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Abstract

Random matrices are known as important universal objects in modern probability theory,
and have lots of connections with other areas in mathematics, statistics, physics and the
other subjects. Among the large class of random matrices, the invariant matrix ensembles,
whose distribution is symmetric under certain action, are of great importance and well-
studied. In this thesis, I present two new problems related to the scaling limits and
additions of invariant matrix ensembles. They deal with different objects, but both rely
on the analysis of some explicit expressions given by the corresponding ensembles, which
come from the symmetry they have.

The first direction is about the additions of rectangular matrices for general 8 > 0. In
Xu2023], we define the operation by introducing type BC Bessel functions, some symmetric
function known in special function literature, in the probabilistic context. Then we prove
two global limiting results of the empirical measure of such additions in low and high
temperature regime, by heavily using the rich properties of type BC Bessel functions.

In the second direction, in Gorin and Xu [2024+ my co-author and I study the edge
limit of uniformly random sorting network. It is one of the central objects in combinatorics
and integrable probability. We prove local result that as n — oo, after proper rescling, the
spacing on a fixed row k of the RSN converges in distribution to some limiting distribu-
tion. We further identify this limit as the corner process of the anti-symmetric GUE, and
therefore estabilish a direct connection between sorting networks and invariant random
matrices.



i

Declaration

I declare that this thesis has been composed solely by myself and that it has not been
submitted, in whole or in part, in any previous application for a degree. Except where
states otherwise by reference or acknowledgment, the work presented is entirely my own.



iii

Acknowledgements

I would like to give my deepest gratitude to Vadim Gorin. It was my fortune to have him
as my academic advisor when I came to Madison, to take his classes in probability and
symmetric functions in my first two years, to start reading his monograph and working
on a research project with him in 2020 summer, and to become officially his student after
these. I started my PhD with interest in probability, but almost no idea what the current
research topics are about. So without the detailed and patient guidance from Vadim at
the beginning stage, it’s hard to imagine how I could get into the world of integrable
probability. I was keep impressed by Vadim during these years, for he is always available
to meet and give help in various things, for how helpful his advice could be, for always
generously sharing his thoughts about research and other interesting things, for the support
he gave me to visit Berkeley after he moved there, and also for his personality, that he is
always nice, patient, witty and optimistic to me and also to the other people we meet. I
learn so much from him, not only in those specific ideas in the research projects, but more
importantly in how to learn and think about mathematics, and how to be a nice person in
academia.

I'm also extremely grateful to my co-advisor Benedek Valkd. Since a large part of
my research involves random matrices, it was valuable to meet with Benedek, to get to
know his interpretation to the topics of Beta ensembles as an experienced researcher, and
to learn about his technique during our attempt to solve certain problems. Benedek has
the reputation of being a super kind mentor in the department, and that’s also exactly
what I felt during our interaction. Besides research discussion, I would also like to thank
him for carefully reading my draft of research statement, giving very detailed and helpful
comments, and consistently providing suggestions and timeline reminder, which helped a
lot with my postdoc application. I also benefit a lot from his help in various departmental
issues and his contribution to probability group, including organizing the reading seminar,
the RA he provided, and all the help regarding my thesis defense.

I thank Paul Terwilliger and Tatyana Shcherbina for kindly being my committee mem-
bers. I would like to thank my peer collaborators Shuqi Bi, David Keating, Yun Li and
Lingfu Zhang, both for their great contribution to the projects we work together, and for
our routine conversations that teach me a lot.

I feel necessary to mention the senior and junior mathematicians that helped me during
my PhD: Leonid Petrov, Balint Virag, Cesar Cuenca, Gaultier Lambert, Xin Sun, Margit
Roesler, Michael Voit, Pierre Mergny, Grigori Olshanski, Jonathan Novak, Maciej Dolega
and more. It’s my pleasure to get to know Matthew Nicoletti, Hindy Drillick and Gabriel
Raposo, who I consider as both my peers in probability and friends.

I would like to thank all the faculties, postdocs and students in Madison probability



v

group, for the seminars we have, and for providing a friendly and peaceful environment
that I enjoyed a lot. Below is an incomplete list of names: Timo Seppéldinen, Tatyana
Shcherbina, Hao Shen, Erik Bates, David Keating, David Clancy, Yun Li, Evan Sorensen
and Aidan Howells. I thank Jordan Ellenberg, Dima Arinkin, Daniel Erman, Jose Ro-
driguez, Brian Street, Hao Shen, Tatyana Shcherbina, Paul Apisa and Ivan Corwin for
giving wonderful lectures in algebra, analysis, dynamics and probability, from which I
learnt a lot. I thank Kathie Brohaugh, Sara Nagreen, Xin Cui, Cassie Williams, Melissa
Lindsey and Sharon Paulson in math department for helping me in various things, includ-
ing all the paperwork, printing, improving my teaching statement, writing the teaching
letter and so on.

As for peers in Madison, I would like to thank Ruofan Jiang for patiently giving help
when I suffered in my topology class, Peter Yi Wei, Cheng Chen and Yushu Huang for
the Christmas singing time we shared, Jianhui Li and John Yin for the hot pot party they
organized, Liding Yao for his hospitality at Ohio States, Connor Simpson and Jiankun Li
for the time we shared watching sun eclipse, Alex Hof and Jiwoong Jang for all our joyful
chat in the office, Max Bacharach for the cake he made and the party in his house, and
Ron Yang for all his support and kindness he gives. I would like to thank Yifei Ming, for
the time we spent together as undergrade alumni and roommate.

I cannot forget my teachers during my undergraduate years: Jiangang (Jim) Dai, Yutian
Li and Zhiquan (Tom) Luo and Andreas Seeger. Without their help and encouragement,
I would not have the courage to transfer my major and do a PhD in math. There are a
bunch of old friends that gave me energy during the last fives years, even for most of the
time we are living apart. I’'m thankful to Chuxin, Lishuo, Kang, Cheng, Yihui, Haoxiang,
Xiaoping, Nature and Luka for the great time we share in LGU, and it was a pleasure
each time we got chance to meet after graduation. In particular, I thank Xueqing for
her emotional support during my first year. I’'m thankful to Chongyu, Yishan, Ziping,
Yuanhao, Shaoling, Peng, Tianpeng, Youzhi, Yulan, Yirong, Ruiming, Feiba, STL, Laben
and DJ, for all the joyful moments we had in Grand Canyon, Puerto Rico, Chicago, New
York, the world cup watching group and the Worms party. Special thank to Duizhang
Zhang and Xuebiba Wang, for our daily online chat about everything.

I would like to thank my grandparents, uncles, aunts, cousins, and all my other family
members.

Finally, I thank my parents, for their unconditional support and love.



Contents

[1__Introductionl 1
[L1 Tnvariant random matricesl . . . . . . . . .. ..o 0oL 1
[1.2  p-ensembles| . . . . . . .. 2
1.3 Global imit of rectangular additions| . . . . . .. .. ... ... ... .... 3
1.4 Edge limit of random sorting networks| . . . . . . .. .. ... ... ... .. )

|2 Rectangular additions in low and high temperatures| 8
BT _OVEIVIEW . .« « o o o oo e 8

[2.1.1  Rectangular matrix addition|. . . . . . . . .. ... ... ... ... 12
[2.1.2  Low and high temperature behavior| . . . .. ... ... ... .... 16
[2.1.3  Duality between low and high temperatures| . . . . . . . .. ... .. 21
[2.1.4  Techniques and difficulties| . . . . . . . ... .. ... ... ... ... 22
2.1.5 Further Studies . . . . . . . . . . . ... 24
[2.2  Bessel functions and Dunkl operators|. . . . . . ... .. ... ... ... .. 25
[2.2.1  Symmetric polynomials| . . . . . ... ... 0oL 25
[2.2.2  Type BC Bessel tunctions| . . . . . . ... ... ... ... ...... 29
2.2.3  Type BC Dunkl operators| . . . . . . ... ... ... ... ... ... 34
2.2.4 Matrix addition and moments| . . . . . . . .. ... 36
[2.2.5 Type BC Bessel generating tunctions| . . . . . .. .. ... ... ... 37
[2.3  Concentration in low temperature|. . . . . . . . . .. ... 40
[2.3.1  Finite Law of Large Numbers| . . . . . . . ... ... ... ... ... 40
[2.3.2  Gaussian Fluctuation for 1 X N matrixf. . . . . . ... ... ... .. 48
2.4 Law of large number in high temperaturel . . . . . . . ... ... ... ... ol
241 Mainresultsl. . . . . ... 51
[2.4.2  Asymptotic expression under Dunkl actions| . . . . . .. .. ... .. 54
2.43 Proof of Theorem2.49. . . . . . . . .. ... .. ... ... ..... 60
[2.4.4 qg-y convolution| . . . . . ... ... 70
[2.5  g-y cumulants and moments| . . . . . ... ..o 71
[2.5.1  From g-v cumulants to moments| . . . . . .. ... ... 71
[2.5.2  From moments to g-y-cumulants| . . . . . .. ... ... ... 78
[2.5.3  Connections to self-adjoint additions| . . . . . . . . .. .. ... ... 81
2.5.4 Connections to the classical convolutionsl. . . . . . . ... ... ... 83
[2.5.5 Law of large numbers ot Laguerre 5 ensembles| . . . ... ... ... 87

[2.6  Duality between convolutions in high and low temperaturel . . . . . . . . .. 90




vi

|3 Random Sorting Networks: edge limit| 94
3.1 Overviewl . . . . . . . e 94
B.I.1 Motivationl . . . . . .. . . . . .. 94

B.1.2 Main Resultsl . . .. ... .. .. 97

B.1.3 Methodsl. . . . . .. .. 102

3.2 Preliminaries) . . . . .. . ... 103
13.2.1  Young diagrams and Young tableaux|{. . . . . . . ... ... ... .. 104

[3.2.2  Rotation of Young Tableaux|. . . . . . ... ... ... ... ..... 105

13.2.3  Point processes associated with PY'T{ . . . . . ... ... ... ... . 106

3.2.4  Determinantal Point Processl . . . . ... ... ... ... ... ... 107

[3.2.5  Uniformly Random Projection| . . . ... ... ... ......... 108

[3.2.6  Anti-symmetric GUE|. . . . ... ..o 00000 110

[3.3  Local Limit ot Standard Staircase Shaped Tableaux|. . . . . . ... ... .. 112
[3.3.1 Statement of theresultl. . . . . . . ... ... ... ... ....... 112

3.3.2  Coupling with PYT| . . . ... ... ... ... ... ... ...... 113

[3.3.3  Limiting Processes| . . . . . . . . . ... oo 115

[3.3.4  Connection to Anti-symmetric GUE| . . . . ... ... ... ... .. 118

3.3.5  Proof of Theorem3.3.11. . . . . . . .. ... ... ... ... ..... 122

3.4 Asymptotics for spacings|. . . . . . . ... Lo 123
[3.4.1  Generalities on spacings| . . . . . . . .. ... L 123

[3.4.2  Edelman-Greene bijection| . . . . . . .. ... ... ... 126

3.4.3 Proofs of the main theorems|. . . . . . . .. ... ... .. ... ... 128

|IA Supplementary materials: Symmetric functions and Harish-Chandra in- |
135
IA.1 Dunkl operators and hypergeometric functions|. . . . . . . . . . ... .. .. 135
IA.2  Root multiplicities| . . . . . ... ... L 142
IA.3  Power series expression ot Harish-Chandra integrals| . . . . . . ... .. .. 142

A4

Limit transition of type BC Bessel tunctions] . . . . .. ... ... ... .. 147




List of Figures

vii

M1

A simulation of uniformly random 2000-element sorting network (selected

trajectories shown). Picture by A. Holroyd.| . . . . .. ... ... ... ...

[1.2

A sorting network (s;...sy), N = (g) can be represented as a diagram of

n wires, with wires at heights k and £+ 1 being swapped at time ¢ whenever

s; = k. The left figure shows the wiring diagram of the sorting network

(2,1,3,2,4,3,4,1,2,1) with n = 5. The blue double arrow shows a spacing

in row 3, which is a time interval between two adjacent swaps 73 and it

has length 3 in our example. The right figure gives an example of a size 5

standard Young tableaux with a coordinate system: the numbers in each

row and column increase without repetitions.| . . . . . . . .. ... ... ..

pI

The graph on the left represents a noncrossing partition 7 of [6|, where B; =

{1,4,6}, Bo = {2,3}, B3 = {5}, and the graph on the right represents a crossing

partition 7w of [6], where By = {1,3,6}, By = {2,4}, Bs={5}| . . . . . ... ..

2.2

The graphical representation of the non -crossing partition in Example [2.5.3]] . . .

3.1

A sorting network (sq...sy), N = (,) can be represented as a diagram

of n wires, with wires at heights £ and k 4+ 1 being swapped at time 1

whenever s; = k. The figure shows the wiring diagram of the sorting network

(2,1,3,2,4,3,4,1,2,1) with n = 5. The blue double arrow shows a spacing

in row 3, which 1s a time interval between two adjacent swaps 73 and it has

length 3 in our example.| . . . . . ... ... o oo

2.2

An example of staircase shaped standard Young tableau, with n = 6 in two different

coordinate systems: the right one is defined in Section [3.2.1] and left one 1s defined

I Section 322 . . .

3.9

Producing a point configuration from a PYT T" of shape Ag with entries given in

the figure as in Section [3.2.2[ and [3.2.3F first rotate Ag clockwise by 45 degrees,

then project its entries into a configuration of interlacing particles. | . . . . . . . .

B4

The contours in the statement of Theorem|3.2.4] correspond to the case 2 < x1 < x5

(top) and 2 < x5 < x; (bottom). In the bottom picture, w-contour splits into two

components, in order to guarantee that C, and z; — x5 — 1 — (), are disjoint| . . .

2.9

The contours in the statements of Theorem|3.3.5[and|3.3.6] for the case 1 < 1 < o

and 1 < xo < mjrespectively. | . . . . . ..o oL

[3.6

'Two configurations of point process on discrete circle of length K = 8 de-

scribed in Example|3.4.1] Particles are shown i black. | . . . . ... .. ..




Chapter 1

Introduction

In this thesis, we present a problem about the scaling limits of eigenvalues of certain -
ensembles in Chapter [2| In particular, it considers the additions of rectangular S-matrices
respectively. Chapter[3]is about another problem, that studies the scaling limit of uniformly
random sorting network. We identify its edge limit with an object originated from anti-
symmetric Gaussian unitary ensemble, which is also a class of invariant square random
matrix. Appendix A contains some technical details and backgrounds related to The
following sections in Chapter 1 give a brief overview of related backgrounds and the main

results.

1.1 Invariant random matrices

Random matrices are important objects in modern probability theory. On one hand,
the scaling limits of the eigenvalues of certain large random matrices appear universally
in many other stochastic systems, and on the other hand, there are lots of connections
between random matrices and other areas in mathematics, statistics, physics and the other
subjects. Among the large class of random matrices, the invariant matrix ensembles, whose
distribution is symmetric under certain action, are known to have explicit expressions of
distribution, and therefore well-studied by the random matrix community.

According to the symmetry, there are more than one types of invariant matrix ensem-



bles, and in this thesis we consider the following two types. The first type are N x N
square real/complex/real quaternion matrices, invariant under conjugation of orthogo-
nal /unitary /sympletic matrice, and there are two most classical examples. For simplicity
consider real matrices. Let X be a N x N matrix, Y a be N x M (N < M) matrix, whose
entries are ii.d .47(0,1) random variables. Then X%XT is called Gaussian Orthogonal
ensemble, YY1 is called Laguerre Orthogonal ensemble, and by definition one can see that
they are invariant under conjugation of orthogonal group O(V).

The second type are M x N real/complex/real quaternion rectangular matrices, in-
variant under the left and right multiplication of the corresponding Lie group elements
according to their size and base (skew) field of their entries. One classical example is the
matrix Y defined as above. A usual setting of great interest in random matrix theory is
to study the asymptotic behavior of the (random) eigenvalues of certain matrix ensemble,
when the size of the matrices (dimension) tends to infinity. While there are also interesting
problems about the random eigenvectors, in this thesis we focus on the former. We refer
the readers to Forrester 2010 for a detailed survey of classical results on invariant matrix

ensembles.

1.2 [-ensembles

In literature, the B-ensemble is often referred to the probability density function on V-

tuples of real numbers z1 > zo--- > zn

1
7 H (z;i — ;)" Hexp [V (x)], (1.2.1)
B 1<i<i<N i=1
where Z,, g is a normalizing constant. When g =1,2,4, V(z) = §x2, this gives the eigen-

value density function of Gaussian Orthogonal /Unitary /Sympletic ensemble, and when 8 =
1,2,4,V(z) = g(a +1)—1 log(:n)—gx this gives Laguerre Orthogonal /Unitary /Sympletic
ensemble. The case § = 1,2, 4 correspond to real/complex/quaternionic matrices. For gen-

eral § > 0 the density function still gives a legitimate probability measure of N particles



on R, that is called log-gas system in statistical mechanics, but this in general no longer
correspond to concrete random matrices.

For GBE and LBE (i.e, when 8 > 0 and V(x) is of one of the two forms above), it’s
worthy to mention that Dumitriu and Edelman [2002 give a concrete tridiagonal matrix
realization of the density function. Such construction is later extended by Krishnapur,
Rider, and Virag [2016 to a larger class of potentials V(x). The tridiagonal structure is
known as a main tool to study S-ensembles. However, in this text we generalize certain
matrix ensembles from 8 =1, 2, 4 to 8 > 0 in an alternate integrable approach, in terms of
multivariate symmetric functions. It turns out that for Gaussian and Laguerre ensembles,

such generalization fits well with the density function above.

1.3 Global limit of rectangular additions

Compared to additions of self-adjoint matrices, additions of rectangular matrices are rela-
tively less studied. The classical result in this direction is given by Benaych-Georges [2009,
which considers the additions of two independent M x N matrices, whose singular vectors
are uniformly distributed. It proves a different global limiting result, that the empirical

measure

M
1
par = W;(% +6_¢,) (1.3.1)

of the addition converges weakly in probability to some limiting measure, characterized as
the rectangular free convolution in free probability. Here ¢;’s are the singular values of the
matrix C = A+ B.

In Xu|2023] weconsidered the same type of addition as in Benaych-Georges 2009, more
precisely, let C = A + B of independent M x N rectangular matrices A and B with

uniformly distributed singular vectors, i.e,
d d
A=UAV, B=UBYV, (1.3.2)

where U € U(N),V € U(M) are uniformly random (distributed according to the Haar



measure) unitary matrices. It’s worthy to note that the rectuangular matrices with i.i.d
Gaussian entries satisfy this invariance, so the results of rectangular additions generalizes
those of Laguerre ensembles.

Such addition can be thought as a binary operation of random vectors (@, _’) — C
where the input and output are singular values of the matrix A, B and C. we generalize
the addition from § = 1,2,4 to S > 0, when concrete matrix structure no longer exists,
using the theory of symmetric functions called type BC Bessel function in the literature.

After defining the -addition, we study the behavior of singular values of C' in low and
high temperature regime, and obtained several limiting results. In the low temperature
regime (N, M are fixed and 8 — oo0) the random singular values crystallize at certain
deterministic positions. In high temperature regime, we proved a Law of Large Numbers
on the empirical measure of C in the flavor as described at the beginning of this section,
which at the same time defines a new member in the family of convolutions that we called
q-y convolution. This extends the connection of random matrix addition and free prob-
ability done by Voiculescu (1991 (Hermitian, fixed temperature) , Benaych-Georges [2009
(rectangular, fixed temperature) and Benaych-Georges, Cuenca, and Gorin 2022 (Hermi-
tian, high temperature) to rectangular, high temperature setting. See the following for the

main result.

Theorem 1.3.1 (High temperature global limit, Xu [2023). Take {an}3_q, {EN}%:l to
be two independent sequences of random singular values of (virtual) N x M matrices, and
let 5]\[ = 5]\[ HHJBVM gN-

Suppose for some deterministic {map(A)}r>1, {mor(B)}k>1, as N — oo,

N

1

NZG%ZHW% ; szm—>m2k()
=1

NB

thenasN,M—>oo,%—>q21 — v >0,

N

1

N Z:c%“Z — moi(C),
i=1



Figure 1.1: A simulation of uniformly random 2000-element sorting network (selected
trajectories shown). Picture by A. Holroyd.

for some deterministic {maox(C)}r>1. We write

{mor(C)}rz1 = {mar(A) frz1 Byy {mar(B) br=1,
the q-y convolution. This is a new member in the family of convolutions.

Moreover, we characterize this convolution in terms of its cumulants, and give ex-
plicit combinatorial moment-cumulant relation that allows calculating g-v convolution by

hands/computer simulation.

1.4 Edge limit of random sorting networks

Random sorting network (abbreviated as RSN) is a stochastic system with strong combi-
natorial flavor, introduced in O. Angel, A. Holroyd, et al. 2007, Consider the permutation
group of n elements &,,. We use the one-row notation for the elements of &,, representing
them as sequences (aj as ... an). We let 7, be the adjacent swap (k,k+1),1 <k <n-—1,
so that

(a1 ag ... ap) 7k = (a1 a2 Qp—_1 Ag+1 Gk Qgto ... Qp).
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Figure 1.2: A sorting network (sj...sy), N = (g) can be represented as a diagram of n
wires, with wires at heights k and k+ 1 being swapped at time ¢ whenever s; = k. The left
figure shows the wiring diagram of the sorting network (2,1, 3,2,4,3,4,1,2,1) with n = 5.
The blue double arrow shows a spacing in row 3, which is a time interval between two
adjacent swaps 73 and it has length 3 in our example. The right figure gives an example
of a size 5 standard Young tableaux with a coordinate system: the numbers in each row
and column increase without repetitions.

A sorting network of size n is a shortest sequence of swaps, whose product equals the
reverse permutation (n n—1 ... 2 1). One can show that each sorting network has N = (g)
swaps. The object was extensively studied in combinatorics, see e.g Stanley [1984. Sorting
networks are "integrable", because of a classical combinatorial bijection between a sorting
network of size n and a standard Young tableauz (abbreviated by SYT) of size n given by
P. Edelman and C. Greene [1987. See the right side of Figure for an example of SYT.

Denote the set of all such shortest sequences by €2,,, a random sorting network of size
n is a uniform chosen element in 2,. It is beneficial to think about the sorting network
by its wiring diagram, see Figure and the explanations there. Then the probabilistic
results can somehow be thought as studying the "limit shape" of the wiring diagram, when
n — oo, and therefore can be separated into two groups: global and local. The global
side has already many established results, among which probably the most celebrated one
is conjectured in O. Angel, A. Holroyd, et al. 2007] and proved in D. Dauvergne 2022,
D. Dauvergne and B. Virag [2020, individual trajectories in the wiring diagram become

(random) sine curves.

There are fewer results on the local side, and our work belongs to it. More precisely, in



Gorin and Xu 2024+, we study the asymptotic distribution of the spacing in row k, which
is a distance between two occurrences of the same swap 75 in the sorting network, cf. the
left side of Figure Compared to the previous work V. Gorin and M. Rahman 2019
which studies the spacing on row k = |an] (« € (0, 1) is any fixed constant), so that k lies
in the "bulk" of the wiring diagram, in our setting k € Z>; is a fixed and independent of
n, which gives the behavior of the wiring diagram on the edge.

Our first result considers the so-called first swapping time of a RSN on a certain row
k. We prove that after proper rescaling, this converges in distribution to certain random
variable, that is identified with the smallest positive eigenvalue of a 2k x 2k anti-symmetric
GUE, studied in P. J. Forrester and E. Nordenstam [2009. This gives one more direct bridge
between sorting networks and random matrices. As the second contribution, we connect the
two definitions of spacings with first swapping time and give their quantitative relations.
This allows us to deduce the asymptotic distributions of spacing expressed in terms of the

Fredholm determinants.



Chapter 2

Rectangular additions in low and

high temperatures

2.1 Overview

Addition is one of the most natural operations on matrices. For deterministic matrices,
there was a classical question posed by Weyl Weyl[1912/in 1912, which considers eigenvalues
c1 < ...<¢cyof C=A+ B, where A, B are two arbitrary self-adjoint N x N matrices
with fixed real eigenvalues a1 < ... < an, b1 < ... < by, and try to describe all the possible
values of ¢; < ... < en. Solved by the end of X X' centery due to combined efforts by
Horn, Klyochko, Kuntson-Tao, and others, see e.g Horn (1962 Klyachko 1998, Knutson
and Tao 2001, In random matrices, people usually assume the summands A and B are
random, independent and share some certain symmetries, and the study of this type of
questions have significant connections with free probability theory.

A well-known classical result connecting random matrix addition and free probability is
stated by Volculescu in Voiculescu [1991], which considers the addition of two independent
real/complex/real quaternionic self-adjoint matrices, and relates its asymptotic behavior
as the size of the matrix grows with the notion of free convolution. There’s also another

classical result of similar flavor in rectangular setting. Take {A}37_1, {Bam}37_; to be two



independent sequences of M x N (M < N) matrices with real/complex/real quaternionic
entries, that are uniformly chosen from the set of rectangular matrices with given singular
values apr1 > ... > apy v > 0 and by > ... > by > 0, and let Cy = Ay + By with

random singular values cpr1 > ... > ey > 0.

Definition 2.1.1. For a M x N (M < N) matriz A with singular values ai, ...,apr > 0,

define its (symmetric) empirical measure to be

M
Z Oai +0_a;)-

Theorem 2.1.2. Benaych-Georges|2009, Proposition 2.1 Define {An}35_1, {Bm}37—1 as
above. Assume that M, N — oo in a way that N(M)/M — q for some constant ¢ > 1,

and there exists deterministic probability measures pa, pp on R, such that
]\}E}nooluAIw = pA, ]\}li)nOOILLBM = HUB-

Then the random empirical measure of C, nuc,, = ﬁZf\il(&Mﬂ- + 0_cppi)s converges
weakly in probability to some deterministic probability measure pc on R.

pc = pa By pp is called the rectangular free convolution of pa and up.

The rectangular free convolution is a deterministic binary operation of measures on
R, that itself does not rely on random matrix structure, and it was well-studied in free
probability theory from different aspects. In particular, for each measure p with finite
moments, there exists a collection of rectangular free cumulants {c]}7°, (see Benaych-
Georges 2009, Section 3.1) that are polynomials of moments with explicit expressions,
and these quantities linearize free convolution, i.e, ¢f(ua B pp) = ¢f(pa) + ¢f(np) for all
I’s. It turns out that the existence of such cumulants is a common feature of the various
version of convolutions in free probability theory, and each convolution is characterized by
its corresponding cumulants.

On the other side, there has been lots of papers studying additions of S-ensembles of

random matrix theory that generalize the above theory in different parameter regimes. The
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parameter § > 0 is interpreted in physics as inverse temperature, and the cases 8 =1,2,4
correspond to matrices with real/complex/real quaternionic entries. There are two classes
of matrix ensembles, the N x IV self-adjoint matrix and the M x N rectangular matrices, and
the most classical examples are Gaussian ensembles and Laguerre ensembles, respectively.
For the first class, Gorin and A. W. Marcus [2020] studies the limit behavior of eigenvalues
of C = A+ B when N is fixed and f — oo, Mergny and Potters 2022 first considers
the limiting behavior of additions in high temperature regime in physic literature, and
shortly after Benaych-Georges, Cuenca, and Gorin 2022 proves a Law of Large Numbers
similar to Theorem when N — 00,0 — 0, N0 — ~ > 0, and A. Marcus, Spielman,
and Srivastava [2019,Arizmendi and Perales [2018,Gorin and A. W. Marcus [2020] extend
the theory of convolution and cumulants to finite matrix additions for S > 0. However,
extending Theorem [2.1.2]to general 3 > 0 remained open. The second class is relatively less
understood. Benaych-Georges 2009, Benaych-Georges [2011] study the so-called rectangular
free convolution for 5 = 1,2, N,M — oo and N/M — ¢ > 1, and Gribinski and A. Marcus
2022] Gribinski [2022 study the finite free convolution and cumulants for rectangular matrix
additions for =1, 2.

The matrix ensemble considered in this text belongs to the second class, and we study
the limiting behavior of singular values of C = A + B in both low and high temperature
regimes, more precisely, when M, N are fixed, § — oo, and when M, N — 00,6 — 0, M0 —
v > 0, N0 — ¢v for some ¢ > 1. Note that even defining the operation C = A + B for
B # 1,2,4 is non-trivial, and this is one of our tasks.

Our approach is based on distributions of rectangular matrices in a version of charac-
teristic function. The symmetry of self-adjoint /rectangular matrices with fixed eigenval-
ues/singular values are given by invariance under actions of classical Lie group O(N)/U(N)/Sp(N),
and when 8 = 1,2,4, the matrix characteristic functions have matrix integral represen-
tations with representation-theoretic background. Such functions have natural analytic
continuation to all 8 > 0, and can be identified as eigenfunctions of certain differential

operators. See the following papers Benaych-Georges, Cuenca, and Gorin [2022, Gorin and
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A. W. Marcus [2020, V.Gorin and Shkolnikov [2018| for application of such idea in ran-
dom matrices, and also Bufetov and Gorin 2018, Bufetov and Gorin [2019, Huang [2021| for
the study of more general N-particle system using symmetric characteristic functions of
similar flavor. While the above works deal with self-adjoint matrices, or more generally
N-particle systems that are corresponding to root system of type A with a single root
multiplicity # = /2, rectangular matrices are corresponding to root system of type BC,
that has two distinct root multiplicities parameterized by £ in a more involved way. For
more connections of type BC Lie theoretic object with probability, see e.g Kornyik, Voit,
and J. Woerner [2021}, Voit [2022], Voit and J. H. C. Woerner [2021.

In this text, the randomness of a M-tuple of nonnegative real numbers (which should
be thought as singular values of some M x N random matrices) is characterized by a
multivariate symmetric function, known as type BC Bessel function in special functions
literature. It is also a special case of the symmetric Dunkl kernel, that generalizes the usual
Fourier kernel to nontrivial root multiplicities, see Anker 2017] for a review. Motivated
by the asymptotic behavior in high temperature regime, we apply and further develop a
philosophy, that the limit of partial derivatives of logarithm of our characteristic function
at 0 give a collection of cumulants, and the existence of such cumulants is equivalent to the
existence of limiting moments, which implies that the empirical measure of the random
M-tuples satisfy a Law of Large Numbers. These new q-y cumulants are designed to
linearize the rectangular addition in the regime M6 — v, N0 — g7, while the operation
itself in this limit regime is called q-y convolution. Similar to classical and free cumulants,
they have nice combinatorial relation with moments. Finally, we point out that there’s a
surprising identification of g-y theory with the rectangular finite free probability theory,
which was developed in A. Marcus, Spielman, and Srivastava[2019,Gribinski and A. Marcus

2022, Gribinski 2022 while studying finite rectangular matrix additions.
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2.1.1 Rectangular matrix addition

Throughout the text we always take § =20 > 0, and § =1,2,4 (0 = %, 1,2) correspond
to the (skew) field real, complex and real quaterion (whose real dimension are given by
B). For M < N, given two M x N independent random matrices A and B, we study the

randomness of the sum

C=A+B.

Inspired by the classical theory of summing independent random variables X + Y,

namely, that the charateristic function satiesfies

dx 1y (t) = ox(t) - Py (1),

where t € R is the parameter variable, we have

Proposition 2.1.3. For 6 = %,1,2, let A and B be M x N rectangular independent
random matrices, let Z be N x M an arbitrary deterministic matriz with real/complex/real

quaternionic entries, and let C = A+ B. We have

E[exp (Re(Tr(CZ)))] :E[exp (Re(Tr(AZ)))} .E[exp (Re(Tr(BZ)))]. (2.1.1)

Proof. Re(Tr(CZ)) = Re(Tr(AZ)) + Re(Tr(BZ)), and since A, B are independent, the

expectation of the exponential function factors. O

Let us now rewrite in terms of singular values of A, B and C, and for simplicity
first take 8 = 1, i.e, we deal with complex matrices. In this text, we are considering the
summands A and B that have distribution invariant under left and right unitary actions,
ie,

ALyav, BLUBY, (2.1.2)

where U € U(M),V € U(N) are arbitrary unitary matrices. One example is the real /complex/real

quaternionic M x N Wishart matrix, with i.i.d mean 0 Gaussian entries.
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Note that if A, B satisfy (2.1.2), so is C. For simplicity, in the following discussions we

usually stick to A. By singular value decomposition, it’s useful to write A as UAV, where

al 0 ... 0
a 0 .. 0
A= , (2.1.3)
i apy 0 ... 0_ MxN

a = (a,..,ap) € Rsp, and U € U(M),V € U(N) are random elements under Haar
measures on the corresponding unitary groups. For now, assume that the singular values
of A are deterministic. One can consider rectangular matrices A with real/real quater-
nionic entries and define invariant distribution in exactly the same way, while replacing the
Haar distributed U, V' by elements in orthogonal /unitary sympletic groups O(M)/Sp(M),
O(N)/Sp(N). Similarly for B.

The eigenvectors of AA*, A*A, BB*, B*B are distributed uniformly, and so are eigen-
vectors of CC*, C*C'. Hence the nontrivial randomness of C' is about its singular values.
Also, because of the singular value decomposition in , we can replace the parameter
matrix Z by the form in , where z1, ..., zps are its singular values. Therefore, we
can rewrite the matrix Fourier transform of A in as a function B(@; z1, ..., zpr; 0, N),

such that

1
B(a; z1, 22, ..., 20130, N) = /dU/dVexp <2T7“(UAVZ + Z*V*A*U*)> , (2.1.4)
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where A is defined in the same way as in (2.1.3]), and

Z1
z2
Z = : (2.1.5)
ZM
0 0
0 0
L 4 NxM

0 takes the value 3, 1,2, (21, ..., 2p) € Ry, and U € O(M)/U(M)/Sp(M),V € O(N)/U(N)/Sp(N)
are integrated under Haar measures respectively.
The function B(d; 21, ..., zar; 0, N) is known as multivariate type BC Bessel function in
a general theoretical framework of special functions. We briefly review this framework in
Appendix A, and give more information about the type BC Bessel function in Section 2.2,
2.3 based on the theory.
We note that because of the symmetry of Haar measure, B(@; z1, ..., zp7; 6, N) is sym-
metric in both (ai,...,apr) and (21, ..., z2ar), and without loss of generality we can always
take a1 > ag > ... > aps. Same for matrix B and C. Then Proposition [2.1.3] is rewritten

as the following result.

Proposition 2.1.4. For 0 = %,1,2, fixar > ...>apy >0,b1 > ... > by >0, let Ayyxn
and Byrxn be real/complex/real quaternionic rectangular matrices with deterministic sin-
gular values {a;}M, {0}, and invariant distribution, as in , C = A+ B with

singular values ¢ = (c1 > ... > cpr > 0), then

EB(a 21, 205 0, N) = B(J, 21, ...,ZM;Q,N) B(a 21, ...,ZM;Q,N), (21, ...,ZM) S RM.
(2.1.6)

For general 8 > 0, there is no skew field of real dimension 8 and therefore no concrete -
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rectangular matrices. But motivated by Proposition we first identify an invariant M x
N matrix with uniform "singular vectors" and deterministic singular values aq, ..., aps, with
the M-tuples @. Moreover, it’s known (see e.g Forrester [2010, Section 13.4.3, Ghaderipoor
and Tellambura 2008) that multivariate Bessel functions admit a natural exterpolation from
0= %, 1,2 to arbitrary real 8 > 0. We still denote this function as B(d; z1, ..., zps; 0, N) for
all # > 0. Hence, the M x N matrix addition (of independent summands) is extended to

0 > 0, by generalizing Proposition [2.1.4

Definition 2.1.5. Fiz § >0, M <N, @= (a1 > ... > ay > 0), b= (by > ... > byy > 0),

let € be a symmetric random vector in ]Rglo, such that

E|B(C 21, ..., 2030, N) | = B(@; 21, ..., 20130, N) -IB%(E; 21y 2030, N), (21,00, 20) € RM,
(2.1.7)
We write

¢=am nb.

From the probablistic point of view, ¢'is identified as the singular values of the "virtual"
random M x N matrix C' = A EB?\/[,N B, and B(¢, 21, ..., zpr; 0, N) serves as the character-
stic function of C. From the analytic point of view, the operation in has been
studied previously, in the context of Dunkl kernel and Dunkl translation, see Anker 2017,
Section 3.6. The expectation symbol on the left of holds in the sense that, there
exists a unique generalized functio m on Rgo depending on @ and I;, such that for any
(21, ..., z01) € RM  when testing on B(-; 21, ..., zar; 0, N) we get the right side of , and
in particular when taking z; = ... = zjy = 0 we have m(1) = 1. Note that m is symmetric

in the sense that, for any proper test function f and any permutation o,

<m7f(cla ‘-->CM)> = <m7 f(ca(l)) "'7CO'(M))>7

where (m, f) denotes the value of the functional m testing on the f. Moreover, by Anker

!Throughout this text, we use the term "generalized function" instead of "distribution" to denote a
linear functional on smooth functions, in order to avoid confusion with the probability distribution.
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2017, Lemma 3.23 m is compactly supported.

The rectangular addition @ Hﬂ?w, N b can also be naturally generalized to independent
random M-tuples &, 5, by first taking the conditional event that c_i,l; taking some fixed
value, then applying Definition [2.1.5] Formally, for random M-tuples @ we replace the type

BC Bessel function by
Gno(21, .o 2M) 1= }E[B(&', 215y 205 N, 0)], (2.1.8)

the type BC Bessel generating function of @, and we assume the randomness of @ to be
reasonable, in the sense that the right side of (2.1.8) is finite and well-behaved as an

analytic function of (21, ..., za) € Rys. See Section for more details.

2.1.2 Low and high temperature behavior

By viewing ¢ = a EE?\/[, N b as the random M-tuples of singular values of some M x N virtual
rectangular matrix with invariant distribution, it’s then natural to study the behavior of
¢ from a random matrix point of view. The distribution of ¢ depends on summands 6,6
and parameters M < N,0 > 0. In various regimes of parameters, one can propose the
following questions:

1. For fixed M, N, 6, is the distribution of & given by a probability measure on RJ‘ZJO,
and how do @, b explicitly determine this measure?

2. What’s the "low temperature" behavior of ¢, i.e, when taking M, N to be fixed, and
0 — oco?

3. What’s the "fixed temperature" behavior of ¢, i.e, when taking 6 to be fixed, and
M, N — oco?

4. What’s the "high temperature" behavior of ¢, i.e, when taking § — 0, and M, N —
00, growing in potentially different speed?

This text answers question 2 and 4. For question 1, it is well-believed (but still open)
that the generalized function under ¢ is indeed a probability measure, see e.g Anker 2017,

Section 3.5, and this is related to the positivity conjecture of Littlewood-Richardson co-
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efficients in the theory of symmetric functions, see Stanley [1989, Conjecture 8.3, Roesler
2003al or Gorin and A. W. Marcus 2020, Conjecture 2.1. We do not rely on this conjecture
and instead analyze moments of the distribution of ¢, which can be defined no matter the
positivity conjecture holds or not. See Proposition [2.2.26] for the precise statement.

In low temperature regime, we observe that the random M-tuples are becoming "frozen"
at some deterministic positions. More precisely we have the following statement. Let
1 < M < N, z be a formal variable, (a1, ...,anr), (b1,...,bar) € RJZWO, we define a polynomial

Py n(2) by

Pu.n(z

M:

(M — (M — j)!
( 2. MI(M —1)!

120,52>0,i4j5=I (2 1 9)

~
Il
o

(N]\_”(Z) (]jl;j) ei(a?,...,a%p)e; (b3, ..., bﬂ)) M-l

Theorem 2.1.6. Fix M < N, given d and l;, let ¢ = EL'EH%/LN b. Then as 6 — oo, the

distribution of ¢ = (c2, ...,C?w) converges on polynomial test functions to d-measures on

roots of Pyr,n(%).

Remark 2.1.7. The polynomial Pyrn(z) has previously appeared in Gribinski and A.
Marcus (2022, and it’s shown in Gribinski and A. Marcus [2022, Theorem 2.3 that all
roots of Py n(2) are real and nonnegative, given that a%, - a?w, b%, - b%w are all real and

nonnegative, using the theory of stable polynomials.

In the fixed temperature regime, it was shown in Benaych-Georges 2009 (see Theorem
that for 0 = 2, 1, as M, N — oo in a way that & 37 — 4, we get the rectangular free
convolution. We believe the same result holds for any fixed 6 > 0.

In high temperature regime, when taking 8§ — 0, N — oo and let M, the number of
singular values to be fixed, the type BC multivariate Bessel function becomes a simple

symmetric combination of exponents:

B(d, N0z, .., NOzs; 0, N) — Z He 200, (2.1.10)

O'ES]Ml 1
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See Appendix D for more details. Such limit expression has a clear probabilistic interpre-
tation. Given deterministic M-tuples @ and b as before, let ¢ = (c1,...,cpr > 0) be obtained

by choosing uniformly random an element ¢ in Sj;, and taking

(3, ...,c%) = (a2 + bg(l), o ad F bi(M)).

Moreover, when taking M — oo after and assume the empirical measure

)
M +

1

NE

55512 (xz = ai,M or bz‘,M)

Il
—

of {an}37_1 {EM}ﬁzl converge to some probability measure pi, p1p on R>q weakly, then

so is {€m}37_;, and the empirical measure

He = Ha * [ib,

where * denotes the usual convolution of measures on R.

We see two different limiting behavior of @ Eﬂ?\/[, N b as M — co. For 6 = 0 we get the
usual convolution, and for 8 > 0 we get the rectangular free convolution. This motivates
us to look at the intermediate regime between the above two settings, such that we take
M — oo, N = 00,0 =0, M0 — ~v >0, NI — qv for some ¢ > 1. We are interested in the
sequence of (random) virtual singular values {¢ys = (car1 > ... > ey > 0)}57_,, and we

study the limiting behavior of the symmetric empirical measures of ¢yy.

Remark 2.1.8. The same intermediate regime was considered in S. N. M. R. Allez J. B.
and Vivo [2015, where the authors study the limiting behavior of Laguerre ensemble, and
proved that its empirical measure converges in this regime to some deterministic probability
measure fiq~, which interpolates between Marcenko-Pastur law (when v — o00) and some
version of Gamma distribution (when v — 0). As an application of the theory we develop
in this text, we reobtain this result in Section 2.5.5. There are also similar results for

Gaussian ensemble, see J. B. R. Allez and Guionnet|2012.
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Definition 2.1.9. Let {d}37_ be a sequence of random M-tuples such that dp = (a1 >

.. >ap,m > 0). Denote

M
1
Pk = oM ; [alffw,i + (—anra)"| -

We say {@ns} converges in moments, if there exist deterministic nonnegative real numbers

{my}72 such that for any s=1,2,... and any kq,....,ks € Z>1, we have

S S
li M . 1.
Jim Eﬂpki Hmk (2.1.11)
i=1 i=1
We write
[iM L> {mk}zozl (2.1.12)
M—oco

Remark 2.1.10. Deﬁm’tz’on is intuitively stating that the empirical measure of (apr 1, ..

is converging weakly to some deterministic probability measure with moments {my}7°,, as
long as the moment problem of {my}3, has a unique solution. By definition p,]f\/[ =0 for
all odd k’s, and therefore one can itmmediately see that my = 0 for all odd k’s. The reason
why we use symmetric empirical measure is that there’s mo canonical choice of the sign of

singular values.

Remark 2.1.11. The convergence is well-posed as long as the randomness of dyr’s are
given by compactly supported generalized function, where the expectation E is testing the

generalized function by the polynomial function pg/[ of dnr.

We prove a law of large numbers of the symmetric empirical measure of ¢js, which
is interpreted as the empirical measure of the M x N matrix C' with singular values
CM]1,-- cv,m- We assume the the distribution of each dyy, l_;M is given by some real
valued compactly supported generalized function or exponentially decaying measure. For
the precise meaning of the latter notion and more details of this technicality, see Section

2.2.5

Theorem 2.1.12. Fix v > 0,q > 1. For M =1,2,..., let N(M) > M, (M) > 0 be two

o QM M)
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sequences satisfying N — oo, 0 — 0, M0 — v, NO — qy as M — oo. Suppose for two

sequences of random tuples {anr}37_q, {gM}ﬁ:p

Then

— 0 7 m c\ 00
an EHM,N bm —>MHOO {mitizy,

where {m§}7° | is a sequence of deterministic nonnegative real numbers.

We say {m§}32, is the gy convolution of {m%}% | and {m}}° ,, written as

b
{mi ez, = {mi i, By {mg ez

We provide more properties of the g-v convolution in the following two theorems.

Theorem 2.1.13. There exists a invertible map T?ﬁlk : R — R*°, that corresponds each
{mor}p2 | with a collection of q-vy cumulants {k;}7°,, i.e, {k;}72, = T, ({mar}32,). The

q-y cumulants linearizes q-y convolution: for 1 =1,2, ...,

ka({m$}e21) = ki({m}R2y) + k({m3, }22y)-

ky =0 for all odd l’s. Also mg, mz, mj, are 0 for all odd k’s.

Treating each k; as a variable of degree I, then each may is a homogeneous polynomial
in kp’s of degree 2k, whose coefficients are polynomials of q,v with explicit combinatorial
description. Conversely, treating map as a variable of degree 2k, each even ¢y cumulant

koy is a homogeneous polynomial in may’s of degree 21.

Theorem 2.1.14. When ¢ — 0,qy — oo, the gy convolution of {m{}7°, and {m,ﬁ},‘f’zl
turns into usual convolution of the two corresponding independent random variables, and
the gy cumulants of {m%. }2,, {m8, }32, turn into the usual cumulants after proper rescal-
ing. Simalarly, when q is fived, v — oo, the g-y convolution turns into rectangular free con-

volution, and the ¢y cumulants turn into rectangular free cumulants after proper rescaling.
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Theorem [2.1.12] is proved in Section Theorem [2.1.13] summarizes results in Sec-

tion [2.5.1] and [2.5.2] such that the combinatorial moment-cumulant formula is given in

Theorem and the relation between moment generating function and cumulant gen-
erating function is given in Theorem [2.5.8f Theorem [2.1.14] summarizes the connections
of g-y convolution to classical and free convolution, which are given in Theorem
and Theorem respectively. We also provide a limit transition of our ¢-v convolution
to the y-convolution defined in Benaych-Georges, Cuenca, and Gorin [2022] in Theorem
which is related to the asymptotic behavior of self-adjoint matrix additions in high

temperature regime.

2.1.3 Duality between low and high temperatures

It is observed that in S-random matrix theory, there’s a duality between parameters 3
and % (or 6 with %) For example in Desrosiers [2009, the author gives an equality of
average products of characteristic polynomials of Gaussian/Chiral S-ensembles at 8 and
%. Similarly in Forrester 2022, it’s shown that for Gaussian/Laguerre/Jocobi S-ensembles,
the one-point or higher-point functions that describe the linear statistic of eigenvalues at
low and high temperature can be identified with each other. The phenomena is not yet
fully understood, and one analog exists in the theory of symmetric polynomials, where
there is an automorphism that sends Jack polynomial to its dual by taking the transpose
of its labelling Young diagram and invert the parameter § at the same time, see Stanley
1989, Section 3 or Macdonald 1995, (10.17) for the precise statement. Since in this text
we are considering low and high temperature regimes at the same time, the duality is
indicating some connection between the two regimes. When M, N are fixed, 6§ — oo,
c=a EB?W’ N b concentrate at roots of Py n(z), which are identified as the rectangular finite
free convolution of @ and b defined in A. Marcus, Spielman, and Srivastava [2019, Gribinski
and A. Marcus [2022. When M, N — oo, § — 0, M0 — ~v, N6 — qv, € converges in
moments to the q-y convolution of a, b. We find that the (M, N)-rectangular finite free

convolution and the ¢-v convolution match with each other under certain identification
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of parameters. More precisely, Gribinski [2022] introduces a degree M polynomial as the
so-called rectangular R-transform, that linearizes rectangular finite free convolution. We
treat the coeflicients of rectangular R-transform as the rectangular finite cumulants, and
show that if identifying M in rectangular finite convolution with —v in g-y convolution,
the moment-cumulant relation of rectangular finite convolution and g-v convolution match
perfectly. In addition, since both M and ~ are positive, these two operations are analytic
continuation of each other, and they together extend the moment-cumulant relation to
v € R>gJZ<—_1. See Section [2.6 for more details.

We also note that similar identification of low and high temperature regimes holds
also for self-adjoint matrix addtions. Benaych-Georges, Cuenca, and Gorin [2022 studies
addition of two N x N self-adjoint matrices in the high temperature regime N — oo,0 —
0, N0 — v > 0, and introduces the so-called y-convolution and y-cumulants. On the other
hand, Arizmendi and Perales 2018 introduces a family of d x d free cumulants from finite
self-adjoint matrix additions in low temperature, and the authors of these two papers
discovered that their moment-cumulant relations can also match by identifying d with
—~. We believe that such matching appearing in both self-adjoint and rectangular matrix

additions should not be just coincidence.

2.1.4 Techniques and difficulties

Unlike many other classes of S-ensembles, we don’t have a density function of our object
c=a EE'?\/[, N 5, and because of the openness of the positivity conjecture we can’t even
guarantee that such density exists. Therefore, the proof of main results in low and high
temperature regime, Theorem and Theorem [2.1.12] both rely heavily on moment
calculations. We characterize its distribution using the type BC Bessel generating function
Gn.0(21, ..., 203 €), which is a new object in random matrix literature, and apply two
different approaches in the low and high temperature regime respectively, to extract the

moment information of ¢.

In order to apply such approaches, it’s necessary to figure out the correct notion of
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Bessel function B(&; 21, ..., zar; 0, N) for rectangular matrices. On one hand, we start from
the case 6 = %, 1,2 and define B(¢; z1, ..., zar; 0, N) as the matrix integral in 1' based
on the probabilistic intuition of rectangular random matrices. On the other hand, for
arbitrary ¢ > 0, we define our type BC Bessel function to be a symmetric Dunkl kernel,
that is known as the joint eigenfunction of the corresponding type BC Dunkl operators,
with eigenvalues given by the symmetric moments of ¢. While there are infinite versions
of Dunkl kernels, we choose the root multiplicities m.,, Mie;te; IN & unique way that

1. For 6 = %, 1,2, it coincides with .

2. For general 6 > 0, it has nice explicit power series expansion that naturally extrap-
olates from 6 = %, 1,2.

We find such root multiplicities and verify the analytic and combinatorial properties of
B(; 21, ..., zar; 0, N) in Section by applying the general theory of special functions and
symmetric spaces under random matrix motivations.

In low temperature regime, we use the explicit expansion of Bessel generating function
to calculate the limiting distribution of ¢. And in high temperature regime, we study the
asymptotic behavior of the action of Dunkl operators on G n.9(21, ..., 2ar; €), which extracts
moment information. More precisely, in Theorem [2.4.8] we build an equivalence of the
following two conditions of a sequence of random M-tuples ¢y = (ear 1, ..., Cvm) € Rgo,
M =1,2,..., in the regime M, N — 00,0 — 0, M0 — v, N0 — g~:

1. {€m}37_, converges in moments as in Definition

2. The I*" order partial derivative in z; of In (GN;Q(Zl, ...,zM;E')) at 0 converges to
some real number for all [ = 1,2, ..., and the partial derivatives in more than one variables
among z1, ..., zpr at 0 all converge to 0.

The nontrivial limit of [** order derivative in condition 2 gives the g-y cumulant k;
of {én}37_1, up to some constant. Note that this equivalence itself is independent of
the addition operation, and can be applied to a single sequence of (virtual) rectangular

matrices. See Section [2.5.5] as an example.

Remark 2.1.15. There exists an analog of Theorem in fixed temperature regime (for
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B = 1,2), given in Benaych-Georges 2011| using a different approach that relies on the

concrete matriz structure.

Compared to the previous studies of rectangular additions, which mostly deal with
real/complex matrices, our text defines and considers the general S-additions that do not
rely on concrete matrix structure. Compared to the study of self-adjoint additions, there
are some extra technicality that arise in this text. Firstly, there are two parameters M, N
of the matrix size, and we allow M and N to grow in different speed. More importantly,
because of the more involved root multiplicities, the type BC Bessel generating functions,
type BC Dunkl operators have more complicated expressions, and this makes the combi-
natoric in the asymptotic analysis more complicated as well. Because of the above two
issues, and because of the fact that rectangular matrices are relatively less studied in liter-
atures, it takes more efforts for us to properly define the rectangular version of empirical
measures, moments, cumulants etc, and figure out the limit regime that nontrivial behav-
ior and connection to known objects occur. The readers will also see a more complicated
moment-cumulant relation of our q-y convolution, that can degenerate to the usual, free,
rectangular free and ~y-convolutions which are operations that characterize several other

random matrix additions.

2.1.5 Further Studies

We point out several possible directions for further studies in rectangular matrix addition.
In the regime 8 — oo and M, N fixed, we believe that the fluctuation of ¢ = @ EE?\/[,N b
around roots of Py n(2) will converge in distribution to some Gaussian vector, since the
similar limiting behavior holds for Laguerre 5 ensemble. We are only able to prove this for
the single row matrix, i.e, when M = 1, and the general case remains as an open problem.

This text does not consider the fixed temperature regime, where M, N — oo, N/M —
q > 1 and 0 is fixed. As mentioned previously, we believe that for general 6 > 0, we will
get rectangular free convolution of the empirical measure in the limit.

In the regime M, N — 00,0 — 0,M60 — ~,NO — qvy, we prove a Law of Large
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Numbers of the empirical measure of rectangular matrix addition, and it might be of
interest to go further, and prove a Central Limit Theorem of it under proper assumption
of the summands: for a class of well-behaved test function ¢, testing the empirical measure
with ¢ always gives a Gaussian random variable in the limit. We refer to Guera and Memin
2023 for the result in this flavor on a collection of S-ensembles.

We also note that we only consider the global behavior of the limiting empirical mea-
sure in this text. However, our approach of using Dunkl operators to extract moment
information, might be applicable in the study of the bulk or edge limit of certain matrix
ensemble, including but not limited to rectangular matrix addition.

The chapter is organized as follows. In Section[2.2)we introduce type BC Bessel function
and Bessel generating function, which play the role of characteristic function for rectangular
matrices. In Section [2.3] we study the low temperature behavior. In Section [2.4) we prove
the main theorem in high temperature regime, and introduce the -y cumulants in an
analytic way. Then we study the moment-cumulant relation of g-y convolution in more
details, provide an explicit combinatorial description, and point out its connection with
the classical free probability theory in Section [2.5] Finally in Section [2.6] we check the

quantitative connection between low and high temperature regimes.

2.2 Bessel functions and Dunkl operators

2.2.1 Symmetric polynomials

Symmetric polynomials are common objects appearing in combinatoric, representation
theory, and random matrices. This section recalls basic definitions of several objects in
this subject, that we will use in this text. For a detailed introduction of classical results

of symmetric polynomials, see e.g Macdonald [1995/

Definition 2.2.1. A partition A is a M-tuple of nonnegative integers (A\; > Ao > ... >
Ay > 0). We identity (A1, ..., Aar) with (A1, ..., A, 0, ...,0), and denote the length of \ by

L(X) € Z>1, which is the number of strictly positive \;’s. We say a partition is even, if
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A1y Ay are all even.
Let |\ = Zi(:)\l) Ai. For two partitions A, p such that |\ = |p|, there’s a lexicographical

order between them, that is, X\ > p if and only if for some j € Z>1,
AL = [, ey Aj_l = [j-1 and /\j > .

The combinatoric expressions of symmetric polynomials are often given by sums over

partitions, for which we introduce the following notions.

Definition 2.2.2. A Young diagram is graphical representation of a partition. Given a
partition X\, view it as a collection of || boxes, that there are \; bozxes in the ith row.
In this text we do not distinguish a partition and its corresponding Young diagram. Let
s = (i,5) € X be the coordinate of the box on the j" column and the i'" row in X. Moreover,

let )\;- be the number of boxes on the j** column of \, and
a(s) = ali,j) =X —j, Us)=1(1,5) =X; —i, X =(Ap,..., Ay,).

Definition 2.2.3. For M € Z>1, a symmetric polynomial g(z1,...,znm) is a multivariate
polynomial of variables z1, ..., zps with complex coefficients, such that for any o € Sy, the

symmetric group of M elements, we have

f(zh ey ZM) = f(ch(l)a ey ZG’(M))'

We denote the space of all symmetric polynomials in M variables by Ays, which has the

structure of an (complex) algebra.
We introduce several classical symmetric polynomials as elements in Ajy.

Definition 2.2.4. The monomial symmetric polynomial my’s are a collection of elements

in A indexed by partition X\, such that for [(\) < M,

. k1 k2 kn
my(Z) = E g Zitzp e 2N,

(k1,kn) 1<i1<ia<...<i, <M
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where (ki,...,kn) go over all rearrangements of A1 > ... > Ay without repetitions. We also
take mx(Z) =0 for I(\) > M.

The elementary symmetric polynomials {ek}ﬁ‘il are

€k(g) = Z Ziq Rig - Rip -
1<i1 <ig<...<ip <M
By definition ey, = mqx, where 1% denotes the partition (1,1,...,1) of length k.

The power sums {py}5, are

—

pr(2) z{“ + zé“ + ...+ z]@

By definition ey, = myy, where (k) denotes the length 1 partition \ such that A1 = k.

Remark 2.2.5. [t’s clear from definition that {my} form a linear basis of Apr. Another
important fact is that, {ex L, and {px}$2, are two sets of algebraic generators of Apy,

see Macdonald|1995, Chapter 1.

The Jack polynomials play a central role in this text. Let Z denote (z1, ..., zas) for some
M > 1, fix 0 > 0, and let X be a formal auxiliary variable, 9;,7 = 1,2, ..., M, be the partial

derivative operator in z;; V/(Z) = [[;<;j<p(2i — 2;) be the Vandermonde determinant.
Definition 2.2.6. Macdonald 1995, Chapter VI Let Dy (X;0) be a differential operator
of the form

(2.2.1)

Dy (X;0) = V(2)~Ldet [le_j (zzaaz (M —j)@—i—X)

1<i j<M

Dy (X;0) is a generating function (with variable X) of linear differential operators D3, ..., D3

acting on Ay, such that

M
Dy(X;60) => Dy XM,
r=0

The Jack polynomials in M-variables are a collection of elements Py(Z) in Aps, indexed

by partitions X such that [(\) < M. FEach P\(Z) is uniquely determined by the following
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two properties:

PA(2) = ma(2) + Y up(0)my(2), (2.2.2)

A

where uy,

(0) € R are parameterized by 6, and

Du(X;0)PA(2) = eA(6) Pr(2), (2.2.3)

where c3(0) = M2 (X +67 N+ M —i).

Proposition 2.2.7. Macdonald 1995, chapter VI For M > 1(u), uﬁ(Q) in is inde-

pendent of M.
Because of last proposition, we write Py(+;0) = mx(-) + >, uﬁ(&)m#(~), where - de-
notes (21, ..., zar) for arbitrary M > [(\), which does not affect the combinatorial expansion

in m,’s. We also introduce another version of Jack polynomial.

Definition 2.2.8. The dual of Jack polynomial Qx(+;0) as
Qx(+0) = bA(0) - PA(+;0),

_ (s)+01(s)+0
’wheT@ b)\(g) = HSE)\ m
Remark 2.2.9. It’s a nontrivial fact that Jack polynomials satisfying the two defining prop-
erties exist. The differential operator Dyr(X;0) was discovered by Sekiguchi in Sekiguchi

1976,
Given two Jack polynomials P, (+;6) and P,(-; ), their project P,(+;6)- P,(+;6) is again
a symmetric polynomial, and hence can be written as a unique linear combination of Jack

polynomials. Namely we have the following equality, where C’;\)’“ (0) is the coefficient of

Py (+;0) in the expansion:

P 0)Pu(-:0) = 3 CL¥(0) Pa(50). (2.2.4)
A

We note that C}*(6) is also independent of M because of Proposition m
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2.2.2 Type BC Bessel functions

For positive integers M < N, take a M-tuples of nonnegative real numbers @ = (a1 > ag >
... > aypr) as the given data. The idea of type BC Bessel function B(d, z1, ..., zar); 6) is a
version of multivariate symmetric Fourier kernel, with certain nontrivial root multiplicities

given by parameter 6 > 0. In the special functions literature this is a special case of the

so-called symmetric Dunkl kernel, see Section [2.2.3]

Definition 2.2.10. For 6§ = %, 1,2, M < N, the type BC multivariate Bessel functions

are defined with parameter 0, and M-tuples of ordered real labels a = (ay > ag > ---apr),

that
1
B(a; z1, 22, ..., 20130, N) = /dU/dV exp <2TT(UAVZ+Z*V*A*U*)>,
where ) )
al 0 ... 0
as 0 .. 0
A= : (2.2.5)
i apy 0 ... 0_ MxN
21
22
7= , (2.2.6)
ZM
0 0
0 0
L JNxM

UeOM)/UM)/Sp(M), V€ O(N)/U(N)/Sp(N) are integrated under Haar measures.
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Definition provides an explicit connection with rectangular matrices, where the
integral is of the form as a "Fourier transform"/characteristic function of A = UAV.
However, since there is no (skew) field with real dimension g for general 5 > 0, one need
to define the Bessel functions in an alternate way that does not rely on explicit matrix
structure. For this purpose, we introduce the notion of type BC Jacobi polynomial, which is
indeed the multivariate Jacobi polynomial in Appendix A with a specified root multiplicity
function parametrized by € > 0, and was studied in Okounkov and Olshanski [2006.

For M € Z>1, let W denote the BCy; Weyl group W = Sy x Z3 | which acts on

functions of ¥ = (z1,...,zpr). The Sy part permutes x1, ..., xp7, and the ZY part acts by

F(@) = faf, . ah).

Definition 2.2.11. Okounkov and Olshanski |20000 Take three parameters 0 > 0,a,b >
—1. The type BC Jacobi polynomials are a collection of functions Jy(Z;0,a,b) on the

M-dimensional torus
T = {(xl, ,{L‘M) C (CM, |SL‘1| =..= |{L‘M| = 1},

indexed by partition A\. And Jy’s are determined by the following:
(1). J\(Z;0,a,b) = a:i‘l e x?\‘/]fw + ..., where the dots stand for lower monomials in the
lexicographic order as in Definition [2.2.1, and Jy is W -invariant,

(2). Jx’s are mutually orthogonal in L?(T,w), with scalar product given by

(f. ) = /T (@)3(#)w(#) - Haar(dF),

where

w@ = [ -2 =z ] 10— 2P P
1<i<j<M 1<i<M

Let ®y(x1,...,xzpr;0,a,b) be the normalized type BC multivariate Jacobi polynomials

where ®,(0, ...,0;60,a,b) = 1.

Remark 2.2.12. By taking x; = €% for i—1,2,...,M, each Jy is identified with the Jacobi
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polynomial J5 in Definition where A\, = 2k fork=1,2,...,1(\).

We define the type BC Bessel function as a limit of type BC Jacobi polynomial, then
present a more concrete power series expression of it in terms of Jack polynomials, using

the limit transition.

Definition 2.2.13. Take 6 > 0, M < N, A = |[e Ya1,...,an)], a = (N — M +1) — 1,
b=0-—1, p be a fized vector defined as in , the type BC multivariate Bessel function

labeled by @ = (a1 > ag > ... > apr) s an multivariate analytic function in both @ and

(21, ..., 201), defined by

B(id, z1, ..., zar;0, N) := lim &

2€ez11 2ezprt.
Li—ﬁj(e sy € ;a,b,0).
e—0 2 2

Remark 2.2.14. Because of Remark|2.2.14, each B(@, z1, ..., zpr; 0, N) is identified with fz
in Definition[A.1.10, Moreover, by specifying a,b in this way we take the root multiplicities
Mee, = 20(N — M), may9e, = 20 — 1,Mae,e; = 20, which are parameterized by a single

variable 0 > 0.

Definition 2.2.15. For a partition u, t € R, 8 > 0, let

H(p) = []la(s) + 1+ 61(s))], (2.2.7)
H' () = []la(s) + 0+ 01(s)], (2.2.8)
SEN

and

=]l +5—1-6( —1)]. (2.2.9)



32

Proposition 2.2.16. The limit in Definition exists, and

B(aa 21,5 205 0, N)

_ZH 0(i—1)) 1 —2\M\Pu(a%"" ,a?\/[;e)PH(Z%,"' ’212\/[;9)
N = 71T+ 1) H PL(17;0)

/

_ZH . eN " —0(—1) _TOM—6i-1) HW,oup 2 . 2 op 2.

— 1) 4+ i) T(OM —0(i — 1) + pi) H(p)

(2.2.10)
where p is summed over all partitions of length at most M.

Proof. The existence of the limit is guaranteed by Proposition [A.1.11, Theorem

Remark [2.2.12] and [2.2.14] More precisely, by Roesler 2003b, Theorem 2.32, the multi-

variate Bessel function is meromorphic on m, the root multiplicity function, and the pole
set K™ of m is explicitly given in C. F. Dunkl and Jeu (1994, One can check that for
all @ > 0, m ¢ K*"9. Hence we can do an analytically continuation of (2.2.10) from
nonnegative root multiplicities to all 6§ > 0.

We do a concrete calculation for the explicit expression on the right of . By

Okounkov and Olshanski 2006, Proposition 2.3,

2 ] 2 ]
B a , (2. XMl o b)

2e 2 ’
B Z IM(LQ% — gJ;Q;U + M)P,(2cos(2¢ez;) — 2;0)
- C(M, 11;0;a,b ’
p<l5—5] ( )

where I,(z1,...,x0m;6,h) is defined in Okounkov and Olshanski 2006, Proposition 2.2,

o= (a+b+1)/2, and
C(M, 130, a,0) = L(1; 0,0 + 0M)J, (156, a,).

By comparing Okounkov and Olshanski 2006, (2.3) and (2.4), we see that as an inhomoge-

neous polynomial of 21, ..., xar, I, (21, ..., oar; 0; h) has highest degree term P, (23, ..., 23, 0).

2

y M
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Therefore asymptotically

—

IM(L% - gJ, 0;0 + M) =~ P,(af, a2 0)27 ARl =20l

On the other hand, when € is small,
P,(2cos(2¢zj) — 2;0) = P,(—(2¢zj)*0) = Pu(z]?; 0)(—4)m2lml
so it remains to match the coefficients. This follows by (see Macdonald (1995} (10, 20))

P,(1M;0) = (MH)’;, (2.2.11)

H'(p
and (see Okounkov and Olshanski 2006, Remark 2.5)

C(M,p1;0,0(N—M+1)—1,0—-1)

e HW) ﬁ T (i + (M — i+ 1)0) T(psi + (N — i + 1))

- H'(p) (M —i+1)9) (N —i+1)0)

The following example gives a connection of B(-, z1, ..., zas; 0, N) with the usual single

variable Bessel function.

Example 2.2.17. When M =1,

B(a, iz 6, N) = T(NO) - ()~ By (az),

where By, is the Bessel function of the first kind.

Definition generalizes the notion of the type BC Bessel function to any 6 >
0. In particular, when 6 = %, 1,2, Definition provides an explicit power series
expansion of the matrix integral in Definition 2:2.10] There are more than one way to
show the equivalence of these two expressions, and the one we present below relies on the

representation theory lying behind the concrete objects.
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Theorem 2.2.18. For 6 = %, 1,2,

/dU/dV exp(i- Tr(UNVZ + Z*V*A*UY))

2€z11 2e€zps1.
J(e y ey €5FMY D 0)

where the matriz integral on the left is defined in the same way as in Definition [2.2.10,

only differs by a constant 2¢ in the exponent.

Proof. ® 1ig) (e2511 .., e?*Mi: g b, 0) is identified with spherical function of O(M+N)/O(M) x
O(N), UM+ N)/UM) x U(N),Sp(M + N)/Sp(M) x Sp(N) respectively according to
Theorem [A.1.16] and the root multiplicity list in Appendix B. After limit transition in
Proposition or Remark it suffices to identify the matrix integral with the
corresponding Fuclidean spherical function, which we again refer to Helgason 2001], Hel-

gason [2012. ]

Remark 2.2.19. The expression of matrix integral in Definition [2.2.1(] as power series in
Definition s not new, and could be found in Forrester|2010, Section 13.4.3 with a
different proof. See the Appendix C for more information and yet another short proof of

this result.

2.2.3 Type BC Dunkl operators

As a special class of differential operators, Dunkl operators were introduced in C. Dunkl
1989, and can be thought as a generalization of the usual partial derivatives on multivariate
analytic functions, that take Fourier kernels as eigenfunction. We briefly review the basic
general theory of Dunkl opertors in Appendix A, and in this section, we specify to a special
class of rational Dunkl operators under root system of type BC, which is parametrized by
a single variable & > 0 and plays a central role in Section [2.3] For the convenience of

readers, we redefine this operator in a more concrete and straightforward way.

Definition 2.2.20. For N > M > 2.0 > 0, let D; be a differential operator acting on
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analytic functions on CM with variables z1, .., zyr, that

Di=d+ 6N~ M4 1) - 7T 40> [i'_"”‘ ¢, (2.2.12)
g

Zi — Z]' Zi + Zj
where o; interchanges z; and —z;, 05 interchanges z; and zj, and 7;; interchanges z; and
—Zj.

Remark 2.2.21. D;’s are special cases of the rational Dunkl operator in Definition[A.1.9,

such that the reflections s, for a € R are specified as following:
0 = Se;s Oij = Sej—ejr  Tijg = Se;tej-
Moreover, the root multiplicity function is given by mie, = 20(N — M), mig., = 20 —

1, Mpe;+e; = 20, the same as type BC Bessel function in Section .

Proposition 2.2.22. C. Dunkl[1989 The Dunkl operators of same root multiplicities com-
mute, i.€,
D;D; = D;D;

forany 1 <1i,7 <M.

The following result provides connection of type BC multivariate Bessel functions and

Dunkl operators, namely, the former are eigenfunctions of the latter.

Definition 2.2.23. Fiz M > 1. For k= 1,2, ..., denote
P, = Df + ...+ D%,

Theorem 2.2.24. Given d = (a1 > ... > apy) for each k =1,2, ...,

M

PorB(ad, 21, .., 205 0) = (Z(%’)Qk) -B(d, 21, ..., 2013 0). (2.2.13)

=1

Proof. This is a special case of Definition [A.1.10] ]
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Remark 2.2.25. From Proposition one can see that B(d, z1, ..., zpr; 0) is symmetric
under actions of Weyl group of root system BC}yy, namely, invariant by interchanging z;
with z; and replacing z; by —z;. Similarly, it’s necessary to take symmetric power sum of

D's with even power, which satisfies the same symmetry.

2.2.4 Matrix addition and moments

For¢=da Bﬂ?\/], N g, we assume in this section that Ei,g are deterministic, and recall from
Definition that the distribution m of € is given by testing on type BC Bessel function.
Note that polynomials are bounded and smooth on compact sets, and therefore are legit-
imate test functions of m. Moreover, by Proposition Bessel function is analytic and
symmetric on CM, so we can view it as a generating function of symmetric polynomials

of M variables ¢y, ..., car. More precisely, by expanding Bessel functions on both sides of

(2.1.7)) using (2.2.10)), we have the following:

Proposition 2.2.26. For each partition A with I(\) < M, let ¢ = dBﬂ?\LN l;, then

s o H()\) [T, TN =i+ 1)TO(N —i+1) + )
EPy\(cf, ..., 3 0) = |v|+|zu|:=>\| H@)H (@) TIM, TON =i+ 1) +v)T(O(N — i + 1) + p;)
Py(1M;0)
Py (1M 0) P, (1M 6)

CYH(0)Py(ai, ..., ay; ) P (b, ..., 033 0)

(2.2.14)

where v, u are two partitions of length at most M .

Proposition [2.2.26] provides explicit data of the distribution of random singular values
a Bﬂ?\/[’ N b in terms of moments. It is believed, but not yet proved that m (with such
moments) is indeed a (symmetric) positive probability measure on RM. For g = 1,2,4
this holds automatically because the probability measure is constructed explicitly by the
matrix structure, (and Roesler 2007, Corollary 4.8 provides an explicit expression of this
measure for N > 2M), while for general § > 0, the randomness of @ HH?W’ N b holds and is

studied in this text in the weaker sense given by (|2.2.14]).
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2.2.5 Type BC Bessel generating functions

For @ = (ay > ... > apy > 0), we assume that @ is random, and its distribution is given
by a symmetric generalized function m, testing on smooth functions and in particular

polynomials on ]R%.

Definition 2.2.27. Fix M < N,0 > 0. Given a compactly supported symmetric gener-
alized function m on ]Rjzwo defined as above, let the Bessel generating function of m be a

function of z1, ..., zp given by
Gno(2z1, .0y 2msm) == (m,B(d, 21, ..., 205 N, 0)), (2.2.15)

where the bracket denotes testing m by B(d, z1, ..., zar; 0, N), in which @ are the variables

and 21, ..., zp1 are parameters.

We also define the Bessel generating function for a class of fast decaying probability
measures, for potential applications of our theory (see e.g Section [2.5.5)). As preparation,

we state a uniform upper bound of multivariate Bessel functions.

Proposition 2.2.28. For any § > 0, M < N, d = (a1 > ... > ap) € ]Rjgo, z =

(21, ..., 201) € RM  we have

0 <B(a,z1,....,20;0,N) <

1 a2 \? am]™
1+9(a12z> ™ ] , (2.2.16)

and for any ki,...,ks € Z>1,

s M
Silb

i=1 \j=1

QN

1 (ai]z]\? auzl M
al|z aylz
1+0< ) > z] . (2.2.17)

Proof. From Proposition it’s clear that B(d, 21, ..., zar; 0, N) > 0, and since P, (1;6) =

S
| <H ngZ) B(a, z1, ..., z2m30, N)
i=1
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B(d, z1, ..., zar; 60, N)

_ 6(i —1)) (Me),u —2| |Pu(a%7'” 7a?\/[;0)PM(Z%7"' 72]2\/[;6)
ZH z—l) ) HGOH (1) ' P (1M;9)2
0Gi—1)) (MO oy 20l 2l
_ZH 1—1)+m)H(u)H'(u)2 e
—0(i—1)) TOM—6(—1)+ )
<ZH{ 0~ 1)+ ) TOM -0 1)) ]
1 1

) 92l ,2Iul ,2lul
M M i—1 . 1 1

Hz 1 M’L Hz_ 7:0 (0 =+ ])
CL1Z1)2W

1 1
= (
= Z M M i—1 ;
p1>.>pa >0 Hi:l ! Hi:1 H?:o (0+3) 2

0 M 00 204
1 a1z \ 2w 1 1 (a1|z|) Hi
< (27 <II (1 + X5
= i1 . = T
i=1 ,M-Zo F‘ilngzo 0+4)\ 2 i1 le 0 [(pi — 1) 2
M
< M 14 1 CL1|Z| 2 12|Z| — |1 1 CL1|Z| 2 a12|2|
= o\ 2 ) )| Ta\l2 )¢
i=1
(2.2.18)
This verifies (2.2.16]). (2.2.17) follows from ([2.2.16|) and Theorem [2.2.24 O]

Definition 2.2.29. We say a measure m on M-tuples a; > ... > apr > 0 4s exponentially

decaying with exponent R > 0, if

/eMRal,u(dal, oy dapr) < 0o

By Proposition [2.2.28 and Definition [2.2.29] the Bessel generating function of m, where
m is a compactly supported generalized function or exponentially decaying measure, is
well-defined on a domain near 0. Moreover, we will take m to be of total mass 1, which

means (m, 1) = 1, where 1 is the constant function 1. So we have

Gnp(0,...,0;m) = 1.
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Now we generalize the addition to random vectors @ and b following Definition m

Definition 2.2.30. Given 8 > 0, M < N, let @ = (a1 > ... > apy > 0), b= (by > ... >
bar > 0) be two random M-tuples whose distribution are given by generalized functions m,
and my on Rjgo. Let ¢ be a symmetric random vector in Rjgo whose distribution is given by

generalized function m., such that
GN,Q(ZI, ey ZM mc) = GN’Q(Zl, ey ZM 5 ma) : GNyg(Zl, ey ZM 5 mb). (2.2.19)
We write
¢=am nb.

Since B(z1, ..., zar; 0, N) is behaving nice enough in the analytic sense, one can inter-
change the differentiation over zi, ..., zps and the pairing with m, and therefore Theorem

[2:2.24] generalizes to the following.

Theorem 2.2.31. Let m be a symmetric compactly supported generalized function on RM
or a exponential decaying measure as in Definition with exponent R. Let k1, ..., ks €

Z>1. Then Gng(z1,..,2a;m) is analytic as a function of (z1,...,2a) (in the domain {z €

RM . |z| < R} in the second case). Moreover,

s s M
(Ilfbm)<?Nﬁ@q,sz;m)21“JMO=:<meI( (aﬁ2m>>. (2.2.20)

i=1 =1 gj=1

The above properties also hold for
Gno(215 0 2msme) = Gng(21, o0, 205 Mg) - G (21, -0 200 M),

where mg, my, are of the above two types.

Proof. This follows from dominated convergence theorem, where the uniform upper bounds

of B(-, 21, ..., z2a; 0, N) and its derivatives are given by Proposition [2.2.28 O
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2.3 Concentration in low temperature

In this section, we fix the size of matrices M,N and the input as deterministic input a,
5, and study the behavior of ¢ = @ EE?\/I,N b as 0 — occ. According to the statistical physic
interpretation, when 6 — oo the temperature is going down to 0, and hence the random

vector ¢ will freeze at some deterministic M-tuples.

2.3.1 Finite Law of Large Numbers

Before taking the limit, we consider the expected characteristic polynomial of CC* for each
0 < oco. It turns out that the expression does not really depend on 6. The following lemma

will be used later in the proof. Let C}*(0) be the coefficient defined in

Lemma 2.3.1. When A = 1Y, C{*(0) # 0 only when v = 1%, p = 19, and i + j = L.

Moreover,
l l0—mb+1
14,19 . Hm:l ( 10—mO+1 )
Cll (6) = Hz (i@—m@—f—@) J (j97m9+9) ) (2.3.1)
m=1\40—mb+1 m=1\j0—mé+1

Proof. This is studied in Gorin and A. W. Marcus 2020, and for the convenience of the
readers we reproduce the proof. Applying the automorphism wy of the algebra of symmetric
functions (see Macdonald [1995, Chapter VI, Section 10, which acts on Jack polynomials

in the following way:

wo(Pr(5:0)) = Qy (5071, (2.3.2)

(2.2.4) becomes

Qio,.) (5 0")- Qio,.)( 071 = Z C;lj’lj(g) Q (5 o7 1). (2.3.3)
I

Recall that Qx(;6) = bA(6)Pr(+;0) = 5’(();\)) Py(-;6). By comparing the coefficient of the

leading monomial 2!, we have

(2.3.4)
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and C[}" = 0 if v or p has more than one column. O

Theorem 2.3.2. Fiz M < N, given a and l;, let ¢ = (i'EE?VI Nl_;. Take z as a formal variable,

and let
M

P n(2) =E[J(z = ). (2.3.5)
=1

Then the explicit expression of P&N(z) is O-independent, and
Py n(2) = Pun(2)

Jor all 6 > 0, where Py n(2) is defined in (2.1.9).

Proof. Rewrite the product on the right side of (2.3.5) as

it turns out that PJ‘\9/I, ~(2) is given by the moments of {¢?}, only in terms of elementary

symmetric polynomials.
Taking the partition A = (19,0M=7), P, (2;0) = ¢;(z) for any § > 0. We use Proposition
[2:2.26] and it remains to specify the coefficients. From Lemma [2.3.1] we get

H' (1Y I!

H(1! i 14
O o)

H(1)H(15)
Moreover, direct calculation yields

ey (1) WM —i)l51(M — j)!

e;(1M)e;(1M)y — MUY(M —1)!

and when A = 1, v = 1%, u = 17,

[LLTOW =i+ )TOWN —i+ 1D+ X)) (N =il (N —j)!
[LLTON —i+ D) +o)TON —i+ 1) +p) N (N=Db

Combine all these together finishes the proof. O
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We highlight the connection of our result with the so-called finite free probability, which
was initiated in recent years by Marcus, Spielman and Srivastava and studies convolution of
polynomials. Given two polynomials p(z) = Eij\io M q(z) = Zf\io 2M=ip; with degree
at most M, A. Marcus, Spielman, and Srivastava 2019 defines the rectangular additive
convolution for two M x M matrices, and Gribinski and A. Marcus [2022] generalizes it to
arbitrary rectangular matrices, such that the (M, N) rectangular additive convolution of

p(z) and ¢(z) is defined as

p(z) BBy q(z) = % A1) <(Mz\;!2\y%z;!j) = 8\'7(N ; )')aibj'

In Gribinski and A. Marcus 2022} it is shown that taking p(z) = x.(4A*), q(z) =
Xz(BB*), where A and B are two M x N real/complex matrices, taking x.(-) to be
the characteristic polynomial det(zl — ), and let Uprxar, Vxny are independent Haar
orthogonal /unitary, then p(z) BEY;q(2) = Ex.((A + UBV)(A + UBV)*). Theorem m
generalizes this operation from g = 1,2 to arbitrary 8 > 0, with a different approach
not relying on the concrete matrix structure. In particular it shows that the rectangular
additive convolution is f—independent.

Our next result is the law of large number of ¢ = 553?\4,N b in the regime 6 — co. As
preparation we state a combinatorial result. Given partitions v, i, A such that vy, 1 < Aq,
[(v), U(u), L(N) < M, let {k;} be anindex set that l = 1,2, ..., \g— A1,k = 1,2, ..., M, and
{ir, }, {jr} be two collections of nonnegative integers. We do not distinguish {ig, };* ’“ Ak+1

Ak—A . . .
with {ik, , }1 2, PO, where 0 € Sy, is an arbitrary permutation, and same for

—Ak+1

>\k >\k+1
{Jkl

Proposition 2.3.3. Let C)"' be the coefficient of my(-) in the expansion

my() - mp(-) =) O ma().
A
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Then

CU" = # ways to choose {ig, },{jk,} such that for m =1,2,.., M,

M Ag—Ak4+1
Um = E E IikZZm;
k=1 =1

M A—Akt1

,Um—z Z Ijkl>m
k=1 =

Proof. We choose {ig, },{j,} in an explicit way. By definition of C}*, we are combining

(2.3.6)

column Ul, with column ,ug to get a column )\; , where [1, lg, I3 are chosen among 1,2, ..., A\1,
and ’Ul , ul might be of length 0. Inspired by this, let {zkl /\’““ be the length of (distinct)

columns of v, {sz )‘k“ be the length of (distinct) columns of p, which are chosen to

’

AMH,...,AM.

We immediately see that the above way to choose {iy,},{ji,} satisfy (2.3.6), whose

contribute to A
total number is equal to C';/’” . It remains to check each way of choosing {i, }, {jk,} can

be interpreted in this way. Given a sequence of nonnegative integers {iy, }, {Jjx, } satisfying

(2.3.6), we have for m =1,2,..., M,

M Ak—Ak41
—Umi1 =) Z

k=1 =

M )\k >\k+1

= Hmt1 = Z Z Ijkl

(2.3.7)

Then one can split {ig, }7.0 /\k A1 (k=1,2,..., M) into disjoint groups, such that the number
of elements in group m is exactly v, — vy+1, which is equal to the number of length m

columns in v. Vice versa for {ji, };= /\’“ Ak+1 (k=1,2,...,M). O

Proof of Theorem[2.1.0: The weak convergence to a delta function on polynomial test func-

tions is equivalent to the statement that, given any arbitrary collection of polynomials



44

fi, ..., fn of M variables, we have
: (2Y — T (2
0hm E‘,le1 fi(c?) ehm J:ll {Efl(c )} ) (2.3.8)

Since ¢ is symmetric in distribution, if suffices to consider symmetric polynomials in
A s, which can be generated (in the sense of algebra) by elementary symmetric functions

e1, ..., ep. Since ([2.3.8)) is multilinear in fs, we reduce to showing for any positive integers

[
lim Eﬁ ei(2)F L lim ﬁ [Ee-(c_é] B (2.3.9)
b—o0” 1 ! 60+ ! ' e

Once we show this, the deterministic limit of ¢ will be a M-tuples X, such that E [ez(é')} =
ei(X) for all i = 1,2, ..., M. Then Theorem identifies X with roots of PY, ().
We connect the left side of (2.3.9) with Jack polynomials, using the following result

(Stanley (1989, Proposition 7.6):

M
lim Py(21, ..., 203 0) = [ [lei(21, ..o za0) 00, (2.3.10)
60— o0 paie]

for any partition A\. Then, let \; = k; + ... + kpy, the left side of (2.3.9) becomes the limit
of EP)\(ca; 0), since each product of ei(ca)/ s has bounded expectation for 6 > 0 due to the

fact that ¢ is bounded supported. Again by Proposition [2.2.26

22 H(\) [TX,TON =i+ 1)TON —i+ 1)+ \)
EPy(ct,...,ca0) |v|+%=>‘| H(v)H(u) Hf‘il D(O(N —i+1) +v)D(O(N —i+1) + )
Py(1M: 9)
Py(1M;0) P, (1M 6)

CYM(0)Py(ad, ..., adp; 0)Pu(b?, ..., b3,; 0).

(2.3.11)

Taking 0 — oo,

M
— TV = m 4 1)rmomm,

m=1

[TX,DON —i+1)TON —i+ 1)+ \)
TIX,TON =i+ 1) +v)T(ON — i+ 1) + ;)
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and since by definition
Po(50)Pu(10) = > CYM(O)PA(50),
A

applying wg on both sides (c.f. the proof of Lemma [2 , and use the fact that (see

Stanley |1989, Proposition 7.6)

lim P)\(Zl,...,ZM;9> :mA(zl,...,zM), (2312)
0—0
we have
H(\) » limg_oo H (N
CYH(0) it~ — O - 7 - 7
VO g R N g B (0) - Tingo B0 o1y
HSEA(Z(S) + 1)

—conr .
A HsEv(l(s) + 1) : Hse,u(l(s) + 1)

Moreover, applying (2.3.10|) again on ___have) Py(a?,...,a3,;0)P, (b3, ...,b%,;0), the

Po(1M,0) P, (17736) °
right side of (2.3.11f) goes to

M MyNi—Ait1
Z v " [Tsen(l(s) +1) [Tizy ( i ) ’
by M (M\Vi~Vi+1l 7y M M\ Hi i+l
vl pl=(Al [Lse,(U(s) +1) - Hseu(l(s) +1) || bl ( i ) " [is ( i ) .
M M M
H (N —m4+ 1)>\rvrm H [Ci(a%, - a%w)}vi—vi+l H [e,‘(b%, - b%w)}m—uiﬂ ‘
m=1 i=1 i=1
(2.3.14)
On the other hand, by Theorem the right side of (2.3.9)) is equal to
M
r 2 1A Ak+1
[T [Ele)]
k=1~
r Ak —Ak+1

ei(al,...,a3p)e;(b3, ..., e3;)

M . .
_ (M — )M = j)' (N = )N - j)!
=11 > “nar—wr mov-w;

k=1 |i+j=k
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It remains to check that (2.3.14)) is equal to (2.3.15)).
We open the bracket in (2.3.15)), and identify each term in the sum with a unique

collection of nonnegative integer valued indices {k‘l} )‘k“(k’ = 1,2,..., M), such that

ik, + jr, = k for each [. Moreover, such term is a multiple of

M M

Vi—V4 o
[T [estat, s adn)]™ " T Leatt, i)™
=1 i=1

where for i =1,2,..., M,

M Ap—Ak+1
vi = vig1 =) Z Liyy=m:
k=1 =1
M A=Akt
—pir1 = Z Ljy =m, (2.3.16)
k=1 =1
M Ap—Ak41

)\i_)\i—i-l Z Z Ik ms
k=1 =1

which matches (2.3.7). Hence it remains to match the coefficients, i.e, to show that

> ﬁAMkH [(M_ikl)!(M—jkl)! (N — ik )H(N — )"

| A ] A
iny ik b=l =1 MM — k)! NI(N —k)!

2l [Licall(s) +1] (2.3.17)

Xi—\;
I, (2 -

N R G

We first rewrite the left side:

(N —m + 1) m—vm=pm,
1

(M — ig /(M = ji)! _ ﬁ(

M . — .
(M — k)" M = 1y e Tinsn) - (2.3.18)

m=1
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hence

m [V ) O o)t 7 M5

=

k=1 =1 (M - k)'M' (N _ k)'N'
M ZM ZAk k41 [I e Lok }
= L@ —m 1= RIS S (2.3.19)
m=1
M
H (N m + 1)2,1? 1 ZAk Ak41 [Imgkflmgikl ,[mgjkl].
m=1
On the right side,
M M
_ Am—Um—pm __ _ Zk IZAk Ak +1(I Sk_Imgik _Imfjk )
H(N m+ 1) —H(N m+1) l )
m=1 e
(2.3.20)
And
M
( ) H (M —m+1) I=Ip>it1=Im>n— i+ (2.3.21)
m=1
hence

HM (M) Ai—Ait1
i=1\;
) (]\14) vi*”iﬂl l—[i\/ll (M) M= fit1

I

Ap—A
Zk 12 k kot |:Ik' zflzk =1 Ijkl:i]

-és

s
Il
—

(M —m+1) (Zﬁl[l_lmzi“_lmz’””“]> (Zk DIl [Ik:i—fikl:i—fjkﬁiD

I
=

1

3
I

A=A
(M —m + 1)Zk DY [Imﬁkflméikl7IMSJ'1€I]+[IszfilirlJFIsz—jkl+1*Im2M7k+1]‘

I
=

1

3
I

(2.3.22)
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Finally,

)‘k Akt1
Sk 12— + ImZMfilirl""IWLZIVIfjkl+1_Im2M7k+1

=

(M —m+1)

3
I

)‘k Ak+1
Sl Dy [—(Iikle—m-;-l Ik >M-—mt1tle>nm— m+1)j|

Il
=

(M —m+1)
m=1
(2.3.23)
M _
_ H m211cw:1 ;\:1 s [Imgk—fmgikl_fmgjkl}
m=1
_ HJ 1)‘3' _ Hs A[( ) ]
H] 1 ]‘ HJ 1 ,LL] Hsév[l(s) 1] HSE;L[Z( ) + 1]
(2.3.17) follows from (2.3.20)), (2.3.22), (2.3.23) and Proposition [2.3.3] O

2.3.2 Gaussian Fluctuation for 1 x N matrix

Take M =1, so that A and B are two 1 x N matrices with singular values a1, b; > 0, and
let ¢ = a1 EB%N b1. When taking § — oo, Theorem shows
c% — /\%
in moments, where
Ec? = Rep(c?) = a? + b2 = A2, (2.3.24)

Based on this result, we consider further the fluctuation of ¢; around A\ in 8§ — oo

regime, which turns out to be a Gaussian random variable under proper rescaling.

Theorem 2.3.4. For ai,b1 > 0, let)\l—al—l—bl, andcl—alEﬁle. As 0 — oo, we

have:

Vo2 -2 -4 7, (2.3.25)
where Z ~ A (0, £a3b?}).

Remark 2.3.5. We expect the Gaussian fluctuation behavior of ¢ = &’Eﬂﬁm\,g when 6 — oo,

for general M > 1, and we leave the generalization of Theorem[2.5.) as an open problem.
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Proof. We first show that the convergence holds in the sense of moments. By Proposition

[2:2.20] for all l = 1,2, ...

|
A Y I TENICON +D) oo, (2:3.26)

a
w5 Bk T(ON + k)T (ON + ko) !

since in (2.2.14) X = (1,0, ...), v = (k1,0,...), p = (k2,0,...) and CY¥(9) = 1.

Then for m € Zx,

E(cf = AD)™)
S (=1)*m!  (ky + ko)! T(ON)L(ON + k1 + k2) 2k1 2k

2 2\k
b
(k1 + ko)lk!l Eilko! T(ON + k))D(ON + ko) ! (a1 +b7)

k1+ko+k=m

Voo lslka! T(ON + k)D(ON + kg) )

k1+ko+ks+ks=m

This implies for fixed Ij + Iy = m > 0, coefficient of monomial a?"*6*2 in E[v(c2 — X2)]™

is

S i i (—1)%  T(ON)T(ON + 11 + ls — ks — k) 2327)
ll — k3 '/€3 l2 — k‘4)!k‘4! F(@N +1; — kg)F(QN + 1y — k4) o

k3=0 k4= 0
l1 lo ll ks lo—ks
I+l (-1) T(ON)T(ON + +ks + k)
B " : 2.3.28
Y kSZWZ (h = k3 k3! (I — ka)lka! T(ON + k3)I'(ON + ka) ( )

It remains to match the above expression with moments of Z. We use the following

lemma, whose prove is postponed.

Lemma 2.3.6. For anyl =1,2,..., with z as a formal variable,

(a).
! (1-p)
Z l— z+p)(z+p+1)...(z+p+q—1):0 (2.3.29)
p=

ifq=0,1,2,...1—1.

(b).
! (l P)
Z l_ z+p)(z+p+1) (z4+p+qg-1)=1 (2.3.30)
p=



50

ifq=1.

Without loss of generality, assume that [y > Iy in (2.3.28)), and we rewrite ([2.3.28) as

B Z 1)2=ks  D(GN) b (—1)hhs
lg — k4 ky! F(HN + k‘4) (ll — k‘g)!kg!

(ON+k3)(ON+hs+1)...(ON+ks+ka—1) |

By Lemma the sum in the bracket is nonzero only when k4 = [;, which implies
Iy =1, m=11 + 1o = 2[y, and (2.3.28) becomes

2101 (2[1)' 1
0 .
f 1! QN(QN + 1)(0N +1; — 1)

Therefore, the odd moments of v/8(c? —\?) are all zero, and the 2k moment of v/8(c? —\?)

is equal to

2k (2k)! 1 % 1 2k
0 b
VO ON(ON + 1)..(0N + k— 1)L

which converges to
(2k)! 1 a2k 2 \k 2k 2k
o vRer o = (k= D) ety

as 8 — oo. This coincides with the moments of Z ~ .47(0, Nale) By Example and
Marserevic and Pogany [2019, Theorem 2, which states that products of two usual Bessel
functions can be written as a convex combination of Bessel functions, we have that for
each § > 0, ¢? is supported by a legitimate probability measure py. The convergence of
second moment when § — oo implies that {ug}eso are tight, hence follows from

the moment convergence. ]

Proof of Lemma[2.3.6. (a). Expand the polynomial of z. For each coefficient of 20, 21, 22, ..., 29,
it can be written as a polynomial of p with degree at most ¢ with integer coefficients, and
hence an integral linear combination of p,p(p—1),p(p—1)(p—2),...,p(p—1)--- (p—q+1),

so the left side of (2.3.29)) becomes an integral linear combination of binomial sums of

_1 -
2 U —(p)!()p mr T (=)
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which equals to 0 when ¢ <1 —1.
(b). Following the same idea as (a), the only nonvanishing term is the coefficient of 2°,
which equals to
zl: D 1) (p— 14 1) zl: D™ g
——pp — e (p— =+ = . —=1.
—n)lp! — o)l (p =)
(I —p)ip! —(l=plp-1)

p=0
2.4 Law of large number in high temperature

In this section, fix two parameters v > 0,q > 1. we explore the behavior of empirical
measures of a M x N random matrix C', in the regime that taking M, N — oo, § — 0,
MO — ~, NO — qv. To simplify the notation, sometimes we only write M0 — co, N0 — g~

to denote the same regime.

2.4.1 Main results

Consider M-tuples of real numbers ¢ = (¢; > ... > ¢pr > 0), which should be thought as
singular values of some (virtual) rectangular matrix. Suppose that there is a sequence of
random M-tuples {¢i}37_; where ¢y = (cm1 > ... > ey, > 0), and the distribution
of &y is given in the sense as in Theorem Denote its empirical measure by pyr =
31 it Fens + 0eny ).

We set up a condition in terms of moments, that under some mild technical assumption,
is equivalent to the weak convergence, in probability, of the random empirical measures
{par} to some limiting probability measure p when M — oo. The moments of p are all

finite and given by my’s.

Definition 2.4.1. (LLN) Let {Canr}37_, be a sequence of random M-tuples defined as above.

Fork=1,2,..., denote
2M

1
pi = i Z[Cﬁ/f,i + (—eara)"]-
=1

We say {Cnr} satisfies a law of large numbers, if there exists deterministic real numbers
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{my}32, such that for any s=1,2,... and any ki,....,ks € Z>1, we have
S S
lim E|[pd = . 2.4.1
Jim }:[lpki ]:[lmk (2.4.1)

Denote the Bessel generating function of ¢ by
GM,N;@(ZI, ceny ZM) = GN’Q(Zl, s ZM mgM).

Recall from the Section that Gar,n0(0,...,0) = 1, and Gar ni0(21, ..., 20r) s analytic

on a domain near (0, ...,0). Under these conditions, In(Gar,n.9(21, ..., 20)) is analytic near

(0,...,0), and In(Gar,n:6(0, ..., 0)) = 0.

Next, we introduce a condition of the partial derivatives of In(Gas n:0(21, ..., 20r)) at 0,

as M — oo.

Definition 2.4.2. (q-y-LLN-appropriateness) Given the sequence {Cn}35_q, if for a se-

quence of real numbers {k;}7°,, the following limits hold:

[

(Cl) MQH’YI,NQ—H]V azzl n( MyNye) =20y =0 ( ) 1y fO'I" a ,1 € >1
(b) li 0 8l(G ) 0, for all v > 2, and i €7
. 1m n . =0, forallr > 2, and i1,...,1
MO—y,No—qy Oz, 0z, MNOT| = 1 r € L>1

such that the set {i1, ..., i, }is of cardinality at least two.

We say {ki}72, are the limiting q-y cumulants of {Chr}.
Remark 2.4.3. By Proposition ki are always 0 for all odd [’s.

Remark 2.4.4. Writing

8 (e.)
M,N,0 _ _ M,N,0 _1—
g (2) = %lTL(GM,N;H(ZHOa -y 0)) = ?_1: kA,

we have

M,N,0
k IEAR]

1 > ki
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as MO — v, N0 — q~.

Our main theorem connects Definition and gives a quantitative relation
between moments and g-y cumulants of the limiting empirical measure of {1 }37_,, which
is stated using generating function. Consider R[[z]], the space of all formal power series of

variable z with real coefficients.

Definition 2.4.5. Let a(z) be an element in R[[z]]. We define four linear operators acting

on R[[z]] to itself, such that for any n =0,1,2, ...

Zn—l

(
(

0

=N -
0
> 1
even;
( =
2 —

1). 0(=") :
2). d(z") :
3). d (2"

odd,
4). *a (")

n = 0;
" on>1,
n s
2L s

(4). *q =a(z) 2"

Definition 2.4.6. Let Tﬁlm : R® — R™ be an operation sending a countable sequence

{ki}72, to another sequence {moy}7° , such that for each k =1,2, ...
1, 2k—1
ma= ) (04 2+ (0= 107 - P +4) oo (242)
where [2°] takes the constant term of the formal power series in R|[[2]], and

g(z) = Z k2t
=1

Remark 2.4.7. Note by a simple induction on k = 1,2, ... that implies each moy,

s given by

a positive constant time kog, + a polynomial of ko, ky, ..., kop_o.
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Hence, Tﬁim is an invertible map, such that given a sequence of real numbers {maoy}3°

there exists a unique real sequence {k;}7°, with k; = 0 for all odd s, and T{",  ({ki}52,) =
{mar},. More precisely, {mgj};?:l are corresponding to {k;}?,. We denote the inverse
map by

{ka} = T3 ({mar}).

In Section we provide various points of views on the maps TTY — and T

k—m m—k*

We are ready to present the main result now.

Theorem 2.4.8. (Convergence of empirical measure in high temperature) The sequence
of random M-tuples {Cn}S7_, satisfies LLN, if and only if it is g-y-LLN-appropriate.
If this occurs, we have

{ma iz = Ty, ({ki}20), (2.4.3)

where {k;}7°, are the ¢-y cumulants corresponding to {ma}72 ;.

2.4.2 Asymptotic expression under Dunkl actions

The proof of Theorem [2:4.8| is relying on the actions of Dunkl operator introduced in
Section [2.2.3| on Bessel generating functions. Before proceeding to the proof, we first study
the explicit expression of this action in detail.

Consider a symmetric function F(z1,..,zp) which is analytic on a complex domain

near 0. Then the Talor expansion of F of k" order is

Flayman) = S ch-ma(®)+0(zI[F*Y), (2.4.4)
A<k, (<M

where m) () is the monomial symmetric polynomial indexed by A. If we further assume

F to be a symmetric function in 22, ..., z%m then

¢) is nonzero only if \ is even. (2.4.5)
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Fix M > 1. Recall we denote
Py =D} + ...+ Dk,

where D; is defined in Section [2.2.3]
The following theorem is a technical result on the explicit expansion of exp(F'(z1, ..., 2pr))

under the action of Py’s, and it serves as a stepping stone to the proof of Theorem [2.4.8]

Theorem 2.4.9. Fiz k = 2,4,... and a even partition \ and |\ = 2k. Let F(z1,...,z0)
be a symmetric function on RM satisfying (2.4.5), analytic on a domain near (0, ...,0) and

F(0,...,0) =0. Then

= b§ . cf‘; + Z bf‘L . c’;
pelpl=k, () >1(N)

z1=...2s=0

100
Ml HPM exp(F' (21, ..., 201)
1=1

F L1 <0 <2k — 1) + Ry(c%, [u] < 2k) + M Ry(cl, o] < 2K),

(2.4.6)

where bf; are coefficients that are uniformly bounded in the limit regime M — oo, N —
00,0 — 0, MO — v, NO — qv, and the notation (i) denotes the partition (i,0,...,0). In

particular,

1)
lim b} = T [ M = 24+ 207) (0 = 2+ 207)(\ — 4 = 207) (A — 4+ 27)

M8, NO~qy i=1 (2.4.7)
(24 2¢7)(2+ 27)2q7} ;
and
' (N 1,
L) 1<i<ok—1)= H ([20](8 +2vd+((¢ — 1)y — 5)d + *g))‘ilg(z)>
=1

—2k(2k — 2+ 2q7) (2k — 2 4 27)(2k — 4 — 2¢7)(2k — 4 + 27)

(242072 + 29)207 - ¢ - Ty

(2.4.8)
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The operator ,d,d and xq are defined in the same way as in Deﬁnition and

g(z) == ch&,@z”fl.
i=1

Here, L, Ry and Ry are all polynomials of ci.’s, whose corresponding variables are given
in the parenthesis, and the coefficient of each monomial is uniformly bounded in the limit
regime. Moreover, each monomial in Ry contains at least one Cy where I(v) > 2. If we
assign ¢y, with degree |v|, each summand on the right of 18 homogeneous of degree

k.

We postpone the proof of Theorem to next section, and using its result, we are
able to prove Theorem [2.4.8
Proof of Theorem . We first assume the sequence {¢y/}37_; is q-y-appropriate,
with limiting g-y-cumulants {k;}7°,. We need to show {Car}37_; is satisfying LLN with
moments {ma )7, = T4, ({ki}i2,).

Denote the type-BC Bessel generating function of ¢y by Garn.e(21, ..., zar). By The-
orem [2.2.31] the left side of (2.4.1)) before taking the limit is given by

(2.4.9)

z1=...=zp=0

M—® (H szi> Gunio(21, -0y 201)

i=1
For each M = 1,2, ..., without loss of generality assume ki > ko > ... > ks and iden-
tify (2k1,...,2ks) with a partition X\. Also since Gjs n,g is analytic on a domain near
0 and Gum,ne(0,...,0) = 1, there is a function Fiysn.9(21,..., 2p) analytic near 0 and
exp(Funo(21, . 2m)) = Guno(21, - 20m), Fane(0,...,0) = 0. We write Fiyn.p in

terms of its k*" order Talor polynomial

Funo(etnan) = S0 by, - ma(2) + O(I).
wilpl<k, l(p)<M

After the above identifications (2.4.9) satisfies the condition of Theorem [2.4.9] Then we
turn it into the expression on the right of (2.4.6)), and take the limit M6 — co,NO — ¢.
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By g-v-appropriateness,

lim m _F M)~ 0, if l(p) > 1

n
Cp - ) Cr
M6—00, No—qy ~MN:0 n M0O—s00, NO—sqy +MN:0

A v . - . Tha a
Hence Zurlu\:k,l(ubl(/\) by, - Chyg e UIDS 1O 0, since each summand contains some term

converging to 0, and

0 ifs>1

DA-Chyr o — 4 (2k1 — 2+ 207) (2k1 — 2 + 29) (2ky — 4 — 2g7) (2k1 — 4 + 27)

(2k1)

(24 297) (24 27)2qy - ¢V ko, ifts=1.

The polynomial L converges to

S

T (110 + 21+ (0= 10y = ) + 2% g(2))

=1

—(2k1 — 2+ 2¢7)(2k1 — 24+ 27)(2k1 — 4 — 2¢7)(2k1 — 4 4 27)...(2 + 2¢7) (2 + 27)2q7 - ko,

where g(z) =3, kn2" ', since Y 7, ncFM .. ez"_l converges coefficient-wise to g(z).

The polynomial R; converges to 0, also because each summand contains some factor
CUF]W,N;G with {(v) > 1, that vanishes in the limit regime. The polynomial M ~! Ry vanishes
as well in the limit since all its coefficients converge to 0. Combining all the results above
gives

lim EHP% = H ( O+ 2vd+ ((g— 1)y - %)d' + *9)2’”19(2')> :

M—o0
=1

which is equal to [];_; may, that {mo}32, = T{”  ({k;}°;). Hence the LLN condition

k—m
of {¢nm}37—, is proved.

Now we go in the opposite direction, that assuming {éns}37_, satisfies LLN for some

: IS:17
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{my}32,, ie, for all even partition A,

1(\)

M) HP)\Z, exp (FM,N;H(Zh - ZM))
=1

N0—>q'y
mew
z1=...=zp=0 M6O—=00 -

—

_ v . : . .
where Fiynio(21, - 2M) = D2 (<M Prr o -m,, (%) is an analytic function near 0 satis-

fying exp(Fan.0) = Gar,nig- We need to show:

\ 0 I(A) > 1 or X is not even
Fruve — 9 (2.4.10)
25N = (2k)
2k

in the limit regime M6 — ~, N0 — qv, where {k;}7°, = TE7| ({mar}32,).

Note that we only need to consider the case |A| is even, and C%MW;Q = 0 for all v not
even, since the type BC Bessel function of each ¢y is a symmetric function in 27, ..., 23,,
by Definition and Proposition [2.2.26] We proceed by induction on |A|.

For |A| = 0 there’s nothing to show. Suppose the result holds for all |A\| < 2k — 2, we
now consider the partition that |[A| = 2k. By Theorem for each M, N, 6, we have a

(finite) system of linear equations of

,u
{CFM,N;G }v: [v|=2k, l(v)>l(X), v is even-*

A
b CF]\/I N; 9+ Z by, - CFur N0
v: |v|=2k, l(v)>I(N), pis even

18))

:M_Z(A) HPA'L eXp (FMJV;H(Z;[) ey ZM))
=1

— L(cf), 1< i< 2k—1)

z1=...20s=0

_Rl(U

CFM,N;e’

lv| < 2k) — M Ry(cY

CFM,N;e’

lv| < 2F).
(2.4.11)
We observe that if we write it in the matrix form in the lexicographical order of v’s intro-

duced in Section the above system is upper triangular, and again by Theorem [2.4.9

its diagonal entries b,’s all converge to some nonzero constant in the limit regime, and the
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off-diagonal entries are uniformly bounded. Hence the matrix is invertible asymptotically,
and its inverse has uniformly bounded entries.

Claim: If \ # (2k), the right side of (2.4.11]) converges to 0 in the limit regime.

Proof of the claim: R; — 0 by induction hypothesis (recall that each of its term involves
some partition v with [(v) > 2), and Rs — 0 since the coefficients all vanish in the limit.

By the LLN condition,

1A

— L

HPA exp(F(z1, ..., 201)

z1=...2p1=0

and by Theorem and Definition when X # (2k), each \; < 2k and
L(Cgl)wNﬂ? 1 S Z S 2k — 1) e Hmi\va;e’

where {mMN 9}k21 =Ty ({1 C%L,N;G }724)- By induction hypothesis {i- CgJ)M,N;G}?il —

N;0

{ki};2, pointwisely for [ < 2k, and hence m;-w’ " — m; pointwisely for j < k, and

, I
L) 1<i<2k—1) — [ma,

C
Fynie’
=1

as well. ]

Because of this claim, we conclude that when M6 — v, N0 — ¢, the solutions of the

linear system converge to the zero vector, in particular,

> — 0 for all |\ = 2k, \ # (2k). (2.4.12)

CFyno
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It remains to consider A = (2k). This time we write down a single identity

k) (2k) %) w
b(%) ' CFM,N;9+ Z bl() ). CFu N0

v |v|=2k, I(v)>1, p is even

:Mﬁlpgk [eXp(FMJV;g(Zl, ey ZM)] — L(C%L,N;e’ 1<i<2k— 1)

z1=...2p1=0
— Ri(Cpy y» V] < 2k) — M_1R2(C%M,N;9’ lv| < 2k).

(2.4.13)

We have that

2k 2k
LHS = b{5) - 2+ o(1),

oo (n)

where g no(2) = >0 nep N'ez”_l, because of Theorem [2.4.9| and (2.4.12). And

0 1. 2k—1 (2k)  (2k)
RHS = may, — [27] (6—!— 2yd+((¢—1)v— §)d + *gM,N;O) gmNo(2) + b(Qk) "CFu e +o(1)
because of Theorem and the LLN assumption. Hence, when M0 — v, N0 — g,
0 1., 2%k—1
[z ](3 +2vd+ (¢ = 1)y —3)d + *gM,N;g) gum,N0(2) — mog.

By Definition m the invertibility of T?”, ~ and the induction hypothesis, this is equiv-

alent to

in the limit regime, that kg, is in the image of T",; ({ma;}52;). This finishes the induction

step and therefore the proof. O

2.4.3 Proof of Theorem [2.4.9]

We start by reducing F(z1,...,zy7) from a (locally) analytic function to its 2k Talor

polynomial.

Lemma 2.4.10. For F(z, ..., zpr) of the form M, denote F'(z1, ..., zp1) = EA:IMS% <M -
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mx(2). Then for a partition \ with |\| = 2k, we have

exp(F(z1, ..., 2pr))

h

exp(F zl,..., M)) a0

I

21,ee,201 =0

Proof. Since F is analytic near 0, write exp(F(z1, ..., za7)) and exp(F (21, ..., zas)) as sym-
metric power series. Their difference R(2) is a power series of order O(||z||**!). Since
H%(A) P,, is a homogeneous polynomial of D;’s and each D; reduces the total power of a

=1

monomial by 1,

O

e
1=1

By Lemma [2.4.10] in the remaining of this section we take

F(Zl,...,ZM): Z C;‘;m)\(é’)

A A <2k, L(A) <M, even

Hi(z/\l) P, is a sum of products of D;’s (i = 1,2,..., M). For each product of the form

DI*...Dj}* acting on exp(F(z1, ..., zu)), by (2.2.22)) the order does not matter. Recall

ij 1 — Ty
D; =8+ |O(N — M+1)—] GZ[Z_Z z-—i—Tz]'
7 g i 2

Observe that D;[exp(F(z1, ..., zar))] is of the form H(z1, ..., zpr) exp(F (21, ..., 20 )), where
H(z1, ..., zpr) is a polynomial of 21, ..., zps, and for any i, D;[H (21, ..., 2 ) exp(F (21, ..., 201))]

is still exp(F'(z1, ..., zar)) multiplied by a polynomial. More precisely,

OilH (21, ..y zar) exp(F (21, .oy 201))]

(2.4.14)
- (@H(zl, v zng) + H(z1, oy 2000 F (21, ...,ZM)) - exp(F(21, oy 2a1)),

1—o0;

~ [H(z1, ..., 20r) exp(F (21, ..., 201))]
i (2.4.15)

— (1 _JiH(zl,...,zM)> ~exp(F(z1, ..., 2m)),

Zq
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1—o0;;
Zig[H(zl,...,zM) exp(F(z1, ..., 20))]
v . (2.4.16)
g
= (JH(zl,...,zM)) ~exp(F(z1, ..., 2m)),
Z; —Zj
1— 7
7W[H(Z17"'7ZM) eXp<F(Zlv"'7ZM))}
zi + 25
(2.4.17)

1 -7y
=(—H(z1,...,2 >~e F(z1,...,20m))-
(ZiJrzj (21, 21) ) - exp(F (21, .., 2m))

We see that Hi(:)\l) [DT*...D}'] exp(F (21, ..., 201)) is obtained by acting a polyno-

21,020 =0

. o 1= 1—7is
mial of 0, lzf’l, Zlf;j , ZﬁTZ on F(z1,...,zp), then take the constant term. Then we have

the following basic observation.

Proposition 2.4.11. For any M-tuples of nonnegative integers ny, ..., s,

[D;“ - D"MM] exp(F(21, s 201)) (2.4.18)

21,2700 =0

is a homogeneous polynomial in c%’s of degree Zz]\i1 n;, if taking cf. to be of degree |v|.
Moreover, the coefficients of this polynomial are all uniformly bounded in the limit regime

MO — ~, NO — gv.

o, 10y 1—7y .
Proof. Each of 0;, 1;2, Z,fzj, ' ;J, reduces the degree of a monomial by 1, the constant
1 7 J 1 3

term of [D]“ ...Dﬁ”] exp(F(z1, ..., zpr)) is then obtained from some monomials of 21, ..., zp/

of degree Z'f\il n;. Since ¢}, is the coefficient of m, (%) which is of degree |v|, by assigning
¢} with degree |v| one can pass the degree of the original monomials to their resulting

constant terms.

Each D; is a sum of 2M single operators 8;, :=%, =% and 17 in which 2M — 2

zi ) zi—2zj zi+z;’

terms involves a factor #, and hence DJ*'...D}}M is a sum of 2M 3Ly products of single

operators. The constant term of each of these products acting on exp(F(z1,...,za)) is
changing with M, N, as a muliple of ity ni—#0i’s in the product " and the number of such
products is of order O(M 3Ly ni—#0y’s in the product) - Hence as M@ — v the coefficient is

uniformly bounded. O
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Proposition 2.4.12. For a partition A\, we have

LA
Mﬁlo‘) HP)\Z eXp(F(Zl,--wZM))
=1

214201 =0

o (2.4.19)

= | TI(D | exp(F(en, s 200))
i=1

in the limit regime MO — ~v, N0 — q~, where O(ﬁ) is a homogeneous polynomial of c}.’s

(taking ¢4 to be of degree |v|) whose coefficients are of order O(55).

Proof. Each Py, is a sum of M terms D])-‘i (j=1,2,...,M), hence Hi(z’\l) P, is a sum of MM
such terms, in which O(Mlo‘)_l) terms have not all distinct indices j’s. By Proposition
[2.4.1T]each of these terms has uniformly bounded coefficient, hence they together contribute
O(4;)- As for the remaining terms with all distinct indices, by symmetry of F(z1, ..., za),

their action are all the same as Hi(:)\l) (D;). O

After all the reductions above, it remains to study

LN

H(Di))\i exp(F(z1, ..., 20r))

5 215,20 =0
=1

for an arbitrary partition A, whose expression should match the right side of . The

expression on the right side of can be splitted into three parts: the linear polynomials

of c%’s, the terms involving only c}%’s where v are length 1 partitions, and all the other

remaining terms. In the next two Propositions, we deal with the first two cases separately.

Before that we present several lemmas that will be used in the proof. Consider the action

of Hi(:)\l) D;"' on m,(Z). Each D; is a combination of 0; + [§(N — M + 1) — %]1;—:” and
1—0y; LX)

+ 1576 | with M — 1 choices of j # 4, hence [, Di)‘i will lead to a big sum,

2i—2j zi+2;

whose summands are products of these two terms.

Lemma 2.4.13. For arbitrary partitions X\ and p, the constant term of Hi(jl) D;\imu(g)

has a generic part, which is contributed by the summands of Hi(:)\l) Di)‘i i which all the
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indices j are distinct, and all bigger than I(X\). The remaining part is of order O(ﬁ) in

the limit regime MO — ~v, N0 — q~y.

Proof. For k =0,1,...,|A], the number of summands in the remaining part (which means

their exists a pair of indices that coincides) with & components of [if_o;y + ij:; ] is of
i T 2j i T Rj

order O(M*~1), and the power of 6 in these summands is k. Since M6 — v > 0, the

remaining part is a finite sum of order O(M*~16%), which is O(3;). O

Because of this, we only consider the limit of the generic part of the expression. For

simplicity we write [ = [(\).

—

Lemma 2.4.14. The generic part of constant term of Hﬁzl D;\"m“(z) is given by
(DN 0y) o [Py ] - [ DY oy | (2). (2.4.20)

Proof. For m = 1, because of the symmetry, m, (%) is invariant under the action of o;, 0;;
and 7;; and hence D;m,, (%) is equal to 0ym, (7).

For m = 2,3, ..., 1, after acting [D:;l"i‘ll_lam] - [Di‘l_lal] on my,(Z), since the generic
part has distinct indices j’s bigger than [()\), we get some polynomial H(z1, ..., zpr), where
the operators act on variables 21, ..., zm—1 and z;’s (j > [). Hence H(z1,...,2p) is still
symmetric as function of 22, and z?, for another different 5 in the first D,,,, invariant again

under the action of oy, 0y; and 7;;. We conclude that

m—1 m—1

D, ka*‘lamfl] [Df“l@l]mu('z) = O kafl_lamfl} [D?lilal}m“(g)'

O]

Remark 2.4.15. One can replace m,(2) by F(z1,...,z2p) or exp(F(z1,...,2m)) in last

lemma, since these functions satisfy the same symmetry.

The next lemma considers the concrete action of D; on a polynomial of zq, ..., 2.
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Lemma 2.4.16. For an arbitrary l-tuple (nq,...,n;) € leo and arbitrary i = 1,2, ...,1, we

have that for the generic part of D;,

17 , 4 .
Dile .2 = (az- + [H(N —M+1) = 3| di+20(0M - 1)di> 22+ (2] + 2,
J#i
(2.4.21)
where pjl,pé are some polynomials of z1, ..., z; depending on (nq,...,n;), and d;, d; are linear

operators on polynomials of z1, ..., zpr such that

0 n = 0; 0 n 1S even;
di(z') = d;(z') = (2.4.22)
22{“1 n >0, 2:"71 nis odd.

Note that the the action depends whether the power of z; is odd or even.

Proof. This follows directly from definition. More precisely, for j > [,

0L 2] = [ 2]+ 2,
Zi — Zj
0T [ ] = [ + 2,
zi + 25 ! ! J
and
1—o0; /
012 = dife ),
Zq
O]
Proposition 2.4.17. For even partition A with |\| = 2k, we have
1(\) 1
[T | exp(F(z1, ... 2)) = -p+ > by - g+ R+ O0(=).
. 21,e,201 =0 M
i=1 wilpl=2k, W(p)>1(X)

In particular,

I(\)

lim b =]] [/\z’()\i_z‘f‘QQ’Y)()\i_z‘f‘QQ’Y)O\i_4—2(l’7)()‘i_4+27) T (2+2qv)(2+2v)2qv}
MO—~,NO—qvy i1
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The summand R is a polynomial of ¢% that [v| < 2k. And O(55) denotes a linear polynomial
of ¢} such that |v| = 2k, and the coefficients are of order O(ﬁ) in the limit regime of this

section.

Proof. Since the expression on the right is homogeneous of degree 2k, all the nonlinear

terms are collected as R, and it suffices to consider the linear terms, which is

A
Z by - -
ilp]|=2k, p is even

We classify all the even partition g with |u| = 2k in terms of their length. When I(p) > (),
there’s nothing to show. When [(u) < I()\), we want to show when p # A, bl); is of order
o)

Writing exp(F'(z1, ..., 2m)) as power series of F(z1,...,2zmn). Since each term in D;
reduces the total power of a monomial by 1, and F(z1,...,2p) = ZM:IMIS% p-my(2)
where each m,, (%) is homogeneous of degree ||, we see that bf; is obtained from the action

—\

of Hi(:)\l) Di)‘i on the single symmetric monomial m (%)

Again let [ = [(\). By Lemma [2.4.13| and [2.4.14] we first consider the generic part of

Hi(il) D;\ZmM(Z) When [(1) < I, each monomial of m,, (%) is missing some variable among

21, eeey ZM, S&Y Zm. Then when acting the 9, in (2.4.20)), we get 0 since ka*‘lam,l} [Di‘l_lal]

m—1

does not produce any power of z,, to m,(%). And the remaining part of the action gives
().

What remains is to consider the case |u| = |A|, and we calculate the limit of 3.
Again b3 is obtained from the action of Hi(jl) D; on my(%). By Lemma , we
consider only the generic part of the Dunkl product, and act it on the monomials of m,,(2)
separately. The monomials with variables other than z1, ..., z; are missing some variables,
say zm (1 <m <1). Then again tells that these monomials only contribute O(ﬁ)

Now we consider monomials formed by zi,...,2;. For an arbitrary I-tuple (ni,...,n;)
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and arbitrary ¢ = 1,2, ...,1, by Lemma [2.4.16| we have

Dil .2 :(ai FION = M+ 1) — SJ[1 = (=1)™]ds + 0(M — 1)d; + 6(M — 1)di> [P 2]

2
+> (0] + z1h),
J#i
(2.4.23)
One can see from the above expression that, after a single action of D;, 27" ..., 2" splits

into two parts. The z;-power of the first part decreases by 1. The second part has a
common factor z;, and its z;-powers decreases as well while the powers of other variables
are unchanged. For the action of Hi‘:l D;‘i, we repeat the above action by another |A| — 1
times. Since all indices j are distinct, the second part has no chance to become a constant.

Hence we only apply the first part each time we apply one more single D;, and Hé:l Di)‘i

results in reducing power of z; by A;. In the monomials of m,(Z)’s where |u| = |A|, only
zf‘l, ...,zl’\’ survives as a nonzero constant. More precisely (we use ~ to omit the O(ﬁ)
part),

l

!
~[2°] HDz)‘ZmA(Z) ~ [2°] l_IDi)‘iz1 . z]/}/j”
i=1

=1
~[2) [al+ (2(M— 10+ 2(N — M + 1)0 ) ]21[61+2 - 1)961[} 7 o
o+ (204 = 1)+ 2N = M+ 1)9—1)d } [al+2 - 1)edl]zl_la1 ]

_ [al +(2NO — 1)dl} 2 [al (M — 1)9dl] "

.[81+(2N0—1)d1}21[5)1+2( M~ 1)6d | * Con 2]

)\z

%[a +(2q7 — 1)dl] 3 [al +27dl} d)

3 P17 A
. [81 + (2qv — l)dl} ][81 + 2fyd1} o1 [z11 7 l}
l
=TI = 1+2¢y = 1) (N — 2+ 29)(\i =3+ 2gy — 1) -+ (24 29)(1 + 2¢y — 1)
i=1
l
:H)w;()\i —242q7)(Ni —2427) (N —4+2g7)(Ni —4+27) - (24 2¢7)(2 4 27)2q7y.
i=1
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The above argument also implies for |u| = |A|, Hi(:)\l) D}imy, () is O(4;), and so is bf;. O

The next proposition deals with the terms involving only length 1 partitions, and

identify them with L in (2.4.6).

Proposition 2.4.18. For even partition \ with |\| = 2k, we have

z1=...2y=0

~IT (1160 + 230+ (la = Dy = )d +2)* () ) + R+ O(p)

(2.4.24)

where g(z) = > 07, ncg?)z" Land 8, d, d and xg are defined in Definition . More-
over, R is a homogeneous polynomial of c}.’s that |v| < 2k, and each monomial contains
at least one c. that l(v) > 1, and O(5;) is a homogeneous polynomial of c%.’s whose

coefficients are of order O(ﬁ) in the limit regime MO — ~v, N0 — q~.

Proof. Again by Lemma [2:4.13] 2:4.14] we only take the generic part of the action of
Dunkl operators, namely, all indices j’s involved are distinct and bigger than [(\), and the
remaining part becomes O(ﬁ) in (2.4.24).

Moreover, we only consider the polynomials involving only cgl)’s (n = 2,4,...,2k),

which are corresponding to m (%), and all other terms are collected in R and O(3;).

Hence, we only look at the action

1)

H ii epocFm (2))

i=1

zl,...,zMZO

o (2.4.25)

= T[] HWZWD
n=2

=1

21,..,2M =0
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Claim:

I\ M %
[T@* | [LexeQo G|
i=1 t=1 n=>2 z1=...2p1=0

(2.4.26)

1\ M 2k
1 (wm—lai [TLesp(y )
i=1 t=1 n=2

zi=0> '

Proof of the Claim: Since the indices j’s of D;’s are distinct and bigger than [()), for
11 # 1o, Di)\fl and D;\Q 2 are acting on two groups of disjoint variables. Hence the action of

each (Di)’\i factors. Moreover, the first D; acts as 0; for the same reason as in the proof

of Lemma P2.4.141 0
Without loss of generality consider 7 = 1.
M 2k M 2k
o[ TTexo (Do )] = gt [Texo (- ).
t=1 n=2 t=1 n=2
By (2.4.14)-(2.4.17)), it suffices to consider the explicit action of D; on
M 2k
H(z1) [T exp (Z c(p”)(zf)> ,
t=1 n=2
where H(z1) is a polynomial of z1, and
M 2k M 2k
D, [H(zl) Hexp (Z C?)(Z‘?)> } = [DlH(zl) + g(zl)] Hexp <Z CELP)(Z?)) .
t=1 n=2 t=1 n=2

Hence we have for i = 1,2,...,1()),

= (Di + %)M g(=)

z1=...=zpr=0

M 2k
Di)‘i_lf)i [H (exp(z ng) (zf))]

t=1 n=2

z;=0
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Again by Lemma |2.4.13|7 |2.4.14|7 |2.4.16L up to O(ﬁ) error,

Ai—1
) 17
(D; + *g)A’flg(zi) - ~ (81 +2(M —1)0d; + [9(]\] -M+1) - 5} di) 9(z) o
1 Ai—1
NO—qy /
4 9~ 1Dy — Zd .
m<az + 2vd; + [(q )Y 2}551 + *g) 9(z) 20’
(2.4.27)
and plugging this back to (2.4.26]) gives
1N M 2k
[T | [Tew (X eE)|
i=1 =1 n=1 A= EM =
)
17 o Ai—1 1
_ 0 _ _ _
_};[1 ([2 J(0+27d+ [(a = 17— 5]d +) g(2)> +0(+7)-
(2.4.28)
Proposition then follows. O

Combining all the results above in this section, we arrive at the expansion ([2.4.6)

representing action of Dunkl operators on exp(F(z1, ..., zpr)).

Proof of Theorem [2.4.9; By Proposition [2.4.11] and [2.4.12] the left side of (2.4.6) is a

homogeneous polynomial of c%’s of degree 2k with uniformly bounded coefficients in the
limit regime. The right side of (2.4.6) is a combination of Proposition [2.4.17| (which gives
by - o)+ 2l =k, 1()>1\) bi‘t -c}) and (2.4.18) (which gives polynomial L), and note that
the only possible overlap of linear terms and terms involving only length 1 partitions is

when A itself is (2k), which gives the term subtracted in ([2.4.8]). O

2.4.4 -7 convolution.

After stating the equivalence in Theorem Theorem [2.1.12] follows as a direct conse-
quence.

Proof of Theorem (2.1.12, For each M < N,0 > 0, let G, v . GI]’WN(;, G N o denote
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the type BC Bessel generating function of ayy, by and @y = @y EEI?VL N bas. Then

G?M,Nﬁ(zl? ...,ZM) = G?M,N,Q(’Zl7 ...,ZM) . G?W,Nﬂ(Zl? ...7ZM),

and hence partial derivatives of In(G, v ,) are equal to the sum of the ones of In(GY; y o)
and ln(G?\L N,9)~ By assumption of the theorem, {@ys} and {EM} satisfy LLN condition,
then by Theorem they are q-y-LLN appropriate. Hence by Definition {Cm} is
also q-y-LLN appropriate. By Theorem again {Cys} satisfies LLN. O

2.5 @-7 cumulants and moments

Fix ¢ > 1,7 > 0, in this section we continue with the limit regime M, N — oo, § — 0,
MO — ~, N — qvy . Definition introduces a map TZ’lm in terms of operators,
that sends the real sequence {k;}7°, to another real sequence {m;}7°,. We keep the
interpretation from Theorem that is, we call {k;}7°, the q-y cumulants and take
k; = 0 for all odd I’s. In this section we give a more combinatorical descriptions of T; I?—Zm
After that, we also provide an explicit relation of 727, in terms of generating functions,
and by taking ¢,y to some extreme values, we set the connections of our ¢-y-cumulants to
the usual cumulants and (rectangular) free cumulants in free probability theory, and also

to the -cumulants defined in Benaych-Georges, Cuenca, and Gorin [2022] that arises in

the high temperature regime of self-adjoint matrix additions.

2.5.1 From g-y cumulants to moments

We start by introducing some basic notions of set partitions, which are necessary for the
statement of the main theorem.

For k € Z>1, a set partition m of [k] is a way to write [k] := {1,2,...,k} as disjoint
union of sets By, ..., B, for some m. We write 71 = By U By LI ... U B,,, and denote the
space of all set partitions of [k] by P(k). Given a set partition 7, for each B; let min(B;)

and max(B;) denote the minimal and maximal number in the subset B; of [k], and for
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simplicity, we label By, ..., B,, by min(B;) in increasing order.

In this text, we are in particular interested in the non-crossing partitions.

Definition 2.5.1. Fiz k € Z>1, a set partition 7 = By U ... U By, of [k] is non-crossing
if for any l = 2,...,m, and any j = 1,2,....,1 — 1, the elements in B; are either bigger
than max(By) or smaller than min(B;). See Figure[2.1 Denote the set of all non-crossing
partition of [k] by NC(k).

Each set partition can be realized visually as a collection of blocks By, ..., B, with k
legs in total, and the block B; has |B;| legs, which is the number of elements in B;. See
Figure From this point of view, 7 is non-crossing if and only if the legs of one block

does not cross any other blocks.

1 2 3 4 5 6 1 2 3 4

at
(@)

non-crossing partition crossing partition
Figure 2.1: The graph on the left represents a noncrossing partition 7 of [6], where B; = {1,4, 6},

By ={2,3}, Bs = {5}, and the graph on the right represents a crossing partition 7 of [6], where
Bl = {17376}7 BZ = {274}7 B3 = {5}

Next we define a quantity associated with the non-crossing set partition 7.

Definition 2.5.2. Given m = By U ... U By, € NC(k), fori = 1,2,...n, let P, = # of
elements in B, ..., B; bigger than min(B;), and Q; = # of elements in By, ..., B; bigger
than max(B;) (note that P; — Q; = |B;| — 1 by definition). Let C1,Co,... be the countable

sequence of constants

2qy, 2v+2, 2gy+2, 2v+4, 2¢y+4, 2v+6, 2g7+6 ...
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respectively. Then we define

m

W(ﬂ-) = H |:CQ¢+1C’QH—2 T CPZ' . (251)

i=1
Example 2.5.3. In Figure T 1S a non-crossing partition of [14], such that By =
{1,7,8}, Bo = {2,3,6}, Bs = {4,5}, By = {9,10,13,14}, and Bs = {11,12}. Moreover,
P1:27 QIZO; P2:47 Q2:2; P3:47 Q3:37 P4:37 Q4:07 P5:1; Q5:07 S$0
W(r)=Cy-C5Cy-Cy-C1CoC5 - Cy = 0%0203202 = (297)3(27 + 2)(2gy + 2)2(27y + 4)%.

| | |

1 2 3 4 ot 6 7 g8 9 10 11 12 13 14

Figure 2.2: The graphical representation of the non -crossing partition in Example m

We also introduce a notion of even partition that will be used later.

Definition 2.5.4. We say 7 is even if | Bi|, ..., |Bn| are all even, and denote the collection

of all non-crossing even set partition of [2k] by NE(2k), for some k € Z>1.

The following main theorem of this section gives the combinatorial expression of mo-

ments as polynomials of g-y cumulants, whose coefficients are given by W (r).

Theorem 2.5.5. (¢-y cumulants to moments formula) Let {k;};°,, {mr}3>, be two real
sequences such that k; = 0 for all odd 1’s, and {moy}3°, = T ({ki}°,). Then for any

k=1,2,..,

mop—1 =0, my= Y  W(m) [] kg, (2.5.2)
TENC(2k) Ber

Remark 2.5.6. It is well known (see e.g Nica and Speicher 2006, Proposition 9.8) that
non-crossing partitions are in bijection with the so-called Lukasiewicz paths, i.e, lattice
paths whose steps take value in Z>_1 with starting and ending point at height 0. There-

fore, the cumulant expression in for mog, can be rewritten as a weighted sum over
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Lukasiewicz paths of length 2k. Such interpretation is used in the subsequent work Keat-
ing and Xu 2024+ and C. Cuenca and Moll|n.d., which studies random partitions under
certain Jack measures. In particular, the moment expression in C. Cuenca and Moll|n.d.,
Theorem 8.7 is similar to and Benaych-Georges, Cuenca, and Gorin 2022, Theo-
rem 3.10. But notice that in C. Cuenca and Moll|n.d.| Lukasiewicz paths are not allowed

to have horizontal steps at height 0.

Example 2.5.7. By manipulating , we have the explicit expression of the first few

gy cumulants in terms of moments:

mg =2qvks,

my =2q7(27 + 2)(2q7 + 2)ks + [(2¢7)% + 2¢7(2v + 2))k3,

me =|2q7(27 +2) (207 +2)(27 +4)2ay +4) | ko

+ :2q’y(2’y +2)(2¢7+2)(3 X2y + 27+ 2429y + 2+ 2y + 4+ 2qy + 4) | kaka

+

:(2qv)3 +2(297)%(2y + 2) + 2¢7(27 + 2)(2q7 + 2)} k3.

(2.5.3)

Proof of Theorem[2.5.5, Recall from Definition that

ma =[] (04 20+ (g =y - ] d + *g)%_l 9(2)

where g(2) = 327, k12!, i.e, we act the operator D := 8 + 2vd + ((¢ — 1)y — 1)d + *,
on g(z) by 2k — 1 times, then take the constant term of the resulting expression. Here
a(z) = Y72, a;z'! such that a; = k;, and the resulting polynomial DP~1g(z), before the
acting D by the pt* time, contains only odd powers of z when p is odd, and contains only
even power of z when p is even.

Because of this, we claim that D?*~! acting on g(z) is equivalent to the alternate
product of two operators

D' o (D" oD, (2.5.4)
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More precisely, D" o D' has the following explicit effect:
oo 00 , 00
. —> Zblzlfl D—> chzlfl D—> Zdlzlfl — ...,
=1 =1 =1

where D" acts on the polynomial b(z) =>4 bz'~! which contains only odd powers, with

output ¢(z) = >°,_; biz! ! such that

0 l is even;

o = (2.5.5)

l
(2qy +1—Dbip1 + > _agbyr—;  Lis odd,
j=1
and then D" acts on ¢(z) which contains only odd powers, with output d(z) = S27°, djz!~*

such that
0 1 is odd;

dy = (2.5.6)

l
2y + )41 + Z ajci41—;  1lis even.
j=1

We verify the expression (D inductively on k, by visualizing the action of D" or D' o D"
under the graphical representation of set partitions.

When k = 1,

mz =[2")(D'(9(2))
(2.5.7)

1
=(2q7)k2 + > _ arkii1-1 = (2¢7)k2 + a1k
j=1

by 53

Correspondingly, we realize this expression by the following concrete operations:

(0). Start with an empty set partition, corresponding to a blank graph with no leg.

(1). Draw a single leg, and label it with monomial k;.

(2). Add one more leg on the right of the first leg. Now we have two options: connect
this leg with the first leg to form a block of size 2, and label the new block by C1 = 2¢vko

or keep them to be separate as two blocks with single leg, and label the second block by
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ajy.

After step 2 the first configuration corresponds to monomial ko with weight 2¢~, and
the second one corresponds to monomial k; - a3 with weight 1 (which is the product of the
labels of the two blocks). Adding them together gives msy. To match , note that
W({1,2}) = Cy = 2q7v, and k; = a1 = 0 so the second term vanishes.

To obtain msg, suppose ma, ..., Mog_o obtained from step 0, 1, 2,..., 2k — 3, 2k — 2 all
match . We give the operations in step 2k — 1, 2k:

(2k — 1). Given a configuration @ = By U ... U By, of 2k — 2 legs in total, with a
corresponding weight W(ﬂ'), insert one more leg right after the first leg to Bj, so that
we get a new configuration #° = By U ... B,,, where B; = {1} U{j 4+ 1:j € B;}, and
B, ={j+1:j€ B}

Then one have |Bl1] options: either keep everything unchanged and let B;/ = B;. for

W(r)-(2y+|By|—1)  if|B]]|is odd;
W(r)- (2qy+|By|—2) if |B]] is even,

or split B/1 into two non-crossing blocks Blll U B/Q/ , Where min(B/ll) =1, min(Bg) =2, and
let B, =B, ,fori=34,...,n+1, W(x")=W(n).

(2k). Repeat the operations in step 2k — 1 one more time, and still denote the output
configuration with 2k legs by I Blll U...u B;;,, (n// denotes the number of blocks) with
weight W (7).

Then delete all configurations with at least one odd block. For each remaining config-

. " . . . .
uration 7 , assign it with monomial

" "

W (m )k

ZATTS

1By 4By B, I (2.5.8)

We claim that the above steps represent the action of (2.5.4]). Indeed, both step 0-2
and D’ generate (2g7)ko + a1ky, and for I > 3, step [ is corresponding to the (I — 1)

term (from left to right) in the product. More precisely, the expression of d; (¢; resp.) in
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(12.5.6) ( resp.) is recording the {41 options one can choose on a configuration whose
first block is of size [, that choosing to enlarge the first block by 1 gives one extra factor
(2y +1) (2¢y+ 1 — 1 resp.), and splitting d; ((¢; resp.) into a; and ¢;41—; corresponds to
splitting the first block into two new blocks of size [ + 1 — j and j respectively. Therefore,
acting on g(z) and take the constant term is equivalent to a chain of compositions
of and . Compared to , the output is also a large sum of monomials of
kp’s (coefficients of g(z)) and a;’s (coefficients of a(z)), that each non-vanishing monomial
is corresponding to a unique non-crossing even partition 7 (recall k; = a; = 0 for odd 1’s),
and the unique k; it has is giving the size of the first block of w. To see that each non-
crossing even set partition can be realized in this way, we do induction on k£ and assume
this holds for the set partitions of size up to 2k — 2. For m = B; Ll ... U B,, € NE&(2k), just
combine B; with By and Bs(both might be @) as a single block, then remove two legs
from this new block. What we get is an element 7 in M€ (2k — 2), which can be realized by
induction hypothesis, and one can construct 7 from 7 using the step 2k — 1 and 2k above.

Since a; = k; for all [ = 1,2, ..., to match my with the right side of , it remains
to match the coefficient of each monomials. Given m € NE(2k — 1) (NE(2k — 1) resp.),
define its degeneration 7 = By Li... U B, € MC(2k — 2) (NE(2k — 2) resp.) by taking B as
the combination of the first two blocks removing 1 leg, or simply removing 1 leg from By,
similarly as in last paragraph. Then compared to W(7), we only replace CICM +1...C| Pl
by Cu1+1---Cipy| - Cj@y|41---C)p,| in W () when we choose to split the first block, and one
can check that W(r) = W(7) after the change, and when we choose to enlarge the first
block by 1, W (r) has one more factor C|p,| = C|Bl| than W (7).

On the other hand, for [ = 1,2,...,2k, as pointed out in step 2k — 1 and 2k, since
a; = k; = 0 for [ odd, in order to get a non-vanishing term after 2k steps, one can only
enlarge | By| by 1 in even steps, when | By is odd, then multiply the new factor 2¢y+|B;|—1
to the monomial, and enlarge |B;| by 1 in odd steps, when |B;| is even, then multiply the

new factor 2 + |Bi|. In both cases this factor matches Cia, |. This finishes the proof.
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2.5.2 From moments to g-y-cumulants

Recall that T,gim is invertible, and for each [ = 1,2, ..., kg is a polynomial of ma, my, ..., my

with leading term as a multiple of mq;. For example, by reversing (2.5.3)), we have

1 y+1, o
ky = my— (1 4+ —— m},
P2y r2) 2y +2) L ( @y ym;
e 1
© 727 (2y + 2)(2¢7 + 2)(27 + 4)(2¢7 + 4)

1
-(mﬁ— [(3><2q’y+2’y+2+2q’y—|—2+27—|—4—|—2q’y+4)-%} [m4—(1+7)mg]m2

T4l (7+1>(q7+1)]m3>.

B [1 T (47)? 2

(2.5.9)

For the more general cases, we express the generating function of g-y cumulants by the

generating function of moments.

Theorem 2.5.8. Let {mo;}32 1, {ki}2, be two real sequences such that {k;}52, = TV, ({mar}32,).

Then k; = 0 for all odd l’s, and

oo oo
Mok
exp {7 > y%} => ey,
n=0
oo

k=1
>k c
o [0 - 5

P = (@7)n(V)n

(2.5.10)

for some auziliary sequence {cy}22. Here we use the Pochhammmer symbol notation

z(z+1)-(x+n—-1), ifnée€Zs>,
(T)p :=
1, if n=0.

Alternatively one has the more compact expression

oo )Qn

exp [Z %ym} _ [ZO]{ nzz;] (q(q/y)i(fy)n22n - exp [’yz %27%} } (2.5.11)

=1 k=1
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Before giving the proof, we first present two technical results that will be used.

Lemma 2.5.9. (a). The following Talor series expansion holds:

o M
> Quy(ad oo a0y = (1 — ady?) . (25.12)
k=0 i=1

(b). For0 >0,y C andd= (a1 > ... > ap >0),

G 1
B(@,y,0M710) = ) e
= (NO)(MO)y,

27 Qqy (af, ..., ady; O)y*, (2.5.13)

where Q(k)(aiM; 0) is defined in Deﬁm’tion and (k) denotes the partition (k,0,...,0) €

Ayr. Moreover, the power series converges uniformly in a domain near 0.

Proof. (a) is a well known result that can be found in Macdonald 1995, p378 and p380. (b)

follows from Proposition [2.2.16{and ([2.2.3]), after specifying all but one variables to 0. [

Proof of Theorem[2.5.8. First we note that (2.5.10) and (2.5.11)) are equivalent by com-

paring the coefficients for 3?" for each n =0, 1,2, ..., and we will prove (2.5.10)).

For now, we assume that there exists a probability measure p supported on [a, b] C R>,

Mo = /xkdu.

We take a sequence of deterministic M-tuples {@ns}37_, such that das = (a1 a1, ..., apr i) €

such that for k =1,2, ...

[—vb, VM, and define py = ﬁzgl 02~ We choose {dn} in a way that pup —
weakly as M — oco. This implies that the moments of uj; also converge pointwisely to the
corresponding moments of u, i.e,

M

§ 2
M ai’M — Mok.
i=1

In other words, {dns}3;_; satisfies the LLN condition, and by Theorem {@m}37- 1s

g-v-LLN-appropriate.



80

By Lemma [2.5.9] (a),

) M
> Quy(@i a0y = 1[0 = afny®) ™
k=0 i=1
- o (2.5.14)
=exp [ QZln (1—alMy )] = exp [9 Z?MZ Qi M ]
k= =
as a formal power series. Taking M — 00,0 — 0, M6 — ~, the above equality becomes
o0 (o] m
ch y2k = [’72?9 ] (2.5.15)
k=0 k=1

where ¢ is the pointwise limit of Q(k)(a? a3 0) in the above limit regime. This defines
{ck}32, in terms of {moy}22 .
On the other hand, since uys is deterministic, its type BC Bessel generating function

is equal to its Bessel function. And we have for [ = 1,2, ...

0y - M-1, Nb—gy |
(5, (B, 30 ,9)]‘y:0m>(zz 1)1 k. (2.5.16)

By Lemma (b), the above equation is equivalent to

o0
[Z 27 Qg (o )yﬂ ] MO0 (9] 1) k. (2.5.17)
k:O y=0 MO
Also, since type BC Bessel function is analytic over z1, ..., zps, so is its logarithm near 0,

and by Talor expanding In [Zk "0 W2 2k Q. (a2 a2 9)y2k} we see that each ky is a

polynomial of finitely many terms W 2ka( i 0), each of which converges to

1 —2k
(@M 27"k

We claim that as M6 — v, N0 — qv, > 72, WQ ZkQ y(a lM,H)yzk converges
uniformly on a domain near 0. Indeed, the pointwise convergence of coefficient of y is
already given above, and to obtain a tail bound of the power series, first note that we have
assumed a; p’s are uniformly bounded, then by writing each Q) (a%M, ...,a?\/LM; ) as a

contour integral of the right side of (2.5.12) on the circle {z : |z| = r} for some r small
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enough, we see that Q(k)(aiM, - a%\/[,M; 6) are uniformly bounded by C - r~—2* for some

constant C' and r. By (2.5.14), (2.5.15)), the limit is

S Ck 2%k
2 @’

k=0

but since the uniform convergence of analytic functions implies convergence of derivatives,

it’s also equal to exp [Z;ﬁl %ygl] by (2.5.17). Hence these two functions are equal.

It remains to generalize to the case where mo, my, ... are arbitrary real sequence. For
each | = 1,2,..., ko is a polynomial hi(mg,my,...,mg;) of degree at most [, where the
expression of h; is given by , while on the other hand, for each ky, gives
another polynomial of degree at most [, such that ko = h;(mg, my, ..., Moy). What we need
to show is that h; = h; for all {’s.

Fix [ > 1. We have already shown that hj(mgo, my,...,me) = h;(mg,mgﬂ ...y May), when
mg, My, ..., Moy are the first [ moments of some compactly supported probability measure
i on R>g. Clearly there exists more than [ such choices of mg, my, ..., mg;, and therefore
by fundamental theorem of algebra these two polynomials coincide. The same argument

holds for arbitrary [ > 1. O

2.5.3 Connections to self-adjoint additions

Let A,B be two independent N x N matrices, uniformly chosen from the sets of self-adjoint
matrices with deterministic eigenvalues a1 > ... > ay and by > ... > by respectively. The
study of eigenvalues of C = A + B dates back to Voiculescu [1991], which considers the
empirical measure of C in fixed temperature regime. In high temperature regime, it was
first considered by Mergny and Potters [2022| which introduced the notion of "high temper-
ature convolution", and studied later in several texts including Benaych-Georges, Cuenca,
and Gorin 2022, Mergny [2022] and Mergny [n.d.| In particular, it was proved rigorously that
when N — oo, # — 0 and N — ~, assuming the empirical measure of A, B converge to
some deterministic probability measure p 4, up on R, then the empirical measure of C' con-

verges to some deterministic probability measure u¢, which is named as the y-convolution
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of pyg and pp.
There is a collection of quantities {k]}7°, introduced in Mergny and Potters 2022 and
Benaych-Georges, Cuenca, and Gorin [2022] independently by different approaches, such

that

(1) = K (1) + 4 (1)

for each I > 1. In the following we refer to Benaych-Georges, Cuenca, and Gorin [2022
We write {m }?°, = T, ({k/}2,), where m, € R denotes the k* moment of the
limiting empirical measure, and T} . is a map that gives moment-cumulant relation of ~-
convolution. While in this text we are considering addition of a different type of matrices,
we find a limit transition in high temperature regime from rectangular addition to self-

adjoint addition, which is stated in terms of cumulants.

Theorem 2.5.10. Given a real sequence {k;}{°, such that k; = 0 for all odd l’s, let

{mar}izy = T2, (k32 my, = 3%, ky = 2% hy for 1= 1,2, ... Then
Jim 12y = T (k)% (2.5.18)

Proof. This follows from a straightforward limit transition of (2.5.10)) under the assigned
rescaling, and the moment-cumulant relation of y-convolution in Benaych-Georges, Cuenca,

and Gorin 2022, Theorem 3.11. O

Moreover, we point out that the combinatorial moment-cumulant formula of y-convolution,
given in Benaych-Georges, Cuenca, and Gorin [2022] Theorem 3.10 can be expressed in an

alternate way similar to our Theorem [2.5.5]

Proposition 2.5.11. Let {m, }?°, = T}, ({k)}2,). Then for each k = 1,2, ...,

= > W H’ﬂBw (2.5.19)

TeNC(k) Bem

where W () is defined in the same way as in Deﬁm’tion after replacing the values of
Ci, Cy... tobevy+1, v+ 2...
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Proof. By Benaych-Georges, Cuenca, and Gorin [2022] Definition 3.7 and Theorem 3.8,
my = [2°(0 +vd + %) " g(2), k=1,2,...
The statement then follows from the similar argument as in the proof of Theorem[2.5.5] [

2.5.4 Connections to the classical convolutions

Recall from previous sections that, limit of EB?W, N gives the g-y convolution B, of two
(virtual) probability measures on R, which is linearized by q-y cumulants. We show in
this section that, under certain limit transition of the parameters g, v, B, converge to the
usual convolution, classical free convolution, and rectangular free convolution respectively.

We first provide the connection of g-y cumulants to usual cumulants. For this we recall

the combinatorial classical moment-cumulant formula: for & = 1,2, ...

n
Mk = Z k|Bi\
7’ eP(k) i=1
where {k;}°, stands for the usual cumulants, and P(k) is the set of all set partitions of

[k]. We denote the map that sends {my,}?°, to {k,}3°, by T

m—k-*

Theorem 2.5.12. Given a real sequence {maop}32 , let {k;}52, = TV, ({mar}32,), k, =

(g7)'22 (1 — 1)'kyy, then

lim (k) = Thop({mandi). (2.5.20)

7—0, gy—o0

Proof. By Theorem after rescaled by (gv)F, the coefficient W (7) does not vanish
asymptotically only if for each ¢ = 1,2,...,m, 2[; — 1 := P; — @Q);, there are [; terms in
CgQ,+1 - Cp, that contain ¢y. Hence each @; must be even.

Recall that NC(k) denote the space of all (not neccesary even) non-crossing partitions.
We say a non-crossing even partition 7 of [2k] is equivalent to © € NC (k), if there exists

some 7 € NC(k) = ByU...UB,,, such that by replacing all element j € B; by {2j—1,2j},
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we get the set B;, for any i = 1,2, ...,m.
Claim: For 7 = By U...U B,,, € NE(2k), each Q; is even if and only if 7 is equivalent to

some 7 € NC(k).

Proof of the claim. The "if" part is clear. For the "only if" part, just notice that when «
is even, non-crossing and each Q); is even, max(B;) turn out to be all even. The statement
then follows by going over all the legs in the graphical representation of 7 from right to

left. O

Set C; = i, then after taking the limit,

CQi+1---Cp, 70

22i71Cq, 11+ Cp,.
(g7)" qy—00 Qi+l P;

In other words,

mag = Z W(TI’) H k‘le
m=B1U...UBm eNE(2k) Bem

m

_ 0 ) ’
q::oo B Z H {(QZ‘FU(PZ) 'k|§i‘]
7=Bi1U..UBneNC(k) =1

m

= lim 3 [I[+Qi+1(r+P) k| (2.5.21)

=0 = .
F=B1U..UBneNC (k) =1

= lim T, (R =0k = T (R

- 2 HkIIBQI'

7' =BjU..uB,,eP(k) =1

The two equalities in the second to last row hold by Proposition [2.5.11] and Benaych-
Georges, Cuenca, and Gorin 2022, Theorem 8.2 respectively. Then ([2.5.20]) follows from

acting T%Hk on both sides. O

Corollary 2.5.13. For two real sequences {m% }32,, {m8%, 132, set m%,_, =m5, ;=0
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for k=1,2,..., and define

)iy dim | [(mE}, By, (b . (25.22)

Then m§, ;=0 for k=1,2,..., and the usuall cumulants of {m$, }7° s are given by the

sum of the corresponding usual cumulants of {m$,}5>, and {m5,}2° , i.e,

T (Tm5i}i ) = o ({mihis ) + oo (Tmbi}izy ). (2.5.23)

Remark 2.5.14. Suppose 4, p, are two probability measures on R>q that for k =1,2, ...

meyy, = /:pkdua, mb, = /:de,ub,

then {m$, }?° | are the moments of the usual convolution of pq and .

Next, we consider H,, and match its asymptotic behavior with the classical and rect-
angular free convolution. Before that we recall the definitions of their corresponding cumu-
lants. For k € Z>1, let T; _m denote the map sending the real sequence {r;};°, of classical
free cumulants to the sequence {my}7°, of moments. Then there is a moment-cumulant

formula:

my = > I 75 (2.5.24)

m=BiU..UB,eNC(k) BET

for {ms}52, = Ty ({r1}52,). See e.g Novak 2014 for a reference.
Similarly, as defined in Benaych-Georges [2009, Section 3.1, rectangular free cumulants
are a real sequence {c?}loil parametrized by ¢ > 1, such that for [ = 1,2, ..., cgl_l =0, and

cd, are related with moments {my}3°, by the following identities:

mu= > ¢ O[] en (2.5.25)

TENE(2k) Ben

where e(m) = # of block B;’s with even min(B;), and mor_; = 0 for k = 1,2, ...

Denote the map sending even moments to rectangular free cumulants by TP° .. i.e,
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Tzzoak({m%}zozl) = {Cl}loil.

Theorem 2.5.15. Given a real sequence {ma}3,, ¢ > 1, let

(=)
|~
o

{ki}i2, = T?ﬁlk({mzk}?’:l% 7"? = (2’7)1_1

Then we have the following.
(a).

hm {rl 12y =T ({mar i)

(b)-

hIIl {7’ }l 1= m%r({ka}zO:I)
when g = 1.

Remark 2.5.16. (b) is a special case of (a) when ¢ = 1. Such connection of rectangular
free convolution and classical free convolution was first pointed out in Benaych-Georges

2009, Remark 2.2.

Proof. 1t suffices to prove (a). By Theorem

Mok, = Z W () H kiB,|»

TENE(2k) Ber

where C;(i = 1,2,...) are 2¢7, 2y + 2,2qy + 2,27 + 4,2q7y + 4... Hence by taking v — oo,

the right side above becomes

S @] as. (2.5.26)

TENE(2k) Ber

where ¢(7) := # of block B;’s such that @); is odd. Since

Q; is odd <= there are odd elements of Bj, ..., B;_1 bigger than max(B;)

<= there are odd elements of Bj,..., Bi_; smaller than min(B;) <= min(B;) is even,
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c(m) = e(m), and (2.5.26]) is equal to the right side of (2.5.25]). O

Recall also that similar to g-v convolution, free convolution and rectangular free convo-
lution are both binary operation of two probability measures linearized by free cumulants.

Therefore Theorem implies the following.

Corollary 2.5.17. Given g > 1, for two real sequences {m;, }32 ,, {mgk}zozl, setmg,_| =

mgk—l =0 fork=1,2,..., and define

{mi by = lim [{mihe, By, (mp}s . (2.5.27)

Then the free cumulants of {mf}’s are given by the sum of the corresponding rectangular

free cumulants of {m$}2 | and {m}32,, i.e,

Ty ({midi ) = Toee (fmidis ) + o ({mh1ies ) (2.5.28)

Remark 2.5.18. Suppose piq, pup are two symmetric probability measures on R that for

my = /xkd,ua, my = /xkdua,

then {mg}7° | are the moments of the rectangular free convolution of p, and pu,.

k=1,2,..

Remark 2.5.19. Similar results hold for classical free convolution when ¢ = 1.

2.5.5 Law of large numbers of Laguerre  ensembles

For M < N and 6 = %, 1,2, a M x N Wishart matrix X is a rectangular random ma-
trix, whose entries are real/complex/real quaternionic i.i.d Gaussian random variables
A(0,1)/47(0,1) +4.47(0,1)/A4(0,1) +i47(0,1) + jA(0,1) + kA47(0,1). One can check
directly that X satisfies the same invariant property given in Section [2.2.4] with M random

singular values Zpr = (z1, s > ... > zyr,m > 0).
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The density of Zs is (see e.g Forrester 2010, Chapter 3)

M
. 1 20(N—M+1)—1 1
f(@ss M, N, 0) = [T [0 exn(—5ati]  TT @y —aden)®.
MN.G ;4 1<j<k<M
(2.5.29)

where Zn prp is the normalizing constant. While for general 6 > 0 there’s again no skew
field of real dimension 26, f(Znr; M, N,6) continues to make sense, and is defined as the

so-called Laguerre 3 ensemble.

Remark 2.5.20. It’s easy to check that f(Znr; M, N, ) is an exponential decaying measure
defined in Definition[2.2.29, and therefore by Theorem[2.2.31), its type BC Bessel generating

function is defined and well-behaved under the action of type BC Dunkl operators.

Proposition 2.5.21. Let G%/[ ~Nol(z1, ., 20r) denote the type BC Bessel generating function

/ B(Za, 215 ey 20050, N) f(Z0; M, N, O)dxprg - - - de i,
Tp12 2T, >0

then

1
Gﬁ/LNﬁ(zl, ey ZM) = €XP [5(’2% + ...+ z%/[)}

Proof. For 6§ = %, 1,2, one can use Definition [2.2.10| and check this by hand. For general
6 > 0, this is a special case of Roesler |2003bl, Proposition 2.37.(2), such that in that identity
y is set to be 0, and our B(@, z1, ..., zpr; 0, N) is a symmetric version of Ey(z, z), see Roesler

2003b], Definition 2.35 O

For each M, N, 8, Denote the random empirical measure of f(Za; M, N,0) by pn v ==
1 M
3 2i=1 022,

Theorem 2.5.22. As M — oo, N = 00,0 — 0, M0 — v, N0 — q~,

HMN,0 — Hqy
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weakly in moments, where g~ 15 a probability measure on R>q, which is uniquely deter-

mined by its moments:

k
my, = /R>0 drdpgy =Y [ Cp, fork=1,2,... (2.5.30)

T =1

where Cy’s, P;’s are defined in the same way as in Section [2.5.1, and m goes over all

non-crossing perfect matching of [2k].

Remark 2.5.23. The weak convergence of piar,n,g to fug in probability was already proved
in S. N. M. R. Allez J. B. and Vivo 2013, in which the authors give an explicit density of

g~ tn terms of Whitakker function.

Proof. By taking logarithm and partial derivatives of G%ZE ~,0 We have that {Zp} is g--
LLN appropriate with g-v cumulant ko = 1, k; = 0 for [ # 2. By Theorem [2.5.5] only the
set partitions that are formed by blocks of size two survive, and in this case P; = @Q; + 1.
is then specified from .

Since the existence of probability measure (4, is known by S. N. M. R. Allez J. B. and
Vivo 2013, it remains to show that the moments in does correspond to a unique
probability measure. This is the so-called Stieltjes moment problem, since the (potential)

corresponding measure lies on [0, 00), see e.g Akhiezer 2020, We need to check

Again by (2.5.30]), my is a sum of Hle Cp,’s. Among these summands the biggest term

corresponds to P; =14 for i = 1,2, ..., k, and

k)
) ?

r§

k
[[cr<CC+2)(C+4)---(C+2k—2) =2 :

=1

v|Q

—

where C' := max{2qy — 2,2v}. The number of non-crossing perfect matching is Cat(k) =

l%&—l (Qkk), the k" Catalan number. Multiplying these two gives an upper bound of my,. By
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Stirling approximation, it turns out that

for some positive constant C;. Hence the series diverges. O

The limiting measure i, is an g-y analog of the Gaussian and semicircle law, in the
sense that their only nonvanishing (q-v/classical/free) cumulant is ko = 1.
Moreover, the connections to the usual and free convolution in Section [2.5.4] continues

to hold in this special case. Indeed, one can show from ([2.5.30)) that

’ k
m
(q’Y];"f q:%zo) ;g@)v
where 7 goes over all set partitions of [k] into k blocks (which is indeed a single one), since
any other non-crossing perfect matching has coefficient with Co = 2y + 2, and therefore
after rescaled by (q7)* this term vanishes in the limit. The sum on the right is equal to
2% which means m;f =2k and

figy — 02

weakly when ¢y — oo,y — 0.

On the other hand, by taking ¢ = 1, v — o0, (2.5.30) becomes

I
my

20 )F — # of non-crossing perfect matchings of [2k] = Cat(k). (2.5.31)
g

Cat(k) is exactly the 2k® moment of the semicircle law.

2.6 Duality between convolutions in high and low tempera-

ture

After studying the behavior of rectangular matrix additions in both high and low temper-

atures, we present a quantitative connection between these two regimes.



91

Recall that in low temperature regime, given two deterministic M-tuples &, I;, the limit
of ¢=a EE?VL N b is a deterministic M-tuples X, where X is the (M, N)-rectangular finite
convolution of @ and b. For a M-tuples @ = (a1, ...,apnr), let 7 = a? for i = 1,2,..., M.
Let m;c = ﬁ(rf + ...+ rs) be the finite version of moments, for & = 1,2,..., M. Then
the (M, N)-rectangular finite convolution of @ and b can be thought as a deterministic
binary operation of {m, (@)}, and {m;g(l_)))}é\i 1- Similarly, we view the g-y convolution

of {m§}}2, and {m}}}2° , as a deterministic binary operation of {m¢}}M | and {m¢}}2 .

Theorem 2.6.1. By identifying M with —~, % with q, moy with m;ﬂ(—N)k for k =
1,2,..., M, the (M, N)-rectangular convolution matches the q-y convolution as binary op-

eration of first M nontrivial moments.

The theorem is claiming that under the above identification, the moment-cumulant
formula of these two convolutions are the same, and therefore we need to introduce a
version of cumulants for the rectangular finite convolution. For this we refer to Gribinski
2022, which considers sum of two invariant M x N (M = NX, A € [0, 1]) rectangular
matrices as in Section 2:3] and defines the rectangular finite R-transform as the analog
of the R-transform in (classical) free probability theory, in the sense that it linearizes the

finite rectangular addition.

Definition 2.6.2. Gribinski 2022, Definition 3.7 Rgi’:(z) is the unique polynomial of

degree M verifying
1 d _ (N,
R¥Mz)= —z—In (Ee T50. ZNM) mod [zMT1]] (2.6.1)
where Téi\;M) 1s a random variable. By Gribinski|2022, p13, fori=1,2,....M,

(N,M) i z‘(m — 7,)' (d— Z)'
IE(TSPA ) = m! d!

where a; = e;(7).

Inspired by the fact that (classical) R-transform is the generating function of free
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cumulants, We define the rectangular finite cumulants, such that

Spa

d
R (2) =Y k™2 (2.6.3)
=1

km,d

1y e k:ln’d uniquely determine 71, ..., 4.

Proof of Theorem[2.6.1. We prove that under the following identification of parameters

k
klN’M — 7217[*1 fori=1,2,....M

M +— —v

N
2.6.4
YA (2.6.4)

n
N"a,, +— cp,

mop, m;c . (—N)k,

the moment-cumulant relation in rectangular finite convolution and (2.5.10)) match exactly.
We match the second formula of (2.5.10) and (2.6.1), which play the role of cumulant

generating function in their own setting. Let y? = (—M)z, then the first formula of (2.5.10)

becomes

=1 k=0
- L4 - . (2.6.5)
== kyy 2l = —Zz—n ( k(M kzk)
2.k e (2 i W)
It remains to match the right side of (2.6.5)) and (2.6.1)), i.e, matching
(N, M) >
Ee Soa N with Z cik(—M)kzk
= (@V)k(V)k
—TNM N M
for k =1,2,..., M. This follows by Talor expanding e P4 , (2.6.2) and ([2.6.4).

Then we identify the first formula of (2.5.10) with the moment generating function

in rectangular finite convolution. In the latter setting, recall that a, = e,(7) for n =
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1,2,...,M, and mk = Mpk( 7) for k = 1,2,..... Moreover, take r; = 0 for all i > M,
and identify a,, with e, (7) formally for n > M (both have value 0) as well. Then on the

rectangular finite addition side,

ZNnanan _ Z en(F)(NyQ)n

() (=N )y 2k m Ny 2k
Hl—i—rnNy —exp< Z >:exp( MZ k )
n=1

(2.6.6)

This matches the first formula of (2.5.10) under the identification of parameters. O

Remark 2.6.3. After identifying the k‘;n’d, e k:;n’d with the first d even g~y cumulants, one
can define klm’d forl > d+ 1 for rectangular finite convolution, by the moment-cumulant

relation of q-y convolution under the same parameter identification in .

Remark 2.6.4. Note that in , both M and ~ are positive, hence there’s no choice
of parameters that the finite rectangular cumulants coincide with g-y cumulants. Instead,
one can combine the domain of these two groups of parameters, and treat the result as an

extension of the moment-cumulant relation to, say, v € RsolJZ<_1.
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Chapter 3

Random Sorting Networks: edge

limit

3.1 Overview

3.1.1 Motivation

The main object in this article is the uniformly random sorting network which we abbre-
viate as RSN. Let us start by giving basic definitions. Consider the permutation group of
n elements G,,. We use the one-row notation for the elements of G,, representing them as

sequences (aj as ... ap). We let 7, be the adjacent swap (k,k+1), 1 <k <n—1, so that

(a1 ag ... ap) Tk = (a1 a2 ag—1 Ag41 Ak kto ... Ap).

A sorting network of size n is a shortest sequence of swaps, whose product equals the
reverse permutation (n n — 1 ... 2 1). By counting inversions in permutations, one shows
that the length N of such shortest sequence is N = (;) Let €2,, denote the set of all sorting

networks of size n. Thus, elements of ,, are sequences (sq,...,sy) such that

ToiTsy " Tsy = (M n—1..21).
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»

1 2 3 4 5 6 7 8 9 10

Figure 3.1: A sorting network (s;...sy), N = (g) can be represented as a diagram of n
wires, with wires at heights £ and k£ 4 1 being swapped at time ¢ whenever s; = k. The
figure shows the wiring diagram of the sorting network (2,1,3,2,4,3,4,1,2,1) with n = 5.
The blue double arrow shows a spacing in row 3, which is a time interval between two
adjacent swaps 73 and it has length 3 in our example.

Sorting networks can be drawn as wiring diagrams, see Figure Whenever s; = k, we
say that swap (k,k + 1) occurs at time ¢; in the wiring diagram this corresponds to two
wires intersecting at the point (¢, k + %)

The study of sorting networks is a fruitful topic, with the first mathematical results

going back to Stanley [1984] where Stanley computed the number of elements in €2,,:

(5)!

15 (2n — 1—2j)°

|Qn| =

A recent point of interest is the study of uniformly random sorting networks initiated by
Angel, Holroyd, Romik, and Virag in O. Angel, A. Holroyd, et al.[2007. The probabilistic
results can be split into two groups: global and local. On the global side, O. Angel,
A. Holroyd, et al.|2007 proved that the density of swaps approximates the semi-circle lawﬂ
as n — o0; O. Angel, A. Holroyd, et al. 2007 predicted and D. Dauvergne and B. Virag

2020; D. Dauvergne 2022| proved (among other results) that individual trajectories in the

'There is no known direct connection to the Wigner semi-circle law of the random matrix theory and
the match seems coincidental.
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wiring diagram become (random) sine curves; see also M. Kotowski 2016; M. Rahmana,
B. Virag, and M. Vizer 2019 for related results.

Our paper belongs to the second group of results, O. Angel, V. Gorin, and A. E. Holroyd
2012} A. Rozinov 2016 O. Angel, D. Dauvergne, et al. 2019} V. Gorin and M. Rahman
2019|, which studies local limits. The most basic local characteristic of the sorting network
is spacing in row k, which is a distance between two occurrences of the same swap s; = k
in the sorting network, cf. Figure 3] A. Rozinov 2016 and V. Gorin and M. Rahman
2019| discovered a link between the asymptotic laws of spacings as n — oo and random
matrix theory. Namely, A. Rozinov 2016/ matched the asymptotic law of the spacing in
row 1 with the distance between two eigenvalues of 2 x 2 matrix of Gaussian Orthogonal
Ensemble (GOE) of real symmetric random matrices. V. Gorin and M. Rahman 2019
dealt with spacings in row an with 0 < a < 1 and showed that after proper rescaling they
converge to the Gaudin—Mehta law, which is the universal asymptotic law for spacings
between eigenvalues of real symmetric matrices of very large sizes.

Comparing the results of A. Rozinov 2016/ and V. Gorin and M. Rahman [2019] we see
that the former links the spacings in the extreme row (i.e. at the end-point of the edge)
to 2 x 2 real symmetric matrices, while the latter links the spacings in the bulk rows to
the real symmetric matrices of infinite sizes. The observed gap in the asymptotics between
2 x 2 and 0o X oo matrices motivated the central question of our paper: we would like to
understand, whether distributions related to k£ x k random matrices can be also found in
the asymptotic laws for random sorting networks.

The answer presented in this text is both Yes and No. On one side, we are so far unable
to find any connections of sorting networks to eigenvalues of real symmetric k£ X k matrices
(which would be the most direct interpolation between A. Rozinov 2016 and V. Gorin and
M. Rahman 2019). On the other hand, by slightly adjusting our point view, we find that
the law of the asymptotic spacing in row k can be expressed in terms of the eigenvalues of
2k x 2k random anti-symmetric Gaussian matrices — they are known in the literature as

aGUE, since their analysis reveals connections to the tools used for the Gaussian Unitary
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Ensemblﬂ see M. L. Mehta [2004, Chapter 13 and P. J. Forrester and E. Nordenstam 2009}

3.1.2 Main Results

Here is the precise definition of the random matrix object appearing in our asymptotic

results.

Definition 3.1.1. Let Y be an ¢ x £ matriz whose entries are i.i.d. standard Gaussian
random variables N(0,1). Then

i

M,
£7 9

(Y -Y")

is called £ x £ anti-symmetric GUE or aGUE for being short.

Note that the eigenvalues of M, are real and come in pairs: A is an eigenvalue if and
only if so is —A. When /£ is odd, My is necessary degenerate, i.e. it has a zero eigenvalue;
for even £, zero is not an eigenvalue almost surely.

We also would like to deal with eigenvalues of all M, together.

Definition 3.1.2. Let M be an infinite aGUE, i.e, an oo x oo matriz whose 1™ corner is
al x1l aGUE. The aGUE-corners process is a point process X on Zx>o x R>g: we put a

particle at (I, u) whenever u is one of the | L] positive eigenvalues of the top-left I x 1 corner

of M.

Remark 3.1.3. aGUE is studied in P. J. Forrester and E. Nordenstam 2009, and it turns

out that its corners process X has a determinantal structure. We give the correlation kernel

of X in Theorem[3.2.9,
Definition 3.1.4. Tpg(k) is the smallest positive eigenvalue of a 2k x 2k aGUE.

The determinantal structure for the distribution of eigenvalues of My (see M. L. Mehta

2004, Chapter 13 and P. J. Forrester and E. Nordenstam 2009)) leads to an expression for

2However, up to multiplication by i, matrix elements of aGUE are real, rather than complex.
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the distribution of T pg(k) as a series, which can be identified with a Fredholm determinant:

/ / det[ K™ (u;, u;)] duy - - - duy,

where K¥) is a correlation kernel, expressed through the Hermite polynomials H;(z) as

P [Tes(k) > 1 = i

k—1
Ll 1 Hop(u1)Hay(ug)
(k) o u2 w2 20 1 2[ 2
KY(uy,u) = 17242 NGO (3.1.1)
/=0
Here we use the “physicist’s normalization”, so that H;(x), i =0,1,..., is a polynomial of

degree i with leading coefficient 2¢ and such that

/ Hi(z 7y = 83129/ x. (3.1.2)

We can now state our first theorem.

Theorem 3.1.5 (First swapping law). Fiz k € Z>1, and let Trg, (k) denote the first
occurrence time of the swap (k, k+1) in a uniformly random sorting network (s1,...,Sn) €
Qn, N=(3):

Trspy(k) =min{t > 1: s; = k}.

Then we have the following convergence in law:

Tpsa(k) 1
lim Fsié() = ~Tps(k). (3.1.3)
n—o00 ns 2

In order to connect the first swaps to the spacings, we are going to use translation
invariance of the random sorting networks (cf. O. Angel, A. Holroyd, et al. 2007, Theorem

1, (i)), which is based on the following combinatorial fact:

Proposition 3.1.6. Let N = (g) Then (s1,...,SN) € Qy if and only if (s2, ..., SN, n—S51) €
Q.
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Applying Proposition [3.1.6] one readily proves that forall 1 <r <r+t< N,
P[Trs(k) > t] = P [there are no swaps (k,k+ 1) at times r + 1,7+ 2,...,r +{],

which can be used to identify the distribution of a spacing in row k. Before doing so, we
need to specify the definition of a spacing. In fact, there are two natural definitions, which
lead to distinct random variables. For the definition it is convenient to extend a sorting

network to a 2 N—periodic Z—-indexed sequence:

Definition 3.1.7. Given (s1...sy) € Qy, we extend it to a sequence (s¢)icz by requiring

StyN =n — s for allt € Z. We call (s¢)iez the periodic extension of (s1...sy) € Q.

For instance (121) € 3 is extended to the infinite Z-indexed sequence (...21212 ...)
with 1s at odd positions and 2s at even positions. The reason for this particular definition

is contained in the following straightforward corollary of Proposition [3.1.6

Corollary 3.1.8. If (s1,...,8n) is a uniformly random element of Q,, then its periodic

extension (S¢)iez s translation-invariant: for each a € Z we have a distributional identity

d
(3t+a)tez = (St)tez-

Definition 3.1.9 (First definition of the spacing). Fixn =1,2,..., k € {1,2,....,n — 1}
and a € 7. Let (s¢)iez be the periodic extension of a uniformly random sorting network in
Q,,. Set

X =max{t <a:s =k}, Y =min{t > a: s = k}.
We define the spacing on the k™ row of a sorting network of size n as Spi, =Y — X.

Remark 3.1.10. While the definition depends on the choice of a, Corollary[3.1.8 implies

that the distribution of Spy, ,, is the same for all a € Z. Hence, we omit a from the notation.

The n — oo limit of Spy, ,, turns out to be connected to Trs(k) of Definition
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Theorem 3.1.11. Fiz k € Z>1. We have the following convergence in distribution:

1
lim 22kn _ g
n—oo % 2

where Zy, is a positive random variable of density gi(x), © > 0, given by

82
gp(z) =x @(}P’ [Trs(k) > z]). (3.1.4)

Here is an alternative definition of the spacing.

Definition 3.1.12 (Second definition of the spacing). Fixn =1,2,..., k€ {1,2,....,n—1}
and a € 7. Let (st)1ez be the periodic extension of a uniformly random sorting network in
Q,. Set

Y =min{t > a: s = k}.

We define the spacing gl\)k,n on the k™ row of a sorting network of size n as a random

variable whose law is the distribution of Y — a conditional on the event {s, = k}.

Remark 3.1.13. As in Definition[3.1.9, the choice of a does not affect the distribution of
Spk‘,n‘

Both definitions of the spacing have their own merits. Definition [3.1.12] is the one
preferred in theoretical physics and random matrix literature. However, a disadvantage of
Definition |3.1.12| is that it is hard to sample or observe él\)km, as it fails to be a random

variable on the state space of all sorting networks; on the other hand, Spy,, is a function

of a sorting network. The n — oo limit of gl\)kn is still connected to Trg(k) of Definition

B:1.4] but in a slightly different way.

Theorem 3.1.14. Fiz k € Z>1. We have the following convergence in distribution:

Sp 1~
lim 22kn _ 27
n—oo ph 2
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where Zk is a positive random variable of density gi(z), x > 0, given by

T (2k—2)11 92

gr(x) = 2 @k =1 @(P [Trs(k) > z]). (3.1.5)

Remark 3.1.15. In k =1 case Trg(k) becomes the absolute value of a Gaussian random
variable, |N (0, %)] Hence, 71 has density 2:Uefx2, x > 0, which matches the result of

A. Rozinov 2016

In addition, we present an alternative expression for Z & by identifying it with a marginal
of a certain two-dimensional determinantal point process; we refer to A. Borodin [2011]and

references therein for general discussion of the determinantal point processes.

Definition 3.1.16. Let X,; be a determinantal point process on Z>9 X R>q, such that with
respect to the product of the counting measure on the first coordinate and the Lebesgue

measure on the second coordinate, the correlation kernel is

/ (U2 — ul)m—xz—l
Kk(xlvul; xZ;UQ) = 1{u2<u1,:132<961} (1,1 — 19 — 1)|
1 I'(—w) T 1) D(—#tz2
col fa f aIEmTlrnty Tt
(27i)?2 M(z+1) DIz —w) D(=tfetd)
CZ [0700) Cw[o,itl)
z+x9 — 2k r1 —w—2k uf’u3

X .
z+a9—2k+1x1—w—-2k—1w+z+ax9—21+1

Here uy,us € Ry and x1, 22 € Z>2; when uy or ug is equal to 0, the kernel is defined as
the limit as uy or uy tends to 0. C,[0,00), Cy[0, 1) are counterclockwise—oriented contours
which enclose the integers in [0,00) and [0,x1), respectively, and are arranged so that C,

and 1 — xg — 1 — Cy are disjoint, as in Figure[3.9

Remark 3.1.17. For m > 0, there are m particles in the 2m™ and 2m + 1% levels of X,;
(i.e. with first coordinates 2m and 2m + 1, respectively), except that on the 2k level there
are only k — 1 particles.

If we denote the §% particle(from top to bottom) on the ™" level by SCé and set azé =0
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for j > # particles in the I level, then the particles of X,; interlace, i.e,

+1 l +1
Tit1 ST ST

While we do not prove this, we expect that compared to X, X,é can be thought as the

corner process of aGUE conditioned on the event that the smallest positive eigenvalues of

the 2k corner is 0, see Remark .

Theorem 3.1.18. Let Zk be as in Theorem |3.1.14| and let Z] denote the coordinate of the

closest to the origin particle on the I level in the point process X
e Ifk =1, then the law of 21 coincides with that of Zj.

o Ifk > 2, then the law of Zy coincides with that of min{Zy, 1, Zoy, 1}

3.1.3 Methods

Here is a sketch of our proof of Theorem [3.1.5

e The Edelman-Greene bijection P. Edelman and C. Greene |[1987 maps the problem to
the study of the asymptotic distribution of the entries of uniformly random standard

Young tableau of staircase shape, see Section [3.4.2]

e We replace standard Young tableau by a continuous version, which we call Pois-
sonized Young tableau. In Section [3.3.2] we show that the error of this replacement

is negligible in our limit regime.

o We use the formula of V. Gorin and M. Rahman 2019 for the correlation kernel of the

determinantal point process, describing the entries of a Poissonized Young tableau.

e Asymptotic analysis of this formula leads in Theorems and [3.3.6] to the limiting
process described in terms of double contour integral formulas for its correlation

kernel.
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e Expanding the integrals in residues, performing resummations, and using the Gibbs
(conditional uniformity) properties of the point processes under consideration, we

reveal in Section a match to the distribution of eigenvalues of aGUE matrices.

We remark that (in contrast to the results in the bulk, i.e., for £ of order an, 0 < a < 1, as
in V. Gorin and M. Rahman [2019; O. Angel, D. Dauvergne, et al. 2019) we do not claim
any results for the joint asymptotic distribution of several swaps; Theorem [3.1.5] only deals
with one-dimensional marginal distribution. A technical reason is that the Edelman-Green
bijection does not have any straightforward continuous version acting on the eigenvalues
of aGUE of finite sizes: it seems that one needs to deal simultaneously with aGUE of all
sizes, which is not a particularly transparent operation. In future, it would be interesting

to find a way to overcome this difficulty.

Theorems [3.1.11] and [3.1.14] are proven in Section [3.4] as corollaries of Theorem [3.1.5

The central idea is to develop discrete versions of , valid for random sorting
networks of finite sizes. In fact, these discrete statements are valid for any periodic point
processes and, thus, can be of independent interest, see Proposition [3.4.2

Finally, Theorem [3.1.18]is proven in Section [3.4] by repeating the arguments of Theorem
for the sorting networks conditional on the event {s; = k}. This requires asymptotic
analysis of entries of standard Young tableau of a slightly different shape, which is still
possible by our methods. Thus, we arrive at the identities of Theorem [3.1.18]in an indirect
way, by showing that the two sides of the identity are n — oo limits of the same discrete

distributions.

3.2 Preliminaries

One of the key tools in studying sorting networks is the Edelman-Green bijection (see
Section for the details), which maps them to Standard Young Tableaux (SYT). In
this and the next section we develop asymptotic results for SYT, which will be ultimately
used in Section [3.4] to prove the theorems about the random sorting networks announced

in the introduction.
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In addition, in the last subsection of this section we recall the properties of the eigen-

values of aGUE, which will be useful later on.

3.2.1 Young diagrams and Young tableaux

A partition is a sequence of non-negative integers A\; > Ay > ... > 0 such that |\ :=
Y21 Ai < 0o. The length of A, denoted by I()), is the number of strictly positive A;s.

We identify a partition A with a collection of N = |A| boxes, such that there are \;
boxes in row i. We use coordinate (7, j) to denote the j-th box at row i. In other words,
the coordinates of boxes are {(4,7) | 1 < j < \;, i =1,2,...}. Such a combinatorial object
is named a Young diagram, still denoted as A. In particular, we say the Young diagram is
of staircase shape and write A = A,, for some n € Z>9, if \y =n—ifori=1,2,...,n.
We also use the diagram A = A, \ (n — k,k) for 1 <k <n — 1, which has \; = n — i for
i1#n—kand \,_p =k — 1.

A standard Young tableau (SYT) of shape A is an insertion of numbers 1,2,...,|\| into
boxes of A without repetitions, such that the numbers in each row and column strictly
increase from left to right and from top to bottom. The numbers within a SYT are its
entries. Fixing the Young diagram A, we can get a uniformly random SYT of shape A,
denoted as T by considering a uniform measure on the space of all SYT of shape \. See
Figure for an example with A = Ag.

A Poissonized Young tableau (PYT) of shape A is an insertion of |A| real numbers in
[0,1] into boxes of A, such that the numbers strictly increase along each row and column.
We use PYT()) to denote the space of all PYT of shape A\. Note that a given PYT of
shape A can be transformed canonically to a SYT of the same shape, by replacing the k-th
smallest entry with k. In the opposite direction, we can get a uniformly random PYT of
shape A, denoted as Ty by the following steps: first generate a uniformly random SYT of
shape A, then independently sample |\| i.i.d. random variables uniform in [0,1], and replace

the entry k with the k-th smallest random variable.
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Figure 3.2: An example of staircase shaped standard Young tableau, with n = 6 in two different
coordinate systems: the right one is defined in Section |T_ff| and left one is defined in Section @

3.2.2 Rotation of Young Tableaux

Let T, denote a standard Young tableau of shape A,,. We make a change of coordinates

(7,7) — (I,m) for the entries in T, by letting

== 41, n—i—j iseven,
l=n—1i+47, m =

%ﬁ'l, n—1—j is odd.

We let Ta, (I,m) denote the entry of Ta, on the i row and the j* column, where i and

j are reconstructed from [ and m by inverting the above formulas. In more detail, we have

l

n—g—m+1, [iseven, _ é—m—i—l, [ is even,
1 = j:
n—~%—m+3 lisodd; L—m+1 lisodd

The allowed values for (i,7) are: i > 1, j > 1, i+ j < n. The allowed values for (I,m) are
1=2,3,4,....,2n—2and m=1,2,..., L%j The transformation (7,7) — (I,m) is

essentially a clockwise rotation by 45 degrees, as can be seen in Figure [3.2]

Similarly, for standard Young tableau Ta,\(n—k) We make the same change of coor-
dinates as above and deal with Tx \(n—kk)(l,m). Formally, the entry at (I,m) = (2k,1)

does not exist, because it corresponds to the removed box at (n — k, k), but we can also
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think about this entry as being N = (72'“), in this way Ta,\(n—kk) becomes Ta, with the

additional restriction Ta, (2k,1) = N.
For Poissonized Young tableau (PYT) T of shapes A = A, or A=A, \ (n—k, k), we

define the change of coordinate in exactly the same way and use (m, 1) coordinate system.

3.2.3 Point processes associated with PYT

Let Ty be a PYT of shape A\. As in Section [3.2.2] we will focus on the case A = A, or

A=A, \ (n—k, k), for which we induce a point process on Z>g X R>( from its entries.

Definition 3.2.1. The projection of a PYT T with shape A, or A, \ (n— k, k) is a point
configuration on Zxq x [0,1], such that there’s a particle at (I,w), if for some l € Z>o and
m € Zx>1,
u=1-—"T(,m).
By definition, u = 1 — T(I,m) is the m*™® lowest particle on level {I} x R>q (except for
level [ = 2k in Ta \(n—k,k), Where T(2k, 1) is missing), and the particles on neighboring

levels interlace by the setting of PYT, see Figure [3.3]

OLLLQ

1511515 | 15 A
138110 S A B A
1511515 | 15 RERNR SRR
5613 SN Plle LS

9 |11 be Y
1515 . Prerii by

NES el Y
15 012345678 09101112 T e R TR TR ) 1

Figure 3.3: Producing a point configuration from a PYT T of shape Ag with entries given in the
figure as in Section and first rotate Ag clockwise by 45 degrees, then project its entries
into a configuration of interlacing particles.

If we take Ty to be uniformly random, then the projection of T) becomes a point

process on Zx>q X [0, 1]. Note that this random point configuration is simple almost surely.

We also would like to rescale the u—coordinate.
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Definition 3.2.2. The point process X,; on Z>o x R>q is obtained by taking a uniformly
random PYT Ta, , projecting its entries on Z>o x [0,1], and then rescaling the second
coordinate of each particle by the map (I, u) — (Z,n% ~u). Similarly, X,;n is obtained from

uniformly random PYT T \(n—kk) by the same procedure.

We study the asymptotic behavior of X,; and X,;’n in Section Our analysis uses
the technique of determinantal point processes with correlation kernels given by double

contour integrals, which we present next.

3.2.4 Determinantal Point Process

Here’s a brief review of some standard definitions, for a thorough introduction see A. Borodin
2011} D. Daley and D. Vere-Jones 2003, Let S be a locally compact Polish space, say Z
or R™. We consider the space of discrete subsets in S, which consists of countable subsets
X of S without accumulation points, and identify each such point configuration with the
measure » v 0;. The topology of this space is given as the weak topology of Radon
measures on S. We further use Borel o—algebra corresponding to this topology.

A point process is a random discrete subset of .S, and we assume that it is simple a.s,
i.e, all the points have distinct positions. A determinantal point process X on S is a point
process with correlation kernel K : § x § — R, and a reference measure p on S, such that

for any f: S* — R with compact support,

E Z f(ml,...,xk)] :/det (K (zi,25)] f(21, - 2p) p®F(da, . . ., dog).

xl,...,zkE{Y' Sk
T1,...,x) are distinct

(3.2.1)

Expectations of the form given by the Lh.s. of determine the law of X under mild

conditions on K, see A. Lenard 1973 This will always be the case in this text as the
correlation kernels we consider will be continuous.

The determinantal point processes appearing in this paper live in space S = Z x [0, 1] or

S = 7Z xR, with reference measure being the product of counting measure and Lebesgue

measure, denoted by #z x L£([0,1]) or #z x L(R>g) resp. We use the following lemma,
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whose proof we omit.

Lemma 3.2.3. Let Y, be a determinantal point process on Z X Rsq with reference measure
#7 X L(Rso) and correlation kernel K,,. Then the sequence Y, converges weakly asn — oo
to a determinantal point process X with correlation kernel K on Z x R>o (with reference
measure #z X R>q) and with almost surely no particles at (i,0), i € Z, if

K, — K uniformly on compact subsets of Z x Rxq.

3.2.5 Uniformly Random Projection

When PYT Ta,, and Ta,\(n—kk) are uniformly random, their projections are point pro-
cesses on Zxq x [0, 1], whose correlation functions were computed in V. Gorin and M. Rah-
man 2019l We restate the result there for our case in the following theorem, which is a

stepping stone of the proofs of our main results.

Theorem 3.2.4. The processes X; and X,; . of Definition are determinantal point
process on {2,3,...,2n — 2} x Ry with correlation kernel Ky(x1,u1;x2,u2) given for
x1, w2 € {2,3,...,2n — 2} and ug,us € Rsg, by

1
(UQ _ u1)$1—$2—1n*§(11*$2)

(:L’l — T2 — 1)'

_ _ Z W —l(z-l—w—i-l)
CZ[O,)\1+1’L—$2) Cw[o,.’ﬂ1)

Kx(z1,u1;02;u2) = Liyycuy go<ar} (3.2.2)

+(27ri)2 Fz+1)Gy\(r1—n—1-w) wt+z+zs—21+1’
where
oo .
u+i F'(u+14n)
{2

i=1 [T (u—Ai+1)

i=1
with X\ = A, for X, and A = A, \ (n — k,k) for X, . The contours C,[0,\; +n — x3)
and Cyl0,21) are as shown in Figure . Both are counter-clockwise, encloses only the
integers in the respective half open intervals [0, \1 +n — z2) and [0,x1), and are arranged

so that C, and x1 — g — 1 — Cy, are disjoint, as in Figure[3.]}
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Remark 3.2.5. The I'—functions in double-contour integrals are used for the convenience

of notations, but the integral is, in fact, a rational function of z and w multiplied by

(z+w+1)

_1
usut’'n 2 . Indeed, we have

I'(—w) Gi(z4+z2—n)  (z+1)(z+2)---(2+22) il;ll(_w+$1_n—1—)\i+i)

L(z+1)Gy(r1 —n—1—w) ﬁ(z—i—xg—n—)\i—i—i) (—w) (1 —w) (1 —1—w)
i=1
(3.2.3)

Proof of Theorem |[3.2.4]. This is a corollary of V. Gorin and M. Rahman 2019, Theorem

1.5. In the notation of V. Gorin and M. Rahman [2019, we choose:

u
tlzl—f}; to=1—
n2

; mgGR]:m—n; x[zGR}sz—n; A=Ay or A\ (n—Fk, k).

U2

1
nz2
Since our match of parameters involves rescaling of the real spatial coordinate, we also

need to use the following Lemma whose proof we omit. O

Lemma 3.2.6. Let Y, be a determinantal point process on Z.x (0, 1) with reference measure
#7 x L((0,1)) and correlation kernel K. For ¢, € Z, a € R, we define the rescaled and
shifted point process

/

Y, = {(@ — enyn®u) | (z,u) € Y},
Then, the correlation kernel of Y,; with reference measure #7 x L(Rsq) is

!

K, (z1,u1; z2,u2) =n K, (ml + cp, Z—;; T2 + Cp, :ﬁ) .
Remark 3.2.7. We can extend X,; and X,;n to point processes on {2,3,...,2n — 2} xRxq,
in such a way that almost surely there is no particle at (x,0) for any x € {2,3,...,2n — 2}.
Moreover, the kernel Ky can be extended to the same space based on its regular behavior at
up or uo = 0.

In order to see that the double contour integral in the definition of the kernel is well-

behaved as u1 — 0 orus — 0, we expand the integral as a sum of residues at the poles inside



110

the integration contours. We start from the case 2 < x1 < xo with contours of the top panel
of Figure[3.]} In this case the denominator w + z + xo — x1 + 1 is never singular inside
the integration contours, the w—residues are at simple poles at finitely many non-negative
integers and z—residues are also at simple poles at finitely many non-negative integers. The
residue at w = my, z = my for my,mg € Zx>q has the form c(mi,ms) - ui" uy'?, where
c(my, mg) does not depend on uy,us. Hence, the residue is continuous as ui,us — 0 and
so is the double integral.

Proceeding to the case 2 < xo < x1 with contours of the bottom panel of Figure
the additional feature is the potential singularity of the denominator w + z + x9 — x1 + 1.
Let us first compute the w—integral as a sum of the residues, getting a sum of the terms

of the form uj" x (one-dimensional z-integral) with non-negative values for my. Up to the

factors not depending on w1 or ug, the corresponding z—integral has the form

?é I(z4+22+1) 1 uj n"3* p
. . Z.
C.lo4n—z9) L(z+1) & (2422 — N\i+i—n) z+my+x2— a1+ 1
i=1

The simple poles of the last integral lead to ug—dependence of the form uy'?, mg > 0, which
is again continuous at ug = 0. It would be more complicated, if the integral had a double
pole: the residue at such a pole would have involved the z—derivative of u3, which leads to
the appearance of In(ug) factor that is singular at uy = 0. However, we claim that there is
no double pole. Indeed, using , m1 ¢ {z1 —n—1—X + i} . Therefore, for the

pole of erzﬁl’ we have (—my —xg +x1 — 1) ¢ {—x2+ \; —i+n}l_,. Hence, this

1
z+xz2—Ai+i—n) "

pole is outside the set of poles of T
=1

3.2.6 Anti-symmetric GUE

Let us recall a statement from P. J. Forrester and E. Nordenstam 2009, Theorems 2.9 and

3.3:

Proposition 3.2.8. For M in Definition[3.1.9 and 1 = 1,2, ... we have:

(a) The 1™ corner of M has | real eigenvalues.
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(b) The eigenvalues come in pairs, i.e, X is an eigenvalue of the I corner if and only if
—\ is an eigenvalue of the ™ corner. When 1 is odd, 0 is necessarily an eigenvalue

of the ™" corner.

(c) The eigenvalues of the I corner interlace with the eigenvalues of the (1+1)% corner

a.s, which means that

AL <A < (3.2.4)
where 7 =1,2,...,1 and )\é» denotes the j* largest eigenvalue of the ™ corner.

(d) Conditionally on the positive eigenvalues of the 1™ corner, the positive eigenvalues
of the it corners, i = 2,...,1 — 1, are jointly distributed uniformly on the polytope

determined by the interlacing inequalities (3.2.4)).

!
El

(e) The joint density of positive eigenvalues ()\ll > 2> ) of the 1™ corner is

1
2
C H (()\i)2 - (Aé)Q) He—(A§)2’ [ is even;
1<i<j<s j=1
l Iy _
p(AT, ""ALéJ) =
-1
2
Cl ((Aé)g—(ké)Q) W e*“ﬂ, | is odd,
1<i<j<izt j=1

where Cy is an explicitly known normalization constant.

Note that the above five properties uniquely characterize the joint distribution of
{)\? HM<j<k<oo- An alternative characterization is through the correlation functions of the

corresponding point process X'

Theorem 3.2.9 (P. J. Forrester and E. Nordenstam [2009, Proposition 4.3). The aGUE
corners process X of Definition is a determinantal point process with correlation

kernel K(z,u;t,v) (with respect to the reference measure #z @ L(R>q)), such that for
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T2y,
[v/2]
H,_ H,_
K(z,u;y,v) =¥ Z e Hy 21(?1)’ (3.2.5)
=1 Ny—2
and for x <y,
Koy — ot N Hom21(WHy o (0)
(z,u;y,v) = —e ZZ Ny . (3.2.6)
=—00

Here Hj(u) is the Gt “physicist’s Hermite polynomial” with leading coefficient 27, so that
/ Hi(u)Hj(u)e_uzdu = 252‘ij, Nj = j!2j_1\/E.
R

Remark 3.2.10. The x =y case of (3.2.5)) differs from the kernel of (3.1.1) by the factor

15 15 ) )
e 2" 2% which cancels out when we compute determinants.

3.3 Local Limit of Standard Staircase Shaped Tableaux

The aim of this section is to investigate the scaling limit near the bottom-left corner for the

uniformly random standard Young tableaux of shapes A, and A, \ (n — k, k) as n — oo.

3.3.1 Statement of the result

We use the (I, m) coordinate system for SYT, as in Section [3.2.2] We recall that X is the
point process corresponding to the corners of aGUE as in Definition Let X(I,m)
denote the m! particle of X in the level [, sorted in the increasing order; in other words,
X (1,m) is the m™ positive eigenvalue of I x [ corner of the infinite aGUE matrix M
(with m = 1 corresponding to the smallest positive and m = L%j to the largest positive
eigenvalue).

Further, we set X,; to be the point process of Definition with an extra particle
inserted at (2k,0). We let X,;(l, m) denote the m*™ particle of X,; in the level x = [, sorted

in the increasing order.

Theorem 3.3.1. For each n € Zxa, let Ta,(I,m) and Ta,\(n—kk)(l,m) be uniformly

random standard Young tableauz of shapes A, and A, \ (n — k, k), respectively, in the
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coordinate system of Section . Recall N = (g) Then for each fixed k, as n — oo we

have

1 T, (I,m
{n2 <1_](V)>} — {X(l’m)}bz 1<m<| L] and (3.3.1)
1>2, 1<m<| L] oo

T n— l’ !
{né <1 ~ Ta\(n—k)( m))} {0} g 1eme 1 (3.3.2)
N 1>2, 1<m<| } ] o

in the sense of convergence of finite-dimensional distributions.

Remark 3.3.2. The SYT Ta,\(n—kx) can be thought as Tp, conditioned on its largest
entry being at (n — k, k). Hence, Theorem suggest a conjecture: X,; should have the
same law as X conditioned on having a particle at (2k,0), i.e. on X(2k,1) = 0. Note
that additional efforts are needed to prove this, because the topology of the convergence in

Theorem[3.3.1] is not strong enough to make conclusions about the conditional distributions.

The rest of this section is devoted to the proof of Theorem [3.3.1] We first couple the
two types of SYT with the uniformly random PYT of the same shape, and induce two
point processes /’\,’7;, X,;’n on Z>qp x Rx>g respectively from these two PYT, as in Definition
3.2.90 Then we prove that X, — X' and X,;n — X,; as n — oo, where X’ and X,;
are determinantal point processes on Z>g x R>q with explicit correlation kernels given by
double contour integrals. Next, we identify X’ with X, the corners process of aGUE of

Definition [3.1.21

3.3.2 Coupling with PYT

The first step of the proof is to introduce a coupling between SYT and PYT of the same
shape and to show that under this coupling the difference between random SYT and PYT
is negligible in the asymptotic regime of our interest.

Let Ta, and Ta, be uniformly random SYT and PYT, respectively, of shape A,,. We
couple these two tableaux in the following way: for N = (g), let (P < P, <---< Py)

be a uniformly random point on the simplex {(z1, -+ ,2n5) |0 <21 <22 < -+ <2y < 1}
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Given a uniformly random SYT Tx,,, we replace entry k in Ta, by Py for k =1,2,--- | N;

it is straightforward to check that the result is a uniformly random PYT Ta,. In the
opposite direction, Ta,, is reconstructed by Ta, by replacing the kth largest entry in Ta,

by k for each k =1,2,..., N.

Lemma 3.3.3. Fiz any pair of integers (i,j) with i > 2 and 1 < j < L%j Using the
coupling described above, we have for each § > 0

!~ T, (1) = =22

—0

in probability, as n — oo.

Proof. Let Ta, (i,j) = £ € {1,2,..., N}, where { is a random variable. Then, by the

construction of the coupling, T, (i,7) = Pe. By Chebyshev’s inequality,

P [nl‘s Pe — % > e}
nlfé 2 5 2
< < ; > E<P£_N> (3.3.3)
n2—20 N

For a fixed j, the random variable P; is distributed according to Beta distribution with
parameters j and N + 1 — 7, which has mean ﬁ and variance (see, e.g., N. Johnson,

S. Kotz, and N. Balakrishnan 1995, Chapter 25).
2
(5534 1

SIVEAV iy Aty B8

2 jIN+1-))
E(PJ'_N+1) T (N+1)2(N+2)

N 2 . 2 . 2

j j 7 1 1 1
E(Pj— =] =E(P; - < < —.
(J N) (3 N+1> +(N(N—|—1)) _4(N+2)+(N+1)2_N



115

Since N = %, 3.3.3) and (3.3.5)) imply that as n — oo

n272§

N — 0. O

P [nl_(s

P€_§‘>6:| <

In a similar way, we couple uniformly random SYT T \(n—kk) and PYT Ta \(n—k,k)
of shape Ay, \ (n — k,k): welet (P < P <---< Py_1) be a uniformly random point
on the simplex {(z1, -+ ,zn-1) | 0 < 1 < 22 < -+ < xny—1 < 1}. Given a uniformly
random SYT T \(n—k,k), We replace entry k in Tx \ (k) by Pg for k=1,2,--- /N —1;
it is straightforward to check that the result is a uniformly random PYT T \(n—kk)-

Repeating the proof of Lemma [3.3.3| we arrive at:
Lemma 3.3.4. Fiz any pair of integers (i,7) with i > 2 and 1 < j < L%j Using the

coupling described above, we have for each § > 0

Ta\(n—k ) (4, 7)
N

n 0N T A (ko) (35 5) —
in probability, as n — oo.

3.3.3 Limiting Processes

In this section we analyze asymptotic behavior of the point processes associated to random

PYT Ta, and Ta,\(n—#,k) by the procedure of Section

Theorem 3.3.5. The point process szl (corresponding to random PYT Ta, via Definition
converges weakly as n — 0o to a point process X' on Lo X Rsg. X' is a determi-
nantal point process (with respect to reference measure #z., ® L(R>o)) with correlation

kernel

(uQ _ ul)xl—mg—l

(r1 — 29 — 1)!

!
K (xlauﬁx%u?) = I{u2<u1,902<11}

N 1 7{ dzy{ dw T(—w) T(z+ a9 +1) T'(—22) ulu3 '
(27Ti)2 C.[0,00) Cwl0,21) F(Z + 1) F(ZEl — ’LU) F(%w—kl) w—+2z+x92— 21+ 1

Here uy,us € Ry and x1, 22 € Z>o; when uy or ug is equal to 0, the kernel is defined as
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the limit as uy or uy tends to 0. C,[0,00), Cy[0,x1) are counterclockwise—oriented contours
which enclose the integers in [0,00) and [0,x1), respectively, and are arranged so that C,

and 1 — xg — 1 — Cyy are disjoint, as in Figure[3.9

Theorem 3.3.6. The point process X,;’n (corresponding to random PYT TAN\(n—kk) via
Definition m converges weakly to a point process X,; on Z>z X Rxq. X,; is a determi-
nantal point process (with respect to reference measure #z., @ L(R>o)) with correlation

kernel given by

(UQ o ul)ml—zg—l

(1111—:132—1)!

1 I(—w) T 1) T(_zte2
e o e
(2mi)* Jo.0,00) Coloe)  L(z+1) DIz —w) D(=tfetd)
y z+ w9 — 2k 1 —w— 2k ut
z+xo—2k+1 21 —w—-2k—1 wHz+ae—21+1

!
Kk(xlv Uuy; 2, u2) = I{u2<u1,x2<1‘1}

Here ui,us € Ryg and x1,22 € Z>o; the value of K]; when uy or us equals 0 is to be
understood as the limit as uy or ug tends to 0. The contours C,[0,00) and Cy[0,x1) are

the same as in Theorem[3.3.3.

In the proof we use a known asymptotic property of the Gamma-function:

lm =mY(1+0(m™1)), m — 400, (3.3.6)

where O(m™1) term is uniform as long as y is uniformly bounded.

Proof of Theorem[3.3.5, We show the convergence in distribution by verifying conditions

)

of Lemma namely, we show that the correlation kernel K, (z1,u1;x2,us)n " 2 -~ of

X,;, where K 7/1 is given by (3.2.2)), converges to K uniformly on compact subsets of z1, x5 €

T1—T9

Z>o and ui,uz € R>g. Note that the just introduced multiplication by n~ 2~ does not
change the value of the correlations functions det[K;L(aci,ui;xj, u;)]. Let us fix arbitrary

x1,%2 € ZL>o, strictly positive ui, uz, and analyze the asymptotic behavior of the double

contour integral in (3.2.2]).
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The first step is to deform the contours of integration from the ones of Figure to
the ones of Figure . Using (3.2.5)), the z—dependent factors of the integrand are

(z4+1)(24+2) - (24 x2) ] <U2>'Z 1 (3.3.7)

ﬁ(2+x2—2n—|—2i) Vo whztz— a1

=1

The form of implies that there are no z—poles of the integrand to the right from the
contour of Figure [3.4} hence, the value of the integral does not change in the deformation.
For each fixed us and large enough n, on the new contours of Figure the expression
rapidly decays as Rz — 400 (uniformly in n). This observation allows us to control
the part of the integral corresponding to large Rz, and it remains to study the n — oo

asymptotics of the integrand for finite z and w.
We use (3.3.6) to compute the asymptotic behavior of []7_; in (3.3.7):

n

[z + 22— 2n+2i) = (—1)" [ [ (=2 — 22 + 2n — 2i)
=1 =1

- 2] <—z 2 +n- z) _ P2

paley F(_Z—|-2:C2)
_zt®p
non n -1
Similarly,
n —efwtl

[Jw1 —w—2n+2i — 1) = (~1)"2"(n — 1)} (1+0(mn™).

e
P (—mtwtl)
Thus, for A = A,,, we have

Ga(z+ 92 —n) _I‘(z+x2+1) I‘(_ZJF%) Cotwtl  stay 71
G)‘(:Elfnflfw)_ [(z1 —w) r(%’uﬂrl)n one (1+O(" ))

r1—z3

Hence, the integrand in the double contour integral part of K;l(acl, U1; T, U2)N" 2, CON-
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verges as n — 0o to

P(—w) D(z+ap+1) T(=5%) ui'ug
L(z+1) Tz —w) T2 ) w+z4a -2+ 1

Combining with the straightforward asymptotics of the indicator term, we conclude that

for all strictly positive u; and uso,

. / 1 -T2 /
nl;n()loKn(ajl,ul;xg,ug)n =K, (z1,u1;x2,u2).

Clearly, the convergence is uniform over uj, us in compact subsets of (0, +00). It remains
to show that there is no explosion for u; or us near 0, which is done in exactly the same
way as we did in Remark i.e. by interpreting the integral as a sum of residues at

simple z— and w—poles at non-negative integers. O

Proof of Theorem[3.3.6. The proof is the same as for Theorem [3.3.5], with only some slight
difference in calculation. This time, for A = A, \ (n — k, k) we have

['(z+x2+1) z 4 xo — 2k

Gaz 4z —n) = 2429 —2k+1’

3

(z +x9 — 2n + 2i)
=1

-
Il

[z —w) x1—w—2k—1

Ga(xz1—n—1—w) = P—T

s

(x1 —w—2n+2i—1)

=1

The additional fractions zi;;cigl?—lf-l and x;ﬂ;ﬂ;l (as compared to A = A,, case) propa-
gate to the final answer without changes. O

3.3.4 Connection to Anti-symmetric GUE

In this section we prove that the distribution of the limiting process of Theorem [3.3.5

coincides with the corners process of aGUE.
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Proposition 3.3.7. K/(Qk,ul;Qk,ug) of Theoremfor ur,uz € R>o, k € Zso, is

equal to
k—1 27 k .
ok+1 i Z 1)ith uy’ 43 - [laeg (20 +2a—1) 1 ‘
=0 j=0 2k —2j — )I(2)!T( + 5 — &) il 27 +2i+1
(3.3.8)

Remark 3.3.8. When k = 1, we simplify K/(Q,ul;Q,ug) = %6*1‘3. There’s only one
particle on level {2} x R>q which corresponds to the limit of the entry of the SYT at lower
corner, with coordinate (n —1,1).

When k = 2, we simplify K/(4, uy;d,up) = —=[(1 — 2u3)(1 — 2u) + 2]6*“%. There

e
are two particles on level {4} x R>q which correspond to the two entries of the SYT with

coordinates (n — 3,1) and (n —2,2).

Proof of Proposition[3.3.7. K (2k,u1; 2k, us) of Theorem is given by

1 f{ dzf dw D(—w) T(z+2k+1) D(=22E) (ug)®(uy)?
(27Ti)2 C.[0,00) Cw[0,2k) F(Z + 1) F(Qk — w) F(%) w+z+1 ’

The w—integral is evaluated as the sum of residues at simple poles at even integers w =

0,2,4...,2k — 2 and we have

I'(-w) (u1)"”
Resy—2; .
E€Sw=2j [F(2k B w)l—\(—Qk—gw—i—l) w+z+1
1 (ug)®
= Resy=2; :
? [F<—2’f;w+1><—w><—w+1)---<—w+2k— D wia il

1 (u1)%
p(%) (2k —1—2)!(27)! 2/ +z+1

which matches the j—dependent factors in (3.3.7). The remaining z—integral for the j—th

term becomes

1 ]{ D(z+ 2k + DI(=Z28)  (y4y)2
27‘(’1) C.[0,00) F(Z+1) 2j+2+1
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The last integral is evaluated as the sum of the residues at z = 0,2,4,.... Using the fact
g V"

that the residue of the Gamma function at a simple pole at (—n), n = 1,2, ... =

we get,
R D(z + 2k + D)T(—22E)  (uy)? (—1)F (20 +2k)!  (up)®
€S,—9; = — . .
= I'(z+1) 2 +z+1 (i+k)! (20 2j+2i+1
2i
2k+1 Z+l€ 2 2 o 1 (Uz)
H it20—1) o T
a=1
which matches the i—dependent factors in (3.3.7)). ]

Proposition 3.3.9. K'(2k,uy; 2k, u3) of Theoremfor ui,u2 € R>q, k € Zso, is also

equal to

k—1
_ 2 H. (u )H (UQ)
(u2) 2[\U1 2l
e > TR (3.3.9)

where H;(u) are Hermite polynomials, as in (3.1.1) and Theorem[3.2.9.

Proof. Our task is to show that (3.3.8) and (3.3.9) match. The proof is induction in k.
For k = 1, this is a content of Remark Subtracting (3.3.8]) at £ + 1 and at k, we get

2 koo
ok+1 Z Z )it uy’ uz' [lg=1 (2 +2a—1) 1

== (2k —2j + DI)ITG+ L —k) i 25 +2i+1

X [<2(j — k — 1/2)(2i + 2k + 1) — (2k — 2j + 1)(2k — 2j)]

2j 0 24 k ;
o+l uj _qyire 2 Tloq (204 2a — 1) 3310
Z (2k —2)1(2))!T(j + 3 — k) g( ) i (3:3.10)

On the other hand, subtracting (3.3.9) at &+ 1 and at k, we get

—(us)? Ho(u1) Hop (u2)
22F 1 (2%

(3.3.11)
The explicit expression for the Hermite polynomials Szego (1939, Chapter 5.5 is

k
E T
o) = 3 (1" G

Jj=0
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In order to match with u;—dependent part of (3.3.10)) we write

r() e AV O Vi e Vi e

7)!

B e R R R B Bt e T | R ]

Hence, (3.3.10) gets transformed into

o2 ;TR ,

ok+1 Z Z 1)tk uz'  [lgeq (2 +2a — 1)
(25)(—1)k= ‘722’C 2i\/m(k — j)! i!

91— k

COING

00 k .

wdt 1P, (20 + 2a — 1
HQk‘ Ul E ’L—l—k) 2 Hal(i' )
=0 ’

Comparing with (3.3.11]), it remains to show that:

e 2 k .

C(uny? Hon(u2) 2 o~ i3 Tlams (20 4+ 20— 1)

¢ ’ 2k - Z( 1) il .
1=0

Or, equivalently,

2 N T (24 20— 1
Hopo(uz) = e(u2)22]€ Z(_l)erk 2 Ha_l( )

1=0

(3.3.12)

i!

The identity (3.3.12) is a corollary of the Rodriguez formula for Hermite polynomials Szego
1939, Chapter 5.5

Indeed, we have

e (= 1)(9,) ke = e (0,) [i (_U2)1 = e’ (9,)% [i(—l)i—i—k e

7!
=0 i=0

_ [i(_l)i+ku2i(2i F1)(20+2) - (20 + 2Kk)

rar (i +k)!
w2 | 2R (26 +1)(26+3) -+ (20 + 2k — 1
—e [Z(—l) +k ( I i!) ( . o (3.3.13)
=0

Theorem 3.3.10. The point process X' in Theorem has the same distribution as the
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point process X — the corner process of aGUE of Definition[3.1.3.

Proof. Step 1. For each kK = 1,2,..., each of the processes X' and X has k particles
on level 2k (i.e. with the first coordinate 2k). Let us show the marginal distributions
describing the joint law of these k particles are the same. By Proposition for X'
these particles form a determinantal point process with kernel . By Theorem
for X these particles also form a determinantal point process with kernel given by plugging
x =y = 2k into (3.2.5). The kernels match and, hence, so do the point processes.

Step 2. Let us now fix k and compare the joint distribution of particles in X and
in X onlevels [ = 1,2,...,2k. By part @ in Proposition the conditional law of
the particles on levels | = 1,2,...,2k — 1 given k particles on level k is uniform (subject
to interlacing conditions) for . On the other hand, X " possesses the same conditional
uniformity, because it was obtained by a scaling limit from uniformly random PYT T,
and conditional uniformity is preserved in limit transitions. Combining with Step 1, we
conclude that the joint distributions of particles on levels [ = 1,2, ..., 2k are the same for

X' and X. Since k is arbitrary, we are done. O

3.3.5 Proof of Theorem [3.3.1]

Theorems [3.3.5 and [3.3.6) show that the point process X, X,;n induced from n%(l —

T(l,m)), the rescaled entries of PYT of shapes A,, and A, \ (n — k, k), converge weakly as
n— oo to X' and X, respectively. In particular, treating the entries of the PYT of these
two shapes as infinite random vectors, they converges in the sense of finite dimensional
distribution to the positions of the corresponding particles in X,; and & ,;’n, respectively.

On the other hand, by Lemma [3.3.3] there’s a coupling of PYT T and SYT T that, for

nd (1= 25m) - (1-T@m))]

converges to 0 in probability. Combining the above two results, we obtain the n — oo

any (l,m),
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convergence for finite dimensional distributions of

(-5
N 1>2, 1<m<|L]

to the limits given by particles of X’ and ./"C'];. It remains to use Theorem [3.3.10| to match
X' with X. O

3.4 Asymptotics for spacings

We start this section by studying general rotationally-invariant point processes on a circle,
giving two different definitions of a spacing between particles in such processes, and proving
that their distribution functions satisfy relations, which are discrete versions of and
(3.1.5). When specialized to the random sorting networks setting, these spacings are
precisely the ones discussed in the introduction. After that we recall the Edelman-Greene
bijection between standard Young tableaux and sorting networks. In the last subsection
we combine all the ingredients to finish the proofs of Theorems [3.1.5] [3.1.11] [3.1.14] and
B.II8

3.4.1 Generalities on spacings

Consider a random point process & on a discrete circle of length K € Z>3. We index
the possible positions of the particles by 1, 2, ..., K in the clockwise order and refer to
the midpoint between 1 and K as the origin, see Figure [3.6] Throughout this section we
assume that the distribution of the point process is invariant under rotations of the circle;
we also silently assume that almost surely &2 has at least one particle.

We use & to define several random variables with positive integer values. We define
the waiting time W € {1,2,..., K'} to be the smallest value of £ > 1 such that there is a
particle at position £. We let the spacing Sp; € {1,2,..., K'} to be the distance between
two adjacent particles on the circle: one to the left from the origin and one to the right

from the origin. By distance we mean here one plus the number of the holes between
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the particles (counted along the arc including the origin), so that if there are particles at
positions 1 and K, then the distance is 1.

Next, we define the conditional spacing Spy, € {1,2,..., K} to be a random variable
whose distribution is that of W conditional on having a particle at position K. Note that
W and Sp, are random variables (functions) on the probability space of &2, but Sp, should

be defined on a different probability space.

Example 3.4.1. Figure [3.0 gives two possible configurations of a point process on the
discrete circle of length K = 8. On the first configuration, Sp; = 4 and W = 1. On the
second configuration, Sp; = W = 3. Since there is a particle at K, we can also think of

Sps being equal to 3 for the second configuration.

Let fi(+), f2(+), and g(+) be the probability mass functions of Sp;, Spy, and W, respec-

tively:

fi(¢) =P[Sp, = 1], fa(€) =P [Spy = {], g(0)=P[W =1, l=1,2,....

We also define p to the the probability that there is a particle at position K (in other

words, this is the first correlation function or density of the point process &2).

Proposition 3.4.2. For any rotationally invariant point process &, we have

—Aglt) L= fi(0), (=1,2,..., (3.4.1)

A0 =p PO, E=12.. (3.42)
where A is the forward difference operator: Ag(€) :== g(¢ +1) — g(¥).

Proof. We claim that

—Ag(¢) = P [there are particles at positions K and ¢, but not at 1,2,...,¢ —1]. (3.4.3)
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Indeed, using rotational invariance of the law of &, we have

g(¢) = P[there is a particle at position ¢, but not at 1,2,...,¢ — 1],

g(£ + 1) = P[there is a particle at position ¢, but not at K,1,2,...,¢—1].

In order to prove , it is now sufficient to rewrite the probability in the right-hand
side of as the product of probability of having a particle at K (which is p) and
conditional probability.

In order to prove (3.4.1)), note that by definition

-1
fi(0) = ZIP[there are particles at K —a and £ —a, but not at K —a+1,...,0 —a—1].
a=0

(3.4.4)
By rotational invariance all terms in the right-hand side of (3.4.4)) are equal. There are ¢

of them and each one is computed by (3.4.3)), leading to (3.4.1]). O

Remark 3.4.3. A continuous version of Proposition [3.4.3 for translationally invariant
point processes on the real line R says that the following is true (under technical regularity
assumptions on the point process, which we do not spell out, and which are needed to
guarantee the existence of all the densities below): Suppose that Spy, Spy and W are spacing
(distance between closest particles to the left and to the right from the origin), conditional
spacing, and waiting time for an arrival of a particle, and let fi(x), fa(z), g(x), > 0 be

probability densities of these random variables. Then we have

—z-0rg(x) = fr(x),

—zg(x) = p- fa(2).

where p is equal to the first correlation function for the process.
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3.4.2 Edelman-Greene bijection

The relation of the random Young tableaux (which we were studying in Sections and
with the random sorting networks relies on the Edelman—Green bijection P. Edelman
and C. Greene [1987, which we now present.

The bijection takes a standard Young tableau T of shape A,, as an input and outputs
a sorting network. This correspondence maps the uniform measure on standard Young
tableaux of shape A, to the uniform measure on sorting networks of size n.

The bijection proceeds through the following algorithm, in which we use the standard

(i,7) coordinate system for Young tableaux, as in Section [3.2.1}

1. Given a standard Young tableau 7', find the box (n — ¢, ¢) which contains the largest

entry of T'. Necessarily, this entry is N = n("Q_l) and 1 <f<n-—1.

2. Set the first swap s; of the corresponding sorting network to be £.

3. Define the sliding path in the following way: the first box of the path is (n — ¢, ).
Compare the entries at (n —¢—1,/) and at (n — ¢, — 1), and take the box with the
larger entry as the second box (if only one of the boxes is inside the Young diagram,
then take that one). Repeat this procedure (each time decreasing by 1 either the
first of the second coordinate of the box and moving in the direction of the larger

entry), until you arrive at the box (1, 1), which is the last box of the sliding path.

4. Slide the entries on the sliding path in such a way that the maximal entry N is
removed and all the remaining entries on the path are moved to the neighboring
boxes on the path. No entry remains at (1, 1) after the sliding. Then we increase all

entries by 1, and fill the box (1,1) with new entry 1.

5. After transformations of steps 1-4, T becomes a new standard Young tableau of shape
A,,. Repeat steps 1-4 additional (N —1) times to get swaps $2,3,...,sy of the sorting

network.
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Using the Edelman-Green bijection, the random variable Trg, (k) of Theorem
— the first time swap k occurs — gets recast in terms of the uniformly random Young

tableau.

Lemma 3.4.4. Let Ta,(I,m) be a uniformly random standard Young tableau of shape
A, in the rotated coordinate system of Section[3.2.4 The following distributional identity
holds:

Trsn(k) £ N +1—Ta, (2k,1) (3.4.5)

Proof. In each iteration of the Edelman-Greene algorithm the entry (n — k, k) (in the
standard (7, j) coordinate system for Young tableaux, as in Section grows by 1 until
it becomes N, at which point the swap si, is added to the sorting network for the first time.
The entry at (n — k, k) in the (i,j) coordinate system is the same as the entry (2k,1) in

the rotated (I, m) coordinate system, leading to (3.4.5)). O

We can also compute the distribution of the conditional spacing gl\)k,n of Definition

0. 1. 12

Lemma 3.4.5. Let Ta \(n—k,k)(l,m) be a uniformly random standard Young tableau of
shape Ay \ (n —k, k) in the rotated coordinate system of Section [3.2.9  The following

distributional identity holds:

(

N — maX(TAn\(n_hk) (2k — 1, 1>7TAn\(n—k,k)(2]€ + 1, 1)), if 2<k<n-—2;
<IN d
SPkn = § N — TAN (1 k) (3, 1), if k=1,
N — TAn\(nfk,k) (QTL -3, 1)7 Zf k=mn-—1.
\

(3.4.6)

Proof. In order to obtain the law of g;\)km, we need to condition on the first swap being k;
through the Edelman-Green bijection this is the same as conditioning on the largest entry
N in the tableau to be in the box (n — k, k) in the (i,j) coordinate system. Note that if

we condition a uniformly random standard Young tableau of shape A,, on the position of
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largest entry T'(n — k, k) = N, then the rest is a uniformly random standard Young tableu
of shape A, \ (n — k, k).

Once we do conditioning, the value of 1 + gﬁk’n becomes the number of the iterations
of the Edelman-Greene algorithm when the largest entry of the tableau is at (n — k, k) for

the second time. After the first step of the algorithm, the entry at (n — k, k) is
1+ maX(TAn\(n—k,k) (2k -1, 1)7 TAn\(n—k,k) (2k +1, 1))

and at each further step the entry grows by 1, until it reaches N. Hence, we need N —
max(TAn\(n,kyk) (2k —1,1), TA \ (n—k k) (2K + 1, 1)) additional iterations, matching the first
case in (3.4.6). The second and the third cases correspond to the situations when (n—k, k)

has only one neighboring box in the tableau. O

3.4.3 Proofs of the main theorems

Proof of Theorem[3.1.5. By Lemma [3.4.4] we need to find the n — oo asymptotics of

< - N e (Ll TaCkD)
Trsn(k) =N +1-Ta,(2k1) = —75 - n <N+1 N :

Recalling N ~ 1n? and using (3.3.1)) in Theorem we get (3.1.3) with the right-hand

side being % times the law of the smallest eigenvalue in 2k x 2k aGUE. The law of the
latter is given by the Fredholm determinant through Theorem [3.:2.9|for the case s =t = 2k

and general properties of the determinantal point processes (cf.A. Borodin 2011)). O

Remark 3.4.6. When k = 1, there is only one particle at level x = 2 and Tpg(1) equals

in distribution to the coordinate of this particle. The density of this random wvariable is

given by K(2,u;2,u) = %e*“a u >0, as in Remark|3.3.8, The k = 1 result was first

obtained in A. Rozinov|2016, Theorem 1.7.

Proof of Theorem[3.1.18. This is a combination of Lemma with (3.3.2) in Theorem
B3I O
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Remark 3.4.7. When k = 1, Z} is the coordinate of the unique particle of Xll on level
x = 3. The density of this random variable is given by Ki(S,u;B,u) = 2ue_“2, u > 0.
Although without giving a formal definition, A. Rozinov|2016 used our second definition of

spacing implicitly, and obtained this k = 1 result in A. Rozinov|2016, Theorem 1.7.

Proof of Theorem [3.1.11] Let A_ = a—-X € Z>p and Ay =Y —a € Z~o. We have
A_,Ay>0,and A_+ Ay = Spy,. Note that Ay < Trg, (k).

By translation invariance of Corollary
PIA->7r, Ay >q)=P[A >, Ay > 4],

if r,q,7",q’ > and r + ¢ = v’ + ¢’. Hence, for any u,v > 0 by Theorem

A_ Ay n2 n2 ne 2
P2—>u,2—5>v|=PA_>u—, Ay >2v— | =P|A_ >0, Ay >u— +v—
nz n2 2 2
r 3l
A Ut + v
=P |2=F > 2 2 | "I W(u+u),
n2 n2
L 2

where W(-) is the distribution function of Trg(k). Smoothness of W (-) and the above

Ay

computation show that (QA—Q, 2=+
n2

) converges in distribution as n — oo to a random vector
n2

(Z1,Z3), whose probability density we denote f(x,y), z,y > 0. We also let F(a,b) :=
P[Z) > a, Zy > b]; we already know that F(a,b) = 1 — W(a +b), a,b > 0. Denoting F;
and Fy the partial derivatives of F' in the first and second coordinates, respectively, we

have Fi(a,b) = Fy(a,b) = —W'(a+b). Recall that Z; + Z is the scaled limit of Sp;, ,, that
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we are interested in. We have:

b poo 00 00
P[Z, + Zy > b] = /0 A f(z,y)dzdy —i—/b /0 f(z,y)dzdy
~y
b 00
~ [[RO- vy + [ R b)ds
0 0

_ /Ob W (b)dy + /OOO W' (z + b)da

= bW'(b) + /boo W' (x)dz

Differentiating the last identity in b we get the desired (3.1.4]). O

Proof of Theorem[3.1.14 We fix k and deal with periodic extension of the sorting network
of Definition Given a random sorting network (s;):cz, we define a point process &
on discrete circle of length 2N by declaring that a spot ¢ is occupied by a particle if and
only if s; = k; in other words, this is the point process of times of swaps s;. By Corollary
the process & is rotationally invariant and, therefore, the results of Section [3.4.1
apply. Since we would like to find the distribution of the conditional spacing, we rely on
(3.4.2) — the desired quantity is fo(¥¢) in that formula, which is being connected to g(¥)
and p. The asymptotics of g(¢) is computed in Theorem In order to find p, we notice
that by the Edelman—Greene bijection (cf. O. Angel, A. Holroyd, et al. 2007, Proposition

9), it is computed as

_ #{Standard Young tableaux of shape A, \ (n —k,k)}
N #{Standard Young tableaux of shape A, } ’

Both numerator and denominator are explicitly known (they can be computed by the
hook length formula J. S. Frame, G. B. Robinson, and R. M. Thrall. 1954). Applying the

Stirling’s formula, we get as n — oc:

p

1 _ <n> [h<jcr2k=25)  Tljci<n(2i — 2k)
2) Tlejer 2k — 1 — 2j) Tloeien(2i — 2k — 1)
:<n> (2n—2-20)1 2k -2 VT 3(2k—2)!

AL, Nt lity 4.
o) @n—1-2k)l (k-0 " 4" (2k— 1) (347)
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3 3
Now take 0 < a < b and sum (3.4.2) over [a-| < ¢ < [b%7]. We get

[b%5-] 3 3
1 n2 n2
> b= <g (La > J) 9 (Lb2J>> . (348)

nd
la"]

nojeo

We send n — oo using Theorem (3.4.7) and the following lemma, whose proof we

leave as an exercise for the reader (the monotonicity condition is implied by (3.4.2)).

Lemma 3.4.8. Let &1,&2,... be Z>o—valued random variables, such that for each n the

probabilities P [&, = ] depend on £ = 0,1,2... in a monotone way. Suppose that we have

a distributional limit lim j§72 4 &, where & is an absolutely continuous random variable
n—oo

with density h(x). Then for each a >0

3/2

lim P lgn - Lan;J] = h(a). (3.4.9)

n—oo 2

Hence, in terms of él\)kn of Theorem |3.1.14} as n — oo (3.4.8)) implies

5 - (o)
i P [ <2 o b] e | P Tes > ) - L @ ITs(0) > a)

(3.4.10)

Thus, 2Sp’“§’” converges in distribution to a random variable of density given by (3.1.5). [
n?2

Remark 3.4.9. We expect that an alternative proof of Theorem|[3.1.11| can be obtained by
following the lines of the just presented arqument, but using (3.4.1)) instead of (3.4.2]).

Remark 3.4.10. Theorem and Theorem give two different expressions for
the distribution of the same random variable 2k It would be interesting to find a direct (i.e.

avoiding taking the limit from the sorting networks) proof that these expressions coincide.
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z-contour C,

AN

w-contour Cy,

AN

-1 0 1 —1 AM+n—1—x9
>
>
A
z-contour
w-contour
he 0 T — Tt 1 [x1—2x9 a1 —1 1 MN+n—1-Fx -

Figure 3.4: The contours in the statement of Theorem correspond to the case 2 < z1 < x4
(top) and 2 < x5 < x1 (bottom). In the bottom picture, w-contour splits into two components, in
order to guarantee that C, and x1 — x5 — 1 — C, are disjoint
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A
z-contour
w-contour
-1 0 ry—1 1
/
A
z-contour
w-contour
- 0 Zl‘lf.’ljgfl va‘l*fL'Q {E'l—lv.’L‘l >

Figure 3.5: The contours in the statements of Theorem and for the case 1 < z; < g
and 1 < x5 < x1 respectively.
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Figure 3.6: Two configurations of point process on discrete circle of length K = 8 described
in Example Particles are shown in black.



135

Appendix A

Supplementary materials: Symmetric
functions and Harish-Chandra

integrals

A.1 Dunkl operators and hypergeometric functions

In this appendix, we give a brief review of the basic settings of multivariate hypergeometric
functions defined by abstract root systems, the differential operators acting on them, their
connection to symmetric spaces and their spherical functions, and the limit transition to
multivariate Bessel functions. The purpose is to provide a theoretical background to the
particular objects appearing and used in this text, and explain the connections between
them. In Section 2.2 to 2.5, we specify from general theory to the special case and provide
more concrete formulas, that we operate with in Section 3-6.

A large part of our presentation is a simplification of Remling and Roesler 2015 Section
2 and 3, which gives a brief and clear review of the theory with more explanations of the
concepts. For more detailed exposition of Dunkl theory, see Roesler [2003bj and Anker 2017

For any M > 1, consider the Euclidean space RM with the standard scalar product

(z,y) = M ;. For @ € RM\ {0}, denote the reflection of point & about the hyperplane
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{(a)* by 04, such that

Clearly each o, is an element in the orthogonal group O(M).

Definition A.1.1. A root system R is a finite set of vectors in RM \ {0}, such that
0a(R) = R for all « € R. We say R is irreducible if it cannot be decomposed into two
disjoint subsets whose elements are mutually orthogonal. R is crystallographic, if for any

«a, B € R we have

{0a}acr generate a subgroup of O(M), which is called the Weyl group of root system
R and record the symmetry that R has.

FEach root system can be written as a disjoint union R = Ry |J(—R+), such that Ry
and —R4 are separated by some hyperplane through the origin. We call Ry the positive

part of R.

Remark A.1.2. The choice of Ry is not unique, but all the choices are identical under a

linear transformation.

Remark A.1.3. In this text, we do not require R to be reduced, i.e, R(\Ra = +a, for all

a € R.

Example A.1.4. In practise, people care mostly about the classical root systems of type
A-D. The following two crystallographic root systems appear in random matrices: the root

system of Apr, M = 1,2, ..., that is

R:{€Z*6]71§Z<]§M}a

and the root system BCyr, M = 1,2, ..., that is

R={te;,1<i<M+2;,1<i<M+e;+e;,1<i<j<M},
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where e;, i = 1,2, ..., M denotes the it" standard basis in RM.

After recalling the notion of root system, we are now able give the definition of hyperge-
ometric and Bessel functions, which were introduced in a series of works by Heckman and
Opdam, see Heckman and Schlichtkrull [1995,0pdam [1995,Opdam [2000] for details. Fix
M € Z>1, take 2 to be a M-dimensional Euclidean space, let ¢ be the complexification
of 2, which is isomorphic to CM, and let R be a crystallographic root system on 2 with
Weyl group W, R™ be the positive part of R, and P* be the set of dominant weights

associated with RT, i.e,

A @)
(o, q)

P+::{)\€91: €Z+f0ralla€R+}.

Remark A.1.5. View a partition (A1, ..., \ar) as a vector with nonnegative integer entries.
For root system of type A, PT can be identified with the set of all partitions of length at
most M, and for root system of type BC, PT can be identified with the set of all even
partitions of length at most M.

For u, A € P, we write p < X if p; < \; for alli =1,2,..., M.

A root multiplicity function m, : @ € R on R is a W-invariant map which assigns to

each root in R a real number. For a € R, let

p=p(m):= % Z Ma, (A.1.1)

a€ERT

and ay, p; be the it" component of «, p respectively.
Let s, to be the reflaction operator about {a}* such that s, f(z) := f(c4(z)). The

following differential operator acts on any smooth function on 2I.

Definition A.1.6. For:=1,2,..., M, given a root multiplicity function me, the trigono-

metric Dunkl operator associated with R and m s

Q;

ac€Rt
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Let S(c) denote the space of complex polynomials p in M variables, such that when
identifying the i*" variable with the i*" standard basis e; in 2, p € S(¢) is invariant under

action of W.

Definition A.1.7. For A € ¢, the hypergeometric function associated with R is an

analytic W-invariant function F)\(x;m) on 2, such that for each p € S(2¢),
p(T)Fx = p(A)Fy. (A.1.3)

We set F\(0;m) = 1.

Theorem A.1.8. Heckman and Schlichtkrull|1995 There exists an open set of root mul-
tiplicity functions Myeq, which contains all nonnegative m’s, such that if m € Mg, for
each X € ¢ there exists a unique function F)\(z;m) satisfying Definition . Moreover,

F:%c X Myeg x A — C is analytic.

Similar to hypergeometric functions, the multivariate Bessel functions are also de-
fined as W-invariant eigenfunctions of some differential operators, which are called rational

Dunkl operators.

Definition A.1.9. For i=1,2,....M, given a root multiplicity function m,, the rational

Dunkl operator associated with R and m is

D=+ > ma%(l—sa) (A.1.4)

a€Rt ’

Definition A.1.10. For A € ¢, m > 0, the Bessel function associated with R is an

analytic W-invariant function fx(z;m) on 2, such that for each p € S(A¢),

p(D)fr = p(A) fa- (A.1.5)

Note that both F), f\ are invariant in both A and z. Indeed, Bessel functions can

be obtained from hypergeometric functions by a limit transition. This is simply because
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under the same limit transition, the trigonometric Dunkl operator T; converges to the

corresponding rational Dunkl operator D;.

Proposition A.1.11. Said and Orsted|2005d, Anker|2017, Section 4.4 For A € U¢c, m > 0,
fa(zym) = lim F.—1y(ez;m). (A.1.6)
e—0

From now consider only A\ € PT. Let M) := ZMGW./\ e{t) be the trigonometric
symmetric monomial on T indexed by A, where T is a torus obtained as the quotient space
of A, on which ‘¥ is periodic.

For simplicity take m to be a nonnegative root multiplicity function (which is in M,eq

by Theorem |A.1.8]). Let

Ma

pitenz) _ gmifenz) [ (A.1.7)

wm(z) == H

a€ERT

Definition A.1.12. The Jacobi polynomials (Heckman-Opdam polynomials) associated

with R and m > 0 are a collection of functions Iy on T indexed by X € P, where

Dem = Y enm)M,
peEPT, u<A

and coefficients cy,(m)’s are uniquely determined by
(1). exa(m) =1

(2). Ix’s are mutually orthogonal in L?(T;wy,).

Note that J’s form an orthogonal basis of L?(T;w,,)", the subspace of W-invariant

elements in L?(T;w,,).

Example A.1.13. When taking R to be the type A root system, the Jacobi polynomials of

type A are Jack polynomial Py(%;0) € Apr’s, where x; is identified with .

The following important result identifies each hypergeometric function with a Jacobi

polynomial, when the corrsponding weight X is positive integer-valued.
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Theorem A.1.14. Heckman and Schlichtkrull 1995, Section 4.4 For all X\ € PT, m > 0,

the function Fxi,(x;m) extends holomorphically to Ac, and

Fxip(izim) = (A + p,m)Ix(z;m), (A.1.8)

where ¢(A + p,m) is a constant depending on X and m.

Remark A.1.15. For some multiplicity function m that is not nonnegative, as long as the
L? kernel wy,(z) is integrable on T, Jy’s are still well-defined and Theorem [A.1.14| holds
for such m. See Section[2.2.9

When the root multiplicity function m takes some special values and A € P%, the
Jacobi polynomial J,’s can be identified with the spherical functions on one of the classical
symmetric spaces.

The theory of symmetric spaces are classical, and the standard references are Helgason
2001, Helgason 2012, which discuss the classification problem, representation theory and
analytic properties of symmetric spaces. In a word, a Riemannian symmetric space is a
certain quotient of classical Lie groups G/K or U/ K, where G is noncompact, U is compact
and K is a compact subgroup. G/K and U/K are of the so-called noncompact type and
compact type, respectively, and there’s a duality between one noncompact symmetric space
and one compact symmetric space.

Let G/K and U/K be the dual of each other, and let g,u,l denote the Lie algebra
of G,U, K respectively, and let 2 denote the maximal abelian subspace in g/l, then by
duality 2 is the maximal abelian subspace in u/l. The restricted root system of G/K (or
U/K) is set to be on 2 (or i), and they share the same root multiplicities. In Appendix
B we list the (restricted) root multiplicity functions of several compact symmetric spaces
that are connected to random matrices.

For a noncompact symmetric space G/ K, its spherical function is defined as a nonzero
K-biinvariant function ¢, : G — C, which is an eigenfunction of any so-called invariant

differential operator on G/K, indexed by A € 2¢. For a compact symmetric space U/K
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with restricted root system R, its spherical function ¢ : U — C are indexed by the highest
weights of unitary irreducible K-spherical representations (the representation with a 1-
dimensional invariant subspace VAK ) my of U , where the space of all highest weight is

identified as P*(R), and each spherical function is given by

Ya(u) = (ma(u)ex, ex),

where e) is the unique unit vector in V)\K .
For a spherical function ¢ of G/K, by Cartan decomposition and the K-biinvariance ¢
is determined by the value on 2, and same for 1) of U/K. Moreover we have the following

result.

Theorem A.1.16. For x € 2, any A € PT,

dx(exp(ia) = dasplexp(ic)) = Frsplizim) = c(h + p,m)3a(@sm).  (A.L9)

The first equality is given in Helgason 2012, and the second equality is Heckman and
Schlichtkrull 1995 Theorem 5.2.2. Because of this identification, we no longer distinguish
spherical function (indexed by A € P of noncompact and compact symmetric spaces, and

treat them simply as an analytic function on M dimensional Euclidean space 2I.

Remark A.1.17. The Heckman-Opdam Laplacian is an analog of the usual Laplace oper-

ator on RM | given by pa(T) = sz\i1 T?2. In the case of Theorem
p2(T) = A+ (p,p),

where A is the Laplace-Beltrami operator on G/K (or U/K). Moreover, the limit transition
i Proposition specifies to a contraction of a Riemannian symmetric space to a
corresponding Fuclidean symmetric space, and convergence of the spherical function of the
former to the latter. See Said and Orsted |2005b, Theorem 3.4.

The spherical functions of Riemannian and Fuclidean symmetric spaces can both be
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written as the so-called Harish-Chandra integrals, see Helgason |2012, Chapter IV or Said
and Orsted |2005b, Section 2 for their explicit forms. We give calculations of the Harish-

Chandra integral corresponding to several Fuclidean symmetric spaces in A.3.

A.2 Root multiplicities

Let U be a classical compact Lie group, and K be a Lie subgroup of U. We list several
examples that U/ K is a compact Riemannian symmetric space of rank M, and give its root
multiplicities. For a complete list of classifications of irreducible Riemannian symmetric
spaces, see Helgason 2001], Chapter X.

Let O(M),U(M), Sp(M) denote the M x M orthogonal/unitary/compact sympletic
group. Let M < N, 1 <i#j <M, {e;}}, be the standard basis of 2 = RM,

Compact symmetric space Me;—e; Mete,;+e, Mte; MA2e,
UM +1)/O(M +1) 1 0 0 0
UM +1) 2 0 0 0
U(2M +2)/Sp(M + 1) 4 0 0 0
O(N + M)/O(N) x O(M) 0 1 N-M 0
U(N + M)/U(N) x U(M) 0 2 2AN—M) |1
Sp(N + M)/Sp(N) x Sp(M) | 0 4 AN-M) |3

Now let m be a root multiplicity function such that m4ie,+e; = 20, ma., = 20(N — M),
Mage, = 20 — 1, the 0 = %, 1,2 cases correspond to the last three rows in the above table.
On the other hand, me,—e; = 26 corresponds to the first three rows when 6 = %, 1,2,
and the Bessel functions with these root multiplicities are of type A, and were studied in

Benaych-Georges, Cuenca, and Gorin 2022}

A.3 Power series expression of Harish-Chandra integrals

In this appendix we consider matrix integrals which appear as spherical functions of certain
Euclidean type symmetric spaces, whose root systems are of type A or type BC. These

so-called Harish-Chandra integral originated in the representation theory gain independent
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interests from physics and special functions, and were also studied intensively.

One goal of people is to calculate out an explicit expression of these integrals. There
were a large amount of literature studying this, but while different people care about
Harish-Chandra integral of different forms, the explicit expressions they provide and the
level of explicitness also differ a lot. In the remaining pages, we try to give a relatively
systematic summary of explicit expressions of Harish-Chandra integrals related to several
classical symmetric spaces, highlight their connections with some classical random matrix
ensembles, and we give the expressions in terms of the symmetric polynomials. While the
results and proof ingredient here are well known by experts, parts of them might not been
formally published and might be helpful to readers.

Fix N € Z-o. Let U denote the compact orthogonal/unitary /unitary sympletic Lie
group O(N)/U(N)/Sp(N), and dU be the corresponding Haar measure while the param-

eter 0 = %, 1,2.

Proposition A.3.1. Forrester|2010, Proposition 13.4.1

For N >2, 0= %, 1,2, let A = diag(ai,...,an), Z = diag(21, ..., 2N ),

_ 1 Pyai,...,an;0)P,(2z1,...,zN:;0
/exp(Tr(ZUAU YdU = Z ) u(a1 ]]\; (1)N”é)1 N ) (A.3.1)
1 pAZ

For 0 = %, 1,2, corresponds by a limit transition to spherical function of com-
pact symmetric spaces U(N)/O(N),U(N),U(2N)/Sp(N) of type An_1, where 0 is the (re-
stricted) root multiplicity ke, e, = %mei,ej (1 <i# j<N). See Okounkov and Olshanski
1997, Section 4. In probablistic context, is introduced as "characteristic function"
of N x N real/complex/real quaternionic self-adjoint random matrices whose distribution
is invariant under unitary conjugations. The typical examples are GOE/GUE/GSE. See
Gorin and A. W. Marcus[2020, Benaych-Georges, Cuenca, and Gorin[2022|for more details.

Olshanski and Vershik [1996] Section 4 gives a proof of Proposition for the case
f = 1. Inspired by their approach, we provide another proof of Theorem following

the same line.
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Fix M <N, 0 = },1,2, define
aq 0O ... 0
a9 0 ... 0
A= )
i anr 0 .. 0_ MxN
<1
22
Z - ’
M
0 0
0 0
L 4 NxM

UeOM)/UM)/Sp(M),V € O(N)/U(N)/Sp(N) are integrated under Haar measures.

Lemma A.3.2. Macdonald 1995, Chapter I, (7.8) For m € Z>1, expand py* in terms of
Schur polynomials, i.e,

Pl = > CpSh. (A.3.2)

[A|l=m

Then

A m!
Cn = o) + 1) 1 1

Remark A.3.3. C), can be interpreted in view of both representation theory of symmetric

(A.3.3)

group and combinatoric: Cpy, = xA(1™) = dimg,, (\), the character of Sy, at identity, and

it’s equal to the number of standard Young tableaux of shape .
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Proposition A.3.4. Forrester|2010, Proposition 13.4.1 For 6 = % ,2,

/dU/dV exp(Tr(UANVZ + Z*V*A*U™))

_ —0(j—1)) 1 PM(Q%V" 7a?\4§9)PM(Z%7”' 72]2\43‘9)
ZH 0(j —1) + pj) H(p) By (1M:6) ’

where H(p) is defined in ([2.2.7).

Remark A.3.5. Forrester 2010, Chapter 13 provides a different self-contained proof of

Proposition [A.5.1] and|A.5.4)

Proof. Throughout this proof, for a symmetric polynomial f(z1,...,xp) and a M x M
matrix X, let f(X) be the value of f evaluated at eigenvalues of X.

For § = 1 this integral and its various generalizations were well-studied in physic
literature, e.g, in Ghaderipoor and Tellambura[2008] Schlittgen and Wettig [2003,Guhr and
Wettig 1996 Ghaderipoor and Tellambura 2008| gives the same power series expansion as

the right side, which degenerates to

3 [T (N =it T (M — )

S,(a3,...,a3))S,. (b3, ..., 03)),
TTL (N =i ) TR (M =i+ ) (6T 0SB, - B

I

and its proof relies on the well known fact that Schur polynomials s, (z1,...,2y) are the
characters of U(N) and SLy(R).
For 6 = %,
o
exp(Tr(UAVZ + Z*V*NU*) = exp(Tr(QUAVZ) = Y —M.5,(2UAV Z).
I ]!
w<M

By Macdonald [1995, Chapter VII, Section 3, (2.23) and Macdonald [1995, Chapter VI,
(10.22),

0 1 1S not even;

P)\(ZTVTATAVZ; %) (A.3.5)

/S“(UAVZ)dU =
PH(lM;%) Wois even, p = 2\.

QL (AV Z) =
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/ P\(ZTVTATAV Z, )dV / \(ZZTVTAT AV, )dV

P(ZZT;H)PA(ATA L) Py(Z7Z)Py(AAT) (A.3.6)
- PA(1V; 3) PNy
where the second equality holds by Macdonald [1995] p. VII.4.2. Then
//exp(Tr(UAVZ—l— Z*V*A*U™)dU dv
C3ix 4 1 1
Al T T
P\(Z7Z; Z)Py(AAT; =
Z A BT DR [ P 2 PAT)
O3y AW 1 1 1
Al 2 2 2 2
= P 1= )P, ;=
Z IA|! Py( 1N )p)\( 1M. %) a(at, 7aM72) \(215 7ZMa2)
_ 4 [Toeala(s) + 5U(s) + 3] 1
~ [laeanla(s) +1(s) + YT en[F +7 — 1= 5 — )] PA(1M; 3)
1 1
P)\(a% aa?\/l;i)P)\(Z% 2]2\/[75)
) | BRG] 1 P}y DR A b)
A i=1 F(%N - %(7’ - 1) + )"L> Hse)\[a(s) +1+ %l(s)] P)\(lMy %)

where the third equality follows from Lemma [A.3.2] and (2.2.11)).

For 6 = 2, let n denote the map embedding real quaternion into May2(C), such that

forx =a-+bi+cj+dk, a,b,c,deR,

a+bi c+di
n(z) = . (A.3.7)
—c+di a—W

Similarly for n embeds G L/ (Sp) into GLap (C) by
n(X) = n(Xij)|1<ij<mr- (A.3.8)

i g ((UAV Z))
o '

"
exp(Tr(UAVZ + Z*V*A*U*) = exp(Tr(n(UAVZ)) = > WL‘
Wp ’

)M

By Macdonald 1995, Chapter VII, (6.13), (6.14), (6.20), Exercise 2.7 and Chapter VI,
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(10.22),
/ 0 ,u, is not even;
MNZVEN AV Z:2)
QuAVZ) = P12 pois even, p= AU,

(A.3.9)

where * denotes the conjugate transpose of quaternionic matrices.

/P,\(Z*V*A*AVZ; 2)dV:/P,\(ZZ*V*A*AV; 2)dV

(A.3.10)

_P)\(ZZ*, Q)P)\<A*A, 2) . P)\(Z*Z, Q)P)\<AA*, 2)
N Py(1V:2) N Py(1V:2) ’

where the second equality holds by Macdonald [1995, Chapter VII, Exercise 6.4. Then

/ / exp(Tr(UAV Z + Z*V*A*U*)dUdV

)\UA

_ \/\u,\| 1 . .
Z U Py (I;2) y(1;2) NET 22 PAAAT2)
S\U>S\| 1
u , ,
Z AU Py ( 1N 12) Py(1M; 2)P,\(CL1,.. a3 2)Pa(23, ..., 23 2)

- 1 [Tsealals) +21(s) +2] 1
~ [Leaunlals) +1(s) + 1 TLenl2N +j — 1 = 2(i — 1)] Py(17; 2)

-P)\((Z% aM7 )PA(zla'-az%\/[;Q)

[ LN —26-1) ! P}, - ad2) P, - )
B — 1 TN —2(i = 1) + X) [Lienla(s) + 1+ 21(s)] Py (1M 2)
where the third equality again follows from Lemma [A.3.2]and (2.2.11) O

A.4 Limit transition of type BC Bessel functions

In this section we provide a limit transition of B(d, z1, ..., zar;6) to a simple symmetric
combination of exponents. This transition implies that in the § = 0 regime, the rectangular

addition @ @ M.N b becomes the usual convolution of the empirical measures M ZZ 1 9g2
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1 M
and 37 > ;74 0.

Proposition A.4.1. Given @ = (a1 > ag > ... > apr), take M to be fized, N — 00,0 —

0, N0 — oo, then

B(@, N0z, ..., N0z 0, N) — 70 He 200, (A.4.1)

O'ESA{l 1

Proof. This follows from a straightforward calculation. Indeed, by Proposition [2.2.16

(N6
NG+ D] 0N =+ )+ py— 1

B(d, N0z, ..., N0z 0,N) = H
pneYD j= 1

[Tse, |a(s) +0U(s) + 0
' - [ . . } ' : Pu(af, ... a3 0)Pu(27, s 2013 6).
e, [Me FG—1)— 66— 1)} e, [a(s) +14 ez(s)]

When taking the limit in the above way,

L) (N§)H

N0 PN Dm0

=1

and

! )

een [a(s) +14 95(8)} o ug!

Also note that a(s)+6l(s)+6 does not go to 0 only if a(s) =0, and MO+ (j—1)—60(i—1)

does not go to 0 only if j = 1. These terms contribute
1( ) .
l. ( | —
[ %! =11% 55
i>1 i>0
where k; denotes the number of rows in p of length i. And the remaining part of

[Tsc, [a(s) +0l(s) + 9]
[, [M0+G = 1) - 06— 1)]




converges to 1. Together with ([2.3.12), we have the limit is equal to

H'>0 k;! 1
Z ZM! () ‘mu(ai-.-70%\4)771“(2%,...,2%4)

1 Hj:l Hj

which is the Talor expansion of

1 M 2.2
i 3 1T

oceSy =1

149
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