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Abstract

Bearingless motors provide an attractive alternative to conventional motors with contact-

type bearings because of their improved lifetime, lubricant-free operation, and elimination

of significant friction losses at high speeds. These machines also offer more compact size,

reduced design cost and complexity, and shorter axial length compared to conventional mag-

netic levitation solutions (motors with active magnetic bearings). Despite this, the use of

bearingless motors has been significantly limited by issues of low power density, efficiency,

force capacity, and high cost. Most bearingless motor prototypes reported in the literature

have been designed for low power ratings and there are few publications with bearingless

motors being tested at ≥ 30 kW. Bearingless motors are not achieving the high speed-power

capabilities that high performance motors with contact bearings have. For example, the

highest speed-power capability of a surface permanent magnet (SPM) bearingless machine

found from the literature is only 30% of conventional high performance SPM machines. Fur-

thermore, published test results show that bearingless motor prototypes struggle to meet

the IE4 efficiency standard with relatively few machines having experimentally tested effi-

ciencies of above 90%. Bearingless machines also have a significantly lower force capacity

compared to machines with contact bearings and active magnetic bearings (AMBs). All of

these discrepancies in performance are because the design space of bearingless machines is

significantly more constrained than conventional machines due to stringent levitation per-

formance requirements.

This dissertation proposes and investigates the hypothesis that developing and imple-
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menting design and control strategies for precise actuation of multiple airgap harmonic fields

can make the design space of bearingless machines less constrained and enable considera-

tion of potentially high performance designs. This dissertation develops analytic winding

design theory to create new high performance electric machines that can independently

create normal forces and torque, a new and exact model of electric machines that encom-

passes both normal force and torque creation, and an analysis and design framework for

enhancing bearingless motor performance through the control of multiple airgap field space

harmonics. When these techniques are combined, high performance bearingless machines

can be designed. The results demonstrate a 40% increase in force capacity for bearingless

machines when controlling four airgap field harmonics, as opposed to the typical approach

of controlling two harmonics. Furthermore, these machines exhibit efficiencies nearing 97%

and torque densities surpassing 22 kNm/m3. These advancements mitigate the previously

identified limitations of bearingless motors, enabling a broader range of design possibilities.

First, a comprehensive comparison of bearingless motor winding configurations is con-

ducted and a general and analytic multiphase winding design theoretical framework is devel-

oped to support the design of high performance electric machines. This is the first work to

provide a formal design approach that can be used to create multiphase stator windings that

are capable of producing the specified airgap field harmonics necessary for control of both

torque and suspension forces. This approach can be used to realize popular winding designs,

including concentrated- and fractional-slot windings. Second, a new and exact modeling

framework describing both force and torque creation on a shaft of an electric motor incorpo-

rating multiple airgap harmonic field interactions is proposed and developed. The proposed

model is applicable to all motor types, relies on analytical methods, and accurately repre-

sents the fundamental physics of the machine. Earlier attempts to develop exact models for

magnetic bearings and bearingless motors are shown to be special cases within the broader

framework established in this dissertation. Third, using the proposed exact model, potential

performance benefits of controlling multiple airgap harmonics are investigated and a design
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study framework is developed. The findings show a force capacity increase in bearingless

motors to over 15 N/cm2, surpassing the 9.9 N/cm2 reported in the existing literature. Bear-

ingless machines are shown to be capable of achieving the same force capacity as AMBs by

employing the exact model developed in this dissertation to utilize more than two airgap

field harmonics. Finally, a 10-phase bearingless induction machine, which can independently

create four airgap harmonic fields, is constructed and used to experimentally validate the

theories developed in this dissertation. Hardware measurements validate the increased force

capacity and enhanced force performance under varying magnetizing field and torque condi-

tions. These results show that the control of multiple harmonics is critical to achieving high

performance bearingless machine designs.
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Chapter 1

Introduction

This chapter provides research background and motivation, review of the state-of-the-art,

research opportunities, research contributions, and document organization. 1

1.1 Background and Motivation

Most electric motor systems rely on journal or ball bearings to support the motor’s shaft.

These bearings are often the first point of failure and represent a major reliability con-

cern [8]. They are a source of significant friction losses at high speeds and their lubrication

can interfere with the operation of the entire system [9]. Over the past decades, active

magnetic bearings (AMBs) have been developed as an alternative to provide contact-free

and lubricant-free support of the motor shaft, eliminating conventional bearing problems.

AMBs have been successful in many applications, such as compressors for gas transmission,

turboexpanders, heating, ventilation, and air conditioning (HVAC) chillers, and turbomolec-

ular vacuum pumps [10]. However, their use has been limited by high design cost and large

size. This is due to the required additional sensors, feedback control, and components for

fail-safe operation. The size of AMBs reduces the overall motor power density and increases

the total axial length of a shaft. This is not desirable as a motor system shaft length is

typically limited to avoid issues of mechanical bending modes [11, Ch. 7].

1Portions of the material in this chapter have also been published in [4].
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Bearingless motors are a potential solution to solve the shortcomings of conventional mo-

tor bearings and AMBs by integrating the functionality of one or more AMBs into an electric

motor. Nearly every type of motor can be transformed into a bearingless motor by modifying

the stator winding. Despite recent development efforts, their usage has been significantly

limited by issues of low power density, efficiency, and high cost. Unlike conventional motors,

bearingless motors must be sized for both motoring and suspension operations, and design

constraints must be imposed for stable levitation. Most state-of-the-art bearingless motor

design and torque/force regulation techniques are based on the model that incorporates the

interaction between two airgap pole-pair/harmonic fields, which requires imposing additional

constraints on force vector error due to unmodeled airgap pole-pairs/harmonics. Potential

advantages of controlling multiple harmonics are not studied. These factors, in turn, nar-

row the design space of bearingless machines and can potentially exclude high performance

designs.

1.1.1 Research Overview

This research encompasses two main thrusts, aimed at helping the research community de-

velop more compact, efficient, precise, and lower cost bearingless motors, thereby allowing

this technology to reach into application spaces where magnetic levitation has historically

not been successful. This dissertation proposes and investigates the hypothesis that de-

veloping and implementing design and control strategies through an actuation of multiple

airgap harmonic fields can enable creation of higher performance bearingless machines. The

first thrust involves a comprehensive analysis and comparison of bearingless motor wind-

ing topologies and development of a universal analytic winding design theory. The second

thrust involves the proposal and development of a unified electric machine analysis frame-

work that encompasses both force and torque creation from multiple airgap harmonic field

interactions, investigations into precise force/torque regulation and enhancement using the

proposed model, and the reformulation of a bearingless machine design study to explore
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potentially new designs. Results and analysis are presented that show the bearingless mo-

tors to be a promising solution for several potential applications. This work re-envisions

the model of the electric machines to encompass both the creation of magnetic shear and

normal pressure on the surface of the shaft and proposes a precise regulation of these vectors

through an actuation of multiple motor airgap magnetic field harmonics.

1.2 Review of the State-of-the-Art

This section presents state-of-the-art on bearingless machines. First, theory of operation of

bearingless machines is presented, covering bearingless solutions and basic operating prin-

ciples. Second, design aspects considering bearingless motor types, windings, and design

studies are reviewed. Finally, bearingless motor control aspects on force and torque regula-

tion are reviewed. Following the state-of-the-art review, the following section concludes with

identifying the key research opportunities.

Similar to conventional motors, most potential applications for bearingless motors desire

high power and torque density, high efficiency, low torque ripple, and low cost. In addition,

bearingless motors must have high force density and high force per ampere characteristics

to minimize motor size and losses, and low force vector error for stable levitation. Due to

these levitation performance requirements, the bearingless motor design is significantly more

constrained than conventional (non-bearingless) motors. Since additional power electronic

components are required for levitation, it is also important to consider bearingless drive

performance, which includes the required DC-bus voltage, power factor, and voltage and

current ratings of the switches.

1.2.1 Theory of Operation of Bearingless Motors

This subsection presents possible solutions using bearingless motors and AMBs, and describe

basic operating principles.
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Figure 1.1: Motor bearing solutions (from left to right): motor with contact bearings, motor
with AMBs, bearingless motor (BM) with AMBs.

1.2.1.1 Bearingless Motor Topologies

For full levitation of a motor’s shaft, all six degrees of freedom (DOFs) must be controlled.

These DOFs include translation along each axis (x, y, z) and tilting/rotation about these

axes. In addition to torque (rotation about z), bearingless motors are able to create ei-

ther radial or axial forces to support three DOFs and replace one or more motor bearings.

AMBs, additional bearingless motors, or other bearing technology can be used to support

the remaining DOFs. Figure 1.1 shows possible magnetic levitation solutions using AMBs

and a bearingless motor to eliminate contact bearings and fully levitate the motor shaft. As

a consequence, very high speeds [12] and encapsulated (or canned) systems with an isolated

rotor can be realized. Encapsulated rotors enable a hermetic seal between the stator and

rotor and have been shown to be particularly advantageous when the highest degrees of

purity are required [13].

When the motor diameter to length ratio is large enough, bearingless motors can be

designed as bearingless slice motors. In these motors, the radial x and y forces are controlled

actively, while the remaining three DOFs are passively stabilized by the motor’s magnet

reluctance forces as shown in Fig. 1.2 (movement along z axis and tilting about x and y

axes). This results in a simple and highly integrated system, eliminating the need for radial

and axial AMBs in Fig. 1.1. Example high performance bearingless slice motors for low

power applications such as bioreactor mixing and high purity applications are presented

in [1, 14–16]. Studies [17, 18] reviewed bearingless slice motor concepts without permanent

magnets in the rotor that have the advantage of reduced motor cost.
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Figure 1.2: A picture (motor side view) explaining passively stabilized DOFs (movement
along axial length and tilting) in a bearingless motor with an outer rotor [1], [2].

1.2.1.2 Basic Operating Principles

Bearingless motors are electromechanical devices that can simultaneously operate as a con-

ventional motor and a magnetic bearing [19]. Similar to conventional motors, the torque

in bearingless motors is created from the interaction of stator p pole pair and rotor p pole

pair magnetic fields. To create suspension forces, the stator needs to additionally create

ps = p± 1 pole pair magnetic field component that interacts with a p pole pair field in the

airgap and creates force. In some motors such as homopolar and consequent pole motors, ps

is equal to 1 [3].

Figure 1.3a demonstrates how force is created on a rotor of an example surface perma-

nent magnet motor. The rotor has p = 2 pole pair field due to magnets and the stator

winding creates ps = 1 pole pair field. The distribution of these pole pair fields along the

circumferential angle α is shown in Fig. 1.3b. From their interaction, the total airgap flux

strengthens on the right side (α = 0 deg.) and weakens on the left side (α = 180 deg.) of

the rotor, creating non-zero force.

1.2.2 Design Aspects of Bearingless Motors

This subsection reviews performance capabilities of bearingless machines from the design

perspective. Bearingless motor types and their performance, winding topologies, and de-
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(a) (b)

Figure 1.3: Suspension force creation on an example bearingless motor with p = 2 and ps = 1
pole pairs: (a) motor cross-section and (b) airgap field distribution.

sign studies are presented. According to [3], the number of papers on bearingless motors

with experiment results has been growing quadratically since 1988, as shown in Fig. 1.5.

This shows an increased interest in this technology. Advancements in power electronic semi-

conductor devices, magnetic materials, and computationally efficient tools have allowed the

development of various bearingless motor types and winding configurations.

1.2.2.1 Bearingless Motor Types and Their Performance

Bearingless versions of nearly every motor type can be found in the literature, as reviewed

in [3,19–21]. This includes permanent magnet (PM), surface permanent magnet (SPM) and

interior permanent magnet (IPM); induction motor (IM); consequent pole; synchronous re-

luctance; switched reluctance; AC homopolar; flux switching motor topologies. Figure 1.5

presents a summary of published bearingless motor test data of efficiency vs. output power

for different motor types obtained from [3] and IE4 standard (super premium efficiency stan-

dard) curve plotted on top of these data. This plot shows that the highest reported efficiency

is above 95.9% tested at 1.5 kW power for an SPM motor. There are few SPM and IPM pro-

totype designs that satisfy IE4 efficiency requirement for powers up to approximately 2 kW.

No designs have been reported to satisfy IE4 requirement for higher powers. Furthermore,



7

Figure 1.4: Number of papers with experimental results published by year [3].

bearingless motors are not achieving high speed-power capabilities (estimated in RPM
√
kW)

that high performance motors with contact bearings have [3]. For example, the highest speed-

power capability of a SPM bearingless machine found from the literature is only 30% of high

performance SPM conventional machines (2.5 × 105 RPM
√
kW vs. 8 × 105 RPM

√
kW).

Based on these results, it can be concluded that bearingless motor technology does not yet

compare well with conventional motor technology for industrial applications.

Based on the literature survey conducted in [3], bearingless PM (SPM and IPM mo-

tors) [22–26] and induction motors [27–29] are the most commonly investigated motor types

for significant power levels. According to these studies, bearingless PM motors have the

advantage of high power and efficiency compared to other topologies. The limiting factor

for increasing the force density in bearingless SPM motors is having a comparatively large

effective airgap, which is due to the magnet thickness and the retaining sleeve that protects

the rotor magnets from breaking due to tension stress [30].

Both bearingless motors and AMBs are known to have a lower force capacity (specific

load capacity) [31] than other bearing types. Specific load capacity is calculated by dividing

the rated force (maximum force that can be created at any angle) by the projected rotor area

(length × diameter) [32]. Typically, AMBs have a specific load capacity of 30-40 N/cm2,
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Figure 1.5: Summary of published bearingless motor test data of efficiency vs. output power
for different motor types (the test data are from [3]) and IE4 standard (super premium
efficiency standard).

with cobalt-alloys reaching up to 65 N/cm2 [31,33–35]. Bearingless motors are often assumed

to have a significantly lower load capacity of approximately 9 N/cm2 [32]. This might be

due to the fact that AMBs with a high number of poles have more granular control over the

suspension force. Compared to other motors, bearingless IPM motors can offer advantages

of high force capacity due to a small airgap as the magnets are buried into the rotor iron.

Study [36] reported that 9.9 N/cm2 of radial force density was achieved from static test

results.

There are several bearingless motor prototypes found in the literature such as homopolar,

consequent pole (one type of PM motor), and switched reluctance motors. AC homopolar

and consequent pole motors have the advantage of suspension force creation independent

of the rotor’s angular position, allowing for stable levitation without the need for angular

position sensing [3]. Switched reluctance bearingless motors have the advantage of reduced

cost as no permanent magnets are used [17,18].
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1.2.2.2 Bearingless Motor Windings

Bearingless motor winding must create both p and ps pole pair fields to create both torque and

suspension forces, as discussed in Section 1.2.1.2. Historically, this was achieved using two

separate winding sets [20]. Since the suspension winding must be dimensioned for a worst-

case force requirement, the suspension winding typically occupies an order of magnitude

more slot space than required during rated operation. Under normal operating conditions

with a centered rotor position, minimal suspension currents are required to create suspension

forces, leaving most of the slot space unused [3]. This inefficient use of slot space pushes

the machine design towards larger slots which decreases the motor system power density,

increases copper and iron losses, and increases leakage inductance [13, 37, 38]. Furthermore,

installing two separate windings is challenging and increases the motor system cost and

complexity [39,40].

Recently, several combined winding structures have been developed, where each coil car-

ries both torque and force producing currents, having potential to solve the aforementioned

problems [41, 42]. Under rated operating conditions, when minimal force is required, the

motor can use most of the slot space for torque production (or vice versa, in case of a high

suspension force event, like a compressor surge scenario). Several combined winding config-

urations have been found in literature, which can be categorized as “multiphase” [43–46],

“dual-purpose no-voltage (DPNV)” [47–49], “multi-sector” [50], and “middle-point current

injection” [40] windings. Of these winding types, multiphase and DPNV winding topologies

are most promising for high performance control because they completely decouple motor

operation from suspension operation. Study [51] proposed a generalized winding design

procedure for DPNV combined windings. Study [42] provides a list of multiphase combined

winding configurations and determines whether force and torque decoupling is possible. How-

ever, the results are limited to concentrated windings with one coil per phase, and no design

procedure was provided to design an MP winding for an arbitrary number of slots, poles,

and phases.
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Numerous publications have documented the benefits of combined windings over sep-

arated windings [13, 37, 38, 52]. For example, [37] compares these windings with the same

motor topology and concludes that the combined winding has higher electromagnetic utiliza-

tion, lower copper losses by approximately 36%, better dynamic performance, and reduced

manufacturing effort. Analogous results have been reported in [52], which compares sep-

arate and combined windings for bearingless centrifugal pumps in terms of copper losses,

power electronics losses, and maximum achievable pump pressure. The results show that

a realistic reduction of approximately 30-40% in copper losses can be achieved using com-

bined windings, while the power electronic losses and maximum achievable pressure levels

are comparable in both windings for the given application.

1.2.2.3 Bearingless Motor Design Studies

Combined windings are a promising recent advancement to develop high performance bear-

ingless motors. Studies [53–55] and [29] used optimization tools for designing bearingless PM

motors and induction motors using combined windings. They have reported that efficiencies

of approximately 95-97% can be achieved. Study [54] stated that an optimized bearingless

motor is able to support the rotor weight with only 2.5% of the rated armature current.

According to [3], using combined windings can increase the motor torque density by

approximately 40% than when using separate windings. By assuming that force vector

can be regulated precisely and removing force ripple constraint (analogous to torque ripple

constraint) in a bearingless motor design study, [3] showed that 30% more increase in torque

density can be obtained. This performance improvement is demonstrated in Fig. 4.2b for

PM and IM bearingless machines [3].

Based on the results from the literature, bearingless motor design is significantly more

constrained than conventional motor design due to stringent levitation performance require-

ments. These requirements are mainly due to a simplified force regulation model that typi-

cally ignores the effects of airgap field harmonics, saturation, or armature reaction. Having



11

�� �� �� �� ��
�!$#'��"�$��!&!$��!�'����kNm/m3�


�


�


�


�


	

��
���

��
 �
(�
��

�


���!��� ��

����"�$�&�
����!��� ��
�����"�$�&�

���!���""����! %&$�� &
����!���""����! %&$�� &

Figure 1.6: Efficiency vs. torque density plot for 100 kW, 30000 RPM bearingless motor
designs obtained from the optimization in [3]. Each point represents a single design. Cases
with combined vs. separate windings, and with and without force ripple constraint are
compared.

these constraints restricts the design space and can exclude potential high performance bear-

ingless motor designs from consideration.

1.2.3 Modeling and Control Aspects of Bearingless Motors

The accurate modeling of torque and force generation in bearingless machines is important

for the development of design techniques and control strategies. The level of detail in the

modeling process enables a thorough studying of the underlying physics, influencing the pre-

cision of torque and force vector regulation. Additionally, the modeling approach facilitates

the exploration of ways for enhancing performance.

The minimization of force vector errors is a critical consideration for achieving precise

force vector regulation in bearingless machines. To address this, two primary approaches can

be considered: 1) designing a bearingless machine that maintains force vector errors within

specified limits (though this imposes constraints on available designs), or 2) enhancing force

regulation to flow phase currents in a manner that create desired force vector. In this context,

force regulation, or force actuation, pertains to the translation of a desired force vector

into commands for the phase currents of bearingless machines, as illustrated in Fig. 4.1d.
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Figure 1.7: Bearingless machine force/torque regulation.

Given that the input to a bearingless motor plant is currents and the output is the force

vector/torque, the red block is denoted as an inverse model of the plant. This subsection

reviews force modeling and regulation efforts for high performance bearingless machines.

Force vector error metrics are defined, force regulation methods found in the literature are

presented, and their limitations are identified.

1.2.3.1 Force Vector Error

In a bearingless motor, it is important that the proper currents flow through the motor coils

to create the desired suspension force vector with F⃗ = F⃗ ∗ (Fig. 4.1d). However, due to space

harmonic fields present in the motor airgap, armature reaction, sensor misalignment, etc.,

the force vector error may occur, deteriorating bearingless motor performance [56]. The force

vector error in literature is typically characterized by two metrics [57] and demonstrated in

Fig. 1.8, where the desired force F⃗ ∗ is along x-axis, while the actual force F⃗ can have both

Fx and Fy components at any rotor angular position:

1. Force error magnitude Em shows the maximum deviation in magnitude from the av-

erage force magnitude:

Em =
Fmax − Fx

Fx

(1.1)

2. Force angle error Ea shows the maximum deviation from the desired force angle (de-
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Figure 1.8: Illustration of force magnitude and angle error.

sired angle is zero in Fig. 1.8):

Ea = tan−1

(
Fy

Fx

)
(1.2)

Bearingless motor studies suggest to keep the maximum force vector error below a certain

value to avoid suspension force variations in the rotor. Study [19] reported large force angle

error (> 17◦) can cause instability in suspension regulation and [58] suggested to keep force

angle error below < 5◦.

The force regulation approaches are now reviewed.

1.2.3.2 Standard dq-xy Force Regulation

Standard bearingless motor control is based on the dq control theory in conventional motors

[19, 42, 59]. In a bearingless motor, the motor and suspension operation can be controlled

in two rotating frames. In addition to id and iq current components in a dq frame that are

used to control the magnetizing field and torque, the terminal currents responsible for force

creation can be transformed into ix and iy current components using Generalized Clarke

Transformation [60] to control Fx and Fy suspension forces. This is referred to as a “dual

field oriented control” [42] and is used to implement torque and suspension force regulation

independently for high performance operation. Denoting suspension and torque current

space vectors as i⃗s and i⃗t, force vector F⃗ = Fx + jFy and torque vector T⃗ = Td + jτ (Td is a
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flux weakening component) can be expressed as:

F⃗ = k̄f i⃗s, T⃗ = k̄t⃗it (1.3)

where k̄f and k̄t are force per ampere and torque per ampere parameters. Using these

equations, desired current space vectors can be found as

i⃗s =
F⃗

k̄f
, i⃗t =

T⃗

k̄t
(1.4)

and transformed back to the phase currents.

While being relatively straightforward to implement, this standard bearingless motor

control method is based on the assumption of perfectly sinusoidal airgap fields and linear

force/torque-current model. The unmodeled magnetic field harmonics, armature reaction,

and nonlinearities are causes for large force vector error, making stable magnetic levitation

infeasible [19]. The forces due to harmonics in [56] are referred to as “parasitic” forces as

they create a variation in force vector angle over a complete rotor revolution. This can be

solved by imposing the maximum force vector error limits as constraints in a bearingless

motor [55, 61]. According to [56], decreased force vector error can be achieved by selecting

radially magnetized magnets rather than parallel magnetized magnets as they have lower

harmonic content. However, all of these methods impose a constraint on the bearingless

machines that narrows the design space and potential high performance designs can be

excluded.

1.2.3.3 Tm/Km Matrix Based Force Regulation

Force vector error can also be minimized by further improving the force regulation. Studies

[44, 62] present an approach where the required phase currents are determined based on

a more accurate linear matrix model between force/torque and phase currents that takes

into account the effects of higher order field harmonics. Given the phase currents i =
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[
i1 i2 ... im

]T
(m phases), the forces and torque F =

[
Fx Fy τ

]T
are modeled to have

a linear relationship with i:

F = Tmi (1.5)

where Tm is a 3 × m matrix with every entry that depends on the rotor angular position

(assuming centered rotor position). Force actuation using this model can be achieved by

finding the pseudoinverse Km of a Tm matrix:

i = KmF (1.6)

The resulting phase currents can have non-sinusoidal waveforms to compensate for the

effects of harmonic fields on the force vector. This method improves force vector regulation,

but the implementation in a controller requires the use of lookup tables. For accurate

actuation performance, these lookup tables have to be formed using experimental static test

data at many rotor angular positions and phase current values, requiring more memory and

computational demands [6].

1.2.3.4 Standard dq-xy Force Regulation + Armature Reaction Compensation

A number of studies presented control efforts on improving bearingless motor performance

by compensating the effects of the armature reaction field [19, 24, 25, 63]. Due to this re-

action, torque winding fields affect bearingless motor force creation by changing the force

vector magnitude and direction. Such change in force vector orientation is quantified as

an “inclination angle” that depends on the motor torque [25, 63]. Study [63] reported that

the inclination angle was approximately 3.5◦ for their example motor when fully loaded.

This study stated that the impact of the motor operation on the suspension operation can

be compensated by the knowledge of dq currents and stable suspension operation can be
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achieved. Studies [19, 24] presented control architecture that compensates the effects of the

armature reaction field in IPM motors.

An expression for the suspension forces considering armature reaction is given by

F⃗ = k̄f i⃗s + k̄f t⃗is⃗i
∗
t (1.7)

where k̄ft is a parameter that represents the impact of torque current on suspension operation

[64]. Using this equation, desired suspension current space vector can be found:

i⃗s =
F⃗

k̄f + k̄f t⃗i∗t
(1.8)

which shows the dependence of suspension operation on the motor torque.

1.2.3.5 Exact Force Vector Regulation

There are currently only two studies [65] and [6] that developed exact force vector regulation

techniques.

Study [65] developed and implemented an exact force vector regulator for a 3-pole mag-

netic bearing. Both quadratic and linear dependencies on the phase currents were considered

in a force vector model:

F⃗ = k1SV(i ◦ i) + k2SV(i) (1.9)

where k1 and k2 are constants, SV is a space vector operator, and i ◦ i =

[
i21 i22 ...i2m

]T
is the Hadamard product. Study [65] proposed an analytic framework to find the desired

coil currents using (4.33) (equivalent to solving a depressed quartic polynomial equation)

and graphic techniques to study the solution space, and experimentally demonstrated the

performance improvement using the proposed exact force vector regulator compared to the

conventional force regulation approaches. With a 80 N force command applied to the ro-
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tor, [65] showed using experiment results that the force error magnitude and force angle error

reduced by approximately 21% and 9◦ compared to the conventional linear regulation ap-

proach. However, this study is limited to AMBs (no torque creation) and the phase-to-phase

interactions were not considered in the model.

There is another study [6,17] that developed an exact force vector regulator for bearingless

machines that considered the effects of both harmonics and nonlinear force/torque-current

relationship (which includes armature reaction field). This study modified the model in (1.5)

to include quadratic dependence on the phase currents:

F = TQ(i ◦ i) + TLi+ TC (1.10)

where TQ and TL are the matrices that represent quadratic and linear dependence on the

phase currents, and TC matrix represents cogging forces/torque (no dependence on the

currents). Study [6] used finite-element analysis (FEA) to obtained these matrices for an

example flux-switching motor.

Solving for the phase currents in this case is generally complicated and infinitely many

solutions for phase currents are possible. Therefore, the desired currents in [6] are found

numerically for each force/torque command and rotor angular position by solving a nonlinear

optimization problem with an objective to minimize the total Ohmic losses:

minimize
i

iTRi

subject to F − TQ(i ◦ i)− TLi− TC = 0

m∑
k=1

ik = 0

(1.11)

which is known as QCQP in optimization (quadratically constrained quadratic programming)

and has to be solved numerically. The optimization has to be solved for each rotor angular

position and for different force/torque commands. Although this method can eliminate the
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force vector error, it requires additional memory and computational demands for the digital

control system, resulting in m 4D lookup tables for each phase current:

i = f(θ, Fx, Fy, τ) (1.12)

To reduce required memory and computation, [6] proposed an approximate solution

method, which uses the results of an exact solution to perform a second order interpola-

tion between the phase currents and the force/torque vector for each rotor angular position.

This method was shown to improve force vector regulation accuracy compared to a linear

Tm/Km matrix method described in Section 1.2.3.3 by approximately 50% [17] in force

magnitude. The difference between these two regulation approaches becomes even more dis-

tinct when non-zero torque is commanded because the regulation approach in Section 1.2.3.3

does not model quadratic current dependence/armature reaction.

Although the proposed method was shown to improve force vector regulation accuracy,

the model ignores the forces/torque resulting from phase-to-phase interactions and an ap-

proximate solution was implemented that causes non-zero force vector error. These assump-

tions limit the use of the proposed force regulation method to a specific motor topology

(flux-switching motor).

Furthermore, the force regulation is completely based on the numerical techniques and

the nature of the forces resulting from airgap harmonic effects and force/torque-current

relationship considering these harmonics has not been investigated analytically. Because

of purely numerical model, the implementation of the exact force vector regulator requires

the use of multi-dimensional lookup tables, which can significantly increase computation

time and require large memory as opposed to force regulation techniques based on analytic

models.
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1.2.4 Research Opportunities

Based on the state-of-the art review in this chapter, the following key research opportunities

are identified:

1. Opportunity to develop generalized analytic winding design theory to create

new high performance bearingless machines that can operate without cross-

coupling between motor and suspension operation. Developing winding design

theory makes it possible to realize popular winding designs with any number of slots,

poles, and phases.

2. Opportunity to develop a complete and unified analytic model to accurately

describe torque and force creation in electric machines considering multiple

magnetic field harmonics in the airgap. This modeling framework is important to

analytically understand the physics behind force and torque creation and their relation

to magnetic field harmonics (sources of force vector error, possible ways to increase force

density).

3. Opportunity to develop exact force vector regulation techniques to expand

the bearingless machine design space and explore high performance bear-

ingless machines (power density, efficiency, cost, force density). This can

help exploring bearingless motor designs that have performance close to conventional

machines and generate more interest in bearingless motor technology.

4. Opportunity to enhance performance in bearingless machines through the

control of multiple airgap harmonic fields. Similar to torque enhancement

through harmonic injection in standard motors, there is an opportunity to explore

potential benefits of injecting additional harmonic fields for torque and force enhance-

ment in bearingless machines.



20

1.3 Research Contributions

The core research contributions of this dissertation are:

1. Demonstration that all bearingless machine combined windings found in the literature

are equivalent in terms of motor and suspension operating theory, but differ in power

electronics implementation (Chapter 2).

2. Comprehensive comparison of the multiphase and DPNV combined winding categories

and identification of machine and application characteristics that determine which

combined winding is most advantageous (Chapter 2).

3. Development of a winding design theory that can be used to analyze and create new

multiphase combined winding designs for bearingless machines (Chapter 3).

4. Proposal of a complete and unified model of torque and suspension force creation in

electric machines from the perspective current sequences and airgap magnetic field

space harmonics (Chapter 4).

5. Identification of key factors that have historically resulted in AMBs having higher force

capacity than bearingless motors and proposal of a strategy for achieving comparable

force capacity in bearingless machines via the control of multiple airgap harmonic fields

(Chapters 4 and 5).

6. Enhancement in force performance fully decoupled from variations in magnetizing

fields and torque through the implementation of multiple airgap harmonic field control

(Chapters 4 and 6).

7. Design and experimental validation of a 10-phase bearingless induction machine with

enhanced force creation capabilities (Chapters 6 and 7).
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2. A. Khamitov and E. L. Severson, “Design and Control of a 10-Phase Bearingless In-

duction Machine,” IEEE Transactions on Energy Conversion, 2024.

1.4 Document Organization

This document is organized as follows:

• Chapter 2 makes a comprehensive comparison between combined winding topologies

for bearingless machines. State-of-the-art review on combined winding topologies is

conducted, and high performance multiphase and DPNV combined winding topologies

are compared with respect to modeling, regulation architecture, and drive performance.

The results are experimentally validated.

• Chapter 3 develops the fundamental torque and force model for machines employing

multiphase combined windings and uses this model to establish a winding analysis

framework, machine design requirements, and a winding design technique. Experi-

mental validation is provided.

• Chapter 4 develops a generalized analysis framework to relate sequence currents to

the airgap harmonic fields and forces created in a bearingless machine, and uses the

developed framework to investigate potential performance improvement in force vector

regulation and force enhancement.

• Chapter 5 explains force capacity in AMBs from the perspective of multiple airgap

harmonic fields, explains torque-force capability in bearingless machines, and demon-

strates enhancement in force capacity by controlling additional harmonics.

• Chapter 6 develops a framework for an optimization design study of a 10-phase bear-

ingless induction motor that can independently control four airgap harmonic fields to

enhance motor performance. A design is selected for prototyping and simulation results

are presented.
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• Chapter 7 presents experimental validation of the theories and performance improve-

ment strategies developed in prior chapters using a prototyped 10-phase bearingless

induction machine. Hardware measurements validate multiharmonic combined winding

design, the exact torque and force model, and performance improvement in bearingless

machines. An increase in force capacity with flux-weakening and an enhanced force

performance under varying magnetizing field and torque are demonstrated.

• Chapter 8 presents conclusions and potential future work.
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Chapter 2

Comparison of Combined Winding

Strategies for Bearingless Machines

2.1 Introduction

Recently, several combined winding structures have been developed for bearingless machines,

where each coil carries both torque and force producing currents 1. Numerous publications

have documented the benefits of combined windings over separated windings. Although a

number of combined winding structures have been developed, the literature lacks detailed

investigations into why a bearingless machine designer may choose one combined winding

topology over another. While the design and operation of combined windings is known in the

research literature, existing publications treat each winding as a unique type, using distinct

language and nomenclature. This chapter addresses these issues by investigating popular

combined winding designs found in literature and makes a comprehensive comparison of two

combined windings, the multiphase and DPNV, that are most promising for high performance

control because they completely decouple motor actuation (torque and field weakening) from

suspension actuation (x and y rotor forces) through the generalized Clarke transformation.

1Portions of the material in this chapter have also been published in [4].
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This chapter concludes that all combined winding “types” are actually the same funda-

mental multiphase winding, but connected to the drive electronics in different configurations.

Operating principles of multiphase and DPNV winding topologies are developed and ana-

lyzed to quantify similarities and differences. It is shown that machines with an even number

of phases can have their stator coils connected in a manner that realizes either topology,

resulting in identical coil currents. However, the two topologies can require significantly dif-

ferent VA rating and loading of the bearingless drive. To facilitate a clear presentation, the

analysis is conducted for non-salient motors, but the approach taken can be used in future

efforts to extend the analysis to salient motors.

The fundamental operating principles and modeling approach established in this chapter

will be useful when developing a multiphase combined winding design technique in Chapter 3

and an exact bearingless motor model in Chapter 4.

2.2 Combined Windings for Bearingless Motors

This section reviews the various types of combined windings for radial bearingless machines

and explains the two winding types that are investigated in this chapter. An example

bearingless motor (Fig. 2.3) is introduced that can be configured as either winding type.

2.2.1 Combined Winding Drive Categories

The bearingless machine requires p pole pairs on the rotor and stator winding to create

torque, and ps = p ± 1 pole pairs on the stator winding to create suspension forces. This

implies that both separate and combined winding must be intentionally designed to be

capable of creating magnetic field harmonics at p and ps.

Combined windings for torque and radial force generation can be grouped into the fol-

lowing four distinct categories:

1. Multiphase winding [1, 2, 13–16,39,41–46,66–74].
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Figure 2.1: Bearingless motor combined winding configurations (a) multiphase, (b) parallel
DPNV, (c) bridge DPNV, and (d) MCI.

2. Parallel and bridge dual purpose no voltage (DPNV) combined windings [47–49,51,75,

76].

3. Middle-point current injection (MCI) combined winding [38,40].

4. Multi-sector winding [50,77–81].

Drive configurations for these combined winding topologies are presented in Fig. 2.1.
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2.2.1.1 Multiphase Combined Winding

The research community classifies the case where each winding phase terminal is connected

to one phase of the drive as a multiphase winding, shown in Fig. 2.1a for m = 6 drive

connections. It is well-known that multiphase machines can independently create multiple

magnetic field space harmonics/pole-pairs in the airgap [82]. Bearingless machines use this

capability to create torque p and suspension ps pole-pair fields. Multiphase combined wind-

ings must have m > 3 distinct drive connections (typically, m = 6) to create p and ps fields.

Each phase provides both torque and suspension currents. Depending on the number of

drive connections, multiple star connections can be used to reduce the number of required

current measurements.

Studies [42,67,83,84] provide detailed information about the multiphase combined wind-

ing design and operation. Study [84] proposes a generalized multiphase combined winding

design method that is applicable to any number of phases. Reference [42] demonstrates that

the multiphase currents can be independently controlled to create torque and suspension

forces in their space vector frames using the Generalized Clarke Transformation (GCT) [85].

2.2.1.2 Parallel DPNV Combined Winding

The parallel DPNV winding drive consists of two sets of inverters connected to the motor

coils, as shown in Fig. 2.1b. The drive terminals are connected to the coil groups (ua, ub, ...)

such that the suspension inverter terminals see no back-EMF. Torque is created when the

currents flowing from the motor inverter are equally split between coil groups “a” and “b”,

while force is created when additional currents from the suspension inverter are superimposed

in the coil groups.

Reference [48] introduced a parallel DPNV combined winding structure with three-phase

motor and suspension inverters. Study [86] discussed DPNV power electronics and control

considerations, and [59, 87] presented current regulation architecture. A generalized DPNV

combined winding design procedure is proposed in [86].
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2.2.1.3 Bridge DPNV Combined Winding

The bridge DPNV winding consists of a motor inverter and multiple isolated single-phase

suspension inverters, as shown in Fig. 2.1c for three phases. This combined winding drive

category also has the advantage of having zero back-EMF at suspension terminals, allowing

for low-power, low-voltage suspension inverters. Furthermore, the control of torque and

suspension inverter currents in this winding is completely independent.

Study [75] presented the operating principle and practical implementation of the bridge

configured combined winding; [51] proposed a generalized winding design method, identifying

motors with slot/pole/phase combinations that can be operated with the bridge DPNV

winding. Reference [76] used this combined winding for noise and vibration attenuation in

switched reluctance motors.

2.2.1.4 MCI Combined Winding

The MCI winding drive has a structure similar to the parallel DPNV winding drive. However,

as shown in Fig. 2.1d, the motor and suspension inverters are swapped and the terminals of

the coil group “a” are reversed. Unlike the parallel and bridge DPNV winding drives, the

MCI winding drive does not have the advantage of zero back-EMF, making it more suitable

for low-speed, high-power applications. Operation and practical implementation of the MCI

winding are presented in [38,40].

2.2.1.5 Multi-sector windings

Bearingless motors with multi-sector windings are divided into sectors (sets of poles) with

each sector featuring a multi-phase winding (usually three-phase); each sector has an in-

dependent power source. Forces are produced on the shaft by controlling field weaken-

ing/strengthening independently in each sector.

Example multi-sector winding bearingless machines with 3 sectors, each having 3 phases,

are presented in [50,77–81]. Studies [50,77–79] developed control algorithms for multi-sector
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machines to create forces in a manner to suppress selected vibration harmonics. Multi-sector

machines particularly have the advantage of operating under fault conditions due to having

several independent sectors. The problem is in the complexity and cost of the hardware

due to a separate power supply in each sector and an increased number of power electronic

switches.

2.2.2 Combined Windings for High Performance Motors

This work investigates the multiphase and DPNV combined windings. These two winding

topologies are capable of providing completely decoupled motor operation (field weakening

and torque, id and iq current regulation) and suspension force operation (radial x-y forces,

ix and iy current regulation). The basic principles of these windings are now described.

In multiphase windings, the phase currents consist of two balanced sets of currents with

different phase shifts. One set produces torque and the other set produces force. An example

multiphase winding configuration with six phases is shown in Fig. 2.2a. Notice that a double

star connection is used. Multiple star connections are possible depending on the number of

phases and can reduce the number of required current measurements.

Detailed information about the multiphase winding design and operation can be found

in [67], [42] and [83]. Reference [42] shows that the multiphase phase currents can be trans-

formed into two independent current space vectors to enable decoupled dual field oriented

control (torque and suspension forces are controlled independently). In general, the phase

currents of multiphase systems can be transformed into multiple independent space vectors

located in independent rotating reference frames [88]. This will be explained later in this

chapter.

The second winding configuration considered in this chapter is the parallel DPNV wind-

ing. This winding is driven by two sets of inverters connected to the coil groups as shown

in Fig. 2.2b. As the name “no-voltage” suggests, the back-EMF seen by the suspension

terminals/phases is ideally zero. Torque is produced when the current flowing from each
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Figure 2.2: Bearingless motor configured as (a) multiphase winding with two neutral points
and (b) parallel DPNV winding.

motor terminal/phase (iu, iv, iw) is equally distributed between coil groups “a” and “b”.

Force is produced when an additional current component from each suspension terminal is

superimposed in the coil groups and flows to the neutral point n.

DPNV winding operation, power electronics, and control considerations were introduced

in [49], and a current regulation architecture for a parallel combined winding configuration

was presented in [59]. Winding design requirements and a design procedure were detailed

in [89]. Any motor winding that meets these requirements can be configured as a DPNV

winding by adding additional end connections to connect the bearingless drive as shown in

Fig. 2.2b.

2.2.3 Example Bearingless Motor

An example bearingless motor system is used throughout this chapter to illustrate the theory

that is developed and provide experimental validation in Section 2.6. The example motor

is an outer rotor bearingless PM vernier slice motor shown in Fig. 2.3b. It consists of

Q = 6 stator slots, m = 6 phases (concentrated coils), and p = 17 pole pairs. The motor

characteristics are shown in Table 2.1. This machine was recently proposed in [1] for low
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Figure 2.3: Bearingless PM vernier motor with outer rotor: (a) picture explaining passively
stabilized degrees of freedom and (b) cross-section plot [1], [2].

Parameter Value Parameter Value
Rated torque (τr) 1 Nm Torque per amp. (kt) 0.28 Nm/A
Rated force (Fr) 26 N Force per amp. (kf ) 7 N/A
Rated speed (ωr) 500 RPM Radial stiffness (kδ) −70 N/mm

Number of turns (N) 84 Resistance (R) 2 Ω
Equiv. self-ind. (L) 2.3 mH Equiv. mutual ind. (M) −0.2 mH
Pole-pairs (p, ps) 17, 16 Phases (m) 6

Table 2.1: Vernier motor (Fig. 2.3b) characteristics

speed, high torque applications, and was designed and experimentally characterized in [2].

While this motor was designed for use with an multiphase winding, it also meets the

DPNV design requirements in [89]. Figure 2.2 illustrates how the stator coils can be con-

nected as either an multiphase winding (Fig. 2.2a) or a DPNV winding (Fig. 2.2b). For the

DPNV winding (Fig. 2.2b), the coils have additional labels of ua, ub, etc., which indicate the

phase (u, v, w) and coil group type (“a” or “b”) used in the DPNV literature. For example,

iub indicates the current in phase u and coil group “b”. The red numbers in Fig. 2.2 indicate

the coil numbers of Fig. 2.3b. Current entering the dotted terminals of Fig. 2.2 corresponds

to the coil current polarity of Fig. 2.3b if the red number is positive. If the red number is

negative, current entering the dotted terminals corresponds to the opposite of the current

polarity in Fig. 2.3b.

This chapter will explain how the two approaches (multiphase and DPNV) actually yield
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equivalent coil group currents, but each implementation has different power electronics and

control advantages depending on the application requirements.

2.3 Force and Torque Model

This section reformulates the operating theory for both windings using matrix models to

allow the windings to be directly compared. It is shown that multiphase windings with an

even number of phases can be realized as DPNV windings.

2.3.1 Generalized Force-Torque Model

A generalized matrix model of bearingless motor forces and torque is presented in [67] and

is now summarized for multiphase combined windings. The model relates the total forces/-

torque Ft(xr, i) = [Fxt Fyt τt]
T to the rotor radial/angular position xr = [x y θm]

T and to

the stator current i:

Ft =


iT 01xm 01xm

01xm iT 01xm

01xm 01xm iT

MQ(xr)i+ML(xr)i+MC(xr) (2.1)

where i = [i1 i2 ... im]
T is a current vector and 01xm is a 1-by-m zero vector. Here, m is

the number of distinct connections to the drive. In the multiphase winding, m can also

be referred to as the total number of phases. In the DPNV winding, there are m/2 motor

phases and m/2 suspension phases. The definition, size, and unit of each matrix are given

below:

• MQ − models quadratic force/torque-current behavior, typically caused by armature

reaction. Size: 3m-by-m. Units: first 2m rows [N/A2], last m rows [Nm/A2].

• ML− models linear force/torque-current behavior which is the typical term used to

control shaft position. Size: 3-by-m. Units: first 2 rows [N/A], last 1 row [Nm/A].
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• MC− models cogging forces/torque. Size: 3-by-1. Units: first 2 rows [N], last 1 row

[Nm].

In surface-mounted PM motors (non-salient), MQ is usually negligible and MC is typi-

cally either neglected or compensated [6]. By linearizing (2.1) about a centered rotor posi-

tion [67], a simple model for controllable force/torque is obtained:

F (θm) = Tm(θm)i (2.2)

where a matrix Tm = ML(0, 0, θm) is used to map the phase currents into the forces and

torque F = [Fx Fy τ ]T they produce on the rotor. A plot of Tm matrix entries vs. rotor

angle in electrical degrees is shown in Fig. 2.4a for the example machine (of Section 2.2.3)

for both winding topologies. For the multiphase winding, each column of Tm shows the

force/torque produced when only one phase current is excited. For example, column one

entries are obtained by only exciting i1 to its rated value in FEA, and extracting the resulting

force/torque over 360 degrees of the rotor electrical angle θ (θ = pθm).

When implementing the bearingless motor drive, the phase currents must be calculated

to create a commanded force/torque vector on the rotor. To find these currents, an inverse

map from the position regulator’s force/torque command into currents is needed. This is

accomplished by determining a Km matrix as in (2.3):

i(θm) = Km(θm)F (2.3)

There are infinitely many solutions of i for m>4 (with a star connection). Among these

solutions, an optimal i with minimal total ohmic losses is found by solving the following

optimization problem:

minimize
i

iTRi

subject to Tmi− F = 03x1

(2.4)
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(a)

(b)

Figure 2.4: Tm and Km matrices for 6-phase and DPNV configurations: (a) Tm matrix and
(b) Km matrix.

where R is a resistance matrix. Solving this optimization problem, the optimal Km matrix
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is found to be [44]

Km = R−1T T
m(TmR−1T T

m)−1 (2.5)

The details of the resulting matrix forms will now be discussed for both winding types.

2.3.2 Multiphase Configuration

The multiphase winding resistance matrix has the diagonal form R = RI, where R is the

resistance of one coil group and I is the identity matrix. SinceR is a diagonal matrix, it turns

out that (2.5) is the Moore-Penrose pseudo-inverse of Tm which is Km = Tm(TmT T
m)−1.

This is equivalent to minimizing the Euclidean norm of i. As an example, the power-optimal

Km matrix for the example PM vernier machine in the 6-phase multiphase configuration is

shown in Fig. 2.4b. Each column represents a set of optimal phase currents that produce 1

N in x (column 1) or y (column 2) direction or 1 Nm of torque (column 3). The total phase

currents i are a scaled sum of each column based on the force/torque vector command.

This chapter is focused on high performance bearingless machines, where the columns

of Km consist of balanced, multi-phase sinusoidal functions of rotor position, with a phase

angle separation between their rows of ∆αj. This results in phase currents that are composed

of two sets of balanced sinusoids. The first set creates torque and field weakening (but no

force); the second set creates force (but no torque). This is possible because the two sinusoidal

current components have different phase angles, as will now be explained. In the multiphase

literature, this type of machine is described as supporting “dual field oriented control” [42],

because the principles of motor field oriented control can be extended to the suspension field.

The generalized Clarke transformation, which is summarized in Appendix A, can be used

to study the Km matrix (and phase currents). Here, x(θ) is the phase current vector i(θ)

and the xj(θ) vectors defined in (A.2) are currents responsible for force or torque production.

These correspond to the columns of Km (i.e. Fig. 2.4b), where the x and y force-producing
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current columns are combined to form a single xj(θ) vector. Section 2.4.1 utilizes current

space vectors that this transform creates to calculate torque and suspension forces.

The properties of Appendix A can be used to identify the following requirements for ∆αj

and the number of phases m so that the machine supports dual field oriented control:

• To obtain independent current components associated with torque and suspension, the

phase separation ∆αj must be unique for force and torque, requiring j be unique in

(A.3): jforce ̸= ±jtorque (see Appendix A, property 1).

• To obtain motor currents that are able to control torque and field weakening (two

independent dimensions) and force currents able to control x and y force components

(two independent dimensions), the phase separation cannot use j = 0 or j = m/2 (see

property 2).

• To have sufficient feasible values of phase separation, the number of machine phases

(number of rows in Km and i) must be m ≥ 5 (see property 3).

For a 6-phase bearingless machine, there are exactly two possible phase separation angles:

∆α1 = ±π/3 and ∆α2 = ±2π/3. The machine must use one of these angles for the torque

column ofKm and the other for the force columns. The optimal currents used in the example

6-phase vernier machine (see Fig. 2.4b) can be expressed as:



i1

i2

i3

i4

i5

i6


=

F

kf



cos (θ − ϕ)

cos (θ + 2π
3
− ϕ)

cos (θ + 4π
3
− ϕ)

cos (θ − ϕ)

cos (θ + 2π
3
− ϕ)

cos (θ + 4π
3
− ϕ)


+

τ

kt



sin θ

sin (θ + π
3
)

sin (θ + 2π
3
)

− sin θ

− sin (θ + π
3
)

− sin (θ + 2π
3
)


(2.6)

which shows that the currents need to be a function of the rotor angle θ to produce the

commanded torque τ and force (magnitude F and angle ϕ). The values of kf (force per
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ampere) and kt (torque per ampere) are given in Table 2.1 for the example vernier machine.

In (2.6), force and torque currents have a phase shift of ∆α2 = −2π/3 and ∆α1 = −π/3,

respectively. These phase shifts depend on the machine design characteristics: ∆α1 = pαph

and ∆α2 = psαph, where αph is the mechanical angle between adjacent phases and ps is

the number of suspension pole pairs. The expression (2.6) can be adapted for any 6-phase

multiphase winding by updating which column ∆α1 and ∆α2 appear in.

2.3.3 Parallel DPNV Configuration

To find the DPNV Tm and Km matrices, the approach described for the multiphase con-

figuration is used. The DPNV phase current vector i is advantageously constructed as

i = iterm = [iu i′v iw i′u iv i′w]
T to enable a direct comparison between the terminal currents

of the two windings in Fig. 2.4. Each column of Tm is found by exciting only one terminal

at a time and keeping other terminal currents zero (current is allowed to exit the neutral

point). The Km matrix is determined using (2.5) but with a new R matrix to find the ohmic

losses of the DPNV winding. This new R matrix is found by first determining a Ci matrix

which maps the terminal currents to individual coil group currents as

icoil = Ciiterm, Ci =



1 0 0 1 0 0

0 1 0 0 0 0

0 0 1 0 0 1

0 0 0 1 0 0

0 1 0 0 1 0

0 0 0 0 0 1


(2.7)
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The revised R matrix is then calculated from the ohmic losses as

P = iTcoilRicoil = iTtermC
T
i RCiiterm (2.8)

Rt = CT
i RCi (2.9)

Note that Rt is not diagonal, and therefore (2.5) is no longer equivalent to the Moore-

Penrose inverse of Tm.

Alternatively, the DPNV Tm and Km matrices can be derived from the multiphase

matrices using Ci:

Tm,DPNV = Tm,MPCi, Km,DPNV = C−1
i Km,MP (2.10)

The DPNV winding can be viewed as a circuit-based implementation of the multiphase

winding’s Km matrix, where the circuit creates the relation given by (2.7). It can be shown

that any multiphase winding with even m can be implemented as a DPNV winding because

of the unique phase separation requirement for torque and suspension currents described in

Section 2.3.2. This is now illustrated for the example machine described by (2.6). In both

DPNV and multiphase windings, the relation between coil currents in (2.11) exists when

only torque is produced. When only force is produced, the currents are related as (2.12).

These relations can be seen from the DPNV circuit schematic in Fig. 2.2b, and from the

multiphase current expression in (2.6).

Torque: i1 = −i4, i2 = −i5, i3 = −i6 (2.11)

Force: i1 = +i4, i2 = +i5, i3 = +i6 (2.12)

While the multiphase winding directly connects each of these coil groups to an inverter phase,

the DPNV winding provides suspension and motor terminal connections which see the coil

groups as either a series or parallel connection.
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2.4 Space Vector Model for Regulation

This section develops a current regulation approach that is general to both winding configu-

rations. This is done by first formulating the operating theory into current and voltage space

vector models that are related to force and torque production. The relationship between volt-

age and current space vectors is then used to develop a systematic current controller tuning

method for the force and torque regulators.

2.4.1 Force/Torque

The bearingless motor forces and torque can be related to current space vectors through

parameters k̄t and k̄f as

T⃗ = Td + jτ = k̄t⃗it

F⃗ = Fx + jFy = k̄f i⃗s (2.13)

Here, the vector T⃗ consists of a flux weakening term Td [2] and torque τ . The space vectors

i⃗t and i⃗s are created by calculating the generalized Clarke transform of the machine’s phase

currents i as described in Section 2.3.2 and Appendix A. It is well known in motor drives

literature that the torque space vector i⃗t can be decomposed into two components id and

iq that when rotated at synchronous frequency are proportional to Td and τ . Similarly, the

suspension space vector i⃗s can be decomposed into two components ix and iy that when

rotated are proportional to x and y direction forces:

i⃗t = (id + jiq)e
jθT (2.14)

i⃗s = (ix + jiy)e
jθS (2.15)

These space vectors, their rotation angles θT and θS, and the two corresponding synchronous

reference frames dq and xy are defined in Fig. 2.5. These two reference frames are presented
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separately in Fig. 2.5a and Fig. 2.5b to show that they are in orthogonal (independent)

planes.

It can be shown using Fig. 2.2 and Fig. 2.4b that the same amplitude of force creating

phase currents is required in both multiphase and DPNV windings. Therefore, the magnitude

of k̄f in (2.13) is the same in both topologies. The required amplitude of torque creating

phase currents in the DPNV winding is twice that of the multiphase winding. From these

observations and (2.14)-(2.15), k̄f and k̄t of (2.13) can be calculated as:

k̄f = kfe
−jθS , k̄t =


kte

−jθT for MP

kt
2
e−jθT for DPNV

(2.16)

The angles θT and θS are determined by the machine’s torque or force creating phase

currents that are input to the Clarke transform. Each angle can be equal to either θ or

−θ. From Appendix A property 4, if the phase currents form a positive sequence, the

resulting space vector rotates counterclockwise (ejθ) with a speed ωe (ωe = θ̇). If the phase

currents form a negative sequence, the resulting space vector rotates clockwise (e−jθ) with a

speed −ωe. These space vector angles may not be the same in both multiphase and DPNV

topologies because of the different phase connections and the sequence of the phase currents.

Calculations are now shown for the example PM vernier motor of Fig. 2.3b.

2.4.1.1 Multiphase configuration

The torque current space vector i⃗t is calculated from (2.6) by using (A.1) with k = 1,

corresponding to the phase separation of ∆α1 = −π/3 for torque currents, as given in

(2.17). The suspension current space vector i⃗s is calculated in the same manner with k = 2

as (2.18).

i⃗t = c6(i1 + ai2 + a2i3 + a3i4 + a4i5 + a5i6) (2.17)



41

Phase
u-axis

Rotor
d-axis
θT

Rotor
q-axis

~it

(a)

Phase
u-axis

Susp.
x-axis

θSSusp.
y-axis

~is

(b)
Figure 2.5: Space vector diagram of synchronous reference frames: (a) torque dq-frame and
(b) suspension xy-frame.

i⃗s = c6(i1 + a2i2 + a4i3 + a6i4 + a8i5 + a10i6) (2.18)

Here, c6 = 2/6 for an amplitude invariant or c6 =
√
2/6 for a power invariant transformation.

This results in both vectors rotating CW at speed: ωT = ωS = −ωe.

2.4.1.2 Parallel DPNV Configuration

Since the DPNV winding is configured as two multi-phase systems (one for the suspension

and one for the torque), (A.1) is used for each system separately. In the three-phase case

observed in Fig. 2.4b, torque terminal currents [iu, iv, iw]
T lag each other by 2π/3 (iv lags

iu) and create a positive sequence, while force creating currents lead each other by 2π/3 and

create a negative sequence. The three phase Clarke transformation (A.1) with k = 1 is used

to obtain the current space vectors as:

i⃗t = c3(iu + aiv + a2iw) (2.19)

i⃗s = c3[(i
′
u + iu/2) + a(i′v + iv/2) + a2(i′w + iw/2)] (2.20)

where c3 = 2/3 for amplitude invariant and c3 =
√

2/3 for power invariant transformation.

Note that the suspension vector is obtained from the force creating currents (i′u + iu/2,

i′v+ iv/2, i
′
w+ iw/2), not from the suspension terminal currents (see Section 2.2.2). Since the
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suspension currents form a negative sequence, i⃗s rotates CW at ωS = −ωe, while i⃗t rotates

CCW at ωT = ωe.

2.4.2 Electric Model

Having defined the relations between force/torque and space vector currents, an equivalent

electric circuit model for each winding topology is now developed to design the current reg-

ulators and facilitate comparison between the two topologies. To do this, voltage equations

are derived for each topology in the dq and xy rotating reference frames defined in Fig. 2.5.

Equivalent resistance and inductance terms are determined which are used for the current

regulator design. For this, the torque and suspension voltages in the space vector form are

first determined using

v⃗t = R⃗it +
dλ⃗t

dt
(2.21)

v⃗s = R⃗is +
dλ⃗s

dt
(2.22)

where λ⃗t and λ⃗s are flux linkage space vectors (flux linkage from the windings and magnets)

calculated using the same order of the generalized Clarke transform as i⃗t and i⃗s.

The flux linkage of each coil group (positive polarity corresponding to the dotted terminal

in Fig. 2.2b) due to other coil groups can be expressed in terms of the equivalent self- and

mutual-inductances L and M [87]. These equivalent inductances are defined by considering

the flux linkage λua due to all coil group currents as:

λua = L1iua + L2(iva + iwa) + L3iub + L4(ivb + iwb) (2.23)

where L1 is a self-inductance of each coil group, L2 is a mutual inductance between same

coil groups and different phases, L3 is a mutual inductance between different coil groups

and same phases, and L4 is a mutual inductance between different coil groups and different
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phases. By assuming no zero sequence currents, iua = −(iva + iwa) and iub = −(ivb + iwb),

and defining equivalent inductances as L = L1 − L2 and M = L3 − L4, (2.23) simplifies to:

λua = Liua +Miub (2.24)

The flux linkage of other coil groups can similarly be expressed in terms of L and M ,

and used in the derivation of the voltage equations for each configuration.

2.4.2.1 Multiphase Configuration

A 6-phase configuration is again used as an example to present the space vector voltage

equations for the multiphase winding. Using (2.21), (2.24), and a = ejπ/3, the voltage space

vector equation is:

v⃗t = R⃗it + (L+M)
d⃗it
dt

+ v⃗m (2.25)

where v⃗m is the back-EMF, which is determined from the coil flux linkage due to the magnets.

Transforming (2.25) to the dq-frame using v⃗t = (vd + jvq)e
jθT , vd and vq can be found:

vd = Rdid + Ld
did
dt

− ωTLqiq (2.26)

vq = Rqiq + Lq
diq
dt

+ ωTLdid + vm (2.27)

where Rd = Rq and Ld = Lq for non-salient machines, and are the equivalent d and q-

axis resistances and inductances obtained after dq transformation. The back-EMF vector is

v⃗m = jvme
jθT with vm = 2

m
ktωm (ωm = θ̇m is a mechanical rotor speed and m = 6 for the

example vernier motor).

The suspension space vector is similarly determined as (2.28):

v⃗s = R⃗is + (L−M)
d⃗is
dt

(2.28)
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Using v⃗s = (vx + jvy)e
jθS , vx and vy can be found:

vx = Rxix + Lx
dix
dt

− ωSLyiy (2.29)

vy = Ryiy + Ly
diy
dt

+ ωSLxix (2.30)

where Rx, Ry, Lx, and Ly are the equivalent x and y-axis resistances and inductances

in xy-frame. Note that suspension xy voltages do not have back-EMF components as it

becomes zero when transformed into suspension space vector frame. These equations are

represented as space vector equivalent circuits in Fig. 2.6. All equivalent circuit parameters

are summarized in Table 2.2.

2.4.2.2 Parallel DPNV Configuration

The voltage vector v⃗t for the parallel DPNV winding is calculated in a similar manner, but

using the Clarke transform of (2.19) as:

v⃗t =
R

2
i⃗t +

L+M

2

d⃗it
dt

+
v⃗s
2
+ v⃗m (2.31)

Notice that the half of the suspension voltage space vector appears in this expression. This is

because the torque terminals in Fig. 2.2b are halfway between the suspension terminals and

the neutral point and is examined in detail in [87]. The voltage vector v⃗t can be decomposed

into d and q components:

vd = Rdid + Ld
did
dt

− ωTLqiq +
1

2
vdqx (2.32)

vq = Rqiq + Lq
diq
dt

+ ωTLdid + vm +
1

2
vdqy (2.33)

Here, the vdqx and vdqy components are the suspension xy voltages in the torque dq reference

frame. These should be compensated via a feed-forward to fully decouple the force and

torque control. The back-EMF is again vm = 2
m
ktωm, which is the same as the multiphase
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Figure 2.6: Equivalent single-phase circuit of 6-phase configuration.
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Figure 2.7: Equivalent single-phase circuit of DPNV configuration. The dotted terminals
correspond to the dotted terminals of a single phase of Fig. 2.2b

winding.

The suspension voltage space vector is calculated as (2.34), with x and y components

determined as (2.35) and (2.36):

v⃗s = 2R⃗is + 2(L−M)
d⃗is
dt

(2.34)

vx = Rxix + Lx
dix
dt

− ωSLyiy (2.35)

vy = Ryiy + Ly
diy
dt

+ ωSLxix (2.36)

Notice that the suspension xy voltages do not have back-EMF components since this is

canceled for the suspension terminals by the coil group connections.

Equations (2.31) and (2.34) are represented as a space vector equivalent circuit in Fig. 2.7.

2.4.3 Summary of Space Vector Model Parameters

The space vector model parameters from both Sections 2.4.1 and 2.4.2 are summarized in

Table 2.2. The resistances and inductances in the equivalent dq and xy voltage equations are

different for each configuration. It is interesting to note that these parameters for the DPNV
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MP DPNV
Torque Susp. Torque Susp.

Ld, Lq or Lx, Ly L+M L−M (L+M)/2 2(L−M)
Rd, Rq or Rx, Ry R R R/2 2R

vm 2ktωm/m 2ktωm/m
|k̄t| kt kt/2
|k̄f | kf kf

Table 2.2: Summary of Space Vector Model Parameters

winding appear to connect coil groups “a” and “b” in parallel for the torque terminals and

in series for the suspension terminals, which matches Fig. 2.2b.

It is also interesting to note that the back-EMF magnitude vm is identical in both winding

topologies and can be expressed in terms of machine parameters as vm = 2
m
ktωm.

2.4.4 Regulation Architecture

This subsection presents a generalized current regulation architecture combining both

multiphase and DPNV configurations. The regulation approach is based on the equivalent

space vector models developed in this section. The generalized current control architecture

proposed to regulate forces and torque is shown in Fig. 2.8. The black lines/words are

common to both configurations, while blue and green colored lines/words pertain only to

the multiphase or DPNV configuration.

1/kt

Figure 2.8: Current regulation block diagram for both configurations (* variables denote
commanded values).

The torque and force commands are first translated into current dq or xy commands
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using kt and kf . After that, each current component is regulated using a PI controller. The

PI controllers are tuned so that the current control closed loop transfer function becomes a

first-order system through pole-zero cancellation:

Kp = ωbLeq, Ki = ωbReq (2.37)

where ωb is the desired bandwidth, and equivalent inductance Leq and resistance Req terms

are provided in Table 2.2.

Since the PI controllers are designed specifically assuming the RL load, compensation

terms are added to the output of each PI controller (shown in red in the block diagram) to get

a more accurate voltage command. These are determined based on the voltage dq equations

in Section 2.4.2 for each configuration and shown below for the multiphase configuration:

vd,comp = −ωTLqiq, vq,comp = ωTLdid + vm

vx,comp = −ωSLyiy, vy,comp = ωSLxix (2.38)

For the parallel DPNV configuration [59]:

vd,comp = −ωTLqiq +
vdqx
2
, vq,comp = ωTLdid + vm +

vdqy
2

vx,comp = −ωSLyiy, vy,comp = ωSLxix (2.39)

After compensation, each torque dq and suspension xy voltage pair is transformed to

phase voltages using the inverse dq and xy transformations. For the MP configuration, there

are two m-by-1 vectors v∗coil,t and v∗coil,s resulting from the transformation, which are then

added to get the final m-phase coil group voltages v∗coil commanded to the m-leg inverter. For

the parallel DPNV configuration, there are two m/2-by-1 vectors v∗term,t and v∗term,s resulting

from the transformation, which are commanded to the m/2-leg torque inverter and m/2-leg

suspension inverter, respectively. Finally, the actual voltages (vcoil or vterm) are modulated



48

using inverters and applied to the motor terminals.

The currents are measured from the motor terminals and then applied to the dq and xy

transformation blocks which consist of two blocks, one for the torque and another for the

suspension. These dq and xy transformation blocks are based on the space vector trans-

formations derived in Section 2.4.1. In multiphase configuration, all coil group currents are

applied to both dq and xy transformations. In DPNV configuration, iterm,t = [iu, iv, iw]
T

is applied to the torque dq transformation and iterm,s = [i′u + iu/2, i′v + iv/2, i′w + iw/2]
T

is applied to the suspension xy transformation. Transformed currents are then used as a

feedback for the current regulation.

2.5 Comparison Between Multiphase and DPNVDrives

The theory developed in previous sections is now used to compare the multiphase and DPNV

winding performance and drive requirements. These results apply to all machines with an

even value of m > 5, since machines with an odd value of m cannot use DPNV windings.

The Tm and Km matrices in Section 2.3 show that both topologies use equivalent coil group

currents to produce the same force and torque. Both winding topologies are able to decouple

torque and suspension force regulation (2.13) through space vectors calculated with the gen-

eralized Clarke transformation (A.1), (2.17)-(2.20). As a result, a similar current regulation

structure can be used in both topologies based on the voltage space vector formulation pre-

sented in Section 2.4.2, (2.25)-(2.36), with regulators designed to achieve equivalent control

bandwidth in the synchronous dq and xy frames as described in Section 2.4.4, (2.37).

The main performance difference resides in the power electronic implementation of the

bearingless drive. This can be investigated through the required inverter terminal current

and voltage of the two topologies. Two critical differences can be identified from Fig. 2.2

and 2.4 as follows:

1. Current: DPNV drives carry more motor current because their suspension terminals
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carry half of the motor current in addition to the motor terminals carrying twice the

motor current of the multiphase approach; multiphase drives carry more suspension

current because the DPNV circuit takes advantage of series connected coil groups to

form m/2 suspension terminals.

2. Voltage: DPNV drives have lower voltage requirement because the DPNV suspension

terminals do not see the back-EMF, while all multiphase terminals see the back-EMF.

The significance of these differences depend upon the machine parameters (m, p, R, L,

M , kt, kf ) and the expected loading and drive cycle (F , τ , and ωm). Two performance

metrics that describe the drive ratings are now developed in Section 2.5.1 and 2.5.2 to

quantify when a bearingless motor developer would most advantageously select a DPNV or

multiphase winding. The results, specified later in Table 2.3 and Fig. 2.9, show that machines

which carry more significant suspension current (force) or have a higher rotational speed

are likely to be advantageously implemented with a DPNV winding, with the multiphase

winding likely being advantageous for machines which carry more torque current or operate

at lower speeds. Section 2.5.3 presents a case study of selecting a winding topology for the

example vernier motor in terms of the two performance metrics as well as other practical

considerations.

2.5.1 Winding Performance Metric Based on Current Rating

The first metric is based on the current that the bearingless drive must be rated to

handle, thereby giving an indication of the volume of drive silicon required. The metric is

calculated as the ratio between the two toplogies when their phase terminal RMS current

rating is summed across all phases.

In the multiphase winding, the RMS value of each phase current is found from (2.6) and
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shown below for a phase h:

Ih,MP =

√
i2s,MP + i2t,MP

2
+ is,MPit,MP sin

(
ϕ− π(h− 1)

3

)

where it,MP = τ/kt and is,MP = F/kf , indicating that the RMS current is not the same in

all phases for a given force angle ϕ. To find the current rating for each phase, ϕ is swept

from 0 to 2π and the maximum RMS current is determined. In the multiphase winding, the

maximum RMS current observed in each phase is (is,MP+ it,MP)/
√
2. In the DPNV winding,

the maximum RMS current of each suspension terminal is also equal to (is,MP + it,MP)/
√
2

while the torque terminals have an RMS current of 2it,MP/
√
2.

Summing phase RMS current ratings for each topology and finding their ratio results in

the following expression:

P1 =

∑m
h=1 Ih,MP∑m

h=1 Ih,DPNV

=
2(is,MP + it,MP)/

√
2√

2it,MP + (is,MP + it,MP)/
√
2

(2.40)

This expression indicates conditions when the multiphase (P1 < 1) or DPNV winding

(P1 > 1) is advantageous. The results are summarized in Table 2.3 (row 2) and Fig. 2.9a,

where Fr and τr are the force and torque at the rated coil current. These results show that

the multiphase winding is favored when over half of the coil current is used to produce torque

rather than force, while the inverse is true for the DPNV winding.

2.5.2 Winding Performance Metric Based on Volt-Ampere Rating

The second performance metric is the ratio of the total VA rating of the two drives. A similar

metric is used in [16]. This metric reflects advantages in the required dc bus rating, silicon

device voltage rating, and switching losses.

For each phase of the topology, the VA rating is calculated as the product of the maximum

RMS voltage and maximum RMS current in steady state over all force angles. The total VA
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rating is then calculated as the sum of these phase VA ratings. RMS current ratings were

determined in Section 2.5.1 and RMS voltage ratings are now presented in a similar manner.

In the multiphase winding, each phase voltage has a maximum RMS value of (vt,MP +

vs,MP)/
√
2 over all force angles, where vt,MP and vs,MP are the magnitudes of v⃗t in (2.25) and

v⃗s in (2.28):

vt,MP =

√(
Rdqit,MP + ωm

2kt
m

)2

+ (pωmLdqit,MP)2

vs,MP = is,MPzs, zs =
√

R2
xy + (pωmLxy)2 (2.41)

In the DPNV winding, the maximum RMS voltage of each torque terminal is also equal to

(vt,MP + vs,MP)/
√
2 and of each suspension terminal is 2vs,MP/

√
2. Finally, the ratio of the

total VA rating of each topology is calculated as:

P2 =

∑m
h=1 Sh,MP∑m

h=1 Sh,DPNV

=
(vs,MP + vt,MP)(is,MP + it,MP)

vs,MPis,MP + (vt,MP + 2vs,MP)it,MP

Similar to the analysis in Section 2.5.1, a preferred set of operating points (force, torque,

and speed) based on the total VA rating can be determined for the multiphase and DPNV

windings. By using vs,MP = is,MPzs, the following is obtained (subscripts “MP” are removed

for easier notation):

P2 =
zsi

2
s + vtit + vtis + zsisit
zsi2s + vtit + 2zsisit


< 1 multiphase preferred

> 1 DPNV preferred

which simplifies to

vt < zsit multiphase preferred

vt > zsit DPNV preferred (2.42)
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This shows that the boundary between when the multiphase and DPNV windings are pre-

ferred depends on the machine’s torque and speed (through the voltage vt), but not on the

force. However, note that other regions where P2 ̸= 1 do depend on the suspension force

(in addition to torque and speed). This inequality can be more advantageously expressed as

(2.43) by substituting (2.41) into (2.42), squaring both sides, and rewriting as a quadratic

inequality in terms of ωm.

a(τ)ω2
m + b(τ)ωm + c(τ)


< 0 multiphase preferred

> 0 DPNV preferred

(2.43)

Here, a, b, and c are the coefficients expressed in terms of the torque and machine parameters

of the multiphase winding (Table 2.2):

a(τ) = (mpτ)2LM + k4
t , b(τ) = Rdqτmk2

t

c(τ) =
1

4
(R2

dq −R2
xy)τ

2m2 (2.44)

where c = 0 because Rdq = Rxy = R in the multiphase winding. The two roots of the

equation aω2
m + bωm = 0 (solution to (2.43)) represent the boundary between when the

multiphase or DPNV winding has a lower VA rating:

ωm,1 = 0, ωm,2 = ωc(τ) = − b(τ)

a(τ)
(2.45)

From (2.45), it is evident that zero speed is a boundary and the other boundary speed is a

function of torque.

The results in terms of these parameters are summarized in Table 2.3 for each winding.

In the authors’ experience, all practical machine designs have k4
t ≫ (mpτ)2LM over their

entire operating range, meaning that a is approximately constant at a ≈ k4
t . This results in

an almost linear dependence of ωc(τ) on τ . The results for this case are presented graphically
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Criterion multiphase preferred when
P1 τ/kt > F/kf
P2 a > 0 a < 0

τ > 0 ωc < ωm < 0 ωm < 0 or ωm > ωc

τ < 0 0 < ωm < ωc ωm < ωc or ωm > 0

DPNV winding is preferred in all other conditions

Table 2.3: Summary of Winding Type Comparison

in Fig. 2.9b on a torque-speed map (ωr is the rated rotor speed). Unlike Fig. 2.9a, this plot

has two P2 = 1 boundary lines that separate the multiphase and DPNV winding regions.

These two lines represent the two critical speeds given in (2.45), one line always being at zero

speed for any torque value (vertical line) and another line described by ωc(τ). Figure 2.9b

shows that the multiphase winding drive can only be rated for a lower total VA when the

machine is a generator. In a hypothetical machine with a < 0, the multiphase winding would

have a lower total VA rating in the motoring mode–see Table 2.3.

Finally, it is evident from the definition of P2 that if no suspension force is utilized

(is = 0), P2 = 1 for all torque and speed operating points. This means that for bearingless

machines which nominally require very little suspension current (relative to torque current),

there will likely be no meaningful VA rating difference between the two winding topologies.

2.5.3 Drive Comparison Case Study Using Example Motor

The multiphase and DPNV drives are now compared for the example vernier motor to

validate the theoretical developments of this chapter and provide an example of the practical

considerations involved in selecting the winding topology. The section concludes that the

multiphase winding is preferred for this motor.

2.5.3.1 Comparison in terms of P1 and P2

Figure 2.10a shows a plot of P1 for a range of force and torque values. As expected from

Fig. 2.9a, the P1 = 1 boundary line corresponds to τ/kt = F/kf , the region below it being
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(a) (b)

Figure 2.9: Preferred regions of each winding (a) P1, (b) P2 when a > 0.

(a) (b)

Figure 2.10: Performance metrics of Fig. 2.9 for the example vernier machine.

preferred for the multiphase winding and the region above for the DPNV winding. The

Fig. 2.9b plot is reproduced in Fig. 2.10b for the vernier motor, which has ωc,r = 1491 RPM >

ωr. The force output is adjusted depending on the torque so that the coils carry rated current.

As expected, there are two lines of P2 = 1, one at zero speed and one determined by the

torque.

This analysis shows that the DPNV driving is at a substantial advantage when suspension

current comprises over 50% of the total coil current and the speed is close to its rated value.

When suspension current is less than 50%, although the DPNV winding has lower total

VA rating than the multiphase winding (at positive speeds), the difference is comparatively

small and the multiphase winding might be preferred due to lower total RMS current rating.
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Figure 2.11: Performance comparison at 500 RPM. DPNV inverter torque phases: 1, 3, 5;
suspension: 2, 4, 6. F = [Fx Fy τ ]T in units of [N N Nm]T .

In addition, the multiphase winding is shown to perform better in generating mode having

about 85% of the total VA rating than the DPNV winding at some torque-speed values.

2.5.3.2 Comparison at Specific Force/Torque Commands

Section 2.5.3.1 analyzed the relative merits of each winding based on the drive rating. In

deciding between the two windings, a designer may also consider the inverter losses over a

drive cycle. This can be calculated with knowledge of the inverter implementation (silicon

devices used, switching frequency, number of inverter levels) combined with the steady state

current and apparent power of each inverter phase. It should be noted that P1 and P2

(Fig. 2.10) do not actually indicate the steady state current and apparent power of the drive

phases at individual operating points (primarily due to the dependence on force angle ϕ).

These quantities are difficult to calculate for a general machine and are therefore explored

for the vernier machine as an example of analysis that a designer could perform for their

machine.

Figure 2.11 presents current, voltage, and apparent power of each inverter phase and the



56

(a) (b)

Figure 2.12: Ratio of average multiphase to DPNV drive phase (a) current and (b) voltage.

same quantities averaged over all phases (denoted as “A”) at four force/torque points at

500 RPM. To create torque (column 2), the multiphase drive uses 30% less average phase

current, approximately matching P1 in Fig. 2.10a. To create force (column 3), the DPNV

drive uses 50% less current and 10% less apparent power, approximately matching P1 and P2

in Fig. 2.10. In column 4, τ/kt = F/kf and the multiphase drive provides 16% less apparent

power and 20% less current, which does not match P1 = 1 or P2 = 1.1 in Fig. 2.10. However,

if the machine is held in constant power while increasing the rotor speed 5 times, the DPNV

drive provides 5% less apparent power and 30% less current. This analysis is extended by

considering the map of average phase RMS current and RMS voltage ratios between the two

topologies provided in Fig. 2.12, where force is again adjusted based on torque to keep the

coils at rated current. The same general trends are observed from this analysis as from the

analysis based on P1 and P2. That is, the DPNV winding generally performs better when

operating near rated speed and higher force, while the multiphase winding performs better

in other cases.

2.5.3.3 Comparison Based on DC Bus Voltage Requirement

The required DC bus voltage can be calculated for both windings by determining the value

required to avoid current regulator saturation. Table 2.4 makes this comparison for different

force/torque command slew rates about the force/torque command F = [10 N, 5 N, 1 Nm]T
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Slew rate 6-phase DPNV
0 N/ms, 0 Nm/ms 17 V 17 V torque, 10 V susp.

11.7 N/ms, 0.45 Nm/ms 31 V 29 V torque, 23 V susp.
52 N/ms, 2 Nm/ms 45 V 44 V torque, 53 V susp.

Table 2.4: DC Link Voltage Comparison for Vernier Motor

Figure 2.13: Simulation results for multiphase and DPNV with the same current regulator
bandwidth (fb = 450 Hz). Time-constant = 0.354 ms.

with the rotor speed of 500 RPM. The slew rates in rows two and three correspond to

a ramp from zero to rated force/torque within a bandwidth of 450 Hz and 2 kHz. For

both configurations, the required DC link voltage is
√
3 times the maximum phase voltage.

The multiphase and the DPNV torque terminals require similar DC link voltage. If the

DPNV winding is configured using two isolated DC voltage sources, the DPNV suspension

terminals can use a lower bus voltage (rows 1 and 2), which is advantageous when a larger

motor inverter DC link voltage is required.

2.5.3.4 Bandwidth Comparison

The current controllers of both topologies will have identical bandwidths and a first order

system response if the controller parameters are tuned using (2.37) and Table 2.2. To demon-

strate this, the current response is simulated in Simulink for torque and force step commands

in the multiphase and DPNV winding configurations of the example vernier motor. The ma-

chine is modeled using the phase voltage equations in a matrix form. Direct/inverse Park and

generalized Clarke transform matrices transform to/from synchronous dq and xy reference
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frames as shown in Fig. 2.8. All current controllers are tuned to 450 Hz and the rotor speed

is 500 RPM. Figure 6.7 shows plots of ix and iq and the phase currents for both windings.

The magnitude of iq in the DPNV winding is twice the magnitude of iq in the multiphase

winding, as expected. The time constant is these plots is 0.354 ms in both the multiphase

and DPNV topologies’ force and torque currents.

2.5.3.5 Selection of Winding Topology

The most advantageous winding for this machine is now determined based on the results

of Section 2.5.3.1 through 2.5.3.4. This machine is a vertically oriented slice motor and

has a very minimal force magnitude requirement (typically < 5N), but substantial torque

requirement (≈ 1Nm). From Fig. 2.10, the two performance metrics are evaluated as 0.7 <

P1 < 0.8 (favoring MP) and 1 < P2 < 1.1 at rated speed (slightly favoring DPNV). The

second row of Table 2.4 shows that to move from zero to rated force/torque within a current

regulator bandwidth of 450Hz requires a similar dc link voltage for both winding topologies.

The suspension inverter of the DPNV winding could be implemented with a lower voltage

bus (23V instead of 29V), but the benefit of such a small reduction in voltage is minimal

and would require the introduction of a second dc source (adds additional drive cost and

size). In conclusion, for this high torque, low force motor, the multiphase winding more

effectively utilizes the inverter current while requiring a similar dc link voltage. This makes

(a)

DUT rotor

Mechanical bearing unit

with driving machine
xyz cross table

DUT stator

Load cell

6-phase

inverter

(b)

Figure 2.14: (a) Bearingless PM vernier slice motor [1], and (b) experimental test setup;
“DUT” is device under test.
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the multiphase winding the most advantageous winding choice for this machine.

Figure 2.15: Experiment results: performance comparison at different force/torque com-
mands with rotor speed of 500 RPM (DPNV inverter torque phases: 1, 3, 5; suspension: 2,
4, 6). F = [Fx Fy τ ]T in units of [N N Nm]T .

2.6 Experimental Validation

Experimental validation is now provided using the prototype bearingless machine and test

stand shown in Fig. 2.14. Emphasis is placed on confirming the voltage and current that each

drive must provide to regulate force and torque (Section 2.5.3.2) and the transient response

of the two drives (Section 2.5.3.4). The motor is tested with the windings configured as both

multiphase and DPNV, using the regulation architecture shown in Fig. 2.8.

In the first set of tests, the rotor was driven by an external motor at a speed of 500

RPM and the drive regulated the same torque and force commands that were previously

simulated in Section 2.5.3.2. Reaction forces and torque on the stator were measured on a

load cell and, across all operating points, the DPNV and multiphase configuration created

the same force and torque to within 0.8 N and 0.03 Nm. The inverter phase voltage and

current were measured using the bearingless drive. The results are summarized in Fig. 2.15



60

(a) (b)

(c)

Figure 2.16: Experiment results: (a) measured phase voltages at 500 RPM under no-load
condition, (b) measured force and phase currents at 500 RPM for the force command of
column 3 of Fig. 2.15, and (c) measured current step responses plotted on the same axis (all
regulators tuned for the same bandwidth).

which can be directly compared to Fig. 2.11. The terminal voltage waveforms for column 1

of Fig. 2.15 are shown in Fig. 2.16a. As expected, the DPNV suspension terminal voltages

are almost zero due to back-EMF cancellation, while the DPNV torque terminals and all

multiphase terminals have a 5.2V amplitude (3.68 Vrms). This corresponds to 3.5 Vrms in

simulation (Fig. 2.11, column 1). The forces / currents for column 3 of Fig. 2.15 are shown

in Fig. 2.16b, which demonstrates both drives use identical coil currents.

The Fig. 2.15 data confirm the drive comparison previously reported in Section 2.5.3.2 as

follows: in column 2, the multiphase drive uses less average current (hardware vs simulation:

33% vs 30%); in column 3, the DPNV drive uses less current (49% vs 50%) and less apparent

power (11% vs 10%); in column 4, the multiphase drive utilizes less current (21% vs 20%)

and less apparent power (23% vs 16%).

Finally, the torque and force step response of the multiphase and DPNV drives is exper-

imentally measured. Force and torque commands are issued while the rotor is spinning at

500 RPM in the same manner as depicted in Fig 6.7. The resulting currents are plotted on



61

a single axis in Fig. 2.16c to enable a direct comparison between the drives. All regulators

were tuned using (2.37) and have a measured bandwidth of approximately 450 Hz. The

slight overshoot that is observed is attributed to inaccuracies in the machine parameters R,

L, and M .

The steady state experimental results of the first set of tests are shown to be in close

agreement with the results of Section 2.5.3.2. This confirms the force, torque, and electric

models developed in Section 2.3 and 2.4. The transient results of the second test validate

the regulator architecture and tuning approach of Section 2.4.4, demonstrating that both

windings can yield equivalent torque/force regulator bandwidth when sufficient voltage is

available. Together, these results experimentally validate the theoretical framework that

this chapter has developed and the basis for the drive comparison in Section 2.5.

2.7 Conclusion

This chapter investigates and compares the multiphase and parallel DPNV combined wind-

ings. These topologies are shown to be capable of fully actuating the machine (torque and

field weakening) independent of actuating x and y suspension forces. The chapter develops

analogous mathematical models to facilitate a comparison between the two windings using

a prototype machine, determines power electronic drive requirements, and presents experi-

mental validation. A primary goal of the chapter is to identify machine characteristics that

determine when a designer may find either of these windings most advantageous.

Matrix-based models of the bearingless motor developed in the chapter demonstrate that

the two winding topologies utilize equivalent stator coil currents to create identical torque and

force vectors, while relying on significantly different terminal currents. This is combined with

other fundamental properties of the bearingless machine’s force and torque characteristic to

establish that any multiphase winding with an even number of phases can be configured as

a parallel DPNV winding. The generalized Clarke transformation for multi-phase systems
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is used to construct space vector models for both winding topologies. The resulting current

space vectors consist of current components that can be used to independently create torque

and suspension force. This finding is used as the basis for developing a generalized force

and torque regulator architecture. It is shown that identical force and torque regulation

bandwidth can be achieved for each winding topology by using the tuning approach presented

in this chapter.

The primary performance difference identified between these two windings resides in the

power electronics. Drive requirements of these windings were compared analytically and

experimentally. Multiphase windings were shown to more effectively utilize drive current

when over half of the coil current produces torque rather than force. The DPNV windings

were shown to require a lower VA rating when operating at high speeds and low torque, high

force. These results indicate that the multiphase winding is most advantageously used in

bearingless motor designs that require substantially more torque than suspension current,

while the parallel DPNV winding is most advantageously used in motors with high force

requirements or applications with limited DC bus voltage available.
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Chapter 3

Analysis and Design of Multiphase

Combined Windings

3.1 Introduction

While the multiphase winding is inherently compatible with more stator designs than the

DPNV winding, there is currently no generalized method that can be applied to design a

multiphase combined winding. Study [42] provides a list of multiphase winding configurations

and determines whether force and torque decoupling is possible. However, the results are

limited to concentrated windings with one coil per phase, and no analytic design procedure

was provided to design a multiphase winding for an arbitrary number of slots, poles, and

phases. This chapter fills this gap by analytically deriving a set of design requirements and

proposing a formal winding design procedure, which pertain to all radial-flux bearingless

machines. In these machines, torque and radial suspension suspension forces are created from

the interaction between radial magnetic fields. The derivations are provided for non-salient

machines, using surface permanent magnet (SPM) and induction machines as examples.

This work is analogous to [51], which derived design requirements and proposed a generalized
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design procedure for DPNV windings. 1

The core contributions of this chapter are:

• Determination of which combinations of electric machine slots, poles, and phases can

be used to design symmetric multiphase combined windings (Section 3.5).

• Identification of design criteria that allow a multiphase combined winding to be oper-

ated from a DPNV drive (Section VI).

• Proposal of a generalized multiphase combined winding design theory based on the

star of slots approach and the results from Sections 3.3 and 3.5 (Section 3.7).

Section 3.2 introduces multiphase combined windings and reviews relevant literature.

Section 3.3 develops a force/torque model using the Maxwell stress tensor and Section 3.4

develops winding analysis concepts for the multiphase combined winding by extending stan-

dard fractional slot winding theory [11]. Using the results from these sections, Section 3.5

develops design requirements in the form of constraint equations and Section 3.6 makes a

comparison to the DPNV winding. These design requirement can also be used to determine

whether existing multiphase motor designs can be transformed into bearingless machines

through control action alone. Section 3.7 proposes a multiphase combined winding design

procedure for symmetric windings using the star of slots approach. Section 3.8 validates the

developed theory using finite element analysis (FEA) and hardware measurements from a

six-phase bearingless induction machine prototype. The developments in this chapter form

a basis for analysing and designing bearingless machines with multiple controllable airgap

harmonic fields in the following chapters of this dissertation.

3.2 Multiphase Combined Windings

It is well-known that multiphase machines are able to produce multiple magnetic field har-

monics in the airgap [90]. Bearingless motors with multiphase combined windings use this

1Portions of the material in this chapter have also been published in [84].
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capability to create one field for torque and a second field for suspension. These windings

have m > 3 distinct connections to the bearingless drive, as shown in Fig. 3.1. Depending

on the drive design requirement, the phases can share a single neutral point or be grouped

to have several neutral points.

The phase currents in conventional multiphase machines can be transformed into multi-

ple independent space vectors located in independent rotating reference frames (orthogonal

subspaces) [88]. Study [91] presented a Generalized Clarke transformation matrix for sym-

metrical multiphase windings that is used to obtain these independent space vectors. In

conventional multiphase machines, a single rotating reference frame represents the torque

creation, while other reference frames represent the machine’s harmonic patterns which high-

light the possible unbalance among the phases [90]. A number of other studies have been

presented that use these reference frames for different non-traditional purposes. Study [92],

for example, presented decoupled dq axes control in multi-three-phase induction machines.

Study [93] surveyed innovative ways of exploiting additional DOFs of multiphase systems.

One such example is series connected multiphase motors which are connected to a single

inverter and the torque in each motor is created independently (represented by two indepen-

dent space vectors).

The bearingless machine requires p pole-pairs on the rotor and stator winding to create

torque, and ps = p ± 1 pole-pairs on the stator winding to create suspension forces. This

implies that the multiphase combined winding must be intentionally designed to be capable of

creating magnetic field space harmonics at p and ps. As a result, the same theory that is used

in multiphase machines can be extended to multiphase combined windings to independently

control radial suspension forces and torque in two independent rotating frames. However,

the following two requirements must be met to ensure that the winding is:

1. symmetric; that is, a rotating magnetic field is created when supplied from a symmet-

rical supply.

2. capable of independently controlling force and torque.
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…
…

Figure 3.1: Circuit diagram with m drive connections.

The winding layout and the current excitation must be studied and used to derive these

requirements in terms of the machine parameters (number of phases m, torque p and sus-

pension ps pole-pairs, and slots Q). For this, the bearingless machine force/torque matrix

model is presented in the following section and used in later sections.

3.3 Multiphase Combined Winding Matrix Model

This section presents a bearingless machine matrix model and develops analytic expressions

for the created forces and torque in terms of the phase currents and the rotor angle.

3.3.1 Force/Torque Matrix Model

The operating theory for a bearingless machine can be represented using matrices. This

model shows the relationship between the created forces/torque, the drive terminal currents,

and the rotor position. For a centered rotor position, this relationship can be expressed as

F (θm) = Tm(θm)i and is shown in (2.2). For a machine with m phases, Tm is of the form:

Tm =


Tmx

Tmy

Tmt

 =


Tmx,1 Tmx,2 ... Tmx,m

Tmy,1 Tmy,2 ... Tmy,m

Tmt,1 Tmt,2 ... Tmt,m

 (3.1)

Having the phase currents i = [i1 i2 ... im]
T and using (3.1), the model (2.2) can be
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rewritten for each force and torque as

Fd(θ) = Tmdi =
m∑
k=1

Fd,k(θ) =
m∑
k=1

Tmd,k(θ)ik (3.2)

τ(θ) = Tmti =
m∑
k=1

τk(θ) =
m∑
k=1

Tmt,k(θ)ik (3.3)

where d = x or y, and θ = pθm is an electrical rotor angle. Fd,k and τk are the force and

torque created by phase winding k. Each Tm matrix entry can be interpreted as a per

ampere force or torque created when only a single phase is excited.

Suppose that the phase currents can be written as the sum of two current vectors for

suspension is and for torque it:

i =



i1

i2

...

im


= is + it =



is,1

is,2

...

is,m


+



it,1

it,2

...

it,m


(3.4)

Substituting (3.4) into (3.2)-(3.3), the design requirements requirements presented in

Section 3.2 can be rewritten as: 1) symmetry: Tmdis and Tmtit are independent of the rotor

angle θ, and 2) independent force and torque creation: Tmdit = 0 and Tmtis = 0. Depending

on Tm matrix, the desired is and it satisfying these constraints can be determined and the

multiphase combined winding design requirements can be derived. The derivation of the

entries of Tm is now presented.

3.3.2 Derivation of Tm matrix entries

The Maxwell stress tensor is used to calculate force/torque:
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θ
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Figure 3.2: Definitions of: (a) magnetic field components, unit vectors, and angles (α and
θ) and (b) axes and winding phase angles (αph,w and αw0); +p1 and −p1 denote phase 1 coil
sides going into and out of the page, respectively.

σ⃗ =

 σn

σtan

 =

 1
2µ0

(B2
n −B2

tan)

1
µ0
BnBtan

 (3.5)

where σn and σtan are the normal and tangential components of the per unit area force

(stress) acting on the surface of the rotor. This force is created from the interaction between

the tangential (Btan) and normal (Bn) components of the magnetic field in the airgap, which

are depicted in Fig. 4.1a. These stresses can be integrated over the rotor’s airgap surface S

to determine the net forces and torque acting on the rotor:

Fx =

∫
S

σ⃗ · x̂ dS, Fy =

∫
S

σ⃗ · ŷ dS, τ =

∫
S

r⃗ × σ⃗ dS (3.6)

where α is the airgap angle (see Fig. 4.1a), r⃗ is the airgap radius vector, and x̂ and ŷ are the

unit vectors.

The Tm matrix entries are now determined using the following steps. When phase k is

excited by current ik,
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1. expressions for the airgap magnetic field normal Bn,k and tangential Btan,k components

are determined;

2. Fx,k, Fy,k, τk are determined using (3.6); and

3. finally, the Tm matrix entries are calculated from Tmx,k = Fx,k/ik, Tmy,k = Fy,k/ik, and

Tmt,k = τk/ik.

As will be shown, each Tm matrix entry is a function of the fixed machine parameters

and the rotor angle, but not the phase currents. The above steps are now illustrated.

3.3.2.1 Step 1

The total magnetic field in the airgap is created by rotor and stator magnetic field sources

(shown for Bn):

Bn = Bn,r +Bn,s (3.7)

In SPM machines, Bn,s = Bn,w is created by stator winding currents and Bn,r is created by

permanent magnets described by Bn,r = Bδ = B̂δ cos (pα− θ) (also known as the magnetizing

field). Stator winding currents must create both p and ps pole-pair fields to interact with

the rotor’s p pole-pair field and create torque and forces.

In induction machines, Bn,s = Bn,w is also created by stator winding currents and Bn,r is

created by currents induced in the rotor windings/bars. The stator winding currents create

the magnetizing field Bδ and the reaction field to the rotor field B′
n,r = −Bn,r at p pole-pairs,

and suspension field at ps pole-pairs. When a pole-specific rotor structure is used, the stator

ps pole-pair field does not induce currents in the rotor and no reaction field is created, see [7].

The total magnetic field from stator windings Bn,w can be expressed as the sum of fields

from each phase winding. The field from each phase winding is determined using the well-

known linear current density Ak(α) that can be expressed as the sum of all space harmonics
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(shows the current distribution along the inner bore of the stator),

Ak(α) =
ik
r

∞∑
h=1

A′
c,ph,h sin (h[α− αw,k]) (3.8)

where A′
c,ph,h is a normalized parameter showing the effective number of turns per radian for

the space harmonic h and αw,k is the angular location where the current density at harmonic

h is zero. For torque and suspension pole-pairs, A′
c,ph,h is denoted as A′

c,ph,t and A′
c,ph,s.

Using (3.8), the winding magnetic field components created by a phase k can be deter-

mined as

Bn,w,k =
µ0ik
δeff

∞∑
h=1

A′
c,ph,h

h
cos (h[α− αw,k]) (3.9)

Btan,w,k =− µ0ik
r

∞∑
h=1

A′
c,ph,h sin (h[α− αw,k]) (3.10)

These expressions are used to derive per phase forces and torque in the following steps.

3.3.2.2 Steps 2 and 3

The forces and torque Fx,k, Fy,k, τk created by phase k current are determined using (3.6).

The torque per phase τk is calculated by substituting (3.5) into (3.6):

τk =
r2L

µ0

∫ 2π

0

Bn,kBtan,k dα (3.11)

Evaluating (3.11) for harmonic p and dividing the result by ik, entries of the row Tmt are

obtained:

Tmt,k = −T̂mt sin (θ − pαw,k), T̂mt =
VrB̂δA

′
c,ph,t

r
(3.12)

which shows created torque per ampere due to phase k.

The Tmx and Tmy entries can be derived similarly. The difference from torque creation
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is that the force is created from the interaction between adjacent harmonics h and h± 1. At

h = p, it can be shown that the Tmx and Tmy entries are:

Tmd,k = T̂mf,h1fd(θ − h1αw,k)± T̂mf,h2fd(θ − h2αw,k) (3.13)

which shows created force per ampere due to phase k. Here, the ± term is + for d = x and

− for d = y; fx and fy are cosine and sine functions. T̂mf,h1 and T̂mf,h2 are (3.14), where hs

= h1 or h2.

T̂mf =
VrB̂δA

′
c,ph,hs

2r

(
1

hsδ
+

hs − p

r

)
(3.14)

Section 3.5 will use the results (3.12)-(3.13) and (3.2)-(3.3) to derive conditions for viable

windings.

3.4 Multiphase Combined Winding Analysis

The standard fractional slot winding analysis techniques presented in textbooks such as [11]

are now extended to enable analysis of multiphase combined windings for bearingless motors.

The results of this analysis will be used to derive winding requirements in Section 3.5 and

to develop the winding design procedure proposed in Section 3.7.

3.4.1 Star of Slots

It is common practice to design conventional stator windings (non-bearingless) using the

“star of slots” diagram [11]. This diagram shows the phasor of a particular harmonic of back-

EMF induced in each coil side. Using this diagram, the winding layout of the motor (phase

assignment of the coil sides) can be determined. This approach can be analogously extended

to multiphase combined windings, the key difference being that two winding harmonics are

now considered, h = p (torque) and h = ps (force creation). This document uses the terms
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“torque star of slots” and “suspension star of slots” to indicate that the star of slots diagram

is drawn at harmonic p or ps.

Example torque and suspension star of slots diagrams are shown in Fig. 3.3 for a motor

with Q = 8 slots, p = 2, and ps = 3. The phasor of the first slot is drawn horizontally

and subsequent phasors lag by pαu (or psαu). Depending on the values of p and ps, Fig. 3.3

shows that several slots can have the same phasor location. Further, the angle between

the phasors of adjacent slots may not be equal to the angle between adjacent phasors. For

example, Fig. 3.3b shows that the angle between slots 1 and 2 is 135◦, while the angle

between adjacent phasors (slots 1 and 4) is 45◦. This phasor angle can be determined using

the following equation [11]:

αz =
2π

Q
t (3.15)

where t is either gcd(Q, p) or gcd(Q, ps).

The winding design procedure proposed in Section 3.7 leverages the star of slots dia-

gram because it provides a convenient method to determine the winding’s ability to create

both p and ps pole-pair fields in the airgap. The torque and suspension star of slots are

used along with phasor summation properties to determine the effects of different phase-slot

assignments on these harmonics, identify phase zones, and determine phase separation of

current components to create the p and ps pole-pair fields. While these aspects could be

determined using winding function theory, this would require additional tools such as the

Fourier Transform.
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3.4.2 Winding Factor

The winding factor is useful for comparing windings. For double-layer windings, at harmonic

h, it is defined as:

k̂w,h = k̂d,hk̂p,h (3.16)

where k̂d,h is a distribution factor that is found by summing all phasors assigned to one phase

in the star of slots and k̂d,h is a pitch factor that is determined by a coil span y:

k̂d,h =

∣∣∣∣∣ 1zc
zc∑
i=1

e−jαe
i,h

∣∣∣∣∣ , k̂p,h = sin

(
hyαu

2

)
(3.17)

Here, αe
i,h is the phasor angle in the star of slots at harmonic h. It is desired to maximize

k̂w,h = k̂d,hk̂p,h (maximum is 1) for all magnetic field harmonics h that the designer wants to

create in the airgap. These metrics are used in Section 3.7.

3.4.3 Effective number of phases

This subsection introduces the notion of an “effective” number of torque and suspension

phases in the multiphase combined winding, which will prove useful later for deriving sym-
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90◦

7
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Figure 3.3: Demonstration of star of slots diagrams for Q = 8, p = 2, and ps = 3: (a) torque
star of slots and (b) suspension star of slots.



74

metry requirements. In conventional multiphase windings, the angle αph,w (see Fig. 3.2) is

translated to pαph,w in the star of slots and αph,w is selected to ensure that pαph,w can be

reduced to 2π/m. In multiphase combined windings, the angle αph,w corresponds to the

angles αt, αs in the torque, suspension star of slots. These angles are not necessarily 2π/m

and can be expressed as

αt = k1
2π

m
, αs = k2

2π

m
(3.18)

where k1 and k2 are integer numbers. In mechanical radians, it must be true that αph,w =

αt/p = αs/ps. Substituting (3.18) into this expression, it can be shown that k1/k2 = p/ps.

Since, p and ps are co-prime, it must be true that k1 = cp and k2 = cps, where c is an integer

number. Picking the smallest positive values of k1 = p and k2 = ps, the phase separation

angles for multiphase combined windings become:

αph,w =
2π

m
, αt = p

2π

m
, αs = ps

2π

m
(3.19)

This shows that αph,w in multiphase combined windings must be constrained to 2π/m. From

this result, the following two observations can be drawn about multiphase combined wind-

ings:

3.4.3.1 The phases adjacent in the stator winding may not be adjacent in torque

or suspension star of slots

e.g., with p = 3 and m = 4, αt =
3π
2

and the torque phases in the star of slots have angles

in the order of 0, 3π
2
, π, π

2
instead of 0, π

2
, π, 3π

2
.
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3.4.3.2 The effective number of phases for torque or suspension creation can

be less than m

e.g., when m = 8, p = 6, and ps = 7, αt = 3 · 360◦
4

and αs = 7 · 360◦
8
. These angles show 4

effective torque and 8 effective suspension phases.

Generally, for any multiphase combined winding, the number of effective torque and

suspension phases can be calculated by reducing p/m or ps/m until the numerator and the

denominator are co-prime. The resulting denominator is the effective number of phases.

This can be directly calculated as (3.20), with the subscripts t and s indicating torque and

suspension.

mt =
m

gcd(m, p)
, ms =

m

gcd(m, ps)
(3.20)

The mt and ms phase numbers determine the spacing between phases in the torque and

suspension star of slots:

αph,t =
2π

mt

, αph,s =
2π

ms

(3.21)

The distinction between αt and αph,t (or αs and αph,s) is similar to the discussion in Sec-

tion 3.4.2, where the phasor angle αz is analogous to αph,t (or αph,s), while the slot angles

in star of slots pαu and psαu are analogous to αt and αs. Note that these angles are also

apparent in the phase currents, which will have a phase spacing of αph,t for torque it and

αph,s for suspension is. However, the order that phase currents appear in an array is based

on αt for torque and αs for suspension.

If the number of drive connections is even, the system is called “non-reduced” (non-loaded

star configuration) [11, Ch 2.9.1]. In conventional winding design, the star of slots has pairs

of phasors 180◦ apart, the phase system can be “reduced” by decreasing the original number

of phases by half. If the new number of phases (after reduction) is even, a neutral point
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needs to be loaded. In multiphase combined windings, reducing the system is not possible

because two phases that are 180◦ apart in the torque star of slots are 180◦ps/p ̸= 180◦ apart

in the suspension star of slots. Therefore, m in these derivations denotes the number of the

drive connections of a non-reduced system rather than the number of torque or suspension

phases.

3.5 Multiphase Combined Winding Design Require-

ments

Multiphase combined windings must satisfy symmetry and independent force/torque creation

requirements. This section determines which combinations of electric machine slots Q, pole-

pairs p and ps, and phases m can be used to design a multiphase machine that meets these

requirements. This is a primary contribution of this chapter. The design requirements are

derived as constraint equations in Sections 3.5.1 and 3.5.2 and summarized in Table 3.1.

3.5.1 Symmetry Requirements

Symmetry requirements ensure that a rotating magnetic field is created when the wind-

ing is fed from a symmetrical supply. The multiphase combined winding must meet the

two standard requirements (typically considered for conventional machines [11]) and new

requirements, all of which are now presented.
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3.5.1.1 Review of standard requirements

The first requirement is that the number of coils per phase (zc/m) must be an integer [11].

This is listed in Table 3.1, where zc is found as

zc =


Q/2, single-layer winding

Q, double-layer winding

(3.22)

The second requirement ensures that the phase spacing αph = 2π/m in the torque star

of slots is an integer multiple of the phasor angle αz in (3.15). In a multiphase combined

winding, this is analogously extended for both torque and suspension:

αph,t

αz

∈ N,
αph,s

αzs

∈ N (3.23)

where αzs is analogous to αz, but calculated with h = ps. Substituting (3.15) and (3.21),

the requirements are rewritten as

Q

m

gcd(m, p)

gcd(Q, p)
∈ N,

Q

m

gcd(m, ps)

gcd(Q, ps)
∈ N (3.24)

Since Q/m ∈ N, it is also true that gcd(Q, p)/ gcd(m, p) ∈ N: gcd(Q, p) = b gcd(m, p), where

b ∈ N. It can be shown that Q/m is a multiple of b. Therefore (3.24), and hence the second

requirement in (3.23), is guaranteed to be satisfied for combined multiphase windings that

meet the first symmetry requirement.

3.5.1.2 New requirements

Because the effective number of torque and suspension phases are not necessarily equal to

m, additional symmetry requirements are needed to ensure that the multiphase combined

winding can create rotating (not oscillating) p and ps pole-pair fields. This can be articulated

as that αt and αs cannot be multiples of π (or, equivalently: mt > 2 and ms > 2). Based on
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(3.19), these requirements are satisfied when p and ps are not a multiple of m/2. This can

be rewritten as:

2p

m
/∈ N,

2ps
m

/∈ N (3.25)

3.5.1.3 Permissible Non-Symmetric Windings

Satisfying the conditions for a fully symmetric winding (summarized in the first two rows

of Table 3.1) requires m ≥ 5 connections to the motor drive. However, example combined

winding designs can be found in literature withm = 3 and 4 phase connections, i.e. [16,67,94].

This section develops theory explaining these windings, showing that they can be achieved by

relaxing (3.25) to allow 2p
m

∈ N. It is found that doing this can result in a viable bearingless

machine, albeit with lower performance analogous to a single phase motor, with the machine

having an oscillating (rather than rotating) magnetic field of p pole-pairs.

The analysis is presented through torque and force calculations. Torque is calculated by

substituting (3.12) into (3.3). Each torque phase current must be in phase with Tmt,k to

create the maximum torque per ampere:

it,k = It cos (θ + π/2− pαw,k) (3.26)

Using complex numbers (phasors), (3.3) can be written as:

τ =
T̂mtIt
2

ℜ

{
m∑
k=1

ej2(θ+
π
2
−pαw0−[k−1]αt) +m

}
(3.27)

If the symmetry requirements in Table 3.1 are satisfied, the torque is independent of rotor

angle and (3.27) simplifies to

τ = ktIt, kt = mT̂mt/2 (3.28)
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where kt is a torque per ampere constant. For windings that violate 2p
m

/∈ N of (3.25), an

oscillating field of p pole-pairs is created and the torque expression in (3.27) simplifies to

τ =2ktIt sin
2 (θ − pαw0) (3.29)

where the torque has so-called “single-phase characteristics”. These windings have very high

torque ripple because they are unable to create torque at certain rotor angular positions

(θ = pαw0), but do have a non-zero average torque (ktIt) over one rotor revolution.

To study the impact on force creation, force expressions are similarly determined. Each

force phase current must be in phase with the Tmd,k term of (3.13):

ix,k = Ix cos (θ − psαw,k), iy,k = ±Iy sin (θ − psαw,k)

is,k = ix,k + iy,k = Is cos (θ − psαw,k ∓ ϕ) (3.30)

where Is =
√
I2x + I2y , ϕ = tan−1 (Iy/Ix) is the force angle, upper signs are for ps = h1 and

lower signs are for ps = h2. The net force Fx is found in an analogous manner to (3.27):

Fx =
Ix
2

(
T̂mf,h1ℜ{F1 + F2}+ T̂mf,h2ℜ{F3 + F4}

)
(3.31)

where F1 and F2 are the terms due to harmonic h1, and F3 and F4 are the terms due to

harmonic h2:

F1 =
m∑
k=1

ej(2θ−[ps+h1]αw,k), F2 =
m∑
k=1

ej(ps−h1)αw,k (3.32)

F3 =
m∑
k=1

ej(2θ−[ps+h2]αw,k), F4 =
m∑
k=1

ej(ps−h2)αw,k (3.33)

If Table 3.1’s symmetry requirements are satisfied, F1 = F3 = 0 and therefore force is
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constant over all rotor angles:

Fx = kfIx, kf =
mT̂mf

2
(3.34)

where kf is a force per ampere constant. For windings that violate 2p
m

/∈ N of (3.25), the net

force expression becomes:

Fx = kfIx + kf,hIx cos (2[θ − pαw0]) (3.35)

which shows that these windings have an additional force ripple component as there is a

dependence on the rotor angle θ (non-zero F1 or F3). This is due to the suspension currents

creating magnetic fields at both harmonics h1 and h2, which rotate in opposite directions.

One harmonic interacts with the rotor p pole-pair field to create non-zero average force, while

another harmonic causes the force ripple.

This provides a theoretical explanation for the force ripple reported in [94] for a m = 3

machine. Too large of force ripple (or force vector error) can lead to suspension instability.

However, by solving (3.35), advanced control techniques can be implemented to reduce the

force ripple, analogous to what is proposed in [94, Sec III-B]. Apart from controls, machine

design techniques may also be used to reduce force ripple by minimizing kf,h/kf in (3.35).

From (3.14) and (3.34), it can be shown that setting ps = h2 and constraining the machine

parameters to h1δ = r will eliminate force ripple due to h1. This simplifies (3.35) to have

the same expression as (3.34).

In summary, while it is possible to create designs with m = 3 or 4 drive connections,

these machines will nearly always have higher torque and force ripple as compared to m ≥ 5.
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3.5.2 Independent force/torque creation requirements

Further restrictions are placed on the machine to ensure that the multiphase winding can

independently control force and torque. This requires Tmdit = 0 and Tmtis = 0. Using

expressions developed for Tm matrix entries and the phase currents, the above constraint

equations can be rewritten analogous to the equations (3.27) and (3.31) and used to deter-

mine conditions for independent force/torque creation. After doing these substitutions, it

can be shown that the above constraints are satisfied if the following two constraints are

met:

m∑
k=1

ej(αs−αt)[k−1] = 0 (3.36)

m∑
k=1

ej(2θ−[αs+αt][k−1]) = 0 (3.37)

Condition (3.36) is always satisfied since from (3.19) αs − αt = ±2π/m. Condition (3.37) is

violated only if αs + αt is a multiple of 2π. In this case, (3.37) is equal to mej2θ, resulting

in a pulsating torque (at 2θ) due to force creating currents and a pulsating force due to

torque currents. Otherwise, if αs + αt is not a multiple of 2π, (3.37) is always satisfied

because the terms in the sum form a balanced set of vectors in the complex plane with a

phase separation of 2π
m
(p + ps). The following constraint is proposed to ensure independent

force/torque creation:

p+ ps
m

/∈ N (3.38)

This requirement is listed in Table 3.1 (row 4 column 3).
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Requirement Standard Newa

Symmetry zc/m ∈ N 2p/m /∈ N
2ps/m /∈ N

Independent force/torque creation (p+ ps)/m /∈ N

aWhile only m ≥ 5 phases satisfy these requirements, Section 3.5.1.3 shows that m = 3, 4 is possible
when “single-phase” characteristics are acceptable.

Table 3.1: Multiphase combined winding design requirements

3.6 Comparison to DPNV Winding

The multiphase and DPNV windings are viewed as providing the highest performance poten-

tial combined winding because of their ability to independently control field weakening as well

as torque and force. Section 2.3.3 has made the observation that DPNV drives/windings [51]

can be viewed as a circuit-based connection of certain multiphase combined windings. It was

noted that the DPNV drive resulted in equivalent coil currents (and therefore, equivalent

airgap fields, force, and torque). This implies that the DPNV winding design [51] must ac-

tually be equivalent to these multiphase combined windings. This notion is now explored by

showing the equivalence (and differences) in winding design requirements between Table 3.1

and [51, Tables II-IV]. Based on this comparison, this section will identify design criteria

that allow a multiphase combined winding to be operated from a DPNV drive, which is the

second key contribution of this chapter.

Upon inspecting the DPNV winding, it is immediately evident that it requires an even

number of connections to the motor drive electronics, and therefore winding equivalence is

only possible for an even value of m. Each of the three DPNV requirement tables is now

considered. In this description, m retains the definition used in this document (the total

number of drive connections), which is different from the definition of m in [51]. Further,

although it is not immediately obvious, it can be shown that the DPNV winding design

always results in αph,w = 2π
m/2

, in juxtaposition to (3.19).
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3.6.0.1 Symmetry

The DPNV winding requires that p ⊥ m/2 and ps ⊥ m/2 (⊥ means co-prime) [51, Table II].

While this requirement satisfies the symmetry requirements of multiphase combined windings

(Table 3.1), it is more restrictive. The DPNV winding needs this more restrictive requirement

to ensure that the winding always has an effective number of torque and suspension phases

such that mt = ms = m/2 to support the DPNV drive connection style–see [51, Fig. 1]. The

proof of this can be arrived at by noting that since αph,w = 2π
m/2

, the torque and suspension

phases in the DPNV winding are phase separated by αt = p 2π
m/2

and αs = ps
2π
m/2

. Similar to

the discussion in Section 3.4.3.2, the effective number of phases in the DPNV winding are

found by reducing p
m/2

or ps
m/2

until the numerator and denominator are co-prime.

3.6.0.2 No-Voltage

[51, Table III] summarizes these requirements and it can be shown that these requirements

are equivalent to multiphase winding requirements when m is even.

3.6.0.3 Non-zero suspension distribution factor

[51, Table IV] summarizes these requirements. Again, it can be shown that these are

equivalent to multiphase combined windings when m is even. This means that multiphase

combined windings also have the property that there will always be phasors 360◦ apart in the

torque star that are 180◦ apart in the suspension star (or vice versa), matching [51, Table IV]

for ps = p± 1 machines.

In summary, the DPNV winding can be viewed as a special case of the multiphase

combined winding. Any multiphase combined winding that has p ⊥ m/2 and ps ⊥ m/2 in

addition to the requirements in Table 3.1 is equivalent to a DPNV winding and can therefore

be operated using the DPNV drive configurations of [51, Fig. 1].
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1. Design inputs:

(satisfy Table I req-s)

2. Draw torque 

and suspension 

star of slots.

3. Select star of 

slots for phase 

zone assignment.

4. Plot phase 

zones on selected 

star of slots.

5. Calculate winding 

factors and adjust 

the phase zones.

6. Determine 

coil span .

7-8. Design outputs:

• Winding layout.

• Phase current expressions.

Figure 3.4: Summary of multiphase combined winding design steps.

3.7 Proposed Winding Design Approach

This section proposes a design procedure to enable a bearingless motor designer to determine

a feasible winding layout for any desired multiphase combined winding. This is a third and

main contribution of this chapter. A set of design steps is first provided followed by examples

that utilize these steps.

3.7.1 Design Steps

The proposed winding design approach is intended for double-layer windings, where each

slot holds two coil sides. The new design approach is inspired by the popular “star of slots”

design used in convenional windings [11, Chapter 2.2] and makes use of the torque and

suspension star of slots diagrams developed in Section 3.4.2. The proposed design steps are

as followings (summarized in Fig. 3.4):

3.7.1.1 Select motor parameters that satisfy Table 3.1 requirements

Slots Q, pole-pairs (p and ps), and phases m.

3.7.1.2 Draw torque / suspension star of slots diagrams

Refer to the procedure in the discussion accompanying Fig. 3.3.
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Figure 3.5: Illustration of design steps 4 and 5. Step 4: phase zones for case (a), (b), and
(c). Step 5: (d) modifications to positive and negative phase zones.

3.7.1.3 Select star of slots for phase zone assignment

Identify the star with the highest number of phasors in a layer per effective number of phases:

max
(

Q
gcd(Q,p)mt

, Q
gcd(Q,ps)ms

)
, with mt,ms from (3.20). Define meff as the effective number of

phases of the selected star (mt or ms).

3.7.1.4 Plot phase zones on selected star of slots

Assign each phasor (coil-side) in the star of slots identified in step 4 to a phase by drawing

positive and negative phase zones on top of the star. Draw the phase zones following one of

these cases:

a) Designs with even meff: Plot the phase zone diagram as in Fig. 3.5a. Since there are
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always pairs of phases separated by π radians for even meff, the negative phase zone

for each phase has to be split into two parts as shown in Fig. 3.5a.

b) Designs with odd meff and with at least one of the following conditions satisfied: mt ̸=

ms, gcd(Q, p) = 1, or gcd(Q, ps) = 1. Plot the phase zone diagram as in Fig. 3.5b. The

positive and negative phase zones span π/meff and are separated by π radians. The

adjacent positive (negative) phase zones are separated by 2π/meff.

c) All other designs with odd meff: Draw the star of slots in several layers (in the radial

direction) and plot the phase zones in each layer separately, as shown in Fig. 3.5c.

Note that each layer uses the same phase zone assignment as in Fig. 3.5b, but has a

different angular orientation.

3.7.1.5 Calculate winding factors and adjust the phase zones

Use (3.17) to calculate the torque k̂dt, suspension k̂ds distribution factors. If these are

unacceptably low, try the following:

First, slightly rotate the phase zones in Fig. 3.5a-3.5b clockwise or counterclockwise and

select the phase-zone assignment that gives the highest distribution factors.

Next, if the distribution factors remain unacceptable, split positive and/or negative phase

zones into several parts and rotate away from each other so that the net positive and negative

phase zone orientations are unchanged–see Fig. 3.5d. Rotate these bands in increments that

correspond to their bandwidth. This ensures equal phase band area for all phases and proper

phase separation. Stop when satisfactory distribution factors are obtained. The other phases’

zones can be found by rotating the phase 1 by (k − 1)2π/meff (k = 2 to meff).
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3.7.1.6 Determine coil span

Identify a coil span y (number of slots) that achieves the preferred compromise between

torque k̂pt and suspension k̂ps pitch factors. Calculate k̂pt and k̂ps for different y values by

setting h = p, ps in (3.17). Ensure that yp/Q /∈ N and yps/Q /∈ N to avoid zero pitch factors.

After following steps 1-6, it is possible to have multiple candidate designs for a specific

slot-pole combination. To choose one design, the designer is advised to consider winding

factors k̂w,p and k̂w,ps for torque p and suspension ps pole pairs. Ideally, a designer would

choose an option with both highest k̂w,p and k̂w,ps (if such a design exists) to obtain the

maximum torque- and force-per-ampere. In other cases when there is a trade-off between

k̂w,p and k̂w,ps across different designs, the choice depends on the motor’s required torque

and force ratings. For most applications, it is suggested to select a design with a relatively

higher k̂w,p (> 0.7) and a reasonable k̂w,ps value (> 0.4− 0.5).

3.7.1.7 Construct winding layout diagram

Determine the coil connections for each phase using the results from steps 4-6. Each phase

coil has two coil sides. The slot location of one coil side is determined by the phase zone

diagram, while the slot location of the other coil side is determined by the coil span y. The

coils in each phase are connected in series.

3.7.1.8 Determine the phase current expressions

The phase currents consist of torque and suspension force creating components. The torque

and suspension phase angles αt = p2π
m

and αs = ps
2π
m

in (3.19) determine which phase

currents to flow through the coils to create two rotating magnetic field pole-pairs. The phase

current k has the following expression:

ik = It cos (ϕt − [k − 1]αt) + Is cos (ϕs − [k − 1]αs) (3.39)
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Figure 3.6: Double-layer winding designs. Q = 12, m = 6, p = 2, ps = 1, and y = 3:
(a) torque star of slots; (b) suspension star of slots; and (c) winding layout. Q = 6, m =
6, p = 2, ps = 1, and y = 1: (d) torque star of slots; (e) suspension star of slots; and
(f) winding layout.

3.7.2 Example designs

The proposed design steps are now demonstrated for a double-layer winding with Q = 12,

p = 2, ps = 1, and m = 6:

1) From (3.22), zc = 12; Table 3.1 design requirements are met.

2) The diagrams are shown in Fig. 3.6a and 3.6b. The mechanical angle between adjacent

slots is αu = π/6, resulting in π/3 in the torque and π/6 in the suspension star of slots.

3) Both torque and suspension stars have two phasors in a layer per effective number of

phases (mt = 3, ms = 6). Therefore, either of the stars can be selected. For this example,

the torque star of slots is selected and meff = 3.

4) This example uses case b) described Section 3.7.1.4 for drawing the phase zones. Since
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meff = 3, each phase zone spans π/meff = π/3 radians. The positive and negative phase

zones are plotted in Fig. 3.6a, where the phases are labeled from u to z. Note that each

phase zone has two identical phases in the torque star. Therefore, half of the slots in each

zone are assigned to each phase. The resulting star diagrams are shown in Fig. 3.6a and

3.6b.

5) The torque, suspension distribution factors are calculated as k̂dt = 1, k̂ds = 0.707. It

is determined that these are satisfactory and no phase zone modification is needed.

6) The coil span is selected as y = 3, yielding k̂pt = sin (yπ
6
) = 1 and k̂ps = sin (yπ

12
) =

0.707. The resulting torque, suspension winding factors are k̂wt = 1, k̂ws = 0.5.

7) The resulting phase u winding layout is shown in Fig. 3.6c.

8) The phase current expressions are determined by (3.39) with αt =
2π
3
and αs =

π
3
.

The design procedure can similarly be used to design any multiphase combined windings

satisfying the Table 3.1 requirements. A second example design with concentrated windings

is given in Fig. 3.6f (with star of slots in Fig. 3.6d and 3.6e). A third and fourth example

are shown in Fig. 3.7 (m = 7, 8), where this time the suspension star of slots is selected in

step 3 for phase zone assignment in step 4. These last two examples depict adjusting the

phase zones in step 5 to increase the torque distribution factor. In a fifth example, Fig. 3.8

presents a distributed winding with m = 6, Q = 24, where only positive phase zones are

used. This winding design is used in the bearingless induction machine prototype presented

in Section 3.8.

3.8 Validation of Multiphase Combined Winding De-

sign

Validation is now provided using finite element analysis and experimental measurements

of a pole-specific bearingless induction motor prototype, shown in Fig. 3.11a. This machine’s

winding is implemented as the six-phase combined winding presented in Fig. 3.8c. The phase
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(a)

(b)

Figure 3.7: Torque (left) and suspension (right) star of slots for two examples that illustrate
design steps 4 and 5 (dark gray – positive phase zones, light gray – negative phase zones):
(a) Q = 28, m = 7, p = 16, and ps = 15 (mt = ms = 7) and (b) Q = 24, m = 8, p = 6, and
ps = 7 (mt = 4, ms = 8). The red circles show the slots assigned to phase 1.

currents required to create p = 1 and ps = 2 pole-pair fields in the airgap of this machine

are given by the following equation–see (3.39):

ik = It cos

(
ϕt − [k − 1]

2π

6

)
+ Is cos

(
ϕs − [k − 1]

2π

3

)
(3.40)

where k = 1 to 6, It =
√

i2d + i2q.

This winding satisfies the criteria to be operated by a DPNV drive that were derived in

Section 3.6. Additional machine design information is provided in [7, 95], which presented

test results obtained with the machine operated by a three-phase parallel DPNV drive.

The key motor parameters are summarized in Table 7.1 when the winding is configured for

operation by a six-phase drive. In the following tests, the machine is excited with various
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Figure 3.8: Design of Q = 24, m = 6, p = 1, ps = 2, y = 9 double-layer winding of the
induction machine prototype used for validation in Section 3.8: (a) torque; (b) suspension
star of slots; and (c) winding layout.

Rated id 6.75 A Rated iq 5.85 A
Force per current kf

a 13 N/A Torque per current kt 0.2 Nm/A
Rated slip frequency 12.5 Hz Rated speed 29250 RPM

akf and kt are measured at the rated id value.

Table 3.2: Induction Motor Prototype Parameters

phase currents to create desired airgap fields and torque and force vectors, with measurements

compared against the findings of Sections 3.3-3.7 to confirm the theoretic developments of

this chapter.

3.8.1 FEA Simulations

The proper operation of the example multiphase combined winding (if symmetry and

independent force/torque creation are met) is now demonstrated using FEA simulation re-

sults for three different cases of phase currents, all described by (3.40). In all cases, currents

have ϕt = ϕs = 2πft with a rated frequency of f = 500 Hz and a rated magnetizing current

id = 6.75 A. The first column of Fig. 3.9 shows that only torque is produced when the rated
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Figure 3.9: FEA results for example six-phase induction machine prototype: calculated
torque and force for different currents (column 1–rated torque, column 2–rated force, column
3–rated torque and force). Fbase = 12.8 N, τbase = 1 Nm.

torque creating current iq = 5.85 A is applied (rated rotor speed and slip). The second

column shows that only force is produced when the rated suspension current Is = 1.15 A is

applied (zero slip). The third column shows that both torque and force are produced when

rated iq and Is are present (rated slip).

3.8.2 Experimental Validation

Three test results are presented that confirm that the airgap magnetic fields with the

desired pole-pairs (p = 1, ps = 2) can be created, that force and torque can be created

independently, and that multiphase and DPNV combined windings are equivalent. These

tests validate the theory developed in Sections 3.5-3.7. In all tests, the phase windings are

excited by the currents described by (3.40).

3.8.2.1 Magnetic field measurements

This test is conducted to validate the multiphase combined winding symmetry requirement

that two rotating p and ps pole-pair fields are created when the phase currents are supplied

by a symmetrical supply, as defined in Section 3.2 and summarized in Table 3.1. In this

test, the normal airgap magnetic field Bn is measured with a hall probe [96] in front of each

tooth (15◦ increment) along the inner bore of the stator (along α), as shown in Fig. 3.10a.
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Despite the rotor not being present in Fig. 3.10a, it is fully inserted during the test. At each

tooth, measurements are taken for the following two cases of excitation–see (3.40):

1) It = 13.5 A, Is = 0 with ϕt swept over 0− 2π rad. (expected to create p = 1 pole-pair

field).

2) Is = 13.5 A, It = 0 with ϕs swept over 0− 2π rad. (expected to create ps = 2 pole-pair

field).

The result for case 1 is provided in Fig. 3.10b, which shows a 3D plot of the measured

normal magnetic field Bn as a function of α and ϕt. This plot shows that the airgap field

has p = 1 pole-pair when viewed along α at any fixed ϕt value. As an example, Fig. 3.10d

plots a special case of Fig. 3.10b for ϕt = 60◦ (in blue) to show that p = 1 pole-pair is

created. As ϕt increases, the angular location of the field along α in Fig. 3.10b also increases

according to αpeak = ϕt/p and the field behavior can be described by the rotating field

equation Bn = 0.65 cos(α− ϕt) [T].

Figure 3.10c provides a similar 3D plot of Bn for case 2 as a function of α and ϕs. This

plot shows that the airgap field has ps = 2 pole-pairs when viewed along α at any fixed ϕs

value. Figure 3.10d again plots the special case of Fig. 3.10c for ϕs = 60◦ (in red) to show

that ps = 2 pole-pair is created. Analogous to case 1, the angular location of the field along

α in 3.10c increases by increasing ϕs according to αpeak = ϕs/ps and the field behavior is

described by the rotating field equation Bn = 0.2 cos(2α− ϕs) [T].

The observations made above validate the multiphase combined winding symmetry re-

quirements (see Table 3.1) that rotating p and ps pole-pair fields can be created when motor

windings are excited by balanced currents.

3.8.2.2 Force and torque measurements

The results of this test validate the multiphase combined winding independent force and

torque creation requirements, as defined in Section 3.2 and summarized in Table 3.1. In this
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Figure 3.10: Experimentally measured magnetic field: (a) test setup; Bn when (b) torque
currents are present (i = it); (c) suspension currents are present (i = is), and (d) torque
and suspension currents are present with ϕt = 60◦ and ϕs = 60◦ (obtained from Fig. 3.10b-
3.10c).

test, reaction torque and forces on the stator are measured using a load cell [97], as shown

in Fig. 3.11a. The stator is mounted on the load cell, which is rigidly fixed. The rotor is

supported by a mill’s spindle and locked at the magnetic center in a manner that prevents

rotation and deflection. The injected phase currents are described by (3.40) with ϕt = 2πft

and ϕs = 2πft+ ϕ. The measurements are taken for the following two cases:

1) f = 0.10 Hz, It = 6.75 A, Is = 1.15 A (see Fig. 3.11b, column 1). This test verifies

that rated force can be created at any angle. The frequency is set to a sufficiently low

value so that no torque is created.

2) f = 12.5, It = 9.10 A, Is = 1.15 A (see Fig. 3.11b, column 2). This test verifies that

rated force can be created at any angle while torque is also produced. Since the rotor
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is locked, the motor operates under rated slip frequency (see Table 7.1).

In both cases, the motor is expected to have id = 6.75 A. During the tests, ϕ is set to a fixed

value, forces and torque are measured at steady state, and the average is calculated. The

measurements are repeated for the values of ϕ from 0 to 2π rad. with an increment of π/6

rad.

Figure 3.11c provides measurement results of the forces Fx, Fy, and torque τ vs. ϕ for

the two cases described above. Figure 3.11d is a plot of the force vector magnitude and

angle obtained using the Fig. 3.11c results. These results show that the force vector angle

can be changed by modifying ϕ while having no effect on torque. The reverse is also true–

whether torque is being created or not, the motor can independently create force vectors

with a constant magnitude at any angle. It has also been confirmed that the motor creates

zero average force when Is = 0 A. Together, these results indicate that force and torque

creation can be created independently by controlling (Is, ϕ) and iq (with a constant id),

which validate the independent force and torque creation requirements summarized in (3.38)

and Table 3.1.

3.8.2.3 Comparison to DPNV Winding

This test validates equivalence between multiphase and DPNV combined windings (see Sec-

tion 3.6) using suspension force measurements. As summarized in Section 3.6, an multiphase

combined winding must additionally satisfy p ⊥ m/2 and ps ⊥ m/2 to be capable of opera-

tion by a DPNV drive. The winding of this prototype (see Fig. 3.8c) meets these additional

design criteria because p = 1, ps = 2, and m = 6 (1 ⊥ 3 and 2 ⊥ 3). The six-phase multi-

phase currents [i1, i2, i3, i4, i5, i6]
T in (3.40) map to the DPNV coil group currents in [51]

in the following order as [iub
,−iwa , ivb ,−iua , iwb

,−iva ]
T–see Fig. 3.12.

The required DPNV drive torque it,k and suspension is,k terminal currents (see Fig. 3.12)



96

Load cell

Mill head
Ind. 

Motor

(a) (b)

(c) (d)

when operated

from a MP drive

(e)

Figure 3.11: Experiment results of the force and torque measurements: (a) test setup,
(b) phase currents for two cases of test 2, (c)-(d) measured forces and torque for different ϕ
values, and (e) measured force vs. suspension current for multiphase drive (red) and DPNV
drive (blue).

are expressed as:

it,k = 2It cos

(
ϕt − [k − 1]

2π

3

)
is,k = Is cos

(
ϕs + [k − 1]

2π

3

)
− It cos

(
ϕt − [k − 1]

2π

3

) (3.41)

where k = 1 to 3. This drive connection configuration is compelling because it allows the

inverter responsible for providing it to be implemented as a standard three phase motor

drive without knowledge of the machine being bearingless. This is because the it terminals

contain only a single sequence current (2π/3 spacing) as compared to the current expressions

in (3.40) which have two sequences. Note that when the DPNV drive provides currents
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Figure 3.12: The prototype machine’s winding configured for operation by a parallel DPNV
drive. The 6 phases from Fig. 3.8c u, v, w, x, y, z are shown in blue to indicate their mapping
to the DPNV coil groups a and b [4].

according to (3.41), the machine coils will have the same currents as when the multiphase

drive provides currents according to (3.40), meaning that the machine has identical torque

and force performance.

Test results are now presented to validate that the machine is capable of actuating force

and torque identically, regardless of whether it is connected as a multiphase or parallel DPNV

drive. First, the measured suspension force produced by the machine using both styles of

drive is plotted in Fig. 3.11e, with drive phase currents determined by (3.40) and (3.41).

Rated id current is applied, iq = 0A, over a range of Is values. The slope of this curve

determines the force created per unit current kf = 13 N/A, listed in Table 7.1. The red

marker in Fig. 3.11e represents the force measured when the prototype is operated by the

six-phase multiphase drive (tested at rated suspension current Is = 1.15 A) while the blue

dots correspond to measurements when the prototype is operated by the parallel DPNV drive

(see Fig. 3.12). Clearly both drives result in the machine having the same force characteristic.

A similar test was conducted to compare the torque capability of the machine, resulting in

identical torque per unit current kt = 0.2Nm/A, listed in Table 7.1. By demonstrating that

both drives are able to identically actuate force and torque, these results validate the design
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criteria derived in Section 3.6 for when a multiphase combined winding can be operated by

a DPNV drive.

3.9 Conclusion

Historically, challenges in the winding design for bearingless motors have limited the machine

performance (torque density, torque and force ripple, and efficiency). Combined windings

are gaining attention as a potential solution for these problems, with multiphase combined

windings being widely recognized as one of the highest performance approaches. This chapter

develops the fundamental force/torque model for machines employing these windings and

uses this model to establish a winding analysis framework, machine design requirements,

and winding design theory, which are the main contributions of this chapter. This winding

design theory can be extended to design windings that can control multiple airgap harmonic

fields, as will be shown in Chapters 6-7.

While it is found that many combinations of stator slots, poles, and phases can lead to

viable windings, certain combinations lead to either asymmetric windings or cross-coupling

between the motor and suspension operation. The highest performance multiphase winding

designs have at least five connections to the drive electronics. However, this chapter’s analysis

framework shows that it is possible to reduce this to three or four connections (presumably

to save cost) and obtain an asymmetric winding that is feasible, but with higher torque and

force ripple. It is found that the classical star of slots design methodology for stator windings

can be extended to aid in the design of multiphase combined windings by considering both

the motor and suspension field spatial harmonics. Experimental results from a six-phase

induction machine validate the multiphase combined winding analysis framework and design

approach.

Motor designers will find this chapter useful as a practical guide to rapidly design mul-

tiphase combined windings for various slot-pole combination motors. Its general analysis
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framework and repeatable design steps enable consideration of a large number of machine

variants.
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Chapter 4

Exact Torque and Force Vector

Modeling Framework for Bearingless

Electric Machines

4.1 Introduction

As was found from the literature review in Chapter 1, bearingless motors face limitations in

power density, efficiency, cost, and speed-power capabilities compared to high-performance

conventional motors. The constrained design space of bearingless machines, driven by strin-

gent levitation performance requirements, contributes to these challenges 1. State-of-the-art

models and force regulation algorithms are based on the assumption of a linear force/torque-

current relationship that ignores the effects of magnetic field harmonics, saturation, or ar-

mature reaction. As a result, potentially high performance designs that do not fall under

these simplified model assumptions can be excluded from consideration during design stud-

ies. Furthermore, the possibility of increasing force density using unmodeled airgap magnetic

field harmonics is ignored.

1Portions of the material in this chapter have also been published in [98].
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This chapter addresses the problem by proposing and developing an “exact” electric

machine model that provides a new way of understanding force and torque creation. The

proposed model is based on current space vectors to allow identification of current sequence

components that excite specific magnetic field harmonics to increase force capacity. The

chapter shows how the exact model enables the creation of force/torque regulation techniques

that can precisely actuate the shaft even when multiple airgap field harmonics are present.

This allows relaxing the force vector error requirement during the design stage and addressing

it during the control stage. As a result, this makes the design space less constrained and

enables consideration of potentially higher performance designs. Only two studies, [5] and

[6], have investigated techniques that can be referred to as exact force vector regulation.

They demonstrated significant performance improvement for an active magnetic bearing

(AMB) and a bearingless motor. Two other studies [99] and [39] made use of multiple space

vector frames to develop the models for multisector and magnetically levitated rotary-linear

machines. However, the techniques they developed only work for specific machine examples

and no generalized analytic model was presented.

The main contribution of this chapter is to propose, develop, and validate a new and

exact electric machine model that encompasses both force and torque creation, incorporating

multiple airgap harmonic field interactions. Section 4.2 reviews airgap field theory that will

be used in the model derivation. Sections 4.3 and 4.4 review the textbook bearingless

machine model typically used in literature, propose the exact model, and provide a detailed

derivation from first principles using winding function theory, current sequences, and the

Maxwell Stress Tensor. Section 4.5 compares the proposed model to the prior exact models

in [5] and [6]. Sections 4.6 and 4.7 shows how to use the proposed exact model to improve

bearingless machine performance for force ripple minimization and force enhancement.
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4.2 Review of Airgap Field Theory

This section reviews the airgap field creation in bearingless electric machines as a special

case of a more generalized multi-harmonic winding design study presented in [100]. The

results summarized in (4.11)-(4.14) and (4.18) are used in Section 4.4 to develop the exact

model proposed by this dissertation work. Sections 4.2.1 and 4.2.2 review magnetic field

space harmonics using winding function theory and the relation to the current sequence

components. Section 4.2.3 shows how to use the airgap fields to calculate the forces and

torque using a reformulated form of the Maxwell Stress Tensor.

4.2.1 Harmonic Airgap Fields

This subsection reviews airgap magnetic field harmonics created by rotor magnets and stator

winding currents. Winding function theory and circumferential current density are used to

determine expressions for the winding fields.

The normal and tangential components of the airgap magnetic field (see Fig. 4.1a) are

given by

Bn = Bδ +Bn,w, Btan = Btan,w (4.1)

where Bδ is the rotor magnetic field, and Bn,w and Btan,w are the winding’s magnetic field

components. The rotor magnetic field at harmonic h can be expressed in terms of the airgap

angle α and the rotor angular position θ (defined in Fig. 4.1a):

Bδ,h = B̂δ,h cos (h[α− θ]) (4.2)

where B̂δ,h=p = B̂δ is the magnetic loading. An example plot of Bδ,h along the airgap is

illustrated in Fig. 4.1b.

The winding magnetic field depends on the winding layout and the phase currents. At
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space harmonic h:

Bn,w,h(α) =
µ0

δeff

m∑
k=1

Nk,h(α)ik, Btan,w,h(α) = −µ0

r

m∑
k=1

Ac,k,h(α)ik (4.3)

where δeff is the effective airgap length, ik is the phase current in phase k, Nk,h(α) is the

winding function [101] harmonic h of phase k, and Ac,k,h(α) is the circumferential current

density per ampere of current. The winding function describes the distribution of the per

ampere magnetomotive force:

Nk,h(α) = N̂h cos (hα− αw0,h − [k − 1]hαph,w) (4.4)

where N̂h = 2
πh
zQzck̂w,h and αw0,h are the winding function amplitude and phase shift at

harmonic h. N̂h is determined by the number of turns per coil zQ, coils per phase zc, and

the winding factor k̂w,h. The angle αph,w = 2π
msΘ

is the mechanical phase separation between

adjacent phases, where sΘ is introduced in [100] to develop a generalized winding design

theory to independently create multiple airgap harmonics. The value of sΘ can be any

common divisor (CD) of the space harmonic orders {h1, h2, ...} that the winding needs to

create [100]. In separated windings, the value of sΘ is typically p and ps for torque and

suspension windings, respectively. However, in combined windings, sΘ = CD(p, ps) = 1 [84].

Using the winding function, the per ampere circumferential current density Ac,k,h(α) at

harmonic h can be calculated:

Ac,k,h(α) = −dNk,h(α)

dα
= A′

c,ph,h sin

(
hα− αw0,h − [k − 1]h

2π

m

)
(4.5)

where A′
c,ph,h = hN̂h = 2

π
zQzck̂w,h. Substituting (4.4) and (4.5) into (4.3), the winding
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magnetic field components become:

Bn,w,h(α) =
µ0N̂h

δeff

m∑
k=1

ik cos

(
hα− αw0,h − [k − 1]h

2π

m

)
Btan,w,h(α) = −µ0hN̂h

r

m∑
k=1

ik sin

(
hα− αw0,h − [k − 1]h

2π

m

) (4.6)

The phase currents ik in (4.6) determine the behavior of the winding magnetic field at

harmonic h when summed over all phases, resulting in counterclockwise (CCW) rotating,

clockwise (CW) rotating, oscillating, or zero field. The following subsection provides more

details about this relationship.

4.2.2 Field Relation to Sequence Currents

This subsection reviews the relation between the airgap fields and the phase currents. Cur-

rent sequence components are defined and used to determine the field harmonics that they

create in the airgap.

Any set of multiphase currents i =

[
i1 i2 ... im

]T
can be decomposed into current

sequence components as

i = i0 + i1 + ...+ is + ...+ ism (4.7)

and the current at sequence s and phase order k is defined as

is,k = Îs cos

(
ϕs − [k − 1]s

2π

m

)
(4.8)

where each sequence s has an amplitude Îs, a phase angle ϕs, and a phase separation s2π
m
.
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The values of s can be

s = 0,±1, ..., sm, where sm =


±m−1

2
for odd m

m
2

for even m

(4.9)

The value of s is constrained between −sm and sm because any other integer values outside

this range result in the same phase separation angle s2π
m

due to the periodicity of 2π rad.

The current sequences can be decoupled from each other by applying the Generalized Clarke

Transform (GCT) [60, 85]. As a result, each sequence component has an independent space

vector representation. Space vectors for the sequences s = 0 and s = m/2 have 1-DOF (only

real part) and a form of i⃗s = Îs cosϕs. All other sequences have 2-DOF (real and imaginary

parts) and a form of i⃗s = Îse
±jϕs , with + for s > 0 (positive sequence) and − for s < 0

(negative sequence). This space vector representation of each sequence can be conveniently

used to describe the magnetic field and force/torque creation.

Substituting (4.8) into (4.6) allows determining the magnetic field harmonics that are

created due to a current sequence s (assuming that a winding factor k̂w,h ̸= 0 at each

harmonic). The terms inside the summation in (4.6) have the form of

cos

(
ϕs − [k − 1]s

2π

m

)
cos

(
hα− [k − 1]h

2π

m

)

For any values of s, h, and m, the summation in (4.6) is non-zero only if the phase separation

angles h2π
m

and s2π
m

are equal:

h
2π

m
= ±s

2π

m
+ 2πb (4.10)

where 2πb (b is an integer) indicates periodicity. Simplifying this equation shows that the
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sequence s can create the following airgap field harmonics:

h =


s+mb, for CCW rotating fields

−s+mb, for CW rotating fields

(4.11)

and the total magnetic field expression at these harmonics is

Bn,w,h(α) = B̂n,w,h cos (hα− αw0,h ∓ ϕs)

Btan,w,h(α) = −B̂tan,w,h sin (hα− αw0,h ∓ ϕs) (4.12)

where − and + signs indicate CCW or CW rotation. For example, a sequence s = 2 in

m = 5 can create harmonics at h = 2, 7, 12, ... rotating CCW and h = 3, 8, 13, ... rotating

CW. The magnetic field amplitudes in (4.12) are

B̂n,w,h =
m

2

µ0N̂hÎs
δeff

, B̂tan,w,h =
m

2

µ0hN̂hÎs
r

(4.13)

When s = 0 or s = m/2, the magnetic field harmonics have an oscillating behavior (no

rotation):

Bn,w,h = B̂n,w,h [cos (hα− αw0,h − ϕs) + cos (hα− αw0,h + ϕs)]

Btan,w,h = B̂tan,w,h [sin (hα− αw0,h − ϕs) + sin (hα− αw0,h + ϕs)]

(4.14)

Equations (4.11)-(4.13) show that the current sequence s (Îs and ϕs) can be used to

control the amplitude and angular location of the airgap magnetic field at harmonic h.

Analogously, injecting multiple current sequences as in (4.7) allows controlling multiple air-

gap field harmonics. These results are used in the following section to develop the bearingless

machine model.
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4.2.3 Reformulation of the Maxwell Stress Tensor

Force and torque creation in electric machines directly depend on the airgap magnetic fields

and can be described by the Maxwell Stress Tensor. This dissertation reformulates the

standard Maxwell Stress Tensor formula (3.6) in vector form as (4.15), which facilitates the

derivation of the exact model:

F⃗ =
rL

2µ0

∫ 2π

0

ejα [Bn + jBtan]
2 dα, τ =

r2L

µ0

∫ 2π

0

BnBtandα (4.15)

where F⃗ = Fejϕ =Fx+jFy is the force vector and τ is the torque, as shown in Fig. 5.1b. The

parameters r and L are the rotor radius and axial length, Bn and Btan are the normal and

tangential components of the airgap magnetic field, and α is the airgap angle (see Fig. 4.1a).

The airgap magnetic field consists of multiple space harmonics along α, each harmonic h

having the form B̂n/tan cos(hα±ϕs), where ϕs is the angular location. This can be rewritten

as 0.5B̂n/tan[e
j(hα±ϕs) + e−j(hα±ϕs)] and used to solve (4.15) to identify harmonics that create

force.

It is well-known that torque is created from the interaction between field harmonics of

the same order h, while forces are created from the interaction between adjacent harmonics

h and h± 1 [19]. This can be shown using (4.15). Suppose that the airgap field consists of

two harmonics h1 and h2 > h1:

Bn = B̂n,h1 cos(h1α− ϕs1) + B̂n,h2 cos(h2α− ϕs2)

Btan = −B̂tan,h1 sin(h1α− ϕs1)− B̂tan,h2 sin(h2α− ϕs2)

(4.16)

where ϕs1 and ϕs2 are the angular locations of these harmonics. By substituting these field

expressions into the force equation in (4.15), it can be shown that the terms that result in
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non-zero integration have the form of (4.17) with h2 = h1 + 1:

2π∫
0

ejα cos (h1α− α1) cos (h2α− α2)dα =
π

2
ej(α2−α1) (4.17)

where α1 and α2 are the angles expressed in terms of ϕs1 and ϕs2 . This result is used multiple

times when solving (4.15).

Solving (4.15) results in the following force expression:

F⃗h12 =
Vr

2µ0r

(
B̂n,h1 − B̂tan,h1

)(
B̂n,h2 + B̂tan,h2

)
ej(ϕs2−ϕs1 ) (4.18)

Note that (4.18) is a general expression for force created by field harmonics h1 and h2. These

fields can be from windings, magnets, or saliency. When the fields are created from windings,

it is possible and convenient to express (4.18) in terms of normal field quantities alone. This

is done by using the relation B̂tan,h = hδeff
r
B̂n,h, from (4.13), in (4.18) to obtain

F⃗h12 =
Vr

2µ0r
Ch12B̂n,h1B̂n,h2e

j(ϕs2−ϕs1 ) (4.19)

where Ch12 =
(
1− h1δeff

r

) (
1 + h2δeff

r

)
with h2 = h1 + 1. When h1/2δeff ≪ r, Chij

≈ 1.

The results (4.18)-(4.19) are used in the following sections to first derive the traditional

bearingless machine model (the “textbook” model) and then to derive the new exact electric

machine model.

4.3 Textbook Model

This section provides an overview of the bearingless machine textbook model, i.e. [19], used

in literature. The derivation of the force/torque equations is accomplished using the field

calculations presented in Section 4.2 and its impact on machine design will be discussed.
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Figure 4.1: (a) Magnetic field components and angles (α and θ), (b) an example plot of

the rotor magnetic field along the airgap at h = 1, (c) force vector F⃗ and torque τ , and
(d) force/torque regulation block diagram.

4.3.1 Force/torque calculations

The textbook model assumes that the airgap field consists of only p and ps pole pairs. Con-

sidering the fields from the magnets (4.2) and the windings (4.3), the total airgap magnetic

field components have the form (the phase shift angle αw0,p/ps is omitted for simplicity):

Bn =B̂δ cos (p[α− θ]) + B̂n,w,p cos(pα− ϕt) + B̂n,w,ps cos(psα− ϕs) (4.20)

Btan =− B̂tan,w,p sin(pα− ϕt)− B̂tan,w,ps sin(psα− ϕs)

where the subscripts t and s denote the torque and suspension current sequences used to

excite p and ps pole pairs.
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The force vector expression can be derived using (4.18). When h1 = p or h2 = p is created

by the magnets, B̂n,h1/h2 = B̂δ, B̂tan,h1/h2 = 0, ϕs1/ϕs2 = θe = pθ, and (4.18) simplifies to:

F⃗ =
VrB̂δ

2µ0r

(
B̂n,w,ps ± B̂tan,w,ps

)
e±j(ϕs−θe)

τ =
Vr

µ0

B̂δB̂tan,w,p sin(ϕt − θe) (4.21)

where the ± signs correspond to ps = p±1. Note that the textbook model ignores the inter-

action between the stator p and ps fields. Substituting (4.13) into (4.21), the force/torque

expressions can be expressed in terms of the suspension and torque current space vectors as

F⃗ = k̄f i⃗s, T⃗ = k̄t⃗it (4.22)

where the flux weakening component Td is included in T⃗ = Td + jτ . Parameters k̄f and k̄t

are the per ampere force and torque

k̄f =
B̂δVrmpsN̂ps

4r

(
1

psδeff
± 1

r

)
e∓jθe , k̄t =

B̂δVrmpN̂p

2r
e−jθe (4.23)

While i⃗s and i⃗t are calculated with the conventional CT for separated windings, [4] shows

how this concept can be extended to multiphase (MP) and dual-purpose no voltage (DPNV)

combined windings with the GCT.

4.3.2 Discussion

The textbook model (4.22) is based on the dq control theory. The motor and suspension

operation can be controlled in two independent space vector frames [42, 60] using the GCT

and Park transformations. Desired phase currents are calculated by inverting the model (see

Fig. 4.1d).

This model assumes perfectly sinusoidal airgap fields and its solution results in sinusoidal

phase currents. The unmodeled magnetic field harmonics, armature reaction, and nonlinear-
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Figure 4.2: (a) FEA results comparing textbook vs. exact models and (b) efficiency vs.
torque density plot for 100 kW, 30 kRPM.

ities can cause large force vector error [19,56]. This is shown in Fig. 4.2a where an example

motor (described later in Fig. 4.3d) is commanded to create a x-axis force. However, the

actual force obtained when phase currents are calculated using the textbook model has a

large variation in the force vector magnitude and angle. This problem is typically solved in

bearingless motor design studies by imposing the maximum error limits as constraints when

sinusoidal phase currents are applied [55, 61]. However, this approach narrows the design

space. Higher performance designs can be obtained if a more accurate machine model is used

to determine the phase currents. Data from [3, Section III-E] has been replotted in Fig. 4.2b

for permanent magnet (PM) and induction machines (IM) to demonstrate that 30% or more

increase in torque density along with efficiency improvements up to 98% are possible when

the force ripple constraint is removed.

4.4 Proposed Exact Model

This section proposes the exact electric machine model, which is the main contribution of

this chapter. The model is applicable to all motor types, including PM, IM, and reluctance

type motors. Section 4.4.1 provides additional force calculations that are not considered
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in the textbook model (4.22). Based on this, Sections 4.4.2 proposes the generalized exact

model for bearingless machines, discusses its properties, and provides examples for different

number of phases.

4.4.1 Additional terms in force calculation

As was previously mentioned, the suspension forces are created from the interaction between

adjacent magnetic field space harmonics h and h± 1. Based on this fact and (4.11)–(4.12),

this chapter identifies two additional force creation mechanisms that are not considered in

the textbook model:

1. Forces from two adjacent current sequences. This can include the interaction between

torque and suspension current sequences (armature reaction) or between other addi-

tional sequences that can be injected.

2. Forces from a single current sequence sm (only occurs in machines with an odd number

of phases m).

These two force creation mechanisms are now discussed. Analogous to the derivation in

Section 4.3.1, the force vector expression derived in (4.18) is used.

4.4.1.1 Force from two adjacent current sequences

Force can be created by applying two adjacent current sequences s1 and s2 = s1+1, as (4.11)

shows that this creates pairs of adjacent harmonics h1 and h2 = h1 + 1 which rotate in the

same direction (CCW or CW). The resulting airgap field and force are given by (4.16) and

(4.18). Using (4.13), (4.18) can be expressed in terms of the current sequence components:

F⃗h12 = k̄h12 Îs1 Îs2e
j(ϕs2−ϕs1 ) = k̄h12⃗i

∗
s1
i⃗s2 (4.24)

k̄h12 =
µ0Vrm2N̂h1

N̂h2

8r2

(
r
δ2eff

− h1h2

r
+ 1

δeff

)
ej(αw0,h2

−αw0,h1
)
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4.4.1.2 Force from a single current sequence

Force can be created by injecting the highest current sequence sm = m−1
2

in odd phase

windings. Equation (4.11) shows that this creates pairs of adjacent harmonics that rotate in

opposite directions: for every integer value of c ≥ 0, harmonics exist at h1 = sm +mc and

h2 = −sm +m(c+ 1):

h2 = −sm +m(c+ 1) = −sm +mc+m− 1 + 1

= −sm +mc+ 2sm + 1 = h1 + 1 (4.25)

The created pairs of harmonics are (sm, sm+1), (sm+m, sm+m+1), (sm+2m, sm+2m+1),

...

Similar to Section 4.4.1.1, the total airgap magnetic field and the force vector due to these

adjacent harmonics can be described by (4.16) and (4.18). However, since these harmonics

rotate in opposite directions and are created by the same sequence sm, their angular locations

are ϕs1 = ϕsm , ϕs2 = −ϕsm and their amplitudes depend on Îsm , described by (4.13). This

results in the following force expression:

F⃗h12 = k̄h12 Î
2
sme

−j2ϕsm = k̄h12⃗i
∗2
sm (4.26)

This equation shows that the single sequence sm can be used to control the force vector

magnitude Fh12 = k̄h12 Î
2
sm and angle ϕ = −2ϕsm .

The quadratic force vector component in (4.26) is not considered in other bearingless mo-

tor literature publications which is surprising given that this force also appears in bearingless

machines with three-phase windings. This includes all three-phase combined windings where

s = 0 creates torque and s = 1 creates force, and all three-phase separated windings with

sΘ = 1 (always true when p = 1 or ps = 1). If these quadratic terms are not accounted

for, conventional design processes attempt to minimize these terms (presumably through the
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use of large effective airgap lengths) as they create force vector error. Instead, if these new

terms are handled in the force regulator, designers can enhance these terms to increase the

suspension force capability.

4.4.2 Generalized exact force model

The total force acting on the rotor due to all harmonics is now summarized in a single model.

This is calculated as the vector sum of the force due to each pair of adjacent field harmonics

hi and hj = hi + 1: F⃗ =
∑

F⃗hij
, where each force vector component F⃗hij

is described by

(4.18). Based on the force/torque derivations in Sections 4.3.1 and 4.4.1, three types of force

components F⃗hij
are identified that differ by their dependence on current space vectors:

• Textbook model: force from stator-rotor harmonic interactions. This term has a linear

dependence on the current space vector and is summarized in (4.22).

• New term 1: force from stator-stator harmonic interactions where each harmonic is

created by a unique current sequence. This term depends on the product of two

current space vectors, see (4.24).

• New term 2: force from stator-stator harmonic interactions where both harmonics are

created by the same current sequence. This term depends on the square of a single

current space vector (4.26).

This chapter proposes an exact force model that compiles the force terms created by all

current space vectors that can be injected into the m-phase winding.

4.4.2.1 Matrix representation

The proposed model is written in matrix form as

F⃗ = i⃗T T̄Q⃗i+ T̄L⃗i+ F⃗C (4.27)
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where i⃗ is an m× 1 array of the current space vectors and their conjugates calculated from

the GCT matrix Cm as i⃗ = Cmi:

i⃗ =

[⃗
i0 i⃗1 i⃗2 ... i⃗∗2 i⃗∗1

]T
(4.28)

and T̄Q and T̄L are m×m and 1×m complex matrices that model the quadratic and linear

dependencies of the force on the current space vectors, and F⃗C is the cogging force.

Every entry of T̄Q is determined by (4.24) and represents the force per ampere squared

created due to two current space vectors. This includes the forces due to two adjacent

current space vectors as in (4.24) (⃗i∗1⃗i2, i⃗
∗
2⃗i3, ...) and due to the space vector sm as in (4.26)

(⃗i∗2sm). Every entry of T̄L is a force per ampere given in (4.23), which shows an interaction

between adjacent rotor-stator field harmonics created by one current space vector (⃗i1, i⃗2, ...).

Note that the i⃗t and i⃗s space vectors of the textbook model (4.22) are present in (4.28), but

indicated as a sequence number; i.e. i⃗t = i⃗1 and i⃗s = i⃗2.

The proposed exact model in (4.27) can incorporate multiple harmonics by modifying T̄Q

and T̄L matrix entries. Every entry of T̄Q is a sum of the terms in (4.24) as K̄sij =
∑

k̄hij

for all adjacent airgap harmonics hi and hj created by the sequences si and sj = si+1 or the

sequence sm in odd phase machines. Similarly, every entry of T̄L is the sum of the terms in

(4.23) as K̄si =
∑

k̄f,hir
for all adjacent harmonics hi and hr created by the sequence si and

the rotor magnets. Depending on the relative rotation direction of these harmonics, some

harmonic interactions result in a force ripple (having the ej±2θ term) or a constant force.

4.4.2.2 Space vector representation

Since only specific entries of T̄Q are non-zero, the proposed model (4.27) can be rewritten

using (4.22), (4.24), and (4.26) for even phase machines as:

F⃗ =
sm−2∑
i=1

K̄sij⃗ i
∗
si
i⃗sj +

sm−1∑
i=1

(
K̄si⃗ii + K̄s∗i i⃗

∗
si

)
(4.29)
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and for odd phase machines as,

F⃗ = K̄smsm i⃗
∗
sm

2 +
sm−1∑
i=1

K̄sij⃗ i
∗
si
i⃗sj +

sm∑
i=1

(
K̄si⃗isi + K̄s∗i i⃗

∗
si

)
(4.30)

where F⃗C is omitted to save space. Note that odd phase machines have an additional

term that depends on the space vector sm due to (4.26). The term K̄s∗i i⃗
∗
si

is a force ripple

term from interaction between adjacent magnet and winding field harmonics that rotate in

opposite directions. Depending on the desired model accuracy, the coefficients in (4.29) and

(4.30) can be modified to include the desired number of space harmonics.

4.4.2.3 Examples

To demonstrate the use of the proposed model, a force vector equation for an example nine-

phase machine is now provided by expanding (4.30) (assuming that the rotor magnetic field

is purely sinusoidal):

F⃗9-ph = k̄h45⃗i
∗2
4 + k̄h34⃗i

∗
3⃗i4 + k̄h23⃗i

∗
2⃗i3 + k̄h12⃗i

∗
1⃗i2 + k̄f i⃗s (4.31)

This machine has four independent rotating current space vectors. Here, k̄f i⃗s is the force

from stator-rotor interaction and i⃗s can be any space vector between i⃗1 and i⃗4 depending on

ps. Coefficients k̄h12 , k̄h23 , k̄h34 , k̄h45 are the entries of T̄Q and are calculated using (4.24).

Differing from the textbook model (4.22), (4.31) shows that the proposed exact model has

multiple quadratic terms. Accounting for these terms in a bearingless machine design study

can potentially yield bearingless machine designs with enhanced force capability.

The proposed model (4.27) can be used to find the exact force vector expression for any

m. As further examples, consider five- and six-phase machines, which have two rotating

space vectors i⃗1 and i⃗2. When i⃗1 = i⃗t and i⃗2 = i⃗s, force vector expressions can be obtained
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analogous to (4.31):

F⃗5-ph = k̄q⃗i
∗
s
2 + k̄f t⃗i

∗
t i⃗s + k̄f i⃗s, F⃗6-ph = k̄f t⃗i

∗
t i⃗s + k̄f i⃗s (4.32)

where k̄q and k̄ft are the entries of T̄Q matrix in (4.27). As in (4.31), these equations have

new quadratic terms due to two adjacent space vectors i⃗∗t i⃗s and the highest space vector i⃗∗2s

for m = 5. The i⃗∗2s term also appears in bearingless machines with three phases, as was

discussed in Section 4.4.1.2. To avoid force vector error created by these quadratic terms,

(4.32) can be used to implement exact force vector regulation by analytically solving for

phase current commands that eliminate force vector error, as demonstrated in Fig. 4.2a for

a five-phase machine.

4.5 Comparison to Prior Exact Models

This section makes a comparison between the exact model developed in Section 4.4 and the

two studies [5] and [6] that developed the exact model for AMBs and bearingless motors,

respectively. It will be shown that the models developed in these studies can be viewed as

special cases of the exact model presented in Section 4.4.

4.5.1 Exact AMB Model

Study [5] developed the exact force vector model for a three-pole (m = 3) AMB, as shown

in Fig. 4.3a, where the radial forces are created due to bias and control fields. Using this

model, [5] proposed an analytic framework to find the desired coil currents (equivalent to

solving a quartic polynomial equation) and experimentally demonstrated the performance

improvement using the proposed exact force vector regulator compared to the conventional

regulation approaches.

The exact force vector model in [5, eq. (19)-(20)] can be rewritten using the notation in
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this document as

F⃗AMB =
3

2
k1

(
1

2

(
B̂n,w,1e

−jϕ1

)2

+ 2Bδ,0B̂n,w,1e
jϕ1

)
(4.33)

where Bδ,0 is a homopolar magnetizing field, B̂n,w,1 is the amplitude of a rotating two-pole

field described by (4.12), and k1 is a constant that represents the force-field relationship. The

rotating field is created by three-phase currents (s = 1) represented by i⃗1 = Î1e
jϕ1 . When

the constants are combined together, (4.33) can be rewritten as

F⃗AMB = k̄q⃗i
∗2
1 + k̄f i⃗1 (4.34)

which shows the force vector has both quadratic and linear dependencies on the currents. The

newly proposed exact model (4.27) can be simplified to (4.34) for this machine (three-phase

winding, s = sm = 1 creates force, s = 0 could create torque).

4.5.2 Exact Bearingless Flux-Switching Motor Model

Study [6] presented the exact force/torque motor model for bearingless machines. The model

considers the linear (stator-rotor interactions) and quadratic (stator-stator interactions) de-

pendence of the force/torque on the phase currents. Although the model in [6] was shown

to improve force vector regulation accuracy, [6] assumed that the force components from the

phase-to-phase interactions (i1i2, i2i3, ...) are negligible. This assumption limits the use of

the model to a specific motor topology such as the flux-switching motor with flux barriers

that was used for the case study in [6] (see Fig. 4.3b). Furthermore, the model is FEA-based

and no analytic expressions were developed, which makes it difficult to understand the actual

physics of the machine and its system properties.

Unlike the exact model (4.27) developed in this work, the model in [6, eq. (1)] is based
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on phase current quantities:

F⃗ = iT T̄Q,xyi+ T̄L,xyi+ T̄C,xy

τ = TL,τ i+ TC,τ (4.35)

where i =

[
i1 i2 ... im

]T
is an array of the phase currents. T̄Q,xy = TQ,x + jTQ,y is

m × m matrix that represents quadratic dependence; T̄L,xy = TL,x + jTL,y and TL,τ are

1×m matrices that represent linear dependence; T̄C,xy = TC,x + jC,y and TC,τ are the terms

that represent cogging forces/torque (no dependence on currents). Since phase-to-phase

interactions were ignored, [6] set the non-diagonal entries of T̄Q,xy to zero and rewrote the

quadratic term as iT T̄Q,xyi = diag
(
T̄Q,xy

)
(i ◦ i). Here, i ◦ i =

[
i21 i22 ...i2m

]T
is the

Hadamard product.

The exact model proposed by this research work includes all phase current interactions

through space vector currents. Therefore, the model in [6] is a special case of the exact

model in (4.27). Using the space vector transformation i⃗ = Cmi, the relationship between

the matrices in (4.27) and (4.35) is determined:

T̄Q,xy = CT
mT̄QCm, T̄L,xy = T̄LCm (4.36)

4.6 Force Ripple Minimization

This section shows how the proposed exact model can be used to minimize force ripple.

Simulation results using two example five-phase machines are presented.

The force ripple in literature is typically characterized by force magnitude error Em and

force angle error Ea [57]. This is illustrated in Fig. 4.3c, where the desired force F⃗ ∗ is

along x-axis, while the actual force F⃗ can have both Fx and Fy components at any rotor

angular position. These two metrics are calculated as Em = Fmax−Fx

Fx
and Ea = tan−1

(
Fy

Fx

)
,
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SPM IM SPM IM
k̄f (N/A) 6.46e−jθ 0 Outer radius (mm) 200
k̄ft (N/A

2) 2.84 10.6 Rated speed (kRPM) 30
k̄q (N/A

2) −0.58 −1.92 Rated Pout (kW) 9.8

Table 4.1: Example motor parameters

which show the maximum deviation from the desired force magnitude and angle. Study [19]

reported large force angle error (> 17◦) can cause instability in suspension regulation and [58]

suggested to keep force angle error below < 5◦.

The two examples used to demonstrate the benefits of the proposed exact model are a

five-phase SPM machine (Fig. 4.3d) and IM (Fig. 4.3e) that have the same stator. The

key parameters are given in Table 4.1, including the quadratic force coefficients of (4.32).

Figure 4.2a compares the error in force vector magnitude and angle for the SPM example

when the textbook (4.22) and the exact (4.32) models are used to solve for the phase currents

to create a force Fx = 20 N. The plotted force data is obtained from FEA by using the

calculated phase currents. For the exact model, solving (4.32) for the phase currents is

equivalent to solving a fourth order polynomial equation, which has up to four real solutions.

The solution with the lowest ohmic losses
∑5

k=1 i
2
k is selected (Euclidean L2 norm). Cogging

force is not included and linear iron material is used. Figure 4.2a shows that the exact model

can significantly improve force actuation accuracy. Figure 4.3f shows the polar plot of force

vector components in (4.32) for the IM example when the rated suspension current space

vector i⃗s is applied and rotated over 360 degrees. This plot shows the significance of the

quadratic k̄q term on the total force created on a shaft.

The proposed exact model can also be used to minimize the force ripple during the design

stage. If the designer desires to eliminate the effects of the quadratic term k̄q⃗i
∗
s
2, it can be

shown using (4.24) that this can happen when the machine design parameters are selected

to have the relation psδeff = r. This can be advantageous for machines with a small rotor

radius or a high number of pole pairs.
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Figure 4.3: (a) and (b) electric machine cross-sections used in the development of the exact
models for three-pole AMB in [5] and bearingless flux-switching motor in [6], rexpectively,
(c) illustration of force magnitude and angle error. SPM and IM examples with the same
stator Q = 5 and m = 5: (d) SPM example cross-section, (e) IM example rotor cross-section,
and (f) polar plot of force vector components for the IM example.

4.7 Force Enhancement

This section investigates how the proposed model can be used to enhance the force capacity

of bearingless motors through control of multiple airgap harmonic fields. Bearingless ma-

chines with m = 5 through 10 are compared in terms of their rated force capabilities, current

requirements, ohmic losses, and simultaneous torque capability. The machines are compared

over a range of magnetizing field B̂δ. This is a critical design parameter influencing motor

design sizing and its torque capability. All examples have p = 1, the same motor dimen-

sions, the same total number of turns mzQzc (same Rphm, where Rph is the phase winding

resistance), and unity winding factors k̂w,hi
= 1 for all harmonics to allow a comparison in

per-unit [p.u.] quantities. Appendix B provides the p.u. force vector model (B.1) and the
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base values (B.2) used in this section.

4.7.1 Force Rating

First, the proposed exact model is used to show that higher force rating can be achieved

when controlling multiple harmonics in bearingless machines. Using the definition of Frated

in [19, Ch. 2], the dimensionless model (B.1) allows finding Frated as follows:

1. Solve for the field quantities to find the maximum force profile F ′
max(ϕ) over all force

angles ϕ, while satisfying max(|B′
n(α)|) ≤ 1 (solved as an optimization problem in

Matlab).

2. Find the rated force as F ′
rated = min [F ′

max(ϕ)], which is the force that can be created

at any angle.

Using the result from these steps, force capacity/specific load capacity, which is defined as

the load capacity per the projected rotor area (diameter × length) [31, Ch. 6], can be found

as

fc =
F ′
ratedFb

DL
=

π

4µ0

B2
maxF

′
rated (4.37)

The results after following these steps are provided in Fig. 4.4a, which shows the maxi-

mum force profile and the rated force (shown as an inscribed red dashed circle for B̂′
δ = 0.5

p.u.). Based on this, the rated force vs. B̂δ is obtained and plotted in Fig. 4.4b (top sub-

plot). Figure 4.4a illustrates that, unlike other phases, the m = 5 machine has non-convex

maximum force profiles for a range of B̂δ values. This results in Frated being a non-convex

function of B̂δ, as shown in Fig. 4.4b (two maxima at B̂′
δ = 0 and 0.7 p.u.). This is due

to the quadratic term in (4.32), which also appears in certain three-phase separated wind-

ings and three-pole AMBs [5], as described in Section 4.5.1. Figure 4.4b also compares the
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current rating and the average ohmic losses per unit of the rated force (subplots 2 and 3).

The currents are calculated using the p.u. field quantities and the base value Ib, as given in

(B.2).

These results show that machines with m ≥ 8 phases can maintain their force capability

over a wide range of B̂δ values. Of all phase combinations,m = 6 has the poorest performance

at B̂′
δ ≤ 0.2 p.u. (lowest force rating, highest current rating and ohmic losses). At B̂′

δ ≈ 0,

machines with m = 5 have the lowest current rating and ohmic losses, while having the same

force rating as other phases. This is because m = 5 machines can use a single sequence s = 2

to create suspension forces, which corresponds to the quadratic term in (4.32). It is found

that the 10-phase machine can create the largest force, with the peak at B̂′
δ = 0.5 p.u. This

is because the 10-phase machine can independently control four harmonics, which adds more

degrees of freedom to simultaneously satisfy the constraint max(|B′
n(α)|) ≤ 1 and enhance

the force creation.

4.7.2 Force Impact on Torque

The machines are also compared in terms of their torque capabilities. In this comparison,

the motor creates a constant force (equal to the rotor weight Wr or its multiple) and the

torque that the motor can create at any force angle without exceeding the maximum airgap

field limit is determined. Figure 4.4c shows that the torque performance in m = 6 and 8 is

the same in all cases (same for all other phases with m ≥ 6), with a peak torque at B̂′
δ = 0.7

p.u.. The torque performance of the m = 5 machine is poorer, which is especially noticeable

at high force values.

4.7.3 Discussion

The findings using the proposed model show that the control of multiple airgap harmonic

fields can help enhance the performance of bearingless machines. By controlling four airgap
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harmonic fields as opposed to two (m = 10 vs. m = 6 phases), the results reveal that

an increase in force rating by over 40% can be achieved at the magnetizing field B̂′
δ = 0.5

p.u. This corresponds to an increase in force capacity (4.37) from 10.4 to 14.3 N/cm2

when Bmax = 0.8 T. Similarly, at B̂′
δ = 0.7 p.u., controlling four harmonic fields instead

of two improves force rating by 36%, increasing the force capacity from 8.7 to 12.2 N/cm2

for Bmax = 0.8 T. This improvement is advantageous when a bearingless machine operates

near iron saturation or requires large amount of force. Furthermore, designs that support

a wide range of magnetizing fields (m ≥ 8) offer more flexibility during the design stage to

meet motor design specifications and during operation to support optimal motor control via

field weakening. It is also seen the machines that obtain the maximum torque and force

capabilities have m ≥ 8 and B̂′
δ = 0.7 p.u. These results suggest that the designs with at

least three controllable airgap harmonic fields and B̂′
δ ≈ 0.5-0.7 p.u. can be a potential

solution to improve bearingless motor performance.

4.8 Conclusion

This chapter proposes an exact force/torque model for bearingless electric machines using

current space vector/sequence components and their relationship to airgap magnetic field

space harmonics. It is found that previous attempts at developing the exact models for

magnetic bearings and bearingless motors can be viewed as special cases of the general-

ized model developed in this chapter. Furthermore, this chapter finds that all three-phase

combined windings and some three-phase separated windings have quadratic force vector

components, which have been neglected in previous literature. The chapter finds that when

these terms are ignored in the force model, substantial force vector error can result; however,

when properly handled, these additional forces can increase the machine’s force rating.

The proposed model is applicable to all motor types, is analytic-based, and captures the

underlying physics of the machine accurately. These features equip the machine and controls

designers with tools to increase the torque and levitation system performance. The chapter
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(a)

(b)

(c)

Figure 4.4: Comparison between bearingless machines with m = 5 to 10 phases: (a) max-
imum force profiles shown for different magnetizing fields, (b) force rating, current rating,
and average ohmic losses vs. B̂′

δ, and (c) torque rating vs. B̂δ
′ for different force magnitudes.



126

finds that the developed model can be used to eliminate the force vector error by selecting

a certain combination of machine design parameters during the design stage or by having

the control system analytically solve the exact model during runtime to determine phase

currents as the sum of multiple current sequences. The chapter shows how the proposed

model can be used to enhance force creation in bearingless machines by controlling multiple

airgap harmonic fields. Increase in force rating by approximately 40% can be achieved with

10 phases as opposed to six phases. Enhanced force performance can be advantageous in

various operating conditions, including the operation under iron saturation, when a large

amount of force is required, or when a machine operates under varying magnetizing field and

torque.

In conclusion, the findings of this chapter provide motivation to rethink the design ap-

proach of bearingless machines to include additional force creation mechanisms and to de-

velop regulation techniques that use the proposed exact model. These developments have

potential to make the design space of bearingless machines less constrained and enable con-

sideration of higher performance designs. Based on the findings in this and next chapters,

Chapter 6 will conduct a detailed design study using a 10-phase bearingless induction ma-

chine.
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Chapter 5

Analysis of Force Capacity in

Magnetic Bearings and Bearingless

Motors from the Perspective of

Airgap Space Harmonic Fields

5.1 Introduction

This chapter builds upon the exact modeling framework developed in Chapter 4 and presents

a detailed analysis of force capacity in AMBs and bearingless motors from the perspective of

airgap harmonic fields. Both technologies are known to have a lower specific load capacity [31]

than other bearing types. Specific load capacity is calculated by dividing the rated force

(maximum force that can be created at any angle) by the projected rotor area (length

× diameter) [32]. Typically, AMBs have a specific load capacity of 30-40 N/cm2, with

cobalt-alloys reaching up to 65 N/cm2 [31, 33–35]. Bearingless motors are often assumed

to have a significantly lower load capacity of approximately 9 N/cm2 [32]. Furthermore, in

most publications, force creation and control in AMBs is considered in terms of individual
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poles/teeth. This chapter will present an alternate analysis method from the perspective of

airgap space harmonics.

The core contributions of this chapter are: 1) explanation of the force capacity of AMBs

from the perspective of controllable airgap space harmonic fields, 2) explanation of the

force capacity in bearingless motors when only two space harmonics are controlled, and

3) enhancement of the force capacity in bearingless motors by controlling multiple airgap

space harmonics and comparison to AMB performance limits. Section 5.2 reviews pole-

and space harmonic-based force models and shows relations between controllable harmonic

fields, current sequences, and forces. Section 5.3 uses the harmonic-based model to explain

force capacity in AMBs (contribution 1). Section 5.4 explains torque-force capability and

presents force enhancement potential using multiple harmonics (contributions 2 and 3).

5.2 Force Creation from the Perspective of Airgap Space

Harmonic Fields

This section briefly reviews the force creation in AMBs and bearingless motors based on the

airgap space harmonic field interactions presented in Chapter 4 and identifies the relationship

with the conventional method of calculating force in magnetic bearings. Section 5.2.1 reviews

the force vector models and Section 5.2.2 presents the relationship between airgap harmonics,

current sequences, and controllable force vectors. The model (5.2) is used in subsequent

sections to calculate the force capacity in AMBs and bearingless motors.

5.2.1 Pole- and Harmonic-Based Force Vector Models

The conventional method of calculating force in AMBs is based around a magnetic equivalent

circuit, where the total force is the vector sum of the forces created by individual poles/teeth

[31]. This model assumes that the field is normal to the tooth surface and is constant over the

tooth span. The cross-section of a general AMB with one coil per pole is depicted in Fig.5.1a.
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Each pole i can create an attraction force of Fi =
A
2µ0

B2
i , which depends on the square of

flux density Bi in tooth i and the tooth surface area A facing the airgap. Under saturation

operation, the pole field has a linear relationship with the pole current. When there are np

equally spaced poles with the same surface area A as in Fig. 5.1a, the total created total

force vector is (5.1), where ai−1 = ej(i−1)2π/np indicates the force direction created by pole i.

F⃗ = Fejϕ =
A

2µ0

(
B2

1 + aB2
2 + a2B2

3 + ...+ anp−1B2
np

)
=

A

2µ0

np∑
i=1

ai−1B2
i (5.1)

An AMB can be equivalently viewed as a multiphase winding with m drive connections

(m independent currents), as was shown in Fig. 3.1. This equivalence allows applying the

theories used to analyze multiphase windings in bearingless machines (Generalized Clarke

Transformation, winding function theory) and studying force creation in AMBs from the

perspective of airgap space harmonic fields. Instead of individually viewing each tooth field,

the total airgap field can be studied in terms of its spatial harmonic content along the airgap

angle α (see Fig. 5.1b). Each harmonic of order h is expressed as Bn,h(α) = B̂n,h cos (hα− ϕh)

with a magnitude B̂n,h and an angular location ϕh/h, and the total field is the sum of all

space harmonics present in the airgap. As an example, Fig. 5.3b shows a plot of the total

airgap field and its space harmonics of orders 1-6 along α. Using the exact model proposed

in Chapter 4.4, the total created force in AMBs can be expressed in terms of harmonic

quantities as

F⃗ =

nh−1∑
hi=1

F⃗hihj
= k

nh−1∑
hi=1

Chij
b⃗∗hi

b⃗hj
, where k =

Vr

2µ0r
and Chij

=

(
1− hi

δeff
r

)(
1 + hj

δeff
r

)
(5.2)

where b⃗hi
= B̂n,hi

ejϕhi is a vector that represents the field harmonic hi, k is a constant in

terms of the rotor volume Vr and radius r, and Chij
is a factor considering the effect of the

tangential field components (δeff is the effective airgap length). Chij
≈ 1 when hi/jδeff ≪ r.

Some of the harmonics in (5.2) can be directly manipulated through the control of the

equivalent current space vectors/current sequences, as was discussed in Chapter 4.2.2.
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Figure 5.1: Cross-sections and definitions: (a) an example AMB (× and • indicate the coil
direction into and out of the page, fields are shown for positive currents) and (b) an example
bearingless motor with the definition of axes, fields components, and vectors.

5.2.2 Relationship to Current Sequences

Analogous to bearingless machines (see Chapter 4.2.2), the number of controllable currents

m in AMBs directly determines the number of independently controllable harmonics and

their spatial orders. These harmonics can be independently controlled by current sequences.

Certain sequences can only control the magnitude of a harmonic (oscillating field), while

other sequences can control both the magnitude and angle (rotating field):

s = ±1, ± 2, ..., ± nind control rotating fields, nind =


m−2
2

for m ∈ Neven

m−1
2

for m ∈ Nodd

s = 0,
m

2
control oscillating fields (5.3)

where nind is the total number of controllable rotating harmonics. AMBs with m ∈ Neven

can control two oscillating and nind = m−2
2

rotating harmonics, while AMBs with m ∈ Nodd

can control one oscillating and nind = m−1
2

rotating harmonics.

The force vector model (5.2) in terms of current quantities can be used to identify the

number of controllable force vectors. Using the Generalized Clarke Transformation as i⃗ =

Cmi [85], where i⃗ is an array of all space vectors, the space vector form of (5.2) is
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F⃗ =

nf∑
i=1

k̄q,hij⃗
i∗i i⃗j (5.4)

where k̄q,hij
is the force per ampere squared and nf is the number of controllable force vectors.

To control an individual force vector component F⃗hihj
= kChij

b⃗∗hi
b⃗hj

= k̄q,hij⃗
i∗i i⃗j, at least one

magnitude and one angle out of four quantities (B̂hi
, B̂hj

, ϕhi
, ϕhj

) must be controllable.

This means one harmonic must be able to rotate, while the other harmonic can have a

rotating or oscillating behavior. There are nind−1 force vectors created independently when

controlling all nind adjacent rotating harmonics. For an even m, an additional force vector

can be created when the magnitude of an oscillating harmonic is controlled by sequence s = 0

or m
2
. For an odd m, there is also an additional force vector created by a single sequence,

as discussed in Chapter 4.4.1.2. This sequence creates two adjacent harmonics that rotate

in opposite directions. This explains the way force is created in a three-pole AMB, where

harmonics hi = 1 and hj = 2 create force F⃗hihj
= kChij

B̂hi
B̂hj

e−2ϕhi . In summary, for any

m number of independent winding currents, there are nf = nind independently controllable

force vectors.

5.2.3 Force Creation in AMB Examples

Consider force creation in 4-, 8-, and 12-pole AMB examples in Fig. 5.2, where all AMBs have

m = 4 independent currents. From (5.3), one rotating harmonic (nind = 1) from sequence

s = 1 and one oscillating harmonic from s = 0 or s = m/2 can be controlled in these

AMBs. Controlling one rotating and one oscillating harmonic allows controlling nf = 1 force

vector component. The dominant force creating harmonics depend on the winding layout

of these AMBs (number of poles per drive connection). Similar to the winding analysis in

electric motors, these dominant harmonics can be identified based on their winding factors.

The winding factor k̂w,h can take values from zero (harmonic h cannot be created) to one

(harmonic h is one of the dominant harmonics). The first dominant harmonic has order

h = np/2 (oscillating), which is created when the subsequent poles in Fig. 5.2 have alternating
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Figure 5.2: AMBs with 4, 8, and 12 poles (to apply electric motor winding analysis methods,
these AMBs can be viewed as each pole wound by a coil).

magnetic field polarities. In 4- and 12-pole AMBs, this is achieved with s = 2 when currents

are 180◦ phase separated (when subsequent currents are equal but opposite). However, in

8-pole AMBs, h = np/2 = 4 is created by s = 0 (all currents are equal). The second

dominant harmonic has order of h = np/2− 1 (rotating). This harmonic may not be trivial

to visualize in 8- and 12-pole AMBs because some of its peaks are not located in front the

poles. From the relation h = ±s+mb, this harmonic is created by sequence s = 1 in 4- and

12-pole AMBs and by s = −1 (negative sequence) in 8-pole AMBs. Since one sequence can

create multiple harmonics, sequence s = ±1 also creates harmonic h = np/2 + 1 in addition

to h = np/2 − 1, which rotate in opposite directions. If the force equation (5.2) models

one harmonic per sequence (harmonic with the highest magnitude), the interaction between

h = np/2+ 1 and h = np/2 would be ignored, resulting in force vector error. However, since

the control in AMBs is based on individual pole currents instead of particular harmonics, all

harmonics (including higher order harmonics) are inherently considered in the force model.

5.3 Force Capacity of AMBs from the Perspective of

Multiple Airgap Harmonic Fields

This section explains the force capacity/design sizing of AMBs from the perspective of multi-

ple airgap space harmonics. This new explanation approach provides insight into identifying
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and controlling components of the total force vector from each harmonic interaction. The

proposed approach to calculate force capacity is explained and the results are presented.

The force vector model in (5.2) can be used to determine the specific load capacity fc.

The procedure from Chapter 4.7.1 that calculates the rated force and the the dimensionless

model from Appendix B are used and summarized below:

1. Find the maximum force magnitude F ′
max(ϕ) that an AMB can create at every force

angle ϕ, while keeping the peak airgap field max
[
|
∑nind

hi=1 B̂
′
hi
cos (hiα− ϕhi

)|
]
below 1

(the maximum airgap field in p.u.).

2. Calculate the force capacity as fc = Frated/DL, where Frated = min [Fmax(ϕ)] is the

rated force. D and L are the rotor diameter and axial length.

The use of the dimensionless model makes the force rating and force capacity results appli-

cable to any DL and Bmax values. After calculating the normalized rated force F ′
rated using

this model, the force capacity can be calculated as

fc =
kB2

maxF
′
rated

DL
=

π

4µ0

B2
maxF

′
rated (5.5)

This result shows that the force capacity does not depend on DL, but instead depends on

the square of the maximum airgap field Bmax and the harmonics present in the airgap.

This chapter shows results of force capacity calculations for AMBs considering only con-

trollable rotating harmonics nind, resulting in 2nind control variables. The calculation of the

force capacity for nind ≥ 2 has to be solved as an optimization problem as infinitely many

solutions exist. Furthermore, the problem has to be solved numerically due to nonlinear

objective and constraints. When controlling two rotating harmonics hi and hj, the force

magnitude and angle of (5.2) are calculated as F = kChij
B̂hi

B̂hj
and ϕ = ϕhj

− ϕhi
. Follow-

ing the procedure of calculating the specific load capacity, it is found that the rated force

of F ′
rated = 0.32 p.u can be obtained. Substituting this in (5.5) gives fc = 45 N/cm2 for

Bmax = 1.5 T (12.8 N/cm2 for Bmax = 0.8 T). This result is expected because the force
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capacity reported in the AMB literature is approximately 40 N/cm2. Similarly, the force

capacity for more than two independent harmonics can be calculated. Figure 5.3a summa-

rizes the force capacity results for different numbers of harmonics when Bmax = 1.5 T. This

plot shows that an approximately 31% increase in the force capacity can be obtained when

increasing nind from 2 to 6, which is equivalent to increasing the number of poles from 6 to

14 according to (5.3). As an example, Fig. 5.3b shows the optimal distribution of the field

harmonics when nind = 6 (np = 14) to create maximum force along the x-axis. The blue

dots indicate the locations of the pole centers. In this case, all harmonics have their peaks

located at α = ϕhi
/hi = 90◦/hi, resulting in the total field (indicated with a solid black line)

that has better iron utilization. Interestingly, Fig. 5.3b shows that poles 1 and 8 that are

located along the force direction (indicated with a red dashed line at α = 0) have zero fields,

while three poles on either sides of the force direction (2-4 and 12-14) have the highest field

values.

(a) (b)

(c)

Figure 5.3: (a) Results of force capacity analysis in AMBs for different numbers of indepen-
dent harmonics nind, (b) optimal airgap field distribution in AMBs for nind = 6 and ϕ = 0◦,
and (c) optimal airgap field distribution in bearingless machines for nind = 2 and ϕ = 0◦.
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5.4 Force Capacity in Bearingless Motors

This section presents the second and third contributions of the chapter. Section 5.4.1 ex-

plains force capacity in bearingless motors when only two space harmonics are controlled,

identifies optimal magnetizing field values, and provides an analytical estimation of the

torque-force capability using the p.u. model for different magnetizing field values. Sec-

tion 5.4.2 proposes potential force capacity enhancement by controlling multiple harmonics.

As the primary contribution of this chapter, this section finds that, enhancement of force

capacity in bearingless machines equivalent to that of AMBs can be achieved through the

control of multiple airgap harmonics.

5.4.1 Torque-Force Capability from Two Airgap Harmonics

The standard method of creating torque and suspension force in bearingless motors is through

controlling p and ps pole-pair fields. The p pole-pair field consists of a torque creating (q-

axis) and a magnetizing field (d-axis) component Bδ, which impacts both torque and force

creation. In addition to the force capacity calculation steps described in Section 5.3, the

magnetizing field harmonic p must have a fixed amplitude at B̂δ and an angular location at

the rotor rotational angle θ. This subsection identifies the optimal magnetizing field values

B̂δ when there are two harmonics p and ps. The optimal magnetizing field is defined as the

value creating the maximum force or torque without exceeding the airgap field limit.

First, the optimal B̂δ to create the maximum force is identified. With two harmonics

in the airgap, the maximum force that can be created at any angle has the magnitude of

F ′
rated = B̂′

δB̂
′
ps , according to the normalized form of (5.2). The peak airgap field must

not exceed Bmax, which in p.u. is B̂′
δ + B̂′

ps = 1, as shown in Fig. 5.3c. Substituting

B̂′
ps = 1 − B̂′

δ gives F ′
rated = B̂′

δ(1 − B̂′
δ) = −B̂′2

δ + B̂′
δ. This is an inverted parabola with

the peak F ′
rated = 0.25 p.u. at B̂′

δ = 0.5 p.u., which gives 35.2 N/cm2 at Bmax = 1.5 T and

10 N/cm2 at Bmax = 0.8 T. AMBs have approximately 28% higher force capacity at these
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(a) (b)

(c) (d)

(e) (f)

Figure 5.4: Analysis of force enhancement in bearingless motors: (a) rated torque-force
curves for different magnetizing field values when nind = 2, (b) force capacity vs. number of
independent harmonics nind when Bmax = 1.5 T and B̂δ = 0.75 T, (c) optimal force vector
components when nind = 4, and (d)-(f) optimal airgap field distributions for nind = 4 and
ϕ = 0◦, 90◦, 180◦.

field values (45 N/cm2 and 12.8 N/cm2, see Section 5.3 ) because AMBs do not have the

requirement to create the magnetizing field.

Now, the optimal B̂δ to create the maximum torque is identified. The maximum torque
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is created when torque creating and magnetizing field components of harmonic p are 90◦

phase separated electrically, so that B̂′2
δ + B̂′2

τ = 1. The torque is expressed in terms of

the normal field components as τrated = kτ B̂δB̂τ , where kτ = Vrpδeff/µ0r. Defining the base

torque value as τbase = kτB
2
max (which includes fixed parameters), the normalized form of

the torque expression becomes τ ′rated = B̂′
δB̂

′
τ = B̂′

δ(1− B̂′2
δ )

1/2. Solving dτ ′rated/dB̂
′
δ = 0, the

optimal magnetizing field is found as B̂′
δ = 1

√
2 = 0.707 p.u. with the maximum τ ′rated = 0.5

p.u. The above calculations show that the optimal magnetizing fields for the maximum force

(B̂δ = 0.5 p.u.) and torque (B̂δ = 0.707 p.u.) creation are different.

The above analysis can be extended to the case when maximum torque and suspen-

sion forces are created simultaneously. In this case, the peak airgap field is constrained by

(B̂′2
δ + B̂′2

τ )
1/2 + B̂′

ps = 1. Using this expression, F ′
rated = B̂′

δB̂
′
ps , and τ ′rated = B̂′

δB̂
′
τ , the

relationship between the rated force, torque, and magnetizing field can be derived:

τ ′2rated = F ′2
rated − 2B̂′

δF
′
rated + B̂′2

δ (1− B̂′2
δ ) (5.6)

This equation can be used to determine torque-force capabilities of a bearingless machine for

different magnetizing fields, as demonstrated in Fig. 5.4a. This plot shows that the optimal

range of B̂′
δ is between approximately 0.5-0.707 p.u. depending on the desired range of τ ′rated

and F ′
rated. These results can be used to select a magnetizing field value based on the torque

and force requirements when designing a bearingless motor.

5.4.2 Force Enhancement Using Multiple Airgap Harmonics

This section shows that enhancement of the force capacity can be achieved in bearingless

motors by controlling more than two rotating space harmonics. Analytic expressions for

optimal fields and currents estimated from Matlab calculations are provided, which help

increase the force capacity under the maximum airgap field limit. To find the force capacity,

a similar approach to that described in Section 5.3 is used with the additional constraints
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on the magnetizing field harmonic to have fixed magnitude and angle at any force angle ϕ.

This reduces the number of degrees of freedom to 2nind−2 for bearingless motors as opposed

to 2nind in AMBs.

Analysis results are now presented by comparing bearingless motors with different num-

bers of controllable airgap harmonics nind. The results are obtained for p = 1 and B̂δ = 0.5

p.u., with the remaining space harmonics h = 2, 3, 4, ..., nind being used to create force.

Figure 5.4b shows the plot of the force capacity vs. nind for Bmax = 1.5 T. This result shows

that increasing the number of controllable harmonics from nind = 2 to nind = 4 can signif-

icantly increase force capacity by approximately 42%, which agrees with the results from

Chapter 4.7. Figure 5.4c shows the optimal force vector components from each harmonic

interaction required to create Frated at different force angles ϕ for nind = 4. Figures 5.4d-5.4f

show the optimal field distributions for this example when θ = 0◦ and ϕ = 0◦, 90◦, and

180◦. An interesting trend is observed from the optimization results: the harmonic peaks

are typically aligned or opposite when creating forces at angles 0◦ and ±180◦, and they all

have one intersection point when creating forces at angles ±90◦. At certain angles, additional

harmonics are used to improve the total airgap field distribution, but not to contribute to

the total force creation. This can be observed in Fig. 5.4f where the third harmonic is zero

and the fourth harmonic is used to reduce the peak airgap field, helping to increase the force

capacity.

5.4.3 Comparison of Force Capacity between AMBs and Bearing-

less Motors

Based on the force capacity results presented earlier, Fig. 5.5 compares the force capacities

between AMBs and bearingless machines for different harmonics in per-unit quantities and

for magnetic field limits of Bmax = 0.8 T and 1.5 T. These comparisons reveal that, in

order to achieve equivalent force capacities, bearingless machines need to exert control over

at least one additional harmonic compared to AMBs. This discrepancy arises because,
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Per-unit 𝐵max = 0.8 T 𝐵max = 1.5 T

×
𝜋

4𝜇0

𝐵max
2

10000

Figure 5.5: Comparison of force capacity between AMBs and bearingless motors

in AMBs, none of the harmonics are constrained to fixed amplitudes and angles, whereas

in bearingless machines, one harmonic must be a magnetizing field with a predetermined

amplitude and angle. Therefore, to attain a comparable force capacity, bearingless machines

need one extra controllable harmonic than AMBs, resulting in an equivalent number of free

variables (field amplitudes and angles).

5.4.4 Fields and Currents for Increased Force Capacity

This subsection presents a simple and efficient approach for calculating magnetic fields

and currents, aiming to maximize the force rating in 10-phase bearingless machines. The

approach is based on numerical calculations from Section 5.4.2. In this approach, sequence

4 is used for flux weakening, enabling sequences 1 and 2 to generate a larger force. This

allows maintaining simplicity for implementation in a controller without the need for complex

lookup tables.

Table 5.1 provides estimations for optimal field magnitudes and angles derived from nu-

merical calculations for magnetizing fields B̂′
δ ≈ 0.5-0.7 p.u. Based on the desired force

requirement F ′∗ = B̂′
δB̂

′
n,h2

, if B̂′
n,h2

≤ 1− B̂′
δ (column 2), there is no need to excite sequence

4, as the total airgap field remains below the maximum limit of 1 p.u. For a larger force

requirement with B̂′
n,h2

> 1− B̂′
δ, B̂

′
n,h2

can be increased up to 1.2− B̂′
δ (column 3) and har-

monic 4 can be actuated according to Table 5.1, ensuring that the airgap field remains within
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Sequences 1-2 Sequences 1-2-4

B̂′
n,h2

, ϕs2 ≤ 1− B̂′
δ, θ + ϕ ≤ 1.2− B̂′

δ, θ + ϕ

B̂′
n,h4

, ϕs4 NA B̂′
δ + B̂′

n,h2
− 1, π + 3θ + ϕ

Table 5.1: Optimal Fields for Maximum Force Rating with Sequences 1-2 vs. 1-2-4.

1 p.u. Using these optimal fields, the required current sequences for phase k are computed

using (4.8). This requires knowledge of the tesla per ampere parameter for each harmonic-

sequence pair, which can be calculated using (4.13), FEA simulations, or measurements.

5.5 Conclusion

This chapter researches force capacity of AMBs and bearingless motors using multiple airgap

space harmonic field interactions. It is found that the key factors affecting the force capacity

are the peak allowable airgap field and the distribution of the harmonic fields along the inner

bore of the stator. The chapter finds that, for the same number of controllable currents, bear-

ingless machines generally have lower force capacity than AMBs due to two main reasons.

First, AMBs inherently use more harmonics by individually controlling currents. Second,

AMBs do not have the requirement to create the magnetizing field harmonic. This increases

the degrees of freedom to find the optimal field distribution in AMBs because harmonic

magnitudes and angles do not have to be fixed with respect to the force and rotor angles.

It has been identified that the optimal range of the magnetizing field magnitude to have the

maximum torque-force capability is between 50% (max force) and 70% (max torque) of the

peak airgap field. The chapter also showed that, by increasing the number of controllable

harmonics and optimally manipulating their magnitudes and angles, enhancement of force

capacity in bearingless motors is achievable. The results demonstrate that potential force

enhancement of over 40% can be achieved in bearingless machines when controlling four

airgap harmonics (10 phases) as opposed to the typical approach of controlling only two

harmonics (six phases). For example, with 0.8 T peak field, the force capacity of a bearing-

less motor can be enhanced from 10 N/cm2 to 14.3 N/cm2. Overall, this chapter proposes
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a comprehensive framework for analysis of force creation capabilities in AMBs and bearing-

less motors, and demonstrates the importance of controlling multiple airgap harmonics for

achieving high-performance bearingless motor designs.
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Chapter 6

Design and Control of a 10-Phase

Bearingless Induction Machine

6.1 Introduction

Chapters 4 and 5 results showed that controlling multiple airgap harmonic fields in bearing-

less machines has benefits of increasing force capacity and providing multiple force actuation

approaches. Based on these findings, this chapter develops a framework to design a 10-phase

bearingless induction motor, which can independently control four airgap harmonic fields.

This motor has benefits of increased force capacity and levitation operation under varying

magnetizing field and torque. The main contribution of this chapter is to develop a design

framework and a control strategy for a 10-phase bearingless machine with enhanced force

creation capabilities. Section 6.2 reviews the operating theory and highlights advantages of

using a 10-phase motor based on the findings from Chapters 4 and 5. Section 6.3 proposes

and develops a design study methodology for a 10-phase bearingless induction motor. Sec-

tion 6.4 presents optimization results, comparing Pareto optimal fronts for six- and 10-phase

machines, and Section 6.5 provides design details for the selected 10-phase machine. Sec-

tion 6.6 presents control architecture and simulation results for speed and levitation control
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of a 10-phase bearingless induction machine.

6.2 Operating Theory and Advantages

In 10-phase bearingless machines, four airgap field harmonics can be created independently,

which adds more flexibility when creating suspension forces. Equations for the phase cur-

rents, fields, and forces are obtained based on the equations (4.8), (4.12), and (4.27), and

are summarized below:

ik =
4∑

si=1

Îsi cos

(
ϕsi − [k − 1]si

2π

10

)

Bn =
4∑

hi=1

B̂n,hi
cos (hiα− ϕhi

)

F⃗ = Fejϕ = k̄h12⃗i
∗
1⃗i2 + k̄h23⃗i

∗
2⃗i3 + k̄h34⃗i

∗
3⃗i4 (6.1)

where sequence si can independently create one airgap harmonic field. Each sequence has its

space vector representation i⃗si = Îsie
jϕsi obtained through the GCT. Harmonic hi amplitude

B̂n,hi
and angular location ϕhi

are directly controlled by sequence si amplitude Îsi and phase

angle ϕsi . One of these harmonics is a p pole pair field used to create the magnetizing field

and torque in the motor, while other harmonics contribute to the suspension force creation.

Force vector equation in (6.1) shows that there are multiple ways of creating the radial

suspension forces, which can have several benefits. One advantage is having an increased

force capacity, as was shown in Chapters 4.7 and 5.4.2. Chapter 5.4.2 showed that, when

the force is created using sequences 1 and 2, additionally exciting sequence 4 (harmonic

4) for weakening the airgap field allows further increasing the force until the maximum

airgap field limit is reached. This increases the force capacity. Another advantage is an

enhanced force performance under varying magnetizing field and torque values. Consider

that sequence 1 is used to create p = 1 pole pair field, which consists of the magnetizing and
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Figure 6.1: Ten-phase bearingless induction machine: (a) cross-section, (b) drive connections,
(c) example plot of airgap harmonic fields, and (d) winding layout for phase 1.

torque creating quantities. The variations in these quantities have undesirable effects on the

force creation, causing error in force vector magnitude and angle. Equation (6.1) shows that

keeping sequence 2 current zero and creating forces only with sequences 3 and 4 eliminates

these undesirable effects.

6.3 Design Study Methodology

This section presents the design study approach used to design a 10-phase bearingless induc-

tion motor, which is the primary contribution of this chapter. The design space is searched

using a multi-objective genetic algorithm (GA) to find Pareto optimal designs. Each can-
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didate design is evaluated using finite element analysis (FEA) software FEMM and JMAG,

which are linked to the GA using Python scripts. Section 6.3.1 presents the details about the

motor topology with the focus on the winding design, Sections 6.3.2-6.3.3 describe optimiza-

tion design variables and performance metrics (objectives and constraints), and Section 6.3.4

provides evaluation steps for each design during optimization. The developed design study

approach can also be extended for machines with a different number of phases. The approach

provided in this section will be used for the design studies of six- and 10-phase examples in

Section 6.4.

6.3.1 Selected Motor Topology

The induction motor topology selected for the design study is provided in Fig. 6.1a. The

motor consists of the stator with a 10-phase winding and the pole-specific squirrel cage

rotor [7]. This motor is designed to create four airgap harmonic fields of orders h = 1, 2, 3,

and 4, as illustrated in Fig. 6.1c. The reason for selecting an induction motor is that it has

a small effective airgap length δeff compared to other motors. This facilitates the creation of

four airgap harmonic fields as their amplitudes are inversely proportional to δeff. Harmonic

h = p = 1 is selected as a magnetizing and torque creating field, while harmonics h = 2, 3, 4

are used for suspension force creation and field weakening. Details of the stator winding and

rotor design are now provided.

6.3.1.1 Stator Winding Design

The stator winding is designed using the methodology presented in [100], resulting in the

phase terminal connections shown in Fig. 6.1a and the winding layout shown in 6.1d for

phase 1. The winding must be designed to independently create four airgap harmonic fields,

which requires the winding factors k̂w,hi
at these harmonics to be maximized. With a double-

layer winding, a feasible number of stator slots are Q = 10, 20, 30, .... A number of winding

designs have been compared, and it is found that a double-layer distributed winding with
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Stator slots Q 10 Rotor slots Qr 16

k̂w,1 and k̂w,4 0.95 k̂w,2 and k̂w,3 0.59

Table 6.1: Induction Machine Number of Slots and Winding Factors

Q = 10 slots (one coil per phase) and a coil span of y = 4 slots yields the highest winding

factors, as summarized in Table 6.1. It is important that harmonic 1 has the highest winding

factor as this harmonic is used to create the magnetizing field and torque. The motor phases

are connected to the drive terminals in a double five-phase configuration, shown in Fig. 6.1b.

This configuration allows having no sequences of orders 0 and 5 (zero- and 180◦ sequences);

otherwise, these sequences would have to be regulated to zero to avoid creating oscillating

harmonic fields, according to (4.14).

6.3.1.2 Rotor Design

The rotor is a pole-specific squirrel cage rotor designed to have no induced bar currents from

h = ps = 2 and its integer multiples 4, 6, 8, ... [7]. This indicates that harmonics 2 and 4

created by 10-phase stator currents do not induce rotor bar currents and do not contribute

to the ohmic losses in the rotor bars. Harmonic 1 is expected to induce rotor currents as the

torque creating field. While harmonic 3 does induce rotor bar currents, it will be shown in

Chapter 7 that the torque from this harmonic is small.

6.3.2 Design Variables

The geometric parametrization of the motor is depicted in Fig. 6.2. For the optimization,

the design is characterized by 9 free variables, as listed in Table 6.2. This table also shows

the bounds for each variable.

6.3.3 Objectives and Constraints

There are three objectives used in this optimization: electric motor efficiency η, torque

per rotor volume TRV, and force capacity/specific load capacity fc. This is a minimization
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Design variable Bounds Design variable Bounds
δeff [1.3, 2.9] mm wst [8.4, 20.2] mm
αst [18, 32.4] deg. dso [0.5, 3] mm
dst [21.7, 22.8] mm dsy [30.1, 31.7] mm
rrb [2, 3] mm wso [0.5, 3] mm
drso [0.5, 3] mm

Table 6.2: Machine Design Variables

Stator

αst

dsy

rrb
dri

rri

wso
drso

dso

dst

wst

dsp

𝛿eff

Rotor

Figure 6.2: Geometric parametrization of a squirrel cage induction machine.

problem. Therefore, objective functions are formulated based on these performance variables

as:

O1 = −η = − Pout

Pout + Plosses

, O2 = −TRV = −τrated
πr2L

, O3 = −fc = −Frated

2rL
(6.2)

where Pout and Plosses are the average output power and power losses (stator ohmic and iron

losses, rotor ohmic and iron losses, and windage loss); r and L are the rotor radius and axial

length; τrated and Frated are the rated torque and force found by averaging the created torque

and force over one rotor revolution. Frated, which indicates the force the motor can create

at any angle without exceeding the airgap field limit, is calculated following the steps in

Chapter 4.7.1.

There are four constraint parameters that the designs must satisfy during the optimiza-
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tion process: torque ripple TR, force vector magnitude error Em and error angle Ea, and

force per rotor weight FRW:

TR ≤ 30%, Em ≤ 30%, Ea ≤ 10◦, FRW ≥ 0.75 (6.3)

These constraints ensure that the designs have reasonably low ripple characteristics and are

able to create suspension forces to support the rotor’s weight. Torque ripple is calculated as

the peak-to-peak torque over a rotor revolution divided by the average torque. The metrics

Em and Ea show the maximum deviation from the average force magnitude and the desired

force angle, as was described in Section 1.2.3.1. FRW is calculated when 5% of the rated

coil current is used to create a nominal force Fnom and 95% is used to create torque.

6.3.4 Motor Performance Evaluation Process

This section presents the evaluation process used during the optimization study. Each of

the optimization algorithm’s design candidate is evaluated following the steps summarized in

Fig. 6.3. A design variant is created using the design specifications (winding, materials, fixed

parameters, ratings) and free design variables (geometric dimensions) from the optimization

algorithm. The performance of this design variant is evaluated by following time-harmonic

and transient FEA analysis steps and calculating objectives and constraints, which are then

passed to the optimization algorithm. The entire design study process is implemented in

our research group’s open source codebase “eMach” designed to facilitate the modeling,

evaluation, and optimization of electrical machines. FEA analysis steps are based on [102]

and additional force capacity calculation steps for a 10-phase machine are introduced by this

dissertation. These steps are described in the following subsections.
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Figure 6.3: Optimization design study steps.

6.3.4.1 Time-Harmonic Analysis

The main goal of this evaluation step is to find a breakdown slip frequency fbr,slip of an

induction motor design. This frequency determines the point where the maximum torque

is achieved and is used to set the excitation frequency in the transient analysis step in

Section 6.3.4.2. The stator is excited with currents at the slip frequency and the rotor

position is held fixed. To accelerate the searching process, five instances of time-harmonic

FEA at different slip frequencies are executed in parallel using FEMM.

6.3.4.2 Transient Analysis

The main goal of this evaluation step is to compute all performance metrics needed to

calculate the design objectives and constraints. FEA simulations are conducted in JMAG,

which computes created torque, suspension forces, and losses as functions of the rotor angle.

This analysis consists of two main steps described below.

1. Calculation of performance metrics at nominal operation. An FEA simulation in

this step consists of two sections that have different time step settings, which greatly reduces

simulation time [102]. The first section has a relatively large time step, which allows for a

faster simulation of a transient state. The second section has a fine time step with respect
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to the stator frequency in order to evaluate performance metrics in a steady state. Phase

currents are excited by sequences 1 and 2 (6.1) with 95% and 5% of the rated current to create

torque and suspension forces, respectively. The excitation frequency for both sequences is

set at fe,s1/2 = frotor + fbr,slip, where frotor is the rotor speed in rev/s and fbr,slip is calculated

in the time-harmonic analysis step in Section 6.3.4.1. The outputs of the simulation are

torque, force, and losses (ohmic, eddy current, and hysteresis losses) at nominal operating

conditions vs. rotor angular position θ. These performance metrics are necessary to evaluate

the objectives O1 and O2 in (6.2) and constraints in (6.3).

2. Calculation of the rated force. This step computes the rated force of a machine, which

is the force that a motor can create at any angle without exceeding the maximum airgap

field limit. A motor winding is excited with sequences 1, 2, and 4, sequence 4 being used

for flux weakening. The maximum airgap field is set at Bmax = 0.8 T and the magnetizing

field at B̂δ = 0.7Bmax. This magnetizing field is found to yield the highest force rating when

sequences 1, 2, and 4 are used, as was discussed in Chapter 5.4.2. The following steps are

used to calculate the rated force:

1. Find tesla per ampere parameter for each harmonic-sequence pair (TPAhi
= B̂n,hi

/Îsi).

These parameters are computed by exciting current sequences 1, 2, and 4 with equal

amplitudes Îsi = Îrated/3 at a fixed rotor angle, extracting the radial airgap magnetic

field distribution Bn(α), and performing the Fourier transform of Bn(α) to find B̂n,hi

for space harmonics of orders 1, 2, and 4.

2. Apply current sequences 1, 2, and 4. These currents are calculated by knowing tesla per

ampere parameters from step 1 and the desired airgap field harmonics that maximize

the force rating, as discussed in Chapter 5.4.4.

3. Extract force with respect to the rotor angular position θ. This result is used to

calculate Frated and Em and Ea constraints.

The same evaluation steps are used for the optimization of a six-phase design with p = 1



151

and ps = 2. The only difference is that the maximum Frated is created at B̂δ = 0.5Bmax

(see Fig. 4.4b) and the optimal field distribution to create Frated along x-axis is Bn =

Bmax[0.5 cos (α− θ) + 0.5 cos (2α− θ)].

After following the transient FEA evaluation steps, optimization objectives and con-

straints are calculated in post-processing and provided to the optimization algorithm.

6.4 Design Study Results

This section presents design study results using the optimization approach from Section 6.3.

Optimization results for six- and 10-phase bearingless induction machines are presented and

their performances are compared. The rated parameters and other constants used in the

optimization study are given in Table 6.3. In both cases, the rotor has the same topology,

shown in Fig. 6.1a. For a six-phase case, the stator consists of Q = 24 slots with the winding

layout provided in Fig. 3.8.

Figure 6.4a presents the Pareto optimal fronts for six- and 10-phase bearingless induction

machines. Since there are three objectives, the Pareto front is a 3D surface, which can

be visualized on a 2D plot by using a colormap for the third objective. To facilitate the

comparison, Fig. 6.4b provides the Box and Whisker plot for each performance metric using

Fig. 6.4a results. These results show that both six- and 10-phase designs have comparable

torque densities and efficiencies. While the median values (indicated by an orange line) for

torque density TRV are similar for both cases (21.3 kN/m3 for m = 6 and 22 kN/m3 for

m = 10), 25% of 10-phase designs have torque densities in the range of 26.3-27.8 kN/m3.

This is partly due to a higher winding factor in the selected 10-phase winding topology (0.95

vs. 0.88). Results in Fig. 6.4b show that 10-phase designs can achieve a considerably higher

force capacity fc compared to six-phase designs with the median values at 15.3 N/cm2 and

12.3 N/cm2, which is an improvement by approximately 24.4%. For comparison, the highest

reported force capacity for bearingless machines is 9.9 N/cm2 [36].
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Parameter Value Parameter Value
Rated power 50 kW Rated speed 30 kRPM

Current density 4 Arms/mm2 Copper fill-factor 0.5
Torque current ratio 95% Suspension current ratio 5%

Lamination stacking factor 96% Iron material Arnon-5
Winding material Copper Rotor bar material Aluminum

Table 6.3: Design Study Parameters

(a) (b)

Figure 6.4: Design study results for six- and 10-phase bearingless induction motor designs:
(a) Pareto optimal fronts and (b) box and whisker plot.

Figure 6.5: Pareto optimal fronts for the design study with fixed rotor dimensions from [7].

6.5 Selected Design

Another optimization study is conducted to select a 10-phase stator design for prototyping

and hardware validations in Chapter 7. In this study, the rotor of the prototype in Fig 3.10a

[7] is reused; therefore, rotor dimensions are held fixed during the study. Figure 6.5 present

the Pareto optimal front for this design study, along with the Pareto front for m = 10 designs

from Fig. 6.4a. While the rotor dimensions are held fixed during optimization, this result

shows that high-performance designs can be obtained. The design selected for prototyping
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Parameter Six-phase design Ten-phase design
Torque and power 1.17 Nm, 3.6 kW 1.55 Nm, 4.7 kW

Torque-suspension current ratio (FRW ≈ 1) 87.5%-12.5% 93%-7%
Breakdown slip frequency 12.5 Hz 8 Hz

Stator outer diameter, total volume 150 mm, 0.88 liters 154.6 mm, 0.94 liters
Airgap length 2.65 mm 2.05 mm

Rotor current density 6.98 Arms/mm2 8.7 Arms/mm2

TRV, efficiency 7.37 kNm/m3, 92.8% 9.76 kNm/m3, 94.5%
Torque ripple, Em, Ea 3.9%, 2.5%, 0.45◦ 7.7%, 5.1%, 2.9◦

Force capacity 11.6 N/cm2 15.2 N/cm2

Table 6.4: Comparison of six- and 10-phase designs

is highlighted by a red rectangle.

For prototyping, adjustments are made to the selected design dimensions to have a lower

copper fill-factor of 30% (achievable by hand-winding for a distributed winding) and keep

the current density in the rotor bars below 10 Arms/mm2. The final design cross-section

is shown in Fig. 6.1a and the key parameters and performance metrics are provided in

Table 6.4. This table also provides the key metrics for a six-phase prototype from [7]. These

results demonstrate that the selected 10-phase design has higher force capacity, efficiency,

and torque density.

6.6 Control Architecture

This section presents speed and levitation control architecture for a 10-phase bearingless

induction motor. The block diagram of the control architecture is presented in Fig 6.6,

where the blocks highlighted in blue are proposed and developed by this dissertation. The

following subsections present the main parts of this architecture and present simulation

results using the 10-phase bearingless induction motor design from Section 6.5.
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Figure 6.6: Speed and levitation control block diagram for a 10-phase bearingless induction
motor.

6.6.1 Speed and Levitation Controllers

Speed and levitation controllers are used to control the desired angular speed ω∗
m and the

radial position δ∗xy of a rotor with x∗ = y∗ = 0. The speed controller is realized through a

PI controller. The levitation controller employs two Proportional-Integral-Derivative (PID)

controllers along with a low-pass filter for x and y positions. Tuning these controllers involves

estimating the rotor’s inertial and damping coefficients (for the speed controller), as well as

the rotor mass and unstable stiffness coefficients. (for the levitation controller). The unstable

stiffness coefficient characterizes the pull force per unit radial displacement of a rotor toward

the stator, and its estimation will be detailed in Chapter 7.4 using hardware tests. This

coefficient can be obtained using FEA or experiment, as will be shown in Chapter 7.4. The

output of these controllers consists of torque command τ ∗ and radial force commands F ∗
x

and F ∗
y , which are used to calculate the required current sequence commands.

6.6.2 Universal Field Orientation

The Universal field orientation (UFO) block is used to estimate the torque current command

i∗q and slip frequency ω∗
slip based on the torque command from the speed controller and the

user-specified magnetizing current command i∗d. The implementation of the UFO block is
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based on the principles of field-oriented control theory, as presented in [103, Ch 9.2]. This

block relies on the knowledge of the induction motor equivalent circuit parameters. These

parameters include the stator and rotor resistances, leakage inductances, and the magnetizing

inductance. In the context of 10-phase machines, the estimation of these parameters involves

exciting magnetizing field and torque creating sequence current (which is 1 for the selected

design) during no-load and locked rotor tests.

6.6.3 Current Calculation

This block implements three distinct approaches to current calculation, as proposed and

developed in this dissertation:

1. The first one is based on the textbook model, as detailed in Chapter 4.3. The force

vector is regulated by sequence 2 current, expressed as F⃗ = k̄f i⃗s2 , where k̄f is a function

of the magnetizing current id.

2. The second approach employs sequence combinations 1, 2, and 4 to increase force

capacity. Analytic equations for currents can be estimated for specific magnetizing

field values, as discussed in Chapter 5.4.4. Lookup tables may be required for variable

magnetizing fields or when incorporating sequence 3 into the calculation.

3. The third approach utilizes sequences 3 and 4 for enhanced force performance. In this

scenario, forces are fully decoupled from torque and magnetizing currents, and the

force equation is given by F⃗ = k̄h34⃗i
∗
s3
i⃗s4 . Under the condition that only sequences 3

and 4 are used to create the force (sequence 1 contributes torque and magnetizing field,

sequence 2 is regulated to zero), setting Îs3 = Îs4 minimizes ohmic losses in the stator

winding.
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6.6.4 Calculation of Phase Angles

This block calculates phase angles necessary for Park transformations (rotation matrix) in

the current controller block so that sequence currents are controlled in their synchronous

reference frames. Sequence 1 phase angle is calculated as ϕs1 = θm + θslip. For current

calculation approach 1, sequence 2 phase angle ϕs2 = ϕs1 +ϕ is set to to regulate force angle

ϕ. For approach 2, phase angles from Table 5.1 are used. For approach 3, ϕs3 can be set to

have any frequency, but preferably fe,s3 = 3frotor, so that the mechanical speeds of airgap

harmonic h = 3 and the rotor are synchronous. This alignment aids in preventing induced

currents in the rotor bars. Sequence 4 phase angle ϕs4 = ϕs3 + ϕ regulates force angle ϕ.

6.6.5 Current Controller

This block is structured similarly to the block diagram depicted in Fig. 2.8, but encompasses

all current sequences from 1 through 4. This block comprises PI controllers, direct and

inverse Park transformations for converting between synchronous and stationary quantities,

and direct and inverse GCT for transforming between stationary and phase quantities. The

output of this block consists of 10-phase voltage commands, subsequently applied to the

power electronic inverter connected to the bearingless induction motor.

6.6.6 Simulation Results

Simulation results of speed and levitation control using the selected design from Section 6.5

are presented in Fig. 6.7. The two scenarios are compared when torque and suspension

forces are created using sequences 1-2 in Fig. 6.7a and sequences 1-3-4 in Fig. 6.7b. In both

scenarios, the shaft is fully displaced at t = 0 s (y = −1 mm), and a subsequent position

command is issued to recenter it, followed by a speed command up to 3600 RPM under

no load. Armature reaction compensation is not implemented to visualize the torque’s im-

pact on force creation. The plots in Fig. 6.7a-6.7b show the rotor speed (column 1), radial
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(a) (b)

Figure 6.7: Simulation results of speed and levitation control (speed, radial position, and
torque and force creating currents) for the selected 10-phase design from Section 6.5 using
the following sequences (without armature reaction compensation): (a) sequences 1 and 2
and (b) sequences 1, 3, and 4.

positions (column 2), sequence 1 currents responsible for generating magnetizing field and

torque (column 3), and force creating sequence currents (column 4). These plots confirm the

suitability of both approaches for speed and levitation control. The results show that using

sequences 1-2 for force creation may have the advantage of lower current requirement for

sequence 2, but is affected by non-zero torque during acceleration. On the other hand, uti-

lizing sequences 3-4 for suspension force creation demonstrates enhanced force performance

through independent operation from armature reaction, as demonstrated by the results in

Fig. 6.7b.
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6.7 Conclusion

This chapter develops a design study framework and control architecture for a 10-phase bear-

ingless induction machine, leveraging insights from earlier sections. The results demonstrate

that the control of multiple harmonics is critical to achieving high performance bearingless

machine designs. It is found that 10-phase bearingless machine designs can achieve a consid-

erably high force capacities of over 15 N/cm2 compared to 12.3 N/cm2 for six-phase designs.

Furthermore, these designs achieve torque densities over 22 kNm/m3 and efficiencies close to

97%. The control of current sequences 1, 3, and 4 enhances force performance, fully decou-

pling force creation from the magnetizing field and torque. The successful implementation of

an indirect field-oriented control technique highlights the motor’s ability for effective speed

control. Overall, these findings underscore the potential of the proposed design and control

strategies for high-performance motor systems.
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Chapter 7

Experimental Validation

7.1 Introduction

This section provides experimental validation of the theories and performance improvement

strategies proposed for bearingless motors in this dissertation. A 10-phase bearingless in-

duction motor from Chapter 6, which is capable of controlling four airgap harmonic fields,

is constructed and used for hardware measurements. Section 7.2 provides the hardware de-

scription used for the measurements. Section 7.3 validates the proposed exact model (Chap-

ter 4) and machine design considering multiple harmonics (Chapters 3 and 6). Section 7.4

presents hardware measurements to estimate bearingless induction motor equivalent circuit

parameters and unstable stiffness. These parameters are necessary in the implementation

of a bearingless motor control from Chapter 6.6. Section 7.5 validates an increase in force

capacity by controlling multiple airgap harmonic fields (Chapters 4.7 and 5). Section 7.6

confirms an enhanced force creation using sequence combinations 1, 3, and 4 under varying

magnetizing fields and torque and Section 7.7 validates speed control in the prototype motor

(Chapter 6.6).
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Stator slots Q 10 Rotor slots Qr 16
Rated torque 1.57 Nm Rated current 10 Arms
Rated speed 29.5 kRPM Rated slip 8 Hz

Is1,rated 8.6 Arms Is2,rated 1.4 Arms
Id,rated 6.35 Arms Is2,FRW≈1 0.6 Arms

Experimentally measured: kf (at Id,rated) 18.6 N/A

kh12 2.07 N/A2 kh23 , kh34 0.43 N/A2

Table 7.1: Induction Machine Prototype Parameters

7.2 Hardware Description

The test stand shown in Fig. 7.1a is used for hardware measurements in this Chapter. The

setup consists of the 10-phase induction motor and the drive, a load cell [97], and fixtures

to support the stator and the rotor, all mounted within a mill. Key motor parameters are

summarized in Table 7.1 and drawings are provided in Appendix C. This winding is designed

to independently create four airgap space harmonic fields of orders h = 1 to 4 with current

sequences s = 1 to 4, as described in (4.11). Sequence 1 (p = 1) is used to create torque,

while three other sequences are used to create suspension forces. The motor phases are

connected to the drive terminals in a double five-phase configuration, shown in Fig. 6.1b.

The rotor is a pole-specific squirrel cage rotor designed to have no induced bar currents from

h = ps = 2 and its integer multiples [7].

In the following tests, the motor is excited by the phase currents described in (4.7)-(4.8).

These currents are expected to create the fields described by (4.12), creating the force:

F⃗10-ph = Fejϕ = k̄h12⃗i
∗
1⃗i2 + k̄h23⃗i

∗
2⃗i3 + k̄h34⃗i

∗
3⃗i4 (7.1)

Reaction torque and forces acting on the stator are measured using the load cell [97], which

is fixed to the mill’s X-Y table. The rotor is supported by the mill’s spindle and locked

at magnetic center. For magnetic field measurements in Sections 7.3.1 and 7.5, the radial

airgap field is measured in front of each stator tooth using a hall probe [96], as shown in

Fig 7.1b.
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Figure 7.1: Ten-phase bearingless induction machine test setup: (a) test setup used for all
tests and (b) test setup for magnetic field measurements.

7.3 Validation of the Proposed Exact Model and Ma-

chine Design

This section presents experimental results that validate the exact model proposed in

Chapter 4.4 and machine design with multiple controllable airgap harmonics in Chapter 6.

This is done by exciting the stator winding with different combinations of current sequences

and measuring the resulting fields, torque, and forces on the rotor.

7.3.1 Airgap Magnetic Field Measurements

In this test, the normal airgap magnetic field Bn is measured with a hall probe [96] in front

of each tooth (36◦ increment) along the inner bore of the stator (along α), as shown in

Fig. 7.1b. The rotor is fully inserted during the test, as shown in Fig. 7.1a. At each tooth,

measurements are taken when a sequence si described in (4.8) is excited with an amplitude

equal to the rated current (10 Arms) and a phase angle ϕsi swept over 0 − 2π rad. The

measurements are repeated for each sequence (sequences 1, 2, 3, 4).

The measurement results for each sequence are provided in Fig. 7.2, which shows a 3D
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(a) (b)

(c) (d)

Figure 7.2: Magnetic field measurements vs. α and ϕsi when a sequence si is excited with
an amplitude equal to the rated current (Irated = 10 Arms): (a) sequence 1, (b) sequence 2,
(c) sequence 3, and (d) sequence 4.

plot of the measured normal magnetic field Bn as a function of α and ϕsi . These plots show

that sequences 1, 2, 3, and 4 create airgap harmonics of orders 1, 2, 3, and 4 when viewed

along α at any fixed ϕsi value. In each plot, as ϕsi increases, the angular location of the field

along α also increases and the field behavior in each measurement can be described by the

rotating field equation Bn = B̂n,hi
cos(hiα− ϕsi).

The observations made above validate multiphase machine design with multiple control-

lable harmonics–rotating harmonic fields can be created when motor windings are excited

by balanced currents.
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(a) (b)

Figure 7.3: Measured torque vs. slip frequency due to each sequence (Irated = 10 Arms):
(a) sequence 1 with different current values and (b) all sequences 1 through 4 (sequence 2,
3, and 4 amplitudes are set to the rated current value). Note that fslip = fe,si/hi.

7.3.2 Torque Performance

This test is conducted to validate the torque capability of the prototype motor different slip

frequencies. Since the rotor is locked, slip frequency is related to sequence frequencies as

fslip = fe,si/hi.

Figure 7.3a presents measurement results of torque vs. slip when sequence 1 is ex-

cited with different amplitudes. The plot exhibits the characteristic appearance of a typical

torque-slip curve, showcasing maximum torque at a specific slip frequency. This frequency

is identified as 8 Hz, which agrees with the results from Table 6.4 in Chapter 6. The slip

frequency and corresponding torque at this point are indicated as the rated values of the

machine in Table 7.1.

Figure 7.3b presents the torque measurement results against slip for additional current

sequences. These results confirm that sequences 2 and 4 do not create any torque. As was

described in Chapter 6.3.1, this is because of the pole-specific structure of the rotor, where

harmonics 2 and 4 (and harmonics with multiples of 2) do not induce currents in the rotor

bars. Sequence 3, on the other hand, is expected to produce some torque, as shown in

Fig. 7.3b, having a breakdown slip frequency at 11 Hz (fe,s3 = 33 Hz). However, this torque

is relatively small compared to the torque produced by sequence 1.
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7.3.3 Force Vector Relationship to Current Sequences

This test is conducted to confirm the first result of Section 4.4.1, that all combinations of

adjacent current sequences create controllable forces. In each test, two sequences si and

sj = si+1 are applied and the average forces are measured. The results are used to validate

the relationship between forces and current sequences given in (4.24).

First, measurements are conducted to find the k̄hij
values in (7.1). The phase angles

ϕsi/sj are set to create force at ϕ = 0 degrees, Îsi is held constant, and forces are measured

for various values of Îsj . Figure 7.4a presents the measured force vs. sequence 2 current for

different sequence 1 currents. Figure 7.4b shows similar force measurements for sequences

2-3 and 3-4. The slopes of these lines (shown in Fig. 7.4a-7.4b) are used to calculate kf and

khij
values, provided in Table 7.1.

Second, measurements are conducted to confirm that each pair of adjacent current se-

quences can create force at any angle. Magnitudes Îsi/sj are held constant and the force

is measured against ∆ϕsij = ϕsj − ϕsi for several different frequencies. The angle ∆ϕsij is

expected to control the force angle based on (4.24). Figure 7.5a presents the measured force

vs. ∆ϕs12 for the given currents and frequencies (rated slip frequency). Similarly, Fig. 7.5b

shows the results for sequences 2-3 and 3-4. These results confirm that a constant magnitude

force vector can be created at any angle using sequence pairs 1-2, 2-3, and 3-4. Sequence 1 in

Fig. 7.5a also creates torque, which is independent of the force angle. Due to the armature

reaction, a shift in force angle is observed (red and blue curves in Fig. 7.5a subplot 3), which

can be adjusted when implementing a levitation control.

7.3.4 Forces from Non-Adjacent Sequences

The goal of this test is to confirm Section 4.4.1’s finding that non-adjacent current sequences

sj ̸= si±1 do not contribute to radial force creation. All non-adjacent sequence combinations

are tested (1-3, 1-4, and 2-4). In each combination, each current sequence magnitude is set

to 5 Arms and the force is measured with respect to the difference in phase angles ∆ϕsij .
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(a) (b)

Figure 7.4: Experiment results for the validation of the proposed model: forces vs. current
magnitudes for (a) sequences 1-2 and (b) sequences 2-3 and 3-4

(a) (b)

Figure 7.5: Torque and force measurements vs. phase angle differences when adjacent se-
quences are excited with different amplitudes and frequencies: (a) sequences 1-2 and (b) se-
quences 2-3 and 3-4.

Figure 7.6a presents the test results, which confirm that force is not created by non-adjacent

sequences.
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(a) (b)

Figure 7.6: Experiment results for the validation of the proposed model: (a) forces from
non-adjacent sequences and (b) comparison between measured and calculated force vectors
at four different points.

7.3.5 Forces from Multiple Sequences

This test is conducted to validate that the superposition of multiple force vectors created by

multiple current sequences matches (4.29). For each set of currents, the “calculated” force

vector is determined by using the khij
values found in Section 7.3.3 in (7.1). Figure 7.6b shows

the test results for four different current sequence combinations. The three components of

the calculated force vector in (7.1) are also shown. These results demonstrate the accuracy

of the proposed force vector model.

7.4 Equivalent Circuit Parameters and Unstable Stiff-

ness

A set of hardware measurements are conducted to estimate induction motor equivalent circuit

parameters and unstable stiffness, which are necessary for the implementation of speed and

levitation controllers.

Equivalent circuit parameters for each current sequence are estimated using the voltage

and current measurements from the no-load and locked rotor tests in induction motors.

During the no-load test, both the rotor and airgap field rotate synchronously at 8 Hz, creating
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Sequence order Rs [mΩ] R′
r [mΩ] Lσ,s, Lσ,r [mH] Lm [mH] kδ at 10 Arms [N/mm]

1 251 107 1.8 3.5 580
2 247 - - 0.81 72
3 248 - - 0.49 39
4 246 - - 0.89 126

Table 7.2: Equivalent Circuit Parameters and Unstable Stiffness Estimated from the Hard-
ware Measurements

Figure 7.7: Measured force vs. radial position for different sequences.

no torque (zero slip). During the locked-rotor test, the rotor is locked and a current sequence

frequency is set to create a field rotating at 8 Hz, creating the rated torque at the rated slip for

sequence 1. Using the voltage and current measurements from these tests, equivalent circuit

impedances are calculated and used to estimate equivalent circuit parameters, summarized

in Table 7.2. Note that, for sequences 2 and 4, the equivalent circuit simplifies to a series RL

circuit as no torque can be created with these sequences. A similar simplification is assumed

for sequence 3 due to its negligible torque production.

Figure 7.7 shows the measured force when the rotor is radially displaced. The test is

conducted for each sequence with an amplitude equal to the rated current of 10 Arms.

The results show a higher pull force for sequence 1 compared to the other sequences. This

is because harmonic 1 in the prototype has the highest magnetic field strength per unit of

current. Through curve fitting, the unstable stiffness is estimated and presented in Table 7.2.
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7.5 Increase in Force Capacity

This section presents the test results that validate force enhancement results of Chap-

ters 4.7 and 5. Results of force enhancement within a maximum airgap field limit and

transient force response under variable magnetization are presented. Furthermore, force

enhancement under iron saturation is demonstrated using FEA.

7.5.1 Force Capacity within a Maximum Airgap Field Limit

This test demonstrates force enhancement when the airgap field must not exceed Bmax sim-

ilar to the analysis in Section 4.7. Sequences 1 and 2 are excited to create force. Force

enhancement is achieved by additionally exciting sequence 4 current for field weakening

and further increasing sequence 2 current until reaching Bmax. The results are provided in

Fig. 7.8a. First, only sequences 1 and 2 are excited to create a force at ϕ = 0 deg. (see

Fig. 7.8a at Îs4 = 0), and the peak airgap field is measured and set as Bmax. This is followed

by injecting sequence 4 current (Îs4 = 4 or 8 A) for field weakening based on the discussion

in Chapter 5.4.4. Finally, sequence 2 current is further increased for force enhancement until

reaching Bmax, as summarized in Fig. 7.8a. At Bmax = 0.83 T, the force can be enhanced by

approximately 12% and 38% with Îs4 = 4 A and 8 A, respectively.

The fields in front of the stator teeth are measured to ensure that the airgap field is below

Bmax, as shown in Fig. 7.8b for Bmax = 0.83 T. The dashed lines represent the magnetic

fields estimated analytically using (4.12). This plot confirms that the peak airgap field is

below Bmax before (red curve) and after (green and cyan curves) force enhancement.

7.5.2 Force Capacity at Iron Saturation

An FEA study is conducted to demonstrate force enhancement under iron saturation. Due

to the limit in current sensor measurements, this test is conducted in FEA. The results are

shown in Fig. 7.8c. First, the force capability from only sequences 1-2 is found. Sequence 1 is

held at Id,rated and the force is extracted for various Îs2 values. The result (blue curve) shows
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(a) (b) (c)

Figure 7.8: Experiment results for the validation of force enhancement: (a) experiment
results of force enhancement using sequence 4 for field weakening, (b) measured airgap
magnetic fields corresponding to the Bmax = 0.83 T case of Fig. 7.8a, and (c) FEA results
of force enhancement under iron saturation.

that increasing Îs2 ≥ 28 A decreases force creation capability as the iron starts saturating

at Bmax ≈ 1.03 T. Second, sequences 3 and 4 are additionally injected to enhance the force

for Îs2 ≥ 28 A. These currents are calculated following the steps from Section 4.7 with

Bmax ≈ 1.03 T and loaded into the FEA model. The result (red curve) demonstrates the

potential for force enhancement using sequences 3 and 4. At Îs2 ≈ 28 A, the highest force

enhancement by 27% is observed.

7.6 Enhanced Force Creation Using Sequences 1, 3,

and 4

This section presents the results from a set of hardware measurements that validate an en-

hanced force creation using sequence combinations 1-3-4 under varying magnetizing fields

and torque (Section 7.6.1) and rotor speeds (Section 7.6.2). The results validate that us-

ing sequences 3 and 4 for force creation can fully decouple force creation from different

magnetizing fields and torque conditions.
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7.6.1 Force Performance under Varying Magnetizing Currents and

Torque

This test aims to validate force creation independent of the magnetization state of the mo-

tor. Figure 7.9a shows the torque and force measurements at various sequence 1 excitation

frequencies fe,s1 , which affects the magnetizing field and torque acting on the rotor. The

two cases are compared when the force is created with sequences 1-2 and 3-4. These results

show that the force magnitude from sequences 3-4 remains relatively constant across fe,s1 ,

while the force from sequences 1-2, with the armature reaction affecting the force angle.

Additionally, Fig. 7.9a presents another set of measurements, varying sequence 1 amplitude

Îs1 . Similar observations are made that the forces from sequences 3-4 remain unaffected by

changes in the magnetizing field and torque.

Further confirmation of independent force creation under dynamic magnetization varia-

tions is provided in Fig.7.10. This figure compares two cases: force creation by sequences 1-2

(column 1) and 3-4 (column 2). In both cases, a series of step commands is applied to the

magnetizing current id to observe its impact on the forces. As shown in Fig. 7.10 (column

1), the change in the magnetizing current directly impacts the force creation because id in

this motor is created by sequence 1. The results for case 2 (column 2) show that the force

created from sequences 3-4 remains approximately constant regardless of the changes in id.

This is expected based on (7.1) because sequence 2 is zero and id does not affect the force.

These findings demonstrate the potential to enhance bearingless motor performance under

variable magnetization conditions.

7.6.2 Force Performance under Different Rotor Speeds

The objective of this test is to confirm that sequences 3-4 can create suspension forces for

different rotor speeds. The rotor is rotated using a mill spindle (see Fig. 7.1a), current

sequences 1, 3 and 4 are excited, and the resulting torque and forces are measured at every
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(a) (b)

Figure 7.9: Torque and force measurements under varying magnetizing currents.

Figure 7.10: Measured transient force response using sequences 1-2 and 3-4 under different
id magnetizing currents.

speed. Sequence 1 is excited to create the rated torque with fe,s1 = frotor+8 [Hz]. Figure 7.11

presents the measurement results, which confirm constant torque and force creation using the

combination of sequences 1-3-4. This is shown for two cases when sequence 3-4 frequencies

are set to 3frotor and fe,s1 . By aligning current sequence 3 with fe,s3 = 3frotor, harmonic

3 and the rotor synchronize, inducing no current in the rotor bars (no ohmic losses from

sequence 3).
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Figure 7.11: Torque and force measurements at different rotor speeds for current sequence
combinations 1-3-4.

7.7 Speed Control

Measurement results in this section validate induction motor speed control discussed in

Chapter 6.6. The control structure presented in Fig. 6.6 is implemented in the advanced

motor drive controller (AMDC) [104]. Position measurements are obtained using the mill’s

encoder from Fig.7.1a (the mill spindle is set to freely rotate). Torque current iq and slip

frequency are estimated using the equivalent circuit parameters from Table 7.2 for sequence

1. Figure 7.12 displays the actual and measured speed results for various cases. Magnetizing

id and torque iq currents are also provided for a rotor speed of 1200 RPM. These results

confirm that the indirect field-oriented control technique with torque and slip estimation used

in three-phase induction machines can be similarly applied to 10-phase induction machines,

enabling speed control.

7.8 Conclusion

This chapter provides experimental validation for the theories and strategies developed

throughout this dissertation, utilizing a 10-phase bearingless induction machine selected

from the design study and constructed in the lab. The hardware measurements validate the

winding design approach and the proposed exact model. The experimental results further
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Figure 7.12: Speed control validation for different speed commands. Measured currents are
shown for 1200 RPM.

confirm the earlier findings on force capacity increase, with a 38% improvement under a

maximum airgap field limit of 0.83 T. Additionally, the tests confirm the enhanced force

performance achieved with sequences 3 and 4, demonstrating the force creation independent

of the variations in the magnetizing fields and torque. Moreover, the validation of speed

control incorporating slip and torque current calculations is presented.
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Chapter 8

Conclusions and Future Work

This dissertation introduced and developed new winding design theory, an exact electric

machine model considering magnetic shear and normal pressure on the shaft of an electric

machine, a framework for investigating potential benefits of controlling multiple airgap har-

monic fields, and the design and experimental validation of a 10-phase bearingless induction

motor with enhanced force performance. These developments enable creating higher perfor-

mance bearingless machines for significant power applications than are currently found in

the literature. This chapter presents the conclusions and future work.

8.1 Conclusions

This section presents a summary of the conclusions for each chapter.

8.1.1 Introduction and State-of-the-Art

This chapter reviewed state-of-the-art on bearingless machines, identified research oppor-

tunities, and presented research contributions of this work. This leads to the following

conclusions:

1. Bearingless machine design space is more constrained than conventional machine de-
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sign space. Relaxing force vector error constraints can significantly improve motor

performance (torque increase by approximately 30% or more, according to [3]).

2. Development of combined winding designs and improved precise force vector regulation

techniques have the potential to yield high performance bearingless machines.

3. Redefining an electric machine model to encompass both force and torque creation

is necessary for studying the system physics, investigating potential performance im-

provements, and developing force/torque regulation techniques and bearingless ma-

chine design studies.

8.1.2 Comparison of Combined Winding Strategies

This chapter made a comprehensive comparison between two popular combined winding

topologies, multiphase and DPNV combined windings, and identified operating conditions

when each topology is more advantageous. The following conclusions can be drawn:

4. From the machine perspective, both multiphase and DPNV windings are the same

winding type and result in the same winding layout and stator slot currents. However,

their power electronics and control implementations are different.

5. The multiphase winding drive is most advantageously used in bearingless motor designs

that require substantially more torque current than suspension current, while the par-

allel DPNV winding drive is most advantageous in motors with high force requirements

or applications with limited DC bus voltage available.

8.1.3 Analysis and Design of Multiphase Combined Windings

This chapter proposed and developed multiphase combined winding design technique for

bearingless machines. These windings can be used to create the specified airgap field har-

monics necessary for independent torque and suspension force generation. This resulted in
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the following conclusions:

6. The classical stator winding star of slots can be extended to study and aid in the design

of multiphase combined windings by considering both the motor and suspension field

spatial harmonics.

7. The proposed rules determine which sets of slots, poles, and phases can be used to

obtain a symmetric winding capable of producing torque and suspension pole pair

fields independently.

8. The proposed winding design technique can be used by motor designers to rapidly de-

sign multiphase combined windings for various slot-pole combination motors, including

popular winding designs such as concentrated and fractional-slot windings.

9. Reducing the drive connections to three or four allows for the implementation of feasible

asymmetric winding designs as a cost-saving measure. However, these designs have

higher torque and force ripple compared to the designs with symmetric windings.

8.1.4 Exact Torque and Force Vector Modeling Framework for

Bearingless Electric Machines

This chapter proposed and developed a new modeling approach that describes force and

torque creation on an electric machine incorporating multiple airgap magnetic field har-

monic interactions. The proposed model is then used to investigate the potential advantages

of controlling multiple harmonics for performance improvement. The following can be con-

cluded:

10. The proposed model is applicable to all motor types, is analytic-based, and captures

the underlying physics of the machine accurately.

11. Suspension forces can be created by exciting two adjacent current sequences in ma-

chines with any number of phases or by exciting a single highest sequence in machines
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with an odd number of phases.

12. Applying the Generalized Clarke Transform in the modeling of torque and force facili-

tates the integration of any number of phases and spatial harmonics within the airgap

magnetic field. This is expressed through a set of space vector matrix equations of

order 2.

13. Previous attempts at developing the exact models for magnetic bearings and bearing-

less motors can be viewed as special cases of the generalized model developed in this

chapter.

14. All three-phase combined windings and some three-phase separated windings have

quadratic force vector components, which have been neglected in previous literature,

and can result in force vector error if not modeled properly when calculating phase

currents.

15. Solving for the currents using the proposed exact model and subsequently exciting

motor windings with these currents can eliminate force ripple (errors in force magnitude

and angle).

16. Increasing the number of phases/controllable airgap harmonic fields can increase force

rating, which is useful when a bearingless machine operates close to iron saturation or

requires large amount of force.

8.1.5 Analysis of Force Capacity in Magnetic Bearings and Bear-

ingless Motors from the Perspective of Airgap Space Har-

monic Fields

This chapter provided an in-depth analysis of force capacity in AMBs and bearingless motors

from the perspective of airgap harmonic fields. The analysis uses the model developed in

Chapter 4. The following conclusions can be drawn:
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17. The key factors affecting the force capacity are the peak allowable airgap field and

constraints on the distribution of the harmonic fields.

18. For the same number of phases, AMBs have higher force capacity than bearingless

machines because 1) AMBs inherently use more harmonics by individually controlling

pole currents and 2) AMBs have more degrees of freedom to control airgap harmonic

fields as there is no constant magnetization requirement and no dependence on the

rotor angle.

19. The optimal range of the magnetizing field magnitude to have the maximum torque

and force capability in bearingless machines is between 50% (maximum force) and 70%

(maximum torque) of the peak airgap field.

20. Bearingless machines can achieve the same force capacity as AMBs by controlling at

least one additional harmonic compared to AMBs. When the maximum airgap field

limit is 1.5 T, achieving force capacities of over 50 N/cm2 requires three harmonics

for AMBs and four harmonics for bearingless motors (8 vs. 10 controllable currents).

This additional harmonic facilitates field weakening and contributes to the increase in

force capacity in bearingless machines.

21. A potential increase in force capacity by over 40% can be achieved in bearingless

machines when controlling four airgap harmonics (10 phases) as opposed to the typical

approach of controlling only two harmonics (six phases).

22. Controlling more than four airgap harmonic fields in bearingless machines requires

more than 10 phases and results in diminishing returns on force capacity increase due

to increased winding and drive complexity.
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8.1.6 Design and Control of a 10-Phase Bearingless Induction Ma-

chine

This chapter developed a design study framework for a 10-phase bearingless induction motor.

Based on the findings from Chapters 4 and 5, this motor can independently control four

airgap harmonic fields to enhance its performance. A design is selected for prototyping, and

control model and simulation results are presented. The conclusions are listed below:

23. The design of bearingless machines with multiple controllable airgap harmonic fields

serves to mitigate the recognized limitations of bearingless motors and enable a broader

range of design possibilities.

24. Ten-phase bearingless machine designs can achieve a considerably high force capacity

exceeding 15.3 N/cm2, in contrast to 9.9 N/cm2 reported in the literature (for an IPM

motor). Further improvements can be achieved with higher airgap field limits.

25. In addition to an improvement in force capacity, 10-phase motors with torque densities

of over 22 kNm/m3 and efficiencies close to 97% can be designed. This exceeds the

IE4 efficiency standard unlike most published results.

26. Controlling current sequence combinations 1, 3, and 4 enables an enhanced force per-

formance in bearingless motors, which fully decouples force creation from both the

magnetizing field and torque.

27. An indirect field-oriented control technique with torque and slip estimation used in

three-phase induction machines can be similarly implemented in 10-phase induction

machines, realizing speed control.

8.1.7 Experimental Validation

This chapter presented experimental validation of the theories and bearingless motor per-

formance improvement strategies developed in this dissertation. A 10-phase bearingless
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induction machine was selected from the design study results of Chapter 6. The following

conclusions are drawn:

28. Results of hardware measurements from the 10-phase bearingless induction motor val-

idate the winding design approach developed in Chapter 3 and the exact model de-

veloped in Chapter 4, showing that controlling multiple airgap harmonic fields can be

used to control force vector magnitude and angle independent of torque.

29. Results of hardware measurements and FEA simulations validate an increase in force

capacity from Chapters 4-5. With the maximum airgap field limit of 0.83 T, an increase

in force capacity up to approximately 38% can be achieved, which confirms conclusion

21.

30. Test results validate enhanced force performance achieved with sequences 3 and 4.

Altering sequence 1 current magnitude and slip frequency, which, in turn, changes the

magnetizing field, did not impact the generated force from sequences 3 and 4.

31. Test results validate speed control that incorporates slip and torque current calculations

using estimated induction motor equivalent circuit parameters for sequence 1.

8.2 Future Work

The potential future works are now suggested for continuing this work:

1. Investigation of motor performance under parameter uncertainties. Exploring motor

performance under parameter uncertainties is crucial for robust designs. It is suggested

to investigate the influence of variations in the excitation frequency and rotor speed

on equivalent circuit parameters and torque and force creation.

2. Cost optimization of a 10-phase motor drive and sensors. Achieving cost-effective

solutions is important for widespread adoption of bearingless motors. Future work can
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focus on more cost-effective power electronics and sensor configurations. Efforts can

be made to investigate the effectiveness of using 10 phases for self-sensing.

3. Investigation of performance improvement using multiple harmonics in other motor

topologies such as interior permanent magnet (IPM) and synchronous reluctance mo-

tors. IPMmotors have a relatively small airgap length compared to other motors, which

helps increase the strength/amplitude of magnetic field harmonics. Synchronous reluc-

tance motors can have multiple harmonics created due to saliency. More investigations

can be made to identify the benefits of actuating multiple harmonics in these machines.
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Appendix A

Generalized Clarke Transformation

This work makes extensive use of the generalized Clarke transformation to analyze the ma-
chine phase currents and establish requirements for independently controlling torque and
force. The generalized Clarke transformation was first introduced by Fortescue in 1918 [105]
and is more recently described in [60, 85]. The transformation and key properties used by
this dissertation are now summarized.

For a vector x1(θ) = [x1,1(θ) x1,2(θ) ... x1,m(θ)]
T consisting of m sinusoidal terms, the

generalized Clarke transform calculates a space vector x of order k as

x⃗k = c
m∑
i=1

x1,i(θ)a
k(i−1) (A.1)

where a = ej2π/m and c is a transformation coefficient.
Now, consider x(θ) to be the sum of several sets of m-phase balanced sinusoidal terms

x(θ) = x1(θ) + x2(θ) + ..., each with a distinct phase separation of ∆αj as (A.2).

xj(θ) =


cos θ

cos (θ −∆αj)
cos (θ − 2∆αj)

...
cos (θ − [m− 1]∆αj)

 (A.2)

∆αj =
2π

m
j (A.3)

Here, j is restricted to be an integer value based on the number of phases m. For even m, j
can be 0,±1, ...,±m/2, for an odd m, j can be 0,±1, ...,±(m− 1)/2.

When (A.1) is used to calculate space vectors for x(θ), the following properties can be
shown:

1) The only xj(θ) set that will contribute to a space vector of order k is the set with
|j| = k. Therefore, an independent space vector exists for each xj(θ) component.

2) Space vectors of order k = 0 and k = m/2 will be one dimensional (zero sequence); all
other space vectors will have two degrees of freedom (real and imaginary).
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3) Increasing the number of phases m increases the number of independent space vectors
of x(θ).

4) A set xk(θ) with ∆αk > 0 is considered to be positive sequence and produces a
constant magnitude space vector x⃗k that rotates counterclockwise at speed ω = dθ

dt
;

negative sequence has ∆αk < 0 and x⃗k rotating clockwise.
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Appendix B

Dimensionless Force Vector Model

This dissertation (Chapters 4 and 5) makes use of the p.u. force vector model to find the
force capacity in bearingless machines and AMBs. The model is expressed in terms of the
p.u. radial field quantities, which are normalized by a maximum allowable airgap field Bmax.
By setting the base value Fb = Vr

2µ0r
B2

max in (4.19), it can be shown that (4.29)-(4.30) can be
expressed in a p.u. form as

F⃗ ′ =

nf∑
i=1

Chij
B̂′

n,hi
B̂′

n,hj
ej(ϕsj−ϕsi ) (B.1)

where hj = hi + 1, nf is the total number of force vectors, and B̂′
n,hi/j

is a p.u. radial field

amplitude.
The base values for currents, ohmic losses, and torque that are used in Chapter 4.7 are

given by

Ib =
πδeff

µ0mzQzcBmax

, Pb = I2bRphm, τb =
Vrpδeff
µ0r

B2
max (B.2)

Note that these base values are same for all designs compared in Section 4.7, which allows
comparing them in p.u. Ib is set using (4.13), resulting in the p.u. relationship between
current and field quantities as Î ′s = hB̂′

n,h/k̂w,h. Pb is set based on its relationship to currents;

τb is set using (4.21), resulting in the p.u. equation for torque τ ′ = B̂′
δB̂

′
n,w,p. Note that,

if machines with various pole pairs are being compared, the torque base value τb in (B.2)
needs to be adjusted not to have p, resulting in the p.u. torque equation of τ ′ = pB̂′

δB̂
′
n,w,p.
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Appendix C

Motor Assembly

This appendix presents a 3D model of the motor assembly constructed and used for experi-
mental validation in Chapter 7. Figure C.1 presents the primary components of the assembly.
Figure C.2 provides a cross-sectional drawing of the stator. Further information regarding
the rotor structure is available in [7].

Stator

Endplate 

(×2)

Rotor + shaft

3D printed 

part (×2)

Figure C.1: 3D model of the motor assembly.
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