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Abstract

Traumatic brain injury (TBI) is a disruption of the normal function of the brain that

can be caused due to excessive external loading due to falls, accidents, impacts, blast,

etc. The challenges with diagnosis of TBI, the need to predict longtime effects, and

the limitations on conducting brain experiments have resulted in a widespread inter-

est in predictive modeling of TBI. However, current state of the art in TBI modeling

is significantly limited in its predictive ability due to the use of coarse-scale brain

tissue models and the use of mechanical metrics that do not directly correlate with

neuron-scale injury responses. Neuron-scale injury response is a complex interaction

of mechanical, chemical and electrical disruptions to the functioning of the individ-

ual neurons and neuronal clusters. The objectives of this dissertation are two-fold:

(1) To develop a novel mathematical representation of action potential propagation

in the neurons considering the complex geometric heterogeneity of the axonal and

dendritic regions, and (2) Develop numerical models of diffusion on surfaces that

are suited for studying mechano-chemical interactions on biological membranes. It

is expected that these developments will provide a platform for undertaking deeper

numerical investigations into the functioning of neuronal membranes under different

mechanical load conditions, thus enabling high fidelity modeling of TBI.

Action potential propagation along the axons and across the dendrites is the foun-

dation of the electrical activity observed in the brain and the rest of the central

nervous system. Theoretical and numerical modeling of this action potential activ-

ity has long been a key focus area of electro-chemical neuronal modeling, and over

the years, electrical network models of varying complexity have been proposed. As

part of this thesis, a Poisson-Nernst-Planck (PNP) based electro-diffusive framework

that accounts for the underlying spatio-temporal ionic concentration dynamics to

model the neuronal action potential propagation and is a more general and com-

prehensive treatment is detailed. The model of propagation in the axon is also

extended to include the dendrites as they play an integral role in the mechanism.

In this dissertation, the mathematical framework for understanding the mechanical

deformation of a single neuron by considering the neuronal microstructure and mi-

croenvironment that are relevant to its structural integrity and its ionic homeostasis

through a representation of the underlying viscoelastic networks of the neuronal

structural microenvironment is presented.

The second part of this research discusses modeling of diffusion on membranes. Sur-
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face transport of ions and proteins is central to the functioning of membrane-bound

phenomena in cells. Here we focus on diffusional transport, and its modulation due

to curvature of the membranes. An investigation of curvature effects on second and

fourth order diffusion, including phase transformations, is presented. The effect of

mechanical deformation on diffusion via the curvature effects is discussed. This ca-

pability to model mechanical deformation of membranes and its effects on surface

transport, and there by on electrical conduction in neurons is expected to provide a

platform for deeper multiphysics investigations into biological membranes.
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Chapter 1

Introduction

The brain is a vital and the most complex organ that plays a paramount role to

our overall wellbeing and existence. The electro-chemo-mechanical integrity of the

brain at the cell scale is critical to maintain a healthy lifestyle. This integrity is

essential to the understanding of various neurological disorders and diseases like TBI,

Alzheimers, cognitive impairment, depression etc. Computational modeling has the

potential to supplement the experimental findings and facilitate the understanding

of the phenomena taking place at such small length and timescales. Over the last

few decades, a lot of research in terms of the computational modeling has been done

at the tissue level but there is lack of understanding of this complex phenomena at

the sub-cellular level. In this thesis, we delve into the neuron scale and model the

novel propagation of electrical conduction using electro-diffusive modeling. Besides

modeling the electrical signaling, we present a mechano-chemo numerical framework

capable of modeling various chemical phenomena’s on the biological cell membrane.

Traditionally, the chemical phenomena such as diffusion, phase transformation have

been modeled on a planar surface but in reality, cell membranes are highly curved

and curvature plays a critical role to the various physiological processes. It is known

that cells alter their geometry to modulate the physiological functions. For instance,

the pre-synaptic neuron can modulate the geometry of its membrane to alter the

diffusion of neurotransmitters for the post-synaptic neuron. The understanding

of these mechano-chemo interactions thus has a pivotal role in understanding the

fundamentals of diseases like TBI.

The fundamentals of the electrical activity in the brain is essential to an ad-
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vanced understanding of TBI. The disruption of this requisite signal, for example

due to mechanical stretch, can lead to impeding the communication cascade in

the nervous system and lead to a number of diseases. Specifically, considering the

presence of nodes of Ranvier along the myelinated axon, single-cable models of the

propagation of action potential have been popular. Building on these models, and

considering a secondary electrical conduction pathway below the myelin sheath, the

double-cable model has been proposed. Such cable theory based treatments have

inherent limitations in their lack of a representation of the spatio-temporal evolu-

tion of the neuronal electro-chemistry. In contrast, a Poisson-Nernst-Planck (PNP)

based electro-diffusive framework accounts for the underlying spatio-temporal ionic

concentration dynamics and is a more comprehensive treatment. In this work, a

high-fidelity implementation of the PNP model is demonstrated. This model is

shown to produce results similar to the cable theory based electrical models, and

in addition, the rich spatio-temporal evolution of the underlying ionic transport is

captured. Novel to this work is the extension of PNP model to axonal geometries

with multiple nodes of Ranvier and multiple variants of the electro-diffusive model

- PNP without myelin, PNP with myelin, and PNP with the myelin sheath and

peri-axonal space. Further, we apply this spatio-temporal model to numerically es-

timate conduction velocity in a rat axon. Specifically, saltatory conduction due to

the presence of myelin sheath and the peri-axonal space is investigated in Chapter 2.

Chapter 3 extends the propagation of electrical signaling. Here, for the first time,

using the PNP theory, we integrate the dendritic spine, soma and the axon region

to numerically model the propagation of excitatory synaptic potential in a complete

neuronal geometry with the synaptic input at the spines, potential initiating at the

axon hillock and propagating through the neuronal axon. The model outputs the

scintillating forward propagation of the action potential along the neuronal axons

as well as the back propagation into the dendritic spines. We point out the signifi-

cance of the intricate geometry of the dendritic spines, namely the spine neck length

and radius, and the ion channel density in the axon hillock to the action potential

initiation and propagation. We also study the role of excitatory synaptic input in

multiple dendritic spines to the neuronal communication.

Besides studying the electrical response, the thesis presents the mathematical

modeling of the mechanical behavior at the cellular scale considering the sub-cellular
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proteins in the neuron. Each of the primary load bearing protein is considered to

have an equivalent viscoelastic network. The combined mechanical response of the

neuron is thus a complex viscoelastic network depending on the primary load bear-

ing constitutive proteins in the various regions such as the cytoskeleton, membrane,

extra-cellular matrix etc. The constitutive finite-strain mechanical modeling of vis-

coelasticity and visco-elasto-dynamics is presented in the Appendix. The free energy

density functional consists of the deviatoric part and the volumetric part. The ap-

proach of a micro model where the domain consists of a single neuron and a macro

model consisting of a group of neurons is adopted.

Biological membranes are ubiquitous in nature and play an important part in

maintaining the ionic homeostatis, regulating the cell structure and various neces-

sary physiological processes. It is of prime importance to understand this behavior

of the membrane. Giant unilamellar vesicles (GUVs) provide an excellent tool to

study the membrane, its constituents namely the lipids, the proteins and to in-

spect the structure, morphology and phase state of the membrane. Due to their

appreciable size, GUVs are now being extensively used to get an insight into the bi-

ological systems and the associated cell functions. In Chapter 4, the thesis presents

a three-dimensional computational mechanics framework for high fidelity modeling

of membrane deformation. Membranes undergo significant morphological changes

through deformation e.g. tubular shapes. Besides, presenting the mechanical only

phenomena, an investigation of curvature effects on second and fourth order dif-

fusion, including phase transformations is carried out. Diffusion is a fundamental

process underlying numerous biological, chemical and physical phenomena at varied

length scales. Especially in biophysics, lateral diffusion forms the primary means

of transport for signaling pathways, cell growth and injury response, cell motility,

proteins and lipids embedded on the cell membrane, cell trafficking, ion transport,

and various other physiological cellular functions. Other mechanisms of transport in

cells include motor-driven transport and advection by the intracellular cytoplasm [1].

The driving force for diffusion, arising from brownian motion, is the concentration

gradient and requires no additional energy input. Disruption of this intracellular

transport or signaling can prove to be fatal and lead to numerous diseases. For

example, ionic diffusion in dendritic spines of the neuron plays quintessential role in

the action potential propagation in neurons. Interruption of this diffusive transport

can lead to neurological diseases like Traumatic Brain Injury (TBI), Alzheimers etc.
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Modeling GUVs through phase transformation on the membranes can help us in un-

derstanding the cellular membranes as GUVs mimic the biological cell membranes.

The mathematical treatment is discussed in detail in the chapter. Curvilinear

coordinates using the Kirchoff-Love shell formulation, which is fourth order in the

out of plane deformation, is adopted. Surface metric tensor, gradient operator etc

are introduced. Mass conserving fourth order partial differential equation of Cahn-

Hilliard dynamics is used to describe the physics of the phase transformations. To

satisfy the requirement of global C1 continuous discretization, isogeometric analysis

(IGA) using non-uniform rational b-splines (NURBS) has been utilized. The role of

Korteweg stress, which arises due to the coupling of the in-plane phase transforma-

tion with out of plane bending is demonstrated. The role of curvature on diffusion

and phase transformation is studied.

The conclusion and possible future work of this dissertation are presented in

Chapter 5. Novel spatio-temporal model of saltatory conduction of the action poten-

tial has been presented in this dissertation. In nature, the mechano-chemo-electrical

behavior of the neuron work in tandem to provide physiological integrity to the neu-

ron. The future work therefore consists of coupling the mechanical response to

the electrical behavior of the neurons. In Neurons, the mechano-chemo-electrical

phenomena and their coupled emergent dynamics is critical to their physiological

integrity and effectiveness. Therefore, future work will focus on improving the cou-

pling of underlying mechanical response to the electrical behavior of the neurons.

This will enable us to understand action potential modulation and potential disrup-

tion due to mechanical deformation. In support of this work, constitutive modeling

of the viscoelastic response relevant to neuronal deformation is presented in the

Appendix.
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Chapter 2

Spatio-temporal modeling of

saltatory conduction in neurons

using Poisson-Nernst-Planck

treatment and estimation of

conduction velocity

This chapter is a published work:

Gulati, Rudraraju, “Spatio-temporal modeling of saltatory conduc-

tion in neurons using Poisson-Nernst-Planck treatment and estimation

of conduction velocity”, Brain Multiphysics, 2023.

2.1 Introduction

Electrical activity in nerve cells, enabled through the propagation of action poten-

tials, is critical to the entire signaling and communication cascade of the nervous

system. Disruption of this requisite signaling can lead to a number of neurologi-

cal disorders such as the motor neuron diseases and is often linked with traumatic
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brain injury (TBI), Alzheimers, cognitive impairment, depression etc [2–6]. To gain

insight into the neuronal electrophysiology, varied experimental investigations us-

ing the patch-clamp technique, electroencephalograms (EEG), electrocardiogram

(ECG), MRI, calcium imaging, voltage imaging etc have been reported in litera-

ture. Despite the wealth of information achieved by these investigations, there is

a need to supplement these studies with a robust numerical implementation which

has the potential to represent the electrophysiology to a far greater resolution as

recorded by the experiments.

Based on numerous voltage clamp experiments on the giant squid, Hodgkin-

Huxley came up with a first mathematical model in the form of an electrical circuit

to describe the current through the neuronal membrane [7]. They quantitatively

detailed the respective ionic conductance in respect to the membrane voltage. Hux-

ley delineated that the action potential propagation along the axon closely follows

Ohm’s law [8]. Using cable theory, they arrived at a one dimensional model of the

action potential propagation. Based on the physiology of the neuron, the impor-

tance of myelin sheath that surrounds the axon, has been emphasized. Degradation

of this protective covering for example with age can lead to slowdown of the signal

or even signal disruption resulting in various diseases [9, 10]. To be able to study

the effect of myelin on action potential propagation, the Hodgkin-Huxley model was

modified to incorporate the myelin sheath and to obtain the single-cable model [11,

12]. Experimental investigation of the action potential by Barrett and Blight in

the 1980’s lead to the discovery of an after-potential [13–15]. With the advent of

advanced microscopy techniques, the existence of a secondary electrical conduction

pathway in the peri-axonal space under the myelin sheath has been uncovered [11].

The cable theory based models namely Hodgkin-Huxley, single-cable, double-

cable, etc., have greatly contributed to our understanding of the neuronal electro-

physiology. They provide us an excellent insight into the membrane potential, action

potential propagation along the neuron, the electric current propagating along the

axon, the effect of saltatory conduction due to the presence of myelin sheath, the

effect of the submyelin peri-axonal space dictated by the double-cable model, the

conduction velocity implied by each of these models etc. The cable theory based

models, however, have some limitations. First, these are a one dimensional re-

duction of the complex heterogeneous spatial propagation of the action potential.

Secondly, the cable theory based models fail to describe the underlying spatial ionic

diffusion and the generated electric field during the electrical conduction propa-
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gation. Therefore, these models are not able to accurately describe the dynamics

after a prolonged electrical activity or when the diameter is relatively smaller, as

in the case of dendrites. Further, the cable theory based models cannot be easily

extended to account for the membrane microenvironment, such as incorporating the

membrane-glia interaction.

The Poisson-Nernst-Planck based electro-diffusive model has the capability to

overcome the limitations of the cable theory based models and provide a spatio-

temporal representation of the electrical potential along with the ionic distributions

[16]. The PNP model is a more generalized model which can be reduced to the

electroneutral model and can subsequently be reduced to the one dimensional cable

theory based model [17]. Qian and Sejnowski modelled one of the first intracellular

dynamics incorporating one dimensional PNP theory [18]. PNP model has also

been applied to neuron-ECM-astrocyte interations [19]. Assuming electroneutrality,

ionic dynamics have also been represented using Kirchoff-Nernst-Planck [20, 21].

However, the assumption of electroneutrality for nonuniform geometries is invalid

[22]. Using PNP model, the neuronal intracellular-extracellular dynamics have been

represented for a single node of Ranvier [22, 23]. It has been demonstrated that

the dynamics of the PNP model resemble to that of the cable theory at higher

ion channel density [22]. The PNP model can also be coupled with mechanics to

represent the complex neuronal mechano-electrophysiology interactions [24–27].

In this work, we extend the electro-diffusive PNP model to multiple nodes of

Ranvier, enhancing our ability to study the electrophysiology in a full length neu-

ronal axon. We present novel variants of the PNP model based on the discrete cable

theory based models, i.e. PNP model, PNP model with myelination, and PNP

model with myelin and peri-axonal space. As an example, we demonstrate these

models by simulating action potential conduction in a rat neuron. Spatial salta-

tory conduction due to the presence of myelin sheath and the peri-axonal space is

demonstrated. Finally, we provide a detailed insight into the numerically estimated

conduction velocity for a rat and squid neuron using various representative PNP

electro-diffusive models. The Finite element (FE) method is used to discretize the

set of PDEs underlying the PNP model. As suggested by an earlier work, non-

homogeneous adaptive mesh is employed [23]. Results indicate that the conduction

velocity (CV) of the action potential increases with the presence of myelin sheath

and the peri-axonal space. The CV for the PNP with myelin is comparable to the

single cable network but the CV for the PNP with myelin and peri-axonal space
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model does not increase drastically as compared to the double cable model. We

observe that the action potential amplitude is lower for the PNP model when the

myelin sheath is present.

In section 2.2, we briefly review and illustrate the well known models based on

the one dimensional cable theory. The electro-diffusive PNP model is presented in

section 2.3. The mathematical formulation of the numerical framework is elaborated

in section 3.2.2. The simulation results of the various models of the PNP are detailed

in section 3.3. Finally, a discussion of the conduction velocity for a rat and a squid

neuron is in section 3.4, followed by conclusion in section 3.5.

2.2 Review of electrical network models of action

potential propagation

2.2.1 Hodgkin-Huxley model

The classical work of Hodgkin and Huxley was a landmark model in terms of pro-

viding deep insights into the ionic basis of action potential propagation in nerve

cells. Based on the voltage clamp experiments on the Giant Squid, the physiology

of the initiation and propagation of action potential in a neuron was posed as a

coupled set of ordinary differential equations. This electrical network model takes

into account the membrane capacitance and the ionic currents due to the sodium

ions, potassium ions and some leak current through the respective ion channels in

the neuronal membrane. The influence of the conductance of the respective ion

channels, or conversely the resistance, on the action potential was quantitatively

estimated using experimental data. The resulting electrical circuit is depicted in

Figure 2.1(A), and the corresponding governing equation linking the evolution of

the membrane potential with the underlying ionic transport is the following:

Cm
∂Vm
∂t

+ ḠNam
3h(Vm − ENa) + ḠKn

4(Vm − EK) +GL(Vm − Vrest) = Iinj (2.1)

where Cm is the membrane capacitance of the lipid bilayer, Vm is the membrane

potential, Vrest is the resting potential of the nerve cells and Iinj is the injected

current through the voltage clamp experiments to initiate the action potential in the
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Double-cable
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Figure 2.1: Electrical circuit of cable theory based models. (A) Schematics of cable
theory based Hodgkin-Huxley circuit consists of membrane capacitance, resistance
offered by the ion channels. Action potential propagates like a soliton through
the axon and is depicted on the right. Extracellular voltage is taken as 0 mV.
(B) Electrical circuit of the single-cable model considers the presence of myelin
sheath. The capacitance and resistance offered by the myelin are explicitly modeled.
(C) Electrical network of the double-cable representation incorporates an additional
cable pathway for the submyelin peri-axonal space. Action potential jumps from
one node of Ranvier to the next, resulting in a higher conduction velocity.

cell. Ḡi and Ei are the peak conductance and the Nernst potential of the sodium or

potassium ions, and GL is the conductance of the membrane leak channel.

Numerous experiments have pointed towards the effective behaviour of the intra-

cellular region to that of a resistor along the axon [28]. Utilizing cable theory, one

can then arrive at:
1

Ri

∂2Vm
∂x2

= Iinj (2.2)

where Ri is the resistance per unit length of the intra-cellular region along the axon.

The partial differential equation (PDE) form of the Hodgkin-Huxley equation can
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then be written as:

Cm
∂Vm
∂t

+ḠNam
3h(Vm−ENa)+ḠKn

4(Vm−EK)+Gm(Vm−Vrest) =
1

Ri

∂2Vm
∂x2

(2.3)

Using the above one-dimensional PDE, one can model the propagation of action

potential along the length of the axon.

2.2.2 Single-cable model

From the physiology of nerve cells, it is well known that the glial cells provide

a protective covering to the axonal membrane. This protective covering consists

of multiple layers of myelin sheath along the axon, with gaps in between. These

axonal gaps, void of any myelin covering, are identified as the nodes of Ranvier.

These myelin lamellae play an indispensable role in the rapid movement of the

action potential, since the direct ionic exchange with the extra-cellular medium

occurs only at the nodes of Ranvier. This leads to a local current and the action

potential jumping from one node of Ranvier to the next, more commonly referred

to as saltatory conduction. The degradation of the myelin layers is known to lead to

a decline in the conduction velocity and is also linked with various neuronal disease

conditions [9, 10].

To accommodate this spatial heterogeneity of the myelin sheath, the standard

Hodgkin-Huxley treatment needs to be altered to model myelinated-axons. A simple

electrical circuit to realize this, known as the single-cable model, has been proposed

[12, 29]. The ionic exchange between the intra-cellular regions and the extra-cellular

regions takes place at the membrane, but only at the location of the nodes of Ranvier.

As an example, for a rat axon, the span of the nodes of Ranvier is around 2.3µm

and the nodes are separated by distance of 70µm − 100µm [11]. The single-cable

model with the myelin sheaths having their respective capacitance and resistance is

shown in Figure 2.1(B) [11].

2.2.3 Double-cable model

The presence of the submyelin peri-axonal region has been proposed as a potential

pathway for rapid electrical conduction along the axon [11, 30]. Due to the presence

of two conduction pathways, each modeled using cable theory, this treatment is
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referred to as the double-cable model. An electrical circuit representing such a

double-cable model can be seen in Figure 2.1(C) . The basic governing equations for

the electrical circuit at the node of Ranvier are similar to the set of equations from

the single cable model/Hodgkin-Huxley model. In addition, using cable theory, the

partial differential equation modeling the peri-axonal space takes the form:

1

Ri

∂2Vm
∂x2

+
1

Rpa

∂2Vmy

∂x2
= Cmy

∂Vmy

∂t
+
Vmy

Rmy

(2.4)

where Rpa is the resistance per unit length in the peri-axonal space, Cmy is the

cumulative capacitance of the myelin sheath, Rmy is the myelin resistance and Vmy

is the potential in the peri-axonal region.

2.2.4 Comparison of action potential profiles for electrical

network models

The main results of this manuscript will be discussed in Section 3.3, but it is worth-

while to present here a brief comparison of the relative differences between the action

potential (voltage) profiles predicted by modeling the electrical network models de-

scribed above. Figure 2.1 presents such a comparison of the voltage profiles. All

these plots were generated by solving the governing equations listed earlier in this

section using an in-house 1D Finite Element Method implementation, and the model

input parameters available in the literature for a giant squid axon [7] and rat axon

[11] were used.

Shown as part of Figure 2.1(A) is a typical voltage profile predicted by the

Hodgkin-Huxley model. The voltage profile is a single spike that propagates along

the length of the axon, in this case from left to right. After the refractory period of

the propagating spike, if a potential/current perturbation exceeding the threshold

value is injected at the left boundary, then it would result in a voltage wave traveling

with the same amplitude.

The voltage profile produced by a single-cable model is shown in Figure 2.1(B).

As can be seen, the potential difference between the membrane potential and the

myelin potential, (Vm − Vmy) jumps across the nodes of Ranvier. This saltatory

conduction leads to fast propagation of the voltage envelope, i.e. the membrane

potential, which travels like a soliton-like wave. The decreased capacitance and
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increased resistance due to the myelin sheath enables this mode of propagation. In

this simulation, the nodes of Ranvier are assumed to be equidistant. However, if the

inter-nodal distance is varying along the length of an axon, it will lead to an axially

varying conduction speed.

The voltage profile produced by a double-cable model, that incorporates a sec-

ondary conduction pathway, is shown in Figure 2.1(C). It can be observed that the

profile of the voltage envelope is flatter than the voltage profiles predicted by the

previous two models. Like in the case of the single-cable model, the action potential

jumps from one node of Ranvier to the next, but through the peri-axonal space, and

the propagation is relatively much faster. The peak amplitude is comparable to the

peak amplitude for the Hodgkin-Huxley model and single-cable model.

2.3 A field theoretic model of action potential

propagation

Cable theory based electrical network models have proven to be fundamental to

our current understanding of the dynamics involved in action potential propaga-

tion. However, at the core, the network models are reduced order representations

that try to capture the complex spatio-temporal variations of the ionic transport,

voltage distribution, and most importantly the membrane structural heterogeneity

into effective electrical properties like capacitance and resistance of the membrane

and the channels. As mentioned in the introduction, a deeper investigation into

spatial and temporal interactions of the ionic transport with the membrane mi-

crostructure (ion channel and pump distributions, myelin, glial environment, etc.)

is desired, but the resulting coupled evolution of the voltage distributions becomes

necessary when more complex phenomena like neuronal injury effects on action po-

tential propagation [31–33], and conditions like neuronal hyperexcitability observed

with Alzheimer’s disease [34–36] are to be modeled.

An electro-diffusive framework for modeling spatio-temporal ionic charge distribu-

tion and the resulting voltage evolution using high-fidelity partial differential equa-

tions (PDE) modeling coupled electrostatics and electrochemistry can be capable

of faithfully representing spatio-temporally heterogenous evolution of the ionic and

voltage distributions leading to generation, propagation and potentially disruption
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of the neuronal action potential. While not addressed in this current manuscript,

such a capability to model spatial heterogeneity and membrane geometry-action po-

tential interactions is evidently more important in the dendrites than the axons, due

to the complex morphology of neuronal dendritic structures and synapses. We now

propose a PDE based field theoretic implementation of the Poisson-Nerst-Planck

(PNP) framework that can model 2D/3D ionic and voltage field distributions and

their interactions with the membrane microstructure.

In this model, the transport of the respective ionic species, ci, due to the cor-

responding diffusive and electromigration flux, Fi, is modeled using the classical

Nernst-Planck equation:

∂ci
∂t

= −∇ · Fi (2.5)

The ionic flux comprises of the diffusion term and the electro-migration term as

presented in Eq. 2.6. Here Di is the diffusion coefficient of the ith ion, R is the gas

constant, T is the temperature, F is the faraday constant and zi is the valency of the

ith ionic species. It is to be noted that the cable theory based models only account

for the electro-migration term i.e. the voltage gradient term. While the diffusion

term may be neglected for axons with larger diameter, for finer geometries like

dendrites, the diffusion term takes over the electro-migration term [18]. Hence, the

PNP treatment has a higher-fidelity in representing the underlying action potential

propagation. The total flux is given by:

Fi = −[Di(∇ci +
ciFzi
RT

∇V )] (2.6)

The coupling between the voltage and local ionic distribution is modeled with

Poisson’s equation [37], shown below.

−∇ · (ϵ∇V ) = F
∑
i=1

zici (2.7)

where ϵ is the permittivity of the medium. In this work, we consider three ionic

species: Na+, K+ and Cl−. The presence of an anion species ensures regulation of

the required potential - for instance at the resting state. The sodium and potassium

ions, as is well understood, depolarise and re-polarise the neuron. While the above

PDE formulation by itself is well known, the novelty of its implementation in this
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work is from its application to model field variations and interactions in the presence

of geometric heterogeneity of the nodes of Ranvier, myelin distribution, and the peri-

axonal space.

Cable theory models as special cases of the general PNP

framework

As advancements in high resolution imaging techniques lead to an improved under-

standing of the neuronal membrane microenvironment, various electrical network

models incorporating the membrane spatial heterogeneity have been proposed over

the years. Of these models, a primary classification in terms of increasing complex-

ity of the membrane heterogeneity leads to the three treatments described above:

Hodgkin-Huxley model, single-cable model and double-cable model. The PNPmodel

is capable of representing the spatial heterogeneity of each of these models, and

thus reproduce the action potential conduction profiles observed with these elec-

trical network models. To the best of our knowledge, numerical demonstration of

this equivalence for each of these three models, and the extraction of equivalent 1D

electrical network results (effective capacitance, effective resistance, action potential

profile, etc.) from a more general electro-diffusion framework, has not been shown

earlier in the literature. Figure 2.2 depicts this equivalence between:

• PNP model and the classical Hodgkin-Huxley model,

• PNP model with myelination and the single-cable model,

• PNP model with myelin plus peri-axonal space and the double-cable model.

The axonal membrane has ion channels and the embedded membrane capacitance

in the PNP model similar to the Hodgkin-Huxley model. The existence of the

myelin sheath leads to the presence of nodes of Ranvier and decreased internodal

capacitance in the PNP model with myelin. Note that there is no direct correlation

of Vmy as in the single cable model. Finally, the PNP model with myelin and peri-

axonal space incorporates the sub-myelin peri-axonal space, leading to lower net

resistance and faster propagation speed of the action potential. Here, the axial

resistance and the peri-axonal resistance act in parallel, and hence the net axial

resistance is lower. While the peri-axonal resistance does not correlate to the axial
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resistance in the double cable model, this is not the case for the equivalent PNP

model as the resistance is computed using the underlying ionic constants. Here, the

diffusion constants of the underlying ions in the peri-axonal space are assumed to

be the same as in the cytoskeleton region.

Figure 2.2 also shows, as an overlaid line plot in each case, the 1D action potential

profile (obtained as a line-out along the axonal axis from the 2D PNP simulations)

for the three PNP model variants listed above. It can be noticed that the curvature

of the voltage potential is lower when myelin is present as it leads to faster action

potential propagation. Further, the presence of myelin leads to a lower action po-

tential amplitude. This maybe due to the fact that the action potential jumps node

to node as soon the threshold potential is attained.

2.4 Numerical implementation of the PNP model

The coupled nonlinear system of PDE’s for ionic concentration and electrical poten-

tial in the electro-diffusive PNP model are solved using the standard Finite Element

Method (FEM). The primal fields that are solved for are the voltage and the con-

centration of Na+/ K+/ Cl− ions. The electric field and the net charge are derived

fields. The salient features of the computational implementation are: adaptive mesh

refinement near the nodes of Ranvier, adaptive time-stepping schemes, support for

parallel direct and iterative (Krylov-subspace) solvers with Jacobi/SOR precondi-

tioning. The weak formulation of the governing equations solved with FEM are

given in Section 2.4.1. The computational framework is made available to the wider

research community as an open source library [38], and we hope it serves as a plat-

form for wider adoption of the high-fidelity PNP framework by neuronal modeling

researchers.

2.4.1 Weak formulation of the PNP model

The Nernst-Planck and Poisson equations, expressed in their weak (integral) for-

mulation that is suitable for the FEM implementation, following standard notation,

are as follows:
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Figure 2.2: Schematic of adaptations of the PNP model based on various cable the-
ory based models. Normalised profile of the action potential propagation computed
in this work using the corresponding PNP model is depicted for the three variants:
A) The PNP model comprises of ionic exchange between the intra-cellular and the
extra-cellular region through the ionic channels present uniformly on the neuronal
membrane. B) PNP with myelin model unifies the PNP model and the presence of
myelin sheath. The ion channels are only present at the nodes of Ranvier. The low
capacitance of the myelin sheath steers the action potential with higher velocity. C)
The presence of the submyelin peri-axonal space is accounted for in the PNP model
with myelin and submyelin peri-axonal space.

Find the primal fields {V, cNa, cK , cCl}, where,

V ∈ SV , SV = {V |V = V̄ ∀ X ∈ ΓV
g },

ci ∈ Sci , Sci = {ci |ci = c̄i ∀ X ∈ Γci
g }
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and i ∈ {Na+, K+, Cl−}, such that,

∀ wV ∈ VV , VV = {V |V = 0 ∀ X ∈ ΓV
g },

∀ wci ∈ Vci , Vci = {ci |ci = 0 ∀ X ∈ Γci
g }

we have,

−F
ϵ

∫
Ω

wV (cNa+ cK − cCl) dV +

∫
Ω

∇wV ·∇V dV −
∫
ΓV
h

wV (∇V ·n) dS = 0 (2.8)

and,∫
Ω

wci
∂ci
∂t

dV+

∫
Ω

∇wci ·Di∇ci dV+

∫
Ω

∇wci ·Di
ciziF

RT
∇V dV+

∫
ΓV
h

wci (Fi·n) dS = 0

(2.9)

where wV is the variation for the voltage field, wci are the variations for the ionic

fields. Ω is the problem geometry, {ΓV
g ,Γ

ci
g } are the Dirichlet boundaries and

{ΓV
h ,Γ

ci
h } are the Neumann (Flux) boundaries of the voltage and ionic fields, re-

spectively. n is the unit normal vector . In this work, there is no voltage flux

(∇V ·n = 0) at all the boundaries. Eq. 2.9 and Eq. 2.8 are the governing equations

solved using FEM.

The PNP framework models the evolution of the voltage field and the ionic con-

centrations of Na+, K+ and Cl−. The initial ionic concentrations in the various

regions such as the extra-cellular region, membrane, myelin, cytoskeleton, etc., are

mentioned in the Supplemental Information. The initial voltage in the ECM is taken

to be 0 mV and in the cytoskeleton region to be the resting value of -70 mV. The

boundary conditions on the top and bottom surface of the domain are applied so

that the fields, i.e. voltage and the ionic concentrations, represent their bulk value in

the extra-cellular region as in Eq. 3.1. The ionic exchange at the nodes of Ranvier is

incorporated as an ionic flux as given by Eq. 3.2. Here Ii is the current of each ionic

concentration computed using their respective Hodgkin-Huxley ionic conductance.

At top and bottom boundaries;

ci = cei , V = 0 (2.10)
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At the Node of Ranvier:

Fi · n = fi, fi =
Ii
ziF

(2.11)

where,

INa = ḠNam
3h(Vm − ENa)

IK = ḠKn
4(Vm − EK)

ICl = 0

2.4.2 Estimating effective electrical properties from ionic

distributions

In order to compare the action potential propagation modelled using the cable theory

and the PNP model, the embedded electrical properties of the PNP model should be

the same as the input values of the cable theory based models. The capacitance of

the PNP model can be computed using the membrane thickness and myelin thickness

to obtain Cm and Cmy, respectively. The axial resistance offered to the conduction

can be computed using the ionic constants as presented in Figure 2.3. Initially, the

membrane potential is at its resting value of −70 mV with higher concentration

of sodium ions in the extracellular region and a higher concentration of potassium

ions in the intra-cellular region. The model is first equilibrated for a few timesteps

until there are no fluctuations in the field variables. Next, to initiate the action

potential, we assume a sodium ion influx in a region of length 5µm near the left end

of the neuronal membrane until the local potential reaches the threshold potential.

Thereafter, the activation parameters regulate the depolarization/repolarization.

2.5 Results

This section seeks to establish the significance of the PNP numerical framework by

analyzing the results of the three variants of the electro-diffusive model discussed

in the preceding sections. First and foremost, an unmyelinated PNP model for a

squid axon is investigated and distinctions with the cable theory based Hodgkin-

Huxley model are probed. Subsequently, the simulation results for the PNP with
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Figure 2.3: Electrical connection between the cable theory based model and the
Poisson-Nernst-Planck model. The spatial electro-diffusive PNP model comprises of
multiple fields including the voltage and the concentration of the respective ions. The
capacitance of the membrane and the myelin sheath are embedded in the PNP model
in the form of membrane/myelin thickness. The ion channel currents are treated as
a flux (Neumann boundary condition) in the spatial model. The resistance offered
to the action potential along the axon can be computed using the ionic constants
and the expression given in the figure. The derived fields namely, the electric field
and net charge are also plotted. Note that the plot of electric field is zoomed in
around the membrane as there is no appreciable electric field in the ECM.

myelin and PNP with myelin plus peri-axonal space model are carefully studied and

a detailed comparison with the corresponding cable theory based model is presented.

Neuronal axons of a rat and squid are considered for the numerical simulations. The
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parameters of the respective axons are collected from [7, 11, 22, 23] and are listed

in the Supplemental Information.

2.5.1 PNP model

Figure 2.4 compares the action potential resulting from the cable theory based

Hodgkin-Huxley model to the PNP model. For this simulation, the neuronal axon

of a squid having a length of 20, 000 µm, a radius of 238 µm, and a rat neuron

having a length of 1500 µm, a diameter of 1.1 µm are considered. Note that a larger

length for the squid axon is selected so that we can clearly observe the propagation

profile of the action potential in the simulations. From the plots, we can clearly

visualize that the one-dimensional lineout of the spatial voltage resulting from the

PNP model is similar to the voltage from the cable theory based Hodgkin-Huxley

model. The charge is accumulated near the membrane due to the property of the

membrane to act as a capacitor. This leads to the formation of the Debye layer near

to the membrane. As reflected from the plot of net charge, the variation of ionic

concentration is appreciable near the membrane. The electric field is prominent

throughout the membrane due to the potential difference between the intracellular

and the extracellular region, however, the magnitude of this electric field varies with

the propagation of the action potential along the axon. The initial equivalent resis-

tance offered to the action potential propagation along the squid axon is computed

to be 38.18 Ω cm using the underlying ionic constants. The conduction velocity for

the squid and the rat axon is computed to be 15.38 m/s and 0.36 m/s respectively.

2.5.2 PNP model with myelin

The action potential and the respective ionic concentrations modeled using the PNP

with myelination model are presented in Figure 2.5. The one-dimensional lineout

of the primary fields is plotted on the right. We observe that the action potential

propagates as a soliton-like wave as in the single-cable model. While the saltatory

conduction observed in the single-cable model is due to the potential jump from one

node of Ranvier to the next, the saltatory conduction in the electro-diffusive model

is observed in the respective ionic concentrations. As in the single-cable model,

the saltatory conduction is due to the presence of nodes of Ranvier, and therefore

the myelin sheath. Low capacitance of the myelin sheath which quickly charges
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and discharges, leads to fast propagation of the charge. The envelope of the one-

dimensional lineout of the respective ionic concentration propagates with the action

potential. We also note that there is no correlation of the myelin voltage in the

electrodiffusive model as in the single cable model. The electric field, prominent at

the nodes of Ranvier and the membrane is also depicted. As in the previous model,

the accumulation of the net charge closer to the membrane can be observed.

Here, we discuss the mechanism of action potential propagation using the PNP

electrodiffusive model. As compared to the bulk, the net charge is considerable

near the membrane due to the membrane capacitance. This leads to lower net

resistance in the intra-cellular region near the membrane. To initiate the action po-

tential, there is sodium ion influx from the first node of Ranvier. The high electric

field/ high voltage gradient at this node of Ranvier steers the charge to propagate

at a faster velocity along the membrane as this offers a low resistance conduction

path. These ions reach the adjacent node of Ranvier, resulting in the membrane

potential attaining the threshold potential. At this point, the Hodgkin-Huxley acti-

vation/inactivation parameters govern the ionic flux and the propagation of action

potential along the entire length of the axon. One must realize that the ionic dif-

fusion is immensely slow but the combination of high voltage gradient/electric field

at the respective nodes of Ranvier, the ionic flux through the membrane leads to

the local current and thus faster propagation of the action potential along the axon.

This ability of the PNP framework to model the electric field and net charge, in

addition to the action potential and the ionic distributions, make it a high-fidelity

and more comprehensive model compared to the cable theory models.

2.5.3 PNP model with myelin and peri-axonal space

The propagation of the action potential using the PNP model with myelin and

peri-axonal space is depicted in Figure 2.6. The profile of the action potential prop-

agation is similar to the earlier presented PNP model. However, the one-dimensional

lineout plot of the respective ionic concentration depicts a lot of surges due to the

presence of the peri-axonal space in addition to the nodes of Ranvier. The envelope

of the sodium ion concentration propagates with the action potential. However, the

envelope of the potassium and the chloride ion travel relatively fast with respect

to the action potential. Again, we can visualize the spatial saltatory conduction

from the respective ionic concentration which jumps from one node of Ranvier to
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the next. As in the previous PNP model, we note the lower amplitude of action

potential propagation, the dominant electric field at the nodes of Ranvier, and the

accumulation of net charge near the membrane. Note that the magnitude of the

electric field varies with the neuronal conduction along the axon. Simulation video

of the myelinated PNP models showing the spatio-temporal evolution of all the fields

is provided as part of the Supplemental Information.

2.5.4 Spatial resolution of the primal fields

Based on the simulation results presented in the previous sections, one can appreci-

ate the potential of the PNP framework to augment the voltage imaging experiments

where the neuron is stained with a voltage-sensitive or ion-sensitive dye to carry out

an analysis of the action potential propagation and its properties such as conduction

velocity. Figure 2.7 demonstrates the capability of the PNP framework to determine

the voltage fields and the respective ionic concentration to a fine resolution. This fine

resolution is important, as it’s the small variations in the respective ionic concentra-

tions that eventually result in the quintessential propagation of the action potential.

At any point P in the domain, one can visualize the temporal variation of the respec-

tive primary or derived fields. Thus, in addition to the voltage imaging experiments,

this model can potentially act as a digital twin for the patch-clamp/voltage-clamp

experiments where the profile of the voltage or the current is plotted at a specific

point in the neuron where the electrode is inserted.

2.6 Discussion on estimated velocity of action po-

tential propagation

The conduction velocity for a rat axon computed using the various cable theory

based models and the PNP models are compared in Figure 2.8a. For each of the

models based on cable theory or PNP, the conduction velocity increases due to

myelination or the presence of submyelin peri-axonal space. While the conduction

velocity computed using the PNP and the PNP with myelin are in close proximity

to that computed from the classical Hodgkin-Huxley and the single-cable model

respectively, the double cable model has nearly a nine fold increase in the speed
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Figure 2.4: Comparison of the cable theory based Hodgkin-Huxley to the PNP model
for a squid axon. The models have identical inputs of the membrane capacitance and
resistance. The schematics depict the capability of the PNP model to visualize the
spatial distribution of the voltage, ionic concentration, net charge and the electric
field. Net charge and electric field are dominant at the membrane. The profile of the
one dimensional lineout of the action potential propagation from the PNP model
resembles to the action potential propagation modelled using the cable theory based
classical Hodgkin-Huxley model.

compared to the PNP model with myelin and periaxonal space. This may be due to

the fact that, while the double-cable model employs the peri-axonal resistance and

the para-nodal resistance, these values for the PNP model depend on the underlying

ionic constants and are therefore of the same order of magnitude as in the axonal

cytoplasm. It has been assumed that the ionic diffusion coefficient is the same in

the cytoskeleton of the neuronal axon and the sub-myelin peri-axonal space which

may not be the case. However, once these values are obtained experimentally, we
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Figure 2.5: Schematics of the various fields modelled using the PNP model with
myelin for a rat axon. A lineout of the one dimensional profile of the primary fields
extracted from the spatial PNP model is depicted in the right. The action potential
propagates as a soliton-like wave as in the HH model. The ionic concentrations
depict a saltatory conduction where it appears that the concentration jumps from
one node of Ranvier to another. This is unlike the saltatory conduction observed
using the one dimensional single-cable model. This is observed for all the ionic
species present. Net charge is accumulated near the membrane. Electric field is
dominant at the nodes of Ranvier.

can easily incorporate this in the PNP framework. The slight difference in the

conduction velocity computed using the PNP model, PNP with myelin model as

compared to the cable theory based Hodgkin-Huxley, single cable model is discussed

next. Initially the equivalent axial resistance of the PNP model is comparable to the



25

mV

mM

mM

mM

A
cNa+

B
cK+

C
cCl-

D
Volt

0

164

0

141

0

160

-50

2

9.8

10.4

137.5

140.0

147.0

150.0

-40

2

E
Charge

-200

200

F
Electric

0

20000

field
mV/µm

C/m3

Figure 2.6: Schematics of the fields modelled using the PNP model with myelin
and periaxonal space for a rat axon. A lineout of the one dimensional profile of
the primary fields extracted from the spatial PNP model is depicted in the right.
The profile of the action potential is similar to earlier models. As in the PNP with
myelin model, the ionic concentrations depict a saltatory conduction jumping from
one node from Ranvier to the next. However, this conduction is faster here as
compared to the PNP with myelin model.

cable theory based model. With the propagation of action potential and because of

the nature of the membrane to act as a capacitor, the net charge is appreciable near

the membrane in the intracellular region. This leads to lower net resistance near the

membrane in the PNP models and the differences in the conduction velocity when

compared to their corresponding cable theory based model.

For a squid, there is a two fold increase in the computed conduction velocity
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Figure 2.7: Spatial resolution of the primary and derived fields in the PNP with
myelin model of a rat axon. The framework of the PNP based models can provide
insight into the various spatial fields present at a material point on the neuronal
membrane or its vicinity. The time evolution of various field values at a point ‘P’
in the intra-cellular region is depicted in the plots.

when the electro-diffusive model includes myelination. The conduction speed of the

Hodgkin-Huxley model is close to the value computed using the PNP model. The

primary difference in neuronal conduction velocity of a squid and a rat is due to

the larger diameter of the squid axon. The net axial resistance in the rat axon is

therefore relatively higher.

2.7 Conclusion

Cable theory based Hodgkin-Huxley, single-cable and double cable models have been

extensively used to model the action potential propagation along the neuron. These

models are essentially a one dimensional reduced order representation of the complex

action potential dynamics, and ignore the spatial ionic diffusion which can be crucial

to study propagation in non-trivial geometries and in the heterogeneous neuronal

microenvironment, such as in action potential propagating through thin dimensions

in dendrites, and of multiple action potentials. The Poisson-Nernst-Planck model
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Figure 2.8: Estimated conduction velocity (CV) of action potential propagation.
(a) Numerical estimates of the CV of the action potential propagating through the
rat neuron modeled using variants of cable theory and PNP based models. Using
the cable theory based models, the CV increases due to the presence of the myelin
sheath and the peri-axonal space. The same trend is observed for the PNP models
but the increase in the conduction speed when the peri-axonal space is present in
the PNP model, is comparatively lower than the double-cable model. (b) CV for the
action potential propagating through the squid neuron modeled using cable theory
and PNP models. The increase in the CV is significant when myelin is present. Here,
HH, SC, and DC abbreviations are used for the Hodgkin-Huxley, Single-Cable, and
Double-Cable models, respectively, to distinguish between the three 1D electrical
network models.

provides a robust framework to represent the action potential propagation due to

the spatio-temporal variation of the ionic concentrations at a much finer resolution.

Also, the derived fields, such as the electric field and the net charge, can be easily

obtained and analyzed. Moreover, as shown in this work, this model is able to

emulate the various variants of the cable theory based models. This framework can

also be extended to model the heterogeneous microenvironment around the neuronal

membrane, such as the neuron-glia interactions.

To the best of our knowledge, the framework presented here for numerically es-

timating the conduction velocity of the spatial action potential propagating using

the PNP model, is a first-of-its-kind. Further, the spatio-temporal manifestation

of the well-known saltatory conduction mechanism has been demonstrated. This

electro-diffusive PNP framework can augment experiments to yield an elevated un-

derstanding of the action potential propagation, and thus assisting us to get a better

insight into the functioning of our neurophysiology, and into the action potential re-

lated underpinnings of various neurological diseases.
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Chapter 3

Electro-diffusive modeling and the

role of spine geometry on action

potential propagation in neuronal

dendrites

3.1 Introduction

The brain, a complex structure, has the neuron as its fundamental building block.

The primary role of the neuron is to smoothly transmit the electrical signals also

known as the action potential. The understanding of the propagation of this ac-

tion potential is critical to understand the functioning of the brain, the disrup-

tion of which can lead to neurological disorders and a number of diseases such as,

Alzheimers, traumatic brain injury etc [2–4, 6, 35]. The primary mechanism of the

inter-neuronal electrical transmission is through the release of neurotransmitter by

the pre-synaptic neuron which activates the receptors on the post-synaptic neuron.

The excitatory synaptic potential is thus initiated at the dendritic spines, accumu-

lated at the axon hillock until the threshold is attained leading to the firing of the

all-or-none action potential along the axon. Besides the role of the different com-

ponents of the neuron, such as the spine, the dendritic shaft, the axon hillock and



29

the axon, the transmission is aided by the rich ion channel density and the receptor

density present on the neuronal membrane.

The neuron consists of thousands of dendritic spines, which are the narrow pro-

trusions on the dendritic shaft. The spines were discovered more than a century

ago and their importance as the principal site for excitatory synaptic input was

established. The neurotransmitter receptors present on the spine are activated once

the neurotransmitter binds onto them leading to the influx of excitatory input in

the form of synaptic current. It has also been contested that the geometry of the

spine plays a paramount role in regulating the synaptic potential and therefore in

synaptic plasticity. Experimental investigation of the spines has been challenging

due to difficulty in accessing them owing to their small size. Numerical modeling

in the form of cable theory has been widely applied to understand the fundamen-

tals of the electrical propagation but it was realized that this theory breaks down

for thin compartments as the spine [18]. The Poisson and Nernst-Planck equations

consider the coupling of the electric field to the ionic flow and provide a high-fidelity

capability to model the rich spatio-temporal propagation of the action potential.

Recently, dendritic spines have been numerically modeled using the PNP electrodif-

fusive equations. Coarse grained PNP equations are modeled by [39], PNP equations

under electroneutrality assumption is considered by [40], PNP equations are mod-

eled by [41]. [39, 41] emphasize the role of the spine geometry on potential induced

at the soma by the synaptic input at the spine. It is also to be noted that their

numerical models do not include the ion channels on the spine as they do not play

a prominent role during excitatory synaptic input [42].

Recently, super-resolution imaging techniques and fluorescent voltage dyes have

enabled the visualization of the potential in the spines [43]. The effect of attenuation

of the excitatory synaptic input from the spine to the soma has been studied by [41,

42, 44–48]. Spines with longer neck or lesser radius are electrically silent at the soma.

[48, 49] have predicted biochemical compartmentalization at the spine heads due to

the high diffusional resistance offered by the spine neck. Effect of backpropagating

action potential in spines has been closely observed by [42, 44–46]. It has been

inferred that the back-propagation leads to high potential in the spines and the role

of the ion channels in the spines is not as prominent during the excitatory synaptic

input. There is a high density of potassium ion channels in the dendrites which

ensures that the action potential does not initiate in the dendrite [50]. It has also

been observed that there is a high density of sodium ion channels in the axon hillock
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that results in attaining the threshold potential in the hillock region [51]. With the

rising capability of the experimental investigation of the spine biophysics, it has

become obligatory for the numerical models to faithfully supplement them and act

as their digital twin.

Once the voltage threshold is attained at the axon hillock, it leads to the prop-

agation of action potential in the axon. Neuronal axon electrophysiology has been

studied through varied experimental investigations such as patch-clamp technique,

electroencephalograms (EEG), electrocardiogram (ECG), MRI, voltage imaging etc

which have consequently provided immense details of the voltage profile, conduction

speed etc. Hodgkin-Huxley based cable theory provided a first mathematical basis

to model the electrical transmission in the axon [7, 28]. With advanced imaging

techniques, the presence of myelin sheath and the peri-axonal space have lead to the

single-cable and double-cable models [11]. The cable theory based models have a

number of limitations and this lead to the electro-diffusive PNP modeling [16, 18].

Both the unmyelinated and the myelinated case have been modeled for a single node

of ranvier [22, 23]. A first complete model of propagation of action potential along

the myelinated neuronal axon consisting of multiple nodes of Ranvier using PNP

was demonstrated by [52] which has immense capability to act as a digital twin for

the electrophysiological experiments.

Currently, the numerical models of action potential propagation using PNP are

limited to a spine only or the axon only propagation. With the advancements of the

experimental investigations into the spine, there is a requirement of an integrated

numerical model that demonstrates propagation of the electrical signaling starting

from the spine and propagating to the axon through the dendritic shaft and the soma

region. This unified model can aid the experimental findings and provide insights to

a far greater resolution. In this work, we extend our previous work [52] to include

the spine, dendrite and the soma region to model the action potential propagation in

the complete neuronal geometry. To our knowledge, this is the first integrated model

which is based on the Poisson-Nernst-Planck equations. It is to be noted that there

are full neuronal scale numerical models that exist in literature but they are based on

the cable theory which is inaccurate for small compartments as the dendritic spine

[44, 48, 53]. We demonstrate the initiation and propagation of action potential in

the neuron, namely, the forward propagation along the axon and the back propa-

gation into the spines. The effect of spine geometry on voltage attenuation at the

soma is also studied. It is believed that spines modify their geometry and play an
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essential role in synaptic plasticity. This model can also be coupled with mechanics

to represent the complex neuronal mechano-electrophysiological interactions [27].

3.2 Methods

3.2.1 Numerical representation of dendritic structure and

synaptic interface

As discussed in the introduction, the synaptic current at the synapse plays a vital role

in the healthy propagation of the inter-neuronal electrical signaling. Electrodiffusion

of neurotransmitters, the receptor’s capability to capture the neurotransmitters are

an important part of the mechanism. While the model discussed can be extended

to multi-neuronal cluster, here, we focus on a single neuron to get a detailed insight.

We use finite element method to solve the PNP set of equations. To simplify the

geometry, we approximate the neuronal geometry using straight lines instead of

curved lines so that the focus is not on the geometry. Fig. 3.1 depicts the schematics

of the neuron with a simplified geometry under investigation using the FE method.

To initiate the action potential in this single neuron model, we assume that once the

neurotransmitter released by the pre-synaptic neuron is captured by the receptors

residing on the spine head of the post-synaptic neuron, it leads to sodium ion influx.

This leads to the voltage buildup at the axon hillock region leading to the firing of

the action potential once the threshold potential is attained. There are Hodgkin-

Huxley based Na+, K+ ion channels on the dendritic shaft, the soma and the axon

neuronal membrane. Besides these, some leak K+ ion channels are also present

on the dendrite which ensure that the potential threshold is not attained in the

dendrite region. There is a high density of ion channel density in the axon hillock

region which ensures the propagation of the action potential. The myelin sheath

leads to the presence of nodes of Ranvier region on the axon which consist of ion

channels.

3.2.2 Numerical implementation of the PNP model

The coupled nonlinear system of PDE’s for ionic concentration and electrical po-

tential in the electro-diffusive PNP model are solved using the standard Finite Ele-
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Figure 3.1: The schematics of a simplified neuron geometry with respect to the
electrophysiological modeling. The receptors in the spine head form the primary
site of the synaptic input which leads the potential to flow through the spine neck,
the dendritic shaft, the soma to the axon hillock where it accumulates until the
threshold is attained and leading to the firing of this action potential along the
axon. The myelin sheath adds to the faster propagation of this potential via spatio-
temporal saltatory conduction. The geometry and the mesh used to represent the
neuronal geometry for the finite element method are also presented.

ment Method (FEM). The primal fields that are solved for are the voltage and the

concentration of Na+/ K+/ Cl- ions. The weak formulation of the governing equa-

tions solved with FEM were provided in the previous chapter. The computational

framework is made available to the wider research community as an open source li-

brary [38], and we hope it serves as a platform for wider adoption of the high-fidelity

PNP framework by neuronal modeling researchers.

The PNP framework models the evolution of the voltage field and the ionic

concentrations of Na+, K+ and Cl-. The initial ionic concentrations in the various

regions such as the extra-cellular region, membrane, myelin, cytoskeleton, etc., are

mentioned in the Supplemental Information. The initial voltage in the ECM is taken
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to be 0 mV and in the cytoskeleton region to be the resting value of -70 mV. The

boundary conditions on the top and bottom surface of the domain are applied so

that the fields, i.e. voltage and the ionic concentrations, represent their bulk value in

the extra-cellular region as in Eq. 3.1. The ionic exchange at the nodes of Ranvier is

incorporated as an ionic flux as given by Eq. 3.2. Here Ii is the current of each ionic

concentration computed using their respective Hodgkin-Huxley ionic conductance.

At top and bottom boundaries;

ci = cei , V = 0 (3.1)

At the Node of Ranvier:

Fi · n = fi, fi =
Ii
ziF

(3.2)

where,

INa = ḠNam
3h(Vm − ENa)

IK = ḠKn
4(Vm − EK)

ICl = 0

The following expression for the leak current in the dendrite is adopted.

I leakK = gleakK (V − EK) (3.3)

Model parameters

Initially, the membrane potential is at its resting value of −70 mV with higher

concentration of sodium ions in the extracellular region and a higher concentration

of potassium ions in the intra-cellular region. The model is first equilibrated for a

few timesteps until there are no fluctuations in the field variables. The geometrical,

electrical and ionic parameters of the model are listed in Table 3.1, 3.2 and 3.3.
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Table 3.1: Constants used in the electro-diffusive numerical framework.

Parameter Value Description

R 8.31454 J ·mole−1 ·K−1 Gas constant
T 279.45 K Temperature
F 96485 C ·mole−1 Faraday constant
DNa 1.33 µm2 ·ms−1 Diffusion coefficient of sodium ion
DK 1.96 µm2 ·ms−1 Diffusion coefficient of potassium ion
DCl 2.0 µm2 ·ms−1 Diffusion coefficient of chloride ion
ϵo 8.88541 e−12C ·m−1 · V −1 Electric permittivity in vacuum
ϵw 80.0 Relative dielectric permittivity of water
gNa 120 mS/cm2 peak conductance of Na+

gK 36 mS/cm2 peak conductance of K+

gleakNa 0.05 mS/cm2 leak conductance of Na+

gleakK 0.5 mS/cm2 leak conductance of K+

ciNa 10 mM Initial intracellular concentration of Na+

ciK 140 mM Initial intracellular concentration of K+

ciCl slightly exceeds 150 mM Initial intracellular concentration of Cl−

ceNa 155 mM Initial extracellular concentration of Na+

ceK 3.5 mM Initial extracellular concentration of K+

ceCl 158.5 mM Initial extracellular concentration of Cl−

3.3 Results

This section seeks to establish the significance of the PNP numerical framework

by analyzing the results of the initiation and forward / backward propagation of

action potential in the neuronal geometry. First and foremost, the synaptic current

is input at a single spine head leading to the initiation of the axon potential at the

axon hillock and propagating along the axon. Subsequently, the effect of geometry

of the spine and the dendritic shaft are carefully studied and detailed insights are

presented. Finally, we consider the case of synaptic input at multiple spine heads and

present an exhaustive comparison with the corresponding case of input at a single

spine head. Neuron of a rat with myelinated axon is considered for the numerical

simulations. The parameters of the axon are collected from [7, 11, 22, 23, 52].
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Table 3.2: Geometric properties of the neuron studied for the action po-
tential propagation using the PNP model.

Parameter Value

Spine head dimension 1.0 µm*1.0 µm
Spine neck length 1.0 µm

Spine neck diameter 0.1 µm
Dendritic shaft diameter 0.3 µm

Distance of Spine 1 from soma 25 µm
Distance of Spine 2 from soma 15 µm
Distance of Spine 3 from soma 20 µm
Distance of Spine 4 from soma 31 µm

Soma dimension 20 µm*20 µm
Ion channel length at dendritic shaft 1.0 µm

Ion channel length at soma 3.0 µm
Node of Ranvier length in axon 5.0 µm

Ion channel length at the axon hillock 50.0 µm
Axonal internodal distance 70 µm

Diameter of rat axon 1.1 µm

Table 3.3: Electrical properties of the neuron under investigation.

Parameter Value Description

CSpine / CDendrite / CSoma 0.85 µF/cm2 Membrane capacitance

CMyelin
Axon 0.16 µF/cm2 Myelin sheath capacitance

CMembrane
Axon 1.45 µF/cm2 Membrane capacitance
RNeck 54 MΩ Spine neck resistance

3.3.1 Synaptic input at single spine head

In this section we present the result of action potential propagation due to the

synaptic current input at a single spine head. Fig. 3.2 compares the action potential

propagation at the spine head, dendritic shaft, soma and the axon. For axon, we

record the value in the region close to the axon hillock region. We observe that

due to the synaptic current input at the spine, the potential is initially higher at

the spine head and least at the axon until the threshold potential is attained at

the axon hillock region. Once the threshold is attained, due to the action of the

ion channels, the action potential forward propagates along the axon but also leads

to the back-propagation in the dendritic spines. A peak action potential value of
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around 0 mV is numerically recorded as has been observed in [52]. It is to be noted

that the synaptic input is only present until the threshold potential is attained. Fig.

3.3 presents the concentration of sodium ions in the spine head and the spine neck

along the marked yellow line at the threshold potential timeframe. We can observe

that there is a significant concentration variation in the spine. Cable theory which

does not consider the ionic variation is thus inaccurate for such small geometries

and the Poisson-Nernst-Planck equations present a versatile framework for accurate

modeling of the electrical signaling.
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Figure 3.2: Comparison of the action potential propagation in different neuronal
regions, namely, the spine, dendritic shaft, soma and the axon. The value of the
potential in spine is higher until the action potential is fired at the axon hillock to
propagate along the axon and backpropagate into the spine.
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Figure 3.3: Variation of sodium ion concentration in the spine head and neck. Geom-
etry of a spine is depicted on the left. The plot on the right depicts the concentration
of sodium ions along the dashed yellow line. The concentration gradient is higher
in the spine neck due to its higher diffusional resistance.
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Effect of input synaptic current density

To observe the effect of spine geometry on the action potential, we start by varying

the input synaptic current. On increasing the input synaptic current density by

five times, we observe that the potential difference between the spine and the soma

region increases drastically. This is due to the diffusional barrier offered by the

spine neck. This is evident from Fig. 3.4. The number of receptors on the spine

head or the receptor density on the spine head thus plays an influential role in

regulating the voltage attenuation at the soma. As expected, we also observe that

the threshold potential is attained early for this case and the peak action potential

is higher compared to the previous case.

Spine
Dendrite
Soma
Axon

V
ol

ta
ge

 (m
V

)

-80

-40

0

0 147
Time (ms)

Figure 3.4: A comparison of action potential propagation in the different neuronal
regions when the input synaptic current increases by five times. It can be clearly
observed that the potential difference between the spine and the soma region in-
creases drastically.

Effect of spine neck geometry

Fig. 3.5 presents the potential plots for various regions in the neuron upon increasing

the spine neck length from 1µm to 4µm. We note that the potential attenuation

from the spine to the soma region is higher compared to the base case due to the

higher resistance induced by the increased neck length. However, this attenuation

is lesser compared to the case when the synaptic current is increased by five folds.

A similar case is observed when the spine neck radius is decreased. The initial spine

neck resistance is computed to be 54 MΩ.
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Figure 3.5: Action potential propagation in different regions of the neuron when the
spine neck length is increased. A peak action potential of around 0 mV is attained
for this case.

Effect of dendritic shaft geometry

After carefully studying the effect of spine geometry, we now observe the effect of

the geometry of the dendritic shaft. Fig. 3.6 refers to the case when the width of the

dendritic shaft is increased from 0.3µm to 0.5µm. The potential difference between

various regions of the neuron is not considerable for this case. If however the width

of the dendritic shaft is reduced to 0.1 µm, the potential difference between various

regions is higher due to the increased diffusional resistance offered by the dendrite.

This is demonstrated in Fig. 3.7.
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Figure 3.6: Action potential propagation at various regions in the neuron upon
increasing the width of the dendritic shaft. The peak action potential is lower for
this case as the ion channel density needs to be higher due to larger volume of the
geometry.
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Figure 3.7: Effect of resistance offered by the geometry of dendritic shaft. High dif-
fusional resistance offered by the thin dendritic shaft as observed from the potential
propagating in distinct regions in the neuron.

3.3.2 Synaptic input at multiple spines

Next, we consider the case study of the synaptic input being activated at all the four

spines present in the FE geometry. As can be observed from Fig. 3.8, we observe

that before the threshold potential is attained in the axon hillock, the potential in

distinct regions of the neurons is alike. After the firing of the action potential at the

hillock, we observe forward propagation along the axon and the backpropagation in

the spine as in the earlier cases.
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Figure 3.8: Effect of simultaneous injection at multiple spines. The potential profile
for action potential propagation when the synaptic current is input in multiple spines
at once.

3.4 Discussion

One of the key research problem of neuroscience is to get an elevated understanding

of the electrical signaling in the brain. Further, in order to understand neurological
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diseases, it is of prime importance to understand the fundamental building blocks

of the brain- the neuron. Numerical modeling has been an effective strategy to aid

the experimental advances. In this work, we present a novel numerical framework

of action potential propagation in a complete neuronal geometry. This model can

be easily put into use / extended to understand various disease conditions, however,

at this point, we focus on understanding the initiation and propagation of action

potential in the neuron. We also emphasize the role of spine geometry in regulating

synaptic plasticity, which has been an active area of research. The morphological

changes in the spine geometry, namely the spine neck length and diameter have

been known to play a key role in modulating the potential [54]. The resistance

of the dendritic shaft is also considerable relative to the spine. Here, we compute

the initial spine neck resistance to be 54 MΩ and for the dendritic shaft to be 150

MΩ for the case of synaptic input at a single spine. Fig. 3.9 presents the voltage

attenuation at the soma induced by the synaptic input at the spine. We observe

that increasing the spine neck length or decreasing the radius of the spine neck leads

to increasing the voltage attenuation due to the increased resistance offered by the

spine neck. Thus, spine neck has a crucial role to play in synaptic plasticity. We

also note that increased input synaptic current density due to the increased number

of receptors being activated offers to synaptic plasticity. As reported in literature,

we did not observe the effect of spine head geometry or the membrane capacitance

to voltage attenuation.

The numerical framework developed here fosters our understanding of the ac-

tion potential propagation through demonstrating the forward propagation along

the axon as well as back propagation into the spine. We note that the voltage am-

plitude in the spine during forward propagation is around 23 mV and during back

propagation has a value of 70 mV . This model can certainly aid the experimental

findings such as from voltage dyeing to a far better resolution. Ion channels also

play a dominant role in the electrical signaling. Here, we do not study the effect

of back propagating voltage attenuation at the spine based on its distance from

the soma since ion channel density in the spine is not precisely known. However,

once the ion channel density in the spine/ dendrite region is known, the model can

be easily extended to study the effect of back propagating voltage amplitude in the

spine with their distance from the soma. The ion channel density in the axon hillock

region is also critical to the action potential amplitude. Note that the neuron for a

rat is considered since a lot of our quantitative understanding is for a rat neuron.



41

V
S

P
IN

E
 - 

V
S

O
M

A
   

  (
m

V
)

0

20

0 1.7Time (ms)

High synaptic current

Reduced radii of dendritic shaft

High spine neck length

Base case

Increased radii of dendritic shaft

Synaptic injection at multiple spines

Figure 3.9: Voltage attenuation at the soma induced by the synaptic current in the
spine. The effect of input synaptic current density, spine geometry and the dendrite
geometry on voltage attenuation at the some is evident. The spine geometry has
tremendous capability to modulate the membrane potential.

This model can be easily extended to other neurons such as a human neuron by

incorporating the geometry, the ion channel density etc [55].

3.5 Conclusion

Advanced experimental techniques in the last decade have provided bewildering in-

sights into the spine electrophysiology. This necessitates development of a numerical

framework that captures the intricate details of the neuron to an astounding res-

olution. Here, we extend our previous work on axonal electrophysiology using the

PNP model to include the spine, the dendrite and the soma regions to observe the

action potential initiation and propagation.

To the best of our knowledge, the framework presented here for spatial action

potential propagation in the complete neuron geometry using the PNP model is a

first-of-its-kind. Further, the role of spine geometry, dendrite geometry on the at-

tenuation of potential from spine to the soma has been demonstrated. Both forward

and backward propagation observed in the model enhance its rich capability to act

as a digital twin to the neuronal experiments and provide an elevated understanding

of neuronal electrophysiology.
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Chapter 4

Mechanochemical phenomena on

membranes - modeling surface

diffusion using Kirchoff-Love shell

kinematics

A part of this chapter is a published work:

Auddya, Zhang, Gulati, Vasan, Garikipati, Rangamani, Rudraraju

“Biomembranes undergo complex non axisymmetric deformations gov-

erned by Kirchhoff-Love kinematics and revealed by a three dimensional

computational framework”, Proceedings of the Royal Society A, 2021.

4.1 Introduction

Shells and plates are used in a wide variety of applications. A shell is called to be thin

when its thickness is very small compared to the characteristic length of the reference

surface. Thin shells can be further classified into solid shells and liquid shells and are

ubiquitous in nature including biological, chemical and mechanical systems [56–59].

Biological membranes constitute a large proportion of these applications.
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Extensive research has been done on diffusion along the volumetric geometries

and for the flat planar surfaces such as the widely known Saffman and Delbruck

theory, which relates the diffusion constant to the size of the protein, viscosity of

the fluid and the membrane thickness [60]. However, the applications of diffusion

discussed in the introduction such as in the intracellular transport take place on a

highly curved cell membrane. It is believed that the presynaptic neuron modulates

the release of neurotransmitters through modulating the curvature of the membrane.

Experimental techniques such as single-particle tracking (SPT), fluorescence corre-

lation spectroscopy (FCS), atomic force microscopy (AFM) have been put into use

to analyze diffusion. However, there is a lot of anomaly in analyzing the experi-

mental results of diffusion on curved surfaces such as the cell membrane. Analytical

results for diffusion on curved manifold are highly complex and have been scarcely

attempted in literature. Analysis of a geometry having constant gaussian curvature

is elucidated in [61]. [62] adapt geodesic polar coordinates and present the effects

of curvature on diffusion, which can then be characterized by the geodesic curva-

ture or the Gaussian curvature. The complicated general diffusion equation can be

simplified for the case of developable surfaces and isotropic surfaces. The lack of a

generalized analytical solution for various membrane geometries has fueled the moti-

vation for numerical studies of diffusion on curved manifolds which have been carried

out in [63] for complex geometries like a dome, tube, pearled structure. However,

their geometries are complex, use the Laplace beltrami operator and their formula-

tion is axi-symmetric. [64] compare the diffusion of proteins along the cylindrical

geometry of varying curvature. It has been demonstrated that diffusion affects the

membrane shape if the spontaneous curvature depends on the concentration [65, 66].

Analogous to diffusion, phase separation is of prime importance to understand

mechanisms such as protein aggregation. Phase transformation governs the tempo-

ral dispersion of proteins and therefore the physiological functions of the membrane.

Protein interactions may result in the creation of protein microdomains. Phase

transformations has been modeled using the Ginzburg-Landau energy. Phase sepa-

ration has been classically studied for volumetric objects and flat surfaces. However,

membranes are highly curved and their morphology is critical to protein transport

and kinetics. Biological cells modulate their geometry and thus curvature to regulate

key biological functions. There has been a lot of interest in computationally model-

ing Giant unilamellar vesicles (GUVs) as they mimic biological cell membrane and
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provide great insight into their structure and functioning. It also enables the mod-

eling of proteins in relation to their inherent curvature [67, 68]. For instance, phase

separation and protein organization using reaction-diffusion equation on a dendritic

spine has been numerically studied using hybrid discrete-continuum stochastic de-

scription by [69]. It is known that the geometry of the spine neck plays a critical role

in modulating the action potential. Evolution of Cahn-Hilliard on curved geometries

has been modeled in [56, 70].

The cellular membrane exhibits significant heterogeneity, encompassing diverse

lipids, proteins, and ion channels within its structure. Capturing this spatiotempo-

ral behavior of the cell membrane is numerically challenging [27]. The goal of this

chapter is to formulate a general framework of non linear shells and to model the

phase transformation phenomena on shells to study the role of curvature on diffusion

and phase transformation. We start by presenting diffusion on a two dimensional

curved cylindrical surface embedded in the three dimensional space. Diffusion at

the continuum scale is a generalization of brownian motion and is modeled using

Fick’s second law. Here, we do not incorporate molecular crowding which is be-

lieved to lead to anomalous diffusion. Next, we rigorously investigate the role of

curvature in phase separation. Initially, we start with phase transformation on a

rigid geometry and henceforth proceed with a deformable lipid bilayer. To model

shells, the Kirchoff-Love theory and Uflyand-Mindlin theory have been prominently

utilized in literature. In this work, the Kirchoff-Love shell kinematics is put into

use, where the normal to the mid-surface remains perpendicular while deformation.

For modeling the in-plane mechanical behaviour, we use the Neo-Hookean energy

and for the out of plane bending, Koiter bending energy is utilized. The fourth

order partial differential equation in the out of plane deformation is coupled to the

fourth order mass conserving Cahn-Hilliard equation, which describes the physics

of the phase transformation. The constitutive equations for the thin shell formu-

lation is discussed in detail in the following sections. Finite element technique is

used to solve this non-linear coupled set of equations. The weak form requires the

solution to be C1 continuous. FE discretization using Isogeometric analysis (IGA)

is employed due to its capability to easily satisfy the requirement of C1 continuity.

The in-plane phase transitions coupled to the out of plane mechanical deformation

introduces the Korteweg stress.
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4.2 Mathematical background

Here, we briefly review some concepts before moving to the discussion on kinematics

and constitutive equations. Contravariant vectors are the vectors whose components

transform in the opposite way as compared to the basis. Examples of contravariant

vectors are most of the vectors that we know, e.g. force, acceleration etc. These are

denoted by aiui. Components of a co-variant vector transform in the same way as

their basis. Example: gradient field. These are denoted by aiui. The values in a

metric tensor, aij = ai.aj, can be used to measure lengths in a different basis. A 2D

surface in 3D space has two principle curvatures κ1, κ2. The gaussian curvature,κ

(also known as specific curvature/second curvature/total curvature) is the product

of the principle curvatures. The mean curvature, H is the average of the principle

curvatures. A surface is flat if κ =0 and minimal if H=0. For example, a cylindrical

surface is flat.

4.3 Kinematics

Consider a shell (2-manifold) embedded in a 3D volume. Let the reference and

current configuration of the shell surface be denoted by S0 and S, respectively. S0

and S are parametrized in terms of the parametric coordinates ξ1 and ξ2 that map

a flat 2D domain to the surface coordinates X and x:

X = X(ξ1, ξ2) ∀ X ∈ Ω0, x = x(ξ1, ξ2) ∀ x ∈ Ω (4.1)

The (covariant) tangent vectors in the reference and current configuration, are

given by:

AI =
∂X

∂ξI
= X,I ai =

∂x

∂ξi
= x,i (4.2)

Using the tangent vectors we can determine the surface normals as follows:

N =
A1 ×A2

∥A1 ×A2∥
n =

a1 × a2

∥a1 × a2∥
(4.3)
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Figure 4.1: Surface parametrization of a biomembrane in the reference undeformed
configuration (Ω0) and current deformed configuration (Ω). The 2D surface, Ω0, is
bounded by the curves ∂Ω0 (highlighted with color), and embedded in a 3D volume.
Here, X is the position vector of a point on the surface parametrized in terms of
the surface coordinates (ξ1,ξ2) which are associated with a flat 2D domain that is
then mapped to Ω0 as X = X(ξ1, ξ2). The local tangent vectors to the surface
at X are A1 and A2, and N is the corresponding surface normal. The position
dependent triads {A1,A2,N} and {a1,a2,n} form the local curvilinear coordinate
basis for the reference undeformed configuration and current deformed configuration,
respectively.

4.3.1 Metric tensor

Now the components of the metric tensor are given by (via the first fundamental

form):

AIJ = AI ·AJ aij = ai · aj (4.4)

The contravariant tangent vectors are then given by the transformations:

[
AIJ

]
= [AIJ ]

−1 [
aij
]
= [aij]

−1 (4.5)

AI = AIJAJ ai = aijaj (4.6)

and the following identities hold:

AI ·AJ = δIJ ai · aj = δij (4.7)
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4.3.2 Curvature tensor

The second order derivatives of the surface coordinates X and x are given by:

AI,J =
∂AI

∂ξJ
ai,j =

∂ai

∂ξj
(4.8)

and the corresponding covariant derivatives are given by:

AI;J = (N ⊗N )AI,J ai;j = (n⊗ n)ai,j (4.9)

The covariant derivative can be more easily obtained through the use of the Christof-

fel symbols (ΓK
IJ = aK · aI,J):

AI;J = AI,J − ΓK
IJAK ai;j = ai,j − Γk

ijak (4.10)

Now we can obtain the derivatives of the tangent vectors and thus the compo-

nents of the curvature tensor (via the second fundamental form) in the reference

and current configuration as:

BIJ = AI,J ·N bij = ai,j · n (4.11)

Using the components of the curvature tensor, we can obtain the mean curvature:

H =
1

2
BIJAIJ on S0, H =

1

2
bijaij on S (4.12)

the Gaussian curvature:

κ =
|B|
|A|

on S0, κ =
|b|
|a|

on S, |·| = det(·) (4.13)

and the principal curvatures:

κ1/2 = H ±
√
H2 − κ (4.14)
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4.3.3 Shell basis

The triads {A1,A2,N} and {A1,A2,N} both form a basis to decompose vectors

into the in-plane and out-of-plane components. For any general vector V ∈ R3,

V = V IAI + (V .N )N = VIA
I + (V .N )N (4.15)

where VI = V ·AI and V
I = V ·AI are the covariant and contravariant components

of the vector V . Similarly, one can use the basis {a1,a2,n} or {a1,a2,n} to

decompose any general vector v ∈ R3 in the current configuration.

4.3.4 Additional surface kinematics

The variation of the tangent vector can be obtained as:

δai = δx,i (4.16)

Taking its parametric derivative;

δai,j = δx,ij (4.17)

The variation of equation 4.4 is given by:

δaij = ai.δaj + δai.aj (4.18)

The co-variant vectors are perpendicular to the normal i.e. ai.n = 0. The variation

of the normal can therefore be computed as

δn = −ai(n.δai) (4.19)

Using equation 4.11, the variation of the curvature tensor can be obtained as:

δbij = ai,j.δn+ n.δai,j (4.20)
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Substituting equation 4.19, the following expression can be obtained

δbij = (δai,j − Γk
ijδak).n (4.21)

From the formula of Gauss;

ai;j = bijn (4.22)

The surface deformation gradient is given by;

F = ai ⊗Ai (4.23)

The area change ds = JdA where J is the surface stretch.

J =
Ja
JA

=

√
detaij√
detAij

(4.24)

The following expression for jacobian can therefore be obtained;

∂J

∂aij
=
J

2
aij (4.25)

The right cauchy green tensor, C is given as C
¯

= F TF
¯
= aijA

¯
i ⊗ A

¯
j. Its trace,

I1 = C
¯
: 1
¯o
, where 1

¯o
= A

¯ i ⊗Ai. Solving, I1 = Aijaij It can be determined;

δa = aaijδaij (4.26)

The following can be obtained

δaij = aijklδakl (4.27)

where

aijkl =
∂aij

∂akl
=

−1

2
(aikajl + ailajk) (4.28)

which has major and minor symmetry. Therefore, contracting it with symmetric

tensor yields,

bkla
ijklbkl = −bij (4.29)
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Using equation 4.12, the variation of the mean curvature can be computed as,

δH =
1

2
∂aijbij +

1

2
aij∂bij (4.30)

For mean curvature, using equation 4.26, 4.28, it follows:

∂H

∂aij
=

−bij

2
(4.31)

∂H

∂bij
=
aij

2
(4.32)

Gaussian curvature, κ, is also given by

κ =
1

2
eijeklbikbjl

1

a
(4.33)

and its variation can be computed as;

δκ =
1

2
eijeklδbikbjl

1

a
+

1

2
eijeklbikδbjl

1

a
− 1

2
eijeklbikbjl

δa

a2
(4.34)

Using the third term in preceeding equation, and equation 4.26 we get,

∂κ

∂aij
= −κaij (4.35)

Using the first two terms in equation 4.34 one can arrive at,

δκ

δbij
=

1

2
eijejlbjl

1

a
+

1

2
eijekjbjk

1

a
=
b

a
bijinv = κbijinv (4.36)

4.4 Material model

Considering the classical Helfrich formulation for biological membranes, the strain

energy density of a membrane in the current configuration is given by:

w = kB ∗ (h− h0)
2 + kGκ (4.37)
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where kB and kG are the bending modulus and the Gaussian curvature modulus

of the membrane, h is the mean curvature, κ is the Gaussian curvature and h0

represents the instantaneous curvature induced in the membrane. To enforce the

constant area constraint, we can consider a penalty formulation or Lagrange multi-

plier formulation.

In the penalty formulation, the total strain energy density of the membrane in the

current configuration is given as :

wP = kB ∗ (h− h0)
2 + kGκ+

δ

2
(J − 1)2 (4.38)

where J (=

√
det(a)√
det(A)

) is the surface stretch and δ is the penalty parameter.

Likewise, following a Lagrange multiplier formulation for the constant area con-

straint:

wLM = kB ∗ (h− h0)
2 + kGκ+ λ(J − 1) (4.39)

where λ is the point value of the Lagrange multiplier field.

4.5 Equilibrium

The conditions for quasi-static equilibrium in the weak formulation are given by [57]

: ∫
S

1

2
δaijσ

ijda+

∫
S

δbijM
ijda−

∫
S

δx · fda−
∫
∂S

δx · tds = 0 (4.40)

For a hyperelastic material model, we can express the stress and moment com-

ponents in terms of the strain energy density as:

σij =
2

J

∂w

∂aij
(4.41)

M ij =
1

J

∂w

∂bij
(4.42)

For the Helfrich-type strain energy density expressions, without the area con-
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straint, these are given by:

σij = (kB(h− h0)
2 − kGκ)a

ij − 2kB(h− h0)b
ij (4.43)

M ij = (kB(h− h0) + 2kGh)a
ij − kGb

ij (4.44)

Finite Element Formulation

A point x in the current configuration can be approximated as

x ≈ N̄xe (4.45)

where e denotes the element and N̄ is the basis function obtained from NURBS so

that the mesh is C1 continuous. The variation of x can be obtained as

δx ≈ N̄δxe (4.46)

The co-variant tangent vector can now be written as

ai =
∂x

∂ξi
≈ N̄,ixe (4.47)

and the variation of the tangent vector can be expressed as:

δai ≈ N̄,iδxe (4.48)

Using the above finite dimensional discretization, the weak form can be expressed

as∫
S

1

2
(2aiδaj)σ

ijda+

∫
S

(δai,j−Γk
ijδak).nM

ijda−
∫
S

δx·fda−
∫
∂S

δx·tds = 0 (4.49)

Knowing the variations are given by δai = N̄ ,iδxe and δbij = (N̄ ,ij−Γk
ijN̄ ,k).nδxe,

this expression reduces to
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∫
S

aiN̄ ,jσ
ijdaδxe+

∫
S

(N̄ ,ij−Γk
ijN̄ ,k).nM

ijdaδxe−
∫
S

N̄fdaδxe−
∫
∂S

N̄tdsδxe = 0

(4.50)

This is the finite dimensional weak formulation of the problem that is implemented

in the computational code underlying the framework presented in this work.

4.5.1 Stabilization stress

The stabilization stress σij
sta can be added to σij to stabilize the system of liquid

shells by adding additional stiffness. The stress term can be split into in-plane and

out of plane components. The stabilization stress can therefore be added to the

respective stress component. Variation in x can be split into in-plane and out of

plane components: δx = wia
i + wn where wi is in-plane component and w is the

out of plane component along the normal. The variation δaij can be written as;

δaij = wi;j + wj;i − 2wbij. Substituting this expression of variation of aij, it can be

written in terms of in-plane and out of plane stress components:∫
1

2
δaijσ

ijda =

∫
1

2
(2wi;j − 2wbij)σ

ijda (4.51)

∫
1

2
δaijσ

ijda =

∫
wi;jσ

ijda−
∫
wbijσ

ijda (4.52)

Thus the out of plane component can be written as −
∫
σijbijN

Tnda and the

in-plane component can be written as total term minus the out of plane component,

i.e.
∫
σijNT

,i ajda−
∫
σijbijN

Tnda

4.5.2 Rotational boundary conditions

The rotational constraints at the boundaries can be applied using the penalty

method. The constraint potential is∫
ϵ

2
(n− n̄).(n− n̄)dS (4.53)
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Taking its variation and using equation 4.19, we get∫
ϵ

2
2(n− n̄).δndS =

∫
ϵ(n− n̄)(−ain.N,i)dSδxe =

∫
−ϵ(n− n̄)ainN,idSδxe

(4.54)

4.6 Cahn Hilliard

The formulation for phase transformation using the Cahn Hilliard principles on

deforming surfaces is discussed here. A brief on surface derivatives is reviewed in

the first sub section.

4.6.1 Surface Calculus Revisit

In cartesian coordinates, we write gradients as:

∇f =
∂f

∂x
i+

∂f

∂y
j (4.55)

which in indicial notation can be written as;

∇if =
∂f

∂x
(4.56)

while the differential operator is expressed as:

df =
∂f

∂x
dx+

∂f

∂y
dy (4.57)

On a general manifold, the gradient is defined as,

∇f = f;ia
i (4.58)

which can be expressed in indicial notation, with basis ai, as

∇if = aij
∂f

∂ξj
= aij∂jf (4.59)
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For instance, in cartesian basis, aij = δij and the expression for gradient reduces to

that in Eq. 4.56. For a polar basis, aij =

(
1 0

0 1
r2

)
. The expression for gradient in

Eq. 4.59 reduces to

∇f =
∂f

∂r
er +

1

r2
∂f

∂θ
eθ (4.60)

For a general vector v = vαaα + vn, the divergence operator on a general basis on

the manifold is written as:

∇ · (v) = (vβaβ + vn);α · aα = (vβaβ);α · aα + (v;αn+ vn;α) · aα (4.61)

= vβ;αa
α
β+v

βaβ;α ·aα+(0+v(−bαβaβ)·aα) = vα;α+0+0−vbαβaαβ = vα;α−2Hv (4.62)

where

aα;β = bαβn, H =
1

2
aαβbαβ (4.63)

Finally, the Laplace operator can be written as;

∆f = ∇ · (∇f) = (f;βa
β);α · aα = f;αβa

αβ (4.64)

4.6.2 Phase transformation formulation

To model phase transformation, the free energy density functional for the coupled

Cahn-Hilliard and out of plane deformation can be written as

W = J(kB(c) ∗ (H −H0(c))
2 + kGκ) +

λ(c)

2
(J − 1)2 + JNω

γ

2
∇c · ∇c+ kcNωc(1− c)

+ TNkBolt(c log c+ (1− c) log(1− c)) (4.65)

= J(kB(c) ∗ (H −H0(c))
2 + kGκ) +

λ(c)

2
(J − 1)2 + JNω

γ

2
c;µa

µ · c;νaν + kcNωc(1− c)

+ TNkBolt(c log c+ (1− c) log(1− c)) (4.66)

= J(kB(c) ∗ (H −H0(c))
2 + kGκ) +

λ(c)

2
(J − 1)2 + JNω

γ

2
c;µc

;µ + kcNωc(1− c)

+ TNkBolt(c log c+ (1− c) log(1− c)) (4.67)
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Note that the gradient term in the above expressions is on the surface manifold.

Stress can then be computed as

σij = aij(kb(H −Ho)
2 − kgκ)− 2kb(H −Ho)b

ij + λ(J − 1)aij

+
2

J
Nω
(J
2
aij
γ

2
c;µc

;µ +
Jγ

2
c;µc;ν

∂aµν

∂aij

)
(4.68)

We know from Eq. (4.28):

∂aµν

∂aij
=

−1

2
(aνiaµj + aνjaµi) (4.69)

Stress for the coupled bending-phase transformation then reduces to

σij = aij(kb(H −Ho)
2 − kgκ)− 2kb(H −Ho)b

ij + λ(J − 1)aij

+ γNω
(1
2
c;µc

;µaij − c;ic;j
)

(4.70)

The last term in the above expression is the Korteweg stress, σij
CH due to the Cahn-

Hilliard energy. The free-energy density functional reduces to the same moment as

for the helfrich-bending case discussed earlier.

From energy balance [56], the chemical potential per unit reference area is ob-

tained to be

µc =
∂W

∂c
− J

( 1
J

∂W

∂c;α

)
;α
= µb + µi = µcc + µel + µi (4.71)
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The chemical potential can now be computed as

µb =
∂W

∂c
= µel + µcc (4.72)

µel = J
(
k

′

b(c)(H −Ho(c))
2 − 2kb(c)(H −Ho(c))H

′

o(c)
)
+
λ

′
(c)

2
(J − 1)2 (4.73)

µcc = kcNω
∂

∂c
c(1− c) + TNkBolt log

c

1− c
(4.74)

µi = −JNωγ∆c (4.75)

µc =
∂W

∂c
= J

(
k

′

b(c)(H −Ho(c))
2 − 2kb(c)(H −Ho(c))H

′

o(c)
)

+
λ

′
(c)

2
(J − 1)2 − JNωγ∆c

+ kcNω
∂

∂c
c(1− c) + TNkBolt log

c

1− c
(4.76)

The diffusive flux can be decomposed as

jα = jαc + jαel + jαi (4.77)

where

jαoo = −M
J
aαβµoo,β, oo = c, el, i (4.78)

Here M = Dc(1− c) is the mobility with the parameter D as constant.

4.6.3 Weak form-CH

Using the balance of mass equation: ρċ = −jα;α, we can write the weak form as:

∫
Ω

ρċwda+

∫
Ω

wjα;αda = 0 (4.79)

∫
Ω

ρċwda−
∫
Ω

w;αj
αda+

∫
∂Ω

wj · νds = 0 (4.80)

Note that jαi leads to three derivatives of concentration, c. To reduce this to second

order, lets apply surface divergence theorem to the second term.
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∫
∂Ω

∇w · νM(
µi

J
)ds =

∫
Ω

(∆wM +∇w∇M)µidA+

∫
Ω

∇w(−jαi )da (4.81)

The same expression follows for µel. We then obtain:∫
∂Ω

∇w · νM(
µi + µel

J
)ds =

∫
Ω

(∆wM +∇w∇M)(µi+µel)dA+

∫
Ω

∇w(−jαi − jαel)da

(4.82)∫
Ω

∇w(jαi + jαel)da = −
∫
∂Ω

∇w ·νM(
µi + µel

J
)ds+

∫
Ω

(∆wM +∇w∇M)(µi+µel)dA

(4.83)

where ∇M =M
′∇c and

∇wjαcc = −∇w · ∇cµ′

cc

M

J
(4.84)

The weak form in Eq. 4.80 reduces to:∫
Ω

ρċwda+

∫
Ωo

∇w ·
(
Mµ

′

cc −M
′
(µi + µel)

)
∇cdA−

∫
Ωo

∆wM(µi + µel)dA

(4.85)

+

∫
∂Ω

wj · νds+
∫
∂Ω

∇w · νM(
µi + µel

J
)ds = 0 (4.86)

4.6.4 FE Discretization

Using,

ch;α = N̄,αce (4.87)

∇ch = aαN̄,αce (4.88)

∇wh = N̄,αa
αδce (4.89)

∆ch = ∆N̄ce = aαβ(N̄,αβ − Γγ
αβN̄,γ)ce (4.90)

∆wh = ∆N̄δce = aαβ(N̄,αβ − Γγ
αβN̄,γ)δce (4.91)
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The weak form can be discretized as:

R =

∫
Ωo

ρoċN̄dA+

∫
Ωo

N̄,αa
αβ ·

(
Mµ

′

cc −M
′
(µi + µel)

)
N̄,βcedA

−
∫
Ωo

aαβ(N̄,αβ − Γγ
αβN̄,γ)M(µi + µel)dA+

∫
∂Ω

N̄ j · νds

+

∫
∂Ω

N̄,αa
α · νM(

µi + µel

J
)ds (4.92)

Note that ċ can be discretised in time using backward euler. For a non-coupled

phase transformation µel = 0. The line integrals can be taken to be zero assuming

zero flux across boundary.

4.7 Formulation of Cahn-Hilliard Coupled with

Shell Mechanics (Neo Hookean in-plane and

Koiter bending model)

The free energy density functional can be written as

Ψ(α,β, c) =
K(c)

4
(J2 − 1− 2ln(J)) +

G(c)

2
(
I1
J

− 2) +
C(c)

2
(bij −Bij)(b

ij
o −Bij)

+ fc + J
γ

2
∇c ·∇c (4.93)

in the reference configuration, where K(c), G(c), C(c) are the bulk modulus, shear

modulus and the bending modulus respectively and bijo = AikbklA
lj. Note that the

∇ is the surface gradient. Stress can be computed to be

σij =
2

J

[K(c)

4
(2J.

J

2
Aij − 2

J
.
J

2
aij) +

G(c)

2
(
Aij

J
− I1
J2
.
J

2
aij) +

J

2
aij
γ

2
c,mc

,m

+
Jγ

2
c,mc,n

∂amn

∂aij

]
(4.94)

=
K(c)

2J
(J2 − 1)aij +

G(c)

2J2
(2Aij − I1a

ij) + γ(
1

2
c,mc

,maij − c,ic,j) (4.95)
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The moment can similarly be calculated to be,

M ij =
1

J

[C(c)
2

(bijo −Bij) +
C(c)

2
(bij −Bij)(A

imAjnδimδjn)
]

(4.96)

=
C(c)

J
(bijo −Bij) (4.97)

Chemical potential is the variational derivative of the free energy density functional

and computed to be

µ = µel + µc (4.98)

where

µel =
K ′(c)

4
(J2 − 1− 2ln(J)) +

G′(c)

2
(
I1
J

− 2) +
C ′(c)

2
(bij −Bij)(b

ij
o −Bij) (4.99)

µc = fc,c − Jγ∆c (4.100)

The equation for chemistry is now presented. We start from the mass balance

equation

ρċ = −∇ · j where j = −M∇µ (4.101)

The weak form can then be written as:∫
Ω

wρċda = −
∫
Ω

w∇ · jda (4.102)

= −
∫
∂Ω

j · nwds+
∫
Ω

j∇wda (4.103)

= 0−
∫
Ω

M∇µ∇wda (4.104)

∫
Ω

wρċda = −
∫
Ω

M∇w∇(
µel

J
+ µc)da (4.105)

= −M
∫
Ω

∇w
∇µel

J
da−

∫
Ω

M∇w
∇fc,c
J

da+

∫
Ω

Mγ∇w∇∆cda (4.106)

= −M
∫
∂Ωo

∇wµeldS +M

∫
Ωo

∆wµeldA−
∫
Ωo

M∇w∇cfc,ccdA (4.107)

+Mγ

∫
∂Ω

∇w∆cds−Mγ

∫
Ω

∆c∆wda (4.108)
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The residual can finally be computed as

R =

∫
Ω

wρċda+M

∫
∂Ωo

∇wµel · ndS −Mγ

∫
∂Ω

∇w∆c · nds−M

∫
Ωo

∆wµeldA

(4.109)

+

∫
Ωo

M∇w∇cfc,ccdA+Mγ

∫
Ω

∆c∆wda (4.110)

If required, the following terms (Nitsche’s terms) can be added to the Residual

N = −
∫
∂Ω

Mγ∇N∇c · nds+ Ce

h

∫
Ω

∇N · n∇c · nds (4.111)

The respective modulus can be defined using tanh function as

K(c) = K1f(c) +Ko(1− f(c)) (4.112)

where

f(c) =
1

2
(1 + tanh(4πc− 1.25π)) (4.113)

4.8 Numerical result

In this section, we demonstrate the simulation framework through various case stud-

ies. First, we simulate the mechanical behavior of a membrane tube pulling problem.

Subsequently, we dive into the modeling of diffusion and phase transformation on

membranes to demonstrate the capability of the framework to model the coupled

phenomena.

4.8.1 Membrane tube pulling

Many cell organelles and cytoplasmic projections are shaped as vesicles, tubes, or

elongated membrane structures. Some examples of such shapes are the filopodia

protrusions, inner mitochondrial region, endoplasmic reticulum, the Golgi complex,

etc. These tubular structures play an important role in the locomotion of cells,

production and folding of proteins, and in the formation of vesicles for transporting

proteins and lipids among others. A typical mechanism for producing these tubular
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shapes involves motor proteins that attach to the cell membrane and pull it along

the filaments of the cytoskeleton [71, 72]. Further, as is the case with the fission

of endocytic vesicles, the tubular or vesicular structures also undergo constriction

by scission proteins like dynamin [73–75]. This constriction mediates a membrane

pinch-off mechanism that leads to the formation of vesicles. From a biophysical

standpoint, it is important to gain a quantitative understanding of the interaction

between the proteins and the membranes by determining the deformation mecha-

nisms, forces exerted by proteins, and kinematic constraints.

Figure 4.2: Schematic of the various membrane boundary value problems considered
in this work. Shown are the geometry and boundary conditions for (a) formation of
tubular shapes and their lateral constriction due to the application of axisymmetric
constriction pressure, (b) Piezo1-induced membrane footprint generation, and (c)
the budding of membranes due to the spontaneous curvature of the protein coats
during endocytosis. Blue and orange colors identify the outer and inner rims, re-
spectively.

A classic benchmark problem in the understanding of elongated biomembrane

structures is the analytical model of the formation and interaction of membrane

tubes proposed by Derényi et al [76]. Some key results of this model are the pre-

diction of the magnitude of protein-membrane interaction forces and tubule radius,

and their dependence on the membrane bending modulus (κB) and surface ten-

sion (γ). The protein pulling force, ty, and the tubule radius, r, are related to the

bending modulus and surface tension of the membrane as follows: ty ∝
√
κB γ and
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Figure 4.3: Deformation profile and force-displacement response of a membrane
during tube pulling. Shown are the (a) deformation profile with the application of
axial force on a membrane with a bending modulus of 20 pN-nm under a surface
tension of 0.1 pN/nm, (b) comparison of the 3D force-displacement response with
the axisymmetric solution and the equilibrium tube pulling force predicted by the
analytical model, (c) progression of tube pulling with increasing axial force, and (d)
dependence of the deformation profile and tube radius on the surface tension of the
membrane.
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r ∝
√
κB/γ. In addition to these analytical estimates, numerical solutions to the

problem of membrane tube pulling, albeit with axisymmetric constraints on defor-

mation, are available in the literature [77, 78] and in our earlier work [79]. We

take advantage of the analytical estimates proposed by Derényi et al., the numerical

solutions available from axisymmetric models [79], and validate the computational

framework proposed in this work by comparing the load-displacement response of

membrane tube pulling from these three approaches.

The boundary value problem solved, along with the spatial discretization (mesh),

boundary conditions on the displacement (u) and the membrane boundary slope (ϕ)

are shown in 4.2(a). The simulation results are shown in 4.3: 4.3 (a) is the defor-

mation profile obtained during tube pulling, and in 4.3 (b) is the load-displacement

response of the 3D framework compared to the asymmetric result and the equilib-

rium value of tube pulling force predicted by the analytical model. We note that the

analytical model only predicts the final equilibrium value of the tube pulling force,

and hence only a single value of the force from the analytical model is plotted. As

can be seen from 4.3(b), the 3D model very closely tracks the axisymmetric solution

and asymptotically approaches the equilibrium value of force from the analytical

solution. Further, we show the evolution of the deformation profile with increas-

ing tube pulling force in 4.3(c), and the dependence of the deformation profile and

tubule radius on the applied surface tension in 4.3(d). Here we note that the small

deviation of the 3D model results from the axisymmetric solution in 4.3(b) is due

to the fact that the 3D model boundary value problem is less constrained along the

outer rim than the axisymmetric boundary value problem. For the 3D problem we

enforce uy = 0 along the outer rim, whereas the axisymmetric problem also enforces

complete radial symmetry of the ux and uz displacements in addition to enforcing

uy = 0 (See 4.2(a)). This makes the axisymmetric problem more stiff to the applied

load.

4.8.2 Diffusion on curved manifold

Next, we model diffusion on rigid geometries. We compare the diffusion on a plate

with radius 1nm, 100nm and 107nm respectively, to study the effect of diffusion on

curvature. These plates have the same length of 5.75nm and unit width each, thus
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having the same area. The initial condition is that there is a concentration, c = 1

on one end of the respective plate and zero everywhere else. Due to this dirichlet

boundary condition, the concentration diffuses to the other end. The geometry of

the plates is depicted in Fig. 4.4.

a b c

Radius = 1 nm Radius = 100 nm

0 1

c (mM)

Radius = 10^7 nm

Figure 4.4: Geometry of the plates having distinct radius to study the role of cur-
vature on diffusion.
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Figure 4.5: Evolution of concentration upon diffusion on curved plates, all having
the same diffusion area.
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The plots of evolution of the concentration upon diffusion along the different

plates at various times is presented in Fig. 4.5. We note that the diffusion is faster

in the comparably highly curved manifold. Similar results have been presented

in [64]. This can be seen from the diffusion equation. The surface gradient is

higher in the curved manifold having larger curvature, thus leading to a higher net

diffusivity. Analytical result for diffusion on a cylindrical manifold with a constant

mean curvature and zero gaussian curvature have been presented in [62].

4.8.3 Phase transformation on manifolds

Next, we study phase transformation using Cahn-Hilliard dynamics on various two

dimensional surfaces embedded in the 3D space. First, we demonstrate phase seg-

regation on a flat surface as in Fig. 4.6. The initial concentration is c = 0.65± 0.05

with periodic boundary conditions. We notice the evolution of the concentration as

it would be using the traditional two dimensional volumetric mesh.

a b c

time = 0 sec time = 0.039 sec time = 0.14 sec

d e f

time = 0.53 sec time = 2.07 sec time = 1200 sec

0 1

c (mM)

Figure 4.6: The spatial evolution of the phases on a flat surface using the fourth
order mass conserving Cahn-Hilliard dynamics.

After studying the phase transformation on a planar surface, we now move to

modeling a cylindrical manifold. A cylinder has a constant mean curvature and a
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zero gaussian curvature. The initial and the boundary conditions are the same as

for the previous case of flat surface. We notice the phase evolution as in Fig. 4.7.

We notice that phase segregation on this geometry takes longer as compared with

the planar surface.

a b c

time = 0 sec time = 0.69 sec time = 3.51 sec

d e f

time = 15.62 sec time = 141.3 sec time = 8696 sec

0 1

c (mM)

Figure 4.7: The spatial evolution of the phases on a cylinder manifold using the
fourth order mass conserving Cahn-Hilliard dynamics.

Finally, we consider the geometry of a sphere and an ellipsoid. Both these geome-

tries have non zero mean and gaussian curvature with the same initial/ boundary

conditions as for the previous cases. We clearly observe the neat evolution of the

phases which has a critical role for modeling the behavior of proteins on the cell

membrane. The results are depicted in Fig. 4.8, 4.9.

4.8.4 Phase transformation coupled to mechanics

In this subsection, we add mechanics to the phase transformation phenomena on

surface manifolds. For mechanics, we consider a solid shell with the material model

of neo-hookean in-plane and Koiter energy for out of plane bending. There is an

internal pressure inside the geometry acting on the respective surfaces considered

here. The distinct modulus of the respective phases, that arise due to the con-

centration difference, leads to the complex shapes produced. The profiles of the
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a b c

time = 0 sec time = 0.46 sec time = 2.18 sec

d e f

time = 9.54 sec time = 187.11 sec time = 4389 sec

0 1

c (mM)

Figure 4.8: The spatial evolution of the phases on a two dimensional sphere manifold
embedded in the 3D space using the fourth order mass conserving Cahn-Hilliard
dynamics.

a b c

time = 0 sec time = 0.43 sec time = 1.09 sec

d e f

time = 4.08 sec time = 71.39 sec time = 2468 sec

0 1

c (mM)

Figure 4.9: The spatial evolution of the phases on an ellipsoid with double major
axis using the fourth order mass conserving Cahn-Hilliard dynamics.

geometries considered, a cylinder, sphere can be appreciated from Fig. 4.10, 4.11.

The temporal simulation results in the segregation of phases. The difference in the

mechanical modulus such as the bulk modulus, shear modulus, bending modulus
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a b c

time = 0 sec time = 0.38 sec time = 3.73 sec

d e f

time = 25.01 sec time = 57.55 sec time = 5392 sec

0 1

c (mM)

Figure 4.10: Mechanical in-plane and out of plane bending coupled with Cahn-
Hilliard in-plane phase transformation dynamics on a cylindrical manifold. The
evolution profile of the cylinder due to the phase separation coupled to the intrinsic
curvature of the phases can be clearly observed.

a b c

time = 0 sec time = 1.55 sec time = 7.13 sec

d e f

time = 26.56 sec time = 107.02 sec time = 6337 sec

0 1

c (mM)

Figure 4.11: Mechanical deformations coupled with in-plane phase transformations
on a spherical manifold.
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etc leads to different intrinsic curvatures of the respective concentration region. The

initial condition on concentration is c = 0.65 ± 0.05. One end of the respective ge-

ometry is fixed. A displacement multiplier of 3 is applied to visualize the numerical

simulations.

4.8.5 Role of curvature on phase transformation

The goal of this part of the chapter is to understand the role of curvature on the

phase transformation besides the effect of geometry on phase segregation. Using

the coupled mechanics-phase transformation numerical framework, we consider the

following boundary value problem. Consider a boundary value problem consisting

of an initial flat plate whose two ends are fixed and is indented at the center. The

maximum displacement of the plate keeps on increasing at every timestep. Modeling

this using finite element techniques, we observe that phase segregation reaches near

equilibrium upon a critical mean curvature. This is the stage c in Fig. 4.12. Next,

we consider reducing the indentation load. Upon decreasing the load, the maximum

displacement and thus the mean curvature decrease and we observe that the phase

segregation continues to take place until completion. We can conclude from this

simulation that higher mean curvature reduces the mobility of phase segregation.

This numerical result is of great interest as unlike diffusion, an analytical solution

for fourth order partial differential equation of Cahn-Hilliard is extremely complex

to compute.

4.9 Conclusion

Membrane morphology plays a critical role in membrane microstructure. We started

this chapter by appreciating the relevance as well as the physics of modeling phase

transformation on a two dimensional manifold embedded in the three dimensional

space. Detailed discussions on the mathematical background, Kirchoff-Love shell

kinematics, equilibrium equations, finite element formulation of Cahn-Hilliard cou-

pled with shell mechanics is presented in the chapter. The coupling of the Cahn-

Hilliard and out of plane deformation leads to the special existence of the Korteweg

stress, which is absent when phase transformations are modeled on a volumetric
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Figure 4.12: Inactivation of phase segregation upon mechanical loading.

surface. During phase transformation, when two miscible phases are brought into

contact, it leads to immediate diffusion. If however, this timescale of the diffusion

process is slow, large concentration gradients exist at the interface of the phases,

which leads to the presence of an interfacial tension. The Korteweg stress represents
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this interfacial tension. The role of curvature on diffusion and phase transformation

is also presented. While reaction-diffusion models of phase separation have demon-

strated the formation of hexagonal patterns due to curvature [80], here we model

the mass conserving phase transformation using Cahn-Hilliard dynamics and no-

ticed no change in pattern formation controlled by curvature. We demonstrate the

role of curvature on surface diffusion and thereby on surface phase transformation

phenomena through a few numerical simulations.
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Chapter 5

Conclusion and Future work

5.1 Conclusion

In this thesis, we started by appreciating the mechano-electro-chemo integrity of the

brain at the neuron scale. The mathematical treatment is followed by a presentation

of a novel modeling scheme of spatio-temporal propagation of action potential that

incorporates some recent advances in the understanding of neuronal signal propa-

gation. The numerical modeling of action potential propagation along the neuronal

axons is discussed in detail in Chapter 2. Brief overview of the existing electrical

networks to model the electrical propagation is followed by demonstration of novel

modeling of spatio-temporal propagation of action potential incorporating the recent

advances to the signal propagation. This numerical framework is capable of acting

as a digital twin to various neuronal electro-physiological experiments such as patch-

clamp experiment, monitoring the voltage propagation via dyeing calcium ions or

via voltage imaging etc. The remarkable resolution of the primary and various de-

rived fields in the numerical model can supplement the experimental outcomes for a

far greater understanding of the neuronal structure, which is desired to understand

the neuronal diseases. Numerical estimates of action potential conduction velocity

are also presented.

Electrodiffusive modeling in Chapter 2 is extended to include the dendrites and

the soma region in Chapter 3. The forward propagation of the action potential along

the neuronal axons as presented in the previous Chapter is supplemented with the



74

backpropagation into the dendritic spines. It is believed that the neurons modulate

the action potential using the spine geometry etc. The role of spine geometry in

modulation of the potential is demonstrated. Like in the modeling of axonal sig-

nal propagation in the previous Chapter, this work on the dendritic and the soma

region can be used in conjunction with experimental observations to get a better

understanding of neurological functioning and disorders.

Similar to electrical propagation in neurons, it is of utmost importance to reli-

ably understand various mechanical metrics (stress, strain, rate dependence, resid-

ual stress, etc.) that lead to neuronal injury. Numerical models have the capability

to precisely incorporate various length-scales and time-scales of the constitutive

visco-elasto-dynamic response by modeling the various mechanical elements of the

microstructure of the neuron. Existing tissue-scale numerical models of the brain

are too homogenized to incorporate these intricate neuronal microstructure details

that are necessary to understand neuronal injury. Towards this goal, a constitutive

model of the viscoelastic response relevant to neuronal deformation is presented in

the Appendix. This framework, when fully developed, is capable of acting as a dig-

ital twin for neuronal loading and impact experiments. Eventually, this framework

is expected to numerically estimate injury curves characterizing neuronal injury in

the phase space of strain and strain rate.

Surface diffusion and phase transformation on biomembranes is of great interest

to elucidate our understanding of biophysical membrane mechanisms. Invariably,

many of these transport processes occur on curved cell membranes and are respon-

sible for assembling and transporting various membrane-bound protein structures.

Traditionally, the effect of curvature on diffusion has been relatively neglected, but

in recent years, their is an increased interest in understanding and modeling cur-

vature effects. Phase transformation on membranes constitute another important

category of problems that are critical to understand various membrane-bound phe-

nomena. In this work, a numerical model adopting Kirchhoff-Love shell kinematics,

equilibrium equations and the constitutive equations is presented. The coupling of

the in-plane phase transformations to the out of plane deformation is modeled. The

presence of Korteweg stress, which arises due to the inherent coupling of surface

gradients, is noted. The numerical results demonstrate curvature effects on surface

diffusion and distribution of the constitutive phase.



75

5.2 Future work

This dissertation presents numerical frameworks for modeling various volumetric

and surface phenomena in biological cells and their membranes, and can be further

extended to describe various coupled multiphysics interactions. An example is to

couple the action potential propagation along the neuronal axons to their mechani-

cal deformation. The resulting model can be expected to provide good insights into

the modulation and disruption of electrical signals due to neuronal deformation.

Further, the spatio-temporal action potential propagation model presented in this

work to model signal propagation in the axons, some and dendrites can be used

be study various physiological disease conditions, in addition to TBI. Extending

this model to permit for synaptic ionic transport and associated action potential

propagation will allow us to model synapse-bound physiological disease conditions,

including Alzheimer’s and Depression.
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Appendix A

Nonlinear finite-strain viscoelastic

and visco-elasto-dynamic modeling

of neuronal axons

A.1 Introduction

This chapter presents the constitutive framework for the numerical modeling of brain

via a bottom-up approach i.e. the viscoelastic response to mechanical deformation at

the cellular level. As discussed in the introductory chapter, the mechanical response

of the neurons is critical to the entire functioning of the brain as a whole. In this

chapter, we start by reviewing the physiology of a neuron. Based on the micro-

environment of the neuron, a viscoelastic network of respective regions such as the

cytoskeleton, the membrane, and the extra-cellular region is formulated. Important

work has been done in this context by Rooij et al [81]. For each of the respective

regions, the key load bearing constitutive proteins are noted and a representative

viscoelastic network is identified. The kinematics and the finite-strain constitutive

viscoelastic modeling is discussed subsequently. A micro model consisting of a single

neuron and a macro model consisting of a group of neurons are considered as the

reference domain respectively.
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A.2 Physiology of a neuron and internal structure

of an axon

The neuronal physiology is briefly reviewed in this section. We know that a neuron

consists of a cell body which has various organelles such as the nucleus. An axon

or the nerve fiber transmits electrical signal away from the cell body towards the

synaptic terminals. The goal of this chapter is to model the viscoelastic behavior

of the neuronal axon since an axon bears the primary load under various loading

conditions. The load bearing components of the axon are depicted in Fig. A.1. The

neuronal membrane is made up of the lipid bilayers. The load bearing proteins in

the intra-cellular region comprise of the microtubules, tau proteins and the actin

filament.

microtubule

tau protein

lipid membrane

Figure A.1: Various components present in the neuron for the physiological function-
ing of the cell. A zoomed-in portion of an axon depicting the primary load bearing
proteins namely microtubule, tau protein is demonstrated on the right. Figure in-
spired from [82]

The two dimensional microstructure of the micro model consisting of a single

neuron and the key load bearing constitutive proteins in the cytoskeleton are de-

picted in Fig. A.2. The outside region of the microstructure, marked in green, is

the extra-cellular matrix (ECM). The membrane, marked in orange, consists of lipid

bilayers. The cytoskeleton region consisting of primary mechanical load sharing pro-

teins is depicted in blue, with the other constitutive proteins demonstrated in red



78

to provide the tensegrity effect. An equivalent network capable of representing the

mechanical viscoelastic behavior for the different regions in the neuronal microstruc-

ture is discussed in the following subsections. A standard linear solid (SLS) model

is selected for the membrane.

Figure A.2: Axonal microstructure having various continuum regions such as the
cytoskeleton, membrane and the extra-cellular matrix. This domain consisting of a
single neuron constituents, forms the micro model.

A.2.1 Cytoskeleton

The neuronal cytoskeleton is an intricate accumulation of proteins as can be seen

in Figure A.3 (a). It consists of various proteins such as longitudinally aligned mi-
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crotubules, actin filament near the membrane, actin ring along the circumference

of the membrane, and various crosslink proteins such as tau protein, dynein pro-

tein, myosin protein etc. The microtubule and actin filament provide considerable

strength to the axon. Tau and dynein protein interlink the microtubule proteins,

dynein in-addition crosslinks actin filaments to microtubule proteins and myosin

interlinks the actin filaments. To realize the complex interplay of load sharing be-

tween the load bearing components like the microtubule or actin filaments and the

various crosslink proteins, an equivalent viscoelastic network is constructed as in

Figure A.3 (b). The first branch of the viscoelastic network represents the stiffness

and viscosity of the tau and dynein crosslink proteins. The second and the third

branch represent the behavior of the actin filament and the microtubule protein

respectively. The crosslink between the second and the third branch is due to the

presence of the dynein protein that crosslinks actin protein with the microtubule

proteins.

Actin
�lament

Actin
ring

Dynein
crosslink

Tau/Dynein
crosslink

Microtubule

Figure A.3: The intricate structure of the neuronal axon formed by the various con-
stitutive proteins. The proteins such as tau, dynein, myosin provide a crosslink for
the microtubule and actin filament. An equivalent continuum viscoelastic network
to realize this behavior is presented in the right. The stiffness and viscosity of the
respective proteins builds up this viscoelastic mechanical model. Figure inspired
from [81]

A.2.2 Extracellular Matrix (ECM)

Figure A.4 (a) presents the various proteins present in the extra-cellular region of

the neuron. Glial cells like the oligodendrocytes are present in the vicinity of the

neuronal membrane and provide strength to the axon. Proteins such as the collagen,

fibronectin, proteoglycan etc are responsible for providing viscoelastic mechanical
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strength to the ECM. As we go far from the membrane into the ECM, the elastin

protein is present in abundance and is primarily responsible for the providing elas-

ticity to the mechanical structure. The equivalent viscoelastic network taking into

account the presence of these proteins is presented in Figure A.4 (b). Each of the

branch represents the stiffness and viscosity of the respective protein. The glial cells,

collagen, fibronectin and proteoglycan act in parallel and in series with the pure elas-

tic stiffness of the elastin protein. The elasticity of the elastin protein causes the

skin to come back to its initial position when pinched. The equivalent viscoelastic

network thus faithfully represents the behavior of the ECM.

Figure A.4: The constitutive proteins in the ECM comprise of collagen, fibronectin,
proteoglycan, elastin and various glial cells such as oligodendrocyte. The elastic
stiffness of the elastin coupled to the stiffness and viscosity of the various proteins
builds up the equivalent viscoelastic network.

A.3 Continuum modeling

Here we discuss the continuum mechanical modeling of the viscoelastic network. A

detailed description of the modeling is present in [83].
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A.3.1 Kinematics

Consider a body, ΩO in the reference configuration which gets deformed to its cur-

rent configuration, Ω. Any point in the reference configuration is denoted as X.

Upper case indices are used to represent the components of the tensors denoting the

quantities in the reference configuration while the lower case indices are put into

use for the components in the current configuration. The deformation gradient is

F = ∂φ/∂X = 1 + ∂x/∂X, where φ(X, t) = X + u = x, is the deformation map

between the reference and the current configuration and u is the displacement field.

In the coordinate notation, the deformation gradient is given by FiJ = δiJ+∂ui/∂XJ

and the Green-Lagrange strain is expressed as EIJ = 1
2
(FkIFkJ − δIJ). The defor-

mation gradient can be split into volumetric and deviatoric response as,

F = J
1
3 F̄ , J = det(F )

where F̄ is the deviatoric part,

det(F̄ ) = 1 (A.1)

The Green-Lagrange strain, E, and the right Cauchy-Green tensor, C, along with

their volumetric counterparts can be expressed as

C = F TF , E =
1

2
(C − 1)

C̄ = F̄
T
F̄ , Ē =

1

2
(C̄ − 1)

Using variational technique, one can compute the following partial derivatives that

will be used in the further course of action.

∂cC̄ = J− 2
3 [I− 1

3
C ⊗C−1]

∂cJ =
1

2
JC−1
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A.3.2 Constitutive model

Consider a free-energy density functional of the form,

ψ(C,Qi) = W (C)−
N∑
i=1

1

2
C̄ : Qi + Ω

( N∑
i=1

Qi

)
(A.2)

where Qi are the internal variables that represent the inelastic strain due to the

presence of the dashpot in the network, W is the elastic free energy density func-

tional, Ω is a dissipative functional and N is the number of viscoelastic Maxwell

branches in parallel. From second law of thermodynamics, we know,

−ψ̇(C,Qi) +
1

2
S : Ċ ≥ 0 (A.3)

where S is the second Piola-Kirchoff stress tensor. From equation A.2,

ψ̇(C,Qi) =
(
∂cW (C)− J− 2

3

N∑
i=1

1

2
DEV [Qi]

)
: Ċ−D(C,Qi, Q̇i) (A.4)

where D is a dissipative function as,

D(C,Qi, Q̇i) = −∂Qi
ψ : Q̇i = [

Ċ

2
− ∂Qi

Ω(
N∑
i=1

Qi)] : Q̇i (A.5)

This results in

(S
2
− ∂cW (C) +

1

2
J− 2

3

N∑
i=1

DEV [Qi]
)
: Ċ +D(C,Qi, Q̇i) ≥ 0 (A.6)

Thus, the following must hold;

S = 2∂cW (C)− J− 2
3

N∑
i=1

DEV [Qi] (A.7)

Next, consider the break-up of the stored energy functional into the volumetric
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and volume preserving parts as,

W (C) = U(J) + W̄ (C̄) (A.8)

The initial second Piola-Kirchoff stress can thus be computed.

So = 2∂cW (C) = 2U
′
(J)∂cJ + 2∂c̄W̄ (C̄) : ∂cC̄ (A.9)

So = JU
′
(J)C−1 + 2J− 2

3

[
2∂c̄W̄ (C̄)− 1

3

(
∂c̄W̄ (C̄) : C

)
C−1

]
(A.10)

The complete second Piola-Kirchoff stress for the viscoelastic network is governed

by,

S = So − J− 2
3DEV [

N∑
i=1

Qi] (A.11)

For viscoelastic networks, the evolution of the internal variables is governed by the

following equation, where γi constitute the relaxation function.

˙̄Qi +
1

τi
Qi =

γi
τi
DEV [2∂c̄W̄ (C̄)] (A.12)

and

limt→−∞Qi = 0

Solving, we get

Qi =
γi
τi

∫ t

−∞
e

−(t−s)
τi DEV [2∂c̄W̄ (C̄(s))]ds (A.13)

The second Piola-Kirchoff stress response function is then obtained as

S(t) = JU
′
(J)C−1(t) + J− 2

3 (t)

∫ t

−∞
g(t− s)

d

ds

(
DEV (2∂c̄W̄ (C̄(s)))

)
ds (A.14)

where g(t) is the relaxation function of the viscoelastic model.
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A.4 Concluding remarks

A bottom-up approach for modeling the viscoelastic mechanical behavior for the

neuronal axons is demonstrated. An equivalent viscoelastic network of respective

regions in the neuronal microenvironment considering the constitutive proteins is

constructed. The kinematics and the constitutive model for the finite strain numer-

ical framework is presented.
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Appendix B

Supplemental information for

neuronal electro-diffusive modeling

B.1 Hodgkin-Huxley activation/inactivation pa-

rameters

n, m and h represent the potassium channel activation, sodium channel activation,

sodium channel inactivation and are dimensionless quantities between 0 and 1, re-

lating the ionic flux of the respective ions across the neuronal membrane. These are

described by the following ODE’s:

dn

dt
= αn(Vm)(1− n)− βn(Vm)n (B.1)

dm

dt
= αm(Vm)(1−m)− βm(Vm)m (B.2)

dh

dt
= αh(Vm)(1− h)− βh(Vm)h (B.3)

The rate constants αi, βi are given by

αn(V ) =
0.01(10− V )

exp(10−V
10

)− 1
, βn(V ) = 0.125 exp(

−V
80

) (B.4)
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αm(V ) =
2.5− 0.1V

exp(25−V
10

)− 1
, βm(V ) = 4 exp(

−V
18

) (B.5)

αh(V ) = 0.07 exp(
−V
20

), βh(V ) =
1

exp(30−V
10

) + 1
(B.6)

B.2 Leak current

The leak current controls the hyperpolarization phase of the action potential propa-

gation and therefore ensures that the membrane potential comes back to its resting

state after the signal has propagated. The following expression for the leak current

is adopted [84]. Note that this leak is active only at the nodes of Ranvier when the

myelin sheaths are present.

I leakK = gleakK (V − EK) (B.7)

I leakNa = gleakNa (V − ENa) (B.8)

B.3 Ionic pumps

The expression for the ionic pumps embedded in the neuronal membrane is men-

tioned below and is adapted from [85–87]. The role of the ionic pumps is to replenish

the respective ionic concentration in the intracellular region to its resting state con-

centration after the propagation of the action potential. In some simulations, ionic

pump term is ignored for better visualization of the respective fields.

Ipump
K = −2ImaxApump

Ipump
Na = 3ImaxApump

Apump =
(
1 +

kK
ceK

)−2(
1 +

kNa

ciNa

)−3
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Here ki are the Michaelis-Menten dissociation constants for the respective ion,

ceK is the local concentration of potassium in the extracellular region and ciNa is the

local concentration of sodium ions in the intracellular region.

B.4 Table of Parameters

Parameter Value Description

R 8.31454 J ·mole−1 ·K−1 Gas constant

T 279.45 K Temperature

F 96485 C ·mole−1 Faraday constant

DNa 1.33 µm2 ·ms−1 Diffusion coefficient of sodium ion

DK 1.96 µm2 ·ms−1 Diffusion coefficient of potassium ion

DCl 2.0 µm2 ·ms−1 Diffusion coefficient of chloride ion

ϵo 8.88541 e−12C ·m−1 · V −1 Electric permittivity in vacuum

ϵw 80.0 Relative dielectric permittivity of water

gleakNa 0.065 mS/cm2 leak conductance of Na+

gleakK 0.435 mS/cm2 leak conductance of K+

Table B.1: Constants used in the electro-diffusive model simulations
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Parameter Value Description

ciNa 12 mM Initial intracellular concentration of Na+

ciK 155 mM Initial intracellular concentration of K+

ciCl slightly exceeds 167 mM Initial intracellular concentration of Cl−

ceNa 145 mM Initial extracellular concentration of Na+

ceK 4 mM Initial extracellular concentration of K+

ceCl 149 mM Initial extracellular concentration of Cl−

r 238 µm Radius of squid axon

Table B.2: Neuronal parameters used for the squid axon [22, 23]

Parameter Value Description

ciNa 10 mM Initial intracellular concentration of Na+

ciK 140 mM Initial intracellular concentration of K+

ciCl exceeds 150.0 mM Initial intracellular concentration of Cl−

ceNa 155 mM Initial extracellular concentration of Na+

ceK 3.5 mM Initial extracellular concentration of K+

ceCl 158.5 mM Initial extracellular concentration of Cl−

r 0.55 µm Radius of rat axon

Table B.3: Neuronal parameters used to model the rat axon [11, 88]

Parameter Value Description

Cm 1.0 µF/cm2 Membrane capacitance

Ri 38.18 Ωcm Computed axial resistance along the axon

Table B.4: Squid axon values used for the PNP model to generate Figure 4
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Parameter Value Description

Cm 1.45 µF/cm2 Membrane capacitance

Cmy 0.166 µF/cm2 Myelin capacitance

lI 70 µm Internodal distance

lNOR 5.0 µm Length of node of Ranvier

lA 1500 µm Total length of the neuronal axon

Table B.5: Rat axon values used for the PNP with myelin model to generate Figure
5, 7 [11]

Parameter Value Description

Cm 1.45 µF/cm2 Membrane capacitance

Cmy 0.15 µF/cm2 Myelin capacitance

lI 70 µm Internodal distance

lNOR 5.0 µm Length of node of Ranvier

lA 1500 µm Total length of neuronal axon

δpa 12 nm Thickness of peri-axonal space

Table B.6: Rat axon values used for the PNP model with myelin and peri-axonal
space used to generate Figure 6
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