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Abstract

Many econometric models restrict the set of parameters consistent with the underlying model
theory or observable data. These restrictions may come from a priori beliefs about the model—
such as monotonicity of demand curves—or from statistical or economic theory—such as non-
crossing quantile functions or first-price auction models which restrict the set of observable bids.
When these restrictions are binding or close to binding, standard asymptotic theory provides
poor approximations to the finite-sample behavior of the restricted estimator. This dissertation
concerns the construction of estimators and inference procedures for shape-restricted models.

The first chapter proposes a uniformly valid inference method for a parameter vector satis-
fying certain shape-restrictions. The method applies generally to a range of finite dimensional
and nonparametric problems, such as regressions or instrumental variable estimation, to both
kernel or series estimators, and to many shape restrictions. The bands are asymptotically
equivalent to standard, unrestricted confidence bands if the true parameter strictly satisfies all
shape restrictions, but they can be much smaller if some of the shape restrictions are binding
or close to binding. We illustrate these sizable width gains in Monte Carlo simulations and in
an empirical application.

The second chapter proposes a general method for constructing asymptotically normally

distributed estimators from shape-restricted estimators which applies in both parametric and



i

nonparametric settings. Due to the asymptotically normality, our estimator avoids the non-
standard distribution of shape-restricted estimators. Consequently, our resulting confidence
sets are easy to obtain and simple to report. As our main application of interest, we provide
low-level assumptions under which our method applies to the estimation of first-price auctions
with independent, private valuations. In this context, our method provides the first inference
result in the literature which allows for the construction of confidence sets for a general class
of functions. Simulations suggest our estimator and inference procedure perform well, as our
confidence sets have empirical coverage near nominal levels and the mean squared error of our
estimator compares favorably against alternative estimators in the literature. We demonstrate
the empirical usefulness of our approach in an application to timber auctions conducted by the

US Forest Service.
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Chapter 1

Inference under Shape Restrictions!

1.1 Introduction

Researchers can often use either parametric or nonparametric methods to estimate the param-
eters of a model. Parametric estimators have favorable properties, such as good finite sample
precision and fast rates of convergence, and it is usually straightforward to use them for infer-
ence. However, parametric models are often misspecified. Specifically, economic theory rarely
implies a particular functional form, such as a linear or quadratic demand function, and conclu-
sions drawn from an incorrect parametric model can be misleading. Nonparametric methods,
on the other hand, do not impose strong functional form assumptions, but as a consequence,
confidence intervals obtained from them are often much wider

In this paper we explore shape restrictions to restrict the class of functions but without
imposing arbitrary parametric assumptions. Shape restrictions are often reasonable assump-
tions, such as assuming that the return to eduction is positive, and they can be implied by

economic theory. For example, demand functions are generally monotonically decreasing in

'This chapter is joint work with Joachim Freyberger



prices, cost functions are monotonically increasing, homogeneous of degree 1, and concave in
input prices, Engel curves of normal goods are monotonically increasing, economies of scale
yield subadditive average cost functions, and utility functions of risk averse agents are concave.
Additionally, statistical theory can imply shape restrictions, such as noncrossing conditional
quantile curves. There is a long history of estimation under shape restrictions in econometrics
and statistics and obtaining shape restricted estimators is simple in many settings. Moreover,
shape restricted estimators can have much better finite sample properties, such as lower mean
squared errors, compared to unrestricted estimators.

Using shape restrictions for inference is much more complicated than simply obtaining a re-
stricted estimator. The main reason is that the distribution of the restricted estimator depends
on where the shape restrictions bind, which is unknown a priori. In this paper we propose
a uniformly valid inference method for an unknown function or parameter vector satisfying
certain shape restrictions, which can be used to test hypotheses and to obtain confidence sets.
The method applies very generally, namely to a wide range of finite dimensional and nonpara-
metric problems, such as regressions or instrumental variable estimation, to both kernel or
series estimators, and to many different shape restrictions. Our confidence sets are well suited
to be reported along with shape restricted estimates, because they are build around restricted
estimators and eliminate regions of the parameter space that are inconsistent with the shape
restrictions.

One major application of our inference method is to construct uniform confidence bands
for a function. Such a band consists of a lower bound function and an upper bound function
such that the true function is between them with at least a pre-specified probability. These
bands are useful to summarize statistical uncertainty and they allow the reader to easily assess
statistical accuracy and perform various hypothesis tests about the function without access to

the data. Our confidence bands have desirable properties. In particular, they always include



the shape restricted estimator of the function and are therefore never empty. Moreover, they
are asymptotically equivalent to standard unrestricted confidence bands if the true function
strictly satisfies all shape restrictions (e.g. if the true function is strictly increasing but the
shape restriction is that it is weakly increasing). However, if for the true function some of
the shape restrictions are binding or close to binding, our confidence bands are generally
much smaller. The decrease in the width reflects the increased precision of the constrained
estimator. Finally, the proposed method provides uniformly valid inference over a large class of
distributions, which in particular implies that the confidence bands do not suffer from under-
coverage if some of the shape restrictions are close to binding. These cases are empirically
relevant. For example, demand functions are likely to be strictly decreasing, but nonparametric
estimates are often not monotone, suggesting that the demand function is close to constant

2 Our method applies very generally. For example, our paper is the first

for some prices.
to provide such inference results for the nonparametric instrumental variables (NPIV) model
under general shape constraints. The method can also be used to obtain confidence intervals
for functionals, such as average derivatives, with similar properties.

Similar to many other nonstandard inference problems, instead of trying to obtain confi-
dence sets directly from the asymptotic distribution of the estimator, our inference procedure
is based on test inversion.® This means that we start by testing the null hypothesis that the
true parameter vector 6 is equal to some fixed value . In series estimation 6y represents the
coeflicients in the series approximation of a function and 6y can therefore grow in dimension as
the sample size increases. The major advantage of the test inversion approach is that under the

null hypothesis we know exactly which of the shape restrictions are binding or close to binding.

Therefore, under the null hypothesis, we can approximate the distribution of the estimator in

2 Analogously to many other papers, closeness to the boundary is relative to the sample size.

30Other nonstandard inference settings include autoregressive models (e.g. Mikusheva (2007)), weak
identification (e.g. Andrews and Cheng (2012)), and partial identification (e.g. Andrews and Soares
(2010)).



large samples and we can decide whether or not we reject the null hypothesis. The confidence
set for g consists of all values for which the null hypothesis is not rejected.

To obtain uniform confidence bands or confidence sets for other functions of 6y, such as
average derivatives, we project onto the confidence set for 6y (see Section 1.2 for a simple
illustration). We choose the test statistic in a way that our confidence sets are asymptotically
equivalent to standard unrestricted confidence sets if 0y is sufficiently in the interior of the
parameter space. Thus, in this case, the confidence sets have the right coverage asymptotically.
If some of the shape restrictions are binding or close to binding, our inference procedure will
generally be conservative due to the projection. However, in these cases we also obtain very
sizable width gains compared to a standard unrestricted confidence set. Furthermore, due to
test inversion and projections, our inference method can be computationally demanding. We
provide details on the computational costs and compare them with alternative approaches in
Section 1.6.1. We also briefly describe a method recently suggested by Kaido et al. (2016) in
a computationally similar problem in the moment inequality literature, which also applies to
our framework, and can reduce these costs considerably.

In Monte Carlo simulations we construct uniform confidence bands in a series regression
framework and in the NPIV model under a monotonicity constraint. In the NPIV model the
gains of using shape restrictions are generally much higher. For example, we show that with
a fourth order polynomial approximation of the true function, the average width gains can be
up to 73%, depending on the slope of the true function. We also obtain large widths gains
for confidence intervals for the average derivative of the function. Finally, in an empirical
application, we estimate demand functions for gasoline, subject to the functions being weakly
decreasing, and we provide uniform confidence bands build around restricted estimates with
monotone upper and lower bound functions. In this setting, the width gains from using these

shape restrictions are between 25% and 45%.



We now explain how our paper fits into the related literature. There is a vast litera-
ture on estimation under shape restrictions going back to Hildreth (1954) and Brunk (1955)
who suggest estimators under concavity and monotonicity restrictions, respectively. Other
related work includes, among many others, Mukerjee (1988), Dierckx (1980), Ramsay (1988),
Mammen (1991a), Mammen (1991b), Mammen and Thomas-Agnan (1999), Hall and Huang
(2001), Haag et al. (2009), Du et al. (2013), and Wang and Shen (2013). See also Delecroix and
Thomas-Agnan (2000) and Henderson and Parmeter (2009) for additional references. Many
of the early papers focus on implementation issues and subsequent papers discuss rates of
convergence of shape restricted estimators. Many inference results, such as those by Mammen
(1991b), Groeneboom et al. (2001), Dette et al. (2006), Birke and Dette (2007), and Pal and
Woodroofe (2007) are for points of the function where the shape restrictions do not bind. It is
also well known that a shape restricted estimator has a nonstandard distribution if the shape
restrictions bind; see for example Wright (1981) and Geyer (1994). Freyberger and Horowitz
(2015) provide inference methods in a partially identified NPTV model under shape restrictions
with discrete regressors and instruments. Empirical applications include Matzkin (1994), Lew-
bel (1995), Ait-Sahalia and Duarte (2003), Beresteanu (2005), and Blundell, Horowitz, and
Parey (2012, 2017). There is also an interesting literature on risk bounds (e.g. Zhang (2002),
Chatterjee et al. (2015), Chetverikov and Wilhelm (2017)) showing, among others, that a re-
stricted estimator can have a faster rate of convergence when the true function is close to the
boundary. In addition, there is a large, less related literature on testing shape restrictions. See
also Chetverikov et al. (2018) for a recent review article.

There are several existing methods which can be used to obtain uniform confidence bands
under shape restrictions. First, there are a variety of existing bands, some of which are tailored
to specific shape restrictions, such as the ones in Diimbgen (1998, 2003), which have the feature

that they can be empty with positive probability. As a very simple example, one could intersect



a standard unrestricted band with all functions satisfying the shape restrictions. While one
could interpret an empty band as evidence against the shape restrictions, these bands can
also be arbitrarily small, and the width might thus not adequately reflect the finite sample
uncertainty. More formally, these bands do not satisfy the “reasonableness” property of Miiller
and Norets (2016).

The method of Diimbgen (2003) only applies to a regression model with fixed regressors
and normally distributed errors, but he shows that his bands adapt to the smoothness of
the unknown function.* focus on confidence intervals for the function evaluated at a point
in the normal regression model and they show that the intervals adapt to each individual
function under monotonicity and convexity constraints. Bellec (2016) constructs polyhedron
type confidence regions for the entire conditional mean vector in the normal regression model
with shape restrictions, but without using any smoothness assumptions, and he shows that
they adapt the dimension of the smallest face of the polyhedron. One could use these results to
construct uniform confidence bands or confidence intervals for functionals by projecting onto
these confidence sets, but the resulting bands or intervals would be very conservative. Our
method applies much more generally and covers, among other, the NPIV model under general
shape constraints, but investigating analogous adaptivity results is out of scope of the current
paper. However, we briefly compare the two approaches in simulations. We then also show
that our bands are on average much narrower than simple monotonized bands. The second
possibility is to use the rearrangement idea of Chernozhukov et al. (2009), which works with
monotonicity restrictions and has recently been extended to some other shape restrictions by
Chen et al. (2018). While this method is very easy to implement, rearranging a band to
monotonize it does not change its average width. Finally, in a kernel regression framework

with very general constraints, one could use a two step procedure by Horowitz and Lee (2017).

4Cai et al. (2013)



In the first step, they estimate the points where the shape restrictions bind. In the second step,
they estimate the function under equality constraints and hence, they obtain an asymptotically
normally distributed estimator, which they can use to obtain uniform confidence bands. While
their approach is computationally much simpler than ours, their main result leads to bands
which can suffer from under-coverage if some of the shape restrictions are close to binding. They
also suggest using a bias correction term to improve the finite sample coverage probability, but
they do not provide any theoretical results for this method. To the best of our knowledge,
our method is the first that yields uniform confidence bands, which are uniformly valid, yield
width reductions when the shape restrictions are binding or close to binding, and are never
empty.

An additional closely related paper, which does not consider uniform confidence bands and
therefore does not fit into any of the categories above, is Chernozhukov et al. (2015). They
develop a general testing procedure in a conditional moments setting, which can be used to
test shape restrictions and to obtain confidence regions for functionals under shape restrictions.
They allow for partial identification, while we assume point identification, but we study a
general setup, which includes for example maximum likelihood estimation and conditional
moments models. Even though there is some overlap in the settings where both methods
apply, their approach is conceptually very different to ours. Similar to many other papers in
the partial identification literature, to obtain confidence regions for functionals, they use a test
inversion procedure, which jointly tests certain features of the model. In particular, they invert
a joint test of the null hypothesis that the shape restrictions hold and that a functional takes
a particular value. Consequently, the resulting confidence regions represent both uncertainty
about the value of the functional and the shape restrictions, these sets can be empty (which
could be interpreted as evidence against the shape restrictions), and they can be arbitrarily

small. Contrarily, we impose the shape restrictions and test a null hypothesis about the



parameter vector only. Thus, we treat these restrictions and other assumptions of the model,
such as moment conditions, symmetrically. Our resulting confidence sets therefore represent
uncertainty about the parameter vector only. We illustrate these conceptual differences as well
as the computational costs in Section 1.6, where we consider confidence intervals for an average
derivative.

Finally, our paper builds on previous work on inference in nonstandard problems, most
importantly the papers of Andrews (1999, 2001) on estimation and testing when a parameter
is on the boundary of the parameter space. The main difference of our paper to Andrews’ work
is that we allow testing for a growing parameter vector while Andrews considers a vector of
a fixed dimension. Moreover, we show that our inference method is uniformly valid when the
parameters can be either at the boundary, close to the boundary, or away from the boundary.
We also use different test statistics because we invert them to obtain confidence bands. Thus,
while the general approach is similar, the details of the arguments are very different. Ketz
(2018) has a similar setup as Andrews but allows for certain parameter sequences that are
close to the boundary under non-negativity constraints.

Outline: We start by illustrating the most important features of our approach in a very
simple example. Section 1.3 discusses a general setting, including high level assumptions for
uniformly valid inference. Sections 1.4 and 1.5 provide low level conditions in a regression
framework (for both series and kernel estimation) and the NPIV model, respectively. The
remaining sections contain Monte Carlo simulations, the empirical application, and a conclu-
sion. Proofs of the results from Sections 1.4 and 1.5, computational details, and additional
simulation results are in a supplementary appendix with section numbers S.1, S.2, etc..

Notation: For any matrix A, ||A| denotes the Frobenius norm. For any square matrix A,
|Alls = sup|z=1 [[Az|| denotes the spectral norm. For a positive semi-definite matrix {2 and

a vector a let |lal]lg = Va’Qa. Let Apin(A4) and Apax(A) denote the smallest and the largest



eigenvalue of a symmetric square matrix A. For a sequence of random variables X,, and a class
of distributions P we say X,, = op(e,,) uniformly over P € P if suppep P (| Xy| > de,,) — 0 for
any 6 > 0. We say X,, = Op(e,) uniformly over P € P if for any 6 > 0 there are M5 and Nj

such that suppep P (| Xp| > Msey,) < 0 for all n > Ns.

1.2 Illustrative example

We now illustrate the main features of our method in a very simple example. We then explain
how these ideas can easily be generalized before introducing the general setup with formal
assumptions in Section 1.3. Suppose that X ~ N(fo, Iox2) and that we observe a random
sample {X;}" ; of X. Denote the sample average by X. We are interested in estimating g

under the assumption that g1 < 6y 2. An unrestricted estimator of ¢y, denoted by ém, is

Oy = arg min (6 — )_(1)2 + (02 — X2)2.
0eR?

Hence Oy = X. Analogously, a restricted estimator is

ér = arg min (91 — Xl)Q + (92 — )_(2)2
0ER?: 6, <6,

= argmin |6 — 9AW||2,
0ER?: 01 <02

which implies that 9T is simply the projecting of éur onto {0 € R2: 6, < 02}. Adding and

subtracting 6y and multiplying by /n then yields

0, = argmin  ||[v/n(0 — 6g) — vr(Bur — 60)|°.
0ER?: 6, —62<0
Let A = /n(6 — 6p). From a change of variables it then follows that
Vn(f, — 60) = arg min 1A = v/ (Gur — 60)|*.
AERZ: A1 —X2<y/n(00,2—00,1)
Let Z ~ N (0, Iox2). Since \/ﬁ(éur —6p) ~ N(0, Iox2) we get

Vb, —6) < arg min IA=Z|?,
AERZ: A1 —A2<y/n(0p,2—00.1)



10

where £ means that the random variables on the left and right side have the same distribution.
Notice that while the distribution of \/ﬁ(éur —0y) does not depend on 6y and n, the distribution
of \/ﬁ(ér —00) depends on /n(0y2—00,1), which measures how close g is to the boundary of the
parameter space relative to n. We denote a random variable which has the same distribution as
\/ﬁ(é, —0p) by Zn(0o). As an example, suppose that 6y 1 = 0y 2. Then Z, () is the projection
of Z onto the set {z € R?: z; < z}.

A 95% confidence region for 6y using the unrestricted estimator can be constructed by

finding the constant ¢, such that
P(max{|Z1],|Z2]} < cyr) = 0.95.

It then follows immediately that

vn Vi vn

P (éur,l - c_\}% <Oy < Oyry + o and Our2 — Cur <Ooo < Ouro+ cﬂ) = 0.95.

Thus

CIur:{QERQ: é cﬂgelgéur,l'i'cﬂ and éur,Q_CﬂSHQSéur,Q'i'CLT}

v Vi v v
is a 95% confidence set for §p. While there are many different 95% confidence regions for 6,
rectangular regions are particularly easy to report (especially in larger dimensions), because
one only has to report the extreme points of each coordinate.

Similarly, now looking at the restricted estimator, for each § € R? let ¢,,,(6) be such that
P(max{| Zn1(0)], | Zn2(0)]} < crn(0)) = 0.95

and define CI, as

crn(6)
N

Again, by construction P(6y € CI,.) = 0.95.

<0 sér,ﬁc%f—f), j6{172}}-

{QERz: €1§62, ér,j_
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Figure 1 in Appendix (A.1) illustrates the relation between ¢, and ¢, (). The first panel
shows a random sample of Z. The dashed square contains all z € R? such that max{|z1], |22]} <
cur- The second panel displays the corresponding random sample of Z,(0y) when /n(6p2 —
f0.1) = 0, which is simply the projection of Z onto the set {z € R? : 27 < z9}. In particular,
for each realization z we have z,(0y) = z if 21 < 29 and 2,(6p) = 0.5(21 + 22,21 + 22)" if
z1 > zp. Therefore, if max{|z1|, |22|} < cyr. then also max{|z,1(60)|, |2n2(00)|} < cur, which
immediately implies that ¢, (0g) < cu. The solid square contains all z € R? such that
max{|z1|, 22|} < ¢n(6o), which is strictly inside the dashed square. The third and fourth
panel show a similar situations with /n(6p2 — 0o1) = 1 and /n(6p 2 — 0o.1) = 5, respectively.
As /n(0p2 — 0p1) increases, the percentage projected onto the solid line decreases and thus
¢rn(6o) gets closer to c,,. Moreover, once v/n(6p2 — 6o 1) is large enough, ¢, ,,(6p) = cyr.

Figure 2 in Appendix (A.1) shows the resulting confidence regions for 6y when n = 100 for
specific realizations of éw and ér. The dashed red square is CI,, and the solid blue lines are
the boundary of CI,. In the first panel Opr = 0, = (0,0)’. Since 0, = 0, and rn(0) < cur
for all & € R?, it holds that CI, C CI,,. Also notice that since ¢rn(0) depends on 0, CI,
is not a triangle as opposed to the set CI,, N {6 € R: #; < 6}. The second and the third
panel display similar situations with Oy = 0, = (0,0.1)" and Opr = 0, = (0,0.3)’, respectively.
In both cases, CI,, C CI,,. It also follows from the previous discussion that if éw = 0, and
if \/ﬁ(éung — éur, 1) is large enough then CI,, = CI,. Consequently, for any fixed 6y with
00,1 < 0,2, it holds that P(CI, = Cl,,) — 1. However, this equivalence does not hold if §y is
at the boundary or close to the boundary. Furthermore, it then holds with positive probability
that CI, N{6 € R: 6, <6y} =0, while CI, always contains 0,. The fourth panel illustrates
that if éw #* ér, then C1, is not a subset of C'I,,.

The set C1, is an exact 95% confidence set for 6y, but it cannot simply be characterized by

its extreme points and it can be hard to report with more than two dimensions. Nevertheless,
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we can use it to construct a rectangular confidence set. To do so, for j = 1,2 define

ij = min ¢; and 9% = max 0;
’ 0eCI, § 0eClI,

and

WT:{HeRQ: 61 < 6y and 6%, < 6, < 6V, andéﬁzgeggéﬂ}.

Then, by construction, CI, C C1, and thus P(by € ﬁT) > 0.95. Moreover, just as before,
if 0y = 0y, then CI, C Cl,,. If for example Oy = 0, = (0,0)', then HA,,[.{Q = —é£1 = cur/\/n
but éf{ 1 = —9}%2 < ¢ur/v/n, which can be seen from the first panel of Figure 2. Hence,
relative to the confidence set from the unrestricted estimator, we obtain width gains for the
upper end of the first dimension and the lower end of the second dimension. The width
gains decrease as 0, moves away from the boundary into the interior of ©r. Moreover, for
any éw and ér and j = 1,2 we get HAEJ - éfj < 2¢yr/y/n. Thus, the sides of the square
{0 € R?: érLl <6 < égl and 9fz <0, < égz} are never longer than the sides of the square
Cl,,. Finally, if ém is sufficiently in the interior of © g, then CI, = CI,,, which is an important
feature of our inference method. We get this equivalence in the interior of © g because we invert
a test based on a particular type of test statistic, namely max{|Z|,|Z2|}. If we started out
with a different test statistic, such as Z? + Z3, we would not obtain C1I, = CI,, in the interior
of ©p. We return to this result more generally in Section 1.3.2 and discuss possible alternative
ways of constructing confidence regions in Section 1.8.

This method of constructing confidence sets is easy to generalize. As a first step, let Op
be a restricted parameter space and let @Q,,(f) be a population objective function. Suppose
that the unrestricted estimator 6, minimizes Qn(0). Also suppose that Q,(0) is a quadratic
function of @, which holds for example in the NPIV model, and which implies that Van(H)

does not depend on 6. Then with Q0= V2Qn(0) we get

N =

Qn(e) = Qn(éur) + VQn(éur)/(e - éur) +
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and since VQn(ém) = 0 it holds that

0, = argmin || — O, |3
0cORr

Hence, 6, is again simply a projection of 0y, onto ©p. As before, we can now use a change
of variables and characterize the distribution of v/n(6, — 6) as a projection of \/n(fu — o)
onto a local parameter space that depends on 6y and n. Thus, when testing Hy : 6y = 0 based
on a test statistic that depends on \/ﬁ(ér — ), we can use the projection of the large sample

distribution of \/n(f,, — ) to calculate the critical values.

1.3 (eneral setup

In this section we discuss a general framework and provide conditions for uniformly valid
inference. We start with an informal overview of the inference method and provide the formal
assumptions and results in Section 1.3.1. In Section 1.3.2 we discuss rectangular confidence
regions for general functions of the parameter vector.

Let © C R%» be the parameter space and let ©p C © be a restricted parameter space.

Inferences focuses on 6y € Or. In an example discussed in Section 1.4.2 we have

/
fo = (E(Y\X=a:1) E(Y]X::z:Kn)) ;

and K, increases with the sample size. In this case, the confidence regions we obtain are
analogous to the ones in the simple example above. For series estimation we take g € R¥»
such that go(z) ~ pk, (z)'6p, where go is an unknown function of interest and pg, (z) is a
vector of basis functions. A rectangular confidence region for certain functions of 8y can then
be interpreted as a uniform confidence band for go; see Section 1.4.3 for details. Even though
fp and © may depend on the sample size, we omit the subscripts for brevity.

As explained in Section 1.2, in many applications we can obtain a restricted estimator as

a projection of an unrestricted estimator onto the restricted parameter space. More generally,
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we assume that there exist éur and ér such that @T is approximately the projection of ém onto

©p under some norm || -

¢ (see Assumption 1.1 below for a formal statement). Moreover,
since the rate of convergence may be slower than 1/4/n, let , be a sequence of numbers such

that k, — oo as n — oco. Then

0, ~ au“gmin||9—¢9AW||?A2

0cOr
= argmin ||r,(0 — 0) — i (Our — 00)]13.
0cOR
Next define
An(Bo) = {\ € RE™ 2 X\ = K, (0 — 6) for some 6 € O}.
Then

mn(é,, — 6p) ~ argmin ||\ — ﬁn(ém —6o) &21
AeA, (60)

We will also assume that r, (6., — 6) is approximately N(0,) distributed (see Assumption
1.2 for a formal statement) and that we have a consistent estimator of ¥, denoted by .
Now let Z ~ N(0, Ik, xk,) be independent of 32 and € and define
Z,(0,%,9) = argmin [|A — X'/ Z]2.
AEAL(0)
We will use the distribution of Z, (6o, 3, Q) to approximate the distribution of /@n(ér —0p).
This idea is similar to Andrews (1999, 2001); see for example Theorem 3 in Andrews (1999).
However, our arguments to approximate the large sample distribution are different because
we allow the dimension of 6y to grow as n — oo. In addition, we allow 6y to be close to the
boundary and our local parameter space Ay (6y), which plays a key role in constructing the

critical values, depends on n.?

®The asymptotic distribution derived in Theorem 3 in Andrews (1999) is a projection of a normal
random vector onto a convex cone, which holds quite generally for any fixed 0y. However, when 0 is
close to the boundary, such as (0,1/4/n)" in the example in Section 1.2, the asymptotic distribution is
typically not a projection onto a cone. For example, {\ € R? : A\ — Ay < 1} is not a cone.
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Now for § € O consider testing
Hy:0p=10
based on a test statistic 7', which depends on (ér —6) and 3. For example

Rn (é'f,k - e_k)

T(kn(B, — 0),3) = Inax \/»
it MRS n Zkk

We reject Hy if and only if

where

Our 1 — « confidence set for 0y is then

CI={0cOr:T(kpn(0, —0),%) < c1_an(,2,0)}.
To guarantee that P(6y € CI) — 1 — « uniformly over a class of distributions P we require

sup |P (T(mn(e} —00),5) < e1anbo, S, Q)) —(1- a)’ 0

PeP
—6p) was exactly N(0,3)

Notice that if ér was exactly the projection of 9m onto O, if K, (0
distributed, if ¥ and Q were known, and if T'(Z,(6p, %, 2), %) was continuously distributed,

then by construction
P (T(rn(0: = 00), %) < e1-0n(00,5,9)) =1 - o
just as in the simple example in Section 1.2. Therefore, the assumptions below simply guarantee

that the various approximation errors are small and that small approximation errors only have

a small impact on the distribution of the test statistic.
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1.3.1 Assumptions and main result

Let €, be a sequence of positive numbers with €, — 0. We discuss the role of ¢, after stating

the assumptions. Let P be a set of distributions satisfying the following assumptions.®

Assumption 1.1. There exists a symmetric, positive semi-definite matrix Q such that

K”(ér - 60) = argmin H)‘ - “n(éur - 90)”% + Rn
)\EAn(Go)

and ||Ry|| = op(en) uniformly over P € P.

Assumption 1.2. There exist symmetric, positive definite matrices ) and ¥ and a sequence
of random variables Z, ~ N(0,X) such that Ayin (€)™ 1/2||,'£77 ,,7—90) Zn|| = op(en) uniformly

over P € P.

Assumption 1.3. There exists a constant Cy > 0 such that 1/C)\ < Apin(X) < Cy, 1/C) <

Amax(2) < Cy for all P € P and

Amax(X)

A~ )\mx
TS - SIE — opled/ K and R - Olls = o2 /Ky)

mln(Q 2
uniformly over P € P.

Assumption 1.4. Op is closed and conver and 6y € Op.

Assumption 1.5. Let 31 and X9 be any symmetric and positive definite matrices such that
1/B < Amin(X1) < B and 1/B < Apin(X2) < B for some constant B > 0. There exists a

constant C, possibly depending on B, such that for any z; € RE" and z, € RE»

IT(21,%81) = T(22,%1)| £ Cllz1 — 22|l and  |T(21,%1) — T(21,22)| < Cllz1||[|1X1 — Za|s-

6Even though 6y depends on P € P, we do not make the dependence explicit in the notation.
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Assumption 1.6. There exists 0 € (0, ) such that for all § € [a — 6, o+ ¢

}SDUI;D |P (T(Zn(90> 27 Q)v E) < Cl—,B,n(e()v 27 Q) - En) - (]‘ - /8)| =0
<

and

]iul; |P(T(Zn(00,%,9),%) < 1 gnlb0,%,Q) +e,) — (1 —B)| = 0.
S

As demonstrated above, if 6, maximizes Q,(#) and if V2Q,(0) does not depend on 6,
then Assumption 1.1 holds with R, = 0 and = V2Q,(#). Andrews (1999) provides general
sufficient conditions for a small remainder in a quadratic expansion. The assumption also holds
by construction if we simply project f.r onto O to obtain 6,. More generally, the assumption
does not necessarily require GAW to be an unrestricted estimator of a criterion function, which
may not even exist in some settings if the criterion function is not defined outside of O . Even in
these cases, 6, is usually an approximate projection of an asymptotically normally distributed
estimator onto ©.” Assumption 1.2 can be verified using a coupling argument and the rate of
convergence of 0, can be slower than 1 /+/n. Assumption 1.3 ensures that the estimation errors
of 3 and ) are negligible. If Ay () is bounded away from 0 and if A\pax(2) is bounded, then
the assumption simply states that |3 —X||s = 0p(gn/vEKy) and || — Qs = 0,(c2 /K,,), which
is easy to verify in specific examples. Allowing A\pin (©2) — 0 is important for ill-posed inverse
problems such as NPIV. We explain in Sections 1.4 and 1.5 that both 1/C) < Apin(X) < C)
and 1/Cy < Apax(2) < C) hold under common assumptions in a variety of settings. We could
adapt the assumptions to allow for Apin(X) — 0 and Apax(2) — oo, but this would require
much more notation. Assumption 1.4 holds for example with linear inequality constraints of
the form O = {# € R~ : A9 < b}. Other examples of convex shape restrictions for series

estimators are monotonicity, convexity/concavity, increasing returns to scale, subadditivity,

"See Ketz (2018) for the construction of such an estimator. G does not even have to be a feasible
estimator and we could simply replace &, (0, — 6p) by a random variable Z, which is allowed for by
our general formulation; specifically see Zp in Andrews (1999).
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or homogeneity of a certain degree, but we rule out Slutzki restrictions, which Horowitz and
Lee (2017) allow for. The assumption implies that A,,(6p) is closed and convex as well. The
main purpose of this assumption is to ensure that the projection onto Ay (6y) is nonexpansive,
and thus, we could replace it with a higher level assumption, which might then also allow for
the Slutzki restrictions.® Assumption 1.5 imposes continuity conditions on the test statistic.
We provide several examples of test statistics satisfying this assumption in Sections 1.4 and
1.5. Assumption 1.6 is a continuity condition on the distribution of T'(Z,, (6o, X, ), ), which
requires that its distribution function does not become too steep too quickly as n increases. It
is usually referred to as an anti-concentration condition and it is not uncommon in these type
of testing problems; see e.g. Assumption 6.7 of Chernozhukov et al. (2015). If the distribution
function is continuous for any fixed K,,, then the assumption is an abstract rate condition on
how fast K, can diverge relative to €,. As explained below, to get around this assumption we
could take ¢1_q (6, 3, Q) + &y, instead of ¢1_q (6, 3, Q) as the critical value. Also notice that
Assumptions 1.1 — 1.5 impose very little restrictions on the shape restrictions and hence, they
are insufficient to guarantee that the distribution function of T'(Z,, (6o, 2, 2), ) is continuous.

We now get the following result.

Theorem 1.1. Suppose Assumptions 1.1 — 1.5 hold. Then

liminf inf P (T(/@n(éT —00),5) < c1-an(00,5,9) + 5n) >1—a.

n—o0o PeP

If in addition Assumption 1.6 holds then

sup | P (T (a6, = 00),5) < e1-an(00,5,2)) = (1= )| = 0.
PeP

The first part of Theorem 1.1 implies that if we take ¢ _qn (6, s, Q) + ¢ for any fixed € > 0

as the critical value, then the rejection probability is asymptotically at most a under the null

8L.e. we use || argminycy, (o) 1A —21]lg —argminyep  (g,) A —22llgllg < Cllz1 —22]|g for some C' > 0.
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hypothesis, even if Assumption 1.6 does not hold. In this case, &, can go to 0 arbitrarily
slowly. An alternative interpretation is that with cl_a,7b(9,i],f2) as the critical value and
without Assumption 1.6, the rejection probability might be larger than « in the limit, but the
resulting confidence set is arbitrarily close to the 1 — v confidence set. The second part states

that the test has the right size asymptotically if Assumptions 1.1 — 1.6 hold.

1.3.2 Rectangular confidence sets for functions

The previous results yield asymptotically valid confidence regions for 6. However, these regions
might be hard to report if K, is large and they may not be the main object of interest. For
example, we might be more interested in a uniform confidence band for a function rather than
a confidence region of the coefficients in the series expansion. We now discuss how we can
use these regions to obtain rectangular confidence sets for functions h : RE» — RE» using
projections, similar as in Section 1.2 where we used h(f) = . Rectangular confidence regions
are easy to report because we only have to report the extreme points of each coordinate, which
is crucial when L, is large.” This setup covers both confidence intervals for functionals, such
as function values, average derivatives, or an element of 6y, as well as uniform confidence bands
which we focus on in our applications (see Sections 1.4 and 1.5 for the specific function h used

in this case). Now define

CI={0€Op:T(kn(br—0),%) < c1an(d,%,Q)}

and let

hj L hi(#) and Ay 686115)1 hi(0), l=1,...,

9We do not impose any restrictions on L, and in theory we could have L, = oco. For example,
uniform confidence bands are projections of functionals of the form py, (z)'0 for possibly infinitely
many values of x. However, in practice, L, is typically finite. For example, we can calculate the
uniform confidence bands on an arbitrarily fine grid. See Section Sections 1.4 and 1.5 for details.
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Notice that if 8y € CI, then izf < hi(6p) and ile > hy(6p) for all i =1,...,L,. We therefore

obtain the following corollary.'®

Corollary 1.1. Suppose Assumptions 1.1 — 1.6 hold. Then

liminf inf P (/}f < hy(o) < WY for all | = 1,...,Ln) >1-a.

n—oo P¢

A projection for any T satisfying the assumptions above yields a rectangular confidence
region with coverage probability at least 1—« in the limit. In the examples discussed in Sections
1.4 and 1.5 we pick T such that the resulting confidence region is nonconservative for 6y in
the interior of O, just as the confidence sets in Figure 2. In these examples hy(0) = ¢; + ¢;0,

where ¢; is a constant and ¢ € R, and possibly L, > K,. We then let

qf(ér—H)‘/\/@}-

Now suppose that for any 6 € CI, the critical value does not depend on 6, which will be the

T(mn(ér —0), i]) = sup {H,n
I=1,..Ln

case with probability approaching 1 if 6y is in the interior of the parameter space. That is

¢(0,%,9Q) = ¢ Then

I = {9 cOn: hb)— Ki\/qfiql < () < h(b,) + Ki g5 VI = 1,...,Ln}.
n n

Moreover, by the definitions of the infimum and the supremum as the largest lower bound and

smallest upper bound respectively, it holds that

hlehl(Qr)—H—\/q;qu and h?ghl(er)JrH— aSq

foralll=1,..., L, and thus,

W < h(Bo) <hY foralll=1,...,L, <= 6yecCI.

"%Under Assumptions 1.1 - 1.5 only, we could project onto {# € O : T(kn (6, — 6),%) <
Cl—an(0,2,Q) + &, } to obtain the same conclusion as in Corollary 1.1.
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Consequently
P (i}f < hy(0o) < hY for all I = 1,...,Ln> = P(6yeCI).

In Corollary A.1 in the appendix we state a formal result, which guarantees that the
projection based confidence set does not suffer from over-coverage if g is sufficiently in the
interior of the parameter space. The results can be extended to nonlinear functions h along

the lines of Freyberger and Rai (2018). We discuss computational details in Section 1.6.

1.4 Conditional mean estimation

In this section we provide sufficient conditions for Assumptions 1.1 — 1.5 when
Y=¢9(X)+U, EU|X)=0

and Y, X and U are scalar random variables. We also explain how we can use the projec-
tion results to obtain uniform confidence bands for gg. We first assume that X is discretely
distributed to illustrate that the inference method can easily be applied to finite dimensional
models. We then let X be continuously distributed and discuss both kernel and series estima-
tors. Throughout, we assume that the data is a random sample {Y;, X;}7 ;. The proofs of all

results in this and the following section are in the supplementary appendix.

1.4.1 Discrete regressors

Suppose that X is discretely distributed with support X = {xy,..., 2k}, where K is fixed.

Let
0o = (E(Y|X:xl) E(Y|X:xK)>

and

!/
éur — n:l Y%l(XZ':xl) n:l Yvil(XZ':J?K) .
o L(Xg=21) "7 e 1(Xi=rK)



22

Define 02(z;) = Var(U | X = x3) and p(xy) = P(X = x%) > 0, and let
2

(o) o’ (k) d S = dia 6°(x1) 6% (rK)
E—dmg(p(xl) ey p(CBK)> and X =d g<]3(:l?1) " Bl ),

where p(a) = & Y, 1(X; = 2) and

5’2(.%’k) — Z:’l:l Y;Ql(XZ = l'k:) . (Z?:l Y;]_(Xz = xk)>2
> U(X; = ) ST (X =) )

Let Op be a convex subset of RE | such as Op = {0 € R : 40 < b}. Now define

0, = argmin || — 0,012,
0cOpr

and hence Q = X~ Other weight functions €, such as the identity matrix, are possible choices

as well. We discuss this issue further in Section 1.8. As a test statistic we use

T(z,%) = max {|z1|/ ity ... 2K/ 2KK}
because the resulting confidence region of the unrestricted estimator is rectangular, analogous
to the one in Section 1.2. We now get the following result.
Theorem 1.2. Let P be the class of distributions satisfying the following assumptions.

1. {Yi, X;}, is an iid sample from the distribution of (Y, X) with o?(xzy) € [1/C,C],

p(zp) >1/C, and BE(U* | X = a3) < C for allk=1,..., K and for some C > 0.

2. Og is closed and conver and 0y € Og.

Then Assumptions 1.1 — 1.5 hold and

liminf inf P (T(\/ﬁ(@ —b6y), 2) < c1—an(fo, 3, Q) + f-:n> >1-—aq.

n—oo PepP

If in addition Assumption 1.6 holds then

sup | P (T(\/ﬁ(ér —00),8) < c1_an(b0, 5, Q)) (- a)‘ 0.
pPeP



23

Next let hy(#) = 6, for [ = 1,..., K. Then the results in Section 1.3.2 yield a rectan-
gular confidence region for #y, which can be interpreted as a uniform confidence band for
go(x1), ..., g0(xx). Moreover, Corollary A.1l in the appendix shows that the band is noncon-

servative if 6y is sufficiently in the interior of the parameter space.

1.4.2 Kernel regression

We now suppose that X is continuously distributed with density fx. We denote its support

by X and assume that X = [2,7]. Let {z1,...,2x,} C X and

0o = (E(Y|X=x1) E<Y|X:$K"))/'

Here K, increases as the sample size increases and thus, our setup is very similar to Horowitz
and Lee (2017). Let K(-) be a kernel function and h, the bandwidth. The unrestricted

estimator is

ur — '

n z1 =X T n TR, —Xi
mR(SE) (e

tn

Define B = f_ll K(u)%du and o?(x) = Var(U | X = z) and let

O‘Q(ajl)B JQ(xKn)B> and S — diag (AQ(:El)B 52(55}(”)3)

E:diag< fx(x) 7 fx(zk,) j T fx(rk,)

fx(71)

where fx(z)) = ﬁ i K (r h_nXZ> and

oy - D R (255)  [(Smavir (222

o°(x) = - K
Yia K (%h_n—Xz) 2z K <:v h_"X1>

Just as before, let O be convex such as Or = {§ € RE» : A9 < b} and define

0, = argmin |0 — O, |2,
0cORr

implying that Q = 371, Finally, as before we let

T(z,ﬁl) = max{|zl|/ 211,...,|an\/ iKnKn}-
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We get the following result.

Theorem 1.3. Let P be the class of distributions satisfying the following assumptions.

1. The data {Y;, X;}!" | is an iid sample where X = [z, T].

(a) go(x) and fx(x) are twice continuously differentiable with uniformly bounded func-

tion values and derivatives. infycx fx(x) > 1/C for some C > 0.

(b) o?(z) is twice continuously differentiable, the function and derivatives are uniformly

bounded on X, and inf,ex 0?(x) > 1/C for some C > 0.

(c) E(Y*| X =) <C for some C > 0.
2. T — Tp—1 > 2hy, for allk and x1 > x+ hy, and vg, < T — hy,.
3. K(-) is a bounded and symmetric pdf with support [—1,1].

4. O is closed and conver and 0y € Og.

5/2
5. Kphdn = o(e?) and \I/(—T’L‘T—n =o(el).

Then Assumptions 1.1 — 1.5 hold and

lim inf inng <T <M(ér —6p), i]) <Ci—an (90, 3, Q) + En) >1—a.

n—oo Pe

If in addition Assumption 1.6 holds then

sup |P (T <\/n_hn(ér —b), i) <Cl—an <90,f],fl)> - (1- a)‘ — 0.

pPeP

The first assumption contains standard smoothness and moment conditions. The second
assumption guarantees that estimators of go(zx) and go(z;) for k # [ are independent, just
as in Horowitz and Lee (2017), and it also avoids complications associated with x being too

close to the boundary of the support. The third assumption imposes standard restrictions on
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the kernel function and the fourth assumption has been discussed before. The fifth assumption
contains rate conditions. Notice that with a fixed K,, these rates are the standard conditions
for asymptotic normality with undersmoothing in kernel regression. The rate conditions also
imply that K,h, — 0, which is similar to Horowitz and Lee (2017).

Once again with h;(0) = 6, for [ = 1, ..., K,, the results in Section 1.3.2 yield a rectangular
confidence region for 6y, which is a uniform confidence band for go(x1), ..., go(zk, ). Just as in
Horowitz and Lee (2017), the band only covers the function at these grid points, but the grid
becomes finer as the sample size increases. In the next section, we discuss a series estimator

where the confidence bands cover the entire function.

Remark 1.1. While we use the Nadaraya- Watson estimator for simplicity, the general theory
also applies to other estimators, such as local polynomial estimators. Another possibility is to
use a bias corrected estimator and the adjusted standard errors suggested by Calonico et al.
(2017). Finally, the general theory can also be adapted to incorporate a worst-case bias as in
Armstrong and Kolesar (2016) instead of using the undersmoothing assumption; see Section

A.3 for details.

1.4.3 Series regression

In this section we again assume that X € & is continuously distributed, but we use a series
estimator. One advantage of a series estimator is that it yields uniform confidence bands for
the entire function gg, rather than just a vector of function values.

Let pg, (z) € REn be a vector of basis functions and write go(z) ~ px, (v)'0p for some
o € ©r. We again let O be a convex set such as {# € RE» : A9 < b}. For example, we could
impose the constraints Vpy, (x;)'0 > 0 for j = 1,...,J,. Notice that J, is not restricted, and

we could even impose Vpg, ()'0 > 0 for all z € X if it is computationally feasible.!! The

HFor example, with quadratic splines Vp, (z)'0 > 0 reduces to finitely many inequality constraints.
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unrestricted and restricted estimators are
éw = arg min l z”: (Y; — DK (Xi)'ﬁ)z
9eREn TV T :
and
6, — argmin - i (Vi = pre, (X:)'0)”,
fcoOp N i—1 "
respectively. The assumptions ensure that both minimizers are unique with probability ap-

proaching 1. Since the objective function is quadratic in 8y we have

\/E(év — o) = argmin [|A — \/ﬁ(éw" - 90)“?}7
)\EAn(QO)

where Q = 137"y (Xi)pr, (X;)" and Q = E(Q). Define

S = (B(pr, (Xp, (X))~ E(U2ps, (Xi)pr, (X:)) (E(pr, (Xi)pr, (X))

Also let U; = Y; — DK, (Xi)’éur and

i:()—l<

Let 6(x) = \/pKn (2)'Spk, (x). We use the test statistic

SRS

n
ZUEPKn (Xi)pk, (Xi)'> O L
i1

z) (v/n(b, — 6
R — 005 = onp |7 (vir(ér —60)) |

zeX 5’(%)

The following theorem provides conditions to ensure that confidence sets for 8y have the correct
coverage asymptotically. We then explain how we can use these sets to construct uniform

confidence bands for go(z). To state the theorem, let {(Ky,) = sup,ex [Pk, (2)||-

Theorem 1.4. Let P be the class of distributions satisfying the following assumptions.

1. The data {Y;, X;} | is an iid sample from the distribution of (Y, X) with E(U? | X) €

[1/C,C] and E(U* | X) < C for some C > 0.
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2. The basis functions py(+) are orthonormal on X with respect to the L? norm and fx(x) €

[1/C,C] for all z € X and some C > 0.

3. ©p is closed and conver and 0y € Op is such that for some constants Cy and v > 0

sup |go(x) — pk, (2)'6o| < Cy K, 7.

reX
. 274 473 .
4. nK,? = o(e2), % =0(e8), and % = o(2).

Then Assumptions 1.1 — 1.5 hold and

liminf inf P (T(ﬁ(ér —00),8) < c1—an(00,5,9) + gn) >1-a

n—oo PeP

If in addition Assumption 1.6 holds then

sup |P (T(\/ﬁ(ér —00),5) < c1-an(00, S, Q)) (- a)’ 0.
pPeP

The first assumption imposes standard moment conditions. The main role of the second
assumption is to guarantee that the minimum eigenvalues of ¥ and () are bounded and bounded
away from 0. The third assumption says that go can be well approximated by a function
satisfying the constraints, and the fourth assumption provides rate conditions. For asymptotic

normality of nonlinear functionals Newey (1997) assumes that

Kn)*K?
é( 7;3 n — 0'

nk, > +

For orthonormal polynomials {(K,,) = C, K, and for splines {(K,,) = Csv/K,,. Thus, our rate
conditions are slightly stronger than the ones in Newey (1997), but we also obtain confidence

sets for the K, dimensional vector 8y, which we can transform to uniform confidence bands for

E(Kn) Ky

go- The last rate condition, >=2—=2 = o(e;

). is not needed under the additional assumption

that var(U; | X;) = 0% > 0.
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Remark 1.2. In a finite dimensional regression framework with K, = K, the third assumption
always holds and the fourth assumption only requires that n — oo. In this case the second

assumption can be replaced with the condition Amin(E(pr(X)pr(X)')) > 1/C.
To obtain a uniform confidence band for go(X), define
CI={0€Or: T(Vn(l, —0),%) < c1_an(0,2,Q)}

and let

gi(w) = min pr, (2)'0 and  gu(w) = max pr, (x)'0.

Also notice that ||pk, (z)||? is bounded away from 0 if the basis functions contain the constant

function. We get the following result.

Corollary 1.2. Suppose the assumptions of Theorem 1.4 and Assumption 1.6 hold. Further

suppose that inf,cx ||px, (2)||*> > 1/C for some constant C > 0. Then

hgggéf ];IEI%P (Gi(z) < go(z) < gu(z) Vo €X) >1— .
Remark 1.3. Without shape restriction, inverting our test statistic results in a uniform confi-
dence band where the width of the band is proportional to the standard deviation of the estimated
function for each x and the proportionality factor depends on K,. This band can also be 0b-
tained as a projecting onto the underlying confidence set for 0y; see Freyberger and Rai (2018)
for this equivalence result. If g is sufficiently in the interior of the parameter space, an appli-
cation of Corollary A.1 in Appendiz A shows that the restricted band is equivalent to that band

with probability approaching 1. In this case the projection based band is not conservative.

Remark 1.4. Similar as before, Assumption 1.6 is not needed if the band is obtained by

projecting onto {0 € O : T(vn(fy —0),%) < c1_an(0,5,Q) +e,}
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Remark 1.5. The results can be extended to a partially linear model of the form'Y = go(X1)+
Xiv+U. The parameter vector 8y would then contain both o and the coefficients of the series
approzimation of go. If Yo is unrestricted and if the test statistic does not depend on ~yy (for
example if we construct a confidence band for go), then the critical value does not depend on

Y0, which can reduce the computational costs considerably.

1.5 Instrumental variables estimation
As the final application of the general method we consider the NPIV model
Y =g(X)+U, EU|Z)=0,

where X and Z are continuously distributed scalar random variables with bounded support. We
assume for notational simplicity that X and Z have the same support, X', but this assumption
is without loss of generality because X and Z can always be transformed to have support
on [0,1]. We assume that E(U? | Z) = 02 to focus on the complications resulting from the
ill-posed inverse problem. Here, the data is a random sample {Y;, X, Z;}7 ;.

As before, let pg, (z) € RE» be a vector of basis functions and write go(z) ~ pg,, (z)'0y for
some 0y € O, where O is a convex subset of RE7. Let Px be the n x K,, matrix, where the
ith row is pg, (X;)" and define Py analogously. Let Y be the n x 1 vector containing Y;. Let

Our = argmin (Y — Px0) Py (P, P;) ' PL(Y — Px0)
fcREn
and

0, = argmin (Y — Px0)'Pyz(P,Py) 'P,(Y — Px0).
0cOpr

For simplicity we use the same basis function as well as the same number of basis functions

for X; and Z;. Our results can be generalized to allow for different basis functions and more
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instruments than regressors. Since the objective function is quadratic in 8y we have

ﬁ(ér — 90) = argmin ||/\ - \/ﬁ(éur - 90)”?}7
/\EAn(eo)

where ) = L(Py Py) (P, Py)~' (P} Px). Furthermore, let Qxz = E(pk, (Xi)pk, (Z;)'). Then

Y = d? Qv Err, (Zi)pr, (Z:))(Qx 2)

~

which we estimate by & = 620! with 62 = % Yo [7? and U; = Y; — i, (Xi) O

As before, 6(z) = \/pr, () Epx, (x) and the test statistic is

z) (1, — 6
=0, ) = sup [ (Y = 80) |

reX O‘(CU)
The following theorem provides conditions to ensure that confidence sets for 6y have the
correct coverage. Analogously to before we can transform these sets to uniform confidence

bands for go(z). As before, let £(K},) = sup,cx [Pk, (2)|.
Theorem 1.5. Let P be the class of distributions satisfying the following assumptions.

1. The data {Y;, X;, Z;}1* | is an iid sample from the distribution of (Y, X, Z) with E(U? |

Z)=0%?€[1/C,C] and E(U*| Z) < C for some C > 0.

2. The functions py(-) are orthonormal on X with respect to the L? norm and the densities

of X and Z are uniformly bounded above and bounded away from 0.

3. Or is closed and convex and for some function b(K,) and 6y € O

sup [go(z) — pi, (%)'o] < b(EK,).
zeX

4 Amin(Q@x2Qx ) = Tk, > 0 and Amax(QxzQ'x ) € [1/C, C] for some C < 0.

b(Kn)? : Ky)2 K2
5. % = o(e2) and %L = o(ef).
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Then Assumptions 1.1 — 1.5 hold and

liminf inf P (T(ﬁ(e} —00),5) < c1-an(80,5,9) + sn) >1-a.

n—oo PeP

If in addition Assumption 1.6 holds then

sup |P (T(\/ﬁ(ér —00),5) < c1an(f0, S, Q)) —(1- a)‘ ~ 0.
PeP

Assumptions 1 — 3 of the theorem are very similar to those of Theorem 1.4. Assumption
4 defines a measure of ill-posedness 7, . For a fixed distribution of the data, we would have
Tk, = Amin(@x2zQ'y ). but here the measure is defined as a lower bound for all distributions
in P. Tt is similar to the measure of ill-posedness in Chen and Christensen (2018) and it plays
a similar role because it affects the rate of convergence and the rate conditions in Theorem
1.5, It is easy to show that Apax(QxzQ'x ) is bounded as long as fxz is square integrable.
However, Amax(QxzQ,) < C also allows for X = Z as a special case. In fact, in this case,
Tk, 1s bounded away from 0 and all assumptions reduce to the ones in the series regression
framework with homoskedasticity. Moreover, similar to Remark 1.2, the assumptions also allow
for K, to be fixed in which case all conditions reduce to standard assumptions in a parametric
IV framework. Finally, the results can also be extended to a partially linear model; see Remark

1.5.

1.6 Monte Carlo simulations
To investigate finite sample properties we simulate data from the model
Y=9(X)+U, EU]|Z)=0,

where X € [—1,1] and
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Here, F' is the cdf of a t-distribution with one degree of freedom and we vary the constant c.
Figure 3 in Appendix (A.1) shows the function for n = 5,000 and ¢ € {0, 10, 20, 30, 40, 50}.
Clearly, ¢ = 0 belongs to the constant function. As ¢ increases the slope of go(x) increases for
every x.

Let X, Z, and U be jointly normally distributed with var(U) = 0.25 and var(Z) =
var(X) = 1. Let X = 2F3(X) — 1 ~ Unif[-1,1] and Z = 2F;(Z) — 1 ~ Unif[-1,1]. We
consider two DGPs. First, we let cov(X ,U) = 0. Thus, X is exogenous and we use the series
estimator described in Section 1.4.3. Second, we let cov(X,Z) = 0.7 and cov(X,U) = 0.5
and use the NPIV estimator. In both cases we first focus on uniform confidence bands for
go- In this section we report results with Legendre polynomials as basis function. In Section
A.5 in the supplement we report qualitatively very similar results for quadratic splines. For
the series regression setting we take n = 1,000 and for NPIV we use n = 5,000. We take
sample sizes large enough such that the unrestricted estimator has good coverage properties
for a sufficiently large number of series terms, which helps in analyzing how conservative the
restricted confidence bands can be. All results are based on 1,000 Monte Carlo simulations.

To obtain the uniform confidence bands, we solve optimization problems of the form

i ‘0 d ‘g, l=1,...,L
i pre, (21)'0 and - max p, (1)
subject to
prc, (@) (Va0 = 0)) . ,
sup - < cioan(0,2,.Q) and Vpg, (z;)'0 <0forall j=1,...,J.
TEX O'(ZL')

The second constraint imposes the restriction that gg is weakly decreasing and we enforce it
on 10 equally spaced points for the polynomial basis. With quadratic splines the constraint
Vpk, (2)'8 <0 for all x € [—1, 1] reduces to finitely many inequality constraints. We solve for

the uniform confidence bands on 30 equally spaced grid point. Using finer grids has almost
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no impact on the results, but increases the computational costs.'> To solve the optimization
problems, we have to calculate ¢;_ (6, ﬁ],Q), which is not available in closed form. To do
so, we take 2,000 draws from a multivariate normal distribution and use them to estimate
the distribution function of T'(Z, (6, 3, 2), %) using a kernel estimator and Silverman’s rule of
thumb bandwidth. We then take the 1 — a quantile of the estimated distribution function
as the critical value. Estimating the distribution function simply as a step function yields
almost identical critical values for any given 6 and thus, a test inversion approach would yield
essentially identical confidence sets for g. However, the smooth estimated distribution function
performed much more reliably when we solved the optimization problems. The number of draws
from the normal distribution is analogous to the number of bootstrap samples in other settings
and using more draws has almost no impact on our results. Sections 1.6.1 and A.4 provide
additional details and discuss the computational costs.

Tables 1 and 2 in Appendix A.1 show the simulation results for the series regression model
and the NPIV model, respectively. The first column is the order of the polynomial and K, = 2
belongs to a linear function. We use the same number of basis functions for X and Z, but
using K, + 3 for the instrument matrix yields very similar results. The third and fourth
columns show the coverage rates of uniform confidence bands using the unrestricted and shape
restricted method, respectively. The nominal coverage rate is 0.95. For a confidence band
[61(x), gu(x)] define the average width as 3 Z?il(gu(xj) — gi(x;)), where {z; }?21 are the grid
points. Columns 5 and 6 show the medians of the average widths of the 1,000 simulated data
sets for the unrestricted and restricted estimator, respectively. Let width:, and width? be the
average widths in data set s. The last columns shows the median of (width?, —width?) /width?,

across the 1,000 simulated data sets. Even though the mean gains are very similar, we report

12Tn the application we use a grid of 100 points for the uniform confidence bands, but we use a coarser
grid for the simulations, because our reported results are based on 78,000 estimated confidence bands
in total.
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the median gains to ensure that our gains are not mainly caused by extreme outcomes.

In Table 1 we can see that the unrestricted estimator has coverage rates close to 0.95 if
¢ = 0. For K,, =2 and K,, = 3, the coverage probability drops significantly below 0.95 when
c is large because increasing c also increases the approximation bias. For larger values of K,
the coverage probability of the unrestricted band is close to 0.95 for all reported values of c.
Due to the projection, the coverage probability of the restricted band tends to be above the
one of the unrestricted band. When c is large enough, such as ¢ = 10 with K,, = 2, the two
bands are identical with very large probability. The average width of the unrestricted band
does not depend on c¢. On the other hand, the average width of the restricted band is much
smaller when ¢ is small. Consequently, the restricted band can be significantly narrower than
the unrestricted band with the same K,,, especially when K, is large and c is small.'®

Table 2 shows that the results for the NPIV model are similar, but the gains from using
the shape restrictions are much larger. For example, when K,, = 5 and ¢ = 0, the unrestricted
bands tends to be almost four times as wide as the restricted band. Furthermore, the range
of ¢ values for which we achieve sizable gains is much larger for in the NPIV model relative
to the series regression framework. More generally, due to the larger variance of the estimator
in the NPIV model, we observed in a variety of other simulations that the range of functions

for which we obtain gains in this model is much larger than in series regression for the same

BSince U is normally distributed and independent of X, an alternative method to construct
confidence bands in this setting is the one proposed by Diimbgen (2003). Since this method
only applies with fixed regressors and since X ~ Unif(0,1) in our simulations, we let X €
{-1,000/1,002, —998/1,002,...,998/1,002}, which is an equal spaced grid of size 1,000. We also
assume that the variance of U is known. With the monotonized bands of Diimbgen (2003) we then get
coverage rates and widths of 0.948 and 0.233 when ¢ = 0, 0.974 and 0.258 when ¢ = 2, 0.979 and 0.281
when ¢ = 4, 0.983 and 0.301 when ¢ = 6, 0.986 and 0.319 when ¢ = 8, and 0.988 and 0.336 when ¢ = 10.
This method is not conservative at the boundary, but it is conservative in the interior. The bands can
be empty and arbitrarily small (with and without monotonizing), but they are empty in only 3 out of
1,000 samples when ¢ = 0. An advantage of the method is that it is smoothing parameter free, but
the widths are much larger than our widths, even when K,, = 5, for all values of ¢ (our method yields
almost identical results as those in Table 1 when we fix the grid). Also notice that this method only
applies when U is normally distributed and the regressors are fixed.
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sample size and a similar DGP.

The widths gains reported in Tables 1 and 2 compare restricted and unrestricted bands
for the same values of K,,. Even without shape restrictions, it is not clear how to pick K, in
an optimal, data-driven way, which ensures that the confidence bands have the right coverage
probability asymptotically. Investigating a data-driven choice for K, is therefore out of the
scope of this paper, but we should note that the optimal K, might be different for estimators
with and without shape restriction. Hence, an alternative way of interpreting the results in
Tables 1 and 2 is to compare the widths of restricted and unrestricted bands with coverage
probabilities close to 95%. For example, in the NPIV model and ¢ = 5, the coverage probability
of the unrestricted estimator is close to 95% when K,, = 4 and the median width is then 0.207.
For the same DGP, the restricted estimator has coverage probabilities close to or above 95%
when K, = 3 and K,, = 4 with median widths of 0.079 and 0.120, respectively. These
comparisons suggest that the widths gains from the shape restrictions are also large with
data-driven choices of K, when gg is close to the boundary.

Figure 4 in Appendix (A.1) shows the means of the restricted and the unrestricted bands
obtained from the 1,000 simulated data sets in the NPIV model with K,, = 5. Figure 5 in
Appendix (A.1) contains four specific examples when ¢ = 5. In the first example, both the
restricted and the unrestricted estimator are monotone, but the restricted band is still much
smaller. In the last example the unrestricted band does not contain any monotone function.
In contrast, the restricted bands are always centered around the restricted estimates and both
the upper and lower bound functions are monotonically decreasing.

In addition to some of the information in Table 2 in Appendix (A.1), we report the width
gains relative to monotonized bands in Table 3 for a subset of the DGPs with K, = 5.
To obtain these bands we simply exclude all parts of the unrestricted bands which are not

consistent with a weakly decreasing function. As we can see from the reported widths, our
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restricted bands are considerably smaller than these bands as well, and the widths gains are up
to 1 —0.122/0.210 = 41.9%. Moreover, the monotonized band may be empty, which happens
in 1.6% of the data sets when ¢ = 0, or they can be extremely narrow.

Finally, to illustrate that our method is also applicable to functionals, Table 4 in Appendix
(A.1) shows coverage rates and median widths of confidence intervals for the average derivative
of the function. Here, we compare our method to the series estimator without shape restrictions
(corresponding to cov,, and widths,, in Table 4), the unrestricted approach, but only including
the non-positive part of the confidence interval (corresponding to covy, and widthspeq), and
the method of Chernozhukov et al. (2015) (corresponding to covens and widthse,s). Again, our
method yields considerable width gains compared to the unrestricted intervals at or close to
the boundary (up to 1 —0.233/0.637 = 63% when ¢ = 0) and coverage rates above 95%. The
approach of Chernozhukov et al. (2015) is not conservative at the boundary, their intervals are
in this case narrower than ours (0.164 versus 0.233), and they are empty in 4% of the samples.
As we move into the interior of the parameter space, our method performs favorably, which
could be due to the choice of the user specified tuning parameters which their approach requires.
We use their suggested data dependent procedures and did not explore other choices.!* The
first row of Table 4 contains results when ¢ = —5 and thus, the model is misspecified and the
true function is increasing. In this case, their approach yields empty intervals in 81% of the

cases, while our confidence sets are always built around the restricted estimators.

1.6.1 Computational costs

We ran the simulations using MATLAB and the resources of the UW-Madison Center For High

Throughput Computing (CHTC) in the Department of Computer Sciences. To get accurate

HMSpecifically, we use the “aggressive” data dependent choices for r,, and I,, explained in their Section
7.1. These choices might lead to a choice of r,, which is too large in the interior of the parameter space
and thus, confidence intervals that are too conservative and unnecessarily wide.



37

computational times we rerun a subset of the simulations using MATLAB R2015a on a desktop
computer with an Intel Core i3 processor running at 3.5Ghz. In these simulations, the median
times to solve for the uniform confidence bands in the NPIV setting were roughly 5 minutes
when K, = 2, 15 minutes when K, = 3, 32 minutes when K, = 4, and 45 minutes when
K, = 5. Each of these times is based on 60 simulated data sets. In Section A.4 in the
supplement, we provide additional details, such as our selection of starting values. Since we
use a grid of 30 points to calculate the uniform confidence bands, we solve 60 optimization
problems for each band. Therefore, obtaining confidence intervals for the average derivatives
is considerably faster. In particular, the median time is around 2.5 minutes, even though
K, = 5. The approach of Chernozhukov et al. (2015) is based on test inversion, where we
test a particular value for the average derivative and obtain critical values using the bootstrap.
With 2,000 bootstrap samples, which is then comparable to the 2,000 normal draws we use
for our approach, each test takes around 6 seconds. Thus, the computational costs of the two
approaches in this particular setting are similar if we use 25 grid points for the test inversion
approach of Chernozhukov et al. (2015), which is considerably less than what we used to obtain
the results in Table 4.

There are several possibilities to substantially reduce the computational times. First, notice
that the programs for the uniform confidence bands are very easy to parallelize because the
optimization problems are solved separately for each grid point. Second, in our setting we
could also use an approach recently suggested by Kaido et al. (2016) in a computationally
similar problem in the moment inequality literature. In our setting, their algorithm leads to
essentially identical results in both the simulations and the empirical application; see Section
A .4 for more details. Moreover, for the uniform confidence bands in the NPIV setting, the
median times with their approach are roughly 2.5 minutes when K, = 2, 8 minutes when

K, = 3, 13 minutes when K, = 4, and 20 minutes when K, = 5. Finally, we recently
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developed the code in Fortran, which runs approximately ten times faster than the MATLAB
code in the empirical application below, where we have 16 estimated parameters, and it yields

identical results.

1.7 Empirical application

In this section, we use the data from Blundell et al. (2012) and Chetverikov and Wilhelm
(2017) to estimate US gasoline demand functions and to provide uniform confidence bands
under the assumption that the demand function is weakly decreasing in the price. The data
comes from the 2001 National Household Travel Survey and contains, among others, annual
gasoline consumption, the gasoline price, and household income for 4,812 households. We
excludes households from Georgia because their gasoline price is much smaller than for all
other regions (highest log price of 0.133 while the next largest log price observation is 0.194)
and therefore n = 4, 655.

‘We use the model
Y=g0(X1,X2)+X§“/Q+U, E(U | Z,XQ,X3)=O.

Here Y denotes annual log gasoline consumption of a household, X is the log price of gasoline
(the average local price), Xy is log household income, and X3 contains additional household
characteristics, namely the log age of the household respondent, the log household size, the
log number of drivers, and the number of workers in the household. Following Blundell et al.
(2012) and Chetverikov and Wilhelm (2017), we use the distance to a major oil platform as
an instrument, denoted by Z, for X;. We report estimates and uniform confidence bands for
go(z1. T2) + Thyo as a function of z;. We fix X3 at their mean values and we consider three
different values of Zo, namely the 25th percentile, the median, and the 75th percentile of the

income distribution.
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The estimator is similar to the one described in Section 1.5 and our specification is similar
to Chetverikov and Wilhelm (2017). Specifically, we use quadratic splines with three interior
knots for X (contained in the matrix Px,) and cubic splines with eight knots for Z (contained
in the matrix Pz). The matrix of regressors is then (Px,, Px, X X2, X3), where x denotes
the tensor product of the columns of the matrices, and (Pz, Pz x Xa, X3) is the matrix of
instruments. Chetverikov and Wilhelm (2017) estimate v in the first step and subtract X34
from Y, while we estimate all parameters together in order to incorporate the variance of ¥
when constructing confidence bands. We also report results for a second specification using
quadratic splines with six knots to construct Pz to illustrate the sensitivity of the estimates.

Figure 6 in Appendix (A.1) plots unrestricted and restricted estimators for the three income
levels along with 95% uniform confidence bands. The left side contains the estimates with
quadratic splines and six knots for Z and right side the estimates with cubic splines and
eight knots. The unrestricted estimates are generally increasing for very low and high prices,
suggesting that the true demand function has a relatively small slope for these price levels.
Our bands are centered around the restricted estimates with monotone upper and lower bound
functions. Moreover, the average width of the restricted band is between 25% and 45% smaller
than the average width of the unrestricted band. We can also see from the figures that the
unrestricted estimates and bands are very sensitive to the specification, but the restricted ones

are not.

1.8 Conclusion

We provide a general approach for conducting uniformly valid inference under shape restric-
tions. A main application of our method is the estimation of uniform confidence bands for an

unknown function of interest, as well as confidence regions for other features of the function.
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Our confidence bands are well suited to be reported along with shape restricted estimates,
because they are build around restricted estimators and the upper and lower bound functions
are consistent with the shape restrictions. In addition, the bands are asymptotically equiva-
lent to standard unrestricted confidence bands if the true function strictly satisfies all shape
restrictions, but they can be much smaller if some of the shape restrictions are binding or
close to binding. Our method is widely applicable and we provide low level conditions for
our assumptions in a regression framework (for both series and kernel estimation) and the
NPIV model. We demonstrate in simulations and in an empirical application that our shape
restricted confidence bands can be much narrower than unrestricted bands.

There are several interesting directions for future research. First, while we prove uniform
size control, we do not provide a formal power analysis. It is known that monotone nonpara-
metric estimators can have a faster rate of convergence if the true function is close to constant
(see for example Chetverikov and Wilhelm (2017)). Our simulation results suggest that our
bands also converge at a faster rate than unrestricted bands in this case, but establishing this
result formally is out of the scope of this paper.

Second, we assume that the restricted estimator is an approximate projection of the unre-
stricted estimator under a weighted Euclidean norm | - [|¢,. In many settings the matrix Q) can
be chosen by the researcher (as in Section 1.4.2). For example, in a just identified GMM set-
ting it is well known that the unrestricted estimator is invariant to the GMM-weight matrix.
However, the restricted estimator generally depends on the GMM-weight matrix because it
affects Q. Notice that 6, is approximately N (6o, $/x2) distributed. To obtain the restricted
estimator of 8y we could image maximizing the likelihood with respect to 6y, where the data
is éur, subject to the solution being in Op. It is easy to show that the restricted maximum
likelihood estimator is arg mingcg,, ||/ — HAWHg_l, suggesting to use { = $1, although it is not

clear that MLE has optimality properties in this setting. In a just identified GMM setting, such
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as our regression or [V framework, this amounts to using the standard optimal GMM-weight
matrix. In simulations, we found that this weight matrix performs particularly well, but we
leave optimality considerations for future research.

Finally, notice that in our setting ér is a function of 9W and hence, éur provides more
information than ér. Therefore, instead of letting the test statistic depend on &, (ér —6y), we
could let it depend on nn(éw — 0p) and incorporate the shape restrictions in the test statistic.
This approach would potentially allow us to use additional test statistics. We are particularly
interested in rectangular confidence sets for functions of 6y, which are equivalent to standard
rectangular confidence sets if 0y is in the interior of ©@g. Such sets can be obtained using test

statistics that depend on /@n(ér — 0p) and it is therefore not immediately obvious what the

potential benefits of a more general formalization are.
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Chapter 2

Simple Inference in First-Price

Auctions!

2.1 Introduction

Economists are often interested in studying how changes in market design affect market out-
comes. For auctions, this involves studying how changes in the rules of the auction, such as
changing the reserve price policy, affect the results of the auction, such as the expected rev-
enue generated by the auction or the probability of selling the object. Due to its widespread
use as an allocation mechanism, such as auctions for mineral or resource rights, the rights to
transmit signals on electromagnetic spectra, contracts for building or maintaining highways
and selling online advertising space, there is a large literature on the econometrics of first-price
auctions. While the literature on identification and consistent estimation of these models is
well-developed, forming asymptotically valid confidence sets for general functions of the dis-

tribution of valuations in first price auctions has been a longstanding unresolved problem.

I'This chapter is joint work with Cristidn Herndndez
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Without a valid inference procedure, applied researchers are left without a formal method to
assess the precision of their point estimates for functions of interest. A primary difficulty is
that the object of interest is a feature of the distribution of unobserved valuations. As bids
are the outcome of an unknown mapping applied to the valuations, standard approaches to
characterize the limiting behavior of estimators do not apply even if one is willing to assume
a parametric specification.

In this paper, we propose a new estimator for the distribution of valuations in first-price
auctions which consists of a simple modification of a method of moments estimator with mo-
ments constructed from the log-likelihood function. The particular construction of the moments
as well as the simple modification avoids the non-standard features of the first-price auction
model. As a result, we can show the distribution of our estimator is well-approximated by
a sequence of normal distributions. When combined with mild continuity conditions on the
test-statistic, these distributional approximations allow us to produce (1 — «)100% confidence
sets for general functions of interest. This is the first result in the first-price auctions literature
that allows researchers to form confidence sets for general functions. Although our results
are not limited to such examples, our inference procedure allows the formation of confidence
intervals for 1) the density of valuations, 2) quantiles of the valuations, 3) the expected rev-
enue of the auction for a given reserve price and 4) the revenue-maximizing reserve price. As
the our estimator is asymptotically normally distributed, it is computationally simple to form
confidence sets using our estimator. For example, using the t-statistic, our 95% confidence set
is equal to the point-estimate plus/minus 1.96 times the estimated standard deviation.

Our estimator consists of a simple modification to a method of moments estimator where
the estimating moments are given by asymptotically demeaned sample score functions. By
using this criterion function, our estimator belongs to a general class of estimators which

are constructed by applying a Newton-Raphson step to a restricted minimizer of a sample
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criterion function. Intuitively, the application of the Newton-Raphson step constructs our es-
timator as the unrestricted minimizer of a quadratic approximation of the criterion function
around the restricted estimator. Using similar arguments as those proposed in Ketz (2018)
for parametric models, we show that under mild regularity conditions our proposed estimator
is well-approximated by a sequence of normal distributions. Although we focus on the spe-
cial case of a simple first-price auction model, our approach applies more generally to form
asymptotically normally distributed estimators from parametric/nonparametric M-estimators
where the criterion function may only be defined on a subset of the parameter space. Conse-
quently, our results may apply to more elaborate first-price auction environments and may be
of independent interest outside of the auction literature.

We examine the performance of our estimator and confidence bands in a Monte Carlo
simulation using three criteria. First, we assess the finite sample coverage of our confidence
bands for several commonly estimated functionals. Second, we compare the performance of our
estimator to the method of moments (MM) and maximum likelihood (ML) estimators. This
comparison gauges the cost, in terms of increased variance, of using our normally distributed
estimator as opposed to the potentially non-normally distributed “restricted” alternatives.
Third, we compare our estimator to estimators in the literature. In all three criteria, our
estimator performs well. In the simulation, our confidence sets had coverage close to nominal
size. Moreover, the variance of our estimator is only slightly larger than the variance of the
MM and ML estimators. For example, for the optimal reserve price, our estimator had less
than a 5% increase in the variance over the MM and ML estimators. Finally, our method
compares favorably to alternatives in the literature. For example, the mean-squared error of
our estimate of the optimal reserve price was 86.5% smaller than the estimator in GPV (2000)

and 81.9% smaller than the estimator in Marmer and Shneyerov (2012).
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To demonstrate the usefulness of our estimator and confidence bands, we include an appli-
cation to sealed-bid, first-price auctions for timber rights conducted by the United States Forest
Service. In these auctions, agents bid for the right to harvest timber from federally-managed
lands. Using observational bid data, we nonparametrically estimate the density of valuations
and present three inference results to show the flexibility of our approach. Specifically, we in-
clude 1) uniform confidence bands for the density of valuations, 2) a confidence interval for the
revenue-maximizing reserve price and 3) joint uniform confidence bands for the sale probability
and the expected revenue of the auction both as functions of the reserve price. The first two
results illustrate our approach can produce confidence bands for commonly estimated objects
in the literature. The last feature shows how policymakers can use our approach to evaluate
and make inferences about the potential trade-offs of a particular reserve price policy when
non-revenue considerations are important. Moreover, if the welfare function of the agency were
known, one could use our method to estimate and make inferences about the welfare optimizing
reserve price. We find the revenue increase in moving from no-reserve to the revenue-optimal
reserve price is small and results in a substantial reduction in the probability of a sale. The
narrow confidence bands suggest policymakers may optimally set low reserve prices to mitigate
the probability of not selling the harvesting rights. These considerations could be important if
the Forest Service is concerned with responsibly managing potentially overgrown tracts or is
attempting to increase the supply of timber to US sawmills, which are both stated objectives
of the US Forest Service.

In the rest of this section, we explain how our paper fits into the literature. To keep
the discussion concise, we only focus on papers which address the problem of inference in
first-price auctions. As stated previously, the primary difficulty in the asymptotic analysis of
estimators in first-price auction models is the unknown mapping between the observed bids

and the primitives of the model, which are the valuations. This mapping complicates the
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formation of estimators and the derivation of their asymptotic distributions as it often violates
standard arguments used to approximate the limiting behavior of the estimator. As a result,
there is no existing method which can form confidence sets for general functions of interest in
nonparametric settings.

In an early paper in the literature, Donald and Paarsch (1993) demonstrated the first-
price auction model violates the regularity conditions for the maximum likelihood estimator
as the support of the bid distribution depends on the parameters of the valuation distribution.
Specifically, for first-price auctions with interval-supported valuations, the support of the bid
distribution is an interval where the rightmost endpoint of the support is a function of the
parameters of the valuation distribution. As a result of this non-standard feature, one cannot
use standard asymptotic arguments to establish the limiting distribution of the parametric
maximum likelihood estimator.

Early efforts in the literature focused on alternatives to the parametric maximum likelihood
estimator. One alternative is the piece-wise pseudo maximum likelihood estimator of Donald
and Paarsch (1993). Their method assumes one can partition the parameter ¢ into a scalar,
f1, and the remaining parameters, #5, where the rightmost support point of the bid distribu-
tion is strictly increasing in 6. For any value of 6, they set 61 to constrain the rightmost
point of the bid distribution to equal the largest observed bid. Then, they obtain their esti-
mator by maximizing the likelihood over 5 after concentrating out 6. Under mild regularity
conditions, their estimator for 6 is asymptotically normal. Laffont et al. (1995) proposed a
second alternative based on simulated method of moments which estimates 6§ by minimizing
a nonlinear least squares objective function measuring the distance between sample moments
and simulated moments using 6. By suitably adjusting the criterion function, their estimator
is consistent using a fixed number of simulations as the sample size tends to infinity. Under

some regularity conditions, which includes the potentially strong assumption that the moments
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identify the true parameter, they show their estimator is asymptotic normal. In contrast to our
result, these papers rely on parametric assumptions and it is not immediately clear whether
these arguments can be extended to nonparametric settings.

In GPV (2000), the authors propose a nonparametric, two-step kernel estimator for the
distribution of valuations. The key insight of their estimator is that if the density of bids
were known, one can recover the valuation which generated a given bid. To implement this
observation, their estimator uses a first-step kernel estimate of the bid-distribution to construct
plug-in estimates of the valuations, which they call pseudo-valuations. In the second step,
they use the pseudo-valuations to produce their kernel-estimate of the density of valuations.
A limitation of this approach is that it requires the user to specify number of bandwidth
choices when the observed auctions involve distinct numbers of participants. Until recently,
the asymptotic distribution of the GPV (2000) estimator was unknown. Ma et al. (2018) show
the GPV (2000) estimator for the density of valuations at an interior point is asymptotically
normal. While this resolved a longstanding question, the practical importance of confidence
bands for the density of valuations is not clear. Often, the density of valuations is only of
secondary interest, and it is unclear if one can extend this result to general functions of interest
which may depend upon the entire distribution of valuations.

Marmer and Shneyerov (2012) propose a nonparametric estimator for the density of valua-
tions based on the observation that the monotonicity of the bidding strategy implies quantiles
of the valuations are known functions of the quantiles of the bids. To construct their estimator,
they estimate quantiles of bids and use this mapping between the quantiles to construct quan-
tiles of the valuation distribution. By inverting the quantile function and differentiating, they
obtain their estimator for the valuation density. As it avoids the construction of pseudo-values,
their estimator only involves one kernel estimator. This allows them to show their estimate

for the density of valuations at an interior point is asymptotically normally distributed. While
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they do not establish the asymptotic distribution of the plug-in estimator, they provide a
method for constructing confidence sets for the optimal reserve price by inverting a test. As a
result, these confidence sets can be arbitrary subsets of the valuation space and are generally
not intervals. Furthermore, it is unclear if it is possible to use their results to form confidence
sets for general functions of interest.

Our paper is also related to the literature on inference under shape-restrictions. We briefly
discuss the connection to three related papers. In a parametric model, Andrews (1999) derives
the asymptotic distribution for restricted estimators under binding shape-restrictions. When
a restriction binds, he shows the asymptotic distribution of the restricted estimator is the pro-
jection of a normal distribution on to the restricted parameter space. Ketz (2018) studies a
parametric model similar to Andrews (1999), but to avoid the non-normality of the restricted
estimator, he proposes an “unrestricted” estimator obtained by applying a Newton-Raphson
step to the restricted estimator. Among other things, he shows this estimator is asymptotically
normally distributed. We use a similar methodology as in Ketz (2018) to establish the approx-
imate normality for the class of nonparametric problems we consider. Finally, Freyberger and
Reeves (2018) provide a uniformly valid inference procedure for a growing parameter vector
subject to binding or drifting-to-binding constraints. While we use similar technical argu-
ments, the objective of the current paper differs considerably from Freyberger and Reeves
(2018). Whereas their focus is on using the non-normally distributed restricted estimators as
a basis for inference, our approach is concerned with constructing normally distributed unre-
stricted estimators from the restricted estimators. Although the confidence sets formed using
the restricted estimator are generally smaller than those based on the unrestricted estimator,
obtaining the restricted confidence bands can be computationally challenging. In contrast, the
asymptotic normality of our unrestricted estimator allows the formation of standard confidence

bands which are simple to obtain and easy to report.
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The rest of the paper is organized as follows. Section 2.2 describes the auction environment
and a description of its non-standard features. Section 2.3 introduces our estimator and high-
level conditions under which our tests control size. Section 2.4 contains low-level sufficient
conditions for a simple auction model. Section 2.5 contains the simulation study. Section 2.6
contains the empirical application. Section 2.7 concludes and discusses avenues for extensions.
Additionally, we include an appendix of figures/tables in section B.1 and a technical appendix
in section B.2. For the remainder of the paper, denote the density of bids and valuations
by f and g, respectively. For a positive definite and symmetric matrix A and vector z, let
|z||4 = 2’ Az. Moreover, let ||A|| denote the Frobenius norm of the matrix A and ||A||s denote

the spectral norm of the matrix A.

2.2 The Auction Environment

To introduce the non-standard features of the model and show how our proposed estimator
avoids these difficulties, our discussion focuses on a simple first-price auction model. In subsec-
tion 2.2.1, we outline the simple auction model we consider, and in subsection 2.2.2 we discuss
the non-standard features. To simplify the presentation of the arguments for this section, we
temporarily assume a parametric specification in which fo(v) = f(v,0y) for some 0y € ©.
In section, 2.3.3 we return to the general environment which allows for both parametric and

nonparametric specifications.

2.2.1 Description of the Auction Model

In the model we consider, a seller is auctioning a single object through a first-price auction
in which valuations are private information and bids are submitted simultaneously. In the

auction, the object is awarded to highest bidder and the winner pays their bid. We assume
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there is a non-binding reserve price so that no winning bid is rejected by the seller. Agents
draw independent valuations from a distribution function with a density given by f(-, p) with
known support on the compact interval [v, 7]. When submitting bids, agents only know their
valuation, the number of players against which they are bidding and the distribution f(-,6p).
As they do not know the valuations of the other participants, agents bid to maximize expected
utility conditional on their own valuation. We assume risk-neutrality so agents bid to maximize
expected conditional payout.

The bidding function, denoted b(v, 8, p), specifies the bid which maximizes the expected
payout for an agent with valuation v when bidding in an auction with p participants (including
the agent) when valuations are drawn from the density f(-,0). Using standard results in the
auctions literature, we can derive the bidding strategy as

J, F(t,0)p— dt

b(v7 07p) = v — F(’U’ 9)1)—1

(2.1)

Under the assumption that f(v,6) > 0 for all v € [v, 7] the bidding function is strictly increasing
in valuations and thus admits an inverse bid function, denoted as 7(b, 8, p). As the inverse bid

function must also be monotonic, we can derive the distribution of bids, G(b, 0, p), as
G(b,6,p) = P (b(v,0,p) < b) =P (v<n(b,0.p) =Fnbp),0). (2.2)

Furthermore, if f(n(b,8,p),0) > 0, then n(b,0,p) is differentiable for all b in the interior of
the range-space of the bidding function. Therefore, we can obtain the density of bids, denoted
g(b, 0, p) by differentiating equation (2.2) with respect to b. By the chain-rule and the implicit

function theorem, for any b in the range-space of b(-, 0, p) we have

dG(b,0,p)
ob

_ on®,0,p)  F(n(b,0,p),0) ‘
- f(’l?(b, H?I))) ab - (p _ 1)(77(b, 97p) _ b) (23}

g(b,0,p) =

where the last equality uses the implicit function theorem. Lastly, the density of bids is zero

for any b not in the range-space of the bidding function. In order to simplify the notation
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and presentation of the arguments, we assume we observe all bids from L auctions with a
fixed number of participants, p. As a result, we observe a sample of n = pL total bids. It is
easy to relax these assumptions to accommodate situations with a of heterogeneous number of

participants and cases where we only observe the winning bid (i.e. the transaction price).

2.2.2 TIllustration of the Non-Standard Features

Given expression (2.3), an intuitive estimator of # is the maximum (log-)likelihood estimator.
Under standard regularity conditions, maximum likelihood estimators are asymptotically nor-
mally distributed and asymptotically efficient. Unfortunately, it is possible to demonstrate
these regularity conditions do not hold for the first-price auction model. In this section, we
briefly discuss these non-standard features which motivates the particular construction of our
estimator in section 2.3.

As illustrated in Donald and Paarsch (1993), the strategic behavior of auction participants
induces dependence between the support of the bid distribution and the true parameter even
if the support of valuation distribution is independent of the true parameter. Heuristically, the
maximum bid rationalized by the auction model is submitted by the player with valuation v,
and this agent strategically responds to the entire shape of the valuation distribution. To see
this, define

3 T

b(0, p) = lim b(v, 0, p) =T - /v F(t,0)P~ dt, (2.4)
which denotes the largest bid the model can rationalize in auctions with p participants when
the valuation distribution is given by f(-,6). The second term in the expression reflects the
utility-maximizing considerations of the agent with the largest valuation as they attempt to

capture the largest (expected) surplus of winning the auction. As a result of these strategic

considerations, the support of the bid distribution depends non-trivially on the shape of the
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valuation distribution. This dependence—which is the primary source of the non-standard
features of the model—is not specific to the simple auction model we consider and is a feature
commonly encountered in more general auction environments such as in affiliated and common
value auction models.

One of the primary complications introduced by the parameter-dependent support is that
estimators based on the log-likelihood function behave like shape-restricted estimators with
potentially non-standard distributions. To see this, fix a sample of bids {{by}/_,;}£, and
consider evaluating the log-likelihood for an arbitrary value of 6. By equation (2.4), we see the
largest bid the model can rationalize given 6 is b(6, p). If any bid in the sample exceeds b(f, p),
the parameter 0 could not have generated the given sample as no agent would rationally bid
above b(#, p) for any valuation in [v, 7] if valuations were distributed as f(-,6). Therefore, the
sample likelihood at 6 is zero, which implies the sample log-likelihood is not well-defined for

this 6. If we denote

Or

{e €0 ‘ b(0,p) > nﬁx{b@;l}} : (2.5)

the log-likelihood function is only well-defined on Or. Furthermore, as the sample size grows,
the maximum observed bid converges almost surely to b(fo, p). Therefore, the log-likelihood is
not well-defined for any parameter # such that b(6, p) < b(6y, p) with probability approaching

2 Consequently, if b(f,p) is continuously differentiable in

one for almost all sample paths.
with % # 0, any open-ball of y contains points @ for which b(6, p) < b(6g, p).> As a result,

standard asymptotic arguments which assume 6 is an interior point in the parameter space

may provide poor approximations to finite sample distribution of the estimator.

2For such a 0, we may find ann >0 With_B(@,p) < b(B,p) — 1. The log-likelihood is not defined
if there is a bid in the interval [b(fo,p) — 1,b(00,p)]. As g(b,00,p) > 0 for all b € [v,b(6p,p)] with
probability approaching one we observe at least one bid in this interval conditional on almost all sample
paths.

3F(v,0) continuously differentiable in § almost everywhere implies b(6,p) is continuously differen-
tiable for any p.
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A second complication introduced by the parameter-dependent support is that one can no
longer freely interchange the order of integration and differentiation. Freely interchanging the
order of these operations is used to establish important properties of the maximum likelihood
estimator. In particular, this property is used to show the zero expected value of the score
function, which is crucial to establishing the asymptotic normality of the estimator. By apply-
ing the Leibniz integral rule we can obtain the closed-form expression for the expected value

of the score function

db(6o,p) _ —78—5(33”3)
90 (p—1) [, F(t,00)r"dt

E@g <810g(g(b7 607p))) = #(90,]?)-

00
(2.6)
Further, the inability to freely interchange the order of integration and differentiation inval-

idates the standard proof establishing the positive-definiteness of the Hessian matrix of the

log-likelihood.

2.3 Proposed Estimator and Testing Procedure

2.3.1 Description of Our Estimator

To address the non-standard features of the log-likelihood in section 2.2, our estimator consists
of a simple modification of a method of moments estimator. The moments we use correspond

to re-centered sample score functions. Specifically, our criterion function is

Qn(e) _ mn(9)'mn(9) where mp(0) = l Z <3log(gél;¢,6,p)) . ,11/(97]7)>

n -
i=1
and p(0, p) is given in equation (2.6) so that Eg(my,(0)) = 0. Due to the restricted-domain of

the score, my,(#) and thus Q,(#) are not defined outside of ©p. As a result, the minimizers

of @, (0) will be shape-restricted estimators with non-normal asymptotic distributions. To
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prevent the effects of the boundary of © from entering the asymptotic distribution, we define

our estimator to be

0?Qn(Bom) \ ™ ( 0Qn (Bum)
) (*5)

0006’

90 where Opm = argmin n Q,(0), (2.7)

b = o+ ( :
0cOx

which corresponds to a Newton-Raphson step applied to Omm. The construction of the estima-

tor only requires expressions for the density and support of the bid distribution as functions

of 6, which are available in many auction models. In the application in section 2.6, we show

To see how this modification avoids complications associated with the boundary of O g, note
that én minimizes a quadratic approximation to @, () centered at (- (see equation (2.13)
for details). By minimizing the quadratic approximation to @,(#) rather than minimizing
Qn(0), our estimator can take values outside of the restricted set. Consequently, the boundary
effects are not present in the asymptotic distribution of our estimator. As we see in section
2.3.2, the use of re-centered moments in @, (6) and the Newton-Raphson step address the
two non-standard features of the model outlined in section 2.2.2 and results in the asymptotic
normality of the estimator.

Although we introduced our estimator using the simple first-price auction model, the con-
struction of “unrestricted” estimators from restricted estimators as in equation (2.7) can apply
in settings with general criterion functions @, (). This construction is useful when we seek
normally distributed estimators in structural econometric models which restrict the set of pa-
rameters consistent with the data. In addition to the simple auction environment, similar
restrictions appear in other first-price auction models such as affiliated and common value
models, more elaborate independent private value models (e.g. with binding reserve prices,
risk aversion, etc.) and in models outside the auction literature. A set of sufficient conditions

for this method to produce asymptotically normal estimators is given in section 2.3.3.
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2.3.2 Heuristic Outline of Asymptotic Normality

In this subsection, we provide a heuristic discussion of the arguments establishing the asymp-
totic normality of our proposed estimator. The arguments in this section are informal and are
only intended to motivate the formal assumptions appearing in section 2.3.3. To illustrate the
argument in a simple environment, we assume a parametric model in which fy(v) = f(v, 6p)

for some 6y € ©. Recall, from the previous section we have defined

Orm = argmin n Qp (). (2.8)
96@3

Due to the presence of the restriction, we cannot analyze the distribution of O using the stan-
dard approach of linearizing first-order conditions. Instead, we follow the standard approach in
the literature on inference under binding shape restrictions, see for instance Andrews (1999).
These approaches start with a second-order Taylor expansion of @), () about 6y. Assuming

the Taylor-expansion holds exactly (c.f. Assumption 2.1 in section 2.3.3), we have

nQn(0) = nQn( 90)+f8Q59,9°)\/_( )+ = \/_(9 0o) 8(%’5(;,0)\/5(9—90).

Re-arranging this expression gives
1 _ 1 - 2
nQn(0) =nQu(bo) — §D;,Jn D, + §Hﬁ (6 — 60) — J, ' Dal|; (2.9)

where

\/_aQn(QO) and Jn:—GZQn(eO).

Dn = 00 0006’

Substituting (2.9) into (2.8) and recognizing the first two terms in (2.9) do not depend on 0

gives

émm=argminH\/ﬁ(H—Hg)—J;anHi : (2.10)
QEéR "
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By using re-centered moments with Eq,(my(00)) = 0, v/nmy, (o) is \/iﬁ times a sum of mean-
zero random variables, so \/nm,(6p) is asymptotically normally distributed by the central
limit theorem under mild moment conditions. In conjunction with the law of large numbers,

this shows

B omy, (0o)

5 Vrmn(00) S N(0,Vp) and  J, B J (2.11)

Dy,

for symmetric matrices Vp and J (c.f. Assumption 2.2 in section 2.3.3). By performing
the change of variables A\ = y/n (6 — 6p) in equation (2.10) and assuming non-singularity of
J (c.f. Assumption 2.5 in section 2.3.3), we can see that \/n (fmm — o) is approximately
distributed as the projection of the normal random variable N (0,.J~'Vp.J~!) on to the space,
Vn (@ r—0p). The use of re-centered moments is crucial for establishing the normality in (2.11)
(for further discussion, see section 2.3.4). Although one could use this result for hypothesis
testing, the distribution of the estimator is non-standard, which may make forming confidence
sets computationally difficult. As we seek a normally distributed estimator for which standard
inference procedures apply, we take our estimator to be a simple modification of the estimator
in equation (2.10).

To introduce the simple modification and show how it restores normality, note that the
source of the non-standard features of the distribution of émm is the presence of the restriction
in equation (2.10). This restriction is due to the limited domain on which the log-likelihood,
and thus our moment, is defined. While @, (6) is only defined for a subset of the parameter
space, the right-hand side of equation (2.10) is a quadratic function of 6 which is defined for
all of ©. Minimizing this quadratic function over ©, yields the estimator 6,, = 6y + J,,; 1% s
which corresponds to a Newton-Raphson step applied to 6y. Re-arranging this and using the

result in equation (2.11) gives

Vi (0n — 00) = J7 D, 5 N(0, T Vp Y. (2.12)
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Therefore, the Newton-Raphson step effectively inverts the projection operator in equation
(2.10) and recovers the component of the restricted estimator which is asymptotically normal.

Although it results in an asymptotically normally distributed estimator, the above method
is infeasible as it corresponds to minimizing the quadratic expansion of @), (f) centered at 6
which is unknown. If we minimize the quadratic expansion of @),,(#) which is centered at B
we obtain our estimator which is the plug-in version of the infeasible estimator. Specifically,

we get

) A_1L ) _ 82Qn(émm) - aQn(émm)
971 - Hmm + Jn ﬁDn - Hmm ( 9000’ 90 . (213)

Although it is not immediately clear from equation (2.13), it is possible to show that under mild
continuity conditions on the second derivative of Qp(#) (c.f. Assumption 2.4 in section 2.3.3)
the feasible and infeasible estimators share the same asymptotic distribution. Specifically, we

have
Vi (B — 00) 5 N(0, T VpJ ).

Intuitively, the continuity of the second derivative implies that local perturbations in the cen-
tering point for the quadratic expansion have a negligible impact on the quadratic expansion.
As a result, centering the expansion around émm versus 0y is asymptotically irrelevant. In the

next section, we provide conditions which formalize this argument.

2.3.3 General Theory

In this section, we describe the testing procedure and include a set of high-level conditions under
which the test asymptotically controls size. To allow for potential applications outside of the
simple auction model, we present assumptions for a general criterion function @, and test-
statistic T'. The cost of this generality, however, is the high-level nature of these assumptions.

To accommodate practitioners, we provide a set of low-level sufficient conditions for the simple
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auction environment in the next section as an illustration of how to verify assumptions in this
section.

Let © C Rf» denote the parameter space. For parametric models, K, is a fixed integer
with fo(v) = f(v,80) for some fp € ©. For nonparametric models, we take 6 € RX" such that
fo(v) = f(v,00) with K, increasing in the sample-size.* For a function(al) (), we consider
tests of the null-hypothesis Hy : ¢/(fy) = . This may be a general functional such as the
optimal reserve price, the expected revenue of the auction, quantiles of the distribution, etc.

To describe the test, let f)n be an estimate of the asymptotic variance of y/n (én — o)
and denote the test statistic by T(v/n (0, — 00), £). Some typical choices of the test statistic
would be the t-statistic or the Wald test statistic. Let ca,n(f}n) denote the 1 — a quantile of
the distribution of T'(Z,, i]n) where Z, ~ N(0, 2n) For example, using the t-test cayn(i)n) =
Zl_% and using the Wald test gives cam(ﬁ]n) = Xl-a,K,- The test rejects Hy if and only if
T(v/n (B — 60),30) > can(Sn). To form confidence sets, we invert the test by collecting the
values of the null-hypothesis which are not rejected. In contrast to the standard case for shape-
restricted estimators, our estimator is asymptotically normally distributed which implies the
critical value is independent of 6y. As a result, the test inversion is algebraically simple and

results in the standard confidence bands. For example, using the t-statistic yields the standard

95% confidence interval for ¢(6p) given by

iy~ 1.967%  w(é Oy 2 _
[w(en) 196 (dn) + 196 n] where §% = 08, S0

vn

The following assumptions are suflicient to guarantee that tests which reject if and only if
T (v (0, —00),30) > Can(En) asymptotically control size. After stating the assumptions and
the main theorem, we discuss the content and importance of each of the high-level assumptions.
For the following assumptions, let €, be a sequence of positive numbers converging to zero

where we discuss the role of g, after stating the assumptions and main result. Let P denote

"We have suppressed the dependence of 6y on n for convenience.



99
the set of probability models over which the following assumptions hold.

Assumption 2.1. Quadratic Approximation There exists symmetric matriz J, and a

random variable 0, satisfying the following assumptions such that

\/ﬁ(émm —6y) = argmin H)\ - \/’_L(Hn _ QO)HJ,,L T,
revin (6r—00)

where ||ry|| = op(en) uniformly over P.

Assumption 2.2. Normality Approximation There exists symmetric matrices ¥, and a
sequence of random variables Z, ~ N(0,3,) such that ||\/n (6, —00) — Zy|| = op(ep) uniformly

over P.
~ _1
Assumption 2.3. Covariance Estimation ||X, — ¥, || = o,(e, Ky, *) uniformly over P.

Assumption 2.4. Continuity of the Criterion Function For any 01 with |01 — 6o =

1
= 0p (anKn 2>

O, (%) uniformly over P,

2Qu(01)  9°Qu(00)
0000’ 0000’

uniformly over P.

Assumption 2.5. Bounded Eigenvalues Uniformly over P the eigenvalues 3, and J, are

bounded and bounded away from zero.

Assumption 2.6. Continuity of the Test Statistic For all symmetric positive definite
matrices X1 and Yo (with X1 and Yo comparable) with all eigenvalues in [%,B} for some

B < oo there exists a constant C', possibly depending on B, such that uniformly over P

T(21,%1) = T(22,51)| < Cllzr — 22| and |T(21, 1) — T(21, X2)| < Cflza[[[[31 — 2[5



60

Assumption 2.7. Anti-Concentration There exists a 6 € (0,a) such that for all § €

[ =6, a0+ 4],

sup [P(T'(Zp, %n) < ¢gn(¥n) —en) = (1= B)[ =20
Pep

and

;ug |P(T(Znp,Xn) < cgn(Xn) +en) — (1= B)| = 0.
€

Theorem 2.1. Suppose Assumptions (2.1)-(2.7) hold. Then

A~ ~

sup [P (7 (VA1 (B — 60). 2) < can(D)) ~ (1= )] 0.

Remark 1: This theorem states that the indicated testing procedure asymptotically controls
size uniformly over P. This immediately implies that the resulting confidence bands also
control size. The proof of theorem (2.1) is contained in the appendix. The proof consists
of two parts. In the first part, we establish that /n (én — 6y) is asymptotically close to the
random variable Z,, described in assumption (2.2). In the second part of the theorem, we show
that the impact of the two approximation errors (i.e. the approximation error introduced in
Assumptions (2.2) and (2.3)) result in an asymptotically negligible distortion of the rejection
probability of the test.

Remark 2: Several comments are in order about the assumptions. Assumptions (2.1) and
(2.2) ensure the MM estimator behaves approximately as the projection of a normal random
variable on to the sample restriction space. In conjunction with assumption (2.4), these as-
sumptions establish the feasible plug-in estimator 6,, and the infeasible estimator 6,, described
in section 2.3.2 share the same asymptotic distribution. Assumption (2.4) is slightly stronger
than continuity of the second derivative at 6. Assumption (2.6) is a mild continuity condition
on the test-statistic which when combined with Assumption (2.5) ensures the approximation
errors in Assumptions (2.2) and (2.3) have an asymptotically negligible impact on the distri-

bution of the test-statistic. Assumption (2.5) can be relaxed to allow for growing/shrinking
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eigenvalues at polynomial rates at the cost of slightly stronger assumptions on the rates at
which the other approximation errors converge to zero. In light of the first six assumptions, we
can show the 1 — a quantile of the distribution of T'(y/n (én —6o), f]n) is at most g, distance
away from the corresponding quantile of T'(Z,, ¥,). As the distribution of 7'(Z,, ¥,) changes
with n, the distribution of the test-statistic may become steeper as n increases. Consequently,
we must ensure that e, shrinks faster than the rate at which the distribution of 7'(Z,,%,) is
becoming steep at the 1 — « quantile, which is precisely the role of Assumption (2.7). This
type of assumption is commonly referred to as an anti-concentration condition, and it is a com-
mon assumption in similar nonparametric testing problems. When combined with Assumption
(2.6), this assumption imposes mild conditions on the rate at which £, converges to zero (see,

for instance, Chernozhukov et al. (2013) for a discussion).

2.3.4 Motivating the Method of Moments using Re-Centered
Moments

In section 2.3.1, we introduced our estimator as a simple modification applied to a method of
moments estimator. Within that section, we claimed the use of the method of moments objec-
tive function avoided the non-standard features encountered when using the log-likelihood. To
reinforce this, we provide a heuristic illustration of the violation of some of the conditions in
section 2.3.3 when using the (negative) log-likelihood as the criterion function. To simplify the
illustration, we temporarily assume a parametric model with fy(v) = f(v,0p) for some 0y € ©
and we assume the existence of a sufficient number of moments in order to invoke the relevant
CLT and LLN.

To begin, let L,(0) = —% S log(g(bi, 0, p)) denote the negative log-likelihood function.

we can perform and re-arrange the analogous Taylor expansion in equation (2.10) in section

2.3.2 to get
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éml = <argrpinH\/ﬁ(9—90)—H;lSnHZn) + 7, (2.14)
0eOR

where

OLa(B0) - _ 9*Lalt)

Sn= V=5 =00

and r, denotes the difference between the minimizer of the quadratic approximation and the
minimizer of L,(#). From the context of the assumptions in the previous section, there are
three issues with expression (2.14) which all originate from the parameter-dependent support
problem.

The most immediate issue which prohibits us from using the log-likelihood in the preced-
ing analysis is the non-zero expected value of the score function. In contrast to the standard
likelihood problems, in section 2.2.2 we show the expected value of the score function condi-
tional on p auction participants is given by the known function (¢, p) which is non-zero in the
auction model we consider. Had we minimized the negative of the log-likelihood to obtain the
restricted estimator, Assumption (2.2) requires the mean-zero asymptotic normality of H,, 1S,

where

_ - OLa(b) _ 1 <~ 9log(g(bi, 60, p))
S =n o6 _\/ﬁ; 00

By adding and subtracting (6o, p) to the previous expression we get

Sp = (% g <810g(g£9b;, %.0)) _ M(%m))) +v/n (6o, p)

where the first term in the above expression is a y/n times a sum of mean-zero random variables.
While we can use the CLT to approximate the first term in the expression above by a mean-zero
normal random variable, the second term is a sequence of non-stochastic terms diverging to

infinity. As a consequence, Assumption (2.2) cannot hold as .Sy, is not stochastically bounded if
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we use the negative log-likelihood as a criterion function for obtaining the restricted estimator.
This issue with the log-likelihood is the primary consideration which motivates the use of the
moment-based estimator with re-centered moments.

The last two issues involve potential violations of Assumptions (2.1) and (2.5) from section
(2.3.3). In standard log-likelihood problems we would show the positive definiteness of the
matrix H, by using the LLN to argue H,, is close to its expected value, say H. If we can
freely interchange the order of integration and differentiation, H is equal to the information
matrix and assuming positive-definiteness of the information matrix is a commonly invoked
identification condition. Due to the parameter-dependent support, this argument is no longer
valid as we cannot freely interchange the order of integration and differentiation so information
equality fails to hold. As a consequence, it is no longer clear that positive-definiteness of J,
in Assumption (2.5) is a mild assumption. Moreover, if H,, is not positive-definite it may
be difficult or impossible to provide conditions under which r, is asymptotically small (see
Assumption (2.1)) as the second-order Taylor expansion then corresponds to an indefinite

quadratic form which may have no global extrema on Or.

2.4 Low-Level Sufficient Conditions for a Simple

Auction Model

In this section, we introduce low-level sufficient conditions for the conditions presented in
section 2.3.3. We focus on assumptions for the nonparametric environment. In section 2.4.1
we discuss the sequence of sieve spaces we use for estimation, section 2.4.2 describes the data

configuration and section 2.4.3 states the low-level conditions.
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2.4.1 The Sieve Space

Let © C R¥z where L denotes the number of observed auctions. For nonparametric models,
we take fp € RXZ such that fo(v) =~ f(v,6), where our low-level conditions then impose
restrictions on how slowly/quickly K is allowed to grow with L.° For an arbitrary element

0 € O, the associated density is given by

F(0,8) = (P(0)'8)*p(v) (2.15)

where ¢(v) is a density function supported on [v, T] which is specified by the researcher and P(v)
is a K-dimensional vector of ¢(v)-orthonormalized basis functions. For example, ¢(v) could
be the uniform distribution on [v, 7] or a truncated parametric distributions (such as the log-
normal). When ¢(v) corresponds to a (truncated) parameterized distribution with parameter
B, we denote this by ¢(v,3).5 The form of f(v,#) is common for sieve density estimators as
it three attractive features. First, if the vector P(v) contains the constant function, the sieve
then contains the parametric sub-model ¢ (v, 3). Therefore, by setting ¢(v, ) to commonly
used parametric models such as the log-normal density, researchers can nest these parametric
sub-models within a more flexible set of models. Second, f(v,#) is always non-negative due to
the presence of the squared term. Finally, the use of ¢(v)—orthonormal basis functions, P(v),

implies f(v,0) integrates to one if and only if ||| = 1.

2.4.2 Data Configuration and Criterion Function

The data, {bl}lL: 1, consists of L observations where each observation, b;, corresponds to a
random vector of observed bids from an auction. All asymptotic statements are taken to be

L — co. We assume the researcher observes all bids in an auction, so b; = (by, ..., by,1) where

5We have suppressed the dependence of 6y on L for notational convenience.
SFor example, in the log-normal case 3 = (p, 7).
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p; denotes the number of participants in the [-th observed auction. Further, we assume the
number of participants has support Supp(p) which is a finite subset of {2, ..., p}. Therefore, b; is
a random vector supported on Upegupp(p)RP. Let m(p) denote the conditional probability mass
function describing the distribution of observed p;.” Lastly, to define the criterion function, let

Qr(0) = mp(#)mr(0) where

L p
1 dlog( ,,9 P
=7 > ( Blo(ba, 6,1)) —M(97P1)>
1

=1 i=

for each 6 € O and (0, p) is defined in equation (2.6).

2.4.3 Low-Level Sufficient Conditions

In this section, we provide sufficient conditions for Assumptions (2.1) - (2.5) appearing in sec-
tion 2.3.3. For the remaining conditions, Assumptions (2.6) and (2.7) depend on the particular
choice of test-statistic. To state the assumptions let (1, = sup,ep, 7 [|P(v)] and P be the class
of distributions satisfying the following assumptions. There exists constants 0 < C', p < o0

not depending on L or P such that the following assumptions hold.
Assumption 2.8. Model Specification The data {bl}lL:1 satisfies the following properties

i) Independent Private Values There ezists an independent and identically distributed se-
quence {v;}1_; (n = S i) with v supported on [v,T] with density fo(v) such that for

each l € {1,..., L}, by = (b, ..., bp;1) with

b [0 Byttt
il = Uy(il) — F()(’l&(z',l))pl_1

where o(1, 1) =1, ..., up, ) =p, (1,2)=p+1, ..., upL, L) =n.

i1) Distribution of Number of Participants: {pl}lL:1 is a sequence of independent and identi-

cally distributed random variables with support contained in {2,3,..,p} for some p < co.

"That is, if g(b,p) denotes the conditional distribution of b (conditional on b € RP), 7(p) =
Jzr 9(b, p)db.



66
iii) Exogenous Entry: For alll € {1,...L}, vy L p; for alli € {1,..,p}.

Assumption 2.9. Sieve Approximation Error There ezists a sequence 6y € O, such

that

sup |f(v,00) — fo(v)| < CK;" and b(6y,p) > bo(p)

vE[v,7)

for some v > 0 where by(p) =T — f; Fo(t)P~1dt denotes the largest bid rationalized by fo(v).

Assumption 2.10. Density Bounds For all € © and v € [v,7]

1

o < folv), f(v,0), f'(v,0), $(v) < C.

Assumption 2.11. Rate Conditions The following rate conditions hold

K%szo 6 ,%:0 8Y), LK = o) (c2).

where €y, 1s the sequence described in section 2.3.35.

Assumption 2.12. Bounded Eigenvalues The eigenvalues of the matrices

Eo (m(b, 00)'m(b,0p)) and Eq (%’;%))EO (dm((jl;/@o))/

lie in the interval [% , C’]
Theorem 2.2. Assumptions (2.8) - (2.12) imply Assumptions (2.2) - (2.5) in section 2.8.3.

Remark 1: The proof of the theorem is included in the online supplemental appendix. As-
sumption (2.8) states the observed bids are generated from a simple first-price auction with
independent and private valuations. Assumption (2.9) specifies the rate at which the bias of
the sieve converges to zero where 7 is controlled by the number of continuous derivatives of
fo(v). Furthermore, this assumption states that the approximating sequence of 6y approaches

fo(v) from “inside” the restricted set. Assumption (2.10) bounds the true density away from
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zero and away from infinity and is a common assumption used in the literature on auctions
(see for instance assumption A2 in GPV (2000) and assumption 1.e in Marmer and Shneyerov
(2012)). Assumption (A.2) Assumption (2.11) is a set of abstract rate conditions governing
how quickly /slowly K, diverges to infinity. The first two rates limit the growth of the sieve and
ensure the approximation errors from the estimated covariance and the approximate normality
shrink sufficiently fast. The last rate condition specifies a lower bound on the growth-rate
of the sieve and is used to ensure the bias of the sieve is shrinking sufficiently fast. Finally,
Assumption (2.12) bounds the indicated eigenvalues away from infinity and away from zero.
This assumption is the direct analogue of the assumption in standard maximum likelihood es-
timation assuming information matrix has eigenvalues which are bounded and bounded away
from zero.®

Remark 2: If (;, < CK7J, as is the case when P(v) is taken to be the polynomials, splines, or
any bounded set of functions, our rate conditions simplify to require KTZ and LK ;2(7_1) both
converge to zero. The analogous rate conditions for nonparametric regression appearing in
Newey (1997) are that KTQ and LK 527 converge to zero, so our conditions are slightly stronger.
Interestingly, as illustrated in GPV (2000), in order to achieve the optimal rate of convergence
for the simple-auction model as achieved in standard density estimation with R continuous
derivatives, one must assume the distribution of valuations is R 4+ 1 times continuously differ-
entiable. Our rate conditions exhibit a similar feature as + is given by the number of (bounded)
continuous derivatives of fo(v). As a result, we must assume an additional order of continuous

differentiability of fy(v) to get the same rate conditions as in Newey (1997) for nonparametric

regression.

81f we were able to interchange the order of integration, Eq(m(b, 6y)'m(b,6p)) is the expectation of

the outer-product of the gradient which is equal to Eg (dmég;eu)) which is the negative of the Fisher

information matrix. Therefore, in this case, the assumption states the Fisher information matrix has
eigenvalues which are bounded and bounded away from zero, which is a nonparametric generalization
of the parametric identification condition for maximum likelihood estimators.
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2.5 Monte Carlo Simulations

In this section, we present the results of a Monte Carlo simulation to demonstrate the finite
sample properties of our estimator. We apply our estimator to data generated from the follow-
ing model. We draw independent valuations {v;}?" ; from a a truncated gamma-distribution
with parameters (5, 1) with truncation occurring at known constants [2, 10]. Figure (8) displays
the shape of the distribution fo(v). We then draw valuations for L = {100, 200, 300, 400}
auctions each containing p = 5 auction participants resulting in the total sample sizes n =
{500, 1,000, 1,500, 2,000}. Letting Fy(v) denote the cumulative distribution function of
fo(v), we then generate bids from the valuations {v;}}_; according to

[ Fo(typ—Ldt
Fo(v;)P~1

b; = v; —
As practitioners, we only observe the sample {{b;}}* }/ |, and our interest lies in estimating
and forming confidence bands for three functionals of interest: 1) the density of valuations at
the true median f(xg,#), 2) the expected revenue of the auction e, (f) and 3) the optimal
reserve price ropi(#). Importantly, we do not assume the data was generated from the class of
truncated gamma distributions, and we estimate the model nonparametrically.
For these simulations, we use the sieve-class described in section 2.4.1 with ¢(v) as the
log-normal density with parameters 8 = (8,,0,). We then obtain P(v) by applying the
GramSchmidt orthonormalization process to the set of cubic splines with K-partitions (i.e.

K1 + 1 knots and K, + 2 total parameters).” As a practical note, we obtain the parameters

(Bu, Bs) and the knot-locations for the splines by the following procedure. First, given the

9To denote the set of splines on [v,7] with K, partitions let the knots be given by v = tg < t; <
o <tg,—1 <tg, =70. Then, the set of degree m splines is given by the sct

{1,2,...,2™, max{x —t;,0}™, ..., max{z —tx, _1,0}"}
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sample {{b;}" }£ | we obtain the (parametric) maximum likelihood estimate for 3 = (u, o),
say B = (f1,6). Then, for j € {0,..., Kz}, we obtain the 5" knot point as @‘1(7(%,@, where
®1(-, 8) denotes the inverse cdf of ¢(-, 3). We then obtain the maximum likelihood estimator
éml using the point § = [1,0,...,0] as a starting point for optimizer which corresponds to
the maximum-likelihood estimator in the parametric sub-model ¢(v, 8). After obtaining the
maximum likelihood estimator, denoted éml, we use this as a starting-point to find the method
of moments estimator, denoted émm, and then use the émm to form our proposed estimator
éL according to equation (2.7). When obtaining éml and émm, we enforce the constraint
b(6,p) > max{b;} in the optimization.!’

Table (7) reports the root-mean-squared error (RMSE) of the three indicated functionals
using three different plug-in estimates : 1) our estimator éL, 2) the method of moments es-
timator émm and 3) the maximum log-likelihood estimator éml. Due to space considerations,
we only report results for K = 3 knots and the results for the other values of K are quali-
tatively similarly. In all cases, the bias of the estimates are quite small so the RMSE is driven
primarily by the standard deviation of the estimators. A striking feature of this table is that
the mean-squared-error of the three plug-in estimators are all of similar magnitudes. As frm
and éml are restricted estimators and our estimator is not restricted to lie in @ 1, We may expect
that the RMSE of our estimator is higher than the MM and ML estimators as the latter are
estimates formed using a smaller parameter space. Despite this fact, the relative variance of
our proposed estimator is comparable to the variances of the ML and MM estimators. In
fact, our estimator has at most 5% higher variance than either the ML or MM estimators for
the three functionals across all specifications. Consequently, this suggests the variance cost

of using the normally distributed estimator 6, as opposed to the non-normal MM and ML

10Strictly speaking, this is not necessary. However, the optimization routine we use (fmincon) tends
to work better if we prohibit the optimizer from searching over values of 6 for which the criterion
function is not defined.
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estimators is small.

Table (8) reports the empirical coverage probabilities of a standard two-sided ¢-test of the
indicated functional at the 5% level. Our proposed confidence bands perform well and have
empirical coverage close to the nominal size. The low coverage for Kj = 1 with larger sample
sizes is due to the bias in the sieve-approximation. This bias disappears when more series
terms are added as coverage returns to 95%. Additionally, the high coverage for K; = 4 for
small sample sizes indicates the importance of using a slowly growing sieve in controlling the
size of the test.

Table (9) reports the performance of our plug-in proposed estimator as measured in mean-
squared-error as it compares to alternatives in the literature on first-price auctions. The
two alternatives we consider are the estimator of GPV (2000) and the estimator proposed in
Marmer and Shneyerov (2012). In comparison to these alternatives, our estimator appears
to perform well with mean-squared errors significantly smaller than those found using the
alternative estimators over the range of K, values we used.!!

Table (10) reports the empirical coverage results of our estimator as compared to the
available alternatives for the indicated functionals where we have used the bandwidth choices
suggested in those papers. For the density of valuations, while all three methods apply and
appear to control size, the confidence sets using our method are substantially more narrow
than the two alternatives. In particular, for sample sizes large enough to obtain proper size
control, their proposed confidence bands are on average over four times larger than our con-
fidence bands. For the optimal reserve price, only our paper and Ma et al. (2018) provide an

asymptotically valid testing procedure. To produce their confidence sets, we invert the test

1 All results in Table (9) which report the results of the alternative estimators uses our implementation
of their estimators. To mitigate the chance of substantial coding errors, we used our implementation
of their estimators to replicate the simulation studies appearing in their papers. Using this method,
we were able to quantitatively replicate the results in the papers Guerre et al. (2000), Marmer and
Shneyerov (2012) and Ma et al. (2018). The results and codes used in these replications are available
upon request.
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of the optimal reserve price described in the appendix of their paper. Our test appears to
have better size control for smaller sample sizes while producing confidence sets which are,
on average, half the size of their confidence sets. Moreover, in contrast to our procedure, the
confidence sets for rop in Marmer and Shneyerov (2012) are not guaranteed to be an interval
as they can be arbitrary subsets of the support of valuations.'? Lastly, our method is the only
available approach in the literature which can produce confidence sets for the expected revenue

using the optimal reserve price.

2.6 Application to US Timber Auctions

As an application of our method, we focus on timber auctions conducted by the United States
Forest Service. The US Forest Service administers approximately 193 million acres of federally-
owned land and is responsible for maintaining the majority of federal timber lands within the
United States. To maintain the health of the forests they administer and provide the sawmills
within the United States with a sufficient amount of timber, the USFS frequently sells the right
to harvest timber on tracts of land using the first-price auction format. Within these auctions,
sawmills and logging companies submit bids in order to purchase the right to harvest the timber
on a tract of land over a specified length of time. Before announcing an auction, the Forest
Service conducts a “cruise” of a tract of land to estimate the quantity and quality of timber on
the tract of land. For each species found in substantial quantities on the land, the cruise report
contains information on the quantity of timber (usually measured in thousand-board-feet!'3)

and an appraisal on the expected market value of the timber based on the anticipated quality

2Tn fact, over all of our Monte Carlo simulations, none of the confidence sets were intervals using
this procedure.

13 A board-foot is the quantity of wood contained in a one-foot square piece of wood which is one-inch
thick.
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of the wood.' Additionally, the cruise also contains an estimate of the cost of harvesting and
manufacturing the timber into a final product.!®

The primary participants in the auctions are operators of sawmills and logging companies.
Both types of bidders are specialized in the type of tracts/timber with which they work. For
example, logging companies may specialize in clear-cutting or thinning operations and may
also specialize according to the type of logging/harvesting which can be performed on a partic-
ular tract of land.'® Further, sawmills are highly specialized not just in the particular species
of timber they use but they may also specialize in particular cuts of wood and production
of finished products. Lastly, sawmills differ substantially in their production costs. Special-
ized equipment and trade secrets enable sawmills to extract different amounts of usable wood
product from a fixed amount of timber, which is referred to as the “overrun” rate of the mill.
According to Baldwin et al. (1997), the overrun of a sawmill is “a closely guarded secret,” and
constitutes a substantial source of private information for bidders.

We focus on sealed-bid and scaled-sale auctions from 1981-1993.17. For the auctions consid-
ered, agents observe the cruise report and submit a sealed-bid for each species appearing in the
cruise report. Using the quantity estimates in the cruise report, the Forest Service then uses

the species-specific bid rates submitted by the bidders to compute the total value of the bid.

“4Numerous factors contribute to the quality of the wood, such as the height /thickness of the tree,
the number of knots and other defects in the wood, etc. Typically, the wood is assigned a grade based
on the quality and use of the lumber it can produce. For example, construction-grade lumber can be
considerably more valuable than logs which are deemed utility/pulp grade.

15The data also contains estimates of the cost of temporary road construction/maintenance which
the USF'S expects the winning firm to incur to extract the timber from the tract. To avoid complicated
policies regarding the (partial) reimbursement of construction costs, we focus on auctions which do not
require road construction or maintenance.

16For example, on relatively flat tracts the most efficient technique may be using ground-based extrac-
tion equipment/techniques whereas these may be unavailable/impractical on tracts of land with steep
slopes or in narrow valleys where cable-yarding/skyline equipment /techniques are more appropriate.

1"We focus on auctions with contract dates after May 4th, 1981 due to a policy change in the auctions
starting at that date. Prior to this date, winning agencies were able to re-sell their rights to a third
party. As documented in Haile (2001), this introduces the potential for a common-value component of
the auction in which bidders also speculate about the re-sale value of the contract.
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The contract is then awarded to the agent that submitted the largest bid in the auction.'® As
the winning agency removes timber from the forest, they pay the Forest Service their bid rate
on the actual amount of each species they harvest from the land. As bidders in these auctions
face less risk due to the uncertainty over the volume of timber on a tract in comparison with
lump-sum auctions, participants in these auctions are less likely to conduct their own cruise
of the land. Beacuase of the high degree of specialization of bidders in conjunction with the
use of scaled-sale format, the assumption of independent private valuations is plausible for the
auctions under consideration. Several other papers in the literature (see Paarsch (1997), Haile
(2001), Haile and Tamer (2003), Haile et al. (2006) among others) make similar assumptions.

An implicit assumption we make when taking the auction model to the data is that the
sample consists of repeated, independent auctions of a homogeneous item which does not
vary from auction to auction. For timber auctions, there is considerable heterogeneity in the
characteristics of the tract of land as well as the timber being auctioned. Specifically, tracts of
land may differ substantially in the acreage, density of the timber, distance from local mills,
terrain of the tract, composition of the species of trees, etc. For what follows, we assume that
the only observables which directly affect an agent’s bid are the logging/manufacturing cost
estimates and the final market-value appraisal of the timber provided by the Forest Service.!’

To address this heterogeneity, we adjust bids in our sample to reflect the amount an agent is

willing to pay to extract and manufacture a fixed unit of median-quality timber.? Specifically,

18For the analysis here, we implicitly assume agents do not engage in bid-skewing. Bid-skewing refers
to the practice of altering the per-species bid rate while keeping the overall bid unchanged in order to
take advantage of ex post realizations of quantities. For example, if a firm believes the forest service
has underestimated /overestimated timber of a particular species, they may increase/decrease their bid
for this species (keeping their overall bid quantity unchanged) to still win the bid but pay a smaller
amount of fees for harvesting the timber. See Athey and Levin (2001) for more details.

9Tn combination, these two pieces of information jointly specify the total estimated cost for removing
the timber as well as the expected market value of the timber once harvested. We assume all other
observable characteristics only influence bidding behavior through these two channels.

20An alternative approach to control this heterogeneity would be to condition on auction-specific
covariates. In this approach, one assumes valuations are additively separable into an auction-specific
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we adjust a bid by taking the total bid submitted by an agent plus the total estimated logging
and manufacturing costs divided by the number of quality-standardized board-feet of lumber
on the tract. We construct the measure of quality-standardized board-feet for an auction by
adjusting the reported amount of timber for each species to the amount of median-value timber
needed to keep the total market value of the two quantities identical. As an example, suppose
the cruise report contains 100,000 board-feet of low-quality Oak with an appraised market
value of $0.3/bf. If the median price of all observations among all species is $0.4/bf, we say

the number of quality-standardized board-feet on the tract is

$0-3 BFmed. tree
BFOak $0.4

100, 000 BFOak = 757 000 BFmed. tree

After this adjustment, a bid within our data set reflects the total anticipated cost a bidder
expects to pay to produce a single board-foot of median-quality timber.

Thus far, we have assumed agents know the number of participants within the auction when
submitting their bid. As the auctions we consider here are sealed-bid auctions in which agents
mail their bid to a sale officer, it is unlikely that agents know the exact number of participants
who are also submitting bids. A more palatable assumption, therefore, is to assume that the
number of bidding participants is random and that an agent knows the distribution the number
of participants.?! Let 7, an agent’s belief that there will be p participants (including the agent)

who submit bids in the auction and assume the number of potential participants is bounded.

and individual-specific component. For example, such a specification could be
vy = XiB+mn

where X reflects the auction-specific covariates and n; reflects the idiosyncratic, private, independent
valuation for the object. It can be shown that this additive structure (when combined with risk-
neutrality) one can first regress observed bids on the auction-specific covariates and use the orthogonal
residuals as the bids resulting from the private independent valuations. A challenge in using this
approach is correctly accounting for the error in estimating 5 in the construction of confidence sets for
functionals of the distribution of ;. This is an avenue for future research.

21This auction environment has been considered previously by Harstad et al. (1997). Song (2006)
provides a result on the identification and consistent estimation of this auction format.



75

It can be shown that the equilibrium bidding function is given by

b(v,0,m) = pr(v, 0, m)b(v,0,p) (2.16)
P

where wy(v,0,m) = 7rpF(v,9)p_1/Zz3 75F(v,0)P~1 and b(v, 0, p) is the so-called contingent
bidding function given in equation (2.1). For what follows we assume a known value of .22

We can use arguments in equation (2.2) to derive the bid-density as

g(b7 0, 7T) = f(n(b7 0, 7'(-)7 9)77/(57 0, 77)7

where 7/(b, 0, 7) is the derivative of the derivative of the inverse bid function with respect to the
bids.?? Furthermore, as wp (7,0, ) = mp. the support of bids depends on the true parameters

as

b, m) =Y mpb(d,p).

Similar to the arguments in section 2.2.2 we can apply Leibniz integral rule to get an identical
expression as equation (2.6) using b(f,7) in place of b(f,p). Similarly, we can get the new
value of ;1(f, 7) in the first equality in equation (2.6). With the value p(6, ), all arguments of
section 2.3 and the general theory in section 2.3.3 remain valid. In the empirical analysis that
follows, we use the empirical distribution of p in the auction data to construct a pre-estimate
of m. We take the value of 7 as fixed, so our confidence bands only incorporate uncertainty in
the estimation of #.2

Our final sample of bids consists of 4,458 bids from 1,129 auctions. Figure (9) contains

the empirical density of the submitted bids and Table (11) contains distribution of auctions

22A1l of the arguments which follow still hold under an unknown m. The only change is that in
deriving the function p(0,7) we must differentiate with respect to both parameters 6 and m, which
makes the notation cumbersome. Our current estimates use a pre-estimated plug-in estimate for 7, but
we are actively working on relaxing this to jointly estimate (6, 7).

2This is given as the reciprocal of the derivative of equation (2.16) with respect to v.

24We are currently working on extending the code to jointly estimate (7, 6).
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across the number of potential players. To arrive at this final data set, we only kept data
which passed several cleaning checks. As a preliminary step, we only kept data from auctions
using the sealed-bid format for which at least two bids were received and all volumes of timer
were measured in thousands of board-feet with no sale restrictions.?® As an additional level
of cleaning, we only kept data where the number of acres of the tract was non-zero, all bids
were greater than 1/20 times but less than 20 times the total appraised value of the tract, at
least half of the volume of timber had a positive appraised value, no temporary road construc-
tion/maintenance was required, the appraised value per board-foot of all species was within
eight standard deviations of the average appraised value for that species, and all species on the
tract were species for which we had at least one-hundred recorded valuations in the data.?
To estimate the density of valuations, we used quadratic splines with five knot points. The
lower-bound of valuations, v, was set as the smallest observed bid while the upper-bound of
the valuations was chosen using a nested-maximum likelihood procedure.?” Lastly, as there
is a potential for measurement error in the submitted bids, we follow the method of Aarts
et al. (2007) to estimate the right endpoint of the support of the distribution of bids as the
1 — B, quantile of the empirical distribution of bids for a vanish sequence 3,.2%:?° Figure

(11) displays the estimated density of valuations along with the upper and lower bands of the

25Qccasionally, the USFS will hold auctions in which companies with more than 500 employees are
prohibited from bidding. These are referred to as SBA-set asides, and are commonly excluded in
empirical studies of this industry.

26The appendix contains more detailed information on the data cleaning.

2"For a value of the upper bound, T, we can compute the maximum likelihood estimator Ornte (v). We
then take the value of ¥ for which Ly, (fmie(T)) was the largest. When forming confidence sets, we treat
v as a known parameter.

28As an example of the potential for measurement error, before cleaning the data, 49 bids per
standardized-board feet exceeded $10.00, which is approximately 60 times the median bid.

29The results in Aarts et al. (2007) deal with estimation of the support of the distribution X* when
one only observes contaminated data X = X* + u. They demonstrate maximum order statistic of X
is generally not consistent for the upper bound of the support of X* if w is a non-degenerate random
variable. Furthermore, they show that if the rate of convergence of the estimate for the distribution of
X is ay, then the (1 — 8,) quantile of the observed data is a consistent estimate of the support of X*

when 3, — 0 and 5—" — 0. We use this estimator with 3, = nll/a.
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(point-wise) 95% confidence band. Figure 11 displays the implied distribution of bids along
with the histogram of observed bids. Our estimate for the density of valuations implies a
plug-in estimate for the optimal reserve price of $0.253 per standardized board foot with a
resulting confidence band of [$0.2387 , $0.2673] using the two-sided t-statistic the 5% level (all
prices measured in 2012 dollars).

As the stated objective of the US Forest Service involves maintaining the health and pro-
ductivity of the forest under its care while also providing a sufficient supply of timber to the
nation’s sawmills for a fair market price, it is unlikely that the revenue generated from the
auctions is sole basis for setting the reserve price.?? Instead, we assume the Forest Service will
wish to set a reserve price not only on the basis of the revenue it may generate but also taking
into account the probability in which no bidder is able to submit a bid above the reserve price
and the timber rights go unsold. The latter consideration may be important for the Forest
Service when selling timber rights for tracts of land which are overgrown or contain a large
number of dead trees and may represent a substantial fire hazard for the surrounding forest.
Without knowing the welfare function of the USFS, however, it is impossible to provide an
estimate of the welfare maximizing reserve price. As a compromise, we provide point-estimates
of both the expected revenue of the auction and the probability the tract will be sold as a func-
tion of the reserve price, . This allows us to illustrate the tradeoffs policy makers face when
setting the reserve price as it impacts the expected revenue and the probability of no-sale.
Figure 12 contains both of these estimated functions as well as (joint) uniform 95% confidence
bands obtained using the two-sided t-statistics. This figure shows that in order to increase
the expected revenue of the auction slightly, the USFS would have to face a substantial re-

duction in the sale probability. Consequently, if non-revenue considerations enter the welfare

30This is evidenced by fact that the Forest Service has reportedly accepted bids for timber-removal
contracts which do not even generate enough revenue to cover the department’s administration fees for
monitoring/conducting the auction.
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function, it is possible the US Forest Service could optimally set reserve prices far lower than
the revenue-optimizing reserve price.

Using our estimator and proposed inference procedure, operators of a firm or policymakers
in a government agency can easily estimate and form confidence sets for the reserve price which
best achieves the objectives of the organization. To illusrate this, let W(r, ) denote the utility
of setting a reserve price r when the density of valuations is given by f(v,#). We could obtain
a plug-in estimate for the welfare optimizing reserve price, say r(én), by maximizing W(r, én).
Assuming the welfare function is continuously differentiable and the welfare-maximizing reserve
price is in the interior of the valuation space, we could use our method to obtain the asymptotic

normality of v/n (r(0,) — r(6p)). Using our result, a policymaker can obtain a simple 95%

confidence set as

A~

or(0,) o Or(0y)
o0’ '

r () — 1.960—; ,7(0,) + 1.960—; where 62 =

n 7/

No other method in the literature on first-price auctions can produce an analogous confidence

band.

2.7 Conclusion

In this paper, we proposed a new estimator for the distribution of valuations in first-price
auctions with independent and private valuations. Our estimator is constructed as a modified
method of moments estimator which avoids the issues one encounters when trying to analyze
the properties of the maximum likelihood estimator. As our estimator avoids the non-standard
features of the auctions model, our estimator has a normal limiting distribution which allows
simple construction of confidence sets for a wide array of features of interest.

Although we focus on a simple first-price auction model, our method applies more generally

to construct asymptotically normally distributed estimators from restricted estimators when
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the criterion function may only be defined on a strict subset of the parameter space. As such,
our method may be useful for other, more elaborate first-price auction models such as indepen-
dent private valuation models with binding reserve prices, risk adverse bidders, auction-specific
covariates, etc. or to models which potentially affiliated or common values. Within each of
these models, the support of the bid distribution depends non-trivially upon the parameters
of the valuation distribution so the log-likelihood is only defined for a subset of the parame-
ters. As result, our method may be useful for constructing asymptotically normally distributed
estimators in these models. The only requirement for constructing the estimator is that the
density and support of the bid distribution are closed-form functions of the parameters of the
valuation distribution, as is often the case for these models. If the high-level conditions pro-
posed in this paper apply, the resulting estimator will be asymptotically normally distributed.
It is an open question whether one can find low-level sufficient conditions for these assumptions

for particular variants of the auction model.
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Appendix A

Inference under Shape Restrictions

A.1 Tables and Figures

Figure 1: Scatter plots of samples illustrating relation between critical values
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Figure 2: Confidence regions
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Figure 4: Average confidence bands for NPIV with polynomials and K,, =5
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Figure 5: Example confidence bands for NPIV with polynomials and K,, =5
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Figure 6:

25th percentile of income
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The three figures on the left side use quadratic splines with six knots to construct P;. The three

figures on the right side use cubic splines with eight knots.



Table 1: Coverage and width comparison for regression with polynomials

K, c COVyy cov, widthy, width, % gains
0 0.957 0.948 0.107 0.090 0.175
2 0.946 0.949 0.107 0.104 0.030
2 4 0.939 0.939 0.107 0.106 0.003
6 0.891 0.891 0.107 0.107 0.000
8 0.858 0.858 0.107 0.107 0.000
10 0.813 0.813 0.107 0.107 0.000
0 0.949 0.954 0.142 0.109 0.236
2 0.947 0.963 0.142 0.121 0.143
3 4 0.948 0.960 0.142 0.129 0.091
6 0.925 0.939 0.142 0.134 0.050
8 0.910 0.910 0.142 0.137 0.028
10 0.887 0.884 0.142 0.139 0.015
0 0.949 0.969 0.172 0.131 0.238
2 0.946 0.970 0.172 0.146 0.152
4 4 0.945 0.969 0.172 0.155 0.097
6 0.952 0.963 0.172 0.161 0.058
8 0.930 0.948 0.172 0.166 0.032
10 0.939 0.947 0.172 0.168 0.018
0 0.941 0.970 0.200 0.147 0.262
2 0.943 0.971 0.200 0.162 0.187
5 4 0.945 0.964 0.200 0.173 0.135
6 0.948 0.960 0.199 0.180 0.097
8 0.937 0.951 0.200 0.185 0.072
10 0.948 0.960 0.200 0.189 0.051




Table 2: Coverage and width comparison for NPIV with polynomials

K, c COVyy cov, widthy, width, % gains

0 0.946 0.955 0.059 0.046 0.234

) 0.929 0.929 0.059 0.058 0.016

10 0.879 0.879 0.060 0.060 0.000

2 20 0.608 0.608 0.059 0.059 0.000
30 0.229 0.229 0.059 0.059 0.000

40 0.003 0.003 0.059 0.059 0.000

50 0.000 0.000 0.059 0.059 0.000

0 0.933 0.963 0.107 0.061 0.426

0.931 0.949 0.107 0.079 0.257

10 0.921 0.940 0.107 0.091 0.150

3 20 0.821 0.815 0.107 0.101 0.049
30 0.681 0.680 0.107 0.105 0.018

40 0.426 0.426 0.107 0.106 0.002

50 0.201 0.201 0.106 0.106 0.000

0 0.951 0.986 0.207 0.092 0.556

5 0.946 0.982 0.207 0.120 0.422

10 0.944 0.967 0.208 0.143 0.310

4 20 0.942 0.947 0.208 0.171 0.176
30 0.954 0.967 0.208 0.185 0.103

40 0.953 0.959 0.207 0.194 0.057

50 0.952 0.956 0.208 0.199 0.037

0 0.959 0.989 0.456 0.122 0.731

5 0.962 0.994 0.457 0.161 0.649

10 0.956 0.994 0.460 0.197 0.574

) 20 0.957 0.978 0.465 0.248 0.471
30 0.973 0.985 0.457 0.288 0.377

40 0.966 0.978 0.462 0.322 0.310

50 0.953 0.973 0.459 0.345 0.254

87



38

Table 3: Width comparison with monotonized bands for NPIV with polynomials

. . , % empty
K, c COVyyr cov, widths,,  wWidthsSmen widths,
monotone
0 0.959 0.989 0.456 0.210 0.122 0.016
5) 10 0.956 0.994 0.460 0.299 0.197 0.002
30 0.973 0.985 0.457 0.373 0.288 0.000
50 0.953 0.973 0.459 0.411 0.345 0.000
Table 4: Width comparison average derivative
. . . . empty empty
K, c COVyy cov, COVeps | Widths,, — widths,.,  widths, widthes
neg. CNS
-5 0.957  0.000  0.000 0.636 0.208 0.227 0.030 0.118 0.810
0 0.962 0.957 0.939 0.637 0.325 0.233 0.164 0.026 0.040
5 10 0.953 0.967 0.994 0.641 0.593 0.421 0.428 0.000 0.002
30 0.963 0971 0.997 0.638 0.638 0.574 0.744 0.000 0.000
50 0.951 0963  0.998 0.642 0.642 0.612 0.910 0.000 0.000
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A.2 Proofs of Main Results

A.2.1 Non-conservative projections

We now formalize the arguments from Section 1.3.2. Let hj(0) = ¢;+¢;6, where ¢; is a constant

Z(ﬁ]) = {z c REn . l TupL {‘ql'z‘ /\/q;iql}} \

where ¢(3) is such that for Z ~ N(0, I, vk, ), P(3Y2Z € Z(£) | ) = 1 — a. We obtain the

and q € R, Let

following corollary.

Corollary A.1. Suppose that Assumptions 1.1 — 1.6 hold. Let

q;(ér—ﬁ)‘/\/@}

and let CT be the corresponding confidence region. Let Op = {6 € REn : A0 < b,}. Suppose

T(kn(0r —0), f]) = sup {nn
Ly

that, with probability approaching 1, Apz < kn(by — An0) for all € CI and for all z € Z(f])

Then for all § € CI, ¢1_a.n(8,3,Q) = ¢(X) with probability approaching 1 and

lim P (i}f < hy(0) < WY foralll =1,.. .,Ln> —1—a

n—oo

Notice that &y (by — Ap0) = kp(by — Apbo) + knAp (0o —0). 1f Op is sufficiently in the interior
of the parameter space, then each element of x, (b, — A,0y) goes to infinity. Moreover, if each
element of CI converges in probability to y at rate s, then each element of k,A,(6y — 0)
is bounded in probability. The condition of the corollary then holds for example if Z(3) is

bounded with probability approaching 1, but the condition also allows the set to grow.

Proof of Corollary A.1. Let z € RE» and § € CI. Let

2 (0,) = arg min 1A — z||&22
AEREN: Ay A< ki, (b, — A 0)
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Now notice that if 2 € Z (ﬁ]) then with probability approaching 1 we get zn(ﬁ,Q) =2z It
therefore follows that ¢(6,%,Q) < ¢(). Now take z,(0,Q) € Z(2). Then by assumption
Apzn(0,9) < kn(bp — Apf) with probability approaching 1. Since €2 is positive definite with
probability approaching 1, it follows that z, (6, Q) = z, because otherwise the projection would
be on the boundary of the support. Hence ¢(6,%,Q) > ¢(£) and thus ¢(0,%,Q) = ¢(2).
As shown in Section 1.3.2 if ¢(8,%,Q) = ¢(%) for all § € CI, then the projection is not

conservative. O

A.2.2 Useful lemmas

Lemma A.1. Let Q and Q be symmetric and positive definite matrices. Then

< max |1)’(Q — Q)| < ||Q —Qlls < ”Q - Q|

min v'Quv — min v'Qu| < o
v||=1

loll=1 f[oll=1

and

< max |v'(@ - Q)| < HQ — Qs < ||Q - Q.

max v' Qv — max v'Qu| < s
v||=1

l[oll=1 l[oll=1

Proof. For both lines, the first inequality follows from basic properties of minima and maxima.

The second and third inequalities follow from the Cauchy-Schwarz inequality. O

Lemma A.2. Let Q and Q be symmetric and positive definite matrices. Then

12 _ Hl2). < 1 A
HQ Q ||S > ()\min(Ql/z) N Amin(Q1/2)> ||Q QHS

and

1@ = Qlls < (Amax(Q"/) + Auan( @) QY2 = Q'

Proof. Let A\ be the largest eigenvalue of (Q'/? — Q'/?)(Q'/? — Q'/?) with unit length eigen-

vector vy. Since (Q/2 — Ql/z) is symmetric either A or —\ is an eigenvalue of (QY/2 — Ql/Q)
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with eigenvector vy. It follows that

sup W(Q = Q)| = [h(Q - Qv

v||=1
= |’U,AQ1/2(Q1/2 _ Ql/z)v/\ + U/}\(Q1/2 _ QAl/Q)Ql/lU)\‘
= [MN[AQ" vy + vh Qv

2 |>\| (Amin(Ql/Q) + Amin(Q1/2)>

and therefore
1

)\min(Ql/Q) + )\min(Ql/Q)

Similarly, for all v with ||v|| = 1 we have

Q' — Q'?||s < ( )||Q—Q||S-

1@ = Qull = 1QV2Q"2 = Q")+ Q2 - Q)@ 2|
(Anax(@Y/2) + Amax (@Y%) QY2 = Q2 5.

IN

Therefore,

10 = Qlls < (Anex(@Y/2) + A @72} 11Q2 = Q2] 5.

A.2.3 Proof of Theorem 1.1

Proof of Theorem 1.1. First notice that Amin(X) is bounded and bounded away from 0 and
since ||Z — 2l & 0 by Assumption 1.5 it follows from Lemma A.1 that Ay, (¥) is bounded
and bounded way from 0 with probability approaching 1. Similarly, Apax(€2) is bounded
and bounded away from 0 and )\max(fl) is bounded and bounded way from 0 with proba-
bility approaching 1. Hence, there exist constants B; > 0 and B, < oo such that B; <
Amin(2), Amax(2) < By, and By < /\min(i]),/\max(ﬂ) < B, with probability approaching 1

uniformly over P € P.
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Also notice that by Assumption 1.3

|>‘mln(Q) )‘min( )| ”Q Q||S p 20
Amin (£2) ~ Amin(2)

and therefore uniformly over P € P

Amin (€2)

-1 5o0.
/\min(Q) — 0

Hence )\min(Q) > 0 with probability approaching 1 and, uniformly over P € P,

)\min(Q) _

. 0.
Amin(Q)

Take Z, as defined in Assumption 1.2 and A, (6p) = {\ € REn : X\ = £, (0—6p) for some 6 €

Or} and define

Zn(00,%,Q) = argmin ||\ — Z, 3.
/\EAn(Qo)

By Assumptions 1.5 there exists a constant C' such that with probability approaching 1
‘T(&n(e} —00),3) — T(Zn(0o, %, ), z)‘
< |T(n(0r = 00), %) = T(Zn (00,2, 9), 5)| + [T(Za 00, %, 9), 5) = T(Z0(06, %, ), %)

sc]

bin(fr — 00) = Zalbo, %, sz)H + ClZat0, 2, OIS ~ lls

<C ] k(B — 00) — Zn (60,

Za(60,%, ) = Za(00, %, 0

+ C| Zn(00, 2, QIE — X5

We now first prove that cach term on the right hand side is op(g;,) uniformly over P € P.
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Since A, () is closed and convex it follows from Assumptions 1.1 and 1.2 that

il — ) — Zu (60, 2.0

< |largmin [|A = K (Bur — 00)1I2, = Zn(00, 2, Q) | + | Rul|
)\GAn(QO)
< )\min(Q)_l/2 arg min H/\ - ’in(éur - 90)”?} - Zn(907 27 Q) + HRn“
)\EAn(GQ) Q
< Auin () 2| 5n (Our — 00) = Znllg + || R
Amax (2 -
< e 00) = Zal + 1)
Also notice that 1/ Amax(Q) = Op(1) and ?“LE?Z; - 1‘ = 0p(1) uniformly over P € P. Com-

bined with Assumptions 1.1 and 1.2 this implies that

d

Hn(ér - 90) - Zn(eﬂa 2, Q)H = Op(en)

uniformly over P € P.

Next notice that the K,, x 1 zero vector is in A, (6p). Therefore
1Zn(00,%,2) — Znlla < [ Zn]la

and thus,
V Amin (2)[[ Zn (00, 2, Q) — Zn|| < v Amax ()| Zn |-

It follows that
12000, 2,Q) = Zally, < [1Z0(600, %, Q) = Zall3,
= ||Zn(€0* Ea Q) - Zn”% + ||Zn(607 27 Q) - Zn”é,g

< 11Z0(60, . Q) = Zall + 1120 (60, 2, Q) = Zal P2 = Qs

Amax (9 N
< 1200, 2.) — Zal + 222 o0 gy,
/\min(Q)
Let
2, )\IIl‘dX Q A
g = @ 206

Amin (Q)
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Analogously, we get
”Zn(907 %, Q) - Zn”?) < ||Zn(90, 2, Q) - Zn”?) + ‘727

where

A (© )
v = 2l 210 qs.

/\min (Q)

Since A, () is convex it follows that for any v € (0,1)

1Z0(00,2.9) = Zullg < 11720 (00,5, Q) + (1 — %) Zn (60, 5,Q) — Znl[y
= 200, %,Q) = Zullg + (1 = 1)1 Za(00, 2, Q) — Zuld
(L =N Zn (60,2, ) = Zn (60, =, QI
< 1 Zn(00,5,9Q) — Znllg + (1 — ) (Vi + Va)

Amin (YL = ) Zn (80, 2, Q) — Z, (60, %, Q)|

Therefore,
1Z0 (60, 2, Q) = Zu(60, 5, Q)|”
1 X
< Vi+ Ve
— Amin(Q) ( 1 2)
1 AmaX(Q) Amax(Q) 21 A
- + - Zall? Iy = Q
Amm(Q)"}/ (Amin(ﬂ) )\IIIiII(Q) H "7” H HS
Aina(E) (Amax(@) | Aumax() ) osija, j2pe
= + ) =222 — s,
At @7 \ i@ T An(@) ) w2l = Qs
Since
)\min(S}) 1 £>07
Amin(Q)

Amax(€) is bounded with probability approaching 1, and ||£~1/22,||? = O,(K,) by Markov’s

inequality, it follows from Assumption 1.3 that

C?)1Z0 (00, 2, Q) = Zu(60, =, )|1* = 0p(e7)

n
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uniformly over P € P and thus
CN\Zn (60,2, Q) = Zn(60, %, Q)| = 0p(en)

uniformly over P € P.

From the arguments above and the reverse triangle inequality we have
120 (00, 2, D)l = 1 Znlle < 12000, 2. Q) = Zn[la < [[Znllo

and therefore

AInaLx(Q)

min (

Cl|Za (60, Z, QNIE - =5 < 20]E - Zis
and by Assumption 1.3 and || Z,| = Op(y/Amax(X) Kp)
Cl|Zn(80, 2, DI£ = £|s = 0p(en)

uniformly over P € P.

Next define

B, = C‘/ﬂ;n(ér—{%) Zn (6o,

Za(60, % 9) = Zn(60, %, 0)|

+C“Zn(607 %, Q)H”Z - 2”57

The previous derivations imply that

supP(B 21 )—>0.
Pep 2"
Therefore

P(T( ~00),%) < c1an(80, S, Q))

> p <T (00,5, Q). %) < €1-an(fo, 5, Q) — %€n> _p (Bn > % ) —o(1),
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where the o(1) term belongs to P(B; < )\min(i]) < B,,B; < )\maX(Q) < B,) and it converges

to 0 uniformly over P € P. Similarly, we get

P (T(sn(B; = 00),) < c1-a(00,3,9))

We next show that for any sufficiently small ¢, € (0, ) it holds that

sup

SN 1
P (Cl—a,n(907 %, Q) > Cl—a—éqm(eOv %, Q) - _En) - 1‘ — 0
PeP 2

and
A 1
r (Cl—a,n(eo, ¥,0) < Cl—a+6q,n(90, ¥,Q) + §5n> — 1‘ — 0.

sup
PeP

It then follows that

int P (T(/ﬁn(ér —00),%) < c1—an(o, 2, Q) + En)

> }yelf"PP (T(Zn(e()v Ev Q) E) < Cl—a—éq,n(eﬂ: 27 Q)) - 0(1)

which implies that

A

liminf inf P (T(/@n(ﬁr —00),5) < ¢1_an(lo, 5, Q) + an) >1—a-—4,

Since 0, was arbitrary

liminf inf P <T(I€n(ér —bp), i]) < c1—an(bo, 3, Q) + €n) >1-—a,

n—oo PeP

which is the first conclusion of Theorem 1.1. Similarly, for all d, sufficiently small

P (T(/ﬁn(ér — 90), XA:) S lea,n(907 27 Q))

> P (T(Zn(00,%,9).5) < ¢1—a—s,n(00. 2. Q) — ) — o(1)

which implies that

P (T(ﬂn(ér —00).3) < ¢1—anbo, S, Q)) —(1—a)

> P (T(Zn(00,%,9),%) < c1-a-5,n(00,5,9Q) —en) — (1 — = &) — 4 — o(1).
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Analogously,

P (T(gn(e} —00).5) < c1an(b0, S, Q)) —(1-a)

< P (T(Zn(00,%,9),%) < c1—ats,n(00,5,Q) +en) — (1 — v+ g) + 64 + o(1).
Hence, if Assumption 1.6 holds, then for all 6, € (0, )

lim sup sup | P <T(/€n(ér —0p),%) < c1—a,n(fo, 3, Q)) —(1- a)‘ <y

n—oo PcP

and since J, was arbitrary

sup | P (7 (a6, = 00),5) < c1-an(00,5,2)) = (1= a)| = 0.
repP

For the final step of the proof let §; € (0,c) be arbitrary. Let 6. > 0, which may de-
pend on J,, and define the set H, as all (f},fl) on the support of (fJ,Q) such that B; <

Amin(i)) )\max(Q) S Bua

VAmax(X) | &
VK, V—=Y - Y|l < d.¢
n )\min(ﬂ) H HS > Ogtn
and
Amax (Q)

e, s (%) (Amax(m .

>\min (Q)

Notice that Assumption 1.3 implies that

O —0Olle < 522,
Amnin (Q) )\min(Q)> | s < ocen

sup | P ((2,@) € Hn) - 1‘ — 0.
PeP

Let Zp, ~ N (0, Ik, x k,,) be independent of 3 and Q and define

Zn(00,%,Q) = argmin | X — SY2Z,||3.
)\EAn(Qo)



For any (¥*,Q*) € H,, we get by Assumption 1.5 that

‘T(Zn(eo, $4,0%), 2% — T(Zy (60, %, Q), 2)‘

’T (00, 3%, ), 2%) — T(Z, (60, %, Q), %)
‘11 2(00,%,9), 5%) — T(Zn(00, 5, Q), %)

Zn (00, X%, Q%) — Z, (60,3, Q%)

~n(907 Zv Q)H ||Z - E*”S

Zn(00,%2,9Q) — Z, (6o, 2, Q)

Moreover,

120 (00, 2%, %) = Zn(00, %, ) < v Amax(Q)[(5) /22y, — £V2 2, |
<V Amax () [(Z9)Y2 = V2| 9| Zn|

Nor () )
< 5 SlglZl
\/)‘min(z) + \/>\m1n(2*) H ” ” n”

where the last line follows from Lemma A.2. Also by the previous results

||Z'Il(907 27 Q*) - 271(007 Zv Q)||2
< qutd) (ol 2D 7 20 - 0.

- Amin(Q)'y )\min(Q) )\mm(Q )
and
m X Q) m x(z) ~
n < a ( 2 Znll.
Let

n(90> Zv Q) - Zn(eﬂv Ev Q*)”

Zn(907 E*v Q*) - ZTL(HO’ Ev Q*)

+CI| 2 (60, =, D5 = -
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Then, for constants M; and M that do not depend on P or .

2
H2 < 4C?||Z(00, 2%, Q%) — Zy(00, 2, Q)| +4C?|| Zn(60, %, Q)|2(|E — =*||3

+4C? || Z (00,2, Q) — Zn (60, 2, )|
Amax(2)
)\mm( )

max( ) max( ) Amax(ﬂ*) 7 112 *
s (S + e ) VI — ol

AR

n

< MIE = S Zal? + My 1ZalP1Z — =115

S MQE%(S?

Since E(||Z,?) = K, it follows from Markov’s inequality that
1 2
sup P | Hy, > —ep, | < 4M>57.
Pep 2

Therefore

l-a = P(T(Zn(eo,Z*,Q*)) gcl_m(eo,z*,ﬂ*))

IN

P <T(Zn(90, >, Q)) < Cl—a,n(eOv Z*, Q*) + Hn)

IN

- 1
P (T(Zn(eo, 2,Q)) < e1-an(fo, X%, Q%) + §€n> + 4 M52,
It follows that we can pick 0. such that for any P € P, and any (X*, Q) € H,

5 1
I —a-— 5(1 < P (T(Zn(f)o, Zv SZ)) < Cl—a,n(em 2*7 Q*) + §€n)

and thus
C1ab,m(00, 5, Q) < €1_an(Bo, 5%, Q) + %
Hence
P((5,0) € Hy) <P (cl_a_éq,n(eo, 5,0) < c1_an (6o, 5.9) + %%)
and since

1832}73) P((f]@) E’Hn) —1‘ —0

99
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we have

sup
PeP

ESPA 1
P (Cl—a—éq,n(e()a 3,Q) < Cl—a,n(e(); ¥,Q) + §€7z> - 1‘ — 0.

Analogously, for any (X%, Q%) € H,

l—a = P (T(Zn(eo, S*,0%) <€ e1-an (00, 5 Q*))

> P (T(Za(60,%2) < c1-anlb0, =", Q%) — Hy)
> P (T(Zn(eo, ¥,0)) < e1-an(fo, X%, Q%) — %an) — 4M>552.

It follows that we can pick 0. small enough such that for any P € P, and any (X%, Q%) € H,

* * 1
Cl—oz-i—éq,n(e()» ,Q) > Cl—a,n(907 5 0F) — §5n-
Hence
AN AN 1
P ((27 Q) S Hn) <P (Cla+6q,n(907 >, Q) > Cl—a,n(GOa 2, Q) - §5n>
and
A 1
sup | P ci—an(00,2,Q) < c1_nis,n(00,2,Q) + =&, | — 1| — 0.
Pep ’ v 2

A.2.4 Proofs of results from Sections 1.4 and 1.5

Proof of Theorem 1.2. We prove the theorem by verifying the assumptions of Theorem 1.1

with k, = \/n. Before we do so notice that p(zy) — p(xx) = 0p(1) and 62(zy) — 02 (zx) = 0,(1)

0% (xy) _ o*(xy)

uniformly over P € P. Therefore, e e

= 0p(1) and since we assume that K is fixed

and that o?(x) and p(x) are bounded away from 0, also

max |2 (@) @) | 2y e AP(M) S CTR
k=1..K | p(zr)  p(og) k=1,...K | 62(z) o?(zy)

(1.1) Assumption 1.1 holds by construction with Q = %! and ||R,| = 0.
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. o verify Assumption 1.2, we apply Yurinskii’s coupling. See for example Appendix
1.2) T ify A ion 1.2 ly Yurinskii’ ling. See f le A dix D1
of Chernozhukov et al. (2013). To do so, first define Px as the nx K matrix with element
(i, k) equal to 1(X; = z,) and denote the ith row by Py,. We apply the coupling argu-
ment to \/LEP)’(U. The theorem implies that there is W ~ N(0, diag(c?(z1)p(z1), . . ., 0%(xx)p(zK)))

such that for any 6 > 0 and &, > 0

K M
K M ‘10% w172 5363 ‘
(H\/_PXU W“>365n><00< ) 1+ <12"E">

nl/2 5323

=

where

M = E[ULX =ux1),...,ULX = 2x))'||"]
r K 3/2
_ K3/2E (?kg 2>
/ : ¢ 3
3/2
< | (g e =ar)|

K
= K'PY E[UP| X = plaw).
k=1

Since M is bounded, it follows that for any &, > 0 with f =o(e}) and any § > 0

sup P (H \/_PXU Wi\ > 5677) — 0.

PeP

Let U = (Uy,...,U,). Now write

V7 (Gur — 60) — (E(PxiPx;)) ™ W

NG

< |mrpcrat (zrio - w)| +laampiro - e ) W)
< s, (0(e) ™| (G20 - w) | o o) ) YL

k=1,..,K

By the previous results, it follows that for any £,, > 0 with f =o0(e3) and any § > 0

}SDUI;P(”ﬁ(éur = bo) — (E(PXiPE(i))_IW” > 0en) = 0
€
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or
sup P(”\/ﬁ(éur - 90) - ZnH > 6571) —0
PeP

where Z, ~ N(0,%). The result now follows because 2 = X! and Apax(3) < C2

(1.3) We have

0=l = e |0 |~ 0
and
. 52 (x o%(x
1% ==lls = hlk | P (l“kk)) - P(Eﬂ:)) = Opl1/Vm)

uniformly over P € P. Moreover, Amax(X) and Amax(§2) are bounded away from 0. Since

\/Lﬁ = o(e3), Assumption 1.3 holds.
(1.4) Assumption 1.4 holds by assumption.

(1.5) By the reverse triangle inequality

T(2,%) —T(w,X)] < T(z—w,X)

{zl—wl zK—wK}
= max ey | —
V211 VIKK

IN

K 2
Z(Zk_wk:>
=\ Vkk
soyL2g,
ki???fK( k)7 llz =l
= AmaX(Z_l/z)”z_wH
1
= ————|lz—-w|.

Amin(z)

IN
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Similarly,

T(2,%) = T(z %)

< max{
K 2
1 1
N
\l k=1 Dk 2k

K
< A B2 A (57172), | 3 22 (x/zkk_ i}kk)

S Snl

o Sk~ Sk )
= Mnax(5 7 Anax (577%) Z ,%( o )

IN

1 1 1 S L \2
Amin(Z1/2) )\min(jl/z) Amin(Z1/2) + )\min(guz) \l Z Z, (Ekk - Ekk)
1 1 1
Amin (ZY2) Ain (21/2) Amin (S1/2) 4+ Apin (21/2)

IN

(DRI
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Proof of Theorem 1.3. We prove the theorem by verifying the assumptions of Theorem 1.1

with &, = v/nh,,. Before we do so notice that

Kn
P (s Vix(eon ~ fx@)l =) < Y P (1xo) = fx(on)] = ¢)

<
=b-Kn k=1
o B ( (Fxlon) -~ fx(a))
< S .
k=1

Moreover, with A = [ K(u)u?du and B = [ K(u)du it is easy to show that

‘E (fx(a:k)) — fX(xk)‘ < hi%Aig | Fx (2)].

and

2
Var (Feon)| < 2 Bsup (o)l + & (fxlan) + 2 Asup 5] )

nin  zex reX

It follows that for some constant C

P (k max  |fx(zx) — fx(zp)| > e) < E%Kn (fbf1 + n—iﬂ)

=1,...,Kn

and thus

s Vx(e) = o) = 0, (Ko (14 1))
uniformly over P € P. Similarly.

YL V2K (2

S K (52

- (Z?l K <%’:TX>

S K ()

For the first term, let h(z) = E(Y? | X = z) and let V; = Y2 — h(X;). Then

|62 (xx) — o*(2x)| = ) ~B(Y?| X = ay)

) —(B(Y | X = z))*

() = (@) 77:?2(371@)’

S K () Px(an)  fx(en)

S VK (B
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where

and

s{ak) = - ZK(”Z’“ )v.

Since fx(z) is bounded away from 0 and maxg—; _f, |fx(zx) — fx(zx)]> = Op(Ku(hh +

1/(nhy))) it follows from similar arguments as above that

2

SR () f
=Lk | S g < = ) nhy,

uniformly over P € P. Similarly,

_max —EY | X =) =0, Kn|h,+ =
s Zz

YK( - )

n z—X
@-:IK(W )

and thus, with E(Y | X = a) = have

](E(Y X =a0) = (BY | X =2

<|BOY | X =) = BOY | X = )| [BY | X =) + B(Y | X = )

— 0, (\/Kn (hz+%)> .

It follows that uniformly over P € P

N 1
-t =0, (s +,5))

We can now verify the assumptions.

(1.1) Assumption 1.1 holds by construction with Q@ = %' and ||R,]|| = 0.

(1.2) Let G = (90(X1),...,90(Xn)). Y = (Y1,....Y,), and U = (Uy,...,Uy,)". Now rewrite

o i 1K( ) (90(Xi) = go(x)) i e 1K( - ) Ui
fx(ka) i Fx () '

eur,k' - 00,10 -
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Arguments as above show that for some constant C

< ChZ + Ry,

ann ZK <Tk h_nXl> (90(X3) — go(zr))
=1

and E(R3) < C(hn/n). Also notice that maxg—1 __ x, \fx () — fx(zx)] = 0p(1) and

fx(x) is bounded away from 0.

We now apply a coupling argument to the K, x 1 vector with element

n _ .
;K(mk hnXZ)UZ

to a normal random variable W. Let Px be an n x K, matrix with element (i, k) equal

to K((zr — X;)/hy). Then, using the arguments as in the proof of Theorem 1.2, there
exists

W~N <O,diag (hiE (K ((z — Xi)/hn)QUQ(Xi))))

‘N

such that for any 6 > 0 and &, > 0

P(| At -] 2 55,

_x.\3
K32k E(K(zk} i) |Uz-|3>

K2y 1E<K(k X) |U|3) tog VP57
<C 1+
=0 Vnhpdde3 K,

3
Since E (K (ﬂh_n—xl) |U7;|3> < Mh,, for some constant M < oo we get for n large
enough

_MKSY?
]\/fKS/Q - ‘IOg(m53€3)‘

PU-W —_—
X Vnhpdded K,

=o(1).

> 30ey, | < C
(HV”n N E) ‘

Next let Sp be a diagonal matrix with elements %E (K ((zr — X3)/hn)?0%(X;)) and let

Ss be a diagonal matrix with elements o?(x,) fx (z)B. Our assumptions imply that for
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some constant C

hiE (K (2 — X:)/ha)?0%(X0)) — 0%(2x) fx (24) B| < Ch.

n

Since also 02(zy) fx (zx) B is bounded away from 0 it follows that
[W = 8,257 2W | < O(ha) [ W] = Op (/).

Let @ be a diagonal matrix with elements fx(zj) and let Q be a diagonal matrix with

elements —— Zl 1 K((z, — X;)/hy). Then

I/l (B — 00) — Q1S3 2872w

< |0 '——PU - Q@ '5)/2s _1/2WH+Op(\/Kn\/nhnhi+\/Knhn)
\/nhn
A 1 _
< lQ 1\/?%13)’((]—@ 1WH+Op(\/Kn\/nhnhfl+\/Knhn)
< Q*#P&U - Qle @ =@ W] + 0u (R vmRan + v Ruha)
A =P - WH+ max  |—— — — ||
max X k=1, Kn fX(fE) fX(l')
Op(V KnVnhyhy +/ Knhy)
1
2 4
H — nPXU WH+O <\/K (h e ))
Op(V K/ nhph2 + /K hy)

K, K5 1
n

+ Op(VKnunhd + (K, h2n)Y4(KS [ (han))Y*)
= op(en)-
Now let Z,, = Q_lS;/2Sl_1/2W ~ N(0,%). It follows that for any ¢ > 0,
sup P (H\/T_L(éur —60) = Zu| > 6en> — 0.

The result now follows because Q = X~! and Amax(2) is uniformly bounded.
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(1.3) Notice that Apax(X) is bounded and bounded away from 0. Therefore, A\pin(€2) is

bounded and bounded away from 0. Sufficient conditions for Assumption 1.3 are thus

and

Notice that

5%(xy) () _
k=I1I,1.?J.},{Kn fx(wk) - Fx (zr) —Op(gn/\/Fn)
Fx(an)  fx(@n)| _
k:IPaXKn &)j(T:) - U)z((T:) —Op(gi/Kn)
max 62 (x1) _ o?(x)
Lo | fx(ay)  Fx(@n)
< max CElfx(@) - Fx (@] + fx (@) o (2x) — 6°(zp)|

= k=1, Kn Fxc(an) fx (vx)

=0, <\/Kn (h;iZ + nihn>>
= op (VKL + <0/ K)

= Op (Ei/Ki)

uniformly over P € P and analogously

fx(z)

52(z1) = op (en/K7) -

max
k=1,...Kn

(1.4) This assumption holds by assumption.

(1.5) This step is analogous to that of the proof of Theorem 1.2.

O

Proof of Theorem 1.4. We verify the assumptions of Theorem 1.1 with k, = y/n. Before we

do so we prove some preliminary results. Let Px be the n x K, matrix, where the ith row is
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rk, (Xi). Let Q = E(pk, (X)pk, (X)) and notice that

Amax(Q) = max v'Qu

llvll=1

= max E((px, (X)'v)?)

- rnax‘/kpkh<x>%o2fx<x>dx

llvll=1

< (sup vt ) mex [, o0

TEX [vll=1

= sup fx(z) max [v],
reX foli=1

= sup fx(z)
zeX

where the fifth line follows from the assumption that the basis functions are orthonormal.

Similarly,

Amin(@) 2 inf fx(z) > 0.

It then also follows that the maximum eigenvalue of Q! is bounded and the minimum eigen-

value of Q! is bounded away from 0. Since

we also have

Amax (X)

and

1Q70]* < Amax(Q ™' Q™ [0]* = Amax (@)l

max v'Yv
[lv]=1
Img(Q_lv)/E(PKn(X)pKn (X)UH(Q )
max w'E X X IU2 w
lw]|=Amax (Q~1) (px, (X)pK, (X)'U?)
sup E(U2 ’ X = l’) max w/E(pKn (X)pKn (X)/)w
zeX lw]|=Amax(Q~1)
sup E(U? | X = z) sup fx () Amax(Q1)?
veX TEX
00

Amin(X) > inf E(U? | X = x) inf Ix (@) Amin(Q™H2 > 0.

reX



Let Q = L (P4 Px). Then, similar as in Newey (1997),

~ 9 Kn Kn N 2
pQ-al = £).3 ((e-)’,)
1 K, Ky
- DY E(pi(X)’p(X)?)

j=1k=1

Kn
§(K) B (me?)
k=1

2
SRR Gup p o
n rEX

IN

IN

IN

By Markov’s inequality, it follows that
||Q — Q=0 <£(Kn)' 7) = op(1)
uniformly over P € P. Then by Lemma A.1
Auin(@) = Amin (@) = 0(1)

and

Auna(Q) = Amax(@)] = 04(1)
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uniformly over P € P. It follows that /\min(Q) > inf,cx fx(x)/2 with probability approaching

1 and Apax(Q) is bounded by sup,cy fx (z) + 1 with probability approaching 1.

We now verify the assumptions.

(1.1) Asdiscussed in Section 1.4.3, the assumption holds with || R,,|| = 0 and Q = (1/n)(P% Px)

because the objective function is quadratic in 6.

(1.2) First let G = (go(X1),...,90(Xpn)), Y = (Y1,...,Yy), and U = (Uy,...

write

Our = (P Px) 'PYY = (PxPx) 'PxG + (PxPx) ' P U.

. Now
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Let Q = E(pk, (X)pk, (X)) and Q= %(P)’(PX). We will apply the coupling argument
0 \/LEP&U. In particular, there exists W ~ N(0, E(pk, (X)pk, (X)'U?)) such that for
any 0 > 0 and &, > 0 and some Cy > 0

(H\/_PXU W 2355n)
K, Ellpr, (XU
B (1L N P i e - )
S\ TET e K, '

Since E(JU]? | X) < M for some M < oo, we get

Blllpx,(X)UI] < ME[|ps, (X)I°] < ME(K) Elllpx, (X)]P] < O(E(Kn) Kn)

and it follows that uniformly over P € P

KEE(,)
P (| Jrmo - w] 2 am) = o (T35

Next write

log (fﬁggng) D — o(1).

A~

Vi(Byr —00) — Q7'W = /n(PyxPx)"'P(G — Px6y) + Q™ —PU Q- 'w

Ql

= Va(PyPx) PG = Pxto) + (@7 @)W

A 1
+Q7' | —=PU - W) .

(%

Arguments in Newey (1997) imply that uniformly over P € P
V(P Px) ™ Py (G = Px8)l* < Amax(Q™)O(nk 7).
Since Amax(Q~1) = O,(1) we have
V(P Px) ™' Py (G = Px0o)||* < Op(nK;™").

Next write

(@' -e)w=0"(e-0Q)¢'W.
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Then
H (Q_l - Q_l) WH < (@) A (Q7H1Q = QW -

We also have

E(|[W %) ZE (PKo ke X)?U?) < K, sup fx(z)sup E(U? | X = z).
zEX reX

By Markov’s inequality [|[W| = O,(v/K,) and therefore uniformly over P € P

(@ -a)w| =0, (s(fm K{) .

Similarly,
A 1
1 —=PyU-W
HQ (ﬁ *

Putting these results together we get for any § > 0

o[-

P (INa0ur — 9) = Q7' W| > b2,
< oo (e 59

n
and the O, (\/ﬁKn_ T+ %) term does not depend on PP € P. Therefore, for any

en, satisfying the rate conditions

sup P (||\/ﬁ(ér — ) — QW > 5577,)
PeP

<P ( H J-PU - wH > &n) To(1)
By the coupling argument for any 6 > 0

sup P (IV/7(0ur = 00) = Q' WI| > d2,) =0
PeP

or
sup P (||¢FL(9W — o) — Zn|| > 65n> =0,
pPecP

where Z, = Q7'W ~ N(0,%). The result now follows because Ayin(€2) is uniformly

bounded away from 0.
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(1.3) As shown above Apmin(2) is bounded from below and Amax(X) is bounded from above.

Moreover,
9 Ky
n

12—} <o, (s( ) )=0p<ei/f<5>

uniformly over P € P.

Next define
1 .
D=3 (X, (502

and D = E(px., (X)px, (Xi)' UP). Let jur(Xi) = pi, (Xi)'0ur. Then

D-D|| = XVU?—-D
| | - ZPKn )Pk, (Xi) U; H

IA

zm e, (X, 02 D||

ZpKn pKn ) (QO(Xi) - gur(Xz))z

ZPKn D)pic, (Xi) Ui(go(Xi) — gw(Xi))H .

Arguments as above show that

ZpKn pKn )/Ui2 - DH = Op (f(Kn) £> .

We have

ZPKn )Pxc, (X3) (go(:) = Gur(X4))?

K, K, B}
- ZZ ( ZpKn i (Xi)prn 1 (Xi) (90(Xi) — guT(Xi))2>
\j=1 k=1 1=1
K, Kn
< ZZ ( ZpKn J pKn, (Xl)z> sup |90(Xi) - gur(Xz)’2
\ J=1k=1 i=1 reX
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Arguments as above show that

Kn Kn
> ( ZPKM )2 Pr k(X )2> =0 (£(Kn)*Kn) -

j=1k=1 i=1

Theorem 1 in Newey (1997) implies that

190(%) — Gur ()2 = O, ({(Kn)Q% + é(Kn)2K52”> =0p (é(KnY"%)

and it is easy to show that the upper bound is uniform over P € P. Therefore

K. Kn K3/2
ZZ( S b s (X0) P <X,»>2> sup |go(X;) — dur (X)[> = Op <§( - )

=1 k=1 i=1 TEX

uniformly over P € P. Next write

ZpKn pKn ) Ui(QO(Xi) - gur(Xz))H

n n 2
= ZZ( Zm,y DPK <Xz->Ui<go(Xi>—MX@-)))

j=1k=1 i=1
K, Kn

< zz( S by (X021 <xi>2uz) b 190(2) — Gur (&)
G=1 k=1 i=1 zeX

Moreover analogous arguments as before yield

K, K,
\ZZ< 3 iy (X2 i>2U3> sup [go() — dur (¢)|

G=1k—1 i—1 zEX

= 0y (&(K)22)

It follows that

3/2
1D = D| =0, (5([(“), /%) +0, <§(Kn)3KZ ) + 0, <€(Kn)2%> :
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Next for any v € RE» such that ||v]| = 1 we get

[Sv-x0| = 107DG v -Q Q1|

= Q7'DQ v -Q'DQ v+ (Q' - QHDQ ||

We also have

A~

Q™ = Q@7 Moll = 11Q7(Q = Q™" < Anax( @) Aumax (@7 Q = Q)

Thus,

VAmas(Q71 = @71)(Q — Q7)) = 0,1 Q ~ Q|
It is also easy to show that the maximum and minimum eigenvalues of D are uniformly

bounded and bounded away from 0 and thus, the same is true for X. Therefore, using

arguments as above

-5l = O, - QI+ - D)
K, K 2Ky
0, (5(&)/7 >+0p(€(Kn) : >+Op<£(Kn) ).

Consequently, Assumption 1.3 holds.

The assumption holds by assumption.

which is a norm since E(pg, (X)pxk, (X)) has full rank.

Let [lo1 7 = sup,cv |22,

By the reverse triangle inequality

P @) (=) | e

T(21,%) — T(z2,%)| < sup < sup — 29|
(=1, %) ( ) TEX o(z) cex  0(7) |
But
Pk, () |I> p'p 1 =
sup & sup = = A X))
(:EEX o(x) peREn: [pl=1 2P Amin(%) max(%7)
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Moreover, let o;(x \/pKn ) 21pk, (z) and oa(x \/pKn ) ¥opk, (z). Then

|T(2,%1) —T(2,X9)| =

INA
—_
I
w0
o
T
N
=
|
Q
—
—~
8
~—
N—

Finally

sup
reX

<1_ 01(56))‘ ~ o1(z) — oa(z)
02(37) zEX o2()

VPER (@) Z19K, (1) /PEy (2) D2prcy, (2)

. llprc, ()] lpsc,, (@)l

= sup

zeEX PK, (%) Y2pK, (T)
||PK7L @)

1
——————— sup ‘\/U’Elv— NODIT
v/ Amin ( 22 ) lvlj=1
VU0 + VU Y

v/ Amin ( 22 HvH 1
1

\/)\min E2 \/Amin Z]1 + \/)\min 22)

IN

Vv — 039w

131 — 3a|s-

Proof of Corollary 1.2. Let

and notice

1 1
Amin () Infrex P, ()

/
|an($)| S pKn (’CL‘) A])Kn (:E) 1 QCgﬁK;.Y S
prc, (2) Spxc, () [P, ()]

HQCQ\/HK;V.

Hence for any § > 0

sup P (sup an(z)| 2 &sn) = of1).

PeP reX
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Next notice that if

pic, (@) (Val0r — 00)) .
sup N S Cl—am(eOa 27 Q) — sup |CL(£L')|,
reX U(*L) reX

then for all x € X

~o(@)eran(fo. 5 9) + 6(x) supa(e)]| < prc, (o) (vl — 60)

and

pica (@) (V0 = 00)) < 6(@)e1-an(00,5,Q) = 6(x) sup la(x)],
reX

which implies by the definition of ay(z) that for all z € X

~ 5 _ 0 7279
: < go(x) < p, (2)'0r + o(z)c1—an(fo ).

" Vi

>

- G(x)er—an(fo, X
pKn(QZ)/Qr . O'(,T)C]_ am,( 0y &4

Finally, if

pic, (@) (Va(l, = 00)) -
sup = < Cl—am(HOa X, Q) — sup ]a(m)],
xEX a(x) zeX

then 6y € C1, and therefore for all z € X

. o 6(x) (b0, 2, Q . .
ai(z) < pk, ()0, — (z)er a\;ﬁ( 0 ) and g, (x) > pg, (7)'0, + i

We conclude that

pic, (@)’ (V(l, — 00)) .
P | sup - < ¢1—an(bo, 2, Q) — sup |a(z)|
rEX o(z) TEX
<P (‘pKn(T/)/é'r - go(x)‘ < (}(gj)cl_ajéeo’z’ﬂ) V€ X)

< P (gi(z) < go(x) < gu(x) Yo e X).
The proof of Theorem 1.1 implies that under Assumption 1.1 - 1.6 for any § small enough

sup |P (T(\/F(HA,« —00),%) < c1—an(fo, 8,Q) — 5€n) —(1— (l/)‘ — 0.
PeP
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Since for any § > 0

sup P (sup lan ()| > (5&,,) = o(1),
PeP rxeX

Theorem 1.4 implies that

pic, (2)' (Vr = 60)) A
sup |P | sup < c1—an(00,X) —sup |a(z)| | — (1 —a)| — 0.

PeP rEX o(x) xeX

O

Proof of Theorem 1.5. We verify the Assumptions of Theorem 1.1 with x, = y/n. Before we

do so, let

Qxz = %ZPKH (Xi)pk, (Zi) and Qxz = E (pk, (X)pk,(Z)")
i1

and
Qz = %ZpKn(Zi)pKn(Zi)/ and Qz = E (pi., (2)pi, (7)) -
i=1

Arguments as in the proof of Theorem 1.4 show that

1Qxz - @zl = O, (s(m) %)
and
HQZ - QZH =0p <§(Kn) %)

uniformly over P € P. We also have

Y

‘HQXZHS - ”QXZHS’ < “QXZ - QXZHS < HQXZ - Qxz

which implies that

’Amax(QXZQiXZ) - /\max(QXZQiXZ)‘ = Op <£(Kn) _> = Op(l)'

Similarly,

)\max(QZ) - /\max(QZ)’ = Op(l)‘
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It then also follows that uniformly over P € P

1Qx2Q 2 — Qx2Qxzlls = Oy <£(Kn) %) .
Moreover
‘\/)\min(QXZQ/XZ) - \/)‘min(QXZc?lxz) = ‘” i in |Qxzv] - mm ||QXZ ||‘

< ||7,||aj( (Q@xz — QXZ) |

< 1Qxz - Qxz||

and thus
Vi @x 7@ 7) — A\ Amin(Qx2Q ) e
e 0, (s ) =0
and
Min(@xz@xz) |
Amin(@x 2@ )

(1.1) This assumption again holds with ||R,| = 0.

(1.2) First let G = (go(X1),...,90(Xn)), Y = (Y1,...,Yn), and U = (Uy,...,U,)". Now

write
bur = (P, Px)"'P,Y = (P, Px) 'P,G + (P,Px) 'P,U.

Similar as before, there exists W ~ N(0,02E(pg, (Z;)pr, (Z:)")) such that for § > 0 and

en >0

P (|| v - w] =)

Ky Ellpx, (Z)Uil?]

nl/2 633 K,

Since E(|U;|? | Z;) < M for some M < oo, we get

Elllpx, (Z)UilP] < ME[|lpx, (Z:)IIP] < ME(Kn) Elllpx, (Z:)IIP) < O(€(Kn) Kn)
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and it follows that

2
(H—P’U - WH > :355n> =0 <M

nl/253¢3

((ERE(Kn)
log < nl/253¢3
uniformly over P € P.

Next write

Vi(Our — 00) — Qx5 W
= V(PLPx) " PY(G = Pxth) + Oy = PAU = QW
= V(P4 Px) " PL(G — Pxto) + (@3 — Qi) W
+Qxy (%PQU - W) .
We have
IVn(PyPx) ™' Pz(G — Px6o)|
= (G~ Pxbo) Po(@ ) (@) P4 ~ Pxt)
- %(G Pybo) P2, QY Q) Q) 7 QY@ P PG — Pt
< M @@ ) (Qx2) QYD ~(G = Pxb0)' PzQ' P4 (G — Pxbo)

< Mmax(QY (@) (Qx2) ' Q)G — Pxto) P(PyPz) ™' P4(G — Pxto)
< A (QF (@ 2) " Qx2)71QY ) (G — Pxbo) (G — Pxbo)

<A@ (Qx 2) (Qx2) "' QYHO(nb(K,)?),

where the sixth line follows because Pz (P}, Py)~1 P}, is idempotent. Finally,

1(Qx2) Q%01 < Amax((Qx2) ™ (Qx 2) ™) Amax (Q2) 0]
AmaLX(CQZ)

— 2
(@)
min\WXZW x 7

which implies that Apax(QY > (Qy ) ' (Qx2)'QY%) = 0, (1/7x,) and

IVn(Py Px )™ P4(G — Po)||> = Op(nb(Ky)?/7x,)
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uniformly over P € P.
Next write
A_q -1 =1 A A—1
(QXZ - sz) W = QXZ (QXZ - QXZ) QXZW
Then
|(ox - axy) w|
<\ e Q@ ) A Qx5 (P ) D|Qxz = Qe[ [W].

We also have

Kn
E(|W)?) =0 E(pk, #(Z:)%) < Kn sup fz(2)0”.
k=1 Z

By Markov’s inequality [|[W|| = Op(v/Ky) and therefore

|(@x —ax)w] =0, (s(m) Ky )

m‘Kn

Hence

IV (fur — 00) — QLW
<o (G ) o ()

Vn TK, nti.
1/6
Ki¢(K,)? b(K. K?
nTi TK,, nti
We have
min o'Qv = min [Q,"* Q20> > Anin(Q5") min Q201 = Amin(Q;")7x,,
flvll=1 lvll=1 lvll=1
and thus

Amin () ™YV (Bur — 00) — Qx5 W ||
1/6
<OP<<I{3L£{TZ)2> +M+§(Kn) Kfl )

’nTKn TK, ’I’LTKn

= 0p(en).
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(1.3) We have

1
PXZ( ZpKn i)PK,( )') Py,

where

Pxy =~ ZpKn Ok, (Zi)

and

Q= F (pr,(X)pr, (2)') E (pk, (Z)pK,(Z2)') " E (px, (Z)pK, (X)) -

It is easy to show using arguments as in the proof of Theorem 1.4 that Apax(Qz) is

bounded and Apin (Qz) is bounded away from 0. We have

1/2
||I1I):T|‘(1:X1 Vv = ” e ax ||@Q, / Q' 7v ||2 > Amln(QZ )“m” Xl 1Q zv ”2

Amin(le)/\max(QXZQiXZ)'

which implies that Apax(€2) is uniformly bounded from below. Similarly,

Amax () < Amax(Qx 2Qx 7) Amax(Q 1),

which implies that Apax(€2) is bounded. Since

1 o?
AmaX(Q) B Amin(ﬂ_l) N /\min(z)

also Apin(X) is bounded and bounded away from zero. Moreover, it follows that for all
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v with [[v]| =1
12 = )0
= Qx2Q2Qxzv — Qx2QzQ'x 7v|
< 1Qx2(QzQ% 7 — QzQ% z)vll + (@xz — Qx2)QzQ'x 70|l
< P @x7Q )@@ — 070 el
A (Qx 2@ ) Amax (Q2) Q2 — Qx|

< \/)\max(QXZQggz) (\//\max(QXZQ/XZ)HQZ — Qzl + Mmax(Q2)]|Qx 2 — QXZH)

n wmaX(QXZQ;(Z)Amax(Qz)||sz — Qxz|.

Thus
. K,
19~ 9lls = 0, (ﬁum 7) .
It follows that
AIna«x(z:) A €(K’n)2Kn 2
T oalll—Qlls =0 | = op(e”/Ky)
Amin (£2)2 b nTIﬁ{n P "

uniformly over P € P.

Next notice that

Amax(2) |~ Amax (2) Amax (27 Amax (Q71) | -
a ( )Hgfl_Qflns S a ( ) a ( ) a ( )”Q—Q”
Amin(ﬂ) Amin(Q)
_ o, ( w;:g?ml)
Kn
uniformly over P € P. Therefore
Amax(X) | ¢ 2 Amax(2) | . o4-1 20—112
DI = QO —o0°Q
)\min(Q) || ||S )\mln(Q) ||O_ g ||S
Amax(X) | .2,4-1 -1 ~2 2yy—112
= —2 QO —-Q — 0
L )+ (62— 0P|}
~ )\IIl‘(LX(E) AN — — ~ )\max(z) —
< 952 O 1012 19052 — 52)2 012
S L I+ 26 — ? P 1071
AIHZ‘LX 2
< o2 /Ky) +2(5% — g2y )

)\min(Q)g '
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Hence, we have to show that (62 — 02)% = Op(T;l(n 2 /K,,) uniformly over P € P. Write

n

1 o - 1 .
-~ Z; Ul = " Z(Yi — i, (Xi) Our)®
1=

Since 23 | U2 — 02 = O,(1/y/n) uniformly over P € P it follows that

n
n
1 .
E 2 2
n-
=1

Vn

1 R .
< o, (—) MmO )| — G2 + 2b(Kn)?

Moreover, the arguments above (verification of Assumption 1.2) imply that

- b(K,)? K,
||9W—90||2:0p( W)™ | Kn )
TKn nTKn
Hence,
R b(Ky)? K
(0_2 _ 0_2)2 — Op < ( ’n) + ' n ) = op(T;l(ngi/Kn)
TK, nNTK,

uniformly over P € P.
(1.4) This assumption holds by assumption.

(1.5) This is identical to the arguments in the proof of Theorem 1.4.

A.3 Worst-case bias

1< R
=S U2 20 (@) e — ol + 26(, )2
=1

In this section we briefly describe how we can incorporate a worst-case bias as in Armstrong

and Kolesar (2016) instead of using the undersmoothing assumption. We focus on the kernel
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regression framework in Section 1.4.2, but the approach is also applicable in other settings. Let
0o = E(0.,) and suppose that there exists a known constant Cp such that ||v/nh, (o — 60)|| <
Cp. Now notice that under the assumptions of Theorem 1.3, but without the undersmoothing

assumption, it holds that

sup | P (T (\/’nhn(ér — éo), i) < Cl—an (éo,f],fl)> —(1—- oz)‘ — 0.
PP
Furthermore, from the arguments of the proof of Theorem 1.3 it follows that
U . . 1 .
‘T <\/nhn(67~ — ), 2) T <\/nhn(6,,~ — ), 2)‘ < ———|\/nhn (B0 — 60)]
/\min(z)

and using similar arguments it is ecasy to show that

. ~ 1 Ao (2 -
Cloamn (90,279) <Cloan (90, E,Q) + = (A ) + 1] [I[Vnh(8o — 00)]|.
Amin(i) Q

Therefore, with

. . _ >
(~71—a,n (907 %, Q) = Cl—-an <907 X, Q) + O ~ (2 + \/méXk_l’m’Kn 2 kk)
\/minkzlen Skk ming—1,. K, Xkk

we get

lim inf P (T (\/%(ér —0o), f]) < Ci—an (90, ZA), Q)) >1—a.

n—oo PeP

A.4 Computational details

We use two different starting values for each of our grid points. The first starting value is
the restricted estimator. For the second starting value, we make use of the first steps of the

algorithm recently proposed by Kaido et al. (2016). In particular, we follow several steps:

1. Calculate ¢1_4/(6, 3, Q) at 40dg + 1 randomly drawn points from Og.

~

2. Approximate cj_q (6,2, Q) by a flexible auxiliary model which yields c{' (8, s, Q) for

any 0 € © and 1 (0, 3, Q) is available in closed form.
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3. Maximize/minimize pg, (2;)'0 subject to T'(v/n(6, — 6),%) < ¢ (6,3, Q).

We draw the initial points from a normal distribution with a mean of 0, and a variance of
2 - fuar(ém) and then project them onto the restricted parameter space. For each point, we
calculate the critical value using 2,000 simulation draws. The auxiliary model is a Gaussian
process regression, just as in Kaido et al. (2016). We then obtain our starting values by solving
optimization problems of the form max(min)pg, (2;)'0 subject to § € Og and T(v/n(f, —
0),%) < et (0,5,9).

Kaido et al. (2016) suggest using an iterative procedure, where an additional point is drawn
in each iteration. Using this procedure instead of our direct approach yields essentially identical

results in both the simulations and in the application, and their approach is much faster.

A.5 Spline results

In this section we present analogous results to those in Section 1.6 using quadratic splines as
basis functions. Knots refers to the number of interior knots. Hence, 0 knots are equivalent to
a quadratic function and with 2 knots we have 5 basis functions. If we have one interior knot,

we choose it to be 0 and with two interior knots we take —1/3 and 1/3.



Table 5: Coverage and width comparison for regression with splines

knots c COVyy cov, width,,  width, | % gains
0 0.949 0.954 0.142 0.109 0.236
2 0.947 0.963 0.142 0.121 0.143
0 4 0.948 0.960 0.142 0.129 0.091
6 0.925 0.939 0.142 0.134 0.050
8 0.910 0.910 0.142 0.137 0.028
0 0.887 0.884 0.142 0.139 0.015
0 0.951 0.975 0.172 0.128 0.258
2 0.944 0.966 0.172 0.141 0.180
1 4 0.946 0.968 0.172 0.151 0.125
6 0.950 0.956 0.172 0.157 0.086
8 0.930 0.948 0.172 0.162 0.057
10 0.942 0.947 0.172 0.165 0.037
0 0.948 0.968 0.199 0.144 0.277
2 0.945 0.973 0.199 0.157 0.211
2 4 0.948 0.966 0.199 0.168 0.157
6 0.952 0.960 0.199 0.175 0.120
8 0.935 0.945 0.199 0.180 0.094
10 0.950 0.964 0.199 0.185 0.071
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Table 6: Coverage and width comparison for NPIV with splines

knots c COVyy cov, width,, — width, | % gains

0 0.933 0.963 0.107 0.061 0.426

5 0.931 0.949 0.107 0.079 0.257

10 0.921 0.940 0.107 0.091 0.150

0 20 0.821 0.815 0.107 0.101 0.049
30 0.681 0.680 0.107 0.105 0.018

40 0.426 0.426 0.107 0.106 0.002

50 0.201 0.201 0.106 0.106 0.000

0.952 0.989 0.228 0.092 0.597

0.951 0.977 0.229 0.113 0.506

10 0.948 0.959 0.229 0.131 0.428

1 20 0.947 0.945 0.228 0.157 0.315
30 0.960 0.963 0.229 0.177 0.233

40 0.952 0.953 0.228 0.191 0.160

50 0.946 0.950 0.229 0.200 0.117

0 0.978 0.988 0.597 0.136 0.773

5 0.972 0.988 0.595 0.171 0.715

10 0.973 0.973 0.604 0.198 0.673

2 20 0.966 0.961 0.611 0.233 0.621
30 0.978 0.971 0.593 0.261 0.564

40 0.975 0.965 0.603 0.287 0.525

50 0.969 0.977 0.598 0.308 0.484

128



129



Appendix B

Simple Inference in First-Price

Auctions

B.1 Tables and Figures

Root Mean Squared Error

Functional n Our Mecthod of Maximum
Estimator Moments Log-likclihood
500 0.0159 0.0159 0.0160
Density at
1,000 0.0111 0.0111 0.0111
a Point
2,000 0.0079 0.0079 0.0079
Optimal 500 0.1158 0.1157 0.1150
Reserve 1,000 0.0820 0.0822 0.0813
Price 2,000 0.0574 0.0574 0.0572
500 0.0669 0.0626 0.0629
Expected
1.000 0.0472 0.0440 0.0437
Revenue
2,000 0.0328 0.0313 0.0317
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Table 7: This table presents the square-root of the mean squared error (rmse) for the

indicated functionals for the three indicated estimators.
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Empirical Coverage : Our Proposed Estimator

K, n fo(zo) Topt Revenue

500 94.7% 93.9% 92.3%

. 1,000 92.4% 93.6% 93.4%
1,500 90.6% 94.4% 93.6%

2,000 87.0% 91.2% 93.1%

500 94.4% 92.5% 93.8%

5 1,000 93.8% 94.9% 94.0%
1,500 93.8% 94.9% 94.1%

2,000 95.2% 95.3% 95.4%

200 95.3% 94.2% 94.8%

5 1,000 95.2% 94.1% 93.8%
1,500 94.6% 94.1% 96.2%

2,000 94.6% 93.2% 94.9%

200 97.2% 96.6% 97.6%

A 1,000 93.8% 94.2% 95.5%
1,500 94.7% 95.8% 95.0%

2,000 93.2% 95.6% 97.0%

Table 8: This table records the empirical coverage rates for the indicated functionals.

All coverage results are for the two-sided t-test conducted at the 5% level.
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Root Mean Squared Error

Our Estimator
Functional n M+S (2012) GPV (2000)
K, =1 K, =2 K,=3
500 0.0084 0.0117 0.0159 0.0364 0.0364
Density at
1,000 0.0065 0.0066 0.0111 0.0297 0.0311
a Point
1,500 0.0057 0.0066 0.0093 0.0250 0.0272
2,000 0.0053 0.0055 0.0079 0.0230 0.0251
Optimal 500 0.0942 0.1166 0.1158 0.2178 0.2761
Reserve 1,000 0.0674 0.0638 0.0820 0.1681 0.2282
Price 1,500 0.0549 0.0638 0.0661 0.1499 0.1980
2,000 0.0510 0.0549 0.0574 0.1341 0.1752
500 0.0641 0.0668 0.0669 0.1623 0.3101
Expected
1,000 0.0439 0.0384 0.0472 0.1317 0.1615
Revenue
1,500 0.0355 0.0386 0.0360 0.1205 0.1049
2,000 0.0321 0.0322 0.0328 0.1102 0.0721

Table 9: This table compares the square root of the mean-squared error of our estimator
to the two alternatives proposed in Marmer and Shneyerov (2012) and Guerre et al.

(2000).



Our Estimator

M+S (2012)
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Ma et al (2016)

Functional n
Coverage Avg CS Size Coverage Avg CS Size Covcerage Avg CS Size
500 95.3% 0.064 89.8% 0.127 92.4% 0.136
1,000 95.2% 0.045 92.6% 0.111 92.6% 0.117
Deunsity at
R 1,500 94.6% 0.036 94.3% 0.104 93.8% 0.108
a Point
2,000 94.6% 0.031 95.0% 0.097 95.2% 0.102
4,000 95.3% 0.022 97.3% 0.086 94.3% 0.087
500 94.2% 0.437 79.8% 0.654 N/A N/A
Optimal 1,000 94.1% 0.311 86.6% 0.525 N/A N/A
Reserve 1,500 94.1% 0.257 87.1% 0.471 N/A N/A
Price 2,000 93.2% 0.223 89.9% 0.445 N/A N/A
4,000 95.1% 0.157 93.6% 0.374 N/A N/A
500 94.8% 0.253 N/A N/A N/A N/A
1,000 93.8% 0.178 N/A N/A N/A N/A
Expected
1,500 96.2% 0.145 N/A N/A N/A N/A
Revenue
2,000 94.9% 0.126 N/A N/A N/A N/A
4,000 93.8% 0.089 N/A N/A N/A N/A

Table 10: This table compares our estimator to the results of the inference procedures

of Marmer and Shneyerov (2012) and Ma et al. (2018) where the latter are applicable

using the tuning parameters suggested in those papers. To avoid unfair comparisons (i.e.

those with our method using a small number of series terms), our results are reported

cubic splines with K,, = 4 partitions. Moreover, we augment the results with a sample-

size of n = 4,000, which is (approximately) the sample size used in the MC simulations

of the two competing papers. While all approaches appear to control size well for large

sample sizes, our approach is more broadly applicable, delivers smaller confidence sets

when multiple approaches apply and appears to deliver better finite-sample coverage for

smaller sample sizes.
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P ‘ 2 3 4 5 6 7 8 9 ‘Total

Count ‘ 324 246 189 127 105 75 41 22 ‘1,129

Table 11: This table contains the breakdown of the number of auctions by the number
of participants p. We use these numbers to compute the plug-in estimate for m described

in section 2.6

Density of Valuations

Valuations

Figure 7: This figure plots the parametric distribution of valuations discussed in section

2.2.2
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Figure 8: This figure contains the true density of the Monte Carlo simulation presented

in section 2.5

Empirical Density of Bids

Density

0 Il
0 0.1 0.2 0.3 0.4
Bids

0.5 0.6

Figure 9: This figure illustrates a kernel-smoothed estimate of the density of bids for

the application to USFS timber auctions.
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Price Density

All Species

0.6 0.8 1

Price per board-foot

Figure 10: This figure illustrates a kernel-smoothed estimate of the density of all ap-

praised prices for all species of timber.

Density of Valuations

Estimated Density of Valuations

(v, 0,)

- - -95% Uniform Confidence Bands

\ \
0.4 05 0.6
Dollars per Board-Foot

Figure 11: This figure contains our point-estimate for the density of valuations using

quadratic splines with four knots. The dashed lines correspond to 95% uniform confi-

dence bands for the true density of valuations.
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—— Sale Probability
—Expected Revenue
— — -Revenue Maximizing Reserve | |

Expected Revenue per Board Foot

0 I I I I 1l 0.2
0 0.05 0.1 0.15 0.2 0.25 0.3

Reserve Price per Board-Foot

Figure 12: This figure illustrates the trade-off between higher revenues and a lower
probability of selling timber as the reserve price is increased from no reserve price to the
revenue-maximizing reserve price. The decreasing function (and the associated dashed
lines) correspond to the point estimate and uniform confidence band for the probability
of conducting a sale as a function of the reserve price. The increasing function (and
the associated dashed lines) correspond to the estimate and confidence bands for the
expected revenue of the auction as a function of the sale price. The dashed lines corre-
spond to (joint) uniform 95% confidence bands. This figure shows that, while increasing
the reserve price increases the expected revenue, the increase in revenue is small (only
4% increase over the entire domain) whereas there is a precipitous drop in the sale

probability as the reserve price is increased.
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B.2 Mathematical Proofs

B.2.1 Proof of Theorem 2.1

Let Z,, denote the normal random variable described in Assumption (2.2). In the first part of
the proof of the theorem, we establish that |[v/n (6, — 00) — Zy|| = op(en). Our proof is based
on a slight extension of a similar proof appearing in Ketz (2018). We start by re-arranging the

expression for our proposed estimator

~ R 2 A
Vi (O~ 00) = Vs (Buum — ) — (—8 %gﬁfgi““)) f—aQ";;mJ

() () ) ()

2Qn(Brm) \ ~?Qn (07" ;
" (Id‘) - ( %e(aef )> ana(@/ )>\/ﬁ(6mm ~fo)

where the second line follows from a mean-value expansion where #% is the intermediate

value with |07 — 6o|| < [|fmm — o] The third line uses the definition /7 (6, — ) =

-1
(%) Vn «9623_(590)_ Therefore, by the triangle inequality and properties of the spectral

norm, we can re-arrange the above equation to get

Hmén—ew—ﬁ(en—ew

PQn(00)\ " (9*Qu(6,)\ " 9Q(6o)
H( 0000’ ) ( 9000’ ) s Vi o0 ‘
aan(ér) _102Qn(9+) 2

- Id9_< 2606 ) 26007 || \/%(9"_9")”

(82Qn 90 ) (82Qn(ér))_1 32Qn(90) _ 82Qn(ér) \/ﬁaQn(GO)
0000’ S\ B000 S aeaef 9000" ||g 00
9*Qu(0:)\ ||[| 2°Qul8o) _ 9*Qu(b:

H( 2600" ) 600" 8989’ (0 —00) (B.1)

where the second inequality uses the fact that for any invertible matrices A and B

IA™ = BT sllATH(B = A)B7H[S<[|A7 1B~ [sllA — Blls
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and
II—A"'Blls=|A" (A= B)|ls < [[A"|Is[|A = Bls.

Notice, by Assumptions (2.2) and (2.5) combined with lemma (B.2) and the fact that by

Markov’s inequality

H\/ﬁ 8@5260) ‘ S >\max<82Qn 90 )H(aQQn 60 ) \/ﬁaQn(eﬂ)

06000’ 0000’ 00

< Op(1)||Zn||+0p(1)
= 0p(V/Kn)

where the second inequality uses Assumptions (2.2) and (2.5). Furthermore, by Assumptions

(2.1) and (2.5), we have

IV (8 = 00) = v/ (6 = 00)|| < Ain(Jn) 2|V (B — 80) = v/ (6 = 00)|[,
< Nanin () ™2 [V (6 — 0[]+ Manin( )™ A () [
< Muin(Ja) 72| Zal] , + 0p(en)
< M ) Aumin () ™ A (5) 502 Za + 03 (21)

= Op(\/K_n)

where the second inequality uses Assumption (2.1) and the last line uses Assumption (2.5),

Assumption (2.2) and Markov’s inequality. Using the triangle inequality gives

IV 6~ 80)]| < [V s — 80) Vi 6 — 00)| + [Vt (6 — )| = Op(VE)  (B2)

uniformly over P. Plugging these bounds into equation (B.1) and using Assumption (2.4) gives

[V 0 = 00) = V2 (0 — 00)| = opten) (B.3)

Therefore, by the triangle inequality and Assumption (2.2), we get

H\/’_L(én - 90) - Zn” < ||\/ﬁ(én - 90) - \/ﬁ(en - 90)” + ”\/ﬁ(‘gn - 90) Zn H (Sn)



140

In the remainder of the proof, we show that this approximation error and the errors from
estimating the covariance matrix and critical values have a negligible impact on the distribution
of the test-statistic. This proof follows a similar—but substantially simplified—version of a proof
appearing in Freyberger and Reeves (2018). By Assumption (2.2), Assumption (2.6) and the

triangle-inequality we have

T(V/1 (0 — 00),30) — T(Zn, En)

< ‘T(\/ﬁ (B — 00),%0) = T(Zn, &)

n ‘T(Zm $0) = T(Zn, Tn)

< C”\/ﬁ(én_HO) -

271_2““5

= 0p(en) (B.4)

where the last line follows from Markov’s inequality, Assumption (2.3) and the observation

that

1 1 1 1
1Zall = 122502 Zo|| < Ao (30) | N (0, T, | = A (B) 20p(v/Fon).

Letting A4,, denote the event that ’T Vit (0 —00),30) — T(Zy, )

< %%, the above shows

P(AY) = o(1). Therefore, by basic probability rules

P(T(/ (B = 00),50) < 1 an(Sn))
< P(T(\/ﬁ(én —00),5) < 1 m( n), An) + P(AC)

)y
< P<T(Zn,2 ) < e1an(Sn) ) (B.5)
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Similarly,

where the second inequality follows as the event in the third line implies the event in the

second line and the final inequality comes from basic probability identities.!.

The previous
two displays provide upper and lower bounds on the coverage probability of the proposed test.
Specifically, these equations quantify the impact of the normal approximation on the coverage
probability of the test. Note, if ¢, = 0 and 3, = >n, the previous displays would provide
the result. In the next part of the proof, we establish that the approximation error in using

3n to compute the critical value is asymptotically small. Specifically, we show that for any

arbitrarily small o, > 0 we have,

N 1
leogn(zn) > Cl—a—éq,n(zn) - 5571 (B7)
and
N 1
Cl—a,n(zn) < Cl—a—l—dq,n(zn) + 5571- (B8)

To establish the first result, first notice by Assumption (2.3), Assumption (2.6) and Markov’s

inequality,

‘T(Zm 271) = 1'(Zn, En)‘ < CHZnHHin — Xl = op(en).

!Note, the inequality uses the fact that for any two measurable events A, B, we have P(A) =
P(AN B) + P(AN B¢ which implies P(AN B) = P(A) — P(AN B¢) > P(A) — P(B°)
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Therefore, letting B,, denote the event that HT(Zn, i]n) —T(Zy, En)H < %an, the previous dis-
play shows P(BS) = o(1). Therefore, by the definition of ¢, (3) value and basic probability

rules
1 —a= P<T(Zn, ) < cl_a,n(i))

< P(T(Zn, X,) < Cl—a,n(i) + %gn ) Bn) + P<Br?>

- 1
< P(T(Zn, %) < loan(S) + §€n) +o(1)
where the o(1) term can be made small uniformly over P € P. Specifically, the o(1) term can

be made smaller than J, uniformly over P € P so that the previous display shows

~ 1
l—a- (Sq < P(T(Z7u Zn) < Cl—a,n(z) + §5n>

so that c1_—6,n(2) < cl_a,n(f}) + %En, which establishes the first result. To establish equation

(B.8), we follow a similar argument to get

l—a= P(T(Zn, ET,) < Cl—a,n(zn))
. 1
> P(T(Zn, o)+ §En < ci—an(Bn), Bn)

> P(T(Zn ) < c1-an(Zn) %En) - p(89)

= P(T(Z0:50) < €1-an(Zn) = %En) —o(1)

where we can make the o(1) term uniformly (over P) smaller than §,. Hence, we have

N 1
l1—a—+ 5(1 > P(T(Zm Zn) < Cl—a,n(zn) - §5n>

so that c1_g15, (ﬁ]) > Cl_an(Xn) — %an which establishes equation (B.8). Combining equations

(B.6) and (B.7) gives

P<T(\/ﬁ(én - 90)7 ZA:n) < Cl—a,n(i‘n) + 5n> > P<T(Zn7 Zn) < Cl—a,n(in) + %571) - 0(1)

> P<T(Zn7 ) < Cl—a—éq,n(zn)> —o(1)

—1—a—0d,—o(l).
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As we can make the o(1) term arbitrarily small uniformly over P and the choice of §, is

arbitrary, we have

liminf inf P(T(\/ﬁ(én —00),50) < Cloan(Sa) + sn) >1-a

n—oo PeP

which is the first conclusion of the theorem. Additionally, for any d, equations (B.6) and

equation (B.7) imply
P<T(\/ﬁ(én - 90)7 2n) < Cl—a,n(in)) > P<T(Zn7 En) < Cl—a,n(i) - %gn) - 0(1)
> P(T(Zn, Sn) € €1-a-s,m(E) — gn) — o(1).

Similarly, by equations (B.5) and (B.8) we have

1

P(T(/i (B = 60),5n) < e1-an(En)) < P(T(Zn En) < 1-an(Sn) + 520) +0(1)

< P(T(Zm Zn) < Cl—a+5q,n(2n) + €’IL> + 0(1)
Therefore, if Assumption (2.7) holds, then for each d,, we have

lim sup sup P(T(\/ﬁ(én —00),%n) < ci—an(¥)) — (1 - ()z)‘ — 0,

n—oo PcP

which establishes the theorem.

B.2.2 Supplementary Lemmas

Lemma B.1. Useful Properties of Eigenvalues

Let A, and A, be symmetric, positive definite matrices. Then

‘)\Inax(An) - /\max(An)‘ S ”A'n - A?‘IH

Amin(An) = Amin(An)| < |4n — Ay

where ||Al| denotes the Frobenius norm of A.
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Proof. By the definition of the smallest eigenvalues,

= | inf 2/A,x— inf 2’4,z

Amin(An) — Agin (A
mln( n) mln( n) llz||=1 [|z]|=1

< sup |o/(Aq — An)al

[lzll=1
< ”An - AnHS
< [|An — An.

Similarly, by the definition of the largest eigenvalues,

sup 2’A,x — sup o'A,x
[lzll=1 llzll=1

)\max (An) - )\max (An)

< sup |2'(4, — fln)x|

llzll=1
< ”An - AnHS
< || An — Agll.

Lemma B.2. Plug-in Second Derivative is Positive Definite
Under Assumptions (2.1), (2.2), (2.4) and (2.5), the eigenvalues of% are bounded and

bounded away from zero

Proof. To begin, notice

PQu0r) _ PQully) (azc;nw}) . aanwo)) |

= (
000¢’ 0004’ 0004’ 0006’ (B-9)

From Assumption (2.4) we have

aan (ér) _ aan (90)
0000’ 06000’

‘ _ op<\/ﬁz<n> — op(en).

aan(ér) _ aan(QO)
2000’ 0000"

As‘

= 0p(1) and the Frobeninus norm is the square-root of the sum of

9*Qn (0r)

square eigenvalues, the previous display shows the absolute value of the eigenvalues of =555
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2
g (%5{(96,}0) are in any arbitrarily small neighborhood of zero with probability approaching one.

With this fact, an application of Weyl’s inequality—which uses the assumed symmetry of the

o s
matrices—to expression (B.9) shows the smallest eigenvalue of % is within an arbitrarily

small neighborhood of the smallest eigenvalue of % with probability approaching one.

a2 A
As the latter is strictly larger than zero, the 2 C.%’égfr) is also strictly larger than zero with

probability approaching one. O

Lemma B.3. Plug-in Estimate of 3, is Positive Definite
Under Assumptions (2.3) and (2.5), S, is symmetric and positive definite with probability

approaching one.

Proof. First, notice 3, = %, + (5, — %,,) where |2, — %,| = 0,(1). An application of Weyl’s
inequality—which uses the assumed symmetry of i]n—itllplies the smallest /largest eigenvalues
of 3,, are within a fixed but arbitrarily small neighborhood of the smallest /largest eigenvalues
of ., with probability approaching one. By choosing a sufficiently small neighborhood, this
implies the smallest/largest eigenvalues of 3, are bounded away from zero and bounded away

from infinity with probability approaching one, which is the statement of the lemma. O

B.2.3 Proof of Theorem 2.2

Before providing the proof of the theorem, we formally re-state the assumptions and the
statement of the theorem. To state the assumptions let (1, = sup,cpy 7 [|2(v)|| and P be the
class of distributions satisfying the following assumptions. There exists constants 0 < C', p <

oo not depending on L or P such that
Assumption B.1. Model Specification The data {b;}l, satisfies the following properties

i) Independent Private Values There exists an independent and identically distributed se-

quence {v;}_; (n = Zlepl) with vj supported on [v,v] with density fo(v) such that for
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each l € {1,..., L}, by = (b, ..., bp,) with

Syt Fo(tyn =t

Fo(v,g )Pt

by = v,(3,1) —
where o(1,1) =1, ..., u(p. 1) =p, (1,2)=p+1, ..., upr, L) =n.

i1) Distribution of Number of Participants: {pl}le is a sequence of independent and identi-

cally distributed random variables with support contained in {2,3,..,p} for some p < co.
iii) Exogenous Entry: For alll € {1,...L}, vy L p; for alli € {1,..,p}.

Assumption B.2. Sieve Approximation Error There exists a sequence 0y, € O, such

that for some v > 0

sup |f(v,00) — fo(v)| < CK.” and b(6,p) > bo(p)

vE[v,U]

where by(p) =T — ff Fu(t)P~1dt denotes the largest bid rationalized by fo(v).

Assumption B.3. Density Bounds For all ) € © and v € [v,7]

1

o < fov), f(v,0), f(0,0), o(v) < C.

Assumption B.4. Rate Conditions The following rate conditions hold

K3 4 K4 2 ) B
BLEL — 0y(cf), TEL = gy, LK} = opler).

Assumption B.5. Bounded FEigenvalues The eigenvalues of the matrices

Eq (m(b. 6o m(b.60))  and Eq (W)Eo (dmé';;(?o))’

lie in the interval [% , C]

Theorem B.2. Assumptions (B.1) - (B.5) imply Assumptions (2.2) - (2.5) in section 2.5.3.
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Proof. For organizational purpose, the proof of this theorem is broken up into several compart-
mentalized lemmas appearing below in this section. Lemma (B.4) establishes that Assumptions
(B.1) - (B.5) imply Assumption (2.2). Lemma (B.5) establishes that Assumptions (B.1) - (B.5)
are sufficient for Assumption (2.3). Lemma (B.6) establishes that Assumptions (B.1) - (B.5)
imply Assumption (2.4). Finally, lemma (B.7) establishes the final statement that Assumptions

(B.3) - (B.5) implies Assumption (2.5). O

Lemma B.4. Asymptotic Normality of Infeasible Estimator Let 01, = 6y 1+ \%LJL_lD I

where

. dQr(bo,1) _ d*Qr(bo,1)
Dy = VL 2 and J, = 2040

with Qr(0) and Oy 1, defined in Assumption (B.2). Under Assumptions (B.1) - (B.4), there
exists a sequence of random variables {Xr, Z1}3 | with Z1, ~ N(0,%) such that |VL (1, —

Oo..) — ZLll = op(en)-

Proof. Re-arranging the definition of 6, gives VL (O —bor)=J, ID,,. Let,

dm(b, by 1,) )Eo (dm(b, 0o.1.) > > _1Eo (dm(b, o,1.) > s,

I = _<E0( do o’ do

where S7, is the random variable defined in lemma (B.8). Note,

D, — (% XL: %) (‘_2 XL: m(bi,0o,1))-

Therefore,

df
= H% [Z; %W(SL - %gm(bz,ﬁm)) H (B.10)
e =)
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To bound the first value, notice

L
—_— Z (by, 0o, )H
-1 Z
>

<l s -

L
1
— Z m(bl, QO’L)H.
VLS
By the reverse triangle inequality, and lemma (B.9) and Assumption (B.4),

L

|z HS—HEo(—dm(Z’f“L)) :

= o0p(1).

As ||Alls = Amax(AA"), HIE (dm(b 2o, L)) H 1) by Assumption (B.5). Therefore, H Lyt %f”m

S

Op(1). Combining the last several inequalities with lemma (B.8) gives

3 bl bos) (o 1 .
H Z (SL Zm bi, bo.1 )H = (er) = opler)- (B.12)

To bound the second term in the sum of equation (B.10), note by Markov’s inequality and

Assumption (B.5)

|2]| < VA Vi) | ¥ 0. 15,) | = O ED).

Therefore, by lemma (B.9) and the previous derivation,

I e ()

=1
<Lt g by

L — do
2
= O£ )0 VEL) = 0yfe1) (B.13)

where the last equality follows from Assumption (B.4). Using expressions (B.12) and (B.13)

with equation (B.10) yields

[ - Bo (B HL)) (_5,) | = oy(e) B.14)
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To establish the result, notice by the definition of Z; and the triangle inequality

D B L L ]

D) ),

. (B.15)

so it suffices to provide a bound for each of the two terms. Starting with the first, notice

|97 (o1 ma (257 ) (= 51))|

< [t Joe - ma( =) (- 5]

= op(er) (B.16)

where the equality follows from equation (B.14) and the fact that J;, has bounded eigenvalues

with probability approaching one by the proof of lemma (B.5). For the second term, notice

(s 2 - g ey

de de’ df
< [ o (TG o (2 G))
<[ o (TG Yo (G| o (TG 5]
= 0y(c1) (B.17)

where the first inequality follows from the definition (and sub- multiplicative property) of the

spectral norm and the observation that for invertible matrices A and B,
AT = B7Y| = |[ATH(B - B~ < |A7|s|B7 |5/l A - Bl

The last equality in equation (B.17) follows from equation (B.21) in the proof of lemma (B.5)
1
and the previous observation that ||S.|| = op(¢,K}). Combining the last several equations

yield

HJElDL — ZLH = Op(EL)
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where Zj, ~ N(0,X) with

¥, = (Eo<M)Eo<w)>_lm(w)‘/(m(ba 60.0))7

N

do df db
O
Lemma B.5. Covariance Estimator Let iL = jL_lijL_l where jL = dz%@—fgﬂwﬂ and
L A L L A
1 dm(b i 1 dm(by,
VD—<EZ m b mm)(zz bla mm )(ZZ m L mm>
=1 =1 =1
Further, let ¥, = J~'VpJ where Vp = Var(Dy) with Dy, defined in equation (2.9) and
B dm(b, ) dm(b,6p)\’
J_%< de’ >%< de’ )'
If Assumptions (2.8) - (2.5) hold,
. _1
HEL — ZLH = Op (ELKL 2) .
Proof. Note, by the triangle inequality
B =Sefl = |77 Vps = = T VR
< [ lsVollgl 77t = T g+ 1712 Ve = Vol
+ |7~ s (B.18)

therefore, it suffices to show each of these terms are op(e K _%) First, we establish ||jL_1||5
|7 s, [[Vblls and ||[Vp||s are all bounded and bounded away form zero. Assumption (B.5)

immediately implies ||J 1|5 is bounded and bounded away from zero. By Lemma (B.6),

jo QL) || _
L= " dode

(5LK ﬁ) (B.19)

25 [|0rmm — 0]l = IV (B — 00)]| = 0, (ELK—%). Also by lemma (B.6),

2 m L m / L
ra (1ot (gt (act). o
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By lemma (B.9),

L
1 < dm(b, 6o) dm(b, b) 1
Z;T_EO(T BRAG AR

Therefore, by Weyl’s the eigenvalues of + ZL dm(ggleo) are within a shrinking neighborhood of

the eigenvalues of Eq (%%’900 , which (in absolute value) are bounded and bounded from zero.

Hence, by properties of eigenvalues, ”% lel dm((ig}e())

and HE <%> ”S are bounded and

bounded from zero. Therefore, by lemma (B.9)7

L /
1 <=~ dm bl,eo dm bl,Ho dm(b, 0p) dm(b, 0p)
(L l:zl ) (L 2~ ) Eo ( )=\
L dm(by, 00) dm(b, by)
( D \; =5

L. dm(by, 00) dm b, 90 H
= 0p <ELKL_2) B21)

L Cdy Cdr

Hence, by the triangle inequality and equations (B.19) - (B.21),

Jr —Eo (dm(bv 90)) E, (dm(b, 9o)>’

de’ do’

— o <ELKL‘§> . (B.22)

By using this expression along with Weyl’s inequality and Assumption (B.5), the eigenvalues
of J;. are bounded and bounded away form zero with probability approaching one. Moreover,
Vp = J~ W, J7! where Vi, = Var(m(b,6p)), so that by Assumption (B.5), the eigenvalues of

Vp are bounded and bounded away from zero. Therefore, notice,

AilvmjL VD“S

It - It s

c =7
By lemma (B.25) and the fact that ||J, ||s and ||J~!|s are bounded, we have

HVD—VD

~ ~ ~ _1
ls =72 Vin L' = Vp||g = 0p (gLKL2> (B.23)
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where we have used the fact that

[t =T g = 1771 = T J | <

A A -1
T gl = s = o (216, ) - (B2

Therefore, by definition of Vp, equation (B.23) combined with Weyl’s inequality and the fact
that Vp has eigenvalues which are bounded and bounded form zero implies the eigenvalues of
Vp are bounded and bounded from zero with probability approaching one. This establishes
that nglHS |7 s, |[Vblls and ||V || are bounded. Plugging these bounds and the bounds

in equations (B.23) and (B.24) into equation (B.18) gives the desired result. O

emma B.6. Form o QQ"@ Let Assumptions (B.1) - (B.5) hold. If ||61—6s]| = O L
L B.6. F f s r\\V &e

_1
\ o)

uniformly over P € P. Moreover,

PQuy) (1 dm(bi00) ) (1= dmbi) ) || .
dode’ (EZ a0’ ZZ—dQ’ = 0p <€LKL >

uniformly over P then

*Qr(61)  d*QL(bo)
dode’ dede’

Proof. Recall, Qr(8) = mp(0)'m(0) where

and where for any b € R?

1

-~

where (6, p) is defined in equation (2.6). Therefore,

d*Qu(0) _ dmy(6) dmy(0)
dodo’ a9 do

+ ApL(9)

where

deL(H)

[AL(0)]i; = Wm

(0).
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For any p € {2,...,p} and any b € [v, b(6, p)] we have

dlog(g(b,0,p))

a0 = (¢1(U7 va) + 1/}2(7)7 6,]7) + 1/}3(’0) 87p))|1)='u(b,9.p)

where v(b, 0, p) is the inverse of s(-,60,b, p) in lemma (B.20) and {(;Sj}?:l are defined in lemma

(B.21). By a mean-value expansion

dmp(0T)

mr(01) = mp(6o) + T

(01 — o) (B.25)

where [|07 — 6g]| < ||#1 — 6o||. Further, by a coordinate-wise mean-value expansion

dmp(67) _ dmy (o) _ (0" —0 ),deL(é)
do’ o], 0" d6;d6;

where 6 is an intermediate value (depending on i and j). Using this expression and lemma

yields (B.22)

dmp,(67) _ dmy (o) 2
s ae’ ae’
K. Kp

_ZZ d0d9
SZZH%Z’ZQ [lle* - el
~ 10— ol? Z\\dd’éffze I,

L m

< 167 — 6ol CQCLKL ZZ

l 1 i=1 llaepl)_v)

dmp(60%)  dmi(6o) ’
do’ dy’

2
o — )

for some C' < 0. As [|[§—6o|| < [|6T =60 < |61 —60||, lemma (B.15) and the previous equation

implies

Op(L)[101 = 60lI¢EVE L = 0p(c1) (B.26)

dmp(01) _dmy, (0o)
dae’ dae’

were the last line uses Assumption (B.4) and [|01 —6p|| = O, <\ / %) Therefore, by the reverse
triangle inequality

HdmL (61) H HdmL (6o)
do’

10 H +op(er). (B.27)
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: dmy, (0o)
SIDCG H —d0r

< is bounded with probability approaching one by lemma (B.9) combined with

dmdLe(,g ) HS is also bounded with probability approaching one. Combining

Assumption (B.5),

this with equation (B.25) yields
[llmL(01)]] = ImL(Bo) | < Cll6r = o
with probability approaching one. When combined with lemma (B.9), we get
a0} < €101 = 00+ s (9001 = Op (1 52+ [Eo(ome 0] + (e
Then by lemma (B.8),

VL||[mp(61)]| < CIVL (61 — 6) || + VL|me(60)|
< CIVL (61 = O)l| + ISzl + op(er)

= 0,(VEr) (B.28)

where S, is defined in Assumption (B.8) and the last equality follows by the premise ||6; —6y|| =

Op (\/ %) and [|S|| = Op(v/K,) which follows by Markov’s inequality and Assumption (B.5).

’ 2

Therefore, notice

o - 35352

de(Hl)
do'do;

m(6;)

Ky,
do; d9 < [0l JE

< C||m(91)”\/K_LC%Op(1)

1
Hence, equation (B.28) shows ||A(61)]| = op(cr. K, *). This immediately establishes the second

claim of the lemma when combined with Assumption (B.5). Moreover,

Hd2QL(91 d*Qr (o) H < Hdm (61) dm(61) dm(@o) dm(6o)

96’ 640" a0 a0 do H + HA (80) H + HA (61) H
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Notice

Hdm (01) dm 91) dm 90 dm(6o) H Hdm (61) H Hd'm (6o) dm 91 H
dae’ de’ -

dm(6p) dm(6p) dm(@l)
+ [ | -
< 20<%¢K_L||91 — o]

CLKL
Nis \/—II\/_( 0o)|

_1
= Op (5LKL2>

where the second inequality uses the fact that % has (absolute) singular values which are

=2C

bounded and bounded away from zero? and the third inequality uses Assumption (B.4) and
the premise that ||v/L (81 — 6o)| = Op(vVEy7).
O

Lemma B.7. Bounded FEigenvalues Assumptions (B.3) - (B.5) imply the eigenvalues of Jy,

and Xp, are bounded and bounded away from zero.

Proof. By the second statement in lemma (B.6), the eigenvalues of .J,, within an an arbitrar-

/
ily small neighborhood of the eigenvalues of ( Zl 1 dmgg,’eo ) ( Zl 1 dl;l/eo)) by Weyl’s

inequality. Moreover, by lemma (B.9) and Assumption (2.11)

1 Z dm(by, 00) E, (dm(b, 6o) H ~ op(c1)
de’ - '

ZL dm(b;.00)
=1

Hence, by Weyl’s theorem again, the absolute value of the eigenvalues of % a0

are bounded and bounded away from zero as Assumption (B.5) implies the absolute value of
the eigenvalues of Eq <%> are bounded and and bounded from zero. Consequently, by

properties of eigenvalues, the eigenvalues of J,, are bonded and bounded away from zero with

2This follows as equation (B.27) is valid with 6; in place of §% combined with lemma (B.9) and
Assumption (B.5).
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probability approaching one. For the next part of the proof, note
Y = J; War(mp(60))Jr.

Therefore |1 ||s is bounded as ||Sz|ls < [|J. |%|Var(mp(6))|s which is bounded by As-
sumption (B.5) and the first statement of this lemma. Moreover, with probability approaching
one Yy is invertible (as Jp, is invertible with probability approaching one and Var(my(6p)) is

invertible by assumption). When X, is invertible, note
=2 s < Ie(Var(mz(80)) ™ ells < IJLl§1Var(me(@o)lls

so that [|2,!||s is bounded with probability approaching one. Hence, all eigenvalues of ¥, are

bounded and bounded away from zero.

B.2.4 Auxiliary Lemmas

Lemma B.8. Coupling Suppose Assumptions (B.1) - (B.4) hold. For any p € {2,...,p} and

b < [v,bo(p)]P define

p .
m(v,0) = Y- (RO o))
=1

)

where (0, p) is defined in equation (2.6). There exists a sequence {Vy, S} with

such that Sp, ~ N(0,Vy) and Vi, = Var(m(b, 6y 1)) where 6y 1, is defined in Assumption (B.2).

=op(eL)

L
1
— E m(by,00,) — St
VL =

Proof. Define § = m(by, 00 1) — Eo(m(b,6p 1)) for each | € {1, ..., L} where the expectation is

taken over b. By Assumption (B.1), {fj}lel is independent and identically distributed with
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Eo (&) = 0. By lemma (B.16), there exists a constant B < oo such that for any p € {2, ..., D}

and any b € [v, bo(p)]?,
[[m(b,00,) — Eo (m(b, 0o,2))[| < [|m(b, 0o,L)|| + E(||m (b, b0,.)|) < 2PBCn. (B.29)
Additionally, as the trace operator is linear and invariant to cyclic permutations,

Eo (|Im(b. 60..) ~ Eo (m(b.60.) )

where the expectations are taken over b and the second to last inequality uses the fact that the
trace is non-negative for positive semi-definite matrices and the fact that the trace is the sum
of the singular values of a matrix combined with Assumption (B.5)). By Assumption (B.1)

and the above inequalities,

I
M=

Ar =" (Jlal’)
=
= =y (|lm(b.80.0) = Bo (m(0. 00.)) )
< —=2BGEa ([ b.00.) = B (m(b.60.)]°)
_ %QpBQCHKn. (B.30)

Define Ty, = Z{;l & and note

L m A
Ty, = (% ;; <dlog(g(bczlz boL.m) ﬂ(%,L»Pl))) —VLEq (m(b,0pr)).  (B.31)



158

By Yurinskii’s coupling, for any § > 0, there exists a random variable Sy, with Sy, ~ N (0, V(1))
such that

- ‘bg <ALKL (5€L)_3> ’

P(”SL — TLH > 3(5EL) < CoALK]y, (5€L)_3 X,

= 005_3ALKL523 + CO(S_SAL€ZB| log((S_SALKnEEB)l (B.SZ)

for a universal constant Cy. We now use equation (B.30) and the rate conditions in Assumption
(B.4) to provide bounds for both terms in equation (B.32). For the first term, the bound in

equation (B.30) and the rate condition of Assumption (B.4) implies

K2
CBL—Z — o,(1). (B.33)

€L

Cod PALKpe® < 2pCoB*6 3

For the second term, equation (B.30) and Assumption (B.4) imply A;Kre;® = 0,(1), so that

3 3 §3e3 533
_ N <
‘log(é ArKre;, )‘ log (ALKL> +o0p(1) < ALK, + 0p(1)

where the first equality follows from equation (B.33) and the inequality follows as log(z) < z.2

Therefore,

‘ 1
Cod*Ape,? llog(é_?’ALKLszg’)‘ < C’OK—L +0p(1) = 0p(1).
This establishes the second inequality. Therefore, by Yurinskii’s coupling,

P(|[Sy = Trll > 3den) = 0p(1) = [|S = TLl| = op(er)-

3To see this, let a;, = 5_3ALKLEZ3 and Ay, be the event that ay, is less than 1. By equation (B.33),
P(AY) = o(1). Therefore, for any x > 0

P (||log(ar)| —log(ap")| > k) < P (||log(ar)| —log(a;')| >k, AL) + P(AT) = P(A) = o(1)

where the first equality follows as the event A, implies |log(ar)| = —log(ar) = log(a;').
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To establish the lemma, note by equation (B.31) and the Cauchy-Schwarz inequality

%

L p
1 le 179 )
zz( slotbi, Uo..) uwo,L,m)—sL

=1 i=1

h

< VL ||Eo (m(b, 60,0))Il + T2, — S|
= op(=L)
where the last equality follows from lemma (B.10) so that
VEE (It b0l = 0y (VEKE ) = op(en)
where the second equality uses Assumption (B.4). Finally, as the variables are iid, we have
V(Tr) = LV (&) =V (m(b,bo,1)),
which establishes the desired result. ]

Lemma B.9. Convergence of Sample Moments Suppose Assumptions (B.3)-(B.5) hold.

For any p € {2,...,p} and b € [v, bo(p)]P let

p
B dlog(g(bi, 00,1, p)
m(b,0o.1) = ;:1: ( a0 o ’M(HO’L’p)>

where Oy 1, is defined in Assumption (B.2). Then

J£.35 00— 000)]| =04 (%)

and

2

[y 3 s o (b)) o, ()

where the expectations are taken over b.

Proof. We first establish the second statement. By Assumption (B.1), we have

o [0 2 () < i (| R). s
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For any p € {2,...,p} and any b € [v, bo(p)] notice lemmas (B.16) and (B.23) implies

9(b.80,1,p) dg(b,80,.p) ||*
dodo’ do

g(b,00.0.p)  g(b,00,1,p)?

< B*(1+ B*)(}

HdQIOg g(b, 00 1, p) H ’
dodo’ .

and

Hdu Oo,r., P)

)] < s

Combining these inequalities with the definition of m(b, 6 1) shows
HMH < p(B*(1 + B%) + B)C2.
Hence, for each p € {2,...,p},, we have
o (| 22O 0L) | ¥ ¢ mr) < 2520+ B%) 4 B)GL < BB+ ) + B,

dm(b 90 L)

Therefore, by the law of iterated expectations, EO(H ) = OP(C%). Therefore, by

equation (B.34) we have

(|} 3 el g, () ) o, (),

The desired statement then follows from an application of Markov’s inequality. To establish

the first statement, by Markov’s inequality, it suffices to show

Eo (|lmr,(0) — Eo(mr(00))]]) = Op(v/EL).

To establish this, notice by the triangle inequality and lemma (B.10),

Eo ([m(60) — Eo(mL(60))I) < Eo(||mL(b0)]]) + [[Eo(me(bo))ll

< Bo([[me(00) ) + 0, (55 7). (8.35)
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for some constant C' < co. Next, Fix any p € {2,...,p} and b € [v, by(p)], note

dlog( b,e,
[lm(b, 8o) ||<Z(H Blo(bi b )H+||u(90,p)ll)

<0¢E2< o - >%+1>

F(t,00)P 'd
where v(b;, 0o, p) is the unique value v such that b; = v — j“(u—);o)og,wt By lemma (B.13), and

this expression

dlog( b,G,
(b, 60) ||<Z(H 8lg(bi, % )wao,p)u)

<C\/K_LZ< —(bz Y +1>

J, Fo(t)P~1dt

ORI Therefore, by Assumption

where v(b;, p) is the unique value of v such that b; = v—

(B.1) for any p € {2,...,p} we have

Eo (|lm(b, 60)]|| b € RP) < C\/Kpp (0 / (;fo(v)dv + 1)

v—y)%

CVELp (203 @ —0)t +1).

Therefore by the law of iterated expectations and (possibly) re-defining the constant C, there

exists C' < oo with
Eq (||m(b,60)[) < CVEKL. (B.36)
Combining this with expression (B.35) gives
Eo (lm(60) — Eo(mr(60))])) < CV/EL + OP(KL%_’Y) = 0p(V/Kp)

where we have used the assumption that v is greater than one. This establishes the final

statement of the lemma. O
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Lemma B.10. For any p € {2,...,p} and b € [v,bo(p)]P define

1 i(dm bi, 6, p) ,u(9,p)>.

=1

1
If Assumptions (B.1) - (B.8) hold, then |Eq(m(b,6o,1))| = Op (KL2 7) where Oy 1, and vy are

given in Assumption (B.2).

Proof. Fix any p € {2,...,p} and let B < oo be the maximum of the constants appearing
in lemmas (B.11)-(B.16) and Assumption (B.3). By Assumption (B.1), for each b € RP,
g(b,00.1,,p) = Hle g(b@-,()o’L,p).4 Therefore,

() d1og(g(b, fo 1.,
[Eatn(o. 1) v € R0 = [ LHIEILLD ) — 1)

Using this expression and the definition of (6o, p) and assumption that by(p) < b(fo.L,p),

we have

bo(®) 1og(g(b, 0o 1.,
[Eatrn(b, 00) b &) = | [ CEICLLID g 6 gyt — s,
v

do
%) dlog(g(b, Oo.1,p)) W6o.L7) dlog(g(b, 0o 1., p))
- | / - g0(b, p)db — / 7 (0,01, p)do |
bo(P) | 41 b
< / H og(g(b,6o,1,p)) H|gO(b’p) —g(b,00.1,p)|db
v do ’
b(00.L.2) i dlog(g(b, bo.1.,
N / H 0g(g(b, 0.z, p)) Hg(@ 0o.1.,p)db (B.37)
EO(P) df 7

where the inequality follows as go(b, p) = 0 for all b > by(p). To bound the first term,

/bo(p) H dlog(g(b, 90,L7p))
v

20 H l90(b, ) — g(b, 00,1, p)|db

1 b(0o,1.,p) 1
< B’K? KL‘W/ (s (b, fo,,p) —v)"2db
v

_ 1_
<(F-1)@-v):BTHK (B.38)

4ThiS follows as g(b» 90,L7p) = f‘v(s_l(b7 90,Lap)7 GO,L) = Hf:l f(s_l(biv 90,Lap)7 GO,L) where
fo(-,60,1.) denotes the joint density of the vector v = (v1,...,vp) and s(-, 0 1,,p) denotes the bidding
function. The statement then follows from the definition of g(b, 0o 1,p) = f(s ' (bi,00..p),00.L)-
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where the first inequality follow from lemmas (B.11) and (B.16) where s~1(-, 60 1,p) denotes

the inverse bid function with parameters (6 1, p) and the second inequality follows as

b(00,1,,p) ) v ) _ N
/ (S_l(ba QO,Lap) - Q)_§db = / (t - 2)_53/(t7 907L7p)dt < (]_) - 1)3211_1(6 - U)E
v v

where we used the change of variables t = s71(b, 6y 1, p) and

Ji F(x,00.)P dz
/ =(p—1 - :
$(t0.,p) = (= Df(t600)=—p5 =
Bp—1 t x — )Pty
<p-np bl

o=t (t —v)P

1 _
< 5@— 1)B?P~1,

To bound the second term, notice by the mean value theorem and lemmas (B.16) and (B.12)

5(00,L7p) le . b, 9 9
/ H g(g(de 0.L,P)) Hg(b, 00,1, p)db
bo(p)

= @001, ) — Bo(p)| ZEEE LD 5 g,

1_ —
< BK7 (57 (bo(p). Oo,1.p) —v) 2
1_
=0,(K;7)

where the last equality follows as

(B.39)

— — 1
s~ (bo(p): bo,..p) = T+ 0p(1) = (s~ (bo(p), bo,, p) — v) 2 = Op(1)
Replacing terms in equation (B.37) with the bounds in equations (B.38) and (B.39) gives
3=
[Eo(m(b, 00.) | b € RY)|| = 0y (K7 ),

It then follows by the law of iterated expectations to get

[Eo(m(b, 60.0))]| = 0 (K7 7).
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Lemma B.11. Under Assumptions (B.2) and (B.3), there exists a finite constant C' < oo

such that

sup  [go(b,p) — g(b,60.1,p)| < CK ..
be[y7b(90,L7p)

for any p € {2, ...,p} where v is defined in Assumption (B.2).
Proof. Let B < oo be the maximum of the constants defined in Assumptions (B.2), (B.3) and
lemma (B.12). Let p € {2,...,p} and b € [v,bo(p)], be arbitrary. Let v; and vy denote the

(respective) zeros of the functions

U@ t,0 P—Lgt
s(v,0,p) = (v —b) — Jo F(t.0)

F(v,0)p—1
[ Fo(t)p~tdt
so(v,p) = (v—1b) — TR
Notice,
Fo(vo)P F(vr,00,1)°
-1 b,p) — g(b,0 = — .
(p = 1) [90(b, p) — 9(b, 00,1, p)| T Foltyr 1t [ F(t, O i
Fp(vo)? Fo(vr)P

(B.40)

‘ Fo(vp)?  F(vp,00,0)F
U _ Y _
J,F Fop—tdt  [)* F(t,00,)7 'dt

[ Fo(tp—tdt — []= Fo(t)p—'dt

For the first term, by the Cauchy-Schwarz and triangle inequalities, we have

F()(UL)p FO('U())p

- pFo(0) fo(0) N Fo(o)2P~1
[ Fo(tyr=tdt [° Fo(t)p—dt

i ottt (10 gy np-tar)

<|vr — vy

< pQsz—l(l + sz—l) |’U€ — o
D—w

where the second inequality uses the inequality % < ZOT? < B and fp(v) < B along with some

algebra. If vy, < vg, then vy, — v < © — v, so by the second inequality of lemma (B.13) and the

previous display,

Fo(vr)? Fo(vo)? 2 H2p—1 9p—1y VL — V0
— <p°B (14 B?P ) ——
JE Fo(typ=tde [0 Fo(tyr—tdt| ~ P 1+ ) v —

szsz(l + BZp—l)KI—/’Y.
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If vg < v, then vg — v < © — v. Therefore, the first inequality of lemma (B.13) gives

Fo(vL)p FQ('UO)p

B vz, — ol
T Rotp Tt [ Foltydt )

§p2B2p—1(1 T BQp—l
vp — 2

<p*B¥*(1+B* hHK,".

Lastly, if v, = vg, then the inequality follows trivially. In all cases, we have

Fo(vp)P Fy(vo)?

_ < p*B*(1+ B¥ HK 7.
T Ry Jg Repan| =P ETOR

To bound the second term in equation (B.40), note
sup | fo(v) — f(v,00,1)] < BK}" = |Fo(v) — F(v,00,1)| < BK (v —1)
v
= |Fo(v)P — F(v,60,0)P| < BPK, (v —v)?

where the last implication uses the difference of powers formula.® Therefore, by the triangle

inequality
Fovr)”  F(or,00)" | _ [Fo(vr)” = F(vr,bo,0)"|
[F Fotyp—tat [T F(t,00,)r~'dt| J,F Fo(t)r—1dt

F(or,00.L) ;" [Fo(t)’~! = F(t,00.0)"|dt

Sy & Fo(t)p—tdt [* F(t,00,)r'dt

S szp—]_ (1 +pBQp—2) KL—'Y’

which establishes the bound for the second term. Therefore, if we let

C = 2max {p2BQp(1 + B*7 1), pB?7I(1 +p32p_2)}5=2 J

the previous two bounds and equation (B.40) establishes the lemma. g

5Specifically, by the difference of powers identity
p—1
|Fo(v)? — F(v,00,1)"| = |Fo(v) — F(v,60.0) Y Fo(v)'F(v,00..)" " < BPK " (v — v)”
i=0

where the last inequality uses Fy(v) < B(v—2v), F(v) < B(v—uv) and the premise |Fy(v) — F(v,0o.1)] <
BK,"(v—uv).
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Lemma B.12. Under Assumptions (B.2) and (B.3), there exists C < oo with
[b(6o....p) = bo(p)| < CK 7,
for all p € {2,...,p} where

v v
1_70(19)55—/ Fo(t)yP~'dt  and 5(90,&]))55—/ F(t,001)" "dt

v

and v is defined in Assumption (B.2).
Proof. Let B be the maximum of the constants defined in Assumptions (B.2) and (B.3), and

notice

i |fo(v) = f(v,00,0)| < BK" = |Fo(v) — F(v,00,0)| < BK (v —v).
vE[V,U

Additionally, fo(v), f(v,00,1,) < B for all v € [v, 7] implies Fy(v)P, F'(v,6o,1,)P < BP(v —v)P for

all p € {2,...,p}. By the difference of powers formula, and the above inequalities we have
p—2
[Fo(v)’™" = F(v,00,0)"""| = [Fo(v) = F(v,00,.)] Y Fo(v) F(v,00,.)" >
=0

< Bp—lKL—’Y(U _ Q)p—l

Therefore,
7
B(60.,9) o) < [ [Pt 60,07 = Foft |
v
i 4
<BrliE;7 / (t —v)P~ldt
v
= —(6 _ Q)p Bp—lKL—'Y
b

Therefore, letting C' = max{%(ﬁ —v)P Bp_l};?:Q gives the result. O

Lemma B.13. Under Assumptions (B.3) and (B.2), there exists a finite constant C' < oo

such that for any p € {2,...,p} and any b € [v, bo(p)]
|v(b, 0o, p) — vo(b, p)|
vo(b,p) — v

[v(b, 0.1, ) — vo(b, p)|
'U(ba GO,va) -

<CK,"

<CK;"



167

where v(b,0p 1,,p) and vo(b,p) are the (unique) solutions to 0 = s(v(b,8o 1,p),00,1,p) and

0 = so(vo(b,p),p) where

B f; F(t, 607L)p_1dt
F(U, QO,L)pfl

Jy Fo(t)p—'dt
(vt

s(v,0o0,1,,p) = (v —b) and  so(v,p) = (v —b)

Proof. As the second follows from a symmetric argument, we only proof the first inequality.
Let B denote the maximum of the constants appearing in Assumptions (B.2) and (B.3). By

assumption (B.2)

[YE(t,00,)P tdt
F(U, 6’07L)p

s'(v,00.L,p) = (p—1)f(v,00.L) >(p—1)B~% (B.41)

with identical bounds for s{(v, p). Therefore, by (possibly) re-defining B, there exists B < oo

such that % < §'(v,00,1,p), sp(v,p) < B. As so(vo(b, p), p) = 0, we have

|s(vo(b, p), 0o, p)| = [s(vo(b, p), Oo,L,p) — s0(vo(b,p),p)]
Sy (1, 0,0 — Fo(ty e
= T F(wob,p), Go )
| Fo(wo(b, p))? " — F(vo(b,p), bo,, p)P | [10F) Fo(tyrLat
Fo(vo(b )P F (v0(b. p), 0.0 )P

1 _
< ];B?P—Q(l + B2 K, 7 (vo(b,p) — v) (B.42)

where the last line uses assumption (B.2) and the fact that
SFP] |[fo(t) = f(t,00,L)| < BK;" = |F(v,00,) — Fo(v)| < BK;" (v —)
te|v,v)

= |F(v,00,.)7 — Fo(v)P| < BPK; (v —v)?

where the last implication follows by the formula for the difference of powers and assumption

(B.2).5
6By the difference of powers formula, we have
p—1
|F(v,0)P — Fo(v)?| = |F(v,0) — Fo(v)] Z F(v,0)P" 1" Fy(v)" < DP(v — v)PK; 7
i=0

where the inequality uses Fy(v)? < B/ (v — ) and F(v,0p.1)’ < B (v —v)
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Now we proceed by cases. For the first case, if s(vo(b, p), 8, p) = 0 then vy(b, p) = v(b, by 1., p)
by the uniqueness of the zero of the function (see lemma (B.18)). For the second case, if
s(vo(b,p), 00,1, p) > 0. then vo(b,p) > v(b,00.1,p) as s(-,0o,r,p) has a unique zero and is

strictly increasing. Therefore, by equation (B.42),

BK[ " (vo(b,p) — v) > s(vo(b,p), 00,1, p) — s(v(b,bo.1.. p), 00,1, )

vo(bJ))
/ Sl(tv 90,L7p)dt
v(bveo,L 7p)

> %(vo(b, p) —v(b,00,1,,p))

where we have used s(v(b, 6o,1,p),0,p) = 0 and equation (B.41) to bound the integrand. Re-
arranging this gives

vo(b, p) — v(b,0o,L.p)

0<
vo(b,p) — v

< B’K;".

In the last case, if s(vo(b,p),0o.1,p) < O then vy(b,p) < v(b,0 1,p) and a similar display as

before shows

BK; "(vo(b,p) — v) > s(v(b, 00,1, p), 00,1, p) — s(vo(b. p), 00,1, )

v(b,00,1,p)
S,(t» HO,L» p)dt

’U()(b,p)
1
> E(U(b, 0,p) — vo(b,p))
so that
0< U(b797p) - UO(b7p) S BQKE’Y.
'U(J(b’ p) -
In all cases, the desired inequality holds. O

Lemma B.14. Under Assumptions (B.3) and (B.2), there exists a finite constant C' < oo
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such that for any p € {2, ..., P}, any b € [v,bo(p)] and any 01, 03 € O,

|v(b, 01, p) — v(b,01,p)|

< —
U(ba ‘9171)) -2 o CgLHel 62“
|U(b, Hlvp) - 'U(b, elap)l
< _
U(ba elvp) —v - CCLH91 62”

where v; = v(b, 0;,p) are the (unique) solutions to 0 = s(v;, p), 0;, p) where

Ly oyt

s(v,0,p) = (v—">) Fo, 0

Proof. As the second follows from a symmetric argument, we only proof the first inequality.

Let B denote the constant appearing in Assumption (B.3). By Assumption (B.3),

Jy F(t,0)p— dt

s’(v,@,p) = (p— 1)f(v79) F(U, 9)]9

> (p—1)B™% (B.43)

with s'(v,0,p) < (p—1) < B? derived similarly. Therefore, by (possibly) re-defining B, there

exists B < oo such that % < §'(v,0,p), sy(v,p) < B. Furthermore, as s(vy,61,p) = 0, we have

|5(v1,02,p)| = [s(v1, 02, p) — s(v1,01,p)]

1 v
<= | |F@®,60)Pr — F(t,8,)P!
< g | P00 = Fleo

[ F(t,0:)r at
F(’Ul, Ql)p_lF(’Ul, 92)

< B(1+ B*)(||61 — 65| (B.44)

S5 [E (01, 01)P — F(vr, 62)7

where the last line uses

| (t,61) = f(t,62)] < [P(2)' (01 = 02)[| P() (01 + 02)|6(t) < 2B7C|61 — 02| (v1 — w).

Therefore, by the binomial theorem and possibly re-defining the constant B, there exists a

0 < B < oo such that for any v

[E(0,01)P~" = F(v,09)P"!| < B[ — 62|
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By re-defining the constant B, the previous displays show there exists 0 < B < oo such that
|s(v1, 02, p)| < BCLl|0y — a(v1 — v) (B.45)

and + < §'(v,0,p) < B for all v € [v,by(p)].

Now we proceed by cases. For the first case, if s(vy, 62, p) = 0 then v; = v9 and there is
nothing to prove. For the second case, if s(v1, 02, p) > 0, then v; > v9 as s(+, 02, p) has a unique
zero and is strictly increasing. Therefore, by equation (B.45),

B(p|[6h = 02| (v1 — v) > s(v1, 02, p) — s(v2, 02, p)

v1

s'(t, 09, p)dt

J V2

1

> E(Ul — UQ)

where we have used s(vs, f2,p) = 0 and the fact that & < s'(v,6, p) to bound the integrand.
Re-arranging this gives

U1 — U2
V1 — U

0<

< B |61 — 6a]|.
In the last case, if s(v1,602,p) < 0 then v; < vy and a similar display as before shows

BGp||6h — 02| (v1 — v) > s(v2,01,p) — s(v1,01,p)

Vo
= / S/(tvelvp)dt
v

1

1
> E(Ug — Ul)
so that
0< 27 < B2, [16; — 6.
v — v

In all cases, the desired inequality holds. O
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Lemma B.15. Suppose Assumptions (B.1)-(B.5) hold and let |61 — 0o]] = O, ( %) uni-
formly over P. Furthermore, for any p € {1,...,p} and any b € [v,bo(p) let v(b,01,p) be the

unique value such that 0 = s(v(b, 61,p),b,0,p) where

Jy F(t,0)7'dt

s(v,b,0,p) = (v—"b) — “Flo. 0 Tdt

Then,

1 L&
Z;Z :Op(l)

5117917191) v)?

uniformly over P.

Proof. Let by denote an arbitrary element of an arbitrary observation from the data {b;} ;.
Let vj = v,(;;) where v,(; ) is defined in Assumption (B.1). By the triangle inequality and some

algebra,

1 1 < vj — (b, 01, p)

(v(bis, 01, p1) — v)2 (v; )| \/(Uj — v)(v(bir, 01,p) — v)
N v(by, 01,p) |v(by,01,p) —v 1
=\ vy 0o, pr) — v\ (bt 01,0) — 0 (0 — v)2

+ v(bila 907pl) - U(bib elvpl) 1 - (B46)
(U(bilvelvpl) - v (Uj —Q)§

where the first inequality uses the fact that [\/z—/y| < \/|z —y ." Let B denote the maximum

of the constants appearing in lemmas (B.13) and (B.14). Then equation (B.46) implies

1 1 1 _1 1
- <VB(VE+1) ¢} (15,7 1oy - ol ——
(’U(bilael?pl) _2)5 (U] —Q)? (UJ _Q)§
(B.47)
Additionally, notice,
= 0p(1) (B.48)

"Assume without loss z > y so that /z = \/y + (z — y) < /y + /= — y which implies v/z — /§ <
VI —y.
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uniformly over P € P by Markov’s inequality.® Therefore, equation (B.47) and Assumption

(B.4) imply
S L o GVEL
_;; (v(bir, 01, Pz) —0b (v —w)E| ot VL IV _90)”\/K_L
= op(eL)- (B.49)

Therefore, by the triangle inequality and equations (B.48) and (B.49),
1 L p
T2

=1 i=1 (v(bir, b1, Pl) v)

D=

1 1 g 1
o JZ:; (vj — ”)% ' L ; o1 | (v(bir, 01, Pl) - ’U)% B (Vi) —2)%
= 0p(1)
which establishes the desired result. ]

Lemma B.16. If Assumptions (B.3) and (B.1) hold there exists a constant 0 < C < 0o

g(b,0,p) € [%, B]

H—dg(b, 6.p) H < Bmin{\/KL(v(b, 0,p) —v)2, CL}

d%g(b, 0, p) L 9

—— 7 < —

‘ 1040 H Bmln{\/KLCL (b,0,p) —v)~ 2,§L}

for all§ € Ok, ., p € {2,...,D} and b € (v,b(0,p)) where v(b,0,p) is the (unique) value such

that b(v(b,0,p),0,p) = b.

8The uniformity follows by Markov’s inequality as

2o (10 074)

a

N
/
S|+
=
&
|
I\?/
|
ol
V
s}
~
INA
S|+

Eo ((U —2)7%) = F;d"o(v)dv < C/U(v —0) dv = 2C(T—1)? < oo.
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Proof. Let B denote the maximum of the constants appearing in lemmas (B.17) - (B.18). Fix

§ € O, and define

B F(v,0)P
h(v,6,p) = f; F(t, 9)p_1dt

for any v € [v,7]. Furthermore, for any b € (v, b(0,p)). let v(b, 0, p) denote the unique value
such that b = b(v(b,0,p),0,p) (see lemma (B.18) for the existence and uniqueness claim).

Using standard arguments, we can show

g(b,0,p) = h(v(b,0,p),0,p)

for any b € [v,b(6,p)]. Notice, by lemma (B.17), g(b,6,p) < B. Moreover, by the bounds in

lemma (B.19),

P (v—v)P
W(w.0.9) = te?) &

= — > — —— = pB%.
J, F(t,0)p=tdt = [V Br=1(t —v)p=ldt

Additionally, by the chain rule and lemma (B.18)

dg(b,0, dv(b,9,
u = hv(v(b,H,p),G,p)M+h9(v(b,eap)797p)
do df
= (hv (’U, 87 p)i/J(U, 9) p) + h9 (Uv 97 p)) ’v:v(bﬂ,p) (B50)
where
v F £, 0 p—2 OF (t,0) dt OF (v,0)
p(o,0,p) = FCO L TOOT a0t

f(v,0) f; F(t,0)p—1dt f(v,0)

By the bounds in lemmas (B.17) and (B.18) combined with the triangle inequality.

Hdg(bﬁ,p)

75 < (B3+32+B)min{\/KL(U—Q)_%,<L}

v=v(b,0,p)

Moreover, by the chain-rule and the above derivations,

d*g(b,0,p) 9 (hy(v,0,p)1(v,0,p) + he(v,0,p)) dv(b, 0, p)

dodor v a0’

+ 0 (hv(v> 9729)1/1(”7 9,])) + hQ(U’ 671)))
a6

v=v(b,0,p)
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where

d (hv(’l), 6» p)Q/J(U, 0, p) + h@(U, g, p))
ov

= h’U(v7 971))1/}7_)(’1)7 97])) + h’U'U(,U7 97p)¢(v7 971)) + hv9(1)7 97]))

and

D (ho(v, 0, p)(v, 0, p) + ho(v,0,p))
00’

= 1/}(1}7 G,p)hvg(v, eap), + hv(U, eap)d]@(va eap) + hgg(’[), 97p)

By lemmas (B.17) and (B.18),

H 0 (hv(U, evp)d}(va eap) + hg(’U, eap)) H
ov

< [ (v, 0, p)[[¢0 (0,0, p)| + [hoo (v, 0. p)[[¢ (0, 0, )| + [ we (v, 0, p) |

< B2B+1)(v—v) !

and

H 9 (hy(v,0,p)0(v,0,p) + hy(v,0,p)) H
00’

< [[¥(v, 0, p)llllhe (v, 0, p)I| + [hw (v, 0, p)ll|4bo (v, 0, p) || + Il hge (v, 0, p)]]

< B(2B + 1)K ((v —v) 2.

NI=

Therefore, by lemma (B.18) and equation (B.51),

By the previous inequalities, taking

d%g(b,0,p)
0000’

H < BB+ 1)(B + 1)\/E (o (v(b,0,p) —v) 2.

1 . ) P
C= max{max{B, -B% (B*+ B*+ B), B2B+1)(B + 1)}}

establishes the lemma. O
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Lemma B.17. Let § € Ok, and v € (v,v), define

F(v,0)P

h(v,0,p) = —
(v,0,p) /; F(v,0)r—1dt

If Assumption (B.3) holds there exists a constant 0 < C < 0o

[h(v,6,p)] < C
(6,68, )| < Clv—2)~"
(0,0, p)| < Cmin { V/Er(v - )%, ¢z}
(v, 0.p)| < Clv— )72
1hou(v, 0, p)|| < CCL(v—v)
Iao(0,0,p)I| < Cmin { VErColo—0)7F, 2}
Proof. For brevity, we only include the proof of the first, third and sixth inequalities. The
proofs of the remaining inequalities follow similar arguments. Before establishing the lemma,

we establish several useful inequalities. Let B denote the maximum of the constants appearing

in Assumption (B.3) First, by Assumption (B.3), < f(v,6) < B implies

(v—2v) < F(v,0) < B(v—u). (B.52)

S

Further, notice as f(v,0) = (P(v)'0)%2¢(v), we have

. 2
HM < 4PW)P(P)0)6(w) = 4| PO F (0. 0)6(v) < 4B|[P(0)|*6(v).

00

Therefore, by the definition of (;, and the previous inequality, we have

IF(0.0)| _ /
20 || =/,

where the last inequality uses the assumption that ¢(v) is bounded. Similarly, using the

8f( Hdt<23/||p ) VEE)dt < 2B(v — v)Gs
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¢-orthonormality of the basis functions, we obtain the additional bound

HaF(v, 0) H - / af(t,0)

26 26 H dt
< 2B} / 1P(1)]) v/aE)dt

<25(- )} | PPt
VKL,

where the third inequality uses the assumption that ¢(v) is bounded away from zero and

D=

=2B(v—1u)

Jensen’s inequality? and the last equality uses the ¢-orthonormality of the basis functions.

Combining the last two inequalities shows that

H 8Fgé, 0) H < 2Bmin {\/K_L(v - y)%’ (v — E)CL} ) (B.53)

For the final auxiliary inequality,

H%H <2B <(/ ||P(t)||2¢(if)dt)é>2 <2B(v-0)iV/EKL  (B54)

We can now establish the inequalities of the lemma. The first inequality follows directly by

equation (B.52) as

BP(v —v)” 2p—1
h(v,0,p)| < = pB%»
h(v,0,p)] < o dt P

To establish the second inequality, note

pF(v,0)p12Ew0) Jip = 1Pt 022550

ho(v797p) = f; F(t, H)p_ldt — h(vy evp) — f; F(t, «9)p_1dt
=1 (Uv eap) - h(U, 9»]9)1/)2(% evp)
9To see this, note |f(x)| = \/f(z)? so that
/v |f(2)|dz = (v — ) /L _\v/f_(?;))zdg; < (v—uv) (@ i . /” f(m)Qdas)Z <(v—v)? (/” f(x)%lx)

where the first inequality uses Jensen’s inequality (where the expectation taken with respect to the
uniform distribution on [v,v]) and the second inequality follows as we are increasing the domain over
which we are integrating a positive function.



177

Using equation (B.52) and the inequality H % H < 2BVKp(v— g)% derived from equation

(B.53),
P—* _1
Jon0.0.9)1 < 2B~ VE e = 2P R (v - )
g
and
_ 2p—2 )p*;dt . 2p—2 P \/— o1
[4a(v, 0, p)|| < 2(p — 1)CP 2K i =2(p—1)B T1 Ki(v— )3
2

Hence, by the triangle inequality and the first inequality of the lemma

2 p2p—1 (p—1)B*>2 _1
Iho(v,0,p)]| < 202871 [ 14+ L= ") R (v - 0)75 (B.55)

p__

Using a similar argument with the bound H % H < 2B((v — v) yields the inequality
|ho(v,0,p)|| < 2p* B~ (1 + (p — 1)B*7?) (. (B.56)

As C can be chosen to be larger than the two multiplicative constants appearing in the bounds
(B.55) and (B.56), these two equations establish the third inequality of the lemma. To establish

the sixth inequality, notice

pF(v,0)P~! 0?F(v,0) B 1 0F(v,0) 0F(v,0)
Yro(v:6.p) = JTE(t,0)7—Tdt \ 0606 -V En T e
e 1)6F(v,9) J, F (&, 072255 e
P 90 JUF(t, 0 1d

So the triangle inequality and the previous bounds give
le10(v, 0,p)|| < 20*B* 1 (14 4(p — 1)C? + (p — V)AB* ) /K (v —v) 2

where we have used equation (B.55) to bound the first term appearing in the parenthesis on

the right-hand side and equation (B.54) to bound the second and third terms.'® Using similar

10For example, to bound the second term in the parenthesis, we have

o | o | = B B - w) (2BVELw - v2)

= 4(p — DB*VEK (v —v)*.

(r-1) <
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arguments, we can establish

oo, 6, )| < 282222 (14 9y — 9) 4 252 2(p — 1)) (L Ko (v — v) E.
2

Consequently, by the previous derivations, for a sufficiently large C' < o
170 (v, 0, p)I| < [[¢10(v, 0, p)|| + [1(v, 0, p)l1420(v, 8, p) || + llib2(v, 0, p)[[[ 2o (v, 0. p)]|
< OV Ep(v—v)"2

where we have used the first and third inequalities of the lemma combined with the observation

that

[42(v, 0, p)|| < 2(p — 1) B*7¢,

which establishes the sixth inequality. O

Lemma B.18. Suppose Assumption (B.3) holds and let § € O, and b € (v,b(6,p)) and .
There exists a unique v(b, 0, p) € (v, D) such that

O A G
U(a 7p)_ F(U,G)p_l - Y

Moreover, there exists a constant C' < oo not depending on b or 6 such that

dv(b,0,p) . Ve 1
‘ do < Cmin { KL(U B Q) *CL (U B Q)} v=v(b,0,p)
d>v(b, 0, p) . 1 oo
Z D ]« N/ —2): _
‘ dhde’ = Cmm{ Krdo(v=0)2, ¢ (v Q)} v=0(b,0,p)
d3U(b, 97 p) 2
S NCRAE 24 | I
‘ dfdode; || = oL

where the last inequality holds for all i € {1,..., K1}.

Proof. For the proof, let B denote the maximum of the constants in Assumption (B.3) and
lemmas (B.17) and (B.19). Furthermore, let

, F(t,0)p"dt

0,p)=v—>b—
s(v,b,0,p) =v—> Flo, 0
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It suffices to show s(-,b,60,p) has a unique zero. By L’Hospital’s rule, the assumption that
f(v,0) > % and the definition of b(6,p), s(,b,0,p) is a continuous and strictly increasing
function with range-space [v, b(6, p)]. Existence of a zero to s(-, b, 0, p) follows from the choice
of b indicated in the lemma and the intermediate value theorem. Uniqueness follows from strict
monotonicity of s(v, b, 8, p).

For the second part of the lemma, note for any b € (v, b(6,p)), we have v(b, 0, p) € (v,D)
and s, (+,b,0,p) > 0 on (v, 7). Therefore, the conditions of the implicit function theorem apply

and we have

_9dF(t,0
do(b,0,p)  F(v,0) Jy F(t,0 22550 2rw)

o fv,0)  [TFtopdt  [(0,0)

Therefore by the triangle inequality and the bounds of lemmas the (B.17) and (B.19),

Letting C > B(B + 1) gives the desired result. O

%H < B(B+ 1)min{\/K_L(v —y)%aCL(’U —2)}-

Lemma B.19. Under Assumptions (B.2) and (B.3), there exists 0 < B < oo such that the

following inequalities hold
1. F(v,0) < B(v—u)

2. F(v,0) > £(v—uv)

o~

3. ”%H < BmaX{CLa VKL(v —2)%}

2
4. Hd;;gg’,e) H < Bmax {C%, VK¢ (v —y)%}

Proof. Let C be the constant in Assumption (B.3). The first two inequalities follow as

P.0)= [ 6.0 = (0= 50,0 € | 50—, Clo -
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where the second equality uses the mean value theorem. For the third inequality, notice

dF(v,0) / df (t, )

do —gp =2 / U(P( ) 0)P(t)p(t)dt.

Therefore, as |P(v)'0] = %@ < C we have dF( )H < 2Cf | P(t)||¢(t)dt. Notice,

/U 1P 6(t)dt = / NIZOIZ R

<(v- QW / 1P [2(0) 24t

< CVEKp(v—v)?

—

and

/ IP@)é(tdt < ¢ / " o(t)dt < CCu(o — v).

Combining the last three equations yields

X

. H < 202 min {gL(v —v), VEL(v _y)%} |

Finally, as deg;,g) = 2P(v)P(v)'¢(v), we have

Therefore, trivially by the definition of (7, H d ;;gé’,e

d*F(v
d9d9’

<2/ |P(1)|26(t)dt

‘ < C¢?(v —v). By previous arguments

we also have

[ 1P@iPsw < . [ 1Pl < coy/Ratw - )

Hence,

d*F(v,0)
ddy’

<20?min{Gw-v), GVELw-v)}.
So letting,
B = max {C’, 202}

establishes the lemma. O
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Lemma B.20. Suppose assumption (B.3) holds. Then for any 6 € ©, v € [v,7] and p €
{2,...,p} and let

Jy F(t,0)pdt

s(v,0,b,p) = (v—">) Fo, 01

Then there exists a constant 0 < B < oo with % < §(v,0,b,p) < B.

Proof. Let C be the constant defined in Assumption (B.3) and note

(p—1)f(v,0) [, F(t,0)P~"dt

S/(’U, 9, b,p) ey F(,U H)p

Therefore, as &(t —v) < F(t,0) < C(t — v) and we have

Vit —u)Ptdt p—1 5
'(v,0,b,p) < —102Pfy( = = O <2077,
s'(v,0,b,p) < (p—1) (v op 5 <
Similarly,
1 =P a1 1 _
/ _ - Jv _ - —2p
Therefore, letting B = 2C?P gives the desired result. O

Lemma B.21. For any v € [v,7] and p € {2,...,D}, let

[P AEWO) oy g2t

Ut 0t

—F(v,0)P
f(v,0) [ F(t,0)p—1dt
F(v, g)p~12E0)
Sy F(t.0)P~1at

77/)1('07 H,I)) =

a(v,0,p) = 1(v,6,p)

¢3(U7 97p) =
Under Assumption (B.3), there exists 0 < B < oo such that the following inequalities hold
. _1
1. ||¢j(v,6,p)|| < Bmin {CL, VEr(v—1) 2}

2. ”—Lw'%e’p) H < Bmin{g‘%, VKL (v —y)_%}
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0245 (v,6,p) 1
—61969 H <B(2(v—v) 2

for all 5 € {1,2,3} where the last inequality holds for all i € {1,..., K1.}.
Proof. As the remaining inequalities follow from similar arguments, we only establish the

inequalities for j = 1. Let C' be the maximum of the constants defined in Assumption (B.3)

and lemma (B.19). By the bounds in lemma (B.19) we have

Ju

dF“’)”F (t,0)P—2dt

J, F(t,0)r—tat

B C?r—2 f;(t ) L min{CL(t —v), VKL (t —g)%}dt
N J, (= v)p-dt

< pC*~2 min {CL s VEL(v— 2)_%}

”@bl (U7 e’p) ” <

where the final inequality evaluates the integral on the denominator and uses the fact that
(t —v) < (v—u) for all ¢ in the domain of integration to bound the numerator. To establish

the second bound, notice

d 0 0 0
1 (0,6,p) S S E (0 + (p — 2) L0 g, g3y

v

00 Jy F(t,6)r—tdt
[ p(r, gyr2dt [P LD p(r g)p-2dt -
VRt 0p-ldt fv F (t,0)p—1dt (B:57)

To bound H—awl(g:;}e’p) ,

note by the bounds in lemma (B.19) for any ¢ € [v, v], we have

dE(t,0) dF(1,0) ,
o dv

d*F(t,0)
dode’

<cr? ((t — )’ ?min {C%(t —v), VLt~ 9)%}
+(p = ¢t — vy 2min {¢u(t - v), VEL(E-0)F})
< (p—1)CP"%(v — v)’ ' min {ﬁf NONATICE Q)%}

F(t,0)P7 + (p - 2) F(t,0)7?
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and

%I;Q)H F(t,Q)P—th < cr! /v(t —y)p—Q min {CL(t —v), \/K_L(t — Q)é}dt

v

/v
v

<o — o min{C, VEL(v-v)F )

where the last inequality uses the fact that (t—v) < (v—uv) for all ¢ in the range of integration.
Using the triangle and CauchySchwarz inequalities, equation (B.57), the previous two equations

and some algebra yields,

H oY ( ;6,9 P H < (p(P — 1) (v — Q)P—1p204p—4) min {C% , LV Kp(v— y)_%} )

Finally, notice

8211)1 (Uv 97 p)
0000;
) d2F(t,0) dF(t,0 ) dF(t,0) d2F(t,0 d2F(t,0) dF(t,0
(0= 2) Jy Sy T P00t (0= 2) J T T+ g a4
[ F(t,0)p—1 [ F(t,0)p—1dt

dF(t,0) dF(t,0) dF(t,0 _
(p—2)(p—3) [ LED LD I (1 )=t

v

Jy F(t,0)p—1dt

_2dF(t,0)
_ d”l/il(’l), 67]7) (p - 1)”[; F(t’ 9)7’ ? db; dt
do Jy F(t,0)r—1dt

~r(o,6.p) (PAGEE) (P g,y

For brevity, we only provide the bound for the first term as the remaining terms follow similar

arguments. Notice,

H%H < At2|Pi(S)(P(S)/9)¢(S)ds| <207 /: |Py(s)|\/d(s)ds < 2C2(t — v)?
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where the last inequality follows as

[ 1noaGs = - (7

S@—m(

<(t-uv)

ﬂ
[ | =
|

e\
o~

el

—

V2]

SN—

o

-

—

V2]
S~—
N————

[N}

D=

where the last inequality increases the upper bound of integration to v and uses the assumed

. d’F(t,0)
¢-orthonormality of P(-). Using this inequality combined with the fact that H <040

\ <

C(t —v)¢? gives

d?F(t,0) dF(t,0 _
N d9¢(i(9') d(eé, LF(t, 0)r2dt

[, Ft, ot

Lﬂt—yﬁ‘%ﬁ

<2077} 20wl L <acrii Lo

1 l
2 2

Deriving similar bounds for the remaining terms in the definition of 2 gég: ) and using the

triangle inequality establishes the bound.
O

Lemma B.22. Let mp(0) = LZz Dy (%ﬁz@m)) —u(&,pl)). Under Assumptions

(B.1) - (B.3), there exists a constant 0 < B < oo such that
L p 1
||mL(9)H§Bmin{§L, VK, <1+ 1)}
=1 i=1 (v(bi, 0, pt) — v)2
HdmL H<Bmin{§2 VK¢ (1—|—1ii ! >}
> L LSL -
o’ L =1 i1 (v(bi, 0, pr) — v)
1
‘ BVKL(P ( 7 ;Z_:

‘ Jr@0R) p(g,0)p—1dt
where v(b,0,p) denotes the unique value such that 0 = (v(b,0,p) — b) — S G007

St

Nl

d2777 L
S do'de;

N

( zl>6 pl) _U)

Proof. The proof of these inequalities follows by appealing to several previously established

lemmas (B.16), (B.18), (B.21) and (B.23). Let C' be the maximum of the constants appearing
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in those lemmas and the constant in Assumption (B.3). For brevity, we only show how to
combine the results of previous lemmas to prove the two statements. Let C be a constant

larger than the constants appearing in lemmas , and note

- || dlog(g(v(bu, 0. p1), 0, pr) S
LRCIEED)S - RN
=1 1 =1 i=1
1 ZL jJi L m
oYY arrYdcn
1 =1 =1 =1

<pC(C+1)(L

where we have used lemma (B.16) to get

dg(b,0,
dlog(g(v,0.0) _ 5" _ o
df g(b.0.p) =~ "

2

Similarly,

dlog(g(v(bir, 0,p1), 0, p1)
df

(8, po)|

~ |

m\»—t

)—'U

A3
i

IN
Q
V)
e~
M-
~ 5
5
\.%
3
|
~— ”Mh llFﬂb4

L m
1 1
2 re) -5
<CVEL (34323 0t )
where we have used lemma (B.16) to get

dg(b,0,
dlog(g(h,0,p))  “abor)

- < VK — )73,
00— < VR 00) - )

This establishes the first inequality in the lemma. O

_ [T pep2 R g
Lemma B.23. For any p € {2,...,p}, let u(0,p) = — RGO

Under Assumption

(B.3), there exists B < oo such that

| 1£(8, p) || < Bmin{¢;,, K}

Hdudgfp H < Bmin{¢?, (1K1}

H d9’d9 H<BCL
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where the last inequality holds for all i € {1,..., K1 }.

Proof. Let C be a constant larger than the constants appearing in Assumption (B.3) and

lemma (B.19). Then,

[T F(t,0)p—2|| 4L ) gy
(8, p)|| < =——= H o ‘
J, F(t,0)p=tdt
Tt —vp- 2‘ dF(te)Hdt
2p—1
< pC*~ CEE
< pC+2 min {gL, VEL© - g)—%} . (B.58)

where the last inequality uses

\VFteH /rP YOllIP(3)]16(s)ds
scénpwmw$w
< C?min{¢, VEL(t —v)?7}

which uses the definition of (7 and the fact that by Holder’s inequality

t t
/HH@W®@§0/HH$MM®®

t—v%(/|w 1Po(s) Q

VKL

N

=C(t—v)

Further, notice
v dr(t,0) d
au(0.p) _ Jy (0= DF (1,0~ CEALED 4 p(r, )2 CHEN ar
de/ fg F t,9 p—ldt
T _odF (L0
(p—1) [} F(t, 024D gt
[ F(t,0)r—1dt

- M(evp)

We then proceed to use the triangle inequality and bound both terms above. As the remaining

bounds follow similar arguments, we only establish the first bound. Notice, using similar
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techniques as in establishing the bounds in equation, we can find a constant C; such that
(B.58),

Jy (0 = 2)F (1, 07> SR G + (1, 62

fg F(t,0)p—1dt

< Cymin {CLa VK¢, —— } .
(U—U)

Therefore, we can find a constant Cs such that

v — )2

du (0, i 1
H%H SCQmIH{C%a CLVKL(_—l}- (B.59)
To establish the final bound notice,

o) _3 (dF(t,0) d?>F(t,0 d2F(t,0) dF(t,0
u(0,p) Sy (0 =2)F(t,0)P 3( GACEGE + LR dTy ))
d' do); ) E(t,0)0—1dt

T dF(t,0) dF(t,0) dF(t,0 _
Jy (0= 3) g LA O P (t, 6)r 1t

+ = _
J, F(t,0)r—1dt
0P =) [ E 0P G + (= DE (0P
f F(t,0)r—1dt
v
—M(p—l) F(t,0)P Qde dF.0) o, Ft )Pt
db; Y ;
~dp(8.p) (P 1) [} F(t, 0P 24 ")dt

de’ Jy F(t,0)p—1dt
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As the remaining bounds follow similar arguments, we only bound the first term,

‘ d*u(,p) ‘
de’do;
B e o e T e
sp (v _ Q)P
gt Jo 0= DIC TG VRL(E — 0P 4 20p — 3)CTGE(E — )
S zp (,U — y)l"

_3
= 2pC* L2/ K ((p — 2)4C%~1 4 2(p — 3)CP) # 2VKL

= 2pC? 1 ((p — 2)4C%~1 4 2(p — 3)CP) 1 ;gﬁx/KL

< C3¢iV KL (B.60)

for some constant C'| < oo where we have used

d*F(t,0) H

t
il < [2n@re o

v

<20, / Bi(s)|v/a(s)ds
< 20¢VKL(t —v)?

where the last inequality uses the definition of (7, and an application of Holder’s inequality as

used above. Additionally, we used the following inequality in expression (B.60)

‘dF ‘<202/|P )Vo(s)ds < 202(t — v)2 /Ky,

where we have, again, used Hélder’s inequality and the ¢-orthonormality o P(v). Bounding
the remaining terms in a similar manner, we can use the triangle inequality to find a constant

C4 < oo such that

< CuCiV KL (B.61)

d*p(6, p)
d6'do,

Letting B be larger than the constants appearing in equations (B.58), (B.59) and (B.61) gives

the desired result. O
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Lemma B.24. Let 01,05 € © and suppose Assumption (B.3) holds. For any p € {2,...,p} and

any b € [v,bo(p)] define v; to be the unique value with

[, F(t,0,)p~ " at
o F(v, 01

0= S(Uiveivbvp) = (Ui - b)
for b € [v,b(0;,p)] and v; =T otherwise for i = {1,2}. There exists 0 < B < oo such that
[v1 — va| < BCr||01 — 0o

Proof. Let C denote the maximum of the constants appearing in Assumption (B.3) and
lemmas (B.19) and (B.21). Without loss of generality, assume b(f1,p) < b(6s,p). Suppose

b € [v,b(f1,p)]. Notice,

[P R0t ([T G [ F (L 60)P dt
5(1)17927’)71)) = (IUl - b) - — + - — - -
F(v1,91)1’ 1 F(Uhe?)p 1 F(vh‘gl)p !
YL F(t, 09)PLat YLE(t, 01)Pdt
_ ]
- F(’Ul,eg)p_l F(Ulael)p_l

o b1 1 1
= F - —
/v (t792) dt (F(Ul,eg)p_l F(’Ul,el)p_l)

1 v
- - p—1 _ p—1
+ oyt ([P0 = Paoyar)

v
where the first second equality follows by definition of s(v1,61,b,p) = 0. Therefore, by the

triangle inequality and the inequalities in lemmas (B.19) and (B.21), we have
|s(v1, 82, b, p)| < 2C2CL[|61 — b5|(v — v)

Suppose s(v1,62,b,p) > 0 (the negative case is handled symmetrically, and thus omitted). As
s(+, 0, b,p) is an increasing function, this implies v; > vo Then,

2021|161 — 02||(v — v) > s(v1, 09, b,p) — s(va, 02, b, p)

V1

S,(tv 927 b7 p)dt

v2

1
C

A\

(v1 —v2) (B.62)
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where the last inequality uses the fact that
(p—1) [ Ft,0)rtdt
Flo,0pf(.0) ~ C

S/(/U7 97 b7p) =
Re-arranging inequality (B.62) gives,

0 S V1 — V2 S 203§LHHl - 62”

Now suppose b € [b(61,p),b(f2,p)]. By definition, and the inequalities in lemma (B.24)

v
[B(601,p) — 5(02,p)]| < / (007~ = F(t, 027 dt
< CCr||01 — 02|

Letting n(b, 0, p) denote the function with 0 = s(n(b,0,p),0,p) the inverse-function theorem

shows

1
' (b,0,p) = S00.0.p) <C

where the last bound is due to lemma (B.20). Let © = 1(b(61,p),02,p), so that © < vy and

notice

b(927p) _ —
T—i< /(0 o (1.0t < CO02.) = 01D < G101 = ol
b 1,P

As v; = v and v < vy the previous inequality yields
0<vy—1m<rv—0v< CQCLHQl — 92”

In the final case, if b > b(f, p) then v; = vy = ©. In any case, the desired inequality holds for

suitably chosen C.

Lemma B.25. Let
1 ; 5
Vin = I Z m(by, O ) (b, On)’

=1

. 1
Under Assumptions (B.1)-(B.5) we have ||V,, — Var(m(b,6))|| = op <ELKL 2)
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Proof. First notice,

K. K

(b, 0)m(b,0)' |7 =D > lmi(b. 0)m;(b, 0)?

=1 j=1
Kr, Kr,

= Imi(b,0)* Y Im;(b,6)[?
i=1 j=1

= [lm(b.0)|”

By Markov’s inequality

Eo (| X — pllr) Eo (IX —pl?) 1 /EolIXIF)

P(|X — < < < —
(% =l > ) < 2= < Yoo 2o o 2V
where we have used the fact that for any random matrix A we have
K K,
Eo (|A—Eo(A)|7) =D > Eo (|4 — Eo(Ay)I*) < Eo (| AllF)
i=1 j=1

where the last line follows as

Eo((Aij — Eo(Aij))?) = Eo(A};) — Eo(Ay)? < Eo(Aj)).

Combining the last two statements shows,

L
( %; bl790 bl 90) ]EO (m(b, eo)m(b. 00)/) >Cl) S %\/EO(H”Z(ba 9)“2)
< Ci
T VL

Therefore, by Assumption (B.4) we have

N\»—

)

L
7 Z (by, 00)m(by, 00) — Eo (m(b 0o)m(b, 0y) )H =o0p <€LK

Furthermore, notice

h

L
Var (% > mib, 90)) =Eo (Hm(bv 90)”2) — Eq (m(b, 0p)) Eo (m(b,60p))".
-1
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Re-arranging this equation and applying lemma (B.10), gives

Var <LL Z m(by, 90)) —Eo (||m(b, 90)”2)

=1

< || Eq (m(b, 60))|I”

-0, (177)

_1
= 0p <5LKL2> .

Combining the last several statements shows

l

1
%Zm(bl, 0o)m(by, 0g) — Var(m(b, 90))|| = 0p <5LKL 2) . (B.63)

Notice, for any p € {2,...,p} and any b € RP we have

Hm(b, 6o)m(b, 6p) — m(b, émm)m(bv émm)”

< [|m(b, 80) | || (b, o) — m(b, fuam) || + ||12(b, Orama)||[|12(B, 60) — m(B, ) || (B.64)
By lemma (B.19), lemma (B.22) and a mean-value expansion, we have
. _1
(B, 00)||[[m(b. 60) — (b, Buu)|| < c?CL LAV (s — 00)]| = 0 <5LKL )

for some constant 0 < B < oo where we have used ||[v/I (Opm — 0o)|| = Op(v/Kp1,) and the rate

)

Plugging these bounds into equation (B.64) and using the triangle inequality and the rates in

conditions in Assumption (B.4). Similarly, we have

NI

2
VKL IVE (Bramm —

1, B | [[m(B, 80) — (b, )| < €2 L 0)|| = o, (gLK;

Assumption (B.4) gives

L
1 . . 1
Hz g m(by, 0o)m(by, 0o) — m(by, Omm)m (b, Omm)'|| = op (ELKL 2) . (B.65)

=1
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Therefore, by the triangle inequality and equations (B.63) and (B.65) gives

L
2 bt B (B, )~ Var(m(b,60)
=1

L L
1 A A 1
S Z ; m(bh enlm)m(bl, emnl)/ - E ZZ; ')’n(bl7 Ho)m(bl’ 90),
!
1
allib7 > m(by, b0)m(by, 6o) — Var(m(b, o)) ‘
=1

_1
= Op (ELKL 2)

which establishes the desired result. O
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