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Abstract

Quantum computing has garnered substantial attention in recent decades for its

potential applications across various domains such as cybersecurity, chemical engi-

neering, logistics optimization, data search, drug synthesis, and machine learning.

However, practical utilization of quantum computing faces significant challenges

due to considerable overhead. Even with the aid of state-of-the-art quantum er-

ror correction codes, millions of physical quantum bits (qubits) are required. This

necessity arises from limitations in gate fidelities of qubits resulting from environ-

mental noise. Therefore, it is imperative to investigate noise source characteristics

and devise strategies to mitigate their impact on qubits.

Semiconductor qubits offer a promising platform that can be readily expanded by

leveraging existing semiconductor industry facilities. In semiconductor devices, an

array of detrimental noise sources, such as charge noise, hyperfine noise, evanescent-

wave Johnson noise, and phonon-induced noise, can degrade coherence of the qubits.

This dissertation specifically focuses on charge noise (1/f noise).

The dissertation commences by introducing a methodology to characterize di-

verse noise sources through the measurement of coherence times while rotating a

vector magnet in a spin qubit device. Subsequently, it presents the application of a

technique called noise source driving to enhance coherence of qubits. This approach

involves applying an oscillating electric field to the charge noise sources. Following
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this, the dissertation elucidates a plausible mechanism explaining the pulse-induced

resonance frequency shift of a qubit with fluctuations of two-level systems. Lastly,

the dissertation discusses future research directions and concludes with closing re-

marks.
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Chapter 1

Introduction

1.1 Quantum computing

Since its initial proposal in 1981 by Feynman [1], quantum computing has emerged

as a dynamic field of study within physics. While the concept originated from simu-

lating quantum systems using other quantum systems, numerous studies have been

conducted on universal quantum computing, which aims to achieve general-purpose

capabilities similar to classical computers. Notably, the discovery of quantum al-

gorithms applicable to real-world problems has greatly invigorated the field. One

such example is the Shor algorithm, which enables efficient factorization of large

prime numbers compared to classical algorithms such as the number field sieve [2].

This breakthrough has implications for breaking public-key cryptography, includ-

ing the widely used RSA scheme [3]. Additionally, the Grover algorithm provides

a quadratic speed-up for searching specific data within unsorted datasets [4], ad-

dressing the needs of modern society, where the handling of vast amounts of data is

increasingly important.

At the core of quantum computing lies the quantum bit (qubit), the fundamental
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computational unit. Unlike classical bits that represent either 0 or 1, qubits can exist

in superpositions of these states. Mathematically, a qubit can be expressed as:

|ψ⟩ = a|0⟩+ b|1⟩ =

a
b

 , (1.1)

where a and b are complex numbers satisfying |a|2 + |b|2 = 1. While this pure state

representation is often convenient, a more general description of a qubit utilizes the

density operator representation:

ρ =
∑
j

pj|ψj⟩⟨ψj|, (1.2)

where ρ represents the density operator for an ensemble of pure states |ψj⟩ with

respective probabilities pj. This representation can also be expressed in matrix

form as:

ρ =

ρ00 ρ01

ρ10 ρ11

 , (1.3)

with the basis set, {|0⟩, |1⟩}. The trace is conserved, Tr(ρ) = ρ00 + ρ11 = 1, and the

matrix is Hermitian, ρ01 = ρ∗10.

Multiple qubits can be represented by a set of computational basis states, for

the case of n qubits, {|0⟩, |1⟩}⊗n. The set contains 2n basis states. For example, a

pure state for two qubits can be expressed as:

|ψ⟩ = a|00⟩+ b|01⟩+ c|10⟩+ d|11⟩ =



a

b

c

d


, (1.4)
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where the complex coefficients satisfy |a|2+|b|2+|c|2+|d|2 = 1. This state is referred

to as separable if it can be written as the tensor product of two single-qubit states,

such as |ψ⟩ = |ψ1⟩ ⊗ |ψ2⟩, and entangled if it cannot. The density matrix for n

qubits is an n× n matrix with the given basis set.

The process of quantum computing involves three stages: initialization, gate

operations, and measurement. Initially, qubits are typically prepared in the state

|0⟩⊗n. Gate operations involve applying unitary operators to the qubits’ states. It

is known that a universal gate set for quantum computing can be achieved using

single-qubit and two-qubit gates, allowing for the approximation of any unitary

operator using a finite number of these gates [5]. Examples of such gates include

Hadamard gate, T gate (also known as π/8 gate), and controlled-NOT gate (CNOT

gate), represented by the following matrices, respectively:

H =
1√
2

1 1

1 −1

 , T =

1 0

0 eiπ/4

 , CNOT =



1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0


. (1.5)

Following gate operations specific to a quantum algorithm, measurement is usually

performed by projecting the qubits’ state onto their basis states. While this process

functions perfectly in theory, its implementation in a real physical system often

differs significantly from initial expectations.

1.2 Semiconductor quantum dots

Various physical platforms have been extensively investigated as candidates for im-

plementing qubits and the essential components of quantum computing. These
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platforms include superconducting circuits [6], trapped ions [7], neutral atoms [8],

semiconductor quantum dots [9], color centers in diamond [10], optical systems [11],

and topological systems [12]. Each platform has its own advantages and disad-

vantages in terms of realizing a quantum computer, and their suitability can be

assessed based on DiVincenzo’s criteria [13]: (1) scalable and well-defined qubits,

(2) initialization capability for the qubits, (3) long coherence times of the qubits, (4)

a universal gate set for the qubits, and (5) measurement capability for the qubits.

Semiconductor quantum dots have gained significant attention since the proposal

of encoding a spin qubit in an electron confined within a quantum dot [14]. The

spin qubit is straightforward and intuitive as it involves an inherent two-dimensional

quantum system. A wide range of qubit implementations in quantum dots have been

suggested and experimentally verified, including charge qubit [15], singlet-triplet

qubit [16], exchange-only qubit [17], hybrid qubit [18], hole spin qubit [19], and

flip-flop qubit [20].

Quantum dots exhibit several advantageous features according to DiVincenzo’s

criteria, with the exception of the first criterion, scalability of qubits. The scalability

is a crucial factor, as practical applications of quantum computing require millions

of qubits [21]. Recent studies have demonstrated universal operation with a 6-qubit

processor [22, 23], but quantum dots still lag behind other physical platforms in

terms of scalability. This limitation arises from the extremely small size of quantum

dots [9]. Specifically, it is challenging to reproduce identical dots even using the

same fabrication process and to connect and tune the dots in a dilution refrigerator.

However, it is envisioned that quantum dot devices can be manufactured by

leveraging existing semiconductor foundries [24, 25]. This approach would benefit

the quantum computing industry by reducing costs associated with building new

factories and developing novel mass production technologies. Another potential
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avenue for scalability is the operation of devices above 1K, resulting in increased

cooling power using a simple 4He pump instead of a dilution refrigerator [26, 27].

The other criteria have been partially fulfilled by recent studies demonstrating

gate operation fidelities above 99% for single and two-qubit operations for spin qubits

[28–33]. The gate errors, approximately 1%, are close to the error threshold of the

surface code [34], but further reduction is necessary to enhance practicality.

1.3 Noise problem

The gate fidelities of quantum dot devices are mostly limited by decoherence of

qubits [28–30]. Decoherence occurs due to the unavoidable interaction of qubits

with the surrounding environment in practical settings. In quantum dot devices,

various sources introduce noise that affects the qubits. These include interactions

with surrounding nuclear spins (hyperfine noise) [35, 36], fluctuations of background

charges (charge noise) [37–40], phonons [41–43], evanescent waves emanating from

metals (evanescent-wave Johnson noise) [44, 45], and so on.

Decoherence in quantum systems can be experimentally characterized by two

time scales: T1 and T2. The relaxation time, T1, represents the time it takes for

a qubit to relax from higher energy state to lower one. On the other hand, the

decoherence time, T2, refers to the time it takes for a qubit to lose its coherence.

Additionally, there is an inaccessible time scale, Tϕ, known as the dephasing time,

which accounts for decoherence resulting from pure dephasing. These time scales

are related as follows [46]:
1

T2
=

1

2T1
+

1

Tϕ
. (1.6)

In the latest semiconductor quantum dot qubits, T1 is in the order of seconds, while

T2 is in the order of microseconds [47]. Therefore, Tϕ can be approximated as T2,
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making the mitigation of decoherence through pure dephasing crucial.

In the theoretical framework using density matrix formalism, pure dephasing

can be represented by a Gaussian decay of the magnitude of off-diagonal terms as

follows:

|⟨ρ01(t)⟩| = |⟨ρ01(0)⟩| exp[−(t/Tϕ)
2], (1.7)

where ⟨·⟩ denotes the average over the stochastic process caused by noise. This holds

only for quasi-static noise (W (ω, Tϕ) ≈ 1 in Eq. 1.9). More general dephasing time

can be obtained by solving an integral equation numerically [48]:

T−2
ϕ = C0

∫ ∞

−∞
S(ω)W (ω, Tϕ) dω, (1.8)

where ω is the angular frequency, and C0 is a constant determined by the qubit

species and the noise source. The power spectral density (PSD) of the noise, denoted

as S(ω), is the Fourier transform of the correlation function, ⟨x(τ)x(0)⟩, where x(t)

is a physical quantity of the noise at time t. The window function for integration is

given by:

W (ω, Tϕ) =
sin2(ωTϕ/2)

(ωTϕ/2)2
≡ sinc2(ωTϕ/2), (1.9)

assuming the Gaussian approximation is valid, which holds when the data accumu-

lation time is longer than the correlation time (or memory time) of the noise [46].

The window function in Equ. 1.9 is used for the decay of the free induction signal

(or Ramsey signal). In the case of spin (Hahn) echo, the window function is given

by sin4(ωTϕ/4)/(ωTϕ/4)
2.

If the coupling between the qubit and the noise source is strong, the Gaussian

approximation may not be accurate, and it is not enough to obtain the PSD for

the dephasing time. In this case, specifying the model for the noise source and the
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coupling is needed [49].

1.4 Spin qubits and charge noise

Spin qubits are highly promising candidates for implementing qubits in semiconduc-

tor devices due to their compact size and ability to perform fast gate operations.

The two most significant noise sources contributing to the decoherence of spin qubits

are hyperfine noise and charge noise [50–52]. Hyperfine noise directly couples the

qubit to magnetic noise fields (Overhauser field), while charge noise indirectly af-

fects the qubit through spin-orbit coupling, which can be either natural or artificial

depending on the device materials.

Hyperfine noise poses a greater challenge for devices based on III-V semicon-

ductors like GaAs, mainly due to the natural abundance of isotopes with non-zero

nuclear spins. However, in devices based on group IV semiconductors such as Si or

Ge, the impact of hyperfine noise on decoherence is less severe because these ma-

terials have a lower percentage of non-zero nuclear spins, 4.7% 29Si and 7.7% 73Ge

[53]. By utilizing isotopic enrichment techniques, the ratio of nuclear spins can be

reduced to a level where the coherence of the qubit is primarily limited by charge

noise [28, 54].

On the other hand, charge noise is inevitable since the devices require a suf-

ficiently strong spin-orbit coupling to enable fast gate operations through electric

dipole spin resonance [55, 56]. Charge noise in semiconductor devices is commonly

referred to as 1/f noise due to its power-law spectrum, characterized by S(ω) ∼ 1/ωα

with 0 < α ≤ 2. This type of noise has a detrimental effect on the coherence of

qubits, as the dephasing time is inversely proportional to the low-frequency portion

of the PSD, as described in the previous section. 1/f noise has been reported across
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a broad range of frequencies and in various devices, including Si/SiGe heterostruc-

tures and silicon metal-oxide-semiconductor devices [54, 57, 58].

The most widely accepted theoretical model explaining charge noise involves a

multitude of fluctuating two-level systems (TLS) contributing to the noise indepen-

dently [59]. These TLSs are assumed to have thermally activated switching rates,

given by w(E) = w0 exp(−E/kBT ), where w0 is the maximum attempt rate and E is

the activation energy for the TLSs. Assuming a constant distribution of activation

energies, D(E), the PSD for 1/f noise can be represented as follows:

S(ω) =

∫
s(ω)D(E) dE =

∫
1

π

w(E)

ω2 + w(E)2
D(E) dE ∼ kBT/ω (1.10)

Here, s(ω) represents the PSD for each TLS, which follows a normalized Lorentzian

shape. The integration range should have low and high cut-off frequencies to prevent

S(ω) from diverging, although the specific cut-off frequencies have not been experi-

mentally observed. It is worth noting that a large number of TLSs are not necessary

to produce 1/f noise; it can be composed of a few Lorentzians with switching rates

following a log-uniform distribution. The physical origin of charge noise has been

the subject of study since its discovery in 1925 [60], and despite considerable efforts,

it remains unclear compared to other noise sources.

1.5 Dissertation outline

This dissertation explores the various sources of noise that affect qubits in quantum

dot devices, with a primary focus on charge noise, which plays a crucial role in

the decoherence of qubits. The main objectives of this research are to identify the

dominant noise mechanism in these devices, characterize the properties of TLSs,
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and enhance the coherence of qubits by mitigating the effects of charge noise.

Chapter 2 delves into the methodology used to identify the dominant noise source

that affects spin qubits in quantum dot devices. The chapter begins by introducing

the equations that govern the coherence times, T1 and T2, of spin qubits. To simulate

the effects, a hypothetical model device is employed, borrowing parameters from a

spin qubit device with micromagnets. By calculating T1 and T2 while varying the

rotation angles of the applied magnetic field, the chapter presents diverse anisotropy

patterns for T1 and T2 resulting from different noise sources and charge noise models.

The chapter concludes with a discussion and summary of the findings.

Chapter 3 focuses on a technique that improves qubit coherence by applying

an oscillating electric field to the TLSs. The chapter begins with a brief review of

noise source driving in solid-state systems and introduces the concept of stochas-

tic resonance. It then presents a model Hamiltonian for TLSs and the Lindblad

master equation, which elucidates the dynamics of a TLS coupled to its environ-

ment. Through numerical simulations on both single and multiple TLSs, the chapter

demonstrates the shift of the PSD caused by the driving field and the resulting Tϕ.

The results of damped Rabi oscillation for single TLS are also showcased. After

discussing relevant physical conditions involving double-well potential, the chapter

concludes by offering suggestions for future research.

Chapter 4 explains the mechanism behind the pulse-induced resonance frequency

shift in semiconductor-based qubit devices. The chapter initially introduces the com-

monly observed frequency shift of qubits in modern spin qubit devices. It proposes

a model Hamiltonian for TLSs influenced by local, random electric fields, as well as

interactions between the TLSs. By employing different physical models, the chap-

ter demonstrates the non-monotonic behavior of the frequency shift as a function of

temperature. It discusses simulation results from a large number of samples and pro-
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vides fitting for recent experimental data. The chapter concludes with a summary

and a discussion on an unraveled conundrum.

Chapter 5 suggests future research directions on semiconductor qubit devices. It

specifically highlights the importance of conducting studies with cross-PSD of qubits.

Furthermore, the chapter proposes a broader research direction in the context of

quantum information science.
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Chapter 2

Anisotropy of coherence times of

spin qubits

This chapter follows closely to the published work, “Anisotropy with respect to the

applied magnetic field of spin qubit decoherence times” by Y. Choi and R. Joynt

[61].

2.1 Spin qubits as noise sensors

2.1.1 Vector character of coherence times

Spin qubits are sensitive to environmental noise that degrades their coherence. This

disadvantage can be exploited reversely by using them as noise sensors. Measuring

the coherence times, T1 and T2, of the qubits is one of the well-known methods that

evaluate the effect of noise, but it is not enough to have just these two times to

identify the dominant noise mechanism and find out the positions of the sources,

specifically two-level systems (TLS) for charge noise. More sophisticated experi-

ments are needed to obtain detailed information on the physical nature of the noise
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sources.

The spin qubits are under the influence of effective noise magnetic field, B(eff),

which is a vector. In experiments, a static magnetic field B0, is applied to the qubits

to set their quantization axis that is defined by z axis such as B0 = B0ẑ. This z

axis is not geometric one, but indicates the preferred axis for computational basis

of the qubits. The noise power tensor is then

⟨B(eff)
i B

(eff)
j ⟩ω =

∫
dt eiωt ⟨B(eff)

i (t)B
(eff)
j (0)⟩, (2.1)

where the angle bracket, ⟨·⟩, denotes a quantum and thermal average, the angle

bracket with subscript ω, ⟨·⟩ω, means the Fourier transform of the correlation func-

tion with respect to angular frequency ω, and the subscripts i and j are Cartesian

components.

The relaxation rate 1/T1, is determined by the transverse noise components:

1/T1 ∝ ⟨B(eff)
x B

(eff)
x ⟩ωop + ⟨B(eff)

y B
(eff)
y ⟩ωop , which means that the noise power at the

operating frequency of the qubits, ωop, is important for T1. The dephasing rate 1/Tϕ,

on the other hand, is determined by the longitudinal noise component ⟨B(eff)
z B

(eff)
z ⟩ω

with Eq. 1.8, in which low-frequency part of the noise power is important for Tϕ

considering the sinc2 window function. Since we have 1/T2 = 1/2T1 + 1/Tϕ, all of

the diagonal components of the noise tensor are experimentally accessible.

The vector character of the coherence time equations suggest that one can in-

vestigate the nature of noises in spin qubit devices by measuring T1 and T2 as a

function of the direction of the applied field. If the applied field is rotated to the

direction Rẑ, where R is a rotation operator that takes ẑ into the direction with polar

and azimuthal angle, (θ, ϕ), then 1/T1(θ, ϕ) ∝ ⟨B(eff)
Rx̂ B

(eff)
Rx̂ ⟩ωop+⟨B(eff)

Rŷ B
(eff)
Rŷ ⟩ωop while

Tϕ(θ, ϕ) depends on ⟨B(eff)
Rẑ B

(eff)
Rẑ ⟩ω. We will show that the pattern of T1(θ, ϕ) and



13

Tϕ(θ, ϕ) gives information about the nature of the noise sources and their positions

relative to the qubit.

2.1.2 Applicability

For charge qubits, the analog of the applied field direction is the direction along the

separation between two quantum dots. It is difficult to adjust this direction over a

wide range in practice. As a result, the experiments we propose are only possible

for spin qubits. In this chapter, we limit the analysis to single-spin devices. The

idea of using anisotropy of T1 and Tϕ to investigate noise should also be applicable

to multi-dot spin qubit devices such as hybrid qubits [62] or singlet-triplet qubits

[63]. The analysis is more complicated for these cases. For example, in the two-

qubit experiment of Ref. [64], the change in the ratio of g-factors as the field is

rotated introduces additional complications. We will not attempt any treatment of

these complex multi-qubit systems in this chapter, since we are mainly attempting

to establish the basic principles involved, and for this purpose it is best to do the

simpler cases first. Nevertheless, it seems likely that the anisotropy of coherence

times would be a useful tool even in these more intricate situations.

We focus on the anisotropy of three different types of noise sources: charge

noise, hyperfine noise, and evanescent-wave Johnson noise (EWJN) in silicon devices.

Charge noise is the most crucial one at low frequencies and generally determines T2.

Hyperfine noise is also important for T2, particularly in GaAs systems. It is expected

to be isotropic in B0, which from the viewpoint of this chapter is a key experimental

signature of this type of noise [65], as we shall discuss below. EWJN is important

at higher frequencies and low magnetic fields, and in many cases may determine T1.

Phonon-induced relaxation mediated by spin-orbit coupling, in contrast, is highly

anisotropic, as shown previously [42, 66]. This mechanism is essential at higher
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magnetic fields B0. Since we do not include it, the results we present here hold only

for B0 ≤ 3-4 T [67]. At these lower fields T1 saturates. It is noteworthy that the

anisotropy due to phonon effects is determined by the orientation of B0 relative to

the crystal axes, while the anisotropy considered in this chapter is relative to the

direction determined by the geometry of the device. Hot spots, where the valley and

Zeeman levels cross, are also a strong source of decoherence [68]. Fortunately, it is

relatively easy to avoid this by tuning the strength of the applied field, and this would

be necessary for the proposed experiment to work. In metal-oxide-semiconductor

(MOS) structures the Dresselhaus interaction can be strong and anisotropic. This

gives rise to anisotropic T2 from charge noise that was measured in Ref. [69]. Here

we focus on dots in heterostructures, where the angular variation of the spin-orbit

coupling is expected to be much weaker.

In most experiments on spin qubits, the relative orientation of the sample and

the applied magnetic field is not allowed to vary. However, rotatable sample holders

can give some variation in the angle between the growth direction and the applied

field [70]. Full coverage of the whole solid angle can be obtained from vector magnet

arrangements with appropriate parameters of the magnets. Indeed, experiments to

optimize qubit operation by changing the direction of the applied field have been

carried out [71]. This paper can be viewed as an aid to these kinds of efforts, since the

direction of maximum coherence times can be inferred from the calculations. Other

phenomena that have been investigated by rotating the field are the variations in

the Rabi frequency of multi-hole qubits in Si [72] and the profile of the spin-orbit

interaction of a silicon double quantum dot in MOS structures [73, 74].

This chapter will focus on experiments that use micromagnets to provide mag-

netic field gradients at the position of a spin qubit. The direction of the magneti-

zation of the micromagnets can be affected by the rotation of the applied field in a
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way that is not well understood and that is difficult to measure. This means that

to carry out the proposed experiment here, hard magnets must be used.

2.2 Coherence times in a rotating magnetic field

2.2.1 Relaxation time

The relaxation rate of a spin qubit in the noise magnetic field depends on the noise

correlation function ⟨B(eff)
i (t)B

(eff)
j (0)⟩ωop . The effective noise magnetic field is any

time-dependent field that couples to the spin qubit. Hence this could be a physical

magnetic field, a field that comes from the motion of the qubit in an inhomogeneous

field, a field that results from phonons mediated by spin-orbit coupling, etc.

T1 depends only on the transverse components of the noise power tensor. If we

define T (i)
1 as the relaxation time when the applied field is in the i-direction, then

the relaxation rates are

1

T
(x)
1

= (
µB

ℏ
)2
[
⟨B(eff)

y B(eff)
y ⟩ωop + ⟨B(eff)

z B(eff)
z ⟩ωop

]
,

1

T
(y)
1

= (
µB

ℏ
)2
[
⟨B(eff)

z B(eff)
z ⟩ωop + ⟨B(eff)

x B(eff)
x ⟩ωop

]
,

1

T
(z)
1

= (
µB

ℏ
)2
[
⟨B(eff)

x B(eff)
x ⟩ωop + ⟨B(eff)

y B(eff)
y ⟩ωop

]
.

(2.2)

µB is the Bohr magneton. We take g = 2.

If the applied field is in an arbitrary direction n̂ = sin θ cosϕ x̂ + sin θ sinϕ ŷ +

cos θ ẑ, where θ is the polar angle and ϕ is the azimuthal angle with respect to the

growth direction, then the relaxation rate becomes

1

T1(θ, ϕ)
= (

µB

ℏ
)2
∑
i,j

Q
(1)
ij ⟨B(eff)

i B
(eff)
j ⟩ωop (2.3)
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where the matrix elements for rotation are

Q(1) =


cos2 ϕ cos2 θ + sin2 ϕ − cosϕ sinϕ sin2 θ − cosϕ cos θ sin θ

− cosϕ sinϕ sin2 θ sin2 ϕ cos2 θ + cos2 ϕ − sinϕ cos θ sin θ

− cosϕ cos θ sin θ − sinϕ cos θ sin θ sin2 θ


with {x, y, z} as the basis for the matrix Q(1). Note that if there are any nonzero

off-diagonal correlation functions ⟨B(eff)
i B

(eff)
j ⟩ωop (i ̸= j), they are also needed in the

expression for the relaxation rate.

2.2.2 Dephasing time

The calculation of the dephasing time is more complicated than that for the relax-

ation time, since it depends more broadly on the full frequency spectrum of the noise

and higher-level correlation functions. For the purposes of this chapter, only ratios

of Tϕ for different applied field angles are essential. Hence the specific approximation

used to compute Tϕ is not so crucial. If the applied field is in the z-direction, the

specific form of Eq. 1.8 reads

T−2
ϕ =

1

2
(
2µB

ℏ
)2
∫ ∞

−∞
dω ⟨B(eff)

z B(eff)
z ⟩ω sinc2(ωTϕ/2). (2.4)

If the applied field is in the arbitrary direction set by (θ, ϕ), then

T−2
ϕ =

1

2
(
2µB

ℏ
)2

∑
i,j

Q
(2)
ij

∫ ∞

−∞
dω ⟨B(eff)

i B
(eff)
j ⟩ω sinc2(ωTϕ/2) (2.5)
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where the matrix elements for rotation are

Q(2) =


cos2 ϕ sin2 θ cosϕ sinϕ sin2 θ cosϕ cos θ sin θ

cosϕ sinϕ sin2 θ sin2 ϕ sin2 θ sinϕ cos θ sin θ

cosϕ cos θ sin θ sinϕ cos θ sin θ cos2 θ


in the same basis as used for Q(1).

As an equivalent of the equation above, we can define a function Γ(t) as

Γ(t) =
t2

2
(
2µB

ℏ
)2

∑
i,j

Q
(2)
ij

∫ ∞

−∞
dω ⟨B(eff)

i B
(eff)
j ⟩ω sinc2(ωt/2) (2.6)

and then solve Γ(Tϕ) = 1 for Tϕ to obtain the dephasing time. As mentioned in the

introduction chapter, Tϕ ≈ T2 in our simulation.

The results of this subsection and the previous one make it clear that the entire

tensor structure of the noise correlation function is in principle accessible simply by

measuring T1 and T2.

2.3 Micromagnets

2.3.1 Conversion of electric to magnetic field noise via micro-

magnets

Single-qubit logic gates in spin qubit devices are often implemented using micromag-

nets to set up magnetic field gradients. This leads to the unwanted complication

that noise electric field moves the spin up and down the gradient, causing a time-

dependent magnetic field B(E) that can reduce the coherence of the qubit. Here we

outline how this plays into the anisotropy effect.

We will take a simple model of a quantum dot confined in a harmonic potential.



18

The Hamiltonian is

H = −
∑
i

ℏ2

2mi

∂

∂x2i
+
∑
i

1

2
kix

2
i − q

∑
i

xiEi(t)

= −
∑
i

ℏ2

2mi

∂

∂x2i
+
∑
i

1

2
ki(xi −

qEi(t)

ki
)2 −

∑
i

q2Ei(t)
2

2k2i

(2.7)

where i is a Cartesian index, mi and ki are the effective mass and spring constant

of the electron in the i-direction, q is the electric charge of the electron, and Ei(t)

is the noise electric field component in the i-direction. The frequency of the noise

electric field is much smaller than the natural frequencies of the harmonic motion, so

the Born-Oppenheimer approximation applies and the effect of Ei(t) is to shift the

position of the minimum of the potential by ∆xi(t) = qEi(t)/ki. The confinement in

the z-direction is much stronger, though the effects of excited states in this potential

are measurable [75, 76]. To the level of approximation needed in this chapter, we

can drop the z term in the potential in Eq. 2.7 and treat the dot as two-dimensional

since kz ≫ kx, ky.

The micromagnets set up a static magnetic field Bm that varies strongly in space.

The associated effective noise magnetic field that acts on the spin qubit is

B
(E)
i (t) =

∑
j

∂Bm
i

∂xj
∆xj(t) = q

∑
j

1

kj

∂Bm
i

∂xj
Ej(t). (2.8)

The magnetic field gradient and the spring constant are device parameters. This

equation already shows that considerable device modeling is necessary to extract

any interesting information about the noise electric field Ei(t).
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2.3.2 Precaution for magnet hardness

In spin qubit experiments carried out to date, the micromagnets are made of pure

cobalt [77, 78]. Co is hexagonal with the easy axis for magnetism along the z-

direction. The anisotropy parameter (the difference in energy between the z-axis

and the x-y plane) is about 106 J/m3, which corresponds to an anisotropy field HA

of about 0.5 T when the magnetization is saturated, as it surely is at the low tem-

peratures of the experiments. This and shape anisotropy will mainly determine the

coercive field, though sample-dependent domain wall pinning will also contribute.

The anisotropy parameter quoted above is consistent with the results of Ref. [79],

though it is sometimes assumed that the magnet will rotate freely [80, 81]. In any

case, at the fields of present-day experiments (a fraction of 1 T), the magnet cannot

be considered to be hard and some rotation of the direction of the magnetization

of the Co micromagnets is certainly to be expected. This will be problematic by

changing the field gradient tensor, Q(1) and Q(2), that is used to calculate T1 and T2

respectively.

The first possible solution is to use a softer ferromagnet with a cubic crystal

structure such as Fe, where one could expect that the magnetization follows the

applied field. This would erase much of the anisotropy of the coherence times. It is

certainly not ideal but might still give useful information about the noise sources.

The second option is to use a harder ferromagnet, so that the field gradient

tensor is fixed once and for all when the magnet is cooled in a static magnetic

field. There are many possibilities, but one natural suggestion is SmCo5 which is

chemically very close to the Co magnets in current use. The anisotropy field can

be as high as HA = 55 T, an order of magnitude higher than pure Co magnets

[82]. The magnetization would not be significantly affected by the rotation of the

external field. Therefore, the anisotropy of T1 and T2 is more pronounced and more
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information can be extracted from it.

The third possibility is to stick with the Co magnet but to use an external

field that is considerably smaller (e.g. B0 < 0.05 T) so that the field from the

micromagnets is fixed. This has the problem that the energy level splitting of the

qubit becomes smaller than kBT , and initializing the spin qubit for measurements is

tricky. It is possible only at temperatures of the order of 1 mK, considerably lower

than the temperatures in current dilution refrigerators. However, one might still be

able to do spin blockade-based measurements.

In this chapter, we shall assume that the second alternative is chosen, since this

gives the richest phenomenology, and seems feasible with fairly modest changes in

fabrication techniques. Thus, we take the magnetic field gradients to be fixed. This

means that the experiment cannot be carried out with the sample of Ref. [78], which

uses Co micromagnets and electron temperature of order 150 mK.

2.4 Parameters from a model device

Keeping in mind the precaution in the previous section, we assume that there is a

hypothetical device in which the magnetic field gradients do not change with the

applied magnetic field direction. The calculations in the following sections will use

the parameters from the device of Ref. [78] given below because they have been

particularly well-characterized.

The magnetic field gradients at the qubit in units of mT(nm)−1 are ∂Bx/∂x =

−0.20, ∂By/∂x = −0.05, ∂Bz/∂x = −0.27, ∂Bx/∂y = −0.03, ∂By/∂y = 0.18, and

∂Bz/∂y = −0.02. The z-direction of the device is taken to be the growth direction.

The variation in the z-direction is not needed in the two-dimension approximation we

are using. Other important parameters are the thickness of the aluminum oxide layer
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l = 100 nm, the dielectric constant ϵd = 13.05 for Si0.7Ge0.3 [83], and the transverse

effective massm = 0.19me = 1.73×10−31 kg. The lowest orbital excitation frequency

is taken as ωorb = 6.84 × 1011 s−1 and it is related to the spring constants by the

equations kx = ky = mω2
orb. As mentioned earlier, we take kz → ∞ since confinement

is strong along the growth direction. The base temperature is 25mK, while the

electron temperature is about 150mK, the value we use for the calculations.

Another parameter needed as input to the theory is the conductivity σ of the Au

gates. This was not measured in this device, but under similar growth conditions

for Au films a value of σ = 2 × 108 Sm−1 was obtained at the temperatures of

the experiment [84]. We should regard this as a probably somewhat high order-

of-magnitude estimate of σ in the actual device, and we will use a range of values

for σ. We take the gate thickness as w = 25 nm, and the distance from the qubit

to the gates d = 137 nm. The qubit operating frequency is ωop = 2π × 12.9GHz

= 8.11×1010 s−1. Two micromagnets made of cobalt are defined on top of the gates,

approximately 162 nm above the qubit. In the experiments reported in Ref. [78]

the applied field B0 was in the x-direction. T ∗
2 of the device was measured to be

840± 70 ns and T1 was in the order of 1 s [85].

2.5 Charge noise

2.5.1 Models for charge noise sources

The exact nature of the low-frequency charge noise remains controversial. There are

two leading models for the source of the TLSs that give rise to this noise.

The first model is the proposal of Anderson, Halperin and Varma, and indepen-

dently Phillips, in 1972 [86, 87]. The picture, shown in Fig. 2.1(a), is that the noise

source is the motion of some atom or group of atoms in a potential that supports
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(a) Random dipole model

Insulator

Well

Well

𝒆−

± 𝒑

(b) Trap model

𝒆−

Conductor

± 𝒑

Well

(c) Image dipole

Insulator

± 𝒑

Conductor

(d) Image trap

Insulator± 𝒑

Conductor

Figure 2.1: Conceptual diagram of random dipole model and trap model. (a) and
(b): A charge moves back and forth between bistable potential wells in the random
dipole model while between the Fermi surface of a conductor and a trap of an
insulator in the trap model. Screening effect of metallic gates can be taken into
account by adding image charges in the conductor. (c) and (d): Resultant image
dipole and image trap are depicted as red dashed arrows respectively.

bistability in some range of parameters. The motion also produces a fluctuating

dipole moment, which we take as ±p in the two stable positions. For the most part,

this idea has formed the conceptual background of the field in physics experiments

for the last half century. We will assume that the orientation of these dipoles is

uniformly random on the unit sphere, and that they are distributed uniformly in

space in the oxide layer above the qubit. We call this the random dipole model.

The second model is the related but physically quite distinct idea of McWhorter

[88], in which a conducting layer serves as a reservoir for electron traps near the

surface of the layer whose energies are close to the Fermi level of the layer. Electrons

from the reservoir can hop on and off, again changing the distribution of charge in
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the system. The change is well approximated by a fluctuating dipole perpendicular

to the layer. In this case the fluctuation is between a zero and a fixed nonzero value

of the dipole moment, while in the random dipole model the fluctuation is between

two different nonzero values. The trap-type TLS is in fact widely thought to be the

most important for the noise in field-effect transistors in the engineering community.

However, as in the case of the random dipole model, real proof of the details of the

model is hard to come by. We call this the trap model. An illustration of the model

is given in Fig. 2.1(b).

It is evident that the two models are not easy to distinguish experimentally,

since they will both give random telegraph noise with a distribution of switching

rates, and reasonable assumptions about the distribution will lead to 1/f noise.

They differ in the orientation of the effective dipoles, however, suggesting that an

experiment that can detect anisotropy in the noise power tensor will distinguish the

two models. This forms a chief motivation for the current work.

We note that because of the metallic elements in the device, it is important to

include screening of the noise electric field. Electric dipoles near a metal surface at

z = 0 are screened in an anisotropic fashion. A dipole oriented perpendicularly to the

surface is anti-screened, since the image dipole is in the same direction as the original

one. This is in sharp contrast to a dipole oriented parallel to the surface, which is

strongly screened, with the image dipole opposite in direction to the original one

[40]. These image charge effects are taken into account in our calculations by adding

an image dipole pim to the bare dipole p0. If the bare dipole p0 = (px0, py0, pz0)

is located at r = (x, y, z) relative to a metallic layer at z = 0, the image dipole is

located at (x, y,−z) and its moment is given by pim = (−px0,−py0, pz0). Examples

of a bare dipole and corresponding image dipole for the random dipole and trap

models are shown in Fig. 2.1(c) and Fig. 2.1(d) respectively.
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2.5.2 Source positions

Anisotropy of the coherence times can come from several sources. We have seen

that the random dipole and trap models have characteristic anisotropy signatures.

In addition to this, it is possible for charge noise sources to be clumped, which is

due to a tendency to adhere to different device elements, or particularly in the case

of only a few sources, to cluster by random chance. Of course if the noise is coming

from a certain direction this is also a source of anisotropy.

This leads to distinguishing four models all together, which we call the uniformly

distributed dipole model (UD), uniformly distributed trap model (UT), localized

cluster dipole model (CD), and localized cluster trap model (CT). The U-type mod-

els assume that the sources are many in number and uniformly distributed, while

the C-type models assume that the sources are relatively few in number. The total

number or density of the sources is another important subject to study [40, 89].

The U- and C- type models represent limiting cases of very many and just a few

closely spaced noise sources, respectively. It is not possible to rule out in advance

a lumpy set of 10 to 100 noise sources. The current computational method would

need to be developed considerably further to become a useful characterization tool in

this difficult intermediate case. In particular, multiple qubits and cross-correlation

functions among them would most likely be helpful.

2.5.3 Noise correlation functions

The noise correlation functions for all models are calculated as follows. Let the qubit

be at the point r, so we are interested in the correlation function ⟨Ei(r, t)Ej(r, 0)⟩.

Let the dipole be at r′ and the root-mean-square dipole strength be p0. Define
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R′ = r− r′. Then total noise electric field from dipoles is

Ei(r, t) =
1

4πϵ0

∑
r′

∑
k

3R′
kpk(t)R

′
i −R′

kR
′
kpi(t)

|R′|5
. (2.9)

with the subscripts being Cartesian index.

The dipoles, except for the bare and image pairs, are assumed to be statistically

independent, so their correlation function is

⟨pi(r′, t)pj(r′, 0)⟩ = δmod p
2
0 g(t). (2.10)

where the model-dependent factor δmod = δij/3 for the random dipole model, δmod =

δizδjz for the trap model, and δij is the Kronecker delta. g(t) is the time correlation

function for a single dipole, which is assumed to be exponential: g(t) = e−|t|/τ where

τ is the characteristic time of the dipole. This corresponds to random telegraph

noise, but the precise model for the time correlations is not that important, since

the anisotropic pattern of coherence times depends only on the ratios of specific

averages of the correlation functions.

Focusing on the noise from single dipole, the correlation function for effective

noise magnetic field is

⟨B(eff)
i B

(eff)
j ⟩ =

∑
m,n

q2

kmkn

∂Bi

∂xm

∂Bj

∂xn
⟨EmEn⟩. (2.11)

where the noise electric fields from the dipole are given as

Em(r, t) =
1

4πϵ0

∑
k

3R′
kpk(t)R

′
m −R′

kR
′
kpm(t)

|R′|5
,

En(r, 0) =
1

4πϵ0

∑
s

3R′
sps(0)R

′
n −R′

sR
′
spn(0)

|R′|5
.

(2.12)
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Combining the equations above, the correlation function for noise electric field is

⟨Em(r, t)En(r, 0)⟩ =
1

16π2ϵ20

∑
k,s

|R′|−10

× ⟨ 9R′
kR

′
sR

′
mR

′
npk(t)ps(0)− 3R′

sR
′
nR

′
kR

′
kpm(t)ps(0)

− 3R′
kR

′
mR

′
sR

′
spn(t)pk(0) +R′

kR
′
kR

′
sR

′
spm(t)pn(0) ⟩.

(2.13)

Considering the UD and UT model, we can simplify Eq. 2.13 when the number

of dipoles is large substituting integration for the summation over r′ in Eq. 2.9 and

using Eq. 2.10 such that

⟨Em(r)En(r)⟩ω =
1

48π2ϵ20
ρvp

2
0 g(ω)

∫
d3r′

3R′
mR

′
n + δmn|R′|2

|R′|8
(2.14)

for the UD model and

⟨Em(r)En(r)⟩ω =
1

16π2ϵ20
ρap

2
0 g(ω)

∫
d2r′|R′|−10

×
[
9R′2

z R
′
mR

′
n − 3R′

zR
′
n|R′|2δmz

− 3R′
zR

′
m|R′|2δnz + |R′|4δmzδnz

] (2.15)

for the UT model.

ρv and ρa are the volume and areal density of dipoles respectively. These densities

are assumed to be constant in the region of integration and used as fitting parameters

to make T (x)
2 = 840 ns which is the measured value in the experiment [78].

g(ω) is the Fourier transform of g(t) and often of the 1/f type for charge noise.

However, one of the important advantages of the experiments described in this

chapter is that we can investigate the sources of noise by using spatial and geometric

information alone, and the frequency spectrum of the noise is less important. For

calculation we simply take g(ω) = 2τ/(1+(ωτ)2) and τ to be the inverse of maximum
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attempt frequency in Ref. [40].

The integration region for the UD model is the aluminum oxide layer which is

infinite in xy plane, 37 nm above the qubit, and whose thickness is l = 100 nm,

namely ρ ∈ [0,∞), ϕ ∈ [0, 2π), z ∈ [37, 137] nm with cylindrical coordinate system.

That for the UT model is the interface between the oxide layer and accumulation

gates that is d = 137 nm above the qubit, i.e. ρ ∈ [0,∞), ϕ ∈ [−π/4, 5π/4], at

z = d. The domain of ϕ ∈ [−π/4, 5π/4] takes into account the actual gate geometry

of the device of Kawakami et al. [85].

For the CD and CT models, the passage to an integral as in Eqs. 2.14 and 2.15

is not possible, and the summation over r′ in Eq. 2.9 must be performed explicitly.

The overall dipole strength p0 is used as the fitting parameter of these localized

cluster models to make T (x)
2 = 840 ns.

2.5.4 Screening effect of metallic gates

It is important to take into account the screening effect of metallic gates by consid-

ering image dipoles. Since an image dipole is formed symmetric to real dipole about

the interface between the oxide layer and gates, R′
z → 2d− R′

z. The orientation of

the image dipole is reversed in x and y direction such that px → −px and py → −py,

which does not have an effect on our random dipole and trap model. Assuming

there is no correlation between the dipoles/traps and their images, we can get the

total correlation function as a sum of each correlation function:

⟨Em(r, t)En(r, 0)⟩ = ⟨Em(r, t)En(r, 0)⟩re + ⟨Em(r, t)En(r, 0)⟩im (2.16)

where subscripts re and im denote the correlation function from bare and image

dipoles, respectively.
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To use Eq. 2.14 for the UD model, two integration regions have to be included

in the calculation: ρ ∈ [0,∞), ϕ ∈ [0, 2π), z ∈ [37, 137] nm for ⟨Em(r, t)En(r, 0)⟩re

and ρ ∈ [0,∞), ϕ ∈ [0, 2π), z ∈ [137, 237] nm for ⟨Em(r, t)En(r, 0)⟩im. This is

equivalent to increasing the region of integration to ρ ∈ [0,∞), ϕ ∈ [0, 2π), z ∈

[37, 237] nm and then using Eq. 2.14. To exploit the formula in Eq. 2.22 and Eq. 2.23,

the parameters should be changed to l = 200 nm and d = 237 nm. For the UT

model, ⟨Em(r, t)En(r, 0)⟩im = ⟨Em(r, t)En(r, 0)⟩re because traps are distributed at

the interface. Thus, the correlation function for the UT model is effectively increased

by a factor of 2, leading to two times of Eq. 2.15 and so does Eq. 2.24.

The noise power tensor for one bare and image pair for the CD model is

⟨Em(r)En(r)⟩ω =
1

48π2ϵ20
p20 g(ω)

(
3R′

mR
′
n + δmn|R′|2

|R′|8
+

3R′′
mR

′′
n + δmn|R′′|2

|R′′|8

)
(2.17)

with R′′ = (R′
x, R

′
y, 2d−R′

z), and for the CT model,

⟨Em(r)En(r)⟩ω =
1

8π2ϵ20
p20 g(ω)|R′|−10

×(9R′2
z R

′
mR

′
n − 3R′

zR
′
n|R′|2δmz − 3R′

zR
′
m|R′|2δnz + |R′|4δmzδnz).

(2.18)

The screening effect is included when the rate formulas 2.3 and 2.4 are evaluated

for both U- and C- type models.

2.6 Hyperfine noise

The most relevant hyperfine interaction for a spin qubit is Fermi contact interac-

tion, which shows isotropic interaction strength for electrons in quantum dots [90].

The isotropic pattern of T1 of a spin qubit with respect to the rotation of applied

magnetic field was observed by numerical simulation and experiment in Ref. [65].
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The studies imply that spin qubit also has isotropic pattern of T2 because of the

isotropic interaction strength.

The isotropic hyperfine noise is taken into account by estimating the decoherence

rate from other experiments. It should not differ too much from one device to

another. The material in the model device is natural silicon. If the decoherence rate

in isotopically purified silicon [39] is subtracted from that in natural silicon [91], we

find a hyperfine contribution to the rate of 1/T hyper
2 = (1.83µs)−1 − (20.4µs)−1 =

(2.01µs)−1. 1/T hyper
2 is then simply added to the dephasing rates from charge noise.

Hence, 1/T2(π/2, 0) + 1/T hyper
2 is set to (840 ns)−1 by fitting the densities or dipole

strength of charge noise. Because of its isotropy, its effect is to smooth the resulting

plots.

The hyperfine noise is not the main factor for the relaxation of a spin qubit in

silicon devices: T1 in the order of tens of seconds for GaAs system was reported at

low applied magnetic field [65], and that for Si/SiGe system is expected to be longer

than measured T1 in the order of seconds [85]. Thus we will neglect the hyperfine

noise contribution for relaxation rate.

2.7 Evanescent-wave Johnson noise

Evanescent-wave Johnson noise (EWJN) is due to the random motion of charges

in the metallic elements of the device. This motion produces random electric and

magnetic fields on the qubits in the vicinity of the metal. For the discussion of

this effect, let us take the growth direction for the device to be the z-direction, the

distance of the qubit from the gate layer as d, the gate thickness as w, and the

dielectric constant of the intervening insulating material as ϵd.

For the case of noise from a conducting half-space, rather simple formulas are
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available [44, 92]. In most Si/SiGe heterostructure and Si MOS devices the gates

form sheets of metal that can be approximated as a uniform layer from the stand-

point of noise production. Thus the theory of EWJN from a film with a finite w

is more appropriate. It has been worked out in detail [93], though the results are

somewhat complicated, and depend on whether we consider noise electric field or

noise magnetic field. For the values of d of interest to us, noise electric field is slightly

enhanced for the film case as compared to the half-space case, while the opposite is

true for the noise magnetic field, and the effect of finite w is larger. A very good

approximation is to use the half space formula for the electric noise and a modified

formula for the magnetic case.

Given these considerations, the noise power tensor for electric EWJN at qubit

operating frequency is

⟨EzEz⟩ωop =
ℏωopϵdϵ0
2σd3

coth
ℏωop

2kBT
(2.19)

where σ is the conductivity of the metallic gates. The other elements of the noise

tensor are ⟨ExEx⟩ωop = ⟨EyEy⟩ωop = (1/2)⟨EzEz⟩ωop , while the off-diagonal elements

of the tensor vanish. This electric noise is converted into effective noise magnetic

field using Eq. 2.11.

The noise power tensor for magnetic EWJN is given by

⟨BzBz⟩ωop =
ℏωopµ0σw

8d2
coth

ℏωop

2kBT
. (2.20)

This is reduced from the half-space result by a factor of w/d. The other elements

of this noise tensor are ⟨BxBx⟩ωop = ⟨ByBy⟩ωop = (1/2)⟨BzBz⟩ωop , while the off-

diagonal elements of the tensor vanish. Unlike the electric noise, magnetic EWJN

acts directly on the spin qubit to produce decoherence.
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2.8 Anisotropy of decoherence time

2.8.1 Decoherence time from evanescent-wave Johnson noise

The measured T ∗
2 of the model device corresponds to T (x)

2 of our simulation because

the applied magnetic field B0 is in the x-direction. For EWJN, the decoherence rate

in the i-direction is

1

T
(i)
2

= 2πkBT (
2µB

ℏ
)2 lim

ω→0

[
1

ω
⟨B(eff)

i B
(eff)
i ⟩ω

]
. (2.21)

This is the rate for the exponential regime when the time t ≫ ℏ/kBT . With the

correlation function given in Eq. 2.29, the calculated T
(x)
2 = 1.19 s from EWJN

is six orders of magnitude larger than the experimental one. Thus the dominant

mechanism for the decoherence of the qubit should be charge noise, not EWJN.

2.8.2 Decoherence time from charge noise

For charge noise, Γ(t) for the applied magnetic field along the (θ, ϕ) direction can

be written as

Γ(t; θ, ϕ) =
∑
ij

Q
(2)
ij

[
γ2x(t)

∂Bi

∂x

∂Bj

∂x
+ γ2y(t)

∂Bi

∂y

∂Bj

∂y

]
(2.22)

where γ2x(t) and γ2y(t) are the prefactors related to the gradients in the x- and

y-direction respectively.

Now we assume that the TLS noise is a Poisson process with an exponential

time correlation functions with characteristic relaxation time τ and carry out the
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necessary integrations. For the UD model we have

γ2x(t) = γ2y(t) = (
2µB

ℏ
)2(

q

mw2
orb

)2
ρvp

2
0

576πϵ20

(
1

l3
− 1

d3

)
× 2πτ(t+ (e−t/τ − 1)τ).

(2.23)

For the UT model we find

γ2x(t) = (
2µB

ℏ
)2(

q

mw2
orb

)2
(9π + 6)ρap

2
0

512π2ϵ20d
4

× 2πτ(t+ (e−t/τ − 1)τ),

γ2y(t) = (
2µB

ℏ
)2(

q

mw2
orb

)2
(9π − 6)ρap

2
0

512π2ϵ20d
4

× 2πτ(t+ (e−t/τ − 1)τ).

(2.24)

The temporal part of γ2x and γ2y results from the integration of the product of a

Lorentzian g(ω) = 2τ/(1 + (ωτ)2), and sinc2(ωt/2). Those equations are obtained

by converting noise electric field correlations (Eq. 2.14 or Eq. 2.15) into effective

magnetic field correlation using Eq. 2.8. It is important to note first that the details

of the noise spectrum and thus the choice of an exponential correlation are not crucial

for the anisotropy patterns, since they depend only on ratios of noise strengths. On

the negative side, if some parameter of the noise such as τ itself depends on position

in the sample, then the extraction of useful information from the analysis of the

data would become far more complicated.

ρv and ρa are poorly known, so we use them as fitting parameters. T ∗
2 = 840 ns of

the model device was measured for only a single direction of the field, indicated by

the red dots in Fig. 2.2. This yields ρv = 2.93× 1020m−3 and ρa = 2.66× 1011m−2

for Fig. 2.2(a) and Fig. 2.2(b), respectively.

The anisotropy maps of T2 for the various models are shown in Fig. 2.2. There
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Figure 2.2: The anisotropy maps of decoherence time T2. x and y axis are the
polar angle θ and the azimuthal angle ϕ with respect to the device’s z-direction,
respectively. The models used for simulations are: (a) uniformly distributed ran-
dom dipoles (UD), (b) uniformly distributed traps (UT), (c) and (d) single dipole
cluster (CD) located at (x, y, z) = (37, 0, 37) nm and (x, y, z) = (0, 37, 37) nm re-
spectively, (e) and (f) single trap cluster (CT) located at (x, y, z) = (37, 0, 137) nm
and (x, y, z) = (0, 37, 137) nm respectively. The qubit is located at the origin. The
applied field direction (θ, ϕ) = (π/2, 0) used in the experiment is indicated by the
red dot. For the uniform distribution models in (a) and (b), the volume density ρv
and areal density ρa are respectively used as fitting parameters to match T2(π/2, 0)
to the experimental value, 840 ns, and for single cluster models in (c)-(f) the dipole
strength p0 is used as a fitting parameter.

is some redundancy in the maps since they are symmetric under the transformation

θ → π−θ and ϕ→ π+ϕ, stemming from T2(B0) = T2(−B0). This same redundancy

also arises in the anisotropy maps of T1 in Fig. 2.3. We have chosen to show the full

angular ranges since in some instances the topology of the function is clearer this

way.

The background T hyper
2 = 2.01µs sets an upper bound on the plotted values in

Fig. 2.2. The white regions in Fig. 2.2(a) and Fig. 2.2(d) represent angular regions

where the charge noise contribution is negligible and this upper bound is reached.
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Fig. 2.2(a) shows the results for the UD model and Fig. 2.2(b) for the UT model.

The horizontal (vertical) axis denotes polar (azimuthal) angle with respect to the

device’s z-direction. The key feature of these two models is that anisotropy of T2

results only from the magnetic field gradients. The patterns are not too dissimilar,

with the ratio between maximum and minimum values being around 3 for the UD

model and 2 for the UT model. The main difference between the UD and UT models

is that the peaks and valleys are broader in the UT model. In the UD model, the

dipoles are oriented randomly, while in the UT model they are in the z-direction.

The differences in the anisotropy maps between UD and UT models can be traced

back to the different behavior of electric field lines from these two different types

of sources. However, this does not manifest itself in a simple way because of the

complexity of the gradient tensors that mediate the electric noise. Because of that,

it is difficult to develop much physical intuition about the distinction between UD

and UT charge noise sources from inspection of the anisotropy maps, and it appears

that a full calculation is necessary to test the differences between the two noise

models.

The anisotropy maps for the CD model, a localized dipole cluster, are shown in

Fig. 2.2(c) and in Fig. 2.2(d). The cluster is located at (x, y, z) = (37, 0, 37) nm and

(x, y, z) = (0, 37, 37) nm respectively. The maps for the CT model, a localized trap

cluster, are shown in Fig. 2.2(e) and Fig. 2.2(f). The trap is located at (x, y, z) =

(37, 0, 137) nm and (x, y, z) = (0, 37, 137) nm respectively. In both CD and CT

models, the qubit is located at the origin. Thus Fig. 2.2(c) (Fig. 2.2(d)) is directly

comparable to Fig. 2.2(e) (Fig. 2.2(f)). Figs. 2.2(c)-2.2(f) exhibit more anisotropy

relative to the uniform distribution models. This is expected since the localization

of the source itself introduces anisotropy. On the other hand, one might expect that

C- and U-type models would be easy to distinguish because of a simpler azimuthal
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dependence for the latter. But once more because of the mediation of the noise by

the complicated field gradient tensors, such simple expectations are not borne out.

The difference between the CD and CT models lies in the dipole orientation.

In the CD model, it is assumed that the cluster contains dipoles of all orientations

and the noise electric field is averaged over the solid angle. This washes out the

anisotropy to some extent, but the pattern still depends on the direction of the line

connecting the dipole and the qubit. The distance between the dipole and qubit just

changes the overall magnitude of T2. In the CT model, however, the trap generates

a noise electric field with more directionality, so the overall anisotropy patterns are

sharper and both the direction and the distance are important.

Comparing Fig. 2.2(c) to Fig. 2.2(d) and Fig. 2.2(e) to Fig. 2.2(f) indicates that

the source position has a large effect. To understand this in more detail, let us

focus on the CT model in Fig. 2.2(e) and Fig. 2.2(f). Note that ∂Bx/∂x, ∂Bz/∂x,

and ∂By/∂y are an order of magnitude greater than the other gradient terms. In

Fig. 2.2(e), the electric field at the qubit has only x and z components. The x

component contributes to 1/T2 after multiplication by ∂Bx/∂x and ∂Bz/∂x. Thus

small T2 is expected when the applied field is in the x and z directions, which can be

identified on the map with (θ, ϕ) = (π/2, 0) and (θ, ϕ) = (0, 0), respectively. On the

other hand, in Fig. 2.2(f), the electric field at the qubit has only y and z components.

The leading contribution to 1/T2 is the result of the product of the y component

and ∂By/∂y. A small T2 is expected with the applied field is in the y-direction,

which is seen at the point (θ, ϕ) = (π/2, π/2) on the map. Thus for the distinction

between CD and CT models, some relatively simple physical considerations can help

to decipher the anisotropy map.

It is important to point out that if relatively few two-level systems contribute to

the dephasing of the qubit, as is often hypothesized based on deviations for power-
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law spectra [40, 94], the anisotropy can be used to determine the source position and

to distinguish between random dipole and trap models for the charge noise. The

present method can be extended to models with very few sources by eliminating the

averaging we have performed, but the analysis quickly becomes complicated.

2.9 Anisotropy of relaxation time

2.9.1 Relaxation time from charge noise

The relaxation rate with applied magnetic field in (θ, ϕ) direction is

1

T1(θ, ϕ)
=

∑
ij

Q
(1)
ij

[
γ1x

∂Bi

∂x

∂Bj

∂x
+ γ1y

∂Bi

∂y

∂Bj

∂y

]
(2.25)

where γ1x and γ1y are the prefactors related to the gradient in the x- and y-direction

respectively, and determined by experimental parameters as follows: for the UD

model

γ1x = γ1y = (
µB

ℏ
)2(

q

mw2
orb

)2
ρvp

2
0

576πϵ20

(
1

l3
− 1

d3

)
2τ

1 + ωopτ
, (2.26)

and for the UT model

γ1x = (
µB

ℏ
)2(

q

mw2
orb

)2
(9π + 6)ρap

2
0

512π2ϵ20d
4

2τ

1 + ωopτ
,

γ1y = (
µB

ℏ
)2(

q

mw2
orb

)2
(9π − 6)ρap

2
0

512π2ϵ20d
4

2τ

1 + ωopτ
.

(2.27)

The simulation results of T (x)
1 are 6.50 × 109 s for the UD model and 1.72 × 1010 s

for the UT model with the fitted volume and areal densities respectively.

In the experiment, T1 of the device is in the order of 1 s. From the results above,

we conclude that charge noise is not important for spin relaxation in the single-qubit

system considered here. To exclude phonon relaxation we need to stipulate for the
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moment that the applied magnetic field strength is less than about 1T. This leaves

EWJN as the dominant mechanism.

2.9.2 Relaxation time from evanescent-wave Johnson noise

The calculation of T1 of a spin qubit affected by evanescent-wave Johnson noise

need to take into account both direct magnetic noise B(t) and indirect magnetic

noise B(E) due to the electrically-induced motion of the qubit in the magnetic field

gradient. The correlation function of effective noise magnetic field B(eff) can be

expanded as

⟨B(eff)
i B

(eff)
j ⟩ = ⟨(Bi +B

(E)
i )(Bj +B

(E)
j )⟩

= ⟨BiBj⟩+ ⟨BiB
(E)
j ⟩+ ⟨B(E)

i Bj⟩+ ⟨B(E)
i B

(E)
j ⟩

= ⟨BiBj⟩+
∑
m,n

[
q2

kmkn

∂Bi

∂xm

∂Bj

∂xn
⟨EmEn⟩

+
q

km

∂Bj

∂xm
⟨BiEm⟩+

q

kn

∂Bi

∂xn
⟨EnBj⟩

]
.

(2.28)

Using Eqs. 2.7 and 2.8 for the dynamics of B(E)
i (t) and assuming that there is no

correlation between Bi(t) and B(E)
i (t), we arrive at the correlation functions for the



38

effective magnetic field:

⟨B(eff)
x B(eff)

x ⟩ = ⟨BxBx⟩+ (
q

mω2
orb

)2
{
(
∂Bx

∂x
)2⟨ExEx⟩+ (

∂Bx

∂y
)2⟨EyEy⟩

}
=

[
µ0ℏωopσw

16d2
+ (

q

mω2
orb

)2
ℏωopϵdϵ0
4σd3

{
(
∂Bx

∂x
)2 + (

∂Bx

∂y
)2
}]

coth
ℏωop

2kBT
,

⟨B(eff)
y B(eff)

y ⟩ = ⟨ByBy⟩+ (
q

mω2
orb

)2
{
(
∂By

∂x
)2⟨ExEx⟩+ (

∂By

∂y
)2⟨EyEy⟩

}
=

[
µ0ℏωopσw

16d2
+ (

q

mω2
orb

)2
ℏωopϵdϵ0
4σd3

{
(
∂By

∂x
)2 + (

∂By

∂y
)2
}]

coth
ℏωop

2kBT
,

⟨B(eff)
z B(eff)

z ⟩ = ⟨BzBz⟩+ (
q

mω2
orb

)2
{
(
∂Bz

∂x
)2⟨ExEx⟩+ (

∂Bz

∂y
)2⟨EyEy⟩

}
=

[
µ0ℏωopσw

8d2
+ (

q

mω2
orb

)2
ℏωopϵdϵ0
4σd3

{
(
∂Bz

∂x
)2 + (

∂Bz

∂y
)2
}]

coth
ℏωop

2kBT
,

(2.29)

while the terms ⟨B(eff)
i B

(eff)
j ⟩ with i ̸= j are

⟨B(eff)
i B

(eff)
j ⟩ = (

q

mω2
orb

)2
ℏωopϵdϵ0
4σd3

{
∂Bi

∂x

∂Bj

∂x
+
∂Bi

∂y

∂Bj

∂y

}
coth

ℏωop

2kBT
. (2.30)

Substituting Eqs. 2.19 and 2.20 for the EWJN into equation of this kind, and

applying Eq. 2.3 to rotate the results into a general direction, we arrive at Eqs. 2.31

and 2.32 from which the results in Fig. 2.3 are calculated. Eqs. 2.19 and 2.20

themselves are the half-space local (point qubit) correlation functions for EWJN

[45]. They are valid only in the d ≪ δ regime. The distance d between the qubit

and accumulation gates is about 137 nm while skin depth δ =
√
2/µ0σωop = 313 nm

with the conductivity of gates estimated very roughly as σ = 2× 108 S/m [84] and

the operating frequency ωop = 2π × 12.9GHz = 8.11 × 1010 s−1. Thus the device

parameters satisfy the d≪ δ requirement.

The relaxation rate with applied magnetic field direction in (θ, ϕ) for EWJN can
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Figure 2.3: The anisotropy maps of relaxation time T1. x and y axis are the polar
angle θ and the azimuthal angle ϕ with respect to the device’s z-direction, respec-
tively. The conductivity of gates are (a) σ = 2 × 108 S/m, (b) σ = 2 × 107 S/m,
and (c) σ = 2 × 106 S/m. The applied field direction (θ, ϕ) = (π/2, 0) used in the
experiment is indicated by red dot.

be written as

1

T1(θ, ϕ)
= α + β

∑
ij

Q
(1)
ij

[
∂Bi

∂x

∂Bj

∂x
+
∂Bi

∂y

∂Bj

∂y

]
(2.31)

where
α ≡ ℏωopµ0σw

4d2
coth

ℏωop

2kBT
,

β ≡ (
q

mω2
orb

)2
ℏωopϵdϵ0
4σd3

coth
ℏωop

2kBT
.

(2.32)

The first term represents the direct effect of noise magnetic field while the second

term is due to the noise electric field that is converted to effective noise magnetic

field by the field gradients created by the micromagnets. The angular variation in

Q
(1)
ij and the rather anisotropic character of the magnetic field gradients imply that

the anisotropy of T1 will be intensified when the electric term is bigger than the

direct magnetic term. Noting that α ∼ σ and β ∼ 1/σ, we see that varying σ will

change the anisotropy pattern of T1. As mentioned earlier, σ was not measured in

the experiment and it makes sense to vary it to investigate the angular dependence

of T1.

The anisotropy map of T1 is shown in Fig. 2.3 with (a) σ = 2 × 108 S/m, (b)
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σ = 2× 107 S/m, and (c) σ = 2× 106 S/m. The anisotropy pattern in Fig. 2.3(a) is

fairly simple because the magnetic noise is dominant and the direct magnetic EWJN

itself is not very anisotropic, as can be seen from Eq. 2.20 and the text following it.

The anisotropy is increased as shown in Fig. 2.3(b) where the magnetic noise is more

comparable to the electric noise. The anisotropy becomes even larger in Fig. 2.3(c)

where the magnetic noise is one order of magnitude smaller than the electric noise.

This pattern looks like the reversal of the anisotropy map of T2 in Fig. 2.2(a) and

Fig. 2.2(b). This is natural since T2 of a spin qubit is due to longitudinal noise while

T1 is due to transverse noise. From practical point of view, the qubit performance

would be improved when the applied field direction is set to the angles that give

maximal T2 (in the case of Tϕ ≪ T1).

When the strength of the applied magnetic field is increased, there is a crossover

from EWJN- to phonon-dominated spin relaxation. The anisotropy maps for phonon

interaction was worked out in Ref. [42]. They are determined by the orientation of

the field relative to the crystal axes, not axes coming from the the device geometry.

Hence we expect sharp changes in the anisotropy map as the field is increased beyond

about 3 T.

2.10 Discussion

The anisotropy pattern for the decoherence time of a spin qubit comes from the com-

bination of the magnetic field gradient and the noise electric field, the latter being

determined by the configuration of noise dipoles. By introducing a vector magnet in

a quantum dot device, noise characteristics such as noise dipole type and/or spatial

distribution of noise dipoles can be experimentally investigated. Another way to

obtain similar information is to exploit a controllable magnetic field gradient for a
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spin qubit on a nitrogen vacancy center in a diamond [95, 96]. In this case, the

gradient can be varied instead of the direction of applied magnetic field to study

noise characteristics.

The anisotropy pattern for relaxation time can be explained by a combination of

direct magnetic noise and indirect electric noise. The magnetic noise part resulting

from EWJN is isotropic in the x− y plane in typical device structures. The electric

noise is mediated by magnetic field gradients, which is the only source of anisotropy.

As a result, the anisotropy gets bigger as the influence of the electric noise part

increases.

To summarize, we have shown anisotropy in relaxation times and decoherence

times using device parameters taken from quantum dot of Kawakami et al. Making

the anisotropy map can help to understand the noise mechanisms. Specifically, this

will benefit the understanding of solid state quantum processors where the causes

of noise are still being investigated. Our work contributes to science in the noisy

intermediate-scale quantum era by suggesting a new experimental method for noise

characterization of spin qubit devices [97].
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Chapter 3

Driving charge noise sources

3.1 Preliminary concepts

3.1.1 Brief review on noise source driving

To reduce the effect of 1/f noise, several experimental techniques have been pro-

posed. By far the best known is dynamical decoupling that compensates accumu-

lated phase error by applying refocusing pulses to a qubit [98]. This can substantially

increase dephasing time of the qubit. It is not always practical, however, since it

involves extensive additional manipulation of the qubit.

A quite different approach that is actively being studied in various contexts is

driving the environment of the qubits, which we dub noise source driving (NSD).

One example of NSD is spin bath driving that has shown to be useful for nitrogen-

vacancy (NV) spin qubits in diamonds. This scheme applies a radio-frequency pulse

or continuous wave to surface spins in the diamonds, giving rise to decoupling of

dipolar interaction to the NV spin qubits [99, 100]. The consequence of the spin bath

driving is manifested by the shift of noise power spectral density (PSD) from low to

high frequencies, which increases the dephasing times [101, 102]. Recent experiments
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show that it works well with both monochromatic and polychromatic driving fields

[103]. This method is somewhat analogous to dynamical decoupling but it has

the advantage that one does not manipulate the qubits - the carriers of quantum

information - but rather the noise sources, which carry no useful information for

quantum computing.

Another NSD scheme for superconducting qubits has also been proposed. The-

oretical study shows that the coherence times of a superconducting qubit can be

increased by adding noise to the surrounding two-level systems (TLS) [104]. It is

noteworthy that the relaxation (decoherence) time of the qubit is closely related

to the decoherence (relaxation) of the TLSs. An experimental study exhibits 23%

increase in the relaxation time of a transmon qubit on average when dc electric field

is applied to the TLSs [105].

In comparison to those studies listed above, the NSD for qubits in quantum dot

devices is still lacking. The noise sources in diamonds are exactly known, so the

situation is different from that in semiconductor qubits. The studies for supercon-

ducting qubits could be applied to the quantum dot devices because they suffer from

similar 1/f noise. Nevertheless, more detailed study specific to the devices is called

for with various theoretical settings and experimental parameters.

3.1.2 Stochastic resonance

Noise source driving for TLSs can be considered in terms of stochastic resonance

which was vigorously studied decades ago. Stochastic resonance is a phenomenon

in which a particle moving back and forth randomly in a bistable potential is par-

tially synchronized with external periodic signal (typically, oscillating electromag-

netic field) [106]. It is not strictly resonance with natural frequency of the system,

but it is useful in analogy to accept the concept of resonance because the signal-to-
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noise ratio (SNR) is maximized when certain condition is met.

The theory of stochastic resonance was developed in detail in weak-field limit

[107] and strong-field limit [108, 109]. A more general approach that is independent

of external signal strength was also studied [110]. Quantum stochastic resonance

where a spin-boson model is adopted instead of classical particle in bistable potential

was examined [111, 112]. In recent years quantum stochastic resonance was observed

experimentally in the tunneling process of electrons in a quantum dot [113] and in

the spin dynamics of a single Fe atom under scanning tunneling microscope [114].

It is important to note that the SNR of a TLS is maximized when driving frequency

is about half of the switching rate of the TLS [106].

3.1.3 Parseval’s theorem for TLS

Parseval’s theorem states that the Fourier transform is unitary; specifically for time

and frequency domains, it can be expressed as

∫ ∞

−∞
|x(t)|2 dt = 1

2π

∫ ∞

−∞
|X(ω)|2 dω (3.1)

where X(ω) is the Fourier transform of x(t). In physical sense, it is equivalent to

the statement that the total energies computed in time and frequency domain must

be equal.

Parseval’s theorem is the core of NSD for TLSs. Since a TLS can take x(t) = ±c

with some constant c, the total noise power of the TLS (
∫
|X(ω)|2 dω) in a time

period T is c2T . This implies that altering the dynamics of the TLS will not increase

the noise power.
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3.2 Motivation and outline

In this chapter, one motivation is to increase qubit dephasing times by mitigating

the effects of noise. This is achieved by applying an oscillating electric field to the

charge noise sources that contribute to 1/f noise. This gives noise at frequencies

near the driving frequency, which can be chosen to be relatively high. Assuming the

sources are TLSs, Parseval’s theorem says that the total noise power is conserved so

that the noise at low frequencies is suppressed. This generally increases dephasing

time (Tϕ). Depending on details, the shift could also affect the relaxation time (T1),

which is inversely proportional to the noise power at the operating frequency of a

qubit. However, the main focus here will be on Tϕ. For spin and most other qubits

decoherence time T2 ≪ T1 and it is therefore the limiting factor for qubit operation.

In this limit one generally has T2 ≈ Tϕ.

Since the origin of 1/f noise is not well known, we need to assume and model

the charge noise sources. We will use a rather generic model of a single TLS and

compute its consequences for Tϕ. We then investigate the effects of multiple TLSs

and how they depend on the parameters of a double-well potential for a single TLS.

This gives a second motivation for our work. Driving qubits can affect the noise

PSD in ways that reveal the physical nature of the TLSs. Since qubits can be used

as spectrometers [115], we can hope to combine NSD and qubit spectroscopy to gain

insight into the physical nature of the TLSs.

To make our model of the TLS as general as possible, we include the possibility

that it is a quantum object in the sense that coherent superpositions of the two levels

are allowed. We keep in mind the usual assumption that a double-well potential is

involved. The usual effectively classical TLS may be recovered when the dephasing

rate is much larger than other parameters that impact its dynamics. This limit can

also be compared with the well-established theory of stochastic resonance.
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In Sec. 3.3, the model for quantum TLS is introduced and we discuss the meaning

of the parameters in the model. In Sec. 3.4 we compute the shift in the noise PSD

for a single TLS due to the driving and its consequences for the qubit dephasing

times. In Sec. 3.5 we extend this to multiple noise sources. We deal with special

cases where the driving field resonates with a single TLS in Sec. 3.6. Finally we

discuss the question of how much light the driving experiments can throw on the

nature of the noise sources in Sec. 3.8.

3.3 Model for noise sources

We provisionally view the TLS as having some quantum character. This means

that a single TLS is an open quantum system whose dynamics are described by the

Lindblad equation:

dρ

dt
= −i[H, ρ] +

∑
j

(
LjρL

†
j −

1

2

{
L†
jLj, ρ

})
(3.2)

where ρ is the density matrix for the TLS and ℏ = 1.

The Hamiltonian is

H =
1

2
(ϵσz +∆σx) + (αzσz + αxσx) cosωdt (3.3)

where ϵ is the energy difference between the two levels, ∆ is the tunneling amplitude,

αz and αx are the driving strength for z and x basis of the TLS respectively, and

ωd is the driving frequency. αz is the strength of the dipole moment times the

parallel component of the driving electric field. αx represents the strength of the
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field component that modulates the tunneling. The Lindblad operators are

L1 =
√
γ

0 1

0 0

 , L2 =
√
κ

0 0

1 0

 , L3 =
√
η

1 0

0 −1

 (3.4)

where γ, κ, and η denote relaxation, excitation, and pure dephasing rate, respec-

tively. Note that all the parameters are in the units of Hz and ϵ has negative value

assuming |0⟩ and |1⟩ are ground and excited state respectively.

We now change to variables whose physical meaning is more transparent. The

“spin” sz(t) = ρ00(t)−ρ11(t) is proportional to the dipole moment, whose fluctuations

produce the noise. The off-diagonal asymmetry is p(t) = ρ01(t)− ρ10(t) and q(t) =

ρ01(t) + ρ10(t) is a phase measure. We also define the total relaxation rate: Γ =

(γ + κ)/2, and the relative rate: λ = γ − κ. We apply a detailed balance condition

to get a relation between γ and κ, which is λ = 2Γ tanh(ϵ/2kBT ).

Changing to these variables, we get the following coupled differential equations

from the Lindblad equation:

dsz(t)

dt
= −2Γsz(t) + λ− (∆ + 2αx cosωdt)p(t)

dp(t)

dt
= (∆ + 2αx cosωdt)sz(t)

− (Γ + 2η)p(t)− (ϵ+ 2αz cosωdt)q(t)

dq(t)

dt
= (ϵ+ 2αz cosωdt)p(t)− (Γ + 2η)q(t).

(3.5)

Since no closed-form solutions are known to exist for these equations, we solve

them numerically. One may refer to Ref. [116] for analytic method describing the

dynamics of a TLS under strong driving field.

The focus is on sz(t) because it is proportional to the electric dipole moment

produced by the TLS. Since sz(t) = ⟨σz⟩ = Tr[ρ(t)σz] is an expectation value, the
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correlation function for time duration τ can be regarded as ±sz(τ) depending on the

initial state, |0⟩ or |1⟩, of an ensemble. We are going to deal with ϵ much smaller

than kBT , the initial state is fixed to |0⟩ for numerical simulations. With some

coupling constant C0 that depends on the geometry in the device and the species of

the qubit, the PSD in the electric field that the qubit experiences can be written as

S(ω) = C0

∫
sz(τ)e

−iωτdτ . Therefore, we will look into the changes in S(ω) and Tϕ

caused by the driving field. To compute S(ω) we solve Eq. 3.5 numerically and then

use fast Fourier transform for sz(t). In practice, sz(t) is sampled with frequency

fs = 104 Hz for total simulation time Tm = 102 s for a single TLS and fs = 103 Hz

for Tm = 103 s for multiple TLSs. This is sufficient for our purposes since we will

only look at the changes in S(ω) for ω < fs.

3.4 PSD and dephasing time of a single TLS

The basic ideas of this work are already present at the single TLS level, which is

the subject of this section. The parameters used are temperature T = 0.1 K, Γ = 1

Hz, η = 1 Hz, αx = 0.5αz, ∆ = 0 Hz, and ϵ = 0 Hz.

The reasons for choosing such values are as follows: T = 0.1 K is a widely used

experimental temperature. Γ = 1 Hz represents a typical low frequency fluctuator.

η for low frequency TLSs is not known experimentally, so its value is chosen to

have similar order of magnitude as Γ. This follows the studies on high frequency

TLSs having similar or a few orders of magnitude smaller η than Γ [117, 118]. If η

is larger than Γ, the dynamics without driving is dominated by dephasing process.

αx is much more important than αz; there will be no driving effect if αx ≪ αz. It

is shown that αx is smaller than αz in the case of double well potential (see Sec. 3.7

for detail), but how much smaller depends on the coupling nature of the TLS to an
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Figure 3.1: (a) Shift of PSD for a single TLS varying αz with fixed ωd = 101 Hz.
These PSDs correspond to the three simulation points along the vertical axis in
Fig. 3.2. (b) Shift of PSD for a single TLS varying ωd with fixed αz = 104 Hz.
These PSDs are offset by 2 orders of magnitude for clarity and correspond to the
three simulation points along the horizontal axis in Fig. 3.2. Color-coded dashed
lines mean the offset power at ω = 10−2 Hz when driving field is not applied.

external electric field. Thus, we take αx = 0.5αz for now. ∆ is set to be zero since

coherent oscillation is hard to find in noise PSD.

We assume ϵ = 0 which means that the TLS is symmetrical. ϵ can take values

other than zero and affect the relative rate λ. Driving has no effect when αx ≪ ϵ.

This sets the basic scale for the strength of the driving field. There is a coherent

regime where ϵ is larger than other parameters. In this case, damped Rabi oscillation

can occur when ωd ≈ ϵ which yields a significant increase in Tϕ, which we will present

in Sec. 3.6.

The point of our study is that the PSD of the TLS, which is a Lorentzian,

can be shifted when it is driven. The shift is towards higher frequencies, and it

is a function of both the driving strength and the driving frequency as shown in

Fig. 3.1 (a) and (b). The increase in the shift as a function of driving strength is of

course expected, and it is mainly limited by practical considerations. The frequency

dependence is more interesting. The shift initially increases with frequency as the

TLS attempts to follow the driving frequency, in somewhat the same fashion as a

driven harmonic oscillator. However, as the driving frequency continues to increase,
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Figure 3.2: Increase in dephasing time of a qubit when a single TLS is driven by
the oscillating electric field with strength αz and frequency ωd. The dephasing time
with driving field (Tϕ,d) is divided by that without driving field (Tϕ,0). Only 49
values of Tϕ,d/Tϕ,0 with the combination of 7 different strengths (10−2-104 Hz) and
frequencies (10−2-104 Hz) are shown. White dashed boxes are the simulation points
used in Fig. 3.1.
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the force averages out and the effects decrease. This phenomenology is very similar

to that seen in classical stochastic resonance.

Any change in S(ω) will be reflected in the dephasing time Tϕ of nearby qubit,

defined by the formulas, Eqs. 1.7, 1.8, and 1.9. This allows us to compute Tϕ again

as a function of driving strength and frequency. To see the effects of driving, we

compute the ratio of Tϕ,d, the dephasing time with driving, to Tϕ,0, that in the

absence of driving.

The overall coupling strength C0 is arbitrary in this chapter, since our interest

is in the general phenomenon of suppression of decoherence. However, to give an

idea of experimentally relevant parameters, if we take a coupling strength C0 = 1012

Hz2, we will find Tϕ,0 = 1.00 µs, a typical value in spin qubit experiments. In the

simulations in Fig. 3.2, C0 = 1 Hz2 is used, resulting in Tϕ,0 = 2.31 s. To have

significant increase in Tϕ, it is critical to choose C0 so that the PSD is shifted over

the dephasing rate without driving, ω > 1/Tϕ,0.

As shown in Fig. 3.2, increase in Tϕ when applying driving field is most effective

when αz > ωd > Γ, giving increasing factor up to 1.79. There is no improvement in

Tϕ when αz < Γ or αz < ωd. This is in accord with the changes in S(ω) discussed

above: the time scale of the driving strength should be shorter than the average

relaxation time of the TLS to see the maximum effect but very much shorter time

scales will cause the driving effect to cancel out.

3.5 PSD and dephasing time of multiple TLSs

We now consider a more realistic model of a qubit in an actual device. There are

many TLSs acting in an incoherent fashion on the qubit, giving rise to 1/f noise.

Rather surprisingly, it turns out that if we choose a log-uniform distribution of
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Figure 3.3: (a) and (b) Shift of PSD for multiple TLSs as varying ωd with fixed
αz = 103 Hz. These PSDs correspond to the two simulation points in Fig. 3.4,
respectively.
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Figure 3.4: Increase in dephasing time of a qubit when multiple TLSs are driven
by the oscillating electric field with strength αz and frequency ωd. The dephasing
time with driving field (Tϕ,d) is divided by that without driving field (Tϕ,0). Only 49
values of Tϕ,d/Tϕ,0 with the combination of 7 different strengths (10−3-103 Hz) and
frequencies (10−3-103 Hz) are shown. White dashed boxes are the simulation points
used in Fig. 3.3.
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Lorentzian widths, only one TLS per frequency decade is required to give a 1/f

spectrum quite accurately. Motivated by this and computational convenience, we

use 7 TLSs in this section. Γ and η of the TLSs are set to equal and range from 10−6

Hz to 1 Hz log-uniformly. Other parameters are set to those used in the Sec. 3.4

unless otherwise noted. Each is simulated using the same method as above, and the

individual power spectra Si(ω) are added to give the total PSD, S(ω) =
∑

i Si(ω),

which then yields the fluctuating field at the qubit as in the previous section.

In Fig. 3.3 we plot the total PSDs with fixed driving strength and two different

driving frequencies. As can be seen, the changes in the spectrum are more subtle

than in the single TLS case. The spectrum can be moved to higher frequencies, but

only in a limited range. This is a consequence of the fact that for the driving to have

an effect there needs to be an approximate match between the switching rate of the

TLSs and the driving frequency. This cannot be achieved if the noise is broadband

and there is only a single driving frequency. It may be possible to do better using

non-monochromatic driving, but we do not pursue this here.

The result for increased dephasing time due to 7 TLSs is given in Fig. 3.4.

We see a qualitatively similar effect to that in Fig. 3.2, but find the maximum

increasing factor in Tϕ to be about 2.43 with αz = 103 Hz and ωd = 10−1 Hz. This

is quite intriguing because ωd is smaller than 1/Tϕ,0 = 2.27 Hz and inside the noise

bandwidth (10−6 − 1 Hz). In practical cases, an optimal driving frequency should

exist for given 1/f -like noise spectrum.

3.6 Damped Rabi oscillation

When the energy difference of a TLS, ϵ, is larger than other parameters, especially

Γ and η, it is possible to drive the TLS coherently (still dealing with the regime,
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Figure 3.5: Shift of PSD for single TLS with (a) ϵ = 103 Hz and (b) ϵ = 104 Hz.
These PSDs correspond to the two simulation points in Fig. 3.6, respectively.

104

103

102

101

100

10-1

10-2

10-210-1 100 101 102 103 104

ωd (Hz)

α z
 (H

z)

Tф,d/Tф,0

25

50

75

100

(a)
104

103

102

101

100

10-1

10-2

10-210-1 100 101 102 103 104

ωd (Hz)

α z
 (H

z)

Tф,d/Tф,0

100
200
300
400
500
600
700

(b)

Figure 3.6: Increase in dephasing time of a qubit with (a) ϵ = 103 Hz and (b)
ϵ = 104 Hz when a single TLS is driven by the oscillating electric field with strength
αz and frequency ωd. The dephasing time with driving field (Tϕ,d) is divided by that
without driving field (Tϕ,0). Only 49 values of Tϕ,d/Tϕ,0 with the combination of 7
different strengths (10−2-104 Hz) and frequencies (10−2-104 Hz) are shown. White
dashed boxes are the simulation points used in Fig. 3.5.
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ϵ ≪ kBT ). The PSDs in Fig. 3.5, for example, show extremely huge reduction at

low frequencies for ϵ = 103 Hz and ϵ = 104 Hz, respectively. The reduced parts are

shifted to higher frequencies as conspicuous peaks in the middle of the frequency

range. Other parameters used in these simulations are those in Sec. 3.4 while αz

(also, αx = 0.5αz) and ωd are chosen so that the shifts of PSDs are large. This is not

similar to the cases in Sec. 3.4 where stochastic resonant behavior is observed around

ωd ∼ Γ, but more analogous to damped Rabi oscillation where the TLS resonantly

interacts with the applied electric field by emitting and absorbing photons at ωd = ϵ.

The increases in Tϕ with varying αz and ωd are presented in Fig. 3.6 for ϵ = 103

Hz and ϵ = 104 Hz, respectively. The maximum values are 123 and 718 for the

simulations points used in Fig. 3.5. One interesting observation is that it seems to

have specific resonant condition for αz as well as ωd. This might be interpreted as

saturation effect where the power absorbed by the TLS is saturated [119]. Detailed

study on the resonant behavior of the TLS in terms of damped Rabi oscillation

was conducted with Bloch-Redfield equations [120]. In the literature, the shift of

PSD from low to high frequencies is predicted analytically by adopting rotating-

wave approximation which is valid only for near resonance condition. This is less

general than our theoretical approach, but can complement our results specifically

for high-frequency TLSs that are important for T1 of a qubit.

3.7 Realistic conditions for driving noise sources

Suppose that there is a double well potential whose localized states are given as |L⟩

and |R⟩. If an electron is in the double well, its Hamiltonian is

Hq =
ℏ
2
(ϵσz +∆σx) (3.6)
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in the {|L⟩, |R⟩} basis and ℏ is explicitly expressed in this section. In the energy

eigenbasis, it is simplified to

Hq =
ℏΩ
2
σz (3.7)

where ℏΩ = ℏ
√
ϵ2 +∆2. The Hamiltonian for interaction betwen the electron and

electromagnetic field is

Hint = − e

2m
(A · p+ p ·A) (3.8)

where e and m are electron’s charge and mass respectively, p is the momentum

operator of the electron and A is the vector potential. A2 term is ignored in the

weak-field limit. The interaction Hamiltonian can be written in the energy eigenbasis

[121]:

Hint = −
∫
dr [σxMr(r) + σzMϕ(r)] ·A(r, t) (3.9)

where
Mr(r) =

e

2m

[
2ψ∗

+(pψ−) + ψ∗
+ψ−p

]
,

Mϕ(r) =
e

4m

[
2ψ∗

+(pψ+) + ψ∗
+ψ+p− 2ψ∗

−(pψ−)− ψ∗
−ψ−p

]
.

(3.10)

Here ψ±(r) are the wave functions for energy eigenstates and their corresponding

ket vectors can be expressed in the superposition of |L⟩ and |R⟩ such that

|±⟩ = ϵ±√
ϵ2± + 1

|L⟩+ 1√
ϵ2± + 1

|R⟩ (3.11)

where ϵ± = (ϵ± Ω)/∆.

Let us choose Weyl gauge that electric potential is zero (thus, E = −∂A/∂t)

and assume the vector potential takes plane-wave form A(r, t) = A0v̂(e
i(k·r−ωdt) +

e−i(k·r+ωdt))/2 where v̂ is the polarization unit vector. Electric field is then given

as E(r, t) = iωA0v̂(e
i(k·r−ωdt) + e−i(k·r+ωdt))/2 ≡ E0v̂(e

i(k·r−ωdt) + e−i(k·r+ωdt))/2. If

the wavelength of the driving field is much longer than the size of the double well
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2a, we can use electric dipole approximation that eik·r ≈ 1. Therefore, the driving

strengths in the Lindblad equation are

αx = i
E0

ℏωd

∫
drMr · v̂,

αz = i
E0

ℏωd

∫
drMϕ · v̂

(3.12)

where Hint = ℏ(αzσz + αxσx) cosωdt is used. It has to be careful to evaluate the

driving strengths since we have regarded the {|L⟩, |R⟩} basis as the computational

basis in the Lindblad equation. In such a case, Mr(r) and Mϕ(r) should be converted

to the computational basis as follows:

Mr(r) =
e

2m
[2ψ∗

L(pψR) + ψ∗
LψRp] ,

Mϕ(r) =
e

4m
[2ψ∗

L(pψL) + ψ∗
LψLp− 2ψ∗

R(pψR)− ψ∗
RψRp] .

(3.13)

To evaluate αx and αz, let us find out the localized wave functions ψL and ψR in

one dimensional case. Assuming the Hamiltonian of the double well potential has

quartic form H = p2/2m + ms(z2 − a2)2, expansion at each minimum (z = ±a)

results in the Hamiltonian of harmonic oscillator such as H = p2/2m + 4msa2ξ2

where ξ = z ∓ a. Here s is used to make the potential have the unit of energy and

means steepness of the wells. By letting 4msa2 = mν2/2, we can get the frequency

of the harmonic oscillator ν = 2a
√
2s. The localized ground state wave functions

for the hamonic potential is Gaussian such as

ψL,R(z) = (
mν

πℏ
)1/4 exp(−mν(z ± a)2

2ℏ
). (3.14)

Additionally introducing Coulomb gauge ∇ · A = 0, the driving strengths can be
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simplified as

αx = i
E0

ℏωd

∫
dzMr(z),

αz = i
E0

ℏωd

∫
dzMϕ(z),

(3.15)

where
Mr(z) =

−iℏe
2m

[2ψ∗
L

∂ψR

∂z
],

Mϕ(z) =
−iℏe
4m

[2ψ∗
L

∂ψL

∂z
− 2ψ∗

R

∂ψR

∂z
].

(3.16)

Plugging the Gaussian wave functions ψL,R(z) into the above equations yields

αx =
2eE0

ℏωd

a2
√
2s exp(−2ma3

√
2s

ℏ
),

αz = −2eE0

ℏωd

a2
√
2s.

(3.17)

Rearranging these equations with ν,

αx =
eE0a

ℏ
ν

ωd

exp(−ma
2ν

ℏ
),

αz = −eE0a

ℏ
ν

ωd

.

(3.18)

This suggests |αx| < |αz| in general, but for small a and ν where the wells are close

to each other and the electron is loosely confined in the wells, |αx| ≈ |αz|.

To check if the method can be implemented in quantum dot devices, let us

examine its requirement with typical parameters used in the quantum dot devices.

The requirement for effective driving of the TLSs is empirically obtained from the

simulation with the Lindblad equation in Sec. 3.4:

Γ < ωd < |αz| ≤ |αx|. (3.19)

The first inequality can be readily satisfied if we adopt driving frequency more
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than 1MHz. Since typical dephasing time Tϕ of the qubit in Si/SiGe heterostructure

is about 10−6 s, the important frequency part of the noise is less than 1MHz. This

value comes from the width of the center lobe of the squared sinc function that is

included in the Eq. 1.9.

The unknown values are a and ν for which we need some guesswork. Let us take

a to be in the order of 0.1 nm, which is the size of typical atoms. ν might vary for

different TLSs and be related to Γ. However, it is possible to get a lower bound

because we approximate the double well potential to a TLS, implying the kinetic

energy of the electron is less than the potential barrier: kBT < V (0) = msa4 =

mν2a2/8. The result is ν > 1013 Hz when using electron temperature T = 0.1K and

electron’s rest mass. The order of this lower bound will be modified slightly if we

take into account electron’s effective mass.

In addition to those values, let us take ωd = 1GHz and E0 = 10V/m where

typical gate voltage in the order of 100mV, thickness of silicon chip of 1mm, and

dielectric constant of 10 are assumed with parallel plate geometry. Since the re-

laxation time of typical dielectric is in the order of 10 ps, the polarization direction

in a dielectric follows the oscillating electric field direction immediately, which can

be regarded as dc limit. Driving frequency higher than 100GHz will increase E0

by reducing the cancellation of applied electric field due to polarization, but the

maximum is about 100V/m which is the value for vacuum (ac limit). Therefore,

the second inequality can be satisfied with a lower bound |αz| > 10GHz.

With COMSOL simulation, the electric field in aluminum oxide is about 8 ×

106 V/m and that in SiGe spacer above 2D electron gas (2DEG) is about 5×106 V/m.

These results are obtained with 4 × 1011 cm−2 fixed electron density of the 2DEG,

100mV uniform top gate voltage, 35 nm SiGe spacer thickness, and 50 nm thickness

aluminum oxide layer whose dielectric constant is 9. The estimated values for the
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electric field can be understood by assuming the reference point for ground is set

to the 2DEG. Besides, E0 can be controlled in a wide range by changing the gate

voltage; the maximum gate voltage is about 1V because of the breakdown in the

case of aluminum oxide for overlapping gate layers [122]. It is also helpful to refer

to the recent paper in which ac electric field amplitude in quantum dot array is

estimated to be 102 − 103 V/m [123].

The last inequality depends rather sensitively on the details of the double well

potential since it contains the exponential factor exp(−ma2ν/ℏ). If this factor is

much less than 1, then |αx| ≪ |αz| and the needed inequality is violated. However,

this would mean that the tunneling matrix is extremely small, which would in turn

imply that the TLS would not fluctuate in the first place. Hence we can be confident

that except for extremely slow fluctuators, the theory remains valid.

3.8 Discussion

Driving the noise sources results in changes in the noise power spectrum and can sup-

press decoherence provided the physical condition presented in the previous section

is satisfied. Observation of these effects can rule out some alternative models. One

is classical damped harmonic oscillator coupled to thermal bath (see Appendix A.

The Langevin equation can be used to calculate its dynamics and PSD. For this case

the driving field actually produces additional noise and decoherence would worsen.

This comes from the fact that the position of the charge is a continuous variable,

and the driving field allows the system to access higher energy states. Suppression

of decoherence by driving is a clear indication that the TLS is the right model.

Another model is a purely classical TLS where an electric dipole fluctuates in

static and driving fields. This system is not exactly solvable when it undergoes
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Poisson process while driving field is turned on. Hence it is appropriate to study

stochastic resonance in the strong-field limit to see the driving effects since there is

no enhancement in Tϕ in the weak-field limit. This is ongoing study for this chapter.

The other model is quantum TLS which is the main result of our study. We can

use spin-boson model in which the interaction between the TLS and thermal bath

is well-defined [104]. However, the Lindblad equation seems to be general enough to

encompass the spin-boson model because they are phenomenological equations that

do not require detailed description of the environment of the TLS.

Future study might be needed for the whole system of a qubit plus TLSs because

the qubit is usually composed of electrons or holes that are also modulated by the

oscillating electric field at the same time with the TLSs. Dressed qubit protocol

may be a useful tool for the study [124, 125].

Another point to discuss further would be that the qubit can affect the dynamics

of the TLSs, which is neglected in our model. This is when the square root of

realistic coupling constant,
√
C0 ∼ 106 Hz, is comparable to or greater than other

parameters [120]. The Gaussian approximation for Eq. 1.9 may not be valid in this

strong coupling regime [49].
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Chapter 4

Pulse-induced resonance frequency

shift

4.1 Practical issues and key idea

There has been considerable progress in semiconductor quantum computing, with

significant strides in scaling up and in gate fidelities [22, 30]. The chief difficulty is

decoherence, with charge noise as the main culprit [126–134]. The precise nature of

the two-level systems (TLS) that produce the noise remains elusive. There have been

extensive characterizations of the noise spectrum [40, 57], and the spatial correlations

in the noise [135–137] in different devices. These observations can advance the

elucidation of the nature of the TLSs, but the data are not currently sufficient to

pin things down precisely.

Another problem, at first sight quite separate, that interferes with qubit oper-

ation is pulse-induced resonance shift (PIRS). This is a shift in the operating fre-

quency (Larmor frequency) of the qubits as a computation proceeds. This is highly

problematic, since continual recalibration of the system is not practical. Quadrature
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control [76] and prepulsing [138] can mitigate, but not eliminate this issue. PIRS

has recently received an intensive experimental study [123].

Here we propose that the source of PIRS and the source of charge noise are the

same group of TLSs, and that detailed observations of PIRS can provide additional

insight into their microscopic nature. We proceed in the time-honored fashion of

proposing a phenomenological model that explains that data, and then seeing what

constraints the model places on the underlying physics of the system.

4.2 General description of PIRS

Let us take a concrete situation in which the system is in a resting state at low

temperature for times t < 0 and the operations, which involve microwave pulses

that feed energy into the system, begin at t = 0 and end at some positive time,

t = tf . PIRS is a time-dependent shift ∆f(t) with ∆f(t = 0) = 0 by definition. ∆f

is a function of time that ultimately reverts to the base state some time after the

operations have ceased: ∆f(t = ∞) = 0.

PIRS appears to be rather ubiquitous in semiconductor qubits, but there is con-

siderable variability in how it manifests itself. Early observations found positive

shifts (∆f ≥ 0) of order a few MHz [138]. The magnitude of the shift was an in-

creasing function of the energy injected by the pulses. It also depended on the details

of the electron wavefunctions in the dots, for example on the dot occupations. The

MHz magnitude of the shifts is fairly typical for quantum dot qubits. Importantly,

∆f can also be negative [25, 76]. The decay time after tf varies in the dot systems,

with values from 0.5 ms [22] to 38 µs [25] having been observed. PIRS also occurs

in donor-based qubit systems [139], though |∆f | is much smaller, of order tens of

kHz. Effects of a similar magnitude are seen in flip-flop qubits [20].
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Our interpretation is based on the fact that dot and donor systems share the

feature that the qubit operating frequency depends on the spatial position of the

electron. The arbitrary sign of ∆f then implies that a change in the electric field

on the qubit is the origin of PIRS. Experimentally, it now appears to be clear that

PIRS is essentially a thermal rather than a mechanical effect [22, 123]. This is also

supported by the characteristic return to a base state, most naturally interpreted as

a return to thermal equilibrium. The most striking feature of the results is that the

magnitude of ∆f is not monotonic in temperature T , instead rising to a maximum

at about 250-300 mK, then decreasing.

4.3 Theoretical model

4.3.1 Model specification

To explain these observations, we introduce a model based on the charged TLSs

that are known to exist in these devices, and that in fact are also responsible, at

least in part, for the decoherence of the qubits. These charged defects or traps are

modeled as a collection of N fluctuating electric dipoles. The jth dipole fluctuates

between states sjpj, where sj = ±1 and pj is a fixed vector for each j. For sim-

plicity we assume that the dipoles all have the same magnitude: |pj| = p0. This is

reasonable if all the TLSs have the same physical origin. The dipoles can have a

non-zero equilibrium moment which is random in direction and they interact via the

long-range Coulomb interaction. We call this interacting random-field glass model.

Somewhat similar models have been introduced in the context of superconducting

qubit systems to explain fluctuations in T1 [140, 141].
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The electric field ⟨Fq⟩ on a qubit at the origin of coordinates is

⟨Fq⟩ =
1

4πε

N∑
j=1

⟨sj⟩
3(pj · rj) rj − pj|rj|2

|rj|5
≡

N∑
j=1

⟨sj⟩Fj. (4.1)

The angle brackets indicate a thermal average and ϵ is electric permittivity around

10 for an oxide or semiconductor layer. In the devices in question, the qubit oper-

ation frequency depends linearly on the electric field at its position. The frequency

is a quasi-equilibrium quantity, so ⟨Fq⟩ is the object of interest for our purposes.

The relation between field and frequency is platform-dependent. In the set-up of

Refs. [22, 76, 138], ⟨Fq⟩ causes the displacement of the spin qubit in magnetic field

gradients, while in the flip-flop qubit architecture motion of the qubit caused by

⟨Fq⟩ would change the hyperfine coupling or the g-factor [142]. In all cases the

displacement changes the qubit operating frequency. The point of interest here is

that ∆f is linear in some component of the static electric field at the qubit.

The Hamiltonian of the TLSs in our model contains a random-field term Hr and

an interaction term Hint: H = Hr +Hint with

Hr = −p0
N∑
j=1

sjEj · p̂j (4.2)

and

Hint = − p20
8πε

N∑
j ̸=k=1

sjskVjk (4.3)

with

Vjk =
3p̂j · (rj − rk) p̂k · (rj − rk)− (p̂j · p̂k) |rj − rk|2

|rj − rk|5
. (4.4)

The random effective electric fields Ej, if interpreted in a double-well picture

of the TLSs, are related to the energy asymmetry (“detuning”) of the two wells.
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However, the physical origin of the Ej may not even be the same in all cases.

For example, they could be actual external electric fields coming from the gate

electrodes, strain fields, asymmetric microscopic defects, etc. For our purposes they

are considered to be phenomenological parameters that must be fit, since they are

very difficult to estimate in the absence of a real microscopic model. We expect N

to be a number in the range of perhaps 10 to 100 and to be sample-dependent [40].

4.3.2 Model analysis

The dipoles are the same TLSs that give rise to the noise in the system, but here we

are interested in their equilibrium behavior, not their fluctuations. This assumes that

measurement of PIRS takes place over a time interval longer than the characteristic

switching times of the TLSs. This should be a good approximation, since although

those times can be quite long, of order seconds, most of the power spectrum is at

higher frequencies.

The temperature dependence of ⟨Fq⟩ in a non-interacting picture, setting Hint =

0, is already interesting, so we discuss it in detail. In this case the problem is

exactly solvable, once the positions of the dipoles are specified. We have ⟨sj⟩ =

sgn(p̂j · Ej) tanh(p0 p̂j · Ej/kBT ) where kB is the Boltzmann constant and T is the

temperature. ⟨sj⟩ has a definite sign at T = 0 and as T is raised, ⟨sj⟩ → 0 as

T → ∞, and we can identify a “turn-off temperature”, Tj = p0|Ej|/kB for each TLS.

Substitution into Eq. 4.1 and performing the sum gives the equilibrium electric field

at the qubit.

Taking T = 0 for a moment we divide the TLSs into two groups. In group S+

we have the indices j for which ⟨Fq⟩ · ⟨sj⟩Fj > 0 while in group S− we have the

indices ⟨Fq⟩ · ⟨sj⟩Fj < 0. The electric field at the qubit is the result of a random
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walk of the vectors ⟨sj⟩Fj with a resultant vector

⟨Fq⟩ =
∑
j∈S+

⟨sj⟩Fj +
∑
j∈S−

⟨sj⟩Fj (4.5)

The vectors in group S+ are in the direction of the final result of the walk, while

those in group S− are in the opposite direction. Due to the randomness in the

asymmetry, the various components of the walk turn off at different temperatures,

and there will be some average turn-off temperature T+ for group S+ and a different

average turn-off temperature T− for group S−.

We now increase T from zero. If T+ > T−, then the total field strength |⟨Fq⟩|

will first increase and eventually vanish when T ≫ T+. In this case we have a non-

monotonic T -dependence of the field strength |⟨Fq⟩|, a surprising result. T+ and T−

are not expected to be very different if the dipoles have the same physical structure,

but even in this case the relatively small value of N implies that random fluctuations

will make T+ ̸= T−. If T+ < T−, then the total field strength |⟨Fq⟩| will decrease

as the dominant dipoles turn off and eventually vanish when T ≫ T−. If there

is a gross mismatch between T+ and T−, components of ⟨Fq⟩ could even reverse

sign, but overall we would expect a monotonic decrease. The relative magnitudes of

|
∑

j∈S+⟨sj⟩Fj| and |
∑

j∈S−⟨sj⟩Fj| are also important. If |
∑

j∈S+⟨sj⟩Fj| dominates,

then there is little cancellation in the sum and the non-monotonic behavior will be

suppressed. If the fields from S+ and S− are comparable, then non-monotonicity is

more likely.

Now we turn to the important effects of interactions, as summarized in Eqs. 4.3

and 4.4. Dipolar interactions are always antiferromagnetic. This favors depolariza-

tion - a smaller net moment |⟨P⟩| = |
∑

j⟨sj⟩pj|. If the TLSs are located to one side

of the qubit, then the correlation between |⟨P⟩| and |⟨Fq⟩| will be strong, but even if
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the qubit is surrounded symmetrically by the TLSs, fluctuations will still give some

correlation in a given sample. Small |⟨P⟩| comes from cancellation in the directions

of the individual moments.

We introduce additional turn-off temperatures associated with the random fields

and the interactions for comparison between the two terms in our model Hamilto-

nian: Tr = ⟨Hr⟩/NkB is the average change in the energy from flipping one dipole

in the random fields and Tint = ⟨Hint⟩/NkB is that in the interaction energy. The

root-mean-square values are used for estimating the averages, ⟨Hr⟩ and ⟨Hint⟩.

If Tint < Tr then the interactions will turn off first as T is increased, and |⟨P⟩|

increases. In such case, the interactions have little effect on the temperature de-

pendence. If Tint ≫ Tr then the system is frozen by the interactions and we expect

little change in |⟨P⟩| until T ≫ Tint. We can expect the temperature dependence

with interaction is much different from that without interaction when Tint > Tr.

Overall, the effect of interactions is to make cancellation more likely. Unless

the interactions are extremely strong, they make the non-monotonic temperature

dependence of |⟨Fq⟩| and therefore of ∆f more likely.

4.4 Numerical Results

4.4.1 Physical models

These analytic considerations are semi-quantitative. To make the arguments more

firm, we performed simulations of the model in a hypothetical device that is based

on the Si/SiGe heterostructure devices in Refs. [22, 78, 123]. The parameter values

and even the positions of the the TLSs are poorly known. This leads us to consider

three physical models.

In the first model, called trap model, the TLSs are charge traps near the surface
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of a two-dimensional electron gas and its image particle of the opposite sign. The

trap is positively charged when empty and then relatively negatively charged when

full. It can be described as a fluctuating dipole in the z-direction. These dipoles

are in a thin layer at positions rj = (xj, yj, zj) with −150 nm < xj < 150 nm,

−150 nm < yj < 150 nm, and zj = 50 nm.

The second model conceives of the TLSs as point defect dipoles in the oxide layer

with arbitrary orientations, which is called random dipole model. Their positions

rj = (xj, yj, zj) are in the layer with −150 nm < xj < 150 nm, −150 nm < yj <

150 nm, and 30 nm < zj < 50 nm.

The third model is far from real device geometry, but close to the analysis in

the previous section. The TLSs are in a spherical shell with their positions rj =

(rj, θj, ϕj) satisfying 60 nm < rj < 80 nm, 0 ≤ θj < π, and 0 ≤ ϕj < 2π in spherical

coordinates. We call this spherical shell model.

4.4.2 Temperature dependence of noise electric field

We first show the temperature dependence of noise electric field from the trap and

random dipole models because the qubit operation frequency linearly depends on

it. The non-interacting case, Hint = 0, is exactly solvable with the equations given

in Sec 4.3. The fully interacting case needs numerical simulation, for which we run

Monte Carlo (MC) algorithm with Glauber dynamics.

Glauber dynamics is a way to simulate Ising model, but is slightly modified to

use in our simulation:

(1): Choose a TLS randomly,

(2): Compute the change in energy, ∆E, if the TLS were to flip,

(3): Flip the TLS with the probability of 1/(e∆E/kBT + 1),

(4): Update TLS configuration with the flipping result.
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Figure 4.1: Average electric field components at qubit position for trap model. With-
out Int. and With Int. mean the non-interacting and fully interacting case, respec-
tively. (a) Both non-interacting and interacting cases show non-monotonic ⟨Fq⟩.
(b) Example in which interactions cause non-monotonic behavior. The y compo-
nents of ⟨Fq⟩ are chosen for the examples.

This procedure is repeated every time step of the MC algorithm and the number of

time steps for each temperature is 105, from which we take the average value, ⟨Fq⟩.

Temperature range is from 0.01 K to 0.6 K with 0.01 K spacing (60 temperature

points). Moving average over 11 neighboring temperatures is applied to obtain stable

results.

The parameters for numerical simulation in Figs. 4.1 and 4.2 are as follows.

The dipole strength p0 = 48 Debye, which is the product of electron charge and 1

nm. The random fields are assumed to follow Gaussian distribution with zero mean

and standard deviation of E0 = 104 V/m. The directions of the random fields are

random on a unit sphere. The number of TLSs is N = 30. With these values,

Tr ∼ 0.1 K and Tint ∼ 1 K in most samples. However, Tint can vary in a wide

range of magnitudes (from 0.1 K to 10 K) because it depends sensitively on the

separation and orientation of the distributed TLSs. These values are chosen to be

representative of experiments on the Si/SiGe devices, in the sense that most analyses

give something like this value for N and we can then fit the value of p0 so that the

decoherence time T2 from charge noise is about 1µs, again a representative value.
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Figure 4.2: Average electric field components at qubit position for random dipole
model. Without Int. and With Int. mean the non-interacting and fully interact-
ing case, respectively. (a) Both non-interacting and interacting cases show non-
monotonic ⟨Fq⟩. (b) Example in which interactions cause non-monotonic behavior.
The y components of ⟨Fq⟩ are chosen for the examples.

In Fig. 4.1 we plot examples of the y component of ⟨Fq⟩(T ) for the trap model.

Non-monotonic temperature dependence appears both in the non-interacting case

and fully interacting case in Fig. 4.1(a). Interactions can bring about non-monotonic

dependence as in Fig. 4.1(b) where non-interacting case shows monotonic behavior.

As noted earlier, the fluctuations due to random fields turn off around Tr ∼ 0.1

K, which means the non-interacting cases have monotonic increase or decrease at

temperatures T > Tr. Because Tint > Tr in these examples, the interactions play a

crucial role in the dependence.

In Fig. 4.2 we plot examples of the y component of ⟨Fq⟩(T ) for the random dipole

model. These differ slightly from those of Fig. 4.1, but exhibit similar fashion of

temperature dependence. It is important to clarify, however, that the temperature

dependence is sample-dependent at these rather low values of N . One should not

conclude that the above plots for the trap and random dipole models are entirely

typical.
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4.4.3 Simulation on a large number of samples

Since ⟨Fq⟩(T ) is highly dependent on samples, it is necessary to figure out if the

model analysis works with a large number of samples statistically. We simulate

10,000 random samples both for the trap and random dipole models with high-

throughput computing system [143]. The temperature range is from 0.01 K to 1.28

K with log-uniform spacing (100 temperature points). Other parameters are the

same as those used in the previous section except for the number of dipoles: N = 20

and 30 for Tint ∼ 0.1 K and 1 K, respectively.

To determine whether the samples have non-monotonic temperature dependence,

we set up a criterion as follows: from exact or numerical results, we component-

wisely define a group of differences in ⟨Fq⟩(T ) as

Fdiff = {Fm+1 − Fm| m = 1, 2, 3, ...,M − 1} (4.6)

where M = 100 is the number of temperature points for evaluation. The average

slope magnitude is defined as

s =
1

M − 1

M−1∑
m=1

|Fm+1 − Fm|. (4.7)

To avoid misleading determination from small fluctuations in the values of ⟨Fq⟩(T )

particularly for MC simulation, small slope elements are excluded from the group

Fdiff so that the group becomes

Flarge = {Fm+1 − Fm|
s

2
< |Fm+1 − Fm|}. (4.8)

Defining signs of the differences as σm = sgn(Fm+1−Fm), we have groups of positive
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and negative slopes:

Fpos = {Fm+1 − Fm| σm > 0 and Fm+1 − Fm ∈ Flarge},

Fneg = {Fm+1 − Fm| σm < 0 and Fm+1 − Fm ∈ Flarge}.
(4.9)

The criterion is then given by

min(|Fpos|, |Fneg|)
|Fpos|+ |Fneg|

> 0.1 and s > 5 (4.10)

where the first inequality requires that ⟨Fq⟩(T ) has non-negligible positive and neg-

ative parts of slopes and the second one demands that the overall frequency shift

in the temperature range is not so small. The tolerance values, 0.1 and 5, are

empirically chosen and can be adjusted for different systems.

The fractions of the samples having non-monotonic temperature dependence are

shown in Table 4.1 for each component of ⟨Fq⟩(T ) with different physical models

and Tint. In all settings, interaction tends to enhance the non-monotonic behavior.

As expected, the increased fractions are larger for Tr < Tint than Tr ∼ Tint.

The fractions are almost same for the trap and random dipole models without

interaction. With interaction, the random dipole model has higher fractions than

the trap model. This might come from s > 5 in the criterion because the samples

generally show larger electric field magnitudes in the random dipole model than in

the trap model. The fractions for z component are smaller than those for x and y

components, which may be due to the asymmetric positions of TLSs relative to the

qubit (zj > 0).

We also investigate ⟨Fq⟩(T ) for the spherical shell model. It is remarkable to

observe that the fractions are much larger than those of the trap and random dipole

models, and with interaction most of the samples present non-monotonicity. This
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Trap ⟨Fq,x⟩ ⟨Fq,y⟩ ⟨Fq,z⟩
Tr < Tint

Without Int. 15.9% 16.4% 12.0%
With Int. 48.0% 48.6% 40.1%

Tr ∼ Tint
Without Int. 11.0% 10.9% 7.4%

With Int. 30.5% 30.2% 24.2%

Random dipole ⟨Fq,x⟩ ⟨Fq,y⟩ ⟨Fq,z⟩
Tr < Tint

Without Int. 14.7% 15.9% 12.4%
With Int. 61.9% 61.9% 57.2%

Tr ∼ Tint
Without Int. 10.0% 9.4% 7.8%

With Int. 42.5% 42.3% 36.9%

Spherical shell ⟨Fq,x⟩ ⟨Fq,y⟩ ⟨Fq,z⟩
Tr < Tint

Without Int. 25.0% 25.3% 28.0%
With Int. 89.5% 89.4% 90.1%

Tr ∼ Tint
Without Int. 21.0% 21.8% 25.8%

With Int. 79.4% 79.0% 81.4%

Table 4.1: The fractions of the number of samples showing non-monotonic temper-
ature dependence obtained from exact formula or MC simulation for three physical
models. ⟨Fq,i⟩ is the i component of the vector ⟨Fq⟩(T ). Without Int. and With
Int. mean the non-interacting and fully interacting case, respectively. Tr ∼ 0.1 K
and Tint ∼ 1K or 0.1K.

suggests that the electric fields from S+ and S− are more competitive in this model

than the trap and random dipole models where one of the fields frequently dominates.

All x, y, and z components should have similar fractions in this model, but the

fraction for z component is slightly higher than others for some unknown reason.

4.4.4 Fitting for experimental data

To explicitly show the temperature dependence of the qubit frequency shift, ∆f(T ),

we focus on the device of Undseth et al. [123]. Our purpose is to reproduce the figure
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for Larmor frequency shifts of six qubits. The non-interacting random dipole model

is chosen for simulation, and the only difference from the settings in the previous

sections is the range in the z-direction, 31nm < zj < 36nm. For other parameters

that are not provided in the paper such as magnetic field gradients, we take them

from another device [78]. The magnetic field gradients at the origin in units of

mT(nm)−1 are ∂Bx/∂x = −0.20, ∂By/∂x = −0.05, ∂Bz/∂x = −0.27, ∂Bx/∂y =

−0.03, ∂By/∂y = 0.18, and ∂Bz/∂y = −0.02. The variation in the z-direction is

not needed because the qubits are assumed to be in a circularly symmetric two-

dimensional harmonic potential, k(x2 + y2)/2. The transverse effective mass m =

0.19me = 1.73× 10−31 kg. The lowest orbital excitation frequency is ωorb = 6.84×

1011 s−1, which is related to the spring constant, k = mω2
orb. These numerical values

are typical of micromagnet-based device.

With the parameters, we can simulate the qubit frequency shifts by the following

equation:

∆fi = α
gµB

h

q

mω2
orb

[
∂Bi

∂x
∆Fq,x +

∂Bi

∂y
∆Fq,y

]
(4.11)

where g = 2.0 is the electron g-factor, µB is the Bohr magneton, h is the Planck

constant, and the index i can be x or y depending on the applied magnetic field

direction. Since the factor q/mω2
orb and the magnetic field gradients are not known

for the device in question, α is introduced as a fitting parameter.

The fitting result is shown in Fig. 4.3 for the sample that has temperature de-

pendence similar to that in Ref. [123]. Six different α = 0.6, 0.59, 0.4, 0.39, 0.5,

and 0.3 are used for the curves for the six qubits, Q1-Q6, respectively. The applied

magnetic field is assumed to be in the y-direction, N = 30, and E0 = 1.2×105 V/m.

The curves agree well with the experimental data in general; for Q5 and Q6, they

slightly depart from the data. These deviations may be attributed to the spatial

dependence of unknown parameters used in Eq. 4.11.
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Figure 4.3: The fitting for the experimental data of Larmor frequency shifts of six
qubits in Ref. [123]. Q1-Q6 denote the six qubits. Fitting parameter α is varied
instead of simulating for different positions of the qubits. The applied magnetic field
is assumed to be in the y-direction.

4.5 Discussion

To summarize, we identify that the electric fields from TLSs can produce non-

monotonic temperature dependence of the qubit frequency shift from the theoretical

model and numerical results. The non-monotonic dependence of the electric fields is

confirmed in some samples for the trap and random dipole models. The simulation

results on a large number of samples support the model analysis and show that the

interactions between TLSs can be a major factor. We also reproduce the experimen-

tal data for the six-qubit device in Ref. [123] by simulating non-interacting random

dipole model with a fitting parameter.

An unraveled conundrum is that the noisy environment of the six qubits seem to

be global according to the fitting result which is reproduced only by a multiplicative

factor. It is peculiar for such global effect to have no impact on other on-chip charge
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sensors as noted in Ref. [123]. Furthermore, the six qubits are separated by 90 nm,

with maximum spacing being 450 nm between Q1 and Q6 [22]. The global effect

seems to contradict to the observation that the noisy environment is fairly local with

large inter-dot spacings [137].
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Chapter 5

Conclusion

We have extensively investigated various methods for characterizing noise sources in

semiconductor quantum dot devices. The principal objectives were to identify the

dominant noise source affecting spin qubits, improve the coherence of the qubits,

and understand the mechanism for the operating frequency shifts of the qubits. In

particular, we scrutinized the charge noise due to its significant impact on qubit

decoherence.

One future direction of study is to find out the physical origin of charge noise,

generally attributed to two-level systems (TLS). This research should involve col-

laboration with materials science, as there are numerous potential defects in oxides

that could generate the charge noise [144]. New experimental methods need to be

proposed to study the properties of the TLSs, as the current focus on qubit-centric

coherence times and the power spectral density (PSD) of individual qubits has been

considerably explored. Further characterization of the TLSs may require direct in-

spection, as demonstrated in Ref. [145].

Another notable approach for future research includes analyzing the spatial cor-

relation between two qubits, which can provide an additional tool for characteriza-
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tion [136, 137]. The cross-PSD obtained from two qubits is believed to be closely

related to the distribution of TLSs surrounding the qubits. Especially, the TLSs are

expected to divide into two groups based on their orientations and relative positions

to the qubits: one group with positive correlation and the other with negative cor-

relation. We have made some progress in this area and have developed explanations

for experimental data on cross-PSDs.

From a more practical viewpoint, studying the optimal inter-dot spacing between

qubits in relation to their cross-PSDs is worthwhile. Since surface codes can correct

only for the errors that occur locally, it is critical for the qubits to have uncorre-

lated errors [34]. Generally, correlated error rates decrease with increased inter-dot

spacing, making larger spacing between qubits preferable. However, compact qubit

structures are necessary for scalable quantum computing. Thus, there is a trade-off

between the two factors, and an optimal spacing should exist.

Another future direction is more general in nature. Decoherence typically arises

from our lack of understanding of the environment of qubits. In order to control

the qubits and measure computational results, we must transmit information to and

from the qubits. During this transfer, unwanted interactions with the environment

should be minimized to reduce decoherence. Achieving a perfect balance between

communicating with the qubits and isolating them from environment poses a well-

known dilemma in quantum computing. It could be challenging to construct a fault-

tolerant quantum computing system by assembling Lego-like blocks of qubits and

elementary gates to form a larger system with millions of qubits. This is due to the

fact that macroscopic systems typically do not exhibit quantum behavior. Hence,

it is essential to study either the larger system that encompasses the qubits and

their environment as a whole or to explore buffer layers that enable more coherent

information transfer.
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A lot of work is still needed not only for characterizing noise sources in semicon-

ductor qubit devices, but also for developing universal and fault-tolerant quantum

computing systems using semiconductor qubits. Despite the challenges, we remain

optimistic about the potential of the field of quantum computing and believe it is

worth investing our efforts.
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Appendix A

Driving classical damped harmonic

oscillator

A.1 Damped harmonic oscillator coupled to ther-

mal bath

Following the notation of the study on damped harmonic oscillator with driving

force and fluctuating thermal bath [146], the Langevin equation for a particle is

given by

mẍ+ γẋ+ kx = F0 cos(ωdt) +
√
2γkBTξ(t) (A.1)

where m is the mass of the particle, γ is the damping constant, k is the spring

constant, F0 is the amplitude of the driving force, ωd is the driving frequency, and

ξ(t) is the noise term from δ-correlated Gaussian white noise of thermal bath that has

zero mean and unit intensity: ⟨ξ(t)ξ(t′)⟩ = δ(t− t′). Our interest is the correlation

function ⟨x(t)x(t′)⟩st where ⟨·⟩st is the ensemble average with long-time limit (γ0t≫

1) and γ0 = γ/2m is the damping coefficient.
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First of all, consider the case where there is no driving force, i.e. F0 = 0. The

position x(t) can be written as a sum of homogeneous solution xc(t) and particular

solution xξ(t):

x(t) = xc(t) + xξ(t) = Ae−γ0t sin(Ωt) +Be−γ0t cos(Ωt) +
√

2γkBT

∫ ∞

0

G(t, u)ξ(u)du

(A.2)

where Ω2 = ω2
0 −γ20 , ω2

0 = k/m, and the Green function for strongly damped regime

(γ0 > ω0) reads

G(t, u) = Θ(t− u)
1

mΩ0

e−γ0(t−u) sinh[Ω0(t− u)] (A.3)

with Ω2
0 = γ20 − ω2

0 = −Ω2 and Heaviside step function Θ(t) = 1 for t > 0 and

Θ(t) = 0 for t < 0. Since ⟨xc(t)⟩st → 0 due to exponential decaying terms,

⟨x(t)x(t′)⟩st = ⟨xξ(t)xξ(t′)⟩st = 2γkBT

∫ ∞

0

∫ ∞

0

dudu′G(t, u)G(t′, u′)⟨ξ(u)ξ(u′)⟩st.

(A.4)

After expanding the Green functions,

⟨xξ(t)xξ(t′)⟩st =
2γkBT

m2Ω2
0

e−γ0(t+t′)

×
∫ t

0

∫ t′

0

dudu′ eγ0(u+u′) sinh[Ω0(t− u)] sinh[Ω0(t
′ − u′)]δ(u− u′).

(A.5)

By introducing indicator functions such that χ{0,t}(u) = 1 when u ∈ (0, t) and
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otherwise χ{0,t}(u) = 0,

⟨xξ(t)xξ(t′)⟩st =
2γkBT

m2Ω2
0

e−γ0(t+t′)

∫
R

∫
R
dudu′ χ{0,t}(u)χ{0,t′}(u

′)

× eγ0(u+u′) sinh[Ω0(t− u)] sinh[Ω0(t
′ − u′)]δ(u− u′)

=
2γkBT

m2Ω2
0

e−γ0(t+t′)

∫
R
duχ{0,t}(u)χ{0,t′}(u)

=× e2γ0u sinh[Ω0(t− u)] sinh[Ω0(t
′ − u)]

=
2γkBT

m2Ω2
0

e−γ0(t+t′)

∫ ts

0

du e2γ0u sinh[Ω0(t− u)] sinh[Ω0(t
′ − u)],

(A.6)

where ts = t ∧ t′ is the smaller one between t and t′. This equation results in

⟨xξ(t)xξ(t′)⟩st =
γ0kBT

2mΩ2
0

e−γ0(t+t′)

×
[
eΩ0(t+t′)

γ0 − Ω0

e2(γ0−Ω0)ts +
e−Ω0(t+t′)

γ0 + Ω0

e2(γ0+Ω0)ts

−e
Ω0(t−t′)

γ0
e2γ0ts − e−Ω0(t−t′)

γ0
e2γ0ts

]
,

(A.7)

which reduces to kBT/mω2
0 when t = t′ = ts. To calculate Fourier transform of the

correlation function, let t > t′. Then the correlation function is

⟨xξ(t)xξ(t′)⟩st =
kBT

Ω0mω2
0

e−γ0(t−t′)[γ0 sinh(Ω0(t− t′)) + Ω0 cosh(Ω0(t− t′))]. (A.8)

The right-sided Fourier transform is

⟨xξxξ⟩right =
∫ ∞

0

dτ eiωτ ⟨xξ(τ)xξ(0)⟩st =
kBT

2Ω0mω2
0

[
ωp

ωm − iω
− ωm

ωp − iω

]
(A.9)

where ωp = γ0+Ω0 and ωm = γ0−Ω0. For t < t′, the left-sided Fourier transform is

⟨xξxξ⟩left =
∫ 0

−∞
dτ eiωτ ⟨xξ(τ)xξ(0)⟩st =

kBT

2Ω0mω2
0

[
ωp

ωm + iω
− ωm

ωp + iω

]
. (A.10)
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The total (two-sided) Fourier transform is their sum:

⟨xξxξ⟩ω =⟨xξxξ⟩left + ⟨xξxξ⟩right

=
πkBT

Ω0mω2
0

[
ωp

{
ωm

π(ω2 + ω2
m)

}
− ωm

{
ωp

π(ω2 + ω2
p)

}]
.

(A.11)

It is noteworthy that the total Fourier transform is the difference between two

Lorentzians whose widths are ωm and ωp respectively. Since ωp > ωm, its shape looks

like sharpened single Lorentzian. In extremely damped regime where γ0 ≫ ω0 (or

equivalently ωp ≫ ωm), it follows 1/ω2. This might explain recent experimental re-

sults that measure 1/ω2 power spectrum in ultralow frequency range (below 10−3 Hz)

only with single extremely damped harmonic oscillator [54]. Dutta-Horn model can

also explain the 1/ω2 behavior if the activation energy is very high compared to

thermal energy, which is equivalent to the extreme damping condition.

Assume that the oxide layer is electrically neutral and there is fluctuation of

electric potential. It would shift a charge from its original position, forming a noise

dipole p = xd̂ whose magnitude acts as damped harmonic oscillator coupled to

thermal bath. If the size of the noise dipole is small compared to the distance from

a qubit, it can be approximated to a point dipole whose electric field is

E(r, t) =
3(p ·R)R−R2p

R5
(A.12)

where R = r − r′ is the displacement vector from the dipole to the qubit and the

factor of 1/4πϵ0 is suppressed for brevity. The Fourier transform of the correlation

function for electric field at qubit position is

⟨EiEj⟩ω =
9(p ·R)2RiRj − 3(p ·R)R2Ridj − 3(p ·R)R2diRj +R4didj

R10
⟨xξxξ⟩ω

(A.13)
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where subscripts i, j are Cartesian index. This electric field noise will directly affect

the decoherence of charge qubit while it will be converted to magnetic field noise

that contributes to the decoherence of spin qubit through magnetic field gradients

from micromagnets.

Since a small number of Lorentzians can constitute 1/f noise (roughly one

Lorentzian per one decade of frequency range), this classical model seems to be

enough to explain the noise. Lorentzian shape deviated from power-law spectrum

might be attributed to the stronger effect of noise dipole that is closer to the qubit

than other noise dipoles. The nonlinear dependence of noise power on temperature

may be addressed by introducing nonuniform temperature distribution (or temper-

ature fluctuation) in the layer [94], but still needs further study [147, 148].

The correlation function for weakly damped regime (γ0 < ω0) is

⟨xξ(t)xξ(t′)⟩st =
2γkBT

m2Ω2
e−γ0(t+t′)

∫ ts

0

du e2γ0u sin[Ω(t− u)] sin[Ω(t′ − u)] (A.14)

where the Ω0 in Eq. A.6 is simply replaced by iΩ. Letting t > t′ leads to

⟨xξ(t)xξ(t′)⟩st =
kBT

Ωmω2
0

e−γ0(t−t′)[γ0 sin(Ω(t− t′)) + Ω cos(Ω(t− t′))]. (A.15)

The total Fourier transform is

⟨xξxξ⟩ω =
πkBT

Ωmω2
0

[
(ω + 2Ω)

{
γ0

π((ω + Ω)2 + γ20)

}
−(ω − 2Ω)

{
γ0

π((ω − Ω)2 + γ20)

}]
.

(A.16)

This has more complicated shape than that of strongly damped regime. It consists

of products of linear term and normalized Lorentzian whose center is shifted. With

very small damping (γ0 ≪ ω0), it shows sharp peaks near ω = ±ω0 while it looks
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like broadened Lorentzian centered at ω = 0 when γ0 ∼ ω0. The peak shape might

explain bumps appearing in experimental power spectrum since Lorentzians centered

at zero frequency only have negative slopes. For the same reason, Dutta-Horn model

is inappropriate for reproducing the bumps because the individual power spectrum

of two-level systems in the model is Lorentzian centered at ω = 0.

Let us suppose that an experimental power spectrum comprises Lorentzians cen-

tered at zero frequency from strongly damped oscillators and shifted Lorentzians

from weakly damped oscillators. This can be a mathematical justification, but does

not give any insight for the physical origin of 1/f noise. To validate the damped har-

monic oscillator model, we have to think about the source of each term in Langevin

equation: damping term that dissipates kinetic energy of a charge to thermal bath

and potential term related to natural frequency. The latter can be derived from any

type of potential well that is approximated to harmonic potential near its minimum.

The former might come from the interaction with nearby charges. One of the candi-

dates would be electron clouds of atoms displaced from their equilibrium and closely

packed with other atoms, which is natural in solid state systems. Since supercon-

ductor is usually used for metallic gates in which no resistive force on electrons exist,

the atoms in semiconductor or insulator should be under consideration.

A.2 Driving damped harmonic oscillator

Now let us add driving force term xd to the correlation function such that

⟨x(t)x(t′)⟩st = ⟨(xd(t) + xξ(t))(xd(t
′) + xξ(t

′))⟩st

=

∫ ∞

0

∫ ∞

0

dudu′G(t, u)G(t′, u′)[F (u)F (u′) + 2γkBT ⟨ξ(u)ξ(u′)⟩st].

(A.17)
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As there are no cross terms (due to ⟨ξ(t)⟩ = 0), the correlation function for driving

force can be obtained separately:

⟨xd(t)xd(t′)⟩st = lim
γ0t,γ0t′≫1

∫ ∞

0

G(t, u)F (u)du

∫ ∞

0

G(t′, u′)F (u′)du′. (A.18)

To proceed for strongly damped regime, we need the long-time limit average of xd(t):

⟨xd(t)⟩st = lim
γ0t≫1

∫ ∞

0

G(t, u)F (u)du

= lim
γ0t≫1

F0

mΩ0

∫ t

0

e−γ0(t−u) sinh[Ω0(t− u)] cos(ωdu)du

= lim
γ0t≫1

F0

2mΩ0

e−γ0t

×
[
eΩ0t

(
eωmt

ω2
m + ω2

d

(ωm cos(ωdt) + ωd sin(ωdt))−
ωm

ω2
m + ω2

d

)
−e−Ω0t

(
eωpt

ω2
p + ω2

d

(ωp cos(ωdt) + ωd sin(ωdt))−
ωp

ω2
p + ω2

d

)]
=

F0

2mΩ0

[
1

ω2
m + ω2

d

(ωm cos(ωdt) + ωd sin(ωdt))

− 1

ω2
p + ω2

d

(ωp cos(ωdt) + ωd sin(ωdt))

]
=

F0

2mΩ0

[
1

Am

cos(ωdt− αm)−
1

Ap

cos(ωdt− αp)

]

(A.19)

where Am(p) =
√
ω2
m(p) + ω2

d and αm(p) = tan−1(ωd/ωm(p)). The correlation function

is then

⟨xd(t)xd(t′)⟩st =
F 2
0

4mΩ2
0

[
1

Am

cos(ωdt− αm)−
1

Ap

cos(ωdt− αp)

]
×

[
1

Am

cos(ωdt
′ − αm)−

1

Ap

cos(ωdt
′ − αp)

]
.

(A.20)
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Likewise, the long-time limit average of xd(t) for weakly damped regime is

⟨xd(t)⟩st = lim
γ0t≫1

∫ ∞

0

G(t, u)F (u)du

= lim
γ0t≫1

F0

mΩ

∫ t

0

e−γ0(t−u) sin[Ω(t− u)] cos(ωdu)du

=
F0

mA

[
(ω2

0 − ω2
d) cos(ωdt) + 2γ0ωd sin(ωdt)

]
(A.21)

where A = (ω2
0 − ω2

d)
2 + 4γ20ω

2
d. The correlation function is

⟨xd(t)xd(t′)⟩st =
F 2
0

mA2

[
(ω2

0 − ω2
d) cos(ωdt) + 2γ0ωd sin(ωdt)

]
×

[
(ω2

0 − ω2
d) cos(ωdt

′) + 2γ0ωd sin(ωdt
′)
]
.

(A.22)

In both regimes, the terms that depend on ωd(t − t′) would result in sharp peaks

at ω = ±ωd in the noise power spectrum. The terms that depend on ωd(t + t′) are

hard to be interpreted via Wiener-Khinchin theorem, but can be seen as transients

that do not contribute to the noise power spectrum.

The introduction of driving force seems to be harmful since it adds up peaks at

driving frequency to the noise power spectrum while leaving the original one as it

was. This can be ascribed to the infinite number of energy levels (or displacements)

that classical harmonic oscillator can take. In other words, there is corresponding

energy level given any driving force and thermal bath configuration at certain time,

which means the energy supplied from driving force directly leads to more fluctuating

behavior of the particle.

The classical damped harmonic oscillator model naturally raises a question that

what happens if the energy levels are quantized, e.g. two-level system or quantum

harmonic oscillator. For a quantum model, driving force on noise sources does not

always have a negative impact on the qubit.
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