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ABSTRACT

Deep learning has been widely applied in various fields, such as understanding
image content, analyzing text semantics, and modeling biological and medical data,
among others. The introduction of the Transformer architecture in 2017 represented
a significant advancement in deep learning due to its adaptability across different
domains and its scalability. This marked the beginning of the era of large language
models and foundational models across various domains. The widespread suc-
cess of Transformer models can be attributed to two main factors: their ability to
process massive context effectively and their scalability of model size. However,
these advantages also introduce new efficiency challenges related to computational
burden and environmental impact. This thesis focuses its main efforts on devel-
oping effective and efficient methods for improving Transformer’s efficiency and
making its adoption more environment-friendly, cost-efficient, and accessible for
everyone. The computation within a Transformer model can be broken down and
abstracted into three levels: Transformer blocks, Multi-Head Attention (MHA) and
Feed-Forward Network (FFN) that comprise these blocks, and the GEneral Matrix
Multiply (GEMM), which forms the foundation for all compute-intensive opera-
tions. We explore various methodologies to improve efficiency at each abstraction
level, including the approximation of the Transformer blocks, MHA computation,
FFN, and the fundamental GEMM operation. Directly applying these methodolo-
gies can often be sub-optimal and introduce specific challenges when designing
efficiency algorithms for the specific compute abstractions of Transformer mod-
els. In this thesis, we analyze these challenges and develop specific algorithms
to address these problems, and show the effectiveness and efficiency of our algo-
rithms. These algorithmic improvement significantly reduce the costs associated
with training and deploying Transformer models, enabling Transformer models
to comprehend massive context that are previously infeasible and to run faster
with smaller memory footprint and to deploy on cheaper devices with limited

computational resources.



1 INTRODUCTION

Deep learning methods now power applications across a range of fields, including
image content understanding, text semantic analysis, and biological and medical
data modeling. Such tools have demonstrated remarkable effectiveness in tasks
that were traditionally exclusive to human. In a landmark event in 2012, AlexNet
(Krizhevsky et al., 2012) won the ImageNet image recognition competition (Rus-
sakovsky et al., 2015). This deep convolutional neural network (CNN) significantly
outperformed existing methods and showcased the potential of deep learning
for computer vision problems. Following AlexNet, we witnessed a rapid devel-
opment of deep learning architectures in the mid-2010s. Models like VGGNet
(Simonyan and Zisserman, 2015), GoogLeNet (Szegedy et al., 2015), and ResNet
(He et al., 2016) brought new ideas enhancing the depth and complexity of neural
networks and setting new state of the art accuracy for understanding of visual
content. Concurrently, the field of natural language processing (NLP) saw substan-
tial progress with recurrent neural networks (RNNs) (Elman, 1990) in handling
language-related tasks (Tang et al., 2015; Cho et al., 2014). In 2017, the introduction
of the Transformer architecture (Vaswani et al., 2017) marked a paradigm shift
in deep learning in terms of its adaptability to different domains as well as its
scalability (illustrated in Figure 1.1), and initiated the era of large language models
(LLMs) and large foundational models for various domains.

Prior to Transformer models, the NLP domain was dominated by RNNs. RNNs
sequentially read one word of an input sentence at each time step and update their
understanding of the sentence. In contrast to the sequential processing nature of
RNNs, the unique core module of the Transformer architecture, Multi-Head Atten-
tion, made it both effective for modeling linguistic content and highly parallelizable
on modern hardware by evaluating the entire sentence at once. Although the
Transformer was originally introduced as a novel method for language translation
tasks (Vaswani et al., 2017), the core attention mechanism not only enhances the

speed and performance of language translation models but also opens up new
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Figure 1.1: Applications of the Transformer architecture on various domains.

opportunities in processing and comprehending complex linguistic data at a much
larger scale.

Subsequent to the initial success, the Transformer architecture was adapted for
broader applications within the NLP domain. Specifically, the development of
the BERT language model (Devlin et al., 2019) led to a significant advancement
in the field of NLP. By utilizing a two-stage approach, pretraining via a method
called bidirectional masked language modeling on massive text datasets in order
to understand the text/language followed by finetuning on downstream NLP ap-
plications with limited data, this approach enabled BERT to achieve outstanding
effectiveness in a variety of NLP tasks, including language inference, comprehen-
sion, and question answering, to name a few (Devlin et al., 2019). This success
of BERT subsequently ignited a surge of explorations and innovations within the
Transformer architecture for more effective and robust NLP approaches, including
improved pretraining and better formulation of diverse NLP tasks. Notable exam-
ples of enhancing pretraining include RoBERTa (Liu et al., 2019a) and XLNet (Yang
et al., 2019), which build upon and refine BERT’s pretraining task. In terms of
reformulating various NLP tasks, a notable example is T5 (Raffel et al., 2020), which



adopts a unified approach to handling a diverse range of language-related chal-
lenges by formulating all tasks as sequence-to-sequence generation tasks, resulting

in a deployment for downstream applications.

Contrasting with bidirectional masked language modeling, OpenAl’s GPT series
explored an alternative direction: Transformer-based autoregressive language mod-
eling (Radford et al., 2018, 2019; Brown et al., 2020; OpenAl et al., 2023) and led to a
significant discovery: the impressive zero-shot performance of large language mod-
els (LLMs) (Brown et al., 2020; Touvron et al., 2023; Le Scao et al., 2023; Team et al.,
2024) in a wide range of NLP tasks. By using massive compute resources and data
in language model pretraining, these models often show human level proficiency
in a wide range of NLP tasks, including generating coherent text, solving complex
problems, or even programming code. This proficiency in language understanding

is transformative and has sparked a global competition in the development of LLMs.

Inspired by the achievements of Transformer models in NLP, a significant develop-
ment in the field of vision emerged with the introduction of the Vision Transformer
(ViT) (Dosovitskiy et al., 2021), marking the first successful application of the Trans-
former architecture to vision tasks. This advancement led to a rapid and widespread
integration of Transformer models within various aspects and problem settings in
computer vision. These models began to excel and often outperformed CNNs in
a variety of diverse tasks besides image classification including object detection,
image segmentation, and generation of visual content. Examples of these tasks
includes Detection Transformer (DETR) (Carion et al., 2020) for object detection,
Segment Anything Model (SAM) (Kirillov et al., 2023) for image segmentation,
and Diffusion Transformer (DiT) (Peebles and Xie, 2023) for image generation.
Recently, OpenAl released an impressive video generative model, SORA (Brooks
et al., 2024), which is built upon DiT. SORA demonstrates the capacity of Trans-
formers to generate visual content with high fidelity and creativity. The efficacy
demonstrated by Transformer models in handling visual information showcased

their potential as a universal architecture suitable for various data domains.

Given the success of Transformer models in both NLP and vision, it was a natural



progression for the research community to explore their application across other
modalities and domains. For audio processing, Transformer models have shown
promise in tasks like speech recognition (Latif et al., 2023) and music generation
(Suno-Al, 2023). For biomedical sciences, Transformer models have been applied to
tasks like protein and genomic modeling (Choromanski et al., 2021; Choi and Lee,
2023). The extension of Transformer models to these diverse domains is not only a
testament to their adaptability but also highlights a broader trend in deep learning

towards more unified and generalized approaches across multiple modalities.

1.1 Transformer Architecture

To better understand how Transformers function, we need to dive into some techni-
cal details of a Transformer model. Originally, the Transformer architecture consists
of two primary components: the encoder and the decoder (Vaswani et al., 2017), as
shown in Figure 1.2. Each serves a unique role in handling sequence-to-sequence
tasks, such as language translation. However, as the applications of Transformer
models evolved, many models began to use either the encoder or the decoder ex-
clusively. For instance, models like BERT (Devlin et al., 2019), ViT (Dosovitskiy
etal., 2021), and DiT (Peebles and Xie, 2023) utilize only the Transformer encoder.
This encoder is responsible for computing the contextual embeddings of input
sequences for subsequent downstream tasks. In contrast, GPT (Brown et al., 2020),
LLaMA (Touvron et al., 2023), and most contemporary LLMs employ the Trans-
former decoder for autoregressive text generation tasks. The decoder is similar to
the encoder with a few minor differences, so we will first focus on the encoder’s

function before highlighting the differences with the decoder.

The encoder processes the input as a sequence of tokens, each represented by a
vector. We denote the sequence of tokens as a matrix X encoding the input’s infor-
mation. The row vectors of X correspond to tokens in the sequence. These tokens
are transformed into a sequence of contextual embeddings by passing through

a stack of Transformer encoder blocks with an identical structure, as illustrated



Encoder Decoder

Attention is all you need. TFENHMEMRFAE...

Figure 1.2: High level overview of the Transformer architecture.

in Figure 1.3. Since the Transformer model is invariant to the order of sequence,
we need a way to inform the model about the location of each token within the
sequence. So, a positional embedding, E, encoding the location of each token, is
added to X to form the input X to the first encoder block. The first encoder block
then outputs X;, which is the input to the next encoder block. The process continues
until we get the output X; of the last encoder block. Here, X; is the contextualized
output of the encoder, which will be used for subsequent downstream tasks.

Encoder Block 1

X)=X+E

Figure 1.3: Illustration of how the encoder processes an input sequence.

The internal structure of an encoder block consists of two components: a multi-head
attention (MHA ) mechanism and a pointwise feedforward network (FFN), which
will be discussed in more details in §2.2. The overall structure of an encoder block
is illustrated in Figure 1.4. Now, we can describe MHA and FFN.
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Figure 1.4: Structure of an encoder block.
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thickness represents weight

[cls] my dog is cute [sep] he likes play #ing [sep]

Figure 1.5: High level illustration of self-attention.

At the i-th encoder block, the encoder block first feeds X;_; into a MHA module.
MHA consists of multiple self-attention in parallel and is central to Transformer
based models and provides a flexible global receptive field to exchange information
among input tokens. The output of self-attention is a combination of all tokens
where coefficients are determined by the similarities among tokens, as demonstrated
in Figure 1.5. Compared to a RNN, self-attention allows all pairwise dependencies
among tokens to be computed and aggregated in parallel, which is much more
suitable to run on a GPU. Further, the length of signal paths ! between any two

tokens are simply O(1), making it easier for Transformers to learn long-range

IThe path of the information of a token to be propagated to another token. For example, for a
sequence of N tokens, in RNN, the information of the first token needs at minimum a O(N) length
path to be propagated to the last token.



dependencies (Vaswani et al., 2017). Then, the output of MHA is fed into two-layer
FEN to compute a pointwise non-linear transformation of each token embeddings.
An encoder consists of multiple such encoder blocks with an identical structure,
which make it easier to scale the width and depth of a Transformer model with

very few additional design choices.

The decoder shares a similar structure with the encoder. The decoder consists of
multiple decoder blocks. As illustrated in 1.6, at each block, the input is fed into
a multi-head causal attention, which is essentially a MHA but with an additional
mask applied to the attention matrices A}, to avoid leakage of information from
future tokens, which is critical for autoregressive training. Then, when the decoder
is used along with the encoder, the intermediate output is fed into a multi-head
cross attention using the intermediate output as queries and output embeddings
X from the encoder as keys and values so that the decoder tokens can gather
useful information from the encoder output for sequence-to-sequence tasks. Finally,
the output is fed into a FFN for a pointwise non-linear transformation of token
embeddings. In this thesis, our focus is on the MHA and FFN in the encoder, and
many of the findings described in the subsequent chapters can be transferred to
the decoder, so we will not dive into the details of the decoder.

1.2 On the Efficiency of Transformers

The success of Transformer models across various domains can be attributed to two
key factors: Ability to Process Sequences Effectively, and Scalability of Model
Size. These factors contribute to the success of Transformers, but also pose new
challenges in terms of the compute burden and environmental concerns. In this
section, we will discuss each of these factors and related works that try to address
these challenges.

To better understand the challenges, we need to first know how much compute is
needed to run a Transformer model. In §1.1, we described how an input is processed

using a Transformer model. The overall compute complexity of a Transformer
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Figure 1.6: Structure of an decoder block. The left block is the decoder block used in
encoder-decoder models, and the right block is the decoder block used in decoder-
only models.

model is
O(LN?D + LND?)

where L is the number of Transformer blocks, D is the model dimension, and N
is the sequence length of input. The first term is the complexity of computing the

MHA module, and the second term refers to the cost of computing the FFN module.

1.2.1 Ability of Processing Sequences Effectively

The Transformer architecture is very effective in modeling sequences, evidenced by
its superior performance on various domains. The superior ability of processing
sequences effectively is due to its MHA module. The self-attention mechanism
provides a flexible mechanism to exchange information among different tokens
globally within a sequence, allowing the model to focus on different parts of the
input data. The multi-head mechanism augments this ability by running multiple
self-attention blocks in parallel, allowing each self-attention mechanism to attend



to different semantic embedding spaces for a more expressive receptive field. While
MHA provides various benefits making it exceptionally good at understanding the
input context, it is also a bottleneck when training and serving models involving

long input sequences.

Each MHA incurs a O(N?D) complexity, which restricts its use in applications
where capturing long term context dependencies is important. For example, the
sequence length N can range from less than 32 to more than 512,000 for different
applications. While we do not know the statistics of sequence lengths for all real
world applications, the existing datasets for different tasks should give a reasonable
estimate of the expected sequence lengths. For example, most tasks in GLUE (Wang
etal.,, 2018a), a benchmark to analyze model performance in learning a wide range
of linguistic phenomena, has most sequences with less than 100 tokens. In question
answering settings, for example, WikiHop (Welbl et al., 2018) has more than a half
of the sequences longer than 2,000 tokens. Further, in NarrativeQA (Ko¢isky et al.,
2018), a question answering based on the content of a book, more than a half of the
instances are longer than 50,000 tokens (with the longest being more than 512,000
tokens). Arxiv (Cohan et al., 2018), a task of generating a summary of a scientific
article, has instances whose lengths are more than 10,000 on average.

In the NLP setting, many current models have certain constraints on the sequence
length, e.g., BERT, T5, and other transformer-based language models (Yang et al.,
2019; Liu et al., 2019a; Raffel et al., 2020) limit the sentence length to be at most 512,
for example, via truncating the sequence and only keeping the first 512 tokens. Of
course, this would result in severe loss of accuracy due to incomplete or partial
information. Recent results have reported longer sequence significantly improve
model performance even with weaker attention mechanisms (Beltagy et al., 2020;
Zaheer et al., 2020; Guo et al., 2022). This quadratic cost has motivated many
ongoing efforts to mitigate the resource needs of such models.

One line of work addressing the efficiency of long sequence modeling is efficient
self-attention. For example, Linformer (Wang et al., 2020) shows that using a

low-rank assumption, self-attention can be approximated via random projections
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along the sequence length dimension. The authors replace random projections with
learnable linear projections and achieve a O(ND) complexity via a fixed projection
dimension. For example, linear Transformers (Katharopoulos et al., 2020) replace
the softmax activation by applying a separable activation on the queries and keys.
Based on the connection between the softmax activation and the Gaussian kernel,
Performer (Choromanski et al., 2021) and Random Feature Attention (Peng et al.,
2021) approximate softmax as the dot product of finite dimensional random feature
vectors with a guarantee of convergence (to softmax). Nystromformer (Xiong
et al., 2021) and SOFT Lu et al. (2021), on the other hand, uses a landmark-based
Nystrom method to approximate the attention matrices. These methods achieve

O(ND) complexity by avoiding direct calculation of attention matrices.

Multiple approaches have been developed to exploit sparsity and structured pat-
terns of attention matrices observed empirically. This line of work includes Sparse
Transformer (Child et al., 2019), Longformer (Beltagy et al., 2020), and Big Bird (Za-
heer et al., 2020), which involve complexity of O(N VND) or O(ND). The Reformer
method (Kitaev et al., 2020) also utilizes the sparsity of self-attention. But instead
of predetermining a sparsity pattern, it uses Locality Sensitive Hashing (LSH) as
a tool to approximate nearest neighbor search, and dynamically determines the
sparsity pattern to achieve O(N log(N)D) complexity.

Later developments of efficient self-attention move away from low rank or sparsity
based construction. Chen et al. (2021a) suggests that approximations relying solely
on low rank or sparsity are limited and a hybrid model via robust PCA offers better
approximation. Scatterbrain (Chen et al., 2021a) uses a sparse attention + low
rank attention strategy to avoid the cost of robust PCA. H-Transformer-1D (Zhu
and Soricut, 2021) proposes a hierarchical self-attention where the self-attention
matrices have a low rank structure on the off-diagonal entries and attention is
precisely calculated for the on-diagonal entries.

When accounting for the method specific hyperparameters controlling the trade-off
between quality and efficiency of these efficient mechanisms, most of these self-
attention mechanisms have a complexity of O(NMD) where M is a method specific
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hyper-parameter. With the development of efficient self-attentions, Transformers
have been applied to tasks with longer sequences, which were previously infeasible.
Impressive performance has been demonstrated (Beltagy et al., 2020; Zaheer et al.,
2020; Guo et al., 2022).

There are also alternative approaches that allow Transformer models to process
long sequences without quadratically increasing the compute cost by compressing
prior context into a fixed size memory in autoregressive setting. For example,
Memorizing Transformers (Wu et al., 2022) and RMT (Bulatov et al., 2022) follow
a recurrent design and store the past context in an external memory module. By
sequentially processing one segment of input sequences at one time, they avoid
blowing up the memory when processing long sequences.

One distinct line of work to improve the compute efficiency of self-attention is a
faster implementation of exact self-attention computation but without reducing
the quadratic complexity of self-attention. For example, by exploiting the benefit of
minimizing global memory IO, FlashAttention (Dao et al., 2022) proposes a fused
self-attention computation CUDA kernel that greatly accelerates the self-attention
computation and reduces memory usage. RingAttention (Liu et al., 2024) describes
a ring network communication pattern that allows distributing self-attention across

multiple devices without increasing network bandwidth requirements.

1.2.2 Scalability of Model Size

The Transformer architecture can be easily scaled up by setting up proper number
of layers L and model dimension D due to the identical structure in every layer.
And the recent advance in Transformer-based LLMs and vision foundation models
significantly benefits from this scaling up: larger models typically demonstrate su-
perior performance, and as the size of the model increases, so does its performance
on various applications and benchmarks (Radford et al., 2019; Brown et al., 2020;
OpenAl et al., 2023; Dosovitskiy et al., 2021; Dehghani et al., 2023). This trend has
motivated the increase in model sizes. For instance, in 2018, the large model of
BERT (Devlin et al., 2019) included L = 24 layers with a dimension of D = 1024, by
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2020, GPT-3 (Brown et al., 2020) expanded to L = 96 layers with a dimension of
D =12288.

While the research on Transformer models has consistently shown that increasing
the size of the model improves performance across various domains, a more ground-
breaking discovery by OpenAl, the scaling law of LLMs (Kaplan et al., 2020), takes
this a step further. It reveals that as both model size and dataset size increases, we
can expect a predictable model performance improvement on language modeling.
This insight motivated an exponential growth in the sizes of LLMs. Additionally,
the phenomenon of emergent abilities in LLMs (Wei et al., 2022) reveals that once
the model size surpasses a certain unpredictable threshold, new abilities, such as
solving few shot prompted problems, starts to emerge in larger models, capabilities
that smaller models do not exhibit. This further reinforces the value of and the

interest in developing larger language models.

Motivated by the success of the GPT series and the potential ability of LLMs,
these discoveries initiated a global competitive race among technology companies
and Al startups to develop and refine large language models. Major players in
the tech industry, as well as emerging Al startups, are investing heavily in the
development of these LLMs. This race is characterized by an exponential increase
in the model sizes of newly released language models. For instance, the GPT series
has progressively increased in model size, with GPT-1, GPT-2, and GPT-3 having
0.1 billion, 1.5 billion, and 175 billion parameters, respectively (Radford et al.,
2018, 2019; Brown et al., 2020). While the exact size of GPT-4 is not confirmed,
it is speculated to exceed 1 trillion parameters (LeCun, 2023). The information
about open-sourced LLMs is more accessible. The publicly available LLMs like
the LLaMA series feature parameter counts of 7 billion, 13 billion, and 70 billion
(Touvron et al., 2023), whereas BLOOM has 176 billion parameters (Le Scao et al.,
2023).

Similar to the developments in LLMs, the field of vision also witnessed a parallel
trend with vision foundational models following a trajectory of increasing model
sizes, leading to new state of the art results. For example, while the base model in
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the initial proposal of ViT has only 86 million (Dosovitskiy et al., 2021) parameters,
later development pushed the model sizes to 2 billion (Zhai et al., 2022) and even
22 billion (Dehghani et al., 2023) parameters.

As the model size grows larger, the amount of compute required to train this model
and serve such models increases as well. The training of these large models is
expensive. When using the most advanced GPU, NVIDIA’s A100s, the training of
LLaMAZ2 series takes 184320, 368640, 1038336, and 1720320 GPU hours, respectively
for LLaMA 7B, 13B, 34B, and 70B (Touvron et al., 2023). A total of more than 3 mil-
lion GPU hours for LLaMAZ2 series training correspond to running 4096 NVIDIA’s
A100s for more than a month and a carbon footprint of 539 tons Carbon dioxide
equivalent (tCO2eq). OpenAl (Brown et al., 2020) provides an estimate of 3,640
petaflop/s-days for training GPT-3, which corresponds to running thousands of
NVIDIA’s A100s for more than two weeks for GPT-3 training, while noting that
the less compute capable V100s were the mainstream for deep learning at the time
when GPT-3 was released. The estimated financial cost is over $4 million (Vanian
and Leswing, 2023). For the next generation GPT-4, while the estimate of the re-
quired compute is unknown, OpenAl’s CEO Sam Altman claims that GPT-4 costs
over $100 million (Knight, 2023). The training of these large models is only part
of the compute story. When serving these LLM to the public, the inference cost
is even more expensive. Some reports (Patel and Ahmad, 2023) estimate that the
cost of serving GPT-3 is roughly $0.7 million per day, and OpenAl requires close
to 30,000 A100s for serving these models. As the number of users increases, the

inference cost increases linearly as well.

With this exponential growth in compute requirements, the hardware infrastructure
to provide the required substantial computing capacity is critical. The hardware
community has consistently advanced the development of faster computing devices
to accommodate the growing computational demands of large models. For instance,
consider the evolving compute capabilities of NVIDIA’s flagship GPUs across
generations: V100, A100, H100, and the upcoming B100. For 16-bit floating-point
matrix multiplication, the V100, released in 2017, achieves 125 teraFLOPs (NVIDIA,
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d). This capacity significantly increased with the A100 in 2020, which delivers
312 teraFLOPs and 624 teraFLOPs with sparsity (NVIDIA, a), followed by the
H100 in 2022 with 990 teraFLOPs and 1979 teraFLOPs with sparsity (NVIDIA,
c¢). The planned B100, set for release in 2024, is expected to reach 3.5 petaFLOPs
with sparsity (NVIDIA, b). The FLOPs of B100 for dense matrix multiplication
is unknown, but based on the FLOPs for A100 and H100, the estimate is 1.75
petaFLOPs. Alongside the advancements in computing speed, unfortunately there
has been an increase in both power consumption and cost for each generation of
GPU. For example, the power usage for the V100, A100, and H100 GPUs stands at
350, 400, and 700 watts, respectively (NVIDIA, d,a,c). And the current retail price
for A100 and H100 is around $10,000 and more than $30,000 per GPU (Leswing,
2023a,b). While the rapid improvements in computing speed are impressive, a
closer look at these numbers reveals that the increasing trend of the teraFLOPs will

start to saturate.

Maintaining the cutting-edge computing infrastructure is increasingly becoming
both an environmental and financial challenge. While players in the tech industry
have the financial and human resources to compete in upgrading their comput-
ing infrastructure and developing state-of-the-art models, those in the academic
community are significantly falling behind. This disparity is creating a gap where
academic institutions struggle to keep pace with the rapid development, affecting
their ability to contribute to and participate in research and development.

Many approaches have been developed to mitigate the limits on compute hardware
via architecture adjustments or compute adjustments. For example, the mixture
of experts (MoE) approach is becoming increasingly popular as this approach
allows increasing parameter count without increasing compute requirement via
adaptive computations. Switch transformer (Fedus et al., 2022) uses a MoE based
feedforward network that routes different tokens to different experts and expands
parameters to 1 trillion. Mixtral (Jiang et al., 2024) uses a similar MoE approach to
built a relatively light weight LLM in term of compute that performs well on most

benchmarks compared to larger and heavier LLM competitors. Another approach
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for improving efficiency without changing the hardware is adjusting the algorithms
for computing GEMM. There are many ongoing methods seeking to improve low
precision computation to approximate the full precision GEMMs. Most of them
focus on serving these large models during inference, while a few of them target
speeding up the training (Banner et al., 2019; Nagel et al., 2019; Kim et al., 2021;
Dettmers et al., 2022; Li and Gu, 2023; Xiao et al., 2023; Li et al., 2023a; Wang et al.,
2018b; Wu et al., 2018; Zhu et al., 2020; Wortsman et al., 2023). One of the most
impactful adaptations is a transition from 32-bit floating point training to 16-bit
floating point (Micikevicius et al., 2018), and 16-bit training has became a norm in
the deep learning community. There are also other approaches such as pruning
(Chen and Zhao, 2019) for speeding up the computation.

In this thesis, we will explore these areas of research and spot any opportunities

that we can exploit to improve Transformers’ efficiency.

1.3 Contribution and Scope of Thesis

This thesis focuses its main efforts on developing effective and efficient
methods for improving Transformer’s efficiency and making its adoption

more environment-friendly, cost-efficient, and accessible for everyone.

In this thesis, we improve the efficiency of Transformer models by improving effi-
ciency of different (a) components or (b) compute abstractions of an encoder block,
which can significantly reduce the cost of training and using large Transformer mod-
els and allow expanding the use of Transformer models on new applications that
were previously infeasible. For example, these ideas can create opportunities for
training and using large language models on consumer devices with limited mem-
ory, computation, and scalability. Also, the formulations can enable addressing
complex problems involving significant amount of information by fully exploiting
Transformer models” ability of capturing information from a very long context. The

contribution of this thesis is to design efficient algorithms for accelerating the com-
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putation of Transformer models for training and inference for diverse applications.
Our contributions of Transformer models’ efficiency can be categorized into three
methodologies: memory lookup based approximations, multi-resolution based
approximation, low precision integer computation. The overall computation of a
Transformer block can be abstracted into three levels: a Transformer block is built
upon MHA and FFN, and MHA and FFN are built upon GEneral Matrix Multiply
(GEMM). We explore the possibility of applying the aforementioned methodolo-
gies to different abstractions: approximating Transformer encoder block as a whole,
approximating MHA computation, approximating FFN, and approximating the
basic operator of Transformer: GEMM, as shown in Figure 1.7. From the list of
methodologies and abstractions, we now give a brief background to the specific
problems that we attack, identify their specific challenges, and present how we will

deal with them later in each chapter.

Transformer Block

Memory Lookup based  |ig Chapter 6
Approximation AR
RN Multi-Head | FeedForward

- Aitention Network

Chapter 3
Chapter 4
Chapter 5

Methodologies

General Matrix Multiply

Chapter 7

uoneindwo?) Jo suonoelsqy

Figure 1.7: Overall scope of this thesis.

1.3.1 Chapter 3. Memory Lookup based Approximation for
Efficient Self-Attention
Central to the transformer model is the MHA mechanism, which captures the

interactions of token pairs in the input sequences and depends quadratically on
the sequence length. Training such models on longer sequences is expensive as
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discussed above in §1.2.1, so this quadratic cost limits Transformer models” use in
applications that requires long context understanding.

In Chapter 3, we show that a Bernoulli sampling attention mechanism based on
Locality Sensitive Hashing (LSH), effectively decreases the quadratic complexity
of such models to linear. We bypass the quadratic cost by considering self-attention
as a sum of individual tokens associated with Bernoulli random variables that can,
in principle, be sampled at once by a single hash (although in practice, this number
may be a small constant). This leads to an efficient sampling scheme to estimate
self-attention which relies on specific modifications of LSH to enable deployment on
GPU architectures and relies mostly on memory lookup operation with minuscule

compute.

We evaluate our algorithm on the GLUE benchmark (Wang et al., 2018a) with
the standard 512 sequence length where we see favorable performance relative to
vanilla Transformer models. On the Long Range Arena (LRA) benchmark (Tay
et al., 2021), for evaluating performance on long sequences, we find our method
achieves results consistent with vanilla self-attention but with sizable speed-ups
and memory savings and often outperforms other efficient self-attention methods,
demonstrating the scalability of this approach.

1.3.2 Chapter 4. Memory Lookup based Approximation for

Compute-lite Feedforward Network

The GEMM based FFN is one of the two primary components within a Transformer
encoder block, and also a workhorse within modern deep neural networks, but it
requires heavy computation. While efficiency on the compute front has tapered out,
memory efficiency per watt is expected to continue to get better over the coming
years creating efficiency opportunities for memory lookup based algorithms.

In Chapter 4, we assess the extent to which FFN can be made compute-(or FLOP-)
lite using similar memory lookup algorithms described in Chapter 3 and explore
the possibility of deploying this algorithm on CPUs. Specifically, we propose an
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alternative formulation (we call it LookupFFN) to GEMM based FFNs inspired by
the recent studies of using LSH to approximate FFNs. Our formulation recasts most
essential operations as a memory look-up, leveraging the trade-off between the two
resources on any platform: compute and memory. By viewing table look-ups as a
selection problem and approximating it via a softmax whose logits is a structured
transformation of the input, this memory look-up based FFN can be computed

efficiently and is fully backpropagatable.

For performance comparison, our formulation achieves similar performance com-
pared to GEMM based FFNs in RoBERTa language model pretraining, while dramat-
ically reducing the required FLOPs. Further, our development is complemented
with a detailed hardware profiling of strategies that will maximize efficiency —
not just on contemporary hardware but on products that will be offered in the

near/medium term future.

1.3.3 Chapter 5. Multi-Resolution based Approximation for
Efficient Self-Attention

Developing better and efficient self-attention mechanisms is an active research area.
Recent efforts including our own on training and deploying Transformer models
more efficiently have identified many strategies to approximate the self-attention.
In Chapter 3, we described a memory lookup based approach for efficient self-
attention. Other effective ideas include various prespecified sparsity patterns and

low-rank basis expansions.

In Chapter 5, motivated by the multi-resolution structure presented when visualiz-
ing self-attention matrices, we revisit classical Multi-Resolution Analysis (MRA)
concepts such as Wavelets, whose potential value in this setting remains underex-
plored thus far. We show that simple approximations eventually yield a MRA-based
approach for self-attention with an excellent performance profile across most criteria

of interest.

We undertake an extensive set of experiments and demonstrate that this multi-
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resolution scheme yield accurate approximations to the ground-truth self-attention
matrices and outperforms most efficient self-attention proposals and is favorable

for both short and long sequences.

1.3.4 Chapter 6. Multi-Resolution based Approximation for

Faster Transformer Blocks

Despite recent works devoted to reducing the quadratic cost O(LN?D) of MHA
computation in the last few years, including our results on Chapter 3 and 5, we
find this is not sufficient to run Transformer models on ultra long sequences (e.g.,
>16K tokens) efficiently since the linear cost (with respect to N) of the FFN module
can also be expensive. Applications such as answering questions based on a book
or summarizing a scientific article, which require Transformer models to look at
the entire book or article, are inefficient or infeasible. This limitation undermines

Transformers’ ability to learn long range dependencies.

In Chapter 6, we propose to approximate the computation of the entire Trans-
former block to significantly improve the efficiency of Transformers for ultra long
sequences, by compressing the sequence into a much smaller representation at each
layer. Specifically, by exploiting the fact that in many tasks, only a small subset of
special tokens, which we call VIP-tokens, are most relevant to the final prediction,
we develop a VIP-token centric compression (VCC) scheme which selectively com-
presses the sequence based on their impact on approximating the representation
of the VIP-tokens via the inspiration of Multi-Resolution approximation that we
exploited in Chapter 5.

Compared with competitive baselines, our algorithm is not only efficient (achiev-
ing more than 3x compute efficiency gain compared to baselines on 4K and 16K
lengths), but also offers competitive/better performance on a large number of
tasks. Further, we show that our algorithm scales to 128K tokens (or more) while

consistently offering accuracy improvement.
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1.3.5 Chapter 7. Low Precision Integer Computation for General
Matrix Multiply

The majority of operations in a Transformer model relies on the basic operation
GEneral Matrix Multiply (GEMM). GEMM is also a central operation in deep
learning and corresponds to the largest chunk of the compute footprint. Therefore,
improving its efficiency is an active topic of ongoing research. A popular strategy
is the use of low bit-width integers to approximate the original entries in a matrix.
This allows efficiency gains, but often requires sophisticated techniques to control
the rounding error incurred.

In Chapter 7, we first verify that if the low bit-width restriction is removed, for a
variety of Transformer models, integers are, in fact, sufficient for all GEMMs needed
— for both training and inference stages, and achieve parity compared to floating
point counterparts. No sophisticated techniques are needed. We find that while a
large majority of entries in matrices (encountered in such models) can be easily
represented by low bit-width integers, the existence of a few heavy hitter entries
makes it difficult to achieve efficiency gains via the exclusive use of low bit-width
GEMMs alone.

To address this issue, we develop a simple algorithm, Integer Matrix Unpacking
(IM-Unpack), to unpack a matrix with large integer entries into a larger matrix
whose entries all lie within the representable range of arbitrarily low bit-width
integers. This allows equivalence with the original GEMM, i.e., the exact result can
be obtained using purely low bit-width integer GEMMs. This comes at the cost of
additional operations — we show that for many popular models, this overhead is
quite small.

Finally, in Chapter 8, we will summarize the contributions of the thesis and discuss

the future directions of our research.
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2 BACKGROUND

In this chapter, we define some common notations that will be used throughout
the thesis. We will also cover some basic background knowledge that our develop-
ment of efficiency algorithms relies on, Specifically, we will review relevant details
regarding the Transformer architecture, efficient structured projection locality sen-
sitive hashing, importance sampling, and multi-resolution analysis to facilitate our
discussion of efficient computation of Transformer models.

2.1 Notations

In this section, we will define some notation conventions that will be frequently used
in this thesis. We use bold uppercase letters to denote matrices (A, B,C,---) and
bold lower case letters to denote vectors (a, b, c, - - - ). For scalars, we use regular
letters a,b,c,--- and A,B,C,---. The upper case scalars (A,B,C,---) are used
to denote the size of set, sequence, or dimension, while the lower case scatters
(a,b,c,---) are used to denote iterating indices. Further, we use A,B,C, - to
denote sets or spaces and |-| as the cardinality/size of input set. Also, we use
A,B,C,- - to denote functions and mappings. We preserve R for the space of real
numbers, C for the space of complex numbers, and Z for the space of integers.

Given a space A and scalar A,B,C, A, A**B and A**BXC correspond to the
product space. For example, A in A**® is an element from the product space and
can be materialized as a matrix containing A x B entries.

For a matrix A, we use [A]; . or [A]; to denote the i-th row vector and [A]_ ; to denote
the j-th column vector. Also, we use [A]; ; to denote the (i,j) entry of matrix A.
Similar for a vector a, we use [a]; to denote the i-th entry of vector.

Given two D dimensional vectors a and b, the inner product between a and b is
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defined as
D

(a,b) = Z [a]; [b];

i=1
Given a vector, we always assume it is a column vector, and we might also use a'b
vector-vector multiplication to denote the same inner product. We also define the
inner product between two matrices A and B of size D x T as
D
aB =y

T
i=1 j=

[A];; [B;;
1

2.2 Transformers

In Chapter 1, we briefly described how a Transformer model processes the input into
a contextualized output for subsequent tasks. In this section, we will describe the
detailed computation of the Transformer encoder, which will be used throughout
this thesis.

The encoder processes input as a sequence of tokens. We denote the sequence of
tokens as a matrix X of size N x D, encoding the input’s information. Here, N is the
number of tokens. For a more specific example, consider the sentence "Attention
is all you need." as an input to a NLP model. This sentence is initially tokenized,
converting each of the 6 words, including the period, into integers using a tokenizer,
a dictionary mapping vocabulary words to unique integers. The NLP model then
uses these integers as indices to retrieve corresponding vector representations from
a D-dimensional embedding table, forming a matrix X € R®*P. In the context of
a vision model, when an image is the input, it undergoes a different process. An
image in R®*%>3 format (with 64 representing height and width, and 3 for the
RGB channels) is converted into a tensor in R****P_ This is achieved by extracting
non-overlapping patches of 16 x 16 x 3 and linearly projecting each patch to D-
dimensional embeddings. The result is a matrix X € R'**P, formed by flattening
the first two dimensions of these embeddings. We provide an illustration of the

examples in Figure 2.1.
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Figure 2.1: Illustration of transforming different data to the input of Transformer
models. The left figure is for NLP models, and the right figure is for vision models.

Since the Transformer model is invariant to the order of sequence, which will be
discussed later, we need a way to inform the model about location of each token
within the sequence. So, a positional embedding, E € RN*P representing N D
dimensional embeddings encoding location 1,2, - - - , N, is added to X to form the
input X to the first encoder block. Let B; be the i-th encoder block in the encoder,
then the output of each encoder block is computed as (as illustrated in Figure 1.3)

Xo=X+E
Xi = Bi(Xi-1)

Then, for an encoder of L blocks, X; is the contextualized output of the encoder,

which will be used for subsequent downstream tasks.

The internal structure of an encoder block B; consists of two components: a multi-
head attention mechanism (MHA) and a pointwise feedforward network (FFN).
Let us take a look at the detailed computation of i-th encoder block B;.

Y; = LN (A(Xi—1, Xiz1, Xiz1) + Xi—1)
Xi = LN (F(Y4i) + Y3)

where A and F are MHA and FFN within the encoder block B;. And LN; and
LN, are Layer Normalization (Ba et al., 2016), functionally similar to Batch Nor-
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malization (Ioffe and Szegedy, 2015) in CNN. Subsequent studies showed shows
that the placement of Layer Normalization was not optimal and proposed to apply
these normalization schemes on the input of A and J (Vaswani et al., 2017; Xiong
et al., 2020). Since this is not essential to the discussion of this thesis, in our later

discussion, we omit these operations for a simplified notation.

AXiz1, Xiz1, X)) + X

2.1
F(Yi) +Y; @1

Y:
Xi

The overall structure of an encoder block is illustrated in Figure 1.4. We can now

start discussing the internal structure of MHA and FFN.

The encoder block first feeds X;_; into a MHA module. The overall structure
of MHA is shown in Figure 2.2. Let Q, K,V be the queries, keys, and values
embeddings corresponding to the three inputs of A The MHA output is defined as

QWthW]I/hKT
vVDn

H
A(QK,V) =) softmax( VW, nWo (2.2)
h=1

where H is the number of attention heads, a hyper-parameter for Transformers.
Here, Wq 1, Wi 1, W, , are common trainable linear layers projecting D dimensional
vectors into a Dy dimension space. W, ;, are also trainable linear layers projecting
Dy dimensional vectors back to a D dimension space. Biases are omitted for sim-
plicity for our discussion. Further, we also omit the weights Wq n, Wi, Wy, Wo n,
scaling factor v/ Dy, and normalization in the softmax function and assume that
H = 1. They are still used in the implementation, but omitted from discussion for
notational simplicity. Then, (2.2) becomes

A(Q,K,V) =exp(QK")V

After omitting normalization in the softmax function, the softmax becomes an

exponential function, denoted as exp.
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Figure 2.2: Detailed computation within a multi-head attention module.

The output of the MHA module is added to X;_; for a residual connection to form
an intermediate representation Y; in (2.1). Then, this Y; is fed into a two-layer FFN

to compute a pointwise non-linear transformation of each row of Y;.
F(Yi) = o(YiW[ )W,

where Wy, W, are trainable linear projections. Here, o is the activation function of
choice, and the default activation function is GELU (Hendrycks and Gimpel, 2016).
An encoder consists of multiple such encoder blocks with an identical structure,
which make it easier to scale the width and depth of a Transformer model with
very few design choices.

2.3 Efficient Structured Projections

In this section, we will cover some background regarding the structured projections
and corresponding fast algorithms.
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2.3.1 Discrete Fourier Transform

The discrete Fourier Transform (Heideman et al., 1985) is a commonly used struc-
tured, orthogonal, symmetric, linear transformation. Consider we are given a vector

x of dimension D, where D is a power of 2. The transformed output y is defined as

D
Z 712,” (k— 1)(11 1)

n=1

Here, [y], is the k-th entry of the output and [x], denotes the n-th entry of the
vector x. And the inverse Transform is defined as

Mo = g [yl e

D
k=1

In matrix form, for example, the DFT of size 4 is
1 1 1

e*iZT(% e*iZT(% efi27r%

e—i2ni  o—i2mp  o—i2mg

S G Y

e—i2ny  p—i2nf  o—i2mg

The discrete Fourier Transform has a well-known fast algorithm called the Fast
Fourier Transform (Heideman et al., 1985), which reduces the O(D?) complexity for
the naive algorithm to O(D log(D)) by recursively decomposing a discrete Fourier

Transform of size M to two discrete Fourier Transforms of size %

2.3.2 Hadamard Transform

The Hadamard Transform (Shanks, 1969) is also a structured, orthogonal, sym-
metric, linear transformation. In matrix form, the Hadamard Transform Hy, is a

2M % 2M matrix whose entries are — F and F where M is an integer. Hyy can



27

be defined recursively from Hps_; using

1 |Hm1 Hma
Hy = —
V2 |Hu1 —Hm

with the base case Hy being a 1 x 1 matrix whose entry is 1. For example, Hy, H;, H,
are defined as

Hon
1 1
H = &
211 —1
1 1 1 1
111 =1 1 -1
H, = -
7211 1 41 41
1 -1 -1 1

The inverse of the Hadamard Transform is equivalent to the Hadamard Transform
itself. Naively, a Hadamard Transform of a vector of size D (a power of 2) incurs
O(D?) cost, but similar to the discrete Fourier Transform, it also has a fast algorithm
(Shanks, 1969). Via the Fast Hadamard Transform algorithm, this transform only
incurs O(D log(D)). An example of transforming a 8 dimensional vector is shown
in Figure 2.3.

The Fast Hadamard Transform is often used in efficient random projections (Le
et al., 2013; Andoni et al., 2015). These efficient random projections are not only
fast due to the O(D log(D)) algorithm, but also produce lower variance estimations
due to the orthogonality of Hadamard Transform. Another common application of
the Fast Hadamard Transform is a learnable structured projection, as a replacement
to regular learnable linear projection within deep learning models to reduce the
compute footprint and parameter count (Cheng et al., 2015; Le et al., 2013; Yang
et al., 2015; Moczulski et al., 2016).

In next section, we will show how the Fast Hadamard Transform can be used for
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Figure 2.3: Illustration of fast Hadamard transform algorithm

speeding up the hash computation for locality sensitive hashing.

2.4 Locality Sensitive Hashing

In this section, we will cover some basics of Locality Sensitive Hashing (LSH),
which will be useful in Chapter 3.

2.4.1 Maximum Inner Product Search

Maximum inner product search (MIPS) (Shrivastava and Li, 2014) is a problem of
finding the data vector that would have the maximal inner product with the query
vectors. Formally, for a set S of size N containing vectors x; in a D dimensional
space, given a query vector q € RP, MIPS attempts to find x; satisfying

arg Hilgsx<xi’ q)

where (-, -) is the inner product. The naive algorithm for solving this MIPS problem
is brute force: computing (x;, q) for every x; and pick the x; corresponding to the
maximal (x;, q). This procedure takes O(ND) computational complexity, which is
linear in the size of S and is generally slow for use in practice. When the vector



29

norms of vectors are the same (by the structures of these vectors or via specialized
construction discussed later), the MIPS problem is the same as nearest neighbor
search (NNS). Depending on the structure of x; in the set S, there exists different
types of efficient algorithm for solving this MIPS problem. For a high dimensional
space (D is large), a common efficient algorithm is LSH (Shrivastava and Li, 2014).

A special construction for constant norm vectors. In many applications, the norm
of data vectors might not be the same, resulting in misalignment between MIPS
and NNS. Neyshabur and Srebro (2015) describes a simple construction to bridge
the gap.

Assume that the norms of data vectors x; are bounded by some /T for all x; € S.

Then we can construct new data vectors as follows

R =[xy, il \/T— X7

Here, we assume the norm is Euclidean norm. This construction can be adjusted

for other norms. Then, for a query q, the new query vector can be constructed as

g =llqly,---,[qlp, 07

Note that (%;,§) = (xi,q) while ||X;|| = /7 for all x; € S. Via this construction,
MIPS becomes a NNS problem.

2.4.2 Locality Sensitive Hashing

Locality Sensitive Hashing (LSH) (Gionis et al., 1999) is a probabilistic hashing
algorithm that hashes similar (in terms of distance) vectors to the same hash bucket
with high probability. As a result, given a query vector, the vectors sharing the
same LSH hashcode are approximately close to the query vector, so we can obtain
approximated NNS result efficiently using LSH. Formally, given a metric space M
equipped with a distance function D (this distance D can be L1 distance, Euclidean
distance, angular distance, and others). Define a set IF of hash functions 3 : M — H
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where H is a set of hash buckets. F is an LSH family if it satisfies the condition that
for any two vectors a,b € M and a hash function H uniformly sampled from F:

1. D(a,b) < 1, then H(a) = H(b) with probability at least p; (a.k.a. aand b
collide to the same hash bucket).

2. D(a,b) > cr, then H(a) = H(b) with probability at most ps.

for some constants r > 0, ¢ > 1, and p; > p,. Then, this F is (1, cr, p1, p2)-sensitive.

Amplification. Given a base (1, cr, p1, p2)-sensitive family F, we can use it can con-
struct (, cr, q1, q2)-sensitive family G for different q, g, as the following manner:

1. AND-Amplification: A (r,cr, py, px)-sensitive family G can be constructed
by defining a hash function § € G such that §(a) = §G(b) if and only if
Hi(a) = Hi(b) foralli e {1,2,---,K} where H; are sampled uniformly from
F.

2. OR-Amplification: A (r,cr,1— (1—p1)¥,1— (1 —p2)*)-sensitive family G can
be constructed by defining a hash function § € G such that G(a) = §(b) if and
only if 7(;(a) = ;i (b) for at least one i € {1,2,--- , K} where J(; are sampled
uniformly from .

Via amplification, we can construct LSH family more freely with fewer base LSH

families, which is useful for our algorithm development.

2.4.3 Random Hyperplane Hashing

When the distance D is the angular distance, a common LSH family is the random
hyperplane hashing. Formally, each J{ € I is associated with a hyperplane passing
through the origin (or a vector) p where p ~ Normal(0,Ip), and  is defined as

H(a) = sign(pTa)
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where sign is a sign function returning 1 for a positive input and 0 for a negative
input. It is not difficult to prove that given two vectors a and b, the probability of
JH(a) = H(b) (the collision probability) is

Ala,b)
T

1—

where A(a, b) is the angle between a and b.

Al(a,b) = arccos(

afl |[b]]

AND-Amplification. We could concatenate multiple hash functions in F to boost
the difference in collision probability between two vectors. Define p : M — {0, 1}*
where each output dimension is determined by a JH; sampled from F:

G(a) = sign(Pa)

where P € R**P whose entries are i.i.d. sampled from a Normal(0, 1). Then, the

collision probability of G(a) = §(b) becomes

Ala,b)
- )

(1—

Efficient Random Projections. Computing the hashcode of an input a, § takes
O(DK) computational complexity due to the matrix-vector multiplication Pa. There
are faster variants (Andoni et al., 2015) for random projections using Fast Hadamard
Transform discussed in §2.3. Specifically, assuming D is a power of 2 and K = D,
then

HD;HD,HD;a

can function similar to Pa. Here H is the D x D Hadamard matrix and D3, D,, D,
are diagonal matrices. Via the fast Hadamard transform algorithm, the above
computation only takes O(D log(D)) complexity.
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In Chapter 3, we will discuss how we use LSH to estimate self-attention computation
efficiently that leads to our memory lookup based methodology.

2.5 Importance Sampling

In this section, we will cover some basics about Monte Carlo method and importance
sampling, that will be useful in Chapter 3.

2.5.1 Monte Carlo Methods

Monte Carlo methods (Owen, 2013) are a class of randomized algorithms that
estimate certain numerical quantities using random sampling. These methods are
commonly used in a wide range of disciplines in science, engineering, and mathe-
matics. One example application that we will use in this thesis is the estimation of
numerical integration or probability expectation. These methods generally follow a
similar pattern of: (1) generating inputs randomly from a probability distribution
over a specific domain, (2) feeding these inputs into a deterministic algorithm that
are designed based on the knowledge of the input probability distribution and the
target numerical quantity that we seek to estimate, and (3) finally aggregating the
results to improve the accuracy of the estimated quantity. Here, we give a simple
example of estimating the numerical value of 7 by uniformly sampling points in
a unit square and counting the number of points which fall into the quadrant

inscribed by the unit square. The example is illustrated in Figure 2.4.

We can note from the example that as the number of randomly sampled points
increases, the accuracy of the estimated quantity increases as well. In fact, Monte
Carlo methods usually require a large number of randomly sampled inputs to
achieve a reasonable accuracy, which will actually result in a high computational

cost. There is a trade-off between estimation accuracy and computational cost.
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Figure 2.4: An example of using the Monte Carlo Method for estimating 7t. Uni-
formly sampling N points in [0, 1]* and counting the number R of points that fall

into the quadrant, leads to an estimate of 7t which is ft = £&.

2.5.2 Importance Sampling

Importance Sampling (Kahn, 1950) is a technique used to improve the efficiency
of Monte Carlo methods. It estimates a quantity of interest for a probability distri-
bution, which is referred to the target distribution, using samples from a different

distribution, which is referred as the proposal distribution.

In a Monte Carlo method, the target distribution F(x) is the the sampling distri-
bution used in Monte Carlo methods to randomly sample inputs for deterministic
algorithms. Sampling directly from the target distribution might be inefficient due
to the difficulty of drawing samples from the target distribution or high variance
requiring more samples for an accurate estimation. Instead of sampling directly
from the target distribution J(x), importance sampling draw samples from the
proposal distribution §(x). This distribution is chosen so that it is easier to sample
for efficient sampling algorithms and will sample more frequently around the high
impact regions — those that contribute more significantly to the quantity we are esti-
mating to reduce the number of samples required for an accurate estimate. Because
the samples are drawn from a different distribution rather than the target distribu-
tion, each sample needs to be weighted to correct for this discrepancy. The weight
typically involves the ratio of the probability density of the target distribution to
the density of the proposal distribution at each sample. Finally, the quantity of
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interest is estimated by averaging the weighted samples. One typical example is the
estimating of the expectation via Monte Carlo method using importance sampling:

K

1 M
M2

(xi)X.
— 5(xi)

(x

w

Here, we show an example of Monte Carlo method using importance sampling. If
we are interested in estimating the expectation E(X) where X is distributed according
to a density function J(x) over domain D = [0, 1]. We have

1
E(X) :J F(x)xdx
0
However, direct computation of the quantity E(X) might not be feasible, but we can
estimate it using the Monte Carlo method. Directly sampling from J(x) might not
be feasible and efficient, so we could choose a different proposal distribution. One
example is the uniform distribution whose density is U(x) over domain [0, 1]

=y

i=1

K

(Xi)X.
(xi) '

=

Here, U(x) =1 for all x. While uniform distribution is easy to sample, it might not
be sample efficient — a large number of samples may be required for an accurate
estimation. The optimal proposal distribution to minimize the variance of estimate
can be solved via
G* = min var (Xm>
9 5(X)

However, solving this optimization problem or sampling from §*(x) might be
inefficient. In Chapter 3, we focus on proposal distributions that can be easily
sampled from enabled by locality sensitive hashing and yet closely align with the
target distribution F(x) to lower the variance.
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2.6 Multi-Resolution Analysis

In this section, we will discuss some background related to Multi-Resolution Anal-
ysis (MRA), which will be useful in Chapter 5 and 6.

2.6.1 Multi-Resolution Analysis and Wavelets

Multi-Resolution Analysis (MRA) (Chui, 1992; Daubechies, 1992) is a mathematical
framework used primarily in signal processing, particularly for analyzing signals
at various resolutions. It forms the theoretical foundation for techniques such as
wavelet transforms, which decompose signals into components that capture both
time and frequency information. It reorganizes a signal into different resolutions,
where the lower resolutions contain information summarizing global features of
the signal, and higher ones capture fine-grained details of the signal. These strata
are constructed iteratively, which we will briefly describe later. For simplicity, we
will focus on signals that are 1-dimensional, but all of the following description

extends to signals of arbitrary dimensions.

A wavelet transform (Mallat, 1999) decomposes a signal into different scales and

locations represented by a set of scaled and translated copies of a fixed function.

This fixed function M is called a mother wavelet, and the scaled and translated

copies are called child wavelets specified by two factors, scale s and translation t.
1 x—t

M, (x) = ﬁM( S

Here, s controls the “dilation” or inverse of the frequency of the wavelet, while

)

t controls the location (e.g., time). These scaled/translated versions of mother
wavelets play a key role in MRA. Given a choice of M, the wavelet transform maps

a function F to a function G of wavelet coefficients

G(s,t) = (F,M}) = J?(X)Ms,t(x)dx
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which captures both frequency/scale and location information of J.

2.6.2 Discrete Wavelet Transform

A Discrete Wavelet Transform (DWT) (Edwards, 1991) is a discretization of the
wavelet transform for which the wavelets and signals are discretely sampled. For ex-
ample, the discrete Haar wavelet M fors € {1,2,4,--- ,N/2}andt € {1,2,--- ,N/(2s)}

is defined as

L ifst—s<i<st

V2s
[Ms,t]i: _\/12§ ifst<i<st+s
0 otherwise

Aside from how the DWT is defined, what a DWT essentially does is that it decom-
poses a signal into multiple signals in a nested subspace. Given a discretized signal
so € RN with N = 2¥ for a constant K, one iteration of a wavelet analysis applied to
so yields a pair of signals, s;, h; € RN /2. Each of these shorter signals is obtained
by convolving s, with a special filter and then downsampling by removing every
other coefficient of that convolution product. The convolution filters, denoted ¢ and
d, correspond to local smoothing and discrete differentiation, respectively. If we
denote the downsampling operation by down, then the k-th iteration of a wavelet
analysis yields sy, hy € RN/ 2¢

S = down(sy_1 *x €
Kk (Sx—1%*¢) (2.3)
h, = down(sy_1 x d)

Here, * is the convolution operator. After K iterations, we will have a sequence
{sk,hx, hx_1,hg_»,..., hy}. Figure 2.5 shows an illustration of (2.3). Concatenating
this sequence yields a new signal in RN. Note that in this representation, all s, have
been discarded, for k < K.

Construction of the filters ¢ and d, which has been the subject of extensive research
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Figure 2.5: Illustration of the nested structure of the wavelet transform.

(Daubechies, 1992), guarantees that the wavelet analysis operator
W sy — {sx, hk, hx_1,hx 5, ..., h}
is a linear isometry. That is,
Isoll* = [W(so) |

Thus, the reorganization of a signal under the action of W has a linear inverse,
W1 = W*, which is the adjoint of W. For a simple example, the filters ¢ and d for

the discrete Haar wavelet are defined as
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2.7 Gradient Estimates of Selection Operators

In this section, we will discuss some background about the gradient estimates
of selection operators, which will be useful in Chapter 4. The common strategy
for training deep learning models is gradient based optimization (Cauchy et al.,
1847; Kiefer and Wolfowitz, 1952; Kingma and Ba, 2015). The Backpropagation
(Rumelhart et al., 1986) is the most common algorithm for computing the gradient
with respect to the objective function. When using the backpropagation algorithm,
generally, each operator within deep learning models should be differentiable.
However, not all operators are differentiable. For example, operators that involve
selections might not be differentiable. Multiple surrogates or tricks (Bengio, 2013;
Jang et al., 2017) have been proposed for these non-differentiable operators.

2.7.1 Binary Selections

One non-differentiable operator is the binary selection defined as

1 if—L—>05
@(X) — 14+exp(—x) (24)
0 otherwise

Here 7 is the sigmoid function mapping the input to a normalized Bernoulli

1
7 14exp(—x

probability between 0 and 1. Since (2.4)is a hard threshold function, it is not differen-
tiable. A common strategy for estimate the derivative of (2.4)is the Straight-Through
Estimator (Bengio, 2013). In Straight-Through Estimator, instead of performing the

deterministic hard threshold, Bengio (2013) uses

1 ifz> ——
S(x,z) = Trep(=x) (2.5)
0 otherwise
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where z ~ Uniform[0, 1] is an uniform random variable. Then, an unbiased estimator

of the derivative of the expectation of (2.5)is

OBz g 1
ox —oeE Ty + exp(—x)

Here, E is the expectation of the random variable input.

2.7.2 Performing Multiple Selections

Selecting from multiple choices is a common operation for adaptive computation,
such as routing the input to different expert modules in mixture of experts (MoE)
(Fedus et al., 2022). Given a selection score vector p € RM over M choices, the
selection is defined as

JF(p) = onehot(arg max [pl,) (2.6)

Here, onehot : Z — RM is a function mapping the input k to the k-th vector, ey in
the standard basis. The entries of ey are all zeros, except for k-th entry, which is
1. This operator is non-differentiable, but multiple differentiable surrogates are
used in deep learning. For example, we can augment (2.6) with a differentiable
relaxation of arg max

S(p) = F(p) ® softmax(p) (27)

where © is a element-wise multiplication. Then, the derivative can be calculated

for the augmented component

5 osoftmax(p)
op op

Here, only the entry of p corresponding to the largest value will have a non-zero
derivative. This surrogate only computes the derivative for softmax(p). However,
since J(p) also varies when p changes, it might not be ideal. Nonetheless, empirical
evidence from (Fedus et al., 2022) and our deployment in Chapter 4 shows that
(2.7) works reasonably well.
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Sometimes we might not just select the largest score of p, but prefer sampling
from a categorical distribution defined by softmax(p) to explore different choices.
Sampling from softmax(p) can be performed using Gumbel-Max trick (Maddison
et al., 2014) defined as

8(p,g) = onehot(arg miax([p]i + [gl;)) (2.8)

where entries of g are i.i.d sampled from Gumbel(0, 1). The derivative of (2.8) can

be estimated using
08(p,g)  dsoftmax(p + g)

op op
Jang et al. (2017) calls this the Straight-Through Gumbel Estimator.

2.8 Hardware for Matrix Multiplication

In this section, we will discuss some background about the hardware requirements
for GEneral Matrix Mulply (GEMM), which will be useful in Chapter 7. GEneral
Matrix Multiply (GEMM) is a central operation in deep learning and corresponds
to a large chunk of the compute footprint. It requires a large amount of additions
and multiplications, and the algorithm for computing GEMM is optimized to
leverage parallel computing. Hardware support for GEMM can greatly speed up
the computation of deep learning models.

Graphics Processing Units (GPUs) have a large number of compute cores and a
high-throughput memory system to provide massive parallelism and high memory
bandwidth necessary for GEMM operations, so they are most commonly used in
supporting the computation needs of deep learning models. Specialized hardware
accelerators, such as the Tensor Core in GPUs (NVIDIA, a) and Tensor Processing
Units (Jouppi et al., 2017), are specially designed hardware to further accelerate the
computation of GEMM operations by implementing GEMM at the hardware level
and provide specialized instruction sets to control the hardware level GEMM. These
accelerators support GEMMs on multiple datatype including FP64, FP32, FP16,
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INTS, INT4 (NVIDIA, a). Here, FP32 means 32-bit floating point, and INT8 means
8-bit integer. Usually, GEMMs using lower bit-width datatype will be faster and
more efficient due to lower memory bandwidth requirement and simpler arithmetic.
For example, the Tensor Core of NVIDIA’s A100 (NVIDIA, a) can achieve 19.5, 156,
312, 624, and 1248 TeraFLOPs per second for FP64, FP32, FP16, INTS, and INT4
respectively. As a result, using lower bit-width is desired for better acceleration,
but lower bit-width would also lower the precision of GEMMs, so there is a trade-
off. The current mainstream choice is FP16 GEMMs (Micikevicius et al., 2018) for
training of most deep learning models. Lower bit-width GEMMs, such as INTS8 or
INT4, are more common for inference (Banner et al., 2019; Nagel et al., 2019; Kim
et al., 2021; Dettmers et al., 2022; Li and Gu, 2023; Xiao et al., 2023; Dettmers et al.,
2022; Liu et al., 2023b,a; Lin et al., 2022; Li and Gu, 2023; Yuan et al., 2021; Ding
et al., 2022; Li et al., 2023a), but leveraging lower bit-width GEMMs for training
is also an active research direction (Wang et al., 2018b; Wu et al., 2018; Zhu et al.,
2020; Wortsman et al., 2023). In Chapter 7, we will explore the use of low bit-width
integers for both training and inference of Transformer models.
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3 MEMORY LOOKUP BASED APPROXIMATION FOR EFFICIENT

SELF-ATTENTION

As discussed in Chapter 1, self-attention makes Transformer models effective for
understanding complex input sequences, but the quadratic cost of self-attention
computation is a key bottleneck for Transformer models when processing long
sequences. There are a number of active efforts devoted to reducing this cost
(Beltagy et al., 2020; Zaheer et al., 2020; Kitaev et al., 2020; Chen et al., 2021a; Xiong
et al., 2021; Lu et al., 2021; Peng et al., 2021; Choromanski et al., 2021; Wang et al.,
2020).

In this chapter, we also seek to address the aforementioned issues, and our work is
inspired by ideas of importance sampling via hashing-based sampling strategies
(Spring and Shrivastava, 2017; Charikar and Siminelakis, 2017). We propose a
Bernoulli based sampling scheme to approximate self-attention, which relies heavily
on memory access (write and lookup) with minuscule compute footprint and
scales linearly with the input sequence length. We view self-attention as a sum
of individual tokens associated with Bernoulli random variables whose success
probability is determined by the similarities among tokens. In principle, we can
sample all Bernoulli random variables at once with a single hash. It turns out that
the resultant strategy (You Only Sample Almost Once, YOSO-Attention) is more
amenable to an efficient/backpropagation friendly implementation, and exhibits a

favorable performance profile in experiments.
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3.1 Locality Sensitive Hashing based Importance
Sampling

Letqi,qz -, qns ki, ko, -+, kn; v, v, -+, vy be the rows of Q, K, V, respectively.
As described in §2.2, Given a query q;, the self-attention output for q; is defined as

N
yi=)_ exp(qikj)v; (3.1)
j=1

Self-attention can be thought of as integrating tokens over a softmax distribution,
so a popular method of estimating this integral is importance sampling (Press
et al., 2007) as described in §2.5. It is known (Press et al., 2007) that importance
sampling can be directly used for the softmax distribution by drawing samples
from a uniform distribution — which avoids sampling from the softmax distribution
directly (which is harder). But this leads to a high variance estimate since the

softmax distribution is usually concentrated in a small region.

Locality Sensitive Hashing based Importance Sampling. Consider the case when
the angular distance between a key and a query is small. In this case, the similarity
(between the key and the query) as well as the softmax probability will be large.
When viewed through the lens of a nearest neighbor retrieval problem discussed
in §2.4, the above property coincides with a large collision probability of high
similarity key-query pairs, assuming that the neighbor retrieval is implemented
via Locality Sensitive Hashing (LSH). Motivated by the link between softmax
probability P and LSH collision probability Q, Spring and Shrivastava (2017) and
Charikar and Siminelakis (2017) suggest using LSH as an efficient sampler for
low variance softmax estimators. Let us discuss two interesting results to properly

contextualize our work.

(a) Spring and Shrivastava (2017) proposes approximating softmax by sampling
a set, S, a collection of neighboring keys for each query formed by the union of
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colliding keys using M hash tables. The estimator is computed using

qll
IS| 4 Z 9

(qi k

where q; is a query vector, k;, v; are key and value vectors in the sampling set S,
and P(-,-) and Q(, -) are softmax probability and collision probability of given pairs.
This procedure involves importance sampling without replacement, which leads
to a dependency among the samples. Deduplication (avoiding double counting)
requires memory to store keys in each hash table and runtime to deduplicate keys
for each query. If the size of hash buckets is skewed, the (GPU) memory needs
depend on the size of the hash bucket and the runtime depends on the size of S.

(b) Charikar and Siminelakis (2017) provide a Hash based Estimator to simulate a
proposal distribution for importance sampling via LSH, which can be easily applied
in the context of softmax. For each hash table, a key is uniformly selected from
the bucket that the query is hashed to, for simulating a draw from a proposal

distribution. The estimate is computed as

1 o< P ql, DIH ()]
R v./
M é ql,k )

where |Hy (qi)| denotes the size of hash bucket in the k-th hash table which q; is
hashed to. This simulates M samples drawn with replacement from the proposal
distribution. However, the probability of one key being sampled depends not only
on (i) the angular distance to the query but also (ii) the number of keys within the
hash bucket, leading to a sampling dependency among all keys. Further, using it
for self-attention causes a dependence between the sparsity in the softmax matrix
and the number of hashes used. Specifically, the number of tokens that each query
can attend to is bounded by the number of hashes: the procedure samples at most
one distinct key for each hash table and so, it adds one additional nonzero to the
softmax matrix, at most.
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LSH-based Importance Sampling: practical considerations. While LSH-based
importance sampling exploits the agreement between high probability P(-,-) and
high collision probability Q(-, -), the alignment is not perfect. As discussed in §2.5,
samples from the proposal distribution must be reweighted to compensate for the
difference. Further, for different queries, the likelihood ratios between the softmax
distribution and the proposal distribution with respect to a single key are different.
Therefore, a reweighing has to be done during querying. Although maintaining
hash tables for storing keys is not a major problem in general, the high memory
cost for hash tables and computation time for reweighing noticeably influences
efficiency when applied to self-attention. To summarize, directly applying LSH-
based importance sampling in the deep learning context does not lead to an efficient

self-attention scheme.

3.2 YOSO Attention

While the efficiency bottleneck can be alleviated through LSH-based importance
sampling, these approaches are not very efficient on GPUs. Motivated by LSH-based
importance sampling, we propose a sampling method for efficient self-attention

via LSH-based Bernoulli sampling.

We start from LSH-based importance sampling and seek to address some of the
aforementioned issues when it is deployed for approximating self-attention. Specif-
ically, instead of using LSH to simulate sampling from a proposal distribution over
tokens, we view attention as a sum of tokens associated with Bernoulli random
variables. This modification relates better with LSH and less with LSH-based im-
portance sampling — the probability of one query colliding with a key is not based on other
keys. This strategy helps avoid the sampling dependency problem in LSH-based im-
portance sampling and offers an opportunity to develop a strategy more amenable
to GPUs.

Remark 3.1. We assume that the input keys and queries of self-attention are unit length
— to allow treating dot-product similarity in self-attention and cosine similarity in LSH



46

similarly. This is simple using a construction described in Neyshabur and Srebro (2015): a
variable T is used to bound the squared £, norm of all queries and keys and to reconstruct
new unit length keys and queries while preserving their pairwise similarities:

Assume that the {, norms of q; and k; are bounded by some /T foralli,j =1,--- ,N.

Then we can construct new queries and keys as follows:

1
a4 = —=llad,, Jaidp /T —llqill3, 0
]y, -+, Il , 0,4/ — [|K1)3]

Note that 1§ k; = q{ k; while 1§ ]|, = Hf(] H2 =1

Nk
|
Bl

Then, when the vector norms are the same, the inner product in (3.1) becomes the cosine
of the angle between the two vectors. So, we can work with the softmax (with angular
distance) and derive our algorithm.

Self-Attention via Bernoulli Sampling. We aim to approximate self-attention,
which uses a softmax matrix to capture the context dependency among tokens via
their pairwise similarities. Assuming that we can represent this context dependency
directly using collision probability Q(-, -), no reweighting is required if the proposal
and target distributions are the same. This means that challenges discussed in LSH-
based importance sampling do not exist. So the coincidence of softmax probability
P(-,-) and LSH collision probability Q(-, -) makes Q(-, -) a sensible starting point for
approximating self-attention. Specifically, to model dependency based on similarity,
the collision probability aligns well with the exponential function in softmax in the
domain of interest [—1, 1] in Figure 3.1: both functions have positive zeroth, first
and second order derivatives.

Note that (a) positive zeroth order derivative indicates that the dependency is
positive, (b) positive first order derivative ensures that the dependency based
on similarity is monotonic, and (c) positive second order derivative means that

the attention weight will rapidly increase and dominate others as the similarity
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Figure 3.1: We compare attention weights using exp(t(x—1)) with the collision prob-
ability of concatenating T hyperplane hashes (Charikar, 2002) (1 — arccos(x)/m)*
for T = 8. We plot exp(t(x — 1)) so that the range is between 0 and 1 but without
changing the actual attention weights in softmax. We also plot the derivative of
exponential function and of collision probability, as well as a lower bound we will
use later during backpropagation.

increases. This leads us to hypothesize that a collision-based self-attention may be
as effective as softmax-based self-attention. It can be formulated as,

Z B(qi, kj)v; (3.2)

j=1

where B(qi, k;) is a Bernoulli random variable where the success probability is
given by the collision probability of q; with the key k;. Hence, it can be determined
by the similarity between q; and k;.

In a single hash, each B(q;, k;) generates a realization to determine whether the
corresponding token will be part of the attention output or not. Conceptually, when
sampling from the softmax distribution, only one token is sampled as the attention

output. In contrast, Bernoulli sampling determines whether each individual token
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is a part of the attention output. In principle, to determine the context depen-
dency among tokens, you only need to sample once (YOSO) using a single hash to
generate realizations of all Bernoulli random variables, B(qs, k;) fori,j € {1,2,..., N}
Specifically, when keys are hashed to a hash table using a single hash, the realization
of B(qs, k;j) for each query q; will be 1 if q; collides with k;, else it is 0. To our
knowledge, using LSH collision probability to replace softmax dependencies for

self-attention in this way has not been described before.

YOSO-Attention. By replacing softmax dependency with Bernoulli random vari-
ables and using LSH as an efficient sampler to estimate the success probability, we
obtain an efficient self-attention (YOSO-Attention) to approximate softmax-based
self-attention.

YOSO(Q,K, V) =B(Q,K)V (3.3)

where B(Q, K) is the Bernoulli random matrix.

[B(Q, Kl ; = Blqi, kj) = Ly(q)=7x))

where J is a hash function sampled from a LSH family. The expectation of B(q, k;)

is

BIB(q, k)] = (1- a““’s“‘li'ki”)T

Tt

The variance of a Bernoulli random variable is simply:
Var[B(qi, k;)] = E[B(qi, k;)](1 — E[B(qi, k;)])

While a single sample would work in estimating attention output, in practice, the
actual output of YOSO-Attention can be the average of output from M samples
to lower the estimation variance, where M is a small constant. The high-level
overview of our method is demonstrated in Figure 3.2. For LSH, each sample
(hash) is a space partitioning of the input space. The v;’s associated with k;’s in the
same partition are summed together. The partitions give a coarse representation of

E[YOSO(:, K, V)]. As M increases, the average of M representations converges to
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E[YOSO(-, K, V)].
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Figure 3.2: A high-level overview of YOSO-Attention. YOSO-m denotes YOSO-
Attention with M samples (hashes) and YOSO-E denotes the expectation of YOSO
over hash functions. Softmax denotes the softmax self-attention. We visualize
YOSO-m, YOSO-E, and Softmax by randomly generating K € R3*3,V ¢ R3*!
and using all unit vectors q; € S? to compute their output values on the surface of
3-dimensional sphere to demonstrate how YOSO-m approximates YOSO-E and the
high similarity between YOSO-E and Softmax.

Remark 3.2. Our proposed method enjoys multiple advantages explicitly noted in Performer
(Choromanski et al., 2021), which is desired for self-attention: (a) The attention weights are
always positive, which make it a robust self-attention mechanism. In YOSO, the attention
weights are always in [0, 1], which means that it is also numerically stable. (b) The variance
goes to zero as attention weight approaches zero. In YOSO, the variance of attention weights
are always upper bounded by the attention weights themselves, making the approximation
error easily controllable.

Normalizing Attention. In softmax self-attention, each row of the softmax matrix
is normalized so that the dependencies sum up to 1. We discussed above how
the pairwise query-key dependencies can be estimated using Bernoulli sampling.
We now describe how to normalize the dependency in our method as softmax
self-attention. We can first estimate the dependencies and then normalize them
using the sum of estimated dependencies estimated by B(Q, K)1 where 1 is a vector
of all entries being 1. B(Q, K)1 can be computed by (3.3) by plugging 1 into V. To
make the estimation of self-attention more efficient, we adopt a ¢, normalization
on the attention output, similar to use of {, normalization for word embedding in
Levy et al. (2015). Thus, attention outputs are invariant to scaling, B(Q, K)1, under
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{, normalization. Therefore, we have,
N-YOSO(Q,K, V) = {;(B(Q,K)V)

Empirically, as expected, we find that the {, normalization does not affect the

performance of our method.

3.2.1 LSH-based Bernoulli Sampling

Now, we discuss how to actually implement the idea of using Bernoulli sampling
to approximate self-attention. While a standard LSH procedure can be used, main-
taining hash tables to store keys is inefficient on a GPU — the GPU memory size
required for the hash table cannot be predetermined and the workload might be
skewed due to skewed bucket sizes. Due to how our Bernoulli sampling is set up,
it turns out that simply saving the summation of values corresponding to hashed

keys is sufficient (instead of storing a full collection of hashed keys).

Overview. An outline of our algorithm is shown in Figure 3.3. To compute Y =
B(Q,K)V, the procedure proceeds as follows. We sample a hash function J and
create a hash table H € R*"*P representing 27 D-dimensional buckets. For each key
k;, we add the value v; to the bucket whose index is the hash code J(k;), denoted
as [Hly ),

Hl ) < Hlgq) + v

Note that the size of H is O(27D) and is independent of which bucket keys are
hashed. With all keys processed, for each query q;, we maintain an output vector
[Y]; initialized to 0. Then, we allocate the bucket in H using ¥(q;) and use [H] 5,
as the attention output [Y], for q;. Therefore, each final output [Y]; can be computed

as,

N N
Y, =) Tyg—ra)vs =) _[BIQK);v;
=1 i=1

Remark 3.3. The entire computation relies on a simple operation of finding vector values
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Figure 3.3: Overview of YOSO-Attention algorithm. The hash table stores the sum
of values associated with hashed keys.

in certain memory locations and accumulating these vector values at the correct memory
locations. This computation is entirely built upon memory access with a very small compute
footprint.

Remark 3.4. The memory and time complexity of this algorithm are O(M2*D) and
O(NMD) respectively, In addition, both time and memory are independent of the size of
hash buckets. We can further improve the memory complexity to O(M2") by reusing the
hash table and processing a few dimensions each time without increasing the time complexity.
The constant  is defined in Remark 3.1 and relates to the maximal norm of query and key
vectors, but we can simply set it as a hyperparameter (the length of hash code) that controls
the decay rate of attention weights with respect to the angular distance between query and

key.

Speed-up. While not essential, we find that a fast random projection for computing
the LSH hash code is beneficial, since this step takes a large portion of the overall
runtime. As suggested by Andoni et al. (2015), we use the approximated random
projection that we discussed in §2.4 to reduce time complexity to O(NM~log,(D)),
allowing fast computation of hash codes. In Chapter 4, we will return to this idea

again for efficient learnable projection.
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3.3 Backpropagation

For training, we also need to show that backward propagation steps for YOSO-
Attention are feasible. Here, we discuss this last component of YOSO-Attention
which enables end-to-end efficient training.

For backpropagation, the gradient of the loss w.r.t. V can be estimated similar to
(3.3),

arccos(QK ™
— ¢)T)TVYOSO ~ B(K, Q)Vyoso

Vv =((1
The gradients of the loss w.r.t. Q and K are similar, so we only provide the expression

for Q, and the case for K follows similarly.

T—1
Vo = ((VYOSOVT) o1 (1 - %;PKTU @ (my/T- (QKT)Z)) K(3.4)

where ©, © are element-wise division and multiplication. One issue with the true
gradient is that it goes to infinity as the alignment score between the query and the
key approaches 1, which might lead to divergence. To avoid this numerical issue,
we use a lower bound of the actual derivative of the collision probability,
T arccos(QKT) )T)

Vo = ((VYOSOVT) © 5(1 -

(3.5)
~ <((VYOSOL)VT) ©] %B(K/Q)> K

The empirical behavior is shown in Figure 3.1, and it can be efficiently estimated
via a variation of LSH-based Bernoulli Sampling. Specifically, note that the approx-

imation can be decomposed into sum of d LSH-based Bernoulli Sampling,

D N
T

Z [Vyosol; 1 Z B(qi, k;)([V];, Ek)‘)

1=1 j=1

Vel

i
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Since this calculation needs D runs of a subroutine whose complexity is O(M2*D)
and O(NMD) for memory and time respectively, its memory complexity is O(M27D?),
and time complexity is O(NMD?). The D? term in the memory complexity can
be eliminated by repeatedly using the same hash tables D? times without increas-
ing runtime, which improves the memory complexity to O(M2%). The overall
complexity of our method relative to softmax self-attention is shown in Table 3.1.

Time Forward Backward
Softmax O(N?D) O(N?D)
YOSO  O(NMrlog,(D) + NMD) O(NMD?)
Memory Forward Backward
Softmax O(N?) O(N?)
YOSO O(NMT + M27) o(M27)

Table 3.1: Time/memory complexity of self-attention and YOSO-attention in for-
ward/backward computation

3.3.1 Derivation of the Backpropagation scheme

When using expectation of LSH collision as attention weights, the attention output
of one query q; to keys k; and associated values v; forall j € {1,2,--- , N} is defined

N T1 . T
mizz(l_%(%k])) v

j=1

as

Then, given the gradient of the loss L w.r.t. Y;, denoted Vy,, the goal is to compute
the gradient of the loss w.r.t. q;, denoted Vg,. We start by computing the g-th entry
of Vg,:

(3.6)

2oL 0 A arcc:os(ql k;)
:Zﬁﬂﬁ@wz< )Mi'l

j=1
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Then we use

_ 7T
dx T

d - arccos(x)\" (1 — ety
/1 —x?

and plug it into (3.6),

- (1 o arccos(qu]-)>T_1

D oL N
_; a[YLl]; /1 (q{ k;)2

After swapping the order of the two summations, (3.6) becomes

[K]i,q

Vi,

1
N _ arccos(q; kj)
L v (1 Al
=) VY K],
2[Ql; ; Yon/i-(@lvp

Note that only [K]; , is different for different entries of Vg, so we can write it as

- <1 . arccos(q?kﬂ)pt_l

7T

! )Zl Y a1 (ql v

The term Vg is the matrix form of above expression fori € {1,2,--- , N}

KT 1
Vo = ((VYOSOVT) oL (1 — %T(CQ)) o (/1= (QKT)2>) K
Note that t\/1 — (QKT)? approaches 0 as the similarity score between the query
and the key approaches 1 — so to avoid numerical and stability issues, we use the
fact that

forx € [—1,1]

1 (1 B arccos(x)> o 1
2 T S/ —x2

and define a lower bound to replace the actual gradient

arccos(QK ") ) T) K

. Neot(1-
VQ—((VYOSOV )@2<1 -
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3.3.2 Alternative Procedure for Approximating Backpropagation

Above, we described a procedure to estimate (3.5), which uses LSH-based Bernoulli
Sampling D times as a subroutine. The complexity of this procedure is linear w.r.t.
sequence length N, which is desirable but the runtime can be large if D is set to
be very large. An alternative described here based on additional assumptions, is
linear with respect to D.

The gradient of L w.r.t. the i-th row of Q is written as

N

n T
Val=) V?;]iVjB(qi/kj)Ekj
j=1

Note that if B(qs, k;) is zero then the corresponding summation term does not need
to be computed. The alternative procedure relies on the sparsity of attention matri-
ces (which we have not exploited so far) to reduce the workload. The procedure
is simple: it checks the value of B(q;, k;) and only computes the summation term
when B(q;, k) = 1.

For M samples, the procedure counts the number of times q; and k; collide, and
only computes the summation term corresponding to q; and k; when at least one
collision occurs. Therefore, the runtime is O (nnz(B(Q, K))(M+D)) (counting num-
ber of success + computing nonzero terms). In the worst case, nnz(B(Q, K)) = N?,
it would be as expensive as dense matrix multiplications in complexity and even
worse in practice due to a large memory latency resulting from indirect mem-
ory access. However, in practice, B(Q, K) is generally sparse if T is set sensi-
bly. Further, the first procedure guarantees a linear complexity scaling of our
method for extremely long sequences. As an improvement, one can dynamically
select one from these two method based on runtime, then the time complexity is
O(min(NMD?,nnz(B(Q,K))(M + D))).

Estimating backpropagation based on (3.4). To test the effect of using (3.5) instead
of (3.4) for backpropagation, we developed a similar procedure to estimate (3.4).

We only consider the gradient backpropagation through the non-zero entries of
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B(Q, K), so the quantity Vg computed is as follows,

T\ T

1
@ <7T 1— (QKTV) O ]13(Q,1<)> K

where 13 (g x) is an n x n matrix whose (i,j) entry is 1 if [B(Q, K)]i/j # 0 else it is
0. Then, we can use the sparsity of B(Q, K) to save compute steps. The procedure
initializes V¢, to zero and checks if q; and k; collide in any of M hashes. If so, it
computes the weight

T(l . arccos(q?k]-))ﬂr_l

7T

)”\/1_(‘11Tki)2+€

wi; = ([Vyosol; v

where a small € is introduced to avoid a divide by zero error, and then accumulates
wijk; to V. This procedure has the same runtime complexity as the procedure
above. The models trained using this procedure for backpropagation computation
is denoted as *YOSO in the experiment section.

3.4 Experiments

In this section, we analyze YOSO experimentally and evaluate its performance.
In the previous section, we assumed that queries and keys are unit length and
described how to make the strategy work. In the experiments, we found that simply
applying a {, normalization on queries and keys and using T as a hyperparameter
does not degrade the performance and yet is more efficient to compute, so we use
the simpler version in the experiments.

For empirical evaluations, we evaluate YOSO-Attention on the BERT language
model pretraining followed by GLUE downstream tasks finetuning. Then, we com-
pare our method with other efficient Transformer baselines using a small version of
BERT and the LRA benchmark. As a sanity check, we also include YOSO-Attention
(YOSO-E) where the expected attention weights are directly computed using colli-
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sion probability. This represents the behavior of YOSO when the number of hashes
tends to infinity. We verified that in all tasks, YOSO-E behaves similarly as softmax
self-attention. Further, we demonstrate that the performance of YOSO-m (YOSO-
Attention using m hashes) generally converges to YOSO-E as m increases. Also,
training using the backpropagation estimate in (3.5) (denoted YOSO) converges
in all tasks, but the backpropagation estimate based on (3.4) (denoted *YOSO) is
slightly better. When compared to other efficient Transformer baselines, we show
that our proposal performs favorably while maintaining high efficiency for both
time and memory. Finally, we empirically verified that the approximation error of

YOSO-m stays relatively flat as the sequence length increases.

3.4.1 Language Modeling

To evaluate YOSO, we follow the BERT language model pretraining procedure
(Devlin et al., 2019) and evaluate the performance of our method on both intrinsic
tasks and multiple downstream tasks in the GLUE benchmark.

BERT Pretraining. Following Devlin et al. (2019), the model is pretrained on
BookCorpus (Zhu et al., 2015) and English Wikipedia. To evaluate the capacity of
the model in capturing sentence level information, instead of using Next-Sentence-
Prediction (NSP) as the sentence level loss as in the original BERT, we adapt the
Sentence-Ordering-Prediction (SOP) from ALBERT (Lan et al., 2020) — this is more
difficult compared to NSP. All models are trained with Mask-Language-Modeling
(MLM) and SOP objectives. We use the same hyperparameters for pretraining as
Devlin et al. (2019). However, to keep the compute needs manageable, all models
are trained for 500K steps (batch size of 256).

Number of Hashes during Pretraining. Since the estimation variance decreases as
the number of hashes increases, to evaluate the trade-off between efficiency and
performance in YOSO, we test multiple hash settings: (*) YOSO-16, (*)YOSO-32,
YOSO-64, and finally, YOSO-E (to simulate infinite hashes). We plot MLM vali-
dation perplexity and SOP validation loss curves of 512 length models pretrained
with softmax self-attention and YOSO-Attention (Figure 3.4) and show the MLM
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validation perplexity and SOP accuracy obtained in Table 3.2. The curves of YOSO-
E agree with and slightly exceed softmax self-attention, indicating that YOSO is
indeed as effective as self-attention. It is expected that as the number of hashes
increase, the performance of YOSO will approach YOSO-E, as the approximation
becomes more accurate. For both MLM and SOP, we confirm that YOSO is as

effective as softmax self-attention.
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Figure 3.4: MLM and SOP result of 512 sequence length language model pretraining.
YOSO-x means the model is pretrained with YOSO-Attention using x hashes with

E being expectation.

Number of Hashes during Validation. YOSO-Attention is a stochastic model. To
make the inference deterministic, as in dropout (Srivastava et al., 2014), ideally, we
take the expectation as the output. However, directly computing the expectation
involves a O(n?) cost, so we experiment with the effect of different hash settings in
validation and simulate expectation as the number of hashes increases. We plot
the MLM perplexity and SOP loss of the same pretrained models using different
number of hashes on validation in Figure 3.5. We observe that as the number of
hashes increases, the MLM perplexity and SOP loss generally decreases for all

pretraining hash settings.

GLUE. We examined the effectiveness of our method on diverse downstream tasks

and ask how YOSO compares with softmax self-attention even after finetuning. We
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Figure 3.5: MLM and SOP result of pretrained pretraining when altering the
number of hashes in inference.

finetuned all pretrained BERT-base model on MRPC (Dolan and Brockett, 2005),
SST-2 (Socher et al., 2013), QNLI (Rajpurkar et al., 2016), QQP (Chen et al., 2018),
and MNLI (Williams et al., 2018) tasks in the GLUE benchmarks and report their
corresponding dev metrics. For large datasets including QNLI, QQP, and MNL]I,
due to extensive resource needs, we did not perform hyperparameter search, so we
used a batch size of 32 and learning rate 3e-5 to update our model and finetune
our models for 4 epochs. For MRPC and SST-2, we follow BERT finetuning to do
a hyperparameter search with candidate batch size {8, 16, 32} and learning rate
{2e-5, 3e-5, 4e-5, 5e-5} and select the best dev set result. Results are listed in Table
3.2. We observed that YOSO'’s performance on downstream tasks is comparable
with softmax self-attention, and even shows slightly better results in some hash
settings. Further, the downstream performance of YOSO generally increases with

more hashes, providing an adjustable trade-off between efficiency and accuracy.

3.4.2 Performance considerations relative to baselines

We also evaluate how well our method performs compared to other efficient Trans-

former baselines. For the baselines, we compared YOSO with Nystromformer (64
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Method MLM SOP MRPC SST-2 QNLI QQP MNLI-m/mm
Softmax 4.65 942 88.3 91.1 90.3 87.3 82.4/82.4

YOSO-E 454 944 88.1 92.3 90.1 87.3 82.2/82.9
YOSO-64 479 942 88.1 91.5 89.5 87.0 81.6/81.6
YOSO-32 489 935 87.3 90.9 89.0 86.3 80.5/80.7
YOSO-16 514 928 87.1 90.7 88.3 85.3 79.6/79.5
*YOSO-32 489 935 87.6 914 90.0 86.8 80.5/80.9
*YOSO-16 502 934 87.7 90.8 88.9 86.7 80.6/80.5

Table 3.2: Dev set results on MLM and SOP pretraining and GLUE tasks for com-
parison to softmax self-attention in BERT-base setting. We report perplexity for
MLM, F1 score for MRPC and QQP, and accuracy for others.

landmarks and 33 convolution size) (Xiong et al., 2021), Longformer (512 attention
window size) (Beltagy et al., 2020), Linformer (256 projection dimensions) Wang
et al. (2020), Reformer (2 hashes) (Kitaev et al., 2020), and Performer (256 random
feature dimensions) (Choromanski et al., 2021) on a small version of BERT and
LRA benchmark. The same model-specific hyperparameters are also used in effi-
ciency profiles in Figure 3.6. Further, inspired by Nystromformer, we also tested
adding a depthwise convolution, which is referred as YOSO-C-x (x for the number
of hashes). The experiment results indicate that depthwise convolution improves

the performance of our method in some tasks.

BERT-Small. For BERT pretraining task, due to the large resource needs of running
all baselines in BERT-base setting, we evaluate all methods in a BERT-small setting
(4 layers, 512 dimensions, 8 heads) with 500K steps pretraining. Since the attention
window size of Longformer is the same as the maximal sequence length of the
input, it provides full self-attention, similar to softmax in this setting. Softmax
self-attention achieves 7.05 MLM validation perplexity and 91.3% SOP validation
accuracy on this task, and YOSO (with convolution) achieves 7.34 MLM validation
perplexity and 89.6% SOP validation accuracy. Here, YOSO-C is comparable to
softmax self-attention and Nystromformer while it performs favorably relative
to Reformer and Performer. For GLUE tasks, we found that 99% of instances in
MRPC, SST-2, QNLI, QQP, and MNLI have sequence lengths less than 112. Since
the chunked attention window in Reformer can capture full attention across all
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tokens in this setting, we expect to see similar performance for Reformer as softmax
self-attention. We provide results for QNLI, QQP, MNLI, and MLM and SOP
pretraining tasks for all baselines in Table 3.3.

Method MLM SOP ONLI QQP MNLI-m/mm
Softmax 705 913 87.7 86.0 79.1/79.5
Nystromformer — 7.60 90.2 84.3 84.0 75.5/76.0
Linformer 8.21 90.9 85.8 85.0 77.4/77.5
Reformer 8.57 89.0 86.9 86.2 78.2/78.6
Performer 11.59 88.9 82.8 83.7 73.8/74.6
YOSO-32 855 895 84.7 83.1 75.0/75.3
YOSO-C-32 772  89.7 85.1 83.9 75.8/75.8
*YOSO-32 8.43 89.1 84.9 84.4 76.7/77.0
*YOSO-C-32 734  89.6 84.9 84.7 77.2/77.2

Table 3.3: Dev set results on MLM and SOP pretraining and GLUE tasks for baseline
comparisons.

LRA Benchmark. To evaluate the generalization of YOSO on diverse tasks and its
viability on longer sequence tasks, we run our method on LRA benchmark (Tay
et al., 2021) and compare it with standard Transformer as well as other efficient
Transformer baselines. This benchmark consists of five tasks: Listops (Nangia and
Bowman, 2018), byte-level IMDDb reviews classfication (Text) (Maas et al., 2011),
byte-level document matching (Retrieval) (Radev et al., 2013), pixel-level CIFAR-10
classification (image) (Krizhevsky et al., 2009), and pixel-level Pathfinder (Linsley
et al., 2018). These tasks are designed to assess different aspects of an efficient
Transformer and provide a comprehensive analysis of its generalization on longer

sequence tasks.

Since the code release from Tay et al. (2021) only runs on TPUs, and the hyper-
parameters are not known, we followed the experimental settings in Xiong et al.
(2021). We include a model without self-attention, labeled “None", as a reference
to show how much each baseline helps in modeling long sequences. The results are
shown in Table 3.4. The performance of YOSO compared to softmax self-attention
on LRA tasks is consistent with the results we reported for language modeling. For
baseline comparisons, YOSO is comparable to Longformer and Nystromformer
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and outperforms all other baselines by 3% average accuracy across the five tasks.
Further, with a depthwise convolution, YOSO outperforms all baselines. These

results provide direct evidence for the applicability of YOSO on longer sequences.

Method Listops Text Retrieval Image Pathfinder | Avg

Sequence Length 2K 4K 4K 1K 1K

None 19.20 61.11 74.78 33.86 66.51 | 51.09
Softmax 37.10 65.02 79.35 38.20 74.16 58.77
YOSO-E 37.30 64.71 81.16 39.78 72.90 59.17
Nystromformer 37.15 65.52 79.56 41.58 70.94 58.95
Longformer 37.20 64.60 80.97 39.06 73.01 58.97
Linformer 37.25 55.91 79.37 37.84 67.60 55.59
Reformer 19.05 64.88 78.64 43.29 69.36 55.04
Performer 18.80 63.81 78.62 37.07 69.87 53.63
YOSO-32 37.25 63.12 78.69 40.21 72.33 58.32
YOSO-C-16 37.40 64.28 77.61 44.67 71.86 59.16
*YOSO-16 37.20 62.97 79.02 40.50 72.05 58.35
*YOSO-C-16 37.35 65.89 78.80 4593 71.39 59.87

Table 3.4: Test set accuracy of LRA tasks. Our proposed YOSO is comparable to
Longformer and Nystromformer and outperforms other baselines, and YOSO with
a depthwise convolution outperforms all baselines.

3.4.3 Efficiency considerations relative to baselines

The overall thrust in efficient Transformer models is to have the same capacity as a
standard Transformer while reducing the time and memory cost of self-attention. In
this section, we profile the running time and memory consumption of our method as
well as vanilla Transformer and other efficient Transformers for different sequence
lengths. We use a Transformer model of 6 layers, 256 embedding dimension, 1024
hidden dimension, 4 attention heads and measure runtime and peak memory
consumption using random inputs. To achieve the best efficiency for each baseline,
for each method and each sequence length, we use the largest batch size we can
fit into memory and run training for 10 steps and average the results to estimate
the time and memory cost of a single instance. The experiments were performed
on a single NVIDIA 2080TI. The result is shown in Figure 3.6. While Longformer

scales linearly with respect to the sequence length, the benefit comes from longer
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sequence, which is consistent to Beltagy et al. (2020). The profiling results indicate
that our YOSO is able to scale efficiently with input sequence lengths. Further, the
results suggest that our YOSO is highly efficient in terms of runtime and offers the

highest efficiency in terms of memory compared to baselines.
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Figure 3.6: Running time and memory consumption results on various input se-
quence length. The reported values pertain to a single instance. Time is estimated
by averaging total runtime and then dividing it by batch size, while memory is
measured by dividing total memory consumption by batch size. Note that the trend
lines are overlapping for several methods.

3.4.4 How large is the approximation error?

To assess the estimation error of YOSO, we generate attention matrices of YOSO
using Q, K from a trained model and compare it against softmax self-attention. In
Figure 3.8, visually, our method produces similar attention patterns as softmax
self-attention. The estimation of attention matrix is more accurate as the number
of hashes increases. Further, in the formulation of YOSO, each output of YOSO-
Attention is a weighted sum of random variables as shown in (3.2); so one may
suspect that as the sequence length increases, the variance of YOSO-Attention out-
put might potentially increase. To assess the increase in variance, we use Q, K, V
from a trained model and measure the averaged angle between YOSO-E and YOSO-
m for M € {8, 16, 32, 64, 128} for sequence lengths between 64 to 4096. Since YOSO
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outputs unit vectors, only the vector direction is meaningful, we use the radian
between outputs of YOSO-E and YOSO-m to assess the approximation error. The
result is shown in Figure 3.7. The x-axis uses a logscale to verify that the approx-
imation error increases at a much slower rate compared to the sequence length.
One explanation is that most attention weights are near zero, see Figure 3.8. This
means that the variance of the corresponding attention weights are near zero. In
most cases, the size of the dependency (large attention weights) is relatively inde-
pendent of the sequence length. As a result, the increase in sequence length does

not introduce the same amount of error in approximation.
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Figure 3.7: Averaged Radian between outputs of YOSO-E and YOSO-m for m =
8,16, 32, 64,128 for sequence length from 64 to 4096. The x axis is in logarithm scale,
so we verify that the error only increase at a logarithm speed w.r.t. the sequence
length.

Softmax YOSO-E YOSO-64 YOS0-32 YOSO-16 YOSO-8

Figure 3.8: Attention matrices generated by Softmax and YOSO using the same
input. We only visualize self-attention matrices for the first 64 tokens. Notice that
the patterns are preserved well.
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3.5 Summary

In this chapter, we presented an efficient self-attention mechanism, YOSO-Attention,
which scales linearly in the number of tokens. Different from the common opera-
tions in deep learning like matrix multiplications, the operations in YOSO compu-
tation rely heavily on memory access, such as memory write and memory lookup,
and use a very small compute footprint. Via a randomized sampling based scheme,
YOSO approximates self-attention as a sum of individual tokens associated with
Bernoulli random variables that can be sampled at once by a single hash, in princi-
ple. With specific modifications of LSH, YOSO-Attention can be efficiently deployed
within a deep learning framework. We will develop this idea further in Chapter 4
A preliminary version of this chapter was published as (Zeng et al., 2021) and the
codebase is available at https://github.com/mlpen/Y0SO.


https://github.com/mlpen/YOSO
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4 MEMORY LOOKUP BASED APPROXIMATION FOR COMPUTE-LITE

FEEDFORWARD NETWORK

The Feedforward Network (FFN) is one of the two major building components of
a Transformer block as we discussed in §2.2. FFNs are also essential components
in almost all deep neural networks. They heavily rely on General Matrix Multiply
(GEMM), which is extremely compute intensive, especially for large scale models
common in the community today. Many alternatives Chen et al. (2020, 2021b);
Fedus et al. (2022); Zhang et al. (2018); Moczulski et al. (2016) have been proposed
to reduce the compute needs of FFNs. One popular line of work shows how to use
Locality Sensitive Hashing (LSH) discussed in §2.4, to address the computational
bottleneck of feed-forward via adaptive sparsity. For example, Slide Chen et al.
(2020) uses LSH to retrieve a small subset of units that omit high activation via
maximum inner product search (MIPS) discussed in §2.4 and only computes the
outputs of these units, resulting in a sparse network. However, LSH poses certain
difficulties, such as the need for a large number of hash functions, skewed work-
load to due imbalanced hash buckets, and the overhead for rehashing due to the

constantly evolving parameters, which we will discuss in more detail.

In this chapter, motivated by the aforementioned limitations of LSH-based ap-
proaches in the context of FFN, we develop a formulation of end-to-end learnable
memory lookup for FFNs: LookupFFN. Specifically, we propose to modify the
formulation discussed in Chapter 3 and directly view the hash functions and hash
tables as learnable modules. Projections within hash functions are handled via a
specialized module based on the fast Hadamard transform discussed in §2.3, which
may be of independent interest. We show that the skewness of bucket distribution
becomes irrelevant in our proposal. Since there are no parameter matrices as in
Chen et al. (2021b, 2020), rehashing can be completely avoided, and the gradi-
ent updates are performed directly on the hash functions and hash tables. The

proposed formulation is differentiable, and no special optimization for the hash
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modules is needed. In practice, LookupFFN can simply be integrated into common
DNN models, optimization flows, and software frameworks. Meanwhile, since
LookupFFEN is a reformulation of YOSO algorithm in Chapter 3, the algorithm
shares similar compute characteristics as YOSO: relying mostly on memory lookup
with minuscule compute footprint, making it ideal for compute-lite hardware, such
as CPUs.

In this chapter, we also move outside of the common GPU computing setting and
explore the potential efficiency benefits of deploying this method on CPUs, which
is growing in importance as evidenced by recent server chip announcements from
IBM, Intel, AMD and ARM (Lichtenau et al., 2022; Intel; Nassif et al., 2022; AMD;
Bhat, 2021) and academic efforts (Liu et al., 2019b; Mittal et al., 2022; Nori et al.,
2021; Zhang et al., 2019). Some of the technical and business motivations include
latency, security, privacy and the fact that modern data-intensive workloads have Al
tasks embedded in a pipeline of non-Al tasks. Further, CPUs are a generic platform
common across servers and clients faithfully serving the compute needs of busi-
nesses, which makes it attractive. And finally — it comes down to the cost of running
the full workload. Unfortunately, CPU chips lack the computational intensity of
raw-FLOPS compared to GPUs. On the positive side, CPUs provide tremendously
large caches in the range of 128MB to 192MB, and even larger (Burd et al., 2022),
which is currently under-utilized. Furthermore, such caches made out of SRAMs
are more than an order of magnitude more energy efficient to access compared
to DRAMs (DDR, GDDR, or HBM) (Jouppi et al., 2021; Horowitz, 2014), while
providing 4x access bandwidth increase . This low compute and high memory
capacity seems to align well with the compute characteristics of our LookupFFN

formulation developed in this chapter.

Based on measurements and analytical calculations, we estimate 6x (or more)
reduction in FLOP compared to a vanilla FFN with almost the same accuracy.

Even though our formulation requires somewhat large tables (16MB and more),

LAMD Zen2 for example, allows 64 bytes per cycle into each core: with 32 cores running 3.2
GHz that amounts to 6 TB/sec.
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with careful algorithm design, we can make the access pattern somewhat cache-
friendly — achieving nearly 80% L1 cache hit rate. In particular, hardware-managed
caches work well, avoiding the need for excessive optimization for the software-
managed shared-memory of a GPU. In practice, this means that we are able to
reduce the energy consumption of 80% of access to SRAMs (14 pico joules or pj
per 64-bit access), versus 300 to 450 pj for DRAM-based access. We show that,
on contemporary hardware, for inference, we are 2.51x faster than a vanilla FFN.
With new technology like 3D caches appearing in CPUs, we expect SRAM based
bandwidth to increase even further, making LookupFFN integer factors faster as
memory technology and packaging improvements continue. While this formulation
has more memory lookups compared to GEMM-based FFN, the majority of the
memory lookups are independent of each other. This means LookupFFN heavily
relies on high memory throughput but has high tolerance to memory latency —
making designing software (and potentially hardware) implementation easier.

4,1 Preliminaries

In this section, we describe some related LSH based approaches targeted to address

the efficiency of FFN and their limitations, which inspire our work.

Given an input X € RN*P, the FFN F(X) is a point-wise operation applied to each
row of input matrix X. Let x € RP be any row of X, T be the hidden dimension,
and W € R™*P and V € R"™*P be two parameter matrices in F(-). Then, the output
y of FEN is defined as

.
y=Fx) =o(xWV=> of(x,[W])) V] (4.1)

i=1

The authors in Slide (Chen et al., 2020) observed that when ¢ is a softmax, the
output of a FFN is dominated by only a few entries of o((x, [W].)) and proposed a

sparse FFN, which uses LSH to perform a maximal inner product search (MIPS)
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among (W], for large o((x, [W],)) terms. Only activations of the search results S(x)
are computed to approximate the full softmax with a reduced compute burden,

y~ Y ol W) V] (4.2)
)

ieS(x

Constructing S(x) requires a pre-processing step that hashes [W]. into multiple
hash tables, and a querying step that hashes x to these hash tables and collects
all [W], from the buckets that x is hashed to. There are some problems with this
construction. Rehashing: Since [W]; are constantly updated while training, the
hash tables need to be constantly updated or re-constructed, referred to as rehashing.
Large #-hashes: The LSH relies on the randomness of hash functions, so a large
number of hash functions are used to obtain accurate MIPS result resulting in
high query time (see left plot of Figure 4.1). Bucket skewness: The LSH bucket
distribution is skewed, so the number of [W], in different buckets are quite different
and there is no control of how many [W]; will be hashed into one bucket (see right
plot of Figure 4.1). Therefore, [S(x)| varies for different inputs. This skewness makes
the workload difficult to be parallelized.
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Figure 4.1: The left plot shows the number of hash functions used versus the
percentage of top-x nearest neighbors found using these hashes. A large number
of hash functions are needed for accurate MIPS result. The query time is linearly
proportional to the number of hash functions. The right plot shows the bucket size
of each bucket. It visualizes the bucket skewness issue.

Mongoose (Chen et al., 2021b) proposed a scheduler to reduce the frequency of
rehashing and learnable hash functions to learn data-dependent hashing. So, the
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number of hash functions can be reduced without sacrificing MIPS quality, thereby
Chen et al. (2021b) partially reduces the Rehashing and large #-hashes issues
but introduces an additional auxiliary learning component for learnable hashing.
Further, the bucket skewness still persists. In Chapter 3, we described YOSO for
approximating self-attention in Transformer models, which can be extended to
approximating FFNs. We show that when o is similar to the collision probability
of LSH, instead of keeping track of S (as in Slide), one can store the summation
of [V],’s in hash buckets where [W], are hashed to, which is analogous to the LSH
pre-processing step. Let 3 be a hash function, and Ty € R* *P be a hash table
representing 2* D-dimensional buckets. Here, T is the length of hash code as used
in Chapter 3.

(4.3)

Then, in the LSH querying step, we can directly estimate y by computing an average
of one bucket of multiple Ty with a consistent compute cost. Therefore, the bucket
skewness issue is solved. However, the estimation of YOSO relies on the random-
ness of H(y, so it requires a large number of hash functions for a good estimate.
Further, since W and V are evolving during training, T\ needs to be recomputed af-
ter every parameter update, which is inefficient. The rehashing and large #-hashes

problems remain open.

None of the foregoing methods can resolve all issues. In particular, no method
solves rehashing — all of them require rehashing when the parameters are updated.
One of our goals is to completely eliminate the need for rehashing, and remove
the dependency of workload on the bucket size. Further, we also hope to obtain a
scheme that, if desired, can be trained end-to-end via back-propagation.
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4.2 FFN as Lookups

Here, we present an end-to-end construction for differentiable table lookups as
an efficient alternative to GEMM for FFNs where most operations are memory
lookups.

4.2.1 Differentiable Lookup

To avoid the impact of skewed bucket distribution on efficiency, we start from (4.3)
and attempt to adjust the formulation in the setting where it is used as a FFN.
The randomness of Iy in (4.3) is the key ingredient of YOSO (Chapter 3), but at
the same time, this randomness introduces the need for a large number of hash
functions to get an accurate approximation. This issue must be handled. Separately,
we try to completely avoid any pre-processing steps or rehashing for evolving
parameters W and V.

Main idea. Observe that for YOSO, the 3y is a partition of the R¢ space and each
hash table Ty is a coarse representation of J(-) associated with J{,,. Whenever JHj,
W, or V are updated, Ty needs to be updated. This is inefficient. But Ty is a coarse
representation of a parameterized function, so we hypothesize that we might be
able to directly optimize the coarse representation Ty and Hy to minimize the loss
of the model. If possible, we also want to make it differentiable. If this is achieved,
this strategy helps avoid any rehashing necessary in (4.2) and (4.3). Therefore, we

consider the formulation
- H
2 =) Mids s (4.4)
. k=1

where Ty and I, are learnable modules. Here, the dependency of Ty on Iy, W, V,
as in (4.3), is removed. Figure 4.2 is a visualization of the difference comparing LSH-
based FFNs. This decoupled dependency creates a problem in that the resultant
formulation is not differentiable. In Chapter 3, we used the fact that (4.3) is an

estimate of a differentiable function, and use the gradient of this function as an
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estimate of the gradient of (4.3), however, this estimate relies on the randomness of
Hy which is not available after decoupling in (4.4). So, the challenge is how we can
train 3, and Ty, and backpropagate to shallower layers.
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Figure 4.2: High level comparison of each method. The true JF(:) =
S o((-, [W],)) [V, is constructed as a function in S2. Here, [W], € S*and [V]; € R.
The points [W], are marked in the left three figures. SLIDE, MONGOOSE, and
YOSO try to construct an approximation of the true J(-) via different uses of LSH
partitions, so whenever J(-) is updated, the LSH partitions need to be updated.
Rather than approximating the function &, our proposed method is plugged into a
deep learning model and uses the back-propagated gradient to learn appropriate
transformation similar to a vanilla FFN.

Making (4.4) differentiable again. To figure out a solution, we need to first dive
into how Hy is computed. In Chapter 3, we use the hyperplane hash (Charikar,
2002) to compute the hash code. Specifically, define z,, = xRy, referred to as the
“soft hash code”, where R, € RP*7 is a random projection associated with Hy

where 7 is the length of binary representation of the hash code.
Hy (x) = decimal(sign(zy))

Here, decimal is a function that maps the binary representation {£1}" to a decimal
representation {0, - - - ,2% — 1}. This form does not directly suggest a method for

back-propagation, but observe that J{ can be expressed as

Hy(x) = arg miax( (zy, [S];))
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where S € {+1}?"%7 is a structured matrix whose row vector
Sl = decimal ' (i)

is the binary representation of the integer i. An illustration of S is shown in Figure
4.3. While, by itself, this does not solve our problem, a common differentiable
relaxation of arg max is the softmax activation, and the resultant formulation for
(4.4)1s,

exP (2, [S];)) [Ty AS
ZZ ((zx, [S])) (49)

k=1 i=1 =1 €Xp
Then, by replacing the random matrix Rk with a learnable parameter matrix, this
formulation makes Iy a learnable hash function and Ty a learnable coarse repre-

sentation of a function in RP in an end-to-end manner.

eI
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Figure 4.3: Illustration of structure matrix S for T =3

Remaining difficulties and solutions. A naive implementation of this operation
is extremely inefficient and has a runtime complexity of O(H2*D), which is not
practical. A common choice of efficient softmax approximations is to use a small
subset of softmax numerators (we denote the set of corresponding indices as N(zy))
to approximate the full softmax since the softmax is usually dominated by only a
few entries within it (Spring and Shrivastava, 2017; Charikar and Siminelakis, 2017).
Non-uniform sampling, such as LSH-based importance sampling, as described in
Chapter 3, can be used to lower the estimation variance. However, we found that
the structured matrix S used in (4.5) offers several properties that actually enables
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efficient approximation. Due to the structure of S, the denominator of (4.5) can be

rewritten as

T

2T
> explizi, [S];)) = [ J(exp(lzi];) + exp(— [zi];))
j=1

i=1

which only involves a O(t) cost. For calculating the numerator, we use a simple
non-uniform sampling scheme for a better approximation of the softmax with a
small number of samples. Due to the structure of S, we easily know the approximate
sorting order of (zy, [S];) among different i. Specifically, note that

arg max((zy, [S];)) = decimal(sign(zy))
' 4.6
arg min((zy, [S];)) = decimal(—sign(zy)) (46)

When the order of magnitudes for different entries of z, are not too different, the
||[S]; — sign(z)||, term roughly indicates the magnitude of (zy, [S];). A smaller

distance means a larger value.

-~

Gather

Figure 4.4: Illustration of LookupFFN operations.
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Therefore, we use the approximation

exp((zy, [S];)) [T,
171 (exp(lzi;) + exp(— [z];))

M=

§= (47)

k=1 i€N(z)
where N(zy) can be easily sampled according to {, difference [/[S]; — sign(z)||,. It
is much easier compared to other non-uniform sampling based softmax approxi-
mations (Spring and Shrivastava, 2017; Charikar and Siminelakis, 2017) since we
can sample large numerators based on the number of sign flips away from sign(zy).
Further, we empirically found that in most cases, just using the largest numerator,

ie., let
g(zk) := arg max((z, [Sl;)) (4.8)

computed via (4.6), then N(zy ) = {g(z\)} is sufficient for performance. This is our
default choice for experiments.

Two main operations. The proposed learnable lookup consists of two operations:
(a) Hash: we compute multiple zy = xRy fork =1,2,---,h. Then, (b) Gather: we
use g(zy) (defined in (4.8)) for memory lookup and calculate a weighted (based
on zy) accumulation of the lookup results [Tkl ,, ). This procedure is illustrated in
Figure 4.4.

Remark 4.1. While (4.7) might look unfamiliar, it is closely connected to two commonly
used FFNs. When o in (4.1) is the sigmoid activation, let z, = 0.5(x, [W], ), we note that
(4.1) can be rewritten as

exp(zy) [V]
yZ p(zx) [V,

H
— exp (zx) + exp(—zy)

which is just a special case of (4.7) with Tt = 1. When o is a GELU (Hendrycks and
Gimpel, 2016) commonly used in Transformer models, let z,, = 0.851(x, [W], ), then a fast
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approximation of GELU can be written as

Y= i 1752kexp (zi) [V],

— exp (zx) + exp(—zy)

This is again a special case of (4.7) with T = 1 and an additional linear scaling 1.175z.
This scaling can be incorporated in (4.7) by an extra term 1.175(zy, [S];) in the numerator.

4.3 BH4: Efficient and Expressive Projection for
Hashing

The problem. In practice, we compute the “soft hash code” zy for multiple hash
tables at once by computing xR where R € RIx(MT) Here, {z;,-- -,z ) are computed
at once by partitioning xR into h t-dimensional vectors (7 is the length of hash
code). The time complexity for this projection is O(htd). This is not desirable since
it is compute heavy.

Some existing solutions yield unsatisfactory results. For simplicity, we assume
ht = d and d is power of 2. When computing hash codes in the LSH setting, a
common efficient alternative is efficient random projections implemented via a fast
Hadamard transform with O(dlog(d)) cost. For example, YOSO and Andoni et al.
(2015) use

R := D;HD,HD;H (4.9)

where D; are matrices whose entries are {1} for random sign flipping and H is
Hadamard transform. A simple learnable extension would be to replace D; with
parameterized diagonal matrices. This belongs to a large family of structured
efficient linear layers (SELLs) (Cheng et al., 2015; Le et al., 2013; Yang et al., 2015;
Moczulski et al., 2016) For example, Moczulski et al. (2016) proposes a deep SELL,
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named ACDC, to increase the representation power:

K
R:=]]ACD,C" (4.10)

i=1
where A;, D; are parameterized diagonal matrices and C is the discrete cosine trans-
form and K is a hyper-parameter. A similar construction, but using the Hadamard
transform would involve replacing C with H. This can be viewed as a generalization
of (4.9). To empirically evaluate the representation power of each efficient projec-
tion, we use a toy problem of approximating a randomly generated matrix using
these ideas. The results are shown in Figure 4.5. We find that the representation
power of (4.10) and its Hadamard transform variant for small K is extremely limited,
but for large K, the efficiency is low and the optimization becomes difficult. We can
verify this optimization difficulty from the fact that as K increases, the FLOP and

parameter count increases, but the squared errors do not monotonically decrease.
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Figure 4.5: Approximation capacity vs FLOPs and parameters for each efficient
projections. Hadamard denotes a variant of ACDC by replacing discrete cosine
transform with Hadamard transform. The vertical dash lines are the FLOPs and
parameters of the vanilla projection. Any results to the right of the vertical dashed
lines are not meaningful, as there is no efficiency gain.

A simple yet highly effective scheme. To address the optimization difficulty for
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large k, we propose that instead of scaling k, we can replace the diagonal matrices
with their block diagonal counterparts, and scale the block size for the trade-off
between efficiency and expressiveness.

M
R:=]][BH (4.11)
i=1

Here, B;’s are parameterized block diagonal matrices with an adjustable block size.
We refer to (4.11) as BH{m} for different m. Figure 4.6 is a visualization of the
projections discussed. We empirically verify that (4.11) with M = 4 has a better
trade-off between the expressiveness and efficiency compared to other M values.
When the FLOP or parameter counts are similar, a larger M does not increase its

expressiveness, but a smaller M decreases its expressiveness.
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Figure 4.6: Visualization of efficient projections. ACDC and its Hadamard variant
increase their capacity by increasing the depth. BH4 increases its capacity by
increasing its block size.

Remark 4.2. Grouped convolution followed by channel shuffling in ShuffleNet (Zhang
et al., 2018) can be directly expressed as BF: applying a block diagonal matrix followed by
a structure transform F. ShuffleNet can be viewed as a BH1. We empirically verified that
BH1 has near-identical approximation accuracy as ShuffleNet as shown in Figure 4.5.

4.4 Experiments

In this section, we will present our empirical results evaluating the benefits/limita-

tions of replacing VanillaFFN with a LookupFFN in a Transformer, and conduct a
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detailed performance profiling of LookupFFN.

Note. Slide and Mongoose report experiments on a two layer neural network whose
last dimension is 200K (or even 670K) (Chen et al., 2020, 2021b). This is a synthetic
setting to extract peak practical speedup of FFN in Slide/Mongoose because more
than 99% of compute occurs in the final layer. In practical situations, such models
are rare and might not reflect the actual workload of commonly used models, such
as the Transformer. We are more interested in how these baselines and our method
can be applied in more challenging commonly used DNN models, and what the
corresponding performance impact is. As a result, we use the Transformer as
a testbed to evaluate the effect of replacing VanillaFFN with baselines and our
LookupFFN.

Outline. In §4.4.1, we compare LookupFFN'’s performance and FLOP reduction
to baselines, and check that our formulation scales without difficulty to full size
(12-layer) models. Then, in §4.4.2, to better understand its behavior, we perform
an ablation study to study the effects of different hyper-parameters specific to
lookup-based FEN. Finally, in §4.4.3, we analyze the performance characteristics for
LookupFFN. Since our goal is to reduce the FLOP count, for comparison or even
individual assessment of LookupFFN, we include the estimated FLOP count next
to the model performance for each table (for comparisons). FLOPs are estimated
as the number of floating operations of processing a single instance (a single token

in the context of a Transformer).

Two variants are discussed in §4.2.1 corresponding to two different activations. To
align well with the GELU activation used in Transformer, we use the linearly scaled
variant of (4.7) with N(z, ) = {g(z«)}:

= (2, S]g ) exp(zx, 1Sly5,))) Ty,
Y= Zl 1exp([zk])+eXp( z«]5))

Implementation Details. We used PyTorch (Paszke et al., 2019) for the majority

of the implementation. On the GPU, our fast Hadamard Transform and weighted
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gather operators are not supported by PyTorch so we implemented custom CUDA
kernels to support the operators for training. For CPU, we implemented these
kernels in C++ using OpenMP for inference which uses AVX2 vector instructions.

Evaluation Task. For empirical evaluations, we use RoBERTa language modeling
pretraining (Liu et al., 2019a) as our evaluation tool to measure the method per-
formance, since it is a challenging task. The models are pretrained using masked
language modeling (Devlin et al., 2019) on the English Wikipedia corpus (Wikime-
dia, 2019). We pretrain each model for 250K steps with a batch size of 256, where
each sequence is of length 512. We use an Adam optimizer with le-4 learning
rate, 10,000 warm-up steps, and linear decay. To keep compute reasonable, we use
RoBERTa with 4 layers and 512 embedding dimensions for model evaluation except
one stress-test experiment checking the scaling behavior of LookupFFN to a full
size RoBERTa-base.

4.4.1 Performance Comparison

Comparing to Baselines. We compare our method to Vanilla FFN, Slide (Chen et al.,
2020), Mongoose (Chen et al., 2021b), and YOSO (Zeng et al., 2021) based FFNs
discussed previously. Additionally, for comparison to more baselines, we include
Switch Transformer (Fedus et al., 2022) and the grouped convolution + channel
shuffling introduced in ShuffleNet (Zhang et al., 2018). Others have identified
that the original implementation of Slide, which is implemented from scratch in
C++, is difficult to be adopted (Chen et al., 2021b), and have propose optimized
variants, which we use here (Chen et al., 2021b). Instead of each instance in a batch
retrieving its own subset of weights, the union of the retrieved subsets is used
for computation. This strategy is used to avoid an irregular workload due to the
skewed bucket distribution, as discussed earlier. The size of §(-) is larger for larger
batches. We note that in a Transformer model, the effective batch size for a FFN is
the number of sequences x the sequence length. The union of retrieved subsets
will simply contain the entire set of weights. For a more reasonable size of set §(-),

we partition the effective batch into smaller mini-batches (128 tokens for Slide and
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2048 tokens for Mongoose) and feed them into the FEN sequentially. This would
severely increase the runtime of training on GPUs. The size of mini batch is set such
that it is small enough but running the experiment is still feasible. Further, since
the performance of Slide (Chen et al., 2020), Mongoose (Chen et al., 2021b), and
YOSO (Zeng et al., 2021) based FFN largely depends on the frequency of rehashing,
we perform rehashing after every parameter updates (this overhead is not counted
towards FLOP) to ensure their optimal performance. The results are summarized
in Table 4.1. Our method achieves lower perplexity using fewer FLOP compared to
the baselines. Further, the FLOP count of our method can be significantly reduced
with some loss in performance (but still better than the baselines except for the
VanillaFFN) as shown in the last row of Table 4.1. Additional results are discussed
in §4.4.2.

Method h 1t MFLOP Log Perplexity
VanillaFFN - - 4.19 1.78
Switch Transformer - 2.11 1.85
Channel Shuffle - - 2.10 1.96
Slide - - 1.32 1.98
Mongoose - - 321 1.87
YOSO - - 0.35 2.13
LookupFFN 256 8 1.38 1.74

128 8 0.69 1.81

Table 4.1: Log perplexity of each baseline. (lower is better) LookupFFN was tested
with two different hyper-parameter configurations specified in h and T columns.

Downstream finetuning. Further, we evaluate the quality of the pretrained lan-
guage models for VanillaFFN and our LookupFFN on MNLI downstream task
(Williams et al., 2018) in the GLUE benchmark (Wang et al., 2018a). The result
is shown in Table 4.2. We note that there is a small gap between our method and
vanilla FEN, but the FLOP count of our method is much lower.

Scaling to Full Size Models. We check whether LookupFFN scales to a larger
model, so we evaluate our method on a RoBERTa-base pretraining. All pretraining
hyper-parameters remain the same as before. Due to the compute burden of training

a full size model, we only perform one experiment comparing LookupFFN with
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Method h T MFLOP MNLI-m/mm
VanillaFFN - - 4.19 75.0/76.3
LookupFFN 256 4 0.82 74.1/74.7

Table 4.2: Downstream performance of RoBERTa-small models.

h =170 and T = 9 to VanillaFEN. The results are shown in Table 4.3. Our method
achieves 6.8 x FLOP reduction while the log perplexity is only higher by 0.04 in a
RoBERTa-base model.

Method h 1t MFLOP Log Perplexity
VanillaFFN - - 9.44 1.37
LookupFFN 170 9 1.39 141

Table 4.3: Log perplexity when scaling to a RoBERTa-base model.

Memory use. Our LookupFFN requires more memory (for large h and T) since we
directly parameterize the hash tables, but we believe this is not a key issue. In a
GPU setting, memory use is critical since the GPU memory is usually much more
expensive and limited. On the other hand, CPU memory is much cheaper and
larger compared to GPU memory.

4.4.2 Ablation Study

Reducing FLOP for Hash. We note that the projection in the Hash step has a
complexity of O(htd) when using a vanilla dense projection and will generate the
majority of FLOPs for our LookupFFN. In §4.3, we propose an efficient alternative,
BH4 and verify that the block size of B; has a direct impact on the representation
power of BH4. But will this impact the final performance of a model? To evaluate
the trade-off between efficiency and performance, we study the effect of block size
of B; on the log perplexity of RoBERTa. The results are summarized in the top
table of Table 4.4. When using a vanilla projection, the FLOP for the Hash step
accounts for 89% of the total FLOP. It is critical to reduce the FLOP need for this
projection, else it becomes the main bottleneck. When using BH4, the performance
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decreases and efficiency increases as the block size decreases, which is expected,
but it is surprising that while offering a large FLOP reduction, the performance

drop compared to the vanilla dense projection is quite small.

Type Block Size MFLOP Log Perplexity
Hash Gather

Dense - 1.05 013 1.79
BH4 64 056 0.13 1.81
BH4 32 030 013 1.83
BH4 16 017 013 1.85
h T ht MFLOP Log Perplexity
32 8 256 0.31 1.94
64 8 512 0.35 1.88
128 8 1024 0.69 1.81
256 8 2048 1.38 1.74
h T ht MFLOP Log Perplexity
Hash Gather
64 4 256 0.28  0.07 1.98
32 8 256 028  0.03 1.94
20 13 260 028  0.02 1.87

Table 4.4: Ablation study evaluating the effects of different hyper-parameters on
model performance. The MFLOP columns in the top and button tables are broken
down into two column showing the FLOP for Hash and Gather steps separately.

Scaling Effect of LookupFFN. The number of hash tables h and the length of the
hash code 1 (or log of table size) controls the scaling behavior. As a preliminary
step, we first verify that our method can indeed be scaled for better accuracy
by increasing the number of hash tables h. Therefore, we compare the model
perplexity for different h when 7 is fixed, as shown in Table 4.4 (middle). The
model performance monotonically increases as h increases. When h = 256, our
method achieves a lower perplexity compared to the VanillaFFN in Table 4.1. Then,
we evaluate the effect of scaling T. Instead of fixing h while scaling T, we increase
T but at the same time reduce h such that ht is roughly the same. As shown
in Table 4.4 (bottom), this comparison reveals a surprising scaling effect of our
method: when h is fixed (the FLOP of Hash step remains the same), by increasing
T (increasing the table size), we can reduce the number of hash tables and reduce

the FLOP count for the Gather step while achieving better performance.
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4.4.3 Throughput and Latency Study

In this subsection, we isolate the FFN from RoBERTa to examine the runtime and
throughput of each style of FFN. We compare throughput of LookupFFN, Slide
and Mongoose to VanillaFFN (YOSO is excluded since it does not have a CPU
implementation at this time), then provide an in-depth analysis of LookupFFN’s
hardware-level behavior and potential for future throughput scalability. For all
empirical results here, we use batch size 64 and sequence length 512, so the effective
batch size is 32768 (side note: multi-head attention takes 274ms in this setting).

Latency Comparison. In order to demonstrate the latency improvement afforded by
our LookupFEN for CPU inference, we compare runtime to alternatives. Table 4.5
shows the average per-iteration time for vanilla, Slide, and Mongoose-based FFN
which is sized to match typical hyperparameters for a standard Transformer model
on a modern AMD EPYC-7452 (Zen 2) 32-core Server. Our basic implementation
for LookupFFN uses OpenMP without additional software-engineering optimiza-
tion along with a naive implementation of BH4 and achieves 23% speedup over
VanillaFFN. We did further optimization of both the hash function and gather oper-
ation (opt1), achieving 2.51x speedup over VanillaFFN. Overall we see that both
Slide and Mongoose perform worse than vanilla, while our optimized LookupFFN

provides good performance improvement.

Technique Avg. Latency (ms) Speedup
VanillaFFN 403 1.00x
SLIDE 428 0.94x
Mongoose 878 0.46x
LookupFFN 328 1.23x
LookupFFN (Optl) 160 2.51x

Table 4.5: Average latency for LookupFFN compared to baselines.

Discrepancy between FLOP and Latency. We note that there is difference in the
speed up between FLOP and Latency in Table 4.1 and Table 4.5. The latency not
only depends on FLOP, but also the memory access pattern or arithmetic intensity.
The GEMM used in VanillaFFN has a very structured memory access pattern and
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its arithmetic intensity is high, but the gather operator used in LookupFFN has a
more random memory access pattern that depends on the input and its arithmetic
intensity is lower. As a result, while the FLOP of LookupFFN is drastically lower

than VanillaFFN, the corresponding speed up in latency is not as drastic.

Performance analysis. To further elucidate how we are able to achieve speedup, we
detail architectural level performance statistics in Table 4.6 We notice the speedup
primarily is afforded by achieving a higher sustained cache bandwidth. The lower
LLC miss rate suggests this is at least in part due to extracting more reuse from the
LLC, thereby making internal cache management including MSHRs, and on-chip

network traffic perform better.

LookupFFN naive optl
Latency 100 ms 35 ms
.. | Compute Utilization 1.21% 3.53%
2| Sustained L1 BW 79.7 GB/s 231.5GB/s
% | Sustained LLC BW 9.5GB/s  52.5GB/s
O | L1 Miss % 11.87% 22.68%
LLC Miss % 69.56% 12.77%
Hash Latency 208 ms 106 ms
Other Latency 20 ms 20 ms
Total Latency 328 ms 160 ms

Table 4.6: Analysis of performance characteristics for LookupFFN. We keep volume
of work and working set constant for both so instruction count and FLOPs are
constant.

Future Performance Opportunities. Future performance gains for LookupFFN are
possible through a combination of software and upcoming hardware optimizations
which we summarize in Figure 4.7. naive and opt1 are our two configurations
reported previously. Additional tuning of block size for the BH4 projection (64 to 16)
could provide a 4x speedup for our Hash step (hash-opt2). Future cache technology
such as 3D stacking (Wuu et al., 2022) will likely provide a rather generous boost
in high-speed LLC cache capacity, enabling larger table size LookupFFN weights
to be entirely cache-resident. In combination with this, careful cache optimization

through the use of modern prefetching techniques (Georganas et al., 2018), as well
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as hardware improvements such as Intel’s wide 128 B L1 cache interface (Rotem
et al., 2022) can improve hit rates and overall bandwidth. If 90% of bandwidth
from a 128 B cache interface could be sustained, the Gather step can be improved
by a factor of 35x (gather-opt2). Overall, these improvements could yield 8.49 x
improvement over VanillaFFN. Datatype precision reduction could potentially
afford a further multiplicative runtime improvement of 2, achieved by switching
from float32 to float16 — however, VanillaFFN would also gain a 2x execution time
reduction from float16.

Performance Opportunities of LookupFFN

’g 400 1.23x B Gather

g I Hash

>

2 200 2.51x

]

g . 4.97x ey

4 E ==
Naive Optl Hash Gather

Opt2 Opt2

Figure 4.7: Future performance opportunities of LookupFFN. Each bar shows
the time breakdown of LookupFFN by GatherAdd and Hash performance. Each
version of LookupFFN is annotated with its speedup over Vanilla FFN.

Discussion of Compiler Techniques for FFN. Deep Learning specific compilers,
such as TVM and XLA (built into TensorFlow) have been introduced, aiming to
optimize operations such as a feed-forward network. We evaluated TVM and XLA
on VanillaFFN to compare LookupFFN'’s latency to these two compiler frameworks.
TVM performs 21% worse than PyTorch, with a latency of 488ms. Switching to Ten-
sorFlow gives 2.39 x improvement over the PyTorch VanillaFFN, with XLA yielding
an additional 37% performance boost (absolute latency of TF+XLA: 123ms). Our
optimized LookupFEN already provides competitive performance compared to Ten-
sorFlow, and our additional hash optimization, when fully implemented /integrated,

LookupFFN will provide performance improvement over TF+XLA.
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4.5 Summary

In this chapter, we extended the formulation discussed in Chapter 3 and developed
a memory lookup based algorithm for efficient FFNs. By viewing memory lookup
as a selection problem, which can be approximated using softmax differentiable
relaxation, combined with some efficient modifications of the softmax calculation,
we developed a LookupFEN that is fully differentiable and can be trained end-to-
end. We conclude with a contemplative remark followed by a practical comment.
Given the rapid improvements in compute capabilities of GPUs we have seen over
the last decade and a mature software support for different kernel shapes, there
was little incentive for algorithm designers to use non-GEMM operations. In fact,
any modern deep learning algorithm that is not heavily reliant on GEMM may
have little chance of broader adoption, assuming it even sees the light of day. The
ideas described here (and in Slide, Mongoose, YOSO), in some sense, lie at the
other extreme. LookupFFN almost operates as if GEMM is forbidden. While
compute capability improvements are slowing down, new memory technologies
are already available and others in the development pipeline, we hypothesize
that novel yet-undiscovered deep neural network architectures must hit a sweet-
spot to delicately balance the trade-off between these two resources. Doing so
also offers other benefits including potential energy savings. Now, specific to the
model in this chapter, we expect that the LookupFFN benefits can translate to
other models. This will complement the server chip developments and enable
models to serve a broader cross-section of industries. A preliminary version of
this chapter was published as (Zeng et al., 2023a) and the codebase is available at
https://github.com/mlpen/LookupFFN.


https://github.com/mlpen/LookupFFN
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5  MULTI-RESOLUTION BASED APPROXIMATION FOR EFFICIENT

SELF-ATTENTION

In Chapter 3, we discussed an efficient construction for approximating self-attention.
There are other alternatives being proposed in recent years. For instance, we may
ask that self-attention has a pre-specified form of sparsity (for instance, diagonal),
see Beltagy et al. (2020); Zaheer et al. (2020). Alternatively, we may model self-
attention globally as a low-rank matrix, successfully utilized in Wang et al. (2020);
Xiong et al. (2021); Choromanski et al. (2021). Progress has been brisk in improving
these approximations: recent proposals have investigated a hybrid global+local
strategy based on invoking a robust PCA style model (Chen et al., 2021a) and
hierarchical (or H-) matrices (Zhu and Soricut, 2021).

Recall that the hybrid global+local intuition above has a rich classical treatment
formalized under Multiresolution analysis (MRA) methods, and Wavelets are a
prominent example (Mallat, 1999). While the use of wavelets for signal processing
goes back at least three decades (if not longer), their use in machine learning
especially for graph based datasets, as a numerical preconditioner, and even for
matrix decomposition problems has seen a resurgence (Kondor et al., 2014; Ithapu
etal., 2017; Gavish et al., 2010; Lee and Nadler, 2007; Hammond et al., 2011; Coifman
and Maggioni, 2006). The extent to which classical MRA ideas (or even their
heuristic forms) can guide efficiency in Transformers is largely unknown. Figure 5.1
shows that, given a representative self-attention matrix, only 10% of the coefficients
are sufficient for a high fidelity reconstruction. At a minimum, we see that the
hypothesis of evaluating a MRA-based self-attention within a Transformer model

may have merit.

In this chapter, motivated by the observation in Figure 5.1, we explore classical
Multi-Resolution Analysis (MRA) concepts, such as Wavelet, for approximating
self-attention matrices. It turns out that modulo some small compromises (on the

theoretical side), MRA-based self-attention shows excellent performance across the
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Figure 5.1: The left plot is the histogram of wavelet coefficients in log scale for
2D Haar basis. More than 95% of coefficients have a magnitude less than 0.005.
The second plot is the true self-attention matrix M = exp(QK"). The third and
fourth plots are the approximation and error by keeping top 5% of coefficients.
The fifth and last plots are similar for keeping top 10% of coefficients. The errors

HM — MHF for {MRA, low rank, sparsity} by keeping 10% of {coefficients, ranks,

nonzero entries}, are 0.30, 1.24, 0.39, respectively. This shows performance benefits
of MRA compared to low rank and sparsity. We discuss low rank and sparsity in
more detail in §5.3.

board. It leads to an accurate approximation for the vanilla self-attention matrices,
which is competitive with standard self-attention and outperforms most of baselines
while maintaining significantly high time and memory efficiency on both short and

long sequences.

5.1 MRA view of Self-attention

As in §2.2, an attention matrix M is defined as
M= exp(QKT) =exp(P)

where Q and K are queries and keys, and use P to denote the product of QK. To
motivate the use of MRA, we used Figure 5.1 to check how a 2D Haar wavelet basis
decomposes the target attention matrix into terms involving different scales and
translations, and terms with larger coefficients suffice for a good approximation of
M. But the reader will notice that the calculation of the coefficients requires access
to the full matrix M. Our discussion below will start from a formulation which will
still need the full matrix M. Later, in §5.2, by exploiting the locality of Q and K, we
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will be able to derive an approximation with reduced complexity (without access
to Mor P).

For simplicity, we assume that the sequence length N is a power of 2. Inspired by
the Haar basis and its ability to adaptively approximate while preserving locality,
we apply a pyramidal MRA scheme (Figure 5.2 Left). We consider a decomposition
of M using a set of simpler unnormalized components By ,,, € RN*N defined as

1 ifsx—s<i<sx,sy—s<j<sy
[Bs,x,y]i/j - (51)
0 otherwise

fors € {1,2,4,--- ,N}and x,y € {1,--- ,N/s}. Here, (sx —s,sx] x (sy — s, sy] is
the support of B; . ,,, and s represents the scale of the components, i.e., a smaller s
denotes a higher resolution and vice versa. Also, (x,y) denotes the translation of
the components.

Why not Haar basis? The main reason for using the form in (5.1) instead of a
2D Haar basis directly is implementation driven, and will be discussed shortly in
Remark 5.2. For the moment, we can observe that (5.1) is an overcomplete frame
for RN*N. As shown in Figure 5.2, frame (5.1) has one extra scale (with support
on a single entry) compared to the Haar basis (4 rows versus 3 rows). Except for
this extra scale, (5.1) has the same support as the Haar basis at different scales. In
addition, (5.1) provides scaled and translated copies of the “mother” component,
similar to Haar.

Let S = {Bs xy} be a set of components for the possible scales and translations, then
we decompose

M = E s x,yBs xy

Bs,x,y €S

for some set of coefficients «; «,. Since (5.1) is overcomplete, the coefficients o y ,,
are not unique. We specifically compute the coefficients o, as follows. Let
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Figure 5.2: The left plot is the overcomplete frame defined in (5.1), which consists
of 85 matrices for N = 8. The right plot is a 2D generalization of Haar basis,
which consists of three groups of 21 self-similar matrices plus a constant matrix
(all entries equal to +-). The color red, blue, and gray means positive, negative, and
0, respectively. Notice that (5.1) does not include negative entries: it involves more
components but makes the formulation simpler.

En =M and

1
(Xs,x,y — ?<Bs,x,y/ Es>

Es/z - Es - Z o‘s,x,yBs,x,y

Bs,x,y €S

(5.2)

Here, the E /» denotes the residuals of the higher frequencies. At each scale s, ot x ,
is the optimal solution of the least squares problem minimizing ||E; Hi Intuitively,
the approximation procedure starts from the coarsest approximation of M which
only consists of the lowest frequency, then the procedure refines the approximation
by adding residuals of higher frequencies.

Parsimony. We empirically observe that the coefficients of most components are
near zero, so we can represent M with only a few components while maintaining

the accuracy of approximation. Specifically, we can find a small subset ] C §,

!/
$,xY

the corresponding coefficients «; . ., computed following (5.2), and the resulting

approximation
M= Y ol Boxy (5.3)

Bsxy€J

with a negligible approximation error

‘M* _ MH .
F
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But M* in (5.3) does not suggest any interesting property of the approximation. But
we can check an equivalent form of M*. Denote the average of M over the support
of B« to be

. 1
us,x,y = ?<BS,X,y/eXp(P)> (54)
It turns out that the entries of M* in (5.3) can be rewritten (Observation 5.1) as

[M*]m _— (5.5)
where (s,x,y) is the index of B ., € J that has the smallest support region and
is supported on (i,j). Butif (i,j) € supp(Bs ) for all B, € J, then [M*] =0
Here, supp(-) denotes the support region of the input, or the set of indices olf] non-
zero entries of the input. The (i,j) entry of M* is precisely approximated by the
average of M over the smallest support region for B, € J containing (i,j). In
other words, the procedure uses the highest resolution possible for a given J as an

approximation.

Observation 5.1. We can re-write M* = ZBS,W c1 %sxyBs x,y a8 [I\A/I*} . = M5,y Where
(s,x,y) is the index of Bs x, € J that has the smallest support region and is supported on
(4,5).

Proof. We describe the details next. First, notice that at each scale s,

Es/z — Es - Z (xs,x,yBs,x,y

B,y €l

If (i,j) € supp(Bs ) forall By, € J, then [ZBS,W cJ ocS,X,yBS,X,y] = 0 and thus

[Es o) = [Es]; ;- Further, at each scale s, the supports of B; x,, are disjoint, and
1.,,]. - [ES]
forall (i’,j’) € supp(Bs,y). Also, forscales’ <'s,if B/ /-

there is exactly one By, whose support includes (i,j). Thus, if [E; ]
then [E; )., ., = [E]

1'/,]/
is supported on (i,j), then supp(Bs «/y/) € supp(Bs ). These observations are

Ly

i/,]'l
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useful for the derivation below.

Consider approximation on the (i,j) entry of M*, and let By, +, y,, -+ , B, xuuy €J
be all components that are supported on (i,j) and s; < --- < si. Then, E,, = M.
Since Bg, x, y, has the largest sy and is supported on (i, j), by the above observations,
for all (i,j') € supp(Bs, xyi)s

[Esk]i’,j’ - [Ezsk]i’,j’ == [En]i//]‘/ — [M]i/,j/

Therefore,

1 1 .

(Xserkzyk = _2<B5klxk/yk’ E5k> = _2<B5kzxk/9k’M> = usk,xk,yk

Sk S

Then,
/
[Esk/Z] i/ - [Esk]i’,j’ - Z ((Xsk,xk,yk) Bsk,xk,yk = [M]i’,j’ - H:k,xk,yk
Bsk,xk,ykEJ i/,j/

Assume for all (i’,j’) € supp(B

Sm+1,Xm+1,Ym+1 )’

_ *
[Esm+1/2] i [M]ilrj/ o usm+l/Xm+1/ym+l

Then, again by the above observations,

[Esm]i’,j’ == [E5m+1/2]i’,j/ - [M]i’,j’ - u:m+l/Xm+1/Um+l



Therefore,
1
cx’sm/Xm/ym - 2 <B5m/Xm/ym/ESm>
Sm
1
_ Lk
- 52 Z (MIH’JH l’LSerI/Xerlﬂ;Jm+1)
m (i”/j”)GSUPP(Bsm,xm,ym)
1
— — . . —_— *
- 52 Z Ml//’]// H5m+llxm+1rym+l
m (i”,i”)ESUPP(Bsm,xm,ym)
I %
- }’LSm,Xm,ym usm-#]rxm-%—]/ym-%—]
Then,
— /
[Esm/2:| i [Esm]i’,j/ - E ((xsm,xm,ym) Bsm,xm,ym
BSm./Xm./Hm €J i’,j ’
_ . * _ * _ k
- Ml’] usm+]/xm+]/y m+1 (usmzxmrym l151’1‘L+11Xm+1ry1'11+1 )
f— PR pp— *
- Ml’] usmrxmrym

By induction, for all (i’,j’) € supp(Bs,, x,.ym)

[Esm/Z] i3 = Mi/,j’ - u:m,xm,ym
holds for all s,,. Further, we know for m < k,

_ *
O(Sk/Xk/yk - usk,xk,yk

J— * *
‘xsm,Xm,ym - usm/Xm/ym lVLSerlr’ﬁn+1ﬂjm+l

Finally,

(M*)i,j :( Z ‘xs,x,yBs,X,y)i,j
Bsxy€J
k—1

_ * * _ * ) — *
- “swqayk + Hs m/Xm,Ym Hs m+1,Xm+1,Ym+1 Hsml,yl
m=1

94
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And, (s1,%1,Y1) is the index of By, «, 4, € J that has the smallest support region and
is supported on (i,j). This completes the proof.

]

The reader will notice that rewriting M* as (5.5)is possible due to our modifications

to the Haar basis in (5.1).

Remark 5.2. Consider using a Haar decomposition and let 1L be the subset of basis with

nonzero coefficients. The approximation [MHM} ~depends on all ¢ € L which are
i)

supported on (i,j). For example, in the worst case, the coefficients of all ¢ which are
= [Ml; ;. We find that a hardware
i

friendly and efficient approximation scheme in this case is challenging. On the other hand,

supported on (1i,j) need to be nonzero to have [I\A/[HW]

when using the decomposition (5.2) over the overcomplete frame (5.1), [M*} ~depends on
L]

only one B, € ] that has the smallest support region and is supported on (i, j). This
makes constructing the set J easier and more flexible.

5.2 A Practical Approximation scheme

Given that we now understand all relevant modules, we can focus on practical
considerations. Notice that each p} ,  requires averaging over O(s?) entries of the
matrix M, so in the worst case, we would need access to the entire matrix M to
compute all p; . ., for B, € J. Nonetheless, suppose that we still compute all
the coefficients «; x,, and then post-hoc truncate the small coefficients to construct
the set J. This approach will clearly be inefficient. In this section, we discuss two

strategies where the main goal is efficiency.

5.2.1 Can we approximate p,  quickly?

We first discuss calculating g, . To avoid accessing the full matrix M, instead of

computing the average of exponential (5.4), we compute a lower bound (due to
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convexity of exponential), i.e., exponential of average (5.6), as an approximation.

1
Hsx,y = €XP (?<BS,X,B,P>) (5.6)

We can verify that the expression in (5.6) can be computed efficiently as follows.
Define q; i, ks; € RP where qii = [Ql, ki = [K]j, and

R VAR SR
qs,i — 2qs/2,2171 2qs/2,21

1 1
kj = Eks/Z,ijl + iks/Z,Zj

(5.7)

Interestingly, (5.6) is simply,

Hsxy = eXP( <qs,xks,y >)

Then, the approximation using (5.6) is,

A

Mi; = Hsxy

where (s, x,y) is the same as (5.5) and M; ; = 0 otherwise. Each i , ,, only requires
an inner product between one row of Q, and one row of K, and applying an
exponential, so the cost of a single 1 ,, is O(1) when Qs and K, are provided. We
will discuss the overall complexity in §5.2.4.

While efficient, this modification will incur a small amount of error. However, by
using the property of P inherited from Q and K, we can quantify the error.

Lemma 5.3. Assume for all (i1,j1), (iz,2) € supp(Bsxy), ||[Ql;, — [Q]iz||q < B and
H[K]jl — [K]szq < Brand H[Q]il‘ N [Q]b’ n [K])~1| n [K]szp < By WherE%Jr% =
1, then [P]i,)' € [a, a+r] where v =2B1P> for all (i,j) € supp(Bs x) and some a, and

*
0 < p’s,x,y — Msxy < Crls,x,y

where ¢, =1+ exp(r) —2exp(r/2).
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Proof.

[Ql;, K]}, — [Ql;, K],

)2
([Ql;, — [Ql, + Q1) K] — Q] K],
([QL;, — [Ql,,) K +[Ql, (K];, — K]

12

[P] g1 [P] 12,2

)T

Then by Hoélder’s inequality,

[P] 11Ql;, — [Ql, gl KI;, [l + QI 1l Ky, — Ky, [lq

<
< 2B1B2

1 [P] 12,2

Therefore, [P]
Then, by Jensen’s inequality,

€ la,a + ] where r = 2313, and @ = min(i/j/)csupp (B, ) [Pli /-

i i,

1 1 .
moxy =expl D) Pl <5 ) exp(lPly) =ui,
(i/]. )GSupp(Bs,x,y ) (i-/j ) GSupp(Bs,x,y )

Also, by Simic (2009), for a convex function f and x; € [a, b] for all x;,
1 & "

D3 ) — 123 x) < fla) + f(b) 2

i=1 i=1

a+b
2

)

Therefore,

Hexy — Hsxy < exp(a) +exp(a+r1) —2exp(a+ %)
(5.8)
T
< (1+exp(r) — 2eXp(§))us,x,y
Denote C, =1+ exp(r) — 2exp(3).

]

Lemma 5.3 suggests that the approximation error depends on the “spread” or

numerical range r of values (range, for short) in the [P]; ; entries within a region
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supp(Bs x,y) and s . If v is small or s« is small, then the approximation error
is small. The range of a region is influenced by properties of Q and K. The range
T is bounded by the norm and spread of [Q]; and [K]; for (i,j) € supp(Bsxy)-
This relies on the locality assumption that spatially nearby tokens should also
be semantically similar which commonly holds in many applications. Of course,
this can be avoided if needed - it is easy to reduce the spread of [Q]; and [K]; in
local regions simply by permuting the order of Q and K. For example, we can
use Locality Sensitive Hashing (LSH) to reorder [Q]; and [K]; such that similar
vectors are in nearby positions, e.g., see Kitaev et al. (2020). While the range 1 is
data/problem dependent, we can control the range by using a smaller s since the
range of a smaller region will be smaller. In the extreme case, when s = 1, the range
is 0. So, this offers guidance that when i « , is large, we should approximate the
region at a higher resolution such that the range is smaller.

Remark 5.4. The underlying assumption of diagonal attention structure from Longformer,
Big Bird, and H-Transformer-1D is that tokens are highly dependent on the nearby tokens
and only the nearby tokens, which is more important than attention w.r.t. distant tokens.
This might appear similar to the locality assumption discussed earlier, but this is incorrect.
Our locality does not assume that semantically similar tokens must be spatially close, i.e.,
we allow high and precise dependence on distant tokens.

5.2.2 Can we construct J quickly?

So far, we have assumed that the set J is given which is not true in practice. We
now place a mild restriction on the set J as a simplification heuristic. We allow each
(1,) entry of M to be included in the support of exactly one By ., € J. Consider a
By € J, if each entry of the support region of B,  , is included in the support
of some B/, € J with a smaller s’, then B, ,, can be safely removed from J
without affecting the approximation, by construction. This restriction allows us to

avoid searching for the B, . ,, with the smallest s among multiple candidates. Then,
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the overall approximation can be written as

M: Z Hs,x,yBs,x,y

By €l
Remark 5.5. Under this restriction, J is a subset of an orthogonal basis of RN*N.

Mechanics of constructing J. Now, we can discuss how the set J is constructed.

Let us first consider the approximation error & = ||[M — M|, by factoring out M2 s

M. . 2
E= ) M.y D (—[ ]”—1) (5.9)
)

Bsxy€J (i,j)E€supp(Bs,x,y Hsxy

Since the goal is to minimize the error &, the optimal solution is to fix the compu-
tation budget |J| and solve the optimization problem which minimizes € over all
possible J. However, this might not be efficiently solvable.

Instead, we consider finding a good solution greedily. Consider the error €. We
can analyze the specific term to get an insight into how approximation error can be

reduced. Note that
™M, 1
lOg Hs—xy = [P]i,j - S_2<Bs,x,y/ P>

is the deviation of [P]; ; from the mean of the support region, so the approximation
error (5.9)is determined by s x , and the deviation of [P]; ; within the region, which
coincides with the conclusion of Lemma 5.3. Computing this deviation would incur
a O(s?) cost, so we avoid using it as a criteria for constructing J. We found that we
can make a reasonable assumption that the deviation of [P]; ; in a support of B; x
for the same s are similar, and the deviation of a region for a smaller s is smaller.
Then, a sensible heuristic is to use s« as a criteria such that if p, . , is large, then
we must approximate the region using a higher resolution. The approximation
procedure is described in Algorithm 1, and the approximation result is shown in
Figure 5.3. Figure 5.4 shows a visualization of our approximation procedure using

a linear scale and gives a better illustration of how approximation quality increases
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as approximation procedure proceeds. Broadly, this approximation starts with a
coarse approximation of a self-attention matrix, then for regions with a large s« ,,
we successively refines the regions to a higher resolution.

|
lm-‘ ! lw-‘
Top-my py, ., are selected Top-m, g . are selected
10 /—v L 102
1
1073 - S 10 - p— -
'w" I | lm*' l L [§ '10*' e KON | TR 'w"
e N% Bt
Hy 3.1 1072 Refine by replacing L 102 Refine by replacing ! 'L 107 AU | s | ! ” 102
N with g, with gy | i ~ B TTEENS E i
107 - 410 . :I 0 :l : | 10
I } Im" I !l lm" i I i
Hs, 02 I:‘ ) i i
Coarsest Approximation \ L 1072 _/ L ” 102 _/
using Ay ~ ; i [ ) L
. 8 Lo Result in better ! I L ' Result in final
Hsnto I approximation i approximation

Figure 5.3: llustration of our approximation scheme for R = {16,4, 1}. A log scale is
used for a better visualization.
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01 Result in better 01 Result in final
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Figure 5.4: Illustration of approximation scheme for R = {16, 4, 1} in linear scale.

With the approximation procedure in place, we can quantify the error of this
multiresolution approximation. We only show the approximation error for R =
{b, 1} for some b, but the analysis easily extends beyond R = {b, 1}.

Proposition 5.6. Let R = {b, 1} for some b and & be the m,-th largest Wy, assume for
all (1,j) € supp(BR ), [Pl ; € [a, a + 7] for some a and v > 0, then

M| e
M|l Zgjzlexp(z[l)]i,j)

where ¢y =1+ exp(2r) — 2exp(r)
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Algorithm 1 Constructing the set J

Input: R = {s, s1, ..., sk} in descending order
Input: Budget m; for each s; fori > 0
Input: Initial J (empty or prespecified via priors)
Compute W, «,y for all possible x,y and add B x  to J
fori=1toi=kdo
Pop m; elements B, , xy with the largest s, | xy
for each B, | x do
Compute g, « - for all supp(Bs, x/y/) € supp(Bs;_;,x,y)
Add Bsi,x’,y/ toJ
end for
end for
Output: J

Proof. Similar to (5.8), for p , ,, defined in (5.11)

u;,x,y - ui,x,y exp(2a) + exp(2a +2r) —2exp(2a + 1)

<
< (14 exp(2r)—2 eXp(T))Hz,x,y

Denote ¢ = 1 + exp(2r) — 2exp(r), Then, the error by approximating a region

supp(Bs x,y) with lower resolution p y , is

Z ( Hsxy — eXP( (P] ij ) )2

(irj ) €supp (Bs,x,y )

= ) (1., +exp(2[Pl;;) — 2u,y exp([P];;))

(i/j ) €supp (Bs,x,y )
2,2 2. .7 2 *
=S us,x,y +s us,x,y —2s Hs,x,y }’Ls,x,y
2.2 2 ./ 2.2
<S8 Hsxy +s Hsxy —2s Hs xy

2 2
<C2r5 us,x,y

Since w5,y = exp([P], ,), the approximation error only comes from terms Bs x , € J
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for s > 1. Therefore,

||1\A/I - M||2 = Z Z (ub,x,y —QXP([P]H))Z

Bb,x,y eJ (1/] ) ESupp(BE,y )

— Y b,

BY €]

< ) b

BY, €]

= (NZ — mlbz)C2T52

Then, the relative error is

IM— Ml _ [ (N2 —mb2)C,,82
Ml =\ X expl2 [P )

]

Proposition 5.6 again emphasizes the relation between the numerical range r of
P and the quality of an approximation. With some knowledge of the range r and

Hb,x,y, We can control the error using an appropriate budget m;.

Remark 5.7. The procedure shares some commonalities with the correction component of
Geometric Multigrid methods (Saad, 2003; Hackbusch, 1985). Coarsening is similar to our
low resolution approximation, but the prolongation step is different. Rather than interpolate
the entire coarse grid to finer grids, our method replaces some regions of the coarse grid with
its higher resolution approximation.

5.2.3 How do we compute MV?

We obtained an approximation M, but we should not instantiate this matrix (to
avoid the O(n?) cost). So, we discuss a simple procedure for computing MV without



103

constructing the n x n matrix. Define v ; € RP where vi; = [V] ; and

1 1
Vs = EVS/Z,Zj—l + EVS/Z,Z)'

similar to (5.7). Then, the steps follow Algorithm 2. We again start with multiplying
coarse components of M with V, then successively add the multiplication of higher

resolution components of M and V, and finally compute MV.

Algorithm 2 Computing MV

Input: R = {s, s1, ..., sk} in descending order

Input: J and all v

Initialize Y5 , € R1*4 to be zero matrix

fori=0toi=kdo
Duplicate rows of Y, ,
for each B,y € J do

(Yol < Yol + HsixyVsiy

end for

end for

Output: Y;, = MV

to create Y, € RN/sixD

5.2.4 What is the overall complexity?

We have now described the overall procedure of our approximation approach. In

this section, we analyze the complexity of our procedure.

We first need to compute qs;, ks j,vs; fors € {2,4,--- ,N}and i,j € {1,--- ,N/s}.
Since each of qs, ks, vs; takes O(D), so the total cost of computing all possible

qs,i, Ks j, Vs, is simply

N N N
DriD4. 1 D)= D
O > + 1 +o N ) = O(ND)
Given all q5 4, ks j, in Algorithm 1, there are O((N/s¢)?) possible entries of L, xy-
And at scale s; for i > 0, there are O(m;(si_1/s1)?) entries of s, x,y since there

are O((si—1/s1)?) number of of By, 1/, satisfying supp(Bs, x/y) C supp(Bs, ,xy)
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and there are m; regions at scale s;_; to be refined. Note that computing each
Hs,xy takes O(1), and selecting top-k elements is linear in the input size. Therefore,
combined with the fact that the cost of computing individual s« is O(D), the

cost of constructing J is

k
O((N/50)’D + ) _mi(si1/s:)°D)

i=1

Once J is constructed, M is simple since M j = [ xy fora By, € J.

Finally, multiplying M and V in Algorithm 2 takes

Kk
O(ND + (N/sp)’D + ) _mi(si1/5:)°D)
i=1

also. The cost of creating a Y, is O(N/s;), so the cost of creating all Y, for s €
{SO/ e /Sk} is

N N

O(—D+---+—D) =0(ND)
So Sk

Then, for each B, «, € J, adding sy Vs, to [Y], takes O(D). The size of J is

k
O((N/so)D + Y mi(si—1/s1)°D)

i=1
so the total complexity of Algorithm 2 is as stated.

Therefore, the total complexity of our approach is

k
O(ND + (N/sp)’D + ) _mi(si-1/5:)°D)

i=1

For example, when R = {(VN, 1}, the complexity becomes O(m;ND). The parameter
m, adjusts the trade-off between approximation accuracy and runtime similar to
other efficient methods, e.g., window size W in O(WND) for Longformer (Beltagy
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et al., 2020) and projection size P in O(PND) for Linformer (Wang et al., 2020) or
Performer (Choromanski et al., 2021).

5.3 Link to Sparsity and Low Rank

Low rank and sparsity are two popular directions for efficient self-attention. To ex-
plore the potential of these two types of approximations, we set aside the efficiency
consideration and use the best possible methods for each type of approximation.

Specifically, subject to HM — MHF < €, we use sparse approximation which mini-

mizes HMHO by finding support on the largest entries of M, and low rank approxi-

mation which minimizes rank(M) via truncated SVD. As shown in Figure 5.5, these
two types of methods are limited for approximating self-attention. The low rank
method requires superlinear cost to maintain the approximation accuracy and fails
when the entropy of self-attention is smaller. In many cases, sparse approximation
is sufficient, but in some cases when the self-attention matrices are less sparse and
have larger entropy, the sparse approximation would fail as well. This motivates the
use of sparse + low rank approximation. It can be achieved via robust PCA which
decomposes approximation to M = S + L by solving an optimization objective
IS||, + A rank(L). A convex relaxation ||S||; + A ||L||, (Candes et al., 2011) is used to
make the optimization tractable, but the cost of finding a good solution is still more
than O(N?2), which is not suitable for efficient self-attention. Scatterbrain (Chen
et al., 2021a) proposes to combine an existing sparse attention with an existing low
rank attention to obtain a sparse + low rank approximation and avoid the expensive
cost of robust PCA.

Interestingly, a special form of our work offers an alternative to Scatterbrain’s
approach for sparse + low rank approximation. When R = {b, 1} for some b, our

MRA-2 can be viewed as a sparse + low rank approximation. Specifically, let

Mb - § Hb,x,y Bb,x,y

Bb,x,y ed
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Figure 5.5: The solid and dashed lines in the left plot is the theoretical workload,
without considering the overhead, necessary to get relative error less than 0.05 and
0.1, respectively, for different sequence length. Ideally, the workload should be
linear in the sequence length. The right plot is the approximation error vs entropy
of self-attention matrices, similar to Chen et al. (2021a), at 1/4 of the workload for
standard self-attention (keeping 25% of the rank and nonzero entries for low rank
and sparsity, respectively). Entropy of softmax is used as a proxy for the spread of

attention. Relative error is defines as H]ADI\A/[V — DMVH]E / |IDMV||

for a resolution b, then M; + M,, serves as a reasonably good solution for a relaxed
version of sparse and low rank decomposition.

Let us consider an alternative relaxation of robust PCA objective,
1STlo + ALl (5.10)

Note that ||L||; is easier to compute. And we have ||L||, < v/n|L|l; (Hu, 2015).
In fact, Peng et al. (2018) shows that solutions obtained by minimizing ||L||, and
|L||; are two solutions of a low rank recovery problem and are identical in some
situations. The optimal solution for objective (5.10) can be easily obtained. For
e = 0, there exists a m such that the optimal S has support on the m largest
entries of M, and L = M — S. However, for practical use, the recovered sparsity
cannot be efficiently used on a GPU due to spatially scattered support. Further, the
complexity is O(N?) since we found that we still need to find the largest entries
of M. Suppose we restrict S to be a block sparse matrix, namely, supported on a
subset of {supp(By ) }x,y, then a GPU can exploit this block sparsity structure to
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significantly accelerate computation. Further, the optimal S is supported on the
regions with the largest uy, , ,, defined as

, 1
Moy =1 2 ep2Ply) (5.11)

(i-/j ) GSUPP ( Bb,x,y )

which is similar to (5.4). As a result, similar to approximating (5.4) with (5.6), we
use the lower bound 14}, , , as a proxy for (5.11). Then, the cost of locating support
blocks is only O(N?/b?). Consequently, the resulting solution S is supported on the
regions with the largest py « . Note that this S is exactly M, with an appropriate
budget m. And the M, is a reasonable solution for L since HMb HF is small and

rank(M,) < n/b.

We empirically evaluate the quality of this sparse solution. Kovaleva et al. (2019)
showed that the BERT model (Devlin et al., 2019) has multiple self-attention patterns
capturing different semantic information. We investigate the types of possible self-
attention of a pretrained RoBERTa model (Liu et al., 2019a). And we show the
optimal sparsity supports for self-attention matrices generated from RoBERTa-
base with 4096 sequence in the top plots of Figure 5.6. Our MRA-2, as shown in
the bottom plots of Figure 5.6, is able to find a reasonably good sparse solution
for (5.10). Notice that while many self-attention matrices tend to be diagonally
banded matrices, which Longformer and Big Bird can approximate well, they are
not the only possible structures. A diagonally banded structure is not sufficient to

approximate the last two self-attention patterns well.

5.4 Experiments

We performed a broad set of experiments to evaluate the practical performance
profile of our MRA-based self-attention module. First, we compare our approxima-
tion accuracy with several other baselines. Then, we evaluate our method on the
RoBERTa language model pretraining (Liu et al., 2019a) and downstream tasks on
both short and long sequences. Finally, as is commonly reported in most evaluations
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Figure 5.6: The top 3 plots are the optimal supports for 3 typical self-attention
matrices at 80% sparsity. The bottom 3 plots are supports found via our MRA-2 at
80% sparsity.

of efficient self-attention methods, we discuss our evaluations on the Long Range
Arena (LRA) benchmark (Tay et al., 2021). All hyperparameters are reported in
Table 5.1.

Experiment RoBERTa-base RoBERTa-small ImageNet
Task MLM MNLI WikiHop MLM MNLI  WikiHop

Sequence Length | 512 4096 512 4096 512 4096 512 4096 1024
Num of Layers 12 12 12 12 4 4 4 4 4
Embedding Dim | 768 768 768 768 128 128 128 128 128
Transformer Dim | 768 768 768 768 384 384 384 384 128
Hidden Dim 3072 3072 3072 3072 1536 1536 1536 1536 512
Num of Heads 12 12 12 12 6 6 6 6 2
Head Dim 64 o4 64 64 64 64 64 64 64
Batch Size 512 64 32 32 512 64 32 32 256
Learning Rate 5e-5 5e-5 3e-5 5e-5 le-4 5e-5 3e-5 5e-5 5e-4
Num of Steps 20K 75K 4epochs 15epochs 150K 75K 10 epochs 25 epochs 300 epochs

Table 5.1: Hyperparameters for all experiments.

Efficiency Measurement. Since the efficiency is a core focus of efficient self-attention
methods, time and memory efficiency is taken into account when evaluating per-
formance. Whenever possible, we include runtime and memory consumption of a

single instance for each method alongside the accuracy it achieves (in each table).
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Since the models are exactly the same (except which self-attention module is used),
we only profile the efficiency of one training step consumed by these modules. The
efficiency is measured on a single Nvidia RTX 3090. We use the largest possible
batch size for each method and average the measurements over multiple steps and
batch sizes to get an accurate measurement of runtime and memory consumption

of a single instance.

Baselines. For a rigorous comparison, we use an extensive list of baselines, in-
cluding Linformer (Wang et al., 2020), Performer (Choromanski et al., 2021), Nys-
tromformer (Xiong et al., 2021), SOFT (Lu et al., 2021), YOSO (Zeng et al., 2021),
Reformer (Kitaev et al., 2020), Longformer (Beltagy et al., 2020), Big Bird (Zaheer
et al., 2020), H-Transformer-1D (Zhu and Soricut, 2021), and Scatterbrain (Chen
et al., 2021a). Since Nystromformer, SOFT, and YOSO also have a variant which
involves convolution, we perform evaluations for both cases. We use our multireso-
lution approximation with R = {32, 1} for our method denoted in experiments as
MRA-2. Further, we found that in tasks with limited dataset sizes, sparsity provides
a regularization towards better performance. So, we include a MRA-2-s, which only

computes
M; = Z ul,x,yBl,X,y

Bl,x,y GJ

after finding J. We use different method-specific hyperparameters for some meth-
ods to better understand their efficiency-performance trade off. Takeaway: These
detailed comparisons suggest that our MRA-based self-attention offers favorable

performance and efficiency among the baselines.

5.4.1 How good is the approximation accuracy?

We show that our method gives the best trade-off between approximation accuracy
and efficiency by a significant margin compared to other baselines. The approxima-
tion accuracy of each method, compared to the standard self-attention, provides
us a direct indication of the performance of approximation methods. To evaluate

accuracy, we use 512 and 4096 length Q, K, and V from a pretrained model and
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compute the relative error H]ADI\A/IV — DMVHF / IDMV || where D, D are diagonal
matrices to normalize M and M for the normalization in softmax. As shown in
Figure 5.7, our MRA-2(-s) has the lowest approximation error while maintaining
the fastest runtime and smallest memory consumption by a large margin compared

to other baselines in both short and long sequences.

o Longformer Big Bird Nystromformer Scatterbrain e MRA-2 MRA-2-s
Length = 512 Length = 4096
N - @ ? - @
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Figure 5.7: Approximation Error versus Runtime versus Memory. Red/dotted
vertical line is the runtime of standard self-attention. Note that for any points to
the right of the red vertical line, the approximation is slower than computing the
true self-attention.

Next, we evaluate the effect of the spread (or entropy) of self-attention on the
approximation for different methods. The result is shown in Figure 5.8. We see
one limitation of low rank or sparsity-based schemes (discussed in §5.3 and Chen
et al. (2021a)). Our MRA-2 performs well across attention instances with different
entropy settings and significantly better than Scatterbrain (Chen et al., 2021a).

5.4.2 RoBERTa Language Modeling

Here, we use RoBERTa language modeling (Liu et al., 2019a) to assess the per-
formance and efficiency trade off of our method and baselines. We use a pre-
trained RoBERTa-base to evaluate the compatibility of each method with the ex-
isting Transformer models and overall feasibility for direct deployment. For fair
comparisons, we also check the performance of models trained from scratch. Then,
MNLI (Williams et al., 2018) is used to test the model’s ability on downstream tasks.
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Figure 5.8: Entropy vs Approximation Error plots. Hyperparameters of each
method is set such that the runtime is < 30ms and < 15ms, resp. The fastest
setting of Big Bird is still > 15ms, so omitted from the second plot. Note that the
runtime of standard self-attention is roughly 30ms.

Further, we extend the 512 length models to 4096 length for a set of best performing
methods and use the WikiHop (Welbl et al., 2018) task as an assessment on long
sequence language models.

Standard Sequence Length. Since efficient self-attention approximates standard
self-attention, we could simply substitute the standard self-attention of a trained
model. This would allow us to minimize the training cost for new methods. To
evaluate compatibility with the existing models, we use a pretrained 512 length
RoBERTa-base model (Liu et al., 2019a) and replace its self-attention module with ef-
ficient alternatives and measure the validation Masked Language Modeling (MLM)
accuracy. Then, we check accuracy after finetuning the model on English Wikipedia
and Bookcorpus (Zhu et al., 2015). Eventually, we finetune the model on the
downstream task MNLI (Williams et al., 2018).

Only a handful of schemes including Longformer, Big Bird, and MRA-2(-s) are
fully compatible with pretrained models. Scatterbrain has a reasonable accuracy
without further finetuning, but the training diverges when finetuning the model.
The other methods cannot get a satisfactory level of accuracy. These statements
also hold for the downstream finetuning results, shown in Table 5.2. Our method
has the best performance among baselines for both MLM and MNLI. Meanwhile, it
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has a much better time and memory efficiency.

Method Time Mem MLM MNLI
ms MB Before After m mm

Transformer 0.86 73.1 74.0 874 873

Performer 6.8

Linformer 0.74

SOFT 0.86 34.0 10.9

SOFT + Conv 1.02 355 749 75.0

Nystromformer 0.71 348 172 682

Nystrom + Conv 0.88 37.2 709 851 84.6

YOSO 097 29.8 13.0 684

YOSO + Conv 32.9 69.0 832 83.1

Reformer 695 849 850

Longformer 433 660 712 856 854

71.9 73.2 87.0 87.1

Big Bird 71.6 73.3 87.1 87.0

H-Transformer-1D 097  29.3

Scatterbrain 60.6

MRA-2 0.73 28.1 68.9 731 86.8 87.1
0.86 34.3 71.9 73.8 87.1 87.2

MRA-2-s 0.66 23.8 67.2 728 87.0 87.0

0.80 29.1 71.8 73.8 874 874

Table 5.2: Summary of 512 length RoBERTa-base models: runtime and memory
efficiency, MLM accuracy, and MNLI accuracy. Unit for time (and memory) is
ms (and MB). Before/After denotes accuracy before/after finetuning. The m/mm
give the matched /mismatched MNLI. Some methods have more than one row for
different model-specific hyperparameters. We divide measurements into three
ranked groups for visualization (bold, normal, transparent).

Since many baselines are not compatible with the trained model weights (per-
formance degrades when substituting the self-attention module), to make the
comparison fair for all methods, we also evaluate models trained from scratch. Due
to the large number of baselines we use, we train a small variant of RoBERTa on
English Wikipedia and BookCorpus (Zhu et al., 2015) to keep the training cost rea-
sonable. Then, we again finetune the model on downstream task (MNLI). Results
are summarized in Table 5.3. Only a few methods (including ours) achieve both
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good performance and efficiency.

Method Time Mem MLM MNLI

ms MB m mm
Transformer 0.41 57.0 72.7+06 73.8+02
Performer
Linformer 0.35 535 725108 73.2+04
SOFT 043 17.02
SOFT + Conv 053 17.77 56.7

Nystromformer 0.34 17.40
Nystrom + Conv 0.45 18.60 57.3 73.0x04 73.9+0s

YOSO 0.47 14.91 729408 732404

YOSO + Conv 16.42 572  72.5+04

Reformer 0.39 16.43 73.7+04 74.6+03
55.6 75.0+02  75.6+03

Longformer 21.60 54.7 73.5+02
57.4 75.8+05 76.7+0s

Big Bird 57.6  75.0t05 75.6+06

H-Transformer-1D  0.47  14.65

Scatterbrain

MRA-2 0.36 14.05 564 73.2+02 74.1+0s

043 1715 573 73.0+10 73.9+0s
MRA-2-s 0.31 11.93 56.7 73.6+16 74.3+11

0.38 14.57 575 73.9+t06 74.6+0s

Table 5.3: Summary of 512 length RoBERTa-small models. We also include a 95%
error bar for experiments that have a small compute burden.

Longer Sequences. To evaluate the performance of our MRA-2(-s) on longer
sequences, we extend the 512 length models to 4096 length. We extend the positional
embedding and further train the models on English Wikipedia, Bookcorpus (Zhu
et al., 2015), one third of Stories dataset (Trinh and Le, 2018), and one third of
RealNews dataset (Zellers et al., 2019b) following (Beltagy et al., 2020). Then,
the 4096 length models are finetuned on the WikiHop dataset (Welbl et al., 2018)
to assess the performance of these models on downstream tasks. The results are
summarized in Table 5.4 for base models and Table 5.5 for small models. Our MRA-
2 is again one of the top performing methods with high efficiency among baselines.
Note that the difference in WikiHop performance of Longformer (Beltagy et al.,

2020) from the original paper is due to a much larger window size which has an
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even slower runtime. Linformer (Wang et al., 2020) does not seem to be able to
adapt the weights from its 512 length model to a 4096 model. It is interesting that
the convolution in Nystromformer (Xiong et al., 2021) seems to play an important

role in boosting performance.

Method Time (ms) Mem (GB) MLM WikiHop

Transformer 74.3 74.6

Longformer 10.20 0.35

Big Bird

MRA-2 7.03 0.28 73.1 71.2
9.25 0.38 73.7 73.4

MRA-2-s 6.37 0.23 73.0 71.8
8.62 0.38 73.8 74.1

Table 5.4: Summary of 4096 length RoBERTa-base models. Since Big Bird is slow
and we are not able to reduce its training time using multiple GPUs, we cannot can
test Big Bird for 4096 sequence.

5.4.3 Long Range Arena

The Long Range Arena (LRA) (Tay et al., 2021) has been proposed to provide a
lightweight benchmark to quickly compare the capability of long sequence modeling
for Transformers. Due to a consistency issue and code compatibility of official LRA
benchmark (see Issue-34, Issue-35, and Lee-Thorp et al. (2022)), we use the LRA
code provided by Xiong et al. (2021) and follow exactly the same hyperparameter
setting. The results are shown in Table 5.6. Our method has the best performance

compared to others.

Caveats. A reader may ask why Longformer, Big Bird, and MRA-2-s perform better
than standard Transformers (Vaswani et al., 2017) despite being approximations.
The performance difference is most obvious on the image task. We also found that
Longformer with a smaller local attention window (256, 128, 64) tends to offer
better performance (39.52, 42.11, 42.71, respectively) on the image task. One reason
is that standard self-attention needs larger datasets to compensate for its lack of
locality bias (Xu et al., 2021; d’Ascoli et al., 2021). Hence, due to the small datasets


https://github.com/google-research/long-range-arena/issues/34
https://github.com/google-research/long-range-arena/issues/35
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Method Time (ms) Mem (GB) MLM WikiHop

Transformer 55.8 54.6+16

Performer

Linformer 2.85 0.21

SOFT 2.46 0.11

SOFT + Conv 3.33 0.11 52.8

Nystromformer 2.38 0.11 44.0-+02
4.34 46.8 46.0-+08

Nystrom + Conv 3.23 0.12 53.1 54.6=0s

YOSO 4.15 0.12 47.8 52.4401

0.17 499 52.8405

YOSO + Conv 0.13 55.1 53.2+07

Reformer 5.04 52.2 53.7 +o0.

Longformer 4.88 0.17 52.4 52.3+07

Big Bird 54.4 54.3107

H-Transformer-1D 3.93 0.12

Scatterbrain

MRA-2 3.43 0.14 54.2 52.6+09
4.52 0.19 55.2 54.0-+09

MRA-2-s 3.12 0.12 53.8 51.8+09
4.13 0.19 55.1 53.6+0s

Table 5.5: Summary of 4096 length RoBERTa-small models.

(i.e., its lightweight nature), the LRA accuracy metrics should be interpreted with

caution.

ImageNet. To test the performance on large datasets, we use ImageNet (Rus-
sakovsky et al., 2015) as a large scale alternative to CIFAR-10 (Krizhevsky et al.,
2009) used in image task of LRA. Further, data augmentation is used to increase
the dataset size. Like LRA, we focus on small models and use a 4-layer Transformer.
Model specific hyperparameters are the same as the ones used on LRA. The re-
sults are shown in Table 5.7. MRA-2-s is the top performing approach. Standard

self-attention and MRA-2 can clearly perform better on a large dataset.



Method Listops Text Retrieval Image Pathfinder Avg
Transformer 37.1+04 652106 79.6+17 72.8+11  58.7+03
Performer 65.2:+09 714407  58.3+01
Linformer 37.4+03

SOFT 65.2+00  83.3+10

SOFT + Conv 371404 652404 82.9x00 58.1+00
Nystromformer 65.7+01  80.2:t0s 38.8+20  73.1:t01

Nystrom + Conv 65.7+02 43.2+34

YOSO 37.0+03 40.8+0s  72.9+06  58.4+03
YOSO + Conv 372105 649412 44.6+07  69.5+35  59.0+11
Reformer 64.9-+04 42.4 104

Longformer 37.2+03 79.7+11  42.6+01  70.7x0s  58.9+01
Big Bird 37.4+03 799101 409+11 72,607 59.0x03
H-Transformer-1D 66.0+02 80.1+04 42.1+0s  70.7+01  57.8+1s
Scatterbrain 37.5+01 79.6+01

MRA-2 372403 65.4+01  79.6+06 39.5+00  73.6+04  59.0+03
MRA-2-s 37.4+05 80.3+01 41.1+04  73.8+06  59.4+02
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Table 5.6: Test set accuracy of LRA tasks. Since the benchmark consist of multiple
tasks with different sequence length, we do not include the efficiency components

in the table.

Method Time (ms) Mem (MB) Top-1 Top-5
Transformer 48.7 737
Reformer

Longformer 1.12 13.7 49.1 739
H-Transformer-1D 1.03 9.8 73.9
MRA-2 1.00 11.8 489
MRA-2-s 0.98 9.7 49.2 739

Table 5.7: Summary of ImageNet results trained on 4-layer Transformers. We
reports both top-1 and top-5 accuracy.
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5.5 Summary

In this chapter, we showed that Multi-Resolution Analysis (MRA) provides fresh
ideas for efficiently approximating self-attention, which subsumes many piecemeal
approaches in the literature. We expect that exploiting the links to MRA will allow
leveraging a vast body of technical results developed over many decades. But
we show that there are tangible practical benefits available immediately. When
some consideration is given to which design choices or heuristics for a MRA-based
self-attention scheme will interface well with mature software stacks and mod-
ern hardware, we obtain a procedure with strong advantages across both perfor-
mance/accuracy and efficiency. Further, our implementation can be directly plugged
into existing Transformers, a feature missing in some existing efficient transformer
implementations. Finally, we should note the lack of integrated software support for
MRA as well as our specialized model in current deep learning libraries. Overcom-
ing this limitation required implementing custom CUDA kernels for some generic
block sparsity operators. Therefore, extending our algorithm for other use cases may
involve reimplementing the kernel. We hope that with broader use of MRA-based
methods, the software support will improve thereby reducing this implementation
barrier. A preliminary version of this chapter was published as (Zeng et al., 2022)
and the codebase is available at https://github.com/mlpen/mra-attention.


https://github.com/mlpen/mra-attention
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6 MULTI-RESOLUTION BASED APPROXIMATION FOR FASTER

TRANSFORMER BLOCK

Despite recent works, including the ones described in Chapter 3 and 5, devoted to
reducing the quadratic cost O(LN?D) of self-attention computation in the last few
years, we find that this is not sufficient to run Transformer models on ultra long
sequences (e.g., >16K tokens) efficiently. Existing self-attention mechanisms often
reduce the quadratic cost of self-attention to linear. But so far, most experiments for
efficient self-attentions report sequence lengths of up to 4K, with some exceptions
(Beltagy et al., 2020; Zaheer et al., 2020; Guo et al., 2022). Beyond 4K, the linear
cost (relative to N) for both computing efficient attention and FFN makes the cost
prohibitive, especially for large models. For example, although LongT5 (Guo et al.,
2022) can train on sequence lengths of up to 16K tokens with an efficient self-
attention and shows promising results for longer sequences, it is slower and needs
a sizable amount of compute (for example, see Figure 6.1). Similar to efficient self-
attention with linear cost attention, (Wu et al., 2022) and (Bulatov et al., 2022) do
not try to reduce the linear cost (on sequence length) for the feedforward network,
so the computation will still be expensive for processing ultra long sequences.

—8— Transformer —&— Big Bird —&— Longformer —8— Ours
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Figure 6.1: Model efficiency of processing one sequence on a NVIDIA A100 as
sequence length increases (note logarithm x axis).

As a result, applications such as answering questions based on a book or summa-
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rizing a scientific article, which require Transformers to process the entire book or
article, are still inefficient or infeasible. To address this issue, special care must be
taken with respect to this linear "N" term to efficiently and fully utilize Transformers’

ability to learn long range dependency.

In this chapter, we seek to reduce the overall cost (both Multi-Head Attention
(MHA) and Feedforward Network (FFN)) of processing ultra long sequences.
Specifically, by exploiting the fact that in many tasks, only a small subset of special
tokens, which we call VIP-tokens, are most relevant to the tasks, we propose a
compression scheme which selectively compresses the sequence based on their
impact on approximating the representation of the VIP-tokens via inspiration from
the Multi-Resolution approximation that we exploited in Chapter 5.

(1) Focus on what we need for a task: VIP-token centric compression (VCC). We
hypothesize/find that in many tasks where Transformers are effective, only a small
subset of tokens, which we refer to as VIP-tokens, are relevant to the final output
(and accuracy) of a Transformer. If these tokens had been identified somehow,
we could preserve this information in its entirety and only incur a moderate loss
in performance. Now, conditioned on these specific VIP-tokens, an aggressive com-
pression on the other non-VIP-tokens, can serve to reduce (and often, fully recover)
the loss in performance while dramatically decreasing the sequence length. This
compression must leverage information regarding the VIP-tokens, with the goal
of improving the approximation of the representation of the VIP-tokens. In other
words, a high-fidelity approximation of the entire sequence is unnecessary. Once
this “selectively compressed” input passes through a Transformer layer, the output
sequence is decompressed to the original full sequence allowing the subsequent

blocks to access the full sequence.

(2) Specialized data structure for compression/decompression. A secondary,
but important practical issue, is reducing the overhead when compressing/de-
compressing the input/output sequences internally in the network. Ignoring this
problem will impact efficiency. We give a simple but specialized data structure
to maintain the hidden states of the intermediate blocks, where the compression
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can be easily accessed from the data structure, and explicit decompression can be
avoid by updating the data structure: the sequence is never fully materialized in

intermediate blocks.

Practical contributions. Apart from the algorithmic modules above, we show that
despite an aggressive compression of the input sequences, we achieve better/com-
petitive performance on a broad basket of long sequence experiments. Compared
to baselines, we get much better runtime/memory efficiency. We show that it is
now practical to run standard Transformer models on sequences of 128K token
lengths, with consistent performance benefits (and no complicated architecture

changes).

6.1 Notations

Here, we define some notations for later discussion. As before, let X € RN*P be be
the input for a Transformer encoder block. As discussed in §2.2, the output of this
encoder block, X,,ew, is defined as

Xnew = F(A(X) +X) + A(X) +X

using A(X) as shorthand for A(, -, -), which is a MHA with X as input for queries,
keys, and values. Here, J(-) is a FEN. The simplified A can be expressed as:

A(Q,K, V) = exp(QK)V.

where Q, K, V are queries, keys, and values for MHA.

We define §(-) be a placeholder for all heavy computations in the Transformer layer

above:
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We can verify that the output of a Transformer block is,
Xnew - 9(X) + X.

As discussed in §1.2, the overall complexity is O(LN?D + LND?).

6.2 VIP-Token Centric Compression (VCC)

In this chapter, our main goal is to reduce the dependency on N (but not by modify-
ing Transformer internals). To do this, we describe a scheme that compresses the in-
put sequence of a Transformer block and decompresses the output sequence, result-
ing in a model whose complexity is O(LRD?+LR?*D+LR log(N.)D + LRN,D+ND).
Here, R is the length of the compressed sequence, N, is the number of VIP-tokens
described shortly, and N, is the size of non-VIP/remaining tokens. So, we have
N, + N. = N and assume N, < R < N.

Parsing the complexity term: Let us unpack the term to assess its relevance. The
first two terms O(LRD? + LR?D) pertain to the cost for a Transformer, while the
remaining terms are the overhead of compression and decompression. The term
O(LRlog(N.)D + LRN,D) is the overhead of compression and updating our data
structure at each block. The O(ND) term corresponds to pre-processing which
involves converting the hidden states into our data structure and the post-processing
steps to recover the hidden states from the data structure. Note that unlike the
dependence on N for vanilla Transformers, this O(ND) is incurred only at the
input/output stage of the Transformer, but not at any intermediate blocks.

High level design choices. We use the standard Transformer blocks with a standard
feed-forward network (which results in D? in the first term) and standard quadratic
cost self-attention (which gives the R? factor in the second term). Why? These
choices help isolate the effect of incorporating their efficient counterparts. The
proposed algorithm operates on the input /output of each Transformer block leaving
the Transformer module itself unchanged. Therefore, our goals are distinct from the



122

literature investigating efficient self-attention and efficient feed-forward networks.
This is because one can replace these two vanilla modules with any other efficient
alternatives to further reduce the R? and D? terms directly. Despite these quadratic

terms, our approach is faster than baselines, discussed in §6.5.

We will first describe our general idea, as shown in Figure 6.2, which uses VIP-tokens
to guide the compression/decompression of the input/output of a Transformer
block so that it only needs to process the compressed sequence. Then, we will
discuss an instantiation of the compression process, by adapting a multi-resolution
analysis technique (discussed in §6.3). Lastly, we will introduce a data structure

which allows more efficient compression/decompression, discussed in §6.4.
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Figure 6.2: Diagram that illustrates a Transformer layer with VIP-token centric
sequence compression.

6.2.1 Elevating the Importance of a Few Tokens: VIP-Tokens

Let us start with the simplest compression, which identifies a linear transformation
S € RR*N which acts on the input, resulting in a smaller representation SX € RR*P.
Of course, a smaller R implies that more information about X is lost. But we find
that in many tasks, only the embedding representations of a few tokens drive the
final prediction: we refer to these tokens as VIP-fokens.

Examples of VIP-tokens: Observe that only the embedding outputs of masked
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tokens in masked language modeling Devlin et al. (2019) and the CLS token in
sequence classification Devlin et al. (2019); Dosovitskiy et al. (2021) are/is used
for prediction. In question answering, only the questions and possible answers
associated with the questions are used for prediction. It is important to note that the
masked tokens, CLS tokens, and question tokens are (1) defined by the tasks and
(2) known to the model (although the embedding representation of these tokens are
unknown). These VIP-tokens can be viewed as a task or question that is given to
the model. The model can process the sequence with a specific goal in mind so that
the model can skip/skim less relevant segments. Our general principle involves
choosing a set of tokens as the VIP-tokens that (1) are important to the specific task
goals and (2) easily pre-identifiable by the user.

Caveats. Not all important tokens can be pre-identified. For example, the tokens in
the correct answer span in answer span prediction are also important to the specific
goals, but are difficult to pre-identify, so only the question tokens (and not the
answer tokens) are used as VIP-tokens. We assume that any other tokens that are
relevant for prediction should have high dependency with these VIP-tokens. For
example, the answer tokens should have high dependency (in self-attention) with
respect to the question tokens.

VIP-tokens occupy the front seats. VIP-tokens can occur anywhere within a
sequence. But we can re-order the sequence as well as the positional encodings so
that VIP-tokens are always at the head of sequence to make analysis/implementation
easier. With this layout, let P € RN»*P be the VIP-tokens and C € RN<*P be the

non-VIP/remaining tokens, X can be expressed as

P
C

X = (6.1)

This is possible since the Transformer model is permutation invariant when permut-
ing positional encodings (embeddings or IDs) along with tokens. This re-ordering
is performed only once for the input of the Transformer model, then the outputs

generated by the model are rearranged to their original positions. Re-ordering
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makes the analysis, implementation and presentation of our method much clearer
and simpler. In fact, placing VIP tokens at the end of the sequence can also serve

the same purpose.

From the above discussion, it is clear that one needs to make sure that after com-
pressing the input tokens X, the VIP-tokens must still stay (more or less) the same,
and the compression matrix S must be VIP-token dependent. We hypothesize that
such VIP-token dependent compression matrices require a much smaller dimension

R, compared to VIP-token agnostic compression matrices.

6.2.2 VIP-Token Centric Compression (VCC): An Initial Proposal

For a Transformer block, let X denote its input matrix. Express the output of this

block as follows:
Xnew = STG(SX) + X (6.2)

where S € R**N is a compression matrix compressing X to a smaller representation
and ST is the pseudo inverse for decompression. With the layout in (6.1), we can write

(6.2)as
=S'g (s > +

where I, .., and C,,.,, are the new embeddings for I’ and C.

P
C

P
C

Pn ew

6.3
CTLGW ( )

Always reserve seats for VIP-tokens. What is a useful structure of S? Since I, ...,
is the embedding output for the VIP-tokens I’, we want them to be fully preserved.
To achieve this, we impose the following structure on S and St:

I 0 I 0
S=|"r St — | N . (6.4)
0 S 0 Si
The rearrangement simply says that we will avoid compressing P’. But rewriting it
in this way helps us easily unpack (6.3) to check the desired functionality of S..
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Prioritize information in VIP-tokens. Our goal is to ensure that P, .., generated
from the compressed sequence in (6.3) will be similar to its counterpart from the
uncompressed sequence. Let us check (6.3) using the compression matrix S defined
in (6.4) first. We see that

In, O g P B P P P 6.5)
0 Sl S.C B Si&"(f[(ScC, SX,SX) +S.C) + SZA(SCC, SX, SX) '
The color identifies terms where P, .., with other compression-

related terms C and/or S.. We primarily care about P,,.,, in (6.3), so the first
( ) row in (6.5) is the main concern. We see that P, .,, only depends on the
compressed SX via A(P, SX, SX). We can further unpack,

A(P,SX,S8X) = exp(PX'ST)SX = exp(PPT)P + P

Again, A(P,SX, SX) depends on C and S, via the second ( ) term. Normal-
ization in softmax is omitted for simplicity of discussion. This helps us focus on the
key term that matters: P . As long as the following approximation
using S is good

exp(PC'S/)S, ~ exp(PC"), (6.6)

we will obtain a good approximation of P,,..,,. Our remaining task is to outline a

scheme of finding a compression matrix S. such that this criterion can be assured.

6.3 A Specific Instantiation via Multi-Resolution

Compression

What should be the mechanics of our compression such that (6.6) holds? In general,
to get S., we can use any sensible data driven sketching idea which minimizes the
error of (6.6).

High level idea. Ideally, an efficient scheme for constructing S. should operate as
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follows. If some regions of the sequence C have a negligible impact on (6.6) (via
the terms above), the procedure should compress the regions aggressively.
If other regions are identified to have a higher impact on (6.6) (again due to the

terms above), the procedure should scan these regions more carefully for a
more delicate compression. This suggests that procedurally a coarse-to-fine strategy
may work. For example, multi-resolution analysis discussed in Chapter 5 does help
in approximating self-attention matrices in Transformers, but the formulation in
Chapter 5 cannot be easily written in a form similar to (6.6), making it incompatible
with our design. Nonetheless, we derive an analogous form in §6.3.1 that can be

represented in a similar form as (6.6) and gives a strategy for obtaining S.C.

Specifically, let us define a compressed representation (via averaging) of the x-th
s-length segment of sequence C: ¢ € RP

1
Cox 1= 5 I (e (6.7)

sx—s<i<sx

where s € {k% k!, k?,---,N_.} assuming N is a power of kand x € {1,2,--- ,N./s}.
We fix the increment ratio k = 2 for simplicity of discussion. The s represents
the resolution of the approximation: it represents the number of non-VIP token
embeddings being averaged into a vector c; . Higher s (e.g., s = 8 in ¢g in Figure
6.3) means lower resolution and heavier compression of the corresponding segment.
The x represents the location of the s-length segment within the sequence C. In our
scheme, we compress the sequence C and use a set of ¢, for some selected s’s and
x’s as the rows of the compressed S.C as seen in Figure 6.3. The sequence C is broken
into multiple segments of different lengths, then each segment is compressed into

a vector ¢; .

Procedurally, as shown in Figure 6.3, our scheme starts with the heaviest compres-
sion and progressively refines certain segments of C guided by the VIP-tokens
P. The scheme starts with the heaviest compression that treats C as a N.-length
segment and compresses it to a single ¢} ¢. Then, starting with s = N, (root node),
the procedure (1) computes the averaged attention scores between VIP-tokens
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P and c}’s for different x’s (averaged over all attention heads and all VIP-tokens;
only one c; © at level s = N.). We note that the attention scores are obtained by
extracting attention matrices from the MHA module of the current Transformer
layer when using P as queries and ¢}’s as keys. Then, it (2) splits the s-length
segments, represented as ¢}, with higher averaged attention scores (one segment
is split in Figure 6.3 but we might split more segments, again only one ¢y, at
level s = N.) into (s/2)-length sub-segments: the corresponding c; > (6.7) of each
sub-segment is computed for finer representation. Then, at next level for s = N./2,
the same procedure proceeds. This process continues until the sub-segments have
length 1. We note that this procedure is guided by the VIP-tokens I’ and designed
to maximally reduce the error of approximating (6.6). No additional learnable
parameters are introduced for this scheme.

C |[C],||[Cl,| |[Cl;5| [[Cl4} |[C]s| |[Clg| [[C]| [[Clg

c8 P
1
/ \
C? P c,
/ \ .0.
c P e
“‘ ‘ ‘ :.
2 1 1 4
SCl¢er|[c|l el

Figure 6.3: Illustration of multi-resolution compression. n. = 8. Purple line:
compute attention scores between P and different segments. Green arrow: segment
with higher attention score is split into two sub-segments. Accordingly, S.C =

T,
(¢} ¢ ¢ ] isconstructed.
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6.3.1 Deviation of Multi-Resolution Compression

In this subsection, we describe the technical details of a modified formulation of

Chapter 5 to construct S.C and corresponding S, satisfying good approximation of
exp(PC'S/)S, ~ exp(PCT). (6.8)

6.3.1.1 Basic Problem Setup

Let b, € RN be a multi-resolution component defined as

if sx —s <1i<sx

[bs,x]i = (69)

1
S
0 otherwise

for s € {k% k!, k?,--- , N} assuming N, is a power of k (we assume k = 2 for simi-
plicity). Here, s and x represent the scaling and translation (similar to the concepts
in wavelet basis) of the component, respectively. Figure 6.4 is the visualization of
b -

0.010

% 0.005

[

Ii
=
© | —

SX — 8 J

0.000

0 100 200 300 400 500
i

Figure 6.4: Visualization of b, , for a specific scaling s and translation x.

Then, any 1D signal f € RNe can be represented as a linear combination of by ,:
f= Z Cs,xbs,x
S, X

where c;  are the coefficients for the linear combination. For a signal with multi-

resolution structure (that is, signal has high frequency in some regions and has low
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frequency in other regions), we can find an approximation f* that can be expressed
as a sparse linear combination where most coefficients are zeros, as shown in Figure
6.5.

frt =) cobox (6.10)
bsx €l

We denote J as the set of major components b , corresponding to the large coef-
ficients, that is, J := {bs | |cs«| being large}. Since the set of all possible by is
an over-complete dictionary, there are multiple possible linear combinations. To
reduce the search space of the best set J, we place a mild restriction on the set J:

D> bex| #0 Vi (b, berx) =0 Vb, b €J,bgy #be (6.11)

bs,x el i

The conditions state that each entry of signal f is included in the support region of
exactly one component in J. With these tools, we will first describe the approxima-
tion when J is given, then discuss how the approximation connects the set J to our
target S. and S.C. Finally, we will discuss how to construct this J.

0.5
= —— signal
=00 W
0.5
= —— approx
=00 W

0 100 200 300 400 500
X

Figure 6.5: An example of approximating an 1D signal using a truncated wavelet
transform with components defined in (6.9). It uses a set J of size 79 to represent a
signal in R>'2,

6.3.1.2 Plugging Our Problem into the Setup

Chapter 5 shows that the self-attention matrix exp(XX") has the multi-resolution

structure discussed above. Since exp(PC") is a sub-matrix of exp(XX"), we conjec-
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ture that the multi-resolution structure also holds in exp(PCT). As a result, we can
find a sparse combination of b x to represent rows of exp(PC").

Claim 6.1. Given the set JJ satisfying restriction (6.11), we can define an approximation of
the i-th row of exp(PC") similar to (6.10) as illustrated in Figure 6.5

[exp (PCT) } Z Csxbsx

sxeq]]

where c  is the optimal solution that minimizes

2

H [exp(PCT)], — [exp/(I%T)*}

ill2

Then, the approximation can be written as:

exp(PCT) | = ([exp(PCT], by (6.12)

i

where b x € J is the component that is supported on j (a.k.a. [bsyl; # 0 and there is
exactly one by, € J satisfy this condition due to restriction (6.11)).

Proof. If J is given, let B € RN<*1!l be a matrix whose columns are elements b € J
and let ¢ € R be a vector whose entries are the corresponding c :

B:= [b51,X1 sz,Xz T bS|J|/X\J\:|
T
¢:= [Csl,xl Csyxp *°° CS\J\/X\J\}

then the approximation can be expressed as

[exp (PCT) } Z Csxbsx = Bc

SXEJ

If we solve for
¢ :=argmin |[exp(PCT)], — BF||
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then
c=(B"B)'B' [exp(PC")]

i

Due to the restriction (6.11), the columns of B are orthogonal, so B'Bisa diagonal

matrix:
1/81
B'B = /s,
1/sp
We can also write down B [exp(PCT)} .
([exp(PCT)],, b )
([exp(PCT)],, bs,x,)

B' [exp(PCT)], =

( [exp(PCT)} Py

Putting everything together, we have

BC — Slb51/X1 52b52/X2 tee SlJ‘bSIJI'XHH] ) i SZ,X2> (6-13)

( [exp(PCT)} i by )

We note that sb, . simply re-scales the entry of b,  such that any non-zero entry
becomes 1. Then, let us consider the j-th entry of Bc. Due to the restriction (6.11),
we have exactly one b , € J whose support region contains j, so the j-th row of the
first matrix on the right hand side of (6.13) contains exactly one 1 and the remaining

entries are 0. Therefore, we have

[exp/(I%T)*} = [Bd]; = ([exp(PCT)],, bsx)

1)

where b, € J is the component that is supported on j, which concludes our proof.
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6.3.1.3 Efficient Approximation

Note that computing (6.12) for all j would require access to the entire [exp(PCT)]..

i
We exploit the same strategy as described in Chapter 5, so the exponential of the
inner product is used as an approximation to the inner product of the exponential.

[exp/(_IET)] =exp(([PC"] L bsx) (6.14)

i

We note that ([PC']., by is the local average of the support region of b x, which

i

is also the x-th s-length segment of sequence [PCT]

i

1
<[PCT]11 bs,x) = Z [PCT} i,j

s
[bex];0

By using some arithmetic manipulations, (6.14) can be efficiently computed

expl(([PCTIbo) =expls Y [PCT] ) =expls Y ([P, (C)))

[bgJ; 70 (bsx); 70

1 (6.15)
= eXp(([P]l ; Z [C]J>) - eXp((H’L /Cs,x>)
S banl; 0
where c; 4 is defined in (6.7):
1
Csx ‘= g Z [C]l - bs,xC (616)

sSX—s<i<sx

We note that ¢« is the local average of the x-th s-length segment of sequence C.

The ¢ x can be efficiently computed via

1 1
CZS = _Cixfl + _Cix C}c = [C]

Y= : (6.17)
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Claim 6.2. Given the set ] satisfying restriction (6.11), let S. be be a matrix whose rows
are elements bg , € J

be gy St

Then,
exp(PC'S/)DS. = exp(PCT)

—

where exp(PCT) is defined as (6.14).
Proof. Consider the i-th row of exp(PC'S/),

[exp(P(SCC)T)]i = exp([P; (S.CO)")
= eXP([P]i [Csl,xl Csoxy *°° Csuﬂ,xuﬂ])

= [expltP) eum) - explUP e ,))]
Then, we have

Slbsl,xl
[exp(P(ScC)TIDS.], = [exp({[P];, cu)) - exp({[Pl; sy, ))]
S101Ps 3

(6.18)

We note that sb; « simply re-scales the entry of b,  such that any non-zero entry
becomes 1. Then, let us consider j-th entry of [exp(PC'S[)DS.|.. Due to the
restriction (6.11), we have exactly one b, € J whose support region contains j,

so the j-th column of the second matrix in the right hand side of (6.18) contains
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exactly one 1 and the remaining entries are 0. Therefore, we have
[exp(P(S:C)IDS.], | = exp({[P; , €sx)) = exp({[PCT Ty, b)) = |exp(PCT)]

1)

where b, € J is the component that is supported on j. The second equality is
based on (6.15).

]

Claim 6.3. If S. and D are defined as Claim 6.2, the pseudo inverse of S. is simply
S! = S.!D, so each row of S! and ST contain exactly one 1 (so the number of nonzero

entries of SI and ST are N and n respectively).

Proof. Since each row of S, is some b, € J, due to the restriction (6.11), for i # j,

[8:5ID], = (1Scl;, DScly) = (bayve, Sibax) = 51 =1

S

[SCSID} i = <[Sc]1 ’ [DSC])> = <bsi,xi/ Sjbsj,xi> — SjO =0
As aresult, S.S!D = L. Further, S/ DS, is a symmetric matrix. So, all Moore-
Penrose conditions are verified. S{ = S/ D.

From the restriction (6.11), we have every column of S. contains exactly a non-zero

entry. Also,
T
S—(i; = SC D = Slbsl,Xl szbSZ,Xz e S‘J|bs“m,x‘m

Since the non-zero entry of b, is simply 1 by definition, sb simply re-scales the
entry of b x such that any non-zero entry becomes 1. As a result, each row of S{
has exactly one 1. Also, by the relation between S and S.:

S = In, 0 st — In, O
0 S. 0 S

each row of S has exactly one 1.



135

At the end, the approximation
exp/(I%T) =exp(PC'S/)DS. ~ exp(PC") (6.19)

does not look exactly as (6.8), but we can insert a simple diagonal matrix D to the
formulation (6.8) and make the whole thing work.

6.3.1.4 How to Construct J for S. and S.C?

The derivation so far assumes access to J, but in practice, we have no knowledge of
J and need to construct J that leads to good approximation. With the approxima-
tion scheme in place, we can now analyze the approximation error, which will be
leveraged later to find a reasonable set of components J. The approximation error
of i-th row of exp(PC") can be expressed as

_ 2
&= H [exp(PC)]. — [exp(PCT)]

illF

— Z exp(PCT)], — [exp/(I%T)} )

1)

Z Z lexp(PC")] —exp(([PCTL,bS,XM)2

b x€J [bs,x]; 70
= Y exp(([PCT],bex)) D> (exp([PCT],, —([PCT] ,bsy)) — 1)
bsx €l (bsx);#0
= Y exp(([Pl;,esx)) D (exp(([Pl;, [C;) — ([Pl €o)) — 1)
bex€J (byx);#0
= Z exp({[P;, csx)) Z (exp({ [Cl; — o)) — 1)
by €l (byx);#0

The second equality and fourth equality are due to (6.11) and (6.15). The approxi-
mation error is governed by two components multiplied together: attention score
between [P]; and the local average c;  of the x-th s-length segment of sequence C
and the inner product of [P’]; with the amount of deviation of [C]; from its local
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average ¢ . When s = 1, the deviation is simply zero:

It is reasonable to assume that the deviation [C]]. — s x is smaller if s is smaller.

Note that this approximation error is similar to the error of MRA-Attention dis-
cussed in Chapter 5, so a similar algorithm for constructing J can be derived follow-
ing the algorithm discussed in Chapter 5: when exp(([P]; , ¢5x)) is large, we should
approximate the x-th s-length segment of C with higher resolution (by splitting the
segment to shorter sub-segments and using finer approximation). This heuristic
describes the selection criteria for one row of exp(PC"), which corresponds to a
single VIP-token, for multiple rows of exp(PC") (for multiple VIP-tokens), we

simply use
Hsx = Z exp(([P];, csx)) (6.20)
i=1

as selection criteria since J is shared by all VIP-tokens.

The construction of J is described in Algorithm 3. This algorithm describes the same
procedure as the Figure 6.3. The b, s in J are the rows of S, and the corresponding
Csx’s (6.16) are the rows of S.C. The budgets h,, hy, - - - , hn, required by Algorithm
3 is used determine the number of components at each resolution that will be added
to J. Specifically, there are 2h,; — hy number of components b$ for s # 1 based on
simple calculations. We can choose budgets such that the final size of Jis R — N,

to make the length of compressed sequence to be R.

6.3.1.5 How Good is This Approximation?

At high level, the compression S. performs more compression on tokens that are
not relevant to the VIP-tokens and less compression to tokens that are important to
the VIP-tokens. We will now discuss it in more detail. Since each row of ST contain

exactly one 1 as stated in Claim 6.3, St can commute with 7, so in summary, we
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Algorithm 3 Constructing J

Input: VIP-tokens I’ and c§ for all s and x
Input: hs: number of s-length segments to refine for each s € {2,4,--- ,n¢}
Initialize empty J
Compute py (6.20) and add b (6.9) to J (compute root node)
fors < n¢,n./2,---,2do
Pop hs elements b§ with the largest pu§ (6.20) (select nodes with higher attention
scores)
for each b do
Compute uéiz_l, péf (6.20) and add b;iz_l, b;{z (6.9)to J (split selected nodes)
end for
end for
Output: J

can write the approximation of the computation of a Transformer layer as

A(P,8X,8X) = exp(PP")P + exp(PC'S.)DS.C
SIA(S.C,SX,SX) = S! exp(S.CP")P + S! exp(S.CC'S!)DS.C

Prow] F(A(P,SX,SX) + P) + A(P, SX, SX) P
Crew|  |F(SLA(S.C,SX,SX) + SiS.C) + SLA(S.C,SX,SX)|  |C
(6.21)

Note that D is added as discussed in (6.19).

There are four main approximation components (purple) in (6.21). Taking the
fact that DS. = (S!)", all of these approximations are row or column space multi-
resolution approximations governed by the S. matrix. High attention weight
implies higher dependency, and the procedure in Algorithm 3 refines regions with
large attention weights with higher resolutions. Therefore, the token embedding
in C that have a higher dependency with P are better approximated. The output
P, .. is well approximated by design since the approximation preserves the higher
frequency components of the subset of rows of C that has a high impact on the
output P, .,,. Further, the output in C,,.,, corresponding to the subset of rows of C
that have a higher dependency with the VIP-tokens will have a better approximation
than the remaining rows of C. This property addresses the issue that some tokens
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with unknown locations are also relevant to the final prediction of a Transformer
in some tasks. For example, in question answering tasks, candidate answers are
usually expected to have a large dependency with question tokens (VIP-tokens), so
they are approximated well as well. This approximation property is exactly what

we need.

6.4 Efficient Data Structure for De/compression

By employing the procedure in §6.3 illustrated in Figure 6.3, we can find the com-
pressed S.C with an O(N.D + RN, D) cost at each layer. The main cost O(N.D) is
due to computing c;  defined in (6.7) for all resolution s and location x by using
recursive relation from the bottom up:

1 1
Cos,x = Ecs,fol + ECS,ZX Cx = [C]X (622)

We find that these steps could introduce a large overhead. Further, note that if
we decompress (apply ST to) the output of § for the compressed sequence as in
(6.3), the cost is O(ND) since the number of nonzero entries in ST is n (more details
in §6.4.2). As a solution, we now introduce a data structure 7(-) for storing C
and C,,¢v, as shown in Figure 6.6, which enables efficient computation of ¢, and
eliminates explicit decompression. We note that this data structure is only possible
due to the specific structure of S.C constructed in §6.3. Specifically, T(C) stores c; ©
and Ac;  defined as

ACs x 1= Cos,[x/2] — Csx (6.23)

for every resolution s # N, and location x. Similarly, T7(Cy. ) stores ¢ and
Acys” where ¢ and Acg ;" are defined similar to (6.7) and (6.23) but using C e

instead of C.

Then, given T(C), any c;, can be retrieved efficiently in O(log(N.)D) cost via
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recursion:

Csx = C25,[x/2] — Acs,x = C4s,[x/4] — ACZS,[X/Z'\ - Acs,x = (624)

The only reason we need to decompress S' is that we need to obtain new repre-
sentation Cy ¢, (no decompression is needed for P, .., since I’ is uncompressed).
Suppose we have T(Cy, ¢, ), then we have an alternative way of getting C,, ., similar
to (6.24) (note that cf'¢" = [Cyewl,) without explicit decompression. The key ben-
efit of this data structure is that we can obtain T7(Cy.w) by changing some nodes in
T(C). This only needs updating O(R) nodes, and each update takes O(D) cost.

An example. We show a T(C) for N. = 8 in Figure 6.6. Let

T
S.C= [Cz,l C13 €4 C42

asin Figure 6.3. Since the segment ¢, ; is not split into sub-segments C1,1 and C12,
we have (details in §6.4.1):
i~ =Y =" — (6.25)

By rearranging (6.25), we can verify that Ac{'{", Acf's™ in T(Cyey ) stays the same
as Acy 1, Acyp in T(C) and thus do not need to be updated:

new __ _new new __ —
Ay =" — e =1 — ¢, = A,

new __ new new __ —_
A(51,2 =C1 —Cp =01 —C2= Aci

Further, we can verify that only the in Figure 6.6 will be updated.
These correspond to the nodes in Figure 6.3 that have been traversed. In
summary, for each row ¢ of S.C (a leaf node in Figure 6.3), only the node storing
A(c); and its ancestor nodes in T(C) must be updated, so the total number of nodes
(including their ancestors) being updated is O(r). Next, we can update the nodes
as follows: first, we get representations ¢;7", c's", c{'s", ¢j}s* by feeding S.C into

Transformer layer (details in §6.4.1). At level s = 1, given c{'s* and c{'{"™, we (1)
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compute c;'5* via (6.22), and then (2) compute Acy'5™ and Aci'y™ via (6.23). The
last two values are the new values for Ac; 3 and Ac;4 in T(C). At level s = 2, given
c3 " and ¢}'5" computed at previous level, we apply similar procedure to obtain
cit”, Acts™, Acys™, and the last two values are used to update two nodes in 7(C).
It becomes apparent that each node update takes O(D) cost. Putting it together:
the complexity of modifying T(C) to T7(Cpew) is O(RD).

Ac3
."'1 "’« 1 o”‘l “‘. 1 ."'1 "’« 1
Ac; Ac, Acs Acy Ac; Acg

Figure 6.6: Proposed data structure T(C)

By maintaining this data structure, we never need to materialize the entire C or
Cew in any intermediate layer, but instead we use (6.24) to construct the rows
of S.C and perform updates to T(C) to obtain Cy.,, (represented as T(Cye)) at
each intermediate layer. At the output of a Transformer, C,,,, is materialized from
T(Chew) ata O(N.D) cost via the recursion (6.24) from the bottom up.

6.4.1 Details of Efficient Data Structure

In this subsection, we describe some technical details of the data structure T(-).

6.4.1.1 Why Equation (6.25) holds?

Claim 6.4. Given the set J satisfying restriction (6.11), if bsx € J, then ¢35 — ¢ =
et — ¢gr xr for all by o satisfying the support of by s is contained in the support of b «

(the x'-th s’-length segment of C is a sub-segment of the x-th s-length segment of C).

Proof. To simplify the notations a bit, without loss of generality, we assume x = 1.
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Then, for i1 < s, consider digie

" = [Chewl; = [SIF(A(S.C, SX, SX) + S.C) + SLA(S.C, SX, SX)], + [C];
[SI], FIA(S.C,SX,SX) + S.C) + [Sf]. A(S:C,SX, SX) + c1,4

i

By Claim 6.3, S{ = S/ D and i-th row of S{ contains exactly a 1. The column that
contains 1 in the i-th row of S is exactly sbs since i is contained in the support of
exactly one components in J due to the restriction (6.11). Denote this column index
as j, then

o'tV = [F(A(S.C, SX, SX) + SCC)]]. + [A(S.C, SX, SX)]J. +c1q
Note that this holds for all 1 < s. As a result, fori,i’ <s,
et — e = [F(A(S.C, SX, SX) + SCC)]]- + [A(S.C, SX, SX)]). =i — e

Then,
new new 1 new 1 1
Cori/2] — €2 fi/2] = Ecl,zﬁ/ﬂfl + §C1,2ﬁ/21 - ECLZH/ﬂ—l - ECLZWH
1 1
= E(Cﬁze[vf/zpl — C1ri/2]-1) + E(C?,zeﬁvm — C1.2i/2])

= C?f[viv/zpl — C12[i/2]—-1

The rest follows from induction. This shows why Equation (6.25) holds.

T
6.4.1.2 How do we get ¢; 7", c1'5™, cf'f™, sV if ScC = |cy1 €13 4 | ?

Claim 6.5. We have

S:Chew = F(A(S.C,SX,SX) +S.C) + A(S.C, SX, SX) + S.C.
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And the updated representation ¢} of the corresponding ¢, (a row of S.C) is the

s, X

corresponding row of S¢Chew.
Proof. By definition,

Chew = SIF(A(S.C,SX, SX) + S.C) + SLA(S.C,SX,SX) + C
Then,

ScCrew = ScSIF(A(S:C,SX,SX) + S.C) + S.SIA(S.C,SX, SX) + S.C
= F(A(ScC, SX, SX) + S.C) + A(S.C,SX,SX) + S.C

Since the S. is the same for S.C,,.w and S.C, the second statement follows. [l

6.4.1.3 Algorithm for Modifying T(C) into T(Cy..,)

In this section, we describe the exact algorithm to update T(C) into T(Cpew). The
pseudo code is described in Algorithm 4 where ¢,  is computed via

Cs,x = C2s,[x/2] — Acs,x = C4s,[x/4] — ACZS,[X/Z‘\ - Acs,x = (626)

We use the term “dirty” in Algorithm 4 to indicate the node needs to be handled due
to node updates. This term is commonly used in computer cache implementations
to indicate that the data of a specific location has been updated and needs to be
accounted for.

6.4.2 Complexity Analysis

In this section, we will discuss the detailed complexity analysis of our proposed
method. The overall complexity of our proposed method is O(LRD? + LR?D +
[Rlog(N.)D + LRN,D + ND) when using the proposed efficient data structure.
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Algorithm 4 Computation of one Transformer layer with T(C)

Input: VIP-tokens I’ and data structure J(C)

Use Algorithm 3 to construct J but use (6.26) to retrieve ¢ x from T(C)
Construct S, S.C associated with J using Claim 6.2

Compute

Prow | F(A(P,SX,SX) + P) + A(P,SX,SX) + P
ScCnew|  |F(A(ScC,SX,SX) + S.C) + A(ScC, SX,SX) + S.C

Set T(Cnew) <+ T(C)
fors <+ 1,2,4,---n./2do
for b € Jdo
Locate row location b « in S, refer the index as j
Compute cg5" = [SCCneW]j
Mark Acg 3" dirty
end for
for dirty Acg™ do
Compute c}'¢Y ,, and update Ac'$"

2s,[x/2] 5,X
Mark Acj8r 5y dirty
end for
end for
Update 7YY

Output: VIP-tokens P, .., and data structure T(Cpew)

6.4.2.1 Preparing Input Sequence to T7(C): O(ND)

At the first layer, we need to permute the rows of X into [P’; C], which takes O(ND)
cost. Then, we process C into T(C). This requires (1) computing c; defined in
(6.17). ¢k = [C], so no compute is needed. With all ¢} given, computing all 2 takes
O(N.D/2). With all ¢ given, computing all ¢} takes O(N.D/4)... So, the cost is

O(N.D/2+N,D/4+---+ D) = O(N.D).

Then (2) computing Ac} for all s and x. Computing each Ac; takes O(D) when
given c§ and czfi /21~ The amount of cost is the same as the number of nodes in the
tree T(C), so the cost is O(N.D). Note that N. < N, so the overall complexity of
the above operations is O(ND).
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6.4.2.2 Constructing J,S.,S.C: O(LRlog(N.)D + LRN,D)

We can analyze the complexity of constructing J using Algorithm 3. There is only
one possible uNe. Then for each s, there are 2h, number of NG being computed
since there are 2 components by/? for each b;,. As a result, we need to compute
O(1 + Y_, 2h,) number of />, When c§/? is given, the cost of computing a p3/” is
O(N,D), so the overall cost of constructing J is O((1+ )_, 2hs)N, D).

Further, at each s, the size of J is increased by h since h, segments are split into 2h;
sub-segments, so the size of J is O(}__ hy). Since S, € RIR-N»)*N and |[J| = R— N,
as discussed in §6.3.1.4, O(R — N, ) = O()_, hs). We use O(R) for simplicity instead
of O(R —N,,). As a result, the overall cost of constructing J is O(RN,D).

s given. If we compute all possible ¢/ using (6.17), the

The above cost assumes cx
cost will be O(N.D) as analyzed in §6.4.2.1. However, if we employ the proposed
data structure, each ¢}’? can be retrieved in at most O(log(N,)D) time by recursively
computing (6.26). Since we need to retrieve O(1 + }__2hs) = O(R) number of c$,

the complexity of computing necessary c; is O(Rlog(N.)D).

As a result, the complexity of constructing J is O(RN,,D +Rlog(N.)D) at each layer.
When summing the cost over all layers, the complexity is O(LRN,D+LRlog(N.)D).

By Claim 6.2, the rows of S. and S.C are simply the b} € J and the corresponding
c;, which are already computed during the construction of J, so we essentially can
get these S, and S.C for free.

6.4.2.3 Computation within a Transformer Layer: O(LRD? + LR?*D)

At each layer, we need to compute

PﬂC\\'
SCCTLQW

F(A(P,SX, SX) + P) + A(P,SX, SX) + P
F(A(S.C,SX,SX) + S.C) + A(S.C,SX,SX) + S.C

(6.27)

for updating T(C). This is the part of a Transformer layer that requires heavy
computation. It can be verified that the complexity of a Transformer layer is O(ND?+
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N?D) for a input sequence of length N. Now a compressed sequence of length
R is fed into a Transformer layer, the cost is simply O(RD? + R?D). We note that
there is an additional re-scaling to plug D into exp(PC'S/ )DS, during multi-head
attention computation discussed in 6.19. However, the additional cost of applying
D is O(RD), which does not change the complexity. When summing the cost of all
layers, the overall complexity is O(LRD? + LR?D).

6.4.2.4 Updating T(C) into T(Cycv): O(LRD)

Once (6.27)is computed, we need to change T(C) into T(Cy,¢, ). The cost of changing
T(C) into T(Cpew) is O(RD) as analyzed in §6.4. For more specific analysis, let us

take a look at the first three iterations:

(1) Atthe firstiteration, there are O(2h,) number of (¢ ey )L to be computed at the
first inner for loop, and there are O(2h,) number of A(cyew ) to be updated
in the second inner for loop. Additional O(h,) number of A(cnew)%X /2] are
masked dirty.

(2) At the second iteration, there are O(2hy) number of (¢pew )2 to be computed
at the first inner for loop, and there are O(2hy + h,) number of A(cyew)? to
be updated in the second inner for loop. The second term is due to the dirty
A(cnew)z[X /21 from the first iteration. An additional O(hy + %) number of
A(cnew)‘%X /71 are masked dirty.

(3) At the third iteration, there are O(2hg) number of (¢, ew )} to be computed at
the first inner for loop, and there are O(2hg + hy + %) number of A(cpew)s to
be updated in the second inner for loop. The second and third term is due to
the dirty A(cnew )‘%X /21 from the second iteration. An additional O(hg+ % + %)

number of A(cnew)%X /2] are masked dirty.

It becomes apparent that if we sum over the number of computes of (cnew )5 and
updates of A(cnew)$, the total numberis O()_ 2hs+2) | Z;O:gl(s) ey =0O(3  he+

2)
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> . hg) = O(R). Since each compute and update takes O(D) cost, the overall com-
plexity of changing T(C) into T(Cyew) is O(RD). When summing the cost of all
layers, the overall complexity is O(LRD).

6.4.2.5 Materializing C,,¢,, from T(C,.,,) at the Last Layer: O(ND)

At the output of the last layer, we can (1) compute all c{°Y, | via (6.26) paying a
cost of O(2d), (2) compute c°Y, | via (6.26) paying a cost of O(4D)... until all ¢7'7™
are computed. Then, [C, e ], = c1x is materialized from T(C,, ¢, ) for a total cost of

O(D +2D +4D + - -- + N.D) = O(N.D).

Lastly, undoing the permutation so that [I’;,.,,; Cr,ew] are re-ordered to the original
positions has a complexity of O(ND). As a result, the overall complexity is O(ND).

In summary, the overall complexity of our method is

O(LRD? 4 LR?D + LRlog(N.)D + LRN,D + ND)

6.5 Experiments

We performed a broad set of experiments to empirically evaluate the performance
of our proposed compression. We evaluate our method on both encoder-only and
encoder-decoder architecture types. We compare our method with baselines on a
large list of question answering and summarization tasks, where we find that long
sequences occur most frequently. Then, we study the model performance of scaling
to ultra long sequences enabled by our method. While the major application of
focus is in the context of NLP tasks, we also evaluate our method on non-language
tasks.

For ease of implementation and hyperparameter selection, we restrict the rows of
S.C to have exactly two resolutions for experiments. Specifically, for a pre-defined

increment ratio k, we split and refine all segments ¢, with s > k to k-length



147

sub-segments, and select h (pre-defined) k-length segments to further split into
1-length sub-segments. So, the rows of S.C would consist of (N./k —h) of ¢ x and
hk of ¢ x for some x. To simplify the implementation, we only use the proposed
compression in the encoder, and use the vanilla computation in the decoder of
encoder-decoder models.

Further, we found a few layers of standard Transformer layers to pre-process tokens
helps the performance. Therefore, in the initial stage of a Transformer, we segment
input sequence into multiple 512-length segments. For each segment, we use vanilla
computation in the first 4 layers (for base models and 6 layers for larger models)
of a Transformer. Then, for the remaining layers, segments are concatenated back
into one sequence and processed using our proposed compression. There is no
communication among any segments, so the downstream tasks cannot be solved by
these first 4 transformer layers alone, and the initial stage is used just for getting a

reasonable representation for the compression to operate on.

6.5.1 Language Modeling

Approximation Quality of VIP-Tokens. We empirical measured the approxima-
tion quality of our VIP centric strategy compared to random strategy (the tree
growth in Figure 6.3 is not guided by VIP-tokens, but is random) and lazy strategy
(each k-length segment is compressed to a token). P, ., is the approximated repre-

new

sentation of VIP tokens computed with compression and let I’} ., be the ground

truth representation of VIP tokens computed without compression. We measure
the relative error (defined as ||P,.... — P, ll/lIP5 ... |l) and correlation coefficient

new

*
new:*

between P, .., and P As shown in Table 6.1, we can verify that the proposed

procedure indeed improves the approximation quality of VIP-tokens.

Compression Error Correlation

Random 0.403 0.919
Lazy 0.528 0.869
VIP centric 0.137 0.991

Table 6.1: Approximation quality.
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Encoder-Only Models. For encoder-only architecture, we compare our method
with RoBERTa (Liu et al., 2019a) and three strong baselines: Longformer (Beltagy
et al., 2020), Big Bird (Zaheer et al., 2020), and MRA Attention (Zeng et al., 2022).
We use HotpotQA (Yang et al., 2018), QUALITY (Pang et al., 2022), and WikiHop
(Welbl et al., 2018) to assess the language models. HotpotQA is an answer span
extraction task, while QUALITY and WikiHop are multi-choice question answering
tasks. We set questions and multi-choice answers (for QUALITY and WikiHop) as
VIP-tokens.

As shown in Table 6.2, we verify that our method is consistently better compared
to Longformer and Big Bird. Our method obtains better accuracy in QUALITY and
WikiHop compared to 4K length RoBERTa model, but it is a bit worse than 4k length
RoBERTa model on HotpotQA. More pretraining helps close the gap. We also use
WikiHop to experiment with method specific hyperparameters (such as block size
in Big Bird, window size in Longformer, and compression size R in our method).
As shown in Figure 6.7, our runtime efficiency frontier is consistently better than
the baselines. The key takeaway is that our method has a much better runtime
efficiency than baselines that have the same sequence length without sacrificing
its model performance. Further, we note that our method can be scaled to larger

models for accuracy improvement.

Method Size Length HotpotQA QuALITY WikiHop
Time EM F1 Time Accuracy Time Accuracy
RoBERTa base 512 199 351 449 212 39.0 19.6 67.6
RoBERTa base 4K 4223 622 761 4032 39.5 414.1 752
Big Bird base 4K 2979 59.5 732 307.0 38.5 293.3 74.5

Longformer base 4K 371.0 599 736 368.0 27.9 369.7 74.3
MRA Attention base 4K 2035 634 77.0 200.5 38.7 199.2 76.1

Ours base 4K 1146 609 746 1264 39.6 108.0 759
Ours-150k base 4k 1146 60.7 741 1264 39.4 108.0 76.1
Ours* base 4K 1146 614 750 125.7 39.5 108.0 76.1
Ours* large 4K 285.8 66.7 80.0 390.8 41.8 394.3 79.6

Table 6.2: Dev set results for encoder-only models.

Encoder-Decoder Models. We compare our method with T5 (Raffel et al., 2020),
LongT5 (Guo et al., 2022), and LED (Beltagy et al., 2020). We note that LED-
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Figure 6.7: Model runtime vs WikiHop dev accuracy when using different model
specific hyperparameters

base has 6 encoder/decoder layers compared to 12 encoder/decoder layers in base
models of other methods, its accuracy is usually lower. So, LED is evaluated in
limited tasks. We use HotpotQA (Yang et al., 2018), WikiHop (Welbl et al., 2018),
CNN/Dailymail (See et al., 2017), MediaSum (Zhu et al., 2021), Arxiv (Cohan et al.,
2018), and GovReport (Huang et al., 2021), SummScreenFD (Chen et al., 2022),
QMSum (Zhong et al., 2021), NarrativeQA (Kocisky et al., 2018), Qasper (Dasigi
et al., 2021), QUALITY (Pang et al., 2022), ContractNLI (Koreeda and Manning,
2021) from SCROLLS benchmark (Shaham et al., 2022), and MultiNews (Fabbri
et al., 2019) to assess the language models. For question answering tasks, we set
questions and multi-choice answers (for QUALITY and WikiHop) as VIP-tokens in
our method. For query-based summarization, such as QMSum, we use the query
as VIP-tokens in our method. For general summartization tasks, we prepend a
“summarize:” in each instance and use it as VIP-tokens in our method. The results
are shown in Table 6.3 and Table 6.4. Our method achieves matching or better
performance in most tasks compared to T5, LongT5, and LED with much higher
efficiency. Further, the performance monotonically increases with the model size,

so our method can scale to larger models.

FLOPs. Some readers might be interested in the FLOP efficiency of each method,
so we provide FLOP profiling results for some experiments. The automatic tools
that we used for calculating FLOPs is deepspeed’s FlopsProfiler. We note that the
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Method Size #Param Length MultiNews

Runtime R-1 R-2 R-L
T5 base 223M 512 59.2 /20.5 425 153 39.0
T5 base 223M 4K 651.2 / 551.8 464 182 426
LongT5 base 248M 8K 721.7 / 550.6 46.7 183 429
LED base 162M 8K 526.5 / 454.2 46.6 178 427
Ours base 223M 8K 377.0 / 224.6 464 181 427
T5 large 738M 512 180.8 / 67.0 434 156 39.8
Ours large 738M 8K 11403 /6515 482 192 442
Ours 3b 3B 8K 40945 /2696.0 489 194 447

Table 6.4: Dev results for encoder-decoder models on MultiNews.

FLOP profiling tools do not always work and may throw errors or produce incorrect
results when the code contains custom CUDA kernels. The results are summarized
in Table 6.5 and Table 6.6. x in some entries means the profiler throws errors and
cannot estimate the FLOPs numbers. Also, the profiler throws errors when we just
profile the encoders of encoder-decoder models, so the FLOP numbers in Table 6.6
are for entire models. As shown in the tables, our method has the lowest FLOPs.

Method Size Length WikiHop
Runtime GFLOPs Accuracy

RoBERTa base 512 19.6 - 67.6
RoBERTa base 4K 414.1 1317 75.2
Big Bird base 4K 293.3 790 74.5
Longformer base 4K 369.7 X 74.3
MRA Attention base 4K 199.2 697* 76.1
Ours base 4K 108.0 526 75.9

Table 6.5: Dev accuracy and FLOPs for encoder-only models. *: some calculations
are not captured by profiler, so value is underestimated.

However, we note that FLOP numbers do not always reflect practical latency reduc-
tions. Memory bandwidth and latency (which are not captured by FLOP numbers)
also play an important role in the overall latency. For example, sparse matrix mul-
tiplication (with unstructured sparsity) usually has a much lower FLOP count
than dense matrix multiplication. But, the latency reduction is only possible when
sparsity is at least 95% or more (depending on the implementation) since sparse

matrix multiplication is a memory bandwidth bounded operator.
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Method Size Length WikiHop

Runtime GFLOPs EM F1
T5 base 512 25.7 / 20.5 120 66.7 69.1
T5 base 4K 594.3 / 553.7 1449 76.2 781

LongT5 base 4K 270.7 / 233.9 948 72.7 748
LED base 4K 236.6 / 222.9 X 700 724
Ours base 4K 181.7 / 148.1 663 76.7 784

Method Size Length ContractNLI

Runtime GFLOPs EM F1
T5 base 512 24.0 /20.5 112 73,5 735
T5 base 4K 579.0 / 551.6 1437 86.8 86.8

LongT5 base 16K 1564.2 / 1462.5 4442 85.1 85.1
Ours base 16K 484.2 / 393.1 1933 87.0 87.0

Table 6.6: Dev results and FLOPs for encoder-decoder models.

Scaling to Longer Sequences. The prior experiments limit the sequence length to at
most 4K or 16K since the baselines can only be scaled up to these lengths. However,
our method can be scaled to much longer sequences. We note that NarrativeQA
(Kotisky et al., 2018) is an ideal testbed as shown in dataset statistics in Table 6.9.
The results are shown in Table 6.7. The left / middle / right values of runtime
column are for the entire model / the encoder / the last 8 layers (out of 12 layers)
that uses our compression. The performance monotonically increases as sequence
length increases. We note that for sequence length 64K, the performance of model
with k = 64 is lower than the model with k = 16. We suspect that since the
results are finetuned from the same model that is pretrained with k = 16, the
large gap between the two different k’s may have a negative impact on finetuning
performance. Nevertheless, the performance is still higher than 32K length models.

Length Runtime (ms) k h EM Fl

16K 5182 /3944 /1624 16 90 59 16.6
32K 946.8 / 671.6 /2126 32 55 6.6 175
32K 10279 /751.0 /2980 16 90 6.4 175
64K 1848.7 /11772 /2548 64 30 7.2 184
64K 22448 /15742 /6594 16 90 7.5 193
128K 6267.8 /51259 /1902.2 16 90 8.0 19.6

Table 6.7: Dev results of NarrativeQA on base model when scaling sequence length
from 16K to 128K.

Why focus on 4K - 128K lengths? We believe that the computation required
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by standard Transformers for processing shorter sequences is not an efficiency
bottleneck. As a result, we do not profile the performance of our method for
smaller length sequences, since the standard Transformers are sufficiently fast in
this case. Further, while our model can be applied to shorter sequences, we suspect
that for shorter sequences, there may be less irrelevant information for VIP-tokens.
So compressing the irrelevant information will not offer a meaningful speed up.
This is a limitation as the compression works better when there is more compressible
information. We have only pushed the sequence lengths to 128K since this length
was sufficient to cover a majority of sequence lengths encountered in long sequence

tasks (for example, our model is able to process an entire book at once).

6.5.2 Non-Language Tasks

While the focus of this method is on language tasks, the overall design does not
limit its application to other tasks as long as the assumption (“a subset of tokens
are disproportionately responsible for the model prediction” and VIP-tokens can
be reasonably selected) holds or partially holds for the tasks. As a result, we
also tested our method on the Long Range Arena (LRA) benchmark (Tay et al.,
2021) and obtained very promising performance among all baselines compared
in Zeng et al. (2022). We get slightly better performance than the top performing
baselines presented in MRA-attention, but note that we are not trying to show that
our method outperforms other baselines but to verify that our method can indeed
be applied to other tasks.

Note that there are multiple implementations and hyperparameters used in the
LRA benchmark, and comparisons across different implementations and hyperpa-
rameters is awkward. We use the same implementation and same hyperparameters
as Zeng et al. (2022). The VIP-token selection of our method in LRA experiments is
quite easy. We simply use the prepended CLS token as the only VIP token since it is
responsible for the final model classification. The results are shown in Table 6.8. All
results except for ours are directly cited from Zeng et al. (2022). Since LRA consists
of a synthetic task (ListOps), language tasks (Text, Retrieval), and vision tasks
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(Image, Pathfinder), these results can serve as preliminary evidence indicating the
potential applications of our method on other non-language tasks.

Method Listops Text Retrieval Image  Pathfinder Avg

Transformer 37.1+04  65.2+0s6 79.6+17 38.5+07 72.8+11 58.7+03
Performer 36.7+02  65.2+09 79.5+14 38.6+07 714407 58.3+01
Linformer 374+05 57.0+11 78.4+01 38.1+03 67.2+01 55.6+03
SOFT 36.3+14  65.2+00 83.3+10 35.3+13 67.7+11 57.5+05
SOFT + Conv 37.1+04  65.2+04 82.9+00 37 1+47 68.1+04 58.1+09

Nystromformer 2471175 65.7+01 80.2+03 38.8+29 73.1+01 56.5+28
Nystrom + Conv 30.6+89  65.7+02 78.9+12 43.2434 69.1+10 57.5415

YOSO 37.0+05  63.1+02 78.3+07 40.8+0s 72.9+06 58.4+03
YOSO + Conv 372+05 649112 78.5+09 44.6+07 69.5+35 59.0+11
Reformer 189424  64.9+04 782416 42 4404 68.9+1.1 54.7 +02
Longformer 372405  64.1+0n 797111 42.61m 70.7 08 58.9+01
Big Bird 3744105  64.3111 79.9+01 40.9+11 72.6+07 59.0+03
H-Transformer-1D  30.4+ss  66.0+02 80.1+04 42.1+0s 70.7 +01 57.8+18
Scatterbrain 37.5+01  64.4+03 79.6+01 38.0-+09 54.8+7s 54.9+14
MRA-2 37.2+05  65.4+01 79.6+0s6 39.5+09 73.6+04 59.0+03
MRA-2-s 37.4+05 64.3+0s 80.3+01 41.1+04 73.8+06 59.4+02
Ours 37.3+05  65.3+02 80.9+05 41.3+417 74.6+15 59.9+09

Table 6.8: Test set accuracy of LRA tasks.

6.5.3 Experiment Details

We run all experiments on NVIDIA A100 GPUs. The runtimes presented in this
section are measured runtimes of a complete training step (including both forward
and backward). For each method, we use the largest batch size that can fit into a
80GB A100 and measure the average latency of 10 steps. Then, the average latency
is divided by the batch size to get the estimated runtime for a single instance. Via
this procedure, we seek to measure the peak efficiency of each method when the

GPU is at the highest possible utilization.

Dataset statistics and hyperparameters. The statistics of the sequence lengths of
instances in each dataset are summarized in Table 6.9. The hyperparameters of all
experiments are summarized in Table 6.10. When there are multiple values in an
entry, it means we perform a hyperparameter search on these values. The amount
of search is determined by the size of datasets. If a dataset is relatively large, we

only search the learning rate. If a dataset is small, we include batch size and the
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number of epochs in search. For all tasks, if the sequence lengths are longer than
the model length m, the sequences will be truncated and only the first m tokens
will be used. For encoder-decoder models, we use greedy decoding in sequence
generations for simplicity. The maximal decoder output length, specified in Table
6.10, is set such that the maximal length covers the output lengths of more than
99% of instances. When the length needed for covering 99% of instances is greater

than 512, we just set the maximal decoder output length to 512.

Pretraining. We use a filtered The Pile dataset (Gao et al., 2020) for all pretraining
runs. Since we use public pretrained tokenizers, we want to enable the distribution
of pretraining corpus to align well with the distribution of corpus used to create
the tokenizers. As a result, we use tokens per byte as a proxy for alignment of
distributions and filter out PubMed Central, ArXiv, Github, StackExchange, DM
Mathematics (Saxton et al., 2019), Ubuntu IRC, EuroParl (Koehn, 2005), Youtube-
Subtitles, and Enron Emails (Klimt and Yang, 2004) components, which have tokens
per byte greater than 0.3. Then, the remaining corpus of The Pile dataset is used

for pretraining.

For encoder-only models, we pretrain RoBERTa for 750K steps. A batch consists of
8,192 sequences of 512 length. The masking ratio for masked language modeling
(MLM) is 15%. Then, 4K length models are continuously pretrained from the
RoBERTa checkpoints for 300k steps. The positional embeddings are extended
by duplicating the pretrained 512 positional embedding multiple times. For 4K
length RoBERTa, Longformer, Big Bird and MRA Attention, the batch size is 64, and
the masking ratio is 15%. With 15% masking ratio, there are roughly 616 masked
tokens scattering in the sequences. We find that using 616 scattered masked tokens
as VIP tokens for 4,096 length sequences might not be ideal for VIP-token centric
compression, so we use masking ratio 7.5% and batch size 128 for our method. The
number of masked tokens per sequence is reduced, and the number of total masked
token predictions remains the same during pretraining. We note that with larger
batch sizes, the wall clock pretraining runtime for our method is still smaller than

the baselines. We also show downstream finetuning on our method pretrained
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on the same number of tokens but fewer number of masked token predictions,
denoted as Ours-150k. We verify that our proposed method can be integrated into
a pretrained Transformer with some continuous pretraining. But we note that the
amount of reduction in log perplexity for our method (—0.114) during pre-training
is much larger than Longformer (—0.017) and Big Bird (—0.025) from 50K steps to
250K steps. The continuous pretraining for these baselines might have saturated
since only the self-attention is approximated while our method might require more
pretraining to adjust the parameters for a more aggressive approximation. So, we
run a larger scale pretraining for our method. For the larger scale pretraining, we
pretrain our method for 250K steps with batch size 512 and masking ratio 7.5%,
denoted with Ours* in Table 6.2.

For encoder-decoder architecture of our method, we perform continuous pretrain-
ing from the public checkpoints of T5 for 250K steps with batch size 256 using the
masked span prediction. Since each masked span (consists of multiple tokens) is
replaced by a single special token, when using masking ratio of 15%, the number
of special tokens in a sequence is not too large, and so we keep the masking ratio
of 15% unchanged. To compute the relative positional bias for self-attention in
T5, the position indices of queries and keys are needed (to calculate the position
distance between each query and key). After applying our method, the input to
the T5 block is the compressed sequence (some tokens are compressed while some
tokens remain uncompressed). For each uncompressed token, the position index
remains unchanged as its true position in the original sequence. For each new token
that represents a compressed segment, the position index is the floored average of
position indices of tokens in the segment. In this way, we can minimize the amount
of modification needed to the internals of the T5 block, and the relative attention
bias for the compressed sequence is an approximation of the attention bias for the

original sequence.
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6.6 Limitations

Our method assumes that in many tasks, a subset of tokens are disproportionately
responsible for the model prediction, the remaining non-VIP-tokens may play a
role but are less critical. Our method excels specifically on such tasks by selectively
locating relevant information in the sequence for the given VIP-tokens. As the
experiments show, this choice is effective in many cases but this behavior is not
universal. Occasionally, an embedding is pre-computed which must then serve
multiple tasks concurrently, e.g., both text retrieval and natural language inference.
In this case, if we do not know the tasks beforehand, VIP-token selection cannot be
meaningfully performed. Further, VIP-token selection requires some understanding
of the tasks. However, we believe that a reasonable selection can be made with some
generic knowledge for most tasks or use cases. For example, for question answering
tasks, we just use questions as VIP-tokens. For classification tasks (for example,
Long Range Arane benchmark shown in Table 6.8), we simply use CLS token as the
VIP-token since only CLS token is used for final prediction. For masked language
modeling, we use the masked tokens as the VIP-tokens since only these masked
tokens are used for final prediction. For question answering, the question tokens
(and candidate tokens for multi-choice QA) are used as the VIP-tokens since they
(1) are important to the specific task goals and (2) easily pre-identifiable by the
user. In the worst case, if there is no obvious token to be selected, we can prepend
some learnable “latent” tokens or certain user commands (such as “summarize” for
summarization tasks as we used in our experiments) and use them as VIP-tokens
(in fact, CLS tokens can be thought of as these learnable tokens).

To reduce the complexity of our implementation, the method is currently setup
for the encoder module of the Transformer that assumes full access to the entire
sequence. The proposed compression might be extended to approximate the com-
putation in the decoder, but it needs more implementation work, so we leave it as
future work. Consequently, the current implementation is less useful for decoder-
only models. Having said that, there are still clear opportunities for decoder-only
models, which are left as our future work. We briefly describe three possible options
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to do so. (1) We can use the input tokens of the decoder as VIP-tokens to compress
the representations of context sequence generated by the encoder before Cross
Attention computation to reduce the cost of Cross Attention. (2) Auto-regressive
decoding operates using Causal Attention at each step. This Causal Attention oper-
ation requires memory and computation that is linear in the length of the prefix.
We can keep the same Causal Attention VIP-token (the representation of the token
currently being generated) and apply our method to compress the representations
of the previously generated tokens. This reduces the linear complexity of the Causal
Attention operation to sublinear. This is useful for reducing the cost of inference.
For training, we can break the sequence into two segments: prefix segment and de-
coding segment. Then, we can use the proposed compression in the prefix segment
and vanilla computation in decoding segment. To prevent look ahead to the future
tokens, we might only use the first token in the decoding segment as VIP-token. (3)
In many cases, the current large language models (LLMs) are not used directly to
generate an ultra long text. Rather, the requirements for processing ultra longer
context manifests due to the need to incorporate user input and previous LLM
responses (like ChatGPT) or to incorporate search results (such as New Bing). In
these cases, there is a prefix context, and LLMs will generate text based on the
user prompt and prefix context. We note that our method can indeed be applied to
compress the prefix context, and the user prompt and currently generated tokens
will be the VIP-tokens.

6.7 Summary

The goal of this chapter was to develop an algorithm which enables Transformer
models to process ultra long sequences efficiently. We extended the idea described
in Chapter 5 for approximating self-attention to reduce the overall cost of both MHA
and FFN. Specifically, we developed a VIP-token centric sequence compression
method to compress/decompress the input/output sequences of Transformer layers
thereby reducing the complexity dependency on the sequence length N without

sacrificing the model accuracy. Our empirical evaluation shows that our method
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can be directly incorporated into existing pretrained models with some additional
training. Also, it often has much higher efficiency compared to baselines with
the same sequence length while offering better or competitive model accuracy. A
preliminary version of this chapter was published as (Zeng et al., 2023b) and the
codebase is available at https://github.com/mlpen/vcc.


https://github.com/mlpen/vcc
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7 LOW PRECISION INTEGER COMPUTATION FOR GENERAL

MATRIX MULTIPLY

In the previous chapters, we discussed efficiency strategies for different modules
of a Transformer model. In this chapter, we will focus on the efficiency of the
fundamental operator of Transformer models: GEneral Matrix Multiply (GEMM),
upon which all compute-heavy operations are built. Calculating the product of
two matrices using GEMM is one of the most widely used operations in modern
machine learning. Given matrices A and B of size N x D and H x D respectively,
the output of a GEMM is calculated as

C=AB'

Choosing the appropriate numerical precision or data type (FP32, FP16, or BF16)
for GEMM is often important, and hinges on several factors including the specific
application, characteristics of the data, model architecture, as well as numerical
behavior such as convergence. This choice affects compute and memory efficiency
most directly, since a disproportionately large chunk of the compute footprint of
a model involves the GEMM operator. A good example is the large improvement
in latency and memory achieved via low bit-width GEMM, and made possible
due to extensive ongoing work on quantization (to low bit-width data types) and
low-precision training (Banner et al., 2019; Nagel et al., 2019; Kim et al., 2021;
Dettmers et al., 2022; Li and Gu, 2023; Xiao et al., 2023; Dettmers et al., 2022; Liu
et al., 2023b,a; Lin et al., 2022; Li and Gu, 2023; Yuan et al., 2021; Ding et al., 2022; Li
et al., 2023a; Wang et al., 2018b; Wu et al., 2018; Zhu et al., 2020; Wortsman et al.,
2023). Integer quantization is being actively pursued for inference efficiency, and
the use of low bit-width integers is universal to deliver the efficiency gains. However,
this strategy often incurs large rounding errors when representing all matrix entries
as low bit-width integers, and explains the drop in performance and thereby, a
need for error correction techniques (Frantar et al., 2023; Xiao et al., 2023; Chee



163

et al., 2023; Adepu et al., 2024). So how much of the performance degradation is
due to (a) rounding to integers versus (b) restricting to low bit-width integers?
To answer this question, it appears worthwhile to check whether integer GEMMs
will achieve parity without sophisticated techniques (for the inference stage, and
more aspirationally, for training) for popular models if we do not restrict to low

bit-width integers.

In this chapter, we discuss our work on low precision integer computation for
Transformer models. The starting point of our work is to first experimentally
verify that the aforementioned hypothesis — that integer GEMM may work — is
true (see §7.1). But by itself, this finding offers no value proposition for efficiency.
Nonetheless, this experiment is useful for the following reason. For a particular
class of models (e.g., Transformers), we can easily contrast the corresponding input
matrices A and B between (a) integer GEMM and (b) low bit-width integer GEMM
and probe if any meaningful structure can be exploited. While there is a clear
difference in the outputs of (a) integer GEMM versus (b) low bit-width integer
GEMM, we find that a large majority of entries of A and B can be represented using
low bit-width integers — and the difference in the outputs can be attributed to a
few heavy hitter entries in A and B, that cannot be represented using low bit-width
integers. Other works have also run into this issue of “outliers” and use high
precision (Dettmers et al., 2022) or a separate quantization for these entries (Yuan
et al., 2021; Xiao et al., 2023). Based on the observation that we can represent a
large integer by a series of smaller integers, our algorithm, Integer Matrix Unpack
(IM-Unpack), enables unpacking any integer into a series of low-bit integers. The
benefit is that the calculation can be carried out entirely using low bit-width integer
arithmetic and thus unifies calculations needed for heavy hitters and the other
entries (already amenable to low-bit integer arithmetic). Specifically, IM-Unpack
unpacks an integer matrix such that all values of the unpacked matrices always stay
within the representable range of low bit-width integers (bit-width can be chosen
arbitrarily, as low as two). We obtain the exact result of the original integer GEMM
using purely low bit-width integer GEMMSs. Since the bit-width of integer arithmetic
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is independent of the actual range of the original matrices, the construction will
simplify the hardware/compiler support by only needing support for one specific
bit-width. The structure/contributions of this chapter is shown in Figure 7.1.

Efficacy of Integers

Figure 7.1: Overall [llustration. We verify the Efficacy of Integers (Contribution 1)
in §7.1, but note that the integer matrices contain heavy hitters (§7.2). Then, we
describe our proposed algorithm, IM-Unpack (Contribution 2), to resolve these
heavy hitters in §7.3.

Notations. We first define notations for all relevant GEMMSs. For the linear layer,
let the input activation and parameter matrix be X and W. Let the query, key, value
matrices needed in self-attention be Q, K, V. Below, we itemize all GEMMs used in
a Transformer model discussed in §2.2:

Y=XW' P=QK' O=MV

where M is the attention score between Q and K defined as M = softmax(P) (omit-
ting scaling factors). Now, given the gradient for Y, P, O denoted as Vy, Vp, Vo,
the other gradients are calculated via GEMMs as well:

Vx=VyW Vgo=VpK Vy=VoV'
Vw=VyX Vgk=V;Q Vy=M'V,

These notations will help refer to each type of GEMM later.

7.1 Round to Nearest: What do we lose?

Let us start by using the simplest Rounding To Nearest (RTN) to map FP to integers,
and check the extent to which integer GEMMs work satisfactorily for both training
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and inference, if we do not restrict to low bit-width integers. Specifically, for matrix

A, all entries of A are quantized via
A, =round (0.5 /x,(A)A) (7.1)

where «,,(A) gives the p-th percentile based on the magnitude of entries in A, i.e.,
p% of entries in A fall in the interval [—o, (A), ¢, (A)]. We only need «,(A) as a
meaningful estimate of the approximate range of values, and so we set p = 95% for
all experiments except a few cases noted explicitly. The hyperparameter {3 is the
number of distinct integers that we want to use to encode values that are within
[—op (A), &y (A)]. Then, after quantization, the GEMM for the original matrices can
be approximated (because we incur a rounding error) in the quantized domain
using integer GEMMs. The approximated GEMM is computed using the quantized

A and B:
op (Ao, (B)

€~ 05pP

AqB, (7.2)

The scaling factor in (7.2) is used to undo the scaling in (7.1). Here, Aqu is an
integer GEMM, as desired. For notational simplicity, if clear from context, we will
drop the q subscript from A and B.

Why Use Percentiles? We need a way of mapping the actual range of values in a
floating point matrix to an integer range. In this process, we should ensure that
most values fall within the desired range and fill up the representable range as
much as possible, so we need a statistic to estimate the range of values in a FP matrix.
We compared percentile and standard deviation and inspected different parameter
matrices W and the corresponding inputs X in the LLaMA-7B model (Touvron
et al., 2023). The outlier problem in W is moderate: we can see in Table 7.1, that
both standard deviation and percentile estimates are stable across columns. On the
other hand, the outliers in X are a bit more problematic and include a few entries
that are much larger than the non-outliers. The estimation of standard deviation
varies much more as shown in Table 7.1: even removing an extremely small subset

of the largest outliers can sizably alter the estimates. In contrast, the percentile is
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more stable. As a result, we choose percentile as the estimation of value range.

Number of Largest Outliers Removed 0 10 102 10°

w Standard Deviation 0.0082 0.0082 0.0082  0.0082
95-Percentile 0.0177 0.0177 0.0177 0.0177

X Standard Deviation 0.0330 0.0327 0.0320 0.0214
95-Percentile 0.0280 0.0280 0.0280 0.0278

Table 7.1: Standard deviation vs percentile when removing largest outliers. X has
2.25 x 107 entries and W has 1.68 x 107 entries.

In §7.1.1-87.1.2, we evaluate the efficacy of integer GEMMs as a replacement to FP
GEMMs by evaluating how well simple RTN works for inference and training (error
analysis of RTN is discussed in §7.1.3). We do not strictly constrain the quantized
integers to be within the representable range of certain bit-widths (the maximal
value of quantized integers can be very large, up to maximum of INT32), so we
use INT without specifying bit-width to denote the data type used in RTN in these
subsections. The use of integers with specific bit-widths will be discussed later in
§7.2-87.3.

7.1.1 Efficacy of Integers: Inference

A majority of the literature on quantized low precision calculations focuses on
inference efficiency (Frantar et al., 2023; Chee et al., 2023; Liu et al., 2023a; Yuan
et al., 2021; Frantar et al., 2023; Chee et al., 2023; Liu et al., 2023a; Yuan et al.,
2021; Lin et al., 2022; Li and Gu, 2023; Yuan et al., 2021; Ding et al., 2022; Li et al.,
2023a). Here, given a trained model, quantization seeks to reduce the precision of
parameters and input activations to low precision. This allows faster low precision
arithmetic for compute efficiency while maintaining model performance. So, we
first evaluate how well RTN preserves model performance compared to baselines
in this inference regime using downstream tasks: ARC (Clark et al., 2018), BoolQ
(Clark et al., 2019), HellaSwag (Zellers et al., 2019a), PIQA (Bisk et al., 2020), and
WinoGrande (Sakaguchi et al., 2021). Most quantization schemes for LLMs focus
on quantizing GEMMs in the Linear layers, while quantization methods for Vision
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Transformers are more ambitious and quantize all GEMMs in a Transformer. We

follow this convention for baselines, but present all variants for RTN.

Quantize Parameters Only. One direction of quantization research focuses on
quantizing the parameters for better storage and memory usage. We also evaluate
how well RTN works for storage and memory efficiency. After quantization, the
quantized W usually contains a few hundreds of distinct integers. Simply rep-
resenting W, in plain integer format would not be efficient and usually requires
larger than 8 bits per value for memory. By inspecting the value distribution of Wy,
we found that some values occur much more frequently than others, which creates
a clear opportunity for compression. We simply apply Huffman Encoding (HE),
which was also used in (Han et al., 2016) to compress models for memory efficiency,
to use shorter encoding for more frequent values. As shown in Table 7.2, with
RTN and HE, we are able to significantly reduce the average bits per value with
small or no performance degradation and this leads to significantly better efficiency
compared to baselines (Frantar et al., 2023; Chee et al., 2023; Liu et al., 2023a; Yuan

et al., 2021) for both Transformer based LLMs and Vision Transformers.

Quantize GEMMs in Linear layers. It is common Xiao et al. (2023); Liu et al.
(2023a) to try and quantize the weight and input activation of linear layers to low
precision for compute efficiency. We summarize our comparisons in Table 7.3. Here,
we compare RTN to (Xiao et al., 2023; Dettmers et al., 2022; Liu et al., 2023b,a).
As shown in Table 7.3, a simple RTN works remarkably well compared to other
baselines. We use INT as a data type for RTN here; in §7.3, we show that we can
compute integer GEMMs of any bit-widths using arbitrarily low bit-width GEMMs.

Quantize all GEMMs. A more ambitious goal is to quantize every GEMM in a
Transformer model for higher efficiency. The comparison results with (Lin et al.,
2022; Li and Gu, 2023; Yuan et al., 2021; Ding et al., 2022; Li et al., 2023a) are
summarized in Table 7.4. We can draw a similar conclusion that a simple RTN

offers strong performance.

More Empirical Results on LLM Quantization. To evaluate how well RTN works
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Method B Bits ARC-c ARC-e BoolQ HS PIQA WG

Full-Precision - 16 43.1 76.3 778 572 78.0 68.8

g GPTQ - 4 374 72.7 733 549 779 679

< LLM-FP4 - 4 404 749 742 558 778 699

> QulP - 2 23 48 503 340 618 526
=

~  RTN+HE 5 25 39.3 72.8 69.9 534 749 664

7 29 42.6 739 723 559 770 674

11 35 43.9 76.1 773 563 773 693

15 4.0 43.0 75.7 775 570 780 692

31 5.0 42.7 76.1 76.1 573 773 693

Method B Bits Tiny Small Base Large Huge

Full-Precision - 32 75.5 81.4 85.1 85.8 87.6

PTQ4VIT - 3 183 362 214 813 789

E RTN+HE 1.8 0.5 8.3 63.6 81.9 83.3

29 63.6 76.7 83.6 85.4 87.2

3
5 24 38.2 69.0 81.1 84.9 86.7
7
15 4.0 73.4 80.5 84.8 85.7 87.6

Table 7.2: Inference: Comparison on LLaMA-7B zero-shot performance and ViT
ImageNet classification when only quantize parameters. HS: HellaSwag, WG:
WinoGrande.

on the inference of different models and different model sizes, we also run experi-
ments on LLaMA-13B (Touvron et al., 2023), Mistral-7B (Jiang et al., 2023), and
Phi-2 (Javaheripi et al., 2023). The results are summarized in Table 7.5, Table 7.6,
and Table 7.7. To minimize code change, we only evaluate the quantization of linear
layers, as in other quantization works (Xiao et al., 2023; Dettmers et al., 2022; Liu
et al., 2023b,a), for Mistral-7B and and Phi-2.

7.1.2 Efficacy of Integers: Training

The transition from FP32 to FP16 and BF16 for GEMMs has doubled the compute
efficiency of modern deep learning models. However, far fewer efforts have focused
on low precision training (relative to inference) and this usually requires more
sophisticated modifications (Wang et al., 2018b; Wu et al., 2018; Zhu et al., 2020;
Wortsman et al., 2023). In this subsection, we evaluate how well quantizing all

GEMMs (both forward pass and backward pass) using RTN works for training
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Method B Type ARC-c ARC-e BoolQ HS PIQA WG

Full-Precision - BF16 43.1 76.3 77.8 572 78.0 68.8

- LLM.int8() - INT8' 438 755 778 574 776 687

B SmoothQuant - INT8 374 744 740 55.0 775 69.6

< LLM-QAT - INT4 302 503 635 556 643 529

% LLM-FP4 - FP4 336 659 642 478 735 63.7
—

— RIN 5 INT 393 728 699 534 749 66.4

7 INT 426 739 723 559 770 674

11 INT 439 761 773 563 773 693

15 INT 430 757 775 57.0 780 692

31 INT 427 761 761 573 773 693

Method B Type Tiny Small Base Large Huge

. Full-Precision - FP32 755 814 851 85.8 87.6

= RTN INT 3.9 369 787 836 85.3

5
7 INT 410 709 828 849 86.7
15 INT 714 798 846 8.6 875

Table 7.3: Inference: Comparison on LLaMA-7B zero-shot performance and ViT
ImageNet classification when using quantized computations in all linear layers.
The super-script ¥ indicates that LLM.int8() uses mixed-precision (INT8+FP16) to
process outliers using FP16.

Method B Type ARC-c ARC-e BoolQ HS PIQA WG
@ Full-Precision - BFl6 43.1 763 778 572 780 688
< RIN 5 INT 235 343 548 325 576 497
% 7 INT 342 640 646 501 703 612
= 11 INT 416 724 687 551 754 65.1
15 INT 440 750 746 564 77.0 663
31 INT 434 758 768 575 774 684
Method B Type Tiny Small Base Large Huge
Full-Precision - FP32 755 814 851 858 876
FQ-ViT - INTS8 - - 83.3 85.0 -
e vl - INTS8 - 813 8438 - -
2 PTQ4VIT - INT6* 667 783 829 849 86.6
APQ-ViT - INT4 176 48.0 414 - -
RepQ-ViT - INT4 - 65.1 68.5 - -

RTN INT 35 285 769 832 849
INT 39.0 699 821 847 865

5 INT 711 798 845 856 875

=N\ G

Table 7.4: Inference: Comparison on LLaMA-7B and ViT when quantize compu-
tation in all GEMMs. *: PTQ4ViT uses a twin uniform quantization so GEMMs
cannot be performed on INT6 directly and requires some modifications.



Method B Type ARC-c ARC-e BoolQ HS PIQA WG
Full-Precision - BF16 48.0 795 80.6 60.0 79.2 721
SmoothQuant - INT8 45,5 763 76,5 58.0 78.0 72.1
- INT4 251 499 576 56.0 613 52.6
LLM-FP4 - FP4 399 717 719 533 748 66.7
RTN 5 INT 376 700 691 519 724 64.6
7 INT 441 761 735 573 767 67.6
15 INT 469 788 794 59.0 782 725
31 INT 480 797 802 599 78.0 713

170

Table 7.5: Inference: Comparison on LLaMA-13B when we quantize computation

in all linear layers.

Method B Type ARC-c ARC-e BoolQ HellaSwag PIQA WinoGrande
Full-Precision - BF16 480 795 80.6 60.0 79.2 72.1
RTN 5 INT 251 444 548 37.7 57.9 52.0

7 INT 380 669 701 53.3 72.5 64.2

15 INT 459 776 80.0 59.5 77.5 71.5

31 INT 479 793 80.0 60.5 78.6 70.9

Table 7.6: Inference: LLaMA-13B when we quantize computation in all GEMMs.

Method B ARC-c ARC-e BoolQ HellaSwag PIQA WinoGrande
m Full-Precision - 503 809 83.6 61.3 80.7 73.8
~
—= RIN 5 381 705 699 53.9 73.3 61.4
E) 7 449 750 76.0 58.7 77.8 68.6
= 15 488 79.7 80.3 60.8 79.6 73.2
31 503 80.1 835 61.5 80.7 74.4
Full-Precision - 20.6 261 413 25.8 54.3 49.3
A RTN 5 221 267 415 25.6 52.3 48.1
é 7 213 258 409 25.8 53.9 49.5
15 213 273 454 25.8 53.4 48.8
31 21.0 25.8 40.8 25.7 53.0 50.7

Table 7.7: Inference: Mistral-7B and Phi-2 when we quantize computation in all

linear layers.
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Transformer models. To ensure that the updates can be properly accumulated for
the parameters, we use FP32 for storing the parameters and use the quantized
version for GEMMs. To limit the amount of compute but still gather useful empiri-
cal feedback, we evaluate RTN on RoBERTa (Liu et al., 2019a) pretraining using
masked language modeling (Devlin et al., 2019) on the English Wikipedia corpus
(Wikimedia, 2019), ImageNet classification (Russakovsky et al., 2015) using ViT
(Dosovitskiy et al., 2021), and T5-Large (Raffel et al., 2020) finetuning. All hy-
perparameters (including random seed) are the same for full-precision and RTN
quantized training.

RoBERTa. As shown in Figure 7.2, when p = 95%, for both Small and Base models,
the RTN quantized training gives an almost identical log perplexity (loss) curve
as FP32 training for 3 € {15,31,255}. For larger 3, the curve is even closer to the
FP32 training curve. We see that 3 = 31 already gives a remarkably good result.
Surprisingly, despite a marginally higher training log perplexity when using RTN,
the validation log perplexity of RITN (3 = 31 and 3 = 255) is marginally lower
than FP’32 and BF16, see Table 7.8.

— FP32 p=100,B =255 p=95B=31
—— BF16 —— p=095,8=255 p=958=15
Small Base

(O]

IS
|

N
|

Log Perplexity
N w £y (6] [e)] ~
Log Perplexity
w

0 50k 100k 150k 200k 0 100k 200k 300k
Step Step

Figure 7.2: Training: Comparison of RoBERTa loss curves.

ViT. For ViT, compared to RoBERTa pretraining, we found that it may be necessary
to allow the gradients Vy, Vp, Vo of the model to have higher bit-widths. As shown
in Figure 7.3, when 3 is the same (3 = 31 and 3 = 127 for the set {X, W, Q, K, M, V}

and {Vy, Vp, Vo}, we see divergence in the middle of training. Alternatively, when



172

Size FP32 BF16 p=255 Bp=31 =15

Small 1.869 1.868 1.823 1.840 1.891
Base 1.611 - - 1.601 -

Table 7.8: Training: Validation log perplexity of RoBERTa.

using a larger (3 for only the set {Vy, Vp, Vo}, the loss curve of RTN quantized
training is almost identical to FP32 training. Surprisingly, we observed similar
results as RoBERTa training: despite marginally higher training loss when using
RTN, the validation top-1 accuracy of RTN is higher than FP32 as shown in Figure
7.3 and Table 7.9.

—— FP32 B=127 B=63" B=31"
—— FP16 —— B=31 B=31t
80.0
2.85 —
. v Q795
e 2.75 |9
m 5 "'v\r‘l c I~ e
3 N 2'65286\ 290 3bo S 79.0 \ "; S——
4 - o Sel . g /\f/\’\/ )h,,"\/" '\/
. P = 78.5 - "‘AV a
. b © K
3- e > v
. . . | 78.0 = | \
0 100 200 300 250 275 300
Epoch Epoch

Figure 7.3: Training: Comparison of ViT-Small. T and *: we set B = 16383 and
B = 1023, respectively, for the set {Vy, Vp, Vo).

FP32 FP16 B =631 p =31 p=31"
7891 79.16 7894 7933  79.17

Table 7.9: Training: Validation top-1 accuracy of ViT-Small.

Larger Models. To understand of how well RTN works in the context of training
for larger models without using too much compute, we finetune a T5-Large model
on the first 50K instance of XSum summarization dataset (Narayan et al., 2018)
using BF16 and RTN, and show the results in Figure 7.4. The validation metrics
are shown in Table 7.10. We can draw a similar conclusion that RTN quantized

training gives similar results as BF16 training for T5-Large finetuning.
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—— BF16 — p=95B8=31

0 100 200 300 400 500 600
Step

Figure 7.4: Loss curves of T5-Large finetuning on 1/4 of XSum dataset for 1 epoch.

Method B Type Loss Rougel Rouge2 Rougel Rougelsum
Full-Precision - BF16 1.65 36.12 13.00 29.21 29.20
RTN 31 INT 1.66 36.03 13.83 29.03 29.04

Table 7.10: Validation metrics of T5-Large finetuning on 1/4 of XSum dataset for 1
epoch.

7.1.3 Analyzing the Error of Rounding to Nearest (RTN)

We can also perform a simple technical analysis for RTN. Since the scaling in (7.1)
and (7.2) will not affect the analysis, we can assume, without loss of generality, that

the scaling is simply set to 1. We are interested in the error
T
E=AB' —A,B]

We can examine a specific entry in the product C. Let u and v be the rows of A
and B, respectively, whose inner product 3_¢ uli]v[i] is a specific entry in C. In Step
1, each u[i] and vl[i] is rounded to the nearest integer, #i[i] and ¥[i], resulting in a

deviation of at most +0.5 from the original entries.

Let the error incurred in this i-th term due to rounding be denoted as

[i¥[i] —ulilv[i]

=]

eli] =

After some calculations, we see that the product @[i]¥[i] of the rounded values will
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deviate by at most £0.5(|uli]| + [v[i]| + 0.5) from the product u[i]v[i] of the original
values. Let c[i] = 0.5(|uli]| + [v[i]| + 0.5), and let c be a vector whose i-th entry is
c[i]. Then, it follows that —c[i] < €[i] < ¢[i]. We can now examine the total error in

the inner product ) ; ufiJv[il.

When ¢[i] > 0, this term over-contributes, and when €[i] < 0, it under-contributes.
Assuming that these two scenarios are equally likely, the cumulative error in
> ; ulilv[i] can be represented as a sum involving a Rademacher-distributed vari-
able X (half-half chance of being +1 or —1), modulated by €[i] as coefficients. Our
interest is in the error ) _; x[iJe[i], where x[i] is a set of random variables following
a Rademacher distribution (Hitczenko and Kwapien, 1994). We want to check
whether the probability of a bad event, where this sum (error) exceeds a suit-
ably high threshold, decays quickly as the threshold increases. This is related to
Tomaszewski’s conjecture (Keller and Klein, 2022), and in particular, we now know
that
PY_ xlilelil > t]lell,) < exp(—t*/2)
and
P xlilelill > t|e],) < 2exp(—t*/2)

implying an exponential decay in the probability of the error exceeding a threshold
as desired. By incorporating the maximal possible error, denoted as cli], we obtain:

P(1Y xlilelill > t|c]l,) < 2exp(—t*/2)

Since —c[i] < €[i] < c[il, we can also use Hoeffding’s inequality, which is less tight
but has a similar form of dependency.

However, the concentration bounds do not adequately explain the strong empirical
behavior. To assess impact on the impact on training, if desired, we can use results
such as the one in (De Sa et al., 2018) for convergence analysis but with some
modifications to the optimization. For example, if we use LP-SVRG in (De Sa
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et al., 2018) and just use stochastic rounding instead of deterministic RTN (fixed
point arithmetic in (De Sa et al., 2018) is the same as the integer arithmetic with
scaling that we use in (7.2)), then under the assumption that the objective function
is p-strongly convex with respect to parameters (and an additional L-Lipschitz
requirement), with an additional cost of variance reduction, we can get a linear

convergence rate.

7.2 What happens with Low Bit-Width?

Converting floating point to integers alone will not provide efficiency benefits.
Rather, we want to use a representation that can be efficiently computed (and why
low bit-width integers are common in integer quantization). Notice that as a direct
consequence of RTN, by (7.1), 95% of values can be represented using 3 distinct
numbers, which requires only log,(3 + 1) bits. For example, if 3 = 15, then we
can represent these 95% of values with 4-bit signed integers, which is already low
bit-width. So, is there still a problem?

It turns out that the challenge involves dealing with the remaining 5% of entries.
To get a sense of how large these values are, we calculate the ratio «;oo(-)/xos(-)
between the maximum and 95th-percentile of the magnitude of each matrix in
GEMMs when performing (a) inference (forward pass) of LLaMA-7B and ViT-
Large and (b) training (forward pass and backward pass) of RoBERTa-Small at
different training phases. We can check the ratios in Table 7.11 and Table 7.12,
respectively. We see extremely large values across both training and inference and
across the entire duration of training, so simply increasing the representation bit
width of low precision integers by a few more bits will not be sufficient to represent
these heavy hitters.

We performed experiments studying different ways of handling these heavy hitters
when quantizing all GEMMs (linear layers and self-attention computation) in
Transformer models. Unless 3 is inordinately large (based on Table 7.11 and Table
7.12, more than 10° times larger than our choice of p for p = 95%), simply ensuring
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Model X W Q K M \'%

LLaMA-7B  141312.0 478 84 81 44480 36.2
Vil-Large 2844024 348 43 43 120.0 8.9

Table 7.11: Maximal ratios between the maximum and 95-percentile of magnitudes
of each matrix involved in GEMM:s.

Progress X W Vy Q K Vp M V Vo

1/3 28.7 7.1 2925 3.7 3.0 3093652 39246 3.1 2538
2/3 25.7 13.8 2354 42 2.7 2837428 22833 33 324
3/3 220 16.0 2903 4.0 3.0 218376.0 2018.6 3.4 28.9

Table 7.12: Maximal ratios between the maximum and 95-percentile of magnitudes
of each matrix involved in GEMMSs during the training of RoBERTa-Small.

that the heavy hitters lie within the representable range of 3 for 3 = 255 or 3 = 127
results in a huge performance drop as shown in Table 7.13. On the other hand,
clipping the extreme heavy hitters (at the 99.5-percentile) also fails as shown in
Table 7.13. Our observations for training are similar — we can see the loss curves for
p = 100%, B =255 and p = 95%, 3 = 31 in Figure 7.2.

P B Clip ARC-c ARC-e BoolQ HS PIQA WG
Full-Precision 43.1 76.3 77.8 572 78.0 68.8

100 255 No 35.8 66.2 578 474 713 639
95 oo Yes 214 255 60.2 258 535 499

95 31 No 434 75.8 768 575 774 684

LLaMA-7B

) B Clip Tiny Small Base Large Huge
Full-Precision 755 814 8.1 858 87.6

> 100 127 No 539 691 720 816 836
995 oo Yes 113 241 90 158 06

95 15 No 711 79.8 84.5 85.6 87.5

Table 7.13: Catastrophic performance degradation when restricting outliers to a
representable range of quantized domain or clipping the outliers on zero-shot
inference of LLaMA-7B and ImageNet classification of quantized ViT models. p =
100 means we keep outliers within representable range of 3 distinct integers. = co
means that we do not quantize the values. Clip means we clip the values that are
larger than p-percentile.
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As briefly mentioned earlier, some ideas have been proposed to process these
so-called outliers. The approach in (Dettmers et al., 2022) exploits the location
structure of where these outliers occur and moves the columns or rows of each
matrix (with these outliers) into a different matrix, then GEMM is performed using
FP16. The authors in (Xiao et al., 2023) propose to smooth the outliers in activation
and mitigate the quantization difficulty via a transformation. This strategy requires
specialized GEMM hardware support for different precisions and may even lower

the performance as shown in our baseline comparisons in §7.1.1 and §7.1.2.

Goals. We desire an approach that does not alter the results of integer GEMMs; in
other words, all results in §7.1.1 and §7.1.2 must remain exactly the same, yet we
should not need calculations using different precisions. This may appear unrealistic
but our simple procedure, IM-Unpack, allows representing heavy hitters using
low bit-width integers. Calculations are carried out using low bit-width integer
arithmetic. Specifically, IM-Unpack unpacks a matrix containing heavy hitters into a
larger unpacked matrix (we study how large the expansion will be in §7.3.2) whose
values are all representable by low bit-width integers. IM-Unpack obtains the exact
output of the original GEMM using purely low bit-width integer GEMMs on these

unpacked matrices.

7.3 IM-Unpack: Integer Matrix Unpacking

Our approach starts with a simple observation that, for example, a 32-bit integer v
can be represented as

v = v + 128v; + 128%v, + 128%v; + 128%y,

where v; are 8-bit integers. Multiplication/addition of two 32-bit integers can be
performed on these decomposed 8-bit integers followed by some post-processing
steps (scaling via bit shifting and accumulation). This unpacking does enable per-
forming high bit-width arithmetic using lower bit-widths, but it achieves this at the

cost of requiring more operations. For example, one 32-bit addition now becomes
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five 8-bit additions with some follow up processing, and one 32-bit multiplication
becomes twenty five 8-bit multiplications (distributive law).

Remark 7.1. The reason why this unpacking is still useful is because the additional work
depends on the number and spatial distribution of the heavy hitters/outliers. We harvest
gains because outliers account for a very small portion of the matrices that appear in practice
in training /inference stages of Transformer models. Exploitation of the sparsity of outliers
in quantization can also be found in Dettmers et al. (2022); Xiao et al. (2023).

Let b be the target bit-width of low bit-width integers and s = 2°~! be the repre-
sentable range of bit-width b: b-bit integers can representaset{—s+1,---,0,- -+ ,s—
1}. We refer to any integers inside of this set as In-Bound (IB) values and any inte-
gers outside of this set as Out-of-Bound (OB) values, which will be used in later
discussion to refer to the values that need to be unpacked. We will first show how
to unpack a vector to multiple low bit-width vectors. Then, we will discuss how to
unpack a matrix using different strategies to achieve better results in different cases
in §7.3.1. Lastly, we will evaluate how well IM-Unpack works in §7.3.2, and provide
an end to end quantization baseline comparison and discuss model speedup in

§7.3.3 when employing our IM-Unpack as supplement to §7.1.

Unpacking an integer vector. Let v be an integer vector and define a function:
m(v,s,1) = floor(v/s') mod s (7.3)

such that for all 1, all entries of m(v, s,1) are bounded (IB), i.e., lie in the interval
[—s +1,s — 1]. When s is clear from the context, we shorten the LHS of (7.3) to just
m(v,1i). Then,

v=> s'm(v,i) (7.4)
i=0

Note that v/s" decreases to 0 exponentially fast, so we are able to unpack a vector

with just a few low bit-width vectors.
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7.3.1 Variants of Matrix Unpacking

In this subsection, we discuss different strategies of matrix unpacking for different
structure-types of matrices. First, we discuss the case where A is the matrix con-
taining OB values to be unpacked and B is a matrix whose values are all IB. Next,
we discuss how unpacking works when both A and B contains OB values.

Unpacking row vectors. We start with the simplest means of unpacking a matrix:
unpacking the row vectors. Given a matrix A, if one row of A contains OB values,
we can unpack the row to multiple rows whose entries are all bounded. The exact
procedure is described in Algorithm 5 and illustrated in Figure 7.5. In Figure 7.5,
when the second row in A contains OB values, we can unpack it to two row vectors
(the second and fifth row) and the post-processing step takes the form of applying
TTA to the unpacked matrix A,,.

o 0o ofo
BEE_ ff B3
= O
=10 -1 00100>< :-
5 3 3
SHEER : | 5 o o o41to S

Figure 7.5: Illustration of unpacking row vectors. The solid, dashed, and dotted
arrows correspond to lines 5, 4, and 6 in Algorithm 5

Reconstructing A. A can be reconstructed using the unpacked matrix A,, whose
entries are IB and a sparse matrix IT whose column contains only one non-zero:

A, TTA = UnpackRow(A,b)
A =TIAA,

Here, applying TTa to A, can be efficiently computed easily (for example, via
torch.index_add).
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Algorithm 5 UnpackRow (A, b)

1: LetTT+—Tand s «+ 2bland i+ 0
2: while A[i,:] exists do

3: if A[i,:] contains OB entries then

4: Append floor(Al[i,:]/s) as a new row to A
5: Al,:] < Ali,: ] mod s

6: Append sTIT[;,i] as a new column to TT

7:  end if

8 i1+i+1

9: end while

10: return A, TT

Are we done? If we do not care about maximizing efficiency, then the above
scheme already provides a way to perform high bit-width GEMM using low bit-
width GEMM. However, this might not be the optimal unpacking strategy for some
matrices. For example, consider the left matrix shown in Figure 7.6. Since every
row of this matrix contains OB values, every row needs to be unpacked, resulting in
a much larger matrix. In this case, it might be better to try and unpack the column
vectors. Let us apply a similar idea of unpacking row vectors to unpack column

vectors of A:

A =A/TT,
(7.5)
AB' = A/ BT

While unpacking column vectors is reasonable, the sparse matrix TT, creates an
issue when performing a GEMM of two lower bit-width matrices: TT), has to be
applied to A;, or B" before GEMM, but the result/output may contain OB entries
after the application, disabling low bit-width integer GEMM. This problem is similar
to per-channel quantization. It is not simple to handle and becomes more involved

when B also need to be unpacked.

Unpacking column vectors. Alternatively, let us look at how ABT is computed via
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Figure 7.6: Left: Failure case for unpacking rows. Right: Failure case for unpacking
rows or columns alone.

outer product of column vectors:
D
C=AB' =) ALiBLil"
i=1

Let us look at the i-th outer product. Let us try unpacking A[;, i] using (7.4), then

we have

AL ABLAT =) s'm(AL,i],§)BL, AT
j=0

Suppose that m(A[;,i],j) = 0 for j > K, then we can unpack one outer product
to K outer products. This is equivalent to appending m(A[;,1i],j) for 0 < j <
K to the columns of A, appending K identical B[;,i] to the columns of B, and
maintaining a diagonal matrix to keep track of the scaling factor s’. The exact
procedure is described in Algorithm 6, and Figure 7.7 shows a visualization of

unpacking columns. Using column unpacking, we have

A, B, S, = UnpackColumn(A, B,1,b)
AB" = A, S.B]

Naively, this still suffers from the same problem as discussed in (7.5) in that there is
a diagonal scaling matrix between two low bit-width matrices making low bit-width
GEMMs difficult. However, since S, is a diagonal matrix whose diagonal entries
consist of a few distinct factors in {1, s, s?, ...}, we can easily compute one GEMM for
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each distinct diagonal entry as shown in Algorithm 7.

AB' = ScaledMatMul(A,,, Be, S..)

Further, since s is a power of 2, the scaling can be efficiently implemented via bit

shifting.

Figure 7.7: Illustration of unpacking column vectors. The blue solid, dashed, and
dotted arrows correspond to lines 5, 4, and 7 in Algorithm 5, and the gray dashed
arrow corresponds to line 6 in Algorithm 5.

Algorithm 6 UnpackColumn(A, B, S, b)

1: Lets « 2°1Tandi+ 0

2: while A[;, i] exists do

if A[:, 1] contains OB entries then
Append floor(Al;,i]/s) as a new column to A
Al 1] « Al, il mod s
Append B[, i] as a new column to B
Append sSli, i] as a new diagonal entry to S

end if

9: i+ 1i+1
10: end while
11: return A,B, S

Are we done yet? Unpacking columns is efficient for the left matrix shown in Figure
7.6. However, neither unpacking rows nor unpacking columns will be efficient for
unpacking the right matrix shown in Figure 7.6. All rows and columns contains OB

values. Unpacking rows or columns alone will not be ideal. For the right matrix in
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Algorithm 7 ScaledMatMul(A, B, S)

1: LetC+0

2: for all distinct diagonal entry s* in S do

3:  LetJbe the index set where S[j,j] = s forj € J
4 C«+ C+s'A[ B[ 9T
5
6

: end for
: return C

Figure 7.6, a better strategy is to unpack the second row and the second column

simultaneously.

Unpacking both rows and columns simultaneously. Our final strategy com-
bines row and column unpacking together and selectively performs row unpack
or column unpack based on the number of OB values that can be eliminated. The
procedure is described in Algorithm 8, and we provide an illustration of unpacking
both dimensions in Figure 7.8. With this procedure, we can obtain the output of
high bit-width GEMM using low bit-width as:

Ay, B, S, TTA = UnpackBoth(A,B,1,b)

ABT =TT,A.S.B' (7.6)
- Ay OIubD,

Here, A,S,B' can be calculated via Algorithm 7, and applying I'Ta can be carried

out efficiently as discussed.

Figure 7.8: Illustration of unpacking both rows and columns based on the OOB
counts. The red solid, dashed, and dotted arrows correspond to lines 8, 7, and 9
in Algorithm 8. The blue solid, dashed, and dotted arrows correspond to lines 12,
11, and 14 in Algorithm 8, and the gray dashed arrow corresponds to line 13 in
Algorithm 8.
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Algorithm 8 UnpackBoth(A, B, S, b)

1: Lets <+ 2b~1and
2: while True do

3:  Let (co,1), (c1,j) be the tuples of top OB count in row/column vectors and corre-
sponding index

4: if cg =0and c¢; =0 then

5: break

6: elseif ¢y > cq then

7: Append floor(Ali,:]/s) as a new row to A

8: Al,:] <« Ali,: ] mod s

9: Append sTI[;, i] as a new column to TT
10:  else
11: Append floor(Al[;, j]/s) as a new column to A
12: Al,j] < Al jl mod s
13: Append B[, j] as a new column to B
14: Append sS[j,j] as a new diagonal entry to S
15:  end if

16: end while
17: return A,B,S,T1

Combining everything. Since we have different strategies for unpacking, let us
first define a unified interface in Algorithm 9. One can verify that for any strategy

SA:

Au/ Bel Su/ nA - UnpaCk(A/ B/ I/ b/ SA)

7.7)
AB" =TTAA,S.B! (

In the previous discussion, B was assumed to have all IB values. When B contains
OB values, we note that B can be unpacked in a similar manner, and the choice
of unpacking strategies for B is independent of the unpacking strategy for A. For
example, A can be unpacked row-wise, while B is unpacked column-wise. By
taking the unpacked A, B¢, S, TTA from (7.7), we can further unpack B using
strategy sg:

Bew, Ave, Sun, g = UnpaCk(Be/ Ay, Sy, b, SB)
AB" =TTpA,.S..B. T}



185

Here, values in both A, . and B.,, are IB, and the result can be obtained similar to
discussion in (7.6).

As we noted during the discussion, TTa, ITg, S, are special sparse matrices. TTo
and ITg are sparse matrices whose column contains only one non-zero, and S,,,,
are diagonal matrices whose diagonal entries consist of a few distinct factors. As a
result, A, .S, B/, is computed via Algorithm 7 using GEMMs on A, and B,
and applying T and Mg is possible simply via torch. index_add.

Algorithm 9 Unpack(A, B, S, b, strategy)

1: if strategy is UnpackRow then

2 Ay, TTA < UnpackRow(A,b)

3 S., B+~ S,B

4: else if strategy is UnpackColumn then

5: Ay, Be, Sy ¢+ UnpackColumn(A, B, S, b)
6: MMa <1

7: else

8 Ay, Be, Sy, TTA < UnpackBoth(A,B, S, b)
9: end if

10: return A, B¢, Sy, TTA

Summary. We introduced three strategies to unpack a matrix to low bit-width
integer matrices for different structures of OB values in a matrix. While these
strategies work for arbitrary matrices, we can clearly see that these unpacking
strategies are most efficient when the OB values concentrate in a few columns and
rows. Luckily, the matrices of interest in Transformer models indeed have this
property, which is studied and exploited in several works (Dettmers et al., 2022;
Xiao et al., 2023).

7.3.2 Evaluating Unpacking Overhead

The idea of IM-Unpack is to use more low bit-width arithmetic operations to com-
pute a high bit-width operation. As we see in the description of IM-Unpack al-
gorithm, the number of row and column vectors will increase, so the unpacked

matrices A, and B, are a larger in terms of size compared to A and B, which
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obviously increases the computational cost of low bit-width GEMMs. In this sub-
section, we evaluate how much this cost will increase. For two matrices A and B,
the complexity of a GEMM is O(NDH). Similarly, let N/, D’ be the size of A,,. and
H’ be the number of rows of B.,,. The cost of A,,.S,.,B.,, is O(N'D'H’), we can

directly measure the unpack ratio

N'D'H’
NDH

T =

to understand by how much the cost for low bit-width GEMMs increases. We use
LLaMA-7B to study the unpack ratio r when using different unpacking strategies
(Table 7.14). Note that since unpacking both requires keeping track of the OB count
in each row and column vector which is not as fast as the other two strategies, we
only use it for unpacking parameters W for inference since it can be performed
once when loading the model. The Mix in Table 7.14 means that for each GEMM,
we compare different strategies and choose the optimal strategy that results in the
smallest unpack ratio. We note that the unpack ratios of computing Y and P are
quite reasonable, but the ratios of computing O is larger. This is expected since
the large outliers of the self-attention matrix M mainly concentrate in the diagonal
(Beltagy et al., 2020). Similarly, we also evaluate the unpack ratios of Vil-Large,
which are shown in Table 7.15. The overall results are similar to what was observed
in unpack ratios of LLaMA-7B (Table 7.14).

We also study the unpack ratios of each type of quantized GEMMs at different
training phases, and show the results of Mix strategy in Table 7.16. The ratios
stay relatively unchanged as training progresses. Also, we can observe similarly
high unpack ratio when computing O and Vy since these GEMMs involve the
self-attention matrix M. Lastly, we verify that we can unpack matrices to arbitrarily
low integer matrices (Table 7.17). The 2-bit setting is the lowest bit width that can
be used for symmetric signed integers {—1,0, 1}.

Can We Use as Low as 1-bit Encoding? As discussed, we use 2 bits to encode
{—1,0, +1} for symmetric encoding, so the 2 bit setting is the lowest bit width that
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B 5 15 31
Integer Bits b 3 4 5 4 5 6 5 6 7

Row Row 267 193 157 247 202 173 212 200 1.74
—~ Row Col 1076 235 1.61 991 536 184 844 562 1.86
z x Row o Both 546 195 157 515 220 173 471 224 175
b Col Row 380 1.32 1.06 398 164 116 393 168 1.17
£ Col Col 1540 1.62 1.09 16.00 4.01 1.25 15.69 4.33 1.27
— Col Both 521 134 1.06 6.04 176 116 598 182 117
Mix 26 127 106 244 14 115 21 142 116
Row Row 197 160 10 200 187 1.15 200 1.87 1.18
) Row  Col 322 164 10 535 207 117 536 209 120
e Col Row 1.81 104 10 291 114 1.01 291 115 1.01
< Col Col 336 108 10 866 132 103 867 135 1.03
Mix 172 103 1.0 195 113 101 195 114 1.01
Row Row 6.02 4.18 327 472 365 3.02 393 324 281
o M Row o Col 1510 453 335 1821 464 3.16 1507 421 2.95
g Col Row 1629 8.14 512 1128 698 491 841 584 442
% Col Col 4221 876 521 4357 9.11 509 3231 7.74 4.61
Mix 598 411 316 47 3.62 297 392 322 277

Table 7.14: Averaged unpack ratios of each type of GEMMs in LLaMA-7B: linear
layers (computing Y), attention score (computing P), and attention output (com-
puting O) when using different unpack strategies and integer bit-width b under
quantization 3 settings. AS: Attention Score, AO: Attention Output.

our method supports. However, with small adjustments, it is possible in principle
to derive a 1-bit encoding scheme for this 2-bit encoding. Given A and B matrices
whose values are {—1,0, +1}, we can easily decompose

A=A, —A,
B=B,—B,

where A, A,,, B, B,, consist of values {0, 1}. Then,
AB" =A,B] —A,B) —A.B] +A,B]

becomes four 1-bit GEMMs, so 1-bit encoding is feasible in this sense.

One benefit of 1 bit quantization is that multiplication in GEMM becomes logic AND
and accumulation becomes counting the number of 1’s. Notice that similar benefits
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B 5 7 15
Integer Bits b 3 4 5 3 4 5 4 5 6

Row Row 290 200 155 3.01 238 159 263 222 154
— Row Col 1097 232 156 1234 4.12 1.65 1046 4.31 1.62
z X Row W Both 6.24 208 155 6.84 282 160 622 276 156
=] Col Row 233 139 120 338 151 126 3.06 146 1.25
.QE) Col Col 889 1.64 122 1397 263 1.32 1222 281 1.32
— Col Both 499 144 120 799 176 127 759 1.78 1.26
Mix 260 127 1.06 244 140 1.15 210 142 1.16
Row Row 1.84 1.07 1.00 2.01 135 1.00 1.99 1.40 1.00
= 0 Row K Col 3.06 1.07 1.00 638 139 1.00 634 146 1.00
5’ Col Row 134 1.01 1.00 250 1.04 1.00 249 1.05 1.00
< Col Col 239 1.01 1.00 825 1.08 1.00 824 1.10 1.00
Mix 1.33 1.01 1.00 191 1.04 1.00 1.90 1.04 1.00
Row Row 284 207 165 3.07 224 180 256 211 1.78
8 M Row v Col 578 212 165 11.12 247 181 922 235 1.79
~ Col Row 398 226 164 469 257 181 358 233 1.77
e Col Col 842 229 164 1697 283 1.81 1292 260 1.77
Mix 225 161 132 255 177 142 222 170 142

Table 7.15: Averaged unpack ratios of each type of GEMMs in ViT-Large: linear
layers (computing Y), attention score (computing P), and attention output (com-
puting O) when using different unpack strategies and integer bit length b under
quantization 3 settings. AS: Attention Score, AO: Attention Output.

Progress 1/3 2/3 3/3
Integer Bitsb 5 6 7 5 6 7 5 6 7

Y 200 131 1.08 200 132 1.07 2.00 1.32 1.05
1.50 131 1.15 150 1.30 116 150 130 1.15
Vw 198 125 1.04 198 125 1.03 198 125 1.03

P 166 1.04 1.00 142 1.05 1.0 140 1.04 1.00
222 190 171 222 191 17 224 192 171
Vk 1.79 1.06 100 149 107 1.0 145 1.07 1.00

(0] 311 271 230 310 268 224 3.10 2.62 222
<OC Vm 121 110 1.04 121 1.10 1.04 1.21 1.10 1.04
Vy 288 252 212 287 248 210 2.86 241 2.09

Linear
<
bed

S
<
©

Table 7.16: Averaged unpack ratios of each type of quantized GEMMs in both
forward and backward of a RoBERTa-Small when using different integer bit length
b at different training phrases of the 3 = 31 experiment in Figure 7.2. The optimal
strategy (Mix as in Table 7.14) for each GEMM is used.
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Integer Bits b 2 3 4 5 6 7
Row Row 724 380 263 222 154 143
Row Col 194.89 2752 1046 431 1.62 143
Row Both 8592 1380 6.22 276 156 1.43
Col Row 1927 485 3.06 146 125 1.12

X Col W Col 52631 3586 1222 281 132 1.13
Col Both 27.06 1331 759 178 126 1.13
Both Row 762 339 258 1.64 142 133
Both Col 20632 2445 1027 315 149 134
Both Both 79.19 11.16 6.09 201 143 134

Mix 629 298 224 140 123 1.11

Table 7.17: Averaged ratios of quantized GEMMs (3 = 15) in linear layers on
ViT-Large when using different strategies and a range of integer bit-widths b to the
lowest bit-width possible.

can be exploited in the 2-bit encoding for {—1, 0, +1}. The mapping between 2-bit
binary representation and decimal numbers is 00, = 0,01, = 1,10, =0, 11, = —1.
We call the left bit a sign bit and right bit a value bit. We note that the multiplication
becomes logical XOR in the sign bit and logical AND in the value bit, and accumu-
lation becomes counting the number of 1’s in value bit and then subtracting the

number of 11,,. We have not performed experiments evaluating this approach yet.

7.3.3 End-to-End Quantization Baseline Comparison

An end-to-end baseline comparison requires combining information from Table
7.2, Table 7.3, and Table 7.4 with Table 7.14 and Table 7.15. As we change the
bit-width of integers that we will use, the unpack ratio r can be determined from
Table 7.14 and 7.15. Since after unpacking, the calculation is similar or the same as
standard GEMMs (except that the input sizes are different), we could first estimate

the runtime of GEMMs, and discuss the runtime overhead of unpacking later.

Note that INT2, INT3, INT5, INT6, INT7 GEMM implementations are not yet pub-
licly available. Although INT4 and INTS are now available in NVIDIA’s CUTLASS,
their integration (e.g., in PyTorch) is ongoing (more discussion below). As a result,
we can only estimate the runtime of these GEMMs based on publicly available infor-
mation. According to NVIDIA (a), INT4 offers a 4x performance bump compared
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Method B Type r  bits x 7/16 ARC-c ARC-e BoolQ HS PIQA WG
Full-Precision - BF16 1 1 43.1 763 778 572 78.0 68.8
LLM.int8() - INT8+FPl6 1 >0.5 438 755 778 574 77.6 687
SmoothQuant - INT8 1 0.5 374 744 740 55.0 775 69.6
LLM-QAT - INT4 1 0.25 302 503 635 556 643 529
LLM-FP4 - FP4 1 0.25 336 659 642 478 735 637
RTN+IMUnpack 5 INT4 127 0.318 393 728 699 534 749 664
5 INT5 1.06  0.331 393 728 699 534 749 664
7 INT4 1.41 0.352 426 739 723 559 770 674
7 INT5 114  0.356 426 739 723 559 770 674
11 INT5 1.27 0397 439 761 773 563 773 693
11 INT6 1.07  0.401 439 761 773 563 77.3 69.3
15 INT5 140  0.438 430 757 775 57.0 78.0 69.2
15 INT6 115 0431 430 757 775 57.0 78.0 69.2
31 INT6 142  0.532 427 761 761 573 773 693
31 INT?7 116  0.507 427 761 761 573 773 69.3

Table 7.18: Inference: end to end baseline comparison combining information from
Table 7.3 and Table 7.14 for LLaMA-7B.

to FP16, and INTS8 is 2x performance compared to FP16. We measured the runtime
of INT4 and INT8 GEMMs in CUTLASS standalone, and the performance is indeed
4x and 2x, respectively, compared to FP16. We can reasonably assume that the
performance of x-bit INT GEMMs can approach ¢ performance compared to FP16,
and the runtime approaches 7 of the runtime of FP16. Further, the runtime of

GEMMs is linearly proportional to n x d x h for matrices of sizen x dand h x d.

nxdxh
n’xd’xh’

give an accurate estimate of the runtime comparison when these GEMMs finally

When comparing runtime of GEMMs for different sizes, the ratio r = can
become available (we verified this linear relationship in FP16 GEMMs for a con-
tiguous range of matrix sizes, not just a power of 2). As a result, we can use J¢
as a proxy for the runtime of our GEMMs. In Table 7.18, we provided J; values
(bits x /16 column) for comparing across different baselines and the corresponding
model accuracy. We see that our method has better model accuracy with faster
runtimes under the proposed proxy when not accounting for the runtime overhead
of quantization.

The only remaining task is to check the runtime overhead of quantization and
unpacking. Since the goal is to speed up GEMMs, the quantization overhead

must be small or else, the overhead will eliminate the gain of faster GEMMs. As a
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Shapen xdxh GEMM Clone UnpackCol UnpackRow
FP32 FP16 FP32 FP32 FP32
Bit Width - - - 2 4 8 2 4 8
Unpack Ratio - - - 121 144 121 144 121 144 1.21 144 1.21 1.44 1.21 1.44

2B x 2B x 28 634 50 08 10 09 10 10 1.1 11 1.1 11 1.0 1.0 1.0 1.0
2B x 2B x 214 1169 104 12 14 13 14 14 15 15 15 14 14 14 15 15
213 x 213 % 215 2527 251 2.0 22 22 22 22 24 25 25 22 23 23 24 24
2M %218 %213 1263 105 12 14 14 14 14 15 15 15 14 14 14 15 15
2W 23 214 2538 209 16 18 1.8 1.8 18 20 20 20 18 1.8 19 19 20
2M % 2B % 215 5108 60.1 24 26 26 26 27 29 30 3.0 26 27 27 29 29
25 % 218 x 213 2555 209 20 22 22 22 22 24 25 24 22 23 23 24 25
215 x 218 x 214 5143 600 24 26 26 26 27 29 29 30 26 27 27 29 29
215 x 2B x 215 9577 1215 32 34 34 35 35 38 39 39 35 36 36 38 39

Table 7.19: Runtime overhead of UnpackColumn and UnpackRow compared to
GEMM and Clone for different bit-widths, unpack ratios r, and input matrix shapes.
result, the code needs to be implemented as custom CUDA kernels to minimize
the overhead. We implemented UnpackRow and UnpackCol cuda kernels for FP32
matrices A and B. The supported unpack bit widths are 2, 4, 8 by packing the bit
representation of 16 INT2 or 8 INT4 or 4 INTS8 into an INT32. For other bit-widths,
an efficient implementation would need additional hardware support. We expect
the runtime of these kernels would be halved if the input date type is FP16.

We compare these kernels to the tensor.clone() operation. The clone operation is
the simplest pytorch operation that copies the values of a memory chunk (tensor)
to another memory chunk (new tensor). The scaling and rounding operations in
common quantization methods share a similar runtime as clone operation. We pro-
filed UnpackRow and UnpackCol kernels (scaling and rounding are also computed
within the kernel) for matrices of different sizes, bit-widths, and unpack ratio .
The runtime overhead of quantization and unpacking together is only between
1x to 1.5x of the runtime of clone operation applied to the matrices of the same
size. The runtime ratio approaches 1 as the matrix size increases! We note that the
kernels are still not fully optimized, and therefore, further code optimization might
further lower the runtime. The overhead is very small relative to clone operation,
so any other quantization scheme is unlikely to be much faster than our method
in terms of overhead. For estimating the overhead compared to GEMMSs, we also
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Method B Type r  bits x r/16 Speedup ARC-c ARC-e BoolQ HS PIQA WG
Full-Precision ~ - BF16 1 1 - 431 763 778 572 78.0 688
RTN+IMUnpack 5 INT4 1.27  0.318 82% 393 728 699 534 749 664
7 INT4 141 0352 74% 426 739 723 559 770 674
11 INT5 1.27  0.397 64% 439 761 773 563 773 69.3
15 INT6 1.15  0.431 57% 43.0 757 775 57.0 78.0 692

31 INT7 1.16  0.507 44% 427 761 761 573 773 693

Table 7.20: Inference: estimated speedup of the entire model for LLaMA-7B.

provide runtime for FP32 GEMM and FP16 GEMM for these matrix sizes alongside
the runtimes for clone, UnpackRow, and UnpackCol as shown in Table 7.19.

Estimated Overall Speedup of Entire Models. We have carefully calculated the
speedup of the entire model runtime. We measure the breakdowns of different
operators in LLaMA-7B and LLaMA-70B for an input of shape [16, 512] where
16 is the batch size and 512 is the sequence length. The overall model runtime of
LLaMA-7B and LLaMA-70B is 1.84s and 18.92s, respectively. The overall runtime
of GEMMs for Linear layers accounts for 77.32% and 88.96% of the overall model
runtime, respectively. We exclude GEMMs in attention computation for simplicity
which are accounted for in the much smaller 22.68% and 11.04% of the model’s
runtime (this percentage includes GEMMs in attention computation, activation
functions, layer norm, residual connection, etc.). Let p be the percentage of GEMMs
spent on Linear layers and h be the runtime ratio of the runtime overhead of IM-
Unpack compared to the runtime of GEMMs, if we use ¢ as runtime of INT-x
GEMM compared to FP16 GEMMs, we estimate the efficiency gain of using INT-x
for model computation. The speedup of the overall model runtime can be estimated
via m using Amdahl’s law. We know from Table 7.19 that h < 0.1, so
we can populate the speedup of the overall model runtime in Table 7.20 using the
worst possible overhead h = 0.1. Since hardware and software support for different
bit-widths is not publicly available, this estimate is based on calculations using

actual measurements and profiling.
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7.4 Limitations

To simplify the presentation, we used the simplest RTN quantization, which might
not deliver the optimal performance. More sophisticated techniques are likely to
further improve the results. For example, we may be able to remove the demands
of large {3 for the set {Vy, Vp, Vo} for ViT training. The current unpacking strategies
cannot handle the self-attention matrix M efficiently since the outliers mainly
concentrate on the diagonal region rather than rows or columns; this needs further

investigation.

7.5 Summary
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Figure 7.9: Illustration of the bit representation of a matrix. Heavy-hitters have
higher order non-zero bits. When a matrix contains heavy-hitters, its bit represen-
tation has a sparsity structure in the higher order bits as illustrated.

In this chapter, we verified the efficacy of integer GEMMs for both training and
inference for Transformer-based models in language modeling and vision. A simple
RTN quantization strategy works well compared to baselines. But in this setting, the
presence of large outliers/heavy-hitters makes it difficult to make use of efficient low
bit-width integer GEMMs since these outliers are much larger than the representable
range of low bit-width integers. We take a “multi-resolution” view (Chapter 5) in
how we extract a spectrum of bit-width tradeoffs. This is loosely similar to sparsity
but here, instead of making a zero versus non-zero distinction between the entries,
our heavy-hitters (which need higher bit-width representations) are analogous
to “non-sparse” entries (as illustrated in Figure 7.9). To handle high bit-width
heavy-hitters, we developed an algorithm to unpack integer matrices that contains

arbitrarily large values to slightly larger matrices with the property that all values
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lie within the representable range of low bit-width integers and a procedure to
obtain the GEMM output of original matrices using only low bit-width integer
GEMMs on the unpacked matrices followed by some scaling (using bit shifting) and
accumulation. Our algorithm can simplify the design of hardware and improve the
power efficiency by only supporting low bit-width integer GEMMs for both training
and inference. A preliminary version of this chapter was published as (Zeng
et al., 2024) and the codebase is available at https://github.com/vsingh-group/

im-unpack.


https://github.com/vsingh-group/im-unpack
https://github.com/vsingh-group/im-unpack
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8 CONCLUSIONS

In this thesis, we described how we improve the efficiency of Transformer models
operating at different abstractions of the computations needed. We show that via lo-
cality sensitive hashing inspired memory lookup based algorithms, multi-resolution
approaches, and low precision integer computation, we are able to significant accel-
erate the computation while preserving the quality of Transformer models. Direct
applications of these ideas usually are sub-optimal and likely to incur specific chal-
lenges. In each chapter, we addressed these challenges when designing algorithms

using ideas appropriate to the chosen abstraction of Transformer computation.

1. In Chapter 3, we leveraged the idea of locality sensitive hashing based im-
portance sampling to develop a low variance approximation of softmax in
estimating self-attention mechanism computation. And then, we noted the
problem faced by this sampling algorithm when running on a GPU due to
the discrepancy between target distribution and proposal distribution. To
address this difficulty, we proposed a modification of the sampling proce-
dure and the target distribution to achieve a functionally similar mechanism
compared to self-attention. This modification allows a simplified algorithm
and makes it GPU and backpropagation friendly, which eventually leads to a
novel memory lookup based algorithm for approximating the self-attention

mechanism.

2. In Chapter 4, we extended the idea discussed in Chapter 3 as a replacement
to compute-intensive matrix multiplication based feedforward network and
evaluated the feasibility of deploying it on CPUs. We noted the challenges of
applying the idea in Chapter 3 directly to feedforward network approximation,
such as the need for rehashing and handling a large number of hashes. Then,
we described a new type of algorithm that directly learns the hash functions
and hash tables. Similar to the formulation in Chapter 3, we developed a feed-

forward network whose operations purely consists of memory lookup and
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showed that this lookup based module is competitive to vanilla feed-forward

network, while requiring much reduced compute resources.

. In Chapter 5, inspired by the visualization of self-attention, we revisit the
classical but underexplored Multi-Resolution Analysis (MRA) for approxi-
mating self-attention. We find it is sufficient to reconstruct the self-attention
matrices by keeping only a small number of wavelet coefficients. However,
computing and determining nonzero coefficients efficiently is nontrivial and
require accessing the underlying matrices that need to be approximated. We
investigate the specific modifications and approximations needed to make
MRA operate efficiently for approximating self-attention, and proposed a
simple MRA approximation scheme that is efficient yet effective in terms of

approximation quality and various applications.

. In Chapter 6, taking inspiration from the analysis of MRA approximation
for self-attention in Chapter 5, we discussed a sequence compression idea
to extend MRA approximation to the computation of the entire Transformer
block. This further boosts Transformer models” efficiency on processing
sequences whose lengths are much longer than applications explored in
Chapter 5. To avoid sacrificing model performance, we analyze the incurred
approximation error for the important tokens and use the idea discussed in
Chapter 5 to derive a procedure to minimize the error while preserving the
efficiency. Further, based on the characteristic of MRA approximations, we
designed a data structure that allows us to further improve the efficiency by
eliminating unnecessary and redundant computation when applying MRA

on sequence compression.

. In Chapter 7, we explored possible efficiency opportunities of the most basic
operation that Transformer models and most deep learning models are built
upon, GEneral Matrix Multiply (GEMM), when using low precision integer
arithmetic. We noted that while simply rounding scaled floating point matri-
ces to integer matrices to enable integer arithmetic is very effective in both



197

training and inference of various Transformer models, the existence of outliers
is the main roadblock in achieving efficient low precision arithmetic. Then,
to removing this hurdle, we developed an algorithm which unpacks these
outliers to smaller values that can be processed using efficient low precision
arithmetic while ensuring the arithmetic results remain unchanged.

8.1 Future Directions

Transformer models have been successfully applied to a wide range of applica-
tions and domains. However, their usage can be costly as discussed in §1.2. The
development of efficient algorithms to accelerate Transformer computations or
to minimize the resources needed is crucial. This will play an important role in
applying Transformers to both existing and future applications, and will benefit
from the contributions presented in this thesis. We will outline several near to

medium-term research directions that we plan to explore.

8.1.1 Efficient and Effective Sequence Modeling Mechanisms

The Multi-Head Attention (MHA) mechanism within the Transformer architecture
offers a strong capability for sequence modeling, but the quadratic cost of self-
attention limits the scalability of Transformer models. This quadratic cost has
initiated active research efforts trying to address this challenge. Two popular
directions are sparse attention and low rank linear attention. In Chapter 3 and
5, we discussed two approaches to make these ideas efficient while preserving
their efficacy. These works attempt to mimic the behavior of self-attention and
allow efficient computation. There exists a distinct line of attack that does not
seek to replicate the behavior of self-attention, but tries to design new sequence
modeling mechanisms inspired by the MHA mechanism. Some existing reports
have demonstrated impressive results and suggested that we may even be able
to outperform Transformer models in certain settings. Examples include RWKV
(Peng et al., 2023), Structured State Space Model (Gu et al., 2022), and Mamba (Gu
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and Dao, 2023). This departure from approximating self-attention is inspiring, and
could potentially lead to next generation of model architectures.

Given our successful attempts at efficient self-attention, it could be beneficial and
interesting to continue exploring this direction for efficient and effective sequence
modeling mechanisms that are inspired by but might be slightly different from
self-attention. Success here could contribute to the development of next generation
model architectures that are more efficient and effective than the now-dominant

Transformer architecture.

8.1.2 Memory Lookup based Transformers

The common compute hardware for Transformer models and other deep learning
models is the GPU because of its massive compute capacity. The use of other
compute resources such as CPU and memory/storage are less explored. In Chapter
3 and 4, we developed two approaches to replace self-attention and feedforward
network using memory lookup based operations. We use multiple large hash
tables to approximate each components of a Transformer model, which is similar to
creating a Rainbow Table (a hash table used in cryptography (Oechslin, 2003)) to
save computation by replacing certain compute-heavy operations with a memory
lookup. Since these methods are designed to require minimal compute resource
and instead relies on memory accesses, we know that these methods are memory
bounded in terms of memory bandwidth for fast access to multiple hash tables
and memory size for storage of large hash tables. While a GPU has high memory
bandwidth, its memory size is usually quite limited compared to a CPU or hard

drive.

A CPU generally has low compute capacity but high memory bandwidth if the
large cache size of a CPU is leveraged properly. Compared to the 2TB/sec memory
bandwidth of A100 80GB (NVIDIA, a), a CPU has 1TB/sec, 1TB/sec, 400GB/sec,
and 100GB/sec bandwidth for the L1, L2, L3, and DRAM, respectively (Intel,
2016). The sizes of these memory are 32KB, 256KB, 8MB or more, and 4GB to
1TB for L1, L2, L3, and DRAM respectively (Intel, 2016). These bandwidths are
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not much worse than A100. Therefore, our hypothesis is that with optimized
implementations for memory reuse and cache hit rate, the runtime of memory
lookup based Transformer on a CPU can be brought within only a few factors of
runtime of a standard Transformer on a GPU. In our preliminary attempt in Chapter
4, the CPU implementation is less than 4 times slower than the GPU implementation.
When coupled with the almost unlimited storage in an array of hard drives for
extremely large hash tables, we might be able to develop an algorithm that utilizes
this memory hierarchy to allow us to run Transformer using simply memory access

with very small amount of compute and without the support of GPUs.

8.1.3 YOSO for Spiking Neural Network

Spiking Neural Networks (SNNs) (Maass, 1997) are highly power-efficient when
deployed on hardware specifically designed to support their spiking mechanisms.
These mechanisms feature sparse additions and time-decaying signals, without
involving any multiplication. The SNN community is trying to develop spiking
based Transformer. For example, SpikFormer (Zhou et al., 2023) designed a spiking
based efficient self-attention. Similarly, in Chapter 3, we developed the YOSO
formulation for efficient self-attention, which has a similar characteristic in that
its operations are mostly sparse addition. An attention mechanism accepts three
inputs: queries, keys, and values. In YOSO, we first construct a hash table using
keys and values by sparsely adding each value to a specific table entry determined
by the corresponding key, then queries are used to gather outputs using sparse
addition as well from the hash table as the output of our attention.

The main distinction between YOSO and SNN based Transformer models is that
time decaying signals are not part of the YOSO formulation. However, we believe
that the time decaying feature can be very useful. When using YOSO in an autore-
gressive setting, the hash table can be viewed as the recurrence state of the past
history. Many works on efficient self-attentions or similar variants have shown
that it is necessary to “forget” the distant history to introduce locality as well as

compensate for the finite sized recurrence state and introduced a variety of “forget-
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ting” mechanisms (Gu et al., 2022; Peng et al., 2021; Qin et al., 2022). Interestingly,
we conjecture that the time decaying feature of SNN might provide an effortless
approach to introducing “forgetting” in our YOSO formulation. Specifically, in
autoregressive setting, the model receives tokens in a sequential order. Given the
first token, the recurrent state (hash table) is computed by adding this token to the
hash table. Then, the signals in the recurrent state (hash table) will be gradually
decaying (forgetting) while waiting for the second token. When the second token
arrives, it is added to the decayed recurrent state forming a new recurrent state. This
process continues until all tokens in the sequence are received and processed by the
model. In this way, the signal from distant history will decay to zero while recent
history will retain its signal in the recurrent state. With the time decay signal ability
provided by the hardware, if we organize the tokens in a timely manner to add into

the recurrent state, we can achieve the behavior described above effortlessly.

If this attempt is successful, this result opens up possibility of using power efficient
hardware for efficient Transformer designs. Coupled with a similar formulation in
Chapter 4 for the feedforward network, we might be able to bring the success of
Transformer to SNN while benefiting from the superior power efficiency of SNN.

8.1.4 Low Precision Integer Computing

Switching from 32-bit floating point to 16-bit floating point has doubled the com-
pute speed for the same hardware. With saturating hardware improvement, moving
to lower precision computation is a common trend in the deep learning community.
New compute hardware has started to support lower precision computation such
as 4-bit and 8-bit integers, and 4-bit and 8-bit floating point computations to keep
up with the compute requirement of modern Transformer models. In Chapter 7,
we demonstrated a simple rounding with some algorithmic innovations to han-
dle outliers allows effortless training and inference using low precision integer

computations.

However, there are still a number of remaining challenges as we discussed in

Chapter 7, such as the requirement for high precision for some back-propagation
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calculations in certain settings and the inability to handle self-attention computation
efficiently. These limitations require further study. Further, while there are some
experiments testing the scalability of the idea discussed in Chapter 7, the results
are limited and further evaluation at a much larger scale is critical to ensure the
scalability of this work.

Additionally, this work opens up new efficiency opportunities for low precision
integer training. When using floating point numbers, small values will be rep-
resented precisely, which might not be necessary for deep learning applications.
In contrast, small values in fixed point numbers, such as integers, will simply be
rounded to zero, resulting in abundant sparsity structures within the models, such
as sparse activations, sparse gradients, and sparse parameters (Frankle and Carbin,
2019; Li et al., 2023b; Lin et al., 2018), which can be exploited for compute, memory,
or communication efficiency. Success in this direction could greatly accelerate the
computation when the compute hardware remains unchanged.
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