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Abstract

Large language models (LLMs) have become a central component in modern
natural language processing, exhibiting strong capabilities across a wide range
of tasks. A key feature of this success is in-context learning (ICL), where LLMs
improve their prediction performance on new tasks by conditioning on a set of
input-output examples provided in the prompt, without requiring any parameter
updates. Despite its empirical effectiveness in applications such as text classification,
question answering, and translation, the underlying mechanism of ICL remains
not fully understood from a theoretical perspective.

To address this challenge, this thesis leverages synthetic and controllable
datasets as a fundamental tool for understanding ICL. While existing works have
extensively leveraged synthetic and controllable datasets such as those [31, 2, 127]
based on linear regression tasks to study ICL, we identify two critical missing pieces
in the current literature. The first missing piece is that an empirically observed phe-
nomenon, named “early ascent” in this thesis, remains theoretically unexplained:
although we expect the prediction error to decrease as the number of in-context

samples increases, we empirically found that the error increases and decreases
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for some experiments [11]. The second missing piece is that existing synthetic
datasets overlook the instructions used in ICL: while in real-world use cases of
ICL, in-context samples are coupled with task instructions that guide the model’s
behavior, the current synthetic and controllable datasets in the literature overlook
the role of instructions. This thesis fills these two missing pieces by constructing
and studying synthetic and controllable datasets.

To fill the first missing piece, we propose a novel probabilistic model for gen-
erating pretraining tasks and then pretraining sequences from those tasks, where
the pretraining tasks have a latent clustered structure. We analyze such a syn-
thetic and controllable data model and reveal that ICL operates in two distinct
modes: task retrieval and task learning. Then we provide the first mathematical
explanation for the early ascent phenomenon. Furthermore, we predict the phe-
nomenon of “bounded efficacy” named in this thesis, where the prediction error of
ICL with randomly labeled examples initially decreases but eventually increases
as the number of in-context examples increases. To fill the second missing piece,
we propose a new synthetic and controllable data framework, namely In-Context
Learning with Hypothesis-Class Guidance (ICL-HCG), which explicitly incorporates
task instructions into synthetic data generation. Through extensive experiments,
we demonstrate that the instruction significantly improves the prediction accuracy
and generalization ability of ICL compared to ICL without instruction.

Additionally, this thesis explores future directions with preliminary results.
Inspired by the dual operating modes of ICL, we propose a new prompt design

method named coded prompts to enhance LLM performance when multiple test
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samples are available at inference time. We also study a new problem setting,
in-context blind tree search, extending ICL to sequential decision-making scenarios
involving action-reward loops.

In summary, this thesis develops synthetic and controllable datasets to enable
mathematical analysis, provides new theoretical and empirical insights to our

understanding of ICL, and improves LLMs’ performance in practice.



Chapter 1

Introduction

1.1 Large Language Models and In-Context Learning

Large language models (LLMs) have demonstrated great capabilities in solving var-
ious complex tasks via simple prompts [131]. Among their capabilities, in-context
learning (ICL) [11] is really impressive, because ICL enables LLMs to adapt to
new tasks by conditioning on a sequence of input-output examples provided in
the prompt, without requiring any explicit parameter updates. In the standard ICL
setting, the model is given a set of k samples {(x;, y;) }%_, corresponding to a partic-
ular task that serve as in-context samples, followed by a new input zqyery for which
the model is expected to predict the output fquery. The entire sequence is converted

into a single prompt and fed into an LLM, such as a pretrained Transformer model:

LLM(.CEl, Y1,22,Y2; - - - s Tk Yk, xquery) = gquery'



This process allows the model to infer the underlying task from the provided exam-
ples and make the prediction without the need for any fine-tuning and parameter
updating. ICL has become a powerful paradigm for enabling LLMs to perform
many different tasks by leveraging only a few in-context samples, such as text
classification [6, 72, 75], question answering [8, 17, 50], and translation [126, 105].
However, a comprehensive mathematical and theoretical understanding of ICL
remains open.

To systematically understand the mechanism of ICL, many works have utilized
synthetic and controllable datasets to facilitate detailed experimental and theo-
retical studies. An example is the linear regression setup introduced by Garg et al.
[31], which is the first work on utilizing the synthetic and controllable dataset to
study ICL. In this setting, for each sequence, x’s are sampled from an isotropic
Gaussian, and y’s are generated by linear mappings (x, w) where w is a coefficient
specific to each sequence. Such a synthetic and controllable dataset allows us to
train Transformer models from scratch, explore more specific aspects of ICL, and
give precise explanations of how LLMs utilize in-context samples during ICL.

This chapter first reviews existing works using synthetic and controllable datasets
to study ICL, then identifies two missing pieces of the literature, and finally intro-

duces the research questions and contributions in this thesis.



1.2 Synthetic and Controllable Datasets for ICL in the
Literature

Garg et al. [31] first build a synthetic and controllable dataset where the pretrain-
ing and testing sequences are generated from noiseless linear regression tasks.
Specifically, for each sequence, Garg et al. [31] first sample w from a Gaussian
distribution N (0,1,), representing the underlying task. Then, a number of vectors
{x}X | are sampled from an isotropic Gaussian distribution N(0,1), and {y}£,
are generated by yY) = (w, V). Finally, those z’s and y’s are concatenated into a
sequence (zM), y) 2@ @ 2K ) for pretraining. For inference, the input
sequence follows the format (), y"), @ y® . x* y¥ xguery), where the k pairs
{(2®, y@)}E_, following a new sampled w serve as in-context samples. The model

then predicts the output for @query conditioned on {(z@, y®)}k .

Noiseless Linear Regression Based on the well-defined synthetic and controllable
dataset by Garg et al. [31] using noiseless linear regression tasks, researchers
systematically study the mechanisms of ICL and properties of Transformers. For
instance, there is an exciting line of research on connecting ICL to gradient descent,
firstly hinted by Garg et al. [31]. Akytirek etal. [2] and Von Oswald etal. [112] then
show that one attention layer can be exactly constructed to perform gradient descent,
and empirically find similarities between ICL and gradient descent. Further, Ahn
et al. [1] theoretically show that under certain conditions, Transformers trained on
noiseless linear regression tasks minimizing the pretraining loss will implement a

gradient descent algorithm. Nevertheless, Fu et al. [27] show that Transformers



are able to approximate the second-order optimization methods, sharing a similar
convergence rate as iterative Newton’s method. Besides gradient descent, there
are lots of other interesting topics on ICL and Transformers based on this linear
regression setting, such as looped Transformer [122, 32], training dynamic [128,

44, 51], generalization [83], etc.

Noisy Linear Regression Such a simple noiseless linear regression task is further
extended to variants. By extending the linear regression to noisy linear regression
y = (x,w) +¢, Lietal. [60] analyze the generalization and stability of ICL. Wu et al.
[117] and Raventos et al. [91] analyze the effect of task diversity on the risk in ICL.
With the tasks of the format y = Wx + €, where W is a matrix rather than a vector,

Chen et al. [13] examine the training dynamic of the multi-head attention in ICL.

More than Linear Regression Beyond linear regression, researchers are also in-
terested in non-linear regression and classification. The research directions are
scattered, and we list them as follows. Bai et al. [4] show that Transformers can
perform in-context algorithm selection, i.e., adaptively selecting different ICL algo-
rithms such as gradient descent, least square, or ridge regression. Bhattamishra et al.
[7] show that Transformers can learn a variety of Boolean function classes. Cheng
et al. [15] provide evidence that Transformers can learn to implement gradient
descent to enable them to learn non-linear functions. Guo et al. [37] show that
trained Transformer achieves near-optimal ICL performance under y = (w, f(x)),
where f is a shallow neural network. Examining linear and non-linear regression

tasks, Fan et al. [25] and Tripuraneni et al. [107] show Transformer can perform



ICL on composited or mixed tasks of pretrained linear or non-linear tasks, and
Yadlowsky et al. [121] examine whether trained Transformers can generalize to
new tasks beyond pretraining. Park et al. [84] examine whether Mamba can in-
context learn a variety of synthetic tasks, such as sparse linear regressions and
decision trees. Via examining regression and classification tasks, Kim et al. [52]
show that task diversity helps shorten the ICL plateau pretraining. Ramesh et al.
[88] assume there are multiple functions composited to connect « and y pair, e.g.,
y = fi 0 fyo f3(x) to study the compositional capabilities of Trasnformer. Li et al.

[58] study how the non-linear Transformer learns binary classification.

Synthetic and Controllable Datasets with Images Beyond simply leveraging vec-
tors as «’s, researchers also consider images as those «’s, i.e., the training sequence
(M), yW 2@ 4@ ) has image-label pairs serving as in-context samples. Chan
et al. [12] first examine how the pretraining data properties affect ICL under this
setting. Singh et al. [102] and Reddy [93] further examine the effect of data on the
dynamics of ICL and in-weight learning. Fu et al. [28] study the learning plateaus

of ICL with similar pretraining sequences composed of image-label pairs.

Synthetic and Controllable Datasets with Instruction To the best of our knowl-
edge, there are two articles on synthetic and controllable datasets with instruc-
tions. Huang and Ge [43] append an additional vector p to the sequences with
(x, w " x) pairs, which leads to the sequence (¢, zV), w 'z 22 w x® .. ) where
x ~ N(p,I), and show that the trained Transformer can achieve significantly

lower loss on ICL when the task descriptor p is provided. Xuanyuan et al. [120]



develop a new synthetic and controllable dataset based on task ((a - z) o (b y))
mod p = r, where (x,y) is the input, r is the output, o is an operation (+, —, /), and
each task is defined by the parameters (a, b, o) (p is a constant). The instruction is
constructed as (a;, ay, by, by, 0), where a; and a,, are the lower and upper bounds of
a (similar for b), and o is the operation. Therefore, the instruction constrains the
possible tasks, providing information on the underlying task of in-context samples.
Under such a setting, Xuanyuan et al. [120] study how the information provided

by instruction affects the accuracy of ICL.

Synthetic and Controllable Datasets with Autoregressive Format The pretrain-
ing sequences in this type of synthetic and controllable datasets follow the format
(W, 2@ 2@ ). These tokens are generated from a next-token generative model,
such as the Hidden Markov Model (HMM) [118], Probabilistic Finite Automata
(PFA) [3], or simply a function z(+Y = f(z(®)) + ¢ [60, 96]. Xie et al. [118] first
proposes to use multiple Hidden Markov Models (HMMs) to represent latent
concepts in real-world language and generate pretraining sequences, then explain
ICL via a Bayesian perspective. Han et al. [38] leverages the same setting and
explains ICL via kernel regression. Sequences under this format are also generated
by Akytirek et al. [3] using Probabilistic Finite Automata (PFAs), Edelman et al.
[24] using Markov Chain, and Nichani et al. [78] using Markov Chain with causal
structure, to study the induction head [79] of LLMs. While the abovementioned
datasets only consider single-step dependence between tokens, i.e., the next token
only depends on one of the previous tokens, Makkuva et al. [70] further explore

higher-order Markov chains.



1.3 Two Missing Pieces in the Literature

While existing works have constructed diverse synthetic and controllable datasets
and leveraged them to study ICL, we identify two critical missing pieces in the

current literature.

An Unexplained Phenomenon in Real-World ICL: Early Ascent One missing
piece is an unexplained phenomenon observed in real-world ICL named “early
ascent” by us [61], initially documented by Brown et al. [11]. It describes a situation
where the error rate of ICL initially increases with a small number of in-context
samples and then decreases with additional samples. This phenomenon is weird
since we expect that more examples always bring benefits to the prediction. Such a

phenomenon has not been mathematically explained in the literature.

A Gap Between Synthetic and Real-World ICL: Instruction Another missing
piece is that the current synthetic and controllable datasets overlook the role of
instructions. The instructions are important to ICL since they explicitly provide
information about the target task to the model and improve the prediction accuracy
of ICL, demonstrated by Brown et al. [11]. However, existing synthetic and control-
lable datasets overlook instructions, leaving a critical gap between synthetic and
real-world ICL. Thus, a synthetic and controllable dataset that explicitly integrates

instructions is needed to better mimic the real-world ICL.



1.4 Research Questions and Contributions

Motivated by the abovementioned two missing pieces, this thesis aims to fill these
missing pieces and enhance our understanding of ICL by designing and studying
new synthetic and controllable datasets. Specifically, the thesis investigates research

questions and brings corresponding contributions as follows:

1. Can we design a synthetic and controllable dataset for ICL, with which we
can better understand the mechanism of ICL and mathematically explain the

early ascent phenomenon? [61]

e We propose a novel synthetic and controllable dataset, which has an underly-
ing probabilistic model for generating synthetic pretraining data, modeling
the latent clustered structure in practical tasks, and explaining ICL via two

modes: task learning and task retrieval.

e Leveraging our proposed synthetic and controllable dataset, we analyze
the Bayesian inference dynamics of ICL, providing the first mathematical

explanation for the early ascent phenomenon.

e Leveraging our proposed synthetic and controllable dataset, we predict
the bounded efficacy phenomenon. In this phenomenon, the error rate of
ICL with randomly labels first decreases, but eventually increases as the

number of in-context samples increases.

2. Can we design a synthetic and controllable dataset for ICL, with which we are

able to incorporate instructions into ICL to bridge the gap between synthetic



and real-world ICL in the literature? [62]

e We design a new synthetic and controllable data framework, namely In-
Context Learning with Hypothesis-Class Guidance (ICL-HCG), which explicitly
incorporates task instructions into synthetic ICL and enables controlled

experiments on ICL with instruction.

e Through various experiments, we show that a model trained with instruc-
tions significantly outperforms one trained without instructions. We further
show that incorporating instructions for pretraining increases the general-

izability of the pretrained model compared to one without instructions.

Additionally, this thesis provides preliminary results on future directions be-
yond the main studies. Building on insights from the dual operating modes of
ICL, we propose a new approach to prompt design, namely coded prompts, to en-
hance the prediction accuracy of a real-world LLM when multiple test samples
are available at inference time. Extending the synthetic and controllable dataset
construction beyond ICL-HCG, we explore a more complicated problem setting,
namely “in-context blind tree search,” which extends ICL to a sequential decision-
making process involving action-reward loops. The preliminary results of these
two directions are presented after each main chapter, illustrating how our synthetic
and controllable datasets inspire future research.

In summary, we construct and study new synthetic and controllable datasets,
contribute to both theoretical understanding and real-world application of ICL,

and fill the two missing pieces in the literature.
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Chapter 2

Explaining Early Ascent: Dual
Operating Modes of In-Context

Learning

ICL exhibits dual operating modes [82]: task learning, i.e., acquiring a new skill
from in-context samples, and task retrieval, i.e., locating and activating a relevant
pretrained skill. Recent theoretical work proposes various mathematical models to
analyze ICL, but they cannot fully explain the duality. In this work [61], we analyze
a generalized probabilistic model for pretraining data, obtaining a quantitative
understanding of the two operating modes of ICL. Leveraging our analysis, we
provide the first explanation of an unexplained phenomenon observed with real-
world LLMs. Under some settings, the ICL risk initially increases and then decreases

with more in-context examples. Our analysis offers a plausible explanation for this
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“early ascent” phenomenon: a limited number of in-context samples may lead to
the retrieval of an incorrect skill, thereby increasing the risk, which will eventually
diminish as task learning takes effect with more in-context samples. We also
analyze ICL with biased labels, e.g., zero-shot ICL [68], where in-context examples
are assigned random labels, and predict the bounded efficacy of such approaches.
We corroborate our analysis and predictions with extensive experiments with

Transformers and LLMs.

2.1 Overview

LLMs exhibit a significant improvement in predictive performance when provided
with in-context examples [11]. This emergent ability of LLMs, known as ICL, oper-
ates in two distinct modes: task learning and task retrieval [82]. Large language
models exemplify this duality. They can learn unseen functions from in-context
examples, demonstrating the learning mode [11, 92, 31]. Concurrently, LLMs can
also retrieve and utilize a pretrained skill. A clear evidence of the task retrieval
mode is presented by Min et al. [73], where the authors show ICL performance
remains largely unaffected even when in-context examples are annotated with
random labels. This suggests that LLMs simply retrieve a pretrained skill rather
than learn it from in-context examples.

The dual nature of ICL can be explained as follows. LLMs are a next-token
predictor that is pretrained on a large pretraining set, consisting of diverse data

from diverse domains/tasks. To predict the next token optimally in such a scenario,
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the model must first learn the task prior from pretraining data and then implicitly
perform Bayesian inference at the test time [118, 90]. Optimal prediction on multi-
task pretraining data requires adherence to the learned prior (over the tasks present
in the pretraining data) and making predictions based on the posterior. The ability
to learn and apply this prior during test-time inference enables task retrieval-if
in-context examples align closely with a task encountered during pretraining, the
model can swiftly adjust its posterior and predict without learning a new skill.
Simultaneously, the model can learn a novel or uncommon skill given sufficient
in-context samples and a non-zero prior probability for that skill.

Although the link between pretraining and ICL’s dual modes is conceptually
straightforward, formally establishing this connection is an unresolved challenge.

Motivated by this, our work seeks to address the following questions:

How do we rigorously explain the dual operating modes of ICL? Can we define the

conditions under which the retrieval mode is a dominant one and vice versa?

A New Model for Pretraining Data To find the answers to these questions, we first
propose a new probabilistic model for pretraining data by assuming the pretraining
data has a latent clustered structure. In particular, we consider in-context learning
of linear functions following the recent work [31, 2, 60, 112, 90, 117]. A next-token
prediction model is prompted with (1) a sequence of (x, y) pairs, which come from
a common linear function, and (2) one test input x. An ideal model capable of in-
context learning linear models should internally fit a linear function (say y = w’ x)

using the in-context examples and then generate the predicted label yiest = W' Tiest
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Figure 2.1: A summary of our contributions. We first propose a probabilistic model
for pretraining data and in-context examples. By analyzing our model, we obtain a
quantitative understanding of the dual operating modes of ICL, and explain two
real-world phenomena observed with LLMs.

as the next token. The recent work [90, 117] show that such in-context learning is
feasible by training a next-token prediction model on a large pretraining dataset,
consisting of sequences of labeled samples drawn from diverse linear functions.
We extend the existing model for pretraining data [90] by introducing mul-
tiple task groups and task-dependent input distributions. When one generates
pretraining data, one must specify a probability distribution of linear functions
(equivalently, that of the linear coefficient w). While most of the prior work as-
sumes that w is drawn from a single Gaussian distribution, we will model it as
drawn from a Gaussian mixture model, where each Gaussian component models
a task group. This model better reflects real-world data that exhibits a clustered
structure [118]. Furthermore, we also allow each mixture component to have its

own distribution for input . Shown on the left-most panel in Fig. 2.1 is a simple
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visualization of our model. The blue task group is modeled as the distribution
of linear functions with positive coefficients (w ~ 1) with the input distribution
centered around E[x] = +1. The red lines represent the other task group — linear
functions with negative coefficients (w ~ —1) with the input distribution centered

at E[z] = —1. See Sec. 2.2 for more details.

Analysis With our new model for pretraining data, we analyze the optimal pre-
trained model under the squared loss, i.e., the MMSE estimator of the label given
input with in-context examples. Here, the pretraining distribution (of linear func-
tions) is the prior, and in-context examples are the observations. Leveraging the fact
that the Gaussian mixture is a conjugate prior to the Gaussian likelihood function,
we obtain a closed-form expression of the posterior distribution. By fully quantify-
ing the posterior distribution of w in the form of a Gaussian mixture, we characterize
how in-context examples are used to update each component’s posterior mean and
posterior mixture probability. We will call updates of mixture probabilities as task
group (component) re-weighting and updates of component means as task group (com-
ponent) shifting. See the central panel in Fig. 2.1 for visualization. By analyzing these
two effects, we obtain a quantitative understanding of how two different operating
modes emerge. In particular, we show that, under some mild assumptions, task
group re-weighting is the dominant factor when provided with few in-context
samples, rendering the task retrieval mode. With many in-context samples, task

group shifting occurs, resulting in the task learning mode.
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Explanation of Two Real-World Phenomena To demonstrate the practical value
of the new insights we have gained from our model, we will leverage our analysis

to explain and predict two phenomena observed with LLMs in practice.

o The early ascent phenomenon refers to the observation that, under certain con-
ditions, the ICL risk initially increases and then decreases when more in-context
examples are introduced [11, 118]. See the right-most panel of Fig. 2.1 for visual-
ization. Based on our analysis, we offer a plausible explanation for this early ascent
phenomenon-a limited number of in-context samples may lead to the retrieval of
an incorrect skill, thereby increasing the risk, which will eventually diminish as

task learning takes effect with more in-context samples.

e Bounded efficacy of biased-label ICL is predicted by our model. ICL performs
well even with in-context examples that are annotated with biased labels [68, 73].
Our model provides a rigorous justification of this approach: If in-context examples
with biased labels carry sufficient information for retrieving a correct pretrained
task, then this approach would work. At the same time, our analysis suggests that
the operating mode of ICL will make a transition from task retrieval to task learning
with more in-context examples. When the learning mode starts taking place, the
test risks of such methods will start increasing as the pretrained model will start
fitting the biased labels. See the right-most panel of Fig. 2.1 for visualization.
This bounded efficacy has not been reported in the literature [73, 82]. We found
that this was due to the small number of examples tested. With more in-context
samples, we observe the predicted bounded efficacy phenomenon with real-world

LLMs such as Mistral 7B [47], Mixtral 8x7B [48], Llama 2 [106], and GPT-4 [80].
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2.2 Pretraining and Data Generative Model

A next-token predictor is a sequential prediction model that predicts the next token
given an initial token sequence. Consider pretraining this model on sequences
consisting of (z, y)! pairs in the form of (z1, y1, 2, ¥a, . . .), with the model trained to
predict only the y values, thereby skipping the prediction of . Here, we assume odd-
numbered tokens represent d-dimension real-valued vectors, and even-numbered
tokens represent scalars. During inference, the model receives a sequence of 2k + 1
tokens. The first 2k tokens are k labeled samples (z;,vy;),7 € {1,...,k} =: [K], and

the last token is unlabeled x.,. Ideally, the model should predict y;, correctly.

2.2.1 Data Generative Model

In the pretraining phase, we assume the next-token predictor is pretrained on di-
verse tasks, each representing a continuous joint distribution of (x, y). Before we
move on to the exact pretraining data generative model proposed in this paper, we
first provide a general setting for the data generation process. A task is defined by
a joint distribution D, ,,, which specifies the likelihood of obtaining a sample (x, y)
from this task. Each task is sampled from the task prior DP"*", meaning DP"" rep-
resents a distribution over distributions. The pretraining data comprises numerous
sequences, each containing K labeled samples i.i.d. drawn from a distribution D, .

We formally describe our pretraining data generative model in Assumption 1.

'Tt is more rigorous to represent the vector x as multiple tokens. However, viewing it as a
high-dimensional “token” simplifies our notation while not affecting our analysis. Thus, with a
slight abuse of notation, we will treat both «; and y; as tokens for simplicity.
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Assumption 1 (Pretraining Data Generative Model). Given an integer K > 0, a
pretraining task prior D', we generate a sequence S as follows:

(a) Sample a task from the task prior: D, ~ DP"™";

(b) Sample K labeled samples from the chosen task: Vi € {1,2,..., K}, (x;,y;) ~ Dz,

(c) Define a sequence Sk: Sk = [X1,Y1, ..., Tk, YK)-

In the sequence, the first 2k elements of Sk is denoted as Sj, and the first 2k + 1

elements will be indicated by Sy ® 2**V, e.g., Sy =[], and S} ® T3 = [z1, y1, Ta).

2.2.2 Bayes-Optimal Next-Token Predictor

Let L(F) = Es, [% SR F (S, @ oDy — yk+1)2} as the pretraining objective,
where F is a next-token predictor and Sk is generated from DP"* following As-
sumption 1. In other words, for each sequence, we pretrain F to predict each label
y based on preceding samples, measuring risk with the squared loss. Due to the
linearity of expectation, we have: £(F) = = S5} SI[;:{ [(}"(Sk @ z*+) — ka)Q] A
variable-input-length next-token predictor / can be viewed as K fixed-input-length
next-token predictors Fy, ..., Fx_1, where Fj, takes a sequence of exactly 2k + 1
tokens as input. Thus, assuming the sufficient expressiveness of F, the optimiza-
tion problem F* = argmin » £(F) can be decomposed into K separate optimization
problems for k € {0,..., K — 1}:

F; = argmin E [(F(Sk @ x(k+1)) — yk+1)2].
]:k SK
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The solution denoted F}; is an MMSE estimator [110, page 63] for each k. Thus, the

prediction F*(S;, @ z¢+V) = Fi (S, @ x++1)) satisfies:

F* (S @ aF ) = E {yk+1|5k D g”(kﬂ)}

K

= E l E [ykﬂmx,y, Sk @ x(kﬂ)} Sk @ $(k+1)]
Dz,y |Yk+1

(2.1)

= K [ E [Ykt+1|Days Try1]|Sk ® Sﬁ(kﬂ)] -

Dz,y |Yk+1

Thus, F*(S;, @ 2**1) is the expectation (over task posterior) of E [yx11|Day, Ti1]
Ye+1
regarding Sy, @ 21 as observation. We show that a pretrained Transformer can

empirically approximate Bayesian inference in Appendix A.4.
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2.2.3 Gaussian/Linear Assumptions on Pretraining Data

Generative Model

Let us now elaborate further assumptions on DP"** and D, , in the Assumption 1
for a tractable posterior, extending beyond the scope of Raventos et al. [90], who
propose the data generative model that each task is a noisy linear regression task,
the function w for each task is drawn from the same Gaussian distribution, and
different tasks share the same « distribution. In contrast, our model posits that
task functions are derived from a Gaussian mixture distribution, and tasks employ
varying «x distributions, as illustrated in Fig. 2.2. We formally formulate this setting

in Assumption 2.

Assumption 2 (Gaussian/Linear Assumptions for Pretraining Data Generative
Model).

(a) (pm,w) ~ DPor . P(p,w) = XM 7, P(u, w|T,,), where T,, is the m™ mixture
component® of the Gaussian mixture, i.e., P(p, w|T,,) = N (p| o, 021 ) - N (w|wyy,, 02 T),
and m,, is the mixture weight. SM  7m=1,0 < T < 1, (n, wyy,) is the center of the
mixture component T,,,, and all components share the same covariance matrix controlled by
o, and oy;

(b) input: & ~ Dy(p), P(z|p) = N(z|p, o21);

(c) label: y|x ~ Dy(w) : P(y|le,w) = N(ylw'z,0));

(@) Nl = llwnmll = 1,vm € [M];

(e) Ir > 1that Vo, € [M],L < = <y

T

2The concept “mixture component” is derived from Gaussian mixture models in the statistical
literature and is analogous to the term “Task Group” depicted in the left-most panel of Fig. 2.1.
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Remark 1. Based on Assumptions 2(b) and 2(c), we define the probability of observing a

sample (x,y) within a task (p, w) as the “noisy linear regression” likelihood.

Assumption 2(a) indicates that the pretraining dataset of an LLM consists of M
different task groups. Assumption 2(b) posits that tasks have varying « distribution
with varying mean but share the same covariance matrix. Assumption 2(c) assumes
tasks as noisy linear regressions with the same noise scale in labels. Assumption2(e)

posits comparable mixture weights 7 across different task groups.
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Figure 2.3: Numerical experiments. (Left) An illustration of the pretraining priors.
(Right) The numerical computational results.
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2.3 Inference and Dual Operating Modes

The previous Sec. 2.2.2 shows that performing ICL with the optimally pretrained
next-token predictor is equivalent to computing the posterior mean of the label.
In Sec. 2.3.1, we give the generation process of in-context examples. In Sec. 2.3.2,
under Assumption 2 and treating S, @ x**1) as observation, we derive a closed-form
expression for the task posterior DP*!, and identify two factors in the transition
from prior to posterior: Component Shifting and Component Re-weighting. In
Sec. 2.3.3, we derive a closed-form expression of the ICL prediction F*(S), @ z(k+1).
Further, Sec. 2.3.4 presents the results of numerical computation conducted under
the tetrahedron setting, as illustrated in Fig. 2.3a. The numerical computation
results demonstrate the effects of component shifting and re-weighting. Finally,

Sec. 2.3.5 raises the definitions of the dual operating modes.

2.3.1 In-Context Task and In-Context Function

We introduce Assumption 3 for the in-context task and the in-context function of

in-context examples:

Assumption 3 (Gaussian/Linear Assumptions for In-Context Examples).
(a) The input sequence Sy, ® x*+V of ICL satisfies, Vi, x; ~ N (u*, 721), y; = (x;, w*);
(@) [l = [Jw]] = 1.

Assumption 3(a) states that each in-context example (z;, y;) is drawn from the

in-context task (p*, w*), with w* representing the specific in-context function and

the labels being free from noise.
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2.3.2 Closed-Form Expression of Posterior

The following lemma gives the closed-form expression of the posterior DP*** given

any observation S, @ z(k+1):

Lemma 1 (Conjugate Distributions with Noisy Linear Regression Likelihood).

Under Assumption 2, the posterior probability of task (p, w) given Sy & x*+1) is:

P(p, w|Sk @$(k+1)) = %:1 77rmP<l‘l'au7|j~—‘m>

Here, the mixture component T,, in the prior is mapped to the mixture component T, in

the posterior with mixture weight 7., and component means (fi,,, Wy,):

T = T, Crct c?

m-m?

et = exp (|| | = Vi G 00EIE, 1 5,01/202 )
e = eXp (=l [* = Iom k0w 55,1 /203 )

o = (I 4 (k+1)8,2,) " (o + (k + 1)),

Wy, = (I + kdyp3y) H(wy, + ké,w),

o =o I+ (k+1)8,3,)7",
5o = 00T + kb6y20) ",
where Cy is a normalizing constant, i.e., 3., T, = 1,0, = Z—’z‘, 0w = ‘;—?g, 3, =1
x y

b x; — K me — k ;Ys; . .
n= Zk%ll, Y= Z%, and w = Z:le See Appendix A.7 for the proof.

Remark 2. Gaussian mixture is known to be a conjugate prior to the Gaussian likelihood.

The outlined conjugate distributions in this lemma extend the Gaussian mixture conjugate
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distributions by substituting the Gaussian likelihood with the “noisy linear regression”

likelihood in Remark 1.

Lemma 1 states that the task posterior remains a Gaussian mixture, with its
mixture components shifted and re-weighted from the task prior. Therefore, under-
standing the impact of in-context examples on the posterior requires understanding
how in-context examples affect the two factors:

e Component Shifting (CS): The component center is shifted from (u,,, w,,) to
(Fm, Wi )
e Component Re-weighting (CR): The component weight is re-weighted from 7

to 7.

Remark 3. The term “component” comes from the literature on Gaussian mixtures. It
serves as an alternative to “Task Group” as shown in Fig. 2.2. The terminology “Component
Shifting” and “Component Re-weighting” can be viewed as “Task Group Shifting” and
“Task Group Re-weighting.” We will abbreviate “mixture component center” to simply

“center” when there is no ambiguity.

Leveraging Assumption 3, we collected mathematical analyses of CS and CR in
Appendix A.8. The analysis explores the impacts of pretraining task noises and the
number of in-context examples on fi,,,, W,,, and 7, and examines the convergence

of ft,, W, and 7,,, as k approaches infinity.
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2.3.3 Closed-Form Expression of ICL Prediction

With Assumption 2 and Lemma 1, we have the following corollary for the prediction

F*(Sk D .Z'(k+1))1

Corollary 2. Let w = YM | 7,,w,,. With pretraining data generative model 1 and
Assumption 2, if the pretrained model F* minimizes the pretraining risk, then the prediction
on any sequence Sy, ® z*+Y by F* is as follows:
M
F* (S @ ak D) = <wk+1, 21 ﬁmwm> = (Tpy1, W).
Proof. Apply Assumption 1 to Eq. 2.1, F* (S, ® ™)) = E(,, 4\ wppror [(Tp41, w)| Sk &
z**+D]. Using Lemma 1, this reduces to 0 7,  E _ [(@441, w)]. Due to the

(”7w)NTm
linearity of expectation and inner product, the prediction can be simplified as

<33k+1, Z%:l ﬁ-m"—z’m> = <$k’+1a ’(I)) O

Thus, the prediction is a convex combination of predictions by the centers
of those shifted and re-weighted mixture components in the posterior. We are
interested in how 7,,, and w,, change to 7, and w,, with increasing k£ and how the

pretraining prior distribution properties affect these changes.

2.3.4 Prior Task Noises, CS, CR, and ICL Prediction

We numerically compute how 7,,, w,,, and the prediction F*(.5), & 1) evolve as k
increases under different prior task noise conditions. The numerical computation is
based on the tetrahedron setting with four prior mixture components as illustrated

in Fig. 2.3a. See Appendix A.2.1 for details of the tetrahedron setting. Fig. 2.3b
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shows the computational results. The first row shows the CS effect, demonstrating
the impact of increasing k on w,,. The second row shows the CR effect, illustrating
the impact of increasing k on 7,,. The third and fourth rows depict how increasing
k influences the risk of learning the function w*. We observe that with low task
noises and a small k value, the CR effect initially prevails, significantly boosting the
mixture weight of component 1 over others. Then, as k increases further, the CS

effect aligns all component centers with (p*, w*).

2.3.5 Dual Operating Modes

The “task retrieval” mode describes a scenario where the impact of component
re-weighting surpasses that of component shifting, leading to the prediction that
is primarily influenced by the interplay between pretraining priors and in-context
examples. An illustration of this is shown in the first column of Fig. 2.3b, where
the re-weighting of 7, is more pronounced than the shifting of w,,, indicating that
CR plays a pivotal role in altering the prediction. In contrast, the “task learning”
mode refers to situations where component shifting dominates over component

re-weighting, resulting in the prediction almost depending on in-context examples

and neglecting the pretraining priors.

2.4 Early Ascent

We now explain the early ascent phenomenon by analyzing a finegrained risk bound

of ICL. (See Appendix A.3 Theorem 7 for the coarser bound.)
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2.4.1 Finegrained Upper Bound

The finegrained upper bound for ICL risk is shown below:

Theorem 3 (Finegrained Upper Bound for ICL Risk). Consider a next-token predictor

attaining the optimal pretraining risk. As k — oo, ICL risk is upper bounded by:
M
EIL;] < 3 llwm = w" Es, epun [Fml|Tes A (A)7],
m=1

where £ = (F(Se @ o®1) — g )2 = (F(Sy @ 2®) = (@p1, ")), [ — w'|
is the distance between the in-context function w* and the function w,, of center m, 7,
is the posterior mixture weight, and A = (I + 6,, S5 | x;x] )~ See Appendix A.12 and
Eq. A.14 for proof details. In Appendix A.12.1, we further refine the bound for cases when

in-context x; only spans in a subspace of R?, resulting in A\, (A) = 1 constantly.

In-context examples affect the upper bound by affecting the two factors 75 and
A1 (A), corresponding to CR and CS introduced in Sec. 2.3.2. When ignoring the
CR effect and only considering CS, the finegrained upper bound degrades to the

general coarse bound in Appendix A.3 Theorem 7.

2.4.2 The Effect of Dual Operating Modes on ICL Risk

We numerically compute ICL risk under varied settings to explore the effect of
the dual operating modes on the risk in Fig. 2.4. When pretraining task noises are
low, i.e., 6, and ¢,, are small, the task retrieval mode happens with a small number
of in-context examples, and the upper bound is affected by how (u*, w*) is close

to a prior center. Specifically, the task prior boosts the learning process of ICL if
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Number of In-Context Examples (k) - Risk E[(F* — y},,)’]

Prior pt5 and In-Context p* 10 8, =0,=1/81 L0 8, =0,=1/9 10 §,=0u=1
Farthest
—— Medium
0.5 0.5 0.5 —— Closest
gz or o » Vo az ot 7 » 005y 3 77 3

Number of In-Context Examples (k)

Figure 2.4: Distance to the closest prior vs ICL risk. We compute ICL risks of three
target tasks colored red (farthest), green, and blue (closest), under the tetrahedron
setting, illustrated in the left-most figure. The red target task has the longest distance
to the closest prior center, and the blue target task has the shortest distance to the
closest prior center. We can observe that the target task is easier to learn when the
distance to the closest prior is smaller.

the in-context task is close to a prior center, due to the task retrieval mode quickly

retrieving the task of the nearest prior center.

2.4.3 Early Ascent with Biased = Distribution

However, the task retrieval mode may not always benefit ICL. We notice that a
weird phenomenon is observed by Brown et al. [11] and Xie et al. [118]. As the
number of in-context samples increased, the performance of ICL first decreased
and then increased. Brown et al. [11] reports that GPT-3 on LAMBADA shows
a lower one-shot accuracy (72.5%) than zero-shot accuracy (76.2%), but the few-
shot accuracy (86.4%) is higher than the zero-shot accuracy. Xie et al. [118] also
replicated this phenomenon with their synthetic dataset. Xie et al. [118] explains
this by “the few-shot setting introduces the distracting prompt structure, which

can initially lower accuracy.”
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Figure 2.5: The early ascent phenomenon. Fig. 2.5a and Fig. 2.5b show that the
task retrieval mode is dominant up to k£ = 32, and component 1’s mixture weight
increases (E[w] approaches w;). Since this component is farther than the other
one, the risk starts increasing. At larger k values, the risk starts decreasing (E[w]
approaches w-) via task learning. See Appendix A.2.3 for setting details. We further
examine the early ascent phenomenon under linear regression with varied levels of
label noises in Appendix A.9.1, and under non-linear regression and discrete token
prediction in Appendix A.9.2.

To obtain some insights, we present a simple scenario where x misleads the
prediction by an LLM. Consider the following one-shot prompt for English-to-
Korean translation: “What is the color of apple? A}3}2] A Z+-& 9] 9] 71?28 What
is the color of banana?” The correct answer should be “nv} 1} 1}2] A 72 T o] o]
712”4 However, GPT-3.5 generates “B}uti}e] A 722 - 2kA 9] t},” which means
“The color of bananas is yellow.” This shows that pretrained LLMs could retrieve
an incorrect skill (question answering in this example) by observing misleading
input (x).

Based on our analysis, we further show that the early ascent phenomenon

provably occurs under a certain assumption Appendix A.10.1. We also reproduce

¥What is the color of apple?” in Korean.
4“What is the color of banana?” in Korean.
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early ascent in Fig. 2.5a, where the upper bound and the risk initially increase due
to the misleading task (of center 1) is retrieved first. Fig. 2.5b further demonstrates
the relative locations of the retrieved functions to functions of prior centers. Finally,

we give the formal theorem on the early ascent phenomenon:

(wm—w*) " p* || +d72 || wi —w*||?
202

Theorem 4 (Early Ascent). Assume o = arg min e ”3;5 4

is the most misleading task and the task « satisfies:
E., {(}"*(ml) - <w*,a:1>)2] < Eg, [(ml,wa — w*ﬂ .
Then, when 0, and 6., are small enough, 3k > 1s.t.:
B, [(F*(@1) — (", @1)°] < Es, g | (F7(S: @02 = (w,20:1)) ]

where By, [(x1, w, — w*)?] equals to the risk when the prediction fully depends on the

misleading task function w,, of prior center o.. See Appendix A.10.2 for proof details.

Theorem 4 shows that, if the misleading task a has a higher risk than the zero-

shot risk, then when ¢,, and §,, are small enough, early ascent happens.

2.5 Bounded Efficacy of Biased-Label ICL

We further predict the bounded efficacy phenomenon by examining the bound of

ICL with biased labels. The assumption for biased-label ICL is described as follows:

Assumption 4 (ICL with Biased Labels). The function w* of ICL with biased labels is
different from the target function w,, i.e., w* # w, where w, is a function of a pretraining

task prior center. The in-context task is closer to the prior center o compared to all the other
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prior centers 3 # «:
V8 # o llms — w1 = e — wlI* = di, ws — w|? = [lwe —w|* > dy, and
Tollws — w*||* = (1 + 7)) [lwa — w*[|* = 77ug,.

Assumption 4 depicts that to retrieve w, associated with the prior center ¢, the

in-context task is selected based on its proximity to center o, ensuring it is closer to

center «.

2.5.1 Upper Bound for ICL Risk with Biased Labels

The following theorem shows an upper bound for ICL risk with biased labels to

retrieve a task:

Theorem 5 (Upper Bound for ICL Risk with Biased Labels). Consider a next-token
predictor attaining the optimal pretraining risk. As k — oo, ICL risk with biased labels is

upper bounded by:

[ SIS0

=l

C
Es, [£3] < [[wa — 'w*||2(1 + deQ) + ﬁ exp (C’gk‘

where L& = (F(Sy & x®+D) —y2. )2 = (F(S & 2*HY) — (@)1, w,))% When 5, and

) +O(k™),

4y, are sufficiently small, exists a particular interval for k s.t.:

Es, [L3] < |lwa — 'w*||2(1 + de) min{1,4k25w2(1 + 7‘3)2}

d? u? 72 k3
+ C3exp <—k: (&:ﬁ + 05>> + Cyexp (_8 .

As k increases, the second and third terms dominate and exponential decay when k is small,
and the first term dominates and increases when k is large. Cy, Cy, Cs, and Cy are constants

depending on the prior setting, T, and (pu*, w*). See Appendix A.13 for proof details.
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k 0 1 2 4 8 16

+ 75.0% 36.2% 33.9% 49.3% 79.3% 85.1%
Biased + 100.0% 98.3% 959% 60.5% 24.4% 16.8%

Table 2.1: Bounded efficacy in GPT-4. Error rate measured with respect to “addition
(+)” and “biased +". The bounded efficacy phenomenon: the error rate goes down
to k = 2, but it increases afterward. Experiment details in Appendix A.5.1.

2.5.2 Bounded Efficacy of Biased-Label ICL in GPT-4

This section further shows that the bounded efficacy phenomenon exists in GPT-4 in
Table 2.1. With the task “biased addition (+)” as the in-context task corresponding
to w*, as the number of in-context examples increases, ICL will first retrieve the skill
“addition (+)” corresponding to w, which has a strong pretraining prior. Later, it

will learn the “biased +” task, leading to the bounded efficacy phenomenon.

08 Mixtral 8x7B Llama 2 70B GPT-4
g \ ./ True Labels
Waed ] ]
- 0.6 \ \ ‘/ ==+ Random Labels
8 - / ./
§04{ v
% \a — — " -
S 0.2

0 2021 22 98 24 95 96 27 () 20 21 92 23 4 95 20 7

Number of In-Context Examples (k)

(‘) 90 91 92 93 94 95 96 o7

Figure 2.6: Bounded efficacy. The error rates of ICL with random labels start
increasing at large k. See Appendix A.6 for more experimental results.

2.5.3 Bounded Efficacy for Zero-Shot ICL

We further introduce Lemma 6, a variation of the previous Theorem 5, to explain

zero-shot ICL, an ICL algorithm capable of functioning with random labels [68].
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Lemma 6 ((informal) Upper Bound for Zero-Shot ICL). Assume a next-token pre-
dictor attains the optimal pretraining risk, the risk of ICL with random labels (provide no

information) will reveal a bounded efficacy phenomenon. See Appendix A.14 for proof.

Lemma 6 says that as the number of in-context examples increases, the loss curve
of zero-shot ICL with random labels will have the bounded efficacy phenomenon,
which conflicts with the observation from Min et al. [73] that ICL with random
labels has very similar performance as ICL with true labels for the number of
in-context examples ranging from 1 to 32. We believe this observation is due to
the small number of in-context examples. Thus, we extend the experiment of Min
et al. [73] to explore the number of in-context examples beyond 32. Due to LLMs’
context lengths constraining the maximum number of in-context examples, we
choose different LLMs from Min et al. [73] for a larger context length capacity.

Fig. 2.6 highlights the bounded efficacy phenomenon in the error curve asso-
ciated with random labels. Compared with true labels, the error rate of ICL with
random labels increases at a much smaller k value, clearly exhibiting the bounded

efficacy phenomenon we predicted.

2.6 Extension with Preliminary Results: Coded
Prompts for Large Language Models

As shown in the previous sections, task retrieval can improve the prediction accuracy
of ICL even without informative labels. This naturally raises the question: What if

we provide multiple testing samples during inference? These test samples could
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serve as unlabeled in-context examples for each other, potentially enhancing the
prediction accuracy of LLMs. Motivated by this idea, we explore the following

extension and present preliminary results.

2.6.1 Introduction

LLMs [11, 80] have become a cornerstone of generative Al research, demonstrating
remarkable capabilities in various natural language processing tasks. An essential
technique to improve the performance of LLMs is prompt engineering. Numerous
heuristic strategies [49, 65, 95, 129, 74, 115, 116, 59, 56, 64, 59| have been developed
to design better prompts for LLMs. Despite their impressive performance, there is
a significant scope for further enhancement, innovation, and optimization.

In response to this opportunity, we propose a novel dimension to prompt design
— coded prompts for pooled LLM inference (this approach involves inferring an
LLM with multiple samples). This innovative approach is inspired by the principles
of coding theory [94], a field that focuses on designing coded symbols as functions
of multiple information symbols rather than one symbol for reliable communi-
cation and storage systems. Drawing on this concept, we design coded prompts
for processing multiple inputs simultaneously, thereby enabling pooled inference
within the context of LLMs.

In this paper, we review the coding and its potential to improve prompt design
in LLMs. We introduce a new framework for coded prompts and provide formal
definitions. This framework is the basis for our investigation into the coded prompts’

ability to boost LLM performance. We test this concept with experiments on two
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tasks: a classification task of identifying the largest prime number in a range and a
regression task of predicting text toxicity. Initial results show that coded prompts
can significantly improve task performance, highlighting this approach’s potential.

In summary, our contributions are as follows:

e We introduce the concept of coded prompts, a novel approach to prompt
design, inspired by the principles of coding theory. This approach allows for
the simultaneous processing of multiple inputs, potentially enhancing the

efficiency and performance of LLMs.
e We provide a framework and formal definitions for coded prompts.

e We empirically validate our approach through experiments on two tasks
including a classification task of identifying the largest prime number in a
range and a regression task of predicting text toxicity. We demonstrate that
coded prompts can significantly improve task performance, highlighting the

potential of our approach.

2.6.2 Related Work

Prompt Engineering Prompt engineering has been studied extensively over a
long period. Researchers have explored topics including how to ensemble mul-
tiple prompts [49, 97, 98, 87, 86, 53], automatically generate good prompts [100,
59, 66, 133], or train a better model for instruction [81, 74, 115]. Further, Wei et
al. [116] propose Chain-of-Thoughts (CoTI') which explores how to generate a chain

of thoughts — a series of intermediate reasoning steps — significantly improves
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the ability of large language models. CoT is further improved by varied direc-
tions such as ensembling [114, 113, 29], and selecting good steps in multi-step

reasoning [108, 123].

Self-Evaluation for LLMs Self-evaluation mechanism [69, 85, 101] was intro-
duced that LLMs themselves provide feedback to their own generation candidates.
Chen et al. [14] use self-evaluation to improve the accuracy of LLMs to generate
code. Xie et al. [119] endow LLMs with self-evaluation to refine multi-step reason-
ing inference. Yao et al. [123] allow LLMs to perform deliberate decision-making by
considering multiple different reasoning paths and self-evaluating choices to decide
the next course of action. Zhang et al. [130] employ language models in a cumula-
tive and iterative manner to emulate human thought processes to solve complex
problems. Different from these works that predict one sample at each inference,
we consider how to leverage multiple inputs together to boost the performance of

LLMs.

Applications of ICL in Real-World LLMs ICL provides another special angle
of prompt design, i.e., leveraging extra samples into the prompt [11] to boost the
prediction performance. This method is further explored via improving sample
quality, such as calibrating to reduce in-context sample bias [ 132], choosing better in-
context samples [65, 104, 129], training LLMs following in-context instruction [124],

or providing samples without true labels [68].



36

Coding Theory Coding theory [19] was adopted in various domains of machine
learning. Han et al. [39] applied coding theory to compress neural networks.
Dimakis et al. [22] and Rashmi et al. [89] applied coding theory to storage systems.
Lee et al. [54] applied coding theory to speed up distributed computing. In this

work, we aim to apply coding theory to an LLM which is used as a predictor.

2.6.3 Coded Prompts
Coding Theory: A Brief Overview

Before introducing our framework for coded prompts, let us briefly overview the
key idea of coding theory [94]. Coding theory is concerned with designing efficient
and reliable methods for transmitting or storing data. One of the main goals is to
develop encoding schemes, that can protect data integrity against errors that might
occur during transmission or storage.

To illustrate the key idea, consider the following example concerning the com-
munication of two bits, say B, and B,. In a naive approach, one might simply
transmit (over a noisy communication channel) B; and B, as they are. However,
this approach is vulnerable to channel errors. If an error occurs during the commu-
nication, and if the value of B; or B; is lost, it will be impossible to recover the lost
data. Furthermore, if the values of B, or B, have altered while being transmitted,
it will be impossible even to realize if there was any error.

To protect against this, we can use a simple coding scheme. Instead of just
transmitting the original bits B; and B, we also transmit the XOR of B; and B,

denoted as B; @ B,. Here, we call B; ® B, an encoded bit or coded bit. Now, even if
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one of the two information bits is lost, we can recover it using the remaining one
information bit and the encoded bit. For instance, if B, is lost, we can recover it by
XORing B, and B @ By, i.e., By & (B1 & By) = By. Similarly, if B, is lost, we can
recover it by XORing By and B, & By, i.e., By & (By & Bs) = Bs.

This simple example illustrates the basic principle of coding theory. In practice,
coding theory involves much more complex and sophisticated schemes, but the
underlying goal remains the same: to protect data and ensure its integrity during

transmission or storage.

Analogy Between Noisy Communication and LLM Inference

To introduce coded prompts, we draw a novel analogy: viewing LLM inference
as a noisy communication channel [19]. By drawing inspiration from information
and coding theory, we can consider the process of generating predictions from
LLMs as analogous to transmitting and receiving information through a noisy
channel. With this analogy, the unknown ground truth labels can be considered
the “information bits,” while the LLM’s predictions represent the “received bits”
after passing through the noisy channel. More specifically, consider a test sample
drawn from the data distribution (X, Y’) ~ D. For instance, X could be a sentence,
and Y = f(X) € {0, 1} could be a binary label denoting if the sentence is toxic (1)
or not (0). Here, f(-) is an unknown deterministic label mapping from X to Y.
The prediction result of an LLM inference with a particular prompt, say p, can be

modeled as follows:

YP=Y & W2,
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Binary Asymmetric Channel LLM Inference

Transmitted bit Received bit Noise True label Output Error

B— nNoisychamel |>B =B @ Wg Y s UMEg.GPT4) > YP =Y @ wk

B ~ Bern(1/2) Wg ~ Bern(P.(B)) X,Y~D Prompt W% ~ Bern(P.(X;p))
p() 1 »(0)

Figure 2.7: Illustration of the analogy between information bit transmission in a
noisy communication channel and LLM inference. The communication channel
transmits bit B with a probability P.(B) of error occurrence, while LLM infers
a sample with true label X and has a probability F.(X;p) of making incorrect
predictions. The notation W is for the noise introduced by channel or LLMs.

Binary Asymmetric Channel LLM Inference

14
B & BQ—P| Noisy Channel |—> Bi®B, oW Yl, Yoo ,| LLM (e.g, GPT4) I_, 1o WX1,X2,1
Y20 Wk, x,0

X1,Y1~D Prompt
Xy, Yo ~ D p(-) U p(Xi, Xo)

Figure 2.8: Illustration of the analogy between encoded bit transmission in a
noisy communication channel and coded LLM inference. The communication
channel transmits an encoded bit B; @& B,, while LLM inference predicts multiple
samples (two samples in this example) with true label X, X,. The notation W is
for the noise introduced by the channel or LLMs.

where W% denotes a binary noise which (1) depends on the input X and (2) is
parameterized by the choice of prompt p. Note that for a fixed prompt p, this
becomes analogous to the binary asymmetric channel [26, 18, 76, 30], which has
been extensively studied in the field of information theory. We illustrate this analogy

in Fig. 2.7.

Coded Prompts

We now present the concept of coded prompts, which extends the previously dis-
cussed analogy to the transmission of encoded bits. See Figure 2.8 for a visual

representation. In the context of communication, as explored in the prior toy exam-
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ple, we initially compute the encoded bit (B; ® B,) and subsequently transmit it
over the channel, yielding B, @ B, & W at the receiver end, where the variable W/
represents the channel noise.

How can we implement analogous mechanisms within the framework of LLMs?
The equivalent of transmitting a coded bit can be conceptualized as generating a
prediction from an LLM using a coded prompt. A coded prompt is a specially crafted
prompt that accommodates multiple test inputs concurrently, mirroring the coded
bit in the communication example.

To illustrate this, let us consider a binary classification task with two inputs, X;
and X,. In a simplistic approach, we could generate predictions from the LLM for
each input independently. However, this method is susceptible to noise in the LLM
inference process. If the prediction for one input is erroneous due to noise, error
detection becomes infeasible.

To safeguard against this, we propose the development of a coding scheme.
Instead of merely generating individual predictions, we also generate a prediction
using a coded multi-input prompt, which incorporates both X; and X,. We refer to
the prediction derived from this coded prompt as a coded prediction. Now, even if
one prediction from the two original prompts is inaccurate, we can detect or correct
it using the remaining and coded predictions.

One crucial distinction exists here. Given LLMs’ capability to generate out-
puts of arbitrary length, we can produce vector-valued predictions, as depicted in
Figure 2.8.

This contrasts with the communication example where only a single bit can be
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received when utilizing the communication channel once.

Remark While the existing prompt techniques focus on addressing individual
test samples, our coded prompting technique processes multiple test samples si-
multaneously. It is important to note that this is not always feasible — if only one
test sample is available, then coding offers no advantage. Indeed, this mirrors
the block-length condition necessary for efficient coding — coding techniques are
effective when handling a large number of information bits, and their benefits are

limited when dealing with one or a small number of information bits [19].

Formal Definition

For clarity of presentation, we will assume the following simple setting (binary
classification) throughout the paper. Our framework can be easily extended to
handle more general cases.

For the input feature and label, we define (X, Y’) such that (X,Y) ~ D, with
X e Xand Y = f(X) € V. We denote by LLM the mapping induced by a raw
LLM inference followed by the label mapping function (e.g., parser). That is,
LLM : text — U;2; V" In this context, when using standard prompting, LLM’s output
falls within ). However, with a single coded prompt for multiple inputs, LLM can
output a sequence of labels, denoted as )", for some n > 1. More precisely, given
an input token sequence, the raw LLM inference will return a sequence distribution,
and the label mapping function will find the most likely label (or labels) given the

output sequence distribution. For instance, the most straightforward algorithm
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is to look at the distribution of the first output token and determine which of the
binary labels is more likely than the other.

A single-input prompt function is denoted by p : X — text, i.e., p maps a single
input feature X into a formatted text p(.X'). The set of all such possible mappings
is denoted as P;. Note that this set includes not only various prefixes but also
various prompting techniques such as few-shot prompting [11, 65, 95, 129] and
Chain-of-Thoughts (CoTI’) [116]. For example, consider the movie review sentiment

classification task. A one-shot prompt can be represented as follows:
p(X) = “Movie review 1: It was so boring.
+ [Q] Is this review positive or negative? Negative.”

+ “Movie review 2: + X

+ [Q] Is this review positive or negative?”
As another example, one can represent a Col' prompt as follows:

p(X) = “Movie review: + X

+ [Q] Is this review positive or negative? Let’s think step by step.”

A k-input coded prompt function is denoted by p : X* — text, i.e., p maps a k input
features X, Xs, ..., X} into a formatted text p(X7, ..., X}). The set of all possible
such mappings is denoted as Py. For example, consider the following examples of

multi-input coded prompts:

piist(X1, X2) = “Movie review 1: 7 + X + “Movie review 2: 7 + X,

+ “[Q] For each review, classify its sentiment.” (Vector prompt)
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pu(X1, Xo) = “Movie review 1: 7 + X + “Movie review 2: 7 + X,

+ “[Q] Is there any positive review above?” (Detecting prompt)

Similar to the single-input case, coded prompts can incorporate various prompting
techniques such as few-shot prompting and CoI. The end-to-end LLM inference
with a prompting p can be viewed as a function composition: LLMop : X — U2 V",

When both uncoded prompts and coded prompts are used, we can decode the

uncoded and coded LLM outputs to estimate the labels better.

2.6.4 Experiments

This section shows that coded prompts can improve prediction performance on the

following two tasks.

Task 1: Finding the Maximum Prime Number in a Range (Binary Classification)

Task Setup In this task, the goal is to classify whether the given mathematical
statement is true or false. The statement is in the form of “p is the largest prime

/77

number smaller than p’” for some integers p and p’. Each batch of k£ samples of
the synthetic dataset is generated as: (i) generate all N primes between vy, and
Umax® Umin < P1 < P2 < ... < PN < Umax, (il) uniformly randomly sample & + 1

continuous primes p,,_i+1, - - . , Pn,Pn+1 frompy, po, ..., py, (iii) the statement of each

prime p;,7 < n in the k + 1 continuous primes is constructed as “p; is the largest
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prime smaller than p, . ;.” This way, we always create one positive label sample and

k — 1 negative label samples.

Prompt Design & Rationale Table 2.2 presents our uncoded and coded prompts
for k = 4. Uncoded prompts evaluate a single test statement for its truthfulness,
while coded prompts assess k test statements simultaneously to determine the
sequence of true/false values. We experimented with three variations of prompts.
The first prompt is the coded prompt, while the second and third are two variants
of uncoded prompts. Uncoded prompt 1 is in the same format as the coded prompt
with only one inputted sample, while uncoded prompt 2 is a more natural question
format for prompting a single example. Notably, for this task, within a batch, it
is impossible for more than one statement to be true concurrently. The coded
prompt, by evaluating multiple test statements, i.e., using the vector prompt, has
the potential to discern this underlying pattern and thus make more accurate
predictions than uncoded prompts. It is important to note that we do not explicitly
inform the model of this hidden condition. Although explicitly stating this could
potentially enhance the performance of coded prompts, our aim here is to test the

model’s inherent ability to deduce inter-prompt relations independently.

Experimental Results The “Prediction” column in Table 2.2 shows a real predic-
tion outcome obtained with GPT-4 [80]. (The system message is set as “You are a
mathematician. Consider the following prime number task and follow the exact
instruction.”)

We observe that GPT-4 tends to predict “1” to at most one statement in most cases
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Table 2.2: The illustration of coded and uncoded prompts with a real example. A
coded prompt predicts multiple samples in a single inference while an uncoded
prompt predicts one sample in one inference. Uncoded prompt 1 is in the same
format as the coded prompt, while uncoded prompt 2 is a more natural question
format for prompting a single example. v'/X = correct/incorrect prediction.

Method Prompt Prediction

Please indicate whether the following statements are correct.

(1)
(2) 6113 is the largest prime number smaller than 6121.

I’Cr(())(rirfdt (3) 6089 is the largest prime number smaller than 6121. (/‘1/0'(/)/)
Pt (4) 6091 is the largest prime number smaller than 6121.

Provide a sequence of 0Os (for wrong statement) and 1s (for correct

statement) for the statements with no commas, spaces, or text.

(1) e (X)
Uncoded ...(1) 6113 is the largest prime number smaller than 6121. .. .. 1(V)
Prompt ...(1) 6089 is the largest prime number smaller than 6121. .. .. 1(X)

...(1) 6091 is the largest prime number smaller than 6121. .. .. 1(X)

when using the coded prompt, implying GPT-4 tends to consider the relationship
between samples when making a coded inference. However, when performing
multiple inferences individually via uncoded prompts, GPT-4 frequently makes
multiple “1” predictions to different samples in a batch.

Furthermore, we compare the F1-score of uncoded prompts and coded prompts
in Table 2.3. We vary the values of vin, Umax, and & (the number of samples in a
batch). One can observe that the F1-score with (one) coded prompt is consistently

higher than (four) uncoded prompts in all tested cases.

Task 2: Online Comment Toxicity Prediction (Regression)

Task Setup In this task, the goal is to predict the toxicity of online comments,

with a scale of 0 to 1. We use the Civil Comments dataset [9], which compiles a
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Table 2.3: Coded prompt vs. uncoded prompt. Fl-score comparison between
coded prompt and uncoded prompt under different prime ranges and different
sample batch sizes. Fl-score is measured by averaging 400 batches.

[Vmnin, Vmax] 10, 102] [10%,10%] [10°, 10]
k 2 4 8 2 4 8 2 4 8

Uncoded Prompt 051 025 0.14 033 023 0.10 023 0.11 0.10
Coded Prompt 0.99 0.81 0.64 0.69 042 032 0.74 0.24 0.26

Setting

vast number of comments from the Civil Comments platform and adds a human
label for identity and toxicity to each comment. In this dataset, “Toxicity” describes
any language that is impolite, inconsiderate, or irrational [9]. It ranges from 0 to
1, with higher values indicating a higher level of toxicity. Due to the extremely
imbalanced distribution of toxicity in the dataset, we partitioned the dataset into
four bins: [0,0.25),[0.25,0.5),[0.5,0.75), and [0.75, 1]. We then randomly sub-sample
200 comments from each bin, forming a balanced dataset containing 800 comments.
For each experiment run, we randomly sample 4 comments from this dataset and
have an LLM predict their toxicity scores. We calculate the Mean Square Error
(MSE) by comparing the outputs of the LLM with the actual labels, and perform

this process a total of 100 times.

Prompt Design & Rationale and Decoding Algorithms For uncoded prompts,
we let LLM evaluate them one by one independently, resulting in 4 scores from 4

queries. In particular, we use

“Evaluate the toxicity score from O to 1 of the following sentence,

provide your brief reason first and then show the toxicity score
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(from O to 1) in the final line: <{comment}”

For a coded prompt, we use the vector prompt, i.e., we obtain 4 scores from a

single query. In particular, we use

“Evaluate the toxicity score from O to 1 of the following four
sentences, provide your brief reason and score for each one, and
finally list the four scores in the last line, separated by commas:

{comment1} {comment2} {comment3} {comment/}”

Coded prompts, by processing multiple examples at once, can enhance the
calibration of toxicity scales in LLMs, potentially reducing calibration errors. For

4

instance, consider two comments: “I hate this person.” and “I despise this person.”
Assessing each comment individually makes it challenging to assign a toxicity score
due to the lack of specific guidelines. In fact, this is an ill-posed problem on its
own. However, when evaluated together, it is evident that the second comment
(using “despise’) is more toxic than the first (using ‘hate”). Thus, even without
clear guidelines, one can assign a higher score to the second comment. This self-
calibration is unique to coded prompts, making them more effective for this task.
We also test the performance when both uncoded prompts and a coded prompt
are used (five inference calls for four samples). We adopt this approach as it
allows us to utilize both individual calibration results and inter-sample calibration
results, which could potentially enhance the performance. Note that this is the

standard approach in coding theory, where we use the channel more than & times

when transmitting k bits, as in the illustrative example shown earlier. The rate of
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a code is defined as the ratio of the number of information bits to the number of
transmissions. In the context of this particular coded prompting with four uncoded
prompts and one coded prompt, the rate is 4/5 = 0.8.

Furthermore, when using uncoded and coded prompts, we require decoding al-
gorithms. These are necessary to determine the four toxicity (one for each comment)
based on the five inference results through a specific algorithm. In this case, we
tested two simple decoding algorithms. The first decoding algorithm (decl) simply
returns the average of the predictions made solely from the uncoded prompts and
those from the coded prompt. More specifically, let y be a 4-dimensional vector
representing the four uncoded predictions, and z = [21, 22, 23, 24] be a 4-dimensional
vector from a coded (vector) prediction. Then, decl returns the average of these
two vectors: (y + z)/2.

The second decoding algorithm, (dec2), is designed for that with coded prompt,
the model may correctly order the inputs, but it might not accurately determine their
absolute toxicity. Therefore, we post-process the results to obtain the six (6 = (;))
pairwise differences. Specifically, we first process z into q = [21 — 22,21 — 23,21 —

24, 29 — 23, 29 — 24, 23 — 24). We then solve the following least-squares problem:

1 -1 0 0
1000 1 0 -1 0
A, g 0100 1 0 0 -1

min y — , A= , Ag =
yeOITI A, all, 0010 0 1 -1 0
000 1 01 0 -1
0 0 1 -1
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Here, note that the A, is the observation matrix corresponding to the four outputs
from the uncoded prompts, and A, is the observation matrix corresponding to the

six pairwise differences obtained from a single coded prompt.

Experimental Results As shown in the
Methods Rate MSE

results of Table 2.4, coded prompts alone
achieve lower MSE than uncoded prompts ~ Uncoded Prompt 1 03643
with a higher rate. Further, when coded Coded Prompt 4 03309

prompts are used together with uncoded —Decoding Algorithm 0.8 0.3005

furtherd the MSE
prompts, we could further decrease the Table 2.4: Comparison of MSE and

ith a1 te. We ob that (dec2
with a lower rate. We observe that (dec2) rate across different methods.
performs slightly better than (decl) in this experiment. We further presents an MSE
comparison of uncoded prompts and uncoded+coded+(dec2) prompts across 100
experiments in Figure 2.9. Most of the MSE pairs lie below y = z, indicating that

the performance of the uncoded+coded+ (dec2) prompts often surpasses that of

the uncoded prompts.

2.7 Conclusion

In this chapter, inspired by the early ascent phenomenon, we first propose a syn-
thetic and controllable data that has an underlying probabilistic model for generat-
ing pretraining sequences, modeling the latent clustered structure in practical tasks.
Via studying such a synthetic and controllable data framework, we identify dual

operating modes of ICL: task learning and task retrieval, give the first mathematical
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MSE pair
— y=x
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I o © o

MSE (uncoded+coded+dec2 prompts)
o

0.01

0.0 0.2 0.4 0.6 0.8 1.0 1.2
MSE (uncoded prompts)

Figure 2.9: Uncoded prompts vs. uncoded+coded+(dec2) prompts. Each MSE
pair in the scatter diagram represents one experiment, with a total of 100 experi-
ments. The red line represents y = x.

explanation for the early ascent phenomenon, and predict the bounded efficacy
phenomenon. We further validate our prediction with real-world LLMs. Motivated
by the phenomenon that task retrieval can improve the prediction accuracy of ICL
even without informative labels, we further propose coded prompts as an extension,

which prompts multiple test samples together, where those unlabeled test samples
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could serve as in-context samples to each other, therefore, boost the prediction
via task retrieval. We empirically show with preliminary results that such an idea
boosts the prediction accuracy of real-world LLMs, demonstrating the necessity of
studying the synthetic and controllable dataset and its inspiration for real-world

applications.
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Chapter 3

Incorporating Instructions into
Synthetic ICL: In-Context Learning

with Hypothesis-Class Guidance

Recent research has investigated the underlying mechanisms of ICL both theoreti-
cally and empirically, often via studying synthetic and controllable data generated
from simple function classes. However, existing works often focus on sequences
consisting solely of labeled examples, while in practice, labeled examples are typi-
cally accompanied by an instruction, providing some side information about the
task. In this work, we propose ICL with hypothesis-class guidance (ICL-HCG), a novel
synthetic data model for ICL where the input context consists of the literal de-
scription of a (finite) hypothesis class H and (x, y) pairs from a hypothesis chosen

from H. Under our framework, ICL-HCG, we conduct extensive experiments to
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explore: (i) a variety of generalization abilities to new hypothesis classes; (ii) dif-
ferent model architectures; (iii) sample complexity; (iv) in-context data imbalance;
(v) the role of instruction; and (vi) the effect of pretraining hypothesis diversity.
As a result, we show that (a) Transformers can successfully learn ICL-HCG and
generalize to unseen hypotheses and unseen hypothesis classes, and (b) compared
with ICL without instruction, ICL-HCG achieves significantly higher accuracy,

demonstrating the role of instructions.

3.1 Overview

LLMs and ICL LLMs [131] have garnered widespread attention for their ability
to solve complex tasks using simple text prompts. Among their many capabilities,
ICL [11] is particularly striking. ICL enables LLMs to adapt to new tasks by con-
ditioning on provided examples, effectively allowing them to learn from context
without explicit parameter updates. Understanding how such behavior emerges in

LLMs remains an intriguing and challenging problem.

Existing Efforts for Understanding ICL To elucidate the mechanisms behind
ICL, researchers have constructed a variety of synthetic datasets [31, 60, 4]. These
datasets typically involve sequences consisting of input-output pairs {(z¥, y@)},
where each output 3V is generated by a simple underlying function f(x®). For
example, Garg et al. [31] focus on noiseless linear regression, where each input
is sampled from an isotropic Gaussian by () ~ A/(0, I,;), and the corresponding

output is given by yV = (zV w) with w ~ N(0, I,) for each sequence. During
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Without Instruction With Instruction
S What is the color of an apple? => At1to| MZ2 L9i0l7}? Perform the translation task following the demonstration
E What is the color of a banana? (Return answer directly):
= What is the color of an apple? => A}1}O| AMZt2 L 00| 7}?
TIB @  Apples can be various colors, including red, green, and What is the color of a banana?
g:-) yellow, depending on the variety. Bananas are typically
yellow when ripe, but they start off green. @ ©®  HfLfLto| MZr2 B ofQIT} @

o Y = Fx®) 3 Common-used "y || 3 = {hy, hy, hs} Ours: ICL-HCG Ly
‘8 : [ S : s | | i N
<|ifosyroyo11[o] |
03[ 0102 01N W L e @ e[ L s is prefix @ @'

Lol o) Lo] loz] 1% x®y®x@y®, x® 11, o 1 1 |3 hypothesis prefix @ x®, (™), .. x®:

Figure 3.1: Common ICL framework vs. ours. Conventional frameworks with
synthetic datasets often construct sequences by concatenating multiple (x, y) pairs,
overlooking the importance of instructions. In contrast, our approach explicitly
incorporates instructions through a hypothesis prefix. Specifically, we transform the
hypothesis class # into a sequence that is prepended to the sequence of (z, y) pairs
and then fed into a Transformer. We refer to this method as in-context learning with
hypothesis-class guidance (ICL-HCG). (Real-world examples are demonstrated using
the GPT-4 Legacy model.)

training and inference, the model receives a sequence consisting of £ demonstration
pairs (zW, yM, ... x®=D y*=D) followed by a query input @ query- This setup allows
the model to infer the correct response for yyery conditioned on in-context examples.
Various extensions have been proposed, including using Gaussian mixtures rather
than a single Gaussian for task priors [61], employing non-linear functions [4],
and introducing multiple intermediate “chain-of-thought” [116] steps within each
(x,y) pair [57].

Motivation While a variety of data models have been studied to advance our
understanding of ICL, a gap remains between these datasets and real-world ICL
scenarios. In practice, users often provide LLMs with an instruction in addition

to labeled demonstrations, containing the descriptions of the task in mind. See
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Fig. 3.1 for the visualization. The top-left and top-right panels show experimental
results using the GPT-4 Legacy model, highlighting the effect of instruction. In
the top-left panel, the user provides a one-shot English-Korean translation pair
without specifying the instruction, leading to an incorrect translation. In contrast,
the top-right panel includes the instruction—"perform the translation task following
the demonstration”—guiding the model to produce a correct translation, empha-
sizing the importance of the task descriptions. In fact, instructions are known to
enhance the accuracy of ICL in general [11]. However, most existing synthetic
data frameworks overlook this crucial aspect, neglecting the role of instructions in

guiding the learning process. Motivated by this limitation, we ask:

Can we design a synthetic data framework for ICL that better captures the practical use

scenarios of ICL by incorporating both instructions and labeled samples?

Notably, two recent works [120, 43] adopt prefix as instruction to implicitly provide
information on the task. In contrast, our approach explicitly provides a hypothesis
class as a prefix to the Transformer, guiding the model’s understanding of the

intended task.

Our Synthetic Data Model We propose a novel synthetic data model, in-context
learning with hypothesis-class guidance (ICL-HCG), illustrated in the bottom-right
panel of Fig. 3.1, which integrates a hypothesis class into the ICL procedure. Specif-
ically, besides the usual sequences of (x,y) pairs, a hypothesis class is embedded
as a hypothesis prefix and fed into the Transformer (more details in Fig. 3.3 of

Sec. 3.2.5). Leveraging this framework, we explore several aspects of Transformer
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behavior on the ICL-HCG task: (i) We evaluate the generalization ability of trained
models to new hypothesis classes, new hypotheses, and various sizes of hypothe-
sis classes; (ii) We compare different model architectures (Transformer, Mamba,
LSTM, and GRU), highlighting their distinct properties on these generalizations;
(iii) We examine the sample complexity required for achieving ID and OOD hypoth-
esis class generalization and discover that merely a few dozen training hypothesis
classes are sufficient for near-perfect generalization. (iv) We examine the effect of
imbalanced in-context samples, demonstrating that imbalance can slow down the
training process; (v) We assess the benefit of incorporating a hypothesis prefix,
which notably enhances the accuracy of ICL; (vi) We show pretraining hypothesis
diversity can significantly improve the accuracy of ICL when with instruction.

We summarize our contributions as follows:

e We propose a novel synthetic data model, namely in-context learning with hypothesis-
class guidance (ICL-HCG) that integrates a hypothesis class into the ICL proce-
dure. This design provides a controlled testbed for diverse experiments to study

behaviors of ICL with instruction.

e We perform extensive empirical evaluations on our framework. Most interestingly,
we demonstrate that (a) Transformers can successfully learn ICL-HCG and such a
learned ability can generalize to unseen hypotheses and unseen hypothesis classes,
and (b) compared with ICL without instruction, ICL-HCG achieves significantly

higher accuracy on ICL, demonstrating the role of instructions.
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3.2 Meta-Learning for ICL-HCG

Training a learner to perform ICL aligns with the concept of meta-learning, as it
enables adaptation to new tasks using in-context examples. While prior studies [31,
25, 91] train Transformers for ICL on sequences of the form (z1, 1, 2, Yo, - - ., Tk, Yk)
without explicit instructions, our work investigates whether a Transformer trained

for ICL with instructions, namely ICL-HCG, can generalize to new ICL-HCG tasks.

3.2.1 Two Types of Tasks in ICL-HCG

We consider two types of tasks in ICL-HCG, both constructed from a finite hypoth-
esis class H = {hM), h® ... hI™} over a finite input space X = {21, 2s,..., 23}

and a binary output space Y = {0, 1}.

Label Prediction Consider a hypothesis class H and a sequence consisting of

training data and a test point:
Sk—l S x(k) = ($(1)7 y(1)7 s 7‘1:(]671)7 y(k71)7 x(k)>7

where for all 4, y® = h(2) for a specific h € H, and z¥) is a test query input. The

objective is to predict the label:
y® = h(2®).
We refer to this as label prediction, with input-output pairs:

iy = (7'[7 Sk—1 D :E(k)), orp =y,
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Hypothesis Identification Given a hypothesis class H and a sequence (namely
ICL sequence):

SK = (’Z’(l)’y(l)’ ctt 7x(K)’y(K))’

where forall i, y9) = h(z(®) for a specific h € H, the goal is to identify the underlying

hypothesis h. Denote this as hypothesis identification, with:
LK = (7'[7 SK), onx = h.

Meta-Learning Label prediction uses £ — 1 samples to predict the label of a
new query z®), while hypothesis identification directly outputs h. Both label
prediction and hypothesis identification can be viewed as attempts to identify h
from H via empirical risk minimization (ERM) using the dataset {(z(, y®)}. Our
meta-learning aims at learning to do ERM for different hypothesis classes when

these hypothesis classes are given as input along with (z, y) pairs.

3.2.2 Sample Generation

We consider the following two approaches for generating ICL-HCG task samples.

Assumption 5 (i.i.d. Generation). Given hypothesis classes {H;}¥ ,, input space X,
and an integer K:

(a) Sample a hypothesis class H from {H;}N'";

(b) Sample a hypothesis h uniformly at random from H,;

(c) Sample K inputs {xD}E | iid. from Uniform(X);

(d) Generate y = h(z9) for each i € [K];
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() Define Sy ® ™ = [z y O .. x®)] for label prediction;

(f) Define Sgc = [z, yW ... ) 4] for hypothesis identification.

Assumption 6 (Opt-T Generation). Given hypothesis classes {H;} ,, input space X,
and an integer K:

(a) Sample a hypothesis class H from {H;} N7 ;

(b) Sample a hypothesis h uniformly randomly from H;

(¢) Construct optimal teaching set! of h with respect to H;

(d) Randomly duplicate elements from this optimal teaching set until its size reaches K.

Assign indices 1 through K arbitrarily to these (z,y) pairs;

() Define Sy = [V, yM ... 25 4] for hypothesis identification.

3.2.3 Meta Training and Testing

Training Given a set of training hypothesis classes {H""} V'™, the meta-learner

is trained in a multi-task setting to minimize the following loss:
K
L=Li(folink),onr) + Y La(folirk), ork), (3.1)
k=1
where we generate H, h, and Sk following i.i.d. Generation, inherently defining
(i s, onx) and (irg, orx). The loss is indeed implemented with additional terms,

and we will further clarify the loss in Sec. 3.2.5, Eq. 3.2.

!The optimal teaching set [134] is the smallest set of (z, y) pairs that uniquely identifies h among
all candidates in H.
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Testing Given a set of testing hypothesis classes {#*} ', we consider two types

of testing.
e Label prediction: We generate (i, 1) following i.i.d. Generation, and then

measure whether the learner f predict f(i;;) correctly for each k € [K];

e Hypothesis identification: We generate (iy x, on k) using Opt-T Generation and
evaluate whether the learner f predicts f (i) correctly. This setting tests whether
the learner acquires the ability to identify the underlying hypothesis with minimal

information.

3.2.4 Four Types of Generalization

Hypothesis universe #*™ Given an input space X = {z1,72,...,2x/} and a
binary output space Y = {0, 1}, We define the hypothesis universe H" = Y% as
the collection of all possible binary classification hypotheses. This universe contains
M = 2I*! distinct hypotheses, serving as a hypothesis pool to constructing training
and testing hypothesis classes.

In meta-learning, the goal is to train a model that is able to rapidly adapt to new
tasks. Testing on new tasks can be considered as measuring the OOD generalization.
Under our ICL-HCG framework, we consider four types of OOD generalizations.
First, we examine whether the learner generalizes to a new testing hypothesis
class (the hypothesis class is unseen during training) that may or may not contain
hypotheses seen during training, referred to as in-distribution (ID) and out-of-

distribution (OOD) hypothesis class generalization, respectively.
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Figure 3.2: Four types of generalization. An illustration of the four types of
generalization.

Definition 1 (ID Hypothesis Class Generalization). Given H"™ of size M, we enumer-

ate all C(M,m) Mle)' distinct hypothesis classes, each containing m hypotheses. We

- ml(

then randomly subsample these classes into disjoint training and testing subsets, ensuring
that no testing hypothesis class appears in the training set (although individual hypotheses
may overlap). By training on randomly selected training hypothesis classes and evaluating

on unseen testing hypothesis classes, we assess generalization to new hypothesis classes

consisting of ID hypotheses.

Definition 2 (OOD Hypothesis Class Generalization). Given H"" of size M, we
partition it into disjoint training and testing subsets of sizes M'P and MO°P, respectively.
We then generate training hypothesis classes from M'P and testing hypothesis classes from
MOOP, each containing m hypotheses. We train the learner on the training hypothesis
classes and evaluate on the testing hypothesis classes. Because no testing hypothesis appears
during training, this setup probes how well the learner generalizes to entirely new hypotheses,

i.e., OOD hypotheses.
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We then consider whether the learner can generalize to hypothesis classes of var-
ious sizes. Building on the concepts of ID and OOD hypothesis class generalization,

we introduce size generalizations as follows.

Definition 3 (ID Hypothesis Class Size Generalization). Building on the setting of ID
hypothesis class generalization, while maintaining non-identical training and testing hy-
pothesis classes, we allow training hypothesis class to include various number of hypotheses
m € M G [L]. We investigate whether the learner can perform well on hypothesis classes

with other sizes m € [L] \ M, where [L] = {1,2,...,L}.

Definition 4 (OOD Hypothesis Class Size Generalization). Based on the setting of
OOD hypothesis class generalization, while maintaining non-identical training and testing
hypotheses, we allow training hypothesis class to include various number of hypotheses
m € M & [L]. We investigate whether the learner can perform well on hypothesis classes

with various sizes m € [L] \ M, where [L] = {1,2,...,L}.

3.2.5 Learning ICL-HCG via Transformer

This section details how Transformer learns ICL-HCG. As shown in Fig. 3.3, the
hypothesis class # is first converted to a hypothesis prefix with randomly assigned
hypothesis indexes, then concatenated with context query representing sequence

Sk as a unified sequence s.

Hypothesis prefix 2 Given a hypothesis class H = {hy, hs, h7}, its hypothesis

prefix with size L = 4 is constructed as shown in Fig. 3.3. Blank hypothesis is

ZPlease refer to Appendix B.2 for the full version.
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Figure 3.3: Learning ICL-HCG via Transformer. We begin by sampling a subset
from the hypothesis universe as the hypothesis class H. Next, we encode the
hypothesis class H and concatenate it with the context query into a unified sequence
of tokens. This sequence is fed into a Transformer model for training with next-
token prediction, and testing for evaluating the accuracy on y’s and hypothesis
identification. (This figure is a simplified illustration. Please refer to Appendix B.2
and Fig. B.1 for the full details.)

used to fill the hypothesis prefix when [#| < L. A randomly assigned hypothesis
index token z is used to label each hypothesis. Leveraging Fig. 3.3 for L = 4, 2’s are

assigned from a pool {“A”,“B”,“C”,“D"} of size L without replacement®.

Context query Given an ICL sequence Si, we append a query token “>" after it
to trigger trigger the prediction of the hypothesis index ss shown in Fig. 3.3. We
name the combination of Sk and “>" as context query.

The Transformer predicts the y tokens in the context query based on previous
tokens and the index = of the underlying hypothesis based on all tokens in the

sequence. The training loss in Eq. 3.1 is further extended to all the tokens in the

3We use variable z to represent the hypothesis index, and create a set of L hypothesis index tokens
as a pool from which each hypothesis is randomly assigned a unique index without replacement.
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sequence and implemented as below:
T

L=-> logPy(si|s<i). (3.2)
t=1

We summarize the pipeline in the Appendix B.1 Algorithm 1.

3.3 Experiments

hypothesis a composed hypothesis class H \‘?
universe 3" used for training
X, X X3 H™ hy hs  compose two et
—

hy 0 0 0 h; hg sets of H' )

0 used for testing
h, 0 0 1) split ID hypothesis class generalization
hs 0 1 0
HOOP hy, hy compose a used for testing
hg 1 1 1 hs hg set of H' OOD hypothesis class generalization

Figure 3.4: The generation of training and testing hypothesis classes. The hypoth-
esis universe is devided into two pools: one for generating training and ID testing
hypothesis classes, and another for generating OOD testing hypothesis classes.

3.3.1 Setting of Experiments

Hypothesis Class Generation Fig. 3.4 illustrates the hypothesis class generation
process used in this paper. We partition the hypothesis universe into two pools: one
for generating training and ID testing classes, and another for generating OOD test-
ing hypothesis classes. This ensures that training and ID testing hypothesis classes
do not overlap and that OOD hypothesis classes come from an entirely separate set

of hypotheses. Consequently, both ID and OOD hypothesis class generalization
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can be assessed using the same trained model. For detailed realizations of setups

for four kinds of generalization, see Appendix B.4.3.

Pretraining During pretraining, we backpropagate gradients based on next-token
prediction for all tokens. Each training sequence s consists of a hypothesis prefix, a
context query, and a hypothesis index token. As illustrated in Fig. 3.3, we feed the
entire sequence s (excluding the final index token = into the Transformer. We then
compute cross-entropy loss for each subsequent token (excluding the very first).
Refer to Appendix B.4 for training details, including the learning rate schedule, and

hyperparameter search.

Components of Pretraining Loss We conducted experiments to determine the
optimal components to include in the pretraining loss. Specifically, we evaluated
four configurations: applying the loss (i) solely to the final hypothesis index token,
(ii) exclusively to the content query, (iii) only to the label y of the content query,
and (iv) across all tokens. We empirically find that incorporating the loss across all

tokens in the sequence leads to the best performance.

3.3.2 Four Types of Generalization

This section investigates whether a Transformer trained on ICL-HCG tasks can
generalize to new tasks, i.e., new hypothesis classes. We explore four types of gener-
alization scenarios, defined in Definitions 1, 2, 3, and 4. Detailed hyperparameters

of settings are provided in Appendix B.4.3.
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Figure 3.5: Multiple runs on ID and OOD hypothesis class generalizations. (Dif-
ferent runs imply training and testing with different random seeds.) Transformer
successfully learns ICL-HCG and generalizes to new hypothesis classes and hy-
potheses. Generalization on ID hypotheses is easier than on OOD hypotheses. Refer
to Appendix B.3.1, Fig. B.2 for more curves of loss, training, and testing accuracy.

Finding 1:  Transformer can successfully learn ICL-HCG tasks and such a learned
ability can generalize to new hypothesis, hypothesis class, and hypothesis size,

whereas the generalization on OOD hypotheses is harder than ID hypotheses.

We first demonstrate that the Transformer successfully learns ICL-HCG and
that this capability generalizes effectively on ID and OOD hypothesis class general-
izations. As illustrated in Figs. 3.5a and 3.5b, the Trained Transformers on 4 runs
with different random seeds all achieve near-perfect accuracy (close to 1.00) on ID
hypothesis class generalization, and around 0.8 to 0.9 accuracy on OOD hypothesis
class generalization. Furthermore, we show that the learned ICL-HCG ability gen-
eralizes to hypothesis classes of various sizes. As depicted in Figs. 3.6a and 3.6b,

the trained Transformers achieve near 1.00 accuracy for |H| € {2,...,12} on ID
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Figure 3.6: Multiple runs on ID and OOD hypothesis class size generalizations.
(Different runs imply training and testing with different random seeds.) Transform-
ers trained on hypothesis classes with sizes |H| € {7, 8,9} successfully generalize
to hypothesis classes with sizes |H| € {2,3, ..., 13,14} under ID hypothesis class
size generalization. In contrast, the same trained Transformer exhibits poorer per-
formance on OOD hypothesis class size generalization. In the figure, IS stands for
“in-size,” indicating the hypothesis class sizes included in the training, while OOS
stands for “out-of-size,” indicating the sizes that are not included in the training.
Refer to Appendix B.3.1, Fig. B.3 for training accuracy curves.

hypothesis class size generalization, while exhibiting moderately lower accuracy on
OOD hypothesis class size generalization. Both Figs. 3.5 and 3.6 indicate that gen-

eralization on OOD hypotheses is more challenging compared to ID hypotheses.

3.3.3 Model Architecture Comparisons

We compare Transformer with other model architectures, including Mamba [34],

LSTM [41], and GRU [16]. We investigate whether each model can effectively fit
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the training dataset and generalize to the four types of unseen hypothesis classes.
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Figure 3.7: Various models on ID and OOD hypothesis class generalizations.
Transformer and Mamba succeed on both ID and OOD hypothesis class general-
ization, whereas LSTM and GRU fail. Mamba exhibits slightly higher accuracy
than Transformer on OOD generalization. Refer to Appendix B.3.2 and Fig. B.4 for
training curves.

Finding 2: While both Mamba and Transformer excel on the four generalization
tasks, LSTM and GRU fail to handle the ICL-HCG tasks. Mamba outperforms Trans-
former on OOD hypothesis class generalization, whereas Transformer outperforms

Mamba on ID hypothesis class size generalization.

We evaluate ID and OOD hypothesis class generalization across model architec-
tures. Within the hyperparameter search space in Appendix B.4.2, Fig. 3.7 shows
that Transformer and Mamba both generalize well on ID and OOD hypothesis
class generalizations, with higher accuracy on ID hypotheses (1.00 accuracy) than
OOD (around 0.8 to 0.9 accuracy). In contrast, LSTM and GRU fail to fit the task,

achieving approximately 0.125 accuracy, equivalent to random guessing over eight
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hypotheses. Furthermore, Fig. 3.8 shows that Mamba outperforms Transformer on
OOD hypothesis class size generalization, whereas Transformer excels on ID hy-
pothesis class size generalization, suggesting a potential advantage of Transformer

on length generalization, and Mamba on generalization of OOD hypotheses.
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Figure 3.8: Various models on ID and OOD hypothesis class size generalizations.
In both settings, Transformers and Mamba exhibit strong generalization, whereas
LSTM and GRU fail to do so. For hypothesis class sizes |H| € {7, 8,9}, Mamba
achieves accuracy comparable to Transformer on ID hypothesis class generalization,
and surpasses Transformer on OOD hypothesis class generalization. However,
Transformers show similar or higher accuracy than Mamba on ID hypothesis class
size generalization, suggesting a potential advantage in length generalization. Refer
to Appendix B.3.2, Fig. B.5 for training accuracy curves.

3.3.4 Effect of Training Hypothesis Class Count

We evaluate how the number of training hypothesis classes affects ID and OOD

hypothesis class generalization abilities.
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Figure 3.9: Effect of training hypothesis class count. Transformer and Mamba
trained on ICL-HCG tasks generalize to new hypothesis classes with only 4 to 16
training hypothesis classes. Refer to Appendix B.3.3, Fig. B.6 for training accuracy
and more details.

Finding 3: Mamba is more sample efficient than Transformer on ICL-HCG tasks,

and achieves near-perfect generalization with few pretraining hypothesis classes.

In Fig. 3.9a, we evaluate Mamba, Transformer, GRU, and LSTM. With only 22 and
2* training hypothesis classes, Mamba and Transformer achieve near-perfect (1.00
accuracy) ID hypothesis class generalization, while LSTM and GRU fail to fit the
ICL-HCG tasks. In Fig. 3.9b, Mamba nearly achieves perfect OOD hypothesis class
generalization with as few as 2? training classes, whereas Transformer’s accuracy

improves gradually with more training classes.

3.3.5 Effect of Imbalanced In-Context Samples

This section investigates how an imbalanced sample distribution of in-context

samples in the context query affects the training procedure. Specifically, we consider
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the following distribution over X

norm(\/_ \/_1\/_ \/_>

where the first half of the terms are —, the middle term (if |X]is odd) is 1, the
second half consists of v/D, and D* represents the disparity of the distribution over

. _ maxgex P(x)
X,ie,D= i P

Finding 4: In-context sample imbalance lags the convergence of training.

We analyzed the impact of imbalance on the training process in Fig. 3.10 by
varying D values, showing that greater imbalance slows convergence. On average
over four runs, training converges in about 384 epochs for D = 1 but takes around

700 epochs for D= 4.

ID Hypothesis Class Generalization OOD Hypothesis Class Generalization
7

£ 768 0 256 512 768
Epoch Epoch

Figure 3.10: The effect of sample imbalance. Sample imbalance leads to lower
convergence speed.

The notation D is distinguished from token “D” by color and dataset D by format.
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3.3.6 The Benefit of Hypothesis Prefix

In this section, we demonstrate how the hypothesis prefix influences the accuracy of
ICL. We compare ICL accuracy on y with hypothesis prefix and without hypothesis

prefix, under the setting of ID hypothesis class generalization.

Finding 5: Incorporating hypothesis prefix as instruction significantly boost the

accuracy of ICL.

As shown in Fig. 3.11, the hypothesis prefix significantly enhances the training
and testing accuracy on y of ICL. Using position 3 as an example, predictions
with three (z,y) pairs as demonstrations achieve approximately 0.95 accuracy with
instruction but only around 0.8 without, highlighting the effectiveness of instruction.

Training Curve Testing Curve

L
L

o
©
<
©

o0
o

=—o— |CL w/ instruction

=
o

Accuracy on y (i.i.d
i
Accuracy on y (i.i.d.

o
o
C Al

ICL w/o instruction

ot
(=)

4 8 12 4 8 12
Position in In-Context Sequence Position in In-Context Sequence

Figure 3.11: The effect of instruction. Under ID hypothesis class generalization,
providing an instruction (hypothesis prefix) significantly boosts ICL performance,
especially when the y token appears early (indicating only a few demonstration
examples precede it).
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3.3.7 The Effect of Pretraining Hypothesis Diversity

In this section, we investigate the impact of hypothesis diversity combined with
instruction (hypothesis prefix) on ICL accuracy. We conduct experiments under
OOD hypothesis class generalization with an input space size of |X| = 6, leading
to a hypothesis universe H" of 2/*| = 64 hypotheses. H" is split into H'P with
48 hypotheses and HOOP with 16. For training, we sample M'™" € {8, 16, 24,32}
hypotheses from H'® to examine the effect of training hypothesis diversity, while

testing uses all hypotheses in #P.

Finding 6: Increasing the diversity of pretraining hypotheses significantly boosts

the performance of ICL when instructions are provided.

As illustrated in Fig. 3.12, under OOD hypothesis class generalization, the Trans-
former trained with instructions achieves similar ICL accuracy to a standard ICL
approach when pretraining hypothesis diversity is low, but significantly outper-
forms it when pretraining hypothesis diversity is high. Using position 10 as an
example, with instruction, increasing M"™™ from 8 to 32 raises accuracy from 0.80
to approximately 0.99. Without instruction, the same increase in diversity improves
accuracy only from 0.80 to 0.90. Notably, the testing ICL samples are derived from
unseen hypotheses, indicating that incorporating instructions can enhance ICL

performance for new hypotheses.
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Figure 3.12: The effect of pretraining hypothesis diversity. Under hypothesis
generalization, increasing the diversity of pretraining hypotheses significantly
boosts the performance of ICL when instructions are provided. However, without
instructions, this effect is limited.

3.4 Discussion

Building on the ICL-HCG framework, we conduct diverse experiments focusing
on generalization. While Bayesian inference [118] offers insights into ICL, prior
work [91] has shown that Transformers can generalize beyond Bayesian inference
with sufficient pretraining task diversity. However, the mechanisms underlying
such OOD generalization remain unclear. Our work provides a framework for
exploring OOD generalization beyond Bayesian inference, where no test samples

appear in the training set due to disjoint hypothesis classes.
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Furthermore, in Sec. 3.3.3, we demonstrate that Transformer and Mamba ex-
hibit distinct strengths: Transformer excels on length generalization, while Mamba
performs better on OOD hypothesis generalization. In Sec. 3.3.7, we show that
instruction enhances the benefits of pretraining hypothesis diversity. These findings
highlight two key factors influencing OOD generalization: (i) model architecture
and (ii) data structure. Future work will further explore these phenomena, fo-
cusing on understanding the underlying mechanisms of OOD generalization in

Transformer and Mamba.

3.5 Extension with Preliminary Results: Can
Transformers Do In-Context Blind Tree Search?

As discussed in the previous sections, we extend the basic setting of synthetic and
controllable datasets, e.g., a sequence of (x,y) pairs, to a more complicated and
realistic setting with instructions. A natural question arises: can we further extend
this framework to model more complex scenarios involving sequential decision-
making and feedback? In this section, inspired by the recent development of
reasoning models such as OpenAl ol [46] and DeepSeek-R1 [21], we take a step in
this direction by introducing our preliminary exploration of synthetic environments
designed for interactive tasks. Specifically, we construct a synthetic and controllable
environment, where a Transformer is required to perform “in-context blind tree
search” by sequentially taking actions and receiving an estimated expected reward,

i.e.., a rollout value. Under this setting, “in-context” means that past rewards
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and actions are fed into the Transformer as the context, “blind” means that the
Transformer does not know the environment before interaction, and “tree search”
means that the search space has a tree structure. This setting differs from traditional
ICL, as the model must repeatedly interact with the environment, rather than
making a single prediction based on the given input. Our preliminary results show
that the Transformer trained under our synthetic and controllable framework can
potentially perform behavior cloning to imitate the behavior of MCTS with varying

UCT exploration constants.

3.5.1 Introduction

Various Emergent Abilities of LLMs LLMs have demonstrated various emergent
abilities including ICL [11] and CoT [116], which have been studied by researchers
these years. Recently, LLMs such as DeepSeek-R1 [36] suggest that their reason-
ing or problem-solving process has tree structures. In the process, LLMs propose
several plans for their next action, then take actions on some of those plans, and
further backtrack when necessary to investigate other plans. Besides, when LLMs
function with tools, such as the scenario of the Search and Deep Research modes of
ChatGPT-4o0 [45], they interact iteratively with external environments, leveraging
feedback to guide multi-step reasoning or problem-solving processes. These phe-
nomena indicate that LLMs may implicitly perform a search with an underlying

tree structure, i.e., they are performing a tree search.
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The Need for Synthetic and Controllable Datasets As LLMs continue to grow,
more and more advanced and complicated synthetic and controllable datasets are
designed to isolate and examine those emergent abilities of LLMs, such as ICL and
CoTl. However, there remains a notable gap: no existing synthetic and controllable
dataset captures the setting of blind tree search, where the environment is unknown
to the agent, and the agent must interact with the environment to explore the search
space with an underlying tree structure and identify high-reward trajectories of
actions. This setting captures two key features of LLMs’ reasoning and interaction

with environments:

e Blindness: The agent does not have all the information about the environment,
and has to interact with the environment and rely on the feedback from the
environment to guide the search process. The blindness mimics the unknown

environments LLMs often face, such as external websites or API functions.

o Tree-Structured Search Space: The search space has a tree structure. For each
iteration during the search, the agent chooses to explore a new leaf node in the
tree. This tree structure mimics the potential search space, in which real-world

LLMs perform the step-by-step reasoning and backtracking process.

Prior related works [35, 55, 103, 77] focus either on known environments or bandit-
style settings, diverging from the key features central to this problem setting. This

motivates the following research question:

Can we construct a synthetic and controllable dataset with tree-structured

search spaces and evaluate whether a Transformer can search effectively?
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Our Framework and Finding To address this question, we propose a new syn-
thetic and controllable dataset for blind tree search. Specifically, we design synthetic
environments with underlying tree-structured search spaces. The Transformer then
navigates this environment by expanding one node in the search tree for each itera-
tion, receiving rollout feedback after each expansion. After I iterations, the search
process is evaluated by how well those high-reward states in the environment are
discovered. We train a Transformer model from scratch with the supervision of
search trajectories generated by MCTS of a specific UCT exploration constant, and
then we use the trained Transformer to perform search. We find that the trained
Transformer achieves similar performance to the corresponding MCTS with the

specific UCT exploration constant.

3.5.2 Problem Formulation

We consider an environment that has a graph structure. We use the following

notations to represent the graph G, as well as operations and information on it:

S: the set of all states in the graph G;
o AZ(s): all the adjacent states to state s in the graph G;

e 7(s): reward on the state s. A number of rewards are scattered on the graph,

otherwise 0;

e R(s,d): the rollout value, an estimation of the future reward one will get from
state s, calculated based on averaging repeated simulations. Each simulation

starts from s with budget d following a random policy. The budget d means
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how many steps one can move from state s, and the random policy means
that at any state, we uniformly randomly choose the next state from its ad-
jacent states. Whenever a rollout simulation arrives at a non-zero reward or

consumes d steps, the simulation ends and returns the reached reward.

We further consider the search problem with an underlying tree-structured
search space constructed based on the abovementioned environment. The agent
is given a limited budget of I expansions. For each expansion, the agent chooses
an action and arrives at a new state. The agent initializes the search tree with the
root node u corresponding to the start state s(ug) € S on the graph . The agent
also receives initially revealed actions A = A%75(u), where A%75 (u) = {a,,s|s €
AS.(s(u))} representing all actions of moving from s(u) to an adjacent state s. For

each iterationi=1,...,I:
e Select an action a,, ,,, € A following policy = used by the agent;

e Let node u; correspond to state s, s(u;) = sx; (Note: u; contains not only
the information about s(u;), but all the information along the trace from root

node v to u;, including all actions.)
e Expand the search tree with edge u; — w;, e.g., u; is the child node of u;

e Obtain the rollout value R(s(u;), D — d(u;)) of node u;, where D constraints

the maximum depth of the search tree and d(u;) is the depth of the node u;;

e Remove action a,,,,, from A and append new actions A%7%(v;) into A if

r(s(u;)) = 0and d(s(u;)) < D.
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Remark 4. We convert the graph G into a tree-structured search space, and the agent, the
search algorithm, has a limited budget to construct the search tree via exploring only I nodes
in the search space. In the extreme case of G, if G is a non-acyclic directed graph, G could

be identical to the tree-structured search space.

Evaluation To evaluate the performance of a search algorithm at iteration / on a
graph G, we compare the predicted distances from the start node to all rewards
with the corresponding optimal distances computed by breadth-first search (BFS).

Specifically, for each discovered non-zero reward r located on the graph G, we

. . . tance—ontimal di
compute the relative distance error as: Predicted.distance_optimal distance * A Jower error
optimal_distance
indicates a better discovery of the reward.
To agegregate the results of multiple rewards, we apply an exponential penalt
y y

to each reward using relative distance error and compute the weighted sum:

Z > optimal_distance—predicted_distance
a exp optimal_distance

ST ’

Performance =

where higher rewards contribute more to the final performance score. If a reward
is not discovered, its predicted distance is set as infinite, and the corresponding
term contributes zero to the performance. A high value of this metric indicates that

the search algorithm finds high rewards with shorter distances.

3.5.3 Experiments



Maze Problem We consider a maze as a realization

of the graph G. See Fig. 3.13 for an example. Follow-

ing our problem definition, we have a root node cor-

0 1

o

Figure 3.13: A maze example

responding to the start position [5, 5] colored green,

and the available action is “[5, 5] Left, [4,5],” all the

actions moving from the current location to an ad- with size 6 x 6.
jacent location. At each iteration, a search algorithm

selects an action from the set of available actions, reaches a state, receives a rollout
value, removes the selected action from the set of available actions, and obtains
new actions based on the reached state.

In our experiments, we use mazes of size 8 x 8. A start position, three rewards
(1.0, 0.5, and 0.2), and walls are further uniformly randomly positioned while
ensuring that all rewards are reachable from the start position. The walls are
generated with an overall probability of 0.5. We perform two simulations with

a maximum of 16 steps following a random policy, and use their average as the

rollout value.

MCTS As shown in Fig. 3.14, we compare the performance of MCTS methods
with varying UCT exploration constant C, as well as two baselines: “Random
Leat” and “Random Trace.” “Random Leaf” indicates that, for each expansion, we
uniformly randomly select one action from the set of all possible actions. “Random
Trace” indicates that for each expansion, we start from the root node and iteratively
uniformly randomly select a child node until we reach a possible action.

We observe that MCTS methods with small UCT exploration constants (C' =
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MCTS Method Comparison (Average over Seeds)
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Figure 3.14: Comparison on MCTS with varied C values.

0.003,0.01,0.03) achieve the best performance, consistently outperforming both
the purely exploitative strategy (C = 0) and MCTS with larger exploration con-
stants (C' = 0.3, 1.0). This highlights the importance of balancing exploration and
exploitation in the search process. In addition, “Random Leaf” and “Random
Trace” perform significantly worse than MCTS, highlighting the importance of the

guidance from rollouts.

Transformer Consider a trajectory generated by MCTS:

U—S U—-S
UO,AG (u0)7a0ar07u1aAG (u1>7al7rlau27"'

4

where u is the node in the search tree, A%~ is realized by four directions (“left,

i

“right,” “up,” and “down” in the maze environment), a is the chosen action, and r is
the rollout value. All nodes and actions are discrete; we can directly tokenize them

into distinct integers. Rollout values are continuous; therefore, we quantize them
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Comparison on Transformers Trained on Different C Values
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Figure 3.15: Comparison on different C' values. We train Transformers on trajecto-
ries generated by MCTS with different UCT exploration constant C' values. During
the training process, Transformers learn from the MCTS to perform search, and
C' = 0.1 achieves the best performance similar to MCTS.

to distinct integers. We train Transformers with eight layers, eight attention heads,
and 1024 hidden dimensions on those tokenized trajectories generated by MCTS on
8192 different training mazes, and then evaluate their performance on 1024 different
testing mazes. As shown in Fig. 3.15, Transformers not only learn to perform search
from the MCTS trajectories but also distinguish different C' values, indicating the
trained Transformers potentially learn to control the trade-off between exploration

and exploitation from their teacher, MCTS.
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3.6 Conclusion

In this chapter, we identify a gap between synthetic and real-world ICL, the overlook-
ing of instruction in synthetic ICL. To bridge the gap, we introduce a novel synthetic
and controllable data framework, namely ICL-HCG, that explicitly integrates a
hypothesis class as the instruction. Through a series of diverse experiments, we
show that ICL with instructions outperforms one without instructions, demonstrat-
ing the important role of the instruction. In addition, we show that incorporating
instructions for pretraining increases the generalizability of the pretrained model
compared to one without instructions. While ICL-HCG extends the synthetic and
controllable dataset with instructions, we consider a more complicated setup, in-
context blind tree search. This setup mimics the backtracking in reasoning and
the interaction with environments observed in recent advanced LLMs. Through
designing a new synthetic and controllable data framework for in-context blind tree
search, we show that the Transformer can potentially learn the trade-off between
exploration and exploitation from the search algorithm, MCTS. These findings
show that the development of synthetic and controllable datasets could provide
us with a platform to systematically study more complicated LLM phenomena in

addition to ICL.
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Chapter 4

Contribution and Future Work

4,1 Contribution

This thesis identifies two missing pieces in the literature on using synthetic and
controllable data sets to understand ICL. By proposing and studying new synthetic

and controllable datasets, this thesis brings the following contributions:

e Modeling Dual Modes of ICL, Explaining the Early Ascent Phenomenon,
and Predicting Bounded Efficacy We propose a novel synthetic and con-
trollable dataset, which has an underlying probabilistic model to generate
synthetic pretraining data. Via studying our proposed model, we identify
two operating modes in ICL: task retrieval and task learning. Leveraging
the two operating modes, we provide the first mathematical explanation for
the early ascent phenomenon and predict the bounded efficacy phenomenon.

Further, as preliminary results of the extension inspired by the above work,
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we propose a new prompt design method named coded prompts to improve

the performance of LLMs via prompting multiple test samples together.

Bridging the Gap of Instruction between Synthetic and Real-World ICL
We develop a new synthetic and controllable data framework, namely In-
Context Learning with Hypothesis-Class Guidance (ICL-HCG). This framework
integrates task instructions into synthetic data generation, enabling controlled
experiments on ICL with instructions. As preliminary results of the extension
inspired by the above work, we explore in-context blind tree search, where a
Transformer model is trained to perform tree search leveraging feedback in an
unknown environment. We show that the Transformer model can potentially

be trained to mimic the behavior of MCTS with varying UCT constants.

Improve

Real-World LLMs Sample selection for ICL
Better language pre-training
Better instruction tuning?

#questions =3
Chain-of-Thoughts
Task Generalization
Length Generalization
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é The topic

-7 instruction ..+~ search
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Figure 4.1: Works in this thesis and future directions.

In summary, this thesis constructs and studies new synthetic and controllable

datasets to explain dual operating modes of ICL, enabling our understanding of
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early ascent and bounded efficacy, and to bridge the gap of instruction between
synthetic and real-world ICL. The proposed frameworks and extensions with pre-
liminary results lay the ground for future research, aiming at further enhancing
the theoretical understanding and empirical applications of ICL. We visualize the

studies conducted in this thesis and the broader future directions in Fig. 4.1.

4.2 Future Work

In addition to the contributions and preliminary extensions presented in this thesis,
there are still many open problems related to either ICL or synthetic and controllable

datasets. Potential projects of several future directions are organized as follows:

4.2.1 Task and Length Generalizations

Understanding why and how a pretrained Transformer generalizes across different

tasks and sequence lengths remains a big question:

e Decoding the Mechanisms of Task and Length Generalizations By design-
ing various synthetic and controllable datasets for pretraining Transformers,
future work could further look into the details of the pretrained model, such
as attention heads [125] or position embeddings [42, 33], to decode the mech-

anisms of task and length generalization.

e Learning Optimal Teaching Sets Another research question related to our
work ICL-HCG, is whether Transformers can learn to identify optimal teaching

sets, a minimal collection of examples that distinguishes a task from a set of
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tasks. Similar to ICL-HCG, one can examine the generalization ability of the

Transformer on different sets of tasks.

4.2.2 Understanding the Mechanism of ICL within Transformers

Recent works [112, 1,27, 40] suggest that Transformers implement gradient descent

to perform ICL. Further investigations could improve this understanding;:

e Implementing Stochastic Gradient Descent within Transformers While
Transformers are known to implement gradient descent to perform ICL under
certain conditions, an open question is whether they can implement stochastic
gradient descent (SGD) [40], particularly under settings where SGD performs
better than gradient descent. Building synthetic and controllable datasets to
characterize when and how Transformers choose to implement GD or SGD

would help us to better understand the underlying mechanism of ICL.

e Improving the Generalization of ICL via Gradient-Descent Regularization
It is interesting to examine whether applying gradient-descent regularization
during training, e.g., forcing the Transformer to perform gradient descent
using in-context samples, can further strengthen the generalization ability of
ICL, since such regularization might encourage more stable and transferable

mechanisms of ICL.

4.2.3 Improving Fine-Tuning and Reasoning through ICL

We can potentially improve various applications of LLMs with ICL.
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e Enhance Parameter-Efficient Fine-Tuning (PEFT) [63] with ICL Samples
Leveraging in-context examples during PEFT may boost its performance, since
in-context examples provide a high initial accuracy for PEFT. This method

may lead to an improvement to existing PEFT methods.

e Bootstrapping Reasoning with ICL Considering a framework aiming at itera-
tively improving the reasoning labels of samples. For each iteration, we run in-
ference on an LLM with the sequences of format (x1, 71, y1, T2, 72, Y2, T3, '3, Y3, T4)
and the LLM outputs 74 and y, (r stands for reason). We can filter high-quality
generated reasons based on the correctness of y,. Those high-quality reasons
can be further used to prompt the model again to improve the prediction

accuracy of ICL with reasoning.
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Appendix A

For Chapter 2

A.1 Notations

This section collects all notations used in the main paper.

Notations introduced in Sec. 2.2:

e F: anext-token predictor.

F: a pretrained next-token predictor.

F*: a Bayes-optimal next-token predictor that attains Bayes risk minimization.

Fi: anext-token predictor for £k in-context examples.

Fi: a Bayes-optimal next-token predictor that attains Bayes risk minimization

for k in-context examples.

e = and y: input and label for a task, e.g., © and y of a linear regression task

y=x'w.
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k: the number of in-context examples.

K: the max number of examples in a sequence.

Si: a sequence of k in-context examples, [x1,y1, ..., T, Yk
Sk: a sequence of K in-context examples, [€1, V1, ..., Tk, YK]-
Sy @ 2D Sy @ k) = [z, y1,. .., Tk, Yk, Try1], which is a sequence of k in-

context examples appended with ;.

p and w: the parameters that jointly specify a task. p specifies the distribution

of &, and w specifies the function mapping x to y.

Dret and Dy, ,,: DY = D, ., and they represent the task prior distribution
where each task is specified by parameters ;o and w. The task prior is also
named pretraining prior, pretraining task prior, pretraining prior distribution,

pretraining task prior distribution, or simply prior.

D, (p): the conditional distribution of « conditioned on p of the task (u, w).
D, ,(p, w): the joint distribution of (x, y) in the task (p, w).

Dyjo(w): y distribution conditioned on the input  and parameter w of the task
(e, w).

P(p, w): the task probability of (p, w) in the task prior DPr.

P(z|p): the probability of x in D, ().

P(y|x, w): the probability of y in D, (w).
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L(F): the risk of F on samples generated from the pretraining data generative
model 1.
M: the number of mixture components in a Gaussian mixture prior.

N(z; p, X): the probability of  in the multivariate normal distribution with

mean p and covariance matrix 3.
m, o, and [3: the indices of mixture components in a Gaussian mixture prior.
T,n: the m™ mixture component in a Gaussian mixture prior.

Tm: the mixture weight of the m'™ mixture component in a Gaussian mixture

prior.
t and w,,: (o, w,,) is the center of the m™ mixture component.

p* and w*: (p*, w*) is the in-context task, i.e., in-context examples are drawn

from this task without label noises.
o, and o, the task noises, i.e., the noise scales of ; and w.

o, and o,: the sample noises, i.e., the noise scales of = and y of pretraining

samples.
7, the sample noise, i.e., the noise scale of x of in-context examples.
d: the dimension of x.

r: the max ratio of two mixture weights of two mixture components.

Notations introduced in Sec. 2.3:
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DPost; The posterior distribution of the pretraining prior DPP" after observing
Sk D x(k—&—l)'
|| - ||: the Ly norm.
|z||*: for any vector z, ||z|* = =" x.

|x||4: for any vector x and matrix A, ||z|} = = Az.

P(p, w|S), @ x*+1)): the probability of task (i, w) in the posterior after observing

Sk: s x(k?-‘rl).
T, the m™ mixture component in the Gaussian mixture posterior.

m: the mixture weight of the m™ mixture component in the Gaussian mixture

posterior.

fi, and W,,: (fi,, W) is the center of the m!™ mixture component in the Gaussian

mixture posterior.

P(p, w|T,,): the probability of task (u,w) in the m™ mixture component of

posterior.
2
6, and 4,,: the ratios of squared task noises over squared sample noises. §, = 2%,
O-.I(I
2
O—'LU
and (Sw = %

©
k T
< < Z T
ot By, = L=t B
k41
0 — i %
B B=
k
Zi—l LY
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e w: the mean of w in the task posterior, i.e., the predicted function by Bayes-

optimal next-token predictor. F*(S,®x* V) = (241, W) = <:ck+1, SM ﬁm'u?m>.
e ¢t and cp: parts of the re-weighting coefficient of Component Re-weighting.

o V,(a,f)and V¥, (a, 5): functions to help analyze the phenomenon of Component
Re-weighting.
e r(a, §): the ratio of the mixture weight 7,, of T,, over the mixture weight 7 of Tj.

e )\;(A): the d™ largest eigenvalue of matrix A. In this paper A € R¥?, thus \;(A)

represents the smallest eigenvalue of matrix A.
e )\ (A): the 1, the largest eigenvalue of matrix A.

e y; ,: the label of learning the function w*. y;,, = (k41, w*).

Notations introduced in Sec. 2.4:
e The L2 loss of ICL learning to learn the function w*. £} = (F(Sy @ z*+D) —

Yisr)? = (F(Sk @ 2*FY) — (@, wh))2

Notations introduced in Sec. 2.5:

o & VB # a,llus — p|? = ||pa — p*||* > d;, the p-margin of any other p5 over
Ha-

o &2: VB # a, ||lws — w*||* — [Jw, — w*||* > d2, the w-margin of any other w; over

wy.

o u2: VB # a, 72 |ws —w*||? — (14 72)|[[ws — w*||* > 72u2,, the weighted w-margin

x w’

of any other wj over w,,.
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pg of Prior and pu* of In-Context Task wp of Prior and w* of In-Context Task

Figure A.1: Visualization of the tetrahedron setting. The figure shows the pretrain-
ing prior centers and the in-context task. For g € {1,2, 3,4}, (s, wp) is a mixture
component center in the prior. (p,, w,) for @ = 1 (numbers are noted in the center
of circles) is the center of the target task for ICL with biased labels, while (p*, w*)
is the in-context task. The dotted purple lines highlight the distance of 1 from the
origin (0,0, 0) to any point denoted by p or w.

o yi ,: the label of retrieving the function w,. yi,; = (Ti11, Wa).

e The L2 loss of ICL learning to retrieve the function w,, of the pretraining prior

center a. L§ = (F(Sy @ aF+D) —ye )2 = (F(S), ® 2* D) — (@)1, w,))>

A.2 Prior Examples

This section outlines our configurations of prior settings in numerical computations
and preliminary Transformer experiments, focusing on the geometrical arrange-

ment of the centers in the priors. Specifically, we detail the configurations where
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the centers form shapes of 3-dimensional regular polyhedra in Sec. A.2.1, extend to
configurations in d-dimensional spaces in Sec. A.2.2, and discuss a unique setup

related to the early ascent phenomenon in Sec. A.2.3.

A.2.1 Regular Polyhedrons

Taking into account the centers of the mixture components from the pretraining
prior, which manifest as distinct points forming the vertices of various shapes,
we examine 3-dimensional regular polyhedrons. These include tetrahedron (4
vertices/centers), octahedron (6 vertices/centers), hexahedron (8 vertices/centers),
icosahedron (12 vertices/centers), and dodecahedron (20 vertices/centers), listed
with increasing density of the centers on a sphere.

The configuration of a regular polyhedron with M centers is established in
accordance with the parameters outlined in Assumption 2, as detailed below:

e Dimension d = 3, the number of mixture components equals to )/;
e The centers of mixture components form a regular polyhedron with M vertices;

o All components’ mixture weights are the same, 7, = 1/M, and p,,, = w,,, for all

m € [M];
e For noises of « and y, we have 0, =0, =1,and 7, = 1;
e For noises of u and w, we have o, = 0, = 0.25 if not specified;

e For the in-context task, pu* = 2A1H2 and w* = 2witw

= Tt = Towr ey if nOt specified, where

1o is one of the the closest centers to pt;.
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We mainly use the tetrahedron setting in the paper. Therefore, we further
visualize the setting and note down the parameters. The 3D visualization of mixture
component centers in the prior and the in-context task are shown in Fig. A.1. The
parameters are noted as follows:

e Dimension d = 3, number of mixture components M = 4;

e The centers of topics form a tetrahedron as shown in Fig. A 1. puy = w;, =
0,0, =17, po = wy = [/2,0,3]", p3 = w3 = [—\/g,+ 2,37, and py = wy =
S

o All components’ mixture weights are the same, 7, = 1/4, and u,, = w,,, for all

m € {1,2,3,4};
e For noise of x and y, we have o, =0, =1,and 7, = 1,
e For noises of 4 and w, we have o, = 0,, = 0.25 if not specified;

and w* = 2witwet0.2w; - A7,

e For in-context task, we have p* = 2#ituet02us = [l i

T (121 +p2+0.2us |
slightly shift the in-context task (p*, w*) towards (3, ws) for visualization pur-

poses, to make m = 3 and m = 4 produce slightly different curves.

A.2.2 d-Dimensional Examples

We consider d-dimensional examples with d centers for d € {2,4,8,16,32}. A
d-dimensional example with d vertices is parametered as follows:

e Dimension equals to d, number of mixture component M = d;
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1 ifi=m
For all m € [M], pty, = €, and py,; = ,i.e., b, is the m™ vector in
0 ifi#m

the standard basis of R™, characterized by having all elements equal to 0 except

for the m'™ element, which is 1.

All components” mixture weights are the same, 7,, = 1/d, and p,,, = w,,, for all

m € [M];

For noise of  and y, we have 0, =0, =1,and 7, = 1;

e For noises of u and w, we have o, = 0, = 0.25;

For the in-context task, we have pu* = ”351122” and w* = Hggiigiu.

A.2.3 Early Ascent Examples

Table A.1 outlines the prior configuration used to produce the early ascent phe-
nomenon, where the in-context task is designed with a distribution of x close to a

misleading task. The full results are shown in Fig. A.2.

A.3 Coarse Upper Bound for ICL Risk

The following theorem shows a coarse upper bound of the ICL risk parallel to

Theorem 3:
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Table A.1: Prior settings for early ascent. The pretraining task prior comprises
two components for one dimension and three for two or more dimensions. ICL
aims to predict following the in-context function w*, equivalent to prior center 2’s
function wy (w* = w). The in-context task is characterized by having a closer «
distribution to the task of prior center 1 but a closer x — y mapping to the prior
center 2. The parameters for all cases are set to 0, = 0, = 0.05, 0, = 7, = 1, and
o, = 2. Refer to Fig. A.2b for visualization of the prior centers under dimension
de{1,2,3).

Component  Mixture

Case /Task Weight H v
Component 1 1/2 w1 = [+1] wy = [—1]
d=1 Component 2 1/2 po = [—1] wy = [+1]
Component 3 / / /
In-context Task / p=[+1] w* = [+1]
******* Component1 s g =L+ Twi=[onoi] T
d—9 Component 2 /3 po = [—1,—1] wy = [+1,+1]
B Component 3 /3 ps = [+1,-1] wz = [—1,+1]
In-context Task / pt = [+1,+1] w* = [+1, +1]
******* Component1 s~ g = [F1] 4 X (d=1) wi = [=1] ¥ L1 X (d = 1)
4> 9 Component 2 /3 po=[—1]+[-1] x(d—=1) wy=[+1]+[+1] x (d—1)
- Component 3 /3 ps=[+1]+[-1] x(d—-1) ws=[-1]+[+]1] x(d—-1)
In-context Task / pt=[+1] xd w* = [+1] xd

Theorem 7 (Coarse Upper Bound for ICL Risk). Consider a next-token predictor

attaining the optimal pretraining risk. As k — oo, the ICL risk is upper bounded by:

4(1 + dr?)
T2 k?

where L = (F(Sy ® a*+) — yr )2 = (F(Sp @ V) — (2441, w*))? and 6 is an

B[] < o),

arbitrarily small positive constant. See Appendix A.12 for proof details. The upper bound
decreases as the square of the inverse of k. Notice there is no noise for y labels of in-context
examples under our setting, which leads to a faster decay rate than standard 1/k for ridge

regression [109].

The notations ¢,, and & are colored for easier observation.
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We further compare the risk Eg, . .+1)[£}] and the risk under ridge regression
with L2 regularization parameter equal to 10~%, where the same & samples without
label noises are used as in-context examples for ICL and training samples for ridge
regression. Fig. A.3 shows the experiment results. Under certain settings for the
task prior D,, ,,, when the task prior has low task variances, ICL performs better

than ridge regression with a fixed regularization parameter under small .

A4 Transformer Performance in Approximating
Bayesian Inference

We examine if a Transformer network pretrained on samples generated from our
pretraining data generative model matches the performance of Bayesian inference.
We consider three factors of the task prior in our experiment: prior task noises, number
of components, and feature dimension. For scalar y, we transform it to a d-dimensional
vector [y,0,...,0]. Thus, Sy @ 2**+Y forms a (2k + 1) x d matrix, comprising

and k pairs of (x;, ;).

Experiment Setting. We conduct experiments based on the module GPT2Model
from the package Transformers supported by HuggingFace!. We use a 10-layer,
8-head Transformer decoder with 1024-dimensional feedforward layers, and the
input dimension is set to d, equal to the dimension of . We train the model over

three epochs, each consisting of 10,000 batches, with every batch containing 256

https:/ /huggingface.co/
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samples. We use AdamW [67] as the optimizer with weight decay as 0.00001 and

set the learning rate to 0.00001.

Experiment Results. Fig. A4, A.5, and A.6 show the experimental results, where
F denotes the prediction of the Transformer network, F* denotes the prediction
of Bayesian inference, and y;.,; = (i1, w*) is the label of learning the in-context
function. In Fig. A.4, we consider the tetrahedron setting (see Apendix A.2.1 for
setting details) under varied task noises (9, = d,, € {1/256,1/64,1/16,1/4,1}). In
Fig. A.5, we consider settings of regular shapes (see Appendix A.2.1 for setting
details) with different numbers of vertices/components (M € {4,6,8,12,20}).
In Fig. A.6, we consider settings with varied dimensions (see Appendix A.2.2
for setting details, d € {2,4,8,16,32}). We observe that the trained Transformer
network can approximate the Bayes-optimal predictor under varied settings, and
the larger the number of dimensions and the number of mixture components, the

harder it is for the Transformer network to approximate Bayesian prediction.

A.5 Additional Information for Bounded Efficacy in

GPT-4

A.5.1 Experimental Setting

Table A.2 introduces the experiment setting of GPT-4, including the system message,
the prompt, the in-context task, the “biased +” task, and the “addition (+)” task.

Designating the “biased +” task as the in-context task, i.e.,, c; = o, + 0, + 1, we
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Table A.2: Setup of bounded efficacy. Experiment setting to reveal the bounded
efficacy phenomenon of biased-label ICL in GPT-4.

Setting

Desciption

LLM

GPT-4

System Message

You are a mathematician. Consider the following
math problem and follow the exact instruction.

Prompt

You are given examples. Each example has two
integers as input and one integer as output. Please
provide an answer for the last problems in

the math exercise:

()b, =

e
()=

Provide your answer directly.

In-Context Task

and 0, are uniformly sampled from [10, 99], and
— 04 b+ L

Goal of Learning the =~ Aiming to learn the “biased +” task, a(?)b=
“biased +” (a+b+1), with in-context examples following the
Task with True Labels  same “biased +” task, a(?)b=(a+b+1).
Goal of Retrieving the Aiming to retrieve the “addition (+)” task, a(?)b=
“addition (+)” (a+b). However, the in-context examples are
Task with Biased Labels provided with a slightly different task “biased +”,

a(?)b=(a+b+1).

measure the performances on two goals, including learning the “biased +” task

and retrieving the “addition (+)” task.

A.5.2 Additional Results

This section collects four pairs of prompts and predictions for £ = 0,2,8 in Ta-

bles A.3, A4, and A.5. The results show that ICL with biased labels will initially

retrieve a commonsense pretraining task due to task retrieval, and finally learn the
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Table A.3: Zero in-context example (k = 0). Prediction is colored red if it is correct
for task retrieval (a(?)b = (a + b)), and colored blue if it is correct for task learning
(a(?)b=(a+b+1)). “..” denotes the hidden part of the prompt. Please refer to

Table A.2 for the whole prompt.

Prompt 51(?)36= 27(?)15=

76(?)82= 55(2)15=

Without knowing the Sorry, but your
operation or rule that ~questionis not

connects the two clear. Could

input integers to you please
Results the output intg%er in Provide more

the examples, it’s information

impossible to provide about the

a correct answer. operation

Please provide the between the
examples or the rule.  two numbers?

Your question seems to

be missing some
information. Could you
please provide the
examples you mentioned?
They are necessary to
understand the relationship
between the two input
integers and the output
integer.

70

Table A.4: Two in-context examples (k = 2). Prediction is colored red if it is correct
for task retrieval (a(?)b = (a + b)), and colored blue if it is correct for task learning
(a(?)b=(a+b+1)). “..” denotes the hidden part of the prompt. Please refer to

Table A.2 for the whole prompt.

73(?)80=154 48(?)73=122
Prompt 59(2)22=82  78(?)80=159
54(2)97=  21(?)33=

21(?)28=50 94(?)43=138
69(2)29=99 98(?)70=169
47(0)10=  96(?)4l=

Results 151 54

57 187

in-context task because of task learning.
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Table A.5: Eight in-context examples (k = 8). Prediction is colored red if it is
correct for task retrieval (a(?)b = (a + b)), and colored blue if it is correct for task
learning (a(?)b = (a+ b+ 1)). “...” denotes the hidden part of the prompt. Please
refer to Table A.2 for the whole prompt.

37(?)70=108 60(?)76=137 66(2)40=107 68(?)88=157
41(?)18=60 69(?)26=96 46(?)81=128 34(?)18=53
19(?)12=32  72(?)85=158 63(?)31=95 70(?)70=141
82(?)67=150 39(?)10=50 41(?)24=66 13(?)35=49
Prompt 42(?)13=56 50(2)47=98 70(?)43=114 52(?)50=103
26(?)41=68  19(2)63=83  89(?)84=174 72(?)32=105
80(?)39=120 45(?)95=141 76(?)82=159 98(?)82=181
58(?)23=82  69(2)41=111 46(?)28=75 55(2)51=107
40(?)90= 81(?)36=  49(?)46= 50(?)31=

Results 130 118 96 82

A.6 Bounded Efficacy in Zero-shot ICL

This section introduces the experiment setting of Fig. 2.6. We start by introduc-
ing the experiment results in Fig. A.7 copied and pasted from the work of Min
et al. [73]. While our theory shows the bounded efficacy phenomenon for ICL
with non-informative labels (Lemma 6), Fig. A.7 seems to imply a conflict phe-
nomenon. Thus, we further extend the number of in-context examples in Fig. A.7
left. The classification task adopts five datasets including (i) glue-mrpc [23], (ii)
glue-rte [20], (iii) tweet_eval-hate [5], (iv) sick [71], and (V) poem-sentiment [99].
We use the GitHub code? released by Min et al. [73] to generate the same data and

evaluate LLMs with a larger context length capacity aiming at a larger number of

Zhttps://github.com/Alrope123/rethinking-demonstrations
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in-context examples. We selected Mistral 7B (32768), Mixtral 8 x7B (32768), Llama2
13B (4096), Llama2 70B (4096), and GPT-4 (8192) for our experiments, with the
integers in parentheses indicating the maximum context length for each model. We

perform inference on large models with 8 H100 with the package vllm?.

A.7 The Derivation of Posterior

This section provides detailed derivations for Lemma 1. We begin by showing the
posterior is potentially still a Gaussian mixture in Sec. A.7.1. Then, in Sec. A.7.2, we

show how Eq. A.1 is proportion to Eq. A.2, which is precisely a Gaussian mixture.

A.7.1 Prior to Posterior
We start by showing the posterior is potentially still a Gaussian mixture. For fixed

Sk @ .',U(k+1):

P(p, w| Sy ® z**D)

o P, w|Sy @ x(k+1))P(Sk @ x(k+1))
— P(u, w, Sy ® x(k+1))

= P(p,w)P(S, © 2" |p, w)

M
= ( S P(u, wITm)>P(Sk @ 2% |, w)
m=1

M
= > T P(p, w|T) P(Sk ® 2" |, w) (A1)
m=1

Shttps://docs.vlim.ai/en/latest/



105

x 2_:1 TP, w|Th). (A.2)

We give the derivation from Eq. A.1 to Eq. A.2 in the next section.

A.7.2 Closed-Form Solution from Eq. A.1 to Eq. A.2

We analyze each component (indicated by a specific m) in Eq. A.1. Given fixed

Sp @ 1), for all m € [M] and all (u, w), we have:

log(P(p, w|T,,) P(Sy, @ 2%V |, ))

il wlp S S T vl
202 202, 202 207

+ log <(27T0>dd/2> + log <(27T0)dd/2> + (k+1)log <(272dd/2> + klog ((2721/2>
(Let C3 = log <W> + log <W>

+ (k+1)log <(27T);d/2> + klog <(272:/2> )

O’CE
o=l Jlwn -l S (e - S (2w — il
’ 207, 202 20?2 207
_ oy — (B = pl? | S k- iHQ) _ (llowm = wl? | X efw - yz’HQ)
’ 207 202 202 202
o2 o2
_Zn w
(Letéu—a—% and ¢, 0—5)

) ) . , , k+1 k41 )
_03—22(<|mm|| — ot ) + (<k+1 Il =207 3+ 3] ))

1

~ 3.2 ((me\|2—2w w + |[w||?) <Zw T, w—2wTZw1yl+Zyl>>
1 ) ) k+1 k+1 )
S (L SRAUERA PUEEAPRE SEA RS ST
n i=1

i=1
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1 k k k
~ 57 (meH? +aw' (I + 0w Z:cm:j)w — 2w (wm + 0w Z:I:Zyl> + O ny)
w i=1

i=1 i=1

k+1
(Let04:03— LNl Zyz
uz 1 wz 1
. . ) k1
—04—2<HumH #4020 1016, Y )
u =1
k
(Iwm||2+w <I+6 wa> —2w<wm+5wzwz‘yz‘>>
=1 i=1
k T
(LetS, = I and 8, = == 5% )

k

1 k+1
~Ci- 5 (||um||2 R s, — 27 <um 05,3 m))

=1

1 k
o (U ANy R e )

i=1

kt1
(Letp=> x;and w = Zi }fwlyz )
i=1
—C—L(H 12+ Nl 5, — 20 (i + (k +1)8,))
17 5, 2 Hm KTy (kv1)s,5, — 20 (Um b

1 ,
= 57 (lwnl® + 1wl 45,5, = 20" (Wn + kéuw))

(Let A, = (k+1)6, and A, = kd,.)
1 i}
=Cy — 272(Huwn|!2 +lulfia,s, — 206" (o + Aup))
1

T2 oo (wnl? + [ty a5, — 20" (W + Ayw))

2 2 T 2 o —2
— Oy — (IIMmII (1012, =207 et Al Sl o) =t Sl 2 1) fao2

— (w2 (10l 5, =207 (Wit Au) w0+ A 012 A

(I+ApEw) ™ 1)

20

(I+AwZw) ™ 1)/2Uw

1 _ SN _
= C4‘2< (HI"mHQ — llpm + AH“"?I+AH2“)—1> +llp— T+ A.32,) l(ﬂm + Au“)“irAMzu)
I

1 _ o \— _
—5 ( (llwm® = llwm + Aty a,5,)-1) + lw = T+ AwSw) ™ (wm + Aww)H?szw) :
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Notice C, is independent to m, u, and w, thus we have:

P, w|T) P(Sy & 2*D |1, w)

1 _ o _
o exp ( ~ 57 ( (Humll2 = [lpem + A#ul\?HA“EM)—l) = (14 AuZ) ™ (o + Au“)”i—A“izH))
m

1 _ o N — _
exp ( o ( (lwml? = [ + A7y, 54)-1) + 0 = (T + AuEw) ™ (wn + Awwn;mw))

2 _ =112 B 2 112
5 exp (_ [ ® = [l + (b + 1)6Mu||(,+(k+1)5uzu)l> o (_ [wm|? — [|wm + kaww|<”k5wzw)l>

2 2
QO'M 20w

17 w
m Cm

NI+ (k+1)0,3) " (e + (b + 1)0f2), 02(I + (k+1)5,2,) ")

c!

N (W|(I 4 k6 Zap) ™ Hwy, + k), 02 (I + kdypZew) ).

By defining P4, w|T) = N (u|(L + (k+ 1)8,5,) " (o + (k + 1)dfa). 02(L + (k +
1)0,3,) ") N(w|(I+k6pXw) (Wi, + kdpw), 0 (I + k5, 3,)7Y) and 7y, = mpch .
We have:

T P, w| T ) P(S @ 29|, w) o 7, P, w|T,).
Therefore,

M M
S T P, w|Tn) P(Se @ 2 |y, w) o< - 7, P, w|T)).
m=1 m=1
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A.8 Detailed Analysis of Component Shifting and

Re-weighting

A.8.1 Analysis of Component Re-weighting

This section analyzes the CR effect on 73 as k increases. We focus on whether 7,
of T,, surpasses 7 of any other T; with 3 # o, where « is the index of the closest
prior center to the in-context task as described in Assumption 3. We assess this via

the ratio (o, 3) of 7, to 7s:

o TaCochey o
T(Oé75) - ﬁ—ﬂ - Wﬂoocgcg - 7TB exp(\l’u(a,ﬁ) + \Pw(auﬁ»? (A3)

where we define two functions ¥, (a, ) = log(ct/cly) and W, (a, 3) = log(ct /c§) to

facilitate the analyses of how r(«, #) changes with increasing k.

Analysis of ¥, («, 5). We further simplify the function ¥, (a, ) as follows:
k+1 k+1

V(o f) = (; s — il* = ; e = 2ill)/203(1 + (k +1)3,)). (A4
(See Appendix A.8.3 for derivation.) Since x; ~ N (u*, 72I), choosing p* closer to
W tends to make VU, (v, ) positive and increase faster with increasing k. However,
as k approaches infinity, ¥, («a, ) stabilizes rather than increasing infinitely, i.e.,
limy oo Wpler, B) = ([l — p* 1> = || o — *]1*) /(207). The leftmost column of Fig. A.9
shows the numerical computation of ¥, («, ) with varied task noises under the
tetrahedron setting (see Appendix A.2.1 for setting details). The smaller the value

2
of 6, (= Z—g) is, the easier for U, (a, ) to increase as k increases.
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Meanwhile, we also have:

k+1 k+1

lim W, ( Z lpes — il|* — 2 e — :l*)/ (207) (A.5)

a,‘—>

Analysis of V,,(«, 5). We further simplify the function ¥,,(a, ) as follows:

Uy (a, B) = (|lwg — W*||§_(1+k5w2w)71 — |lw, — w*||§—(I+k§w2w)*1)/(20120)' (A.6)

(See Appendix A.8.3 for derivation.) Since k6,2, (= 8, S5, z;x], see definition
of ¥, in Lemma 1) is semi-positive definite, thus choosing w* closer to w, tends
to make ¥,,(a, §) positive and increase faster as k increases. However, as k ap-
proaches infinity, limy, o, k8, 0 = limy o kéww = kb (p*p* " +721I). Thus,
limy oo I — (I + k6,3)~" = I and U, (a, () stabilizes rather than increasing in-
finitely, i.e., limy_,00 Uy (e, ) = (|Jwg — w*||* — [|wa — w*||?)/(202). The topmost
row of Fig. A.9 shows the numerical computation of V,,(«, §) with varied task
noises under the tetrahedron setting (see Appendix A.2.1 for setting details). The
smaller the value of 6,, (= %) is, the easier for ¥, («, §) to increase as k increases.
However, one should note that ||wg — w*|* > ||w, — w*||* does not necessarily

imply [[ws — w*||7_ > [Jw, — w*|)3_

(I+kby Sp) 1 (I+kSpS) 1
Meanwhile, we also have:
lim W, (o, B) = (|ws — w[}s, 5, = lwe — w5, 5,)/(200)

ow—0

= (s — zilis, — e — =ilis, )/ (207)

Z(Zjllyf—yﬂl2 ZHyZ vi %)/ (202), (A7)

where yf = (x;, wg), Y = (x;, w,), and y; = (x;, w*).
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Therefore, combine Egs. A.5 and A.7 and we have:

lim W, (a, 5) + Pu(a, §)

OpsOw—

I” = e — il

2
20z

(A.8)

Its — o] — [[a — Ten ] | &, s —
— +Z(

2
20z =

I e A
207
Numerical Computations of Component Re-weighting. We have seen how noises
o, and o, of the task prior affect the values of ¥, and V,, with increasing k. We
further show the numerical computation of 75 in the center of Fig. A.9. The figure
shows that the smaller 6, and §,, are, the larger ¥, («, §) and V,,(a, 5) will be with
increasing k, and the easier for the mixture component 7, to dominates in the

posterior with an increasing number of in-context examples.

A.8.2 Analysis of Component Shifting

The Component Shifting effect in Lemma 1 involves shifting the variables fi,, and

W,y

fom = (I + (k +1)0,2,) " (o + (k + 1), ), (A9)

Wy, = (I + k6ySy) H(wy, + ké,w). (A.10)

The following analyses examine these two variables with increasing k.
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Analysis of fi,,,. We provide the derivation of fi,, in Eq. A.9 (see Appendix A.8.4

for details):

i = (pom + kS, 2) /(L + (k + 1)3,). (A1)

*

k .
Thus, when & increases, f,, moves close to the value of Zmle and limg_.o ft,, = p*.
We also show the numerical computation of the distance between shifted f,, and

p* in the first row of Fig. A.10.

Analysis of w,,. We provide the derivation of w,, in Eq. A.10 (see Appendix A.8.4

for details):
Wy, = (I + kdpSy) H(w,, — w*) + w*. (A.12)

_ k . _

Notice when k — 00, k8,5, = kb, =125 k5, (72T +w w* "), thus Ag(k6,Su) —
00, M((I 4 k6uXw)™") — 0, impoo (I + k6uXw) H(wp, — w*) < limy_oo A (I +
E6uwXw)™Y) - |w,, — w*|| = 0 and limy,_,o W@,, = w*, where \4(A) indicates the mini-

mum eigenvalue of A. We also show the numerical computed distance between

w,,, and w* in the second row of Fig. A.10.

A.8.3 Derivation Collection of ¥ ,(a, 5) and ¥, (o, )

This section collects derivations for ¥, («, 8) and ¥, («, 5). The derivation of
VU, (o, B) is collected in Sec A.8.3 and the derivation of V,,(a, /5) is collected in

Sec A.8.3.
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Derivation of U, («, ()

This section collects the derivation of ¥, («, #) in Eq. A.4 of Sec. A.8.1:

(o, B)
= log(ch/ch)
2 2
HMH ||l‘ﬁ+(k+1)6”““(I+<k+1)6u>3u)‘1
exp 202
= log
2 2
||lla 12—lpa+( k+1)6#“”(1+(k+1)6u2u)_1
exp 202

_ (U (B4 1)6) [ psll® — [lps + 6, S0 |
203(1 + (k+1)6,)
(A (B4 )8 ]l — llpta + 6, S @i
202(1+ (k +1)d,)
o _||N/3+5uzf 1 931“2 _ _Hll’a"‘(s Zf 1 wZHQ
202(1+ (k +1)d,) 202(1+ (k +1)d,)
_ _Hﬂﬁ”2 —QH,B( Zf 1 i) — |10, Zf 1 981H2
202(1+ (k +1)d,)
el = 2p0 (8, S i) — (10, 358 @i
202(1+ (k +1)d,)
(k4 D)0l sl — 205 (8, 82 @) + 0, 2 (||
B 202(1+ (k+1)d,)
(b D)0l pal® — 2pg (0, 052 @) + 6, S [lae |
202(1+ (kb +1)d,)
_ S Gullps —ml® S e — @il
202(1 + (k+1)6,) 202(1 + (k+1)6,)
2 s =l = S (0 —
202(1 + (k:+ 1)%)
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Derivation of ¥, («, ()

This section collects the derivation of ¥,,(«, 3) in Eq. A.6 of Sec. A.8.1:

Uy(a, B)
= log(cy//c§)

e (_ ||wa||2—|wa+k§:§“?1+k5wzw)—l>
= Og —

lwgll*—llws+kdww]| .
exp (— 27 (I+kSwSaw) 1)

o ”’wﬂH2 - ||w,3 + k5w’d’||?1+k5wgw)71 B ||wa||2 - Hwoc + kéww||%1+k5w§w)71
B 202 202,

k k
(Note ko, w = 6, Z Ty = Oy Z xx] w = ki, S,w".)

i=1 i=1
sl = s + 8 Su sn wall = e k8B y s
B 202 202
sl — [ (ws — w) + (T + kS Py
202,
sl — w0 — w) + (T4 RS |y s
202
sl — s — w1 — 25— w) T
202,
_ HwozH2 - ”wa - w*||?1+k5wf;w)—l - 2<wa - 'w*>T'w*
202
= w0 = w s — w0 e = w0l s
202, 202,

_ Hwﬂ - w*H%_(1+k5u,§‘3w)fl — [|wa — w*||

2
20,

2
T—(T4+k6y3q) "t
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A.8.4 Derivation Collection of s, and w,,

This section collects derivations for ft,, and w,,. The derivation of f,, is collected

in Appendix A.8.4, and the derivation of w,, is collected in Appendix A.8.4.

Derivation of fi,,

This section collects the derivation of [, in Eq. A.11 of Sec. A.8.1:

fo = (I + (k + 1)0,2,) " (pm + (k + 1)0, )
=T+ (k+1)8,I) " (o + 5, %1 x;)

=1
. Hm + 5u Zfill Z;
1+ (k+1)5,

Derivation of w,,

This section collects the derivation of w,, in Eq. A.12 of Sec. A.8.1:

Wy = (I + k6ySw) H(wy, + ké,w)

k k
(Recall ké,,w = 6, Zaziyi = O Z xx] w = ki, X,w".)

1=1 =1

= (I 4 k6pXw) Hwy, + kb Xpw®)
= (I 4 k6y2y) Hwy, — w* + (I + k6,X,)w*)

= (I +k6,2w) Hw,, — w*) + w*. (A.13)
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A9 Additional Experiments for Early Ascent

A.9.1 Early Ascent and Bounded Efficacy under Noisy Labels

We further examine phenomena of early ascent and bounded efficacy with noisy
labels under varied noise levels. The results show that these two phenomena are

robust to label noises to some extend.

A.9.2 Early Ascent under Non-Linear Regression and Discrete

Token Prediction

This section uses Fig. A.13 to show the existence of the early ascent phenomenon on
non-linear regression and discrete token prediction with our designed distributions
of pretraining and in-context samples. Fig. A.13a shows that the early ascent phe-
nomenon exists when a 2-layer neural network with Tanh Activation function serves
as the non-linear function, and Fig. A.13b shows that the early ascent phenomenon
exists when the dataset consists of sequences of tokens with discrete values rather
than sequences of vectors with continuous values. For the details of experiments
including our designed distributions of pretraining and in-context samples, please
refer to Sec. A.9.2 for the experiment with non-linear regression and Sec. A.9.2 for

the experiment with discrete token prediction.

Experiment Design for Non-Linear Regression

The following assumption shows the data generation model to generate a non-linear

sequence [x1,V1, ..., Tk, Yk |, where x; is a vector and y; is a scalar. The non-linear
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function mapping x to y is highlighted in red in the assumption.

Assumption 7 (Pretraining Data Generative Model for Non-linear Regression).

(a) sample a task from the task distribution:
(o, W, v) ~ D" P(u, W, v) Z TP, W, v|T,,),

where T, represents the m™ mixture component, i.e., P(pu, W, v|Ty) = N (p; o, 021 -

W W%

L exp("——5E) - N(v; v, 020), and T, is the mixture weight. N (x; p, X)

d2 _d2
@2m)=af,

denotes the probability of x in the multivariate normal distribution with mean p and covari-

ance matrix X, || - || indicates the Frobenius norm, ¥"M_ 7, = 1,0 < mp, < 1, (fm, Wy,
is the center of the mixture component T,,,, and all components share the same covariance
matrix controlled by o, ow, and o,;

(b) input variable distribution: within a sequence, Vi € (K|, x; ~ Dy(w), P(x|p) =
N (|, 021);

(c) label distribution: within a sequence, Vi € (K|, y;|2; ~ Dyjo,(W,v), P(y;|z;, W,v) =
N (yi|(tanh(Wx;), v), 07), where tanh() is a Tanh Activation function;

(d) x, p, o, v,v,, € R, and W W, € R4,

For experimental setting of Fig. A.13a, wesetd = 2,0, = 1,0 = 0, = 0.5, 0, =

10
Oy = 1, M = 2, T = 0.1,7T2 = 09, M1 = [1,O]T,,LL2 = [O, 1]T, W1 = ,WQ =
0 0

0 0

,and v; = [1,0]7, v, = [0,1]". In-context samples follows task (u*, W*, v*),
0 1

where p* = py, W* = Wy, v* = vy, and 0, = 1. Notice that although we add label
noise to in-context samples, when evaluating the prediction, we calculate error/loss

based on the clean label.
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Experiment Design for Discrete Token Prediction

The following assumption shows the data generation model to generate a non-linear

sequence |21, Y1, ..., Tk, Yx|, where z; and y; are both integers (discrete tokens).

Assumption 8 (Pretraining Data Generative Model for Discrete Token Prediction).

(a) sample a task from the task distribution: (j1, w) ~ D"y € [M],w € [M], P(p, w) =
SM P, w|Ty,), where T, represents the m™ mixture component, i.e., P(j1, w|T;,) =
Tw=w, (1 = (M = 1)0,) 1 j=pn] + 0ulustpm)), and mp, is the mixture weight.

(b) input variable distribution: within a sequence, Yi € [K|, x; ~ D,(u), P(x;|n) =
(1= (M = 1)ou)1jz=p) + 0uljap);

(c) label distribution: within a sequence, Vi € (K|, y;|x; ~ Dy, (w), P(y|z;, w) =

(1 - (M - 1)0y)1[y¢:xi+w mod M] + Uyl[yﬁéacier mod M]-

For experimental setting of Fig. A.13b, we set M = 6,m = 0.04, 15 = 0.481, 715 =
0479, m9 = 14 = 76 = 0,0, = 0.05, 0, =004, 0, = 0.13, 1 = w1 = 1,43 = w3z =
3, 5 = ws = 5. In-context samples follows task (u*, w*), where p* = py, w* = ws,
and o, = 0.13. Notice that although we add label noise to in-context samples, when

evaluating the prediction, we calculate error/loss based on the clean label.

A.10 Mathematical Derivation for Early Ascent

We show that the early ascent phenomenon occurs under a specific setting in
Sec. A.10.1. Then, we give formal theory with proof to show when early ascent

happens in Sec. A.10.2.
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A.10.1 A Specific Setting of Early Ascent

To have a cleaner mathematical understanding of this phenomenon, this section
uses the setting of d = 1, the first row, in Table A.1 to show the mathematical
logic. (Some parameter settings are described in Table A.1’s caption.) Following

Theorem 3, the upper bound of ICL risk is as follows:

Es, grt+1 [LF]
2

< ,32:1 [ws — w**Eg, eq0+0 [Tl Tk [P A1 (A)?]
= [[w — w*[|*Eg, gpu+n [T ]| 211 [[*A1 (A)?]

+ lwy — w*|*Eg,gu00 [Tol| x4 ] A1 (A)?]
(Notice wy = w*, |w; — w*||* = 2% = 4.)
= 4Eg, coe+0 [T1][@r11]* A1 (A)?]
(Notice 711 + 75 = 1.)

T
=4Eg oo k+1) L
SLPx 7_(_1_|_

s X (A)?]
2
(Recall =X = r(1,2) as Eq. A.3.)
2
1,2
= 4Esk@z(k’+l) [ r( )

2 2
O lanalPhar).

Noticing 4, = 0~f§2 and §,, = 0'5’252 are very small, when £ is small, we have kd,, ~ 0

and M\ (A) = (I + 6, 0, ww]) ™ & I, thus Eg, g0 |1ty [@ea [P (A)?] ~
Eg, gute+1) [% | ki1 HQ] and a larger (1, 2) means a larger upper bound. In the

following, we will examine whether the increase of & leads to the increase of (1, 2).



Following Eq. A.3:

r(1,2) = dexp(\lf“(lﬂ) + Uo(1,2))

=exp(V,(1,2) + U, (1,2)).

We first analyze ¥, (1, 2), following Eq. A.4:

S Ml — il | = STEE [l — ]

202(1+ (k + 1)5u)

EW,(1,2)]=E

(Since 9, ~ 0, thus when £ is small, we have:)

g [ S e —@i? = S — @]
_ 207
k+1
= %gEWm—%W—WA—%W}
k+1
= S Elllpz — 21| — Bl — 2 ]*)
k+1

= LBl — )+ ) — (Bl — ]+

(p* is the same as p,, but different from p,.)

k+1 .
= 502 (E[||ps2 — p[*] = 0)

k+1
2% 12

—2(k+1).

x 22

We then analyze ¥, (1, 2), following Eq. A.6:

E[U,(1,2)] =E ko - w*“1—<f+k6w2w>1]

2
20,

(Since §,, ~ 0, thus when £ is small, we have:)

%_Ewm f@j( wﬂ

7.)

119
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_ k 112
(Notice the feature dimensiond = 1, ¥,, = lek”w’”)
g [l = @ PR, S P

202,
g [Eh el

2
Ty

= 2K [leal?

Y

2k
—=

[ + 72)

=——x(1+1)=—-k

z oo L k) =explk +2)/ (1+exp(k + 2))

Therefore, when k is small, 7(1,2) = W,(1,2) + =

U, (1,2) = exp(k + 2), and the upper bound is approx-

imately equal to:

exp(k + 2) Figure A.14: Illustration

]
1+ exp(k + 2) of the function exp(k +

4Esk@$(k+l)
which increases as the number of in-context examples 2)/(1 + exp(k + 2)).

increases.

A.10.2 Theorem of Early Ascent

Theorem 4 (Early Ascent). AssumeE,, [(]—"*(:131) — (w*, 1:1))2] < By, [(21, we — w*)?],

. _a*|12 k)T, %2 2 a2
where o = arg min I =gy (w0 =w®)  p | rdrg [ wm=w" 2 Thop aphen 6, and o, are
m

2 2
202 20

small enough, we have the early ascent phenomenon on the risk:

3k > 1st. By, [(F (1) — (W', 21))°] < Egpapinrn [(]-“*(Sk & ) — (w*, wk+1>)2] .
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Proof. We examine the following case, when ¢, and ¢,, are small enough, and & is

also big enough to retrieve a task, i.e., making a center dominate:

k—00 (ou,0w)—(0,0)

2
lim lim ESk@x(k""l) {(f*(sk S% ;L‘(k-i-l)) — <w*’ $k+1>) ]
. : Mo . 2
= jm (m,alwlg(o,o) Bsiortrn <Zm=1 T AW = w), wk+l>

2
M
k—o0 (U;L70'1u)—>(0,0) Sk@x( ) Zm:l m( m )7 k+1

/1 2
i ; 25:1 Tm exXp(Vpu(m, 1) + Wy (m, 1)) (W — w™)
= lim lim ESk®z(k+1) Tkl

k=00 (,0)—(0,0) SN T exp(Wy(m, 1) + Wy (m, 1))

(Following Eq. A.8, we have lim  W,(m,1)+ Uy(m,1) =

(op,0w)—(0,0)

k * *
gt = @il = o = @i |® 3 (lum —ail’ — i —@l® g = il — g — i |l2>)

202 202 205
i=1

2

M I — @1 112 o A L2 74
Zm:l Tm €Xp ( 202 + Zi:l( + )

20% 205

= lim Esk®m(k+1)

k—oo

M ”Hm_wk+1 H2 k Hllfm—(l?iH2 Hy;n*y: H2 *
Sty mmexp (Lemgzpenl® ot ol ) o, — )
s Lk41

- E5k®x<k+1> [<wa —w’, $k+1>2}

= E$1[<wo¢ - ’UJ*, CC1>2],

*H2

. o *12 Capy*\ T, %2 d 2 _
where o = arg min sl 4 [00n -0 P drfwn—w
. oz 203

A.11 Proof Tools

This section introduces the inequalities used in our proofs for Theorems 3 (fine-
grained upper bound for ICL risk), 5 (upper bound for ICL with biased labels), 7

(coarse upper bound for ICL risk) and Lemma 6 ((informal) upper bound for

zero-shot ICL):
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A.11.1 Gaussian Tail Bound

If Z; ~ N(0,1), then for ¢t > 0 we have:

k7. kt?
P <El_kl > t> < exp (—2> ,

A.11.2 Chi-squared Tail Bound
If X ~ x(k),ie, X =%F , Z? where Z; ~ N(0,1) then [10]:
P (ij —1> 2Vt + 2t1) < exp (—kt%) ,
P ()kf —-1< —2\/5) < exp (—/{:t%) .

As a looser but symmetric bound, for any ¢ > 0, we have:

X kt?
X kt?

A.11.3 Norm Tail Bound

If e, ~ N(0,721), €; € RY T € R¥?, then for t > 0 we have:

ke 2 2
P (‘ 2121 €; Tg};d(l +t)) S exXp <_k;;> X

k

where || - || indicates the L, norm.
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k o .
(Notice ¢;; ~ N(0,72) and let Z; = ==L AF(0,1).)
Vk

_T:?dzgzl 12
ok d

Therefore, by applying Appendix A.11.2 we have:

2dyd 72 12d kt?
x i=1 % x < - ]
P < k: T (1+1¢)) <exp 3

A.114 Eigenvalue Concentration Bound

Lemma 8. If Vi, z; ~ N(p, 721), ||| =1, A = Z%, and €; = x; — p, we have

x

YVt > 0:

k

i=1 €i kt?
P{L<MX(A) <M(A) <Uand |==——

= < T, 7(1+t)>>1—SeXp<—8>,

where L =712(1 =5 —~)? =209V 1+t,U=1472(1+ L +7)* + 20.9V1 + 1, Mi(A)

is the i™ biggest eigenvalue of the matrix A and vy = \/% .

We begin with decomposing A to three components:

YEeel S (nel +ep’)
T 2 )

k k
i—1 LiL; =1\ + €; 13 + €
szl 1( )( )

A k k
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then consider the eigenvalue bound of each of them.

For the first component pu ", we have:

0 < Aa(pp’) < Mi(pp') <1,

Then, we analyze the second component L Following Vershynin [111,

Theorem 4.6.1, p. 97], we have for any 1 — \/; > 5> 0:

AN Sk e 1 Sk e d\?
Pll-s—/-]) < SN[ EE0 ) < SN (2222110 ) < (1 -
(o) Bn(FEe) < S (B < (1 )

- - - S (el +eanT) _ 1
Finally, we examine the third component ~=-—t—=—=. We have for all ||a|| = 1:

‘ HZZ 16Z

TZI 1 ZlJ'T

rZz (pel +epl) H_2
k _

(Notice by Norm Tail Bound in Appendix A.11.3, we have:

2d kt?
( T}; (1 +t)) < exp <—8> )
:>P< a'rzi:1 pel +ep’) <2 kd(1+t)> >1—exp (_kf)
= P (—27’1

k
(1+1) SAd<Zi;1(MeiT+6iuT)) S)\I(Zi_l(MEI‘FEiMT)) <on d(1+t)>

1= 1ez

i—1 &

Enl NS

k k k

>1—exp (kth>
3 |

Lety = \/> s = t/2, and summarize three components by union bound, we

have:
2 t 2 9 t 2
Plr(1-5-7 =27V +t < MNg(A) <\ (A) <1+ 77 L+5+7 +2myV1 + t

kt?
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As a summary, we have:

Zf:1 €;

kt?
< Tp\/y(1+1)) >1—3exp 5 |

2
wherey = /¢, L = 72(1-{—7)*—21,7V/1+t,U = 1+72 (1 +i4 7) +27,9V1 + ¢,

and \;(A) is the i*" biggest eigenvalue of the matrix A.

A.12 ICL to Learn the In-Context Function

This section introduces the proof of Theorem 7 (coarse upper bound for ICL risk)
and Theorem 3 (finegrained upper bound for ICL risk). The upper bound of
Theorem 3 is derived at Eq. A.14.

Proof. Assuming we are using in-context examples following Assumption 3, i.e.,
x; ~ N(p*,721),y; = (x;, w*), ||p*| = |Jw*]]| = 1, and we aim to have the prediction
of Sp @ Y to be (x4 1, w*), i.e., to learn the function (w*) of the in-context task
(p*,w*). Let £} indicate the squared loss (F*(S) ® z**Y) — (x},1, w*))?, where
F*(Sk @ zk+D) is the prediction of Sy, @ z**1 by the Bayes-optimal next-token
predictor F* under Assumption 2 for pretraining data generation. We derive the

upper bound of the expected squared loss as follows:

Es, oet+0 [LF]

:(J—"*(Sk P q;(k+1)) — <'w*, $k+1>)2}

— Esk@$(k+1)

(By Corollary 2.)

M B B 2
= Eg gut+D (Z T (Wi, Tpr1) — <w*,mk+1)> ]

m=1
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_ o N 5
= Esk@m(k-&-l) <<Zm:1 7Tm<wm — ’w*), wk+1>) ‘|

(See Eq. A.13 for the derivation of w,,.)

[ _ 2
= Esioates (<Zn]\f=1 T (I + k6w Ew) ™ (W — w") + w" — w"), $k+1>> ]
(Let A = (I + kd,,%,,)" ", and notice A is symmetric positive definite.)

M . 2
= Esk®x(k+1) l<zm1 7TmA<wm —Ww )’ wk+1> ]

2
(Notice (2241 ﬁgag) < Zgil #ga3, since E[a)® < E[a’].)
M ~ *
< Eggot {Zmzl T (A (W, — w"), $k+1>2
M ~ *\ T 2
= Zm:l Esk@x(k+l) {wm((wm —w ) Awk—H) ]
M bd *
<> Bgeawrn [Fnllwn — w [ A (A) [k

M ~
=3 W = W B gp0i) [Tl [PA(A)] (A14)

Mo
< AEg, otk [zm=1 7Tm||=’13k:+1||2>\1(A)2}

— 4B 0o [l P2 (A

(Notice A is a random matrix only depends on 1, x,, .. ., x;, but not x;4.)
= 4B, ,, [[[zea]?] Es, [A(A)]

= 4(1 + d7)Es, [M}(A4)] .
We further simplify Eg, [\}(A)] using Lemma 8:

Eg, oo+ [LF]

< 4L+ dr})Eg, A (A)]
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< 4(1 +dr?)Eg,

2
1
1+ kb, ha( 2B

Z§=1 azzsz

2
< 41+ dr)Bs, l(1+115 L> ]
1

2 2 th
< A(l+dr) ((1 kO, (2(1 — L — )2 — 2%7\/1_“)) Foew <_8>> ‘

Lett = k%=, where ! > § > 0 and 4 is arbitrary small. We have:

(By applying Lemma 8 to

4(1 + d7?)
7202 k?

5

Es, ot [L3] < + Ok 3

).
O

We further validate our analysis with numerical computations in Fig. A.15, in-

k T
i—1 LiT;

cluding the trend of 7,, form € [M], A, <5wzk> forj e [d], \; (I + 6 X8, wlw:)
for j € [d], 1/[|w—w*||, 1/E[F*(Skdx™*V)—y; ], and 1/E[(F*(Sydx™V) =y, )’

as k increases.

A.12.1 Case When In-context Input Variable Spans in Subspace

In this section, we refine Eq. A.14 for the finegrained bound in Theorem 3. Specifi-
cally, we refine the following inequality for case when in-context input variable x;
only spans in the subspace of R?, resulting in \;(A) = 1 constantly as mentioend

in Theorem 3:

er\;jzl ESkEBa:<k+l) [ﬁm((wm - w*)TAw]H_l)Q}

M ~
<> Egeeawrn [Fnlwn — wPA (A i)
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where A = (I+XF_, z;x])~!is derived in Lemma 1. Violating Assumption 3(a), in

this section we consider the case that «; ~ N (u, diag(1,...,1,0,...,0)), where p =
————

d/
[p,0,...,0,q,0,...,0]". (If u does not follows the format [p,0,...,0,¢,0,...,0]",
—_——— —_———

a1 a1

we can always rotate the coordinates so p has this format.) Therefore, we have
matrix A (after rotation) with the following format:

_ -1

k T
Lysa +2 1 %ira®1g  Owx@—a)

,ifq=0
O(d—dyxa Ig_arys(a—ar
A= - —1
Ly + S0, mi,l:(d’+1)w;’|:1;(d/+1) O+ 1)x(d—d—1) .
,ifqg >0
I O(d—d—1)x(d'+1) I a—1yx@@-da-1
where ;1.0 = [®i1, X2, ..., Tia| ", Lixa indicates an identity matrix with shape a

by a, and 0, indicates a zero matrix with shape a by b. Finally, we can revise the
upper bound for the case when x; only spans in a subspace of R¢ using the new
format of A as follows:

When ¢ = 0, we have:

Zj\::l Es ot [ﬁm((wm - U’*)TAwkHﬂ
< Zle Es, arern) [Tm (Wi — W)y AL 1 Tt 1

+ (Wi — W) gy 10l @) x (d=a) Tt (@+1):a)]
<3 Esaateon [l (wn = )X (Ava a1

+ [ (wi — W) @yall ks, @-all®)),
(Notice ||€Ifk+1,(d/+1):d||2 =0)

M .
= Egaaten [WmH(’wm - 'w*)lzd’||2)\1(Alzd’71:d’)2||mk+1,1:d’||2] ,
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When ¢ > 0, we skip the analysis since the analysis for ¢ > 0 is the same as the
analysis for ¢ = 0. The only difference is that d' for ¢ > 0 is one bigger than d’ for

q=0.

A.13 ICL with Biased Labels to Retrieve A Task

This section details the proof of Theorem 5, with Fig.A.16 serving as a visual
guide. The non-asymptotic bound for the bounded efficacy phenomenon and the
asymptotic bound share the same foundational elements in the proof. However,
they are different in handling the components marked in pink. Fig. A.16 is thus
provided to offer a clearer understanding of its overall framework and assist readers
in navigating through the proof. In the following sections, Sec. A.13.1 introduces the
non-asymptotic bound revealing the bounded efficacy phenomenon, and Sec. A.13.2

introduces the asymptotic bound.

A.13.1 Non-Asymptotic Bound for the Bounded Efficacy

Phenomenon

This section proves the non-asymptotic bound in Theorem 5: Consider a next-token
predictor attaining the optimal pretraining risk. When §,, and 9,, are sufficiently
small, there exists a particular interval (refer to Sec.A.13.1 for the interval) for k&
such that ICL risk with biased labels is upper bounded by:

2

2 2
U T,

o d k3
Es, [£3] < Csexp <—k (8;323 + 802 >> +48(1 + dr?2) exp (_8)
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o+ l[wa = w*|P(1+ dr) min{1, 465,” (1 + 77)°}.

where £ = (F(Sp@z* ) —y2. )2 = (F(Sy@a* ) — (2441, w,))? Cs is a constant
depending on the prior setting, 7., and (p*, w*). With small %, the first and second
terms dominate and exponential decay. With large &, the third term dominates and

increases. Thus, the upper bound reveals a bounded efficacy phenomenon.

Proof. Assuming we are using in-context examples following Assumptions 3 and 4,
ie, x; ~ N(p*, 721),y; = (z;,w*), |p*|| = ||w*]] = 1, and we aim to retrieve the
function w,, of the prior center (u,, w,) which is close to the in-context task. Let
L¢ indicate the squared risk (F*(S, @ 2**Y) — (z)11, w,))?, where F*(S, @ x*+1)
is the prediction of S, @ z*+1) by the Bayes-optimal next-token predictor F*. In
order to have an upper bound on the risk, we consider x; ~ N (u*, 72I) in two cases:

k k k
(1) C: L < \g (W) <\ (W) < Uand HZ?E < Tpy/7(1 + 1) (see

Lemma 8 for ¢, 7, L and U) and (2) —C: at least one of the previous inequalities

does not hold. Following Lemma 8, the probability of —C is bounded by: P(—C) <
exp(—5)).
We start our upper bound analysis on the expected squared risk by splitting the

risk into three parts:

Esk@w(k+l) [,Cg]

IR

— Esk®$(k+l)

(By Corollary 2.)

M 5 2
= Eg o) <Zﬁ:1 Tp(Wg, Thi1) — (Wa, ~’L'k+1>) ]
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. M
(Notice 2521 75 =1.)
M -
= Esk@m(k+1) l<25:1 T3 ((wﬁa wk’-ﬁ-l) waa mk-ﬁ-l ) ]
< Ela

(Notice (Zgil ﬁﬂ%)Q < Z | Tpaj, since Ela]® [@®].)

M
< Esk@m(k+1) {Zﬁ 1 7 (<w57 $k+1> <'wav wk+1>)2

M .,
= Esk@cc(kJA) [Zﬁ—l g (wg — W, wk+1>2

Mo,
= P(C)Esk@x(k+l) [25:1 7T/3<’u75 — Wy, $k+1>2

Mo .,
+ P(_'C)Esk@x(k-&-l) [2521 3 <'U)B — Wy, mk+1>2’—|C:|
- P<C)E5k@x<k+1> [257&& ﬁ-ﬁ <u~)5 — Wq, wk+1>2

+ P(C)Eg, gtk 41 [Fa(Wa — Wa, Tpr1)?|C) (Part B)

d

C} (Part A)

M -
+ P(<C)Eg, it [Z R I wk+1)2’ﬁC} . (Part C)

We will analyze three parts one by one in the following three sections respectively.
O
Bounded Efficacy - Part A

Proof. We firstly analyze the term P(C)Eg o1 [> 520 Ts(Ws — Wa, Ti41)?|C], Part
A:

P(C)Esk@m(kﬂ) [Zﬁyéa 7?5(11;5 — Wg, $k+1>2’C}

< POEg o0 |5, allbs -

(See Eq. A.13 for the derivation of wg.)

= P(OEs oo | X, Al (T + K6uE) (w5 = ') + 0" = wa |z ||C]



(Let A = (I +kd,X,,)"", and A, (A) is the largest eigenvalue of matrix A.)
= POEg, e |2, Fall Alws —w) +w" = wal*lewlC]

< POEs,guin |3, Foll Alws = w)]| + 0" — wallzin||C]

(Notice ||ws — w*|| < 2.)

< P(O)Es,g0tt0 D, TallTua*(2M1(A) + w” — wa|)?

y
(Notice A = (I + k§,%,,) " and conditioned on C we have:

L < M(Zy) < M(Zw) < U

- 2 . 2
< P(C)Eg, g0+ {257&& 7T5||33k+1||2‘c] <1+k:5L + |lw* - wa||>

(Notice ||[w* — w,|| < 2.)

T
< 16P(C)Eg, gkt [Zﬁ#a ;Hmk-i-l”?‘c} :
o,

Ta

(By applying Eqgs. A.3, A4, A.6, and Assumption 2(e) on

=i s — =l* + S8 (| pa — 2
< 16P(C)Es,ga0+ [Za¢a " exp ( 202(1+ (k+1)d,)

—llws — w7 s, s T 1Wa = W s
-exp( I—(I+kéwSw) I—(I+kéwSw) )HwkHHQC

2
207,

(In the first exponential term, by splitting Zf:ll to Zle andi=Fk+1:)
— i s — il + S0 e — |
202(14 (k+1)0,)
Part A-1

—[lws — w*Hi—(Iij(swz':w)fl + [lwe — w*H%—(Hkawz‘:w)fl
- exp
202,

Part A-2

< 16P(C)Eg, aptv+1) {Zﬁ;ﬁarexp <

132



133

—Nlts — e |[|® + | ta — T | 2
. C
e (M e
Part A-3
(Note that x4, .. .,z are dependent on C but x;, is not.

Thus, we split them for further analysis.)

In the following, we separately analyze the three terms, Part A-1, Part A-2, and
Part A-3. The high-level idea is that, as & increases, due to the concentration of Part
A-1 and Part A-2, they can be upper bounded by a function of k. Then, regarding
Part A-1 and Part A-2 as constant values (their upper bounds), the expectation of

Part A-3 can be upper bounded.

Part A-1. We first deal with Part A-1. When conditioned on case C, we have:

i (< llas — zil® + [lpa — =)
1+ (k+1)5,

(Let xr; = I.l,* + Ei)
Zf:l 2<”‘5_”°“’€i>

_ e = 1P = s — p)” + P
1+ (kE+1)d,
2 2 Zk €i
[ta — [ = [l — p|| +<2(uﬁ—ua), = >
B 1+ (k+1),
* |12 * (12 Zk €;
bt = 112 = Nt = 11 2l = gl |25

<k
- 1+ (k+1)d,

(Recall we have V3 € [M], ||ps — pall < 2, and in case C we have:

k
. €
||217€1 < myV1+t.)

_ e = 1P = Nlps — 7P + Amn V1 +
L+ (k+1)d, '
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Lett = k™. Recall in Assumption 4, we have V3 # a, ||ptg — p*||2 — || pree — p2*||2 > dz.
Ifé, < 1s.t. I, = {k|(k+1)§, <1and @ > 47,7\/1 + k1) # @, then when k € I,

we have:
* * * * %
plia = w2 = llps = WP + drVTHE ) o = 2 = s =P+ 5 i
1+ (k+1)d, 2 4

Part A-2. We then deal with Part A-2. When conditioned on case C, we have:

— [Jws — w*Hi—(I-i—k(Swflw)*l + [lwa — w*||§_(1+k5w2w)71
(M(A) and \4(A) indicate the largest and smallest eigenvalues of the matrix A.)
< —|lws — w*[PA(I — (I + k6 B0) ") + [[wa — w*||PA (T — (I + k6, 30) ")

(Recall in case C we have: L < \3(Z,,) < M\ (Zy) < U.)

*||12 1 * 12 1
< ~llws — | (1 1 +k5wL> F [lwa =] (1 - 1+k(5wU>
= s — w2l g, — e OeY
1+ ko, L 1+ ko, U
< Jws — w0, arpFT
1+ k6,72 1+ k6,72

Lett = k4. If 6, < 1s.t. I, = {k|ké,m2 < 1 and L|jws — w* |2 — UfJw, — w*|]? >
T2u : * * *

) £, (note limg e Ly — | — Ullw, — w' [ = 72w, — w'? — (1+
2)||we — w*||* > 72u?,)) then when k € I,,, we have:

kd,, L
1+ kb, 72

k6, U 22k, 2y

* (12
a < =
e — w0 2 1+ koyr? 1

—[lws — w*|*

Part A-3. We finally deal with Part A-3. Part A-3 is independent to case C, and we

;

have:

oty — @ P+ e = Py
202(1 + (k + 1)d,) o

P(C)Esk@x(k+l) lexp (
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| —|ls = e |” + e — 2pa|)?
< Esgatisn |exp ( 202(1 + (k + 1),,) el
L T w

(Letxpyy = p* +€.)
[ —llps — B —€l? + lpa — p* — €f? 2
=K
Si@axk+1) _exp( 20_:%(1 + (k + 1)5u) ||wk+1H

—Nps — 1*|1? + [ 1ta — p¥[1* 4 (2(ps — 1a), €) T
202(1+ (k +1)d,) o

= Esk®x(k+1) exp (

(Let — |l — p*|* + l|ppa — p*||> = =D, 202(1 + (k + 1)6,) = E,b = 2(pg — pra).)

[ —D+b'e
~Egoueen [on (2 EEE) ol

(Notice [[z1]|” = [l + €l < 2[lp* |2 + 2lle]%)

—D+b'e »
< Eyauenn [op (2505 (P + 20l

(Notice ||p* + €[|* = 1.)

= 2| Eg gotein) [eXp <_D‘ng€>] + Egp gty [exp (T) ||€||2] )

=2| exp <Té‘g)2u2 - g) + ESk@af(k+1) lexp <%£’ﬂ> HGHZ] )

=2 exp<T§2Hbl7)2H2_lE)) e <1+w>exp<ﬁ2’g‘2_g>
(22

2|1p||2 2|12
_ 2 7. bl T|bl° D
—2(1—1—71, (d—i— B exp | <

= Ci=o.
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Summary of Part A. Thus, summarizing Part A-1, Part A-2, and Part A-3, we have:

P(C)Eg, gyt [Z sza T (W5 — Wa, w,m)?’c}

k 2 k 2
<16P(C)Es, gyt {Z[#arexp ( = Huia%(fiﬂ (Z—ES(;J!M& " )
Part A-1
e (—Il’w,ﬁ — w7 5,3, T I10e = W T 1,5, - )
202
Part A-2

—s — Tps||? + [ oo — i) 2
e"p< 202(1+ (k + 1)3,) I
o ()
2
’lU

PartA3
= ]_67“(M — 1)C]€:0 eXp( k<8 % + 80‘5 ))

< 16r(M — 1)Ci—g exp (

d2

Bounded Efficacy - Part B

Proof. We then deal with the second term P(C)Eg, o, c+1) [To (W5 — Wa, Ziy1)*|C],

Part B:

P(C)Es, g1 [Fa{Wa — Wa, @p11)*|C]

< P(C)Eg, 000000 [Tl Wa — wal*||Z441]*|C]

(See Eq. A.13 for the derivation of w,,.)

= P(QO)Eg, g0 [Tol (T + k00 Bw) ™ (wa — w") + w" — wa |2k |*|C]

= P(C)Eg,gptcrn [Fall (I — (I + k0uZw) ™) (W — wa)|*||zx1[|*|C]
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(Let A1 (A) be the maximal eigenvalue of the matrix A.)

< Jlwa — w*P(C)Es, ot [FaAT (L — (I + kduZw) ™) |@rsa[1*|C]

(Recall that conditioned on C we have L < \;(2,,) < A\ (Z) < U.)

< e = WP P(C) g v [ﬂa (1= ) IollC
2 2 1 :
= [lwa — w*[PP(C)Esg, gy [a |1 % C] (1 - W)
2 2 1 i
< |lwo — w*||°Ey, [HinHH } (1 - 1—}-/{(5wU>
1 2
| w w”||*(1 + d;) 1+ k6,U
k6, U \°
_ . *|2 1 2 _w=
lwa = w|* (1 + dr;) (1+k5wU>

Lett = k1. if 6, < 1s.t Iy = {k|U<2(1+ 72)} # &, then when k € Iy we have:

ko, U

2
1+k§wU> < |wa — w*||*(1 + d72) min{1, 4k%52 (1 + 72)°}.

[ — w21 + dr2) (

[]

Bounded Efficacy - Part C'

Proof. Finally, for the third term P(—~C)Es, [S5L, 75(ws — wa, @411)?—C], Part C:

M

P(_'C)ESkEB:B(’“+1) |:25:1 ﬁ'g<'li],3 — Wy, wk+1>2‘_'c]

M

< PC)Esgunen |33, Fallihs — wafewaal? ~C|

(See Eq. A.13 for the derivation of wg.)

M ~ ~— — * *
— PO, gu0en | Lo, ol (I + k0,50) ™ (w5 = 07) + " = wel Hp

ﬁc}

M _
< PO, gt [ Rl + k60 B0) ™ (w5 — w7 + 2" —wal?) e || €]



138

M _
< P(C)Eg, 6,41 [Zﬁ 7 (2w —w PAT (T 4 k6w D) ") + 2fw” — wal*) ||wk+1||2]ﬂc}

M
< POEg,guwn [ 40, 72+ 4 142 ) g | C]

= 16P(—C)Eg, gutv+1) [224:1 7~T,8||wk+1H2’ﬁC}
< 16P(=C)Eq,, [[|Z4s1*[~C]

(Notice C is defined on {zy,...,xs})

< 16P(=C)E,,., [||#x11]?]

< 16(1 + dr?)P(—=C)

(Lett = k4.

< 48(1 + d7?2) exp (—k;) :

Bounded Efficacy - Summary

Proof. Summarizing Part A, Part B, and Part C, we have:

Eg, oo+ [L7]

d2k u 2k
< 16r(M — 1)Cl—p exp (— 822> exp (—8)

2
T Uy

k2

1
+ [Jwe — w*||*(1 4 d72) min{1, 4k%62 (1 + 72)*} + 48(1 + d72) exp (_8>

d2 2 -2 k‘l
= Csexp <—k < £+ u“’%)) + 48(1 + d7?2) exp (—82)

2 2
8o, 8oy

+ ||lwa — w*H2(1 + dTﬁ) min{1,4k2(5?u(1 + 7'5)2}.
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The Particular Interval

The particular interval for the non-asymptotic bound is the union of /,,, I,,, and Iy:

1
5u72)

wiy

1
k< min{d— -1,

m
d2
47';5’}/ V 1+ k’ii) < ?H

Lljws — w|* = Ullws — w”||* > 7]uy, /2

U< 2(1+72).

A.13.2 Asymptotic Bound

This section proves the non-asymptotic bound in Theorem 5: Consider a next-token
predictor attaining the optimal pretraining risk. As & — oo, ICL risk with biased

labels is upper bounded by:
o * (|2 2 C -1 )
Es, [£7] < llwa —w"[*(1+dr) + - exp (Cak2) + O(k72),

where £ = (F(Sy ® 2F+D) — y2 )2 = (F(Sp ® 2+ — (2441, w,))? and C; and
C; are constants depending on the prior setting, 7, and (u*, w*).
The proof of the asymptotic bound is heavily overlapped with the proof of the

non-asymptotic bound. We will hide the overlapped derivations with “(...)".

Proof. Assuming we are using in-context examples following Assumptions 3 and 4,
ie, x; ~ N(p*, 721),y; = (z;,w*), |p*|| = ||w*]| = 1, and we aim to retrieve the
function w,, of the prior center (p,, w,) which is close to the in-context task. Let

L indicate the squared risk (F*(Sy @ 2*:+Y) — (24,1, w,))?, where F*(S;, @ x*+1)
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is the prediction of S @ 2**V) by the Bayes-optimal next-token predictor F*. In
order to have an upper bound on the risk, we consider ; ~ N (u*, 72I) in two cases:

k T BT koo
(1)C: L <\ (W) <\ (W) < Uand Hzgl < T/ Y(1 + ) (see

Lemma 8 for ¢, 7, L and U) and (2) —C: at least one of the previous inequalities

does not hold. Following Lemma 8, the probability of ~C is bounded by: P(—=C) <

3exp(—1L)).
We start our upper bound analysis on the expected squared risk by splitting the

risk into three parts:

Eg, aet+0 [L7]

(.)

= P(C)Esk®x(k+l) {Zﬁ#a ﬁ'ﬂ<’li)g — Wy, wk+1>2‘C} (Part Al)

+ P<C>Esk€az(k+1) [ﬁa<u~7a — Wy, $k+1>2’C] (Part B/)
Mo,

+ P(<C)Esg, o [Z M iy — wk+1>2’ﬂC} . (Part C")

We will analyze three parts one by one in the following three sections respectively.
O
Asymptotic Bound - Part A’
Proof. We firstly analyze the term P(C)Eg o,:+1) [2 g0 Tp(Ws — Wa, Tr41)?|C), Part
A
P(C)Esk@x(k+l) {ZB#Q 77'/3<’li7,3 — Weg, wk+1>2‘C}

(..)
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2

2
T e - wa)

< POEsguuen |, Flloal?|c] (

(Notice ||w* — w,|| < 2.)

>

< P(C)Eg, apte+) {Z e e

B#a 7t

4 8
C} ((1 RO LE 1T k&wL> (A15)

+ P(C)Esk@x(k+1) |:ZB7£O¢ ﬁ-BHwk-HHZ

c] w* — wall®. (A.16)

Line A.16 will be merged with Part B’ and analyzed in Sec. A.13.2. The current sec-
tion will analyze line A.15. We start by analyzing P(C)Eg, (1) [Z#a :—i | ki1 \HC} .

By Egs. A.3, A4, A.6, and Assumption 2(e) on :—i, we have:

™

P(C)Eg, gt [Z 5t ;Hazkﬂuz‘c]
(...)

— 2 s — x> + X8 e — @il
< P(C)Eg, gp01) [Z#J“p ( 202(1 + (k + 1)4,)

Part A’-1
- ex —llws — w7 gm0 W = W gm0
P 202
Part A’-2
—[lees — i + | o — i |? 2
. C
e (s e
Part A’-3
Note that zy, ...,z are dependent on C but zj, is not. Thus, we split them.
p %

In the following, we separately analyze the three terms, Part A’-1, Part A’-2, and
Part A’-3. The high-level idea is that, as k increases, due to the concentration of Part
A’-1 and Part A’-2, they can be upper bounded by a function of k. Then, regarding

Part A’-1 and Part A’-2 as constant values (their upper bounds), the expectation of
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Part A’-3 can be upper bounded.

Part A’-1. We first deal with Part A-1. When conditioned on case C, we have:

St (s — mall® + e — il|*)
1+ (k+1)d,

(..)

_ lpa — prl? = s — p*)? + 41+ 1
1+ (k+ 1), '

With Assumption 4, we have d’, < ||ug — p*||* — [|ta — p*||*. With Lemma 8, we

have v = \/%. Lett = k* 2 and 0 < § < L, we have:

T — ||+ AT+ ¢ 2 Ar,d s
k”ﬂ’a P"” H“’ﬁ “H + 47y + . u+ T\/_kfﬁ—l—O(kil).

1+ (k+ 1), IR
Part A’-2. We then deal with Part A’-2. When conditioned on case C, we have:
— Jlws — W*||§—(I+k5w2w)—l + |lwa — W*||§—(1+k5w2w)—1
(...)
1

1
o ) - ke
< ~llws w”( T wo.r) Tlwe =l 1+ ko, U

lws —w*|>  |Jw, —w*H2>

_ . *2 _ * |2
= —([lwg — w*||” = [Jwa w||)+< 1+ koL 1+ k6, U

With Assumption 4, we have d2 < |[ws — w*|* — ||w, — w*||*>. Lemma 8 gives the

definitions of Land U. Lett = k"3 and 0 < § < %, we have:

* |12 * (|2
P T e A WP
w+< Koy g2 ) O
_ *|2
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4

0y T2

< —d2 + k=4 O(k™2).

Part A’-3. We finally deal with Part A’-3. Part A’-3 is independent to case C, and

;

we have:

—[lpes = ®rra|® + o — Taia |
P(C)ESkEBx(k+l) [exp< 202<J1r+ (k—l— 1)5 ) . Hmk—kl”2
x 12

Summary of Part A’. Thus, summarizing Part A’-1, Part A’-2, and Part A’-3, we

have:

g ) 4 8
P(OE k1 -
(C) S @z k+1) [257&0[ T ka—i-l” ’C‘| ((1 + k,(ng>2 + 1+ k;(;wL>

k 2 k 2
< P(C)Bg,utvsn [z#a rexp ( Zizl ””ﬁ,g(fl“ e H)u zi| )
Part A’-1
<_Hwﬂ ~ Wl ks, FIWe w*“%—(nkawzw)_l)
202
Part A’-2

T 2 _ 2
_eXp< s — s [|* + |0 — i | >|lwk+1|!2 C

202(1 + (k+1)0,)

Part A’-3

1 .8
(1+ko,L)? " 1+ ko,L

" 2
(Notice lim L = lim T§ (1—2—7> —27m7v1+t:7'x2')

k—o0 k—o0

A, | 4rgVdg,—1 -1 2 4 71 —2
— 2 2eVEETY + O(kT) —d;, + kT +0O(k™)
<r E exp ( on Ou ) exp ( SuTs Cr=o (714:6872 —|—O(k72)>

202 202
B T w




2 2
207, 20%,

—d2 + 41, Ak 3 L1 —d2 + 47 E' 4+ O(k72)
= (M — 1)Cr=o exp (  tdreVdk 2+ Of )> exp < e ( : +O(/€72)>

4

_ B —d? 4 Ar Ak E -1 —dy + 2=k + O(k7?)

kb2 203 202
8r(M — 1)Ch—g ~d? + A7,k —d2 L
- 3 k
k6,2 P 202 P 202, +O(k™)

Asymptotic Bound - Part 5’

Proof. We then deal with the second term P(C)Eg, g1 [To(Ws — Wa, Tr11)*|C],
Part B”:
P(C)Esg, o1 [Ta{Wa — Wa, Tps1)?|C]

(..)

* T 1 :
< JJwy — w ||2P(C)Esk@m(k+l) [m||wk+1||2|q <1 - H—k(5wU> :

We add the line A.16 in Sec. A.13.2 back:

P(C)Eg, gutrin [Fo (18 = we, @11 °IC) + POEs, gywen [V Fsllwnaal?|C] " = wa?

line A.16 in Sec. A.13.2

* - 1 :
< |lwe —w H2P(C)E5k@x(i€+1) [Foll@rs1]]*|C] <1 - 1+/€5wU>

€| Jw = wa?

+ P(C)Eg 0040 [Z[#a Tl
< [[wa — w*|*P(C)Eg, gy [Fa || @54 ]|*|C]

+ e = wPP(OEs, i |1, Fallaral|C]
(Notice 224:1 fg=1)

= |wa — w*P(C)Eg, gotnsn [[|n1[|*|C]
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< lwa — w"|*Ea,, [[lZ5s1]?]

= [[wa — w*|*(1 + dr7)

Asymptotic Bound - Part C’

Proof. Finally for the third term P(—C)Es, [Y 5L, 75(Ws — Wa, Tj41)*|~C], Part C":

P(_'C)ESk@:c(’“+1) [224:1 ﬁ-3<w,3 — Waq, mk+1>2’_‘c}

(..))
< 16(1 + dr)P(—-C)
(Lett = k% 2.)

k25

< 48(1 + dr?) exp <_8> :

Asymptotic Bound - Summary

Proof. Summarizing Part A’, Part B’, and Part C’, we have:

Eg, ot [Lf]

1) —d? + Ar,\/dk 2 — 2
_ 8r(M )C“exp( 2 4 47,\/d )exp< dw>+0(k_2>

ko,T?2 202 202,
k26
+ ||lwa — 'w*HQ(l + dT:f) +48(1 + de) exp <_8>

8r(M — 1)Ch_g (—di + 4%\/81@—%) (—dﬁ,)
5 exp exp

= lwa — w|*(1 +dr7) +

koyT 203 20

2
w
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+O(k™%)

C 1
= lwa — w|*(1 +dr7) + f exp(Cek™2) + O(k™%)

A.14 Proof of Lemmaé6

In this subsection, we introduce the proof of Lemma 6. We first give the full version

of the lemma:

Lemma 6 (Upper Bound for Zero-Shot ICL). Assume a next-token predictor attains
the optimal pretraining risk, and Assumption 2 has only two components « and (3, with
centers (fo, wo) = (—pg, —wg). When performing ICL with x; ~ N (u*|72I), assume
|\w*|| =1, and y; = 0, i.e., y; has the same preference to prior component o as (3. When
4, and 6, are sufficiently small, there is a particular interval for k that ICL risk is upper
bounded by:

Zk, 1

d k
ESk [Eg] < Cyexp <_ 8g2> + 12(1 + dTa%) exp <_82> + (1 + dTg) min{la k725w2(1 + 73)2}?

T

where L§ = (F(Sp @)y —y2 )2 = (F(Sp ®@2®) — (2441, w,))?, Cy is a constant
depending on the prior, 1., and (u*, w*). When k is small, the first and second terms

dominate and exponential decay. When k is large, the third term dominates and increases.

Proof. The proof techniques are similar to the proof techniques used in Sec. A.13.1.
Assuming we are using in-context examples following x; ~ N (u*, 72I), |p*|| =

l,y; = 0, ie, w* = 0, and we aim to retrieve the function w, of the prior center
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(Mo, ws) Which is close to the in-context task. Let £} indicate the squared loss
(F*(Sp @2 +1)) — (2441, w4))?, where F*(S), @ x**+D) is the prediction of Sy @ z++1)

by the Bayes-optimal next-token predictor 7*. In order to have an upper bound

;T

k
on the loss, we consider x; ~ N(u*, 72I) in two cases: (1) C: L < )\q <21kT> <
k k
At (Eﬂ,j’“”""? ) < Uand |2

=t < 10 /y(1 + ) (see Lemma 8 for ¢, v, L and U)
and (2) —C: at least one of the previous inequalities does not hold. Following

k

Lemma 8, the probability of —C is bounded by: P(-C) < 3 exp(—%)).

Similar to Sec. A.13.1, we split the expected squared loss into three parts:

Eg, @ate+0 L]

< P(C)Eg, gptv [F5(Ws — Wa, Tpi1)’|C] (Part A”)
+ P(C)Eg, gptkt 1) [Fa(Wa — Wa, Tpr1)|C] (Part B”)

+ P(<C)Es, st {Zﬁe oy Tl — W @)?|C (Part C")

L

A.14.1 Proof of Lemma 6: Part A”

Proof. We first analyze the term P(C)Eg, o, v+1) [Tg(Wg — Wy, Tk 41)?|C|, Part A”. Sim-

ilar to Sec. A.13.1, we have:

P(C)Es, ootvn T3 (W5 — Wa, Trs1)*|C]
ﬁ-ﬁ ~. 2 2 * 2
< P(C)Esk@x<k+l>[a<wﬁ — Wa, Tp41)"|C] - (1+k:5wL + [Jw" — wa”)

— X s — =il* + 50 e — 2i])®
202(1 + (k+1)d,)

< P(C)ESkEBx(IH»I) [7“ exp (
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—llws — w7 115,51 + 10 — WL 1145, 5,
- exp
202

_ _ 2 _ 2
p< O )Hm

2
202(1 + (k + 1)6,, *llw _w“H)

( 2
1+ ko, L

(Notice w* = 0, wg = —w,.)

- Z?:l ||HB - mzHQ + Z§:1 ||Na - wz||2
202(1 4 (k+ 1)5u)

= TP(C>E51€€BIE“€+1) [eXp (

32

- exp —llps — i |” + [[#a — o |? 2z
202(14 (k+1)0,)

i e — =l + Z e — =i
202(14 (k+1)0,)
A1
- exp —llps — i |” + e — e |? |
202(14 (k+1)0,)

A"-3

= 9rP(C)Eg, k1) [exp <

Same to Sec. A.13.1, when conditioned on case C, for Part A”-1 we have:

[§

i1 (=l — +||Ma—33i||2)<k||“a_ﬂ*||2_||ﬂﬁ T AR
1+ (k+1)d, 1+ (k+ 1)5,

Lett = k3. Recall in Assumption 4, we have V3 # «, ||ps — p*||% — || o — p2*|2 > dz.

If6, < 1s.t. I, = {k|(k+1)d, <land % >4Tﬂ\/1+k"}7é®thenwhenke]

we have:

e = 7 ° = llps = 7 |° + 4my V1 + ﬁ
1+ (k+ 1)5, 1

Same to Sec. A.13.1, when conditioned on case C, for Part A”-3 we have:

—s — Tps1 | + | pa — Tria]?
P(C)Esk@z(lﬁ-l) lexp< ||l“l’/8 k‘+1|| ||l‘l’ 6 ) k?+1|| ) ||wk

2 _
202(1 + (k +1)d, C] = Ch=o,
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As a summary of the above analysis, we have:

~ d2 k
P(C)Eg,gatren [T5{Ws — Wa, Trr1)*|C] < 9rChrop exp <_ 822> .

A.14.2 Proof of Lemma 6: Part B”

Proof. We then deal with the second term P(C)Eg, o041 [T ((Wo — Wa, ®i41))?C],

Part B”. The analysis is exactly the same as Sec. A.13.1, and we have:

ko, U \?
1+ ko,U

P(C)Esg, 40 [Fa(Wa — Wa, @r11)°|C] < [[wa — w|*(1 + dr7) (

Lett = k™4.if 0, < 1 s.t. Iy = {k|U < 2(1 + 72)} # @, then when k € Iy we have:

ko, U

2
v . * (|2 2 : 2¢2 232
T k:5wU> < |lweg — w*||7(1 + dr) min{1,4k>5; (1 + 72)°}.

e — w21 + dr?) (

]

A.14.3 Proof of Lemma 6: Part C"”

Proof. Finally, for the third term P(—~C)Eg, o ,:+1) [ e a5 Tr{Ws — Wa, xr1)2|~C,

Part C”. Similar to Sec. A.13.1, we have:

P(_'C)ESkéaﬂk*l) [ZRG{O{,B} 7’%/{(<IIIJK - wa; wk+1>)2’—|C}
< P(_‘C)Esk@z(k"'l) |:Z
(Recall w* = 0.)

o (2L + k6wSw) " (we — w)|* +2]w” — wal?) [|@rsa ]|

ﬁc]

r€{c,B}

< P(-C)Eg, gotki1 {Zﬁe{a a1 Te(2-1-1+42- 1)||wk+1y\2’ﬁc}
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~ 2
S efey Tl O

<AP(=Q)Eq,, [|lzes [*]~C]

— 4P(_\C)Esk®x(k+1)

(Notice C is defined on {x1, ..., xx}.)
< AP(~C)E,,, [[@enl?)

< 4(1 + d72)P(—-C)

(Lett = k3.

k2
< 12(1 + d72) exp (_8) :

A.14.4 Proof of Lemma 6: Summary

Proof. Summarizing Part A”, Part B”, and Part C”, we have:

Esk@l’(kJrl) [cka}]
dyk 2 2y 252 212
< 9rCl—g exp —8“2 + [[wa — w*||*(1 + dr;) min{1, 4k°5; (1 + 72)°}
O—I

1
2

+ 12(1 + d72) exp (_8>

Ak ik
= 9rCj—g exp <— 82 ) + (1 +dr?) min{1, 4k%02 (1 + 72)*} 4+ 12(1 + d72) exp <_82)

2
T

1

2

d: k
= Cyexp (— 8’;2> +12(1 4 d72) exp (—kg) + (1 + dr?) min{1, 4k*62 (1 + 72)?}.

]
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A.14.5 The Particular Interval

The particular interval for the risk bound revealing bounded efficacy is the union

of I, and Iu:
F< -1
5M
1 &
AT, yW14+ k1) < ?“
U< 2(1+73)

A.15 Toy Example for Component Shifting and
Component Re-weighting

We study how in-context examples affect the prediction of ICL by a pretrained
Bayes-optimal next-token predictor and how the pretraining distribution affects
this phenomenon. Assume the next-token predictor f is initially pretrained on
a dataset distribution to produce the minimum risk minimizer f*, and then the
pretrained f* is used to predict the next token y of the token z. Instead of direct
inference via f*(z), we consider inference with additional k in-context examples
{x;}F | via the format f*([zy,...,zy, x]). We aim to theoretically examine the effect
of in-context examples {z;}* ; on the prediction f*([zy, ..., zs, z]). While the formal
problem setting may involve verbose math, this demo section illustrates the basic
phenomenon for better delivering our work.

The following demo subsections are organized as follows. We first introduce

the problem setting in Sec. A.15.1. We then connect ICL with Bayesian inference in
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Sec. A.15.2. Further, we introduce the assumptions for the pretraining dataset in
Sec. A.15.3. Finally, we derive a closed-form posterior and introduce two phenom-

ena, “Component Shifting” and “Component Re-weighting” in Sec. A.15.4.

A.15.1 Toy Example: Pretraing Data Generative Modela

ICL involves two important components: the pretraining dataset, and the next-token
predictor supporting varied input lengths. We assume the next-token predictor f :
data and expressivity. To generate a training sample, we first sample a task y from
underlying task distribution D,,, and then we generate tokens of the sequence from a
distribution D, (1) based on the task p. The sample generation process is described

as follows:

Assumption 9 (Demo: Pretraining Data Generative Model). Given a task prior
distribution D,,, and a conditioned x sampler D, () conditioned on task p, the process of
generating a sequence Sk = [r1, T2, . .., x| with length K follows:

(a) Sample a task p from the task prior: 1 ~ D,,, and the probability of p is indicated by
P(p);

(b) Sample K samples, each denoted by x;, from the chosen task: For i € {1,2,..., K},
x; ~ D, (u), and the probability of x; = v is indicated by P(x|u);

(¢) Define a Sequence Sy: For capital K, Si = [z1,...,xk]|; and for lowercase k, the
sequence of the first k demonstrations of Sk is indicated by Sy, = [z1,...,7k], .., So =

[1, 2]
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The generation process is related to real-world scenarios via two points: (i) For
sampling step 9(a), the LM is trained on varied tasks; (ii) For sampling step 9(b),
when one person/agent produces texts for one task, the generated text could be
noisy. For instance, given a task such as describing a football game, one person has

multiple ways to describe it.

A.15.2 Toy Example: Bayes-Optimal Next-Token Predictor

Now we consider training f(-) using sample S generated via the above generation

process 9:
1 K-1 1 K-1
L(f) = — Si) — 2l = — S,) — 2
D=F |z 2060 -na?|= & | B[ Z 060 a0
e{l,...,K}
f can be viewed as K separate models fo, ..., fx_1, where f; takes a sequence of &k

tokens as input. Therefore, when the model f has enough expressivity, the opti-
mization problem f* = argmin; £(f) could be regarded as K different optimization

problems:

fi =argmin E[(f(Sk) — 2r41)%], Yk € {0,..., K — 1}.

fv Sk

Thus, the solution f;! for each £ is a minimum mean square error (MMSE) estima-

tor [110, page 63], and the prediction of f*(Sy) satisfies:

f*(Sk>:§E[xk+l‘Sk]: E[ E [wplSelSk]= E [ E_[zra|p]Sk]-

K u~Dy xi~D(p), w~Dy g1 ~D(p)

(A.17)

The prediction f*(Si) is the expectation of E  [zx11|p] on the task posterior

zp+1~D(p)
observing Sj.
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A.15.3 Toy Example: Gaussian Assumptions on Pretraining Data

Generative Model

In Sec. A.15.2, we connect ICL with Bayesian inference, and in Eq. A.17, we observe
that the prediction f*(S;) depends on the posterior. We are interested in how the in-
context examples affect the prediction and the posterior. We make assumptions on
the pretraining dataset to have a closed-form expression of the posterior facilitating

further analyses:

Assumption 10 (Demo: Gaussian Assumptions for Generative Model for Pretrain-
ing Data).

(a) Task distribution: yi ~ D, P(u) = XM, 7, P(u|T,,), where T, is the m™ mixture
component of the Gaussian mixture, i.e., P(u|T,,) = N (u|pim,0?), and m,, is the corre-
sponding mixture weight. >N _ 7, = 1,0 < m, < 1, u,, is the center of the mixture
component T, and all components share the same covariance matrix controlled by o;

(b) Token distribution: x ~ D,(p), P(z|u) = N (x|pim, 7).

A.15.4 Toy Example: Posterior Analysis

With Assumption 10, we derive the closed-form expression of the posterior as

follows:
M
(1] Sk) o > 7N 5. (A.18)
m=1
s 2
) _ T + 025N 2, 252
= T, €XP [l = ,0° = )

72+ ko? 72 4 ko?
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See Sec. A.15.5 for proof details. From Eq. A.18, we observe two factors when
comparing the posterior with the prior in Assumption 10: (i) Component Shifting:

after observing Sy, = [z1, 22, .. ., zx), the center of each mixture component is shifted

2 2yk
to % ; (ii) Component Re-weighting: the mixture weight 7, of each

Zf:l i ’
%

2(72+ko?)

k| pm—
mixture component is re-weighted by multiplying exp

(which

needs to be further normalized so that re-weighted mixture weights sum to 1).
Fig. A.17 illustrates the phenomena of Component Shifting and Component Re-

weighting by observing in-context examples.

A.15.5 Proof of Posterior Derivation in Toy Example

In this section, we give a detailed derivation of the posterior in Eq. A.18 of Sec. A.15.4:
P (] Sk) o< P(p, Si)
= P(Sk|p) P(p)
= (I, P il ) P ()
= Z TN (ol i, %) (T N (il 1, 72)).

We then show N (u|ptm, o) (IF_, N (2], 72)) is proportional to a Gaussian distribu-

tion:
log (A (ptlptm, o) - TN (|1, 7))

oelim) o) n () )

1
Let Cyy =1 k1
(Let Cyg og( >+ og \/%T>
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1 2 2 2 i 2
:Clo—W<T (1= pin)® + 0D (s — o)

=1

k
(Abbreviate > as > for simplicity.)

i=1

1
=G =50, (”2“2 +ko®) = 21 (P + 0 i)+ (724, + 0 Y ) )

_on TAkR (S Tum ot Y i
10 27252 72 + ko?
L VL T S VL i
2 ¥ ko? 72 + ko?
_on TAkR Tt ot Y i
10 27_20_2 7.2 + kO—Q
| (P 4 P 1 ko) — (i + 0 S )’
(72 + ko?)?2
o Tk (Pt S
10 27202 72 + ko?
N ko212 + o Y 22 (12 + ko?) — 2202 Y 1y — (023 14)?
(72 1 ko?)?
Loty — (g TR PR k) = (0 S = S
11 10 97252 (72 4 ko?)? '
R il B R X VAN
B 27252 72+ ko?

(12 + ko?)?

7% + ko? i + 02 2\ k%0 S\ 2
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(a) First row: expected L2 loss and upper bound with increasing in-context
samples k under varied dimensions d. Second row: expected mixture weights
with increasing in-context samples k& under varied dimensions d. We further
examine the early ascent phenomenon under linear regression with varied

levels of label noises in Appendix A.9.1, and under non-linear regression and
discrete token prediction in Appendix A.9.2.
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(b) The trajectory of the expectation of w with increasing k£ under d equal to

1,2 and 3.

Figure A.2: The early ascent phenomenon. Fig. A 2a displays the trends of expected
losses, upper bounds, and mixture weights, while Fig. A.2b presents the trend of
the expectation of w. We can see that the task retrieval mode is dominant up to
k = 32, and component 1’s mixture weight increases (E[w] approaches w; ). Since
this misleading component 1 is far from the target component 2, the risk starts

increasing. At larger k values, the risk starts decreasing (E[w] approaches w,) via
task learning.
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Figure A.3: In-context learning vs ridge regression. R* indicates the prediction
by ridge regression, F* indicates the prediction by ICL with a Bayes-optimal next-
token predictor, and y;,; = (i1, w*). Let the k samples draw from a task (p*, w*),
which is drawn from the pretraining prior distribution. The dimension d of x equals
6. We observe that ICL performs better than ridge regression when k is small, and
ridge regression performs better than ICL when k > d. Especially, when the task
prior distribution has high task variance (big ¢, and ¢,, values), ICL and ridge
regression have very similar performance.
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Figure A.4: Prior task noises. The figure shows the experiment results under varied
noise levels. ¢, and §,, indicate the noise levels of the pretraining task prior. F*
indicates the prediction of Bayesian inference while F indicates the prediction of
the trained Transformer network. The results show that the trained Transformer
network’s performance can approach the performance of Bayesian inference.
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Figure A.5: Number of components. The figure shows the experiment results
under varied component densities. M indicates the number of mixture components
corresponding to different 3D regular polyhedrons described in Appendix A.2.1,
and 6, = d,, = 75. F* indicates the prediction of Bayesian inference while F indi-
cates the prediction of the trained Transformer network. The higher the component
density is, the harder it is for the Transformer network to approach Bayesian infer-

ence.
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Figure A.6: Experiments on varying feature dimensions. The figure shows the
experiment results under varied dimensions. d indicates the dimension and the
number of mixture components (see Appendix A.2.2 for setting details), and §,, =
0w = 15. F* indicates the prediction of Bayesian inference while F indicates the
prediction of the trained Transformer network. The higher the feature dimension
is, the harder it is for the Transformer network to approach Bayesian inference.
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Figure A.8: Bounded efficacy phenomenon of real-world LLMs. As k increases, the
classification error curve of ICL with random labels exhibits the bounded efficacy
phenomenon. The curve with true labels further confirms that this phenomenon is
not due to models tending to perform worse on long sequences.
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Figure A.9: Numerical analysis on component re-weighting. The trends of ¥,
U, and 7, for CR with increasing k£ under varying task noise parameters.
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Figure A.10: The trend of Component Shifting. Numerical computations of || ft,, —
v, ||wy, — w*|| for Component Shifting (CS).
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(c) Noise level 7, = 0.1. (d) Noise level 7, = 1.0.

Figure A.11: Early ascent under varied label noises. Results show that the early
ascent phenomenon maintains for noise level 7, € [0, 1.0]. Label noise level o, = 1.0
is used for pretraining.
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Figure A.12: Bounded efficacy under varied label noises. Results show that the
bounded efficacy phenomenon maintains for noise level 7, € [0, 0.1]. Label noise
level o, = 1.0 is used for pretraining.
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Figure A.13: Early ascent on non-linear regression and discrete token prediction.
F indicates the prediction by a pretrained Transformer model and F* indicates the
prediction by numerical computation following a Bayes optimal predictor. While
we cannot derive the optimal predictor under non-linear regression, we can derive
the optimal predictor under discrete token prediction.
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Figure A.15: The numerical computation of the task learning. The second and

k T
third rows show the eigenvalues of the matrices 510% and I + 9,38 z;x].

The fourth row shows the distance between the predicted w and w* has a reciprocal
decreasing rate with respect to k. The fifth and sixth rows indicate the expected
squared loss follows a quadratic decreasing rate with respect to k.
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Figure A.17: Visualization of prior, posterior, and observations. The left part of
the figure indicates the pretrained next-token predictor is pretrained on the task
prior distribution according to Assumption 10, and the prediction is based on the
prior without in-context examples. The right part of the figure indicates that with
in-context samples, the prediction is based on the posterior, regarding the in-context

examples as observed samples.
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Appendix B

For Chapter 3

B.1 Pseudo Algorithm for ICL-HCG

We summarize our meta framework for ICL-HCG in Algorithm 1.

B.2 Implementation Detail of Hypothesis Prefix and
Context Query

Hypothesis prefix Given a hypothesis class H and its hypothesis table, the cor-
respongding hypothesis prefix with hypothesis prefix’s content length L is con-
structed as shown in Fig. B.1. The token “I’” serves as the padding token to separate
hypotheses, the token “;” serves as the separation token to separate (z,y) pairs, the

token “IN” serves as the empty token to fill a blank hypothesis, and the token “>

is used to connect (z, y) pairs of the hypothesis to a randomly assigned hypothesis
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Algorithm 1 Meta-Learning Framework for ICL-HCG

1: Inputs: a set of inputs X, a training set of hypothesis classes St = {2} V'™

a testing set of hypothesis classes St = {H*} V", batch size B, hypothesis
prefix size L, and context query size K

2: for training epoch do

3. sample {H;}2, g Uniform(Stin)

4:  for each hypothesis class H € {#H,;}2, do

5: generate h, Sk following i.i.d. Generation

6 // Construct sequence based on H, , and Sk

7 construct hypothesis prefix, context query, and hypothesis index z based on

H, h, Sk
s < concatenate(hypothesis prefix, context query, z)
9: // Cross-entropy loss for next token prediction
10: L+ =Y log P(s; | s<4)
11: end for
12:  update model parameters using L of the batch
13: end for

14: for testing epoch do
15:  sample {#H;}2, "% Uniform (S
16:  for each hypothesis class # € {#;}2, do

17: generate h, S via:

18: either following i.i.d. Generation

19: or following Opt-T Generation

20: construct sequence s based on H, h, and Sk
21: evaluate the prediction accuracy on y, z, etc
22:  end for

23: end for
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Figure B.1: The framework. We convert hypothesis class # and ICL sequence Sk
into sequences of tokens, concatenate them and input to Transformer. Then we
examine whether Transformer can predict correct y and z values.

index ~!. In the illustrated example in Fig. B.1, the randomly assigned indexes
2’s are sampled from M = 4 hypothesis index tokens {“A”,“B”,“C”,”D"”} without

replacement?.

Context query Given an ICL sequence Sy with K pairs of (z, y), the context query
of size K is constructed to represent the ICL sequence and trigger the prediction

of the hypothesis index with padding token “I’”, separation token token “;”, and

query token “>" as shown in Fig. B.1.

We use variable z to represent the hypothesis index.
2A set of L hypothesis index tokens are created serve as the pool from which the hypothesis
indexes are randomly sampled without replacement.
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B.3 Additional Details of Experiments

B.3.1 Four Types of Generalization

We share more training and testing curves in Fig. B.2 to provide additional results
to Fig. 3.5, and in Fig. B.3 to provide additional results to Fig. 3.6.
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Figure B.2: Multiple runs for ID and OOD hypothesis class generalizations.

B.3.2 Compare with Other Model Architectures

We share more training and testing curves in Figs. B.4 and B.5 to provide additional

results to Figs. 3.7 and 3.8, respectively.

B.3.3 Effect of Training Class Count

We share more training and testing curves in Fig. B.6 to provide additional results

to Fig. 3.9.
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B.4 Experimental Setup

Each experiment is repeated four times, with the mean calculated across runs.
The shadow region’s boundary is defined by the minimum and maximum values

observed across the four runs.

B.4.1 Learning Rate Scheduler

We set the training procedure with 768 total epochs, each epoch containing 1024
batches. The learning rate (Ir) is first warmed up linearly from an LR /64 at epoch

e = 1 to a peak value LR at epoch e = 64, following;:
Ir(e) =LR- —, 1<e<64.

After epoch 64, the learning rate undergoes a quadratic decay over the remaining

704 epochs, given by

4
Ir(e) = LR+ /22 64 < e < 768,

e

B.4.2 Hyperparameter Search

We list the hyperparameter searching spaces used for Transformer, LSTM, GRU,
and Mamba. The best hyperparameter is searched using ID hypothesis class gener-

alization with || X|| =5, ||#|| = 8, and then used for all other settings.
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Table B.1: Hyperparameter search spaces for different model architectures. The
optimal hyperparameters are bolded if multiple possibilities are provided.

Model Architecture #layers #hidden dimensions #learning rate #weight decay #batch size
Transformer 2,8 128 0.00010, 0.00020, 0.00050, 0.00100 0.0005 16
Mamba 2,8 128 0.00010, 0.00020, 0.00050, 0.00100 0.0005 16
GRU 2,8 128 0.00020, 0.00050, 0.00100, 0.00200 0.0005 16
LSTM 2,8 128 0.00020, 0.00050, 0.00100, 0.00200 0.0005 16

B.4.3 Setup for Generating Training and Testing Hypothesis

Classes

We list the experimental setup for each experiments in the following Table B.2. When
conducting experiments to evaluate accuracy on y, we modified the experimental

setup following Table B.3.

Table B.2: Experimental setups of different generalizations. The expression
min{512, #possible} indicates that when the number of possible hypothesis classes
is fewer than 512, we evaluate all possible hypothesis classes for testing; other-
wise, we limit the selection to at most 512 hypothesis classes. For example, if
|HOOP| = 16 and |H| = 2, the total number of possible hypothesis classes is given

by: ('H‘zz]j‘) = (126) = 16215 — 120. Since 120 < 512, we evaluate all 120 hypothesis

classes for testing in this scenario.

o ID Hypothesis OOD Hypothesis ID Hypothesis OOD Hypothesis

Generalization Setup Class Ggriralization Class Geri]ar;alization Class Size }(Iineralization Class Size G};};eralization
size of input space (|X|) 5 5 5 5
size of label space (|)]) 2 2 2 2
size of context query (K) 5 5 5 5
size of training hypothesis class (|H"™™|) 8 8 7,89 7,89
size of testing hypothesis class (|H''|) 8 8 2,...,14 2,...,14
size of hypothesis prefix (L) 8 8 16 16
#all hypotheses (|H""|) 32 32 32 32
#hypotheses in ID pool (|HP|) 16 16 16 16
#hypotheses in OOD pool (|H°°P|) 16 16 16 16
#training hypothesis classes 12358 12358 4096 4096

#testing hypothesis classes 512 512 min{512, #possible} min{512, #possible}




173

Table B.3: Additional setups. Numbers that differ from those in Table B.2 are
highlighted in bold for clarity.

Section Sec. 3.3.6 Sec. 3.3.7
size of input space (|X]) 4 6
size of label space (|)) 2 2
size of context query (K) 12 12
size of training hypothesis class (|H™™"|) 4 8
size of testing hypothesis class (|H"|) 4 8
size of hypothesis prefix (L) 4 8
#all hypotheses (|H"™™|) 16 64
#hypotheses in ID pool (|H|) 16 8,16,24,32,48
#hypotheses in OOD pool (|HP|) 0 16
#training hypothesis classes 1308 min{12358, #possible}

#testing hypothesis classes 512 512
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Figure B.3: Multiple runs for ID and OOD hypothesis class size generalizations.
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Figure B.5: Various models on ID and OOD hypothesis class generalizations.
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