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Abstract

Surfactant solutions are found in numerous commercial and industrial applications, from

detergents and cosmetics to fracking and heat-transfer fluids. Surfactant solutions that form

wormlike micelles are found to display complex rheological behavior and exhibit many in-

stabilities ranging from finger-like structures to vorticity banding. These solutions have also

been found to display drag reduction at levels comparable to, and in some cases exceeding,

those of polymer solutions. Despite their practical importance and a plethora of experiments

demonstrating their interesting rheology, the dynamics and flow behaviors of wormlike mi-

celle solutions remain poorly understood, particularly from theoretical and computational

perspectives. There are currently few models able to predict and capture dilute wormlike

micelle rheology, and even fewer that can be implemented in computational fluid dynam-

ics simulations. Motivated by this lack and the numerous applications for these solutions,

the main objectives in this thesis are to develop an accurate and tractable model for di-

lute wormlike micelle solutions and to use this model in simulations to study complex flow

phenomena.

In Chapter 1, we introduce many of the concepts associated with viscoelastic fluids and

motivate this study by exploring applications of dilute wormlike micelle solutions. We then

dive into the chemistry of wormlike micelle solutions, before giving an overview of their

complex rheology and the numerous instabilities that can develop in these flows. Since much

of this thesis is focused on the development of models for wormlike micelle solutions, we

summarize the derivations and predictions of some of the most widely studied models for
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these systems and focus on their successes and drawbacks.

In Chapter 2, we derive a model for dilute wormlike micelle solutions, the reformulated

reactive rod model (RRM-R); the RRM-R, which treats micelles as reactive Brownian rods

undergoing reversible scission and fusion, is an improvement to a previous model (the RRM)

meant to establish the model on a more physical grounding. We show that the model can

predict many of the key rheological features of dilute wormlike micelle solutions: shear-

thickening and -thinning, non-zero normal stress differences, and a reentrant flow curve.

We demonstrate the ability of the RRM-R to predict both steady and transient dynamics,

affirming its potential for studying instability formation, and show that it can be successfully

fit to experimental data.

After having derived and established the RRM-R, we then employ it in Chapter 3 to study

the development of instabilities in circular Couette flow. We apply a stability analysis of

the steady states and find that the spatial-dependence of the stress gives rise to flow profiles

with mixed local stabilities. Using simulations we find that the RRM-R captures finger-

like instabilities, which consist of branching structures of highly elongated, anisotropically-

oriented micelles. These ‘fingers’ have previously been identified in experiments of dilute

wormlike micelle solutions. The instability is identified to be 2D in nature, with 3D variations

arising as secondary effects. We also show that the RRM-R can capture vorticity banding,

and that this banded state is linearly stable to perturbations.

In Chapter 4 we extend the works of the previous chapter to focus on plane Poiseuille flow

of dilute wormlike micelle solutions. The spatial-dependence of the stress causes the flow

to ‘jump’ between upper and lower branches of the constitutive curve, giving rise to a state

that resembles viscosity-stratified flows. As has been observed for viscosity-stratified flows,

we find that the ‘interface’ between regions is unstable due to a combination of viscosity

mismatch and a normal stress jump across the interface. The destabilized flow fluctuates

around the unstable region of the constitutive curve. The resulting instability resembles

the finger-like structures observed in circular Couette flow, but now both longwave and
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shortwave structures appear; the longwave structures are observed to resemble mushroom

patterns seen in core-annular channel flow. We perform 3D simulations and find that the

initial instability is 2D.

We switch gears in Chapter 5 to focus on deriving a thermodynamically consistent ver-

sion of the RRM-R. There has been a recent push in the rheology community to re-derive

many well-studied models for viscoelastic fluids, as well as derive new models, using the

generalized bracket framework of non-equilibrium thermodynamics; this framework allows

researchers to enforce conservation of energy and non-negative entropy generation in these

models. Motivated by this push, we use the single generator bracket framework of non-

equilibrium thermodynamics to derive three models, two based on the general evolution and

relaxation of a structural variable and a third that considers the dynamics of micelles as a

reversible reaction. We employ Poisson and dissipation brackets along with a description of

the system Hamiltonian to ascertain and ensure the thermodynamic admissibility of these

models. This section also provides a substantial background into applying non-equilibrium

dynamics to fluid systems.

Finally, we conclude this thesis with a summary of our findings and proposals for future

directions in Chapter 6. These future directions are focused on (1) improvements to the

RRM-R to account for micelle flexibility and population distributions, (2) investigating the

RRM-R in new flow types and domains, and (3) using the RRM-R to study more complex

instabilities, turbulence, and drag reduction in dilute wormlike micelle solutions.



vii

Contents

1 General introduction 1

1.1 Introduction to viscoelastic fluids . . . . . . . . . . . . . . . . . . . . . . . . 3

1.1.1 Drag reduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

1.2 Introduction to wormlike micelles . . . . . . . . . . . . . . . . . . . . . . . . 8

1.2.1 Composition and chemistry . . . . . . . . . . . . . . . . . . . . . . . 9

1.2.2 Rheology and instabilities . . . . . . . . . . . . . . . . . . . . . . . . 12

1.3 Modeling wormlike micelle solutions . . . . . . . . . . . . . . . . . . . . . . . 16

1.3.1 Cates and Turner . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

1.3.2 Vasquez-Cook-McKinley . . . . . . . . . . . . . . . . . . . . . . . . . 20

1.3.3 Bautista-Manero-Puig . . . . . . . . . . . . . . . . . . . . . . . . . . 23

1.3.4 Brownian rods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

1.3.5 Reactive rod model . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

1.4 Outline of this work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

2 Constitutive modeling of dilute wormlike micelle solutions 36

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

2.2 Model description . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

2.2.1 Rigid Brownian rods . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

2.2.2 Reactive Brownian rods . . . . . . . . . . . . . . . . . . . . . . . . . 44

2.2.3 Reactive rod model (RRM) . . . . . . . . . . . . . . . . . . . . . . . 46



viii

2.2.4 Reformulated reactive rod model (RRM-R) . . . . . . . . . . . . . . . 46

2.2.5 Shear flow . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

2.2.6 Uniaxial extensional flow . . . . . . . . . . . . . . . . . . . . . . . . . 54

2.3 Results and Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

2.3.1 Steady shear: parameter dependence . . . . . . . . . . . . . . . . . . 56

2.3.2 Steady shear: experimental comparison . . . . . . . . . . . . . . . . . 61

2.3.3 Startup of steady shear . . . . . . . . . . . . . . . . . . . . . . . . . . 65

2.3.4 Uniaxial extension: experimental comparison . . . . . . . . . . . . . . 72

2.4 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

3 Instabilities in circular Couette flow with a reentrant flow curve 75

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

3.2 Governing equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82

3.2.1 Brownian rods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

3.2.2 RRM-R . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

3.2.3 Circular Couette flow . . . . . . . . . . . . . . . . . . . . . . . . . . . 88

3.2.4 Circular Couette flow: steady state . . . . . . . . . . . . . . . . . . . 90

3.3 Computational methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92

3.4 Results and Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93

3.4.1 Steady states in reentrant WLM solutions . . . . . . . . . . . . . . . 94

3.4.2 Finger-like instabilities in 2D . . . . . . . . . . . . . . . . . . . . . . 101

3.4.3 Finger-like instabilities in 3D . . . . . . . . . . . . . . . . . . . . . . 112

3.4.4 Vorticity banding . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119

3.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122

3.6 Appendix A: Additional figures for CCF . . . . . . . . . . . . . . . . . . . . 125

4 Interfacial instabilities in plane Poiseuille flow 129

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130



ix

4.2 Governing equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 139

4.2.1 Brownian rods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 140

4.2.2 RRM-R . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 141

4.2.3 Plane Poiseuille flow . . . . . . . . . . . . . . . . . . . . . . . . . . . 143

4.3 Computational methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 145

4.4 Results and Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 146

4.4.1 Reentrant plane Poiseuille flow . . . . . . . . . . . . . . . . . . . . . 147

4.4.2 Convection-free interfacial instabilities in 2D . . . . . . . . . . . . . . 149

4.4.3 Interfacial instabilities with convection in 2D . . . . . . . . . . . . . . 164

4.4.4 Convection-free interfacial instabilities in 3D . . . . . . . . . . . . . . 170

4.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 174

4.6 Appendix A: Additional figures for PPF . . . . . . . . . . . . . . . . . . . . 176

5 Modeling using non-equilibrium thermodynamics 179

5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 181

5.2 SGBF-NET Formalism . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 185

5.2.1 Identification of state variables . . . . . . . . . . . . . . . . . . . . . 187

5.2.2 Defining the Hamiltonian . . . . . . . . . . . . . . . . . . . . . . . . 187

5.2.3 Formulation of the Poisson bracket . . . . . . . . . . . . . . . . . . . 188

5.2.4 Formulation of the dissipation bracket . . . . . . . . . . . . . . . . . 189

5.2.5 Derivation of the governing equations . . . . . . . . . . . . . . . . . . 191

5.2.6 Verification of thermodynamic admissibility . . . . . . . . . . . . . . 193

5.3 Reformulated reactive rod model (RRM-R) . . . . . . . . . . . . . . . . . . . 194

5.3.1 Brownian rods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 194

5.3.2 RRM-R . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 196

5.4 Structural model - A (SM-A) . . . . . . . . . . . . . . . . . . . . . . . . . . 198

5.5 Structural model - B (SM-B) . . . . . . . . . . . . . . . . . . . . . . . . . . . 210

5.6 Structural model - C (SM-C) . . . . . . . . . . . . . . . . . . . . . . . . . . 212



x

5.7 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 221

6 Conclusions and Future Work 222

6.1 General summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 222

6.2 Future work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 224

6.2.1 Effects of the RRM-R flow curve on instabilities . . . . . . . . . . . . 224

6.2.2 Instabilities in other geometries . . . . . . . . . . . . . . . . . . . . . 228

6.2.3 Linear stability analysis . . . . . . . . . . . . . . . . . . . . . . . . . 239

6.2.4 Effects of inertia on finger-like instabilities . . . . . . . . . . . . . . . 240

6.2.5 Improvements to the RRM-R . . . . . . . . . . . . . . . . . . . . . . 242

6.2.6 Drag reduction and elastoinertial turbulence . . . . . . . . . . . . . . 243

References 245



xi

List of Figures

1.1 Representative flow curves for different non-Newtonian fluids on (a) shear

stress (τxy) vs. shear rate (γ̇) and (b) viscosity (η) vs. shear rate curves. . . 6

1.2 Friction factor vs. Reynolds number for a variety of polymer and surfactant

systems [1, 2]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

1.3 Representative flow curves for fluids that can support (a) shear banding and

(b) vorticity banding. The curve in (a) shows a shear rate that is a multivalued

function of shear stress, while (b) shows a shear stress that is a multivalued

function of shear rate. The blue areas indicate regions of the flow curve that

are multivalued and can support banding. . . . . . . . . . . . . . . . . . . . 13

1.4 Schematic of a rigid rod with length L and director u subject to an imposed

velocity gradient K = ∇v. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

1.5 Steady shear flow curves for the RRM with α = 5, β = 500, and varying k;

(a) normalized viscosity, (b) micelle shear stress, (c) micelle length, and (d)

orientation parameter. Figure based on [3]. . . . . . . . . . . . . . . . . . . . 33

2.1 Normalized micellar viscosity vs. shear rate in simple shear flow: (a) effect

of a, (b) effect of kga, (c) effect of kb0, and (d) effect of kbt with m = 3 and

Dr,0 = 1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56



xii

2.2 Mean micelle length normalized by equilibrium length vs. shear rate in simple

shear flow: (a) effect of a, (b) effect of kga, (c) effect of kb0, and (d) effect of

kbt with m = 3 and Dr,0 = 1. . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

2.3 Normalized first normal stress difference vs. shear rate in simple shear flow:

(a) effect of a, (b) effect of kga, (c) effect of kb0, and (d) effect of kbt with

m = 3 and Dr,0 = 1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

2.4 Fits (lines) to experimental data of (a) shear viscosity vs. shear rate and

(b) mean micelle length vs. shear rate. Experimental data corresponds to

solutions of 250 ppm, 500 ppm, and 1000 ppm CTAB/NaSal in water obtained

by Liu and Pine [4]. Corresponding parameter values are shown in Table 2.1. 63

2.5 Fits (lines) to experimental data of (a) shear viscosity vs. shear rate and

(b) mean micelle length vs. shear rate. Experimental data corresponds to

solutions of (red) 1000 ppm CTASal in water obtained by Ohlendorf et al. [5],

and (purple) 1500 ppm and (blue) 1000 ppm ODMAO in water obtained by

Tamano et al. [6]. Corresponding parameter values are shown in Table 2.2. . 65

2.6 Micellar contribution to the shear viscosity (normalized by zero-shear vis-

cosity), ensemble average orientation components, and normalized length vs.

dimensionless time in transient startup of steady shear flow for a range of

applied Pe numbers. Both sets of parameters in (a)-(e) and (b)-(f) yield

equivalent steady states but varying transient behavior. . . . . . . . . . . . . 67

2.7 Micellar contribution to the shear viscosity (normalized by zero-shear vis-

cosity), ensemble average orientation components, and normalized length vs.

dimensionless time in transient startup of steady shear flow for a range of

applied Pe numbers clearly demonstrating stress-overshoot phenomenon. . . 69



xiii

2.8 Fits (lines) to experimental data (symbols) of (a) shear viscosity vs. shear

rate and (b) micelle length vs. shear rate. Experimental data corresponds

to solutions of (green) 0.05wt% and 0.1wt% CTAVB in water obtained by

Landàzuri et al. [7]. Corresponding parameter values are shown in Table 2.3. 71

2.9 (a) Fits (lines) to experimental data of transient shear induction time vs.

shear rate for solutions of 0.05wt% and 0.1wt% CTAVB in water and (b)

corresponding transient viscosity growth vs. time response for the 0.05wt%

solution (blue). Experimental data was obtained by Landàzuri et al. [7].

Corresponding parameter values are shown in Table 2.3. . . . . . . . . . . . 72

2.10 Fits (lines) to experimental data of extensional viscosity vs. strain rate for

dilute (red) and semi-dilute (blue) CPyCl/NaSal solutions undergoing steady

uniaxial extensional flow [8]. Corresponding parameter values are shown in

Table 2.4. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

3.1 Example of a reentrant flow curve in which there is a region where the shear

stress, τxy, is a multivalued function of the shear rate, γ̇. The light blue area

shows the reentrant region of the flow curve. . . . . . . . . . . . . . . . . . . 78

3.2 Schematic of circular Couette geometry. Left: top-down (rθ) view of domain.

Right: side view of domain. . . . . . . . . . . . . . . . . . . . . . . . . . . . 90

3.3 Constitutive curves for the RRM-R with parameters: m = 3, kb0 = 10−2,

kga = 1500, kbt = 10, and a = 2.5. (a) Micelle (red), Newtonian (blue),

and total shear stress (purple), (b) length of micelles, (c) components of the

orientation tensor, and (d) normalized viscosity vs. applied Péclet number. . 95



xiv

3.4 Upper and lower branch steady states for Pe = 0.01 at varying curvatures.

(a) Local micelle shear stress and (b) local micelle length projected onto the

governing constitutive curves, where the local Péclet number, Pel, is calculated

from the velocity profile throughout the gap. (c) Local micelle shear stress

and (d) local micelle length over the gap radius. Line colors are red: ε = 1.00,

orange: ε = 0.50, green: ε = 0.20, and blue: ε = 0.10. The yellow rectangle

indicates the unstable region of the flow curve (∂τmrθ/∂γ̇ < 0). . . . . . . . . . 98

3.5 Shear rate-curvature state-space stability diagram. Dashed lines show the

existence limits for the lower (cyan) and upper (orange) branches respectively.

The cyan markers are the maximum Pe on the lower branch that will support

a steady state; all Pe on the lower branch below this line are stable, shown

by the cyan-shaded region. The orange markers are the minimum Pe on the

upper branch that will support a steady state; all Pe on the upper branch

above this line are stable, shown by the orange-shaded region. In the green-

shaded region both the lower and upper branches exist and are stable. In the

yellow-shaded region both the lower and upper branches are unstable or do

not exist. The stars show the local shear stress profiles across the gap at the

indicated Pe and ε. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100

3.6 Steady state local constitutive curve for ε = 1. The red markers are the micelle

shear stress at the inner cylinder, and the blue markers are the micelle shear

stress at the outer cylinder. The dashed red and blue lines represent steady

states that were not explicitly calculated. The purple vertical lines connecting

the markers show the local micelle shear stress throughout the gap at that Pe.

The yellow rectangle shows the region where, at a given Pe, the flow will fall

into the locally unstable region. . . . . . . . . . . . . . . . . . . . . . . . . . 102



xv

3.7 Upper and lower branch steady states for Pe = 0.0225 at ε = 1. (a) Local

micelle shear stress and (b) local micelle length projected onto the governing

constitutive curves, where the local Péclet number, Pel, is calculated from the

velocity profile throughout the gap. (c) Local micelle shear stress and (d)

local micelle length over the gap radius. The orange line corresponds to the

upper branch and the cyan line corresponds to the lower branch. The yellow

rectangle indicates the unstable region where ∂τmrθ/∂γ̇ < 0. . . . . . . . . . . 103

3.8 Snapshots of (top) micelle length, (middle) micelle orientation, and (bottom)

radial velocity in start-up of steady shear flow with applied shear rate Pe =

0.0225. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106

3.9 Snapshots of micelle length in start-up of steady shear flow with applied shear

rate Pe = 0.024. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107

3.10 Snapshot of micelle length with contours at blue: L = 8, yellow: L = 9, and

red: L = 10 for start-up of steady shear flow with Pe = 0.024. . . . . . . . . 108

3.11 Upper and lower branch steady states for Pe = 0.015 at ε = 1. (a) Local

micelle shear stress and (b) local micelle length projected onto the governing

constitutive curves, where the local Péclet number, Pel, is calculated from the

velocity profile throughout the gap. (c) Local micelle shear stress and (d)

local micelle length over the gap radius. The orange line corresponds to the

upper branch and the cyan line corresponds to the lower branch. The yellow

rectangle indicates the unstable region where ∂τmrθ/∂γ̇ < 0. . . . . . . . . . . 109

3.12 Snapshots of (top) micelle length, (middle) micelle orientation, and (bottom)

radial velocity for decreasing shear flow from an applied shear rate of Pe = 0.04

to Pe = 0.015. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110



xvi

3.13 Top row: Snapshots of micelle length for decreasing shear flow from an applied

shear rate of Pe = 0.015 to Pe = 0.01. Bottom row: Snapshots of micelle

length for decreasing shear flow from an applied shear rate of Pe = 0.025 to

Pe = 0.01. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112

3.14 Snapshots of micelle length for increasing shear flow from rest to an applied

shear rate of Pe = 0.0225 in a 3D domain with RI = 1 and h = 0.2. Top:

rθ-slice at z = 0 and bottom: rθ-slice at z = 0.1. . . . . . . . . . . . . . . . . 115

3.15 Snapshots of the radial velocity for increasing shear flow from rest to an

applied shear rate of Pe = 0.0225 in a 3D domain with RI = 1 and h = 0.2.

Top: rθ-slice at z = 0 and bottom: rθ-slice at z = 0.1. . . . . . . . . . . . . . 115

3.16 Snapshots of micelle length in the rz-plane at θ = π for increasing shear flow

from rest to an applied shear rate of Pe = 0.0225 in a 3D domain with RI = 1

and h = 0.2. The stationary inner cylinder is on the left and the rotating

outer cylinder is on the right. . . . . . . . . . . . . . . . . . . . . . . . . . . 116

3.17 Structures of micelle length for increasing shear flow from rest to an applied

shear rate of Pe = 0.0225 in a 3D domain with RI = 1 and h = 0.2. Top:

t = 40, middle: t = 50, and bottom: t = 60. Structures show regions of

L ≥ 5, indicating substantial micelle elongation. . . . . . . . . . . . . . . . . 116

3.18 Snapshots of micelle length when decreasing the shear rate from Pe = 0.04 to

Pe = 0.015 in a 3D domain with RI = 1 and h = 0.2. . . . . . . . . . . . . . 118

3.19 Snapshots of micelle length in the rz-plane at θ = π for decreasing the shear

rate from Pe = 0.04 to Pe = 0.015 in a 3D domain with RI = 1 and h = 0.2.

The stationary inner cylinder is on the left and the rotating outer cylinder is

on the right. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118



xvii

3.20 Steady state local micelle shear stress vs. applied Péclet number for ε = 0.1.

The red markers are the micelle shear stress at the inner cylinder, and the

blue markers are the micelle shear stress at the outer cylinder. The dashed

red and blue lines represent steady states that were not explicitly calculated.

The purple vertical lines connecting the markers show the local micelle shear

stress throughout the gap at that Pe. The yellow rectangle shows the region

where, at a given Pe, the flow will fall into the locally unstable region. . . . . 120

3.21 Snapshots of the final (a) length, (b) Srθ, and (c) azimuthal velocity for a

vorticity banded initial condition. The curvature is ε = 0.1, the height is

h = 1, and the applied shear rate is Pe = 0.01. The rotating outer cylinder is

on the right. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122

3.22 Plots of final (a) length, (b) Srθ, and (c) azimuthal velocity over the cylinder

height at different radial locations for a vorticity banded initial condition.

Orange: r = RI + 0.1d and cyan: r = RI + 0.5d. The curvature is ε = 0.1,

the height is h = 1, and the applied shear rate is Pe = 0.01. . . . . . . . . . . 123

3.23 Plots of deviation from steady state values for (a) length and (b) Srθ over time

after some small random perturbation to a steady vorticity banded state with

ε = 0.1, h = 1, and Pe = 0.01. . . . . . . . . . . . . . . . . . . . . . . . . . . 123

3.24 Upper and lower branch steady states for Pe = 0.0225 at varying curvatures.

(a) Local micelle shear stress and (b) local micelle length projected onto the

governing constitutive curves, where the local Péclet number, Pel, is calculated

from the velocity profile throughout the gap. (c) Local micelle shear stress

and (d) local micelle length over the gap radius. Line colors are red: ε = 1.00,

orange: ε = 0.50, green: ε = 0.20, and blue: ε = 0.10. The yellow rectangle

indicates the unstable region of the flow curve (∂τmrθ/∂γ̇ < 0). . . . . . . . . . 127



xviii

3.25 Plot of micelle length over θ at t = 40 and r = RI + 0.1d for start-up of

steady shear flow with an applied shear rate of Pe = 0.0225. The orange line

corresponds to the M2 mesh and the cyan to the M3 mesh. . . . . . . . . . . 127

3.26 Micelle length over θ at t = 40 and r = RI + 0.1d for start-up of steady shear

flow with an applied shear rate of Pe = 0.0225 in 2D (orange) and 3D (cyan).

The 3D slice is taken at z = 0, but the flow here shows no z-dependence. . . 128

4.1 (Reproduced from Section 3.1) Example of a reentrant flow curve in which

there is a region where the shear stress, τxy, is a multivalued function of the

shear rate, γ̇. The light blue area shows the reentrant region of the flow curve. 132

4.2 Schematic of plane Poiseuille geometry. . . . . . . . . . . . . . . . . . . . . . 145

4.3 (Reproduced from Section 3.4.1) Constitutive curves for the RRM-R with

parameters: m = 3, kb0 = 10−2, kga = 1500, kbt = 10, and a = 2.5. (a) Micelle

(red), Newtonian (blue), and total shear stress (purple), (b) length of micelles,

(c) components of the orientation tensor, and (d) normalized viscosity vs.

applied Péclet number. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 148

4.4 Steady state (a) micelle length and (b) streamwise velocity for PPF at Pe = 0.01.150

4.5 Steady state (a) local micelle length and (b) local micelle shear profiles vs.

local Pe superimposed onto the governing constitutive curves for (cyan) Pe =

0.01 and (orange) Pe = 0.015. . . . . . . . . . . . . . . . . . . . . . . . . . . 151

4.6 Snapshots of micelle length for start-up PPF with an applied shear rate of

Pe = 0.04. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 153

4.7 Snapshots of streamwise velocity for start-up PPF with an applied shear rate

of Pe = 0.04. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 153

4.8 (a) Local streamwise velocity and (b) local shear rate profiles across the chan-

nel over several time points and at x = 1.5 for start-up PPF with an applied

shear rate of Pe = 0.04. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 154



xix

4.9 Snapshots of wall-normal velocity for start-up PPF with an applied shear rate

of Pe = 0.04. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 155

4.10 Snapshots of micelle length for start-up PPF with an applied shear rate of

Pe = 0.04. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 157

4.11 Snapshots of micelle length with overlays of streamwise velocity contours for

start-up PPF with an applied shear rate of Pe = 0.04. . . . . . . . . . . . . . 158

4.12 Snapshots of first column: micelle shear stress, second column: micelle length,

third column: first normal stress difference, and fourth column: vorticity for

start-up PPF with an applied shear rate of Pe = 0.04. . . . . . . . . . . . . . 159

4.13 Several time points of (a) local micelle length and (b) local micelle shear vs.

local Pe profiles projected onto the governing constitutive curves for Pe = 0.04.160

4.14 Snapshots of micelle length for start-up PPF with an applied shear rate of

Pe = 0.06. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 162

4.15 Snapshots of streamwise velocity at later times for start-up PPF with an

applied shear rate of Pe = 0.06. . . . . . . . . . . . . . . . . . . . . . . . . . 163

4.16 Snapshots of micelle length in different box lengths, l, for start-up PPF with

an applied shear rate of Pe = 0.04. . . . . . . . . . . . . . . . . . . . . . . . 163

4.17 Streamwise-averaged (a) micelle length and (b) micelle shear stress sampled

at y = 0.5 for varying Re with Pe = 0.04. . . . . . . . . . . . . . . . . . . . . 166

4.18 (a) Local streamwise velocity and (b) local shear rate profiles across the chan-

nel over several time points and at x = 1.5 for start-up PPF with an applied

shear rate of Pe = 0.04 and Re = 100. . . . . . . . . . . . . . . . . . . . . . . 166

4.19 Snapshots of micelle length for start-up PPF with an applied shear rate of

Pe = 0.04 and Re = 0.01. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 167

4.20 Snapshots of micelle length for start-up PPF with an applied shear rate of

Pe = 0.04 and Re = 100. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 169



xx

4.21 Snapshots of micelle length in 3D for start-up PPF with an applied shear rate

of Pe = 0.04. Time points are indicated above each snapshot; each snapshot

shows the a slice in the xy-plane on the left, taken at z = 0.05, and a slice

in the yz-plane on the right, taken at x = 0. The length is l = 3 with width

w = 0.1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 171

4.22 Structures of micelle length in 3D for start-up PPF with an applied shear rate

of Pe = 0.04. Time points are indicated above each snapshot. The length is

l = 3 with width w = 0.1. Only the lower half of the domain (y ≤ 0) is shown

for clarity. Structures show regions of L ≥ 5, indicating substantial micelle

elongation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 172

4.23 Snapshots of micelle length for start-up PPF with an applied shear rate of

Pe = 0.04. The first column shows simulations run with the M1 mesh, the

second column the M2 mesh, and the third column shows simulations run

with the M3 mesh. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 177

4.24 Intermediate time snapshots of first column: micelle shear stress, second col-

umn: micelle length, third column: first normal stress difference, and fourth

column: vorticity for start-up PPF with an applied shear rate of Pe = 0.04. . 178

4.25 Snapshots of micelle length for start-up PPF with an applied shear rate of

Pe = 0.03. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 178

6.1 Constitutive curves for the RRM-R with parameters: m = 3, kb0 = 10, kga =

1200, kbt = 7, and a = 3.5. (a) Micelle (red), Newtonian (blue), and total

shear stress (purple), (b) length of micelles, (c) components of the orientation

tensor, and (d) normalized viscosity vs. applied Péclet number. . . . . . . . 225

6.2 Steady state (a) total shear stress, (b) micelle length, (c) Srθ, and (d) Sθθ in

circular Couette flow for varying curvatures (different line styles) at Pe = 2.

The dashed black line corresponds to the simple shear (i.e., zero curvature)

limit. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 227



xxi

6.3 θ-averaged (a) total shear stress, (b) micelle shear stress, (c) Srθ, and (d)

micelle length for start-up of CCF flow with Pe = 2; line styles correspond to

sampling at different radial locations: R1 is close to the inner cylinder, R2 is

in the middle of the gap, and R3 is close to the outer cylinder. . . . . . . . . 227

6.4 Micelle length vs. Pe for the RRM-R with parameters: m = 3, kb0 = 10−2,

kbt = 10, a = 2.5, and varying kga. . . . . . . . . . . . . . . . . . . . . . . . . 229

6.5 Snapshots of initial reentrant instability formation for the RRM-R with pa-

rameters: m = 3, kb0 = 10−2, kbt = 10, a = 2.5, and varying kga. . . . . . . . 229

6.6 Schematic of cross-slot flow. Flow enters through the horizontal arms with

uniform velocity U and isotropic, equilibrium length micelles. Flow exits

through the vertical arms with a zero-gradient pressure boundary condition.

The half-channel width is d = 1. . . . . . . . . . . . . . . . . . . . . . . . . . 231

6.7 Constitutive curves for the RRM-R in uniaxial extensional flow with parame-

ters: m = 3, kb0 = 10−2, kga = 1500, kbt = 10, and a = 2.5. (a) Micelle (red),

Newtonian (blue), and total shear stress (purple), (b) length of micelles, (c)

components of the orientation tensor, and (d) normalized viscosity vs. applied

Péclet number. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 232

6.8 Snapshots of micelle length at t = 80 for cross-slot flow with Pe = 0.005. The

top figure shows the inlet channels and the bottom figure shows the outlet

channels. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 233

6.9 Snapshots of micelle length at t = 10 for cross-slot flow with Pe = 0.015. The

top figure shows the inlet channels and the bottom figure shows the outlet

channels. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 234

6.10 Schematic of plane Couette flow. . . . . . . . . . . . . . . . . . . . . . . . . 237



xxii

6.11 (a) Micelle length and (b) orientation parameter over time and averaged over

xy at two different vorticity locations. The flow was seeded with an initial con-

dition directly on the unstable region of the flow curve (i.e., middle branch);

at z = z+ the micelle length was perturbed up slightly, and at z = z− it was

perturbed down slightly. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 238

6.12 Snapshot of micelle length for vorticity banded flow at long times. The initial

condition was vorticity banded. . . . . . . . . . . . . . . . . . . . . . . . . . 238

6.13 Snapshots of micelle length for CCF with Pe = 0.0225 and velocity convection.

The first column contains snapshots at t = 40, the second at t = 65, and the

times of snapshots in the third column are specified on the figure. From top

to bottom the rows are: Re = 10−6, Re = 10−4, Re = 10−2, Re = 101. . . . . 241

6.14 (Reproduced from Section 1.1.1) Friction factor vs. Reynolds number for a

variety of polymer and surfactant systems [1, 2]. . . . . . . . . . . . . . . . . 244



1

1

General introduction

The works presented in this thesis are targeted at leveraging modeling and simulation

tools to better understand the rheology and flow dynamics of dilute wormlike micelle so-

lutions. Wormlike micelles (also called rodlike or cylindrical micelles) are formed from the

self-assembly of amphiphilic surfactant molecules and can show a wide array of rheological

behaviors that make them essential to many commercial products and industrial processes.

Broadly, the aims of this work are to (1) develop and accurate and tractable model for

dilute wormlike micelle solutions and (2) use this model in computational fluid dynamics

(CFD) simulations for understanding instabilities, turbulence, drag reduction, and other

phenomena in these flows. Industrially, these goals are motivated both by the ubiquity of

wormlike micelles in processes and products as well as developing a better understanding of

the breadth of rheological properties displayed by these solutions so that they can be effec-

tively deployed in new settings. Academically, wormlike micelle solutions exhibit a number

of unique instabilities that have yet to be fully explored.

A full description of the rheology of dilute wormlike micelle (WLM) solutions is given in

Section 1.2, but to summarize these solutions have been shown to exhibit remarkable flow

dynamics ranging from pronounced shear-thickening and -thinning regimes to flow-induced

structure (FIS) formation, as well as numerous instabilities in shear and extensional flows

[9, 10, 11, 12, 13]. These properties, among others, have lead to the widespread use of
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WLM solutions in numerous fields. Specifically, in commercial products WLMs are found

in: detergents, emulsions, coatings, and paints, and in industrial processes they are used: in

closed-loop district heating and cooling, in oil and gas applications as heat-transfer fluids,

and in oil-recovery operations as fracking fluids [14, 15].

Wormlike micelle solutions have also demonstrated turbulent drag reduction at levels

comparable to, and in some cases exceeding, that of polymer solutions. It has been known

for several decades that the addition of a small amount of polymer molecules can signifi-

cantly reduce turbulent drag by up to 80% [1, 16]. Unfortunately, polymer additives suffer

from mechanical degradation in regions of high shear or extension, such as those seen in

the pumps needed to drive fluid transport, requiring the need for constant replacement in

order to maintain the desired levels of drag reduction. More recent research has shown that

dilute surfactant solutions forming wormlike micelles also provide significant levels of drag

reduction, comparable to the levels seen in polymer solutions [2]. Additionally, micelles are

self-assembled structures, meaning that they are not susceptible to the mechanical degrada-

tion that polymers are. This self-assembly, combined with their incredible drag reduction,

makes WLM solutions ideal candidates for reducing drag in the transport of fluids.

Despite the benefits of dilute WLM solutions, their adoption as drag-reducing agents has

been limited, remaining mostly confined to small districts in Japan [17, 18]. Much of this

limitation stems from the fact that the behavior and dynamics of these fluids in complex

flows, and specifically the development of instabilities in these flows, is not well understood

especially compared to the flow of polymer solutions. In this work, we aim to expand

understanding of flow instabilities in dilute WLM solutions and elucidate the mechanisms

underlying these instabilities.

The following introduction is set-up as a primer for key concepts in rheology and modeling

of complex fluids. The introduction is laid out as follows: In Section 1.1 we provide a

brief introduction into the basics of viscoelastic fluids and the broad categorizations for

rheological behaviors. In Section 1.1.1 we give an overview of drag reduction and turbulence
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in viscoelastic fluids; harnessing and exploiting drag reduction using viscoelastic fluids is the

application with the greatest possible energy and cost savings. In Section 1.2 we then dive

into the main focus of this thesis, wormlike micelle solutions; this section first focuses on the

chemistry and composition of these solutions before discussing their rheological properties.

We also discuss many instabilities that can arise in these systems. Section 1.3 provides

an overview of the most widely studied models for WLM solutions, including a description

of their derivations and predictions. Finally, in Section 1.4 we provide an outline of the

remaining chapters.

1.1 Introduction to viscoelastic fluids

Viscoelastic fluids are encountered in a vast array of fields including: biology/anatomy [19],

oil-recovery [20], material processing, transportation/robotics [21], and even astronomy [22].

Viscoelastic fluids, as their name suggests, are both viscous and elastic. To understand

viscoelasticity, it is first helpful to understand the two limiting cases of purely viscous and

purely elastic materials.

Typical small-molecule liquids (e.g., water, liquid argon) are purely viscous; they have

no ‘memory’ of past deformations, and their behavior is only dependent on the applied

deformation. Purely viscous fluids are called Newtonian. The stress in these fluids is a

linear function of the applied shear rate, which is related to the velocity gradient. The

relationship between the stress and shear rate in a fluid is commonly understood through

Newton’s law:

τ = ηγ̇, (1.1)

where τ is the stress, γ̇ is the shear rate, and η is the proportionality constant, defined as

the fluid viscosity. For a Newtonian fluid the viscosity is constant.

While fluids tend to be viscous, solids tend to be elastic. Similar to the linear relationship

between stress and shear rate in Newtonian fluids, Hookean solids display a linear relationship
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between the stress and strain. This relationship can be understood through Hooke’s law:

τ = Eε, (1.2)

where ε is the strain and E is the elasticity modulus. These materials have a ‘memory’ of

past deformations, as these can affect the present stress in the material. In simple terms,

the stress in Newtonian materials is related to how fast the material is deformed, whereas

the stress in Hookean materials is related to the distance the material is deformed.

Viscoelastic fluids show behavior that falls between the two limiting cases of Newtonian

or Hookean; the stress in these fluids depends on both the shear rate and the strain [23]. The

quintessential viscoelastic fluid, at least in the chemical engineering field, is a dilute polymer

solution. These solutions comprise long-chain polymer molecules (e.g., PMMA) dissolved at

dilute concentrations in viscous fluids. Polymers are much larger than the small molecules

of Newtonian fluids and consequently the stress relaxation time scales are much longer; this

increased time scale means that local microstructure in the fluid can be altered, leading to

deviations from the Newtonian viscosity model [19].

In polymers, the slowest time scale is often related to the time for a polymer molecule to

return to its equilibrium configuration after being stretched [24]. As polymers are stretched

by the flow, the fluid microstructure becomes anisotropic and altered, thereby changing the

bulk fluid properties and showing non-Newtonian behavior. For polymers, the flow rate at

which non-Newtonian behavior sets in can be quantified by the Weissenberg number, Wi =

λγ̇, where λ is the relaxation time of the fluid and γ̇ is the shear rate [25]. The Weissenberg

number acts as a dimensionless shear rate that measures the ratio of elastic to viscous forces

and characterizes the deviations of a polymer from equilibrium [26]. For Wi � 1 the fluid

behavior is Newtonian-like as polymers can relax before becoming stretched by the flow

field; for Wi ≥ 1, however, polymers are stretched and non-Newtonian behavior arises [24].

For rigid polymers, relaxation to equilibrium occurs through rotational diffusion, which is
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quantified by the rotational diffusion constant, D−1
r ∼ λ; in these cases the Weissenberg

number is replaced by the rotational Péclet number, Pe = γ̇/Dr [26].

Non-Newtonian behavior forms an extremely broad umbrella since it contains every fluid

that deviates from the simple Newtonian (i.e., linear) constitutive relation. Under this

umbrella are many more specific categories that tend to sort fluids based on their viscosity

under shear. As discussed above, a Newtonian viscosity is constant under all shear rates.

Many fluids - such as polymers, blood, paints, and ketchup - are shear-thinning, meaning

that their viscosity decreases with increasing shear rate. Conversely, other fluids - such as

cornstarch mixtures, dilute wormlike micelle solutions, and pastes - are shear-thickening,

meaning that their viscosity increases with increasing shear rates. Finally, some fluids - such

as toothpaste, slurries, and concentrated suspensions - can exhibit a yield-stress, meaning

that a certain stress must be applied in order for these materials to flow; below this critical

stress the material behaves as a solid, while above it behaves as a fluid. Fluids that show

a yield-stress are often called Bingham plastics [27]. Many real materials can exhibit some

or all of these properties where the presence of more than one of these indicates competing

mechanisms and multiple time scales [25]. Example flow curves for all of these types of fluids

are displayed in Fig. 1.1, where (a) shows the shear stress (τxy) vs. shear rate (γ̇) and (b)

shows the corresponding viscosity (η) vs. shear rate curves.

The often complex microstructure and relationship between stress and shear in non-

Newtonian fluids can give rise to numerous flow phenomena that are not observed in New-

tonian fluids. One well-known phenomenon is the rod-climbing effect (also called the Weis-

senberg effect [24]). Consider a stationary beaker containing a viscous fluid with a rotating

rod placed vertically into the center of the fluid from above; in a Newtonian fluid, the ro-

tating rod will cause the fluid to decrease in height near the center of the beaker as fluid is

pushed outward toward the edges by the centrifugal force. In polymer solutions, however,

the opposite effect is observed as the fluid at the center of the beaker actually appears to

climb up the rod. Additionally, the change in fluid height is much more dramatic in polymer
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Figure 1.1: Representative flow curves for different non-Newtonian fluids on (a) shear stress (τxy)
vs. shear rate (γ̇) and (b) viscosity (η) vs. shear rate curves.

solutions than Newtonian fluids [24]. Rod climbing is a result of ‘hoop’ stresses that arise

through the stretching of polymer molecules along streamlines in the θ- direction. As poly-

mers stretch along streamlines they generate a radially inward stress that squeezes material

inward and, if strong enough, forces the material to appear to climb the rod [26].

Viscoelasticity can also give rise to numerous other phenomena, such as: die swell [28],

elastic recoil [29], long filament lifetimes [30], instabilities, and others [24]. A large portion of

the rheology field is dedicated to understanding and predicting these phenomena, both out

of industrial relevance and academic interest. From an industrial perspective, instabilities

and non-Newtonian behaviors can force drastic alterations to processes involving complex

fluids. For example, these phenomena can have a significant effect on extrusion, bottle filling,

pumping, foaming, mixing, and others [31]. Moreover, new phenomena are constantly being

observed and uncovered as new complex fluids are developed and employed.
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1.1.1 Drag reduction

One of the primary applications of complex fluids, and specifically dilute polymer solutions,

is the reduction of turbulent drag. It has been known for several decades that the addition

of a small amount of polymer molecules can significantly reduce turbulent drag by up to

80% [1, 16]. Interestingly, while drag reduction is found to increase with increasing polymer

concentration, the drag reduction eventually asymptotes and no further drag reduction is

observed for increasing concentration; this maximum extent of drag reduction, called the

maximum drag reduction asymptote (MDRA), appears to be independent of polymer chem-

istry [32]. The drag reducing capabilities of polymer additives have made them essential

tools in many applications involving the transport of fluid, from oil pipelines to heating and

cooling districts [33]. Unfortunately, polymer additives suffer from mechanical degradation

in regions of high shear or extension, such as those seen in the pumps needed to drive fluid

transport, requiring the need for constant replacement in order to maintain the desired levels

of drag reduction.

More recent research has shown that dilute surfactant solutions forming wormlike micelles

also provide significant levels of drag reduction, comparable to the levels seen in polymer

solutions [2]. As in the polymer case, the extent of drag reduction in surfactant solutions

is also seen to asymptote. Figure 1.2 shows a plot of friction factor vs. Reynolds number

measured in various experiments of polymer and surfactant solutions. It is desirable to have

the lowest friction factor, f = ∆pd/ρLU2, possible. The dashed black line shows the friction

factor for Newtonian turbulence, which is much larger than the other data shown. The solid

black line corresponds to laminar flow, which gives the lowest drag possible. The blue markers

show experimental data of various surfactant-additive systems, and the other colored markers

show the experimental data for various polymer-additive systems. The red and blue lines

are empirical fits for the polymer and surfactant MDRA, respectively. The drag-reducing

capabilities of micelle solutions clearly rivals that of polymers; additionally, micelles are self-

assembled structures, meaning that they are not susceptible to the mechanical degradation
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Figure 1.2: Friction factor vs. Reynolds number for a variety of polymer and surfactant systems
[1, 2].

that polymers are. This self-assembly, combined with their incredible drag reduction, makes

WLM solutions ideal candidates for reducing drag in the transport of fluids.

There has been a great deal of research into the mechanisms of drag reduction in polymer

solutions [34, 32, 33, 35, 36, 37]. Research has demonstrated that polymer solutions show a

transition from inertial turbulence, which we will refer to as Newtonian turbulence, to elas-

toinertial turbulence (EIT). While Newtonian turbulence is dominated by quasi-streamwise

vortices, EIT tends to be dominated by spanwise-oriented vortices [36]. There has been

little, if any, research into the mechanisms of drag reduction in surfactant-additive solutions,

nor has there been research into the structure of turbulence in these solutions. We aim to

address the lack of studies in these areas through the development of a computationally

tractable model for wormlike micelle solutions.

1.2 Introduction to wormlike micelles

The works in this thesis are concerned with modeling and simulations of dilute wormlike

micelle solutions. Wormlike, also called rodlike or cylindrical, micelle solutions are a subclass

of viscoelastic fluids that are formed when amphiphilic surfactant molecules are dissolved in a
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viscous fluid. Wormlike micelles are cylindrical structures that have often been called ‘living

polymers’ due to a combination of their lengths and ability to reform and re-structure due to

a series of self-assembly processes [38]. In this section, we first discuss the composition and

chemistry of micelles, including energetic and packing arguments into the size and shape of

these self-assembled structures. We then focus on the rheology of wormlike micelle solutions,

as well as instabilities that can form in these solutions. Finally, since much of this work is

focused on modeling WLM solutions, we give an overview into the derivation and predictions

of some of the most widely studied models.

1.2.1 Composition and chemistry

Wormlike micelles are aggregate structures that are formed from the self-assembly of am-

phiphilic surfactant molecules. Surfactants, so-named as a portmanteau of ‘surface-active

agents,’ typically consist of bulky hydrophilic head groups and long hydrophobic tails. The

amphiphilic nature of these molecules enables them to adsorb to the interface between two

immiscible fluids, leading to a significant reduction in the surface or interfacial tension [15].

The surface-activity, and the accompanying reduction in surface tension, of these molecules

makes them invaluable for applications such as: emulsification, wetting, and both foaming

and anti-foaming [39].

When dissolved in a fluid above a certain concentration, the critical micelle concentration

(CMC), surfactants can no longer populate the crowded interface and will begin to assemble

in the bulk solution [40]. This concentration signals the transition from behavior as individual

molecules to collective behavior as aggregate structures. Specifically, surfactants will begin to

self-assemble into larger structures where the geometry of the structures depends on the size,

shape, and chemistry of the surfactant molecules, as well as the pH, salinity, and polarity

of the fluid. Importantly, these aggregate structures are not chemically bonded and can

thus break and reform easily, as well as undergo transitions to other geometries, which is

important for understanding the dynamics of micelles in flow.
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The geometry of the self-assembled structures is well characterized by the packing pa-

rameter, P , which models surfactants as cones with volume, v, radius, ah, and length lc [40].

The radius of the cone is directly related to the size of the hydrophilic head group, while the

length is related to the length of the hydrophobic tail. The packing parameter is given by

P =
v

ahlc
. (1.3)

This treatment predicts that for P < 1/3 spherical micelles will form, for 1/3 < P < 1/2

cylindrical micelles will form, and for 1/2 < P < 1 vesicles and extended bilayers will form;

for P > 1 inverted structures are predicted [40]. This theory is not meant to be precise

since it ignores chemical and thermodynamic considerations and, moreover, the geometric

parameters can not be calculated from first principles. However, this treatment is useful

for understanding self-assembly broadly as well as the effects of changing simple geometric

parameters such as tail length.

In this thesis we will exclusively focus on wormlike micelles so it is helpful to go more in

depth into the chemical properties of these structures. To help us understand the chemical

and thermodynamical properties of wormlike micelles we turn to work by Larson [15]. From a

geometrical perspective, wormlike micelles differ from spherical micelles in that the curvature

is not constant across their surface; this variable curvature means that surfactants must

balance optimal and non-optimal configurations. For a long wormlike micelle with length L

and core radius Rc, the aggregation number (i.e., the number of surfactants in a micelle) is

given by n = 2πRCL/ah. It is assumed that the core radius adjust itself so that the head

group area, ah, is at its optimal value everywhere except for the hemispherical ends of the

cylinder; on the cylinder ends, the area per head group (calculated assuming a hemispherical

geometry) is as = 3a0/2. As a consequence of this optimization along the cylinder body,

the chemical potential µ0
n for a surfactant in a wormlike micelle varies with aggregation only

because of the end caps (i.e., the chemical potentials of two wormlike micelles with different
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lengths are equal) [40].

The free energy of micellization, Fmic(n), which gives the change in free energy required

for the assembly of surfactants into a micelle, is

Fmic(n) = nµ0
r + ns(µ

0
s − µ0

r), (1.4)

where µ0
s is the chemical potential of a surfactant in the hemispherical end cap, µ0

r is the

chemical potential of a surfactant in the cylindrical body, and ns is the number of surfactants

in an end cap. The overall chemical potential for a surfactant molecules is Fmic/n so that

the difference in chemical potential between a micelle with n surfactants and a micelle with

one surfactant is

µ0
n − µ0

1 = µ0
r − µ0

1 +
ns
n

(µ0
s − µ0

r) ≡ E∞ +
Esciss

n
. (1.5)

In this expression, Esciss ≡ µ0
r−µ0

1 is the free energy per surfactant molecule for the formation

of an infinite cylinder and E∞ ≡ ns(µ
0
s − µ0

r) is the free energy for micelle scission, which is

equivalent to the free energy for the formation of two end caps [15, 40]. Finally, this chemical

potential gives rise to an exponential distribution of micelle lengths

Xn ≈ n exp
(
−n/
√
Xe(Esciss/kBT )

)
exp (−Esciss/kBT ) , (1.6)

where X is the total mole fraction of surfactant and Xn is the mole fraction of surfactants in

an n-sized aggregate [40]. This is a very broad distribution, which can be understood from

the fact that micelles of any length are indistinguishable from one another since the chemical

potential is only non-optimal at end caps, of which each micelle has two. Of course there is

a driving force to minimize the number of end caps by forming longer micelles, however this

is entropically unfavorable.
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1.2.2 Rheology and instabilities

Much of the interest and research into wormlike micelles centers around their unique rhe-

ological properties. Broadly, wormlike micelles can display shear-thickening and -thinning

[41, 42], extensional-hardening [43], non-zero normal stress differences [44], flow-induced

structure [45, 46], shear banding [47, 12, 48, 49], vorticity banding [47, 50], reentrant (e.g.,

multivalued) flow curves [51, 52, 50], and numerous instabilities [4]. While wormlike micelle

solutions can display many of these properties, the exact behavior of a given WLM solution

is highly dependent on its concentration [14].

In the upper semi-dilute and concentrated regimes, WLM solutions typically show shear-

thinning behavior reminiscent of long-chain polymer solutions. Micelles in this regime do

not exist as independent structures, but rather form complex, entangled networks. These

entanglements occur as micelles grow far beyond their persistence lengths and begin to wind

and curve [49]. These networks can move and relax through a variety of mechanisms: scission,

reptation, and shuffling, and importantly because these structures are not chemically cross-

linked they can also undergo ‘ghost’-point crossings, where two strands will seemingly pass

through one another [53, 38, 54]. Shear-thinning in this regime is attributed to restructuring

of the network and the breaking of entanglements. These higher concentrations also tend to

exhibit, under appropriate conditions, the well-known shear banding (or gradient banding)

instability. This instability is characterized by a macroscopically ‘banded’ flow in which the

fluid separates into two distinct regions where the fluids in either region support equivalent

shear stresses but unique shear rates [47, 55]. The separation of these two regions is often

observable through differences in turbidity and/or birefringence, indicating that micelles in

each region are distinguishable by differences in length and orientation.

The development of shear-banding requires a flow curve in which the shear rate, γ̇, is

a multivalued function of shear stress, τxy. An example of this non-monotonic flow curve

is shown in Fig. 1.3a. This flow curve is characterized by a region where ∂τxy/∂γ̇ ≤ 0 at

intermediate shear rates, separated by two regions where ∂τxy/∂γ̇ > 0 at low and high shear
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Figure 1.3: Representative flow curves for fluids that can support (a) shear banding and (b)
vorticity banding. The curve in (a) shows a shear rate that is a multivalued function of shear
stress, while (b) shows a shear stress that is a multivalued function of shear rate. The blue areas
indicate regions of the flow curve that are multivalued and can support banding.

rates, respectively. In the region where the shear stress is a decreasing function of shear

rate, the flow is unstable to non-homogeneous flow [56]; in controlled shear rate flow, the

application of a shear rate, γ̇a, that falls in this region will often cause the flow to separate

into two distinct regions of equal shear stress but unique shear rates, γ̇1 and γ̇2, resulting in

a piecewise velocity profile. This separation is known as shear banding since it occurs along

the shear (i.e., gradient) direction, but for clarity should be referred to as gradient banding

to distinguish from vorticity banding (which also occurs in shear flows). There has been

extensive research into shear-banding [57].

In the dilute and semi-dilute regimes, micelles exist as nearly rigid rods with persistence

lengths in the range of ∼ O(10−100nm) and contour lengths on similar scale [58, 59, 60, 61,

5]. In this regime, WLM solutions typically exhibit pronounced shear-thickening behavior

associated with the formation of flow-induced structure (FIS); at high deformation rates this

thickening gives way to stark shear-thinning induced by the breakdown of FIS and strong

orientation of the micelles [62]. Flow-induced structure in the dilute regime takes the form

of elongated wormlike micelles that can be several times longer than the equilibrium micelle

length, in some cases yielding micelles with lengths on the order of microns [46].
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While a direct measurement of micelle length in flow is challenging, it is possible to

make estimates of the micelle length by analyzing the effect of flow on the solution viscosity.

Prud’homme and Warr related the critical strain rate, the strain at which the extensional

viscosity is maximized, in an opposed jet device to the length of micelles by assuming that

the micelle relaxation time was solely due to scission kinetics [63]. By approximating the

tension along the micelle body and assuming an upper bound on the micelle scission energy,

they directly related the critical strain rate to the micelle length. Through this analysis

and by comparing to the mean micelle length at zero shear rate, the authors determined

that micelles were significantly elongated by the extensional flow field. Similarly, Omidvar

and coworkers used an asymptotic analysis of the FENE-P model to relate the extensional

viscosity of the micelle solution to the micelle length [64]. By assuming that the micelle

length could be related to the FENE-P extensibility parameter, they were able to relate

increases in the extensional viscosity to elongation of the micelle lengths, finding significant

elongation of the micelles by the flow field.

In addition to shear-thickening and -thinning, dilute WLM solutions can display a reen-

trant, or multivalued, flow curve in which the shear stress is a multivalued function of shear

rate, shown in Fig. 1.3b. In a stress controlled rheometer, the application of a shear stress,

τxy,a, that falls in the region where ∂τxy/∂γ̇ ≤ 0 will cause the flow to separate into two

distinct regions that support equivalent shear rates but unique shear stresses, τxy,1 and τxy,2;

this separation is known as vorticity banding since it occurs along the vorticity axis [50]; this

instability is a relatively uncommon phenomenon, but has been observed in charged colloidal

suspensions, rodlike colloids, onion surfactants, biphasic polymer blends, and of course di-

lute WLM solutions [65, 66, 52, 67, 50, 68]. Similar to gradient banding, these bands can

often be visualized by differences in turbidity and birefringence [47, 50]. While there has

been extensive theoretical and experimental treatment of shear banding (see [47, 57] for

comprehensive reviews), vorticity banding remains a poorly understood phenomenon. This

lack of understanding arises due to both fewer fluids that exhibit reentrant flow curves and
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fewer constitutive models that can predict reentrant flow curves, thus restricting the study

of vorticity banding from both experimental and computational approaches.

In addition to vorticity banding, dilute WLM solutions have been shown to exhibit

‘finger’-like instabilities; these finger-like instabilities develop in circular Couette flow and

appear as unstructured streaks and threads that span the flow gap [69, 70]. Using a circu-

lar Couette device, Liu and Pine [4] observed these finger-like structures in controlled-shear

rate flows of ∼ O(102 − 103) ppm equilmolar CTAB/NaSal solutions; using small angle

light scattering (SALS), they revealed reversible finger-like structures that, upon increas-

ing shear rate, grew outwards from the inner cylinder into the flow gap. The emergence

of these structures required a finite induction time, typically on the order of minutes, and

resulted in an elevated shear stress corresponding to significant shear-thickening. The au-

thors observed that the fingers repeatedly grew until they reached the outer cylinder before

retracting towards the center of the cell and beginning to grow again. Hu and coworkers [71]

observed similar structures in a solution of equimolar 7.5 mM TTAA/NaSal that exhibited

a reentrant flow curve. Similar to Liu and Pine, the authors observed that increasing either

the shear rate or shear stress beyond some critical value induced shear-thickened structures

that originated at the inner cylinder and grew outwards to fill the gap. In stress-controlled

experiments, they observed that increasing the applied stress into the multivalued region of

the flow curve resulted in a FIS front that steadily grew to some radial position along the

gap before stopping and holding at a steady gap location; the point along the gap where the

FIS front stopped depended on the applied stress. When increasing the shear stress beyond

the multivalued region, the authors observed that the FIS encompassed the entire gap. In

shear rate-controlled experiments, the authors observed transient behavior that was similar

to the stress-controlled experiments, but found that the steady behavior was different; no-

tably the system was either void of FIS or exhibited FIS that filled the entire gap depending

on whether the applied shear rate was below or above the critical value, respectively.

Finger-like instabilities have not been observed in channel flows of dilute wormlike mi-
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celle solutions, though instabilities have been found in cross-slot flow. Dubash and coworkers

[72] investigated different concentrations of CTAB/NaSal solutions that spanned the dilute

(shear-thickening and -thinning) to concentrated (purely shear-thinning) regimes in a mi-

crofluidic cross-slot device. The WLM solutions they investigated did not display reentrant

flow curves and they did not observe any finger-like instabilities, however, they did observe

the development of of unsteady flow. The extension rates where the flow became unsteady

corresponded to regions of the flow curve that show shear-thickening and -thinning. The au-

thors concluded that the instability was elastically driven because it developed at Reynolds

numbers below the critical value for instabilities in Newtonian fluids.

1.3 Modeling wormlike micelle solutions

In the following section, we outline a few of the prominent models for wormlike micelle so-

lutions. As we will discuss, a consequence of the dramatic dependence of wormlike micelle

rheology on concentration is that models for WLM solutions are typically only valid for a

specific range of concentrations, and it is unlikely that a single model will be able to capture

the full behavior of WLMs from the dilute to concentrated regimes. This inability is not

unexpected since many polymer models should also only be employed in specific concentra-

tion ranges (although many researchers will ignore this!). The range of behaviors between

concentration regimes also means that there have been numerous and varied approaches to

modeling and understanding WLM solutions, each with their own successes and pitfalls.

Perhaps the greatest challenge in developing these models is the balance of accuracy with

computational efficiency; we desire a model that accurately captures the physics and dynam-

ics of WLM solutions, but for this model to be useful it also must retain sufficient tractability

such that it can be implemented and studied both analytically and in computational fluid

dynamics simulations. Although there is no easy solution to this challenge, there has been

a significant and relatively successful effort over the last three decades to develop robust
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models for WLM solutions.

The existing models for WLM solutions can be loosely lumped into three categories:

population balance models, coupled fluidity models, and microstructural models. Popula-

tion balance models treat each unique micelle length as an individual species, leading to a

distribution of lengths that can be either continuous or discrete depending on the model.

The dynamics and behavior of each species are tracked individually and used the predict

the bulk or collective behavior of the system. Coupled fluidity models involve the coupling

of viscoelastic fluid models (e.g., Upper-convected Maxwell, FENE-P) to an evolution equa-

tion for the ‘fluidity’ of micelles; in theory the fluidity is meant to capture the build-up and

breakdown of micelle structure, and in practice is simply the inverse of the solution viscosity.

Finally, microstructural models aim to capture the underlying physics of the micelle system

by treating WLMs as a reaction system. These models make phenomenological and mecha-

nistic arguments about the micelle kinetics and are thus able to capture a diverse range of

reaction and relaxation phenomena.

1.3.1 Cates and Turner

One of the earliest treatments of WLM solutions was by Cates and Turner (CT) [73, 74], who

aimed to generate a population balance model that accounted for different stress relaxation

mechanisms associated with wormlike micelles, specifically micelle scission and rotational

diffusion. In their work, CT treat WLMs as completely stiff and make the assumption that

all micellar reaction kinetics only involve collinear rods. Following this assumption, micelles

subjected to flow exhibit a positive feedback mechanism whereby the flow field tends to align

the rods, aligned rods experience enhanced fusion and elongation, and elongated rods have

decreased angular mobility and are thus able to grow even longer. At high enough shear

rates in this model, rods experiencing this positive feedback can be elongated to the point

that the system undergoes a gelation transition and forms ordered phases [74].

CT developed their model by considering a probability distribution function, ψ(L,u), for
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Figure 1.4: Schematic of a rigid rod with length L and director u subject to an imposed velocity
gradient K = ∇v.

rods with length L and director u. A schematic is shown in Fig. 1.4. The director u points

along the axis of the rods and can be thought of as the trajectory of a point on the surface

of a unit sphere (i.e., |u| = 1). The density of material with orientation u is

ρ(u) =

∫
Ω

ψ(L,u)LdL. (1.7)

CT considered steady states of the system that are given by solutions to

ψ̇ = F1[ψ] + F2[ψ] = 0, (1.8)

where F1[ψ] accounts for rotational diffusion and convection and F2[ψ] accounts for scission

and fusion reactions. Under a constant imposed velocity, v, and gradient, K = ∇v, the

form of F1[ψ] is well-known [75]:

F1[ψ] = R · [D(L)Rψ(L,u)− u×K · uψ(L,u)] , (1.9)

where R ≡ u × ∂/∂u is the angular gradient or rotational operator. In index notation

Rj = eiεijk∂/∂uk. The first term in this expression is from angular diffusion and the second

is from torque on a rod subject to a flow.

The form of F2[ψ] is obtained by assuming that micelles undergo random unimolecular
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scission with a fixed probability per unit length, k. Further, the fusion of two collinear

rods with orientation u and lengths L and L′ occurs at the rate k′ψ(L,u)ψ(L′,u) with rate

constant k′. CT enforce k′/k = 2 exp(E), where E is the local free energy for scission of a

micelle. The reaction kinetics of the micelle solution are then given by

F2[ψ] = −kLψ(L,u) + 2k

∫
Ω

ψ(L,u)dL+
k′

2

∫
Ω

ψ (L′,u)ψ (L− L′,u) dL′

− k′ψ(L,u)

∫
Ω

ψ (L′,u) dL′.

(1.10)

In the above expression, the first term corresponds to a rod of length L breaking to form

two shorter rods, the second term corresponds to a longer rod breaking to form a rod of

length L, the third term represents two shorter rods fusing to form a rod of length L, and

the last term represents a rod of length L fusing with another rod to form a longer rod.

Reactions alone are unable to redistribute rods between angles so that the angle-dependent

rod length, λ(u), is arbitrary. The steady state distribution for a micelle system only under

the influence of reactions, F2[ψ] = 0, is

ψ(L,u) = exp(−E) exp(−L/λ(u)). (1.11)

One drawback of this model is that a full solution to Eq. (1.8) for arbitrary flows is not

possible without introducing new assumptions and limits [73]. For example, let τ = 1/kλ0

be the characteristic relaxation time of the system with characteristic rod length λ0; the

‘fast-breaking limit’ is defined as τ → 0. In this limit, Eq. (1.8) can be solved in the

case of potential flows. Additionally, although an exact solution is not possible, the model

does predict a gelation transition in extensional flow when the extension rate exceeds some

critical value. It is important to note that description of this transition as a ‘gel’ does not

imply cross-linking, rather it indicates the appearance of extremely long and anisotropic

rods. Equation (1.8) can not be exactly solved in shear flows and in the slow-breaking limit

without further simplifications, though scaling arguments are possible.
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The model proposed and developed by Cates and Turner has been extremely influential

for the study of wormlike micelle solutions. In particular, the balance of orientation relax-

ation with micellar kinetics has become a staple of most, if not all, WLM solution models.

As will be discussed, the reactive rod model and its descendants draw heavily from the pic-

ture described by Cates and Turner. Moreover, this model clearly describes the physics of

structure formation that dominate these systems.

There are significant limitations with this model, however, notably the inability to find

exact solutions except in the cases of strong limitations and restrictions. CT also do not

write down an evolution equation for the stress tensor, which is a necessity for use in practical

applications. Additionally, the inclusion of a continuous length distribution is prohibitive for

the implementation of this model in CFD simulations due to sheer computational expense.

More recent models for WLM solutions have learned from these drawbacks, often enforcing a

discrete length distribution and including the necessary constitutive relation. Although the

work by Cates and Turner has its limitations, it has been foundational in the development

of improved micelle models.

1.3.2 Vasquez-Cook-McKinley

The Vasquez-Cook-McKinley (VCM) model is based on a discrete version of a ‘living poly-

mer’ theory developed by Cates [76, 77, 78, 79]. This is the same Cates as the Cates and

Turner model, who extended the work to both account for micelle entanglements and pro-

vide a constitutive relation for the micelle stress. The VCM model is meant to describe

concentrated WLM solutions that form entangled networks and notably display a shear

banding instability. This thesis is primarily focused on wormlike micelle solutions in the

dilute regime, which display drastically different dynamics compared to solutions in the con-

centrated regime; it is instructive, however, to include the VCM model in this work because

it the most widely studied model for WLM solutions.

The VCM model starts by considering the coexistence of two species of wormlike micelles
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modeled as Hookean dumbbells; species A have length L and are able to break at their

center to form species B with length L/2. Species B are able to react end-to-end to reform

species A. This reaction scheme is a discretization of the one proposed by Cates and Turner

[74, 73, 79], which allowed for micelles to break with equal probability at any point along

their length, as well as micelles of any length to fuse together. The simplification to a discrete

length distribution is crucial for allowing this model to be deployed in complex flows as well

as for studying spatial variations that arise in shear banding.

The full derivation of the VCM model is given [76], but in summary the model starts from

a probability density distribution, ψi, for each species, i, whose dynamics are governed by the

Smoluchowski equation (also called the Fokker-Planck equation [80]). We do not show the

Smoluchowski equation here since it will be included in Section 1.3.4. The Smoluchowski

equation is integrated over the conformation space to obtain evolution equations for the

number density and conformation of each species. After appropriate non-dimensionalization

the governing equations are

µ
DnA
Dt

= 2δA∇2nA − δA∇∇ : A +
1

2
cBn

2
B − cAnA, (1.12a)

µ
DnB
Dt

= 2δB∇2nB − 2δB∇∇ : B− cBn2
B + 2cAnA, (1.12b)

µ
∇
A + A− nAI− δA∇2A = cBnBB− cAA, (1.13a)

εµ
∇
B + B− nB

2
I− εδB∇2B = −2εcBnBB + 2εcAA. (1.13b)

In these equations, nA and nB are the number density of species A and B, respectively, A

and B are the configuration tensors, I is the unit tensor, µ is the ratio of the relaxation

time of the long chains to the effective relaxation time of the network, ε is the ratio of the

relaxation time of the short chains to the relaxation of the long chains, δA and δB are diffusion

constants for each species, cA is the dimensionless breakage rate, and cB is the dimensionless
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reformation rate. The ∇ over a variable indicates the upper convected derivative, defined by

∇
A =

DA

Dt
− (∇v)> ·A−A · ∇v. (1.14)

For completeness, the configuration tensors are defined by

C =

∫
QQψCdQ = {QQ}C , C = A,B, (1.15)

where Q is the end-to-end vector of a chain. The extra stress from the micelle network is

τ = (nA + nB)I− (A + 2B). (1.16)

Finally, the breakage and reformation rate are defined as

cA = cAeq +
1

3
ξµ

(
γ̇ :

A

nA

)
, (1.17a)

cB = cBeq , (1.17b)

where γ̇ = ∇v + ∇vT is the rate-of-strain tensor. The parameter ξ is meant to capture

capture stress-induced micelle breakage. For small values of ξ micelles are able to stretch

more leading to a large build-up of extensional stress; for ξ = 0 micelles actually become

infinitely extensible leading to unphysical behavior. For larger values of ξ micelles are more

easily broken.

One of the key successes of the VCM model is that it is able to predict a non-monotonic

flow curve (Fig. 1.3a) , which is a necessary condition for capturing shear banding. Indeed,

the VCM model is the predominant model used for studying the development, dynamics,

and stability of shear banding fluids [81, 82, 83]. Moreover, the VCM model is used to make

direct comparisons to experiments involving concentrated WLM solutions [84]. It has also

been shown that the VCM model can be efficiently implemented in CFD simulations, where
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it can predict shear banding and other flow phenomena in a variety of domains [85, 86, 87].

There has also been work to re-derive the VCM model in a thermodynamically consistent

framework [88], which we will elaborate on in Chapter 5.

The VCM model is perhaps the most successful and widely used models for wormlike

micelle solutions, however, it is exclusively meant for studying concentrated wormlike micelle

solutions. In this thesis, we are focused on the behavior of dilute WLM solution, which as

discussed in Section 1.2.2, vastly differs from that of concentrated solutions. Many of the

phenomena we wish to study (e.g., drag reduction and vorticity banding) are found in dilute

solutions, and thus can not be adequately studied with the VCM model.

1.3.3 Bautista-Manero-Puig

The Bautista-Manero-Puig (BMP) model was develop for looking at wormlike micelle so-

lutions that span a range of concentrations [89, 90, 7]; as the behavior of WLM solutions

changes drastically with concentration, this goal is ambitious. There are numerous iterations

of the BMP model that are meant to improve and iterate on the additional formulation, but

in this background we fill focus on the generalized-BMP model.

The BMP model is derived from the extended irreversible thermodynamics (EIT) formal-

ism, which aims to derive models in a thermodynamically consistent manner (more on this

in Chapter 5). This framework results in a model that amounts to coupling the Oldroyd-B

model [91], a common viscoelastic model for studying Boger fluids [92], to Fredrickson’s flu-

idity equation [93], which has been used to study thixotropic systems. The fluidity equation,

where the fluidity of a fluid is defined as the inverse of the viscosity, accounts for the buildup

and breakdown of microstructure, which in the BMP model corresponds to the buildup and

breakdown of micelles and gives rise to the desired shear-thickening and -thinning behavior.
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The generalized BMP model is defined by the equations:

dφ

dt
=

1

τ0

(φ0 − φ) + k0(φ∞ − φ)σ : D, (1.18)

σ + τ2
φ0

φ

∇
σ =

1

φ
D, (1.19)

where σ is the stress tensor, D is the rate-of-strain tensor, φ is the solution fluidity, φ0 is

the zero shear-rate fluidity, φ∞ is the infinite shear-rate fluidity, k0 is a kinetic parameter,

τ1 and τ2 are both relaxation times, and the ∇ over a variable indicates the upper-convected

derivative of that quantity. In order to remain consistent with the thermodynamic derivation,

the parameter k0 is a function of the second invariants of D and σ. For reference, the three

invariants (Ii) of a tensor (A) are:

I1(A) = tr(A) (1.20a)

I2(A) =
1

2

(
tr(A)2 − tr(A2)

)
(1.20b)

I3(A) = det(A). (1.20c)

The BMP model can capture both shear-thickening and -thinning, a reentrant flow curve

Fig. 1.3b, a non-monotonic flow curve Fig. 1.3a, and has shown success in capturing ex-

perimental data of dilute and concentrated wormlike. The fact that this model can predict

curves that could support both vorticity and shear banding makes this model very useful

for studying these complex phenomena. Indeed, the BMP model has been used in CFD

studies to look at pressure-driven channel flow instabilities [94], flow past a sphere [95], and

instabilities in expansion-contraction geometries [96]. Despite the prediction of a reentrant

flow curve it does not appear that the BMP model has been used to look at vorticity band-

ing, possibly because this model is better suited for describing concentrated WLM solutions.

Indeed, while the BMP model can technically describe dilute wormlike micelle solutions, it
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is most often used to study shear-banding [97].

The BMP model does have its drawbacks; notably the model parameters do not have

a clear physical connection to the underlying microstructural dynamics of WLM solutions,

and the inclusion of dependence on the invariants of the stress and strain-rate tensors limits

the computational efficiency of this model. Moreover, the dependence on the Oldroyd-B

model presents difficulties in extensional flow, where the infinite elasticity of the dumbbells

(which are used to derive the model) results in a divergent extensional viscosity [98]. Finally,

the ability of the BMP to capture phenomena associated with both dilute and concentrated

WLM solutions is not necessarily a positive attribute since the physics and dynamics of

these solutions vary drastically with concentration; consequently, although this model may

predict similar behavior to experiments, it may not be capturing the microstructural basis

and kinetics properly.

There has been recent work expanding the BMP framework to develop new models for

WLM solutions. Tamano and coworkers [99] took inspiration from the BMP model and

coupled the fluidity equation to both the FENE-P and Giesekus equations, both of which

are widely used for studying viscoelastic fluids, to develop the f-FENE-P and f-Giesekus

models, respectively. These two models, like the BMP, can capture both shear-thickening

and -thinning as well as stress-overshoot in start-up flows, and has been successful in fitting

experimental data of dilute WLM solutions. Additionally, the f-FENE-P model is particu-

larly well-suited for CFD simulations since many direct numerical simulation (DNS) codes

are already developed for the FENE-P equation [34]. Unfortunately, the f-FENE-P and f-

Giesekus models are both unable to predict a reentrant or non-monotonic flow curve, thus

restricting their use in studying banding.

1.3.4 Brownian rods

Before moving to the next model for wormlike micelle solutions, it is critical to outline the

governing equations used for modeling Brownian rod suspensions. This background is impor-
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tant because the framework developed for the dynamics of Brownian rod suspensions serves

as the basis for the model used throughout this work - the reformulated reactive rod model

(RRM-R) - as well as its predecessor, the reactive rod model (RRM, see Section 1.3.5). Both

the RRM and RRM-R treat wormlike micelle solutions as suspensions of rigid, Brownian

rods that are able to undergo reversible scission and fusion; thus, to fully understand these

models, it is crucial to outline the underlying non-reactive Brownian rod framework. This

section will draw heavily from work by Doi and Edwards [75].

Beginning with similar starting blocks to Section 1.3.1, consider a long, rigid rod in a

viscous fluid with viscosity ηs undergoing rotational and translational diffusion. The rod is

characterized by length L, radius b, and unit director vector u, which points along the rod

axis. For the non-polar rods we will consider u is indistinguishable from −u. The rotational

diffusion of the rod can be thought of as a particle undergoing a random walk on the surface

of the unit sphere. The rotational friction constant of the rod is [80]

ζr =
πηsL

3

3 ln(L/2b)
. (1.21)

Let ψ(u; t) be the probability distribution function of u and K be a velocity gradient acting

on a rod, the Smoluchowski equation for rotational diffusion is [75]

∂ψ

∂t
=

1

ζr
R · [kBTRψ + ψRU ]−R · (u×K · uψ), (1.22)

where again R ≡ u×∂/∂u is the rotational gradient operator and U is an arbitrary external

potential that can depend on the rod orientation (e.g., a magnetic force). For this work we

will only consider the effects of a velocity field so we set U = 0. The form of Eq. (1.22) may

be intimidating, but note that it is simply the convection-diffusion equation for probability

and comes from

∂ψ

∂t
= − ∂

∂u
· (ω × uψ) = −R · (ωψ), (1.23)
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where ω is the angular velocity of the rod, which comes from hydrodynamic arguments [75].

Equation (1.22) can be rewritten in terms of the rotational diffusion constant

Dr =
kBT

ζr
=

3kBT ln(L/b)

πηsL3
. (1.24)

The Smoluchowski equation for translational diffusion can be similarly derived, though

now we must consider differences between parallel and perpendicular motion. The friction

coefficients for parallel and perpendicular motion are [26]

ζ‖ =
2πηsL

ln(L/b)
, (1.25a)

ζ⊥ = 2ζ‖, (1.25b)

respectively. The Smoluchowski equation is then obtained by substituting the velocity of the

rod under an imposed flow, v, into the continuity equation for probability

∂ψ

∂t
= − ∂

∂R
· (vψ)−R · (ωψ), (1.26)

where R is the center-of-mass of the rod. Note that we have included the additional con-

servation term for angular diffusion so that by substituting v and ω into this expression we

obtain the Smoluchowski equation for both rotational and translational motion:

∂ψ

∂t
=

∂

∂R
·
[
D‖uu +D⊥(I− uu)

]
· ∂ψ
∂R
− ∂

∂R
· (K ·Rψ)

+DrR · [kBTRψ + ψRU ]−R · (u×K · uψ).

(1.27)

Here, D‖ = kBT/ζ‖ and D⊥ = kBT/ζ⊥ are the diffusion constants for parallel and orthogonal

motion, respectively.

The goal is now to determine how the rod orientation changes under a weak velocity

gradient and in the absence of an external force (U = 0). The rod orientation is tracked
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using the orientation tensor,

S = 〈uu〉 =

∫
uuψdu, (1.28)

which can also be written in traceless form

Ŝ = S− 1

3
I. (1.29)

To calculate an evolution equation for S, Eq. (1.22) is multiplied by uu− I/3 and integrated

by parts, yielding [75]:

∂S

∂t
= −6Dr

(
S− 1

3
I

)
+ K · S> + S ·K> − 2K : 〈uuuu〉. (1.30)

This equation fully describes the evolution of the orientation tensor for a dilute collection of

rods subject to flow. The first term on the right-hand side accounts for Brownian motion;

this term acts to drive the suspension to isotropy (e.g., S = I/3), and in the absence of flow

is the only term that remains. The remaining terms on the right-hand side account for the

orientation of rods by the velocity gradient. Notice that the last term in this expression

includes the fourth-order tensor 〈uuuu〉 (i.e., the fourth moment of u); the presence of this

term indicates that Eq. (1.30) is not closed. In order to close this expression we require

an evolution equation for 〈uuuu〉, however, this evolution equation would then include a

dependence on 〈uuuuuu〉, which itself would depend on higher moments. Thus, in order to

obtain a closed-form evolution equation for S we must supply a ‘closure approximation’. At

the moment we will leave this expression open and return to it later, but note that multiple

closure approximations are possible [100, 101, 102].

Finally, to complete the evolution equations for a dilute solution of Brownian rods we

need to calculate the rod contributions to the solutions stress. Doi and Edwards [75] consider

two components, a viscous stress and an elastic stress. The viscous stress contribution is

obtained by relating it to the work done by the frictional force for a rod undergoing an
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infinitesimal motion relative to the bulk fluid, and is found to be

τ V =
nkBT

2Dr

K : 〈uuuu〉, (1.31)

where n is the number density of rods. Similarly, the elastic stress is calculated by relating

it to the change in free energy for an infinitesimal deformation, and is given by

τE = 3nkBT

(
S− 1

3
I

)
. (1.32)

Notice how, similar to Eq. (1.30), in the absence of flow the viscous stress vanishes and all

that remains is the elastic stress that acts to return the solution to isotropy. Also, the viscous

stress contains the fourth moment of u, which again will require a decoupling approximation.

The rheological properties of Brownian rods are not particularly interesting; they are

weakly shear-thinning, which occurs as a result of rods orienting along the flow direction.

Because rods do not stretch they induce very little extensional stress, which is in stark

contrast to dilute polymer solutions that can support massive extensional stresses that give

rise to very interesting elastic and viscoelastic instabilities.

1.3.5 Reactive rod model

The reactive rod model (RRM) was developed by Dutta and Graham [3] as a tensor con-

stitutive model for predicting the flow dynamics of dilute wormlike micelle solutions. The

RRM serves as the predecessor for the model developed and used in much of this work, the

reformulated reactive rod model (RRM-R), and it is thus necessary to fully describe the

development and predictions of this model. The RRM was developed with the intent of

capturing the shear-thickening and -thinning, flow-induced structure (FIS) formation, and

reentrant flow curves associated with dilute WLM solutions. This model adopts a frame-

work that treats dilute WLM solutions as suspensions of Brownian rods undergoing reversible

scission and fusion. The mechanisms in the RRM are largely based on those presented by
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Turner and Cates [74, 73], which was discussed in Section 1.3.1; the flow-induced alignment

of micelles allows for increased micelle fusion through collinear, end-to-end collisions. As

micelles become elongated, hydrodynamic stresses develop along the backbone and act to

break micelles into shorter segments.

The basis of the RRM is the same as that of Brownian rods, described in Section 1.3.4.

A micelle is taken to have length L, radius b, and orientation tensor S. The evolution of

the orientation is described by Eq. (1.30) and the micelle contribution to the stress is given

by the summation of the elastic, Eq. (1.32), and viscous, Eq. (1.31), stresses. In order to

allow for fusion and scission of micelles, the length of the micelles is taken to be a dynamic

property that can change with time and flow. Conservation of mass is enforced through

conservation of surfactants, defined by

n0L0 = nL, (1.33)

where n0 and L0 are the equilibrium micelle number density and length, respectively. These

equilibrium values are constant, whereas n and L vary. The rotational diffusion constant

of the rods depends on length and must also be modified to account for the difference in

diffusivities for rods of length L0 and L,

Dr =
Dr,0

L∗3

(
lnL∗ +m

m

)
, (1.34)

where Dr is the diffusion constant for a rod of length L, Dr0 is the rotational diffusivity

of the rods at equilibrium (i.e., L = L0), L
∗ = L/L0 is the dimensionless rod length, and

m = ln(L0/2b) is a constant that depends on the initial aspect ratio of the rods.

Dutta and Graham next develop an equation for the micelle length by making mechanistic

arguments about the reaction scheme. Notably, this model is not meant to perfectly capture

the chemical and thermodynamic properties of micelle fusion and scission, but rather act

as a phenomenological model for the reaction kinetics. The micelle evolution equation is
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written in general form

dL∗

dt∗
= Ra +Rs, (1.35)

where Ra represents alignment-induced growth and Rs represents the spontaneous growth

and breakdown of micelles. The alignment-induced growth term is assumed to increase

linearly with rod alignment, where rod alignment is tracked through the scalar orientation

parameter,

Ŝ =

√
3

2

(
Ŝ : Ŝ

)
. (1.36)

Thus,

Ra = kŜ, (1.37)

where k is a constant. The spontaneous term is taken to be proportional to the deviation of

the length from its equilibrium value. Additionally, in order to capture the idea that long rods

are broken down by hydrodynamic stresses, it is assumed that there is some maximum rod

length, L∗max, that acts as the longest a rod can become without breaking. As L approaches

L∗max the breakage rate should increase rapidly, motivating a FENE-like dependence (i.e.,

finitely extensible nonlinear elastic) [24]. It is also assumed that the maximum rod length has

the form L∗max = α+β/Pe, where α and β are model parameters and Pe is the dimensionless

shear rate. This form captures the idea that hydrodynamic stresses increase with increasing

deformation rate, yielding an inverse relationship with the shear rate. Combining these

features,

Rs =
λ

1−
(

L∗

α+ β
Pe

)2 (1− L∗) , (1.38)

and the overall evolution equation for micelle length is

dL∗

dt
=

λ

1−
(

L∗

α+ β
Pe

)2 (1− L∗) + kŜ. (1.39)
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For completion, the micelle stress is given by

τm = 3nkBT

(
S− 1

3
I

)
+
nkBT

2Dr

K : 〈uuuu〉. (1.40)

The last thing needed to complete this model is a closure approximation for the fourth

moment of u. The RRM uses a closure by Dhont and Briels [103], which interpolates

between exact expressions at equilibrium and at perfect alignment:

K : 〈uuuu〉 ≈ 1

5
[S ·D + D · S− S · S ·D−D · S · S + 2S ·D · S + 3(S : D)S], (1.41)

where D = (K + K>)/2 is the rate of strain tensor and the double dot product is defined

by A : B = tr(A · B>). Equations (1.30), (1.39), (1.40) and (5.31) form a closed set of

governing equations describing the dynamics of a reactive Brownian rod solution meant to

represent the rheology and behavior of dilute wormlike micelle solutions.

Using this framework, the RRM has shown success in capturing experimental observations

of dilute WLM solutions, specifically in steady flows [3]. Additionally, one of the key successes

of the RRM is that it is able to capture a reentrant flow curve, suggesting that it could be

useful for studying vorticity banding. The simplicity and tractability of the RRM also

indicates that this model could be efficiently implemented in CFD studies for looking at

more complex phenomena.

Figure 1.5 shows example for curves for the RRM in steady shear flow, with (a) normalized

viscosity, (b) micelle shear stress, (c) micelle length, and (d) orientation parameter; the

parameters are α = 5, β = 500, and varying k. We can see that by varying k over a small

range the RRM can predict a wide array of behaviors, and specifically is able to capture the

distinct shear-thickening and -thinning of dilute WLM solutions. These curves emphasize

the fact that the RRM serves as an excellent proof-of-concept model - the framework of

reactive Brownian rods is rich and suitable for describing dilute WLM solutions.

The RRM does have its pitfalls, however, that necessitate the development of improve-
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Figure 1.5: Steady shear flow curves for the RRM with α = 5, β = 500, and varying k; (a)
normalized viscosity, (b) micelle shear stress, (c) micelle length, and (d) orientation parameter.
Figure based on [3].
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ments through further model iterations. Notably, the plateau in the viscosity at intermediate

shear rates (see Fig. 1.5a for k = 10) is not seen in experiments; further, the plateau in the

micelle length, Fig. 1.5c, at high shear rates is unphysical since we expect micelles to be

shredded into short segments at high flow rates. This feature is due to the nature of the pro-

posed length equation, which was constructed phenomenologically and lacks clear physical

insights. Finally, although not presented here, the RRM significantly struggles in predicting

transient dynamics, which is a critical shortcoming if the RRM is to be used for looking

at instabilities or drag reduction. In Chapter 2, we will address the struggles of the RRM

through the development of a new model for WLM solutions that relies on more physical,

though still mechanistic, arguments to develop a reaction equation for the micelle length.

1.4 Outline of this work

The main objects of this thesis are to develop an accurate and tractable model for dilute

wormlike micelle solutions and to use this model in analysis and simulations to understand

the rheology and formation of instabilities in these solutions. We also aim to establish and

ensure the thermodynamic consistency of our model, as well as derive new models in a

non-equilibrium thermodynamics framework.

The remainder of this thesis is divided into five chapters, each addressing aspects of

these objectives and aims. In Chapter 2, we derive a model for dilute wormlike micelle

solutions. This model, the reformulated reactive rod model (RRM-R), treats WLM solutions

as suspensions of reactive Brownian rods undergoing reversible scission and fusion reactions.

We show that this model can predict shear-thickening and -thinning, transient dynamics, and

a reentrant flow curve; the RRM-R can also be successfully fit to a variety of experimental

data.

In Chapter 3, we use the RRM-R in computational fluid dynamics simulations of circular

Couette flow, specifically studying flows that show reentrant constitutive curves. Using these
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simulations, we show that the RRM-R can predict finger-like instabilities that have previously

only been observed in experiments. We then expand these simulations in Chapter 4 to look

at instabilities in plane Poiseuille flow; we show that the RRM-R predicts an ‘interfacial’

instability that strongly resembles instabilities in viscosity-stratified flows.

In Chapter 5, we attempt to establish the thermodynamic consistency of the RRM-R,

as well as derive new models for dilute WLM solutions using the single generator bracket

framework of non-equilibrium thermodynamics. This framework has shown recent success

in deriving thermodynamically consistent models for concentrated WLM solutions, cement

pastes, and aggregating blood suspensions [88, 104, 105]. Finally, in Chapter 6 we summarize

our key findings and pose promising directions for future work.
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2

Constitutive modeling of dilute

wormlike micelle solutions 1

In this section we present a reformulation of the ‘reactive rod model’ (RRM) of Dutta and

Graham [Dutta, Sarit and Graham, Michael D., JNNFM 251 (2018)], a constitutive model

for describing the behavior of dilute wormlike micelle solutions. The RRM treats wormlike

micelle solutions as dilute suspensions of rigid Brownian rods undergoing reversible scission

and growth in flow. Evolution equations for micelle orientation and stress contribution are

coupled to a kinetic reaction equation for a collective micelle length, producing dynamic

variations in the length and rotational diffusivity of the rods. This model has previously

shown success in capturing many critical steady-state rheological features of dilute wormlike

micelle solutions, particularly shear-thickening and -thinning, non-zero normal stress differ-

ences, and a reentrant shear stress-shear rate curve, and could fit a variety of steady state

experimental data. The present work improves on this framework, which showed difficulty in

capturing transient dynamics and high-shear behavior, by reformulating the kinetic equation

for micelle growth on a more microstructural (though still highly idealized) basis. In par-

ticular, we allow for micelle growth associated with strong alignment of rods and breakage

1The text of this chapter is adapted from the publication by R.J. Hommel and M. D. Graham JNNFM,
295, 104606, 2021.
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due to tensile stresses along the micelles. This new formulation captures both steady and

transient shear rheology in good agreement with experiments. We also find good agreement

with available steady state extensional rheology.

2.1 Introduction

Surfactants are amphiphilic molecules consisting of bulky hydrophilic head groups bonded to

long-chain hydrophobic tails; beyond some concentration, the critical micelle concentration

(CMC), surfactants self-assemble into aggregate structures whose geometry is dictated by

the size, shape, and chemistry of the surfactant molecules as well as temperature and the

salinity of the solution [40, 106, 45, 54]. Among these aggregate structures are spherical and

wormlike or rodlike micelles, as well as vesicles and bilayers. At sufficiently high concentra-

tions, wormlike micelles can entangle and form large-scale networks and branched structures,

transitioning into a highly viscoelastic gel-like phase. The application of an external field

(e.g. flow), or increased temperature, can disrupt these networks and force micelles into

distinct structures [107, 46, 108].

Herein we focus on dilute surfactant solutions that form wormlike micelles (WLMs); these

solutions have been shown to exhibit remarkable flow dynamics ranging from pronounced

shear-thickening and -thinning regimes to shear-induced structure (SIS) formation, as well

as numerous instabilities in shear and extensional flows [9, 10, 11, 12, 13]. The addition

of small amounts of wormlike micelle-forming surfactants to turbulent flows can produce

up to an 80 − 90% reduction in turbulent drag, which in some cases can exceed the drag-

reducing capabilities of the most widely used polymer solutions [109, 1, 2]. Moreover, the

self-assembling capabilities of these micellar solutions, through which surfactants are able to

reassemble into aggregate structures following mechanical deformations, can also be exploited

to overcome the well-known shear-induced breakdown of polymer chains in the pumping of

turbulent flows. There has even been recent interest in leveraging the shear-thickening and
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-thinning properties of dilute surfactant solutions to form less environmentally destructive

carrier fluids in oil recovery operations [14]. The ubiquity of surfactant solutions, including

widespread use in household and commercial products, has motivated numerous studies

over recent decades into understanding the rheology, dynamics, and flow behavior of these

solutions.

Experiments have demonstrated that the behavior of wormlike micelle solutions drasti-

cally changes with concentration [14]. In the upper semi-dilute and concentrated regimes,

WLM solutions typically show shear-thinning behavior reminiscent of long-chain polymer

solutions. These higher concentration solutions also tend to exhibit, under appropriate con-

ditions, the well-known shear-banding (or gradient banding) instability. This instability is

characterized by the development of a macroscopically “banded” flow in which fluid sep-

arates into two distinct regions of equal shear stress but each supporting a unique shear

rate [47, 55]. The separation of these two regions is often observable through differences

in turbidity and/or birefringence. There has been extensive theoretical and experimental

treatment of this instability (see [47, 57] for a comprehensive review).

In the dilute and lower semi-dilute regimes, WLM solutions exhibit pronounced shear-

thickening behavior associated with the formation of SISs; at high deformation rates this

thickening gives way to stark shear-thinning induced by the breakdown of SISs and strong

orientation of the micelles [62, 61]. In the dilute regime, SISs take the form of elongated

wormlike micelles that can be several times longer than the equilibrium micelle length, in

some cases yielding micelles with lengths on the order of microns [45, 46]. In addition to

this shear-thickening and -thinning behavior, dilute WLM solutions can display reentrant,

or multivalued, flow curves (shear stress vs. shear rate); the existence of a reentrant flow

curve is a necessary condition for a relatively unique vorticity banding instability [50]. In

contrast to the shear-banding instability of higher concentrations, vorticity banding requires

that a single shear rate be able to support multiple shear stresses. In circular Couette flow,

this instability manifests as stacked “bands” along the vorticity axis, where adjacent bands
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support distinct shear stresses. Again, similar to gradient banding, these bands can often be

visualized by differences in turbidity and birefringence [47, 50].

There have been a number of theoretical treatments and models put forth to explain

and predict the behavior and dynamics of WLM solutions. The proposed models can be

loosely lumped into three categories: population balance models, coupled fluidity models,

and microstructural models. One of the earliest treatments of WLM solutions was by Cates

and Turner [110, 73] with the aim of generating a population balance model that accounted

for the different stress relaxation mechanisms associated with wormlike micelles, namely

micelle scission and rotational diffusion. This work led to the development of an evolution

equation for the probability distribution function for a micelle of given length and orientation

by considering a reversible kinetic reaction scheme: a given micelle can rupture at any point

along its length to form two shorter micelles, while two collinear micelles can also fuse into

a single, larger micelle. The model assumes that rods must be strongly aligned for fusion

to occur in order to avoid the large energetic penalty associated with bent micelles; this

collinearity assumption results in a positive feedback mechanism owing to the decreased

angular mobility of longer rods, and this feedback can incur a gelation transition in which

micelle length diverges sharply. Further, the competition between relaxation mechanisms

yields two distinct limits: a fast-breaking (scission-dominated) limit and a slow-breaking

(rotation-dominated) limit.

The Cates and Turner model has shown good agreement with experiments, however, the

presence of a continuous spectrum of lengths in this model greatly restricts both its use

in studying more complex flows and its incorporation into fluid-dynamical studies. Never-

theless, this model provides a strong mechanistic basis for understanding the dynamics of

WLM solutions, and has been used as a foundation for other WLM models both in the dilute

and concentrated regimes [76, 3]. We omit a thorough review of the remaining population

balance type models as these have been developed primarily for understanding the behavior

of concentrated WLM solutions, and thus fall outside the scope of the present work. Read-
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ers interested in the modeling and dynamics of concentrated WLM solutions are directed

to the Vazquez-Cook-McKinley (VCM) model [76, 78], the simplified tube approximation

for rapid-breaking micelles (STARM) model by Peterson and Cates [111], and Brownian

dynamics simulations of the VCM and reformulated VCM models by Adams and coworkers

[112].

We now turn our attention back to models for dilute WLM solutions, and in particular

to coupled fluidity models; as the name suggests these models couple well-known and well-

studied models for general viscoelastic fluids (e.g. Oldroyd-B, FENE-P, Giesekus) to a

fluidity (inverse viscosity) evolution equation originally proposed by Fredrickson for studying

thixotropic systems [93]. The fluidity equation accounts for spontaneous ‘buildup’ and shear-

induced ‘breakdown’ of microstructure in the fluid. By coupling the fluidity equation to the

Oldroyd-B equation, Bautista et al. [113] have formed the BMP model, which is able to

predict both shear-thickening and shear-thinning behavior. More recently, Manero et al.

[90] developed the generalized BMP model, where the model’s kinetic parameters are taken

as functions of the second invariants of both deformation rate and stress tensors, expanding

the model to allow for reentrant behavior. This model has also been used successfully by

Lanzàzuri et al. [7] to predict the steady and transient behavior of CTAB and CTAVB

solutions and has shown good agreement with experimental results. However, the BMP

model lacks a clear connection between model parameters and the underlying microstructural

dynamics of WLM solutions and the use of the Oldroyd-B equation presents difficulties in

extensional flows due to a divergent extensional viscosity [98].

More recently, Tamano et al. [99] have taken inspiration from the BMP model and have

coupled a fluidity equation to the Giesekus and FENE-P models to form the f-Giesekus and

f-FENE-P models, respectively. This formulation results in four dimensionless parameters

accounting for micelle breakdown and build-up (e.g. elongation) timescales, infinite and

zero-shear viscosity ratios, and maximum extensibility of micelles. Using this formulation

the authors simultaneously capture shear-thickening and -thinning, which is not possible
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using either of the pure Giesekus and FENE-P models. Further, the transient behavior of

this model, in particular in startup of steady shear flow, demonstrates a stress overshoot

that is similar to experimental observations of WLM solutions. The f-FENE-P model does

suffer from an inability to predict nonzero second normal stress differences, an artifact of

the original FENE-P model’s inability to do so, and there is some difficulty in predicting

the steepness of viscosity vs. shear rate data as well as the magnitude of shear-thickening

seen in experiments. Notably, however, this formulation is particularly well-suited for im-

plementation in direct numerical simulations (DNS) given that the majority of simulations

for viscoelastic polymer solutions are already formulated on the FENE-P and Giesekus con-

stitutive equations.

The present work concerns the last class of wormlike micelle models – microstructural

models – and in particular focuses on a reformulation of the reactive rod model (RRM),

a tensor constitutive model proposed by Dutta and Graham [3]. The RRM takes a phe-

nomenological, but highly microstructurally-motivated, approach to modeling WLMs and

treats dilute wormlike micelle solutions as suspensions of rigid Brownian rods able to undergo

reversible growth and scission in flow. The model couples evolution equations governing the

ensemble average orientation of rods and micelle stress contribution to an evolution equation

for the collective length of micelles, where micelle number density and length are constrained

by conservation of surfactant molecules. We provide more details on the modeling frame-

work of the RRM in Section 4.2, but note that it follows mechanisms proposed by Turner

and Cates [73], namely growth due to flow-induced alignment of micelles and spontaneous

scission along the lengths of micelles. The RRM has shown success in capturing experimen-

tal observations of dilute WLM solutions, and is able to capture flow curve multiplicity, a

necessary condition for vorticity banding, as well as nonzero normal stress differences. While

this model provides a proof of principle that the modeling structure of rigid Brownian rods

is rich enough to capture many key features associated with dilute WLM solutions, it does

have difficulty in predicting transient flow and high-shear results. Further, the nature of
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the proposed length equation lacks clear physical insights that, if present, would allow for

more precise understanding of rheological behavior. The motivation of the present work is

to further develop the RRM by developing a length evolution equation based more closely on

WLM dynamics in flow, with the aim of forming a model that is both accurate in predicting

WLM rheology and tractable enough for implementation in DNS and in the study of more

complex flows.

2.2 Model description

The complete derivation of the reactive rod model (RRM) is described in [3] and summarized

in Section 1.3.5. As discussed above, this modeling framework takes inspiration from theo-

retical treatments by Cates and Turner [110]. In summary, dilute wormlike micelle solutions

are treated as suspensions of rigid Brownian rods undergoing reversible scission and growth.

Rods fuse end-to-end (reducing the energetic penalty associated with the micellar end caps),

but only when they are highly aligned – otherwise the energy penalty arising from forming

a long but bent micelle is too large for fusion to take place [15, 110]. The application of

flow tends to align the rods. This alignment is balanced by rotational diffusivity of the rods

acting to return the suspension to isotropy. The fundamental assertion of the RRM is that

rods are able to react (fuse) in flow to form longer rods, and that the reaction rate increases

with increasing rod alignment. Consequently, a positive feedback mechanism exists between

rod growth and alignment owing to the smaller rotational diffusivity of longer rods. It is

assumed that rod growth is countered by hydrodynamic stresses acting along the lengths

of the rods and these stresses, which increase with increasing length, can induce breakage

events into shorter rods.
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2.2.1 Rigid Brownian rods

The underlying theory of a non-reactive suspension of rigid Brownian rods is given in both

[3, 75], which we briefly review before delving into the complete RRM. We begin with a

uniform collection of rods with length L0, radius b, and number density n0 suspended in

a Newtonian solvent with viscosity ηs. The orientation of a single rod is described by the

unit director vector u. The suspension is subjected to an arbitrary, homogeneous flow with

velocity v and transpose velocity gradient K = ∇v>. The orientation tensor S describes

the average collective orientation of the suspension and is given by the second moment of u

S = 〈uu〉 =

∫
uuψdu, (2.1)

where ψ is the probability distribution function of u. The time evolution of S in a homoge-

neous flow can be found by multiplying the rotational Smoluchowski equation

∂ψ

∂t
= Dr,0R2ψ −R · (u×K · uψ) , (2.2)

whereR ≡ u× ∂
∂u

andDr,0 is the rotational diffusion coefficient of a rod, by S and integrating

over u [75]. We then have for the time evolution of S

dS

dt
= −6Dr,0

(
S − 1

3
I

)
+K · S> + S ·K> − 2K : 〈uuuu〉 , (2.3)

where I is the unit tensor and the double dot product is defined as A : B = Tr(A ·B>).

The total stress of the suspension is given by the sum of the solvent τ s and micellar τm

contributions

τ = τ s + τm, (2.4)

where

τ s = 2ηsD (2.5)
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is the Newtonian solvent contribution with rate of deformation tensor D = 1
2
(K +K>) and

τm = 3n0kBT

(
S − 1

3
I

)
+
n0kBT

2Dr,0

K : 〈uuuu〉 (2.6)

is the additional stress due to the presence of rods. Here, kB is the Boltzmann constant

and T is the temperature. Equations (2.3) and (2.6) notably contain the fourth moment

〈uuuu〉, an evolution equation for which depends on the sixth moment of u, which in turn

depends on higher moments. To proceed analytically, it is then necessary to supply a closure

approximation for the product K : 〈uuuu〉. While numerous approximations are possible

(see, for example: [75, 114, 101]), we use an approximation from Dhont and Briels [103] that

interpolates between exact expressions in the limits of isotropy (equilibrium) and complete

alignment:

K : 〈uuuu〉 ≈ 1

5
[S ·D +D · S − S · S ·D −D · S · S + ...

2S ·D · S + 3(S : D)S]. (2.7)

2.2.2 Reactive Brownian rods

As discussed above, a key feature of the RRM is that it allows micelles, modeled as rigid

rods, to undergo reversible scission and growth by allowing the collective length and number

density of the suspension to be dynamic properties that evolve with time and flow. Consider

a suspension of rods at equilibrium initially with number density n0 and representative length

L0; in practice the length of a wormlike micelle suspension follows an exponential distribution

[15], but to make analytical progress it is assumed that a single, representative length is able

to suitably characterize the system. The radius b of the rods is taken to be constant. The

evolution of length L and number density n are constrained at all times by the surfactant

mass balance

nL = n0L0. (2.8)



45

Everywhere below, n will be determined by this equation.

The rotational diffusion constant for a rod of length L0 and radius b is given by [75]

Dr,0 =
3kBT

πηsL3
0

ln

(
L0

2b

)
. (2.9)

In the RRM, the constant rotational diffusion coefficient of the simple rigid rod model is

replaced by the length-dependent coefficient

Dr =
Dr,0

L∗3

(
lnL∗ +m

m

)
, (2.10)

where L∗ = L/L0 is the dimensionless micelle length andm = ln[L0/(2b)] is a constant related

to the initial aspect ratio of the rods. Substituting Eq. (2.10) into Eqs. (2.3) and (2.6), we

find

dS

dt
= −6Dr

(
S − 1

3
I

)
+K · S> + S ·K> − 2K : 〈uuuu〉 (2.11)

and

τm = 3nkBT

(
S − 1

3
I

)
+
nkBT

2Dr

K : 〈uuuu〉 . (2.12)

The rod orientation of the suspension is tracked by introducing a scalar orientational

order parameter

Ŝ =

√
3

2
Ŝ : Ŝ, (2.13)

where Ŝ = S− 1
3
I is the traceless part of S. This order parameter varies between Ŝ = 0 for

isotropic rods and Ŝ = 1 for perfectly aligned rods. The orientation and stress equations are

rendered dimensionless by introducing a nondimensional time t∗ = Dr,0t and Péclet number

Pe = γ̇/Dr,0 in shear flow and Pe = ε̇/Dr,0 in extensional flow. Note that the description and

equations above are valid for both the original RRM and the reformulation (RRM-R), the

only variation between the two models is in the length evolution equation, discussed below.
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2.2.3 Reactive rod model (RRM)

To allow for variability of rod length the original RRM introduces a length evolution equation

of the form

dL∗

dt∗
= Ra +Rs, (2.14)

where Ra represents alignment-induced growth of micelles and Rs collectively represents

spontaneous fusion and breakdown of micelles. The model assumes that alignment-induced

growth increases linearly with rod alignment, while spontaneous growth and breakage are

assumed to be proportional to the instantaneous deviation from equilibrium micelle length,

L0. The RRM introduces the idea of a maximum length L∗max beyond which micelles are

broken down by hydrodynamic stresses, and since these stresses increase with increasing

deformation rates, L∗max must decrease with increasing Pe. Moreover, the breakdown rate is

assumed to increase without bound as L approaches L∗max, suggesting a FENE-like form for

Rs. Using these assumptions, the RRM proposes a complete length evolution equation of

the form

dL∗

dt∗
=

λ

1−
(

L∗

α+ β
Pe

)2 (1− L∗) + kŜ, (2.15)

where λ, k, α, and β are model parameters. Equations (2.7), (2.11), (2.12) and (2.15) now

form a closed set of equations describing the orientation, stress, and length of a suspension

of reactive Brownian rods.

2.2.4 Reformulated reactive rod model (RRM-R)

The original formulation of the RRM does an excellent job in capturing some of the most com-

monly seen phenomena in dilute wormlike micelle rheology, namely shear- and extensional-

thickening and -thinning, reentrant (i.e. multivalued) shear stress, and non-zero normal

stress differences. It also makes progress in putting forth a tractable constitutive model that

has potential for implementation in CFD simulations. In this way, the original RRM acts as
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a proof-of-principle, indicating that the coupling of orientation, stress, and length evolution

equations has great potential in the modeling of dilute wormlike micelle rheology.

However, the original formulation of the RRM has difficulty in accurately capturing phe-

nomena associated with transient flows (e.g. inception of steady shear), which is a significant

obstacle for future implementation in CFD studies. This difficulty arises from the nature of

length evolution equation (Eq. (2.15)), which notably depends only on Pe number (which

is fixed for a given flow) and not on stress (which depends on flow type and time). Impor-

tantly, this lack of stress dependence prevents the original RRM from fully distinguishing

between shear and extensional flows, or between steady and transient flows. Further, while

the length equation in the original RRM does incorporate experimental insights about mi-

cellar rheology, such as alignment-induced growth and spontaneous growth and breakdown,

there is not a clear physical grounding underlying the structure of the proposed equation. To

address this, we present a new length evolution equation that considers in greater depth the

microscopic mechanisms underlying micellar reversible scission dynamics. This new formula-

tion incorporates mechanistic parameters that represent distinct microstructural phenomena,

thus facilitating more direct comparisons with surfactant rheology and chemistry. It must

be acknowledged that this new model still does not attempt to capture the distribution of

micelle lengths, nor does it encompass other effect such as formation of branched or laterally-

associating micelles.

We begin our reformulation with a similar approach to the original RRM, assuming a

length evolution equation that balances growth and breakdown of micelles

dL

dt
= Rg +Rb, (2.16)

where Rg ≥ 0 is the rate of micelle growth and Rb ≤ 0 is the rate of micelle breakdown.
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Micelle growth rate

Beginning with Rg, we assume that the rate of growth consists of two distinct types: spon-

taneous growth, Rg,s, and alignment-induced growth, Rg,a

Rg = Rg,s +Rg,a. (2.17)

Spontaneous growth must occur both in the presence and absence of flow and, as we will

address later, must balance with spontaneous breakage in a quiescent suspension to maintain

equilibrium. Spontaneous growth, Rg,s, which occurs when the ends of two micelles randomly

collide, must increase with number density and thus we propose a form

Rg,s = n2kg0, (2.18)

where n is number density and kg0 [m7s−1] is a spontaneous growth rate coefficient. The

choice of a quadratic dependence on number density is due to the bimolecular nature of a

collision event. We note that because we limit our framework to dilute solutions, interactions

between micelles, and therefore spontaneous growth events, should occur infrequently.

Now turning our attention to alignment-induced growth, a feature of both Cates and

Turner’s work as well as the original RRM, we assume that this type of growth must depend

on both the alignment and collision frequency of rods. We capture this idea with a functional

form

Rg,a = f(Ŝ)g(ν), (2.19)

where ν is collision frequency. We assume a separable form here to make analytical progress,

though this may not be the case. Rod alignment is captured by the orientational order

parameter Ŝ, and the bimolecular nature of a combination event suggests a quadratic de-

pendence on order

f(Ŝ) = kga,1Ŝ
2, (2.20)
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where kga,1 is a kinetic growth parameter.

There are two possible mechanisms for collisions – diffusion and flow. A simple approxi-

mation for collision frequency due to flow is ν = n2||D||. Here, ν depends on D rather than

K because strain and the relative motion of micelles, as opposed to rigid rotation, produces

collisions. Again, the bimolecular nature of growth suggests a quadratic dependence on

number density. Ignoring variation in number density with flow rate we thus approximate

that the collision frequency due to flow scales linearly with Pe number.

Now turning our attention towards collisions due to diffusion, we can show that transla-

tional diffusivity alone, and not strain induced by the flow, is sufficient to induce end-to-end

collisions. The mean squared displacement ∆r2 behaves as

〈
∆r2

〉
= 6Defft, (2.21)

where Deff = (D‖ + 2D⊥)/3 is the effective translational diffusion coefficient for the rod,

and D‖ and D⊥ ≈ D‖/2 are the diffusivities parallel and perpendicular to the rod axis,

respectively [115]. The parallel diffusivity is given by

D‖ =
kBT ln(L/b)

2πηsL
(2.22)

[75]. For a typical wormlike micelle of length L ∼ O(10 nm) and radius b ∼ O(1 nm) in an

aqueous solution at room temperature, we find from Eq. (2.22) that D‖ ∼ O(10−11 m2s−1).

We estimate the average distance between between rods as xavg ∼ n−1/3. We consider

a dilute surfactant solution with concentration ∼ O(1 mM) and an estimated ∼ O(102)

surfactant molecules per rod, giving a rod number density of ∼ O(1023 rods/m3), and thus

an average distance between rods of xavg ∼ 10−8 m. Using Eq. (2.21), we calculate that end-

to-end collision events occur on the order of ∼ O(10−5 s). This fact that diffusion-driven

collision events occur on such a short timescale indicates that diffusion alone is enough to

account for collision-induced growth. Of course, at sufficiently high shear rates (e.g. & 104
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s−1), such as in turbulent flows, convective and diffusive timescales will become comparable

and this approximation will no longer hold; however, the majority of rheological experiments

occur below this high shear regime. We therefore can discard the convective shear dependence

in the alignment-induce growth term, leaving us with g(ν) = kga,2n
2, and our overall growth

rate is

Rg = n2kg0 + kgan
2Ŝ2, (2.23)

where kga [m7s−1] is an overall alignment-induced growth coefficient.

Micelle breakage rate

We now turn our attention to the micellar breakage rate Rb. Similar to the growth rate,

we consider two distinct types of breakage: spontaneous breakage, Rb,s, and tension-induced

breakage, Rb,t

Rb = Rb,s +Rb,t. (2.24)

Spontaneous breakage, like growth, occurs in both the presence and absence of flow and

must increase with rod length. These considerations suggest a spontaneous breakage rate of

the form

Rb,s = −kb0L, (2.25)

where kb0 [s−1] is a rate constant. At equilibrium spontaneous growth and breakage must

balance such that

0 = n2
0kg0 − kb0L0. (2.26)

This relation, along with the surfactant mass balance (Eq. (3.7)), allows us to rewrite kg0 in

terms of kb0.

Now considering breakage under flow, we assume that as rods become sufficiently long

they will be broken down by hydrodynamic stresses. Although this mechanism was incor-
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porated in the original RRM, we propose here a more physical grounding for the functional

form of the breakage term, by specifically taking this rate to be affected by the tensile force

T at the midpoint of a rod. This force acts along the direction of the rod, so can be written

T = Tu. Now we note that the stress τm exerted on the fluid by the rods is approximated

by

τm ∼ n(TLu) = n(TLuu). (2.27)

Here the term in parentheses estimates the force dipole exerted by a micelle on the fluid [115].

Taking the dot product with u on both the left and right, noting that u · τm ·u = uu : τm,

and solving for T yields

T ∼ uu : τm
nL

. (2.28)

We can further simplify this expression by estimating uu as its ensemble average S and

applying the surfactant balance nL = n0L0 to find that

T ∼ S : τm
n0L0

. (2.29)

Viewing the micelle tension as increasing the likelihood that a micelle will overcome the

free energy barrier to scission [15] motivates the use of an Arrhenius-type breakage rate

expression:

Rb,t = −kbt
[
exp

(
a

kBT

S : τm
n0L0

)
− 1

]
, (2.30)

where kbt [ms−1] is a tension-induced breakage coefficient and a [m] acts as constant for

micelle scission. Note that Ta has units of work, and thus one could view a as the distance

the two halves of the micelle need to be pulled apart to break it in half. In our fitting of

experimental data, we find a to be on the order of nanometers, which is physically reasonable.

This term has been structured so that at rest, (i.e. when S : τm = 0), the tension-induced

breakage rate vanishes entirely. Substituting Eqs. (2.25) and (2.30) into Eq. (2.24) gives our
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overall breakage rate

Rb = −kb0L− kbt
[
exp

(
a

kBT

S : τm
n0L0

)
− 1

]
(2.31)

Overall length evolution

Substituting Eqs. (2.23) and (2.31) into Eq. (2.16) gives our dimensional length evolution

equation

dL

dt
= kg0n

2 + kgan
2Ŝ2 − kb0L− kbt

[
exp

(
a

kBT

S : τm
n0L0

)
− 1

]
. (2.32)

We can further simplify this expression using Eq. (2.26) and the surfactant mass balance to

obtain

dL

dt
= kb0

(
L3

0

L2
− L

)
+ kga(n0L0)2 Ŝ

2

L2
− kbt

[
exp

(
a

kBT

S : τm
n0L0

)
− 1

]
. (2.33)

We render Eq. (2.33) dimensionless by introducing a nondimensional time t∗ = tDr,0 and

length L∗ = L/L0

dL∗

dt∗
= k∗b0

(
1

L∗2
− L∗

)
+ k∗ga

Ŝ2

L∗2
− k∗bt [exp (a∗S : τ ∗m)− 1] , (2.34)

where

τ ∗m =
τm

n0kBT
, (2.35)

and

k∗b0 =
kb0
Dr,0

, k∗ga =
kgan

2
0

Dr,0L0

, k∗bt =
kbt

Dr,0L0

, a∗ =
a

L0

. (2.36)

We have now introduced four dimensionless groups: k∗b0, k
∗
ga, k

∗
bt, and a∗. In order, k∗b0

represents the ratio of relaxation due to spontaneous breakage and relaxation due to diffusion

(i.e. realignment), k∗ga acts as a measure of the ratio of growth due to alignment to diffusion,

k∗bt represents the ratio of relaxation due to tension-induced breakage and relaxation due to
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diffusion, and finally, a∗, as noted above, functions as a dimensionless length that must be

overcome for tension-induced scission to occur. Equations (2.7), (2.10) to (2.12) and (2.34)

form a closed set of ODEs governing the time-evolution of a dilute wormlike micelle solution

modeled as reactive Brownian rods.

2.2.5 Shear flow

For a simple shear velocity profile v = [γ̇y, 0, 0]> with Pe number Pe = γ̇/Dr,0, substituting

our closure relation Eq. (2.7) into the orientation equation Eq. (2.11) and supplying Eq. (2.10)

to account for variation in the rotational diffusivity gives

∂Sxx
∂t∗

= − 6

L∗3

(
lnL∗ +m

m

)(
Sxx −

1

3

)
− 2

5
PeSxy (−4 + 4Sxx − Syy) , (2.37a)

∂Syy
∂t∗

= − 6

L∗3

(
lnL∗ +m

m

)(
Syy −

1

3

)
− 2

5
PeSxy (1 + 4Syy − Sxx) , (2.37b)

∂Szz
∂t∗

= − 6

L∗3

(
lnL∗ +m

m

)(
Szz −

1

3

)
− 6

5
PeSxySzz, (2.37c)

∂Sxy
∂t∗

= − 6

L∗3

(
lnL∗ +m

m

)
Sxy −

Pe

5

[
6S2

xy + Sxx − 4Syy − (Sxx − Syy)2] . (2.37d)

Likewise we have the components of the stress tensor

τ ∗m,xx =
3

L∗

(
Sxx −

1

3

)
+

mPeL∗2

10 (lnL∗ +m)
Sxy (1 + 4Sxx − Syy) , (2.38a)

τ ∗m,yy =
3

L∗

(
Syy −

1

3

)
+

mPeL∗2

10 (lnL∗ +m)
Sxy (1 + 4Syy − Sxx) , (2.38b)

τ ∗m,zz =
3

L∗

(
Szz −

1

3

)
+

3mPeL∗2

10 (lnL∗ +m)
SxySzz, (2.38c)

τ ∗m,xy = 3
Sxy
L∗

+
mPeL∗2

20 (lnL∗ +m)

[
6S2

xy + Sxx + Syy − (Sxx − Syy)2] . (2.38d)
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In simple shear flow our length evolution Eq. (2.34) becomes

dL∗

dt∗
= k∗b0

(
1

L∗2
− L∗

)
+ k∗ga

Ŝ2

L∗2
− k∗bt [1− exp (a∗S : τ ∗m)] , (2.39)

with

S : τ ∗m = Sxxτ
∗
m,xx + Syyτ

∗
m,yy + Szzτ

∗
m,zz + 2Sxyτ

∗
m,xy, (2.40)

and with scalar orientation parameter

Ŝ =

[
3

2

{(
Sxx −

1

3

)2

+

(
Syy −

1

3

)2

+

(
Szz −

1

3

)2

+ 2S2
xy

}] 1
2

, (2.41)

where Sxx + Syy + Szz = 1.

2.2.6 Uniaxial extensional flow

Following similar steps for uniaxial extensional flow with velocity profile v = [−ε̇x/2,−ε̇y/2, ε̇z]>

and Pe number Pe = ε̇/Dr,0, our orientation equations are

∂Sxx
∂t∗

= − 6

L∗3

(
lnL∗ +m

m

)(
Sxx −

1

3

)
− 9

5
PeSxxSzz, (2.42a)

∂Szz
∂t∗

= − 6

L∗3

(
lnL∗ +m

m

)(
Szz −

1

3

)
− 9

5
Pe
(
S2
zz − Szz

)
. (2.42b)

Likewise we have the components of the stress tensor

τ ∗m,xx =
3

L∗

(
Sxx −

1

3

)
+

mPeL∗2

20 (lnL∗ +m)
Sxx (9Szz − 5) , (2.43a)

τ ∗m,zz =
3

L∗

(
Szz −

1

3

)
+

mPeL∗2

20 (lnL∗ +m)

(
9S2

zz + Szz
)
. (2.43b)
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Our length evolution Eq. (2.34) in uniaxial extension becomes

dL∗

dt∗
= k∗b0

(
1

L∗2
− L∗

)
+ k∗ga

Ŝ2

L∗2
− k∗bt [1− exp (a∗S : τ ∗m)] , (2.44)

with

S : τ ∗m = Sxxτ
∗
m,xx + Syyτ

∗
m,yy + Szzτ

∗
m,zz, (2.45)

and with scalar orientation parameter

Ŝ =

[
3

2

{(
Sxx −

1

3

)2

+

(
Syy −

1

3

)2

+

(
Szz −

1

3

)2
}] 1

2

, (2.46)

where symmetry requires Sxx = Syy = (1− Szz)/2.

2.3 Results and Discussion

The organization of this section is as follows: in Section 2.3.1 we characterize the effects of

the four dimensionless parameters in the RRM-R on steady shear flow and show that by

varying the parameters we can capture many key features associated with WLM solution

rheology. In Section 2.3.2 we fit our model to experimental data reported in literature for

steady shear flows and demonstrate that the model is able to predict the behavior of both

dilute and semi-dilute WLM solutions, as well as the behavior of both cationic and non-

ionic surfactant solutions. We then turn our attention to transient flows in Section 2.3.3

by characterizing the predictions of the RRM-R in startup of steady shear flow; we further

show excellent agreement in simultaneously fitting our model to both steady and transient

shear experimental data. Finally, in Section 2.3.4, we briefly show that the RRM-R is able

to suitably predict the behavior of steady extensional flows of wormlike micelle solutions.
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(a) (b)

(c) (d)

Figure 2.1: Normalized micellar viscosity vs. shear rate in simple shear flow: (a) effect of a, (b)
effect of kga, (c) effect of kb0, and (d) effect of kbt with m = 3 and Dr,0 = 1.

2.3.1 Steady shear: parameter dependence

In this section we survey the behavior of the model over a wide range of parameters. Our aim

here is not to capture specific experimental observations – that will be done in the subsequent

sections. We have combined the discussions of the normalized micelle contribution to the

viscosity (ηm/ηm,0), Fig. 2.1, and normalized micelle length (L/L0), Fig. 2.2, as functions of

Pe number (Pe = γ̇/Dr,0) as they tend to show nearly identical parameter dependence. Note

that for convenience we have dropped the asterisks from all dimensionless parameters for the

remainder of this manuscript. Figures 2.1(a) and 2.2(a) show the effect of the exponential

breakage parameter a with kb0 = 10−4, kga = 500, and kbt = 10; we see that increasing

the value of a decreases the magnitude of shear-thickening and micelle elongation and as a
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is increased beyond some limit prescribed by a combination of the other three parameters

(here a & 10), the suspension transitions to a purely shear-thinning fluid. In this shear-

thinning regime (a = 25, 50) we see that the suspension undergoes distinctly two thinning

regimes separated by a plateau that extends over almost a decade of shear rates. This

result reflects the fact that two mechanisms for shear-thinning exist in the model: alignment

of the rods with flow and tension-induced rod breakage. To the best of our knowledge

this plateau behavior that extends into the high-shear rate regime is not typically observed

in experiments; however, a similar plateau in the intermediate-shear rate regime has been

observed [116], though at high enough shear rates this eventually gives way to shear-thinning.

In regimes where the suspension shear-thickens (a . 10), the viscosity can be seen to

thicken to over 100 times its zero-shear value and the micelle length increases by almost

50 times its equilibrium value, consistent with experimental observations of flow-induced

structures in dilute wormlike micelle solutions [45, 69]. This regime contains a significant

transition where values of a below some threshold (here ≈ 4) exhibit reentrant behavior

(i.e. multivalued stress-shear rate curve). In this reentrant region the fluid can take on

three steady state stresses for a given shear rate; all three of the stress values are accessible

via a strain-controlled experiment, whereas a shear rate-controlled experiment will exhibit

hysteresis and jump between the minimum and maximum stresses, leaving the intermediate

stress inaccessible. Finally, we see that for small enough values of a (. 1) the viscosity and

length plateau at high Pe numbers. Intuitively we expect high shear rates and stresses to

break apart micelles, leading to lengths (and consequently viscosities) that asymptotically

approach zero. While this may be nonphysical behavior, it is easily avoided by ensuring a

exceeds a necessary threshold.

Figures 2.1(b) and 2.2(b) show the effect of the alignment-induced growth parameter kga

with a = 2.5, kb0 = 10−4, and kbt = 10. The effect of increasing kga is nearly equivalent

to decreasing a, where larger values of kga (and smaller values of a) induce stronger shear-

thickening and micelle elongation. At kga = 5000 we see that the viscosity increases to nearly
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(a) (b)

(c) (d)

Figure 2.2: Mean micelle length normalized by equilibrium length vs. shear rate in simple shear
flow: (a) effect of a, (b) effect of kga, (c) effect of kb0, and (d) effect of kbt with m = 3 and Dr,0 = 1.
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(a) (b)

(c) (d)

Figure 2.3: Normalized first normal stress difference vs. shear rate in simple shear flow: (a) effect
of a, (b) effect of kga, (c) effect of kb0, and (d) effect of kbt with m = 3 and Dr,0 = 1.

1000-times its zero-shear value; we also see for this parameter value that the viscosity and

length plateau at high Pe numbers, which although nonphysical can be avoided by tuning

the relationship between a and kga. The effects of the breakage coefficient kbt are shown in

Figs. 2.1(d) and 2.2(d) and very nearly mirror the effects of a so we will not discuss them in

greater detail.

The most unique parameter effect can be seen by varying the spontaneous breakage

parameter kb0 in Figs. 2.1(c) and 2.2(c). We see that increasing kb0 increases the critical

shear rate for shear-thickening and elongation to occur, but not necessarily the magnitude

of thickening or extent of elongation. Recalling that kb0 describes the ratio of relaxation due

to breakage to relaxation due to rotational diffusion, this increase in the critical shear rate
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can be understood by the fact that larger values of kb0 correspond to a greater propensity for

undergoing a breakage event rather than rotation, and thus a system will prefer to relax by

breaking rather than aligning with the flow. An equivalent effect is achieved by decreasing

the rotational diffusion constant Dr,0, which acts to restrict the rods from aligning and

in turn restricts micellar growth. The effect of kb0 on the magnitude of thickening and

elongation is somewhat complicated: at large values of kb0, increasing kb0 further acts to

decrease the magnitude of thickening, while at smaller values (kb0 . 10−3) there is no effect

on the magnitude of thickening, only the critical shear rate. Notably, different behavior due

to variations in kb0 can only be seen at low shear rates, while at high shear rates all curves

collapse onto identical shear-thinning profiles. This collapse is the result of increased stress

that drives the breakdown of elongated micellar structures.

A recent study by Tamano et al. [99] that coupled a fluidity equation to well-known

constitutive equations (e.g. Giesekus and FENE-P) to produce both thinning and thickening

behaviors (see Section 2.1) identified a nearly identical effect when varying their parameter

Rbd. Similar to kb0 in the RRM-R, Rbd represents the ratio of the micelle breakdown timescale

(λbd) to the relaxation time of the fluid (λ). The fact that these two parameters, which are

intended to represent equivalent ratios but exist in two distinct models, yielded extremely

similar behavior is quite interesting and worthy of further exploration.

All parameter regimes in Fig. 2.1, excluding curves that show high shear-plateaus, un-

dergo the same power-law thinning η ∝ γ̇n with n = −2/3 at high shear rates. This is in

contrast to the high-shear behavior of simple Brownian rods of infinite aspect ratio, which

exhibit power-law thinning with n = −1/3 [117, 118]. At finite aspect ratio the viscosity

plateaus as Pe → ∞. These behaviors are not well-captured using closures, because while

the rods spend most of their time aligned with the flow, the high-shear viscosity is dominated

by the stress arising during the infrequent flipping of the rods, an effect not accounted for

in closures. (The n = −2/3 scaling would be correct for the simple rigid rod case if the

stress were dominated by the aligned rods.) We are unaware of experimental or modeling
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results that indicate what the correct scaling behavior should be at very high Pe. We note

that we are able to achieve good agreement with the degree of shear thinning found in the

experiments shown below.

Figure 2.3 shows the role of the four parameters on the normalized first normal stress

difference N1/n0kBT , where N1 = τxx − τyy, of the suspension as a function of Pe number.

Figures 2.3(a) and 2.3(d) show that increasing a and kbt act to reduce N1 and transition the

curve away from reentrant behavior. In Fig. 2.3(b) we have that opposite effect, increasing

kga increases N1 and develops a reentrant profile. Figure 2.3(c) shows that increasing kb0

forces the increase of the normal stress difference to higher Pe numbers, consistent with

Fig. 2.1. This plot clearly shows two power-law relationships between the first normal stress

and Pe number, where at low-to-intermediate shear rates N1 ∝ Pe2 which transitions at

high shear rates to N1 ∝ Pe1/3. This is again in contrast to high-shear behavior of non-

reactive rods which demonstrate a N1 ∝ Pe2/3 relationship [118]. As discussed above, the

origins of this disagreement are as of yet not fully understood but likely stem from either

(1) higher-order stress-length coupling or (2) closure approximations. While this power-law

relationship is more difficult to observe in Figs. 2.3(a), 2.3(b) and 2.3(d), we can see traces

of it for 2.5 ≤ a ≤ 25, 100 ≤ kga ≤ 1000, and 10 ≤ kbt ≤ 100. This new formulation of

the RRM, like the original, is able to capture non-zero second normal stress differences N2;

although we do not show plots here, N2 follows the same trends as N1 but is negative and

roughly two orders of magnitude smaller, which is consistent with other literature reports

for viscoelastic fluids [24].

2.3.2 Steady shear: experimental comparison

In this section we turn to comparisons between our model and literature results for steady

shear flow. Model parameters were obtained by generating roughly 74 steady state flow

curves (seven different values of each of the four parameters) and plotting the experimental

data of interest on each of these curves; we inspected each curve to obtain an approximate



62

‘best fit’ and then fine-tuned this set by repeating this process with a range of parameters

within a few percent of the ‘best fit’ values. We then took the new ‘best fits’ and performed

small tweaks to obtain our final fit parameters. We should also note that determination of

ideal fitting parameters for the RRM-R is a nonlinear optimization problem and we therefore

cannot guarantee the existence of a unique global minimum (i.e. a unique parameter set).

Although we do emphasize that the highly idealized nature of our model means that we

should not attach too much physical significance to the values of model parameters, we do

see consistency that at least suggests parameters are relatively constant for a given solution

composition (e.g. CTAB/NaSal), with the greatest deviations occurring in the most concen-

trated (semi-dilute) solutions. Note that in Figs. 2.4(a), 2.5(a) and 2.8(a) we are showing

the total solution viscosity (η = ηs + ηm) where the solvent viscosity is taken to be that of

water.

The first data set we consider is for a CTAB/NaSal solution in water, from Liu and Pine

[4]. Figure 2.4(a) shows fits of our model to steady shear viscosity as a function of shear rate

for increasing concentrations. Model parameters are shown in Table 2.1. The measurements

were made using a double-wall Couette rheometer with an inner cylinder diameter of 25 mm

and gap width of 1 mm. We find strong agreement between fits and experimental data,

particularly in capturing the onset of shear-thickening and transition to shear-thinning. We

are notably unable to capture the weak initial shear-thinning at low shear rates that occurs

in semi-dilute surfactant solutions (≥ 500 ppm); shear-thinning in this regime is attributed

to disruption of micellar networks that can form at equilibrium, a phenomenon that is not

considered in our treatment.

Figure 2.4(b) shows model predictions for the normalized mean micelle length as a func-

tion of shear rate. We find that our model predicts that the mean micelle length increases

by about two times in the most concentrated solution and almost four times in the most

dilute. While length was not measured in the study by Liu and Pine, these length changes

are consistent with other experimental results [108].
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(a)

(b)

Figure 2.4: Fits (lines) to experimental data of (a) shear viscosity vs. shear rate and (b) mean
micelle length vs. shear rate. Experimental data corresponds to solutions of 250 ppm, 500 ppm,
and 1000 ppm CTAB/NaSal in water obtained by Liu and Pine [4]. Corresponding parameter
values are shown in Table 2.1.

Table 2.1: Dimensional RRM-R parameters for experimental data (Fig. 2.4) of CTAB/NaSal
solutions [4].

Composition CTASal CTASal CTASal
c [ppm] 250 500 1000
kb0 [s−1] 1.4× 10−2 2.8× 10−2 6.3× 10−2

kga [µm7] 6.1× 10−6 3.9× 10−6 2.0× 10−6

kbt [m s−1] 1.1× 10−4 1.2× 10−4 8.1× 10−5

a [nm] 1.3 1.6 2.2
Dr,0 [s−1] 55 55 25
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We also make comparisons to data from [5] for both cationic and non-ionic wormlike

micelle solutions. Figure 2.5 shows fits to experimental steady shear viscosity as a function

of shear rate data, as well as micelle length predictions. Red data corresponds to a solution

of 1000 ppm cationic CTASal in water, measured in a low-shear, circular Couette viscometer

at 20 ◦C with a gap width of 0.320 mm [5]. Blue and purple data correspond to solutions of

1000 ppm and 1500 ppm non-ionic ODMAO in water, respectively, measured with a capillary

viscometer with inner diameter 5.045 mm [6]. Our model is able to capture the strong shear-

thickening and -thinning regimes, particularly that of the cationic solution. Although we

see some difficulty in capturing the zero-shear viscosity of the cationic solution (red), this

difference less than 1 mPa s and is thus relatively insignificant. We note that the work by

Ohlendorf and coworkers [5] shows markedly different behaviors for a given wormlike micelle

solution by simply changing the gap width of the circular Couette device, indicating the

possible presence of instabilities such as vorticity banding.

It is worth drawing attention to model predictions for the rotational diffusion coefficient.

Looking at Tables 2.1 and 2.2, we see that predictions for Dr,0 range from ∼ 10 s−1 to

∼ 1000 s−1, whereas for a typical micelle length of a few hundred angstroms Eq. (2.10)

predicts values of Dr,0 on the order of 105 s−1. Further, for rigid rods we can relate the

relaxation time of the bulk fluid to the rotational diffusivity by λ = 1/6Dr,0, where for

wormlike micelle solutions λ is typically on the order of 1− 101 s; we can then see that our

predictions of Dr,0 yield relaxation times that fall significantly below experimental reports.

This discrepancy between experimental measurements of WLM solution relaxation times and

theoretical predictions using Eq. (2.10) and based on the framework proposed by Cates and

Turner – shear-thickening occurs when the shear is strong enough to overcome rotational

diffusion – is well-established in literature [119, 120]. Many studies have attempted to

address this inconsistency; notably, Barentin and Liu [41] proposed a mechanism in which

micelles form networks of bundles with some success. In our model, there is strong reason to

believe that the disparity between predictions and experimental measurements arises from
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(a)

(b)

Figure 2.5: Fits (lines) to experimental data of (a) shear viscosity vs. shear rate and (b) mean
micelle length vs. shear rate. Experimental data corresponds to solutions of (red) 1000 ppm
CTASal in water obtained by Ohlendorf et al. [5], and (purple) 1500 ppm and (blue) 1000 ppm
ODMAO in water obtained by Tamano et al. [6]. Corresponding parameter values are shown in
Table 2.2.

the neglect of charge and hydrodynamic interactions, as well as certain collision mechanisms.

In particular, the assumption that collisions are primarily end-to-end in nature ignores the

possibility of ‘phantom crossings’ that have been observed in dissipative particle dynamics

studies [121].

2.3.3 Startup of steady shear

One of the primary pitfalls of the previous RRM formulation is its difficulty in capturing the

transient dynamics of dilute surfactant solutions. Accurately describing transient dynamics
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Table 2.2: Dimensional RRM-R parameters for experimental data (Fig. 2.5) of CTASal and
ODMAO solutions obtained by [5] and [6], respectively.

Composition CTASal ODMAO ODMAO
c [ppm] 1000 1000 1500
kb0 [s−1] 1.2 2.5× 10−1 1.5× 10−1

kga [µm7] 8.6× 10−6 2.2× 10−5 7.8× 10−6

kbt [m s−1] 2.0× 10−3 1.1× 10−4 6.8× 10−5

a [nm] 3.1 2.5 3.0
Dr,0 [s−1] 800 50 30

is crucial for studying complex and turbulent flows. Additionally, it is important to note

that properly fitting experimental data requires both steady and transient data. The reason

for this requirement is that at steady state, Eq. (2.34) can be multiplied by any positive

scalar value and still produce the same steady shear viscosity vs. shear rate curve. However,

multiplying by a scalar does alter transient data, particularly the induction times (tind) and

overshoots seen in startup of steady shear flows. Thus, if we wish to completely describe

dilute WLM solutions, we must be able to accurate predict both steady and transient data

in tandem.

We assess the capabilities of the model at capturing transient dynamics by evaluating

its behavior in startup of steady shear flow. An initially isotropic fluid at rest is subjected

starting at t = 0 to a constant shear rate γ̇. We use an explicit, fourth-order Runge-

Kutta scheme implemented in Matlab (ode45) to time-step Eqs. (2.37) to (2.39) and (2.41).

In evaluating the success of the RRM-R at predicting transient dynamics, we are looking

particularly at induction times, the time required for stress growth to occur, as well as stress

overshoot, where the stress (and viscosity) is seen to overshoot its steady state value.

Figures 2.6(a) and 2.6(b) show the time- and applied shear rate-dependent micellar con-

tribution to viscosity as a function of dimensionless time for three decades of Pe numbers.

Viscosity is normalized by the steady zero-shear viscosity, which importantly is not equal

to the viscosity at t = 0 (discussed in detail below). Darker lines corresponds to larger Pe

numbers and the black dotted line corresponds to ηm(t, γ̇)/ηm,0 = 1. We see that there are

distinctly two thickening regimes present; the first, which is identical for all applied shear
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(a) (b)

(c) (d)

(e) (f)

Figure 2.6: Micellar contribution to the shear viscosity (normalized by zero-shear viscosity),
ensemble average orientation components, and normalized length vs. dimensionless time in transient
startup of steady shear flow for a range of applied Pe numbers. Both sets of parameters in (a)-(e)
and (b)-(f) yield equivalent steady states but varying transient behavior.
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rates, occurs at very short times and is due to near-equilibrium alignment of rods. This

slight thickening of the viscosity is caused by weak alignment of rods in the Sxy direction,

as seen in Figs. 2.6(c) and 2.6(d); this alignment is also seen in purely (i.e. non-reactive)

Brownian rod suspensions and can be found analytically for startup of steady shear flow by

solving for the near-equilibrium behavior of the rods. I.e. to leading order at small Pe, the

transient viscosity is given by

ηm(t∗) =
n0kBT

30Dr,0

(
4− 3e−6t∗

)
. (2.47)

We can clearly see for short times ηm(t∗ � 1) = n0kBT
30Dr,0

which increases to ηm(t∗ → ∞) =

2n0kBT
15Dr,0

. We can also verify this by comparing Fig. 2.6(c) and Fig. 2.6(e), in which growth in

Sxy can be seen occurring prior to elongation of micelles.

The second thickening regime (t∗ & 1) can be attributed to elongation of the represen-

tative micellar length in tandem with rod alignment. We clearly see that the induction

time tind, qualitatively defined here as the time for viscosity (and therefore stress) growth to

occur, decreases with increasing shear rate, a trend that has been observed in experiments

of WLM solutions [7, 70]. In fact, as we will demonstrate later on, a distinctive power-law

relationship between tind and the applied shear rate γ̇0 can be observed, tind ∝ γ̇0
−n, where

1 . n . 3, which again agrees well with experimental observations in literature [7].

One feature of transient dynamics of dilute wormlike micelle solutions, particularly in

startup of steady shear flow, is a viscosity (or stress) overshoot, in which the viscosity of

the solution is observed to exceed its steady state viscosity before settling to the steady

state value, oftentimes after a number of decaying oscillations [122]. We can see slight

instances of this overshoot in Fig. 2.6(b), particularly for Pe > 10−1, but it is more clearly

seen in Fig. 2.7(a) where we have increased the relative growth parameter kga by a factor

of four compared to Fig. 2.6. By ‘relative’ we mean in relation to kb0 and kbt. Comparing

Fig. 2.7(a) with Fig. 2.7(b) and Fig. 2.7(c), we see that this overshoot is solely a product
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(a)

(b)

(c)

Figure 2.7: Micellar contribution to the shear viscosity (normalized by zero-shear viscosity),
ensemble average orientation components, and normalized length vs. dimensionless time in transient
startup of steady shear flow for a range of applied Pe numbers clearly demonstrating stress-overshoot
phenomenon.
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of ‘over’-alignment in the Sxy direction as there is no apparent overshoot in the micelle

length, though notably in regions where ηm and Sxy are observed to overshoot there is a

distinct change in the slope of L∗ vs. t∗. It is also interesting that the micelle length

remains a monotonic function of time even following the viscosity overshoot, whereas ηm

and Sxy do not. Stress overshoot also occurs in simple (i.e. constant length) Brownian rod

suspensions and thus variations in micelle length are not necessary for an overshoot to occur.

The monotonicity of the micelle length curve highlights the fact that micelle alignment and

micelle elongation, although interrelated, are distinct phenomena.

We now turn from general features of the model to specific comparisons with experimen-

tal data that provide both steady and transient results. Figure 2.8 shows the (a) steady

state shear viscosity and (b) micelle length as a function of shear rate for 0.05wt% and

0.1wt% CTAVB in water solutions obtained by Landàzuri et al. [7]. Fits (lines) using the

reformulated RRM are shown for steady shear viscosity. Table 2.3 shows the dimensional

model parameters. We see that the model is well-suited for capturing steady shear viscosity

and that predictions for length elongation are about 3.5 times the equilibrium length. Fig-

ure 2.9(a) shows the corresponding predictions for the induction time (tind) as a function of

applied shear rate for the same data sets [7]. Fits are shown as lines. Note that we have taken

the induction time to be defined as the time for stress growth to occur after the viscosity in-

creases to the steady state zero-shear viscosity, otherwise all curves would yield the same tind.

As discussed previously, we can see a strong power-law relationship in Fig. 2.9(a) in which

tind ∝ γ̇0
−n. We find for the 0.05wt% CTAVB solution that n = 2.05 and for the 0.1wt% we

find n = 2.20. The agreement between model predictions and experimental data for both

steady and transient flows is quite good, and underscores the ability of our reformulated

model to capture the dynamics of dilute wormlike micelle solutions. Figure 2.9(b) shows the

RRM-R predictions for transient micellar viscosity growth as a function of time which were

used to generate the tind vs. applied shear rate plot (Fig. 2.9(a)); explicit experimental data

of viscosity (and stress) growth as a function of time were not available for this data set.
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(a)

(b)

Figure 2.8: Fits (lines) to experimental data (symbols) of (a) shear viscosity vs. shear rate and
(b) micelle length vs. shear rate. Experimental data corresponds to solutions of (green) 0.05wt%
and 0.1wt% CTAVB in water obtained by Landàzuri et al. [7]. Corresponding parameter values
are shown in Table 2.3.

Table 2.3: RRM-R parameters for experimental data (Figs. 2.8 and 2.9) of CTAVB solutions [7].
Composition CTAVB CTAVB
c [ppm] 500 1000
kb0 [s−1] 1.9× 10−3 3.6× 10−3

kga [µm7] 4.3× 10−6 1.9× 10−5

kbt [m s−1] 2.2× 10−4 2.3× 10−3

a [nm] 2.0 2.5
Dr,0 [s−1] 120 140
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(a) (b)

Figure 2.9: (a) Fits (lines) to experimental data of transient shear induction time vs. shear rate
for solutions of 0.05wt% and 0.1wt% CTAVB in water and (b) corresponding transient viscosity
growth vs. time response for the 0.05wt% solution (blue). Experimental data was obtained by
Landàzuri et al. [7]. Corresponding parameter values are shown in Table 2.3.

2.3.4 Uniaxial extension: experimental comparison

Having verified that our model is well-equipped to capture experimental results of dilute

WLM solutions in both steady and transient shear flow, we turn our attention to exten-

sional flows. Turbulent flows are dominated by extension and thus accurate prediction of

extensional flow behavior is crucial if we aim to capture the mechanisms associated with

surfactant-additive drag reduction in these flows [123]. There are limited results of steady

extensional flows of wormlike micelle solutions, primarily owing to the difficulty in perform-

ing these experiments. Walker and coworkers used an RFX opposed jet device to measure

the extensional viscosity of semi-dilute concentrations of CPyCl/NaSal solutions in brine [8].

These solutions are clearly not dilute, a fact that can easily be gleaned by noting that the

zero-strain viscosities far exceed the viscosity of water. Fits to the experimental data are

shown in Fig. 2.10, while model parameters are shown in Table 2.4. As we can from Fig. 2.10,

the RRM-R is able to accurately predict the strain-hardening and -softening behavior ob-

served in extensional flows of WLM solutions. Notably we have some difficulty in fitting the

high-strain rate experimental data, which can likely be attributed to the non-dilute nature

of the solutions; some fitting difficulty may also arise from the presence of pre-shear and/or
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Figure 2.10: Fits (lines) to experimental data of extensional viscosity vs. strain rate for dilute
(red) and semi-dilute (blue) CPyCl/NaSal solutions undergoing steady uniaxial extensional flow
[8]. Corresponding parameter values are shown in Table 2.4.

Table 2.4: RRM-R parameters for experimental data (Fig. 2.10) of CPyCl/NaSal solutions [8].
Composition CPyCl CPyCl
c [wt%] 1.4 4.0
kb0 [s−1] 0.50 0.68
kga [µm7] 7.0× 10−11 2.2× 10−11

kbt [m s−1] 2.0× 10−4 2.3× 10−5

a [nm] 1.5 2.5
Dr,0 [s−1] 100 15

micellar slippage effects that can often occur in these devices [124].There has recently been

significant interest in transient extensional experiments of dilute WLM solutions, notably

capillary breakup extensional rheology (CaBER). We have performed preliminary work that

suggests the RRM-R is well-suited for modeling CaBER and similar experiments, and we

expect to communicate these findings in future work.

2.4 Conclusions

We have presented a reformulation (RRM-R) of the reactive rod constitutive model (RRM)

that treats dilute surfactant solutions forming wormlike micelles as a suspension of rigid

Brownian rods undergoing reversible scission and growth in flow. The model couples equa-

tions governing the ensemble average orientation, stress, and length of micelles to produce
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a dynamic set of equations allowing for the collective micelle length to elongate and break-

down. This framework produces steady shear viscosity vs. shear rate curves that exhibit

drastic shear-thickening and shear-thinning regimes. Fits with the RRM-R to experimen-

tal data yields excellent agreement. The model depends on four dimensionless parameters

describing: the spontaneous combination and breakdown of micelles (k∗b0), growth due to

alignment and collision of micelles (k∗ga), and breakdown of micelles by tensile stresses (k∗bt

and a∗). Certain combinations of parameters, particularly those where k∗ga is large and/or

k∗bt and a
∗ are small, produce reentrant (i.e. multivalued) steady state stress vs. shear rate

curves, which is a necessary condition for a vorticity banding instability; this reentrant be-

havior indicates that the RRM-R is well-suited for studying this well-documented but poorly

understood instability. Other parameter spaces, in which k∗ga is small and/or k∗bt and a
∗ are

large, do not undergo shear-thickening but rather show purely shear-thinning behavior. Al-

though our model is intended to capture the behavior of dilute wormlike micelle solutions,

we have shown that it is able to predict, at least partly, the behavior of semi-dilute solutions.

The proposed model is also able to predict transient flow dynamics, in particular startup

of steady shear flow, that well-aligns with observations seen in literature. The model predicts

a power-law relationship between induction time and applied shear rate, which has been

reported by numerous literature sources. The ability of the model to predict steady and

transient flow behavior in tandem indicates that this constitutive formulation can be used in

fluid-dynamics studies of complex flow behavior and instabilities. There is currently a limited

understanding of dilute wormlike micelle solutions in turbulent flows and the manner in which

they are able to achieve strong drag reduction; further, there has been limited research into

the numerous instabilities, particularly the vorticity banding instability, present in dilute

surfactant solutions. This model takes a large step towards uncovering these as-yet poorly

understood phenomena.
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3

Instabilities in circular Couette flow

with a reentrant flow curve 1

3.1 Introduction

Surfactants are amphiphilic molecules consisting of hydrophilic head groups bonded to long

hydrophobic tails; when dissolved in water at some concentration above the critical micelle

concentration (CMC), surfactants self-assemble into larger aggregate structures. The ge-

ometry of these structures is dictated by the size, shape, and chemistry of the surfactant

molecules as well as the temperature and salinity of the solution [40, 106, 45, 54]. One class

of these aggregate structures are wormlike (or rodlike) micelles, which can display a large

range of varied structure and behavior depending on the concentration regime. In the dilute

regime, wormlike micelles (WLMs) exist as nearly rigid rods with persistence lengths in the

range of ∼ O(10− 100nm) and contour lengths on a similar scale [61, 125, 59, 60, 5]. In the

concentrated regime, WLMs can grow far beyond their persistence lengths to form entan-

gled networks and branched structures, transitioning the solution into a highly viscoelastic

gel-like phase [126]. In intermediate semi-dilute regimes, the behavior of WLMs depends on

1The text of this chapter is adapted from the publication by R.J. Hommel and M. D. Graham JNNFM,
324, 105183, 2024.
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the applied flow or forcing; at rest and low forcing (e.g., low shear rates) these WLMs often

form entangled structures, while under the application of stronger flows these structures are

dismantled and the WLMs show behavior that more closely resembles the dilute regime.

Wormlike micelles can be found in a wide variety of commercial products, such as deter-

gents, coatings, and emulsifiers, as well as industrial processes, such as in environmentally

friendly carrier fluids for oil recovery operations [14]. WLM solutions are also of great prac-

tical interest because they can provide significant levels of drag reduction in the transport

of turbulent fluids. Notably, the addition of small amounts of wormlike micelle-forming sur-

factants to turbulent flows can produce up to an 80% reduction in turbulent drag, which

is comparable to the drag-reducing capabilities of widely used polymer solutions [109, 1, 2].

Additionally, polymer molecules are shredded into short chain constituent segments by high-

shear regions and must be continually replaced to achieve consistent drag reduction; wormlike

micelles, however, are self-assembling and thus can overcome this shredding by reassembling

following any mechanical degradation. Despite these benefits, the adoption of WLMs as

drag-reducing agents has been limited, remaining mostly confined to areas of Japan for use

in closed-loop heating and cooling districts [17, 18]. Some of this limitation stems from chem-

ical considerations regarding the amphiphilic nature of surfactants, specifically that changing

the solvent can affect the aggregation and structuring of these molecules [127, 128]; other

limitation stems from the fact that the behavior and dynamics of these fluids in complex

flows, and specifically the development of instabilities in these flows, is not well under-

stood especially compared to the flow of polymer solutions. In this work, we aim to expand

understanding of flow instabilities in dilute WLM solutions and elucidate the mechanisms

underlying these instabilities.

Throughout this work we will focus exclusively on wormlike micelles in the dilute to semi-

dilute regime. Wormlike micelle solutions in this regime are known to undergo both shear-

thickening and shear-thinning, where thickening occurs at moderate shear rates followed by

thinning at higher shear rates [9, 10, 11, 12, 13, 62, 61]. This thickening and thinning behavior
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is related to the formation and subsequent breakdown of flow-induced structure (FIS) that

takes the form of elongated and aligned micelles. Specifically, at moderate shear rates WLMs

have been observed to align with the flow and undergo significant elongation, whereby the

average length of micelles in solution can increase to several times the equilibrium length

[46]. While a direct measurement of micelle length in flow is challenging, it is possible to

make estimates of the micelle length by analyzing the effect of flow on the solution viscosity.

Prud’homme and Warr related the critical strain rate, the strain at which the extensional

viscosity is maximized, in an opposed jet device to the length of micelles by assuming that

the micelle relaxation time was solely due to scission kinetics [63]. By approximating the

tension along the micelle body and assuming an upper bound on the micelle scission energy,

they directly related the critical strain rate to the micelle length. Through this analysis

and by comparing to the mean micelle length at zero shear rate, the authors determined

that micelles were significantly elongated by the extensional flow field. Similarly, Omidvar

and coworkers used an asymptotic analysis of the FENE-P model to relate the extensional

viscosity of the micelle solution to the micelle length [64]. By assuming that the micelle

length could be related to the FENE-P extensibility parameter, they were able to relate

increases in the extensional viscosity to elongation of the micelle lengths, finding significant

elongation of the micelles by the flow field.

These solutions are also well-known for displaying a reentrant, or multivalued, flow curve

(see Fig. 3.1) whereby the shear stress becomes a multivalued function of shear rate over

some typically small range [129, 69, 50]. The presence of a reentrant flow curve is a neces-

sary condition for the development of a vorticity banding instability [50]; this instability is a

relatively uncommon phenomenon, but has been observed in charged colloidal suspensions,

rodlike colloids, onion surfactants, biphasic polymer blends, and of course dilute WLM so-

lutions [65, 66, 52, 67, 50, 68]. Vorticity banding is related to, but distinct from, the more

well-studied shear banding instability where shear rate is a multivalued function of shear

stress. Shear banding (also known as gradient banding) occurs at higher concentrations
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Figure 3.1: Example of a reentrant flow curve in which there is a region where the shear stress,
τxy, is a multivalued function of the shear rate, γ̇. The light blue area shows the reentrant region
of the flow curve.

when micelles form entangled networks, and is characterized by the solution separating into

a macroscopically “banded” flow along the gradient direction, where separate bands support

equal shear stresses but different shear rates [47, 55]. The separation of these two regions

is often observable through differences in turbidity and birefringence [130]. There has been

extensive theoretical and experimental treatment of this instability (see [47, 57] for compre-

hensive reviews). In contrast to gradient banding, vorticity banding requires that a single

shear rate is able to support multiple shear stresses (i.e., a reentrant flow curve). In circular

Couette flow (CCF), this instability manifests as stacked “bands” along the vorticity axis,

where adjacent bands support distinct shear stresses but equivalent shear rates. Again, sim-

ilar to gradient banding, these bands can often be visualized by differences in turbidity and

birefringence [47, 50].

The most basic stability analysis that is relevant to these situations is that of Yerushalmi

et al. [56]. They studied simple shear flow between parallel plates, with velocity field

vx = γ̇y, finding that, if ∂τxy/∂γ̇ < 0, the flow is linearly unstable to 1D (y-dependent)

perturbations. This analysis does not distinguish between nonmonotonic and reentrant flow

curves; it depends only on the local slope of the flow curve, not the global behavior. Below,

when we describe the “unstable" or “stable" region of the flow curve, it is in the sense of

this analysis. The actual nature of flow instabilities of a fluid that can display ∂τxy/∂γ̇ < 0
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in simple shear depends on the global nature of both the constitutive behavior and flow

geometry. That said, the specific instability predicted by this analysis is 1D, and thus most

directly related to gradient banding, in which the shear rate is a multivalued function of

shear stress, though it has also been used to understand other instabilities as well [131, 132,

133, 57]. In terms of vorticity banding instabilities, most theoretical research has focused

on dense suspensions or through the construction of isotropic-nematic phase diagrams for

rigid rods [55, 47]. Olmsted and Lu [134] modified the Doi model for rigid rod suspensions

with inhomogeneous terms and found conditions in shear flow that could give rise to phase

separation (i.e., banding). Fielding used the diffusive Johnson-Segalman model to show

that gradient banded flow can be unstable to vorticity bands [135]. Chacko and coworkers

[136] developed a simple continuum model for dense particle suspensions that displayed a

constitutive curve with a region where ∂τxy/∂γ̇ < 0; they showed that the flow was linearly

unstable to vorticity band formation, as expected, and further found that the vorticity

banded flow was unsteady.

In addition to vorticity banding, dilute WLM solutions have demonstrated a group of

finger-like instabilities in circular Couette flow that appear as unstructured streaks and

branches spanning the flow gap [69, 70]. Using a circular Couette device, Liu and Pine [4]

observed these finger-like structures in controlled-shear rate flows of ∼ O(102 − 103) ppm

equilmolar CTAB/NaSal solutions; using small angle light scattering (SALS), they revealed

reversible finger-like structures that, upon increasing shear rate, grew outwards from the

inner cylinder into the flow gap. The emergence of these structures required a finite induction

time, typically on the order of minutes, and resulted in an elevated shear stress corresponding

to significant shear-thickening. The authors observed that the fingers repeatedly grew until

they reached the outer cylinder before retracting towards the center of the cell and beginning

to grow again. Hu and coworkers [71] observed similar structures in a solution of equimolar

7.5 mM TTAA/NaSal that exhibited a reentrant flow curve. Similar to Liu and Pine, the

authors observed that increasing either the shear rate or shear stress beyond some critical
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value induced shear-thickened structures that originated at the inner cylinder and grew

outwards to fill the gap. In stress-controlled experiments, they observed that increasing

the applied stress into the multivalued region of the flow curve resulted in a FIS front that

steadily grew to some radial position along the gap before stopping and holding at a steady

gap location; the point along the gap where the FIS front stopped depended on the applied

stress. When increasing the shear stress beyond the multivalued region, the authors observed

that the FIS encompassed the entire gap. In shear rate-controlled experiments, the authors

observed transient behavior that was similar to the stress-controlled experiments, but found

that the steady behavior was different; notably the system was either void of FIS or exhibited

FIS that filled the entire gap depending on whether the applied shear rate was below or above

the critical value, respectively.

Similar structures have also been observed to develop from interfacial instabilities. Wil-

son and Khomami have extensively studied interfacial instabilities in polymer melts and

found that destabilization of these interfaces is strongly related to a jump in the first normal

stress difference across the interface [137, 138, 139]. Pertinent to the current investigation is

the structure of the interfacial instability, in which waves were bent and elongated by large

shearing stresses, and in the case of compatible polymers ‘pools’ of material are pulled off

the wave to yield thread-like structures; these threads closely resemble the ‘fingers’ observed

in dilute WLM solution instabilities. Further, velocity gradients arising from interface cur-

vature cause the waves to be convected at different rates, resulting in curved or 3D waves.

Additionally, Yamani and coworkers [140] observed similar thread-like structures in their

investigation of the flow of a planar jet of dilute polymer solution into a water tank. In their

study, viscoelastic threads appeared to be sheared off of the main jet column. In the case

of dilute wormlike micelle solutions, interface-like regions can manifest between domains of

short, isotropically oriented micelles and elongated, highly oriented micelles.

To the best of our knowledge, there have been no computational studies looking at

the development of either vorticity bands or finger-like structures in shear flows of dilute
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WLM solutions. The main reason for this lack is the limited number of models for studying

and predicting the behavior of WLM solutions in complex flows, and in particular models

that can predict a reentrant flow curve. One of the first wormlike micelle models is due

to Cates and Turner, who proposed a population balance model that accounted for the

different stress relaxation mechanisms associated with wormlike micelles, namely micelle

scission and rotational diffusion [73, 110]. Though Cates and Turner did not write down an

explicit constitutive equation for their model, and moreover the incorporation of a continuous

spectrum of micelle lengths is prohibitive for use in computational fluid dynamics (CFD)

studies, their formulation has served as a foundation for the development of other widely used

WLM models [76, 3]. Bautista and coworkers [113] have developed the BMP model, which

couples a fluidity equation for studying thixotropic systems [93] to the Oldroyd-B equation.

This model, as well as its many extensions and generalizations [90, 141], has shown good

agreement with dilute wormlike micelles in a variety of flows [142], and has recently been used

for studying viscoelastoplastic and gradient banding fluids [142]. Tamano and coworkers [99]

have taken inspiration from the BMP model and coupled the fluidity equation to both the

Giesekus and FENE-P models to form the f-Giesekus and f-FENE-P models, respectively.

These models are well-suited for CFD studies because many CFD codes and frameworks

have already been developed for the FENE-P and Giesekus models [34, 32], however, these

models are unable to predict reentrant flow curves and are therefore unlikely to predict

vorticity banding or finger-like instabilities.

In this work, we investigate instability formation in circular Couette flows using the refor-

mulated reactive rod model (RRM-R) [129]. The RRM-R, and its predecessor the RRM [3],

model wormlike micelles as reactive Brownian rods undergoing reversible scission and fusion

in flow. The model couples evolution equations for the ensemble average orientation of rods

and micelle contribution to the solution stress to an evolution equation for the collective

length of micelles, where micelle number density and length are constrained by conservation

of surfactant molecules. The evolution equation governing micelle length in the RRM-R,
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which was inspired by work by Turner and Cates [73], accounts for two forms of micelle

fusion: spontaneous and flow-induced, as well as two forms of micelle scission: spontaneous

and tension-induced. More details on the modeling framework of the RRM-R are provided

in Section 3.2. Using this framework, the RRM-R can capture both shear-thickening and

-thinning, flow-induced structure formation, nonzero normal stress differences, and impor-

tantly a reentrant flow curve. Moreover, we have shown in our previous work [129] that the

RRM-R can be fit to experimental measurements of dilute WLM solution rheology, and can

successfully predict the behavior of these solutions in both pure shear and pure extensional

flows under both steady and transient conditions. This success in predicting the rheology of

WLM solutions, along with the tractability of the RRM-R, makes this model well-suited for

studying instability formation in complex flows.

3.2 Governing equations

The aim of the present study is to investigate instabilities of dilute wormlike micelle solutions

in circular Couette flow. Specifically, we are interested in exploring regimes where the

underlying constitutive curve is reentrant as this region of state space is currently poorly

understood and can give rise to interesting instabilities. To carry out our analysis we use

the RRM-R (reactive rod model - reformulated), which models dilute WLM solutions as

suspensions of reactive Brownian rods undergoing reversible scission and growth in flow. The

RRM-R has shown qualitative agreement with experimental data of dilute WLM solutions in

simple shear and purely extensional flows under both steady state and transient conditions.

The complete derivation of the RRM-R is described in [129] but is summarized below. We

note that this modeling framework takes inspiration from theoretical treatments by Cates

and Turner [110]. In the RRM-R, dilute wormlike micelle solutions are treated as suspensions

of rigid Brownian rods undergoing reversible scission and fusion. Rods can fuse end-to-end

(reducing the energetic penalty associated with the micellar end caps), but only when they



83

are highly aligned – otherwise the energy penalty arising from forming a long but bent

micelle is too large for fusion to take place [15, 110]. The application of flow tends to align

the rods. This alignment is balanced by rotational diffusivity of the rods acting to return

the suspension to isotropy. Consequently, a positive feedback mechanism exists between

rod growth and alignment owing to the smaller rotational diffusivity of longer rods. It is

assumed that rod growth is countered by hydrodynamic stresses acting along the lengths of

the rods, which induce breakage events into shorter rods. Moreover, rods can undergo both

spontaneous scission and spontaneous fusion events.

3.2.1 Brownian rods

Starting with a suspension of (non-reactive) Brownian rods, consider a uniform collection

of rods with length L0, radius b, and number density n0 suspended in a Newtonian solvent

with viscosity ηs. The orientation of a single rod is described by the unit director vector u.

The solution is subjected to an arbitrary flow with local velocity v and transpose velocity

gradient K = ∇v>. The orientation tensor S describes the average collective orientation of

the suspension and is given by the second moment of u

S = 〈uu〉 =

∫
uuψdu, (3.1)

where ψ is the probability distribution function of u. The time evolution of S in flow is

DS

Dt
= −6Dr,0

(
S − 1

3
I

)
+K · S> + S ·K> − 2K : 〈uuuu〉 , (3.2)

where Dr,0 is the rotational diffusion coefficient of a rod, I is the unit tensor, and the double

dot product is defined as A : B = Tr(A ·B>) [75].

The total stress of the suspension is given by the sum of the solvent τN and micelle τm

contributions

τ T = τN + τm, (3.3)
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where

τN = 2ηsD (3.4)

is the Newtonian solvent contribution with rate of deformation tensor D = 1
2
(K +K>) and

τm = 3n0kBT

(
S − 1

3
I

)
+
n0kBT

2Dr,0

K : 〈uuuu〉 (3.5)

is the additional stress due to the presence of rods. Here, kB is the Boltzmann constant

and T is the temperature. Equations (3.2) and (3.5) notably contain the fourth moment

〈uuuu〉, an evolution equation for which depends on the sixth moment of u, which in turn

depends on higher moments. To proceed analytically, it is then necessary to supply a closure

approximation for the product K : 〈uuuu〉. While numerous approximations are possible

(see, for example: [75, 114, 101]), the RRM-R uses an approximation from Dhont and Briels

[103] that interpolates between exact expressions in the limits of isotropy (equilibrium) and

complete alignment:

K : 〈uuuu〉 ≈ 1

5
[S ·D +D · S − S · S ·D −D · S · S + 2S ·D · S + 3(S : D)S]. (3.6)

3.2.2 RRM-R

As discussed above, a key feature of the RRM and RRM-R is that they allow micelles, mod-

eled as rigid rods, to undergo reversible scission and growth by allowing the collective length

and number density of the suspension to be dynamic properties that evolve with time and

flow. This variation is mathematically achieved in the RRM-R by changing the constant rod

length L0 to the dynamic length L. To make analytical progress and ensure the tractability

of the model we assume the system can be characterized by a single, representative length,

L. Now consider a suspension of rods at equilibrium with number density n0 and equilibrium

length L0; the radius b of the rods is taken to be constant. The evolution of length L and



85

number density n are constrained at all times by the surfactant mass balance

nL = n0L0. (3.7)

The rotational diffusion constant for a rod of length L0 and radius b is given by [75, 115]

Dr,0 =
3kBT

πηsL3
0

ln

(
L0

2b

)
. (3.8)

In the RRM-R, the constant rotational diffusion coefficient of the simple rigid rod model is

replaced by the length-dependent coefficient

Dr =
Dr,0

L∗3

(
lnL∗ +m

m

)
, (3.9)

where L∗ = L/L0 is the dimensionless micelle length andm = ln[L0/(2b)] is a constant related

to the initial aspect ratio of the rods. Substituting Eq. (3.9) into Eqs. (3.2) and (3.5), we

find

DS

Dt
= −6Dr

(
S − 1

3
I

)
+K · S> + S ·K> − 2K : 〈uuuu〉 (3.10)

and

τm = 3nkBT

(
S − 1

3
I

)
+
nkBT

2Dr

K : 〈uuuu〉 . (3.11)

The orientation of rods in the suspension is tracked by introducing a scalar orientational

order parameter

Ŝ =

√
3

2
Ŝ : Ŝ, (3.12)

where Ŝ = S − 1
3
I is the traceless part of S. This order parameter varies between Ŝ = 0

for isotropic rods and Ŝ = 1 for perfectly aligned rods. Note that the description and

equations above are valid for both the original RRM and the reformulation (RRM-R), the

only variation between the two models is in the length evolution equation, discussed below.

To allow for variability of rod length the RRM-R assumes a length evolution equation
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that balances growth and breakdown of micelles

DL

Dt
= Rg +Rb, (3.13)

where Rg ≥ 0 is the rate of micelle growth and Rb ≤ 0 is the rate of micelle breakdown.

As discussed previously, the RRM-R assumes two forms of growth: spontaneous, Rg,s and

alignment-induced, Rg,a as well as two forms of breakage: spontaneous, Rb,s, and tension-

induced, Rb,t. Spontaneous growth occurs both in the absence and presence of flow and is

assumed to take the form:

Rg,s = kg0n
2, (3.14)

where kg0 is a spontaneous growth rate coefficient and the quadratic dependence on number

density arises from the bimolecular nature of a collision event. Alignment-induced growth is

taken to be the separable product of collision frequency and micelle orientation; the combi-

nation of these two terms is crucial to ensure that micelles are only growing when aligned,

since the formation of a bent micelle is energetically unfavorable. In our previous work

we showed that diffusion-driven collisions dominate convection-driven collisions, except in

extremely high shear flows, yielding a growth term of the form:

Rg,a = kgan
2Ŝ2, (3.15)

where kga is the alignment-induced growth coefficient.

Spontaneous breakage, like growth, occurs in both the presence and absence of flow and

is assumed to increase with rod length, yielding the form

Rb,s = −kb0L, (3.16)

where kb0 is a breakage rate constant. At equilibrium spontaneous growth and breakage
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must balance such that

0 = n2
0kg0 − kb0L0. (3.17)

This relation allows kg0 to be expressed in terms of kb0 and emphasizes the fact that the two

constants are not independent parameters. The tension-induced breakage term arises from

assuming that as rods become sufficiently long they will be broken down by hydrodynamic

stresses oriented along the backbone of the micelles. The tensile force at the midpoint of a

rod can be estimated by

T ∼ S : τm
n0L0

. (3.18)

Viewing the micelle tension as increasing the likelihood that a micelle will overcome the

free energy barrier to scission [15] motivates the use of an Arrhenius-type breakage rate

expression:

Rb,t = −kbt
[
exp

(
a

L0

S : τm
n0kBT

)
− 1

]
, (3.19)

where kbt is a tension-induced breakage coefficient and a acts as a constant for micelle scission.

Note that Ta has units of work, and thus one could view a as the distance the two halves

of the micelle need to be pulled apart to break it in half. This term has been structured so

that at rest, (i.e. when S : τm = 0), the tension-induced breakage rate vanishes entirely.

After a number of simplifications involving the surfactant mass balance Eq. (3.7) and

relating spontaneous effects that must balance at equilibrium, we have the overall length

evolution equation

DL

Dt
= kb0

(
L3

0

L2
− L

)
+ kga(n0L0)2 Ŝ

2

L2
− kbt

[
exp

(
a

L0

S : τm

n0kBT

)
− 1

]
. (3.20)

This equation contains four parameters - kb0, kga, kbt, and a, which are related to the spon-

taneous breakage, alignment-induced growth, tension-induced breakage, and scission energy

of micelles, respectively.
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The RRM-R constitutive equations are coupled to conservation of mass and momentum

∇ · v = 0, (3.21)

ρ
Dv

Dt
= −∇p+ ηs∇2v + ∇ · τm, (3.22)

where v is the velocity, p is the pressure, ρ is the density of the fluid, ηs is the solvent

viscosity which is assumed to be Newtonian, and τm is the micelle contribution to the fluid

stress.

3.2.3 Circular Couette flow

In this work we focus on the behavior of dilute wormlike micelle solutions in circular Couette

flow, shown in Fig. 3.2. The inner cylinder has radius RI and the outer cylinder has radius

RO; the gap width d is the difference between the two, d = RO = RI ; in all simulations we

fix d = 1. The curvature (ε) of the system is ε = d/RI . We take the inner cylinder to be

stationary and the outer cylinder to rotate with some fixed angular velocity ΩO, which we

can write as the linear azimuthal velocity U = Ω0RO. The height of the cylinder is h. In 3D

simulations we take all quantities to be periodic in z at the cylinder ends. Using asterisks to

denote dimensionless quantities, we render the governing equations dimensionless with the

following relations: x = x∗d, v = v∗U , t = t∗/γ̇, p = p∗ηsγ̇, τ
m = τm∗G0, and L = L∗L0

where γ̇ = U/d is the characteristic shear rate and G0 = n0kBT = 2ηmDr,0/15 is the micelle

shear modulus [75]. Substituting these relations into the governing equations and dropping

asterisks we are left with the dimensionless equations:

∇ · v = 0, (3.23)



89

Re
Dv

Dt
= −∇p+∇2v +

2

15

(
1− β
β

)
1

Pe
∇ · τm, (3.24)

DS

Dt
= − 6

PeL3

(
S − 1

3
I

)(
m+ lnL

m

)
+K · S> + S ·K> − 2K : 〈uuuu〉 , (3.25)

τm =
3

L

(
S − 1

3
I

)
+

Pe

2

(
mL2

m+ lnL

)
K : 〈uuuu〉 , (3.26)

DL

Dt
=

1

Pe

[
k∗b0

(
1

L2
− L

)
+ k∗ga

Ŝ2

L2
− k∗bt [exp (a∗S : τm)− 1]

]
. (3.27)

We have introduced several dimensionless quantities. The Reynolds number is the ratio of

inertial to viscous forces, defined as Re = ρUd/ηs. The rotational Péclet number is the

ratio of the shear rate to the rotational diffusivity of the micelles at equilibrium, defined as

Pe = γ̇/Dr0. In circular Couette flow the shear rate varies with radial position along the

gap so that we have an applied Péclet number defined with respect to the rotation rate of

the outer cylinder, which we write as Pe, and a local Péclet number, written as Pel, that is

computed from the local shear rate in the gap. Finally, β = ηs/(ηs + ηm) is the viscosity

ratio. We also have four dimensionless groups in the length evolution equation – k∗b0, k
∗
ga, k

∗
bt,

and a∗ – all of which are defined identically to those in the previous work [129]. In order, k∗b0

represents the ratio of relaxation due to spontaneous breakage to relaxation due to diffusion

(i.e. realignment), k∗ga acts as a measure of the ratio of growth due to alignment to diffusion,

k∗bt represents the ratio of relaxation due to tension-induced breakage to relaxation due to

diffusion, and a∗ functions as a dimensionless length that must be overcome for tension-

induced scission to occur. For the rest of this work we will drop the asterisks from these

groups.

Equations (3.23) to (3.27) are solved with no-slip boundary conditions at the walls.

More details on the boundary conditions for L, S, and p are given in Section 3.3. Recently,

McCauley and coworkers have shown that wall-slip in concentrated WLM solutions has

a profound effect on the shear banding instability, whereby wall-slip acts to decrease the

effective shear rate at the walls which then delays the onset of shear-banding [81]. We do
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Figure 3.2: Schematic of circular Couette geometry. Left: top-down (rθ) view of domain. Right:
side view of domain.

not expect wall-slip to occur in the dilute WLM solutions that we are interested in as it

typically requires the formation of networks or gel-like phases, such as in concentrated WLM

solutions or polymer melts; however, if wall-slip were to occur, we expect similar behavior

in that the effective shear rate at the walls will be reduced, thereby delaying the onset of

instabilities.

3.2.4 Circular Couette flow: steady state

To help analyze the behavior of the RRM-R in circular Couette flow (CCF), we will need

to solve for the unidirectional steady state solutions of the system. We assume a purely

azimuthal velocity profile that depends only on the radial coordinate, v = [0, v(r), 0]>. For

this velocity profile the only non-zero component of the velocity gradient tensor is the rθ

component, given by

γ̇rθ = Dv − v

r
, (3.28)

where D = ∂
∂r
. For a unidirectional steady state velocity profile the equation for the θ-

component of the momentum equation Eq. (3.24) is

(
r2D2 + rD − 1

)
v +

2

15

1− β
β

1

Pe

(
2r + r2D

)
τmrθ = 0. (3.29)
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We simplify the constitutive equations by writing the closure equation Eq. (3.6) as

C = K : 〈uuuu〉. (3.30)

We then substitute the velocity profile, which is not yet known, and Eq. (3.28) into Eq. (3.30)

to obtain the components of the closure tensor

Crr =
1

5
Srθ (1− 4Srr − Sθθ) γ̇rθ, (3.31a)

Crθ = − 1

10

(
S2
rr − (2Sθθ + 1)Srr − 6S2

rθ + S2
θθ − Sθθ

)
γ̇rθ, (3.31b)

Cθθ = −1

5
Srθ (−1 + Srr − 4Sθθ) γ̇rθ, (3.31c)

Czz =
3

5
SrθSzzγ̇rθ. (3.31d)

We can then write the components of the orientation evolution equation

DSrr
Dt

= 0 = − 6

PeL3

(
lnL∗ +m

m

)(
Srr −

1

3

)
− 2Crr, (3.32a)

DSrθ
Dt

= 0 = − 6

PeL3

(
lnL∗ +m

m

)
Srθ + Srrγ̇rθ − 2Crθ, (3.32b)

DSθθ
Dt

= 0 = − 6

PeL3

(
lnL∗ +m

m

)(
Sθθ −

1

3

)
+ 2Srθγ̇rθ − 2Cθθ, (3.32c)

DSzz
Dt

= 0 = − 6

PeL3

(
lnL∗ +m

m

)(
Szz −

1

3

)
− 2Czz. (3.32d)

Likewise we have the components of the stress tensor

τmrr =
3

L

(
Srr −

1

3

)
+

mPeL2

2 (lnL+m)
Crr, (3.33a)

τmrθ =
3

L
Srθ +

mPeL2

2 (lnL+m)
Crθ, (3.33b)
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τmθθ =
3

L

(
Sθθ −

1

3

)
+

mPeL2

2 (lnL+m)
Cθθ, (3.33c)

τmzz =
3

L

(
Szz −

1

3

)
+

mPeL2

2 (lnL+m)
Czz, . (3.33d)

In this flow the length evolution Eq. (3.27) becomes

DL

Dt
= 0 = kb0

(
1

L2
− L

)
+ kga

Ŝ2

L2
− kbt [exp (aS : τm)− 1] , (3.34)

with

S : τm = Srrτ
m
rr + Sθθτ

m
θθ + Szzτ

m
zz + 2Srθτ

m
rθ , (3.35)

and with scalar orientation parameter

Ŝ =

[
3

2

{(
Srr −

1

3

)2

+

(
Sθθ −

1

3

)2

+

(
Szz −

1

3

)2

+ 2S2
rθ

}] 1
2

. (3.36)

3.3 Computational methods

We solve the governing equations for mass, momentum, micelle orientation, and micelle

length using the open-source CFD software OpenFOAM coupled with the viscoelastic solver

RheoTool [143, 144, 145]. This framework uses the finite volume method to discretize equa-

tions. We have written an additional library for the RRM-R. Details of the numerical imple-

mentation of the code as well as validations are given elsewhere [146, 144]. In this study we

perform both 2D and 3D numerical simulations of the RRM-R in circular Couette flow. For

3D simulations we take all quantities to be periodic in z at the cylinder ends. In 2D simula-

tions we confine the flow to the rθ-plane and solve only the rr, rθ, θθ, and zz components of

the governing equations. On the cylinder walls we use no-slip and no-penetration boundary

conditions for the velocity, zero normal gradient for the pressure, and linear-extrapolation

for the micelle length and orientation [144]. The micelle contribution to the stress tensor

does not require boundary conditions as it is calculated directly from Eq. (3.26). To ensure
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numerical stability of our simulations we use the stress-velocity coupling method provided

in RheoTool; since adding stabilization is known to alter transient dynamics, we incorporate

a number of inner iterations to the main solver loop (typically 2-5 depending on the degree

of stabilization added), which act to decrease the explicitness of the solver [144].

We generate the numerical grid for our problem using the blockMesh utility in Open-

FOAM. To ensure the resolution of structures in our system and ensure mesh-independency

of our solution, we tested four different 2D grid resolutions with densities: M0 = 40,000, M1

= 90,000, M2 = 250,000, and M3 = 640,000. In 3D, we use these same resolutions with 20-80

grid points in z. All results presented in this work use the M2 grid, unless otherwise stated.

In general, we found that all resolutions showed quantitatively similar dynamics and results.

Further, we tested the accuracy of our meshes by comparing time-dependent statistics and

dynamics as well as steady state profiles to confirm that our solutions did not depend on

the mesh density.

To verify our viscoelastic library for the RRM-R and to look at a variety of both stable and

unstable steady state solutions of our system, we also solve Eqs. (3.29) and (3.31) to (3.34)

numerically using a Chebyshev pseudospectral method on Gauss-Lobatto nodes. All results

presented in this work use N = 200 nodes. We solve the discretized system of nonlinear

equations using the fsolve solver in MATLAB. We verified our codes by comparing steady

state solutions obtained by the full DNS (OpenFOAM + RheoTool), the pseudospectral

method (MATLAB) assuming a purely azimuthal flow field, and the numerical solution to

our equations in simple shear flow (ε = 0). We tested multiple sets of RRM-R parameters

at several different Péclet numbers and found agreement in all cases.

3.4 Results and Discussion

The organization of this section is as follows: In Section 3.4.1 we compute steady states for a

reentrant flow curve and characterize the stability of these states at a variety of different cur-
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vatures. We then focus on 2D simulations with ε = 1 in Section 3.4.2, and show that unstable

regions of the constitutive curve (∂τrθ/∂γ̇ < 0) provoke finger-like instabilities. These finger-

like structures are characterized by long branches of extended and anisotropically-oriented

micelles. In Section 3.4.3 we investigate the appearance of these finger-like structures in 3D

and show that the underlying instability is 2D in nature. Finally, in Section 3.4.4, we briefly

discuss and analyze the linear stability of vorticity banding in the reentrant system.

3.4.1 Steady states in reentrant WLM solutions

The RRM-R length evolution equation, Eq. (3.27), contains four dimensionless parameters

that can be tuned to vary the behavior of the desired WLM system. We select values

that yield a significantly reentrant constitutive curve so that we can adequately probe and

characterize instabilities in this region. The values chosen for the constitutive model are:

m = 3, kb0 = 10−2, kga = 1500, kbt = 10, and a = 2.5, with Re = 10−1 and β = 0.082.

This value of β may seem low for modeling dilute viscoelastic solutions, but was chosen to

match typical values seen in experiments where the zero-shear viscosity of these solutions is

between 4− 10 mPa s [4, 5]. We approximate an inertialess flow condition by neglecting the

convective terms in the momentum equation and setting Re = 0.1.

In simple shear flow, v = (Pe y, 0, 0)T , these parameters yield the constitutive curves

shown in Fig. 3.3. These curves are highly reentrant over almost a decade of Péclet numbers,

which will facilitate probing the behavior of this region, specifically sections where ∂τxy/∂γ̇ <

0. The length of micelles for these parameters increases to a maximum of about 11 times

the equilibrium length, and the solution shear-thickens by over an order of magnitude. The

inset in Fig. 3.3c shows a close-up of the orientation profiles near the turning point into the

multivalued region. To clarify the analysis of these flows, we define three distinct solution

branches on the shear stress constitutive curve (Fig. 3.3a): the lower, middle, and upper

branches with τTxy,low < τTxy,mid < τTxy,up. The lower branch extends from 0 < Pe . 2.5×10−2.

The middle branch extends from 5 × 10−3 . Pe . 2.5 × 10−2, where notably ∂τmxy/∂γ̇ < 0
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Figure 3.3: Constitutive curves for the RRM-R with parameters: m = 3, kb0 = 10−2, kga = 1500,
kbt = 10, and a = 2.5. (a) Micelle (red), Newtonian (blue), and total shear stress (purple), (b)
length of micelles, (c) components of the orientation tensor, and (d) normalized viscosity vs. applied
Péclet number.

throughout this entire region. Finally, the upper branch extends from 5× 10−3 . Pe <∞.

In this work we are primarily interested in circular Couette flow. The notable difference

between this flow and simple shear flow is that in CCF all quantities (e.g., stress, length, and

orientation) vary across the gap due to the radial dependence of the shear rate. The precise

radial dependence of these quantities depends on the underlying curvature of the system.

We can understand the role of curvature through the steady state momentum balance, which

simplifies to τTrθ(r) = τTrθ,I(RI/r)
2, where τTrθ,I is the total shear stress at the inner cylinder.

Rewriting this balance in terms of the curvature and outer cylinder stress (τTrθ,O) we find

τTrθ,O = τTrθ,I/(1 + ε)2. Clearly, as the curvature decreases so does the difference between τTrθ,O

and τTrθ,I , leading to nearly constant properties across the gap. Conversely, as the curvature

increases so does the difference between the stresses at the inner and outer cylinders. This

radial dependence of the shear rate also complicates the characterization of steady state
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solutions for the reentrant flow curve; because the shear stress will vary throughout the

gap, certain parts of the domain can lie in unstable regions of the flow curve (∂τrθ/∂γ̇ < 0)

while the remainder lies in stable regions (∂τrθ/∂γ̇ > 0), leading to mixed local stability

throughout the gap. Further, because the flow curve is multivalued over a range of Péclet

numbers, more than one steady state can exist for a given applied Pe.

To further emphasize the role of curvature and the fact that steady states can encompass

both stable and unstable branches, we show the steady state solutions for Pe = 0.01 at several

curvatures in Fig. 3.4. All steady states were found using the Chebyshev pseudospectral

method described in Section 3.3. The top row shows the (a) local micelle shear stress and

(b) local micelle length projected onto the governing constitutive curves where the local

Péclet number, Pel, is calculated from the velocity profile throughout the gap. The bottom

row shows the (c) local micelle shear stress and (d) local micelle length over the gap radius.

The line colors show different curvatures where red: ε = 1.00, orange: ε = 0.50, green:

ε = 0.20, and blue: ε = 0.10. The yellow rectangle indicates the region that is locally

unstable (∂τmrθ/∂γ̇ < 0). We only show the micelle stress, and not the total stress, in

Fig. 3.4a because the unstable region originates from the micelle contribution to the stress

and anywhere where the micelle stress is multivalued so is the total stress. We can see

from these plots that at Pe = 0.01 two different steady states exist, one that is on the

lower branch and one that is predominantly on the upper branch, but for larger curvatures

the upper branch steady state extends into the middle branch. There is of course also a

steady state that exists predominantly on the middle branch, however, this steady state is

unstable and thus challenging to observe both experimentally and computationally, so for

the remainder of this work we will focus solely on the upper and lower branch steady states.

For steady states on the lower branch, micelles do not exhibit any pronounced elongation and

remain nearly at the equilibrium length. Also on the lower branch, the micelle shear stress

at the inner cylinder (r − RI = 0) increases with increasing curvature while at the outer

cylinder the micelle shear stress decreases with increasing curvature. This observation will
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become important because it shows that the stability region on the lower branch, namely the

range of Péclet numbers leading to a stable steady state, decreases with increasing curvature.

The micelle shear stresses for all curvatures on this branch are equal around r − RI ≈ 0.15

where Pel ≈ 0.01.

On the upper branch we see that the micelle length varies significantly with curvature. In

particular, for ε = 0.1 and ε = 0.2 the micelle length is nearly constant throughout the gap

and micelles are nearly at the maximum degree of elongation prescribed by the constitutive

curve. For the larger curvatures the length varies drastically throughout the gap; in the

case of the largest curvature, ε = 1, the length varies by almost an order of magnitude

with maximum elongation occurring close to the inner cylinder. The large range of micelle

lengths here results from the sharp change in length that occurs on the middle branch of

the constitutive curve (Fig. 3.4b). There is a similar trend in the micelle shear stress on the

upper branch as there is on the lower branch, notably the micelle stress at the inner cylinder

is largest for the highest curvature. Now, however, we also see that for ε = 1 the micelle

stress towards the outer cylinder is clearly falling into the unstable middle branch region

where ∂τmrθ/∂γ̇ < 0, and therefore this steady state solution is unstable to inhomogeneous

flow. The instability of this steady state emphasizes the role of curvature in dictating the

stability of the system, in particular increasing curvature directly decreases the stability of

the solution by increasing the span of shear stresses occupied throughout the gap. Moreover,

for systems with low curvature (e.g., ε = 0.1) the system can support two steady states

that are both stable, which can then allow for the manifestation of vorticity bands. We will

elaborate on vorticity banding towards the end of this work. Figure 3.24 in Appendix A

shows the same plots as Fig. 3.4 but at Pe = 0.0225.

We summarize the effects of curvature on the stability of steady states in the system

with Fig. 3.5. This figure shows the stability of the system for a given curvature and applied

Péclet number. The dashed lines show the existence limits for the lower (cyan) and upper

(orange) branches (i.e., Pemax on the lower branch and Pemin on the upper branch, beyond
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Figure 3.4: Upper and lower branch steady states for Pe = 0.01 at varying curvatures. (a) Local
micelle shear stress and (b) local micelle length projected onto the governing constitutive curves,
where the local Péclet number, Pel, is calculated from the velocity profile throughout the gap. (c)
Local micelle shear stress and (d) local micelle length over the gap radius. Line colors are red:
ε = 1.00, orange: ε = 0.50, green: ε = 0.20, and blue: ε = 0.10. The yellow rectangle indicates the
unstable region of the flow curve (∂τmrθ/∂γ̇ < 0).
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which the branches no longer exist). The cyan markers show the maximum Pe value on

the lower branch that will support a stable steady state for a given curvature; all Pe below

this value on the lower branch will be stable, shown by the cyan-shaded region. The orange

markers show the minimum Pe value on the upper branch that will support a stable steady

state for a given curvature; all Pe above this value on the upper branch will be stable, shown

by the orange-shaded region. The green region shows the range of Pe and ε where both the

lower and upper branches exist and are stable. The yellow region shows the range of Pe

and ε where both branches are unstable or do not exist. The colored stars show the local

micelle shear stress over the gap at the indicated Pe and ε. The pink and green stars show

locations where only the upper branch exists and is stable for the pink star and unstable

for the green. The red star shows an unstable lower branch and a stable upper branch,

though it is precariously close to the unstable region. The blue star shows a stable lower

branch and unstable upper branch. The yellow star shows a location where only the lower

branch exists and it is stable. Finally, the purple star shows a location where both lower and

upper branches exist and are stable. We can see from Fig. 3.5 that the range of unstable

Pe increases with increasing curvature, though the effects of curvature only start to become

evident around ε ≈ 10−1; for ε . 10−1, the Pe stability range is nearly independent of

curvature. For ε . 1, all Pe have some region where they are stable, whether this is on the

lower branch or the upper branch.

A full investigation of the effects of the four dimensionless parameters – kb0, kga, kbt, and

a – on the stability diagram shown in Fig. 3.5 is outside the scope of this work. However,

it is possible to generally understand the role of each parameter by the effect it has on the

degree of reentrant behavior in the flow curve. For example, increasing kga tends to increase

the reentrant region, while increasing a and kbt decreases it. Varying kb0 does not play a

significant role in altering the size of the reentrant region. Increasing the size of the reentrant

region also increases the range of Pe where the flow curve is unstable (∂τrθ/∂γ̇ < 0), and

thus will tend to destabilize the flow. Further, increasing the size of the reentrant region
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Figure 3.5: Shear rate-curvature state-space stability diagram. Dashed lines show the existence
limits for the lower (cyan) and upper (orange) branches respectively. The cyan markers are the
maximum Pe on the lower branch that will support a steady state; all Pe on the lower branch below
this line are stable, shown by the cyan-shaded region. The orange markers are the minimum Pe on
the upper branch that will support a steady state; all Pe on the upper branch above this line are
stable, shown by the orange-shaded region. In the green-shaded region both the lower and upper
branches exist and are stable. In the yellow-shaded region both the lower and upper branches
are unstable or do not exist. The stars show the local shear stress profiles across the gap at the
indicated Pe and ε.
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also tends to increase the difference in the viscosity, stress, and micelle length between the

upper and lower branches, and will therefore give rise to more extreme gradients for flows

that span both branches, which again will destabilize the flow.

Since the majority of this work considers the case of ε = 1, it is helpful to further

clarify the stability of this system at this curvature. Figure 3.6 shows the steady state

local constitutive curve for ε = 1. The red markers are the micelle shear stress at the

inner cylinder and the blue markers are the micelle shear stress at the outer cylinder. The

dashed red and blue lines represent steady states that were not explicitly calculated, but

were filled in based on the underlying constitutive curve; all other steady states (shown as

markers) were calculated using the Chebyshev pseudospectral code. The purple vertical lines

connecting the markers show the local micelle shear stress throughout the gap at that Pe.

The yellow rectangle shows the region where, at a given Pe, the flow will fall onto the locally

unstable region. This plot completely describes the stability of the system for ε = 1 and

shows whether the instability will originate at the inner or the outer cylinder. Figure 3.6

emphasizes the features of Fig. 3.5, but importantly it shows specifically where the instability

occurs. For example, on the upper branch we find that for Pe . 0.022 the micelle shear

stress at the outer cylinder (blue markers) begins to enter the unstable region, indicating

that any instability arising in the flow will likely originate close to the outer cylinder.

3.4.2 Finger-like instabilities in 2D

As has been discussed extensively, regions of the constitutive curve with a negative shear

stress vs. shear rate slope are unstable in nature. Up until now, we have thoroughly inves-

tigated the stability of the constitutive curve and how it relates to the geometry curvature,

but we have not yet investigated how this instability actually manifests. We now wish to

characterize the nature of this instability in dilute WLM solutions using CFD simulations to

evolve the governing equations in time. In particular, we wish to force the flow into unstable

regions of the constitutive curve to investigate if and how the instability develops, as well as
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Figure 3.6: Steady state local constitutive curve for ε = 1. The red markers are the micelle shear
stress at the inner cylinder, and the blue markers are the micelle shear stress at the outer cylinder.
The dashed red and blue lines represent steady states that were not explicitly calculated. The
purple vertical lines connecting the markers show the local micelle shear stress throughout the gap
at that Pe. The yellow rectangle shows the region where, at a given Pe, the flow will fall into the
locally unstable region.

how the instability evolves. The full details of the simulations are described in Section 4.3.

Instabilities for increasing shear rates

We begin this investigation by taking a solution at rest and slowly increasing the shear rate

to Pe = 0.0225 to force the stress near the inner cylinder into the locally unstable region.

The steady states for Pe = 0.0225 are shown in Fig. 3.7, where the upper branch steady

state is shown in orange and the lower branch is shown in cyan. We see from (a) and (c)

that there is a small region at the inner cylinder where the micelle shear stress of the lower

branch steady state begins to enter into the unstable region. The upper branch steady

state, however, exists entirely on the stable upper branch; we therefore might expect that

any instability will grow initially at the inner cylinder and force the flow to jump from the

unstable lower branch to the stable upper branch.

Figure 3.8 shows several snapshots in time of the micelle length, micelle orientation,

and radial velocity in this start-up flow with an applied shear rate of Pe = 0.0225. The

solution is initially at rest with isotropic micelles at their equilibrium length. Upon flow

inception, we see that the growth and alignment of micelles first occurs closest to the inner
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Figure 3.7: Upper and lower branch steady states for Pe = 0.0225 at ε = 1. (a) Local micelle
shear stress and (b) local micelle length projected onto the governing constitutive curves, where
the local Péclet number, Pel, is calculated from the velocity profile throughout the gap. (c) Local
micelle shear stress and (d) local micelle length over the gap radius. The orange line corresponds to
the upper branch and the cyan line corresponds to the lower branch. The yellow rectangle indicates
the unstable region where ∂τmrθ/∂γ̇ < 0.
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cylinder, where the shear stress is greatest, and then proceeds outwards through the gap.

Note that at all times the surfactant mass balance n0L0 = nL is enforced, so an increase

in micelle length is balanced by a decrease in rod number density. This elongation and

anisotropy of micelles is associated with a radial inflow localized at the inner cylinder. At

t = 75 we can see branches of elongated micelles growing outwards throughout the gap that

are simultaneously sheared by the flow, resulting in a spiral-like pattern. The branching

structures continue to grow outwards until they reach the outer cylinder (t = 100), at which

point individual branches begin to merge into a crescent-shaped region of lower branch-

micelles that rotates continuously at the outer cylinder (t ≥ 200). In all snapshots it is clear

that the elongation and anisotropy of micelles are closely intertwined. At later times we see

that the sharp ‘interface’ separating short and elongated micelles is associated with strong

radial flows, which arise through the large jump in the first normal stress difference across

the ‘interface.’ We refer to this separation region as an ‘interface’ because, although the

system consists of only a single phase, the difference between regions of highly elongated and

anisotropically-oriented micelles from the nearly equilibrium-length and isotropic micelles is

significant enough to give the appearance of phase separation. Notably, the ‘interface’ and

resulting instability we observe closely resembles the work of Wilson and Khomami looking at

interfacial instabilities between compatible polymers [139]. In particular, we observe similar

wave- and hook-like structures, which in their study arose from shearing stresses close to the

interface pulling material across the boundary into the adjacent layer. The present instability

displays similar behavior, whereby elongated micelles are sheared into the region of shorter

micelles.

At early times there is clearly symmetry in the flow structure that manifests as eight

equally-spaced branches in L and Ŝ, as well as eight regions of coupled inflows and outflows.

To help understand this symmetry, we consider some small perturbation to the flow of the

form B(r) = Bss(r) + B̂(r) exp(imθ + σt), where B is an arbitrary flow variable (e.g., S

or L), Bss is the steady state value of B, B̂ is the perturbation of B, m is the azimuthal
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wavenumber that determines the azimuthal symmetry of the instability, and σ is a complex

eigenvalue that determines the stability and growth rate of the instability. We can clearly

see from Fig. 3.8 that at t = 40 an unstable m = 8 mode appears. This mode grows radially

outwards until it reaches the outer cylinder, at which point other modes set in, breaking

the symmetry of the flow and leading to chaotic fluctuations. We confirmed the appearance

of this m = 8 mode in the M1, M2, and M3 meshes; Fig. 3.25 in Appendix A shows the

comparison at r = RI + 0.1d and t = 40 for the M2 (orange) and M3 (cyan) meshes, which

show excellent agreement. We can therefore conclude that the appearance of this mode

is not an artifact of the mesh resolution, and that the m = 8 is the most unstable mode

as it pertains to this flow instability. In many interfacial instability phenomena, the most

unstable wavelength is proportional to layer thickness; this is indeed the case in the Wilson

and Khomami work mentioned above [139]. We suspect that the same observation holds

here: the region of fluid that is in the unstable region of the flow curve is much thinner than

the gap, likely leading to selection of a high azimuthal wavenumber for the instability.

Returning to Fig. 3.8, we see that the flow has still not completely evolved to the upper

branch even after 450 time units. In particular, we see a crescent-shaped region of lower

branch-micelles that rotates continuously near the outer cylinder. This flow state is inter-

esting because it demonstrates the coexistence of complex and simple states: the complex

state being this rotating crescent and the simple state being a flow that has fully evolved

away from this unstable state and saturated onto the stable upper branch. It is possible

that this flow state will eventually evolve to the stable upper branch if given sufficient time.

Consider Fig. 3.5, which shows that the (ε,Pe) = (1, 0.0225) applied here is extremely close

to the boundary of Péclet values that are always unstable, and therefore it is possible that

the proximity to this unstable region is impeding the evolution of the flow to the stable

upper branch.

Indeed, by increasing to Pe = 0.024, so that the upper branch is further from the unstable

region, we observe very different behavior. Figure 3.9 shows several snapshots of the micelle
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Figure 3.8: Snapshots of (top) micelle length, (middle) micelle orientation, and (bottom) radial
velocity in start-up of steady shear flow with applied shear rate Pe = 0.0225.
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Figure 3.9: Snapshots of micelle length in start-up of steady shear flow with applied shear rate
Pe = 0.024.

length in this start-up flow. As before, micelle elongation occurs first at the inner cylinder

and then extends outwards throughout the gap. At this larger shear rate, however, the

branch structures that developed for Pe = 0.0225 are no longer evident as the flow evolves

too quickly to the stable upper branch for these branches to materialize. However, we can

actually see the faint traces of these structures as well as the m = 8 mode in Fig. 3.10. This

figure shows a snapshot of micelle length with contours at blue: L = 8, yellow: L = 9, and

red: L = 10, all at t = 45. The azimuthal contours clearly show the m = 8 mode that

was previously observed, but now the mode is obscured by the rapid evolution to the upper

branch. The outer contour of L = 10 is related to the growth of the initial instability and

displays the wave-like structure of the m = 8 mode, as do the L = 8 and L = 9 contours; the

inner L = 10 contour, on the other hand, is due to micelles that have begun saturating on the

upper branch, evidenced by the θ-independent profile. By t = 50 the flow has fully reached

steady state, suggesting that the persistent azimuthally inhomogeneous flow observed for

Pe = 0.0225 is indeed related to the proximity to the unstable region.

Instabilities for decreasing shear rates

Up until now, the investigation has focused on instabilities that arise from increasing Pe

so that the stress at the inner cylinder enters into the unstable region; we now wish to

characterize the instabilities that develop upon decreasing Pe so that the stress at the outer
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Figure 3.10: Snapshot of micelle length with contours at blue: L = 8, yellow: L = 9, and red:
L = 10 for start-up of steady shear flow with Pe = 0.024.

cylinder falls into the unstable region. We expect that instabilities will now occur towards the

outer cylinder. We begin by taking a steady state at Pe = 0.04, corresponding to flow that

is on the stable upper branch, and then dropping the applied Péclet number to Pe = 0.015

so that the stress at the outer cylinder falls into the unstable middle branch region. The

steady states for Pe = 0.015 are shown in Fig. 3.11, where the upper branch steady state

is shown in orange and the lower branch is shown in cyan. We see from (a) and (c) that

for the upper branch steady state there is a small region at the outer cylinder where the

micelle shear stress begins to enter into the unstable region. The lower branch steady state,

however, is entirely stable.

Figure 3.12 shows several snapshots of the micelle length, micelle orientation, and radial

velocity when decreasing from an applied shear rate of Pe = 0.04 to Pe = 0.015. At

t = 0 we see a nearly homogeneous flow with all micelle lengths above about L ≥ 9,

corresponding to the Pe = 0.04 steady state. This flow slowly gives way over the next

∼ 95 time units to a profile that exhibits a banded profile along the gradient direction. This

banding is very obvious in the length profile but shows up only weakly in the orientation

profile; banding at this stage does not appear in the velocity field, indicating that we are not

observing traditional gradient banding. At t = 95 the micelle length displays an ‘interface’-

like boundary that splits the flow into two distinct regions. Again, this is not a true interface

in the traditional phase separation sense since the flow here is single phase; instead, the
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Figure 3.11: Upper and lower branch steady states for Pe = 0.015 at ε = 1. (a) Local micelle
shear stress and (b) local micelle length projected onto the governing constitutive curves, where
the local Péclet number, Pel, is calculated from the velocity profile throughout the gap. (c) Local
micelle shear stress and (d) local micelle length over the gap radius. The orange line corresponds to
the upper branch and the cyan line corresponds to the lower branch. The yellow rectangle indicates
the unstable region where ∂τmrθ/∂γ̇ < 0.
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Figure 3.12: Snapshots of (top) micelle length, (middle) micelle orientation, and (bottom) radial
velocity for decreasing shear flow from an applied shear rate of Pe = 0.04 to Pe = 0.015.

‘interface’-like profile we are observing is strictly due to extremely sharp gradients in micelle

length. As was discussed above, however, the difference between the two regions is quite

significant and gives the appearance of phase separation.

At t = 180 we observe that the ‘interface’-like profile, which had previously been ax-

isymmetric, has begun to destabilize in the form of non-axisymmetric wisps that rotate with

the fluid velocity. These wisps originate in the region of elongated micelles near the inner

cylinder and spread outwards throughout the gap. We also begin to see the development

of a weak radial flow as the ‘interface’ destabilizes. This destabilization process continues

and grows for several hundred time units until the wispy streaks have fully extended to the

outer cylinder (t = 480). The resulting chaotic flow state continues to fluctuate with wisps

repeatedly growing and retracting, very much resembling the process described by Liu and

Pine [4]. At some points (t = 1880) the streaks almost fully encompass the gap, but at no
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point does the flow ever reach a steady state. The fluctuations of these wisps, and the re-

sulting stress gradients, induce radial flows throughout the domain. Similar to the previous

case of Pe = 0.0225, this persistent chaotic flow state demonstrates the coexistence of sim-

ple and complex flow states; again, the complex flow state is observed here and the simple

state is given by the stable lower branch steady state. Considering Fig. 3.5, Pe = 0.015 is

clearly outside the region of Péclet numbers that are always unstable, suggesting that the

persistent fluctuations do not result from close proximity to the unstable region. To help us

understand why this chaotic flow state does not give way to a steady state we decreased the

Péclet number even further, to Pe = 0.01, to see if this lower shear rate would push the flow

to the stable lower branch.

Indeed, upon decreasing the applied Péclet number further to Pe = 0.01 we observe that

the chaotic flow state subsides and the flow rapidly approaches the stable lower branch. The

top row of Fig. 3.13 shows several snapshots of micelle length after decreasing Pe, where we

have defined t = 0 as the time when the reduced shear rate is implemented. In both t = 5

and t = 10 we see remnants of the ‘interface’-like region amidst the elongated micelle streaks.

As time progresses, the ‘interface’-like region is no longer apparent and the flow splits into

two ‘wings’ of elongated micelles that gradually thin as they rotate. This decay to the lower

branch appears to follow some m = 2 dependence that is obscured by other modes present

in the chaotic flow state. We expect that this flow will evolve to the lower branch, but the

extremely sharp gradients here led to numerical difficulties that prevented us from continuing

this simulation. We also investigated dropping a steady state on the upper branch directly

to Pe = 0.01, which could potentially avoid any chaotic fluctuations that would obscure

specific modes that develop in the decay to the lower branch. The bottom row of Fig. 3.13

shows several snapshots of micelle length for a drop from Pe = 0.025 to Pe = 0.01; we chose

Pe = 0.025 as the initial condition rather than Pe = 0.04 so that the reduction in shear rate

is less abrupt. In general, we observe very similar behavior to the previous case, but now at

t = 15 we observe a structure developing that resembles an eight-spoke wheel; this structure
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Figure 3.13: Top row: Snapshots of micelle length for decreasing shear flow from an applied shear
rate of Pe = 0.015 to Pe = 0.01. Bottom row: Snapshots of micelle length for decreasing shear flow
from an applied shear rate of Pe = 0.025 to Pe = 0.01.

becomes further resolved at t = 20, developing into a spiral-like structure with eight distinct

branches. Once again it seems that the m = 8 mode is present in the development of this

instability. The fact that the drop to Pe = 0.01 caused the flow to settle onto the stable

lower branch but the drop to Pe = 0.015 led to chaotic fluctuations suggests that the extent

or amount of the flow in the locally unstable region plays a role in the final dynamics of the

instability.

3.4.3 Finger-like instabilities in 3D

In the final part of this work, we briefly investigate the structure of these finger-like insta-

bilities in 3D. The radial and azimuthal elements of the geometry remain unchanged, but

now we simulate a 3D domain with axial height h = 0.2 and impose periodic boundary con-

ditions at z = ±h/2. In all 3D simulations we use the M1 mesh for rθ, but now have twenty

grid points in z for a total mesh density of 1.8× 106 points. This height and number of grid

points are admittedly low, but we find that they are suitable for beginning to characterize the

structure of these instabilities in 3D. In particular, we will see that the initial 3D structure
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that emerges has a wavelength that is much smaller than the height of the cylinder.

Instabilities for increasing shear rates

We begin as we did for the 2D scenarios, first by increasing the applied shear rate so that

stress at the inner cylinder enters into the unstable middle branch region. Specifically, we

take an isotropic solution at rest and apply a constant Pe = 0.0225 that forces the solution

into the unstable region. Again, the steady states for Pe = 0.0225 are shown in Fig. 3.7;

at steady state there will be no variation along z. Figures 3.14 and 3.15 show several rθ

snapshots in time for the micelle length and radial velocity in start-up CCF with an applied

shear rate of Pe = 0.0225, where the top row corresponds the center of the cylinder, z = 0,

and the bottom row corresponds to the top of the cylinder, z = 0.1. Figure 3.16 shows the

snapshots of micelle length but in the rz-plane at θ = π, where the inner cylinder is on the

left and the outer cylinder is on the right. We can see from these snapshots that up until

t = 40 the flow is independent of z. In fact, at t = 40 the flow structure and specifically

the m = 8 mode that appears is nearly identical to that of the 2D geometry at the same

time. A direct comparison of the flow structure at t = 40 and r = R1 + 0.1d for 2D (orange)

and 3D (cyan) is shown in Fig. 3.26 in Appendix A; we can see that the micelle length

profiles exhibit the same m = 8 mode. This once again suggests that the m = 8 mode is

dominant in driving the flow instability observed here, even considering axial modes, and

that at h = 0.2 z-dependence does not develop until firmly after the 2D instability in the

rθ-plane has been established. We can conclude that the flow instability that gives rise the

the finger-like structures observed here is 2D in origin, and that 3D effects are secondary to

this 2D instability.

At t = 75 we see that the slices in Fig. 3.14 now differ and the flow has developed an

axial dependence. This z-dependence is confirmed by the variation along the vorticity axis in

Fig. 3.16. Comparing to t = 75 in the 2D simulations (Fig. 3.8), it is clear that the structures

in 3D do not retain the same symmetry that they do in 2D. This breaking of the symmetry
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results from the presence of axially oriented stresses and flows, whereas in 2D all dynamics

are confined to the rθ-plane. The variations in z are much more subtle in the radial velocity

snapshots, though they are present; interestingly, at t = 75 the 8-mode, manifested as eight

coupled inflow/outflow regions, is still quite evident.

Elaborating on the development of 3D structures, Fig. 3.17 shows surfaces of elongated

micelles at three different times corresponding to regions of the domain where L ≥ 5, indi-

cating substantially elongated micelles. The outer surface at each time is bounded by L = 5,

but even longer micelles are present in the region close to the inner cylinder. We chose these

specific times because they show the transition from 2D to 3D structures. At t = 40, the

structures exist as 2D sheets in rθ with no variation along z. As discussed in Section 3.4.2,

these sheets attempt to grow outwards to the outer cylinder but are sheared azimuthally

by the flow. At t = 50, the first variations along the vorticity axis begin to develop in the

form of ripples along the sheet surfaces. These ripples appear to be somewhat sinusoidal in

z, and although the exact wavelength is unclear, it is close to the thickness of the sheets

that emerge from the 2D instability and smaller than the height of the cylinder. Finally, at

t = 60 the sheets have broken up along z into thread-like, or finger-like, structures, signaling

the transition from 2D to 3D.

Altogether these observations emphasize that the flow instability is 2D in origin, and

3D effects arise secondarily to this 2D instability. Returning to Figs. 3.14 and 3.16, at

t = 100 in we see that the flow has even greater variation along the vorticity axis and the

finger-like structures have grown and begun to merge. Notably these finger-like structures

closely resemble the finger-like structures observed in experiments. The regions of highly

elongated and oriented micelles we observe here would scatter light quite differently than

their isotropic and equilibrium-length counterparts, which would give rise to the variations

in optics, turbidity, and birefringence observed in experiments.
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Figure 3.14: Snapshots of micelle length for increasing shear flow from rest to an applied shear
rate of Pe = 0.0225 in a 3D domain with RI = 1 and h = 0.2. Top: rθ-slice at z = 0 and bottom:
rθ-slice at z = 0.1.

Figure 3.15: Snapshots of the radial velocity for increasing shear flow from rest to an applied
shear rate of Pe = 0.0225 in a 3D domain with RI = 1 and h = 0.2. Top: rθ-slice at z = 0 and
bottom: rθ-slice at z = 0.1.
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Figure 3.16: Snapshots of micelle length in the rz-plane at θ = π for increasing shear flow from
rest to an applied shear rate of Pe = 0.0225 in a 3D domain with RI = 1 and h = 0.2. The
stationary inner cylinder is on the left and the rotating outer cylinder is on the right.

Figure 3.17: Structures of micelle length for increasing shear flow from rest to an applied shear
rate of Pe = 0.0225 in a 3D domain with RI = 1 and h = 0.2. Top: t = 40, middle: t = 50, and
bottom: t = 60. Structures show regions of L ≥ 5, indicating substantial micelle elongation.
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Instabilities for decreasing shear rates

Finally, we again investigate decreasing the applied shear rate on the upper branch so that

the stress at the outer cylinder falls into the unstable region, but now in 3D. We once again

take a steady state at Pe = 0.04 and decrease to Pe = 0.015. In 2D, we observed that this

reduction in shear rate transitioned the flow to a chaotic state characterized by branches of

elongated micelles that extended towards the outer cylinder and were simultaneously sheared

away by the flow. Figure 3.18 shows several rθ snapshots in time for the micelle length, where

the top row corresponds the center of the cylinder, z = 0, and the bottom row corresponds

to the top of the cylinder, z = 0.1. Figure 3.19 shows these snapshots but in the rz-plane

at θ = π, where the outer cylinder is on the right and the inner cylinder is on the left.

The snapshots indicate that the behavior for this particular instability differs significantly

between 2D and 3D. Comparing to Fig. 3.12, we see that the branches of elongated micelles

are much longer in 3D than 2D; in fact, at t = 300 we see that a single branch stretches from

nearly θ = π/2 to θ = 3π/2. Further, there are much fewer branches in 3D than we observed

for 2D. A consequence of the fewer branches is that the ‘interface’-like region is much more

pronounced in 3D than 2D.

We also observe that there is significant variation along the vorticity axis. The rθ snap-

shots at both t = 300 and t = 400 for z = 0 show pronounced branching structures, while

these same snapshots at z = 0.1 show minimal if any branching. The region of elongated

micelles also spans further into the gap for z = 0. Looking at the rz snapshots, we can see

finger-like structures that appear fully grown around t = 300 and then proceed to fluctu-

ate in time. We also are likely observing some small grid-scale artifacts in this geometry.

However, we have run this exact simulation in a mesh with 50 grid points in z and observed

nearly identical structures. We were not able to run this simulation for as long as the 2D

case, so we cannot say for certain whether this flow will eventually fall onto the lower branch

where a stable steady state exists. However, we have observed that the structures shown at

t = 400 persist with weak axial and radial fluctuations for nearly two-hundred time units,
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Figure 3.18: Snapshots of micelle length when decreasing the shear rate from Pe = 0.04 to
Pe = 0.015 in a 3D domain with RI = 1 and h = 0.2.

which suggests that like the 2D case the chaotic flow state here will persist indefinitely.

To summarize this section on finger-like instabilities, we found that forcing the stress

into the unstable region of the constitutive curve provoked flow structures that very closely

resemble observations of finger-like structures in experiments. Notably, the development

of these structures requires a finite induction time, as in experiments, and the structures

themselves are characterized by regions of elongated and anisotropic micelles that could cause

the optical variations measured in experiments; similarly, these structures would produce

Figure 3.19: Snapshots of micelle length in the rz-plane at θ = π for decreasing the shear rate
from Pe = 0.04 to Pe = 0.015 in a 3D domain with RI = 1 and h = 0.2. The stationary inner
cylinder is on the left and the rotating outer cylinder is on the right.
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different SANS patterns, in agreement with experimental observations. We found that the

location of the instability in the gap depends on the region that first enters into the middle

branch; if the stress at the inner cylinder enters into the middle branch, the instability

will originate at the inner cylinder. In both increasing and decreasing the shear rate into

the unstable region, the azimuthal m = 8 mode appears; in 3D simulations the azimuthal

instability precedes variations along the vorticity axis, indicating that the flow instability is

2D in nature.

3.4.4 Vorticity banding

In the final section of this work we briefly discuss vorticity banding in CCF of dilute wormlike

micelle solutions. For solutions that display a reentrant constitutive curve, there is a region

of shear rates in which two distinct steady state solutions can exist. As we saw for the ε = 1

curve, for wide gaps it is likely that only one of the coexisting steady states will be stable

because in systems with larger curvatures the range of the shear stress is often broad enough

that part of the domain falls into the unstable region of the constitutive curve and is thus

susceptible to finger-like instabilities as described above. For systems with lower curvature,

however, the range of the local shear stress (and other local quantities) decreases so that

the formation of vorticity bands becomes more favorable. Specifically, in Section 3.4.1 we

showed that τTrθ,O = τTrθ,I/(1 + ε)2 and thus as ε increases so does the difference between

the stresses at the inner and outer cylinders. Figure 3.20 shows the same stability curve as

Fig. 3.6, but now for ε = 0.1. Comparing the two, it is clear that the range of applied Péclet

numbers that yield two stable steady states is much larger for the lower curvature geometry.

For example, consider Pe = 10−2. For ε = 1 the lower branch steady state is stable but the

upper branch steady state falls into the unstable region; for ε = 0.1, however, both lower and

upper branch steady states are stable. We can use this increased stability of lower curvature

systems to construct a vorticity banded solution.

In experiments, vorticity banding typically arises in controlled-stress devices when the
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Figure 3.20: Steady state local micelle shear stress vs. applied Péclet number for ε = 0.1. The
red markers are the micelle shear stress at the inner cylinder, and the blue markers are the micelle
shear stress at the outer cylinder. The dashed red and blue lines represent steady states that were
not explicitly calculated. The purple vertical lines connecting the markers show the local micelle
shear stress throughout the gap at that Pe. The yellow rectangle shows the region where, at a given
Pe, the flow will fall into the locally unstable region.

applied stress corresponds to the unstable region of the constitutive curve. Applying a

controlled-stress boundary condition computationally requires an integral condition that

currently cannot be implemented in OpenFOAM; we are therefore limited to controlled-shear

rate boundary conditions. It is also possible for vorticity banding to exist for controlled-shear

rate conditions, however, an inhomogeneous flow profile will not naturally develop without

some inhomogeneous perturbation or initial condition. Thus, although we cannot investigate

the development of vorticity banding, we can investigate the dynamics and behavior once it

manifests.

To construct a vorticity banded solution, we simply take an initial condition that is

vorticity banded. Using the 3D mesh with h = 1 and ε = 0.1, we construct an initial

condition where half of the cylinder is on the upper branch (z < 0) and half is on the lower

branch (z > 0) at an applied shear rate of Pe = 0.1. For brevity we do not show the steady

state profiles for each of these solutions, but note that at this Pe both steady states on the

upper and lower branches are stable. We ran this vorticity banded state for a significantly

long time and found that it is indeed a steady state solution. Figure 3.21 shows snapshots

of the final (a) length, (b) Srθ, and (c) the azimuthal velocity where the rotating outer
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cylinder is on the right. Figure 3.22 shows plots of these same quantities over the cylinder

height at two different radial locations, orange: r = RI + 0.1d and cyan: r = RI + 0.5d.

For ε = 0.1, these quantities are nearly independent of radius. We can clearly observe the

vorticity banded solution, where the length and orientation are separated along the height

of the cylinder into the lower and upper branch solutions.

We have also investigated the linear stability of the vorticity banded system. To accom-

plish this stability analysis, we applied random perturbations to the length and orientation

of the micelles as well as the velocity field. In all cases we applied the perturbation to only

one quantity (e.g., only the length and not the velocity or orientation), except for the case

of the orientation tensor in which we randomly perturbed all components. We then tracked

the perturbations over time to see if they grew, decayed, or stayed constant to determine

the stability of the system. Figure 3.23 shows the deviation of these perturbations from

steady state for (a) the length and (b) Srθ over time after some small random perturbation

to the vorticity banded steady state. We see that the perturbations die off very quickly and

demonstrate exponential decay, indicating that vorticity banding is linear stable. The length

exhibits an exponential decay with a slope of k = −0.60 at intermediate times. Srθ shows a

constant exponential decay with a slope of k = −1.00 for almost all times. For brevity we do

not show the decay of the other orientation components or the velocity, but their decay also

suggests linear stability. In future work we plan to perform rigorous linear stability analysis

on this system to better characterize its stability.

It is important to note that the RRM-R does not include any translational diffusion and

therefore the width of the bands as well as the location of the separation ‘interface’ does

not change with time. Again, this is a single phase system so this is not a true interface.

The inclusion of translational diffusivity would likely cause the width of these bands to vary

with time; however, estimating the translational diffusivity of micelles using D‖ = kBT ln(L/b)
2πηsL

[75], and assuming a micelle length of L ∼ O(10nm) and radius of b ∼ O(1nm) at room

temperature, we obtain D‖ ∼ O(10−11m2s−1), which is small enough that the timescale of
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Figure 3.21: Snapshots of the final (a) length, (b) Srθ, and (c) azimuthal velocity for a vorticity
banded initial condition. The curvature is ε = 0.1, the height is h = 1, and the applied shear rate
is Pe = 0.01. The rotating outer cylinder is on the right.

any band variation would be extraordinary long relative to other timescales in this system.

Indeed, we have added diffusive terms to the micelle length and orientation and found that

the evolution of the width of the bands requires an unphysically large diffusion constant.

Notably, though, for stress-controlled boundary conditions the inclusion of a diffusion term

may be important for fully determining the solution state [147, 57]. In future work we plan

to investigate the role of diffusivity and stress-controlled boundary conditions on vorticity

banded systems. Finally, although the development of vorticity bands from a non-banded

state is outside the scope of this work, it is worth mentioning that vorticity banding can be

induced by applying perturbations to an initial condition that lies precisely on the unstable

middle branch. However, because the RRM-R does not include translational diffusion, there

is no mechanism for selection of band width [57], so the width of the bands that develop is

determined by the details of the initial perturbation.

3.5 Conclusions

This study focuses on instability formation in circular Couette flow of dilute wormlike mi-

celle solutions. We have used the reformulated reactive rod model (RRM-R), which models

micelles as reactive Brownian rods, to simulate dilute WLM solutions that exhibit reentrant

flow curves. We found that a reentrant flow curve, in which there is some range over which
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Figure 3.22: Plots of final (a) length, (b) Srθ, and (c) azimuthal velocity over the cylinder height
at different radial locations for a vorticity banded initial condition. Orange: r = RI + 0.1d and
cyan: r = RI + 0.5d. The curvature is ε = 0.1, the height is h = 1, and the applied shear rate is
Pe = 0.01.

Figure 3.23: Plots of deviation from steady state values for (a) length and (b) Srθ over time
after some small random perturbation to a steady vorticity banded state with ε = 0.1, h = 1, and
Pe = 0.01.
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the shear stress is a multivalued function of shear rate, can provoke the development of

finger-like instabilities. Specifically, we observed that the radial dependence of the shear

stress in circular Couette flow allows for solutions where the domain spans both stable,

∂τxy/∂γ̇ > 0, and unstable, ∂τxy/∂γ̇ < 0, regions of the flow curve. We have found that this

mixed local stability can lead to complex flow instabilities that originate in the parts of the

domain existing in the unstable region of the flow curve, and that these instabilities manifest

as finger-like structures comprised of elongated and anisotropically-oriented micelles.

Upon increasing the shear rate so that the shear stress at the inner cylinder entered into

this unstable region, we found that ‘fingers’ or branches form towards the inner cylinder and

expand outwards throughout the gap. For all the increasing shear rates tested we observed

the presence of an m = 8 azimuthal mode in the flow profiles, and this appeared in both

2D and 3D simulations. Moreover, we found that the constitutive instability is 2D in nature

and 3D variations are secondary effects. In 3D simulations, this instability manifested as

sheet-like structures that were constant along the vorticity axis, and as the instability grew

the sheets developed surface ripples that induced breakup into thread-like, or finger-like,

structures. We also observed the m = 8 mode when decreasing the shear rate so that the

stress at the outer cylinder fell into the unstable region. When decreasing the shear rate

we found that if the shear rate is reduced to a value such that only a small portion of

the local stress falls into the unstable region, the flow will exhibit chaotic fluctuations that

persist indefinitely despite a stable steady state existing, indicating the coexistence of simple

and complex states. As the shear rate is reduced further, the system rapidly decays to the

stable steady state. Finally, we found for decreasing shear rate that the branching structures

observed in 3D differ significantly from those in 2D; specifically, the 3D branches are much

longer and extend for nearly a radian in the azimuthal direction.

In both cases of either decreasing or increasing the shear rate to force the stress into the

unstable region, we found that the branching structures that develop very closely resemble

the finger-like structures that have been observed in experiments. Moreover, these branches
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grow and retract in a manner that is consistent with experimental observations. These

branches consist of highly elongated and oriented micelles that would scatter light differently

than isotropic, equilibrium-length rods, giving rise to the various optical differences observed

in experiments that show these finger-like structures. To the best of our knowledge, this study

is the first computational observation of these finger-like instabilities.

We have also found that the RRM-R can capture vorticity banding, and this banding is

only observed in regions where two stable steady states coexist at the same applied Péclet

number. A consequence of this fact is that vorticity banding is more readily formed in

geometries with lower curvatures since there is a broader range of applied shear rates that

can give rise to two coexisting stable steady states. As the curvature of the geometry increases

the multivalued stability range decreases. We have also investigated the linear stability of

the vorticity banded state through the application of small, random perturbations; in all

cases we found that the perturbations die off relatively quickly with some exponential decay,

indicating that the vorticity banded state is linearly stable.

3.6 Appendix A: Additional figures for CCF

Figure 3.24 shows the same plots as Fig. 3.4 but now for Pe = 0.0225. The inset in (d)

shows a close-up of the micelle length. The observations for this Pe are very similar to the

previous case of Pe = 0.01. In (d) we see that for all curvatures on the upper branch micelles

are nearly at the maximum degree of elongation throughout the entire gap. On the lower

branch micelles are nearly completely at the equilibrium length, however, we see from the

inset of (d) that for ε = 1 the micelles grow very rapidly close to the inner cylinder where

the flow is just beginning to enter the middle branch region. In (c) we see that the micelle

shear stress at the inner cylinder increases with increasing curvature and this actually causes

the micelle stress for ε = 1 on the lower branch to enter into the middle region. Specifically,

the transition from the lower branch into the unstable middle region occurs at the inner
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cylinder, whereas for Pe = 0.01 it occurred at the outer cylinder. We then expect, and we

actually see in this work, the instability at this Pe to originate close to the inner cylinder.

Figure 3.25 shows a comparison of the micelle length over θ at t = 40 and r = RI + 0.1d

for the M2 and M3 meshes in start-up of steady shear flow with an applied shear rate of

Pe = 0.0225 in a 2D geometry. The orange line corresponds to the M2 mesh and the cyan

to the M3 mesh. The similarity of the profiles indicates that the m = 8 mode we observe

does not depend on mesh resolution.

Figure 3.26 shows a similar profile to Fig. 3.25 but is now comparing the instability in 2D

and 3D. Specifically this figures shows the micelle length over θ at t = 40 and r = RI + 0.1d

for start-up of steady shear flow with an applied shear rate of Pe = 0.0225 in 2D (orange)

and 3D (cyan). The 3D slice is taken at z = 0, but the flow here shows no z-dependence. We

can clearly see that the initial instability is 2D in nature and that the azimuthal instability

dominates any axial instabilities.
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Figure 3.24: Upper and lower branch steady states for Pe = 0.0225 at varying curvatures. (a)
Local micelle shear stress and (b) local micelle length projected onto the governing constitutive
curves, where the local Péclet number, Pel, is calculated from the velocity profile throughout the
gap. (c) Local micelle shear stress and (d) local micelle length over the gap radius. Line colors are
red: ε = 1.00, orange: ε = 0.50, green: ε = 0.20, and blue: ε = 0.10. The yellow rectangle indicates
the unstable region of the flow curve (∂τmrθ/∂γ̇ < 0).

Figure 3.25: Plot of micelle length over θ at t = 40 and r = RI +0.1d for start-up of steady shear
flow with an applied shear rate of Pe = 0.0225. The orange line corresponds to the M2 mesh and
the cyan to the M3 mesh.
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Figure 3.26: Micelle length over θ at t = 40 and r = RI + 0.1d for start-up of steady shear flow
with an applied shear rate of Pe = 0.0225 in 2D (orange) and 3D (cyan). The 3D slice is taken at
z = 0, but the flow here shows no z-dependence.
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4

Interfacial instabilities in plane

Poiseuille flow

In this work, we use computational fluid dynamics simulations to investigate flow instabilities

in plane Poiseuille flow of dilute wormlike micelle solutions. Using the reformulated reactive

rod model (RRM-R) (Hommel and Graham, 2021), which treats micelles as rigid Brownian

rods undergoing reversible scission and fusion in flow, we study the development and behavior

of interfacial flow instabilities. In particular, we focus on solutions that exhibit a reentrant

constitutive curve, in which there exists some region where the shear stress is a multivalued

function of shear rate, and show that the spatial-dependence of the shear stress in plane

Poiseuille flow allows for solutions that can ‘jump’ between stable branches of the constitutive

curve. This jumping leads to the development of ‘interfaces’ separating regions of highly

elongated, anisotropically-oriented micelles and regions of near-equilibrium length, isotropic

micelles. This separation exhibits strong resemblance to three-layer viscosity-stratified flows,

as does the resulting interfacial instability. We find that these interfaces are destabilized

by viscosity mismatch and a jump in normal stresses across the interfaces, giving rise to

structures that resemble ‘fingers’ of elongated micelles. We find that the instability structures

show both short- and longwave forms, where the longwave forms give rise to mushroom

patterns resembling those seen in core-annular channel flow of Newtonian fluids. Finally,
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we find that the initial instability is 2D in nature and that 3D variations arise as secondary

effects.

4.1 Introduction

Surfactants are amphiphilic molecules consisting of hydrophilic head groups bonded to long

hydrophobic tails; when dissolved in water at some concentration above the critical micelle

concentration (CMC), surfactants self-assemble into larger aggregate structures. The geome-

try of these structures depends on the size, shape, and chemistry of the surfactant molecules

as well as the temperature and salinity of the solution [40, 106, 45, 54]. These aggregate

structures can take the form of spherical or rodlike micelles, as well as bilayers. In this

work we are interested in wormlike (or rodlike) micelles, which can display a large range of

varied structure and behavior depending on the concentration regime. In the dilute regime,

wormlike micelles (WLMs) exist as nearly rigid rods with persistence lengths in the range

of ∼ O(10 − 100nm) and contour lengths on a similar scale [61, 125, 59, 60, 5]. In the

concentrated regime, WLMs can grow far beyond their persistence lengths to form entan-

gled networks and branched structures, transitioning the solution into a highly viscoelastic

gel-like phase [126]. In intermediate semi-dilute regimes, the behavior of WLMs can mimic

that of either dilute or concentrated systems depending on the applied flow or forcing.

Wormlike micelles are found in a wide variety of commercial and industrial settings. In

commercial products micelles are commonly used in detergents, coatings, and emulsifiers,

and in industrial processes they have been used as environmentally friendly carrier fluids for

oil recovery operations [14] and as drag-reducing agents in closed-loop heating and cooling

systems [17, 18]. The drag-reducing capabilities of WLM solutions make them of great

practical interest and importance. In fact, WLM solutions have been shown to provide up to

an 80% reduction in turbulent drag, which is comparable to the drag-reducing capabilities

of widely used polymer solutions [109, 1, 2]. Additionally, WLMs are self-assembling and
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thus can overcome the mechanical degradation that plagues polymer solutions. Despite

these benefits, the adoption of WLMs as drag-reducing agents has been limited, remaining

mostly confined to areas of Japan [17, 18]. This limitation partially stems from chemical

considerations regarding the amphiphilic nature of surfactants, specifically that changing

the solvent can affect the aggregation and structuring of these molecules [127, 128]; another

part of this limitation stems from the fact that the behavior and dynamics of these fluids

in complex flows, and specifically the development of instabilities in these flows, is not well

understood. In this work, we aim to expand understanding of flow instabilities in dilute

WLM solutions and elucidate the mechanisms underlying these instabilities.

Throughout this work we will focus exclusively on wormlike micelles in the dilute to semi-

dilute regime. Wormlike micelle solutions in this regime are known to undergo both shear-

thickening and shear-thinning, where thickening occurs at moderate shear rates followed by

thinning at higher shear rates [9, 10, 11, 12, 13, 62, 61]. This thickening and thinning behavior

is related to the formation and subsequent breakdown of flow-induced structure (FIS) that

takes the form of elongated and aligned micelles. Specifically, at moderate shear rates WLMs

have been observed to align with the flow and undergo significant elongation, whereby the

average length of micelles in solution can increase to several times the equilibrium length.

This elongation has been observed experimentally by Keller and coworkers using free-fracture

electron microscopy [46]. Moreover, while a direct measurement of micelle length in flow is

challenging, some researchers have made estimates of the micelle length by analyzing the

effect of flow on the solution viscosity. Prud’homme and Warr related the critical strain

rate, the strain at which the extensional viscosity is maximized, in an opposed jet device

to the length of micelles by assuming that the micelle relaxation time was solely due to

scission kinetics [63]. By approximating the tension along the micelle body and assuming

an upper bound on the micelle scission energy, they directly related the critical strain rate

to the micelle length. Through this analysis and by comparing to the mean micelle length

at zero shear rate, the authors determined that micelles were significantly elongated by the
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Figure 4.1: (Reproduced from Section 3.1) Example of a reentrant flow curve in which there is
a region where the shear stress, τxy, is a multivalued function of the shear rate, γ̇. The light blue
area shows the reentrant region of the flow curve.

extensional flow field. Similarly, Omidvar and coworkers used an asymptotic analysis of

the FENE-P model to relate the extensional viscosity of the micelle solution to the micelle

length [64]. By assuming that the micelle length could be related to the FENE-P extensibility

parameter, they were able to relate increases in the extensional viscosity to elongation of the

micelle lengths, finding significant elongation of the micelles by the flow field.

These solutions are also well-known for displaying a reentrant, or multivalued, flow curve

(see Fig. 4.1) whereby the shear stress becomes a multivalued function of shear rate over

some typically small range [129, 69, 50]. The presence of a reentrant flow curve is a neces-

sary condition for the development of a vorticity banding instability [50]; this instability is a

relatively uncommon phenomenon, but has been observed in charged colloidal suspensions,

rodlike colloids, onion surfactants, biphasic polymer blends, and of course dilute WLM so-

lutions [65, 66, 52, 67, 50, 68]. In circular Couette flow (CCF), this instability manifests as

stacked “bands” along the vorticity axis, where adjacent bands support distinct shear stresses

but equivalent shear rates; these bands can often be visualized by differences in turbidity and

birefringence [47, 50]. In our previous work we showed that in narrow-gap circular Couette

flow a reentrant flow curve can support two coexisting stable steady states, one on each

stable branch of the multivalued flow curve, which can give rise to vorticity banding [148].

The curvature of the circular Couette domain must remain small so that the stress variation
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within each steady state is minimized, thus preventing the local stress profiles from entering

the unstable regions of the flow curve. Vorticity banding is related to, but distinct from,

the more well-studied shear banding instability where shear rate is a multivalued function

of shear stress. There has been extensive theoretical and experimental treatment of this

instability (see [47, 57] for comprehensive reviews).

In addition to vorticity banding, dilute WLM solutions have demonstrated a group of

finger-like instabilities in circular Couette flow that appear as unstructured streaks and

branches spanning the flow gap [69, 70]. Using a circular Couette device, Liu and Pine [4]

observed these finger-like structures in controlled-shear rate flows of ∼ O(102 − 103) ppm

equilmolar CTAB/NaSal solutions; using small angle light scattering (SALS), they revealed

reversible finger-like structures that, upon increasing shear rate, grew outwards from the

inner cylinder into the flow gap. The authors observed that ‘fingers’ repeatedly grew until

they reached the outer cylinder before retracting towards the center of the cell and beginning

to grow again. Hu and coworkers [71] observed similar structures in a solution of equimolar

7.5 mM TTAA/NaSal that exhibited a reentrant flow curve. Similar to Liu and Pine, the

authors observed that increasing either the shear rate or shear stress beyond some critical

value induced shear-thickened structures that originated at the inner cylinder and grew

outwards to fill the gap. The behavior of these structures was also found to differ between

stress-controlled and shear-rate controlled experiments.

In our previous work [148], we used the reformulated reactive rod model (RRM-R) to

investigate these finger-like instabilities from a computational perspective. The RRM-R,

which treats dilute wormlike micelle solutions as suspensions of reactive Brownian rods, is

both tractable and able to predict a reentrant flow curve, making it well-suited for imple-

mentation in computational fluid dynamics (CFD) simulations. By combining simulations

of the RRM-R with theoretical analysis by Yerushalmi and coworkers [56], it was shown

that finger-like instabilities can develop when the micelle stress is pushed into the unstable

region of the flow curve. The work by Yerushalmi et al. looked at simple shear flow between
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parallel plates, with velocity field vx = γ̇y, and found that the flow is linearly unstable to

1D (y-dependent) perturbations if ∂τxy/∂γ̇ < 0. Their analysis did not distinguish between

nonmonotonic and reentrant flow curves; it depends only on the local slope of the flow curve,

not the global behavior. In this and the previous work, “unstable" and “stable" regions of

the flow curve are defined in the sense of this analysis. The actual nature of flow instabilities

of a fluid that can display ∂τxy/∂γ̇ < 0 in simple shear depends on the global nature of both

the constitutive behavior and flow geometry. Applying this analysis to the reentrant flow

curves observed in dilute wormlike micelle solutions, Fig. 4.1, we see that the stable upper

and lower branches of the curve are separated by an unstable middle branch.

Our previous work focused on investigating instabilities of dilute wormlike micelle so-

lutions in circular Couette flow using CFD simulations of the RRM-R combined with the

stability analysis by Yerushalmi and coworkers [56]. The simulations were performed by first

developing a library for the RRM-R in the open-source software OpenFOAM coupled with

the viscoelastic solver RheoTool developed by Pimenta and Alves [143, 144, 145]. Using these

simulations, in addition to stability analysis of the steady states, we showed the RRM-R was

able to capture finger-like instabilities in CCF. Notably it was found that a reentrant flow

curve, and specifically a region where ∂τxy/∂γ̇ < 0, is a necessary condition for the develop-

ment of finger-like instabilities. In CCF, the shear stress exhibits a radial dependence which

can give rise to solutions where the domain spans both stable, ∂τxy/∂γ̇ > 0, and unstable,

∂τxy/∂γ̇ < 0, regions of the flow curve. This mixed local stability can lead to complex flow

instabilities that originate in the parts of the domain existing in the unstable region of the

flow curve, and that these instabilities manifest as finger-like structures comprised of elon-

gated and anisotropically-oriented micelles. Additionally it was found that these ‘fingers’

grow and retract in a manner that is consistent with experimental observations; moreover,

the high elongation and anisotropy of micelles in branches would scatter light differently than

isotropic, equilibrium-length rods, giving rise to the various optical differences observed in

experiments that show these finger-like structures. It was also observed that the initial
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instability in CCF was 2D (rθ) in nature, and that 3D variations arose as secondary effects.

To the best of our knowledge that have been no experimental or computational obser-

vations of finger-like structures in pressure-driven channel or pipe flows of dilute wormlike

micelle solutions. There has, however, been work studying instabilities in concentrated WLM

solutions in pressure-driven flows. These works tend to look at the development and sta-

bility of shear banding WLM solutions, particularly the stability of the interface separating

high and low shear rate bands. Nghe and coworkers [149] investigated shear banding WLM

solutions in planar channel flow and found an interfacial instability associated with veloc-

ity modulations along the vorticity axis. They also performed linear stability analysis of

the diffusive Johnson-Segalman model and found unstable modes in the vorticity direction,

which agreed with the experimental observations; they also found that the instability was

driven by a normal stress jump across the interface. Similarly, Yamamoto and coworkers

[150] investigated pipe flow of a shear banding WLM solution and observed an unstable

transition at high flow rates in which the plug-like velocity profile began to exhibit turbidity

in the near-wall high shear rate regions. The authors also coupled experiments to numeri-

cal simulations of the modified Bautista-Manero model [98]; although numerical simulations

showed reasonable agreement with steady state predictions, the model was unable to predict

unstable behavior.

Cromer and coworkers [151] have also investigated pressure-driven channel flows of con-

centrated WLM solutions that show shear banding using the VCM model. The authors

observed the formation of a slip layer at the walls that depends linearly on the driving

pressure force. They also found that above a critical pressure drop the flow exhibits an

inhomogeneous, shear banding profile. This inhomogeneous flow is characterized by a flat,

plug-like region at the channel center connected to high shear rate bands towards either wall,

where the bands are connected by a small interfacial region whose width scales as the square

of the micelle diffusivity. After the onset of shear banding, increasing the pressure further

causes the velocity to decrease and become significantly more flattened. In a follow-up work
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these authors performed linear stability analysis on the VCM equations and found an inter-

facial instability in the streamwise direction that could be suppressed by sufficiently large

diffusivities [152].

As for dilute WLM solutions, although there has not been much work looking at pressure-

driven channel or pipe flows, there has been work studying these solutions in cross-slot flows.

Dubash and coworkers [72] investigated different concentrations of CTAB/NaSal solutions

that spanned the dilute (shear-thickening and -thinning) to concentrated (purely shear-

thinning) regimes in a microfluidic cross-slot device. The WLM solutions they investigated

did not display reentrant flow curves and they did not observe any finger-like instabilities,

however, they did observe the development of unsteady flow and a faint birefringent band

along the outflow channels. In concentrated solutions the symmetric flow first transitioned

to a steady asymmetric flow pattern with lip vortices along the walls of the inlet channel as

the flow rate (e.g., extension rate) was increased. As the flow rate was increased further, the

flow showed slight ‘pulsing’ unsteadiness which then became fully unsteady upon increasing

the flow rate further. In dilute solutions, the asymmetric instability was bypassed and the

flow immediately transitioned from steady to unsteady upon increasing the flow rate. The

extension rates where the flow became unsteady corresponded to regions of the flow curve

that showed shear-thickening and -thinning. The authors concluded that this instability

is elastically driven because it developed at Reynolds numbers below the critical value for

instabilities in Newtonian fluids. Cross-slot flows differ from channel flows in that they are

extension-dominated rather than shear-dominated, and thus the instabilities that develop in

each are likely different. However, understanding cross-slot flows is still useful for studying

channel flows because of flow behavior that develops along the inlet and outlet regions as

these are shear-dominated.

Returning to finger-like instabilities, similar structures have been observed to develop

from interfacial instabilities in polymer solutions. Wilson and Khomami found that the

destabilization of interfaces in polymer melts is strongly related to a jump in the first normal
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stress difference across the interface [137, 138, 139]. Moreover, as these interfacial instabilities

develop they appear as waves that are bent and elongated by large shearing stresses; in the

case of compatible polymers threads (also called ‘pools’) of material are actually pulled off

the wave to yield finger-like structures that closely resemble the ‘fingers’ observed in dilute

WLM solution instabilities. Yamani and coworkers [140] have observed similar thread-like

structures in their investigation of the flow of a planar jet of dilute polymer solution into a

water tank. In their study, viscoelastic threads appeared to be sheared off of the main jet

column.

In the case of dilute wormlike micelle solutions, interface-like regions can manifest between

domains of short, isotropically oriented micelles and elongated, highly oriented micelles. This

interface-like region arises due to the large jump in stress, length, and viscosity around the

bend of a reentrant flow curve. In fact, increasing the the shear rate only slightly can

cause these properties to increase by over an order of magnitude [42], which in channel flow

can begin to resemble viscosity-stratified flows [153]. Flows with viscosity stratification in

channel flow typically consist of two or more layers of miscible fluids with different viscosities

(e.g, silicone-water); core-annular channel flow refers to geometries where three layers are

arranged such that fluid A is close to either wall and fluid B is along the center. Depending on

the differences in viscosity, the resulting velocity profiles can show quite dramatic deviations

from the parabolic profile observed in pressure-driven flow of Newtonian fluids [154].

There has been extensive research into the stability of stratified flows [154, 153, 155, 156,

157]. Interfacial instabilities in stratified flows are often driven by gradients in viscosity per-

turbations along the wall-normal direction [155]; viscosity mismatch leads to perturbation

vorticity mismatch at the interface that has a destabilizing effect by amplifying the crests and

valleys of the interface [154, 158, 156]. Both diffusive and inertial forces also drive destabi-

lization [154], and purely elastic interfacial instabilities are driven by a coupling between the

perturbation velocity and a jump in normal stresses across the interface [156]. The structure

of interfacial instabilities in stratified flows can vary, but typically takes on an undulating
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wave-like appearance where wave crests are dulled or sharpened based on the fluid viscosities

[153]. There has also been observations by d’Olce and coworkers [159, 157] showing the for-

mation of ‘pearl’ and ‘mushroom’ instability patterns arising from interfacial instabilities of

miscible viscosity-stratified fluids. Pearls have a beads-on-string appearance, characterized

by long threads with intermittent ellipsoidal or spherical drops spaced at irregular intervals;

mushrooms occur as the pearls begin to intersect one another and are characterized by a wide

‘mushroom cap’ pointed along the streamwise direction that is sheared backward towards a

thinner ‘mushroom stem.’

In this work, we investigate instability formation in plane Poiseuille flow (PPF) using the

reformulated reactive rod model (RRM-R) [129]. The RRM-R, and its predecessor the RRM

[3], model wormlike micelles as reactive Brownian rods undergoing reversible scission and

fusion in flow. The model couples evolution equations for the ensemble average orientation of

rods and micelle contribution to the solution stress to an evolution equation for the collective

length of micelles, where micelle number density and length are constrained by conservation

of surfactant molecules. The evolution equation governing micelle length in the RRM-R,

which was inspired by work by Turner and Cates [73], accounts for two forms of micelle

fusion: spontaneous and flow-induced, as well as two forms of micelle scission: spontaneous

and tension-induced. More details on the modeling framework of the RRM-R are provided

in Section 4.2. Using this framework, the RRM-R can capture both shear-thickening and

-thinning, flow-induced structure formation, nonzero normal stress differences, and impor-

tantly a reentrant flow curve. We have shown in previous work that the RRM-R can be

suitably fit to experimental measurements of dilute WLM solution rheology and can be used

to study instabilities that arise due to a reentrant flow curve in CFD simulations [129, 148].
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4.2 Governing equations

The aim of the present study is to investigate instabilities of dilute wormlike micelle solu-

tions in plane Poiseuille flow. Specifically, we are interested in exploring regimes where the

underlying constitutive curve is reentrant as this region of state space is currently poorly un-

derstood and can give rise to interesting instabilities. In our previous work [148], we showed

that a reentrant flow curve can give rise to finger-like instabilities in circular Couette flow

due to the spatial variation of the shear stress and shear rate throughout the flow gap. In

the present work, we wish to expand these results to PPF, which also has a shear stress and

shear rate that vary spatially along the wall-normal direction. To carry out our analysis we

use the RRM-R (reactive rod model - reformulated), which models dilute WLM solutions as

suspensions of reactive Brownian rods undergoing reversible scission and growth in flow. The

RRM-R has shown qualitative agreement with experimental data of dilute WLM solutions in

simple shear and purely extensional flows under both steady state and transient conditions.

The complete derivation of the RRM-R is described in [129] but is summarized below. We

note that this modeling framework takes inspiration from theoretical treatments by Cates

and Turner [110]. In the RRM-R, dilute wormlike micelle solutions are treated as suspensions

of rigid Brownian rods undergoing reversible scission and fusion. Rods can fuse end-to-end

(reducing the energetic penalty associated with the micellar end caps), but only when they

are highly aligned – otherwise the energy penalty arising from forming a long but bent

micelle is too large for fusion to take place [15, 110]. The application of flow tends to align

the rods. This alignment is balanced by rotational diffusivity of the rods acting to return

the suspension to isotropy. Consequently, a positive feedback mechanism exists between

rod growth and alignment owing to the smaller rotational diffusivity of longer rods. It is

assumed that rod growth is countered by hydrodynamic stresses acting along the lengths of

the rods, which induce breakage events into shorter rods. Moreover, rods can undergo both

spontaneous scission and spontaneous fusion events.
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4.2.1 Brownian rods

Starting with a suspension of (non-reactive) Brownian rods, consider a uniform collection

of rods with length L0, radius b, and number density n0 suspended in a Newtonian solvent

with viscosity ηs. The orientation of a single rod is described by the unit director vector u.

The solution is subjected to an arbitrary flow with local velocity v and transpose velocity

gradient K = ∇v>. The orientation tensor S describes the average collective orientation of

the suspension and is given by the second moment of u

S = 〈uu〉 =

∫
uuψdu, (4.1)

where ψ is the probability distribution function of u. The time evolution of S in flow is

DS

Dt
= −6Dr,0

(
S − 1

3
I

)
+K · S> + S ·K> − 2K : 〈uuuu〉 , (4.2)

where Dr,0 is the rotational diffusion coefficient of a rod, I is the unit tensor, and the double

dot product is defined as A : B = Tr(A ·B>) [75].

The total stress of the suspension is given by the sum of the solvent τN and micelle τm

contributions

τ T = τN + τm, (4.3)

where

τN = 2ηsD (4.4)

is the Newtonian solvent contribution with rate of deformation tensor D = 1
2
(K +K>) and

τm = 3n0kBT

(
S − 1

3
I

)
+
n0kBT

2Dr,0

K : 〈uuuu〉 (4.5)

is the additional stress due to the presence of rods. Here, kB is the Boltzmann constant

and T is the temperature. Equations (4.2) and (4.5) notably contain the fourth moment
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〈uuuu〉, an evolution equation for which depends on the sixth moment of u, which in turn

depends on higher moments. To proceed analytically, it is then necessary to supply a closure

approximation for the product K : 〈uuuu〉. While numerous approximations are possible

(see, for example: [75, 114, 101]), the RRM-R uses an approximation from Dhont and Briels

[103] that interpolates between exact expressions in the limits of isotropy (equilibrium) and

complete alignment:

K : 〈uuuu〉 ≈ 1

5
[S ·D +D · S − S · S ·D −D · S · S + 2S ·D · S + 3(S : D)S]. (4.6)

4.2.2 RRM-R

As discussed above, a key feature of the RRM and RRM-R is that they allow micelles, mod-

eled as rigid rods, to undergo reversible scission and growth by allowing the collective length

and number density of the suspension to be dynamic properties that evolve with time and

flow. This variation is mathematically achieved in the RRM-R by changing the constant rod

length L0 to the dynamic length L. To make analytical progress and ensure the tractability

of the model we assume the system can be characterized by a single, representative length,

L. Now consider a suspension of rods at equilibrium with number density n0 and equilibrium

length L0; the radius b of the rods is taken to be constant. The evolution of length L and

number density n are constrained at all times by the surfactant mass balance

nL = n0L0. (4.7)

The rotational diffusion constant for a rod of length L0 and radius b is given by [75, 115]

Dr,0 =
3kBT

πηsL3
0

ln

(
L0

2b

)
. (4.8)

In the RRM-R, the constant rotational diffusion coefficient of the simple rigid rod model is
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replaced by the length-dependent coefficient

Dr =
Dr,0

L∗3

(
lnL∗ +m

m

)
, (4.9)

where L∗ = L/L0 is the dimensionless micelle length andm = ln[L0/(2b)] is a constant related

to the initial aspect ratio of the rods. Substituting Eq. (4.9) into Eqs. (4.2) and (4.5), we

find

DS

Dt
= −6Dr

(
S − 1

3
I

)
+K · S> + S ·K> − 2K : 〈uuuu〉 (4.10)

and

τm = 3nkBT

(
S − 1

3
I

)
+
nkBT

2Dr

K : 〈uuuu〉 . (4.11)

The orientation of rods in the suspension is tracked by introducing a scalar orientational

order parameter

Ŝ =

√
3

2
Ŝ : Ŝ, (4.12)

where Ŝ = S − 1
3
I is the traceless part of S. This order parameter varies between Ŝ = 0

for isotropic rods and Ŝ = 1 for perfectly aligned rods. Note that the description and

equations above are valid for both the original RRM and the reformulation (RRM-R), the

only variation between the two models is in the length evolution equation, discussed below.

To allow for variability of rod length the RRM-R assumes a length evolution equation

that balances growth and breakdown of micelles

DL

Dt
= Rg +Rb, (4.13)

where Rg ≥ 0 is the rate of micelle growth and Rb ≤ 0 is the rate of micelle breakdown. As

discussed previously, the RRM-R assumes two forms of growth: spontaneous and alignment-

induced, and two forms of breakage: spontaneous and tension-induced. Again, the complete

derivation can be found in [129]. After a number of simplifications involving the surfactant
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mass balance Eq. (4.7), relating spontaneous effects that must balance at equilibrium, we

have the overall length evolution equation

DL

Dt
= kb0

(
L3

0

L2
− L

)
+ kga(n0L0)2 Ŝ

2

L2
− kbt

[
exp

(
a

L0

S : τm

n0kBT

)
− 1

]
. (4.14)

This equation contains four parameters - kb0, kga, kbt, and a, which are related to the spon-

taneous breakage, alignment-induced growth, tension-induced breakage, and scission energy

of micelles, respectively.

The RRM-R constitutive equations are coupled to conservation of mass and momentum

∇ · v = 0, (4.15)

ρ
Dv

Dt
= −∇p+ ηs∇2v + ∇ · τm, (4.16)

where v is the velocity, p is the pressure, ρ is the density of the fluid, ηs is the solvent

viscosity which is assumed to be Newtonian, and τm is the micelle contribution to the fluid

stress.

4.2.3 Plane Poiseuille flow

In this work we focus on the behavior of dilute wormlike micelle solutions in plane Poiseuille

flow (PPF), shown in Fig. 4.2. We consider a straight channel of length l and height 2d. The

half-channel width is d, which in all simulations is fixed at d = 1. The bulk of the simulations

in this work are 2D, but in 3D simulations the domain also has width w along z. The forcing

is a constant pressure gradient in the x-direction, ∆p = pl − p0 = 2ηsγ̇, which is defined so

that the dimensionless Newtonian centerline velocity one. The flow is bounded in y by two

stationary walls at y = ±d and is periodic in x in 2D and x and z in 3D. Using asterisks to

denote dimensionless quantities, we render the governing equations dimensionless with the
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following relations: x = x∗d, v = v∗U , t = t∗/γ̇, p = p∗ηsγ̇, τ
m = τm∗G0, and L = L∗L0

where γ̇ = U/d is the characteristic shear rate and G0 = n0kBT = 2ηmDr,0/15 is the micelle

shear modulus [75]. Substituting these relations into the governing equations and dropping

asterisks we are left with the dimensionless equations:

∇ · v = 0, (4.17)

Re
Dv

Dt
= −∇p+∇2v +

2

15

(
1− β
β

)
1

Pe
∇ · τm, (4.18)

DS

Dt
= − 6

PeL3

(
S − 1

3
I

)(
m+ lnL

m

)
+K · S> + S ·K> − 2K : 〈uuuu〉 , (4.19)

τm =
3

L

(
S − 1

3
I

)
+

Pe

2

(
mL2

m+ lnL

)
K : 〈uuuu〉 , (4.20)

DL

Dt
=

1

Pe

[
k∗b0

(
1

L2
− L

)
+ k∗ga

Ŝ2

L2
− k∗bt [exp (a∗S : τm)− 1]

]
. (4.21)

We have introduced several dimensionless quantities. The Reynolds number is the ratio of

inertial to viscous forces, defined as Re = ρUd/ηs. The rotational Péclet number is the

ratio of the shear rate to the rotational diffusivity of the micelles at equilibrium, defined as

Pe = γ̇/Dr,0. The dimensionless pressure gradient is ∆p∗ = 2 such that the dimensionless

Newtonian velocity is given by v∗N(y∗) = 1 − y∗2 with shear rate |∂v∗N(y∗)/∂y∗| = 2y∗.

Since the shear rate in PPF varies with wall-normal position we must define multiple Péclet

numbers. In this work the standard Péclet number is defined as Pe = γ̇(y∗ = 0.5)/Dr,0; this

is chosen since the Newtonian shear rate is one at y∗ = 0.5. We can also define a wall Péclet

number, Pew = γ̇(y∗ = 1)/Dr,0, which is the Péclet number experienced at the wall. For a

Newtonian flow with velocity v∗N(y∗) = 1− y∗2, Pew = 2Pe, though this relation will vary as

the velocity profile changes. Finally, the local Péclet number, written as Pel, is computed

from the local shear rate throughout the channel.
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Figure 4.2: Schematic of plane Poiseuille geometry.

The parameter, β = ηs/(ηs + ηm), is the viscosity ratio. There are four dimensionless

groups in the length evolution equation – k∗b0, k
∗
ga, k

∗
bt, and a∗ – all of which are defined

identically to those in the previous work [129]. In order, k∗b0 represents the ratio of relaxation

due to spontaneous breakage to relaxation due to diffusion (i.e. realignment), k∗ga acts as

a measure of the ratio of growth due to alignment to diffusion, k∗bt represents the ratio of

relaxation due to tension-induced breakage to relaxation due to diffusion, and a∗ functions

as a dimensionless length that must be overcome for tension-induced scission to occur. For

the rest of this work we will drop the asterisks from these groups. Equations (4.17) to (4.21)

are solved with no-slip boundary conditions at the walls. More details on the boundary

conditions for L, S, and p are given in Section 4.3.

4.3 Computational methods

We solve the governing equations for mass, momentum, micelle orientation, and micelle

length using the open-source CFD software OpenFOAM coupled with the viscoelastic solver

RheoTool [143, 144, 145]. This framework uses the finite volume method to discretize equa-

tions. We have written an additional library for the RRM-R. Details of the numerical

implementation of the code as well as validations are given elsewhere [146, 144]. In this

study we perform both 2D and 3D numerical simulations of the RRM-R in periodic plane

Poiseuille flow. For 3D simulations we take all quantities to be periodic in z. In 2D simula-

tions we confine the flow to the xy-plane and solve only the xx, xy, yy, and zz components of
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the governing equations. On the channel walls we use no-slip and no-penetration boundary

conditions for the velocity, zero normal gradient for the pressure, and linear-extrapolation

for the micelle length and orientation [144]. The micelle contribution to the stress tensor

does not require boundary conditions as it is calculated directly from Eq. (4.20). To ensure

numerical stability of our simulations we use the stress-velocity coupling method provided

in RheoTool; since adding stabilization is known to alter transient dynamics, we incorporate

a number of inner iterations to the main solver loop (typically 2-5 depending on the degree

of stabilization added), which act to decrease the explicitness of the solver [144]. We have

previously verified the accuracy of the viscoelastic library for the RRM-R in [148].

We generate the numerical grid for our problem using the blockMesh utility in Open-

FOAM. Although we will vary the length of the channel throughout this work to test the

wavelength of emergent structures, the majority of the results are in the l = 3 domain. Using

l = 3, we tested the resolution of structures in the system and ensured mesh-independency

by testing four different 2D grid resolutions with densities: M0 = 40,000, M1 = 108,000, M2

= 198,000 and M3 = 240,000. In 3D, we use these same resolutions with 20-80 grid points

in z. All results presented in this work use the M1 grid, unless otherwise stated. In general,

we found that all resolutions showed quantitatively similar dynamics and results. Further,

we tested the accuracy of our meshes by comparing time-dependent statistics and dynamics

as well as steady state profiles to confirm that our solutions did not depend on the mesh

density. In domains with length l 6= 3 the mesh is altered to maintain the same resolution

as the M1 mesh.

4.4 Results and Discussion

The organization of this section is as follows: In Section 4.4.1 we show the governing consti-

tutive curves for the RRM-R and discuss the effects of a spatially-dependent stress and how

this can promote instabilities for reentrant flows. In Section 4.4.2 we focus on 2D simulations
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of the RRM-R in plane Poiseuille flow with a convection-free velocity; we show that at large

enough Péclet numbers the flow can jump between the stable lower and upper branches, giv-

ing rise to a viscosity-stratified flow with ‘interfaces’ separating near-wall and central regions

of the domain. These interfaces are unstable, leading to fluctuating structures consisting of

short wave, long wave, and mixed patterns. In Section 4.4.3 we then investigate the effects

of velocity convection and varying Reynolds number, finding that increasing Re tends to

delay the formation of interfaces and instabilities. Finally, in Section 4.4.4 we investigate

instabilities in 3D domains and find that the initial instability is 2D in nature, and that the

structures in 3D differ largely from those observed in 2D.

4.4.1 Reentrant plane Poiseuille flow

The RRM-R length evolution equation, Eq. (4.21), contains four dimensionless parameters

that can be tuned to vary the behavior of the desired WLM system. We select values

that yield a significantly reentrant constitutive curve to adequately probe and characterize

instabilities in this region. The values chosen for the constitutive model are: m = 3, kb0 =

10−2, kga = 1500, kbt = 10, and a = 2.5, with Re = 10−1 and β = 0.082. This value of β may

seem low for modeling dilute viscoelastic solutions, but was chosen to match typical values

seen in experiments where the zero-shear viscosity of these solutions is between 4−10 mPa s

[4, 5]. We initially approximate an inertialess flow condition by neglecting the convective

terms in the momentum equation and setting Re = 0.1. Later in this work we will investigate

the effects of inertia and Re.

In simple shear flow, v = (Pe y, 0, 0)T , these parameters yield the constitutive curves

shown in Fig. 4.3. These curves are highly reentrant over almost a decade of Péclet numbers,

which will facilitate probing the behavior of this region, specifically sections where ∂τxy/∂γ̇ <

0. The length of micelles for these parameters increases to a maximum of about 11 times

the equilibrium length, and the solution shear-thickens by over an order of magnitude. The

inset in Fig. 4.3c shows a close-up of the orientation profiles near the turning point into the
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Figure 4.3: (Reproduced from Section 3.4.1) Constitutive curves for the RRM-R with parameters:
m = 3, kb0 = 10−2, kga = 1500, kbt = 10, and a = 2.5. (a) Micelle (red), Newtonian (blue), and
total shear stress (purple), (b) length of micelles, (c) components of the orientation tensor, and (d)
normalized viscosity vs. applied Péclet number.

multivalued region. To clarify the analysis of these flows, we define three distinct solution

branches on the shear stress constitutive curve (Fig. 4.3a): the lower, middle, and upper

branches with τTxy,low < τTxy,mid < τTxy,up. The lower branch extends from 0 < Pe . 2.5×10−2.

The middle branch extends from 5 × 10−3 . Pe . 2.5 × 10−2, where notably ∂τmxy/∂γ̇ < 0

throughout this entire region. Finally, the upper branch extends from 5× 10−3 . Pe <∞.

In this work we are primarily interested in plane Poiseuille flow. The notable difference

between PPF and simple shear flow is that in PPF all quantities (e.g., stress, length, and

orientation) vary across the channel due to the dependence of the shear rate on wall-normal

position (y). For example, in a Newtonian flow the shear stress and shear rate will vary

linearly with wall normal position; in the current geometry and non-dimensionalization a

Newtonian fluid will show γ̇ = 2y so that along center of the channel the shear rate actually

goes to zero, which can have drastic consequences for a fluid with a reentrant flow curve.
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To understand this, consider a case where the Péclet number is set so that at the walls,

where the shear rate is largest, the flow exists on the upper branch of the constitutive curve

(e.g., Pe = 0.04 for the constitutive curves shown in Fig. 4.3); while the fluid close to the

walls will exist on the upper branch, because the shear rate goes to zero the fluid must

exist on the lower branch at the channel center. Further, because regions of the flow curve

where ∂τxy/∂γ̇ < 0 are unstable, the fluid can not smoothly transition between branches and

must therefore ‘jump’ between branches. This ‘jump’ will result in an interface-like region

between fluid on either branch, generating a flow that is highly reminiscent of viscosity-

stratified flows, specifically core-annular channel flow since PPF is inherently symmetric

[153]. Literature on stratified flows has resoundingly demonstrated that these flows are

unstable, in the viscoelastic case this is due to both viscosity mismatch and normal stress

jumps, so we expect similar instabilities will arise for dilute WLM solutions that exhibit

jumps due to reentrant flow curves. The flow profile in PPF will differ from the CCF profile

investigated in our previous work because in CCF the shear stress must vary as τrθ ∼ r−2,

whereas in PPF there are no restrictions. Thus, while in CCF the flow could be forced into

unstable regions of the flow curve because of the requirements of the radial dependence, in

PPF the flow can jump between branches and avoid the unstable region. This means that

while instabilities observed in CCF were reentrant in nature, those in PPF are interfacial in

nature.

4.4.2 Convection-free interfacial instabilities in 2D

We begin this investigation by considering 2D PPF with a low enough Péclet number such

that the flow exists entire on the lower branch of the constitutive curve; at this low Pe there

are no reentrant instabilities that can develop. Simulations are performed by taking an a

fluid at equilibrium (L = 1 and S = δ/3) and increasing to the set Pe from rest. As a

reminder, since the shear rate varies throughout the channel the wall Péclet number (Pew) is

larger than the applied Péclet number (Pe); for a Newtonian velocity profile vN(y) = 1− y2,
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Figure 4.4: Steady state (a) micelle length and (b) streamwise velocity for PPF at Pe = 0.01.

such that Pew = 2Pe. The presence of micelles modifies this velocity profile and, as we

will see, decreases the shear rate at the walls so that in general Pew < 2Pe. Figure 4.4

shows the steady state (a) micelle length and (b) streamwise velocity profiles for PPF with

Pe = 0.01; notice the scale of (a), which shows that micelles are nearly at their equilibrium

length with only minor elongation towards the channel walls where the shear rate is largest.

The velocity profile is parabolic with a maximum of about vx(y = 0) = 0.83; the reduction

in the maximum velocity from the Newtonian case of vx,N(y = 0) = 1 arises due to the

increased viscosity from the presence of the micelles. No interface is observed at this Pe

because there is no jump between branches. The existence entirely on the lower branch is

clear in Fig. 4.5, which shows the steady state (a) local micelle length and (b) local micelle

shear stress profiles vs. local Péclet number (Pel) projected onto the governing constitutive

curves for (cyan) Pe = 0.01 and (orange) Pe = 0.015. The plots show that at these low Pe

the flow exists entirely on the lower branch and that Pew is indeed less than twice Pe, which

arises from a reduction in the streamwise velocity and therefore a reduction in the wall shear

rate. It is also apparent that Pe = 0.015 is close to the maximum Pe possible without forcing

the flow to jump to the upper branch.

Upon increasing the shear rate further drastically different behavior is observed; at these

large Pe values the flow is no longer able to exist entirely on the lower branch. Figure 4.6

shows snapshots in time of the micelle length in start-up PPF with an applied shear rate of
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Figure 4.5: Steady state (a) local micelle length and (b) local micelle shear profiles vs. local Pe
superimposed onto the governing constitutive curves for (cyan) Pe = 0.01 and (orange) Pe = 0.015.

Pe = 0.04. We do not show the micelle orientation parameter (Ŝ) because in our previous

work [148] we found that regions of high-alignment are identical to those that show high-

elongation. At early times (t = 2 and t = 5) micelles begin to elongate near the channel

walls where the shear rate is largest. At these times the micelles have already grown far

longer than what was observed in the Pe = 0.01 case. At t = 30 a very sharp interface-like

region has formed; as a note, although this is not a true interface in the sense of separating

distinct phases or materials, we will refer to this as an interface because the difference

between regions of highly elongated and anisotropically-oriented micelles from the nearly

equilibrium-length and isotropic micelles is significant enough to give the appearance of

phase separation. Indeed, the interface at t = 30 is identical to the interfaces observed

in core-annular channel flow of viscosity-stratified miscible fluids. The comparison is even

stronger than mere appearance since the flow here consists of a miscible fluid (in the sense

that the regions are self-miscible) and is viscosity-stratified. Referencing Fig. 4.3, the region

of highly elongated micelles close to the walls is significantly more viscous than that of the

near-equilibrium rods at along the channel center.

The flow maintains these sharp interfaces until about t = 60, at which time both inter-

faces begin to destabilize; this destabilization is not surprising since it is well-known that
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instabilities in stratified flows are driven by viscosity mismatch and normal stress jumps

across the interface, both of which are substantial here. The destabilization process pro-

ceeds as wisps of elongated micelles in the slow-moving near-wall region are sheared off by

the fast-moving center region. Figure 4.7 shows the corresponding snapshots of the stream-

wise velocity profiles to Fig. 4.6. The color bar does not capture the velocities at t = 2,

which has a parabolic profile with a maximum velocity of about vx ≈ 0.8, and t = 5, which

has a parabolic profile with a maximum velocity of about vx ≈ 0.4. At t = 30 and t = 60

the velocity consists of two regions of slow moving fluid close to either wall and a region of

much faster moving fluid in the channel center.

Figure 4.8 shows the local streamwise velocity and local shear rate across the channel

at several time points and sampled at x = 1.5. The velocity dramatically decreases until

t = 30, at which point the interfaces between branches have fully developed. At this and

later times the velocity exhibits a reverse plug-like profile in which the channel center shows

a parabolic profile whereas the near-wall regions show almost linear profiles. These profiles

are remarkably similar to core-annular channel flow in which the center fluid is less viscous

relative to the outer fluid [154]. In fact, this type of core-annular channel flow is exactly

mimicked at t = 30, but in this case it develops naturally rather than the typical artificially

generated core-annular channel flows. This velocity profile gives rise to a shear rate profile in

which the magnitude of shear rate increases linearly outwards from the channel center up to

the interfaces, at which point the shear rate becomes almost constant. It is also interesting

that although the length exhibits dramatic fluctuations, the streamwise velocity exhibits

only weak fluctuations.

Returning to Fig. 4.6, the instability has fully disrupted the interface by t = 200 and

the flow displays an arrowhead-like structure pointing in the streamwise direction. Although

this structure may resemble the mushroom patterns observed in core-annular flow of water-

natrosol mixtures [159], we refrain from calling these structures mushroom-like since we will

see more established mushrooms later in this work. At this time vx also begins to exhibit an
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Figure 4.6: Snapshots of micelle length for start-up PPF with an applied shear rate of Pe = 0.04.

Figure 4.7: Snapshots of streamwise velocity for start-up PPF with an applied shear rate of
Pe = 0.04.
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Figure 4.8: (a) Local streamwise velocity and (b) local shear rate profiles across the channel over
several time points and at x = 1.5 for start-up PPF with an applied shear rate of Pe = 0.04.

arrowhead-like structure, albeit a much weaker one, with high-velocity streaks branching out

towards the walls from the channel center. These narrow high-velocity streaks correspond

to regions of the flow consisting primarily of near-equilibrium micelles; regions of shorter

micelles have a significantly lower viscosity which allows fluid to travel faster. Interestingly,

at t = 200 the micelle length profile is nearly symmetric across the centerline, while at

t = 400 the symmetry has been reduced. We can understand the existence of symmetry

and its disappearance by considering that the flow field at early times should be symmetric

over the centerline, which is indeed what we see up until t = 60 when both interfaces begin

to destabilize in an identical manner. As the destabilization process proceeds, however,

it is likely that the instability on either interface grows at different rates, possibly driven

by numerical error or possibly driven by the chaotic nature of the instability, thus leading

to asymmetric structures. Interestingly, an identical case of start-up PPF with Pe = 0.04

in the M3 mesh actually exhibited asymmetry that developed earlier, which suggests that

the difference in the instability growth rates may be more random (i.e., chaotic) and less

dependent on numerics. Figure 4.23 in Section 4.6 shows a mesh comparison for start-up

PPF with Pe = 0.04.

The onset and sustenance of this instability also provokes wall-normal velocity fluctua-
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Figure 4.9: Snapshots of wall-normal velocity for start-up PPF with an applied shear rate of
Pe = 0.04.

tions. Figure 4.9 shows the wall-normal velocity at t = 200 and t = 400 after the instability

has fully developed; prior to the destabilization no wall-normal velocity is observed. These

profiles both exhibit alternating regions of positive and negative wall-normal velocity along

the streamwise direction, however, it appears as though the wavelength of structures is

smaller at t = 200 than t = 400. Additionally, regions of positive and negative vy are smaller

and flip sign over the centerline at t = 200, whereas at t = 400 these regions are larger and

constant across the centerline.

In our previous work on circular Couette flow, we observed that the onset and early

behavior of the finger-like instabilities were both constant in the sense that the structures

always exhibited eight branches that grew outwards from the inner cylinder (implicating

the m = 8 azimuthal wavenumber). In these PPF simulations, however, we have found

that the onset and early behavior of the instability can differ between simulations. For

example, Fig. 4.10 shows several snapshots of micelle length for start-up PPF with an applied

shear rate of Pe = 0.04 and identical initial conditions to those shown in Fig. 4.6. Simply

comparing snapshots at t = 60 it is clear that the instability develops differently between

the two simulations. Again, it is not clear what causes these differences since even identical

simulations in the M3 mesh tend to show variations. It is possible that this instability is

strongly chaotic and so even very small numerical errors are drastically amplified. It is also
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possible that there are two or more dominant modes with similar growth rates driving the

observed instability; comparing the two simulations, it appears that if there are two dominant

modes driving the instability, one is in-phase and promotes a snake-like pattern and another

is out-of-phase, or at least shifted, and promotes the mushroom pattern. Multiple unstable

modes have been found in three-layer stratified fluids; for Newtonian fluids two instability

modes have been found: a sinuous mode, where the disturbances on the interfaces are in

phase (antisymmetric), and a varicose mode, where the disturbances are 180◦ out of phase

(symmetric) [160, 161, 156]. In viscoelastic fluids it has been found that increasing the

width of the more elastic component can stabilize longwave varicose modes [162], though the

varicose mode may not be the most unstable. Therefore it is reasonable that differences in

flow structure are caused by competing symmetric/antisymmetric unstable modes.

Figure 4.10 also differs from the previous simulation in that the flow appears to retain

some degree of symmetry for much longer. At t = 210 and t = 407 the structures exhibit the

mushroom-like patterns that have been observed in core-annular channel flow [159]. Indeed

we see a ‘mushroom cap’ structure that is sheared backwards over the ‘mushroom stem.’

This mushroom pattern exists until about t = 600, at which point chaotic fluctuations cause

the upper and lower near-wall regions to differ from one another and strong asymmetry sets

in (evidenced at t = 900). Again, this observation of the mushroom pattern emphasizes the

similarity between this flow and core-annular channel flow. Fluid in the near-wall, high shear

region exists on the highly viscous upper branch while fluid in the central, low shear region

exists on the weakly viscous lower branch, giving the appearance and behavior of a viscosity

stratified flow. We also find that the ‘mushroom stem’ regions, in which the center region

of near-equilibrium micelles is squeezed, results in bursts of high velocity fluid. This is clear

in Fig. 4.11, which again shows the snapshots of micelle length but now with overlays of

streamwise velocity contours. It is clear from t = 210 and t = 407 that the squeezed regions

(corresponding the ‘mushroom stem’) cause bursts of high velocity fluid. In t = 900, when

the mushroom has vanished and the center region of near-equilibrium micelles has nearly



157

Figure 4.10: Snapshots of micelle length for start-up PPF with an applied shear rate of Pe = 0.04.

constant width throughout the entire channel, the velocity shows no bursts and is nearly

independent of x.

We now want to investigate the development and driving mechanisms of this instability.

As discussed previously, interfacial instabilities in the purely elastic case tend to be driven by

a jump in normal stresses across the interface. In purely viscous scenarios, viscosity mismatch

between layers leads to a vorticity mismatch at the interface that has a destabilizing effect

by amplifying the crests and valleys of the interface. Figure 4.12 shows snapshots in time of

the micelle shear stress, micelle length, first normal stress difference (N1 = τxx − τyy), and

vorticity (ωz). We observe that there is both a vorticity mismatch and a normal stress jump

across the interfaces in this flow, driven by the differences in micelle length and orientation.

Figure 4.24 in Section 4.6 shows snapshots of intermediate times as the instability develops.

Ganpule and Khomami [156] showed that in purely viscous (i.e., Newtonian) core-annular

channel flow, when the middle layer is less viscous, as it is here, viscosity mismatch has a

destabilizing effect for both sinuous and varicose longwave modes; moreover, they found that

the instability did not arise in either the shortwave or longwave limit and that either sinuous

or varicose modes could be dominant. These findings are consistent with our own in that

there are both shortwave and longwave structures that can be either in-phase or out-of-phase.

In the purely elastic case, when the middle layer is less elastic, as it is here, Ganpule and

Khomami found that the sinuous mode is the more unstable mode at all wavelengths. Finally,

in the viscoelastic case they found that, when the middle layer is less viscous and less elastic,

the instability can not be deduced from either the purely viscous or purely elastic cases; in
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Figure 4.11: Snapshots of micelle length with overlays of streamwise velocity contours for start-up
PPF with an applied shear rate of Pe = 0.04.
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Figure 4.12: Snapshots of first column: micelle shear stress, second column: micelle length,
third column: first normal stress difference, and fourth column: vorticity for start-up PPF with an
applied shear rate of Pe = 0.04.

fact, the sinuous mode was found the always be unstable, regardless of layer width, while

the varicose mode was only unstable for wider middle layers and with longer wavelengths.

These findings again agree with our own in that there are multiple modes present and the

varicose mode, which supports mushroom patterns, occurs at longer wavelengths.

It also must be noted that the reentrant flow curve, and specifically the unstable region

where ∂τxy/∂γ̇ < 0, could be driving the observed instability. Consider Fig. 4.13, which shows

the (a) local micelle length and (b) local micelle shear vs. local Pe profiles projected onto the

governing constitutive curves at times corresponding to the snapshots in Fig. 4.12, where the

data is sampled at x = 1.5. At early times (t = 0.1 and t = 1) the flow exists primarily on the
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Figure 4.13: Several time points of (a) local micelle length and (b) local micelle shear vs. local
Pe profiles projected onto the governing constitutive curves for Pe = 0.04.

lower branch but also extends significantly off of the governing constitutive curves at higher

Pe. This deviation arises from the velocity field and shear rate reducing rapidly at early times

to reach a quasi-steady state prior to the onset of the instability. At t = 20 and t = 45 the flow

begins to reach and settle onto the upper branch of the curves. At t = 45 the local profiles

show a dramatic split between branches as the flow is unable to settle onto the unstable

middle branch; only two points exist close to the middle branch at this time, corresponding

to locations directly on the interface. Finally, as the instability grows we see that at t = 145

the fluid is bound to the skeleton on the constitutive curve, particularly the stable lower

and upper branches, but fluctuates chaotically around the unstable middle branch as fluid

‘jumps’ between stable branches. This behavior, specifically the destabilization occurring

around the unstable regions of the flow curve, makes it challenging to delineate between

an instability driven by normal stress and vorticity jumps and one driven by the unstable

reentrant flow curve. It is also possible that the multiple mechanisms are working in tandem,

in that normal stresses and viscosity mismatch initiate the instability, but the dynamics of

the fluctuating flow are driven by the unstable flow curve; it is likely that linear stability

analysis could add clarity to this distinction but that is outside the scope of the current

work.

Increasing Pe further has the effect of increasing the width of the elongated near-wall
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regions and decreasing the width of the near-equilibrium central region. Figure 4.14 shows

snapshots of the micelle length at several time instances for Pe = 0.06. The primary interfa-

cial instability observed at Pe = 0.04 is not changed, it is merely pushed closer to the center

of the channel. Even the time scale for growth of the instability is largely unchanged with

increasing Pe, shown by the slight destabilization occurring at t = 60. At t = 610 it is appar-

ent that there is both longwave structuring, in the form of the two arrowhead-like structures,

as well as shortwave structuring, in the form of the many threads that blur the arrowheads.

The coexistence of both long- and shortwaves again suggests competition between multiple

unstable modes. At t = 1500 it seems that the shortwave structures have been consumed

by the longwave mushroom structure, which suggests that the longwave varicose mode is

dominant. This mushroom pattern continues to persist for over 1750 time units with no

indication of stopping. Figure 4.15 shows streamwise velocity snapshots comparing a time

(t = 610) that exhibit both short- and longwaves and a time (t = 1500) that only exhibits

longwave structures. The short- and longwave profile consists of a high speed steak at the

center of the channel where the fluid is much less viscous with faint streaks of high speed

fluid that extend backwards. The longwave-dominated profile shows a bulbous region of

high speed fluid at the channel center that is bounded by the elongated, more viscous region

close to the walls.

The similarity at larger Pe is interesting because, as previously mentioned, it has been

shown for stratified flows that the width of bands can effect the flow stability, in some

cases having a stabilizing effect while in others a destabilizing effect [160]. In particular, for

viscoelastic fluids it has been shown that if the velocity profile is convex (meaning a positive

jump in shear rate across the interface), the flow can be stabilized when the more elastic

component occupies the majority of the channel; by increasing Pe the width of the more

elastic bands are in fact increased, which could lead to flow stabilization. However, it has

also been shown that if the outer layers are more viscous and more elastic the flow is always

unstable to the sinuous mode [162]. Clearly there are complex dynamics underlying the flow
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Figure 4.14: Snapshots of micelle length for start-up PPF with an applied shear rate of Pe = 0.06.

stability.

Effects of box length

Before concluding our study on convection-free instabilities in 2D, it is reasonable to question

the effects of the box length (l) on the structure of the instability. Varying l has the effect

of altering the periodicity and wavelength of structures that can exist; decreasing the box

length can act to extinguish the appearance of large scale structures. In turbulence it has

been shown that small enough box lengths can even suppress turbulent structures [163]. The

longest scale structures observed in the present work are the mushroom patterns that appear

to be the manifestation of an unstable longwave, even mode.

Figure 4.16 shows snapshots of micelle length for various box lengths in start-up PPF

with Pe = 0.04. In order of left-to-right and top-to-bottom the lengths are: l = 1, l = 2,

l = 4, l = 5, l = 6 and l = 10. Note that the snapshots shown are selectively chosen to show

mushroom patterns if they arise, as these are the longest wavelength structures observed,

otherwise they are taken to show the characteristic pattern that persists for the greatest time

length. For l = 1 and l = 2 the flow is dominated by shortwave structures and we do not
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Figure 4.15: Snapshots of streamwise velocity at later times for start-up PPF with an applied
shear rate of Pe = 0.06.

Figure 4.16: Snapshots of micelle length in different box lengths, l, for start-up PPF with an
applied shear rate of Pe = 0.04.
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ever observe mushroom patterns. For l = 2 there is a trace of an arrowhead that appears,

but even after 5000 time units this does not evolve to a more coherent longwave structure.

It is likely that at these small box lengths the longwave modes do not to exist. As we saw

in Fig. 4.11, the mushroom pattern first appears in box with l = 3.

In larger box sizes, l = 4 and l = 5, the longwave mushroom patterns appear and have

approximately the same width in the wall-normal direction but are significantly stretched

along the streamwise direction compared to l = 3. Despite this stretching it is clear that the

base structure is still equivalent to that observed in the l = 3 domain. For box sizes with

l = 6 we do not observe any longwave mushroom patterns even after 5000 time units, rather

the flow is dominated by shortwave structures. There are faint traces of multiple arrowhead-

like structures that are somewhat blurred by the shortwave structures; these arrowheads

may eventually give way to mushroom-like structures but that was not observed in these

simulations. For the largest box size of l = 10, we actually observe two mushroom patterns,

though neither of them are as smooth as the pattern seen in l = 4; rather, these mushrooms

are highly stretched in the streamwise direction and their boundaries are interspersed with

shortwave structures that disrupt the smoothness. This double mushroom structure suggests

that the wavelength of these patterns may be around between l = 3 and l = 5; the boxes

smaller than l = 3 clearly cannot support the longwave structures, while the l = 6 box may

be at an intermediate size that is too long to support one mushroom and too short to support

two.

4.4.3 Interfacial instabilities with convection in 2D

We now wish to investigate the effects of convection on the reentrant instability. To do this

we will no longer approximate an inertialess flow condition by neglecting convective terms in

the momentum equation, rather we will solve the full momentum equation with convection

and vary the Reynolds number (Re). In Newtonian viscosity-stratified flows increasing Re

tends to destabilize the flow [156], however, linear stability analysis of viscosity-stratified
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Oldroyd-B fluids has shown that if the velocity profile is convex and elastic stratification

alone is not enough to preserve stability (the more elastic fluid must be in the larger layer),

then increasing the Reynolds number can actually stabilize the flow [162].

In this investigation into the effects of convection we will limit ourselves to Pe = 0.04.

Figure 4.17 shows the streamwise-averaged (a) micelle length and (b) micelle shear stress

sampled at y = 0.5 for varying Re ranging from Re = 0.01 to Re = 100. This location

was chosen for sampling because it is where the majority of the fluctuations between lower

and upper branches occur. It is clear that increasing Re induces an overshoot in both the

micelle length and stress. For Re = 100 the overshoot is quite dramatic and actually leads

to a brief oscillation about the steady state. For the lower Re = 0.1 an overshoot is present

but it is much weaker than that of the larger values. We can understand this overshoot

by considering the fact that increasing Re acts to slow the transfer of momentum, which

manifests as an increased duration for the velocity to reach a steady state. Figure 4.18

shows the (a) local streamwise velocity and (b) local shear rate profiles across the channel

over several time points and at x = 1.5 for the extreme case of Re = 100. This is compared to

the convection-free case shown in Fig. 4.8 (note that colors do not correspond to equivalent

times). In the convection-free case the velocity reaches a maximum of about vx ≈ 0.8 within

two time units, whereas for Re = 100 it takes until about t ≈ 30 to reach a maximum and in

this case it is smaller at about vx ≈ 0.5. By t = 30 the convection-free velocity has already

settled onto a steady state of sorts, characterized by the parabolic central region surrounded

by the almost linear near-wall regions. The longer duration spent with an increased velocity

in the Re = 100 case results in a prolonged increase in the local shear rate, which is the

origin of the dramatic overshoot in the micelle length (and therefore also the stress since

elongated micelles increase the stress). The large shear rates rapidly orient micelles leading

to rapid elongation. However, this prolonged increase in the shear rate is also what causes

the dramatic undershoot that follows as the highly elongated micelles are then broken up by

the shearing.
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Figure 4.17: Streamwise-averaged (a) micelle length and (b) micelle shear stress sampled at
y = 0.5 for varying Re with Pe = 0.04.

Figure 4.18: (a) Local streamwise velocity and (b) local shear rate profiles across the channel
over several time points and at x = 1.5 for start-up PPF with an applied shear rate of Pe = 0.04
and Re = 100.
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Figure 4.19: Snapshots of micelle length for start-up PPF with an applied shear rate of Pe = 0.04
and Re = 0.01.

It is also interesting that for Re = 0.01 the long time fluctuating behavior of both the

length and stress seem to be noticeably smaller than the convection-free and other Re cases.

It is not immediately obvious what leads to the decreased streamwise average, however, if

we turn to Fig. 4.19, which shows snapshots of the micelle length for Re = 0.01, we see

that this flow immediately evolves to a mushroom pattern. In fact, this flow shows little if

any shortwave structures for its duration; this lack of shortwave structures, which if present

would lead to a greater number of fluctuations around the sampling location of y = 0.5, is

what causes the decreased streamwise averages of length and stress. The mushroom pattern

has a width of about 1 centered around the centerline, meaning that y = 0.5 is exposed to

extended spans of of low stress fluid with equilibrium-length micelles and thus has a lower

average stress and length.

Focusing in on the flow with Re = 100, we see a new pattern emerge. Figure 4.20 shows

several snapshots of micelle length for Re = 100. At this Re the flow takes much longer to

destabilize, first showing signs of an instability around t = 150 compared to the t = 60 seen in

the low Re and convection-free flows. Again, this can be attributed to the reduced transfer of

momentum and the over- and undershoots that occur before the flow can fully develop sharp
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interfaces. The fact that this flow takes longer to show an instability because of the delay in

developing an interface suggests that the instability is driven by the interfacial mechanisms

(i.e., viscosity mismatch and normal stress jumps) rather than the unstable region of the flow

curve; however, the dynamics and fluctuations following the destabilization of the instability

are driven by the reentrant flow curve.

By t = 350 the flow has destabilized and shows a mix of short- and longwave struc-

tures. At t = 500 the shortwave structures have begun to merge and we can see the faint

development of more longwave structuring which, by t = 1015, has almost evolved into the

mushroom patterning. By t = 1300 (not shown) the flow exhibits a clean mushroom pattern

that persists for several hundred time units. Around 2250 the symmetric structures that

make up either side of the mushroom pattern begin to deviate in their phases. This out-of-

phase behavior strengthens and persists, and by t = 3000 we see an almost sinuous pattern

as the structures on either side are almost perfectly out-of-phase. This is interesting because

in addition to the varicose mode observed in the mushroom patterns, we now seem to be ob-

serving a sinuous mode. Both of these modes have been reported in viscosity-stratified flows

[161], which again emphasizes the connections between the reentrant instability observed

here for dilute WLM solutions and the interfacial instabilities observed in viscosity-stratified

flows.

We can now summarize the effects of convection on the reentrant, or interfacial, instability

observed in PPF. In general it was found that convection, specifically at higher Re, tends to

delay the instability. This delay was found to occur because of slower momentum transfer

and increased time for the flow to develop sharp interfaces. Since it is the sharp interfaces,

and specifically the viscosity mismatch and normal stress jump across them, that drive the

instability, any delay in interface formation will then delay the instability. At higher Re

(Re & 1) the flow exhibits a stress overshoot, and for Re = 100 the overshoot is followed by

a subsequent oscillation about the steady state. Overshoots and undershoots are observed in

many start-up flow of viscoelastic fluids, and are known to occur in the RRM-R in start-up of
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Figure 4.20: Snapshots of micelle length for start-up PPF with an applied shear rate of Pe = 0.04
and Re = 100.
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steady shear flow [129]. The overshoot is caused by a prolonged time spent with an increased

shear rate, which occurs due to the increased time required for the velocity to reduce to its

steady state at larger Re; this increased shear rate drives alignment and growth of micelles.

For Re = 100, the increased shear rate occurs for long enough that it eventually increases

micelles to their maximum length and then begins to break them down as the micelles can

not support the increased stress, leading to an undershoot. Finally, at long enough times

we observed that the mushroom structures, which suggest the presence of in-phase varicose

mode, eventually gave way to a curved, bend-like structure that suggests the presence of an

out-of-phase sinuous mode.

4.4.4 Convection-free interfacial instabilities in 3D

In the final section of this work we study the consequences of shifting from a 2D to 3D

domain on the interfacial instability. The results presented for the 3D domains will focus

exclusively on simulations without convection and use the M1 mesh with 20 grid points in

z and have a periodic width of w = 0.1. This resolution is admittedly low, but was chosen

to balance the computational cost of these simulations with the desire to obtain a certain

time duration. Before proceeding, we note that our previous work on reentrant instabilities

in circular Couette flow showed that the initial instability is 2D in nature (rθ) and that 3D

variations along the vorticity axis (z) are secondary effects. Moreover, while the development

and early behavior of the instability was identical in both 2D and 3D simulations, the long

time dynamics differed in that fluctuations in rθ were weakened and less frequent as the flow

was then able to resolve stress along z rather than being confined to 2D. We now wish to

investigate the effects of moving from 2D to 3D in plane Poiseuille flow.

Figure 4.21 shows several snapshots of micelle length for 3D simulation with no convection

for Pe = 0.04 and w = 0.1. The larger snapshots on the left of each time show the xy-plane,

sampled at z = 0.05, while the smaller snapshots on the right show the yz-plane, sampled

at x = 0, and look along the positive streamwise direction. We can see that up until about
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Figure 4.21: Snapshots of micelle length in 3D for start-up PPF with an applied shear rate of
Pe = 0.04. Time points are indicated above each snapshot; each snapshot shows the a slice in the
xy-plane on the left, taken at z = 0.05, and a slice in the yz-plane on the right, taken at x = 0.
The length is l = 3 with width w = 0.1.



172

Figure 4.22: Structures of micelle length in 3D for start-up PPF with an applied shear rate of
Pe = 0.04. Time points are indicated above each snapshot. The length is l = 3 with width w = 0.1.
Only the lower half of the domain (y ≤ 0) is shown for clarity. Structures show regions of L ≥ 5,
indicating substantial micelle elongation.

t = 60 the flow is nearly identical to the 2D scenario shown in Fig. 4.6 and there is no

variation along the vorticity axis. This result agrees with the findings in CCF that showed

the initial reentrant instability is 2D in nature [148]. At t = 150 the flow in the xy-plane

strongly deviates from the 2D behavior and there are clear variations along z. Compared

to the 2D scenario, the regions of elongated micelles that fluctuate towards the center of

the channel are much thinner and longer; this observation agrees with the results found in

CCF, which showed long branches that stretched along θ. It is also clear that at t = 150 the

flow is already asymmetric. This early asymmetry arises because the flow can relieve stress

through the vorticity axis rather than being confined to the xy-plane.

At t = 200 the flow again deviates strongly from the structures observed in 2D geometries;

the fluctuations along z have strengthened and manifest as long ‘fingers’ that stretch from

the walls to the center of the channel. These ‘fingers’ consist of elongated, anisotropically-

oriented micelles that are identical to those observed in CCF. At this time there is a weak
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flow in both the wall-normal and vorticity directions. Interestingly, the behavior in xy seem

to be a mix of short- and longwave structures in xy but also show no mushroom or sinuous

patterns; rather, the structures exist as very long, but broken, threads in xy that are thin in

z. It is clearly that the choppiness of the threads in xy is due to the wave-like behavior of

the ‘fingers’ in z. These threads continue to elongate and breakup, shown in t = 250. This

behavior then continues through t = 500 and t = 800 with continual stretching and breaking

of the threads as fluctuations continue along z. Looking specifically at the yz snapshots,

it appears that on average two main fingers can exist on either side of the channel, though

there are smaller secondary fingers present. It is likely that by increasing the width of the

channel more fingers will develop and persist.

To investigate the development of the instability in 3D, Fig. 4.22 shows snapshots of

surfaces of micelle length for this flow. Only the lower half of the domain is shown for

clarity. Structures show regions of L ≥ 5, indicating substantial micelle elongation. From

t = 30 to t = 60 we can see the development of a 2D sheet of elongated micelles that is

sheared off from the interface. Up until t = 60 there are no variations along z, which is

consistent with the observations for instabilities in 3D. At t = 70, the sheet continues to be

sheared off towards the center of the channel by the high velocity in the central region; as

this shearing takes place the previously 2D sheet begins to develop ripples along the surface,

giving rise to 3D variations. The ripples start to form two dominant ‘fingers’, the wavelength

of which is likely dictated by the width of the channel. At t = 80 and t = 90 these ripples

continue to grow and disrupt the sheet and by t = 100 the flow is highly three-dimensional.

Again, this process of the flow developing a 2D sheet that develops surfaces ripples that

eventually induce 3D fluctuations is identical to the instability process observed in circular

Couette flow. We can safely conclude that the instability in PPF is also 2D (xy) and that

3D variations arise as secondary effects.
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4.5 Conclusions

This study focuses on the formation of interfacial instabilities in plane Poiseuille flow of

dilute wormlike micelle solutions. We have used the reformulated reactive rod model (RRM-

R), which models micelles as reactive Brownian rods, to simulate dilute WLM solutions

that exhibit reentrant flow curves. We found that a reentrant flow curve, in which there

there exists a region of the flow curve where the shear stress is a multivalued function of

shear rate, can provoke the development of interfacial instabilities. In particular, the wall-

normal dependence of the shear stress in PPF allows for solutions where the domain can

jump between upper and lower branches of the flow curve, resulting in an ‘interface’ between

regions of elongated, anisotropically-oriented micelles and near-equilibrium length, isotropic

micelles. This interface straddles the unstable region of the flow curve, ∂τxy/∂γ̇ < 0, such

that any perturbations to the interface lead to instability development. Notably, the interface

is destabilized both by viscosity mismatch, which leads to a vorticity mismatch across the

interface, as well as a normal stress jump between regions. Further, our findings suggest that

the initial destabilization is driven by interfacial mechanisms, while the long-time fluctuating

behavior is driven by the unstable nature of the flow curve.

At low enough Péclet numbers such that the flows exists entirely on the stable lower

branch, no instability was observed. In the convection-free case, as Pe was increased to

push the flow onto the upper branch, two interfaces developed separating the central region,

consisting of near-equilibrium length micelles, from the near-wall regions, consisting of highly

elongated micelles. The fluid containing the shorter micelles is much less viscous than the

fluid containing the elongated micelle, leading to the appearance of a viscosity-stratified

flow. Before destabilization, this viscosity-stratified flow consisted of a parabolic velocity

along the centerline connected to linear velocity profiles close to the walls. The interfaces

quickly destabilized, leading to fluctuating structures consisting of ‘fingers’ or branches of

elongated micelles originating in the near-wall regions. In some instances the instability was

found to be dominated by shortwave structures comprising short fingers that stretch towards
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the centerline but are sheared along the streamwise direction; in other instances the flow

was dominated by longwave structures comprising a mushroom pattern that has previously

been observed in core-annular channel flow of viscosity-stratified Newtonian fluids [159]. It

was found that the flow can alternate between durations where either short- or longwaves

dominate, as well as durations where both structures are present.

Increasing the Pe even further (e.g., Pe = 0.06) decreased the width of the central region

but did not affect the structures. We also investigated the effects of changing the box

length (l), which effectively changes the wavelength of structures that can exist in the flow.

Decreasing the box length to l ≤ 2 was found to prevent the formation of long wave structures

(e.g., mushroom patterns). At increased box lengths, l ≥ 4, we observed that the long wave

mushroom patterns were still present but now stretched along the streamwise direction. At

the largest box length, l = 10, two mushrooms were found to coexist along the streamwise

direction.

We also investigated the effects of introducing velocity convection and varying the Reynolds

number. We found that scenarios with convection were characterized by a delayed forma-

tion, and consequently destabilization, of the interfaces, which was attributed to slowed

momentum transfer. At larger Reynolds numbers, Re & 1, an overshoot was observed in

the micelle stress, driven by an overshoot in the micelle length. Similar overshoots have

been observed in the start-up of steady shear flow using the RRM-R [129]. The overshoot is

attributed to the fact that at larger Re, the velocity and shear rate take longer to reduce to

the steady state profile observed when the interfaces form. The longer duration of increased

shear is able to align and elongate micelles more than what is seen at lower Re. In the case

of Re = 100 an undershoot is observed following the overshoot; at this Re the increased

shear occurred for long enough that micelles elongate to their maximum lengths and then

are actually broken down by the flow as the stresses become too great. At Re = 100, we

observed that the flow transitioned from short- and longwave structures, to an out-of-phase

longwave structure (called the mushroom pattern), to in-phase longwave structures (seen as
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a sinuous pattern). Both out-of-phase (varicose) and in-phase (sinuous) modes are known

to exist in core-annular channel flow [161].

In 3D simulations we found that, just as was found for circular Couette flow [148], the

initial instability is 2D in nature and 3D effects arise secondarily. In fact, the early time

behavior, including the development and destabilization of the interfaces, is identical in 2D

and 3D; however, as the interfaces destabilize in 3D the structures are able to stretch into

the vorticity direction, which drastically changes the long time dynamics of the flow. In

particular, the 3D simulations show ‘fingers’ of elongated micelles that undulate in z, giving

rise to a mix of short- and longwave structures in xy. These structures appear choppy in the

xy plane as the fluctuations in z cause the ‘fingers’ to rapidly enter and exit the 2D plane.

This work on plane Poiseuille flow, combined with the previous work on circular Couette

flow, shows that reentrant flow curves are abound with interesting and poorly understood

instabilities. The mixed stability of reentrant constitutive curves can be exploited by flows

with spatially-dependent stress profiles, leading to rich and unexplored dynamics. Future

work will look at the behavior of reentrant WLM solutions in cross-slot, porous, and jetting

flows to see how reentrant instabilities manifest in these scenarios. Additionally, we plan to

perform rigorous linear stability analysis of the RRM-R to determine the exact mechanisms

and modes of destabilization.

4.6 Appendix A: Additional figures for PPF
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Figure 4.23: Snapshots of micelle length for start-up PPF with an applied shear rate of Pe = 0.04.
The first column shows simulations run with the M1 mesh, the second column the M2 mesh, and
the third column shows simulations run with the M3 mesh.
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Figure 4.24: Intermediate time snapshots of first column: micelle shear stress, second column:
micelle length, third column: first normal stress difference, and fourth column: vorticity for start-
up PPF with an applied shear rate of Pe = 0.04.

Figure 4.25: Snapshots of micelle length for start-up PPF with an applied shear rate of Pe = 0.03.
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5

Modeling using non-equilibrium

thermodynamics

In this section, we aim to derive thermodynamically consistent models for dilute wormlike

micelle solutions using the single generator bracket framework (SGBF) of non-equilibrium

thermodynamics (NET). We derive three models, the SM-A, SM-B, and SM-C, by consid-

ering a wormlike micelle solution that is fully defined by the state variables: momentum

density, orientation density, and a structural variable to track micelle length. These state

variables fully define the system Hamiltonian, and are employed in a Poisson bracket frame-

work that has been modified to account for dissipative phenomena in flowing systems [164].

The SM-A and SM-B assume general dissipative dynamics of the micelle length, while the

SM-C considers the reaction kinetics and energetics associated with reversible scission and

fusion. We show that these models are all thermodynamically admissible. The models de-

rived in this section, particularly the SM-C, are not meant to serve as finalized models,

but rather act as proof-of-concepts that models for dilute wormlike micelle solutions can be

derived using the SGBF-NET formalism. Since many readers will likely be unfamiliar with

non-equilibrium thermodynamics, we also follow [164] to provide an overview and examples

on the application of SGBF to develop models for viscoelastic fluids.

The objective of this section is to derive a thermodynamically consistent model that phys-
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ically represents dilute wormlike micelle solutions and is able to capture the quintessential

rheological features associated with these solutions, namely: shear-thickening and -thinning,

flow-induced structure formation, and a reentrant flow curve. Before proceeding, it is im-

portant to understand what is meant by the expression ‘thermodynamically consistent,’ or

equivalently a model can be ‘thermodynamically admissible.’ In this work, and generally

in the engineering community, it comprises two main properties: (1) conservation of energy

and (2) non-negative entropy generation. It is important to note that the first statement

does not imply that the total energy of a system is constant; in many applications, such as

in the modeling of many complex fluids, heat effects are considered unimportant so that as

mechanical energy is degraded to heat by dissipative forces this energy is essentially lost, at

least from the perspective of the system [164]. Importantly, these two properties combine to

ensure that a model does not violate the second law of thermodynamics.

We will formalize both of these properties into equations, but first we must consider

why we desire a thermodynamically admissible model. As we will see, the derivation of a

thermodynamically consistent model is a rigorous exercise and moreover the framework used

to derive such a model does not guarantee that a model is thermodynamically consistent,

rather it provides the necessary tools and formulation for checking whether or not a model is

consistent. Why, then, should we perform the herculean task of deriving such a model when

there are plenty of presumably thermodynamically inconsistent models that are perfectly

well-suited for describing many fluid systems? There is no simple answer to this question,

but we must acknowledge two points. The first is that these other models are not ‘perfectly

well-suited’ because if they do violate the second law of thermodynamics then heat can

spontaneously flow from a cold region to a hot one, and that is undoubtedly unphysical.

The second point is that to those unfamiliar with non-equilibrium thermodynamics, and

specifically working within bracket formalisms, the task of deriving an admissible model may

seem extraordinary; however, most of the work needed to derive a model is explained and laid

out quite well by a number of previous researchers, and thus deriving new thermodynamically
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consistent models does not require reinventing the wheel but rather moulding the existing

framework to match current needs.

5.1 Introduction

Wormlike micelles are self-assembled structures comprised of amphiphilic surfactant molecules.

In the dilute regime, wormlike micelles exist as nearly rigid rods with comparable persistence

and contour lengths on the order of ∼ O(10− 100nm) [61, 125, 59, 60, 5]. In flow, wormlike

(or rodlike) micelles in this concentration range are known to exhibit both shear-thickening

and shear-thinning [9, 10, 11, 12, 13, 62, 61], reentrant flow curves (e.g., a multivalued

shear stress vs. shear rate curve) [50], and the formation of flow-induced structure. Shear-

thickening and -thinning behavior is related to the formation and subsequent breakdown

of flow-induced structure (FIS), which takes the form of highly elongated and aligned mi-

celles. Specifically, at moderate shear rates WLMs have been observed to align with the flow

and undergo significant elongation, whereby the average length of micelles in solution can

increase to several times the equilibrium length. This elongation has been observed experi-

mentally by Keller and coworkers using free-fracture electron microscopy [46]. Additionally,

due to challenges with making a direct measurement of micelle length, some researchers have

made estimates of the micelle length by analyzing the effect of flow on the solution viscosity

[63, 64].

Dilute wormlike micelle (WLM) solutions are also known to exhibit a number of unique

and complex instabilities. Solutions that demonstrate a reentrant flow curve, in which a

single shear rate is able to support multiple stable shear stresses, can support a vorticity

banding instability [50]; in vorticity banding, the solutions separates into macroscopically

‘banded’ flow along the vorticity direction, where separate bands support equivalent shear

rates but distinct shear stresses. The separation of these two regions is often observable

through differences in turbidity and birefringence [47, 52]. In addition to vorticity banding,
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dilute WLM solutions have demonstrated a group of finger-like instabilities in circular Cou-

ette flow that appear as unstructured streaks and branches spanning the flow gap [69, 70].

Using a circular Couette device, Liu and Pine [4] observed these finger-like structures in

controlled-shear rate flows of ∼ O(102− 103) ppm equilmolar CTAB/NaSal solutions; using

small angle light scattering (SALS), they revealed reversible finger-like structures that, upon

increasing shear rate, grew outwards from the inner cylinder into the flow gap. Hu and

coworkers [71] observed similar structures in a solution of equimolar 7.5 mM TTAA/NaSal

that exhibited a reentrant flow curve. Similar to Liu and Pine, the authors observed that

increasing either the shear rate or shear stress beyond some critical value induced shear-

thickened structures that originated at the inner cylinder and grew outwards to fill the gap.

These solutions have also been shown to exhibit numerous other instabilities in cross-slot

flows [72], extensional flows [10, 13, 30], and shearing flows [11].

There have been numerous models put forth for understanding the rheological behavior

and dynamics of dilute wormlike micelle solutions. One of the first attempts to develop a

wormlike micelle model was by Cates and Turner, who proposed a population balance model

accounting for the different stress relaxation mechanisms associated with wormlike micelles,

namely micelle scission and rotational diffusion [73, 110]. Though Cates and Turner did not

write down an explicit constitutive equation for their model, and moreover the incorporation

of a continuous spectrum of micelle lengths is prohibitive for use in computational fluid

dynamics (CFD) studies, their formulation has served as a foundation for the development

of other widely used WLM models [76, 3]. Bautista and coworkers [113] have developed

the BMP model, which couples a fluidity equation for studying thixotropic systems [93] to

the Oldroyd-B equation. This model, as well as its many extensions and generalizations

[90, 141], has shown good agreement with dilute wormlike micelles in a variety of flows [142],

and has recently been used for studying viscoelastoplastic and gradient banding fluids [142].

Tamano and coworkers [99] have taken inspiration from the BMP model and coupled the

fluidity equation to both the Giesekus and FENE-P models to form the f-Giesekus and f-
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FENE-P models, respectively. These models are well-suited for CFD studies, however, they

are unable to predict reentrant flow curves and are therefore unlikely to predict vorticity

banding or finger-like instabilities. Dutta and Graham have developed the the reactive rod

model (RRM), which models WLMs as reactive Brownian rods undergoing reversible scission

and fusion in flow [3]; this was extended and improved into the reformulated reactive rod

model (RRM-R) by Hommel and Graham, who then used it in CFD simulations to study

finger-like instabilities and vorticity banding [129, 148].

There has been push over the last several decades in the rheological community to re-

visit many models for viscoelastic fluids from a non-equilibrium thermodynamics (NET)

perspective, and this push has also extended to deriving new rheological models using NET

frameworks. The aim of this push is to ensure the thermodynamic consistency and validity

of rheological models, specifically by enforcing conservation of energy and adherence to the

second law of thermodynamics [164]. This effort has been largely made possible and lead

by pioneering work by Grmela, Morrison, Kaufman, Beris, Edwards, Öttinger, and others

[165, 166, 167, 168, 164, 169, 170, 118, 171, 172, 173] aimed at extending the Poisson bracket

formalism to dissipative systems, which allows it to be used for developing models for complex

fluids. There are currently two primary NET description for describing dissipative systems:

the single generator bracket formalism (SGBF), which relies on the Hamiltonian, and the

GENERIC formalism (also called double generator bracket formalism), which relies on the

entropy functional in addition to the Hamiltonian [174]. In this work we will exclusively

employ SGBF, though we note that at the macroscopic scale the two are actually equivalent.

Understanding and pursuing the SGBF-NET formalism for deriving models requires a great

deal of background, which we will do our best to condense and summarize in the following

section to allow for a proper understanding of this work. Additionally, since non-equilibrium

thermodynamics is not readily taught in most engineering disciplines, we will also provide

suitable examples when possible.

Before proceeding, it is important to mention recent work that has successfully employed
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NET for deriving or re-deriving models for viscoelastic fluids. Manero and coworkers [90]

have derived the generalized BMP model using an extended irreversible thermodynamics

(EIT) formalism. EIT assumes that in addition to the typical conserved hydrodynamic

densities (e.g., momentum) there exists a generalized entropy that depends on non-conserved

variables in a system; in this way, the state variables describing the systems become a

conserved concentration and non-conserved variables representing fluid structure, mass flux,

and stress. The generalized BMP model, which is meant to describe semi-dilute solutions,

amounts to an Oldroyd-B constitutive equation coupled with an kinetic evolution equation

for the fluidity of the system and shown success in predicting shear-thickening and -thinning

as well as a non-monotonic (e.g., shear banding) flow curve [7].

Germann and coworkers [88] have used the SGBF to re-derive a thermodynamically

consistent version of the VCM model (culminating in the GCB model). These authors suc-

cessfully incorporated a reversible reaction scheme A ↔ 2B, meant to model the reversible

reaction from long to short micelles, providing a clear example of how reactions can be in-

cluded in viscoelastic models using NET. These authors consider a system described by the

total momentum density, total velocity field, and conformation densities for each of the mi-

celle lengths. They employed a standard Hamiltonian for systems described by conformation

densities, along with a Flory-Huggins mixing term to account for the entropy of mixing be-

tween components. They also modified the chemical potential to form a generalized chemical

potential that accounts for Galilean invariance. Using this framework, Germann and cowork-

ers successfully derived the thermodynamically consistent GCB model, which can capture

all the features associated with the original VCM model (notable shearbanding through a

non-monotonic curve).

In terms of new models, Stephanou and coworkers have used the single-generator bracket

formalism (SGBF) of NET to derive thermodynamically consistent models for: thixotropic

elasto-viscoplastic materials [175], aggregating blood [104, 176], and cement pastes [177].

Notably, these authors have also employed the reaction dissipation brackets of Germann and
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coworkers to account for reacting systems when modeling cement pastes. In their work on

modeling red blood cell deformability in Ringer solutions, Stephanou and coworkers have

enforced conservation of volume constraints in their system [105].

5.2 SGBF-NET Formalism

In this section we provide an overview of the SGBF-NET framework and its application

to complex fluids modeling. This section draws heavily from the textbook by Beris and

Edwards [164], who have condensed the SGBF-NET framework into an approachable form

and provided numerous examples on its applications to modeling. The SGBF-NET formalism

is a generalization of the Poisson bracket description, which is the most general description

of Newtonian mechanics, that extends the Poisson framework from conservative systems to

dissipative systems. The extension to dissipative systems is of course crucially important for

studying non-ideal fluid systems due to the presence of viscosity. To derive a set of evolution

equations within SGBF-NET, we must follow six steps (each of which will be elaborated on

below):

1. Identify a set of suitable state variables, x = {x1, x2, ..., xN}, that fully describe the

system. For viscoelastic fluids these will typically include a momentum density and

a conformation or orientation tensor density, but may also include moments of a dis-

tribution if a population balance is present or a structural variable to account for

reactions.

2. Define the extended free energy of the system, the Hamiltonian, H, as a functional

involving the system state variables. In this context, a functional is an integral over

the system volume so the Hamiltonian is

H(x) =

∫
Ω

h(x1, x2, ..., xN ;∇xi;∇2xi; ...)dV. (5.1)
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The Hamiltonian can depend on successive gradients of the state variables.

3. Formulate the Poisson bracket, {F,G}, which specifies the reversible components of

the system dynamics. The Poisson bracket is an antisymmetric, bilinear functional

of the Volterra derivatives for any pair of arbitrary functionals F and G. As a note,

functionals are functions that act on functions. The Poisson bracket also satisfies the

Jacobi identity:

{F, {G,H}}+ {G, {H,F}}+ {H, {F,G}} = 0. (5.2)

The antisymmetry of the the Poisson bracket ensures that the total energy of the

system is conserved, {H,H} = 0.

4. Formulate the dissipation bracket, [F,G], which specifies the irreversible components

of the system dynamics. The dissipation bracket may include viscous dissipation,

relaxation phenomena, and reaction kinetics [164, 88, 171].

5. Derive the governing equations from the governing dynamical equation:

dF

dt
= {F,H}+ [F,H] =

∫
Ω

δF

δx
· ∂x

∂t
dV, (5.3)

where δF/δx are the Volterra derivatives of the functional F with respect to the state

variables. This step is similar to the derivation of equations of state from fundamental

relations in equilibrium thermodynamics.

6. Verify thermodynamically admissibility by computing [H,H] ≤ 0. This step typically

involves identifying conditions on parameters that appear in the dissipation bracket to

ensure [H,H] ≤ 0.

When the SGBF-NET steps are laid out as they are above, it becomes clear that the process

of deriving a thermodynamically admissible model is not out of reach; in fact, the most
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challenging part of pursuing and employing the SGBF-NET framework is understanding the

background and origins of the bracket formalism and calculus underlying the framework.

Although this work will not extensively cover everything about non-equilibrium thermody-

namics, we will explain the necessary components to the best of our ability. In what follows,

we will go into more detail about each of the six steps and illustrate the use of the SGBF-NET

formalism for deriving a thermodynamically consistent Oldroyd-B model.

5.2.1 Identification of state variables

The first step in using the SGBF-NET framework for deriving a thermodynamically con-

sistent model is the identification of state variables that properly represent the system. In

practice, this should be the fewest number of variables possible such that the Hamiltonian,

the total energy of the system, can be fully described. For a Newtonian fluid the momentum

density, mα, can be used to fully describe the system. The momentum density is related

to the density, ρ, and velocity, vα, by mα = ρvα. In the non-equilibrium thermodynamics

community it is standard to use the Greek alphabet for representing vector and tensor di-

mensions; in a Cartesian coordinate system mα = [mx,my,mz]
T . For an Oldroyd-B fluid,

which is used to model dilute polymer solutions by treating the polymers as bead-spring

dumbbells with a Hookean force law, an additional conformation tensor density, Cαβ, is

needed to describe the stretching and orientation of the dumbbells [164]. In summary, a

Newtonian fluid is represented by the state variable x = {mα} and an Oldroyd-B fluid is

represented by the state variables x = {mα, Cαβ}.

5.2.2 Defining the Hamiltonian

After identifying the appropriate state variables, the next task is to define the Hamiltonian,

which captures the total extended energy of the system. The Hamiltonian typically involves
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a kinetic energy contribution, K(x), and a Helmholtz free energy contribution, A(x),

H(x) = K(x) + A(x). (5.4)

The Helmholtz free energy is employed, rather than the Gibbs, since incompressible fluid

dynamics typically takes place at constant volume. The Helmholtz free energy includes

entropic terms and elastic energy terms, as well as terms related to reactions and material

structure. For a Newtonian fluid the only contribution to the Hamiltonian comes from the

kinetic energy

H(x) = K(x) =

∫
Ω

mαmα

2ρ
dV. (5.5)

For an Oldroyd-B fluid, the kinetic energy remains unchanged but there is an additional

contribution to the Hamiltonian from the Helmholtz free energy

H(x) = K(x)+A(x) =

∫
Ω

mαmα

2ρ
+

∫
Ω

1

2
nKCααdV −

∫
Ω

1

2
nkBT ln det

(
K

kBT
Cαβ

)
dV, (5.6)

where n is the number density of polymers, K is the Hookean spring constant, kB is the

Boltzmann constant, and T is temperature. The first integral represents the elastic potential

energy of the dumbbells while the second integral represents interchain entropy.

5.2.3 Formulation of the Poisson bracket

Now that the Hamiltonian is defined, the next step is to formulate the appropriate Poisson

bracket. The Poisson bracket must accurately capture the reversible dynamics of the sys-

tem (e.g., convection), be antisymmetric, and satisfy the Jacobi identity. For a Newtonian

fluid the Poisson bracket is relatively simple as it only includes the transfer of momentum

throughout the fluid:

{F,G} = −
∫

Ω

[
δF

δmγ

∇β

(
mγ

δG

mβ

)
− δG

δmγ

∇β

(
mγ

δF

δmβ

)]
dV. (5.7)
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For an Oldroyd-B fluid, the reversible dynamics include the momentum transfer shown above

and additionally include the motion and stretching of dumbbells. It is often helpful to break

the Poisson bracket into contributions for each state variable

{F,G} = {F,G}m + {F,G}C , (5.8)

where {F,G}m accounts for momentum density transport, given by Eq. (5.7), and {F,G}C

accounts for the transport of the conformation tensor density. While the exact form of

{F,G}C can vary depending on the type of time derivative required (e.g., upper convected

vs. lower convected), the general form that is often used is [164]:

{F,G}C =−
∫

Ω

[
δF

δCαβ
∇γ

(
δG

δmγ

Cαβ

)
− δGγ

δCαβ
∇γ

(
δF

δmγ

Cαβ

)]
dV

−
∫

Ω

Cγα

[
∇γ

(
δF

δmβ

)
δG

δCαβ
−∇γ

(
δG

δmβ

)
δF

δCαβ

]
dV

−
∫

Ω

Cγβ

[
∇γ

(
δF

δmα

)
δG

δCαβ
−∇γ

(
δG

δmα

)
δF

δCαβ

]
dV.

(5.9)

This form of the Poisson bracket corresponds to an upper convected derivative of the con-

formation tensor.

5.2.4 Formulation of the dissipation bracket

Formulation of the dissipation bracket is very similar to that of the Poisson bracket; the

dissipation bracket accounts for the irreversible dynamics of the system, such as viscous

dissipation, diffusion, relaxation mechanisms, and reactions, and there is actually a great

deal of freedom when it comes to choosing which dissipative processes are present in this

bracket [164, 171]. Although this freedom is useful for constructing models that describe a

vast array of phenomena, it does require significant attention to ensure that the appropriate

physics that best represent a system are captured.

For a Newtonian fluid the only dissipative phenomenon present is viscosity, which is
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represented through the dissipative bracket:

[F,G] = −
∫

Ω

∇α
δF

δmβ

Qαβγε∇γ
δG

δmε

dV. (5.10)

The Q matrix is completely general and can represent both anisotropic and isotropic viscous

dissipation, but in this work we will restrict ourselves to isotropic dissipation (e.g., Q ∝ δδ).

Viscoelastic fluids often contain much more intricate dissipative phenomena so it is useful

to define a general form for the dissipation bracket [164]:

[F,G] =−
∫

Ω

∇α
δF

δmβ

Qαβγε∇γ
δG

δmε

dV

−
∫

Ω

δF

δCαβ
Λαβγε

δG

δCγε
dV

−
∫

Ω

∇γ
δF

δCαβ
Bαβγεην∇ν

δG

δCεη
dV

−
∫

Ω

Lαβγε

[
∇α

(
δF

δmβ

)
δG

δCγε
−∇α

(
δG

δmβ

)
δF

δCγε

]
dV.

(5.11)

Q is defined the same as above, Λ represents an inverse relaxation time (essentially a ro-

tational diffusivity) that is intrinsic to a material, B accounts for anisotropic translational

diffusivity, and L accounts for non-affine motion by coupling the velocity gradient and con-

formation tensor. For a Newtonian fluid, the only transport coefficient retained is

Qαβγε = η (δαγδβε + δαεδβγ) , (5.12)

where η is the fluid viscosity. For an Oldroyd-B fluid, Q is defined exactly as above, B = L

= 0 since there is no anisotropic translational diffusivity and no non-affine motion, and the

relaxation matrix Λ is given as

Λαβγε =
1

2λnK
(Cαγδβε + Cαεδβγ + Cβγδαε + Cβεδαγ) , (5.13)

where λ is the polymer relaxation time [164].
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5.2.5 Derivation of the governing equations

The derivation of the governing equations tends to be the most tedious technical compo-

nent of deriving a model using the SGBF-NET framework since it requires a great deal of

multivariate calculus and index tracking; however, as long as we pay careful attention, it is

not exceptionally challenging. This step involves equating the two equivalent forms of the

governing dynamical equation, shown in Eq. (5.3). It is typically easiest to simplify each

individual bracket first and then combine the brackets to obtain the governing equations.

Starting with Eq. (5.7), we can first write this expression in terms of the Hamiltonian:

{F,H}m = −
∫

Ω

[
δF

δmγ

∇β

(
mγ

δH

mβ

)
− δH

δmγ

∇β

(
mγ

δF

δmβ

)]
dV. (5.14)

To simplify this expression we first note that δH/δmα ≡ mα/ρ ≡ vα where vα is the fluid

velocity. Substituting this expression into Eq. (5.14) we obtain

{F,H}m = −
∫

Ω

[
δF

δmγ

∇β (ρvβvγ)− vγ∇β

(
ρvγ

δF

δmβ

)]
dV. (5.15)

We can then integrate this expression by parts and make use of the vector identity

∇v · v =
1

2
∇ (v · v) , (5.16)

to obtain

{F,H}m = −
∫

Ω

[
δF

δmγ

∇β (ρvβvγ)−
1

2
vγvγ

(
∇β

δF

δmβ

)]
dV. (5.17)

Finally, we use the fact that δF/δmα is divergence-free to obtain the simplified form of the

Poisson bracket for a Newtonian fluid:

{F,H}m = −
∫

Ω

[
δF

δmγ

∇β (ρvβvγ)

]
dV. (5.18)
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Now turning to the Newtonian dissipation bracket, Eq. (5.10), with Q given by Eq. (5.12),

this bracket immediately simplifies to

[F,H] = −
∫

Ω

δF

δmα

η∇β∇βvαdV. (5.19)

Combining the Poisson and dissipation brackets and substituting these expressions into the

governing dynamical equation gives

dF

dt
=

∫
Ω

δF

δmα

∂mα

∂t
dV = −

∫
Ω

[
δF

δmα

∇β (ρvβvα)

]
dV −

∫
Ω

δF

δmα

η∇β∇βvαdV. (5.20)

By equating terms multiplied by δF/δmα we obtain

∂mα

∂t
= −∇β (ρvβvα)− η∇β∇βvα −∇αp, (5.21)

which can be further simplified to the familiar form of the Navier-Stokes equations for an

incompressible Newtonian fluid:

ρ

[
∂vα
∂t

+∇β (vβvα)

]
= −η∇β∇βvα −∇αp. (5.22)

The astute reader will notice the appearance of the pressure seemingly out of nowhere. We

have intentionally glossed over the pressure because it arises through properties of operating

spaces and functional derivatives that would require significant background to explain; in

essence, the pressure arises as a Lagrange multiplier to enforce the incompressibility con-

straint, but a full explanation is given in Chapter 5.4 of [164]. An identical procedure can

be performed on the Poisson and brackets for the Oldroyd-B fluid to obtain the governing

equations.
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5.2.6 Verification of thermodynamic admissibility

Veryifying the thermodynamic admissibility of a given model derived from the SGBF-NET

framework can be done before or after the derivation of the governing equations since it only

requires a full description of the dissipation bracket and the Hamiltonian. In this step we

must compute and enforce dH/dt = [H,H] ≤ 0, which does not require knowledge of the

Poisson bracket since {H,H} = 0 by construction. For the Newtonian fluid we have

[H,H] =−
∫

Ω

∇α
δH

δmβ

Qαβγε∇γ
δH

δmε

dV

=− η
∫

Ω

∇αvβ (δαγδβε + δαεδβγ)∇γvεdV

=− η
∫

Ω

(∇αvβ∇αvβ +∇βvα∇βvα) dV

=− η
∫

Ω

(KαβKαβ)2 dV,

(5.23)

whereKαβ = ∇αvβ. Clearly [H,H] ≤ 0 provided η ≥ 0. Thus we have shown that the general

governing equations for an incompressible Newtonian fluid can be derived from the SGBF-

NET framework and are indeed thermodynamically admissible. For an Oldroyd-B fluid we

must additionally check the dissipation bracket for the relaxation variable, which requires

evaluation of the Volterra derivative of the Hamiltonian with respect to the conformation

tensor:

δH

δCαβ
=

1

2
nKδαβ −

1

2
nkBTC

−1
αβ . (5.24)

Continuing the evaluation:

[H,H]Λ =−
∫

Ω

δH

δCαβ
Λαβγε

δH

δCγε
dV ≤ 0

=− 1

2λnK

∫
Ω

δH

δCαβ
(Cαγδβε + Cαεδβγ + Cβγδαε + Cβεδαγ)

δH

δCγε
dV.

(5.25)

At the moment, we will skip the full simplification of this expression since a similar form will

appear later in this work as we derive a model for dilute wormlike micelle solutions using
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the SGBF formalism; however, we note that simplification yields a similar constraint as the

Newtonian case, specifically that [H,H]Λ ≤ 0 provided λ ≥ 0.

This concludes the overview of the SGBF-NET formalism and how it can be used to

derive and test a thermodynamically admissible model for fluids. In the following sections,

we will use the framework we have established to derive a thermodynamically consistent

model for dilute wormlike micelle solutions.

5.3 Reformulated reactive rod model (RRM-R)

The aim of the present study is to re-derive the reformulated reactive rod model (RRM-R),

which models micelles as reactive Brownian rods, using SGBF-NET to ascertain and enforce

its thermodynamic admissibility. To begin this, we first provide a summary of the RRM-R

and its derivation, though a complete derivation is left to [129]. We note that this modeling

framework takes inspiration from theoretical treatments by Cates and Turner [110]. In the

RRM-R, dilute wormlike micelle solutions are treated as suspensions of rigid Brownian rods

undergoing reversible scission and fusion. Rods can fuse end-to-end (reducing the energetic

penalty associated with the micellar end caps), but only when they are highly aligned –

otherwise the energy penalty arising from forming a long but bent micelle is too large for

fusion to take place [15, 110]. The application of flow tends to align the rods. This alignment

is balanced by rotational diffusivity of the rods acting to return the suspension to isotropy. It

is assumed that rod growth is countered by hydrodynamic stresses acting along the lengths

of the rods, which induce breakage events into shorter rods. Moreover, rods can undergo

both spontaneous scission and spontaneous fusion events.

5.3.1 Brownian rods

Starting with a suspension of (non-reactive) Brownian rods, consider a uniform collection

of rods with length L0, radius b, and number density n0 suspended in a Newtonian solvent
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with viscosity ηs. The orientation of a single rod is described by the unit director vector u.

The solution is subjected to an arbitrary flow with local velocity v and transpose velocity

gradient K = ∇v>. The orientation tensor Q describes the average collective orientation

of the suspension and is given by the second moment of u

Q = 〈uu〉 =

∫
uuψdu, (5.26)

where ψ is the probability distribution function of u. Note that in the work by Doi and

Edward [75] and in the original derivations of the RRM and RRM-R, the orientation tensor

was defined as S. However, in NET literature the orientation tensor is typically defined as

Q, where S is reserved for the traceless orientation tensor S = Q− δ/3. In order to remain

consistent we will with the non-equilibrium thermodynamics literature, we will adopt the

NET notation for the RRM-R; thus the orientation tensor with unit trace is Qαβ and the

traceless orientation tensor is Sαβ = Qαβ − 1
3
δαβ.

The time evolution of Q in flow is

DQ

Dt
= −6Dr,0

(
Q− 1

3
I

)
+K ·Q> +Q ·K> − 2K : 〈uuuu〉 , (5.27)

where Dr,0 is the rotational diffusion coefficient of a rod, I is the unit tensor, and the double

dot product is defined as A : B = Tr(A ·B>) [75].

The total stress of the suspension is given by the sum of the solvent τN and micelle τm

contributions

τ T = τN + τm, (5.28)

where

τN = 2ηsD (5.29)
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is the Newtonian solvent contribution with rate of deformation tensor D = 1
2
(K +K>) and

τm = 3n0kBT

(
Q− 1

3
I

)
+
n0kBT

2Dr,0

K : 〈uuuu〉 (5.30)

is the additional stress due to the presence of rods. Here, kB is the Boltzmann constant

and T is the temperature. Equations (5.27) and (5.30) notably contain the fourth moment

〈uuuu〉, an evolution equation for which depends on the sixth moment of u, which in turn

depends on higher moments. To proceed analytically, it is then necessary to supply a closure

approximation for the product K : 〈uuuu〉. While numerous approximations are possible

(see, for example: [75, 114, 101]), the RRM-R uses an approximation from Dhont and Briels

[103] that interpolates between exact expressions in the limits of isotropy (equilibrium) and

complete alignment:

K : 〈uuuu〉 ≈ 1

5
[Q ·D +D ·Q−Q ·Q ·D −D ·Q ·Q+ 2Q ·D ·Q+ 3(Q : D)Q].

(5.31)

5.3.2 RRM-R

As discussed above, a key feature of the RRM and RRM-R is that they allow micelles, mod-

eled as rigid rods, to undergo reversible scission and growth by allowing the collective length

and number density of the suspension to be dynamic properties that evolve with time and

flow. This variation is mathematically achieved in the RRM-R by changing the constant rod

length L0 to the dynamic length L. To make analytical progress and ensure the tractability

of the model we assume the system can be characterized by a single, representative length,

L. Now consider a suspension of rods at equilibrium with number density n0 and equilibrium

length L0; the radius b of the rods is taken to be constant. The evolution of length L and

number density n are constrained at all times by the surfactant mass balance

nL = n0L0. (5.32)
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The rotational diffusion constant for a rod of length L0 and radius b is given by [75, 115]

Dr,0 =
3kBT

πηsL3
0

ln

(
L0

2b

)
. (5.33)

In the RRM-R, the constant rotational diffusion coefficient of the simple rigid rod model is

replaced by the length-dependent coefficient

Dr =
Dr,0

L∗3

(
lnL∗ +m

m

)
, (5.34)

where L∗ = L/L0 is the dimensionless micelle length andm = ln[L0/(2b)] is a constant related

to the initial aspect ratio of the rods. Substituting Eq. (5.34) into Eqs. (5.27) and (5.30),

we find

DQ

Dt
= −6Dr

(
Q− 1

3
I

)
+K ·Q> + S ·K> − 2K : 〈uuuu〉 (5.35)

and

τm = 3nkBT

(
Q− 1

3
I

)
+
nkBT

2Dr

K : 〈uuuu〉 . (5.36)

The orientation of rods in the suspension is tracked by introducing a scalar orientational

order parameter

Q̂ =

√
3

2
Q̂ : Q̂, (5.37)

where Q̂ = Q − 1
3
I is the traceless part of Q. This order parameter varies between Q̂ = 0

for isotropic rods and Q̂ = 1 for perfectly aligned rods. Note that the description and

equations above are valid for both the original RRM and the reformulation (RRM-R), the

only variation between the two models is in the length evolution equation, discussed below.

To allow for variability of rod length the RRM-R assumes a length evolution equation

that balances growth and breakdown of micelles

DL

Dt
= Rg +Rb, (5.38)
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where Rg ≥ 0 is the rate of micelle growth and Rb ≤ 0 is the rate of micelle breakdown. As

discussed previously, the RRM-R assumes two forms of growth: spontaneous and alignment-

induced, and two forms of breakage: spontaneous and tension-induced. Again, the complete

derivation can be found in [129]. After a number of simplifications involving the surfactant

mass balance Eq. (5.32), relating spontaneous effects that must balance at equilibrium, we

have the overall length evolution equation

DL

Dt
= kb0

(
L3

0

L2
− L

)
+ kga(n0L0)2 Q̂

2

L2
− kbt

[
exp

(
a

L0

Q : τm

n0kBT

)
− 1

]
. (5.39)

This equation contains four parameters - kb0, kga, kbt, and a, which are related to the spon-

taneous breakage, alignment-induced growth, tension-induced breakage, and scission energy

of micelles, respectively.

The RRM-R constitutive equations are coupled to conservation of mass and momentum

∇ · v = 0, (5.40)

ρ
Dv

Dt
= −∇p+ ηs∇2v + ∇ · τm, (5.41)

where v is the velocity, p is the pressure, ρ is the density of the fluid, ηs is the solvent

viscosity which is assumed to be Newtonian, and τm is the micelle contribution to the fluid

stress.

5.4 Structural model - A (SM-A)

To derive a thermodynamically consistent model for dilute wormlike micelle solutions we will

follow the steps outlined in Section 5.2. We also want to express that any model derived

should, ideally, bear some resemblance to the RRM-R and reflect the underlying physics of
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a dilute wormlike micelle system. Further, similar to the RRM-R, an appropriate model

must capture the key rheological features of a dilute wormlike micelle solutions, namely:

shear-thickening and -thinning, flow-induced structure formation, and ideally a multivalued

flow curve. The ability to predict a multivalued flow curve is not essential since there is still

significant value in obtaining a purely shear-thickening/shear-thinning model for WLM solu-

tions that is thermodynamically consistent, however, such a model that is additionally able

to capture reentrant behavior would be a significant achievement and extremely valuable.

The model in this section is referred to as Structural Model - A (SM-A).

Identification of state variables

We begin the derivation by identifying the appropriate state variables to capture the physics

in the WLM system. As is always the case, we must consider the momentum density,

mα = ρvα. We also must consider some tensor field that captures the orientation of micelles;

in the RRM-R this is achieved through the orientation tensor Q. The orientation tensor

differs from the unconstrained conformation tensor, C, in that Q obeys the key constraint of

unit trace (tr(Q) = 1). This difference necessitates alterations to the Poisson and dissipation

brackets that we will be addressed later. Finally, the RRM-R includes the length variable, L,

to account for the growth and breakdown of micelle length. In this model, we will introduce

the structural variable λ that is meant to represent the same growth and breakdown. Again,

λ is used rather than L to maintain consistency with the NET literature. Thus, the state

variables for this model are:

x = {mα, Qαβ, λ}. (5.42)

Defining the Hamiltonian

The Hamiltonian can be broken up into the kinetic energy, given by Eq. (5.5), and the

Helmholtz free energy, A(x), which incudes both elastic and entropic contributions. The
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elastic contribution is

Ael(x) =

∫
Ω

9

4
nkBTSαβSβαdV, (5.43)

where n is the micelle number density [170]. As in the RRM-R, conservation of surfactants

(and therefore mass) is enforced by the constraint nλ = n0λ0, where n0 and λ0 are the micelle

number density and length at equilibrium, respectively. This quantity arises to match the

governing equations of Doi’s original model for liquid crystalline systems [164, 170, 75]. The

entropic term is

Aen(x) =

∫
Ω

nkBT

2λ0

(λ ln(λ/λ0)− λ+ λ0) dV, (5.44)

which accounts for the ideal entropy of mixing for micelles and is constructed to maximize

at equilibrium (λ = λ0) [175, 178, 177].

Since they will be needed in future calculations, it is now useful to calculate the Volterra

derivatives of the Hamiltonian with respect to the state variables. Volterra derivatives, also

called functional derivatives, arise in the calculus of variations and relate a functional to a

change in the function on which the functional depends [179]. As a reminder, functionals

are functions that act on functions. As far as we are concerned, Volterra derivatives behave

as the standard calculus derivative. The Volterra derivatives of the Hamiltonian are:

δH

δmα

≡ vα =
mα

ρ
, (5.45)

δH

δQαβ

=
δH

δSαβ
=

9n0kBT

2

λ0

λ
Sαβ, (5.46)

δH

δλ
= n0kBT

λ0

2

[
1

λλ0

− 1

λ2
− 9

2

SαβSβα
λ2

]
. (5.47)

Note that in Eq. (5.47) we have enforced the conservation of surfactants constraint, nλ =

n0λ0, which indicates that n and λ are not independent of one another.
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Formulation of the Poisson bracket

Now we must formulate the Poisson bracket to describe the reversible dynamics in the

micelle system. The Poisson bracket can be broken into three components, one for each

state variable:

{F,H} = {F,H}m + {F,H}Q + {F,H}λ, (5.48)

where {F,H}m is given by Eq. (5.14). The Poisson bracket for the orientation tensor can be

formulated from the corresponding bracket for the conformation tensor Eq. (5.9). We must

modify this expression to account for the fact that while the conformation tensor Cαβ is

unconstrained, the orientation tensor Qαβ must satisfy the constraint Qαα = 1. To perform

this modification we must make used of the mapping

Cαβ
Cαα

≡ Qαβ, (5.49)

which maps an arbitrary tensor to a tensor with unit trace [164]. The Volterra derivatives

are likewise modified

δF

δCαα
=

δF

δQγε

1

Cηη
[δαγδβε −Qγεδαβ] . (5.50)

Applying these transformations to Eq. (5.9) gives the Poisson bracket for the orientation

tensor

{F,H}Q =−
∫

Ω

Qαβ

[
δF

δmγ

∇γ
δH

δQαβ

− δHγ

δmγ

∇γ
δF

δQαβ

]
dV

−
∫

Ω

Qαγ

[
∇γ

(
δF

δmβ

)
δH

δQαβ

−∇γ

(
δH

δmβ

)
δF

δQαβ

]
dV

−
∫

Ω

Qβγ

[
∇γ

(
δF

δmα

)
δH

δQαβ

−∇γ

(
δH

δmα

)
δF

δQαβ

]
dV

+ 2

∫
Ω

QγεQαβ

[
∇β

(
δF

δmα

)
δH

δQγε

−∇β

(
δH

δmα

)
δF

δQγε

]
dV.

(5.51)

Notice that Eq. (5.51) differs from Eq. (5.9) by an additional integral that depends on

the fourth order term QγεQαβ; recall that Qαβ = 〈uαuβ〉 so that the fourth order QγεQαβ =
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〈uγuεuαuβ〉. This term arises in a similar manner to the fourth order term in Eq. (3.2), which

was derived from a microstructural framework rather than the thermodynamic framework

used here.

The Poisson bracket for the structural variable λ must be formulated. In this work, as

is often best practice in NET literature, we will start with the most general expression and

then simplify it as needed. The typical form of the Poisson bracket for a structural variable

is [177, 169, 171]:

{F,G}λ =−
∫

Ω

[
δF

δλ
∇β

(
λ
δG

δmβ

)
− δG

δλ
∇β

(
λ
δF

δmβ

)]
dV

−
∫

Ω

gαβ

[
δG

δλ
∇β

(
λ
δF

δmα

)
− δF

δλ
∇β

(
λ
δG

δmα

)]
dV,

(5.52)

where gαβ is an arbitrary function of λ and Q that couples the evolution of the structural

variable to the velocity gradient. Comparing to Eq. (5.7), it is clear that the first integral

accounts for the time rate of change and convection of λ (i.e., this first integral will amount

to the material derivative of λ). The tensor gαβ, although arbitrary in a sense, must actually

satisfy the Jacobi identity and can be written in the most general form using the Cayley-

Hamilton theorem

g = g1Q + g2I + g3Q
−1, (5.53)

where the scalar coefficients are functions of λ and the invariants of Q, given by Eq. (1.20)

[171]. To satisfy the Jacobi identity the scalar coefficients must satisfy the conditions

g1
∂g2

∂λ
− g2

∂g1

∂λ
= 2

(
∂g1

∂I2

− ∂g2

∂I1

)
,

g1
∂g3

∂λ
− g3

∂g1

∂λ
= 2

(
∂g1

∂I3

− ∂g3

∂I1

)
,

g2
∂g3

∂λ
− g3

∂g2

∂λ
= 2

(
∂g2

∂I3

− ∂g3

∂I2

)
.

(5.54)

These conditions are extremely generally and importantly it is not easy to verify that gi

satisfy them, often necessitating the use of symbolic means [180]. However, the satisfaction
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of these conditions can often be simplified by setting one or more of the coefficients to zero

[171]. Equations (5.7), (5.48), (5.51) and (5.52) complete the description of the Poisson

bracket for this system.

Formulation of the dissipation bracket

Formulating the dissipation bracket requires describing all of the irreversible dynamics of

the system. Again, it useful to retain the most general expression possible and then simplify

and remove terms when deemed appropriate later. Similar to the Poisson bracket, we will

break the dissipation bracket into three terms for each of the state variables

[F,H] = [F,H]m + [F,H]Q + [F,H]λ, (5.55)

where [F,H]m is obtained by writing Eq. (5.10) in terms of the Hamiltonian; we also now

include an additional term Rαβγε that couples the non-Newtonian stress to the velocity field:

[F,G]m =−
∫

Ω

∇α
δF

δmβ

Qαβγε∇γ
δG

δmε

dV

−
∫

Ω

∇α
δF

δmβ

Rαβγε∇γ
δG

δmε

dV,

(5.56)

with Qαβγε corresponding to isotropic viscous dissipation and defined by Eq. (5.12).

The dissipation bracket for the orientation tensor is quite similar to Eq. (5.11):

[F,H]Q =−
∫

Ω

δF

δQαβ

Pαβγε
δH

δQγε

dV

−
∫

Ω

∇γ
δF

δQαβ

Bαβγεην∇ν
δH

δQεη

dV

−
∫

Ω

Lαβγε

[
∇α

(
δF

δmβ

)
δH

δQγε

−∇α

(
δH

δmβ

)
δF

δQγε

]
dV

−
∫

Ω

LηζγγQαβ

[
∇η

(
δF

δmζ

)
δH

δQαβ

−∇η

(
δH

δmζ

)
δF

δQαβ

]
dV,

(5.57)

where Pαβγε accounts for rotational diffusion, Bαβγεην accounts for translational diffusion,
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Lαβγε accounts for non-affine motion, and the fourth integral arises from the mapping from

the unconstrained to the constrained tensor. Even though we wish to remain general, we will

immediately set B = 0 since at this time we do not wish to include translational diffusion.

Finally, the dissipation bracket for the structural variable is

[F,H]λ = −
∫

Ω

δF

δλ
Λ
δH

δλ
, (5.58)

where Λ is inversely proportional to a relaxation time associated with the structure [175].

Equations (5.55) to (5.58) fully describe the dissipation bracket for this system. Since the

goal of this work is to derive a thermodynamically consistent version of the RRM-R, we

will not yet define each of the transport coefficients; rather we will derive the governing

equations with the arbitrary coefficients and compare these to the RRM-R to determine

what the coefficients need to be.

Derivation of the governing equations

Having defined the Hamiltonian and both the Poisson and dissipation brackets we are now at

the stage of deriving the governing equations for this system. As discussed in Section 5.2.5,

this step mostly involves employing integration-by-parts and vector calculus identities to

rewrite the brackets in a desirable form. After a not insignificant amount of math and index

tracking, the governing equations are:

ρ

(
∂vα
∂t

+ vβ∇βvα

)
= −∇αP +Qαβγε∇β∇γvε +∇βTαβ, (5.59)

Tαβ = 2

(
Sγβ +

1

3
δγβ

)
δH

δQαγ

− 2

(
Sαβ +

1

3
δαβ

)
Sγε

δH

δQγε

−gαβ
δH

δλ
+ Lαβγε

δH

δQγε

+Rαβγε∇γvε,

(5.60)
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∂Q

∂t
+ vγ∇γQαβ = Qαγ∇γvβ +Qβγ∇γvα − 2QαβQγε∇γvε

−Pαβγε
δH

δQγε

+ Lγεαβ∇γvε

(5.61)

∂λ

∂t
+ vγ∇γλ = gαβ∇βvα − Λ

∂H

∂λ
. (5.62)

The stress is written as Tαβ to remain consistent with NET literature. In order these equa-

tions describe the momentum, stress, orientation, and structure evolution. Even without

substituting the Volterra derivatives or defining the transport coefficients, these equations

bear strong resemblance to the RRM-R governing equations.

We can now substitute the Volterra derivatives, Eqs. (5.45) to (5.47), into the governing

equations as well as define and substitute in the transport coefficients. As noted, Qαβγε is

given by Eq. (5.12). The matrix Pαβγε that describes rotational diffusion is defined by

Pαβγε =
3Dr

4nkBT
(δαγδβε + δαεδβγ) , (5.63)

where the coefficient is designed to match units and the form of the equations in the RRM-R

[170]. The RRM-R does not include non-affine motion, thus L = 0. Finally, we set

Rαβγε =
nkBT

2Dr

QαβQγε. (5.64)

This form is chosen so that the evolution equations for the stress and orientation include the

same dependence on the fourth order tensor QαβQγε = 〈uαuβuγuε〉. At the moment g and Λ

are left arbitrary until the final forms of the equations are known. The governing equations

become

ρ

(
∂vα
∂t

+ vβ∇βvα

)
= −∇αP + ηs∇β∇βvα +∇βTαβ, (5.65)

Tαβ
n0kBT

=
3λ0

λ

(
Qαβ −

1

3
δαβ

)
+

λ0

2λDr

QαβQγε∇γvε +
9λ0

λ
(SγβSαγ −QαβSγεSγε)

−1

2
gαβ

[
1

λ
− λ0

λ2
− 9λ0

2

SαβSαβ
λ2

]
,

(5.66)
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∂Q

∂t
+ vγ∇γQαβ = −6Dr

(
Qαβ −

1

3
δαβ

)
+Qαγ∇γvβ +Qβγ∇γvα − 2QαβQγε∇γvε

(5.67)

∂λ

∂t
+ vγ∇γλ = gαβ∇βvα − Λ

n0kBT

2

[
1

λ
− λ0

λ2
− 9λ0

2

SαβSαβ
λ2

]
. (5.68)

Before defining g and Λ it is first instructive to compare the above equations to the

RRM-R. First, consider the evolution equation for the orientation tensor above, Eq. (5.67),

and in the RRM-R, Eq. (5.35). Notice that these two expressions are identical except for the

coupling to the velocity gradient. This difference can be remedied by changing the supplied

closure approximation in the RRM-R; currently, the RRM-R relies on the Dhont and Briels

closure approximation, Eq. (5.31), but other closure approximations exist. In fact, one of

the simplest closure approximations is the quadratic closure by Doi [80], who approximated

〈uαuβuγuε〉∇γvε ≈ QαβQγε∇γvε. (5.69)

Substituting this expression into Eq. (5.35) rather than the Dhont and Briels closure yields

an identical expression to the one derived from the SGBF. Thus, using NET we can derive

similar, and potentially equivalent, expressions to the RRM-R.

It should be noted that in Eq. (5.61), prior to disregarding the non-affine motion by

setting L = 0, we can see that L also couples to the velocity gradient; it may be possible to

identify a form of L that would match the closure approximation by Dhont and Briels so that

the NET evolution equation matches that of the RRM-R. In this case, the interpretation of

L as non-affine motion would be lost. Moreover, the non-affine matrix L also appears in

the stress equation, Eq. (5.60), and is coupled to the Volterra derivative of the Hamiltonian

with respect to Q (which is proportional to S). Consequently, even if the NET orientation

equation matched the RRM-R orientation equation with the Dhont and Briels closure, the

disagreement would then be transferred to the stress equations.

Now comparing Eq. (5.66) and Eq. (5.36), we see that just like the orientation equations
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there is a mismatch in the coupling to the velocity gradient, but, also just like the orientation

equations, this is resolved by using the quadratic closure in the RRM-R rather than the

Dhont and Briels closure. There are two additional problems, however, the first being the

stress arising from the coupling of the structural variable to the velocity gradient through

gαβ. This coupling leads to an additional stress proportional to δH/δλ (the last term in

Eq. (5.66)) that is not present in the RRM-R; consequently, if we want to match the RRM-R

governing equations as closely as possible we must set gαβ = 0. The second problem with

the stress equation is that it matches the RRM-R stress only up to linear terms in Sαβ;

this problem is not easily remedied as it arises through the nature of the derivations (the

interested reader can turn to [170] or chapter 11.6 of [164] for further discussion). We can

not simply disregard the higher-order terms, so for the moment we will accept that the NET

equations and RRM-R equations will only match up to linear terms.

Finally, we must address the evolution equations for the micelle length, L, denoted as

the structural variable, λ, in the SGBF derivation. Immediately it is clear that the RRM-R

and SM-A length evolution equations differ significantly, most notably in that the SM-A

does not show the exponential breakage term present in the RRM-R. The SM-A does show

the alignment induced growth term proportional to ∼ Q2/L2, and also shows spontaneous

growth (∼ 1/λ) and breakage (∼ 1/λ2), though the signs are flipped compared to the RRM-

R (i.e., growth corresponds to breakage terms and vice versa). In addition to the stress

equations, the length evolution equations also suggest that gαβ = 0 to match the RRM-R

since no direct dependence on the velocity gradient appears in the RRM-R length equation.

The form of Eq. (5.68) does present a potential problem in that the only breakage term is

proportional to ∼ 1/λ and may not be strong enough to balance growth terms; to address

this challenge, we must be careful in choosing the form of Λ.

Before ascertaining the thermodynamic admissibility of the SM-A, we first wish to non-

dimensionalize the governing equations. Using asterisks to denote dimensionless quantities,

we render the governing equations dimensionless with the following relations: x = x∗d,
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v = v∗U , t = t∗/γ̇, p = p∗ηsγ̇, τ
m = τm∗G0, and λ = λ∗λ0 where γ̇ = U/d is the

characteristic shear rate and G0 = n0kBT = 2ηmDr,0/15 is the micelle shear modulus.

Substituting these relations into the governing equations and dropping asterisks we are left

with the dimensionless equations:

∇αvα = 0, (5.70)

Re

(
∂vα
∂t

+ vβ∇βvα

)
= −∇αP +∇β∇βvα +

2

15

(
1− β
β

)
1

Pe
∇βTαβ, (5.71)

Tαβ =
3

λ

(
Qαβ −

1

3
δαβ

)
+

1

2λDr

QαβQγε∇γvε +
9

λ
(SγβSαγ −QαβSγεSγε) , (5.72)

DQ

Dt
= − 6

Peλ3

(
Qαβ −

1

3
δαβ

)
+Qαγ∇γvβ +Qβγ∇γvα − 2QαβQγε∇γvε (5.73)

Dλ

Dt
=

Λ

2

[
1

λ2
+

9

2

SαβSαβ
λ2

− 1

λ

]
, (5.74)

where we have applied Eq. (3.9) for the diffusion constant and included conservation of

mass. We have also applied non-dimensionalization to the transport coefficient for structure

relaxation

Λ =
Λ∗

n0kBT
. (5.75)

We have introduced several dimensionless quantities. The Reynolds number is the ratio of

inertial and viscous forces, defined as Re = ρUd/ηs. The rotational Péclet number is the

ratio of the shear rate to the rotational diffusivity of the micelles at equilibrium, defined as

Pe = γ̇/Dr0. Finally, β = ηs/(ηs + ηm) is the viscosity ratio.

Verification of thermodynamic admissibility

The final step of developing the SM-A is to verify its thermodynamic admissibility, which

requires a description of the dissipation bracket and the Hamiltonian. In this step we must

compute and enforce the constraint dH/dt = [H,H] ≤ 0, which does not require knowledge

of the Poisson bracket since {H,H} = 0 by construction. It is helpful to perform this

analysis for each contribution to the dissipation bracket individually if possible. We have
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already shown that the Newtonian viscous contribution, proportional to Qαβγε, satisfies this

constraint. The second term in the momentum dissipation bracket, proportional to Rαβγε, is

[H,H]R =−
∫

Ω

∇α
δH

δmβ

Rαβγε∇γ
δH

δmε

dV

=−
∫

Ω

∇αvβ

(
nkBT

2Dr

QαβQγε

)
∇γvεdV

=− nkBT

2Dr

∫
Ω

KαβQαβQγεKγεdV,

=− nkBT

2Dr

∫
Ω

(KαβQαβ)2 dV,

(5.76)

where Kαβ = ∇αvβ; thus [H,H]R ≤ 0 provided nkBT/Dr ≥ 0, which is always true. Next

we turn our attention to the dissipation bracket for the orientation tensor, which depends

on Pαβγε:

[H,H]Q =−
∫

Ω

δH

δQαβ

Pαβγε
δH

δQγε

dV

=−
∫

Ω

(
9n0kBT

2

λ0

λ
Sαβ

)(
3Dr

4nkBT
(δαγδβε + δαεδβγ)

)(
9n0kBT

2

λ0

λ
Sγε

)
dV

=− 243

8
nkBTDr

∫
Ω

SαβSβαdV.

(5.77)

Through the same constraint as above we have [H,H]Q ≤ 0. Finally, we must consider the

dissipation bracket for the relaxation of the structural variable:

[H,H]λ =−
∫

Ω

δH

δλ
Λ
δH

δλ
dV

=−
∫

Ω

Λ

(
δH

δλ

)2

,

(5.78)

which clearly satisfies [H,H] ≤ 0 provided Λ ≥ 0. Thus we have shown that the governing

equations for the SM-A model are indeed thermodynamically admissible provided a few

physical constraints are enforced.
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5.5 Structural model - B (SM-B)

The derivation of the second structural micelle model (SM-B) follows exactly the same

derivation as that of SM-A, shown above in Section 5.4, but we now assume a constant

elastic modulus G0 = nkBT . This is equivalent to relaxing the conservation of surfactants

constraint by assuming n = n0; consequently the relation nλ = n0λ0 is no longer enforced

such that n and λ are now independent of one another. According to the picture presented

in the RRM-R, there should never be a constant modulus because in order for micelles to

grow the number density of rods must change. However, we can justify a constant number

density by assuming that there are a number of free spherical micelles in the bulk which

can change shape and exchange surfactants with the rodlike micelles to maintain a constant

number density of rods. There is experimental evidence to support the coexistence of rodlike

and spherical micelles in solution, so this assumption is not baseless [181]. Moreover, the

presence of a dilute concentration of spherical micelles would have minimal, if any, effect

on the solution viscosity or viscoelasticity [15]. This change should not necessarily lead to

violations of conservation of mass, however it does weaken the connection to the physical

picture of dilute wormlike micelle solutions. By not enforcing conservation of surfactants we

are losing the idea that micelles are self-assembled structures that are in balance with their

surfactant constituents. As we will see, although we are losing some of the physical meaning,

we are gaining a simpler mathematical structure.

The only difference between SM-A and SM-B is a change in the Volterra derivative of

the Hamiltonian with respect to the structural variable. This change arises due to the fact

that n and λ are now treated as independent. Rewriting the Hamiltonian with G0 = nkBT

we have:

H(x) =

∫
Ω

G0

2λ0

(λ ln(λ/λ0)− λ+ λ0) dV +

∫
Ω

9

4
G0SαβSβαdV. (5.79)

The Volterra derivatives are:

δH

δmα

≡ vα =
mα

ρ
, (5.80)
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δH

δQαβ

=
δH

δSαβ
=

9G0

2
Sαβ, (5.81)

δH

δλ
=
G0

2

ln(λ/λ0)

λ0

. (5.82)

Taking the same transport coefficients as they were defined in Section 5.4, the governing

equations are:

ρ

(
∂vα
∂t

+ vβ∇βvα

)
= −∇αP + ηs∇β∇βvα +∇βTαβ, (5.83)

Tαβ
G0

= 3

(
Qαβ −

1

3
δαβ

)
+

1

2Dr

QαβQγε∇γvε + 9 (SγβSαγ −QαβSγεSγε)

−1

2
gαβ

ln(λ/λ0)

λ0

,

(5.84)

∂Q

∂t
+ vγ∇γQαβ = −6Dr

(
Qαβ −

1

3
δαβ

)
+Qαγ∇γvβ +Qβγ∇γvα − 2QαβQγε∇γvε

(5.85)

∂λ

∂t
+ vγ∇γλ = gαβ∇βvα − Λ

G0

2

ln(λ/λ0)

λ0

. (5.86)

As for the SM-A, we have currently left Λ and gαβ unspecified, though in we expect gαβ = 0.

This model has the same structure as the SM-A, but assuming a constant modulus greatly

simplifies the Volterra derivative for the structural variable, which consequently simplifies

the evolution equation for length. If gαβ = 0, the main difference between this model and the

SM-A is in the term for structural relaxation (Λ). On closer inspection, however, many terms

in the micelle stress lose the inverse dependence on length. It is not clear how this change

in dependence will manifest, but this change furthers the divide between this model and the

RRM-R. We do not expect this model will be suitable for describing dilute WLM solutions,

but we have included it to show how small changes to the Hamiltonian can have a strong

effect on the resulting governing equations. For completeness, using the similarities between

this model and the SM-A it is easy to show that this model is also thermodynamically

admissible provided the same constraints are enforced.
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5.6 Structural model - C (SM-C)

The final model we will discuss is the derivation of the SM-C; this derivation will differ

greatly from the derivations of the SM-A and SM-B as it will now directly consider the

thermodynamics of a reaction scheme. This section takes inspiration from work by Germann

and coworkers who derived a thermodynamically consistent iteration of the VCM model, so-

called as the GCB model [88], and draws heavily from ch. 12 of [164]. We want to be clear

that this section is meant as a proof-of-concept to show that reaction kinetics introduced

through the dissipation bracket can be used for modeling dilute wormlike micelle solutions;

the model derived in this section is not finalized, and as we will discuss, requires further

analysis and investigation.

In the SM-C model we consider the reversible reaction of a long micelle, A, into two

shorter micelles, B; the shorter micelles, B, can fuse to form a longer micelle, A. This

reaction is described by

A
rf−−⇀↽−−
rb

2 B, (5.87)

where rf and rb are the rates of the forward and reverse reactions, respectively. In order

to retain similarity with the RRM-R, which does not incorporate a population balance but

rather assumes monodispersity of micelles, let us also enforce a monodispersity constraint

here such that mass is always uniformly distributed throughout the micelles [182]. Consider

a system of n micelles each with length A; if a single one of these micelles breaks into two

shorter micelles of length B, then the system consists of n + 1 micelles, where n − 1 of

these have length A and two of these have length B; if we enforce monodispersity, each of

these micelles must instantaneously redistribute mass such that the system consists of n+ 1

micelles each with length C = n−1
n
A. If we now take the limit of large n, which is the case

even for dilute wormlike micelle solutions, we find C ≈ A. An identical argument holds

for fusion reactions. Therefore, if we consider the reaction scheme as consisting of a series

of individual reactions where in between each successive reaction mass is redistributed to
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maintain monodispersity, we can approximate:

A
rf−−⇀↽−−
rb

2 A. (5.88)

This expression may seem dubious since it could easily lead to violation of mass conservation;

we can attempt to justify this, however, by again assuming that there are a number of free

spherical micelles in the bulk that can change shape and exchange surfactants with the

rodlike micelles to ensure mass conservation. This justification may seem flimsy, but it does

allow us to proceed in developing the framework for modeling dilute WLM solutions using

a NET reaction scheme. In future work we plan to introduce population balance modeling

with a moment formulation [183]. The remainder of this section follows the steps outlined

above for deriving a model using SGBF.

Identification of state variables

We consider a dilute solution of wormlike micelles with rod number density n, length λ,

orientation tensor Qαβ, total momentum density mα, total velocity field vα, and total mass

density ρ = ρs +
∑ν

i ρi for ν components participating in the reactions. All components are

assumed to move at the same velocity. Typically for systems involving reactions the state

variables must account contributions (i) from each component:

x = {mα, Q
i
αβ, λ

i, ρi}, i = 1, .., ν. (5.89)

In the current system we are considering a single reaction component, A, and the structural

variable and number density (and therefore also the mass density) of A are coupled such

that the state variables reduce to:

x = {mα, Q
A
αβ, λ

A}. (5.90)
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For the remainder of this work we will drop the A superscripts as these can only refer to one

component.

Defining the Hamiltonian

The Hamiltonian can be broken up into the kinetic energy, given by Eq. (5.5), and the

Helmholtz free energy, A(x), which incudes both elastic and entropic contributions. The

elastic contribution is

Ael(x) =

∫
Ω

9

4
nkBTSαβSβαdV, (5.91)

As in the RRM-R, conservation of surfactants (and therefore mass) is enforced by the con-

straint nλ = n0λ0, where n0 and λ0 are the micelle number density and length at equilibrium,

respectively. The entropic term is

Aen(x) = nkBT lnφA + nskBT lnφs, (5.92)

where ns is the number density of the solvent, φA is the volume fraction of micelles, and φs is

the volume fraction of solvent molecules. Note that φA = nλπb2 = n0λ0πb
2 is constant. This

entropic contribution is a Flory-Huggins term accounting for the random mixing of micelles

with the solvent [88].

The Volterra derivatives of the Hamiltonian are:

δH

δmα

≡ vα =
mα

ρ
, (5.93)

δH

δQαβ

=
δH

δSαβ
=

9nkBT

2
Sαβ, (5.94)

δH

δλ
= −n0kBTλ0

λ2

[
9

4
SαβSβα + lnφA

]
. (5.95)
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Formulation of the Poisson bracket

The Poisson brackets are identical to those used in the SM-A and SM-B, Eqs. (5.7), (5.48),

(5.51) and (5.52). Notably, introducing a reaction scheme changes the irreversible dynamics

of the system but not the reversible.

Formulation of the dissipation bracket

The real difficulty of introducing reaction schemes into the SGBF framework is seen in

properly formulating the dissipation bracket. Formulating the dissipation bracket requires

describing all of the irreversible dynamics of the system, which in the presence of reactions

means considering reaction and fluxes. As was done for the SM-A and SM-B models, we

will break the dissipation bracket into three terms for each of the state variables and an

additional term for the dissipative forces of the reaction:

[F,H] = [F,H]m + [F,H]Q + [F,H]λ + [F,H]rxn, (5.96)

where [F,H]m, [F,H]Q, and [F,H]λ are given by Eqs. (5.56) to (5.58), respectively.

To develop the reaction dissipation bracket we first assume that the forward (+) and

reverse (−) fluxes, J∓ of the reaction take the standard Arrhenius dependence on their

affinities, A∓, such that

J∓ = k(p, T ) exp

(
−A

∓

RT

)
, (5.97)

where k(p, T ) is the net reaction rate and depends on pressure and temperature and R is the

ideal gas constant [88, 164]. The affinity accounts for mass density transfer and is given by

A∓ = −
ν∑
i=1

γ∓i µi, (5.98)

where i is the system component, ν is the number of components, γi is the stoichiometric

coefficient of component i in the reaction, and µi is the molar chemical potential of component
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i and given by

µi = Mi
δH

δρi
. (5.99)

Here,Mi and ρi are the molecular weight and density of component i, respectively. Germann

and coworkers [88] modifed the chemical potential to account for other non-equilibrium

changes associated with the reaction (e.g., transfer of momentum or orientation density)

µi = Mi

(
δH

δρi
+
mi
α

ρi

(
δH

δmi
α

)∗
+
Ci
αβ

ρi

δH

δCi
αβ

)
, (5.100)

where δ · /δmi
α must be modified to ensure the extra stress is Galilean invariant

(
δ·
δmi

α

)∗
=

δ·
δmi

α

−
v∑
k=1

ρk
ρ

δ·
δmk

α

. (5.101)

Following this approach and accounting for the constrained orientation density rather than

the unconstrained conformation density we have

µi = Mi

(
δH

δρi
+
mi
α

ρi

(
δH

δmi
α

)∗
+
Qi
αβ

ρi

δH

δQi
αβ

)
. (5.102)

As a note, it is unclear in literature whether the denominator of the summation in the

Galilean invariant modification should be the total mass density (ρ) or should be the to-

tal mass density of species that participate in reactions (ρtot) [88, 176]. The distinction

here is important for accurately capturing the chemical potential. Moreover, since we are

considering a single component reaction, if we opt for the latter interpretation of ρtot in

the denominator, the second term in the modified chemical potential, proportional to the

Volterra derivative of the Hamiltonian with respect to the momentum density, will vanish.

Likewise the Galilean invariant term in the reaction dissipation bracket will vanish. In liter-

ature, this appears to be the common result; Germann and coworkers [88] even express: “As

a consequence, the fluxes do not bear a direct dependence on the local mean velocity field.”

This is the interpretation that we will employ for the rest of this work, with the caveat that
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it may need to be reevaluated at a later point.

We can now write the most general description of reaction dissipation bracket [164]:

[F,H]rxn =−
∫ N∑

j=1

J−j

ν∑
i=1

γ−jiMi

{(
δF

δρi
+
mi
α

ρi

(
δF

δmi
α

)∗
+
Qi
αβ

ρi

δF

δQi
αβ

)

+
1∑N

k=1 γ
+
jkMk

N∑
p=1

γ+
jpMp

(
δF

δρp
+
mi
α

ρi

(
δF

δmp
α

)∗
+
Qi
αβ

ρi

δF

δQp
αβ

)}
dV

−
∫ N∑

j=1

J+
j

ν∑
i=1

γ+
jiMi

{(
δF

δρi
+
mi
α

ρi

(
δF

δmi
α

)∗
+
Qi
αβ

ρi

δF

δQi
αβ

)

+
1∑N

k=1 γ
−
jkMk

N∑
p=1

γ−jpMp

(
δF

δρp
+
mi
α

ρi

(
δF

δmp
α

)∗
+
Qi
αβ

ρi

δF

δQp
αβ

)}
dV.

(5.103)

This expression accounts for N reactions and ν components in the system.

The reaction bracket can be simplified by substituting quantities associated with the

current reaction scheme, Eq. (5.88): γ+ = −1 and γ− = 2. Using these stoichiometric

coefficients and the fact that we only consider a single reaction the dissipation bracket for

the reaction becomes

[F,H]rxn =

∫
Ω

(J− − 2J+)MA

(
δF

δρA
+
Qαβ

ρA

δF

δQαβ

)
dV, (5.104)

where

J− = k1 exp
(
−2

µA
RT

)
, (5.105a)

J+ = k1 exp
( µA
RT

)
. (5.105b)

To simplify the general chemical potential it is useful to provide a few change of variables:

δH

δρA
=

δH

δnA

∂nA
∂ρA

=
δH

δnA

(
NAv

MA

)
, (5.106)

δH

δnA
=
δH

δλ

∂λ

∂nA
=
δH

δλ

(
− λ2

n0λ0

)
, (5.107)
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where ni = ρiNAv/MA = n0λ0/λ and NAv is Avogadro’s number. The chemical potential is

then given bys

µA = −NAvλ
2

n0λ0

δH

δλ
+MA

Qαβ

ρA

δH

δQαβ

= NAvkBT

(
9

2
QαβSαβ −

9

4
SαβSβα + lnφA

)
.

(5.108)

Finally, to complete the dissipation bracket we must define the net reaction rate, which is

equal to the difference of the forward and reverse rates, k1 = rfn− rbn2. This completes the

description of the dissipation bracket. Note that this framework is meant to initially retain

generality and then be narrowed down as more information about the dissipative processes,

and specifically the reaction scheme, are known.

Derivation of the governing equations

We are now at the stage of deriving the governing equations for the SM-C. Following the

standard procedure:

∇αvα = 0, (5.109)

ρ

(
∂vα
∂t

+ vβ∇βvα

)
= −∇αP +Qαβγε∇β∇γvε +∇βTαβ, (5.110)

Tαβ = 2

(
Sγβ +

1

3
δγβ

)
δH

δQαγ

− 2

(
Sαβ +

1

3
δαβ

)
Sγε

δH

δQγε

−gαβ
δH

δλ
+ Lαβγε

δH

δQγε

+Rαβγε∇γvε,

(5.111)

∂Q

∂t
+ vγ∇γQαβ = Qαγ∇γvβ +Qβγ∇γvα − 2QαβQγε∇γvε

−Pαβγε
δH

δQγε

+ Lγεαβ∇γvε + (J− − 2J+)
Qαβ

ρA
,

(5.112)

∂λ

∂t
+ vγ∇γλ = gαβ∇βvα − Λ

∂H

∂λ
− NAvλ

2

n0λ0

(J− − 2J+), (5.113)

where

J− =
(
rfn− rbn2

)
exp

(
−2

[
9

2
QαβSαβ −

9

4
SαβSβα + lnφA

])
, (5.114a)
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J+ =
(
rfn− rbn2

)
exp

(
9

2
QαβSαβ −

9

4
SαβSβα + lnφA

)
. (5.114b)

We can further simplify these expressions by adopting the definitions used in the SM-A such

that gαβ = 0, L = 0, and Rαβγε defined in Eq. (5.64), as well as substituting in the Volterra

derivatives:

∇αvα = 0, (5.115)

ρ

(
∂vα
∂t

+ vβ∇βvα

)
= −∇αP +Qαβγε∇β∇γvε +∇βTαβ, (5.116)

Tαβ
n0kBT

=
3λ0

λ

(
Qαβ −

1

3
δαβ

)
+

λ0

2λDr

QαβQγε∇γvε +
9λ0

λ
(SγβSαγ −QαβSγεSγε) , (5.117)

∂Q

∂t
+ vγ∇γQαβ = Qαγ∇γvβ +Qβγ∇γvα − 2QαβQγε∇γvε

−6Dr

(
Qαβ −

1

3
δαβ

)
+ (J− − 2J+)

Qαβ

ρA
,

(5.118)

∂λ

∂t
+ vγ∇γλ = −Λ

n0kBT

2

[
1

λ
− λ0

λ2
− 9λ0

2

SαβSαβ
λ2

]
− NAvλ

2

n0λ0

(J− − 2J+). (5.119)

As we can see, the consequence of including reaction dynamics into the dissipation bracket

directly alters the equations for the orientation and length, which will of course indirectly

effect the velocity field and stress. There is further freedom in the above governing equations

in that we have again not specified the structural relaxation variable and we have not specified

the forward and reverse reaction rates. These reaction rates could be taken to be constant

for simplicity, or could depend on the state variables. For example, the fusion reaction rate

could be assumed to depend on the orientation of micelles while the breakage could depend

on micelle length. Finally, by including reaction kinetics through the dissipation bracket we

can obtain the exponential term that is present in the original RRM-R. Perhaps by modifying

the Hamiltonian slightly, which would effect the chemical potentials, the exponentials here

could more strongly resemble the one in the RRM-R.

To conclude this section, we would like to emphasize that the above derivation of the

SM-C is not meant to be final. There are a few points that still must be addressed, such as
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the mass density in the Galilean invariance modification, before this model can be complete.

This section is rather meant to serve as a proof-of-concept to show that reaction kinetics

introduced into the SGBF-NET formalism can be used to derive a model for dilute wormlike

micelle solutions.

Verification of thermodynamic admissibility

Finally, we must verify the thermodynamic consistency of the SM-C. The only term we must

address is the dissipation bracket for the reaction kinetics, all other terms are identical to

the SM-A and have been shown to be thermodynamically admissible in Section 5.4. For the

reaction terms:

[H,H]rxn =

∫
Ω

(J− − 2J+)MA

(
δH

δρA
+
Qαβ

ρA

δH

δQαβ

)
dV

=

∫
Ω

(J− − 2J+)MA

(
NAvkBT

[
9

4
SαβSβα + lnφA

]
+

9

2

nkBT

ρA
QαβSαβ

)
dV.

(5.120)

Unlike the other dissipation brackets we have analyzed, this one does not simplify to an

easily enforceable constraint to maintain thermodynamic admissibility. Rather, we are left

with conditions on the forward and reverse fluxes. The exponentials in the fluxes are always

positive, but the negative in J− means that J− < J+ However, we also must consider the

total reaction rate k1 = rfn− rbn2:

J− − 2J+ = (rbn
2 − rfn)

[
exp

(
9

2
QαβSαβ −

9

4
SαβSβα + lnφA

)
− exp

(
−2

[
9

2
QαβSαβ −

9

4
SαβSβα + lnφA

])]
.

(5.121)

In order for J− − 2J+ < 0 we require rb < rf/n or alternatively rb < rfλ/n0λ0; this

constraint is not particularly challenging to resolve, but it does become more challenging

to satisfy as micelles break apart. Thus we have demonstrated that with the imposition of

certain constraints the SM-C model is thermodynamically consistent.
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5.7 Conclusions

In this work we have provided an overview of the single generator bracket formalism of non-

equilibrium thermodynamics; using the SGBF, we have derived three separate models that

are meant to represent dilute wormlike micelle solutions. These models all consider a system

that is fully described by a momentum density, orientation density, and a structural variable

representing micelle length. Two of the models, the SM-A and SM-B, consider a scenario

where the structural variable is subject to general dissipation dynamics. We have shown that

these two models are thermodynamically consistent. We have also derived the SM-C model,

which again considers a structural variable but now incorporates a reversible reaction scheme

to model micelle scission and fusion. The derivation of SM-C is based on work by Germann

and coworkers [88], who use a generalized chemical potential with modifications to account

for Galilean invariance. We have expanded on this framework to consider the potential

of a system described by a constrained orientation tensor rather than an unconstrained

conformation tensor. We have also shown that, under appropriate constrains applied to the

forward and reverse reaction rates, the SM-C can also be thermodynamically consistent.

As discussed, the models developed in this work, particularly the SM-C, are not meant

to be finalized; rather, much of the work here is meant to serve as proof-of-concept, that

the SGBF can be used to derive thermodynamically consistent models for dilute wormlike

micelle solutions. Out of the three models derived, the SM-A shows the most potential and

completion for studying WLM solutions. In the future, we plan to further the derivation

of the SM-C and potentially incorporate a reversible reaction A
rf−−⇀↽−−
rb

2B, that considers

a population of micelle lengths. This framework can also be extended to treat the micelle

lengths as some distribution (e.g., exponential [15]), where the moments can be tracked to

reconstruct the distribution and account for the effects of micelles on the stress and velocity

fields [183].
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6

Conclusions and Future Work

6.1 General summary

In this thesis, we have developed a model for dilute wormlike micelle solutions and used

this model in computational fluid dynamics simulations to understand instabilities in these

flows. We have also shown how non-equilibrium thermodynamics can be used for deriving

thermodynamically consistent models for viscoelastic fluids, and specifically wormlike mi-

celle solutions. Motivated by the numerous applications and ubiquity of wormlike micelles,

we have demonstrated the capabilities of the model we have derived, the reformulated re-

active rod model (RRM-R), in accurately predicting experimental observations; moreover,

we have shown that the RRM-R is well-suited for understanding finger-like and interfacial

instabilities, as well as vorticity banding, in complex flows.

In Chapter 2, we developed a model for dilute wormlike micelle solutions, the reformulated

reactive rod model (RRM-R); the RRM-R, which models micelles as reactive Brownian rods

undergoing reversible scission and fusion, iterated upon a previous model (the RRM) in order

to establish the model on a more physical grounding and improve predictions of experimental

results and transient dynamics. We demonstrated that the RRM-R can predict many of the

key rheological features of dilute wormlike micelle solutions: shear-thickening and -thinning,

non-zero normal stress differences, and a reentrant flow curve. We then showed that the
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RRM-R is capable of predicting both steady and transient dynamics, which confirms its

potential for studying instability formation, and showed that it can be successfully fit to

experimental data. This model takes a large step towards developing simulation tools for

understanding complex phenomena in dilute wormlike micelle solutions.

In Chapter 3 we employed the RRM-R in computational fluid dynamics simulations to

study the development of instabilities in circular Couette flow, focusing both on ‘finger-

like’ instabilities that have been observed in experiments and poorly-understood vorticity

banding. We applied a stability analysis of the steady states and found that the spatial-

dependence of the stress supports flow profiles with mixed local stabilities. Combining this

analysis with simulations, we discovered that the RRM-R can capture finger-like instabilities

that manifest as finger-like structures of highly elongated, anisotropically-oriented micelles.

We also determined that the instability is 2D in nature, with 3D variations arising as sec-

ondary effects. To the best of our knowledge, this is the first computational study able

to uncover finger-like instabilities, and the first to connect the instability to the reentrant

nature of the flow curve. In this chapter we also found that the RRM-R can predict and

capture linearly stable vorticity banding.

In Chapter 4 we extended the work on circular Couette flow to study instabilities in

plane Poiseuille flow of dilute wormlike micelle solutions. Again, we found that the spatial-

dependence of the stress is crucial as it forces the flow to ‘jump’ between upper and lower

branches of the constitutive curve; this jumping gives rise to a state that resembles viscosity-

stratified flows, and specifically core-annular channel flow. We identified that the ‘interface’

between regions is unstable, as it is in viscosity-stratified flows, due to viscosity mismatch

and a normal stress jump across the interface. The resulting instability resembled the finger-

like structures observed in circular Couette flow, but now both longwave and shortwave

structures appear; the longwave structures are observed to resemble mushroom patterns

seen in core-annular channel flow. We also found that, just as in circular Couette flow, the

initial instability was 2D in nature and 3D variations developed secondarily.
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Finally, in Chapter 5 we switched focus to develop a thermodynamically consistent ver-

sion of the RRM-R. We ultimately derived three models which bear some resemblance to the

RRM-R, but each contains subtle differences. To develop these models we employed the gen-

eralized bracket framework of non-equilibrium thermodynamics, which enabled enforcement

of conservation of energy and non-negative entropy generation. Of the three models derived,

two were based on the general evolution and relaxation of a structural variable, while the

third considered the dynamics of micelles through the lens of a reversible reaction. Using

the single generator bracket formalism, we showed the three models were thermodynamically

admissible provided they satisfy a few minor constraints.

In the following sections, we provide and emphasize several directions for future research.

These future directions are focused on (1) improvements to the RRM-R to account for micelle

flexibility and population distributions, (2) investigating the RRM-R in new flow types and

domains, and (3) using the RRM-R to study more complex instabilities, turbulence, and

drag reduction in dilute wormlike micelle solutions.

6.2 Future work

In this section we outline several potential extensions of the work described in this thesis.

These ideas and preliminary results are motivated by remaining questions in the field of

complex fluids, recent advances and results for dilute wormlike micelle solutions, or are

simply interesting in their own right.

6.2.1 Effects of the RRM-R flow curve on instabilities

The RRM-R can predict a vast array of rheological behavior by varying the four model

parameters, as demonstrated in Figs. 2.1 and 2.2. In this thesis we have exclusively focused

on solutions that are both shear-thickening and -thinning and exhibit a reentrant region,

however it is likely that parameters that promote other rheological behavior, or even the
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Figure 6.1: Constitutive curves for the RRM-R with parameters: m = 3, kb0 = 10, kga = 1200,
kbt = 7, and a = 3.5. (a) Micelle (red), Newtonian (blue), and total shear stress (purple), (b) length
of micelles, (c) components of the orientation tensor, and (d) normalized viscosity vs. applied Péclet
number.

same rheological behavior just to different extents, are also interesting.

Non-reentrant flow curves

For example, consider Fig. 6.1, which shows the (a) micelle (red), Newtonian (blue), and

total shear stress (purple), (b) length of micelles, (c) components of the orientation tensor,

and (d) normalized viscosity vs. applied Péclet number for the RRM-R withm = 3, kb0 = 10,

kga = 1200, kbt = 7, a = 3.5, Re = 0.1, and β = 0.1. These curves are only weakly shear-

thickening and -thinning due to a decreased maximum elongation of micelles compared to

the flow curves investigated in Chapter 3; importantly, these curves also do not exhibit any

reentrant region, and thus we expect the instabilities arising from the unstable region of the

flow curve will be suppressed.

Figure 6.2 shows the steady the steady state (a) total shear stress, (b) micelle length,
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(c) Srθ, and (d) Sθθ for these non-reentrant parameters in circular Couette flow for varying

curvatures at Pe = 2; the black dashed line corresponds to the simple shear values (ε → 0)

in which there is no spatial dependence of the rheological quantities. Figure 6.3 shows the

corresponding θ-averaged transient profiles of (a) total shear stress, (b) micelle shear stress,

(c) Srθ, and (d) micelle length for start-up of steady CCF flow with Pe = 2; the different

line styles correspond to sampling at different radial locations, where R1 is close to the inner

cylinder, R2 is in the middle of the gap, and R3 is close to the outer cylinder. We can see

an overshot in the micelle shear stress caused by over-alignment in the rθ-direction, as seen

in [129]. We do not, however, observe the development of any instabilities.

Since the constitutive curve is not multivalued we do not expect reentrant instabilities

(e.g., finger-like instabilities) to emerge, however, there are other viscoelastic instabilities

in CCF that may appear in certain circumstances, but are not observed here. For exam-

ple, the viscoelastic Taylor-Couette instability is a well-known and well-studied instability

arising in non-inertial CCF of viscoelastic (e.g., Oldroyd-B) fluids [184, 185]. In this in-

stability, the stretching of polymers along curved streamlines creates normal stresses that

couple to the perturbation radial flow, which then increases the stretching of polymers and

consequently the normal stresses. There has been extensive theoretical research into this

instability, particularly using linear stability analysis [186, 187]. Dilute wormlike micelle so-

lutions are much less elastic than polymer solutions since they can not stretch to store elastic

energy as polymers can, however, this reduced elasticity does not necessarily preclude the

formation of a viscoelastic Taylor-Couette instability. Moreover, there is a simple Newtonian

Taylor-Couette instability that could be modified by the presence of dilute WLMs [188]. It

would be interesting to use the RRM-R to investigate both the viscoelastic and Newtonian

instabilities. It would also be interesting to use RRM-R parameters that have been used to

fit true experimental data, as in Fig. 2.4, to see if instabilities arise.
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Figure 6.2: Steady state (a) total shear stress, (b) micelle length, (c) Srθ, and (d) Sθθ in circular
Couette flow for varying curvatures (different line styles) at Pe = 2. The dashed black line corre-
sponds to the simple shear (i.e., zero curvature) limit.

Figure 6.3: θ-averaged (a) total shear stress, (b) micelle shear stress, (c) Srθ, and (d) micelle
length for start-up of CCF flow with Pe = 2; line styles correspond to sampling at different radial
locations: R1 is close to the inner cylinder, R2 is in the middle of the gap, and R3 is close to the
outer cylinder.
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Other reentrant flow curves

One of the key findings of Chapter 3 was the presence of the m = 8 mode, where m is

the azimuthal wavenumber, in the development of the finger-like instability. This mode was

present for both increasing and decreasing into the unstable region of the constitutive curve,

and it would be interesting and useful to uncover the origin of this mode and determine if it

is present for other RRM-R flow curves. To address the latter question, we have performed

simulations with different reentrant flow curves, shown in Fig. 6.4; all parameters are the

same as those used in Chapter 3 except for kga which is now changed to vary the degree of

reentrant behavior. Figure 6.5 shows snapshots of the micelle length for the new constitutive

curves. We find that in all cases the m = 8 mode again appears as the stress is pushed into

the unstable region of the flow curves, indicating that this mode, at least in the RRM-R,

is driving the formation of finger-like structures. Answering the former question regarding

the origin of this mode would require linear stability analysis of the RRM-R governing

equations in CCF. We have attempted to perform this analysis, however, the high degree

of nonlinearity in the RRM-R poses a large hurdle for these calculations. Linear stability

analysis has the potential to answer many questions surrounding instabilities in dilute WLM

solutions, including into the development and behavior of vorticity banding; eager readers

are encouraged to take this challenge on!

6.2.2 Instabilities in other geometries

This thesis has focused on dynamics and instabilities in simple shear, circular Couette,

and plane Poiseuille flows, but there are numerous other flow types that are both relevant

to practical applications and have the potential to demonstrate unexplored behaviors. In

particular, the work in prior sections has focused on shear-dominated flows while leaving

extension-dominated flows untouched. Recent work by Dubash and coworkers [72] has shown

a transition to unsteady flow in microfluidic cross-slot flow of a dilute wormlike micelle

solution. The transition from steady to unsteady flow occurred when increasing the extension
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Figure 6.4: Micelle length vs. Pe for the RRM-R with parameters: m = 3, kb0 = 10−2, kbt = 10,
a = 2.5, and varying kga.

Figure 6.5: Snapshots of initial reentrant instability formation for the RRM-R with parameters:
m = 3, kb0 = 10−2, kbt = 10, a = 2.5, and varying kga.
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rate to regions of the flow curve that exhibited shear-thickening; notably, the transition to

unsteady flow bypassed a transition to steady asymmetric flow that was observed for more

concentrated (shear-thinning) WLM solutions.

Cross-slot flow

We have performed preliminary simulations with the RRM-R in cross-slot flows to investigate

the appearance of instabilities in this geometry. Figure 6.6 shows a schematic of the cross-

slot flow studied in this work. Flow enters through the horizontal arms with uniform non-

dimensional velocity U = 1 and isotropic, equilibrium length micelles. Flow exits through

the vertical arms with a zero-gradient pressure boundary condition. The half-channel width

is d = 1. The non-dimensionalization is the same as for PPF. The length of the inlet

channels is long enough such that the flow reaches steady state long before reaching the

domain center. Since this flow is extension-dominated it is useful to reframe the constitutive

curves used for PPF and CCF to account for extensional flow. The values chosen for the

RRM-R are the same as those used for PPF and CCF: m = 3, kb0 = 10−2, kga = 1500,

kbt = 10, and a = 2.5, with Re = 10−1 and β = 0.082. We again approximate an inertialess

flow condition by neglecting the convective terms in the momentum equation and setting

Re = 0.1. In uniaxial extensional flow, v = [−Pex/2,−Pey/2,Pez]>, these parameters yield

the constitutive curves shown in Fig. 6.7. Note that because of symmetry Sxx = Syy. These

curves are quite similar to the simple shear curves, Fig. 4.3, but now the Pe at which the

reentrant begins is decreased; this means that reentrant instabilities are likely to set in at

lower Pe than what was observed for shear-dominated flows.

Figure 6.8 shows snapshots of micelle length at t = 80 for cross-slot flow with Pe = 0.005.

The top figure shows the inlet channels and the bottom figure shows the outlet channels.

The first thing to observe is that micelles are extended beyond what is dictated by either

of the pure shear or pure extension constitutive curves; this heightened extension may be

due to the mixed flow present in the central region. At first glance the flow in the inlet
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Figure 6.6: Schematic of cross-slot flow. Flow enters through the horizontal arms with uniform
velocity U and isotropic, equilibrium length micelles. Flow exits through the vertical arms with a
zero-gradient pressure boundary condition. The half-channel width is d = 1.

channels does not appear interesting; however, upon closer inspection, there are faint streaks

of elongated micelles towards the centerline of the inlets that break off from the near-wall

regions of elongated micelles. The streaks are also symmetric across the centerline. As

these streaks reach the center of the geometry they blend with the near-wall regions. The

truly interesting behavior occurs along the outlet channels. There is an extremely thin band

of elongated micelles along the centerline of the outlets that fades with distance from the

domain center. This thin band consists of highly elongated and anisotropic micelles, and

would thus produce a birefringent band; similar birefringent bands have been observed in

experiments [72].

Also in the outlets we see that the separation between the near-wall and central regions

fluctuates with time; these fluctuations consist of wave-like structures, just as was observed

in PPF flow. These structures are much more wave-like compared to the more finger-like

structures observed in PPF; it does not seem like the structural differences are due to time (or
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Figure 6.7: Constitutive curves for the RRM-R in uniaxial extensional flow with parameters:
m = 3, kb0 = 10−2, kga = 1500, kbt = 10, and a = 2.5. (a) Micelle (red), Newtonian (blue), and
total shear stress (purple), (b) length of micelles, (c) components of the orientation tensor, and (d)
normalized viscosity vs. applied Péclet number.
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Figure 6.8: Snapshots of micelle length at t = 80 for cross-slot flow with Pe = 0.005. The top
figure shows the inlet channels and the bottom figure shows the outlet channels.

equivalently, channel length) because towards the outlets the structures begin to fade; this

fading suggests that the instability may arise due to extensional stretching and subsequent

relaxing as the micelles pass through the center of the domain. Future work could identify

the origin of this instability by projecting the micelle length and stress onto the governing

constitutive curves to see if the flow is entering unstable regions of the flow curves. It would

also be helpful to understand the long-time dynamics in the outlets, which could be achieved

by increasing the outlet channel lengths. A longer channel would show if the structures truly

are fading towards the outlet.

Figure 6.9 shows snapshots of micelle length at t = 10 for cross-slot flow with Pe = 0.015.

Again we see drastically elongated micelles. At this larger Pe no unsteady or fluctuating

structures are observed in either the inlets or outlets; it is surprising to not observe reen-

trant instabilities in any of the channels since, as discussed for PPF, the shear rate profile

forces the flow to jump between stable branches which results in an unstable interface be-

tween elongated and equilibrium-length micelles. Based on the time taken for instabilities

to develop in PPF, it is possible that the development of an instability in this flow would

require a longer channel length (this would give more time for the interface to destabilize).

Again there is an extremely strong birefringent band along the outlets that agrees well with

experimental observations [72] of dilute WLM solutions in cross-slot flow.

These results show that cross-slot flows of dilute WLM solutions can show a variety

of unexplored behaviors. It would be interesting to understand why an instability is not
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Figure 6.9: Snapshots of micelle length at t = 10 for cross-slot flow with Pe = 0.015. The top
figure shows the inlet channels and the bottom figure shows the outlet channels.

seen for higher Pe, and why micelles are elongated far beyond the values prescribed by the

governing flow curves. Future work should also look at the effects of inertia; it is known that

viscoelastic instabilities often involve interplay between inertial and elastic forces. From

a computational perspective, adding inertia and increasing the Reynolds number would

also likely stabilize these flows and allow for larger time steps. Currently these cross-slot

simulations are numerically unstable, particularly at the inlet where the U = 1 velocity

profile does not satisfy the boundary conditions and leads to a sharp pressure jump.

Porous media flow

One of the primary applications of wormlike micelle solutions is in oil-recovery, specifically

as fracturing fluids [14]. Oil recovery operations have historically used polymer additive

solutions as carrier fluids (CFs) for propping agents (proppants). Proppants (e.g. sand,

ceramics) prevent closure of human-made fractures in oil wells, which is essential for max-

imizing oil recovery and minimizing impacts on local environments [189, 190]. Effective

carrier fluids exhibit both high viscosity regimes for transporting suspended proppants and

low viscosity regimes for promoting proppant settling and CF removal. Carrier fluids are

typically long-chain, crosslinked polysaccharides in brine that form viscoelastic gels; these

gels are suitably viscous for proppant transport, but as fractures constrict, water in the gel

is squeezed out leaving behind the proppant and a mass of polymer cake. This impermeable

cake restricts oil flow, forcing usage of enzymatic or oxidative breakers to degrade the residual
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polymer. Unfortunately, enzymatic breakers are nearly inactive at the high temperatures of

most non-shallow oil wells, and oxidative breakers can catalyze environmentally hazardous

halogenation pathways. This low efficiency and environmental toxicity of polymer-based

carrier fluids has led to interest in alternative viscoelastic solutions.

Wormlike micelle solutions present an attractive alternative to traditional carrier fluids

due to their tunable viscoelasticity and wide range of chemical compositions, which can be

exploited to meet the needs of environmentally sensitive and marine regions. In addition to

flow, the viscoelasticity of WLM solutions can be manipulated by surfactant and counterion

chemistry, concentration, and temperature. Further, the onset of oil flow through fractures

causes a polar to non-polar transition of the WLM solution solvent that disassembles micelles

and decreases viscosity. Given the advantages of usingWLM solutions as CFs, it is valuable to

model and test the behavior of these solutions under fracturing conditions from a perspective

that considers the chemical, temperature, and flow effects that make them ideal candidates.

A first step in testing WLM solutions in oil-recovery environments is to simulate the

RRM-R in flows that reflect porous environments. Recent work by Kumar and coworkers

[191, 192, 193] have looked at flows of dilute polymer solutions modeled as FENE-P fluids in

channel flows with confinements. The confinements occur between two cylinders, meant to

represent the porous flow that is common in oil-field settings. They found that the formation

of instabilities in these confined flow depends on the blockage ratio and spacing of successive

confinements. Additionally, they observed complex flow patterns in the form of eddies that

arose for closely spaced confinements. These results suggest that simulations of the RRM-R

in cylindrically-confined flows, as well as other porous geometries, can be used for studying

WLM solutions in oil-field environments.

CaBER and DoS

The rheological field has recently begun to show increased interest in transient extensional

rheology because of the practical important of understanding pinching and droplet dynam-
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ics for printing, pharmaceutical, and emulsion applications [194, 195, 196]. The two main

experimental techniques for measuring transient extensional rheology are Capillary Breakup

Extensional Rheometry (CaBER) and Dripping-onto-Substrate (DOS). Both of these tech-

niques involve creating a thin fluid filament that is allowed to thin with time; the behavior

and duration of the thinning process can then be related to relaxation times associated with

the fluid. These techniques are especially useful for viscoelastic fluids that can show multiple

relaxation times. Anna and McKinley [197] have developed analytical results for extracting

relaxation times from CaBER for viscoelastic fluids; their analysis can easily be extended to

the RRM-R. Moreover, there is also the potential to use arbitrary Lagrangian-Eulerian tech-

niques for modeling free surface flows in order to simulate filaments and dripping processes

[198].

Plane Couette flow

Plane Couette flow (PCF) is characterized by a fluid confined by two parallel plates, where

the lower plate is stationary and the upper plates translates with constant velocity V . This

set-up gives rise to a linear velocity profile and a constant shear rate throughout the channel.

In 2D, this geometry reduces to simple shear flow, but in 3D fluctuations are possible along

the vorticity axis (z). A schematic of PCF is shown in Fig. 6.10; the streamwise direction is

x, the wall-normal or gradient direction is y, and the vorticity direction is z. Plane Couette

flow is a promising domain for studying dilute WLM solutions because of the potential for

vorticity banding to arise. Just as in circular Couette flow, vorticity banding can develop

at shear rates in which the flow curve is multivalued and a single shear rate can support

multiple stable steady stresses. It is likely that vorticity banding is more stable in PCF than

CCF because of the spatial dependence of the shear rate in CCF; this spatial dependence,

especially for wide-gap flows, can destabilize the flow if the stress variation across the gap

is too large (and will thus fall into unstable regions of the flow curve).

As was the case for CCF in Chapter 3, vorticity banding will not naturally arise for shear
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Figure 6.10: Schematic of plane Couette flow.

rate-controlled boundary conditions; however, vorticity banding can develop if the initial

condition is vorticity banded, or with suitable perturbations applied to the flow. Figure 6.11

shows an example of perturbations that can be applied to the initial condition to induce

vorticity banding. The figure shows (a) micelle length and (b) orientation parameter over

time and averaged over xy at two different vorticity locations. The flow was seeded with an

initial condition directly on the unstable region of the flow curve (i.e., middle branch); at

z = z+ the micelle length was perturbed up slightly, and at z = z− it was perturbed down

slightly. The flow evolves to a vorticity banded state, showing that small perturbations can

be applied to promote vorticity banding. We have also taken vorticity banded conditions

and evolved these with time, shown in Fig. 6.12. We found that the vorticity banded state

was a steady state and linearly stable to perturbations.

In future work it would be useful to understand the effect of random perturbations to

the initial condition. We have attempted to apply random perturbations, however, since the

RRM-R does not include translational diffusion it is impossible for the flow to smooth out the

sharp gradients that arise in the wall-normal direction, creating a numerical instability. We

have also added translational diffusion to the RRM-R, but we have not yet used this model

to look at the effect on the random perturbations. Moreover, the translational diffusion

that must be applied in order to see macroscopic effects over reasonable time scales is much

larger than the true translational diffusion found in experiments. Future work should look at
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Figure 6.11: (a) Micelle length and (b) orientation parameter over time and averaged over xy
at two different vorticity locations. The flow was seeded with an initial condition directly on the
unstable region of the flow curve (i.e., middle branch); at z = z+ the micelle length was perturbed
up slightly, and at z = z− it was perturbed down slightly.

Figure 6.12: Snapshot of micelle length for vorticity banded flow at long times. The initial
condition was vorticity banded.
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adding experimentally-relevant diffusivities to the RRM-R and test the effects on vorticity

banding and other instabilities and behaviors.

6.2.3 Linear stability analysis

In addition to numerical simulations, linear stability analysis can be used to analyze the

RRM-R in a variety of simple flow types. Linear stability analysis (LSA) has been used

for decades in fluid dynamics literature as a way of investigating the stability of flows to

small perturbations [188, 199]. LSA has been used successfully for both Newtonian and non-

Newtonian fluids [186, 187] and offers the potential to uncover the mechanisms and driving

forces behind instabilities observed in the RRM-R. In particular, LSA of the RRM-R in

circular Couette flow could identify the origin of the m = 8 mode found in the development

of finger-like instabilities; additionally, LSA could help to understand the development of

the interfacial instabilities observed in plane Poiseuille flow and show whether it is viscosity

mismatch, normal stress jumps, or some other mechanism driving the instability. In all

the future work suggested here, it is our opinion that linear stability analysis is the most

promising and offers the most rewards (in the form of both knowledge and publications)!

We have previously attempted to perform linear stability analysis of the RRM-R in CCF,

PCF, and simple shear flows, however, the high degree of nonlinearity in the RRM-R greatly

complicates the calculations. In LSA, we consider small perturbations to a steady state; for

the RRM-R it is reasonable to look at perturbations to the length, orientation, pressure, and

velocity of the steady state; these perturbations are written as

B(x, t) = Bss(x) + B′(x, t), (6.1)

where B(x, t) is an arbitrary state variable (e.g., L or S) that can depend on space and

time, Bss(x) is the steady state value of B, and B′(x, t) is a small perturbation to B that

can depend on space and time. This form is substituted into the governing equations of
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the RRM-R, coupled with conservation of mass and momentum, and then the equations are

linearized; linearization involves ignoring terms that are quadratic in perturbation in order to

investigate first order effects. Once the equations are linearized, it is typical to seek normal

mode solutions for the perturbed variables of the form:

B′(x, t) = B̂(x) exp (ikjx− iωt) , (6.2)

where B̂ is an amplitude, kj are the spatial wavenumbers, and ω is the complex growth rate.

If there are any modes where the imaginary part of ω, ωI , is positive than the flow is unstable

to linear perturbations. This technique allows for identification of the most unstable modes,

which would be extremely useful for understanding reentrant and interfacial instabilities as

well as vorticity banding in the RRM-R.

6.2.4 Effects of inertia on finger-like instabilities

In Chapter 3 we investigated finger-like instabilities in circular Couette flow; in this work,

we approximated an inertialess flow condition by neglecting velocity convection. Since many

industrially relevant processes are not inertialess, it would be useful for future work to focus

on the effects of inertia on finger-like instabilities. In Chapter 4 we showed that reintroducing

velocity convection and increasing the Reynolds number tended to delay the formation of

the instability by delaying the time for a sharp interface to form. The finger-like instabilities

observed in CCF do not rely on the formation and destabilization of a sharp interface, so it

is not clear what the exact effects of inertia will be.

We have preliminarily attempted to answer this question by simulations in CCF with

velocity convection. Figure 6.13 shows snapshots of micelle length for CCF with Pe = 0.0225

and velocity convection. The first column contains snapshots at t = 40, the second at t = 65,

and the times of snapshots in the third column are specified on the figure. From top to

bottom the rows are: Re = 10−6, Re = 10−4, Re = 10−2, Re = 101. We can see from t = 40
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Figure 6.13: Snapshots of micelle length for CCF with Pe = 0.0225 and velocity convection. The
first column contains snapshots at t = 40, the second at t = 65, and the times of snapshots in the
third column are specified on the figure. From top to bottom the rows are: Re = 10−6, Re = 10−4,
Re = 10−2, Re = 101.

that the initial instability observed in the convection-free simulations is maintained; again

the m = 8 mode appears to be present. The late time behavior is drastically different than

the convection-free case, however; symmetry is seen to break earlier and regions of elongated

micelles consist of thinner threads that reach outwards toward the outer wall. Future work

should look more rigorously at the role of inertia in the growth of the finger-like instabilities.
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6.2.5 Improvements to the RRM-R

This thesis has demonstrated that the RRM-R is well-suited for describing an array of rheo-

logical features associated with dilute WLM solutions, can be fit to a variety of experimental

data, and can be used to understand complex instabilities in these flows. Despite these suc-

cesses, there are certain improvements that can be made to the RRM-R. One improvement is

the transition from treating the system with a single length to instead treating the system as

a population of lengths; one direction could follow the approach of the VCM model [76] and

introduce a second length. A reaction scheme could then be set up between the short length

and long length, where the reaction rate depends on the alignment, length, and stress of the

rods. Another approach is to model a distribution of lengths; Larson [15] has shown that

the distribution of wormlike micelle lengths is exponential at equilibrium. There has also

been recent work modeling distributions with their moments, which could be implemented

in the RRM-R to retain tractability [183]. Population balance modeling can even be done

in a thermodynamically consistent framework [88].

Additionally, while dilute WLMs are nearly linear and nearly rigid, they do still exhibit

some degree of flexibility that can effect their stress and orientation. Introducing bending into

the RRM-R could be done as a way of giving micelles an additional relaxation mechanism.

Following Doi [75], let R(s) be a position along the micelle backbone at the contour length

s. A unit vector tangent to the micelle is given by

u(s) =
∂R

∂s
. (6.3)

For a linear rod u(s) is a constant. Consequently, ∂u/∂s = 0 and the bending energy must

be a quadratic of ∂u/∂s. This motivates a form

Ubend =
1

2
E

∫ L

0

(
∂u

∂s

)2

ds, (6.4)
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where E is an energetic constant. Introducing this bending energy into the RRM-R could

increase computational cost, but may result in more physical behavior.

6.2.6 Drag reduction and elastoinertial turbulence

One of the overarching goals of developing and studying the RRM-R has been to understand

drag reduction in surfactant-additive solutions. It has been known for several decades that

the addition of a small amount of polymer molecules can significantly reduce turbulent drag

by up to 80% [1, 16]. Interestingly, while drag reduction is found to increase with increasing

polymer concentration, the drag reduction eventually asymptotes and no further drag reduc-

tion is observed for increasing concentration; this maximum extent of drag reduction, called

the maximum drag reduction asymptote (MDRA), appears to be independent of polymer

chemistry [32]. The drag reducing capabilities of polymer additives have made them essential

tools in many applications involving the transport of fluid, from oil pipelines to heating and

cooling districts [33]. Unfortunately, polymer additives do suffer from mechanical degrada-

tion in regions of high shear or extension, such as those seen in the pumps needed to drive

fluid, requiring the need for constant replacement in order to maintain the desired levels of

drag reduction.

More recent research has shown that dilute surfactant solutions forming wormlike micelles

also provide significant levels of drag reduction, comparable to the levels seen in polymer

solutions [2]. As in the polymer case, the extent of drag reduction in surfactant solutions

is also seen to asymptote. Figure 6.14 shows a plot of friction factor vs. Reynolds number

measured in various experiments of polymer and surfactant solutions. It is desirable to

have the lowest friction factor, f = ∆pd/ρLU2, possible. The dashed black line shows

the friction factor for Newtonian turbulence, which is obviously quite large compared to

the other data shown. The solid black line corresponds to laminar flow, which gives the

lowest drag possible. The blue markers show experimental data of various surfactant-additive

systems, and the other colored markers show the experimental data for various polymer-



244

Figure 6.14: (Reproduced from Section 1.1.1) Friction factor vs. Reynolds number for a variety
of polymer and surfactant systems [1, 2].

additive systems. The red and blue lines are empirical fits for the polymer and surfactant

MDRA, respectively. The drag-reducing capabilities of micelle solutions clearly rivals that

of polymers; additionally, micelles are self-assembled structures, meaning that they are not

susceptible to the mechanical degradation that polymers are. This self-assembly, combined

with their incredible drag reduction, makes WLM solutions ideal candidates for reducing

drag in the transport of fluids.

There has been a great deal of research into the mechanisms of drag reduction in polymer

solutions [34, 32, 33, 35, 36, 37]. Research has demonstrated that polymer solutions show a

transition from inertial turbulence, which we will refer to as Newtonian turbulence, to elas-

toinertial turbulence (EIT). While Newtonian turbulence is dominated by quasi-streamwise

vortices, EIT tends to be dominated by spanwise-oriented vortices [36]. There has been little,

if any, research into the mechanisms of drag reduction in surfactant-additive solutions, nor

has there been research into the structure of turbulence in these solutions. Does turbulence

in WLM solutions resemble Newtonian or elastoinertial turbulence, or does it resemble some-

thing else entirely? The RRM-R shows great potential in answering this question and other

surrounding drag reduction and turbulence in WLM solutions. Future work should focus on

implementing the RRM-R in direct numerical simulations of channel flow; while the RRM-R
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is already implemented in the open source software OpenFOAM, full analysis of turbulence

would benefit from in-house DNS. It may also be worth exploring the Python-based software

Dedalus [200], as this has shown success in studying viscoelastic flows and EIT.
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