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Abstract

This thesis explores two kinds of questions on the moduli spaces of pairs of elliptic
curves over number fields and finite fields. The first question is about rational points
in a family of pairs of elliptic curves over number fields. Given a family of products
of elliptic curves over a rational curve over a number field K, we give a bound for the
number of special fibers of height at most B such that the two factors are isogenous. We
prove an upper bound that depends on K, the family, and the height B. Moreover, if
we slightly change the definition of the height of the parametrizing family, we prove a
uniform bound that depends only on the degree of the family, K and the height B.

The second question is about the size of isogeny classes of non-simple abelian surfaces
over finite fields. Let A = F x E,; be an abelian surface over a finite field F,, where E
is an ordinary elliptic curve and Esg is a supersingular elliptic curve. We give a lower
bound on the size of isomorphism classes of principally polarized abelian surfaces defined
over F,n that are F -isogenous to A by studying classification of certain kind of finite

group schemes.
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Chapter 1

Introduction

The exuberant arithmetic properties of elliptic curves have been brought to mathemati-

cians’ attention for more than 150 years. In this report, we explore two directions in the

moduli aspect of elliptic curves, with main results shown in Subsction [I.1] and
This thesis has three chapters, including the present one. Chapter 2 talks about the

first direction, and Chapter 3 about the second.

1.1 Families of isogenous elliptic curves ordered by heights

Let k be a field. Let X — S be a family of algebraic varieties over k, where S is
irreducible, and let X, be the generic fiber of this family. People care about what
properties of X, extend to other fibers and how we can measure the size of specializations
such that a specific property does not extend. For example, the Hilbert Irreducibility
Theorem says that for a Galois covering X — P" over a number field K, for most of the
rational points ¢t € P"(K) the specializations over ¢ generate a Galois extension with
Galois group G. Moreover, the size of the complement set, which can be considered as
locus of ‘exceptional’ points, can be bounded as in [23].

In [10], Ellenberg, Elsholtz, Hall, and Kowalski studied families of Jacobians of

hyperelliptic curves defined over number fields by affine equations

y? = flz)(z —1), t€ A,



with the assumption that the generic fiber is geometrically simple. They proved that
the number of geometrically non-simple fibers in this family, with the height of the
parametrizer ¢ < B, is bounded above by a constant C'(f) depending on f. Moreover,
they obtained an effective bound using the analytic method that depends on the primes
dividing the discriminant of f(z) and the genus of the family.

In this paper, we study families of pairs of elliptic curves defined over a rational
curve over a number field K. To be precise, let C' be a rational curve over K isomorphic
to P! which parametrizes a one-dimensional family of pairs of elliptic curves and let
(Ey, E}) be the generic fiber of this family over K (t), with the assumption that there
exists no isogeny between E; and E;. We prove an upper bound for the number of
specializations of (E, F}) such that the two factors are isogenous, with the assumption
that the height of the parameter ¢ < B. The method relies on constructions of explicit
covers of X (1) x X(1) and results in dimension growth conjecture, as proven in [6].
Moreover, by a proper choice of definition of the height of ¢, this uniform upper bound
depends only on the degree and the height of the parameter. The independence of our
bound is an exciting aspect for possible further applications.

To discuss the results, we first fix the general setting and terminology (see section §2
for more details). Define ¢ to be the map from C' to P? which is a composition of a finite

map via the j-invariant, followed by the Segre embedding:

1:C = X(1) x X(1) = P x P! — P, (1.1.1)

To be precise, the map ¢ sends ¢ to

(Et, Ep) = (5(B), 5(Ep) = (G(E) (Ep)s j(Er); (B 1).

Degrees and heights are computed with respect to this fixed embedding. We prove the

following theorem:

Theorem 1.1.1. Let K be a number field of degree dg. let C' be a rational curve over
K isomorphic to P! which parametrizes a one-dimensional family of pairs of elliptic

curves (E,E"). Let (Ey, E}) be the generic fiber of this family over K(t), and suppose



that there exists no K (t)-isogeny between E; and E;. Let d = deg1*Ops(1) be the degree
of the parameter family C defined with respect to v. Let H(i) be the height of v defined
by the projective height of the coefficients of the defining polynomials of j(E¢) and j(Ej).
Let H : C(K) — R be the projective height defined over K. Define S(B) to be the set

S(B) = {t € O(K)|H(t) < B, there is an Q-isogeny between E; and E}}.

There is an absolute constant M such that for any B > M, we have

|S(B)| <k d4+6(logH(L) + log B)G.

Definition 1.1.2. For a point P, € C' parametrized by ¢t € K, define the height H(FP;)

to be the projective height of 1(P;) € P3.

Note that in Theorem H(t) is the height of ¢ as an element of K. If we change
the definition of the height from H(t¢) to H(P;) and assume that H(P;) < B, then we
get an uniform bound on the number of points ¢ such that F; and E; are geometrically
isogenous. Moreover, this uniform bound only depends on K, the height B, and the

degree of the family.

Theorem 1.1.3. Assume the same hypothesis as in Theorem[3.1.1 Let S'(B) be the set
S'(B) = {t € C(K)|H(P;) < B, there is an Q-isogeny between E; and Ej}.

Then we have

|5"(B)| Sk d*(log B)°.

1.2 Isogeny Classes of Non-Simple Abelian Surfaces over

Finite Fields

Many fundamental problems on Shimura varieties pertain to the behavior of isogeny
classes, for example, the Hecke orbit conjecture and specific questions related to unlikely

intersections. In [24, Theorem 4.1], Shankar and Tsimerman proved an asymptotic



formula for the size of the isogeny class of ordinary elliptic curves over finite fields. As
an application, they proved the existence of a hypersurface in the moduli space X (1)%7°,
which intersects every isogeny class.

A few common strategies exist to obtain asymptotic formulas for the size of isogeny
classes of abelian varieties over finite fields. In particular, when the abelian variety is
ordinary and simple, the inspiring work of Deligne [8] explicitly classified such abelian
varieties over finite fields. Using the classification, one can get bounds for the isogeny
classes of ordinary abelian varieties, for example, [24, Theorem 3.3]. A handful of studies
in this flavor have been performed in more general settings. For example, one may refer
to [18] when the abelian variety is almost-ordinary and geometrically simple and to [4] for
a setting of Hilbert modular varieties. All of the results above depend on the existence
of canonical lifting and classification of abelian varieties over finite fields.

A second way of doing this is to interpret isogeny classes in terms of orbital integrals.
For example, in [2], Achter and Cunningham proved an explicit formula for the size of
the isogeny class of a Hilbert-Blumenthal abelian variety over a finite field. They express
the size of the isogeny class as a product of local orbital integrals on GL(2) and then
evaluate all the relevant orbital integrals. See also [1] where Achter and Williams proved
that for a particular class of simple, ordinary abelian surfaces over F, given by a g-weil
polynomial f, the number of principally polarized abelian surfaces over F, with Weil
polynomial f could be calculated by an infinite product of local factors which can be
calculated by method of orbital integrals.

Throughout this article, (A, A4) is a principally polarized non-simple abelian surface
defined over [y, with the polarization given by A4. Moreover, we assume that A has
the form A = E x Eg;, where E is an ordinary elliptic curve and Fg; is a supersingular
elliptic curve. The endomorphism algebra End°(A) is non-commutative, and there is
no canonical lifting of A. Therefore, we cannot interpret the question as estimating
the size of class groups by using the classification of abelian varieties over finite fields.
Instead, we measure the size of the isogeny class of A defined over F, and describe
how this cardinality is affected by the base change to finite extensions of F, by using

group-theoretical methods.



Before introducing the main theorem, we introduce some notations. Let I(¢", A) be
the set of principally polarized abelian varieties defined over Fy» that are isogenous to A
over F,. Let N(q", A) denote the cardinality of I(¢", A). By interpreting the question
as a classification of finite subgroup schemes, we obtain a lower bound on the number of
principally polarized abelian varieties over Fyn that is isogenous to A over F,. Our main

result is the following.

Theorem 1.2.1. Let (A, \a) be a principally polarized abelian variety over Fy such that
A=FE x Ess. Let K be the quadratic number field such that K = End®(E). Let n be an

integer such that for all prime £ ramified in O, (n,€) # 1. Then
N(qn,A) > qn+0(1)‘

Also, we provide a different approach to count the size of isogeny classes of ordinary
elliptic curves over finite fields, which upper bound is known by Lenstra |14, Proposition

1.19] and Shankar-Tsimerman [24, Theorem 3.3].

Theorem 1.2.2. Let E be an elliptic curve defined over IFy. For a positive density set
of n, we have

N(q",E) — (qn)1/2+0(1).

There is a general conjecture regarding the size of the isogeny class of abelian varieties
over finite fields. Let V(W) be the open Newton stratum of .4, consisting of all abelian
varieties whose Newton polygon is W and let A be a principally polarized abelian variety
in Ay. Recall that the central leaf through A consists of all abelian varieties in N (W)
whose p-divisible group is isomorphic to A[p>]. The isogeny leaf through A is a maximal
irreducible subscheme of A, consisting of abelian varieties A" in N (W) such that A’ is
isogenous to A through an isogeny whose kernel is an iteration extension of the group
scheme . Let dim(CL) be the dimension of the central leaf through A and let dim(/L)

be the dimension of the isogeny leaf through A.

Conjecture 1.2.3. We have

N(g", A) = qn(%—l-dim(lL))—&—o(l)‘



All the previous results we state above satisfy the Conjecture [3.1.3] When A is a
non-simple abelian surface, it is easy to see that the dimension of the central leaf through
A is 2, by the formula of lattice-point count by Shankar and Tsimerman [24, Section
5.2]. The dimension of the isogeny leaf through A is 0. Therefore the conjecture is true

in this case.



Chapter 2

Families of isogenous elliptic

curves ordered by height

2.1 Introduction

Let k be a field. Let X — S be a family of algebraic varieties over k, where S is
irreducible, and let X, be the generic fiber of this family. People care about what
properties of X, extend to other fibers and how we can measure the size of specializations
such that a specific property does not extend. For example, the Hilbert Irreducibility
Theorem says that for a Galois covering X — P" over a number field K, for most of the
rational points ¢ € P"(K) the specializations over t generate a Galois extension with
Galois group G. Moreover, the size of the complement set, which can be considered as
locus of ‘exceptional’ points, can be bounded as in |23].

In [10], Ellenberg, Elsholtz, Hall, and Kowalski studied families of Jacobians of

hyperelliptic curves defined over number fields by affine equations
2 _ 1
y =fz)(z—t), te A,

with the assumption that the generic fiber is geometrically simple. They proved that
the number of geometrically non-simple fibers in this family, with the height of the

parametrizer ¢t < B, is bounded above by a constant C'(f) depending on f. Moreover,



they obtained an effective bound using the analytic method that depends on the primes
dividing the discriminant of f(z) and the genus of the family.

In this paper, we study families of pairs of elliptic curves defined over a rational
curve over a number field K. To be precise, let C' be a rational curve over K isomorphic
to P! which parametrizes a one-dimensional family of pairs of elliptic curves and let
(Ey, E}) be the generic fiber of this family over K (t), with the assumption that there
exists no isogeny between E; and Ej;. We prove an upper bound for the number of
specializations of (E, F}) such that the two factors are isogenous, with the assumption
that the height of the parameter ¢ < B. The method relies on constructions of explicit
covers of X (1) x X(1) and results in dimension growth conjecture, as proven in [6].
Moreover, this uniform upper bound depends only on the degree and height of the
parameter. The independence of our bound is an exciting aspect for possible further
applications.

To discuss the results, we first fix the general setting and terminology (see section §2
for more details). Define ¢ to be the map from C' to P? which is a composition of a finite

map via the j-invariant, followed by the Segre embedding:

1:C = X(1) x X(1) = P! x P! — P, (2.1.1)

To be precise, the map ¢ sends ¢ to

(B, Ep) = (5B, 5(Ep)) = (G(E)F(ELD; 5(Ee); 5 (Ep; 1).

Degrees and heights are computed with respect to this fixed embedding. We prove the

following theorem:

Theorem 2.1.1. Let K be a number field of degree dg. let C' be a rational curve over
K isomorphic to P! which parametrizes a one-dimensional family of pairs of elliptic
curves (E,E"). Let (Ey, E)) be the generic fiber of this family over K(t), and suppose
that there exists no K (t)-isogeny between E; and E). Let d = deg t*Ops(1) be the degree
of the parameter family C defined with respect to v. Let H(v) be the height of v defined

by the projective height of the coefficients of the defining polynomials of j(E;) and j(EY).



Let H : C(K) — R be the projective height defined over K. Define S(B) to be the set
S(B) = {t € O(K)|H(t) < B, there is an Q-isogeny between F; and E}}.

There is an absolute constant M such that for any B > M, we have

|S(B)| <k d4+6(logH(L) + log B)6.

Definition 2.1.2. For a point P, € C' parametrized by ¢ € K, define the height H(FP;)

to be the projective height of +(P;) € P3.

Note that in Theorem H(t) is the height of ¢ as an element of K. If we change
the definition of the height from H(t) to H(P;) and assume that H(P;) < B, then we
get an uniform bound on the number of points ¢ such that F; and E] are geometrically
isogenous. Moreover, this uniform bound only depends on K, the height B, and the

degree of the family.

Theorem 2.1.3. Assume the same hypothesis as in Theorem|3.1.1. Let S’(B) be the set
S'(B) = {t € C(K)|H(P;) < B, there is an Q-isogeny between E; and Ej}.

Then we have

|S'(B)| Sk d(log B)®.

Relations with Unlikely Intersections

Although Theorem indicates the sparsity of isogeny between elliptic curves in a
family, one should emphasize that this is not an unlikely intersection problem on its own.
There are infinitely many ¢ € Q such that E; and E, are isogenous! However, since we
are working over a fixed number field K, this number has to be finite. Nevertheless, one
may consider questions in more generalized settings.

Let S be a GSpin Shimura variety and denote by {Z;}; a sequence of special divisors

on S. Let C'— S be a curve whose generic fiber has mazimal monodromy.
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Definition 2.1.4. Define the set Z(C') to be the intersection of C' with the infinite union
of the special divisors

z(c)=cnlJz.

If C is a curve over C, then the set Z(C) is infinite, which is a classical result dating
back to the 1980s. In the work [15], Maulik, Shankar, and Tang proved a similar result
for curves C over F,. The result also holds if C' = Spec Ox where K is a number field,
as proved by Shankar-Shankar-Tang-Tayou in [25].

Since X (1) x X (1) is a GSpin Shimura variety, one can take the special divisors to
be Z,, = Yy(n), which parametrizes n-isogenous pairs of elliptic curves. Our Theorem

2.1.3 can be reformulated as follows:

Theorem 2.1.5. Let K be a number field of degree di. Let C € X(1) x X(1) be a
rational curve defined over K parametrizing a family of non-isotrivial and generically
non-isogenous elliptic curves. Let d be the projective degree of C' defined by 1. For a

positive integer B define the set Z(C; B) to be the set of K-valued points on C such that

Z(C;B) = {z € Z(C) | H(u(z)) < B}.

We have
1Z(C; B)| Sk d*(log B)®.

The discussion above suggests the following question (which we do not claim to know

the answer to):

Question: Suppose C is a curve defined over Q and let Z(C; B) denote the set of
Q-valued points in Z(C) whose absolute height is bounded above by B. One may ask if
Z(C; B) is finite. If this is the case, can we get an upper bound in terms of the bounded
height B?

Non-simple abelian varieties in a family

Theorem [3.1.1] can be considered as a generalization of the results from Ellenberg,

Elsholtz, Hall, and Kowalski. In work in progress, we hope to generalize their main
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results [10, Theorem A, Theorem B] to any family of abelian varieties parametrized by
an irreducible rational curve. To be explicit, let X € A,/Q be a curve that parametrizes
a 1-dimensional family of abelian varieties where we denote by A, the fiber of this family
over x € X. Let d be the projective degree of X. We aim to obtain a uniform bound
for the number of x € X (Q) such that A, is geometrically non-simple, using a method
similar to what we use in this article. By contrast, all upper bounds for the number
of non-simple fibers studied in previous literature depend on X, and a uniform upper
bound that does not depend on X would follow inexplicitly from Lang’s conjecture via

the result of Caporaso-Harris-Mazur [5], as explained in [10].

Organization of the paper. In §2, we recall the notion of heights on projective spaces,
Hecke correspondence, the modular diagonal quotient surfaces, and some results on the
dimension growth conjectures, which we will use later. In §3, we interpret the counting
problem into counting rational points on projective curves with certain level structures
and construct ‘nice’ Galois covers that capture the information of being isogenous. In §4,
we construct certain projective embeddings with respect to the covers in §3, such that
the dimension growth conjecture applies. In §5, we give an upper bound on the change
of heights between covers so that one can bound the height of the lifting points. Finally,
we prove Theorem and Theorem in §6.

2.2 Preliminaries

This section introduces the notations, definitions, and geometric objects for future use.
Also, we recall some results in arithmetic geometry, primarily a result of the dimension
growth conjectures, that play an essential role in our proofs.

Let C be a rational curve over K isomorphic to P! parametrizing a one-dimensional
family of pairs of elliptic curves, and let (Ey, E]) be the generic fiber of this family over
K (t), with the assumption that there exists no isogeny between E; and E;. Without loss

of generality, one may write E; and Ej in the Weierstrass form

Ei:y? =23 + f(t)x + g(t) (2.2.1)
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E =23+ f )z +d 1) (2.2.2)

where f(t), g(t), f'(t) and ¢'(t) are rational functions over K. Therefore, the j-invariants

of Ey and E}, denoted by j(E;) and j(E'), are also rational functions.

2.1. Heights of points. For a rational point a € K, define the height H(a) of a to be
H(a):= J] max{1,|al,} 0
vEME
where n, = [K, : Qy].
The height of a K-rational point P € P" with homogeneous coordinates P =

(zg,- -+ ,xp) is defined to be

H(P)= [] max{|zolo, -, |za]u} T
vEMK

where n, = [K, : Q,]. Recall that we define ¢ to be the map obtained via the j-invariant
and via the Segre embedding in P2, see (2.1.1)).
Recall the definition of H(F;) in Definition The following lemma indicates that

H(P) = H(J(Et)>H(J(E£))
Lemma 2.2.1. Let o, be the Segre embedding of n-copies of P!

on: P! x P x ... x Pl — P21

n-times

such that for a point (z1, - ,xn) € P x --- x P!

on(z1, - xn) = ( H i, H Ty * " Tip yyee s Tlyeney Ty L)

1<i<n 11 <tg < <ip—1

Let H(.) be the projective height defined above. We have

H(op(x1,++ yx0)) = H(z1) - H(xy).
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Proof. By definition of the projective height,
H(O-n(x:h e 7$n)) == H ma‘X{| H xi|’l)7 Ty ’x1|’l)7 Ty ’xn’va 1}m
vEM K 1<i<n
and

H(z1) - H(zy) = H {maX{17|$1’v}"-max{l,|xn|v}}[;<17}b]_
vEM K

A direct observation shows that for each v € M,

max({| H Ziloy 5 |T1]w, oy [Tnlw, 1} = max{1, |z1]y} - - - max{1l, |zy|s }-
1<i<n

2.2. The modular diagonal quotient surfaces. Later in this article, we will define
the modular surface X (m) (see (2.3.1)) that lies in a special family, called the modular
diagonal quotient surfaces, which arise naturally as the (coarse) moduli space to the
moduli problem that classifies isomorphisms between mod m Galois representations
attached to pairs of elliptic curves E/K.

The modular curve X (m) is a Galois cover of X (1) with Galois group
G = SLy(Z/mZ)/{£1}.

Let € be an element in (Z/mZ)*. Let a, be the automorphism of G defined by conjugation
with Qc = (§1), i.e. ae(g) = QegQ.'. The product surface X (m) x X (m) carries an
action of the twisted diagonal subgroup of SLo(Z/mZ) x SLa(Z/mZ) defined by

ac: Ac={(g,0¢(9)) : g € G}.

Definition 2.2.2. The twisted diagonal quotient surface defined by «. is the quotient
surface X¢ := A\ X (m) x X (m) obtained by the action of A..

X, can be viewed as the moduli space of the triple (F1, E2,Q), where

Q : Er[p] = Ex[p]

multiplies the Weil pairing by e.
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The modular diagonal quotient surfaces and their modular interpretation are widely

used in studying Mazur’s question|16] [11], Frey’s conjecture[Fre97], and so on.

2.3. Uniform bound for points of bounded height on curves.

Let X be an irreducible projective curve defined over a number field K with a degree
d embedding into P". Denote by N (X, B) the set of K-rational points on X C P" of
projective heights at most B. Heath-Brown proved a uniform bound for rational points

on a curve X with bounded height in |13, Theorem 5], which addresses that
N(X,B) < O(B¥d+),

The result on irreducible projective curves with the removal of the term B€ without
needing log B was proved by Walsh in [28], using a combination of the determinant
method based on the p-adic approximation introduced by Heath-Brown [13] with the
method due to Ellenberg and Venkatesh in [9]. The uniform upper bound on N (X, B)
with an explicit term of polynomial growth depends on d was proved by Castryck,

Cluckers, Dittmann, and Nguyen [6]:

Theorem 2.2.3. [6, Theorem 2] Given n > 1, there ezists a constant ¢ = c¢(n) such that

for all d > 0 and all integral projective curves X € Po of degree d and all B > 1 one has

IN(X,B)| < cd*B*1,

A year later, Paredes and Sasyk [19] extended the work of Castryck, Cluckers,
Dittmann, and Nguyen to give uniform estimates for the number of rational points of
bounded height on projective varieties defined over global fields. More precisely, they

proved the following extension of |6, Theorem 2] to global fields.

Theorem 2.2.4. (19, Theorem 1.8] Let K be a global field of degree dy. Let H be the
absolute projective multiplicative height. For any integral projective curve C' C }P’% of
degree d it holds

d*B—d  if K is a number field,
{z € C(K): H(z) < B} <k.n

BB if K is a function field.
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We will discuss this result in section §6, where we apply it.

2.3 Construct Galois Covering with Level Structures

In this section, we construct ‘nice’ Galois coverings of X (1) x X (1) with level structures.
To be precise, for a large enough rational prime m, these are quotients of X (m) x X (m)
by certain kinds of subgroups of SLo(Z/mZ) x SLy(Z/mZ), with the property that one
can lift a point ¢t € S(B) to one of the quotients. In other words, the Galois coverings
capture points that parametrize isogenous pairs (E}, F}) in the family. The main theorem

in this section is Lemma [2.3.11]

We assume that m is a rational prime such that m > M’ = max{17, M;} for some
absolute integer M defined in Theorem Also we want m to be a prime between
2(log(d + 1) + log H(¢) + log B)% and 4(log(d + 1) + log H(¢) + log B)% once we fix
B, which we will make precise in §6. This condition implies that we need to assume

4(log(d+1) +log H(¢) + log B)% > M’ and thus we can always assume B is greater than

M

the absolute integer M = (7 ) to make everything go through. Let X (m) x X(m) be
the surface parametrizing 4-tuples (E, E', ¢, ¢'), where E; and Ej are elliptic curves and

¢, ¢’ are m-level structures, i.e.

¢ : E[m] — (Z/mZ)%, ¢ : E'lm] — (Z/mZ)?

are isomorphisms of group schemes preserving the Weil pairing. Let H be a subgroup of

SLy(Z/mZ) x SLa(Z/mZ) and define Xp to be the quotient

Xg = (X(m) x X(m))/H. (2.3.1)

p-torsion monodromy representations and the lifting criterion. Let F be an

elliptic curve over a number field K and let p be a prime. Denote by

pEp: Gk — Aut(Ep])
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the p-torsion Galois representation associated to the p-torsion points E[p] of the elliptic
curve E. Tt is a standard fact that the elliptic curve E/K admits an isogeny of degree p
defined over K if and only if the image pg, (Gk) is contained in a Borel subgroup of
Aut(E[p]). If E/K and E'/K are related by an isogeny over K of degree coprime to p,
then this isogeny induces a Gg-module isomorphism E|[p| ~ E’[p], which identifies the
images pgp (Gk) and pgr ,(Gk) up to change of basis. See [21] for an explicit description
of the images of p-torsion Galois representations attached to the product of two isogenous

elliptic curves with an isogeny of degree p.

Definition 2.3.1. Define Ha to be the image of the diagonal map

A SLy(Z/mZ) — SLa(Z/mZ) x SLa(Z/mZ).

We will prove, in Proposition that there exists an isogeny ¢ : Ey — E; defined
over Q if and only if the monodromy of the p-torsion Galois representation on Ey[p] x E}[p]
is contained in a group Ha, which contains Ha as an index 2 subgroup for all but finitely

many p.

Remark 2.3.2. 1t is a classical result that for elliptic curves defined over a number field
K, there are finitely many j-invariants with complex multiplication in K. Denote this
number by C'(K). We need to bound the number of points P; on C' whose j-invariant
lies in this set. There are at most C'(K)? points P; € C such that «(P;) = (j(E:),5(E}))
contains CM j-invariants. Therefore in our setting, we can discard them and focus on

pairs of elliptic curves without complex multiplication.

Lemma 2.3.3. Let E; and FEy be two elliptic curves without complexr multiplication
over a number field K. If there exists an isogeny ¢ : E1 — E5 defined over K then the

p-torsion Galois representation of Fy X Fo
Gal(K/K) — GLs(F,) x GLo(F,)

has image conjugate to Ha for primes p not dividing the degree of ¢.

Proof. First, by Serre’s open image theorem, the p-torsionGalois representation of each
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factor

Gal(K) — GLo(F))

is surjective for all large enough primes p.

Suppose E1/K and E9/K are related by an isogeny over K of degree d, then for all
primes p 1 d this isogeny induces a Gx-module isomorphism from FEj[p] to Es[p], which
identifies the images pg, , (Gk) and pg, ,(Gk). The lemma follows.

O]

Note that Lemma [2.3.3]is a result of pairs of elliptic curves over number fields. Later
in the proof of Proposition we need to use the result over the function field K ()
that classifies elliptic curves up to isogeny by their p-torsion Galois representations. We

present a beautiful theorem by Bakker and Tsimerman [3, Theorem 1].

Theorem 2.3.4. Let k be an algebraically closed field of characteristic 0. For any N > 0,
there exists My > 0 such that for any prime p > My and any smooth quasi-projective
curve U of gonality n < N, non-isotrivial elliptic curves £ over U are classified up to

isogeny by their p-torsion local system E[p].

Definition 2.3.5. Let Ha be the maximal subgroup of SLy(Z/mZ) x SLo(Z/mZ) that

contains Ha as an index 2 subgroup.

The following lemma, together with the fact that if F'is a field with more than 5
elements then the only proper normal subgroup of SLo(F) is the group {£1}, proves
that Ha is the unique proper subgroup of SLy(Z/mZ) x SLy(Z/mZ) that contains Ha

as an index 2 subgroup.

Lemma 2.3.6. Let A be a group and let G = A x A. Define A = {(a,a) | a € A} as the
diagonal subgroup of G. If A < H < G then there exists a normal subgroup N of A such
that H = {(g,h) € G | gh=* € N}

Proof. Let N = {h € A| (h,1) € H} be a subgroup of G. We claim that N is the
desired normal subgroup. Indeed, for any a € A and (h,1) € H, we have (aha™1,1) =

(a,a)(h,1)(a"!,a=!) € H, therefore N is a normal subgroup of A.
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For any a,a’ € A, we have (aa’~%,1)(a’,a’) = (a,d’). Therefore (a,a’) € H is and

only if (aa’~!,1) € H, if and only if aa’~! € A by the definition of A. O

Proposition 2.3.7. Let E| and Es be elliptic curves without complex multiplication
over Q. There exists an isogeny ¢ : E1 — Ey defined over Q if and only if the p-torsion
Galois representation

Gal(Q/Q) — GLy(F,) x GLy(F,)

has image contained Hn, for all primes p not dividing the degree of .

Proof. We need the following lemma:

Lemma 2.3.8. Let F1, Eo be elliptic curves without complex multiplication defined over
a number field K. If E1 and Ey are isogenous over Q then there exists a quadratic twist

of Es that is isogenous to E1 over K.

Suppose there exists an isogeny ¢ : E; — FE3 over Q then by Lemma and
Lemma there is a quadratic extension L/K such that G has diagonal image
in GLy(F,) x GL2(F,). Therefore the image of Gk is contained in a subgroup of
GLy(F,) x GL2(F),) which contains Ha as an index 2 subgroup. For the other direction,
we take the preimage of the Ha, which can be written in the form G g for some number
field F, that is quadratic over K. By Proposition 2.19, there is an isogeny ¢ : 1 — FEs

defined over F' which completes the proof.
O

Proof of Lemma[2.3.8. Let ¢ : By — E» be an isogeny over Q and Gk = Gal(Q/K).
For every g € G@/K, 09 = [a(g)] o p is another isogeny E; — Es of the same degree as
. Here we define « : G@ /K R be a character on G@ K Since for all elliptic curves
without complex multiplication over Q, there exists a cyclic isogeny ¢ : Ey — Ey up to
sign and all other isogenies ¢ from E; to F5 can be written as ) = ¢ o [m] for some
integer m, we have a(g) = £1. Hence a(g) is a quadratic character and there exists
d € K* such that o(g) = g(v/d)/v/d. Thus the quadratic twist of Ey by d is the desired

twist.
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Definition 2.3.9. Let H, := H; x Hy, where H; and Hj (possibly H; = Hj) are

maximal parabolic subgroups of SLy(Z/mZ).

Remark 2.3.10. All maximal parabolic subgroups of SLs(Z/mZ) are in the same conju-
gacy class. Therefore the covers constructed in this way are all isomorphic to each other.

If t € S(B) lifts to one, it lifts to all.

Lemma 2.3.11. Any rational point t € S(B) for some B admits a lifting to one of the

congruence covers: Xp (K) or Xpg,(K) .

Proof. By the argument above, when there is a K-isogeny of degree m 1 d, it induces
a G -isomorphism Ei[m| ~ Ej[m| which implies an isomorphism of the mod m Galois
images, up to a change of basis given by conjugating by an element (1,g) € SLy(Z/mZ).
Applying Proposition we get the conclusion that if m does not divide the degree
of the isogeny, the Galois image lies in Ha. As for the rest of the lemma, when d = m,
we have the Galois image of the m-torsion monodromy representation of both F; and
Es contained in a Borel subgroup of SLy(Z/mZ). Since any Borel subgroup is maximal

parabolic in SLy(Z/mZ), this proves lemma [2.3.11] O

2.4 Geometric Interpretation and Projective Embeddings

In this section, we explore the geometric interpretation of the question and construct
projective embeddings, which allow us to transform the question into counting rational

points with bounded height in projective spaces.

Definition 2.4.1. Let H be a subgroup of SLy(Z/mZ) x SLa2(Z/mZ) such that H
is either ﬁA or H,. Define Cy to be the lifting of C' to the modular surface Xy :=

X(m) x X(m)/H, which is given by the pullback of the following diagram.

Cg — Xy

| l

C —— X(1) x X(1)
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2.4.1 The curve C}y is integral

In order to apply the result by Paredes and Sasyk, we need to prove that the lifting C'ir

of C is integral for large enough m. We need the following Goursat’s lemma:

Lemma 2.4.2. [12, Theorem 5.5.1] Let G and H be groups, and let K be a subdirect
product of G and H; that is, K < G x H, and 7¢(K) = G,mg(K) = H, where ng and
mg are the projections onto the first and second factor, respectively from G x H. Let
N1 = K Nker (ng) and Ny = K Nker (rg). Then Na can be identified with a normal
subgroup Ng of G, N1 can be identified with a normal subgroup Ng of H, and the image
of K in G/Ng x H/Ny is the graph of an isomorphism G/Ng = H/Ny.

Proof. See [12, Theorem 5.5.1].

Also, we prove the following proposition:

Proposition 2.4.3. For all m > 17, the Galois image of the p-torsion monodromy

representation of Eym] and Ej[m] in the generic fiber is SLa(Z/mZ).

Proof. Suppose the Galois image of the m-torsion monodromy representation is some
proper subgroup G of SLy(Z/mZ). Then we have a dominant map f : C — X(m)/G.
Since the genus of C' is zero, this implies that the genus of the modular curve X (m)/G
is zero.

Let N'(m) be the quantity such that

N(m) := min{genus(X (m)/G) | G € SL2(Z/mZ), G maximal}.

Cojocaru and Hall proved the genus formula for X (m)/G for all possible maximal
subgroup G of SLy(Z/mZ), which is summarized in a table |7, Table 2.1]. Moreover,
they proved that

N(m) = 112 [ — (6 + 3¢5 + deg)] > 0

for m > 17. The proposition follows. O
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Now we are ready to prove that Cp is irreducible. This follows as a consequence of

Proposition [2.4.3
Lemma 2.4.4. For each choice of H, the curve Cy is integral.

Proof. We have the covering map ¢ : U — U where U is the connected dense open subset
of C' parametrizing smooth points. Later in the proof of Proposition [2.4.9] we showed that
the Galois image of the m-torsion monodromy representation of 71 (U) is the full group
SLo(Z/mZ) x SLa(Z/mZ), by using Proposition and Lemma Therefore the
monodromy of 71 (U) acts transitively on the right cosets SLa(Z/mZ) x SLa(Z/mZ)/H,
which implies that the cover C'y is connected for both H = Ha and H = H,. The
lemma follows by the fact that the quotient space of a connected space is connected.

O

2.4.2 Construct projective embeddings

In this subsection, we give an explicit construction of projective embeddings of Cpy,
denoted by tzr. We make the following diagram commute for each case’s choice of N € Z.

Here the rational map PV --» P3 is a projection of coordinates of PV,

Cy — PN
ql (2.4.1)
C —— IP’\;’.

Case I: The modular diagonal quotient surfaces.

Recall the definition of the modular diagonal quotient surfaces in §2.4. In our
case where ¢ = 1, Xp,(m)(K) has the moduli interpretation that it is the set of
isomorphism classes of triples (F1, E2,%), where Ej, Ey are elliptic curves over K and
Y : B1[m] = Eo[m] is an isomorphism of the m-torsion subgroups of the elliptic curves
which preserves the Weil pairing. Let ¢ be a rational point of C'(K) such that there
exists a point (E, E}, v : Eyfm] = E{[m]) which is a point of Xp, (m)(K). One may

notice that it is not obvious that C 1, 18 connected, and we will address this point in

Lemma 2.4.41
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We now define some functions on C ~in order to apply the result from [6] and to
bound the number of points on C fn
For a fixed t € K, there is a list of elliptic curves isogenous to E; through cyclic

isogenies of degree m given by the list of cyclic subgroups of E;[m], say

Et,17 e 7Et,m+1-

Similarly we have a list of m-cyclic subgroups of Ej[m| parametrizing the m-cyclic

isogenies of Ej, with the corresponding list of elliptic curves isogenous to Ej:

/ /
Et,h e 7Et,m+1'

Remark 2.4.5. These isogenies will most likely not be defined over K unless E;[m| or
Ej[m] has a rational cyclic subgroup. Even then, most of them will not be defined over

K.

For each point (Ey, El, 1)) on C, we have m + 1 cyclic subgroups of E;[m] and m + 1
cyclic subgroups of Ej[m| which can be placed in natural bijection with each other under
). We can re-order the lists for Fy such that Fy; is in correspondence with Ej ; and so

on.

Definition 2.4.6. Let F' be a function defined on Xf{A given by

F(Ey, B b)) = §(Br1)i(Epq) + -+ 5 (Bems1) 3 (Bt pg)-

Lemma 2.4.7. F is defined over Q. Moreover, F' is an element of the function field

Q(Xp,)-
Proof. For any g € Gal(Q/Q), t € Q, denote by (¢,1) one of the preimages on X,
F((t,9)7) = 5 (B i) (Bro i) = S5 (G (Bea)i (B )

The second equality holds since Y9 = 1) and for an arbitrary 1 < < m + 1, there is a
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unique k such that
(G (Eq))? = j(Eer)

and once we fix 1, it is also true that

((E))? = 3 (Eiy)

for the same k.

Definition 2.4.8. Define L%IA : OHA — P! x P! x P! to be the function given by

[‘lgA((EhEéaw)) = (F(Et7E£7¢)7](Et)7j(E£))

Proposition 2.4.9. For m > 17, L%IA is generically an embedding of CFIA into P! x
P! x P'. This is equivalent to saying that the subfield M C K(CﬁA) generated by j(Ey),

J(E}) and F is the whole function field.

The proof of Proposition [2.4.9] splits into two parts. The first part is to show that M
is not contained in K (C). The second part is to show there is no intermediate extension
between K(C) and K(Cp, ), so that K(C) € M C K(Cy,) and M # K(C) implies
M =K(C ﬁA)'

First, we present some representation theoretical lemma which we will use later.
Let G be a finite group and let V and V’ be permutation representations of G of the
same dimension, such that G' acts 2-transitively on some finite sets by V and V’. It is
a standard fact that the corresponding representation V(resp. V') is the direct sum of
the trivial representation and an irreducible representation whose coordinates sum to 0.
Denote the irreducible representation by Vj(resp. Vjj). We prove that if v € V, o' € V/
such that (v,v’) = (v, (v)9) for any g € G, then either v or v/ is fixed by G. We first

prove the following lemma.
Lemma 2.4.10. Ifv € V (resp. v' € V') is not in the trivial representation generated by
[1,--, 1), the set {v —v9}(resp. {v/ — (v')9}), as g ranges over G, span the space of

all vectors in Vg (resp. Vj ).
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Proof. Let Wy (resp. W,) be the subspace Span{v — v9}(resp. Span{(v') — (v")9}) as
g ranges over (G. We claim that W, is a sub-representation of V{, the irreducible
representation of the permutation representation given by the condition that the sum of

the coordinates equals 0. Indeed, for any v € W, 0,7 € G, one have
(v=v))" =v" =07 =(v—0v7") = (v—20").
The lemma follows from the face that Vj(resp. Vj) is irreducible. O

Lemma 2.4.11. Ifv € V, V' € V' such that (v,v") = (v, (V')9) for any g € G, then

either v or v’ is fized by G.

Proof. If (v,v") = (v, (v")9) for all g € G, then
(v,(v) = ()7) =0

for all g € G.

If W, =0, then v' = (v')9 for any g € G thus v’ is fixed by G. If W, # 0, by lemma
v" — (v')9 span the space V{ which is the orthogonal complement of the trivial
representation. Therefore

veWh=C(1, 17,

thus fixed by G.

Now we apply Lemma [2.4.11] to the case where G = SLy(Z/mZ) and where V and
V' are m + 1 dimensional representations of SLy(Z/mZ) spanned by vectors v; and v}
respectively, as t ranges over C. For t € C such that F; and E; are both non-singular,

define v; and v; by

v = (§(Ee1)s 55 (Brmtt)) (2.4.2)

Ug = (]( 2,1)’ e 7.]( é,m—l—l))' (243)
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It is easy to see that V and V' are permutation representations of SLo(Z/mZ) by its
transitive action on the basis.

Recall the definition of F' in We may also write F' as an inner product:

F(Ei, Ej,¢) = (v, v;) = §(Er1)j(Eiq) + - + §(Brms1) 3 (Bt i)-

Note that F' is defined on C by restriction, but SLo(Z/mZ) x SLa(Z/mZ) does not
act on C 1, By Lemma m C i 18 connected, we define C’ as the Galois closure of
C 1, over C. This is equivalent to saying that C’ is the pullback of C all the way to
X (m) x X(m), see diagram Therefore the pullback of F' to X (m) x X (m) is a

function on C’ with F° = F for all o € Ha. We prove that F is not defined on C.

C'—— X(m) x X(m)

| |

Cpy — X(m) x X(m)/Ha (2.4.4)

| !

C— X(1) x X(1).

Lemma 2.4.12. F is not defined on C'.

Proof. For each v € SLa(Z/mZ), the action of v on F' is given by

F(EtvElia,(b)’Y = <Ut7 (Ug)7>
If F is defined on C, then for every v € SLo(Z/mZ) we have F?' = F therefore
(v, v;) = (v, (v})7). By Lemma [2.4.11] either v; or v} is fixed by SLo(Z/mZ). But this
implies either

J(Eea) =+ = j(Etm+1)
or

J(Eiy) == (B mi1)

Since there exists ¢ € C such that F; and FE} are both non-CM elliptic curves, this cannot

happen. Therefore F' cannot be defined on C.
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Now we are ready to prove the generic injectivity of L/HA. We show no intermediate

cover exists between C' and C' by an argument using monodromy.

Proof of Proposition[2.4.9. By lemma[2.4.11] we have the argument that F' is not defined
on C.

Recall that C'z  is defined to be the cover of C' constructed by pulling back C' —
X (1) x X(1) in the previous context. Let U C C be the dense open locus parametrizing
smooth points, i.e., pairs of genuine elliptic curves. The étale fundamental group 1 (U)
is a quotient of the absolute Galois group of K (t), which acts on the m-torsion of the
generic fiber, say Ei[m] and E}[m], in the usual Galois way. Proposition asserts

that for m > 17, the map
pm T (U) = SLa(Z/mZ) x SLa(Z/mZ)
is surjective on each of the two factors. Therefore the reduction map
pm : T (U) = PSLa(Z/mZ) x PSLy(Z/mZ)

is surjective on each factor. For m > 5, the projective special linear group PSLs(Z/mZ) =
SLy(Z/mZ)/{£1} is simple. By assumption, the generic fiber E; and E; of the family
are not isogenous. Therefore by the work of Bakker and Tsimerman [3, Theorem 1], there
exists an absolute constant M; such that for any prime m > M, the image of p,, on
each of the factors is non-isomorphic. Hence the inequivalence condition in Lemma, [2.4.2
is satisfied. Lemma leads to the conclusion that the Galois image of the m-torsion
monodromy representation of 71 (U) is full in PSLy(Z/mZ) x PSLy(Z/mZ).

We prove that there is no intermediate cover between C' in and C. Suppose there is
a curve X such that

Cy, > X —=C

with all maps of degrees greater than 1. Since the connected covering space of C' is in
bijection with the subgroups of 71(C'), X corresponds to a proper subgroup H' strictly
containing Ha. However, Ha is a maximal subgroup of PSLy(Z/mZ) x PSLy(Z/mZ),

which implies that X is isomorphic to C T contradiction. Therefore C ia is birational
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!/

R which proves the proposition. O

to its image under ¢

We have constructed a generic embedding L}{A of C 1, into a product of projective
lines from the argument above. Composing with the Segre embedding, we get a generic

embedding of C' i1, into P7, denoted by ¢ Aa-

v, 1 Cpy = PP X P x Pt PV
One notice that ¢ fa fits into the diagram at the beginning of this chapter, with

N=T.

Case II: the maximal parabolic quotient surfaces. When H = H, which is a
product of maximal parabolic subgroups, the quotient X (m) x X (m)/H is isomorphic to
Xo(m) x Xo(m). The corresponding projective embedding ¢z, can be constructed in the
context of Hecke correspondence of level SLo(Z/mZ) followed by the Segre embedding,

as following;:

v, Xo(m) x Xo(m) = P! x P! x P! x P! — P'°. (2.4.5)

To be explicit, for a point P, = (E;, E, E;, EN'Q) that lifts P, = (Fy, F}), where E; and
E, are linked by a cyclic isogeny of degree m and same for E; and Eé, one may write

LHp as

vy © (Er, By, B E)) — j(Ey) x §(Ey) x j(E}) x j(E})
= (GE)F(EDF(ENGELD; - 3 (Ee); 5 (Ee): 5B 5(ED; 1).

In this case, we choose N = 15 in diagram [2.4.1

2.5 Bound for the Change of Heights

In this section, we give an upper bound on the height of a point in Cy(K) lying over a

point P, € C(K), in terms of the height H(¢) and the level m. The main theorem of this
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section is Proposition [2.5.4]

5.1. Hecke correspondence and modular polynomials. Modular polynomials
of elliptic curves, the so-called ’elliptic modular polynomials,” are the most common
and simplest examples of modular equations. For a positive integer m, the classical
modular polynomial ®,, is the minimal polynomial of j(mz) over C(j). In other words
we have ®,,(j(mz),j(z)) = 0. The bivariate polynomial ®,,(X,Y’) is symmetric of degree
(m) =m Hp‘m(l +p~ 1) in both variables, and its coefficients grow super-exponentially
in m. The modular curve Yy(m) is birational to its image in P* x P! with ®,, an equation
for this image. The graph of ®,, describes the Hecke correspondence such that there

exists a cyclic isogeny of degree m between projections onto each copy of P!.

For elliptic curves F7 and Es linked with a cyclic isogeny of order m, we aim to find
an upper bound for the height H(j(E1)), in terms of H(j(E2)) and the coefficients of

®,,,. This has been worked out by Pazuki in [20].

Theorem 2.5.1. [20, Theorem 1.1] Let p : E1 — Es be a Q-isogeny between two elliptic

curves defined over Q. Let j1 and jo be the respective j-invariants. Then one has

|h(j1) — h(j2)] < 9.204 + 12logdeg ¢

where h(.) denotes the absolute logarithmic Weil height.
Theorem leads to the following corollary:

Corollary 2.5.2. Let ¢ : By — E5 be a Q-isogeny between two elliptic curves defined
over Q which is cyclic of degree m. Let j1 and ja be the respective j-invariants. Then
one has

H(j1) < Am"H(j2)

for some absolute constant A. Here H(.) denotes the projective height.

5.2. Bounding change of heights. We prove an upper bound on the product of

heights, which we will use later.
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Lemma 2.5.3. Let d be the projective degree of C' under the embedding ¢, see . Let
H(1) be the height of v defined by the height of the coefficients of the defining polynomials
of j(Ey) and j(E}). Then for every t € K with H(t) < B, we have

H(P,) < (d+1)H(1)B
Proof. By Lemma [2.2.1] we have
H(P) = H(j(E))H(j(E)).

The lemma then follows from [26, VIII, Theorem 5.6] , which asserts that when there is

a map of degree d between two projective spaces, say

F:P™ — PM,

then for all points P € P™(Q) there are positive constant C; and Co depending on F
such that

C1H(P)Y < H(F(P)) < CoH(P)®.

Write F' = [fo,- -, far] using homogeneous polynomials f; having no common zeros.
Let H(F') be the height of F' defined by the height of the coefficients of f;. The constant
Cy and Cy can be explicitly calculated in terms of M, m and H(F'). Especially, we can
let C) = (mnrd)H (F). The lemma follows from the assumption that F' = ¢, m = 1 and

M = 3.

By Lemma [2.3.11] for our choice of m € Z, a rational point ¢ € C'(K) with ¢ € S(B)
for some B lifts to a rational point on one of the covers CﬁA C Xf{A or C’Hp C Xpu,. We

have the following proposition:

Proposition 2.5.4. Fix m € N. Let t € K be a rational point such that t € S(B) for
some B. Let P, denote the point on C parametrized by t, and denote by P; a lifting of
P; to one of the covers Cy in Lemma|2.3.11, Let H(vg(P;)) denote the projective height

of P, with respect to vy.
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If H = Hp, then

H(LH(Pt)) < (m + 1)m24(m+1)A2(m+1)((d + 1)H(L))m+2Bd(m+2)_

If H = Hy, then

H(eg(Py)) < m?(d+1)*H(1)*B*.

Proof. Case 1: P, lifts to éﬁA (K)

As noted above, passing to the quotient C 71, We have ¢ fia embeds C' 71, into P7 by
composing L;~{A with the Segre embedding. A point P, = (Ey, Ej, v : Eifm] = Ej[m])
that is a lift of P; = (F}, E}) embedded into P7 as following:

(Bt B ) = F x j(Ey) x §(By) < [Fj(E)j(Ey), Fj(Ey), Fj(Eyp),--- ,1].

Since our ultimate goal is to count rational points parametrized by ¢t € K, we need a

formula relating the height of 1 (P;) with heights of F, j(E;) and j(E!). By Lemma

2.2.1] we have

H(ep(Fy)) = H(F)H(§(Ey))H (5 (E))- (2.5.1)

Let ¢ be an integer between 1 and m + 1 such that

HG(B)I(B) = | max | H(Bu)i(Ey).

By Definition and Corollary and Lemma together with the fact that for

any avﬁval"'aTe@7

H(af) < H(a)H(B)

and

H(ay+--ap) <rH(ay) - H(ap),

we have
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H(F) = H(j(Ee1)i(E1) + -+ §(Btmt1) i (B 1) (2.5.2)
< (m+ D) H((Bri)) ™ H (i (B )™ (2.5.3)
< (m 4 Dm0 HD A [ (B ) H (G ()™ (2.5.4)
< (m 4 1)ym2Am+D A2m+D (g 4 1) H (1)) BAm+D) (2.5.5)

The constant A comes from Corollary and the first part of the lemma follows from

@.5.1).

Case 2: P, lifts to one of the maximal parabolic quotient surfaces
Recall the definition of H, (2.3.9) and ¢y, (2.4.5). As in the previous case, Lemma
2:2.1] implies that

H(ug,(P) = H(j(E))H(j(E))H (i (E})H(j(E})

By Corollary and Lemma where E} is m-isogenous to E; and E{ is m-isogenous

to EjJ, we have

H(um, (P)) < m**(d +1)2H (1) B*.

2.6 Proof of the Main Theorems

2.6.1 Proof of Theorem [3.1.1]

The previous sections show that for a rational point P, on C, we have two types of
possible liftings to some modular surfaces with m-level structures. Accordingly, we divide
the proof of Theorem into two parts and analyze each part’s contribution to |S(B)|.
We make optimization of m in terms of the height B of ¢ as.

Case 1: Contributions from modular diagonal quotient surfaces.
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Recall that we have the following commutative diagram:

L/

Cpp, —25 P x P! x pt 88 pr
o |
C——— P xPl —— P3
Let ¢z, be the composition of L/FIA with the Segre embedding. In order to apply
Theorem we bound the degree of ¢ fns which depends on m and the projective
degree of C.
Let degcHA (F) be the degree of I as a function on C'g . The degree of the function
Vz on Cp  can be viewed as a tridegree, which we denote by (degcﬂrA (F),e,e). When

Ha

we pass to P7 by compose with the Segre embedding, we have
tig, = deg(F) +e+e.

Here e denotes the degree of the function j(E;) on C, and €’ is the degree of j(E;) on
C 71, Let a be the degree of the cover ¢ and let dg be the degree of the j-invariant map

C — P!. Therefore e = adp. Similarly, we have ¢/ = adp. Therefore
deg(t,) > e+ ¢ =a(dg+dp) = ad.

The degree of ¢ is equal to the index of Ha inside the Galois group G = SLo(Z/mZ) %
SLs(Z/mZ). We have

a=[G: Ha] = m3(1 - %) — m(m + D) (m - 1).

Therefore

deg(tiz,) = m(m+1)(m — 1)d.

In order to get an upper bound of deg(c FIA)’ we need an upper bound for the degree
of F' over Cp, . Recall from diagram (' is the Galois closure of C 71, over C and

the function F' is defined to be

F=3(E1)j(Eiq) + -+ §(Brme1)i (Bt i)
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The individual terms j(E;) and j(E};) are defined on C’, instead of on O . A
point on C” is a product of triples (E;, P,G) x (E;, P',G"), where P(resp. P’) is a point
of Ey[m](resp. Ej[m]) and G(resp. G’) is a cyclic subgroup of E;[m](resp. E;[m]). Fix
a j-invariant z, the degree of j(Ey;)(resp. j(£};)) is the number of points on C’ such
that j(F:/G) = x. As long as E; and EJ) is not CM, there are m + 1 j-invariants which
are m-isogenous to x and there are dg points on C' mapping to each of those (m + 1)
j-invariants. Hence the degree dege (j(£¢,i))(vesp. dege(j(Ey;))) for each 1 <i <m + 1
is (m + 1)dg(resp. (m+ 1)dgr).

The argument above, together with the fact that if f and g are functions on a curve

X then

deg(f + g) < deg(f) + deg(yg)

and

deg(fg) < deg(f) + deg(g),

yields that

dege,, (F) < dege(F) < (m+1)%d.
Hence we get an upper bound on the degree of ¢ fa which is
deg(tgz,) < (m(m+1)(m—1) 4+ (m+ 1)%)d.
We can write the argument in the paragraph above in a lemma:

Lemma 2.6.1.
m(m+1)(m —1)d < deg(tz,) < (m(m+1)(m —1) + (m + 1)?)d.
Let Spm,m, be the set of rational points on Cg (K) which are liftings of P for some

t € S(B). Recall that we prove an upper bound for the heights of points in Sp g, in
Proposition Theorem ([19) Theorem 1.8]) then applies, along with Lemma
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244 and Lemma [2.6.1] yielding

2d ¢

SB,m,HA SK ((a + (m + 1)2)d)4((m + 1)m24(m+1)A2(m+1)((d+ 1)H(L))m+23d(m+2)) 4
(2.6.1)
2d
< (M2 + 1) (m + 1)d)*((m + 1m0+ A200+D) (g 1 1) H (1)) +2 BAm+2)) ) (i

(2.6.2)

2d g 4d g 48d g 2d e (m+2)

<k (m3d)4(m + 1) mn=D(mFDd Amm=1d mmim=0d ((d + 1) H (1) B) mm-1D0m+1)

(2.6.3)

The terms in (2.6.3)) other than (m3d)* are bounded above by an absolute constant.
The argument requires optimizations on the choice of m, which we will prove in the

following lemma.

Lemma 2.6.2. Recall that m is a prime between 2(log(d + 1) + log H(¢) + log B)% and
4(log(d + 1) +log H(¢) + log B)% There is an absolute constant Ay such that

4d 48d 2d e (m+2)

2d
(m + 1)m(mfl)I((WH»l)dAm(mifl)dmm(mf(l)d ((d + 1)H(L)B)m S AO‘

Proof. Once we write

2d
(m + 1) m(mfl)}((m+l)d

as
2d
e =D (mrmya) log(m+1)

)

it is easy to see that for m > 2 we have

2d o 2d
(m 4 1)mim=—DmiDd e - < 2k

This is because —28m+1) ) is bounded above by 1. A similar argument shows that

m(m—1)(m+1
48d 48d ¢

mmm—Dd & ¢~ d < e18dx

which also contributes as a constant independent of m and d.
2d je (m+2)
It is left to consider ((d + 1)H (¢)B)m™(m-1(m+1) which plays an important role in the
optimization process. We make the optimization by choosing suitable m in terms of B,

d, and H(¢). The following inequalities, together with Proposition allows one to
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take m to be any prime between 2(log(d + 1) + log H(¢) + log B)% and 4(log(d+ 1) +
log H(¢) + log B)%, so that

2d ¢ (m+2) 2d ¢ (m+2)
((d+1)H(v)B)mm=-1mt1) = emm-1(m+1) (log(d + 1) + log H(¢) + log B)
2d ¢ (log(d+1)+log H(v)+log B) 4d g (log(d+1)+log H(v)+log B)
—e (m—1)(m+1) .e m(m—1)(m+1)

< eNdi | o Nadi

where Q(IOg(dz;i)_J;l)‘Zi Tf));log B) and 4(log(fnj?2flf;g(£&);;bg B) are bounded above by some

absolute constant Ny and Ns.

We have the following proposition as a conclusion of the case.

Proposition 2.6.3. The number of points in |S(B)| that comes from the modular

diagonal quotient surface is bounded up by

SBm.HA SK d4((log(d +1)+1logH(:) + log B))6

<k d*(log H() + log B)®.

Proof. The proposition follows from the inequality (2.6.3)) and Lemma [2.6.2 O

Case 2: Contributions from maximal parabolic quotient surfaces. Recall that

in this case, we have the following commutative diagram.

!/

LH, Segre
Ch, —— Pt x P! x P! x P! 8 pl5

| !

C— P xPl e P3
The degree of the covering space ¢, denoted by 3, is equal to the index of H, inside

the Galois group G, similar to the previous case. The index of Hj as a product of

maximal parabolic subgroups is equal to

B=1[G:H,) = i(mﬂ)?.



36

One notice that the degree of ¢y, satisfies deg(tp,) = Bd. Let Sp m u, be the number of
rational points in Cp,(K) that lift P; for some ¢t € S(B). Applying Proposition m

and Theorem [2.2.3] we get the following inequality

8d
Spamtt, Sk (M +1)2d) (m?(d + 1)2H (1) B2) G 7

which allows us to make the same optimization as in case 1. By taking

N

m ~ (log B +log(d + 1) 4+ log H(¢))?2,

we get an upper bound of the total contribution to |S(B)| from the maximal parabolic

surfaces:

Proposition 2.6.4.

SB.m,H, SK d4(logB +log(d+ 1) + log H(L))4

<k d* (log B +log H(1))*.

Proof of Theorem [3.1.1]. It is easy to see that the contribution from case 1 dominates
that of case 2. Theorem [3.1.1] then follows from Proposition [2.6.3] and [2.6.4]

2.6.2 Proof of Theorem 2.1.3

Recall that in Theorem H(t) is defined as the height of ¢ as an element of K.
Instead, if we calculate the height of ¢ as the height of a point on X (1) x X (1), which we
have been calling H(P;). Assume that H(FP;) < B. In this section, we prove an uniform
bound on the number of points ¢ such that E; and E] are geometrically isogenous, which
only depends on K, B, and the degree of the parametrize family.

We need a slightly modified version of Proposition which we state as a corollary.

Corollary 2.6.5. Fir m € N. Let t € K be a rational point such that t € S(B) for some
B. Let P, denote the point on C parametrized by t, and denote by P, a lifting of P; to
one of the covers Cy in Lemma |2.3.11, Let H(uy(P;)) denote the projective height of P

with respect to vy .
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If H = Hp, then

H(LH(Pt)) < (m + 1)m24(m+1)A2(m+1)B(m+2).

If H = Hy, then

H(ty(Pr)) < m*B2,
Proof. The proof is the same as Proposition except that we have
H(j(E))H(j(E}) < B
instead of Lemma 2.5.3 O

Proof of Theorem[2.1.3 Let Sy,  be the set of rational points on Cy(K) which are
preimages of P; for some ¢t € S’(B). A similar argument to the proof of Theorem

yields

St e S (ot (m 4 1)?)d)(m 4 1)m? 40D 420m40) gy m42) T (2.6.4)

SK ((m2 + 1)(m + 1)d)4((m + 1)m24(m+1)A2(m+1)B(m+2))m

(2.6.5)
2d g 4dp 48d ¢ 2d ge (m+2)
SK (m3d)4(m —+ ]_)m(mfl)(mel)dAm(mfl)dmm(mfl)dBm(mfl)(m+1)d (2.6.6)
when H = Ha, and
8d g
Spm,m, Sk ((m+1)%d)* (m* B?) re7i, (2.6.7)

We choose m to be a prime between 2(log B)% and 4(log B)% as to control the growth
of the B-power factors in both [2.6.6 and [2.6.7] such that

2d g¢ (m+2) 2d ge (m+2)
B m(m—1)(m+1)d — gm(m—1)(m+1)d

log B

2d ¢ (log B) 4d g (log B)
= e(m—-1)(m+1) . gm(m—1)(m+1)

< N | Njdic



and

16d ¢ 16d p¢
B(m+1)2d — e (m+1)2d

for some absolute constant Nj, N} and N3.

log B < eNédK

38
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Chapter 3

Isogeny classes of non-simple

abelian surfaces over finite fields

3.1 Introduction

Many fundamental problems on Shimura varieties pertain to the behavior of isogeny
classes, for example, the Hecke orbit conjecture and specific questions related to unlikely
intersections. In [24, Theorem 4.1], Shankar and Tsimerman proved an asymptotic
formula for the size of the isogeny class of ordinary elliptic curves over finite fields. As
an application, they proved the existence of a hypersurface in the moduli space X (1)%7,
which intersects every isogeny class.

A few common strategies exist to obtain asymptotic formulas for the size of isogeny
classes of abelian varieties over finite fields. In particular, when the abelian variety is
ordinary and simple, the inspiring work of Deligne [8] explicitly classified such abelian
varieties over finite fields. Using the classification, one can get bounds for the isogeny
classes of ordinary abelian varieties, for example, [24, Theorem 3.3]. A handful of studies
in this flavor have been performed in more general settings. For example, one may refer
to [18] when the abelian variety is almost-ordinary and geometrically simple and to [4] for

a setting of Hilbert modular varieties. All of the results above depend on the existence

of canonical lifting and classification of abelian varieties over finite fields.
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A second way of doing this is to interpret isogeny classes in terms of orbital integrals.
For example, in [2|, Achter and Cunningham proved an explicit formula for the size of
the isogeny class of a Hilbert-Blumenthal abelian variety over a finite field. They express
the size of the isogeny class as a product of local orbital integrals on GL(2) and then
evaluate all the relevant orbital integrals. See also [1] where Achter and Williams proved
that for a particular class of simple, ordinary abelian surfaces over F, given by a g-weil
polynomial f, the number of principally polarized abelian surfaces over F, with Weil
polynomial f could be calculated by an infinite product of local factors which can be
calculated by method of orbital integrals.

Throughout this article, let (A, A4) be a principally polarized non-simple abelian
surface defined over Iy, with the polarization given by A4. Moreover, assume that A has
the form A = E x Eg,, where E is an ordinary elliptic curve and Fg; is a supersingular
elliptic curve. The endomorphism algebra End°(A) is non-commutative, and there is
no canonical lifting of A. Therefore, we cannot interpret the question as estimating
the size of class groups by using the classification of abelian varieties over finite fields.
Instead, we measure the size of the isogeny class of A defined over F, and describe
how this cardinality is affected by the base change to finite extensions of F, by using
group-theoretical methods.

Before introducing the main theorem, we introduce some notations. Let I(¢", A) be
the set of principally polarized abelian varieties defined over Fy» that are isogenous to A
over F,. Let N(q", A) denote the cardinality of I(¢", A). By interpreting the question
as a classification of finite subgroup schemes, we obtain a lower bound on the number of
principally polarized abelian varieties over F,» that is isogenous to A over Fq. Our main

result is the following.

Theorem 3.1.1. Let (A, Xa) be a principally polarized abelian variety over Fy such that
A =FE X Es;. Let K be the quadratic number field such that K = End®(FE). Let n be an

integer such that for all prime ¢ ramified in Ok, (n,€) # 1. Then

N(q", A) > ¢"+oW.
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Also, we provide a different approach to count the size of isogeny classes of ordinary
elliptic curves over finite fields, which upper bound is known by Lenstra |14, Proposition

1.19] and Shankar-Tsimerman [24, Theorem 3.3].

Theorem 3.1.2. Let E be an elliptic curve defined over F,. For a positive density set

of n, we have

N(g", E) = (g")/*o0),

There is a general conjecture regarding the size of the isogeny class of abelian varieties
over finite fields. Let V(W) be the open Newton stratum of A, consisting of all abelian
varieties whose Newton polygon is W and let A be a principally polarized abelian variety
in Ay. Recall that the central leaf through A consists of all abelian varieties in N (W)
whose p-divisible group is isomorphic to A[p>°]. The isogeny leaf through A is a maximal
irreducible subscheme of A, consisting of abelian varieties A’ in N (W) such that A’ is
isogenous to A through an isogeny whose kernel is an iteration extension of the group
scheme ay,. Let dim(CL) be the dimension of the central leaf through A and let dim(/L)

be the dimension of the isogeny leaf through A.

Conjecture 3.1.3. We have

dim(CL)

N(qn,A) _ qn(fﬁ-dim(IL))-&-o(l)

All the previous results we state above satisfy the Conjecture [3.1.3] When A is a
non-simple abelian surface, it is easy to see that the dimension of the central leaf through
A is 2, by the formula of lattice-point count by Shankar and Tsimerman [24], Section
5.2]. The dimension of the isogeny leaf through A is 0. Therefore the conjecture is true

in this case.

3.2 The Isogeny Classes and Maximal Isotropic Subgroups

A classical way to construct abelian varieties isogenous to a fixed abelian variety A is to

take quotients of A by finite subgroup schemes. A theorem of Mumford |17, II.7 Theorem
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4] addresses that one can construct isogenies from finite subgroups of an abelian variety

and vice versa.

Theorem 3.2.1. (17, II.7 Theorem 4] Let X be an abelian variety. There is a one-to-one

correspondence between the two sets of objects:
(a) finite subgroups K € X,

(b) separable isogenies f : X — Y, where two isogenies f1 : X — Y1, fo: X = Y,
are considered equal if there is an isomorphism h : Y1 — Ys such that fo = ho fi,

which is set up by K =ker(f), and Y = X/K.

The maximal isotropic subgroups. In order to count the number of abelian varieties
isogenous to A, a natural way is to look at all its finite subgroups G C A. Let A[m] be
the m-torsion subgroup of A . when p{m, A[m] = (Z/mZ)*. Without loss of generality,
let m be a prime integer. Recall that for a symplectic F-vector space V equipped with
the symplectuc bilinear form w : V x V — F| a subspace H is called isotropic if for any
hi,he € H, w(hy,hy) = 0. It is a standard fact that for a symplectic vector space of

dimension 2g, each of the maximal isotropic subspaces is of dimension g.

Definition 3.2.2. Let (A, A4) be a principally polarized abelian surface, and ¢ be a
prime such that ¢ 1 p. Define the (£, ¢™)-isogeny to be any isogeny f: A — B whose
kernel is a maximal isoptopic subgroup of A[¢"], with respect to the Weil paring induced

by the polarization A 4.

We claim that for an (¢, ¢™)-isogeny f : A — B, there is a unique principal
polarization on B, denoted by Ap, such that f*Ap = ¢™ x A4. This is a consequence
of Grothendieck’s descent, and we omit the proof here. See [22, Proposition 2.4.7] for
detailed proof. This fact allows us to compute a lower bound of N (¢", A) first by counting
the number of maximal isotropic subgroups of A that are defined over Fy», then by

computing the number of the subgroups that give the same quotient up to isomorphism.

Lemma 3.2.3. Forl{p, there are

E?)m +£3m—1 +€3m—2 +l3m—3
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mazximal isotropic subgroups of A[{™] with respect to the principal polarization A4.

Proof. Without loss of generality, one can assume that A4 is given by the matrix

0 1 0 O

-1 0 0 O
Aa =

0 0 0 1

0 0 -1 0

up to a proper choice of basis for the ¢-adic Tate module TyA. Then the corresponding
symplectic form is ¥(x,y) = 27 My. It is easy to see that any cyclic group H of order
0™ we call it isotropic line, is an isotropic subgroup. Any maximal isotropic subgroup
has the form (Z/¢™Z)?. These can be viewed as the isotropic planes inside A[¢(™]. Let

H* denote the orthogonal complement of H. A direct computation shows that
H c H* dim(H') = 3.

Since any maximal isotropic subgroup has dimension two, the number of isotropic
planes containing H is the number of lines in H+/H counts to £™ + ™. The number
of lines L in A[{™] is £3™ + ¢3m=1 4 ¢3m=2 4 ¢3m=3 and any maximal isotropic plane

contains ™ + ¢™~1 lines. The result follows. O

We introduce a criterion by Waterhouse |29, Proposition 3.6], which enables us to rule
out maximal isotropic subgroups that give the same quotient variety up to isomorphism.
We investigate the f-power subgroups of A, where £ { p. Let Hy, Hy = (Z/{™Z)? be

isotropic planes in A[(™].

Definition 3.2.4. H; is equivalent to Hs if they define the same quotient up to
isomorphism

A/Hy = A/Hs.

Theorem 3.2.5. [29, Proposition 3.6] Let G1 and Gy be two finite subgroups of A, not
necessarily étale. Then A/G1 = A/G2 if and only if for some isogeny p € End(A) and
some non-zero N € Z, p~1(G1) = [N]71Gs.
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Proof. See |29, Proposition 3.6]. We include the proof here for completeness.

Suppose A/G1 ~ A/G5. Then we have ¢; : A — B with ker p; = G;,i = 1,2. For
N; large (e.g., N7 = rank Gy), we have [N1]71Gy D G1. Now [N1]71Gy = ker(Njps), so
by the definition of quotient there is a o : B — B such that op; = Njps. For N» large
enough there is a p : A — A with p1p = [Na]opy (choose an ig and look at the two
lattices in E). Thus ¢1p = N1Nawa. Set N = N1 No, then

p~H(G1) = ker(p1p) = ker([N]g2) = [N]7'Ga.
Conversely, A 5 A — A/G; shows that
A/Gr = Afp~H(Gr);

likewise

AJGy ~ AJ[N] 1@,

so the condition is sufficient.

3.3 Counting inequivalent maximal isotropic planes

In this section, we prove a lower bound for the number of inequivalent maximal isotropic
planes. The main result is Proposition and Proposition For any prime /¢ { p,
fix a basis {e1, ea, f1, fo} for Ty A, such that for 4, j = 1,2, w(e;, fj) = 1 only when i # j.
For the rest of the paper, H will denote a maximal isotropic subgroup of A[¢™].

Let ¢ : A — B be an isogeny defined over F,n». Since there is no isogeny be-
tween ordinary and supersingular elliptic curves, the endomorphism ring decomposes as
End(A) = End(E) x End(Fss). Therefore there is a decomposition of ¢ into ordinary
and supersingular part, namely ¢ = ¢orq X ¢ss, accordingly a decomposition of the kernel:
ker(¢p) = Kopg X Kgs, where Koq C F and Kgs C Egs. We have the following theorems

on the number of endomorphisms of elliptic curves over finite fields whose kernel is cyclic:

Proposition 3.3.1. Let E' be an ordinary elliptic curve defined over Fyn. For any

positive integer d, the number of endomorphisms in End(FE) with cyclic kernel Z/dZ is
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bounded up by O(d°).

Proof. Let K = End°(E), E is ordinary implies that K is a quadratic number field.
Let Ok denote the ring of integers of K. Assume that d has prime decomposition
d=pi-- -p?q{l e qgsdl, such that p; splits in O, ¢; inert in Ok and every prime
factor of d;, namely the ramified prime, divides D. The number of endomorphisms
in End(FE) with cyclic kernel Z/¢™Z is the number of elements in O with norm ¢*.

Therefore it is (e1 + 1) --- (e, + 1) if all f;, 1 < j < s are even, or zero otherwise. The

divisor bound is O(d¢), which is a standard fact. O

Proposition 3.3.2. Let Ess be a supersingular elliptic curve defined over Fyn. For
¢+ D where D is the determinant of the norm form on End(Ess), there are O(£™)

endomorphisms whose kernel is the cyclic group Z/¢™Z.

Proof. Let Egs be a supersingular elliptic curve defined over Fy» with characteristic p,

then Op,, = End(E;s;) is a maximal order in the quaternion algebra ramified exactly at

p and co. Endomorphism with kernel a cyclic subgroup of order m, i.e., of degree m,

are elements in Op,, with norm m. For a quaternion algebra F' = Q + Qa + Q8 + Qas

where o = a,8% = b,a < 0,b < 0,Ba = —af3, © = xg + T10 + 223 + 2305 € F, the
- 2

norm N(z) = 2T = x§ — ax? — b3 + abx% is a quaternion quadratic form. The question

boils down to counting the number of representations
r(n) = ry(n) = #{z € Z*, x = (z9, 21, 29, 23); N(z) = n}
This can be solved making use of the theta series
9(z) = Y e(zN(a)) =Y _r(n)e(nz)
acZ4 n>0
where e(z) = €2™*, which is a generating series for 7(n). 9(z) satisfy

az+b

) = Xz + )

o

where v € SLy(Z) and therefore is a modular form of weight m/2. So it can be written

as the sum of an Eisenstein series
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and a cusp form

J(2) = 0(z) - B(z) = 3 a(n)e(n2).

n>1

Thus we can write r(n) = p(n) + a(n) and then bound it from above by estimating
the Fourier coefficient a(n) of the cusp form and estimating p(n) gives a bound from

below. In our case where m = 4, assume that £{ D. We have % — 1 = 1 such that
p(n) > n.

One way to get a nontrivial upper bound for a(n) is to use the Rankin-Selberg method.

For even m, Deligne[Del73] proved that a(n) < n 3% In our case, it turns out to be
1
a(n) K n2.

Putting together, we get

(™) > (M,

Since Fs is simple, every non-zero endomorphism is an isogeny, and we have
4t =03m)
cyclic subgroups of order ¢ in Ess[¢™] = Z/0"™Z x Z/¢™Z. Thus
r(n) =ry(n) =0U™).
O

There are two types of maximal isotropic planes in A[¢{™] we take into concern with

respect to our choice of basis:

e Type 1: H is a product Hy x Hy where Hy € E, Hy € F.

e Type 2: H cannot be written as a product Hy x Hy where H; < FE, Hy < F,.
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3.3.1 H is of product type

In the case where H is of type 1, we write H = (ae; + bea, cfi + df2), where a,b,c,d €
Z/U™Z. Here {eq,ea, f1, f2} denote a basis of A[¢""]. We claim that:

Proposition 3.3.3. Let Ny be the number of inequivalent maximal isotropic planes of
type 1. We have
N1 =M

Proof. For an elliptic curve, either ordinary or supersingular, there are O({™) cyclic
subgroups of the order less than or equal to ™. Therefore, there are O(¢*™) such
kind of H in total. Let H; and H; be cyclic subgroups(isotropic lines) of E[¢™]. By
Theorem A/H, = A/H, if and only if there exists ¢ € End(FE), N € Z such
that ¢~ 'H i = [N]71H;. For such possible ¢ that has prime-to-¢ kernel, we have N 1/,
N—'Hy = (Z/NZ) x (Z/NZ) x (Z/f™Z). Since Ker(N) C Ker(¢), ¢ factors through the
multiplication by N map as ¢ =io N where i € Aut(F). But for an ordinary elliptic
curve, there are only finitely many units in End(FE), thus the possible choices of ¢.

The same argument also works for ¢ has ¢-power kernel. Indeed, for positive integer
k, we have [(*|"'H, = (Z/*Z) x (Z/¢**™Z) and the possible choices of Ker(¢) are
(Z) 7)) x (Z/¢*Z) for 0 < i < m. Proposition implies that the number of
inequivalent isotropic lines H; C E is O(I™™°).

We assumed that Hs comes from the supersingular elliptic curve Egs. Since the
number of supersingular elliptic curves up to Fq—isomorphism is finite, for instance, see
[26, V.4 Theorem 4.1]. we have finitely many inequivalent Hy € FEs. Putting these
arguments together, we proved that the number of such inequivalent H of type 1 is

asymptotically ¢™.

3.3.2 H is not a product

In the second case, we assume that H is not a product of ordinary and supersingular

subgroups. To be explicit, we write H = (e; + af1 + bfa,e2 + cfi + df2), with the
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assumption that

a b
det( )= —L1.
c d
By Lemma and Proposition the total number of the maximal isotropic plane
in the non-product form is O(£3™).

Fix an H in this form. We count the number of all isotropic planes H’ that is

equivalent to H. By work of Waterhouse [29],
¢~'H' =[N|"'H

for some ¢ € End(A) and some positive integer N. Before proving Proposition we
introduce the following lemma.

For any ¢ € End(A), we can write ¢ = ¢orq X Pss- As a consequence, the kernel of ¢
decomposes as Ker(¢) = Kyq X Kg. Therefore, to bound the number of endomorphisms
¢ once we fix N, we need to bound the number of possible ¢,.q and ¢¢ separately. By
Proposition the number of endomorphisms of an ordinary elliptic curve with a
fixed degree d is O (d€). Therefore, we only have to determine how many possible choices

of K we can have under the assumption of H.

Lemma 3.3.4. Assume that H is of Type 2, and take N = ™. Then there are at most

Ol™) supersingular endomorphisms which we denote by ¢4, such that
Pss = L* 0 Peyc,
for some 0 < a < m, and there exists an endomorphism ¢ = ¢org X ¢ss, sSuch that
¢~ H = [N]"'H.
Moreover, ¢cyc 1s cyclic of order at most {™.

Proof. First of all, we prove that the degree of ¢¢y. is at most £™. This is equivalent to

the statement that we cannot have an element

o€ [(™ 7T H N By
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whose order is greater than or equals to £™!. We prove this by contradiction. Suppose
such an element exists and call it |z|. Since |z| > ™! ™ o (x) is nontrivial. By

definition we have ¢™ o (x) € H and {™ o (z) € Es. Therefore
(™o (x) € (™ 'H N Eg.

Since H has the form H = (e; + afi + bfa, e2 + cf1 + df2), one gets to the conclusion
that Ei N H = {id}. Hence the contradiction.
By Proposition we conclude that there are at most O(£™) such ¢eyc, hence at
most O(£™) such ¢gs.
O

Proposition 3.3.5. Let Ny be the number of inequivalent mazximal isotropic planes of
type 2. We have

Ny >> EQm—E

Proof. For a fixed H, getting a lower bound of the number of inequivalent isotropic
planes is equivalent to getting an upper bound of the maximal isotropic planes which
are equivalent to H. We do this by bounding the number of endomorphisms ¢ € End(A)
such that ¢ o [N]7'H is a maximal isotropic plane for each fixed N, as N goes through
the set of positive integers.

First, suppose that ¢t N. In this case, the pullback of an isotropic plane under ¢ has
the form

¢~ HH) =~ (Z/I™Z)? x ker(¢).

On the other hand, we have
[IN]'H ~ (2./0"Z)? x (Z/NZ)*.

By Theorem Ker(¢) ~ (Z/NZ)*. Therefore we have ¢ = i o N, where
i € Aut(A) is an automorphism. Taking for granted the fact that principally polarized
abelian varieties have finitely many automorphisms which are independent of n, we get
finitely many H’ that is equivalent to H where H' = ¢(o[N]"'H) is a maximal isotropic

plane inside A[¢™].
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When [ | N, k> 1. We may write N = Ny - £ for some a > 1, where Ny is coprime
to £. Then
[N]TVH ~ (Z/0°7)? x (Z)0™T°Z)? x (Z/NoZ)*.

Therefore

Ker(¢) ~ (Z/NoZ)* x Gy,

where Gy is some £-power subgroup which we will specify later. Therefore ¢ can be
written as a decomposition

$=ioNgod

where ¢y is an f-power isogeny with kernel Gy.
So without loss of generality, we can assume that N = ¢* for some k > 1 and prove
the following subcases depending on the power of /.

If kK < m, we have
(|7 H = (Z/0*7)? x (205 7)2.
Let A C [(*]7'H be a subgroup such that
()| YH/A ~ (Z/0™ 7).

Then
A~ (Z)OR7)? % (/0557 x (2./057)

for some 0 < i < m. Hence the possible choices of Ker(¢) have the above form.

For k = m, we have
[0 H = (Z/0M7)? x (20T 7).
Similarly we have the possible choices for Ker(¢) are subgroups in the following form
(ZJ0"ZY x (Z) 0L x (Z)0™HIZ) x (209 Z)

for0<i<mand 0<j<m.
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For k > m, the possible choices for Ker(¢) are
(Z)O*H7) x (Z)O*HIT) x (Z)0FF™77) x (Z./ 8+ 17)

where i, j,n,w >0 and i + j +n 4+ w = 2m.
However, since Z/¢* ™7 is a common factor, this implies Ker(¢) contains ker([¢*~™]) =
(Z/¢F—mZ)*. Therefore ¢ factors through the multiplication by £¥~™ map, we are return-

ing to the case where k = m.

Now we can bound the number of endomorphisms and the number of maximal
isotropic planes equivalent to a given H. Proposition [3.3.1] asserts that the number of
endomorphisms of an ordinary elliptic curve with a fixed degree d is O (d) and Lemma
m states that there are at most O(¢™) supersingular endomorphisms that serve as the
supersingular part of ¢. An upper bound of the maximal isotropic planes isomorphic
to a fixed H is O(¢™*€). Therefore the total number of inequivalent maximal isotropic

planes of type 2 in A[(™] is

O(2m=) = O™ O (E™+),

Remark 3.3.6. We note that improving the bound without the € term is plausible.

Corollary 3.3.7. Let {1,--- ,¢, be n primes different from p and let mq,--- ,m, be
positive integers. Let Ny be the total number of inequivalent maximal isotropic planes.
We have

No >> (0. gmn)2e

Proof. The proof is a generalization of Proposition proof. Since the majority of the
inequivalent maximal isotropic planes come from products of isotropic planes of Type 2

as £ varies, we fix a subgroup G

G~ (ZJO L) x - x ()6 7)?
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such that for each ¢;, 1 < i < n, (Z/]")? is an isotropic plane of Type 2. Let
{el el fL f3},---  {el el f1, f2) be a basis for Ty, (A), - -, Ty, (A), respectively.

We count the maximal number of maximal isotropic planes G’ that is equivalent to G.
By Theorem G and G’ are equivalent if there is ¢ € End(A) and non-zero positive
integer N such that ¢~'G’ = [N]~'G. We split the argument into different cases based

on the choice of N.

Case I: N is coprime to (1,--- ,{,.

If N is coprime to £ -« - £y,
[N|7'H = (Z/NZ)* x (ZJO]")?Z x - x (ZJ€PT)2,

Therefore we have ¢ =i o N, where i € Aut(A) is an automorphism. Taking for granted
the fact that principally polarized abelian varieties have finitely many automorphisms, we

get finitely many H' that is equivalent to H under the assumption that H' = ¢o[N] "1 H.

Case II: NzZ;.?“ ---E;ij for some 0<k<nand 1<j < -+ <jip <n.

Similar to Proposition if N is not coprime to some of the {{1,---,¢,}, we
may restrain ourselves on this case, for the same reason as explained in the proof of
Proposition [3.3.5

The pullback of G under ﬁ;}j L. -K;Zj k¥ is isomorphic to

N x - x (Z)E )P (Z)C,

m

m]- 2mj mj
(z/€;, TRL? xex (z)G P2 < [ (@R ),

J#J1, 3Tk

Recall that for each 1 < i < n we assume that
Gi = (Z/0" L) = (i + aifi + bifs, €5 + ciff + dif3),
with the assumption that

det( i )= —L1.

Similar to the proof of Lemma an endomorphism ¢ that satisfies the Waterhouse’s
criterion can be realized as an endomorphism with kernel Ker(¢) = Kqq X Kg. More-

over, we can factor out the /-power scalar multiple from each part and consider those
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supersingular endomorphisms whose kernels are cyclic subgroups. We claim that the

supersingular part K contains a cyclic subgroup of order at most E;?j L., -E;::j k. Suppose

mjk

this is not the case, i.e., there is an element z € [(7 7' .- ¢ "1 H N Ey with order

J1 Jk
m mi
|x| > €. 7t - 4. 7% then
Ji K
Mgy My,

Ll o (x) EHGiﬁESS

is nontrivial. By definition of G; for each 1 <i < n, the intersection [ [, G; N Ey is trivial.
Therefore the claim follows.

By Proposition there are at most K;le ~--€;ij such K. For the ordinary
component, Proposition implies that there are at most (Emjl -~-Emj’“)2€ many

J1 Jk
possible choices for K,.q. We conclude that there are at most (E;-?j RERE E;Zj #)2=¢ maximal
isotropic planes G’ that are equivalent to a given G. The result follows. O

3.4 Proof of the Theorems

3.4.1 Semisimplicity assumption on the Frobenius action

Let E be an ordinary elliptic curve over F, with End®(E) = K and let m be the Frobenius
endomorphism. Here K is the quadratic imaginary field generated by m: K = Q(7). We
fix a basis {e1, ea} of Ty(E). The characteristic polynomial x is the unique polynomial
such that for every n prime to p, the characteristic polynomial of the action of the
Frobenius 7 on E[n] is xr mod n. Let Ay~ be the discriminant of 7. The characteristic

polynomial is a quadratic polynomial
_ 2 n
Xan =27 —tx +q".
We have Ayn = 12 — 4¢™.

Remark 3.4.1. For an degree n extension Fyn», the Frobenius of qun is .

An isogeny ¢: E — E’ whose kernel is a cyclic subgroup of E can be understood by

looking at the Frobenius action on the torsion subgroups. If ¢ is defined over F», then
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ker ¢ is stabilized by the Frobenius action. For ¢ # p, the number of /-power isogenies
defined over Fy» is determined by the action of 7" on /-power torsions. Moreover, the

action of Frobenius can be realized as a 2 x 2 matrix with coefficients in Z/{™Z.

Now we state the semisimplicity assumption on the Frobenius action, which helps us
narrow down cases that we should focus on.

Recall that our goal is to compute the number of ¢-power isogenies from E that
is defined over Fyn, as ¢ goes through all prime integers. The semisimplicity of the

Frobenius action depends on whether /¢ is ramified in O or not:

* If £ is unramified in Ok, then 7™ is semisimple modulo £ for all m > 1. We prove

the following lemma:
Lemma 3.4.2. Let m be the mazimal number such that Azn =0 mod £*™, then

0
o= mod ™.

0 A

Proof. Let A1 and Ay be the eigenvalues of x,». We have
Apn = (A1 — Xo)?

and ¢>™ divides Ayn. Therefore £™ | (A1 — X2).

Since £ is unramified in O, the action of 7™ is semisimple modulo ™. Work on the
setting over Zy, if A1, Ao € Zy we are done. Otherwise, A1, Ao € Op where O, is unramified
of degree 2. We now prove that \j, A2 mod ¢™ are in Z/¢™Z. By the semisimplicity
assumption, the action of n™ is diagonalizable over O,/¢™ O, for any m > 1. This is

equivalent to say there exists X € GLy(O/¢™Oy) such that

A O L
=X X7 mod /™.
0 X\

But we proved that A\ = Ay mod ¢™. Therefore

A O A O
at=XX"! ! | mod /™.
0 M\ 0 M\



55

Since 7™ mod ™ € GLa(Z/¢™Z), the lemma follows. O

* If £ is ramified in Ok, then it is possible that the Frobenius action 7" is not

semisimple. But Recall that we assumed on n such that for ¢ ramified in O,
(n,¢) # 1. This implies for all such ¢ | Ag, the power of ¢ dividing Az is bounded

independent of n. Therefore we have the following corollary:

Corollary 3.4.3. Let n be an integer such that for all prime £ | Ag, (n,€) =1. Let S

be the set of all primes that divides Ax. Then the number of £-power isogenies where

€S is bounded independent of n. In other words, this number does not grow with n.

We make the table of classification of the Frobenius action under the semisimplicity

assumption as follows:

(a).

(b.2).

Assume £, m,n such that y,» mod £™ is irreducible modulo £™. In this case 7"
acts on E[{™] as a distortion map. I.e., no subgroups Z/¢{™Z is stabilized by 7".

Therefore E has no £™-isogenies defined over Fyn.

. Assume ¢, m,n such that 7" is diagonalizable mod ¢™. Moreover, y,» has distinct

eigenvalues A and g modulo ¢™. In this case, the Frobenius acts on E[{™] as a

matrix conjugates to and there are two isogenies of degree ¢ from E
0 n
which are defined over Fyn, given by £ modulo cyclic subgroups generated by the

two eigenvectors of A and u respectively.

Assume £, m,n such that 7™ is diagonalizable mod ¢™. Moreover, the Frobenius

X~ modulo ™ has one eigenvalue A of multiplicity two. In this case, the Frobenius

0
acts on E[{™] as a scalar multiple by and every ¢ subgroup is stable

0 A

under 7. Therefore, there are £™ + ¢™~1 4 ... 4+ 1 (-power isogenies of degree less

than or equal to ™ from E which are defined over Fn.

. Assume ¢, m,n such that 7" is diagonalizable mod ¢™. Assume that y,» has

distinct eigenvalues A and g modulo ™ but eigenvalues are congruent modulo
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¢" for some 1 < r < m. In this case, the Frobenius acts on E[{"] as a matrix

conjugates to and there are ¢" 4+ ¢"~! 4 ... + 1 /-power isogenies of degree
0 A

less than or equal to £™ from E which are defined over Fyn.

3.4.2 Horizontal isogenies

As one may notice, there are a lot of prime power isogenies of E that are indeed
endomorphisms of E. By the theory of complex multiplications, the number of such
isogenies is bounded by the class number of O, see Theorem We give information
about when such isogenies arise and use the information to bound the total number of
isogenies defined over Fyn.

We use the classification of the Frobenius action on the ¢-torsion subgroups to

compute each case’s horizontal prime power isogenies.

Definition 3.4.4. Let f: E — E’ be an isogeny of degree {™. We say f is horizontal if
End(F) = End(E').

Let a be an invertible ideal in End(F). Define the a-torsion subgroup of E as
Ela):={P e E(F;) |o(P)=0foralloc €a}.

Let ¢q be an isogeny whose kernel is Efa]. Then the codomain E/FEla] is a well-defined
elliptic curve. The isogeny ¢, is horizontal, and its degree equals the ideal norm of a.

We denote by a- E for the isomorphism class of the image of ¢,.

Lemma 3.4.5. Let Egn be an ordinary elliptic curve over Fyn with the Frobenius action

by m". Let H({™) denote the number of horizontal {™-isogenies.

0, if ™ is irreducible

H(™) = 1, if @™ is diagonalizable with one eigenvalue modulo £™

2, if ™ is diagonalizable with two eigenvalues modulo £™ .

Proof. If Azn is not a square modulo ™, we are in case (a) where no subgroup of order

¢™ is stabilized by the action of 7™. Therefore no ¢™-isogeny is defined over Fyn.
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Suppose 7" is diagonalizable with one eigenvalue modulo ¢™. In that case, we are
in case (b.2) (and (b.3)), and there is one horizontal isogeny given by a = (7™ — X\, ™)
with norm ¢™. Moreover, ¢, is self-dual.

If 7™ is diagonalizable with two eigenvalues modulo ¢, we are in case (b.1). There are
two torsion subgroups of order ¢, generated by the eigenvector of A and u, respectively.
The two horizontal isogenies are given by the ideals a = (7" — A\, ¢™) and a = (7" — p, £™).
Furthermore, aa = (/™) implying that a and a are the inverse of one another in the class
group, thus ¢; is the dual isogeny of ¢q.

O

Recall that for an elliptic curve E with CM by an order O, horizontal f-isogenies
correspond to the CM action of an invertible O-ideal of norm ¢. Moreover, let Ell,(O)
be the set

Ell, (0) := {E/F, : End(E) ~ O} .

Because elliptic curves in Ell;(O) are connected exclusively by horizontal cyclic isogenies,

the theory of complex multiplication tells us:

Theorem 3.4.6. Let E be an elliptic curve with endomorphism ring O. Then the set of
horizontal isogenies forms a principal homogeneous space under the class group of O. To
be precise, assume the set is non-empty. Then it is a principal homogeneous space for

the class group C¢(O), under the action

CL(0) x Ell,(0) — Ell,(0), (3.4.1)

(a,E) —ra-FE (3.4.2)
with cardinality equal to the class number h(O).

Proof. See for example [27, Chapter II].
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3.4.3 Proof of Theorem [3.1.2]

Fix an ordinary elliptic curve E over F, as in the previous context. Assume End(E) = O.
We compute the size of I(¢", E), which can be interpreted as the number of certain cyclic
subgroups. We consider two kinds of subgroups; one is that the subgroups are the kernel
of some horizontal isogenies, and the other is where the subgroups define non-horizontal

isogenies.

Let {¢;}, 1 < i < k be the set of prime divisors of A;» which are unramified in
Ogk. For each i, let m; be the mazrimal integer such that /2™ | Ayn. By Lemma m
the n-Frobenius action is diagonalizable and The classification (b.2) tells us that every
#I-subgroup, 1 < j < m is defined over Fyn. For ordinary elliptic curves, Az» # 0, so

only finitely many primes divide Ayn.

Lemma 3.4.7. We have

k
N(q" B) = ([] o).
=1

Proof. Denote by Ell, »/45(O) the isomorphism classes of elliptic curves that admit an

ascending/descending isogeny to E. Thus
N(q", E) = | Ellg as/a5(O)| + | Ell (O)].

Since we have the assumptions on n, by Lemma 7™ is diagonalizable modulo any
power of {1, --- , £, and by Corollary the number of ramified prime-power isogenies
does not grow with n. Thus we only have to consider isogenies from cases where the
Frobenius action is diagonal, i.e., the number of isogenies grows with n. By Theorem
the number of horizontal isogenies |Ell,(O)| = h(O) is a fixed number once we fix
E.

The number of non-horizontal isogenies is roughly the number of cyclic subgroups
of order less than or equal to ¢"* --- £]"* up to minus h(O). This is because Lemma
implies that if A= = 0 mod ¢™, there is always a horizontal ¢-power isogeny,
and Theorem tells us there are at most hA(Q) horizontal isogenies come from this
form. By Theorem For any cyclic subgroup G of Z/¢{" - - £]"*Z, there are at most
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(7" - - - 4" )€ cyclic subgroups that give quotient curves isomorphic to E/G. Therefore

k

N(g" B) = [ [ + 677 o O /(0 ) (3:4.3)
=1
= (£ .gzlk)l—€ (3.4.4)

O]

Proof of Theorem [3.1.3. Lemma asserts that we can write N(¢", E) as a product
of £, -+ £"*; on the other hand, for large n, the product well approximates the square

root of Ayn:
k

1 n
[T = Az <q2.
i=1
The theorem follows.

3.4.4 Proof of Theorem [3.1.1]

Proof of Theorem [3.1.1] Let A = E x E,, be an abelian surface defined over F,, with
the assumption that E' is the same ordinary elliptic curve as in the previous section. The

Frobenius 7'} acts on the f-adic Tate modules of A by a conjugacy to

[

where 7" is the Frobenius of E over Fy». For the set of prime divisors of Az» which
are unramified in Ok and positive integers n such that (n,¢) # 1, we want to count the
number of inequivalent maximal isotropic planes defined over Fy». By definition of m;,
for each 1 <14 <k, 7"} acts as a scalar on A[(]"].

Corollary together with the equality

k
H M= q
i=1

w3



indicate that for a positive density set of n, we have
N(qn’ A) > ((671”11 .. .[]’gnk)Qfe) _ qn+6

for some € > 0.
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