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Abstract

An impedance model has been developed for the arc-plasma cathode electron current

source used in localized helicity injection tokamak startup. According to this model, a

potential double layer (DL) is established between the high-density arc plasma (narc ⇠

10

21
m

�3) in the electron source, and the less-dense external tokamak edge plasma (nedge ⇠

10

18
m

�3) into which current is injected. The DL launches an electron beam at the applied

voltage with cross-sectional area close to that of the source aperture: Ainj ⇡ 2 cm

2. The

injected current, Iinj, increases with applied voltage, Vinj, according to the standard DL

scaling, Iinj ⇠ V

3/2
inj , until the more restrictive of two limits to beam density nb arises,

producing Iinj ⇠ V

1/2
inj , a scaling with beam drift velocity. For low external tokamak edge

density nedge, space-charge neutralization of the intense electron beam restricts the injected

beam density to nb ⇠ nedge. At high Jinj and sufficient edge density, the injected current

is limited by expansion of the DL sheath, which leads to nb ⇠ narc. Measurements of

narc, Iinj, nedge, Vinj, support these predicted scalings, and suggest narc as a viable control

actuator for the source impedance. Magnetic probe signals ⇡ 300 degrees toroidally from

the injection location are consistent with expectations for a gyrating, coherent electron beam

with a compact areal cross-section. Technological development of the source has allowed an

extension of the favorable Iinj ⇠ V

1/2
inj to higher power without electrical breakdown.
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1

Chapter 1

Introduction

1.1 Spherical Tokamaks

Low aspect ratio tokamak designs allow access to a unique and important physics regime.

Extremely low aspect ratio “spherical” tokamaks have been considered as candidates for

material test facilities, in support of the conventional tokamak program [9, 10]. Spherical

tokamaks have much smaller aspect ratio, or toroidal major radius to minor radius, A ⌘ R/a

compared to conventional tokamaks, and possess key advantages in toroidal field utilization

over traditional high-aspect ratio designs. The aspect ratio is reduced by minimizing the

vessel’s inner radius, the centerstack radius, so that A . 2. A comparison is shown in Fig.

1.1 of a spherical tokamak (top) to a conventional aspect ratio tokamak (bottom). This is

important since available toroidal field (TF) strength is a primary driver of overall device

cost.

A number of important figures of merit quantitatively demonstrate what is meant by

efficient field utilization and will be reviewed in the following. Low aspect ratio devices

possess a large field gradient in the radial direction and magnetic flux lines are concentrated

in the higher-field, ’good’ curvature region near the center stack, where kinetic pressure and

field energy gradient forces oppose each other. Thus, the shape of the plasma conforms to

the center stack. See Fig. 1.1, where a spherical tokamak with this natural shaping effect

depicted. This is a stabilizing effect, primarily because more toroidal flux is incorporated into

the volume of the plasma, and is quantified with parameters elongation, , and triangularity
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�. It is referred to as natural shaping, as it occurs in STs without the additional coils used

in conventional tokamaks to enforce roughly the same shape. Due to this conformation to

the center stack at the high field side, the edge safety factor q , which is a key metric for

plasma stability, is increased significantly over that of conventional tokamaks.

This inward concentration of field lines in the centerstack region, and natural shaping,

allow for higher field line-averaged, effective field strength along a line of flux. STs as a result

have access to operation at higher plasma pressures p for a given toroidal field strength BT .

This ratio, quantified with �t =
<p>

B2
T /2µ0

, is a figure of merit which is optimized in low-aspect

ratio geometries.

Figure 1.1: High aspect ratio tokamak, spherical tokamak toroidal field comparison. Top:

Spherical tokamak with aspect ratio A = 1.1 and TF-gradient induced natural elongation.

Bottom: A conventional tokamak with A = 3.7. Elongation  = 1.95 and triangularity

� = 0.5 for both geometries.
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The toroidal field gradient also produces highly pitched field lines on the outboard side,

and the fields resulting from poloidal currents along these lines of flux generate a strong

on-axis paramagnetism [10], which can increase the total field by a factor of two over the

vacuum field. Conventional tokamaks typically have paramagnetic enhancements of a few

percent.

Another important figure of merit which is optimized in low-aspect ratio devices, nor-

malized plasma current IN , is given by

IN =

Ip [MA]

aB�0
= 5A

Ip [A]

ITF [A]

(1.1)

Normalized current is a quantitative measure of the efficiency of the toroidal field in sustain-

ing a stable plasma current. Again the reduction in toroidal field made possible by efficient

field utilization makes this parameter very large in low-aspect ratio geometry. Fig. 1.2 shows

the toroidal field utilization Ip/ITF operating space of a number of devices at fixed edge q 

and elongation as a function of aspect ratio. Clearly, lower aspect ratio devices optimize this

figure of merit. High normalized current allows access to operations at high �t.

Figure 1.2: Toroidal field utilization factor (at fixed edge q and elongation ) vs aspect

ratio
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Figure 1.3: Left: Pegasus Toroidal Experiment vacuum vessel with injector and representa-

tive plasma. Right: Depiction of plasma and edge stream.

1.2 Spherical Tokamak Startup and Current Growth

1.2.1 Localized Helicity Injection Basics

Alternatives to ohmic induction as a plasma current start-up and drive technique are

generally understood to be critical to all future tokamak devices. Problems for traditional

high-aspect ratio tokamaks, such as finite ohmic inductive flux swing and spatial constraints,

with the need for neutron shielding and breeding blankets, are naturally shared by the

spherical tokamak (ST) concept. However, low-aspect ratio geometry forces ohmic solenoid

components into a much smaller radius center-stack. Thus, in addition to the fundamental

limit to ohmic induction as a steady-state current drive scheme inherent in its pulsed nature,

ohmic induction in STs would be more expensive from an engineering standpoint due to their

lack of central solenoid cross-sectional area. Namely, achieving the same flux swing within

a smaller cross-sectional area device requires a greater field swing, potentially challenging

material strength limits. Given the need in nuclear devices for neutron shielding of these

components, it is unclear whether ohmic drive would be feasible for a spherical tokamak.

Development of non-inductive forms of start-up are key to the future of the ST concept.

In order to address this need, the Pegasus Toroidal Experiment [11], an ultra-low aspect

ratio ST (A = 1.13� 1.3), is developing Localized Helicity Injection (LHI) start up.
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Figure 1.4: Sequence of plasma states in an LHI-initiated ST. Left: Coherent streams.

Middle: Tokamak-like plasma driven by continuous LHI. Right: Quiescent plasma after

injector shutoff.

Figure 1.5: Typical LHI discharge, achieving Ip = 170 kA from injected current Iinj = 5 kA,

produced in Pegasus Toroidal Experiment.
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LHI employs current sources, or helicity injectors, to inject current streams parallel to the

vacuum field. This is depicted in Fig. 1.3. The injected current is increased until the streams

weaken the vacuum field and become unstable. This turbulent system then undergoes Taylor

relaxation to become a tokamak-like state. This is indicated in Fig. 1.4, which shows the

three stages of LHI-initiated discharge development: 1) Relatively weak coherent current

streams follow nominally the vacuum field lines; 2) After relaxation to a tokamak-like state,

the current grows through continuous helicity injection; and 3) transition to a MHD-quiescent

tokamak plasma upon termination of LHI. The technique can also benefit from added current

drive via poloidal field induction as poloidal coils are ramped to values consistent with radial

equilibrium for increasing values of Ip. To date, Ip up to 0.18MA have been initiated via

LHI with Iinj=3.7kA, without any solenoidal induction. An example discharge is shown in

Fig. 1.5.

The LHI process creates a plasma with total plasma current many times greater than

that expected from injected current following the vacuum field. Resistive MHD simulations

suggest that after relaxation, the field line topology is stochastic, but when its current

profile is averaged toroidally, the resulting current and field structure resembles that of a

tokamak [12]. Simulation and experiment [13, 14] suggest that after injectors are shut off,

flux surfaces ’heal’ from their stochastic topology, becoming closed and obtaining tokamak-

like confinement. As a result, helicity injection can be used as a tokamak startup and current

growth scheme despite poor confinement predicted to be present during its use. The healed

surfaces enable hand-off to subsequent current drive techniques.

Resistive MHD simulations of LHI accomplished using the NIMROD code have been

conducted. These simulations have produced a new phenomenological understanding of the

current growth process during LHI. [15, 1] In these simulations, current growth occurs as

a result of adjacent passes of a helical current structure produced by the injected streams

intermittently reconnecting to inject current rings into the core confinement region. This

process is depicted in Fig. 1.6, where a resulting current ring is indicated with a blue arrow.

The simulation results are suggestive of many experimental features characteristic of LHI,

which will be described in Chapter 5.
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2.93ms 2.94ms 2.91ms 2.95ms 

Figure 1.6: From [1], a current filament (red) reconnects to inject a ring (indicated with blue

arrow) into the confinement region.

1.2.2 Magnetic Helicity

Helicity is a property of magnetic fields which can be thought of roughly as a measure

of the degree of linkedness of the flux tubes. It describes the relation between magnetic

topology and current. The mathematical definition of helicity is:[16]

K ⌘
Z

A ·B d3
x (1.2)

where B is the magnetic field, and A the magnetic field vector potential, r⇥A = B.

It is evident from its dependence on A that helicity must inherit a dependence on gauge

selection, but roughly, one may imagine an isolated field line, with implied vector potential

circulating about it in the azimuthal direction. Current injected along this field line produces

an azimuthal field parallel to the guiding field’s A. In addition, the self-field of the current

flowing along the field line produces it’s own potential A which is parallel to the original
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line of flux. This then constitutes positive helicity content (see Fig. 1.7). In real situations,

the topology is more complex than this simplified example, but current injection along field

lines still constitutes added helicity and vice versa.

Figure 1.7: Current (large arrow) propagating along toroidal flux creates poloidal flux (right),

which links the toroidal flux and constitutes helicity.

1.2.3 Taylor Relaxation and the Conservation of Helicity

Helicity is an important property of magnetic fields in a conductive fluid because of its

tendency to dissipate more slowly than magnetic energy content when that fluid experiences

turbulence [17, 18]. Magnetic turbulence and field reconnection arising from resistive insta-

bilities reduce stored magnetic energy in an unstable magnetic topology, but on time scales

short compared with the resistive timescales over which helicity is conserved. This rapid

energy dissipation leaves the plasma in a well-defined lowest energy state, consistent with a

given helicity, or field-aligned current. Helicity injection current drive is the process of pro-

ducing this minimum energy “Taylor state” plasma with a given field-aligned plasma current.

It is this plasma configuration which is handed-off to subsequent current drive schemes.

R. J. Taylor has shown [18], in particular for spheromaks and reverse field pinches, which

are more prone to resistive instabilities and the energy dissipation that results from them,

that the energy-minimized field configurations consistent with helicity conservation are given

by eigenfunctions of the “force free” state:

r⇥B = µ0J = �0B (1.3)



9

where �0 is the lowest non-zero eigenvalue, and is independent of position. [17, 18] Continu-

ously driven plasmas, with a given fixed value of �edge imposed at the edge, are expected to

fill in, so that internal �0 approaches the driven edge value of ¯�edge = µ0Iinj/
¯

 inj, where Iinj

is injected current at the edge and ¯

 inj is the average flux on the surfaces subject to injection.

The result is a tendency for tokamak-like plasma current to increase toward J ! ¯

�edgeB/µ0,

provided sufficient helicity input.

Whether a plasma relaxes to the Taylor state relies on the condition that its initial

configuration be sufficiently unstable to the resistive instabilities which drive the plasma

toward a relaxed state. Tokamaks can be quite stable to these resistive instabilities, but in

reverse field pinches and spheromaks, and in tokamaks with very unstable edge currents, a

Taylor state is expected. In DC helicity injection schemes, very unstable edge currents are

injected into a volume where tokamak-like magnetic field boundary conditions are imposed.

The injected current undergoes Taylor relaxation to produce a tokamak-like plasma with a �0

limited by the driven ¯

�edge. The resultant minimum-energy magnetic topology is tokamak-

like, in that it resembles a tokamak’s closed, nested flux surface field structure in a toroidally-

averaged sense, and possesses properties (such as toroidal plasma current Ip) which depend

on injected current and injector properties.

1.3 Plasma Current Limits

The constraints defined above - defined by Taylor state topology and conservation of

helicity, can each be used to obtain a limit to tokamak-like plasma current Ip, which depend

upon injector and device parameters.

1.3.1 Taylor Relaxation Current Limit

The Taylor relaxation process, where an internal �p rises toward an imposed average ¯

�edge

suggests a maximum plasma current at �p =
¯

�edge. Returning to [18]

r⇥B = µ0J = �B (1.4)
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The global nature of � in the Taylor-relaxed configuration suggests that by imposing a

�edge, one can expect the interior region undergoing turbulence to relax such that its value

approaches the imposed edge value:

�p  �edge (1.5)

where this averaged edge value ¯

�edge results from average poloidal flux, ¯

 edge over the radial

width of the injector w at midplane. Using this definition of ¯

�edge and solving in terms of

quantities relevant to tokamak geometry,

µ0Ip

 

 µ0Iinj

¯

 edge
(1.6)

where  is the areal-average toroidal flux, Ip is plasma current, and Iinj is injected current.

Using

fG =

✓
µ0Ip/2⇡a

Bz,p +Bz,v

◆
< B� >

B�,0

� 1
2

(1.7)

Eq. 1.6 can be written as [19, 20]:

Ip  fG

✓
"ApITF Iinj

2⇡Redgew

◆ 1
2

(1.8)

where < B� > is the volume-averaged toroidal field, B�,0 is the on-axis toroidal field, ITF

is the toroidal rod current, Redge is the major radius of the plasma edge at midplane, w is

the radial width of the injected current region at the midplane edge, Ap is the plasma cross-

sectional area, " is inverse aspect ratio, and Bz,inj has been divided into two components,

representing contributions of the toroidal plasma current (Bz,p) and PF coils (Bz,v). The term

fG is approximately unity for circular, high-aspect ratio plasmas and rises to approximately

3 for large, shaped, low-aspect ratio plasmas. Eq. 1.8 represents the maximum expected

current for a Taylor state, and is one key constraint on tokamak-like plasmas created via

LHI.
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1.3.2 Helicity Balance Current Limit

Helicity can be thought of roughly as a metric for field-aligned current. A conserved

quantity of helicity thus implies a specific plasma current. This relationship can be obtained

by considering the time derivative of helicity. The integral in Eq. 1.2 can be manipulated to

obtain [21]:

dK

dt

= �2

Z

V

E ·Bd

3
x� 2

@ 

@t

 � 2

Z

A

� ·B · dS (1.9)

where  is the poloidal flux outside the bounding magnetic surface,  the toroidal flux

within the integral’s bounding surface, and � the electric potential between two points on

the bounding magnetic surface connected by a field line. B is the open flux magnetic field

piercing the bounding magnetic surface, E is the electric field along that magnetic field line.

The first term on the the right-hand side is a helicity dissipation term, the second and third

surface terms correspond to AC and DC helicity injection, respectively. The dissipation term

defines the quantity of helicity removed from the plasma, and thus the minimum injection

rate necessary for steady-state helicity content and associated Ip.

Balancing helicity input from a current source in the plasma edge with resistive dissipation

in the core in a toroidal configuration that conserves helicity gives a limit to the plasma

current in equilibrium. Eq. 1.9 can be rewritten in this case as: [22]

Ip = (Vind + Veff )
Ap

2⇡R0 < ⌘ >

(1.10)

where

Veff =

AinjBnVinj

 

(1.11)

where Ip is tokamak plasma current, Ap is the plasma cross-sectional area, R0 is plasma

major radius, h⌘i is the volume-averaged resistance, Vind is the inductive loop voltage from

poloidal/ohmic induction, Ainj is the area of the injector,  is toroidal flux enclosed by the

plasma, and Bn is the toroidal field at the location of the injector. Veff is the effective loop

voltage resulting from helicity injection, and is a key figure of merit for helicity injection
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schemes, relating plasma performance and injector construction/operational requirements.

Maximum achievable currents in Pegasus helicity-injected discharges have been found to be

roughly in accordance with both this and the Taylor relaxation limit. [22]

1.4 Injectors for LHI

As is apparent from Eq. 1.8 and Eq. 1.10, the source used to drive current for LHI exerts

crucial impact on the discharge current Ip. Limits to achievable plasma current separately

invoke voltage Vinj and current Iinj of injection, as well as geometric parameters of the

injector.

In Pegasus, specially-developed arc plasma cathode electron guns are used for injection.

Figure 1.8 shows the implementation. The setup of the sources is conceptually simple,

requiring hardware on only a single port at startup, and two DC power supplies. Injection

is accomplished using a two-stage circuit topology, with the arc anode and injection cathode

joined as a single electrode. The arc stage provides a dense source of electrons for the injection

circuit to extract into the edge, along the magnetic field. The injection stage is comprised

of the vacuum vessel as the anode, and the arc anode electrode as injection cathode. The

arc plasma thus functions as the cathode for the injection circuit. The Vinj required to draw

current Iinj from a the arc plasma cathode is determined by plasma physics.
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Figure 1.8: Midplane Injection Schematic Left bottom: injectors depicted at their mid-

plane position. Left top: photo of midplane injectors during installation. Right: Schematic

diagram cutaway of injector circuit.

1.5 Injector Impedance

Obtaining a target Ip consistent with the limits reviewed above imposes requirements on

the injector. Careful optimization of injector parameters Ainj, Iinj, and Vinj, is necessary

for efficient maximization of Ip. The limits can have conflicting requirements. For exam-

ple, the Taylor limit increases with decreasing injector width w, but decreasing it without

corresponding increases in its poloidal dimension will reduce Ainj, and with it the helicity

balance limit. Extending the injector in the poloidal direction is also potentially problematic

because it requires assumptions about plasma shaping to maintain coupling to the plasma

edge. A smaller injector requires fewer assumptions about plasma geometry, but requires

higher applied Vinj or lower Rinj to maintain helicity input rate.

Plasma-material interactions (PMI) also places constraints on the space in which LHI can

operate. While scalings suggest Ip can be increased without bound through increases in Iinj
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and Vinj, PMI processes and arcing can alter the current emission physics and effectively limit

these parameters. In particular, above a certain surface electric field threshold, breakdown

of the injector cathode occurs, and cathode spots replace the arc plasma as the electron

source, sharply lowering Vinj and Ainj.

The injector impedance is one of the most important unknowns in the Ip limits above,

and an understanding of it is required for a predictive model of LHI. The helicity balance

limit, depends on relating Vinj, and the relaxation limit, depends on Iinj. What is not clear

is how Iinj and Vinj are related. Power supplies can impose one of either Iinj or Vinj, but

the physics governing the impedance will set the other quantity. While both limits can in

principle be increased arbitrarily by maximizing Iinj, and Vinj, efficiently balancing these

quantities with injector and plasma geometry is necessary to manage the expense of a power

supply, which is expected to be largest expense of an LHI system. A predictive model of

the impedance will allow an injector design to be built around a predetermined minimum

necessary Iinj, and Vinj. It is the purpose of this work to develop such a predictive impedance

model, as part of a broader investigation of the coupling between injector and target plasma.
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Chapter 2

Theory

This chapter reviews the injector impedance physics. Plasma cathode electron sources

are used for high current electron beam production and are so named because the electron

source is not a material electrode surface but a separate plasma. They are known to possess

electrostatic space charge double sheaths at the boundary between source plasma and the

external plasma into which the beam is launched. Figure 2.1 illustrates the concept.

Limits to the beam density encountered in the sources used here alter the characteristic

impedance to a form which is more complex than the simple Child Law behavior of sources

described in the relevant literature. These limits to beam density and an impedance model

based upon them is reviewed in this chapter.

Finally, the physics governing impedance in practice only applies up to a limit imposed

by breakdown of the source. The breakdown process and steps taken to mitigate it is also

reviewed.

Figure 2.1: Plasma cathode electron source.
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2.1 Sheath Impedance Model

C. D. Child [23], and Irving Langmuir [24] were the first researchers to describe space-

charge limited currents for electron emission in vacuo from thermionic cathodes, and derive

its current-voltage relation. Near the filament, boiled-off electrons are not compensated by

corresponding ions, and a negative space charge exists in the emission region. This space

charge cloud prevents arbitrary numbers of electrons from leaving the filament.

Irving Langmuir later applied the same concept to ions to describe the ion space-charge

sheath that forms at plasma-material boundaries, and as a result it is sometimes called a

Langmuir sheath. The form of the equations for ion and electron space charge-limited flow

are identical, requiring merely a different substitution for mass, and the general equation

has become known as the Child-Langmuir law, or the Three-Halves Power Law. It gives

the maximum current density J of a single charged species which can traverse a 1-D (plane

parallel) gap. Though real-life geometries can be more complicated, the 1-D case gives good

estimates in most cases.

The basic picture underlying the 1-D, plane electrode Child-Langmuir law envisions un-

compensated charges traveling in 1-D, as in a vacuum diode, whose mutual repulsion alters

the imposed potential structure, impeding flow through the channel and preventing arbi-

trarily high densities in the region of charge flow. Called a virtual cathode, this potential

structure turns back a number of charge carriers, and the gap transitions from a source-

limited to a space-charge limited regime. In the case considered by Langmuir and Child,

initial velocities of charge carriers into the gap from the cathode are zero, and the only veloc-

ities needing accounting for those due to acceleration within the layer. As the emissivity of

the cathode increases, the collective charge of the electrons exerts increasing influence on the

imposed initial (linear) potential structure in the gap. The space charge limited potential

structure is the final self-consistent solution where the charge of the transiting electrons is

fully accounted for and increases in charge carriers at the cathode do not result in increased

current.
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For a singly-charged species s in vacuum (with no other compensating charges) with mass

ms, with current density Js = nsevs Poisson’s equation becomes:

� "0
d2
V (x)

dx2
= ns (x) e (2.1)

d2
V (x)

dx2
= � 1

"0

Jsp
2eV (x) /ms

(2.2)

This non-linear differential equation can be integrated in x across the potential step V = 0

to V = V0 from x = 0 to x = d to get:

V

3/2
0 = d

29

4

1

"0

Jsp
2e/ms

(2.3)

which is typically solved for Js to obtain:

Js =
4

9

"0

r
2e

ms

V

3/2
0

d

2
(2.4)

This equation has very general applications in a wide variety of contexts. It applies

in vacuum, in plasma, in insulating dielectrics, in solid state devices, and in astrophysical

contexts. It applies across gaps of several cm found in typical vacuum diodes, and across

sheath ’gaps’ of some �De ⇠ 10

�5 m found in this work.
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2.1.1 Plasma Double Layers

Figure 2.2: Illustrative schematic of charge, field and potential as a function of distance

across a double layer.

A double layer (DL) is a space charge layer in plasma - a sheath - which can be thought

of as an ion space-charge layer ’sandwiched’ against an electron space charge layer. It was

also discovered by Irving Langmuir. [25]. Fig. 2.2 shows an illustrative diagram of charge

density, electric field and potential for a double layer, which differs from a single layer in

that the electric field is zero at both boundaries. Unlike the ion sheath, familiar from most

plasma-surface interfaces, double layers rely on bipolar flow of electrons and ions, and tend

to occur within plasmas, where the counter-streaming particle species exist in equilibrium.

The net current through a double layer is roughly twice the sum of the current through two

single layer sheaths calculated according to formula Eq. 2.4, due to partial neutralization

provided by the neighboring, oppositely-charged sheaths. [26]

Examples of double layers arise from a large group of effects. They are observed to often

form at the interface between very different types of plasma, such as along strong density and
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field gradients. They tend to form in current-carrying systems, and when currents are field-

aligned, as for example in the Earth’s magnetosphere, where so-called Birkeland currents of

accelerated particles flow along the lines of the Earth’s magnetic field. Double layers are

important in basic plasma physics research [27], and in astrophysical plasmas [28].

Double layers are also widely observed in plasma-filled particle beam devices [29, 30].

These devices create an internal plasma separate from that in an external injection region.

A space charge layer forms between the two plasmas, over which the applied potential then

falls. The voltage drop over the layer is used as the electron or ion beam’s accelerating

potential. The double layer functions as a load within the circuit, efficiently transferring

energy from the voltage imposed along the current stream into directed kinetic energy of

the charge-carriers. The load is not dissipative, in contrast with ohmic resistance, which

converts energy from the circuit into thermal energy. [28] The setup is depicted conceptually

in Fig. 2.3, which shows a plasma-cathode electron beam device of the type used in this

work. A strong density gradient exists in the double layer-containing region, where it exists

as a boundary layer between the two plasmas.

Figure 2.3: Plasma-cathode electron beam device with representative density profile for

various numbered regions: 1: external beam-plasma region 2: double layer acceleration

region, and 3: source plasma region.

Irving Langmuir was the first to describe double layers in experiments with highly emis-

sive cathodes [25], in which he derived a simple analytic solution for the double layer current.
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Only the charge of the two passing species is considered, with distance across the layer de-

noted as x, ns (x) e = Js/vs (x). This simplification is convenient because it allows one to

neglect details of velocity distributions of particles on either side of the double layer, but is

not accurate at the boundaries x = {0, d} since there, prior to acceleration, particles have

vs (x) = 0, Js finite, and ns (x) infinite.

For all points x in the layer, Poisson’s equation gives:

� "0
d

2
V (x)

d

2
x

= ni (x) e� ne (x) e (2.5)

� "0
d

2
V (x)

d

2
x

=

Jiq
2e(VDL�V (x))

mi

� Jeq
2eV (x)
me

(2.6)

Integration of the above equation [28] from x = 0 to x = d and V = 0 to V = VDL gives

Langmuir’s formula for current density through a strong double layer as a function of double

layer potential VDL:

J = Je + Ji =
4

9

✓
1 +

r
me

mi

◆
C0"0

r
2e

me

V

3/2
DL

d

2
(2.7)

With integration constant C0 ⇡ 1.86, and the thickness d some number of Debye lengths,

d = ��De. Since the number of Debye lengths � is uncertain, and this uncertain quantity is

squared, the formula is more useful for testing parametric dependences than for obtaining

exact, absolute numbers.

2.1.2 Double Layer Sheath Expansion

Double layers are categorized according to strength, eVDL/kTe, with the voltage drop over

the layer, VDL, compared to the electron temperature Te of the ambient plasma. Weak double

layers have eVDL ⇠ kTe, while strong double layers have eVDL � kTe. Simulations of strong

double layers have found that sheath width, �, increases approximately as V

1/2
DL . See Fig.

2.4, from data in [2] and reproduced in [27]. This graph shows the behavior of normalized

sheath width �, found in simulation, depicting its growth as a function of eVDL/kTe. The

� ⇠
p
eVDL/kTe trend for this particular simulation is indicated with a dashed line. These
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results are not atypical - simulations broadly find[31] that thickness of strong double layers

scales as

d

2
=

eVDL

Te

�

2
De,DL

↵

(2.8)

where ↵ is a constant of order 0.1 and temperature and Debye length refers to conditions

on the upstream, high-electron density side (electron source). When this scaling is inserted

into Eq. 2.7 and geometric constants are eliminated, the expected scaling at high voltage is

altered to

Iinj = (↵nDL) e

r
2e

me
V

1/2
inj Ainj / nDLV

1/2
inj (2.9)

It is useful to introduce a quantity nb which scales as the beam density, calculated as the

charge carrier density of a monoenergetic beam with drift velocity given by ve =

q
2eVinj

me

with uniform current profile exiting a certain cross-sectional area Ainj:

nb =
Iinj

e

q
2eVinj

me
Ainj

(2.10)

Eq. 2.9 can readily be simplified by inserting nb, indicating that during sheath expansion,

beam density is fixed so that nb = ↵nDL.

Figure 2.4: From [2], double layer thickness d in units of �De vs applied voltage.
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2.1.3 Beam Charge Neutralization

In addition to this density limit, there is a second density limit imposed by the background

plasma density into which the beam must propagate. In general, charged particle beams

require a sufficient number of particles of the opposite sign to neutralize beam charge and

enable stable propagation into the target region, which in this case is the tokamak edge

plasma. The criterion for minimum tolerable neutralization fraction for an electron beam to

propagate stably despite its space charge can be obtained by equating the self-pinch force

and Coulomb repulsion felt by a test electron at the beam envelope rbeam. This gives, in

terms of the Lorentz factor g and the associated densities

� FLorentz = FCoulomb (2.11)

ev

µ0I

2⇡rbeam
= e

2e (ne � ni) ⇡r
2
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ne
� 1

�

2
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for the case of a non-relativistic 1kV beam. Thus, non-relativistic propagation requires

essentially total quasineutrality. At low energy, additional applied field does little to change

this result. If this condition is violated in an unmagnetized beam, space charging will induce

radial expansion, or ‘beam blowup.’ In the presence of a strong guide magnetic field, 1-D

behavior is enforced, and charging along the drift space turns electrons back, creating a

virtual cathode, and preventing propagation.

When the beam density nb approaches the density of the background drift space, here as-

sumed to be the tokamak edge plasma density, nedge, (see Fig. 1.8 on page 13) quasineutrality

in the magnetized edge region (the beam drift space) limits nb to equal nedge. Increases in

Iinj only come with increases in the beam drift velocity v, giving:

Iinj = nedgeevAinj / nedgeV
1/2 (2.15)
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Use of Eq. 2.10 indicates that for this limit, nb is constrained to nb = nedge.

2.1.4 Impedance Model from Space-Charge Effects

The forgoing limits to propagation from sheath expansion Eq. 2.9 and beam neutraliza-

tion Eq. 2.15 exist simultaneously in practice, and therefore one expects the most restrictive

of the two limits to apply. The limit encountered in practice will simply be the lower of the

two for a given source and target configuration. This is reflected in the expression for beam

density:

nb = min [nedge,↵nDL] (2.16)

As mentioned, nDL is the plasma density in the double layer’s upstream (high density) side.

Because the double layer in a plasma cathode electron source is created in residual source

plasma, (see Fig. 2.3), it is expected to be proportional to the density of the source. For this

work, a plasma arc was used as the source plasma. Therefore, it is expected that nDL / narc.

Eq. 2.16 becomes

nb = min [nedge, �narc] (2.17)

with the corresponding I-V relation then simply,

Iinj = min [nedge, �narc] e

p
2e/meV

1/2
inj (2.18)

This equation has the fortunate property that the single unknown term min [nedge, �narc]

is proportional to the easily-measurable power supply quantity Iinj/
p
Vinj / nb = min [nedge, �narc].

The parametric plot of quantity nb as it moves between regimes limited by each density is

expected to have the structure depicted in Fig. 2.5.
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Figure 2.5: Phase space plot of impedance figure of merit nb. Contours represent expected

dependences for constant narc

2.2 Cathode Spots and Sheath Breakdown

While the intended source of electrons from plasma cathode electron injectors such as in

Fig. 2.3 is from an internal source plasma, breakdown can induce electron emission from

the electrodes. Plasma-cathode electron devices launch electrons by applying a potential

(the injection voltage) between a source and external plasma, and in practice they must do

this by means of biased material electrodes. The double layer described above accelerates

particles at the applied injection voltage because the injection cathode potential and internal

source plasma potential are similar. However, because of this, when the injection cathode

contacts the external plasma, the applied injection voltage also falls across its sheath. Figure

2.6 shows this geometry, including the two plasma regions (external, internal), the injection

cathode, and the electric field in the sheath between injection cathode and external plasma.

When the electric field in the sheath between injection cathode and external plasma

reaches magnitudes in the range Ecathode,br ⇠ 10

5
V/cm, depending on surface conditions,

sheath breakdown via cathode spots can occur [32, 33, 34, 8, 35, 36]. Plasma conditions

at the injection cathode set local Debye length, which is the scale length for the sheath

over which the applied injection voltage falls - Ecathode ⇠ Vinj/�De. For example, if the

external plasma density is order ne ⇠ 10

18
m

�3 and Te ⇠ 10 eV, then sheath width can be

expected to be ⇠ 100µm, and maximum allowable voltages before breakdown are thus order

Vbr ⇠ 1000 V.
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Figure 2.6: Illustration of electrically-stressed material electrode surface.

Cathode spot emission is a mode of cathode attachment of arc discharges which occurs

on cold material conductors, prior to a bulk thermionic mode, and when pure field emission

is not possible. It is a universal effect in pulsed power devices, as it is the breakdown

mechanism on metal electrodes that sets their nominal (high-vacuum) upper-limiting electric

field tolerance of Ebr ⇡ 10

7
V/cm [36, p34]. Reduced breakdown voltage in the presence of

plasma is generally assumed to be a result of charging/evaporation of surface films and

inclusions by ion flux. [36, 34]

Breakdown via cathode spots sets the most stringent upper limit to Vinj during LHI.

Cathode spots are self-sustaining, and after breakdown they will replace whatever fraction

of the current is necessary to lower the sheath voltage at the injector to their burning

voltage of ⇠ 10 V. This form of electron emission is detrimental to LHI because in addition

to significantly reducing Vinj, they migrate to insulator surfaces where they cause corrosion

and release significant impurities, and can ignite secondary discharge and arcing that causes

damage to injector hardware. They emit electrode material as vapor/particle spray, and

reduce effective injection area Ainj. Fig. 2.7 shows an example of cathode spots induced on

a molybdenum electrode.



26

2.2.1 Cathode Spot Properties

Figure 2.7: Cathode spots on a Pegasus injector.

Cathode spots are also called ’cold cathode emission’[37], ’arc spots’,[35] ’explosive elec-

tron emission’, [38] ’cathode flares’, [39] and a variety of other names, and have been stud-

ied since the invention of the voltaic pile, remaining a topic of study today [40, 41, 42].

They occur at high-enough power to be independent of surrounding experimental conditions,

and their properties depend primarily on cathode material. The initial breakdown event is

thought to be triggered by joule heating via field emission from sharp surface projections

(’whiskers’) which exist, together with adsorbed impurities, in quantity on unconditioned

surfaces. [43]

They are dense plasma centers appearing on the cathode of high-current discharges en-

abling essentially unlimited electron emission. Because of their small size, high energy den-

sities, and mobile nature (vspot ⇠ 0.1�100m/s), some of their most basic properties, such as

their size, are still uncertain, though current densities are estimated to be ⇠ 10

8 A/cm2, and

power densities ⇠ 10

13 W/m3. Reported plasma densities range from ⇠ 10

26 m�3 to solid

material densities of ⇠ 10

28 m�3 [44, 40]. Electron emission is believed to be accomplished

through a combination of local thermionic and field (’thermo-field’) emission. Typical voltage

drops across cathode spots depend very weakly on current, and depend slightly on cathode

material and surface condition, but in general fall within the interval 10�30 volts. For both

molybdenum and carbon for example, the value is approximately 30 V. [45]
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For a given cathode surface material and impurity condition, cathode spots are known to

emit current from a minimum stable current (⇠ 0.1� 1A) up to a maximum current (⇠100s

of A) depending on cathode material. For Molybdenum this value is approximately 300 A.

Current increases are effected by the eruption of new cathode spots.[40]

Examination of surfaces afterward reveals that a single moving spot is in fact a sequence

of explosive events, (see Fig. 2.8) and that motion is accomplished by the sequential explosion

of new protuberances near previous events. Typical crater sizes are ⇠ 10 µm, and are larger

for higher cathode temperatures and cleaner surfaces.[46] Reported electron temperatures

Te are in the range of a few eV [40]. Cathode spots are understood to produce plasma with

high enough pressure as to render electrode processes largely independent of ambient plasma

conditions, however external gas conditions influence spots indirectly, via adsorbed surface

layers at the cathode and weakly through effects on the downstream plasma.[46] In many

situations, cathode spots on well-conditioned surfaces can be regarded as having properties

that are consistent across experiments.

Figure 2.8: At left, a depiction of cathode spot erosion of a cathode surface, from [3]. Middle,

from [4], a cathode spot crater in an arc track on a tungsten cathode. Right, from [5, 6, 7],

cathode spot tracks on the upper divertor of ASDEX-U.

Cathode spots are known to erode cathode material from clean, conditioned surfaces in

vacuum at a rate proportional to current. [3] Material erosion takes several forms, including

vapor spray directed normal to the surface, and liquid and solid macroparticle droplets

emitted at low angles to the surface. These droplets of bulk material can reach 0.1 mm, and
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tend to be larger for higher-temperature cathodes [47]. Erosion rates are given in kg/C. For

Mo, for example, the rate is 0.5⇥ 10

�7 kg/C, and for carbon, it is 0.2⇥ 10

�7 kg/C [48, 49].

Cathode spots are divided into two types,[50] corresponding to different conditions of

the cathode surface and different induced phenomenology. Type 1 spots occur on surfaces

covered by oxide layers or adsorbed vapor. They move more quickly and produce relatively

little surface ablation. Type 2 spots occur on clean metal surfaces, they require higher

breakdown voltages to be initiated, are slower moving, and ablate more cathode material.

Cathode spots’ tendency to clean electrode surfaces under vacuum results in an eventual

transition with use from Type 1 spot phenomenology to Type 2. Experiments show that

this transition occurs after ⇠ 10

2 C/cm2 of arcing in high vacuum. [46]

2.2.2 Unipolar Arcs

Cathode spots occur in fusion devices on plasma-facing conductors as the cathode emis-

sion regime of unipolar arcs [8, 51, 52, 53, 54, 34], where the tokamak plasma functions as the

anode, and the applied voltage and return current are sustained by the plasma ion sheath.

An example showing damage from spot tracks after unipolar arcing in ASDEX-U is shown

in Fig. 2.8. Cathode spots are in this case a component of a larger circuit that includes

inflowing electrons from the plasma onto the neighboring area of the spot. Hot electrons

escape the plasma through the sheath, and return to the plasma via the spot. Because the

sheath drop is reduced by the spot to its characteristic voltage drop, ⇠ 30V, more electrons

from the plasma can arrive at the neighboring surface once the spot is established, so the ef-

fect is self-sustaining. Because cathode spots possess a minimum sustaining current (& 1A),

tiled inner walls used in tokamaks discourage unipolar arcing by presenting an area that is

normally too small to draw an inflowing electron current above this threshold. [43]

The presence of unipolar arcs on limiters and divertors and their appearance during

deconfining instabilities has been linked to the presence of open field lines, and their reduced

ability to confine electrons. For open field lines, parallel electron diffusion to the wall occurs

more quickly than for ions, and electrons are confined electrostatically with a positive plasma

potential, as for a typical unmagnetized plasma. Large enough positive plasma potentials
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induce sheath breakdown and arc development. [43] Even after a tokamak’s conditioning

sequence, while stable quiescent plasmas can exist without arcing, periods of plasma growth,

quench and disruptions can elicit unipolar arcing. Periods of vigorous MHD activity, and

fast-electrons are also correlated with unipolar arcing. [8]

Unipolar arcs are observed on floating injector structures during LHI in Pegasus as well,

where they can produce a more extensive breakdown, particularly if they interact with

insulators.

2.2.3 Spot Motion

Figure 2.9: Spot motion for the case of magnetic field parallel to the cathode surface (�j⇥B

only, left) and magnetic field at a general angle to the cathode surface ( �j ⇥B and acute

angle rule, right).

A long-standing observation about cathode spots, first described by Johannes Stark in

1903, is their counter-intuitive motion across the cathode. The apparent motion occurs as

a discrete series of new events on the cathode surface. In the absence of a magnetic field,

new spots are created randomly, and the overall motion is similarly random. However, in

magnetic fields parallel to the plane of the cathode, spots are observed to move in the �j⇥B

direction, where spot current j is a normal pointing into the surface, and B is the external

field. When the field possesses a general angle ✓B with respect to the cathode, retrograde

motion is subject to a correction called the acute angle rule, which describes an additional
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drift at an angle �, the ’Robson angle,’ away from purely �j ⇥ B direction, toward the

acute angle between the field and its projection onto the cathode surface [41]. The relevant

geometry is illustrated in Fig. 2.9.

Like many other properties of cathode spots, there is no consensus on the cause of this

motion, and many models exist for explaining its origins [55]. Moreover, while the �j ⇥ B

tendency is a well-established experimental result, less data for the exact value of the Robson

angle is available, and no experimental consensus for its exact measured value exists, partic-

ularly since it appears to also depend on surface conditions [56, 57]. Earlier investigations of

cathode spot motion in the presence of an oblique magnetic field [58, 59, 56] approximated

the Robson angle with a simple linear model � ⇡ %✓B, with empirical constant 1
2  %  1,

and ✓B the angle between B and the cathode surface, but this model did not capture the

saturation of � observed at higher ✓B.

More recently, the Robson angle � for acute angle motion has been approximated in [60]

as

� ⇡ arctan


R

R + r

sin (✓B)

�
(2.19)

where the quantity R is the effective radius of a circulating return current of electrons from

the plasma back to the cathode surface outside of the spot and r is the spot emission radius.

These are depicted in Fig. 2.10 (a), where the arrows indicate electron flow. This conceptual

framework, attributing the new spot creation during retrograde motion to bombardment by

electron return current, is ultimately derived from observations of these currents in numerical

simulations of spots in an external field [61].

According to the simplified model, the circulating return currents are regarded as many

current loops surrounding the spot, each with some magnetic moment µ. In the absence

of an external field, µ points in the azimuthal direction, and loops are equally distributed

about the spot. When an external field is applied, they experience a torque ⌧ = µ⇥B. This

torque on the streamlines works to align them with the background magnetic field.

For the case of a purely retrograde motion in a magnetic field parallel to the cathode plane,

⌧ = µ⇥B is normal to the cathode plane, and stream lines are rotated azimuthally around
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the spot to ’bunch up’ at the �j⇥B side where they are in alignment with applied B, causing

preferential bombardment in this direction. This preferential bombardment establishes the

more probable location for a new spot and the observed global tendency. This is depicted

in Fig. 2.10 (b), where unperturbed circulating electron currents prior to field application

are depicted in black for comparison, and gray dashed lines indicate stream lines after being

’torqued’ toward �j⇥B by the external field.

Figure 2.10 (c) shows how this model also leads to acute angle motion. When the field is

at a general angle with respect to the cathode surface, the magnetic moment of the streamline

’loop’ is assumed to additionally tilt the streamline so the moment aligns with the applied

field. The azimuthal zone of ’bunching’ leading to a preferentially bombarded region in

direction �j ⇥ B is now is now additionally shifted ⇡ R sin (✓B) toward the acute angle of

the field line at a radial distance R + r from the center of the spot, prescribing the tangent

of the acute angle deflection, and leading to the predicted angle of motion away from purely

�j ⇥ B of � ⇡ arctan

⇥
R

R+r sin (✓B)
⇤
. Note that the elevation of the loop over the cathode

surface affects both of these numbers, which should be considered idealized and approximate.

Good agreement with experimental data has been found with this model for small spots

with R � r and large spots with R = r. [62] The constants R and r will be absorbed

hereafter in this work into a single constant % = R/ (r +R) where 1
2  %  1.
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(a) (b)

(c) (d)

Figure 2.10: Electron streamlines from a cathode spot for various field configurations. a.)

Streamlines emanating from spot without field. Spot radius r and circulating current radius

R are indicated. b.) Purely retrograde motion. Only circulating currents are illustrated.

For reference, unperturbed lines are shown in black. A torque vector which rotates stream

lines is indicated. c.) Acute angle motion. Perturbed stream line in the direction of motion

is shown as gray dashed line. d.) Top view of c.)

Finally, a tendency to drift in the direction of large external field gradients has been

observed. All three of these rules are sometimes generalized as the so-called maximum



33

principle, so-named because the cathode spot ultimately drifts in the direction of the total

field gradient, where total field is taken as the sum of an external macroscopic field and the

perturbing microscopic field of the cathode spot itself. [63]

2.2.4 Cathode Design Concept

Cathode spot emission is periodically induced by operation at high voltage. While spots

cannot always be prevented, on the basis of the rules governing their motion, geometric

design features can be added that prevent them from triggering more severe arcing or causing

damage to injector structures. These design features impart motion that guides spots away

from insulators that structurally support the cathode and insulate feedthroughs supplying

current. The design also prevents cathode spot motion toward regions that can have line-of-

sight to the anode, which can trigger more severe arcing.

A cathode design for use in a tokamak during LHI has been optimized with respect to

the rules governing spot motion. A promising candidate geometry for confining cathode

spots radially, which is consistent with the imposed magnetic field in tokamaks is the conical

frustum. [64, 65] This geometry consists of a conical section in a coaxial background field

(the toroidal field) to achieve radial confinement of spots. Radial confinement prevents

migration of spots outward to insulator materials at the outer edge. A coaxial cross-section

of the basic setup is pictured in Fig. 2.11. The acute angle between the coaxial field and the

conical surface induces inward radial drift, while �j⇥B is in the azimuthal direction around

the cathode. Thus at low-current density, introducing an arbitrary conical pitch angle is

sufficient to achieve inward radial motion with the conical frustum.

However in LHI, the azimuthal stream self-field is large enough to significantly alter

the total field. This new azimuthal B✓ component, when crossed with jz, introduces a new

outward radial drift, so that only a limited range of angles manifests net inward radial motion.

Thus the precise form of the acute angle rule becomes important, as an optimization of the

pitch angle for maximal inward radial flow in the operating conditions is required to retain

inward motion.
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Figure 2.11: The conical cathode in a coaxial magnetic field B, and corresponding an acute

angle ✓B. Cathode spot current j is indicated.

In order to design a cathode for use in a tokamak magnetic field, a choice of a model for

acute angle motion was necessary. The model described earlier with

� = arctan [% sin [✓B]] (2.20)

was used, though both this form and the simple linear model from above generally agree

with experiment at small � with 1
2  %  1. Because Eq. 2.20 captures non-linear � < %✓

behavior observed at large �, it was used as a worst case design-point, however the final

design has ✓B ⇠ 30 degree, where nonlinearity is small and the models agree well.

For design purposes, the heuristic rules for motion must be reduced to a more useful

form, which combines the two rules into a single flow field equation �!
r

0
[

�!
r ], in terms of

independent functions of cathode surface location �!
r , normalized total magnetic field bb, and

outward cathode surface unit normal n̂:

�!
r

0
= %

⇣
ˆ

b� n̂

⇣
n̂ · ˆb

⌘⌘
n̂ · ˆb+ n̂⇥ ˆ

b (2.21)

where �!
r

0
[

�!
r ] is not a velocity, but a flow vector of arbitrary norm.

This can be seen to be equal to the heuristics given above by noting first that n̂ ⇥ ˆ

b is

the �j ⇥ B direction, and ˆ

b � n̂

⇣
n̂ · ˆb

⌘
is a projection of ˆb into the cathode plane, which

is perpendicular to �j ⇥ B. These directions are parallel to the legs of the triangle in Fig.
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2.10 (d). Thus if the ratio of the magnitudes of these two components is also R
R+r sin ✓B, a

similar triangle is created with the same predicted motion direction. Using for the moment

an angle ✓A between vectors n̂ and ˆ

b:

���%
⇣
ˆ

b� n̂

⇣
n̂ · ˆb

⌘⌘
n̂ · ˆb

��� = %

���ˆb� n̂ (cos ✓A)

��� cos ✓A (2.22)

���%
⇣
ˆ

b� n̂

⇣
n̂ · ˆb

⌘⌘
n̂ · ˆb

��� = % (sin ✓A) cos ✓A (2.23)

and

���n̂⇥ ˆ

b

��� = sin ✓A (2.24)

The ratio between the components is % cos ✓A. The transformation back to ✓B is ✓A =

⇡
2 ±✓B

depending on whether ˆ

b points into (+) or out of (-) the surface. Inserting this ✓A into

% cos ✓A gives ⌥% sin ✓B, as expected, since % = R/(r + R). The alternating sign is a result

of the acute angle remaining in the same direction when the magnetic field polarity (and

�j ⇥ B), change sign. Thus Eq. 2.21 gives the combined motion of a cathode spot that

includes both retrograde and acute angle motion.

Using Eq. 2.21, a cathode surface may now be solved for, given a specific background field

structure. In the case of LHI in Pegasus, the requirement is to prevent spots from traveling

radially outward to damage insulators. The conical frustum geometry is a good candidate,

since like the injectors it is cylindrically symmetric, and relies on a strong background field

coaxial with the cathode, which already exists at the injector due to the toroidal field.

Further, there is negligible field in the conical frustum’s radial direction.

To obtain an optimal cathode shape, the radial motion predicted by Eq. 2.21 is differ-

entiated with respect to available experimental knobs, which is here the conical pitch angle

profile  (

�!
r ) only, since background field is not flexible. First, normalizing Eq. 2.21 to get

r̂

0 and dotting the result with an r-z surface tangent ˆ

tr gives the non-azimuthal component

of motion. In cylindrical coordinates:
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ˆ

tr · r̂0 = {cos (r) , 0,� sin (r)} · r̂0 (2.25)

Assuming that the magnetic field has no component in the cathode’s radial direction, i.e.
ˆ

b = kb✓k ˆ✓ + kbzk ẑ, (Note b✓ and bz are direction cosines of a normalized vector, and are

not themselves normalized. They are also taken to be functions of radial position on the

cathode, �!r ), Eq. 2.25 becomes:

ˆ

tr · r̂0 = � 2b✓ + %b

2
z sin(2 (r))

2

p
� (b

2
z cos

2
( (r))� 1) (%

2
b

2
z cos

2
( (r)) + 1)

(2.26)

This is the equation describing the non-azimuthal (r-z) component of motion of a cathode

spot in the (normalized) field ˆ

b = kb✓k ˆ✓ + kbzk ẑ on a cylindrically-symmetric cathode with

a pitch angle  (

�!
r ). Setting this expression to zero gives the threshold where radial motion

is precisely zero, and motion is entirely azimuthal, i.e. rotation about the conical cathode

without movement ’uphill’ or ’downhill.’

Setting the derivative of radial motion equation, Eq. 2.26, with respect to conical pitch

angle  (r) to zero gives extremal (i.e. maximal and minimal) r,z motion as a function of

cathode pitch angle  (r): (Note that  (r), like ˆ

b, is still allowed to change with radius.)

@ 

�
ˆ

tr · r̂0
�
= 0 (2.27)

For the case of a cathode spot in (normalized) field ˆ

b = kb✓k ˆ✓ + kbzk ẑ on a cylindrically-

symmetric cathode with a pitch angle  (

�!
r ) described by equation Eq. 2.26, Eq. 2.27

becomes:

�
b

2
z

�
%b

2
✓ cos

4
( ) (%

2
b

2
z + 1) + b✓ sin( ) cos( ) (%

2
b

2
✓ � %

2
b

2
z cos(2 )� 1)� % sin

4
( )

�

((1� b

2
z cos

2
( )) (%

2
b

2
z cos

2
( ) + 1))

3/2
= 0

(2.28)

This equation can be solved for  (r). Its real roots  +/�
(

�!
r ) give the pitch angle  (r)

profiles that maximize inward  

�
(r) and outward  

+
(r) motion:

 

+
(

�!
r ) = arctan [b✓%] (2.29)
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For special case % = 1 consistent with observations in this work,  �
(

�!
r ) reduces to:
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Q%=1 = 2b

2
✓

⇣
27 + 3

p
3b

2
z

p
4 + 12b

2
z + 11b

4
z � 36b

2
✓ + 13b

4
✓

⌘
(2.34)

for ✓ and z direction cosines of field unit vector ˆb = kb✓k ˆ✓ + kbzk ẑ. For nominal operating

conditions in Pegasus, this results in gradual profiles in the 50° range with respect to the base

plane of the conical frustum. For ease of construction this was simplified to a flat 55°, which

represents a reasonable approximation to this curve for many plausible operating scenarios.

Indeed, a simple expression can be obtained for a constant pitch angle  (

�!
r ) =  0,

in a field
�!
B tot =

µ0ITF

2⇡Rinj
ẑ +

µ0Iinj

2⇡r
ˆ

✓ by plugging the corresponding normalized values for bz

and b✓ into Eq. 2.26 and setting this expression for non-azimuthal motion to zero, then

solving for Iinj. This gives the maximum Iinj before outward radial motion at radius rmax,

and clearly illustrates the relationship of field, conical frustum radius, injector location Rinj.

After algebraic simplification, this reduces to:

Iinj,max = ITF
rmax

Rinj

sp
1 + %

2
sin

2
(2�0)� 1

2

(2.35)

representing the maximum injected current that retains inward motion out to rmax. For

typical conditions in Pegasus ITF = 288 kA, rmax = 1.6 cm,  0 = 55

�, Rinj = 0.7 m, this
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value is between 1.5kA for % =

1
2 and 2.8kA for % = 1. The geometric factor is most favorable

at  0 = 45

�.

An injection scenario is indicated in Fig. 2.12 for Iinj = 2 kA, Rinj = 0.7 m, BTF = 0.08

T, % = 1. Expected cathode spot motion as a function of cathode pitch angle  and cathode

radius r is shown. Eq. 2.26 is set to zero and plotted, providing the boundary between

regions of inward (green) and outward (white) radial spot motion. Equation 2.33, indicating

the optimal (most inward motion, or least outward motion) is also shown. A dashed line

indicates the 55

� profile that has been implemented. Vertical bars indicate inner and outer

radii (0.8cm, 1.6cm) of the injectors used in Pegasus. No zone of inward motion exists at

negative pitch angles.

Figure 2.12: Radial spot motion regime vs conical frustum pitch angle and radial position

on frustum for example operating scenario indicated in upper left. Green region indicates

inward motion, uncolored region indicates outward radial motion. Vertical bars at 0.8cm and

1.6cm indicate minimum and maximum radii of most injector designs in Pegasus. Dashed

line at 55° indicates machined part. Solid line indicates extremal profile.
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Chapter 3

The Pegasus Experiment

3.1 Experiment Overview

The Pegasus Toroidal Experiment [11] is a university-scale spherical tokamak at UW

Madison. There are several ongoing experimental research programs at Pegasus, including

H-mode physics at low aspect ratio and non-solenoidal startup. Non-solenoidal LHI start-

up has been the principle thrust [66, 67, 68, 69, 70, 20], and has also supported Pegasus’

achievement of high normalized current discharges [66], another research focus. Since non-

solenoidal startup research is the aim of this particular work, discussions herein concentrate

on the experimental capabilities at Pegasus that support this goal.

A CAD drawing of Pegasus is depicted in Fig. 3.1. Typical plasma parameters achieved in

Pegasus are indicated in Table 3.1. Typical full-sized plasmas have major radius R = 0.40 m,

minor radius a = 0.35 m, and aspect ratios A � 1.1. Very low aspect ratios are achieved due

to the 5.5 cm radius centerstack, whose ohmic solenoid was constructed for Pegasus at the

National High Magnetic Fields Laboratory [71]. Maximum toroidal field (TF) rod current is

288kA, providing 0.15T of field at the magnetic axis R0, and present ohmic (OH) solenoid

currents are 24kA, providing ⇠ 40 mV s of induction. There are 12 individual poloidal field

(PF) coil packs, indicated in 3.1, which have been used in various grouped modules to give

flexible control of poloidal fields.

Power is delivered to the coils with solid state hardware, and has been subject to sig-

nificant technical development at Pegasus. Programmed coil currents are implemented with

real-time feedback control via pulse-width-modulation (PWM) controller boards, and H-

bridge configuration switching power supplies. The switches can be deployed in parallel to
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Figure 3.1: The Pegasus ST.
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deliver coil currents of order 10 kA, including for example 24 kA regularly delivered to the

TF coil set. The PF and TF coils are powered with 900 V banks controlled with IGBT

(Insulated Gate Bipolar Transistor) switches, and the OH and current injection circuits are

powered with 2700 V capacitor banks, controlled with IGCT (Integrated Gate-Commutated

Thyristor) switches. The OH and midplane PF coils are controlled with parallel, 4 quadrant

H-bridges, allowing currents of either polarity.

3.2 Plasma Cathode Electron Injectors

3.2.1 Background

Current injection for LHI experiments in Pegasus relies on specially-developed gas-injected

arc-plasma cathode electron guns [70, 20, 67, 72]. These injectors, shown in Fig. 3.2, are

adapted from previous designs employed at Madison Symmetric Torus [73, 74, 75], which were

in turn based on an implementation at the Budker Institute of Nuclear Physics [76, 77, 78],

where they were used as the plasma generator in high-perveance hydrogen ion sources. This

design continues to be used at the Budker Institute as the emissive plasma source within the

e-beam heating device at the GOL-3 multi-mirror facility [79], and for a number of other

electron and ion beam applications developed there [80].
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Table 3.1: Pegasus’ Machine Parameters

Parameter To Date

A 1.15 - 1.3

R(m) 0.2 - 0.45

I
p

(MA)  0.22

I
N

(MA/m-T) 6 - 14

l
i

0.2 - 0.5

 1.4 - 3.0

⌧shot(s)  0.025

�T (%)  25
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Figure 3.2: Schematic cross-section of the injector.

Figure 3.3 depicts the injector implementation conceptually. Injection is accomplished

using a two-stage circuit topology, with the arc anode and injection cathode joined as a single

electrode. The injection stage is comprised of the tokamak vacuum vessel as the anode, and

the arc’s anode as bias cathode. The arc stage generates a dense plasma cathode from which

the injection circuit extracts an electron beam. The drift space of this beam is along the

magnetic field lines of tokamak edge region.
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Figure 3.3: Diagram of injector circuit.

The electron-emitting discharge is a > 1 kA/cm2 washer stack-stabilized, (also referred

to as ’constricted’ [29] or ’cascaded’ [81]), low-to-medium pressure arc [82]. Each of the

six washers has an inner radius of 0.64 cm, is constructed of molybdenum, and alternates

with larger inner radii boron nitride spacer washers. The washer stack inhibits transition of

the discharge to a vacuum arc, a transition which limits pulse length in diodes which do not

include this feature. [29, 83]. The arc’s anode is a 0.80 cm inner radius molybdenum annulus,

and its cathode is a 0.80 cm inner radius, 2.26 cm deep molybdenum hollow cathode [84, 85]

cup with gas injection. Recent improvements to the designs at Pegasus replace the solenoid

valve used in the 3-injector array with a PV-10 piezo valve to provide better compatibility

with the injectors’ high-field environment.

The injectors used for this work are unique amongst electron beam devices in a number

of important respects. They are not “grid-stabilized.” Many devices use biased grid meshes

and foils [86] to separate stages and establish the potential between stages. At least three

stages are typical - a source, where particles originate, the acceleration gap where potential

is applied, and the drift space where accelerated particles travel. However in the injectors

used here, the emission surface between the arc discharge source and the acceleration gap is

the open, or “foilless,” [87] 2 cm2 aperture of the arc’s hollow anode. There is also no anode

foil, and no acceleration grids. This lifts energy deposition constraints imposed by these



45

structures, and allows for significantly longer pulse-lengths than is typical for most electron

sources, as well as higher current densities [29]. A potential is applied between the discharge

anode and the remote vacuum vessel wall, resulting in an “acceleration gap” which is self-

organized at the injector, and a beam whose drift space is within the magnetized interior of

the toroidal vessel. The accelerating potentials are . 2 kV, limited by sheath breakdown via

cathode spots on the arc anode electrode.

High current devices which operate in vacuum are limited in pulse length by “gap closure,”

where residual plasma expands into the acceleration gap, effectively shorting it out. However

the injector used here is designed to operate immersed in plasma. This has two important

effects. First, pulse length is not limited by gap closure or breakdown issues of architectures

which rely on maintenance of vacuum because the acceleration gap is already “closed.” The

other important effect is due to the low impedance resulting from gap “closure.” Use of

the Child-Langmuir law to infer gap width from I-V characteristics indicates the gap is of

order ⇠ 10 µm, which is several tens of �De in the arc discharge’s residual plasma. Values of

beam perveance, (i.e. I/V 3/2) for Pegasus injectors are ⇠ 10

6 larger than most other devices

due to the comparatively very thin acceleration gap. This enables large beam intensities

J ⇠ 1 kA/cm

2 at low voltages, ⇠ 100 V. Beam intensity is typically measured in units of

Alfven currents IA, or the current where beam magnetic energy per length normalized to

kinetic energy per length exceeds unity [87]. Beams in this limit are referred to as ’plasma-

like’ beams [88] or ’hot’ beams because their transverse kinetic energy is comparable to their

streaming energy [89]. They are also magnetic self-interacting and often kink-unstable [90].

Injected current in Pegasus is typically several Alfven currents.

The specific point in parameter space occupied by the sources in Pegasus - low (< 1 kV)

voltage, moderate (⇠ 1 � 10 kA) current, extremely long (⇠ 10 ms) pulse length - is un-

usual, particularly for its long pulse duration. Most electron beams discussed in the beam

literature operate for significantly shorter periods, due to the power deposition and vacuum

limitations mentioned above. While literature examining similar “foilless,” [91, 92, 93, 94]

“pinched,” [95, 96, 97, 98, 99, 100] “parapotential diodes,” [101, 95, 102, 103, 100, 104] “plasma

diodes,” [105, 106, 107, 108, 109, 29] or “low energy high current electron beams (LEHCEBs)”
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[110, 111, 112] exists and describes relevant physics, only a few examples are close matches

to the present implementation [113, 74, 73, 75, 114, 115]. Beams with somewhat higher

voltages (⇠ 10 kV) and currents (⇠ 10 kA) and much smaller pulse lengths (. 1 us) are

used in materials treatment applications [112]. Washer-stack arc guns with similar param-

eters are used without the addition of an injection circuit counterpart [115, 116]. Similar

electron beams (low voltage, high plasma density, space charge-neutralized) exist as charge

neutralizers/ionizers in electron beam ion traps/sources (EBIT/EBIS) devices, but at lower

currents [117]. Intense beams exist in radiography source driver diodes, but at much higher

voltages and currents, and much shorter pulse lengths [118].

3.2.2 Implementation on Pegasus

(a) (b)

Figure 3.4: a.) Top down view of injector assembly locations. b.) Poloidal cross-section

view of injectors

In Pegasus, three injectors are situated at the same toroidal location, on the tokamak’s

outboard side, at Z = { -13, -20, -27} cm with respect to midplane, and at a major radii R
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= {67, 70, 73} cm. Another injector has more recently been installed at the diametrically

opposite location, at R,Z = {70,-20} cm. See Fig. 3.4, which shows a top view of the injector

arrays and their vacuum feedthroughs, as well as a toroidal section of the 3 injector array.

The typical operating point of the arc is 2 kA, which burns in a cylindrical volume of radius

0.8 cm and length 5.6 cm, for periods of order ⇠ 10ms. Typical example Iarc, Varc traces are

shown in Fig. 3.5. The operating point of the injection circuit is typically 1.5kA-2kA for a

similar period. Examples traces are shown in Fig. 3.6.

A zoomed detail of the injection cathode is shown in Fig. 3.7. It has a radiused conical

frustum shape for high-Vinj robustness to PMI effects discussed in the Theory and Results

sections. A cathode shield and shield rings around the outer BN housing have been added

for the same reason. Maximum injected currents of 5.6 kA, extracted from arc discharges

with currents of 4 kA, have been obtained without significant material damage, parasitic

arcing or other deleterious effects.

In typical operations, the injectors are immersed in the 0.08 T edge toroidal field, and at

Iinj = 1500 A, the self-field of the beam is approximately half of this value. Thus, electrons

are magnetized, (⇢e = 0.1 mm at 10 eV) and working gas D

+ ions partially magnetized

(rD+
L = 0.5 cm, r

injector

= 0.8 cm). Since characteristic lengths in the injector are of order

L ⇠ 1 cm, and since impurity ion temperatures have been measured in similar devices

[73, 115] to be Ti ⇠ 10 eV, they are expected to have low charge states, with r

i
L > r

injector

,

and to be unmagnetized within the arc channel. The arc is discharged for around 1 ms prior

to the application of bias to the injection circuit in order to create a plasma-filled channel

for extracted current to follow.
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Figure 3.5: Example Iarc, Varc

Figure 3.6: Example Iinj, Vinj
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Figure 3.7: Schematic cross-section of internal injector components.

3.2.3 Injector Fueling Rate Calibration

Local fueling at the injector is accomplished with solenoid or PV-10 valves mounted

behind the injector cathode cup. Calibration of the valves using a fast ion gauge was required

to know the injectors’ gas throughput and relate it to impedance. The fueling rate can be

manipulated with the pressure behind the valve, or with voltage applied to the PV-10. Scans

of pressure for the solenoid, and voltage for the PV-10, in vacuo were done to find the particle

flux through the arc channel. An example calibration is shown in Fig. 3.8. Figure 3.8 (a)

shows flow rate as a function of time measured with the fast ion gauge, obtained from the

derivative of its measured signal P (t). Figure 3.8 (b) shows flow rate at 27ms as a function

of PV-10 voltage.

Flow rate, dN/dt, is calculated from the fast ion gauge signal P (t) using the ideal gas

law, PV = NkT , where P is pressure, V is volume, N is particle number, k is Boltzmann’s

constant, and T is temperature. Differentiating this law and applying it to the vacuum vessel

where V = 5300 L, T = 300 K, the conversion is:

dN

dt

=

dP

dt

V

kT

(3.1)

dN

dt


1

s

�
=

dptank
dt


Torr -L

s

�
133 Pa
Torr

1 m3

1000 L
1

kB300 K
2 D+

D2
=

dptank
dt


Torr -L

s

�
6.5⇥ 10

19
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where an additional factor of two in included since the fast ion gauge measures D2 pressures

and the key flow rate is that of D+. Multiplying this result by the elementary charge casts

this flow rate in terms of amperes, giving

Igas [A] = 11

dptank
dt


Torr -L

s

�

(a) (b)

Figure 3.8: PV-10 gas calibration. a.) Flow rate measured with a fast ion gauge as a function

of time for a scan of applied voltage to the valve. Associated gate is shown as dashed line.

b.) Flow rate at 27 ms as a function of applied voltage.

Fueling rate is very important to arc discharge parameters. In this work, fueling rate will

be shown to control arc density, with subsequent effects on the injector impedance. Previous

workers have found that injector fueling affects the maximum achievable arc current, with

both linear and quadratic empirical relationships asserted [74, 119]. Impact of the fueling

rate on arc properties and confinement will be discussed further in the next section.

3.2.4 Arc Physics

The physics of hollow cathode arcs and high-current arcs is poorly understood, though

some literature exists to offer guidance as to what to expect of the physics of the arc plasma.
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The hollow cathode arc is operated in a diffuse, low-to-medium (1-10s of Torr) pressure arc

mode where it is reasonable to expect Ti approaching Te [85, 84, 82, 120]. The arc is operated

at a current density near to the onset of a so-called ’active anode arc’ mode where significant

anode erosion begins to occur via anode spots [82, 47, 120]. Empirically in Pegasus, which

routinely runs at Iarc = 2 kA and Jarc = 1 kA/cm2, significant anode erosion has been

observed after operation at current densities & 2 kA/cm2. Very minor anode erosion is

observed to occur at 1 kA/cm2. At the anode in this regime of low-to-medium pressure

(1-10 Torr), diffuse anode attachment, and high current densities (>1 kA/cm2), it is likely

that neutrals are fully-ionized in a region very close to the anode, and current is transferred

to the anode by diffusion, with the anode potential drop actually repelling electrons. [82]

Because of the increased size of the arc cathode, current to the cathode is likely com-

prised primarily of ion current, fostering glow-type attachment to the cathode, resulting in

improved cathode lifetime over previous designs. Unlike previous designs with significantly

smaller cathode electrodes [73, 74, 75], post-mortem inspections of Pegasus models reveal

little evidence of surface melt or ’slagging,’ and are robust to thousands of pulses. While

this type of attachment is atypical for discharges with ⇠ 1 kA/cm2 current densities, it is

not unexpected for the injector geometry in Pegasus, since ion saturation current to the

14 cm2 surface area of the arc cathode for a 10

21 m�3 plasma at Te ⇠ 10 eV [73, 74, 75]

is 5 kA - approximately the arc current. For smaller cathodes, not heated sufficiently to

support thermionic emission, and configured to operate in a field emission regime, the only

other mode of cathode attachment supporting similar current densities is cathode spots, an

erosive attachment regime.

The typical picture invoked for the relation of the arc discharge to the injection circuit

is one of electron current supporting Iarc, which is diverted to support Iinj. This picture is

generally true for sources with much lower density [29]. However, large ion currents expected

in the source used here are very likely to significantly impact its operation. Discharges in the

pressure range observed in the injector can possess electric fields at the anode that repel elec-

trons and draw ions [82]. Even if this is the case, the discrepancy in ion current drawn by the

cathode vs. the anode is large enough to support Iarc through ion current alone. The surface
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area of the cathode is 14 cm2, and the surface area of the anode is ⇠ 5 cm

2 for most injector

designs studied here. At Te = 10 eV and a uniform ne = 10

21 m�3, the excess ion saturation

current drawn to the cathode is thus Iion ⇡ 0.6narcevBohm (Acathode � Aanode) = 2.5kA ⇠ Iarc

in the arc circuit bias direction. Density gradients in the arc plasma will contribute further

to this discrepancy, and if the applied voltage of Varc ⇠ 130V is concentrated at the cathode,

secondary emission �Mo
se ⇡ 1, will double available electron currents from the cathode. These

effects in principle enable Iinj > Iarc, since the two currents are not directly coupled to each

other - extracted electron current is derived from ionization and secondary electrons, which

can be drawn out of the injector at a rate on the order of ion currents, and should therefore

depend on arc density. The specifics of this process will depend on the specifics of ion and

electron currents drawn by the anode.

The arc plasma is expected to be collisional. The collision frequency according to the

Lorentz collision model is

⌫ei (v) =
5⇥ 10

�11
neZi

Te [eV]
3/2

ln⇤

17

⇡ 2⇥ 10

9
s

�1 (3.2)

and the electron collision length is

�e ⌘
ve

⌫ei
= 1.2⇥ 10

16Te [eV]
2

neZi

✓
17

ln⇤

◆
(3.3)

which at Te = 10 eV and ne = 10

21 m�3, �e = 1 mm and �i = �e

q
me
mi

= 20 µm. Both of

these quantities are smaller than the 1 cm radius of the arc channel.

The arc is expected to be fully ionized, and is likely opaque even to fast-moving (⇠ 3� 4

eV) Frank-Condon neutrals. The ionization mean free path of thermal D
2

is expected to be,

using < �ve > for a Maxwellian plasma at ⇠ 10 eV from [121, 122, pg. 27] and ne = 10

21 m�3:

�iz,D2 =

vD2

ne < �ve >
. 1⇥ 10

3 m/s
10

21 m�3 · 5⇥ 10

�15m3/s
= 0.2 mm (3.4)

and ionization mean free path of Frank-Condon neutrals within the arc is:

�iz,F�C =

vn,F�C

ne < �ve >
. 2⇥ 10

4 m/s
10

21 m�3 · 5⇥ 10

�15m3/s
= 4 mm (3.5)
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which is significantly smaller than the axial 5.5 cm length of the injector, suggesting gas

injected into the cathode cup is ionized at least once, and the only surface from which gas

can conceivably escape is that of the arc hollow anode.

Figure 3.8 shows that the typical D+ flow rate dN
dt or Igas is 10

22
s

�1 or ⇠ 10 kA, and a

typical flux density is 1026 s�1
cm

�2 (through 2 cm

2). At this flux density, even if D+ outflow

from the arc region corresponds to kinetic energies of 10eV through the 2 cm

2 aperture, the

resulting density in the arc region is 10

22
m

�3. However, the large potential step at the

injector aperture when the injection voltage is applied presumably eliminates this convective

loss term, particularly since the calculations above indicate all injected neutrals are ionized.

This raises the question of how particle balance in the arc during injection works.

One possibility is deposition within the plasma-facing materials in the arc chamber. If

one assumes a single D

+ particle deposited at each lattice site of the ⇠ 10

28
m

�3 electrode

material over ⇠ 10 cm

2 of exposed internal electrode area, approximately 1 µm of depth is

needed to deposit 10 ms of injected gas.

Another possible source of particle losses is resonant charge exchange in the arc anode

region. Arcs in the medium and low pressure regimes (order 10 Torr) possess significant ion

inflow to the anode, and commonly have a negative potential drop at the anode [82]. Because

the charge exchange cross-section is quite large in this energy range, �cx = 3 ⇥ 10

�19
m

2.

Assuming the process occurs due to ions impinging on stationary neutrals, a charge exchange

rate coefficient at 10 eV can be obtained: vi�cx = 1 ⇥ 10

�14
m

3
s

�1. This is comparable to

the ionization rate coefficient of < vi�cx >= 5⇥ 10

�15 m3/s. This indicates a good fraction

of the ions emerging from the anode can be expected to undergo charge exchange instead of

ionization. After charge exchange, many fast neutrals can exit the arc chamber without, of

course, being affected by the potential drop:

�iz,D,cx =

vD,cx

ne < �ve >
. 3⇥ 10

4 m/s
10

21 m�3 · 5⇥ 10

�15 m3/s
= 6 mm (3.6)

Moreover, it is likely that the density in the anode region is lower than the nominal figure

10

21
m

�3 used here, which is based on coaxial line-of-sight measurements down the length

of the injector that will be presented later. While the ratio of charge exchange to ionization
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does not depend on density, the distance fast neutrals subsequently travel without ionization

increases with decreased density. Charge exchange is thus also possibly an important loss

term maintaining overall particle balance in spite of the electrostatic confinement expected

from a potential layer at the gun aperture.

3.2.5 Injector Power Supplies

Power delivery to the injector and arc circuits has been upgraded from a PFN-based

configuration to one based on modular, solid-state, switching power supplies. A schematic

is shown in Fig. 3.9. Preprogrammed currents are implemented with real-time feedback

control via pulse-width-modulation (PWM) controller boards, regulating switching bridges

at several kHz. Bridges can be deployed in parallel to deliver up to 14kA to the injection

circuit.

Arc circuits for the injector array are regulated by parallel H-bridges comprised of insu-

lated gate bipolar transistor (IGBT) switches. PWM feedback control off of the combined

arc current is used to regulate the switches, though each arcs has been wired 1-to-1 with

an H-bridge. This allows a single PWM to control several arc circuits. H-bridges assigned

to the arc distribute current from a 450V, 420mF capacitor bank. Each arc circuit is wired

in series with a ballast resistor and inductor to enforce current sharing between arcs when

configured in parallel. A capacitor is installed in parallel with each arc to smooth/shunt

switching transients, and to reduce electrostatic noise. A sparker circuit has been installed

to initiate arc breakdown in conditions of reduced gas injection. Current is measured with

a shunt resistance measured through an isolation amplifier, and with a Rogowski coil. Arc

voltage is measured with a voltage divider measured through an isolation amplifier.

The injection circuit is driven using three parallel, single-quad bridges with integrated

gate-commutated thyristor (IGCT) switches regulating current from a 2.7kV, 70mF capac-

itor bank. Each injector is driven in series with an inductor and ballast resistor. These

components allow tuning for differences in impedance that can exist between the injectors,

ensuring current-sharing during the discharge, and preventing surge currents to an injector

that suffers arcing. A SCR crowbar has been added to terminate the injection period prior
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to the end of the arc phase, to prevent currents from being extracted after the arc plasma

has been extinguished. As with the arc circuit, current is measured with a Rogowski coil

and a shunt resistance behind an isolation amplifier, and voltage is also measured with a

voltage divider/isolation amplifier.

(a)

(b)

Figure 3.9: a.) Power supplies for arc and injection circuits. b.) Detail of sparker configu-

ration.
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3.3 Poloidal Probe Array

A subset of the poloidal magnetic probe arrays available on Pegasus was used for inferring

the existence of coherent streams launched by the injector. These diagnostics along with

other magnetic probes are documented in detail in [123]. The locations of the probes used

in this work are reproduced in Table 3.2. The toroidal location of all outboard ˙

Bz probes

was behind the half-pipe limiter (the locations are depicted in Fig. 3.10) at nominal toroidal

angle of 357 degrees toroidally with respect to the customary coordinates system used in

Pegasus that defines the limiter at 0 degrees. The apertures of the 3-injector set are 50

degrees ’downstream’ of the PDX midplane probe array, and the aperture of injector 4 is

located 230 degrees in this direction from the limiter. Figure 3.10 depicts this geometry.

Magnetic probe signals are often integrated to obtain Bz. However, because the presumed

signal source is the injected current, this was not done for the model described later in

Chapter 5. Because the injected current is relatively small in comparison to the plasma

current Ip, its Bz is also correspondingly small. However, the raw signal ˙

Bz for rapid motion

can dominated by the oscillatory stream. Therefore integrating the data filters out the

signal of interest. Furthermore, integration introduces integrator drift and essentially adds

additional error to the signal. The model used for comparison with the data was therefore

developed to deal strictly with ˙

Bz. Signals were bandpass filtered in a 20kHz window around

the signal frequency of interest.
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Figure 3.10: Outboard midplane region ˙

Bz probes. Blue boxes indicate locations. Precise

locations are in Table 3.2.

Table 3.2: Outboard ˙

Bz probe array locations

Probe Symbol R,Z [m]

PDX05 {0.902, 0.339}

PDX06 {0.902, 0.193}

PDX07 {0.902, 0.0221}

PDX08 {0.902,�0.233}

PDX09 {0.902,�0.394}

3.4 Fast Cameras

For fast imaging of plasma dynamics, Pegasus relies on a Vision Research Phantom v12.0

camera. This high-definition camera uses a 1280 x 800 CMOS sensor with a bit depth of

12 bits. Frame rates and resolutions are 6.242 kfps at the full 1280 x 800 resolution, up to

1 Mfps at resolution of 128 x 8. Fast cameras provide a crucial visual overview of plasma
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dynamics. Cameras have been used to roughly identify the point when relaxation occurs, as

well as to identify unintended, deleterious plasma-materials interactions.

3.5 SPRED Spectrometer

An uncalibrated VUV spectrometer, [124] used in this work for obtaining radiation in the

10-110 nm window, was used to measure relative intensities of impurity lines. Because it is

uncalibrated, it functioned as a qualitative impurity diagnostic, with a temporal resolution

of 200µs.

3.6 Spectroscopic Balmer Line Broadening Measurements

Collisional, or Stark broadening, which occurs due to the electric fields of nearby per-

turbing ions, is strong for hydrogen species due to their characteristic linear Stark shifts. For

a hydrogen atom in the presence of ions, the Stark effect symmetrically perturbs degenerate

energy levels as �⌫ / E. The resulting emission line shape is a Lorentzian with a full

width half max (FWHM) that scales with density as n2/3
e , and thus can be used as a density

diagnostic.

The optical train used for data taking is shown in Fig. 3.11 (a). It shows the line of sight

in vacuum, the right angle prism used at the port 6 window to couple the line of sight to the

fiber optic, and the spectrometer. Figure 3.11 (b) is a photo taken after alignment of the

fiber, using a laser at the spectrometer to confirm that the internal arc region was within

the fiber’s field of view.
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(a)

(b)

Figure 3.11: a.) Spectroscopic signal train and Langmuir probe position b.) Injector arc

channel illuminated with calibration laser.

Collisional broadening measurements of Balmer lines were used to determine injector

arc plasma density narc in the injector. Spectra were obtained with a specially-installed

view into the injector through a port window. The measurements were recorded using a 1m

Czerny-Turner polychromator and intensified high-speed CMOS detector.

Higher order Balmer series lines (�, �) than H-� were chosen because the Stark effect and

associated broadening is larger for higher-order lines. The usual trade-off for higher-order

Balmer series lines is lower signal, however the arc discharge was very bright, and signal
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intensity was not a problem. An example H-� line profile for narc = 8.6⇥ 10

21
m

�3 is shown

in Fig. 3.12.

The formula used for calculating density from H-� line broadening was [125]

�

H��
FWHM [nm] = 0.092

�
narc

⇥
10

20
m

�3
⇤�2/3 (3.7)

and for H-� [126]:

�

H��
FWHM [nm] = 0.060

�
narc

⇥
10

20
m

�3
⇤�2/3 (3.8)

Figure 3.12: Representative H-d line broadening measurement. Top: Data, Lorentzian fit to

H-d line, and Maxwellian fit to impurity lines. Bottom: Fits only, Lorentzian in bold.

3.7 Triple Langmuir Probe

A triple Langmuir probe was used for the nedge measurement in this work, in ohmic

discharges where current from injector 4 was drawn into the edge of a pre-formed plasma

driven with the ohmic solenoid. It was inserted to the R, Z (0.7m, -0.20m) location of

injector 4, upstream 35 degrees toroidally, and thus behind the scraper limiter mounted to

the injector assembly. This placement was chosen so that measured edge conditions were as

similar as possible to that of the injected stream.

Placement of the probe upstream of the injected current, and behind the injector’s scraper

limiter was a precautionary measure intended to ensure that the injected beam did not

interact with the probe. Historically, probe electronics have been damaged by common

mode voltages of order Vinj when the probe is used during LHI startup. In addition to
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potential hardware damage, beam impact could produce inaccurate measurements, since

probe theory assumes maxwellian particle distributions. For this reason the Langmuir probe

measurements during injection were taken exclusively in the edge of these established ohmic

discharges (Ip ⇠ 50 � 80 kA), which supplied sufficient vertical field to direct any beaming

particles along a field line not connected to the probe tips. Figure 3.13 shows a fast camera

image taken with a fisheye lens during injection into an ohmic discharge, which showing this

injected stream, and Fig. 3.11 shows a schematic illustrating the relative locations of the

probe and injector 4. Representative triple Langmuir probe nedge, Te, Vfloat traces during

injection are shown in 3.14, where the period during injection, 26ms - 28ms, is highlighted.

Figure 3.13: Fast camera frame taken with ’fisheye’ lens during injection into edge plasma

of ohmic-driven discharge, showing injected stream.
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Figure 3.14: Example Langmuir Probe nedge, Te, Vfloat measurement during injection into

an ohmic target discharge.
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Chapter 4

Results

This chapter contains results of research into the physics setting the injector impedance.

Section 1 describes cathode spot breakdown of the injector cathode. This breakdown is the

practical limit to obtaining high values of Vinj. Typical phenomenology is described, followed

by the results from an injector design to mitigate resulting damage by directing spot motion

away from insulators. An initial analysis of breakdown on rings and a conical frustum

shield, the newest additions to the injector which have significantly increased achievable

Vinj, is presented in the Appendix.

Section 2 describes experimental tests of the impedance model introduced in Section 2.1,

which sets Vinj up to the breakdown limit. The measured relationship between the injector

arc fueling rate and the impedance figure of merit Iinj/
p

Vinj, associated with uniform profile

beam density nb ⌘ Iinj/

⇣
e

p
2eVinj/meAinj

⌘
, is described. Then, results from an experiment

involving injection into a set of ohmic discharges are presented, in which nb, narc and nedge

were measured simultaneously during scans of narc and nedge.

The impedance model pertains to the physics relating injector impedance to remote and

local plasma densities. Section 3 discusses experimental control points for programming the

injector impedance using this model. Data is shown elucidating the impact on the injector

impedance of Iarc, fueling rate, injector arc anode length, and background magnetic field.
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4.1 Injector Breakdown

4.1.1 Cathode Spots During LHI Discharges

Cathode spot breakdown on the injector can be triggered by very high Vinj. When this

occurs, it reduces Vinj and the effective area of injection, Ainj. Both of these effects reduce

helicity input, with the expected negative consequences for the discharge. The typical loss

of voltage resulting from cathode spots is shown in Fig. 4.1, which contains voltage traces

during two identically-programmed discharges, one of which is affected by cathode spots.

It is typical for the occurrence of cathode spots to negatively impact the total achieved

LHI plasma current, as shown in Fig. 4.2, which depicts the Ip traces for the discharges

corresponding to the voltage traces in Fig. 4.1.

Cathode spots are known to cause erosion of adjacent materials, releasing impurities

into the discharge. A representative SPRED spectrum showing this production is shown in

Fig. 4.3, where two otherwise identical discharges are compared. The proliferation of lines

corresponds to nitrogen from the boron nitride insulator, and the apparent continuum at

high frequencies is likely due to very densely-packed nitrogen lines.
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Figure 4.1: Left: Two voltage traces of similar discharges showing cathode spot-induced

voltage loss. Right: Corresponding fast camera images for the two voltage traces at left. Top

is case without breakdown, bottom image taken from after breakdown on bottom injector.

Cathode spots on the bottom injector are indicated with an arrow.

Figure 4.2: Comparison of resulting plasma current Ip for the cases with and without injector

breakdown via cathode spots shown in Fig. 4.1.
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Figure 4.3: SPRED spectrum for two similar shots, one with cathode spots, and one without.

4.1.2 Cathode Spot Control

As a result of the work described in the theory section, the previous concave design of

the injection cathode was updated to one with a convex geometry. The expectation from

a convex geometry, which was machined with a conical pitch of 55° with respect to the

base plane, is that cathode spots will move inward radially, away from sensitive insulating

components. Typical fast camera images of the concave (-45°) design suffering spot-induced

damage, together with a convex +55° design directing spots inward radially, are shown.

In the camera images of the concave design, shown in Fig. 4.4, cathode spots can be seen

migrating to the insulator at the perimeter of the cathode, where they lock to it and interact

with the insulator. An additional frame several milliseconds into this process is included at

the end of the frame sequence, where ejecta can be seen being emitted.

Figure 4.5 shows the regions of inward motion expected from the sign of Eq. 2.26 on a

cathode when Iinj = 1500 A, in a background toroidal field Bz = 0.08 T, for cases % = 1/2

in Fig. 4.5(a) and % = 1 in Fig. 4.5(b). Only the radial interval corresponding to actual

constructed dimension is shown. Zones of inward motion are shaded. Regions of outward

motion are unshaded. Constant 55 degree angle is shown as solid contour. Figure 4.5(a)

shows that no inward radial motion is expected if % = 1/2. Figure 4.5(b) shows that inward
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radial motion is expected for % = 1 for most of the cathode’s surface. The experimental

conditions modeled here are the conditions for camera data shown in Fig. 4.6. Figure 4.6

shows that inward radial motion is obtained with the optimized cathode design, very similar

to the predictions in Fig. 4.5(b), where % = 1.

The design concept developed in the theory section has proven sufficient for spot control.

While this addition does not prevent cathode spots from occurring, the injector can now

be operated safely at its operating point (⇠ 1500 A) without cathode spots that do occur

migrating to the insulator at its outer radius. This eliminates a major source of impurities,

and over the longer term, damage to the injector. It also serves as a proof of principle,

indicating that careful design might productively be undertaken, which for example shunts

the cathode spots to a location that eliminates their field-line connection to the injector

circuit might be worthwhile.

4.1.3 Insulator Discharge

When BN surfaces were exposed to the plasma during injection, an unwanted surface

discharge was observed to develop on them. An example, paired with an in-vessel photo of

the geometry for reference, is shown in Fig. 4.7. (The dark patches on the boron nitride

visible in the photo in Fig. 4.7 (b) are due to titanium gettering used for improving vacuum

base pressure.)

This surface discharge can develop into more serious arcing, causes outgassing and lowers

voltage. Steel rings outside the injector were introduced to protect the insulating components

from discharge. The segmentation into a stack of rings preserved the dielectric insulation

along the length of the injector. Examples, both of a shot where surface discharge develops

and a high-voltage shot after rings were installed without it, are shown in Fig. 4.7.
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Figure 4.4: Left: Diagram of injector geometry (bottom) and indication of camera viewing

angle (top). Right: Cathode spot motion on concave cathode over a sequence of fast camera

frames. Red arrow illustrates spot motion direction. Last frame taken from several ms later,

after spots have begun causing heating and ablation on boron nitride.



69

(a) (b)

Figure 4.5: The sign of Eq. 2.26 for Iinj = 1500 A, Bz = 0.08 T is plotted for cases % = 1/2

(a) and % = 1 (b). The radial interval corresponding to actual constructed dimension is

shown. Zones of inward spot motion are shaded. The constant 55 degree angle construction

is shown as solid contour.
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Figure 4.6: Left: Diagram of injector geometry (bottom) and indication of camera viewing

angle (top). Right: Cathode spot motion on convex cathode over a sequence of fast camera

frames. Red arrow illustrates spot motion direction.
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(a) (b)

(c) (d)

Figure 4.7: a.) Drawing of injector with boron nitride plasma-facing components. b.)

Operation of this design with insulator surface discharge on boron nitride. c.) Drawing of

injector design with ring shields installed. d.) Injection with shielded insulators installed

where the discharge has been eliminated.

4.2 Injector Impedance Measurements

Experimental tests of the impedance model formulated in Eq. 2.18 have been conducted.

First, the typical I � V scalings obtained from current-voltage ramps during LHI startup
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are introduced. Then, density dependences of the I � V relationship are investigated in

detail via simultaneous measurements of nb, nedge and narc for scans of nedge and narc. This

was accomplished by using the injector in ohmically-driven background plasmas. Finally,

scalings inferred from these scans are then further supported with time-resolved data from

microwave interferometer measurements of during LHI.

4.2.1 Motivation

A scan of a single injector through I � V space to its operating point during LHI is

shown in Fig. 4.8. The left pane shows Ip (t), Vinj(t), and Iinj(t). At right, Iinj(t) vs.

Vinj(t) is plotted for a portion of this interval, where two power-law regimes are evident.

The magnitude and scalings of the measured Iinj � Vinj relation are consistent with that of

a double layer, manifesting the widely-observed Iinj ⇠ V

3/2
inj scaling. However, a transition

to Iinj ⇠ V

1/2
inj at higher current and voltage is also apparent.

The magnitudes of the measured I�V relationships can be compared with expectations.

For the portion of data in the Iinj ⇠ V

3/2
inj regime, Eq. 2.7 can be solved for nDL using

estimates of temperature Te = 10 eV and sheath width d = 10�De [27] to obtain an estimate

of the density nDL ⇠ 10

19� 10

20
m

�3, which falls within the expected range between nedge ⇠

10

18
m

�3 and narc ⇠ 10

21
m

�3 from measurements to be shown later in this section.

In the Iinj ⇠ V

1/2
inj regime, estimating beam density in typical injection conditions: Iinj =

2 kA, Vinj = 1 kV, Ainj = 2 cm

2 leads to nb of order:

nb ⇠
Iinj

evbAinj
=

Iinj

e

p
2eVinj/meAinj

⇠ 10

18
m

�3 (4.1)

which is of the same order of the measured nedge, indicating that the beam density is in the

range where edge quasineutrality is a relevant constraint. Using Iinj = 2 kA, Vinj = 1 kV

again in Eq. 2.9 for sheath expansion also implies nDL is in the range nDL ⇠ 10

20
m

�3,

consistent with the previous estimate. Thus, the magnitude of the measured Iinj (Vinj) in

both power law regimes is broadly consistent with expectations of Eq. 2.7 and Eq. 2.18

using measured densities, and with the expected ordering nb ⇠ nedge ⌧ nDL ⌧ narc.
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Figure 4.8: Injected current, voltage, and resultant plasma Ip using a single injector.

Current in the Iinj ⇠ V

1/2
inj regime can be manipulated with gas fueling to the injector.

Figure 4.9 shows Iinj vs Vinj for a series of single-injector LHI discharges, where the injector’s

fueling rate was scanned from 720 Torr-L/s to 2700 Torr-L/s. The graph clearly illustrates

that in the Iinj ⇠ V

1/2
inj regime, the parameter Iinj/V

1/2
inj is an offset linear function of arc

fueling. Because the injector fueling is initiated prior to breakdown and initiation of bias to

the injector, the fueling scan in Fig. 4.9 constitutes a scan of both nedge and narc. A scan

with simultaneous measurement and control of nedge and narc is thus required.

4.2.2 Injection into Ohmic Edge Plasma

This section describes an experimental test of the impedance model using ohmic dis-

charges as a injection targets. They were produced prior to injection and served as back-

ground plasmas for injection. To understand what, if either, of narc or nedge impacts the

impedance variations seen above, simultaneous measurements of narc, nedge, and nb were

made during scans of narc and nedgc. The scans of narc and nedge were done using a series of

ohmic discharges as background plasma for injection.

Edge density nedge was controlled with D2 fueling from the 3-injector array and from edge

PV-10 valves located on the inboard and outboard sides of the plasma. The Langmuir probe
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(a)

(b)

Figure 4.9: I � V dependence on injector fueling rate. a.) Iinj(t) vs Vinj(t) for a scan in

injector fueling rate. b.) Iinj/V
1/2
inj as a function of fueling rate.
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described in Chapter 3 was used to measure nedge. Some care was taken with the setup of

the nedge measurement. While the intended measurement is the (order megawatt) beam’s

drift space density, this cannot be measured directly without compromising the probe. Even

avoiding this beam can be difficult. The intense beam expected to be propagating in the

edge of LHI discharges appears to be oscillating, and over the course of an LHI discharge,

applied vertical fields are ramped from near zero to values consistent with radial stability of

~100kA LHI plasmas. Because of this, a beam strike to the probe can occur, damaging it

and/or compromising the data obtained.

To avoid this, a series of ohmic discharges were created as targets for injection. The

ohmic discharge served as a source of Maxwellian plasma, and a strong pre-existing vertical

field could direct the beam along a field line away from the probe. While the probe was

located at the same R, Z of the single injector used for this experiment, it was upstream

of the injected beam, separated from it by a scraper limiter, as depicted in Fig. 3.11. The

intention was to expose the Langmuir probe to conditions similar to that of the beam drift

space, so that the relationship between the density there and at the probe (nedge) was as

close as possible without subjecting the probe to a beam strike. The potential disadvantage

of this configuration is that the probe nedge measurement is perhaps only indirectly related

to the desired quantity: the density of the beam drift space.

The arc density narc was controlled with injector fueling and measured spectroscopically.

Because narc > > nedge, edge fueling can manipulate nedge without affecting narc. However,

arc fueling rate is of the same order as the edge fueling rate, and arc fueling must begin prior

to striking the arc. Thus, arc fueling in practice affects both narc and nedge. As a result the

injector fueling scan of narc also changed nedge, but edge fueling was used to scan nedge at

constant narc.

Fig. 4.10 shows sample data from the ohmic injection series. Plasma currents were

generally in the range 50-100kA. At a relatively quiescent (MHD-free) and static Ip period

of the discharge (26 ms), a single injector was biased for 2 ms. The injector arc was set to

Iarc = 3 kA and injected current Iinj = 3 kA. The injected current required approximately 1

ms to ramp to its set point, so data was taken between 27 ms and injector shutoff.
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Figure 4.10: Sample data from current injection into an ohmic discharge. From top: Inferred

beam density nb; measured arc density narc; Langmuir probe edge density nedge; ohmic target

discharge current Ip; Injected current Iinj. Shaded region indicates time interval over which

data was obtained.
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For the first phase of this experiment, narc was scanned. The results of this scan are

shown in Fig. 4.11. In Fig. 4.11 (a), it can be seen that both narc and nb possess offset-

linear dependences on arc fueling. Figure 4.11 (b) shows nb vs narc, revealing that nb = �narc

with � = 1/850 for this injector geometry. Langmuir probe measurements indicate densities

less than the beam density nb for higher arc densities, but the entire scan is consistent with

Eq. 2.18 for the case of sheath expansion, where nedge > nb. Because Langmuir probe

measurements are upstream from the injector and in the shadow of a local scraper limiter,

it is quite likely that the measured nedge is lower than the density in the beam drift region

downstream from the injector cathode.

The expectations from this injector at this operating point can now be given

Iinj =
narc

850

e

r
2eVinj

me
Ainj (4.2)

for the case of high tokamak edge density, where sheath expansion dominates the injector

impedance.
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(a)

(b)

Figure 4.11: a.) narc and nb vs flow rate. b.) nedge and nb plotted against narc, showing

proportionality � = 1/850.
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In the second phase of this experiment, nb was obtained for a scan of nedge over a number of

ohmic discharges at constant narc. A plot of nb vs. nedge from this scan is shown in Fig. 4.12.

It indicates an increasing nb region at lowest nedge, and a saturation at nb ⇡ 6.0⇥ 10

18
m

�3.

From Eq. 2.18, two regions are expected: a linear region at low nedge where quasineutrality

enforces nedge = nb, and provided nedge > narc/850, a saturation at nb = narc/850, which for

this case was measured to be narc = 5.5⇥ 10

21
m

�3 ) nb  6.5⇥ 10

18
m

�3. The data reflects

this saturation. Points at very low nedge would be highly informative, but are difficult to

obtain with ohmic discharges without reaching the runaway electron regime.

Figure 4.12: Scan of edge density and measured nb. Expected saturation value of nb at

narc/850 is also depicted.

4.2.3 Microwave Interferometer Radial Chord Density Measure-
ment

Measuring the nedge dependence of Eq. 2.18 is made complex by the natural limits of

ohmic discharges, which are in turn required for compatibility with Langmuir probe nedge

measurements. While experimental tests of quasineutrality in the beam drift space ideally
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require a density measurement in this region, other density diagnostics also suggest the

reduction of nb at low nedge.

Indeed, results shown in Fig. 4.12 are supported by measurements of the line-averaged

density n̄e obtained with a radially viewing microwave interferometer. These rapidly-growing

tokamak plasmas tend to have broad current and pressure profiles, and it is reasonable to take

nedge(t) / n̄e(t). Figure 4.13 shows nb(t) vs n̄e(t) for an example 3-injector LHI discharge.

The data have been corrected for changing minor radius a(t) using a code that estimates

plasma major radial position and shape from flux loop data.

Two regimes are apparent in Fig. 4.13 - a linear regime at lower n̄e early in the discharge,

and at later times, the same saturation at narc/850 as was obtained in the arc scan above.

In this case, the arc was measured for these conditions to be narc ⇡ 3.0 ⇥ 10

21
m

�3, giving

an expected saturation at nb = 3.0⇥ 10

21
m

�3
/850 = 3.5⇥ 10

18
m

�3, which is indicated with

a horizontal bar in Fig. 4.13.

The line through the nb = nedge data is not a prediction but a manual fit, since geo-

metric factors related to the density profile of both the tokamak and the beaming particles

are unknown. An arrow in both graphs indicates the point in the discharge when the edge

quasineutrality limit transitions to the sheath expansion limit. Overall, the behavior ob-

served is similar to that in Fig. 4.12, but the linear dependence on inferred nedge, indicative

of a space-charge neutralization limit to nb is much more evident at lower n̄e.
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Figure 4.13: Left: Ip (t) for discharge 72606. Vertical bars indicate extent of data plotted at

right. Right: Density measured with microwave interferometer radial chord. Saturation due

to arc density limit also plotted at narc/850. Arrows indicate transition from quasineutrality

limit to sheath expansion limit.

4.3 Injector Impedance Control Points

Use of narc as a control point over injector impedance is desirable because it does not

interfere with other discharge programming objectives, and is more straightforward to ma-

nipulate than nedge. The impedance model ultimately invokes nDL as its input, not the more

easily measured narc. The conditions setting narc, and the conditions setting nDL/narc, de-

scribed by parameter �, must be understood to make practical use of the impedance model.

Key results of these investigations are described in this section.

4.3.1 Dependence of narc on Fueling and Current

Measurements of narc were made for a scan of fueling rate and Iarc at BTF = 0.08T. The

data is plotted in Fig. 4.14. Linear dependences of narc on fueling rate and arc current Iarc

are found. Operation with and without injection current had no effect within the noise of

the measurement. A simple empirical model for narc measured via pressure broadening of

the H-d and H-g lines, with reasonable agreement with the experimental data is:

narc[10
20
m

�3
] = Iarc [A]

�
6.8⇥ 10

�3
+ 1.5⇥ 10

�5
F [Torr� L/s]

�
(4.3)
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where F is the D2 fueling rate in Torr-L/s. Rendered in m

�3 for density and 1/s for F, this

relation is:

narc

⇥
m

�3
⇤
= Iarc [A]

�
6.8⇥ 10

17
+ 4.5⇥ 10

�5
F

⇥
s

�1
⇤�

(4.4)

Figure 4.14: narc vs Iarc for various arc fueling rates. Solid lines indicate Eq. 4.4.

The fueling rates here are equivalent to several 1022/s (for a plenum at room temperature

1000 Torr� L/s ⇡ 6.5⇥ 10

22
D

+
s

�1). A typical confinement time using a fueling rate F is:

dN

dt

= � N

⌧ion
+ F (4.5)

N

⌧ion
= F (4.6)

Densities from Eq. 4.4 are order ⇠ 10

21
m

�3, and within the 10 cm

3 of the injector’s arc

channel there are order N ⇠ 10

16 particles

10

16
= 10

22
s

�1
⌧ion (4.7)

⌧ion = 1 µs (4.8)
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which even with ions at Ti = 10 eV is only enough time for an ion to travel order cm. This

suggests that ion recycling within the arc discharge is not high, and that ion confinement

potentially determines narc, which is far in excess of that needed to sustain the arc current

with electron thermal current, which even at Te =10eV and several ⇠ 10

21
m

�3 is Je,th ⇠

100 kA/cm

2.

4.3.2 nb vs Magnetic Field Strength

The quantity nb has been measured for a scan of background magnetic field and injector

fueling rate. The results of this scan are shown in Fig. 4.15. The data shows nb has a

weak inverse dependence on background field over a factor of two scan in toroidal field. The

toroidal field was scanned from 0.04-0.08 T at the injector, while the vertical field component

was only 2-5mT. A factor of two change in background field produces a ⇡20% change in nb.

This data shows that impedance in the Iinj ⇠ V

1/2
inj regime depends on magnetic field,

and that higher magnetic field produces a higher impedance, or lower nb for a given fueling

rate. One explanation for this effect is that it results from changing arc properties. Arc ions

are only partially magnetized: rL,i ⇠ rgun, and significant impact from field is expected -

increasing toroidal field potentially improves confinement and increases temperature. If this

results in increasing Te,arc/narc, one would expect higher impedance at higher field. Another

possibility related to confinement is that beaming cross-section, Ainj scales inversely with

field strength. Further exploration of this effect, with narc measurements is required for a

detailed understanding.
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Figure 4.15: Quantity nb as a function of injector D2 fueling rate and and background

magnetic field strength.

4.3.3 Maximum Iinj vs Iarc

Maximum achievable Iinj was obtained for a scan of injector fueling rate and background

magnetic field. This was done via a series of discharges at each field value and fueling rate,

where Iinj was progressively increased, until the Iinj ⇠ V

1/2
inj regime was lost and electric

breakdown via cathode spots occurred. Figure 4.16 shows a plot of the resulting maximum

achievable Iinj as a function of injector fueling and background field. The values of Iinj

plotted were all obtained for several milliseconds in a high-voltage Iinj ⇠ V

1/2
inj regime without

the appearance of cathode spots or other arcing processes. For this scan, Iarc remained at

4kA. Currents Iinj up to 5.7kA, were obtained. Maximum Iinj appears to follow an offset

linear trend in fueling rate, similar to that observed for narc, seen in Fig. ?? on page ??,

thought narc was not measured during this scan.
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Previous studies of similar devices which were programmed to minimize injector fueling

rate obtained data suggesting a limit Iinj < Iarc [74, 73, 75]. However, the maximum

obtainable injection current in the Iinj ⇠ V

1/2
inj regime was found in this work not to be

limited to Iarc, but rather appeared to depend on narc, which can be programmed via injector

fueling rate.

Figure 4.16: Maximum achievable Iinj as a function of background field and injector D2

fueling rate. Dashed line indicates corresponding Iarc.

4.3.4 Dependence of Impedance on Arc Anode Length

As the anode of the arc discharge is increased in length, the expected double layer location

is farther removed from the arc source plasma. This occurs because the double layer is

expected to form at the injector aperture, where diffusion of dense (⇠ 10

20
m

�3) plasma into

the less-dense edge plasma region (⇠ 10

18
m

�3) creates the space charge layer. Post-mortem

examinations of the erosion of the arc discharge anode indicate that the vast majority of
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the arc anode erosion takes place at the rim close to the washer stack. It is reasonable to

assume current preferentially returns to this region. Thus the length of the discharge anode

fixes an effective distance between the source plasma and the double layer, in effect altering

the nDL/narc ratio described by �.

Impedance data is consistent with the arc residual plasma density dropping with distance

away from the discharge region. As can be seen from Eq. 2.7 on page 20, perveance per area

(i.e. J/V

3/2) is a quantity that is expected to scale with nDL: J/V

3/2 ⇠ d

�2 ⇠ �

�2
De ⇠ nDL.

Thus, current density at fixed voltage, Jinj/V 3/2
inj is expected to drop with distance from the

source.

Measurements in Pegasus taken in identical ramp-up scenarios show this expected in-

crease in impedance, via reduced Jinj/V
3/2
inj , as discharge anode length is increased over

several design iterations. For three different designs, a shot at full toroidal field, 2kA of arc

current, and 460 Torr-L/s of fueling was taken. The resulting Jinj/V
3/2
inj vs. discharge anode

length is plotted in Fig. 4.17. The relationship obtained is a decaying exponential, with an

e-folding length of 1.6cm. An exponential decline in plasma density with distance from the

arc discharge has been measured for similar devices to those used in Pegasus [75], although

this was done with a Langmuir probe outside the injector and found longer scale lengths.

This data suggests that discharge anode length is another potential knob for control over

the impedance. Alternatively this effect could be viewed as a way to minimize gas flow

without affecting the impedance (shorter anode, less gas). A similar scan for Iinj/V
1/2
inj is

not available because the emission mechanism for the two longer-length discharge anodes

switched to cathode spots before manifesting a Iinj ⇠ V

1/2
inj regime.
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Figure 4.17: Jinj/V 3/2
inj vs. discharge anode length. The corresponding injector design is inset

below each point..
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Chapter 5

Coherent Beam Magnetic Signature

This chapter addresses the assumption in the impedance model that, during the current

growth phase in LHI, the injected current remains a coherent beam as it propagates through

the tokamak edge. This assumption is supported by model results from NIMROD [15, 1],

which are overviewed in the next section. Prior to the experimental work described in

this chapter, there was no direct experimental evidence supporting this particular numerical

finding. An analysis of outboard magnetic probe data is presented that shows it is consistent

with an electron beam undergoing a small transverse (n, m)=(1, 1) oscillation in the tokamak

edge region.

5.1 Motivation

The impedance model assumes a coherent electron stream is launched by the double layer

sheath through the tokamak edge plasma, and that the beam density is well-described by

nb = Iinj/

⇣
e

p
2eVinj/meAinj

⌘
. The quantity nb can be inferred from measured Iinj/

p
Vinj

when the cross-sectional area of the stream remains near the area of the injector aperture,

Ainj (for this work, 2 cm2). Both the magnitude and scaling of impedance data support this

assumption.

Modeling [15] of LHI during divertor injection with NIMROD, a 3-D resistive MHD code,

also supports this assumption. This modeling has isolated a putative mechanism by which

flux is transported from a remote injector at the tokamak edge to the interior confinement

region. According to this model of current buildup in LHI, depicted in Fig. 5.1, adjacent
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passes of the injected current stream approach each other and reconnect to inject “pinched-

off” rings of current into the core confinement region. The results are similar to that observed

in RSX using current injection with washer-stack guns [127, 114] which found helical motion

of streams, attributed there to a kink instability, which possessed a node at the injector and

partial line tying at the other end.

2.93ms 2.94ms 2.91ms 2.95ms 

Figure 5.1: From [1], a current filament (red) reconnects to inject a ring (indicated with blue

arrow) into the confinement region.

These simulation results possess key similarities to experiment. Among these are a pre-

diction of intermittent n=1 magnetic activity, which is the experimentally observed toroidal

mode number. Additionally, a radial scan with an inserted Hall effect magnetic probe has

indicated an amplitude peak of magnetic fluctuations near the injector radius, furnishing

evidence of radial localization, but providing no distinction between a coherent stream and

confinement to a radially localized surface.
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The impedance model and NIMROD results rely crucially on the existence of a coherent

injected stream, but no direct evidence supporting it has yet been presented. The fast

cameras show coherent streams prior to the development of the tokamak-like discharge,

however these streams abruptly disappear after relaxation of the stream to a tokamak-

like state (see Fig. 1.4 on page 5). Therefore, an analysis of the bursty magnetic signals

characteristic of LHI has been done to determine if they are consistent with motion of

coherent streams in the edge.

Figure 5.2 (a) shows a typical LHI discharge, with the plasma current plotted against the

left axis, and ˙

Bz measured with an outboard midplane magnetic probe plotted against the

right axis. As can be seen in Fig. 5.2 (a), magnetic signals in LHI during the higher-current

growth phase possess an intermittent, bursty character. The bursts have an n=1 toroidal

mode number. Bursts also time with oscillations of the plasma current. All of these features

qualitatively suggest the current loop injection process found in the NIMROD simulations.

Figure 5.2 (b) shows a zoom on a typical burst. Measured ˙

Bz signals are regularly 100s

of T/s, have durations of 10

�5 � 10

�4
s. A more detailed model based on the NIMROD

mechanism links the structure of these measured bursts to motion of a coherent current

stream in a more quantitative way.
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(a)

(b)

Figure 5.2: Bursty MHD characteristic of LHI, as measured on outboard probe array probe

(See Fig. 5.5). a.) Plasma current Ip and ˙

Bz measured with an outboard midplane magnetic

probe vs time for a typical LHI discharge.
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5.2 Theory

An initial model for interpreting outboard ˙

Bz probe array data, based on (m=1) trans-

verse stream motion in the edge is derived in this section. Its inputs are a relative phase �'

and an amplitude ratio T , obtained from Hilbert transforms, of the raw ˙

Bz (or raw voltage)

signals from two probes. The model outputs are the R and Z positions of the stream. The

model assumes a straight current line source magnetic field, so expressions remain simple

enough to be inverted algebraically, i.e. to a form f (�', T ) = R, and g (�', T ) = Z. This

assumption restricts probe pairs used in the model to those in the same poloidal plane. It

was developed for use with the outboard poloidal “PDX” probe array in Pegasus, where this

requirement is fulfilled.

The model deals entirely with ˙

Bz signals, (not Bz), which were not integrated for several

reasons. This processing introduces drift errors, and prevents use of the full dynamic range

of the probe due to occasional signal ’railing’ events, when amplitudes exceed the dynamic

range of the amplifier attached to the magnetic coil. While this event renders subsequent

integrated data subject to an unknown offset, only the small portion of data during the ’rail’

event is affected when raw data is used. Additionally, integration attenuates the hypothetical

stream signal strength relative to other sources. The stream has a low field strength but

presumably rapid (Alfvenic) velocity, making its expected ˙

Bz very large compared to applied

fields, whereas its Bz compared to applied and tokamak plasma fields is small. While signals

could then be further filtered, the raw data already possesses low signal to noise ratio. The

disadvantage of this approach is that ˙

Bz is a less intuitive quantity.
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5.2.1 Outboard Streams Model Derivation

Figure 5.3: Current stream undergoing small rotations in the R-Z plane.

An infinite line current source is taken as an approximation for a high-aspect ratio helical

pass. Beginning from the expression for B of an infinite line current a distance Rs, Zs away

from the measurement point:

Bline =
µ0Iinj

2⇡

✓̂ ⇥ {Rs, 0, Zs}
R

2
s + Z

2
s

(5.1)

Substituting Rs = r � (R� r0 cos [2⇡ft]), and Zs = z � (Z � r0 sin [2⇡ft]) corresponding to

a circular motion (see Fig. 5.3) in the R-Z plane, and taking the ẑ component:

Bz,line =
µ0Iinj (�r0 sin(2⇡ft)� r +R)

(r0 sin(2⇡ft) + r �R)

2
+ (r0 cos(2⇡ft) + z � Z)

2
(5.2)

where R is stream radius, Z is stream vertical position, r0 is the radius of motion of the

stream about R,Z, r, z is the location of the measurement point, and f is the frequency

of rotation. Differentiating the resulting expression with respect to time gives ˙

Bz from the

circular motion. Substitutions �r = r0 sin(2⇡ft) + r�R and �z = r0 cos(2⇡ft) + z�Z have

been made for compactness:

dBz

dt

= �r0µ0Iinjf

✓
cos(2⇡ft)

�r

2
+ �z

2
+

2�r(��r cos(2⇡ft) + �z sin(2⇡ft))

(�r

2
+ �z

2
)

2

◆
(5.3)

dBz

dt

= r0µ0Iinjf

�
�r2 � �z2

�
cos(2⇡ft)� 2�r�z sin(2⇡ft)
�
�r2 + �z2

�2 (5.4)
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Using the Weierstrass substitutions (x2 � y

2
) / (x

2
+ y

2
) = cos (2 arctan (y/x)) and 2xy/ (x

2
+ y

2
) =

sin (2 arctan (y/x)) :

dBz

dt

= r0µ0Iinjf
cos (2 arctan (�z/�r)) cos(2⇡ft)� sin (2 arctan (�z/�r)) sin(2⇡ft)�

�r2 + �z2
� (5.5)

Using the angle addition formula for cosine cos (↵ + �) = cos (↵) cos (�)� sin (↵) sin (�):

dBz

dt

= r0µ0Iinjf
cos (2⇡ft+ 2 arctan (�z/�r))�

�r2 + �z2
� (5.6)

Adopting the ordering r0 ⌧ z � Z, r0 ⌧ r � R so �r = r � R and �z = z � Z, flipping

rotation direction away from the conventional CCW direction t ! �t, and using the even

parity of cosine gives the more compact:

dBz

dt

=

µ0Iinjr0f cos

⇥
2⇡ft� 2 arctan

⇥
z�Z
r�R

⇤⇤

(z � Z)

2
+ (r �R)

2 (5.7)

which is clearly a simple sine wave approximation of the ˙

Bz signal. Inferences about stream

location are made with the phase and amplitude characteristics of this approximating sine

wave.

For a hypothetical stream signal source in the vessel at 65cm, -10cm, a contour plot of

spatial structure of ˙

Bz signal calculated using Eq. 5.7 is shown in Fig. 5.4. In this figure,

locations of outboard probes in the ˙

Bz array are shown as black dots. The rectangular

scraper limiter, with the three inset R,Z locations of the injectors, and the center stack

are depicted (left edge of plot), as well as the outline of the vacuum vessel. The injector

apertures’ toroidal locations are 53 degrees (see Fig. 3.4) toroidally downstream from the

half-pipe limiter, where the PDX probes are located - i.e., the first pass of a stream must

travel 307 degrees toroidally before it passes in front of the probe array.
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Figure 5.4: From Eq. 5.7, dBz(r,z)
dt for stream located at R = 0.65 m, Z = �0.1 m plotted in

the poloidal plane containing the outboard magnetics array. Black dots indicate locations

of outboard probes. Outline of Pegasus vessel is included in figure. Centerstack radius is

included as solid thick black line at left. Rectangular injector scraper limiter and injector

apertures are also depicted.
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5.2.2 Model Inversion

Stream R,Z in terms of data inputs

Equation 5.7 is simple enough that it can be inverted for probe pairs to obtain stream

R, Z locations in terms of the relative amplitude and phase of two probe signals, without

assuming a value for the unknown r0. From Eq. 5.7, relative signal amplitude and phase

measured at two arbitrarily placed probes is:

�' = '1 � '2 = 2arctan


zp1 � Z

rp1 �R

�
� 2 arctan


zp2 � Z

rp2 �R

�
(5.8)

T =

���dB
dt

���
1���dB

dt

���
2

=

(zp2 � Z)

2
+ (rp2 �R)

2

(zp1 � Z)

2
+ (rp1 �R)

2 (5.9)

which is a set of 2 equations in 2 unknowns - measured amplitude ratio and phase difference

in terms of unknown R, Z stream location. All other remaining unknowns drop out.

Inverting these two equations algebraically to solve the forward problem of stream loca-

tion R, Z in terms of the measured amplitude/phase comparison at two probes is possible.

Taking the tangent of both sides of Eq. 5.8 and applying identity

arctan↵± arctan � = arctan


↵± �

1⌥ ↵�

�
(5.10)

removes the trigonometric terms enclosing R and Z:

tan


�'

2

�
=

�
⇣

zp1�Z
rp1�R

⌘
+

⇣
zp2�Z
rp2�R

⌘

1�
⇣

zp1�Z
rp1�R

⌘⇣
zp2�Z
rp2�R

⌘
=

R (zp1 � zp2) + rp1 (zp2 � Z)� rp2 (zp1 � Z)

(rp1 �R) (rp2 �R) + (zp1 � Z) (zp2 � Z)

(5.11)

Equations 5.9 and 5.11 can then be solved for R and Z with a computer algebra package.

Introducing U = T + 1, S = T � 1, �r = rp2 � rp1, �z = zp2 � zp1, ⌃r = rp1 + rp2,

⌃z = zp1 + zp2 for compactness, the following expressions are obtained for stream location

R and Z, where both positive roots are selected for one solution and both negative roots for

the other:
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R =

T

2
r

p1

� T (cos(�')⌃r + sin(�')�z) + r

p2

±
p
T

�
�rS cos

�
�'
2

�
+�zU sin

�
�'
2

��

T

2 � 2T cos(�') + 1

(5.12)

Z =

T

2
z

p1

� T (cos(�')⌃z � sin(�')�r) + z

p2

±
p
T

�
�rU sin

�
�'
2

�
��zS cos

�
�'
2

��

T

2 � 2T cos(�') + 1

(5.13)

Either root can represent the physical solution. The other solution is one which locates the

stream at an R, Z outboard of the probes. For the case in Pegasus where the probes in the

array are at the same major radius, �r = 0 and rp1 = rp2 = rp and the formulas reduce to:

{R,Z} =

(
r

p

±
p
T�z sin

�
�'
2

�

T ± 2 cos

�
�'
2

�p
T + 1

,

z

p2

� T cos(�')⌃z + z

p1

T

2 ±
p
TS�z cos

�
�'
2

�

T

2 � 2 cos(�')T + 1

)

(5.14)

Obtaining model inputs from data

The phase difference �' and amplitude ratio T can be obtained from data from pairs

of probes dB1[t]
dt = b1, dB2[t]

dt = b2 (raw voltage signals can also be used since the calibration

factors giving Vprobe (t) ! ˙

Bz (t) drop out) and corresponding Hilbert transforms [128] ˆb1,
ˆ

b2, using

�' = arctan

"
ˆ

b1b2 � b1
ˆ

b2

b1b2 +
ˆ

b1
ˆ

b2

#
(5.15)

T =

q
b

2
1 +

ˆ

b

2
1q

b

2
2 +

ˆ

b

2
2

Uncertainty propagation

The uncertainty calculation has been used here as a device for plotting output. It has

been used to indicate regions with a breadth ±� around the estimated stream R, Z. The R,

Z uncertainty resulting from the underlying uncertainty in the amplitude ratio and phase
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difference for uncorrelated �T , ��' for the case in Pegasus where all probes have the same

major radius (Eq. 5.14) is:

�R ⇡

vuuuut

0

B@
�z(T � 1) sin

�
�'
2

�

2

p
T

⇣
T ± 2

p
T cos

�
�'
2

�
+ 1

⌘2

1

CA

2

�

2
T +

0

B@
±�z

p
T (T + 1) cos

�
�'
2

�
+ 2�zT

2

⇣
T ± 2

p
T cos

�
�'
2

�
+ 1

⌘2

1

CA

2

�

2
�'

(5.16)

or in terms of individual amplitudes A, and B where T = A/B and individual phases

�' = '1� '2:

�R ⇡

vuuuut

0

B@
�z(T � 1) sin

�
�'
2

�

2

p
T

⇣
T ± 2

p
T cos

�
�'
2

�
+ 1

⌘2

1

CA

2✓
T

2

✓
�

2
A

A

2
+

�

2
B

B

2

◆◆
+...

...

0

B@
±�z

p
T (T + 1) cos

�
�'
2

�
+ 2�zT

2

⇣
T ± 2

p
T cos

�
�'
2

�
+ 1

⌘2

1

CA

2

�
�

2
'1 + �

2
'2

�
(5.17)

and

�Z ⇡

vuuuut

0

B@
�z
⇣
(T + 1) cos

�
�'
2

�
± 2

p
T

⌘

2

p
T

⇣
T ± 2

p
T cos

�
�'
2

�
+ 1

⌘2

1

CA

2

�

2
T +

0

B@
�z(T � 1)

p
T sin

�
�'
2

�

2

⇣
T ± 2

p
T cos

�
�'
2

�
+ 1

⌘2

1

CA

2

�

2
�'

(5.18)

or

�Z ⇡

vuuuut

0

B@
�z
⇣
(T + 1) cos

�
�'
2

�
± 2

p
T

⌘

2

p
T

⇣
T ± 2

p
T cos

�
�'
2

�
+ 1

⌘2

1
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2✓
T
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✓
�

2
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p
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2

�
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⇣
T ± 2

p
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�'
2

�
+ 1

⌘2

1

CA
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�
�
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'1 + �

2
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�
(5.19)
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5.3 Experimental Setup

Figure 5.5 depicts relative locations of the array in relation to the injection location, and

likely radial location of injected streams. The outboard midplane probe array used to collect

data for the model testing. More specifics about the probe array and their locations are

given in Section 3.3 on page 56.

Figure 5.5: Left: Vessel top view, depicting boxed location of PDX probe array and injec-

tion location. Circular sectors showing potential stream locations are propagated from the

injection location as a visual aid. Right: R,Z projection indicating locations of PDX probe

array and injector R,Z . The injectors are separated 53 degrees toroidally from the probe

array. Precise probe locations are listed in Table 3.2.

5.4 Model Comparison with Magnetic Data

5.4.1 Initial inverse fit

As a first step to determine if the model produces reasonable results, Eq. 5.7 was used to

fit a small section of magnetic data. The probe signals were first band-pass filtered between
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10 and 40kHz. The a simultaneous fit to 40µs of data from each of the probes in the array was

done. The free parameters used to fit the data were the stream location R,Z and the stream

oscillation amplitude r0. The injected current Iinj and the oscillation frequency are both

known. The resulting values giving the best fit to the data were R = 0.58 m, Z = �0.08 m

and motional amplitude r0 = 10 cm.

The model output is shown in Fig. 5.6. The top left frame shows a point plot of the of

the entire burst containing the signal data used for the fit, which comes from a 3-injector

discharge (#70787). An entire burst is shown for context, and and the 40 µs window of

data used for the fit is shaded. The remaining graphs show again the data within the 40 µs

window as a point plot, together with the model predictions at that probe r, z for a stream

with R = 0.58 m, Z = �0.08 m, r0 = 10 cm. The closeness of the model fits to their

respective measured data traces using a this fit of 3 (R, Z , r0) scalar unknown parameters

(the remaining model inputs Iinj, f were not unknowns) for all 5 probes indicates that the

model is producing reasonable results.

5.4.2 Comparison with Data

Comparison to the magnetics data suggests a consistent stream R,Z location. Amplitude

ratio and phase difference between outboard midplane probe pair signals during the current

growth period of LHI discharges show a consistent relationship, with corresponding consis-

tency in the predictions of the model developed here. Pictured in Fig. 5.7 is a sequence of

calculated stream R-Z locations using Eq. 5.14 with uncertainties calculated with Eq. 5.17

and Eq. 5.19 using poloidal probe array data from shot 72045. A 10 T/s amplitude uncer-

tainty in the probe signal is allowed for, as well as a 5% error in the phase identification. An

elliptical region in R,Z results, with semi-major/minor axes determined by 1-sigma region

in R-Z, i.e. ±1�R,Z from above. The associated time is indicated in the lower left of each

frame.

The output from each probe pair, in blue, is in general agreement across the probe array

during the burst, and the mean location isolated by all probe pairs is indicated with a star.

The R,Z predictions are consistent in time, consistent across all probe pairs, and consistent
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Figure 5.6: The top left pane shows a magnetic signal burst, and the 40 µs window of data

used for the fit described in the text shaded. The remaining panes show graphs containing

a blow-up of the measured signal at each of the probes in the 40 µs window as a point plot,

and the model fit as a solid line.
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with previous measurements and NIMROD simulations. While the resulting stream R from

this technique is typically several centimeters inboard of the injector, this is very likely an

artifact resulting from the simplicity of the infinite line current assumption. Establishing a

final determination of R to centimeter accuracy will likely require this initial model, which

has prioritized simplicity, be made more sophisticated.
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Figure 5.7: Model predictions from Eq. 5.14, with semi-major/minor radii determined by

±1�R,Z . Contemporaneous ˙

Bz probe data is in upper inset.
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Figure 5.8: Continued from Fig. 5.7
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Figure 5.9: Continued from Fig. 5.7
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Chapter 6

Conclusion

6.1 Injector Breakdown

The technical requirements for helicity injection include minimized plasma-material in-

teractions, durability over many shots, high voltage standoff, operation with low gas loading,

and large emission area. Voltages up to the power supply limit of 2kV, or up to a limit im-

posed by electrical breakdown via cathode spots on the injector cathode material, are in

practice attainable.

Source construction exerts a decisive impact on breakdown thresholds. Recent designs

emphasizing lower local density at electrode and shielded insulating surfaces have improved

the robustness of the injector to cathode spot breakdown and other forms of arcing. When

cathode spots do occur, they can now be directed away from sensitive components that can

be damaged and that foster a larger breakdown. This was enabled by a unique optimization

of injector geometry with respect to the acute angle rule tendency of cathode spots discussed

in the Theory section. While the acute angle rule is well known, typical uses are in a low-

current context where any arbitrary acute angle can be introduced. However, the narrow

window of parameter space in Pegasus where inward motion can be obtained requires a

quantitative acute angle model (obtained from [60]) and involved a unique, quantitative

optimization. The tools developed in this work can also allow more extensive design work

to be done, for example by guiding spots that occur under overhangs, potentially snuffing

them out.
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6.2 Impedance Model

Impedance data in Pegasus LHI discharges is consistent with a model employing sheath

and beam physics concepts. Biasing a dense, ⇠ 10

21
m

�3 arc plasma cathode to draw electron

current into the relatively vacuous ⇠ 10

18
m

�3 region produces a double layer space charge

sheath at the aperture of the injector. The applied injection voltage manifests as a localized

potential drop over this space-charge sheath, which launches a ⇠1 kV electron beam along

the field line. The impedance expected is that described by the Child Langmuir I ⇠ V

3/2

relation. This physics is common for a device of this type, and is observed at voltages below

approximately 100V, and currents below approximately 1 kA.

The impedance observed during Pegasus LHI discharges at & 100V obeys I ⇠ V

1/2. This

I�V dependence is here hypothesized to be an outcome of two independent processes limiting

electron beam density nb according to the dimensional relation Iinj = nbe
p

2eVinj/meAinj.

The first process is that of sheath expansion, which has the effect of fixing beam density

at a value proportional to the density at the double layer nb = ↵nDL, which in turn is

proportional to density of the nearby arc source plasma, narc, and can be manipulated via

arc fueling, arc current, Iarc, external field and device geometry.

The second process limiting nb is the requirement for quasineutral beam propagation,

which places a separate upper bound on beam density at the ion density of the drift space

in which it propagates. Here nedge is taken as a readily measured indication of this drift

space density, giving expectation: nb  nedge. The more restrictive of these processes sets

the upper limit to beam density, determining Vinj for a given Iinj.

The quantity narc represents the most natural control point for programming the impedance.

It is more easily programmed than nedge, and does not interfere with other discharge pro-

gramming priorities, that include for example that nedge be large enough to avoid a runaway

regime. Further, nedge tends to naturally rise with higher-Ip discharges, and thus small nedge

is generally incompatible with the goal of LHI. On the other hand, the quantities that control

narc during a discharge, namely, Iarc and fueling rate, are easily programmed prior to the
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shot. Setting them appropriately can impose a lower bound on Vinj that is independent of

expected values of nedge.

However, narc is not arbitrarily programmable. Excessively low arc fueling rates at fixed

Iarc can cause material damage to the arc’s electrodes. A study of methods of minimizing

narc without damaging the device is thus a reasonable next step. A potential knob for lower

narc without corresponding damage to the electrodes is lower Iarc, which has been observed to

be a control over narc both during the course of this work and in others [113, 81]. Minimizing

narc to obtain higher Vinj requires simultaneous improvements in cathode voltage standoff.

A successful cathode design must sustain high Vinj without a transition to cathode spots.

The theory and experimental work presented above provide some guidelines and first steps

toward accomplishing this task.

6.3 Magnetic Analysis

The method of MHD signal interpretation developed here suggests several conclusions.

First, experimental evidence has been obtained that is consistent with both the assumptions

used in the impedance model and with results of NIMROD simulations, suggesting that

injected current remains a coherent stream in tokamak edge. Magnetic probe signals are

in agreement across all the pairs of the array on a signal origin at a localized R, Z in the

outboard edge, near the injector radius Rinj, somewhat above the vertical location Zinj.

This finding applies in the poloidal plane of the probe array, almost a full toroidal rotation

downstream from the injector.

It is also consistent with the reconnection-based current drive mechanism isolated in

NIMROD simulations, as the amplitude of stream oscillation r0 is large enough to return

the first pass of the kink unstable stream to the Rinj, Zinj of the injector, enabling the

reconnection between helical passes observed in the model.

The poloidal mode number of the stream motion is consistent with m=1. Additionally, the

gyration behavior presented here is consistent with observations of current streams produced

with similar guns in linear devices operated at similar parameters [114, 129, 130, 131]. The

observed handedness of the motion was consistent for all shots examined. Motion was found
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in the ’J ⇥ B direction’ expected at a mostly field-aligned current which slightly deviates

from J||B. Further research into the details of this dynamic is however necessary.
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Appendix: Unipolar Arcing During LHI

Simple model of unipolar arcing to guide floating component design

Floating ring armor installed on the injector and shown in Fig. 6.1 have improved

achievable Vinj. However, during periods of high Vinj, floating armor will occasionally break

down via cathode spots, and can also be observed to glow, incandescing even after the

discharge ends. An example is shown in Fig. 6.2. Another example, together with a cathode

spot that has developed on a ring and migrated to the boron nitride insulator is shown in

Fig. 6.3.

The local scraper limiter has also been observed to glow at regions of plasma contact

during LHI, but does not break down. Breakdown occurs on floating components despite

their lack of galvanic connection to the injector circuit, and does not occur in ohmic-driven

discharges. This unipolar arcing occurs on the floating cathode frustum shield and the rings

in the >1kV range, and is currently the limit to higher-voltage operations - particularly as

it occurs on the frustum shield - as applied voltage thereafter often drop and components

can be damaged.

Unipolar arcing is widely seen to occur in tokamaks on floating PFCs during ramp-up

and instabilities to due to hot, dense edge plasma or an unconfined hot electron component.

According to the standard model [51, 8], plasma bombardment at high Te increases the float-

ing potential �Vsheath =

1
2Te log

h
2⇡me
mi

i
to the point of breakdown. Here floating potential is

obtained by setting ion Bohm flux equal to a Boltzmann-electron component.

In LHI plasmas, additional hot electrons produced by the injector are expected, and are

very likely connected with the injector breakdown particular to LHI. When the customary
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Figure 6.1: Injector geometry with installed rings. Blue contour indicates galvanically con-

nected components. Nominal voltages for driven conductors are indicated.
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Figure 6.2: Injectors design depicted in 6.1 during operations. Glowing patches indicated.
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(a) (b)

Figure 6.3: a.) Glowing on ring during normal ⇠1 kV operation. b.) Cathode spot on last

ring of lower injector, which has migrated to insulator.
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expression for floating potential is modified to account for the presence of a hot monoener-

getic electron component, threshold voltage behavior results, which can be used as a simple

breakdown criterion, and guideline for robust design.

The standard model for outbreak of unipolar arcs can be augmented to include the

contributions of a hot electron beam, to obtain a similar criterion for breakdown of floating

components during LHI, where these beaming particles are expected to originate from the

injected beam, i.e. Vbeam = Vinj, but Ibeam ⌧ Iinj. The Vbeam corresponding to breakdown

would be regarded as the upper limit to Vinj before breakdown occurs on floating shields.

Impinging beam electrons are assumed to be at high voltage compared to local elec-

tron temperature Vbeam � Te,SOL and floating potential Vbeam � Vfloat so that beaming

particles are not affected by the sheath voltage, and beam density incident on the floating

component, ns is much less than background plasma density, nSOL, in the scrape-off layer:

ns ⌧ nSOL. Electrons are magnetized, impacting the field-projected area Aproj of the to-

tal plasma (ion)-exposed area Atot. In addition to the customary ion saturation current and

Boltzmann electron terms, current continuity now includes a term corresponding to incoming

hot electron current Ibeam and induced secondaries:

0 = Ifloat = Ii,sat + Ie,th + Ibeam (1� �se [Vbeam]) (6.1)

0 = nSOLe

r
TSOL

mi
Atot�nSOLe

r
TSOL

me
exp


�Vfloat

TSOL

�
Aproj�nse

r
Vbeam

me
Aproj (1� �se [Vbeam])

(6.2)

ln

"
Atot

Aproj

r
2⇡me

mi
�
 

ns

nSOL

r
2⇡Vbeam

TSOL
(1� �se [Vbeam])

!#
TSOL = Vfloat (6.3)

where ion saturation is Ii,sat, electron thermal current is Ie,th, and account has been taken

in Ibeam of secondary electron emission, via coefficient �se. The left term in the log is the

customary partially-magnetized Vfloat, with the added hot e- term and resulting secondaries

at right. Figure 6.3 describes beam-induced charging of a floating conductor in a plasma.

Incoming negative charge from the incident beam is balanced by reductions in the thermal
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electron flux. A singularity occurs at Ibeam = Ii,sat, Ie,th ! 0, where Ibeam has fully replaced

the ‘hot tail’ comprised by Ie,th, forcing Vfloat → -1. While Vfloat is generally a gradual

function of the log, near this singularity it drops very sharply negative, in practice leading to

Vfloat → Vbeam, where beam particles can be turned back, or alternatively, prior to obtaining

sheath field Vbeam/�De ⇠ 10

5
V/cm, to sheath breakdown. Requiring Ibeam < Ii,sat bounds

the operating space according to:

Vbeam <

me

mi

A

2
tot

A

2
proj

n

2
SOL

n

2
s

Te

(�se [Vbias]� 1)

2 (6.4)

For most PFC materials, between 100V-1kV, �se t 1 [8], drastically reducing beam-

induced charging. Because �se t 1 in the experimental range, expected breakdown voltage

behavior from Eq. 6.4 is largely determined by the location of �se[V ] < 1. For molybdenum,

above ~900V, where �se[V ] < 1, threshold divergence of Vfloat quickly occurs and this log [0]

condition can be viewed as a rough threshold voltage for breakdown.

Using �se[V] data from [8] and TSOL ⇠ 10 eV, Fig. 6.4 shows this breakdown condition

plotted against its various dependences. For the Mo frustum shield, the breakdown condition

contour is plotted together with a shaded region where Vfloat > �40 V as a function of hot

particle fraction Log[ns/nSOL] and incident energy Log[Vbeam]. The very fast divergence of

Vfloat to infinity from -40V, a rather typical and ’safe’ value, demonstrates the utility of the

divergence to infinity as an effective breakdown threshold condition. The relationship of the

breakdown curves to the thin line indicating �se [V ] = 1 indicates the importance of �se in

setting the minimum breakdown threshold. As an example, an equivalent tungsten frustum

shield breakdown contour is plotted as a dashed gray line.

Fig. 6.4 shows the expected breakdown threshold dependences on Aproj/Atot , TSOL, and

ns/nSOL is less decisive, though marginal increases in voltage breakdown can in principle be

obtained by changing these parameters. Minimizing exposed fraction Aproj/Atot improves

standoff, and this strategy has been implemented in experiment. It is <10% for rings in Fig.

6.4, which magnetically ‘shadow’ each other, and declines away from the injector cathode,

resulting in a ‘voltage division’ effect converging toward unperturbed Vfloat. The frustum

shield has the largest, least favorable exposed area fraction, Aproj/Atot ⇡ 0.3, and shows
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the lowest breakdown voltage. The ratio ns/nSOL is clearly an unknown that is difficult

to measure or manipulate, but only changes the threshold by a factor of two over several

orders of magnitude, and any value greater than several 0.1% yields estimates consistent

with experimental breakdown voltage range, Vinj ⇠ 1 kV � 2 kV.

Figure 6.4: Molybdenum frustum shield (FS): Experimentally relevant 0 > Vfloat > �40 V

region is shaded blue. Thick black contour indicates Vfloat→Vbeam breakdown condition from

text. Molybdenum rings: Thin black contours indicate breakdown condition for rings in

design depicted in Fig. 6.1. Gray, dashed contour is breakdown condition for a tungsten

frustum shield. Voltage where molybdenum dse=1 is indicated.
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Figure 6.5: Secondary electron emission coefficients for Ti, Mo, W. From [8].

Observed Injector Breakdown Behavior

Figure 6.6: Achieved max and average Vinj for LHI discharges as a function of time during

conditioning sequence of injectors design depicted in Fig. 6.1. Vertical bars indicate end of

day.
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Improvements in cleanly achievable Vinj without breakdown of floating components are

observed to occur over a period of conditioning after a vent. These are in turn consistent

with experimental ‘conditioning’ trends observed in �se[V ], which show the high voltage

�se[V ] = 1 condition to move to greater voltages after conditioning – from 1050V (partially

conditioned) to 1450V (fully conditioned) in data from [132].

Experimental breakdown trends in LHI data have this general magnitude and trend

behavior, as depicted in Fig. 6.6. Additionally, titanium gettering is used in Pegasus for

vacuum quality, and getting is applied for periods of approximately an hour each morning

before plasma operations begin. Fig. 6.5 indicates deposited layers of Ti might also reduce

standoff by reducing �se[V ].

Tungsten, due to greater �se[V ] at high voltages (�se[1800V] = 1, this quantity for W is

plotted in Fig. 6.5), is expected to be more resistant to charging, and is therefore a promising

next choice for floating components, as it also satisfies requirements for PFC-compatibility,

heat-resistance and general durability. Initial steps to test W components are being made.

The source of electron bombardment of injector structures, apparently on the ion drift

side, is not immediately clear. While hot impurity ions are observed during LHI, fast cameras

often show a field-projected footprint on the injector structures consistent with the size scale

of the an electron gyroradius: ⇢e (10 eV � 10 keV) ⇠ 0.1 mm� 1 mm (see Fig. 6.2), whereas

even deuterium ions would be expected to form a more diffuse footprint, that is not field-

projected.

It is possible a small fraction of particles are reflected from a downfield inboard region. If

sheath acceleration is not sufficiently field-aligned, or if injected electrons experience large-

angle scattering, a single particle framework dictates that they will reflect from the high-field

region via conservation of the 1st adiabatic invariant, returning to the injector’s ‘ion-side’

plasma-facing surfaces. While sheath acceleration is likely close enough to field-alignment

(within arcsin

⇣p
Bmin/Bmax

⌘
⇠ 30

� of field alignment is sufficient to avoid reflection), even

for field-parallel acceleration, the Lorentz collision model gives ⌫coll ⇡ 5 ⇥ 10

3
s

�1 for a

Vinj = 1 kV electron in a 10eV, 1018m-3 D plasma, resulting in large-angle scattering event
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over a single circumference of the vessel, 2⇡Rinj, for, as a fraction ns/nb of all particles

exiting the injector:

ns

nb
=

L⌫coll

vdrift
=

(2⇡Rinj)⌫collp
2 · eVinj/me

⇠ 0.1% (6.5)

Since the density nb of particles launched from the injector is near edge (and scrape-off layer)

densities, nb ⇡ nSOL, then we conclude that ns/nSOL is of the order anticipated to cause

breakdown of floating components in the foregoing model.
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