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Abstract

In this thesis we investigate the nonparametric methods applied for longi-
tudinal data analysis and jumps detection. The first part is about efficient
semi-parametric regression for longitudinal data with nonparametric covari-
ance estimation. Improving estimation efficiency for regression coefficients is
an important issue in the analysis of longitudinal data, which involves esti-
mating the covariance matrix of errors. But challenges arise in estimating
the covariance matrix of longitudinal data collected at irregular or unbalanced
time points. We develop a regularization method for estimating the covariance
function and a stepwise procedure for estimating the parametric components
efficiently in the varying-coefficient partially linear model. This procedure is
also applicable to the varying-coefficient temporal mixed effects model. Our
method utilizes the structure of the covariance function and thus has faster
rates of convergence in estimating the covariance functions and outperforms
the existing approaches. The second part is about adaptive jumps detection
via nonparametric screening and multiple testing procedure. In many appli-
cations, it may appear that a regression function is smooth except at several
points where jump discontinuities occur. But challenges arise when the number

of jumps is quite large and unknown. We develop a jumps detection procedure



via nonparametric screening and multiple testing. The candidates of jumps
are first detected through screening and then a multiple testing procedure is
applied to rule out the noises. Our proposed method is quite robust in jumps
detection and doesn’t depend on the choice of tuning parameter and threshold
in the screening procedure. All the two procedures are easy to implement and
their numerical performance are investigated using both simulated and real
data.

Key words and phrases: Bootstrap; Change points; FDR; Local linear
regression; Multiple testing; Copy number variations; Covariance function;
Method of regularization; Profile weighted least squares; Semiparametric varying-

coefficient partially linear model; Sobolov space; tensor product space.



Chapter 1

Introduction

This thesis contains two parts about different topics of nonparametric tech-
niques: efficient semiparametric regression for longitudinal data with nonpara-
metric covariance estimation and adaptive jumps detection via screening and
multiple testing procedure.

For the first part about longitudinal data analysis, there has been substan-
tial recent interest in nonparametric and semiparametric methods for longi-
tudinal or clustered data with dependence within subjects (or clusters) (see
[14];[3];]20]). Improving estimation efficiency is an important issue in the anal-
ysis of longitudinal data. In the nonparametric setting, Lin and Carroll [14]
recommended an approach which ignores the within-subject correlation com-
pletely and treats the data as if they were independent. However, Wang et al.
[18] showed that, in the semiparametric setting, the estimator for parametric
component in the model will achieve the semiparametric efficiency bound if
the within-subject correlation structure is specified correctly. Thus estimating

the covariance function is an important issue in the semiparametric model for



longitudinal data.

Many authors have investigated the problem of within-subject correlation
in longitudinal data. For example, Wu and Pourahmadi [22] proposed non-
parametric estimation of large covariance matrices using a two step estimation
procedure. But their method can only deal with balanced or nearly balanced
longitudinal data. Challenges arise in estimating the covariance function if
the data are collected at irregular or subject specific time points. Wu and
Zhang (see [19];[21]) proposed another method called local polynomial linear
mixed-effects model (LLME) to analyze longitudinal data, which estimated
the within-subject error directly instead of estimating the covariance function
of the errors. Other methods for modeling the covariance function include the
functional principal component analysis (FPCA) proposed by Yao et al. [23].

In this part, we consider a semiparametric varying-coefficient partially lin-

ear model

Y(t)=X(t) a(t) + Z(1)"B +n(t) + ((1), (0.1)

where a(t) comprises p unknown smooth functions, 3 is a g-dimensional un-
known parameter vector, and 7(t) captures the within-subject dependence
with smooth covariance function R, (t1,t2), ¢(t) is just the measurement error
with covariance function o (t1)I(t; = t3). All the temporal correlations are
relegated to 7(t), so this decomposition is unique. Nonparametric models for
longitudinal data can be viewed as special cases of model (0.1). Moreover,
model (0.1) is an extension of the partially linear model and the time-varying
coefficient model.

We focus on estimating the covariance function R, (t1,t2) (defined in (1.4))

when observations are collected at irregular and possibly subject-specific time



points. In this paper,

(i) A varying-coefficient temporal mixed effects model is introduced as a good
approximation of model (0.1). The within-subject correlated error n(t)
can be considered as a combination of some common random factors (not

related to t) and some temporal functions.

(ii) A general framework of the regularization method is applied to estimate
the covariance function, which can be viewed as an extension of one-
dimensional smoothing splines. This method is introduced through a
careful characterization of the function space (tensor product of Hilbert
space) in which the covariance function R, (1,1;) resides, and thus has
faster rates of convergence compared to other methods which only as-

sume R, (t1,t) is a bivariate continuous function.

(iii) An explicit spectral decomposition of the estimated covariance function is
established, and we can easily guarantee the estimated covariance func-
tion to be positive definite after truncating the negative eigenvalues. To
improve the efficiency of estimating the regression coefficients, the weight
matrix is chosen by the inverse of the adjusted covariance matrix in the

weighted least squares method.

(iv) Our proposed method can be applied to both the sparse longitudinal
data and the densely sampled functional data. Besides, our method also
works quite well for the missing longitudinal /functional data, which can
be considered as a special case of longitudinal /functional data collected

at irregular time points.



There also has been a vast volume of work on modelling covariance func-
tions in longitudinal data in literature. Fan et al. ([6];[7]) proposed a quasi-
maximum likelihood method to model covariance function of n(t). In their
method, the variance function var{n(¢)} is modeled nonparametrically, but
the correlation function corr{n(ti),n(ts)} is assumed to be a member of a
known family of parametric correlation functions (e.g., an AR or ARMA cor-
relation structure). The quasi-maximum likelihood method relies on correctly
assuming the form of the correlation functions and can be misspecified easily.
Li [13] applied bivariate kernel smoothing techniques to estimate covariance
functions. But the techniques of bivariate kernel smoothing do not utilize the
structures of the covariance functions, and thus have slower rates of conver-
gence compared with our method. Besides, the kernel covariance estimator
is not guaranteed to be positive semidefinite, and an adjustment procedure
is required by discretizing the kernel estimator on a dense grid, followed by
taking the eigenvalue decomposition of the resulting covariance matrix. This
discretizing procedure is quite subjective, since it depends heavily on the choice
of dense grids.

For the second part about jumps detection, very long and noisy sequence
data arise in many areas such as genetics (Fearnhead and Liu 2007), environ-
mental statistics (Lu et al. 2010) and finance (Fan and Wang 2007) including
high throughput data in genomics and stock prices in econometrics. Usually,
such data are studied in order to identify and understand shifts in trends, for
example, from a bull market to a bear market in finance or from a normal
number of chromosome copies to an excessive number of chromosome copies

in genetics. Thus, identifying multiple jump points in a regression function for



a long sequence is an important issue.

Many authors have investigated the issue of single jump detection and
estimation in literature. Estimation of the single jump point in nonparametric
regression has been studied by Miiller (1992) and Loader (1996) based on
kernel estimates. A different approach based on semi-parametric model was
developed by Eubank and Speckman (1994). Miiller and Song (1997) and
Gijbels et al. (1999) proposed two-step estimation procedures. These methods
can be generalized and applied easily to the case when there are finite and
known number of jump points.

In contrast, when the number of jump points is large and unknown, the
problem is much more challenging. Wu and Chu (1993) considered the esti-
mation of the number of jumps by a sequence of hypothesis tests. Wavelet
based method (Wang 1995) is one of the most commonly used methods when
there are multiple jumps.

In this part, we propose a robust jumps detection method via screening
and multiple testing. We consider that the nonparametric regression function
m(z) is smooth except at points 7y, ..., 7,, where the number ¢ of jump points
is finite but unknown. In the first step, we use screening method to get a set
of initial estimates of the jump points {71, ..., 7;}. After we guarantee that all
the true jump points are contained in this set, we conduct multiple testing to
rule out the noises and select a subset of {71, ..., 7;} as the refined estimates of
jump points. The advantage of this method is that we do not need to estimate
the number ¢ in the first step exactly, thus there is a wide choice for the tuning
parameter and threshold in the screening procedure.

Our proposed method is also adaptive to a special case of the multiple



jumps detection, which is called multiple change-point model (MCM). The
MCM can be presented as

Y;:@i—i—ai, EZ'NN(O,O'Q), 1§z§n,
with
O =0p= . =0, #0 = . =0, F 0= . =0, #0,=... =0,

In other words, we assume that the signal @ = (6, ...,0,,)T is piecewise constant
with jumps or drops at 7 = (71, ..., 7,)7. This model is also widely used in the
signal processing of computer science. Moreover, this distinct feature results
in some efficient algorithms which are quite different from that in multiple
jumps detection problems, such as l1-Penalization (Harchaoui and Lévy 2010)
and SaRa algorithm (Niu and Zhang 2012).

The rest of the thesis is organized as follows. In Chapter 2, Section 2.1
describes the semiparametric varying-coefficient model for longitudinal data
and decomposition of covariance function. A nonparametric estimation of
the covariance function and an efficient estimation procedure for parameters
based on profile least squares techniques is described in Section 2.2. Sampling
properties of the proposed procedure are presented in Section 2.3. In Section
2.4 and Section 2.5 the proposed method is illustrated via simulation studies
and real data examples, respectively. In Chapter 3, Section 3.1 describes the
model and set up for jumps detection. A two-step method including screening
and multiple testing is proposed in Section 3.2. Sampling properties of the
proposed procedure are presented in Section 3.3. In Section 3.4 and Section
3.5 the proposed method is illustrated via simulation studies and real data

examples, respectively. All technical proofs are relegated to Appendix.



Chapter 2

Efficient Semiparametric
Regression for Longitudinal
Data with Nonparametric

Covariance Estimation

2.1 Model and covariance structure

Suppose all longitudinal observations from different subjects (or clusters) are
made on a fixed time interval 7 C R, e.g., 7 = [0,1]. The data consist of n
independent subjects. For the ith subject, ¢ = 1,...,n, the response variable
Y;(t) and the covariates {X;(t), Z;(t)} are collected at time points t = ¢, ,,
j=1,...,J;, where J; is the total number of observations for the ith subject.

In this article, we consider a semiparametric varying-coefficient partially linear



model

1.e.

Yi(tiy) = Xitiy) altiy) + Zilti ;) B+ei(tiy), i=1,....n, j=1,...,J;
(1.1)
where a(t) comprises p unknown smooth functions, 3 is a g-dimensional un-
known parameter vector, and {e;(t) : i« = 1,...,n} are i.i.d. error processes
with E{e;(t) | X;(t), Z;(t)} = 0. To consider the within-subject dependence,

we assume that ¢;(t) can be decomposed into two independent error processes:

i(t) = ni(t) + Gi(1),

where {n;(t) : i = 1,...,n} are i.i.d. mean zero error processes capturing the
within-subject dependence or temporal correlation, and {(;(¢) : i = 1,...,n}

are the i.i.d. measurement error (see [23];[10]). For ¢; € T and t; € T, suppose

cov{ni(tr), mi(t2)} = Ry(t1,t2),
cov{G(t1),Gi(t2)} = oZ(t)l(ti =1ty), i=1,...,n, (1.2)

where I(-) is an indicator function, R,(-,-) and oZ(-) are smooth functions.

Then the covariance function R(t1,ts) of €;(t) is given by

R(tl, tg) = COV{Ei(tl), Ez(tg)} = Rn(tly tg) + O'?(tl)l(tl = tg), 1= ]_, oy,
(1.3)
which is a smooth surface except on the diagonal points where t; = t5. In

Section 2.2, we will estimate R,(-,-) and o7(-) separately.



There are many different methods to analyze the within-subject error n;(t).
For example, Wu and Zhang [19] used the local polynomial method to decom-
pose 1;(t). Here let us consider functional principal component analysis model
for m;(t). Let A1) = A@) = -+- = 0 be ordered values of the eigenvalues of the
linear operator determined by R,(-,-) with Y 77, Ay < oo, and the t)y(-)’s
be the corresponding orthonormal eigenfunctions or principal components, see

[10]. Then, R,(-,-) admits the spectral decomposition:

Ry(t1,t2) = Z)\(k U (t1)e(t2), (1.4)

and 7;(t) admits the Karhunen-Loeve expansion as follows,

t) = Z &i ki (t)

where &, , = ft - n;(t)¢x(t)dt are uncorrelated random variables with E(&; ) =
0 and E(&x&ij) = Awl(j = k). If Ay = 0 for £ > L + 1, then model (1.1)

can be approximated by
L
Yilti;) = Xi(ti) aultig) + Zi(ti )" B+ Y &ntn(tiy) + Gitiy).  (1.5)
k=1

Model (1.5) can be regarded as a varying-coefficient temporal mixed effects
model, since &; ) are random variables and v (t) are “unknown” but fixed
basis functions.

As for the estimation of 67(-) and R,(-, -), we assume that o7(-) is a smooth
function so that smoothing techniques such as the local linear regression can
be applied to estimate the variance function O'C( ). By the covariance function

decomposition (1.4), we assume that R,(:,-) resides in a tensor product of
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Hilbert space W3 (T) ® W3(T), which is the closure of the following linear
space

span{f(s)g(t) : f(-),9(-) € W3(T)}, (1.6)
where W2 (T) = {f : [, f" are absolutely continuous, f” € Lo(T)} is a Sobolev
space endowed with the squared norm [(f”)*. Because W3(T) @ W3(T) is
dense in the continuous bivariate function space, we can find an element in
W3(T) @ W2(T) that approximates any continuous bivariate function very

well.

2.2 Proposed methodology for estimation

In practice, estimation of {e(t), 3} must be done in multiple steps. Their
initial estimates are constructed by ignoring within-subject correlation. With
the initial estimates of {«(t), 3}, we can estimate R(-,-) based on residuals.
Finally, we can estimate {a(t), 3} more efficiently by using the estimate of
R(-,-). In this section, we propose the efficient estimates for {a(t), 3} using

profile weighted least squares techniques.

2.2.1 Step 1: Initial estimator
For a given B, model (1.1) reduced to a varying-coefficient model:
Yiltiy) = Zi(tiy)" B = Xitiy) ee(tiy) +milti) + Giltiy)- (2.1)

Ignoring the within-subject correlation or 7;(t), we use the profile local linear
regression to get initial estimates of {a(t), 3}, see [5]. For any ¢ in the neigh-

borhood of tg, the Ith component «;(t) of a(t), admits Taylor’s expansion as
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follows:

a(t) = ate) + ajte)(t — to)
= a+b(t—1ty), forl=1,...,p.

Let K(-) be a kernel function and h; be a bandwidth. Thus we can find the

local linear estimator ag(to) of a(ty), where a(t) is the true varying function

in model (2.1). Let (ay,... ,ap,Bl, . ,/b\p) be the minimizer of
n J; p 2
ZZ [Yi(tz‘,j)_Zi(ti,j)Tﬁ_Z{al+bl(ti,j_tO)}Xz‘l(ti,j) K, (tij—to), (2.2)
i=1 j=1 =1

where Kj,(-) = h'K(-/h), and X;(t) = (X;(t),..., Xip(t))T. Then ag(ty) =
(ay,...,a,)". Note that the profile least squares estimator of (c(t),3) has a

closed form using the following matrix notation. Let

Y = (}flTv"'aYT)T7 1/1 = (E(ti,l)v"-an(tmﬁ))T?

n

7 = (Zf, ce ZT)T, Zi=(Z(tiy), ., Z’i(ti7Ji))T7

n

m=(mi,..., m.)T, m; = (X;(ti) eltin), ..., Xi(tig,) eulti )"
Then model (2.1) can be written as
Y - ZB=m+n+C, (2.3)

where n = (n1(t11), -+, M (tn.s,))" and ¢ = (¢ (t11), - -+, Cultns,))T. Since the
estimator ag(-) is linear in Y —Z3, given 3, the estimator of m is of the form
m = S(Y — Z(3), where S is a smoothing matrix of the local linear smoother,

see [29]. Substituting m into model (2.3) results in the linear model,

I-8)Y =~ (I-8)ZB8+n+¢,
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where I is an identity matrix. So an initial estimator for 3 is
B ={ZT1-8)T1-98)Z2} 21 -S)T1-9)Y. (2.4)

Then the profile least squares estimator for the nonparametric component a(-)

is just &@ni(-).

2.2.2 Step 2: Covariance estimator

After we get the initial estimators ﬁm‘ and a B””( ) in Step 1, the residuals are

Eiltiy) = Yilti)) = Xi(ti)) Qg (ti)) = Zilts )" B™, i=1,....n, j=1,...,J.

(2.5)
Then we will derive the nonparametric estimator of R(-,-) based on &;(t; ;).
Since there are too many parameters in R, (-,-) € W3 (T) ® Wj(T), similar
to the idea of smoothing spline, a penalty for over-parametrization is imposed
to regularize the covariance function. Let En(s, t) € Wi(T) @ Wi(T) be the
minimizer of

>y Z PR CICENACEY ) = Ry(tiji tizn)} + MP(Ry)

=1 1<]17€]2<J
(2.6)

where A, > 0 is a tuning parameter, and P(R,) is a penalty function for

Ry (s,t) =251 a,fi(s)g;(t) defined in (1.6).

The diagonal element of R(-, -) requires a special treatment since it involves
both R, (t,t) and ¢¢(t). Denote o°(t) = R(t,t), which can be estimated by an

one-dimensional local linear smoother. Let (7p,71) be the minimizer of

ZZ{ —nltiy — 1)} K (tiy — 1), (2.7)

=1 j=1
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where hy is a new bandwidth which can be different from hy in Step 1. Define
o%(t) = max{7,0}, where we take the maximum to avoid a negative 7.

According to the definition of R(s,t) in (1.3), R(s,t) can also be written as
R(s,t) = Ry(s,t)I(s # t) + *(t)(s = 1),

that is, R(s,t) is R,(s,t) when s # ¢ and o%(¢) when s = t. So the estimator

R(,) of the covariance function is a combination of én(s, t) and 72(t):
R(s,t) = R, (s,t)I(s £ t) +52(t)(s = 1). (2.8)

By the definition of 0*(t), 0*(t) = R,(t,t) + 0¢(t) > R,(t,t). Since °(t) is a
consistent estimator of o%(t), it can be shown that with probability tending to

1, 52(t) > R,(t,1).

2.2.3 Step 3: Refined estimator

First, let X; and il be the true and estimated covariance matrix within the

1th subject, i.e.,

i = [Rtigotin)] ey Si= [Rltigtin)] Ty (2.9)

Since we ignore the within-subject correlation or 7;(¢) in Step 1, the initial
least squares estimator B\ini in (2.4) is not efficient. To improve the efficiency

for estimating 3, we use the profile weighted least squares estimator as follows:
{Z"1-S)'W(I-S)Z}'Z"1-S)"W(I-9)Y, (2.10)

where W is a weight matrix, called a working covariance matrix. Then the

~.

initial estimate 8™ in (2.4) is just a special case of (2.10) with W being an
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identity matrix. As usual, misspecification of the working covariance matrix
does not affect the consistency of the resulting estimate, but does affect the
efficiency. Fan et al. [6] has shown that the most efficient estimator for 3
among the profile weighted least squares estimates given in (2.10) is the one
that uses the inverse of the true variance-covariance matrix of errors as the
weight matrix, that is, W = diag(X;",..., 3 !). Because ¥;’s are unknown,

we can use the estimators 3 in (2.9), so the final refined estimator of 3 is
B={Z"(1-S)"WI-S)Z} 'Z"(1-S)"W(I-8)Y, (2.11)

where W = diag(ifl, e i_l). The profile least squares estimator for the

n

nonparametric component is simply & 5()

2.2.4 Adjusted covariance function estimator

It can be shown that f{n in Step 2 is a consistent estimator of R,, but is
not guaranteed to be positive semidefinite, and therefore some adjustment
is needed to enforce the positive semidefinite condition, which is particularly
important when the sample size is relatively small. The idea is to take a
spectral decomposition of }A%n and truncate the negative components.
Computing the eigenvalues and eigenfunctions of a symmetric bivariate
function is generally non-trivial. Typically this is done by discretizing the
covariance function estimation and approximating its eigenfunctions by the
respective eigenvectors (see [11]). However, discretizing the covariance func-
tion is quite subjective since it depends heavily on the choice of dense grid-

s. Fortunately, if the choice of the penalty function P(R,) for R,(s,t) =
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Zg>1 a; fi(s)g;(t) follows [2],
P(R,) = ”Rn”%/vg(fr)@wg(fr)» (2.12)

then

PlR) = //teTseT 32332t }ddt
= // Zan” }dsdt

tET seT ]>1

= 3 Suw [ (6 / (ol ()] (0) et

2,j>1

and the minimizer ﬁn of (2.6) must have the following form
n n Ji
=Y H(s)"AH;(t Z > Ak ti VH(t,tig), (2.13)
i=1 i=1 jk=1

where A; is a J; x J; symmetric matrix, A, (7, k) is the element in the j-th row

and k-th column of A;, and
Hi(s) = (H(s,t:1),..., H(s,t:2,))" € R,

where H(s,t) = $Bs(s)Ba(t) — 53 Ba(|s — t|) and B, is the rth Bernoulli poly-
nomial, see [16]. Thanks to the representation (2.13), the eigenvalues and
eigenfunctions of ]?zn(s,t) = >, HZ(S)TKZHZ(t) can actually be computed
explicitly. Let h(-) = (Hy(\)T,..., H,(-)T)T, and

A, 0 ... 0
. 0 Ay ... 0
A: . . .
0 0 ... A,

NxN
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where A;’s are defined in (2.13) and N = J; + ...+ J, is the total number of
observations.

Assume that A = UAUT is the eigenvalue decomposition of K, where
A= diag{x(l),/)\\(g), e ,/):(N)} is the diagonal matrix of the decreasing eigen-
values /)\\(1) > /):(2) > ... > /)\\(N)7 and U = (U1, Us, ..., uy) is the matrix of
the corresponding eigenvectors. Then fin(s,t) in (2.13) admits the following

spectral decomposition:

~

R,(s,t) = h(s)"Ah(t)

= h(s)T( ]zVKﬁT)h(t)
_ h(s)T{ZX(k)akak}h@)

I
E
>)

=
)
ol
@
=
el
S

where sz() = ul h(-) is the estimator of 1y (+) in (1.5). Since X(k)’s are not
necessarily positive, we can first truncate the negative eigenvalues. Then the

adjusted estimators for R, and R are defined as

N
Ry(s,t) = > Al > m)iul(s)bu(t), s,teT, (2.14)

k=1

R(s,t) = Ry(s,0)(s #t) +max{R,(t,1),0°t)}{(s = 1), (2.15)

where 7 > 0 is a predetermined threshold for the eigenvalues (e.g., 0.01) or a
percentage (e.g., 1 percent) of the sum of all the positive eigenvalues. It will
be shown in the next section that R(s,t) is positive definite. Thus when we
want to take the inverse of &; in (2.9) to estimate (3, it is better to replace

E(tm,ti,k) by é(ti7j,ti7k) in the expression of i in (2.9) and W in (2.11).
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2.3 Theoretical results

In this section we investigate sampling properties of the covariance function
estimator as n — oo. The proposed estimation procedures are applicable for
various formulations for collecting longitudinal data. To facilitate the presen-
tation, we assume that {J; : @ = 1,...,n} are independent and identically
distributed random variables with 0 < E(J;) < oo, and {t;1,...,ti s | Ji}iy
are independent and identically distributed on 7 with a density fr(t), see
[6]. In this section and Sections 2.4-2.5, the penalty function P(R,) takes the
special form (2.12).

First, we show that the residuals &;(¢; ;) in (2.5) are uniformly consistent

estimators for the true errors ¢;(t; ;).

Proposition 1 Assume reqularity conditions C1-C5 in the Appendiz. IfE{X (t)X (t)T}
is positive definite for each t € T, then

Sup Ei(tiy) — ciltiy)] = Op(h? + {~log(h1)/(nh1)}"?).

From the proof of Proposition 1 and the definition of B\ in (2.11), it is easy to
derive the consistency of the proposed estimators of a(t) and 3 in Corollary

1.

Corollary 1 Under the conditions of Proposition 1, we have

B-B = Op(n~'7?);

sup|@s(t) — a(t)] = Op(hd + {~log(h)/(nh1)}"")

Next, define 72(t) = 7,, where (7,7, ) minimize

n

SN {ERty) — 20—ty — DKol — 1) (3.1)

i=1 j=1
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and R, € W3(T) ® W3(T) be the minimizer of

Z 1J Z ZZ {62 b1 El ”2 _R (ti7j17ti7j2)}2+>‘nP(R77)'

i=1 1<j1#52<J;
(3.2)

So (2.7) and (2.6) are data versions of (3.1) and (3.2) after we replace the

unobserved &;(t; ;) by residuals £;(t; ;). o> and R, are called pseudo-estimators

for 0> and R,. The next proposition showed the consistency of > and R,).

Proposition 2 (i) Under the regularity conditions C1-C7 in the Appendiz,

sup 52(t) — 0*(t)| = Op(h3 + {—log(ha)/(nh2)}'/?).  (3.3)

(ii) Under the regularity conditions C1-C7 in the Appendiz,
IRy = Ryllz, = Op({log(n)/n}*?), (3.4)

teT =M

1/2
if the tuning parameter A, < {log(n)/n}?/®. Here || R,(-,")||r, = {ffs R%(s,t dsdt}

denotes the integrated squared norm of a bivariate function, see [1].

2

Now let’s consider the rates of convergence for the estimators 7~ and

R,. From (3.3), when hy =< {log(n)/n}"?, we have sup,; 0% — 0% =
Op ({log(n)/n}*?). Thus o has the same optimal rates of convergence as R,
in (3.4). On the other hand, if we use two-dimensional smoothing techniques to
estimate R, (-, -), the optimal L,—convergence rate is n~/3 which is much larg-
er than the convergence rate {log(n)/n}?° in Proposition 2. This is because
the bivariate continuous functions space with continuous second derivatives
C®(T) is much larger than the tensor product Hilbert space W2(T)@W2(T).

Finally, we show in the next proposition that the adjusted covariance func-

tion estimator defined in Section 2.2.4 is positive definite.



19

Proposition 3 The adjusted covariance function estimator é(s,t) in (2.15)

is positive definite almost surely.

2.4 Simulation study

2.4.1 Simulation 1

In this section, we investigate the finite sample properties of the estimators
proposed in Sections 2.2 through Monte Carlo simulations. Suppose the data

are generated from the following model:

Yi(tiy) = Xi(tij) i)+ Zi(ti ;)" B+ni(tij)+Ciltiy), i=1,...,n, j=1,...,Ji.
(4.1)
We set the sample size n be 200, and {J; : 1 < i < n} be independent
discrete uniform random variables on {5,6,7}. Let 7 = [0,1] and given J;,
the observation times {¢;; : 1 <i <n, 1 <j < J;} be independent variables
with uniform distribution on 7. We let the coefficients of a(t) and B be
two dimensional in our simulation, and further set X;(¢#) = 1 to include an
intercept term. We generate the covariates in the following way: For a given t,
(X5(t), Z1(t))T follows a bivariate normal distribution with mean 0, variance 1,
and correlation 0.5, and Zs(t) is a Bernoulli distributed random variable with
success probability 0.5 and independent of X5(¢) and Z;(t). In this simulation
we set B = (1,2)7, a1(t) = V1, and ay(t) = sin(2xt). For i = 1,...,n, the

within-subject errors 7;(t) are generated from a temporal mixed effects model:

mi(t) = Zf@k%(t) (4.2)
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where &;;,’s are independent standard normal random variables. Thus the co-
variance function is R, (s,t) = S°r_, p(s)tn(t). We set L = 1, and 1, (t) =
cos(mt). Finally we assume the measurement errors ¢;(¢; ;) follow N (0, (v/0.1 )2)
and are independent of n;(¢; ;).

For comparison, in each simulated dataset, we fit the model using four
different estimators of the covariance function:

Method I. Working independence (WT) estimator (see [14]).

Method II. Our proposed method.

Method III. True covariance function.

Method IV. Misspecified ARMA(1, 1) method. We assume the covariance
function R(s,t) for g;(t) = n;(t) + (;(t) is of the form

R(s,t) = R,(s,t)I(s # t) + o*(t)I(s = 1), (4.3)

where R,(s,t) = o(s)o(t)ypl*~!!, has the misspecified ARMA(1,1) structure.
The parameters v € [0, 1] and p € [0, 1] in the Method IV are estimated using
the quasi maximum likelihood method (QL), see [6]. For a fair comparison, we
use the same bandwidth h; = 0.1 when estimating a(+) for all three estimators.
The bandwidth Ay in (2.7) is selected by the plug-in method (Fan and Gijbels
[29]). Throughout the simulations and the real data examples in the next
section, we use the Epanechnikov kernel, and the tuning parameter A, in (2.6)
is selected automatically by the package “ssfcov”, which is based on the tuning
parameter selection method in smoothing splines.

Table 2.1 summarizes of the results over 200 simulations. We assess the
performance of different approaches by calculating the bias and standard er-

rors of 200 estimates. In the table, “Bias” represents the median of the 200
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Table 2.1: (Simulation 1) Compare the performance of B using different

methods (with n = 200)

B B>

Method Bias  SD RE | Bias  SD RE
Method I | -.0021 .0255 .33 | -.0002 .0378 .22

our Method IT | .0013 .0184 .63 | -.0033 .0294 .37
Method I1I | .0005 .0146 1.0 |-.0008 .0179 1.0
Method IV | -.0031 .0198 .54 | -.0034 .0298 .36

estimates subtracting the true value, “SD” represents the median absolute
deviation of the 200 estimates divided by a factor of 0.6745, and “RE” of a
current estimator represents the relative efficiency between the oracle estima-
tor (Method III) and the current estimator, which is defined as SD?(oracle
estimator) /SD?(current estimator). Intuitively, if the relative efficiency of a
method is larger, the SD of the coefficient using this method is smaller, so this
method will be better (i.e., more efficient).

From Table 2.1, all parameter estimators considered are asymptotically
unbiased, which is confirmed from the numerical results: the biases are much
smaller than the standard errors in all cases. In terms of the efficiency, theo-
retically, the oracle estimator (Method III) using the true covariance function
should be the best, and our proposed approach (Method II) should be much
better than that using both working independence structure which ignored
n;(t) (Method I) and the misspecified ARMA(1,1) correlation structure for
n;(t) (Method IV). The results in Table 2.1 agreed with this conjecture. For

example, our proposed method has 30% efficiency gain over the estimator as-
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suming working independence (Method I) for By, while the Method IV has
only 21% efficiency gain over the estimator assuming working independence

(Method 1) for f3;.

(a) (b)

st
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00 02 04 06 08 10 00 02 04 06 08 10
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(c) (d)
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00 02 04 086 08 10
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Figure 1: (Simulation 1) Panel (a): true covariance function R,(-,-); panel
(b): estimated covariance function fin(-, -) using ARMA(1,1) model for n;(t)
(Method TV); panel (c¢): estimated covariance function ﬁn(-, +) using our pro-
posed method (Method II); panel (d): adjusted covariance function estimator

En(-, -) based on (2.14) for one simulated data (with n = 200).

Figure 1 shows the advantage of our proposed method. From the plot, the
true covariance function R, (s, t) for n;(t) in Figure 1(a) is very complicated and

cannot be estimated by any parametric model such as AR(1) or ARMA(1,1)
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model. Figure 1(b) shows the parametric ARMA(1,1) estimator of R,(s,t)
for n;(t) and Figure 1(c) shows the nonparametric estimator En(s,t) using
our proposed method for one simulated data. Figure 1(d) shows the adjusted
estimator ]Sbn(s, t) in (2.14), which is very close to En(s, t) in Figure 1(c) but is
positive definite. From the plot, our proposed method captures the structure
of covariance function very well, and the estimators }A%n(s, t) and fin(s, t) are

obviously consistent.

2.4.2 Simulation 2

In simulation 2, we study the robustness of our proposed method. The data are
generated with the same setup as in the previous simulation, except that 7;(t)
is a Gaussian process with the covariance function R, (s,t) in (4.3). We set the
sample size n be 100 and the marginal variance o2(¢) = 1, and set p = 0.35 and
v =0.75in (4.3). We apply the semiparametric regression methods assuming
working independence (Method I), nonparametric covariance (Method 1), true
covariance (Method I1T) and ARMA(1, 1) covariance structure for 7;(¢) (Method
IV) to the simulated data and repeat the simulation 200 times. The selection
methods of hy, hy and A, are the same as in the previous simulation. The
results for estimating 3 are summarized in Table 2.2.

From Table 2.2, again all parameter estimators are asymptotically unbi-
ased since the biases are much smaller than the standard errors. When we
compare the efficiencies of the estimates, theoretically, since the true correla-
tion structure for n;(¢) is ARMA(L, 1) model, the efficiency of the estimator
using ARMA(1,1) correlation structure (Method IV) should be close to the

oracle estimator (Method III) using the true covariance function, and both of
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Table 2.2: (Simulation 2) Compare the performance of ,@ using different
methods (with n = 100)

B B>

Method Bias  SD RE | Bias SD RE
Method I .0055 .0517 0.45 | .0043 .0819 0.60

our Method IT | .0052 .0415 0.70 | .0005 .0742 0.74
Method III | -.0013 .0348 1.0 0050 .0637 1.0
Method IV | -.0008 .0341 1.04 | .0057 .0625 1.04

them should be more efficient than our proposed approach (Method II). The
estimator using working independence structure (Method I) should be the least
efficient. Again the results in Table 2.2 agreed with this conjecture. Our pro-
posed estimator (Method II), on the other hand, performs reasonably well: the
standard errors of our estimators are much smaller than those of the working
independence estimator (Method I), for example, our proposed method has

25% efficiency gain over the estimator assuming working independence (WT)

for Bl.

2.5 Real data example

2.5.1 Case 1: Multi-Center AIDS Cohort data

We now present an application of our proposed method to the Multi-Center
AIDS Cohort study. The dataset comprises the information of 283 subjects

who were infected with human immunodeficiency virus (HIV) during the s-
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tudy in year 1984-1991. A total of N = 1817 observations were made in this
study, with between 1 and 14 observations per subject. This dataset was also
analyzed by Fan, Huang and Li [6] and Huang, Wu, and Zhou [12]. Our target
is to describe the trend in mean CD4 (cluster of differentiation 4) percentage
depletion over time and to evaluate the effects of smoking, pre-HIV infection
CD4 percentage, and age at infection on the mean CD4 percentage.

We take the response Y to be CD4 cell percentage, X; to be the stan-
dardized variable for PreCD4, Z; to be the smoking status (1 for a smoker
and 0 for a nonsmoker) and Zs to be the standardized variable for age. The
observation time is divided by 6 so that the rescaled observation time ¢ is in
between 0 and 1. Now consider a semiparametric varying-coefficient partially

linear model
Y(t) = ai(t) + az(t) X1 (t) + B121(t) + B2 Zs(t) + n(t) + C(1). (5.1)

We apply a multifold cross-validation method to select a bandwidth h; for
a(t). After partitioning the data into 14 groups, we fit model (5.1) for the data
excluding the kth-group for each kK = 1,...,14. For the computational issue,
we minimize the cross-validation (CV) score on a rough grid hy € {0.5x" : b =
0,...,12}, with k = 0.8. The resulting optimal bandwidth is 2** = 0.054. We
can estimate a4 (t) and as(t) more precisely by choosing different bandwidths
0.054 and 0.081 for a4 (t) and as(t) respectively to avoid the under-smoothness
of ay(t), see Fan and Zhang [8]. As for the estimation of ¢%(¢), this is a one-
dimensional kernel regression of the squared residuals. In this application, we
directly use the plug-in bandwidth selector (Fan and Gijbels [29]) and choose
the bandwidth AS"" = 0.080.
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Figure 2: (Real data case 1) Panel (a): estimate of v (¢); panel (b): estimate
of ay(t); panel (¢): estimate of o(t). In panels (a)—(c), circles (o) represent the
estimates of the functions at observation times, with lines (—) connecting them.
Panel (d): estimated covariance function }A%n(-, -) using our proposed method
for n;(t); panel (e): adjusted covariance function estimator én(-, -) based on
(2.14); panel (f): estimated covariance function En(',~) using ARMA(1,1)

model for n;(t).

The resulting estimate of a(t) is depicted in Figures 2(a) and 2(b). The
intercept function decreases with time, implying an overall trend of CD4 cell
percentage is decreasing over time. The trend for as(t) implies that the im-
pact of PreCD4 on CD4 cell percentage decreases gradually during the first 3
years after infection and then increases a bit. The resulting estimate of o ()

in Figure 2(c), indicates that o(t) seems to be increasing as time increases.
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This means predicting the CD4 percentage becomes harder and harder over
time. Figure 2(d), 2(e) and 2(f) show the estimates §U(~, ), Ry(-,-) using our
proposed method and the estimate }A%n(-, -) based on ARMA(1,1) structure
for n;(t), which characterizes the within subject dependence. From the plot,
our estimate of the covariance function R,(-,-) is quite different from that
using the ARMA(1, 1) structure for 7;(t), so the within subject correlation is

misspecified if we just use quasi maximum likelihood method (QL).

Table 2.3: (Real data case 1) Compare estimates of 3 using different meth-

ods

Method I Method II Method IV
B, 0.686 0.563 0.734
By -0.529 0.096 0.045

Table 2.3 shows the estimates of 5; and [, with three different covariance
structures: working independence (Method 1), our proposed method (Method
IT) and ARMA(1, 1) covariance structure for 7;(t) by Fan, Huang and Li [6]
(Method IV). The estimates (B\l, B\g) using Method II and Method IV are quite
different, so the ARMA(1,1) covariance structure for »;(¢) is misspecified. Fi-
nally, the effects of age on the mean CD4 percentage is negative if we assume
working independence (Method I) but is positive if we use more efficient esti-

mation method.

2.5.2 Case 2: Progesterone data

We now apply the proposed methods to the longitudinal progesterone data.

Progesterone, which is a reproductive hormone, is responsible for normal fer-
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tility and menstrual cycling. A longitudinal hormone study on progesterone
collected urine samples from 34 healthy women (control group) in a menstrual
cycle on alternative days, see [17]. A total of 492 observations were made in
this study, with between 11 and 28 observations per subject. The observation
time is divided by 30 so that the rescaled observation time ¢ is in between 0
and 1.

Similar to the procedure by Zhang et al. [24], a logarithmic transforma-
tion is applied on the progesterone level to make the data homoscedastic.
We take the response to be the difference between the jth log-transformed
progesterone level measured at rescaled time ¢; ; and the individual’s average
log-transformed progesterone level. For the ith subject, let X; and Z; denote
age and body mass index, both of which are standardized to have mean 0 and

standard deviation 1. We consider the semiparametric model
Yi(tij) = au(ti;) + B1Xi(ti ;) + B2 Zi(tiz) +mi(tiz) + G(ti). (5.2)

We apply a multifold cross-validation method to select a bandwidth h,
for ay(t). We partition the data into 17 groups, and each group contains 2
subjects. We fit model (5.2) for the data excluding the kth-group for each
k=1,...,17. For the computational issue, we minimize the cross-validation
(CV) score on a rough grid h; € {0.1k° : b = 0,...,12}, here we choose
k= 0.9. From Figure 3(a), the resulting optimal bandwidth is 2** = 0.043.
As for the estimation of 02(t), this is a one-dimensional kernel regression of the
squared residuals. In this application we directly use the plug-in bandwidth
selector (Fan and Gijbels [29]) and choose the bandwidth hS"* = 0.096.

The resulting estimate of «;(t) is depicted in Figures 3(b). The shape
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Figure 3: (Real data case 2) Panel (a): cross validation score; panel (b):
estimate of ay(t); panel (¢): estimate of o(t); panel (d): estimated covariance
function fin(~,~) using our proposed method for 7;(t); panel (e): adjusted
covariance function estimator ﬁn(-, -) based on (2.14); panel (f): estimated

covariance function én(-, -) using ARMA(1, 1) model for n;(¢).

of intercept function implies an overall trend of progesterone level over time.
The resulting estimate of o(t) in Figure 3(c), indicates that o(t) seems to
be increasing as time increases from 0 to 0.6. This means predicting the
progesterone level becomes harder and harder over time. Figure 3(d), 3(e) and
3(f) show the estimates ]?5,7(-, ), fin(~, -) using our proposed method and the
estimate En(-, -) based on ARMA(1, 1) structure for n;(t), which characterizes

the within subject dependence. From the plot, our estimate of the covariance

function is quite complicated and different from the ARMA(1,1) or AR(1)
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covariance structure for 7;(¢), so the within subject correlation is misspecified

if we use quasi maximum likelihood method (QL).

Table 2.4: (Real data case 2) Compare estimates of 3 using different meth-

ods

Method I Method II Method IV Mixed Model [24]
B, 0.082 -0.009 0.068 0.925
By -0.117  -0.187 -0.099 -2.913

Table 2.4 shows the estimates of 81 and (5 with four covariance struc-
tures: working independence (Method I), our proposed method (Method II),
ARMA(1,1) covariance structure for n;(t) (Method IV), and Mixed model
by Zhang, et. al. [24], which is a special case of (1.5). The values of
(BAI, ﬁAQ) between Method II and Method IV are quite different, showing that
the ARMA(1,1) structure for 7;(t) is misspecified. Finally, the effects of age
on the mean progesterone level is negative if we use our proposed method

(Method II), but is positive if we assume other three methods.

2.6 Discussion

In this article we proposed a class of nonparametric models for the covariance
function of longitudinal data at irregular or subject specific time points. We
further developed an estimation procedure for o%(t) = R(t,t) using local linear
regression, estimation procedure for R, (t,?,) using regularization approach,
and estimation procedure for regression coefficients a(t) and B using profile

weighted least squares. We also showed that the varying-coefficient temporal
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mixed effects model is a good approximation of the semiparametric varying-
coefficient partially linear model.

Although we just focused on analyzing the longitudinal data at irregular
or subject specific time points, our proposed method can also be applied to
equally-spaced or regular time points. In this balanced case, directly esti-
mating the “covariance matrix” of the errors may be better than estimating
the “covariance function” of the errors, but our method continues to work
reasonably well and will not lose much efficiency.

Several issues are desirable for future research. First, in the presence of
outliers, one should consider a robust method to estimate a(t) and 3 instead
of using profile weighted least squares. Second, in the simulations and real
data examples we just checked the plots of the estimated covariance functions
and argued that the covariance function for 7;(t) cannot be estimated by any
parametric model such as AR(1) or ARMA(1,1) model. It is better to de-
velop a new procedure to test whether the covariance structure for n;(¢) has
a parametric form such as ARMA(1, 1) model. This research topic is beyond

the scope of this article and further research is needed.
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Chapter 3

Adaptive Jumps Detection via
Screening and Multiple Testing

Procedure

3.1 Model structure and notations

We assume that a sample of n data pairs {(X1, Y1), ..., (X,, Y) }, is observed.
After rescaling, we assume that design points X;’s are either regularly spaced
on I = [0,1] or are the order statistics of a random sample from a distribution
having a density f supported on I = [0,1]. The data are generated from the

model

Y;' :m(Xl)—l—U(XZ)E“ 1= 1,...,7’L, (11)

where ¢;’s are i.i.d. errors, with E(g;) = 0, Var(e;) = 1, and are independent

of X;’s. The regression function m(+) is smooth except at finite but unknown
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number of points, that means
q
m(z) = mo(x) + > _ il (x) (1.2)
j=1

where mg(-) is smooth function, ¢ is the number of the jump points, 7, ..., 7,
are the locations of jump points, and v; denotes the jump size at point 7;,
Iy is the indicator function on an interval [a,b]. We are interested in the

quantities ¢, 7; and ;. The following conditions are required:

(a). The second order derivative of function mg(x) is continuous .
(b). The conditional variance o?(z) =Var(Y|X = z) is continuous.

(c). ¢ < oo and the jump points satisfy o =0 <7 < ... <7, < 1 = 741,

and £ = miny<j<qg1[7; — 75-1] > 0.

Conditions (a) and (b) are standard assumptions in nonparametric regres-
sion and are relatively mild. Here we assume no jumps on the conditional
variance o2(-). Condition (c) means that the jump points are not too close to
each other. Of course, condition (c) can be relaxed, as long as the number ¢
of jump points diverges at a slower rate than the sample size n.

Let us introduce some notations. Denote the left and right limit of m(-) at

point x by
_(x) =1 =1
() = (), m () = (o),
then m,(7;) — m_(7;) = 7; is the jump size at the jump point 7; of the

regression function, and my(x) — m_(x) = 0 when z is a continuous point

in (0,1). If we can estimate m.(z) and m_(z) respectively, say m(x) and
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~

m_(x), then we have

imy(z) —m_(z)] ~ |yl ifx=r1;

0, if x is continuous point.

E

i

5
|
3
|

o
L

So the local maximizers of |m,(z) — m_(z)| are the candidates the jumps
points, see Miiller (1992) and Loader (1996).

When estimating the right limit m (x) and left limit m_(x), we only need
to use the observations located at the right or left side of point x. The local
linear regression (Fan and Gijbels 1996) is proposed to apply since it is known
to avoid boundary effects and perform better than the kernel estimators such
as Nadaraya-Watson or Gasser-Muller estimator. Morover, the local linear
regression is also adaptive to the random design, rather than the fixed design
(equally spaced grids) for the wavelet (Wang 1995) in the literatures.

Let K_(-) be a kernel function which is continuous within its support [0, 1],
and let K (z) = K_(—x) for x € [—1,0]. Then we can replace the symmetric
kernel function in the standard local linear smoothing by the one-sided kernels
K_(-) and K, (-) in the expression of local linear regression, thus we can derive

the estimators m (x), m_(z) as follows:

A > Wi (@)Y

e ) 43
where
+ r—X; + + .
w; () = Ky W {55 (z) — (x — X;)S7 (x)}, i=1,...n (1.4)
+ - l r — X,
Sit(x) =) (z— X)) K P ), 1=0,1,2 (1.5)

=1

and h,, > 0 is the bandwidth.
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3.2 Proposed methodology for estimation

In this section, we propose the robust jumps detection procedure in multiple
steps. The initial set of the jump points candidates {7i,...,7;} is first con-
structed by screening. With these initial estimates, we then conduct multiple
testing to select the real jump points and rule out noises. Finally, we can esti-

mate the jump sizes 7; based on the refined jump points estimates {71, ..., 75}.

3.2.1 Step 1: Screening

The estimation of the jump point 7; and jump size v; is based on the difference

process:

L.(x) =my(z) —m_(z). (2.1)

If there is a unique jump point in the regression function, then the estimator
of the unique jump point is just the global maximizer of the process |L,(z)]|.
Grégoire and Hamrouni (2002) derived the optimal convergence rate O,(n™!)
and the asymptotic distribution of the jump point estimator.

When there are multiple jumps, the process |L,(z)| should have several
local maximizers. Then we need a threshold D,, such that any local maximum
of |L,(x)| that is greater than D,, can be viewed as a jump point. Grégoire
and Hamrouni (2002) briefly described a method, but it is impossible to apply
since the choice of the threshold in their method depends on the minimum of
absolute jump sizes: min;<j<,|v;|, which is unknown in advance and cannot
be estimated before we know the number of jump points. But we can consider
the method of choosing the threshold D,, from another point of view: rather

than using the lower bound of the absolute jump sizes |v;| = | L, (7;)| at jump
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point 7, we try to control the upper bound of the difference process |L, ()|
at continuous points z € [0,1]. As long as we can find the upper bound, any
local maximum of |L,,(x)| that is greater than this upper bound can be viewed
as a jump point.

In our proposed method, the choice of threshold D,, is not crucial since we
only need to make D, small enough such that all the true jump points are
included in the screening. Let |L,(x)| = |my(x) — m_(z)| be the difference
process and D,, be a given threshold (to be specified later on). The initial

estimates ¢ and 7, can be derived by the following steps. Let
W1 = argmazgepn, 1—h,]|Ln()|.

If |L,(@1)] > D,, then denote the neighborhood of @, by I(©;) = (&1 —
2hy,, @01 + 2h,,), let

Wy = argmaxzeih, 1—h)ni@)e | Ln ()|

If |L,,(&2)| > D,,, then again denote the neighborhood of &y by I(Wy) = (Wy —
2h,,,Ws + 2h,,), and let

W3 = argmaxze[hn,l—hn]ﬁ(l(al)ul(@))c‘Ln(x)l-

We will stop after g steps if |L,(W5)| > D,, but |L,(&s+1)| < D,. Here we
search for the local maximizers of |L,(x)| in the interval [h,,1 — h,] other
than [0, 1] because we want to avoid the boundary points 0 and 1. Let &) <
Wy < ... < W) be the order statistics of {&y,...,W05}, and define the jump

points candidates as
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The set of the jump points candidates is defined as S(D,,) = {71, ..., T5}-
The following proposition shows the relationship between different sets S(D,,)
of the jump points candidates with different choices of threshold D,,.

Proposition 4 If d,, is another threshold satisfying D, > d, > 0, then we
have S(D,,) C S(d,).

Instead of the difference process L, (x) in (2.1), other criterions can also be
used in the screening procedure to select the candidates of the jump points.
For example, an alternative choice is the local linear estimator of the first
derivative, which is studied by Gijbels, Hall and Kneip (1999). Intuitively,
if we use a smooth curve to approximate the true regression function m(-),
the first derivative or slope of the estimated curve should be large around a
jump point and be small elsewhere. Another choice to select the jump points

candidates in the screening is to apply the wavelet based method (Wang 1995).

3.2.2 Step 2: Multiple testing

From Proposition 4, as the threshold D, is decreasing, the set S(D,) will
include more and more candidates of jump points. Of course, some continuous
points will also be added into the candidates set S(D,,), especially when the
conditional variance function o?(x) is large at some continuous point z € [0, 1],
see the results in the simulation study in Section 3.4. So we need to conduct
multiple testing procedure to check whether each candidate is the true jump
point or not.

Consider the multiple testing problem:

Hoj = m_(75) = my (7))
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Hlj : m*(?]) 7& er(?j)? j = 1727 76\ (23)

We will apply the B-H procedure (Benjamini and Hochberg 1995) to control
the false discovery rate (FDR) of the multiple testing. To calculate the p-value
of each test, we will apply wild Bootstrap test, which is a modified version of
the method proposed by Gijbels and Goderniaux (2004). The p-value p; for
the hypothesis Hy; is calculated by the following steps:

Step 1. Compute the residuals &; = Y; — myg(X;) for X; € N; = [%{%},1 +
i} 347 + T ], where

o~

i (x), ifw € (G{T-1 + 7)),
mUs(l’) =

Pa(2), it a € (7 1 + Fr).
Here m; and ms are the local linear estimators of m on the interval
(3{7j-1 + 73},7;] and (7, 3{7; + Tj+1}), respectively. The subscript US in
mys(x) refers to the fact that the resulting estimator is possibly unsmooth at

the point 7;.

Step 2. Obtain samples {v} : X; € N;} by the following distribution sug-
gested by Mammen(1993):

—(v/5—1)/2, with probability(v/5 + 1)/(2V/5),
(V5 +1)/2), with probability(v/5 — 1)/(2v/5),

and then we can get the bootstrap sample x* = {(X;,Y;") : X; € N,}, where

Y =mgs(X;) + &y, for X; € N;.

(2
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Here the estimator mg of m is obtained under the assumption that m is a
smooth function having no discontinuities (i.e. 7; = 0) based on the data

{(X;,Y;) : X; € N;}. Construct the bootstrap statistic
T = my(75) — ma(7) (2.4)
where 7} and 7} are local linear estimator of m on the interval (3{7;_1+7;},7]

and (7;, {7; + 7j41}) using the bootstrap sample x* = {(X;,Y;") : X; € N;}.

Step 3. Repeat Step 2 a large number of times, say B times, and define the

p-value p; via

_#Hb =1, BTy > L))}
B )

;i i=1,...4 (2.5)

Finally, let us consider the Benjamini-Hochberg (BH) multiple testing pro-
cedure (Benjamini and Hochberg 1995) based on the p-values {py, ..., pg} for
a nominal level a, say o = 0.05 or 0.1. We reject null hypotheses Hy; with
P; < p@), where ¢ = max{j : p;y < aj/q}, and pay < -+ < p(g denote the
ordered p-values {p;}. Denote the jump point candidate w; € S(D,,) which is
corresponding to p(;). Then the refined estimates of the jump points are the

order statistics of {w, ..., wz}:

3.2.3 Step 3: Estimation of jump sizes

Since m(7;) — m_(7;) = ;, we can estimate v; based on m(z) and m_(z).

After we get the estimators ¢ and 74, ..., 7, the estimate of the jump size can
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be derived as follows:
v, =ma (7)) —m_(7;), j=1,...,q (2.7)

In the volatility analysis for financial data, people are also interested in the

jump variation ¥, which is defined as

q
U=> . (2.8)
j=1

The jump variation W is then estimated by the sum of squares of all of the

estimated jump sizes,

q
v=> "7 (2.9)
j=1

3.3 Theoretical results

In this section, we investigate sampling properties of the estimators as n —
00. Theorem 1 below justifies the sure screening property of our proposed
method: when the threshold D, is small enough, given any true jump point
7;, 5 =1,...,¢, we can find a estimated jump point in the candidate set S(D,,)
that is very close to 7;.
Theorem 1 Assume conditions (D1)—~(D4) in the Appendiz B.
(a) (Sure screening property). If the threshold D, — 0, then
lim P(g>q) = 1.
n—oo
Besides, for each jump point 7;, j = 1,...,q, there exists ( € S(D,)
such that

I — 7] = Op(nfl), j=1,...,q.
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(b) Under the conditions in part (a), and assuming h?> = o(D,,) and log(h;')/nh, =

o(D?), we have

lim P(g=¢q) = 1, (3.1)

n—oQ

75—l = Op(n™), j=1,....q (3:2)

Remark 1 Actually, we can check in the proof of Theorem 1 that there exists
N > 0, such that ¢ = q when n > N, if we choose the threshold D,, appropri-
ately. So when the sample size is large enough, with probability one, we can

estimate the number of jump points without error.

Remark 2 Grégoire and Hamrouni (2002) have shown that the convergence
rate (n~') is the optimal rate for the estimation of jump point 7;. If we use
the wavelet based method (Fan and Wang 2007) to detect jumps, the rate of

convergence (n~'log®n) is a little bit slower than our proposed method.

Next, we will derive the asymptotic normality of the jump size estimator

7; in (2.7). Denote p; = ffoo uw Ky (u)du and v; = ffoo uw K2 (u)du.

Theorem 2 Assume conditions of Theorem 1 and nh? = O(1). Then

~ D
nhy (3 — ;) = N(0,2Vo*(1;)/ fx (1)), (3.3)

where
V= [3v0 — 2fi1jiovy + M%Vz’ (3.4)

(Moﬂz - M%)Z

and the estimate of jump variation U in (2.9) satisfies

U — U = Op((nh,)"?). (3.5)
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Remark 3 One striking result in Theorem 2 is that the asymptotic bias term
disappeared in (3.3), which is quite different from the standard result in local
linear regression in which a stronger condition nh? = o(1) is required. This
estimator not only improves the asymptotic bias to the order of typical condi-
tional expectation estimators at an interior point, but actually exhibits further

unexpected bias reductions.

Remark 4 Under the conditions of Theorem 2, the optimal rate of conver-

2 1/5

gence for U s n=2/5 when h =< n~

Finally, in the multiple testing procedure, we tested ¢ hypotheses simulta-
neously using the bootstrap p-values. The following Proposition 5 shows that

the false discovery rate FDR can be asymptotically controlled.

Proposition 5 Assume conditions (D1)—~(D4) in the Appendiz B. The thresh-
old D,, is chosen such that D,, — 0 and

max |p; — p}| = op(1), (3.6)

1<j<q

where p? is the true p-value for the hypothesis Hy; in (2.3). Then the false
discovery rate (FDR) in the multiple testing procedure can be controlled by

level o asymptotically.

3.4 Simulation study

In this section, we investigate the finite sample properties of the estimators

proposed in Section 3.2 through Monte Carlo simulations. Suppose the true



43

data generating process is as follows:
q
Yi = mo(Xi) + Z%‘I[Tj,l}(Xi) + o (Xi)ei, 1=1,2,...,n, (4.1)
j=1

where mg(x) = 42% + e for z € [0,1], and ¢;’s are i.i.d. errors following
N(0,0%) with o(z) = 0.2cos(x) or 0.5cos(z). We assume the design to be
random: {X; : ¢ = 1,...,n} are ii.d. random variables from the uniform
U10, 1] distribution, so that other existing methods can be applied to compare
with our proposed method in the simulation study. We set the sample size
n = 5000 or 10000, the number of jump points ¢ = 50, and the jump sizes {v, :
1 < j < ¢} be independent discrete uniform random variables on {41, £0.5}.

Suppose the location of jump point 7; can be decomposed into two parts:

Tj:<—o.oo5+l)+§, i=1....q, (4.2)
q n
where (;’s are i.i.d. discrete uniform random variables on {0, £1, ..., £5}.

That means the true jump point 7; is a random perturbation of “scheduled”
time point (—0.005 + j/q).

Throughout the paper, we will use the one-sided Epanechnikov kernel
K_(u) = 2(1—u?); for u € [0,1]. Besides, we take the bandwidth h,, = 0.005,
and the threshold D,,{0.5, 0.33, 0.25, 0.2} in the simulation. In the multiple
testing procedure, let B = 200 in the bootstrap and a = 0.05.

Table 3.1 summarizes the results over 100 simulations. For each simulated
data with a given sample size n, standard deviation ¢ and threshold D,,, we
record the number of the jump points detected by different methods, and
then take the average over 100 simulations. Here the methods “Screening”,

“SaMT” and “Wavelet” refer to applying the screening procedure in Section



44

Table 3.1: Average number of jump points detected by different methods (with
true ¢ = 50).

(n,o(z)) Method D, =0.5 D,=033 D,=025 D, =0.2

Screening  40.92
(5000, 0.2cos(z)) SaMT  36.62
Sara 48.25 (3.14) 58.12

2.18) 55.88 (2.36) 82.25 (3.37) 103.74 (4.11)
1.58) 47.24 (2.32) 53.27 (2.98) 56.74 (3.10)
3.17) 90.79 (3.23) 100.07 (4.01)

Screening 43.26 (2.01) 55.75 (2.12) 62.67 (2.88)  84.47 (3.32)

Sara 50.89 (3.15) 54.28 (2.99) 93.20 (3.25) 105.74 (3.89)

(5000, 0.5cos(z))  SaMT  33.88 (3.12) 45.68 (3.34) 54.17 (5.44)  59.16 (5.10)

)
)
)
)
(10000, 0.2cos(z))  SaMT  39.57 (2.26) 45.29 (2.35) 50.68 (2.78)  55.22 (2.66)
)
)
)
Sara  59.89 (4.15) 62.12 (4.56) 90.01 (4.89) 110.02 (5.22)

3.12) 55.66 (3.73) 70.12. (4.13) 85.26 (5.02)
18) 47.98 (4.12) 52.38 (4.35)  56.88 (5.13)
4.25) (3.56)

3.58 98.12 (4.92)

Screening  47.52
(10000, 0.5cos(x)) Sara 40.12

( (2.36)

( (2.32)

( (3.17)

( (2.12)

( (2.35)

( (2.99)

Screening  48.19 (3.91) 58.24 (4.31) 89.97 (5.45) 104.12 (6.01)
( (3.34)

( (4.56)

( (3.73)

(3. (4.12)

Wavelet  55.79 ( 61.79 (3.58) 80.41 (3.56

3.2.1 (without conducting multiple testing), our proposed method, and the
Sara method (Niu 2012) to detect jump points.

From Table 3.1, in the screening procedure, as the threshold D,, is de-
creasing, the set S(D,,) will include more and more candidates of jump points.
On the other hand, the number of the jump points detected by our proposed
method is much less than that in the screening procedure, which means some

of the candidates in S(D,,) are noises and ruled out. What’s more, with appro-
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priate choice of threshold D,, (0.2 or 0.25), our proposed method works quite
well when o = 0.2, but more jump points are detected in the noisier data.
Next, we check the sure screening property mentioned in Theorem 1, that
is, given any true jump point 75, j = 1,...,¢, we can find an estimated jump
point in the candidate set S(D,,) that is very close to 7; with high probability.
Here we take the jump point 75 for example and define the “detection rate” of
75 to be the proportion that how many times the event {min,<,;<z|7; — 75| < x}
will happen out of 100 simulations for a small k. Here we take x = 6 x 1074,
From Table 3.2, as the threshold D, is decreasing, we are more likely to
detect the jump points although more noises will be added into the candidate
set S(D,,). Besides, we may miss the true jump point when the data are noisier
(0 = 0.5): when the standard deviation o is large enough to be close to the
jump size miny <<, |7;| = 0.5, it is possible that the absolute difference process
|L,(z)| will be large evaluated at some continuous point and this point may
be regarded as the jump candidate, then any true jump point in the neighbor

of this continuous point will be missed.

Table 3.2: Detection rate for the jump point 75 with x = 6 x 1074

(n,o(z)) D,=05 D,=033 D,=025 D,=0.2
(5000, 0.2cos(z))  0.65 0.93 0.95 0.98
(10000, 0.2cos(z))  1.00 1.00 1.00 1.00
(5000, 0.5cos(z))  0.52 0.70 0.77 0.83
(10000, 0.5cos(z))  0.58 0.77 0.81 0.88

Finally, we study the impact of the threshold D, in the screening and
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multiple testing procedure in Figure 1. Figure 1(a) shows one simulated data
with n = 10000 and ¢ = 0.2cos(z). We plot the absolute difference process
|L,,(z)| before and after the screening procedure in Figure 1(b) and (c). The
number of the jump points detected applying screening and multiple testing
procedure with different choices of threshold D,, € {0.5, 0.45, 0.4, ..., 0.15}
are shown in Figure 1(d).

From Figure 1(d), when the threshold D, is smaller than some level, say
0.35, the number of the hypotheses we rejected will become stable. That
means when the threshold D,, keeps decreasing, only noises will be added into
S(D,,). This will result in an adaptive choice of the threshold D,,. The best
strategy in the screening procedure is to make the threshold D,, small enough
such that all the true jump points are contained in S(D,). But usually we
don’t know whether a given threshold is small enough or not. In practice, we
can take a decreasing grid search for D,, and then check when the number of

the hypotheses we rejected becomes stable.

3.5 Real data example

3.5.1 particulate matter(PM) 2.5 data

We now present an application of our proposed method to particulate mat-
ter(PM) 2.5 data. Particulate matter (PM) are microscopic solid or liquid
matter suspended in the atmosphere of Earth. They have impacts on climate
and precipitation that adversely affect human health. In this example partic-

ulate matter (PM) 2.5 data from Shanghai have been investigated to find any
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Figure 1: Panel (a): one simulated data with n = 10000 and o(z) = 0.2 cos(z);
panel (b): absolute value of the difference process |L,(x)| in (2.1); panel (¢):
|L,(x)| evaluated at the initial estimated jump points in S(D,,) with D,, = 0;
panel (d): number of the jump points detected after screening (circle) and

multiple testing procedure (solid) with different choices of threshold D,,.

jumps or changes in structure in this time series. There are totally 1015 data
points collected during years 2005-2010.
Several different methods are employed, including SaRa algorithm and the

multi-bandwidth SaRa algorithm proposed by Niu and Zhang (2012), Circular
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Binary Segmentation (CBS) algorithm proposed by Olshen et al. (2004) and
our proposed method, to detect possible jumps in this data set. Here, the
bandwidths h,, in the three sequences are selected differently such that 50
observations are collected in each neighborhood (z — h,,,x + h,,), and several
thresholds D,, = 0.01,0.05 and 0.1 are selected and finally we used D,, = 0.1 in
the screening step. Similar to the simulation, we choose B = 500 and o« = 0.05
in the multiple testing procedure.

The result for the data analysis is listed in Table 3.3. Among 27 jump
points detected by our method, most of them are found to be the missing
data during the weekends, which is reasonable. The CBS algorithm detected
too many jump points, most of which are most likely to be false positives.
Although we detect many jump points candidates in the screening step, most
of them are ruled out in the multiple testing procedure. We notice that SaRa
and multi-SaRa algorithm detected more number of the jump points than our
proposed method. The reason is that the thresholds in those two algorithms
are selected too small, although many noises may be also deleted, some jump

points with small jump sizes may also be ignored.

Table 3.3: Number of jump points detected for the offspring by different meth-

ods.

data SaRa multi-SaRa CBS Screening SaMT
PM 2.5 before 2010 65 59 19 41 27
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3.5.2 Single Nucleotide Polymorphism (SNP) genotyp-
ing data

We now present an application of our proposed method to single nucleotide
polymorphism (SNP) genotyping data. DNA copy number variation (CNV)
refers to deletion or duplication of a region of DNA sequences compared to a
reference genome assembly. Identification of CNV is an essential issue in the
systematic studies of understanding the role of CNV in human diseases.

In this example SNP genotying data for a father-mother-offspring trio pro-
duced by the Illumina 550K platform are collected. The data set can be
downloaded along with the PennCNV R-package. The data consist of the
measurements of a normalized total signal intensity ratio called the Log R
ratio, that is, calculated by logy(Rops/Resp), Where Ry is the observed total
intensity of the two alleles for a given SNP, and R,,, is the expected intensity
computed from linear interpolation of the observed allelic ratio with respect to
the canonical genotype clusters, see Niu and Zhang (2012). For each subject,
the Log R ratios along Chromosomes 3, 11 and 20 are included in the data
set. There are 37,768, 27,272 and 14,296 SNPs in Chromosomes 3, 11 and 20,
respectively. Similar to the aCGH data, the segments with concentrated high
or low Log R ratios correspond to gains or losses of copy numbers.

Several different methods are employed, including SaRa algorithm and the
multi-bandwidth SaRa algorithm proposed by Niu and Zhang (2012), Circular
Binary Segmentation (CBS) algorithm proposed by Olshen et al. (2004) and
our proposed method, to detect CNVs in this data set. Here, the bandwidths

h, in the three sequences are selected differently such that 50 observations
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are collected in each neighborhood (x — hy,x + h,), and several thresholds
D,, = 0.1,0.2 and 0.3 are selected and finally we used D,, = 0.1 in the screening
step. Similar to the simulation, we choose B = 200 and o = 0.05 in the

multiple testing procedure.

Table 3.4: Number of jump points detected for the offspring by different meth-

ods
data Sara multi-Sara CBS Screening Multiple testing
Chromosome 3 2 19 46 51 17
Chromosome 11 4 2 29 37 9
Chromosome 20 4 7 16 23 11

The result for the offspring is listed in Table 3.4. The CBS algorithm
detected too many jump points, most of which are most likely to be false
positives. Although we detect many jump points candidates in the screening
step, most of them are ruled out in the multiple testing procedure. We notice
that SaRa and mtilti-Sara algorithm detected less number of the jump points
than our proposed method. The reason is that the thresholds in those two
algorithms are selected too large, although many noises may be also deleted,
some jump points with small jump sizes may also be ignored. Therefore, our

proposed method is more reasonable and works very well.
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Appendix A

Conditions and Proofs of Main

Results in Chapter 2

The following technical conditions are imposed. They are not the weakest pos-
sible conditions, but they are imposed to facilitate the proofs. For notational

convenience, given a vector & = (ay,...,a,)7, define || = (|ay], ..., |a,])T.

Cl. The density function fr(-) is Lipschitz-continuous and bounded away
from 0 and infinity. The function K(-) is a symmetric density function

with a compact support.
C2. nh¥ — 0 and nh?/{log(n)}® — oo as n — .
C3. E{X ()X (t)T} and E{X (t)Z(t)"} are Lipschitz-continuous.
C4. «a(t) has a continuous second derivative.

Cb. J; has a finite moment-generating function in some neighborhood of the

origin. In addition, E{|| X (#)||*} + E{||Z(#)]|*} < cc.
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C6. 0Z(-) has a continuous second derivative, and E{e(t)**%} < oo for some

0o > 0.

C7. hy{log(n)}?* — 0 and nhy/log(n) — oo as n — oo.

Proof of Proposition 1. First, By Fan, Huang and Li [6] (Theorem 1 and
result (A.1), (A.2)), we have

Bini B /60 _ Op(n_1/2) (A.l)
sup|@a(t) — o (1) + [E{X (X ()] [B{X () Z()7}] (8 - 8°)] = Oplex)
(A.2)

where ¢, = h? + {—log(h1)/(nhy)}'/?, B° and a°(t) are true parametric and
nonparametric components. Since T is compact, together with condition C3

and (A.1),

sup | [E{X ()X ()7)] ' [B{X () Z(1)7)] (B ~ 5°)] = Op(n™"2). (A3)

teT

Utilizing triangle inequality and (A.2), (A.3) yields

sup ‘&@m (t) — a°(t)| = Op(cy).
teT
Finally, by the definition of £(¢) in (2.5) and &(t), we have

Sup [Et) — ()] = Sup | X (1) { Qg (t) — (1) } + Z(1)" (B™ - 3°)

= Op(Cn).

This completes the proof. l

Proof of Proposition 2. Without loss of generality, suppose 7 = [0, 1]
and fr(-) is uniform density on [0, 1]. For case (i), by Condition C5, suppose
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E(e’i) < C for some t > 0. By Markov’s inequality, P(J; > a) = P(e!i >
elt) < E(el’i) /et < Ce, then

P(ma%x J; > dlog(n))

1<t
= 1- P(lrga;; J; < dlog(n))
= 1—-P(J; <dlog(n))"
1—[1—P(J; > dlog(n))]"
1— (1 . Oe—tdlog(n))"

1-(1-Cn)" =0

IN

when d is large enough such that td > 1. So maxj<i<,J; = Op(log(n)).
Next let {71V, ... ,TZ»(Ji)} be order statistics of {t;1,...,%; s, }. According to

statement by Feller [9] (p.42), for a given J;,

Ji

P(Ti@) — T > 2hy, ... 71—;(‘]1') 7V S opy) = [1—2ho(J; — 1)L (A.4)

)

where [g]; is the positive part of ¢g. Since maxi<;<, J; = Op(log(n)), with

probability tending to 1,

2dlog(n)

[1 = 2hy(Ji — 1)) > [1 — 2dhs log(n)] ™

2dlog(n)

By condition C7, we have [1 — 2dh, log(n)]Jr

— 1, so it is unlikely for
each individual to have more than two observations in the same neighborhood
[t—ha, t+hs]. Thus in what follows, the 2(¢; ;)’s can be treated as independent
similar to the proof of Theorem 1 in [7]. By classic uniform convergence rates
for the kernel smoother ([41]), we have

sup [0%(1) — (1) = Op (A + {~ log(ha)/ (nho)}'1).
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For case (ii), after we take o = 2 in Theorem 4 according to [2], we have

im limsup P(|[R, — R,|2, > D({log(n)/(nm)}** +n~)) =0

1
D—oo pnsoo

that means

IR, — Ryl1Z, = Op({log(n)/(nm)}*/* +n7") (A.5)

where m = E(J;) is the expected number of observations within each subject.
Since condition C5 implies that the first moment m = E(J;) is finite, (A.5)
becomes || R, — R,||2, = Op({log(n)/n}*/?), which is exactly (3.4). W

Proof of Proposition 3. First, note that 7 > 0, it is easy to show that
}N%n(s,t) = Z]kvz1 X(k)l(/):(k) > T)@Zk(s){b\k(t) defined in (2.14) is positive definite
since all the eigenvalues of EU(S, t) are positive. Secondly, note that

R(s,t) = R,(s,)I(s #t) +max{R,(t,1),5°(t)}I(s = t)
—  Ry(s,t) +max{0,5%(t) — R, (t,t)}I(s = t).

Obviously the second term, max{0,52(t) — En(t, t)}H(s = t), is positive semi-
definite since it is diagonal and all the diagonal entries are nonnegative. So

R(s,t) is the summation of a positive definite and a positive semi-definite

covariance function, which is of course positive definite. B
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Appendix B

Conditions and Proofs of Main

Results in Chapter 3

The following technical conditions are imposed. They are not the weakest

possible conditions, but they are imposed to facilitate the proofs.

(D1) K_(+) is a right-continuous function with bounded variation on R;
(D2) K_(+) is compactly supported with K_(0) > 0 and [ K_(u)du = 1;
(D3) h, — 0, nh,/log(h ') — oo and log(h;')/loglog(n) — oo;

(D4) The marginal density fx of covariate X is continuous and bounded away

from 0.

To control the upper bound of the difference process L, (x) at continuous
points, strong uniform consistency for local linear regression estimator is im-
portant. Blondin (2007) derived the strong uniform consistency based upon

modern empirical process theory.
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Lemma 1 Under conditions (D1)—~(D3), we have

Hﬁ%}m xsel[lol’)u m(z) — E{m_(z)} - A‘ =o(1) as, (B.1)

where

A= sup (@) ') (- @)an]
z€[0,1]
Proof: This result can be derived directly from [26] (Theorem 3.1). B
When we evaluate m, (x) in (1.3) at the jump point 7;, we only use the
data located at the right of point 7;. This is equivalent to the estimation at
the boundary point in standard local linear regression. The following lemma
provides the asymptotic normality for m4 (7;).

Lemma 2 Let m () be defined in (1.3), under the conditions of Theorem 2,

2

Vi () = m(m) — € enin) ) BNO.Ve () 1), (B2)
where V' is defined in (3.4), and

2
C— Ha Ml#;
Motz — H1
with p; and v; defined in Theorem 2.

Proof: Taking ¢ = 0 in Theorem 3.3 of [29] completes the proof. B

Lemma 3 If ¢ = 1, or equivalently, there is unique change point 7. Suppose
K_(0) > 0, and h, — 0, nh, — oo, then the maximizer of |L,(z)|, say T,

satisfies
nhp{L,(T) — L,(7)} = Op(1). (B.3)

Proof: The result holds according to [36] (Theorem 3.1 and Lemma 3.1)
after we take a(n, h,) = 5(n, h,) = nh, therein. B
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Proof of Theorem 1. We only need to prove part (b). Let Z; = (1; —
hy, T; + hy) be the neighbor of jump point 7, j = 1,...,¢. Let Zo = [0,1] N
{Zyu---UZ,}"

For any = € Zy, the estimator m_(x) in (1.3) does not involve any jump
points, this is the standard local linear smoothing and the asymptotic bias is

|E{m_(z)} — m_(z)] = O(h?) (see [29]), together with Lemma 1, we get

. 2log(h;1)
_ —m_ = OJh? =/ .S. B4
sup () = m_(2)] = O{ i, +1[ =2 as, (B.4)
similarly,
R 2log(h:1)
— = h? =/ B.5
sup [ () = m. () O+ =5} as (B.5)

Since all the points in Z, are continuous points, Va € Zy, m_(z) = m,(z), by
(B.4), (B.5) and triangular inequality, we have

sup |Ln(z)| = sup [ (z) — oy (z)] = o{hi + %hh#)} — o(D,)) a.s(B.6)

€Ly xr€Zy niy,
By the definition of 7}, we have |L,(7;)| > D,, j =1,...,q. From (A.4), we

have |L,(7;)| > sup,ez, |Lyn(2)], that means
T, €ly=0U---UIL, as (j=1,...,9). (B.7)
Since Wy, € Z(@w;)° for k # j, |Tj41 — 7| = |@(j+1) — D] > 2hy, = |Z;| together
with (B.7) means that each Z; can not contain more than one 7;, so
7<q, as. (B.8)

On the other hand, since h, — 0, there exists N > 0 such that 9h, < & =
ming <j<,41(7; — 7j_1) for any n > N, and

Vi

| L (75)] = |my (1) — m—(75)| > 5 > D, as.. (B.9)
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From the definition of Wgy1,
()] < |La(@ge)] < Doy V2 € [0,1] N (T@) U+ UT(E), (B.10)

so by (B.9) and (B.10), we have |L,(7;)| > Sque[O,l}ﬂ(I(@l)u-uul(@a))c | L, ()]

when n > N, that means
7, € I(l) U -+ UZL(Wg) as. (j=1,...,q), (B.11)

when n > N. Since minj<j<,4+1(75 — 7521) = & > 4h,, = |Z(Wy)|, again each

Z(@y) can not contain more than one 7;, that means
q<4q, as., whenn > N. (B.12)

So (3.1) follows by (B.8) and (B.12). To show (3.2), by (3.1), it suffices to
consider what happens on event {¢ = ¢}, which means each Z; will contain
only one 7;. Now consider the single jump point detection on the intervals

H; =[r; —&/3,7;+ /3], it’s easy to check that
(i) H,’s are disjoint and there is only one jump point 7; in each H;.

(ii) Denote the number of observations over the interval H; by m, = > " | I[X; €
Hj], then ™= — fH]- fx(x)dr > |Hj| mingey; fx(z) > 0 as., so m, and

n are of the same order, and thus m,,h, — oo since nh,, — oo.

Now all the conditions in the Theorem 3.2 of [36] are satisfied, and we have

my|T; — 751 = Op(1) and thus (3.2) follows. B

Proof of Theorem 2. We first show (3.3). Since K_(x) = K (—x), replace
K (—z) by K_(z) in Lemma 2 shows the asymptotic normality for m_(7;):
h’)2’L "

Vil { (- (1) = m(73) = € - Zmii(r) b B N(O0, Va?(r)/ fx (7). (B.13)
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Since m(7;) and m_(7;) only use the data located at the right and left of

point 7;, they are independent, the difference of (B.2) and (B.13) becomes

Vi (L, (75) =73} B N(0,2Va*(13)/ fx(13)). (B.14)

Again, consider the interval H; = [r; —&/3,7;+¢/3]. In the proof of Theorem
1, we have shown that all the conditions in Lemma 3 hold on H;. Thus by

Lemma 3,

~ 1 ~
Vil Ln(T)) = La(73)} = —== - nha{La(7;) = La(7)} = 0p(1). (B.15)
Now (3.3) follows from (B.14) and (B.15). Next, to show (3.5), for any d > 0,
P — W] > d(nh,) %) < P(@=q,[¥ = V| > d(nha) ") + P # )

From (3.1), we have

lim lim P(|\Il | > d(nhy,)"Y?) < lim lim P(§ = g, |\I/ | > d(nh,)”tB.16)

d—00 n—00 d—00 Nn—00

With ¢ = ¢, we have
q
~V= Z 2 =92 =Y {@ — ) + 2% — )
j=1

By (3.3), |7; — ;] = Op((nh,)~1/?), thus

q

> 2G5 =)l = Oe((nha)2), Y (3 = Op((nha)™).

j=1 J=1
So as n and d sequentially go to infinity,

P(q=q, % — 9| > d(nh,)"")
q

q

< P(Do6 =)+ Y2k — )l > dlnka) )

j=1 j=1
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< P(S0 - > Lok ) + P30 24— )l > ) )

j=1 j=1

— 0. (B.17)

So (3.5) follows by (B.16) and (B.17). B

Proof of Proposition 4. For any 7 € S(D,,) ={7,..., 75} = {&1,..., 05},
without loss of generality, let 7 = &;, 1 < j < g, then by the definition of &,

we have

La(z)], (B.18)

T =W =arg max
2E€ [, 1—hn] (T (@1)U--UL(@; 1))

and |L,,(T)| > D,. Since D,, > d,,, we get |L,,(T)| > d,,. Together with (B.18),
we have 7 € S(d,), and thus S(D,,) C S(d,,). B

Proof of Proposition 5. According to (B.12), when n > N, we have
qg>q, a.s., (B.19)

and there is at most one true jump point in the interval N, = [%{5’}_1 +
7}, 3{7; + Tj+1}]. Since the intervals N;’s are disjoint, and the bootstrap p-
value p; only depends on the observations over N;, the p-values {p; : 1 <

Jj < @} are independent. Finally by [37] and (3.6), the result follows. W



