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Abstract

This dissertation investigates problems concerning decoherence and error correction in quan-
tum computer architectures. First we discuss Evanescent-Wave Johnson Noise as a decoher-
ence mechanism. A classical analogy between the Green’s functions relevant to describing
this noise is used in order to simplify calculations and present results focusing on geometries
relevant for small devices. We apply this to model qubit decoherence in the presence of
EWJN showing that it could be the dominant noise mechanism for spin qubits in magnetic
fields B~ 1 T.

We then turn our attention to characterizing spatial noise correlations in existing qubit
devices and strategies to optimize circuit design using correlation information. The concept
can be viewed as a Ramsey experiment conducted in a two-dimensional product qubit sub-
space, allowing us to use many single qubit noise spectroscopy techniques to measure spatial
correlations. This is a generalization of decoherence-free subspaces, which have been studied
substantially as passive error correction. Next, we describe how to use knowledge of the
correlations to choose the best circuit out of many candidates for doing a particular task.
The proposed metrics produce predictions on which circuit will result in the highest fidelity
under a given noise model, which we verify using numerical simulations.

We demonstrate that a known procedure for coherent-error correction can be made fault
tolerant by insisting that CpNOT gates occur in a single time step. Justification for the
simulation of these gates via classical ancillas combined with the Gottesman-Knill theorem
is presented by proving that the ancilla and data registers are separable before correction
operations. We produce a threshold for an example code on the same order of magnitude as
previous work, but with a refined implementation that is fault tolerant.

We continue with the use of redundant syndrome extraction in stabilizer codes to cir-



i

cumvent majority-rules decision making for conditional operations. We produce simulations
comparing the two schemes across a range of models characterized by the independent error
rates on qubits and measurements. The most robust realization of this scheme for sev-
eral codes resemble balanced incomplete block designs, and we explore this correspondence

towards generating new codes from designs.
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Introduction

The genesis of a quantum computer that conclusively overshadows the computational capa-
bilities of classical architectures has been the motivator for an enormous research effort in the
years since Richard Feynman’s first proposal on the subject [1|. Interest and development
in the project has accelerated, resulting in a variety of implementations, applications, and
protocols each of which comes with its own merits and drawbacks. Central to all of these
are potential pitfalls that result from the coupling of the physical qubits that make up the
computer to the environment. Peter Shor introduced the notion of quantum error correction,
showing that the effects of these errors can be arbitrarily reduced by using a suitable en-
coding of many physical qubits into one logical qubit. This allows a prepared configuration
of qubits to persist, effectively storing a quantum memory. However, meaningful quantum
operations require not only retaining information, but manipulating it. Protection against
the various detrimental effects of this noise can occur at many levels of abstraction. The
qubits themselves, the ways in which a single logical qubit is encoded in several, and the
particulars of the dynamics of a computation can all be chosen to avoid decoherence.

From the experimental perspective, a slew of different physical manifestations of quantum
systems have been used as candidate qubits. Solid state quantum computers offer readily
scalable methods of fabrication while superconducting circuits provided the platform for
several successful demonstrations of novel algorithms [2, 3]. There are a wealth of quantum
error correction (QEC) strategies which leverage the celebrated threshold theorems [4, 5] to
handle the faultiness of a computation. Some of the most conceptually interesting schemes
fall under the category of Stabilizer codes [6], utilizing group theory to protect information
stored in global operators from local disruptions. Despite the power and elegance of these

schemes, an important milestone still lies beyond the frontier. The successful demonstration



of a qubit array which can take advantage of QEC to protect quantum information is a

realistic and significant near-term goal.

In this thesis, we explore a cross-section of problems associated with handling errors at
each of the conceptual strata mentioned above. Our focus is broadly the development of
high-fidelity fault-tolerant logical qubits and operations. Chapter 1 focuses on noise at the
fundamental level of physical qubits. Spatial noise correlations and optimization of dynamics
in existing qubit devices form the subject of Chapter 2. Chapters 3 and 4 focus on stabilizer

quantum error correction.

In the first chapter, we consider the effect of residual fields resulting from the random
thermal and quantum fluctuations of charge carries in conductors on nearby quantum sys-
tems. In analogue to more traditional concepts, we call this Evanescent-Wave Johnson
Noise (EWJN). A useful analogy between stochastic field correlation functions and classical
electrodynamics is inverted to provide a generalizable strategy for these calculations. The
resulting analytic descriptions of noise for many geometries that replicate components in
solid state devices are provided, supplemented with numerical simulations where simplifying
assumptions are no longer valid. We replicate some well known results to review the field
and demonstrate the usefulness of our classical analogy. A framework for utilizing these
descriptions to predict qubit dynamics in proximity to conducting surfaces is built up via
multipole expansion. We conclude with a comparison to modern experiments, pointing out
a distinct signature of EWJN allowing rapid characterization of these fields and a regime in

which we expect EWJN to be the dominant noise mechanism.

Chapter 2 outlines strategies to measure and utilize the spatial field correlations in ex-
isting qubit devices and circuit designs. We focus on the application to spin qubits in silicon
and are able to show experimental results from the implementation of our idea. We begin by
describing the protocol and expected results in some reasonable test cases. Assuming a qua-
sistatic Gaussian noise model, we develop analytic results to extract the pairwise statistical
correlation and field strengths at various locations in a multi-qubit system using our pro-
posed measurement and a few traditional qubit metrics. We then develop some new metrics
generalizing the concept of decoherence-free subspaces to analyze different circuit designs

for performing common quantum algorithms to predict which will produce the most pristine



dynamics. We simulate the evolution of these systems and compare them to our proposed
metrics across a wide range of noise models to demonstrate the utility of our method. Fi-
nally, we propose an extension of this idea to many qubits, making an analogy to random
walks in state space.

In Chapter 3 we rectify an ambiguity in the field of coherent error correction. We begin
by reviewing fault-tolerance, a central facet of error correction, and its relevance to the
situation in coherent error correction, which makes liberal use of entangling gates to condition
correction operations on the state of an ancillary set of qubits. We show that previously
proposed circuits are not sufficient under a more realistic set of assumptions and demonstrate
a need for focusing the scope of these strategies. Using these refinements, we propose a new
guiding principle for choosing a circuit to do measurement-free error correction. In order to
study this we must extend the typical techniques of classical simulations of quantum circuits
relying on a result concerning entanglement of data and ancilla qubits, which we prove.

Chapter 4 investigates a strategy for producing fault-tolerant QEC implementations by
taking advantage of the group-theoretic nature of stabilizer codes. By measuring elements of
the stabilizer group beyond a set of generators we find that repetition of syndrome extraction
is not necessary. We perform calculations varying the rate of physical qubit and syndrome
extraction errors independently to show in what regions of parameter space the redundant
syndrome extraction schemes outperform the more traditional majority-rules approach. We
then draw parallels between the experimental design notion of balanced incomplete block
designs and QEC. We produce constraints on the parameters describing a block design
allowing us to see which of these objects can be realized as stabilizer codes, showing that

the (still incomplete) catalog of designs is a rich source of qubit encodings.






Evanescent-Wave Johnson Noise

0.1 Introduction

The prospect of quantum computing has inspired many designs for the manipulation of small
coherent quantum systems - qubits. In order to define and manipulate these objects, they
are placed close to small electrodes which often contain many mobile charges and spins. The
thermal and quantum motion of these charges and spins creates random electromagnetic
fields that can couple to and decohere the qubits, an effect that impedes the controllable
dynamics necessary for meaningful computations. This noise is a species of Johnson noise.

J.B. Johnson discovered this noise in 1927 in the course of a research program to improve
the performance of amplifiers [7]. H. Nyquist soon explained it theoretically using ingenious
applications of equilibrium thermodynamics to thought experiments [8]. When the general
relation of fluctuation and dissipation was discovered by H.B. Callen and T.A. Welton in
1951, they regarded their fluctuation-dissipation theorem (FDT) as a “Generalized Nyquist
Relation" [9]. The later, more general, theory of linear response of Kubo developed out of
the FDT [10]. This is an interesting example of important and general basic science coming
from research on very specific technological issues.

The Nyquist formula is

<V2>w = 2kpT R (w) (1)
where
+oo .
(v, = [ aen oy, ?)

Here V is the voltage drop between the ends of a resistor with a possibly frequency-dependent

resistance R. The angle brackets are an average over the stationary random process that



V represents. The rms voltage noise /(V2)_ is the quantity usually quoted (in units of
volts per root Hertz), since it is often practical to measure the drop with a bandpass filter
in a frequency range where R is more or less constant. Johnson himself verified that this
formula holds independent of the shape, size, or constitution of the resistor. These days,

Eq. (1) is recognized as the high-temperature limit of the more general formula
(V?), = hwcoth (hw/2kpT) R (w) (3)

that follows from the quantum-mechanical version of the FDT. For applications to qubits we
need a generalization of the Nyquist form of the FDT, which gives the voltage drop between
two points in a resistor. In particular, we need a theory that works between any two points
irrespective of whether they are on a resistor; we would also like to understand the connection
between the Nyquist relation with that other famous kind of thermal electromagnetic field
- blackbody radiation. Quantum field theory gives the needed generalization. The main
difficulty is to formulate finite-temperature quantum electrodynamics in such a way that the
only inputs required are the macroscopic electric and magnetic response functions e (7, w)
and p (7, w) . The outputs of the theory are the noise spectral densities, which are the field
fluctuations at a single spatial point (sufficient to calculate the decoherence of point qubits),
and the noise correlation functions which give the fluctuations at spatially separated points
(required to calculate the decoherence of extended qubits). We will give precise definitions
of these quantities below. The formalism required to do this was constructed in the 1950s by
Lifshitz [11] and Rytov [12, 13] and the theory was further developed by Agarwal [14]. These
authors built on earlier work of Casimir [15]. An accessible treatment is given by Lifshitz
and Pitayevskii [16]. There is a fairly large literature on the application of this formalism to
heat transfer and friction in small devices which has been reviewed by Volokitin and Persson

17].

Before proceeding with the development of the formalism, we first give a qualitative
picture of how we expect noise to leak out of metallic device elements, taking the lead
from a paper of Pendry [18]. Consider a piece of metal surrounded by an insulator. For

the sake of argument, let us specify that the metal is hotter than its environment. The



Figure 1: A cartoon depicting evanescent-wave Johnson noise near the surface of a conductor.

Stefan-Boltzmann formula tells us that the total EM power radiated depends only on the
surface area and the temperature of the object, not on its conductivity. The radiation
is the result of photons thermally generated in the metal leaking out through the surface.
The metal has a dielectric function € (w) = 1 + 47io/w, where the conductivity o nearly
always satisfies 0 /w > 1 (and this is true for all frequencies considered in this work). [e] is
much greater than unity, so the speed of light (to the extent that it can be defined for the
highly overdamped modes of the metal) is small relative to the surrounding insulator. This
immediately implies that the photon density of states and the equilibrium density depends
on o. This presents a paradox, since the radiated power is independent of o. This paradox
is resolved by the realization that a high photon density of states is always accompanied by
a high probability of internal reflection of the photon [19, 20]. The cancellation of these
effects gives the universal coefficient of blackbody radiation. However, internal reflection
is always accompanied by an evanescent wave (Fig. 1). This in turn implies that there
will be strong Johnson noise near a metallic surface for any material having |¢| > 1. This
is called evanescent-wave Johnson noise (EWJN). This physical picture tells us that the
proper treatment of boundary conditions will be very important. This in turn implies that
for ordinary, non-magnetically active metals, the behavior of electric noise is quite different

from magnetic noise, since magnetic fields can penetrate those materials much more easily.



It is very important to distinguish between EWJN and the more commonly discussed
circuit Johnson noise (CJN). If we consider two separate metallic elements in a small device,
usually the path of least resistance between them runs through the external circuit. Thus
CJN is a physical effect that involves two or more device elements that convey information
about the external circuit to the qubit. EWJN, in contrast, is an effect that occurs even
without the external circuit, and fundamentally arises from individual device elements. CJN
and EWJN thus come from different physical sources. For the most part, they can be
calculated separately and they are basically additive. EWJN is also distinct from charge
noise and any other noise that comes from localized defects. The noise sources of EWJN need
not be macroscopic, but their dimensions must be large enough that a dielectric function can
be defined by the usual coarse-graining procedure of classical electrodynamics. Atomic-scale

defects must be treated by different methods.

The implications of Johnson noise for decoherence of atomic qubits were first discussed
by Henkel and collaborators [21, 22| , in the context of heating of trapped ions by the
walls of the trap. The local noise spectral densities for both electric and magnetic fields
relevant to the situation of point qubits near a conducting half-space were calculated and
loss and decoherence rates were extracted. These predictions were quantitatively verified
in experiments that measured losses from magneto-optical traps [23|. The lifetimes in the
experiments are of order 10 s and the distances from the walls 10 to 100 ym. At about the
same time, other qubit applications were discussed by Sidles et al. [24]. In semiconductor
and some other solid-state implementations of quantum computing, the distance scales are
much less than in the atom experiments and this suggests that the effects of Johnson noise
could be appreciable for those systems [25, 26, 27, 28, 29, 30|. Indeed, a recent experiment
with a diamond film containing NV centers on a silver substrate demonstrated decoherence

of qubits due to EWJN in a very direct and quantitative fashion [31].

Charge quantum dot qubits displayed lifetimes in the range of 77 ~ 10 ns, which was
shorter than expected based on decoherence mechanisms such as coupling to phonons [32,
33, 34, 35]. This spurred theoretical work on CJN for double quantum dots [36], and even
though it appears that it cannot be the main mechanism in this instance, the effects are still

appreciable.



There has been a small amount of work on the very interesting topic of noise from
micromagnets implanted in semiconductors |19, 20]. However, in this chapter we shall deal
only with non-magnetic materials, so the magnetic permeability ;4 = 1 everywhere. ~ We
focus exclusively on EWJN. We cover only analytic calculations and physical considerations.
Numerical calculations on realistic devices are not included. To our knowledge, no such
calculations exist at present, though the calculations in Ref. [19] represent a start in this
direction. It would be a major development project to modify existing FEM software to
compute EWJN, since the number of coupled equations is large. However, the formal
developments in Sec. 2.2 may suggest ways to simplify the problem.

The literature at present only contains analytic results for the half-space, single film
[37], and two-film geometries. In the next section we outline the basic formalism of EWJN.
Sec. 2 describes how to apply the results to compute lifetimes of qubits. Sec. 3 gives the
applications to electric field noise and decoherence of charge qubits. Sec. 4 is a parallel
discussion for magnetic field noise and spin qubits. Sec. 5 gives the current situation with
regard to comparison of theory and experiment. Sec. 6 gives a summary and describes the
implications for future qubit designs.

The overall structure of the chapter is meant to reflect the logical development of the
subject, with reasonably complete derivations of the main results. If the reader’s main

concern is just with new results, then these are to be found as follows.

e We present exact analogies to equivalent problems in classical electromagnetic theory

that greatly simplify the calculations in Sec. 2.2.

e We provide explicit results for the noise spectral density that determines the decoher-
ence of point qubits for new geometries. We find that for the conducting cylinder and
electrode, the spectral densities exhibit anisotropies. These anisotropies can serve as
a sharp criterion for the presence of EWJN. They can also be exploited to substan-
tially increase 77 and 75 by suitable qubit orientation. These results are found in Secs.

4.1 —-4.3 and 5.1 — 5.3.

e We compute noise correlation functions that are needed for the determination of de-

coherence times for extended qubits. These results are found in Secs. 4.1 — 4.3 and
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5.1 —-25.3.

e We describe in detail how to apply these noise calculations to compute relaxation and
decoherence times for qubits in the noise field. These results are found in Sec. 3.1 and

3.2.

Overall, the comparisons with present experimental results indicate that EWJN is not the
dominant relaxation mechanism for many charge qubit implementations. On the other hand,
the observed relaxation time for certain spin qubits can be explained by the calculations we

present here.

0.2 General Formalism

Photon Green’s Functions

We consider a system at temperature 7" and regard the dielectric function e (7,w) as given.
As stated above, ;1 = 1 everywhere so B = H. We will work in the realm of IMacroscopic
electrodynamics, i.e., all quantities are averaged over distances of order a, where a is an
interatomic distance. This excludes a large class of physical situations that can be important
in qubit devices, namely those in which the noise sources are few in number or otherwise
cannot be be considered as members of a continuum. The results here do not apply to such
situations.

Our derivation in this section follows Ref. [16]. We present it here to introduce the
concepts and to establish notation.

We shall work in the temporal gauge where the scalar potential ¢ = 0. The retarded

photon Green’s function is

-~

Gy (P67 = © (¢ = ") (A (7 ) Ay (7, ¢) = A (7, 6) A (7, 0) ) (4)

Here © (z) = 1if z > 0and O (z) =0if < 0. 4,5 run over z,y,z. The angle brackets

represent a thermal ensemble average. The A are photon operators for the vector potential
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in the interaction picture. We define

c%mﬂMZ/ dt €' Gy (7,17, 0) )

—00

and this function satisfies an Onsager relation:
Gji (7:”, 7?, CU) == Gij (’I?, F’,w) . (6)

Fortunately, we will not need to consider the operator properties of Ain detail. Instead, we
will derive a differential equation for G. In the presence of a classical current J, H' is the

perturbation to the free-space Maxwell Hamiltonian with

1
E:—i/L@ﬂAm% (7)

c

with a summation convention over Cartesian indices. The expectation value of A; is given

by the Kubo formula

T /o 1 - oy =/ ’
<Ai (r,w)> = —%/Gij (r, 7 w) J; (7, w) a>r. (8)

In the following, angle brackets and the argument w will often be omitted.

In many situations electronic length scales such as the mean free path ¢ is much smaller
than all the other lengths in the problem and consequently there is a local relation between
the electric displacement and the electric field: D (7) = e (7) E (7). Then Maxwell’s equation
is

- AT - w

VxB=-—J—i-c()E, (9)

C C

and the fields are given in this gauge by
A. (10)

Thus we have that
A= (11)
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which in index notation with the summation convention is

2 —
[_5@» <v2 25 m) + aiaj} A = %Jj. (12)

c2

Since this is true for any J, it implies that

2 —
{—@j (v2 il (r)) + aiaj} G (7, 7') = —Arh 8% (F — 7') 0y (13)

c2

The differential operators act on 7, not /. For a fixed " (source position), this is an inho-
mogeneous partial differential equation when j = k and a homogeneous partial differential
equation when j # k for the functions G,. Tangential E, normal D = ¢E and B = H are
continuous at the boundary between different media. We have that E; (7) ~ (iw/c) Gy; (7, 7)
and B; (1) ~ €imn0mGhpj (7,7") . Hence the boundary conditions at a surface with a discon-

tinuity in e (7) with normal vector n are:

€i;xn:Gjm  continuous for all k,m
en;G;m  continuous for all m

€;k0;Gjm  continuous for all k, m.

Now assume that we can solve these differential equations and have the response function

G. Then an application of the FD theorem yields

/ 90t (AL (7 8) Ay (F ) d(E—1t) (14)

= (A (1) 4; (7)), (15)
— —coth (QZ:T) x Im Gij (F, F’,w) . (16>

As we will see below, the relaxation of a charge qubit with level separation w in the

neighborhood of 7 and 7' will be determined by a correlation function of the type

2

W hw
(B () B (7). = =55 coth (51

) Im Gz’j (F, F',w) . (17)
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The relaxation of a spin qubit in the neighborhood of # and 7’ with level separation w

will be determined by a correlation function of the type

(Bi (F) B; (i")),, = — coth (QZ:T)

X €ikm€inpOkOy Im Gy, (T, 7' W) (18)

We shall also have occasion to refer to the mixed correlation function. Thus the single
function Im G yields all the field correlations in the system. This method is general for a
closed system. The system is completely specified once the dielectric function €(7, w) is given

everywhere in space.

Physical Analogy

Physical intuition for the meaning of Gy, (7,7, w), and a practical calculation method, may
be obtained by noting the similarity of Eqs. (12) and (13). Place a fictitious point electric
dipole p at the point 7’ The current is

JI(F) = —iwp 6° (F — 7). (19)

and the electric field is given by

2

w?e (7 L,
{aial — 0uV? = 6y 70} B (7) = pi——0° (F = 7). (20)

c2

On the other hand, multiplying Eq. (13) by px and summing over k we find:

2
{a,al A VAT i(w G (w; 7, 7") pr = —dnch py 83 (7 — 7). (21)

2

Comparison of Egs. (20) and (21) says that

he?

le (w; 7?, 7?,) Pr = _FEl(f)' (22)
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and, using Eq. (17)

hw

(E; (7) E; (7)), pj = hcoth (riBT) Im £ (no sum). (23)

Hence if we wish to find (say) G.,, we solve the fictitious classical problem of an oscillating

dipole p'= (0,p,,0) at the point 7" and compute EY) at the point 7. Then

- he? )
Gy (1, 77) = =5 B [py. (24)
We can compute all 9 components of G in this way.

There is a similar analogy for magnetic fluctuations. The current of a point magnetic

dipole m at 7/ may be written as
JI(F) = ¢ ey 0;6° (F = 7') my, (25)
which creates a fictitious magnetic field BY) (7, #) at 7. It is related to G by

1
ﬁeijkelmn mnaianqujl (Fa 77/) = B]S:f) (77, 77/) . (26)

Hence if we wish to find the magnetic correlations, we first solve the fictitious classical

—

problem of the magnetic field é(f)(F, ') at the point 7 resulting from an oscillating point
magnetic dipole m at the point 7/. For example, to find the physical magnetic field noise
spectral density we place a point magnetic dipole m in the jth direction at 7', compute
BY) (77"}, and then

(2

h
(B; (7) B; (7")) = — coth(hw/2kpT) Im BY) (7,7") . (27)
J
The Maxwell equations relate E at even orders in w with B at odd orders and vice versa,
so the theory has two uncoupled sectors. This is the reason that we need the two separate
analogies represented by Eqgs. (22) and (26).

In the fictitious problem, the equations satisfied by the fields in the vacuum are V2EW) =
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0, V2B =0, V- EUV) = dnp/ey, V- BY) = 47J/c, and in the metal we have V2E() 4
216 2E) =0, V2B +2i62B0) =0, V- EW) =0, V-BY) = 47.J /c, in the quasistatic case.
The boundary conditions are that the tangential component of E® and BY) are continuous
at the interface of dielectric and metal, while the normal component E,(lf Jof E) satisfies
(4mio Jw) EY) (m) = B (d), where ET(Lf)(m), ET(Lf)(d) is the normal component of F in the
metal (respectively, the dielectric) as the surface is approached. o is the DC conductivity of
the metal. g4 is the dielectric constant in the dielectric material. These results show that
the quantum and thermal fluctuations of the electromagnetic field can be computed solely
using the methods of classical electrodynamics. Furthermore, they suggest that it may be

possible to modify standard FEM software tools to compute EWJN.

The dipole analogy makes clear at a formal level that the physics of EWJN is closely
related both the image charges and to van der Waals forces. The currents induced by the
fictitious dipole can be thought of as a distributed fluctuating image charge, much as we

think of the induced currents in the van der Waals attraction.

Quasistatic Approximation

The subject of this chapter is the random electric and magnetic fields that decohere qubits
in the neighborhood of small metallic objects. The characteristic frequencies for the de-
coherence rarely exceed a few GHz, so we restrict our attention to frequencies at or below
this range. For this reason we employ the quasistatic approximation from the start, setting
the vacuum wavevector k = w/c = 0. In the interior of a metal object with conductivity
o the characteristic length scale of the fields is the skin depth § = ¢/y/2mow. The inverse
skin depth §~' = ¢/v/2mow is proportional to \/Wk > k and it is retained in the theory.
For example, the term w?e (7) /c* in Eq. (12) can be neglected when 7 is in the dielectric or
vacuum where £ ~ 1 but not when 7 is in the metal. In this approximation, radiation fields
are neglected. We assume that the Drude model is a good approximation for the metals in
question, and that w < 1/7, where 7 is the relaxation time of electrons in the metals. The

dielectric function is always approximated as ¢ = 4mio/w.
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Nonlocal Effects

We focus on the cases where local response is valid. Roughly speaking, this is when the
distance of ¥ and 7’ from the nearest metal surface is greater than the electron mean free
path in the metal. However, when the distance to the metal tends to zero, the local
expressions for noise strengths diverge, which is clearly unphysical. = For completeness,
we briefly outline how to include nonlocality in the theory. Generally D (7), the electric
displacement, depends on E (7’) according to D; (7,t) = [d®r' e (F— 7't —t') E; (7', t")
and when Fourier transformed this becomes D; (E, w) = & (E, w) E; (E, w). Eq. (13)

becomes

2
(=05 + 8,0;) Gix (F, ) — 85— / B (7, 7") G (F",7) (28)
C
= —A7hd® (F —7) §jp. (29)

Use of this equation with an appropriate choice for € (7, 7") cures the unphysical divergence
at small distances. In practice, to date only the problems of a conducting half-space and

conducting films have been treated using the nonlocal formalism [30, 29, 37|.

0.3 Application to Qubits

In this section we treat relaxation and dephasing of qubits. Relaxation is due to absorption
or spontaneous emission of a photon, the latter being thought of as a an electromagnetic
mode of a metallic object. Dephasing is due to modulation of the energy level separation

of a qubit by random electromagnetic fields.

Relaxation

A qubit system in a noisy environment is described by a Hamiltonian H = H,+ H,,(t) where

H, admits two eigenstates |0),|1) such that H,|i) = ¢; |i). The relaxation rate for such a
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qubit in the presence of EWJN is given by the Golden Rule-type formula

%:%/mmmmmmm@mw%t (30)

— 00

Consider a qubit with charge, mass, and g-factor e, m, and g respectively placed in a time

dependent electromagnetic field described by ff(r, t). The full Hamiltonian is

1 /=2 e »\?2 eqg = =
H:-(H--A) Vi) - 9B 3§ 31
2m c + Vi) 2m (31)
where [T = —iAV. Here we will restrict ourselves to O(e) so the Hamiltonian can be written
12 e (=2 v v = eg 3 =
H= oo 4 V(i) = 5 (- A+ A1) - 2255 32
2m Vi) 2mce i 2m (32)

Imposing the gauge condition ¢ = 0 we find a Hamiltonian readily treated in the interaction
picture. The charge distribution generating the noise is contained in the metal, so at a
nearby qubit we have V- E = V2¢ + %@(V . /Y) = 0. For finite frequency noise, this implies
V- A =0, and thus [II, A(7)] = —ihV - A(¥) = 0. The time dependence of the system is
entirely due to the electromagnetic noise and the static Hamiltonian H, = g—:b + V(7). We

are left with

H=H,+ Hy,(t 33
q
__°x -9 5 s
Ho(t) = ——A(r,t) - T = 5~ B(r.t) - 5. (34)

Our interaction Hamiltonian can be written as a spatial Taylor series as follows

Hy(t) = —— [A:(0,8) + (V;Ai(r, 1), + ... | Tl — ——BS;. (35)

mc 2mc

This allows us to treat the relevant matrix elements term by term in multipole moments,
as described in [38]. Truncating the series at second order and evaluating the off-diagonal

matrix elements gives us

75 = 3 0 B0 (BB, 7 = g5 (m (m) (BEOBE), 66



18

o = 7 () (m)” (BB, + (m) )" (BOEG) . (67)

Above we set fw = € — ¢y via Eq. (30). For brevity we also use (z) = (0|z|1) and
(Fi(t)F};(0)), = (FiFj),, - Here we only include dipole contributions; higher order multipole
moments and more details of the calculation are treated in the appendix.

In the case of the spin qubit the states |0),|1) are up and down states of the spin part of
the wavefunction. Hence |0) = [¢)g) ® |1) where |t0g) is the orbital part of the wavefunction
which is common to both states of the spin qubit. Immediately we see that all the spatial
operator matrix elements (p;) = (g;;) = (l;) = 0. Hence the above expression simplifies to

3= o (E0Y 50 (50" (BB, (38)

2m

Spatially localized qubits are defined as those whose spatial extent is much less than the
typical wavelength of the noise field. For them, only the local (7= 7’) noise correlations are
needed. For example, a local spin qubit whose and down states are eigenstates of S,, has a
relaxation time given by

L (Y (BB, + (BB, ). )

Dephasing

Qubit relaxation is due to the off-diagonal matrix elements (0| H,, |1) and (1| H, |0) of the
noise Hamiltonian. The diagonal elements (0| H,, |0) and (1| H, |1) produce dephasing. If
the initial state is (1/v/2) [|0) + |1)], and the state at time ¢ is (1/v/2) [|0) + €*® |1)] then

¢ is random after a time T5. The basic formulas for 75 are as follows. We have

1 1 1
=+t = (40)
T, 217 T,
where T, is the dephasing time. For a Johnson-type noise mechanism, the Gaussian approxi-
mation for Ty should be very accurate, since many modes of the metal contribute to the noise.

T, is then calculated in the following way. Again let the applied field be in the ¢th direction.
The initial condition is ¢ (t =0) = 1. We then repeatedly measure X = |0) (1] 4 |0) (1],
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Figure 2: Eq. (42) for S(w) = fo wcoth <%> at T = 0.1 K and 7 = 0.1 ms plotted

alongside approximate results for Gaussian noise (¢t < 7) and exponential decay (¢t > 7).

average to get X (t) and the function T'; (¢) is defined by

X (t) =exp [T ()] X (0) cos wt. (41)

and the Gaussian result for I' (¢) is

I(t) = g/_oo du 5@)%, (42)

with

S@ =5 [ «TTELOL - OG0

—0o0

x [(1] H,, (0)[1) — (0] Hy, (0)[0)] e™". (43)

Evidently we need the diagonal matrix elements of the time-dependent part of the Hamil-
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tonian from Eq. (34). Defining moments p; = er; and m; = 55 (I; + ¢5;).

2mce

(1 H,(£)[1) = (O] H(£)]0) = = By(t) ((mw); — (ma)o)

+ Er(t) ({pr)1 — (Pr)o)

To keep things short let Az = ((1|x|1) — (0]|z|0)) for any operator x. The integral kernel

becomes

1
S(w) = 75 [(BiBj), Amilm; — (BiEj),, AmiAp

In order to make use of Eq. (42) we need to make some mild assumptions on the frequency

dependence of the noise spectral density terms. We can write

I (t) = /0 "o ) wcoth( o ) sin® (wt/2)

2kpT ) (wt/2)” (45)

Again, f (w) contains all the information about conductivity, qubit position, device geometry,
etc., but it depends weakly on frequency at low frequency, and here we will take it to be
independent of frequency f (w) = fo until it falls rapidly to zero at w = 1/7, where 7 is the
electron relaxation time. We note first that at very short times (¢ < 7, h/kpT) we always

get T' (1) ~ t?/t2 (Gaussian decay), where

As a result, Gaussian decay is only observed when the noise is quasi-static. Exponential
decay at longer times is the most important from the standpoint of EWJN. This is where

t> 7 and t > h/kgT and then we can write
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t/2r hx sin?
't)=14 d th
*) fo/o v o (k:BTt> T
kgTt

~ 27 fo W

Hence, at any experimentally accessible temperature

L _2ehkel ”
We see that only off diagonal elements of the multipole moments determine 77 and all
of the matrix elements come into the determination of 7. If the expectation values of
the multipole moments are not significantly different between the ground and excited qubit
states qul will be small and 75! ~ (27})~'. Even if not, 7} and T, will generally be of the
same order of magnitude, which distinguishes EWJN from many other noise mechanisms.
In many experiments, it appears that the noise spectrum has two components, a “1/f"
component that dominates at low frequencies, and a white component that is bigger at high
frequencies. Using the qubit as a spectrometer [39] it has been shown that this happens
both in GaAs devices [40] and in Si devices [41]. Echo techniques can mitigate the low-
frequency noise but not the more pernicious white part. 75" | the decoherence time after
echoing, can serve as a diagnostic for EWJN in this situation. The experiment of Ref. [40]
is particularly interesting in this regard, since it shows that the white component of the
noise has a strong temperature dependence which the 1/f part is largely temperature (T)
independent, strongly suggesting different origins for the two types of noise. However, T5"°

was proportional to 72 | while Eq. (46) would predict a T~! behavior.

0.4 Electric noise

—

The noise spectral density (E; (7) E; (")) generally involves four length scales: |7 — 7|,
the distance over which the correlations are to be measured; d, the distance from the qubit

to the conducting object(s); d = ¢/v2mow, the skin depth in the conductor(s); and L, the
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Figure 3: Various qubit system geometries treated in this chapter.

linear size of the conducting object(s). In practice L may be larger or smaller than § and
we give results for both cases where possible. In most cases, the size of the qubit is small,
which means that usually the case 7"~ 7’ is of interest, and | — 7’| is the smallest length in
the problem. However, qubits can also be extended objects, so we will give formulas as a
function of ¥ — 7" where possible. As stated above, the vacuum wavelength is always taken

to be infinite. The simple geometries treated in this work are shown in Fig. 3.

We will focus first on some limiting cases in which at least one of the other three lengths

is very different from the two others.

Half Space

There is a semi-infinite slab of metal with conductivity ¢ occuping the half-space z < 0. We

are interested in the electric noise in a dielectric with dielectric constant € at z < 0.

Point Qubit

We first focus on some simple methods to compute G;; (7,7 = 7) = §;;G;; (7, 7' =), which
is sufficient for the calculation of the deocherence of a point qubit. This case lends itself to
some simple approximations that are physically illuminating. The results in the subsection

are well-known [13, 42, 43] and are included here for completeness and to establish notation.
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Image Regime To understand this problem physically, we first outline the solution when
d < 9, since the problem is then essentially elementary. The greater part of the electric
field is concentrated within a sphere of radius of order d of the dipole. This implies that
inside the metal we have that V2E = (—2i/02) E ~ 0, since the skin depth § may be
taken to be large. The problem now reduces to the image problem for a static point
charge in a medium with dielectric constant ¢, located at a distance d from a half space
with dielectric constant &, ~ 4mwio/w. For z > 0 we have the equations V - E = 4mp =
Amd3 (F—7') and V x E = 0. For 2 < 0, we have V- E = 0 and V x E = 0. At the
interface we have e4F, (2 =04) =¢,F, (2 =0_) and E, , (2 =04) = E,, (¢ =0_). This
is the textbook image problem. Hence the solution for z > 0 is given by £ = -V,
with &, (7) = ¢q/|F=7'| +¢'/|F=7"] and for z < 0 by &9 (¥) = ¢"/|F—7'|. Here
q' = —qllem —€a)/ (em +ea)] and q¢'" = q[(2e1) / (em + €4)] . This satisfies the differential
equations and the boundary conditions. Hence the textbook image solution carries over to

this case.

We will calculate the (E, (7) E, (7))
dipole p'= pz at 7' = (0,0,d). Then we need the induced field at 7. It is produced by the

., correlation function first, so we place a fictitious

image dipole p’ at 7" :

, Em — Ed IWEY
=— ~—p|1l 47
p Em t &4 < + 2#0) (47)
and the field from this is
3(F—7""), (F—7'"), — |F— 7" iweg) 1
E (7) = p’ z L =p(1+ 48
2 (M) =p o p ono ) (2d)° (48)
SO
hc? IWeg 1
Goo (M w) = —— 1+ -—— )| — 49
) == (1+ o) (19

and using Eq. (22) we find at the position 7= 7’ of the qubit that the physical local noise

spectral density is

we hw
(B (19 B2 (). = bt comh (57 ). (50)
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which at low temperatures kgT < hw reduces to

s 5 Wweq
E E =h——:p 1
< €T (T> T (T)>w 167T0d3’ (5 )
and at high temperatures kgT > hw to
— N\ kpTeq
(B (7) By (7)), = Stod3’ (52)

Of course cylindrical symmetry implies that (E, (7) E, (7)), = (Es (7) E; (7)), -

It is important to note that the electric noise is inversely proportional to o. For really
good metals, the screening is complete and there is no dissipation and therefore no fluctu-
ations in the field. It is a general result that the result for ED depends only on the ratio
of dielectric constants in the two media, that is, on (4mio/w) /e4. This follows immediately
from inspection of the boundary condition, which is the only place that £, enters the cal-
culation. The d—2 dependence follows immediately from the physical analogy to the image
problem.

Now we will do the (E, (7) E, (7')),, correlation function, so we place a dipole p'= pZ at
7" =(0,0,d). Then we need the induced field at . The calculation proceeds as for the x
direction except for a change in sign of the fictitious image dipole p” at 7" = (0,0, —d) with

the result that

o o WEy fuw
— _— h
(B, (") E, (7)), h87rad3 cot (2kBT> , (53)

=/

which is greater than (£, (7) E, (7'')),, by a factor of 2. This anisotropy is quite significant

for detailed exploration of the theory by experiment.

Induction regime This regime is characterized by the opposite limit d > 6. The qubit
is far away from the interface on the length scale of the penetration depth. The image
problem does not carry over directly since the electric field in the metal satisfies V2EW) =
(—2i/6%) EY) in the metal and 62 cannot be neglected, as it was in the image regime.
However, we may now use the fact that the field penetrates only a short distance into the

metal, and this allows us to develop a perturbation series in w for the complex amplitudes
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E(f)7§(f) in the frequency domain. At order w® we have an electric field EY but BY
vanishes. E() is the static field from the previous image calculation that is normal to the
interface. At order w' there is a magnetic field that corresponds to the static electric field
according to the equation V x B= —iwFE /c. To compute BW at this order we again put a
dipole p'= px at 7' = (0,0, d) together with its image dipole —pz at 7" = (0,0, —d). This
corresponds to a current J (7) = p (8 03 (7 — 7') /0x) — p (8 63 (F — 7") /Ox) . Computing

the magnetic field due to this current we have:

—2ipd
BY (z=0) = s and BY (2 = 0) = BY) (2 = 0) =0, (54)
c(p?+ d?)
correct to order w. BY is continuous at the interface and V2ZBY) = —2i5-2BWU) for z < 0.

The crucial point is that since d=2 is large we may neglect the x and y derivatives in both

BY) and EWP for z < 0 and we have that

—2ipdw .
() — =7 _
B = 1 ) exp [(1—1)z/d]. (55)

Since V x E = iwé/c for z < 0, consistency requires that

8E§;f)
0z

= (1-9)6'EY (2) = inéf) (2) /e (56)

2

at order w”. Solving these equations gives

1+ 1) pdéw?
B (o =0) = LEDPR (57)
¢ (p* + d?)

EY) is continuous at the interface so we also get a correction to the field for z > 0 at order

w?.

For z > 0 the field components satisfy the Laplace equation V2E(D) = 0, so we can get

the field everywhere by applying Green’s theorem to the components of E(f) Using Eqs. (22)
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and (23) we find

hw hw
(By () By (7)), = (Ey (7) By (7)), = Sedios coth (m) (58)
) ey for kel < e
e for kT > i,

Since § ~ \/%7, in the classical limit we have that the noise is proportional to /w/co, an

interesting contrast to the w/o dependence in the image regime.
For the z-z correlation function the derivation is only slightly different. We now put a
dipole 7 = pZ at 7' = (0,0,d). J(7) = p(d & (F—7")/0z) +p(0 & (F—F"") /0z). The

result for the noise spectral density is

. . T hw
<Ez (T,Cd) Ez (T, (,L))>w = m coth <m) . (59)

This is the same as Eq. (58), so the noise becomes isotropic at large distances from a metal

surface.

Summary of Approximate Results for the Point Qubit. The two regimes are dis-
tinguished by the relative magnitudes of d and 0 - the distance of the source from the half
space and the skin depth. The following physical considerations serve as the basis for
understanding electric field noise in small devices.

The image regime of small d/0 is fairly easily understood. In the fictitious problem,
the electric field penetrates the metal in the same way it does in the textbook case of two
dielectrics of strongly different dielectric constants. The field is strongly screened at the
surfaces so that the field lines bend sharply at the interface. This field dissipates energy
at the usual rate ~ o )E‘Z per unit volume in the fictitious problem, and the physical
fluctuations are also proportional to this. However, the “impedance mismatch" dominates

to the extent that

E ‘ ~ 1/c0 in the metal overall and the noise spectral density at a given
frequency is proportional to 1/0. The noise is stronger for poor conductors since the field

penetrates further. Once the dependence on the conductivity has been determined, the
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1/d? spatial dependence follows by dimensional analysis or noting that the fictitious field is
produced by an image dipole.

The induction regime of large d/0 is somewhat different. The electric field outside the
metal is, again, essentially normal to the interface. This induces a magnetic field parallel
to the interface which penetrates only a distance J into the metal. This in turn induces an
orthogonal electric field parallel to the surface that dissipates energy. The volume in which
the energy is dissipated is of thickness d, so the dissipation is proportional to . Thus the

image result is reduced by the factor d/d, and the noise spectral density is proportional to

1/d/5.

Extended Qubits

For extended qubits, we need the full 7" and 7’ dependence of G. We compute using a method
that will be used repeatedly in what follows. Details are given in the appendix, along with
explicit forms for the components of the noise tensors. We place a fictitious dipole p'= pZz

at 7' = (0,0,d) and find the induced field

(in — p . , _
F(ind) (r) = 5 d%q (—iqs, —iqy,q) € qd (60)

1 - <€m/5d) Q/Oé iq"ﬁ’e—qz
1+ (em/€a) g/

for z > 0, and the corresponding electric noise is given by Eq. (23):

Lo N I
(B(=(7.2) B (7' = (0.0.d)) = 5" coth 30

) . _qal = (em/ea) @/ ios _
xIm [ d*q (—iqy, —iq,,q) e % e IPe1? 61
/ Q< q Qy q) 1+(5m/5d)Q/a ( )

The integral is complicated, but it can be evaluated numerically and it simplifies in the
limits of large and small d.

When d < 9, a ~ ¢ and we find for the physical noise

hw hw d
_ e otk \% 2 =73 (62)
w 2ro 2kpT [(d+z)2+p2} /

Q

(B E. (™)
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Figure 4: Numerical integration of Eq. (61), the electric noise spectral density for a localized
qubit in the half-space geometry, compared with image and induction regime approximate
results. 2 =100 and p = 2.17 for the interpolated function Eq. (67).

The diagonal component of this equation reduces to Eq. (53) when 7 = 7" = (0,0,d),
satisfying an important check. This case has the unusual feature of anticorrelations in £,
for large lateral separations of ¥ — 7: p > /2 (d+ z). This implies that in the appropriate
geometry there can be cancellations in the integral that determines qubit decoherence. This

can be incorporated as a design feature.

For d > § (but still d < do/w) we have o = (1 —4) 6~ and the physical noise correlation

function is
. hweq hw 1
EME, (F)) =— coth \% (63)
< >w 2100 2kpT [(d—I—Z)Q—}-pQ}l/Z

Again, it can be verified that the diagonal component of this equation reduces to Eq. (59)
when 7 = 7/ = (0,0,d). The situation for (E(T)Ex(r’))w is somewhat more complicated
because of the lack of cylindrical symmetry. However, the method of the previous section
does not depend on the symmetry and it can still be used. We now use p'= pz. This leads

to a fictitious induced electric field for z > 0 :

=4 N 8 1 _ 1—(€m/€d>q/a . .
E(znd) _ _ﬁ_ /dQ = —q(d+=2) gz t+iqyy 64
(7) 27?8:(:V 75° 1—|—(8m/5d)q/ae (64)
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and the physical noise correlation is

(E01B.07) =~ [ g e L En I et o 2 (63)

w 27 Ox + (em/€a) q/a 2kpT"

For d < § we can calculate the diagonal element of the physical noise spectral density

and show it is in agreement with Eq. (50). For d > § (but still d < dw/o) we have

(E@ B (M) = ;jf;v{ [1_[( djzpz]m]}cothzliz::r (66)

z+d)" +

and the various components of the tensor may be calculated from this expression.
It is difficult to give detailed physical interpretations of the expressions for nonlocal
correlations, other than to point out the dependence on the components of ¥ — 7 has takes

the form of inverse power laws consistent with the picture of a fluctuation-induced force.

Between Induction and Image Regimes

In general Eq. (61) cannot be simplified, but in both the image and induction regime we
can find analytic results (Egs. (53) and (59)). Using these two results, we can interpolate a
function to compute correlation functions for qubit geometries that do not fall into either of
the extremal cases treated here. For two functions f; and f; we define a family of interpolated

functions

3=

fimt(P) = (ST + f3) (67)

and search for the p € R that optimizes the interpolated function’s agreement with the
extended qubit noise spectral density. The interpolated functions are plotted alongside

numerical results for Eqs. (61) and (94) in Fig. 4 and Fig. 6 respectively.

Conducting Cylinder

We consider a infinite conducting circular cylinder (conductivity o and radius a) with its
axis along the z-direction. There is a qubit at the point ¥’ = (d,0,0). We wish to compute

(B; (7"") B; (7)) with i = 2, y, z. We're particularly interested in the anisotropy of relaxation
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times, which depend on the ratios of this correlation function for different values of 7. The
most common case is when the skin depth 6 > a. We will also be mainly interested in
thin wires also in the sense that d < a. This means that the fictitious applied field is
slowly varying over the cylinder. The the problem reduces to a computation of the electric

polarizability.

The problem of the magnetic polarizability of a conducting cylinder in a uniform field is
a standard one [44].  We modify the solution to obtain the electric polarizability ﬁ, defined
by P; = wa?f;E;, where P; is the electric dipole moment per unit length in direction i. We

find
1 drioc/w — C

Po = 2 Amio Jw + C (68)
with
kaJy (ka)
_ 1 4 Hado i)
C + 7y (ka) (69)

and k= (1+1) /4.

Again, the most interesting case (and the easiest one to calculate) is when 6 > a, so

|ka| < 1 and
kaJo (ka) 1

T (ka) ka2 T ° (70)
and then we find
Imf, = —. (71)
o

When d > a we can integrate along the z-axis assuming uniform applied field. We find

~, ., 123wha® hw
(B, (7)) B, (7)) = WCOth (m) (72)
and
3wha? hw
E,(FYE, (")) = —— coth .
(B, () B, () = s coth 57 (73

We may calculate the noise correlation for the z-direction in the same way. However, end

effects are likely to be very important for this case. We present the result as a conjecture
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to be investigated in further work:
27rha’ hw
E.(Fr"E, (")) = ————=coth [ —— ] . 4
V= (M) E= (7)) = 205597 © (2krBT) (74)

The infinite cylinder geometry differs qualitatively from the other cases considered in
that the dimension of the source object in the z-direction is always long compared with
0, while the most interesting case in physical devices is where the radius a and the qubit
separation d are short compared with 0. This results in an anisotropy which is not merely a

dimensionless geometrical factor but which also depends on § and therefore on the frequency.

Distant Object

We now treat the electrical noise of a metallic object far away from the qubit (d > L). We
consider a fictitious point dipole p at 7', the metallic object approximated by a sphere at

the origin and an observation point 7. Eq. (17) gives the correlation function:

. hw 9z 7 7'+ dyr?r? — 3wizpr’ — 3x/x[r?
(B, () B () = hooth (57 ) x Tmfa (o) o ,
(75)
where now E is the physical fluctuating field. The local noise at 7" is
. . hw BLCZ.I'k + 6ikr2
(E; () B}, (F' = 7)) = hcoth <2kBT> Im(a)T. (76)

The =% dependence is familiar from the van der Waals force, which has a similar physical
origin.
The anisotropy in lifetimes of a qubit in the presence of a spherical electrode is indepen-

dent of the value of a. If the qubit is located at 7= rZz, then
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The anisotropy
(E: (F) E. (7)) = 4(E; (7) Ey (7)) (79)

is stronger than in the half-space case. Thus the problem of noise from a distant metallic
object reduces to a calculation of Im [« (w)], the dissipative part of the polarizability of the
electrode. To get o, we need to calculate the change in the charge density of the electrode
due to a distant oscillating dipole, and the electric field that results from this charge. We do

this now in two limits.

Image Regime We first consider a metallic sphere of radius a with § > a. Once again
the fictitious problem is mathematically identical with that of a dielectric sphere in a static

field, so we may simply transcribe the textbook formulas for the polarizability:

Emf€a—1 5 Jiwea\ 3
=2 x|l ) 80
“ e’:‘m/ed—i—Qa ( * 4wa)a (80)
Hence
3hwe ga> 3x;x5 + 041 hw
E; (¥)Ey, (7)) = th 81
(s () B (7)) = St B LT o (2 (81)

For a metallic ellipsoid with radii a,, a,, a, in the x,y, z directions the coordinate system is

aligned with the axes of the ellipsoid and the polarizability tensor satisfies c;; = d;;0v; with

Em/€a— 1 TWE
Qi /e )nia:rayaz ~ (1 + —2d> Az QyQy. (82)

1
T 31+ (em/ea—1 12n?mo

The depolarizing factors n,,n,,n. are positive and satisfy n, +n, +n, = 1 and n, are
decreasing functions of a;. In particular, if a, < a, < a, then n, > n, > n,. The connection

between the n; and the a; involves elliptic integrals. Exact expressions and tables may be

found in [45]. Using Eq. (138) we have

L hw )
(E; (7) By (F")) = hicoth < 2kBT> T (aj;) fij (77) fis (7)
_ TwegV th ( huw ) y i?)x,;xj’ — Op7? Bwizy — Oijr?

16720 0

;o (83)

r 5 7"5

a distance r from the center of the ellipsoid of volume V. To understand the physics of this
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formula, think of a qubit at 77 = rz with the origin of coordinates at the center of the ellipsoid.
Then the off-diagonal components of the noise tensor vanish and the formula exhibits the
anisotropy mentioned above. This expression confirms the intuition that the noise should be

stronger in the directions where the axis is longer, since the polarizability is greater.

Induction regime Again we first consider a metallic sphere of radius a. We find

3(1+14)wa
R S e 4
“ 8mdo (84)

for the polarizability in the induction regime. Using Eq. (76), we have that if the qubit is

located at 7= rz, then

3hwa* hw
E F=rz E F=17r2)) = E F=rz E P =1rZ)) = h
(B, (T=7r2)E, (Fr=12)) = Y (7"=r1Z) Yy (F=r2)) 8modrd cot (QkBT) (85)

(B, (F=13)E, (F=13)) = =22 coth < (86)

sior)

General result The problem of the polarization of a metallic sphere is exactly solvable
for all d/0 but it is not trivial. The method may be found in [46], and it is discussed in 47|,
but seems not to have been solved prior to 2008.

The polarizability « for the sphere of radius a is given by

0 3a — _lf‘fza jo+ (14 2¢) jg
2 K2a jo+ (1—¢) 79

(87)

The symbols are defined as k = (1 +1) /4, jo = (1/ka) sin ka, jJ = (1/a) cos ka—(1/ka?) sin ka.
To obtain the first correction in the case § > a we expand to first order in w/c and a/J,

(always assuming w/o < a/d) and find
. -/ 1 2
Jo=1, j, ~ —3ka (88)

and we have

3w
a1+ == 89
aa(+47m, (89)



34

in agreement with Eq. (80) for the dissipative part. Note that the term that is zeroth-order
in w gives a polarizability o = a3, which is the proper static limit given in many textbooks.

When § < a, then

? oo 1 L
P —i(1+4)a/é PO —i(1+4)a/é
T 5ea” LR
and
‘ 3a(l+1)w
3
~ 1+ ——. 90
axa ( * 8mod ) (90)

As w increases, we find that Im o increases, so it is a monotonic function of w. The results
in this section are easily understood physically, since they correspond to the dissipative part
of the van der Waals interaction. This gives the familiar 7% dependence to the fluctuation

fields.

Multiple Objects

Real devices tend to have complex geometries with multiple metallic device elements. A
modern spin qubit experiment may involve a back gate or an accumulation gate having a
layer or half-space shape. There may be up to tens of finger gates for lateral or voltage
control that are approximately cylindrical. Clearly a numerical approach is indicated for
these cases, which is beyond the scope of this chapter. We therefore limit ourselves to a few

remarks.

In many cases, it may be reasonable to regard different metallic elements as noise sources

that are statistically independent. If this assumption holds, then

(B (7) E; (7)), = (B (7) B (7)Y, (91)

s=1

where the (s) indexes the sources, of which there are N total. The various noise sources add
incoherently.
The physical analogy of Sec. 2 shows that this assumption cannot be be strictly correct.

The various device elements are in fact all driven by a single fictitious dipole and they are
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Qubit

Figure 5: A depiction of the geometry used to model sharp points in device architectures.

therefore in phase. However, unless the qubit occupies a position of high symmetry with
regard to at least one pair of metallic objects. This can occur: it is common to place qubits
near the tips of opposing finger gates. However, in most other cases the symmetry is low

and Eq. (91) can be used.

Sharp Points

A serious concern for qubit decoherence is the geometrical enhancement of noise in the
neighborhood of surface asperities of conductors. The question is whether the well-known
divergence of local field strengths at such structures carries over to noise. This is not a
particularly pressing issue for for semiconductor qubits where gate features are only defined
on length scales of 10 nm or longer. But one may also consider tunneling devices closer
to scanning tunneling microscopes with much sharper tips. However, it can be seen fairly
simply that electric noise is not greatly enhanced by asperities in the case that  is greater
than the size of the surface feature (the usual case). We imagine a spherical geometry with
a sharp point added on top, and a qubit near the point (See Fig. 5). Qualitatively, the
quasistatic electric field lines will gather at the point, giving the familiar lightning-rod effect.
However, these lines are outside the object and they do not produce the dissipation that is
associated with field fluctuations and noise. Inside, the magnitude of the field is reduced
by a factor w/c. This internal field produces currents and it is therefore the field associated
with the dissipative part of the response, and, in turn, to the noise strength. These currents
run away from the point and give rise to the surface charge o (7’) whose density diverges at

the tip as 7', v = [2In(2/a)]”", where « is half the opening angle of the tip, taken here
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as a cone (i.e., « = 0 for an infinitely sharp tip). The presence of the logarithm means that

v < 1 even for a very sharp tip. Note v > 0.

The z component of the fictitious electric field at the point 7= (0,0, —d) is proportional

to
P o) ),
B @)~ [
0 7= 7|
D n—1l+v —d —r'cos
N/ sina r'dr’ (') ( L COSOC:)’)/z (92)
0 }(r’)2+d2—|—2dr’cosoz}

where p is an upper cutoff on the size of the cone. We are only interested in the small d
behavior, which follows from simple scaling arguments as EY) ~ @v+1/2 and this carries over
to the physical field fluctuations (E, (F) E, (7)), ~ d**'/2. So the divergence of the fields as
the point is approached along the surface does not carry over to the noise in the immediate

region near the tip but outside the conductor.

Charge qubits

To understand qubit decoherence in the presence of noise, the frequency dependence of

the noise is of paramount importance. To this end, write the noise spectral density

(E; (1) E; (r"))from EWJN as

(B, () B, (7)), = £ (0) @ coth (57, (93)

where all spatial and device geometry information is contained in f (w). For EWIN, f (w) —
fo, a constant as w — 0. f; sets the overall scale of the noise strength. In addition there is
a high-frequency cutoff 1/7 at the relaxation time for the conduction electrons in the metal.
Thus f(w) — 0 when w > 1/7. Physically, the factor of w comes from the connection
of noise to dissipation. Photons are non-interacting bosons - hence the cotangent factor.
This sort of noise is white, or at least white-ish. This means that echo techniques are not
likely to be very useful for extending qubit lifetimes when EWJN is the dominant source

of decoherence. This noise is essentially the same as that of the well-known spin-boson
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model and the results are well known, so we only briefly summarize results here and give no

derivations.

There are three frequency regime for the spectral density. 1. When 0 < w < 2kgT'/h, then
(E; (1) E; (7)), = 2kgT fo/h. 2. When 2kgT/h < w < 1/7 we have (E; (7) E; (7)) =
f (w) w, where typically the frequency dependence of f (w) is weak. 3. When w > 1/7, then
the frequency dependence is material-dependent but we may usually assume that the noise

is cut off.

In regime 1, the fluctuations are thermal. Regime 2 is the quantum regime and the
linear spectrum is refered to as “ohmic". Regime 3 is above the the high-frequency cutoff,
whose presence is implicit here. The symbol o denotes the DC conductivity; however, no
equation in which it appears can be used at frequencies greater than 1/7. This frequency

range is generally in the infrared for metals.

The qubit energy level separation is hwy and wy may be in either Regime 1 or Regime 2,

depending on the implementation. No existing implementation operates in Regime 3.

0.5 Magnetic Noise

Half Space

For magnetic noise the image method is not useful, so we proceed directly to general results
for extended qubits.  Again, we are interested in a metal with conductivity o that occupies
the half space z < 0. The equations satisfied by the fields are the same as for the electric case.
The only difference for magnetic fields is that é, unlike E, is continuous at the interface,
since we dealing with non-magnetic materials. The derivations for magnetic noise are similar

to those for electric noise so we mainly give results

For this problem we place a fictitious magnetic dipole moment 77 at the point 7' = (0, 0, d)

and the physical noise spectral density is
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=5 coth T Im/dQQE (Gus @y» iq) o~ 4(z+d) gigazriqyy (94)

h hw 2 1 —q(z+d) Jiqzx+igy
= coth ZkBTv/d q?e a(z+d) gigeatiayy
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Figure 6: Numerical integration of Eq. (94), the magnetic noise spectral density for a
localized qubit in the half-space geometry, compared with image and induction regime ap-
proximate results. 2 = 100 and p = —0.358 for the interpolated function Eq. (67).

For a point qubit (7= ") we have

h hew

B, (7) B, (r)), = h——.
< z (T) z (r)>w 4d(52 cot 2kBT (95)
And in the high 7" limit this reduces to
kgT
B. () B, (1)), = —=.
(B (1) B2 (7)), = 52 (96)

The 1/d dependence comes from integrating the 1/r® behavior of the dipole interaction
over the half space. This is in contrast the the 1/d® dependence of the electric field noise.
The difference is due to the fact that metals screen electric, but not magnetic, fields. This

relatively slow spatial decays is the main reason that magnetic noise is likely to be of more
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practical importance in devices. For d > § we have

Il —q/a .
T q;a ~ (14 ¢d +1iqd), (97)
and
= ho hw o
7! [ 2 —q(2+d) ,igzr+igyy
<B(f’) B, (7 )>w o coth QkBTv/d qqe e

For a point qubit only the diagonal component is nonzero:

3ho hw
(B: (1) B: (7)), = gz coth g (98)

The z-component is more complicated because of the lack of cylindrical symmetry, but the

essential procedure is the same. We find

5 h hw 0 11—q/o ;v
B () B, (7 > = — coth —VI d2q = — 2/~ giger+igyy—q(z+d)
< (") Bz () . 27Tco 2kBT8xv m/ q ql—i-q/ae

For d <« ¢ this is

— h hw 0 o 1
B (r) B, (7’ > = ——coth ——— dg —e 1D g
At 7= 7" we have that only the diagonal component is non-vanishing and

h hw
1 YN
(B, (") B, (7)) = S5 coth T

In the high 7" limit this reduces to

For d > ¢ we get

— 0 _ 0 1
B B, (7' = — h —V— .
< (7) By (7 )>w ho cot kT 91" 92 [(d N 2)2 N ,02] 1/2
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For 7= 7’ only the diagonal component is nonzero:

3ho coth

.y 7/ o
(Bi (77) Ba (M) = 15 Oth 517

In the high T limit this becomes

. o 3ho
(Be (7") By (7 ))w = Srdt

Overall, the most notable difference between electric noise and magnetic noise is that
electric noise is screened by a metal and magnetic noise is not. This accounts for the 1/d
dependence in the d << § case for magnetic noise. This relatively slow decline in strength
suggests that magnetic noise is, somewhat counter to intuition, more like to be important
in small devices. This will be confirmed in Sec. 6 where comparisons to experiment are

presented.

Cylinder

In this section, we consider a infinitely long conducting circular cylinder as a source of
EWJN. The cylinder has conductivity ¢ and radius a and its axis is along the z-direction.
This geometry is important, since cylindrical microwave antennas are used for single qubit
rotations. There is a qubit at the point 77 = (d,0,0). We wish to compute (B; () B; (7))
with ¢ = x,y, 2. We're particularly interested in the anisotropy of relaxation times, which
depend on the ratios of this correlation function for different values of 7. The most common
case is when the skin depth 6 > a. We will also be mainly interested in thin wires also in

the sense that d > a.

We need the solution to the problem of the magnetic polarizability of a conducting

cylinder in a uniform field. This is given by [44]. The polarizabilities «; are defined by the
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formulas

M, = ma’o, B,
9
M, = ma"ay B,

M, = ma*o, B,

where M; is the magnetic moment per unit length in direction 7. Here

1 [1 EJl(/m)]’

o |© kaJy (ka)
1 2 Jl (k:a)
— 1 o
“ 47 { ka Jy (k:a)] ’

with & = (1 +14) /0. We will mainly need the imaginary part in the limit where 6 > a, which

18

a
I =1 = —
m o« m Oéy 871‘52
I a’
mao, =
16762

According to the usual prescription, we find

. L\ 2Trha® 2 Jy (ka) huw
(B, () B, (1)) = R Im {E 7 (ka)} coth (2kBT) ) (99)

valid for any value of §/a.
When a < § we expand the Bessel functions for small argument and find

mala,m 27T

Blind) _ -7
: & 128
27mha* hw
B, () B. (7)) = =" oth .
(B: (1) B2 (M) = 3555552 (2k3T>

The same computation can be performed for the x and y directions. The results for

1=7j =T are
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1237ha? 2 J; (ka) hw
B, (7) B, (7)) = —2 1y | = th , 100
(B (7) Ba (1) = 5505 I [ka To (ka)] (ZkBT) (100)
valid for any value of d/a and for a < ¢ we have
1237ha’ hw
B B = ————coth 101
while for 1 =5 =y
3mha? 2 Ji (ka) Fuw
B, (r) B = Im |— th 102
(B, (8, (1) = gy | 250 ot (), (102)

ma?a,m 3w
v > 16

. 3rhat hw
(B, ()8, (1) = s coth (57 )

These considerations lead to very subtantial anisotropy in the correlation functions and

in the relaxation times. We have that for d > a

(Bz (7) By (7)) = (By (7) By (7)) : (B: (") B2 (7)) = 82: 16 : 9. (103)

The cylindrical geometry occurs when wires or antennas are close to the qubit. The anisotropy
can serve as a signature of noise originating from such a structure. The pattern of the
anisotropy with the z-z correlations exceeding the x-x correlations is not difficult to under-
stand. The longer dimension corresponds naturally to greater polarizabilty and therefore to

stronger noise.

Distant Object

We now treat the magnetic noise of a metallic object whose maximum linear dimension
is short compared with the distance to the qubit: d > L. We consider a fictitious point

magnetic dipole m at 7’ and a magnetically polarizable metallic object at the origin. The
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observation point is 7. Since L is small, we may take the field B’ at the object due to
the test dipole to be uniform over the object. If we assume that the electrode is spherical
and its dielectric function is isotropic then the magnetic polarizability can be written as

Bjn (W) = 0,8 (w) and Eq. (27) gives the physical correlation function:

P N W ) 2
hw )I 3le'k kT 3$il’j—(5ij7”

(B, (7) By (F")) = heoth ( e

r 15 7a5

This manifestly satisfies the Onsager relation

Gik (OJ; T, F’) = G (w; 77/, F) . (104)

<Bi@jBkoﬁ::m>::hanh(QZ:T)Inmﬁ)§fffggﬁﬂf. (105)

Thus the problem reduces to a calculation of Im [f (w)], the dissipative part of the po-
larizability of the electrode. For a spherical electrode with radius a and conductivity o, we

have that [44]
30%a [ asinh(2a/6) +sin (2a/9)

I = — 106
mp 4 cosh (2a/d) — cos (2a/0) |’ (106)
which reduces when ¢ > a to
5
a
I = 107
mf =155 (107)
and when § < a to
3a%0
Im 8 = z . (108)

Notice that the anisotropy in lifetimes of a qubit in the presence of a spherical electrode

is independent of 5. If the qubit is located at ¥ = rZz, then
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(110)

(B. (/) B. ("' = 7)) = 4hcoth <2Z:T> el [66(“’”.

The =% dependence is familiar from the van der Waals force, which has a similar physical

origin. The anisotropy

(B (7) B. () = 4 (B (7) Bx (7)) (111)

is stronger than in the half-space case.

0.6 Comparison With Experiment

In this section we provide some numerical estimates for the noise strength and the resulting
qubit relaxation times, which will allow us to evaluate the relevance of EWJN for current
experiments. We shall focus on the half-space geometry, since this case is the important one
for existing devices; the greatest masses of metal in semicoductor qubit systems are usually

in global gates.

Charge Qubits

The noise spectral energy density is of some interest. Taking w = 10%/s, ¢ = 10'7/s, we
get § = ¢/v/2mow =12 x 107* cm = 12 p and we will only consider the regime d < §. The
vacuum wavelength A = 60 cm is the longest length in the problem and plays no role in our
quasistatic regime. At a distance d from a half space we find and 7' = 1K and ¢; = 10 we

have:
kgT 99 €TQ
~—— =9x 107"—=s.
w o 8rods cm33

(B (d) B (d)) (112)

This noise will relax qubits. In Fig. 7 we give numerical estimates for 7} of a charge
qubit in a half-space geometry. The curves are plotted using Eqs. (36) and (53) assuming
a point qubit. FEach curve represents T} (d) for various values of the distance d from the
half space and the dot separation L, the latter being listed in the inset. We have assumed
w=10"s"1 0 =10% s T = 0.1 K. Indicated on the figure are experimental values for

T7 and the predictions our model makes based on estimates of the particular experiment’s
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Figure 7: The charge qubit relaxation time 77 as a function of the distance d from the qubit
to a planar metal gate for various values of the dot separation, as listed in the inset. The
experimental data are taken from Ref. |34, 35|. The theoretical predictions are indicated by
solid squares. The qubit operating frequency is taken as w = 10° s!, while the conductivities
are roughly estimated as o = 10'® s~!. The temperature is 7 = 0.1 K.

qubit and surrounding geometry. The measured values are an order of magnitude or two
smaller than the predictions made by our model, indicating that EWJN is probably not the
dominant mechanism behind qubit relaxation in these experiments. However, the estimates
here are made with very limited knowledge of the particular experimental values of d and L,
which are normally not very accurately determined. Since Ty oc d®/L?* a factor of 2 could
account for an order of magnitude correction. A further serious source of uncertainty is that
o is not measured and generally is poorly known. If o is too large, the mean free path is
the electrons in the metal may become comparable to the gate dimensions, invalidating the
local electrodynamics used in this thesis. These considerations taken together mean that
it is difficult to give a clear evaluation of the role of EWJN in charge qubit experiments.
In any case, it seems safe to say that even rather minor improvements in other decoherence

mechanisms would make the EWJN mechanism competitive with the others.
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Spin qubits

We can now repeat the numerical estimates for the noise strength and the resulting qubit
relaxation times for magnetic noise and spin qubits.
The noise energy density is again of some interest. With w = 10%/s, 0 = 10'7/s, T =1

K, d = 50 nm from a half space we have:

mkpTo 0-15 ergs

(B.B.), ~ =3.0x1

(113)

dc? cm3
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Figure 8: The spin qubit relaxation time 7} as a function of the distance d from the
qubit to a planar metal gate for various values of the external magnetic field, as listed
in the inset. The experimental data are taken from Ref. [48 49, 50]. The theoretical
predictions are indicated by solid squares. The conductivities are roughly estimated as
o = 10'% s71. The temperature is 7 = 0.1 K.

This noise will relax qubits. In Fig. 8 we give numerical estimates for T of a spin qubit in
a half-space geometry. The curves are plotted using Eq. (36) assuming a point qubit. Each
curve represents T7(d) for various values of the distance d from the half space for a fixed B
field, which enters T} via hw = guB with ¢ = 2. We have assumed o = 106 s71, 7 = 0.1 K.
Indicated on the figure are experimental values for 77 and the predictions our model makes

based on estimates of the particular experiment’s qubit and surrounding geometry. The



47

geometries are somewhat better determined in these experiments, meaning that that the
main source of uncertainty is in the conductivity o, which may differ from our assumption

by an order of magnitude.

The experimental values shown in Fig. 7 are in small devices characterized by linear
dimensions of order 100 nm, but we note that in certain MOS devices the relevant distances
can be closer to 10 nm [51, 52]. Other qubit architectures such as atom traps, ion traps, or
superconductors, are generally considerably larger. This makes it unlikely that EWJN plays
a large role in the decoherence of these devices, since the power-law falloffs reduce the noise

strength at the qubit positions. This could change as these devices are miniaturized [53, 54|.

0.7 Multipole moments in 7} and 75

The expressions in Eqs. (36) and (44) can be generalized to higher order multipole moments

by keeping more terms in the Taylor expansion of the electromagnetic potentials. Define the

electric moments ¢; = er;, q;; = eryr; and magnetic dipole m; = 35 ((7 f[)Z + gS;). We
then have
the
[qupi] = _EHZ

thq .
[Hyy aig] = ——= (rilly + 151l — ihdy;)
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We can find the quadrupole contribution by expanding Eq. (34) and keeping track of all

first derivative terms giving us

(O1H(8)|1) = =—— [4:(0,1) (OJIL1)

€g
+ (0] (V;Ai(r, 1)), _o 51| 1)] — 2_mBi (0].S;]1)
W e 1
=i (Olps|1) As(0,t) — %<0|§[ij4i]r:0(7‘iﬂj + 7511;)[ 1)

e - eg
- (V % Apmo{Olespry LI1L) — 2B, (0]Sil1)

_ Z% ((o|p,-|1> Ai(0,1) + %[Vin]r:o <O|Qij|1>)

— By(0,£) (0[m[1) .
We have employed the vector identity

1
[V Ai(r )], il = 5[V Ar=o(rilly + 7;1L)

-,

1
— §€ijk<v X A)k,rzorjﬂi-

Now we can work out an expression for 77 using Eq. (30)

1 1

T (i) (p0)" (B E),, + % i) (@) (BN w B, + % (@i5) (p0)" (V; E: ),

+ (pi) (mn)" (EiBn),, + (mu) (p1)" (BrE),, + (ma) (mn)” (BrBn),

= 5 ) () (VBB + 5 () () (BeVm B, + 5 () () (V3B )

A naive application of the analysis from the preceeding calculation would indicate that F-
field noise will not contribute to diagonal elements of H,(t), but this is due to the incomplete
application of the gauge condition ¢ = 0. If we begin with the gauge-invariant Schré dinger
equation with an arbitrary scalar potential ¢(r,t) and vector potential obeying V - A=0

and eliminate the residual gauge freedom via A'(r,t) = A(r,t)+Va(r,t), ¢'(r,t) = ¢(r, t) —
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a(r,t) = 0 and ¢’ = e~*/M)(r,t) we find that the wave function obeys
ih = (e e — eq) ah, (114)

The Hamiltonian H’ in the gauge with no scalar potential is complemented by the gauge
fixing term that retains the electric field contribution in the equations of motion. The

operator we need in Eq. (43) can be expanded in Taylor series as

Hy(t) = _% (Ai(0,8) + [V A (r, )], g7y + - ) I,
- %BZ&;. — e (&(0,8) + V;a(0,8)r; +...). (115)

Now turning to the relevant matrix elements of Eq. (34) with the gauge term (equivalently,

the scalar potential), we begin by treating the vector potential terms

hicho,t) (Ui H,y|1) — (1| Hypil 1))
= hLCAi(ﬁ —e1) (1pi|1) = 0,

e e |1
—— (VA1) = —— {Evin (Lfridl; + r;11[1)

e
- (1]A4:(0,1)IL|1) =

1

+ 3B 1)

e (ih e

- [V A8 ) — —B. (L1
mc <2V] 15”) 2me b (LT [1)

€
= ——B. (1|l.]1) .
v K (1[0k] 1)

The last equality follows from V - A = 0. We have E;(r,t) = —V,;&(r,t). Using the same

methods we obtain an expression for the integral kernel S(w) for T5 to quadrupole order.

72 [(Bi(t)B;(0)),, Am;Am; — (B;(t) E;(0)),, Am;Ap; — (Ei(t)B;(0)),, Ap;Am
+ (Ei(t)E;(0)), ApiAp; + % ((ViE;(t) Bi(0)),, Agi; Amy, + (Vi E; (1) Ex(0)),, Agi; Ap

+(Bi(t)V; Ex(0)) Am; Agzy, + (Ei(t)V;Ex(0)),, ApiAg;i) i (ViE;(t)ViEi(0)),, AgijAgy
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0.8 Spectral Density Tensors

Here we include the details and off-diagonal components of the noise spectral density tensor

for the simple geometries treated in the main body of the chapter.

Electric Noise

Place a fictitious electric dipole moment p’ at the point 7/ = (0,0,d) in the half-space

geometry. The electric field in free space would be

9, 1 0o 0 1

EXY (7)) = ——F-V =— 116
0 =5V ViE= ] T P, = (116)
which satisfies V - ) = d7p with p = —p- V63 (7 — ) .
We will represent this fictitious field by using the identity
1 1 d*q .-
1 / @4 i —l—d) (117)
|7 —7'| 2w q
where ¢ = (¢s,¢,) and g = (z,y). Thus
d’¢ 0 0 ...
led) _ Pk [ 9 09 O igp —qlz—d| 118
i () 2 q Oz; Oxy, o (118)
The induced field for z > 0 is expanded as
ind — p 100 —qz
B (7) = —g/cﬂq fi (@) eTPe, (119)

and the Maxwell equations imply

VQE_v’(ind) _ 0’ V- E(l”d) — 0’ 7> 07 (120)
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q=1/2+aq;

infz + inyy = sz-

The induced field for z < 0 is defined by

in —» p iq-p oz
B (1) =~ [ g g, (@) e (121)

and we have

VZED 1 2i6 2 (0D — 0, v . Find) — 0, 2 <0 (122)

and Rea > 0 and so

o =g+ 2007 =q> —2i07?

ingx + Z.ngy = —Qg,.

The tangential component of E is continuous but the normal component satisfies Enmm,out =

B is continuous. The fictitious

> ’ Enorm,in .

gEnorm,in ~ (477—20-/("}) Enorm,in7 S0 ‘Enorm,Out

dipole p'= pz produces a field for 0 < z < d

Bl (7) = — L / g iq, (TP
™

2
ed) (= p . id5 g(z—d
Eé )(r):—%/d%] iqy €'TPell==d
pled (7 — _ P / Pa o ¢TPal—d)
L) = g [ A g et

and the induced field is defined by

Bt =~ 2 [ F(@) T for 2 > 0 and

Eind) — _Qﬂ /dzq G(q) 77 for 2 < 0.
7r



The boundary conditions yield

i + fo = Ga
iqe” 1+ f, = g,

ge " + f. = (em/a) 9
e fo + 19y [y = 4/

14z 9e + 1Gygy = —Qg..

The solution is
. . _wal — (em/ca) ¢/
= —_— - Qd
(fxafyafZ) (—iqq, qu’q)e 1+ (em/ea) q/oz’
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(123)

which gives us an integral expression for the induced field and thus 61. For p'= pz the dipole

produces a field for 0 < z < d

2 2
EED (7 = P / 4G izpaea)
v 2m q
2
B (7) = 2 / 4 Gly izsa-a)
Y 2m q
ip [ P94 s g
Eled) (f) = —— | —= el0Ppa(z=d)
i 2m q

For d <« § we find

o 0 1 . .
I E(md) _ _ﬁ Weq - v / d2a = —q(d+2) Jiquz+iqyy
o (7) 27 270 Ox 74° ‘

So, for example,
p weg2x? — (z+d

(124)



In the regime d > ¢ we find

I E(znd) _ P Wwe&q \V4 / d2 —q(d+z) Jiqer+igyy
o () 27 2700 Ox 1 q? ¢ ‘

_p weyg T d+z
“mas 2| s | [
P [(z+d)” + p?]

which gives us the correlation functions presented in the main text.

For p'=pz, 7" = (0,0,d) and d < 0 the matrix elements are:

hw 2(d 2_p? hw
(B (7). (7)), = ca AT =0y e
w 27TU [(d+ Z>2 + p2:| 5/2 QkBT

(E, (P E, (7')) = Shweq  x(d+2) coth —_
w 2no [(d+z)2+p2]5/2 2kgT

(E, (F) E. (7)), = Shwea  yld+2)

2ro [(d+z)2+p2}5/2 2kpT"

When d > § we have

= coth ——,
2100 [(d—l— z)2 +,02]3/2 2kgT

hw hw
_ WEd ’ coth ——

<Ex (F) EZ (F,)>w N 2wod [(d—i— 2)2 +p2]3/2 2]€BT’

= fweq Y coth ﬂ

(Ey (7)E. (7)), = 5700 (d+2) + p2}3/2 2T’

Now we turn to the solution for p'= pz and d < 9. The matrix elements are

 hweg20® — (2 + d)* — 2 coth

(Ex (7) By (7)), = 2’ o [(Z+d)2+02}5/2 2kpT’

3hweq xy
E E, (7)) = th
< Y (fj (T ))w o [(Z L d)g n /)2]5/2 co kT

 Bhwegy x(d+2) coth

(B (M) By (7)), = =5 — Graf s 2kl
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(125)

(126)

(127)

(128)

(129)

(130)

(131)

(132)

(133)
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and comparison with Eq. (126) shows that the Onsager relation is satisfied.

The components when d > ¢ are:

h wey hw
—/ _
(B (7) By (7)), = 5 - —= coth T (134)

hw
E, (F)E, (7)), = —=— coth , 136
< ( ) ( )> o ob [(z+d)2+p2}3/2 2kpT ( )

and comparison with Eq. (129) shows that the Onsager relation is satisfied.

For the distant object geometry Since L, the qubit size, is small, we may take the field

—

E’ at the electrode due to the test dipole to be uniform over the object. It is given by

1
I
3z lx) — 0m " .
= pp—2 r,5j = prfr(7),

E», (F: O) = Pk 8]8k

where we have defined the dipole function

2
_ Bwix — 0yr

fi (1) = (137)

75

We shall take only the first term in the multipole expansion of the field produced by the

object. We will write this dipole as p° (“el" for “electrode".) It can be written as
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p; (W) = ajn (W) E, (w). At the observation point 7 the (again fictitious) field is

n

= Oéanerij (F)

= O‘jnpr;fmn (7?/) fij (V) )

This leads directly to

(E; (T) Ey, (7)) = hcoth ( i

Qk?BT) Im (ajn) Jen (F,) fz’j (77) . (138)

Hence only the polarizability of the object is relevant in the problem. If we assume that the
electrode is spherical and its dielectric function is isotropic then péfgp " (w) = a (W) d,E, (w)

and

B (7) = a (W) pLfin(7) £ (7)

L9z 7T+ Oyr?r ? — 3wwpr ? — 3x/x)r?

= (w) Px roy 15
Using Eq. (22), we have
w2 - =/ — —/
~ 3Gk (w3 7, 7") = a(w) fij (F) fi (7). (139)
This manifestly satisfies the Onsager relation

And we find

(B () B () = hooth (527 Y tmla ()] iy (7). 7). (141)
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Magnetic Noise

To find the noise tensor in the half space we place a magnetic dipole moment m = mZz at
7= (0,0, d) in analogy to the electric field noise calculation. The magnetic field due to this

fictitious dipole in free space would be

0 0 1

B(md ;
(1) =mig Ox; Ox; |7 — 7|

(142)

which satisfies V x BMm) = 4x.J/c and J = m x V& (F — 7). Proceeding analogously to
Eq. (116), we have

q 0 0 igp e
™ () = / g e (143)

where J: (q:):; Qy) and ﬁ: (L"L',y), and

B (7) = _% / d*q (—igs, —iqy, q) e_qdl T Zfa eI for 2 > 0. (144)

For d <« § we find

1—q/a  +/¢*—2i07% —

I+q/a /> =2i5 2% +¢

o (L
- 2¢%6?

1 o
/ qu? (—iqu, —iqy, q) e 1ETDeltmHiny for 2 > () (145)

and
m

B (1) = 4762

For m = mZ and d < ¢ the components of the noise tensor in the half space are:

h 1 hw
(B, (T)B, (")), = == coth , (146)
W zf ] P 2T

(B, (7) B. (7)), = 2—7;2% {1 N +(j)jj)p2} - } coth QZ:T (147)
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—/ o (d+2> hw
(By (1) B (7)) = 553 {1 o K } coth g (148)

- d)® +9p? d
(B. (7) B. (7)), = —hdcoth 2 « |28 +d) L (f/j )| (149)
2kgT [(d—i—z) —i—pz}
—12 2 2
(B, (7) B. (7)), = —hé coth Z‘“’T W |22 +2d> i fj’;p (150)
oWz [(d+2)" + p?]
hw —12 d)* + 3yp?
(B, (7) B. (")), = —hd coth == yz - ) i L (151)
2kp [(d+ 2)" + p?]
Now we turn to m = m2 and d < 0 where the components are
(B, (7) By (7)), = o coth - x2_y2{[(d+z)2+p2}1/2—(d+z)}— v ]
w T 982 2kpT 02 p? [(d—l—Z)Q —|-,02} 1/2
h hwo 0 |y [, 1
B, (¥) B, (7)) = — coth — |2 | dg —e Gt 152
(B, () B2 (7). = g coth g |2 [ da 2o ap) (12
_h ho 0 |y 9 971/2
= %coth kT On [?{[(dJrz) +p°] " = (d+z)}
B h hw | —2xy 2 971/2 Ty 9 97 —1/2
=15 coth%BT { pr {[(d+z) + ¢’ (d+z)}+ﬁ [(d+ 2)" + p°]
h ho 0 0 [ 1
B, (7) B, (7"),, = === coth ———— [ dq —e 9=+% 153
(B (7) By () = =g coth g o [ dg e 1 ) (153)
h hw 0 [* 1
— — coth —— — Ze4(zt+d)
552 " 51T O /0 dq e Jo (ap)
h hw = 1/2
:—WcothszTE{[(d—i-z)Q%—pﬂ —(d+z)}.

On the other hand when d > § we find

d 2 2 _ 1522
(d—i—z)3( +2)"+3p Sa

(B (F) B, (T")),, = hd coth
2kBT |:(d+ 2)2 + p2] 7/2

(154)
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B, (7) B, (")), = —15h6 coth zy(d+2) 155
(B, (7 B, (7). T s ] (155)
(B. (7) By (7)., = o coth 2 2122 (d+ =) & 3up” (156)

2kBT [<d+2)2+p2:|7/2

The distant object geometry results can be obtained by placing a fictitious dipole near a
magnetically polarizable electrode. Since d > L we assume the field generated by this

electrode is uniform over the qubit and given by
B, (0) =m; fi; (T'), (157)

where again fji. () = (3r;r; — r?0;;) /r°. We shall take only the first term in the multipole
expansion of the field produced by the object, which is completely characterized by its
dipole moment 7', Assuming linear response yields m; = ;; B/, where f3;; is the magnetic

polarizability of the object. At the observation point 7 the (again fictitious) field is

B; () = my, fim (1)
= Bmkmj fkj (T_ﬂ) fim (’F) )

and the prescription following Eq. 26 then gives the physical noise function as
(B; () B; (")) = h1m (Bak) fij (7"') fim () coth (hw/kpT) . (158)

This leads directly to

(B; (T) By (")) = hcoth ( fuw

2kBT) T () fin (77) fis (7) - (159)
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0.9 Discussion

Qubits with long relaxation times are necessary for quantum computation. Most such devices
are controlled electrically. This creates a control — isolation dilemma: connections from the
outside world are what make the devices useful, but they are also sources of decoherence. In
particular, one may wish to place charge or spin qubits close to metallic device elements used
to confine or control the qubits. However, the fluctuating currents and charges in metals
give rise to noise that leaks out of the metal into the surrounding region, decohereing the
qubits. This is standard physics, (though not often treated in textbooks) and results for
the noise spectral densities near a half plane are well known. However, results for the more
complicated geometries of real devices have not been available at all. The results presented
above represent a first step in the direction of repairing this situation.

Most importantly, we have given a streamlined method for the calculation of both noise
spectral densities and noise correlation functions. We have presented new results for the
spectral density of cylinders and distant objects, and for the noise correlation functions for
half spaces and distant objects. The new method also enables us to give more qualitative,
but still useful, discussions of issues such as asperities on metal surfaces.

Numerical estimates of the effect of EWJN on qubits indicates that it is proabably not
a dominant effect on the current generation of charge qubit devices. For spin qubits the
situation is different. Experiments in which the gates are close to the qubits may already

be showing the effects of EWJN.
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Spatial Noise Correlations

0.10 Introduction

The most basic justification of the pursuit of quantum computation is the existence of thresh-
old theorems. They tell us that if a certain precision at the qubit level can be achieved, then
a workable quantum computer (in principle of arbitrary size) can be made. These thresholds
also give concrete goals for hardware performance in systems containing only a few qubits.
However, threshold theorems generally make the key assumption that errors on different
qubits occur in statistically independent fashion [55]. Some relaxation of this condition
can be allowed [56, 57|, but error correction then becomes more complicated and resource-
intensive. On the other hand, it is known that correlations in noise can actually be used to
fight noise-induced degradation in performance, using the concept of decoherence-free sub-
spaces (DFS) [58, 59, 60, 61]. The resources involved in utilizing DFS appear to be less than
in most error-correction schemes.

This situation raises some interesting questions. If the noise is correlated, is this fun-
damentally good or bad for quantum computation? If we have the choice of dealing with
the situation by error correction or DFS, which is less expensive? If we do not have a DFS,
but there are some correlations in the noise, is it still possible to reduce the computation’s
susceptibility to noise by appropriate protocols?

We investigate these questions here in two stages. We begin by looking at a small system
of only two physical qubits. With very small systems such as this, quantum error correction
is of course out of the question. Furthermore, the use of a DFS would prohibit any nontrivial
quantum information processing. We will show, however, that significant error mitigation

is still possible. In an era when quantum computing resources are not nearly sufficient
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for true error correction, this is an appropriate subject of research [62]. We will describe
methods that may be used for any such system. For illustration purposes, we will use a
concrete experimental example: two electron spin qubits in a Si/SiGe heterostructure [63].
This system has the great advantage that it is completely programmable, and we have some
insight into the types of noise to be expected [64, 2|. In the second stage of our work, we
extend the concepts used for two-qubit systems to many-qubit systems, as far as possible.
The overall aim is to understand how to improve quantum information processing when noise
correlations are present.

Sec. II introduces the model and constructs the framework to describe the spatial and
time correlations in the noise, limiting the discussion to dephasing noise. In Sec. III we
propose a measurement scheme to obtain these correlations, which is a simple and easily
understood extension of methods used for single qubits [65, 66, 67|. It can also be viewed
as a concrete application of much more general schemes given in some recent papers |66, 68,
69, 70]. We apply these methods to the specific system in question to obtain the important
auto- and cross-correlation functions. In Sec. IV, we generalize DF'S concepts to obtain
measures of decoherence that are local in Hilbert space and use these measures to show how
to improve the robustness of a quantum circuit. This increases the fidelity obtained for a
given quantum information processing task. In Sec. V we apply the method to the model
two-qubit system and discuss the advantages and limitations of our recommendations for
error mitigation. Sec. VI treats the extensions to many-qubit systems and and addresses the
scalability of the method. In Sec. VII we conclude by considering possible generalizations

to other error models and how to combine our method with quantum error correction.
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0.11 Noise Correlations
The model Hamiltonian for two qubits subject to dephasing noise is
H=Hy+H,(t)+H,(1).

It consists of

Hy = b2, 4 by Zs,

a static Hamiltonian that provides the qubit splittings b; and by in energy units. (b; and
by need not be magnetic fields.) H, (¢) is the gate Hamiltonian that is used to do qubit

operations. X;,Y;, Z; are the Pauli matrices on site i. The noise Hamiltonian is

In the case of electron spins in an inhomogeneous magnetic field, this choice of H models
random electric fields that move the qubits and vary their splittings. We use the product basis
{]00) ,|01),|10),]11)}, which also forms an eigenbasis for Hy. The single-qubit dephasing

times T2(1) and TQ(Q) for qubits 1 and 2 are determined by the local noise spectra

Sij (w) = /OO (6b; (t) 0b; (0)) coswt dt = (0b; 6b;)

[e.e]

on the two qubits. In the simplest theory [71] we have

1 4
0 W lim S5 (w)
as long as the longitudinal relaxation time Tl(j) >> TQ(j), which is usually the case. More

accurate formulas can be used, but they do not change the basic physics that 75 comes from

the noise spectrum at low frequencies.

We propose an experiment to measure

Sia (w) = /_ " (0b1 (£) 6b (0)) coswt dt = (5by 5by)...

o0
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This is a correlation function of the noise at different spatial locations.
Measuring Sis (w) is of interest for two reasons.

First, it tells us something about the nature of the noise. For example, in semiconductor
implementations with charge qubits, charge noise is often the dominant decoherence mech-
anism [72]. If this is due to defects that are far from the qubits, then the noise from the
random electric field has wavelengths much longer than the separation of the qubits, and the
random electric field is about the same at the two qubits. The opposite limit is when the

defect lies between the qubits when we expect anticorrelation in the electric field.

Second, we can use the information to design noise-resistant operations, which is the
focus of this work. If (0by dby) , is large and positive, then ((dby + db2) (0by + 0bs)) , is large
and ((dby — dbs) (0by — dbs)), is small. Looking back at the noise Hamiltonian for this model
we see

H, () ~ 6by (t) (Z1 + Z2)

which only couples to Z;,s = Z1+Z,. This means that the subspace spanned by {|01) , |10)} is
approximately a decoherence-free subspace. Conversely, if If (0b; 0b)_, is large and negative,
then

H, (t) = by (t) (Z1 — Zs)

and the subspace spanned by {|00),|11)} is approximately a decoherence-free subspace. By
working “near” the appropriate subspace we can get a lower error rate. This is essentially
the same idea as singlet-triplet qubits |73], where only two levels are used to define a single
logical qubit. Our aim here is quite different. We keep the full 2-qubit system and see if we
can use the noise correlations to help design a small quantum information processing device.
Since the ultimate aim of the work is to improve the performance of the device, we limit
our focus in what follows to correlations that are most likely to lead to simple usable DF'Ss.
As we will see, this limitation also means that out methods work well only when dephasing

noise dominates over other noise.
Clearly, the definition of S;; (w) generalizes immediately to multiple qubits. We can
define cross-correlation functions for any pair and it may well happen that only short-range

pairwise correlations are important. The usefulness of such generalizations will be discussed
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further in Sec. VI.

0.12 Measuring Correlations

In this section we suggest an experimental strategy to determine the spatial correlations.
They are determined by means of a measurement analogous to the measurement of Ramsey
fringes. In the 4-dimensional two-qubit space we may choose any 2-dimensional subspace to
perform the measurement. However, as we have noted, some subspaces are more likely than
others to be DFSs, and these are the most likely to be of real usefulness. Hence we will focus
on the two subspaces that are DFSs when the noise is perfectly correlated and when it is

perfectly anticorrelated.

Experiment 1. Ramsey in the {|00),|11)} basis.

Let the north pole of a Bloch sphere be |00) and the south pole be |11). We start in the
state |00) and then use H, to make a 7/2 rotation about the y-axis preparing the state

1

(100) +|11)),

and then let it evolve under the influence of Hy alone. Then we have

1 , 1 .
W (1) = e 00 + e ),

and if we make another /2 rotation about the y-axis and then measure the probability of

being in the state |11) after a time t we get

1 1
P+:§+§cos[2(b1+b2)t],

so the period is 7y = 7/ (b; + by). The experiment is illustrated in Fig. 1. If we now add

in H,, the noise, we find

1 1
Py = L sl by,
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100)

00 11 ;
100) + |11 <L AN - \/

|11)
Time t

v

Figure 9: Illustration of the proposed Ramsey-type experiments to measure noise correlations
in a Bloch-sphere representation. T2(+) and TQ(_) are determined by the time decay of the
amplitude on the South Pole in Experiments 1 and 2 respectively.

in a certain time window longer than the inverse cut-off time of the noise. (At shorter times
the decay is Gaussian.) Here 1 /TQ(H is given by the integral of the Fourier transform of
4 <[((5b1 + (5b2)]2>w, a windowing function that depends on the approximation being used, and
some other factors involving the temperature, A, etc. Omitting these prefactors and others

that depend on the precise form of the power spectrum we have that
/T35 ~ ([(8by + 6b2)]")

The number of oscillations observed will be N, , which is

T by + by

Ny = T A ([(6by + 6b2)]*)

In the case of perfectly anticorrelated collective dephasing N, diverges, a signature of a

perfect DFS.

Experiment 2. Ramsey in the {|01),|10)} basis.

We start in the state [01) and then use H, to make a m/2 rotation about the y-axis in the
{|01),]10) } subspace preparing the state

1

U_(t =0) = — (|01) + |10)).

S

2
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SWAP WAIT SWAP

o %,

Figure 10: A circuit for performing the Ramsey experiment described in Sec. III. The final
three X rotations on the second qubit should be included to prepare W_ and left out for V.

We have

ie—i(bl—bg)t |01> + Lei(bl_bQ)t |10> ,

V2 V2

and the probability of being in the state |10) after a time ¢ is

U_ () =

1 1
P :§+§cos[2(b1—bg)t],

so the period is 7_ = 7/ |b; — bs|. As above, we have
/TS ~ 4 {[(0by — 0b)%)

and the number of oscillations is

) N b1 — by
T Am {[(0by — 0be)]?)

For perfectly correlated collective dephasing (b; = be), N_ diverges, and again we have

a DFS.

These two experiments suffice to identify the approximate DFS. If T," > T, then we have
the “+” subspace, while if If T, > T, then we have the “” subspace, This determination
then fixes all the protocols that we will recommend below. If there is strong noise that
also flips the qubits, then (absent artificial symmetries) we do not expect to have even an

approximate DFS.
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Remarks

There are several gate sequences that will perform the measurements of correlated noise. A

particularly simple set is shown in Fig. reffig:swseq.

Once the determination of T2(+) and T2(7) has been made, we extract the correlation

function Sis (w) as follows. Since

1
W ~ 4 <[<5b1 :t 6b2)]2>w
2
= 4((db1)? % 26b10bs + (3b2)%)
we deduce that
1 1 1 8

= —+

+ — lim S5 (w) .
TQ(i) T2(1) 12

T2(2) A2 w—0

This determines Sis (w), which can also be thought of as a quantity that breaks a sum rule
on the T5’s - the direction of the breaking depending on whether the noise is correlated or
anticorrelated. Of course this is only a rough relation. If there are differences in frequency
dependences of the various S;; (w) this can modify the conclusions. There is of course nothing
in this analysis that limits it to a two-qubit system. In a many-qubit system, S;; (w) can be

measured in exactly the same way for all pairs.

For ease of presentation we have stuck to the approximation that dephasing depends
only on the zero-frequency limit of the S;;’s. Obviously this is not the case for general
frequency dependences, and the appropriate modifications lead to substantial quantitative
changes in the various Ty’s [74]. However, the theory is the same for 74" and T\ as it
is for the usual single-particle quantities 7 2(1) and TQ(Q), so the standard improved formulas
can also be applied to better determine the cross-correlation functions. Furthermore, the
noise spectroscopy experiments that have now become routine in single-qubit experiments
[67] to determine Sy; (w) can be done in exactly the same way to find Sys (w). The “wait”
period in Fig. reffig:swseq is modified to include a sequence of X; X, gates corresponding

to a frequency comb which decouples the system from noise at specific frequencies [65, 66].

This can be varied to reconstruct the entire noise spectrum.
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0.13 Local Decoherence Measures

With the noise correlations determined, how can we use the knowledge gained to improve
the performance of a quantum information processing device? DFS theory offers a simple
solution. We set the initial state of the computation to be in the DFS, and we design all
subsequent unitary operations so that they never rotate the state out of the DFS. This

procedure in principle eliminates decoherence.

In the 2-qubit system with a 2-dimensional DFS we do not have this luxury. The DFS is a
two-dimensional subspace so no non-trivial quantum operations are possible. Furthermore,
a realistic many-qubit system will not admit a perfect DFS. Still, we can hope to reduce
decoherence for the two-qubit system, even if the DFS is only approximate. For a given
processing task, many gate sequences are usually possible. The idea is to choose the one most

resistant to correlated noise. We achieve this by taking inspiration from the DFS procedure.

In the pure dephasing model we are considering, the only candidates for perfect DFSs are
span {|00) , [11)} and span {|01),]10)}. If T2(+)/T2(_) is finite, then there is no DFS. Never-
theless, if T2(+)/T2(_) < 1, then span {|01),|10) } is the “good” subspace and if T2(+)/T2(_) > 1,
then span {|11),|00)} is the “good” subspace. As might be expected from symmetry, our

conclusions are equally valid for the two cases.

Since the subspaces are good but not perfect, this picture suggests the idea of defining
a measure of decoherence for every point in the Hilbert space when noise correlations are
present. We call these “local” decoherence measures, “local” here referring to Hilbert space,

not real space.

We define two such measures. The first is a geometric measure, called d, (1)), where
|1) is any vector in the 4-dimensional 2-qubit space. Let B be an orthonormal basis for the

DFS. The projection operator onto the DFS is

P=>"|6) (gl

lp)eB

and then
dyg = |(I — P)y|?
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returns the square of the perpendicular Hilbert space distance from v to the DFS. This gives
a very simple geometric picture of the decoherence rate of the state as depending only on
the distance to the DFS. Clearly d, <1 and d, = 0 for |¢) in the DFS.

The second decoherence measure, called d. (]1)), is obtained by studying the purity ~
of a density matrix p of the 2-qubit system, defined as v =Tr(p?). v = 1 for a pure state
since then v =Tr(p?) =Tr(p) = 1. For the completely mixed state p = I /D, where D is the
dimension of the Hilbert space we find v = 1/D. Our interest is in the case D = 4. To
use 7 to form a local measure of decoherence in the Hilbert space we imagine initializing
the system at time ¢t = 0 in the state p(0) = po = [¢) (¢| so that v (t =0) = 1 and then
watching v decrease with time under the influence of the noise Hamiltonian H,. Denote
averages of - over noise realizations by [-],,. In this case, dp/dt = p' = —ih|p, Hp|s, . We are

only interested in the short-time behavior of v so we get

+(6t) = Tr [p(6t))?

1 2
~1—Tr [&pg + §5t2pg}

av

We identify
do([)) = Tr [pg Hy: — poHnpoH,]

av

as a measure of decoherence that describes how susceptible the pure state p(t) is to mixing
by the noise. Once again, py = [1) (¢| so d, is a decoherence measure associated with a point
in the Hilbert space of the computer. d. = 0 if |¢) is in the DFS since H,, acts as a constant
operator in the DFS and [po, H,] = 0. Unlike d,, however, there is no upper bound on d.,
and d. has no natural normalization. However, it is only used for comparison of circuits, so
this is not a severe drawback.

The two measures differ considerably in their generality. d, relies only on the identifica-
tion of a DFS and can be thought of as an extension of the DFS concept. By contrast, to

compute d. one needs only the noise Hamiltonian. d, is simple to compute and to visualize.
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But d. gives a more complete picture of the decoherence. It is possible that the decoherence
is not even a monotonic function of the distance from the approximate DFS. d, obviously
does not capture this possibility. Finally, d. can clearly be computed also for mixed states,

while d, cannot be, at least by the above definition.

In the course of a quantum information process, an ideal computer remains in a pure state
|1 (t)) that traverses a path in Hilbert space from the initial state |¢) (t = 0)) to the desired
final state |¢ (t = t;)) that encodes the answer to the computation or other process. Given
this trajectory we can also compute d, (t) and d. (t). If these quantities are big on average
over the interval 0 < ¢ < ¢4, then we expect poor fidelity in the result. Of course there is
a choice of gate sequences (actually an infinite number) that will take the computer from
| (t =0)) to |[¢ (t =tf)). The choice is usually determined by brevity and experimental

constraints.

The central contention of this chapter is that one should also take into account the
minimization of decoherence. A gate sequence that minimizes d, (t) and/or d.(t) in the
presence of correlated noise should be preferred. Of course for this small system the fidelity
itself can easily be computed and used to minimize the decoherence. However, it is often
difficult to understand purely numerical calculations of the infidelity, and the use of d, and d.

gives physical insight and, as we shall see, can also suggest generalizations to larger systems.

0.14 Results

We test these ideas on two quantum information processing tasks that can be carried out in
two-qubit systems, the Deutsch-Jozsa algorithm and Bell-state preparation. These choices
were motivated mainly by the fact that they have been carried out successfully in recent
experiments [63] so we can use sequences that have actually been shown to be successful.
Note that the Bell-state preparation is part of the circuit required for the measurements

described in Sec. III.
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Noise Model

During the course of the tasks the system is subjected to quasi-static noise with §b =
(8by, 8by)T sampled from a bivariate Gaussian distribution with density

17 -
exp <—§5b Eléb) .

1
Sby, 0by) = ————
J(0b1,0b,) 2m/det &

The model assumes zero mean (any deviation from this can be absorbed into the static
Hamiltonian Hj) and covariance
2
o co10
5 i 102
CO102 O'%
where o, 5 is the noise strength at qubits 1 and 2 and and c is their statistical correlation. We
begin with a simple model in which there is complete correlation of the noise: db; (t) o< dbs (1).
The strength of the noise may be different on the two qubits. This is quantified by a qubit
asymmetry r = oy/09, the ratio of the width of the field distribution on qubit 1 to that on

W

qubit 2. For r = 1 we are in the subspace. We stress that this fully characterizes the

assumed noise model, whether or not several mechanisms contribute to the decoherence.

Further, we take the noise to be quasistatic, so in general noisy non-unitary evolution is
achieved by averaging over unitary transformations obtained from exponentiating H,,. For

this case, we can develop analytic expressions for the decay times.

e*i(b1+b2)t/h

e—i(bl—bg)t/h
U — e—iHnt/ﬁ —

pilb1=b2)t/h

ei(b1+bz)t/ﬁ

We perform the averaging by integrating the unitary evolution over the probability dis-

tribution function implied by our model.

p(t) = Up(0)UT UTe D" 2710/2qp

|
T on/det n / Up(0)
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We are interested in 75 for Bell states |V, ) = % and |[V_) = % Thus, we evolve
these states and extract the characteristic time scale of the decay of off-diagonal elements of
the resulting density matrix. Let’s proceed with p(0) = |W, ) (¥, |, the other case is almost

identical.

1 e—?i(bl—bg)t/ﬁ

T=1/2
Up(O)U / e2i(b1—b2)t/h 1

So we have to calculate

1 pT 1
01|Up(0)UT[10) = - / (b —ba)t/h =BT 2] 160
OTAOT10) = 5 x —r (160)
1
=S ex xp [—2t*(0} — poioa + 03) /1] . (161)

So the decay is Gaussian, and the associated time scale is

< 1 >2 - 20% — 2p0109 + 03
150110 h? .

We state the result for the |¥_) initial state

( 1 )2:20f—|—2p0102+0%.

T5 0011 h?

Single qubit T5’s can be obtained in the same way. This allows us to determine oy, 09,

and p with single qubit T3’s plus one of the 2-qubit T3’s. To be explicit;

2
1 B 202
T2(i) TR

We can re-write the 2-qubit 75’s in terms of this

2 2 2
1 () (e 5, L 1
Toono) — \ 7V P "o @
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Then the correlation can be obtained via

2 2
VeSS LYy L (1 ( 1 )2
P 2 TQ(I) T2(2) T5 0011

For a more general error model where ¢ # £1, decoherence is simulated by averaging the

dynamics over many realizations of the noise numerically. The number of realizations is de-
termined by examining the convergence of the computed quantities as the number increases.
We used a convergence criterion of 2%, which was typically achieved after averaging over

about 1000 realizations.

Deutsch-Jozsa Algorithm

As the first example, we consider two gate sequences for performing the Deutsch-Jozsa
algorithm with a quantum oracle that encodes a balanced function. Following [63], Uy, =
CNOT is implemented via exchange interaction and single qubit rotations. Two circuits that
perform this algorithm are given in Fig. 11. Even though the initial and final states are the

same, the sequences differ very substantially, particularly in their one-qubit gates.

DJ DJ Had
e e HE-
Uy, Uy,
— Y_T,/g — — Y?T/2 — X‘?T
Bell SWAP Bell CZ
— Zrj2 — — Yz 2 Yoo b
v SWAP CcZz
Xr — — Y2

Figure 11: Gate sequences for performing common two-qubit information processing tasks.
Top left (right) is the Y-gate (Hadamard gate) circuit for performing the Deutsch-Josza
algorithm. Bottom left (right) is the vV SW AP (CZ) circuit for preparing a Bell state.

We calculate the ideal unitary evolution for the noise-free system, easily obtained from

the gate sequences. We also compute the non-unitary dynamics of each circuit when it is
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~ DJHad (r=1)

time (a.u.) time (a.u.)

Figure 12: Two different circuits (Fig. 11) for performing the Deutsch-Jozsa algorithm are
compared using infidelity along with d,(¢) an d.(t) for the function Uy, = CNOT. The
circuits are subject to perfectly correlated quasistatic Gaussian dephasing noise where the
ratio between the noise strength at the two qubit locations is r. Gray lines divide the time
axis into intervals corresponding to each gate in the circuit.

subjected to noise. The results are summarized in Fig. 12. Comparison of the results of
the two calculation allows us to plot the infidelity (1 — F, where F is the fidelity) as a
function of time. For the computation of dy(¢) and d.(t) we need only the noise-free state.
dy(t),d.(t) and the infidelity are all plotted as a function of time in arbitrary units for two
different values of r. The relative times for each gate are taken from Ref. [63]. The success
of the decoherence measures should be judged by the extent to which they resemble the time

derivative of 1 — F.

We focus first on the left panel of the Fig 12, in which the “Y-gate” circuit is analyzed.
One first notes that although d,(t) and d.(t) track each other for a substantial portion of
the evolution, there is also quite a bit of disagreement between them reflecting the fact that
decoherence is not just a matter of distance from the DFS. In part this is because d,(t)
is not sensitive to varying r: indeed its construction assumes an r = 1 DFS. This is true
even though we chose a quite simple noise model. The difference between d,(t) and d.(t)

allows us to distinguish certain ways in which one is better than the other. For example, at
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short times 1 — F' rises quadratically with time. This is in disagreement with the geometric
measure, since dy(0) is finite. The purity measure, which is linear in ¢ at small times, does
better. On the other hand, both measures capture the leveling-off of the infidelity at the end
of the interval. In between, the main difference in d,(¢) and d.(¢) is the two bumps in d.(¢).
This is reflected only to a very small extent in 1 — F.

The results for the two values of r are rather similar. There is one interesting difference
at around ¢ = 1.5, where d.(t) captures the momentary leveling-off in the infidelity better.
Comparing r = 1 (top) with r = 1/2 we see that d, is not affected by r, whereas d. and
1 — F are somewhat reduced. Again, d. seems to be the slightly better measure.

The right panel shows the same analysis for the “H-gate” circuit. This circuit has an
anomalous region, near t = 2, where the infidelity actually decreases with time. One can
trace this behavior back to an echo effect provided by the X and H gates. These subtleties
are not captured by d,(t) or d.(t), which are of course both non-negative. Apart from this,
the virtues and deficiencies in d,(¢) and d.(¢) are as in the other circuit. Note that both
predict the increase in the infidelity at the end of the time interval.

As for using d,(t) and d.(t) to decide between the two circuits, the anomalous echoing
effect clearly reduces the usefulness of the two measures. Overall, both d,(t) and d.(t) are
larger for the “Y-gate” circuit, but the final 1 — F' for the two circuits is actually about the
same.

In Fig.13 we compare the final 1 — F" and the time integral of d.(t) for a large range of
values of the asymmetry r and the correlation ¢ for the Y-gate circuit. In this circuit there
is no anomalous behavior of 1 — F'. It seems that when this is the case, then the integral of
d.(t) is indeed a good predictor of fidelity for correlated (¢ = 1), uncorrelated (¢ = 0) and
anti-correlated (¢ = —1) noise. This is true even when the noise is much stronger on one of

the qubits.

Bell-state Preparation

The circuits start from an initial state [00) and end in the Bell state (|01) + |10)) /v/2. The
first circuit we call the vV SW AP circuit and the second is the C'Z circuit. The names reflect

the fact that the main difference between the two circuits is the nature of the entangling
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Figure 13: The final infidelity and integrated purity decoherence d. for the Y-gate Deutsch-
Jozsa gate sequence with Uy, = CNOT'.

gate. d,(t), d.(t), and 1 — F(t) are plotted in Fig. 14.

The comparison of the two circuits is more straightforward here, since there is no anoma-
lous behavior in 1 — F(t). In the CZ circuit, the time integrals of d,(t) and d.(t) are
both clearly bigger than in the v/ SW AP circuit. Both measures predict that the final 1 — F
should be bigger for the C'Z circuit, and indeed it is. It is also true that the shape of 1 — F'(¢)
resembles the integral of d.(t).

Passing to the r-dependence of the v/ SW AP circuit, we note that at later times ¢ > 2,
d. (t) shows significant differences between the r = 1 and r = 2 cases. This is faithfully
reflected in the higher final infidelity for » = 2. We note once more that near t = 0, d,. (¢) is
linear in time, while dy(¢ = 0) is finite and 1 — F' is quadratic. Thus d. (t) always seems to
be superior to d, (t) when 1 — F' is small.

In Fig. 15 we again plot the the final 1 — F' for a range of r and ¢ and compare it to the
time integral of d.(t) for the v/SWAP Bell-state circuit. In contrast to the Deutsch-Jozsa
Y-gate circuit, there are substantial differences between the two quantities. We see that
the impurity is roughly independent of the asymmetry r, both qubits contributing roughly
equally. In contrast, the fidelity depends more strongly on the asymmetry. This comes from
the asymmetry of the circuit itself, specifically that there is an X-gate applied to qubit 2 but
not to qubit 1. The X-gate echoes away the decoherence created by noise on qubit 2 but
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Figure 14: Comparison of two circuits for preparing the state ¥ = (|11) + [11))/v2 to
perform one of the measurements described in Sec. II. The left panels are for the Bell SWAP
circuit and the right panels are for the Bell CZ circuit. The top panels are for r = 1 so
the noise strength is the same on the two qubits. The bottom panels are for r = 2 so the
noise strength is stronger on qubit 1. The solid blue, dotted green, and red dashed lines are
respectively the state infidelity 1 — F', the DFS projection metric d,, and the purity-based
decoherence d,. for each circuit as a function of time. The system is subject to quasistatic
Gaussian dephasing noise. dy(t) and d.(t) are scaled and overlaid against the infidelity to
illustrate how they capture dephasing effects. Gray lines divide the time axis into intervals

corresponding to each gate in the circuit.

not that on qubit 1. Thus, once more we see that echo effects can reduce the information
supplied by local decoherence measures. This indicates a subtle but important drawback
to the use of d.(t) as a circuit quality measure, which stems ultimately from the difference
between purity and fidelity. Consider the enlarged state space of the 2-qubit circuit as the
real 15-dimensional Hilbert space of density matrices (actually a compact subset of this space
when positivity constraints are added.) Each density matrix is a point in the space. The
pure states live in a 6-dimensional submanifold. 1 — F' is a measure of the distance in this
space from the desired final state to the actual one: we may think of it as the length of the
difference vector. The desired final state is a pure state. The integral of d.(¢), however, only
provides one component of the difference vector - essentially the vector that is perpendicular

to the subspace of pure states. There is also a component of the difference vector parallel to
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Figure 15: The final infidelity and averaged purity decoherence d. for the v/ SWAP Bell-state
circuit. As explained in the text, the purity decoherence serves as a good predictor for the
derivative of the fidelity so the integral, or average, over the gate sequence shares the same
features as the infidelity.

the subspace. The vectors are shown schematically in Fig. 16.

0.15 Extension to Many Qubits

As noted above, if only a few qubits are involved and the noise model is known, the best
strategy for deciding on a gate sequence is simply to calculate the infidelities. As the num-
ber of qubits increases, the length of this computation increases exponentially, and it soon
becomes impractical. The same holds for the computation of d, (t) and d. (t), since they
depend on the many-body wavefunction. The question is whether we can use the physical
insight gained for few-qubit systems to give a meaningful presciption for “scoring” long gate
sequences in a multi-qubit computer. We propose that this is indeed possible, based on a
picture of the errors that occur during the computation as steps in a random walk, the walk
taking place in a moving frame generated by the algorithm.

The density matrix space R for an n-qubit computer has real dimension 4™ — 1. The
Hilbert Schmidt inner product on R defines what is essentially a Euclidean distance metric.

An error-free computation with circuit depth k& consists of a sequence of k points in this
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Figure 16: Schematic projection of the 2-qubit state space R as a ball with the boundary
containing the pure state submanifold. The pure initial (p;) and error-free final (py) states
of an algorithm, and the partially decohered result of running that algorithm in a noisy
environment are labeled (py). State fidelity F' provides a measure of closeness between the
two states py and py, while the impurity 1 — v only represents closeness to the pure state
subspace.

space, labeled p;, t = 0,1,2..., k. The states p; are all pure, so this ideal evolution takes
place in the 2"*! — 2-dimensional submanifold of pure states. This non-random evolution
moves by large distances at each step and defines a moving frame in R. In this moving frame
the errors define a random walk, assuming that there is no correlation between the sequence

defined by the algorithm and the local decoherence.

Taking a clue from the definition of d,, decoherence will be worse if the random walk
increases the perpendicular distance of p; to the DFS. If we could compute a probability
distribution P, for the perpendicular component of the steps in the walk then the expected
value of the perpendicular distance after ¢ gates would be (d?)'/? = \/tL, where L is the
rms step length computed using P,. We may think of different gate sequences as having

different P, .

We therefore assign a “perpendicular step size” to every one or two qubit gate G. Since
the walk takes place close to the manifold of pure states, We can use the usual Hilbert space
‘H and we arrange the basis of H so that the D basis vectors of the approximate DFS, which
we call C, come first, and the 2" — D vectors of the orthogonal complement C; come second.
We then partition the unitary matrix of GG into four sectors:

Gy, M

G = )
M G,
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where G and (i move the state around C and C, respectively. M and M’ move weight
between G| and G .. A “good” gate has M = M’ = 0 since a state in C' undergoes no
perpendicular motion and therefore remains in C and a state in C; undergoes random motion
that is not biased in the perpendicular direction. M and M’ give perpendicular motion and
if they are large then G is a bad gate, i.e., one that we expect will increase the decoherence to
which the state is exposed. To quantify this we use the unitarity of G and index the blocks
of G as follows. The upper left corner G| is indexed by sg, = (i,j) such that 1 <7 < D and
1 < j,< D; the lower right corner G is indexed by s¢, = (i,7) such that D+ 1 <i < Dy
and D +1 < j < Dyg; the upper right corner M is indexed by sy = (i,7) such that
1 <i<Dand D+1<j< Dy; the lower left corner M’ is indexed by sy = (i,7) such
that D+1<i:< Dygand 1<j5<D.
We then define

1/2
B@G) == > IMyP+ > M|
(4.5)€sm (i,4)Espp
which is just a Euclidean measure of the size of the off-diagonal blocks. This may be thought
of as the “badness” of G. The unitarity of G' and the fact that one- and two-qubit gates are
nearly diagonal imply that 0 < B < 1. Table 1 gives the badness of several common gates.
A circuit A then may be thought of as a random walk with N4 gates and the analog of the

integral of d, over the total circuit is

da= Y B(G).
G

We expect the infidelity to be roughly proportional to this quantity. The key point is
that we never need to compute any wavefunctions or other many-body quantities. Each one-
and two-qubit gate has only a small number of off-diagonal elements, so the computation of
B is efficient - in fact it is very fast. Thus we may score different gate sequences and choose
the right one for our multi-qubit computation without prohibitive overhead.

We now propose a protocol for improving the performance of a many-qubit computer.

The first step is a calibration phase, in which the experiments given in Sec. III are performed



82

G B(G) C dy 1-F
X 1/2 Bell SWAP 0.500 0.004
Y 1/2 Bell CZ 0.728 0.011
Z 0 DJ 0.912 0.019
H 2-5/4 DJ Had 0.951 0.034
CNOT 273/2

Table 1: On the left, badness B(G) for some typical one and two qubit gates G. The right
table shows d4 for a few of the circuits studied above, demonstrating the correspondence
between d 4 and final state infidelity. The calculation assumes the existence of an approximate

DFS spanned by {[14), [{1)}.

for each pair of qubits. This gives all two-point correlation functions. Each pair of qubits is

W

assigned a “+” sign or a “-” sign according to the results for T;,” and T, . This then determines
an approximate DFS for each pair. In the second step every one- and two-qubit gate G is
assigned a score B(G) and each candidate circuit A is assigned a score d4. Finally, the
circuit with mininum d4 is chosen.

Our model system gives numerical evidence for the validity of this idea, since it can
process tasks with distinct circuits. These are the same circuits for Bell state preparations
and the Deutsch-Jozsa algorithm from Sec V. Table VI.I shows some individual gate scores,
and then d4 and 1 — F for 4 circuits. One sees that 1 — F' and d4 are monotonically related,
but not strictly proportional. This result is encouraging, but it is obtained for a very small

system. Further work on larger systems will be needed to confirm the basic concepts and to

refine the protocol.

0.16 Discussion

We have presented a method to measure spatial noise correlations in quantum information
processors, focusing on those correlations that are most important for error mitigation. It
was formulated for a 2-qubit machine, but it is clearly also immediately applicable to any
2-point correlation in a machine of arbitrary size. This information is sufficient to identify
approximate DFSs, which in turn informs the design of gate sequences. This is done by

identifying decoherence measures that are local in Hilbert space, and using sequences that
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avoid regions where these measures are high. These measures can only be computed in
few-qubit systems, which limits their usefulness. However, they point the way to a method
that assigns scores to individual gates even in many-qubit systems. By means of a picture
of errors generating a random walk in the state space, we can give a score to any candidate
circuit. A circuit with a low score will be more resistant to correlated noise. This is confirmed
by numerical calculation on a two-qubit system.

The method clearly does not offer a complete picture of the situation.

We found in particular that some circuits have echo effects that actually increase the
fidelity (at least for a short time). Our decoherence measures do not capture this, though it
is unclear whether this is ever a large effect.

It is also unlikely that the method is very useful for very general error models. We consid-
ered only dephasing noise. It is easy to produce 2-dimensional DFSs for this type of noise.
If other noise that, for example, flips spins, is added, these DFSs disappear immediately.
That does not prevent us from defining the decoherence measure d., which we found to be
the most useful one, but if it varies little as we move around the space, it loses its power to
distinguish different circuits.

The many-qubit method is however well-designed to be used in conjunction with error
correction. It assumes that the system stays reasonably close to the pure state manifold,
meaning that its usefulness degrades as k, the circuit depth, increases. However, if k instead
represents the number of gates that are performed between each error-correction cycle, k can

optimized to take advantage of our method. &k will be larger for better circuits.
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Coherent Error Correction

0.17 Fault Tolerance

A quantum error correction scheme encodes a logical qubit in many physical qubits. The
usefulness of one of these schemes is characterized by its threshold physical error rate py,.
For physical qubit error rates lower than py,, the encoded qubit will suffer logical errors less
often than any of the physical qubits. This ensures that the encoding is actually protecting
the data rather than just complicating it, and allows us to design a concatenated scheme
of codes to reduce the logical error rate arbitrarily close to 0. If logical errors can occur
due to a single physical error happening somewhere in the circuit, there is no chance for a
threshold error rate. A way to protect against this problem is to insist that the circuit is
“fault tolerant.” A fault tolerant error correction circuit is defined through a few principles,
the most relevant for this work being that a single error on a physical qubit during the error
correction circuit does not propagate to many errors at the output. A fault tolerant circuit
will have logical error probability proportional to the physical error rate squared, at worst.
This ensures a finite threshold error rate.

Naive implementations of coherent error correction circuits (CEC) in [75] violate Shor
and Preskill’s principles of fault tolerance. These circuits have many data qubits coupled to
the same ancilla qubit via CNOT gates. The “back action” of these CNO'T gates allows for
the propagation of one phase error in the ancilla to propagate to many errors in the data.
The typical resolution of this for stabilizer codes is to use many ancillas. The number of
ancillas necessary for any given syndrome measurement should be equal to the number of
1s in the row of the parity check matrix corresponding to the syndrome bit. In stabilizer

language, the number of ancillas should be equal to the weight of the stabilizer operator that
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is being measured. Many of the CEC Steane code and Bacon-Shor code implementations in

the literature do not include these extra ancillas they do not produce threshold values at all.

Back-Action Error Propagation

Preskill writes “if a phase error occurs in one qubit, and that qubit is then used as the target
qubit of an XOR gate, then the error will propagate ‘backward’ to the source qubit." [56]
Here we will exemplify this notion and explore how it affects circuit construction for CEC.
Consider two qubits coupled together with a CNOT gate. These will soon adopt the roles of
a data qubit in state 1)) and an ancilla qubit prepared in the |0) state. Using a well-known

identity we have the following.

e
&

This can be shown quite simply in the computational basis where the action of the CNOT

gates are given by the following unitary matrices.

[00) [01) |10) |11) [00) |01) |10) |11)
(00| 1 0 0 O (00| 1 0 0 O
(01] O 1 0 0 (01 0o 0 O 1

—— _ oy
—h— (0] 0O 0 0 1 — e (10 0O o0 1 0
(11 o 0 1 0 (11 O 1 0 0

So we can compute the left hand side of the identity and we find that is indeed the matrix

for the CNOT gate with qubit 1 acting as the control.

1 -1 -1 -1 1000 1 -1 -1 -1
., @O@—Il 1 1 -1 1 000 1 1 1 -1 1

41 1 101 1 0010 -1 -1 1 1
G2 —{H|——{H] 1 1 1 -1 0100 1 1 1 -1
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To see how the “back-action" error works consider two qubits in general states |¢)) = a |0) +
b|1) and |¢) = ¢|0) + d|1). We introduce a phase error on the second qubit before the gate

operation.

6) —{Z]-—

1 0 0 0 1000 ac ac
0 -1 0 0 0100 (| ad]| | —ad
00 1 0 000 1 be || —bd
00 0 -1)\0oo01o0 bd be

We can understand this a little better by relating this final state to the state we would have

expected with no error.

10 0 0) [ ac 10 0 0Y({1000) /[ a
o -1t 0o o|fa| o=t 0 o0]|[o100]|]|a
o oo “10 bd | o o —10]loo0o01 be

00 0 1 be 00 0 1)J\oot10]\ b

Comparing the first and last expressions in the above chain of equalities we have

—— —1
—2}=<

The Z operator on the control qubit exemplifies the unwanted back action.

>
D
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N

To see how this effect occurs in stabilizer circuits, we will consider a method to extract
syndrome information. Schematically, we couple a set of encoded data qubits to an ancilla

qubit can with the following circuit, which stores the measurement value of Z;Z, on the
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ancilla.

70—

0) T

A%

In principle, this is not fault tolerant. A single Z error on the ancilla qubit will propagate

to the data qubits.

1) (1) ——4—— 2}
|19) = [1)9)

0) <z} 10)

In practice, however, the output of this circuit is identical to the errorless implementation

1z}
7

>
4R\
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>
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depicted above. This can be a source of logical error if these CNOT gates are situated
between Hadamard gates. Storing stabilizer values in QEC involves these problematic gate

sequences in both measurement-based and coherent error correction.

—z-¢ 7] 7]

The phase flip on the ancilla propagates to the data qubit and shows up at the output as

a bit flip error. If this ancilla is coupled to two data qubits, the circuit is not fault tolerant.

[ih1)
[v2) —{H] [ H]

0) .

Now we can see what happens if a phase error occurs on the bottom qubit.

) —{H] (H]  X|¢n)
|v2) — H]| (H| X |1ho)
10) L 10)
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This circuit fails to meet the requirements of fault-tolerance since a single qubit error prop-
agated to many data qubits. Situations like this are not always fatal, as we will see when we

consider a real stabilizer code in the next section.

0.18 Steane Code Circuit

We do not review the full Steane code here, but the most important facts are that it is
distance 3 stabilizer code, so it can correct all single qubit errors. It is also a CSS code,
meaning we can separate the stabilizer generators into X-type and Z-type, so we can correct
the two types of errors independently. It is useful to think of the circuit in Fig. 17 in
quarters. The first and third quarters extract error syndromes for Z- and X- type errors,
and the second and fourth quarters correct those errors. In contrast to most stabilizer code
circuits, we use an extended set of stabilizers to identify errors. Typical implementations of
the Steane code require the extraction of six stabilizer generators repeated until a majority-
rules criterion is met to ensure that correction operations are actually due to qubit errors
and not faulty measurements. Here, we instead extract syndromes using the entire stabilizer
group to build in the redundancy we need to ensure fault-tolerance. More detail on this is

given in the next chapter.

The C,NOT gates used for error correction are inherently fault tolerant since it takes
several faulty ancilla qubits to flip a data qubit. The problem appears in the syndrome
extraction portion of the circuit. In Fig. 18 we can see several data qubits coupled to the
same ancilla qubit. This is how we store the value of the stabilizer operators for this code.
For example, the first ancilla qubit stores the value of the stabilizer X; X5XgX7. Since this
ancilla qubit is coupled via C NOT gates to several data qubits, a phase error on this ancilla
qubit would propagate to four data qubits. There is no issue here, since the error propagated
to the data is in fact in this code’s stabilizer group. The dangerous errors are those which

occur on an ancilla qubit after two C'NOTss.
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Figure 17: The proposed full coherent error correction circuit for the Steane code with
redundant stabilizer measurements. It is best to think of this in quarters, the first extracting
syndromes for phase errors, the second correcting them and the last half doing the same for
bit flip errors. R gates reset the ancilla qubits to |0)

1) @ @—@ 9

lg2) —{ 1] [H] [z} B %
s} {17} (@] Z] :

las) —{H] [H] [Z]

las) —{H] [H] [Z] 4

las) —{ ] z—{H % (7] & %
lar) —{ 1} Z{H | [Z] X
|0) ¢ EG—D [R] & R+
10) < G (7] S > g
10) ¢ > (R} ——— D—% [r}-
10) ———— [E] > O—B——% e
10) O——p—d— (7] S (R}
|0) Ay S o @ N s \ X @
10) ¢ a ¢ % 7

Figure 18: A possible fault path demonstrating how a single physical error can produce a
logical error in the error correction circuit in Fig 17. The physical error is in blue, and the
propagation of that error through the circuit is highlighted in red.

Back-Action Logical Errors

The other where either one, three, or four errors are propagated to the data are not dangerous.

Four errors will always be equal to a stabilizer, one error will be corrected appropriately, and
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three errors are the same as 1 error, up to multiplication by a stabilizer. If a phase error
happens on an ancilla qubit “halfway” through a syndrome extraction sequence, this phase
error will propagate via C NOT back-action to two data qubits. These phase errors will be
rotated into bit-flip errors by Hadamard gates. In the bit-flip syndrome extraction phase,
these two errors will be interpreted as a third error. In Fig. 18 we see that the CNOT}
gates controlled by the faulty sixth and seventh data qubit will target the ancilla qubits
associated to the Cy NOT gate which corrects the second data qubit. This amounts to three
bit flip errors at the end of the error correction circuit due to one phase error in the ancilla.
These three errors will amount to a logical X error on the data. This is not a pathology of
our circuit, but rather a consequence of the code. That is to say, we cannot eliminate this

problem by re-ordering gates or choosing new stabilizers.

To understand this we can look at the algebra of syndromes for the Steane code. Via
back-action, a single phase error can result in two bit-flip errors. Supposing we take 2n
stabilizers, these bit flip errors X; and X5 will have associated syndromes S7, S in a vector
space of dimension n over Z,. Storing both S; and then S5 on n ancilla qubits will cause
the circuit to read the syndrome S3; = S & S5. Since stabilizers form a group, this will be a
legitimate syndrome indicating a single qubit error in the data block other than X; or Xo.
The C, NOT gate controlled by S5 will erroneously introduce a bit flip X5 to the data block.
The combination X; X5 X3 will always be equal to the logical X operator on the code. The
syndrome (S; @ Ss) ® 51 & Sy = 0, so X7 X5X3 commutes with every stabilizer. Since it is

not a stabilizer operator we can be sure it is a logical bit flip error.

If these errors are truly present, they should dominate the logical error rate at low physical
error rates and we can make a prediction for pi,y(p). This amounts to counting the error
sites between the first and second pair of CNOT' gates on each ancilla qubit and modifying
this number by the fraction of errors that will involve a phase flip. These modifying factors
arise from observing that two of the three single qubit errors and 8 of the 15 two qubit errors
involve phase rotations. This counts the number of possible single errors that result in logical
errors, hence giving us a prediction for the logical error rate as a function of the physical

error rate. If the dangerous memory and gate error sites are Ny,emory and Nyqte Tespectively
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we have

2 8
plog(p) = <Nmemory X § + Ngate X E) p+ O(pQ) ~ 11.73 p.

This prediction is plotted on top of the simulated results in Fig 19.

Simulation Comparison

The presence of logical errors that occur at a rate proportional to the physical error rate
means that this circuit should have no threshold. We then need to explain why previous work
indicated otherwise. This stems from a crucial assumption of the prior simulation, which is
that ancillas can be treated as purely classical bits. Each of the ancilla qubits was stored as
either 0 or 1, and if in the course of the random error assignment a phase operator Z was

applied to an ancilla, it was instead replaced with the identity. To test the validity of this

10°
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P

Figure 19: Simulation data comparing two methods of treating ancilla qubits in the coherent
error correction Steane circuit. We emphasize that both curves are produced by the same
circuit. The difference comes from the treatment of ancillas as either quantum or classical
bits. The dashed line represents p;,, = p.

assumption, we simulated the same circuit first using classical ancillas and again treating
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data and ancilla qubits alike. The results are plotted in Fig. 19. In the first case we see a
threshold value ~ 107° and in the second case there was no threshold and the data matches
our prediction based on back-action induced logical errors very well. We see that back-action

induced logical errors indeed dominate p,, at low p.

Revised Circuit

Fortunately we can fix this problem. While there are several single ancilla errors that may
propagate to many data qubits, there are only a few of these that cause logical errors. This
is because of the stabilizer structure of the code. If we can arrange gates to extract each
stabilizer in a single time step, therefore eliminating the possibility for errors to happen
during syndrome extraction, we can recover a threshold even with realistic ancilla qubits.
By using CNOT}, gates for syndrome extraction, the circuit in Fig 20 has this property.
Although a single error on the ancilla can propagate to many data qubits, this will always
result in a multiqubit error that is in the code’s stabilizer group, hence there is no effect on
the state of the data block. We emphasize that stabilizer extraction in a single time step
is the key revision, since otherwise this method is not fault tolerant and there will be no

threshold.
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Figure 20: Revised syndrome extraction avoids any logical errors through back-action by
extracting each stabilizer to an ancilla in a single time step.

Upon revisiting the circuit with correct treatment of ancillas and some other details

adjusted to produce a more realistic threshold and we found py, = 3.88 x 107°.
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Figure 21: The behavior of p;,, with the revised circuit presented in Fig 20 showing that
a threshold does exist when we consider quantum ancilla bits. The dashed line represents

Plog = P

0.19 Stabilizer Simulation of Non-Clifford Controlled Gates

QEC circuits can typically be divided into two parts, syndrome extraction and error cor-
rection. Syndrome extraction refers to encoding the values of stabilizer operators on the

possibly erroneous codeword stored on the data qubits to the ancilla qubits.

[¥) — — —

o Syndrome Extraction Error Correction
0" — H -

In this chapter’s circuits we have used several Cy NOT gates to do error correction. To
simulate them, we had to work around the fact that these gates are not simulable in the
stabilizer formalism |76]. Here we aim to show that a C, NOT gate can be simulated in the
stabilizer formalism using false “measurement.” We do this by showing that after syndrome
extraction the state of the data and ancilla is separable, and we can write the state as a

product of data and ancilla states. The syndrome extraction portion of the circuit consists
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of gates which encode the syndrome into the ancilla and Pauli errors that may occur on any

of the data or ancilla qubits. First we need a few definitions [77].

Definition 1. The Pauli group on n qubits P, consists of 2" x 2"-dimensional matrices

of the form AP, ® --- ® P, where A € {£1,+i} and Py,..., P, € {I,01,09,03}.
Definition 2. The Clifford group on n qubits C, is the normalizer of P, inside U(2").

Definition 3. An encoding gate Eg for S € P, isU € U(2"*") given by (I, ® H) CS (I, ®

And the operator itself can be written as

L,-S
Eg = ® I+

® 01

It is well known that C, is generated by Hadamard, phase, and CNOT gates [6]. Since all
the stabilizers are in the Pauli group, C'S can always be made out of CNOT and Hadamard
gates and so Fg € C, 1. Furthermore Eg are Hermitian as well so Fg = Egl. In general,
encoding gates produce entangled states, projecting some n-qubit state [¢)) onto the +1
eigenvectors of S tensored together with |0),|1) respectively. We will be interested in the
action of these gates for storing syndrome information in stabilizer codes, which require |1))

to be in a stabilizer state.

Definition 4. Let G C P,, and consider the vector space Vg as the set of n-qubit states that
are fixed by every element of G. Vg is the vector space stabilized by G and G is the

stabilizer of V.
We aim to show the following.

Proposition 1. Let Vi be a non-trivial vector space stabilized by G C P, and ) € V.
Then if U = Uy ... U, where each U; € U(2"™) is either an encoding gate for elements of
the stabilizer or a multiqubit Pauli gate, then U (|¢) @ [0)™) is separable.

Proof
Every U; is either an encoding gate or it is in P,y,,. Find the largest 7 < ¢ such that

Uj is an encoding gate and Uj;, is not. Then U;Uj = l7j+1Uj where (7j+1 € Ppym since
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U; € Chqm- Do this for all encoding gates in U; ... U; in order of decreasing index until they
are all arranged on the right hand side of the product. What we will be left with is, up to
reindexing, U = [71 - fijkH ..Uy where Ugyq,...,U; are all encoding gates and the rest

are in P, .
U (J9) @ |0)%™) = Uy ... UpUpga ... Us (J0) @ [0)°™) = Uy ... Uy (J00) @ [0)2™) = U’ ([¥) @ [0)*™)

By virtue of the group product, U" € P, ., so we can write it as an (n + m)-fold tensor
product of {I, 01,09, 03}. To make the separability of this state explicit,we group these terms

into those that act on the data and ancilla U’ = U}, ® U/, so that
U (lv) @ [0)°™") = Up [} & U} [0)°™.

This is manifestly the product of a data and an ancilla state.

This demonstrates that the data and the ancilla are not entangled after syndrome ex-
traction with Pauli errors. Furthermore, since Pauli gates send computational basis states
to one another, we can be sure that the ancilla state will be unchanged under measurements
done in this basis.

In coherent error correction Cy NOT gates perform corrections in the data conditioned on
the state of the ancilla. The system, immediately before the correction phase, will always be
a product of a single computational basis state and the possibly entangled data state. Thus,
doing ancilla qubit measurements in this basis to determine whether or not to apply the
error-correcting gate accurately reproduces the unitary, non-Clifford dynamics of the circuit
under a discrete Pauli error model. We point out that this still gives a faithful representation

of the effects of continuous, uncorrelated errors by linearity.
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2-Designs and Redundant Syndrome

Extraction

0.20 Introduction

A working quantum computer must be fault-tolerant: the reliability of all components must
be considered, and appropriate measures taken for compensation of malfunctions |78, 79).
Error correction forms the core of this process. Error syndromes are extracted and used to
generate the information needed to set the computer back on the right path. The syndrome
information may itself contain errors because of imperfect measurements. This aspect of
fault tolerance was recognized at an early stage of the development of the theory. In the
two most prominent syndrome extraction protocols, the remedy was to repeat measurements
already made [80, 81], thereby building in redundancy. This is a straightforward way to make
the syndrome information more reliable.

In the last few years, more sophisticated schemes have been proposed. Fujiwara et al.
noted that measuring more than a minimal set of stabilizers could be a more efficient way to
extract reliable information and noted a possible connection to designs [82, 83]. Ashikmin et
al. generalized existence theorems and the quantum Singleton bound of standard quantum
error correction (QEC) theory so that they take into account redundancy in measurements
[84]. Crow et al. used redundancy in syndrome extraction to give thresholds for qubit
performance in a coherent error-correction scheme [75].

In this chapter, we show how to optimize measurement redundancy by applying the theory

of 2-designs !. This is called design-based redundancy (DBR). 2-designs have long been used

12-designs are also known as balanced incomplete block designs. Our sense of the word 2-design is not
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in classical error correction [85]. We investigate both a minimal redundant extraction scheme
(MR) as well as the more comprehensive DBR.

It is sufficient to use a simple model for the faults. The key feature of this model is
to separately define the qubit error probability p, and the syndrome measurement error
probability p,,. Different physical implementations of quantum computation will have very
different values of the ratio p,/p, and this will strongly influence the optimal DBR pro-
tocol. In this work we will only consider the simple situation of a quantum memory that
is periodically refreshed by error correction; more complicated scenarios with active gates
would complicate the analysis but not introduce significant new concepts. The discussion
is restricted to stabilizer codes [86]. It may be possible to use 2-designs to improve other
codes, but it appears to be more complicated. We stress that DBR is equally applicable to
measurement-based error correction and coherent error correction. For definiteness, we will

use the language of measurement-based QEC in this work.

0.21 Bit Flip Code

This section is included in order to introduce the basic ideas of DBR. It treats the elementary
example of the 3-qubit bit flip code [77]. The three physical qubits store a single bit of
quantum information and there is a probability p, of a bit flipping. No other qubit errors
are allowed. Stabilizers S| = Z125, So = ZsZ3 and S3 = Z37; can each be measured, always
yielding £1. An incorrect measurement result is obtained with probability p,,. The starting
state (chosen arbitrarily in the code subspace) is |000); after a certain time 1 or more bits
may flip and we measure a set of stabilizers, perhaps repeatedly. We define an event e to
be the final state of the qubits together with the measurement results. Each event e has
a probability P(e) with 0 < P(e) < 1 and a success factor s(e) = 0 or s(e) = 1 when the
event is respectively uncorrectable or correctable. For example, if the textbook procedure of
measuring only the generators of the stabilizer group S; and S5 is used, a possible event is
ep = {]|001),+1,—1}. This can be made fault-tolerant by repeating the measurements and

using majority rules on the measurement results. Assuming independence, the probability

related to quantum 2-designs, which are probability distributions over quantum states.
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Protocol Failure Rate Cost
Minimal QEC 2Dm — Doy, + 3% 2
Fault-tolerant QEC 6p;, + 3p; 4+ 2p,,

DBR 3pE, + 3p2 + Ipmpq 3

Table 2: Failure rate and cost for 3 error-correction protocols for the 3-qubit bit-flip code.

of this event is P(eg) = p,(1 — pm)*(1 — p,)? since there is 1 qubit error and 0 measurement
errors. s(eg) = 1 since the information obtained from the measurements allows us to correct
the error. The total failure probability of an error correction protocol, including possible
DBR, is F' = 1 — X.P(e)s(e). In addition, we define the cost C of a protocol to be the

expected total number of stabilizer measurements in a correction cycle.

The DBR protocol differs from both the simple protocol and its fault-tolerant extension
in that one measures the complete set of stabilizer group generators Sy, So and Ss. This
already builds in redundancy; if there is one measurement error then exactly one of the S;
is equal to —1. If 2 of the S; is equal —1 then there is a unique instruction as to which bit
to flip back. (Here and henceforth we use S; both for the operators and for the result of
measuring the operators.) The key point is that there is a unique signal even if there is a
measurement error. For this toy code, MR and DBR are identical; for large codes this is not

the case.

Once protocols are established, then it is straightforward to sum over the events and
compute the failure rates and costs. In Table 2 we tabulate the results to quadratic order in

pq and p,, and the cost to linear order.

The fact that minimal QEC has a linear term in p,, is the signature that it is not fault-
tolerant and is therefore not a candidate for a working computer. More importantly, the
fault-tolerant version of conventional QEC is always more costly than DBR and the failure
rate for conventional QEC exceeds that of DBR whenever 6pfn+3pg > 3p3n+3p2+9pmpq. This
reduces to p,, > p,/3, which is likely to happen in many implementations. It is interesting

that DBR is superior even for p,, = p,, a case often considered.
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0.22 2-designs

The crucial feature of DBR for the bit flip code is that the syndrome possesses a unique
signature when there is a measurement error. This feature can be generalized to more
complex codes that can correct phase flip as well as bit flip errors. Consider an [[n, k, d]|
stabilizer code with n the number of physical qubits, £ the number of logical qubits and d
the distance; the code can correct errors on up to (d — 1)/2 physical qubits. We will focus
on k = 1 and the logical operators are X; = ®",X; and Z; = ®',Z;, as in the Steane
[[7,1,3]] code. Our notation in this chapter extends the usual one slightly, since we wish
also to detect up to s syndrome measurement errors - hence we refer to [[n, k, d, s]] codes.

Standard quantum error correction without repetitions has s = 0.

In DBR for a CSS (CSS-DBR) code we measure m = (/2 stabilizer operators of the
form S = X;, X, --- X, and m = C/2 stabilizer operators of the form S = Z; Z,,--- Z; .
Each stabilizer has weight w. Here {i1,1s,...,7,} are chosen from the set {1,2,...,n}, and
any given S is completely defined by this choice. Thus for CSS codes X and Z errors are
handled separately, so we simply use 2 copies of a single design, and this gives a particularly
economical and effective DBR protocol. The measurement result of the Z-type stabilizers is
different for any bit flip error. Tabulating these possible syndrome results yields an mx (n+1)
matrix £/ whose entries are £1. The entry £;; is the result of correctly extracting the value
of S; for a bit flip on the j-th physical qubit. At a minimum, the rows of £ must all be
distinct in order to diagnose an error uniquely. We wish to go beyond this. Fault tolerance in

DBR 1s achieved not by repetition but by choosing our measurements so that the results differ

by as much as possible. This motivates the use of 2-designs for our choice of measurements.

A 2-design is a family of subsets of a larger set. This family must fulfill certain conditions.
For present purposes there is a set of n qubits and the indices on each Z-type stabilizer to
be measured defines a subset of the qubit indices. Thus the family of subsets is determined
by the choice of Z-type stabilizers. There are m subsets. The conditions for this choice to be
a 2-design are: (1) each subset has the same size w; (2) every index must appear in exactly
p subsets; (3) every pair of indices appears in exactly A subsets. The parameters are not all

independent. They satisfy the basic 2-design relations mw = np and \(n — 1) = p(w — 1).
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These equations are proved using counting arguments.

Let us define the Hamming-like distance D between any two Z-type stabilizers S; and
Sy as D(S;, Sy) = ¥i_,|Ej; — Eyj|, where Ej; is the result when the jth qubit has flipped.
Then if the choice of the S; is a 2-design we have that D(S,S") = 2(p — A) for all S and S".
This may be shown by arguments similar to those in [85]. This the key feature of 2-designs

for error correction purposes: it enables us to systematically maximize p — .

To illustrate the definition we give the example of a simple 2-design known as the order-
2 biplane. It applies to a system of n = 7 qubits. The stabilizers are S, = Z,Z5Z¢Z,
So = Loy Zgly, Sy = Z3lylsly, Sy = Z1Zolyls, S5 = Z1L3haZs, S¢ = ZLol3lsZs,
St = Z1Zy7377. Tt is not hard to verify that this choice satisfies the constraints for a
2-design with w =4, m =7, p =4 and A = 2. We will use this 2-design below.

The fundamental criterion for the choice of stabilizers is the minimization of the failure
rate [" and the cost C. We have seen that the natural arena for this is the 2-design. However,
not all 2-designs can be used in conjunction with stabilizer quantum error correction. There

is one constraint for all DBR schemes based on 2-designs.

Constraint 1. The definition of a stabilizer requires that it must commute with the
logical operators, i.e., [S, @, X;| =[S, ®,Z;] = 0 for all S. A short calculation shows that

this is true if and only if w is even.

Proof of constraint 1 We must show that all the measured stabilizers S commute with

all the logical operators L if and only if w is even. An example of such a commutator is
[S, L} — [Z“le iw7X1X2~-'Xn]7

where {iy,i,...0,} C {1,2,...,n}. We then define the set of indices {ky, ka...k(—w)} such
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that {i1, 42, .50} U {J1, J2---Jn—w)} = {1,2...n} This can be simplified as follows:

1S,L] = [Zi,Zi,.. 7, X1 X0.. X,]
= Xp XX [ Zis Ziger-Ziy Xiy Xy X,
= Xy Xppo X, ) ¥
(Ziy Ziy Zi Xy Xy X — Xi Xiy oo Xi 20 iy )
= Xp X Xi ) ¥
(Ziy X1, 23, Xy 23 X — X 2 Xy Zin o X 71
= Xy Xppo X, ) X
(1) X, Zi, Xiy Zsy . Xi Zi — Xiy Zis X3 Zoy o X Zi)

= Xlek2...Xk(n7w> [(—1)10 — 1]X,1Z“XZ2ZZQXWZZ

w )

which is zero if and only if w is even. This proof clearly holds for all stabilizer/logical
operator pairs.

Constraint 2. (CSS-DBR only.) The use of two copies of a design generates an ad-
ditional constraint. The stabilizer group is commutative. All X-type stabilizers trivially
commute with each other; the same is true for the Z-type stabilizers. An X-type stabilizer
commutes with a Z-type stabilizer if and only if the intersection of the set of indices of the
X-type stabilizer with the set of indices of the Z-type stabilizer has even cardinality. This
happens for all such pairs of stabilizers if and only if A is even.

These two constraints rule out a majority of 2-designs for CSS-DBR. The order-2 biplane
with w =4 and A\ = 2 is allowed, but the natural successor is the order-3 biplane with w = 5:
it cannot serve as the basis for an DBR scheme.

Proof of constraint 2 For the CSS-DBR codes, the same design is used twice, once for
the X-stabilizers and once for the Z-stabilizers. The full group must be abelian, so one must
check that the X-stabilizers commute with the Z-stabilizers. The relevant commutators have

the form

C - [XZ1X12Xlw7 ZhZJQZ]w]

Here {i1,12,...10} C {1,2,....,n}. and {j1, jo, .--Jw} C {1,2,...,n}. Inspection of the proof for
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constraint 1 then indicates that if we define

Tr = |{i17i2a Zw} M {j17j27 ij?

then C' = 0 if and only if z is even. This is true for all choices of the index sets if A is even.

0.23 Results

5-qubit code

The [[5,1,3|] perfect code is not a CSS code, so a single 2-design is used for all errors. We
take the stabilizer group generated by S = X174573Xy, 9 = XoZ37,X5,53 = X1 X37,75,
and Sy = Z1 X, X, Z5, which is then a [[5,1,3,1]] code. The full stabilizer group is an instance
of the class of designs generated from Hadamard matrices, appropriately called Hadamard
designs. In particular, the design here is the complement to the n = 3 Hadamard design
[87]. Once the stabilizer set is chosen we can compute the failure rate Fppr as a function
of p,, and p,. DBR stands for "design-based redundancy". We also compute the failure
rate Frg for a scheme in which minimal redundancy (MR) is employed: only one additional
stabilizer is measured, namely S7.555354. This operator is the product of the minimal set of
generators. With this choice the resulting protocol is somewhat analogous to a single parity
check in classical error correction. Finally we compute the failure rate Fype for fault-tolerant
QEC. Analytical results for all three rates are given in the supplementary material. Choosing
Forc as a basline, we plot the relative failure rates in Fig. 1 for a range of error probabilities
relevant to near-term quantum information processing. Note that MR has an advantage over
QEC for p,, > XX Xp,. Both are fault-tolerant with respect to p,, in that Forc.Fur ~ pfn.
However, DBR is superior to both QEC and MR for all p,,,p, in the appropriate regime.
This can be traced back to the fact that Fpgr ~ pt. Note that MR is cheaper than DBR

in terms of number of measurements, so it may be preferable in intermediate regimes of p,,.
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Figure 22: Fopc — Fur and Fope — Fppr for the [[5,1,3]] Perfect code. The left plot
shows a curve dividing the parameter space into configurations where QEC outperforms
MR, whereas at all physical error rates DBR beats QEC. This comes at the cost of more
stabilizer measurements.

Steane code

In our notation, the Steane code with the minimal set of measurements is a [[7, 1, 3, 0]] code.
When syndrome measurements errors occur, it is not fault-tolerant. 3-fold repetition of its
measurement sequence with majority rules gives a [[7,1,3,1]] code. The order-2 biplane
DBR procedure utilizes 14 stabilizers: those given in the previous section and another 7

with Z; — X;. It is a fault tolerant [[7,1,3,1]] code. We again give the comparison of

Protocol Failure Rate Cost
Minimal QEC 3pm — 3p5, + 21p2 3
Fault-tolerant QEC Ipz, + 21p] 6 + 3pm
MR with S; 6pz, + 212 + 28pmp, 4

DBR 21p2 7

Table 3: Failure rate and cost for 4 error-correction protocols for the Steane [[7,1,3|] and
[[7,1,3,1]] codes.

failure rates for 3 protocols: the repeated Steane code, denoted QEC; an MR code with two
additional stabilizers, one of the X type and one of the Z type, in both cases a product of

the usual generators; and the MR approach measuring the full stabilizer group. This final
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set of stabilizers corresponds to 2 copies of the order-2 biplane. The results demonstrate
that DBR has a distinct advantage over the other 2 protocols. It is even more dramatic than
in the 5-qubit case. This combination of DBR with a CSS code is particularly effective in
repairing measurement errors. Again, the MR approach may also be useful in practical cases

- everything depends on the cost and reliability of measurements in a specific implementation.
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Figure 23: Fope — Fur and Fope — Fppr for the [[7,1,3]] Steane code. The left plot
shows a curve dividing the parameter space into configurations where QEC outperforms
MR, whereas at all physical error rates DBR beats QEC. This comes at the cost of more
stabilizer measurements.

0.24 Discussion

We have focused on 2-designs that appear naturally in straightforward modifications of
well-known codes. But a longer-term goal would be to use known 2-designs to improve
syndrome extraction, thus improving quantum error-correction in cases where errors in the
measurement process are important. This not straightforward, since there is no general
classification theorem for 2-designs, though a large number of special cases and some infinite
families are known [88]. This is a promising line of research.

Once a quantum processor is characterized and p,, p, are known, we can look at the

failure rates to determine which approach to take. The next consideration is cost. In a Shor-
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style extraction protocol each stabilizer measurement requires a number of ancilla qubits one
greater than the weight of the operator itself [78|. In fault-tolerant QEC ancilla qubits can be
reused on subsequent cycles of syndrome extraction. Thus, even though the number of QEC
measurements may exceed that of DBR for a given code, the size of the quantum register
required may in fact be larger for DBR. Recent ideas for using fewer ancilla qubits could be
used to bring down the potential cost disparity between QEC and DBR [89]. This comes
at the price of adding more gates, so an appraisal of which is the most fruitful approach

involves a balancing act between number of qubits and circuit depth.
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Conclusion

In this dissertation we have handled several topics with the aim of better understanding
decoherence in quantum computers and developing strategies to mitigate the effects of these
mechanisms on information processing tasks. Evanescent-wave Johnson noise can be the
dominant noise source for spin qubits in strong magnetic fields, one of the eminent architec-
tures for semiconductor quantum computing. We demonstrated the effects of this noise by
developing a classical analogy to simplify the calculation of thermal field Green’s functions
and using the resulting analytic descriptions of the fields in conjunction with a multipole
formulation of qubit dynamics.

Next, we constructed a general protocol for measuring the pairwise correlations between
qubits in a quantum computer. We focused on this application in a specific semiconductor
device, but the method generalizes a standard spectroscopy technique and therefore imple-
menting it in other qubit implementations is a promising path for future research. New
metrics for characterizing proposed circuits for a quantum information processing tasks are
provided and justified by comparing them to full simulations of the fidelity under a given
noise model. We finally generalized this to systems of many qubits circumventing the expo-
nential scaling of unitary dynamics.

Towards quantum error correction, we proposed a refined set of criteria for implementing
known quantum codes without the requirement of ancilla measurements. This relies on the
classical simulation of quantum codes via the Gottesman-Knill theorem with a new extention
to include non-Clifford gates under particular circumstances. Namely, the separability of the
ancilla and data qubit registers. We proved that this can be achieved by insisting that the
encoding of stabilizer eigenvalues in ancilla qubits be done in a single time step, which has

been demonstrated in neutral atom qubit implementations.
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We then explored the role of redundancy in stabilizer codes. The traditional approach
ensures a threshold by utilizing a majority rules strategy when taking stabilizer measure-
ments, but another method referred to as redundant syndrome extraction uses the group
structure of the code to make the process fault-tolerant using potentially fewer total mea-
surements. We gave guidelines for selecting one of these strategies once the decoherence and
measurement fallibility of a quantum computer are known.

In the near term, we may expect the development of machines with 50-100 fairly noisy
qubits and gates (the "NISQ" era). One important goal for this era is the development of
a single fault-tolerant error-corrected logical qubit. The correction process involves multiple
gates while the data qubits will often have reasonably long coherence times. In this situation,
probably the most common one, we expect p,,, > p,. This means that the strategies outlined

in Chapters 3 and 4 will be very relevant for this important goal.
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