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Abstract

Quantum computing is a burgeoning research area that involves developing quantum de-

vices that exploit the unique properties of quantum mechanics and designing quantum al-

gorithms that run on these devices to address tough problems that even the most powerful

classical supercomputers cannot efficiently solve. Extensive theoretical work has shown

that a range of quantum algorithms can provide substantial, even exponential, speedup

over the best-known classical algorithms. Since the quantum mechanics behind quantum

computing is essentially stochastic, quantum computation has inherent randomness. As

a result, statistical techniques can be employed to design quantum algorithms and in-

vestigate their properties. This thesis first introduces several basic concepts of quantum

computing and then delves into two categories of quantum algorithms: quantum phase

estimation and quantum annealing.

Quantum phase estimation refers to estimating the eigenphase ϕ in the eigenvalue eiϕ

corresponding to an eigenvector |ϕ⟩ of a given unitary matrix U . It serves as a fundamental

subroutine in various quantum algorithms. This thesis introduces Kitaev’s phase estima-

tion algorithm and the Bayesian phase estimation algorithm, which are sampling-based

quantum algorithms for estimating the unknown phase, and examines their statistical

properties.

Quantum annealing is a meta-heuristic quantum algorithm designed to tackle global

optimization problems, particularly combinatorial minimization problems whose solution

space can be vast and filled with numerous local minima. This thesis first presents the

simulated annealing algorithm, which serves as the classical counterpart to quantum an-
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nealing, and then introduces the quantum annealing algorithm, discusses its asymptotic

convergence property, and provides a lower bound on the probability of successfully solving

the concerned optimization problem at the final annealing time.
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Chapter 1

Introduction

1.1 Overview

Quantum computing is a burgeoning research area that involves developing quantum de-

vices that exploit the unique properties of quantum mechanics and designing quantum

algorithms that run on these devices to address tough problems that even the most pow-

erful classical supercomputers cannot efficiently solve. Extensive theoretical work has

shown that a range of quantum algorithms can provide substantial, even exponential,

speedup over the best-known classical algorithms (Shor, 1994; Grover, 1996; Nielsen &

Chuang, 2010; Wang & Liu, 2022). Since the quantum mechanics behind quantum com-

puting is essentially stochastic, quantum computation has inherent randomness (Nielsen

& Chuang, 2010; Wang & Liu, 2022; Griffiths & Schroeter, 2019). As a result, statistical

techniques can be employed to design quantum algorithms and investigate their proper-

ties. This thesis first introduces several basic concepts of quantum computing in Chapter

1 and then delves into two categories of quantum algorithms: quantum phase estimation

and quantum annealing.

Quantum phase estimation refers to estimating the eigenphase ϕ in the eigenvalue eiϕ

corresponding to an eigenvector |ϕ⟩ of a given unitary matrix U . It serves as a fundamental

subroutine in a variety of efficient quantum algorithms (Shor, 1994; Temme, Osborne,

Vollbrecht, Poulin, & Verstraete, 2011; Wang, 2012; Ozols, Roetteler, & Roland, 2013). At
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present, there are mainly two types of quantum algorithms for addressing this problem: one

is based on quantum Fourier transform, and the other involves sampling from a quantum

circuit and then postprocess the gathered data. This thesis concentrates on the second

approach. In Chapter 2, we introduce Kitaev’s phase estimation algorithm and discuss

its computational complexity. In Chapter 3, we introduce the Bayesian phase estimation

algorithm and examine its statistical properties (Kitaev, Shen, & Vyalyi, 2002; Svore,

Hastings, & Freedman, 2013; Wiebe & Granade, 2016).

Quantum annealing is a meta-heuristic quantum algorithm designed to tackle global

optimization problems, particularly combinatorial minimization problems whose solution

space can be vast and filled with numerous local minima. In Chapter 4, we begin by

presenting the simulated annealing algorithm, which serves as the classical counterpart

to quantum annealing. Then, we introduce the quantum annealing algorithm, discuss its

asymptotic convergence property, and provide a lower bound on the probability of success-

fully solving the concerned optimization problem at the final annealing time (Kadowaki &

Nishimori, 1998; Hauke, Katzgraber, Lechner, Nishimori, & Oliver, 2020; Rajak, Suzuki,

Dutta, & Chakrabarti, 2023; Wang & Liu, 2022; Wang, Wu, & Liu, 2023).

1.2 Basic Concepts of Quantum Computing

1.2.1 Qubit

In classical computing, information is represented by bits, whereas quantum computing

utilizes qubits as the basic units of information (Kitaev et al., 2002). Unlike a classical bit

whose state is restricted to being either 0 or 1, a qubit has infinitely many possible states.

It can be in a superposition |ϕ⟩ of two orthonormal basis states |0⟩ and |1⟩ (denoted in

Dirac notation and pronounced as “ket 0” and “ket 1”, respectively) (Nielsen & Chuang,

2010), where the basis states can be represented in vector form as

|0⟩ =

1
0

 and |1⟩ =

0
1

 ,
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and the general state |ϕ⟩ of the qubit can be written as

|ϕ⟩ = α|0⟩+ β|1⟩ = α

1
0

+ β

0
1

 =

α
β

 ,where α, β ∈ C, ∥α∥2 + ∥β∥2 = 1.

There are multiple ways to physically implement qubits. For example, IBM has de-

veloped a quantum chip with 127 superconducting quantum qubits, where related studies

suggest that such quantum chips hold potential for solving real-world problems (Kim et

al., 2023). For more details about physically implementing qubits, see Clarke and Wilhelm

(2008), Qiang et al. (2018), and Lu (2021).

1.2.2 Quantum Entanglement and Quantum Register

A quantum computer contains multiple qubits, and these qubits could have correlations.

Manipulating certain qubits within a group of qubits can affect the states of the remaining

qubits, meaning that the overall state of the group of qubits cannot be described solely

by the individual states of each qubit. This effect is known as quantum entanglement

(Horodecki, Horodecki, Horodecki, & Horodecki, 2009). A set of entangled qubits form

a quantum register. The state |ϕ⟩ of a two-qubit quantum register can be represented

by a linear combination of 22 basis states (Nielsen & Chuang, 2010), i.e. |ϕ⟩ = α00|00⟩+

α01|01⟩+α10|10⟩+α11|11⟩, where α00, α01, α10, α11 ∈ C, ∥α00∥2+∥α01∥2+∥α10∥2+∥α11∥2 =

1, and

|00⟩ =



1

0

0

0


, |01⟩ =



0

1

0

0


, |10⟩ =



0

0

1

0


, |11⟩ =



0

0

0

1


.

More generally, the state |ϕ⟩ of a quantum register with n qubits can be represented

by a 2n-dimensional unit-length complex vector (Nielsen & Chuang, 2010), i.e.

|ϕ⟩ =
∑

s∈{0,1}n
αs|s⟩, αs ∈ C,

∑
s∈{0,1}n

∥αs∥2 = 1,
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where each s represents a n-bit string of binary values, |s⟩ is the basis state associated

with s, and αs is the coefficient corresponding to |s⟩.

1.2.3 Measurement

The information embedded in the quantum state of a quantum register can be extracted

by measurement (Wang & Liu, 2022). The outcome of a measurement is a binary string

associated with a basis state, and due to the inherent characteristics of quantum mechanics,

such a measurement will cause the state of the quantum register to irreversibly collapse

into this basis state (Griffiths & Schroeter, 2019). The probability of getting a specific basis

state is determined by the coefficient associated with it (Nielsen & Chuang, 2010): when

measuring a n-qubit quantum register with unknown quantum state |ϕ⟩ =
∑

s∈{0,1}n
αs|s⟩,

the probability of obtaining a specific n-bit binary string s is given by

P (obtain the specific binary string s ∈ {0, 1}n) = ∥αs∥2. (1.1)

After the measurement, the quantum register’s original state |ϕ⟩ collapses into a basis

state, indicating that repeated measurements will not yield a different outcome. Moreover,

the no-cloning theorem in quantum mechanics says that one cannot clone an arbitrary

unknown quantum state to get an independent and identical copy of it (Wootters & Zurek,

1982), which implies that acquiring the same quantum state |ϕ⟩ for further measurement

may consume many computational resources.

One may choose to measure only a portion of the qubits within a quantum register

instead of the whole register. Without loss of generality, suppose we want to measure the

firstm qubits of an n-qubit quantum register with state |ϕ⟩ =
∑

s∈{0,1}n
αs|s⟩, the probability

of obtaining a specific outcome s∗ ∈ {0, 1}m is (Rieffel & Polak, 2000)

P (obtain s∗ ∈ {0, 1}m) =
∑

s∈Sconsistent

∥αs∥2, (1.2)

where Sconsistent = {s ∈ {0, 1}n : the first m components of s = s∗} is the set of basis
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states whose first m components are consistent with s∗. For example, when measuring the

first qubit of a two-qubit system with a state

|ϕ⟩ = 1√
30

(|00⟩+ 2|01⟩+ 3|10⟩+ 4|11⟩),

the probability of obtaining 1 is equal to ( 3√
30
)2 + ( 4√

30
)2 = 5

6 .

After measuring the first m qubits of the n-qubit quantum register, the state of the

rest n−m qubits becomes |ψ⟩ =
∑

s′∈{0,1}n−m

αs′ |s
′⟩ (Nielsen & Chuang, 2010). Denote the

outcome of the measurement by s∗ ∈ {0, 1}m, we have

αs′ =
α(s∗,s′)√ ∑

s∈Sconsistent

∥αs∥2
,

where α(s∗,s′) is the coefficient corresponding to the basis state whose first m qubits is s∗

and last n−m qubits is s′, and Sconsistent = {s ∈ {0, 1}n : the first m components of s =

s∗}. For example, when measuring the first qubit of a two-qubit system with a state

|ϕ⟩ = 1√
30

(|00⟩+ 2|01⟩+ 3|10⟩+ 4|11⟩),

if the outcome of the measurement is 0, the state of the second qubit will become

(
1√
30
/

√∣∣∣∣ 1√
30

∣∣∣∣2 + ∣∣∣∣ 2√
30

∣∣∣∣2)|0⟩+ (
2√
30
/

√∣∣∣∣ 1√
30

∣∣∣∣2 + ∣∣∣∣ 2√
30

∣∣∣∣2)|1⟩ = 1√
5
|0⟩+ 2√

5
|1⟩,

and if the outcome of the measurement is 1, the state of the second qubit will become

(
3√
30
/

√∣∣∣∣ 3√
30

∣∣∣∣2 + ∣∣∣∣ 4√
30

∣∣∣∣2)|0⟩+ (
4√
30
/

√∣∣∣∣ 3√
30

∣∣∣∣2 + ∣∣∣∣ 4√
30

∣∣∣∣2)|1⟩ = 3

5
|0⟩+ 4

5
|1⟩.

1.2.4 Quantum Gate

The state of a quantum register can be operated by quantum gates. A quantum gate

acting on an n-qubit quantum register can be mathematically represented by a 2n × 2n
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unitary matrix, and any 2n × 2n unitary matrix corresponds to a n-qubit gate (Nielsen &

Chuang, 2010). Given a quantum register with state |ϕ⟩ and a quantum gate U acting

on this register, the state after the gate operation, denoted by U |ϕ⟩, can be calculated by

matrix multiplication. For example, if a one-qubit gate U acts on a qubit with state |ϕ⟩,

where

|ϕ⟩ =

α
β

 , U =

a b

c d

 ,
the state after the operation can be computed by

U |ϕ⟩ =

a b

c d


α
β

 =

aα+ bβ

cα+ dβ

 .
Multiple quantum gates can simultaneously operate on distinct portions of a quantum

register, and the overall effect of these gates can be represented by the tensor product of

their matrix representations. Suppose the Hadamard gate H acts on the first qubit of a

2-qubit system and the Pauli-x gate σx acts in parallel on the second qubit, where

H =
1√
2

1 1

1 −1

 , σx =

0 1

1 0

 ,
the overall effect of this operation is

H ⊗ σx =
1√
2


1

0 1

1 0

 1

0 1

1 0


1

0 1

1 0

 −1

0 1

1 0




=

1√
2



0 1 0 1

1 0 1 0

0 1 0 −1

1 0 −1 0


.

In general, when a series of quantum gates U1, U2, ..., Um act simultaneously on different

groups of qubits, the operation can be represented by tensor product U1 ⊗ U2 ⊗ ... ⊗ Um

(Nielsen & Chuang, 2010).

Any quantum gate can be decomposed as a series of one- or two-qubit quantum gates,
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and these gates can be further approximated using several gates from a one- or two-qubit

gate set (Möttönen & Vartiainen, 2006). A quantum gate set is called a universal gate set

if any quantum gate U can be arbitrarily closely approximated by a finite series of gates

from this set (DiVincenzo, 1995). One example of a universal gate set is {H,S, T, CNOT}

(Nielsen & Chuang, 2010), where H is the Hadamard gate, T is referred to as phase shift

gate or π/8-gate, CNOT is called controlled-NOT gate, and

H =
1√
2

1 1

1 −1

 , S =

1 0

0 i

 , T =

1 0

0 ei
π
4

 , CNOT =



1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0


.

Solovay and Kitaev (1997) separately showed that any one-qubit gate can be approx-

imated to ϵ error by a product of O (logc(1/ϵ)) gates from a universal gate set, where

c is a constant, which implies that approximating one-qubit gate using a universal gate

set is efficient. Dawson and Nielsen (2005) systematically extended Solovay and Kitaev’s

results to broader classes of quantum gates, including notable 2-qubit gates. However, the

necessary length of the gate series from a universal gate set to approximate an arbitrary

n-qubit gate to a desired precision increases at an exponential rate as n grows (Harrow,

Recht, & Chuang, 2002), indicating that some high dimensional unitary matrices are hard

to implement in practice. Consequently, quantum algorithms typically avoid quantum

gates that cannot be efficiently approximated.

In addition to the gates mentioned earlier, we list several commonly used quantum
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gates below:

σx =

0 1

1 0

 (Pauli-X gate), σy =

 0 i

−i 0

 (Pauli-Y gate),

σz =

1 0

0 −1

 (Pauli-Z gate), CZ =



1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 −1


(Controlled Z-gate).

1.2.5 Quantum Algorithm

A quantum algorithm provides a well-designed systematic procedure for carrying out op-

erations on a quantum computer. It embeds adequate information regarding the solution

to a problem within the quantum state of a quantum register, where enough information

hidden in the state can be effectively accessed through measurement (Wang, 2012). A

quantum algorithm generally describes the initialization of a quantum circuit, a series of

quantum gates acting on the circuit, measurements of the quantum circuit, and the way to

map the outcomes of the measurements to a solution of the concerned problem. The special

properties of quantum systems, such as quantum superposition and entanglement, enable

many quantum algorithms to outperform state-of-the-art classical algorithms (Marinescu,

2011). For example, Grover’s algorithm (Grover, 1996) achieves quadratic speedup for

database search, and Shor’s algorithm (Shor, 1994) realizes an exponential acceleration

in integer factorization. For more details about quantum algorithms, see Nielsen and

Chuang (2010), Montanaro (2016), and Wang and Liu (2022). In the next section, we will

introduce an example of quantum algorithms.
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Chapter 2

Kitaev’s Phase Estimation

Algorithm

2.1 Quantum Phase Estimation

Quantum phase estimation refers to estimating the eigenphase ϕ in the eigenvalue eiϕ cor-

responding to an eigenvector |ϕ⟩ of a given unitary matrix U . It serves as a fundamental

subroutine in a variety of efficient quantum algorithms (Shor, 1994; Temme et al., 2011;

Wang, 2012; Ozols et al., 2013), so an efficient and robust phase estimation algorithm

is pursued to accelerate the speed of these quantum algorithms. There are two popular

methods for estimating the quantum phase (Svore et al., 2013). The first approach in-

volves performing an inverse quantum Fourier transform to approximate the eigenvalues

of the unitary matrix U (Abrams & Lloyd, 1999), which realizes a Fourier transform with

complexity O(log2(N)) as compared to the classical complexity of O(N log(N)) (Musk,

2020). This approach is efficient but not robust against the inevitable noise from quantum

mechanics, making it difficult to implement in near-term quantum devices. The other

approach involves running and measuring a parameterized quantum circuit multiple times

to generate samples that provide information about the unknown eigenphase, then post-

processing the data in classical computers to infer the eigenphase (Wiebe & Granade,
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2016). This technique could be relatively more robust under noise and shows a potential

to reduce the consumption of expensive quantum computational resources at the cost of

more inexpensive classical computational resources. We hereinafter focus on the second

approach, and in the next section, we will introduce a famous phase estimation algorithm

proposed by Kitaev (1995).

2.2 Kitaev’s Phase Estimation Algorithm

This section reviews Kitaev’s phase estimation algorithm, following the structure in (Kitaev

et al., 2002; Svore et al., 2013). Since the eigenvalue eiϕ has period 2π in ϕ, without loss

of generality, we assume that ϕ ∈ [0, 2π). Kitaev’s phase estimation algorithm generates

samples from the following quantum circuit:

Figure 2.1: Circuit for Kitaev’s phase estimation algorithm

whereM and θ are hyperparameters of the circuit, |ϕ⟩ is the eigenvector associated with

the concerned unknown eigenphase ϕ, U is the related unitary matrix, H = 1√
2

1 1

1 −1


is the Hadamard gate, P (θ) =

1 0

0 eiθ

 represents the quantum phase gate, and the gate

right after P (θ) is the controlled-UM gate. A measurement on the first qubit will be

conducted subsequent to the second Hadamard gate H, returning an outcome E ∈ {0, 1}.

The binary distribution of the outcome E can be derived as follows:

1. The initial state of the quantum system is |0⟩ ⊗ |ϕ⟩.



11

2. After applying the first Hadamard gate, the state of the first qubit becomes H|0⟩ =
1√
2
(|0⟩+ |1⟩).

3. After applying the P (θ) gate, the state of the first qubit becomes 1√
2
(|0⟩+ eiθ|1⟩).

4. After applying the controlled-UM gate to the qubits, the state of the qubits becomes

1√
2

[
|0⟩ ⊗ |ϕ⟩+ eiθ|1⟩ ⊗ (UM |ϕ⟩)

]
=

1√
2

(
|0⟩ ⊗ |ϕ⟩+ eiθ|1⟩ ⊗ (eiMϕ|ϕ⟩)

)
=

1√
2

(
|0⟩+ ei(Mϕ+θ)|1⟩

)
⊗ |ϕ⟩.

5. After applying the second Hadamard gate, since

1√
2
· 1√

2

1 1

1 −1


 1

ei(Mϕ+θ)

 =
1

2

1 + ei(Mϕ+θ)

1− ei(Mϕ+θ)

 ,
the state of the quantum system becomes

1

2

[
(1 + ei(Mϕ+θ))|0⟩+ (1− ei(Mϕ+θ))|1⟩

]
⊗ |ϕ⟩.

6. Therefore, the probability that the outcome of the measurement is 0 equals

∣∣∣∣12(1 + ei(Mϕ+θ))

∣∣∣∣2 = 1

4
|1 + cos(Mϕ+ θ) + i sin(Mϕ+ θ)|2

=
1

4

[
(1 + cos(Mϕ+ θ))2 + sin2(Mϕ+ θ)

]
=

1 + cos (Mϕ+ θ)

2
,

and similarly, the probability of obtaining 1 is

∣∣∣∣12 (1− ei(Mϕ+θ)
)∣∣∣∣2 = 1− cos (Mϕ+ θ)

2
.
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Thus, the probability of obtaining 0 and the probability of obtaining 1 can be denoted by

PM,θ(0|ϕ) =
1 + cos (Mϕ+ θ)

2
,

PM,θ(1|ϕ) =
1− cos (Mϕ+ θ)

2
, respectively.

Let ψ = ϕ
2π mod 1. ψ is an unknown constant in [0, 1) which can be represented in

binary expansion form, denoted by .α1α2α3...,

ψ =

∞∑
k=1

αk

2k
, αk ∈ {0, 1}.

We further denote the sum of the first d terms of the binary expansion of ψ by ψd =

.α1α2...αd =
d∑

k=1

αk

2k
. For any given integer m ≥ 1, Kitave’s algorithm can provide an

estimate ψ̂m+2 for ψm+2, as detailed below (Kitaev et al., 2002; Svore et al., 2013):

1. Define Mj = 2j−1. For each j ∈ {1, 2, ...,m}, run the circuit in Figure 2.1 s times

with hyperparameters (M, θ) = (Mj , 0) and s times with hyperparameters (M, θ) =

(Mj ,
π
2 ), where s is a prespecified constant.

2. For each j ∈ {1, 2, ...,m}, calculate

P ∗
cos(Mj) =

Nc(0)−Nc(1)

Nc
,

P ∗
sin(Mj) =

Ns(1)−Ns(0)

Ns
,

where Nc = s represents the number of runs with θ = 0, with Nc(0) of them output

0 and Nc(1) of them output 1, and Ns = s represents the number of runs with

θ = π/2, with Ns(0) of them output 0 and Ns(1) of them output 1. Then,
P ∗
sin(Mj)

P ∗
cos(Mj)

is an approximation for tan(Mjϕ), and an estimate for (Mjψ mod 1) is thus given

by

ρj =


arctan(P ∗

sin(Mi)/P
∗
cos(Mi))

2π mod 1 if P ∗
cos(Mi) ≥ 0

arctan(P ∗
sin(Mi)/P

∗
cos(Mi))

2π + 1
2 if P ∗

cos(Mi) < 0.
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3. An estimate

ψ̂m+2 := .β1β2...βm+2 =

m+2∑
k=1

βk
2k

for ψm+2 = .α1α2...αm+2 is then can be constructed as follows: choose proper

βm, βm+1, βm+2 ∈ {0, 1} such that .βmβm+1βm+2 equals the value in {08 ,
1
8 , ...,

7
8}

closest to ρm, and iteratively determine βj , j = m− 1,m− 2, ..., 1 by set

βj =


0 if |.0βj+1βj+2 − ρj | < 1

4

1 if |.1βj+1βj+2 − ρj | < 1
4 .

If the estimate ψ̂m+2 exactly matches ψm+2, ϕ̂ := 2πψ̂m+2 is an estimator for the

phase ϕ to precision π
2m+1 , i.e.

|ϕ− ϕ̂| ≤ π

2m+1
.

2.3 Complexity of Kitaev’s Phase Estimation Algorithm

As described in (Svore et al., 2013), given a fixed error probability δ, the total number

of measurements required in Kitaev’s algorithm to guarantee that |ϕ − ϕ̂| < 1
2m with

probability at least 1− δ is O(m log(m)). The proof of this statement can be phrased as

follows:

1. First, recall that if ψ̂m+3 = ψm+3, 2πψ̂m+3 is an estimate for ϕ to precision π
2m+2 <

1
2m . So we only need to show that the number of measurements required to guarantee

that ψ̂m+3 = ψm+3 with probability 1− δ is O(m log(m)).

2. Since the total number of measurements for constructing ψ̂m+3 is equal to 2(m+1)s,

it suffices to show that there exists s = O(log(m)) such that ψ̂m+3 = ψm+3 with

probability at least 1− δ.

3. The way we choose β′js assures that αj = βj for all j ∈ {1, 2, ...,m + 3} holds if

|ρj − (Mjψ mod 1)| < 1
16 simultaneously for all j ∈ {1, 2, ...,m + 3} (Kitaev et
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al., 2002). Therefore, by Bonferroni’s inequality and the properties of conditional

probability, we only need to show that there exists s = O(log(m)) such that the

inequality P (|ρj − (Mjψ mod 1)| > 1
16) <

δ
m+3 holds for all j, i.e. we need to prove

the following lemma:

Lemma 2.1. For any ϕ ∈ [0, 2π), δ > 0, ∃s = O(log(m)), such that for any j,

P (|ρj − (Mjψ mod 1)| > 1

16
) <

δ

m+ 3
.

The proof of Lemma 2.1 is left in Appendix.

Svore et al. (2013) proposed a series of extensions of Kitaev’s algorithm, where the

basic version of their extensions only requires O (m log(log(m))) measurements to output

an estimate for the phase to precision 1
2m with desired high probability, at the cost of

more classical computation. Since the algorithms by Kitaev and Svore et al. are based

on sampling from a low-depth quantum circuit, they are typically more robust to noise

than Quantum Fourier Transform-based phase estimation algorithms. More enhanced

extensions of Kitaev’s algorithm can be found in (Kaftal & Demkowicz-Dobrzański, 2014;

Mohammadbagherpoor et al., 2019)
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Chapter 3

Bayesian Phase Estimation

Algorithm

3.1 Bayesian Phase Estimation Algorithm

Wiebe and Granade (2016) proposed a phase estimation algorithm that combines Bayesian

inference and rejection sampling, exhibiting notable efficiency and robustness (Paesani et

al., 2017; Li et al., 2018; Gebhart, Smerzi, & Pezzè, 2021; Yamamoto, Duffield, Kikuchi,

& Muñoz Ramo, 2024). This algorithm samples from a quantum circuit similar to the one

used in Kitaev’s phase estimation algorithm, as shown in Figure 3.1:

Figure 3.1: Circuit for Bayesian phase estimation algorithm

where P (−Mθ) =

1 0

0 e−iMθ

. The binary distribution of the output E of this circuit is
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given by (Paesani et al., 2017)

PM,θ(E|ϕ) =


1+cos(M [ϕ−θ])

2 when E = 0

1−cos(M [ϕ−θ])
2 when E = 1.

In Bayesian analysis, the unknown phase ϕ is viewed as a random variable. When

adopting a Gaussian prior N (µ, σ) for ϕ, starting with (µ, σ2) = (µ0, σ
2
0), the Bayesian

phase estimation algorithm iteratively update the hyperparameters (µ, σ2) as follows:

1. Set the parameters θi and Mi of the circuit through a prespecified rule.

2. Run and measure the circuit to generate an observation Ei ∈ {0, 1}.

3. Sample m data points υi,1, υi,2, ..., υi,m from N (µi−1, σ
2
i−1), where the sample size m

is a customized constant.

4. (rejection filtering) For each j ∈ {1, 2, ...,m}, assign υi,j to set Φi
accept with proba-

bility PMi,θi(Ei|υi,j)/κ, where κ ∈ (0, 1] is a scaling constant such that

PMi,θi(Ei|υi,j)/κ ≤ 1 for all i, j.

5. Return µi = E(Φi
accept) and σ

2
i = V(Φi

accept).

Wiebe and Granade (2016) recommended setting the initial prior of ϕ to be N (π, π2) and

updating hyperparameters θ and M of the quantum circuit through the following rules:

θi ∼ N(µi−1, σ
2
i−1),Mi = ⌈

1.25

σi−1
⌉.

Although the rejection filtering step is crucial when adopting other prior distributions

like the wrapped-Gaussian distribution suggested in (Wiebe & Granade, 2016), it is avoid-

able when using the Gaussian prior since close-formed expressions for the posterior mean
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and posterior variance can be derived. Denote the prior distribution of ϕ by p(ϕ), where

p(ϕ) =
1√
2πσ

e−
1
2
(ϕ−µ

σ
)2 ,

and let

A0 =

∫ ∞

−∞

1√
2πσ

e−
1
2
(ϕ−µ

σ
)2 1 + cos(M [ϕ− θ])

2
dϕ

A1 =

∫ ∞

−∞

1√
2πσ

e−
1
2
(ϕ−µ

σ
)2 1− cos(M [ϕ− θ])

2
dϕ,

the posterior distribution of the phase ϕ given an output E of the quantum circuit in

Figure 3.1 is

p̃(ϕ|E; θ,M) =


1

2
√
2πσA0

(1 + cos(M [ϕ− θ]))e−
1
2
(ϕ−µ

σ
)2 if E = 0

1
2
√
2πσA1

(1− cos(M [ϕ− θ]))e−
1
2
(ϕ−µ

σ
)2 if E = 1.

To find the explicit form of the posterior distribution p̃(ϕ|E; θ,M), we now simplify A0

and A1:

A0 =
1√
2πσ

∫ ∞

−∞
e−

1
2
(ϕ−µ

σ
)2 1 + cos(M [ϕ− θ])

2
dϕ

=
1

2
√
2πσ

∫ ∞

−∞
e−

1
2
(ϕ−µ

σ
)2dϕ+

1

2
√
2πσ

∫ ∞

−∞
cos(M [ϕ− θ])e−

1
2
(ϕ−µ

σ
)2dϕ

=
1

2
+

1

2
√
2πσ

∫ ∞

−∞
cos(M [ϕ− θ])e−

1
2
(ϕ−µ

σ
)2dϕ

=
1

2
+

1

2
√
2πσ

∫ ∞

−∞
cos(M [ϕ− θ + µ])e−

1
2
(ϕ
σ
)2dϕ

=
1

2
+

1

2
√
2π

∫ ∞

−∞
cos(Mσϕ−M(θ − µ))e−

1
2
ϕ2
dϕ.

Let

α =Mσ, β = −M(θ − µ),

We have

A0 =
1

2
+

1

2
√
2π

∫ ∞

−∞
cos(αϕ+ β)e−

1
2
ϕ2
dϕ.
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Similarly,

A1 =
1

2
− 1

2
√
2π

∫ ∞

−∞
cos(αϕ+ β)e−

1
2
ϕ2
dϕ.

To continue the calculation, we need the following lemma, whose proof is left inAppendix:

Lemma 3.1. ∫ ∞

−∞
cos(αϕ+ β)e−

1
2
ϕ2
dϕ =

√
2π cos(β)e−

1
2
α2

∫ ∞

−∞
sin(αϕ+ β)e−

1
2
ϕ2
dϕ =

√
2π sin(β)e−

1
2
α2
.

Applying Lemma 3.1, we have

A0 =
1

2
+

1

2
√
2π

∫ ∞

−∞
cos(αϕ+ β)e−

1
2
ϕ2
dϕ

=
1

2
+

1

2
cos(β)e−

1
2
α2

=
1

2
+

1

2
cos(M(θ − µ))e−

1
2
M2σ2

,

and

A1 =

∫ ∞

−∞

1√
2πσ

e−
1
2
(ϕ−µ

σ
)2 1− cos(M [ϕ+ θ])

2
dϕ

=
1

2
− 1

2
cos(β)e−

1
2
α2

=
1

2
− 1

2
cos(M(θ − µ))e−

1
2
M2σ2

.

Therefore, when the observed value E = 0, the posterior distribution of ϕ is

p̃(ϕ|E = 0; θ,M) =
1

2
√
2πσA0

(1 + cos(M [ϕ− θ]))e−
1
2
(ϕ−µ

σ
)2

=
1 + cos(M [ϕ− θ])

√
2πσ(1 + cos(M [µ− θ])e−

1
2
M2σ2

)
e−

1
2
(ϕ−µ

σ
)2 ,

and when E = 1, the posterior distribution of ϕ is

p̃(ϕ|E = 1; θ,M) =
1

2
√
2πσA1

(1− cos(M [ϕ− θ]))e−
1
2
(ϕ−µ

σ
)2

=
1− cos(M [ϕ− θ])

√
2πσ(1− cos(M [µ− θ])e−

1
2
M2σ2

)
e−

1
2
(ϕ−µ

σ
)2 .
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The posterior mean µ̃E=0 when E = 0 then can be calculated as

µ̃E=0 =
1

2
√
2πσA0

∫ ∞

−∞
ϕ(1 + cos(M [ϕ− θ]))e−

1
2
(ϕ−µ

σ
)2dϕ

=
1

2
√
2πσA0

(∫ ∞

−∞
ϕe−

1
2
(ϕ−µ

σ
)2dϕ+

∫ ∞

−∞
ϕ cos(M [ϕ− θ])e−

1
2
(ϕ−µ

σ
)2dϕ

)
=

µ

2A0
+

1

2
√
2πσA0

∫ ∞

−∞
ϕ cos(M [ϕ− θ])e−

1
2
(ϕ−µ

σ
)2dϕ

=
µ

2A0
+

1

2
√
2πA0

(
σ

∫ ∞

−∞
ϕ cos(αϕ+ β)e−

1
2
ϕ2
dϕ+ µ

∫ ∞

−∞
cos(αϕ+ β)e−

1
2
ϕ2
dϕ

)
=

µ

2A0
+

1

2
√
2πA0

(
−ασ

∫ ∞

−∞
sin(αϕ+ β)e−

1
2
ϕ2
dϕ+

√
2πµ cos(β)e−

1
2
α2

)
=

µ

2A0
+

1

2
√
2πA0

(
−
√
2πασ sin(β)e−

1
2
α2

+
√
2πµ cos(β)e−

1
2
α2
)

=
1

2A0

[
µ+ (µ cos(β)− ασ sin(β)) e−

1
2
α2
]

=
µ+ (µ cos(β)− ασ sin(β)) e−

1
2
α2

1 + cos(β)e−
1
2
α2

= µ− ασ sin(β)

e
1
2
α2

+ cos(β)

= µ− Mσ2 sin(M(µ− θ))

e
M2σ2

2 + cos(M(µ− θ))

Similarly, when E = 1, the posterior mean µ̃E=1 is equal to

µ̃E=1 =
1

2
√
2πσA1

∫ ∞

−∞
ϕ(1− cos(M [ϕ− θ]))e−

1
2
(ϕ−µ

σ
)2dϕ

=
1

2A1

[
µ− (µ cos(β)− ασ sin(β)) e−

1
2
α2
]

=
µ− (µ cos(β)− ασ sin(β)) e−

1
2
α2

1− cos(β)e−
1
2
α2

= µ+
ασ sin(β)

e
1
2
α2 − cos(β)

= µ+
Mσ2 sin(M(µ− θ))

e
M2σ2

2 − cos(M(µ− θ))
.

Now, we calculate the posterior variance of ϕ. When E = 0, the posterior variance
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when E = 0 can be expressed as

σ̃2E=0 =
1

2
√
2πσA0

∫ ∞

−∞
ϕ2(1 + cos(M [ϕ− θ]))e−

1
2
(ϕ−µ

σ
)2dϕ− µ̃2E=0,

where

1√
2πσ

∫ ∞

−∞
ϕ2(1 + cos(M [ϕ− θ]))e−

1
2
(ϕ−µ

σ
)2dϕ

=
1√
2π

∫ ∞

−∞
(σϕ+ µ)2(1 + cos(M [σϕ− θ + µ]))e−

1
2
ϕ2
dϕ

=
1√
2π

∫ ∞

−∞
(σ2ϕ2 + 2µσϕ+ µ2)(1 + cos(αϕ+ β))e−

1
2
ϕ2
dϕ

=
1√
2π

(
σ2
∫ ∞

−∞
ϕ2e−

1
2
ϕ2
dϕ+ 2µσ

∫ ∞

−∞
ϕe−

1
2
ϕ2
dϕ+ µ2

∫ ∞

−∞
e−

1
2
ϕ2
dϕ

+ σ2
∫ ∞

−∞
ϕ2 cos(αϕ+ β)e−

1
2
ϕ2
dϕ+ 2µσ

∫ ∞

−∞
ϕ cos(αϕ+ β)e−

1
2
ϕ2
dϕ

+ µ2
∫ ∞

−∞
cos(αϕ+ β)e−

1
2
ϕ2
dϕ

)
= σ2 + µ2 − 2αµσ sin(β)e−

1
2
α2

+ µ2 cos(β)e−
1
2
α2

+
σ2√
2π

∫ ∞

−∞
ϕ2 cos(αϕ+ β)e−

1
2
ϕ2
dϕ

= σ2 + µ2 − 2αµσ sin(β)e−
1
2
α2

+ µ2 cos(β)e−
1
2
α2

+ σ2(1− α2) cos(β)e−
1
2
α2

= 2A0(1− α2)σ2 + 2A0µ
2 + α2σ2 − 2αµσ sin(β)e−

1
2
α2
,

Thus,

σ̃2E=0 = (1− α2)σ2 + µ2 +
1

2A0
(α2σ2 − 2αµσ sin(β)e−

1
2
α2
)− µ̃2E=0

= (1− α2)σ2 +
1

2A0
α2σ2 − 1

4A2
0

α2σ2 sin2(β)e−α2

=

(
1− α2 +

α2

2A0
− 1

4A2
0

α2 sin2(β)e−α2

)
σ2

=

(
1− α2 +

α2

1 + cos(β)e−
1
2
α2
− α2 sin2(β)e−α2

(1 + cos(β)e−
1
2
α2
)2

)
σ2

=

(
1−M2σ2 +

M2σ2

1 + cos(M(µ− θ))e−
1
2
M2σ2

− M2σ2 sin2(M(µ− θ))e−M2σ2

(1 + cos(M(µ− θ))e−
1
2
M2σ2

)2

)
σ2.
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In the same manner, we can show that when E = 1, the posterior variance

σ̃2E=1 = (1− α2)σ2 + µ2 +
1

2A1
(α2σ2 + 2αµσ sin(β)e−

1
2
α2
)− µ̃2E=1

=

(
1− α2 +

α2

2A1
− 1

4A2
1

α2 sin2(β)e−α2

)
σ2

=

(
1−M2σ2 +

M2σ2

1− cos(M(µ− θ))e−
1
2
M2σ2

− M2σ2 sin2(M(µ− θ))e−M2σ2

(1− cos(M(µ− θ))e−
1
2
M2σ2

)2

)
σ2.

3.2 Simulation Results of Bayesian Phase Estimation Algo-

rithm

In this section, we perform several simulations to develop insights into the performance of

the Bayesian phase estimation algorithm. The setting of the first simulation scheme is as

follows:

• Recall that m represents the number of data points generated in the rejection filter-

ing step at each iteration of the Bayesian phase estimation algorithm, we carry out

simulations with three distinct values of m: m = 50, m = 100, and m = 300. Fur-

thermore, we can immediately derive a simple analytical formula-based algorithm

by replacing the rejection filtering step with the close-form expressions of the pos-

terior mean and variance discussed in the previous section. We will also perform

a simulation with this analytical formula-based algorithm alongside the other three

scenarios.

• In each of the four scenarios, we generate 1000 8 × 8 unitary matrices, labeled as

Uj , j = 1, 2, ..., 1000, randomly select an eigenvector |ϕ(j)⟩ for each matrix Uj , and

then compute the exact value of the phase ϕ(j) corresponding to this eigenvector

using classical algorithm.

• For each Uj , we run the Bayesian phase estimation algorithm with 120 iterations.

The initial prior for phase ϕ(j) is set to be N (π, π2). Denote the posterior mean
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after k iterations by ϕ̂k(j), the absolute error ek(j), k = 0, 1, 2, ..., 120, is defined by

e0(j) = |π − ϕ(j)| mod 2π, ek(j) = |ϕ̂
k
(j) − ϕ(j)| mod 2π, k = 1, 2, ..., 120.

• We then calculate the median absolute error and the mean absolute error as bench-

marks of the algorithm. The median absolute error corresponding to the kth iteration

is given by

Median Absolute Errork = the median of {ek(1), e
k
(2), ..., e

k
(1000)},

and the mean absolute error corresponding to the kth iteration is given by

Mean Absolute Errork =
1

1000

1000∑
j=1

ek(j).

• The trend of median absolute errors and the trend of mean absolute errors are then

visualized in Figure 3.2 and Figure 3.3, respectively, where the y-coordinate in Figure

3.2 represents the median absolute error in log-scale, and the y-coordinate in Figure

3.3 represents the mean absolute error in log-scale.

As depicted in Figure 3.2, the median absolute error drops quickly at a nearly exponen-

tial rate as the number of iterations increases. The “m = 100”, “m = 300”, and “analytical

formula” settings exhibit similar performance, but the “m = 50” setting shows a slower

decrease in median absolute error, suggesting that an excessively low m may reduce the

efficiency of the algorithm. However, as shown in Figure 3.3 and as mentioned in (Wiebe

& Granade, 2016), the decrease in mean absolute error is notably slow; even after 120

iterations, the mean absolute errors still remain at a magnitude of 10−1. Furthermore,

even if it utilizes more computational resources, the “m=300” case performs worse than

both the “m=50” and “m=100” cases, and the algorithm that relies on the analytical

formula has the highest mean absolute error.

To explore why the rate of decrease in mean absolute errors is such slow, for each of
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Figure 3.2: Median Absolute Error versus Number of Iterations

Figure 3.3: Mean Absolute Error versus Number of Iterations
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the four setups (m = 50, m = 100, m = 300, analytical formula), we draw a histogram for

the 1000 absolute errors corresponding to the 50th iteration (i.e. e50(j), j = 1, 2, ..., 1000), as

well as a histogram for the 1000 absolute errors corresponding to the 100th iteration (i.e.

e100(j) , j = 1, 2, ..., 1000). The histograms are shown below (Figure 3.4-3.7):

Figure 3.4: Absolute Errors of the “Analytical-Formula-Based” Scheme
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Figure 3.5: Absolute Errors of the “m = 50” Scheme

Figure 3.6: Absolute Errors of the “m = 100” Scheme
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Figure 3.7: Absolute Errors of of the “m = 300” Scheme

These figures illustrate that there is a substantial number of absolute errors that are

at a magnitude of 1, which significantly leverages the mean absolute errors. These large

absolute errors diminish very slowly, especially in the “m = 300” case and the “analytical-

formula-based” case, in which the number of absolute errors close to π at the 100th

iteration remains comparable to that at the 50th iteration, resulting in the slow speed of

decrease of the mean absolute errors. These simulation results indicate that in cases, the

iteratively refined estimate µi for ϕ can be trapped at an incorrect value. To overcome this

problem, Wiebe and Granade (2016) proposed a restart strategy involving monitoring the

progress of the estimation and restarting the algorithm when it gets stuck. The main idea

of their restart strategy is to examine the decay rate of the uncertainty σ, and when this

rate is below a certain threshold, check whether µ is a relatively precise estimate for the

phase ϕ. This strategy turns out to be effective (Wiebe & Granade, 2016; Paesani et al.,

2017). For additional information regarding Bayesian-based quantum phase estimation

algorithms, see (Li et al., 2018; Mart́ınez-Garćıa, Vodola, & Müller, 2019; Gebhart et al.,

2021; Yamamoto et al., 2024).
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Chapter 4

Quantum Annealing

4.1 Simulated Annealing

4.1.1 Introduction to Simulated Annealing

This chapter discusses the quantum annealing algorithm. First, we introduce the simulated

annealing algorithm which inspired the development of quantum annealing. Simulated an-

nealing (Kirkpatrick, Gelatt Jr, & Vecchi, 1983; Černỳ, 1985) is a meta-heuristic algorithm

designed to tackle global optimization problems, particularly combinatorial minimization

problems whose solution space can be vast and filled with numerous local minima. The

term “annealing” refers to a process in materials science and metallurgy involving heating

a solid to a very high temperature to accelerate the movement of the atoms, allowing fast

redistribution of the atoms, and then cooling the material according to a cooling sched-

ule to “freeze” its structure. The solid will reach its lowest thermodynamic free energy

configuration if it is heated to a sufficiently high temperature at the beginning of the

annealing process and cooled slowly enough to allow it to reach thermal equilibrium at

each temperature Tther, where the thermal equilibrium is characterized by the Boltzmann

distribution of the current state or configuration s of the solid (Metropolis, Rosenbluth,

Rosenbluth, Teller, & Teller, 1953):
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P (s = s) =
1

Z(Tther)
e
− Es

kBTther , s ∈ S, (4.1)

where S is a set of all the possible configurations of the solid, Es denotes the energy of

the solid corresponding to the configuration s, kB is a generic physical constant called

Boltzmann constant, and

Z(Tther) =
∑
s′∈S

e
−

Es′
kBTther

is the normalization factor. Simulated annealing imitates the physical annealing process to

solve optimization problems. We restrict our discussion to discrete optimization problems.

Further noted that constrained optimization problems can be handled by adding penalty

terms to the objective functions to convert to unconstrained optimization problems, we

hereinafter focus on the following unconstrained combinatorial optimization problem:

min
s∈S

f(s), (4.2)

where S is the search space analogous to the set of all the possible configurations of a solid,

and f(s) is the objective function analogous to the thermodynamic free energy of the solid.

The classical version of the simulated annealing algorithm starts with an initial solution s0,

which can be viewed as the configuration of a solid before cooling, an initial temperature

T0, which is a control parameter corresponding to the initial temperature of the physical

annealing process, and a neighborhood structure N defined on S such that

(i) The cardinality |N (s)| is a constant for all s ∈ S.

(ii) For any s, s′ ∈ S, there exists l ∈ Z+, such that sl = s′, s ∈ N (s1), si−1 ∈ N (si), i =

2, ..., l.

The algorithm iteratively refines the current solution s by first uniformly randomly gen-

erating a candidate solution s′ from N (s) and then determining whether to accept or not

this candidate solution. The acceptance probability is given by the Metropolis criterion

(Metropolis et al., 1953),
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P (accpect s′ as the next solution) =


1 if f(s′) ≤ f(s)

exp
(
−f(s′)−f(s)

T

)
if f(s′) > f(s),

(4.3)

where T is the temperature of the current iteration. If the candidate solution is accepted,

the algorithm transitions the current solution to the candidate solution; otherwise, the

current solution remains unchanged. This procedure will repeated several times at tem-

perature T until an equilibrium state, which is the stationary distribution of a reversible

Markov chain, is ideally approximately reached

P (the current solution = s) =
1

Z(T )
e−

f(s)
T , s ∈ S, (4.4)

where

Z(T ) =
∑
s′∈S

e−
f(s′)
T

The temperature T is then lowered according to a cooling schedule. Along this line, the

temperature T gradually decreases throughout the iterations, and the algorithm terminates

when the temperature is close enough to 0.

The Metropolis acceptance criterion (4.3) enables the algorithm to temporarily accept

a “worse” solution, which corresponds to a larger objective function value compared to

the current solution. This strategy helps the algorithm avoid being trapped in a local

minima. When the temperature T is high, the algorithm is more likely to accept a worse

solution, thus able to explore the solution space thoroughly. As the temperature decreases,

the algorithm will increasingly favor a “better” solution and eventually freeze on a local

minimum solution, where this local minimum solution is guaranteed to be a global mini-

mum solution with probability 1 if the cooling schedule is sufficiently slow (Hajek, 1988;

Connors & Kumar, 1989). The pseudo-code of the classical simulated annealing algorithm

is shown in Algorithm 1 (Laarhoven & Aarts, 1987; Henderson, Jacobson, & Johnson,

2003; Delahaye, Chaimatanan, & Mongeau, 2019).
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Algorithm 1 Simulated Annealing

▷ s0: the initial solution
▷ T0: the initial temperature
▷ Tk: the kth temperature generated according to the cooling schedule
▷ Lk: the number of iterations executed at temperature Tk
▷ N (s): the neighborhood of s associated with the pre-specified neighborhood struc-
ture

1: k ← 0, s← s0
2: while stopping criterion is not met do
3: count← 0
4: for count < Lk do
5: Generate a candidate solution s′ from the neighborhood N (s) of s.
6: if f(s′) ≤ f(s) then
7: s← s′

8: else if Uniform(0, 1) ≤ exp
(
−f(s′)−f(s)

Tk

)
then

9: s← s′

10: end if
11: count← count+ 1
12: end for
13: k ← k + 1
14: end while
15: return s

4.1.2 Mathematical Model of Simulated Annealing

This section presents mathematical formulations of various components of the simulated

annealing algorithm, including neighborhood structure, including neighborhood structure,

generation mechanism, acceptance criterion, cooling schedule, and Markov chain length.

Additionally, it discusses practical insights regarding the selection of these components

and provides findings related to the convergence properties of the algorithm.

• neighborhood structure: A neighborhood structure N is a set-valued function which

maps each configuration s ∈ S to a subset of S\{s}. In general, a neighborhood

structure is required to satisfy the following two conditions:

(N1) For any s, s′ ∈ S, s ∈ N (s′) if and only if s′ ∈ N (s).

(N2) For any s, s′ ∈ S, there exists l ∈ Z+, such that sl = s′, s ∈ N (s1), si−1 ∈

N (si), i = 2, ..., l.
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A neighborhood structure is typically defined by manually describing a rule for gen-

erating a neighborhood N (s) from each configuration s, like randomly modifying one

component or swapping two components of s. The selection of the neighborhood

structure is tied closely to the category of the combinatorial optimization problem.

Different neighborhood structures can be employed for a particular type of combina-

torial optimization problem, and the selection of these neighborhood structures can

substantially impact the performance of the simulated annealing algorithm (Fleischer

& Jacobson, 1999). More results for neighborhood structure selection can be found

in Henderson et al. (2003), Ventresca and Tizhoosh (2007), and Xinchao (2011).

• generation mechanism: A generation mechanism G describes how the simulated an-

nealing algorithm generates a candidate solution from the current solution. It is a

distribution-valued function defined on S mapping each configuration s to a distri-

bution G(s) on N (s). We denote the probability that generating s′ ∈ N (s) from s

at temperature T according to the generation mechanism G by GT (s, s
′),

GT (s, s
′) := PT (generate s

′|the current solution is s).

A common choice of generation mechanism is for any configuration s ∈ S, uniformly

randomly generate a candidate solution s′ from its neighborhood N (s), i.e. for all

temperature T ,

GT (s, s
′) =


1

|N (s)| if s′ ∈ N (s)

0 if s′ /∈ N (s).

(4.5)

Nevertheless, other generation mechanisms can be employed as long as the corre-

sponding generation probability functions satisfy the following two conditions (Faigle

& Kern, 1991):

(G1) For all T ≥ 0, for any s, s′ ∈ S, GT (s, s
′) > 0 if and only if GT (s

′, s) > 0.

(G2) For all T ≥ 0, for any s, s′ ∈ S, there exists l ∈ Z+ and s1, s2, ..., sl ∈ S, such
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that

GT (s, s1)GT (s1, s2)...GT (sl, s
′) > 0.

See Fox (1993) and Xinchao (2011) for more generation mechanisms.

• acceptance criterion: A acceptance criterion is a criterion to determine whether to

accept a generated candidate solution as the current solution for the next iteration.

The associated acceptance probability function of accepting the candidate solution s′

at temperature T is denoted by AT (s, s
′),

AT (s, s
′) := PT (accept s

′|the current solution is s).

The acceptance probability function commonly needs to satisfy the following condi-

tions:

(A1) ∀T > 0, ∀s, s′ ∈ S,


AT (s, s

′) ∈ (0, 1] if f(s′) > f(s)

AT (s, s
′) = 1 if f(s′) ≤ f(s),

(A2) ∀s, s′ ∈ S with f(s) < f(s′),

lim
T↓0

AT (s, s
′) = 0,

(A3) (Multiplicativity) ∀T > 0, ∀s, s′, s′′ ∈ S with f(s) ≤ f(s′) ≤ f(s′′),

AT (s, s
′)AT (s

′, s′′) = AT (s, s
′′).

When the temperature T > 0 stays invariant during the annealing process, it’s easy

to check that the condition (A1) along with conditions (G1)-(G2) guarantees that

the algorithm behaves as an ergodic homogeneous Markov chain with transition
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probability

PT (s, s
′) =


GT (s, s

′)AT (s, s
′) if s ̸= s′

1−
∑

s′′∈N (s)

GT (s, s
′)AT (s, s

′) if s = s′.
(4.6)

The ergodicity ensures that the sequence of solutions of the algorithm will converge

in distribution to the unique stationary distribution πT of the Markov chain (Levin

& Peres, 2017). When adopting the generation mechanism in (4.5), the stationary

distribution corresponding to the Metropolis criterion (4.3) is just the Boltzmann

distribution mentioned in (4.4). The conditions (A2)-(A3) further guarantee that

the equilibrium distribution πT converges in distribution to a uniform distribution

defined on the set of all optimal solutions Sopt := {s : s is an optimal solution}:

lim
T↓0

πT (s) =


1

|Sopt| if s ∈ Sopt

0 if s /∈ Sopt

Beyond the widely employed Metropolis criterion (4.3), alternative acceptance crite-

ria exist that could enhance the finite-time performance of the simulated annealing

algorithm for specific categories of combinatorial optimization problems. (Dueck &

Scheuer, 1990; Moscato & Fontanari, 1990; Penna, 1995). See Anily and Federgruen

(1987), Ogbu and Smith (1990), Schuur (1997), and Franz, Hoffmann, and Salamon

(2001) for more discussion about acceptance criterion.

• cooling schedule: A cooling schedule involves three components: an initial tempera-

ture T0, a schedule for temperature decrement, and a stopping criterion. We first talk

about how to select the initial temperature T0 and then discuss other components.

The algorithm becomes inefficient when the initial temperature is either too high

or too low. One way to experimentally find an appropriate initial temperature T0

involves running the algorithm at a fixed temperature T and calculate the acceptance
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ratio χ(T ) associated with T , where

χ(T ) =
number of accepted transitions from current solution to candidate solution

total number of iterations
.

If this ratio is larger than a pre-specified threshold χ0, adjust T by multiplying it

by a factor greater than one and recalculate the acceptance ratio at this adjusted

temperature. By iterating this process until the acceptance ratio is larger than χ0,

the concluding temperature can be utilized as the initial solution (Kirkpatrick et

al., 1983). See Ben-Ameur (2004) for a detailed discussion of initial temperature

selection.

A theoretically important cooling schedule is the logarithmic cooling schedule:

Tk =
d

log(k + 1)
, k ≥ 1,

where d > 0 is a constant, and k represents the iteration number. Hajek (1988)

proved that, with a neighborhood structure satisfying (N1)-(N2) as well as hav-

ing a constant neighborhood size |N (s)|, the uniform generation mechanism (4.5),

and the Metropolis acceptance criterion (4.3), the simulated annealing algorithm

converges to a global optimal solution with probability 1 if and only if d equals a

problem-dependent constant d∗. However, this cooling schedule is excessively slow,

so in practice, other cooling schedules that don’t have a theoretical guarantee for

convergence but are much more efficient should be applied.

One commonly used cooling schedule in practice is the geometric cooling schedule

(Strenski & Kirkpatrick, 1991): Starting from an initial temperature T0, iteratively

reduce the temperature by multiplying it by a factor α ∈ (0, 1), i.e. Tk = αkT0, until

it is close enough to 0. Another widely adopted cooling schedule is the linear cooling

schedule (Kirkpatrick et al., 1983), which appoints a total number of temperature

changes n, and Tk is defined by Tk = (1− k
n)T0, k = 1, 2, ..., n. In addition to these

strategies, researchers have proposed various cooling schedules, including adaptive
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ones that heuristically determine Tk based on information gathered during the al-

gorithm’s execution. For example, Blum, Dan, and Seddighin (2021) designed a

procedure that learns a problem-dependent finite sequence of temperatures {Tk}nk=1

by sampling instantiations from a family of similar combinatorial optimization prob-

lems. They demonstrated that, under certain conditions, this method exhibits re-

markable efficiency regarding the likelihood of finding a global optimal solution in

a limited amount of iterations. For more discussion about cooling schedules, see

(Nourani & Andresen, 1998; Henderson et al., 2003; Karabin & Stuart, 2020).

• Markov chain length: At each temperature Tk, the algorithm usually performs sev-

eral iterations until it ideally converges to the unique stationary distribution of the

corresponding Markov chain. We label the number of iterations at temperature

Tk as Lk, referring to it as the Markov chain length. When utilizing the uniform

generation mechanism (4.5), Sanvicente-Sánchez and Frausto-Soĺıs (2004) suggested

that the Markov chain length Lk should be a multiple of the cardinality |N (s)|

of the neighborhood of the current solution s. This relationship can be formu-

lated as Lk = c|N (s)|, with c recommended to lie between [1, 4.6]. Frausto-Soĺıs,

Sanvicente-Sánchez, and Imperial-Valenzuela (2006) proposed that, when using the

geometric cooling schedule, exponentially increasing the length of the Markov chain,

i.e. Lk = βLk−1 with β being a constant slightly greater than 1, may improve the

algorithm’s efficiency. For more information, see (Henderson et al., 2003).

4.2 Quantum Annealing

In this section, we will discuss the quantum annealing algorithm, incorporating some

notations and expressions from (Wang & Liu, 2022; Wang et al., 2023) in which I am

one of the authors. Quantum annealing is the quantum analog of classical annealing,

with thermodynamics replaced by quantum dynamics. Similar to the simulated annealing
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algorithm, it is used to solve combinatorial optimization problems in the form of

min
s∈S

f(s).

This combinatorial optimization problem can be embedded in a specially designed quan-

tum system. The basis states of this quantum system have a one-to-one relationship with

the solutions of the combinatorial optimization problem, and the system’s total energy at

each basis state matches the value of the objective function at the corresponding solution.

Therefore, finding an optimal solution to the original combinatorial optimization problem

can be accomplished by finding a basis state, known as ground state, at which the quan-

tum system has the lowest energy among all possible energies (Kadowaki & Nishimori,

1998; Rajak et al., 2023; Wang & Liu, 2022). The total energy of this quantum system

is characterized by an operator called the Hamiltonian, denoted by Hq. The Hamiltonian

can be represented by a Hermitian matrix, which is a matrix whose conjugate transpose

is equal to itself. The eigenstates of the Hamiltonian constitute the basis of the quan-

tum system, with each eigenvalue reflecting the system’s total energy in the respective

eigenstate (Morita & Nishimori, 2008; Griffiths & Schroeter, 2019).

To find the ground state of Hq, the (commonly referred) quantum annealing algorithm

introduces an auxiliary Hamiltonian Ha, where Ha is selected to be non-commutable with

Hq, i.e., HqHa ̸= HaHq, and its ground state should be easy to prepare in practice

(Kadowaki & Nishimori, 1998; Hauke et al., 2020). The quantum annealing system is

initialized in the ground state of Ha, and the Hamiltonian HQA of the system is then

gradually transitioned from the initial Hamiltonian Ha to the target Hamiltonian Hq,

which can be formulated as

HQA(t) = A(t)Hq +B(t)Ha, t ∈ [0, tf ], (4.7)

where tf is the duration of the annealing process, and the annealing schedules A(t) and

B(t) are smooth functions such that A(t) is increasing with A(0) = 0, A(1) = 1, and B(t)
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is decreasing with B(0) = 1, B(1) = 0 (Hauke et al., 2020; Wang et al., 2023). As a

spontaneous physical process, the state of the quantum annealing system automatically

evolves, where the dynamic of the evolution is governed by a fundamental differential

equation in quantum mechanics referred to as the Schrödinger equation, formulated as

iℏ
∂

∂t
|ψ(t)⟩ = HQA(t)|ψ(t)⟩,

where |ψ(t)⟩ represents the state of the system at time t, and ℏ = 6.62607015×10−34

2π is the

reduced Planck’s constant (Schrödinger, 1926; Griffiths & Schroeter, 2019). Recall that the

quantum system is initialized in the ground state |ψ(0)⟩ of HQA(0) = Ha. The adiabatic

theorem, first established by Born and Fock (1928), guarantees that if the Hamiltonian

HQA(t) is not degenerate and the change of HQA(t) is sufficiently slow, the final state

|ψ(tf )⟩ of the quantum system will be nearly identical to the ground state ofHQA(tf ) = Hq

(Morita & Nishimori, 2008; Albash & Lidar, 2018). Consequently, with high probability,

measuring the quantum system at the end of the process will yield an optimal solution to

the combinatorial optimization problem (Jansen, Ruskai, & Seiler, 2007).

In contrast to many quantum algorithms, such as Shor’s algorithm and the quan-

tum phase estimation algorithm, quantum annealing does not rely on quantum gates.

As a result, it can be effectively implemented on devices specifically constructed for this

method (Johnson et al., 2011; Yarkoni, Raponi, Bäck, & Schmitt, 2022). This kind of

special-purpose quantum device is called a quantum annealer. The large quantum anneal-

ing devices available today are designed and manufactured by the D-Wave company. Its

AdvantageTM quantum annealer, which was released in 2020, has at least five thousand

superconducting qubits, and the next-generation device under development is expected to

have over seven thousand qubits (Tasseff et al., 2022). Since D-Wave launched its first

commercial quantum annealer in 2011, researchers have conducted extensive studies on

these quantum annealers. Most studies suggest that D-Wave machines have not achieved

quantum supremacy over state-of-the-art classical heuristic algorithms, but some research

results indicate that the new generation device can outperform the simulated annealing
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algorithm in specially designed benchmark problems tailored to the architecture of the

quantum annealers (Boixo et al., 2014; Lanting et al., 2014; Albash, Vinci, Mishra, War-

burton, & Lidar, 2015; Adame & McMahon, 2020; King et al., 2022; Willsch et al., 2022;

Tasseff et al., 2022).

Due to technical restrictions, current quantum annealers can only handle special cate-

gories of combinatorial optimization problems that can be formulated in terms of classical

Ising models (Kadowaki & Nishimori, 1998; Dattani, Szalay, & Chancellor, 2019; Hauke

et al., 2020), where many practically important optimization problems, such as the travel-

ling salesman problem and the Boolean satisfiability problem, can be represented as these

models (Martoňák, Santoro, & Tosatti, 2004; Battaglia, Santoro, & Tosatti, 2005; Su, Tu,

& He, 2016; Yarkoni et al., 2022). We describe the Ising model using a graph G whose

site and edge sets are denoted by V and E , respectively. Each site is associated with a

value in {+1,−1}, and each edge specifies the interaction (or coupling) between the two

sites connected by the edge. Denote by d the total number of sites in G, and denote a

configuration or state of the model by s = (s1, s2, ..., sd) ∈ {−1, 1}d. The classical Ising

model has the following energy function (Wang & Liu, 2022; Wang et al., 2023):

Hc
I(s) = −

∑
⟨i,j⟩∈E

Jijsisj −
∑
i∈V

hisi. (4.8)

We refer to a set of fixed values {Jij , hi} as one instance of the Ising model. The optimiza-

tion problem associated with the Ising model involves finding a state that corresponds to

the lowest energy of Hc
I(s).

The quantum Hamiltonian associated with the classical Ising model, i.e. the Hq term

in Equation (4.7) is as follows:

Hq
I = −

∑
⟨i,j⟩∈E

Jijσ
z
iσ

z
j −

∑
i∈V

hiσ
z
i , (4.9)

where G is the graph specified in the definition of the classical Ising model with site set V

and edge set E , σz
iσ

z
j denotes the tensor product of Pauli-z matrices along with identity
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matrices in such a way that

σz
iσ

z
j = I1 ⊗ · · · ⊗ Ii−1 ⊗ σzi ⊗ Ii+1 ⊗ · · · ⊗ Ij−1 ⊗ σzj ⊗ Ij+1 ⊗ · · · ⊗ Id,

and σz
i stands for the following tensor product of matrices:

σz
i = I1 ⊗ · · · ⊗ Ii−1 ⊗ σzi ⊗ Ii+1 ⊗ · · · ⊗ Id,

Each interaction strength coefficient Jij is implemented in D-wave devices by a tunable

coupler between the qubit on site i and the qubit on site j, and hi is implemented by

applying external flux to qubit on site i ∈ V (Boixo et al., 2014).

The commonly referred quantum annealing model is the transverse-field Ising model

(Kadowaki & Nishimori, 1998; Wang et al., 2023):

HQA(t) = A(t)Hq
I +B(t)HX , t ∈ [0, tf ], (4.10)

where the transverse field Hamiltonian HX is as follows:

HX = −
∑
i∈V

σx
i ,

with

σx
i = I1 ⊗ · · · ⊗ Ii−1 ⊗ σxi ⊗ Ii+1 ⊗ · · · ⊗ Id,

where σxi is the Pauli-x matrix. As described before, tf is the duration of the annealing

process, and the annealing schedules A(t) and B(t) are smooth functions such that A(t) is

increasing with A(0) = 0, A(1) = 1, and B(t) is decreasing with B(0) = 1, B(1) = 0. The

quantum annealing system is initialized to the ground state (1, 1, ..., 1)T of the transverse

field Hamiltonian HX , and the Hamiltonian of the system is slowly driven from HX to the

final target Hamiltonian Hq
I . Ideally, the quantum state of the system will end up with

the ground state of Hq
I . The eigenvalues of Hq

I are exactly all the 2d configurations of the
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classical Hamiltonian Hc
I(s) in (4.8). The relationship between the classical Hamiltonian

Hc
I(s) and the quantum Hamiltonian Hq

I is described in the following theorem, whose

proof can be found in (Wang et al., 2023):

Theorem 4.1. The eigenvalues of the quantum Hamiltonian Hq
I in (4.9) are given by

the 2d values of the classical Hamiltonian Hc
I(s) in (4.8) evaluated at 2d configurations

s ∈ {+1,−1}d. In particular, the minimum of Hc
I(s) over s ∈ {+1,−1}d is equal to the

smallest eigenvalue of Hq
I .

Theorem 4.1 shows that finding the minimal energy of the classical Ising model de-

scribed by Hc
I(s) is mathematically identical to finding the minimal energy of the quantum

Hamiltonian Hq
I(s). Thus, at the end of the quantum annealing process, measuring the

quantum system renders a solution to the combinatorial minimization problem with the

objective function Hc
I(s). Like the simulated annealing algorithm, each run of quantum

annealing can produce a solution to the optimization problem that is optimal with some

probability, and running quantum annealing many times enables us to solve the optimiza-

tion problem.

Several techniques were proposed to enhance the performance of the quantum anneal-

ing algorithm, such as properly designing the annealing schedules A(t) and B(t) as well as

replacing the simple transverse field Hamiltonian HX by more complicated Hamiltonians

(Perdomo-Ortiz, Venegas-Andraca, & Aspuru-Guzik, 2011; Chancellor, 2017; Nishimori

& Takada, 2017; Susa, Yamashiro, Yamamoto, & Nishimori, 2018; Susa, Yamashiro, Ya-

mamoto, Hen, et al., 2018; Hauke et al., 2020). For example, Adame and McMahon (2020)

proposed a time-shift-based protocol for inhomogeneous driving where the quantum an-

nealing Hamiltonian is given by

HQA(t) = −
∑

⟨i,j⟩∈E

√
Ai(t)Aj(t)Jijσ

z
iσ

z
j −

∑
i∈V

Ai(t)hiσ
z
i −

∑
i∈V

Bi(t)hiσ
x
i ,

and the experimental implementation of this protocol in D-wave devices demonstrates

a notable improvement in performance as compared to the simple transverse-field Ising
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model (4.10).

In the next section, we will introduce some theoretical results regarding the probability

of successfully finding the ground state via the quantum annealing algorithm.

4.3 Bounds on Quantum Annealing

A theoretical base of quantum annealing is the adiabatic theorem. Let u = t
tf
, t ∈ [0, tf ].

Denote the state of the quantum annealing system at time t = utf by |ψ(u)⟩ and the

instantaneous ground state ofHQA(utf ) by |λ0(u)⟩. Assume that |λ0(u)⟩ is non-degenerate

over u ∈ [0, 1], denote the energy gap of the system by ∆λ(u) = λ1(u)−λ0(u), where λ1(u)

is the energy of the instantaneous first excited state of the quantum system at time utf ,

and define ∆minλ = min
u∈[0,1]

∆λ(u) as the minimum energy gap, the adiabatic theorem says

the quantum annealing will yield the ground state of HI
q with sufficiently high probability

if (Born & Fock, 1928; McGeoch, 2014)

tf ≫

∣∣∣∣∣∣dH(u)
du

∣∣∣∣∣∣
L2

(∆minλ)2
.

More convergence conditions for the quantum annealing algorithm can be found in (Morita

& Nishimori, 2008; Cheung, Høyer, & Wiebe, 2011; Kimura & Nishimori, 2022). Lower

bounds for the annealing time can be found in (Garćıa-Pintos, Brady, Bringewatt, & Liu,

2023).

The convergence conditions demonstrate the asymptotic behavior of the quantum an-

nealing process. The following theorem, which characterizes the finite-time behavior of

the algorithm, provides a probability bound on successfully solving the optimization prob-

lem at the final annealing time tf using quantum annealing, whose proof can be found in

(Wang et al., 2023):

Theorem 4.2. Suppose that the quantum system associated with quantum annealing is

driven by HQA(t) as defined in (4.10). Then the probability that the lowest energy of Hc
I

in (4.8) is obtained by measuring the system at the end of quantum annealing is bounded
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from below by

max

{[(
1−

∫ 1

0

∥∥∥∥ ddu(|v1(u)⟩, ..., |vr(u)⟩)
∥∥∥∥ du)

+

]2
, {vj}1≤j≤r, 1 ≤ r ≤ ζ

}
, (4.11)

where ζ denotes the number of ground states for the quantum Hamiltonian Hq
I in (4.9),

(x)+ denotes the positive part of x—namely, (x)+ is equal to x if x ≥ 0 and zero otherwise,

and (|v1(u)⟩, ..., |vr(u)⟩) is a matrix formed by r column vectors |v1(u)⟩, ..., |vr(u)⟩ that are

defined as follows. Denote by ξ1(u) ≤ ξ2(u) ≤ ... ≤ ξ2d(u) the 2d instantaneous eigenvalues

of HQA(utf ) listed in an increasing order along with the corresponding 2d normalized

eigenvectors v1(u), v2(u), ..., v2d(u), where for any eigenvalue with a multiplicity greater

than 1, the eigenvalue is repeated in the list with the number of repetitions equal to its

multiplicity, and the multiple eigenvectors corresponding to the same eigenvalue are ordered

as a group—that is, their positions in the list are exchangeable, and the maximum in (4.11)

is taken over 1 ≤ r ≤ ζ and possible group orderings of vj(u).

Furthermore, assume that the energy gap ∆λ(u) is bounded from zero uniformly over

u ∈ [0, 1]. Then the probability that the quantum annealing procedure can find the lowest

energy of Hc
I in (4.8) is bounded from below by

1− 2dζ max
u∈[0,1]

{
1

∆λ(u)

∥∥∥∥dHQA(utf )

du

∥∥∥∥}2

, (4.12)

where ∥ · ∥ denotes the matrix spectral norm.

Theorem 4.2 indicates that by choosing appropriate A(t) and B(t), we can ensure

that the probability lower bound in (4.12) is positive and thus guarantee that quantum

annealing can find the lowest energy of Hc
I with some probability. Indeed, let

ℵ = max
u∈[0,1]

{
1

∆λ(u)

∥∥∥∥dHQA(utf )

du

∥∥∥∥}2

,

note that

dHQA(utf )

du
=
dA(utf )

du
Hq

I +
dB(utf )

du
HX ,
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which depends on u only through the derivatives of annealing schedules A(t) and B(t), we

have

ℵ ≤ max
u∈[0,1]

{
(∆λ(u))−2

[∣∣∣∣dA(utf )du

∣∣∣∣ ∥Hq
I∥+

∣∣∣∣dB(utf )

du

∣∣∣∣ ∥HX∥
]2}

≤ (∆minλ)
−2[∥Hq

I∥+ ∥HX∥]2 max
u∈[0,1]

{∣∣∣∣dA(utf )du

∣∣∣∣∨ ∣∣∣∣dB(utf )

du

∣∣∣∣} ,
where

∨
stands for the maximum. For a given quantum annealing setup, we have fixed

d, ζ, ∥Hq
I∥, ∥HX∥, and ∆minλ. Hence, if for u ∈ [0, 1],

∣∣∣∣dA(utf )du

∣∣∣∣∨ ∣∣∣∣dB(utf )

du

∣∣∣∣ < ∆minλ

2d/2
√
ζ[∥Hq

I∥+ ∥HX∥]
,

then the probability lower bound

1− 2dζ max
u∈[0,1]

{
1

∆λ(u)

∥∥∥∥dHQA(utf )

du

∥∥∥∥}2

is greater than 0, which partially reflecting the finite-time behavior of the quantum an-

nealing algorithm.
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Appendix A

Appendix

A.1 Proof of Lemma 2.1

We now prove the Lemma 2.1. Since for any δ > 0, there exists δ′ > 0 such that δ′

m = δ
m+3 ,

we reformulate the lemma as follows:

Lemma A.1. For any ϕ ∈ [0, 2π), δ > 0, ∃s = O(log(m)), such that for all j,

P (|ρj − (Mjψ mod 1)| > 1

16
) <

δ

m
.

Proof. We first consider the case that j = 1. Let c = π
8 , P

∗
sin = P ∗

sin(M1), and P ∗
cos =

P ∗
cos(M1). When ϕ ∈ [0, π4 ),

P (|ρj − (Mjψ mod 1)| > 1

16
) = P (| arctan(P

∗
sin

P ∗
cos

)− ϕ| > c)

≤ P (|P
∗
sin

P ∗
cos

− tan(ϕ)| > c)

= P (|P
∗
sin

P ∗
cos

− sin(ϕ)

P ∗
cos

+
sin(ϕ)

P ∗
cos

− sin(ϕ)

cos(ϕ)
| > c)

≤ P (|P
∗
sin − sin(ϕ)

P ∗
cos

| > c

2
∪ |sin(ϕ) cos(ϕ)− P

∗
cos sin(ϕ)

P ∗
cos cos(ϕ)

| > c

2
)

≤ P (|P
∗
sin − sin(ϕ)

P ∗
cos

| > c

2
) + P (|sin(ϕ) cos(ϕ)− P

∗
cos sin(ϕ)

P ∗
cos cos(ϕ)

| > c

2
),



45

P (|P
∗
sin − sin(ϕ)

P ∗
cos

| > c

2
) = P (|P

∗
sin − sin(ϕ)

P ∗
cos

| > c

2
, |P ∗

cos − cos(ϕ)| < 1

2
cos(ϕ))

+ P (|P
∗
sin − sin(ϕ)

P ∗
cos

| > c

2
, |P ∗

cos − cos(ϕ)| ≥ 1

2
cos(ϕ))

≤ P (|P
∗
sin − sin(ϕ)
1
2 cos(ϕ)

| > c

2
) + P (|P ∗

cos − cos(ϕ)| ≥ 1

2
cos(ϕ))

= P (|P ∗
sin − sin(ϕ)| > c

4
cos(ϕ)) + P (|P ∗

cos − cos(ϕ)| ≥ 1

2
cos(ϕ)),

so by Hoeffding’s inequality,

P (|P
∗
sin − sin(ϕ)

P ∗
cos

| > c

2
) ≤ P (|P ∗

sin − sin(ϕ)| > c

4
cos(ϕ)) + P (|P ∗

cos − cos(ϕ)| ≥ 1

2
cos(ϕ))

≤ 2e−2( c
4
cos(ϕ))2s + 2e−2( 1

2
cos(ϕ))2s

= 2e−
c2

8
cos2(ϕ)s + 2e−

1
2
cos2(ϕ)s

≤ 2e−
c2

16
s + 2e−

1
4
s,

where the last inequality is from the assumption that ϕ ∈ [0, π4 ).

Similarly,

P (|sin(ϕ) cos(ϕ)− P
∗
cos sin(ϕ)

P ∗
cos cos(ϕ)

| > c

2
) ≤ P (|sin(ϕ)(P

∗
cos − cos(ϕ))

1
2 cos

2(ϕ)
| > c

2
)

+ P (|P ∗
cos − cos(ϕ)| ≥ 1

2
cos(ϕ))

= P (|P ∗
cos − cos(ϕ)| > c

4

cos2(ϕ)

sin(ϕ)
)

+ P (|P ∗
cos − cos(ϕ)| ≥ 1

2
cos(ϕ))

≤ 2e
−2( c

4
cos2(ϕ)
sin(ϕ)

))2s
+ 2e−2( 1

2
cos(ϕ))2s

= 2e−
c2

8
cos2(ϕ) cot2(ϕ)s + 2e−

1
2
cos2(ϕ)s

≤ 2e−
c2

16
s + 2e−

1
4
s.
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Combining the bounds above together, we have

P (|ρj − (Mjψ mod 1)| > 1

16
) = P (| arctan(P

∗
sin

P ∗
cos

)− ϕ| > c)

≤ 4e−
c2

16
s + 4e−

1
4
s

≤ 8e−
c2

16
s.

Therefore, when

s =
16

c2
log(

8m

δ
) =

1024

π2
log(

8m

δ
) = O(log(m)),

P (|ρj − (Mjψ mod 1)| > 1
16) <

δ
m holds.

The case that ϕ ∈ [π4 ,
π
2 ) can be handled by utilizing the equation arctan(x) = π

2 −

arctan( 1x):

P (|ρj − (Mjψ mod 1)| > 1

16
) = P (| arctan(P

∗
sin

P ∗
cos

)− ϕ| > c)

= P (|(π
2
− arctan(

P ∗
cos

P ∗
sin

)− ϕ| > c)

= P (| arctan(P
∗
cos

P ∗
sin

)− (
π

2
− ϕ)| > c)

≤ P (|P
∗
cos

P ∗
sin

− cot(ϕ)| > c).

In the same manner, we can show that there exists s = O(log(m)) such that P (|ρj− (Mjψ

mod 1)| > 1
16) <

δ
m holds for any ϕ ∈ [0, 2π). The choice of s is independent of the phase

ϕ, so the proof for j = 1 case can be immediately extended to j > 1 cases. Therefore, the

statement in this lemma holds.

A.2 Proof of Lemma 3.1

We now provide a proof for Lemma 3.1:
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Lemma 3.1. ∫ ∞

−∞
cos(αϕ+ β)e−

1
2
ϕ2
dϕ =

√
2π cos(β)e−

1
2
α2

∫ ∞

−∞
sin(αϕ+ β)e−

1
2
ϕ2
dϕ =

√
2π sin(β)e−

1
2
α2
.

Proof. Let f(ϕ) = e−
1
2
ϕ2
, the derivative f ′(ϕ) satisfies:

f ′(ϕ) = −ϕe−
1
2
ϕ2

= −ϕf(ϕ).

Taking Fourier transform on both sides, we have

∫ ∞

−∞
e−iωϕf ′(ϕ)dϕ = −

∫ ∞

−∞
ϕe−iωϕf(ϕ)dϕ.

Since ∫ ∞

−∞
e−iωϕf ′(ϕ)dϕ = iω

∫ ∞

−∞
e−iωϕf(ϕ)dϕ

and ∫ ∞

−∞
ϕe−iωϕf(ϕ)dϕ = i

d

dω

∫ ∞

−∞
e−iωϕf(ϕ)dϕ,

we have

ωf̂(ω) = −f̂ ′(ω),

where

f̂(ω) =

∫ ∞

−∞
e−iωϕf(ϕ)dϕ.

Solving this differential equation, we can get

f̂(ω) = Ce−
1
2
ω2
,

where C is a constant. When ω = 0,

f̂(0) = C =

∫ ∞

−∞
e−

1
2
ϕ2
dϕ =

√
2π.
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Therefore,

f̂(ω) =
√
2πe−

1
2
ω2
,

which follows that

f̂(−α) =
∫ ∞

−∞
eiαϕf(ϕ)dϕ =

√
2πe−

1
2
α2
,

and it implies

∫ ∞

−∞
ei(αϕ+β)f(ϕ)dϕ =

∫ ∞

−∞
cos(αϕ+ β)e−

1
2
ϕ2
dϕ+ i

∫ ∞

−∞
sin(αϕ+ β)e−

1
2
ϕ2
dϕ

=
√
2πe−

1
2
α2 · eiβ

=
√
2π cos(β)e−

1
2
α2

+ i
√
2π sin(β)e−

1
2
α2
.

By comparing the real parts and the imaginary parts, we have

∫ ∞

−∞
cos(αϕ+ β)e−

1
2
ϕ2
dϕ =

√
2π cos(β)e−

1
2
α2

∫ ∞

−∞
sin(αϕ+ β)e−

1
2
ϕ2
dϕ =

√
2π sin(β)e−

1
2
α2
.
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