (Eon {| WO, M0)| Iy =1} + B, {|(w@, M) 1}) (a2
<maxqly [Ey| D67+ D [didl (A.424)
Le[D] jALGLEA
§m3xqi(2) E, (1+O(1)) (A.425)
@(m?xqz(e)) (A.426)
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With the bounds on the gradient, we now summarize the results for the weights after

the first gradient step.

Lemma A.6.10. Set
A =1/@nM) A =) = 0,0 = 1/k3/2.

Fiz ¢ € (0,1) and suppose WEO) € Qw(d),bgo) € Gp(6) for alli € [2m]. Ifk = Q(log?(Dm/$)),
then for all i € [m], WEl) = Zle qz(’le)l\/lg + v satisfying
(0)
o if{ € A, then ]qglg) —n(l)ago)ﬂv/&\ <0 <|n(1)?|ge> , where € [Q(1), 1] and depends

) KO,

only on w,;”, b, ;

o« if (¢ A, then || <O (IfWal”|o2 e.5);
o il <0 (el (2D, 4 gte-ow) ).
and
. bgl) = b§0) + n(l)ago)Tb where |Tp| = O (e¢);
o agl) = az(-o) + 9T, where |T,| = O(ow+/log(Dm/9)).

Proof of Lemma[A.6.10. This follows from Lemma and Lemma [A.6.7HA.6.9 O

A.6.8 Feature Improvement: Second Gradient Step

We first show that with properly set 7)), for most x, |g(1)(x; 0§2))| < 1 and thus

2
ygM (o)) <1

Lemma A.6.11. Fiz § € (0,1) and suppose WZ(O) € Qw(d),bgo) € Q’b((S),ago) € Ga(9)

for all i € 2m]. If Dp/vVd < 1/16, oc6 = O(1), 02d/5* = O(1), k = Q(log”(Dm/é)),
7a < 62/(k%), 1V = O (i

kmoac —

), and 07 < 1/k, then with probability > 1 — (d +
D) exp(—Q(k)) over (x,y), we have yg(l)(X' aé )) < 1. Furthermore, for any i € [2m],
(W, ¢/3)| = 00 Wa/y), (0", )] = 00V /), and [(aM) -4, 6-a)| = O D5/),
and for any j € [d), £ € [D], || < O achoT and |(¢, Dg)| < O(o¢c+/log(k)).
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) _

and a;’ = a( ) Then the

m-+i°

Proof of Lemma[A.6.11. Note that W,EO) =w b(o) =b¥

m-+i’ m-+1i

gradient for wy,4; is the negation of that for w,,;, the gradient for b,,; is the negation

of that for by,1;, and the gradient for a,,; is the same as that for a;, ;.

‘g“) (x; aéz))‘ (A.427)
2m
= > alVEemo((w,x) +biY +£) (A.428)

= 1> (al B o((w %) + b +62) + al), Eewo( Sii,x>+b£,?+i+s£,fli>)‘
=1

(A.429)
< Z( Eg(z)O’ () )—i—b(l) +£ ) 1(71)+1,E§(2)U(< (1) %) +bz(1) +££2))>'
=1
(A.430)
+ Z ( ﬁn)ﬂEg@m(( (1),x> + bl(,l) + 51(2)) fnzﬂEg(z)a(( gzﬂ, x) + bgﬂ + 5 ))
i=1
(A.431)
Then we have
‘g(”(X; af))’ <3 ’277(1)TaE£(2)0'(<W§1),X> +b 4+ §§2))‘ (A.432)
i=1
m ) )
+Y ’afi)ﬂ ( (wit) anle)’ + ’bE N ) (A.433)
i=1
<y ‘Qn(l)Ta (‘< M x) + b ‘ + Ee 552)‘) (A.434)
i=1
+ > [alh] (|6w!? —wfjl)ﬂ-,x>’ @bl ). (A.435)
i=1

With probability > 1 —exp(—(k)), among all j ¢ A, we have that at most po(D — k) of
¢; are (1 —po;)/7, while the others are —p,; /5. With probability > 1— (d+ D) exp(—£Q(k))
over ¢, for any j, |(j| < O(o¢y/log(k)) and (¢, Dy)| < O(o¢y/log(k)). For data points with

¢ and ( satisfying these, we have:



Claim A.6.1. \<w<”,x>\ < O™ /)1 + 5 +5/VE).

1

Proof of Claim[A6.1]

D D
el )] = (3 UMy +0. 3 oM+ ¢/)
/=1

= j=1

D

IN

+ +

D D
(" al™M., Y oMy)
=1 j=1

D
Sl My, ¢/5)
=1

J=1

(v, Z ¢jMJ'>
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(A.436)

+ [{v,¢/a)l.

(A.437)

For each term above we bound as follows. Note that when oy is sufficiently small,

€o = O(klog'/?(Dm/8)/v/D). Let

By := By/6 + /0,

Then

a\”[B1Cy = O(log(Dm/6) [k + log(Dm/8)ee/ (7)) = O(1/7),
12{”|ByCy = 0(5/),
2% B,Cy = O(D/k + VD)),

1al”|BoCy = O(ee/ (vVk)) = O(1/7),

(A.438)
(A.439)

(A.440)

(A.441)

(A.442)
(A.443)
(A.444)

(A.445)



Then by the assumption on p,

D
MY M)
=1 _7':1

Z(qz(g My, M;¢;)
L#£]

> (gl Mo, M) | +

(gA

= > (¢!) My, M) | +

leA

< O(|77(1)az(0)’) <Blcl + BaCs + L(kBl(Cl + C3) + DBy (Cy + CQ)))

Vd

k
O(‘Tl(l)ago)’) <Blcl + B2Cs + 7%3102 + B2C1>

<OmM)(A/v+6/y+1/7+1/7)

<OmW/7)(1+35).

By the assumption on o,

D
Sl My, ¢/5)

(=1

log(k
Ol Dal” (k1 + D) 2 )

) 524/log(Dm/9)
2

1
< O(nW)(kBy + DBs) o¢/log(k
o vk

<06 (UC log(Dm /) (1 + 7k) + o5 2B IZ%Dm/5)>

<O /).

2
Also note that |v;| <O (M

VD ) Then by the assumption on o,

D
(0, oM
Jj=1

O(ln®a”|) x Vi x 0 (W) x (C1 + Cy)

o(In™M /7).

178

(A.446)

(A.447)

(A.448)
(A.449)

(A.450)

(A.451)

(A.452)

(A.453)
(A.454)
(A.455)

(A.456)

(A.457)

(A.458)

(A.459)



Finally, we have

d
(0, ¢/3) < Y lullg /a1
j=1

a0 x dx % log?(Dm/é) 6+/log(k)
5vV'D o

o(jn™

oM /)

<o

We also have:

IT.] = O(ow/log(Dm/6))
i) = o)+ e

< loi(:%/ 5)

¥ <06,

+ ‘n(l)ag el -

E¢e)

|a

m+t
1
‘<Wz( ) Wm+z’ ‘ - U/’Y
bgl) —bgl-i = ai Tb‘ = O(jn® ai |€e)'

W< |a<°’| + |n<1>Ta| < |a<°>r + 0(nWow/log(Dm/3)).

179

(A.460)

(A.461)

(A.462)

(A.463)
(A.464)
(A.465)

(A.466)

(A.467)

(A.468)

(A.469)



180

Then we have

Mg

OF
‘9(1) (x; 0§2))’ <0 (mn(l)ow log(Dm/é)) <77 . 5 Vioalm/0)

(2)
+ e )

52 ‘”
(A.470)
(1 e | ).
+0 (m(|a |+ 1og(Dm/5))) o+ ‘n al ee’ (A.471)
)5
=0 (mn(l)aw log(l::m/é) |a§0)| ("7 ’YU + ‘n(l)ago)ee >> (A.472)
log(Dm/d) o), nVé ©0),nMé
— 0 mpWeoy, a L mla®T e A4T3
<mna 4 T il (A473)
<1. (A.474)

Then ’yg(l)( ; 22))‘ < 1. Finally, the statement on ((q}l)),A, ¢,A>‘ follows from a similar

calculation on ‘ ) = ‘ ; ,qb)‘ O
We are now ready to analyze the gradients in the second gradient step.

Lemma A.6.12. Fiz 6 € (0,1) and suppose WEO) € gw(é),bgo) € gb(5),ago) € Ga(0) for
(0)

all i € 2m]. Let €os:= O (’W) +exp(—O(k)). If Du/vd < 1/16, 046 —0(1),
g O'E

02d/52 = O(1), k = Q(log?(Dm/5)), oa < 52/ (7k?), 7 = O ( l ) and o? = 1/k/2,

kmoao

then

D
8Wi LD(g(l); 0'22)) — _az('l) (Z MjTj + I/) (A475)
j=1

where T} satisfies:

e if j € A, then |Tj — Bv/5| < Oleen/5 +1n1)/ é ) + n(l)\ago)ke/(&og))), where 8 €
(

[Q(1),1] and depends only on w, 0),b£ )

)

o if j ¢ A, then |Tj| < L exp(=Q(k)) + O(035¢€c2);

1)y
e 1| <O <7zw(2)<> + exp(—Q(k)).
¢
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Proof of Lemma[A.6.13 Consider one neuron index i and omit the subscript ¢ in the
parameters. By Lemma with probability at least 1 — (d + D) exp(—Q(k)) =1 —
exp(—Q(k)) over (x,7), ygM (x;£?) > 1 and furthermore, for any i € [2m], ’(ng), C/5>) =
00 /). (g, 8)| = 05 /7). and [((")-a,6-a)
j € ld.t € [D], |G| < O(ocy/log(k)) and [{¢, Di)| < O(ogy/log(k)). Let Ix be the

indicator of this event.

= O(n™Mé/~), and for any

0

Y ora,m. (2)
L9 M0 ) (A.476)
= —aWEy)p { ayylEe (W, x) + b0 + 2 € (0,1))x } (A.477)
D
= —a® Y M B e {adliw®,x) + b +¢2 € 0,1)]¢; ) (A478)
j:1 ZZTj
ayyC
—aVE ) pee {y&ﬂxww(l),x) +bM 4¢3 € (o, 1)]} : (A.479)

=v

Let Tj1 := Er ) op e {ayyﬂ[<w(1),x) + bW 4¢3 ¢ (0, 1)]¢;}. We have

T) — T (A.480)
= [Epemmiee {auy(l = LoIw®, %) + b + 6 € (0, 1)), }| (A.481)
< éexp(—Q(l{)). (A.482)

o

Similarly, let v/ :=E ) p e {ayyc]l[<w(1),x> +bM 4+ @) ¢ (0o, 1)]} We have

v (A.483)

g WY () Ifiw %) + b + £ € (0,1)] (A.484)

= (X,y)ND,£(2> 5_ X 9 9 .

< %€ exp(—Q (k). (A.485)
M

So it is sufficient to bound T}j; and v/. For simplicity, we use ¢ as a shorthand for ¢; .
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First, consider j € A.

Th = E(x7y)ND,§(2> {ayyHKW( ) X) + b —i—f @) ¢ (0, 1)]@} (A.486)
=Eg, {ayy% Pr( ) [<¢, @) +o+bD 4+ e (0, 1)} } (A.487)

where ¢ := (w1, (/5). Let

o= Fx [(6.0) + 1460 162 € 0,1)] (A.488)
li=Prlo-aaal +ob+€¥ e 1), (A.489)

) a(o) €,
By the property of the Gaussian () that [(¢a,qa)| = O(%), and that

ol = (W, ¢/3) 1 ). [ (9—ar g—a)| are all O(5V5 /) < O(1/k), we have

I, — I'] (A.490)
< P21">[<¢7 g) + ¢+ bM 4@ } % [<¢ Arq-A) +o+bN 4+ >0” (A.491)
+Py [<¢, Q) +1+b® @ > 1] +hy [<¢_A,q_A> Fo+b® L@ > 1] (A.492)

(1)[4(0)
=0 (" x k<(§+€e>> + exp(—O(k)) = Ofews). (A.493)
&205

This leads to

Tj1 — Epp6-a {ayyqufé}! (A.494)
< Egp {loyyds| [Eo_a(la = 1)[} (A.495)
< O(ee2)Egy {layyesl} (A.496)

< O(een/5) (A.497)
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where the last step is from Lemma Furthermore,

Epa,é_a {O‘yyﬁﬁj%} (A.498)
=Eg, {ayyd;} Eg_, 1] (A.499)
=Eg, {ayyo;} ) Plém [<¢_A, g-a) + ¢+ bW 4@ < (o, 1)} . (A.500)

By LemmalA.2.13, we have |(¢_a,q_a)+t| < O(nMé/y). Also, bV —-b©| < O(nM]al?e,).

By the property of £3)

B r(6-asa-a)+e+ bW 4@ € (0,1)] - Py [ +¢® € (o, 1)H (A.501)

< 0(nW5/(r0)) + 0V al” ec /o). (A.502)
On the other hand,

B:= Pr |bO+e®e(0,1) =Pr|c?® e (-p® 1-pO A.503
£2)

=Q(1) (A.504)
and 8 only depends on b(®). By Lemma Eg, {ayyd;} = /. Therefore,
(Tj1 = B7/5] < Oleca/3) + OV [ ) + 0D 2l ec/ (50D)). (A.505)
Now, consider j ¢ A. Let B denote A U {j}.

Tjt = Eeyyope { il [(6,0) + ¢+ b + 6@ € (0,1)] (A.506)

= EguBy_, e { ol [(9,0) + o+ bV +6@ € 0,1)] } (A.507)

_B,(E®

=Eyp {ayy¢] Pr [<¢, @) +1+bW 4+ e (0, 1)}}. (A.508)
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Let
I := Py [<¢7 )+ 1+ bM £ ¢ (o, 1)} , (A.509)
E
Iy = Pr [{(¢9-5,q-5) +1+ bV +6@ € (0,1)]. (A.510)
13

Similar as above, we have |I, — Ij| < €c2. Then by Lemma

Tt — Eppo_pc Loyydily}| (A.511)
< Egp {layydjlBe_p (I — 1)} (A.512)
< Olee2)Egn {layyl} Eg, {1651} (A.513)
< Ofee2) x O(035) (A.514)
= O(035¢€e2).- (A.515)
Furthermore,
Egp6 5. lowydily} = Eon {ayy} B, {9} Eg_, 1] = 0. (A.516)
Therefore,
Tj| < O(c35€e). (A.517)
Finally, consider v;.
v, =E Y8, x) + bO 4 €@ € (0, 1)] (A.518)
J (X,y)ND,ﬁ(Q) 6— ’ 9 .
ayyGj
=Egppace® { L2[(6.q) + e+ DY+ 6@ € (0, 1)]} (A.519)

il
=Epn6_as {yff] Prit.a) +o+ b 4¢3 € (o, 1>]} (A.520)



Let

o (0) (1)
Ij-—§5[<¢,q>+L+b +¢We0,1)],

L= Py [(6,0)+ b0+ €0 € 0.1)].

Since |¢] < O(nMé/v), we have |I; — I < O(n(l)&/('yaém)). Then

ayyG;
V;’ - E¢A,¢—A7C{ y& jIj,'}

ayyGj
= ‘E¢Av¢—A»C{ y{T : (Ij - Ig,)}

- ayyG;
<005/ (vo ) Esps_nc |~

) G
< 00N/ (vo ) Egy layy| Ec |

<0 /(ve?)) x 1 x %

(

< 0(Wac/(va)).

Furthermore,

ayyQ; ayy
Ega.p_ar { = I}} =Egs6_a {%Iﬁ} Ec{¢} =0.

Therefore,

M

no

;| <O ( (2)4> + exp(—Q(k)).-
Vo

Lemma A.6.13. Under the same assumptions as in Lemma[A.6.17

0
2 Lo(gs0) = a7,

185

(A.521)

(A.522)

(A.523)
(A.524)
(A.525)
(A.526)

(A.527)

(A.528)

(A.529)

(A.530)

(A.531)
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where |Tp| < exp(—Q(k)) + O(€e2).

Proof of Lemma[A.6.13 Consider one neuron index ¢ and omit the subscript ¢ in the param-

eters. By Lemma Pr[yg ( § ) > 1] < exp(—Q(k)). Let Iy = ]I[yg (x 5(2)) <1J.

o5 LBl 9V;0) (A.532)

— —aV By, p {ayng@,mw( ), x) +bM 4+ £® ¢ (0, 1)]} . (A.533)

=Ty

Let Ty :=Ex y)up e {ayyI[(wh, x) + b 4¢3 € (0,1)]}. We have

Ty — T (A.534)
= ’E(x,y)w,az) {ayy(l —T)I(w™, x) + b1 +¢3) € (0, 1)]}‘ (A.535)
< exp(—Q(k)). (A.536)

o

So it is sufficient to bound Tj;. For simplicity, we use g as a shorthand for g;

Ty = By { oyl [(6.0) + 0+ bW +¢@ e 0,1)] } (A.537)
—Ep,By_, e {auul [(6,0) + 0+ b0 +62 € (0,1)]} (A.538)
—E,, {ayy¢ Pr [<¢, )+ 0+ bW 1@ ¢ (o, 1)] } (A.539)

Let
= Px [<¢, g) + 1+ bM 1+ @ ¢ (o, 1)} (A.540)
Th= Px [(6-arq ) +0+ DD+ € 0,1)]. (A.541)
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Similar as in Lemma |[A.2.14] we have | — I}| < €e2. Then by Lemma [A.6.6]

|To1 = Eppo-a {0yyT3} ] (A.542)
= [Eono a {0yy(ls — Ip)}] (A.543)
= O(€c2)Egp.6_a layyl (A.544)
< O(€e2). (A.545)
Furthermore,
Egaoa {0yuls} = Egp {ayy} By_,[I;] = 0. (A.546)
Therefore, |Tp1| < O(ee2) and the statement follows. O

Lemma A.6.14. Under the same assumptions as in Lemma[A.6.15,

0
8ai

Lp(gW;0l) = - T, (A.547)

where |T,| = O (ﬁ) + exp(—Q(k))poly ( b )

YPmin Pmin

Proof of Lemma[A.6.1] Consider one neuron index ¢ and omit the subscript ¢ in the parame-

ters. By Lemma Prlyg™M (x;£2) > 1] < exp(—0O(k)). Let I, = I[yg™M (x;£3)) < 1].

0

a 2
%LD(Q(l);aé ) (A.548)
= —Exy~p {aynyEaz)U((W(l)’X) +bM) 4 5(2))} : (A.549)

Let Tt = Egeyp { 0ytEea(wh,x) + bW + €2} We have

To — T (A.550)
= ’E@c,y)w {ayy(l — L)Eeo((wh,x) + b + §<2))H (A.551)

< exp(—Q(k)). (A.552)
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(1)

So it is sufficient to bound 7;;. For simplicity, we use ¢ as a shorthand for g,

Let ¢/y be an independent copy of ¢a, ¢’ be the vector obtained by replacing in ¢ the

entries ¢o with ¢/, , and let 2/ = M¢' + ¢ and its label is . Then

(T 1= [Eon {00,y ¢ cmo((w®, x) + 0 1) (A.553)

1 1 1 1

< 5|Eoa {EM“@)U«W( ), x) + b 4+ W)y = 1} (A.554)
_ E¢A {E¢7A,C,5(2)O(<W(1)7X> + b(l) + 6(2))|y = —1} ‘ (A.555)
1 1 1 2 _

< 5[Eon {Eo_y cea((w®,x) +bD + €y = 1} (A.556)
— B, {E¢7A,<,5<2>0(<W(1)7X'> +bW 4@y = —1} (A.557)
1

< Eongp {Eoon | WD) — (W) ly = 1,9/ = -1} (A.558)
1

< 5Eon (Boa {0, M) Iy = 1} + By, {[tw M) Iy = —1})  (A.559)

S By a0a ‘%(W“), M¢>‘ (A.560)

—E, ‘ay(w(l), M¢>‘ (A.561)

s VdD
= 0(W5/7) + exp(—=(k)) x ——— x [w]loq (A.562)
nWe
=0 o |t exp(—$(k))poly(dD /pmin) (A.563)

where the fourth step follows from that o is 1-Lipschitz, and the second to the last line

from Lemmaand that ‘(w(l),Mgb)‘ < W || o r/d[ M]3 O

With the above lemmas about the gradients, we are now ready to show that at the end

of the second step, we get a good set of features for accurate prediction.

Lemma A.6.15. Set

2 ~
min0
ah =2 lfmr A =048 = 1/(29D), 0 = 1/K9/2, (A.564)

n®@ =128 =20 = 1/29@), 0 = 1/k2. (A.565)
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6’Ypmin

Fiz 6 € (0,0(1/k*)). If Dp/vd < 1/16, 0c6 = O(1), 02d/5% = O(1), k = Q (10g2 ( Dind ))
and m > max{Q(k*), D,d}, then with probability at least 1 — § over the initialization, there
exist &;’s such that §(x) == 327 é¢0(<W§2),x> + bgz)) satisfies Lp(g) < exp(—Q(k)). Fur-
thermore, ||allo = O(m/k), ||a]|ec = O(K®/m), and ||a||3 = O(k?/m). Finally, |a®| s =
O (1), Iw?|la = O(&/k), and [b{?)| = O(1/k2) for all i € [2m)].

km?

Proof of Lemma[A.6.15 By Lemma there exists a network ¢g*(x) = ?(:k1+1) ajo((wy,x
b}) satisfying

(x};)lfvp[yg*(ﬂﬂ) < 1] < exp(—=Q(k)).

Furthermore, the number of neurons n = 3(k + 1), |af| < 64k,1/(64k) < |b}| < 1/4,
Wi =0 ;ca M;/(8k), and [(w;,x) +bj| <1 for any i € [n] and (x,y) ~ D. Now we fix
an £, and show that with high probability there is a neuron in ¢ that can approximate
the £-th neuron in g*.

With probability > 1 — exp(—Q(max{2p,(D — k), k})), among all j € A, we have that
at most 2p, (D —k)+k of ¢; are (1—p,)/d, while the others are —p,/&. With probability >
1 (d+ D) exp(—Q(k)) over , for amy . |¢;| < O(/Tog(R)) and [{¢, Dg)| < Ooe/Iog(h)).
Below we consider data points with ¢ and ( satisfying these.

By Lemma with probability 1 — 2§ over WEO)’S, they are all in Gy (9); with
EO)’S, they are all in G,(9); with probability 1 — § over b(o)’s, they

i

probability 1 — § over a

are all in Gp(0). Under these events, by Lemma [A.6.10, Lemma |[A.6.12 and |A.6.13] for any

neuron i € [2m], we have

D

w =al) | ST | (A.566)
j=1

b® = b + a7, (A.567)

where

o ifj €A then |T; = By/0] < i = O(€e2/5+77(1)/0'§2) +77(1)|a§0)|6e/(50§2))), where
B € [Q(1),1] and depends only on WEO), b®.

)

)+
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o if j & A, then |T}| < ewa :=  exp(—Q(k)) + 0(03)5632);

o
o V| <e =0 <:O_(2f> + exp(—Q(k)).
13

o T3] < e = exp(~Q(k)) + Oeea).

(0)

Given the initialization, with probability €(1) over b,”’, we have

1 2
¥ € [% k] sign(b{”) = sign(b}). (A.568)

8K|bz |8y
b{?|52
that for e, = ©(1/k?), with probability Q(ea) > § over ago),

Finally, since € [Q(k?*v/5%),0(k3y/5?)] and depends only on WEO), bgo)’ we have

8k[b} |6y (o)
IO i
|bi |‘72

~2
<e [a”=0 <0> . (A.569)

1
k2~

Let n, = eam/4. For the given value of m, by (A.566|)-(A.569) we have with probability

> 1 — 56 over the initialization, for each ¢ there is a different set of neurons I, C [m] with

|I;| = ng and such that for each i, € Iy,

0 1 2 . 0 . %
by € [%2 kg] . sign(bl)’) = sign(bj), (A.570)
8k|b3} 5.2
Wa&?) — 1l <ea, |a§?)‘ =0 (k:2> . (A.571)
b, |67 g
Now, construct a such that a;, = T;girz | for each ¢ and each ip € Iy, and a; = 0
ip ITa

elsewhere. To show that it gives accurate predictions, we first consider bounding some error

terms.
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For the given values of parameters, we have

Y
€2 =0 (W) , (A.572)
k~y ve
ew1 = O <m2& + W) : (A.573)
v
ewz = O (mQ&) ; (A.574)
i
=0 (W) . (A.576)
We also have the following useful claims.
Claim A.6.2. 3, (Mg, x)| < O (%)
Proof of Claim[A.6.3
> (M, x)| (A.577)
teA
<> [ 1oal+ | oMMy + M ¢/5 (A.578)
teA j#
log(k
<0 <k> +0 (kD“N> + o (r7evlos®) (A.579)
o Vd& o
<0 (k> : (A.580)
(o
0
Claim A.6.3.
(0)
a; 1
(wi?, >_ﬁZ<M]‘7X> SO(m). (A.581)
jEA




Proof of Claim[A.6.3

<[> alTMy x)
leA

Then

JEA
(1
2 ) ﬂ’y
< w®x) = TS My, x)| +
JEA
@) i B
< (w7, %) Z<Mg7x> + |a
JEA

i By
(wi? %) = S 3 (M, x)
jEA
< [af)) ( > <T€ - B) My, x
< |a;, ,X
1A
By Claim [A.6.2]

O (Té - ﬂg) M, x

leA

Z a( )TgMg + v, x)

+10O0] a( T My, x)
(gA

(1) (0)
a;, By . Al |
5_ Z(M]7X> 5_ Z(MJ’X>

jEA jEA

+ (O 1My, x

(ZA

\T —\ (M, )
fGA

<en 3 [(My,x)

leA

<0 <k€"”) .
o

M+ (v, x)] .

—|—I/X>).
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(A.582)

(A.583)

(A.584)

(A.585)

(A.586)

(A.587)

(A.588)

(A.589)

(A.590)

(A.591)



193

O TMyx)| <> Togj| +| D TMIM;o;| +|> M/ (/5 (A.592)
02A (€A 0ZA L ZIN
Dews 2 04\/10g
<0 ( = ) + 0 <D Ew? fa) +0 <Dew _ > (A.593)
<0 <D;W2) : (A.594)
(v, %) < (v, D Mge)| + (v, ¢/5)] (A.595)
Le[D]
<Y 1belv, M| + (v, ¢/5)]| (A.596)
Le[D]
<0 <p°l;+k> ed + de,,O(UC&IOg(k)) (A.597)
<0 (‘”f) (pOD + \/gel,\/log(k)> (A.598)
<0 (E”g/g> (poD +5 1og(k)> (A.599)
<0 (;;m;ﬂ&) . (A.600)

Then by (A.572))-(A.576)),

kewi  Dew oDe,\d k2 e k
e¢;:<€1+ w2, P f‘f>:0< 7oy X L Y 4 T ) (A.601)

o ol ol m262  m26  mad?2  m3/25

1 _

We have |a;, i | = O(nWay+/log(Dm/6)). So the first term is bounded by

€ (A.602)
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By Claim the second term is bounded by

k™M oy /log(Dm/s 3
2l — |2 3 M x| < 0 ( 1w/ og(Dm) ”) <0 (”) - (A0
(2 2 o 52 m3
JEA
Combining the bounds on the two terms leads to the claim. O
Claim A.6.4.

2 1.0 1
b;,” —b;,"| <O <k2m> : (A.605)

Proof of Claim[A.6.f] By Lemma[A.6.10| and [A.6.13}

(2) (0) (2) (1) (1) (0)
[bi,” — by, | < [bi” = bi, [+ b;,” — b7 (A.606)
< 0 (nV]af)ec + [af}| (exp(~ (k) + ec2)) (A.607)
9 1 1
SO\ 2153, ) s9\ =, ) A.
_O<km2 +k2m) _O<k2m) (A.608)
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We are now ready to show g is close to 2g*.

|9(x) — 29" (x)| (A.609)
3(k+1) 3(k+1)
(2
(=1 ip€ly
3(k+1) 3(k+1) (0)
23g|bz (2) (2 ’bg |b | * (0)
- Z Z p(© ( Wi, o X u) Z Z |b*|<wf’x>+bu
=1 is€l, | ig | Ta =1 uelz |na
(A.611)
3(k+1) (0)
2a€‘b ’ 2) 2) 2a2‘|b2| a; By (0)
< 2 Z ( (<W“’ X) + b > ITICI F > (M;.x) +b;,
=1 el " O 1b;," | jeA
(A.612)
3(k+1) (0) (0)
2a \b| a;, By 0 2a5|bj| (b, \ 0
=1 el ’ JEA ‘big ‘
(A.613)

Here the second equation follows from that o is positive-homogeneous in [0,1], [(w},x) +

bj| <1, by’|/Ibj < 1.

By Claim [A.6.3] and [A.6.4], the first term is bounded by:

(0)
3(k + 1) max 2a;[by| ( (wg),x) - 786 E (Mj,x)| + ]b(g) bg?)) (A.614)

l |b(0)’ ica
;b7 <1>
3(k:—|—1)max 200 (= (A.615)
£ Am

m

<0 (’ﬁ“) . (A.616)
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By Claim the second term is bounded by:

(0) (0)
2aj|bj| | a; B bi
3(k + 1) max a€(|0)£| £ i Z<Mj,X> — | bl* |<W>Z,X> (A.617)
(0)
2a;|by| |a;, By
< 3(k+ 1) max =00 | =0 S (M, x) 8k|b*| Z J %) (A.618)
b;,’| 7 jea
)
2a;|by| a|b; | | 8ka;,Bv|b}|
3(k 4 1) max —£ -~ £ R -1 DY (M, x) (A.619)
b Sk | G2 b jA
3(k+1) max O(ajea) (A.620)
<0 (k%ea) . (A.621)
Then
4
13(x) — 2¢* (x)| = O (il + k26a> <1. (A.622)

This guarantees yg(x) > 1. Changing the scaling of ¢ leads to the statement.

Finally, the bounds on a follow from the above calculation. The bound on ||a® ||

follows from Lemma |A.6.14] and those on HWZ@)HQ and Hbl@)”g follow from ({A.566))(A.567))
and the bounds on agl) and bl(-l) in Lemma [A.6.10 O

A.6.9 Classifier Learning Stage and Main Theorem

Once we have a good set of features in Lemma [A.6.15] we can follow exactly the same

argument as in Section [A.2.6] and [A.2.7] for the simplified setting, and arrive at the main

theorem for the general setting:
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Theorem A.6.16 (Restatement of Theorem [A.6.1)). Set

2 ~
1) _ V" Pmin0 (1) (1) 1 1 _ 3/92
= e A = 00 = 1/(200), 0 = 1K, (A.623)
n® =120 =28 =1/29@),08) = 1/k3/2, (A.624)
2 I
0 _ ., _ (1) _ \® _ ) _
n _n_Tml/s,)\a =A\w = g(}ml/B,o—é =0, for2<t<T. (A.625)

0YPmin

For any 8 € (0,0(1/k%), if p < O(d/D), o¢ < O(min{1/5,5/v/d}), k = (1og” (224 ),
m > max{Q(k?), D,d}, then we have for any D € F=, with probability at least 1 — §, there

exists t € [T] such that

KoKT | EPm??
: t 1)y —
Prlsign(g") (x)) # ] < Lp(g™) = O <m2/3 St ) (A.626)
Consequently, for any e € (0,1), if T =m*3, and m > max{Q(k'%/e*/?), D}, then

Prlsign(g") (x)) # 3] < Lp(g") <e. (A.627)
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Appendix B

Discussions, Complete Proofs and
Additional Experiments in Chapter 3|
A Theoretical Framework Towards
Provable Guarantees for Neural
Networks via Gradient Feature

Learning

Appendix describes the limitations of our work. In Appendix we present our
framework implications about simplicity bias. The complete proof of our main results is

given in Appendix[B.3] We present the case study of linear data in Appendix [B.4.1| mixtures

of Gaussians in Appendix and Appendix parity functions in Appendix [B.4.4]

Appendix and Appendix and multiple-index models in Appendix [B.4.7] We
put the auxiliary lemmas in Appendix
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B.1 Limitations

Recover Existing Results. The framework may or may not recover the width or sample
complexity bounds in existing work.

1. The framework can give matching bounds as the existing work in some cases, like
parities over uniform inputs (Appendix .

2. In some other cases, it gives polynomial error bounds not the same as those in the
existing work (e.g., for parities over structured inputs). This is because our work is
analyzing general cases, and thus may not give better than or the same bounds as
those in special cases, since special cases have more properties that can be exploited
to get potentially better bounds. On the other hand, our bounds can already show
the advantage over kernel methods (e.g., Proposition .

We would like to emphasize that our contribution is providing an analysis framework that
can (1) formalize the unifying principles of learning features from gradients in network
training, and (2) give polynomial error bounds for prototypical problems. Our focus is not

to recover the guarantees in existing work.

Failure Cases. There are some failure cases that gradient feature learning framework
cannot cover:

1. In [232], they constructed a function that is easy to approximate using a 3-layer
network but not approximable by any 2-layer network. Since the function is not
approximable by any 2-layer network, it cannot be approximated by the gradient-
induced networks as well, so OPT will be large. As a result, the final error will be
large.

2. In uniform parity data distribution, considering an odd number of features rather
than even, i.e., k is an odd number in Assumption [B:4.28] we can show that our
gradient feature set is empty even when p in Equation (3.6 is exponentially small,
thus the OPT is a positive constant since the gradient induced network can only be

constants. Meanwhile, the neural network won’t be able to learn this data distribution
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because its gradient is always 0 through the training, and the final error equals OPT.
The first case corresponds to the approximation hardness of 2-layer networks, while the
second case gives a learning hardness example. The above two cases show that if there is
an approximation or learning hardness, our gradient feature learning framework may be
vacuous because the optimal model in the gradient feature class has a large risk, then the
ground-truth mapping from inputs to labels is not learnable by gradient descent. These

analyses are consistent with previous works [232, 26].

B.2 More Further Implications

Our general framework also sheds some light on several interesting phenomena in neural
network (NN) learning observed in practice. Feature learning beyond the kernel regime has
been discussed in Section and Section The lottery ticket hypothesis (LTH) has

been discussed in Section [3.4 Below we discuss other implications.

Implicit Regularization/Simplicity Bias. It is now well known that practical NN
are overparameterized and traditional uniform convergence bounds cannot adequately
explain their generalization performance [312] 195| 133|. It is generally believed that the
optimization has some implicit reqularization effect that restricts learning dynamics to a
subset of the whole hypothesis class, which is not of high capacity so can lead to good
generalization 199, 106]. Furthermore, learning dynamics tend to first learn simple functions
and then learn more and more sophisticated ones (referred to as simplicity bias) [197, [235].
However, it remains elusive to formalize such simplicity bias.

Our framework provides a candidate explanation: the learning dynamics first learn to
approximate the best network in a smaller family of gradient feature induced networks
FdrBp,s and then learn to approximate the best in a larger family. Consider the number
of neurons r for illustration. Let 1 < 79, and let T and 15 be their corresponding runtime
bounds for T in the main Theorem [3.2.12] Clearly, 7y < T5. Then, at time T}, the

theorem guarantees the learning dynamics learn to approximate the best in the family
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Far,Bp,s With 71 neurons, but not for the larger family F;,, g, 5. Later, at time T5, the
learning dynamics learn to approximate the best in the larger family ., B, s. That is,
the learning first learns simpler functions and then more sophisticated ones where the
simplicity bias is measured by the size of the family of gradient feature-induced networks.
The implicit regularization is then restricting to networks approximating smaller families
of gradient feature-induced networks. Furthermore, we can also conclude that for an
SGD-optimized NN, its actual representation power is from the subset of NN based on
gradient features, instead of the whole set of NN. This view helps explain the simplicity

bias/implicit regularization phenomenon of NN learning in practice.

Learning over Different Data Distributions. Our framework articulates the following
key principles (pointed out for specific problems in existing work but not articulated more
generally):

e Role of gradient: the gradient leads to the emergence of good features, which is useful
for the learning of upper layers in later stages.

e From features to solutions: learned features in early steps will not be distorted, if
not improved, in later stages. The training dynamic for upper layers will eventually
learn a good combination of hidden neurons based on gradient features, giving a good
solution.

Then, more interesting insights are obtained from the generality of the framework. To build
a general framework, the meaningful error guarantees should be data-dependent, since NN
learning on general data distributions is hard and data-independent guarantees will be
vacuous |66, 65]. Comparing the optimal in a family of “ground-truth” functions (inspired by
agnostic learning in learning theory) is a useful method to obtain the data-dependent bound.
We further construct the “ground-truth” functions using properties of the training dynamics,
i.e., gradient features. This greatly facilitates the analysis of the training dynamics and is
the key to obtaining the final guarantees. On the other hand, the framework can also be
viewed as using the optimal by gradient-induced NN to measure or quantify the “complexity”

of the problem. For easier problems, this quantity is smaller, and our framework can give a
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better error bound. So this provides a united way to derive guarantees for specific problems.

New Perspectives about Roadmaps Forward. We argue a new perspective about
the connection between the strong representation power and the successful learning of NN.
Traditionally, the strong representation power of NN is the key reason for hardness results of
NN learning: NN has strong representation power and can encode hard learning questions,
so they are hard to learn. See the proof in SQ bound from [63] or NP-hardness from [34].
The strong representation power also causes trouble for the statistical aspect: it leads to
vacuous generalization bounds when traditional uniform convergence tools are used.

Our framework suggests a perspective in sharp contrast: the strong representation power
of NN with gradient features is actually the key to successful learning. More concretely, the
optimal error of the gradient feature-induced NN being small (i.e., strong representation
power for a given data distribution) can lead to a small guarantee, which is the key to
successful learning. The above new perspective suggests a different analysis road than
traditional ones. Traditional analysis typically first reasons about the optimal based on the
whole function class, i.e. the ground truth, then analyze how NN learns proper features
and reaches the optimal. In contrast, our framework defines feature family first, and then
reasons about the optimal based on it.

Our framework provides the foundation for future work on analyzing gradient-based
NN learning, which may inspire future directions including but not limited to (1) defining
a new feature family for 2-layer NN rather than gradient feature, (2) considering deep NN
and introducing new gradient features (e.g., gradient feature notion for upper layers), (3)
defining different gradient feature family at different training stages (e.g., gradient feature
notion for later stages). In particular, the challenges in the later-stage analysis are: (a) the
weights in the later stage will not be as normal as the initialization, and we need new tools
to analyze their properties; (b) to show that the later-stage features eventually lead to a
good solution, we may need new analysis tools for the non-convex optimization due to the

changes in the first layer weights.
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B.3 Gradient Feature Learning Framework

We first prove a Simplified Gradient Feature Learning Framework in Appendix which
only considers one-step gradient feature learning. Then, we prove our Gradient Feature
Learning Framework, e.g., no freezing of the first layer. In Appendix we consider
population loss to simplify the proof. Then, we provide more discussion about our problem
setup and our core concept in Appendix Finally, we prove our Gradient Feature

Learning Framework under empirical loss considering sample complexity in Appendix

B.3.1 Simplified Gradient Feature Learning Framework

Algorithm 4 Training by Algorithm [I] with no updates for the first layer after the first
gradient step

Initialize f(a(0>,w<0),b) € Fym; Sample Z ~ D"
Get (a), W), b) by one gradient step update and fix W) b
for t=2toT do _
al) = al=l — V.l (fzun)
end for

Theorem 3.2.4 (Simple Setting). Assume Lz <f(a,w<1),b)) is L-smooth to a. Let n¥) =
%, A8 =0, forallt e {2,3,...,T}. Training by Algom'thm with no updates for the first

layer after the first gradient step, w.h.p., there exists t € [T] such that Lo(fam wn p)) <
1)124-B2 2 (112 B2 2
OP Ty s, + O(L(na I353) | \/BEQ(IIW HFBI+||b||2))'

n

Proof of Theorem[3.2.4] Recall that

FW.b,Baz = {fawp) € Fam | lall2 < Baz}, OPTwpb,B,, == min  Lp(f).

9EFW b, By

(B.1)

We denote f* = arg min Lp(f) and f* = argmin Eg(f) We use a*

9EFW b, B, 9EFW b, B
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and a* to denote their second layer weights respectively. Then, we have

L (a0 . wm b)) =LD(fa® wivp)) = L2(fa® w b)) (B.2)
+ Zz(f(a@),w(l),b)) - Zz(f(é*,w(l),b)) (B.3)

+ ZZ(f(é*,W(l),b)) - ZZ(f(a*,wu),b)) (B.4)

+ ZZ(f(a*,W<1>,b)) = Lp(far w) 1)) (B.5)

+ Lo (far W b)) (B.6)

< ’ﬁD(f(am,w(l),b)) - Zz(f(au),wm,b))‘ (B.7)

+ |Z2 (a0 o ) = L2 (Fiae woo )| (B.3)

+0 (B.9)

+ ’EZ(f(a*,Wu),b)) - ﬁp(f(a*,wm,b))’ (B.10)

+ OP Tyt 1y . (B.11)

Fixing W), b and optimizing a only is a convex optimization problem. Note that n<4i

where £z is L-smooth to a. Thus with gradient descent, we have

1 |a®™ — a*|3

ET:ZZ (f(a<t>,w(1>,b)) ~Lz (f(a*7w<1>,b)> < BT (B.12)
t=1

=l

Then our theorem gets proved by Lemma and generalization bounds based on

Rademacher complexity. O

B.3.2 Gradient Feature Learning Framework under Expected Risk

We consider the following training process under population loss to simplify the proof. We
prove our Gradient Feature Learning Framework under empirical loss considering sample
complexity in Appendix [B-3.4]

Given an input distribution, we can get a Gradient Feature set S, B, and g*(x) =
Z;Zl a;fa(<w;-‘, x> —b}'f), where f* € FurBp.s, . Bg is a Gradient Feature Induced networks

defined in Definition [3.2.11] Considering training by Algorithm [5] we have the following
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Algorithm 5 Network Training via Gradient Descent

Initialize (a(®, W(® b) as in Equation
for t=1to T do

alt) = qt-1) _ n(t)vaﬁ%(t>(f5(t—1))

WO = WD — OV w Ly (foun)
end for

results.

Theorem B.3.1 (Gradient Feature Learning Framework under Expected Risk). Assume As-

sumption . For any €,0 € (0,1), if m < e and

4
1 TBalBg;l Bb 1 1 r 2
-0l = o S | - B.1
o )
roq (L (Y BaebBBu ) (Vieem 1)) (B.14)
€ (mp)1 VByBa  B,i(mp)i

then with proper hyper-parameter values, we have with probability > 1 — §, there exists

t € [T] in Algorithm[5 with

Prlsign(fzw (x)) # 9] < Lp (fzv) < OPTyy B, 5, +1rBa1Br1y/27 +e. (B.15)

Y, Ba

See the full statement and proof in Theorem Below, we show some lemmas used

in the analysis of population loss.

Feature Learning

We first show that a large subset of neurons has gradients at the first step as good features.

Definition B.3.2 (Nice Gradients Set. Equivalent to Equation (3.9)). We define

7

2 iorion?) )

where v, B is the same in the Definition
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Lemma B.3.3 (Feature Emergence. Full Statement of Lemma [3.2.13). Let A() = 77(%) For

any r size subset {(D1,51),...,(Dy,8:)} € Sp~,Bg, with probability at least 1 — 2re=“"P

where ¢ > 0 is a universal constant, we have that for all j € [r], |G(p, s, Nicel = “F2-

Proof of Lemma[B.3.3 By symmetric initialization and Lemma [B:5.1] we have for all

i € [2m]

wl) = _ n(l)ﬁ'(O)a(.O)E(&y) [ya' |:<WZ(O),X> — bz} x} (B.16)

)

= — V202w, b)). (B.17)

For all j € [r], as (Dj, sj) € Sp~,By, by Lemma
(1) if s; = +1, for all i € [m], we have

Pr [z e G(D].,Sj),mce] (B.18)
W@
—Pr W > (1—7), \wgn(L > ‘n<1>£’(0)a§°>‘ Bo (B.19)
L ||V 2
[ ,L(l),D' '
—Pr w > (1— 1), ‘ng)Hg > ‘n“)z’(())ago" Be, |E:‘ =5, (B.20)
>Pr [G(WEO)’bi) €Cp, ., G, b))z > Be, ‘Ef‘ =s;, al <G(W§O)7bi),Dj> > 0]
i
zg, (B.21)
(2) if s; = —1, for all i € [2m] \ [m], similarly we have
Pr i € G(p, 5,) Nice| = ’23. (B.22)

By concentration inequality, (Chernoff’s inequality under small deviations), we have

mp _
Pr {|G(p, o) Nicel < T] < 9¢—cmPp, (B.23)

We complete the proof by union bound. O
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Good Network Exists

Then, the gradients allow for obtaining a set of neurons approximating the “ground-truth”

network with comparable loss.

Lemma B.3.4 (Existence of Good Networks. Full Statement of Lemma (3.2.14)). Let

A = ﬁ For any B, € (0,By), let 0, = © (W) and § = 2re V™. Then,
with probability at least 1—9 over the initialization, there exists a;’s such that f(é,w(l),b) (x) =

mel a0 << El), X> - bj) satisfies

N (B.24)

Lp(fawm p)) < rBa ( + By1v/2v+ B ) + OPT4, Br.S,. 5

G’
and ||allo = O (r(mp)%), laf; =0 <£ﬂjb) afloo = O <b1(?aljg )

Proof of Lemma[B.3.4) Recall g*(x) = > ", ajo(<wj,x> b%), where f* € Fu;.Br.s,., .
is defined in Definition [3.2.11f and let s*

By Lemma [B.3.3| with probability at

b
j \b;.|-

least 1 — 61, 01 = 2re=“"P, for all j € [r], we have \G(W}S;)’N,-ce\ > ZE. Then for all

*

O),bi)% only depend on WEO) and by,

which is independent of al(-o). Given Definition we have

(S G((w s¥ )Nzce = [Qm]v we have _gl(o)n(l)G(W(

]

b*
~C O VIGw i)l € [ﬁ’m)n(“Bﬂ%,—£'<o>n<1>BxlB.; . (B25)
We split [r] into I' = {j € [r] : [b}| < B}, I'- ={j € [r] : b < —B.} and I'y = {j €

r] : b* > B.}. Let e, = —228_ Then we know that for all jeTl,ul_, for all
j VmpBoB.
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1€ G(W;f,s;f),Nicev we have

b*
Pr H—ago>e'(0)n<l>HG(ng), bz-)||2@ - 1' < ea] (B.26)
al” N (0,02) b

b*
- Pr {1 — e < —a§°>z'(0)n<1>\|c:(w§°>,bi)||2Q <1+ ea} (B.27)
al” ~N(0,02) b

0 *
= Pr [1-e<g® |G, B bj <l+4e (B.28)
eNoy | BeB. ST ’
BaB. Bg Be
- NE(rOl) [(1_6‘1)@< (0) *) Sg§(1+6“)@( (0) *>]
N (0, |G(w; ", bi) |2 b]] |G(w; ™, bi) ||| b}
a B Be
_6 ( o ) (5.29)
|G(w; ™", bi) |2 b]]
€aBaBe
>0 ——— B.
>0 ( o ) (B.30)
—0 <1> . (B.31)
/Mmp
Thus, with probability 2 ( \/"TP> over a; ', we have
Oy (0v Ml w® 11, 2] O _ b
O [Gw b=~ 1 <o [al”| =0 s ) B
Similarly, for j € I, for all ¢ € G(W}S;)’ Nice, With probability €2 (ﬁ) over az(»o), we have

B,
‘—a50)6’<0>n<”uG<w§°>,bi>\|2B - 1' < a,

O —0o b B.33
) (—womchBe)' (B3

For all j € [r], let A; C G(W?S;)’Nice be the set of i’s such that condition Equation 1)
or Equation (B.33) are satisfied. By Chernoff bound and union bound, with probability at

least 1 — &, 6o = re V™P for all j € [r] we have |A;| > Q(,/mp).
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We have for Vj € ' UT'_,Vi € A,

’“%ﬂ <W§1)7X> ~(whx) (B.34)
* 1 1 1
<[ -2 eV 16w by 2 Hv‘:;))”? ,,W<(1>)H + HVVVE‘;)HQ = wil[x[l2  (B.35)
<(ea+ V2] (B-36)
Similarly, for Vj € I',Vi € A;,
’B;;<wgl>,x> — (W, x)| < (ea + V27X (B-37)

b B :
i * J J— * € -
IfieAj,jel Ul set a; = aj A ifieAj, jel, seta; = aj T3 otherwise set

& = 0, we have [allo = O (r(mp)? ), alls = O ( 2224 ), [la]low = O LB ).
b(mp) 4 b(mp) 2



Finally, we have

Lo(faww b))
=Lp(fa,wmp)) — Lp(9") + Lp(97)

<E(xy) Hf(a,w(l),b) (x) — g*(X)H + Lp(g")

2m

< | o () 1)+ 3 s (w02 1) = Yol -
i=1 Jj=1

i=m+1

+Lp(g7)

Eo || 2 T | <<w?%x>5>a<<wzf»x>bzf>]

L ]€F+ ZGA

[ b| )
+ Exy) Z Z ‘ | <w§1),x> + b) — O'(<W;-<, x> — b;k)
| |jer_ iea,
+ E(x,y) Z Z <<Wzl)7 > - B) - G(<Wj ) X> b*)
B Jer ieA;
R 11 R .
<Epey) || 22 D YIS <W¢ 7X> —(wj,x)
jelry iceA; J

_ ) b
+ E(x’y) Z Z T ’b <W£1),X> — <W;,X> ]
el icA;

+ Lp(g")

1 e x
T By ZZ A’< (1)7X>+BE_<WjaX>
€l ieA;

<rlla*(loo(€a + v 27)Eqx ) [%ll2 + [Tll[a"loc Be + Lp(97)

<rB;1Ba (6a + 27) + |F|BalBe + OPTd,r,BF,Sp,,Y,BG .

We finish the proof by union bound and § > 1 + do.

Learning an Accurate Classifier
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(B.38)
(B.39)

(B.40)

) ]

(B.41)

(B.47)

(B.48)

(B.49)

We will use the following theorem from existing work to prove that gradient descent

learns a good classifier (Theorem [B.3.9). Theorem is simply a direct corollary of
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Theorem [B.3.91

Theorem B.3.5 (Theorem 13 in [|63]). Fix some n, and let fi,..., fr be some sequence
of convex functions. Fiz some 01, and assume we update 0,11 = 0, — 0V fi(0¢). Then for

every 6% the following holds:

T T T T
1 1 1 1 1
e 0;) < — o* o* 2 0 = 0 1 0 2‘
Tt§:1 fi(0r) < T;:1 Ji(0%) + 277TH 12+ 1H2T;‘|Vft( t)Hz—FnTt; INAACHIE

To apply the theorem we first present a few lemmas bounding the change in the network

during steps.

Lemma B.3.6 (Bound of 20, Z(1). Assume the same conditions as in Lemma

and d > logm, with probability at least 1 — § — # over the initialization, ||a(®| s =

O (_E,Ei Vlogm), and for all i € [4m], we have ||WZ(O)H2 =0 (Uw\/g) Finally, |a®M s =

(O)U(l)BGBe
0 (—n(l)ﬁ’(O)(BxloW\/a + 5)), and for all i € [Am], ||wV|ls = O (bilenggBl)

Proof of Lemma[B.3.6. By Lemma [B.5.4, we have [|[a|, = O (W %) with

probability at least 1 — ﬁ by property of maximum i.i.d Gaussians. For any i € [4m], by
Lemma and d > logm, we have

2

Pr (12 Hw§0>H2 > d + 2/4dlog(m) + 8log(m)> <0 (14> . (B.50)

oz, m
Thus, by union bound, with probability at least 1 — ﬁ, for all i € [4m], we have

Iwlls = 0 (owd).
For all ¢ € [4m], we have
2l == 1) [Beey) [y [o ((w”x) = bi) ]| (B.51)
0 s

< =W O)(Iw” | [I1x[12] + ) (B.52)

<0 (—n(l)é’(o)(Bxlawﬁ + 13)) . (B.53)
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w2 == nD(0) [ By [0’ [(w”x) =i ]| (B.:54)
<o (b)) .59
L]

Lemma B.3.7 (Bound of E!). Assume the same conditions as in Lemma and
let n = n® for all t e {2,3,...,T}, 0 < TnBy1 < o(1), and 0 = X\ = A® for all

te€{2,3,...,T}, for all i € [4m], we have

b ~
a”| <0 (\aﬁ”y w4 nb) (B.56)
it

lw' —wl, <0 (tanl\agl)\ + tn* B2, ||wV |2 + tn? B, 1b> (B.57)

Proof of Lemma[B.3.7 For all i € [4m], by Lemma [B.3.6]

|a§t)| —|a- 77)\)al('t—l) — 1) [ﬁ'(yfg(t—l)(x))y [a (<w§t_1),x> _ bl)H ’ (B.58)

<[ =m0al ™|+ g By [[o ((wix) = )] (B.59)

< [al V| + (Ba w2 + D) (B.60)

<Jai ™ nBaalw ™ = WiVl + 0 Boalw V> + b (B.61)

=" |+ nBullw{ ™V = w2 + 02, (B.62)

where we denote Z; = lew Hg + b. Then we give a bound of the first layer’s weights
change,

[wi = wll (B.63)

- H(1 D el VB [E )y’ [<W§t—1)’x> B bz} X} - WZQ)HQ

(B.64)

<[w =Wy + Bl Y. (B.65)
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Combine two bounds, we can get

"] <[a V| + nZi + (1Bar QZlaa (B.66)

7

@Zra|<2(2\a“> (1= (nBn)? (

t—2

a) ) +1Z;. (B.67)
=1

Let h(1) = [alV], n(2) = 2[al”)| + nZ; and h(t + 2) = 2h(t + 1) — (1 — (nBx1)?)h(t) + nZ;
for n € N, by Lemma [B.5.8| we have

Z;
h(t) = — B2 +c(1— anl)(t_l) + (1 + 773;1:1)(t_1) (B.68)
n xl
(1)
Vi, Zi a7’ +nZ
=5 i - — B.69
1 =5 (|al | + B2, 7B ( )
(1)
Loy % a1 +nZ
=5 ; c . B.70
ca 5 <|aZ | + B2, + 7B ( )

Thus, by |c1] < ¢z, and 0 < TnBy1 < o(1), we have

2| <h(t) — h(t — 1) (B.71)
= — ’I’]Bxlcl(l - anl)(t_2) + 7731102(1 + ’I’]Bxl)(t_2) (B72)
SQ"?BxlcQ(l + anl)t (B73)

SO(277B3;102). (B.74)



Similarly, by binomial approximation, we also have

1w —wV|y <nBah(t—1)

=By ( +01 1 _nBacl)(t 2) +02(1+an1)(t 2))

B:vl

(c2 — Cl)tan)

(1)
Z;
<nBnO | ]2V ‘ ‘“7 tB)

xl

(5
@

<0 ((nla”] +n*Z; >th1)

We finish the proof by plugging Z;, co into the bound.

32 + Cl 1 — (t — )77311) + 62(1 —+ (t — 2)77le)>
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(B.75)

(B.76)
(B.77)

(B.78)

(B.79)

(B.80)

O]

Lemma B.3.8 (Bound of Loss Gap and Gradient). Assume the same conditions as in

Lemma[B.3.7, for all t € [T], we have

1£0(fia.wo.)) = LS )| <Baalaly/allo ma 1w

and for all t € [T, for alli € [4m], we have

OLD(f=)

oo | SBaliw” = w2+ ) +
q;

Proof of Lemma[B.3.8, It follows from that

1Lo(fla,wo b)) — Lo(fawm )l

< Eey) lfawo p) (%) = flawm py(%)]

< Exy) ||5||2\/mirerm<} )0 [<w§t),x> - bi] . [<w§1),x> _ bi:|

~ = t 1
< But[all2/[[aflo max [lw'” —wiV|l>
1€[4m)]

—wiVlz

|

(B.81)

(B.82)

(B.83)

(B.84)

(B.85)

(B.86)
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Also, we have

ILp(fzw)| _ ' (1) ,
T?) = ’E(x,y) [6 (yf5<t> (x))y [‘7 (<WZ 7X> - bz)“) (B.87)
<Bu|w s +b (B.88)
<Bar(|w” = w2+ [wi]|2) + 5. (B.89)
O

We are now ready to prove the main theorem.

Theorem B.3.9 (Online Convex Optimization. Full Statement of Theorem |B.3.1). Con-

sider training by Algom'thm@ and any § € (0,1). Assume d > logm. Set
ow >0, b>0, n¥=n, )\(t):0forallt€{2,3,...,T},
5 1
O min{O(n), (Ub)}N A L’ .= © b(mp)a '
_g/( )( aclo'w\[ d+ b) 77(1) _El(o)n(l)Bxl V BGBb

Let 0 < TnBy1 < o(l), m = (% + % (log (%))2) With probability at least 1 — & over the

initialization, there exists t € [T such that

2B
D (fz) <OPTayrBp.s, 5. T 7Ba ( o1 \/ + Bz1v/2 ) (B.90)

1
4
1
ViogmB,1(mp)1 B%,B?
+ 1 (V7 Ba ByTn B2 + mb) +1)+o 2P )
' vV ByBa nTb2(mp)%
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Furthermore, for any e € (0,1), set

1 3 4
) B2 Byy B} 1 B, 11 2
b—o | 2¢2a22 — o = (rBuBuy /22 ) +—=+=(10g (%
© ViBa | " pel (T o BG) +\/5+p<0g(5)) ’

(B.91)

) , (B.92)

n=6

W=

., T=0(—
(% +m5> (%mp)i +1> <an1(mp)
mp

we have there exists t € [T| with
Prlsign(fzw)(x) # y] < Lp (fz0) SOPTayBps, ., 5, + 7BaBerv/2y +e.  (B.93)

Proof of Theorem[B.3.94. By m = (% + % (log (%))2> we have 2re V™P # < 4.
For any B, € (0,Bp), when o, = © (W), by Theorem |B.3.5| Lemma |B.3.4],

Lemma [B.3.8] with probability at least 1 — § over the initialization, we have

T
fZ (fz) (B.94)
o
Sf Z [(L( f(a W) b) ) — ED(f(é,W(l),b)” + ['D(f(é,w(l),b))) (B.95)
=1
IIéII% ILp(fzm)
20T + (2a® [lav/m + 4nm) max | — ™ (B.96)
B2,B
SOPTd,r,BF, Spy.Be + rBa1 < xlBGbB 4+ Baiv2v+ B ) (B97)
+ Bullallzv/lallo max [w)" = w2 (B.98)

b
= RN Hoo+n><max i = sl + e ol + )
[4m)] 1€[4m] B
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1 _ min{O(n),0(nb)} )
By Lemma (B.3.4) Lemma|B.3.6] Lemma |B.3.7, when n (C] (78/(0)(39210“’\/&%) , we have

- - rm % a _ Ba2Bb
lallo =0 (r(mp)?),  Jall. o(g(mp)J (B.100)
[a® o =0 (=1 ©O)(Barow VA +15) (B.101)
=min{O(n), O(nb)} (B.102)
ma il = (b“§$> (5103

max ||w )—w |2 = <Tan1||a ||OO—I—T772321 max ||W ||2 +Tn Bx1b> (B.104)

1€[4m]
b
=0 (TUQBQ%1 (z'len[fx Hw N2 + Bl>> . (B.105)
~ 1
Set Be = ( j;)lz gg we have g, = © (_ 7 (0)77%:”;2? Bo Bb> which satisfy the requirements.
Then,
T
Z (fzw) (B.106)
2B,1 [B
<OPT4y 5.5, 5. + 7 Bal L /=2 4 B2y (B.107)
¢ (mp)i V B
B by/Tog mB, b B2,B?
<f Baa ByT? B2, =2 + man> o N o222
b BgB. le 77Tb2(mp)§
2B, [B
<OPT4s.B,.5, ., 5, + Bal | 2E 4 B2y (B.108)
(mp)1 V Be
1
V1 B i B2,B?
b (VBB B +mb) 0 [ VEIBAWER ) 4o (BB - 109)
vV ByBa nTbh?(mp)?2
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Furthermore, for any € € (0,1), set

1 3 4
- Bl B3B! 1 B, 11 Y 2
b=0 [ == = Q| — [ rBaiBuiy/ 5~ —+ = (log (=
© ViBa | " pel (T o BG) +x/5+10<0g(5)) ’

(B.110)
=0 € . , T=6 <1> , (B.111)
(e o) (=i ) i
mp
we have

T
1 2B, By €
- ;zD (fzw) <OPTaypps, . 5. +7Bal ( a /B? + Bxlw/2’y> +5  (B112)

mp)i
B, B2, B2
O =HZa2h (B.113)
b2 (mp) s
SOPTd,T,BFﬁp,%BG 4+ rBa1Bz1v/ 27 + €. (B114)

We finish the proof as the 0-1 classification error is bounded by the loss function, e.g.,

Tlsign(g(x)) # y] < “45, where £(0) = 1. 0

B.3.3 More Discussion about Setting

Range of oy. In practice, the value of oy, cannot be arbitrary, because its choice will
have an effect on the Gradient Feature set S, p,. On the other hand, d > logm is a

natural assumption, otherwise, the two-layer neural networks may fall in the NTK regime.

Parameter Choice. We use A = 1/n in the first step so that the neural network will
totally forget its initialization, leading to the feature emergence here. This is a common
setting for analysis convenience in previous work, e.g., [63, 239, 62]. We can extend this to
other choices (e.g., small initialization and large step size for the first few steps), as long
as after the gradient update, the gradient dominates the neuron weights. We use A =0

afterward as the regularization effect is weak in our analysis. We can extend our analysis
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to A being a small value.

Early Stopping. Our analysis divides network learning into two stages: the feature
learning stage, and then classifier learning over the good features. The feature learning stage
is simplified to one gradient step for the convenience of analysis, while in practice feature
learning can happen in multiple steps. The current framework focuses on the gradient
features in the early gradient steps, while feature learning can also happen in later steps, in
particular for more complicated data. It is an interesting direction to extend the analysis

to a longer training horizon.

Role of s. The s encodes the sign of the bias term, which is important. Recall that we
do not update the bias term for simplicity. Let’s consider a simple toy example. Assume
we have fi(z) = a10(w] z + 1), fa(z) = ago(wg x — 1) and f3(z) = ago(wq = + 2), where o
is ReLLU activation function which is a homogeneous function.

1. The sign of the bias term is important. We can see that we always have ala(wfx—k 1) #
aso(wy x — 1) for any ay,wy, az,wy. This means that fi(x) and fo(z) are intrinsically
different and have different active patterns. Thus, we need to handle the sign of the
bias term carefully.

2. The scaling of the bias is absorbed. On the other hand, we can see that ajo(w] z+1) =
aga(nga: + 2) when a; = 2a3,2w; = ws. It means that the scale of the bias term is

less important, which can be absorbed into other terms.

Thus, we only need to handle bias with different signs carefully.

Gradient Feature Distribution. We may define a gradient feature distribution rather
than a gradient feature set. However, we find that the technical tools used in this continuous

setting are pretty different from the discrete version.

Activation Functions. We can change the ReLLU activation function to a sublinear

activation function, e.g. leaky ReLU, sigmoid, to get a similar conclusion. First, we need
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to introduce a corresponding gradient feature set, and then we can make it by following the

same analysis pipeline. For simplicity, we present ReLU only.

B.3.4 Gradient Feature Learning Framework under Empirical Risk with

Sample Complexity

In this section, we consider training with empirical risk. Intuitively, the proof is straightfor-
ward from the proof for population loss. We can simply replace the population loss with
the empirical loss, which will introduce an error term in the gradient analysis. We use
concentration inequality to control the error term and show that the error term depends

inverse-polynomially on the sample size n.
Definition B.3.10 (Empirical Simplified Gradient Vector). Recall Z = {(x(, y(l))}le[n],

for any w € R%, b € R, an Empirical Simplified Gradient Vector is defined as

Gw,b) = = 3 [yOxO1w <O > 1], (B.115)
le[n]

Definition B.3.11 (Empirical Gradient Feature). Recall Z = {(x(), y(l))}le[n], let w € RY,
b € R be random variables drawn from some distribution W, B. An Empirical Gradient

Feature set with parameters p,y, Bg is defined as:

Spr.Be(W, B) == {(D,s) ‘ Pr [é(w,b) € Cp and ||G(w,b)||2 > Bg and s = IZI] > p}.

When clear from context, write it as S, 4 B, -

Considering training by Algorithm [I] we have the following results.

Theorem 3.2.12 (Main Result). Assume Assumption |3.2.1. For any €,6 € (0,1), if
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m < e and

e (s [B) Lo L ()]

oL (ViBaBBa ) (VioEm
T_Q<6( (mp)i " b) (mjLB‘“(mp)i)),

n_g (m?’pBgBﬁQBb N (mp)%Bxg B2 1 ( 1 1 > B2 Tm)

logn ~ "B o\t ) ror T s

€2r2B2, Bg ByBg By p Bé B2,

then with initialization (@ and proper hyper-parameter values, we have with probability

> 1— 0 over the initialization and training samples, there exists t € [T in Algom'thm with:

Prlsign(fzw (x)) # y] < Lp (f=w)

v Bzologn
< OPTdaTvBFzsp,'y,BG + rBg1 Bz 2y + O <M> + €

Bg|#(0)|n>

See the full statement and proof in Theorem Below, we show some lemmas used
in the analysis under empirical loss.

2

Lemma B.3.12 (Empirical Gradient Concentration Bound). When 2 > B%’ with

probability at least 1 — O (%) over training samples, for all i € [4m], we have

0Lz (fz) OLp(fs) <0 |ai|vB;§2 logn , (B.116)
aWi awl nz
9Lz(fz) OLp(f=) <0 \|Wz'||2\/1?x2 logn) (B.117)
aal- aal- nz
N (lallolaloc (maxicia Iwill2 By +5) +1) Viogn
Lz(fz)—Lp(fz)] <0 T . (B.118)
n2
Proof of Lemma[B.3.13 First, we define,
2 =0y f= )y [0 ({wix®) — i) x| (B.119)

— By [Cwfa(x))y [0 ((wi,x) = bi)] x] . (B.120)
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As |[0'(2)| < 1,|y| < 1,|0"(2)| < 1, we have z() is zero-mean random vector with Hz(l)H2 <
2B, as well as E [Hz(l) H;] < Bgs. Then by Vector Bernstein Inequality, Lemma 18 in [145],

for0<z<
Pr(

Thus, let z = n_%\/Bmg log n, with probability at least 1 — O (1 ), we have

n

Bz2
52 we have

x

0Lz(fz) OLp(fz)

6WZ' 8WZ

1
>laglz | =P it O > B.121
2_a|z> r(nZz z) ( )

l€[n] 9

22 1
<exp|-n- 8B, + 1) (B.122)
x

0Lz(fz) OLp(f=) <0 |ai|\/B5,i2 logn ' (B.123)
ow; ow; n2
On the other hand, by Bernstein Inequality, for z > 0 we have
0Lz(fz) OLp(fz) ,
Pr ( 08, oa > z||willo (B.124)
_ 1 /O o (D)) O 0 4
=Pr ( - Z <€ (¥ f=(x"))y [0 <<w1,x > - bz)} (B.125)
l€[n]
— E(xy) [((yfz(x))y [0 (Wi, x) — by)]] > > ZHWz‘H2> (B.126)
1.2
<2exp (—2”21> . (B.127)
Bx2 + ngZ

Thus, when @ > %, let z = n_%\/BxTOgT% with probability at least 1 — O (%), we

have

B.12
8ai 6ai ( 8)

OLz(fz) %(fg‘ <0 (HW,-HQWQ 1ogn) |

nz2
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Finally, we have

By Assumption we have /£ (y(l)aT [O’(WTX(Z) - b)] ) —E(xy)~D [f (yaT [U(WTX - b)] )]
is a zero-mean random variable, with bound 2||a||o[|a| s (MaX;e(apm) [|Will2 Bz + b) + 2. By

Hoeffding’s inequality, for all z > 0, we have

Pr (‘Zz (fz) — Lp (fa)‘ > z) < 2exp (_ 2n ~ ) |
(l[allollalloc (maxicpam) [[Will2 Bz + b) +1)2

Thus, with probability at least 1 — O (1 ), we have

n

(Hallolaloc (maxiciam Iwill2 B +5) +1) Viogn

n

Lz (f=)—Lp (fa)‘ <0 (B.131)

N|=

O]

The gradients allow for obtaining a set of neurons approximating the “ground-truth”

network with comparable loss.

Lemma B.3.13 (Existence of Good Networks under Empirical Risk). Suppose —2— >

logn

b
—If’(0)|77<1)BGBe)
and § = 2re V7 Then, with probability at least 1 — § over the initialization and training

B2 By _ —
Q (BIQ + ]% + E%T(QO)P)‘ Let \V) = n(—ll) For any Be € (0, By), leto, = O (

samples, there exists &;’s such that f(z w) p) (x) = E?le a;o (<w§1),x> — bi) satisfies
Lo(fawm b)) (B.132)

v Bzologn
Bg|t/(0)|n?

/mpBgBe

<rBa + By1, |27y + O ( ) + B | + OPTd,T,BF,Sp,%BGa

(B.133)



224

and [l = O (r(mp)? ).l =0 (2224 ), Jall = 0 ( 22y ).

b(mp) 1 b(mp) 2

n

Proof of Lemma[B-3.13 Denote p = O (%) and 8 = O (7”%211%"). Note that by symmet-
2

ric initialization, we have ¢'(y fzo)(x)) = |¢/(0)] for any x € X, so that, by Lemma [B.3.12

G(w(” by) = G(w” )|

)

we have

< % with probability at least 1 — p. Thus,
by union bound, we can see that S cs B 3

y ? p,'Y,BG - p—p,y+ BGM/(O)‘ 7BG_ 127 (0)]
have OPTd,r,BF,§ b < OPTa, B,
P Bl P T O

Lemma |B.3.4| by replacing S, ~ g~ to S 8 8
y P g pyY,ba pip’A/JrBGw’(O)l’BGilf’(O)\

e
byPSg,WS(l—l/ﬁ)BG~ [

. Consequently, we

. Exactly follow the proof in

SmeG

. Then, we finish the proof

We will use Theorem to prove that gradient descent learns a good classifier
(Theorem [B.3.17)). Theorem [3.2.12]is simply a direct corollary of Theorem |B.3.17} To apply
the theorem we first present a few lemmas bounding the change in the network during

steps.

Lemma B.3.14 (Bound of Z(®) (1) under Empirical Risk). Assume the same conditions
as i Lemma and d > logm, with probability at least 1 —9 — # -0 (%) over the ini-

tialization and training samples, ||a®|| = O (W(ob)i %), and for all i € [4m], we have

[w¥ll: = O (owvd). Finaily, [a®]lac = O (n1E/(0)|(Byrow vV +b) + V) /Bl )

n2

and for all i € [dm], wl, =0 B\/@le_i_l;\/m )
f [4m], [lw; |2 BgBe |€/(0)| BgBen?

Proof of Lemma[B.3.1j) The proof exactly follows the proof of Lemma[B.3.6|with Lemma[B.3.12]
O

Lemma B.3.15 (Bound of Z*) under Empirical Risk). Assume the same conditions as

in Lemma [B.3.14, and let n = n®) for all t € {2,3,...,T}, 0 < TnBy < o(1), and
0=X=X\ forallt € {2,3,...,T}. With probability at least 1 — O (TTm) over training
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samples, for all i € [4m], for all t € {2,3,...,T}, we have

+ b (B.134)

) <o | ja® W
’az |— ’az |+HW’L ||2+ (Bazl+@>

1

n2
Byl Byl 2
Iwi” = wiVlls §O<tn <Bx1 + W) lal!| + try? <Bm1 + W) Wl
nz n2
Bzl -
+ tn? (Bxl + W) b). (B.135)
nz2

Proof of Lemma[B.3.15 The proof exactly follows the proof of Lemma[B.3.7 with Lemma[B.3.12]
Note that, we have

(t-1)
_ . . (=D)||yy/ Bz 1
a1 < [al ™V + n(Bar w12 + b) s llowBas ogn (B.136)
nz
. JBalogn .
<[al"P] 40 (Bml + Mgn) [wi' ™ = w2 + 2z, (B.137)
n2
where we denote Z; = (Bxl + 7”%2;()“”) ||WZ(1) |2 4+ b. Similarly, we have
n2
_ B2l -
Il — wll <[w ™ — wlly 49 <Bm T */*g”) D (Ba3s)
nz

We finish the proof by following the same arguments in the proof of Lemma and

union bound. O

Lemma B.3.16 (Bound of Loss Gap and Gradient under Empirical Risk). Assume the
same conditions as in Lemma . With probability at least 1 — O (%), for allt € [T],

we have

‘Zg(t) (f(é,W(t),b)> - £D(f(5,w(1),b))’ (B.139)
(Nallolalloc (maxicia [wi”ll2 B, +5) +1) Viogn
1 (B.140)
nz2

+ Balal /[l max Iw —wiV,. (B.141)
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With probability at least 1 — O (L), for all t € [T), i € [4m] we have

[wi”|l>v/BrzTogn

n2

OL 2 (f=)
Ba(t)

< Bu(|w!” = w |y + w2 + 5+ 0 ( > . (B.142)

Proof of Lemma[B.3.1¢. By Lemma [B:3.§ and Lemma with probability at least
1-0 (L), for all t € [T], we have

‘Zz(t) (f(a,w(w,b)) - ﬁD(f(a,W(l),b))’ (B.143)

< ‘Zz(t) (f(a,w(w,b)) - ﬁD(f(g,W(t)yb))‘ + ‘E'D(f(ELW(t)’b)) - £D(f(é,W(1),b)) (B.144)

(Nallolalloc (maxiciu [wi”ll2 B, +5) +1) Viogn
<0 ; (B.145)
nz2
+ Batllall2v/[lallo max lw — w2, (B.146)

By Lemma and Lemma [B.3.12, with probability at least 1 — O (%), for all ¢ € [T7,

i € [4m] we have

ll2v/ B2 logn

n2

OL 70 (f=v)
8a(t)

< Bu (W = w4+ wl2) + 5+ 0 (”W ) . (B.147)

O
We are now ready to prove the main theorem.

Theorem B.3.17 (Online Convex Optimization under Empirical Risk. Full Statement of
Theorem [3.2.12). Consider training by Algorithm |1, and any ¢ € (0,1). Assume d > logm.
Set

ow>0, b>0, W =n A\D=0fralte{23,. . .,T}
= 1
SEO SN min{O(n), (775)}~ A = 1 o —© b(mp)s '
~C(0)(BrowVd+1b) ) n® ~£/(0)nV By1v/BaBy

1 1 B, T
(32 + 55 ) e + )

2 B2
Let0 < TnBy1 < o(l), m=Q (% + % (log (%)) ) and 1o§n >0 (B;”Z
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With probability at least 1 — 6 over the initialization and training samples, there exists t € [T

such that

p (fz®) (B.148)

2 Bx VB2 1
<OPTy;.5,.5, n, + Bal V2Ba1 \ [Bo L g oyt o Y Be2loen (B.149)
(mp)1 BG Bg|¢'(0)|n?

N

- VIog mBy1(mp) B3, B}
+ 1 (/rBa2ByTnB% +mb) O +1|+0 [ —=222 _ | (B.150
( ' ) vV ByBa nTh? (mp)% ( )

VI Ba by/ b
n ogn, T ~1Bb m byv/log m(mp)1 n b (B.151)
n2 b V BbBG B:):l
by/Tog m(mp)i 9. % -
. —————— 4+ Tn*B1b| B:+b 2 B.152
(( VBB +1n 1 + + (B.152)
Viogn by/lTogm (mp)i 9 7
+ O + Tn*Bz1b By | . B.153
b O\ VBB TPt VB S

Furthermore, for any € € (0,1), set

1 3 4
~ BABg B 1 By 1 1 7\ 2
oo (2P| o (emama B ) e e (D))
V1Bg1 " pet (7’ ol BG) Vo p %5
1
n=0 - 7 y T=0—7),
VrBaxByBa1 y ) ( ViogmBai(mp)T 4 4 nBg1(mp)1
(mp) & vBrBe
n 3pB2BY, By(1 Bl B2 1. (1 1\ B
o (eBBBogm)”  ro)} Brtogm | BE 1 (1 1Y Ba Tm
logn 2r2B2 Bg ByBg B» p B Bz, ) |¢(0)
we have there ezists t € [T'] with
Prsign(fz)(x) # y] <Lp (fz) (B.154)
VB2l
<OPTuy 55, 5 +7rBaBay| 2y +0 [ L2250 ) 4 e
¢ Bel|'(0)|n2
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Proof of Theorem . We follow the proof in Theorem|B.3.9 By m = Q (% + ;1) (log (g))Q)
>0 (5

and

bt bt + ), we have 2re VT + L+ 0/(12) < 5. For

logn
any B, € (0,Bp), when o, = @(W>, by Theorem [B.3.5[ Lemma [B.3.12|

Lemma [B.3.13] Lemma with probability at least 1 — § over the initialization and

training samples, we have

M| =
B

Lp (fzw) (B.156)
t=1
1 T
<7 > 1Lp (fzw) = Lz (fzw) |+ = Zﬁzu) fzw) (B.157)
t=1
1 1 4
<7 Y Lo (fzw) = Lz (fz0) | t 7 ‘Qz(t) (f(a w® b)) - 'CD(f(é,W(l),b))’ (B.158)
t=1 t 1
lal3 (1) 0Lz (fzo)
+ ED(f(é,W(l),b)) + 27’]7T + (2Ha HQ\/TT’L + 477m) te[’]r’ﬂ?e)ilm} Tﬁt) <B159)
< B lallz/allo mas o™ — i)l (B.160)
~ ~ T 7
(Hallolalloc +mlla®lloc) (masicium Wi 2By + ) + 2) viogn
: (B.161)
nz2
2B% B, v Bzologn
+ OPTy., + 7By | —22 4+ Bl 2v+ 0| XY= ) + B,
S b "\ vmpBaB. W (BGIE’(O)\né
(B.162)
a
+ ”2!]3 + 4m By (|aY] 0 + 1) (B.163)
(T)
max;e|4m] ||W; v Bzologn
- | max ||w )—w |2 + max ||w H2 + +0 ctam | Hf 208 .
i[4m ief4m] Byint
~ 1
Set B, = ( 1)1 %BG? we have g, = 0 <£’(0)nlzg7)n§)f\/Bng) which satisfy the require-
mp)4 z

ments. By Lemma [B.3.13] Lemma |B.3.14] Lemma [B.3.15

> 0 (Bi) when

Togn BZ, [0 (0)2




1) _ min{O(n),0(nb)}
77( ) =0 (4/(0)(3961%\/3%)), we have
~ 1 ~ Ba Bb ~ Ba Bb
lallo =0 (r(mp)), Jials =0 [ =225 |, oo =0 | 22
b(mp)1 b(mp)2

=min{O(n), O(Tli))}

a0 =0 <n<l>\z/(0)y(3xlgw¢g By 4 0 VB2 logn

l )
nz

™o <O | flaWlloe + ma [,z +

b
<0 (1)
= (E?ﬁi] llw "Ml + Bm)

3

0g

b
VBgzlogn

(Bxl +

[N

n

+775
)

B N by/1og m+/Bas logn

=
5
El
|
Q
R
S

10/(0)| BgBen2

)
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(B.164)

(B.165)

(B.166)

(B.167)

(B.168)

(B.169)

(B.170)

(B.171)

(B.172)

(B.173)

(B.174)

(B.175)
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Then, following the proof in Theorem we have

p (fzw) (B.176)

2 Bm /B VB2l
<OPTgy, B,.s +1rBg1 V2B: B, + Bxl\l 2v+ O (ﬂ)gn) (B.177)
G

e (mp)’ Balt/(0)ln

1
- Vv 1 B2,B
7 (\/FBangTnt1 + mb) o) ( logmBor(mp)* | 1) +0 (2”) (B.178)

HM’%

VBB nTH2(mp) >
((HéHollélloo +ml[a® o) (maxiepam) W' |l2Bs + ) + 2) Viogn
1 (B.179)
n2
(T)
A ( Boal
Lo (mnmaxzeum] HW; ||2\/270g”> (B.180)
n2

228 VBnlogn

<OPTy, 5 s o 1By | 2280 [Be p o (o VBe2logn (B.181)
I DF, p'\/BG B ’7 1
(mp)7 G Bg|t'(0)|n2

1
~  { VTogmBi(mp)i B2, B?
+ (\/?BaszTnBﬁl + mb) 0 ( ogmBoi(mp)t 1) +0 (2> (B.182)

VvV ByBg nTbQ(mp)%
~ 1 ~
V1 Ba B by/1 1 b
LVl ((rBuby  (bViosm(mp)t (B.183)
n3 vV ByBg B
1
by/1 1 ~ ~
blosmlmp)t  pop i) B+ ) + 2 (B.184)
VBiBo
logn by/logm (mp)i 9 7
Tn“B;1b B . B.185
. ( ”( VBB 1AtV (B152)

Furthermore, for any € € (0, 1), set

1

3 4

BABaB) 1 B, 11 2

—— =Q | — | rBa1Bz1y/ — +7+*<1 (*)) )
VrBg1 " pet F a1 e Bg Vo p o8 0

S
|
©)

[a))

(mp)4 VByBa

n m3 BQB4 By(logm m EB logm B2 1 1 1 B
_qo (™ 222b( gm)? 4 (mp)iBalogm B; 1 (1 1 22
logn 2r2B2 B ByBg By

1
s L T=e(— ),
(ﬁ Da2BiBar 4 mlS) (vlogm%(mp)l n 1) NBg1(mp) 1
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and note that Bg < By, < B, and /B, < By naturally, we have

D (fzm) (B.186)

2vV2B, VB2 1
<OPTuy 5,5, . +Bai V2 1,/ 4 B, |2y 40| Y2228 (B.187)
¢ (mp)x V Ba Bg|¢'(0)|n?

IIMH

BuB%,B2\ I B,B2,\/B 31
+5 40 Sht ) ¢ R Ro | e bmp)? logm (B.188)
b2(mp) T n2 rBa1v Bg
1
VI VB2 ] i
L Vlogn ) eV Bao log mmp) s (B.189)
nz VByBg
VB2 1
<OPTar5,5, 5, +rBatBaty| 27+ O | Y2280 ) 4 (B.190)
Be|0'(0)|n2

We finish the proof as the 0-1 classification error is bounded by the loss function, e.g.,

Tisign(g(x)) # y] < ‘46D where ¢(0) = 1.

B.4 Applications in Special Cases

We present the case study of linear data in Appendix [B:4.1] mixtures of Gaussians in
Appendix [B:4.2) and Appendix [B.4.3] parity functions in Appendix [B.4.4] Appendix
and Appendix and multiple-index models in Appendix

In special case applications, we consider binary classification with hinge loss, e.g.,

{(z) = max{1 — z,0}. Let X = R? be the input space, and J) = {£1} be the label space.

Remark B.4.1 (Hinge Loss and Logistic Loss). Both hinge loss and logistic loss can be used
in special cases and general cases. For convenience, we use hinge loss in special cases, where
we can directly get the ground-truth NN close form of the optimal solution which has zero
loss. For logistic loss, there is no zero-loss solution. We can still show that the OPT value

has an exponentially small upper bound at the cost of more computation.
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B.4.1 Linear Data

Data Distributions. Suppose two labels are equiprobable, i.e., Ely = —1] = Ely =
+1] = % The input data are linearly separable and there is a ground truth direction
w*, where ||w*||2 = 1, such that y (w*,x) > 0. We also assume E[yP,..x] = 0, where
P,,.1 is the projection operator on the complementary space of the ground truth, i.e., the
components of input data being orthogonal with the ground truth are independent of the
label y. We define the input data signal level as p := E[y (w*,x)] > 0 and the margin as
B = min(x ) y (W, x) > 0.

We call this data distribution Dy;peqr-

Lemma B.4.2 (Linear Data: Gradient Feature Set). Let b = d" By10w, where T is
any number large enough to satisfy /21 > Q <—Vﬁﬂ). For Diipear setting, we have

(w*,—1) € Sp,B, where

1 Bxg B:p2
SRR (pdT/Q—i> L et <df/2—i) (190

Proof of Lemma[B-].3. By data distribution, we have

E(x,y)[yx] = pw™. (B.192)
Define Sgyre : {7 € [m] : HWZ(O)HQ < 2V/doy}. For all i € [m], we have

Prli € Ssure] = Pr[||w\” |l < 2Vdow] > —. (B.193)

N | =



For all i € Sgyre, by Markov’s inequality and considering neuron i + m, we have

X

Pr[(wi%,. %) = bim < 0] =Pr [(wl?,x) +b; < 0]

IN
—

w22 > b
[ 42 B,
2

IN

1x[l2 >

g@( 11>-
a5

For all i € Sgyre, by Holder’s inequality, we have

oo [ (1 =" [ (i) = Bis] ) ]

=[x [y (1 =7 [{w” ) + 0] ) o

We have

‘<G(w§3_)m, bitm), W*>

1
IG(wWO byim)ll2 IGw®, —b)]|
By
P © <d7/2—2% )
<1- =
P+ e (df/;ilr )

We finish the proof by ‘Eim‘ = —1.
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(B.194)

(B.195)

(B.196)

(B.197)

(B.198)

(B.199)
(B.200)

(B.201)

(B.202)

(B.203)

(B.204)

O]

Lemma B.4.3 (Linear Data: Existence of Good Networks). Assume the same conditions
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as in Lemma[B.4.2 Define

1 1
g°(x) = 2o ((w,x)) = +o((—w",x). (B.205)
B s
For Dlinear Setting’ we have g* € Fd7T1BF7‘SP”YyBG’ where 7 = 2aBF = (BalaBaZaBb) =
(%, %7 B%il)’ p=737=0 <pdT/B;_221£>; Bg = p—0 (fiﬁ[). We also have OPT a5, 5. =
0.
Proof of Lemma[B-4.3 By Lemma and Lemma we have g* € Firpp.5,. 5.
We also have
OPTar.B1.5, 4 56 <LDiinear(97) (B.206)
:E(xvy)NDlinear'C(x,y) (g*) (BQO?)
=0. (B.208)
O

Theorem B.4.4 (Linear Data: Main Result). For Djjpeqr setting, for any 6 € (0,1) and

for any € € (0,1) when

1111

1
m = poly (6’ - 5 p) <el, T= poly (m, B;1), n = poly (m,B:,;7 5

(B.209)

trained by Algorithm [1 with hinge loss, with probability at least 1 — § over the initialization,

with proper hyper-parameters, there exists t € [T| such that

Prlsign(fz (x)) # y| <e. (B.210)

Proof of Theorem[B7.4} Let b = d” By10y, where 7 is a number large enough to sat-

1

1

isfy /271 > Q <—V %”2) and O T Bzdlljf r | < §. By Lemma [B.4.3, we have g* €
V/Z: e

_ _ _ (1 v2 1 _1 _ VBg
fd,r,BF,SmeGa where r = 2, Bp = (Bal,Ba27Bb) = (g, B BT%)’p =35, = S} <M)7



235

_ VBaa =
Be=p—© (dT/Q‘% - We also have OPT4,.By.s,., 5, = 0.
1 3
BGBa2By

Adjust oy such that b = d"By10w = © . Injecting above parameters into

VrBa1
Theorem [3.2.12] we have with probability at least 1 — § over the initialization, with proper

hyper-parameters, there exists ¢ € [T'] such that

Prlsign(fzw (x)) # y] <O

1
BaB)y |, (BﬂBxgi(log n)i

2<e (B.211
B\/ﬁdq—ﬂli% B\/ﬁni > +6/ > € ( )

O]

B.4.2 Mixture of Gaussians

We recap the problem setup in Section for readers’ convenience.

Problem Setup

Data Distributions. We follow the notations from [227]. The data are from a mixture of
r high-dimensional Gaussians, and each Gaussian is assigned to one of two possible labels
in Y = {x1}. Let S(y) C [r] denote the set of indices of the Gaussians associated with the

label y. The data distribution is then:

a(x.y) = q)axly), axly)= > piN;(x), (B.212)
J€S(y)

where Nj(x) is a multivariate normal distribution with mean p; and covariance X;, and p;
are chosen such that ¢(x,y) is correctly normalized.

We call this data distribution D,izture-

We will make some assumptions about the Gaussians, for which we first introduce some
notations. For all j € [r], let y(;) € {+1,—1} be the label for Nj(x).

Hj

D;:=——  [ij:=u; \/&7 B, :=min ||t;lle, By :=max||ftill2, pp:= minp,.
1= e Fa =/ Vd B minlisle - By = maxi| e
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Assumption B.4.5 (Mixture of Gaussians. Recap of Assumption . Let 8 <7 <d
be a parameter that will control our final error guarantee. Assume

e Equiprobable labels: ¢(—1) = ¢(+1) = 1/2.

e Forall j € [r], ¥j = 0jlgxa- Let op := max;cp, 0j and o := max{op, Bua}.

er<o pazd o(heyT) <Ba<Bas<a

e The Gaussians are well-separated: for all i # j € [r]|, we have —1 < (D;, D;) < 6,

Where()§9§min{1 g5+ Tlogd}.

2 BMQ d

Below, we define a sufficient condition that randomly initialized weights will fall in nice

gradients set after the first gradient step update.

Definition B.4.6 (Mixture of Gaussians: Subset of Nice Gradients Set). Recall WZ(O) is
the weight for the i-th neuron at initialization. For all j € [r], let S D;,Sure S [m] be those

neurons that satisfy

0)7Hj> > Csure,1bi,

0, Mj/> < Csuresby, for all j' # j, 5 € [r].
(0 ‘2 < O(Vdoy).

[ ] )
(2

w
Mixture of Gaussians: Feature Learning

We show the important Lemma [B:4.7] first and defer other Lemmas after it.

Lemma B.4.7 (Mixture of Gaussians: Gradient Feature Set. Part statement of Lemma/|3.3.3)).
Let Csyre1 = %, Csure2 = %, b= Cy/7d log dowo g, where Cy is a large enough universal

constant. For Dpizture setting, we have (Dj,+1) € Sy, g for all j € [r], where

=9 5 ) = 209 —15° B.213

g <\/WUB+ . d<90§703+2/(2351))> 7= 0915 ( )
o

B =ppBuvd -0 (d(ﬁ;) : (B.214)
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Proof of Lemma[B.4.7} For all j € [r], by Lemma [B.4.10} for all i € Sp; sure;

(ot b0, ps)

(B.215)
IG(w”, bi)
(ot 10|
=1 > - (B216)
\/ (G, b1), Dy )[4 max g s o (G b0, D7 )|
<1— ’<G(WEO),bZ‘),Dj> (B 217)
T (6w i), )|+ maxp g o, [(G”, b, D))
1
=1 (B.218)
Bu20< Til)+03+o(ﬁ>
1+ a2
PjBﬂlx/g(lfO(d#))fBugo(dTi%)7UB+O<dO'#>
7210 (o) B.219
" pjBuVd — 0540 (i) (B.219)
1
Sgoor=15 = (B.220)

where the last inequality follows B,,; > <JB+\/ Tlodgd>.

Thus, we have G(WEO),bi) € Cp, ~ and ‘<G’(w§0),bi),Dj>‘ < ”G(Wgo),bi)Hg < By,

bi — +1. Thus, by Lemma [B.4.8 we have

b
b
Pg G(w,b) € Cp, 4 and [|G(w,b)|2 > Bg and ] = —1—1] (B.221)
>Pr [i € Sp, Sure] (B.222)
>p. (B.223)
Thus, (Dj,+1) € Sp~.B,- We finish the proof. O

Below are Lemmas used in the proof of Lemma [B.4.7 In Lemma we calculate p

used in Sy, B -

Lemma B.4.8 (Mixture of Gaussians: Geometry at Initialization. Lemma B.2 in [10]).

Assume the same conditions as in Lemma recall for all i € [m], WEO) ~N(0,02 14%q),
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over the random initialization, we have for all i € [m],j € [r],

B
Pr i € Sp, sure| > © 5 ‘ b2
*[F € Sy oure] 2 (WUH . d(9057‘73+2/(2351))> -

Proof of Lemma[B4.8 Recall for all I € [r], ji = /Vd.
WLOG, let j =r. For alll € [r —1]. We define Z; = {l € [r — 1] : (D, D,) > —0}
and Zy = {l € [7’ — 1] -1« <DZ,D7~> < —9} WLOG, let Z; = [7’1}, oy = {7”1 +1,... ,7’2},

where 0 < r; <719 <r — 1. We define the following events

Q= {<W§0)7uz> < CSu're,Zbi} G = {‘<W§0)7 m>‘ < nge,gbi} . (B.225)

We define space A = span(ui,..., 4y ) and fi, = Pyip,, where P41 is the projection

operator on the complementary space of A. For | € Zs, we also define ji; = y; — % ,
T2
and the event
L= LW ) < Csurenbi b, G = LW, )] < Csuresb B.226
Cl - W, 5 HL ) = USyre, 205 7<l - W, 75 1 > USure,2Dq ¢ - ( . )

For | € Zy, we have yy = fi — ppr, where p > 0. So (W, ) = (W, f11) — p{W, 1) < (W, f1)

when (w, i) > 0. As a result, we have
C.l N {<Wl(0), ,ur> > CSure,lbi} - Cl N {<W§O)7ﬂr> > CSure,lbi} . (B227)
By Assumption [3.3.1] we have

<l-rg<1-mo< Wiz (B.228)
12 ll2

N
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Pr (1) = Csureabis Gy G| (B.229)
=Pr [(w” 1) > Courebis G- -, G (B.230)
>Pr (Wl 1) = Courebi G Gy G oo oo (B.231)
>Pr (Wl 1) = Courebi G Gy Gt oo oo (B.232)
=Pr [(w" 1) = Coureabil GGGt G| Pr (G G G G

pr e[y

For the first condition in Definition [B.4.6] we have,

pr =Pr :<W§O),Mr> > Cure.1bi|C1, - - -,§r1,5r1+1, e 757“2]
=Pr :<W§O),ﬂr + por — ﬂr> > Cureabi|Cis- - -, @1]
>Pr [(w, iy + pr = fir ) = Coupenbis (W pir = i) >
=Pr [(w i + 1y — i) 2 Csureabi| (W, — i) >
Pr[(w e = ) 2 0[]

(B.233)
(B.234)
0)51, N .,{;1} (B.235)
0,¢1,. . .,@J (B.236)
(B.237)

1 ~ A~ A ~ ~

:5 Pr <WEO)7 o Nr> > CSu’/‘e,lbi <W§O)7M7‘ - ,ur> >0,C1,.. Cm] (B238)
Lo 7/ - 0 . 2 A

25 Pr _<WZ( )?/"LT> > CSure,lbi <Wl( )7 Hr — MT> > Oa C17 SRR §T1i| (B239)
1

— Pr <w§°>, ﬂr> > CSWe,lbi] (B.240)

(|2 |l2
>0 B.241
- ( /rlog dop. - d(9C§TUB+2/(2HI1rH§)) ’ ( )

where the last equality following that [, is orthogonal with pq, ...

, by, and the property of

the standard Gaussian vector, and the last inequality follows Lemma [B.5.6]



For the second condition in Definition by Lemma we have,

) Il i1]]2
p1 r [Cl] <\/7ng03+ . d(CgTUBJrQ/(SHﬂlH%))

s . 722
=P >P >1-0
pr =21 {CQM = M = ( logdog, - d(Ciron+?/Eli]3)

pr—1 =Pr |:é1”2 Civeo 7€r175r1+17 o ')57”2:| > Pr |:£T2i| > Pr [ér’zi|

>1—-0 ”/17“—1||2
- JTlogdog, - d(Ciros+/Glin13) |7

On the other hand, if X is a x?(k) random variable. Then we have

Pr(X > k+2Vkx +2z) <e "

Therefore, by assumption B, > Q <O‘B+ Tl‘figd>, we have

pr( L HW@HQ >d+ 2\/(902703+2/(2B2 ) + 2) dlog d
O.%V A 9 = b pl

+2(9C;Top4?/(2B2) + 2) log d>

<o ! )
- a2 . g(9C3Tos2/(2BL))) )

240

(B.242)

(B.243)

(B.244)

(B.245)

(B.246)

(B.247)

(B.248)
(B.249)

(B.250)
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Recall By = minje, [|l2, Bu2 = maxjepy ||fij]]2- Thus, by union bound, we have

Pr[i € Sp, Sure] (B.251)

1
e B.252
=i (d2 . d(9CETUB+2/(2Bﬁl))> | |

Bﬂl TB“Q
>0 2 2 2 o 2 2 2
/rTog dop.. - dCiTos+*/(2B)) frTogdop, - d(Cimom+*/(85]2))
(B.253)
(@] 1 B.254
B d2 . 4(9C3To512/(28}))) (B.254)

>0 Bt — (B.255)
VTlogdopy - al(gchUB+ /2B}y)

In Lemma we compute the activation pattern for the neurons in Sp; sure-

Lemma B.4.9 (Mixture of Gaussians: Activation Pattern). Assume the same conditions

as in Lemma for all j € [r],i € Sp; sure, we have

(1) When x ~ Nj(uj,0ilixq), the activation probability satisfies,

P [<w§°>,x> b > o} >1-0 <d1T> . (B.256)

x~Nj (1,05 axa

(2) For all ' # j,j' € [r], when x ~ Nj(puj,3;), the activation probability satisfies,

P [<w§°),x> b > o] <0 (;) : (B.257)

XNNj/ (/'levaj/ldxd

Proof of Lemma[B4.9. In the proof, we need b = Cy/7dlog dowop,, where Cj is a large

enough universal constant. For the first statement, when x ~ N (1, 0 1axa), by Csuyre,1 > %,
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we have

fo\/j(lE’lnadexd) [<W§0)7x> —biz 0} = x~/\/'((fc}:jldxd) [<W§O)’X> > (1- Cswe’l)bi}

(B.258)
> Pr |:<WZ(0),X> > —bi] (B.259)
x~N(0,051g%q) 2
(0) b;
—1—- P 0 x) <2 B.260
XNN(O,ngdxd) [<W’ X> - 2 } ( )
b;?

>1— - B.261
=P @(da?,‘,cr?-) ( )
S1-0 <d17> , (B.262)

where the third inequality follows the Chernoff bound and symmetricity of the Gaussian
vector.

For the second statement, we prove similarly by 0 < Cgype2 < % ]

Then, Lemma gives gradients of neurons in Sp; sure. It shows that these gradients

are highly aligned with D;.

Lemma B.4.10 (Mixture of Gaussians: Feature Emergence). Assume the same conditions

as in Lemma for all j € [r], i € Sp, sure, we have

<E(x,y) [ya’ (<W£O),X> - b,-) x} ,y(j)Dj> (B.263)
>p;BuvVd (1 e, (;)) — B0 (df_;) — 0540 (dolgT) : (B.264)

For any unit vector DjL which is orthogonal with D;, we have

(Epeg) [vo’ ((w”.x) = bi) x|, D} )| <B,20 (df%) +0p40 <dO197> . (B.265)
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Proof of Lemma[B.4.10 For all j € [r], i € Sp; sure, We have

E(x,y) [ya' (<W§O),X> — bi> x] (B.266)
= PExnit) [yff' (<W§0),X> - bi) X} (B.267)
le[r]
- Z DY) ExN (0.0114x4) [U’ (<W§O), X + m> - bi) (x+ m)] . (B.268)
le[r]

Thus, by Lemma and Lemma

(B |90 ((w1”,x) = bi) x| .5y D) (B.269)

=D BN (0.0, Iuca) [ (< x+uj> - ) (x + 1)) TD} (B.270)
+ Z PIYDOYG) ExN (0,01 Ta0) [ ' < X+ Mz> ) (x+ )" D; (B.271)
le[r],1#]
>pjn,; D; <1 -0 <dT)> - Z pilw D;|0 <d7> (B.272)
Lelr] l#£]
— 9 |Er0.0,1 [a’ (<w§°),x n uj> - bi) xTDj} ‘ (B.273)
— Y b [Eenomn [a’ <<w§0>,x n m> _ bi) xTD]} ‘ (B.274)
Lelr],l#£]
>p;BuVd (1 -0 <d17>> — B0 ( 11) (B.275)
d’ "2
= 0 [Exentoo,n [(1= 0 (W x + 15) = bi) = 1) x" D] (B.276)
— Z m ‘EXNN((),JLI) |:O', (<W£O), X + ,ul> — bi> XTD]':| ‘ (B.277)
LElr] I#]
:ij,ul\/g <1 -0 <le>> — B,,20 ( 1_1> (B.278)
d 2
—Pj ExNN(Oyng) [(1 —o (<W§O),X + Nj> - bz)) XTDJ} ’ (B.279)
- > m ‘EX~N(0,011) [U/ <<W§O)’X + Ml> - bi) x'D; ‘ (B.280)
le[r],1#]

1 1 1
et (1-0( 1)) 50 (1)) -omo (5). o)
2
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For any unit vector Dj- which is orthogonal with Dj;, similarly, we have

’<E(x,y) [ya’ <<W§0),X> - bi> x} ,Dj‘>’ (B.282)
<pj EXNN(O,O'J‘I) |:O'/ <<W§0), X+ /Jj> — bi> XTD]J-‘} ‘ (B.283)
+ Y i [Eenomn [0 (W x+ ) = bi) () " DF | | (B.284)

I€[r] I
<B,,0 (d : ) 0 [Eaomn [0 (W@ x 1) ~b)xTDY] | (B2s5)
ExN(0,0:1) {U’ <<W§0), x + ,uz> - bi) XTDﬂ ‘ (B.286)

lelr], l#
<B,50 <d71 2) + 0540 <d0197) : (B.287)
O

Mixture of Gaussians: Final Guarantee

Lemma B.4.11 (Mixture of Gaussians: Existence of Good Networks. Part statement of

Lemma [3.3.3). Assume the same conditions as in Lemma[B.4.7 Define

el )]
D; x)—2 logd . B.288
Z WUB—i- < J > T 10g 40 B+ ( )
For Dpizture Setting, we have g* € ]-"deF,SM Bg where Bp = (Bqg1, Ba2, By) = (\/T 10g1d03+7 NG lo\g/ilchJr ,24/T1
_ Bui _ 1 — _ OB+ —
= (\/7ng0'3+-d(gcg7—03+2/(23i1)) )7 7 = o5 Bo = ppBuvVd=0 (57) and By
(B/‘L2 +O'B+)\/g, B.’E2 = (B#2+UB+)2d' We also have OPTdﬂn,BF’Sp’%BG § di‘r + m

Proof of Lemma[B.4.11, We can check By = (B2 + 04+ )Vd, Byo = (Bu2 + op1)?d by

direct calculation. By Lemmam we have ¢* € Fy, Bp.s,

.Bg®



For any j € [r], by By > Q <UB+\/Tlodgd> >4dopy Tl‘;gd, we have

Pr [(Dj,x) —2y/1logdopy > \/Tlogdo’B+i|

x~ NG (15,05 g% a)

= Pr (Dj,x) + ||pjll2 — 2/Tlogdopy > \/Tlogd03+]
x~N;(0,05Iaxa) L

> Pr (Dj,x) + \/&Bul —2y/7logdopy > +/7log d03+]
x~N;j(0,051axa)

> Pr _(Dj,x> > —\/Tlogd03+]

— x~N(0,05Igxa) L

1
21_?7

where the last inequality follows Chernoff bound.

For any [ # j,l € [r], by 0 < % %dgd, we have

Pr [Dl,x —2+/7logdop ZO}
x~ NG (1,05 Laxd) < ) "

< P [D, 0B,oVd — 2\/7logd >0}
S N OE L) (Dy,x) + 6B,z Tlogdopy >

< Pr [<D1,X> > /7 log dUB-F}
xN'/\/}(OyngdXd)
1

<—.

<o

Thus, we have

> (o P, [0~ 2y osidon, > VrTogdon.])

x~Nj (1,05 1axd)

Y Pr [<Dl,x>—2 Tlogd03+<0]

sel) \gdely <~ Na b oilaxa)

2
Zl_}'
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(B.289)
(B.290)
(B.291)
(B.292)

(B.293)

(B.294)
(B.295)
(B.296)

(B.297)

(B.298)

(B.299)

(B.300)

(B.301)
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We also have

E(x )~ Dpmizrure L[¥9” (%) < 1] |yg™ (x)[] (B.302)
2
y(j)WUB-F
< Pr D;,x) —2v/7logdopy < +/7Tlogdo
ij( N (15505 laxa) {< ) saoBt \/T B+] VTlogdopy

<Dl,X> - QWO'B+
+ ij Z EXNN}(M:Ujfdxd) |:0'/ [<DZ,X> —2y/71logdopy > 0} WUB+

JElr] I#5,l€lr]

, (Dix) — Togdos,
_dﬁ%;}pj B B o (00 > i | 2

IN

1
dr B Dy, logd| (D, B.
- ‘/ﬂTg%;p] z#zl;[r] wai0is.a) 7 (D030 > Vrlogd] (Do) | (B.303)

1 4
- B.304
dr + d%97=1,/rlog d ( )

IN

where the second last inequality follows Lemma and r < 2d. Thus, we have

OPTd’T’BF’SpﬁvBG’ SE(xvy)NDmizture [g(yg* (X))] (B305)
=E ) Drnisrre Y9 (¥) < (1 = yg" (x))] (B.306)
SE(xay)NDmizture []I[yg* (X) S 1] |yg* (X) ” + E(X,y)NDmimt1Lre []I[yg* (X) S 1]]
3 4

< - B.307
—dr + dO.QT—l\/m ( )

O

Theorem 3.3.4 (Mixtures of Gaussians: Main Result). Assume Assumption|3.53.1 For

any €,d € (0,1), when Algom'thm uses hinge loss with

11 1
+ d@(TUBJr?/BZl),T, > < €d, T = poly (m) ,  mn = poly (m)

m = p01y (57 )
€ PB

and proper hyper-parameters, then with probability at least 1 — ¢, there exists t € [T] such
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that

Prsign(fze (x)) # y] < Ci().\f:).ss T e

Proof of Theorem [3.34) Let b = Cy\/Tdlog dowopy, where Cj, is a large enough universal

constant.

\/,F

o> Where Bp = (Ba1, Baz, By) = ( ;

By Lemma(B.4.11} we have ¢* € Fy, By 5, . 5

_ B _ 1 _ OB+ _
r=e (\/TlogdaB d(952703+2/(2Ba1)) ) v = gw=rs, Bo = ppBunVd—O0 () and By =
.

(BH2 +O'B+)\/a, Bz2 = (B/,LQ +UB+)2d- We also have OPTd,r,BF,Sp,%BG < di"' + d0‘97'—14 /rlogd’

1 3
- 1 1
Adjust o such that b = Cyv/7Tdlogdowopy = © % . Injecting above param-

eters into Theorem [3.2.12 we have with probability at least 1 — § over the initialization,

with proper hyper-parameters, there exists t € [T] such that

Prlsign(fze) (x)) # ] (B.308)
1 1
Si n 4 n V2rBs 0 rBaleleﬂl(log n)i e
4" A9 1 /rlogd | dO915)/2 /T Tog dop, JBon’
V2r
S godr—os € (B.309)

B.4.3 Mixture of Gaussians - XOR

We consider a special Mixture of Gaussians distribution studied in [227]. Consider the same

data distribution in Appendix [B:4.2] and Definition [B:4.6] with the following assumptions.

Assumption B.4.12 (Mixture of Gaussians in [227]). Assume four Gaussians cluster with
XOR-like pattern, for any 7 > 0,
o 7“:4andp1 :p2:p3:p4:%.

o 1= —pig, p3 = —pg and [|pl2 = ||p2llz = llusll2 = [|pall2 = Vd and (u1, us) = 0.

e Forall j €[4, ¥ =opljxqg and 1 < op < \/%‘

VTlogdopy ' \/Tlogdopy’

N
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* ya) = Y = L and y(3) = y(a) = — 1.

We denote this data distribution as Djature—zor Setting.

Mixture of Gaussians - XOR: Feature Learning

Lemma B.4.13 (Mixture of Gaussians in [227]|: Gradient Feature Set). Let Cgype,1 = g,

Csure2 = %, b = /rdloglogdowop and d is large enough. For Dpizture—zor

setting, we have (Dj,+1) € Sp~ B, for all j € [4], where

1 o
p=9 el 7%’ (B.310)
VTloglogdop - (logd) 2
Vd 1 1
Bg=—(1-0| —— — 080 | ——7a= | - B.311
G 1 ( <(10gd)50>> 9B <(logd)0.0187> ( )
Proof of Lemma[B.4.13 For all j € [r], by Lemma for all i € Sp; sure,
© b, D
B ’<G(Wz ((;)bz)aDJ>‘ (B.312)
1G(w; ™, bi)2
0
(cw ). D;)
<1 - - (B.313)
0 0
\/ (G b0, 03)[ "+ maxpr e (GO B). D)
© vy D,
0 (6wl i), D;) § -
(GO0, Dy + mascpy s [ (GO B D )
<1- L (B.315)
UBO(i(logd)oAmsr)
1 + 1 1 1
Z\/E<1_O((1ogd)5iz) )>_UBO<(1Ogd>OAOI8T>
1
S UBO ((logd)0.018‘r> (B316)
1 1 1
) e
oB
<—= =7. B.317
i (B.317)

Thus, we have G(w.”,b;) € Cp, , and ‘<G’(w(0),bi),Dj>‘ < |G, by)|l2 < B,

i %
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\Eil = +1. Thus, by Lemma [B.4.14] we have
b
Plz) G(w,b) € Cp, 5 and [|G(w,b)||2 > Bg and ] =+1 (B.318)
>Pr [Z € SDj,Sure] <B319)
>p. (B.320)
Thus, (Dj,+1) € Sp~.B,- We finish the proof. O

Lemma B.4.14 (Mixture of Gaussians in [227]: Geometry at Initialization). Assume the
same conditions as in Lemma . Recall for all i € [m], WEO) ~ N(0,0214%q), over the

random initialization, we have for all i € [m],j € [4],

1
Pr [Z € SDj,Sure] >0

(B.321)

18702

V1loglogdop - (logd) 5

Proof of Lemma[B.4.1j WLOG, let j = 1. By Assumption for the first condition
in Definition [B:4.6] we have,

1
Pr[(w® 1) > Csurenbi| 20 | (B.322)
VTloglogdop - (logd)
where the the last inequality follows Lemma
For the second condition in Definition by Lemma we have,
Pr [ <w(°> u2>‘ < C’Suregbi] sy b (B.323)
v - N I N R

On the other hand, if X is a x?(k) random variable. Then we have

Pr(X > k+2Vkx +2z) <e *. (B.324)
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Therefore, we have

1| |2 1870% 1870%
Pr U%VHW H22d+2\/( 22 +2) dloglogd +2 (— 22 +2 ) loglog d

(B.325)
1
<0 . (B.326)
187'0'23
(logd)? - (logd) =5
Thus, by union bound, we have
. 1
Pr[i € Sp, sure] >6O T (B.327)
VTloglogdop - (logd) 25
O

Lemma B.4.15 (Mixture of Gaussians in [227]: Activation Pattern). Assume the same

conditions as in Lemma for all j € [4],i € Sp; sure, we have

(1) When x ~ Nj(1j,08l4xaq), the activation probability satisfies,

Pr [<w(°),x> —b; > 0] S (B.328)
x~ N (1j,081axq) (log d)s0

(2) For all ' # j,j' € [4], when x ~ Ny (ujr,05lixa), the activation probability satisfies,

Pr [<w§0),x> b > o} <0 ( ! > . (B.329)

XN./\fj/(uj/,O'BIdxd) (log d)%

Proof of Lemma[B4.15 In the proof, we need b = v/7dloglog dowo. For the first state-
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ment, when x ~ Nj(1;,081ixa), by Csure,1 > g, we have

Pr W(O),X - bZ 20| 2 Pr - W(O)vx > (1— C ure b’L
x~Nj(nj.oplaxa) |:< ’ > o } T x~N(0,0514x4) —< ! > - ( o ’l) }
(B.330)
[/ © b;
= P : > —— B.331
7x~N(0,arBId><d) _<WZ ’X> - 5] ( )
(0) b;
=1-_ L ; <-—-'| (B.332
XNN(O,UTBIdxd) [<Wl ’X> - 5 } ( )
b2
>1 - - B.333
=P ( 50dagvag> (B-333)
1
21— —, (B.334)
(log d)30

where the third inequality follows the Chernoff bound and symmetricity of the Gaussian

vector.
For the second statement, we prove similarly by 0 < Cgype2 < %. ]

Then, Lemma gives gradients of neurons in Sp; sure. It shows that these gradients

are highly aligned with D;.

Lemma B.4.16 (Mixture of Gaussians in [227|: Feature Emergence). Assume the same

conditions as in Lemma forallje[4],i¢€ Sp;,Sure, we have

(B |90 ((w%.x) = bi) x| .5y D) (B.335)
2%\@ <1 _0 ((1og1d)50 >> 050 ((log d;0-0187> . (B.336)

For any unit vector D]J-- which is orthogonal with Dj, we have

(oo ()= ] 1) 00 ()
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Proof of Lemma[B.4.16 For all j € [4], i € Sp; sure, We have

By, ) o' ({(w”,x) ~b;) %] (B.338)
=3 L Eenio [ (<w§0),x> - bi> x} (B.339)
lel4]
= Z BN (0,01 Tac0) {0/ <<W§0),x + ,ul> — bi) (x + Nl)}- (B.340)
lel4]

Thus, by Lemma and Lemma

(Boxo [p” (i) = 1) x] 05 D) (B.341)
iExNN(o rotwen |7 (W x4 115y = b)) (x4 1) T D (B.342)
+ 2 gy(l D ExeN(0,011axa) [0' <<W§O)ax T Mz> - bi) (x+ )" D; (B.343)
leia i)
%;JDJ- (1 _0 <(1ogld)§o>> N 16%7& Y pslo <d1> (B.344)
. i ‘EXNN(O,UB I [a' ( w® x + uj> - bi) xTDJ} ‘ (B.345)

_Zi

led]l#]

>1f (1 - <(log1d) )) - i Exen0opn) (1= 0 ((wi” x4 115) =bi) 1) x" Dy

5 Yo [ (o) )37 s

le[4], l#J
Ex A (0,051) [(1 —o <<W§O),X + ,Uj> - bz)) XTDj:| ’

r(r-0(itse)

© 5 oo [ () 0570 =

lel4], l#]

zzﬂ (1 —0 <(1og1d)go>> — 650 (W) . (B.349)

B (0.011) [0 (< (0) x+,ul> b; ) xTDjH (B.346)
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For any unit vector Dj- which is orthogonal with Dj;, similarly, we have

oo (o5) 5.2 o
<1 [Exewoonn [0 ({w,x + 1) ~ 1) <D} ]| (B.351)
- le%;# 1 [Exeronn [ (w0 x4 ) —b7) (-4 m)"DF]| (B.352)
g% Exntoopn [0 (W% + 1) = b:) x"D}]| (B.353)
N (e B ) [
<030 <W> . (B.335)
=

Mixture of Gaussians - XOR: Final Guarantee

Lemma B.4.17 (Mixture of Gaussians in |227]: Existence of Good Networks). Assume the

same conditions as in Lemma|B.4.18 and let T =1 and when 0 < 7 < O (%.gd). Define
9B

g (x) = g ﬁl%)d@ [a <<Dj,x> - 2\/@0—3)} . (B.356)

For Dmigture—zor Setting, we have g* € Fqr Bp.s where Bp = (Bg1, Ba2, By) =

p,v,Bg’
1 2 Vi o _ 1 —_ 9B . _ =1
<\/€'logd03’ \/‘T'logdUB’2 TlOngB>, pP= Q@ <O'B'(10gd)625>7 7= Vd’ "= 4’ BG 5 d and

By1 = (1+05)Vd, Byz = (1+0p)°d. We also have OPTayBy.S, ., 5, < o + @9 esa-

Proof of Lemma[B.4.17. We finish the proof by following the proof of Lemma O

Theorem B.4.18 (Mixture of Gaussians in [227]: Main Result). For Dpyizture—zor S€tting

with Assumption when d is large enough, for any 6 € (0,1) and for any e € (0,1)
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when

m =0 <UB(1ogd)U% <<log (;))2 41 ;JB) + %) <el (B.357)

T =poly(op,1/¢e,1/6,logd), (B.358)

- 314 02 T
n = m(1+ o) . +op - (log d)”% Tl , (B.359)
€2 max {O’B - (log d)7s, 1} 0

trained by Algorithm[1] with hinge loss, with probability at least 1 — § over the initialization

and training samples, with proper hyper-parameters, there exists t € [T'| such that

Prsign(foe (x)) # y] <O ((1 +a,%> ( L (log ”)>> te. (B.360)

1 1
1 ni

Proof of Theorem [B4.18. Let b = y/dloglogdowop. By Lemma [B.4.17, let 7 = 1 and

when 7 = O(%), we have ¢* € Fq,Bp.s where Br = (Bgi1,Ba2,By) =

p,7,Bg’
1 2 [ET _ 1 _ 9B . =1
<\/%1ogdaB’ \/f'logdUB’2 TIOgdUB>’ p=9 <UB.(10gd)UZB>’ T=Vae T 4, Bg = 5vd and
By = (1+0p)Vd, Byg = (1+0p)%d. We also have OP Ty, g5, 5. < 2 + m

1 3
BABaaB}

Adjust oy such that b = y/dloglog dowop = © S el K Injecting above parame-
ters into Theorem [3.2.12] we have with probability at least 1 — § over the initialization,

with proper hyper-parameters, there exists ¢ € [T] such that

Prisign(fzw (x)) # y] <O ((1 + a%) (dlzll + (log?)4>> +e (B.361)

B.4.4 Parity Functions

We recap the problem setup in Section [3.3.2] for readers’ convenience.
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Problem Setup

Data Distributions. Suppose M € R*P is an unknown dictionary with D columns
that can be regarded as patterns. For simplicity, assume d = D and M is orthonormal. Let
¢ € R? be a hidden representation vector. Let A C [D] be a subset of size 7k corresponding
to the class relevant patterns and 7 is an odd number. Then the input is generated
by M¢, and some function on ¢ generates the label. WLOG, let A = {1,...,rk},
At ={rk+1,...,d}. Also, we split A such that for all j € [r], A; = {(j — 1)k +1,...,jk}.

Then the input x and the class label y are given by:

x =M¢, y=g"(¢a) =sign | > XOR(da,) |, (B.362)
j=1

where g* is the ground-truth labeling function mapping from R"* to ) = {£1}, ¢4 is the
sub-vector of ¢ with indices in A, and XOR(¢a;) = [];c A, ¢; is the parity function.
We still need to specify the distribution of ¢, which determines the structure of the

input distribution:

X = (1-2rpa)Xu + Y paXj4 +X;). (B.363)
JElr]

For all corresponding ¢ 51 in X, we have VI € A+, independently:

+1, w.p. po
¢ = -1, w.p. po

0, w.p. 1 —2p,

where p, controls the signal noise ratio: if p, is large, then there are many nonzero entries
in A which are noise interfering with the learning of the ground-truth labeling function

on A.

For corresponding ¢a, any j € [r], we have
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o InX; 4, pa;, = [+1,+1,..., +1]" and ®a\a, only have zero elements.
eInX; ,pa, =[-1,-1,..., —1]7 and da\a, only have zero elements.
e In Xy, we have ¢ draw from {+1, —1}"* uniformly.

We call this data distribution Dpgrity-

Assumption B.4.19 (Parity Functions. Recap of Assumption [3.3.5). Let 8 <7 < d be a

parameter that will control our final error guarantee. Assume k is an odd number and:

k 1
k> Q(rlogd), d>rk+ Q(rrlogd), p020<di’l“k‘>’ pAZa. (B.364)
Remark B.4.20. The assumptions require k,d, and p4 to be sufficiently large so as to

provide enough large signals for learning. When p, = ©( di’; ) means that the signal noise

ratio is constant: the expected norm of ¢a and that of ¢, 1 are comparable.

To apply our framework, again we only need to compute the parameters in the Gradient
Feature set and the corresponding optimal approximation loss. To this end, we first define

the gradient features: For all j € [r], let

D. ZleAj M,

== (B.365)
T T iea, Ml

Remark B.4.21. Our data distribution is symmetric, which means for any ¢ € R%:
o —y=g*(—pa) and —z = M(—9),
o P(¢) =P(-9),
* By [yx] = 0.
Below, we define a sufficient condition that randomly initialized weights will fall in nice

gradients set after the first gradient step update.

Definition B.4.22 (Parity Functions: Subset of Nice Gradients Set). Recall WZ(O) is the
weight for the i-th neuron at initialization. For all j € [r], let Sp, sure € [m] be those

neurons that satisfy

o (w0, D,) > Comery,
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(Wi, Dy )| < “ose2by, for all ' # 5.5 € I,
‘PAWEO)HQ < O(Vrkow),
Paw|| < O(Va=Thow),

where Pa, P51 are the projection operator on the space Mo and My 1.

Parity Functions: Feature Learning

We show the important Lemma first and defer other Lemmas after it.

Lemma B.4.23 (Parity Functions: Gradient Feature Set. Part statement of Lemma |3.3.7).
Let Csyre,1 = %, Csure2 = %, b= Cy\/Trklogdoy, where Cy is a large enough universal

constant. For Dparity setting, we have (Dj,+1),(Dj, —1) € Sy~ B, for all j € [r], where

1 1 z
=0 i . v=-—s, Ba=vVkps—0 £T . (B.366)
Vrrlogd - d9C/8) d d

Proof of Lemma[B.4.23. Note that for all [ € [d], we have M x = ¢;. For all j € [r], by

Lemma [B.4.26, for all i € Sp; sure, when v = dT—l,z,

(Gw® bi), D) = (1= )G, byl (B.367)
= ‘<G<w£°>,bi>, El}le> — (1= IGW, bi)2 (B.368)
2
vin-o(3F) - @MJ@%ZO(;) .9)
le[d]
>VEpa — O <ﬂ> _ (1 _ d1_2> <\/%pA +0 (df%» (B.370)
Z\C/ﬁf —0 (JE) —0 <d71§> (B.371)
>0. (B.372)

Thus, we have G(wgo),bi) € Cp,, and Vkpa — O (%) < ||G(w§0),b,-)||2 < Vkpa +
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O (%)v Di — 41, Thus, by Lemma [B.4.24] we have

d"’—j ‘bzl
b
P1; [G(w,b) € Cp, and [|G(w,b)|2 > Bg and ] =+1 (B.373)
>Pr [i € Sp, Sure] (B.374)
2p. (B.375)

Thus, (Dj,+1) € Sy, Bs- Since E [yx] = 0, by Lemma and considering ¢ €

[2m] \ [m], we have (Dj, —1) € Sp . B,. We finish the proof. O

Below are Lemmas used in the proof of Lemma In Lemma we calculate

p used in S, B, -

Lemma B.4.24 (Parity Functions: Geometry at Initialization. Lemma B.2 in [10]). Assume
the same conditions as in Lemma recall for all i € [m)], Wgo) ~ N(0,02 14%q), over

the random initialization, we have for all i € [m),j € [r],

1
Pr|i € Sp, sure| > © . B.376
t[i € 5p; sure] (W.d(g%r/s)) ( )

Proof of Lemma[B.4.24. For every i € [m], j,5' € [r], j # j', by Lemma

. (0) CSure,l :| . 1

=Pr|(w;,’,D;) > b;| =06 B.377
2 |:< v '7> \/E ( /T lOg d - d(gchT/8)> ( )
<W§0),Dj’>‘ > CSwe:?bi] —0 1 2 ‘
Vk Jrrlogd - d(Cim/®)

pzzpr[

(B.378)
On the other hand, if X is a x?(k) random variable, by Lemma we have

Pr(X >k + 2Vkz +2z) < e % (B.379)
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Therefore, by assumption rk > Q(7rlogd),d — rk > Q(7rlogd) , we have

1 2
Pr <2 HPAWEO)Hg >rk+ 2\/(96‘577’/8 +2)rklogd + 2 (9Cy7r/8 + 2) log d> (B.380)
O-W

1
of— L\ B.381
- <d2 . d(90§7’7’/8>) ( )
1 2
Pr <03v HPAWEO) H2 > (d — rk) +2,/ (9CZTr/8 +2)(d — rh)logd + 2 (9C}7r/8 + 2) log d)
1
of L\ B.382
- <d2 . d(QC?Tr/S)) ( )

Thus, by union bound, and Dy, ..., D, being orthogonal with each other, we have

1
. r—1
Pr [z € SDJ.75W@] >p1(1—p2) " — O <d2 ‘ d(90§rr/8)> (B.383)

1 T
=0 11— B.384
( /rrlogd - d(96’§7r/8) ( /rrlogd - d(chT‘/g) ) ) ( )

1
0 <d2 - (9cgw/s)> (B.385)
0 L . (B.386)
Vrrlogd - d(9cb7r/8)
|

In Lemma [B .4 we compute the activation pattern for the neurons in Sp, gyre.
) p p s

Lemma B.4.25 (Parity Functions: Activation Pattern). Assume the same conditions as

in Lemma for all j € [r],i € Sp; sure, we have
(1) When x ~ X, we have

2
© > t| <exp (o
xlzg( lg‘; <WZ ,Ml¢l> >t| <exp < 5 (rka&)) . (B.387)

(2) When x ~ Xy, we have

Pr

x~ X7

Z <W§O), Mz¢z>

leA

t2
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(3) When x ~ Xy, the activation probability satisfies,

(0) b0l <o(X
B Y <w2 ,Ml¢l> b; >0| <O (dT . (B.389)
le[d]
4) When x ~ X 1, the activation probability satisfies,
jit
(0) b0l >1-0(%
B 3 <wl ,Ml¢l> bi>0| >1-0 (dT . (B.390)

leld]

(5) For all j # 4,7 € [r], s € {+,—}, when x ~ X/ 5, or x ~ X; _, the activation

probability satisfies,

pr|Y} <w§0),Ml¢l> —b;>0| <0 (d17> . (B.391)

leld]

0)

Proof of Lemma[B.4.25 For the first statement, when x ~ X, note that <WZ( ,Ml> ¢ris a

mean-zero sub-Gaussian random variable with sub-Gaussion norm © (‘ <W§0), Ml>‘ \ /po>.

P (|30 (M) 2| = e || 5 (wl” M) o > (3392
leAL leA-+
t2
<exp | — (B.393)
(0) 2
Dieal © <Wi ,Mz> Do
t2
< — .
<o (5 rmtan) (-394
t2
< o B.
—e"p( @(rﬂw&))’ (B.395)

where the inequality follows general Hoeffding’s inequality.
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For the second statement, when x ~ Xy, by Hoeffding’s inequality,

(0) o (0)
s [ D <W2‘ ’Ml¢l> 2t =P > <WZ- ,Mz> G| >t (B.396)
2
<2exp | — t 5 (B.397)
2> iea (W < Mz>
t2

< S '
=P ( @(rka&)) (B.39)

In the proof of the third to the last statement, we need b= Cyv/Trklog doy, where Cp
is a large enough universal constant.

For the third statement, when x ~ X7, by union bound and previous statements,

Pr Z <w Ml¢l> — b >0 (B.399)
x~Xu L L€[d]
— (0) b; (0) b;
B 2w M) 2 5|4 By | 3 (WM 2 5] (Ba)
1
<0 (m) . (B.401)

For the forth statement, when x ~ X 1, by Cgyre1 > % and previous statements,

pr |Y <w§°), Ml¢,> —b; >0 (B.402)
X | l€[d]
- P | <w(0) Ml¢l> + Y < Ml¢l> 3 <w§°),Ml¢l> >b;| (B.403)
XXt icA,; IEA\A, leAt
ZXN]-;(I;_7+ _lezA:l <W Ml¢l> ( - CSure,l)bi (B404)
(0) b;
> Br _lEZAL <wi ,Ml¢,> > (B.405)

>1-0 (le) . (B.406)
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For the last statement, we prove similarly by 0 < Cgyre2 < % ]

Then, Lemma|B.4 ives gradients of neurons in Sp. gure. It shows that these gradients
) g g s

are highly aligned with D;.

Lemma B.4.26 (Parity Functions: Feature Emergence). Assume the same conditions as

in Lemma for all j € [r], i € Sp; sure, we have the following holds:
(1) For alll € Aj, we have

pa=0 (1) < By [o0! (W) b} @ <paro(2). a0

(2) For alll € Ay, any j' # j,j' € [r], we have

’E(x,y) [ya' (<w§°),x> _ bi> qsl} ‘ <0 (le> . (B.408)

(8) For alll € AL, we have

ey [v0’ ((w”.x) =) a1] | <0 (;) . (B.409)

Proof of Lemma[B.4.26. For all [ € [d], we have

Exy) [y(f' (<W§O) ,X> = bi) qﬂ (B.410)
=pA Z (Exwxl’+ [U’ <<W§O),x> — bi> qﬁl} — Ex~x, _ {a’ (<w§0),x> — bi> d)lD (B.411)
le(r]

+ (1 — 2rpa)Ex~x, [ya' (<w§0),x> — b,;) qbl}. (B.412)
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For the first statement, for all [ € A, by Lemma [B.4.25| (3) and (4), we have

b o (7)) oy
=pa (Bex, [0 ((w?%) = bi) | + B, [0 (W) = by)] ) (BA14)

(1= 2pa) By, [y’ ((wi”x) = b;) 61] (B.415)
>pa <1 0<;T>>—0<dl) (B.416)
Zpa — O<le>, (B.417)

and we also have

S [ (7))
o [ ()] [ () )

(

(
+ (1= 2rpa)Exoxy [ya' (<w§0),x> - bi) ¢l] (B.420
<pa+0 <le> : (

Similarly, for the second statement, for all I € A/, any j' # j,j" € [r], by Lemma B.4.25
(3) and (5), we have

‘E(x,w {ya’ (<W§O),X> — bi) ¢>z} ‘ (B.422)
<l (e, [ ((8%5) = 10)] B, [o (%) =0i)] )]+ 0 ()

<0 (le> | (B.423)
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For the third statement, for all [ € A+, by Lemma [B.4.25 (3), (4), (5), we have

’E<x,y) [W’ (<W§O)7X> - bi) M ] (B.424)
o [ [ (5) =) ] = [ () ) ] 0 ()
<pa B [0 (%) = b3) o] ~ B, [0 (W) i) ]|+ 0 (1)
oaBa, [(1-0 (w12) ~b0)) ] ~Ba,[(1- ((w02) -b2)) ]

+pa [Exox; , [01] = Exux;  [¢1]] +O (le> (B.425)
“pafBx, (1= ((wl" ) = b)) 1] ~ B, [ (1= (i) i) ) o]

+0 (le) (B.426)
<0 <;T> : (B.427)

where the second inequality follows 2rp4 < 1 and the third inequality follows the triangle

inequality. O

Parity Functions: Final Guarantee

Lemma B.4.27 (Parity Functions: Existence of Good Networks. Part statement of
Lemma [3.3.7)). Assume the same conditions as in Lemma|B.4.25. Define

k

g (x) = iZ(—nz‘“\/E (B.428)

j=1i=0
r{irm 254 (-2 (om0

For Dyarity setting, we have g* € fd,3r(k+l),BF,Sp,y,BG7 where Bp = (Bg1, Ba2, By) =

k41 — 1 — 1 — _o(YE
(2\/E,2 TRk + 1), ﬁ) p=6 ( mogd.d(gcz?”/g))’ v = 2, Bag = Vkpa—O (dT )
and By = V/d, Bya = d. We also have OPTy 3 (k+1),Br,S =0.

.Y, Bg

Proof of Lemma[B.4.27. We can check B,y = V/d, By = d by direct calculation. By
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Lemma we have g* € fd,3r(k+1),BF,SmeG- We note that

- <<D]~,x> _ 2“\/’%_1) e (<Dj,x> - 22\/_;) to <<Dj,x> - 2“\;%“) (B.429)

is a bump function for (D;,x) at Qf/%k. We can check that yg*(x) > 1. Thus, we have

OPT a3 (k+1),Br,Sp.8 <L Dparity (97) (B.430)
=E(xy)~Dyarity, Lxy) (97) (B.431)

=0. (B.432)

0

Theorem 3.3.8 (Parity Functions: Main Result). Assume Assumption . For any

6,0 € (0,1), when Algom'thm uses hinge loss with

11 1
m = pOly (67 > de(TT)a k? > S ed7 T = p01y (m) ) n= pOly (m)
€ pA

and proper hyper-parameters, then with probability at least 1 — ¢, there exists t € [T] such

that

Prlsign(fze (x)) # y] < m e

Proof of Theorem[3.3.8, Let b= Cy/7rk log dow,, where Cy, is a large enough universal con-

stant. By Lemma |B.4.27] we have ¢g* € ‘Fd,3T(k+l),BF,Sp’%BG7 where Br = (Bq1, Ba2, By) =

2vF, 2¢/rk(k + 1), 1) =@< : ) = 2. Ba = Vipa - 0 (3F)
( ( ) vk p Trlogd.d(9c§TT/8) Y dr—2 G PA d
and By1 = Vd, By = d. We also have OPTq30(k+1),Br,5,., 5, = 0-

Adjust 0w such that b = Cy\/7rklog dow = © . Injecting above parameters

V1rBg1

into Theorem [3.2.12] we have with probability at least 1 — § over the initialization, with
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proper hyper-parameters, there exists ¢ € [T] such that

. 2\/>T\/> rBalelegi(log n)% 3Tf
P = 0 2 <
r[sign(fze (%)) # y] < dr-3)/2 - ( \/Bicm% te/2< dir— 3)/2

B.4.5 Uniform Parity Functions

We consider the sparse parity problem over the uniform data distribution studied in |26].
We use the properties of the problem to prove the key lemma (i.e., the existence of good
networks) in our framework and then derive the final guarantee from our theorem of the
simple setting (Theorem [3.2.4). We provide Theorem as (1) use it as a warm-up and
(2) follow the original analysis in [26] to give a comparison. We will provide Theorem [B.4.40]
as an alternative version that trains both layers.

Consider the same data distribution in Appendix and Definition with the

following assumptions.

Assumption B.4.28 (Uniform Parity Functions). We follow the data distribution in
Appendix Let r = 1,pqg = 0,p, = %, M = I 4 and d > 2k?, and k is an even

number.

We denote this data distribution as Dparity—uniform setting.
To apply our framework, again we only need to compute the parameters in the Gradient
Feature set and the corresponding optimal approximation loss. To this end, we first define

the gradient features: let

ZleA M,

D= =="——.
1> 1ea M2

(B.433)

We follow the initialization and training dynamic in [26].
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Initialization and Loss. We use hinge loss and we have unbiased initialization, for all

(S [m]v
al” ~ Unif({£1}), w!” ~ Unif({£1}%),b; = Unif({—1 + 1/k,...,1 — 1/k}). (B.434)

Training Process. We use the following one-step training algorithm for this specific

data distribution.

Algorithm 6 Network Training via Gradient Descent |26]. Special case of Algorithm

Initialize (a(®), W(©® b) as in Equation and Equation ; Sample Z ~
D;Larity—uniform _
WO = WO — O (VwLz(fzo) + AW
al) = a® —yV(Valz(fzo) + AVal)
for t=2toT do B

al) =al=Y) — OV, Lo (fou-1)
end for

Use the notation in Section 5.3 of [203], for every S € [n], s.t. |S| = k, we define

— k—1 (E) d—1
& = Maj(S) = (-1) = (Z;D . 2_(d_1)( % ) (B.435)

Lemma B.4.29 (Uniform Parity Functions: Existence of Good Networks. Rephrase

: ; _ €k 1]
of Lemma 5 in [26]). For every €,6 € (0,1/2), denoting 7 = TN let

W = gy AW = ﬁ m > k-2%log(k/5), n > % log(4dm/8) and d >  (k*log(kd/e)),

=
w.p. at least 1 — 26 over the initialization and the training samples, there exists a € R™

with ||a]|oe < 8k and ||a||o < 8kVE such that fa,w p) satisfies

£Dpa7‘ity—unifo7‘m <f(57W(1)7b)) S €. (B436)

Additionally, it holds that |o(W®  x — b)|js < d + 1.

Remark B.4.30. In |26], they update the bias term in the first gradient step. However, if we

check the proof carefully, we can see that the fixed bias still goes through all their analysis.
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Uniform Parity Functions: Final Guarantee

Considering training by Algorithm [6] we have the following results.

Theorem B.4.31 (Uniform Parity Functions: Main Result). Fiz e € (0,1/2) and let m >
Q (k- 2% log(k/e)), n > Q (k7/6d(ki1) log(kd/e) log(dm /e) + ksgfﬂ), d > Q (k'log(kd/e)).
Let M) = m, A = 71(%’ and n = n = @(ﬁ), forallt € {2,3,...,T}. If

T>0Q (kBmdQ), then training by Algom'thm@ with hinge loss, w.h.p. over the initialization

€

and the training samples, there exists t € [T such that

Prisign(fz)(X) # Y] < LD0riy—uniform Fa® W) p) < € (B.437)

Proof of Theorem[B.7.31 By Lemma [B:4:29] w.h.p., we have for properly chosen hyper-

parameters,

€
OPTw(l)ybyBaZ S £,Dparity—uniform (f(é,W(l),b)> S § (B438)
We compute the L-smooth constant of ZZ (f(ayw(1)7b)> to a.
Valz (f(a1,W(1),b)> —Valz (f(az,W(l),b)) HQ (B.439)
1
“n Z [(5/ (yf(ahW(l),b) (X)> 4 (yf(a27W(1)7b)(X)>) oW Tx — b)] (B.440)
XEZ 9
1
< - Z Hf(al,W(U,b) (x) — f(ao, W) ) (X)‘ U(W(I)TX — b)} (B.441)
XEZ 2
1 2
<~y [Hal — ), HU(W(l)Tx—b)H2]. (B.442)
XEZ
By the Lemma |B.4.29] we have ”U(W(I)TX —b)|lcc < d+ 1. Thus, we have,
r-o(t 3 HO’(W(I)TX - b)H2 (B.443)
" XEZ 2

< O(d?m). (B.444)
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This means that we can let n = © (ﬁ) and we will get our convergence result. Note that
we have a) = 0 and ||a]j; = O (k\/%) So, if we choose T > ) (g), there exists ¢t € [T
il il Lila® —a|3
such that £Z (f(a(t),w(l),b)) - EZ (f(é,W(l),b)) S 0 (f) § 6/3
We also have \/”5\\3(IlW(l)lll%B%+||b\\§)

rem [3.2.4 O

< 5. Then our theorem gets proved by Theo-

B.4.6 Uniform Parity Functions: Alternative Analysis

It is also possible to unify [26] into our general Gradient Feature Learning Framework by
mildly modifying the framework in Theorem In order to do that, we first need to

use a different metric in the definition of gradient features.

Modified General Feature Learning Framework for Uniform Parity Functions

Definition B.4.32 (Gradient Feature with Infinity Norm). For a unit vector D € R?
with [|[D]l2 = 1, and a 7 € (0,1), a direction neighborhood (cone) C35. s defined as:
Cf)ci%o = {w ’ Hm — DHOO < 'yoo} .Let w € R, b € R be random variables drawn from
some distribution W, B. A Gradient Feature set with parameters p, Vo0, Ba, Bg1 is defined

as:

b
Pr [G(w,b) €Ch.. » Ba1 > |G(w,b)|l2 > Bg , s ] > p}.

SI??’YOO7307BG1 (W7B) = {<D78) Wb = m

o .
When clear from context, write it as Sp%m Be.Bo -

Definition B.4.33 (Optimal Approximation via Gradient Features with Infinity Norm).
The Optimal Approximation network and loss using gradient feature induced networks

F. = are defined as:
d’T’BF’SP Yoo, B, Ba1

g = arg min Lp(f), (B.445)
gefd,r,BF,s;?%o,BG’BGI
OPTarBr52 o pey = gefdrBFI?;n Lp(f). (B.446)

p,voBag,Bai
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We consider the data distribution in Appendix with Assumption ie.,
Dparity—uniform in Appendix Note that with this dataset, we have [|X||c0c < Byoo = 1.

We use the following unbiased initialization:

forie{l,...,m}: al¥ ~N(0 02),w§0) ~{+1}4 b =b< 1,

forie {m+1,...,2m}: a;

forie {2m+1,...,4m}: ago) = 1(0)2m7 50) Z( )Qm’ b; =bi_om (B.447)

Let V; denote the gradient of the i-th neuron Vy, Lp(fz©)). Denote the subset of neurons

with nice gradients approximating feature (D, s) as:

bi || Vi

S rYOO)

2| Bar > |Vill, > [a”| Bo}.

HOO

‘()f)’s),mce = {Z €2m]:s=

Lemma B.4.34 (Existence of Good Networks. Modified Version of Lemma [3.2.14| Under

b
*EI(O)W(I)BGBE>

and § = 2re” VP 4 d%' Then, with probability at least 1 — § over the initialization, there

exists &;’s such that fiz wa) p)(X) = Z?Zl a;o (<W§1),X> - bi> satisfies

Uniform Parity Setting). Let A(D) = % For any Be € (0, By), let 0, = O (

B:1Bc1 By

Lo(fawm b)) < rBa (FBGB

2log(d)dyeo + B€> + OPTyy By 50

p,¥oo,Bg,Bg1

and [l = O (r(mp)? ).l = 0 (2224 ), Jall = 0 ( ZuZy ).

b( b(mp)2

Proof of Lemma[B.4.3] Recall g*(x) = > "_, a] (<wj,x> b%), where f* € Far g5z

*

is defined in Definition (B.4.33 and let s = %. By Lemma |B.3.3, with probability at
J

,Ba,Bagi

least 1 — 61, 01 = 2re”“"P, for all j € [r], we have \G | > %£. Then for all

),Nice

*

i€ G( 55),Nice S C [2m], we have —6’(0)77(1)G(w(0),bi)% only depend on WEO) and b;,

)
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which is independent of ago)' Given Definition [B.4.32, we have
1y (1) (0) bj (W Bo (1)
—L(0)n || G(w; abi)HZ? € [£(0)n Bui—, (00" By —=| - (B.448)

We split [r] into I' = {j € [r] : [bj| < B}, I'- ={j € [r] : bj < —B}and I'y = {j €

[r] : b} > B}, Let ¢, = %. Then we know that for all j € 'y UT_, for all

1€ G( +57), Nice? we have

b*
i H‘aﬁ“z%om(”\\G(wim,bnuz’5‘

— 1' < Ea:| (B.449)
aEO)NN(O,Jg)

b*
- Pr {1 e, < —a§0>e'(0)n<1>uc;(w§0>,bz-)HQ|,6]‘

<1+ ea} (B.450)
al¥ N(0,02)

(B.451)

1G(w® by 2| b7
= P 1—¢, < g® : Ll <1+4e
g~N(ro,1> [ ca=9 ( Bg B =it

Bg B, B Be
= Pr (1 — Ga)@ (O)G S g S (1 + E(Z)@ (O)G
g~N(O1) |G (w; 7, bi)[2[b]] |G(w; ™, bi) ||| b]]

-6 ( eg)?GBE ) (B.452)
|G(w; ™", bi) |2 b]]
eaBgBe)
>Q ——— B.453
- <BGle ( )
=0 (1) : (B.454)
Vmp
1 (0)
Thus, with probability {2 ( F) over a; ', we have
a0 ﬂ_ O _ b B
‘ al” ¢ (0)nV|G(w®, by)ll2 1| < ‘az ‘ O\ —sammas | (B4

(0)
Similarly, for j € T, for all i € G (w,53),Nice? with probability €2 <f) over a,

b
‘_ < ()BGB>. (B.456)

be the set of i’s such that condition Equation (B.455])

, we have

B
‘—az(o)g/(())n(l)HG(wl(O)7bi)||2[; ‘ < €,

For all j € [r], let A; CG( 51),Nice
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or Equation (B.456|) are satisfied. By Chernoff bound and union bound, with probability
at least 1 — 82, dy = re V™, for all j € [r] we have |A;| > Q(,/mp). We have for
Viel Ull'_ Vie Ay,

B x) o)

i Wl W
<_a§0)gl( ) (HHG( (0) bz)||2 J z (1) X )+ # —wi,x
b w!! Mo [w; " ll2 [w; |2

<ea|x|l2 + v/210g(d)dyoo- (B.458)

(B.457)

<

With probability 1 — d% by Hoeffding’s inequality. Similarly, for Vj € I',Vi € A;,

< eq|xl2 + v/210g(d)dyoo- (B.459)

() = i)

b B.
|A]|b’ ifie A, jel, seta; = |A 3 otherwise set

J
a; = 0, we have ||aljo = ( %) allz = <b1(3asz ) a]|oe = O 1(3 11)311 >

IfieAj,jel Ul set a; =




Finally, we have

['D(f(iwm,b))
=Lp(fawm ) — Lo(9%) + Lp(g")

<Ex,y) Hf({l,w(l),b) (x) — 9*(X)H + Lp(g")

<oy || () <)+ 3w (ol
= 1=m+

+ Lp(g")

B || 5 X i | e (k) =) ot

L j€F+ ZEA

+Eieg) || D Z ‘
jeT_ ieA;

+ By |2 D2 ,A"
_]GF €A;

{Z > Al‘ Pt ) — (w0

j€F+ ZEA

_ 1 b §
+Eieg) || D Z Sy ’b] <WZ(1>,X> — (w3, x) ]
JET_ Q€A J

1
By 122 2.8 ]
L 3

B;; <W(1) x> + B — <w x>

j?

>>zaa

)

] +Lp(g")

<rflaoo(€aBixy) I%ll2 + v/21og(d)dveo) + |T[|a* |00 Be + L(g7)

<rBai(€aBz1 + v/ 210g(d)dyeo) + |T'|Ba1Be + OPT g1 g, 50

We finish the proof by union bound and § > §; + o + d%.

pv.Bg.Bg1
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(B.460)
(B.461)

(B.462)

—b}) ]

(B.463)

(B.464)

(B.465)

(B.468)

(B.469)

(B.470)

(B.471)

O]

Lemma B.4.35 (Empirical Gradient Concentration Bound for Single Coordinate). For

i € [m], when n > (log(d))®, with probability at least 1 — O (exp (—n%)) over training
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samples, we have

dLz(f=) ILp(f=) |a;| Broo ,
ow; a ow; <0 < ns ) , Vield. (B.472)
Proof of Lemma[B.4.55 First, we define,
A) =00 g2y [o ({wix®) — ) ] (B.473)
— By [y fz(3))y [0' ((wi, x) = bi)] x;] . (B.474)

As |0(2)| < 1, |yl <1,]0'(2)] <1, we have zl(l]) is zero-mean random variable with ‘zflj)’ <

2
2B, as well as E “Zl(l]) ‘J < 4B2?_ . Then by Bernstein Inequality, for 0 < 2z < 2B, we

have

OLz(fz) OLp(fz) 1 )
p B Staglz | =pPr [ |2 5020 > B.475
r ( aWZJ awl’] - |a ‘Z T n lez[n] Zz,] 4 ( )
52
< exp (—n- 3B ) . (B.476)

Thus, for some i € [m], when n > (log(d))®, with probability at least 1 —O (exp ) (—n%>>,

from a union bound over j € [d], we have, for Vj € [d],

0Lz(fz) OLp(fz)

8w,-7j 6w,-7j

<0 <’a|l?”"°°) : (B.477)

ns3
]

Lemma B.4.36 (Existence of Good Networks under Empirical Risk. Modified version of

3
. . . By 1 Broo Baroo
Lemma|B.3.13|Under Uniform Parity Setting). Suppose n > << + log » T ooy T BG1|€’(0)I) + (log|

\/Bac2
Let \() = ﬁ For any B € (0, By), let 0, = © (W) and § = 2re V2 + d%.

Then, with probability at least 1 — § over the initialization and training samples, there exists
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a;’s such that fz w p)(x) = Z?Lnl a;o <<W§1),X> — bi) satisfies

Lo(fawm b)) (B.478)
2Bm1BGle ono
<rBg | ——=——= + V2log(d)d | Yoo + O | ————— + B | + OPTy,
! ( VmpBgBe g(d) (,7 <Bg|€’(0)|nilﬁ>> ) dr.Br.SEY BG. By

and [l = O (r(mp)? ). e =0 (2224 ), Jall = 0 ( 22y ).

b( b(mp)2

Proof of Lemma[B.7.3¢. Denote p = O (exp@ (—né)> and 8 = O (B“f—f") Note that

n3

by symmetric initialization, we have ¢ (yf=z©) (x)) = [¢/(0)] for any x € X, so that, by

with probability at least 1 — p.

1

Lemma [B.4.35, we have ‘é(wgo), b;); — G(w(o), b;); ‘ <

\)I

Thus, by union bound, we can see that S

C §°°
,Bg,B = B B B
PYoosBa,BG1 p_Pv’Yoo‘i‘B [e7(0)]’ BG_|£’(O)|’BG1+\€’(O)|
< OPTyy,Bp,5

P:v00.Ba Bal

Consequently, we have OPTd, ,BF,5>

5 5
popieoty |f’<o>\ Be— et

Exactly follow the proof in Lemma|B.3.4|by replacing S to S°° .
P BG’BC” P=prieot Bt B~ e Bert iy
Then, we finish the proof by p < £, oy < < (1-1/v2)Bg, |f’ < (V2-1)Bg. O

Theorem B.4.37 (Online Convex Optimization under Empirical Risk. Modified version of
Theorem [B.3.17| Under Uniform Parity Setting ). Consider training by Algom'thm and

any 6 € (0,1). Assume d > logm,d < O(%) Set
ow >0, b>0, n(t):n, )\(t):0f0rallt€{2,3,...,T},
= 1
2D~ 6 min{O(n), (le)}‘~ oo Lo g b(mp) 1 '
—0(0)(BriowVd+b) )’ nMr ~£(0)nV Ba1v/Be By

1 1 2 By T 1 1 ) Bzoo
Let 0 < TnBy So(l),m:Q(%+5(log(§)) ) a”d”>9<<@+10g£+(1+%+%)|£/(0)

With probability at least 1 —§ over the initialization and training samples, there exists t € [T
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such that
D (fzm) (B.479)
2v2\/BaBa1 [ B Baoe
<OPTuyr5s.5,. 5, + 7 Ba1 g b 4 \2log(d)d | Yoo + O | — 22—
(mp)a Ba Ba|t'(0)[ns
~ viegmB, (mp)% B22
+ 7BaaByTn B2, +mb) O +1|+0 a (B.480)
77(\[ 2ByT'nB3; ) ( VByBg nTb2mp%
_ L
1 Bau B VI 1
+ Lo (HBabBe, (bvilamimp)t b (B.481)
n3 b vV ByBg By
= 1
Viog m(mp)1 - .
(D foembmr)t +Tn*Baib | By +b | +2 (B.482)
B,Bg
~ 1
1 by/1 I _
Lo (g (2 oemmR)Y L e Y B ) (B.483)
ns3 ByBg

Furthermore, for any e € (0,1), set

ByBa

1 3 4
_ BABys B} 1 B, 11 7\ \ 2
b=0 [ 2220 =Q| — | rBu\/BuB — + = (log (= ,
\/T’Bal ’ m p64 (T ! 1=e Bg> +\/§+p<0g(5))
= , = - 1 |>
<\/;Ba2BIile + mb) (legmB\/xié(mm + 1> 'r]Bgzl (mp)4

(mp)4

3
B,B2,/By(mp) 1 B, T 1 1 Bio \’
n=q | [ MBeBavBy(mp)® logm +< +log — 4 (14 o+ —) ) :
er Baiv/Ba Ba2 po Bg  Bgi” |¢(0)]

we have there ezists t € [T| with

Prlsign(f=w)(x) # y] < Lp (fz») (B.484)
<OPTdT BF,S BB + TBa1 vV 2 log(d)d ("}/OO +0 (onol>> + €. (B.485)
c-Fer Bg|¢(0)[n3s

Proof of Theorem [B.4.37. Proof of the theorem and parameter choices remain the same as

Theorem |B.3.17| except for setting B, = 7%1 / % and apply Lemma [B.4.36 O
mp) 4
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Feature Learning of Uniform Parity Functions

We denote
9ij = Exy) [yff’ [<W§O),X> - bz} Xj} (B.486)
n—1
2
k-1 n—1
_ 2 —
& =(-1)7 2L 27D . (B.487)

Lemma B.4.38 (Uniform Parity Functions: Gradient Feature Learning. Corollary of

Lemma 3 in [26]). Assume that n > 2(k + 1)2. Then, the following holds:

If j € A, then

= © B.488
9.5 =&k-1 H (W@l ) ( . )

leA\{j}

Ifi ¢ A, then

= © B.489
9i,j —gkfl H (Wu ) ( : )

leAU{j}

Lemma B.4.39 (Uniform Parity Functions: Existence of Good Networks (Alternative)).
Assume the same condition as in Lemma[B.4.38 Define

D = ElEA Ml

S — B.490
>ica Millz (B.490)
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k
7" (x) :Z(—w’ﬁ (B.491)

[r(om2542) 252 o254

For Dpamty uniform setting, we have g* € Fy B3(k+1),Br,55°, Bg,Bo1

(2\/E,2 (R(E+ 1), E2L), p = 0 (34), 900 = 0 (%), Ba = ©(Bar) = ©(d ™) and
=+d, B, = d. We also have OPT, 3(k+1),Bp,5% =0.

Y00, B, Bag1

Proof of Lemma[B.Z.39 Fix index i, with probability p; = ©(27%), we will have wl =

/L?]
(0)

sign(al(-o)) -sign(§x—1), for Vj. For w,’ that satisfy these conditions, we will have:

sign(a EO))gi,j =|&-1], VjEA (B.492)

sign(a\”)gi; = [€er1l, V) ¢ A (B.493)

Then by Lemma 4 in [26], we have

(0) (0) 7
sign(a, )(C;( . ,b) bl < max 1 1 7 1
IGw B . Wi+ VR |d-0yE+ 2
(B.494)
Vi
< — .
< (B.495)
and
Isign(a™)G(w,b)[ls = VEIE11® + (d— k)€1 2 = ©(dOW). (B.496)

From here, we can see that if we set 7o, = di Bg = Bg1 = VE[&—1? + (d — k)|&k11 %

p = p1, we will have (D,+1),(D,—1) € S

poye, BaBon by our symmetric initialization.

where Bp = (Bq1, Ba2, By) =
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As a result, we have f* € fd,3(k+l),Bp,S;°W s 5. - Finally, it is easy to verify that
»T00,PGHPGE1
f* (X) = XOR,(XA), thus OPTd,3(k+1),BF,S°° = 0 D

Yoo, B Ba1

Theorem B.4.40 (Uniform Parity Functions: Main Result (Alternative)). For Dyarity—uniform
setting, for any ¢ € (0,1) satisfying § < O(d%) and for any € € (0,1) when

1N\ 1
m = poly <log (5> =, 20k d) T=0 (d9<k>) n=0 (d@(k)> (B.497)
€

trained by Algorithm [1] with hinge loss, with probability at least 1 — & over the initialization,
with proper hyper-parameters, there exists t € [T| such that

gmi vdlog(d) (B.498)

Pr[sign(fzx (x)) # 9] d—k

Proof of Theorem[B.4.40. Plug the values of parameters into Theorem and directly

get the result. O

B.4.7 Multiple Index Model with Low Degree Polynomial
Problem Setup

The multiple-index data problem has been used for studying network learning [32, [62]. We
consider proving guarantees for the setting in [62], following our framework. We use the
properties of the problem to prove the key lemma (i.e., the existence of good networks) in

our framework and then derive the final guarantee from our theorem of the simple setting

(Theorem |3.2.4)).

Data Distributions. We draw input from the distribution Dy = N(0, Iyx4), and we
assume the target function is ¢*(x) : R¢ — R, where g* is a degree 7 polynomial normalized

so that Exp, [¢%(x)?] = 1.

Assumption B.4.41. There exists linearly independent vectors uq,...,u, such that
g*(x) = g((x,u1),..., (x,u.)). H = Exup,[V2g*(x)] has rank 7, where H is a Hessian

matrix.
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Definition B.4.42. Denote the normalized condition number of H by

= HHTH (B.499)
NG
Initialization and Loss. For Vi € [m], we use the following initialization:
al” ~ (-1,1}, w9 ~ N <o, ;Idxd> and b; = 0. (B.500)
For this regression problem, we use mean square loss:
Ly (f2) = Ex~py [(f2(x) — g% (x))?] . (B.501)

Training Process. We use the following one-step training algorithm for this specific

data distribution.

Algorithm 7 Network Training via Gradient Descent [62]|. Special case of Algorithm

Initialize (a(O),W(O),b) as in Equation and Equation ; Sample Z ~ D%
p= %ZXEZ g (x), B= %ZXEZ g*(x)x
y=g"(x)—p-B8-x
wl = w©) _ n(l)(Vwﬁz(fEm)) + AW )
Re-initialize b; ~ N (0, 1)
for t=2toT do B
a® =al=l) — OV, Lz(feu )
end for

Lemma B.4.43 (Multiple Index Model with Low Degree Polynomial: Existence of Good
Networks. Rephrase of Lemma 25 in [62]). Assume n > d?rx?(Cilog(nmd))™!, d >
Cykr®?, and m > r7 k27 (Cylog(nmd))5™+1 for sufficiently large constants Cq,Cy, and let

d
1 =\ gty @nd A =

a € R™ such that f(é,w(1)7b) satisfies

n(ll)' Then with probability 1 — m, there exists

1RO log(nmd))(s”l)) (B.502)

Lp, (f(a,w(l),b)> <0 < +

n m
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and

k2T (Cy 1Og(nmd))67> ‘ (B.503)

m

la2 <o (

Multiple Index Model: Final Guarantee

Considering training by Algorithm [7} we have the following results.

Theorem B.4.44 (Multiple Index Model with Low Degree Polynomial: Main Result). As-
sumen > Q (d?rk?(Cylog(nmd))™! +m), d > Cyrr®?, andm > Q (Lr7k*(Cylog(nmd))o7 1)

- and A\ = ~ay, and

for sufficiently large constants Cy4,Cj. Let 77(1) = m n(ll

n=n®=0(m™"), forallt € {2,3,...,T}. For any e (0,1), if T > Q ("%2), then with
properly set parameters and Algorithm@ with high probability that there exists t € [T] such

that
Loy fam wm p) < € (B.504)

Proof of Theorem [B.4.44 By Lemma[B.4.43] we have for properly chosen hyper-parameters,

1 r"r*(C)log(nmd))o+1
OPTww b,B,, < LDy (f(a,wu),b)) <0 (n + (Cilog( ) )> (B.505)

m

g%. (B.506)
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We compute the L-smooth constant of Lz (f(a,W(U,b)) to a.

VaZZ (f(al,W(l),b)) — VaZz (f(a27w(1>7b)> H2 (B.507)
1 . .
=~ [2 (f(al,W“%b) (%) = 9"~ flap W p) (X) + 9 ) o(WHTx — b)} (B.508)
x€Z 2
1
<= [2 (aIa(wﬂ)Tx —b)—ajo(WDTx — b)) s(WDTx b)} (B.509)
n x€Z 2
1 2
<23 [l — aall (WO Tx - b (B.510)
xX€Z
By the proof of Lemma 25 in |62], we have for Vi € [4m], with probability at least 1— 7poly(1m ik
|(w;,x)| <1, with some large polynomial poly(m,d). As a result, we have
Iy HW(DTXHQ <mi - <O@m) (B.511)
n = 2~ poly(m,d) — ’ '
Thus, we have,
1 2
L=0 ( s(WDTx — b)H > (B.512)
n XEZ 2
1 T 2
<0 ( wWhTx - bH2> (B.513)
n
xXeZ
2
<0 (i vv<1>TxH2 + HbH%) (B.514)
XEZ
< O(m). (B.515)

This means that we can let n = © (m_l) and we will get our convergence result. We

can bound ||a® |5 and ||a||2 by |[a®||s = O (v/m) and ||aljs = O 7 K% (Cy log(nmd))o7 ) _
I y o

O(e). So, if we choose T' > ) (g), there exists ¢ € [T] such that Eg (f(a(t)7w(1),b)) _

5 1) _3z12

Lz (f(a,w(1)7b)> <0 (M) <¢€/3.

=112 112 B2 2
We also have \/”aHQ(”W I Bz +I[bll2) < 5. Then our theorem gets proved by Theo-

n

rem [3.2.41 O
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Discussion. We would like to unify [62|, whcih are very closely related to our framework:
their analysis for multiple index data follows the same principle and analysis approach as
our general framework, although it does not completely fit into our Theorem due to
some technical differences. We can cover it with our Theorem [3.2.4]

Our work and [62] share the same principle and analysis approach. [62] shows that the
first layer learns good features by one gradient step update, which can approximate the true
labels by a low-degree polynomial function. Then, a classifier (the second layer) is trained
on top of the learned first layer which leads to the final guarantees. This is consistent with
our framework: we first show that the first layer learns good features by one gradient step
update, which can approximate the true labels, and then show a good classifier can be
learned on the first layer.

Our work and [|62] have technical differences. First, in the second stage, [62] fix the
first layer and only update the top layer which is a convex optimization. Our framework
allows updates in the first layer and uses online convex learning techniques for the analysis.
Second, they consider the square loss (this is used to calculate Hermite coefficients explicitly
for gradients, which are useful in the low-degree polynomial function approximation). While
in our online convex learning analysis, we need boundedness of the derivative of the loss
to show that the first layer weights’ changes are bounded in the second stage. Given the
above two technicalities, we analyze their training algorithm (Algorithm [4)) which fixes the

first layer weights and fits into our Theorem

B.5 Auxiliary Lemmas

In this section, we present some Lemmas used frequently.
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Lemma B.5.1 (Lemmas on Gradients).

oc X, (fE) oL X, (fE) oc X, (fE)
Vw Ly (f2) = { (8331 (8:\2i évjim ] : (B.516)
oL x = / /
_ [9Lp(f=) OLp(f=) 0Lp(f=)
VwClp(fz) = [ ow, 0w 7 Bwan ] (B.518)
OLp(f=
;f,it) = a;E(xy) [((yfz(x))y [o' ((wi,x) —b;)] x] (B.519)
OLp(f=
gi;f_) =Exy) [ (yfz(x))y o (Wi, x) —by)]] . (B.520)
Proof. These can be verified by direct calculation. O

Lemma B.5.2 (Property of Symmetric Initialization). For any x € R?, we have fzwo)(x) =
1 1
z( ) = _Wz(—l—)Qm'

) (1)

i = Witm-

0 . For all i € [2m], we have w When input data is symmetric, i.e,

Ex ) [yx] = 0, for all i € [m], we have w

Proof of Lemma[B.5.2. By symmetric initialization, we have fz)(x) = 0. For all i € [2m],

we have

wgl) =— n(l)ﬁ'(O)aSO)E(Xﬂ) [ya’ [<wl(.0),x> — bi] x} (B.521)
:U(l)gl(o)ag%mE(&y) [yal [<W§3)2m7x> - bi+2m} X] (B.522)
——wi, . (B.523)

When Ey ,[yx] = 0, for all i € [m], we have

OO 1 [0 ) ] 221
=V (0)a), By 90" | (~wiD,%) + birm | x| (B.525)
O B [ () b ] 520
=M (0)a?, Bixy) :—W' [<Wz(3)m’x> - me: X} (B.527)
—wl) (B.528)
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O]

Lemma B.5.3 (Property of Direction Neighborhood). If w € Cp -, we have pw € Cp , for

any p # 0. We also have 0 ¢ Cp . Also, if (D,s) € Sy~ By, we have (=D, s) € S, 4 B, -
Proof. These can be verified by direct calculation. O
Lemma B.5.4 (Maximum Gaussian Tail Bound). M,, is the mazimum of n i.i.d. standard

normal Gaussian. Then

e (B.529)

z
Pr{ M, > +/21 — | <
r( "= g™+ \/2logn) -

Proof. These can be verified by direct calculation. O

Lemma B.5.5 (Chi-squared Tail Bound). If X is a x2(k) random variable. Then, Vz € R,

we have
Pr(X > k+2Vkz+22) <e *. (B.530)
Proof. These can be verified by direct calculation. O

Lemma B.5.6 (Gaussian Tail Bound). If g is standard Gaussian and z > 0, we have

1 z _22/2 1 1 _ 2 2
— e < Pr >z < ——e 7/ B.531
Vorz22+1 gNN(O,l)[g ] Py ( )
Proof. These can be verified by direct calculation. O

Lemma B.5.7 (Gaussian Tail Expectation Bound). If g is standard Gaussian and z € R,

we have

E I 2 P 09, B.532
Egnopllly > 2gll <2 Pr 19> =] (B-532)
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Proof of Lemma[B.5.7. For any p € (0,1), we have

—1 2
/\/ﬁerf (2p-1) e—%x

= dz| < 2p°?, (B.533)
— 00 Vv

where v/2erf~}(2p — 1) is the quantile function of the standard Gaussian. We finish the

proof by replacing p to be Pry n0.1)[g > 2]. O

Lemma B.5.8. If a function g satisfy h(n+2) = 2h(n+1) — (1 — p?)h(n) + B for n € Ny
where p, > 0, then h(n) = —p% +c1(1 = p)" + ca(1 + p)", where c1,c2 only depends on
h(1) and h(2).

Proof. These can be verified by direct calculation. O

Lemma B.5.9 (Rademacher Complexity Bounds. Rephrase of Lemma 48 in [62]). For
fized W, b, let F = {fawp) : |all < Baa}. Then,

BZ,(|W||2B2 + ||b||3
R(F) < ¢ (W52 + [[b3) (B.534)

n
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Appendix C

Discussions, Complete Proofs and
Additional Experiments in Chapter
Towards Few-shot Adaptation of

Foundation Models via Multitask

Finetuning

In this appendix, we first state our limitation in Appendix [C.I] Then, we provide more
related work in ?7. The proof of our theoretical results for the binary case is presented in
Appendix where we formalize the theoretical settings and assumptions and elaborate
on the results to contrastive pretraining in Appendix and supervised pretraining
in Appendix [C.2.2l We prove the main theory in Appendix which is a direct

derivative of [C.2.1 and [C.2.2] We generalize the setting to multiclass and provide proof in

Appendix We include the full proof of the general linear case study in Appendix [C.4]
We provide additional experimental results of vision tasks in Appendix language tasks
in Appendix and vision-language tasks in Appendix [C.7]
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C.1 Limitation

We recognize an interesting phenomenon within multitask finetuning and dig into deeper
exploration with theoretical analysis, while our experimental results may or may not beat
state-of-the-art (SOTA) performance, as our focus is not on presenting multitask finetuning
as a novel approach nor on achieving SOTA performance. On the other hand, the estimation
of our diversity and consistency parameters accurately on real-world datasets is valuable but
time-consuming. Whether there exists an efficient algorithm to estimate these parameters

is unknown. We leave this challenging problem as our future work.

C.2 Deferred Proofs

In this section, we provide a formal setting and proof. We first formalize our setting in

multiclass. Consider our task 7 contains r classes where r > 2.

Contrastive Learning. In contrastive learning, we sampled one example = from any
latent class y, then apply the data augmentation module that randomly transforms such
sample into another view of the original example denoted x+. We also sample other r — 1
examples {x, };_, from other latent classes {y, };_}. We treat (z,z7") as a positive pair and
(z,x, ) as negative pairs. We define Deon(n) over sample (z, 2%, z7,...,z,_) by following

sampling procedure

(yayl_v"wyr_fl) NTZT (Cl)

. . _ -1 .
We consider general contrastive loss ¢, ({gf)(:c)T (p(z) — ¢(zy)) }2:1>, where loss function
{, is non-negative decreasing function. Minimizing the loss is equivalent to maximiz-
ing the similarity between positive pairs while minimizing it between negative pairs. In

particular, logistic loss £,(v) = log(1+ 3 ,exp(—v;)) for v € R"™! recovers the one

exp{¢(z) T p(zT)}
exp{p(z) T p(zt) }+372] exp{o(z) To(z; )}

used in most empirical works: —log ( > The popula-
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tion contrastive loss is defined as Leon—pre(¢) := E [Eu ({gb(:r)T (p(z™) — d(x)) 2;11)}

N
o . + — — . o . .
Let Scon_pre = {w],xj ’xﬂ’”"xi(r—l)}jﬂ denote our contrastive training set with

N samples, sampled from Deon(n), we have empirical contrastive loss Econ,pre(d)) =

58 [ ({o@)T (o) — el 1) |

Supervised Learning. In supervised learning we have a labeled dataset denoted as

Seon—pre = {xj,y; };V: , with N samples, by following sampling procedure:

Yy~ (C.3)

x ~ D(y). (C4)

There are in total K classes, denote C as the set consists of all classes. On top of the
representation function ¢, there is a linear function f € F C {Rd — RK } predicting the
labels, denoted as g(z) = f o ¢(x). We consider general supervised loss on data point (z,y)

Ug(x),y) = Lu ((9(x))y — (9(2))y 2yyec) - (C.5)

where loss function ¢, is non-negative decreasing function. In particular, logistic loss
£u(v) = log (1 + Y ;exp (—v;)) for v € RE~! recovers the one used in most empirical

works:

Ug(x),y) = Lu ((9(2))y — (9(2))y2y,yec) (C.6)
K

=log ¢ 1+ exp (= [(9(x))y — (9(x))k]) (C.7)
k#y
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The population supervised loss is

Lauppre(®) = min E £/ 0 0(@). ). (©9)

For training set Sgup—pre := {i, yl}f\i ; with IV samples, the empirical supervised pretraining

loss is Esupfpre(qb) = minfef % Zl]\il [E (f o (Z)(:Cz)v yl)]

Masked Language Modeling. Masked language modeling is a self-supervised learning
method. It can be viewed as a specific form of supervised pretraining above. The pretraining
data is a substantial dataset of sentences, often sourced from Wikipedia. In the pretraining
phase, a random selection of words is masked within each sentence, and the training
objective is to predict these masked words using the context provided by the remaining
words in the sentence. This particular pretraining task can be viewed as a multi-class
classification problem, where the number of classes (denoted as K) corresponds to the size of
the vocabulary. Considering BERT and its variations, we have function ¢ as a text encoder.
This encoder outputs a learned representation, often known as [CLS] token. The size of

such learned representation is d, which is 768 for BERTgasg or 1024 for BERT ARGE.

Supervised Tasks. Given a representation function ¢, we apply a task-specific linear
transformation W to the representation to obtain the final prediction. Consider r-way
supervised task 7 consist a set of distinct classes (y1,...,y,) C C. We define D7 (y) as the
distribution of randomly drawing y € (y1,...,¥,), we denote this process as y ~ 7. Let
Sr = {zj,y; };”:1 denote our labeled training set with m samples, sampled i.i.d. from y; ~ T
and z; ~ D(y;). Define g(¢(x)) := We(z) € R" as prediction logits, where W € R™?. The
typical supervised logistic loss is £(g o ¢(x),y) := £, ({g((b(x))y - g(d)(x))y/}y,#y). Similar
to [19], define supervised loss w.r.t the task T

Lop(T,¢):= min E & LW-6@)y). (C.10)
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Algorithm 8 Multitask Finetuning

Input: multitasks 71,..., Ty, pretrained model qg with parameter 0, step size
1: Initialize ¢ with ¢

2: repeat

3:  for all 7; do

4 00—V Lop(Ti, 0) { Loup(Ti, ) is defined in (4.2)}
5 end for

6: until converge

Output: The final model, denoted as ¢’

Define supervised loss with mean classifier as L5,,(T,¢) := E_ E [ (WF - é(x),y)]

y~T 2~D(y)
where each row of W# is the mean of each class in 7, Wj, = p,, = E (¢(x)),k =
Ty
1,...,7. In the target task, suppose we have r distinct classes from C with equal weights.

Consider T follows a general distribution ¢. Define expected supervised loss as Lg,p(¢) 1=

E Lan(T.0)]

Mutlitask Finetuning. Suppose we have M auxiliary tasks {71, 72, ..., Ty}, each with
m labeled samples S; := {(:c;, y;) : j € [m]}. The finetuning data are S := U;c[pnS;. Given

a pretrained model gﬁ, we further finetune it using the objective:

ped M

1=

M
1 ~ ~ 1 o
min — E Lsup(Tis ), where Lgyp(Ti, ¢) := min — E O(w; (5), ;) (C.11)
=1 ‘ j=1

This can be done via gradient descent from the initialization d; (see Algorithm .

Algorithm (8 has similar pipeline as |223| where in the inner loop only a linear layer
on top of the embeddings is learned. However, our algorithm is centered on multitask
finetuning, where no inner loop is executed.

Finally, we formalize our assumption Assumption below.
Assumption C.2.1 (Regularity Conditions). The following regularity conditions hold:
(A1) Representation function ¢ satisfies ||¢[|2 < R.
(A2) Linear operator W satisfies bounded spectral norm ||[W||2 < B.

(A3) The loss function ¢, are bounded by [0, C] and £(-) is L-Lipschitz.
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(A4) The supervised loss L, (T, ¢) is L-Lipschitz with respect to ¢ for V7.

C.2.1 Contrastive Pretraining

In this section, we will show how multitask finetuning improves the model from contrastive
pretraining. We present pretraining error in binary classification and Dy (y) as uniform.

See the result for the general condition with multi-class in Appendix [C.3]

Contrastive Pretraining and Direct Adaptation

In this section, we show the error bound of a foundation model on a target task, where the
model is pretrained by contrastive loss followed directly by adaptation.

We first show how pretraining guarantees the expected supervised loss:

Esup(¢) = TIEC [Lsup(Tv ¢)] . (C.12)

The error on the target task can be bounded by Lsup(¢). We use €* denote Lsup(¢7).
Lemma C.2.1 (Lemma 4.3 in [19]). For V¢ € @ pretrained in contrastive loss, we have
Lsup(9) < 155 (Leon—pre(¢) — 7).

We state the theorem below.

Theorem C.2.2. Assume Assumption [£.2.1] and that ® has v-diversity and x-consistency

with respect to ¢*, ¢¢. Suppose é satisfies ﬁcon,pm(é) < €. Let 7:= ( Pg 2{y1 =ys}.
Y1,Yy2)~n

N
Consider pretraining set Scon—pre = {:cj, x;r, x;} . For any § > 0, if
j=1

1 2 2
N> — [SLRRN@) + wlog()} )
€0 €0 )

Then with probability 1 — §, for any target task 7y C Co,

Esup(%a QZA)) - Esup(%a ¢*) S % |:1i7_(2€0 - 7-) - £sup(¢*):| + K. (0.13)
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The pretraining sample complexity is O(RJZO@) + logg/ 6)). The first term is the

0
Rademacher complexity of the entire representation space ® with sample size N. The
second term relates to the generalization bound. Pretraining typically involves a vast and

varied dataset, sample complexity is usually not a significant concern during this stage.

N
Proof of Theorem[C-2.3 Recall in binary classes, Scon—pre = {a:j, x;r, :c]_} . denote our
J:
contrastive training set, sampled from Deon(n7). Then by Lemma A.2 in [19], with [(A1)|
and [(A3)| we have for V¢ € ® with probability 1 — 6,

P ALRRN(®) log +
Leon—pre(®) — Leon—pre(¢) < N +C N(S . (C.14)
To have above < ¢y, we have sample complexity
1 8C* 2
N > 8LRRN(P) + — log(=)| -
€0 €0 1)

In pretraining, we have (5 such that

A~

»Ccon—pre (Qg) < .

Then with the above sample complexity, we have pretraining gZ;

£con—pre (d)) < 2¢p.
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Recall v-diversity and k-consistency, for target task 7y, we have that for qg and ¢*,

~ ~

Esup(%a QZS) - Esup(,ﬁ)a ¢*) = Esup(%a QZS) - £sup(767 ¢Z) + Esup(%a QsZ“) - Esup(%v ¢*)

(C.15)
< dey (6 88) + Loup(To, 0F) = Lsup(To, 67) (C.16)
<de(b, 60 /v + 5 (C.17)
Ly in *
< ; _ﬁsup(¢) - £sup(¢§)} Tk (C~18)
171 A .
= _ﬁ(ﬁcon,pre(qﬁ) —7T)—¢€ ] + K (C.19)
B PR S (C.20)
=, i=s € —T)—¢ K, .
where the second to last inequality comes from Lemma O

Contrastive Pretraining and Multitask Finetuning

In this section, we show the error bound of a foundation model on a target task can
be further reduced by multitask finetuning. We achieve this by showing that expected
supervised loss L, (¢) can be further reduced after multitask finetuning. The error on the
target task can be bounded by Lgyp(¢). We use € denote Lgyup(o7).

Following the intuition in [99], we first re-state the definition of representation space.

Definition 3. The subset of representation space is
B(e) = {¢ €D Lpe(d) < g} .

Recall § = {(z%,y}) : i € [M],j € [m]} as finetuning dataset.

We define two function classes and associated Rademacher complexity.

Definition 4. Consider function class

gf(g) = {gW,qﬁ(xvy) : gW,(b(xay) = E(W@(x;),y;),(b € (I)(g)v ||W||2 < B} .
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We define Rademacher complexity as

n

Rn(Ge(€)) = E sup aill(W - o(x;),y;)
{oa}jo x5yt eegg(g)j; ! T

Definition 5. Consider function class

g(g) = {945 : g¢(T) = ﬁsup(Tv ¢)7¢ € (I)(g)}

We define Rademacher complexity as

M

sup Zai['sup(,nv ¢) .

Rm(G(€) = E
{0} M ATiHL, | ped(e) i=1

The key idea is multitask finetuning further reduce the expected supervised loss of a

pretrained foundation model ¢:

Lsup(d) = ey [Loup(T, 0)] - (C.21)

We first introduce some key lemmas. These lemmas apply to general r classes in a task

T.

Lemma C.2.3 (Bounded Rademacher complexity). By |(A2)|and [(A3)} we have for Vn

Rn(Ge(8)) < 4v/r — ILBR,(®(¢)).

Proof of Lemma[C-2-3. We first prove £(g(¢(z)),y) is \/2(r — 1) L B-Lipschitz with respect
to ¢ for all Yy € C. Consider

F(9(6())) = {9(6(x))y — 96Ny},
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where f, : R" — R"~!. Note that

tgo o), y) =€ ({9(6x)y — 960y}
— 0(£,(9(6(x)))).

By |(A3)| we have ¢ is L-Lipschitz. We then prove f, is \/2(r — 1)-Lipschitz. Without loss

generality, consider y = r. We have fy,(y) = [yr — yz]::_ll We have % =—-1{j=i},i=
of; . .
% = 1. The Jacobian J satisfies || J||2 < ||J||F = v/2(r — 1).

Since g is B-Lipschitz by |(A2)t||[W |2 < B. Then ¢(g(¢(x)),y) is 1/2(r — 1) LB-Lipschitz
with respect to ¢ for all Vy € C. The conclusion follows Corollary 4 in [177]. O

1,...,r—1,

Lemma C.2.4 (Bounded €). After finite steps in Multitask finetuning in Algorithm [8| we
solve Equation 1D with empirical loss lower than ¢ = %ﬁ(%o —7) and obtain ¢'. Then

there exists a bounded € such that ¢’ € ®(€).

Proof of Lemma[C-2.4 Given finite number of steps and finite step size v in Algorithm

we have bounded ||¢/ — ¢||. Then with [(A2)| and [(A3)| using Lemma we have

£(g(é(x)),y) is \/2(r — 1)LB-Lipschitz with respect to ¢ for all Yy, using theorem A.2 in
[19] we have l,, is LC-Lipschitz with respect to ¢, we have Zpre(é) is M-Lipschitz with
respect to ¢ with bounded M. We have 3 € such that Lpe(¢') — Lpre(d) < €]|¢/ — . We
have Epre(qb’) < e+ €||¢) — @|. Take é = ey + €||¢/ — ¢|| yields the result. O

Lemma C.2.5. Assume Assumption and that ® has v-diversity and k-consistency with
respect to ¢*, ¢7. Suppose for some small constant o € (0,1) and €, we solve Equation 1}

with empirical loss lower than ¢; = $1-(2¢9 — 7) and obtain ¢'. For any § > 0, if

M > 1 AN2LR (D (E)) + ac 1og(§)] ,Mm > 1 {8\/7“ — 1LBRym (®(€)) + ac 1og(§)

€1 €1 €1 €1
then expected supervised loss Ly, (¢') < aﬁ(Qeo — 7), with probability 1 — 4.

Proof of Lemma[C2-3 Recall S := {(z%,y}) : i € [M],j € [m]} as finetuning dataset. Con-
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sider in Equation we have W := (Wl, W ) and ¢’ such that < Z]\i 1 Py K(WZ
¢'(ah),y5) < e1 < §eo
We tried to bound n
Lon(@) = - S 0T, ¢/(23), 1))

m 4
Jj=1

Recall that

Lowp(Ti¢) = min B E JEOWV-e@)y)].

For V¢ € ®(€)

Lon0) = Erog ol T.0) = Broc | min B & OV 0(0.0)]]

We have for V¢ € ®(€), by uniform convergence (see |184] Theorem 3.3), we have with
probability 1 — §/2

1 2R log(2/4)
Er e [LonlTo0)] — 22 D Luup(Tro0) <2 ngw/ (C.22)
=1
2[ LRM log(2/5
< i (C.23)

where the last inequality comes from [(A4)|and Corollary 4 in [177]. To have above < €;/2,

we have sample complexity
1 . 402 2
1 1

Then we consider generalization bound for V¢ and W := (W5, ..., Wyy)

M
1 7 7
sup ¢7 M ; inTi xZND )e (Wz . ¢($ )a Yy ) (024)
1 L & .
sup CZ)» M Z E Z£ Z‘)a (0'25)

—_

=1 j=

where W = (Wl,. . .,WM).
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By uniform convergence (see [184] Theorem 3.3), we have with probability 1 — /2,

- 2Ran(90) , [08(2/6) _ 8Yr—ILBRun(®(@) , ., [l0p(2/0)

ﬁsup(¢7w)_ﬁ5up(¢7w) = Mm Mm Mm Mm ’

where the last inequality comes from Lemma To have above < €1/2, we have sample
complexity

1 . 407 2
Mm > . 8vVr — 1ILBRpym (P(€)) + - log(g) ,
1 1

satisfying V¢ € ®(€)

M

— i E E .
M 2w o) [E(W - ¢(2),y)]

1 M
M Z Esup(’na ¢) =

Il
A

1 Y _
<L .E LE. (Wi 6la),y)]

Then combine above with Equation (C.22)

ﬁsup(d)) = TI?C [ﬁsup(Tv </>)]

< Loup(, W) + €1

We have
1 < VA VA
£sup(¢/) - E Ezlg(Wz ¢,($j)7y]) <e€
j:
, 1
Loup(P') < 261 < al — 7_(260 —7)
The boundedness of € follows Lemma [C.2.4] O

We state the theorem below.

Theorem C.2.6. Assume Assumption and that ® has v-diversity and k-consistency
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with respect to ¢*, ¢z. Suppose for some small constant « € (0, 1), we solve Equation 1}

with empirical loss lower than €; = %ﬁ(%o — 7) and obtain ¢'. For any § > 0, if

1 - 4C? 2 1 4C* 2
M > L avaERu @) + X 1083  Mm > L [SLBRym(2(@) + 2 108(3)] .
€1 €1 ) €1 €1 1)

then with probability 1 — d, for any target task Ty C Co,

LalTos )~ LT, 6) < |ar (20 = 1)~ Lugle) |+ (C20)

Proof of Theorem[C.2.6l Recall with v-diversity and s-consistency with respect to ¢*, ¢f,

for target task 7Ty, we have that for ¢’ and ¢*,

ﬁsup(’ﬁ]: ¢/) - Esup(%a ¢*) = ESUp(%? Cb,) - Esup(%> (Z)z) + Esup(%a ¢Z) - Esup(%a (b*)

de(¢', 08 + &

IN

IN

IN

o (260 — 7) — €' | + kK,

1

v

1 / «

; [['sup(d) ) - ﬁsup(¢()} + K
1

v 1—-7

where the last inequality comes from Lemma [C.2.5] where taking r = 2. O

C.2.2 Supervised Pretraining

In this section, we will show how multitask finetuning improves the model from supervised
pretraining. We present pretraining error in binary classification and Dy (y) as uniform.

See the result for the general condition with multi-class in Appendix [C.3]

Supervised Pretraining and Direct Adaptation

In this section, we show the error bound of a foundation model on a target task, where the

model is pretrained by supervised loss followed directly by adaptation. For general y ~ 7.

Let p; := Z,’}ll;]{y = v;}, where Zfil p; = 1.
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Lemma C.2.7. Suppose y ~n and | < Pr{y = y;} < u. Consider a task 7 containing r
Y~

classes, which is a subset of the total class set C. We have V¢ € @,

Lop(0) < (5) Loup-pre(6),

where

Lauppre(d) = min E [£(f 0 6(2). ). (C.27)

Proof of Appendiz[C.2.3. We first prove r = 3, where T = {y1,92,y3}. Then in supervised

pretraining, we have:

Lopreld) =min E_ E [0(f 0 0(x).y)]. (C.28)

Let f = (f1, f2,f3)" be the best linear classifier on top of ¢, the prediction logits are

g(x) = f o é(x) = (91(), g2(x), ga()) . Then we have:

E [¢(g0 (). 4)] = — o exp(g1(z))
a:~y1[ (g0 (@), )] gzizl exp(gx(7))

We let yi(z) = exp(gr(z)), k = 1,2,3. Then

Esup—pre(¢>

E |lo y1(33)> E <lo y2($)> E <10 y;;(x))]
Mo ( B @) e (BT ) e S @)
=p; E <log M) +p2 E <10g M) +p3 E <log M) .

o~ y1 () ya(x) ys(x)

Recall

Loup(T,¢) :=min E E [ﬁ <wT¢(x),y>] . (C.29)

w y~T  onD(y)
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sup (T d’)

y~T

mNIE(y) [E ('quﬁ(aj),y” ’
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(C.30)

where w is the corresponding sub-vector of f according to task (for e.g., w = (f1, fo) ' if

T ={y1,y2}). Then we have

p1p2
p1p2 + p1p3 + p2p3
_ p1p3
DP1p2 + p1p3 + p2p3
_ p2p3
DP1DP2 + p1p3 + pa2ps3
_ pip2
© p1p2 + p1p3 + p2p3
P1Db3
DP1p2 + P1p3 + P23
p2p3
DP1p2 + p1p3 + p2p3

sup(T (b)

N~ NI~ N~

N = N = N

E <log
_IENyl

E <log
| T~Y1

E (log
| TY2

E (log
| TY1

E <10g
|z~

E <10g
| TY2

+ Z/2 e @)t (s e
+y3 o) B (o
+y3 ) * o (e (lﬂ;g()
) (o5
o)+, (T
). (e

By observing the terms with y;(z) as denominator (similar as ya2(z), y3(z)), we want to

prove:

n (2>

This obtained by (%) > %%

We have

p1p2 + p1p3

1
2 <p1p2 + pip3 + p2p3> '

LT, 0) < (3) Loup-prel@).

For the general K-class setting, we follow similar steps, we have

Lsup—pre(d)

We denote J as all possible r product of p; € {p1, ...

yi(z) )]
Zk 1 Yk(T)

v}, J ={p1---pr,...}. Similarly,

)
)
)
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we have

Liup(T, ) = _% > [Hiiﬂ% Z;x@y (log S i) bil(®) )] 7

TCC jeT Yi (aj)

where T are all tasks with r classes. By observing, inside the summation there are in total

(")

) terms with y;(z) as the numerator, where corresponding probability is
D1 Hie’T,i;ﬁl bi
J )

yi(z)
ZkK:1 Yk ()

yi(x),j €T). O

where each term can be upper bounded by — (%)T p1 E (log ) (similar as
Y,

We state the theorem below.

Theorem C.2.8. Assume Assumption and that ® has v-diversity and k-consistency
with respect to ¢, ¢f. Suppose (;AS satisfies ﬁsup_pre(d;) < €. Let p; := y]E’Vl;Y{y =y} , where
Efil p; = 1. Let p := %j@'gj. Consider pretraining set Sgyp—pre = {mi,yi}f\il, for any

§>0,if

1 2 2
N > — |8LRVKRN(®) + glog(f)
€0 €0 1)

Then with probability 1 — §, for any target task 7y C Co,
R 1
['sup(’ﬁ)a ¢) - *Csup(%v ¢*) < ; [2/)260 - E*] + K. (031)

Proof of Theorem[C-2.8 The proof follows similar steps in Theorem For supervised
pretraining, the sample complexity is similar to Theorem [C.2.2] note that there is an extra
v K term. We show how we have this term below:

Consider function class

Go = {gw,¢(x,y) L gwe(@,y) = LW T ¢(25),10), 6 € @, W]z < B} .
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The Rademacher complexity is

Rn(gé) -

sup U'EW'(ﬁ%'?y-
lojrteividiz Eegej; it (%5), 5)

Then from Lemma[C.2.3] the pretraining is a large task with classification among K classes
Rn(Ge) < 4VKLBR, ().

Then by Theorem 3.3 in [184], with|(A1)|and|(A3)| we have for V¢ € ® with probability
1-9,

;Csupfpre(ﬁb) - Esup*pre((ﬁ) S 4LR\/?RN((I))

log &

C g C.32
~ + ~ (C.32)
To have above < ¢y, we have sample complexity

1 8C?
N > — |[8LRVKRN(®) + — log(
€0

a6

With the above sample complexity of Ssup—pre = {4, yi}f\il, we have pretraining qg

['sup—pre (Qg) < 2e¢p.

Recall v-diversity and k-consistency, with respect to ¢*, qbz, for target task 7p, we have
that for (5 and ¢*,
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Loup(T0:0) = Loup(To, ") < dey (0, 87) + Loup(To: 0F) = Loup(To, 6°) (C.33)
< de(d,87) /v + (C.34)
<2 [Lonld) sup(<z><>] (C35)
< [P Lowppred) ] 45 (C.36)
< % [2p%c0 — €] + & (C.37)

where the second to last inequality comes from Lemma

Supervised Pretraining and Multitask Finetuning

In this section, we show the error bound of a supervised pretrained foundation model on
a target task can be further reduced by multitask finetuning. We follow similar steps in
Appendix [C:2.1] Recall Definition [3] similar to Lemma [C:2.5 we introduce the following

lemma under supervised pretraining loss.

Lemma C.2.9. Assume Assumption and that ® has (v,e¢)-diversity for ¢ and Cp.
Suppose for some small constant o € (0, 1), we solve Equation (4.2)) with empirical loss

lower than ¢; = %2/)260 and obtain ¢’. For any ¢ > 0, if

1 . 4C? 2 1 4C? 2
M=~ AV2ER 1 (9(8)) + eclog((;)] Mm > — [16LBRMm(¢(€)) + Ei log(5)
1 1 1 1

then expected supervised loss Ly, (¢') < 20p%eq, with probability 1 — 6.
Proof of Lemma[C-2.9. The steps follow similar steps in Lemma [C.2.5 O

We state the main theorem below.

Theorem C.2.10. Assume Assumption and that ® has (v, €)-diversity for ¢ and Cp.

Suppose for some small constant o € (0,1), we solve Equation (4.2)) with empirical loss
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lower than ¢; = %szeo and obtain ¢’. For any ¢ > 0, if
1 - 4C? 2 1 40 2
M>— ANV2LR (D (E)) + 61og(6)] Mm > — [16LBRMm(<I>(€)) +——log(5)
1 1 1 1

then with probability 1 — ¢, for any target task Ty C Cy,
* 1 *
Laup(To, ¢') = Lap(To, 67) < — (2000 = Laup(07)) + €. (C.38)

Proof of Theorem [C.2.10, Recall v-diversity and k-consistency, with respect to ¢*, ¢Z, for

target task 7y, we have that for (;AB and ¢*,

Loup(To, ') — Lap(T6,6") < de(&,67) + Laup(To, 69 — Loup(To, &) (C.39)
<de(¢, 90 v + 5 (C.40)
< [Launld) — Laup(62)] + 5 (C.41)
< % (2ap’€0 — €*) + K, (C.42)

where the last inequality comes from Lemma [C.2.9]

C.2.3 Masked Language Pretraining

The theoretical guarantee in masked language pretraining follows the same error bound in

supervised pretraining, with K representing the size of the vocabulary.

C.2.4 Unified Main Theory

We now prove the main theory below. We first re-state the theorem.

Theorem 4.2.1. (No Multitask Finetuning) Assume Assumption and that ® has v-

diversity and k-consistency with respect to ¢* and o Suppose qg satisfies ﬁpre((i) < €.
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Let 7:= Pr {y1 = y2}. Then for any target task 7y C Co,
(y1,y2)~n?

R 1 2
ﬁsup(%7¢) - ﬁsup(%a¢*) S ; 1 EO

— Lopld?)] + 5. (13)
Proof of Theorem[4.2.1. The result is a direct combination of Theorem [C.2:2] and Theo-
rem [C.2.8] O

Theorem 4.2.2. (With Multitask Finetuning) Assume Assumption and that ® has v-

diversity and k-consistency with respect to ¢* and qbz Suppose for some constant o € (0, 1),

we solve Equation 1} with empirical loss lower than €; = § 20 and obtain ¢/. For any

1—7

6> 0, if for € = Zpre(¢/)>

1 - 4C? 2 1 4C? 2
M > — [4V2ER(9(6) + Llog(f) ,Mm > = |16LBRym (®()) + ilog(f)
€1 €1 1) €1 €1 1)

then with probability 1 — §, for any target task 7y C Cy,

2¢€0

ﬁsup(%a ¢/) — Esup(%, ¢*) S % |:Oé1 — ﬁsup(¢z):| + K. (4.4)

Proof of Theorem[.2.3. Follow the similar steps in proof of Lemma [C:2.5 we have

2p?

-7

Esup(¢/) <2¢ < al €0-

Recall v-diversity and x-consistency, with respect to ¢*, qu, for target task 7Ty, we have

that for ¢/ and ¢*,
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Lsup(To,¢') = Lsup(To,¢") < dey (¢ 0¢) + Loup(To, 8¢) = Lsup(To, ¢7) (C.43)
< dc(¢', %) /v + (C.44)
1
< ; [ﬁsup(¢,) - Esup(QSZ)] + K (045)
2
< % [a 12£) —€0 — e*] + K. (C.46)
O

The sample complexity of finetuning depends on € = Epm(d)’ ). Below we show that €

can be upper bounded in finite step finetuning.

Lemma C.2.11 (Bounded €). After finite steps in Multitask finetuning in Algorithm (8| we
solve Equation 1' with empirical loss lower than €; = %ﬁ(Qeo —7) and obtain ¢'. Then

there exists a bounded € such that ¢’ € ®(é).

Proof of Lemma|[C.2.11] Given finite number of steps and finite step size + in Algorithm

we have bounded ||¢/ — ¢||. Then with [(A2)|and |(A3)| using Lemma and lemma

~

A3 in [19], we have L,¢(¢) is M-Lipschitz with respect to ¢ with bounded M. We have
3 € such that Lpe(¢') — Lpre(d) < €l|¢’ — @||. We have Lppe(d') < €0 + €]|¢/ — ¢||. Take

€ = eo+€||¢/ — ¢|| yields the result. O

C.2.5 Bounded Task Loss by Task Diversity

By the previous lemma and claim, we have the below corollary.

Corollary C.2.12. Suppose we have ¢ in pretraining: for V¢ € @, Lgy(¢) < L (%)r Lpre(9),

S 15

where Lpre(¢) is Leon—pre(¢) if contrastive learning and Lgyp—pre(¢) if supervised learning.

Consider p = 7 and Corollary

Recall v-diversity and x-consistency, with respect to ¢*, qbz, for target task 7Ty, we have

that for gﬁ and ¢*,



Loup(To,0) — Loup(To, 8%) < dey (6, 8E) + Loup(To, 8F) — Lsup(To, 67)

— A~

< de(d,¢7)/v+ K
1 ~
S ; |:£sup(¢) - Esup((bZ)] + K
1 " A
< ; |:1p_7_»cpre(¢) - Lsup(¢*):| + K.

C.3 Multi-class Classification

In this section, we provide a general result for multi-classes.

C.3.1 Contrastive Pretraining

Lemma C.3.1 (Theorem 6.1 in [19]). For multi-classes, we have

1
ﬁsup((p) S ﬁ;up(qﬁ) S ﬁﬁcon—pre(d))a

—r

where 7, = E 1{y does not appear in (y; ,...,¥y,_ 1)}
(YY1 oYy )"
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(C.47)
(C.48)

(C.49)

(C.50)

(C.51)

Proof of Lemma[C-3-1 The proof of Lemma [C-3.1] follows the first two steps in the proof

of Theorem B.1 of |19]. we denote distribution of y ~ T as Dy(y) and it’s uniform

distribution.

O]

We first provide contrastive pretraining error similar to Theorem in a multiclass

setting.

Theorem C.3.2. Assume Assumption and that ® has v-diversity and k-consistency

with respect to ¢*, (;52. Suppose dA) satisfies ﬁcon_pre(éﬁ) < ¢p. Consider a pretraining set

N
Sun = {mj, x;r, Ty, 7%'(7’—1)} . For target task 7p, with sample complexity

1 8C"? 2
N > p~ SLRVr — 1RN(®) + — log(g)
0 0



it’s sufficient to learn an ¢ with classification error Lsup(To, gg)—ﬁsup(%, P*) < % [

€, with probability 1 — 4.

Proof of Theorem[C-3.3 Following similar step of proof of Theorem we have with

1 8C* 2
N > — [8LRVr — 1RN(®) + —log(g) .
€0 €0

Then pretraining qAﬁ

Econ—pre ((Z)) < 2¢p.

Recall v-diversity and k-consistency, for target task 7, we have that for (;AS and ¢*,

Loup(To,9) — Laup(To, 6") < de(d,67) /v + & (C.52)
< % Esup(é) - Esup( Z) + K (053)
(C.54)

Consider Lemma [C.3.1], we have:

N 1 1 N
Esup(,ﬁ): (b) - ['sup<767 ¢*) S ; |:1_7_£con—pre(¢) - 6*:| + K (055)
1260
—V<1_TT 6>+/€. (C.56)
O

Below, we provide our main result similar to Theorem for multi-classes setting.

Theorem C.3.3. For target evaluation task 7y, consider the error bound in pretraining is

A~

Lsup(To, @) — Lsup(To, ¢*) < 1 [ﬂ — e*] + k. Consider « as any small constant, for any

— v |1l—7p

€1 < %12_1, consider a multitask finetuning set S = {(z%,y}) : i € [M],j € [m]}, with M
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number of tasks, and m number of samples in each task. Then, with sample complexity

2
1 [4\/§ZRM(<I>(€)) LA 1og(§)]
€1 €1

Mm > ei [8LB\/7‘ — 1R um (P(€)) + 46012 log(i)} .

[ay

Solving Equation (4.2)) with empirical risk lower than €; is sufficient to learn an ¢’ with

classification error Lsup(70,9') = Loup(To, ¢*) < 1 (a7 — €*) 4 &, with probability 1 — 4.

1—7,

Proof of Theorem[C.53.3 Recalling Lemma and Lemma the proof follows the
same steps in the proof of Theorem [C.2.6] with different r.

C.3.2 Supervised Pretraining

We first provide contrastive pretraining error similar to Theorem in the multiclass

setting.

Theorem C.3.4. Assume Assumption [£.2.1] and that ® has v-diversity and k-consistency
with respect to ¢*, ¢¢. Suppose ¢ satisfies ﬁsup,pre(é) < €. Let p; := ylil;}{y =y;} , where

Zfil p; = 1. Let p := %jﬁ;. Consider pretraining set Ssyp—pre 1= {xi,yi}f\;l, for any
5> 0, if
2

1 2
N > — |8LRVKRnN(®) + glog(f)
€0 €0 1)

Then with probability 1 — §, for any target task 7y C Co,

n * 1 7 *
ﬁsup<%7 (b) - Esup(%v ¢ ) S ; [20 €0 — Esup(¢<)] + K. (057)
Proof of Theorem[C-3.]. The proof follows similar steps of Theorem [C.2.8] O

Below, we provide our main result similar to Theorem for multi-classes setting.

Theorem C.3.5. Assume Assumption 4.2.1] and that ® has v-diversity and k-consistency

with respect to ¢, ¢7. Suppose for some small constant o € (0,1), we solve Equation 1}
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with empirical loss lower than e; = §2p"¢y and obtain ¢’. For any § > 0, if

1 - 402 2 1 4C? 2
M>— AN2LR (D (E)) + Ei 1og(6)] Mm > — {SLB\/T — 1Ry (®(€)) + eﬁ log(5)
1 1 1 1
then with probability 1 — ¢, for any target task Ty C Cy,
1
Esup(’ﬁ)v Cf)/) - Esup(%v qb*) é ; (QQPTEO - ﬁsup(QbZ)) + K. (058)

Proof of Theorem[C.3.5 Recalling Lemma and Lemma [C.2.5] the proof follows the
same steps in the proof of Theorem [C.2.10] with different r. O

C.4 Linear Case Study

In this section, we provide a full analysis of the linear case study to provide intuition about
our consistency, diversity, and task selection algorithm. Intuitively, we have multiple classes,
each centered around its mean vector. Target data has a subset of classes, while training
data has another subset of classes. Consistency and diversity are related to how these two
subsets overlap, i.e., the number of shared features and the number of disjoint features.
Then, we can link it to the task selection algorithm.

In this section, z; means the i-th dimension of vector z rather than the sample index.

C.4.1 Problem Setup

Linear Data and Tasks. We consider dictionary learning or sparse coding settings,
which is a classic data model (e.g., [204, [270| [33, 241} [242]). Let X C R¢ be the input
space and we have input data € X'. Suppose Q € R*P is an unknown dictionary with
D columns that can be regarded as patterns or features. For simplicity, assume d = D and
Q is orthonormal. We have z € {0, —1, +1}¢ as a latent class, where z is a hidden vector
that indicates the presence of each pattern. Each latent class z has a distribution D, (x)
over inputs z. We assume D, (z) be a distribution with mean Qz, i.e., z = Qz + e,, where

e, € R? is some noise vector drawing from a zero-mean distribution.
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For simplicity, we consider each task to be a binary classification task, where ) =
{—1,+1} is the label space. In each task (in multitask finetuning or target task), we have
two latent classes z, 2’ (denote the task as 7 ./) and we randomly assign —1 and +1 to

each latent class. W.l.o.g., we have in 7, ./:

Qz+e, ify=-1
= (C.59)

Q7 +e,, ify=+1.

For simplicity, we consider a balanced class setting in all tasks, i.e., p(y = —1) = p(y =
+1) = 3.

Now, we define multitask finetuning tasks and target tasks. Suppose there is a set of
latent classes C C {0, —1, +1}% used for multitask finetuning tasks, which has an index set
Je C [d], ke := |Je| such that for any z € C, we have zj, € {—1,+1}*¢ and 24, 5, € {0} e
Similarly, suppose there is a set of latent classes Cy C {0, —1, +1}¢ used for target tasks
whose index set is Jy C [d], ko := |Jo|. Note that Je may or may not overlap with Jy
and denote the set of features encoded both by Cy and C as L¢ := Jy N Je,le = |L¢|.
Intuitively, L¢ represents the target features covered by training data. Let ¢ over C x C be
the distribution of multitask finetuning tasks. Then, in short, our data generation pipeline
for multitask finetuning tasks is (1) sample two latent classes (z,2’) ~ ¢ as a task T ./;
(2) assign label —1,+1 to two latent classes; (3) sample input data from D, (z) and D,/ (z)
with balanced probabilities.

For simplicity, we have a symmetric assumption and a non-degenerate assumption for
(. Symmetric assumption means each dimension is equal important and non-degenerate

assumption means any two dimensions are not determined by each other in all tasks.

Assumption C.4.1 (Symmetric). We assume for any multitask finetuning tasks distribution

, for any j, k € J¢, switching two dimensions z; and z; does not change the distribution (.
Y J g J g

Assumption C.4.2 (Non-degenerate). We assume for any multitask finetuning tasks

distribution ¢, for any j, k € Je, over ¢ we have p(z; = 2}, 2 # 2;,) > 0.
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Remark C.4.3. There exists many ¢ satisfying above assumptions, e.g., (1) 2z, and zf]c
uniformly sampling from {—1, +1}*¢; or (2) let k¢ = 2, 2, and 2y, uniformly sampling from
{(+1,+41),(—=1,41),(+1,—1)} (note that uniformly sampling from {(+1,+1),(—1,—-1)}
does not satisfy non-degenerate assumption). Also, we note that even when C = Cy, the

target latent class may not exist in the multitask finetuning tasks.

Linear Model and Loss Function. Let ® be the hypothesis class of models ¢ : X — Z,
where Z C R? is the output space of the model. We consider a linear model class with
regularity Assumption ie, ® = {¢ € R ||¢||p < R} and linear head w € R?

where ||w||2 < B. Thus, the final output of the model and linear head is w ' ¢z. We use

linear loss in [245], i.e., £ (ngbx,y) = —yw ' ¢z and we have
Losun(T, d) := i E E |¢(w' ¢z, C.60
p(T ¢) wERdr,rﬁngQgB z2,y~T  x~D(z) [ (w oz y>} ( )
Loup(9) = E [Loup(T, )] (C.61)
qﬁz = arg min L, (¢), (C.62)
ped

where (bz is the optimal representation for multitask finetuning.

C.4.2 Diversity and Consistency Analysis

Optimal Representation for Multitask Finetuning

Lemma C.4.1. Assume Assumption and Assumption We have ¢f = U A*QL,

where U is any orthonormal matrix, A* = diag(A\*). For any i € Je, A} = % and A7 =0

otherwise.

Proof of Lemma[C4.1 We have the singular value decomposition ¢ = UAV", where
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A = diag()\), where A € R%. Then, we have

ﬁsup(d)) = TI?C [»Csup(T7 ¢)] (063)
= E i E E |[0(w' C.64
T~¢ [weRdr,Iﬁﬁth z,y~T  z~D,(x) |: (U) ¢$,y>:|:| ( )
— 1 T . T
R [weRC{nng (mgz(m [ (w"on-1)] e [ (w w’H)m
(C.65)
1
= E E |-w' .66
27;£E’:NC |:w6RdHﬁg?|l|2<B x~D (x) |:’lU ¢:E:| +x~D () |: v ¢$:|:| (C 6 )
1
_ E T T ! C.67
T 2T~ [weRfﬁﬁwa $Qz —w ¢Qz] ( )
B
Y T [HqﬁQ(z —2)|l2] (C.68)
_ B T
=3B [HAV Qz = o] - (C.69)

W.lo.g., we can assume V' = Q1. As ||6||r = ||Allr = ||A||]2 thus we have

glelgﬁsup(ﬁﬁ) = —g HAHF<R7; B [IIA(z = 2)]|2]
= fE max E Zd:)@(z, . z’.)2
2 Me<R T~ |\ &7 i %
_ B d ) o
C2 Hxl\llllzai{RﬁENg \ ; Xi(zi — %)
=Yy B ;C ALz # 2] | (C.70)

where 1[z; # z/] is a Boolean function, mapping True to 1 and False to 0.

Let gi)g UA*Q~! with corresponding A\*. Now, we use contradiction to prove for any
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7,k € Je, we have /\; = ;. W.Lo.g., suppose AT <AL

Loup(¢¢)

Tozre ieJe\{j.k}

_ B E \/A;Qn[zj#z;]w%uzwéz,;u S ARl £

= —B{p(zj # 25, 2k 7 Z;;)T ENC A;TQ + A2+ Z NP1z # 2|25 # 25, 20 # %
o i€Je\{5.k}
+p(zj =2,z #2,) _E \/)\22-1- Z APz # 2|z = 2, 21 # 2

T | i€ Je\{j.k}

+p(z # 2z = 2,) E \/)\;2-1- Z NP1z # 2|2 # 2, 20 = 2 }

z ZINC . .
’ i€Jc\{j,k}
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where two equality follows Assumption and the inequality follows Jensen’s inequality.
)\,52 )\*2

Let ¢/ = UN Q™! with corresponding )\, where Np= X, = % and for any i €

Je \ {5, k}, Aj = Aj. We have [|¢|[r = [¢¢]lF and Loup(¢7) > Loup(¢') which is a

contradiction as we have ¢Z‘ is the optimal solution. Thus, for any j,k € Jg, we have

A7 = Ay and we finish the proof under simple calculation. O

Now, we are ready to analyze consistency and diversity under this linear case study.

Consistency

The intuition is that ¢ not only covers Cy but contains too much unrelated information.
Recall that the consistent term in Deﬁnitionis K = suprce, | Lsup(To, ¢Z) — Lup(To, qﬁé)] )

We first define some notation we will use later. Let (4 be a multitask finetuning tasks
distribution over Cyp x Cp and denote the corresponding optimal representation model as ¢{.
Suppose for any target task 7y contains two latent classes z, 2’ from Cy. W.l.o.g., denote
z, 7' differ in ng entries (1 < ng < kg), whose n¢ entries fall in Le |, where 0 < ne < ng.

Then, we get the lemma below:

Lemma C.4.2. Assume Assumption and Assumption We have

_ £ ] _ o [nc
h= sup [Loup(To, ¢7) — Lsup(To, d5)] = BR <\/,:O \/;> (C.71)

Proof of Lemma[C].9 Recall 1 < ng < ky and 0 < n¢ < ng. By Lemma [C.4.1], we have
o = UA*Q~!, where U is any orthonormal matrix, A* = diag(\*). For any i € Jg,

M= L and \¥ = 0 otherwise. We also have ¢ = UgAQ ™!, where U is any orthonormal

~ Vke
matrix, A(’; = djag()\o’*), For any i € Jp, )\?’* = \/% and )\?’* = 0 otherwise. Thus, we have
K = Sup ['Csup(%a ¢Z‘) - *Csup(%v ¢6)] (072)

ToCCo

— BR (\/Z»g - \/Z> . (C.73)
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Let n, = k¢ — n¢. Note this k¢ is an increasing factor if C contains more features.
Moreover, n¢ is the number of features encoded by both target and training data, rep-
resenting the information of target data covered by training data, n¢ increases as more
target information covered by training data, the loss will decrease. n; is the number of
features encoded in training data but not encoded by target data, representing the un-useful
information, n;, increases as more un-related information is covered by training data, the

loss will increase.

Diversity

We first review some definitions in Definition [I] The averaged representation difference
for two model ¢, ¢ on a distribution ¢ over tasks is

dC((ba ¢) = TIfE;C [*Csup(T7 d)) - ﬁsup(Ta &)} = ﬁsup(d)) - ['sup(q;) (074)

The worst-case representation difference between representations qb,gz; on the family of

classes Cy is

dCo (¢7 (b) ‘= Sup Esup(%v ¢) - ‘Csup(’ﬁ)y ¢) . (0'75)
ToCCo

We say the model class @ has v-diversity for ¢ and Cy if for any ¢ € ® and qbz,

de, (¢, 97) < de(d, 9¢) /v (C.76)

To find the minimum value of v in Definition (I, we need further information about
(. For simplicity, we have a fixed distance assumption, e.g., uniformly sampling from
{(+1,+1,-1),(+1,—-1,41),(—1,+1,+41)}. Then, we consider two different cases below.

We consider that all Ty C Cp such containing z, 2’ that differ in only 1 entry.

Assumption C.4.4 (Fixed Distance). We assume for any multitask finetuning tasks

distribution ¢, for any two latent classes (2, 2’) ~ ¢, we have z, 2’ differ in n; entries.
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Case L¢ # Jyp. In this case, Jy \ L¢ # 0, we have the features learned in multitask
finetuning that do not cover all features used in the target task. Then, we have the following

lemma, which means if L¢ # Jy we can have infinitesimal v to satisfy the diversity definition.

Lemma C.4.3. Assume Assumption Assumption and Assumption [C.4.4] When

L¢ # Jy, we have v — 0.

Proof of Lemma[C.4.3 As features in Cy not covered by C, we can always find a 7j such
containing z, z’ that only differ in entries in Jy \ L¢, we say as entry 1.
By Lemma we have ¢7 = U A*Q~!, where U is any orthonormal matrix, A* =

diag(A*). For any i € Je, A} = % and A} = 0 otherwise. We have Lsup(70, ¢7) = 0 and

by Equation (C-70),

Lol()=~B_E_ \/ S A1z £ 2] (C.77)
z,2 icde
= —BR,[™%. (C.78)
ke

On the other hand, for any ¢ € ®, we have Lg,;,(To, ¢) = —B|X;|. Thus, we have

. ﬁsup((p) - ﬁsup(‘bé)
vV = min
pe® ‘['sup(%a QZ)) - Lsup(%v ¢Z)‘

Laup(9) + BR, [7

= min

¢€<I) B‘)\z‘
. _BE,]ENC [\/ZieJc APz # z;]J +BR, /%
=y o
R2-)2 / _
T IENC Dicse —we Mz # 2]+ Ry 58
<=
Al
R2-)2
Ry
) | (C.79)
Al

where the first inequality is by constructing a specific ¢. Note that Equation (C.79) — 0



319

R2-)2
when |X;| = 0. ¢ is constructed as: for any i € Je, \; = o and [A;| = 0. Thus, we

finish the proof. O

Case L¢ = Jp. In this case Jy \ Le = 0, we have all features in Cy covered by C.

Lemma C.4.4. Assume Assumption Assumption and Assumption When

all 7o C Cp such containing z, 2’ that differ in only 1 entry and Le = Jy, we have v is lower
bounded by some constant ¢ = /ny <1 /% kc ) (x/nk ng — 1) + ke — nk>>

Proof of Lemma[C{4} We say the differ entry in 7o as entry i. By Lemma we

have ¢* = UA*Q~', where U is any orthonormal matrix, A* = diag(\*). For any i € Jg,
¢

Af = % and A7 = 0 otherwise. By Equation (C.70|), we have L’sup(%,¢< = —BRq/

and Loup(¢7) = —BR

On the other hand, for any ¢ € ®, we have L,,(70,¢) = —B|A;|. Thus, by Assump-
tion we have

Lup(#) = Loup(F)
v= _ min
ToCCo,pe® ‘Lsup To, &) — Lsup(%7¢2)‘

Loup(¢) + BR
" Ticthden | — B|X;| + BRy/ & |

B E_ |\ Cics 1l # )] + BR, [

= min
ToCCo.pe® | = BIN| + BRy /5]
2 R? _)‘2 nk
_,7— ]}?NC )\ ]1[2" % Z~] + Z’LGJc\{l} kC 1 [Zz # Z} Kk
= min i
T oe = il + By
R2-)2 _ n (R2 A2)
2 i k, k
= min

ToCCo,pc® |_ |)‘%| +R /é|

1
- /i (1 =y (x/nk(nk 1) + ke — nk>> (C.80)
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where the last equality take A; = 0. O

C.4.3 Proof of Main Results

Proof of Theorem[{.2.3 Note that R = B =ng = ko = 1,n; = 2.
We see that ( satisfies Assumption Assumption and Assumption [C.4.4]
We finish the proof by Lemma [C.4.2] Lemma and Lemma with some simple

calculations. O

Thus, we can link our diversity and consistency parameters to the number of features in
z encoded by training tasks or target tasks. Based on this intuition, we propose a selection
algorithm, where selection is based on x, we want to select data that encodes more relevant
features of z, this can be achieved by comparing x from target data and training data either

using cosine similarity or KDE.

C.5 Vision Experimental Results

We first provide a summary of dataset and protocal we use, we provide details in following

sections.

Datasets and Models. We use four widely used few-shot learning benchmarks: mini-
ImageNet [|271], tieredImageNet [228], DomainNet [218| and Meta-dataset |265], following
the protocol in |51}, 259]. We use exemplary foundation models with different pretraining
schemes (MoCo-v3 |49, DINO-v2 |208]|, and supervised learning with ImageNet [231]) and
architectures (ResNet [121] and ViT [73]).

Experiment Protocol. We consider few-shot tasks consisting of N classes with K
support samples and @) query samples per class (known as N-way K-shot). The goal is to
classify the query samples into the N classes based on the support samples. Tasks used
for finetuning are constructed by samples from the training split. Each task is formed

randomly by sampling 15 classes, with every class drawing 1 or 5 support samples and 10
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query samples. Target tasks are similarly constructed, yet from the test set. We follow
[51] for multitask finetuning and target task adaptation. During multitask finetuning, we
update all parameters in the model using a nearest centroid classifier, in which all samples
are encoded, class centroids are computed, and cosine similarity between a query sample
and those centroids are treated as the class logits. For adaptation to a target task, we only

retain the model encoder and consider a similar nearest centroid classifier. This experiment

protocol applies to all three major experiments (Sections to 4.3.3)).

C.5.1 Datasets

The minilmageNet dataset is a common benchmark for few-shot learning. It contains
100 classes sampled from ImageNet, then is randomly split into 64, 16, and 20 classes as
training, validation, and testing set respectively.

The tieredlmageNet dataset is another widely used benchmark for few-shot learning. It
contains 608 classes from 34 super-categories sampled from ImageNet. These categories are
then subdivided into 20 training categories with 351 classes, 6 validation categories with 97
classes, and 8 testing categories with 160 classes

DomainNet is the largest domain adaptation benchmark with about 0.6 million images.
It consists of around 0.6 million images of 345 categories from 6 domains: clipart (clp),
infograph (inf), quickdraw (qdr), real (rel) and sketch (skt). We split it into 185, 65, 100
classes as training, validation, and testing set respectively. We conduct experiments on
Sketch (skt) subsets.

Meta-Dataset encompasses ten publicly available image datasets covering a wide array
of domains: ImageNet-1k, Omniglot, FGVC-Aircraft, CUB-200-2011, Describable Textures,
QuickDraw, FGVCx Fungi, VGG Flower, Traffic Signs, and MSCOCO. Each of these
datasets is split into training, validation, and testing subsets. For additional information

on the Meta-Dataset can be found in Appendix 3 of [265].
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C.5.2 Experiment Protocols

Our evaluation and the finetuning process take the form of few-shot tasks, where a target
task consists of N classes with K support samples and ) query samples in each class. The
objective is to classify the query samples into the N classes based on the support samples.
To accomplish this, we take the support samples in each class and feed them through an
image encoder to obtain representations for each sample. We then calculate the average of
these representations within each class to obtain the centroid of each class. For a given
query sample x, we compute the probability that z belongs to class y based on the cosine
similarity between the representation of z and the centroid of class y.

In our testing stage, we constructed 1500 target tasks, each consisting of 15 classes
randomly sampled from the test split of the dataset. Within each class, we randomly
selected 1 or 5 of the available images as shot images and 15 images as query images. These
tasks are commonly referred to as 1-shot or 5-shot tasks. We evaluated the performance of
our model on these tasks and reported the average accuracy along with a 95% confidence
interval.

During multitask finetuning, the image encoder is directly optimized on few-shot
classification tasks. To achieve this, we construct multitasks in the same format as the
target tasks and optimize from the same evaluation protocol. Specifically, we create a total
of 200 finetuning tasks, each task consists of 15 classes sampled from the train split of data,
where each class contains 1 support image and 9 query images, resulting in 150 images per
task. The classes in a finetuning task are sampled from the train split of the data.

To ensure a fair comparison with the finetuning baseline, we used the same training
and testing data, as well as batch size, and applied standard finetuning. During standard
finetuning, we added a linear layer after the encoder and trained the model. We also utilized
the linear probing then finetuning (LP-FT) technique proposed by [148|, which has been
shown to outperform finetuning alone on both in-distribution and out-of-distribution data.
In the testing stage, we removed the linear layer and applied the same few-shot testing

pipeline to the finetuned encoders.
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For task selection, we employ the CLIP ViT-B image encoder to obtain image embeddings.
We assess consistency by measuring the cosine similarity of the mean embeddings and we
evaluate diversity through a coverage score derived from the ellipsoid formula outlined in
Section

For optimization, we use the SGD optimizer with momentum 0.9, the learning rate is
le-5 for CLIP and moco v3 pretrained models, and is 2e-6 for DINO v2 pretrained models.
The models were finetuned over varying numbers of epochs in each scenario until they

reached convergence.

C.5.3 Existence of Task Diversity

Task diversity is crucial for the foundation model to perform well on novel classes in target
tasks.

In this section, we prove for task satisfying consistency, greater diversity in the related
data can help reduce the error on the target task. Specifically, for the target task, where
the target tasks data originates from the test split of a specific dataset, we utilized the
train split of the same dataset as the finetuning tasks data. Then finetuning tasks satisfied
consistency. In experiments, we varied the number of classes accessible to the model during
the finetuning stage, while keeping the total sample number the same. This serves as a

measure of the diversity of training tasks.

minilmageNet and Omniglot

We show the results of CLIP encoder on minilmageNet and Omniglot. We vary the number
of classes model access to in finetuning stage. The number of classes varies from all classes,
i.e., 64 classes, to 8 classes. Each task contains 5 classes. For finetuning tasks, each class
contains 1 shot image and 10 query images. For target tasks, each class contains the 1-shot
image and 15 query images.

Table shows the accuracy of ViT-B32 across different numbers of classes during

the finetuning stage. The “Class 0” represents direct evaluation without any finetuning.
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# limited classes 64 32 16 8 0

Accuracy 90.02 £ 0.15 88.54 £ 1.11 8794 £0.22 87.07 £ 0.20 83.03 £ 0.24

Table C.1: Class diversity on ViT-B32 backbone on minilmageNet.

We observe that finetuning the model leads to an average accuracy improvement of 4%.
Furthermore, as the diversity of classes increases, we observe a corresponding increase
in performance. This indicates that incorporating a wider range of classes during the
finetuning process enhances the model’s overall accuracy.

For task diversity, we also use dataset Omniglot [149]. The Omniglot dataset is designed
to develop more human-like learning algorithms. It contains 1623 different handwritten
characters from 50 different alphabets. The 1623 classes are divided into 964, 301, and
358 classes as training, validation, and testing sets respectively. We sample multitask in

finetuning stage from training data and the target task from testing data.

# limited classes 964 482 241 50 10 0
Accuracy 95.35 +£ 0.14 95.08 £ 0.14 94.29 £+ 0.15 88.48 +0.20 80.26 £ 0.24 74.69 + 0.26

Table C.2: Class diversity on ViT-B32 backbone on Omniglot.

Table shows the accuracy of ViT-B32 on different numbers of classes in finetuning
stage, where class 0 indicates direct evaluation without finetuning. Finetuning improves

the average accuracy by 5.5%. As class diversity increases, performance increases.

tieredImageNet

We then show results on tieredlmageNet across learning settings for the ViT-B backbone.
We follow the same setting where we restrain each task that contains 15 classes.

We found that using more classes from related data sources during finetuning improves
accuracy. This result indicates that upon maintaining consistency, a trend is observed

where increased diversity leads to an enhancement in performance.
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Pretrained 351 175 43 10

DINOv2 84.74 82.75 82.60 82.16
CLIP 68.57 67.70 67.06 63.52
Supervised ~ 89.97 89.69 89.19 88.92

Table C.3: The performance of the ViT-B backbone using different pretraining methods on
tieredImagenet, varying the number of classes accessible to the model during the finetuning stage.
Each column represents the number of classes within the training data.

C.5.4 Ablation Study

In Section [4.3] and the result in Table we utilize the train split from the same dataset
to construct the finetuning data. It is expected that the finetuning data possess a diversity
and consistency property, encompassing characteristics that align with the test data while
also focusing on its specific aspects.

In the following ablation study, we explore the relationship between the diversity and
consistency of data in finetuning tasks, sample complexity, and finetuning methods. We
seek to answer the following questions: Does multitask finetuning benefit only from certain

aspects? How do these elements interact with each other?

Violate both consistency and diversity: Altering Finetuning Task Data with

Invariant Sample Complexity

In this portion, we examine the performance when the model is finetuned using data
completely unrelated to the target task data. With the same finetuning sample complexity,
the performance cannot be compared to the accuracy we have currently attained.

In this section, we present the performance of MoCo v3 with a ViT-B backbone on the
DomainNet dataset. We finetuned the model using either ImageNet data or DomainNet
train-split data and evaluated its performance on the test-split of DomainNet. We observed
that finetuning the model with data selected from the DomainNet train-split resulted in
improved performance on the target task. This finding aligns with our expectations and

highlights the significance of proper finetuning data selection.
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When considering the results presented in Table we also noticed that for MoCo
v3 with a ResNet50 backbone and DINO v2 with a ViT-S backbone, multitask finetuning
on ImageNet led to a decrease in model performance compared to direct adaptation. This
suggests that inappropriate data selection can have a detrimental effect on the final model

performance. This conclusion is also supported by the findings of [148|.

pretrained backbone FT data Accuracy

MoCo v3 ViT-B ImageNet  24.88 (0.25
DomainNet 32.88 (0.29

ResNet50  ImageNet — 27.22
DomainNet 33.53

0.27
0.30

DINO v2 ViT-S ImageNet  51.69
DomainNet 61.57

0.39
0.40

DomainNet 68.22 (0.40

Supervised ViT-B ImageNet  31.16
DomainNet 48.02

0.31
0.38

ResNet50 ImageNet  29.56
DomainNet 39.09

0.28

)
(0.29)
(0.27)
(0-30)
(0.39)
(0.40)

ViT-B ImageNet  62.32 (0.40)
(0.40)
(0.31)
(0.38)
(0.28)
(0.34)

Table C.4: Finetuning data selection on model performance. FT data: dataset we select for
multitask finetuning. Report the accuracy on the test-split of DomainNet.

Violating consistency while retaining diversity: The Trade-Off between Task

Consistency and Sample Complexity

Finetuning tasks with superior data are expected to excel under identical complexity, a
natural question can be proposed: Does additional data enhance performance? Our results
in this section negate this question. Testing the model on the DomainNet test-split, we
employ two settings. In the first setting, we finetune the model on the DomainNet train-split.
In the second, the model is finetuned with a combination of the same data from DomainNet

as in the first setting, along with additional data from ImageNet.
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Within our theoretical framework, mixing data satisfies diversity but fails consistency.
The finetuning data, although containing related information, also encompasses excessive
unrelated data. This influx of unrelated data results in a larger consistency parameter x in
our theoretical framework, adversely impacting model performance on the target task. We

offer empirical evidence to affirm our theoretical conclusion.

Pretrained DomainNet DomainNet + ImageNet

DINOv2 68.22 66.93
CLIP 64.97 63.48
Supervised 48.02 43.76

Table C.5: Results evaluating on DomainNet test-split using ViT-B backbone. First column shows
performance where model finetune on data from DomainNet train-split alone, second column shows
the performance of the model finetuned using a blend of the same data from DomainNet, combined
with additional data from ImageNet.

Table shows mixed data of domainNet and ImageNet will doesn’t provide the same
advantages as using only DomainNet data. In this case, an increasing in data does not

necessarily mean better performance.

Diversity and Consistency of Task Data and Finetuning Methods

To provide a more comprehensive understanding of the impact of task data and finetuning
methods on model performance, we conduct additional experiments, utilizing varying
finetuning methods and data. The model is tested on the DomainNet test split. We employ
either multitask finetuning or standard finetuning, where a linear layer is added after
the pretrained model. This linear layer maps the representations learned by encoders to
the logits. The data of finetuning tasks derive from either the DomainNet train-split or
ImageNet.

In Table we detail how data quality and finetuning methods of tasks impact
the ultimate performance. Standard finetuning (SFT) with unrelated data diminishes
performance compared to direct adaptation (col-1 vs col-2). On the other hand, multitask

finetuning using unrelated data (ImageNet), or SFT with related data (DomainNet), both
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1 2 3 4 5
Pretrained Adaptation ImageNet (SFT) ImageNet (Ours) DomainNet (SFT) DomainNet (Ours)
DINOv2 61.65 59.80 62.32 61.84 68.22
CLIP 46.39 46.50 58.94 47.72 64.97
Supervised 28.70 28.52 31.16 30.93 48.02

Table C.6: Results evaluating on DomainNet test-split using ViT-B backbone. Adaptation:
Direction adaptation without finetuning; SFT: Standard finetuning; Ours: Our multitask finetuning.
Col-1 shows performance without any finetuning, Col-2,3,4,5 shows performance with different
finetuning methods and data.

outperform direct adaptation. However, multitask finetuning with unrelated data proves
more beneficial than the latter (col-3 vs col-4). The peak performance is attained through

multitask finetuning on related data (col-5).

Ablation Study on Task Selection Algorithm

We show a simplified diagram for task selection in Figure [4.2)

We first provide some details of Table [£.1] We first create an array of finetuning tasks,
and then apply our task selection algorithm to these tasks. Specifically, we design 100
finetuning tasks by randomly selecting 15 classes, each providing 1 support sample and 10
query samples. The target tasks remain consistent with those discussed in Section [£.3] For
a more comprehensive analysis of our algorithm, we performed ablation studies on the task
selection algorithm, concentrating solely on either consistency or diversity, while violating
the other. Violate Diversity: If the algorithm terminates early without fulfilling the
stopping criteria, the data utilized in finetuning tasks fails to encompass all the attributes
present in the target data. This leads to a breach of the diversity principle. Violate
Consistency: Conversely, if the algorithm persists beyond the stopping criteria, the
finetuning tasks become overly inclusive, incorporating an excessive amount of unrelated
data, thus breaching the consistency.

This section details an ablation study on task selection for the dataset, we implement
our task selection process on a meta-dataset, treating each dataset as a distinct task and
choosing datasets to serve as data sources for the finetuning tasks. We show the result in

Table
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Pretrained Selection INet Omglot Acraft CUB QDraw Fungi Flower Sign COCO

CLIP All 60.87 70.53 31.67  66.98 40.28 34.88 80.80 37.82 33.71
Selected  60.87  77.93 32.02 69.15 42.36 36.66 80.92 38.46 37.21
DINOv2 All 83.04 72.92 36.52 94.01 49.65 52.72 98.54 34.59 47.05
Selected  83.04  80.29 36.91 94.12 52.21 53.31 98.65 36.62 50.09
MoCo v3 All 59.62 60.85 1872 40.49 40.96 32.65 59.60 33.94 33.42

Selected  59.62  63.08 19.03 40.74 41.16 32.89 59.64 35.25 33.51

Table C.7: Results evaluating our task selection algorithm on Meta-dataset using ViT-B backbone.

Table indicates that maintaining both consistency and diversity in the task selection
algorithm is essential for optimal performance. This is evident from the comparison
between the Random selection and the our approach, where the latter often shows improved
performance across multiple datasets. ImageNet as the target task is an exception where
the two approaches give the best results. Due to its extensive diversity, all samples from
all other datasets are beneficial for finetuning. Consequently, the task selection algorithm

tends to select all the candidate tasks.

C.5.5 Task Selection Algorithm on DomainNet

We verify our task selection algorithm by applying it on DomainNet. Here, the mini-
ImageNet test-split is regarded as the target task source, and diverse domains (such as
clipart (clp), infograph (inf), quickdraw (qdr), real (rel), and sketch (skt)) are considered as
sources for finetuning tasks. We view different domain datasets as distinct finetuning tasks.
With 6 domains in focus, our objective is to select a subset that optimizes model performance.
We systematically apply Algorithm [2] Initially, we calculate the cosine similarity of mean
embeddings between each domain and target tasks, ordering them from most to least similar:
real, painting, sketch, clipart, infograph, and quickdraw. Sequentially adding datasets in
this order, the process continues until the diversity score (1 over Mahalanobis distance)
stops exhibiting significant increase.

As we can see in Figure the diversity does not increase when we just select real
and painting as our finetuning task data. For a comprehensive analysis, each combination

is finetuned and the model performance accuracy on the target task is displayed.
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1/Mahalanobis distance for Each Dataset

Embedding similarity for Each Dataset 0.014
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(b) Diversity score when adding task one by one, where
(a) Mean embedding similarity for each data sort from rp: real and painting; rps: real and painting and sketch
most similar to least similar. and so on.

Figure C.1: Dataset selection based on consistency and diversity on domainNet. Figure
shows the consistency. Figure @ shows the diversity.
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Figure C.2: Finetuning with different selection of domain datasets, where rp: real and painting;
rps: real and painting and sketch and so on.

As we can see in Figure [C.2]the accuracy aligns with the conclusions drawn based on
consistency and diversity. Remarkably, only real and painting suffice for the model to excel

on the target task.

C.5.6 More Results with CLIP Encoder

In this section, we show additional results on CLIP [221] model.
We can observe from Table [C.§ standard finetuning improves performance compared

to direct adaptation. However, our proposed multitask finetuning approach consistently
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minilmageNet tieredImageNet DomainNet
backbone method 1-shot 5-shot 1-shot 5-shot 1-shot 5-shot
CLIP-ViTB32 Direct Adaptation 68.41 (0.54)  87.43 (0.15)  59.55 (0.21)  79.51 (0.27)  46.48 (0.37)  72.01 (0.29)
Standard FT 69.39 (0.30)  88.39 (0.15)  61.20 (0.37)  80.65 (0.27) 47.72 (0.37)  72.82 (0.29)

=

Multitask FT (Ours) ~ 78.62 (0.15) 93.22 (0.11) 68.57 (0.37) 84.79 (0.22) 64.97 (0.39) 80.49 (0.25

CLIP-ResNet50 Direct Adaptation 61.31 (0.31) 82.03 (0.18) 51.76 (0.36)  71.40 (0.30)  40.55 (0.36)  64.90 (0.31
Standard FT 63.15 (0.31)  83.45 (0.17)  55.77 (0.35)  75.28 (0.29)  43.77 (0.38)  67.30 (0.31
Multitask FT (Ours)  67.03 (0.30) 85.09 (0.17) 57.56 (0.36) 75.80 (0.28) 52.67 (0.39) 72.19 (0.30

NN

Table C.8: Comparison on 15-way classification. Average few-shot classification accuracies
(%) with 95% confidence intervals clip encoder.

achieves even better results than the standard baseline.

Task (M) vs Sample (m). We vary the task size and sample size per task during
finetuning. We verify the trend of different numbers of tasks and numbers of images per
task. Each task contains 5 classes. For finetuning tasks, m = 50 indicates each class
contains the 1-shot image and 9-query images. m = 100 indicates each class contains 2-shot
and 18-query images. m = 200 indicates each class contains 4-shot and 36-query images.
M = m = 0 indicates direct evaluation without finetuning. For target tasks, each class

contains the 1-shot image and 15 query images.

Sample (m)
Task (M) 0 50 100 200
0 83.03 + 0.24
200 89.07 + 0.20 89.95+ 0.19  90.09 + 0.19
400 89.31 + 0.19 90.11+ 0.19 90.70 £ 0.18
800 89.71 £ 0.19 90.274 0.19 90.80 + 0.18

Table C.9: Accuracy with a varying number of tasks and samples (ViT-B32 backbone).

Table shows the results on the pretrained CLIP model using the ViT backbone.
For direct adaptation without finetuning, the model achieves 83.03% accuracy. Multitask
finetuning improves the average accuracy at least by 6%. For a fixed number of tasks or
samples per task, increasing samples or tasks improves accuracy. These results suggest that
the total number of samples (M x m) will determine the overall performance, supporting

our main theorem.
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Few-shot Effect. We perform experiments on the few-shot effects of finetuning tasks.
We aim to evaluate whether increasing the number of few-shot images in the finetuning
task leads to significant improvements. Each finetuning task consists of 5 classes, and we
maintain a fixed number of 10 query images per class while gradually increasing the number
of shot images, as illustrated in Table [C.10] As for the target tasks, we ensure each class

contains 1 shot image and 15 query images for evaluation.

# shot images 20 10 5 1 0

Accuracy 91.03 £0.18 90.93 £0.18 90.54 &£ 0.18 90.02 £ 0.15 83.03 £ 0.24

Table C.10: Few-shot effect on ViT-B32 backbone on minilmageNet.

Table displays the accuracy results of ViT-B32 when varying the number of few-shot
images in the finetuning tasks. We observe that increasing the number of few-shot images,
thereby augmenting the sample size within each task, leads to improved performance.
This finding is quite surprising, considering that the finetuning tasks and target tasks
have different numbers of shot images. However, this aligns with our understanding of
sample complexity, indicating that having access to more training examples can enhance

the model’s ability to generalize and perform better on unseen data.

C.5.7 Sample Complexity on Performance for tieredIlmageNet

We provide a table and visualization of the trend of the number of tasks and the number
of samples per task for the MoCo v3 ViT model on tieredlmageNet in Table and
Figure [C.3]

As demonstrated in the paper, we have observed that increasing the number of tasks
generally leads to performance improvements, while keeping the number of samples per task
constant. Conversely, when the number of samples per task is increased while maintaining
the same number of tasks, performance also tends to improve. These findings emphasize the
positive relationship between the number of tasks and performance, as well as the influence

of sample size within each task.



333

Sample (m) 8
Task (M) 150 300 450 600

200 68.32 (0.35) 7142 (0.35) 73.84 (0.35) 75.58 (0.35)
400 71.41 (0.35) 75.60 (0.35) 77.57 (0.34) 78.66 (0.34)
600 73.85 (0.35)  77.59 (0.34) 79.04 (0.33) 79.76 (0.33)
800 75.56 (0.35) 78.68 (0.34) 79.78 (0.33) 80.26 (0.33)

Table C.11: Accuracy with a varying number of tasks and samples (ViT-B32 backbone).

80 Samples
28 per task (m)
-e-150
o 76 --300
‘g 24 450
S -e-600
< 72
70
68

200 300 400 500 600 700 800
Number of tasks (M)

Figure C.3: Finetuning using tieredlmageNet train-split, test on test-split.

C.5.8 Full results for Effectiveness of Multitask Finetuning

In this section, we provide another baseline in complement to the results in Section [4-3.3]

We incorporated the Model-Agnostic Meta-Learning (MAML) algorithm, as outlined by
[82], as another baseline for our few-shot tasks. MAML operates in a two-step process: it
initially updates parameters based on within-episode loss (the inner loop), then it evaluates
and updates loss based on learned parameters (the outer loop). We follow the pipeline in
[265] to implement MAML for few-shot tasks. We show results in Table

Table [C.12 reveals that MAML exhibits variable performance across different settings.
For instance, it outperforms both Adaptation and Standard FT methods in scenarios like
MoCo v3 ViT-B on minilmageNet, DomainNet, and ResNet 50 on supervised training
for tieredlmageNet. However, its performance is less impressive in other contexts, such
as DINOv2 ViT-B on minilmageNet and ViT-B on supervised training for minilmageNet.
This variability in performance is attributed to the constraints of our few-shot tasks, where

the limited number of support samples restricts the model’s capacity to adapt to new tasks.
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minilmageNet tieredImageNet DomainNet
pretrained backbone method 1-shot 5-shot 1-shot 5-shot 1-shot 5-shot
MoCo v3 ViT-B Adaptation 75.33 (0.30)  92.78 (0.10)  62.17 (0.36)  83.42 (0.23) 24.84 (0.25)  44.32 (0.29)
Standard FT ~ 75.38 (0.30)  92.80 (0.10)  62.28 (0.36)  83.49 (0.23)  25.10 (0.25)  44.76 (0.27)
MAML 79.26 (0.28)  93.02 (0.08) 67.96 (0.32) 84.66 (0.19) 28.91 (0.39) 51.12 (0.28)

Ours 80.62 (0.26) 93.89 (0.09) 68.32 (0.35) 85.49 (0.22) 32.88 (0.29) 54.17 (0.30)

ResNet50  Adaptation 68.80 (0.30) 88.23 (0.13) 55.15 (0.34)  76.00 (0.26) 27.34 (0.27)  47.50 (0.28)
Standard FT  68.85 (0.30) 88.23 (0.13) 55.23 (0.34)  76.07 (0.26) 27.43 (0.27)  47.65 (0.28)
) ) )

MAML 69.28 (0.26) 88.78 (0.12) 55.31 (0.32) 75.51 (0.19) 27.53 (0.39)  47.73 (0.28)

Ours 71.16 (0.20) 89.31 (0.12) 58.51 (0.35) 78.41 (0.25) 33.53 (0.30) 55.82 (0.29)

DINO v2 ViT-S Adaptation 85.90 (0.22) 95.58 (0.08) 74.54 (0.32) 89.20 (0.19) 52.28 (0.39)  72.98 (0.28)
Standard FT  86.75 (0.22)  95.76 (0.08)  74.84 (0.32)  89.30 (0.19) 54.48 (0.39)  74.50 (0.28)

MAML 86.67 (0.24)  95.54 (0.08) 74.63 (0.34)  89.60 (0.19) 52.72 (0.34)  73.35 (0.28)

Ours 88.70 (0.22) 96.08 (0.08) 77.78 (0.32) 90.23 (0.18) 61.57 (0.40) 77.97 (0.27)

ViT-B Adaptation 90.61 (0.19)  97.20 (0.06) 82.33 (0.30) 92.90 (0.16) 61.65 (0.41)  79.34 (0.25)

Standard FT ~ 91.07 (0.19)  97.32 (0.06)  82.40 (0.30)  93.07 (0.16)  61.84 (0.39)  79.63 (0.25)

MAML 90.77 (0.18)  97.20 (0.08)  82.54 (0.32) 92.88 (0.19)  62.30 (0.39)  79.01 (0.28)

Ours 92.77 (0.18) 97.68 (0.06) 84.74 (0.30) 93.65 (0.16) 68.22 (0.40) 82.62 (0.24)

Supervised  ViT-B Adaptation 94.06 (0.15)  97.88 (0.05) 83.82 (0.29) 93.65 (0.13) 28.70 (0.29)  49.70 (0.28)
pretraining Standard FT ~ 95.28 (0.13)  98.33 (0.04) 86.44 (0.27) 94.91 (0.12) 30.93 (0.31)  52.14 (0.29)
on ImageNet MAML 95.35 (0.12)  98.50 (0.08) 86.79 (0.32) 94.72 (0.19)  30.53 (0.39)  52.21 (0.28)
Ours 96.91 (0.11) 98.76 (0.04) 89.97 (0.25) 95.84 (0.11) 48.02 (0.38) 67.25 (0.29)

ResNet50  Adaptation 81.74 (0.24)  94.08 (0.09) 65.98 (0.34) 84.14 (0.21) 27.32 (0.27)  46.67 (0.28)
Standard FT ~ 84.10 (0.22)  94.81 (0.09) 74.48 (0.33)  88.35 (0.19) 34.10 (0.31)  55.08 (0.29)
MAML 82.07 (0.28) 94.12 (0.08) 75.69 (0.32) 89.30 (0.19) 35.10 (0.39)  56.51 (0.28)
Ours 87.61 (0.20) 95.92 (0.07) 77.74 (0.32) 89.77 (0.17) 39.09 (0.34) 60.60 (0.29)

Table C.12: Results of few-shot image classification. We report average classification
accuracy (%) with 95% confidence intervals on test splits. Adaptation: Direction adaptation
without finetuning; Standard FT: Standard finetuning; MAML: MAML algorithm in [82]; Ours:
Our multitask finetuning; 1-/5-shot: number of labeled images per class in the target task.

Despite these fluctuations, our multitask finetuning approach consistently surpasses the

mentioned baselines, often by a significant margin, across all evaluated scenarios.
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C.6 NLP Experimental Results

We first provide a summary of the experimental setting and results in the below subsection.

Then we provide details in the following subsections.

C.6.1 Summary

To further validate our approach, we conducted prompt-based finetuning experiments on

masked language models, following the procedure outlined in [95].

Datasets and Models. We consider a collection of 14 NLP datasets, covering 8 single-
sentence and 6 sentence-pair English tasks. This collection includes tasks from the GLUE
benchmark [276], as well as 7 other popular sentence classification tasks. The objective is
to predict the label based on a single sentence or a sentence-pair. Specifically, the goal is
to predict sentiments for single sentences or to estimate the relationship between sentence
pairs. Each of the datasets is split into training and test set. See details in Appendix

We experiment with a pretrained model RoBERTa [166].

Experiment Protocols. We consider prompt-based finetuning for language models [95].
This approach turns a prediction task into a masked language modeling problem, where
the model generates a text response to a given task-specific prompt as the label. Our
experiment protocol follows [95]. The experiments are divided into 14 parallel experiments,
each corresponding to a dataset. For the few-shot experiment, we use test split data as the
target task data and sample 16 examples per class from the train split as finetuning data.
The evaluation metric is measured by prompt-based prediction accuracy.

During the testing stage, we conduct experiments in zero-shot and few-shot settings for
a given dataset. In the zero-shot setting, we directly evaluate the model’s prompt-based
prediction accuracy. In the few-shot setting, we finetune the model using support samples
from the same dataset and assess its accuracy on the test split. For multitask finetuning, we

select support samples from other datasets and construct tasks for prompt-based finetuning.
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SST-2 SST-5 MR CR MPQA Subj TREC CoLA
(acc) (acc) (acc) (acc) (acc) (acc) (acc) (Matt.)
Prompt-based zero-shot 83.6 35.0 80.8 79.5 67.6 51.4 32.0 2.0
Multitask FT zero-shot 92.9 37.2 86.5 88.8 73.9 55.3 36.8 -0.065
Prompt-based FT' 927 (0.9) 474 (25)  87.0 (1.2) 903 (1.0) 84.7(22) 91.2(1.1) 848 (5.1) 9.3 (7.3)
Multitask Prompt-based FT  92.0 (1.2)  48.5 (1.2)  86.9 (2.2) 90.5 (1.3) 86.0 (1.6) 89.9 (2.9) 83.6 (44) 5.1 (3.8)
+ task selection 92.6 (0.5) 47.1(2.3) 87.2 (1.6) 91.6 (0.9) 85.2(1.0) 90.7 (1.6) 87.6(3.5) 3.8(3.2)
MNLI  MNLI-mm SNLI QNLI RTE MRPC QQP
(acc) (acc) (acc) (acc) (acc) (F1) (F1)
Prompt-based zero-shot 50.8 51.7 49.5 50.8 51.3 61.9 49.7
Multitask FT zero-shot 63.2 65.7 61.8 65.8 74.0 81.6 63.4
Prompt-based FT* 68.3 (2.3) 70.5 (1.9) 772 (3.7)  64.5 (4.2) 69.1 (3.6) 74.5(5.3) 65.5(5.3)
Multitask Prompt-based FT  70.9 (1.5) 73.4(1.4) 787 (2.0) 71.7(2.2) 74.0(25) 79.5(4.8) 67.9(1.6)
F task selection 73.5 (1.6) 75.8 (1.5) 774 (1.6) 172.0(1.6) 70.0(1.6) 76.0(6.8) 69.8 (1.7)

Table C.13: Results of few-shot learning with NLP benchmarks. All results are obtained
using RoBERTa-large. We report mean (and standard deviation) of metrics over 5 different splits.
: Result in [95]; FT: finetuning; task selection: select multitask data from customized datasets.

We then evaluate the performance of the finetuned model on the target task. More details

can be found in Appendix

Task Selection. We select datasets by using task selection algorithm of feature vectors,
which are obtained by computing the representations of each dataset and analyzing their
relationship. We first obtain text features for each data point in the dataset. We select
few-shot samples for generating text features. For each example, we replace the masked
word with the true label in its manual template, then we forward them through the BERT
backbone. Then, we compute the first principal component to obtain a feature vector
for each dataset. Dataset selection provides certain improvements on some datasets, as

elaborated below. Further details can be found in Appendix [C.6.4]

Results. Our results are presented in Table [C.I3] Again, our method outperforms direct
adaptation on target tasks across most datasets. For zero-shot prediction, our method
provides improvements on all datasets except CoLA. Our multitask finetuning approach
results in performance improvements on 12 out of 15 target tasks for few-shot prediction,
with the exceptions being SST-2, Subj, and CoLA. CoLA is also reported by [95] as an
exception that contains non-grammatical sentences that are outside of the distribution of the

pretrained language model. SST-2 already achieves high accuracy in zero-shot prediction,
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and our model performs best in such setting. Subj is unique in that its task is to predict
whether a given sentence is subjective or objective, therefore multitasking with few-shot

samples from other datasets may not provide significant improvement for this task.

C.6.2 Datasets and Models

The text dataset consisted of 8 single-sentence and 6 sentence-pair English tasks, including
tasks from the GLUE benchmark [276], as well as 7 other popular sentence classification
tasks (SNLI [37], SST-5 [250], MR [215], CR [127], MPQA [293], Subj [214], TREC [273]).
The objective was to predict the label based on a single sentence or a sentence-pair.
Specifically, for single sentences, we aimed to predict their semantics as either positive or
negative, while for sentence-pairs, we aimed to predict the relationship between them. We
experiment with the pretrained model RoBERTa. We have 14 datasets in total. We split
each dataset into train and test split, see details below. We experiment with the pretrained
model RoBERTa.

We follow [95] in their train test split. We use the original development sets of SNLI
and datasets from GLUE for testing. For datasets such as MR, CR, MPQA, and Subj that
require a cross-validation evaluation, we randomly select 2,000 examples for testing and
exclude them from training. For SST5 and TREC, we utilize their official test sets.

To construct multitask examples from support samples, we gather support samples
from all datasets except the testing dataset. For each task, we randomly select ten support

samples and prompt-based finetuning the model.

C.6.3 Experiment Protocols

[95] proposed a prompt-based finetuning pipeline for moderately sized language models such
as BERT, RoBERTa. Prompt-based prediction converts the downstream prediction task as a
(masked) language modeling problem, where the model directly generates a textual response
also known as a label word, to a given prompt defined by a task-specific template. As

an illustration, consider the SST-2 dataset, which comprises sentences expressing positive
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Task Template Label words

SST-2  <Sp> It was [MASK] .  positive: great, negative: terrible
SST-5  <S1> It was [MASK] .  v.positive: great, positive: good, neutral: okay, negative: bad, v.negative: terrible

MR <S> It was [MASK] . positive: great, negative: terrible

CR <S1> It was [MASK] .  positive: great, negative: terrible

Subj <S1> This is [MASK] . subjective: subjective, objective: objective

TREC  [MASK] : <S7> abbreviation: Expression, entity: Entity, description: Description
human: Human, location: Location, numeric: Number

COLA  <S7> This is [MASK] . grammatical: correct, not grammatical: incorrect

MNLI  <S§;> 7 [MASK] , <S9> entailment: Yes, netural: Maybe, contradiction: No
SNLI <S1> 7 [MASK] , <S> entailment: Yes, netural: Maybe, contradiction: No
QNLI  <S;> 7 [MASK] , <S2> entailment: Yes, not_entailment: No
RTE <S1> 7 [MASK] , <So> entailment: Yes, not entailment: No
MRPC <S> [MASK] , <Sp> equivalent: Yes, not_equivalent: No
QQP <S1> [MASK] , <S> equivalent: Yes, not_equivalent: No

Table C.14: Manual templates and label words that we used in our experiments, following |95].

or negative sentiment. The binary classification task can be transformed into a masked
prediction problem using the template <S>, it was <MASK>., where <S> represents the
input sentence and <MASK> is the label word (e.g., "great" or "terrible") that the model is
supposed to predict, see full templates in Table [C.14] Prompt-based finetuning updates
the model with prompt-based prediction loss for a given example, such as a sentence or
sentence-pair.

To conduct the few-shot experiment, we use all data from the test split as the target
task data for each dataset, and sample 16 examples per class from the train split as the
support samples. The experiments are divided into 14 parallel experiments, with each
corresponding to one dataset. The evaluation accuracy is measured as the prompt-based
prediction accuracy. We subsampled 5 different sets of few-shot examples to run replicates
experiments and report average performance.

During the testing stage, for a given dataset (e.g. QNLI), we consider the entire test
split as the target task and divide the experiment into zero-shot and few-shot settings.
In the zero-shot setting, we directly evaluate the model by measuring the accuracy of
prompt-based predictions. In the few-shot setting, we first prompt-based finetune the model
with support samples from the same dataset (QNLI) and then evaluate the accuracy on the

test split. This experimental protocol follows the same pipeline as described in [95].
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To perform multitask finetuning for a target task on a particular dataset (e.g. QNLI),
we select support samples from other datasets (e.g. SST-2, Subj, QQP, etc.) as finetuning
examples. We construct tasks using these examples and apply the same prompt-based
finetuning protocol to multitask finetune the model on these tasks. Finally, we evaluate the

performance of the finetuned model on the target task.

C.6.4 Task Selection

The importance of the relationship between the data used in the training tasks and the target
task cannot be overstated in multitask finetuning. Our theory measures this relationship
through diversity and consistency statements, which require that our finetuning data are
diverse enough to capture the characteristics of the test data, while still focusing on the
specific regions where the test data aligns. We visualize this diversity and relationship
through the feature maps of the datasets.

-1.0

Figure C.4: Linear similarity among features vectors among 14 language datasets.

To visualize the relationship between feature vectors of different datasets, we first obtain

text features for each data point in the dataset. We select few-shot samples for generating
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cola: mr, cr,sst-2,sst-5,subj

sst-2: cola,mr, cr,sst-5,subj,

mrpc: qnli, rte

qqp: snli, mnli

mnli: snli, qqp

snli: qqp, mnli

qnli: mrpc, rte

rte: mrpc, gnli

mr: cola, cr,sst-2,sst-5,subj

sst-5: cola,mr, cr,sst-2,subj

subj: cola,mr, crsst-2,sst-5

trec: mpqa

cr: cola,mr,sst-2,sst-5,subj

mpqa: trec

Table C.15: Dataset selection.

text features. For each example, we replace the masked word with the true label in its
manual template, then we forward them through the BERT backbone. The reason for using
BERT over RoBERTa is that the latter only has masked token prediction in pretraining, the
[CLS] in pretrained RoBERTa model might not contain as much sentence information as
BERT. Then, we compute the first principal component to obtain a feature vector for each
dataset. We illustrate the relationship between these feature vectors in Figure

We further perform training data selection based on the task selection algorithm among
the feature vectors, the selected dataset is shown in table Table

By performing task selection, we observed further improvements in multitask prompt-
based finetuning on MR, CR, TREC, MNLI, QNLI, and QQP datasets. However, it’s worth
noting that the CoLA dataset is an exception, as it involves predicting the grammaticality
of sentences, and its inputs may include non-grammatical sentences that are outside the
distribution of masked language models, as noted in [95]. Overall, our approach shows

promising results for multitask learning in language tasks.
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SST-2 SST-5 MR CR MPQA Subj TREC CoLA
(acc) (acc) (acc) (acc) (acc) (acc) (acc) (Matt.)
Prompt-based zero-shot 83.6 35.0 80.8 79.5 67.6 51.4 32.0 2.0
Multitask FT zero-shot 92.9 37.2 86.5 88.8 73.9 55.3 36.8 -0.065
+ task selection 92.5 34.2 87.1 88.7 71.8 72.0 36.8 0.001
Prompt-based FT1 927 (0.9) 474 (2.5)  87.0 (1.2) 90.3 (1.0) 84.7(2.2) 91.2(1.1) 848 (5.1) 9.3 (7.3)
Multitask Prompt-based FT ~ 92.0 (1.2)  48.5 (1.2)  86.9 (2.2) 90.5 (1.3) 86.0 (1.6) 89.9 (2.9) 83.6 (4.4) 5.1 (3.8)
+ task selection 92.6 (0.5) 47.1(2.3) 87.2 (1.6) 91.6 (0.9) 85.2(1.0) 90.7 (1.6) 87.6(3.5) 3.8(3.2)
MNLI  MNLI-mm SNLI QNLI RTE MRPC QQP
(acc) (acc) (acc) (acc) (acc) (F1) (F1)
Prompt-based zero-shot 50.8 51.7 49.5 50.8 51.3 61.9 49.7
Multitask FT zero-shot 63.2 65.7 61.8 65.8 74.0 81.6 63.4
+ task selection 62.4 64.5 65.5 61.6 64.3 75.4 57.6
Prompt-based FTT 68.3 (2.3) 70.5 (1.9) 772 (3.7)  64.5 (4.2) 69.1 (3.6) 74.5(5.3) 65.5(5.3)
Multitask Prompt-based FT  70.9 (1.5) 73.4(1.4) 787 (2.0) 71.7(2.2) 74.0(25) 79.5(4.8) 67.9(1.6)
+ task selection 73.5 (1.6) 75.8(1.5) 77.4(1.6) 172.0(1.6) 70.0(1.6) 76.0(6.8) 69.8(1.7)

Table C.16: Results of few-shot learning with NLP benchmarks. All results are obtained
using RoBERTa-large. We report the mean (and standard deviation) of metrics over 5 different
splits. {: Result in [95] in our paper; FT: finetuning; task selection: select multitask data from
customized datasets.

Full Results with Task Selection

To complement task selection in Table [C.I3] we provide full results here and explain each
method thoroughly.

We first elaborate on what each method did in each stage. During the testing stage, we
conducted experiments in zero-shot and few-shot settings for a given dataset following |95],
who applied prompt-based methods on moderately sized language models such as RoBERTa.
Prompt-based finetuning method updates the model with prompt-based prediction loss for
a given example. The given example can either be from a testing dataset or other datasets.

Table shows our multitask finetuning and task selection provide helps on target
tasks, as detailed in Appendix [C.6.1] We will elaborate on what each method did in the
“Multitask fintuning phase” and “Downstream phase”.

In the “Multitask fintuning phase”: For prompt-based zero-shot (col-1) and prompt-
based FT (col-4) we do not finetune any model. For Multitask Prompt-based finetuning
(c0l-2,3,5,6), we conduct prompt-based finetuning methods using finetuning(auxiliary) tasks.
The data of tasks are from datasets other than testing datasets. For instance, consider a

model designated to adapt to a dataset (say SST-2), we choose data from other datasets (mr,
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cr, etc. ) and combine these data together and form multiple auxiliary tasks, these tasks
updated the model using prompt-based finetuning methods. In the “downstream phase”
where we adapt the model: In the zero-shot setting (col-1,2,3), we directly evaluate the
model’s prompt-based prediction accuracy. In the few-shot setting (col-4,5,6), we finetune
the model using shot samples from the same dataset (sst-2) and assess its accuracy on the

test split.

Additional Results on simCSE

SST-2 SST-5 MR CR MPQA Subj TREC CoLA
(acc) (acc) (acc) (acc) (acc) (acc) (acc) (Matt.)
Prompt-based zero-shot 50.9 19.3 50 50 50 50.4 27.2 0
Multitask FT zero-shot 51.3 13.8 50 50 50 50.6 18.8 0
Prompt-based FT' 51.8(2.6) 205 (6.1) 50.6 (0.8) 50.8 (1.1) 523 (1.9) 55.4 (3.7) 19.8(7.3) 0.8 (0.9)
Multitask Prompt-based FT  50.6 (0.7)  22.1 (6.2)  50.5 (1.0) 51.5 (1.7) 53.4 (2.7) 51.0 (1.4) 26.4 (8.5) 0.9 (1.3)
 task selection 51.7(17) 197 (5.6) 50.6 (0.8) 51.6 (1.6) 523 (2.7) 547 (2.5) 232(9.9) 0.5 (0.7)
MNLI MNLI-mm SNLI QNLI RTE MRPC QQP
(acc) (acc) (acc) (acc) (acc) (F1) (F1)
Prompt-based zero-shot 35.4 35.2 33.8 50.5 473 1.4 1.5
Multitask FT zero-shot 35.4 35.2 33.6 49.5 473 53.8 53.8
Prompt-based FT' 32.9(0.8) 330 (0.7)  33.7(0.6) 50.6 (1L4) 48.7(3.7) 79.2 (41) 53.5 (2.7)
Multitask Prompt-based FT  32.5 (0.6) 325 (0.7)  33.5 (0.4) 50.6 (2.4) 50.0 (2.0) 76.3 (6.5) 54.2 (0.8)
I task selection 33.2(1.2) 33.2(1.1) 35.0(0.8) 50.3(0.4) 51.8(2.0) 72.2(10.8) 52.9 (3.0)

Table C.17: Our main results using simCSE [97]. We report mean (and standard deviation)
performance over 5 splits of few-shot examples. FT: fine-tuning; task selection: select multitask
data from customized dataset.

We present our results using the same approach as described in our paper. However,
we used a different pretrained loss, namely simCSE, as proposed by [97]. However, the
results are not promising, The reason is simCSE is trained with a contrastive loss instead

of masked language prediction, making it less suitable for prompt-based finetuning.

C.7 Vision Language Tasks

Pretrained vision-language as another type of foundation model has achieved tremendous
success across various downstream tasks. These models, such as CLIP |221] and ALIGN [139],

align images and text in a shared space, enabling zero-shot classification in target tasks.
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Finetuning such models has resulted in state-of-the-art accuracy in several benchmarks.

Vision-language model enables the classification of images through prompting, where
classification weights are calculated by a text encoder. The text encoder inputs text prompts
containing class information, and outputs features aligned with features from the vision
encoder in the same space.

However, standard finetuning can be affected by minor variations underperforming
direct adaptation 148, 295|. Additionally, standard finetuning can be computationally
expensive, as it requires training the model on a large amount of target task data.

We perform our multitask finetuning pipeline on the vision-language model and ob-
serve certain improvements. It’s worth mentioning although the vision-language model
is pretrained using contrastive learning, the model does not align with our framework.
Vision-language model computes contrastive loss between image and text encoder, whereas
our pretraining pipeline formulates the contrastive loss between the same representation
function ¢ for positive and negative sample pairs. Despite the discrepancy, we provide some

results below.

C.7.1 Improving Zero-shot Performance

We investigate the performance of CLIP models in a zero-shot setting, following the
established protocol for our vision tasks. Each task includes 50 classes, with one query
image per class. We employ text features combined with class information as the centroid
to categorize query images within the 50 classes. During adaptation, we classify among
randomly selected classes in the test split, which consists of 50 classes.

We experimented with our methods on tieredlmageNet and DomainNet. The text
template utilized in tieredImageNet was adapted from the CLIP documentation. In
adaptation, we classify among all classes in the test split (160 classes in tieredlmageNet
and 100 classes in DomainNet). For text features on tieredlmageNet, we use 8 tem-
plates adapted from CLIP a photo of a {}, itap of a {}, a bad photo of the {},

a origami {}, a photo of the large {}, a {} in a video game, art of the {}, a
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photo of the small {}. For templates on DomainNet, we simply use a photo of a {}.
In the DomainNet The text template used for this experiment is "a photo of {}". We
perform Locked-Text Tuning, where we fixed the text encoder and update the vision encoder

alone.

Backbone Method tieredImageNet DomainNet

ViT-B Adaptation 84.43 (0.25) 70.93 (0.32)
Ours 84.50 (0.25) 73.31 (0.30)

ResNet50  Adaptation 81.01 (0.28) 63.61 (0.34)
Ours 81.02 (0.27) 65.55 (0.34)

Table C.18: Multitask finetune on zero-shot performance with CLIP model.

Table[C.I8|demonstrates that CLIP already exhibits a high level of zero-shot performance.
This is due to the model classifying images based on text information rather than relying
on another image from the same class, which enables the model to utilize more accurate
information to classify among query images. We show the effectiveness of zero-shot accuracy
in tieredlmageNet and DomainNet. It is worth highlighting that our multitask finetuning
approach enhances the model’s zero-shot performance, particularly on the more realistic
DomainNet dataset. We have observed that our multitask finetuning pipeline yields greater

improvements for tasks on which the model has not been extensively trained.

C.7.2 Updating Text Encoder and Vision Encoder

We also investigated whether updating the text encoder will provide better performance. On
the tieredlmageNet dataset, We finetune the text encoder and vision encoder simultaneously

using the contrastive loss, following the protocol in [109].

Method Zero-shot Multitask finetune
Accuracy 84.43 (0.25) 85.01 (0.76)

Table C.19: Multitask finetune on zero-shot performance with ViT-B32 backbone on tieredIma-
geNet.

In Table we observed slightly better improvements compared to updating the
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vision encoder alone. We anticipate similar performance trends across various datasets and

backbone architectures. We plan to incorporate these findings into our future work.

C.7.3 CoCoOp

We also multitask finetune the vision language model following the protocol outlined in
[324]. This approach involved prepending an image-specific token before the prompt to
enhance prediction accuracy. To generate this token, we trained a small model on the input
image. We evaluate the performance of our model on all classes in the test split, which
corresponds to a 160-way classification task. This allows us to comprehensively assess the

model’s ability to classify among a large number of categories.

Method Zero-shot Multitask finetune
ViT-B32 69.9 71.4

Table C.20: Multitask finetune on zero-shot performance with ViT-B32 backbone on tieredIma-
geNet.

Table showed the result of the performance of the CoCoOp method. We observed

an improvement of 1.5% in accuracy on direct adaptation.
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Appendix D

Discussions, Complete Proofs and
Additional Experiments in Chapter [
Why Larger Language Models do

In-context Learning Differently

D.1 Limitations

We study and understand an interesting phenomenon of in-context learning: smaller models
are more robust to noise, while larger ones are more easily distracted, leading to different
ICL behaviors. Although we study two stylized settings and give the closed-form solution,
our analysis cannot extend to real Transformers easily due to the high non-convex function
and complicated design of multiple-layer Transformers. Also, our work does not study
optimization trajectory, which we leave as future work. On the other hand, we use simple
binary classification real-world datasets to verify our analysis, which still has a gap for the

practical user using the LLM scenario.
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D.2 Deferred Proof for Linear Regression

D.2.1 Proof of Theorem [5.2.1]

Here, we provide the proof of Theorem

Theorem 5.2.1 (Optimal rank-r solution for regression). Recall the loss function ¢ in
Lemma 5.2.1 Let

U u* = arg min (U, u).
UeR4xd rank(U)<r,ucR

Then U* = cQV*QT,u = %, where c¢ is any nonzero constant, and V* = diag([v],...,v}])
satisfies for any i < r v = 0 ) and for any 7 > r,v] = 0.

N
N+ +tr(D

Proof of Theorem [5.2.1] Note that,

arg min (U, u) = arg min (U,u)— min £(U,u)
U€eRx4 rank(U)<r,ucR U€eR%4 rank(U)<r,ucR UeRx4,ucR
= arg min (f(U, u) —  min E(U,u)) .
UeR%d rank(U)<r,uck UeRdxd ycR

Thus, we may consider Equation (D.4]) in Lemma only. On the other hand, we have

1 1
I'= (1 + N) A+ N tr(A)Idxd
1 1
= <1 + N) QDQ" + (D) QluxaQ’
=Q 1+~ D4+~ (D)1, Q'
= N N r dxd .
We denote D' = (14 &) D + & tr(D)Izxq. We can see A3 = QD2Q", I's = QD'2Q",

and ! = QD’_lQT. We denote V = uQ'UQ. Since I and A are commutable and

the Frobenius norm (F-norm) of a matrix does not change after multiplying it by an
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orthonormal matrix, we have Equation (D.4]) as

~ . ~ 1A 11 NI
(Uw -~ min H(U,u) = | (uA2UA2—AF )HF
1
=5 ||T7A% (uU —T7) Az
_1 2 =1 112
= | Dz(V D >D2 -

As WEQ ig a matrix whose rank is at most 7, we have V is also at most rank r. Then, we

2
o We can see that V* is

D'>D3 (V _ D’_1> D3

denote V* = arg miny cgaxd rank(v)<r
a diagonal matrix. Denote D’ = diag([\], ..., \}]) and V* = diag([v],...,v}]). Then, we

have

y 2
1 tr(D)> 2( . 1 )
= 1+> Ai + A | v — . . (D.3)
1(( N N (14 L) + 22

As V* is the minimum rank r solution, we have that v} > 0 for any ¢ € [d] and if v} > 0,

2
* _ 1 _ 1 tr(D)) .2 1 —
we have v} = (e Denote g(z) = ((1 + %)z + 5 ) x <(1+§]) +trSVD)> =

N T

z? (W) It is easy to see that g(x) is an increasing function on [0, c0). Now, we
N N

use contradiction to show that V* only has non-zero entries in the first r diagonal entries.
Suppose ¢ > r, such that v} > 0, then we must have j < r such that v; =0 as V*is a rank
. oy and all other values remain

(1+ % )X+ 55
the same, Equation (D.3)) will strictly decrease as ¢g(z) is an increasing function on [0, o).

r solution. We find that if we set v = 0, vj =

Thus, here is a contradiction. We finish the proof by V* = uQ T U*Q. O

D.2.2 Behavior Difference

Theorem 5.2.2 (Behavior difference for regression). Let w = Q(s + &) € R? where s, £ € R?

are truncated and residual vectors defined above. The optimal rank-r solution fisa ¢ in
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Theorem [5.2.1] satisfies:

~

L(frsa 0 E)
~ 2
::Exl,el,...,xM,eM,xq <fLSA,9(E) - <W7Xq>)
1 2 1 2 2 *\21)2

+1€1B + Z s2h (Aol —1)2.
1€[r]

Proof of Theorem[5.2.3. By Theorem w.l.o.g, letting ¢ = 1, the optimal rank-r

solution frga ¢ satisfies 6 = (WPV WEQ) "and

WPV Odxa Oa WHEQ _ U* 04
0, 1 0, O

where U* = QV*Q.

We can sce that U* and A commute. Denote A := ﬁ Zf‘il x;x; . Note that we have

Yq :fLSA,G(E)

Odxd Oqg <EET> U* 0q4
= Xq
o] 1)\ M /ol o
B Odxa 04 ﬁ (quqT + Zf‘il XZ‘XZT> ﬁ (Zf\il X;X; W+ Zf\il qxi)
07 1) \HF(Ehwixad + X ex]) N W x4 )’
U* 04
Xq
0, O
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Then, we have

~ 2
EX17517---7X1\/17€1L17Xq (yq - <W7xq>)

M

2
— TATT* 1 § Ty1* T
_EX1,€1,‘..,X1\4,€]\/1,XL1 (W AU Xq + M €;X; U Xqg— W Xq)
=1

M 2
~ 2 1 «
=FE |:<WTAU Xq — Wqu> } +E (M g ex; U Xq> ,

=1

) an

where the last equality is due to i.i.d. of ¢;. We see that the label noise can only have an
effect in the second term. For the term (I) we have,
~ 2
(I) =E [(wTAU*Xq —w! AU*x, + w' AU*x, — WTXq) ]

=F |:(WTKU*XQ — WTAU*XQ> 2] +E |:(WTAU*Xq — WTXq> 2} ,

(111) Iv)

where the last equality is due to E[/AX] = A and A is independent with x,. Note the fact

that U* and A commute. For the (III) term, we have

(III) [ [ TAU*Xq (WTAU*Xq)Q -2 (WTKU*Xq) (WTAU*Xq):|

(o) (wrav) ]

.
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By the property of trace, we have,

(I1T) =E [tr (T\w T./A\(U*)QA)} — W22

& ’T> (sz ) >]—Hw||%u*)w

=E T tr <AWWTA(U )2A) + Mtr (xlxlTwaxlxlT(U )2A>] - HWH?U*)QAS

_ %HW”%U*)QA?’ 4 %E [tr (xlxirwax1XI(U*)2A)}
S S (IR

1 *
”WH(U 2ps T 77 HWHAU‘((U )2A%)

where the third last equality is by Lemma Furthermore, injecting w = Q(s + &), as

£TV* is a zero vector, we have

1 1 .
(U11) = 5lls + €1y yeps + 775 + €Il tr ((V9)°D?)

LT 1 2 212
27 Islltveyzps + 77 lIs + €l tr ((V*)°’D?).
Similarly, for the term (IV), we have

2
(IV) =E {((s +6)'QTAU, — (s + §)TQqu> ]
T T TAT TaT.

=K {(s DV'Q 'x,—s Q' x,—¢'Q Xq> ]
=s' (V*)’D%s +s'Ds+¢'D¢ — 25 VD%
=£TDE+ ) siA (AF(v))? — 2Miv] +1)

i€]r]
=[I€l1D + > siA oy — 1),

i€][r]

where the third equality is due to sT A¢ = 0 for any diagonal matrix A € R%*9,

Now, we analyze the label noise term. By U* and A being commutable, for the term
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(IT), we have

o )
(11) :%E (Z x; U*xq>
i=1

s [ M T M
:%E tr (Z Xz) U*AIJ>k (Z Xz)
=1

i=1
7k [ir (U AU )

o? "
=57 (v )’D?),

where all cross terms vanish in the second equality. We conclude by combining four
terms. U

Theorem 5.2.3 (Behavior difference for regression, special case). Let 0 < r <’ < d and
w = Qs where s is r-dim truncated vector. Denote the optimal rank-r solution as f; and

the optimal rank-r’ solution as fo. Then,

L(fo;E) — L(f1; E)

=37 (lsllp + %) (Z ((N+ Dx+aD)) )
1=r+1
Proof of Theorem [5.2.3 Let V* = diag([v], ..., v]]) satisfying for any i < r, v} = m
and for any i > r,vf = 0. Let V" = diag([v'],...,v')]) be satisfied for any i < r',v] =

N and for any i > 1/,v'" = 0. Note that V* is a truncated diagonal matrix of
(NTD A +tr(D) i



353

V’*. By Theorem and Theorem we have

L0523 B) — £(f1:B) = [ llslmpops + 17 (I8l +0) r (VV)?D?) + ZS A ('t = 1)°
1€[r’]

- HSII(V :ps + 77 (H 1B+ 0?) tr (V)?D?) + D s2hi (A —1)°
i€[r]

(IIslp + ) (tr (V7)*D?) — tr (V)*D?))

/

1
M

) i N, ?
77 (lslp + %) (_m ((N+ 1\ +tr(D)) > '

1=

D.2.3 Auxiliary Lemma

Lemma provides the structure of the quadratic form of our MSE loss.

Lemma D.2.1 (Corollary A.2 in [315]). The loss function ¢ in Lemma satisfies

~ 1
min ~ A(U,u) = —= tr[A’T 7},
UeRdxd ueR 2

where U =l u= % for any non-zero constant c are minimum solution. We also have

~ 2
(U, u) —UERI;HXiEUERg(U u Hrz (quUAz AT )HF (D.4)

Lemma D.2.2. Let x ~ N(0,A), e ~ N(0,02) and y = (w,x) +¢, where w € R? is a fived

vector. Then we have

E [yQXXT} =%A + ||w|3A + 2Aw T wA,
E(yx)E(yx)" =ATww A,

E | (yx — E(yx))(yx — B(yx)) | =0A + [wl3A + AwTwA.

Proof of Lemma[D.2.3 As y is a zero mean Gaussian, by Isserlis’ theorem [292] [180], for
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any i, j € [d] we have

Ely*xix;] =E[y*|E[xix;] + 2E[yx;|E[yx;]

= (0’2 + WTAW) Ai,j + 2AZTWWTA]

Thus, we have E [y*xx "] = (62 + w'Aw) A+2Aw ' wA. Similarly, we also have E(yx)E(yx) " =

ATww T A. Thus, we have

(yx — E(yx)) (yx — E(yx))"|

=E :yzxxT —yxE(yx)" — E(yx)yx" + E(yX)E(yX)T]

=E :yzxx—r} —E(yx)E(yx)"

= <02 + WTAW> A+ Aw ' wA.

D.3 Deferred Proof for Parity Classification
D.3.1 Proof of Theorem
Here, we provide the proof of Theorem [5.3.1}

Proof of Theorem[5.3.1. Recall t; = (i,,j;). Let z, € R? satisfy z,;. = z,;, = 2v and all
other entries are zero. Denote VW = GTW®G. Notice that [|[W® |2 = [[V®|Z. Thus,
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we denote V*(#) = GTW*®G. Then, we have

E, [¢ (yr,q 9(X7, yr, XT,Q))]

I ro T
Y- XT 7
=E; {4 | yrq Z a;o TW( )X-,-7q:| ) ) :|

=E, l Yr,q Z a; o ZIV(i)¢T,q:|) >:|

=Er |0 g | 2 aie |20V + V2 )ory|

We can see that for any ¢ € [m], |]af| = 1 and V;’l(i) = 0 when j # [. As ReLU is a
homogeneous function, we have
Er [ (Yrq - 9" (Xr, ¥7,%r9))]

- (1 - pT)E ¢ 2’7¢T,q,i7 ¢T,q,j7 Z a:U [V:;(’Q_(bﬂq,u + V;;SZ]')_rqu,q,jT} tr €51

1€[m]

@

+ pTE E 27¢T7q7ir ¢Tiq1j7' Z a;ko— |:V*7(Z) ¢T7q77:7- + V;k;s’;)T ¢T7q7j7] tT e S2

ir,ir
i€[m)]

(I1)
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We have

1 % *,(1 *,(7
(1) =<1—pT>‘{<4 B |2y [ Y ae [Vi VO ) |t e s

i€[m)|

+ 1IE 0] —2v Z ajo [V*’(i) — Vf’@} tr €51

4 iryir JryJr
i€[m]
1 * (1) 0|
+(3 = ME {2y > ajo [‘Vw; - VjT,jT} tr €5

i€[m]

e le( -2 5w [vi e vigl]) o es }

We can get a similar equation for (II).
We make some definitions to be used. We define a pattern as (21, {(ir, 22), (j-, 23)}),

where z1, 22,23 € {£1}. We define a pattern is covered by a neuron means there exists

i € [m], such that a} = z; and sign(V:T’(l:Z) = z9 and sign(V*’(i) ) = z3. We define a neuron

)t Jrdr
as being positive when its aj = +1 and being negative when its aj = —1. We define a
pattern as being positive if z; = +1 and being negative if z; = —1.

Then all terms in (I) and (II) can be written as:

aE |0 | 2y Z ajo [ZQV;:(Z + Z3V*,(i.) ,

Jridr
1€[m]
where « is the scalar term. Note that there are total w x 4 patterns in (I) and
(@ — Wf{”) x 4 patterns in (II). The loss depends on the weighted sum of non-

covered patterns. To have zero loss, we need all patterns to be covered by m neurons, i.e.,

(a*, Vo veim)

1_
Note that one neuron at most cover d(dgl) patterns. Also, by 0 < pr < 5z (i+:)+l— ,
2 4 4

we have
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which means the model will only cover all patterns in (I) before covering a pattern in (II)
in purpose.
Now, we show that the minimum number of neurons to cover all patterns in (I) and (II)

is 2(vg + 1).

First, we show that 2(v; + 1) neurons are enough to cover all patterns in (I)

and (II). For i € [1n] and i, € [d], v

Lrydr

(2 digit (bin(i, — 1),7) — 1)/(47) and

all non-diagonal entries in V() being zero and a; = —1. For i = vp + 1 and i, € [d],
Vl(i)lT — —1y/(4y) and all non-diagonal entries in V(® being zero and a; = +1. For

i€ 2+ D]\ 2+ 1], let VO = —vE=2-D and a; = a;_,, ;.

We can check that this construction can cover all patterns in (I) and (II) and only needs
2(v2 + 1) neurons. V2t and VEE2t) cover all positive patterns. All other neurons
cover all negative patterns. This is because bin(i,) and bin(j,;) have at least one digit
difference. If bin(i,) and bin(j,) are different in the i-th digit, then (-1, {(i, —1), (j-,+1)})
and (—1,{(ir,+1), (jr, —1)}) are covered by the i-th and ¢ + v + 1-th neuron.

1

We can also check that the scalar e and

b2

1= is the optimal value. Note that
5

(1) For any negative patterns, the positive neurons will not have a cancellation effect on

the negative neurons, i.e., when y, = —1, the positive neurons will never activate.
(2) For each negative neuron, there exist some patterns that are uniquely covered by it.

(3) For any positive patterns, there are at most v — 1 negative neurons that will have a
cancellation effect on the positive neurons, i.e., when y, = +1, these negative neurons
will activate simultaneously. Also, we can check that there is a positive pattern such

that there are vo — 1 negative neurons that will have a cancellation effect.

(4) For two positive neurons, there exist some patterns that are uniquely covered by one

of them.

Due to hinge loss, we can see that % is tight for negative neurons as (1) and (2). Similarly,

we can also see that 72 is tight for positive neurons as (3) and (4).
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Second, we prove that we need at least 2(v2 + 1) neurons to cover all patterns in
(I) and (IT). We can see that we need at least 2 positive neurons to cover all positive
patterns. Then, we only need to show that 215 — 1 neurons are not enough to cover all
negative patterns. We can prove that all negative patterns are covered equivalent to all
numbers from {0, 1,...,2"2 —1} are encoded by {(Vg}i), e Vz(lf)> ‘ i€ [k:]} Then 2v5 — 1
is not enough to do so.

Therefore, the minimum number of neurons to cover all patterns in (I) and (II) is
2(ra +1).

Thus, when m = 2(v; 4+ 1), the optimal solution will cover all patterns in (I) but not all
n (IT). When m > 2(v9 + 1), the optimal solution will cover all patterns in (I) and (II). We

see that g neurons as the subset of g5 neurons, while the only difference is that the scalar

of positive neurons is 4 L for g7 and 72 for g5. Thus, we finished the proof. O

D.3.2 Proof of Theorem [5.3.2]

Here, we provide the proof of Theorem [5.3.2]

Proof of Theorem[5.5.2. Let ® = [¢r1,...,¢rm] € RM*4 Recall t, = (ir,j,). Let
z, € RY satisfy z,; = z,; = 2v and all other entries are zero. We see t, as an index set

and let r; = [d] \ t;. Then, we have

92 (X‘rv Yr, X7 q)

TX
#, (1)
= Z ajo |=Z—W* qu]
1€[m] - M
M, 1
T o7
= Z aZO' yT (z)'r q:|
i1€[m] -
[ THT
* y (I): v Y- (I) S
= Z aio- TT’t (Z ¢T ,q,tr + M . Vr‘l'(7 qu ,q,r'r
1€[m] L

Note that we can absorb the randomness of y,, ®7, , 74, together.

Let z; for ¢ € [n] uniformly draw from {—1,41}. By Chernoff bound for binomial
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distribution (Lemma [D.3.1)), for any 0 < € < 1, we have

. 2 2
Pr (‘ZH 26> “ 2exp (_6>

n
Thus, for any 0 < § < 1, with probability at least 1— 4 over the randomness of evaluation

1 1
< — - 1.
_O( Mlog5>

Then, for any 0 < § < 1, with probability at least 1 — ¢ over the randomness of evaluation

data, such that

ETT diag(VZ;(ft)T )

data, we have

g; (XT7 Y, XT,q)

[ T&T
* yr (I): r *,(7 —_ . *.(i 1
=) ajo M’t Vil e, + 27 diag(VD) — =] diag(Vy: (t)f)]
i€[m] L
= Z alo -zTTV:;SZ;)d)T’%tT +=7 diag(V*’(i)) T d13ug(V>k (@ )}
i1€[m] )
T .
- Z alo 27 diag ( ) brgt, + =7 diag(V® (i )) — = dlag(VtT(Zt)T)}
i1€[m] -
I T *,(1
= Z ajo d1ag< ) (27¢Tq ) — _TT diag(vt;(,t)f)]
i1€[m] -
. T 1 1
:Zaia dlag( ) <27¢7q >+O< Mlog5>]
i€[m] L
.l T 1 1
:Zaia dlag( ) (’yquq—i-PDQ ))—l—O( M10g5>]
1€[m] L

n —_ 120} 1
= h(927 2’Y¢)7—7q + PD2 (:)) + 0] ( M 10g 6) .

Similarly, we have g} (X;,y-, %X q) = h(61, 2’7(237’(1 + Pp,(E))+ 0O (\ / 5+ log %)
As t; € S; and the number of (¢;,, ¢;, ) being balanced as training, by careful checking,

we can see that £(y, - h(61,270rq)) = £(yq - h(6a, 2’ng3qu)) = 0 and we have 2y¢, , is the
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signal part.
On the other hand, we know that all the first half columns in D5 are orthogonal with each
other, and the second half columns in Dy are opposite to the first half columns. We have

= . . e ElPo, GDI3] _ w41
the same fact to D;. As = is a symmetric noise distribution, we have EllPoy G)I2] — vatl

and we have Pp,(Z)) and Pp,(Z)) is the noise part. O

D.3.3 Auxiliary Lemma

Lemma D.3.1 (Chernoff bound for binomial distribution). Let Z ~ Bin(n,p) and let

p=E[Z]. For any 0 < e <1, we have

e
Pr(|Z — u|l = eu) < 2exp 37 )
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