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Abstract

Consider a varying coefficient model (Hastie and Tibshirani, 1993), where the
coefficient is unknown but is dynamic in the sense that it is a function of a certain
covariate. In some cases, the covariate is a special variable ‘time’. Motivated by the
need for varying-coefficient vector time series models (Jiang, 1999) and varying-
coefficient partially linear models (Fan, Huang, and Li, 2007), we are primarily
interested in time-varying coefficient models for continuous multivariate time series
data and continuous longitudinal data. The challenge is how to simultaneously
display serial, clustering, and multivariate attributes of the data set, to which the
routinely assumed two-level and univariate response models are not able to apply.

We approach this problem by a flexible new model called multiple response
hierarchical time-varying mixed-effects model. So far, the thesis has focused on
two responses. Extension to > 2 responses involves no fundamentally new ideas.
The model first uses varying-coefficient parameters for accurately describing the
dynamic of the series. The new covariance matrix is decomposed into between-
response correlation structure of random cluster effect and correlation structure

between measurement errors. By allowing shared cluster effects the model allows
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for characterizing homogeneity in repeated measurements in the same cluster. By
allowing for time dependent error terms, it is possible to model the correlation
induced by within-subject variation. We adopt a similar approach of Fan and Gijbels
(1996), where we first propose local linear regression estimators for the varying
coefficients, and then obtain random effect prediction by maximizing the profile
likelihood with a closed-form solution. Asymptotic results give good insight into
the properties of estimators. It is shown that estimates are consistent. We also
conduct the model comparison, it turns out that the proposed methods outperform
the traditional univariate response models, nonparametric models, and linear mixed
effects models in both predicting the response and estimating the coefficient surface
based on simulation studies. Finally, we have applied this model to a real-world
study on the price-volume relation of NASDAQ stock market data.

Keywords: Varying coefficient model, Mixed effects model, High-dimensional
time series, Multivariate longitudinal data, Local linear regression, Profile likeli-

hood.



Chapter 1

Introduction

The varying coefficient models arise in many situations in economics, finance,
political science, social science, and biomedical research areas. They have been
successfully applied to generalized linear models, analysis of longitudinal data,
functional data, financial and economic data, and in particular time series models
as the length of the observed time series increases and the series itself is subject to
dynamics of change. These complex data often exhibit nonlinearity, dependence
between successive measurements, dependence among individuals within clusters,
and positive (negative) dependence between responses. Vast machinery of regres-
sion analysis has been developed to the service of modelling this complex data type
in the areas of both the time series data and longitudinal data analysis area. Both
are concerned with the analysis of data consisting of successive measurements that
are recorded over a period of time. For simplicity, we shall regard multiple time
series data as a special case of longitudinal data. However, the popular statistical

packages (e.g. the R package of Nonlinear Mixed Effect Model) that were being used



to combine ideas from varying coefficient models and longitudinal data analysis
were revealed as being inadequate when relatively complex covariance matrix struc-
tures are used. Furthermore, many models being used to capture the dependence
between repeated measurements focused on the subject level (Lin and Carroll, 2000;
Lin and Carroll, 2001; Wang, Carroll, and Lin, 2005; Wu and Zhang, 2002; Liu, Ma
and O’ Quigley, 2008; Olsen, Delong, Oddone and Bosworth, 2008; Heagerty and
Zeger, 2000). It is common that data are clustered within higher levels, e.g., financial
sectors, families, or communities. Taking stock market research as an example, it is
usually expected that there is dependence between stock prices in the same financial
sector and even dependence between certain financial sectors. Poor models of the
dependence are thought to be one of the causes of the financial crisis of 2008 (Coval
et al., 2009; Zimmer, 2012). Existing cluster-based models, while useful by utilizing
the generalized estimating equations, are often built on a working independent
correlation matrix, and face the risk of ignoring the dependence structure of the
data, i.e., pretending all measurements were independent.

This thesis makes three primary contributions. First, we propose new models
for multivariate response longitudinal data based on a hierarchical structure, the
use of which makes them particularly attractive for simultaneously modeling serial,
clustering, and multivariate attributes of the data set. These models have also been
combined with existing nonparametric, semiparametric models to provide flexibility
yet tractability in modelling time-varying relationship between the response and
covariates. The proposed models allow the researcher to determine the degree

of flexibility based on the structure of the data. For example, by allowing for the



nonparametric trend function the model features in predicting the trajectory of
response over time and by allowing shared cluster effects the model allows for
characterizing homogeneity in repeated measures in the same cluster. By allowing
for time-dependent error termes, it is possible to capture the dependence within the
subjects. Many models made some strong simplifying assumptions on covariance
function in order to keep the model tractable (Verbeke and Molenberghs, 2000; Fan,
Huang, and Li, 2007; Fan and Wu, 2008), and a prominent feature of the class of
proposed models is that such assumptions will not be required and the dependence
structure will be employed in the model.

To forecast the trend presented in the longitudinal data, nonparametric models
have been considered. Using local polynomial techniques we obtain theoretical
results on the multivariate response hierarchical time-varying mixed effects model
that we use in our work. Given the data are localized in time with local polynomial
techniques, we employ the local linear estimator proposed in Fan, and Gijbels (1996).
We also consider an estimation procedure for model coefficients using a profile
weighted least squares approach.

The second contribution of this thesis is a study of the estimation of the covari-
ance matrix of multivariate response hierarchical time-varying mixed effects model.
This is one of the most complicated covariance matrices of the longitudinal data in
the literature. We find significant evidence in favor of a correctly specified within
cluster and within subject correlation structure, implying that the common cluster
based model which ignores the correlation structure is not suitable for multilevel

longitudinal data. Moreover, we find significant evidence that the approach to



estimating the covariance function assuming that the correlation structure follows
a parametric setting has difficulty in optimization. Empirical results suggest that
the estimation procedures commonly implemented using the restricted maximum
likelihood (REML) may have difficulty in optimization when the dimension of the
cluster effect is bigger than 3 (Verbeke and Molenberghs, 2000).

The third contribution of the thesis is a study of the price-volume relation of
100 stocks of 5 sectors in NASDAQ (National Association of Securities Dealers
Automated Quotations) stock market, using daily data over the period of Jan.3 2006
- Dec.31 2015. This is one application of longitudinal data analysis in predicting
opening price and trading volume, which is rare in the econometrics literature.
Since stocks are clustered within financial sectors, it is natural to assume stocks in
the same financial sectors have similar behaviour due to similar economic status.
This was particularly prominent when one of the many surprises from the financial
crisis of 2008 was the extent to which stock returns that had been previously behaved
mostly independent suddenly moved together. In the application to predict the
stock market, besides the time-wise correlation within the same stock and the stock
correlation within the same sector, a between-response correlation is also considered
at each time point.

Certain types of nonparametric and semiparametric models for longitudinal
data have already appeared in the literature. The model we consider includes many
useful models proposed in the literature. It is a useful extension of commonly used
linear models (Diggle et al. ,2002; Demidenko, 2004 and Frees, 2004, for longitu-

dinal data by allowing coefficients to change over time. It is also an extension of



useful semiparametric models studied by Fan, Huang and Li (2007) and Sun, Zhang
and Tong (2007), in that we retain a semiparametric varying-coefficient partially
linear structure, but allow for multiple responses, allow for variables to have shared
cluster effect, and relaxes the assumptions on the covariance function. Other work
on nonparametric and semiparametric models for longitudinal data are presented
in Fan and Zhang (2000), which considers functional linear models for longitudinal
data, and in Fan and Li (2004), which discusses parametric inferences and model
selection for semiparametric regression models in longitudinal data analysis. Lin
and Carrol (2000) and Lin and Carrol (2001) also proposed a nonparametric re-
gression model and a semiparametric generalized linear model, where the entire
correlation structure has been ignored. Wu and Zhang (2002) presented a nonpara-
metric mixed-effects model for longitudinal data to estimate both fixed effects curve
and random-effects curves. Wang, Carrol and Lin (2005) considered a marginal
generalized semiparametric partially linear models, but ignore the within-cluster
correlation structure either in nonparametric curve estimation or throughout. With
the exception of Fan, Huang and Li (2007) and Fan and Wu (2008), the papers to
date have not considered estimation of the correlation structure, instead pretending
all observations are independent. Our analysis of multivariate response hierarchical
time-varying mixed effects model is new to the literature.

The remainder of the thesis is structured as follows. Chapter 2 presents multiple
response hierarchical time-varying mixed effects models for longitudinal data, in-
cluding its motivations. Followed by Chapter 3 that develops estimation procedures

of varying coefficients, random effects covariance matrix, and subject correlation



parameters. The consistency of estimators is proved later. Chapter 4 gives a simula-
tion study that compares with alternative models. Chapter 5 presents an empirical
study of daily opening price and trading volumes of 100 stocks over the period Jan.3
2006 - Dec.31 2015. Chapter 6 is a discussion of future work. All technical proofs

are provided in the last Chapter of Appendix.



Chapter 2

Multiple Response Three-level

Time-varying Mixed-effects Models

2.1 Motivation

Vast machinery of regression analysis has been developed to the service of mod-
elling longitudinal data. Many working models can be broadly classified as fully
parametric regression methods, fully nonparametric regression methods, and semi-
parametric regression methods.

There is a huge body of literature on parametric models for longitudinal data
analysis, including linear mixed-effects models (see, e.g., Laird and Ware, 1982;
Diggle et al., 2002 and the references therein). Parametric mean models enjoy sim-
plicity and their properties are very well established, they are typically limited by

the inflexibility in modeling complicated relationships between the response and



covariates in various longitudinal studies since they assume that the mean of re-
sponse to covariates is purely parametric which may not always hold in applications.
Furthermore, parametric models involving a finite set of parameters do not work
well when there is a large number of repeated measurements, as the amount of
information about the data may not be fully captured by only a few parameters.

To relax the assumptions on tightly specified parametric models in describing the
relationship between a longitudinal response and covariates, various nonparametric
models have been proposed, see Fan and Zhang (2000); Lin and Ying (2001) and
references therein for theory and applications of nonparametric models. Although
fully nonparametric approaches are appealing and make no assumptions on the
specification of the model, they are hard to interpret and incapable of incorporating
some prior information for the unknown functions. Worse still, they may suffer
from the so-called "curse of dimensionality” problem, which rules out the standard
nonparametric methods in modern applications for the increasing high-dimensional
data sets. To ease the ‘curse of dimensionality’, many powerful dimensionality re-
duction approaches are proposed. Examples include additive models, see Friedman
and Stuetzle (1981), partially linear models, see Engle, Granger, Rice, and Weiss
(1986); and varying coefficient models, see Cleveland, Grosse and Shyu (1991);
Hastie and Tibshirani (1993).

Semiparametric regression modeling has been used extensively in the literature
because it provides the flexibility of fully nonparametric approaches in modeling
complexity of the data sets while maintaining the model interpretability of fully

parametric methods. Ruppert, Wand, and Carroll (2009) summarized applications



and theoretical developments of semiparametric regression models. The partially
linear model, the most commonly used semiparametric regression models, is gaining
a lot of attention in literature in recent years. Engle, Granger, Rice, and Weiss (1986)

introduced the partially linear model defined by

Y: =g(Xi) + ZiTB + €4, (2.1)

where X; = (Xi1,...,Xia)" and Z; = (Zyy,...,Z;p)" are vectors of explanatory
variables, (Xi, Z;) are considered tobei.i.d, B = (B1,...,Bp)" isa vector of unknown
parameters, g is an unknown function from R4 to R!, and €, ..., €, are independent
random errors with mean zero and finite variances o?. Partially linear models have
many applications, particularly in economics, finance, and biology. Engle, Granger,
Rice and Weiss (1986) were among the first to analyze the relationship between
temperature and electricity usages using these models.

On the other hand, several authors proposed the varying coefficient models.
There are two ways in building a varying coefficient model. Hastie and Tibshirani

(1993) introduced the varying coefficient models, formulated as follows:

Yi = oo + Xiroq (Uig) + -+ 4+ Xip o (Ui ) + €4, (2.2)

where o, ..., , are p separate unknown varying coefficient functions that needs to
be estimated, X;, ..., X, and Uy, ..., U, are covariates and ¢; is random error with
mean 0 and finite variances 2. Model (2.2) lets the coefficients of the Xy, ..., X,

be functions of different covariates U;,...,U,, which change the effects of the
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covariates Xy, ..., X, in nonparametric ways. A second class of models is that where
all regression coefficients «;, ..., o, are assumed to depend on a single covariate U,

see Fan and Zhang (1999), which leads to the model

Yi = op + Xipoq (Ui) + -+ + Xip o (Uy) + €4, (2.3)

for given response variable Y and covariates Xj, ..., X;,, U with the unknown varying
coefficient functions oy, ..., «p,. In this thesis, our key interest is model (2.3). Like
the partially linear models, the varying coefficient models is one way of freeing
us from the curse of dimensionality and reducing the modeling bias. Another
advantage of the varying coefficient models is that they are easy to interpret. And
based on the assumption that the regression coefficients are smooth functions of the
covariates, they allow us to examine the covariate effects vary over different groups
characterized by some covariates such as time. When the covariate is time, we call
them time-varying coefficient models.

Various extensions of models (2.1) and (2.3) have been widely adopted in the liter-
ature, including those that accommodate longitudinal responses, discrete responses
and in particular time series as the length of the observed time series increases and
the series itself is subject to dynamics of change. Hoover et al. (1998) and Fan and
Zhang (2000) extended the varying coefficient model (2.3) for Gaussian longitudinal
outcomes by allowing the error terms to be correlated within the same subject.

Suppose that Yj; and T; are the outcome and the covariate of the jth observation
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from the ith subject, and

Yij = X§(Ty) «(Tys) + e, (2.4)

where X;(t) is a p x 1 vector of covariates and o(t) = (x(t), ..., (t))Tisap x 1
vector of unspecified smooth functions. Zhang (2004) proposed generalized linear
mixed models with varying coefficients for discrete longitudinal data. Jagannathan
and Wang (1996), Reyes (1999), Akdeniz et al. (2003), and Cai (2007) studied time-
varying coefficient time series models. In case the response vector is subject to
changes over time, we can replace y; by a vector, say the vector time series, where
coefficients are coefficient matrices for i = 1,...,n. The resulting model is in Jiang
(1999), which used the time-varying coefficient vector autoregressive (VAR) model

for multivariate time series, defined as

yi = Aoti) +A1(t)yia + -+ Ap(ti)yip + €y, (2.5)

where y; is a vector, Ay(t),..., A, (t) are matrices varying with t, y;_; is called the
l-th lag of y, and €; is a vector of error terms with mean 0 and covariance matrix X.
Applications of time-varying coefficient models in time series include the return of
a market index effect on the return of an individual stock, where the coefficient is
called beta-coefficient in the capital asset pricing model (CAPM) (see, Cochrane,
2001 and Tsay, 2002). Studies show that the beta-coefficient might change over time
(Cai, 2007); and the demand elasticity in economic-causal model, see for example

Hackl and Westlund (1995, 1996); Orbeetal (2006). In the price-volume relation
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study described in Chapter 5, 100 NASDAQ stocks were examined every day for up
to ten consecutive years for the dynamic properties of long time series.

The introduction of varying coefficients in partially linear models leads to an
important extension of the partially linear model, the varying coefficient partially
linear model, which are frequently used in practice. Let Y be the response variable
and {U, X, Z} be its covariates. The varying-coefficient partially linear model (Fan

and Huang, 2005) is defined to be

Yi = XiTOC(Ui) + ZiTB + €4, (2.6)

In this thesis, we extend the varying coefficient partially linear model (2.6) to
consider multivariate longitudinal response with a three-level hierarchical structure.
Allowing for more than a single outcome improves the efficiency of the estimated
coefficients because the correlation between outcomes is able to be considered. The
researchers, on the other hand, are usually able to draw on the large literature on
models for a single response. The extensions to consider the case that the number
of responses is greater than two is not analyzed here since the generalization of
three or more responses is not difficult.

Multilevel models in extant literature generally have two levels, where in the
first level, correlated measurements are recorded, and in the second level, several in-
dependent clusters of correlated measurements are observed. Lin and Carroll (2001)
built a two-level hierarchical model. In their model, the repeated measurements
of the presence of respiratory infection on preschool-age children are correlated,

and serve as the first level. These measurements are clustered within the same
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children, which serves as the second level. Though widely applied, a two-level
model may not be suitable for all situations. For example, stock prices are recorded
for each company in the stock market every day. In this case, a two-level model is
not suitable, because stock companies are grouped in different sections according
to their business nature. So a three-level model would be more appropriate in this
situation.

Lin and Carroll (2006) proposed a varying-coefficient three-level model that al-
lows between-subject and within-subject correlations. They consider the problem in
which there are n families, family i has L; children. For the jthchild,j =1,...,L;, the
repeated measurements yiji, a base-line measure Zi*]-, covariates Xj;i are collected

over time for k = 1,..., my;. The model is:
Yijk = X{jiBo + 00(Z5;) + €, (2.7)

where €; has a covariance matrix £;, which is Z)L LMy XY )L 1, my; matrix. X; allows
them to model the dependencies within repeated measurements and subjects, but
the estimation of Z; is not fully developed in the paper. Later in the simulation part of
the paper, the covariance matrix is estimated as the sample covariance matrix of the
residuals, which is very rough. They further assumed that the correlation structure is
autoregressive between repeated measures over time and common between-subject
correlation within the same family. Under this setting, the correlation between one
child’s first and last measurements may be smaller than the correlation between
one child’s first measurement and another child’s last measurement. This motivates

a new model and covariance structure. In next section, we present a multivariate
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three-level time-varying mixed-effects model by incorporating varying coefficients,

multivariate outcomes and clusters into (2.7).

2.2 Model Specification

Suppose (Yiijk, - - -, Yaijk) ' isa d x 1 vector of response variables taken on subject j
in the ith cluster at time points tijx. Assume without loss of generality that, d = 2,

(Y1ijk, Y2ijk) T Consider the model

Yuijk | Xijk1oa1 (tiji) + - - + Xijep ap (tiji) N Zijk1B1i1 + - - + Zijkq Biig N €1ijk
Y2ijk Xijk1 021 (i) + - - 4+ Xijep 02p (tiji) Zijk1PB2i1 + - - - + Zijkq B2ig €2ijk
(2.8)

i=1,...,n.,j=1,...,n5,and k = 1,...,n,,, where n. is the number of clus-
ters, n; is the number of subjects, n,, is the number of balanced measurements;
o1 (tijic ), - o &ap (tiji), &21 (tijx) - - - &2p (tijx ) are unspecified smooth functions, i1, . .,
Bliq, Bait,. -+, BZiq are random effects, and €4ijk are mean-zero error terms that are
uncorrelated with other covariates. The model allows two responses Yiijk, Yoijk-
Since two responses are modeled together, the correlation between corresponding

)T, and

random effects should be taken into account. With B4i = (Bait, .- -, Baiq
Bi = (B{;, Ba;)T, we further assume that {B;,1 =1,...,n.} arei.i.d. N(0,D), where

D is 2q x 2q covariance matrix of 3;. Let us rewrite the model in (2.8) briefly as

(Xl(tijk)T B1i
Yijk = Xijk 1 "z + € (2.9)
Oéz(tijk)T Ba:
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In (2.9), yijx = (yu]-k,yzﬁk)T is a 2 x 1 vector of response variables, o4 (tijx) =
(xa1(tiji), o) Xap (ti,-k))T isa p x 1 vector of unknown smooth functions, d =1, 2;
Bai = (Bait,---, Bdiq)T is a q x 1 vector of random effects across the clusters;
Bi = (B{;, Bs;)" areiid. N(0,D), where D is 2q x 2q covariance matrix of i;
Xijk = (Xijkis - - .,xi,-kp)T (p x 1) and zyx = (z4jk1, - - .,zijkp)T (q x 1) are covariates,
that are modeled as realizations of some stochastic processes; €ijx = (€1ijk, €21'_]'k)T
is a 2 x 1 vector error term with E(eyji[xijk, zijx) = 0, which implies that x;j, and
zijx are uncorrelated with ey;i.. Note that x5 and zi;i are allowed to be stationary
or nonstationary.

The error term in model (2.8) is assumed to follow a mean-reverting Ornstein-
Uhlenbeck process (Doob, 1942) with mean zero. The time points are regarded
as a random sample according to a probability density function, namely, f(t). In
some cases, tijx might be equally spaced over the interval of interest. We denote the
support of f(t) or the interval of interest as 7, which is a finite interval. To facilitate
the presentation, we assume that 7 is [0,T] and egijx = €aij(tc), k = 1,..., i,
which is an Ornstein-Uhlenbeck process. To be more specific, € 4ij(tk) satisfies the

following stochastic differential equation

dedi]’ (t) = _ededij (t) dt + GddW(t)
(2.10)

0-2
€aij(0) ~ N(0, 55%),

where 04 > 0 and o4 > 0 are parameters, W, is the Wiener process and €435 (0) is
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independent of the Wiener proces W(t). The solution to (2.10) is

t

€qij(t) = €ayj (0)e Ot + UdJ e 9a(t=s) qw/(s). (2.11)
0

Three fundamental properties of the Ornstein-Uhlenbeck process (Ricciardi and

Sacerdote, 1979) which will be useful are:
1. The Ornstein-Uhlenbeck process is stationary.
2. The Ornstein-Uhlenbeck process is Markov.

3. For s < t, €q45(t) and egqij(s) have a bivariate Gaussian distribution. Fur-

thermore, €4;;(t) have a Gaussian distribution with mean Eeg4;;(t) = 0 and

2
variance Var(eq5(t)) = ;e—‘;, and correlation coefficients determined by the
equation
02
COV(Gdij(t),Gdij(S)) = —de_edlt_sl. (212)

From (2.12), we see immediately that the correlation coefficients of the process
decrease exponentially, and the Ornstein-Uhlenbeck process imposes an AR(1)
correlation structure on the time-wise correlation between error terms. Besides,
the Ornstein-Uhlenbeck process is widely used to model continuous-time error
terms. For example, in an analysis of continuous-time change in multivariate
longitudinal data, Oravecz, Tuerlinckx, and Vandekerckhove(2009) applied the
Ornstein-Uhlenbeck process to model the correlation of the observations from a

single person; Wang, and Taylor (2001) used the Ornstein-Uhlenbeck processes to
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account for the random fluctuations around the population average. In finance,
the Ornstein-Uhlenbeck process is used to model the departure of instantaneous
interest rate from the long term mean level in Vasicek model, see Hull (2006) .

In the next chapter, we will study the local polynomial techniques and the profile
likelihood, thereby explore estimation methods starting from the estimation of the

varying coefficient functions.
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Chapter 3

Local Polynomial Method and
Profile-likelihood Approach

There are many approaches to estimate the varying coefficient functions otq (tiji) =
(o (tiji) T, - . oup (tijx)) and predict the random effects Bai = (Bait,---, Baiq) - The
profile least squares is a useful approach and will be shown to be consistent for
model (2.9).

In this chapter, we will start with a review of the local polynomial techniques,
then move to the method of profiling, followed by the profile least squares approach,
which leads us to estimators for unknown functions o4 (.) and predictors for 3 4;
in the multivariate response three-level time-varying mixed-effects model. This is

followed by hypothesis testing.
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3.1 Local Polynomial Techniques

3.1.1 Introduction to Local Polynomial Regression

Nonparametric and semiparametric regression motheds for longitudinal data using
kernel and spline methods have been well developed during the past years, e.g.,
Zeger and Diggl (1994), Hoover et al. (1998), Fan and Zhang (2000), Lin and Ying
(2001), Carroll and Lin (2004), and Fang and Li (2004). Consider the following

simple nonparametric regression model
Y, = g(Tl) + €4, (31)

where t;,1 = 1,...,n are time points, y; are the responses at time points, g is an
unknown function, and €; ~ N(0, 0?) and are i.i.d (i =1,...,n). Most important, in
nonparametric regression we do not assume that g has a certain parametric form. For
longitudinal data, Model (3.1) is for each subject, where g is the individual function,
and t;, i =1,...,n are the individual time points of n repeated measurements.

There are many existing smoothing methods that can be used to estimate the g in
(3.1). Local polynomial regression, the most popular kernel regression method, has
attractive properties over other smoothing methods such as the classical Nadaray-
Watson kernel method both from a theoretical and practical point of view. See
Wand and Jones (1994); Fan and Gijbels (1996) for some discussions on several
major advantages of using the local polynomial regression. We are going to briefly
introduce the idea of the local polynomial regression in this subsection.

The main idea of local polynomial regression is to locally approximate the g in
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(3.1) using data around any arbitrary point t by a polynomial of some degree. Taylor
series expansion is the foundation of this method, which states that every smooth
function can be approximated locally by polynomials if the function is smooth.

To be more specific, let t be any fixed time point where the g will be estimated.
By assuming that g(.) has a p +1 continuous derivative, g(.) can be approximated by
a polynomial of degree p as g(t;) ~ g(t) + g/(t)(ti —t) +...+ g (1) (t; —t)P /p! =
Z}D:o a;(t; —t)) in a neighborhood of t, where gP)(t) denotes the p-th derivative

of gatt, and

aj =gV (t)/jL,j=0,...,p. (3.2)

Typically, it is of interest to estimate g(t). Let 4;,j =0, ..., p be the minimizer of

the following negative local log-likelihood, apart from a constant, defined as

n P 2
%ZKh(ti_t) {yi—Zaj(ti—t)j} , (33)
i=1 j=0

where Ky, (s) = K(s/h)/h, a rescaling of a kernel function K(.) with a constant h > 0.
h is called bandwidth or smoothing parameter. It controls the degree of smoothing
and specifies the size of the local neighborhood around t, namely, I;,(t) = [t—h, t+h],
which allows the local fitting. K(.) is often taken to be a probability density. And
most nonparametric estimation uses symmetric kernels, such as Gaussian, uniform,
and Epanechnikov kernels.

Then according to (3.2), gi(t) = jlaj,j =0,...,p. In particular, the resulting

A

local polynomial estimator of g(t) is §(t) = do.
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Local constant kernel estimator and local linear kernel estimator are two simplest
estimators. The local constant kernel estimator is known as the Nadaraya-Watson
estimator (Nadaraya, 1964; Watson, 1964), which results from (3.3) by simply taking
p=0,

Y UKl —tys

M=

(3.4)

Within a local neighborhood, it approximates the regression function by a (local)
constant. When the kernel function is the Uniform kernel, the Nadaraya-Watson
estimator is exactly the local average of yi’s. The local linear estimator (p = 1) is
obtained by approximating the function locally with a linear function, see Fan (1992).

Let (do, d;) minimize the following

> MKt — )y — ap— ag(t; — t)]

n 7 35
ST Knlt— O 9
then the local linear estimator is §(t) = do, which has the expression as

i — i — H)IKn(t — tys

s2(t)so(t) — s7(t)

where s, (t) = > ' Kn(ti—t)(ti—t)", r = 0,1, 2. The local linear estimator has been
commonly used because of its better properties at the boundary. See discussions on

these properties in Hastie and Loader (1993), and Fan and Gijbels (1996).
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3.1.2 Local Polynomial Estimator for the Multivariate Response
Three-level Time-varying Mixed-effects Model

We have proposed the multivariate response three-level time-varying mixed-effects

model (2.9) in section 2.2, as

T T
ot (tijx) 1i
Yijk = Xijk + Zijx t €ijk,
T T
o (ti5x) B
where yijx = (ylijk,ymk)T is a 2 x 1 vector of response variables, xq4(tijx) =

{ocan (L), - - ocdp(ti,-k)}T is a p x 1 vector of unknown smooth functions, d =
1,2; Bai = {Bait,---, Bdiq}T is a g x 1 vector of random effects across the clusters;
Bi = (B{;, Ba;)" are ii.d. N(0,D), where D is 2q x 2q covariance matrix of B;;
Xijk = (Xijk1, -+ Xijkp) | (p X 1) and zijx = (Zijx1, - - -, Zijip) | (q X 1) are covariates;
€ijk = (€11jk, ezﬁk)T is a 2 x 1 vector error term. Hoover et al. (1998) first introduced
and discussed the local polynomial regression method for time-varying coefficient
models for longitudinal data. Fan and Zhang (2000), Huang et al.(2002) further
developed the estimation procedures among others. Fang, Huang and Li (2007)
showed that the varying coefficient, estimated by the local polynomial regression
in the semiparametric models, does not greatly affected by ignoring the covariance
structure since the data are localized in time.

We adopt a similar approach of Fan, Huang and Li (2007), and obtain the profile
least squares estimators of the varying coefficients and the random effects, which

have a closed form. To get the profile least squares estimators, we first consider
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the local linear estimator, i.e., a polynomial with degree 1, for «q(.), d = 1,2,
constructed by ignoring the within-subject and within-cluster correlation. Note that
local fitting of polynomials has been applied separately to each response. Assume
that ocq(.)(p x 1) has a second continuous componentwise deriatives. For each given
time point t, x4(tijx) can be componentwisely approximated by a linear function

for ti;x in a neighborhood of t, that is,
ota(tije) =~ ago + aqi(tyx —t),

where aq0 = (aqo1,---, Qaop)', aa1 = (a1, ..., aa1p) ', and p is the dimension of

oq(tijk). The negative local log-likelihood is

M, Ms,Mim

2

(gdijk — Xg;k(adO + aq1(tije — t))) K, (tijx — t), (3.7)
i=1j=1k=1

where gdijk = Yaijk — Z;r)-kﬁdi, hg > 0 is the bandwidth and Kh(t) = K(t/h)/h,

where K{(.) is the kernel function. Minimizing the negative local log-likelihood (3.7)
gives estimate (G40, G41), the components in dq4¢ gives estimates of aqo 1, ..., Qdop-

The estimators obtained from the caculations are

N, Mg, Mm. —1
T . Xijk
(a5, al)" = { Z Kn(tyjx — 1) (X—irjk/ (tijx — t)xgk)l
i=1j—1k=1 (tije — t)xi5x
N, MNs,MNm.
Xijk i
X{ Z Kn (tix —t) Udiik]-
i=1j=1k=1 (tije — t)xi5x

(3.8)
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Then estimator of x4(t, ) is simply dq0(p x 1), which is inferred from (3.8),

M, Ms,Mm L. — t t —1 ti' — 1)K ti' —t i T i
&al(t, B) = [so(t) — s1(t)s2(t) 'sy(t)] Z [y — s1(t)s2(t) ™ (tijr — Kty — UxixFaijx
oA NeNsTin
i=1,j=1,k=1
(3.9)
where [, is a p x p identity matrix and s, (t) = 5 3 27500 Ly Kn(tie—1t) (tije—

t)rxi)-kxfjk, r =0,1,2. Then, the local linear estimator of otgq(t) is &4 (t, [3). Note that,
s+(t),1=0,1,2,is a p x p matrix. It is easily seen that the local linear estimator is a
local weighted average, where data points, around the targeted time point t, have

different weight loadings according to the kernel function K(.).

3.2 The Method of Profiling

In this section, we focus on the method of profiling and its extension to the semipara-
metric models. Applying the estimation method described, we propose predictors

for 3 in section 3.3.

3.2.1 The Profile Likelihood

Suppose that we have a random sample of n observations, y, . .., Yn, from a distribu-
tion depending on unknown parameters 6, which can be partitioned as 0 = («, 3),
here o = (oq,...,ocp)T are the p x 1 parametersand 3 = (B4,..., Bq)T are the g x 1
parameters. We will need to estimate both « and f3.

The log-likelihood is (e, B) = Y_i-; Li(e, B), where Li (e, B) is the log-likelihood
for y;. To estimate « and B, one can find (&, ) = argmaxgqgl(e, ). However, this

can be quite difficult, and leads to expression which is hard to maximize. Instead

4
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we consider a different method, which may sometimes be easier to evaluate. The

profile likelihood approach is as follows. The log profile likelihood function for f3 is
1(B) =1(&(B),B), (3.10)

where &(3) is the maximum likelihood estimate of o (for fixed {3). Importantly, we
have "profiled out” «, and the likelihood is completely in terms of 3. The solution
to (3.10) is B = argmaxgl(f) = argmaxﬁl(&(ﬁ), [5). It is clear that the maximum

profile likelihood estimate B is the same as the overall maximum likelihood estimate.

3.2.2 Extension to the Semiparametric Cases

Now let us consider the extension of the above results to the case when the nuisance
parameters « are fully nonparametric functions «;(.),i = 1,...,p and hence the
parameter space is infinite-dimensional.

Speckman (1988) introduced the idea of profile least-squares for the partially
linear model. Profile least squares is a useful approach in many semiparametric
problems. When y; ~ N(0, 0?), the approach becomes profile likelihood estimation,
see Fan and Huang (2005). Severini and Wong (1992) studied the profile likeli-
hood estimation for the semiparametric class of models, which is shown to be an
asymptotically efficient estimator. In the next section, we will integrate the idea
of the profile likelihood into the multivariate response three-level time-varying

mixed-effects model.
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3.3 Prediction of Random effects

Suppose that y4ijx,d =1,2,i=1,...,n.,j=1,...,n5,k=1,...,n,, are arandom
sample from model (2.9). For the jth subject in the ith cluster,i =1,...,n.,j =
1,...,n,, assume that the covariates x;;, zi; are stochastic processes collected at
time points ty, k = 1,..., Ny, , such that x4k = x45(tk), zijx = zi(tx). Under this
assumption, {xijx, k = 1,..., My} could be independent, dependent, or constant,
which is more realistic for real problems. The estimation for 3 and o« can be based
on the profile likelihood method.

The profile likelihood estimator of («, ) has a closed form using the following

matrix notation. In what follows, we propose to adopt the matrix notations.

Ydij = (Udijlr .. /ydijnm)T/ Ydi — (Ygill cee /Ygins)-rl Yd — (Y;/ e /YEnC)T/.
Xij — (Xijll"'lxijnm)-r/ Xi - (XL,...’XInS)T, X — (XI,,XIC)T,
Zij - (Zijl/-"/zijnm)-r/ Zi = (ZI]/H-/Z-{TIS)T/ V4 :diag(zll"'/znc);
Eaij = (€aiji,-- - €aijnn) s Eai = (Bl - Edin)), Ea= (Bl EGn )T
Maij = (ijl“d(tl),---,XiijOCd(tm))T, Mai = (M- Main,), Ma = (Mgy,..., M.
Bd: ( 31;---/B£nC)T/ B:(B—lr/ B-ZF)T
(3.11)
Then the model (2.9) can be further written as
Y1 my Z F—l
= + B+ . (3.12)
Y2 my Z Ez

For known G, and R4, d = 1,2, where G = Var(f3), and R4 = Var Eg4, the profile

likelihood estimate of 3 can be obtained from minimizing the following negative
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log-likelihood of the joint density function of yaijx,d = 1,2,i = 1,...,n¢,j =

1,...,ng,k=1,...,ny,and B;,i=1,...,n, (up to a constant),

UB) =BG 'B

+log [R1| + log |Ry| + log |G|

+(Y1 —my — ZiB1) TR (Yr — my — Z1B1) + (Ya — Mo — ZoB2) TRy (Y2 — o — Zoa),

(3.13)

where Y1, Y,, my, My, Z1, Zy, 1, 2 and 3 are defined in (3.11). Since 1,1 =1,...,n,,
are random-effects parameter vectors, the expression (3.13) is not a conventional
log-likelihood. Note that the first term of the right-hand side of (3.13) is a penalty
due to random-effects 3 taking the between-cluster variation into account, and
the last two terms are a weighted residual taking the within-subject variation into
account.

From (3.9), we can see that the local linear estimator for a4 (t) results in a linear
estimate in {jqij1, thus &q(t) is linear in yqijx — ziTjdei. The estimate of mgjy; is
Maij = (xile&d(tl ), -+ X{jm&a(tm)), then obviously 14 can be expressed as a linear
transformation of Y4 — Zf, that is, there is a n.ngyn,, X n.ngn,, matrix S4 such
that g = S(Yq — Zf3). The matrix S4 is usually called a smoothing matrix. Indeed,
we can derive an explicit form of S. Substituting g4 = S4(Yq — Zp) into equation

(3.13), for known G, and Ry, d = 1,2, the expression (3.13) is minimized by

R ZT(I—=S)TR7HI—=S,)Y
By ( 1) 'Ry 1)Y1 (3.14)
ZT(I—-S)"R, H{I—S,)Y,
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where

—1
v ZT(1—S)"R; M1 —S1)Z -
ZT(1—-S,) "R, H(1—S,)Z

Thereby, the prediction of 3 is explicit, i.e., non-iterative. The profile likelihood

estimator for the varying coefficient function a4 is simply
&a(t) = &alt, B). (3.15)

It may be nature to consider estimating oc and 3 through iterations. More specific,

for given m, the solution 3 minimizing the expression (3.13) is
~1

ZTRIIZ + Gfl ZTRfl (Yl - mz)

Z'R;'z ZTRyM (Y, —my)

=3
I

Starting from an initial estimation &, calculate 1, and next according to 1, estimate
B; then go back and use B to update &, which can in turn be used to update B. This
estimation procedure suffers from the fact that it typically doesn’t converge to (&,(3)

that maximizes the likelihood.

3.4 Estimating Random Effects Covariance Matrix

If the covariance matrices, G and R4, are unknown, but their estimates, say, G and
Rg4, are available. The estimates of 3 and «(.) thus can be obtained by substitution of
G and R4 in (3.14) and (3.15). In this section, we consider the estimation of random
effects covariance matrix G.

Recallthat B = (B{,B7)7, Ba = (B, ---, Ban.)" where{(B{;, B3)",i=1,...,nc}
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are i.i.d. N(0,D). D is the 2q x 2q covariance matrix of (B{;, B5;)". Suppose

Dll D12
D=

D21 D22

Then
[,, D11 In. ® D12

Ih, ® Dy In, ® Dy

The unknown components of G can then be obtained using D. Restricted maxi-
mum likelihood (REML) is widely used to estimate variance components. However,
the optimization problem associated with REML can be difficult for multilevel model
with random effects. Empirical results suggest that the estimation procedures com-
monly implemented using REML may have difficulties in optimization when the
dimension of the cluster effect is greater than 3, see Verbeke and Molenberghs (2000).

We propose to use the method of moment estimation of D,
A 1 & [ B A oA
b= |, (BL fs;) - (3.16)

In the case of finite sample, there is no guarantee that D will be a positive-definite

matrix. When D is not positive-definite, a shrinkage estimation of D,
Dy =AD + (1 — A)diag(D),

where A € (0,1), could be considered.
We can see that the estimate for G depends on the estimation of 3. On the other
hand, improving the efficiency of the estimation of («, 3) relies on the estimates for

G and R. We further develop the estimation procedure for the parameters of error
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terms in the next section.

3.5 Estimating Subject Correlation Parameters

As mentioned in Section 3.4, the efficiency of the estimated coefficients relies on the
estimates for D and Rg. In this section, we study the estimation of R4.
Recall that egiji = €qij(tk), k = 1,...,nm, which is an Ornstein-Uhlenbeck

process satisfing (2.11) as follows,

t

€qij(t) = €qi;(0)e %" + GdJ e %alt=s) qw/(s),
0

where €445(0) ~ N(O, %), 04 > 0and o4 > 0 are parameters, W, is the Wiener

process independent of €43;(0), and ty, k =1, ..., n,,, are in the range of interest, say,
aninterval T = [0, T]. Assume that0 <t; <..., <ty <T. eqii(te), k=1,..., Ny,
have a Gaussian distribution with mean Eeg35(t) = 0 and variance Var(eqy(t)) =

2
oF]

2
3o, and correlation coefficients Cov(easj(t), €aij(s)) = Zg—iefed‘tfs‘. Let R4 be the

covariance matrix of (€qij1, ..., €dijn, ) ', then

1 e*9d|t1*t2| e*9d|t1*t3|
o2 e falta—ti] 1 e falta—ts]
Rds - 26 7
d | e—Balts—t1l o—Balts—ta| 1

and Rq = I .n, ® Rys.

Note that for s < t, €4ij(t) and eq4;5(s) are connected by

t
eaij(t) = e 4 Ve gy;(s) + GdJ e %W W (u),

S
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Let €4ij1, €4ij2, - - -, €dijn,, be a sample of the Ornstein-Uhlenbeck process defined by
(2.10), Taij1, Taij2 - - -, Taijn,, are their observed values, the likelihood of €4ij1, - - ., €dijn,./
can be written as

Laij(04,04) :fedijl,...,edi,-nm (Taij1, -+, Taijnn) (3.17)

Mm

k=2
(3.18)
:fedijl (rdiil) H fedijkledij,k—lzrdij,k—l (rdiikh’dij,k*l) (319)
k=2
= H $(raijx, Hi, Ok, (3.20)
k=1

where ¢(r, 1, 0) denotes the probability density function for normal distribution

with mean p and standard deviation o, and

2
O
=0, o°=-3,
[aa! 1 2ed
0q(tk—tk1)

Hk =€ Taijk—1, k>1,

2
O—i =(1— efzed(tk*tkfl)) 04

20, k>1.

The third equality (3.19) is due to the Markovian property and the last equality (3.20)
holds because of Gaussian property. After we get an estimate of 4 and x4, we
can calculate the residual and plug the residuals into the likelihood function. The

maximum likelihood estimator for 84 and &4 can be easily found by numerically

maximizing the log-likelihood function (3.20).
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3.6 Profile Likelihood Estimation Procedure

The estimation procedure includes four steps:
1. Find initial guesses for R4, d =1,2 and G;
2. With initial guesses, estimate B ;
3. Use f to further estimate G and Rg;
4. Estimate (3 more efficiently by using the estimate for G and Rg;
5. Calculate &4.
The estimation procedure utilizes
G =Dbhgn,Ri =Ry =Iqnnn.

in the first step. Then using the G and R4 from step 1, we obtain an intial estimate

for (B, &) according to (3.14) and (3.15) in the step 2,

-1
g |(Zu-shu-siz + oo, 2= sHI-sv
ZT(1-SH{1-5,)z ZT(1-SH{I-S,)Ys

Move to the next step, we further estimate

A A A

~ 01 & | B <A .
D=-) BL, Bﬂ) = :
e i=1 [’321 ! ? D l,j

and
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The residuals are

Eq Y; My Z B
2 Y, ™y Z
where _
™y S1 Y1 V4 N
- - B
i S, Y, Z

Use the residuals to numerically find the MLE of 84 and o4 using (3.20), and
construct IAQd.

In the final step, update 3 by

3y ZT(I—sl)Tl:ell(I—sl)Yl ,
ZT(1—-S)"R (I —S2)Y2
where
T TH—1
v ZT(1—S)R/ M1 —S1)Z e

Estimate D by

i=1 \ Pai
Estimate g by
1 MNe,MNs,MNm
&a(t) = (so—s18; '81) ' x——— Z (Ip_(tijk_t)Slsz_l)Kh(tijk_t)Xijk(Udijk_z—gijkﬁdi)-
MelsTm T2

The bandwidth h4, d =1, 2, are selected using cross validation.
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3.7 Asymptotic Theory

Before we state the asymptotic properties of the proposed estimators, first we list
the regularity conditions needed for the consistency and asymptotic normality of

our estimators.

(1) f(t) is continuously differentiable on [0, T].
(2) inf, f(t) > 0.

(3) infy det(Ex(t)x(t)T) > 0.

(4) oq(t) is twice continuously differentiable.
(5) Esup, [x'(t)]* <00, 1 <1< p.

(6) Esup, [z'(t)]* < 00,1 <1< q.

(7) Esup,[eq(t)]* <oo,d=1,2.

(8) The partial derivatives of Cy ., Cx ¢, and C, ¢ exist and are uniformly continuous
on [0, T]? except on the diagonal line, where C, ,(u,v) = Ex(u)z(v)T.

(9) Ex(t)x(t)" and Ex(t)z(t)" have bounded derivatives, and ¥, .,  (t) is invert-

.
ible, where ¥, , (t) = lim FXJ=xWEMI—2(V]
uL,Lv>—\>)t

(10) The kernel function K is compactly supported, positive, continuously differen-

tiable, and [ uK(u)du = 0.

(11) VO <s,t < T, E(eq(s)x(t),z(t)) =0,d=1,2.
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Theorem 3.1. Under regqularity conditions (1)-(10), there exists a function g increasing
to infinity, such that as n.,ns, Ny — 00, Nt = o(ny), nm = 0(g(ny)), ha — 0+,

hanm!/? > § for some 6 > 0, d = 1,2, we have,
Ve {vec(D) — vec(D) + o, (h2) + 0, (h3)} S N(0, L),
where £ = Var(veC(BiB-ir))/ Bi = (B;ri/ B;—i)T/i = 1/ cee Ne

The pointwise asymptotic behaviour of &4(t) is as follows and its proof is pro-

vided in the appendix.

Theorem 3.2. Under reqularity conditions (1)-(11), for any t € (0, T), there exists a func-
tion g increasing to infinity, such that as ns,n,; — 0o, Nt = o(ny), Ny = O(g(ny)),

hq — 0+, han, 12 > & for some § > 0, d = 1,2, we have
Vemts {&a (t) — aq(t) — bias} S N(0, ),

where
bias =%o¢g(t)h§ + G Ex(t)xT (O] Ex(t)z (DIEY,, 2, J T Ed.,

+ Op(h%) + Op(h'%)/

T =[Ex(t)x(t) "] Ex(t)xT (t)e* () [Ex(t)x(t) 1.

3.8 Hypothesis Test

For varying coefficient models, it is very natural to ask whether some of the coef-

ticient functions are actually constants. Specifically, denote by L an index set, the
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hypothesis we would like to test is

Ho : V0l € L, 41 are constant +— H; : dl € L, a4; is not constant.

Following Cai, Fan and Yao (2000), we propose a test based on the comparison of
the residual sum of squares(RSS). Let RRS; and RRS; be the residual sum of squares

(RSS) under null and alternative hypothesis, respectively.

1 MNc,Ms,Mm

RSS = ——— Gk — X &a(tie) — 28 Bai)?
The test statistics is
T = (RRSy — RRS;)/RRS;. (3.21)

If the null hypothesis is false, we expect the test statistic T to be large. To get an
approximation to the distribution of T under the null hypothesis, we adopt a non-
parametric bootstrap strategy. According to Field and Welsh (2007) and Ren et al.
(2010), for hierarchical models without serial correlations, bootstrapping on the
highest level without replacement and sampling other levels nested in the high-
est level with replacement works best among other nonparametric bootstrapping
strategies. To keep the serial correlation structure, we borrow the idea of block
bootstrap (Hall et cl. 1995) and adjust the bootstrapping strategy by sampling the
error terms on the subject level. First, we fit the full model, and obtain the random
effects f4; for cluster i and residual vector €4i; for subject j; next we fit the null
model, and obtain &4; finally, use Bdi, €qij and &4 to generate bootstrap samples,
and calculate T for each sample. Thus we get an approximation to the distribution

of T conditioned on the observed covariates under null hypothesis. In summary,
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the following bootstrap strategy is adopted:
1. Fit the full model to obtain Bi and the residual vector € 43;.
2. Fit the null model to obtain an estimation of the varying coefficients &4.

3. Sample B! from {$;,i = 1,...,n.} without replacement. Sample €qy; from
{€aij,i=1,...,m¢,j =1,...,n,} with replacement. Then generate the boot-

strap sample data by
Yaijk = X-irjk&d + Z-irjkﬁzi + €qijk-
4. Calculate T* based on the generated bootstrap sample {xji, zij«, yfmk}.
5. Repeat step 3-4 B times and get T}, ..., Tj;

6. The p-value for Hy can be estimated as 3_p_, I{T; > T}/B.
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Chapter 4

Comparison Studies of Models

To explore the finite sample performance of the estimation procedure, four major
simulation studies are conducted. In Section 4.1, we investigate the influence of
ignoring between response correlation on estimation. The main conclusion is that it
is better to include between response correlation associated with random effects,
but not to include that associated with error term into the model. In Section 4.2, we
further investigate the benefit of modeling two responses together by comparing our
model with univariate varying coefficient models and mixed effects models, both of
which are special cases of our model. In Section 4.3, we investigate how the serial
correlation in covariate impact the estimation of varying coefficients, and point out
that incorrectly assuming temporally independence will result in underestimated

bias and variance.
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4.1 Between Response Correlation

In this simulation study, we investigate finite sampling property of estimation if
we ignore between-response dependence of random effects or error terms in the
estimation. We consider n. = 20 clusters, ny = 10 subjects in each cluster, and

N, = 30 measurements for each subject. The data generating process is

Yiijk 0611(tk)Xijk1+0612(tk)xijk2 n Blilzijk1+ﬁlilzijk2 + €1ijk

Y2ijk OCZl(tk)Xijkl + 0622(tk)xijk2 BZilZijk + BZiZZiij €2ijk

The nonparametric components are

t t
o1 (t) =sin(2m—), oua(t) = COS(27Tn—),

a1 (t) = COS(ZTEL), an(t) = sin(27tl).

m nm
The covariance matrix of normally distributed random effects are
1 08 08 08

08 1 08 08
08 08 1 0.8

08 08 08 1
The error term satisfies
Var(eqij(t)) =1, Cov(eps;(t), exj(s)) = 0.4/,
Cov(eij(t), e2i5(t)) = 0.6.

500 datasets are generated. Performances of estimation methods under different

dependence assumptions are compared based on the 500 datasets. The estimation
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methods under investigation include:

i) Ignore between-response correlation associated with random effects and error

terms.
ii) Only ignore between-response correlation associated with error terms.

iii) Only ignore between-response correlation associated with error terms, shrink-

age tuning parameter A = 0.6.
iv) Take all correlations into account.
v) Take all correlations into account, shrinkage tuning parameter A = 0.6.

The bandwidth of kernel smoothing is set to be n.,/10. To measure how good
a predictor of B is, suppose P is the predictor for 3® based on the bth dataset,

b=1,...,500. Define SSE(j3?) to be the sum of squared prediction errors of P,
SSE(B®) =) IIBY — BYI
i=1

Using SSE(3®) as a measure of how accurate 3° predict °, the simulation
result shows that: when between-response correlation associated with error terms
are taken into account, the prediction accuracy will drop significantly, even worse
than completely ignoring all between-response correlations; if between-response
correlation associated with error terms is ignored, no-shrinkage is better than
ignoring all between-response correlations, which in turn is better than shrinkage
estimator. Figure 4.1 demonstrates the simulation result. In Figure 4.1, the sum of

squared prediction error is compared with the one when responses are modelled
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Figure 4.1: Histogram of the difference between squared prediction errors of two
methods. In each panel, a particular method is compared with the method where
responses are treated separately. Panel (a): ignore between-response correlation
associated with error terms, and estimate D with shrinkage estimator. Panel(b):
ignore between-response correlation associated with error terms. Panel (c): take all
between-response correlation into account, and estimate D with shrinkage estimator.
Panel(d): take all between-response correlation into account.

separately, and the difference is summarized in four histograms. However, the
improvement of estimation accuracy is not significant for «. Figure 4.2 shows the
estimations of o1 (t), x2(t), x21(t), oz (t) in two cases: when two responses are
considered simultaneously but the between-response correlation associated with
error terms are ignored (left column); and when responses are modelled separately
(right column). The t-test of squared estimation errors doesn’t report significant
difference. There are two possible reasons for the insignificant result: one is that

« is estimated for each response separately in both cases, so there is no significant
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Figure 4.2: Black line: true value. Red line: mean of estimated value in 20 simula-
tions. Green line: 99% point-wise confidence band.

improvement of «’s accuracy; the other is that the improvement of 3’s estimation in
the simulation is not large enough to make a statistically significant improvement

of o’s estimation.
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4.2 Some Special Cases

We use simulation to demonstrate the performance of our model when the sample
size is small. First, we compare the joint modeling with separate modeling when
there are two responses. Second, we compare our model with the classic varying
coefficient model using R package “np". Finally, we compare our model with the

linear mixed effects model.

4.2.1 Univariate Model

In this simulation study, we demonstrate the benefit of modeling two responses

simultaneously in terms of bias and variance of D. Consider the model

Y1ijk Oél(tk)xijk Blizijk €1ijk
= + +

Y2ijk “Z(tk)xijk BZiZijk €2ijk
In this model, xijx and zijx are univariate random variables, and xij. = x;5(tx),
zijx = zij(tk), where x35, zi5,1=1,...,n¢,j =1,...,n;, are independent Brownian
motions, which satisfies x;;(0) = 0, zi;(0) = 0, Var(xy;(t)) = t, Var(zi(t)) = t/25.
The error term €g4ijx = €qij(tx), where €435, d=1,2,1=1,...,n.,j =1,...,n,, are

independent Ornstein-Uhlenbeck processes,
t
€4dij (t) = €aij (O)eiedt + 0g J eied(tis) dW(S)
0
The parameter o4 controls the variance of stochastic process, while the parameter
04 controls the serial dependence of the process. 04 and 04 are chosen in the way

such that Var(eqi;(t)) = 1, Cov(eaij(t), €aij(s)) = 0.275. Time points, ty, ..., t,

m
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are randomly sampled from a uniform distribution on [0, 1]. The varying coefficients
are ;(t) = sin(tm), &y(t) = cos(tmr). The random effects (B1i, B2i)",i=1,...,n,

are i.i.d. bivariate normal random vectors, with Ef31; = Ef,; =0,

1 p
Var((B13, BZi)T) = ’

p 1

where p = 0.2, 0.4, 0.6 or 0.8. We consider n. = 8 or 16 clusters, n; = 20 or 40
subjects in each cluster, and n,, = 50 measurements for each subjects. So there is a
total of 4 x 2 x 2 = 16 scenarios. For each scenario, 1000 datasets are generated. We
estimate D based on each dataset through joint modeling and separate modeling,
the latter of which ignores the correlation between the random effects 3;; and [35;
associated with the two responses. The bias and variance of D based on the 1000
datasets in each of the 16 scenarios are summarized in Tables 4.1 and 4.2 for joint
modeling and separate modeling respectively.

We can draw several conclusions from Table 4.1. First, if the number of clusters
n. is doubled, the standard deviation of D is roughly decreased by a factor of v/2,
consistent with Theorem 3.1. Second, if the number of subjects n; is doubled, the
result is mixed, in the sense that standard deviations can increase as well as decrease.

Comparing Tables 4.1 and 4.2, we can see that in all of the 16 scenarios, the
magnitude of bias is smaller for joint modeling than for separate modeling, especially
for large p. The standard deviations of Dy, and D», are also smaller for joint modeling
than for separate modeling, especially for large p. The standard deviation of Dy, is
smaller for separate modeling than for joint modeling, because separate modeling

assumes D1, to be 0, and tends to produce a smaller estimate of D, relative to joint
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ne=2_8 n. =16
p ng =20 ng =40 ng =20 ngs =40
Bias(SE) SD | Bias(SE) SD | “°F [Bias(SE) SD | Bias(SE) sp | *5F
02 [ 20.06 (0.02) 0.55 | 0.07 (0.02) 052 20.05(0.01) 038 | 0.04 (0.01) 036
5| 04009002 054 |-004002) 056 | | -006001) 040 |-004(001) 038 .o
1|06 | -005(0.02) 055 | -0.05002) 054 | 0| 0.07001) 038 |-001(0.01) 039 |
0.8 | -0.04(0.02) 0.57 | -0.04(0.02) 053 -0.04(0.01) 037 | -0.07 (0.01) 0.24
02 [ -0.07(0.02) 055 | -0.04(0.02) 0.52 2007 (0.01) 037 | -0.04 (0.01) 037
5| 04| 008002 052005002 054 o |-010001) 036 -003(001) 037 | .o
2 | 06| -0.04(0.02) 055 | -004(0.02) 053 | Y | -009001) 036 | -0.04001) 037 |
0.8 | 0.03(0.02) 0.5 | -0.06(0.02) 053 -0.07 (0.01) 036 | -0.07 (0.01) 023
02 [ -0.01(0.01) 039 | -0.01(0.01) 039 | 039 | 0.01(0.01) 027 | 0.01(001) 027 | 0.28
o | 04]-0020001) 041 |-001001) 040 | 044 | -001(0.01) 028 | 000(0.01) 028 | 031
12106 | 001(0.01) 046 | -0.02(0.01) 044 | 0.50 | -0.01(0.01) 030 | 0.01(0.01) 031 | 035
08 | 0.02(0.02) 051 |-002(0.01) 047 | 055 | 0.00(0.01) 033 | 001(0.01) 021 | 0.39

Table 4.1: Joint modeling. Calculation of bias and standard deviations are based
on 1000 simulations. Number of measurement for each individual is n,, = 50.
p is correlation coefficient between random effects of the two responses. ASE is
asymptotic standard error.

modeling. Table 4.3 combines bias and variance using mean squared error (MSE).
Dy; and Doy always have a smaller MSE under joint modeling, and the reduction in
MSE increases as p increases.

Figure 4.3 demonstrates the average squared prediction error of 3 when n. = 30,
ng =5, and n,, = 50, based on 1000 datasets. The first row is separate modeling
while the second row is joint modeling. The left column demonstrates the prediction
error of Bli, and the right column demonstrates the prediction error of [’321. Each
histogram is plotted in the same range. Comparing the first row with the second
row, we can see that joint modeling reduces the prediction error of 3 by roughly
50%. Comparing the left column with the right one, there is no obvious difference
between the prediction error for the random effects of the first response and that of

the second response.



46

ne =28 n. =16

p n, =20 n, =40 n, =20 n, =40

Bias(S.E.) SD | Bias(S.E.) SD | Bias(S.E.) SD | Bias(S.E.) SD

0.2 | -0.06 (0.02) 0.56 | -0.07 (0.02) 0.52 | -0.05 (0.01) 0.38 | -0.04 (0.01) 0.36
.~ | 04]-010(0.02) 0.54 |-0.04(0.02) 0.56 |-0.06(0.01) 0.40 | -0.04 (0.01) 0.38
0.6 | -0.06 (0.02) 0.55 | -0.05(0.02) 0.54 | -0.07 (0.01) 0.38 | -0.01 (0.01) 0.39
0.8 | -0.05(0.02) 0.57 | -0.04 (0.02) 0.53 | -0.05(0.01) 0.38 | -0.07 (0.01) 0.24

0.2 | -0.07 (0.02) 0.55 | -0.04 (0.02) 0.52 | -0.07 (0.01) 0.37 | -0.04 (0.01) 0.37
. |04 ]-008(0.02) 052 |-0.05(0.02) 0.54|-0.10(0.01) 0.36|-0.03(0.01) 0.37
0.6 | -0.04 (0.02) 0.56 | -0.04 (0.02) 0.53 | -0.09 (0.01) 0.36 | -0.04 (0.01) 0.37
0.8 | -0.03(0.02) 0.56 | -0.06 (0.02) 0.53 | -0.07 (0.01) 0.37 | -0.07 (0.01) 0.24

0.2 | -0.03(0.01) 0.36 | -0.03(0.01) 0.37 | -0.02 (0.01) 0.24 | -0.01 (0.01) 0.25
. |04 ]-007(0.01) 038 |-0.03(0.01) 0.38|-0.05(0.01) 0.26|-0.02(0.01) 0.27
0.6 | -0.06 (0.01) 0.43 | -0.06 (0.01) 0.43 | -0.08 (0.01) 0.29 | -0.03 (0.01) 0.30
0.8 | -0.08 (0.02) 0.49 | -0.07 (0.01) 0.46 | -0.09 (0.01) 0.32 | -0.11 (0.01) 0.20

Table 4.2: Separate modeling. Calculation of bias and standard deviations are based
on 1000 simulations. Number of measurement for each individual is n,,, = 50. p is
correlation coefficient between random effects of the two responses.

4.2.2 Nonparametric Model

In this simulation study, we compare our model with existing varying coefficient
models, using R package “np”. The same kernel function, Epanechnikov kernel, is
used in both methods. Since a ready-to-use R package for a model that incorporates
both varying coefficients and random effects is not available, to make the comparison

fair, we first consider a data generating process with no random effects,

Y1ijk o (t) 4 o (ti) X4k N €1ijk

Y2ijk o1 (t) + Oézz(tk)xijk €2ijk

where

* Xijk = X4j(tx), €aijx = €ayj(ty);



47

ne =28 n. =16

MSE | p ng =20 ns =40 ng =20 ng =40

1) 2) 1) 2) 1) 2) 1) )
0.2 | 0.3120 0.3108 | 0.2790 0.2789 | 0.1506 0.1502 | 0.1288 0.1287
A 0.4 | 0.3047 0.3034 | 0.3182 0.3173 | 0.1662 0.1653 | 0.1453 0.1451
0.6 | 0.3112 0.3086 | 0.2937 0.2927 | 0.1510 0.1493 | 0.1511 0.1508
0.8 | 0.3323 0.3245 | 0.2815 0.2792 | 0.1428 0.1394 | 0.0623 0.0598
0.2 | 0.3055 0.3049 | 0.2729 0.2726 | 0.1455 0.1451 | 0.1383 0.1383
A 0.4 | 02797 0.2783 | 0.2972 0.2966 | 0.1431 0.1423 | 0.1397 0.1395
0.6 | 0.3105 0.3070 | 0.2806 0.2794 | 0.1390 0.1376 | 0.1382 0.1379
0.8 | 0.3104 0.3045 | 0.2861 0.2833 | 0.1418 0.1380 | 0.0624 0.0600
0.2 | 0.1278 0.1529 | 0.1372 0.1508 | 0.0601 0.0730 | 0.0643 0.0715
A 0.4 | 0.1486 0.1696 | 0.1461 0.1577 | 0.0691 0.0787 | 0.0729 0.0789
0.6 | 0.1917 0.2088 | 0.1859 0.1939 | 0.0891 0.0930 | 0.0914 0.0959
0.8 | 0.2476 0.2598 | 0.2193 0.2231 | 0.1122 0.1111 | 0.0523 0.0439

Table 4.3: Mean squared error comparison. Column (1) is separate modeling. Coul-
umn (2) is joint modeling.

* xij(t) is a standard Brownian motion;

* €4ij(t)isan OU process, with Var(eqi;(t)) = 1, Cov(eqij (1), €4 (v)) = 0.2V;
* Xij, €aij,d=1,2,i=1,...,n.,j=1,...,n5, k=1,...,n,, are independent;
* t,, k=1,...,ny, are independent uniform random variables;

* oqi(t) = ap(t) = sin(tm), oa(t) = o (t) = cos(tm).

We generate 500 datasets, each of which consists of n. = 5 clusters, ny = 10
subjects, and n,,, = 50 time points. Bias and standard error associated with three
bandwidths, namely h = 0.10, 0.15 and 0.20 are investigated. For the "np" package,

we also include the optimal bandwidth automatically selected by the package. The
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Figure 4.3: Histogram of prediction error of 3. First row is separate modeling while
second row is joint modeling. Left column demonstrates the prediction error of
R;, and right column demonstrates the prediction error of Ro:. Each histogram is
plotted in the same range.

result is demonstrated in Figure 4.4 for &;; and in Figure 4.5 for &;,. We do not show
the result for &,; and &, since it resembles the result for &, and &3, respectively.

First, we compare the bias and standard errors of &;; estimated by our methods
and the R package "np" in Figure 4.4. Keep in mind that a;;(t) = sin(t7). The bias
of our method is smaller than that of the package "np" by roughly one order of
magnitude, whether we compare the biases associated with the same bandwidth or
not. Since o4 (t) is basically linear near the endpoints 0 and 1, our method produces

a significantly smaller bias toward the endpoints relative to the middle part of the
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interval [0, 1], just as the theoretical result predicts. On the contrary, the "np" package
produces larger bias towards the endpoints. Even for the optimal bandwidth, the
bias near the endpoints is still pretty large. As the bandwidth increases, the biases
of both methods increase, while the standard errors of both methods decrease,
except in the range [0, 0.2] for package "np". The standard errors of the two methods
are roughly of the same order of magnitude, however, relative to package "np",
our method has a smaller standard errors in most part of the interval [0,1]. The
theoretical asymptotic standard errors for our method, represented by the solid

—1/2 and dominates

black line in the right bottom graph in Figure. 4.4, is (n.n;)
the empirical standard errors curves based on the 500 datasets for h =0.10, 0.15
and 0.20. The spikes of the red dotted line in the right bottom graph indicates that
h = 0.1 is too small.

Next, we compare the bias and standard errors of &;, in Figure 4.5. We compare
standard errors first, since the standard errors have a very interesting pattern. Recall
that 15 (t) = cos(tmr) and xy;(t) is a standard Brownian motion, which implies that
E(x%]- (t)) = t. In particular, x;;(t) ~ 0 for small t, which means that the effect of «;,
is hard to detect near the left endpoint 0, and as a consequence, &;, should tend to
have a larger variance near 0 relative to in the other part on [0, 1]. Theoretically, the
asymptotic standard deviation of &, for our method is (tn.ns)~'/2, which fits the
empirical standard errors curves pretty well in the right bottom graph of Figure 4.5.
Again, it dominates the empirical standard errors curves. The bias of our method

is one magnitude smaller than that of the "np" package. It increases in the middle

part of [0, 1], mainly because o;(t) = cos(tm) is convex near 0 and concave near 1.
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It is unclear why the bias of &;»(t) suddenly moves towards the opposite direction
when t approaches the endpoints for both of the methods.

Figure 4.6 combines the results in Figure 4.4 and 4.5 by depicting the root mean
squared error(RMSE), which is defined as the root of bias?>+ SE?. A smaller RMSE
implies a better estimation in the sense of quadratic loss. In this simulation study,
it is clear from Figure 4.4 and 4.5 that the standard errors dominates bias, so the
RMSE curves basically resemble the shape of standard errors curves. For &;;, the
RMSE of our method is smaller than that of package "np" for the most part of [0, 1].

However, it is not easy to tell from Figure 4.6 which method is better for &;..
Thus a global measure of precision is required to facilitate the comparison. We use
the mean integrated squared error(MISE) to accomplish the task. In our case, the
MISE is defined as E f(l) (&a(t) — aq(t))? dt, elementwisely. We use the 500 datasets
to estimate the MISE. The result is summarized in Table 4.4. For &;;, the MISE of
our method is around 0.0179, independent of the choice of the bandwidth, while
the best MISE of package "np" is 0.0198. For &;,, package "np" has a lower MISE.
However, our model has a smaller MISE on the interval [0.4, 1] compared with the

interval [0.4, 1] by package np’.

MISE et i

Proposed method Package "np" | Proposed method Package "np"
h =0.10 0.0179 (0.0008)  0.0252 (0.0008) | 0.2480 (0.1476)  0.0518 (0.0021)
h =0.15 0.0173 (0.0008)  0.0394 (0.0009) | 0.0755 (0.0030)  0.0675 (0.0025)
h=0.20 0.0173 (0.0008)  0.0596 (0.0010) | 0.0673 (0.0027)  0.1127 (0.0034)
optimal h 0.0198 (0.0008) 0.0588 (0.0023)

Table 4.4: Mean integrated squared error. No random effects are included in the

data generating process.
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Figure 4.4: Comparison of pointwise bias and standard error of &;; at different time
points between 0 and 1. Left and right graphs show the result of "np" package and
the proposed method respectively. Calculation is based on 500 datasets. Three
bandwidths, namely 0.10, 0.15 and 0.20 are considered for both methods. For the
"np" package, the bias and standard error associated with an additional bandwidth
automatically selected by the package is also included (see the solid black line on the
left panel). In the right bottom graph, the solid black line represents the theoretical
asymptotic standard error.
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Figure 4.5: Comparison of pointwise bias and standard error of &, at different time
points between 0 and 1. Left and right graphs show the result of "np" package and
the proposed method respectively. Calculation is based on 500 datasets. Three
bandwidths, namely 0.10, 0.15 and 0.20 are considered for both methods. For the
"np" package, the bias and standard error associated with an additional bandwidth
automatically selected by the package is also included (see the solid black line on the
left panel). In the right bottom graph, the solid black line represents the theoretical
asymptotic standard error.
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Figure 4.6: Comparison of pointwise root-mean-squared error of &;; and &, at
different time points between 0 and 1. Left and right graphs show the result of
"np" package and the proposed method respectively. Calculation is based on 500
datasets. Three bandwidths, namely 0.10, 0.15 and 0.20 are considered for both
methods. For the "np" package, the bias and standard error associated with an
additional bandwidth automatically selected by the package is also included (see
the solid black line on the left panel).
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Next, we include the random effects and compare our model with the classic

varying coefficient model. Assume the data is generated by

Yuijk | ot (tie) + oo (ti) x5 B1iZijx N €1ijk
Y2ijk 01 (i) + oo (i) x5 B2izijk €2ijk
where
- 1 04
Var((B1i, B21) ') =
04 1

The MISE is summarized in Table 4.5. For &;;, the MISE of our method is around
0.0179, independent of the choice of the bandwidth, while the best MISE of package

"np" is 0.0319, twice as large as our MISE. For &;,, except for h = 0.1, the largest

MISE of our method is smaller than the smallest MISE of package "np".

MISE R fz

Proposed method Package "np" | Proposed method Package "np"
h=0.10 0.0179 (0.0008)  0.0365 (0.0014) | 0.2487 (0.1481)  0.0698 (0.0032)
h =0.15 0.0173 (0.0008)  0.0501 (0.0015) | 0.0755 (0.0030)  0.0843 (0.0037)
h =0.20 0.0173 (0.0008)  0.0699 (0.0016) | 0.0673 (0.0027)  0.1286 (0.0046)
optimal h 0.0319 (0.0014) 0.0767 (0.0032)

Table 4.5: Mean integrated squared error. Random effects are included in the data

generating process.
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4.2.3 Linear Mixed Effects Model

In this simulation study, we compare our model with mixed effects models. Assume

that the data is generated by

Y1ijk Oél(tk)xijk Blizijk €1ijk
= + +

Y2ijk “Z(tk)xijk BZiZijk €2ijk
where (1) = x,(t) = (1 +t)?, and

Var(B, BT = [ °

p 1
We consider two cases, p = 0.8 or 0. Set bandwidth equal to 0.5. Suppose the mixed

effects model correctly specifies the linear structure,
2
Ytijk = Q1Xijk + QtiXije + aztixije + bz + €1ik-

First we look at the fixed effects part. Let the estimation error of the mixed effects
model be

erry = 611 + aztk + CAl3t]2< — X1 (tk),

we calculate the overall bias

and the standard deviation

1 &

— Z(ern< — ©r7)2.

n
™ k-1

The mean bias and standard deviations of the 1000 datasets are summarized in Table

4.6. The first row corresponds to dependent random effects, while the second row
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corresponds to independent random effects. Table 4.6 shows that the dependence
structure does not influence the estimation of o« very much in this simulation setting.
Our method has a larger bias, but smaller standard deviations. The MSE is 0.0182

for our method and 0.0197 for mixed effects model. Now let’s look at the random

Proposed Model Mixed effects Model
h  bias sd MSE  bias sd MSE
0.5 0.0201 0.1334 0.0182 0.0113 0.1400 0.0197
0.5 0.0201 0.1331 0.0181 0.0113 0.1400 0.0197

Table 4.6: First row: no dependence between 3;; and 3,;. Second row: 3;; and ;
are dependent.

effects. Figure 4.7 is the histogram plot for the mean squared prediction error of {3;.
Because the prediction error of our method is about one tenth of the mixed effects
model, the left column is not plotted in the same range as the right column. It is

clear that our method has a better prediction of the random effects.

4.3 Influence of Covariates on Varying Coefficients

Estimation

In this section, we focus on the influence of serial correlation of covariates on the
proposed estimation method. Every setting includes 5 clusters, 10 subjects per
cluster, and 50 measurements per subject. 1000 datasets are generated for each

setting. The data generating process is

Yiijk | oo (tie) + Xijrr o1 (i) + xijra 2 (ti) N zijkoPB1i0 + Zijk1B1i1 + Zijr2P1i2 n €1ijk
Y2ijk oo (ti) + Xijk1&21 (ti) + Xijk2 o (i) Zijk0 B2io + zijk1B2i1 + Zijk2 Boi2 €2ijk
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Figure 4.7: Histogram of prediction error of (3. First row: no dependence between
B1i and B2i. Second row: 1; and {3,; are dependent.

In the model, time points are i.i.d. uniform distribution on [0, 1]. The nonparametric

partis xo(t) = x0(t) =1, x11(t) = xp(t) = sin(mt), x2(t) = x21(t) = cos(mt). For

a given subject, zij is baseline measurement, and does not depend on time. ziji

is intended to mimic features that would not change with time, such as gender.

There are two concerns about the simulation study. One concern is that the same

covariates could appear in both varying coefficients component and random effects

part. So we simulate Xijx1 = zijx1 OF X451 is independent of zi;;. The other concern

is about the between-response correlation, which is controlled by the covariance



58

matrix D of the random effects, and serial correlation in error terms. So we set

I p
D=0L® , Cov(eyj(t), ei5(s)) = pls—t,

p 1
where p = 0.8 or 0. Our primary interest is about the influence of serial correlation
in covariates on the estimation. So we simulate x;;x; and ziji; to be white noise or

OU processes. xijk2 and zij¢, are white noises in all settings. A concise code for the

settings is listed in the following:
het: p =0.8, x; = z; are OU process;
hen: p = 0.8, x; = z; are white noise;
hit: p =0.8, x; L z; are OU process;
hin: p = 0.8, x; L z; are white noise;
Ict: p =0, x; = z; are OU process;
len: p =0, x; = z; are white noise;
lit: p=0,x; L z; are OU process;
lin: p =0, x; L z; are white noise.

The simulation results are summarized in Table 4.7 and 4.8. First, the table shows
that in all settings, if the covariates have a serial correlation, &;; will have a larger
MISE. This result means that incorrectly assuming a covariate to be temporally
independent will lead to an underestimate of the bias or variance of the estimator.

Second, we can see that when p decreases, i.e. the correlation between responses
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and the serial correlation in error terms decrease, the MISE of &;; decreases if x;

is serially correlated, and increases if x; is white noise. Finally, we see that if x;

appears in both varying coefficients part and random effects part, the MISE of &;;

will increase dramatically. This suggests that it is a good practice not to include

the same variable in both varying coefficients part and random effects part of the

model. Similar conclusion can be drawn for &»;.

h x1 Lz X1 =21
! e Serial correlated | White noise | Serial correlated | White noise

&0 | 0.0500 (0.0027) | 0.0426 (0.0021) | 0.0470 (0.0022) | 0.0395 (0.0021)
0.8 | &1 | 0.0285 (0.0012) | 0.0029 (0.0001) | 0.2272 (0.0103) | 0.2083 (0.0096)
0.15 &2 | 0.0016 (0.0002) | 0.0030 (0.0002) | 0.0017 (0.0002) | 0.0031 (0.0001)
’ &0 | 0.0036 (0.0005) | 0.0034 (0.0005) | 0.0035 (0.0005) | 0.0034 (0.0004)
0.0 | &1 | 0.0037 (0.0002) | 0.0032 (0.0001) | 0.2106 (0.0097) | 0.2092 (0.0096)
&> | 0.0032 (0.0001) | 0.0031 (0.0001) | 0.0032 (0.0001) | 0.0032 (0.0001)
&0 | 0.0595 (0.0035) | 0.0573 (0.0034) | 0.0549 (0.0027) | 0.0498 (0.0032)
0.8 | &1 | 0.0280 (0.0012) | 0.0022 (0.0001) | 0.2239 (0.0102) | 0.2075 (0.0096)
0.20 &> | 0.0007 (0.0000) | 0.0023 (0.0001) | 0.0008 (0.0000) | 0.0022 (0.0001)
) &0 | 0.0023 (0.0001) | 0.0021 (0.0001) | 0.0022 (0.0001) | 0.0021 (0.0001)
0.0 | &1 | 0.0032 (0.0001) | 0.0029 (0.0001) | 0.2096 (0.0097) | 0.2085 (0.0096)
&2 | 0.0026 (0.0001) | 0.0026 (0.0001) | 0.0027 (0.0001) | 0.0026 (0.0001)

Table 4.7: MISE of &,
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h X1 L zq X1 =21
! o Serial correlated | White noise | Serial correlated | White noise

&9 | 0.0459 (0.0022) | 0.0379 (0.0018) | 0.0529 (0.0031) | 0.0448 (0.0024)
0.8 | &z | 0.0301 (0.0015) | 0.0030 (0.0001) | 0.2303 (0.0109) | 0.1973 (0.0097)
0.15 & | 0.0016 (0.0001) | 0.0030 (0.0001) | 0.0018 (0.0002) | 0.0030 (0.0001)
' &0 | 0.0033 (0.0003) | 0.0032 (0.0003) | 0.0033 (0.0003) | 0.0031 (0.0003)
0.0 | & | 0.0033 (0.0001) | 0.0034 (0.0002) | 0.2040 (0.0091) | 0.2053 (0.0091)
& | 0.0032 (0.0001) | 0.0032 (0.0001) | 0.0032 (0.0001) | 0.0032 (0.0001)
&0 | 0.0545 (0.0028) | 0.0489 (0.0028) | 0.0709 (0.0071) | 0.0573 (0.0034)
0.8 | &z | 0.0302(0.0014) | 0.0022 (0.0001) | 0.2300 (0.0109) | 0.1968 (0.0097)
0.20 & | 0.0009 (0.0001) | 0.0023 (0.0001) | 0.0010 (0.0001) | 0.0023 (0.0001)
' &9 | 0.0022 (0.0001) | 0.0021 (0.0001) | 0.0022 (0.0001) | 0.0021 (0.0001)
0.0 | & | 0.0028 (0.0001) | 0.0027 (0.0001) | 0.2034 (0.0091) | 0.2043 (0.0091)
& | 0.0030 (0.0001) | 0.0030 (0.0001) | 0.0030 (0.0001) | 0.0030 (0.0001)

Table 4.8: MISE of &,
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Chapter 5

Real Data Analysis

The autoregressive integrated moving average (ARIMA) model is perhaps the most
popular model to predict stock price. The drawback is that it can not easily pick
up the nonlinear part of a stock price. Pai and Lin (2005) incorporated a support
vector machine in an ARIMA model to capture the nonlinear pattern. They trained
the model on the closing price of 10 stocks from Oct. 21, 2002 to Dec. 31, 2002,
using January price as a validation dataset and February price as a test dataset.
Hassan and Nath (2005) build Hidden Markov Model using opening price, closing
price, highest price and lowest price in a duration of one and half a year to predict
closing price next day for airline stocks. Hamao et al. (1990) analyzed correlations of
three stock indexes in New York, London, and Tokyo by applying an autoregressive
conditionally heteroskedasticity (ARCH) model on opening and closing price of
these indexes over three year periods. Tsang et al. (2007) used artificial neural
networks (ANN) to report a buy or sell signal. In addition to price variables, they

also included trading volume and 5-day momentum, the price difference between
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now and 5 days ago, in their model.

5.1 Data

The daily stock data was downloaded from WRDS website ( https://wrds-web.
wharton.upenn.edu/wrds). The most recent NAICS Index File (version 2012) was
downloaded from NAICS ( http://www.census.gov/eos/www/naics/2012NAICS/
2012 _NAICS Index_File.xls).

The stock data consists of daily information from 01/03/2006 - 12/31/2015.
There are nine market holidays, including New Year’s Day, so we do not have data
on January 1st. There were 2943 stocks on the market on January 3nd 2006, and
2224 stocks on December 31, 2016. Delisted stocks are not considered. PERMNO
(permanent number) is used to identify stocks, since the widely used Ticker symbols
and CUSIP codes are subjected to change.

CRSP stock dataset covers 4 exchanges, including NYSE, AMEX, and the Nasdaq
Stock Market. The types of shares traded in these exchanges include ordinary
common shares, certificates, American depository receipts, etc. Only ordinary
common shares (Share Code = 11) traded in Nasdaq Stock Market (Exchange Code
= 3) are considered.

Table 5.1 summarizes relevant variables available from the data base.

Stocks can be grouped according to their business types. The grouping standard
used by Federal statistical agencies is the North American Industry Classification
System (NAICS). NAICS code is a 6-character code used to group companies with

similar products or services. It was adopted in 1997 and implemented in 1999,


https://wrds-web.wharton.upenn.edu/wrds
https://wrds-web.wharton.upenn.edu/wrds
http://www.census.gov/eos/www/naics/2012NAICS/2012_NAICS_Index_File.xls
http://www.census.gov/eos/www/naics/2012NAICS/2012_NAICS_Index_File.xls
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Variable | Description

EXCHCD | Exchange Code indicates the exchange on which a security is listed.
Normal exchange codes are respectively 1,2, and 3 for NYSE, AMEX
and the Nasdaq Stock MarketSM

SHRCD | Share Code. A two-digit code describing the type of shares traded.
The first digit describes the type of security traded. 1 means "Ordinary
Common Shares".

SPRTRN | Return on the Standard & Poor’s Composite Index

NAICS North American Industry Classification System Code

PRC Prc is the closing price or the negative bid/ask average for a trading
day. If the closing price is not available on any given trading day, the
number in the price field has a negative sign to indicate that it is a
bid /ask average.

VOL Share Volume. VOL is the total number of shares of a stock sold on
day I. It is expressed in units of one share, for daily data.

ASKHI Ask or High Price is the highest trading price during the day, or the
closing ask price on days when the closing price is not available. The
tield is set to zero if no Ask or High Price is available.

BIDLO Bid or Low Price is the lowest trading price during the day, or the
closing bid price on days when the closing price is not available. The
tield is set to zero if no Bid or Low Price is available.

Table 5.1: Variables in the CRSP stock dataset

by the Office of Management and Budget (OMB), to replace the U.S. Standard
Industrial Classification(SIC) system. NAICS is a hierarchical code, containing up
to six digits: The first two fields, NAICS sectors, designate general categories of
economic activity, the third field, sub-sector, further defines the sector, the fourth
field is the industry group, the fifth field is the NAICS industry, and the sixth field
represents the national industry (a zero in the 6th digit generally indicates that the
NAICS industry and the country industry are the same). According to the 2012

NAICS, businesses related to the U.S. economy are grouped into 20 NAICS sectors,
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such as utilities, manufacturing, educational services, etc. Each of these sectors
includes further classified sub-sectors, the total number of which is 1062.

For each stock, variables recorded include opening price (OPENPRC), closing
price (PRC), closing bid (BID), closing ask (ASK), highest trading price (ASKHI),
lowest trading price (BIDLO), number of shares sold (VOL), holding period return
(RET), and returns without dividends (RETX).

5.2 Empirical Results

In this section, the method is applied to daily stock data during a 10-year period from
2006 to 2015. The primary variables of interest are closing price and trading volume
at time t. The candidate covariates are closing ask, closing bid, highest trading price,
lowest trading price, holding period return with and without dividends, trading
volume, open and close price at time t —1 and t — 2.

Closing price, ask, bid, opening price, highest and lowest trading price are highly
correlated, with a correlation greater than 0.999. So further transformation may be
meaningful. In the left panel of Figure 5.1, the scatter plot of these variables on log
scale clearly demonstrate the strong correlation.

Because the variables we are interested in, i.e., closing price and trading volume,
are highly skewed, log-transformation is applied. However, log-transformation is
not scale-free, that is, log(kx) # log(x), and we do not want our model to be affected

by changing units, so we take the first difference of the log-transformed closing
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scatter plot on log scale Transformed Variable
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Figure 5.1: Scatter plots of the variables

price and volume. We may make the following transformation

LRTRN(t) =log(PRC(t)) — log(PRC(t —1)),

ALVOL(t) =log(VOL(t) 4+ 1) —log(VOL(t —1) +1).

We add 1 to the volume before taking log transformation because the volume could
be 0. Thus y; is actually log return.

In the CRSP database, the variable SPRTRN is defined as

S&P 500 index at t

SPRTRN = o 5500 indexatt—1 _ ©

So we define the log S&P 500 return as

LSPRTRN = log(SPRTRN + 1).
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Further, we construct a variable called SPREAD,

SPREAD = log(ASKHI) — log(BIDLO).

Note that this definition is different from the usual definition of the bid-ask spread,
which is defined as ASKHI - BIDLO. In this way, we avoid the strong correlation
between closing price, ask price, and bid price, without completely discard the
information in ask and bid prices.

To sum up, we construct four variables, namely, log return LRTRN , increase in
volume in log scale ALVOL, log S&P return LSPRTRN, and SPREAD. We summarize

the four variables in Table 5.2 and Figure 5.2.

LRTRN  ALVOL LSPRTRN SPREAD
Min | -4.47100 -11.03000 -0.09470  0.00000
Q1 |-0.01348 -0.40160 -0.00452  0.02028
Q2 0.00000  -0.01615 0.00072  0.03140
Mean | 0.00009 0.00017 0.00019  0.04090
Q3 0.01332  0.37820 0.00580  0.04960
Max. | 4.44800 13.91000 0.10960  5.79600

Table 5.2: Summary statistics

We can see from Figure 5.2 that LRTRN, ALVOL, and LSPRTRN are pretty
symmetric. However, comparing Table 5.2 and Figure 5.2, we can see that all the
four variables have long tails. For example, while the central part of the log return
is roughly from -0.15 to 0.15, the log return can vary from -4.47 to 4.45. In fact, 0.5%
of the log returns are greater than 0.15 or less than -0.15.

Now we specify our model using the variables we just created. Define

y1(t) =LRTRN(t), ya(t) = ALVOL(t),
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LRTRN(t — 2)
ALVOL(t — 1)
x(t) = ,
ALVOL(t — 2)
LSPRTRN(t — 1)

LSPRTRN(t — 2)

z(t) =(1,SPREAD(t — 1),SPREAD(t —2))7,
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then our model can be expressed in the following

yi(t) B oui(t) aua(t) os(t) oaa(t) ous(t) oue(t) (4]
Ya(t) oo1(t) a(t) ops(t) ooa(t) oos(t) ooe(t)
Bii Pz B3 €ij1(t)
z(t) +
Bor P2z B2 €ij2(t)

We do not include an intercept term in x(t) because it is statistically insignifi-
cant, which means that there is no significant trend in the mean of log return. An
interpretation of this is that any trend in the return should be, say within several
days, quickly exploited by the market. Since we will use 10 years of data, and the
bandwidth will be much wider than a week, theoretically we should expect that we
will not detect any trend in the mean of log return.

At the beginning of the year 2006, there were 2945 stocks traded on the Nasdaq
exchange, while at the end of the year 2015, there were 2224 stocks traded on the
Nasdaq exchange. However, they were not necessarily the same stocks. There were
only 1039 stocks survived from the beginning of 2006 to the end of 2015. These
survived stocks belongs to 23 sectors and 292 sub-sectors, according to the NAICS
classification code. The distribution of the 1039 stocks among the 23 sectors is
documented in Table 5.3.

From the sectors that consist of more than 20 stocks, we randomly choose 5,
and then randomly select 20 stocks from these 5 sectors. In total, we include 100
stocks in our analysis. We focus our analysis on 10 years data from 01/03/2006 -
12/31/2015. Thus, for each stock, we have 2,517 observations. In total, we have

251,700 observations, which takes about 64 MB memory space. We use bandwidth
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Sector ID 33 52 32 51 54 31 44 55
Stock Count | 284 225 101 92 76 31 30 29
Sector ID 45 48 56 42 72 21 53 22
StockCount | 24 22 22 20 20 13 11 10
Sector ID 62 71 23 11 61 81 49
Stock Count 9 6 5 3 3 2 1

Table 5.3: Count of stocks by sector.

h; = hy = 120. The algorithm takes approximately five hours to fit the model
using R on a 64 bit Windows 8 operating system with Intel Xeon E5 processor, and
the peak total memory usage is roughly 60 GB. The memory usage is huge mainly
because of matrix manipulation. For example, the dimension of the covariance
matrix of the error term is about 251,700 x 251,700.

The estimated varying coefficients &; and &, are shown in Figure 5.3 and 5.4
respectively. The solid lines represent the estimated varying coefficients, the dashed
lines represent the 95% confidence band, and the red horizontal line at 0 is added
to make it easier to see if the estimation is significantly different from 0.

For the first response, LRTRN, the coefficients of yesterday (o1) and the day
before yesterday’s LRTRN (o,) are significantly negative. Further, they share the
same pattern. For «y, it is negative and varies between -0.1 and 0 before 2014.
During 2014, it becomes very negative, and the minimum is -0.5. &, has a similar
pattern, with the magnitude reduce by roughly 50%. The practical meaning is that
holding other variables constant, the larger the return in yesterday and the day
before yesterday, the more likely that today’s return is smaller. In other words, if

the stock price increased yesterday, it is more likely that it decreases today; if the
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stock price also increased the day before yesterday, the chances that it decreases
today is even larger, which totally makes sense. This mean reversion relationship
is much stronger towards the end of the year 2014. The coefficient of volume is
basically positive and barely significant, except in the year 2014. Again, the shape
of x5 and 4 are very similar to each other. A positive coefficient of ALVOL means
that the more the trading volume increases yesterday, the more likely that the stock
price increases today. However, the situation is different in the year 2014, during
which the more the trading volume increases yesterday, the more likely that the
stock price decreases today. The log return of S&P 500 index has a positive effect on
the stock returns, that is, the more the S&P 500 index increases yesterday, the more
likely that today’s stock price increases.

For the second response, the first difference of log volume, the stock return does
not have a significant impact on it. However, the trend of trading volume in previous
two days has a significant negative impact on trading volume today. The more the
trading volume increased yesterday and the day before yesterday, the more likely
that it will decrease today. And the magnitude of yesterday’s coefficient is roughly
twice the magnitude of the coefficient of the trading volume two days ago. The
impact of S&P 500 index on trading volume changes from time to time and goes up
and down around 0.

B is summarized in Table 5.4. The most noticeable pattern is that 3, is positive
across clusters, ranging from 0.058 to 0.075, and 3,3 is negative across clusters,
ranging from -2.25 to -1.59. It suggests that it may be better to include these two

covariates in the non-parametric part of the model as well. Moreover, (3,3 is negative
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Figure 5.3: Varying coefficients for the first response, LRTRN

means that if in the day before yesterday, the higher the ask-bid spread was, or in

other words, the greater the price volatility was, the more likely the trading volume

will drop today.

Table 5.5 shows the estimation of the covariance matrix of 3. The variances of
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Figure 5.4: Varying coefficients for the second response, ALVOL

the random effects for LRTRN, i.e., 311, 12, and 13 are much smaller than those for

ALVOL. However, we can not directly draw the conclusion that the random effect

for LRTRN is less important than those for ALVOL, because LRTRN and ALVOL

are of different scales. To facilitate a direct comparison, we calculate the ratio of



cluster1 cluster2 cluster3 cluster4 cluster5
11 | 0.000240 0.001044 0.000480 0.000375 -0.000406
B2 | -0.012111 -0.018962 0.001835 0.003878  0.020080
Bz | 0.012465 0.001550 -0.015010 -0.007859 -0.002974
o1 | 0.075199 0.108509 0.064889 0.060179 0.057613
B | 0.045929 -0.042046 -0.415582 0.151297 -0.120214
Bos | -2.152799 -2.253906 -1.365632 -1.926430 -1.590824
Table 5.4: Predicted f3
B11 B12 B13 Bo1 B2 B23
B11 | 0.00000 -0.00001 0.00000 0.00001 0.00000 -0.00010
B> | -0.00001 0.00023 -0.00008 -0.00027 -0.00069 0.00427
B3 | 0.00000 -0.00008 0.00011 0.00009 0.00125 -0.00298
B21 | 0.00001 -0.00027 0.00009 0.00043 0.00050 -0.00548
B | 0.00000 -0.00069 0.00125 0.00050 0.04624 -0.06099
By | -0.00010 0.00427 -0.00298 -0.00548 -0.06099 0.14053
Table 5.5: Estimation of Covariance Matrix of 3
P11 P12 P13 o1 P22 P23
B11 1 -0.84459 -0.01110 0.80022 0.01130 -0.48949
B1o | -0.84459 1 -0.49568 -0.84818 -0.21061 0.75017
B13 | -0.01110 -0.49568 1 041225 0.56498 -0.77149
Br1 | 0.80022 -0.84818 0.41225 1 0.11142 -0.70289
B | 0.01130 -0.21061 0.56498 0.11142 1 -0.75658
By | -0.48949 0.75017 -0.77149 -0.70289 -0.75658 1

Table 5.6: Estimation of Correlation Matrix of 3
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the standard deviation of the random effects for LRTRN and ALVOL to the third

quantile of LRTRN and ALVOL, respectively. The ratios are summarized in Table

5.7. We can see that ratios associated with SPREAD(t-1) and SPREAD(t-2) are 1.14,

0.77,0.57, and 0.99, so they are roughly of the same order. For the random intercept,

the ratios are 0.04 and 0.06, which are smaller by at least one order of magnitude.
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Recall that the third quantile of SPREAD is 0.0496. Since the ratios for SPREAD in

Table 5.7 are around 1, so roughly speaking, one unit percentage change in SPREAD

will result in 5% unite percentage change in LRTRN and ALVOL.

LRTRN

ALVOL

SD

Qs
SD/Q;

0.00052 0.01518
0.01332 0.01332
0.03907 1.14025

0.01032
0.01332
0.77468

0.02081 0.21503
0.37825 0.37825
0.05502  0.5685

0.37488
0.37825
0.9911

Table 5.7: Ratio of standard deviation to the third quantile.

The estimation of correlation matrix is shown in Table 5.6. Because the number

of clusters is limited, the correlation test will fail to reject the null hypothesis that

the correlation coefficient is 0.
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Chapter 6

Concluding Remarks

6.1 Conclusions

In this thesis, we propose a semiparametric regression model with a hierarchical
structure for multivariate longitudinal data. With the design of longitudinal data
becoming increasingly complex, our approach can appropriately account for and
capture the relationship between responses and their covariates. The longitudinal
data, by their very nature, has repeated measurement taken from each subject.
And in many applications, subjects are nested within clusters. In addition, when
the outcome is continuous, the pattern of change is more reliably characterized
by varying-coefficient functions. The incorporation of varying coefficients poses
many intricate analytic issues. Finally, each subject can have two outcomes, it is
an ideal way to utilize both outcomes in one analysis. These, and many other
issues, increase the complexity of longitudinal data analysis. To addresses these

issues that arise in analyzing longitudinal data, we proposed multivariate response
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three-level time-varying mixed-effects models in Chapter 2. This model extends the
varying coefficient models, inherits the flexibility of the linear mixed effects models
in addressing complex designs and correlation structures, and can use continuous
covariates as well as dummy variables in both the fixed or random effects part.

We use the semiparametric regression modeling framework to obtain estimates
of the varying-coefficient functions. Our approach is based on the kernel methods
of Fan and Gijbels (1996), which uses the local polynomial regression to estimate
the varying-coefficient functions. Similar to Fang, Huang and Li (2007), we propose
to use the profile likelihood for the estimation of random effects. We have also
discussed the properties of local linear regression techniques and the method of
profiling and its extension to semiparametric models in Chapter 3. This profile like-
lihood estimation procedure can be considered better than estimating parameters
through iteration, since the latter typically doesn’t converge to the overall MLE of
the parameters. We also prove that our estimates are consistent and are asymptoti-
cally normal. To test whether some or all of the varying coefficient functions are
constants, we employ a test based on the comparison of the residual sum of squares
(RSS) proposed by Cai, Fan and Yao (2000) for inferences.

The newly proposed semiparametric mixed effects model allows more general
design matrices for both the fixed effects and the random effects and includes the
univariate model, nonparametric model, and mixed effects model as special cases.
The mixed effects and nonparametric model representation allows us to use existing
software to fit the models. In our simulation studies of models, we demonstrate

that the proposed model has a numerical advantage in various cases.
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The application of the multivariate response three-level time-varying mixed-
effects model to stock returns and volumes, examined every day for up to ten
consecutive years, addresses the nonlinear features in the parameters beyond the
capacity of linear time series modeling. It also improves estimation efficiency by
incorporating correlation induced by clustering, and modeling stock price and trad-
ing volume simultaneously. Karpoff (1987), Chan and Tse (1993) have observed that
the relationship between price and volume confirms the usefulness of incorporating
volume data to forecast future return. It is interesting that after controlling for other
covariates, today’s log returns are positively correlated with the change in trading
volume of previous two days. The analysis also reveals that S&P” 500 index tends
to have a positive impact on stock returns, while previous returns have a negative

impact on today’s return.

6.2 Future Work

For future work, we could explore the following;:

Only continuous responses are considered in our model. Longitudinal studies
vary in the types of outcomes of interest. The outcomes of interest could be discrete
or a bivariate longitudinal outcome of mixed type, more specifically, the combination
of a binary with a continuous outcome. Therefore, one can consider broad classes
of longitudinal models using link function that may be suitable for analysis.

Second, we have limited our attention in this thesis to error term following
a mean-reverting Ornstein-Uhlenbeck process due to its good properties. More

broadly, we may consider other covariance structure. The variance of the error
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term is also assumed to be identical for each subject. However, it may not be the
case for the real data. We may add a prior distribution of the variance, such as
inverse-gamma to allow a variance that changes from stock to stock.

Third, we would like to adapt our methods to address missing data and model
selection problems. The appropriate handling of missing data and an efficient
algorithm for the purpose of model selection continue to pose challenges for the
analysis of longitudinal data.

Lastly, we employ the cross-validated bandwidth selection in our thesis. It would

be interesting to develop a theory for optimal bandwidth choice.



Chapter 7

Appendix

7.1 Derivation of Estimators

Recall

T T
Yaijk = Xij&alti) + ziBai + €aijie

In matrix notation,

Since &4 is differentiable,
oa(tijie) & aalt) + o (1) (tye —t).

We construct the local linear estimator for oq(t),

&y (t) ik
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2
= arg Igibn (Uijk - X-irjk(a + bt —t)) — ZiTjdei> Khg (tije —t),



or in matrix notation

-
&q(t) a - a
:argmin Yd—ZBd—(Xxl) w Yd—Z Bd—(Xxl)
&/ (t) @b b b
d
where

Xirn (tj1 —t)

X1 : ,

T (.t
McNgMNpy L MNe Mg Ty

— t)
and W is a weighting matrix as follows,

K, (tin — t)

Khd (tncnsnm - t)

To solve the minimization problem, the first order condition is

XT &ql(t)
W |Ya—ZBa — (XXy1) =0,
X7 &a(t)
which implies
—1
&a(t) X7 XT
= W(XX;) WIYq —ZB4l.

6eg (1) X} X{

Then, by the formula for matrix inversion in block form,
-1 —1
XT XWX XTWX;
W(XX1)| =
X7 XWX XTwx;
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—1

1 Sod  S1d 1 A B
- - - - ,
N NN 14 Sod NNsiim | ¢ p
where
1 -1
A =[spq — $1aS54 s1al”,
1 1.1
B =—[spa — Sldszdsld] Sy4 S1a-
Hence,
A 1 1 1T 1 T
&q(t) =———I[s0a — S1a85481a] (X' —s5451aX7 )W [Ya — ZB 4]
NeNsMNiym
—;[S _ —1 ]*1 1, — g —t 1K (ti — t)x4 N .
= 0d — S1dS»4 S14 P SldSZd( ijk ) hd( ijk )Xl)k(yuk Zijdel)/
NeNsMiym

ik
and M4 can be written as

Mg = Sa(Ya — ZBa),

where each row of S, is

T 1

I N | T
Xijk [Soa — S1aSpg81al™ (X' — 854 814X )W.

NcNsTim

Since f34; is unobserved, we use its estimator 34,

fa(t) =——

—1 —1 -1 T 5
_ncnsnm [SOd - SldSZd Sld] Z[Ip - SldSZd (tijk —_— t)]Khd(tijk — t)xijk(yijk — Zijkﬁdi)/

i,j,k

ha =Sa(Ya — ZBa).
Let L(p) be the likelihood for 3, then

—21log(L(B)) o<(B{B2)G Pr +

P2
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+ (Y1 —my — ZB1) "Ry Yr —my — ZpBy)

+ (Y2 —mp — ZB,) 'R (Y2 — my — ZB)).

The negative profile log-likelihood of 3, up to a constant, is

B
P2

+(Y1 —Sa(Y1 — ZB1) — ZB1) "R (Y1 — Sa(Y1 — ZB1) — ZB1)

(B{B:)G™"

+(Ya —Sa(Ya— ZB2) — ZB2) "Ry (Y2 — Sa(Ya — ZB2) — ZB2),

and after simplification is
S
B2

+(Y1 = ZB1) (I —S) "R I —S1) (Y1 — ZB1)

(B{B2)G™

+(Ya — ZB2) (I — S2) "Ry (I — So) (Y2 — ZBs).

To maximize the profile likelihood, the first order condition is

P
B2

G! —ZT(1-S1) "Ry HI=81)(Y1—ZB1)+Z"(I-S2) "R, 1 (I—S,)(Y2—ZB,) = 0.

Solve the first order condition, we get

By ZT(1-S)"RyYI—-S1)V
ZT(I-S) "R HI-S)Y,
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where
ZT(1— Sl)TRl_l(I —-S$)Z

V= + G L
ZT(1—-S,)"Ry 1 (1—S,)Z

7.2 Glossary

Unless otherwise mentioned, the following definitions of terms and symbols are

used:
t A non-random time point
F Distribution function of time
f Probability density function of time
ty,...,tn,, Independent identically distributed time points
X Stochastic process with dimension p
z Stochastic process with dimension ¢
K Kernel function
Kn(t) K(t/h)/h
Hy [K(t)trdt
v, K2t dt
I, n x n identity matrix
Jn n x n matrix of all ones

1. n x 1 vector of all ones
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Zijx z) (1) = E(z(t)xT (1)) [Ex(t)xT ()] 'x(t)
Z1x Z = Zj|x
Cy.(w,v) Ex(uw)z(v)T
.be,z(t) ng\\) E[X(U)*X(\ﬁgi(u)*zw)ﬂ
wvt

4. (07 1og 51 by (1)
ug(t) —3uax(t) Toef ()
Xn Y Xy, converges to Y in distribution
Xn 25 a X, converges to a in probability
X~Y X has the same distribution as Y
X1,...,Xn b X Xi,..., X, are independent identically distributed as X
X1, , Xn . X1,..., Xy are independent identically distributed with distribution function

Xy - Xn) Order statistics of Xy,..., X,
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7.3 Theories

7.3.1 Proof of Theorem 3.1

Decompose ﬁ into three components according toYqg =mgq+Zpg+ Eg,
B=Cl+C2+C}

Cl :V_l ZT(I—Sl)TRfl(I—Sl)ml

ZT(I—S) "Ry I —Sy)my

2y ZT(1—S1)TR (1 —$1)Zpy

ZT(1—S,)"R, ' (1—S2)Zp>

ZT(1- SR (1 - S)E

Cc’=v!
Z7(1-S) "R (I S))E,
Denote
Car
Ci
=1 ] Ga=fch |
G
Clne
Therefore,

Bdi = Cln + C%u + C?:ii'

Theorem 7.1. Under regularity conditions 1-11 (see Section 3.7), there exists a function

g increasing to infinity, such that as ng,n, — oo, Nt = o(ny), nn, = O(g(ny)),

C

ha — 0+, han, /2 > § for some 6 > 0, d = 1,2, we have
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(ll) C111 = h%i [EI‘I)ZJ_X/ZJ_X]ilEI‘I)ZJ_x/U—d + Op (h%) + Op(hg)/

(b) C3 = Bai + Op (),

(c) C?ii = Op(n%ny

Proof. By Corollary 7.29, there exists a function g increasing to infinity, such that
as Mg, Mm — 00, N = 0(g(ns)), ne = O(ny), ng = o(nm), ha — 0+, 1/hq =

O(y/nm),d =1,2, we have,

Ngny, V!
- -1
_ 1 ZT(I—-S)"R;HI—81)Z N 1 -
MsTlm ZT(1—Sy) TRy (1—S,)z ) TsTm
I ® [EY. ]
I ® [EQ2 ]
N 1 (Jne®(EQL ., 7' —[EPL 1)
e T ® ([EW2 , 71— [Ey2 ]
by o bione
1
+ - 7
¢
bon,1 0 bongon,
where Ve > 0 elementwisely maxi<ij<on. P(|bij(nm)| > €) — 0.
(a) Lemma 7.32 shows that
1 Ell)SLxrud
ZT(1—Sa) "Ry (I—Sq)mg =h3 : + 0, (h3).
NsMim

d
ElpZLxrud



Hence,

ZT(I—S) "Ry HI—S)my

Cl :V—l
ZT(I—S)"R; HI—S;)m,
_ h%lnc ® [Ell);LX,ZLX]ilEII);lX,ul + Op (h%) + O‘p (h'%)
h'%lnc ® [EI'I)iLX,ZLX]_lEll)ilX,LLZ + Op(h%) + OP (h%)

where 1,,_ is the vector of all-ones with dimension n..

(b) Denote G = ——G. Let A = —L—V — G, then,

MsMNim MNsMNm

N 1 [ZT(1—S;)"Ry Y (I —Sy)Z] !
MMy [ZT(1—S2) TR (I —Sy)Z) !

Using the Woodbury matrix identity (Woodbury 1950),

1
{ ! v} AT —AG[1+A G A
NNy

“A ' —AG[A+ G

1
A - A LY
NN NNy '

S m

1
By Corollary 7.29, it can be shown that A™1G [#V} = 0,(1), therefore,

1 -1 1
a0, ()
L MlsMim NsMin

L ZT( s TR(1-S)Z]
2T SR - 52

Mg

MNsMNim
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o
[LZT(I — Sy TR (I — sz)z}

1
MM

).
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By Lemma 7.28,

1
MNsMim

Epd, +o0,(1)

ZT(1—Sq)"RG'(1—-S4)Z

Elbg,z"'op(l)

Ewgzlwx + Elbgl\xrx - Ewgux,lux + op(l)

Elbgrz\\x + EIJ)SHX’X o Ewguxllux + Op(l)

Therefore,

Cz_{ 1 V}_l ﬁZT(I_Sl)TRfl(I—Sl)Zﬁl

MsTim e ZT(1—$5) TR (1 $5) ZBs
1 [ ZT1—S)"RM(I-81)Z
= B —|—Op( )N 1)'Ry 1z
B2 eftm \ =ZT(1-S,) "R (1= $5)ZB,

[P Jrop(nil )
BZ sitm

(c) By Lemma 7.34,

TSR (1= S)Eq = O (—).
MNsMm Nm
Therefore,
ZT(I1—=S)"R;7 Y I—S)E
3 = v ( 1) 1( 1) 1 :Op(i)
ZT(1—S5)"R; 11— S,)E, Mm
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Proof of Theorem 3.1. Under regularity condition 9, Ejp¢ = 0. By Theorem 7.1,

Z1x,€dlx

m

A 1 & 4 A 1 & 1
D=—> BBl =—2 BBl +op(hi)+o0,(h3)+o0p(—).
€ i=1 € i=1

Hence if \/nich? = O(1), y/Ach? = O(1), y/Me/Nm = O(1), then /1 vec(D) and
M. vec( n% > ', BiB7) have the same asymptotic distribution. Applying the central

limit theorem to /n. Vec(nic > i BiBT), we complete the proof. N

7.3.2 Proof of Theorem 3.2

For simplicity, write s, (t, hq) as srq. The estimator of oq(t) is

1 _ ~
Z[Ip — 514854 (t — tiji) Kny (tix — Xk (Yije — Z-irjkﬁdi),
MNcNsMiy LK

&a(t) = [Soa — S1aS5451a) "

which can be decomposed into six components,

&a(t) =CL+C3+C}—Ci—C—C5,
1
C}i :[SO(tl hd) — 5 (tl hd)sz_l (t/ hd)51(t, hd)]—l—Mh/
NNy

M} =X(t,hq)"ma, M3 =XT(t,ha)ZBa, M3 =X"(t, ha)Eq,

M$ T(t,hy)Z ZT(1—S) "Ry HI— S )my

v! ,
M3 XT(t,hy)Z ZT(1—S5) TR M1 —Sy)my
M3 XT(t,h)Z v ZT(1—S1)"Ry YT —S1)ZBy
M3 XT(t, hy)Z ZT(1—S3)"R, ' (I—S2)Zp>
M$ XT(t,h)Z v ZT(1—S)TRyYI—S)Ey

MS$ XT(t,hy)Z ZT(1—S,)TR (1 —S,)E,
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where X is defined in the following way. Let
%ijk(t, h) = (I, — s1(t, h)sy (4, h) (t — ) K (te — )X

Xijk(t, h) is a p by 1 vector. Now let

=T
Xij1 Xi1 X1
Xij = : , Xy= : , X=
~T v, 7
Xijnm Xin, Xn,

Theorem 7.2. Under regularity conditions 1-11 (see section 3.7), if t is an interior point
of [0, T], then there exists a function g increasing to infinity, such that as ng, N, — oo,
n = o(mn), nm = 0(g(ns)), ha — 0+, hany, /2 > & for some § > 0, d = 1,2, we

have,
() CY = aq(t) + Jmaf(t)h? + op(h3),
(b) C4 =h3[Ex(t)x" (1) ' [Ex(t)z" (O)I[EV,, ., J ' Eb, | w, + 0p(h3) + 0, (h3),

(c) C4—C%=0,(—2),

MNsMNim

(e) C§ = Opl )

Proof. (a) By Lemma 7.31, VO < & < T/2, as ng,nyy — 00, hg = 0+, 1/hy =

O(y/Mm ), elementwisely

1
sup [Ch— oalt) — Ehzuzocg(t) = op(h%l).
S<ELT—5
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(b) This part follows from Corollary 7.19, Lemma 7.21, and Theorem 1.a. By Corol-

lary 7.19, elementwisely

1
sup  ([so(t, h) — s1(t, h)sy ' (t, h)sy(t, )]~ — — [Ex(t)x(t)T]7!| = 0, (1)
S<t<T—5 f(t)
By Lemma 7.21,
sup XTZ; — f(t)Ex(t)z(t)"] = op(1)
5<t<T—5 | TbsThm
By Theorem 7.1.a,
y-1 ZT(1—S1) TR (I = Sy)my
ZT(1—S$)"R, ' (I—Sy)m,
il o [E9L . B,
— ; ZLX/ 1x 1 ZLX/ 1 ‘l— Op(h%) + Op(h%).
h21nC ® [EII)ZJ_erJ_x]_ Ell)ZJ_Xluz
Hence,
Ci
G
1 [so1 — 31132_11311]71>~<T(t, h)Z
- = X
MeTlsTm [So1 — 81185, s11) ' X" (t, hp)Z
V-] ZT(I—S1) "Ry MI—S)my

ZT(1—S2)"R M (I—S2)m,

1 [ 1n, © [Ex(t)x(t) T Ex(t)z(t)T + 0, (1)

Te 15, © Ex(t)x(t) T Ex(t)z(t) " 4 0p(1)
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hz [EII)ZL ZLX] E ;L S + op (h%) + Op(h%)

h'%]‘nc ® [Ell)ilx,ZLx] 1E1‘l)zl Pvs) + OP (h'%) + Op(h%)

n2[E E E 1
_ l[ X(t)X(t) ] X(t) ( ) [ 1|)le ZLX] Z 1 x, W + Op(h%) + Op(h%)
R2[Ex(t)x(t) 1 T Ex(t)z(t)T[EW? . J7'EQ2

hZ E t t T _1E t t T E Z1x,Z1x _1E Z ] x, U1
_ [ MO EX OO s B |
h%[EX(t)X(t)T]ilEX(t)Z(t)T[szlx,zLx]ilEll)zLx,uz

(c) By Theorem 1.c,
T Tp-1
v Z'(1—=51)'Ry (I—81)Zp4 _ B1 —I—Op( 1 )
ZT(1—$) "R, (1 — S2)Zo B2 TrsTlm
Therefore,

o5 1 [so1 — 31132_11311]715(1—(@ hi)Z "
MeTlsTim [so1 — 1185 s11) X" (t, h2)Z
vl ZT(I—S1) "R HI—S1)ZB4

ZT(1—S)"Ry (I —S2)ZB
1 [so1 — s11857 1) X7 (t,h)Z
NeNgMin 8

[so1 — 51152711311]*1>~<T(t, hy)Z

y B1 —I—Op< 1 )
B, NN

=C*+ 0, ( ! )
NNy

For parts (d) and (e), see the last subsection of Section 7.4. [
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Proof of Theorem 3.2. Under the regularity condition 9, we have E(x(t)eq(t)) = 0.

Therefore by Theorem 7.2,

&a(t) =a(t) + 1oc£{(t)h%1 + 3 Ex(t)xT ()] Ex(t)z" (OIEY,, 2, ) " Eds, g

2
2 2 1
+ Op(hl) + Op(hz) + Op(\/ﬁ)
1 -
+ [so(t, ha) — s1(t, ha)sy *(t, ha)si(t, ha)l XT(t, hq)Eq.
MNcNgMip

By Lemma 7.15, so(t, ha) = f(t)Ex(t)x(t)" + 0, (1), therefore,
Ve (&a(t) — aa(t) —bias) 5 N(0, Z),

where £ = [Ex(t)x(t) T Ex(t)x " (t)e?(t)][Ex(t)x(t)"] . O

7.4 Lemmas

To prove the theorems, we need to directly analyze the asymptotic behaviors of the

following terms:
1. XTR;lzZ,
2. X(t,hq)Z
3. ZT(I—S4)"R3M1—S4)Z
4. X(t,hqg)maq

5. ZT(I—S4q)"RGM (I —S4q)my

6. X(t,hq)Eq
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7. ZT(1—S4q)"RGY(I—S4)Eq

We first discuss the asymptotic behaviors of the first two terms, XTR;'Zand X(t, h4)Z,
since their asymptotic properties are necessary for the analysis of the third term,
ZT(I—S4)"RyY(I — S4)Z. Similarly, the asymptotic properties of the fourth term
X(t, ha)mg is useful to analyze the fifth term, ZT (I—S4) "Ry (I—S4)mq. Altogether,
the asymptotic behaviors of the first six terms will help us to prove the theorem
about f3, i.e., Theorem 1. Along with the asymptotic behaviors of the last term,

X(t, hq)Eq, we can prove the theorem about &, i.e., Theorem 2.

Asymptotic property of X/ R !Z;

The following lemma is a generalization of the law of large numbers for random

variables to stochastic processes.

jid.
Lemma 7.3. Let x1,%a, ... N = {x(t) : 0 < t < T}, where x has continuous sample

paths and Ex(t) = 0. If Esup, [x(t)| < oo, then
2 axalt)

su
P n

0<t<T

' =0, (1).

This lemma can be easily generalized to the situation where t is in a compact set of a d

dimensional space R<.

The lemma is similar to the Glivenko-Cantelli Theorem in Van der Vaart (2000),
which also generalizes the law of large numbers. There are important differences.
To demonstrate the difference, we reformulate Glivenko-Cantelli Theorem. Let

t1, tp, ... beii.d. random variables with distribution function F(t). For1=1,2,...,
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define stochastic process

Then Glivenko-Cantelli Theorem says that

sup —Z{l_;xl(t) —Exi(t)| = 0p(1),

which has the exactly same form in our lemma. However, the difference lies in the
restrictions of x;(t). In Glivenko-Cantelli Theorem, x,(t) has one point of disconti-
nuity, and is constant elsewhere, while in our lemma, we do not impose restrictions
on x(t), as long as it is continuous. Another existing result similar to our lemma is
Proposition 4 in Mack and Silverman (1982). We cite it here, using our notations
to facilitate the representation. Let (t;, Y1) be i.i.d. bivariate random variables, and

x1(t) = Ky, (ti — t)Y1. Note that x; depends on n.

Theorem 7.4. [Mack and Silverman (1982, Proposition 4)] If for some s > 0, E[Y1[* < oo
and sup, [ y*f(t,y)dt < oo, then asn — oo, hy, — 0, Ny, — oo for somen < 1—s~1,
we have

sup M — Exy(t)| = 0, (1).

We can see that the difference between Mack and Silverman’s proposition and
our lemma is that in their proposition, x, takes a specific form and depends on n.
Next, we shall prove our lemma 7.3 by first introducing the following theorem (see

Hansen, 2013, Theorem 4.7, or Van der Vaart, 2000, Theorem 18.14).

Theorem 7.5 (Pollard). Let x1,xa, ... be stochastic processes on [0, T] with continuous
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sample path. If for every €, > 0, thereisa grid 0 = t; < ... <ty =T, such that

lim sup P( max sup  [xn(ti) —xn(t) >€) <n,

nooo ISl
also called Pollard property, and the fidis of x,, converge weakly to the fidis of x, then it holds

that x, — x.
Now, we prove our lemma 7.3.

Proof. Let X (t) = M Because continuous functions from [0, T] to R form
a separable space under uniform metric, to prove that %,, weakly converges to a

constant process that equals 0 on [0, T], we only need to show that
1. Fidis of X,, converge to a vector of zeros;

2. Pollard property: Ve > 0,6 >0,30 =1ty < t; < --- < t;, = 1 such that

limsup P( max sup [Xn(t) —Xn(ti—1)l >08) =e.
n—oo IStsmy,  <igy

First, we consider the finite dimensional convergence. It is obvious that Vm € N
and Vt, € [0,T], k=1,...,m,asn — 00, (Xn(t1),...,%n(tm)) = (0,...,0).

Second, we consider the tightness. V6 > 0, let t, = Tk/2™,k =0,...,2™. Let

y{" = max sup  [xi(u) —x(v)].
ISkS2™ 4 Ve [ti—1,tx]

Because Yy} = sup,, o Xi(w) —xi(v)| < 2sup,, 1 xi(w)], we have co > Eyf >
Eyl > Ey? > ---. We claim that the sequence of expectations declines to 0. Define
the set A™ = {w : y™ > §}, where w is the sample path. Note A7*"' C A™™. We
have lim, . P(A") = 0, otherwise, P(N%_;A") = lim, 0 P(A]") > 0. Since all

paths in NS, _, A" are discontinuous, with a positive probability, the sample path of
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x1 is discontinuous, which contradicts our assumptions. Hence, lim,_,., Ey[* = 0.
V6 > 0, find m such that Ey™ < §, then

V)| < Z?:l y{“

max_  sup  [xn(u) —Xn( n

ISKS2™ Wvelt b

n m
=P(max  sup [Xn(1) —Xn(v)| > 8) < p=l )
I<kg2m wvelty 1ty n

By the law of large numbers, asn — oo, P(% > 8) — 0, almost surely. There-

fore, the tightness of X;,X,, . . . is established. l

The following lemma says that if a sequence of random variables converges
in probability to 0, there exists a sequence of constants increasing to infinity such
that after being scaled up by constants, the random variables still converge to 0 in

probability.

Lemma 7.6. Let X, Xy, ..., be a sequence of random variables. If X;, = 0, (1) asm — oo,

then there exists a function g increasing to infinity such that X,, = o, (ﬁ).

Proof. By definition, im0 P(IXa| > €) < 6,Ve > 0,5 >0, or equivalently

lim P(Xn| <€) 25, Ve>0,86<1 (%)

n—oo
For § < 1, let the quantile function be defined as q,,(8) = inf{e : P(|X,,| < €) > o}
Note that a distribution function is right continuous, we have P(|X,,| < qn(8)) > 9.

Then, (x) is equivalent to limy, oo qn(d) <€,Ve>0,0<1,0r

lim q.(8) =0, V&<1. ()

n—oo

Let 8; < 8, < -+ < 1be any sequence such that lim,,_,, 8, = 1. Because g, (9)

is increasing with , (*x) is equivalent to lim,,_, qn(0x) =0, k =1,2,.... Similarly,
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X, = op(ﬁ) means that

lim g(n)qn(8x) =0, k=1,2,.... (* * %)

n—oo
Let i = min{n : sup,,5, qn/(8x) < 1/2%}, g(n) = 2* for i, < n < nyyq. Note
that ny increases with k. It can be shown that (x * x) holds by examining the
limiting behaviors of g(n)qgn(dx) for a fixed k. Suppose nyxr < n < nyr4q, and
n is sufficient large, such that k’ > k. Then q,(0x) < qn(dx/). By definition,
SUP,5, , qn(dk) < 1/2%, therefore, qn(8x) < qn(dx) < 1/22%. Along with
g(n) = 2%, we have g(n)qn (8x) = 1/2%, asn — 0o, k’ — oo as well, and (* ) is

established. ]

The following lemma is a generalization of the well known result that if Y; and
Y, are i.i.d. Exp(A), then Y;/(Y; + Y2) follows uniform distribution according to the
relationship between Beta and Gamma distribution. Without loss of generality, we
assume A = 1. We state but not prove the following result (Ahsanullah, 2015, pp.

12).

j.i.d. i i
Lemma 7.7. Let Yq,..., Y1 e Exp(1). Define V; = ?jﬁ? ,
ji=1 Y

random vector (V1, ..., V) has the same distribution as the ordered statistics of n uniformly

i=1,...,n. Then the

distributed random variables on [0, 1].

The following lemma will be useful in obtaining a sequence, a;, ay, . .., such that

Xn = Op(an)-

Lemma 7.8. For random variables X1, Xy, .. ., if there is a function ¢ such that lime_,., d(€) =

0, and a sequence ai, ay, . .., such that Ve > 0 the inequality P(|X,,| > €) < d(e/ay) holds
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forn > 1, then X;, = Op(an).

Proof. By the definition of big O, we need to prove that V6 > 0, there exists e > 0
such that P(|X,,/an| > €) <5, m=1,2,.... By assumptions, Ve > 0, P(|X,/a,| >
€) < p(e), n=1,2,.... Since ¢ decreases to 0, given 6 > 0, there exists € > 0

such that ¢(€) < 6. Therefore, P(|1X./an| >€) <d, n=1,2,.... ]

Using Schwarz’s theorem, if a bivariate function f(x,y) is twice continuously
differentiable, 9 (0,f) = 0,(0xf) =: 0y, f. In fact, it has been shown in his proof

that

Oy f(T,1) = lim e x) Z o, y) = f(g,x) * f(y,y).
XY—T (x —y)

The following lemma considers a situation in which a bivariate function C(u,v) is

twice continuously differentiable except on the line u = v.

Lemma 7.9. For a bivariate continuous function C(u,v) defined on [0, TJ?, if it is twice
continuously differentiable on {(u,v) : 0 <u<v < ThU{(u,v) : 0 <v<u < Trandall

the second partial derivatives are bounded, then

1. lim u<v 0,C(w,v), lim u>v 0,C(uw,v), im u<v 9, C(w,v), im u>v 0,C(u,Vv)

u,v—r u,v—r u,v—r u,v—r

exist.

2. lim uw>v 0,C(uw,v)—lim u<v 9,C(u,v) =lim u<v 0,C(u,v)—lim u>v 0,C(u,v) =

w,v—r w,v—r w,v—r u,v—r

(1), and P is continuous on [0, T].

o) — fim S0 = Clwy) = Cvuw) + Clv,v)

u>v —
wv—r u-—-v
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4. Define

C(u,u)—C(u,v)—C(v,u)+C(v,v)
u—v

u>v
P(r) u=v=r

then there is a constant L suth that forv <r < u, |G(u,v) — G(r,1)| < L(u—v).

Proof. Inthe lower triangle part, S = {(u,v) : 0 <v < u < T}, Cis twice continuously
differentiable with bounded second order partial derivatives, which implies that
0,,C and 0,,C are Lipschitz-continuous on S, that is, there exists a constant M such

that for (u,v) € Sand (u/,v’) € S,

9 Cl1,v) — 0, CuV)| SM (e — /| + v — V'),

19, Clw,v) — 3,C(wv) <M(fu— /| + v —v']).

Therefore by Kirszbraun’s theorem, 9,,C and 9,,C can be continuously extended
from S to the closure of S, S = {(u,v) : 0 < v < u < T}, which means that

lim w>v 0,C(u,v), limuuv>_vw 0,C(u,v) exist. Similarly, in the upper triangle part,

u,v—r

the limits limuu\g;r 0.C(u,v), limuuvivr 0,C(u,v) exist. Now for (u,v) € S define

fuy(x) =Clu,x) = C(v,x), v<x<uy,
) —

fuv(u) = fuun(v)
u—v '

G(u,v) =

Since f,,, is defined and continuous on [v, u], and differentiable on (v,u). By the

mean value theorem, there exists s lying between x; and x, such that

fu,v (Xl) - fu,v (XZ) :f;,\;(s) (Xl - Xl)'
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Let x; = uwand x, = v, we have
G(u,v) =1, ,(s) =0,C(u,s) —0,C(v,s).

Note that 9, C(x, s) is a function of x, which is not necessarily well defined on
[v, u], due to the potential non-existence of 9,,C(s,s). We can not apply the mean
value theorem to 9, C(u, s) — 0, C(v, s) with respect to the first argument. G can be

continuously extended to S by defining

C(u,u) — C(v,u) — C(u,v) + C(v,v)

G(r,v) = lim

u1,lv>ﬁvr w=v
= 11}£1’\1} (avC(u,S) _avC(VIS))

= lim 0,C(w,v) — lim 0,C(u,v).
u1,lv>—\>)r ul,Lv<—\>)r

Similarly, by considering g, (x) = C(x,u) — C(x,v), we can also define

G(rr) = lim S = Clu,v) = Cv,u) + Cv, V)
u>v U—v

u,v—r
— llm gu,v(u) _gu,v(v) — ]_lm g;/v(s)

u>v u—v u>v
u,v—r u,v—r

u,v—1

= lim 0,C(w,v) — lim 0,C(u,v).
1,L1:LV<—‘))T‘ UI;LV>—\;T‘

By the uniqueness of limit, we conclude that

ng\l} 0,C(u,v) — Eg}) 0,C(u,v) = lenv 0.C(u,v) — Hg\l} 0.C(uw,v) = YP(r).

u,v—r u,v—r u,v—r u,v—r

Now, we prove that for v < v < u, there is a constant L such that |G(u,v) — G(r, )| <

L(u—v). The case in which u = v is obvious. Consider the case u # v. Let v/ > u’
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such that v < v'and u’ < u, then

IG(w,v) — G(u/,V)]
=/(8,C(w,s) —3,C(v,s)) — (0, C(u',s") — 3, C(V',s"))]
=/(3,C(w,s) —3,C(u/,s")) — (8,C(v,s) — 3, C(V',s"))]
<[0,C(u,s) —3,C(u,s")[ +[0,C(v,s) = 3,C(v,s')]
<M(lu—u'[+[s —s'l) + M(lv = V| +[s — s7[)
=M(ju—u'| + v —v']) +2M|s — s/
<M(lu—u|+v—v']) +2M|max{u, u’} — min{v,v'}|

M(u—u |+ —=v])+2M(lu—v| + u—V' [+ — v+ [u —V']).

Therefore by continuity,

|G(‘LL,V)—G(T,T‘)| = hm |G(U,V)—G(u/,\),)|
u'>v’
u’ v'i—sr

< Im [Mlu—u']+ =V +2M(lu— v+ [u—Vv'[+ [ — v+ [u" —V'))]
u’'>v’
u’ v'i—=r

M(ju—r|+v—r]) +2M(lu—v|+|u—71]+ |[r—v|+0)

M(lu—=v|+p—u]) +2M(lu—v|+ u—v|+Ju—v|) < 8M(u—v).

]

Lemma 7.10. Let (x1,21), ..., (xn, zn.) " (x,2), where (x,z) = {(x(t),2(t)) : 0 <

t < T}is a continuous stochastic process, x(t) = (x!(t),...,xP(t))Tisp x 1, and z(t) =
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id.
(zM(t),...,z9(t))Tis q x 1. Let tq,..., tn,. " F, where F has bounded derivatives. Let

o2 pte—ta) g2 pte—tmg2 ... ptinm)—tam g2
@~ ta) 3t (nm)—t@)
pter—tm g2 o2 pter—te) g2 ot t2) 52
R = pter—tu g2 pter—ta g2 o2 oo ptoem Tt g2 |,
ptnm)~tm g2 ptvmi—terg2  ptnm)—terg2 ... o2

where 0 < p< 1. Let Xjk = Xj (tk), Zik = Z; (tk),

le Z’)l

X] - ’ Z] - ’
T T
jnhl Zjnm

and let C, ,(u,v) = Ex(u)z'(v). Ifelementwisely,Esupogtg[x(t)]2 < oo,Esupogth[z(t)]z <
oo, Cy , is continuous on [0, T12, and has bounded continuous second partial derivatives
on{(u,v):0<u<v<TIU{(uv):0<v<u < T), then there exists a function g
increasing to infinity such that as ng — oo and n.,, = O(g(ns)), we have
1 MNs B B MNm
— D X[RZj=[-20"logpl ' }_why:(ti) + Oy (1),
5 =1 k=1

ZUhET’EIJ,)XZ(t) = lim u<v aqu Z—hm u>v auCXZ = lim u>v aVCX Z—hm u<v 6VCX z-
4 u,v—t ¢ u,v—t ’ u,v—t ’ u,v—t 4

Proof. We prove the case in which p = q = 1. The multivariate case is similar. In

addition, to simplify the notation, we use t; to represent t ;) in this proof.

o2 ptZ*tl o2 pt3*t1 o2 - ptrnn —t152
ptZ*H o2 o2 pt3*tz o2 - ptnvn —t2 52
R — pt3—t1 0—2 ptz—tl 0-2 0-2 . ptﬂm_t3 0—2

pt"“" —t 0-2 pthL —t2 0—2 ptnm —t3 0—2 . 0-2



Rl =

1
ptzftl 1
= pts—tl pt3—t2
ptim =t ptam—t
1
1— pZ(tZ*’MJ
0_2
1 ptZ*tl pt3*t1
1 pt37t2
1
1 fptzftl
1 _pta—tz
1
1
1
iptzftl 1
_pt3*tz 1

1
ptnn\ _t3
1— pZ(t37t2)
ptTlm 7t1
ptnn‘ —t,
ptnTnftS
1
1
x 02
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1 — pz(tnm_trnnfl)

1

1—p2(t2—t1)

1
1—p2(tz—t2)




105

X{R™'Z;
MNm 1
=0 *Xj12j1 + O 2Z 1= p2lt—ti) (X5 — P 1% 1) (Zj — Y1z 1)
k=2
1 tk—tk—1 te—tk—1
=0 X121 + 0 Z e )Xk + P (%5, = X-1)1X
Kk—2

[(1—p"™ ")z 4+ p"™ 1 (25 — Zj,k-1))]

1_ptk tk—1

2 —————————————————— . .
=0 X]12)1 +0 Z 11 ptk o 1X)kZ)k (1)
tm te—tx—1
— Y
+o? Z 1+ ptx—ti X5k (Zjr — zj,-1) + (X5 — Xj,-1)Zjk) (2)
m 2(tk—tk-1)
— Y
+Gzzl_p 2(t—te_ 1)(X)k_x]k (zx — zj, k1) 3)
k=2
(1)
1 anns 1— tk_tkfl
o —X'kZ'k
Ns k=2j= 1+ ptetea Ve
1 T 1_ptk 1
S T o NjkEik
1 Mm,Ns
S (=et Tz
k=2,j=1
N, M
gi Z (1 ptk tkl) )k—;Z
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Because
s sup, x?(t s sup, z2(t
Ng Mg
D (1—p" )<Y —logp(tk —ti1) < —Tlogp,
k=2 k=2
we have
Tm,Ts 1_ptk ti
Z ]kz]k - Op(l)
nsk =2,j= 11—1—ptk fe
)
= 3 (o e
T Syl 11 + ptk_tkfl ik j,k—1)%jk — 1 + ptk_tkfl ng
ptetkt > (x5 — X5,-1)Zik
Z 14 pt—tis ( e — E[(x(tx) — x(tx—1))z(ti) [ti—1, ti]
(2.1)
Mm ptk—tk—l
+ Z ———E[(x(tx) — x(tk—1))z(tw) Iti—1, til. (2.2)

t—tk—
k:21+pk k—1

According to Lemma 7.3, as ny — oo,

2521 (x5 (t) —x;(t)z (1)

Ns

sup
o<t/ <t<T

Lemma 7.6 guarantees that there exists a function g; increasing to infinity such that

asng — 0o,

2510 (1) —x5(t)z (1)

N

—E(x(t) —x(t"))z(t)

sup
0<t/<t<T

= 0,

Hence,

MNm

Z ptk—tk—l (Z;‘_Sl (Xjk — Xj,kfl)zjk

1+ ptk*tk—l ng

— El(x(ti) — X(tk—l))z(tk)|tk—1ztk]> '

k=2



Mm tk—tk—1 nj Xik — Xj k—1)JZ;
p 21 (X — Xie-1)zx — E[(x(tx) — x(tx—1))z(tx)[tx—1, t]
k=2 1+ pteti Ms
(X% — X5,k-1)Zjk
< Z > 52 (x j, 2 E[(x(te) — x(te_1))z(ti) [tr_1, tic]

MNm

<Z sup

Z;ﬂsl(x)(t) —x;(t'))z;(t)

— E[(x(t) —x(t")z(t)]

o OSt/SKT s
cnm sup |EE IO SISO gz = op(
0<t/<t<T Mg 91(115)

Thatis, as ns — o0, (2.1) = 0, (5125).

Now, we analyze (2.2). Since 0,,Cy . is bounded, suppose 0,,Cy,. < C,

tk trk—1

Z 14 pte tes E[(x(tx) — x(ti—1))z(ti) [tie—1, tadl

_ o P51 (e — tier) El(x(ti) — x(tia1))z(ti) [t1, tid
~ 14phta e =t
_ e ot — tie) B0 () — (b))t b, td
h ~ 1+phha e =t
AL i phe (tki_ tie—1) | Cxzlti, te) — Cra(tie—1, t)
~ 14phhta e =t

Nm ote—tie (

P te — tk_1) -
:Z 1+ptr—tkff ! |aqu,z(tk;tk)‘

k=2
Mmoo ote—tyq _ Mm
p (te —tr—1)
h 1+ pte—te c<C Z(tk o tk_l) < CT
k=2 k=2

Thatis, (2.2) = O, (1).

(3) Now consider

Mm,Ts 2(te—ty_
p(k k-1)

1
Tl_s kZZjl 1— p2(t—te 1) (X% — %j,x-1) (Zjx — Zj k1)

107
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tr-1) ans (X~(t )—X'(t _ ))(Z(t )_Z'(t — ))
_Zl—ptktkl()l)k - — —

Mg
E[(x(tx) —x(tk—1)) (z(tx) — Z(tkl))|tk1,tk]> (3.1)
nm 2(te—tr-1)
) e EL6( ) = x(tea)) (z(b) — 2t )it bl (32)
k=2

According to Lemma 7.3, as ny — oo,

Z]-n:sl(xj (t) —x5(t"))(z5(t) — z(t"))

Ns

sup
0Kt/ <t<T

— E[(x(t) = x(ti)) (7 (t) — z;(t')]] = 0p(1).

According to Lemma 7.6, there exists a function g, increasing to infinity such

thatas ny — oo

251 (1) — x5 (1) (25 (1) — z;(t")

su
p .

0<t/<t<T

— E[(x(t) —x(ti)) (z;(t) — z; (t’))]| = 0p

Hence,

Nm pZ(tk—tk—l) <Z?Sl (Xj (tk) — Xj (tkfﬂ)(Z]‘ (tk) —Zj (tkfl))

- 1— pz(tk*tk—l) n,

E[(x(t) — x(ti—1))(z(tx) — Z(tk—l))|tk—1,tk]> |

< i p2(te—ti1) Z]T:l (% (i) — x5 (tk—1)) (25 (t) — 2 (tx—1)) B
= — 1 — p2(t—ti1) n,

E[(x(ti) — x(tk—1)) (z(tx) — z(tx—1))[ti—1, tl

—tk-1)

p’
ng_p tk tkl Sup

\ ,\ <T

2521 04 (t) — x5 (1) (25(t) — z;(t"))

N

— E[(x(t) — x(ti)) (z; (1) — z;(t"))] ’
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1 Mm p2 te—tx—1) 2(te—tr_1) 1
:Op(g (ns))k 21_p (te—ty— 1) - t—te_ 11 tk e 1

Y =0, ! )i 1 F(ti) — F(tk 1)

s 2 1 —_ ptk tk P gz(ns) F(tk) — F(tkfl) 1 _ ptk*tk—l .

k=2

F(t)—F(t’
(t) (t)gc_

We claim that there exists a constant, say C, such that sup,_,,_, ot v

Therefore,

MNm

1 1 F(ty) — Flti—1)
(ns)) kZ—Z F(tx) — F(te—1) 1—ph—te

1 & 1
- F(tix) — Fltx—1)

Sk2

C

By Lemma 7.7, there exist Yy, ..., Yn, +1 i Exp(1), such that F(ty) — F(tx_1) =

an—HY, fork=2,...,1y,. So
i=1

Mm Mm an—i—lY nm+1 Tm 1

1 ey
2 F(te) — F(te 1) 2

k=2

By the central limit theorem, Z?:‘“lﬂ Y; = Op(y/nm), and further we claim that

K v- = Op(nm). Therefore,

Hence, we conclude that

2(te—tk—1) (Z;n_sl (Xj(tk) — Xj(tkfﬂ)(Zj(tk) — Zj (tkfl))

2(t—tk—1) ng

1.5

92 (ns)

n

El(x(tx) — x(tx—1))(z(ti) — Z(tk—l))ltk—lztk]> | = 0p|
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1.5

“n) Now we prove the claim that there is a

That is, as ng — oo, (31) = Op(gz(ns)

constant C such that
wp FO=F()
o<t/ <t<T 1—ptV

< C.
There exist u and v that lie between t’ and t such that
F(t) — F(t/) = F/(LL) (t — t/), pt/ — pt = (log p)pv(t/ — t).

Hence,

F(O) —F(t) _ FH—-Ft) _ Fie-t)  F(u oy

1—pt=t" — pV(pt' —pt)  pt(ogp)pv(t'—t) (—logp)p¥t = (—logp)p”
Since F’ is bounded, we have

F(t) — F(t') . sup, F'(t)
P 1—pt—t" = (—logp)p™’
o<t/ <t<T Y gpP)p

Next we prove the claim that > ™, Y = Op(nm). Let ¢(x) = 1/x. Note that ¢ is

convex. Ve >0

€
P(Y o >e€) =P( D d(Yi) > )
o Yy nm—lk:2 m—1
1 = €
<P Y,
Ol LW >
Nm 1
<Eq>(n Ly Ye) _ (nm = 1)’Exmry
h TLT:—l €
Since Yy ~ Exp(1) = ,80 Y ¢ Y ~T(n,m —1,1),and 1/ Y™, Yy is inverse-

gamma distribution with shape parameter n,, — 1 and rate parameter 1, we have

Ezni o= L for n,, > 2. Hence,
k=2 m

MNm

( 2
P(Z Y—k >¢€) < < oe

N



111

Therefore by Lemma 7.8,
< 1 (g — 1)2
N e L
k=2
For (3.2),
2(tk—tk—1)

Z 1— p2(t—ti1) E[(X(tk) —x(tk—1))(z(t) — z(tr—1))It—1, tdl

o Xttt Ef(x(t) — x(te 1)) (z(t) — Z(tkfl)”tkfl;tk].

Z 1+ ptetir ] — pte—ti fe —t (%)
k= P k k—1
It is easy to verify that there is constant L such that
2(te—tk—1)
P 1
‘m — E‘ < Ltk — te—1),
T —tq 1
— < Lty — tyq).
R T
Considering
El(x(tx) = x(tx—1))(z(tx) — z(tx—1))Itx—1, til
tk —tk '
By the definition of C,
E(x(te) — x(tik—1)) (z(t) — z(tx—1))[tx—1, ti]
te — tk—1
_E[X(tk)z(tkﬂtkfl; ti] — Elc(t—1)z(ti) [te—1, ti] — Elx(ti)z(t—1)Ite—1, tic] + EDx(tk—1)z(t—1)lti—1, til
te —tk—1
:sz(tkr tk) - sz(tk—lr tk) - sz(tk/ tk—l) + sz (tk—lr tk—l)
tk —tk1 ’

By Lemma 7.9, there is constant L such that

Cuz(ti, te) — Cuz(ti—1, ti) — Cuz(ti, t1) + Cuz(te—1, toa)

_ll)x,z(tk) < L(tk_tkfl)/
tk —tka
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and 1, ,(t) is bounded on [0, T]. Therefore,

=Y (% O, (e — tkl)) (_kl)g S+ Oyt — tkn) (W () + Op [ty — tic_1))

k 2
_Z 210g —xz(t) +kZZO (tk — tk—1)
- 210gp le)xz ) ‘I’O (1) =— ZIngZII)xz ) +O (1)

Hence (3.2) = —5= 3 ™ by (t) + Oy (1). Altogether, (1) = Op(1); (2.1) =
Op(gﬁ“‘))f as ng — 00; (2.2) = 0,(1); (3.1) = o0p(155), as ng — o0; (3.2) =
—5hogp iem1 Wz (ti) + Op(1). Let g(x) = [min{gi (x), g2(x)}*%, then

1.5
g (ns)

is bounded,

(2.1) 4+ (3.1) = op( ), as g — oo.

Therefore as ny — oo and %

1 yrpo
- 'R j — X,z
nsZX) = 202logpzlb (ti) - Op (1).

Asymptotic property of X' Z
Lemma 7.11. For any two sequences, ai, ..., a, and by, ..., by, we have Y I, a;b; =

M Z?:l |bi|/ where |M| < maXlgign |Cli|.

Proof. Because M = Y " aibi/ Y 1 Ibil = > I, aisign(by)lbil/ > bl is a
weighted average of a; sign(bi), 1 <1i < n, we have min;¢i<n{a;sign(b;)} <M <

maxi<i<ni@i sign(by)}, which implies IM| < maxjcicn |ail. O
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Lemma 7.12. Let s be a random variable with density f(s) and g(t) be a function defined

on [0, T]. Both f and g have bounded derivatives. Then V0 < & < T/2 and for bounded h,

sup E[(S — t)TKh(S — t)hgT(S)] - hrurg(t)f(t) ‘ _ O(h),
0Lt T—9o
5<t<T—5

Proof. Forh < §,Vt € [5,T — 9],

T
E(s —t)"Kp(s —t)g(s) = | (s —t)"Kn(s —t)g(s)f(s)ds

rtan

= (s —t)"Kn(s —t)g(s)f(s)ds
Jt—n
B K(v)

= (Vh)TTg(t‘f—Vh)f(t‘f—Vh) dvh
\171
1

1
=h" J VvK(v)g(t)f(t)dv+h" J vIK(v)(gf)’(t +Vh)vhdv
—1

—1

1
=h"u,.g(t)f(t) +h" ! J VvIK(W)(gf)'(t + Vh)vdv.
1

Because (gf)’ is bounded,

1
sup J vK(v)(gf)'(t +Vh)vdv| = O(1),
s<t<T—5 1)1
that is,
El(s —t)"Ku(s —t)g(s)] — h"u,.g(t)f(t
aup[ELE=Kals g0l = W) _ g
ST —5

Now we consider the variance.

(i) From the above results, we get

[E(s —t)"Kn(s — t)g(s)]?
sup

2r
5<t<T-3 h
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2
- E(s —t)"Kn(s — t)g(s) ]
=| sup o
| 5<t<T—8
2
E _ TK o _ T N
_| op [Els=tKnls = ol hug(t)f(t)Jrurg(t)f(t)u
| 3<t<T -5
2
E(s—t)"K —t —h"u,.g(t)f(t
<| sup [EE=UKnls )]fr(S) ug()()‘+ s M(t)f(t”]
| 5<t<T—5 5<t<T—6
2
=|0(h)+ sup |Hr9(t)f(t)|]
i 5<t<T—56

=[O(h) +O(1)* = 0(1) (since his bounded, we have O(h) = O(1)). (%)

(ii)
E(s —t)*"Kj (s — t)g*(s)
-
:J (s —1)*"KZ (s — t)g*(s)f(s) ds
0
1 2 1 2
_ Jl(vh)% Kh(zv ) 2 (0)£(t) dvh + Jl(vh)% Kh(zv ) (6%)/(t + Fh)vh dvh
1
—h*" v g (1) F(t) + T J VIKE(v) (g%f) ' (t + Fh)vdv.
-1
Similarly,
1
sup J VK2 (v)(g*f)’(t +vh)vdv| = O(1). (k)
s<t<T—5 |1
Using the fact

Var[(s —t)"Kn(s —t)g(s)] = E(s — t)erﬁ(s — t)gz(s) —[E(s —t)"Kn(s — t)g(s)]z,

and combining (*) and (xx), we have

Var((s — t)"Kp (s — t)] — h* v, g?(t)f(t)
sup

2r
5<t<T-3 h
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— sup E(s —t)*"Ki (s —t)g*(s) — [E(s — 1) Kn(s — t)g(s)]* — W*" v, g*(t)f(t) '

5<tLT—06 th
E(s — K3 (s — )g%(s) — ¥ v, ?()F(t)  [E(s — 1) Kn(s —t)g(s))?
= sup e _ e
5<t<T—56
1 o B 5
= sup J VTR W) () (¢ + Fh)vdy — 8 U Knls Ztgls)]
5<tLT—6 |J—1 h
1 o B )
< sup J VTKE(v)(g2) (¢ + Fh)vdv| + sup LY Khz(j t)g(s)]
5<t<T—6 1J—1 5<t<T—5 h

=0(1)+0(1) = O(1).
O]

Lemma 7.13. Suppose random variables t4,...,t, are i.i.d. with density function f(t)
and distribution function F(t), and f has a bounded derivative. Let F (t) be the empirical
> 1 Li,<t. Then for sy < s, we have

process, that is, Fa(t) =
]E (Sz) - ]En(sl)

1
su n —f(s)| =0 + O(s, — s1).
56[511,952] S2 = 8§51 ( )' p(\/ﬁ(SZ_Sl)) ( ? 1)
Proof. Lets; < s < sy,
S» — §1
_ Fn(s2) — F(s2) . Fn(s1) —F(s1) 4 F(s2) — F(s1) —(s)
S) — S Sy — S1 S2— 81
_ Fn(s2) — F(s2) . Fa(s1) —F(s1) +f(3) — f(s)
Sp — S S2— 81
Fu(s)—F
<2 sup M + sup  [f(8) —f(s)].
0<s<T | 27 81 s—5|<sa—s1

(i)

— ! sup |vn(Fn(s) —F(s))|.

Vn(sy —s1) 0<s<T

F(s) — F(s)
S» — §1

sup
0<s<T
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According to Kolmogorov’s theorem, sup, <s<T lvn(Fn(s) —F(s)) converges in dis-
tribution to sup, <t<T B (F(s)), where B(s) is a Brownian bridge on the unit interval.

Therefore,

Ful(s) —F(s)| _

S, — 81

sup
0<s<T

(ii) Since f’ is bounded,

sup  [f(3) —f(s)| < (s2—s1) sup If'(s)].

[s—3§|<s2—s1 0<t<T

Combining (i) and (ii), we complete the proof of the Lemma. O

Lemma 7.14. Let t;, i = 1,...,n be i.i.d with density f(t) on [0, T] and g be a function
n [0, T]. Both f and g have bounded derivatives. Let

Bt = 1 3 (5 Kot~ [k gt ).

Then V0 < & < T/2,asn — oo and h — 0+,

1 1
n1/4h1/2) + Op(n_h

sup [Bun(t)] = opl ).

5<t<T—5
In particular, if further we impose 1/h = O(y/n), then SUPsci<T_s IBnn(t)] = 0p(1).
Proof. Let L be an integer. Let s; < --- < s; be equally spaced on [5, T — &].

(1) We first consider max;<i<t [Bnn(s1)]- Fix € >0,

L L
E[Bih(sl)]
P(mg Brn(s)l > €) < 3 P(Ban(sol > €) < =5

According to Lemma 7.12, as h — 0+,

E(B? . (s1)] = Var((t; — si)"Kn(ti — s1)g(t1)]

th

= (s g2s0) + (1)
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= (v fls0) + o(1),

Hence, we have

i E[B7,n(s0)] :i v.f(s1)g*(s1) +o(1)

nhe?

Lv, Y 1, (f(s1)g?(s1) +o(1))
nhe? L

:W;z(sup f(s)g(s) + o(1)).

Therefore, maxi<i<i [Bnn(s1)l = Op(4/ #)

@)
(2) Now we prove that for s; < s < s141, Bn.n(s) is not quite different from B, (s1)

or By n(S141)-

1 b tk_slr tk—SL tl_tr tl—t
<o 2 [ K () — ECR K (b)
(KD glt) — B K (g lta)]
_1 b tk_slr tk — st ‘tk—ST tk —s
=i [ K gt — (K gl
i tk—Sl_tk—S

I(s—h<tk<sl+h)

h h

k=1 Y
1 & .
+-—> ( sup uK(w) sup g(w)(I(s,—nerocs—n) + Lsirngrcsin))-
nh o1 —l<u<t 0<u<T
Since
tk — st _tk—S _ S—§ < T—2h No(i)’
h h h h(L—1) hL
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we have

1 1<
[Brun(s) = Bnn(si)l < STh (ﬁ)zl(sfh<tk<sl+h)

k=1

1

nh' i 0<u<T P

According to Lemma 7.13,

mn mn 1
; I(S—h<tk<51+h) < ; I(S[—h<tk<sl+h) - 2h( (S[) + O (h\/T_L) =+ O(h))/

= = 1 L 1
; I(Sl—h<tk<5—h) < ; I(Sl—h<tk<51+1—h) = O(E)(f(sl) + O (T) =+ O(E))

= i 1 L 1
; I(si4+he<ti<sth) < ; [(si+h<ti<si+h) = O(E)(f(sl) + 0y (T) + O(f))

Hence as L — oo and L/\/n — 0, we have
1
Jnax . ssu<}zHl IBrn(s) — Brn(si)l = Op(m)~

Combining (1) and (2), as n — oo, we have

sup !Bn,h(t)!<max IBun(si)l+ max  sup [Byn(s) —Bnn(si)l

S<t<T—5 1<I<L 1IKIST1 g e,
L 1
=0 — Op(——
p nh) + p(nhL)
1 1 1
ZWOP((L/\/E)”Z) + n_hop(i)
1 1
:Wop(l) + n—hop(l) (because L/y/n — 0and L — o)
1 1
:OP(W) +Op(n—h)
If further we impose 1/h = O(y/n), or #ﬁ = 0(1), then
1 1. 1 ., 1
Op(m) + Op(n_h) —(m) op(1) + Op(n_h)

n
+ —( sup u'K(u)) sup 9 Z (si— h<tk<sfh)+I(sl+h<tk<s+h))-



119

=0y (1)0p(1) + 0y}

—op(1) +0p (1)
1 1

—Op(ﬁ
=0, (1) + Op(1)op (1) = 0p(1).

=0, (1) + )

It is known that (Wand and Jones 1994, pp.123)

L h"w,f(t) + op(h") L even,
Y (e — ) Kn(t —t) =
k=1 h™ 1 f/(t) + op(h™ 1) Lodd.

We generalize this result in two directions. First, we consider the asymptotic prop-
erty of the sum of (tyx —t)"Ky (tx — t)xi]-kxiTjk. Second, we consider the supremum

when t varies in an interval, rather than a fixed t.

Lemma 7.15. Recall that we defined

1 MNc,MNs,Nm.
sp(th) = ——— (tie — 1) Kn (ti — XX
' NNy i=1 j;k—l B

where ty, ..., tn,, areiid. with density function f, xijic = x45(tx), and xy;s are replicates
of a stochastic process x. If f has a bounded derivative and Ex(t)x(t)" as a function of t
has a bounded derivative, then V0 < 6 < T/2,as Ny, = 00, h — 0+, 1/h = O(y/nn),
and ne.ng — oo, elementwisely we have

sr(t, ) — h'f()Ex(t)x(t)T
sup o =0, (1).
S<t<T—58

Note: Using a similar proof, this lemma could be generalized to the following statement:
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Suppose ti,...,tn,, areiid. with density function f. Let xj. = x;(ty), where x;’s are
replicates of a stochastic process x. Let zj = z;(ty), where z;s are replicates of a stochastic
process z. If f has a bounded derivative and Ex(t)z(t)" as a function of t has a bounded

derivative, then V0 < 6 < T/2,asn, — oo, h — 0+, 1/h = O(y/N), and ng — oo,

1 Mg, Mm

sup

(tie — ) Kn(ti — x5z — i F(OEx(t)z(t)T
5<t<T—6

= o0p(1).

h™mgn
ST =1 k=1

Proof.
1 nC/nS/nm
sy(t,h) =——— (tk — )" Kn(t — t)xgjiexd;
i MMM j;k—l B
1 MNm 1 N, Mg
— {(tk - t)rKh(tk —_— t)n n Z Xijkxz—jk}
C

n
™ k=1 $i=1,j=1

— LS (b — 07K (1 — DER(6)x(t0) Tt 1)

n
™ k=1

1 MNm 1 M, Mg
+ . Z(tk — 1) Kn(tk — 1) ( Z XiijiTjk - E[X(tk)x(tk)T|tk]> .

n.n
™ k=1 €S i—15=1

)
It can be shown that SUPs<i<T s [(1)—h"u, () Ex(t)x(t)T| = 0, (h"), and SUPs< i<t 5 1(2)] =
op(h7).

(i) Since
nL (tk — t)"Kn(ti — ) ER(ti)x(ti) Tt
™ =1
=E((t1 — )" Kn(t; — )Ex(ts)x(t1) "t1])

Nm

LS (= 07Kt — 1) — E((t — 7K (1 — DEX(t)x(t)Tt1),

™M k=1
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we have
sup  [(1) — p,f()Ex(t)x(t)T]
s5<t<T—6

= sup (1) = E((ti — ) Kn(t — EK(t)x(t)Tfta))+

5<t<T—5

+E((t; — t)" K (t — ) EXx(t1)x(ty) T[ty]) — prf(t)Ex(t)x(t)T‘

< sup ((1) CE((t — Kt — t)E[x(tl)x(tl)Tltl])’qL (1.1)
5<t<T—6
+ sup [E((t — 0 Knlt — YER(tx(t)THa) = Wi AOEX(Ex(0T|. (12)
S<tKLT—0
By Lemma 7.12,

(12) = sup |E((t; —t)"Kn(ts = )ED(t1)x(t:1)"]) = W'p F(HEX(t)x(t)T]| = h"O(h).

S<t<T—5

By Lemma 7.14, as n,, — oo and 1/h = O(y/1n), elementwisely

sup L i(tk — ) K (ti — ) Ex(ti)x(ti) Tt — E(t1 — 1) Kn(ts — t))Elx(t1)x(t1) ]| = h' o, (1).

s<t<T—8 | m . —
Hence as n,,, — oo, h = 0+, and 1/h = O(y/n,,), elementwisely

sup !(1) — hrurf(t)E[x(t)x(t)T]‘ =h"o,(1).

S<t<T—5

(ii) By Lemma 7.11,

2) _ 1 Zm(tk — 1) Kn(t — t) < ! Z Xijkx—irjk—E[X(tk)x(tk)—r’tk]>

Mm 5 Metls i=1,j=1
1 &

=M — te — t'Kn(tk — t),
— ) =t Kn(te—t)

™ k=1
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where M is a p X p matrix satisfying the following condition elementwisely

1 M, N
M| < max XX — Elx(te)x(te) Tt
| ’\1<kgnm MM, | ;1 X — EDe(ti)x(ti) [t
e, Mg
< > XG0 — Ex(t)x(1)T].
O<t<T MeNs - 1

By Lemma 7.3, as n.ng — 0o, M = 0,,(1). Similar to the proof of (i), - Z 1t —
t|"Kn(tx —t) = Op(h"), therefore,

1 Ne,Mg )
Tl_m Z te —t) Ktk — 1) (ncns i 1Z) 1X1)kxuk E[X(tk)x(tk)Tltk]) = 0p(h'").

Combining (i) and (ii), we prove the lemma. [

Lemma 7.16. Under the conditions of Lemma 7.15, for each t,

s+(t,h) _Esr(t,h) _ 0, 1
=Yp

hr hr N h

).

Proof. The proof is similar to that of lemma 7.15 (omitted). The O \/nlih) term

comes from the central limit theory. O
The following is a lemma of uniform convergence of stochastic processes.

Lemma 7.17. Suppose X,, = {Xn(t) : t € [0, T}, n = 1,2,... are stochastic processes,
a(t) is a real-valued function defined on [0, T], and as n — oo, sup, [X,(t) — a(t)| =

1). If infy a(t) > 0, then

sup
t

Proof. Let ¢ = inf, a(t). For € > 0,

1 1
Plsup ‘xn(t) B ﬁ'

> €)
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<Plsup | - %ﬂ‘ > €,sup Xa(t) — alt)] < ¢/2) + Plsup Xa(t) — al(t) > ¢/2)
<Plsup %‘ > €,5up X 1] — a(t)] < ¢/2) + Plsup Xat) — a(t)] > ¢/2)
<ploup | ZE Ao e sup X, (0)— alt)] € ¢/2) + Plsup (1)~ (0] > ¢/2)
<ploup | ZEI Ao 6 plsup (0 a0 > ¢/2)

<plsup X2 s ) 4 plsuplX, (1)~ afv) > c/2)

<P(sup [Xn () — a(t)] > ec?/2) + P(sup [X,(t) — a(t)] > c/2).
Since sup, [Xy(t) —a(t)| = o, (1),
P(sup [Xn(t) — a(t)| > ec?/2) + P(sup Xy (t) — a(t)] = ¢/2) =0,

1

1 1 1 1
Xn(t)  a(t)

we have P(sup, ) =0,1ie., sup, X0 a0 =0, (1). ]

Corollary 7.18. Suppose X,, = {X,(t) : t € [0, Tl},n = 1,2, ... are stochastic processes,
and the dimension of X, (t) is p by p. a(t) is a matrix-valued function defined on [0, T]
with dimension p by p, and as n — oo, elementwisely sup, [X,(t) — a(t)] = op(1). If

inf, det(a(t)) > 0, then elementwisely
sup |X;1(t) — a’l(t)‘ =0, (1).
t

Proof. The detailed proof is omitted. The idea is to use Cramer’s rule and Lemma

7.17. O

Corollary 7.19. If f has a bounded derivative and Ex(t)x(t)" as a function of t has a
bounded derivative, inf; f(t) > 0, and inf, det(Ex(t)x(t)") > 0, then Y0 < § < T/2, as
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Ny — 00, h = 0+, 1/h = O(y/nn), and ne.ns — oo, elementwisely we have,

sup  [[so(t, h) —s1(t, h)s; ' (t, h)sy(t, )] ! — %[Ex(t)x(tf]—l = op(1).
5<t<T—6
Proof. By Lemma 7.15,
se(t,h) — h ', F(H)Ex(t)x(t) "
sup e = 0p(1),
5<t<T—6
Hence,
sup ‘so(t, h) — f(t)Ex(t)x(t)T‘ =0,(1),
s<t<T—6
sup [s1(t,h)/h| =0,(1),
s<t<T—6
sup ‘sz(t,h)/h2 — uzf(t)Ex(t)x(t)T‘ =0, (1).
5<t<T—6
By Corollary 7.18,
2 -1 1 -1 _
5::;}?4 he[sa(t, W)™ — () [Ex(t)x(t)'] | = 0p(1),
Hence,
sup |51(t,h)s;1(t,h)sl(t,h)}
5<t<T—6
. s1(t,h) 2 -1 1 T1-1 s1(t,h)
- swp |2 (h 528, W] — L Ex(t)x()T ) L),
Sl(t/ h) 1 T1—1 Sl(t/ h)
Wt [Ex(t)x(t) '] -
si(t, h) 2 -1 1 T1—1 s1(t,h)
< sup |20 (h 52t ! — XX ) L ‘+ 1)
si(t,th) 1 T1-1 s1(t,h)
o [ e g
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For (1),
s1(t, h) ( ) . 1 - _1) sl(t,h)‘
su —— [ h¥[sy(t,h)] " — [Ex(t)x(t)']
5<t<IT)—6 h 2(t, ) o f(t) (£)x(t) h
si(t, h) 2 -1 1 T1—1 s1(t, h)
< su ho[sy(t, h)] " — [Ex(t)x(t)'] su
s<t<T—s| N 5<t<IT)—5 2(t, ) o f(t) 5<t<IT)—5 h
<Op(1)op(1)op(1) = Op(l);
For (2), similarly
si(t,h) 1 T1-1 s1(t,h) ‘
[Ex(t)x(t)' ]| ' ——=
5<t<T—5 h  ppf(t) x(tx(t) h
$1 (t/ h) 1 T1—1 $1 (t/ h)
< su su (Ex(t)x(t)']
6<t<IT)—5 5<t<IT)—5 upf(t) 5<t<T—5 h

:Op(l)op(l)op(l) - Op(l)/
Therefore,

sup |[so(t, h) — s1(t, h)s; ' (t, h)sq(t, h)] — f(t)Ex(t)x(t)T|

ST —6

< sup ‘so(t,h)—f(t)Ex(t)x(t)T‘+ sup ‘sl(t,h)sgl(t,h)sl(t,hﬂ

5<t<T—5 5<t<T—5
=0, (1) +0p(1) = 0p(1).
Again by Corollary 7.18,

sup |[so(t,h) —s1(t, h)s;  (t, h)se(t, h)] ! — L[Ex(t)x(t)T]*l =0, (1).
5<t<T—6 f(t)

Corollary 7.20. Under the conditions of Lemma 7.15, given t, if Ex(t)x(t)T is invertible,
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thenash — 0, n,,h — oo,

[so(t, 1) = s1(t,h)sy (6, h)sa(t, )] — %[ﬁx(t)x(tm—l = 0p(h) + op(—rlmh‘).

Proof. We prove this corollary using lemma 7.16.

So — 3152_151

S1 [32]—13_1

Tl w
=f(t)Ex(t)x(t)" + O(h) + O ( nl h)
1 1 ]
+ (O(h) + Op(\/n—jlo [uzf(t)Ex(t)x(t)T + O(h) + O, ( nmh)} (O(h) + Oy (
=f(t)Ex(t)x(t)T + O(h) + Op(\/%L)

+ (O(h) + Oy ! )) <H21}(t) [Ex(t)x(t)"]7" 4+ Op(h) + Op = h)) (O(h) + Oy (

vngh

=f()Ex(t)x(t)T + Oy (h) + O, ).

1
vnh

Therefore,

Lemma 7.21. Suppose f(t), Ex(t)x(t)T and Ex(t)z(t)T as functions of t have bounded
derivatives, and inf f(t) > 0, inf, det(Ex(t)x(t)") > 0. Asng — oo, Ny — 00,

h — 0+ and 1/h = O(y/nm),

sup )~(1TZ1 —f(t)Ex(t)z(t)T| = op(1).

5<t<T—6 | TtsTlm
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Proof. Recall that Z = diag(Z;,...,Z,, ), where

Zins ZT
X is an abbreviation of X(t, h), hence

X{Zi = Z RijZije = Z(Ip — 518, (te — 1)) Kn (i — t)xijuzdi

ik ik
= Z Kh(tk — t)Xiij-{jk — 81851 Z(tk — t)Kh(tk — t)xijkz-irjk~
jk ik

By Lemme 7.15, V0 < 8 < T/2,as ng — 00, Ny — 00, h — 0+, and 1/h = O(y/nm),

1
su K (te — t) x5zt — F(OEx(t)z(1) 7| = 0, (1),
6<t<IT)—6 nsnmj,Zk h{lk jk#ijk P
1
su (t — t)Kn(te — )xijrzi | = 0, (1),
6<t<$76 thsTlm].Zk « ik el P
sup [si(t,h)/h| =0,(1),
5<t<T—5
sup ‘SQ(t, h)/h? — uzf(t)Ex(t)x(t)T‘ = op(1).
5<Kt<T—56
By Lemma 7.17, as h — 0+,
1
sup |h%[sz(t, M) — [Ex(t)x(t) 17! = 0,(1),
5<t<IT)—6 ? o f(t) P
Therefore,
1 -
sup XTZ; — f(t)Ex(t)z(t)"
5<t<T—5 | TtsTlm
— sup D Knlte = xijizl — s183 0 ) (e — OKn (b — txipezly | — FIOEx(t)z(t)"
5<t<T—5 | MsMlm K T
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Mgy (Z K (te — t)xijczj — (t)EX(t)Z(t)T> B

= sup
5<t<T—8 ik
% (h2syt)—— Dt — Kn (b — )xijizs;
h' "2 "hngn, PRk
< su K (te — t)xgjuzd — F(OEx(t)z(t) | — (1)
5<t<IT)—5 nsnmj’Zk ek
— sup | (R%sy) (t — t)Kn (te — t)Xijrzi | - (2)
th?ﬁé h ) hnsnm)',zk hitk ikZijk

We have shonw that (1) = 0, (1). Now consider (2).

S112 -1 -
sup |-~(h’s;") (e — )Kn (tx — t)xi5z:
5<t§l'l?—5 h 2 "hn, mj’Zk k hitk ikZijk
51 1.2,—1 1 T1—1 1 T
< su —(h%s, " — [Ex(t)x(t)"] te — ) Kn (te — t)Xijzije | +
6<t<IT)—6 h( ? o f(t) (E)x(t) )hnsnm§( K~ UKt — Xz
+ su sl [Ex(t)x(t)"]? 1 (te — 1) Kn (te — t)xipzh
5<t<IT)—5 h o f(t) hngng, ~ k hitk ijkZijk
l 21 -1
< su ’— su h%s, " — [Ex(t)x(t)']
5<t<1'?76 5<t<}T)f5 2 oy f(t) (t)x(t)
1
X su (t — t)Kn(te — t)xijrz
6<t§$—5 h’nsnm],Zk K hitk i~k
51 1 -1 1 .
+ su ’—) su [Ex(t)x(t)'] su te — ) Kn(tk — t)xijxzi;
5<t<IT)—5 h 5<t<}T) s | Haf(t) (B)x(t) 5<t<IT)f5 hngn, )Zk( « JKn (ti ) ik#ijk
<0p(1)0p(1)0p(1) + 0, (1)0p(1)op (1) = 0, (1).
To sum up, SUPsci<T s mXTZ —f(t )Ex(t)z(t)T‘ =0, (1). =

Corollary 7.22. Under the conditions of Lemma 7.21,

X2~ (Kt~ OE({t)2(t) ) = O o

).
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Proof. The proof is similar to the proof of Lemma 7.21 and is ommited. O]

Asymptotic property of ZT(I1—S3)TR}(1—S4)Z

Consider the matrix, A, = I,, — £], where J,, is n by n matrix of ones. A simple
calculation reveals that det(A,,) = 1—a, and thuslim, _,,, det(A,,) = 1—a. Consider

a general case,

ain(m) ap(m) -+ app(m)
Ao =L l azi(m) axp(m) --- ap(m) ’
n : : :
anl(m) anZ(m) T ann(m)

whereas m — oo, aj;(m) = a+o,(1). Can we claim that lim%j%% det(Am) =1—a?
The answer depends on how fast ai;(m) converges in probability to a and the
relationship between n and m. Intuitively, if n goes to infinity too fast relative to m
goes to infinity, the claim should not be true. Later we will consider the case when

a=20.

Lemma 7.23. Let Y1,Y,,... be i.id. random variables with zero mean and finite third
moment. Let Z be a random variable with a finite mean. Define X,, = n~"12(3_ 1", Yi+2).

Then there exist constants a, b, ¢c and d, where b > 0, such that Vt > 0

d
P(IXn| > t) < exp(a—bt?) + Ln n

Vynootymn
Proof. Denote EY? = o2,

Z?\;%Yi + \/Zﬂ > t)

MEERER

P([Xn| > t) =P (‘
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<P (‘Zf/_Y > t/2 or %‘>t/2)
([t v2) ()

By the Berry-Esseen theorem (Berry, 1941; Esseen, 1942), there exists a constant ¢

such that Vx
YooY c
P55 <) o] < 5
Hence,
Z_in:l Yl i=1 l lel Yl
P (‘ i > t/2> ( > t/2) +P ( < t/2)

ro-2) 4 ’P (—Z?/%Yi < t/2) —cD(—%)‘
-0 ot 2

Using the well-known Gaussian tail bound, there are constants a and b, where
b > 0, such that

1— (téz) + d)(—t/?z) < exp(a —bt?).

By the Markov’s inequality,

Z E|Z|
Pl|l— 2 ) < —.
(‘ ﬁ‘ Y ) Vvnt/2
Therefore let d = 2E|Z|, this completes the proof
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Lemma 7.24. Let

apir(m)  ap(m) -+ app(m)
Dnm _ azi(m) axp(m) -+ ayp(m)
ani(m) apa(m) -+ apn(m)

be a random matrix, where n > 1 and m > 1. If there are constants a, b, ¢ and d, where

b >0, suchthatvVt>0,i>1,j>1,

P(vmlai(m)l > t) < exp(a—bt?) + \/—_ + \;111—1

then as m — oo and n* = o(m), we have det(I,, + %Dnm) =14 o0p,(1). Let I, =
diag(1+a;(m),...,14+an(m)), where a;(m) are random variables. If further as m — oo

andn* =o(m), Y1 lai(m)] = 0, (1), then
det(1,, + %Dnm) =14 o0,(1).
A sufficient condition of Y ;- |ai(m)| = 0,(1) as m — oo and n* = o(m) is that

P(vmlai(m)| > t) < exp(a—bt2)+\/—_+ \;111_1

Proof. Lett = m /4 and n* = o(m). We first prove that as m — oo,

n? sup P(lai(m)| >

t
i>1j>1 vn
By assumptions,

t

n* sup P(lay(m)l > —=)

i>1,jp>1 : Vvn
ty/

=n® sup P(vmlaij(m >—:)

i>1j>1

N
) t\/_ d
o st

n
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2

2 (exp(a B btnm) dﬁ)

. b\/_ c

=n <exp(a o m3/4
(),

Since n? = o(y/m), as m — oo we have logn < n = o(¥"

n exp(a—% ) =o(1). (1)

Since n* = o(m), as m — oo we have

4

w =y o= o), @
4\ 8 1

- (%) mizs = ol ©)

(1), (2) and (3) imply that n*sup;, ;- P(laij(m)| > —=) =o(1). Since

i=n,j=n

t t
P — )< P(la:: i
(121?§nlau(m)! > ﬁ) i_lzj_l (lag;(m)] > ﬁ)
t
<n? sup Plai(m) > —),
1>1,jl;1 K Vvn
as m — oo and n* = o(m), we have, P(maxi<ij<n lag;(m)]| > \/LH) — 0, in other
words,
t
< — .
P(lgll?gnlan(m)l < ﬁ) —1
We claim that for t < \/n, which is true since t = m /%, max;<ij<n laij(m)| < =
implies that
t t 1 t+ 2\
1——)"(1——) < det(I —D < (1
(1= 1M1= ) < detly 4 1 Dan) < (14550
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Since

t t
Iim (1-—-—-)"(1—-—%)=1, li 1
i, 0= ) np_%)< +

t+2\"™?
=1,
TI/Z)

for Ve > 0, we can find M, such that when m > M and n* = o(m), we have
n/2

(1-5Hm1- \/LH) >1—eand (1 + tn+—/t22> < 1+ €, which implies that 1 — € <

det(I,, + %Dnm) < 1+ e. To summarize, if maxi<ij<n [aij(m)] < \/%T, then Ve > 0,

we have as for sufficiently large m,

1
1—e< det(In+HDnm) <1l+e.

Hence,

t 1
. < — |1 < —e < — <
P (13?%(“!%](111)! < ﬁ) <P (1 e < det(l,, + nDnm) <1+ €> .

Note that as m — oo and n* = o(m), the left-hand side of the above inequality
converges to 1, therefore the right-hand side also converges to 1, which is the result
this lemma want to prove. Now we show that when t < \/n, max;<ij<n |aij(m)] <
— implies that

t t 1
— )1 —-——1 — <
(1 n) (1 \/ﬁ) < det(I,, + nD“m) < (1 +

We use the geometric interpretation of determination, i.e., the determinant is the

t+ 12\ "
n/Z) '

oriented volume of the parallelepiped spanned by the column or row vectors. Let v;
be the ith row vector of I,, + £ Dy Withregard to the upper bound, by Hadamard’s

inequality,

1 n
et(ln-+ 7 Dom) <[ T I
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[ all al 1/2
[T [+ 2y 3 Sl

=1L jAL

no T 1/2
< H 1 maxigij<n [aij(m)| 2y Z(maXKi'Kn lag; (m)] -

i n — n

=L AL

nor o e 1/2

n n

< 14+ LY )2 Yvno

1|+ 5 S )]

— +
T11‘5 TIZ

n/2
t+t2

< (1 )
( Y )

As for the lower bound, let u; be the ith row vector of %Dnm, and e; be a row vector

2\ /2
:(u+ﬁ%ﬁ+0v—n%>

with the ith element is 1 and the rest are 0, then det(I,, + %Dnm) is the volume of
the parallelepiped spanned by e; +u;,i=1,...,n. Lete = (\/Lﬁ, .., f) be the unit
vector along the diagonal direction. We can show that the length of the projection
of u; onto e is no greater than t/n, i.e,,

= ai-(m) 1
2 T m

j=1

|<ui/e>|:

< i |a1] Z t/\/_ i
j=1

and the length of the projection of u; onto the plane perpendicular to e is no greater

than t/n, i.e., by Pythagorean theorem,

i <wi e > el =2 — || <ui e >ef?

n

Slhul = | > 18 o |y

j=1 j=1

13
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Decompose e; as e; = xe + e, where

e L ef,

x=<e,e >=

B=vI_ o= y/1— .

n

-

Denote y = £. When t < y/n, the volume of the parallelepiped spanned by e; + 1,
i=1,...,n,where || < u;,e >e| <vyand |ui— < ui,e > e|| <v,isno smaller
than that when u; = —ye —ye;. That is, the determinant of D, of which the ith
row is e; —ye —yei, is a lower bound for det(I,, + %Dnm). Since

1 o
ei=ae+Pel = el =—-e ——e

8 B

the ith row of the matrix D, can be re-presented by

—ve—ve%=ei—ve—v(%ei—%e)
:(1—%)ei—y(1—%‘)e,
Hence D, could be expressed as
Y o, 1
n:1__ n — 1___11/
Dy, = ( B)I Y( B)\/_I
where J,, is a n x n matrix of all ones. Therefore,
det(D,] ~(1- ) ((1 1) —va- %)ﬁ)
1Yy (Y o )
M CE R N
—1- - vay) = - L ey
B 1_1 n
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t n
>(1— E) (1- ﬁ)-

Now we consider det(I,, + +Dy,). Since as m — co and n* = o(m), > ", |ai| =

op (1), we have P(minicicn 1+ ay > 1/2) — 1. Suppose minicicn 1+ a3 > 1/2, let

Y \/1 + (11\/1 + (1j
and
din(m) dp(m) --- dmm(m)
Dnm _ d(m) dxp(m) --- dan(m) ,
anl(m) an(m) e ann(m)
then
det(I +1D ) = det(I 1 ﬁ1+a
e n n nm e n L 1
Since
[T+ a) =exp(} log(1+ai)) <exp()_ ai) =exp(o(1)) =1+o0(1),
i=1 i=1 i=1
we only need to prove that det(I,, %D m) =14 0,(1). Since
- aij(m)
ij - g 2 ij s
|a1(m)| ‘\/1+ai\/1+0j | a](m)|
we have

sup P(vmlay(m)| >t) < sup P(vml2ay(m)| > t)

i21,j>1 i21,j>1

= sup P(vmlay(m)| > t/2)

i>21,j>1

=exp(a— (b/4)t?) + % + et

Hence, det(I,, + 1 Dnm) =14 0, (1).
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Corollary 7.25. Let I, =diag(1 + a;(m),..., 1+ a,(m)) and

air(m) ap(m) -+ a(m)
D, — a21Fm) azsz) (lzn'(m) ,
ani(m) apa(m) -+ anpn(m)
whereVt >0,1>1,j>1,
P(yv/Mmlas ()| > t) < exp(a — bt?) + ¢ + d
miQijltm X P \/n—m tm;
d
P(v/Mmlai(ng) > t) < exp(a—btz) + \/Tcl_m + o
for some constants a, b, ¢ and d, with b > 0. Then as m — oo and n* = o(m), we have
bii(m) bpp(m) -+ bin(m)
1 1 | bu(m) bp(m) -+ byu(m)
[In + _Dnm]il - In + — 2 2 ? 7
n n : . :
bn](m) bnz(m) e bnn(m)

where Ve > 0, lim,, SUP;<ij<n P(Jby(m)] > €) =0.

Proof. The proof is tedious and omitted. The main idea is to use Cramer’s rule and

Lemma 7.24. O]

Lemma 7.26. Let A and B be m by m symmetric matrices. If A is invertible, and A — B

is invertible, then 1, @ A — %]n ® B is invertible and
1 -1 -1 1 -1 —1
Proof.

1 1
I ®A——Ju®B ! =(Ia@ A I~ —Ju® A2BAH ([ @ A2,
n



LetP = LA~2BA~:. Then,
1 -1 -1 -1
M= —Jn @A TBA T =— ], @ Pl

=1+ ] QP+ (Ja®@PP+ (Jn®P) +

=[+J, ®@P+n], @P*+n’[, @P° +--.

1
:I+E]n®(—Im+1m+nP+(nP)2+~-

1
=I——Jn® {[I —mP] ' =1 }.

Therefore,
1 1
n
_1 1 11 1
=(I.®A ZJ[I_E]n®A 2BA 2] (I, ® A7 2)
1

1
=L, @A+ —Jn @{A - B ' - A1)

Corollary 7.27. Suppose both A and A + B are positive definite. Let

B+an(m) B+ap(m) -+ B+ag(m

A+ ai(m)

X = + =
n

A+ an(m)

B+ ani(m) B+ an(m) -+ B+ anpn(m)

1 | B+au(m) B+axp(m) --- B+an(m

)
)

138
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Then, under the conditions of Lemma 7.24,
- 4 -1

R B B --- B bn(m) blz(m) t bln(m)
. 1!/B B --- B 1 boi(m)  byp(m) -+ byn(m)
x= (| - |+1 +- :
nfeor o nfo A
A
I B B .- B ] bnl(m) bnz(m) ce bnn(m)

where V't > 0, hmm_mo maxigijg<n P(lbl] (m)I > €) =0.

Proof. Without loss of generality, we consider the case in which A is an identity

matrix. The following notations are introduced for convenience. Let

B+an B+ap -+ B+am
I+ a
1 B+ay B+apn -+ B4+ an
X = + =
n
I+ an
B+an1 B+an2 B+ann
and
B B B
I
11B B B
Y= + —
n
I
B B B
Then,
aiz Q2 - Qin
a
ay Qaxp - Oon
X=Y+ +=
n
an
anl Qn2 -+ Qnn
By Lemma 7.26,
I
1
Y= + =
n



for some C. Then,

I
Y IX =
I
CC11
1| Ca
+ J—
n
Ca1
[+ a;
=:Z

)

P(vmlagl > 1) < expla— bt?)

P(vmldy| > t) < exp(d —bt?) +

az

Caz
C(12

Caz

I+ an

an

Can,
Ca,

Ca,

3

="

="

a

ay

an1

an

azy

Jm

¢

ym

_|_

(e5)

(O]

C~11n

(~12n

aTl.Tl

d

Cc
+ =+ —F=
ty/m

then there are constants @, b, ¢, and d with b > 0 such that elementwisely

_d_
tym’

Ain

Qon

where a.; = % > aij, di; = aij + Caj + Ca.y. We claim that if elementwisely

140



By Corollary 7.25,
bir b
I
71 _ _'_l b1 b
n )
I
bnl bn2

where Ve > 0, as m — oo and n*

Therefore,
x—1 —7-1y-1
by b bin
vl 1 by by bon y-1
bni b bnn
by b bin
Syl 1 by bx bon N l
n n
bn1 b bnn
b bi b1
vyl 1 1t~?’21 622 an ’
n
by b bun
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o(m), imy e suplgm.gnp(lbijl > ¢) = 0.

b.C b,.C b..C
b,.C b, bo.
b,..C b b,..C

where Bij =by + b;.C. Since elementwisely lim;, SUP i j<n P(/by;| > €) =0, it

is easy to verify that elementwisely lim, _,, sup, <i,

Lemma 7.28. If

).@P(|Bij| > ¢e) =0. O
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f(t), Ex(t)x(t)" and Ex(t)z(t)" have bounded derivatives

inf, det(Ex(t)x(t)") >0,

E supogtg[x(t)]2 < 00,

E supogth[z(t)]2 < 00,

C,,. and C, , are continuous on [0, T?, and have bounded continuous second partial

derivativeson {(w,v) : 0 <u<v<TIU{(uy,v):0<v<u<T}

then there exists a function g increasing to infinity, such that V0 < 6 < T/2, as ns,nyy —

00, Ny, = O(g(ng)), h — 0+, 1/h = O(y/nm), we have

1
MM

ZT(1—S)"RF(1—S4)Z

Agq+ ai(nm)

Ag+ ax(nm)

Aaq+ Qn, (Mm)

Ba +aii(nm) Ba+ a(nm)

1 | Ba+axn(nm) Ba+an(nm)

Nc

Bg + Anen, (nm)

where Aq = EV2_, Bq = EYZ, +Epd  —Ey? andvt>0,1>1,j>1,

Z,Z)|x Z||x,Z Z||xsZ|x
P(vMmlai(nm)l > t) < exp(a—bt?) + _— :
mit m X p /nm t /nm’
c d

P(vMmlai(nm)| > t) < exp(a —bt?) + N + U
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for some constants a, b, c and d, with b > 0.

Proof. Recall that Z = diag(Z;, ..., Z,_). By the definition of S4, each row of S4Z

can be expressed as

1 .
XiTjk[So — 818, 's) ' ——X(ty, ha)"Z

NeNsMiy
1 g 1 - - -
=X{ii[s0 — 185 's1] T ——— (Xi(ti, ha) " Zy, .., Xi (i, ha) T Zi, o, X (B, ha) T2,
NeNgNyy,
¢
IR T A7 \T e \T
T ((Zdijk) Ry (Zdijk) Ry (Zdi)’k) ),
C e
¢
where
> - 1 .
(Zhijk)T = XiTjk[So(tk, ha) — s1(ti, ha)sy ' (ti, ha)si (ti, ha)l ™! Xir(ti, ha) " Zy.
NN
Stack (Z§;;, )7 to get
~i/ T =5/ ~ .
(Zaij1) Ly Ly
Ztll) = 7 Z}_h = 7 Zh = 7
(Zin,)T Liin, LZin,
then we can write
Zy Ly o Ly
SZ—i Iy Ly o Iy
d e
Z%inc Z%inc T ZET(:IL
Recall that R4 = diag(Raq1,...,Ran,), hence,
An A o A,
Az Axm o Ao,
ZT(1-Sa)"RM(1—-S4)Z = ,



where

1 ~. 1 - 1 . ~.
A =Z{RoZi — —Z{Ry Lk — —(Z4) " Ree Zi + = (Z3) Ry ZY,
¢ ¢ n2

and for i #j

1 -
Ay == —Z{RqZg; —
(¢

1
nC

1

n2
nC

(Z)TRAZ; + — (Z5)"RG'Z),.

Define the following stochastic processes for 0 <t < T,
zj (1) =T () [E(x(t)x" (1) "E(x(t)z(1)),

z] () =z(t)" — zw (1).

X
We use the subscript “||x" and “_L x”, since

Ex(t)zﬁx(t) =Ex(t)z'(t), Ex(t)z], (t)=0.
Recall Xijk = X4j (tk) Let
Zhkie =Zy, () = X E O (ti)xT (B[] E (x(t) 2(t) Tlte),
-

T T
Zijklx —Zijk — Zijk|x

According to Corollary 7.19 and Lemma 7.21,
1

(Zidlijk)T =x{[s0(ti, M) — s1(ti, ha)sy ' (ti, ha)s1 (ti, ha)l ™! o
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Xi(ty, ha) T Zy

=x{x L[1:-7<(’Ck)x(’£1<)T\’Ek]71 + 0y (1)| [flti)Elx(ti)z(ti) TIti] + 05 (1)]

fty)
=x (E(x(ti)xT (i) lti)] T E (x(ti)z(tie) Tt) + 0 (1))

:Zg-jkllx + Op (1)



145

Stack ziTjk”X to get Z;|. According to Lemma 7.10,

1
—ZRGlzi=—— - 22 (t) + 0, (1
ns 1 Ydc log pd Zlb k + ( )

1 s 1 _
TTZ-ieriZ]di =(1+ Op(l))n_SZIRngillx

=(1+0p(1)) (—mZ%ZX t) +0 (1)>
d

1 i 1o 1
—(Z4)"RGZ; =(1 + op(1)) —Z!

S

1
Jlldech

=(1+o0p(1)) ( m

Zlbzux Jtk +O ( ))

T oo 15 1 _
MM, (Zd)TRdlz]d :(1 + Op(l))RZHXRd ZHX

=(1+0p(1)) <—m Z Pz (t) + O (1)>
d

Let pd(t) = —mw.,.(t). Define
1
a; = Z{RgZi —EVg,,
NNy
1 1 5i — i
aij :a <Tls ZT diz)dl (Zdj)TRngj - — (Z )TR 1Z])
(Ell)z Zix + Eﬂf’n z EIIJZLX ZLX)
then
1 1 1 - 1 = 1
nsnmAﬁ = (ZngiZi——ZIRgiZ}ﬁ——(Z}ﬁ)TR 17 +3 —(Z4)"Ry 121)

1
:Elbg’z(tl) T ELI)Z Z\\x(tl) - _Ell”zux (ta) + _Elbzux Z|x (ta) + n_al)

Cc

1
=Ag+a;——(Bg+ aij)/

(¢
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and for i #j

1 ~: 1 1
A¢5==—f;;ZIRgizai (L) TRacZy + 5 (2R 2,

1
—— BB () - BGS (6)+ Eed L ()4 ay
n

C

=:— %(Bd + ayj).
Note that
Vimag =n,/? i( ¢.(t) —Evg,) 4+ 0,(1),
k=1
and
wﬁ%—uwmmV{iﬁzhmwmwm)wﬂw@—
k=1

(Ell)z 2, T EII)ZLX - EIJ)ZLX ZLX) } + OP(l)) :

Therefore by Lemma 7.23, 3a, b > 0, ¢ and d, elementwisely Vt > 0, we have

o c d
P(y/nmlay| > t) <expla—bt") + \/T1_m+t\/ﬁ/
c d
P(vMmlail > 1) — bt? .
Momlail < exp(a )+\/n_m+t\/n_m

Corollary 7.29. If
o f(t), Ex(t)x(t)" and Ex(t)z(t)" have bounded derivatives;
e inf, f(t) > 0, inf, det(Ex(t)x(t)") > 0;

2

. Esupogtg[x(t)]2 < 00, Esup,,rlz(t)]* < oo,
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e Cy.and C, , are continuous on [0, T, and have bounded continuous second partial

derivativeson {(u,v) : 0 <u<v<TIU{(w,v):0<v<u< T}

e Fp¢ is invertible,

Z1x/Z1x

then there exists a function g increasing to infinity, such that V0 < 6 < T/2,as ns, ny —

00, Ny, = O(g(ns))/ ne = O(ns)/ TL% = O(nm)/ hd — 0+, 1/hd = O(\/nm)/ d= 1/2/

we have
_ —1
1 ZT(1—S))"R7Y(1—S7)Z 1
1 1 1 + G_1
TsTlm ZT(I—S)"RyM(I—Sy)z ) TsMm
In, ® [E! ]!
I ® [EYZ ]
N 1 (Jne®(EQL, , TP —[EPL ]
The Jne ® ([EW2, . 71— [E92 17"
bii(nm) -+ bion, (Mm)
1
_|_ -
¢
bZnC,l (nm) e bZnC,ch (nm)/

where Ye > 0, elementwisely maxi<ij<on, P(|bij(nm)| > €) — 0. We would like to note
that the corollary is also valid when G is a general matrix as long as the absolute values of

the elements of G are bounded. In particular, the corollary is valid when G is a zero matrix.
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Proof. Recall that G is 2n. x 2n., and

D D12
G— D1 D12 ,
Doy D2
Doy D2
where
D1 Do D Var(p,) — Var(f11) Cov (P11, B21)
Dy Dy Cov (P21, B11) Var(B21)
Therefore,
D11 Dlz
G—l _ D11 DlZ
DZl DZZ
E21 D22
where
Di Dy _p-
Dy Dy
By Lemma 7.28,

1
ZT(1—Sa) "R (1—-S4)Z
nsnm




Ad+a1

Ba

1 | Ba

where Aq = B2, Bg = B¢

P(v/Mmlai;(nm)| > t) <expla — bt?) +

P(vMmlai(nm)l > t) < exp(a—bt?) +

Ag+a

Ad + anc

+an; Bga+ap

“+ an Bd “+ ap

ZHX + El‘l)d

ZHX,X

Ba + anon,
—Egg . ,andVt>0,i>1,j>1,
c d
Vim v
C d

for some constants a, b > 0, ¢c and d. Further,

ne ne

MeNm Oll Nsnm 012
Nc c

MeNm 021 TsTm 022

Nc

MNsMNim

VALY *

ty/Mm

2n¢,2n.

where Oyj; is D1y, or D1y, or Dy;, or Dy, or a all-zero matrix. So

1 ZT(1—-S)"R;HI—Sy)Z

NsMim

ZT(1—-S,)"R,(1—S,)Z

+G!

149
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a;
Inc X Al
= +
InC & AZ
aZnC
n n
ann — 7 VYn Wnl ~ Toan O2n.1
1 ]nc & Bl 1
N, n
® B ¢
IT‘-C 2 ne O ne O
Aoned — o, VY2nel 0 @neone = a0 Y2ne2ne

where ayj is a q by q zero matrix if not previously specified. If n./n; is bounded,

then we have

. i : a
n Oij|>t)<exp(c~1—bt2)—|— ¢

+ p
NeMNm Viim  tymm

for some constants d, b > 0, ¢, and d. Thus we can apply Corollary 7.27. According

P(\/n_m|aij (Mm) —

to Lemma 7.28, Corollary 7.27 and Lemma 7.26,

_ —1
1 ZT(I—-S)" R/ HI—S1)Z 1
+
Lelies ZT(I-S)"R,1(I1—-Sy)z) TsTm

G—l

I, @ A"

c

Inc ® A2_1

1 [Jn.® ([A; =By 1 =AY

e Jne ® ([A2 — By ™' — A7)
by - bion,
1
+ - 7
Nc
bon. 0 bonon.

where Ag = EY2_, Ba =Ep2, +Epd  —Epd | . AndVe >0,

Z/Z||x Z||xsX Z||xsZ||x
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lim max P(|by(m)|>e€)=0.

m—o0 1<1,j <2n¢

Note that A4 — Bq = Ey¢ is positive definite. O

Zx/Z1x

Asymptotic property of X(t, hq)my

Lemma 7.30. Let

1 MNc,MNs,Nm. .
Alth)=——— > Knlte — t)xgixipeod (G (e — )"
MeMsTm j=1,k=1

— N F(ER(t)x(t) e (1),

where ty lies between ty and t, and satisfies ocf (ty) = ova (t)4ocy (1) (te—t)+5 o (Tic) (tie—
t)2. If f has a bounded derivative and Ex(t)x(t)" as a function of t has a bounded derivative,
then V0 < 6 < T/2,as Ny — o0, h = 0+, 1/h = O(y/nn), and neng — oo,
elementwisely we have

sup |A(t,h)| =op(h").

5<t<T—5
Proof. Elementwisely
A(t, )]
1 MNc,Ms,Nm _
<se(t o) — ——— > Knlte — xiex{jeod (B) (b — 1))
MeMsTm j=1k=1

+ I8, (t, h) o (t) — h uF()Ex(t)x(t) TTaci (t)].

We shall prove that
(1) sup Is:(t,h)ag(t) — S “‘”nin‘“ K (tie — t)xgjix{j g (T) (te — 1)1 = 0, (R7),
5KtLT -6 MeMsTim i=1,j=1,k=1
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(2) sup Is+(t, h)ocy(t) — R F(EEX(t)x(t) T (t)] = o, (R).

S<t<T—5
For (1), elementwisely let §(h) = SUP|y, yi<h loc (1) — af (v)|. Note that 6(h) is a p by
1 vector. Since « is continuous on a closed interval, it is also uniformly continuous,

which implies that limy,_,o, 8(h) = 0. Elementwisely

1 MNec,MNs,Mm ~
se(t, h)og(t) — ee— D Knlte— xioxgead (B (b — 1)
eI G 1,j=1k=1
1 M, Ms,Mm
=l Y Knlte— txigxd (o (Bi) — o (1) (tx — )"
MeMsMm j=1k=1
1 M, Ms,Mm
S Z | Kn (e — t)xiixdy (o (B) — o (1)) (B — 1)
MeMsfm j=1k=1
1 M, Ms,Mm
ST Z ‘Kh(tk — t)xijkx-{jk(tk — t)r‘ loc (t) — oy ()]
MelsTm j=1,k=1
1 M, Ms,Mm
- T T
<ncnsnm Z ‘Kh(tk — txijxije(te — 1) ‘ d(h).

i=1,j=1k=1

Similar to the proof of Lemma 7.15, we can show that

1 MNe,MNs,MNm
sup —— Ktk — t)xijix{ (te — )| = O(R"),
5<t<l?f6 MMM 1_1,;1,1@1 | T |
soash — 0,
1 MNc,MNs,Nm
sup ———— Y [Knlte — x50 (te — 7| 8(h) = 5(h)O, (") = o, (RT).

5<t<T—5 NeMsMim —1j—Tk=1
For (2), by Lemma 7.15, if f has a bounded derivative and Ex(t)x(t)" as a function of t
has a bounded derivative, then V0 < 6 < T/2,asn,, — oo, h — 0+,1/h = O(\/n),

and n.ns — oo, elementwisely we have

sup se(t,h) — " F () Ex(t)x(t)T o, (1).

T
5<t<T—5 h




153

That is, SUPs< i<t sy (t, W)y (1) — R, F(E)E[x(t)x(t) T (1) = o, (RT). H
Lemma 7.31. Let A(t, h) be the difference,

([so(t, h) — s1(t, h)s; H(t, h)sy(t, h)] ! X(t, h)de> —(ocd(t) + 1hzuzocg(t)> )

NeNgNip 2
Then if f has a bounded derivative, Ex(t)x(t)" as a function of t has a bounded derivative,
and inf¢ f(t) > 0, inf; det(Ex(t)x(t)") > 0, then V0 < & < T/2, as Ny, — 00, h — 0+,

1/h = O(y/ny), and n.ng — oo, elementwisely

sup |A(t,h)| = op(hz).

5<t<T—5
Proof.
1 -
—X(t, h)de
NNy
1 MNe,MNs,MNm B
e Z (I, —s1s, Yt — 1)) Kn(te — t)XiijiTjk(Xd(tk)
MeNsm i=1,j=1k=1
1 MNe,Ms,MNm
= Z (I, — 5185 '(tk — ) Kn (te — t)XiijiTjk (ea(t) + o (t)(te —t))
MeTsTlm i=1,j=1k=1
1 1 MNc,MNs,Nm
to Z (Ip — s185 ' (te — 1)) Kn (e — t)xijexd o (B (b — 1))
2NN i=1,j=1k=1

=(so — 818, 's1)aa(t) + (s1— 818, 's2) o) ()

1 1 MNe,MNs,MNm
2n.n.n Kt — t)xiikx-irjk“g(tk)(tk — )2
€SI i1 =1,k=1
1 1 MNe,MNs,Mm

—S818 5 K (te — t)xigiexd e o (i) (e — £)°
2NN M i=1j=1k=1

=(sp — 8182_151)0&1(’()
1 MNc,MNs,Nm
Kn(tx — t)xijkxg—jk“é’(tk)(tk —1)?

1
2n.ngn
CITS T 415 =1,k=1
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et L USTT  t — txeda (B) (b — 1P ()
2 2nengn, VT ’

i=1j=1k=1

where 1y lies between ty and t. By Lemma 7.30, if f has a bounded derivative and
Ex(t)x(t)T as a function of t has a bounded derivative, then Y0 < & < T/2, as
N, — 0o, h— 0+,1/h=0(y/nw), and n.ng — oo, we have

1 MNe,Ms,MNm

sup
5<t<T—5 | MeMsTm

K (tie = thxijiodjead (B (te — 1) = R f(OEK()x(t) TTeef (1) | = oy (RT),
i=1,j=1k=1

Therefore,

(%) =(sp — s185 's1)xa(t)

A RO ER XTI () + 0p(h2))

2
— Sy (R (ER(Ux(0) o (1) + 0p (1), ()

By Lemma 7.15, elementwisely we have

sr(t,h) — h"u f(H)Ex(t)x(t)T
hr

sup
s<t<T—5

=0, (1).

By Corollary 7.18, if inf, det(Ex(t)x(t)T) > 0, then

1
o f(t)

sup |h?[sa(t, h)] ' — [Ex(t)x(t)"]?

S<t<T—5

= Op(l)/

Therefore,

(%) =(so — 8185 's1)exa(t)
1

+ i(hzuzf(t)E[x(t)x(t)T] oy (t) + op(h?))

— 2 s s TTUEK (x0T (1) + 0, (1)

=(sp — 518, 's1)ota(t)
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+ 2 (M f(HEx(t)x(t) Ty (t) 4+ 0p (h?))

NI —N| =

[hulf(t)E[x(t)x(t)T] + hop(l)] [

—

of(t
% [ FOEXOX() T (1) + 0p ()]

(50— 515" s1)oxa(t)

L (R FOER(OX(0) T (1) + 0 (h2)

>
— 500l | BN + 0, (1)
1

=(s0 — 515, 's1)aa(t) + 5 (WPpaf (V) EMx(t)x(t) TTeef (t) + 0p (h?)) — 0p (W)

— N

=(so — Slsz_lsl)ad(t) + Ehzuzf(t)E[X(t)X(t)T] of(t) + O‘p(hz)-

Hence,
1 MNe,MNs,Mim
[so — s185 's1) 7" Z (I, — 8185 ' (tk — £)) K [tk — t)xijrxdp oa (te)
MelsMm ) Sk )
-1 -1 —1 1 2 Ty 2
=[sp — 515, s1] {[80 — 518, s1)laa(t) + Sh o f (B EX(t)x(t) Jag(t) + o (R )}
1
=oq(t) + [so — 818, 's1) 7" [Ehzuzf(t)E[x(t)x(t)T]ocfi’(t) + op(hz)} :
By Corollary 7.19,
1
sup |[so(t,h) — s1(t, h)sy ' (t, M)s(t, )] — —[Ex(t)x ()] '] = 0,(1),
S<t<T—5 f(t)
Hence,

xa(t) + [so — s15, 's1] ! thuzf(t)E[x(t)x(t)T] ol (t) + op(hz)]

—oa(t) + %[Ex(t)x(tm—l thuzf(t)li[x(t)X(t)T] (1) + op(hﬂ

1
=aq(t) + Ehzuzoca’(t) + 0p(h?).
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Asymptotic property of Z"(I—S3) TR (I — Sq)myq
Now consider ZT(I — S4) "Rz (I — S4)ma.

Lemma 7.32. There exists a function g increasing to infinity such that as ns, N, — 0o,
nm = 0(g(ns)), h = 0+, 1/h = O(y/Nm), wehave ZT (1-S4) "R (I-Sa)ma (AT --- AT )T,
where elementwisely,

1

NsMim

A =R*(EpS 4 0,(1)).

Proof. Recall that each row of Sy is x{j [so — s18, 's1]7! ncnlsnmf((tk, hq)T, and by
Lemma 7.31, as n,,, — 00, h — 0+, 1/h = O(y/nm), and neng — oo, elementwisely,
1 ~ 1
sup |lso — s18; 1] ————X(t,h) 'mq — xq(t) — sh?waf(t)] = o, (h?).
d<t<T—9o NNy 2
Note that each row of mgq is xiTjkocd(tk), so each row of (I — Sq)mgq = mgq — Sqmy is

of the form

1 1
Xiie&a (i) — X3 (eea () + EhzuZch(t) +0,(h?) = hz(_iuzx-irjko‘g(tk) + 0p(1)).

Define uq(t) = —5uox(t) "o (t) and let uqije = —5pox{, x” (ti). Stack waiji to get
Uqij, Ugi and Uy. In the recall of Lemma 7.28, we write
Ly Ly o 1y

1 Zy, Iy - L3

1 72 ALY
Zdnc Zd‘nC T ZdTLLC‘
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Therefore,
Z'(I—S4)"Rg'(I—Sa)ma
=Z"(1—Sqa) "R (Uqg + 0, (1))
=Z"R3'(Ua +0p(1)) + (SaZ) "Ry (Ua + 0p (1))
=(AL-- AT,
where A; = h? (ZiTRgiUdi — (2R "Ug + op(l)). According to Lemma 7.10,

there exists a function g increasing to infinity such that as n; — oo and n,,, =

O(g(ny)),
1 Mm
—ZIR‘&U i— " 5 55 1lr’zut +O (
Mg de™d 20d10gde « )
1 o 7ol 1 &1 4,
nsnc(zd)TRdlud 0 Ty —(Z5) TR U
1 &
- ZII)ZHX tk. +O (1)
ne 5= logpd
=— s zouwl(te) +0
20‘d10gp Zlb l(ti) +0p(1).
Let g (t) = _mﬂ’m(t)- Since
1 1
ZIR; Mg =E —),
MM i di 1pzud P(\/n—m)
1 To_1 1
- (7t R —F -
ncnsnm(z ) ud II)ZH +O‘p(m)l
we have

1

nS m

Ay =R (EYS L, +op(1)).
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We would like to note that through the proof of Lemma 7.10, Ve > 0,asns, ny,, —

00, Ny, = O(g(ns)), h = 0+, 1/h = O(y/ny,), elementwisely

1
max P (‘— I:_LI)Zl g

1<i<ne NNy h2

>e>—>0.

Asymptotic property of X(t,hq)Eq

Lemma 7.33. If E sup, |xi;(t)| < oo, Esup, |eyj(t)] < oo, and f(t) has a bounded deriva-
tive, then under the conditions in Corollary 7.19, Lemma 7.15, and Corollary 7.18, there is

a function g increasing to infinity such that

1 - 1
1. 1-1 T
— ——X(t,hq) 'Eq| = i
sgp [so — 515, "s1] e — (t,ha) Eq op(g(ncns))
Proof. Let w,(t,h) = m > ik Knlte = thxijeeiji(t — )7, then we can write
[s0— s18; "s1] ' ————X(t, ha) "Eq = [sg — s15; 's1] " wo — 515, 'wil.
NNy
We first have
- - X{ik €1
w,(t, h)| _Z h(te —1)( tk_t)fw
TTL k nCnS
ij Xijk €4
_Z k_t|tk_t|fw
M 4 ey
Z' ; X‘L)(t)el) t) 1
< =] h"— ) Kn(tx —1).
sgp‘ — - ; n(t —t)
In the second step, by Lemma 7.14, sup | Zk Kn(tx —t)] = Op (1), hence
1
sup [w,(t,h)] =h"o .
F (L1 p(g(ncns))
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By Corollary 7.19, Lemma 7.15, and Corollary 7.18,

sup |[so — 185 "s1) 7w — s18; 'wil| = oy (
t

Asymptotic property of ZT(I—Sq)"R* (1 —S4)Eq
Now consider ZT(I — S4) "R ' (I — S4)Eq4. The analysis here is quite similar to the

analysis of Lemma 7.28, so we will not go into details as we did for Lemma 7.28.

Lemma 7.34. Under the conditions of Lemma 7.33 and 7.10, we have

1
nsnm

Ci = 0p(1/mp).
Proof. By the definition of S4, each row of S4E4 can be expressed as

I
Xiils0 — s185 ' s1] 1mx(tk, ha)TEa.
c'ts m

Applying Lemma 7.33 to each row of S4Eq4, we get SqE4q = 0,(1/g(nens)). Then,

ZT(1—Sq)"RMI—Saq)Ea = (CT---CL)" +0p(1),

where
1 ~.
Ci =Z{REi | — —(Z))RS'E,
C
_ 1 © =i o
=ZIRG B — — > (Z5)"RGEv iy
€ i=1

According to Lemma 7.10,

1

n—ZiTRgiEm =Z¢3,em(tk) + 0, (1),
s k=1
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1 - B =
—(Z4)RaeBux =D _We . (1) +0y(1),
s k=1

1 &< 1 - B i
— Y (2R RelEun =Y W L (t) +0,(1).
Me i/=1 s k=1

By the definition of 1\, we have )¢ =1¢ = 0. Therefore,

Z,€d1x Z||x,€dlx

1
NsMm

Ci = Op (1/nm)

Asymptotic variance of &q

According to Lemma 7.34, the principal term of (I — S4)E4 is Eg4, so
MG(M3)T
~XTZIZT(1—Sq)"RFNI —S4)Z1 ' ZT(1—Sq)"R'E4
x EXRGNI —Sq)Z[ZT(1—Sq)"RNI—S4)Z]'Z™X
~XTZIZT(1—Sq)"RGNTI—S4)Z] 7' ZT(1—S4q) "Ry 'Ryq
x RyMI—Sa)Z[ZT(1—Sq) RGN (I —S4)Z17'Z™X
=X"Z[ZT(1—S4q)"RZ'(1—S4)Z]7'ZTX

Ancngn P2 (4 EX(t)zT (1) [Epd 17 YE[z(t)x T (1))

Z1ix/Z1x

M3 (M)T
~AXTEGEIRGN(I —Sa)ZIZT(1—Sa)"RGNI —S4)Z] ' Z™X
~XTRGRGM (I —Sa)ZIZT(1—Sq) "R (I—S4)Z1 127X

=X"(1 —Sq)Z[ZT(1—S4q) "R (1 —S4)Z]'Z™X
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%XTZLX[ZT(I — Sd)TRgl(I — Sd)Z]_lsz(

~0.

M3 (M3)T =XTE4ELX

= Z [, — s18; " (te — £)1Kn, (ti — t)xijk€ij

LikAly K

_ T
X ([Ip — $1$, 1(tk’ — t)]Khd(tk’ — t)xi'j/k/ei/j’k’)

~ Z Ky (te = 1)K (b — £ X450 s €46 €01

ik k!

A ) Ky (e — t)Kn, (ti — A (b, tir)
KK/

RMcNs Z Khga (te = ) K, (ter — t)A(t, t)
KK/

where A (ty, ty) :E[Xl]kxl]k/el]kel]k/|tk/tk’] By Lemma7.14, (N, )~ Zkk, K, (te—

t)Kp, (tir — t) = 2(t) + 0, (1). So

M3 (M3)T = n2 nen (1) EX(t)x" (t)e?(t)].

M3 and

The asymptotic variance of &4 is determined by [sgq — S145,, dlsl al !

ncn Nm

[Soa — S1aS,4 514 " ncnlsnm M¢, (see Subsection 7.3.2). Since
[Soa — Sldszi(%sld]il ~ [f2(t)Ex(t)x (£)] 7},
the asymptotic variance of &4 is QVQ), where

Q = Ex(OxXT ()7, V= Ex(t)xT(t)e2(t)].

and the convergence rate is \/n.ns.
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