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Abstract

Constraints in the context of Machine Learning or Computer Vision play a central
role to obtain accurate models of the overall system or to simply prescribe its be-
havior under various unknown circumstances. Often, these constraints are solely
attributed to the application that the model eventually serves. For example, image
transformation tasks can be specified effectively using constraints arising from the
physics of the scene being captured. In the machine learning context, constraining
the amount of samples that a training algorithm has access to various theoretical and
practical benefits, especially when the dataset size becomes large. In this setting, it
is sometimes possible that the training algorithm can satisfy resource constraints,
that is, the algorithm does not need to access all the samples in the dataset to be
reasonably accurate. In other cases, constraints are used to ensure generalization in a
statistical sense. For example, in the context of training deep networks, by constrain-
ing functions that measure sample complexity of the task, it is possible to train much
simpler models without loss of accuracy.

In this thesis we provide algorithms that can handle a variety of constraints effi-
ciently. First, we provide a parallel optimization framework based on convex analysis.
We then use the framework to develop algorithms with provable convergence guar-
antees for various Computer Vision tasks. Second, we develop a novel algorithm to
construct coresets of tasks with nonsmooth loss function with optimal convergence
guarantee. Third, we provide a catalog of constraints that can be efficiently imposed
while training deep neural networks. In the last two chapters, we develop algorithms
that can incorporate constraints arising due to the geometry of the feasible set or
loss function. Fourth, we show how to preserve sparsity under budget constraints
in longitudinal studies in clinical trials. Finally, we show how the geometry of the
constraint set in standard formulations of the blind deconvolution problem can be
solved using a first order algorithm that is also noise robust.
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Chapter 1

Introduction

Artificial Intelligence (AI), as a field of research emerged in the late 1950’s led by
the ELIZA project to understand/simulate conversations between a human and a
computer (Weizenbaum et al., 1966). To accomplish this, the ELIZA program was
designed to detect keywords in the text corresponding to the user input. Using
these keywords, the human dialogue was decomposed according to a programmed
set of logical rules. These logical rules were carefully designed in order to capture
the richness of the vocabulary in “natural” sentences that may be encountered in
a conversation: both in the input sentence from the user, as well as the human
that ELIZA was intended to impersonate. Different human personalities could be
simulated with different set of template keywords, and sentences, making ELIZA an
important historical landmark in AI research.

This simple approach used in ELIZA was quite effective to show that computers
can hold human-like conversations for a moderate duration of time, and in some
ways still serves to define the frameworks upon which modern conversational agents
are developed (Shah et al., 2016). The simplicity of the “pattern-matching” approach
in ELIZA induced rapid progress towards tackling various problems such as image
analysis, search, planning, and scheduling. In fact, the idea that computers can be
useful to describe visual information was first introduced in this period as a summer
project (Hartley and Zisserman, 2003). These led to a belief that success of/from AI
was just around the corner.

Early AI systems tried to emulate the success of the ELIZA program and were built
using symbolic processing units that could compute Boolean logical rules. Symbolic
AI is based on predicate logic in which our knowledge of the world is described and



2

represented explicitly using symbols, with clearly defined relationships between sym-
bols and entities in the real world (Shapiro, 1971). In symbolic AI, we have to provide
an explicit description of human readable information that is relevant to the task.
While this approach was well grounded in the theory of (first order) predicate logic
(Hamilton, 1988), research showed that it was difficult to quantify uncertainty using
only symbolic computation. Hence, slowly researchers working in this area began
to appreciate and acknowledge the need for non-symbolic or statistical techniques.
For instance, “interpolating” reasoning using the symbolic framework required large
amount of computational resource that were not then available. On the other hand,
statistical tools including stochastic processes, spline functions, regression analysis,
Bayesian methods etc. provided an arguably simpler solution for interpolation tasks
since they were data-dependent and hence started being incorporated in modeling
AI systems. As the research problems became complex, there was an increasing need
for a paradigm to automatically improve performance using relevant data without
constant supervision, and this general line of inquiry which was related but also
distinct from statistics was later termed as Machine Learning (ML).

In 1967, what may be thought of as the first ML algorithm called Nearest Neighbor
(NN) was developed. NN had the ability to recognize patterns: given a set of objects
as an input, when the NN algorithm is presented with a new object, it outputs the
most similar object in its database. Subsequently, a refined version of the similarity
search problem, called classification was introduced where the goal was to assign a
label to (individual) data samples based on the labeled input data. Support Vector
Machines, and more generally, kernel methods, were invented as a means to classify
new data based on observed data, and was widely adopted for fraud detection (Vap-
nik, 1963; Hofmann et al., 2008; Wahba, 1990). ML was then defined as an algorithmic
(or a systematic) methodology to make future predictions using past data (or experi-
ences). Currently, the proliferation of core ideas from ML, and more generally, data
analysis methods can be seen in various disciplines spanning biochemistry (Panteleev
et al., 2018), medicine (Obermeyer and Emanuel, 2016), physics (Baldi et al., 2014),
astronomy (Ball and Brunner, 2010), finance (Heaton et al., 2017), and mathematics
(Raayoni et al., 2019).

At a high level, a ML approach involves first collecting data that may be useful
to gain knowledge about a specific task of interest. The task may correspond to
classification (Alpaydin, 2009), regression (Hastie et al., 2001), clustering (Jain and
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Figure 1.1: The inclination of the trees in the right image vanishes after removing
the perspective distortion introduced by the camera. Perspective distortion is due to
the fact that shapes in the 3D scene get distorted when mapped to 2D plane in the
camera acquired image. In this case, it is possible to “undo” the distortion simply by
first identifying four points on the 2D image that lie on a plane in the 3D scene, and
then solving a system of linear equations with just 8 unknown coefficients (Adams,
1972).

Dubes, 1988), and so on. We then attempt to accumulate information from this (large)
dataset that is relevant to make (approximately) accurate predictions for the unobserved
data – this step is often referred to as learning. While this viewpoint captures the
essence of ML method, formalizing each of the components (viz., algorithm, data)
can sometimes be nontrivial, and constitutes a bulk of modern day research in ML.

One particular domain where ML has proven to be tremendously effective is Com-
puter Vision (CV). In the early stages of research in CV, problems primarily focused on
mathematically understanding the geometric relations between the content captured
in images. For example, it is possible to remove the perspective distortion and improve
the image quality by extracting planar regions from images, see Figure 1.1. As time
progressed, this direction became bigger in scope encompassing a diverse set of core
image analysis problems such as face recognition, foreground background segmenta-
tion, content-based image retrieval and so on. The first successful practical application
of CV was in Optical Character Recognition (OCR) which was implemented by the
United States Postal Service in 1982 (Ulvila, 1987).

Vision problems such as image registration (Shen and Davatzikos, 2001), optical
flow (Horn and Schunck, 1981), stereo matching (Kanade and Okutomi, 1991) involve
computing a mapping between pixels on multiple images of the same 3D scene. ML
based modeling frameworks such as Markov Random Fields (Li, 1994), Gaussian
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Mixture Models (Raja et al., 1998) are widely used in these settings since they allow
us to model and capture semantic relationships between images, especially in the
presence of background noise, occlusion, and deformations. Observe that for images
withN (number of) pixels, computing such mappings naively would require up toN2

operations in the worst case. But the worst case may not be very likely, for example, say
our goal is to compute a mapping between left and right images in Figure 1.1. In this
case, it is clear that the optimal mapping would be nearly identity. This observation
was used for pre-processing in order to avoid computational redundancy and involves
two key steps: (i) feature detection is first performed using image properties such as
gradients (Dalal and Triggs, 2005) and such image properties are then (ii) represented
in an appropriate feature space. The corresponding “representations” in the feature
space, e.g., the widely used SIFT descriptors (Lowe, 2004), can serve a number of
downstream goals depending on the task at hand (Duan et al., 2012; Andreopou-
los and Tsotsos, 2013). Once features are derived from individual images, then an
appropriate mathematical model is solved using ML algorithms. This two-phase
approach remained the standard pipeline in vision for a long time, and in fact, still
drives a number of applications today. There are two main drawbacks with the two
phase approach, especially when the dataset size becomes large (Deng et al., 2009): (i)
each task requires a specialized pre-processing or feature representation technique;
(ii) learned models are difficult to maintain/update, that is, as we obtain new data,
we may have to repeat or fine tune both the phases which could be computationally
infeasible.

To remedy the drawbacks we may recall a classical result from statistics called
the central limit theorem: informally, when the dataset size increases, the observed
data provides a good approximation to the true (unknown) distribution. This implies
that if we have collected enough training samples, then using a data agnostic pre-
processing step may result in loss of information, that may be useful for the task
at hand. In other words, the statistical viewpoint suggests that instead of using a
separate pre-processing step, we should also learn the feature descriptors in tandem with
learning the parameters of model associated with the task (when we have access to
sufficiently large amounts of data for the task). Research in the last decade has shown
that Artificial Neural Networks (ANNs) or more generally, Deep Neural Networks
(DNNs) can be used to build end-to-end vision systems with little or no pre-processing
required, especially for image data (Krizhevsky et al., 2012). The success of DNNs
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has been partly attributed (Le et al., 2012; Li et al., 2016a) to availability of large
amounts of data and faster computational resources like GPU, parallel processing
power, and various hardware advancements in the last 20 years or so. In essence, by
DNNs we refer to over-parameterized ML models that can be used to learn (possibly)
a hierarchy of representations from data, which can be used for various data analysis
tasks including object classification, detection, regression, and so on. At the same
time, in order to fully realize the potential promise of ML for specific application
domains, it is becoming increasingly clear that the technical development cannot be
undertaken agnostic of domain knowledge. This will be our main motivation in this
thesis, and we will explore this in more detail from an algorithmic perspective.

1.1 Solving a ML Model

ML models are most commonly described as a search for optimal parameters with
respect to an objective function over an appropriately chosen feasible set. The feasible
set represents the set of allowable parameters, and may also be used to mathemati-
cally encode various domain related information for the task at hand such as prior
knowledge, constraints, or general purpose thumb-rules. In the context of ML, the
objective function is referred as the loss function which indicates the effectiveness
of the captured information (Rosasco et al., 2004). Any such description including
the objective function and feasible set is formally referred to as an optimization prob-
lem, and a procedure to (approximately) solve the problem is called a numerical
optimization algorithm. The earliest known optimization algorithm dates back to
1711 called Newton’s method which was used to find the roots of a polynomial. In
the early 19th century, optimization was mostly studied in the field of Operations
Research (OR) in order to improve the efficiency of various military operations such
as scheduling of trains to minimize wait time, transportation of goods via the shortest
path and so on (Ferguson and Dantzig, 1956; Midler and Wollmer, 1969). Following
traditional nomenclature in OR, we will use “programs” and “optimization problems”
interchangeably. Before we start focusing on specific applications studied in this
thesis, we will first discuss some basic terminologies and notations that will be used
through out the thesis.



6

1.1.1 Numerical Optimization

Numerical optimization corresponds to computing a point that either minimizes or
maximizes a function called the objective function (which is usually fixed apriori),
or simply the objective subject to feasibility constraints. Optimization problems are
usually in a standard template as follows:

min
x∈C

f(x). (1.1)

In (1.1), we seek to minimize the objective function denoted by f(·) with the input/ar-
gument x, such that the output of the algorithm satisfies a representation of the
constraints or regularization described by C.

The process of identifying the objective function f, the decision variable(s) x, and
the constraint or feasible set C is called formulating the real world problem that we
intend to solve. In general, there can be more than one way to formulate a given
problem, and multiple numerical schemes to solve a given formulation. Identifying
the formulation for a problem that can be solved using efficient numerical schemes is
critical since it determines the extent to which the solution procedure can be used
in practice. For example, in large scale settings, algorithms that only require matrix
vector products can exploit the parallel architecture available in GPUs to provide
accurate solutions in orders of magnitude less (wall clock) time.

The efficiency of an algorithm is calculated based on the number of iterations
required to solve the given optimization problem. We call a solution x∗ to an opti-
mization problem optimal, if

f(x∗) 6 f(x), (1.2)

for all possible x ∈ C. In cases where we are able to output an optimal solution x∗

(as in (1.2)), x∗ is called as an exact solution, and the procedure to do so as an exact
algorithm. In scenarios when exact solutions are either impossible or computationally
intractable to find, we relax our goal to find an approximate solution. An (additive)
approximate solution x+ to (1.1) is defined as,

f(x+) 6 f(x) + ε,

where ε > 0 is some constant that does not dependent on any problem parameters
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such as f, and C.
There are various standard templates of optimization problems that have been

studied extensively both in theory and practice. For example, when f is linear, and C
can be described using linear inequalities, then (1.1) is called as a Linear Program
(LP). ML models where the hinge function may be used as the loss function, they
can be cast as a LP. LPs can be solved efficiently in practice even when the number
of decision variables exceeds a few millions (Gearhart et al., 2013). However, when
the decision variables are required to be integers, the optimization is theoretically
hard to solve and may not be possible to solve in practical instances. Hence, it is often
the case that we need to reformulate our “standard” formulation of a ML model in
order to develop efficient algorithms. Reformulation or relaxation is the process of
identifying an alternative formulation of the original formulation, possibly equivalent,
for algorithmic purposes. It turns out that several classes of integer programs can be
reformulated as Semi Definite Programs (SDPs) that can be solved in polynomial time
(Vandenberghe et al.), and shown to provide a provable approximation to the integer
program (Goemans and Williamson, 1995). We call an optimization problem a SDP if
f is linear and C can be represented using a set of linear inequalities intersected with
the positive semidefinite cone. In fact, these standard templates are often used for
solving ML models using off-the-shelf software packages like CPLEX, Gurobi and
CVX (Anand et al., 2017; Grant and Boyd, 2014). For example, for binary classification
task, the most commonly used model is maximum margin Support Vector Machine
(SVM) formulated as a (convex) quadratic programming problem which is simply
a special case of SDP. In the vision context, estimating homography or a projective
transformation can be achieved by minimizing the Reprojection error subject to point-
to-point correspondence in two or more images specified as linear equality constraints.

1.2 Scope of this thesis

Broadly speaking, the work described in this is located at the intersection of opti-
mization algorithms and artificial intelligence in high dimensional and large scale
settings. At a finer level, we will discuss a wide range of applications, and analyze
the theoretical properties of the resulting algorithms. The primary hypothesis of this
thesis can be phrased as,
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Hypothesis 1. Specialized algorithms that can satisfy application specific constraints
and regularization arising out of domain knowledge or applications are often crucial
and/or beneficial to the overall performance.

For example, faster, although approximate algorithms are preferred for object
detection/classification but not while analyzing MRI scans from a cohort study. Figure
1.2 provides a better illustration of the work in this thesis where we develop numerical
algorithms for problems in the shaded regions. In this thesis, we will study efficiency
and algorithmic issues in solving optimization problems with explicit constraints
that are imposed in ML and vision problems. In this section, we will briefly review
five different problems studied in this thesis.

1.2.1 Making Filter Flow Practical

This project is inspired by the work of Seitz and Baker which introduced the so-called
Filter Flow model (Seitz and Baker, 2009). Filter flow finds the transformation relating
a pair of (or multiple) images by identifying a large set of local linear filters. Imposing
additional constraints on certain structural properties of these filters enables Filter
Flow to serve as a general “one stop" construction for a spectrum of problems in
vision: from optical flow to defocus to stereo to affine alignment. The idea is beautiful
yet the benefits are not borne out in practice because of significant computational
challenges. This issue makes most (if not all) deployments for practical vision prob-
lems out of reach. The key thrust of our work is to identify mathematically (near)
equivalent reformulations of this model that can eliminate this serious limitation.
We demonstrate via a detailed optimization-focused development that Filter Flow
can indeed be solved fairly efficiently for a wide range of instantiations. We derive
efficient algorithms, perform extensive theoretical analysis focused on convergence
and parallelization and show how results competitive with the state of the art for
many applications can be achieved with negligible application specific adjustments or
post-processing. The actual numerical scheme is easy to understand and, implement
(30 lines in Matlab) — this development enables Filter Flow to be a viable general
solver and testbed for numerous applications in the community, going forward.
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Figure 1.2: Illustrates the problems covered in the chapters 3-7 of this thesis – FF
corresponds to the filter flow problems, discussed in Chapter 3; the shaded region
corresponds to bounded convex/Deep Learning optimization problems, discussed in
Chapter 4/5; ED corresponds to the Experimental Design for Sparse Models problem
studied in Chapter 6; NMF corresponds to Nonnegative Matrix Factorization studied
under the context of Blind Deconvolution in Chapter 7.

1.2.2 Coresets for Nonsmooth Problems

We present a new Conditional Gradient (CG) type algorithm that is applicable to
minimization problems with a nonsmooth convex objective. We provide convergence
bounds and show that the scheme yields so-called coreset results for various Machine
Learning problems including 1-median, Balanced Development, Sparse PCA, Graph
Cuts, and the `1-norm-regularized Support Vector Machine (SVM) among others.
This means that the algorithm provides approximate solutions to these problems
in time complexity bounds that are not dependent on the size of the input data. Our
framework, motivated by a growing body of work on sublinear algorithms for various
data analysis problems, is entirely deterministic and makes no use of smoothing or
proximal operators. Apart from these theoretical results, we show experimentally
that the algorithm is practical and in some cases also offers significant computational
advantages on large problem instances. We provide an open source implementation
that can be adapted for other problems that fit the overall structure.
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1.2.3 Constrained Deep Learning

A number of results have recently demonstrated the benefits of incorporating various
constraints when training deep architectures in vision and machine learning. The
advantages range from guarantees for statistical generalization to better accuracy to
compression. But support for general constraints within widely used libraries remains
scarce and their broader deployment within many applications that can benefit from
them remains under-explored. Part of the reason is that Stochastic gradient descent
(SGD), the workhorse for training deep neural networks, does not natively deal with
constraints with global scope very well. In this project, we use the CG algorithm, that
has, thus far had limited applicability in training deep models. We show via rigorous
analysis how various constraints can be naturally handled by modifications of this
algorithm. We show a suite of immediate benefits that are possible — from training
ResNets with fewer layers but better accuracy simply by substituting in our version of
CG to faster training of GANs with 50% fewer epochs in image inpainting applications
to provably better generalization guarantees using efficiently implementable forms of
recently proposed regularizers.

1.2.4 Experimental Design for Sparse Models

Budget constrained optimal design of experiments is a well studied problem. Al-
though the literature is very mature, not many strategies are available when these
design problems appear in the context of sparse linear models commonly encountered
in high dimensional machine learning. We study this budget constrained design
where the underlying regression model involves a `1-regularized linear function. We
propose two novel strategies: the first is motivated geometrically whereas the second
is algebraic in nature. We obtain tractable algorithms for this problem which also
hold for a more general class of sparse linear models. We perform a detailed set
of experiments, on benchmarks and a large neuroimaging study, showing that the
proposed models are effective in practice. The latter experiment suggests that these
ideas may play a small role in informing enrollment strategies for similar scientific
studies in the future.
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1.2.5 Robust Blind Deconvolution via Mirror Descent

We revisit a classical problem in computer vision and image analysis called as Blind
Deconvolution. In this problem, given a blurred image, the goal is to recover the
associated sharp image and the blur kernel simultaneously. Although the literature
in this area is mature, the algorithmic underpinnings of the problem is still not fully
understood and is being actively researched. In this work, we propose an efficient
algorithm, PRIDA for optimizing nonconvex loss functions that may be encountered in
DL problems with simplex constraints. Theoretically, we analyze both the convergence
and robustness properties of PRIDA. Empirically, we perform an extensive set of
experiments to validate our theoretical findings on two standard datasets. Our results
show that PRIDA beats the state-of-the-art algorithms under a wide range of noise
conditions implying that the algorithm is effective in practice.

1.3 Outline

In the first part of the thesis, we will review generic mathematical concepts that
are used to design numerical optimization algorithms in Chapter 2. In the second
part, from Chapter 3-7, we go into the details of the solution for the five problems
mentioned in section 1.2. We demonstrate how a well known algorithm can easily
be parallelized to solve optimization problems with constraints that arise in various
computer vision applications in Chapter 3. Then, we generalize the algorithm to
solve optimization problems when the objective function f is not differentiable, and
analyze the convergence properties of the resulting algorithm in Chapter 4. Next, we
present a way to impose statistically motivated constraints while training Deep Neural
Networks in Chapter 5. Apart from continuous optimization, we show how to handle
combinatorial constraints that arise in high dimensional sample selection problems
to save cost in neuroscience clinical trials in Chapter 6. In the final result described in
this thesis, we present a simple and robust algorithm for incorporating constraints
for the blind deconvolution problem in Chapter 7. We conclude and discuss future
research directions in Chapter 8.
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1.4 Notations

Before we discuss the mathematical background necessary, we will list standard
notations that will be followed throughout this thesis. We identify finitendimensional
vector space over the reals R with Rn.

• Vectors are denoted in lower case such x,y, z, swhereas matrices and sets are
denoted in upper case such asM, T ,C,D, Γ .

• The i−th coordinate of x ∈ Rn is denoted by xi. Similarly the entry at i−th row,
and j−th column of a matrixM is denoted byMij.

• The i−th standard basis vector in Rn is denoted by ei with the i−th coordinate
equal to one, zero everywhere else. 1 (or 1 when there is no confusion) denotes
the vector with ones in all coordinates.

• Inner product between x,y ∈ Rn is denoted by 〈x,y〉 or xTy :=
∑n
i=1 xiyi. x⊗y

denotes the Kronecker product defined as (x⊗ y)ij = xiyj. x ◦ y denotes the
elementwise multiplication, that is, (x ◦ y)i := xiyi. ‖x‖p denotes the `p norm
of x.

• Given a matrix M,M[i, :] orMi,: denotes the i−th row, similarlyM[:, j] denotes
the j−th row. MT denotes the transpose ofM, that is the ij−th entry ofMT is
given byMji. vec(M) denotes the vector obtained by stacking columns ofM,
one below another.

• Tr(M) or tr(M) denotes the trace of a matrixM, tr(M) :=
∑
iMii.

• ∆ denotes the probability simplex in appropriate dimensions, that is, ∆ := {x :

xi > 0, 1Tx = 1}.

• A system of linear inequalities defines a polyhedron P := {x : Ax 6 b}. Given a
polyhedron P, vert(P) denotes the set of vertices or extreme points of P.

• The cardinality of a finite set S is denoted by |S|. Given a finite set S, conv(S)
denotes the convex hull of S defined as

{∑|S|
i=1 λixi : xi ∈ S, λ > 0, 1Tλ = 1

}
.

• Given x,y ∈ ∆ ⊆ Rn, KL(x‖y) denotes the Kullback-Leibler divergence between
x and y defined as, KL(x‖y) :=∑n

i=1 xi log
(
xi
yi

)
.
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Chapter 2

Mathematical Background

In this chapter, we will briefly describe the mathematical background upon which
the remainder of the thesis builds. I will present some key mathematical results
on continuous optimization problems and basic convergence analysis in the first
part of this chapter. Next, we will introduce the Empirical Risk Minimization (ERM)
framework which is used as the modeling framework for large scale ML problems.
Finally, we will briefly discuss the literature on stochastic optimization, algorithms
that are commonly used to train deep networks posed in the ERM framework.

2.1 The landscape of Numerical Optimization

In this thesis, we restrict our attention to finite dimensional real valued functions
f : Ω → R such that Ω ⊆ Rn. Optimization problems can be classified into two
categories based on the presence or absence of discrete variables. That is, optimization
problems where we require the decision variables x to be discrete valued are referred
to as discrete whereas problems where x are allowed to be real valued are called
continuous.

The flavor of algorithms that are adopted to solve continuous optimization prob-
lems tends to be slightly different from those used to solve discrete optimization
problems. From the mathematical point of view, analytical techniques are used to de-
termine the worst case complexities of continuous optimization whereas polyhedral
combinatorics play a central role in analyzing discrete optimization procedures. In
this chapter, we will also see concepts such as duality, and relaxations that serve as
a bridge between discrete and continuous optimization. We will use the standard
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undergraduate analysis notations through this chapter as used in (Rudin et al., 1964),
unless otherwise mentioned.

2.1.1 Continuous Optimization

A real valued continuous function f : Ω→ Rn is called differentiable at x ∈ Ω if there
exists a vector g ∈ Rn (and some norm ‖ · ‖ defined onΩ) such that,

lim
y→0

f(x+ y) − f(x) − gTy

‖y‖ = 0. (2.1)

In the case where g that satisfies equation (2.1) exists, g is called the gradient of f at x.
The gradient of f at x is also commonly denoted as ∇f(x). Similarly, the directional
derivative Df of f at x in the direction d is given by,

Df(x;d) = lim
ε→0

f(x+ εd) − f(x)

ε
. (2.2)

If f is differentiable and∇f(x) is a continuous function, then f is called as a continuously
differentiable function. If f is continuously differentiable, then the directional derivative
has a linear algebraic interpretation. To see that, define the one variable “rate” function
φ(η) := f(x+ ηd). Then, using the chain rule, we have that,

φ ′(η) = ∇f(x+ ηd)Td. (2.3)

Using equation (2.3) in the definition of directional derivative (2.2), we get,

Df(x;d) = lim
ε→0

f(x+ εd) − f(x)

ε
= lim
ε→0

φ(ε) − φ(0)
ε

= φ ′(0) = ∇f(x)Td, (2.4)

where we used the continuity of the derivative in the last equality in (2.4). It turns
out that directional derivatives are sufficient for optimization purposes in some cases
even when the function is not differentiable.

2.1.1.1 Diagnosing Optimality

We will state the most common forms of Taylor’s theorem that is used for optimization
purposes.

Theorem 2.1. Suppose f is continuously differentiable. Then we have the following:
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1. “Mean value” form: There exists some η ∈ (0, 1) such that

f(y) = f(x) +∇f (x+ η(y− x))
T
(y− x). (2.5)

2. Assume that f is twice continuously differentiable.

a) Then, we have the “integral” form of the gradient function as,

∇f(y) = ∇f(x) +
∫ 1

0
∇2f (x+ η(y− x)) (y− x)dη, and

b) There exists some η ∈ (0, 1) such that

f(y) = f(x) +∇f (x)T (y− x) +
1
2(y− x)T∇2f (x+ η(y− x))

T
(y− x).

Observe that we can easily write down the integral form of equation (2.5). Using
Taylor’s theorem 2.1, we can recognize if a given point x∗ ∈ Ω is optimal as shown in
the following lemmas.

Lemma 2.2 (First Order Necessary Condition: 1-NC). Assume f is continuously differen-
tiable. If x∗ is a local minimizer, then∇f(x∗) = 0. In other words, there exists a neighborhood
B around x∗ such that f(x∗) 6 f(x) for all x ∈ B.

Definition 2.3 (Stationary Point). A stationary point is a point x∗ ∈ Ω such that∇f(x∗) =
0, and strict minimizer is defined with a strict inequality in Lemma 2.2. A matrixM is positive
definite if xTMx > 0 for all x 6= 0, and positive semidefinite if xTMx > 0 for all x 6= 0.

Lemma 2.4. Assume that f is twice continuously differentiable. Then we have the following:

1. Second Order Necessary Condition (2-NC): If x∗ is a local minimizer of f, then∇f(x∗) =
0 and ∇2f(x∗) is positive semidefinite.

2. Second Order Sufficient Condition (2-SC): If ∇f(x∗) = 0 and ∇2f(x∗) is positive
definite, then x∗ is a strict local minimizer.

Even though results in Lemma 2.2, and 2.4 provide a meaningful characterization
of optimal solutions, finding exact optimal solutions can be difficult in practice. Hence,
we relax our goal to find approximate solutions. To that end, in addition to f, andΩ,
the optimization problems are specified with a (small) accuracy parameter ε > 0. The
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quality of the output of an algorithm or the closeness of the output of an algorithm
to an optimal solution can be determined by the accuracy parameter ε.

Remark 2.5. In the remainder of the thesis, we will use “optimal solution” to mean an
“approximately optimal” solution unless otherwise specified.

2.1.2 Gradient Descent for Smooth functions

In this section, we will discuss the most important algorithm for optimizing con-
tinuously differentiable functions called the Gradient Descent (GD), and see how
to analyze its convergence properties. As the name suggests, GD can implemented
using only the gradient information of f, and is based on a simple observation using
Taylor’s series which we will explain now.

Given some x ∈ Ω such that ∇f(x) 6= 0, any vector d ∈ Rn such that dT∇f(x) < 0
is called as a descent direction. To see why, from equation (2.4), we know that dT∇f(x)
is the directional derivative of f along the direction d. Hence, if η is sufficiently small
positive constant, then f(x + ηd) < f(x). Indeed, since the negative gradient is a
descent direction, we can define GD as the following iterative procedure:

Algorithm 1 Gradient Descent for differentiable functions
Input: Pick an arbitrary starting point x0 ∈ Ω, maximum number of iterations T .
for t = 1, 2, . . . , T do

Update: xt+1 := xt − ηt∇f(xt)
end for
Output: xT

In words, the update step in Algorithm 1 moves the current estimate of the optimal
solution xt, along the direction specified by the gradient evaluated at the current
point∇f(xt), scaled by the scalar ηt. The scalar ηt is called the step size or learning rate
depending on the context of the objective function f. Observe that if∇f(xt) = 0 ∈ Rn,
then xt+1 = xt, that is, GD stops making progress. More interestingly, this simple
observation raises the following question: does GD output a solution with zero
gradient? The answer is yes! In the following theorem, we will show that GD
converges to a stationary point of f, that is, if T is sufficiently large, then ‖∇f(xT )‖ ≈ 0.

Theorem 2.6 (Convergence of GD). Assume that ∇f is Lipschitz, that is, ‖∇f(x) −
∇f(y)‖ 6 β‖x − y‖, and f is bounded below by

¯
f. Then, the sequence of iterates {xt}

generated by Gradient Descent Algorithm 1 satisfies lim
t→∞ ‖∇f(xt)‖ = 0.
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Proof. Using Taylor’s theorem or more specifically, the integral form of equation (2.5),
we obtain,

f(xt+1) − f(xt)−∇f(xt)T (xt+1 − xt)

=

∫ 1

0
(∇f(xt + γ(xt+1 − xt)) −∇f(xt))T (xt+1 − xt)dγ

(Cauchy-Schwarz) 6
∫ 1

0
‖∇f(xt + γ(xt+1 − xt)) −∇f(xt)‖ ‖xt+1 − xt‖dγ

(∇f Lipschitz) 6
∫ 1

0
βγ‖|xt+1 − xt‖2. (2.6)

Now using the GD update rule in Algorithm 1 with ηt ≡ η = 1/β in inequality (2.6)
we obtain,

f(xt+1) 6 f(xt) −
1

2β
‖∇f(xt)‖2 . (2.7)

Summing all the inequalities in (2.7) over t, we have that,∑
t∈{0,1,...,T}

‖∇f(xt)‖ 6
√

2β (f(x0) − ¯
f) <∞ =⇒ lim

T→∞ ‖∇f(xT )‖ = 0. (2.8)

Inequality (2.6) is often referred as the descent lemma , and we call inequality (2.7)
as per-iteration progress. Next, we will see how to determine the cost of running the
GD algorithm in order to get an ε-approximate solution given a fixed ε > 0.

Oracle Complexity: The cost associated with running an iterative procedure
depends on the amount of computational resources it requires in order to output an
optimal solution. For our purposes, we will use the notion of an oracle or a black-box
oracle. An oracle is an abstract computational machine that takes unit resource to
compute the output. In this context, the total cost or complexity of an algorithm is
simply the amount of oracle calls it needs in order to output an optimal solution. For
example, a 0-th order oracle takes a point x ∈ Ω and outputs the function value f(x)
whereas a first order oracle also outputs the gradient∇f(x) at x, and so on. In general,
it is not true that using higher order information (like Hessian) is always helpful
to design algorithms with low (overall) complexity or cost (Roosta-Khorasani and
Mahoney, 2019). In this thesis, we are mostly concerned with the first order oracle.
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Oracle Complexity of GD: Observe from inequality (2.8) that mint∈{0,1,...,T} ‖∇f(xt)‖
isO(1/

√
T), hence we say that GD algorithm converges at the rateO

(
1/
√
T
)

or equiv-
alently that the complexity of GD (to obtain a ε-approximate solution) is O

(
1/ε2).

Theorem 2.6 is a simple convergence proof and serves as a template to design
faster algorithms. We will review other facts about GD algorithm without proof to
understand its theoretical properties. To begin, we state a fact about the convergence of
GD which does not require the∇f-Lipschitz assumption, see Section 3.2 in (Bertsekas
and Tsitsiklis, 2003).

Fact 2.7. Suppose that the∇f-Lipschitz assumption in Theorem 2.6 is replaced by the following
two conditions:

1. For every bounded set A ⊂ Rn, there exists some constant K such that ‖∇f(x) −
∇f(y)‖ 6 K‖x− y‖ for x,y ∈ A.

2. The set {x|F(x) 6 c} is bounded for every c ∈ R.

Then we have that GD Algorithm 1 converges to a stationary point (as defined in 2.3), that is,
limt→∞∇f(xt) = 0.

Fact 2.7 is particularly useful to design algorithms when β is unknown or for
analyzing line search based methods. To summarize, the above results show that
under some technical conditions, GD converges to a point where the gradient of
the objective function vanishes. Unfortunately, (Murty and Kabadi, 1987) showed
that even checking whether the output xT of GD Algorithm 1 is locally optimal is
NP-Hard. The following result shows that if we choose ηt as a constant, independent
of xt, then GD Algorithm 1 converges to a local minimizer.

Fact 2.8. Let f be twice continuously differentiable,∇f beβ−lipschitz and ηt ≡ η ∈ (0, 1/β).
Let x∗ be a strict saddle point of f, that is, the minimum eigenvalue of the Hessian of f at x∗ is
negative. Then the probability that GD Algorithm 1 converges to x∗ is zero.

In Fact 2.8, the probability is computed with respect to the distribution of the
starting point x0. For an important family of functions, it turns out that any local
minimizer is also a global minimizer.
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2.1.3 Gradient Descent for Convex functions

Definition 2.9 (Convexity). A real valued function f is convex if Jensen’s inequality holds:

f((1 − λ)x+ λy) 6 (1 − λ)f(x) + λf(y) ∀ x,y ∈ Ω, λ ∈ [0, 1].

Similarly, we can define a convex set C as:

Definition 2.10. A set C ⊆ Rn is convex if (1 − λ)x+ λy ∈ C ∀ x,y ∈ C and λ ∈ [0, 1].

We will state the following facts about convex functions and sets that will be useful
throughout the thesis without proof.

Fact 2.11. 1. If f is convex, then f is continuous in the interior of its effective domain.

2. Let fi : i ∈ {1, . . . ,m} be a set of m convex functions. Then f(x) =
∑m
i=1 fi(x) and

f(x) = maxmi=1 fi(x) are convex functions.

3. Fix α ∈ R. Then the α-sublevel set defined as {x ∈ Rn : f(x) 6 α} of a convex function
f is convex.

4. If f is convex, any local minimizer is a global minimizer of f. If in addition f is
differentiable, then any stationary point is a global minimizer of f.

5. Assume f is differentiable. Then, f is convex if and only if for all x,y ∈ Ω, we have that,

f(y) > f(x) +∇f(x)T (y− x). (2.9)

It turns out that differentiability of a convex function may not be necessary for
optimization purposes and can be further relaxed. To motivate this, observe that the
inequality (2.9) essentially states that that convexity of f is equivalent to the property
that the gradient of f at any point x provides a global lower bound for f. The set of
linear functions that bound f from below is called the subdifferential.

Definition 2.12 (Subgradient). A vector g is called a subgradient of f at x if

f(y) > f(x) + gT (y− x). (2.10)

The set of all such subgradients g of f at x is called the subdifferential, denoted by ∂f(x).
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Subgradient generalizes the notion of gradient, as shown by the following facts
from convex analysis:

Fact 2.13. Assume that f is convex, x ∈ Ω. Then we have the following:

1. ∂f(x) is a closed convex set.

2. If x ∈ int dom f, then ∂f(x) is nonempty and bounded where int dom corresponds to
the interior of the domain of f.

3. If f is differentiable, then ∂f(x) = {∇f(x)}.

4. Let f1, f2 be convex functions, α1,α2 > 0, and f(x) = α1f1 + α2f2. Then we have that,

∂f(x) = α1∂f1(x) + α2∂f2(x).

5. Let f(x) = h(Ax+ b) for some convex function h, linear operator A : Rn → Rm, and
b ∈ Rm. Then we have that,

∂f(x) = ATh(Ax+ b).

6. Let fi : i ∈ {1, . . . ,m} be a set ofm convex functions, and f(x) = maxi∈{1,...,m} fi(x).
Then we have that,

∂f(x) = conv
(
∪

i∈I(x)
∂fi(x)

)
where I(x) = {i : fi(x) = f(x)} denotes the active indices at x, and conv(S) denotes the
intersection of all convex supersets of S.

Similar to when f is smooth, we have the following optimality condition to diag-
nose optimality when f is not differentiable:

Fact 2.14. x∗ minimizes f if and only if 0 ∈ ∂f(x∗).

Using subgradients, we may easily extend the Gradient Descent Algorithm 1 to op-
timize nonsmooth functions, and is called subgradient descent, as shown in Algorithm
2. In certain ML scenarios as in Section 2.1.8, it may be only possible to approximate
the gradient (or subgradient). Under various technical conditions on the quality of
the approximation, it is possible to analyze the convergence behavior.
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Algorithm 2 Subgradient Descent for convex functions
Input: Pick an arbitrary starting point x0 ∈ Ω, maximum number of iterations T .
for t = 1, 2, . . . , T do

Choose a subgradient: gt ∈ ∂f(xt)
Update: xt+1 := xt − ηtgt

end for
Output: xT

In general, we need to be careful when optimizing a nonsmooth f (even when
f is convex) since any subgradient is not, in general, a descent direction. To see
this, let f(x) = |x|, then the subdifferential at the origin 0 is given by the interval
[−1,+1]. Indeed, any nonzero 0 6= g ∈ [−1,+1] is not a descent direction. Moreover,
generalizing this example to Rn with f(x) = ‖x‖1 shows that if we were to pick a
uniformly random g ∈ ∂f(e1) where e1 is the first basis vector, then the probability
that g is a descent direction is exponentially small in the dimension n.

Fortunately, if f is convex, we can show that negative subgradient “descends” on
the distance to an optimal point. To see this, let f be convex, f(z) < f(x),g ∈ ∂f(x),
then,

‖x− ηg− z‖2
2 = ‖x− z‖2

2 − 2ηgT (x− z) + η2‖g‖2
2

(convexity of f) 6 ‖x− z‖2
2 − 2η (f(x) − f(z)) + η2‖g‖2

2. (2.11)

Setting z to be an optimal solution x∗ in inequality (2.11), we can see that,

0 < η < 2 (f(x) − f(x∗))
‖g‖2

2
=⇒ ‖x− ηg− x∗‖2

2 < ‖x− x∗‖2
2. (2.12)

Using inequality (2.12), we can show the following convergence result for Subgradient
Descent Algorithm 2:

Theorem 2.15. Let xt be generated by the sequence generated by Subgradient iteration 2
with ηt = 1/

√
t. Assume that ‖x0 − x

∗‖ 6 R, ‖g‖2 6 M for all g ∈ ∂f(x) ∀ x ∈ Ω, and
0 ∈ ∂f (x∗). Then we have that,

∑
t∈{0,1,...,T}

[f(xt) − f(x
∗)] 6

R2

2
√
T
+

1
2
∑

t∈{0,1,...,T}

M2
√
T

.

Theorem 2.15 implies that the convergence rate of Subgradient Descent Algorithm
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2 is O(1/
√
T) which is essentially the same as that of Gradient Descent Algorithm 1

(as shown in Theorem 2.6).

2.1.4 Gradient Descent for Constrained Optimization

So far we have seen algorithms for optimizing functions with no explicit constraints.
Often, we may want to solve optimization problems over a subset C ⊂ Rn, C 6= Rn.
In general, we wish to solve problems of the form

min
x
f(x) subject to x ∈ C. (2.13)

We will assume throughout this section that f is convex, and C is a closed convex set,
not necessarily Rn in problem 2.13. The structure of the constraints C, in addition
to f, play an important role in designing and analyzing algorithms to solve problem
(2.13).

2.1.4.1 Linear Programs and Friends

Unarguably, linear f ∈ Rn with a set ofm linear constraints of the form aTi x 6 bi∀i =
1, . . . ,m or simply Ax 6 b where A : Rn → Rm,b ∈ Rn represents the simplest form
of constrained optimization problem called a Linear Program (LP). LPs can be solved
exactly by a family of algorithms called Simplex. To see why this is possible, we recall
that a Simplex method is based on the principle that if there exists a solution to a LP,
then there is at least one vertex (or an extreme point) of the polyhedron {x : Ax 6 b}

that is optimal. Using an appropriate pivoting rule, a simplex algorithm essentially
cycles through the vertices of the polyhedron one-by-one, making the computation of
an exact solution possible (Ferris et al., 2007). Unfortunately, all the known pivoting
rules can take exponential (inm or n) number of steps in finding an optimal solution,
hence all known simplex methods are not polynomial time algorithms (Shamir, 1987).
Having said that, an approximate solution of a LP can be computed using a different
family of methods called Interior Point Method (IPM) in O

(√
max(m,n)

)
worst case

complexity. In fact, IPM can be used to solve the broader class of SDPs and has
polynomial time worst case complexity (Alizadeh, 1995). When f and C are convex
and quadratic, problem (2.13) is called as a Quadratic Program (QP) which can be
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equivalently formulated as a SDP. To see why, we note that any QP can be written as,

min
x
xTQ0x+ q

T
0 x+ c0 s.t. xTQix+ q

T
i x+ ci 6 0 ∀ i = 1, . . . ,m, (2.14)

where Qi, i = 0, . . . ,m are positive semidefinite. QPs are used in ML tasks such as
task plan optimization (Hadfield-Menell et al., 2016), and finding optimal trajectories
for biped robots (Werner et al., 2012). Adding a scalar auxiliary variable, problem
(2.14) is the same as,

min
x,α

α s.t. xTQ0x+ q
T
0 x+ c0 − α 6 0, xTQix+ qTi x+ ci 6 0∀i = 1, . . . ,m.

Now since all Qi’s are positive semidefinite, we can use their Cholesky factorization
to writeQi =MT

iMi for some matrixMi. Then we use the Schur’s complement to see
that each quadratic constraint can be equivalently defined as a positive semidefinite
constraint as, [

I Mix

xTMT
i −ci − q

T
i x

]
� 0 ⇐⇒ xTQix+ q

T
i x+ ci 6 0,

where � denotes the partial ordering on the set of positive semidefinite matrices.
Hence we can write the SDP formulation of QP 2.14 as,

min
x,α

α s.t.
[

I M0x

xTMT
0 −c0 − q

T
0 x+ θ

]
� 0,

[
I Mix

xTMT
i −ci − q

T
i x

]
� 0∀i = 1, . . . ,m.

The discussion above shows that optimizing linear/quadratic f over C defined
by linear/quadratic inequalities can be handled efficiently. Now we will use these
template optimization problems such as LP, and QP to solve a more general class of
optimization problems with a convex objective function f. To that end, we will use an
operation that is well defined for convex sets called Euclidean Projection onto C.

Definition 2.16 (Euclidean Projection). The euclidean projection denoted by ΠC(·) is
defined as,

ΠC(y) := arg min
x∈C
‖x− y‖2

2. (2.15)

Using the ΠC operator (2.15), we can define the prototypical method that is used
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to solve constrained optimization called Projected Gradient Descent algorithm 3.

Algorithm 3 Projected Gradient Descent (PGD) for convex f,C
Input: Pick an arbitrary starting point x0 ∈ Ω, maximum number of iterations T .
for t = 1, 2, . . . , T do

Choose a subgradient: gt ∈ ∂f(xt)
Subgradient step: yt := xt − ηtgt
Euclidean projection onto C: xt+1 := ΠC(yt)

end for
Output: xT

Intuitively, in Algorithm 3 we first update our iterate xt using a subgradient of f,
just like we did for unconstrained optimization while ignoring the constraints in C.
But now, the new iterate yt need not belong to the set C or in words, yt need not be
feasible. To correct the violation of feasibility, we simply find the nearest point to yt
in C using the projection operator ΠC. As in the case of unconstrained optimization,
the optimality condition can be specified can be geometrically characterized in the
following fact:

Fact 2.17. Any point x∗ minimizes a f over C if and only if there exists a subgradient
g ∈ ∂f(x∗) such that gT (y− x) > 0 ∀ y ∈ C.

Using fact 2.17 we can show that projection is a 1-Lipschitz mapping, that is,

‖ΠC(x) − ΠC(y)‖ 6 ‖x− y‖ ∀ x,y ∈ Ω. (2.16)

It turns out that the above 1-Lipschitz property (2.16) is sufficient in order to ana-
lyze projection based descent algorithms. The following theorem characterizes the
convergence rate of Algorithm 3 for nonsmooth functions:

Theorem 2.18. Suppose f is convex and L-Lipschitz, that is, for any x ∈ C, we have that
‖g‖ 6 L ∀ g ∈ ∂f(x). Then iterates {xt} generated by the Projected Gradient Descent
Algorithm 2 with ηt = 1/

√
t satisfies the following inequality:

f

 1
T

∑
t∈{0,1,...,T}

xi

− f(x∗) 6 O

(
L√
T

)
.

Theorem 2.18 shows that the overall complexity of Algorithm 3 is the same as
the unconstrained subgradient descent Algorithm 2. However, note that this result
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imposes two important requirements regarding the projection operator ΠC: that
ΠC can be computed (i) efficiently, and (ii) exactly. These two requirements on the
projection operator can be too restrictive for practical purposes, especially when n is
large. The simplest example is whenC is given by linear inequality constraints in which
exact projections are often not possible or even computing approximate solutions
per iteration is computationally expensive (Anstreicher, 1996). More generally, in
learning ML models, the objective function f can often be written as a finite sum
over the (observed) data points sampled from an unknown distribution. This means
that it may be possible to easily compute an approximate gradient of the sum f by
subsampling techniques. Hence, while learning such ML models, the complexity
of the overall algorithm scales linearly with the cost of computing the projection
operator ΠC which is obviously undesirable.

2.1.5 Conditional Gradient (CG) Algorithm for Smooth f

Following the discussion above, the motivation for this algorithm is that the projection
operator can be computationally inefficient in certain scenarios. The CG algorithm
essentially replaces the quadratic objective function in the definition of ΠC (2.15) by a
linear objective function, hence is often referred as projection-free. Intuitively, since
f is smooth, we may simply use the linear approximation provided by the Taylor’s
series (around the current iterate) of f. CG then takes a step from the current iterate
towards the minimizer of this linearized subproblem. CG algorithm to minimize a
smooth f is given in Algorithm 4. We will refer to the CG sometimes as Frank Wolfe
(FW) Algorithm. Observe that if xt ∈ C, then xt+1 ∈ C since xt+1 is simply a convex
combination of xt and yt, both of which are in C. Clearly, we can see that CG can be

Algorithm 4 Conditional Gradient Descent for smooth f
Input: Pick an arbitrary starting point x0 ∈ C, maximum number of iterations T .
for t = 1, 2, . . . , T do

Linear Optimization (LO) call: yt ∈ arg minx∈C f(xt) +∇f(xt)T (x− xt)
CG update: xt+1 = xt + ηt(yt − xt)

end for
Output: xT

applied only if C is compact (closed and bounded) since linear optimization call is
well defined only when C is bounded. It turns out CG for smooth f can be shown to
be as efficient as PGD algorithm 3 in the following theorem.
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Theorem 2.19. Let f be convex, ∇f be β-Lipschitz, Assume that the diameter D of C to be
R, that is, D := supx,y∈C ‖x − y‖. Then the iterates {xt} generated by the CG algorithm 4
satisfies,

f(xT ) − f(x
∗) 6

2βD
T + 1.

Proof. We prove this result since we will use it in the subsequent chapters of this
thesis. Using Taylor’s theorem on fwe get,

f(xt+1) 6 f(xt) +∇f(xt)T (xt+1 − xt) +
β

2 ‖xt+1 − xt‖2
2

(Definition of xt+1) 6 f(xt) + ηt∇f(xt)T (yt − xt) +
β

2 ‖ηtyt − ηtxt‖
2
2

(Definition of D) 6 f(xt) + ηt∇f(xt)T (yt − xt) +
β

2 η
2
tR

2

(Definition of yt) 6 f(xt) + ηt∇f(xt)T (x∗ − xt) +
β

2 η
2
tR

2

(Convexity of f) 6 f(xt) + ηt (f(x∗) − f(xt)) +
β

2 η
2
tR

2. (2.17)

Using ηt = 2/(t+ 1) in equality (2.17) and an induction argument on t finishes the
proof.

There is a lot of work devoted to making the algorithm provably faster in specific
cases, see (Garber and Meshi, 2016). It turns out that we can also study the convergence
aspects of the CG algorithm, using a measure of linearity of the function on C.

Definition 2.20 (Curvature constant). The curvature constant of f denoted byCf, is defined
as,

Cf := sup
x,y∈C,η∈[0,1]

1
η2

(
f(y) − (y− x)T∇f(x) − f(x)

)
.

Intuitively, Cf measures how accurate the linear approximation is for a given
function f on the feasible set C but only along a linear direction. We can show that
this is, in fact, bounded by the diameter D of C and the Lipschitz constant β of∇f.
One version of the convergence proof is based on the Wolfe dual (Jaggi, 2011) and
showing the duality gap is ε > 0 for a sufficiently large T polynomial in 1/ε. The only
constant that appears in the iteration complexity is the Cf mentioned above. We will
go into the details in Chapter 4 of this thesis.
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Figure 2.1: Illustration of one iteration of PGD Algorithm 3 and CG Algorithm 4.
Here, the yellow region denotes the feasible set C, and the current iterate is xt. Red
and blue arrows denotes the execution of PGD and CG step respectively. Specifically,
observe that the next iterate of PGD xPGDt+1 is computed using the (euclidean) projection
operator ΠC(yPGDt ) (see Definition 2.16) while the next iterate xCGt+1 of CG is taken as
a convex combination of the current iterate xt and the minimizer yCGt of the linear
approximation of f over C (see Algorithm 4) .

2.1.6 Complexity of CG and PGD for smooth f

As mentioned above, because of its simplicity, the per iteration complexity of CG
is much smaller for many popular machine learning problems compared to PGD,
see (Jaggi, 2011) for an excellent discussion. We provide Figure 2.1 to visualize one
iteration of PGD and CG Algorithms starting at the same location xt. We will now
see a few other ways in which both the methods compare with each other:
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1. Convergence rate for ∆t := f(xt) − f
∗ 6 ε accuracy (ignoring universal con-

stants) for smooth convex fwith no further assumptions:

CG: L · diam2(C)

t
=O(LD2/t)

PGD: L · ‖x0 − x
∗‖2

2
t

=O(LD2/t).

This means that as our analysis suggested, both CG and PGD have the same
convergence guarantee.

2. Strong Convexity. In general, the convergence cannot be improved for CG by
assuming strong convexity properties of fwith a simple example whereas for
PGD it can be.

3. Affine invariance of LO oracle. From a simple check, we can see that FW
method cannot also be sped up by any change of coordinate system.

4. Sparsity. FW type algorithms have an inherent sparsity in its iterates xt. For
instance, suppose C is a simplex or nuclear norm ball. LO corresponds to
computing a basis vector or a rank one matrix, hence after t iterations, xt will
have at most t nonzero entries or rank t. This has close connections with
designing sublinear algorithms (Clarkson et al., 2012) and coresets (Har-Peled
and Kushal, 2007) (approximating a set of points by a subset algorithmically).
We will explore this in detail in Chapter 4.

2.1.7 Optimizing nonsmooth f using CG type algorithms

It turns out that the CG method when f is nondifferentiable is not well explored.
There are two main approaches that deal with this case and point out an issue with
each of them which we will address in this thesis:

1. Gaussian smoothing. (Hazan and Kale, 2012) proposed optimizing a smoothed
version f̂δ of f by sampling. This approach is simple, and straightforward to
implement. The convergence result shown is,

∆t 6 Kt
−d,
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where K is a constant (that depends on D,L) and d ∈ [0, 3/4]. In the online or
stochastic setting (where the cost functions are sampled iid from some unknown
distribution), they show that we can set d = 1/2 giving us a regret bound of
O(1/

√
t) which is nice. But in the offline setting, which is what we consider in

this thesis in Chapter 4, in the worst case, d = 0 results in a constant additive
error that does not go to 0 as t increases. In experiments in Chapter 4, we will
investigate the run time of our method on optimizing loss functions defined by
standard SVM datasets.

2. Simulating PGD. Another approach which is a hybrid of CG and PGD uses
the so-called Proximal operator of a convex function f defined as,

Definition 2.21 (Proximal Operator). The proximal operator associated with a convex
function f is defined as,

proxf(x) = arg min
y
f(y) +

1
2‖x− y‖

2
2.

In (Argyriou et al., 2014), the authors assume that an extra (additive) function
g is present in objective function with the following properties: (i) proximal
operator can be computed efficiently for g, and (ii) subgradient of the convex
conjugate of g can be computed efficiently. Using such a function g, they present
analysis showing aO(1/

√
t) convergence rate. We call this as "simulating" PGD

since (other than some specific cases) proximal operators in general can be
thought of as projection operators by choosing g to be in the indicator function
of C.

2.1.8 Empirical Risk Minimization (ERM)

So far, we have discussed optimization frameworks and algorithms that do not exploit
any specific structure of the objective function f. For example, while learning ML
models, it is often the case that f often takes an additive structure, that is, f can be
decomposed as a sum of (possibly simpler) functions fi. Intuitively, we can think
of each fi to be a perturbed/corrupted version of f, hence carries partial information
about the true function f to be optimized. Assume that we are given a dataset
D = {(x1,y1), (x2,y2), . . . , (xN,y)}, where (xi,yi)’s are independently and identically
distributed (i.i.d.) following some underlying distribution. Then ERM aims to find a
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model from certain hypothesis class H that minimizes the empirical risk,

min
models∈H

∑
i

disagree(model(xi),yi)

For a ML problem, our goal is to find a hypothesis hs with the smallest expected risk,
which is defined as

R[hs] = E{f(hs(x),y)},

where f(·, ·) is a function that measures the disagreement between predicted label and
true label, and the expectation is taken with respect to the underlying distribution.
However, in practice, we do not know the exact form of the underlying distribution.
Therefore, we use the empirical risk instead and try to find the minimizer of it. Define
the empirical risk of a hypothesis h to be

R̂n[h] =
1
N

N∑
i=1

f(h(xi),yi), (2.18)

and define the generalization error to be

εgen[h] = |R̂N[h] − R[h]|.

Minimizing the empirical risk in (2.18) to compute the best hypothesis is called as
ERM,

min
h∈H

1
n

N∑
i=1

f(h(xi),yi). (2.19)

2.1.9 Stochastic Gradient Descent (SGD) for ERM

Observe that ERM problem (2.19) can be seen as a minimization of a function with
a summation over n training instances fi(x) and the decision variable x represents
the parameters that we seek to learn. Hence, in order to make progress towards an
optimal solution, it may be enough that on an average our gradient computations are
accurate. That is, we may simply pick an index i ∈ {1, . . . ,N} uniformly at random
to compute the gradient direction for updating purposes. The process of picking a
random direction instead of the full gradient is inherently stochastic, hence referred
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as SGD. Usually, the convergence properties of SGD is given in terms of expectated
time SGD to output an approximate solution.
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Chapter 3

Making Filter Flow Practical

In this chapter, we focus on developing efficient algorithms for a family of vision
tasks that can be expressed as transformation estimation problems formulated as a
smooth convex optimization problem (Ravi et al., 2017). Under the assumption that
the unknown transformation is bounded and smooth, we show that techniques from
parallel convex optimization can be leveraged for faster optimization.

3.1 Introduction

Understanding how two or more images of the same scene are related, is a funda-
mental problem in computer vision. Often, the coordinate systems of the respective
images are related by a camera motion whereas in other cases, the scene illumination
may change, the shading may differ and/or the exposure, zoom and other parameters
of the camera may be modified from one image to the other. These effects typically
lead to a systemic (but otherwise arbitrary) transformation in the image intensities.
To enable follow-up analysis, an important first step is to recover the parameters
describing the relationship between the images.

While technically accurate, the above description actually covers a large class
of problems with a broad stroke. In practice, instead of a common strategy, most
problems in this class are addressed piecemeal, by posing it as a particular instan-
tiation of the high-level “transformation estimation” objective. One makes explicit
use of additional information pertaining to the specific problem to be solved (such as
acquisition details, parameters to be estimated and application specific constraints).
The representative problems in this class correspond to a number of core topics in
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modern vision literature: optical flow(Revaud et al., 2015; Menze et al., 2015; Yu
et al., 2015), deconvolution (Levin et al., 2009; Perrone and Favaro, 2016), non-rigid
morphing (Newcombe et al., 2015), stereo (plus its variations)(Scharstein and Szeliski,
2002; Mei et al., 2013; Xue and Cai, 2016), defocus (Li et al., 2013) and so on — these
are all distinct problems but at the high level, deal with estimating the relationship
between two or more images. This compartmentalized treatment has, over the years,
provided highly efficient algorithms and industry-strength implementations for nu-
merous problems. Such solutions now drive any number of downstream turnkey
applications.

Despite this diversity of highly effective and mature algorithms for each stand-
alone problem, an interesting scientific question is the following. Given that many of
these formulations seek to estimate a transformation which explains the change in
image intensities over two (or more) images, can we design a unified formulation that
is rich enough to model a broad class of transformations and yet offers the flexibility to
precisely express the nuances of each distinct problem listed above? In an interesting
paper a few years back, Seitz and Baker, provided precisely such a framework called
Filter Flow (Seitz and Baker, 2009). Filter Flow models image transformations as a
to-be-estimated space-variant (pixel-specific) linear ‘filter’ relating a pair of images I1
and I2 as,

I2 = TI1, T ∈ Γ , (3.1)

where T can be thought of as a filter (or operator) whose rows act separately on
a vectorized version of the source image I1. Observe that the inverse problem of
computing the transformation, T , specified by the first identity is severely under con-
strained. For Model (3.1) to make sense, T ∈ Γ must serve as a placeholder for the
entire set of additional constraints on the filter which enables a unique solution that
satisfies our expectations for particular problems of interest, e.g., optical flow, stereo
with illumination change or affine alignment. But imagine if the problem specific
requirements can actually be encoded as a feasibility set, Γ – then – the Filter Flow for-
mulation offers an interesting “one stop” model where the unknown transformation
we seek to estimate is linear. It turns out that an entire catalog of vision problems fit
very nicely into this formulation: from defocus to stereo with higher order priors to
optical flow with rich domain specific priors, each with its own specific feasibility set
Γ . Such a formulation offers several advantages: (a) it reparametrizes traditionally
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non-linear or variational formulations into an optimization problem that may be
solved via just linear programming; (b) the form in (3.1) can be easily modified to
incorporate additional domain specific priors which may alternatively need more
significant structural modifications in an algorithm designed for a particular objective
and (c) while it may not be a silver bullet for all problems expressible in this form, the
corresponding solutions may provide a strong baseline and drive the development of
more efficient algorithms.

From a theoretical perspective, Model (3.1) is simple and elegant. Unfortunately,
a direct optimization of (3.1) is intractable for image sizes we typically encounter
in practice. Running the model in a medium to large scale setting, e.g., for video
sequences, is simply not possible. This may seem counter intuitive, especially since
the objective and constraints are linear. So why is the model not solvable by large
scale linear programming solvers? It turns out that while this approach guarantees
global optimality, the constraint matrix arising from practical problem sizes, cannot
be instantiated, even on a high end workstation. Even when multi-resolution pyramid
schemes are adopted as a practical heuristic, the running times range from 9 to 20+
hours, depending on the type of problem and the associated constraints, a weakness
acknowledged by the authors (Seitz and Baker, 2009). Furthermore, some problems
require adding terms in the objective that are non-convex; these are solved via a
series of linear programs (obtained using linear approximations at each iteration). In
summary, the potential scope and applicability of this interesting formulation has
not been fully realized, in large part due to its serious computational footprint. The
main goal of this project is to remove this limitation and make Filter Flow practical.

3.1.1 Related Work

The main motivation of this project is to devise practical algorithms for Filter Flow
(Seitz and Baker, 2009). In addition, we discuss several case studies in Section 3.6,
specific to problems which can be modeled as Filter Flow. The literature dealing
with these problems such as Optical Flow (Horn and Schunck, 1981; Baker et al.,
2011), Affine Alignment (Lazebnik et al., 2004) and Stereo matching (Heo et al., 2008;
Hirschmüller and Scharstein, 2009) is quite mature and is not discussed at length here
to avoid digressing from the main algorithmic focus of this chapter. Before moving on,
we point out that Fleet et al., (Fleet et al., 2000) also proposed linear motion models to
represent varied or complex motions and many of our constructions will be applicable
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to the ideas in these earlier papers.
We highlight some application domains where the filter flow model has been

recently applied fairly successfully. In (Hirsch et al., 2010), the authors proposed an ap-
proach which made the filter flow construction efficient for space-variant Multiframe
Blind Deconvolution. Later, (Du et al., 2011) used this formulation for computing
scene depth from a stereo pair of cameras under a sequence of illumination directions.
Filter Flow has been used effectively for fast removal of Non-uniform Camera Shake
and the resultant blurs in (Hirsch et al., 2011). Others (Rhemann et al., 2010) have
reformulated the smoothness prior in Filter Flow, to make it suitable in various appli-
cations including alpha matting. These methods demonstrate that the applicability
of Filter Flow to a set of diverse problems is possible but has often involved disparate
solution schemes. We believe that once the computational challenges are resolved,
filter flow approaches will be more widely adopted in vision.

Our Results. Our earlier discussion suggests that commercial Linear Program-
ming (LP) solvers are not well suited for solving (3.1). However, we find that in most
instantiations of Filter Flow (in the context of specific vision problems), the problem
has significant structure that can be exploited via specialized optimization schemes.
In particular, we see that for each of the five case studies covering problems such
as affine alignment and optical flow described in (Seitz and Baker, 2009), a nearly
equivalent reformulation allows the applicability of numerical optimization schemes
that cuts down the running time from tens of hours to several minutes on a standard
workstation, without making use of any heuristic strategies. By nearly equivalent, we
mean that the problems have the same optimal solution up to chosen tolerance. On
the modeling side, we propose a new convex term that encourages sparsity which is
called the compactness term, an `2 data term and a valid inequality that reduces the
search space of the parameters. On the algorithmic side, with some more manipu-
lation, the problems reveal additional structure appropriate for massively parallel
lock-free implementations. To that end, we propose an efficient asynchronous parallel
algorithm that solves our formulation 30 times faster than the previous model and
are empirically competitive to the state of the art solvers both quantitatively and
quantitatively. A detailed description of these properties and the corresponding
algorithms with convergence guarantees is our main contribution.

Notations. We use the standard notations as specified in Section 1.4. We use ei’s
to represent the standard basis vectors and 1 denotes the vector of all 1’s. Also, ∆
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gives the probability simplex in appropriate dimensions. Small alphabets represent
vectors over R; upper-case letters represent linear maps between vector spaces over
R.

3.2 A brief overview of Filter Flow

We briefly review the key components of Filter Flow Seitz and Baker (2009) to set
up our discussion. Let I1 and I2 be a pair of images for which Filter Flow is to be
computed. In our formulation, I1 and I2 can be assumed to be vectors in Rn, where n
is the total number of pixels in image I1 (or I2). Then filter flow can be formulated as
the following optimization problem1,

min
T∈Rn×n

||TI1 − I2||
2
2.

Equivalently, the ith entry of TI1 is the linear combination of intensities of I1. The
authors in Seitz and Baker (2009) further decompose T as T = MK where M is a
motion matrix and K is a kernel matrix. M−1 encodes the motion from I2 to I1, so we
can write the objective as ||MI2 − KI1||22. In particular, in the case of pure motion, K
is the identity matrix. Our construction can be employed for a nontrivial K but we
assume that K is the identity matrix to simplify our presentation and without loss
of generality swap I2 and I1. Since this formulation is under constrained, Seitz and
Baker (2009) proposes some natural constraints onM, described below.

1. Non-Negativity. Negative coefficients are meaningless; so one imposes the
constraint thatM > 0.

2. Row Simplex Constraint. We also require that, the sum of coefficients in each
row of M to be 1, i.e., each pixel in I2 is a convex combination of pixels in I1.
In addition, we define a neighborhood of each pixel i as N(i) and ensure that
pixels outside this neighborhood do not participate in the convex combination.

1Via personal communication Seitz and Baker (2009), we know that the norm was chosen to allow
applicability of LP solvers and not central to the model otherwise.
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Hence, we can write the optimization problem that we seek to solve as,

min
M>0

||MI1 − I2||
2
2 (3.2)

s.t.
∑
j∈N(i)

Mij = 1 ∀i = 1 to n,

∑
j6∈N(i)

Mij = 0 ∀i = 1 to n.

While the above description serves as the basic template of the Filter Flow model,
various additional constraints and terms are added in problem (3.2) to model the
underlying computer vision problem of interest. Specific examples include: (i) for
the Affine alignment problem, the requirement that all pixels in I1 are transformed
by an affine matrix A (the so-called GLOBA-M constraints in Seitz and Baker (2009));
(ii) for optical flow, we encourage smoothness on the affine motion of neighboring
pixels; (iii) for precise integer flow, terms encouraging sparsity are introduced; (iv)
for stereo, we require smoothness between the rows ofM. Specific details of these
terms will be described later in case studies.

3.3 Algorithmic Reformulations

Our basic hypothesis is that reformulating the filter flow problem will enable us
to design practical algorithms with global convergence guarantees. Unfortunately,
additional terms/constraints (described in the previous section) that are used in
specific formulations of standard computer vision problems, make this task non-
trivial. The reason is two-fold: (i) non-convexity in some of the decision variables
and, (ii) even when the optimization problem is convex, the additional terms lead to
composite functions or constraints. For example, in imposing affine smoothness (used
in optical flow) we add the term

∑
i

∑
j∈N(i) ||Ai −Aj||

2
2 in the objective, where Ai is

the affine motion associated with pixel i. Such terms make it hard to optimize the
problem using standard off the shelf solvers, since it requires multiple passes over
the data to compute the gradient. Our goal with the reformulations is to mitigate
such issues while also preserving the overall behavior of the filter flow model.

Next, we will identify a few high-level issues that make the optimization challeng-
ing for the constraints mentioned in Seitz and Baker (2009) and offer alternatives. Our
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line of attack (or workflow) is as follows. We will first address the main (computation-
ally) problematic pieces of the Filter Flow model and provide tractable reformulations
for each. Our hope will be that these reformulations will satisfy “nicer” technical
conditions that will guide the choice of the overall optimization scheme. We will
then describe how this scheme can be further specialized by exploiting the problem
structure for particular computer vision problems (case studies). The objective will
be that each specific instantiation should be implementable just by modifying a few
lines of code of the overall optimization and still preserve efficiency benefits.

3.3.1 Reformulating Compactness

Ideally, we want to find a correspondence between the pair of images where each
pixel in I1 is mapped exactly to a single pixel in I2. To ensure sparsity, Seitz and Baker
(2009) proposed a compactness term, defined as,∑

i

∑
j∈N(i)

Mij||(j− i) −
∑
ij

Mij(j− i)||
2
2

But the compactness term makes the objective function nonconvex (in fact, concave),
therefore, a linearization approach had to be used in Seitz and Baker (2009). Initially
the compactness term is set to zero and the optical flow is computed without the
compactness term. After the first iteration, a linear approximation of the compactness
function is used and the corresponding linear program (LP) is solved. This requires
solving a huge LP problem multiple times (even though empirically the number of
iterations used was only 3− 4). Secondly, the solver needs to do a full pass of the data
(or image) in order to compute the linear approximation of compactness, which is
expensive.

A Convex Compactness term? To successfully replace the compactness term with
a more efficient substitute, we first consider some useful properties that such a term
needs to encode the following behavior: 1) as the regularization parameter increases,
it should tend towards keeping a single non-zero entry in each row, 2) the value of
the function and its derivative should be efficiently computable and, 3) it should be
easy to optimize. To this end, the `1 norm is a natural choice to get sparse solutions.
But it turns out that the `1 norm is constant (= 1) on the feasible set of our problem,
so it is not applicable.
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Observation 1. Constraints on the matrixM imply thatM is a row stochastic matrix.

Using Observation 1, if we consider each row ofM to be a probability distribution
on n variables, then we need the optimal probability distribution to have small
support, that is, we want our compactness term to behave like a linear combination
of the fewest number of delta functions. In Pilanci et al. (2012), the authors showed
that a relaxed version of this problem can be solved by n second order cone programs
in parallel. Later, Carli et al. (2013) provided a convex formulation that encourages
sparsity on the simplex using Observation 1, and showed that it is more robust. Using
these ideas, we can write our problem as,

min
M>0

||MI1 − I2||
2
2 + λ1

n∑
i=1

||M[:,i]||2

s.t.
∑
j∈N(i)

Mij = 1,
∑
j6∈N(i)

Mij = 0, ∀ i

where λ1 > 0 is fixed and M[:,i] denotes the i−the column of M and λ1 is the regu-
larization parameter. Intuitively, the penalty is a group lasso type penalty with the
groups given by the columns of M. Therefore, this term encourages that there are
few nonzero entries along the columns and together with the sum to one constraint
on the rows makes the rows sparse, achieving the desired property.

3.3.2 Reformulating Affine Smoothness

Ensuring smoothness of the transformation across the pixels is important for several
problems such as Optical Flow. Affine smoothness terms, in such instances were
shown in Seitz and Baker (2009) to outperform other second order smoothness terms
and yield a smoother flow field in practice. To encourage affine smoothness, we define
an explicit 6 parameter affine transformation at each pixel i, denoted by Ai ∈ R2×3.
Intuitively, Ai captures the motion of the centroid of the filter at pixel i. To do so,
Seitz and Baker (2009) imposes a hard “LOCA-M” constraint (set the flow equal to the
centroid). Instead, we use the dual form and add the terms in the objective function
(λ2 > 0), that is,

λ2
∑
i

||Aii − M̄i||
2
2
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where M̄i ∈ R2 is the centroid of filter at pixel i and i ∈ R3 is the pixel i in homo-
geneous coordinates with third entry equal to 1. We fix the value of λ2 whenever
approximate solutions are enough. We treat them as a quadratic penalty if more
accurate solutions are required which guarantees (see Nocedal and Wright (2006))
that the equality constraint is satisfied when our algorithm terminates, exactly as desired in
Seitz and Baker (2009). Finally, to get a smooth flow, the following term is added to the
objective function (λ3 > 0),

λ3
∑
i

∑
j∈N(i)

||Ai −Aj||
2
2 (3.3)

Now, we give a result showing an interesting property of the affine transformation
matrix and is relevant in informing the choice of algorithm in the next section.

Lemma 3.1. ||Ai||2F 6 C is a valid inequality for a sufficiently large C > 0.

Proof. Let i ∈ R3 denote pixel i in homogeneous coordinates. From Lagrange multi-
plier theory, there exists a λ2 > 0 such that terms in the objective function λ2||Aii−M̄i||

2
2

is equivalent to adding the following constraints (used in Seitz and Baker (2009)),

Aii = M̄i ∀i

Denote a as the first row of Ai, b as i and c is the first coordinate of M̄i. We need to
show that a is bounded. Now atb = ||a||||b|| cos θ = c, since b and c are bounded, it
follows that optimal ||a||22 is finite. This gives the result.

Intuitively, this lemma says that the magnitude of each individual element of
Ai’s is bounded (with C chosen appropriately). Observe that i 6 1 (coordinatewise)
and the restriction of the movement of a pixel to be within the filter implies that
M̄i is bounded by the neighborhood size giving us the tightest choice for C. More
importantly, we immediately have the following corollary:

Corollary 3.2. The minimizers of objective function in (3.3) is contained in a (convex)
compact set.

In words, Corollary 3.2 shows that we have not compromised any theoretical
property by adding this inequality.
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3.3.3 Which solver should we use?

One of the key differences between the model in Seitz and Baker (2009) and our
approach is that the we replaced the `1 norm with special type of compactness encouraging
norm making the objective a smooth convex function. In this section, we will see
how this change of norm together with the above lemma enables leveraging recently
developed convex optimization techniques that can speed up the optimization time
by several orders of magnitude, assuming that the case study specific terms can also
be manipulated and reformulated to be amenable to our optimization scheme.

We now discuss how two key properties viz., approximation and randomization will
guide the choice of an appropriate optimization scheme. We motivate these choices
next in the context of our model.

1. Approximation. Consider the problem of solving a finite dimensional optimiza-
tion problem over a compact convex set. As we saw in Chapter 2, such problems
are often solved using projected gradient methods (over multiple iterations),
which involves projection of the objective at each step on the feasible set. This
requires optimizing a quadratic function on the feasible set. These algorithms
allow large changes in the working set at each iteration unlike active-set methods
and therefore can be applied to large size problems. The primary disadvantage,
however, is that even when the feasible set is very simple such as probability
simplex, ellipsoids, `1 norm ball, the corresponding projection subproblem is
nontrivial. Since these constraints are common in vision problems, we use the
Conditional Gradient Methods (CGM) to solve our Filter Flow model. Recently,
CGMs have performed well in solving many machine learning problems in-
cluding SVMs and nuclear norm regularized problems, see Harchaoui et al.
(2014); Jaggi (2011) though have only been sparingly used in vision. Indeed,
the method thrives in practice when the following two properties are satisfied:
i) feasible set is compact convex; and ii) optimizing a linear function over the
feasible set is easy.

2. Randomization. As mentioned earlier, the double summation terms in (3.3)
is a computational bottleneck, since it needs to make a full pass over the data
to compute the gradient. It has been shown Bertsekas; Recht et al. (2011) that
approximate first order information can be used to solve such large scale op-
timization problems, referred to as randomized or stochastic algorithms. These
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methods are much faster than the traditional algorithms and are often provably
robust to noise Hardt et al. (2015).

Our strategy is to combine Conditional Gradient methods with randomization to
develop efficient Randomized Block Coordinate Conditional Gradient Bredies et al. (2009);
Bonesky et al. (2007) algorithm (RBC-CGM) with strong sparsity and convergence
guarantees to solve standard Filter Flow formulations. We show how RBC-CGMs can
be efficiently used in tandem with powerful distributed convex optimization schemes
resulting in practical algorithms for these problems.

Randomized Block Coordinate CGM (RBC-CGM). We propose an asynchronous
randomized block coordinate descent variant of the classical CGM for our purposes.

The simplest form of our algorithm is outlined in Algorith 5. The reformulations
made in section 3.3 have resulted in simple subproblems (# shaded in Algorithm 5)
as desired. To compute sd, we find the index corresponding to the minimum element
of gd and set it to 1 leaving all others to be 0 and sA = −CgA/||gA|| which requires
the computation of a norm. This makes our algorithm very simple to implement and
efficient.

Algorithm 5 RBC-CGM
while convergence do

Pick an arbitrary pixel i.
for t = 0, 1, 2, · · · , T do
gd ← ∇M[i,:]f, gA ← ∇Aif

sd, sA ← arg min
s,q

stgd,qtgA s.t. s ∈ ∆, ||q||2F 6 C(#)

[M[i,:];Ai]← (1 − γt)[M[i,:];Ai] + γt[sd; sA]
end for

end while

3.4 Analysis of Algorithm and Convergence

We now discuss some technical properties of the algorithm presented above.
Space Complexity and Iteration Bounds. If a pixel i is accessed t times, it is clear

that the number of nonzero entries in T[i,:] is at most t. In other words, after a few
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iterations, it is possible to obtain a reasonable estimate of the flow of the pixel i.
Moreover, the neighborhood sizes in general are small relative to the size of the image
which implies that after a few iterations it identifies the regions of the image to which
the current pixels are moved to. Empirically, we can stop after 100 epochs, (i.e., when
each pixel is accessed 100 times by the processor) if the filter size is [−10, 10]2. Second,
we can easily estimate the number of iterations needed before starting the algorithm
for a fixed amount of memory.

We will now prove a lemma that establishes a block-descent property for this
algorithm which can be used to trivially parallelize the algorithm.

Lemma 3.3. Denote the objective as f(y) : Rn → R where f is convex, smooth and that y
is partitioned into J = {1, ..., J} blocks, i.e., y = [y1,y2, ...,yJ] such that yi ∈ Yj, then we
have that dTi∇if(yi(t)) 6 −C ′||di(t)||22, where di is the direction of update i.e., yi(t+ 1) =
yi(t) + γtdi(t) and C ′ > 0 is a constant.

Proof. Rewriting the update rule of the algorithm, we have that yi(t + 1) = (1 −

γt)yi(t)+γtsi(t) = yi(t)+γt (si(t) − yi(t)). Hence we have that di(t) = si(t)−yi(t)
where si(t) ∈ arg mins sT∇f(yi(t)). We relax the containment operator to a equality
since it does not affect the rest of the proof. Now,

di(t)
T∇f(yi(t)) =

1
γt

(si(t) − yi(t))
T ∇f(yi(t))

=
1
γt

(
si(t)

T∇f(yi(t)) − yi(t)T∇f(yi(t))
)

6
1
γt
si(t)

T∇f(yi(t)) < 0

The first inequality is due to the definition of si(t), that is, it is the minimizer of
the linear subproblem problem (#) in algorithm 2 whereas the strictly inequality is
due to the fact that si(t) is a feasible direction and γt > 0. Hence we can choose C ′

accordingly to get the desired result.

Predetermined step sizes allow for easy parallelization. Using the above lemma
and proposition 5.1 in Bertsekas and Tsitsiklis (1989), we can deploy an asynchronous
algorithm assuming that the time delay between the updates of processors is bounded.
Of course, this does not prove that each update decreases the objective function
maintaining feasibility. In fact, this is rarely true in conditional gradient type methods
except if we use line search methods to compute step sizes γt that satisfy Armijo
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condition. But this defeats the purpose of asynchronous methods because each
processor will take arbitrarily long to do a single update thus affecting the convergence
rate. Moreover, constant step size policies usually depend on parameters of the
objective function and constraints that are hard to compute a priori. Fortunately,
in the convergence proofs of this method in Section 3.5, and later chapter 4, we
show that a particular choice of stepsize sequence determined a priori guarantees
convergence (see Jaggi (2011)) and only depends on the iteration number making the
algorithm naturally easy to parallelize Bertsekas and Tsitsiklis (1989). It is useful to
see that the convergence is established using the duality gap principle and not just
using the primal optimization problem. The above lemma shows the correctness of
our algorithm, that is, any limit point of the sequence generated by our algorithm
converges to the optimal solution at the rate equal to its sequential version, that is,
O(1/

√
N). For explicit convergence rates, see Wang et al. (2016). Many aspects that

are considered in Wang et al. (2016) like collisions, delayed updates do not affect the
problems considered here since the delay between individual workers is negligible.
So, our proof is much simpler. Before we see specific case studies, we will provide
the typical values of Cf in vision problems.

3.5 Cf Calculations

We will first mention few basic convergence results for the deterministic CGM that
were proved by others for the sake of completeness.
Consider the following constrained finite dimensional optimization problem,

min
x
f(x) s.t. x ∈ C

where f is a differentiable convex function and C is a compact convex set. We recall
the key convergence result from Chapter 2 regarding the CGM.

Theorem 3.4. The deterministic CGM (i.e., Algorithm 4) in Chapter 2 with γt = 2
2+t

satisfies,

f(xt) − f(x∗) 6
4Cf
t+ 1
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Here Cf is a geometric quantity called as the curvature constant that depends on
the objective function f, feasible set C and is defined as,

Cf := sup
x,s∈C,γ∈[0,1]

1
γ2 (f (x+ γ (s− x)) − f(x) − γ 〈s− x,∇f(x)〉)

Intuitively, Cf measures how close the function is to the linear approximation at
x ∈ C. If Cf is very high, it takes the algorithm many more iterations to converge to a
predetermined ε−accuracy. For nonsmooth functions, the definition of Cf is tricky,
usually the nonsmooth function is approximated by a smooth function (surrogate)
before running the algorithm and the analysis is done on the surrogate function.
Since derivative is a linear operator, trivially we see that,

C∑ fi =∑
i

Cfi .

Our objective function is the sum of two types of terms viz data term and smooth-
ness term where each of these two is a sum of terms summed over the pixels. Hence
we show how to calculate for one such term and then we can use equation 3.5 to finish.

To that end, let fi := gi + hi where gi is the data term associated with pixel i and
hi is the smoothness associated with pixel i. We now show how to calculate Cfi by
calculating Cgi and Chi separately. Since gi is twice differentiable with∇2gi = I1I

T
1 ,

using Taylor’s series approximation and the fact that γ ∈ [0, 1], we have that,

Cgi 6 sup
x,s∈C

||IT1 (x− s)||
2
2 6 sup

x,s∈C
||I1||

2
2||x− s||

2
2

= ||I1||
2
2 sup
x,s∈C

||x− s||22

where the inequality is due to Cauchy-Schwarz inequality. Supremum is nothing but
the squared diameter of C, using the fact the C for the data term is just the probability
simplex, we have that,

Cgi 6
√

2||I1||22

We can make the bound tighter since the filter size is not the whole image, Cgi 6
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√
2||INi1 ||22 where INi1 denotes the coordinates of I1 that are in the neighborhood Ni of

pixel i.
Similarly, using the fact that ∇2hi = |Ni|Iwhere | · | is the cardinality function and I
is the identity matrix, we can compute that,

Chi 6
√

6|Ni|

where the number 6 appears because of the equivalence of p−norms in Rn.

3.6 Case Studies

We study three specific problems, that immediately benefit from the fast filter flow
formulation. We also discuss parallel solvers, if applicable.

1. Affine Alignment. The Affine Alignment problem deals with the task of finding
global affine alignment between a pair of images. It can be formulated as

min
M,A

||MI1 − I2||
2
2 (3.4)

s.t. M[i, :] ∈ ∆, ||A||2F 6 C, Ai = M̄i ∀i

where A ∈ R2×3 is the global affine matrix capturing the affine warp between I1
and I2, ∆ is the unit simplex, andM[i, :] is the i−th column ofM. Let Ai be the
affine matrix for each pixel i. Then, we can write an equivalent form of (3.4) as,

min
M,A

||MI1 − I2||
2
2

s.t. M[i, :] ∈ ∆,Aii = M̄i,Ai = A, ||Ai||2F 6 C ∀i

After dualizing the equality constraints Ai = A, we can write the optimization
problem as (λ > 0),

min
M,A

||MI1 − I2||
2
2 + λ

∑
i

||Ai − A||2F

s.t. M[i, :] ∈ ∆,Aii = M̄i, ||Ai||2F 6 C ∀i
(3.5)

Note that this problem satisfies the two properties mentioned in section 3.3.3.
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Parallelization. The model (3.5) can be easily parallelized as follows. Each
worker picks a pixel i, solves the corresponding optimization problem and
updates Ai. Observe that we do not explicitly impose that ||A||2F 6 C in the
model. After all the workers update Ai, A can be updated as,

A← arg min
A

∑
i

||Ai −A||
2
F

But the above optimization problem simply computes the mean of allAi’s which
can be done in time linear in the number of pixels. We use incremental gradient
descent method with 0 < α < 1 as the dual step size to update λ, see Bertsekas,
λ← λ+ α · (∑i ||Ai −A||

2
F).

2. Optical Flow. Putting together the objective and constraints from Section (3.3)
pertaining to optical flow, we can write the optimization problem as follows:

min
M>0,Ai

||MI1 − I2||
2
2 + λ1

n∑
i=1

||M[:,i]||2

+
∑
i

λi2||Aii − M̄i||
2
2 + λ3

∑
i

∑
j∈N(i)

||Ai −Aj||
2
2

s.t.
∑
j∈N(i)

Mij = 1,
∑
j6∈N(i)

Mij = 0, ||Ai||2F 6 C ∀i

Note that λ1 and λ3 are parameters for the optimization problem, therefore user
specified constants. The main difference in this model from the affine alignment
problem is that we use a different dual variable λi2 for each pixel. This is often
useful since optical flow is computed using a pyramid approach, so we get a
good initialization of Ai’s locally. Again, we see that this problem satisfies the
two properties mentioned in section 3.3.3.

Parallelization. Each worker solves the following problem,

min
M[i,:],Ai

(Mt
[i,:]I1 − e

t
iI2)

2 + λi2||Aii − M̄i||
2
2

+
∑
j∈N(i)

||Ai −Aj||
2
2 + λ1

n∑
i=1

||M[:,i]||2

s.t. M[i,:] ∈ ∆, ||Ai||2F 6 C
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The optimization problems and the λi2 can be updated and stored locally in each
worker. This gives us a lock free asynchronous parallel algorithm. After each
worker finishes the above subproblem, λi2 are updated as,

λi2 ← λi2 + α ·
(
||Aii − M̄i||

2
2
)

.

3. Stereo. Stereo matching problem is formulated using a local smoothness model
instead of global affine smoothness as follows:

min
M>0

||MI1 − I2||
2
2 + λ1

n∑
i=1

||M[:,i]||2 + λ3
∑
i,j

||Mi −Mj||
2
2

s.t.
∑
j∈N(i)

Mij = 1,
∑
j6∈N(i)

Mij = 0, ∀i

Updates here are a special case of updates for the optical flow problem, so the
same parallelization scheme applies.

3.7 Experiments

We present experimental results on three case studies introduced in Section 3.6. Our
goal is to evaluate (a) the degree of runtime improvements of our algorithm over
alternatives which uses no reformulation strategies; (b) whether the reformulated
Filter Flow model when solved to optimality can, in fact, yield results competitive
with dedicated algorithms developed specifically for each case study; and (c) whether the
overall scheme is efficient enough to enable rapid prototyping for new problems in
vision that fit into the model in (3.2). We discuss these issues next.

Initialization. We use the Lucas Kanade algorithm to get an initial estimate of
the flow, which works for most settings.

Step Size. The choice of the stepsize γt determines convergence. While line search
can be used, it may be sub-optimal for the (partially) asynchronous aspect of our
algorithm (e.g., time delay between processors). For our parallelized version, each
processor uses its own iterations count.
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3.7.1 κ for initialization

We use the strategy proposed in Freund and Grigas (2013) by setting γt = 2
κ+t+2

where κ > 0 is a constant that depends on the objective.6 κ is defined as (see Freund
and Grigas (2013) for details),

κ =
2Cf

|B1 − f(x1)|

Cf is the quantity computed in the previous, |B1 − f(x1)| is the Wolfe duality gap
and since f is convex, lower bound B1 can be easily computed using the subgradient
inequality (2.10) as f(x1) +∇f(x1)

T (s1 − x1). In order to get a good estimate of B1, we
randomly initialize x1 ∈ C. In our cases we the duality gap takes the form of the sum
of duality gaps between each pixel, hence, we randomly pick a feasible point on the
probability simplex and initialize T . For problems that require LOCA-M constraints
(mentioned in the main paper), we solve a linear program containing 6 variables for
each pixel and get Ai such that Aii = M̄i. That is,

min
A

0 s.t. Ai = M̄,−C 6 A 6 C

Note that the above optimization problem is always feasible from lemma 3.1 for some
C > 0 and we do not require a linear programming solver to solve problem 3.7.1.

Implementation. We used a 8-core 3.60GHz processor machine with 12GB RAM,
and Intel TBB within C++ for task parallelism. We fix λ3 = 0.005, λ1, λ2 = 1 for all
problems and all datasets. No other parameter tuning was performed.

Note that evaluating Filter Flow Seitz and Baker (2009) on high resolution images
is problematic because of the cost of solving the corresponding LP. Therefore, we use
a state of the art optical flow method Revaud et al. (2015) for comparison. For low
resolution images, the results of our method and Filter Flow were qualitatively and
quantitatively similar.

3.7.2 Optical Flow

We start with the Optical Flow problem since from a Filter Flow perspective, it is
computationally the most demanding Seitz and Baker (2009). We used two standard
optical flow datasets: MPI Sintel Butler et al. (2012) and Middlebury Baker et al. (2011).
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Figure 3.1: Optical flow results on the MPI Sintel dataset. Columns 1 to 3 (5 to 7)
show the ground truth, our result and the Epicflow result respectively. Column 4
shows the error map. AEE’s of column 4 are 1.08, 1.15, 1.03 for rows 1 to 3. Our
results are marked in red.

Figure 3.2: Optical flow results on the Middlebury dataset. Columns 1 to 3 (5 to 7)
show the ground truth, our result and the Epicflow result respectively. Column 4
shows the error map. AEE’s for column 4 are 0.06, 0.042, 0.033 for rows 1 to 3. Our
results are marked in red.

MPI Sintel is a large displacement dataset whereas Middlebury has more nonlinear
movements. MPI Sintel consists of two versions of sequences, clean and final with
the same ground truth. To show the performance (both qualitative and runtime) of
the “standard” Filter Flow formulation in Seitz and Baker (2009), the model was not
augmented with additional constraints to handle occlusion, blur and lighting effects
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explicitly. Therefore, we report results for our method and Epicflow Revaud et al.
(2015) on the clean sequences (note that additional terms within Γ can incorporate
these case specific constraints). Representative qualitative results are shown in Fig.
3.1 for MPI Sintel and Middlebury datasets. Results on the test set of MPI Sintel
is shown in Fig. 3.3. The results in Fig. 3.1 strongly suggest that qualitatively, our
results are clearly comparable to those obtained from Epicflow. In MPI Sintel (Fig.
3.1 (top row)), our results show better consistency with the ground truth (wedge on
the left, small flows in the hair region). The error discrepancy map in column 4 is
nearly all black. In Fig. 3.1 (row 2), our solution is able to accurately recover the flow
in the yellow region although the estimation in the head region is more blurred. In
Fig. 3.1 (row 3), the results from both methods are identical. The Average Endpoint
Error (AEE), calculated as Frobenius norm over the number of pixels, was in the
range [0.03, 0.06] and [1.02, 1.2] for Middlebury and MPI Sintel datasets respectively
for the non-occluded pixels. Quantitatively, this is competitive with recent optical
flow papers, that report results on these datasets. In most other sequences, we see a
similar overall behavior where our solution has good consistency with the ground
truth. This is particularly encouraging because other than the constraints described
in Section 3.6, no other optical-flow specific modifications were used. No post-processing
other than a median filter was needed.

3.7.3 Stereo

The main difference of the Stereo model from Optical Flow, is that it does not include
the MRF-A terms, making the optimization easier. We tested our algorithm on the
Middlebury Stereo 2014 Scharstein et al. (2014) and 2011 Baker et al. (2011) datasets

Method Final pass Clean pass
all noc occ d0-10 s10-s40 all noc occ d0-10 s10-s40

F3-MPLF (Ours) 6.272 3.092 32.207 5.042 3.226 4.770 2.062 26.863 3.459 1.883
FlowFields 5.810 2.621 31.799 4.851 3.739 3.748 1.056 25.700 2.784 2.110
FullFlow 5.895 2.838 30.793 4.905 3.373 3.601 1.296 22.424 2.944 2.055

DiscreteFlow 6.077 2.937 31.685 5.106 3.832 3.567 1.108 23.626 3.398 2.277
EpicFlow 6.285 3.060 32.564 5.205 3.727 4.115 1.360 26.595 3.660 2.117
TF+OFM 6.727 3.388 33.929 5.544 3.765 4.917 1.874 29.735 3.676 2.349

NNF-Local 7.249 2.973 42.088 4.896 4.183 5.386 1.397 37.896 2.722 2.245

Figure 3.3: Optical flow results on the test set of MPI Sintel dataset.
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which are standard stereo matching datasets. The Stereo 2014 dataset is challenging
because it includes 2864 × 1924 images with large movements. Fig.3.4 shows rep-
resentative results from our algorithm. Our method does very well in finding the
correct matchings for the earlier Stereo 2011 dataset with an overall AEE of just 0.07.
On the hand the more recent 2014 dataset involves more iterations to solve because of
the size of the datasets, but the results are comparable to those obtained from other
methods.

· · ·

Figure 3.4: Stereo results: (From left to right) First row plots show the evaluation
on Middlebury 2011 dataset. Our results match the ground truth closely; second
row plots show the evaluation on Recycle pair from 2014 Middlebury dataset; the
fifth image is the result after 10% of total epochs whereas the last image is the result
after 50%. This implies that running more epochs progressively gives more accurate
solutions. Our results are marked in red.

3.7.4 Affine Alignment

Recall that an affine warp is completely determined by 6 parameters. To test our
algorithm, similar to Seitz and Baker (2009), we artificially warped an image with
an affine transformation and then analyzed the error between the recovered Â and
true A∗. Results show that the quantity ||A∗ − Â||22 was very small (within 10−3)
suggesting that the recovered warp from the Filter Flow model is close to the true
warp. Our numerical scheme roughly takes ≈ 2 minutes to solve, compared to ≈ 3
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hours mentioned in Seitz and Baker (2009). Overall, results presented here for 3 case
studies show that our Filter Flow solver provides high quality solutions to various
image transformation problems.

Running Time. Finally, we describe how our algorithm performs with respect to
running time, which is arguably its most significant strength. For all experiments,
we ran only 150 epochs of our algorithm: the sequential version of our algorithm
takes ≈ 2 hours, whereas, our parallel implementation takes ≈ 10 minutes for a
640× 480 image pair showing that the parallelized algorithm nearly gets a speedup
proportional to #cores. It gives empirical evidence that 150 epochs are enough to get
an approximate solution. Note that the corresponding times reported by Filter Flow
Seitz and Baker (2009) is 9+ hours.

3.8 Conclusions

We proposed a reformulation of Filter Flow Seitz and Baker (2009), which makes it
amenable to massively parallel asynchronous optimization schemes. Our reformula-
tion is applicable to any problem expressible in the Filter Flow format. The generality
does not involve any practical compromise — we show a range of experimental results
demonstrating that a mostly application-agnostic numerical solver can obtain results that
are competitive with specialized state of the art techniques. Compared to the original
model Seitz and Baker (2009), the runtime reduces from several hours to a few min-
utes. Interestingly, the overall scheme is easy to implement and teach. A prototype
version of our solver is only about 30 lines of Matlab code. The fully asynchronous
solver will be made available as a fork of OpenCV. All the codes for this chapter are
available in the Github page here.

https://github.com/sravi-uwmadison/fast_filter_flow
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Chapter 4

Coresets for Nonsmooth Problems

In this chapter, we generalize the CG Algorithm to handle nonsmooth objective
functions in (Ravi et al., 2019a). We motivate our findings by drawing links to a recent
line of research called coresets. Then, using a simple one dimensional example, we
illustrate the main technical difficulty with this method and propose a natural fix to
the algorithm. Our nonsmooth CG algorithm has an interesting property that when
f is smooth, then the algorithm reduces to smooth CG algorithm, in Algorithm 4.
Moreover, under the worst case scenario, our results match the best known rate of
convergence using projected subgradient algorithm, in Algorithm 2.

4.1 Introduction

The expanding scope of numerical optimization applications (and the complexity of
the associated data) has continued to raise the expectations of the efficiency profile of
the underlying algorithms which drive the analyses modules in domains spanning
genomics Banerjee et al. (2006), finance Pennanen (2012) and medicine Liu et al.
(2009). For instance, the development of “low-order” polynomial time algorithms has
long been a central focus of algorithmic research; the availability of a (near) linear
time algorithm for a problem was considered a gold standard since any algorithm’s
runtime should, at a minimum, include the time it takes to evaluate the input data
in its entirety. But as applications that generate extremely large data sets become
more prevalent, we encounter many practical scenarios where even a procedure that
takes only linear time to process the data may be considered impractical Sarlos (2006);
Clarkson and Woodruff (2015). Within the last decade or so, there has been a lot of



55

effort to understand whether the standard notions of an efficient algorithm (as we
saw in Chapter 2) are sufficient. In Chapter 3, we saw how algorithmic reformulations
can be used for faster optimization. Along similar lines, efforts to study whether
linear time algorithms are good enough for various turnkey applications has led to
the study of so-called “sublinear” algorithms and a number of interesting results
have emerged, see Clarkson et al. (2012); Rudelson and Vershynin (2007); Bachem
et al. (2018); Baykal et al. (2018).

Sublinear computation is based upon the premise that a fast (albeit approximate)
solution may, in some cases, be preferrable to the optimal solution obtained at a
higher computational or financial cost. The strategy is a good fit in at least two
different regimes: (a) operations on streaming data where an algorithm must run
in real time (an inexact but prompt answer may suffice) Braverman and Chestnut
(2014) or (b) where the appropriate type of data (for the task) is scarce or unavailable
at sample sizes necessary like distribution testing Acharya et al. (2015); Daskalakis
et al. (2018). In either case, an important feature of most sublinear algorithms is
the use of an approximated version of the decision version of the original problem.
Many of the technical results, for specific problems/tasks have focused on deriving
so-called “property testing” schemes as a means to establish what an algorithm can
be expected to accomplish without reading through all of the data. This line of work
has led to many fast sublinear algorithms for numerical linear algebra problems
including matrix multiplication Drineas et al. (2006), computing spectral norms and
leading singular vectors of the data matrix Drineas et al. (2006) among others, and
has been deployed in settings where the full data may have a large memory footprint.
More recently, several authors have even shown how to extend this idea for solving
convex optimization problems. In particular, the work by Clarkson (2008) which
motivates our project obtains sublinear algorithms for a variety of problems where
the constraints represent the unit probability simplex. Next, we briefly describe
this framework and its relationship to Coresets, an idea often used in the design and
analysis of algorithms in computational geometry, see Chan (2018).

4.1.1 Related Work

In an important result several years ago Clarkson (2008), the authors showed that
sublinear algorithms can be designed for a variety of problems using the framework
of the well known Frank-Wolfe (FW) algorithm Frank and Wolfe (1956). Recall that
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FW algorithms can be used to solve smooth convex optimization problems when
the feasible set is compact. Using this framework, Clarkson unified the analysis of
various problems in machine learning and statistics including regression, boosting,
and density mixture estimation via reformulations as optimization problems with a
smooth convex objective function and where the unit simplex was the feasible set.
This setup was then shown to provide immediate results to important theoretical
and practical issues including sample complexity bounds and faster algorithms for
Support Vector Machines and approximation bounds for boosting procedures. This
result raises an interesting question: what properties of FW algorithms enable one to
design fast algorithms with provable guarantees? Clarkson addressed this question
by drawing a contrast between FW algorithms and a (widely used) alternative strategy,
i.e., projected gradient type algorithms. Specifically, instead of a quadratic function, in
FW algorithms, we optimize a linear function over the feasible set which often yields a
better per iteration complexity for many problems (further, the iterates always remain
feasible). It turns out that these properties are particularly useful from a optimization
point of view since one can frequently obtain pipelines with significantly better
memory complexity Garber and Meshi (2016); Gidel et al. (2017), as we discuss next.

An interesting consequence of the above work was a result showing a nice rela-
tionship of FW-type schemes to a concept predominantly used within computational
geometry known as coresets Agarwal et al. (2005). Intuitively, a coreset (typically
defined in the context of a problem statement) is a subset of the input data on which
an algorithm with provable approximation guarantees for the problem at hand can
be obtained which has a runtime/memory complexity that is, in some sense, inde-
pendent of (or only loosely dependent on) the size of the dataset Huggins et al. (2016).
A key practical consequence of the analysis in Clarkson et al. (2012) was that coresets
for SVMs derived using the proposed procedure were tighter than all earlier results
Tsang et al. (2005). For other machine learning problems which can be solved using
convex optimization included in Clarkson et al. (2012), the analysis typically allows
bounding the number of nonzero elements in the decision variables (independent of
the total number of such variables). Clearly, these are very useful properties — but
we see that the setup in Clarkson et al. (2012) requires that the objective function of
the optimization problem be differentiable; this is somewhat restrictive for machine
learning and computer vision applications, where various nonsmooth regularizers
are ubiquitous and serve to impose structural or statistical requirements on the opti-
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mal solution Bach et al. (2012a). The overarching goal of this chapter is to obtain an
algorithm (very similar to the standard FW procedure) which makes no such assump-
tion. Incidentally, we are also able to obtain coreset-type results for a much broader
class of problems (that involve nonsmooth objective functions) — providing sublinear
algorithms for several of these applications and sensible heuristics for others.

4.1.2 Overview of this work and related results

We first define the problem considered here and give an overview of some of the
related ideas from a mathematical perspective. Let f be a convex and real-valued
function (but not necessarily continuously differentiable) over a compact convex
domain D. We study a specific class of finite dimensional optimization problems
expressed as,

min
x∈D

f(x). (4.1)

Note that we can assume f to be L−lipschitz for some 0 6 L < ∞ since D is
compact. Our central result gives a new convergence bound for an algorithm derived
from a scheme first outlined in White (1993) in the early 1990s but which seems to have
been utilized only sparingly in the literature since. At a high level, our deterministic
method generates a sequence of iterates xk for k = {0, 1, 2, ...} that provably converges
in the primal–dual gap, which implies convergence in the objective function value as
well since the problem is convex, by assumption. Specifically, if x∗ is a solution to (4.1)
we show that f(xk) 6 f(x∗) +O(1/

√
k), thereby providing an a priori bound on the

suboptimality of each iterate. We can restate this bound, for any choice of ε > 0 and

f(xk) 6 f(x∗) + ε for any k > K, (4.2)

for some K ∈ O(1/ε2).
Relevance. A wide range of problems can be expressed in the form shown in (4.1),

and for some of these problems, bounds as in (4.2) will also yield a coreset result.
As briefly described in the previous section, within a coreset-based algorithm, we
can perform training on a very large numbers of examples while requiring computa-
tional resources that depend on the intrinsic hardness of the problem regardless of the
amount of data collected. We note that while a subsampling heuristic may show this
behavior for some datasets (and for some objective functions), in general, a coreset (if
it exists) will typically yield a stronger approximation than ordinary subsampling.
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For example, coreset results have been used for k-means and k-median clustering
Har-Peled and Kushal (2005), subspace approximation Feldman et al. (2010), support
vector machines and its variants Tsang et al. (2005); Nathan and Raghvendra (2014);
Har-Peled et al. (2007), and robotics Feldman et al. (2012); Balcan et al. (2013). For
several problems we discuss here, convergence bounds on the optimization model
show that a solution xK can be found with no more than K nonzero entries, and
these nonzeros correspond to the choice of a coreset as mentioned above. Another
consequence of such a result is that the coreset bound will be deterministic, giving a
tight bound on the actual approximation error, as opposed to a bound on the expected
approximation error. For some problems, our results also translate well to practice,
yielding fast implementations discussed in the experimental section.

Other generic smoothing techniques. We will go in to more detail on the some
of the standard techniques to handle nonsmooth objective function f, previously
described in Section 2.1.6. A small set of results pertaining to nonsmooth Frank Wolfe
algorithms (and our proposals) have been reported in the literature in the last few
years. At the high level, these approaches correspond to three different flavors:

1. Noisy gradients: Jaggi (2013) considers the case where the FW method uses
an inexact gradient such that the linear subproblems provide a solution to the
exact problem within a bounded error but assume that the objective function is
smooth.

2. Dualizing: Jaggi (2011) presented a FW dual for nonsmooth functions employ-
ing the subgradients of the objective. This can be used to generate a “certificate”
of optimality of an approximate solution via the primal-dual gap but the al-
gorithms do not deal with the nonsmoothness directly. In particular, for the
applications studied in Jaggi (2011), the nonsmooth parts in the objective func-
tion are dualized instead and treated as constraints. This approach becomes
inefficient since the subproblems are complicated for many other important
applications that are considered here.

3. Smoothing: Hazan and Kale (2012) presents an algorithm for minimization
of nonsmooth functions with bounded regret that applies the FW algorithm
to a randomly smoothed objective, instead providing probabilistic bounds.
This approach closely addresses the setting that we consider, however, it has
a practical bottleneck. Observe that (at each iteration) one has to make many
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queries to the zeroth order oracle of the objective function in order to compute
the gradient of the smoothed (approximate) function which is often expensive
when the function depends on the number of data points (may be quite large in
many problems). We do observe this behavior in our experimental evaluations
in Section 7.5.

We will point out other related works in the relevant sections below. Overall, we
see that much of the existing literature has approached this problem either via an
implicit randomized smoothing Hazan and Kale (2012) or by using proximal functions
Argyriou et al. (2014); Pierucci et al. (2014) to yield suitable gradients and provide
convergence results for the smoothed objective. Contemporary to our work, Cheung
and Li (2017) developed a Nonsmooth Frank-Wolfe algorithm for minimizing `1-
regularized smooth convex functions over the trace norm ball. The update directions
in Cheung and Li (2017) are obtained by considering all affine functions over the
`∞ ball centered around the current iterate with the radius chosen appropriately to
ensure convergence. Our approach can be seen as a generalization of Cheung and
Li (2017) in that we show that if we choose a neighborhood that is problem specific
(instead of `∞ ball), we can show both convergence and coreset results. To that end,
we will discuss a general class of optimization problems for which our algorithm can
be viable in Section 4.4.6. Interestingly, subproblems that arise in our algorithm can
also be solved efficiently in theory and practice for all the applications discussed in
Cheung and Li (2017) as we will see shortly in Section 4.4.

Our Results. In Section 7.2, we discuss why simply using a subgradient is insuf-
ficient to prove convergence. Then, we introduce the basic concepts that are used
in our algorithm and analysis. The starting point of our development is a specific
algorithm mentioned in White (1993), which is of the same general form as Algo-
rithm 6 of this chapter in Section 4.3; White (1993) includes a result equivalent to
the “Approximate Weak Duality” that we describe later. In Section 4.3, we derive
an a priori convergence result for a nonsmooth generalization of the FW method,
which also yields a deterministic bound on the approximation error and the size of the
constructed coreset. We use a much more general construction for the approximate
subdifferential T(x, ε) and show how this can yield novel coreset results analogous to
those shown for the FW method in the smooth case in Clarkson (2008). Using these
results, we analyze many important problems in statistics and machine learning in
Section 4.4. While the algorithm we present may not be a silver bullet for arbitrary
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nonsmooth problems (which may have specialized algorithms), in several settings, the
results do have practical import, these are discussed in Section 7.5. For instance, we
show an example where our algorithm enables solving very large problem instances
on a single desktop where other reported approaches have deployed distributed
optimization schemes on a cluster. On the theoretical side, a useful result is that our
scheme can produce coresets with hard approximation bounds.

4.2 Preliminary Concepts

To introduce our algorithm and the corresponding convergence analysis, we start
with some basic definitions first. Recall that a fundamental tool for optimization of
nonsmooth functions is the subdifferential. It is well known that it is possible to design
algorithms with O(1/ε2) convergence rate for nonsmooth problems, see Nesterov
(1998); Lan et al. (2012). Unfortunately, utilizing just the subdifferential, turns out to
be insufficient to produce the necessary convergence bounds for our analysis. For
instance, in a recent paper Nesterov (2015), the authors constructively showed that
simply replacing the gradient by a subgradient in a FW algorithm is incapable of
ensuring convergence — a simple two dimensional example demonstrated that the FW
algorithm does not converge to the optimal solution for any number of iterations. To
our knowledge, there are no clear strategies to fix this limitation. As mentioned above,
one often uses smoothing techniques as a workaround, where an auxiliary function is
constructed which is optimized instead Nesterov (2005); Pierucci et al. (2014). While
this approach has had significant practical impact, it involves the selection of a proximal
function. But there are no general recipes to choose the proximal function for a given
model and is often designed based on the specific problem at hand.

As we saw in Chapters 2 and 3, the convergence analysis of FW type methods rely
on the boundedness of an important quantity called the “Curvature" Constant,

Cexact
f := sup

x, s ∈ D
α ∈ [0, 1]

y = x+ α(s− x)

(
min
d∈∂f(x)

1
α2 (f(y) − f(x) − 〈y− x,d〉)

)
.

It describes how well the first-order information from the approximate subdifferential
globally describes the function (when f is smooth, d is simply the gradient of f). It is
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this quantity that becomes unbounded even for simple nonsmooth functions making
the subsequent analysis difficult. To make this point clear, we now show a simple
example of a nonsmooth function for which this quantity is not bounded, though in
this ‘easy’ case we can prove convergence with more direct means.

Example 1. Let f(x) = |x| overD = [−1, 1]. For any x ∈ (0, 1
2), let s = −1+x and α = 2x.

Accordingly,
y = x+ α(s− x) = x+ 2x(−1 + x− x) = −x.

By definition,

Cexact
f > min

d∈∂f(x)

1
α2 (f(y) − f(x) − 〈y− x,d〉) = min

d∈∂f(x)

1
4x2 (f(−x) − f(x) + 〈2x,d〉) .

Because f is differentiable at x, ∂f(x) = {1},

Cexact
f >

1
4x2 (|− x|− |x|+ 2x) = 1

2x .

Hence we have that,limx→0+
1

2x = +∞, showing that we cannot obtain an upper bound
Cexact
f for all x ∈ (0, 1

2). This example shows that linear approximations based on ordinary
subgradients can be arbitrarily poor in the neighborhood of nondifferentiable points.

Basic idea. Intuitively, the subdifferential is a discontinuous multifunction Robin-
son (2012) and provides an incomplete description of the curvature Cf of the function
in the neighborhood of the nonsmooth points. After making a few technical adjust-
ments, it turns out that we can work around this issue by making use of approximate
subdifferentials. We deal with two constructions that yield approximate subdifferen-
tials. Using these definitions, we will give the formal statement of our convergence
theorem in the next section. The first is the ε-subdifferential definition given in Hiriart-
Urruty and Lemaréchal (1993),

Definition 4.1 (ε-subdifferential). The ε-subdifferential ∂εf(x) of f at x ∈ dom f is given
by,

∂εf(x) := {d | f(y) > f(x) + 〈d,y− x〉− ε ∀ y}.

Notice that the exact subdifferential is recovered when ε is zero, ∂0f(x) = ∂f(x).
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While the ε-subdifferential indeed provides the theoretical properties for our
convergence bounds, in practical cases, it requires us to work with carefully chosen
problem-specific subsets of ∂εf(x). A successive construction which we present
later produces approximate subdifferentials that have nicer computational properties
while preserving the convergence bounds. In this approximation, we must take the
subdifferentials over a neighborhood; this idea is summarized next.

Let N be an arbitrary mapping from x to neighborhoods around x such that
N(x, ε)→ {x} as ε→ 0. Formally, we assume that x ∈ N(x, ε) and there exists some
constant R such thatN(x, ε) ⊆ B(x,Rε) for all ε > 0. The notation B(x, r) is the open
ball around x of radius r. We may assume w.l.o.g. that R = 1 wherever appropriate.

Definition 4.2. The approximate subdifferential T of f at x is defined as,

T(x, ε) :=


{∇f(x)} if f is differentiable on N(x, ε),⋃
u∈N(x,ε)

∂f(u) otherwise.

Here T provides a set of approximate subgradients of f at x. Indeed, if f is
L-Lipschitz, we have T

(
x, ε2L

)
⊆ ⋃

u∈B(x, ε2L)
∂f(u) ⊆ ∂εf(x) by Theorem 8.4.4 of

Robinson (2012). It turns out that with these constructions, we will shortly obtain a
deterministic non-smooth FW algorithm with accompanying convergence results.

4.3 Convergence Results

Using the foregoing concepts, we can adapt the procedure in White (1993) with a few
minor modifications as shown in Algorithm 6.

Algorithm 6 Conditional Subgradient (based on ideas introduced in White (1993))
Pick an arbitrary starting point x0 ∈ D, whereD is the compact convex feasible set.
for k = 0, 1, 2, ... do

Let αk := 2
k+2 and εk :=

√
αk

s ∈ arg min
z∈D

max
d∈T(x,εk)

〈z− x,d〉 (4.3)

Update xk+1 := xk + αk(s− xk)
end for
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While both the Algorithm 6 and the one proposed in White (1993) are similar in
spirit, White (1993) requires us to do exact line search which limits the applicability
in our experimental settings. Moreover, the convergence result in White (1993) is
asymptotic (as k→∞) whereas we provide explicit convergence rate both in primal
and in duality gap. Our analysis, arguably, gives a better understanding of the
algorithm using the affine invariant curvature concept.

To simplify the presentation, we will assume that the subproblems (4.3) are effi-
ciently solvable both in theory and in practice. In general, this is true when T(x, ε) is
a polyhedron since any point d ∈ T(x, ε) can be written as a convex combination of
extreme points and extreme rays. While it might seem like this severely limits the
applicability of the proposed approach (to a point where it is hard to imagine when
it can be applied unless if the subdifferentials are polytopes), we identify a general
class of problems in Section 4.4.6 for which the subproblems can be solved efficiently
in theory even when the data set size is large. We also show shortly that for various
statistical machine learning problems, we can solve (4.3) far more efficiently even
when T(x, ε) is not a polyhedron making the overall algorithm attractive in any case.
With this assumption, we may generalize the curvature constant which plays a key
role in our convergence analysis,

Definition 4.3 (Cf(ε)). The Approximate Curvature Constant Cf(ε) of f is defined as,

Cf(ε) := sup
x,s∈D
α∈[0,1]

y=x+α(s−x)

min
d∈T(x,ε)

1
α2 (f(y) − f(x) − 〈y− x,d〉) . (4.4)

Importantly, we use approximate subgradients instead of a gradient as in Clarkson
(2008), where the value of Cf depends on ε. We can choose an ε varying with
iterations in such a way as to guarantee convergence although in practical problems,
we see that Cf ∈ O(1/ε). In any case, note that the complexity of the algorithm does
not depend on the input data, that is, we can choose ε to be very small such that
optimizing linear functions over T(x, ε) is tractable in practice. Concretely, input data
in our settings correspond to either training examples (or features) depending on the
application. In particular, when the decision variables are defined over examples,
and the subdifferential can be computed with only the nonzero coordinates of the
decision variables, our algorithm ends up being sublinear in the number of training
examples (or features) depending on the application. We will see this in detail in the
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later sections for specific problems that are also empirically verified in Section 7.5.
Our central convergence theorem, stated in terms of this constant, appears next.

Theorem 4.4. Suppose f is L-Lipschitz and Cf(ε) 6 Df
ε

for some constantDf for any ε 6 1.
Then Alg. 6 generates a sequence of iterates xk, such that for the kth iteration:

f(xk) − f(x∗) 6
25/2L+ 23/2Df√

k+ 2
, (4.5)

where x∗ is the optimal solution to the problem in (4.1).

Discussion. As the iteration count k increases, the denominator in this upper
bound increases. Since the numerator consists of constants depending only on the
definition of f and D, this will approach 0 as k → ∞. It is important to notice that
while this theorem provides a general convergence bound (which is useful), it does
not alone prove that Algorithm 6 will produce a coreset and consequently, will be
sublinear. Indeed, it is a known result for smooth functions. Shortly, in example cases
covered in Section 4.4, we show the other key component of the proposed algorithm: a
bound on the number of nonzeros for any solution s of the subproblems (4.3). The
key results here will depend on D and f, and we will seek to show that the number
of nonzero entries in s will be O(1) w.r.t. the overall size of the problem. This in
turn guarantees that xk will have no more than O(k) nonzeros. Combined with the
convergence bound above, this in turn will demonstrate that a sparse ε-approximate
solution can be found with O(1/ε2) nonzeros which does not depend on the problem
size (e.g., number of samples/examples or dimensions). When x is a vector of the
examples in a machine learning problem, the union of nonzeros for each s found by
Algorithm 6 will constitute a coreset. Theorem (4.4) can be used as a general framework
that can be extended to show a coreset result for any nonsmooth problem for which
a sparsity bound on s can in turn be shown, yielding a valuable tool for sublinear
algorithm design.

Ingredients. The proof of Theorem 4.4 relies on a bound in the improvement in
the objective at each iteration in terms of Cf(ε) (in (4.4)) and the duality gap between
the primal objective at x and a nonsmooth modification of the Wolfe dual. We define
this dualω of f as:

ω(x, ε) := min
z∈D

max
d∈∂εf(x)

f(x) + 〈z− x,d〉. (4.6)
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This dual gives us a property we call approximate weak duality. Up to ε, this dual is at
all points less than the minimum value of the primal objective at all points.

Lemma 4.5 (Approx. Weak Duality). ω(x, ε) 6 f(y) + ε for all x,y ∈ D,

Proof. Take any x,y ∈ D. Due to the minimization in (4.6),

ω(x, ε) 6 max
d∈∂εf(x)

f(x) + 〈y− x,d〉.

By the definition of the ε-subdifferential, for any d ∈ ∂εf(x), including the one
chosen by the maximization,

f(x) + 〈y− x,d〉 6 f(y) + ε,

which gives us the desired result.

Denote the primal-dual gap at x by

g(x, ε) := f(x) −ω(x, ε) = max
y∈D

min
d∈∂εf(x)

〈x− y,d〉. (4.7)

Then, by Lemma 4.5,

g(x, ε) > f(x) − f(x∗) − ε > −ε.

The combination of the primal-dual gap and the curvature constant Cf is used to
show per iteration improvement on the objective. This is then used to show the a
priori convergence result in Theorem 4.4. We see that at each step of Algorithm 6,
the objective at xk+1 improves upon the objective at the previous iterate xk by a term
proportional to the primal-dual gap, up to a “curvature error” term with Cf. This is
stated in the following result:

Theorem 4.6. Fix ε ′ = 2Lεk. For any step xk+1 := xk+α(s− xk), with arbitrary step size
α ∈ [0, 1] and s ∈ D chosen as in (4.3), it holds that:

f(xk+1) 6 f(xk) − αg(xk, ε ′) + α2Cf(εk). (4.8)
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Proof. Write x := xk,y := xk+1 = x+ α(s− x), and ε := εk. From the definition of Cf,

f(y) 6 f(x) +

(
max

d∈T(x,ε)
〈y− x,d〉

)
+ α2Cf(ε)

= f(x) + α

(
max

d∈T(x,ε)
〈s− x,d〉

)
+ α2Cf(ε).

By choice of s in (4.3),

f(y) 6 f(x) + α

(
min
y∈D

max
d∈T(x,ε)

〈y− x,d〉
)
+ α2Cf(ε).

Now using the fact that T
(
x, ε2L

)
⊆ ∂εf(x),

f(y) 6 f(x) + α

(
min
y∈D

max
d∈∂ε ′f(x)

〈y− x,d〉
)
+ α2Cf(ε)

= f(x) − α

(
max
y∈D

min
d∈∂ε ′f(x)

〈x− y,d〉
)
+ α2Cf(ε).

By definition in (4.7), we have that f(y) 6 f(x)−αg(x, ε ′)+α2Cf(ε) as desired.

Now we are ready to prove Theorem 4.4.

Proof of Theorem 4.4. Finally, we prove the main theorem by inductively applying the
per step improvement in (4.8) to find the a priori bound in terms of k.

Let h(x) = f(x) − f(x∗). Using Theorem 4.6, we first restate the stepwise improve-
ment in the objective as follows:

h(xk+1) 6 h(xk) − αkg(xk, 2Lεk) + α2
kCf(εk).

By Lemma 4.5,

h(xk+1) 6 h(xk) − αk(h(xk) − 2Lεk) + α2
kCf(εk)

6 (1 − αk)h(xk) + 2Lαkεk +
α2
k

εk
Df. (∗)
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Now, if we substitute the constant E := 2L+Df, and the choice εk =
√
αk as in the

algorithm,

h(xk+1) 6 (1 − αk)h(xk) + α
3/2
k E.

(We will later see in the experiments how this choice of εk makes the algorithm
practically useful.) Using this notation to rewrite the theorem, we seek to show
h(xk) 6 23/2E√

k+2 = 2E√αk. We prove this by induction. The base case comes from
applying (4.8) with k = 0 and αk = 1 to get h(x1) 6 E 6 23/2E√

3 . For k > 1, making the
induction step,

h(xk+1) 6 (1 − αk) (2E
√
αk) + α

3/2
k E

=

(
1 −

2
k+ 2

)
23/2E√
k+ 2

+
23/2

(k+ 2)3/2E

= 23/2E
√
k+ 2

(
1

k+ 2 −
1

(k+ 2)2

)
.

Now we make an elementary calculation,(
1

k+ 2 −
1

(k+ 2)2

)
=

1
k+ 2

k+ 2 − 1
k+ 2

6
1

k+ 2
k+ 2
k+ 3 =

1
k+ 3. (4.10)

Using (4.10), we can get the desired result as,

h(xk+1) 6 23/2E

√
k+ 2
k+ 3 6 23/2E

√
k+ 3
k+ 3 =

23/2E√
k+ 3

.

Discussion. A key intuition about the algorithm can be gained from the proof
step in (∗). This inequality implies that the improvement in the objective for each
step has a bounded “error” with two parts. First is an error linear in αk that comes
from our use of an approximate subgradient rather than an exact subgradient. This
error is proportional to εk. Second, we have a “curvature” error that arises from the
nonlinearity (specifically nonsmoothness), of our objective function and is instead
inversely proportional to εk. By choosing a decaying εk such that 1

εk
∈ Θ

(
1√
αk

)
we
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send both error terms to 0 as k→∞.

4.4 Approximable Nonsmooth Problems

In this section, we demonstrate how the foregoing ideas can be applied and made
more specific, on a case by case basis, for various problems arising in statistical
machine learning. Since many of the steps and quantities in the algorithm and
theorems described in the previous section depend on details of the individual
problem, we use these examples to show the potential value of our results. In this
section, each problem we present yields a choice of objective function f and feasible
regionD. For these choices, we then describe the approximate subdifferentials and the
resulting subproblems to determine the step direction. We show that the antecedents
of Theorem 4.4 are satisfied for a number of machine learning problems and provide
O(1/ε) bounds for Cf(ε). A problem-specific bound on Cf is the final component
of establishing an iteration bound for that problem. It guarantees that our scheme
for selecting εk will provide convergence, and that we have finite values for the
numerator in (4.5). Therefore, the quotient will approach 0 in the limit.

Overview of problems. We first analyze the supremum of linear functions with
the goal of getting an expression that bounds Cf from above. With this in hand, we
will present a formulation of `1 SVM that is suitable for our analysis. In particular, we
show Cf bounds using the result from piecewise linear functions and then proceed to
discuss how the subproblems (4.3) can be efficiently solved. We discuss the tractability
and provide tight coreset bounds for this problem. Later, we analyze the multiway
graph cuts model by adapting the techniques used in the `1 SVM problem and finally,
we also describe how the analysis extends to the 1-median problem, Sparse PCA and
Balanced development.

4.4.1 Supremum of Linear Functions

We can define a piecewise linear convex function on Rn by

f(x) := max
i=1,...,p

aTi x+ bi. (4.11)

If we let A ∈ Rp×n be the matrix such that row i is equal to ai, and b ∈ Rp be the
vector that has elements bi. We know that f is Lipschitz-smooth with constant equal
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to the operator norm ‖A‖ and f(x) ≡ f̂(Ax+ b) for

f̂(x̂) = max
i=1,...p

x̂i =⇒ f(x) := f̂(Ax+ b). (4.12)

The subdifferentials of f̂ are given by

∂f̂(x̂) =

{
ei

∣∣∣∣ ( max
j=1,...,p

x̂j

)
= x̂i

}
where ei is the i−th basis vector. (4.13)

For the purposes of calculating approximate subdifferentials T̂ and T of f̂ and f
respectively (defined in section 7.2), we use the neighborhoods:

N̂(x̂, ε) = {û | ‖û− x̂‖∞ 6 ε}, N(x, ε) = {u | ‖Au−Ax‖∞ 6 ε and u− x ∈ im
(
AT
)
},

(4.14)

where by our standard notations in Section 1.4, AT is the transpose of A and im
(
AT
)

is the row space of A.

Theorem 4.7. Under the setting of (4.11),(4.12), (4.14), define

V(x̂, ε) =
{
ei

∣∣∣∣ x̂i > (max
j
x̂j

)
− 2ε

}
,

and let CoS denote the convex hull of the set S. Then, the approximate subdifferential is given
by T̂(x̂, ε) = CoV(x̂, ε).

Proof. Note that both sides will be a singleton set equal to {∇f̂(x̂)} iff f̂ is differentiable
on N̂(x̂, ε). We therefore prove only the case that f̂ is nondifferentiable somewhere in
the neighborhood.

Forward Direction. T̂(x̂, ε) ⊆ CoV(x̂, ε).
Take any û ∈ N̂(x̂, ε). We have,

∂f̂(û) = Co
{
ei

∣∣∣∣ ûi = (max
j
ûj

)}
. (4.15)

Now take any i such that ei ∈ vert(∂f̂(û)) where vert(S) denotes the vertices of a
polyhedral set S as in Section 1.4. If S is a finite set of linearly independent points,
then vert(CoS) = S (which in this case is the set of basis vectors in (4.15)). Because
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‖û− x̂‖∞ 6 ε,

x̂i > ûi − ε =

(
max
j
ûj

)
− ε >

(
max
j
x̂j

)
− 2ε.

Therefore,

vert(∂f̂(û)) ⊆ V(x̂, ε) =⇒ ∂f̂(û) ⊆ CoV(x̂, ε). (4.16)

Since (4.16) is true for all u ∈ N̂(x̂, ε), we see that T̂(x̂, ε) ⊆ CoV(x̂, ε).
Reverse Direction. T̂(x̂, ε) ⊇ CoV(x̂, ε)
Let û be the vector defined elementwise by,

ûi =

(maxj x̂j) − ε if x̂i > (maxj x̂j) − 2ε,

x̂i otherwise.

If we take some i such that x̂i > (maxj x̂j) − 2ε, then,

ûi − x̂i =

(
max
j
x̂j

)
− ε− x̂i

6

(
max
j
x̂j

)
− ε−

((
max
j
x̂j

)
− 2ε

)
= ε.

Similarly, it also holds that,

x̂i − ûi 6

(
max
j
x̂j

)
− ûi =

(
max
j
x̂j

)
−

((
max
j
x̂j

)
− ε

)
= ε.

And ûi = x̂i for the “otherwise” case. Therefore ‖ûi − x̂i‖∞ 6 ε and ûi ∈ N̂(x̂, ε).
Furthermore, note that clearly f̂(û) = maxj x̂j − ε, and for any i such that

x̂i <

(
max
j
x̂j

)
− 2ε,

we have that, for all ε > 0,

x̂i <

(
max
j
x̂j

)
− ε = f̂(û).
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Accordingly,

vert(∂f̂(û)) = V̂(x̂, ε) =⇒ T̂(x̂, ε) ⊇ ∂f̂(û) = CoV̂(x̂, ε).

Lemma 4.8. Under the setting of (4.11),(4.12), (4.14), T(x, ε) = AT T̂(Ax+ b, ε).

Proof. This follows from the fact that ∂f(u) = AT∂f̂(Au+b), AN(x, ε) +b = N̂(Ax+

b, ε).

Corollary 4.9. Under the setting of (4.11),(4.12), (4.14), T(x, ε) = ATCoV(Ax+ b, ε) =
CoATV(Ax+ b, ε).

Proof. The first equality is simply the combination of Lemma 4.8 and Theorem 4.7.
The second is clear from the definition of convex hull.

So the approximate subdifferentials T̂ and T , of the functions f̂ and f respectively
are related by,

T̂(x̂, ε) = CoV(x̂, ε) and T(x, ε) = ATCoV(Ax+ b, ε), (4.17)

for an appropriate choice of neighborhoods.

Lemma 4.10. Under the setting of (4.11),(4.12), (4.14), if ŷ ∈ N̂(x̂, ε), then ∂f̂(ŷ) ⊆ T̂(x̂, ε).

Proof. If f̂ is nondifferentiable anywhere on N̂(x̂, ε), the inclusion follows from the
definition of T̂ . So, we will consider the case when the neighborhood contains no non-
differentiable points. Let i ′ := arg maxi x̂i. If f̂ is instead differentiable everywhere
on the neighborhood around x̂, this means ûi < ûi ′ for all u ∈ N̂(x̂, ε) for any i 6= i ′.
Therefore, ∇f̂(x̂) = ∇f̂(ŷ) = {ei ′}, and the lemma is true as an equality.

Theorem 4.11. Under the setting of (4.11),(4.12), (4.14), let x̂, ŝ ∈ Rp and α ∈ [0, 1]. Let
ŷ := x̂+ α(ŝ− x̂). Then,

min
d̂∈T̂(x,ε)

1
α2

(
f̂(ŷ) − f̂(x̂) − 〈ŷ− x̂, d̂〉

)
6

2
ε
‖ŝ− x̂‖2∞. (4.18)
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Proof. It is sufficient to look at the following two cases,
Case 1. ŷ ∈ N̂(x̂, ε).
Let i ′ = arg maxi ŷi. Then ei ′ ∈ ∂f̂(ŷ) ⊆ T̂(x, ε) from (4.13) and Lemma 4.10.

Then the left hand side of (4.18) is bounded above by

f̂(ŷ) − f̂(x̂) − 〈ŷ− x̂, ei ′〉 = ŷi ′ −
(

max
i
x̂i

)
− (ŷi ′ − x̂i ′) = x̂i ′ −

(
max
i
x̂i

)
6 0.

Case 2. ŷ /∈ N̂(x̂, ε).
First note that in this case we have a lower bound on α:

α >
ε

‖ŝ− x̂‖∞ . (4.19)

Then we use the fact that ‖d̂‖1 6 1 for any d̂ ∈ ∂f̂(û) for any û ∈ Rp to bound the
left hand side of (4.18) by,

f̂(ŷ) − f̂(x̂)+‖ŷ− x̂‖∞ =
(

max
i

x̂i + α(ŝi − x̂i)
)
−
(

max
i
x̂i

)
+ α‖ŝ− x̂‖∞

6
(

max
i
x̂i

)
+ α

(
max
i
ŝi − x̂i

)
−
(

max
i
x̂i

)
+ α‖ŝ− x̂‖∞ 6 2α‖ŝ− x̂‖∞.

(4.20)

The bound in the lemma then follows from (4.19) and (4.20).

Remark 4.12. Note that the lower bound of α in (4.19) is only for analyzing the curvature
constantCf(ε), and it has no consequence for implementation. Essentially,Cf(ε) is a quantity
that depends only on f,D and does not depend on α i.e., (4.18) holds for any α ∈ [0, 1]. The
convergence result follows from Theorem 4.4 as long as Cf(ε) <∞.

Let us denote the diameter of a set Swith respect to the q-norm by diamq(S) =

maxx,y∈S ‖x−y‖q. Then, we can further bound (4.18) by the diameter of the bounded
feasible set.

Corollary 4.13. Given the problem of minimizing a piecewise linear function f(x) =

maxi(Ax+ b)i over a bounded set D, the corresponding Cf is bounded above by Cf(ε) 6
2
ε
(diam∞(A D))

2.
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Proof. This comes from the definition,

diamp(S) = max
x,y∈S

‖x− y‖p,

so that ‖ŝ− x̂‖∞ 6 diam∞(A D), for all ŝ = As+ b, x̂ = Ax+ b with x, s ∈ D.

4.4.1.1 `1-norm-regularized SVM

The first machine learning problem we analyze is the `1-norm-regularized SVM.
Since the `1 norm is sparsity-inducing, the regularization ‖w‖1 gives an optimization
problem that finds a separating hyperplane in only a small subset of the features. This
is expected to perform well in problems where there is a large number of redundant
or noisy features included with a few informative features.

Suppose we are given training examples (xi,yi) ∈ Rd× {−1, 1}. To train a classifier
on this input we start with a hard-margin variant of the `1-norm-regularized SVM
Mangasarian (1999):

min
w∈Rd,γ∈R

‖w‖1 s.t. yi(wTxi − γ) > 1 ∀ i.

Define matrix A+ ∈ Rd×m that has the positive examples in the columns, and A− ∈
Rd×n has the negative examples in the columns. Bennett and Bredensteiner (2000)
provide a dual to the soft-margin `1-norm-regularized SVM with hinge loss, related to
polytope distance formulations of the `∞-norm-regularized SVM Gärtner and Jaggi
(2009):

min
u∈∆m,v∈∆n

‖A+u−A−v‖∞ s.t. 0 6 u, v 6 1
R

. (4.21)

The elementwise upper bounds on u and v and the parameter R come from the
reduced convex hull construction in Bennett and Bredensteiner (2000). When R = 1,
this yields a dual to the hard-margin problem. In the hard-margin case, the feasible
set is D := ∆m × ∆n, where ∆m and ∆n denote the unit simplices in Rm and Rn

respectively, and the feasible set is a subset ofD in the soft-margin case. Therefore,
using Corollary 4.13, we get Cf(ε) 6 2

ε
(diam∞(A+∆m) + diam∞(A−∆n)).

Frank Wolfe Subproblems. For the dual problem in (4.21), express our objective
as f(x) := ‖Ax‖∞, for A and x such that Ax = A+u − A−v. We can then write f as
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in (4.11), where the linear functions are given by the rows of A and the rows of −A.
Define the approximate subdifferential as in (4.17), and in this case,

V(x̂, ε) = {ei | x̂i > ‖x̂‖∞ − 2ε} ∪ {−ei | x̂i 6 −‖x̂‖∞ + 2ε}.

We now turn to the subproblems in (4.3) for this T(x, ε) and feasible region D.
Observe that the maximum over d will have a solution equal to a vertex of T(x, ε).
An optimal z is found by:

min
z∈Rm+n, µ∈R

µ s.t. 〈Az−Ax,dv〉 6 µ for dv ∈ V(Ax, ε), 1Tz+ = 1, 1Tz− = 1, 0 6 z 6
1
R

,

(4.22)

where z+ and z− are the indices of the positive and negative examples respectively.
There will be an optimal (z,µ) such that n+m+ 1 linearly independent constraints
are active, and zi 6 1

R
will be active for no more than 2dRe indices i. This means that

there is a solution z with no more than 2dRe+ |V(Ax, ε)|− 1 nonzeros. Clearly, since
the number of nonzero entries is strictly less than the total number of dimensions,
the algorithm is sublinear.

Discussion. Here we note that the construction of coreset depends on the assump-
tion that each iteration involves onlyO(1) examples. This is true under the conditions
which we describe now. For datasets that have well separated classes (small R), we
have the following observation.

Observation 2. Due to complementary slackness, for small ε we expect that V(Ax, ε) at the
optimum will correspond to the nonzero features in the sparse separating hyperplane.

Observation 2 provides a central intuition behind the use of coresets. When a
problem is “easy” in a geometric or AI sense, having well-separated classes with
few relevant features, the resulting coreset is small. Conversely, in problems that
are “hard” the coreset size may approach the size of the original dataset. We also
note that the steps, sk may not be at a vertex of D, slightly complicating the coreset
construction shown empirically in the later section. However, we still see useful results
for nonsmooth f and polyhedral D if s is on a low-dimensional face of D, then s is a
convex combination of a small number of vertices of D. Then the step will introduce
more than one âŁœatom,âŁž indeed all of the vertices of the lowest-dimensional face
on which s lies, but still a small number.
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Tractability of subproblems. If we look at the subproblems from a Computational
Geometry perspective, our algorithm will look roughly like Gilbert’s algorithm Gilbert
(1966). This is similar to what is described in Bennett and Bredensteiner (2000), though
the `1-SVM case is not developed fully in that paper and the T(x, e) construction
introduces many additional issues. We see that `1-SVM subproblems i.e., (4.22) is
solved inO(R|V(Ax, e)|) time, given which example points determine the axis-aligned
bounding box of the R-reduced convex hull of each class. The bounding box can be
computed in time O(Rnd) and O(Rd) space: a cheap one-time cost performed before
the optimization. One can also construct the bounding box lazily inO(Rnd∗) time for
d∗ the cardinality of the union of all V(Ax, e) across all iterations, and for problems
that are easy in a geometric sense, we will have d∗ � d making the procedure
sublinear. Hence, it is important to see that one would not necessarily directly perform
the optimization in (4.3) using a generic solver.

Coreset Bound. The above results for `1-norm SVM provide the necessary lemmas
to show a coreset bound for this problem. The construction of the coreset in this work
follows the same intuition as when using the ordinary Frank Wolfe method Clarkson
(2008). For each iterate xk ∈ Rn, and the corresponding subproblem solutions sk,
each index into the vector represents an input example. We may take those examples
for which the index in sk is nonzero, and call this set Sk. Using Algorithm 6 to build
a coreset, we take the coreset at iteration K to be S̄K =

⋃K
k=1 Sk.

Suppose we seek a coreset that will provide a ε− approximation solution. By Theo-
rem 4.4, if we chooseK to ensure that both sides of (4.5) are (multiplicatively) bounded
above by (1 + ε), then the union S̄K will provide this coreset. This approximation
bound will be satisfied for

K >
(25/2L+ 23/2Df)

2

(1 + ε)2 − 2.

The set of examples S̄K will then be a (1+ε) coreset for anyK satisfying this bound. We
know from the above description that the `1-SVM dual objective will be ‖A‖−Lipschitz,
and that Cf(ε) 6 Df

ε
for Df = 2 (diam∞(A+∆m) + diam∞(A−∆n)).

For a coreset to be empirically useful, we also want it to be of small cardinality.
The next step is therefore to bound |S̄K|. We earlier showed that |Sk| 6 2dRe+ d∗ − 1
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for all k. Using a union bound,

|S̄K| 6 K (2dRe+ d∗ − 1) .

Combining these, we can use Algorithm 6 to construct a ε coreset of size O
( 1
ε2

)
.

4.4.1.2 Balanced development.

A direct application of the piecewise linear discussion in Section 4.1 is the problem
of balanced development, see Nesterov (2009). Let A = (a1, ...,aN) ∈ Rm×n where m
is the number of attributes and n is the number of products. Hence, the entry Aij
is the concentration of attribute i in product j. Let bi be the minimum concentration
of attribute i that we require in our solution. Also, pj > 0 is the unitary price of
product j. The problem is then to make an investment decision between the products
to maximize the minimum amount of each attribute. In Nesterov (2009), the author
provides a dual problem:

τ∗ = min
y

{φ(y) : y ∈ ∆m} where φ(y) = max
16j6n

1
pj
〈aj,Ey〉,

E ∈ Rm×m is diagonal withEii = 1
bi

. Corollary 4.13 impliesCf(ε) 6 2
ε
(diam∞(A∆m))2,

and combined with the simplicial feasible region this provides a coreset over the
attributes.

4.4.2 Multiway Graph Cuts

We consider the model for multi-label graph cuts in Călinescu et al. (1998); Niu et al.
(2011). This problem seeks to assign one of d labels to each of n nodes. The graph
structure is determined by similarity matrixW, with weight wuv between vertices u
and v. A convex relaxation of this problem is given by,

min
x

∑
u∼v

wuv‖xu − xv‖1 s.t. xv ∈ ∆d for v = 1, ...,n.

We further constrain a set of “seed” nodes to have xv = ei if the label of seed v is
i ∈ {1, ...,d}. Let X ∈ Rd×n be the decision variable, a matrix such that each column is
the soft labeling for a node. If we let B be the incidence matrix for an orientation of
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the graph, and I the d× d identity matrix, then we can rewrite the objective as,

f(vec(X)) = ‖(B⊗ I)vec(X)‖1 = ‖vec(XBT )‖1,

where ⊗ is the matrix Kronecker product as in Section 1.4.
Now define f̂(x̂) := ‖x̂‖1 so that f(vec(X)) = f̂((B⊗I)vec(X)). We start by deriving

the subdifferentials for f̂. For the approximate subdifferentials of f̂ we choose the
neighborhoods N̂(x̂, ε) to be the `1- ball of radius ε at x.

Lemma 4.14. Similar to Lemma 4.10, the subdifferential of the neighborhood is a subset of
the approximate differential, that is, if ŷ ∈ N̂(x̂, ε), then ∂f̂(ŷ) ⊆ T̂(x̂, ε).

Proof. If f̂ is nondifferentiable on N̂(x̂, ε), the result follows from the definition.
Otherwise, if f̂ is differentiable at all points on N̂(x̂, ε), then |x̂i| > ε for all i. Then,

because ‖ŷ− x̂‖1 6 ε, sign(ŷi) = sign(x̂i) for all i, and ∇f̂(ŷ) = ∇f̂(x̂) and we have
the Lemma statement with equality.

Theorem 4.15. Consider any x̂, ŝ and α ∈ [0, 1]. Let ŷ := x̂+ α(ŝ− x̂). Then,

min
d̂∈T̂(x̂,ε)

1
α2

(
f̂(ŷ) − f̂(x̂) − 〈ŷ− x̂, d̂〉

)
6

2
ε
‖ŝ− x̂‖1. (4.23)

Proof. We verify two cases,
Case 1. ŷ ∈ N̂(x̂, ε).
If we define the subgradient d̂ elementwise by d̂i = sign(ŷi), then d̂ ∈ ∂f̂(ŷ).

Observe that 〈ŷ, d̂〉 = ‖y‖1. Then the left hand side of (4.23) can be bounded above as
follows,

f̂(ŷ) − f̂(x̂) − 〈ŷ− x̂, d̂〉 = ‖ŷ‖1 − ‖x̂‖1 − ‖ŷ‖1 + 〈x̂, d̂〉 = 〈x̂, d̂〉− ‖x̂‖1. (4.24)

And because ‖d̂‖∞ 6 1, (4.24) is nonpositive. We therefore only need to bound the
second case, next.

Case 2. ŷ /∈ N̂(x̂, ε).
Here we have the lower bound on α that

α >
ε

‖ŝ− x̂‖1
, (4.25)
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and because ‖d̂‖∞ 6 1,

f̂(ŷ) − f̂(x̂) − 〈ŷ− x̂, d̂〉 6 ‖ŷ‖1 − ‖x̂‖1 + ‖ŷ− x̂‖1

= ‖x̂+ α(ŝ− x̂)‖1 − ‖x̂‖1 + α‖ŝ− x̂‖1

6 2α‖ŝ− x̂‖1,

using the triangle inequality. The theorem statement then follows from this inequality
and the bound on α.

Remark 4.16. Similar to Remark 4.12, the lower bound of α in equation (4.25) has no
consequence for implementation.

So, much like in the piecewise linear case, we can conclude that,

Corollary 4.17. Given the problem of minimizing a piecewise linear function f(x) =

‖Ax + b‖1 over a bounded set D, the corresponding Cf is bounded above by Cf(ε) 6
2
ε
(diam1(AD))

2.

Note that in the case of multiway graph cuts, D consists of the Cartesian product
of n simplices of dimension d. We therefore expect the bound from Corollary 4.17
will beΩ(n). The tractability, coreset (and hence the sublinearity) discussion in this
case follows directly from the `1-regularized SVM case.

4.4.3 1-median

We can express the 1-median problem as an optimization over the simplex of convex
combinations of the input points. Suppose we are given a (multi-)set of points
P = {p1, ...,pn} ⊂ Rd. Let A ∈ Rd×n be a matrix with pi in column i. We can then
write the 1-median problem as:

min
x∈∆n

f(x) := f̂(Ax) :=
1
n

n∑
i=1

f̂i(Ax) :=
1
n

n∑
i=1

‖Ax− pi‖2. (4.26)

The notation ‖ · ‖ denotes the `2 norm. Here, f is nondifferentiable for any x such
that Ax ∈ P, and differentiable elsewhere. We show that Cf(ε) 6 2

ε
diam2(A∆n)

2,
and extend this to a coreset result. We note that recently Cohen et al. (2016) devel-
oped a Stochastic Gradient Descent algorithm that has a running time of O(1/ε2)
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matching our results. The key difference is that the algorithm in Cohen et al. (2016) is
randomized, so their result holds only in probability < 1.

The subdifferentials are given by,

∂f(x) = AT∂f̂(Ax) =
1
n
AT

n∑
i=1

∂f̂i(Ax), ∂f̂i(Ax) =

{ Ax−pi‖Ax−pi‖ } if Ax 6= pi,
B̄(0, 1) if Ax = pi.

Note that the 1
n

factor in (4.26) is necessary to produce sensible approximation bounds.
If we duplicate each point in our input set, this will double the value of the sum in the
objective for any choice of median. Without the 1

n
factor, any approximation bound

expressed in terms of the objective would necessarily beΩ(n).
The k-median problem has been considered previously in the coreset setting,

Har-Peled and Kushal (2005) give a coreset construction by binning the points to
derive a coreset of size O(kε−d logn). For k > 1, the k-median problem is known to
be nonconvex, so we here consider the problem of calculating a single median.

For this problem, we choose neighborhoods as,

N(x, ε) = {u | ‖Au−Ax‖ < ε and u− x ∈ im(AT )}. (4.27)

Note that the choice ofN(x, ε) in (4.27) meets the assumptions in the convergence
bounds above, as x ∈ N(x, ε), and N(x, ε) ⊆ B(x, ‖A†‖ε). ‖A†‖ is the operator norm
of the pseudoinverse. The subdifferentials are described by,

∂f(x) =
1
n
AT

n∑
i=1

∂f̂i(Ax), ∂f̂i(Ax) =

{ Ax−pi‖Ax−pi‖ } if Ax 6= pi,
B̄(0, 1) if Ax = pi.

4.4.4 Iteration bounds

In order to bound Cf(ε), we bound the quantity:

1
nα2 min

u∈N(x,ε)

( ∑
Au 6=pi

(‖Ay− pi‖− ‖Ax− pi‖ −

〈
Ay−Ax, Au− pi

‖Au− pi‖

〉)
+E(u)(‖Ay−Au‖− ‖Ax−Au‖− ‖Ay−Ax‖)) ,
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for any x, s in the simplex and y = x+ α(s− x) for α ∈ [0, 1]. E(u) is the number of
points such that Au = pi. This is equivalent to the terms in the supremum in Cf(ε),
where we have substituted the analytic solution for the minimum element of ∂f(u).
By the triangle inequality, for any u,

‖Ax−Au‖+ ‖Ay−Ax‖ > ‖(Ax−Au) + (Ay−Ax)‖ = ‖Ay−Au‖.

Since the nondifferentiable terms are nonpositive, we only need to bound the differ-
entiable terms. First, assume that y− x ∈ im(AT ). This is without loss of generality,
as we can replace swith its projection s ′ ∈ x+ im(AT ) and ywith y ′ = x+ α(s ′ − x).
Because s ′ − s ∈ ker(A), this yields Ay ′ = Ay, and the quantity we seek to bound
will be identical.

Case 1. y ∈ N(x, ε).
If Au = Ay, the ith differentiable term is given by,

‖Ay− pi‖− ‖Ax− pi‖−
〈
Ay−Ax, Ay− pi

‖Ay− pi‖

〉
=

1
‖Ay− pi‖

(〈Ay− pi,Ay− pi〉− ‖Ax− pi‖‖Ay− pi‖ −〈Ay−Ax,Ay− pi〉)

=
1

‖Ay− pi‖
(〈Ax− pi,Ay− pi〉− ‖Ax− pi‖‖Ay− pi‖) ,

which by the Cauchy-Schwarz inequality is nonpositive. Therefore, in order to pro-
vide an upper bound on Cf(ε) we need to only consider the second case below.

Case 2. y /∈ N(x, ε).
First, observe that in this case we have a lower bound on α. Specifically, because y

lies outside the neighborhood around x defined by (4.27) (and in the set x+ im(AT )

by assumption), ‖Ay−Ax‖ = α‖As−Ax‖ > ε,

α >
ε

‖As−Ax‖ >
ε

diam(A∆n)
. (4.28)

Consider in the following, any choice of u from the neighborhood around x.
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Plugging in y = x+ α(s− x) to the differentiable terms,

∑
Au 6=pi ‖Ay− pi‖− ‖Ax− pi‖−

〈
Ay−Ax, Ax−pi

‖Ax−pi‖

〉
nα2

=

∑
Au 6=pi ‖Ax− pi + α(As−Ax)‖
− ‖Ax− pi‖− α

〈
As−Ax, Au−pi

‖Au−pi‖

〉
nα2

6
1
nα2

∑
Au 6=pi

2α‖As−Ax‖

6
2‖As−Ax‖

α

6
2diam(A∆n)

α
, (4.29)

where we used the triangle and Cauchy-Schwarz inequalities for the inequalities.
The combination of (4.28) and (4.29), taken over all x, s and all α that fall in this case,
gives:

Cf(ε) 6
2
ε

diam(A∆n)
2.

Next, observe that if ε is small, as will be the case throughout the optimization
if we choose εk ∈ Θ(

√
αk) with a small constant term, then with high probability

the neighborhood around the iterates for any k that are not near the solution will be
differentiable. This will yield T(x, ε) = {∇f(x)} and the subproblems will be a linear
program over the simplex, which will only introduce no more than one nonzero as in
Clarkson (2008) which indeed means that the procedure is sublinear.

4.4.5 Sparse PCA with constraints

Sparse PCA is an important problem that is widely used for feature extraction and
learning. In this problem we consider the formulation given in Grbovic et al. (2012).
The objective of sparse PCA is to decompose a covariance matrix S into near orthog-
onal principal components [u1, ...,uk], while constraining the number of nonzero
components of each uk to a required constant r ∈ N. Hence the problem of maxi-
mizing the variance of component uk with the cardinality constraint can be written
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as,

max
u

uTSu s.t. ||u||2 = 1, card(u) 6 r.

Writing down the convex relaxation of the problem after setting U = uuT , we get the
following optimization problem,

max
U

Tr(SU) s.t. Tr(U) = 1, 1T |U|1 6 r, U = UT , U � 0, U ∈ Rn×n,(4.30)

where Tr denotes the trace operator as defined in Section 1.4. The last inequality
constraint in (4.30) is the standard Linear Matrix Inequality that requires U to be
positive semidefinite. Note that we have exponential number of linear constraints in
the form of 1T |U|1 6 r constraint. Hence, in general, this problem might practically
take very long to solve unless one uses a specialized interior point method that
exploits the structure of the constraints. Hence, these constraints are taken to the
objective with a penalty ρ associated with it as,

max
U

Tr(SU) − ||ρvec(U)||1 s.t. Tr(U) = 1, U = UT , U � 0, U ∈ Rn×n,

where vec(U) denotes vectorized form of U. To this formulation, Grbovic et al. (2012)
suggests adding a class of feature grouping constraints that is motivated by the
maintenance scheduling problem Cui (2008). Let us denote by 1, a reliability vector
such that 1i ∈ [0, 1) is a probability that sensor i will need maintenance during a
certain time period. Then, the reliability matrix L is constructed by setting each column
to 1 and then setting Lii = 0 ∀ 1 6 i 6 n. Using similar techniques we end up with
the following formulation,

max
U

Tr(SU) − ||ρvec(U)||1 − ||vec(ηU ◦ log(1 − L))||1

s.t. Tr(U) = 1,U = UT ,U � 0,U ∈ Rn×n,

where η is the penalty that controls the reliability of the component and ◦ is the
standard Hadamard product or elementwise product. Let ~U denote the vectorized
form of U for simplicity in notation and similarly vec(log(1 − L)) = ~l. Note that
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~l, ~U ∈ Rn2×1. Then the problem can be written as,

max
U

Tr(SU) −
n2∑
i=1

(
ρ+ η~li

)
|~Ui| s.t. Tr(U) = 1, U = UT , U � 0, U ∈ Rn×n.

Noting that Tr(SU) =
∑n
i=1
∑n
j=1 SijUij =

~ST ~U =
∑n2

i=1
~Si~Ui, we can write the

objective function as a supremum of 2n2 affine functions. Also using the Sion’s min-
max theorem (Komiya, 1988), we can convert this to a minimization problem. Hence
the problem becomes,

min
U

max
i

(
aTi ~U

)
s.t. Tr(U) = 1, U = UT , U � 0, U ∈ Rn×n.

Let S := {U : Tr(U) = 1, U = UT , U � 0, U ∈ Rn×n}.

Lemma 4.18. The feasible set of sparse PCA with constraints problem, S is bounded.

Proof. We know that U � 0, U = UT ⇐⇒ λi > 0 where λis are the eigenvalues of
U and Tr(U) = 1 ⇐⇒ ∑

i λi = 1. Let Sλ := {λ :
∑
i λi = 1, λ > 0, λ ∈ Rn}. Hence

S is bounded if and only if Sλ is bounded. But Sλ is trivially bounded since it is the
simplex.

Let A ∈ R2n2×n2 be the matrix containing all the ais stacked on top of each other.
Hence our optimization problem can be written as,

min
U

max
i

(
A~U
)
i

s.t. U ∈ S.

We can now define the neighborhoods in a similar way as Section 4.4.1,

N̂
(
~̂U, ε

)
= {~̂X | ‖~̂U− ~̂X‖∞ 6 ε};

N
(
~U, ε

)
= {~X | ‖A~X−A~U‖∞ 6 ε and ~X− ~U ∈ im

(
AT
)
},

and define ,

V
(
~̂U, ε

)
=

{
ei | ~̂Ui >

(
max
j

~̂Uj

)
− 2ε

}
.

With these constructions, similar results as in Section 4.4.1 are obtained. Note that
unlike the other cases, the subproblems here are not as easy to solve and we might
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require advanced numerical optimization solvers to solve the subproblems efficiently
in practice.

4.4.6 Generic Subproblems

As we saw in the above sections, specialized algorithms can be used to solve the
subproblems that are induced by (4.3) for many important applications. But occa-
sionally, we might encounter problems that do not possess an inherent structure
that can be easily exploited; for these cases, we now provide a generic method (or
algorithm) for solving the subproblems. Specifically, we will consider the case when
the optimization in (4.3) is over a union of convex sets C = ∪n

i=1Ci where Ci is a
convex set ∀ i = 1, ..., n. Recall that the subdifferential of a proper convex function is
a compact set for all the points in the interior of the domain Robinson (2012), hence,
many more problems (that were not considered in Section 4.4) fall under this case,
for example, piecewise quadratic optimization that is commonly used in economic
load dispatching problems, see Lee and Kim (2002). Assuming that we have access to
the zeroth and first order oracles, C can be explicitly described by the inequalities
gij(x) 6 0 where gij are convex functions ∀ i, j and the total set of constraints has
finite cardinality. It is easy to show that the problem of optimizing a convex function
g over C can be formulated as the following convex optimization problem,

min
x

g(x) s.t. sigij (zi/si) 6 0,∀i, j, 1Ts = 1, s > 0, x =
n∑
i=1

zi. (4.31)

There are two advantages of using the reformulation in (4.31) instead of solving n

different convex problems: (1) in certain cases, it might be easy to design algorithms
to get approximate solutions much more efficiently Garber and Hazan (2011) and (2)
standard solvers are actively being developed to handle perspective reformulations
as described in Günlük and Linderoth (2012). From this discussion, we can conclude
that the subproblems can be solved in polynomial time.

4.5 Experiments

In this section, we present experiments to assess our convergence rate numerically
and provide some practical intuition for the bounds obtained in the sections above.
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Figure 4.1: Convergence results for Alg. 6 (red) and randomized smoothing of Lan
(2013) (blue) on the SVM datasets. The horizontal axis denotes the iterations.

We provide the running time whenever it is significant (more than a few seconds).
To keep the extraneous effects of specialized libraries and the number of processors
negligible, all our subproblems were solved using a generic Linear Programming
solver on a single core. The results show that the algorithm presented here is not
only practical but can also be made competitive using simple alternative standard
techniques to solve the subproblems.

4.5.1 Support Vector Machines with `1 regularization

We first demonstrate results of our algorithm for `1-regularized SVM on a collection
of four test datasets provided by the authors of Yuan et al. (2010) (see Figure 4.1).

For this evaluation, we also compared our method with the randomized smoothing
method of Lan (2013) shown in blue in Fig. 4.1. The top row of plots in Figure 4.1
(y−axis showing the duality gap) suggest that on all four datasets (leukemia, colon-
cancer, ionosphere, w8a), the convergence of the baseline is slower as a function of
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Figure 4.2: Convergence results for Alg. 6 using bisection line search.

the number of iterations. The second and the third row show that the coreset size
and the vertices in |V(Ax, ε)| increase at most linearly with the number of iterations
as predicted in Section (4.4.1.1). We see that the number of vertices in |V(Ax, ε)|
remains very small throughout our experiments. Since αk = 2/(k + 2) in Fig. 4.1
(which is agnostic of f,D), we observe a little erratic behavior of our algorithm with
respect to the duality gap and number of vertices in the earlier iterations. While
the convergence results shown for Lan (2013) are, in expectation, of the same order
as the ones we show here, the bound is quite loose for these problems and we find
that the practical convergence rate can be slow. This is especially important as the
computation time of each iteration of that method in Lan (2013) increases with the
iteration count, as more samples of the gradient are drawn in later iterations (unlike
our algorithm). Moreover, Figure 4.2 shows that if we use a bisection line search
instead of the step size policy suggested in the proof of Theorem 4.4, our algorithm
converges (measured using the duality gap) in fewer than 40 iterations making it
practically fast while also keeping our theoretical results intact.

4.5.2 The 1-median problem

We tested a simple Frank Wolfe based solver for the 1-median problem on synthetic
data (similar to existing works for this problem). A set of points of size n is sampled
from a multivariate random Normal distribution. To keep the presentation succinct,
we discuss those parts of this experiment that demonstrate additional useful proper-
ties of the algorithm beyond those described for `1-SVM. The left plot in the top row
of Figure 4.3 shows how the size of the coreset varies as we increase nwhereas the
right plot shows the number of iterations required for convergence. Importantly, the
size of the coreset is independent of n, as the problem we are solving is fundamentally
no harder. The second row shows the computational time taken: left plot shows the
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total time taken whereas the right plot shows the time taken per iteration. We see
that both of these scale sublinearly with the number of points. The plots agree with
the theoretical results from earlier sections concerning the size of coreset and number
of iterations required to obtain a solution.

4.5.3 Multiway Graph Cuts

In order to demonstrate that our algorithm is scalable to large datasets and hence it is
practically applicable, we tested our algorithm on the dblife dataset Niu et al. (2011)
which consists of 9168 labels. Therefore, D is the product of n 9168-dimensional
simplices. Note that this problem consist of approximately 20 million decision variables
and has been tackled via distributed schemes implemented on a cluster Niu et al.
(2011). Due to the large of number of labels, this dataset is ideal for evaluating our
algorithm as the analysis implies that the number of labels chosen must increase
linearly with the number of iterations. This means that we get a sparse labeling scheme,
i.e., the coreset here is the subset of the total number of labels. We evaluated this behavior
by using increasing subsets of the total number of labels. We find that even when the
total number of labels is small; this trend becomes more prominent as progressively
larger sets of labels are used, shown in Figure 4.3 (row 3).

Problem Cf Coreset
`1-SVM 2

ε
(diam∞(A+∆m) +

diam∞(A−∆m))
Support vectors

1-median 2
ε

diam2(A∆n)
2 Points

Graph cuts 2
ε
(diam1(AD))2 Labels

Balanced Development 2
ε
(diam1(A∆m))

2 Attributes
Sparse PCA with constraints 2

ε
(diam∞(AS))2 Features

Table 4.1: A summary of the relevant quantities derived for each problem described
in the previous sections.

4.5.4 Interesting empirical behavior and its potential relation to
existing work

The experiments highlight some important practical aspects of the proposed algo-
rithm.
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Figure 4.3: (Top row) Plotting the size of the coreset (left) and number of iterations
(right) for 1-median as we vary the size n of a randomly sampled set of points. We
iterate until achieving a primal-dual gap of 10−6; 2nd row shows the total time taken
(left) and time taken per iteration (right); 3rd row shows results for Graph cuts problem
on dblife. Each LP subproblem took approximately 60 seconds using CPLEX solver.

1. How often do we encounter poor subproblems? The number of vertices in
|V(Ax, ε)| given by our analysis seems to be an overestimate than what is prac-
tically observed. Assuming that we initialize at a point whose neighborhood
does not contain any nonsmooth points, using the fact that the set of nondif-
ferentiable points of a convex function on a compact set is of measure zero,
we can show that the next iterate of the algorithm also does not contain any
nonsmooth points in its neighborhood with high probability. But extending
this argument to the next iterate becomes problematic. It seems like a Lovasz
Local Lemma type result Kolmogorov (2015) will be able to shed some light on
this behavior but the independence assumption is inapplicable, so one has to
introduce randomness in the algorithm. But a separate sparsity analysis might
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have to be done to obtain coreset results.

2. Why does our algorithm converge so fast? The empirical behavior of certain
algorithms have been strongly associated with the manifold identification prop-
erty in recent works, see Lee and Wright (2012). Our algorithm when using
a bisection line search strategy as shown in Fig. 4.3, converges within a few
iterations and is faster than the state of the art solvers for that problem. It will
be interesting to see if our algorithm satisfies some variation or extension of the
properties that are described in Lee and Wright (2012), but one issue is that the
algorithm presented in Lee and Wright (2012) has randomization incorporated
at each iteration making it hard to adapt that analysis for our algorithm.

3. Tightness of convergence. Let us consider the case of `1-SVM. Assume that the
positive and negative labeled instances be generated by a Gaussian distribu-
tion with mean 0 and µ respectively and variance σI. Using the properties of
maximum of sub-gaussians, we have that,

E (diam∞(A+∆m) + diam∞(A−∆m)) 6 σ logm+ µ+ σ logm = 2σ logm+ µ,

where the expectation is taken over the randomness in the data: A+,A−. This
shows that the dependence of Cf is logarithmic in the dimensions. Similarly we
will get

√
n,n logn for `2, `1 norm diameters respectively showing that the ECf

is near linear in the dimensions. Now we plug this estimate in the convergence
result in Theorem (4.4) to get,

E (f(xk) − f(x∗)) 6 E
(

25/2L+ 23/2Df√
k+ 2

)
= 25/2

(
L+ EDf√
k+ 2

)
= O

(
L+ logm√

k

)
.

Hence we can see that by choosing an appropriate neighborhood depending on
the application, we can get faster convergence. This aspect is either not present
in other Frank Wolfe algorithms that solve nonsmooth problems or involve
a looser dependence on the constants involved for example, Hazan and Kale
(2012) achieve a O

(
Lm√
k

)
convergence compared to our O

(
L+log2m√

k

)
here.
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4.6 Discussion

We have presented novel coreset bounds and optimization schemes for nondifferen-
tiable problems encountered in statistical machine learning and computer vision. The
algorithm calculates sparse approximate solutions to the corresponding optimization
problems deterministically in a number of iterations independent of the size of the
input problem, depending only on the approximation factor and the sum of the
Lipschitz constant and a nonlinearity term. The central result in Theorem 4.4 applies
to any problem of the very general form in (4.1) with mild conditions, potentially
suggesting a number of other applications beyond those considered here. Though a
general condition to characterize all cases where the internal subproblem is efficiently
solvable may not be available, we show a broad/useful class that is efficiently solvable.

Finally, we point out a few technical properties that differentiate our method from
existing FW type methods for nonsmooth problems Argyriou et al. (2014); Pierucci
et al. (2014).

1. Many methods rely on smoothing the objective function by a proximal function
that needs to be designed piecemeal for specific problems. While examples
exist where these functions can be readily derived, to our knowledge there are
no standard recipes for deriving proximal functions in general.

2. Several existing methods assume that the proximal iteration can be solved
efficiently. However, it is known that in general, the worst case complexity
of a single proximal iteration is the same as solving the original optimization
problem Parikh and Boyd (2014).

3. It is not yet clear how coreset results can be derived for many existing methods,
or if it is even possible. For example, (especially) in the very large scale setting,
coreset results enable practical applications where one can store a subset of the
(training) dataset and still be able to perform nearly as well (on the test data).
The basic expectation is that more data should not always make a problem com-
putationally harder. An exciting implication behind coreset results in (Clarkson,
2008) is that this can be avoided in certain cases. But (Clarkson, 2008) assumes
that f is smooth: an artifact of the optimization rather than a requirement of
coresets per se — we showed that this assumption is not necessary. In (the next)
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Chapter 5, we will see how CG algorithms perform while training nonconvex
models.

In closing, while the algorithm may not be the defacto off-the-shelf option for
all nonsmooth problems, for many problems it offers a very competitive (generally
applicable) alternative, and in certain cases, the theory nicely translates into significant
practical benefits as well.
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Chapter 5

Explicitly Imposing Constraints in
Deep Networks

In the previous chapters, we saw how CG algorithm in Algorithm 4 can be used to
estimate motion between images in Chapter 3 and learn ML models with nonsmooth
objective function in Chapter 4. However, these vision and ML tasks were formulated
as a convex optimization problem. In this chapter, we analyze the stochastic form of
CG algorithm with applications to training Deep Neural Networks under constraints
that are explicitly imposed on the parameters of the model. We show extensive
empirical evidence to support our claim that it is possible to efficiently compute low
complexity optimal solutions using CG type methods in (Ravi et al., 2019b).

5.1 Introduction

Recall from Chapter 1 that Deep Neural Networks (DNNs) are over-parameterized
models that are trained using first order methods. Here, the input data is often
transformed/composed by a sequence of nonlinear functions in order to learn complex
representations of the input data. The learning or fitting problem in DNNs in the
supervised setting is often expressed as the following stochastic optimization problem,

min
W

E
(x,y)∼D

L(W; (x,y))

where W = W1 × · · · ×Wl denotes the Cartesian product of the weight matrices
of the network with l layers that we seek to learn from the data (x,y) sampled
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from the underlying distribution D. Here, x can be thought of the “features” (or
predictor variables) of the data and y denotes the “labels” (or the response variable).
The variable W parameterizes the function that predicts the labels given the features
whose accuracy is measured using the loss function L. For simplicity, the specification
above is intentionally agnostic of the activation function we use between the layers
and the specific network architecture. Most common instantiations of the above task
are non-convex but results in the last 5 years show that good minimizers can be found
via first order methods such as SGD and its variants, see Section 2.1.2. Recent results
have also explored the interplay between the overparameterization of the network,
its degrees of freedom and issues related to global optimality Soudry and Carmon
(2016).

5.1.1 Related Work

Independent of the architecture we choose to deploy for a given task, one may often
want to impose additional constraints or regularizers, pertinent to the application
domain of interest. In fact, the use of task specific constraints to improve the behavioral
performance of neural networks, both from a computational and statistical perspective,
has a long history dating back at least to the 1980s Platt and Barr (1988); Zhang
and Constantinides (1992); Wahba et al. (1995). These ideas are being revisited
Rudd et al. (2014) motivated by generalization, convergence or simply as a strategy
for compression Cheng et al. (2017). However, using constraints on the types of
architectures that are common in modern AI problems is still being actively researched
by various groups. For example, Mikolov et al. (2014) demonstrated that training
Recurrent Networks can be accelerated by constraining a part of the recurrent matrix
to be close to identity. Sparsity and low-rank encouraging constraints have shown
promise in a number of settings Tai et al. (2015). In an interesting paper, Pathak et al.
(2015) showed that linear constraints on the output layer improves the accuracy on
a semantic image segmentation task. Márquez-Neila et al. (2017) showed that hard
constraints on the output layer yield competitive results on the pose estimation task
and Oktay et al. (2017) used anatomical constraints for cardiac image analysis. In
generative modeling, (Frerix et al., 2019) showed that linear inequality constraints
may be imposed to restrict the output a variational autoencoder. This suggests that
while there are some results demonstrating the value of specific constraints for specific
problems, the development is still in a nascent stage. It is, therefore, not surprising
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that the existing software libraries for deep learning (DL) offer little to no support for
hard constraints. For example, Keras only offers support for simple bound constraints.

5.1.2 Optimization Schemes

Let us momentarily set aside the issue of constraints and discuss the choice of the
optimization schemes that are in use today. There is little doubt that SGD algorithms
dominate the landscape of DL problems in AI. Instead of evaluating the loss and
the gradient over the full training set, SGD computes the gradient of the parameters
using a few training examples. It mitigates the cost of running back propagation over
the full dataset and comes with various guarantees as well Hardt et al. (2016). The
reader will notice that part of the reason that constraints have not been intensively ex-
plored may have to do with the interplay between constraints and the SGD algorithm
Márquez-Neila et al. (2017). While some regularizers and “local” constraints are
easily handled within SGD, some others require a great deal of care and can adversely
affect convergence and practical runtime Bengio (2012). There are also a broad range
of constraints where SGD is unlikely to work well based on theoretical results known today
— and it remains an open question in optimization Johnson and Zhang (2013). We
note that algorithms other than the standard SGD have remained a constant focus
of research in the community since they offer many theoretical advantages that can
also be easily translated to practice Dauphin et al. (2015). These include adaptive sub-
gradient methods such as Adagrad, the RMSprop algorithm, and various adaptive
schemes for choosing learning rate including momentum based methods Goodfellow
et al. (2016). However, notice that these methods only impose constraints in a “local”
fashion since the computational cost of imposing global constraints using SGD-based
methods becomes extremely high Pathak et al. (2015).

5.2 Do we need to impose constraints?

The question of why constraints are needed for statistical learning models in vision
and machine learning can be restated in terms of the need for regularization while
learning models. Recall that regularization schemes in one form or another go nearly
as far back as the study of fitting models to observations of data Wahba (1990). Broadly
speaking, such schemes can be divided into two related categories: algebraic and
statistical. The first category may refer to problems that are otherwise not possible
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or difficult to solve, also known as ill-posed problems Tikhonov et al. (1987); Wahba
(1987). For example, without introducing some additional piece of information, it
is not possible to solve a linear system of equations Ax = b in which the number of
observations (rows ofA) is less than the number of degrees of freedom (columns ofA).
In the second category, one may use regularization as a way of “explaining” data using
simple hypotheses rather than complex ones, for example, the minimum description
length principle Rissanen (1985). The rationale is that, complex hypotheses are less
likely to be accurate on the unobserved samples since we need more data to train
complex models. Recent developments on the theoretical side of DL showed that
imposing simple but global constraints on the parameter space is an effective way of
analyzing the sample complexity and generalization error Neyshabur et al. (2015b).
Hence we seek to solve,

min
W

E
(x,y)∼D

L(W; (x,y)) + µR(W) (5.1)

where R(·) is a suitable regularization function for a fixed µ > 0. We usually assume
that R(·) is simple, in the sense that the gradient can be computed efficiently. Using
the Lagrangian interpretation, Problem (5.1) is the same as the following constrained
formulation,

min
W

E
(x,y)∼D

L(W; (x,y)) s.t. R(W) 6 λ (5.2)

where λ > 0. Note that when the loss function L is convex, both the above problems
are equivalent in the sense that given µ > 0 in (5.1), there exists a λ > 0 in (5.2) such
that the optimal solutions to both the problems coincide (see Sec 1.2 in Bach et al. (2012a)).
In practice, both λ and µ are chosen by standard procedures such as cross validation.

5.2.1 Finding Pareto Optimal Solutions

On the other hand, when the loss function is nonconvex as is typically the case in DL,
formulation (5.2) is more powerful than (5.1). We state it as the following observation.

Observation 3. For a fixed λ > 0, there might be solutionsW∗λ of (5.2) for which there exists
no µ > 0 such thatW∗λ =W∗µ whereas any solution of problem (5.1) can be obtained for some
λ in (5.2) (Section 4.7 in Boyd and Vandenberghe (2004a)).
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It turns out that it is easier to understand this phenomenon through Multiobjective
Optimization (MO). In MO, care has to be taken to even define the notion of optimality
of feasible points (let alone computing them efficiently). Among various notions of
optimality, we will now argue that Pareto optimality is the most suited for our goal.

Recall that our goal is to find W’s that achieve low training error and are at the
same time “simple” (as measured by R). In this context, a Pareto optimal solution is a
pointW such that none of L(W) or R(W) in (5.2) or (5.1) can be made better without
making the other worse, thus capturing the essence of overfitting effectively. In
practice, there are many algorithms to find Pareto optimal solutions and this is where
problem (5.2) dominates (5.1). Specifically, formulation (5.1) falls under the category
of “scalarization” technique whereas (5.2) is ε-constrained technique. It is well known
that when the problem is nonconvex, ε-constrained technique yields pareto optimal
solutions whereas scalarization technique does not Boyd and Vandenberghe (2004a)!

Finally, we should note that even when the problems (5.1) and (5.2) are equivalent,
in practice, algorithms that are used to solve them can be very different.
Our Results. We show that many interesting global constraints of interest in AI can
be explicitly imposed using a classical technique, Conditional Gradient (CG) that has
not been deployed much at all in deep learning. We analyze the theoretical aspects of
this proposal in detail. On the application side, specifically, we explore and analyze
the performance of our CG algorithm with a specific focus on training deep models
on the constrained formulation shown in (5.2). Progressively, we go from cases where
there is no (or negligible) loss of both accuracy and training time to scenarios where
this procedure shines and offers significant benefits in performance, runtime and
generalization. Our experiments indicate that: (i) with less than 50% #-parameters,
we improve ResNet accuracy by 25% (from 8% to 6% test error), and (ii) GANs can
be trained in nearly a third of the computational time achieving the same or better
qualitative performance on an image inpainting task.

5.3 First Order Methods: Two Representatives

To setup the stage for our development we will review the two broad strategies that
are used to solve problems of the form shown in (5.2). First, a natural extension of
gradient descent (GD) also known as Projected GD (PGD) may be used. Intuitively,
we take a gradient step and then compute the point that is closest to the feasible set



97

defined by the regularization function. Hence, at each iteration PGD requires the
solution of the following optimization problem or the so-called Projection operator,

WPGD
t+1 ← arg min

W:R(W)6λ

1
2‖W − (Wt − ηgt) ‖2

F (5.3)

where ‖W‖F is the Frobenius norm ofW, gt is (an estimate of) the gradient of L atWt

and η is the step size. In practice, we compute gt by using only a few training samples
(or minibatch) and running backpropagation. Note that the objective E(x,y)∼DL(W)

can be assumed to be smooth inW if we convolve with any probability distribution
D ′ (close to D but) with a density function and is commonly referred to as stochastic
smoothing. Hence, for our descriptions, we will assume that the derivative is well
defined. Note that stochastic smoothing does not preserve sparsity patterns, and
hence cannot be used to construct coreset, as in Chapter 4. Furthermore, when there
are no constraints, (5.3) is simply the standard SGD method that requires optimizing
a quadratic function on the feasible set. So, the main bottleneck in explicitly imposing
constraints with PGD is the complexity of solving (5.3). Even though many R(·) do
admit an efficient procedure in theory, using them for applications in training deep
models has been a challenge since they may be complicated or not easily amenable to
a GPU implementation Taylor et al. (2016); Frerix et al. (2017).

So, a natural question to ask is whether there are methods that are faster in the
following sense: can we solve simpler problems at each iteration and also explicitly
impose the constraints effectively? As previously discussed in Chapter 2, an assertive
answer is provided by a scheme that falls under the second general category of first
order methods: the Conditional Gradient (CG) algorithm, also known as the Frank-
Wolfe algorithm, as in Chapter 4. Recall that CG methods solve the following linear
minimization problem at each iteration instead of a quadratic one

st ∈ arg min
W
gTtW s.t. R(W) 6 λ (5.4)

and updateWCG
t+1 ← ηWt+(1−η)st. While both PGD and CG guarantee convergence

with mild conditions on η, it may be the case (as we will see shortly) that problems of
the form (5.4) can be much simpler than the form in (5.3) and hence highly suitable for
training deep learning models. An additional bonus is that CG algorithms also offer
nice space complexity guarantees that are also attainable in practice, making it a very
promising choice for explicitly constrained training of deep models.
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Remark 5.1. As we discussed in Chapter 2, in order for CG algorithm (5.4) to be well defined,
we need the feasible set to be bounded whereas this is not required for PGD (5.3) since the
objective function is quadratic.

To that end, we will see how the CG algorithm behaves for the regularization
constraints that are commonly used.

Remark 5.2. Note that although the loss function EL(W) is nonconvex, the constraints that
we need for almost all applications are convex, hence, all our algorithms are guaranteed to
converge by design Lacoste-Julien (2016); Reddi et al. (2016) to a stationary point.

5.4 Categorizing “Generic” Constraints for CG

We now describe how a broad basket of “generic” constraints broadly used in litera-
ture, can be arranged into a hierarchy — ranging from cases where a CG scheme is
perfect and expected to yield wide-ranging improvements to situations where the
performance is only satisfactory and additional technical development is warranted.
For example, the `1-norm is often used to induce sparsity. The nuclear norm (sum of
singular values) is used to induce a low rank regularization, often for compression
and/or speed-up reasons.

So, how do we know which constraints when imposed using CG are likely to
work well? In order to analyze the qualitative nature of constraints suitable for
CG algorithm, we categorize the constraints into three categories based on how the
updates will, computationally, and learning-wise, compare to a SGD update.

5.4.1 Category 1 constraints are excellent

We categorize constraints as Category 1 if both the SGD and CG updates take a
similar form algebraically. The reason we call this category “excellent” is because it
is easy to transfer the empirical knowledge that we obtained in the unconstrained
setting, specifically, learning and dropout rates to the regime where we want to
explicitly impose these additional constraints. Here, we see that we get quantifiable
improvements in terms of both computation and learning.

Two types of generic constraints fall into this category: 1. the Frobenius norm and
2. the Nuclear norm Ruder (2017). We will now see how we can solve (5.3) and (5.4)
by comparing and contrasting them.
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1. Frobenius Norm. When R(·) is the Frobenius norm, it is easy to see that (5.3)
corresponds to the following,

WPGD
t+1 =

Wt − ηgt if ‖Wt − ηgt‖F 6 λ
λ · Wt−ηgt
‖Wt−ηgt‖F otherwise,

and (5.4) corresponds to st = −λ gt
‖gt‖F which implies that,

WCG
t+1 =Wt − (1 − η)

(
Wt + λ

gt

‖gt‖F

)
. (5.5)

It is easy to see that both the update rules essentially take the same amount
of calculation which can be easily done while performing a backpropagation
step. So, the actual change in any existing implementation will be minimal but
CG will automatically offer an important advantage, notably scale invariance,
which several recent papers have found to be advantageous Lacoste-Julien and
Jaggi (2015).

2. Nuclear norm. On the other hand, when R(·) is the nuclear norm, the situation
where we use CG (versus not) is quite different. All known projection (or prox-
imal) algorithms require computing at each iteration the full singular value
decomposition of W, which in the case of deep learning methods becomes
restrictive Recht et al. (2010). In contrast, CG only requires computing the top-1
singular vector of W which can be done easily and efficiently on a GPU via
the power method Jaggi (2013). Hence in this case, if the number of edges in
the network is |E| we get a near-quadratic speed up, i.e., from O(|E|3) for PGD to
O(|E| log |E|) making it practically implementable Golub and Van Loan (2012)
in the very large scale settings Yu et al. (2017). Furthermore, it is interesting
to observe that the rank of W after running T iterations of CG is at most T
which implies that we need to only store 2T vectors instead of the whole matrix
W making it a viable solution for deployment on devices with memory con-
straints Howard et al. (2017). The main takeaway is that, since projections are
computationally expensive, projected SGD is not a viable option in practice.
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5.4.2 Category 2 constraints are potentially good

As we saw earlier, CG algorithms are always at least as efficient as the PGD updates:
in general, any constraint that can be imposed using the PGD algorithm can also be
imposed by CG algorithm, if not faster. Hence, generic constraints are defined to be
Category 2 constraints for CG if the empirical knowledge cannot be easily transferred
from PGD. Two classical norms that fall into this category: ‖W‖1 and ‖W‖∞.

1. PGD on the `1 ball can be done in linear time (see Duchi et al. (2008)) and
for ‖W‖∞ using gradient clipping Boyd and Vandenberghe (2004a). So, let us
evaluate the CG step (5.4) for the constraint ‖W‖1 6 λ which corresponds to,

sjt =

−λ if j∗ = arg max
j

∣∣∣gjt∣∣∣
0 otherwise.

(5.6)

That is, we assign −λ to the coordinate of the gradient gt that has the maximum
magnitude in the gradient matrix which corresponds to a deterministic dropout
regularization in which at each iteration we only update one edge of the network.
While this might not be necessarily bad, it is now common knowledge that a
high dropout rate (i.e., updating very few weights at each iteration) leads to
underfitting or in other words, the network tends to need a longer training time
Srivastava et al. (2014).

2. Similarly, the update step (5.4) for CG algorithm with ‖W‖∞ takes the following
form,

sjt =

+λ if gjt < 0

−λ otherwise.
(5.7)

In this case, the CG update uses only the sign of the gradient and does not
use the magnitude at all. In both cases, one issue is that information about the
gradients is not used by the standard form of the algorithm making it not so
efficient for practical purposes.

Interestingly, even though the update rules in (5.6) and (5.7) use extreme ways of
using the gradient information, we can, in fact, use a group norm type penalty to
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model the trade-off. Recent work in (Garber and Hazan, 2015) shows that there are
very efficient procedures to solve the corresponding CG updates as well (5.4).

Remark 5.3. The main takeaway from the discussion is that Category 2 constraints sur-
prisingly unifies many regularization techniques that are traditionally used in DL in a more
methodical way.

5.4.3 Category 3 constraints need more work

There is one class of regularization norms that do not nicely fall in either of the above
categories, but is used in several problems in vision: the Total Variation (TV) norm. TV
norm is widely used in denoising algorithms to promote smoothness of the estimated
sharp image Chambolle and Lions (1997). The TV norm on an image I is defined as a
certain type of norm of its discrete gradient field (∇iI(·),∇jI(·)) i.e.,

‖I‖pTV := ((‖∇iI‖p + ‖∇jI‖p)p .

Note that for p ∈ {1, 2}, this corresponds to the classical anisotropic and isotropic TV
norm respectively. Motivated by the above idea, we can now define the TV norm of a
Feed Forward Deep Network. TV norm, as the name suggests, captures the notion of
balanced networks, shown to make the network more stable Neyshabur et al. (2015a).
Let A be the incidence matrix of the network: the rows of A are indexed by the nodes
and the columns are indexed by the (directed) edges such that each column contains
exactly two nonzero entries: a +1,−1 in the rows corresponding to the starting node u
and ending node v respectively. Let us also consider the weight matrix of the network
as a vector (for simplicity) indexed in the same order as the columns of A. Then, the
TV norm of the deep neural network is,

‖W‖TV := ‖AW‖p. (5.8)

It turns out that when R(W) = ‖W‖TV , PGD is not trivial to solve and requires special
schemes Fadili and Peyré (2011) with runtime complexity of O(n4) where n is the
number of nodes — impractical for most deep learning applications. In contrast, CG
iterations only require a special form of maximum flow computation which can be
done efficiently Harchaoui et al. (2014).
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Lemma 5.4. An ε-approximate CG step (5.4) can be computed inO(1/ε) time (independent
of dimensions of A).

Proof. Harchaoui et al. (2014) showed that in order to solve the CG step for TV norm
we first solve

max
β∈R,f

β s.t. Af = βgt, f ∈ [0, 1]E, (5.9)

where E is the number of edges of the network and then compute the Lagrange
multipliers at the optimal solution of problem (5.9). Instead of first solving (5.9),
we propose to solve the dual directly using continuous optimization techniques.
Introducing dual variables v for the equality constraints andw for the box constraints,
our dual linear program can be written as,

max
w,v

1Tw s.t. −ATv+w 6 0, gTt v = −1, w 6 0. (5.10)

Since v is a free variable, problem (5.10) is equivalent to,

max
w,v

1Tw s.t. w 6 ATv, gTt v = 1, w 6 0.

Eliminating w, we can write the dual of (5.9) as,

min
v∈RE

E∑
i=1

min
(
0, vTA[i,:]

)
s.t. gTt v = 1

where A[i,:] denotes the i-th row of A. Now it is easy to see that many continuous
optimization methods are amenable which does not require us to instantiate the
matrix A. Hence we can now use Theorem 1 in Johnson and Zhang (2013) gives us
the desired result.

Remark 5.5. The above discussion suggests that conceptually, Category 3 constraints can be
incorporated and will immensely benefit from CG methods. However, unlike Category 1-2
constraints, it requires specialized implementations to solve subproblems from (5.8) which
are not currently available in popular libraries. So, additional work is needed before broad
utilization may be possible.
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Algorithm 7 Path-CG iterations
Pick a starting pointW0 : ‖W0‖π 6 λ and η ∈ (0, 1).
for t = 0, 1, 2, · · · , T iterations do

for j = 0, 1, 2, · · · , l layers do
g← gradient of edges from j− 1 to j layer.
Compute γe ∀ e from j− 1 to j layer (eq (5.11))
Set sjt ← arg minW gTWs.t.‖ΓW‖2 6 λ (eq(5.12))
UpdateWj

t+1 ← ηWj
t + (1 − η)sjt

end for
end for

5.5 Path Norm Constraints in Deep Learning

So far, we only covered constraints that were already in use in vision/machine learning
and recently, some attempts Márquez-Neila et al. (2017) were made to utilize them in
deep networks. Now, we review a new notion of regularization, introduced recently,
that has its roots primarily in deep learning Neyshabur et al. (2015a). We will first see
the definition and explain some of the properties that this type of constraint captures.

Definition 5.6. Neyshabur et al. (2015a) The `2-path regularizer is defined as :

‖W‖2
π =

∑
vin[i]

e1−→v1
e2−→···vout[j]

∣∣∣∣∣
l∏
k=1

Wek

∣∣∣∣∣
2

.

Here π denotes the set of paths, vin corresponds to a node in the input layer, ei
corresponds to an edge between a node (i− 1)-th layer and i-th layer that lies in the
path between vin and vout in the output layer. Therefore, the path norm measures
norm of all possible paths π in the network up to the output layer.

Why do we need path norm? One of the basic properties of ReLu (Rectified Linear
Units) is that it is scaling invariant in the following way: multiplying the weights of
incoming edges to a node i by a positive constant and dividing the outgoing edges
from the same node i does not change L for any (x,y). Hence, an update scheme
that is scaling invariant will significantly increase the training speed. Furthermore,
the authors in Neyshabur et al. (2015a) showed how path regularization converges to
optimal solutions that can generalize better compared to the usual SGD updates — so
apart from computational benefits, there are clear statistical generalization advantages
too.
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How do we incorporate the path norm constraint? Recall from Remark 5.1 that
the feasible set has to be bounded, so that the step (5.4) is well defined. Unfortunately,
this is not the case with the path norm as shown in the following example.

Example 2. Consider a simple line graph with scalar weightsW1 andW2. In this case, there
is only one path and the path norm constraint isW2

1W
2
2 6 1 which is clearly unbounded.

Further, we are not aware of an efficient procedure to compute the projection for
higher dimensions since there is no known efficient separation oracle. Interestingly,
we take advantage of the fact that if we fix W1, then the feasible set is bounded. This
intuition can be generalized, that is, we can update one layer at a time which we will
describe now precisely.

Path-CG Algorithm. In order to simplify the presentation, we will assume that
there are no biases noting that the procedure can be easily extended to the case when
we have individual bias for every node. Let us fix a layer j and the vectorized weight
matrix of that layer be W that we want to update and as usual, g corresponds to
the gradient. Let the number of nodes in the (j − 1) and j-th layers be n1 and n2

respectively. For each edge between these two layers we will compute the scaling
factors γe defined as,

γe =
∑

vin[i]···
e−→···vout[j]

∣∣∣∣∣∏
ek 6=e

Wek

∣∣∣∣∣
2

. (5.11)

Intuitively, γe computes the norm of all paths that pass through the edge e excluding
the weight of e. This can be efficiently done using Dynamic Programming in time
O(l) where l is the number of layers. Consequently, the computation of path norm
also satisfies the same runtime, see Neyshabur et al. (2015a) for more details. Now,
observe that the path norm constraint when all of the other layers are fixed reduces
to solving the following problem,

min
W
gTW s.t. ‖ΓW‖2 6 λ (5.12)

where Γ is a diagonal matrix with Γe,e = γe, see (5.11). Hence, we can see that the
problem again reduces to a simple rescaling and then normalization as seen for the
Frobenius norm in (5.5) and repeat for each layer, see Figure 5.1.
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γin(v) γout(v)

...

... ...

i− 1-th
layer

i-th
layer

i+ 1-th
layer

Figure 5.1: In order to compute the path norm, we can compute γin and γout for each
node in the network. We then set γ(u→ v) = γin(u)γout(v)

Define γin(v) and γout(v) as,

γin(v) =
∑

(u→v)∈E
γin(u)w

2
u,v

γout(v) =
∑

(v→u)∈E
γout(u)w

2
u,v

Fix layer i that we want to update and let the gti be the gradient of the loss function
with respect to the weight matrix of the edges between i− 1 and i layers. Then the
squared path norm can be computed as the sum of squares (taken over all edges) of
product of γuv := γin(u)γout(v) and w2

uv for every edge in between the layers, that
is,

‖W‖2
π :=

∑
uv

γuvw
2
uv = ‖Γ̂W‖2

F

where the matrix Γ̂ is diagonal with elements being γ1/2
uv . Hence we have that the
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Path-CG subproblems correspond to solving

min
W
gTW s.t. ‖Γ̂W‖2 6 λ.

Remark 5.7. The starting pointW0 such that ‖W0‖π 6 λ can be chosen simply by randomly
assigning the weights from the Normal Distribution with mean 0.

Complexity of Path-CG algorithm in Algorithm 7. From the above discussion,
our full algorithm is given in Algorithm 7. The main computational complexity in
Path-CG comes from computing the matrix Γ for each layer, but as we described
earlier, this can be done by backpropagation – O(1) flops per example. Hence, the
complexity of Path-CG for running T iterations is essentiallyO(lBT) where B is a size
of the mini-batch.

Scale invariance of Path-CG algorithm in Algorithm 7. Note that CG algorithms
satisfy a much general property called as Affine Invariance Jaggi (2013), which implies
that it is also scale invariant. Scale invariance makes our algorithm more efficient (in
wall clock time) since it avoids exploring parameters that correspond to the same
prediction function.

5.6 Experiments

We present experimental results on three different case studies to support our basic
premise and theoretical findings in the earlier sections: constraints can be easily
handled with our CG algorithm in the context of Deep Learning while preserving
the empirical performance of the models.

1. The first set of experiments is designed to show how simple/generic constraints
can be easily incorporated in existing deep learning models to get both faster
training times and better accuracy while reducing the #-layers using the ResNet
architecture.

2. The second set of experiments is to evaluate our Path-CG algorithm. The goal
is to show that Path-CG is much more stable than the Path-SGD algorithm in
Neyshabur et al. (2015a), implying lower generalization error of the model.

3. In the third set of experiments we show that GANs (Generative Adversarial
Networks) can be trained faster using the CG algorithm and that the training
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tends to be stable. To validate this, we test the performance of the GAN on
image inpainting.

Since CG algorithm maintains a solution that is a convex combination of all
previous iterates, hence to decrease the effect of random initialization, the training
scheme consists of two phases:

1. Burn-in phase in which the CG algorithm is run with a constant stepsize.

2. Decay phase in which the stepsize is decaying according to 1/t. This makes
sure that the effect of randomness from the initialization is diminished.

We use 1 epoch for the burn-in phase, hence we can conclude that the algorithm is
guaranteed to converge to a stationary point Lacoste-Julien (2016).

5.6.1 Improve ResNets using Conditional Gradients

We start with the problem of image classification, detection and localization. For
these tasks, one of the best performing architectures are variants of the Deep Residual
Networks (ResNet) He et al. (2016). For our purposes, to analyze the performance
of CG algorithm, we used the shallower variant of ResNet, namely ResNet-32 (32
hidden layers) architecture and trained on the CIFAR10 Krizhevsky et al. (2012)
dataset. ResNet-32 consists of 5 residual blocks and 2 fully connected, one each at
the input and output layers. Each residual block consists of 2 convolution, ReLu
(Rectified Linear units), and batch normalization layers, see He et al. (2016) for more
details. CIFAR10 dataset contains 60000 color images of size 32× 32 with 10 different
categories/labels. Hence, the network contains approximately 0.46M parameters.

To make the discussion clear, we present results for the case where the total
Frobenius norm of the network parameters is constrained to be less than λ and
trained using the CG algorithm. To see the effect of the parameters λ and step sizes η
on the model, we ran 80000 iterations, see Figure 5.2. The plots essentially show that
if λ is chosen reasonably big, then the accuracy of CG is very close to the accuracy of
ResNet-164 (5.46% top-1 test error, see He et al. (2016)) that has many more parameters
(approximately 5 times!). In practice, since λ is a constraint parameter, we can initially
choose λ to be small and gradually increase it, thus avoiding complicated grid search
procedures.Thus, Figure 5.2 shows that CG can be used to improve the performance
of existing architectures by appropriately choosing constraints.
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Figure 5.2: Performance of CG on ResNet-32 on CIFAR10 dataset (x-axis denotes the
fraction of T ): as λ increases, the training error, loss value and test error all start to
decrease simultaneously.

Takeaway. CG offers fewer parameters and higher accuracy on a standard network with
no additional change.

5.6.2 Path-CG vs Path-SGD: Which is better?

In this case study, the goal is to compare Path-CG with the Path-SGD algorithm
Neyshabur et al. (2015a) in terms of both accuracy and stability of the algorithm. To
that end, we considered image classification problem with a path norm constraint
on the network: ‖Wt‖p 6 λ for varying λ as before. We train a simple feed-forward
network which consists of 2 fully-connected hidden layers with 4000 units each,
followed by the output layer with 10 nodes. We used ReLu nonlinearity as the
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Figure 5.3: Performance of Path-CG vs SGD on a 2-layer fully connected network
on four datasets (x-axis denotes the #iterations). Observe that across all datasets,
Path-CG is much faster than SGD (first three columns). Last column shows that SGD
is not stable with respect to the path norm.

activation function and cross entropy as the loss defined by,

Definition 5.8 (Cross entropy loss). Fix ground truth y such that y ∈ ∆, where ∆ ⊂ RM

is the probability simplex as in Section 1.4. Then, the cross entropy loss at an arbitrary
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distribution z ∈ ∆ is given by,

CEy(z) := −

M∑
c=1

yc log zc.

We performed experiments on 4 standard datasets for image classification: MNIST,
CIFAR (10,100) Krizhevsky et al. (2012) and finally color images of house numbers
from SVHN dataset Netzer et al.. Figure 5.3 shows the result for λ = 10−5 (after
tuning), it can achieve the same accuracy as that of Path-SGD.

Path-CG has one main advantage over Path-SGD: Our results show that Path-
CG is more stable while the path norm of Path-SGD algorithm increases rapidly. This
shows that Path-SGD does not effectively regularize the path norm whereas Path-CG
keeps the path norm less than λ as expected.

Takeaway. All statistical benefits of path norm are possible via CG while being computa-
tionally stable.

5.6.3 Image Inpainting using Conditional Gradients

Finally, we illustrate the ability of our CG framework on an exciting and recent
application of image inpainting using Generative Adversarial Networks (GANs). We
now briefly explain the overall experimental setup. GANs using game theoretic
notions can be defined as a system of 2 neural networks called Generator and the
Discriminator competing with each other in a zero-sum game Arora et al. (2017).

Image inpainting/completion can be performed using the following two steps
Amos (2016):

1. Train a standard GAN as a normal image generation task, and

2. Use the trained generator and then tune the noise that gives the best output.

Hence, our hypothesis is that if the generator is trained well, then the follow-up task
of image inpainting benefits automatically.

Train DC-GAN faster for better image inpainting. We used the state of the art
DC-GAN architecture in our experiments and we impose a Frobenius norm constraint
on the parameters but only on the Discriminator to avoid mode collapse issues and
trained using the CG algorithm. Figure 5.4 illustrates our overall procedure in which
a GAN is used to learn the training distribution of images, and then used for the
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Figure 5.4: Illustrates the task of image inpainting overall pipeline.

inpainting task. Qualitative results are shown in Figure 5.5. In order to verify the per-
formance of the CG algorithm, we used 2 standard face image datasets from CelebA
and LWF and conducted two experiments: trained on the CelebA dataset with LFW
being the test dataset and vice-versa. We found that the generator generates very high
quality images after being trained with LFW images in comparison to the original
DC-GAN in just 10 epochs (reducing the computational cost by 50%). Quantitatively,
we provide numerical evidence in Figure 5.6 with 2 intrinsic metrics viz., Structural
Similarity (SSim), Mean Squared Error (MSE) and 1 extrinsic metric, Frechet In-
ception Distance (FID). All the three metrics are standard in GAN literature. We
calculated the intrinsic metrics after the image completion phase. We can see that on
all the three metrics, CG outperforms SGD clearly.

Takeaway. GANs can be trained faster with no change in accuracy.
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Figure 5.5: CG-trained DC-GAN performs as good as (or better than) SGD-based
DC-GAN but with 50% epochs. From Left to Right: Column 1 represents an input
masked image, Column 2 represents the Ground Truth, Column 3 represents the
output of the GAN trained using CG Algorithm, Column 4 represents the output of
the GAN trained using SGD Algorithm.

Figure 5.6: From left: show MSE/SSIM/FID on the full image.



113

5.7 Conclusions

The main emphasis of our work is to provide evidence supporting three distinct but
related threads:

1. Global constraints are relevant in the context of training deep models in vision
and machine learning.

2. The lack of support for global constraints in existing libraries like Keras and
Tensorflow Abadi et al. (2016) may be because of the complex interplay between
constraints and SGD which we have shown can be side-stepped, to a great
extent, using CG.

3. Constraints can be easily incorporated with negligible to small changes to
existing implementations.

We provide empirical results on three different case studies to support our claims,
and conjecture that a broad variety of other problems will immediately benefit by
viewing them through the lens of CG algorithms. Our analysis and experiments
suggest concrete ways in which one may realize improvements, in both generalization
and runtime, by substituting in CG schemes in deep learning models. Tensorflow
code for all our experiments is available in Github here.

https://github.com/sravi-uwmadison/deepcg
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Chapter 6

Experimental Design for Sparse
Models

In this chapter, we explore a discrete optimization problem in which constraints arise
due to practical considerations involved in performing a longitudinal observational
study, for example, based on longitudinal acquisitions of neuroimaging and cognitive
data over many years. Interestingly, we find that continuous relaxations of nonlinear
discrete problems arising in this setting can be solved efficiently in practice. A key
benefit of our formulation is that the rounding a fractional solution can be done
without much loss of accuracy.

6.1 Introduction

Experimental Design (ED) is a problem with deep foundations dating back at least
to the early 1900s Kempthorne (1952); Kirk (1982). Here, given the covariates xi’s, an
experimenter must conduct an experiment in order to obtain the value of the dependent
(or response) variables yi’s. The focus of much of the classical work on this topic is
to maximize the amount of information that the full experiment yields for a given
(or least) amount of work. In many situations, each experiment or measurement
may have a monetary cost associated with it. Given a fixed budget B ∈ R+, the
budgeted version of the experimental design problem is to choose the set of xi’s
for which we will conduct an experiment to obtain the corresponding yi’s, while
satisfying the budget constraint. As a simple example, the budget constraint may
restrict the number of yi’s we may request, i.e., the experimenter can perform at most
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B experiments. As before, the selected subset must be a good prototype for the entire
dataset for model estimation purposes, e.g., β : xi → yi. These problems are studied
under the umbrella of optimal design Pukelsheim (1993).

In recent years, there is a renewed interest in ED since it provides a framework
to study numerous adaptive data acquisition scenarios. While randomization offers
one solution Niu et al. (2011), recent results demonstrate that optimization based
schemes yield a competitive alternative Bertsimas et al. (2015). Solutions to a number
of interesting variants of the problem have been proposed, for instance, Horel et al.
(2014) provides approximation guarantees for the convex relaxation of the problem.
In vision, the availability of crowd-sourced platforms has led to scenarios where we
seek to acquire low cost reliable data; trusted workers charge a premium per HIT Li
and Guo (2013).

Apart from these results, active learning approaches also make use of ED concepts,
but the selection process there is sequential. An important distinction in active
learning is that the algorithm chooses the next (subset of) examples which the back-
end machine learning algorithm needs labeled. The algorithm then proceeds and
request labels for more examples iteratively. Most ED formulations do not offer this
flexibility. Specifically, while these methods may try to minimize the number of
queries or labelings required (for a pre-determined accuracy), we study a related
but distinct question. If we fix the number of queries a priori, we study the issue
of choosing a subset such that the corresponding estimator is close to the estimator
inferred from the full dataset (i.e., yi for all xi were available). Further, the algorithm
gets no more chances to query the experimenter. For this formulation to make sense, the
criteria for subset selection must be closely tied to the later statistical estimation task
that the subset of samples will be used for. To our knowledge, existing solutions to
the general version of this problem do not scale up to large datasets (n large), see
Dette et al. (2011). Moreover, often we need to use sampling schemes to approximate
an integral at each step which is a nontrivial for large p due to the high dimensionality
Konstantinou et al. (2011).

Application. One motivating application is conducting cost effective imaging-
based neuroscience studies; this setting will be used to evaluate our proposed models.
In Alzheimer’s Disease (AD), the problem of predicting future cognitive decline is
important for a broad variety of reasons Landau et al. (2010); Hinrichs et al. (2011).
Identifying decliners is of direct relevance in disease progression studies and also
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serves the goal of maximizing statistical power in trials Ithapu et al. (2015) – both
of which are based on longitudinal changes in participants Searcey et al. (1994);
Hinrichs et al. (2012). The dependent variable of interest here is change in cognition
and/or diagnostic scores, over time. The independent variables include imaging (and
imaging-derived) measures, genetic and other data acquired at the baseline time-point
(or initial visit). Here, keeping a subject enrolled in the study (e.g., for a second visit)
is expensive, but will provide the response yi for subject i. The goal is to choose a
“subset” of all subjects that can help estimate the parameters of the model, without
affecting the statistical power.

Our Results. In Section 6.3, we propose two formulations for the problem. The
first model is motivated geometrically while the second one involves certain algebraic
manipulations. Experimentally we show that both models yield consistent results,
with each other as well as with the “full” model. In Section 6.4, we evaluate our
algorithms on a large neuroimaging dataset (≈ 1000 subjects) using both qualitative
and quantitative performance measures. Empirical results show that our algorithms
are robust and promising for formulations involving sparse linear models.

6.2 Preliminaries

Consider the linear model yi = xTi β + ε where xi,β ∈ Rp,yi ∈ R and ε ∼ N(0, 1).
The regression task for β is,

β∗ := arg min
β

1
2 ||Xβ− y||vu + εg(β)

where the rows of X ∈ Rn×p correspond to samples (or data instances, subjects).
Here, g is a penalty function that specifies desired properties or characteristics of the
optimal regressor β∗ and ε is the Tikhonov regularization parameter. We assume
that u = v = 2 unless otherwise specified which corresponds to the standard linear
regression loss function. Recall that when g(β) = βTMβ for some M � 0, then β∗

has a closed form solution β∗ =
(
XTX+ εM

)−1
XTy also known as ridge regression.

Ridge regression is particularly useful when p > n because XTX is singular or when
the covariates are highly correlated, where a typical regressor may overfit rather than
explaining the underlying process. So, the ability to adjust the regularizer enables the
estimation process. There are some obvious choices forM, e.g.,M = I corresponds
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to the least norm least squares solution. On the other hand, when p < n and if the
rank of X is p, Li (2008) shows that the ridge regression is robust to noise or outliers.

6.2.1 Related Work

The literature analyzing experimental design procedures for the closely related prob-
lem of ridge regression is quite extensive. The ED problem for ridge regression can
be written as the following (combinatorial) problem,

S∗ := arg max
|S|6B

f

(∑
i∈S

xix
T
i + εI

)

where we identify S with the set of selected subjects for a budget B. This problem
can be equivalently formulated as,

S∗ = arg max
µ∈{0,1}n

f

(
n∑
i=1

µixix
T
i + εI

)
s.t. 1Tµ 6 B, (6.1)

where 1∈ Rn is the vector of all 1s. The choice of f determines the nature of the
regressor from the selected subset, for example, f(·) = log det(·) is referred to as the
D−optimality criterion. Intuitively, a D−optimal design corresponds to the set of
subjects that maximizes the information gain. There are other choices for the objective,
see Das; Pukelsheim (1993); Chaloner and Verdinelli (1995). A common feature of
many optimality criteria is that they lead to convex problems when the integrality
constraints are relaxed. There are efficient ways to solve this relaxed problem — in
particular, when Frank Wolfe type methods are employed, the number of nonzero
entries of µ has a relationship with the number of iterations Jaggi (2013). Once
the relaxed problem is solved, pipage rounding schemes yield a solution without
sacrificing the objective function value much Ageev and Sviridenko (2004).

The case for `1. While ridge regression has many attractive properties, the solu-
tions from ridge regression may have many nonzero entries that are close to zero
Tibshirani (1996). Recent results suggest that in various cases it may be more ap-
propriate to use the `1-norm instead – it induces sparsity in the optimal regressor
and hence the model or the regressor may be more interpretable Candes and Tao
(2005); Candès and Plan (2009). When the `1-regularization is used, coordinates with
nonzero entries in the optimal regressor correspond to features that are responsible in
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the “linearity" of the model, and explains the “selection” aspect of LASSO. After this
procedure, a ridge regression problem is solved only on this reduced set of features
that were selected by LASSO as described in Tibshirani (1996). The problem of interest
is β∗1 ∈ arg minβ 1

2 ||Xβ − y||22 + ε||β||1. Under some mild conditions, we can assume
that β∗1 is unique and so replace the containment operator with equality. Unlike ridge
regression, iterative procedures are needed here since β∗1 does not have a closed form
expression.

6.3 Our proposed formulations

Some basic assumptions. We first clarify a few basic assumptions to simplify the
presentation. If necessary, we will add εI to the covariance matrix so that the cor-
responding inverse and the log det(·) operations are meaningful. We also assume
without loss of generality that ||xi||2 6 1, in other words, X is divided by the maximum
sample norm. The constraint 1Tµ 6 B can be replaced by a more general dTµ 6 B for
d > 0, i.e., where the cost of selecting different subjects is different. Finally, we fix f(·)
to be log det(·) (corresponding to the D−optimality criterion) since it is conceptually
simpler. Our algorithms remain unchanged if f is replaced by another smooth convex
function.

We now describe the two models for the ED problem (for LASSO): the first for-
mulation in Sec. 6.3.1 is motivated geometrically whereas the next one in Sec. 6.3.2
involves certain algebraic manipulations but offers some efficiency benefits.

6.3.1 ED-S: Spectral Experimental Design

The ED-S approach is driven by a simple geometric interpretation of the LASSO.
Consider the following two equivalent formulations of ridge regression and LASSO,

β∗ = arg min
β

1
2 ||Xβ− y||22 + λ||β||

2
2 (RIDGE)

≡ arg min
β

1
2 ||Xβ− y||22 s.t. ||β||22 6 τ

β∗1 = arg min
β

1
2 ||Xβ− y||22 + λ||β||1 (LASSO)

≡ arg min
β

1
2 ||Xβ− y||22 s.t. ||β||1 6 τ1

(6.2)
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β∗1

Lasso Ridge
‖β‖1 ≤ τ1 ‖β‖22 ≤ τ

β∗

Figure 6.1: Variable selection of Lasso estimate β∗1

for positive scalars τ and τ1. The optimal solution in both the cases is where the
objective function (identical for both problems) touches the feasible set: the `1 (and `2
norm) balls respectively. The difference between the problems is that the {β : ||β||1 6

τ1} is polyhedral (compact) and so has a finite number of extreme points given by
{±ei}, where ei is the standard basis vectors in appropriate dimensions, see Fig. 6.3.1.
In (6.2), the objective function is likely to touch a vertex of the `1 ball, and so yields
sparse solutions.

6.3.1.1 A Curvature Matching Approach

Our proposal is motivated by the following simple observation: consider the full
setting where we have access to the entire set of yi’s and the reduced setup where yi’s
are available only for a subset. Intuitively, if the objective function of the full and the
reduced setups behave similarly, then the corresponding regression coefficients will
also be similar. To obtain this desired property, we may ask that the reduced objective
function to have approximately the same curvature as the full one. Recall that the Hessian
carries most of the curvature information and the optimal value. That is, eigenvalues
of the Hessian are called “principal curvatures” in differential geometry and play a
critical role in analyzing first order methods Kingma and Ba (2014). So, ED-S may
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offer strong guarantees directly if, the spectrum of full and reduced sets are the same;
then, the iterates generated (and optimal solutions) will be similar. To that end, we
require that the eigen vectors of the Hessian to be close to each other which may be
accomplished by making sure that the geometry of the reduced setup is preserved
relative to the full one. The unknowns, µ, will correspond to the selection of samples
for the reduced setup. Succinctly, the ED problem can be formulated as (λ > 0),

max
µ∈{0,1}n

log det
(

n∑
i=1

µixix
T
i + εI

)
+ λRΓ (Γµ)

s.t. 1Tµ 6 B

where Γ contains the eigen vectors of the entire XTX and Γµ represents the eigen
vectors of the chosen subjects given by µ. RΓ (·) is a (smooth) concave function that
encourages similarity between the eigenvectors of the full Hessian and the reduced
Hessian. While the log det term captures the linearity (D−optimal) in the regression
problem, RΓ captures the geometry. That is, the log det term corresponds to D-
optimality for linear regression as mentioned earlier.

We can now proceed to write the explicit formulation of the problem. For simplic-
ity, we only promote similarity between the top eigen vector between the Hessians
noting that the top k−eigen vectors case (k 6 p) is easy as well. Let γ be the eigen-
vector corresponding to the largest eigenvalue and u be the decision variable for the
largest eigenvector of the reduced Hessian. With this notation, taking R(·) to be the
squared loss and (λ > 0), we seek to solve,

min
µ,u

log det
(

n∑
i=1

µixix
T
i + εI

)−1

+ λ||γ− u||22 (6.3)

s.t. 0 6 µ 6 1, 1Tµ 6 B,

u ∈ arg max
v

{
vT

(
n∑
i=1

µixix
T
i + εI

)
v s.t. vTv = 1

}
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6.3.1.2 Algorithm

We will now use some simple manipulations to obtain an equivalent formulation of
the above problem for which efficient algorithms can be designed.

The largest eigenvector of a symmetric positive definite matrix can be written as
an optimization problem,

arg max
u:||u||22=1

uTMu = arg min
u:||u||22=1

uTM−1u

for a given symmetric positive definite matrixM. Therefore, our formulation can be
written as,

min
µ,u

log det
(

n∑
i=1

µixix
T
i + εI

)−1

+ λ||γ− u||22 + u
T

(
n∑
i=1

µixix
T
i + εI

)−1

u (6.4)

s.t. 0 6 µ 6 1, 1Tµ 6 B, ||u||22 = 1

The above problem is nonconvex because of the squared norm constraint. But we
note two important aspects of (6.4). First, if we fix µ, we obtain a subproblem with
a convex objective with one orthogonality constraint, we will call this problem SO.
Second, when we fix u, we will get a convex optimization problem, which we will
call Sµi . We will see that these sub-problems can be solved efficiently suggesting that
an Alternating Minimization or a Batch coordinate descent algorithm Gorski et al.
(2007) can be used to solve (6.4). We now provide details about the sub-problems.

Algorithm 8 Alternating Minimization Algorithm
Pick arbitrary starting point µ, initialize u such that ||u||2 = 1.
for t = 1, 2, · · · , T do

Update µ← arg min Sµ
Update u← arg min SO

end for
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6.3.1.3 Subproblem SO

For a fixed µ, we defineM :=
(∑k

i=1 µixix
T
i + εI

)−1
. Our model can be written as,

min
u:||u||22=1

λ||γ− u||22 + u
TMu

Expanding the `2 penalty term, we get, ||γ−u||22 = γTγ−2uTγ+uTu = 1−2γTu+uTu.
The last equality is true since γ is a unit norm eigenvector. So our subproblem is,

min
u:||u||22=1

uT (λI+M)u− 2γTu

Note that this is almost an eigenvalue problem, that is, we are interested in the largest
eigenvalue of (λI+M)−1 except that we also have the −2γTu term in the objective. In
any case, since the objective is differentiable, we can run a projected gradient method
with the projection operator ΠC(·) simply corresponds to unit normalization of the
vector u at each step, as in Section 2.1.4. Now, observe that,

Observation 4. When k = 1, projection operator is computationally inexpensive and matches
the complexity of projection free methods like CG in Algorithm 4.

Recall that we have already used this observation to tune step sizes or learning rates
for CG algorithm with Frobenius norm constraint from empirical performance of SGD,
in Section 5.4.1. We will discuss the case when k > 1. When the eigenvalue spectrum
of the Hessian matrix is large, we should make sure that the top k eigenvectors of the
reduced and the full Hessian are close. In this case, we solve,

min
U∈Rp×k

k∑
j=1

||γj − uj||
2
2 + Tr

(
UTMU

)
s.t. UTU = I

where uj, 1 6 j 6 k is the j−th column ofU. The main difficulty in running projected
gradient algorithm for this problem is that the projection operation is expensive.
While in medium scale datasets, projected gradient algorithms tend to be efficient,
an algorithm that stays in the feasible set Wen and Yin (2013); Collins et al. (2014) is
better suited for large convex problems with orthogonality constraints.
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6.3.1.4 Subproblem Sµ

Lemma 6.1. Denoting the objective function of (6.4) as f, f is convex w.r.t. µ for all µ ∈
[0, 1]n.

Proof. The log det term is convex with respect to µ (see ref Boyd and Vandenberghe
(2004b)). For a fixed u, denote M =

∑n
i=1 µixix

T
i + εI. Now the second term can

be written as uTM−1u where M � 0, which is a generalized linear over quadratic
function and hence is convex with respect toM. Since restriction of a convex function
is convex, we have the desired result.

We briefly note closely related variants of D-optimal design that can be formulated
as a SDP in the following remark.

Remark 6.2. Note that if we use A− or E−optimal designs instead of theD−optimal design,
we can reformulate this subproblem Sµ as a Semidefinite programming problem with second
order cone constraints which can be solved efficiently using standard optimization solvers.

Corollary 6.3. Alg. (8) constructs a monotonically decreasing sequence of iterates in the
objective.

Synopsis. Even though the geometric formulation mentioned in the previous
section provides a clear intuition to the problem formulation, the number of decision
variables in (6.3) is pk+nwhereas the ED problem for ridge regression (6.1) only had
n decision variables. This might become problematic especially when p� n which
is typically where variable selection is essential. To remedy this issue, we propose an
alternative formulation next.

6.3.2 ED-I: Incoherent Experimental Design

Our second formulation utilizes a result related to the LASSO and the well known
Restricted Isometry Property (RIP) which we formally define here and then review
the statement of a theorem that will be useful in our model.

Definition 6.4 (Restricted Isometry Property Candès and Plan (2009)). Let X ∈ Rn×p.
For s > 0, the s-restricted isometry constant δs of X is the smallest nonnegative number δ
such that (1 − δ)||β||2 6 ||Xβ||2 6 (1 + δ)||β||2 for all s−sparse β, i.e., ||β||0 6 s. If δs < 1,
then X is a s−restricted isometry (s−RIP).
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With this definition in hand, the next theorem provides a guarantee on the quality
of variable selection.

Theorem 6.5. Candès and Plan (2009) Suppose X has 4s−RIP constant δ4s 6 1
4 . Let

β0 ∈ arg minβ{||β||0 : Xβ = y} and β1 ∈ arg minβ{||β||1 : Xβ = y}. If ||β0||0 6 s, then
β1 = β0.

The theorem suggests that if the matrix X satisfies the RIP, then using `1 instead of
`0 is not a relaxation — the variable selection done by LASSO is exactly equal to that
from the `0 problem. Using this property, we can write a combinatorial form of the
ED problem for the LASSO model. More formally, we seek to solve,

arg max
µ∈{0,1}n

log det
(

n∑
i=1

µixix
T
i + εI

)
s.t. 1Tµ 6 B,X[µ],: is 4s− RIP

where X[µ],: denotes the selected subset of rows of X, that is, row i is chosen if µi = 1.
As before, the objective drives the inclusion of subjects based on the D-optimality
criterion. But the constraints require that the data matrix for the selected set satisfy
RIP — this will ensure that the variable selection aspect of LASSO works exactly as
intended.

Unfortunately, recent results show that checking 4s−RIP is NP-Hard Bandeira
et al. (2012). Whence, even if a black box returns an optimal X, we cannot verify the
optimality. As a result, other measures that are easy to check have been developed as
surrogates to RIP. We will utilize a common alternative which will lead to a tractable
formulation.

Leverage scores. Juditsky and Nemirovski (2011); Drineas et al. (2012) and oth-
ers have noted that RIP is a strong assumption and in practice, a less conservative
requirement may be as effective. As a surrogate, one typically uses Incoherence which
is easier to compute, this is defined next.

In statistics, the hat matrix and leverage scores determine how much information
a data sample carries with respect to the linear model. The hat matrix is defined as
Ĥ := X(XTX + εI)−1XT . The leverage score li of a particular sample i ∈ {1, ..,n} is
defined as the i−th diagonal element of Ĥ. With each set of leverage scores, we may
associate a quantity known as coherence defined as c := maxi li where a higher value
of c implies that the samples are highly correlated. There are various approaches in
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machine learning that use coherence, rather incoherence, see Chen et al. (2014) . We
can now provide a formulation (analogous to the previous section) that selects the
(feasible) set of samples that have the least value of c.

min
µ

log det
(

n∑
i=1

µixix
T
i + εI

)−1

+ λ max
i=1,...,n

µieTi X
(

n∑
i=1

µixix
T
i + εI

)−1

XTei


s.t. µi ∈ {0, 1}, 1Tµ 6 B

Observe that since µi ∈ {0, 1} ⇐⇒ µ2
i ∈ {0, 1},µ > 0, we have an equivalent form

of the selection problem as,

min
µ

log det
(

n∑
i=1

µixix
T
i + εI

)−1

+ λ max
i=1,...,n

µ2
ie
T
i X

(
n∑
i=1

µixix
T
i + εI

)−1

XTei


s.t. µi ∈ {0, 1}, 1Tµ 6 B

6.3.2.1 Algorithm

We may solve the optimization problem using a randomized coordinate descent
method shown in Alg. 9, see Bertsekas and Tsitsiklis (1989) for details. Here, ΠC

denotes the projection onto C := {µ : 0 6 µ 6 1, 1Tµ 6 B}.

Algorithm 9 Randomized coordinate descent algorithm for solving (6.5)
Pick an arbitrary starting point µ
for t = 1, 2, · · · , T do

for k = 1, 2, · · ·n do
i ∈ {0, · · · ,n}, µi ← µi − η∇µif

end for
Update µ← ΠC(µ)

end for

Lemma 6.6. (6.5) is a convex optimization problem.
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Proof. Recall that the optimization problem that we seek to solve is given by,

min
µ

log det
(

n∑
i=1

µixix
T
i + εI

)−1

+ λ max
i=1,...,n

µ2
ie
T
i X

(
n∑
i=1

µixix
T
i + εI

)−1

XTei


s.t. µi ∈ {0, 1}, 1Tµ 6 B (6.5)

Introducing auxiliary variable νi = µizi, where zti = eTi X (given) and denoting
M =

∑n
i=1 µixix

T
i + εI like before, we can rewrite the optimization problem as,

min
µ,ν

log detM−1 + λ max
i=1,...,n

{
νTiM

−1νi
}

s.t. µi ∈ {0, 1}, 1Tµ 6 B, νi = µizi ∀ i = 1, ...,n

Again using the fact that νiM−1νi is a generalized linear quadratic function forM � 0
and that supremum of convex functions is convex, we have that the optimization
problem has a convex objective function with a convex feasible set and hence we are
done.

Corollary 6.7. Denote the objective function of (6.5) as f. Given an accuracy ρ > 0, Alg.
(9) outputs a µ̄ ∈ C such that |f(µ∗) − f(µ̄)| 6 ρ where µ∗ is the optimal solution.

The above statements assert that we can find the global optimum of the integrality
relaxed problem.

6.3.2.2 Pipage Rounding

Pipage rounding scheme was introduced in Ageev and Sviridenko (2004) to round
fractional solutions producing a feasible solution without incurring a substantial loss
in the value of the objective function Harvey and Olver (2014), Chekuri et al. (2009).
For this technique to work in the present context, we need three conditions to be
satisfied:

1. For any µ ∈ C, we need a vector v and δ, τ > 0 such that µ+ δv or µ− τv have
strictly more integral coordinates;

2. For all µ, the objective function fmust be convex in the direction of v; and
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3. Most importantly, we need a starting fractional µ with a guarantee that f(µ) 6
$ · opt where opt is the optimal value of the (discrete) optimization problem
for a known constant$.

With some work (using similar techniques as in Horel et al. (2014)), by choosing
a suitable algorithm to solve the relaxed form of (6.5), it is possible to show an
approximation ratio for the problem. However, this needs interior point methods
and we found that the overall procedure becomes impractical for our datasets. The
rounding scheme, if applicable, is still powerful, independent of how the relaxed
form of (6.5) is solved.

Lemma 6.8 (Applicability of Rounding). The objective function in ED-I problem in (6.5)
satiefies all the three necessary conditions for pipage rounding to preserve the objective value.

Proof. It is clear from Prop. 6.6 and Cor. 6.7 that conditions (ii) and (iii) are satisfied
by the objective f in (6.5). So, we only need to verify condition (i). Suppose that
µ is a non-integral vector in C. Also, assume that there are at least two fractional
coordinates µk,µl. Then, let us set v = ek − el where ek, el are standard basis vectors
in k, l coordinates respectively. Letting δ := min(1 − µk,µl) and τ := min(1 − µl,µk)
we immediately have that µ+ δv and µ− τv are vectors in C with strictly more integral
coordinates. Observe that at least one of the two vectors stated above is feasible. When
both are feasible, if f(µ+ δv) > f(µ), we set µ←− µ+ δv, otherwise we set µ←− µ− τv
and repeat until µ ∈ {0, 1}n.

Implementation. The rounding procedure described in Lemma 6.8 terminates
in at most n steps. Hence the overall complexity scales linearly with number of
objective evaluations which involves a determinant and an inverse computation. We
now briefly explain the implementation using simple numerical techniques. The key
observation is that each step of the procedure involves at most a (symmetric) rank-2
update ofM∗ =

∑n
i=1 µ

∗
ixix

T
i where µ∗i is the output of Alg. (9). If the determinant

and inverse ofM∗ are computed, at each step of the rounding procedure, we need
to compute the determinant and inverse of M∗ + ∆ where ∆ is symmetric and has
rank at most 2. Using an inductive technique described in Saigal (1993), the inverse
can be updated in 4n2 + 4n+ 1 operations as opposed to O(n3). Then, the update of
the determinant only involves computation of four dot products between vectors of
length p (Chap. 6 in Nocedal and Wright (2006)).
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6.4 Experiments

Data summary. We first evaluated the overall efficacy of our proposed formulations
and algorithms on two standard LASSO datasets (prostate, Tibshirani (1996) and lars,
Efron et al. (2004)) and compared their performance to baseline/alternative schemes.
After these proof of principle experiments, we performed a set of statistical analyses
related to the motivating neuroscience application involving imaging and cogni-
tive data from Alzheimer’s Disease Neuroimaging Initiative (ADNI) (neuro). These
experiments were designed to assess the extent to which statistical power will be
compromised when using a smaller fraction of the subjects for estimating linear mod-
els associating imaging/clinical covariates with cognitive outcomes. The benchmark
data, prostate and lars, include 8 and 10 features respectively with one dependent
variable each, and are well-studied for feature selection. The neuro data contains
118 features for image-derived Region-of-Interest (ROI) summaries from Positron
Emission Tomography (PET) images. Two cognitive scores were used as dependent
variables: Alzheimer’s Disease Assessment Score (ADAS) and the diagnostic rating
Clinical Dementia Rating (CDR).

Evaluations Setup. The evaluations were two-fold. First, we compare the per-
formance of ED-S and ED-I to existing baseline experimental design algorithms
including:

1. A random design where a given budget number of instances are selected uni-
formly at random.

2. A sampling procedure that approximates the distribution of the observations
(referred to as “1-mean”), where we first compute the mean of the (current)
samples and the standard deviation σ and filter the samples lying inside the
ball centered at the mean with radius ρ||σ||2 for a given ρ > 0. This process
is repeated after removing the points lying inside the ball. After k steps, we
will be left with k bags of samples with varying sizes. From each of these bags,
samples are selected proportionally such that they sum to the budget B.

The latter scheme is popular in optimal design where the general idea is to cover
the dataset by repeatedly selecting ‘representer’ observations. Our algorithms are
compared to these baselines in terms of their ability to consistently pick the correct
features (which are defined via the full model i.e., LASSO on all instances).
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The second set of evaluations deal with the model-fit of reduced models (linear
models learned using ED-I and ED-S for a given budget) versus the full model. These
goodness-of-fit criteria include consistency of zeros and signs of model coefficients,
Bayesian Information Criterion (BIC), Akaike information criterion (AIC) and adjusted
R2. Recall that the two linear models we seek to compare do not use the same set of
observations, and they do not necessarily sparsify the same set of features. Therefore,
unlike the classical non-nested hypothesis testing there is no direct way (e.g., using F
or χ2 statistics) to compare them Pesaran and Weeks (2001). To address this problem,
we generate samples from the full and reduced setups (in a bootstrap sense) and
perform a two-sample t-test. The null hypothesis is that the full and reduced setups
give ‘similar’ responses (e.g., ADAS) for a given set of covariates (ROI values). In
the ideal case, where the reduced setup captures all the variation of the full one, a
non-significant (or high) p-value is desired. This is similar to providing “insignificant
evidence” against the null (i.e., insignificant evidence that the linear models are
different) Berger and Sellke (1987).

A single workstation with 8 cores and 32GB RAM is used for experiments. We
ran 1000 epochs of ED-I, and 50 main iterations of ED-S (with 20 iterations for each of
its subproblems). For a fixed budget B, ED-I and ED-S take approximately 7 and 10
min respectively. This is followed by rounding µis, and if the rounding generates an
infeasible solution (i.e., 1Tµ > B) we randomly drop some of the fractional µi subjects.
In all the experiments, 1Tµ overshot B by at most 3 (i.e., most µis were binary).

Comparison to baseline designs. Figure 6.2 shows the discrepancy in feature
selection versus the baseline algorithms. The y-axis in these plots measures this
mismatch where the ‘correct’ features (i.e., ground truth) are assumed to come from
the full LASSO. The x-axis lists different budgets. Clearly, both ED-I and ED-S have
consistently smaller errors compared to the two baselines, and achieve zero error
in some cases as budget increases (Figure 6.2(a)). We see that the proposed models
outperform the 1-mean baseline, although the latter approximates the modes of the
data distribution efficiently. Similar behaviour is observed for error plots vs. number
of LASSO features (see Figure 6.2(b,d)). We note that the increase in error as the
number of LASSO features increases is due to the correlation in the input data. Unlike
the baselines, ED-I and ED-S models select the covariates consistently, even when the
number of LASSO features is small (left ends of the x-axis).

Do reduced models approximate the full model? Figure 6.3 summarizes some
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(a) Prostate dataset: error in feature selec-
tion vs Budgets

(b) Prostate dataset: error in feature selec-
tion vs #Features

(c) Lars dataset: error in feature selection vs
Budgets

(d) Lars dataset: error in feature selection vs
#Features

Figure 6.2: Errors in consistent selection of correct features (derived from full model)
for prostate (a,b) and lars (c,d) datasets.

of the model-fit measures comparing ED-I and ED-S to full models on neuro data.
First observe that the zero inconsistency in Figures 6.3(a,c) decrease gradually as the
budget (y-axis) and/or number of allowed nonzero coefficients of LASSO (x-axis)
increases. The zero inconsistency refers to the proportion of nonzero coefficients in
the reduced setup that are absent in the full one. The input ROI features in neuro are
strongly correlated, and therefore when the number of allowed nonzero coefficients
is small (top-left in Figures 6.3(a,c)) LASSO picks few of the many ‘similar looking’
features making zero inconsistency larger. Such a monotonic trend is also evident
for sign inconsistency in Figure 6.3(b,d). However, unlike the previous case, the sign
inconsistencies are high for smaller budgets with a large number of nonzero features
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(top-right in Figure 6.3(b,d)). This follows directly from the fact that, at the top-right
corners LASSO gradually approaches Ridge regression where it is allowed to pick
> 75% of features. Most of these nonzero coefficients will be very small in magnitude,
and due to the correlations in the data, the signs of these coefficients are prone to
mismatch. The strong linear trends of the inconsistency plots suggest that both ED-I
and ED-S are robust to noise and behave well with changing budgets and regularizers.

(a) Zero inconsistency of ED-I (b) Sign inconsistency of ED-I

(c) Zero inconsistency of ED-S (d) Sign inconsistency of ED-S

Figure 6.3: Zero (a,c) and Sign inconsistency (b,d).

We see in Figure 6.4(a,b) that the reduced setup has much smaller BIC compared
to the full one. The red and blue curves correspond to ED-S and ED-I respectively
and the plots are averaged across multiple choices of model and LASSO regularizers.
Clearly, the magnitude of change decreases monotonically as the budget increases.
Further, the adjusted R2 of reduced setup is larger (Figures 6.4(b)) compared to full
ones, although the trends are not as monotonic as was seen for BIC change. This
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(a) Change in BIC score (b) Change in R-squared score

(c) Moment of dependent variable – CDR (d) Moment of dependent variable – ADAS-
Cog change

Figure 6.4: Change in BIC (a) and R2 (b) vs. full model. (c,d) Dependent variable
moments from reduced vs. full models.

implies a better log-likelihood model-fit for reduced setups, which follows from the
fact that D-optimality objective of ED-I (and hence ED-S) maximizes the variation
among the selected subjects. Any input feature and/or dependent variable noise (like
corrupted observations, sampling noise) from the unselected subjects (which are now
linear combinations of the selected ones), does not propagate into the linear model
estimation. This interpretation is also supported by noticing that the gain in R2 is
higher for smaller budgets and reduces as the budget increases (Figure 6.4(b)). Note
that, the trend in Figure 6.4(b) also implies that the optimal choices of budgets for the
neuro dataset are ∼ 400 (∼ 40% of the total population). The R2 change of reduced vs.
full model (6.4(b)) was used to pick a “good” budget. Indeed, full dataset is always
better than the reduced, but here we refer to the smallest budget that approximates
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(a) ED-I vs. full (high λ) (b) ED-I vs. full (low λ)

(c) ED-S vs. full (high λ) (d) ED-S vs. full (low λ)

Figure 6.5: Quantifying the difference between reduced and full models using p-
values obtained after hypothesis testing.

the full model in R2 change as “optimal”. Figures 6.3, 6.4 also show that the two
proposed algorithms (ED-I and ED-S) yield very similar results.

Building upon these model-fit measures Figure 6.4(c,d) shows the ratios of 1st to
4th moments of the samples generated from the full and reduced setups. Most of these
ratios (even for higher order moments) are centered around 1, suggesting that reduced
setups are excellent approximations of the full one. We also verified that the same
conclusion holds for other properties of interest for sparse models such as mismatch of
selected subjects between ED-I and ED-S and sparsistency of the algorithms. We also
quantify the observations in Figure 6.4(c,d) by performing hypothesis testing of the
reduced vs. full models. This is shown in the box plots of p-values in Figure 6.5(a,b)
and 6.5(c,d) for ED-I and ED-S respectively for different budgets (x-axis). Recall that
the null hypothesis is that the samples from the two setups are similar. Since we
perform multiple testing (tests across different model and LASSO regularizers) for
each budget, the p-values are Bonferroni corrected (the dotted line in each plot). The
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‘red’ dots below this Bonferroni threshold are the significant p-values implying that
the samples from reduced and full models are different. Clearly, these significant
ones are very few and scattered across all budgets, and much smaller compared to the
non-significant ones (denoted by blue boxes). This means that the number of budget
and regularizer combinations that reject the null is extremely small. Also, such cases
are much smaller for ED-I (Figure 6.5(a,b)) compared to ED-S (Figure 6.5(c,d)). Note
that depending on the number of samples (for computing t-statistics), these scattered
red points will further reduce. Overall, we see that the reduced setups capture all
modeling/distributional characteristics of the full one for almost all choices of budget,
LASSO and/or λ’s.

6.5 Conclusions

We addressed the problem of experimental design in sparse linear models common
in many applications. We proposed two novel formulations and derived efficient
algorithms for experimental design problems on a budget. We presented detailed
analysis along with the optimization schemes for `1 regularized linear models. Our
technical results hold for a more general class of sparse linear models as well as
optimal design criteria other than D−optimality (as long as the relaxation yields a
convex model). We showed an extensive set of experiments providing strong evidence
for the robustness and efficiency of these formulations. The ideas described here have
applications in experiment design problems in neuroscience leading to potential cost
savings in longitudinal studies aimed at clinical trials. The code of both ED-I and
ED-S is publicly available here.

https://github.com/sravi-uwmadison/Exp_design_sparse
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Chapter 7

Robust Blind Deconvolution via
Mirror Descent

In this chapter, we develop robust and efficient method for the blind deconvolution
problem. The proposed method can be seen as the classical gradient descent method
(in Section 2.1.2) where the metric may be specified using the geometry of the con-
straint set. We analyze the convergence, robustness behavior of our PRIDA Algorithm
10 and its empirical behavior (on standard datasets).

7.1 Introduction

Image deblurring has been an active area of study in computer vision for nearly five
decades. The early proposals sought to sharpen or deblur images from photographs
by relying on parameters relating the exposure and the amplifier gain, e.g., via the
use of the Stroke/Zech division filter Stroke and Halioua (1970). Most contemporary
algorithms for deblurring, however, pose the problem as blind deconvolution, which
refers to separating a true unknown signal and some unknown “kernel" or “filter"
when provided knowledge only of the noisy measurement of the signal convolved
with the filter. This is a fundamental topic today in signal processing and vision, and
remains challenging due to its non-convex and ill-posed nature — only within the
last few years has brisk progress been made towards methods that gracefully handle
real images encountered in practice Levin et al. (2009); Campisi and Egiazarian (2016).
These recent developments notwithstanding, due to the foregoing technical chal-
lenges, we are often unable to guarantee provably good solutions to the underlying
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optimization task, and strategies to address these issues are being studied by various
researchers in our community today Perrone et al. (2015); Jin et al. (2017); Li et al.
(2016b); Campisi and Egiazarian (2016).

7.1.1 Related Work

Modern approaches generally prefer one of two related but distinct strategies for
blind deconvolution. On the statistical side, research has primarily revolved around
Bayesian methods Ruiz et al. (2015), taking advantage of useful priors ranging from
fundamental image geometry in the context of its relation to edge detection and
saliency, to expert knowledge of the specific application domain of interest Cho and
Lee (2009); Xu and Jia (2010). While these ideas provide guarantees in terms of ro-
bustness, the development of efficient sampling (e.g., Gibbs sampler) and inference
algorithms remains an active topic of research. On the optimization side, total varia-
tion regularization has proven to be extremely effective in general image deblurring
Perrone and Favaro (2014); Chan and Wong (1998); Osher et al. (2005) in a variety of
image domains. While the mathematical properties of total variation have been well
studied in applied mathematics, signal processing and machine learning, our under-
standing of the robustness and convergence behavior of even the best performing
algorithms for blind deconvolution based on this construct remains limited, although
there is exciting progress being made Srinivasan et al. (2017). A primary motivation
of our work is to shed light on these theoretical issues.

7.1.2 Deep Learning Approaches

Separate from, but complementary to the above lines of work, the enormous success
of deep convolutional architectures in vision has led to a number of papers Sun
et al. (2015); Schuler et al. (2016); Chakrabarti (2016); Noroozi et al. (2017) exploring
how such successes can be adapted to deconvolution in general. While some initial
attempts showed the use of machine learning methods for non-blind image deconvo-
lution (i.e., the blur kernel is provided), discriminatively trained architectures have
now been shown to work quite well for the general setting, both with and without
priors on motion blur types. A natural question one may ask is whether an in-depth
study of the core blind deconvolution formulation and its properties is relevant in
light of this still evolving body of convolutional neural networks based literature. The
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reader will see that our work is complementary. Of the recent proposals in this line
of work reformulate deconvolution as a supervised learning problem by synthesizing
blurred and sharp image pairs, and are often based on some form of blind decon-
volution sub-routine internally Schuler et al. (2016). As these methods get closer
to practical deployment in mission critical applications, a detailed assessment of
their behavior profile will be a first order requirement for regulation compliance. To
enable investigating the robustness and convergence properties of these architectures
and their resilience to adversarial examples — as is happening in the last few years
for other problems in both computer vision and machine learning Su et al. (2017);
Moosavi-Dezfooli et al. (2016); Moosavi Dezfooli et al. (2017) — we will necessarily
rely on and benefit from a “first principles” understanding of such properties for the
standalone (i.e., shallow regimes of) blind deconvolution.

Our Results. We provide (1) a quantifiably and provably robust algorithm for blind
deconvolution with (2) guaranteed convergence properties. To our knowledge, no al-
gorithm is currently known that offers both these properties at once. Our convergence
guarantees match the best known results in optimization at this time. Our technical
analysis is also backed up by practical performance. Via an extensive experimental
study, we show that on most available benchmarks, our simple algorithm competes
favorably with (or is superior to) the state of the art, and provide a user-friendly im-
plementation which can be easily extended to a complete user-interactive deblurring
package.

7.1.3 Estimation Methods

Methods for image deblurring via blind deconvolution have employed a variety of
regularizations derived from a wide range of image priors. The literature is vast and
so we restrict our discussion to a subset of works that are closely related to or motivate
our proposed strategy. The earlier forms of regularization were based on the `2-norm
in You and Kaveh (1996), where an alternating minimization scheme was proposed.
More recent improvements have been proposed by Cho and Lee Cho and Lee (2009)
and Xu and Jia Xu and Jia (2010). On the other hand, total variation regularization –
the defacto choice in many state of the art methods today – was initially deployed in
image denoising applications Rudin et al. (1992); Vogel and Oman (1996). and brought
to the image deconvolution problem by Chan and Wong Chan and Wong (1998). A
nice result by Osher et al. (2005) gives a variational iterative procedure for solving the
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total variation objective. A conceptually distinct set of results for blind deconvolution
adopt a more statistical approach instead. Levin et al. in Levin et al. (2009) provide
analysis of algorithms following maximum a posteriori (MAP) estimators. A recent work
Ruiz et al. (2015) gives a nice and comprehensive overview of Bayesian methods for
blind deconvolution. A few years back, Perrone and Favaro (2014) built on analysis in
Levin et al. (2009) and demonstrated experimentally the behavior of Chan and Wong
(1998). In a follow-up work, those authors showed the advantage of a logarithmic
prior Perrone et al. (2015), obtaining state of the art results with a mild modification
to the classical TV-norm based formulation which we will present shortly. Separate
from total variation regularization based approaches, interesting results have been
shown by Michaeli and Irani (2014) through an `0 regularization on text images and
by Michaeli and Irani (2014); Sun et al. (2013) via the use of patch priors. Recently, a
detailed comparative study was conducted by Lai et al. (2016), in which participants
were asked to qualitatively compare two results from multiple algorithms, a subset of
which are described in our review above. (Jin et al., 2018) proposes a size normalized
formulation and develops efficient alternating minimization algorithm to solve the
formulation.

In the last few years, ideas based on specialized deep networks have started
yielding interesting results for this problem (Jin et al., 2019; Tao et al., 2018). For
example, Sun et al. (2015) was among the first approaches for motion blur removal by
posing the problem as a supervised learning task and training a convolutional neural
network (CNN) to infer the parameters. Schuler built on these results in Schuler
et al. (2016), and Chakrabarti Chakrabarti (2016) constructed a network to predict the
Fourier coefficients of the filter necessary to deblur specific image patches. Taking
advantage of modern convolutional architectures, Nah et al. (2016) constructed deep
multi-scale networks for dynamic scene deblurring with strong empirical results.
Generative Adversarial Networks have also been applied with measured success
Ramakrishnan et al. (2017).

7.2 The Blind Deconvolution problem

Throughout this chapter we assume that an image is an n−dimensional vector taking
values between 0 and 1 without loss of generality. We will use f ∈ Rn and k ∈ Rs to
denote the vectorized sharp image and blur kernel, both of which are to be estimated
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given the vectorized blurry image b ∈ Rn. Mathematically, the model can be written
as,

b = f ∗ k+ α,

where ∗ denotes the (discrete circular) convolution between two signals and α denotes
the independent noise vector at each pixel. Assuming that αi ∼ N(0, 1) ∀i ∈ [n], we
can estimate f,k by maximizing the log-likelihood, corresponding to solving the
following least squares optimization problem,

min
f,k
‖f ∗ k− b‖2

2. (7.1)

Observe that the number of parameters to be estimated isn+s and can be much larger
than the number of observations n if the kernel is large. To solve for solutions to (7.1),
many regularization functions (or priors) and/or constraints have been proposed in
the literature Levin et al. (2009); Ruiz et al. (2015); Campisi and Egiazarian (2016). To
keep the presentation simple, we will focus our attention on two generic components
that have shown strong empirical performance to specify the full model.

• Component 1. The Total Variation (TV) `p-norm on f has been shown to promote
smoothness of the estimated image Chambolle and Lions (1997). The image
TV norm is defined as some norm of its discrete gradient field over the image
lattice (∇if(·),∇jf(·)):

‖f‖pTV := ((‖∇if‖p + ‖∇jf‖p)p .

Note that for p ∈ {1, 2}, this corresponds to the classical anisotropic and isotropic
TV norm respectively. Our theoretical analysis extends to any p > 1, but we
will assume that p = 2 to describe our results.

• Component 2. Recall from (previous) Chapters 3, 5, and 6 that the constraints
were informed by the needs of the application or domain knowledge. We will
follow the same approach here. That is, in order to define a reasonable con-
straint set, we appeal to the fundamentals of the image capture process. Pixel
values are explicitly a positive function of the photon count at a specific point
on the image sensor, and so we enforce the constraint that the kernel must be
nonnegative. Further, a blurred image can be interpreted as a weighted average
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of a sharp image captured with slight shifts, typically stemming from an ex-
tended exposure time due to a variety of reasons. Together, these requirements
form our constraint set: the probability simplex ∆ := {x > 0 : 1>x = 1}.

With these two pieces, the problem that we aim to solve can be formally written
as,

min
f,k∈∆

L(f,k) := ‖f ∗ k− b‖2
2 + λ‖f‖TV (7.2)

where λ > 0 is a tunable regularization parameter. Intuitively, higher values of λ will
encourage more smoothness in the optimal sharp image f of (7.2).

7.3 The PRIDA Algorithm

In principle, Problem (7.2) should be easily amenable to many continuous optimiza-
tion methods but in practice, Perrone and Favaro (2014) provides compelling evidence
that choosing the right algorithm is critical to a successful recovery of the sharp image
f. Notice two important but straightforward properties of the optimization in (7.2):

1. the objective is smooth and convex in each argument f,k individually but not
jointly convex and

2. the feasible set ∆ is convex and compact.

Roadmap. We will see shortly that properly exploiting these two simple prop-
erties will suggest a natural choice of an algorithm that is familiar in non-linear
optimization but not very broadly used in machine learning and vision. Interestingly,
after we motivate the choice of the algorithm, we will see how the properties above
provide certain technical results that yield guarantees for fast convergence rates and
subsequently, suggest strategies for a rigorous robustness analysis. But first, let us
analyze why some obvious simplifications and/or direct use of an alternating scheme
may not be an effective strategy for this model.

Potential Idea: ignore nonconvexity? A natural strategy to solve (7.2) may be to
use an algorithm which exploits the convexity ofL individually with respect to f and k.
A well known method that offers this capability is the Alternating Minimization (AM)
algorithm Hardt (2014). The AM algorithm for this model performs the following
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calculation (or update) at each iteration:

ft+1 ← arg min
f

L
(
f,kt

)
(7.3)

kt+1 ← arg min
k∈∆

L
(
ft+1,k

)
. (7.4)

Since both the subproblems (7.3) and (7.4) are convex optimization problems, they
can both be computed efficiently Hardt (2014).

A potential problem of Alternating Minimization: Random versus structured
blur. There are some recent results that analyze the convergence behavior of the
AM algorithm for random blur kernels Hardt (2014), and offer guarantees on its
performance. Unfortunately, it is still an open question whether such guarantees are
available for structured blur kernels that we universally encounter in vision. In fact,
Perrone and Favaro (2014) explicitly constructs an illustrative example where the AM
algorithm converges to a strict saddle point due to the nonconvexity of L.

In the context of the blind deconvolution problem, strict saddle points correspond
to a no blur solution, that is, when the kernel k has only one nonzero entry. We see that
in Perrone and Favaro (2014) (cf. Section 3.4), the authors give a clear example where
the AM algorithm converges to the no blur solution, and thereby propose specific
work-arounds to solve the subproblem (7.4) such that the algorithm empirically
converges to the desired one instead. The authors also show that their scheme
performs consistently better on many standard benchmark datasets. However, to our
knowledge, it is not clear if the procedure suggested in Perrone and Favaro (2014)
guarantees convergence in general. Whether the method in Perrone and Favaro (2014)
provably returns a minimizer of (7.2) is also not described in their work.

Revisit Gradient Methods? Instead of the alternating scheme, we take a more
“classical” approach to this problem and propose updating both f and k simultane-
ously at each iteration. Our choice of algorithm, described shortly, is motivated by
two key insights in Problem (7.2).

1. First, for a smooth optimization problem, it has recently become known that
the set of initial points from where a first order gradient method converges to a
saddle point has a Lebesgue measure of zero Panageas and Piliouras (2016). This
immediately entails that with with very high probability, a gradient method
will converge to a local minimizer.
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∆ := {k ≥ 0; 1>k = 1}

k∗

k0

k̃1

k1PGD

k̃2
k2PGD

k1MD

k2MD

Figure 7.1: Visualization of Projected Gradient Descent (PGD) and Mirror Descent
(MD) on the probability simplex. If the step size is not selected carefully, projected
updates are more likely to find solutions along the boundary.

2. Second, the geometry of ∆ will allow us to provably speed up the convergence
which is interesting from both a theoretical standpoint and a practical one.

A Mirror-descent style algorithm. To describe our algorithm, it is easiest to
briefly review the form of a classical mirror descent (MD) scheme used in convex
optimization. Recall that the standard way to solve constrained optimization problems
is to use projections, that is, we first take a (negative) gradient step and then a Euclidean
projection on to the feasible set, assuming that this is easy to do (as is the case with
norm balls, hyperplanes and so on). Recall from Section 2.1.4 that this procedure is
the Projected Gradient Descent (PGD):

xt+1 = Π∆(x
t − ηxg

t
x)

where Π∆ is the Euclidean projection. Under mild conditions on the step size ηx,
PGD in fact guarantees convergence. However, the use of PGD type algorithms
require some caution since PGD completely disregards the geometry of the feasible
set and only uses the local behavior of the objective function. That is, the objective
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Algorithm 10 Provably Robust Image Deblurring Algorithm (PRIDA)
Pick a starting point k0 ∈ ∆, f0 ∈ [0, 1]n.
for t = 0, 1, 2, · · · , T do
(gtf,gtk)← (∇Lf (ft,kt) ,∇Lk (ft,kt))
ft+1 ← ft − ηfg

t
f

k̂t+1
i ← kti exp

(
−ηtkig

t
ki

) (*)
kt+1 ← k̂t+1∑s

i=1 k̂
t+1

end for

function in the projection operator ΠC(·) (in Definition 2.16) treats all points in C
equally. This is not always desirable since solutions near the center of C are always
more preferable, irrespective of the objective function f. Hence, the algorithm can be
very inefficient particularly in the high dimensional and large scale settings we see in
vision Mahadevan and Liu (2012); Luong et al. (2012).

Intuitively, Mirror Descent (MD) addresses this problem with the following simple
modification: it is better to choose a function that acts like a metric depending on the
feasible set. This function is called the Distance Generating Function (DGF) and
moreover, it is enough for that function to be a metric just on the feasible set Juditsky
et al.. Exploiting this property, MD has been used to design algorithms that are
provably faster than PGD Nesterov (2005) and is the preferred algorithm in many
applications Srebro et al. (2011); Jain and Thakurta (2012). An excellent description of
the MD algorithm and its variants is given in Nemirovski (2012). Recently, Zhou et al.
(2017) showed how to extend MD to a class of nonconvex problems called variationally
coherent problems. But unfortunately, the results in (7.2) are not applicable to our
problem.

Motivated by the above discussion, we propose a Provably Robust Image Decon-
volution Algorithm (PRIDA), shown in Alg. 10. As alluded to previously, PRIDA is
similar in spirit to the MD algorithm in Convex Optimization. The main difference
between the standard MD algorithm and PRIDA is that the step size is chosen inde-
pendently for each coordinate. The intuition behind the step size rule can be seen
as follows: if a coordinate j of the filter (kernel) k at the t−th iteration kti is large in
magnitude, then we expect it to remain reasonably high at the t + 1−th iteration.
Our empirical results show that this is very effective in practice. Next, we show that
PRIDA converges provably to a minimizer.
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7.4 Convergence, Robustness, and More

To analyze PRIDA Algorithm 10, we first write the following equivalent interpretation
of the update steps:

ft+1 = ft − ηfg
t
f = arg min

f
〈gtf, f〉+

1
2ηf
‖f− ft‖2

2

k̂t+1 = kti exp
(
−ηtkig

t
ki

)
= arg min

k̂
〈ηtk ◦ gtk, k̂〉+ KL

(
k̂||kt

)
(7.5)

kt+1 =
k̂t+1∑s
i=1 k̂

t+1
= arg min

k∈∆
KL
(
k||k̂t+1) (7.6)

whereKL(x||y) represents the usual Kullback-Leibler divergence between x and y, 〈·, ·〉
is the inner product, and ◦ denotes element-wise multiplication. Note that when the
KL divergence function is replaced by the Euclidean norm, the algorithm becomes the
standard PGD update. Observe that KL(x||y) acts as a distance-generating function
on simplex ∆, and hence kt+1 is unique. In order to show convergence we use the
following intermediate result.

Lemma 7.1. Let x∗ = arg minx∈∆〈z, x〉+ KL(x||x0). Then for any y ∈ ∆, z ∈ Rs, we have
that,

〈z,y〉+ KL(y||x0) > 〈z, x∗〉+ KL(x∗||x0) + KL(y||x∗).

Proof. Define G(x) := 〈z, x〉 + KL(x||x0). Since x∗ minimizes G over ∆, and G(x) is
differentiable and strongly convex on ∆ with respect to `1-norm Shapiro et al. (2009),
the gradient g at x∗ should satisfy the following inequality,

〈g, x− x∗〉 > 0 ∀ x ∈ ∆.

Now from the property of gradient and convexity of the linear function, we have that,

〈z,y〉 > 〈z, x∗〉+ 〈z,y− x∗〉

Plugging in the derivative of KL divergence, adding and subtracting
∑
i x
∗
i log x∗i +

yi log yi + x0
i log x0

i, and rearranging gives the desired result.

With this in hand, we have the following convergence result.
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Theorem 7.2. Let ‖∇2L‖ 6 L, then with step sizes ηtf,ηtki 6 min
(
α‖k‖∞
kti‖gk‖∞ , 1

L

)
where

1 > α > 0 is fixed, PRIDA converges to a local minimizer of L (avoids strict saddle points)
almost surely.

Proof. We will assume without loss of generality for the analysis that the step size
η = ηtf = η

t
ki

= 1/L. We prove the convergence in two steps. In step 1, we show that
the iterates of the PRIDA algorithm 10 converges to a fixed point. In step 2, we show
that there is a subsequence that converges to a stationary point, that is, a point that
approximately satisfies the first order necessary conditions. We then use Lee et al.
(2017) to show that such a stationary point is a locally optimal solution.

Step 1. For notational convenience, let p := [f,k], where the first n coordinates
denote f and the last s coordinates denote k respectively. Define h(p) := L(p)+ I∆(p)

where I∆(p) is the indicator function that takes the value 0 if pk := p[n+1:n+s] ∈ ∆
and∞ otherwise. Then for any x,y ∈ Rn+s, we have that,

h(x) = L(x) + I∆(x) 6 L(y) +∇L(y)T (x− y) + L

2‖x− y‖
2
2 + I∆(x) (7.7)

= L(y) +∇L(y)T (x− y) + L

2‖xf − yf‖
2
2 +

L

2‖xk − yk‖
2
2 + I∆(x)

6 L(y) +∇L(y)T (x− y) + L

2‖xf − yf‖
2
2 +

L

2‖xk − yk‖
2
1 + I∆(x) (7.8)

6 L(y) +∇L(y)T (x− y) + L

2‖xf − yf‖
2
2 +

L

4KL(xk||yk) + I∆(x) =: u(x,y)(7.9)

where (7.7) is by smoothness of the gradient (assumption), (7.8) is by Cauchy-Schwarz
inequality and (7.9) is by Pinsker’s inequality (see page 88 in Tsybakov (2008)). Note
that the minimizer of u(x,y) with respect to x exactly corresponds to the update rule
in PRIDA and thatu(x,y) is strongly convex in x (again due to Pinsker’s inequality, see
page 301 in Bubeck et al. (2015)). Hence we can bound the per iteration improvement
by,

h(pt) − h(pt+1) > h(pt) − u(pt+1, xt) = u(pt,pt) − u(pt+1,pt)

>
L

2‖p
t+1
f − ptf‖2

2 +
L

4KL(p
t+1
k ||ptk) >

L

2‖p
t+1 − pt‖2

2 (7.10)

where inequality (7.10) follows from (7.9) . Summing up the inequalities (over t) in
(7.10), we see that the limt→∞ ‖pt+1 − pt‖ = 0, that is, algorithm converges to a fixed
point.
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Step 2. Since the update rule for f is standard gradient descent, we know that the
iterates converge to a point where the gradient vanishes, see section 1.2.3. in Nesterov
(2013). So we focus on the update rule for the k for which we use Lemma 7.1. Taking
z = η

(
L (pt) + gt

T

k (pk − p
t
k)
)

there, we have that,

KL(p∗k||p
t+1
k ) 6 KL(p∗k||p

t
k) + ηg

tT

k (p∗k − p
t+1
k ) − KL(pt+1

k ||ptk)

= KL(p∗k||p
t
k) + ηg

tT

k (p∗k − p
t
k) + ηg

tT

k (ptk − p
t+1) − KL(pt+1

k ||ptk)

6 KL(p∗k||p
t
k) + ηg

tT

k (p∗k − p
t
k) + L(pt) − L(pt+1) (7.11)

where we used the smoothness assumption in (7.11). Again summing the inequalities
in (7.11) (over t), we have that,

KL(p∗k||p
t+1
k ) 6KL(p∗k||p

0
k) + η

∑
t

gt
T

k (p∗k − p
t
k) + L(p0)

=⇒ T min
t
gt

T

k (ptk − p
∗
k) 6

∑
t

gt
T

k (ptk − p
∗
k) 6 (KL(p∗k||p

0
k) + L(p0))L.

Taking the limit as T → ∞, we showed that we can find a point that satisfies the
first order optimality conditions of our optimization problem. Thus we have shown
that after T steps, we can find a point that is O(1/T) optimal. PRIDA iterates now
satisfy the assumptions of Proposition 10 in Lee et al. (2017), and so by Corollary 7
therein it directly follows that PRIDA does not converge to a strict saddle point almost
surely.

While we can get the same convergence rate (up to logarithmic factors in s) of
O(1/T) as that of PGD (see Ghadimi and Lan (2016)), the efficiency of PRIDA comes
from the fact that each iteration of PRIDA takesO(s) time, compared to theO(s log s)
required in PGD (see Chen and Ye (2011) for details) and is trivially parallelizable/a-
menable to GPU implementation.

7.4.1 Robustness

Having shown the convergence of PRIDA, the natural follow-up investigation is to
characterize its behavior in terms of its noise tolerance. We call an algorithm robust if
it produces the same output on two different images such that one of them is a slightly
perturbed version of the other. This notion of robustness has been recently introduced
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in the machine learning literature under the context of algorithmic stability Hardt
et al. (2015) and adversarial attacks (Samangouei et al., 2018). Recent results in our
community show that this is a critically desirable property of algorithms used in
vision-based deployments since they are often sensitive to very small perturbations
Moosavi Dezfooli et al. (2017); Su et al. (2017).

Plan of Attack. Using only the main concepts of stability, we aim to measure the
robustness of our algorithm. In typical stability analyses, noise is often introduced in
the gradient computation, as a proxy for stochastic or approximate gradient updates.
We follow this idea, and aim to bound the difference between the result of a noisy
gradient update and a clean one. To be specific, we assume that two images, one with
noise and the other without, produce gradients that are approximately the same.

Hence, at iteration twe observe some noisy gradient g̃tk of gtk (and respectively g̃tf
of gtf). We would like to bound the distance between kt+1 and k̃t+1 (ft+1 of f̃t+1). In
what follows, we look only at the update for the kernel k, but note that an analogous
argument can be made for the sharp image f: the update step for f is essentially a
(sub)gradient step, and so the argument is simpler.

Lemma 7.3. Let k0 be the initial point where all coordinates are equal. Let g := g1
k be the

true gradient and h := g1
k + α be some noisy gradient. Then, we have that k1

g,k1
h computed

using g and h are δ-close in the `1 sense.

Proof. In order to study the robustness properties of our algorithm, we will use the
interpretation of PRIDA given in (7.5) and (7.6). Because the noisy gradient is only
being used in the (7.5), we analyze how much iterates can stray after each of the two
updates separately. To that end define the intermediate iterate x := k̂1

g computed
using the true gradient and similarly y := k̂1

h the noisy one. To make the proof simple,
we will assume that the step size is same for all the coordinates, that is, η1

i ≡ η (say
1/L) and note that the argument can be easily extended for the general case. Then,
the distance between x and y can be bounded as follows,

‖x− y‖1 =

n∑
i

∣∣k0
ie

−ηgi − k0
ie

−η(g+α)i
∣∣ = n∑

i

k0
ie

−ηgi |1 − e−ηαi |

6
n∑
i

k0
ie

−ηgi |ηαi| 6 ηᾱ‖x‖1 (7.12)
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where the first step follows from the definition of x and y, and the last two from the
fact that e−x > 1 − x ∀x and ᾱ := maxi |αi|. Now we show that the second step of the
update, which corresponds to a simple normalization, is also well behaved:∥∥∥∥ x

‖x‖1
−

y

‖y‖1

∥∥∥∥
1
=

∥∥∥∥ x

‖x‖1
−

y

‖x‖1
+

y

‖x‖1
−

y

‖y‖1

∥∥∥∥
1

6

∥∥∥∥ x

‖x‖1
−

y

‖x‖1

∥∥∥∥
1
+

∥∥∥∥ y

‖x‖1
−

y

‖y‖1

∥∥∥∥
1

(7.13)

=
‖x− y‖1

‖x‖1
+

∥∥∥∥y (‖y‖1 − ‖x‖1)

‖x‖1‖y‖1

∥∥∥∥
1

=
‖x− y‖1

‖x‖1
+

|‖y‖1 − ‖x‖1|

‖x‖1
6

2‖x− y‖1

‖x‖1
(7.14)

6 2ηᾱ (7.15)

where we use the triangle inequality for (7.13), the reverse triangle inequality for the
inequality in (7.14), and (7.15) follows from (7.12). If the noise level satisfies ᾱ 6 δ/2η,
then we know the iterates computed using the noisy and true gradients are at most δ
away.

Remark 7.4. This result clearly shows the interplay between the noise level α and the step
size η. When a sharp image f undergoes convolution followed by the addition of noise, Lemma
7.3 tells us that it is better to take short steps instead of being overtly aggressive.

Why are short steps sufficient in practice? Given that every pixel in the blurred
image is a nonnegative combination of neighboring pixels in the sharp image, it is
enough to search among its neighbors to form a realistic image rather than searching
over the whole image space. This can be performed efficiently using short steps.

7.4.2 Implementation Details

Initialization. We follow the standard practice common across many vision problems
and estimate both f and k at many resolutions. More specifically, our estimation
proceeds through a coarse-to-fine pyramid scheme. For each level, we run PRIDA
(Algorithm 10) and upscale the resulting estimated image and kernel for the next
level.

At the coarsest level, we initialize the kernel to be uniform, that is, k0
i = 1/s.

While this choice of initialization is critical for many existing algorithms Perrone and
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Figure 7.2: Convergence rate comparison of PRIDA (in red) and Perrone et al. in
Perrone and Favaro (2014) (in blue).

Favaro (2014); Pan et al. (2014), it is not so important for PRIDA. Because the objective
function is (jointly) bilinear, it may be the case that the initial few gradient steps will
push some of the coordinates of the kernel to 0 after a Euclidean projection. This is
problematic because it will remain at 0 during the entire course of optimization (at
that scale), thus reducing the effective of the pyramid scheme. PRIDA on the other
hand can be thought of as a version of “soft-removal”: the multiplicative nature will
naturally force all elements of any given kernel to remain strictly positive at all times,
and hence a few “bad” steps will not necessarily hurt the overall performance.

Numerical Considerations. When calculating the step size per pixel ηki , it may
be the case that a given point in the kernel has already been driven close to 0. In this
case if the (noisy) gradient is negative, however small, the computed step e−ηkigki
may be +∞ if the value at that point has fallen below machine precision. To avoid
these issues, we apply a “Big M" correction Nemirovski (chapter 4) such that the
step taken is the minimum of {exp{−ηigi},M}, whereM is a large positive constant.
Intuitively, a largeMwill allow PRIDA to take larger steps, thus encouraging faster
convergence. We fixM = 1000 throughout our experiments.

7.5 Experiments

All experiments were conducted using MATLAB 2017a running on a 12-core Xeon
E5-2620 @ 2.4 GHz machine with 64GB RAM. For all experiments on images of size
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Figure 7.3: From left to right: (a) Input blurred images with added Gaussian noise.
(b) Result from Perrone and Favaro (2014). (c) Result from Perrone et al. (2015). (d)
Our Result. (e) Ground Truth. From top to bottom, each row corresponds to added
noise with standard deviation 0,0.1, and 0.5 respectively.

255× 255, we use a fixed regularization hyperparameter of λ = 6e−4. The run time
of each image on the finest scale is approximately 2-3 minutes. In the first two sets
of experiments, our goal is to validate the theoretical properties of PRIDA shown in
earlier sections viz., convergence and robustness. Finally, we test if PRIDA is efficient
on real world color images. We compare with two recent standard baselines that are
closely related to our algorithm Perrone and Favaro (2014); Perrone et al. (2015), and
provide experimental details and comparisons with other algorithms.

7.5.1 Convergence

Figure 7.2 shows the function value convergence rates for PRIDA and for Perrone
and Favaro (2014). Using the same pyramid scheme, we compute the function value
for 1000 iterations of both algorithms over the finest level, fixing λ as stated above
for PRIDA and the default setting provided by the authors in Perrone and Favaro
(2014). Notice that while Perrone and Favaro (2014)’s method initially drops quickly,
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Figure 7.4: Color image recovery in the presence of intensity noise. From left to right,
we add 0-mean Gaussian random noise with variance 0, 1, 4, 9, 16 respectively. The
first row shows the blurred and noisy input, the second the recovered kernel, and the
third our final image recovery. Standard denoising methods can be applied to the
deblurred image.

Noise Level σ
Alg. 1 3 5 7 9

Perrone and Favaro (2014) 0.0008 0.0223 0.0584 0.0849 0.0957
Perrone et al. (2015) 0.0006 0.0994 0.1375 0.1212 0.0941

PRIDA 0.0008 0.0041 0.0089 0.0149 0.0231

Table 7.1: Average endpoint error across the dataset in Levin et al. (2009) for varying
levels of noise.

our method eventually converges much faster to a lower objective function. We note
also that the PRIDA updates are significantly more stable, providing evidence of our
robustness analysis above.

7.5.2 Robustness

To exemplify the robustness of PRIDA to noise, we conduct experiments on the
well-known dataset first introduced by Levin et al. (2009). The grayscale images are
255× 255 pixels in size with known blur kernels ranging in size from 13 to 27 pixels
square. To evaluate robustness, we add varying levels of noise to each image, and
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qualitatively evaluate the end result. We compare our method to the algorithms
presented in Perrone and Favaro (2014) and in Perrone et al. (2015).

We show the results of PRIDA in comparison with the standard baselines in Figure
7.3. To generate the noisy and blurred images, Gaussian random noise with mean
µ = 0 was added to each blurred image. Here we can clearly observe the ability of
our procedure to handle large amounts of noise. Over the entire dataset, we observe
that in some interesting cases both algorithms from Perrone and Favaro (2014) and
Perrone et al. (2015) are able to recover a reasonably sharp image in the presence of
noise. Over the entire dataset from Levin et al. (2009), however, we note that their
results are significantly more variable than that of PRIDA. On average, PRIDA is much
more consistent in recovery over the entire dataset, shown in Table 7.1, validating
our theoretical analysis above.

7.5.3 Scaling Up to the Real World

While the results above are valuable in validating our theoretical claims, we also
evaluate our algorithms’ robustness on real world images. Computationally, an
interesting property of PRIDA is that all of its operations involve convolutions (Fast
Fourier Transforms) and elementwise operations, both of which can benefit from
GPU efficiencies.

We apply PRIDA to a set of large, color images that have been synthetically blurred.
A comparative study on modern blind deconvolution algorithms compiled a dataset
of synthetically-blurred spanning a wide range of image sizes, image content, and
blur difficulty Lai et al. (2016). 25 real-world images collected from the Internet were
each uniformly blurred with 4 known kernels of various size and support. Applying
our algorithm to these images we find results comparable to state-of-the-art. In order
to find an appropriate regularization, we perform a mild parameter sweep across all
25 images simultaneously for a given kernel size. For a kernel size of 31× 31, we find
that λ = 2e−4 leads to the best qualitative results. Results on the front page include
samples from this set.

To demonstrate the robustness of PRIDA on color images, noise was added to each
pixel’s lightness value in LAB space Wyszecki and Stiles (1982) and converted back
to the original RGB color space. Figure 7.4 shows how our recovery is affected by
increasing amounts of Gaussian random noise. While our kernel recovery degrades
with more added noise, it is clear that we are still able to recover the kernel structure,
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and that our final recovered image is in fact deblurred. Here, we present the raw
output of our proposed model. Since the literature on denoising algorithms is mature,
if necessary, a denoising algorithm can easily be run after PRIDA to remove the noise
depending on its type. In fact, it is a common practice to have a “non-blind” stage at
the end of the fine scale in many existing deblurring algorithms.

7.6 Conclusion

We propose a new algorithm, PRIDA, for recovering sharp images through blind
deconvolution. PRIDA uniquely takes advantage of the specific problem domain,
employing mirror descent over the simplex constraint set. We present theoretical
analysis of PRIDA and derive guarantees on both convergence and robustness with no
extra assumptions. In most real world settings, as noted by Zhu and Milanfar (2011),
low light conditions and auto-focus software systems may introduce extra blur and
noise since they depend on both exposure time and camera settings. Our exhaustive
experimentation shows that PRIDA can be a comprehensive solution for real world
problems. We showed both qualitatively and quantitively that PRIDA performs as
good as the state of the art under no noise conditions and unarguably better in the
presence of noise. We believe that our results will be a strong foundation not only
for single image blind deconvolution problems, but also for furthering the success
of recent data driven approaches such as deep learning architectures. Our code and
additional experiments can be accessed through our Github repository here.

https://github.com/sravi-uwmadison/prida
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Chapter 8

Conclusions

Until now, we have presented evidence to support our Hypothesis 1 using various
theoretical and/or practical frameworks. In Chapter 3, we showed that constraints
in the filter flow model can be imposed using parallel convex optimization tools,
reducing the run time by orders of magnitude (in some cases). In Chapter 4, we
showed how to construct coresets (of a dataset) when the loss function is nonsmooth.
Specifically, we showed that it is possible to optimize nonsmooth loss functions using
a sparsity preserving deterministic CG method in Algorithm 6. In Chapter 5, we
showed that commonly used norms that are used to measure the complexity of DNN
can be explicitly imposed during training. Using update procedures (in Section 5.4)
that are informed by the constraints can be used to improve the accuracy of state of the
art models used in vision pipelines. In Chapter 6, we proposed two formulations for
a nonlinear combinatorial optimization problem arising in the context of designing
experiments for sparse linear models. For our incoherence based formulation, we
showed how we can round the fractional to get integer solutions without much
loss of accuracy. In Chapter 7, we developed a mirror descent algorithm for the
blind deconvolution problem with probability simplex constraints. We analyzed the
convergence and robustness properties of our method in Algorithm 10 theoretically
and using popular vision datasets. In this final chapter, we will point out future
directions for the main concepts used in each of the chapters.
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8.1 Learning Locality Sensitive Filter Flow Maps

The filter flow algorithm proposed in Algorithm 5 exploits the locality of the trans-
formation of images to develop efficient optimization strategies. Even though, the
proposed algorithm comes with theoretical guarantees, the algorithm is still quite
slow to be adopted in real time applications, especially when the image contains
millions of pixels. For standard datasets, it turns out that a multigrid deep network
based model can be used to learn filter flow transformations between pairs of images
as in (Kong and Fowlkes, 2019). Here, multigrid corresponds to the pyramid approach
described in Sections 7.4.2, and 3.6. Often models are shared across grid/scale (as-
sumed to be similar) to reduce model complexity. However, this can be undesirable
especially when there is large variations between motion/depth across video se-
quences. In such cases, (image) locality sensitive update rule as in Algorithm 5 can
lead to faster optimization schemes. Next, Chapter 3 shows that convex formulations
can be used to estimate filter flow maps that perform well, empirically. This suggests
that using filter flow type losses to learn the maps in an end-to-end differentiable
learning framework can speed-up the estimation procedure. To accomplish this, we
recall basic results regarding Ordinary Differential Equations (ODE). Under technical
conditions on the function to be estimated, the Lax-Milgram theorem (Johnson, 2012)
ensures that variational/weak formulation and the strong formulation of an ODE
are equivalent. In our context, we can use the strong formulation of the filter flow
problem to construct loss functions (that depend on the solutions of the strong for-
mulation). To train the model parameters efficiently, it will be interesting to see if the
ideas from (Chen et al., 2018) can provide us guidance.

8.2 Coreset based Sampling and Applications

Recall that as described in Chapter 4, a coreset is defined as a subset of a set which
approximates the whole set. Recent works suggest that sampling in high dimensions
can be accelerated using coresets (Campbell and Broderick, 2017; Bach et al., 2012b).
Note that the techniques that we used to analyze our Algorithm 6 are quite general.
Specifically, it would be interesting to explore the (sparsity) benefits provided by our
Algorithm 6 to Bayesian inference problems in high dimensional settings. From the
computer vision perspective, coresets can be extremely useful for few shot learning
(Wang and Yao, 2019). In few shot learning, the goal is to train a classifier that



156

requires the least amount of samples. More specifically, in few shot learning settings,
the number of classes can grow at a much faster rate than the number of samples. In
most common metric learning based approaches, each class is often identified with
a center/prototype which is used for classification. The center for a particular class
is simply the mean of the training data that belong to that class, embedded on a
representation space computed by a neural network. Essentially, it will be interesting
to see if such a representation can easily be computed using a coreset instead of the
full training dataset. For this, connections between coresets and optimal transport
theory (as showed in (Claici and Solomon, 2018)) can help us design algorithms
that implicitly compute such a coreset during training nonlinear models. Another
approach for few shot learning is to pool individual/sub datasets (Triantafillou et al.,
2019) to obtain a metadataset. A basic requirement in pooling is that the margin
(distance) distribution induced by sub datasets be preserved while training on the
pooled dataset. Note that enforcing such margin distribution constraints naively
may not be practical since the number of decision variables scale linearly with the
size of the individual datasets. Using the coreset of sub datasets can be beneficial to
efficiently train the pooled dataset, when the size of the coreset scales sublinearly.

8.3 Explicitly Imposing Probabilistic Constraints

In Chapter 5, we showed that we can impose norm based constraints on the parameters
of DNN while training. Recall that these norm based constraints are intended to
measure the complexity of ML models. However, in many real world scenarios,
such constraints may be too pessimistic or unnatural. In such cases, it is often the
case that we require constraints on the predictions of our ML models. Designing
methods to impose probabilistic constraints efficiently can be practically critical in
some cases. For example, when using ML models in criminal justice contexts, we
may want our models to avoid discrimination (Kilbertus et al., 2017). In such cases,
we would like to learn models that satisfy moment based fairness constraints (Donini
et al., 2018; Agarwal et al., 2018). Specifically, developing methods that can explicitly
impose such moment constraints (and beyond) while training DNNs with provable
convergence properties is an important open problem. For instance, consider the
vision task of (single) object image classification. For this task, cross entropy loss
is the most commonly used loss function. However, cross entropy loss is (or most
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commonly used loss functions such as quadratic, hinge are) agnostic to the size of the
object in an image. So assuming that we have access to the size of the object in each
image, we may want the error rate to be balanced with respect to the sizes of the object
present. Similarly, in the binary classification case, one may want to estimate models
with high F1 score which can be formulated as a probabilistic constraint (Cotter et al.,
2018). Designing fast algorithms to impose probabilistic constraints and toolboxes so
that these methods can be used off-the-shelf can be practically useful.

8.4 Faster Finetuning via Experimental Design

In Chapter 6, we proposed formulations for an extension of the classical linear experi-
mental design problem. A natural extension of the algorithms described in Chapter
6 to nonlinear f is interesting for various reasons. For example, say that we are to
fine tune a DNN using SGD. In this case, the usual strategy is to obtain a uniformly
random sample from the training set to estimate the gradient. A better option would
be to use the local landscape properties of the loss function (Li et al., 2018; Fazlyab
et al., 2019) since we are already close to a minima. Now, the experimental design
problem in this context is to pick a subset of fixed cardinality (interpreted as the
batch size) according to a criterion derived using the landscape properties. Then, we
will update our model parameters using the gradient computed using this subset.
Another direction to investigate is to extend our formulations to include more than
two time points in the longitudinal study. In this setting, we would like to impose
regret constraints on the enrollment trajectories of each individual involved in the
study while maintaining the efficiency the algorithms. In particular, in clinical trials
that span several years, an interesting research direction is to study the benefits of
imposing constraints to improve the reliability of the study. For example, constraints
of the form “if sample i is chosen at time point t, then i must be chosen from then
on” tries to minimize the longitudinal stochastic error while estimating the asymp-
totic model parameters lim

t→∞βt (in equation (6.2)). Designing efficient methods with
convergence guarantees to impose such constraints explicitly is an open problem.
However, note that it is possible that such constraints introduce bias while estimating
the parameters of our model, for instance, an informative sample at time point tmay
be less informative at t + 1, decreasing the statistical rate of estimation. From the
statistical perspective, it will be interesting to quantify the asymptotic bias introduced
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due to imposing such constraints.

8.5 Robustly Learning Kernels for Blind
Deconvolution

In Chapter 7, we studied the blind deconvolution problem and developed the PRIDA
Algorithm in Section 7.3. Recall that Algorithm 10 is based on the principle that
geometry of the constraint set plays an important role in convergence and robustness
properties of the algorithm and estimation properties of the parameters. (Xu et al.,
2014) showed that it is possible to use deep networks to learn solutions of blind
deconvolution problems. One approach is to learn parameters of the network by
extracting random patches from the training images individually. Given the set of
patches from a new test image, the network outputs the sharp estimate for each patch
which are then combined appropriately to output the full sharp image. Unfortunately,
the random patches based approach requires a lot of training samples and often
takes long time to train. It may be possible to mitigate this problem by learning the
blur kernel using a neural network, instead. Once a blur kernel is learned, the sharp
image can simply be obtained by adapting our mirror descent algorithm as in Chapter
7. In particular, this is possible by assuming optimal blur kernels to be a convex
combination of a dictionary of blur kernels. Note that in Chapter 7, we used the set
of kernels with one nonzero entry as our dictionary. Secondly, it turns out that our
discrete step gradient descent based optimization approach has a natural continuous
time probabilistic interpretation. It may be possible to utilize ideas optimal transport
theory (Lin et al., 2019) to develop efficient optimization schemes, and may provide a
theoretically rigorous framework to learn blind deconvolution problems provably.
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