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Abstract

In this dissertation, we study multilevel Monte Carlo simulation methods and applica-
tions to different types of stochastic dynamical models. This dissertation focuses on
three selected topics. Firstly, tau-leaping is a popular discretization method for gener-
ating approximate paths of continuous time, discrete space Markov chains, notably for
biochemical reaction systems. To compute expected values in this context, an appro-
priate multilevel Monte Carlo form of tau-leaping has been shown to improve efficiency
dramatically. The contribution for this topic is deriving new analytic results concerning
the computational complexity of multilevel Monte Carlo tau-leaping that are signifi-
cantly sharper than previous ones. The key feature of the analysis that allows for the
sharper bounds is that when comparing relevant pairs of processes we analyze the vari-
ance of their difference directly rather than bounding via the second moment. Secondly,
we consider the problem of numerically estimating expectations of solutions to stochas-
tic differential equations driven by Brownian motions in the small noise regime. Our
complexity analysis shows multilevel Monte Carlo can improve on the complexity of
standard Monte Carlo by a factor €, where ¢ is the desired accuracy. The take-home
message is that, under reasonable assumptions, a basic Euler-Maruyama discretization
leads to optimal asymptotic computational complexity when used in a multilevel setting.
Thirdly, we analyze and compare the computational complexity of different simulation
strategies for classically scaled continuous time Markov chains. We provide numerical
examples demonstrating our main conclusions. The three topics have appeared in a

series of three papers with one published [1], two submitted [0, 7].
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Chapter 1

Introduction

1.1 Background

Stochastic Models have been gaining in popularity over the past few decades and are
now used widely in various scientific fields. Growth of their use in the biological sciences
has been particularly swift. In many of important circumstances stochastic models
are being used in preference to deterministic ordinary differential equation models to
describe biochemical reaction networks [34, 70, 68]. These stochastic models have given
important insight into the behavior of biological systems, including gene regulatory
systems, metabolism, and evolution [158, 53, 48, 19].

Numerical estimation of expectations of stochastically modeled biochemical reaction
systems are the main focus of this thesis. Due to the degree of interactions in living
cells, numerical simulation is often considered the only way to analyze a given system.
A number of numerical methods have been developed to simulate biochemical reaction
networks. Gillespie is known as a pioneer of this field for the development of the stochas-
tic simulation algorithm (SSA) [27, 28] and the tau-leaping algorithm [31]. The SSA can
be used to produce exact sample paths of stochastically modeled biochemical reaction
systems and it is an unbiased method. Unfortunately in many realistic contexts the

computational cost of performing standard Monte Carlo with SSA is still prohibitive



because many reactions can take place over time periods. Tau-leaping was developed
to overcome the problem of long run time. Tau-leaping generates Fuler-style approx-
imate paths and is significantly faster than the SSA in a number of setting, of course
tau-leaping is an approximate method and leads to a biased estimator for the estimation
of expectations.

In 2008, Giles proposed the remarkable Multilevel Monte Carlo method (MLMC) to
simulate diffusion processes [25]. MLMC has been able to reduce CPU times by orders
of magnitude in comparison with standard Monte Carlo. A key ingredient of multilevel
Monte Carlo is to combine paths at different discretization levels, using relatively fewer
paths at the more expensive resolution scales. The accuracy of the final estimate relies
on a recursive control variate construction, exploiting the fact that pairs of paths at
neighboring resolution levels can be made to have a low variance.

Anderson and Higham adapted the multilevel philosophy for the case of tau-leaping
in [3]. This required a novel simulation approach to generate tightly coupled pairs of
Poisson-driven paths at neighboring resolutions. The resulting multilevel Monte Carlo
tau-leaping algorithm is straightforward to implement and, unlike the standard multi-
level methods utilized in the diffusion case, can be made unbiased by using an exact
simulator at the most refined level. Computational complexity was analyzed in [3] for a
generic system scaling.

In this thesis, we refine and develop the complexity analysis of the new multilevel
Monte Carlo simulations for different processes, including continuous time Markov chains
(CTMCs), stochastic differential equations driven by Brownian motions in small noise
regime, and classically scaled population processes. Careful simulations are provided to

illustrate the delicate asymptotic results.



1.2 Mathematical Model and Notations

Many modeling scenarios give rise to continuous-time, discrete-space Markov chains.
Notable application areas include chemistry, systems biology, epidemiology, population
dynamics, queuing theory and several branches of physics [22, 32, 63, 64, 71]. The main
research target of this thesis will be continuous-time, discrete-space Markov chains.
For concreteness, we follow [3] by using the language of chemical kinetics. We con-
sider a system with d constituent species, {51, ..., Ss}, taking part in K < oo reactions,

with the kth such reaction written as

d d
/
E l/]ﬂ'Si — E V]ﬂSZ
i=1 i=1

Here, vy; € Z>( specifies the number of molecules of type S; required as input for the
kth reaction, and v; € Z> specifies the number of molecules of type S; produced during

the kth reaction. If the kth reaction occurs at time t, the system is updated via
X(t) = X(t—) + I/]/C — Vg,

where v and v}, are the vectors whose ith components are vg; and v}, respectively, and

X;(t) denotes the number of S; molecules at time ¢. For notational compactness, we let

Ck d:ef V]/g — Vg,
which is commonly termed the reaction vector for the kth reaction. Then X (t) satisfies

K

X(t)=X(0)+ Y Ri(t)G.

k=1
where we have enumerated over the reactions, and Ry(t) is the number of times the kth

reaction has occurred by time t. By far the most widely used stochastic model for this



system assumes the existence of an intensity, or propensity, function A\, : R — R for

ety =i [ i)

where the collection {Y}} are independent unit-rate Poisson processes. See, for example,

the kth reaction so that

9, 44, 46]. Thus, X (t) is the solution to the stochastic equation

X(t) = X(0) +zkjyk (/Ot Ak(X(s))ds) G (1.1)

We can also describe the model as a continuous time Markov chain with infinitesimal
generator
(AN) =D M@)(f(@+G) = f(2) (12)
where f(x) : RY — R is chosen from I; sufficiently large class of functions.
The standard choice for the intensity functions A, is that of mass-action kinetics,

which assumes that for z € Z<

d
Me(Z) = Ky 11 (xf—'yk)'1{2} (1.3)
We note that the continuous-time Markov chain (1.1) is equivalent to the model derived
by Gillespie [27, 28]. The corresponding forward Kolmogorov equation is often referred
to as the Chemical Master Equation [71], and solving this very large ODE system forms
the basis of an alternative computational approach that is appropriate when detailed

information is required about the distribution of the solution process [10, 50].

1.3 Chapter Outline

In this dissertation, we study numerical simulation methods for stochastic models. The

dissertation is structured as follows.



In the remainder of this chapter, we will introduce biochemical reaction network
and the requisite mathematical model, and we will also summarize different numerical
simulations methods that already exist.

In Chapter 2, we will derive new analytic results concerning the computational com-
plexity of multilevel Monte Carlo tau-leaping that are significantly sharper than previ-
ously published results in [3].

In Chapter 3, we consider the problem of numerically estimating expectations of
solutions to stochastic differential equations driven by Brownian motions in the small
noise regime. We compare standard Monte Carlo methods with the multilevel Monte
Carlo method. We find multilevel method combined with Euler-Maruyama is the most
efficient option under the assumptions we make on the underlying model. We also
provide simulations to illustrate the asymptotic results.

In Chapter 4, combining the conclusions obtained from Chapter 2 and Chapter 3,
we analyze and compare the computational complexity of different simulation strategies
for Monte Carlo in the setting of classically scaled population processes. This setting
includes stochastically modeled biochemical systems. We consider the task of approxi-
mating the expected value of some function of the state of the system at a fixed time
point. We study the use of standard Monte Carlo when samples are produced by exact
simulation and by approximation with tau-leaping or an Euler- Maruyama discretization
of a diffusion approximation. Appropriate modifications of recently proposed multilevel
Monte Carlo algorithms are also studied for the tau-leaping and Euler-Maruyama ap-
proaches. We then introduce a novel asymptotic regime where the required accuracy is
a function of the model scaling parameter. On the basis of this analysis we find that

for this particular scaling a diffusion approximation offers little from a computational



standpoint. Instead, we find that multilevel tau-leaping, which combines exact and tau-
leaped samples, is the most promising method. In particular, multilevel tau-leaping
provides an unbiased estimate and, up to a logarithm term, is as efficient as a diffusion
approximation combined with multilevel Monte Carlo. Our computational experiments

confirm the effectiveness of the multilevel tau-leaping approach.

1.4 Monte Carlo Simulation Methods

In this section, we will briefly introduce various Monte Carlo Methods to simulate con-

tinuous time, discrete space Markov chains, notably for biochemical reaction systems.

1.4.1 Stochastic Simulation Algorithm

In 1976, Gillespie developed a computational method for the exact simulation of stochas-

? ]

tically modeled biochemical reaction systems |

Algorithm 1 (Gillespie Algorithm). Initialize. Set the initial number of molecules of

each species and set t = 0. repeat the following until t > T':
1. Calculate the intensity function A\;(X) for each reaction and set Ao(X) = > A\i(X).
2. Generate two independent uniform(0, 1) random numbers r1 and 1.
3. The time step to the next reaction is determined as T = /\—loln(%)

4. The index of next reaction to fire is the smallest integer j satisfying > 1_; X\i(X) >

TQ)\Q(X).

5. Updatet =t +71 and X = X + (.



This procedure can be used to generate trajectories of CTMCs with generators (Af)

given in (1.2) and became the standard algorithm for biochemical reaction networks.

1.4.2 Tau-Leaping Algorithm

Tau-leaping [31] is a computational method that generates Euler-style approximate paths
for the continuous-time Markov chain (1.1). The basic idea is to hold the intensity
functions fixed over a time interval [¢,,t, + h] at the values A\, (X (¢,)), where X (¢,) is
the state of the system at time ¢,,, and, under this assumption, compute the number of
times each reaction takes place over this period. As the waiting times for the reactions
are exponentially distributed, this leads to the following algorithm, which simulates up
to a time of 7" > 0. For x > 0 we will write Poisson(x) to denote a sample from the
Poisson distribution with parameter x, with all such samples being independent of each

other and of all other sources of randomness used.

Algorithm 2 (Euler tau-leaping). Fiz h > 0. Set Z,(0) = zo, to =0, n = 0 and repeat

the following until t, .y =T

(1) Settpyy =ty +h. Ifty >7T, settpyr =T and h =T —t,.
(13) For each k, let Ay = Poisson(Ag(Zy(tn))h).

(iv) Setn +n—+1.

Analogously to (1.1), a path-wise representation of Euler tau-leaping defined for all

t > 0 can be given through a random time change of Poisson processes:

Zy(t) = Zu(0) + ) Y3 </Ot )\k(Zh(nh(s)))ds) Gk (1.4)



bt



Chapter 2

Complexity of Multilevel Monte

Carlo Tau-Leaping

2.1 Introduction

This chapter focuses on the commonly arising task of computing an expected value of
some feature of the solution of the process (1.1), for example the mean level of a chemical
species at some specified time or the correlation between two population levels. We
study the method proposed in [3], which combined ideas from tau-leaping and multilevel
Monte Carlo in a manner that can dramatically improve computational complexity.
Our main aim is to provide further analytical support for the method in the form of
substantially sharper bounds for the variances of the coupled processes, and hence for
the overall computational complexity of the resulting multilevel Monte Carlo estimator.
The sharper analytic bounds will naturally inform implementation.

Tau-leaping proposed by Gillespie [31] is attractive when (a) many events occur
over each subinterval, so that exact simulation would be expensive, and (b) the relative
change in the system state is small over each subinterval, so that the discretization is
accurate [31, 62]. However, in our case, where the aim is to combine sample paths in

order to approximate an expected value, it should be kept in mind that
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e we are concerned with the overall accuracy of the expected value approximation,

not the accuracy of the individual paths,

e forming a Monte Carlo style sample average automatically introduces a statistical
sampling error, so we should focus on carefully balancing sampling and discretiza-

tion effects.

Our aim here is to refine the complexity analysis of [3]. We do this by directly
estimating the variance between relevant pairs of processes, rather than bounding via
the second moment. Second moment bounds arise naturally in the setting of a diffusion
equation, where multilevel was first developed and where strong convergence results for
numerical methods are readily available, but they are not optimal for the Poisson-driven
jump systems that we consider here.

The next section sets up the notation, defines the simulation methods and discusses
some issues that arise in developing realistic results. Section 2.2 presents the new an-
alytical results. The consequent bounds on computational complexity are derived in
Section 2.3. Section 2.4 then provides some numerical confirmation of the findings a
nd Section 2.5 gives conclusions. Some technical results required for the analysis are
collected in Appendix A.

In analyzing computational complexity, it is important to account for the fact that
simulation becomes expensive when many reactions take place along a path, so some
sort of “large system parameter” is required. Following [3, 1 1], we denote this parameter
by N and scale the model by setting XY = N~% X, where o; > 0 is chosen so that

XN = O(1). The scaled variable then satisfies

XX =x5 0+ S ( [ t N (6))ds ) G
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where () = N7i(;,. Also following [3, 11], we set

def .
pr = min{a; : ¢ # 0},

so that ()Y = O(N~°*), with the order achieved for at least one component of ;¥ (i.e.
there can be j for which (i} = o(N~**)). We also set p &f min{p;} > 0.

Accounting for the fact that the rate parameters of (1.3), kg, may also vary over
several orders of magnitude, for each k there is an r;, for which A\, (X) = N AN (X)) so

that A\Y (X?™) is O(1). This yields the stochastic equation

t
x50 =0+ L3 ([ et ) ¢

k 0
Define now

def

T = m]?X{Tk — P}y

which is the natural time-scale for the model. For v > 0 the shortest timescale in the
problem is much smaller than 1, and for v < 0 it is much larger. Our analysis will be

relevant to the case where v < 0.

Setting r, = v+ ck, we arrive at the stochastic equation for our general scaled model,

t
XN() = XN0)+ > Vi (NV/ ch)\kN(XN(s))ds) o\ (2.1)
k 0
Note that, by construction, ¢, < pr. We may now regard

N=N7) N (2.2)
k

as an order of magnitude for the number of computations required to generate a single
path using an exact algorithm. We refer to [3, 11] for further details and illustrative
examples, and point out that the classical scaling is covered in this framework by taking

ck =pr=1and v =0, see [2, 11].
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Given a stepsize, h, the tau-leaping approximation for the scaled system (2.1) then

takes the form
Z¥ (1) )+ 3 (Nv / N (2] <n<s>>>ds) ¢ (23)

where 7(s) = & LEJ h. Note that we have defined the process over continuous time.
The multilevel tau-leaping method for approximating E[f(X™(T))] uses levels ¢ =
lo,lg+1,..., L, where both ¢, and L are to be determined. The characteristic stepsize
at level / is given by hy, = T'- M~*, for a fixed positive integer M, typically between 2
and 7. Using Z} to denote the tau-leaping process (2.3) generated with a step-size of

hy, we consider the telescoping sum identity

L

E[f(Z) (T)] =E[f(Zy(T)] + Y Ef(ZN(T)) — f(ZL(D). (2.4)

£260+1
Exploiting the right-hand side of this identity, we introduce the estimators
et 1 def 1 N N
Z f( Zeo [z] ), and Q= n_e Z(f(Ze,m (1)) - f(ZE—l,[i}(T)))a (2.5)
i=1
where the pairs Z}Y o1 and zN, [ are to be generated in such a way that Var(Q) is small.

We will then let

L
Qs = Y Q. (2.6)

=y

be the unbiased estimator for E[f(Z(T))], which is therefore a biased estimator for the
required quantity E[f (XN (T))].

We emphasize at this stage that the number of levels, L — ¢y + 1, and the number of
paths per level, ng and ny, have not yet been specified, and will be determined by the

required accuracy.
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In a similar manner, we may exploit the fact that exact simulation is possible and

use the identity

L

E[f(XN(T)] =Elf(XM(T)) — (25 (D)) + Y EIf(ZY) — F(Z)] + ELf(Zy (D))

£=£0+1

We then define estimators for the three types of terms on the right-hand side via (2.5)

and
Qs ™ LS (i) - 52T 2.7
leading to h
Qus < Qp + i Q. (2.8)

=y

which is then an unbiased estimator for E[f(X"(T))].
In the multilevel framework, rather than single paths, we generally compute pairs
of paths, and tight coupling is the key to success. Defining a A b o min{a, b}, the pair

(Z)N,Z} ) appearing in (2.5) is defined as the solution to the stochastic equation
2N = 2 (0) + 30 [Y (chzc [zt ax <Zﬁ1<m_1<s>>>ds)
Vi (ch'c [ O 1) — 2 ) Ak<2ﬁ1<m1<s>mds) } ,
(2.9)
2V () = 28,0+ 3 [Y (Nw% [z s o Ak<zﬁl<m_1<s>>>ds)
& 0
Yis (NW [ 2 1051 = (2 o) Ak<zgfi1<n“<s>>>]ds) } ,

(2.10)

where the Yy ;, i € {1,2,3}, are independent, unit-rate Poisson processes, and for each

¢, we define n(s) Lo |s/he|hy.
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Similarly, for (2.7), the pair (X%, Z¥) is defined as the solution to the stochastic

equation

XN(t) =X"N(0) + ) Yia (N”NC’“/O Ar (X (s) A A]kV(Ziv(??L(S)))dS> o

#3a (W08 OG0 6) - AN 6 AN (o)) ) 2,
k 0

(2.11)

0

Zy () =Z5 (0) + Y _ Yea (N”NC’“/ Ar (XN () A AiV(Ziv(nL(«'S)))dS) G

+ 2 Ves (NVNC’C/O A (ZE (n(s)) = A (X (s)) A A;iV(ZiV(nL(S)))]dS) Ci -

(2.12)

In practice, both the biased and the unbiased multilevel Monte Carlo methods de-
scribed above can be implemented straightforwardly; full pseudo-code descriptions are
given in [3]. In this setting, the exact paths X are essentially being simulated by the
next reaction method [23], which has a natural relation to the random change of time
representation (1.1); see [1].

To analyze the computational complexity of these methods, we assume that E[f (X" (T))]
is required to an accuracy of €, in the sense of a confidence interval. Hence, we have in
mind that e is small. As discussed earlier, we also wish to regard the system parameter,
N, as large. It is important, however, to keep in mind that we have a ‘moving target.’
As N increases the properties of the underlying system may vary. In particular, for the
classical scaling, in the thermodynamic limit N — oo the stochastic fluctuations become
negligible [9, 41] and the system approaches a deterministic ODE. We are implicitly
assuming that the problem is specified in a regime where fluctuations are of interest and

the task is computationally challenging, so we regard e as small and N as large without
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committing ourselves to asymptotic limits. A key aim in our analysis is to capture the
effect that the prescribed task can become less costly as N increases, in the sense that
fluctuations decay.

The level-wise estimators @, and Qg appearing in (2.6) and (2.8) are independent,
and hence their variances add. To make the overall variance achieve the desired value
of O(€%), our aim is to choose the number of paths, n,, so that each level contributes
equally to the overall variance. The goal, in terms of obtaining a good upper bound on
the computational complexity of the method, is therefore to develop tight bounds on
the variances of f(Z)(T)) — f(Z}Y, (1)) and f(XJ(T) = f(Z](T)).

We note that multilevel was first developed and analyzed for diffusion processes [25].
Here the classical and well-studied concept of L? strong error of a numerical method
can be used. Two paths that are both close to the underlying exact path in L? norm
must also be close to each other, and the second moment trivially bounds the variance.
This approach has proved useful in connection with Brownian motion, [24, 26, 33], and
is optimal in the sense that complexity results can be derived that match the residual
O(e7?%) cost that would remain if an expression for the exact solution were known. The
L? approach was also used in [3] for the Possion-driven case that we consider here, but
our aim is to show that improved bounds can be obtained from a more refined analysis

that studies the variances directly.

2.2 Analyzing the Variance of the Coupled Processes

We begin by explicitly detailing the running assumption we make on the model. We will

suppose that for each k, the intensity function for the normalized process A\Y (), along
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with the components of its gradient and Hessian, are bounded.

Running assumption. We suppose there is a constant C' > 0 such that,

ONY (z PN (x
Seise $|70 <0 ma 2|50
k J

k

<C foranyi,jl=1,..,d.

Hence, letting

FN() £ 3T NONAY ()¢,
k

we have

2 N

833]49%’[

OFN
‘ ‘ <CN? foranyi,jk,l=12,...4d.

< CN7 d
Ox; ‘ - o ‘

We will also assume throughout that our initial condition is fized. That is, X (0) =
x(0) € Rxq for all choices of N. O

We note that not all reaction networks satisfy the above running assumption. How-
ever, any model for which there is a w € R, with w - ¢, < 0 for all k will satisfy
the running assumption so long as AY is defined to satisfy it outside the positive or-
thant. (Note that the 7-leap process may leave the positive orthant.) In particular, any
process which satisfies a conservation relation will satisfy the running assumption. We
further wish to emphasize that the boundedness assumption is being made on the scaled
intensity function, and not the intensity function for the unscaled process. Since the
scaled intensity function is explicitly constructed to satisfy AY (z) = O(1) in our region

of interest, it is not an unrealistic assumption.

Example 2.1. Consider the family of models, indexed by N, with the following network,

rate parameters, which are placed alongside the reaction arrows, and initial condition,

24 = B, X1(0) = X5(0) = M - N,
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where X1 (t) and Xy(t) denote the abundances of the A and B molecules, respectively, at
time t, M > 0 is some constant, and only those N for which M - N € 7Z are considered.
Note that w = [1,2]" satisfies w - x = 0 for each k € {1,2}. Choosing o; = 1, so that

pr=rr=cr =p=1, and v = 0, the normalized process satisfies

X¥(1) = X¥(0) + 3% (N / A <XN<s>>ds) N

- - (2.13)
1 LN N 2
+=Y5 (N [ X' (X" (s))ds :
N 0 1
with
ZL‘l(Il—Nil), if$1,$220

A (x) = :

he (z), if 11 <0 orze <0

where h¥(x) is any function which ensures N is differentiable at the boundary of the

positive orthant and satisfies our running assumptions and

Zo, Zf X1, T2 Z O
A (x) = )
Y (x), ifx1 <0 oraze <0
where hi (z) is also chosen to ensure the satisfaction of our running assumptions. For
ezample, we only require that h) (x) = 0 when zo = 0, hY (z) = (3/2)|M - N| when
x1 = 0, and hY (x) itself satisfies the running assumptions outside the positive orthant.
Note that it is necessary to define each )y outside ZQEO for the tau-leaping process, which

does not satisfy the same constraints as the exact process. Also mote that a bound of

9M? can be used to satisfy our running assumption for this (non-linear) model.
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2.2.1 Statements and proofs of our main results

We couple XV and ZY via (2.11) and (2.12) and are interested in the problem of

estimating
Var (f(X™) = f(Z1)) .

for Lipschitz functions f : R? — R. Our main result is the following.

Theorem 2.2. Suppose the model satisfies our running assumption and that X" and
ZN satisfy the coupling (2.11) and (2.12). Assume that f : R? — R has continuous
second derivative and there exists a constant M such that

o2 f

of

o <M and

<M foranyi,j=1,2,..,d.

Then, for 0 <t < T,
Var(f(XN (1)) — f(Z) (1)) < CL(N",T,d, M)N ?(N"h)* + Co(N",T,d, M)N "N"h,

where C, is defined as (2.28) and Csy is defined as (2.29). Moreover, the functional
dependence of Cy and Cy on N and T is via the product NYT, so in the case of T' fived
and v < 0, the values of Cy and Cy may be bounded above uniformly in N, and so the

variance is of order O(N~"h).

Remark 2.3. If it is the case that X remains in a bounded region with a probability of
one, for example if there is a w € RY; with w - ¢, < 0 for all k, then the assumption

pertaining to the deriwative bounds of f is automatically satisfied for any smooth f.

Remark 2.4. While we refrain from taking limits as h — 0, we are interested in the

order of magnitude of the resulting bounds in both N and h. Hence, we neglect terms of
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the form h? when compared with h even though we may have, for example,

A 2
sup O} (D)h

——— > 1.
T<oo 02<T)h

The assumption that C1h?> < Cyh may break down at the coarsest levels, where hy is
presumably large. A finer analysis than that presented here, in which the constants C;
and Cy are estimated more carefully, will be required to study the effect of this assumption

on the computational complexity bounds.

In the case v < 0 the main results in [3], which considered only the L? norm of the
difference of the coupled processes, present an upper bound on the variance of order
O(N~Ph + h?). Theorem 2.2 sharpens this bound considerably since in many cases of
interest h? is much larger than hN 7.

An immediate corollary to Theorem 2.2 is that the coupled tau-leaping processes

satisfy a similar bound.

Corollary 2.5. Under the assumptions of Theorem 2.2, Z} and Z}, in (2.9) and

(2.10) satisfy, for 0 <t < T,
Var(f(ZY(t)) — f(Z (1)) < Dy(NY, T,d, M)N"(N"hy)? + Do(N",T,d, M)N~"N"h.

Where in the case of T fized and~y < 0, the values of D1(N?,T,d, M,C) and Dy(N7,T,d, M, C)

may be bounded above uniformly in N, and so the variance is of order O(N~Phy).

Proof. This is an immediate consequence of the following simple inequality
Var(f(Z;' (1)) — f(Zi4(1))) = Var(f(Z]' (1)) — f(XV (1) + F(X (1) — f(Z74(1))
< 2Var(f(Z;" (t)) — f(X™ (1) + 2Var(f(X™ (1) = F(ZiL4(1))),

and Theorem 2.2. O
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In order to prove Theorem 2.2, we first present some preliminary calculations on the
variance of the processes X and Z}, and some useful lemmas.

By our running assumption, we know that
[N () = FN(y)] < VACN|z -y,
for all x,y and i = 1,2, ...,d, where | - | is the 2-norm. We let 2%V be the solution to the
deterministic equation
N (t) = z(0) + /t FN (2N (s))ds, (2.14)
0
where (0) is the initial condition for each member of our family of processes.

Lemma 2.6. Under our running assumption, for any T > 0 we have

B {sup XN (s) - xN(S)‘2:| < (Clecg-(TNv)Q) (TN”N"”) :

s<T

where Cy and Cy are two positive constants that do not depend on N,~, T.

Proof. Defining Yj(u) := Y (u) — u to be the centered Poisson process we have
t t
XN(t) — 2N (t) = ZYk (NVNC’“ / AN (XN(s))ds) N+ / FN(XN(s)) — FN (2N (s))ds,
k 0 0

and so using the trivial bound (a + b)? < 2a? + 2b* plus our running assumption,

XN () — 2 (1))

t 2 t
<2 fok (N”NC’“/ )\kN(XN(s))ds> N+ 202th27/ | XN (s) — 2V (s)|?ds.
- 0

0

Hence, by the Burkholder-Davis-Gundy inequality [16] and our running assumption

B sup 1X¥(9) - (5

s<t

t t
<ant Y |G / NE DAY (XY ()] dr + 207N / E {sup|XN(s)—xN(s)]2 dr
k 0 0

s<r

t
< CIN"N™Pt+ QC’thNQV/ E {sup XN (s) — ZL'N(S)|2:| dr,
0

s<r
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and the result follows from Gronwall’s inequality with Co = 2C?d. [

Now we let z be the deterministic solution to

t
O =20+ [ P s)s 219
0
which is the Euler approximate solution to the ODE (2.14).

Lemma 2.7. Under our running assumptions, for any T' > 0 and any n > 0 satisfying

nh <T, we have

. {Sup |Z)Y (mh) — 2 <mh>l2] < (Cre ™) (TNIN ).

m<n

where C7 and Cy are the same constants which appear in Lemma 2.6. Further,

: [Sup 1Z(s) - 2 <s>lz} < (Ce= M) (TNTN).

s<T

Proof. Following the proof of Lemma 2.6, we have

t t
Zy(t) - (1) =) i (ww JRNEA <n<s>>>ds) Q'+ [ PN ) - P e)as
k
and, again as a result of the Burkholder-Davis-Gundy inequality [16] and our running
assumptions,

e [sup|276) - 0

s<t

<Ny IC;iV|2/ NE (X (Z (n(9)))] ds + 202th2”/ E {Sup |Zy' (n(s)) = 25 (n(s))[?| dr
k 0 0

s<r

< CIN"N™ Pt + CgtNQV/O E {sup |ZN (n(s)) — z,]lv(n(s))ﬂ dr, (2.16)

s<r

where (] and (5 are the same constants which appear in Lemma 2.6.
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Using (2.16) with ¢ = nh with n an integer for which nh < T, we have

E { sup |ZY (mh) — z,fLV(mh)F} <E {sup 1Z (s) — zﬁ(s)?}

m<n s<nh

n—1
<CN'NT'T + C,TN* Y " h-E [sup | ZY (mh) — 2 (mh)|?]| .

- <1
i—0 m<1

By the discrete version of Gronwall’s inequality we see

m<n

Since n satisfying nh < T was arbitrary, we return to (2.16) to conclude that for any

0<s<T
E [sup 1ZN(s) — 2N (s)|2] < CLNTN“PT 4 CoT? N> @' N NYN =T,
s<t

Noting that (1 + ae®) < e** for any « > 0 completes the proof. [

Our proof of Theorem 2.2 will begin by considering the difference between X~ and
ZN . Tt is therefore useful to get bounds on the second moment of the quadratic variation

of a certain martingale which will arise naturally. We therefore let

MN(H)E Y Vi (N”NC’“/O R (XN () = A (X (s)) A Aiv(ZéV(n(S)))]dS) G

-3 i (NW% [ o) A ) A (2 <n<s>>>]ds) &

(2.17)
where, again, Y} is the centered Poisson process. The proof of the following lemma can

be found in [3].
Lemma 2.8. Under our running assumption,
E[|MY(#)°] < et Te*N""N*'(N~"h),

where ¢y, co are independent of N,~v and T.
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We are now ready to prove our main result.

Proof of Theorem 2.2. We first prove the result in the case that f;(z) = x;. We have
t
X{(t) = Zyi(t) = MY (1) +/ FY(XY(s)) = FY(Zy (n(s)))ds
0
t t
=)+ [ X))~ BN EYe)ds+ [ FYEZY () ~ BN )i,
0 0
(2.18)

where M (t) is defined in (2.17).

We will prove the result by first considering the variance of the first and third terms
of (2.18). Consideration of the second term will then lead naturally to an application of
Gronwall’s inequality.

To begin, we note that Lemma 2.8 implies that
Var(MN (1)) < e;Te?™ T N*'(N~Ph),

for some ¢; and ¢y which are positive and do not depend on N7 and T

Turning to the third term of (2.18), we have the following lemma.

Lemma 2.9.

var [ E¥(Z2 6 - Y@ o))

0

<dC, - (TNV)2N~P(N'h)? +dCy - (TN7)2 N~ N"h,

where Cy is a constant defined via (2.24), and which depends upon the product TN7,

and Cy is a constant independent of N,~v and T.
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Proof. From Lemma A.6 in the appendix, we have
FM(Zy (s)) = BN (Zy (n(s))
- / VEN(ZY (n(s)) + (20 (5) = ZY (n(s))dr - (2 () = Z (n(s))):
(2.19)

In order to bound the right hand side of (2.19), we will apply Lemma A.2 in the appendix
with AM" as the jth component of fol VEN(ZN(n(s)) + r(Z) (s) — Z) (n(s))))dr and
BY" as the jth component of (Z(s) — ZY(n(s))). Hence, we must find appropriate

bounds on these components.

We begin with Z)(s) — ZN(n(s)). As

0

226 = 250 + L0 (Ve [ @) )

we see

0

n(s)
Y v (sz% / mzmsmds) y

226 = 2o = Lvi (v [N @ s 6

k

LW (e [t ) o

k (s)
where the collection {Y;'} are independent unit-rate Poisson processes and the last

equality is in the sense of distributions. This implies

(2 (s) — ZY ()| = [E [EIZ)(s) — Z (n(s))|Z (n(s))]] | < CN.
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Similarly, using Lemma 2.7 and the law of total variance, we may conclude

Var(Zyy;(s) — Zi; (1(5))) = E [Var(Zy;(s) — Zi; (1(5))) | Z' (1(s)))]
+Var (E[Zy(s) = Zin;(n(s)] | Zy' (n(5))))
Var (;ffk (Nvch /ﬂ(s) AkN(Z}]LV(W(S)))dS> o Zﬁ(ﬂ@)))]
+Var | E Yy, [ NYNe ZN( (s))D
(o[ ;

=Y (s —n(s))N'N*E [\ (Z)Y (n(s)))] (¢2)? (2:21)
k

s

=K

S

Yz <n<s>>>ds) &

(s)

+ Var (Z(s — 77(5))N’Ych)\;gV(Zi]zV(n<S)))Q?J[>

k
< CON"N'h+ B*NK Y Var (\Y(Z) (n(s))))
k
< ONPNh+BENTK S E (WY (2 (n(s)) = WY (1 (n(9))) ]
k
< ONPN T+ dKC? (G D) (TNTN ) i,
where we recall that K is the number of reaction channels, and Lemma 2.7 was utilized
in the final inequality.
Turning to [} VEN(ZY (n(s)) + r(Z}(s) = Z¥ (n(s))))dr, we apply Lemma A.1 in
the appendix with X;(s) = Zi¥(s), Xa(s) = Z¥ (n(s)), x1(s) = 2} (s), za(s) = 2z (n(s))

and u(z) = [VFN ()], to obtain

Var (/0 IVEN(ZY (n(s)) +r(Z) (s) — Z;]LV(n(S)))]jdr) < NYCN,
where

C = dC?Cy 2 TN (TNTN ). (2.22)
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In order to apply Lemma A.2 with

ANR _ / VEN(ZY (n(s)) + (2 (5) — 2 (n(s))))]ydr

and BY = Z}¥.(s) — Z},(n(s)), we note |[VEN];| < CN7 from our running assumptions

to see
1
Var ([ [VEN(Z ) 4 1(226) = 2+ (Z3505) - 235066 )
< 3C*CN*'N~P(Nh)* + 15C*N*Var(Z,(s) — Zp(n(s)))
< CyNYN=P(N'h)? + CoN¥' NP N7h, (2.23)
where the final inequality follows from (2.21) with

Cy = 3C2C + 15dK2CACeC> TN T N7,
(2.24)

Cy = 1503,

Returning to (2.19), the above allows us to conclude

Var(F (2, (5)) — B (Z;) (n(5)))

< d*CyNY N=P(N'h)? + d*CoNY N’ N7h.
Finally, by Lemma A.5 in the Appendix,
Var ([ B0 - B2 )05
0
< d*T?CLN* ' N~"(N'Rh)? 4+ d*T*Co,N*' NP Nh,
as desired. O
We now turn to the middle term of (2.18). We first write

FN (XN (9)=F(Zy (s)) = DE(s) - (X7 (5) = Zy'(s)),
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where

DF(s) = / VEN (2 (s) + r(XV(s) — Z(s)))dr.

We will again apply Lemma A.2 to get the necessary bounds. Therefore, we let AN =
[DEN(s)]; and BY = XY (s) — Z}Y.(s).
Letting Xi(s) = XY (s), Xa(s) = ZN(s), 21(s) = 2V (s), w2(s) = 22 (s) and u(z) =

[VEN(xz)]; for an application of Lemma A.1, we have
Var(AY) < N¥"CN 7,

where C is defined in (2.22) and where we use our running assumption that [VF]; is

uniformly bounded by C'N7. From [3, Lemma 3] we know
E[|BY]] < é (e —1)Nh,

where ¢; and ¢y are constants independent of N,~ and T'. Hence, applying Lemma A.2

we see

Var([DEY (s));(X] (s) — Zi(s)))

< BNPCE (N — 1)2N~P(N"h)? + 15C* N> Var(X Y (s) — Z}(s)),
and

d
Var(FN (XN (s))=FN(Z) (s))) < 15C%dN*"> " Var(X ¥ (s)—Z),(s))+d*a N N~ (N"h)?,

J=1

where

¢ = 3C&E (2T —1)2, (2.25)



28

Finally returning to (2.18), we may combine all of the above to see

Var(X]V(t) — Zp;(t)) < 3e,Te*N' " N*'(N~7h)

d t
+ 3 [ 15C%dN*t Z /0 Var(X}V(s) — Z;(s)) ds + d*ct N*Y N~"(N"h)*T?
7=1
(Lemma A.5)
+3 [d2(51 (TN)2N"P(NTRY? + d*Cy - (TNW)QN—PN%] (Lemma 2.9)

< 3d°T(Cy + &) NP NP (Nh)? + 3(d*T*CoN* + ey N'Te*N' )N~ Nh,
d t
+45CTAN™ ) / Var(X (s) — Zp,(s))ds.
j=17"0

Thus, setting

we have
g(t) < 3d*T*(Cy 4 &)N*'N~P(NTh)? 4 3(d*T*CoN? + ¢, N TeN YN N
t
+ 4502Td2N27/ g(s)ds,
0

and the result under the assumption that fj(x) = x; is shown by an application of

Gronwall’s inequality,
Var(X N (s) — ZN,(s)) < 35T ENT 272(Cy 4 &) NP N~#(NVh)?
+ 36456’2T2d2N2V (dQTzCA'gNQV + ClN’YTeczNVT)N—pN’Yh
=Cy-NP(N'h)? 4+ Cy- N"°N7h, (2.26)

where C; and C, are defined by the above equality.

To show the general case, note that from Lemma A.6 in the appendix we have

FXN®) = f(Zy (1) = /O VHZy () + (X () = 2, (1)))dr - (XN (1) = Z,) (1)),
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We let X;(t) = XN(¢), Xo(t) = ZN(t), z1(t) = 2N (¢), 22(t) = 27 (t) and u(x) = [V f(x)];

for an application of Lemma A.1, which yields
1 —
Var ( / IVEZY () +r(XN(t) — ZN(t)))]de) < dM*CN~", (2.27)
0

where M is the uniform bound of V,; f(x) and the factor of d appears in the application
of Lemma A.1 since |[Vf(z)]; — [Vf(y)];] < MVd|x — y| for each j. Hence, by an

application of Lemma A.2 and the work above we see,
Var ( / VLN ) (X0 — ZY e)dr - (XD (5) - foj<s>>)
< dM?e,N~"(N"h)* + 15M*Var(X}' (s) — Z;'(s)).
Thus, utilizing (2.26), we have
Var(f(XN(t)) = f(Z) () < C1- N*(N"h)* + Cy - N""N7h,

where

Cy = 156d°M?Cy + d*m’e, (2.28)
and

Cy = 154> M?C,. (2.29)

Note that the functional dependence of C; and Cy on N and T is via the product

NT. [l

2.3 Consequences for Complexity

Under the assumption 7 < 0 (which holds, for example, in the classical scaling) and

using the fact that hy, < T, Theorem 2.2 and Corollary 2.5 show that the variances in
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the level-wise estimators @, and Qg appearing in (2.5) and (2.7) can be bounded as

N—PN'Y N—PN'Y
NNThe ond Var(Qp) < ¢ XV

Ny nNg

Var(Q,) < C - (2.30)

where C' is a generic constant. Compared with the original analysis in [3, Theo-
rems 1 and 2|, the important refinement is deletion of the h? terms found in the similar
bounds of [3]. These h? terms dominate in many cases, including when h, > N~ and
the system satisfies the classical scaling (recall that p = 1 in the classical scaling).

Further, in the basic inequality

Var((233 (1)) < (\Nar(F(ZE5 () = FXN @) + NarF XV @)))

we may use Theorem 2.2 with h = hy, to control Var(f(Z,) — f(X?))) and Lemma 2.6

to control Var(f(X?)), to find that

Var(Qo) < ¢ XA (2.31)

N

Taking variance in (2.6) it then follows from (2.30) and (2.31) that to leading order

L
Var(Qp) < CN N7 <i+ S @>.
o Ny
{=lo+1

To achieve the required overall variance of €2, and to spread the variance budget

fairly evenly across the levels, we may then use, to order of magnitude,
ng=NTPN(L—{y+1)e? and ng= N PNV(L— Lo+ 1)he > (2.32)

For the biased estimator (2.6) we take h, = O(e) in order for the discretization error to
be within our target accuracy. This gives L = O(|In(¢)|) levels. The computational cost

of each pair of tau-leap paths is proportional to h;l, and hence the overall complexity
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is of magnitude

L
nohy' + Z nehy ' = NPNe® (L —lo+ 1)hy' + (L — b+ 1)(L — by)) . (2.33)
{=Llo+1

Based on this analysis, which we recall is performed under the assumption that v < 0,

we take /o = 0. Doing so yields a computational complexity of leading order
NN ?In(e)?.

Still assuming that ¢y = 0, for the unbiased estimator (2.8) we may take, to leading

order of magnitude,
ng=NPNY(L+2)e? ng=NP N (L+2)he? and ng=NPN'(L+2)hre >

If we again use hy = O(e), then the computational complexity for the unbiased method

is bounded in magnitude by
NN 2In(e)* + max{N "N7|log(e)| - hpe 1} - N, (2.34)

where we recall that N, defined in (2.2), is the cost of computing a sample path with
the exact method, and we note that the maximum appears because some exact paths
are necessarily computed for the unbiased method. We also note that we are implicitly
assuming that h;' is not appreciably larger than N, which we believe is reasonable.
Finally, while we computed the above under the assumption that hy = O(e), we kept

hre=? in the second term of (2.34) instead of simply writing ¢!

in order to explicitly
point out the dependence on each term.

We note that the complexity bounds derived in [3], which considered only the L? norm

of the difference of the coupled processes, have another term of order max{N?"h%e2 1}-
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N added to (2.34). This term was often the dominating one, and has been removed by
the direct analysis on the variance presented here.

To finish this section we point out that the analysis produces upper bounds on
the computational complexity—in particular, the choices for the number of samples
paths per level are sufficient to achieve the required accuracy, based on bounds on the
individual variances and with the strategy of spreading the cost evenly between levels,
but we have not shown that they are optimal. In practice, and as described more fully in
[3], for a given problem, and with a small amount of further computation, it is possible
to perform an initial optimization in order to choose these key parameters adaptively.

Hence, practical performance may outstrip these complexity bounds.

2.4 Computational Test

The efficiency of multilevel Monte Carlo tau-leaping was demonstrated computationally
in [3], so we restrict ourselves here to testing the sharpness of our new analytical results
on a simple non-linear model. We consider a particular case from the family of models

presented in Example 2.1.

Example 2.10. Consider the case where M = 0.2 in the model of Example 2.1, defined
through (2.13). In Figure 1, we provide log-log plots of Var(X{¥(T) — Zy,(T)) for the
coupled processes with 'T' = 0.3, and varying values for N and h. The plots are consistent

with the functional form
Var(X{(t) — Z3Y,(t)) ~ CN~'h, (2.35)

matching the bound arising from Theorem 2.2. The best fit curve for the data, obtained
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Figure 1: Log-log plots of Var(X\¥(t) — Z}Y,(t)) for the model in Example 2.10. In (a),
h is held constant while N is changed. In (b), N is fized while h is varied. The best fit
curve for all the data is overlain in the dashed blue line.

by a least squares approximation and which is shown in each image, is Var(XN(t) —
Z;]Xl(t)) ~ 0.0408 - N~1:0588},1.0228

In Figure 2, we provide log-log plots of Var(ZéYl(T) — Ze]\lm(T)) for the coupled pro-
cesses with T = 0.3, and varying values for N and hy. These plots also follow the
functional form of (2.35), matching the bound arising from Corollary 2.5, with best fit

curve of Var(Z)\(T) — Z)*11(T)) ~ 0.1038 - N~10279-9845,

2.5 Conclusions

The main contribution of this work is to add further theoretical support for multilevel
Monte Carlo tau-leaping by developing new complexity bounds that behave well for
large values of the system size parameter. To do this, we took the novel step of directly
estimating the variance between pairs of paths, rather than proceeding via a mean-square

convergence property. We also provided numerical support showing our estimates for



34

-235
—20f 1 -24f i ;
> Estimated variance g:sh:nf;teﬂr\‘l’anance
-20.5 OBest fit curve _24.5/ estiit curve
T -21F T -25
2 o
s s
5215 £ -25.5
[ S
2 2
£ oo £ 26
225 -26.5
—23f o7l
2397 11 12 13 14 274, ) i 8 = %
In(N) In(h)
(a) Varying N with h = 0.001 fixed. (b) Varying h with N = 10 fixed.

Figure 2: Log-log plots of Var(Zp(t) — Z,¥, ,(t)) for the model in Ezample 2.10. In (a),
h is held constant while N is changed. In (b), N is fized while h is varied. The best fit
curve for all the data is overlain in the dashed blue line.

the variances are sharp.

Stochastic simulation of continuous time, discrete space, Markov chains is a bottle-
neck across a range of application areas, and there are many promising directions for
further study of multilevel Monte Carlo in this context. In particular, specific instances
of the very general scaling considered here could be used in order to develop more cus-
tomized strategies, and complexity bounds, in suitable model classes; for example, where
there is a known separation of scale.

The analysis presented is valid for v < 0. For the case v > 0, which is the regime
of “stiff” systems, it is often possible to generate, via averaging techniques, a reduced
model satisfying v < 0. Taking this reduced model as the “finest level” in a MLMC
framework is then a natural way to proceed in the construction of an efficient Monte
Carlo method. This procedure was carried out successfully in Section 9 of [3] for an

example of viral growth.
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Chapter 3

Multilevel Monte Carlo for
stochastic differential equations with

small noise

3.1 Introduction

In many modeling and simulation contexts it has proved useful to parametrize the diffu-
sion coefficient of a stochastic differential equation (SDE) and study the small noise case.
In particular, diffusion and linear noise approximations to jump processes arise natu-
rally under the “thermodynamic limit” in biochemistry and cell biology [9, 10, 29, 30].
Researchers in econometrics and finance may represent market microstructure noise as
small scale diffusion, and the task of calibrating model parameters then gives rise to
small noise SDE simulations; see, for example, [17, 72], with a more general overview
in [60]. In computational fluid dynamics, small noise SDEs are used as a means to in-

¢

corporate thermal fluctuations into traditional models in the “weak fluctuation regime”
[20, Section V]. In several other application areas, including ecology, circuit simulation,

microbiology, neuroscience and population dynamics, [12, 21, 52, 59, 65, 66, 67, 69],

the small noise limit is of interest from the perspective of understanding properties of
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physical models. The small noise regime has also been investigated as a means to val-
idate conclusions drawn from analytical or heuristic arguments, especially with regard
to long-time stability properties [39, (1].

From the perspective of computer simulation, many customized numerical methods
have been developed for small noise SDEs with the aim of improving efficiency by ex-
ploiting the structure; see [57, Chapter 3] for an overview. In this work, we focus on
the problem of numerically estimating expectations of solutions to small noise SDEs via
Monte Carlo and multilevel Monte Carlo methods. In particular, we show that under a
range of scalings the standard Euler-Maruyama method combined with the usual mul-
tilevel Monte Carlo method of Giles [25] yields the same complexity that would arise if
we had access to exact samples of the required distribution at a cost of O(1) per sample.
So, in this well-defined setting, customized methods are not necessary.

Let (Q, F,{F:}i>0, P) be a filtered probability space satisfying the usual conditions;
i.e. the filtration is complete and right-continuous. Let W (t) = (W1 (t), Wi(t), ..., W,.(t))
be an m-dimensional standard Wiener processes under {F;};>o. Let € € (0,1) be a small

parameter and let D® be the solution to the following It6 SDE,

D*(t) = D(0) —|—/O ,u(DE(s))ds—l—e/o o(D(s))dW (s), (3.1)

where ;1 : R? — R? and o : RY — R¥™ are continuous functions satisfying further
assumptions detailed below.

Let f : R — R have bounded first and second partial derivatives and let T > 0
be a fixed positive number. We are interested in the problem of numerically estimating
E[f(D*(T))] to an accuracy of § > 0 in the sense of confidence intervals. In particular,

we study the computational complexity required to solve this problem utilizing both (i)
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standard Monte Carlo methods combined with discretization methods tailored to the
small noise setting [55, 56], and (ii) multilevel Monte Carlo methods combined with
Euler-Maruyama [25]. We will show that in the small noise setting the L? bounds on the
difference between exact and approximate processes that are already in the literature
[55] do not provide sharp estimates for the variance between two coupled paths; an
analogous issue was previously addressed in the jump process setting [1]. Our main
effort is therefore directed at analyzing the variance between two coupled paths in the
small noise setting.

To get a feel for the best possible result, we note that in the idealized case where
realizations of f(D®(T)) could be generated with a single numerical calculation, and if
Var(f(D?(T))) = O(g?), then the computational complexity of solving the problem via
Monte Carlo would be O(g?672+1), where the “+1” recognizes the fact that at least one
realization must be produced. We show in this work that when § > e~: the multilevel
Monte Carlo method of Giles [25] combined with a standard implementation of Euler-
Maruyama solves the problem with a computational complexity of O(g2§72+§~!), which
is the same as in the idealized case when § < €2, and is otherwise equal to the complexity
of the standard Euler method applied to an ordinary differential equation. We will show
that when & < e~ = the multilevel Monte Carlo method combined with Euler-Maruyama
solves the problem with a complexity of O(g16~21log(1/§)?).

We also demonstrate below that when § < €2, methods customized to the small noise
setting combined with standard Monte Carlo can sometimes be more efficient than the
multilevel Monte Carlo method combined with standard Euler-Maruyama. This occurs
because in the regime § < &2 the majority of the required work falls on accurately

computing the drift in (3.1), and not due to the randomness of the process.
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We make the following regularity assumption throughout the manuscript.

Running assumption. We suppose there are constants a,b > 0 such that for all

x,y € R the following inequalities hold:
Vi) v V() < a

and
lw(z) — p)? <alz -y’ |olz) —oy)]* < bz —y|?,

and

u(@)* < a(l+[2*),  |o(@)]* < b1+ |2

Under the above assumptions, the SDE (3.1) is known to have a unique strong solution
(see, for example, Theorem 3.1 on page 51 in [51]). We also note that when these as-
sumptions are violated the multilevel Monte Carlo method may fail, but the performance

can be recovered by modifying the Euler-Maruyama discretization [35].

3.1.1 Euler-Maruyama and a statement of main mathematical

result

We provide a continuous version of the FEuler-Maruyama discretization method. Let

h > 0 and let Dj be the solution to

Di(t) = D(0) + / WD (i (s))) ds + / o(Di(m(s) dW(s),  (3.2)

where 7y, (s) & |s/h]h, for s > 0. It is straightforward to see that the solution to (3.2)

restricted to the set of times {0, h, 2h, ... } has the same distribution as the discrete time
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process generated by the usual Euler-Maruyama method [13].

In order to understand the computational complexity of the multilevel scheme, we
need sharp estimates for the variance between two coupled paths. The following provides
such an estimate and is the main theorem provided in this thesis. The result bounds
the variance between two coupled process; both are generated via (3.2), though they
have different time discretization parameters. See the beginning of section 3.3 for more

details related to the coupling.

Theorem 3.1. Suppose the functions p and o satisfy our running assumptions and
that T > 0 and ¢ € (0,1). Suppose further that Dj, (t) and Dy, (t) satisfy (3.2) with

time discretization parameters hy =T - M~ and hy_1 =T - M-

, respectively, where
M > 2 s a positive integer, and that these two processes are constructed with the same

realization of Brownian motions. Assume that f : R? — R has continuous second

derivative and there exists a constant Cr, such that

0 0? o
‘ &fi . <Cp and H(?a:i@fa:j . <Cp foranyi,j=1,2,...4d.
Then, for £ > 1,
Cma Varf(DF, (1) — (D5, (0))) < ik, + Cohe ', (33)

where t, = n-hy_y, and Cy and Cy are positive constants only depending on a, b, d, m, T, D(0)

and C,.

In the context of analyzing the classical mean-square error, it was shown by Milstein

and Tretyakov in [55] that under the same assumptions as in Theorem 3.1,

E[|f(D*(T) = f(DR(T)[*] = O(h* + he), (3-4)



40

where D? is the solution to (3.1). We note that the O(h?) term cannot be avoided when
we analyze the mean-square error because the underlying deterministic Euler method
is first order. From the mean-square error bound (3.4) we can deduce that for some
C1,Cy > 0, we have maxg<,< -1 Var(f(D5 (t,)) — f(D;,_ (tn))) < Cihi_y + Cohe_ye?,
where, again, t,, = n-hy_;. Theorem 3.1 sharpens this bound considerably, showing that
the overall variance scales favorably with e, even though the Euler-Maruyama method

has not been customized to exploit the small noise property.

3.2 Complexity analysis

3.2.1 Standard Monte Carlo methods

As a basis for comparison, we first analyze the complexity of standard Monte Carlo with
a general discretization method.
Suppose D5 is generated by a numerical scheme (not necessarily (3.2)) for which the

bias of the discretization method satisfies
[E[f(Dy,(T))] — E[f(D(T))]| = O(R* + €"h9), (3.5)

where ¢ < p and r > 0 (see [50], where some such methods are provided). In order to

ensure that the bias (3.5) is of order §, we require that
h = O(min(5'/?, §Y277/2)), (3.6)

Under our running assumptions and assuming Lemma A.4 below, which applies to Euler-

Maruyama, holds for these customized methods we find

Var(f(D5(T))) = Var(f(Di(T)) = f(2(T))) < CE |sup |Dj(s) — zn(s)[*| = O(e?),

s<T
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where z;, is the Euler solution to the associated deterministic model obtained when ¢ is

set to 0 in (3.1), see (3.19). Thus, the standard Monte Carlo estimator

E[f(D(T))]

Q

B (D)) ~ 3 S(Di (1)),

where Di,[i] is the ith independent realization of the process Dj, has a variance that
is O(n~'e?). To produce an overall estimator variance of O(§?), we require that n =
O(g257% + 1), where the “+1” captures the requirement that at least one path must be
generated. Assuming that the cost of generating a single path of the scheme scales like

h~', we obtain an upper bound on the overall computational complexity of order

O((525‘2+1)h‘1)20( 87 +1 )

min(§1/p, §1/1e-r/1) (3.7)

For example, with the Euler-Maruyama scheme (3.2) we have that p=¢g=1,7=0
yielding a bias of O(h) in (3.5). In this case we select h = O(0), and find a computational
complexity of O(e2§73 +d71).

To see how a customized method may be beneficial, consider the case § = O(e”) for
p € (1,2). We may select a method with p = 2,7 = 2,¢ = 1 (see section 5 of [50]) in
which case (3.6) gives h = O(e”/?), and (3.7) yields a computational complexity of order

0(52_%”); see subsection 3.2.3 for further details..

3.2.2 Euler-based multilevel Monte Carlo

Here we specify and analyze an Euler-Maruyama based multilevel Monte Carlo method
for the diffusion approximation. We follow the original framework of Giles [27].
For a fixed positive integer M > 2 we let hy = T-M~* for ¢ € {0,..., L}. Reasonable

choices for M include M € {2,3,4,5,6,7}, and L is determined below. For each ¢ €
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{0,1,..., L}, let D{L\; denote the approximate process generated by (3.2) with a step size

of hy. Note that
L
E[f(D(T))] = E[f(Dj, (T)] = E[f (D5, (T)] + Y EIf (D, (1)) = £(D;,_, (T))];
=1
with the quality of the approximation only depending upon hz. As mentioned in [50],
the Euler discretization has a weak order of one in the present setting for a large class of

functionals f. Hence, we set hy = § in order for the bias to be O(§). This choice yields

L = O(log(1/6)). We now let

oy Zf DY (7)), and QY%L <f<Dw<T>> FDN_ (D)),

v i=1
for ¢ =1,..., L, where ny and the different n, have yet to be determined. Our estimator
is then
L
QY = QY +)_ QY
=1
which is the usual multilevel Monte Carlo estimator [25]. Set

0c,0 = Var(f(Dy,(T)) = f(Dy,_,(T))).

By Theorem 3.1, we have 6., = O(h7e? + hee*) under a wide array of circumstances.
Also note that d. = Var(f(Dg)) = O(£?).

For ¢ € {1,...,L}, let C; be the computational complexity required to generate a
single pair of coupled trajectories at level ¢. Let Cy be the computational complexity
required to generate a single trajectory at the coarsest level. To be concrete, we set C, to
be the number of random variables required to generate the requisite path. To determine

ng, we solve the following optimization problem, which ensures a total variance of @N
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no greater than order 6%

L
inimi C 3.8
minimize an 2 (3.8)
subject to Z Out _ = 4. (3.9)
=0

We use Lagrange multipliers. Since C, = K - h;l, for some fixed constant K, the

optimization problem above is solved at solutions to

L L
Oc
vno ,,,,, nr,\ <Z nZK . hz_l + A (Z n—’; — (52>> = 0.

(=0 /=0

By taking a derivative with respect to n, we obtain,

ne =/ 26:¢hy, for ¢ € {0,1,2,...,L} (3.10)

for some A > 0. Plugging (3.10) into (3.9) yields

Ei;f \/> 5 (3.11)

and hence, by Theorem 3.1 there is a C' > 0 for which
L3 L )
Va=2 3 [ <o Y Ve T < 05 e L), (312)
=V =0

where in the final inequality we used that va + b < y/a+ Vb for non-negative a, b, and C
is a new constant. Recall that L = O(log(1/6)). Hence, if § > e, which is equivalent
to e2L < ¢, then

A

E = O<5_482).

Plugging this back into (3.10), and recognizing that we must have n, > 1, yields

= O(67 %/ ohy + 1).
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Hence, we see that in this case of § > e~: the overall computational complexity is

L L L
> K -ht=0 (Z 0%\ 0cehy h;l) =0 (2672 +467). (3.13)
/=0 £=0 =0

If § < e~=, in which case £2L > ¢, then 2 = O(§~*¢*L?), and (3.10) yields

ny =0 <525_2L\/m> )

Since 0 2e2L\/0.¢hy > 0.89 when § < e~:, we see that the usual “+17 term is not
necessary in the expression above. We may now conclude that the overall computational

complexity under the assumption § < et is

> K byt = 0(*6 % log(1/6)?). (3.14)
(=0

3.2.3 Comparisons

There are multiple scaling regimes to consider. We begin with § < 6_%, which represents
a severe accuracy requirement. Under this assumption, the computational complexity of
multilevel Monte Carlo with Euler-Maruyama is given by (3.14), whereas the complexity

(3.7) required for methods tailored to the small noise setting is
O (2572(57v +873e7/))
Hence, so long as
e?log(1/6)* < 5% 46 g/ (3.15)

multilevel Monte Carlo combined with Euler-Maruyama is most efficient, and there is
no need to utilize customized methods. To get a sense of the restriction (3.15), we note

that if p = 2, then (3.15) holds so long as € < 0.65, and if p = 4, then (3.15) holds so
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long as € < 0.33. In fact, under the further assumption that 6 ~ e~ we see that (3.14)
is O(£2072), the same —asymptotically in the parameters § or e—as in the situation
where we can generate independent realizations of f(D°(T")) exactly in a single step.
As ¢ decreases below this threshold, the ratio between (3.14) and the complexity in the
idealized setting considered in the introduction grows like log(1/§)?, as is common in

the multilevel setting:
et021og(1/6)?

T35 2 =&? 10g(1/5)2.

Turning to the case 6 > e_%, there are two relevant subcases to consider. First, in the
regime § < % we have €272 > §! and the complexity (3.13) is of order O(g2§72). This
bound compares favorably with the bound O(£2§72) that we derived in subsection 3.2.2
for standard Monte Carlo with Euler-Maruyama, and allows us to carry through a con-
clusion that applies to general SDEs [25]: multilevel Monte Carlo can improve on the
complexity of standard Monte Carlo by a factor =1, where § is the required accuracy.
Moreover, and still under the assumption that § < &2, the complexity O(£26~2) is uni-
formly superior to the complexity (3.7) required for methods tailored to the small noise
setting. Hence, we may conclude that when § < €2, there is no need to use such tailored
methods. Finally, following the discussion in section 4.1 and in the paragraph above, we
note that this multilevel Euler computational complexity is the same—asymptotically
in the parameters § or e—as in the situation where we can generate independent real-
izations of f(D*(T)) exactly in a single step.

The last case to consider is § > 2. Now the complexity (3.13) is of order O(671),
the same as Fuler’s method applied to an ordinary differential equation. In this case,

well selected customized methods can be asymptotically more efficient than multilevel
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Monte Carlo combined with standard Euler-Maruyama. For example, and following the
discussion at the end of section 3.2.1, if § = & for some p € (1,2), then the multi-
level method with Euler-Maruyama requires a complexity of order O(e~*). However, a
customized method with p = 2,r = 2,¢q = 1 requires a complexity of order O(eQ_gp).
Hence, the customized method is superior when p € (1, %)

Finally, it is tempting to think that the computational complexity of the multilevel
scheme found above can be heuristically derived in the following manner. Start with a
continuous time Markov chain model which satisfies a scaling so that (3.1) is a natural
diffusion approximation of the jump process. Next, use the results of [1], which are
related to the variance between two coupled paths of the jump process, to infer the
proper scaling in the diffusive regime. Somewhat surprisingly, this heuristic does not
work and leads to overly pessimistic results. We delay a deeper discussion of this issue

until section 3.4.1, where we address this issue both analytically and computationally.

3.3 Proof of Theorem 3.1

Throughout this section, we assume the conditions of Theorem 3.1 are met with positive
integer M fixed.

The coupling of the two approximate processes, Dj, (t) and Dj, (t), takes the form

(1) = D(0) + / (D5, (1 (5))) ds + € / o(D5, (e ())) AW (s),
S ()= D(0)+ / W(D5, (e, (5))) ds + / o(D5, (i, (5))) AW (5).
Forn € {0,1,...,M* '} and k € {0,..., M} let

t, =nhi_y, and t¥ =nhe_y + kh,.
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Note that for each n we have

0 =t,, tM =t

n

We use the following discretization scheme to simulate the coupling above. First, for

eachn € {0,1,...,M*“ '} and k € {0,..., M — 1}, let
Dj, (t;) = Dj, (tn) + u(Dy, (t)he + e/ o (Dj,, (8)) Wy, (3.16)

where the random vector W* € R™ has independent components (from each other and
all previous random variables), and each component is distributed as N(0,1). Note that

(3.16) implies
M—1
D;, (tws1) = Dj, (ta) + Y u(D;, () he + &3/ Iy Z o (Dg, ()
k=0

To simulate Dj _, we then use

M-

Dngl(tn"Fl) - D?Lgfl(tn) + /’L(D;Lg 1( ))hé 1 + € \% h[ 10 Dh[ 1 erf
k:O

H

We begin with a series of necessary lemmas.

Lemma 3.2. For any T > 0 we have

E { sup |D,‘i£(s)|4} <C,

0<s<T

for some C' = C(a,b, T, D(0)).

Proof. For any t > 0,

4
+ 27

4

D5, (1) < 27| D(O)[* + 27 / u(D5, (1 (5)))ds / o(D5, (1 (3))) ATV (5)
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Thus,

t
sup | D, (s)* < 27| D(0)[* +27t3/ sup |u(Dj, (1, (1)) ds
0

0<s<t 0<r<s
4

+ 27¢* sup , (3.17)

0<s<t

/0 o (D5, (1, () AW (1)

since the right-hand-side is monotonically increasing in ¢. Applying the Burkholder-

Davis-Gundy inequality [51] to the term (3.17) and taking expectations we get

| sup D7, 60| < 21D 276 E s (D, () s

0<s<t 0<r<s

t (3.18)
+ K(T)! / Ello(D5, (mhe(s)))|")ds,

where K(T') is a generic constant only depending on 7T'. Using (3.18) with ¢ = nh, and

s = mhy, where n and m are nonnegative integers for which mh, < nh, <t < T, we get

E |sup [DF (mho)!| < 271D + 27t3n211@ sup (D, (b))

m<n m<i

—_

+ K(T)&* g E [|o(D;, (ihe))[*] he

i

I
o

< 27|D(0)|* + 54a°T* + K (T)b*c*

n—1
+ (54a’T° + K(T)0%e*) Y R [sup\D,” (mhy)| } he,
i—0 m<i
where in the final inequality we applied the growth conditions for both p and o found
in the running assumption. We then use the discrete version of Gronwall’s Lemma to

obtain

E [Sup |Diz(mh)|4} < Cy(a,b, T, D(0)).

m<n

Now we return to (3.18) and, after applying the growth conditions pertaining to both p

and ¢ in our running assumption, conclude

E [ sup \DZZ(S)@ < C(a,b,T, D(0)),

0<s<T
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for some new constant C'.

Let z;, be the deterministic solution to

24(t) = D(O) + / i(zn(mn(s)))ds, (3.19)

which is an Euler approximation to the ODE obtained from (3.1) when ¢ is set to zero.

Lemma 3.3. For any T > 0 we have

E [ sup |Dié(s) - zhz(s)|2} < Ce?,

0<s<T

for some C = C(a,b, T, D(0)).

Proof. For t <'T', we have

| D, (t) = zn, (1) < 2T /0 |1( D5, (1, (5))) — 1z, (i, ()| *ds
+ 2¢2

/0 o(D5, (e (5)))dW (s)

As a result of the Burkholder-Davis-Gundy inequality and our running assumptions,

B [, 175,69~ anof

0<s<t

< 2aT /OtE { sup |Dj, (s, (s)) — Zhg(nhg<5)>|2:| dr + 8¢” /OtEHa(D}EL@(nhg(S)))F]dS

0<s<r

< 8UTE {sup (1+ |DZ£(S)|2):| g2 + 2aT/0 E { sup | Dy, (14, (s)) — zhg(nhe(s))|2 dr.

0<s<t 0<s<r

(3.20)

Specializing the above to ¢ = nh, and s = mhy, where n and m are nonnegative
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integers for which mhy, < nh, <t <'T, we get
E [ su<p |D,5w(mhg) — Zh£<mhg)|2:|

n—1
< 8UTE l sup (1 + |DZ£(3)|2)] g2+ QaTZ he-E {Sup | D}, (mhy) — zhl(mhg)|2}
m<i

0<s<t

i=0
n—1
< 8T (1 + K)e* + 2aTZ he-E {su<p | D}, (mhy) — Zh£<mhg)|2:| :
i=0 mst

for some K = K(a,b,T,D(0)), where the first inequality follows from (3.20) and the
second utilizes Lemma 3.2.

By the discrete version of Gronwall’s inequality we see

E [Sup | D5, (mhyg) — zp, (mhg)|2] (8T (1+ K))e 2aT2 .2,
m<n

Since n satisfying nh, < T was arbitrary, we return to (3.20) to conclude that for any
0<t<T
B sup D5, (5) ~ a(9)F | < Clab. T DIO)E* a
s<t

Lemma 3.4.

max _|E[D;, (tk) — Dj (t,)]] < CMhy,
0<n<M*—1
1<k<M

where C'is a positive constant that only depends on a,b,T,m, D(0).

Proof. Tterating (3.16) yields

|E [Dj, () = Dj, (tn)]| < |E ) w(Dy, (E5)he | | + |E 5\/h_£ZU(Dhg(tl))WZ]
.
Z [|u( D5, (t,)) hal
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where the first inequality is simply the triangle inequality, the second follows from the
triangle inequality combined with the observation that the expectations of the diffusion
terms are zero, and the third inequality follows from our running assumptions. The

proof is completed by using Lemma 3.2 and recalling that &£ < M. [

Lemma 3.5.

max E[|D; (th) — Dj (t)|"|] < C1M*hy + Coe® M1,
0<n<Mt-1
1<k<M

where Cy and Cy are positive constants that only depend on a,b, T, m, D(0).

Proof. Tterating (3.16) yields
k-1
D;, (t) = D5, (tn) = > p( D5, (th))he + £/ Z o (D;, ()WL,
1=0
Denoting || X || 4 rey = (IE[|X|4])1/4 and o7 to be the jth column of o, we use the
inequality (a + b)* < 8a? + 8b* to conclude

B[, (1) D5, (1)) < SM° 3 B [Ju(DF, ()] + 87

E

-1

o(Dy, ()W,

I
o

i

M-1 m 2
< C(a,b, T, D(0)) M*hi + 2048*h? (Z > llo?(D;, <t;>>||%4m,Rd>)
1=0

J=1

< O(a,b, T, D(0))*M*hj + 2048be* M?him?*(2 + 2 max. D5 Lt me)
< O(a,b, T, D(0))*M*hj + Coc* M?h2,

where the second inequality follows from Lemma 3.2 and Lemma 3.8 in [38], the last

inequality follows from Lemma 3.2, and C; and C5 are constants only depending on

a,b,T,m,D(0). ]

The following is a Taylor expansion of the drift coefficient.
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Lemma 3.6. Let p;(x) be the ith component of p(x), then
pi( D5, (7)) = pa( D, (tn)) = Ay + By, + Ey, (3.21)

where

A= [ [T, ) + 5(DF, 85) = i, 1)) ds- (he Zuwze@z;») ,

By = Vii(Dj, () (wT S o(D;, (ti))W;) , (3.22)

J=0

and
b= | 1 903, 0) (D3, ) D5, ()5, 28) = D, (0] s
: (5\/— Z o(Dy,( (t2)) ) .
Proof. Using Taylor’s expansion (see Lemma A.6 in the appendix) we see

pi( D5, (6) = pa( D5, ()

= /0 [Vii(D5, (tn) + s(Dj, () — Dj, (t)))] ds - (Dj, (1) — Dj,,(t))

= | (905, () + (D3, 85) = D (6] s (h > uo, <tf;>>>

+/0 [Vii(D5, (tn) + s(Dj, () — Dj, (ta)))] ds - (8\/52 0@@(%))%) :

J=0
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Applying a multidimensional version of Lemma A.6,

/0 [V1i(D5, (ta) + s(Dj, (tn) — Dy, (ta)))]ds - (8\//%_@2 a(Dj, (%))WZ)

= V(D () (wh_ Z <D;<tﬁ;>>wg)
([ 1080+ 08,659 = D3, )5, ) — D, 0 vt
(ﬁz <ng<tz>>w,z>.
Therefore, :
D)) = il D5 ()

- /OIW“@‘D% (ta) + s(Dj, (t5) = D, () Jds (mjz:;um <tz>>)
+ Vi( Dy, (tn)) - <€\/_ZU D;,(#)) )
! (/0 /o [V21i(D}, (1) + (D3, (82) = D3, () (D5, (1) = Dy, (tn))]drds)
- (Jh_ jziéo—(ng(tz;»W,z)
= Ay + By + E}. -

The following result is similar to the L? bound found in [55] in the case where the

numerical discretization method is Euler—Maruyama.

Lemma 3.7.

max E[|Dj, (t,) — DZH(tn)F] < dyhy_y + dag*hey,

0<n< M1

where dy and dy are positive constants that depend on a,b, T, m, D(0).



54

Proof. For n < M*~' — 1 we have

D, (tns1) = Dj,_, (bas1) = Dj, (t2) = Df,_, (1) + e A}g(u@@ (£5)) = (D, (ta)))
+ev/hy Z o (D5, (th) = o (Df,_, (8))) W}
= Dj, (ta) = Dj,_, (ta) + he JZZ_:(MD@ (£5)) = (D5, (t0)))
+ he ]Zij(uwzz (ta)) — (D5, (ta)))

+ev/he Z o(D;,(th)) = o(Df, (ta))) Wy

+evhe Z<J<D;e<tn>> —o(Dj,_, (tn)) Wy,

where the final equality simply comes from adding and subtracting some terms. After



some manipulation the above implies

|D§Le (tn+1) -

95

D2571 (tn+1)|2 S |D§Le(tn) - DiLg 1 |2 + 4h[| Z D;:Ig tk M(Dig(tn)))F

L 2 — u(D;, |t )P
+4|gfz o(D5, (£5)) = o( Dy, () W1

+4I€\/_Z o(Dj,(tn)) — o(Dj,_, (ta) )W,

M-1

2 3D (ta) — D, (ta), 1D () — (D5, (1))

20 ST D (t) — D, (ta), D5 ) — (D, (1)

420/ 3 (D5, () — D5y (ta), (015, (14)) — oD, (t))W)
k=0

+2e7/he Y (Dj (ta) = D, (ta), (0(D5,(ta)) — o(D5,_, (ta)))WE),
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where (u,v) denotes the inner product of u and v. Therefore,

E“Dig (tn+1) - Dig_l (tn+1)|2]

< E[| D}, (tn) — Di,_, (ta) "] + 4M by ]:[Z_: E[|n(Dj, (t) — (D5, (t) ]
+A4Mhj EE[W(D}ELZ(M) — (D5, (ta))]7]
+4e?hy A:Z; E(|(o(Dj, (t)) — o(DJ, (ta))) Wy 7]
+ 4e%hy A:;)IJE[I(U(DZ@ (tn) — (D, _, () )W)
+2hy A:Z_: E[(D;, (tn) = Dj,_, (ta), (D}, (8)) — 1o(D}, (t)))]
+ 2hy A}g E[(D}, (tn) = Dy, _, (tn), i( Dy, (tn)) — u(Dy,_, ()],

where we used that W, is independent from Dj, (t,), D5,  (t,), and Dj (t;). Hence, by
Lemma 3.5, there are positive constants C; and Cy that only depend on a, b, T',m, D(0),

such that

E[| D}, (tnr1) — Dj,_, (tas1) ]

< E[|D5,(ta) — D;,,_, (ta) ] + 4aCy M*hy + 4aCoe® MPhj}

M-—1
+4aMhi Y " E[|D; (t,) — D5, ()] + 4bC12> MPhif + 4bCoe* M1}
k=0
M-1
+4be’hy Y E[|D;, (tn) — Dj,_, (ta)|]
k=0
M-1
+2h Y E[(D;, (t) — Dj,, (ta), (D5, (t5)) — (D5, ()]
k=0

+ zhé\/aMEHDiig (t") - Dfale—l(t")ﬁ]’
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where the final term follows from the Cauchy-Schwarz inequality. Continuing,

EHD?M (tn+1) - D?Lgfl(tn+1>|2]

+ 4aCy M*hy + 4aCye® MPR} 4 4bC1e> MPhi + 4bCye* M2 h}
M-1

+ 2 " EID;, () = Dj, | (t), (D5, (1)) = (D5, (0] (323)
k=0
We turn to the term (3.23). Applying Lemma 3.6, we know
pi( Dy, (1) — 1i(D5, (tn)) = Ag + By + Ej.
Also we notice,
E[|A[?] < K1 M?hi,

where K is a constant that only depends on a, b, T, m, D(0). Utilizing Lemmas 3.2 and
3.5

k—1
E(|Ey] < ahee®E ||Dj, (t5) — Dj, (t)* Y lo(Dj, (ti;))Wﬂf]

Jj=0

k—1 1/2
< ahee® (BIID;, (15) — D7, (t)I') <k 2E Ua(Dz[(tz;))WgH) o

J=0

< Ko M3hie? + KsM?hie?,
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where Ks and K3 are constants depending only on a,b, T, m, D(0). As a result,

M—-1

2he Y E[(Dj, (ta) = Dj,_, (tn), p( D5, (85)) = p(Df, (ta)))]
k=0

— 9, 3" BI(DS, (1) — Df,, (), Ag)]

M-1

+2he S E(D;, (1) — Dj,  (t), By) (3.25)

+2h Y E[(D;, (ta) — D5, (t), Bx)]

M-—1 M-—1
< OMIE(D;, (t) — D, (612 +he S EIAP] + b 3 El|ELP)

k=0 k=0

< 2MhE[|D; (t,) — D5, (ta)[] + K1 MPhi + Ko M*hge® + K3MPhje?,

where the first inequality follows from: (i) the observation that the expectation (3.25) is
zero, (ii) the Cauchy-Schwarz inequality, and (iii) the inequality 2ab < a?+b*. Combining

all the estimates above, we find

E[| D}, (tur1) — Dj,_, (tas1) ]
<E|[|Dj, (tn) = Dj,_, (t) ]
4 (2 + 2Va + 4aMhy + 4be?) MhE [|D,i£ (ta) — D5, (ta)]?
+ 4aCy M*hy + 4aCye® MPhj + 4bC1e> M3 hi + 4bCye* Mh3
+ K\ MPhi + KoM*hye® + K3M>hist.
Noting that the dominant terms above are of order hZ ,e* and hJ ;, an application of

Gronwall’s inequality completes the proof. m

We are now ready to prove our main result.
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Proof of Theorem 3.1. Following [1], we first prove the result in the case that f(x) = z;

for some i € {1,...,d}. We have that for n < M1 —1,

[D}EL[ (t’ﬂ-‘rl) - Dfalg_l (tn-i-l)]z

= [Dy,(tn) = D, (t)]i + he Z_ (D5, (t2)) = pa( D5, ()
+ hy Z_ (1a( D5, (80)) = (D5, (80))) + £/ he Z_ (0:(D}, (t) = 0i(DJ,, (£a))) W,y

+ 8\/h_e E_:(UiDlie (tn)) — Uz‘(DiEu,l(tn)))Wfr]f’

where p; is the ith component of u and o; is the ith row of o. As a result, and after

some manipulation,

Var([Dy, (tni1) — Dy, (tny1)]i)

< (14 Mhy)Var([D;, (tn) = Dy, (t)])

+ARM MZ Var(yu (D5, (£4)) — i Dj, (1)) (3.26)
+ (A + 1) MhNar(u(D5, (1)) — (D, () (3.27)
+ 4%, MZ Var((o:(DF, (1)) — o:(DF, (62))) W) (3.28)
+ 4%, MZ Var((0:(DF, () — (D5, ()W) (3.29)
+2Cou(([Df, (t2) — D, (t2)]is e A:z_éwwze (1) — (D7, (1) (3.30)

We must bound each expression on the right-hand side in order to apply Gronwall’s

inequality. We first consider (3.28), which leads to a dominant term. Lemma 3.5 implies
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that

M—

H

M—1
Var((o3( Dy, ( (tF)) — oi( Dy, (t

Elloi(Dj, (1)) = (D5, (ta))) ]
k=0 k=

o

< Mb(e; MPhi + coe® Mhy).

Similarly, by Lemma 3.7 we may bound (3.29), which also yields a dominant term

g

S Var((o(D5, (1)) — oi(D5y L (E))WE) < Y

E[lo(Dj, (t)) — 0i(D, 1 (tn)))[’]

o
o

< Mb(dy M?h3 + dyc* Mhy),
where ¢, ¢y, dy and dy are positive constants only depending on a,b, T, m, D(0)

Turning to (3.26), we have the following lemma

Lemma 3.8.

Var (1(D5, (15)) = 1u(Df, (1)) < CMbhye®
where C' is a positive constant that only depends on a,b, T, d, m, D(0)

Proof. From Lemma A.6 in the appendix (Taylor approximation), we have

pa( D5, (8)) = 1a( Dy, (ta)) = p" (t) - (D}, () = Dj, (ta)), (3.31)

where

) = [ [9(D5,(0) + (D7, 85) = DG (0)] i

In order to bound the right hand side of (3.31), we will apply Lemma A.4 in the ap-
pendix with A%"-1 = [p*(t,)]; and B="-1 = [Dj, (ty) — Dj,,(t,)]

;. Hence, we must find
appropriate bounds on these components
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We begin with B"-1, We use Lemmas 3.2 and A.4 after iterating (3.16) to find
Var([Dj, (t3) — Dj, (ta)l;)

< 2ar (m iuj(Dig(tZ)O + 2Var (wT > 0,0, <t:;>>wz;)

r=0

k—1 k—1 2
< 2hiVar <Z(MJ(DZ@ (tn)) — i (2n, (ﬁl)))) + 2B || a(D;, ()W

r=0 r=0

S ClMth%EQ + OQth€27
(3.32)

where C} and Cy are positive constants that only depend on a, b, T, m, D(0).
Turning to AS"-1 we apply Lemma A.3 in the appendix with X;(s) = D;,,(s),

Xo(5) = D5, (s (), 1(5) = 200 (), 2(5) = 2 (s (5)) and u(z) = V,p1s(z) to obtain
Var((p"(t,)],) = Var ( | 193 (0 0,8 - D, <tn>>>1dr) < K

where K is positive constant that only depends on a, b, T',m, D(0).

We may now combine Lemma A.4 with Lemma 3.4 to conclude
Var ([0 (t.)); - [D5, (th) — Dj, (ta)];) < CKM®hie® + 15aVar([Dj, (t)) — Dj, (t.)];)
< (CK 4 15aC,) M?h2e® + 15C, M hye?

< CyMhye?,

where C} is positive and does not depend on ¢ and hy, and we applied (3.32) in the
second inequality.

Returning to (3.31), the above allows us to conclude

Var(yus (D, (1)) — (D, (1)) < d*Ci My =
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We now turn to the first term of (3.27).

Lemma 3.9.

Var (1:( D5, () = (D51 (t4)))

d
< 15ad Yy Var([D;,(tn) — Dj,_ (ta)];) + K1 M?hje® + Ko Mhye®,

=1

where Ky, Ky are positive constants that only depend on a,b,T,d, m, D(0).

Proof. We first write

pi(Dy, (tn)) = i ( Dy, 1 () = p(tn) - (Di, (tn) — Dy, (tn)),

where
1
p(tn) :/0 [Vii(Dy,1(tn) + 7(Dj, () = Dy, (En)))]dr
We will again apply Lemma A.4 to get the necessary bounds. Therefore, we let A%" =
[p(tn)]; and B=" = [Dj (tn) — Df,_y (tn)];-
Letting X1(s) = Dj (s), Xa(s) = Dj, (s), x1(s) = 24,(5), za2(s) = 2n,_,(s) and

u(x) = V;ui(x) for an application of Lemma A.3, we have
Var(A*") < K¢e?,

for some K(a,b,T,m,D(0)), where we recall the running assumption that |[Vu];|* is
uniformly bounded by a. Hence, applying Lemmas 3.7 and A.4 we see there are positive

constants K7, Ky depending only on a,b, T, m, D(0), such that,

Var((p(tn)l;([D, (tn) = Di,—1(tn)];))

< K\ M?hie® + Ko Mhye® + 15aVar([D;,, (t,) — D5, ()5,
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and

Var(ui(Dy,, (tn)) — p1i(Dy,,_ (tn)))

d
< 15ad Y _Var([D;,(tn) — D, (t)];) + d° Ky M?hie® + d* Ko Mhye®.

j=1

Finally, we turn to the term (3.30).

Lemma 3.10.

a»v([Da (1) = D5, ()l he S (D5, (£4)) — (D, <tn>>>)

k=0

< MhyVar([D;, (t,) — D5, (tn)]i) + KiMPhie® + Ky M°hye? + K3 M>hije?,
where K1, Ky and K3 are positive constants that only depend on a,b, T, m, D(0).

Proof. As a result of combining (3.21) in Lemma 3.6 with

Cov ([Die (ta) — D5, (t2)]i, he Mz_l Bk> —0,

where we recall the definition of By in (3.22), we have

M—-1

Cov(wze (1) = D3y (ta)]ohe S (a5, (15)) — (D, <tn>>>)

k=0

M—1 M-1
1

— 1
th % Var (Ag) + éhg g Var (Ey) .

< MhVar([D;, (t,) — D;, (t.)):) +

(3.33)
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First we want to estimate Var (Ax). Applying Lemma A .4 with

Ao — /0 [V:(D5, (t) + (D, (th) — D5 (t.)))] dr

and
E—1

B = he Sy (D, (1)

r=0
we can get for some Ki(a,b,T,m,d, D(0)) that may change from line to line,

i=1 r=0

d k—1
Var(Ay,) < Ky M*hie® + 15ad » _ Var (hf > w(D;, (t;)))

d k-1 2
< KiM*hj® 4+ 15ad Y B | b} <Z pi(Dy, (1)) — ,Uj(zh[(t;))>

i=1 r=0

< Ky M?hie?,
where we also use Lemma A.4 for the last line. On the other hand, from (3.24)
Var(E,) < E[|Ey|*] < KaM*hie? + KsM?hiet.
Returning to (3.33), we see,

Cov ([Dil (tn) = Dh,_, (tn)]i, P i (D3, () — (D5, (tn))))

k=0

d
1 1 1
< Mhy» Var([Dj, (t.) — D5, (ta)];) + §K1M3h§52 + §K2M5h252 + §K3M3h;}54.

Jj=1

]

Now we return to (3.26)—(3.30) and combine all the estimates above to conclude that

there exist Cy, Cy, and C3 which only depend on a,b, T, m,d, D(0) such that
Var ([D;Z (tns1) — D;H@nﬂ)]i) < Var[D5, (t,) — D5, (t)]; + Cy MPhie + Cy M2h2e"

d
+C3Mhy Y Var([Dj (t,) — Dj,_ (ta)];)-

J=1
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Therefore,

max Var ([D;Z (tns1) — D}Elefl(tn+1)]i>

i=1,2,,d

< max Var ([Df, (ta) = D, ()] + CrMPhie? + CoM2hze!

i=1,2,-,d

+ CydMhy _max Var ([D;Z (tn) — D;éil(tn)w .
Applying Gronwall’s lemma, we obtain,

max max Var <[D,‘5U (tn) — D,Ew_l(tn)]i> < CyM*hie* + CoMhye?,

0<n<M*t-11<i<d

where C} and Cy are some universal constants which only depend on a,b, T, m, d, D(0).

We have shown the result under the assumption that f(z) = x;. To show the general

case, note that from Lemma A.6 in the appendix we have

S Dy, (tn)=f (D5, _, (tn)))
= /0 (VI (Dh, () + 7Dy, (tn) = Dy, (¢n))dr - (D3, (8n) = Dy, (tn))-
We let Xi(t) = Dj (), Xo(t) = Dj, (1), 21(t) = 21,(t), w2(t) = 2p,_,(t) and u(x) =
V;f(x) in an application of Lemma A.3 which yields

Var ( [/ 19,003, 2) + (D (1) = D ) ) < K2,

where K is a universal constant that depends on Cp, D,a,b, T, D(0). Hence, by an

application of Lemmas 3.7 and A.4 and the work above we see,

Var (/0 VJf(DZe (tn) + T(Diz(tn) — D;:Le (tn)))dT . [Dil(tn) _ ngl(tn)]])
< K(dy M?h? + dy Mhye*)e? + 15dC2Var([D% (s) — D;, (s));)

< (Kdy + 15dC3Cy)M?Rje* + (15dC3 Cy + Kdo) Mhyet.
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Thus
Var(f(D5,(t,)) — f(D5,_,(tn))) < d*(Kdy +15dC7 Cy ) M?hie? 4 d*(15dCF Co + K da) hee?,

giving the result. O]

3.4 Numerical examples and comparison with re-
sults related to jump processes

In this section we provide numerical evidence for the sharpness of both Theorem 3.1 and
the computational complexity analyses provided in sections 3.2.1 and 3.2.2. Further, we

compare our results to those found in [4] for scaled Markov processes.

Example 3.11. We consider the following simple one dimensional model,

DE(t) =1 /t D=(s)ds + e/t DE()d IV (s),
0 0
where we simulate until T' = 1.

To gather evidence in support of the sharpness of the bound Var(Dj, (t) — Dj, () =
O(h?e% + he), we fix one of h or ¢ in different scaling regimes and vary the other
parameter in order to generate log-log plots. We note that there are four exponents
to discover, and so four log-log plots are used. Note also that h*c? is the dominant
term in h%e? + he* if and only if h > 2. We emphasize that these experiments use
extreme parameter choices solely for the purpose of testing the sharpness of the delicate

asymptotic bounds.
The exponent of h in he*. We fix e = 275 and vary

hZ—l c {2—137 2—14, 2—157 2—167 2—177 2—18}
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In(he1)

In(he1)

(b) e = 2719 fixed while h is varied. The best fit
curve is y = 1.96x — 18.86.

(a) ¢ = 276 fixed while h is varied. The best fit
curve is y = 1.02x — 19.76.

Figure 3: Log-log plots of Var(Dj (1) — Dj, (1)) with & held constant and hy_y varied.
The best fit curves for all data are overlain in the dashed blue line. Fach data point
in (a) was generated using 2,000 independent samples and each data point in (b) was
generated using 5,000 independent samples.

to ensure hy_1 < €. As a result, hy_1e* is likely to be the dominant term in (3.3). See

Figure 3(a), where the log-log plot is consistent with the functional form

Var(Dj, (T) — Dy, (T)) = O(hg—1).

The exponent of h in h?c*. We fiv e = 271° and vary

hf—l E {2—10’ 2—11’ 2—12’ 2—13’ 2—14’ 2—16}

to ensure hy_y > €*. As a result, h?_,£? is likely to be the dominant term in (3.3). See

Figure 3(b), where the log-log plot is consistent with the functional form

Var(Dj,, (1) — Dj,_, (1)) = O(hi_y).

The exponent of ¢ in he*. We fix hy_y = 2712 and vary

ec {275,279 277 278 279
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(a) hy_1 = 271 fixed while ¢ is varied. The best (b) he_1 = 279 fixed while ¢ is varied. The best
fit curve is y = 3.96x — 16.68. fit curve is y = 2.08z — 16.7.

Figure 4: Log-log plots of Var(Dj (1) — Dy, (1)) with he_y held constant and € varied.
The best fit curves for all data are overlain in the dashed blue line. Fach data point was
generated using 1,000 independent samples.

to ensure hy_; < 2. As a result, hy_1* is likely to be the dominant term in (3.3). See

Figure J(a), where the log-log plot is consistent with the functional form
Var(Dj, (1) = Dj,_ (1)) = O(e").

The exponent of ¢ in h?%. We fix hy_y = 27° and vary
= {2—6’ 2—77 2—87 2—9’ 2—10’ 2—11}

to ensure hy_1 > €. As a result, h? &% is likely to be the dominant term in (3.3). See

Figure J(b), where the log-log plot is consistent with the functional form

Var(Dj, (1) = Dj,_, (1)) = O(e?).

We turn to numerically demonstrating our conclusions related to the complexity of
Euler based multilevel Monte Carlo and the complexity of Fuler based standard Monte
Carlo. We will measure complezity in two ways, by total number of random variables

utilized and by required CPU time. Our implementation of MLMC proceeded as follows.
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We chose hy = 27¢ and for each § > 0 we set L = [log(d)/log(2)]. For each level we
generated 200 independent sample trajectories in order to estimate 0.0, as defined in

section 3.2.2. According to (3.10) and (3.12) we then selected

L
Ny = {52\/5575h52 5}‘;—7]—‘, forte€{0,1,2,... L}.
j=0 V.

We implemented FEuler’s method combined with standard Monte Carlo by selecting the

number of paths by

N = ’—5_2 Var(D‘,i(l))-‘

where h = 271 and the parameter Var(D5(1)) was estimated using 500 independent
realizations of the relevant processes.

In Figures 5(a) and 6(a), we provide log-log plots of runtime (in seconds) and com-
plezity (quantified by the total number of random variables utilized) for our implemen-

tation of multilevel and standard Monte Carlo with € = 0.1 fized and
9 € {0.00032,0.00016,0.00008, 0.00004, 0.00002},

which ensures § > %6_% (see section 3.2.2). The best fit curves are consistent with the
conclusion that the computational complexity of the Euler based multilevel Monte Carlo
method is O(672) while that of standard Monte Carlo method is O(63) when € is fized.
The Monte Carlo estimates which came from these simulations are detailed in Table 1.

Notice that E[D*(1)] can be found explicitly in this case,

E[D?(1)] = ¢! ~ 0.3678794.

In Figure 5(b) and 6(b), we provide similar log-log plots of runtime and computational

complexity for Euler based multilevel Monte Carlo and standard Monte Carlo when § =
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(a) € = 0.1 held constant and d varied. The best
fit lines are y = —1.962 — 15.65 for Euler based
MLMC and y = —2.91x—5.44 for standard Euler
based Monte Carlo.
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based Monte Carlo.

Figure 5: Log-log plots of runtime (in seconds) for both multilevel and standard Euler

based Monte Carlo.
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(a) € = 0.1 held constant and  varied. The best
fit lines are y = —2.04x — 3.33 for MLMC and
y = —2.91x — 22.95 for standard MC.

(b) § = 271 held constant and e varied. The
best fit lines are y = 2.06x + 21.13 for MLMC
and y = 1.992 + 27.12 for standard MC.

Figure 6: Log-log plots of computational complezity, quantified by the number of random

variables used.
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2714 s fired and € is varied as
e € {0.07,0.06,0.05,0.04,0.03},

which ensures § > e~:. The best fit curves are again consistent with the conclusion
that the complexity of FEuler based multilevel Monte Carlo and standard Monte Carlo
Methods are both O(g?) when ¢ is fized. The Monte Carlo estimates which came from

these simulations are detailed in Table 2. ]

3.4.1 Comparison with results for continuous time Markov chains

Diffusion processes with small noise structures of the form (3.1) often arise as approx-
imations to continuous time Markov chains. Bounds on the variance between Fuler
approximations to such scaled jump processes can be found in [1]. Since the diffusion
approximation is naturally related to the jump process model, it is tempting to believe
that the analysis found in [1] can be utilized to infer the results presented in this thesis.

The following example and analysis shows that this intuition is incorrect

Example 3.12. Consider a family of continuous time Markov chain models, parametrized

) Mean—FEuler | Mean-MLMC | SD-FEuler | SD-MLMC
0.00032 0.367449 0.367944 0.000320 0.000305

0.00016 | 0.368028 0.367906 0.000160 | 0.000153
0.00008 | 0.367839 0.367891 0.000080 | 0.000077
0.00004 | 0.367941 0.367863 0.000040 | 0.000039
0.00002 | 0.5367851 0.367883 0.000020 | 0.000020

Table 1: Result of Euler based multilevel Monte Carlo and Euler based Monte Carlo for
fized € = 0.1 and varying d. The last two columns provide the standard deviations for
the two estimators.
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€ Mean-FEuler | Mean-MLMC' | SD-Euler | SD-MLMC
0.07| 0.367830 0.36783 0.000061 | 0.000059
0.06 | 0.367755 0.367920 0.000061 | 0.000059
0.05| 0.367933 0.367819 0.000061 | 0.000059
0.04 | 0.367809 0.367856 0.000061 | 0.000059
0.03 | 0.367879 0.367925 0.000061 | 0.000059

Table 2: Results of Euler based multilevel Monte Carlo and Fuler based Monte Carlo for
fized 6 = 271 =~ 0.000061 and varying €. The last two columns provide the standard
deviations for the two estimators.

by N > 0, satisfying

X0 =XV 0+ (v [ X0 - has) |

1 t 2
+—Y, N/ XN (s)ds
N 0 4

(3.34)

with XN(0) € %ZQZO and Yi1,Ys independent unit-rate Poisson processes. The process

(3.34) can model the time evolution of the reaction network
2A =2 B, (3.35)

in which two molecules of species A can combine to form a molecule of species B, and
vice versa [9, 10]. The specific choice of scaling in (3.34) is called the classical scaling
for biochemical processes [9, 10]. One representation for the continuous in time FEuler-

Maruyama approximation of the standard diffusion approzimation to the model (3.34)
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2

t -9 t
DY (t) = DY (0) + / DY, (s (s))*ds n / DY, (m(s))ds
0 1 0 _1

+ EN/O \/max{D{V(nh(s))z,O} dWy(s) 1 (3.36)

Tex /Ot\/max{Dév(nh(s)),O}dWQ(s) .

—1
where ey = \/LN’ W1 and Wy are independent Brownian motions [0, 10]. Let Z,]lv be an
Euler approzimation to (3.34) and let M > 0 be some fized positive integer. See [2] or
[/] for a stochastic representation of Z}¥ that is similar to (3.36), and for the relevant

coupling between Z,]li and Z,]L\Ll. By Corollary 1 in [/], we have that for hy = M~*
Var(Zy () — Zp (1)) < D-hy yN7" =D - hy_i€%, (3.37)

where the constant D does not depend upon N, hy , or hy_1. Conversely, Theorem 3.1

allows us to conclude that
Var(Dyy 1 (t) — Dy 1 (t)) < Cy - hi_yex + Co - hy_iey. (3.38)

The key feature to note is that for hy_y < 1 and ex < 1, both of the terms h? &% and
hy_1€% are dominated by he_1e%. In fact,

2 2 4
he_1en + heiey

2

2
= hy_1 + ey,

showing a dramatic reduction in the variance when the coupled diffusion processes are
considered as opposed to the coupled jump processes.
In order to numerically demonstrate the bounds (3.37) and (3.38), we follow the

numerical analysis performed in Example 3.11 by varying hy and ey = \/LN in different
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(a) ey = 279 fixed while hy_; is varied. The (b) exy = 2710 fixed while hy_; is varied. The

best fit curve for the data associated with the best fit curve for the data associated with the
CTMC is y = 1.07x — 9.21, whereas the best fit CTMC is y = 0.95z — 16.82, whereas the best fit
curve for the data associated with the diffusion curve for the data associated with the diffusion
is y = 1.04x — 16.92. is y = 1.98x — 15.25.

Figure 7: Log-log plots of Var(Dyy (T)— Dy (T)) and Var(Z}) ((T)— 2} (T)) with
en held constant and h,_1 varied. The best fit curves for the data are overlain with
dashed lines.

scaling regimes in order to isolate the different possible exponents. For each of the
numerical experiments performed we fized a terminal time of T = 0.3 and took an
initial condition of (0.2,0.2) for each model. As we also mentioned in Example 5.11, we
emphasize that these experiments use extreme parameter choices solely for the purpose

of testing the sharpness of the delicate asymptotic bounds.

The exponent of h,_| in hy_1e%. We fit N = 22 which corresponds with ey = 279,
and vary

h‘ffl c {2—13’ 2—14’ 2—15’ 2—16}

to ensure hy_y < €%. As a result, hy_1e% is likely to be the dominant term in (3.38).

See Figure 11(a), where the log-log plots are consistent with the functional forms

Var( DY y(T) = DjY_((T)) = Olhumr),  VarZY,(T) = Z}Y_, 1 (1) = O(he_s).

The exponent of h in h*c®. We fix N = 2?°, which corresponds with ex = 27 and
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vary

hﬁ-l E {2—10’ 2—11’ 2—12’ 2—13}

to ensure hy_y > €%. As a result, h? 3, is likely to be the dominant term in (3.38).

See Figure 11(b), where the log-log plots are consistent with the functional forms

Var(DY ((T) = DY (T)) = O(h_),  Var(Z} ((T) = ZY_ (T)) = Olhs-).

The exponent of ¢ in he*. We fix hy_; = 2712 and vary
N—l c {2—67 2—77 2—8’ 2—9’ 2—10’ 2—11}

to ensure hy_y < &3 = N~'. As a result, hy_1&% is likely to be the dominant term in

(3.38). See Figure 8(a), where the log-log plot is consistent with the functional form

Var( Dy, 1(T) = Dy, ,1(T)) = O(e),  Var(Ziy, (T) = Zy, , 1(T)) = O(eX)

The exponent of ¢ in h?c?. We fiz hy_y = 27 and vary
N c {2207 221’ 2227 2237 2247 225}

to ensure hy_y > €% = N1, As a result, hi_,e% is likely to be the dominant term in

(3.38). See Figure 8(b), where the log-log plot is consistent with the functional form

Var(Djy, ((T) = Diy_, 1(T)) = O(ex),  Var(Ziy, o(T) = Ziy,_,1(T) = O(eX)-

3.5 Summary

This work focussed on Monte Carlo methods for approximating expectations arising

from SDEs with small noise. Our motivation was that for the highly effective multilevel
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(a) hy_1 = 2712 fixed while ey is varied. The
best fit curve for the data associated with the
CTMC is y = 2.142 — 11.07, whereas the best fit
curve for the data associated with the diffusion
is y = 3.992 — 11.02.

In(en)

(b) hg—q = 27! fixed while ey is varied. The
best fit curve for the data associated with the
CTMC is y = 1.99 — 12.11, whereas the best fit
curve for the data associated with the diffusion
is y = 2.00z — 20.25.

Figure 8: Log-log plots of Var(Dyy (T)— Dy (T)) and Var(Z}) ((T)— 2} (T)) with
he_1 held constant and € varied. The best fit curves for all data are overlain with dashed

lines.

approach, the classical strong error measure is less relevant than the variance between

coupled pairs of paths at different discretization levels. By analyzing this variance di-

rectly, we showed that when ¢ < &2 there is no benefit from using discretization methods

. . _1 .
that are customized for small noise. Moreover, so long as we also have § > e~ =, a basic

Euler-Maruyama discretization used in a multilevel setting leads to the same complex-

ity that would arise in the idealized case where we had access to exact samples of the

required distribution at a cost of O(1) per sample.

Interesting future work in this area includes the following.

(i) Develop multilevel methods customized to the setting § > &2.

(ii) Investigate whether the recently proposed techniques in |

to the small noise regime.

] and |

| can be adapted
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Chapter 4

Computational complexity analysis
for Monte Carlo approximations of
classically scaled population

processes

4.1 Introduction

For some large Ny > 0 we consider a continuous time Markov chain satisfying the

stochastic equation

XMNo(t) = XMNo(0) + i NLOY’“ (No /0 t )\k(XNO(s))ds) Cr, (4.1)

where X™(¢) € RY, K < oo, the Y} are independent unit Poisson processes and, for
each k, ¢, € RY and \; : R? — R>( are Lipschitz continuous with bounded second
derivatives. We further assume that A\, (X" (0)) = O(1). This particular scaling choice
is often termed the “classical scaling” [10, 44, 15]. We consider the task of numerically
approximating E[f(X™°(¢))], in the sense of confidence intervals, to some fixed tolerance

€9 < 1, where f satisfies mild regularity conditions.
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The class of models of the form (4.1) satisfying the above assumptions has a long
history in terms of modelling [13, 14, 19, 54], analysis [10, 44, 15] and computation
[27, 28]. The framework covers many application areas, including population dynamics
[63], queueing theory [64], and several branches of physics [22]. In recent years, chemical
and biochemical kinetics models in systems biology [71] have been the driving force be-
hind a resurgence of activity in algorithmic developments, including tau-leaping [31] and
its multilevel extension [3, 4]. In this setting, the parameter Ny in (4.1) can represent
Avagadro’s number multplied by the volume, and in this classical scaling, species are
measured in moles per liter. More generally, however, Ny can just be considered a large
number, often of the order 100s or 1000s. Our aim here is to present a unified computa-
tional complexity analysis for a range of Monte Carlo based methods. This allows us to
make what we believe are the first concrete conclusions pertaining to the relative merits
of current methods in a practically relevant asymptotic regime. Of particular note is
that our analysis suggests that a diffusion approximation offers very few advantages from
a computational standpoint.

In section 4.2, we discuss some of the issues involved in quantifying computational
complexity in the present setting, and introduce a novel scaling regime in which clear-
cut comparisons can be made. Further, a high-level summary of our main conclusions
is presented. In section 4.3, we summarize two relevant methods for approximating
the model (4.1): the tau-leap discretization method, and the Langevin or Diffusion
approximation. In section 4.4, we quantify the computational complexity of using exact
simulation, tau-leaping, and simulation of the diffusion equation with standard Monte
Carlo for approximating E[f(X™0(t))] to a desired tolerance. Further, in subsection

4.4.2 we review the more recent multilevel methods and quantify the benefits of their
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use in both the tau-leaping and diffusion scenarios. In section 4.5, we provide numerical
examples demonstrating our main conclusions. In section 4.6, we close with some brief

conclusions.

4.2 Scaling regime and summary of results

In order to motivate our analysis and computations, we begin with a brief, high-level,
overview. In particular, we discuss the entries in Table 3, which summarizes the key
results of this work. Full details are given later in the manuscript, however we point out
here that the terms in Table 3 include assumptions on the variances of the constituent
processes that will be made clear, and proven in a wide variety of cases, in the subsequent
sections.

A natural approach to approximate the desired expectation is to simulate paths
exactly, for example with the stochastic simulation algorithm [27, 28] or the next reaction
method [I, 23], in order to obtain independent sample paths {X[Ji\][0 ", that can be

combined into a sample average
. N,
Hn = o Z f(X[i]0>‘ (4.2)
i=1
This becomes problematic if the cost of each sample path is high—to follow a path
exactly we must take account of each individual transition in the process. This is a
serious issue when many jumps take place, which is the case when Ny is large.
The essence of the Euler tau-leaping approach is to fix the system intensities over

time intervals of length h, and thereby only require the generation of K Poisson random

variables per time interval [31]. In order to analyse the benefit of tau-leaping, and related
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methods, Anderson, Ganguly, and Kurtz [2] considered the limit N — oo and h — 0

with N = h~? for some 8 > 0. To see why such a limit is useful we note two facts:

e If instead, we allow N — oo with h fixed, then the stochastic fluctuations become
negligible [9, 14]. In this thermodynamic limit the model reduces to a deterministic

ODE, so a simple deterministic numerical method could be used.

e If instead, we allow h — 0 with N fixed then tau-leaping becomes arbitrarily
inefficient. The “empty” waiting times between reactions, which have nonzero

expected values, are being needlessly refined by the discretization method.

The relation N = h= brings together the large system size effect (where exact simulation
is expensive and tau-leaping offers a computational advantage) with the the small h effect
(where the accuracy of tau-leaping can be analysed). This gives a realistic setting where
the benefits of tau-leaping can be quantified. It may then be shown [2, Theorem 4.1]
that the bias arising from Euler tau-leaping is O(h) = O(N 7).

For our purposes, rather than the step size h of a particular approximate method,
it is more natural to work in terms of the system size, Ny. First, let a > 0 satisfy

g0 = Ny “. Next, consider the following family of models parameterized by N > Nj,

XN () = XN(0) + i %Yk <N /Ot Ak(XN(s))ds) Cr. (4.3)

We will study the asymptotic behavior, as N — oo, of the computational complexity

required to approximate E[f(X?(t))] to a tolerance of
EN = N, (44)

We emphasize at this stage that we are no longer studying a fixed model. Instead we

look at the family of models (4.3) parameterized through the system size N, and consider
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the limit, as N — oo, of the computational complexity of the different methods under
the accuracy requirement (4.4). The computed results then tell us, to leading order, the

costs associated with solving our fixed problem (4.1) with accuracy requirement Nj .

4.2.1 Summary of results

To quantify computational complexity, we define the “cost-per-path” to be the number of
random variables generated in the simulation of a single path. We argue in section 4.4.1
that the expected cost-per-path of exact simulation scales linearly with N. Tau-leaping,
by contrast, has a cost-per-path of O(h™!), and we need h ~ ey to get a small enough
bias in our standard Monte Carlo approximation. Since the random variables of interest,
F(XN(t)), generally have a variance that scales like O(N 1), see [1], the costs of standard

Monte Carlo methods then become:

Monte Carlo plus exact simulation: O(N~!ey* + 1) paths at a cost of O(N) per

path, totaling a computational complexity of O(e3? + N) or O(N** + N).

Monte Carlo plus tau-leaping: O(N~'e” + 1) paths at a cost of O(ey') per path,

totaling a computational complexity of O(N ey +¢ey') or O(N3e~1 4 N9,

as summarized in the first two rows of Table 3. Note that the “+1” terms above account
for the requirement that we cannot generate less than one path. In this regime, we
see that tau-leaping is beneficial for o < 1. This makes sense intuitively. If we ask
for too much accuracy relative to the system size (« > 1 in (4.4)) then tau-leaping’s
built-in bias outweighs its cheapness, or, equivalently, the required stepsize is so small

that tau-leaping works harder than exact simulation.
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’ Monte Carlo method Complexity unbiased? Most efficient ‘
MC + exact simulation O(N** + N) Yes Never
MC + tau-leaping O(N3>~! 4 N?) No Never
MC + midpt. or trap. tau-leap O(N%*52~1 + No/2) No % <a< %
MC + Euler for diff. approx. O(N3~1 + No) No Never
MLMC + E-M for diff. approx. O(N?*1 + N?) No a>2
biased MLMC tau-leaping O(N**~1log(N)*+ N*) No a>3
unbiased MLMC tau-leaping O(N**~1log(N)*+ N)  Yes a>1

Table 3: Computational cost for different Monte Carlo methods, as N — oo. The final
column indicates when each method is most efficient, in terms of the parameter «, up
to factors involving logarithms.

Higher order alternatives to the original tau-leaping method [31] are available. For
example, a mid-point discretization [2, Theorem 4.2] or a trapezoidal method [8] both
achieve O(h?) = O(N~2*) bias, which allows the overall complexity to be reduced to
O(N?%=1 4= N®/2) in this regime. This makes midpoint or trapezoidal tau-leaping
beneficial as compared with exact simulation for a < 2.

As an alternative to tau-leap discretizations, we could replace the continuous-time
Markov chain by a diffusion approximation and use a numerical stochastic differential
equation (SDE) simulation method to generate approximate paths. Even assuming that
such an approximation produces an unbiased and consistent estimator (which is not, in
general, the case) we find that an Euler method with standard Monte Carlo gives the
same cost as basic tau-leaping; see section 4.4.1.

Multilevel versions of Monte Carlo (MLMC) have been developed in both the Euler
+ diffusion setting [24, 25] and tau-leaping [3]. Under mild assumptions on f and the

stochastic system, we find that a multilevel scheme can reduce the standard Monte
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Carlo Euler/diffusion cost from O(N3*~! + N®) to O(N?*"!log(N)? + N*). Similarly,
the biased version of the multilevel algorithm at the tau-leaping level from [3] can also
give a complexity of O(N?*~!log(N)? + N®), and this is achieved without perturbing
the basic model by taking a diffusion approximation. Further, an unbiased version of

the multilevel algorithm yields a complexity of
O(N?**"tlog(N)* + N)

which is equivalent to the biased version when o > 1.

We also mention that a crude and inexpensive approximation to the required ex-
pected value can be computed by simply simulating the deterministic mass action ODE
approximation to (4.1), which is often referred to as the reaction rate equation. Ignoring
all fluctuations in this manner, using a perturbed model that no longer depends upon
N, produces an approximation to the mean that has an error of O(1/ VN ), meeting the
required O(N~%) accuracy requirement when o < L. In this case, solving the determin-
stic ODE with a pth order numerical method scheme (such as a Runge-Kutta method)
requires a stepsize with h? = e, so that h = N~%/? giving an asymptotic computational
cost of O(h™"); that is, O(N®/?). Since the order p can be made arbitrarily large, we
see that this approach has negligible cost. For this reason, we view a = 1 as a natural

2

cut-off in the relationship (4.4); we are not concerned with o < 1 since in this regime
the requested level of accuracy does not require fluctuations to be respected.

In addition to the asymptotic complexity counts in Table 3, another important fea-
ture of a method is the availability of computable a posteriori confidence interval infor-

mation. As indicated in the table, two of the methods considered here, exact simulation

with Monte Carlo and an appropriately constructed multilevel tau-leaping, are unbiased.
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The sample mean, accompanied by an estimate of the overall variance, can then be deliv-
ered with a computable confidence interval. By contrast, the remaining methods in the
table are biased: tau-leaping and Euler introduce discretization errors and the diffusion
approximation perturbs the underlying model. Although the asymptotic leading order
of these biases can be estimated, useful a posteriori upper bounds cannot be computed
straightforwardly in general, making these approaches much less attractive for reliably
achieving a target accuracy.

Based on the range of methods analysed here in an asymptotic regime that couples

system size and target accuracy, two key messages are

e even assuming there is no bias to the underlying model, simulating at the level of

the the diffusion approximation is only marginally advantageous,

e tau-leaping can offer advantages over exact simulation, and an appropriately de-
signed version of multilevel tau-leaping (which combines exact and tau-leaped sam-
ples) offers an unbiased method that is efficient over a wide range of accuracy

requirements.

4.3 Approximation methods

In this section, we briefly review two alternatives to exact simulation of (4.3).

4.3.1 Tau-Leaping

Tau-leaping [31] is a computational method that generates Euler-style approximate paths

for the continuous-time Markov chain (4.3). The basic idea is to hold the intensity
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functions fixed over a time interval [t,,t, + h] at the values A\g(XN(¢t,,)), where XV (¢,)
is the state of the system at time t,,, and, under this assumption, compute the number of
times each reaction takes place over this period. As the waiting times for the reactions
are exponentially distributed, this leads to the following algorithm, which simulates up
to a time of 7' > 0. For x > 0 we will write Poisson(x) to denote a sample from the
Poisson distribution with parameter x, with all such samples being independent of each

other and of all other sources of randomness used.

Algorithm 3 (Euler tau-leaping). Fiz h > 0. Set Z¥(0) = xg, to = 0, n = 0 and repeat

the following until t,, 1 =T:
(1) Settpyr =t +h. Ifty1 >T, settpoy =T and h=T —t,.
(ii) For each k, let Ay, = Poisson(\,(ZN (t,))h).

(iii) Set Zy (tns1) = Zp (tn) + D225 Ak

(iv) Setn < n+ 1.

Analogously to (4.3), a path-wise representation of Euler tau-leaping defined for all

t > 0 can be given through a random time change of Poisson processes:

20 =70+ % ( / A(ZY (s >>>ds) G (45)

where the Y}, are as before, and 7,(s) o L%J h. Thus, Z) (nu(s)) = Z) (t,) if t, < s <

tnst.
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4.3.2 Diffusion approximation

The tau-leaping algorithm utilizes a time-stepping method to directly approximate the
underlying model (4.3). Alternatively, a diffusion approximation arises by perturbing
the underlying model into one which can be discretized more efficiently.

Define the function F' via

Fl) = 3 M)

By the functional central limit theorem,

1
— |Yi(Nu) — Nu| = Wi(u), 4.6
where W is a standard Brownian motion. Applying (4.6) to (4.3) yields

t 1 t
XN(t) ~ XN (0) +/ F(XN(s))ds + Y —=W (/ Ak(XN(s))ds) Ce,
s Ux s
where the W), are independent standard Brownian motions. This implies that X can

be approximated by the process DV satisfying

DN (t) = D (0) + /t F(D™(s))ds + g \/Lﬁwk (/Ot )\k(DN(s))ds> G

0

where DV (0) = XY (0). An equivalent, and more prevalent, way to represent DV is via

the Ito representation

D)= D%0)+ [ FON6is+ Y = [ VADTE).  (0)

which is often written in the differential form

1
dD"(t) = F(DV(t))dt + > ——Cn/M(DN(s))dWi(s). (4.8)
c VN
The SDE system (4.8) is known as a Langevin approximation in the biology and

chemistry literature, and a diffusion approximation in probability [10, 71]. We note the

following points.
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e The diffusion coefficient, often termed the “noise” in the system, is O(\/LN), and

hence, in our setting is small relative to the drift.

e The diffusion coefficient involves square roots. Hence, it is critical that the choice of
intensity functions A\; only take values in R>( on the domain of the solution. This
is of particular importance in the population process setting where the solutions of
the underlying model (4.3) naturally satisfy a non negativity constraint whereas
the SDE solution paths cannot be guaranteed to remain non-negative in general.
Therefore, in this setting of population processes one reasonable representation, of

many, would be

dD"(t) = F(DY(t))dt + ) | \/LNQ:\/ [AR(D¥ (5))]FdWi(s), (4.9)
where [z]T = max{x,0}.

e The coefficients of the SDE are not globally Lipschitz in general, and hence stan-
dard convergence theory for numerical methods, such as that in [13], is not applica-
ble. Examples of nonlinear SDEs for which standard Monte Carlo and multilevel
Monte Carlo, when combined with Euler-Maruyama discretization, fail to pro-
duce a convergent algorithm have been pointed out in the literature [36, 37]. The
question of which classes of reaction system lead to well-defined SDEs and which

discretizations converge at the traditional rate therefore remains open.

In this work, to get a feel for the best possible computational complexity that can
arise from the Langevin approximation, we will study the case where the function F' is
linear. In this case the first two moments of the diffusion approximation match those

of the underlying continuous time Markov chain exactly [10]. We will find that even in
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this idealized light, the asymptotic computational complexity of Euler-Maruyama on a
diffusion approximation combined with either a standard or a multilevel implementation
is only marginally better than the corresponding computational complexity bounds for
multilevel tau-leaping. In particular, they differ only in a log factor. We note that we

only make the linearity assumption on the diffusion model.

4.4 Complexity analysis

In this section we establish the results given in Table 3. In subsection 4.4.1, we derive
the first four rows, whereas in subsection 4.4.2 we discuss the multilevel framework and

establish rows five, six, and seven.

4.4.1 Complexity analysis of standard Monte Carlo approaches
Exact Sampling and Monte Carlo

Suppose that we compute exact samples from the process X (¢). The intensity functions
scale like O(N) and the expected holding time between reactions is O(N~!). Hence the

number of system updates required to generate a single path is O(N). Letting
oy = Var(f(X™ (1))

we require

TL_ICSN = 0(6?\[) —— n = O((SNEE2 + 1)

Thus, the total computational complexity of making the desired approximation is

O(nN) = O(Sne* N + N) = O(Sy N*** + N).
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In [4] it is shown that Var(X¥(¢)) = O(N™'), giving 6y = N~! and an overall complexity
of O(N?* 4+ N), as given in the first row of Table 3.
Tau-leaping and Monte Carlo

Suppose now that we use n paths of the tau-leaping process (4.5) to construct the Monte

Carlo estimator i, for E[f(X*(t))]. We note that

ELf (XY ()] = fin = (B[ (XY ()] = ELf(Zy' (1)) + ELF(Z3 ()] — frn). (4.10)

Tau-leaping was studied in [2] in a regime of the form h = O(ey). By constraining

h = O(en) we can apply [2, Theorem 4.1] to give
E[f(X™ ()] = ELf(Zy' ()] = O(h) = O(en),
for a wide class of functionals f, as required for the bias. Letting
O = Var(f(Zy'(t)))

we again require n = O(dyey” + 1) to control the statistical error. Since there are
O(h™') operations per path generation, the total computational complexity for making

the desired approximation is
O(nh™) = O(Snnen” +ex').

We know from [1] that Var(Z};(t)) = O(N~'), giving an overall complexity of O(N**~!+
N®), as reported in the second row of Table 3.
Weakly second order extensions to the tau-leaping method can lower the computa-

tional complexity dramatically. For example, if we use the midpoint tau-leaping process
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ZN from [2], we can set h = \/ey and still achieve a bias of O(ey). In particular, from

[2, Theorem 4.2], we have
E[f(XY(1)] - E[F(2;' ()] = O(h%),

for a wide class of f. By similar methods as in [1], it can be shown that Z} has the
same variance scaling as X}¥ and Z). Since we need n = O(dy ey’ + 1) paths, the
complexity is

O(n-h)=0(n- 5;/1/2) — O(Bnpern? + 511[1/2).

When 6y, = N~! the resulting complexity is O(N259~! + N/2)_ as stated in the third

row of Table 3. The same conclusion can also be drawn for the trapezoidal method in

[5]-

Diffusion approximation and Monte Carlo

In considering an Euler—-Maruyama discretization of the diffusion approximation, it is
important to keep in mind that we are studying a parameterized class of SDEs in the
N — oo limit, rather than a single SDE. However, because the drift remains O(1),
the weak error stays at the O(h) level arising from the underlying deterministic Euler
method; that is, Euler-Maruyama introduces a bias of O(h), uniformly in N. So we need

h = O(en) to keep the bias within our tolerance. Letting

ONp = Var(f(Dflv(t))),

we require n = O(6x 5" +1) to control the statistical error. Since there are O(h™!) op-
erations per path generation, the total computational complexity for making the desired

approximation is

O(nh™") = O(Snnen’ +en)-
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Since by standard methods we can conclude Var(Dy';(t)) = O(N~'), we can again give

an overall complexity of O(N3*~1 4+ N9), as reported in the fourth row of Table 3.

4.4.2 Multilevel Monte Carlo and complexity analysis

In this section we study multilevel Monte Carlo approaches and derive the results sum-

marized in rows five, six, and seven of Table 3.

Multilevel Monte Carlo and Diffusion Approximation

Here we specify and analyze an Euler-based multilevel method for the diffusion approx-
imation, following the original framework of Giles [27].

For some fixed M > 1 we let hy = T - M~* for £ € {0,..., L}. Reasonable choices
for M include M € {2,3,4,...,7}, and L is determined below. Let D,]L\Z denote the
approximate process generated by Euler-Maruyama applied to (4.8) with a step size of
he. As mentioned in section 4.4.1, the discretization has weak order one for a large class
of functionals f, so we set hy = ey, giving L = O(|log(en)]|), so that the finest level
achieves the required order of magnitude for the bias.

Noting that

L

E[f(Dy, (1)) = ELf(Dpo(t)] + > ELf(Dp, (1)) — f(D,_, (£))]; (4.11)

(=1

we use ¢ as an index over sample paths and let

Ndelef (DY (1), and oy Ly <f<Déi,m<t>>—f<Da_1,m<t>>>,

ne

for ¢ = 1,..., L, where ny and the different n, have yet to be determined. Note that

the form of the estimator @év above implies that the processes D}y and Dj’  will be
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coupled, or constructed on the same probability space. We consider here the case when
(D,]l\; ,Df:; _,) are coupled in the usual way by using the same Brownian path in the

generation of each of the marginal processes. Our (biased) estimator is then
L
QY = QY+ ) Q.
=1
Set

On.e = Var(f(Dp, (1)) = f(Dpy_1 (1))

It is shown in [5] that dy, = O(N"'h? + N—2hy) under a wide array of conditions.
Finally note that we also have Var(f(D{(t))) = O(N™'). In [] it is shown that under
these circumstances, the computational complexity required is O(e > N ™! +5'). In the

regime (4.4) this translates to O(N?*~! + N®), as reported in the fifth row of Table 3.

Multilevel Monte Carlo and tau-leaping

The use of multilevel Monte Carlo with tau-leaping for continuous-time Markov chains
of the form considered here was proposed in [3], where effective algorithms were devised.
Complexity results were given in a non-asymptotic multi-scale setting, with followup
results in [1]. Our aim here is to customize the approach in the scaling regime (4.4) and
thereby develop easily interpretable complexity bounds that allow straightforward com-
parison with other methods. In this section Z ,ii denotes a tau-leaping process generated
with a step-size of hy = T - M*, for £ € {0,...,L}.

A major step in [3] was to show that a coupling technique used for analytical pur-
poses in [2, 17] can also form the basis of a practical simulation algorithm. Letting

Yii, © € {1,2,3}, denote independent, unit rate Poisson processes, we couple the exact
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and approximate tau-leaping processes in the following way,

X5 =X+ 3 ¥ ([ W) AN () ) 6

+Y Ve (N / (3 () = WXV (8)) A Ak<z,ii<nL<s>>>]ds) G
(4.12)

200 =280+ 3 ¥ (¥ [ 0060 AN st

+3 NYk,g (N /0 D(ZE (m1())) = M(XN(5)) A Ak<z,ii<nL<s>>>]ds) G

(4.13)
where a A b denotes min{a, b} and n.(s) = |s/hy]hr. Sample paths of (4.12)—(4.13)
can be generated with a natural extension of the next reaction method or Gillespie’s
algorithm, see [3], and for hy > N~! the complexity required for the generation of
a realization (X", Z ) remains at the O(N) level. The coupling of two approximate

processes, Z,Jli and Z}]L\Z _,» takes the form

70 =250+ 2 i (N [ M) AEL () )

+Y Ve (N / (22 (0u(5))) = M Z (1)) A Ak(Zéi_l(m—l(S)))]ds) G
(4.14)

ZL0=2L0+ 3y Ym( / M(Zﬁi(ne(s))mxk(z,ii1<m_1<s>>>ds)<k

(4.15)

where 7,(s) &f |s/h¢]he. The pair (4.14)—(4.15) can be sampled at the same O(h; ') cost

as a single tau-leaping path, see [3].



94

For L as yet to be determined, and noting the identity

L
E[f(XN(6)] = E[f (XN (1) = F(ZY )] + > _EF(Zn (1) — f(Zi_ (1) +E[f (Zn (1)),
- (4.16)
we define estimators for the three terms above via
v def 1 &
P D X)) ~ (2w (0),
B
v def 1
VD U (®) = F(Z M), for L€ {1l LY (417)
i=1
v dof 1
- o ; FZ (),
so that
L
QYEQY+Y QN+ QY (4.18)

=1

is an unbiased estimator for E[f(X~(T))]. Here, Q¥ uses the coupling (4.12)—(4.13)
between exact paths and tau-leaped paths of stepsize hy, @év uses the coupling (4.14)—
(4.15) between tau-leaped paths of stepsizes hy and h,_1, and @év involves single tau-
leaped paths of stepize hg. Note that the algorithm implicit in (4.18) produces an
unbiased estimator, whereas the estimator is biased if @g is left off, as will sometimes
be desirable. Hence, we will refer to estimator @N in (4.18) as the unbiased estimator,

and will refer to
ef
ON &« Z QN + QY (4.19)

as the biased estimator. For both the biased and unbiased estimators, the number of

paths at each level, ng, n, and ng, will be chosen to ensure an overall estimator variance

of O(£%).
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Continuing the analysis, we assume that for ¢ > 0

Var(f(X™(t)) = f(Zi(1))) = O(0n,) (4.20)
Var(f(Zp, (1) = f(Zy,_, (1)) = O(dn.e) (4.21)
Var(f(Z) (1)) = O(NY), (4.22)

It is shown in [4] that dy, = N~'h, for £ > 0 under a wide array of circumstances, so
for the remainder of this section we assume this scaling.
We consider the biased and unbiased versions of tau-leaping multilevel Monte Carlo

separately.
Biased multilevel Monte Carlo tau-leaping

Here we consider the estimator QY defined in (4.19). We first note that E[f(X ™ (¢))]—
E[f(Z} (t))] = O(hy) for a large class of functionals f, see [2]. Hence, we begin by
choosing L = O(log(1/ey)) = O(log(N)) in order to control the bias.

For ¢ € {1,...,L}, let Cy be the number of random variables required to generate
a single pair of coupled trajectories at level . Let Cy be the computational complexity
required to generate a single trajectory at the coarsest level. To find ny, ¢ € {0,..., L},
we solve the following optimization problem, which ensures that the variance of @g is

no greater than order €%:

L
minimize Z neCy, (4.23)
" =0
)
subject to e . (4.24)

n
—0 ¢



96

We use Lagrange multipliers. As Cy = K - h;l, for some fixed constant K, the optimiza-

tion problem above is solved at solutions to

L L
)
Vno ..... nr,A (Z ngK . hé_l +A ( e 8%{)) =0.
=0 —o %

Taking derivatives with respect to n, and setting each derivative to zero yields,

ne = \/ 20n.che, for ¢ € {0,1,2,..., L} (4.25)

for some A > 0. Plugging (4.25) into (4.24) gives us,

; \/7 (4.26)

and hence, by (4.21) and (4.22),

\/> Z \/7 CLey2N7Y2, (4.27)

where C is a constant. Noting that L = O(log(ey')), we have
2 =0 (ey'log (en)? N7Y.

Plugging this back into (4.25), and recognizing that at least one path must be generated

to achieve the desired accuracy, we find
ng = Oy N "heL + 1).
Hence, the overall computational complexity is
L L L
> nKh' =0 (Z en’ N "' heLht > hfl)
=0 =0 /=0

=0 (5N~ 'log(en)” +ey')

= O (N**"'log(N)* + N),
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recovering row six of Table 3.

Note that the computational complexity reported for this biased version of multilevel
Monte Carlo tau-leaping is, up to logarithms, the same as that for multilevel Monte Carlo
on the diffusion approximation. However, none of the generous assumptions we made for

the diffusion approximation, including that E[f(X™(t))] = E[f(D¥(t))], were required.
Unbiased multilevel Monte Carlo tau-leaping

The first observation to make is that the telescoping sum (4.16) implies that the
method which utilizes E[f(X™(t)) — f(Z} (t))] at the finest level is unbiased for any
choice of hy. That is, we are no longer constrained to choose L = O(|log(en)|).

Assume (4.20) holds with 0y g = N~'hz, and that hy, > N~!. Let Cg be the average
number of random variables required to generate a single pair of the coupled exact and
tau-leaped processes when the tau-leap discretization is hy,.We know Cr = O(N+ h;l) =

O(N) . To determine n, and ng, we still solve an optimization problem,

minimize Z nyCo +n1Cg, (4.28)
" =0
5N12 5NE o
subject to Z = e (4.29)

Using Lagrange multipliers again, we obtain,

YN,

for ¢ € {0,1,2, ..., L} (4.30)
Cy

Ny =

and
/\(5N,E'
Cgp

ng = (4.31)
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Plugging back into (4.29) and noting C; = O(h, ') and Cr = O(N) yields

L
VA =&y} (Z VoneCo + wsN,EcE) < C(Ley?N7V2 4 e32V/hy). (4.32)
=0
Therefore, plugging (4.32) back into (4.30) an (4.31) and noting n, > 1 and ng > 1, we
get
A0 h
ny = M 1=0 | [Le®N T+ e/ =E | o+ 1 for ¢ € {0,1,2,...,L}
Cy N
and

%)
np =1/ ij@ +1=0(Lex?N32n? 4 e?N""hy + 1). (4.33)

As a result the total complexity is

h h
g(hr) = O(ex? N7 L2 + e/ WLL +ht ey NLL +exthy + N)

/h
< O(e?N71L2 + 2637 WLL +ex’hr + 2N) (since h;' < N)
= 026 ) N7'L? + 26 hy, + 2N). (using that 2ab < a? + b?)

It is relatively easy to show that the last line above is minimized at

2 N 2 N
hy = NLambertW <§) NN log (3) . (4.34)

Hence, taking h;, = O(N ' log(N)), we have log(hr)* = O(log(N)?) and this method

achieves a total computational complexity of leading order
O(e* N ' og(N )2+ Nt og(N)+N) = O(ex>Nog(N)*+N) = O(N** ' log(N)?+N),

as reported in the last row of Table 3.
Note here that if we choose hy = % we get the same order of magnitude for the
computational complexity. However the hy in (4.34) is the optimized solution, meaning

the leading order constant should be better and we will see this in Figure 11 and Figure

12 in the next section.
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4.5 Computational results

In this section we provide numerical evidence for the sharpness of the computational
complexity analyses provided in Table 3. We will measure complexity by total number of
random variables utilized. We emphasize that these experiments use extreme parameter

choices solely for the purpose of testing the sharpness of the delicate asymptotic bounds.

Example 4.1. We consider the classically scaled stochastic model for the following re-

action network (see [10])

k1/N A
Si+S, =2 53 38,45,

k2

Letting X;(t) give the number of molecules of species S; at time t, and letting X (t) =

X(t)/N, the stochastic equations are

XN () = XN(0) + %Yl (Nk:l /0 t XN(s) Xy (3)ds>

1 t
+—Y, (Nk2 / X3 (s)ds>
N 0

1 t
+—Y; (ng / Xy (s)ds> :
N 0
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where we assume XN (0) = O(1). We implemented different Monte Carlo simulation
methods for the estimation of E[XN(T)] to an accuracy of ey = N~ for both a = 1
and a = 5/4. Specifically, for each of the order one methods we chose a step size of size
h = en and required the variance of the estimator to be €3,. For midpoint tau-leaping,
which has a weak order of two, we chose h = \/ey. For the unbiased multilevel Monte
Carlo method we chose the finest time-step according to (4.34). We do not provide
estimates for Monte Carlo combined with exact simulation as those computations were
too intensive to complete to the target accuracy.

For our numerical example we chose T =1 and X (0) = [N -[0.2,0.2,0.2,0.2]7] with
XN(0) = X(0)/N. Finally, we chose ki = ko = k3 = 1 as our rate constants. In Figure
9, we provide log-log plots of the computational complexity required to solve this problem

for the different Monte Carlo methods to an accuracy of ey = N~1, for each of
N c {213 214 215 216 217}'

In Figure 10, we provide log-log plots for the computational complexity required to solve

this problem for the different methods to an accuracy of en = N_%, for each of
N c {29 210 211 212 213}'

Tables J and 5 provide the estimator variances for the different Monte Carlo methods
with ey = N7' and ey = N‘g, respectively. The top line provides the target variances.
The specifics of the implementations and results for the different Monte Carlo meth-

ods are detailed below.

Diffusion Approximation plus Monte Carlo. We took a time step of size h = ey

to generate our independent samples. See Figure 9, where the best fit line 1s y = 1.94x —
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Figure 9: Log-log plots of the computational complexity for the different Monte Carlo
methods with varying N € {213, 214,215 216 21T} gnd ey = N1
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Figure 10: Log-log plots of the computational complexity for the different Monte Carlo
methods with varying N € {29,210 211 212 9213} gnd ey = N™1.



Method

estimator standard deviations

€N:N_1

2—13’ 2—14’ 2—15’ 2—16’ 2—17

MC and Diff. approz

—13.10 —14.02 —15.02 —16.01 —17.00
9~I810 5—T102 9-15.02 H—16.0

MC and Tau-leaping

—13.09 —14.01 —15.01 —16.01 —17.00
9-1300 5—T40T 9=T15.01 H—T6.01

MC and Midpoint Tau-leaping

—13.09 —14.04 9—15.03 —16.00 9—17.01
9-1300 5—T401 9-15.08 5—16.00

Multilevel Diff. approx

—13.20 9—14.15 ©—15.11 o9—16.09 o—17.07
9-1820 9=T4T5 5=T511 5=16.09 5

Biased Multilevel Tau-leaping

—13.44 9—14.39 9—15.39 9—16.38 9—17.32
9-I8.41 9-T139 5=1530 5=1638

Unbiased Multilevel Tau-leaping

—13.29 9—14.28 ©—15.26 o—16.21 —17.18
9-1820 9-T128 5-1526 5=162T

Table 4: Actual estimator variances when ey = N1

Method
5

estimator standard deviations

—11.25 9—12.50 9—13.75 9—15.00 9—16.25
91125 9-1250 9—1375 9-15.00 o

MC and Diff. approz

—11.27 o9—12.51 —13.75 9—15.00 9—16.25
91127 =251 5=1375 5=1500 5

MC and Tau-leaping

—11.26 —12.52 —13.76 —15.00 9—16.25
9-1126 5=1252 =136 5=15.00

MC and Midpoint Tau-leaping

—11.26 —12.52 —13.76 —15.00 9—16.25
9—1126 5—1252 =136 5—15.00

Multilevel Diff. approx

—11.46 9—12.63 9—13.85 9—15.06 9—16.29
9~IL6 9-1268 5=1385 5=1506 5

Biased Multilevel Tau-leaping

—11.62 —12.81 —13.99 —15.19 —16.41
91162 9—T28T 5-1399 5=1515

Unbiased Multilevel Tau-leaping

—11.34 9—12.57 9—13.79 9—15.03 9—16.26
9-TL31 =257 5=1379 5=15058

Table 5: Actual estimator variances when ey = N~%/4,

102
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0.88, and Figure 10, where the best fit line is y = 2.73x — 1.37, which are consistent with

Table 3.

Monte Carlo Tau-Leaping. We took a time step of size h = ey to generate our
independent samples. See Figure 9, where the best fit line is y = 1.96x — 1.02, and

Figure 10, where the best fit line is y = 2.76x — 1.63, which are consistent with Table 3.

Monte Carlo Midpoint Tau-Leaping. We took a time step of size h = \/en. See
Figure 9, where the best fit line is y = 1.44 — 0.86, and Figure 10, where the best fit line

1s y = 2.10x — 3.53, which are consistent with Table 5.

Our implementation of the multilevel methods proceeded as follows. We chose hy =
274 and for ey > 0 we fized h, = ex and L = [log(hr)/log(2)] for the biased methods.
For each level we generated Ny independent sample trajectories in order to estimate oy,

as defined in section J.3. Then we selected

L
Sn s
ng = |V€N2,/5N’ghgz %—‘ +1, for £ €{0,1,2,..., L},
=0 ¥
to ensure the overall variance is below the target €%.

Moulti- Level Monte Carlo Diffusion Approximation We used Ny = 400 for our
pre-calculation of the variances. See Figure 9, where the best fit line is y = 0.99x + 2.75,
and Figure 10, where the best fit line is y = 1.45x + 2.61, which are consistent with

Table 5.

Multi- Level Monte Carlo Tau-Leaping. We used Ny = 100 for our pre-calculation
of the variances. See Figure 9, where the best fit line is y = 1.12x + 3.70, and Figure

10, where the best fit line is y = 1.56x + 4.64, which are consistent with Table 5.
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Unbiased Tau-leaping multilevel Monte Carlo. For our implementation of un-
biased multilevlel tau-leaping, we set hy, = % LambertW (§) and L = [log(hr)/log(2)].
For each level we utilized Ny = 100 independent sample trajectories in order to estimate

Ong, Co and On g, Cp, as defined in section 4.3. Then we then selected

5 L
ng = |75]—V2 %j (Z \/5N740g + \/5N,EOE> “ + 1, for l e {0, 1,2,... 7L},

=0

3 L
np = {51\,21/(];—5 < E \/5N,zce + \/5N,ECE> w +1,
=0

to ensure the overall estimator variance is below our target €%. See Figure 9, where the

and

best fit line 1s y = 1.08x +3.71, and Figure 10, where the best fit line is y = 1.68x 4 2.65,
which are consistent with Table 3.

We also used the unbiased tau-leaping multilevel Monte Carlo method with hy =
N~ to estimate E[X;(1)] to accuracy ey = N~%, for both « = 1 and a = 5/4. See
Figures 11 and 12 for log-log plots of the required complexity when hy = N~' and
hy = (%)LambertW(%). As predicted in section J.J.2, the complexity required when

hi = (%) Lambert W(5) is lower by some constant factor.

4.6 Conclusions

Many researchers have observed in practice that approximation methods can lead to
computational efficiency, relative to exact path simulation. However, meaningful, rig-
orous justification for whether and under what circumstances approximation methods
offer computational benefit has proved elusive. Focusing on the classical scaling, we note

that a useful analysis must resolve two issues:
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Figure 11: Complexity comparison of unbiased multilevel Monte Carlo tau-leaping when
hy = % and hy = %LambertW(]%), with ey = N7L.
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Figure 12: Complexity comparison of unbiased multilevel Monte Carlo tau-leaping when

hr = % and hy, = %LambertW(%), with ey = N™1.
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(1) Computational complexity is most relevant for “large” problems, where many events
take place. However, as the system size grows the problem converges to a simpler,

deterministic limit that is cheap to solve.

(2) On a fixed problem, in the traditional numerical analysis setting where mesh size
tends to zero, discretization methods become arbitrarily more expensive than exact

simulation because the exact solution is piecewise constant.

In this work, we offer what we believe to be the first rigorous complexity analysis
that allows for systematic comparison of simulation methods. The results, summarized
in Table 3, apply under the classical scaling for a family of problems parametrized by
the system size, N, with accuracy requirement N~®. In this regime, we can study
performance on “large” problems when fluctuations are still relevant.

A simple conclusion from our analysis is that standard tau-leaping does offer a con-
crete advantage over exact simulation when the accuracy requirement is not too high,
a < 1; see the first two rows of Table 3. Also, “second order” midpoint or trapezoidal
tau-leaping improves on exact simulation for o < 2; row three of Table 3. Furthermore,
in this framework, we were able to analyze the use of a diffusion, or Langevin, approxi-
mation and the multilevel Monte Carlo versions of tau-leaping and diffusion simulation.
Our overall conclusion is that some form of tau-leaping is always worthwhile. For low
accuracy (o < 2/3), second order tau-leaping with standard Monte Carlo is the most
efficient of the methods considered. At higher accuracy requirements, o > 2/3, multi-
level Monte Carlo tau-leaping is joint-best. Moreover, for all « > 1 an unbiased version
of multilevel Monte Carlo tau-leaping shares the lowest complexity level, making it our

method of choice for high accuracy.
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Possibilities for further research along the lines opened up by this work include:

e analyzing other methods within this framework, for example, (a) multilevel Monte
Carlo for the diffusion approximation using discretization methods customized for
small noise systems, or (b) methods that tackle the Chemical Master Equation

directly using large scale deterministic ODE technology [11, 12],

e coupling the required accuracy to the system size in other scaling regimes, for

example, to study specific problem classes with multiscale structure [11].
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Appendix A

Appendix

We provide here some technical lemmas which were used in Section 2.2 and Section 3.3.

Lemma A.1. Suppose X (s) and Xs(s) are stochastic processes on R and that x1(s)

and x5(s) are deterministic processes on Re. Further, suppose that

supE [|X1(s) — 21(5)]*] < CL(N'T)N™*,  supE [|Xs(s) — 2a(s)[*] < Co(N'T)N ",

s<T s<T

(A.1)

for some 61,62 depending upon NYT. Assume that v : R? — R is Lipschitz with

Lipschitz constant L. Then,

sup Var (/01 u(Xa(s) +r(Xi(s) — Xg(s)))dr) < L*max(Cy, Cy)N 7.

s<T

Proof. First we know,

Var ( /0 Lu(Xa(s) 4 r(Xa(s) — Xg(s)))dr)
~ Var ( /0 Cu(Xa(5) + (X (5) — Xa(s))) — ula(s) + r(za(s) — xg(s)))dr)

<E ( | 08a(5) + r(Xi(0) = X)) = uln(s) + rs(s) - m(s)))dr)

< /0 Elu(Xa(s) + r(X1(s) — X2(s))) — u(wa(s) + r(z1(s) — 2a(s)))*dr.
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Using that  is Lipschitz, we may continue
Var ( /0 Cu(X(s) +r(Xa(s) — Xg(s)))dr)
< 22 [ B{1%(5) + 1X06) = Xals)) = (ls) + r01(5) — ral o))
= 22 [ B[P~ ns) + (1= 90606) — )]
<2 [ B - n6] + (1 - B [1Xals) — rao)]
< L*max(Cy, Cy) N7,

where the second to last inequality follows from convexity of the quadratic function, and

the final inequality holds from applying (A.1). ]

Lemma A.2. Suppose that AN and BN are families of random variables determined
by scaling parameters N and h. Further, suppose that there are C; > 0,Cy > 0 and

C35 > 0 such that for all N > 0 the following three conditions hold:
1. Var(ANM) < Cy N~ uniformly in h.
2. |ANM < CyN7Y uniformly in h.
3. |E[BM"]] < CsN7h.

Then

Var(ANh BN < 3C2C,N~P(NVR)? + 15C2N* Var(BNh).
Proof. Via a direct expansion, the variance of the product can be represented in the
following manner
Var(AVA BNR) — B[(B[BVM])(AV" — B[AM)) + (B[AN)(BY — E[B))

+ (AN = EAVI)(BM — BIBY) — E[(A™ — E[AY))(BY* — BBV
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Using the basic bound (a + b + ¢)? < 3a? 4 3b* + 3¢?, we have
Var(ANh BNy <3(E[BYN"])2Var(AN") + 3(E[AN"])*Var(BY")
+ 3Var((AM" — E[ANM)(BY" — E[BYM)).

Using our assumptions in the statement of the lemma, the following two inequalities are

immediate

3(E[BYN")2Var(AN!) < 3C2C,N~P(N7h)?, (A.2)
and

3(E[AN"])2Var(BN") < 3CZN*Var(BN"). (A.3)
For the final term we bound the variance by the second moment to achieve

3Var((AM" — E[AM])(BM" — E[B™"])) < BE((AM" — E[AM])(BM" — E[B™"]))?
< 12C2N*'Var(BN").
(A.4)

Combining (A.2), (A.3), and (A.4) gives the desired result. O

The two following lemmas are only slight perturbations of the two lemmas above.

proof is therefore omitted.

Lemma A.3. Suppose X,(s) and X5(s) are stochastic processes on R and that x1(s)

and x5(s) are deterministic processes on R%. Further, suppose that

supE [|X1(s) — 21(5)*] < Co(T)e?,  supEE [|Xa(s) — aa(s)[?] < Ca(T)e?,

s<T s<T

for some 61, 62 depending upon T. Assume that u : R* — R is Lipschitz with Lipschitz

constant C'r,. Then,

sup Var (/01 u(Xa(s) + r(Xi(s) — Xg(s)))dr> < C? max(Cy, Cy)e?.

s<T
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Lemma A.4. Suppose that AS" and B5" are families of random variables determined
by scaling parameters € and h. Further, suppose that there are C; > 0,C5 > 0 and

C3 > 0 such that for all € € (0,1) the following three conditions hold:
1. Var(Ash) < Ce? uniformly in h.
2. |A=h| < Cy uniformly in h.
3. |E[B"]| < Csh.

Then
Var(A®" B=") < 3C2C, h*e* 4 15C2 Var(B=").

Lemma A.5. Let Q(s) be a stochastic process for which sup,e(, Var(Q(s)) < oo. Then

vor ([ 1as) < 0= ) [ varsnyas

Proof. The proof is straightforward.

ver ([ atsyas) = ([ atos -z [ b@(s)ds]f —& (100 - @)

< (bh—a) / E [(Q(s) — EQ(s))?] ds = (b — a) / Var(Q(s))ds. O

2

Lemma A.6. Let f : R — R have continuous first derivative. Then, for any x,y € RY,

f(z) = fy) + / Vf(sz+ (1— 8)y)ds - (z — ).

Proof. Let H(t) = f(tx + (1 —t)y). Then H'(t) = Vf(tzr + (1 — t)y) - (v — y), and by
the fundamental theorem of calculus, H(1) = H(0) + fol H'(s)ds, which is equivalent to

the statement of the lemma. O]
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