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Abstract

We generalize the definition of CM cycles beyond the small and big CM ones studied
by various authors, such as in [BY09] and [BKY12] and give a uniform formula for the
CM values of Green functions associated to these special cycles in general using the idea
of regularized theta lifts. Finally, as an application to Siegel 3-fold case, we can compute

special values of theta functions and Rosenhain A-invariants at a CM cycle.
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Chapter 1

Introduction

In 1985, Gross and Zagier discovered a beautiful factorization formula for singular
moduli. This has inspired a lot of interesting work, one of which is to study the ’small’
or 'big’ CM values of special functions on Shimura varieties. Here small’ means that the
CM cycle is associated to an imaginary quadratic field, while ’big’” means that the CM
cycles are associated to a maximal torus of the reductive group of the Shimura datum. In
his proof of factorization formula on 'small’ CM values of Borcherds modular functions on
Shimura varieties of orthogonal type, Schofer [Sch09] used the idea of regularized theta
lifts. The idea was later adapted by Bruinier and Yang [BY09] to study ’small’ CM
values of automorphic Green functions and then by Bruinier, Kudla and Yang [BKY12]
to study ’big’ CM values.

There are two natural questions. Is there any CM cycle on Shimura variety between
‘small” and 'big’ CM cycles? Is there a uniform formula for the CM values for all of
them? They are motivations for our paper.

We answer the question in our main theorem by using the same idea. There are
several applications to our theorem, one of which is to genus two curve. In |[CDSLY14],
the authors developed a method for cryptography using classical theta functions and
Rosenhain A-invariants. By applying our main theorem to Siegel 3-fold case, we can

compute special values of theta functions and Rosenhain A-invariants at a CM cycle,



and give bound to the denominator of the CM value of the Rosenhain A-invariants.

Let (V,Qv) be a rational quadratic space of signature (n,2), G = GSpin(V') and
K C G(Ay) be a compact open subgroup. Let D be associated hermitian symmetric
domain of oriented negative 2-planes in V(R) = V ®¢ R, and let X be the canonical
model of Shimura variety over QQ associated to Shimura datum (G,D) whose C-points
are

Xk (C) = GQND x G(Af)/K).

Let d < n/2 and assume there is a totally real number field F of degree d+ 1 and a 2-
dimensional F-quadratic space (W, Qw) of signature sig(W) = ((0,2),(2,0),...,(2,0))
with respect to the d+ 1 R-embeddings {o; }?:0 such that there exists a positive definite

subspace (Vg, Qvlv,) of (V,Qv) of dimension n — 2d satisfying
V=2 Vo ® RespoW,
Qv(z) = Qv(zo) +trpgQw(zw),
The negative 2-plane W, gives rise to two points z5 in D with two orientations.
Let T = Resp/oGSpin(W) — GSpin(V) = G, g € G(Ay), a special 0-cycle can be
defined in X according to [Mil90]
Z(T,20,9) = T(@Q\(20 x T(Ay)/K7) = Xk, [20,1] = [20, 9],

where K7 is the preimage of gKg~' C G(A) in T(A;). This is the so-called CM cycle.

It is good to note here that when n is even and d = n/2, T becomes a maximal torus
and this reduces exactly to the case of 'big’ CM cycles in [BKY12]. On the other hand, if
we allow the case where d = 0, then F' = Q, W will be a 2-dimensional negative definite
Q-quadratic space and E' is nothing but an imaginary quadratic field, which will reduce

to the case of 'small’ CM cycles in [BY09).



Similarly, we can define special divisors on Xy. Let x € V be a vector with Qv (x) >
0, V, be the orthogonal complement of x in V with respect to @)y and G, be the stabilizer
of x in G. Clearly, G, = GSpin(V,). The sub-Grassmannian D, = {z € D | z L z}

defines a divisor of D. For g € G(Ay), there is an injection

Go(Q)\Dy x Go(Ay)/(Go(Ap) NgKg™) = Xk, [2.9:] = [2, 929)-

So its image defines a divisor Z(z,g) on Xg. The natural divisor is not stable under
pullback of morphism Xy, — Xk, where K1 C K,. To define a better special divisor, let
m € Qs and ¢ € S(V(Ay))¥, the space of K-invariant Schwartz functions on V(Ay).

If we fix an xy € V with Qv (x¢) = m > 0, we define the following special divisor

Z(m,p) = Z (9™ w0) Z (w0, 9, K).
9€Gao (Ap)\G(Af)/ K

Associated to the quadratic space (V,Qy) is the reductive pair (O(V),SLs). We

know there exists the Weil representation w = wy, of SLy(Af) on S(V(A;))". Using
the Weil representation, we can define the Siegel theta function as a linear functional on
S(V(Ay))

0(7:2,9)(¢) = v Y e(Qu(w.)T + Qu(.)T) ® w9 '),

zeV
where x, is the projection of z in the subspace z of V| and similarly for z,.. 0(7, z, g) is

a modular form on H of weight n/2 — 1 with respect to 7 and an automorphic function
on Xk with respect to [z, g].

In order to define the Green function, we also need the definition of K-invariant

harmonic weak Maass forms. Let p = w| S @) be the Weil representation of SLy(Z) on
S(V(Ay))%. A harmonic weak Maass forms is a smooth function f : H — S(V(A;))¥
satisfying certain modular condition with respect to the Weil representation p, the har-

monic condition Ay f = 0, where Ay, is the usual weight k-hyperbolic Laplacian operator



and finally certain growth condition on the cusps. We denote the vector space of all har-
monic weak Maass forms of weight k associated with p by Hj ;. The Laurent expansion
of f € Hy 5 gives a unique decomposition
10 =176+ 70 = 3 e+ e o0r (il

where I'(a, t) denotes the incomplete Gamma function, v is the imaginary part of 7 € H
and ¢*(n) € S(V(A;))¥. We refer to fT as the holomorphic part of f. In particular,
we call f weakly holomorphic if f~ = 0. Let Ml!w? be the vector space of all weakly
holomorphic modular forms of weight k associated with p.

Now we consider the regularized theta integral as a limit of truncated integrals as

follows

F T—00

(2 g: f) = / ). 0077, 9)) duv):CT{nm /f (F(r), 6(r, 2 g))o~* dp(r)] |

where 6(, z, g) is the Siegel theta function defined above, CT stands for the constant
term of the Laurent series at s = 0 and JF7 is the truncated fundamental domain with
imaginary part not more than 7.

This theta lift was first studied by Borcherds [Bor98] for weekly holomorphic modular
forms, and later Bruinier and Funke [BF04] generalized the lift to make it work on
harmonic weak Maass forms and most importantly proved that ®(z,g, f) is a Green

function for the divisor Z(f) =>_ _,Z(m,ct(—m)) in the sense of Arakelov geometry

m>0
in the normalization of [Sou92].
Associated to the quadratic subspace V is a holomorphic modular form 6y(7) of

weight £ — d valued in S(V(Ay))" defined in a similar way as the Siegel theta function

0(r,z,9). Associated to W is an incoherent Hilbert Eisenstein series Eyw (7,s,1) of



weight (1,---,1) on F valued in S(W(Apy))". This Eisenstein series is automatically
zero when s = 0 and let &y (7) be the ‘holomorphic part’ of Ej,(72,0,1) as defined in
[BKY12.

For a function © on X, we define its value on CM cycles to be

O(Z(T, ho,9)) = ’ > O(hg, tg).

YR yerQnTa)/ K8

Then we have the following main theorem on CM values of Green function.

Theorem 1.1. For a K-invariant harmonic weak Maass form f of weight 1 — g with
principle part [T,

_ deg(Z(T, %))
A0, x)

where Z(W) is the sum of Galois conjugates of Z(T,zE,1) and

O(Z(W), f) (CTI(f*, 00 ® Ew)] + L3i7(0,£(f)))

Lw(s,9) = (9(7),00 @ Ew (T, 5,1))per,

Ly (s,9) = Als+1,x)Lw(s,9)
are a Rankin-Selberg convolution L-function and its completion for a cusp form g of
weight g

The special case when f is weakly holomorphic is of special interest. According to
Borcherds [Bor9§|, there is a unique (up to a constant of modulus 1) meromorphic form

U(z,g,f) on Xk on G = GSpin(V') of weight ¢*(0,0) satisfying

divW(f) = Z(f), and —log|[¥(z, g; f)l[pe. = (2, 5 f),

where || - ||3,; is the normalized Petersson metric. We also know £(f) = 0 and f* = f

in this case. So we have



Corollary 1.2. Let f € ML%J; be a K-invariant weakly holomorphic modular form,

and let U(z, g; f)) be the associated Borcherds lifting of f as above. Then

~log |(Z0), I = “EFTED T, 000 600 (1)

Next, the first non-trivial example that has not been covered by previous studies of
'big’ and ’small” CM cycles is the case where n = 3, d = 1. It is well-known that Siegel
3-folds are special cases of orthogonal Shimura varieties of signature O(3,2). So our next
attempt is to apply our main theorem to this case.

Classically, Siegel 3-fold and Siegel theta constants can be defined as follows.

Siegel upper half plane is defined as
Hy = {7 € Ms42(C) | 7 symmetric and Im(7) positive definite}

and symplectic group
A B
Sps(Q) =< g= € GLy(Q)| A'D-C'B=1,, A'C=C'A, B'D=D'B
C D
Sp4(Q) acts on Hy by fractional linear transformation g - 7 := (A7 + B)(Ct + D)™
Similar to the modular curve case, we can define congruence subgroups I's(N) of

Sp,(R) as follows

I'(N) = ker(Spy(Z) — Spy(Z/NZ)).
We are particularly interested in the following quotient space, or Siegel 3-fold

Now let z € H, and a quadruple (z,9) = (21,22, y1,%2) € {0,1}*, the Siegel theta
constant of characteristic (r, ) is defined as

Gin(z) = Z exp (m’ <m+ %) z (m+ %)t + 2mi (m + %) <g>t> :

meZ?



The function QEU(Z) is a Siegel modular form of weight % for the modular group
I'2(2). A quadruple (xr,9) as above is called even if t'y = 0, i.e. z1y; +z2y2 = 0 (mod 2).
There are 10 even quadruples and it is well-known that HEU # 0 if and only if (z,9) is
even.

In order to apply our main theorem, we also need to realize X5(2) in our setup of

orthogonal Shimura variety. Please check Section [8.2.1] and [8.2.2| for details.

In particular, we identify W with E, where F is a quartic CM field with totally
real subfield F = Q(v/D) and CM type ¥ = {o1,05}, where D is the fundamental
discriminant of F. Let E be the reflex field of (E,Y), the subfield of C generated by the
type norm Nyx(2) = 01(2)02(2), 2 € E. Then E is also a quartic CM number field with
real subfield F' = Q(\/E) if the absolute discriminant of E is dgy = D2D. Note that D
is not the fundamental discriminant of F.

Let CM3(E) be the set of isomorphic classes of principally polarized CM abelian
schemes A = (A, 5, \, ¢ : A[2] = (Z/2Z)") of relative dimension 2 over C of CM type
(Op,Y) with abelian scheme A over C with 2-torsion A[2], an Og-action k : O —
End(A) and a principally polarization A : A — AY satisfying some inherent conditions.

It is known that X,(2) parametrizes principally polarized abelian schemes A =
(AN A2] = (Z/2Z)*) of relative dimension 2, where 1) preserves the symplectic
forms between the Weil pairing on A[2] x AY[2] and the standard symplectic pairing on

(Z/2Z)*. In other words, there is a map
j: CMy(E) = [ CMF(E) — X2(2).
S

which defines a CM point on X5(2).

It also can be proved that X3(2) can be indexed by the equivalence classes [a, &, €],



where £ € EX with £ = —¢ and a is a fractional ideal of E satisfying
§8E/Faﬁ NF = 8;1,

and e is a symplectic basis of <%a / a) with respect to Weil pairing.
Two pairs (a1,&1,e1) and (az, &2, e2) are equivalent if there exists a z € E* such that
Ay = 201, ex = zeg and & = 22§y, i.e. [0, e] = [za, 2ZE, ze] for any z € E*. Given such
a pair, one can write
a=Opa+0:'8, X(8/a) € H?,
with £(af — af) = 1.
Then we can give z& a geometric interpretation of z = %(f/a) € H?. Now let

T ={z€ E*| 2z € Q*}. Then we are able to construct a CM cycle

Z(A) =T(Q\{=} x T(As)/Kr,

which has a C(T)-action with C(T") = T(Q)\T'(Ay)/Kr.
For each even pair (g, ), Lippolt constructed in [LipO§] an weakly holomorphic mod-

ular form f;, of weight —1/2 valued in Sy, such that

Opy(2) = W(z, frn) or —log[|05,(2) e = (2, frn)

is the Borcherds lifting of f;, in the fashion of Theorem [5.4]

Now we can apply our main theorem to this case and derive the main formulas for
special values 072 (Z(A)), (r,9) € {0,1}* of even theta constants and special values
M(Z(A)), k = 1,2,3 Rosenhain invariants at these CM cycles in Theorem and
Theorem [9.3] respectively.

Finally, we remark that similar results are also true for unitary Shimura varieties of

type (n, 1) in Chapter [10]



Chapter 2

Orthogonal Shimura Varieties

For a number field F', we denote the adéles of I' by Ar and the finite adéles by
F=F®;Z In particular, if F' = Q, we simply write A for Ag and A, for the finite
adéles of Q. Let (V,Qy) be a rational quadratic space of signature (n,2) for some
positive integer n. Let G = GSpin(V) be the general Spin group of V' over Q which

satisfies the exact sequence
1 -G, — G=GSpin(V) - SO(V) — 1

and let X' C G(Ay) be a compact open subgroup. Let D be the associated hermitian
symmetric domain of oriented negative 2-planes in V(R) =V ®¢g R, and let Xk be the
canonical model of Shimura variety over Q associated to Shimura datum (G,D) whose

C-points are

Xk (C) = GQND x G(Af)/K).

Let d < n/2 be a non-negative integer and assume there is a totally real number field

F of degree d + 1 and a 2-dimensional F-quadratic space (W, Q) of signature

sig(W) = ((0,2),(2,0),...,(2,0))

with respect to the d+ 1 R-embeddings {aj};lzo such that there exists a positive definite
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subspace (Vg, Qvlv,) of (V,Qv) of dimension n — 2d satisfying
V= Vo ® RespoW, (2.1)

Qv(r) = Qv(wo) + trrg Qwl(rw),

if € V mapsto xy + zy under (2.1). For abuse of language, we’ll simply write V' =
Vo @ Resp/@WW. For future reference, let us denote Resp oW by Wy. Then there is an

orthogonal direct sum decomposition
V(R) =VWR)® (&;W,,), W,, =W Qp,, R

with respect to the quadratic form )y. The negative 2-plane W, gives rise to two

points z& in D with two orientations.

2.1 CM Cycles

Let T' = Resp/oGSpin(W). There is a homomorphism
T = Resp/oGSpin(W) — GSpin(V) = G (2.2)
as algebraic groups over Q, whose real points, gives rise to the homomorphism
T(R) = | [ GSpin(W,,) — GSpin(V ©g R) = G(R), (2.3)
J

associated to the decomposition . We define T to be the image of .
A more explicit description of T" can be given as follows using Clifford algebra.
Recall that the Clifford algebra C(V') is defined as the quotient algebra @V/I(V),
where ®V is the tensor algebra over V', I(V) is the ideal generated by all elements of
the form

v@v—Q(v)l for allv e V.
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It has a main involution i(v; ®- « - ®v,,) = v, ®- - -®v1, a degree map deg(v; ®- - -Qu,,) =
m, a natural grading C(V) = C°(V) & C*(V) and a canonical embedding V — C*(V),
where C*(V) = {v € C(V) | deg(v) = k mod 2}. C°(V) and C'(V) are usually called

the even and odd Clifford algebras respectively. Therefore, we could define

GSpin(V) = {ge€C°(V)* | gg' =v(g) and gVg~" =V},

Spin(V) = {g € GSpin(V) [v(g) = 1},

where v(g) is the Spin character.

Actually, T is a torus associated to the CM number field E = F(y/—det W). Indeed,
we can prove that T(Q) = E*.

First, if we fix an orthogonal basis e, f for W, then the Clifford algebra C'r(W) is 4-
dimensional F-vector space generated by 1, ¢, f, ef, satisfying e* = Qw(e), f? = Qw(f)
and ef = — fe. On one hand, the even part C%(W) of Cp(W) is F-vector space generated
by 1, ef with (ef)? = efef = —e*f? = —Qw(e)Qw (f), which is totally negative under
all embeddings F' < R. So C%(W) is nothing but pure imaginary quadratic extension
E = F(/-Qw(e)Qw(f)) = F(v/—detW). Finally, T(Q) = Resr/oGSpin(W)(Q) =

E* as they are invertible elements in C°(W) in general. On the other hand, the odd part

of the Clifford algebra C(W) = W is generated by e, f. Since Qw (¢e), Qw(f) € F, we

could view W = Ee = E with Qw(z) = Qw(e)xz.
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We will have the following exact sequences

1 — Resp/9G —T = Resp/gGSpin(W) —— Resp/gSO(W) —1

| | |

1 G G = GSpin(V) SO(V) 1

as algebraic groups over Q with their Q-points on the top row satisfying another exact

sequence

1 F~ E~ E! 1

If we fix an identification S = Resc/rG,, = GSpin(W,,), we obtain a homomorphism
ho : S — GR as algebraic groups over R corresponding to the inclusion in the first factor
in ([2.3). Let {eo, fo} be a standard oriented basis of W,, C V @ R. Then it is easy to
check

ghog™' = Rgeg + Ry fy

gives a bijection of G(R)-conjugacy class of hy and D, the set of oriented negative 2-
planes in V ®g R. We will not distinguish between the two interpretations of . We let
hg correspond to zg , then z, corresponds to ghog™!.

By construction, hg will factor through Tk. So we have, for any g € G(Ay), a special

0-cycle in Xk according to [Mil90]

where KY is the preimage of gKg¢g™' C G(A;) in T(Ay). We will usually drop the

subscript K and identify Z (T, hg, g) with its image in X, but every point in Z(T', hg, g)
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is counted with multiplicity and wg 7,4 is the number of roots of unity in T(Q)NK7.

WK,T,g

In particular, for a function © on Xy, we have

O(Z(T, hy. g)) = —

" O(ho,tg). (2.5)
K19 ern\r(as)/Ke

When g = 1, we will further abbreviate notation and write Z(7, hy) for Z(T', hg, 1).

Remark 2.1. Tt is not hard to show that Z(T, hg, g) = Z(f, ho, g), since T is the image
of T"— G. For general theory, we are still going to use 1" for the torus. However, for

computation purpose in the application, T is actually the more useful one.

As mentioned in the introduction chapter, when n is even and d = n/2, T' becomes a
maximal torus and this reduces to the case of 'big’ CM cycles in [BKY12]. On the other
hand, when d = 0, then F' = Q, E will automatically become an imaginary quadratic
field, which will reduce to the case of ’small’ CM cycles in [BY09).

Next, we would like to define a formal sum Z (W) of Z(T, ho, g) with its all Galois
conjugates following [BKY12].

First, the 0-cycle Z(T, hg) is defined over o¢(FE), the reflex field of (T, hy). Let us
now describe its Galois conjugates.

For j € {0,...,d}, let W(3j) be the unique (up to isomorphism) quadratic space over

F such that W (j) ®p F, and W @ F,, are isometric for all finite place v of F', and that

sig(W() = (2,0),..,(2,0), 02),(2,0), ... (2,0)) (2.6)
J

Note that, although the quadratic spaces W and W (j) over F' are not isomorphic for
J # 0, there is an isomorphism C%(W (5)) = C%(W) = FE of their even Clifford algebras.

Let V(j) = Vo ® ResgyoW (j) with quadratic form Qv ;)(z) = Qv (xo) + treo Qw, (zw)
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for x = zy + rw under the orthogonal decomposition . The signature of V(j) is
still (n,2) and the quadratic spaces V' and V(j) are isomorphic over Q. If we fix an
isomorphism

V(i) =V (2.7)
and identify V'(j) with V. Let T'(j) = Resp/oGSpin(W (j)) and ho(j) : S — Gr be the
homomorphism defined in a similar way how we define hy. As noted above, there is
an isomorphism C%(W(j)) = C%(W) = E of their even Clifford algebras. Therefore,
as invertible elements in even Clifford algebra, T'(j) = Resp/oGSpin(W(j)) and T =
Resp/oGSpin(W) are isomorphic. For g € G(Ay), the analogue of the construction

above yields a special 0-cycle Z(T'(j), ho(j), g) on Xk defined over o;(E).
Remark 2.2. If F'/Q is Galois, we have the following explicit construction of W (7).
Let a = Qwl(eo), 8= Qwl(fy) € F* satisfying
oi(a) >0, >0, oola)<D0.
Then essentially, W (j) = W as an F-vector space but with a different quadratic form
Qw(i)(eo) = o5,  Qwy(fo) = B
where «;, 3; are Galois conjugates of «, 3, respectively, satisfying
oi(a;) >0, i#j, oj(a;) <0,
oi(B;) >0, i#j, o0;(8;) <O0.

Hence we have trpg Qw(j) = trrig Qw. Therefore, the following decomposition holds

for any j
V= Vo ®RespogW(j),

Qv(r) = Qv(zo) + trr Qwe)(rw)
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We fix an F-linear isometry

A~ A

Noting that there are canonical identifications W (j)(F) = Wy(j)(Af) and W (F) =
Wo(Ay), and using the fixed identification of V' and V(j), there is a unique element

gj0 € O(V)(Ay) such that the isometry p; can be expressed by g;& on V(Ay).

~

Modifying the isometry p; by an element of O(W)(F'), if necessary, we can assume
that g;o € SO(V)(Ay). For any element g; € G(Af) with image g;o € SO(V)(Ay), the

finite adéles of the tori T'(j) and T are related, as subgroups of G(Ay), by
T(G)(Af) = g;T(Ag)g; ",

and hence
j —1
K;](j) = g;Krg; .
These relations depend only on the image g, of g;.

The reciprocity laws for the action of Aut(C) on special points of Shimura varieties

yields the following lemma.

Lemma 2.3 (|[BKY12, Lemma 2.2]). Let the notation be as above and let 7 € Aut(C/Q).
(1) If T =0j00," on oo(E), then
T(Z(T, ho)) = Z(T(j), ho(3), 9)-
(2) If T is complex conjugation, then
T(Z(T, ho)) = Z(T' hy ),

where hy is the map from S — Ggr induced by S — GSpin(W,,), z — Z.
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We will write

Z(T(5), o (5), 95) = Z(T(5), hg (5), 95) + Z(T(5), hg (5, 95).

We will also write z;(j) € D for the oriented negative two planes in V (R) associated
to hi(j). Let
d
ZW) = Z(T()hi(4),95) € Z"(Xx)- (2.8)

Jj=0

Then Z(W) is a CM 0-cycle defined over Q.

2.2 Special Divisors

Let x € V be a vector with Qv (x) > 0, V,, be the orthogonal complement of z in V
with respect to QQy and G, be the stabilizer of z in G. Clearly, G, = GSpin(V,.). The
sub-Grassmannian

D, ={2€D|zLz}

defines a divisor of D. For g € G(Ay), there is a natural map

Go(Q\Dy x Go(Ap)/(Go(Ap) NgKg™) = Xk, [2,0:] = [2, 009 (2.9)

This map is actually an injection, so its image defines a divisor Z(z, g, K) on X. The
natural divisor is not stable under pullback of morphism Xx, — X, where K; C Kj, so
Kudla in [Kud97] defines a special divisor as a weighted sum of natural divisors which has
nice properties. To define the special divisor, let m € Qs and ¢ € S(V(Ay))¥, the space
of K-invariant Schwartz functions on V(Ay). If we fix an zy € V with Qv (zo) = m > 0,
we define the following special divisor

Z(m, ) = > (g 20)Z (w0, 9). (2.10)
9E€Gao (Ap)\G(Af)/K



17

It is a divisor on Xx with complex coefficients. Note that, since ¢ has compact support
in V(Ay) and K is open, the sum is actually finite. If there is no zy € V such that

Qv (xg) = m, we set Z(m,p) = 0.

Proposition 2.4 ([BKY12, Proposition 3.1]). Let notation be as above. Then Z(m, p)

and Z(T(5), hi (4), g;) do not intersect in Xy.
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Chapter 3

Welil Representation

Let (V, (,)y) still be the quadratic space defined above and (Q*", (,)) the standard
non-degenerate symplectic space over Q. Then (2 =V ®qQ*™, (,)a = (,)v®{,)) is also

a symplectic space over Q. Let Spy,, , (resp. Spg ) be the metaplectic double cover of

SPoy.a (resp. Sp(£2)4).Then we have the following group homomorphisms on A

—_—~— e~

O(V)a x Sme,A - SpQ,A .

|

O(V)a x Sme,A - SpQ,A

If we identify Q = V ®oQ*™ = V™ @& V™. Then by Stone-von Neumann theorem and
construction of Weil representation, for any non-trivial additive character ¢ : (Q\A)™ —
C*, there exists a unique (up to isomorphism) Weil representation w = wy, of Sp/2,\n(/A)
on S(V(A)™) with central character 1.

By Weil, there always exists a canonical splitting

—~—

1+ SPgn(Q) = Spap - (3.1)
Let us fix the non-trivial additive character 1 to be the canonical unramified additive
character of Q\A with 1, (z) = > for z € R.

—_— —_——

Let us also denote S?Q\m/A by SL2(A) in this special case. Then we can identify SLy(R)
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with

a b
(v,€) |y = € SLy(R),e(1)? =T +d
c d

and the group multiplication is given by

(71, 2(7) (2, €2(7)) = (72, €1 (727)€a(7))-

—_—~—

Let K’ be the full inverse image of K = SLy(Z) in SLy(A;). Then for any 5 =

—_——

(7,€) € SLo(Z) C SLo(R), n(y) € Sm) under the splitting 1) can be written as 47,

where 4 = (v, €) € K’ is the finite adéles part and 4 is the infinity adéles part. In other

words, there exists a unique 4 € K’, such that n(y) = 44. Then we can define

p(7)p = wr(¥)e, (3.2)

—_— —_—

where wy is the restriction of w to SLy(Af). Then p becomes a representation of SLy(Z)

on S(V(Ayf)). And note that the conjugation p of p is thus the restriction of w to the

—~——

subgroup SLy(Z).
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Chapter 4

Siegel Theta Functions

Associated to the quadratic space (V, Qv) is the reductive pair (O(V'), SLs) and the

Weil representation w = wy,,, of Sm) on S(V(Ay)). Recall in Chapter , for any

—_——

7 = (v,€) € SLy(Z) C SLy(R), n(v) € Sm) under the splitting 1) can be written

as 47, where 4 = (7, €) is the finite adéles part and 7 is the infinity adéles part. The
groups SLo(Af) and G(Ayf) act on the space S(V(Ay)) of Schwartz-Bruhat functions of
V(Ay) via the Weil representation w = wy.

For z € D, one has decomposition
VR)=z2@2, z=1x,+2,..
Let (z,x), = —(x.,2,)v + (2,1, 2,1)y and define the associated Gaussian by
(@, 2) = €,

which belongs to S(V(R)). It has invariance property ¢o.(9x,9z) = @oo(z,2) for any
g € G(R). Moreover, it has weight n/2 — 1 under the action of the maximal compact

subgroup K/, where K _ is the full inverse image in SLo(R) of K, = SO2(R) C SLy(R).

Then, following [BY09], for any 7 = v +iv € H and [z, g] € Xk, the theta function
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Oy (T, 2,9) = 6(T, 2,9), as a linear functional on S(V'(Ay)), is given by

0(7,2.9)(9) = Y wlg))pelz, 2)plg ), (4.1)

= v Z G(Qv(sz)T + QV(xz)?> ® Qp(gilx)v

1 e~

where ¢, = (g,,v™ 1) € SLo(R) with

<
[
IS
<
N|=

gr = S SL2 (R)

Here g acts on V' via its image in SO(V). The theta kernel function (7, z, g)(¢) is a
modular form of weight n/2 — 1 with respect to 7 and an automorphic function on Xg

with respect to [z, g].
Lemma 4.1. As a function on S(V(As)) = S(Vo(As)) @ S(W(F)), we have
Ov = 0o @ Ow,
where Oy, 0y and Oy, are theta kernel functions associated to V, Vi and W respectively.

Proof. Let ¢ v and o be the same function ¢, defined above associated to V' and

W respectively, and let ¢ v, be the Gaussian e~ "@om0)v for , € Vj. Then one has

Coo v (T, 2) = Yoo.0(T0) Yoo w (Tw), if x = 29 + xy under (2.1)).

So for ¢ = @o @ pw € S(Vo(Ay)) @ S(W(F)) = S(V(Ay)), one has for 7 € H, gy €
GSpin(Va) () and [,g] € Z(W),

Ov (T, 2, 909) () = Oo(T, 90) (¢0)Ow (T, 2, 9) (pw)-
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Chapter 5

Automorphic Green Functions

5.1 Harmonic Weak Maass Forms

Definition 5.1 (Harmonic Weak Maass Forms). A smooth function f: H — S(V(Ay))

is called a harmonic weak Maass form of weight & with respect to SLy(Z) and the Weil

—~——

representation p = w|Sf;@of SLo(Z) on S(V(Ay)) if the following is satisfied:

—_——

1. fle;7 = f for all ¥ = (v,€) € SLy(Z), where

Fles3 () = e(m) 2 (p(3) " f(y7),
i.e. we have

FOyr) = e(m)*p(3)f (7);
2. There is an S(V(Ay))-valued Fourier polynomial

Pi(r) = 3 et (e,

n<0

where ¢t (n) € S(V(Ay)), such that f(7) — P¢(1) = O(e ") as v — oo for some

e > 0;

3. Arf =0, where

0? 0? 0 0
ey I T ; - —
Ap = —v <au2+av2>+zkv (au—I—zaU)

is the usual weight k& hyperbolic Laplacian operator.
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The Fourier polynomial Py is called the principal part of f. We denote the vector
space of all harmonic weak Maass forms of weight k associated with p by Hy, ;. f € Hy;
has the following Fourier expansion

f@) =@+ () =Y g+ Y (S 4nlnlv) ¢, ()

n>ng n<0

where ['(a,t) = ftoo 2% le™® dz is the incomplete Gamma function, v is the imaginary
part of 7 € H and ¢*(n) € S(V(A;)). We refer to fT as the holomorphic part and
f~ as the non-holomorphic part of f. In particular, we call f weakly holomorphic if
f7=0. Let M ,L ; be the vector space of all weakly holomorphic modular forms of weight
k associated with p.

Recall that there is an anti-linear differential operator { = &, : Hy 5 — Sa_ ,, defined

by

e,
f(r) = &()(r) = Qkagf(T), (5.2)
here Sy_j,, stands for the vector space of all cusp forms of weight 2 — k associated with

p-

By [BF04], one has an exact sequence

0— M, = Hip 4 Sy kp— 0 (5.3)

5.2 Regularized Theta Lifts

Now we consider the regularized theta integral as a limit of truncated integrals as

follows

®e0.0) = [ ). 6(r. 7. 9)) du(r)zCTs:o[nm /f (F(r). 0(r. 2. g))v~* dp()] |

F T—o00
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where CT[), ., ang™] = ao for the constant term in the g-expansion and
Fr={reF|Imr <T},

is the truncated fundamental domain.

This theta lift was first studied by Borcherds [Bor98| for weakly holomorphic modular
forms and got its name, “Borcherds lift” and later Bruinier and Funke [BF04] generalized
the lift to make it work on harmonic weak Maass forms and most importantly proved

that

Theorem 5.2 ([BF04|). Let f : H — S(V(A;))™ with same notations as above. The

function ®(z, g, f) is smooth on X \Z(f), where

Z(f) =" Z(m,c*(=m)).

It has a logarithmic singularity along the divisor —2Z(f). The (1,1)-form dd°®(z, g, f)

can be continued to a smooth form on all of X . And we have the Green current equation

dd*[®(z, g, f)] + 675 = [dd°D(z, g, f)],

where 67 denotes the Dirac current of a divisor Z. Moreover, if A, denotes the invariant

Laplacian operator on D, normalized in [Bru02], we have

A.®(z,g,f) =7 c(0)(0).

~ 3

In particular, the theorem implies that ®(z, g, f) is a Green function for the divisor
Z(f) in the sense of Arakelov geometry in the normalization of [Sou92|. Moreover, we
see that ®(z,g, f) is harmonic when ¢™(0)(0) = 0. It is often called the automorphic

Green function associated with Z(f).
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Theorem 5.3 ([Bru02|). There exists fm, € Hi_pj2(S(V(Ay))), such that Z(m,¢) =

Z(f). Moreover, fm., is unique when n >2 orn =2 and V is anisotropic.

Theorem 5.4 (|Bor98|). Assume f € M{_n/w such that ¢t (—m) is integral valued for
all m > 0. Then there exists a unique (up to a constant of modulus 1) meromorphic

Hilbert modular form V(z, g, f) on G = GSpin(V') of weight ¢*(0)(0) satisfying

div¥(f) = Z(f), and —log|[¥(z,g, f)l[pe = P(2, 9. f),

where

W (2%, g, )l = [W(z%, g, ) (dme” Dy ty =)= ©0)

is the normalized Petersson metric. Moreover, W(z, g, f) has an infinite converging

product expansion near a cusp if any.
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Chapter 6

Eisenstein Series

Let us fix the non-trivial character v to be the canonical unramified additive character

of Q\A with 1 (1) = €™ for x € R. Let 5 be

Yp =1 otrpqg.

Following Chapter there is a unique Weil representation w = wy,, of SLy(Ag) on
S(W(AF)) associated to the quadratic space (W, (, )w) and a non-trivial additive char-
acter ¥ p. In our case dimp W = 2 is even, it is well-known that the Weil representation
actually factors through SLo(Af).

Let x : F*\A% — C* be the quadratic Hecke character associated to E/F. Let B
be the Borel subgroup of SL,. Then B has a decomposition B = N M that satisfies for

any F-algebra R, we have N = {n(b) | b € R}, M = {m(a) | a € R*}, where

Then x is also the quadratic Hecke character associated to W, and there is an SLy(Afp)-

equivariant map

A=TT2 SV (AR) = 1(0,%),  A@)(g) = w(g)p(0) (6.1)

Here I(s,x) = IndSBL(il(ff )(X -] |*) is the principal series, whose sections are smooth
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functions ® on SLy(Ap) such that

®(n(bym(a)g, s) = x(a)|al*"'®(g, s)

for any a € A5, b€ Ap and g € SLy(Ap).

@ is called standard if ®| is independent of s, where K = SLy(Op)SO4(R)% 1 is the
maximal compact open subgroup of SLy(Afr). And it is called factorizable if ® = @,
with @, € I(s, xv)-

For a standard section ® € I(s, y), its associated Eisenstein series is defined as

Ew(g,5,®)= > ®(y9,9).
YEB(F)\SLy(F)
For simplicity, we denote Fy simply by E in this chapter from now on.

By general theory of Eisenstein series, the summation defining E(g, s, ) is absolutely
convergent when Re(s) is sufficiently large, and has meromorphic continuation to the
whole complex plane with finitely many poles. The meromorphic continuation is holo-
morphic along Re(s) = 0 and satisfies a functional equation in s — —s. Furthermore,
there is a Fourier expansion

E(g,s, ®) = ZEtg,SCI)

telF

where
Ei(g.5,®) = /F L Eln()g,5.9)- vr(-h0) d

Here db is the Haar measure on F\Ap self-dual with respect to ¢p. If & = @, is

factorizable and t € F'*| there is a factorization

Et(97 S, q)) = H I/Vt,v(gv: S, ¢v)a
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where

Et,v(gva S, (I)v) - / (I)v(w_ln(b)gvv S) : va(_bt) db’

v

0 1
and w =

-1 0
For ¢ € S(Wy), let & be the standard section associated to Af(¢) € I(0,xy).
For each real embedding o; : F' — R, the maximal compact subgroup K,, = SO(R) is
iko ;

abelian with character ky — € indexed by k € Z. Using the decomposition SLy(F,,) =

B(F,,) - K,, and the fact that x is odd, it follows that

i

I(s,xc/r) = ](SaXEgi/Fai) = @ (CCD(';,

k odd

where CID('; € I(s, xc/r) is the unique standard section satisfying
@, (n(b)m(a)ke) = xc/m(a)lal™™'e™,

cosf) sind
fora € R*, b € R, and ky = € SO2(R). Then for 7= @ + i7 € He!

—sinf@ cosf

and a standard section @y € I(s, xy), we define
E(7,5,¢.1) = Nijg(v) 2 E(gr, 5, 85 @ @),

where @1, = ®L (@} and gr = n(u)m(v'/?) viewed as an element of SLy(Ar) with trivial
non-archimedean components.
It is a non-holomorphic Hilbert modular form of parallel weight 1. We further nor-

malize E*(7,s,0,1) = A(s + 1, x)E(7, s, ¢, 1), where

El 11 s+ 1 d+1
A(S7X) = N;/Q<8FdE/F) (TFQF ( 2 )) L<57X)7

and O is the different of F', dp/r is the relative discriminant of £/F.
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The Eisenstein series is incoherent in the sense that all @, except ®,, come from

some A(g,). This forces E*(7,0, ¢, 1) = 0 automatically.

A

Proposition 6.1. Let p € S(W(F)). For a totally positive elementt € F, let a(t, ¢) be

the t-th Fourier coefficient of E*'(7,0, ¢, 1) and write the constant term of E*'(7,0,p,1)

as
2(0)A(0, x) log N(¥) + ao(s).
Let
E(r, ) = aolp) + Y, amlp)q™,
meQ
where
am(p) = D altp)
teF ) trp/q t=m
Finally, write 72 = (1,--- ,7) for the diagonal image of T € H in H*, then

E*,/(TA> 07 2 1) - 5(7—7 90) - (p(O) (d + 1) A(0> X) IOg’U
1s of exponentially decay as v goes to infinity. Moreover,

an(p) = Z an,p(ﬂp) log p

p

with an,(¢) € Q(p), the subfield of C generated by the values o(x), x € W(F) = V(Ay).

Lemma 6.2 (|[BKY12, Lemma 4.3]).
—20;(Ey (7,0,1)d7,,) = Ew(7,0,1(5))du(7,,).
Proposition 6.3 (|[BKY12, Proposition 4.5]).

O (r, 2T (). 5 (7),9,)) = 5 des(Z(T, 1) - Eu(7°,0,1(7).
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Chapter 7

Main Theorem

7.1 CM Values of Green Functions

Now we are ready to state and prove our main general formula.

Theorem 7.1. For a K-invariant harmonic weak Maass form f € Hy_, o5 with f =

ff+f asin and with notation as above,

_ deg(Z(T, %))

O(Z(W), f) = A0 ) (CTI(f*. 00 ® Ew)] + L3i(0,£(f))) .

where

Lw(s,9) = (9(1),00® Ew (7%, 5,1))pet,

Liy(s,9) = AMs+1,X)Lw(s,9)
are a Rankin-Selberg convolution L-function and its completion for g € Siin)2,,-

Proof. First, by Lemma [6.2] and Proposition we have

S(Z(T(), () 9)). f) = / ), 00, Z(T (), 200), 9,))) dualr)

f

_ / L) 80() @ buw (. Z(T (), 20(3). 95)) du(r)

F

= %deg(Z(T, 20)) /reg<f(7)>90(7) ® Bw (r°,0,1(5)) du(7))
F

reg

= —deg(Z(T,Zo))/f (f(7),00(7) ® 0;(Ejy (r2,0,1) dr)).



Recall the definition [2.8) of Z(W) as a sum of Z(T'(j), 20(j), g;), we have

U

reg

B(Z(W),f) = —2deg(Z(T, =) /

i (7). bo(m) @ 0;( By (r°,0,1) dr))

j=

o

reg

— 2deg(Z(T, ) /f (F(r). Bo(r) ® B(Ep(r2,0, 1) dr))

reg

— —2deg(Z(T, z)) /f d((f(7),66(7) ® Bjy(7%,0,1) dr)))

reg

+2deg(Z(T, 2)) /F (BF(7), 00(r) @ Ely(r2,0,1) dr))

~ 2deg(Z(T, 20)) 2deg(Z(T, z))
A(l, X) ! A(L X)

[27

where

L = /reg d(<f(7_)a00(7—) & E;[}/(TA’ 07 1) d7'>),

Recall that

Thus,

(0f(1),00(1) @ By (7,0,1) d7) = —(£(f), 00(T) ® Ejy/ (12,0, 1))v2 ™ du(r)
is integrable over the fundamental domain F, and hence

b= [[@00r) ® B 0,00 du(r) = ~£3£0.600).
F

By a similar argument in [Kud03], there is a unique constant A, such that

I, = lim (/IT A({f(1),00(7) @ Ey/(72,0,1) d7')>)—AologT)

T—o0

lim
T—o0

31
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By Stokes’ theorem, one has

L(T) = / _0).80(1)  Eif(r2,0.1) dr)
— _/l ’ (f(1),00(7) @ Eyy/(7,0,1)) dr

(T

iT+1
B ‘/T (7). 00(7) @ By (72,0,1)) dr + O(e™T)

for some € > 0 since f~ is of exponential decay and Ej; is of moderate growth. Propo-
sition [6.1] asserts that
E/(r2,0,1) = Ew(r) + A0, X)(d + 1)logv+ > a(m,v)q™

meQ>o

such that a(m,v)q¢™ is of exponential decay as v — oo. Thus,
~1i(T) = CT{(f*(7), 60 ® Ew(T)] + A0, X)(d + Dlog T+ ¢*(=m)a(m,T).
meQso
The last sum goes to zero when T'— oo. So we can take Ag = (d 4+ 1)A(0, x), and

Iy = =CT[(f"(7), 60 ® Ew(7))]

as claimed. O

7.2 Lattice Version

Let L be an even integral lattice in V, i.e. Q(z) = %(:U,a:) € Z for x € L, and let
L'={yeV|(z,y)€Zforeveryxe L} DL

be its dual.
For y € L'/L, we write ¢y, = char(u+ L) € S(V(Ay)) and Z(m,u) = Z(m, o1,),

where L = L ® Z. Recall from Chapter , there is a Weil representation w = wy,
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P

of SLy(A) on S(V(Ay)) with non-trivial additive character 1. Denote the subspace

@Cy, C S(V(A;)) by Sy.

Since the subspace Sy, is preserved by the action of SLg (Z), there is a representation

—_——

pr, of SLy(Z) on this space defined by the formula

where ¥ = (v,¢) € SLo(Z) C SLy(R), n(y) € SLa(A) under the splitting 1' can be
written as 479, where 4 = (7, €) is the finite adéles part and ¥ is the infinity adéles part.

This representation is given explicitly by Borcherds [Bor98| as

p(T)(pn) = Q)P (7.1)
e((2—n)/8)

L S 1 = e\ —\u, v Iz 7.2

pr(S)(en) DL VGEL,/L (= () (7.2)

11 0 1 —
where T' = ;1] and S = , /7 | and SLs(Z) is generated by T

01 -1 0
and S. Note that the complex conjugate py is thus the restriction of w to the subgroup

SLy(Z) C SLy(Z).
Then the Fourier expansion of any f € Hj,, gives a unique decomposition f =
fT+ f~, where

ff=>" freu (7.3)

neL’'/L

Using the splitting (2.1)), we obtain definite lattices
Lo=LnNVy, M=LnNRespW.

Then Lo @ M C L is a sub-lattice of finite index.
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Oy = Z 90(¢M07L0)90X07L0’

/LOEL&/LO

Ew= > Ewlmm)epu

mEeEM’' /M

It is easy to see that Lo @ M C L C L' C Ly @ M’ and therefore,
L'/(Lo® M) C (L ® M) /(Lo ® M),

and there is a surjection L'/(Lo® M) — L'/ L.

As a result,
Pu,L = Z Puo,Lo ® Pu1,M-
pno€Ly/Lo, peM’'/M
Hot+p1=p in
(Lo®M")/(Lo®M)
([ 0@ Ew) = > F,t-200( 0,0 Ew (91,01) (7.4)

po€Ly /Lo, w1 G'M//M
po+p1=p in
(Lo®M')/(Lo®M)

Theorem 7.2 (Lattice Version of the Main Theorem). For a harmonic weak Maass
form f € Hy_p /05 valued in Sy with f = fT+ f~ asin and with notation as above,

Bz, ) BT )

A(0, x)
CT Z F£00(uo,00)Ew (0psir) | + L3(0,&(f))
no€L,/Lo, p1eM’' /M
Hot+p1=p in
| (Lo@M')/(Lo®M) J



35

Chapter 8

Siegel 3-Fold

Now for a concrete example, let us apply our main theorem to the special case of

Siegel 3-fold.

8.1 Classical Definition

First, we can define Siegel upper half plane
Hy = {7 € Ms42(C) | 7 symmetric and Im(7) positive definite}

and symplectic group
A B

Sp,(Q) =4 g = € GLy(Q)| A'D — C'B =1I,, A'C = C'A, B'D = D'B
C D

Sp4(Q) acts on Hy by fractional linear transformation
g-7:=(Ar+ B)(Ct+ D).

Similar to the modular curve case, we can define congruence subgroups I's(N) of
Sp,(R) as follows
Iy(N) = ker(Sp,(Z) — Spy(Z/NZ)).

We are particularly interested in the following quotient space, or Siegel 3-fold

X5(2) = T'y(2)\ Ho.
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It is the moduli space of the triples (A4, X, : A[2] = (Z/27Z)*). Here A is a principally
polarized abelian scheme of relative dimension 2 with polarization A. ) is an isomor-
phism preserving the symplectic forms between the Weil pairing on A[2] x AY[2] and the

standard symplectic pairing on (Z/27Z)*.

8.2 As an Orthogonal Shimura Variety

8.2.1 Realization

In order to identify Siegel 3-fold as an orthogonal Shimura variety defined in Chapter

2 we take the following V, Wy, Vp with associated lattices L, M, Ly in (2.I) as follows.

Let
4 3\
r —c 0 —a
d —r a 0
V pr— A p—
0 —=b r d
b 0 —c -—r

with quadratic form

Qv (A) = %tr(AQ) — 21% — 2ab — 2d

1 A
and lattice L = (a,b,c,d,r) € Z° C V. Therefore, L' /L = (ﬁZ/Z> @ (ZZ/Z>
Let

( 3\
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with quadratic form Qyw, = 2r? — 2ab — 2Ds? and lattice M = (a,b,r,s) € Z* C W.

(1 > N 1
Therefore, M'/M = (§Z/Z> @ (ZZ/Z) & (EZ/Z)

Let ) \
0 Dt 0 0
t 0 0 O
Vo= ’
0o 0 0 ¢
\ 0 0 Dt O

with quadratic form Qy, = 2Dt* and lattice Ly = (t) € Z C V,. Therefore, L{/Ly =
1
—Z/Z.
4D
Let

oi(u) a
W = wueF, a,beQ
b O'Q(U)

with quadratic form Qw = 2 Nx(u) — 2ab. It is easy to see that Wy = Resp/oWW.

8.2.2 Identification

First, let us identify GSp, with G = GSpin(V) in Chapter 2]
It is easy to check that GSp,(Q) acts on V via Ad,(X) = gAg~ for any g € GSp,(Q)

and A € V. Then, by direct computation
1 1 —1\2 1 2 —1 1 2
QuvlgAg™) = 5 tr((gdg)7) = 5 tr(gA%g ) = 5 tr(A%) = Qu(A),

we can see that this adjoint action of g on V also preserves the quadratic form Qy .

Hence it gives the well-known identification GSp, = GSpin(V') with
1 - G,, = GSp, —» SO(V) — 1.

Under this identification, one also has Sp, = Spin(V).
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Next, let us identify Hy with D in Chapter
Let us construct the following space
D = {negative lines in V(C) =V ®¢ C}
= {zeV(C)|Qv(z) =0, B(z,2z) <0}/C*
= {la,b,c,d,r] € V(C) | r* = ab+cd, 2|r|* —ab— ab—¢&d — cd < 0} /C*,

which is a complex manifold of dimension 3 consisting of 2 connected components. Here

B(z,y) = Qv(r +y) — Qv(z) — Qv(y)

is the bilinear form associated to Qy. It is clear that D is well-defined using basic
properties of bilinear form B and quadratic form Qy .

Now we would like to identify both H3 and I with D by the following two lemmas.
Lemma 8.1. There is an identification
DS D
z=x+1y — Rz+ Ry,
where © = Re(z), y =Im(z) € V(R).

Proof. 1t is easy to see that the map is well-defined and does not depend on the choice
of representative of z and being surjective. By direct computation, it can also be proved
that

z € D if and only if Qv (z) = Qv(y) < 0 and B(z,y) = 0.

Finally, for injectivity, if z; = x1 +iy; and z; = x1 + iy; give the same oriented negative

2-planes in V(R). We may assume that

Ty = 1171 + Q12Y1, Y2 = 2171 + A22Y1-
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Note that Qv (x1) = Qv (y1) < 0 and B(z1,71) = 0, we have

0 = B(x2,y2) = a11021Qv (71) + a12a90Qv (y1) + (a11a29 + ajna9)B(x1, y1)

= (anag + aipa922)Qv (1),

and
Qv (x2) = (af) + afy)Qv (1) = (a3, + a3,)Qv (1) = Qv (1)

2 2 2 2
Hence, ay1a91 + ai2a90 = 0 and aj; + ajy, = a3, + a3,. Therefore,
either ag = a2, ase = —an, or, az1 = —ai2, az = an.

Remember that we also need to keep the orientation, i.e. ajjass — ajsas; > 0. The only

case left is as; = —aq2, ago = aqq. Therefore,
2y = 1101 + G12Y1 — 1a1271 + ta1yr = (ann — iai) (@1 + i) = (@11 — ia12) 2.

In other words, z; and zy stand for the same class in D. That completes our proof of

injectivity and our whole claim about the isomorphism. O]

Lemma 8.2. There is an identification = : H =D given by

T Ti2 (Jr)t Jdet(r)
T = > ;
T2 T2 —J Jr
0 1
where J = , Hy = Hy, and H, consists of symmetric complex matrices T of
-1 0

order 2 such that Im(7) is negative definite.

Conversely, for z € D who has coordinate [a,b,c,d,r], it can be proved that ab # 0.
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Then = clearly has an inverse map

1w
=
N H-

:*1.1)

z=la,b,c,d,r] —
r d

Proof. According to our construction, =(7) has coordinate
[_ det<7—)? 17 T1, T2, 7-12]-
Hence, we have

Qv(E(r)) = 21 — 217 —2(—det(r)) =0,

B(E(1),E(1)) = 2|ma*? — T2 — Time + det(7) + det(7)
= 2P —TMTm —Tm T — Tiy + T2 — Ti2°
= (n-—m)(n—7) - (fy —m2)? = —4det(Im(7)) < 0.
Therefore, Z(7) € D.
For the claim about ab # 0 for [a,b,c,d,r] € D. If we assume that ab = 0, we will
have both r? = cd and r? < Re(cd), which causes a contradiction.

Conversely, the definition of 2! clearly does not depend on the choices of [a, b, ¢, d, 7].

Now let us verify that the image does lie in H.

o) = (-5) (5-) -G -3)
(cb — eb)(db — db) — (rb — 7b)?

o]
- (cd — r2)b? + (ed — 7)b? — (cd + ed — 2|r|?)|b|?
- o]
_ —abb* — abb* — (cd + ed — 2|r|?)|b]?
B |o]*

—ab — ab — cd — &d + 2|r|?
= <0
]




41

Since Z71(z) is already symmetric of order 2, it is either positive definite or negative

definite. O

8.3 Embeddings of Hilbert Modular Surfaces

In our setup, it is very easy to see that Wy = Resp/oWW is the underlying vector space
of orthogonal Shimura variety of signature (2,2). And it is actually related to Hilbert
modular surfaces.

Let F' = Q(v/D) be a real quadratic field with fundamental discriminant D. Denote
the ring of integers of F' by Op, and its different by 9 = v/ DOp. For convenience, we

fix the following Z-basis {e1, ea} of Op with e; = 1 and

1-+vD

if D=1 (mod 4), 51)

—5 if D=0 (mod 4).

Let o be the non-trivial Galois automorphism of " and denote by trp/g(t) = t+o(t)
the standard field trace of t € F over Q. For z = (z1,20) € H? and t € F, define
tz = (tz1,0(t)z2). We also define the trace trp/g on H? as the map trg/g(z) = 21 + 2.
Hence, for t € F, we have trp/g(tz) = tz1 4+ 0(t)22. It is obvious that when z = (1, 1),
one obtains the standard field trace as trp/g(t) = trejg(t(1,1)) =t + o(t).

The group SLy(F) acts on H? via v -z = (v z1,0(7) - 22), where

az+b . a b

—— ifr= )
cz+d ¢ d

and o(7) is the matrix obtained by applying ¢ to all the entries in 7. Let

a b
SL2(0F®8;1) =47 = ESLQ(F) a,d € Op, bE@;l, c € Op

c d
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Let
a 0 b 0
el es a b 0 o(a) 0 o(b)
R = ) ,-)/* = =
o(er) ofes) c d c 0 d 0

0 o(c) 0 o(d)

By abuse of language, we define the following three maps using the same notation ¢.

Let
¢ H? — Hy, 2= (z1,22) +— R'diag(z1,29)R,
¢ : SLa(F) — Spy(Q), v > diag(R', R™)y*diag((R) ™', R),
¢ (Op/20r)* — (Z/22)", (x.9) = (a1, a2,b1,b2),

where

-1

(a1,a2)" = R (a,0(a))’,  (by,by) = (b, o(b))".

We have the following lemma.
Lemma 8.3 ([LNY16, Lemma 2.1]). Let the notation be as above. Then
1. Fory € SLy(F) and z € H?, one has ¢(v - 2) = ¢(v) - ¢(2);
2. ¢~1(Sp,(Z)) = SLy(Op @ 03.1);
3. The map ¢ is a bijection between (Op/20r)* and (Z)27)* such that (r,v) is even
if and only if ¢(x,v) is even.

In particular, we could also know that

~ a b
¢_1(F2<2)) = F2(2) = Y= CL,d € OF, be 8;1, cE 8F, Y= ]2 mod QOF

c d
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8.4 CM Points

Let (E,X) be a quartic CM field with totally real subfield ' = Q(v/D) and CM type
Y. = {01,092}, where D is the fundamental discriminant of F'. Denote the ring of integers
of F by Op, and its different by 9 = vV DOp. Let E be the reflex field of (E, ), the
subfield of C generated by the type norm Ny (z) = 01(2)0s(2), z € E. Then E is also a
quartic CM number field with real subfield F = @(\/B) if the absolute discriminant of
Fisdg = D2D. Note that D is not the fundamental discriminant of F.

Let CM3(E) be the set of isomorphic classes of principally polarized CM abelian
schemes A = (A, 5, \, ¢ : A[2] = (Z/2Z)") of relative dimension 2 over C of CM type
(Op,Y) with abelian scheme A over C with 2-torsion A[2], an Og-action k : O —

End(A) and a principally polarization A : A — A satisfying the further conditions:
1. The Rosati involution induced by A induces the complex conjugation on F.

2. There are two translation invariants, non-zero differentials w; and wy on A over C

such that x(r)*w; = o;(r)w; for r € Op.

3. 1 preserves the symplectic forms between the Weil pairing on A[2] x AY[2] and the

standard symplectic pairing on (Z/22)%.

It is known that X5(2) parametrizes principally polarized abelian schemes A =
(A, N 2 A[2] = (Z/27Z)*) of relative dimension 2, where 1) preserves the symplectic
forms between the Weil pairing on A[2] x AY[2] and the standard symplectic pairing on

(Z/2Z)*. In other words, there is a map

j: CMy(E) = [ CMF(E) — Xa(2). (8.2)
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which defines a CM point on X5(2).

Let a = Hi(A,7Z) with the induced Og-action and the non-degenerate symplectic
form A : a x a — Z induced from the polarization of A. In particular, \ defines a pairing
on a satisfying

Mr(r)z,y) = Mz, k(F)y), r € Og, z,y € aq,

so that a is a projective Og-module of rank one, which is nothing but a fractional ideal

a of £. The polarization A induces a polarization A\¢ on a given by
Aeraxa—=7Z, X(z,y)=trglry,

where ¢ € EX with £ = —¢£. A simple calculation shows that ) is principally polarized
if and only if
EOppaa N F = 0p'. (8.3)
Moreover, A is of CM type ¥ if and only if X(¢) = (01(£),02(§)) € H2 And it is
obvious that ¢ : A[2] = (Z/27)* will induce a map (%a/a) — (Z/27)* that preserves
the symplectic forms, or equivalently give a symplectic basis of (%a / a) with respect
to Weil pairing.
The converse is also true. Given (a,¢,e) satisfying (8.3)), where e is a symplectic

1
basis of (§a / a) with respect to Weil pairing, there is a unique CM type X of F such

that ¥(¢) € H? and one has
Afa, & e) = (A= (a®1)\(E ®gR),k, ¢, e) € CM(E).

Here we identify £ ®g R with C? via CM type X.
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8.4.1 Identification of W with E

Let F = Q(v/D) be a real quadratic field with fundamental discriminant D and
E = F(\/Z) be a totally imaginary quadratic extension of F' with CM type X. Let F =
QVAA/, where o(r 4 sv/D) = (r + sv/D)' = r — s3/D is the non-trivial automorphism
of F over Q. Then E = Q(vA + VA).

For any (a, 3) € E?, we define a map ko5 : Wy — E,

K(A) = aoi(a)os(a) + 01(a)os(8)(r — sV'D) + 01(B)os(a)(r + sV D) + bo1(8)0(5)
= aac(a) + ac(B)(r — sV'D) + Bo(a)(r + sV D) + bBa(B). (8.4)

For a CM point [a, &, e] € CMY(E), we write

a:(’)Foz+6§15, z:§€E+

We define the Q-quadratic form on E via

1 1
Q(z) =trzqg ﬁzé = 75

Lemma 8.4 (|[BY06, Lemma 4.2]). Let fo be an integral ideal of F', and let a = Opa+fo

(22 —o(2)0(z2)).

be a fractional ideal of E. Then

VD Ngjga = %4(af — ap)(o(a)o(B) — o(@)a(8)) Nr/q fo.

Proof. Let {ey, ea} be a Z-basis of Op and { f1, fo} be a Z-basis of fy, then {e1c, excx, 15, f25}

is a Z-basis of a. Then we have

dE(NE/Qa)2 = dE/Q{eloéaQZQ:le?fQB}

= (aB—aB)(o()a(B) — o(a)o(B))dr{er, eatdr{f1, fo}

= (aB —apf)(o(a)a(B) —o(a)a(8))dr(Nr/q o),
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where dg{z1,..., 24} = det(trpgz;z;) = det((0;(z;)))? with o; the different embed-
dings of a number field F into Q fixing Q. Notice that dg = d%ﬁ, one can complete the

proof by taking the square root of the above identity. n

Proposition 8.5. Let [a,&,¢e] € CM(E), and write a = Opa + 0,*3. Then the map

Kap 15 a Q-isometry between quadratic spaces (Wo, Qw,) and (E/7 ZNI\;%%OC‘Q) with

N
Qo p(A) = 52y (4),

Proof. For simplicity, we write A = r + sv/D and assume § = 1 and write z = a and
ko(A) = ko1(A) = azo(z) + 2\ + o(2)\ + b.

When K is cyclic over Q, E = FE, then k. is clearly a Q-linear map. When K is
non-Galois, E is the subfield of M fixed by 7 and thus belongs to E. So k, is again a
Q-linear map.

Next, we claim that p, is injective. If k,(A) =0, so is o(k.(A)), and thus
0=k.(A) —0o(k.(A) = (ac(z) + N)(z — 2).

Since z ¢ F, this identity can only happen if a = A’ = 0 or simply A = 0. This completes
our claim. Notice that dim W, = dim E = 4, thus k, is an isomorphism.

To check isometry, set k = k,(A), and it is easy to verify that

k—o(k) = (a0(z) + X)(z - 2),

k=R = (az+)\)(0(2) —0(2))

ko(z) —o(k)o(z) = (Nz+b)(o(z) —o(2)).
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So

kk —o(k)o(k) = R(k—0o(k))+o(k)(k—o(k))

By Lemma we have

]

To determine the image of the lattice M of Wy in E , we need some more preparation.
First, it is not hard to show that there is a commutative diagram as follows featuring

¢ from Section [8.3
SLe(OF @ 05')\H? — Sp,(Z)\H,

| |

[,(2)\H? I5(2)\Hs

- a b
where I'y(2) = € SLy(F)|la—1,d—1€ 20y, b€ 205", ¢ € 205

c d
Second, let € be a fundamental unit of F' such that € > 0 and o(e) < 0 and let

a = diag(5, 1) and let

¢o - H? — Hy, z=(21,22) > diag(az, o(@)z),
¢0 : SLQ(OF) — SLQ(OF ) 6;1), v O./’}/Oéil,
b0 : (Op/20p)* = (Op/20F)?, (r,n) = (r,e).

Then ¢, induces a bijection between Hilbert modular forms for subgroups of SLy(OF)

and for the corresponding subgroups of SLy(Op @ 95').
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Now denote ¢. = ¢ o ¢9. Then ¢ maps Siegel modular forms for I'y(2) in Sp,(Z) to
Hilbert modular forms for I'y(2) in SLy(OFr). Here we use I'5(2) for the main congruence

subgroup of index 2 in both the symplectic and the Hilbert case.

Proposition 8.6. Let the notation be as above. Then we have

Kap(M) = Zao(a)+Z(ao(8) + o(a)B) + 2VDZ (—ac(B) + o(a)B) + ZBa(B),

as(1) = Tao(a) + 12 (a0(8) + o(0)) + =T (~ao(B) + a()3) + 5ZH0(H)

Furthermore, k(a, B)(M) is of indezx 2 in Ng a.

In particular, we would like to point out that M and MV are not Op-lattices.

8.4.2 Interpretation of z

Now let us review the construction of CM points on X3(2) of CM type (Og,X).
Recall the discussion at the beginning of this section, CM'(E) can be indexed by the
equivalence classes [a, &, e], where &€ € EX with € = —¢ and a is a fractional ideal of F
satisfying

E0p/paa N F = 05",

and e is a symplectic basis of <%a / a) with respect to Weil pairing.

Two pairs (a1,&1,e1) and (ag, &2, €2) are equivalent if there exists a z € E* such that
ay = 201, ex = zeg and & = 22§y, i.e. [0, e] = [za, 2ZE, ze] for any z € E*. Given such
a pair, one can write

a=Opa+0:'8, X(8/a) € H?, (8.5)

with £(af — afB) = 1.
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Lemma 8.7. The CM point z§ or z, in Chapter@ associated to Egl correspond to

z = Y(B/a) € H? associated to the CM point [a, €, e] € CM5 (E).

Proof. For simplicity, let us denote §/a by w. Now for the point z = X (w) = (01(w), 02(w)) €

H?2, recall the embedding ¢ : H? — H, in Section , it is not hard to obtain that

with det(7) = o1(w)os(w) (0’1(61)02(62) — 0'1(62)0’2(61)>2, where

= o(ew) + oy(w),
_ 2 2
Ty = oy(esw) + os(esw),
T2 = 01 (6162&)) + 0'2(6162(,0).

Recall we also identify Hi with I and D in Section [8.2.2] Now CZ(¢(z)) will be a
negative line in V(C), hence corresponds to a point in D. Finally, through the Q-isogeny

Ka,p from W to E, we get that

Ka8(E(@(2)) = —det(r)oi(a)oa(a) + o1(a)os(f) (01(62)02(61) — 01(61)02(62)>01 (w)
+01(8)o2() (01(61)02(62) - 01(62)02(61)>Uz(w) + 01(8)o2(B)

= (1=D)oi(P)oa(P) € E

Now CZ(¢(z)) becomes E®E,aj C =C, where gj, j = 1,2, 3,4 are 4 complex embeddings
of E. To make it a negative line, there are exactly two embeddings giving it. Recall our

definition of W in Chapter , the embeddings have to be &7 and 74 O
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8.4.3 Construction of T

Now since we have identified W with E , it is obvious that

ReszoSO(W)(Q) = SO(W)(F) = E".

In order for the following diagram of short exact sequences hold true,

1 Gy T Res oSO(W) —= 1

| ——= Gy — I = GSpin(Resz,oW) — SO(Res o) — 1

~

[ |

1 G, GSp,(Q) = GSpin(V) SO(V)

1

where I' = {g € GLy(F) | det g € Q*}, we must have

T(Q)={z€ E*|22€Q*} — E'

()

Similarly,

1— {£1} T Res o SO(W) — 1

| |

1 ——{£1} ——SLy(F) —=SO(Resf o W) —1

{1

1 — {41} —5p,(Q) SO(V)

1
where T' = T'N E.

Let us summarize our construction of CM points in the following proposition.

Proposition 8.8. Let A = [a,¢{,¢] € CMZ(E) be as above and write a = Opa + 05" B.

We can interpret zy by 2(8/a) € H? and we can define T = {z € E* | zz € Q*}. By
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the construction in @, we have a CM cycle
Z(A) = T@\ {25} x T(hy)/Kr.,

which also has a C(T) = T(Q)\T(Ay)/Kr-action.

8.5 Siegel Theta Constants

Let 2z € H, and a quadruple (z1, T2, y1,y2) € Z*, which we write as (r,9) = (21, z2), (y1,92)),
i.e. r,p € Z?, the Siegel theta constant of characteristic (x, ) is defined as

650 = 2 exp (i (ot 5) = (m o+ 5) e 2mi (4 5) (3)')).

meZ?

1
The function QEU(Z) is a Siegel modular form of weight 5 for the modular group I'(2).

Note that

07,(2) = £65 ,(2) if (r,9) = (', v) (mod 2).

From now on, we only focus on the case where ¢,y € {0,1}2. The sign ambiguity will
not be an issue, since only 9&;)2 appears in our future computations. A quadruple (r,n)
as above is called even if 'y = 0, i.e. z1y; + 22y2 = 0 (mod 2). There are 10 even
quadruples and it is well-known that QEU # 0 if and only if (z,v) is even.

Recall that for our construction of the lattice L in V' in Section L'JL =
(%Z/Z>4 &) (%Z/Z) has a basis of 64 elements 1, ..., ©g4.

For this choice of L and each even pair (g, ), Lippolt constructed in |Lip08] an weakly

holomorphic modular form f,, of weight —1/2 valued in S}, such that

Opy(2) = W(z, frn) or —log[|05,(2) e = (2, frn)
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is the Borcherds lifting of f,, in the fashion of Theorem . Here foy = > crr/p oo nPus

where fi, € {0, £u, v, 10} and

u = 144q+14¢* +40¢° + 100¢* + 232¢° + 504¢° + - - -

1 3 5 7 9 11
v = —2q2 —8q2 —24q2 — 64q2 — 154q2 — 344q=2 — - --

1 7

1 7 15 23 31 39 a7 55
v = g 8—qs8+4+qs —2q8 +3¢g8 —4q8 +5Hq’s _7q8 + ..

where ¢ = €27,
Please check Appendix @ for the exact definitions of u, b, to, fi,.

With our realization of V and W = E , we have constructed zy and 7' in the previous

sections. Now by applying our main Theorem to this case, we will have the following

Proposition 8.9. Notation as above and Z(A) as defined in Pmposz'tz’on we have

—log ||9§U<Z(A))||l23et =Cp-CT Z fIvaHQO(SONO)gW(SONI) )

pno€Ly /Lo, uleM//M
pot+p1=p in
| (LgeM)/(Lo®M)

where

¢, _ desZ(4) _ 4 |O)
A(0>X) WE A(0>X)’

with wg being the number of roots of unity in E.

Remark 8.10. By the definition in Chapter |2, every point in Z(A) is counted with

2
multiplicity —. Furthermore, ,20i are the same point in X5(2), the image of a point in

WE
4
X5(2) should be counted with multiplicity —.
WE

Remark 8.11. Note that Z(A) is a torus orbit that always contains a Galois orbit but

might be strictly smaller than a whole CM cycle CMy(E).
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8.6 Rosenhain Invariants

Consider a genus 2 curve with the form C : y* = [[._,(z — u;) over the algebraic

closure, any three of the u; can be mapped to 0,1 and oo using linear fractional trans-

formations to write C' in Rosenhain form as
Cy:y? = z(z —1)(z — M) (z — A)(x — A3), (8.6)

where A1, Ay and A3 are called the Rosenhain invariants of C.

Let M be the moduli space of genus two curves. Similarly to the modular curve case,
there is a map M — X5(1) = Sp,(Z)\H, that sends C' € M to its Jacobian J(C') with
proper structures. Now let M3(2) = {C' € M;|C — P! branch points are rational }.

We have the following diagram

My —— X(1)

-

My (2) — X5(2)

In other words, for some special point 7 € X5(2), we should also be able to con-
struct an associated genus 2 curve C, by computing all of its Rosenhain invariants
A1 (), A2(T), A3(7).

For generating such curves, there are many different possible combinations of 6 even

theta constants which yield a Rosenhain model for the curve C with

62 9?2 02 92 02 2
N\ — — i3 N P W WA b .
1 9124 0?6 ) 2 035 9126 ) 3 9224 035 (8 7)

Several different choices for the combination of even theta constants have appeared

in the literature. In this work we find it convenient to adopt the following choices of of
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(i1,...,1g) as our choices.

il = (0707 170)a 2.2 - (170707())’ i3 - (07 17 1a0>7

iy = (0,0,1,1), i5=(1,1,0,0), iz =(1,0,0,1).

Hence,

Corollary 8.12. Notation as above. We have

log | \i(Z(4))| = Cp - CT S fabele)Ewlon) |
MOGL{)/LQ, M1€M’/M
Ho+H1=H in
| (LheM)/(LooM) |
where

fi = —foo10— Joi1,0+ foo1,1+ 1,001

fo = —fi000— for1.0+ fi100+ fi001,

fs = —fo010— f1,000+ foo1,1+ fi,1,00-

8.7 Hilbert Siegel Constants

With notations as above, for (r,1) € (Op/20F)? and 2z € H?, we define the Hilbert
theta constant of characteristic (z,9) as
05 (2) = > exp (m' trpg ((u + §>2 z+ (u + %) %)) (8.8)
ueOR
Similarly to the Siegel theta constants, the function QEU(Z) is a Hilbert modular form
of weight % and

o =01 if (1,9) = (¢',y') (mod 20r).
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One can prove that QEU # 0 if and only if trp/q (ﬂ) € 27. In this case, we call the

vD

pair (r,n) even.

Now it can be seen that Lemma [8.3] actually shows that the pull back via ¢ of a
Siegel modular form 6° for a congruence subgroup of Sp,(Z) is a Hilbert modular form

0 for a congruence subgroup of SLy(Op @ 051).

Theorem 8.13 ([LNY16, Theorem 2.2]). Let the notation be as above. Then

*nS H
¢ em - jEedfl(zc,n)'

Given that Lippolt in [Lip08] has found the modular forms whose Borcherds lifts give
out Siegel theta constants 65. It is not hard to find the corresponding modular forms
associated with Hilbert theta constants 6.

Associated to the quadratic space (V,Qy) is the seesaw dual pair (O(V), SLa).

%%/Qm o
SLy x SL, o)

Recall that the Borcherds lifts as regularized theta lifts as follows

reg
=2 5 = [ US0.8v(z0) dulo)
reg

< ;?U(T)a QReSﬁ/QW(Tv 2 g) ® 9\/0 (7_)> dﬂ’(T)
reg

< 51)(7->9V0 (T), eResﬁ/QW(TJ <, g)> d/L(T),
reg< o

95&] = <I>(Z>ga ;{L{]) = ;,U(T)agResI;/QW(T>Z7g)> d:u(T)

|
T T S

So we can take ffl = 3 0v,.
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Chapter 9

Main Formulas for Siegel 3-Fold

Case

Now we would like to compute the terms in the formulas appearing in Proposition

and Corollary [8.12]

Lemma 9.1. Assume (x,n) € {0,1}* and po € Ly/Lo, 11 € M'/M, p € L'/ L satisfying

po + pin = in (Lo & M') /(Lo & M) and

CT[fx,muQO(‘Puo)gW(%Dm )] #0.

Then only the following cases may happen:

(0) 1= (a,b,0,0,7) with po = (0) and 1 = (a,b,r,0). Furthermore, 8y(p,,) has con-
stant term with the corresponding terms in Ew (., ) and fey, being their constant

terms.

(1) pp = (a,b,0,0,7) with po = (0) and py = (a,b,7,0). Furthermore, 0y(p,,) has
constant term with the corresponding term in Ew (v, ) being q'/8, the corresponding

term in fe,, being ¢~Y/%;

1 _ 1 1
(2) u = (a, 6,570,7") with py = (_E> and p; = (a,b, T’E)' Furthermore,

1/8D

0o(pu,) has leading term q with the degree of corresponding term in Ew ()

being ¢*/5~Y/8P | the corresponding term in fewu being qg V8,
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Proof. First, let us write p = (a,b,¢,d,r) € L'/L, p1 = (a,b,r,s) € M'/M and po =
(t) € L/ Lo.

Note that V; and W, are orthogonal to each other under )y as subspaces of V. In

order that po = p; + po, one requires that

c=D(s—t), d=s+t.

In other words,

c+ Dd ; —c+ Dd

2D 2D
Then simple calculation shows that there are only four possible cases for the pair

(1, o) as follows.

(i) ¢=0, d=0: we will have s =0, t =0.

1 1 1
(ii) ¢=0, d:§: wewillhaves:zl, t:Z'
1 1 1
(iii) c=3, d = 0: we will haves:E, t:—E.
1 1 1 1 1 1
(iv) c=3 d:§: Wewillhaves=zl+@, tzZ—E.

By Table A.11} the only negative term in f,,, is ¢”%/%. In case (ii) and (iv), the

degrees of the leading term of 6y(¢,,) are

1\> D 1 1\ (D-1)?
20 (1) =520 (i) =V

which are greater than 1/8 as long as D > 3. Therefore, only when p has d-coordinate

0, we can find two pairs (1, po) such that pg 4 g = p. Otherwise, there is no such pair

for pu and hence the corresponding term makes no contribution to the sum.
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For the other two cases, it is also very easy to compute that the degrees of the leading

term of 0y(y,,) are

1\* 1
oD —) = —.
0 and <4D> 8D

Recall that the degree of the negative term in f, , is -1/8. In order to get the constant

term, the degrees of the corresponding term in Eisenstein series in case (i) and (iii)

should be
1 1 1
—and - — —.
g 88D
Case (0) is obvious with similar argument. O

Now we would like to state our main formulas for special values of Siegel theta

constants and Rosenhain invariants.

Let (r,n) € {0,1}* be an even pair. By Table in Appendix [A] there are

-1/8

exactly two p such that f., , = to has negative degree term ¢~/®. Let us denote them

by /’L(F707 1)’#(;7 U’ 2)
Recall in Proposition , we have 62, = U(f,,), with

64
fen = fo,w(i)gou(i)
i=1

16

2
- Z Wu(;,n,z‘)q_l/s + Z ©u(i) + higher terms,
i=1 i=1

where p(i) : {1,...,64} — L'/L is given by Table in Appendix [A]

Theorem 9.2. Let the notation be as above. For A = [a,¢,¢e] € CM3(E) and Z(A) be



29

the associated CM cycle defined in Proposition[8.8 Now we have

4
—log |62, (Z(A)) |3, = Cr > _ €rpai-so( @y ai3))

=1

2
+ Cg Z 5(57 LB Z) Z a <t7 SDMl(L\Jﬂ')) + 25/@7 Y, Z) Z a (t’ SOMl(LU»i))
=1

teFy, tEFy,
trrq = trrq =g
e - )
where Cp = , with wg being the number of roots of unity in E and C(T) =
WE A(Oa X)

TQN\T(Ay)/Kr and exyi = fonpui/w € {1} and

.

1 if p(e,,9) = (a,,0,0,7),

0 otherwise,
\

o(r,p,i) =

.

1
1 ZfM(F»UJ) = (aa 6757077') )

\ 0 otherwise,
Ml(i) = (a7bv Ty 0) if :u(l) = (a,b,0,0,r),
(
(a’ b7 T’ 0) qu(x?‘)?/l') - (a7 b’ 07 07 T)?

(59,4 = o b L _ . b1
{ ((I, ’T’E) ZfM(FvU,Z)— (CL, 7§a ,T).

Proof. By Proposition we get that

—log [|65,(Z(A))|[pe, = Cr - CT > Fewnb0(Puo)Ew (P11

po€Ly/Lo, preM’'/M
Ho+p1=p in
| (LyeM)/(LoeM)

By Table in Appendix [A] we know that for each (x,n) € {0,1}%, there are

exactly two p so that fi,, = w has negative degree term g~ /® with coefficient 1. By

lemma [9.1], there are only three cases we need to care about.
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Recall the Fourier expansion of &y (p,,) in Proposition ,

€W<T> Splu) = 90/“ Z Qo Qoul 7

meQ4

where

an(p) = D altp).

teEF ) trp g t=m

By definition of Siegel theta functions in Chapter [4] for the special case of dimension
1 in our case of Vj, we have

7-90#0 - Z b 90#0

mepuo+L

It is not hard to show that b,,(¢,,) = 2 if m # 0 and by(y,,) = 1 if o = 0 or by(p,,) =0
if pig # 0. By Table in Appendix [A] only the first 16 coordinates of f,, has constant

terms 1 or -1. Therefore,

—log |07, (Z(A))[pes

16 2
= Cg Z Z 6;,‘)71‘170(90#0)&0(@#1) +Ck Z Z (b0<90uo))aé + b%(puo)aé_ 1 ((pul)

=1 pot+u1=p; =1 po+p1=tz,y,i

For case (0) in Lemma [9.1] we have to require p(i) = (a,b,0,0,r), then we get
o = (0) and gy = (a,b,r,0). By looking up Table among the first 16 coordinates,
only 1st, Hth, 9th, 13th qualify for the condition.

For case (1), we have to require p;,; = (a,b,0,0,7), then we get po = 0, ;3 =
(a,b,r,0). In this case, only the first term in the parentheses contribute to the sum and

bO(SOMO) =L

For case (2), we have to require pi,,;, = (a,b,1,0,7), then we get o = i M=

1
(a, b,r, E) In this case, only the second term in the parentheses contribute to the

sum and b 1 (gpuo) = 2.
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For all other cases, by Lemma [9.1], the contribution of the corresponding term will
be 0.
Therefore, by putting all of above data in, we obtain our main formula

4
—log |65, (Z(A)|[}e; = CE Z €x,4i-300(Ppy (4i-3))

=1

2
Z ©0:9) D, alt,omenn) +26@00) D a(t:@uenn)

teFy, teFy,
_1 1
trr/t=5 trr/t=5"5p

]

Theorem 9.3. Let the notation be as above. For k =1,2,3, A\ is as defined in

\ 931 0, \ 9122 0, \ 931 0,
1 — 91249126 ; 2 = 91259126 ; 3 = 91249125 ;
with our special choice of (iy,..., 1) as

il = (0707 170)7 ?:2 = (1707070)7 Z.3 = (07 17 17())7
i4 = (0707 17 ]-)a 2.5 - (17 1707())’ i6 - (170707 1)

Then we have

log [Ak(Z(A))]

- CVE Z €kt Z ;7 07 Z a <t7 Sp,ul(LU,i)) + 25/(2:7 ", Z) Z a (t7 wul(m,i))

(®:n)€Sk teFy, teFy,
trp/gt=% trF/@t—ff$

where
S1 = {41,103, 04,96}, So={la,i3,45,16}, S3={i1,02,14,75}

and



62

(r,9) |41 | 42 | 43 | @4 | 05 | 6

Erey | -1l 0O -1 1] 0] 1

Eogy | 0| -1 -1 0] 1] 1

Esey | -1 |-1] 0| 1] 10

Remark 9.4. For our choice of (i1,...,14g), it turns out that the terms ag(p,, (4i-3)) in
the previous theorem all cancel out thanks to the definition of Rosenhain invariant. For

other choices, this might not happen.

9.1 Local Whittaker Functions

To compute the ¢-th Fourier coefficient a(t, p) of E*/(7,0, ¢, 1), one may assume that

¢ = ®¢, is factorizable by linearity. Write for ¢ # 0,

2
.EW<’7_')7 0, ®, 1) = H Wtfv(57 @) H Wt,aj (Tja S, (I)Gj)v

vfoo j=1

where

s+1

W5, 0) = Al Ly(s 1 1 xo) Wi (5. )
with
Wh(s, ) = / Wl (8)) (20) (0)]a(w (b)) 05 (1) b,

s+1

w2 T (£2) [ &, (wn(b)g,,, s)¢(—bt) db. Here A = Np)o(dpdg,r)

N |=

and Wy, (75,5, ®5,) = vj_
and |a(g)|p, = |aly if g = n(b)m(a)k with k € SLy(O,).

The following proposition is well-known and is recorded here for reference.

Proposition 9.5. For a totally positive number t € F', let

Diff(W,t) = {p | W, does not represent t}
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be the so-called "Diff” set of Kudla. Then |Diff(W,t)| is finite and odd. Moreover,
1. If IDIff(W,t)| > 1, then a(t, ) = 0.

2. If Diff(W,t) = {p}, then W, (0,p) =0, and
a(t7 90) = _4Wtf;3/(07 90) H I/thq(oﬁ 90)'
afpoo

3. When p { aA and ¢, = char(Og,), W/ ,(s,¢) = 0 unless t € Oy. In this case, one

tp
has
W, (0,¢) 1+ Ordp(t\/ﬁ) if p s split in E,
(W) —H(_l)zdp(t\/ﬁ) if p is inert in E.

Here ~(W,) is the local Weil index (an 8-th root of unity) associated to the Weil
representation. Moreover, in this case, W[, (0, ¢) = 0 if and only if ord,(t) is odd

and p s inert in E. In such a case, one has

Wi (0,0) 1+ ordy(tv/D)
W(Wp) 2

log N(p).

4. One has for j = 1,2,

Wi, (7.0,®,,) = —2ie(tT).

9.2 Computation of a(t, )

The calculation of a < ) is local and is similar to other cases which have been

\/Lﬁ? @;,g,z'
done by several authors except for the primes p | 2.

For ¢y = ¢, by Proposition a (JLE’ gpul) = 0 unless t — 2u 11 € Op. When
IDIft(W, 75)| > 1, ¢ppi = @ = 0. When Diff(W, &) = {p}, p is inert in E/F and
ord,(t) is odd. However, Proposition implies that M is not Op-lattice. So ¢,, is not
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totally factorizable over primes of F' as assumed in Proposition [0.5] Indeed, one only

has

Pur = Pui,2 H Pui,ps
pf2

where ¢, , = char(Og,) for a prime ideal p of F' not dividing 2, and ¢,,, 2 = char(s).
So we need to take special care for the local computation at p = 2.

Case (I): If 2 splits in E completely. Write
205 =p1p2, pi= B,B,;.

Let VD € Zo and \/Z € Zs be some prefixed square roots of D and A respectively.

We identify ﬁpw E%i and Egi with Qy as follows.

F,~Q, VD (~1)~VD,
Ew,2Qs, VD (=1)"VD, VA VA,
Egi =~ (Q,, VD (—1)""1\/5, VA 5 VA,

With this identification, we can check that My = M ® 4 Zs is given by
My = {(z1, 22,23, 24) € OE&% X (95%,1 X (’)E%2 X OE% >~ 75 | sz € 27},

with quadratic form

T1T2 T3T4
=—=+—==0Q
vb —vb

The embedding from M to M, is given by

Q(x) (21, 22) + Qp, (w3, T4).

x> (01(x),01(Z), 02(x), 02(T)).
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So
Pui,2 = char(Ms) = Pp1,0Pp2,0 T Pp1,1Pps,15

where S, = {(z1,22) € Z3 | 1 + 23 = a (mod 2)} and ¢,,, = char(S,) € S(Q3) =

S(EPZ)

Correspondingly, we have
P = Pun0 T Puts all, o) = alt, u0) + alt; o),

where Puri = Pp1,iPpasi Hp’(2 Pp-
Proposition [9.5 implies

2 W*ﬂ/’~ (07 Sppj,i)

alt o) = 4 Z 1+ ordg(t\/B) H pa(tp105) H t@f{j{/p_)

log(N(p)).

p inert in E/F qf2 J=1

Case (II): Write
20}? =P1p2, P1 = %1‘31 SphtS n E, Po inert in E

Let \/5 € Zs and \/Z be some prefixed square roots of D and A respectively. We

identify ﬁpw Egl, EB} with Q9 and Em with Qg(\/Z) as follows.

F,=Q. VDe (-1)7'VD,

Ew, =Q, VD VD, VA VA,

Eg, = Q,, VD = VD, VA~ VA,
E,, = Q,(VA), VD VD, VA VA

With this identification, we can check that M, is given by

My = {(21,05,23) € O, X O X O =T x Zo(VA) | &1+ 29+ 25 + 7, € 225},



with quadratic form

T1T9 T3l

Q("E):ﬁ—i_—\/g

The embedding from M to M, is given by

v (01(2),01(F), 0a(x)).

So

P2 = char(Ma) = @y, 0Pps.0 + Ppy1Pp2 15

where S, = {(x1,22) € Z3 | 1 + 29 = a (mod 2)}, ¢p, o = char(S,) € S(Q3)

S(EP2>‘

Correspondingly, we have

Pur = Pu1,0 + Pui,ls a(tv me) = a(tv (10,111,0) + CL(t, 90,u1,1)7

where Puryi = Pp1,iPpai Hp{Q Pp-

Proposition [9.5 implies

2 W*’¢~ (07 (ppj,’i>

- Qm (:L‘l)x2) + QP2 (‘T3)

(b o) = 4 Z 1+ ordg(t\/B) pr(tpflaﬁ) H ¢ Skp[i{/p,)

p inert in E/F pt2 J=1

Case (III): Write

2 inert in ﬁ, 205 = BB splits in E.

66

S(Ey)
and S, = {z3 € Zg(\/Z)2 | 23 + 2 = a (mod 2)}, ¢y, = char(S)) € S(Qg(\/Z))

I

log(N(p))-

Let VA € Zz(\/B) be some prefixed square roots of A. We identify Fy, Ey, Ej

with @2(\/5) as follows.



ﬁ2§Q2(\/5), \/5'_)\/5’
E%%Qg(\/g), \/B»—> \/5, \/Zr—> \/Z,
E%%QQ(\/B), VD s \/B, VA VA

With this identification, we can check that Ms is given by
My = {(z1,22) € O, x Op_ = Zn(V D)? | &y + xy + 2 + 2y € 27y},

with quadratic form

Q) = j% - @ — Qy (w1, 72) — Qy(a, 75).

The embedding from M to M, is given by

x— (o1(x), 0a(2)).

So

©ur 2 = char(Ms) = pa0 + 21,

67

where S = {(x1,xq) € ZQ(\/§)2 | 1 + 22 = a (mod 2)} and ¢, = char(SY) €

S(Qs(V'D)?) = S(Ey).

Correspondingly, we have
Pur = P10 T Ppa,ts a(t7 me) = a(tv 90u1,0) + a(tv 90,11»171)7

where @, = 2, [0 ¥5-
Proposition [9.5 implies

~ W (0, 0p,)
1+ ord,(tV D _ 2 Dy, P
o)==t Y (VD) T 5 110 [ Y22

p inert in E/ﬁ pt2 j=1 V(Wpy)

log(N(p))-
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Chapter 10

Unitary Case

As a side note, our general theory of CM values also works out for unitary Shimura
varieties. Here is the setup.

Let k = Q(v/D) be an imaginary quadratic field, where D < 0 is the discriminant of
k/Q and we fix an embedding of k into C with Im(v/D) > 0. Let (V, (,)v) be a hermitian
space over k of signature (n,1) for some positive integer n. Let V be the underlying
Q-vector space of V' with associated bilinear form (x,y)y = tryo(z,y)v. There is a
natural isomorphism between the following two spaces

Ve=V&rC 3 Ve=Ve&gR

1
1®i = VD® ——

V1D

with the above complex structure J on V.

The associated symmetric spaces are
D = {negative complex 1-lines in V¢}

and

D = {oriented negative real 2-planes in Vg}.

An orientation on a negative 2-plane z € D is equivalent to giving a choice of a

complex structure j, on z. Then there is a natural embedding

fD:]D)<—>l~7, z 2, Jls,
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where Z is the underlying real 2-planes of z.

Let G = U(V) be the indefinite unitary group of signature (n, 1)
G(R) =U(V)(R) = {g € GL(V ®q R) | (92, 9y)v = (2, y)v}.
For ‘7, there is still the indefinite orthogonal group of signature (2n, 2)

O(V)(R) = {g € GL(V &g R) | (97,9y)7 = (z,)7}-

Clearly, by our definition of (, )y, ¢ € G will automatically preserve the bilinear form

(,)- Therefore, there is a natural embedding between the two groups

6 UV) = OV).

Further, since U(V) is connected, the image of s should also lie in one of the connected
component of O(V), which should be SO(V) in this case. So let us denote SO(V) by G
and & : U(V) < SO(V).

Finally, let K C G(Ay) be a compact open subgroup. Let X} be the canonical model

of unitary Shimura variety over Q associated to Shimura datum (G,D) whose C-points

are

X (C) = GQND x G(Af)/K).

Similarly, for Shimura datum (G, D), we have our orthogonal Shimura variety X¢. Al-
though there does not exist an embedding between X} and X7, there do exist relations
between the CM points and Green functions on both sides. With these two main ingre-
dients ready, it will be sufficient to prove our main theorem in the unitary case, derived

from the orthogonal case.
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Let d < n/2 and FE be a CM number field with totally real field F' of degree d + 1

and a 1-dimensional E-hermitian space (W, (, )w) of signature

sig(W) = ((0,1), (1,0),....,(1,0))

with respect to the d+ 1 R-embeddings {aj};lzo such that there exists a positive definite

subspace (Vo, (,)v|v,) of (V,(,)v) of dimension n — d satisfying
V =V, @ ResgoW.
Let T" = Resp/gU(W). There is a homomorphism
T" = RespjoU(W) = U(V) =G

as algebraic groups over Q. For the orthogonal side, let W be the underlying 2-

dimensional F-space of I/ with bilinear form (z,y)s = trg/r(z, y)w of signature

sig(W) = ((0,2),(2,0),...,(2,0)).

We already have T = Resp/gSO(W) as in Chapter . By an easy computation, we have
T"(Q) = E' =T°(Q).

In other words, if we fix X' C G(Ay) a compact open subgroup, the CM cycles Z*(T", hg, g)
defined as in (2.4]) for the unitary Shimura variety X3 all come from the CM cycles
Z°(T° ek © ho,§an, (9))ee, 1y (B defined for the corresponding orthogonal Shimura va-

riety X%. Recall the definition of Z (W) in (2.8)), we can obtain

ZHW) = Z2°(W).

For Green function as the regularized theta integral, recall its definition [5.4/in Chap-

ter o} what matters are the harmonic weak Maass form and the theta kernel. Since we



71

have embedded our group G = U(V) into G = SO(V') via &g, we can still use the reduc-
tive pair (O(V), SLy) for our (V. (, )v). So the Weil representation w = wy, is the same as
in the orthogonal case. This, on one hand, means that the definition of harmonic weak
Maass forms stay the same. On the other hand, we can also make sure that the action
of SLy(R) on S(V(R)) is unchanged in (4.1). For the action of G(Af) on S(V(Ay)), as
noted in the remark under (4.1), the action of g € G(Ay) is actually via its image in
SO(V'). This also stay unchanged since we have the embedding &g : U(V) < SO(V).
Therefore, the Green function is exactly the same as in the orthogonal case.

Now we have

Theorem 10.1. For a K-invariant harmonic weak Maass form f € Hy_y /25 with f =

ff+f asin and with notation as above,

02 W), f) = (22, ) = “EEEE D (i e )]+ £f00.600)
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Appendix A

Table of Input Modular Forms

For the ten classical even theta constants, Lippolt |[Lip08] have found the following
corresponding input modular forms to express them as Borcherds products.

First, following Lippolt [Lip0§|, we would like to introduce the following classical

theta functions.

I(r) = Ze””ZT

nez
1§(7’) _ (_1)nzem'n27
nez
= . 2
i) = St
nes
Now as mentioned in Section we have
1 1 2 3 4 5 6
W= gt s = L g 14g” + 400" + 100g" + 23247 + 504" + -
]. ]. 1 3 5 7 9 11
b o= — 4+ = 2¢% — 8¢5 — 24q% — Gdgb — 154¢° — 34dg% — ...
29 + 27 q q q q q q

= 1 7 15 23 31 39 47 55
th —= 219:q—§ —qs8 +q§_2q?+3q§ _4q§ +5q§ _7q§+...
271'7;7'.

where g = ¢

Next, we label the basis of L'/L = (Z/2Z>4 ® (Z/4Z) as the following
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Table A.1: ,u(z)

™~ A~

Lo dirai= e R g 2k oY S Y e e el
o Railo Rl R B ) 1_21_21_21_a21_2 S =S 1_721_72
1_21_21_21_21_2 =) 1_21_21_21_21_2 S S Hla S I
=) —lN S 1_21_21_21_2 S =l S N g 1_m41_2 S e
S HlN—HIN S NN S S HIN—AIN S S e e

((((((((((((((((

4 OO a 6 O 4 OO N 6 O 4 OO 9\ 6 O 4
— — a a [\ e g <t <t <t O 0O N Nej

TN N~ e ~—
)))2_41_41_41_492_42_4 o 331_41_41_4

- 3 3 o o - S o - e
= o o > =N T = =3 o —_a o S~ N
1_21_21_21_21_2 =3 1_M21_21_21_21_2 s S e S e
=3 1_21_2 =3 1_21_2 =3 =) 1_21_2 =3 =) 1_21_2
™ . — 10 o e . — 10 D ™ - — o D ™
— — — N N o o ) < <t L0 ¥s Yol et
TN~ T T o TN TN
))2 o) ™ N\ N\ N\
= IS | PIF PRI G e I S ey e I
1_21_21_21_21_21_21_21_21_21_21_2 = S HIN S o
S B ! S N 9 = o o S S o S S =l
0 N =Tl 1 B S — ™ S Hln o il o O —_lNn o =)
=) — N — N =) — N — ™ =) =) — N — N =) =) — N —

((((((((((((((((

a 6 0 4 OO 2 6 0 4 OO 2 6 0 4 OO 2
— — — a a el [ae) e} <t <t LO L0 L0 Nej

T~ V7 N o~ o~ —
))2_41_41_41_432_42_4 o 31_41_41_41_4

(((((((((((((((

~—~ -

S S = e o o T I = S R Lo =S
S = S =) 1_21_2 S g S IS S S A S IS~
< — 0 — N 5 0 —~ I S =l 0 —lN 0 — 0 0
M./ = 1_21_2 = 1_21_2 = =) 1_21_2 =) = 1_21_2

— L0 9 3 7 — LO 9 3 7 — L 9 3 7 —
— — (e} [} [} g g <t <t <t 0O 0O Nej

Here are the input data for f;,’s.

1) fi11.1 has the following coeffients in Sy



Table A.2: f1111
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fi=uw  fo=u  fs=u  fi=—u fr=u  fe=u  fr=u  fy=-u
fo=u fio=u  fu=u  fio=—u fiz=—u fu=-u fis=-u fig=u
fir=0 fis=10 fi9 =20 fao=10 for=0  fou=0 faz =10 foa =0
fis =0  foas=0  for=0 fag=0 fog=0 fyg=0 far=0  fp=-0
faz =0 faa=1 fss =1 fse6=—0 fyr=0 fzs =1 fag =1 fao=—1
fun=—-v fio=—-v fiz=-0 fu=0 fis=w  fig=m0  fir=0 fas =0
fio=0 " foo=0 fru=0 feo=0 fiz3=0 fu=0 fi=0 fis=0
fs7=20 fss =10 Js9 =10 Jeo =10 Jor =0  fe2=0 Je3 =10 Joa =0
2) fon,1,0 has the following coeffients in Sy
Table A.3: fo110
fi=u  fo=u  fy=—u fi=u fs=u fe=u fr=—-u [fs=u
fo=u  fiu=u fu=—-u fo=u fi=—u fu=-u fis=u  fig=—u
fir=0  fis=0  fio=0  fao=0 fa=0 foo=0 fiu=0 fu=0
Jis=0  fas=0 for=0 fos=0 fao=0 fyg=0 fan=-0 fyn=0
faz =0 faa=01 fas=—0 fsg=10 far=1 fzs =1 fag=—0 fio=0
Ju=-v fio=-0 fiz=0 fu=-0 fi5=0 fis=0 fir=t fig=1w
Jio=0  fso=0 fau=0 fro=0 fi3=0 fauu=0 fs5=0 [fs56=0
fsr=0 fss=0  fs9=0 60 =0 61=0  feo=0  fe3=0  fea=0

3) f1,00.1 has the following coeffients in Sp:
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Table A.4: f1001

I
e

hi=w  fo=-u fa=u fi=u fi=u fo=—-u fi=u fs
fomu  flo=—u fu=u  fo=u  fi=-u fu=u  fis=-u fig=—u
fir=0  fis=0  fio=0 fuo=0 fu=0 fo=0 fiu=0 fu=0
fs =0 fas=0 for=0 fas=0 fao=0 fro=-0 fu=v fp=0
fas=v  fau=-0 fis=0  fig=0 far=0 fig=-0 fg=0 fio=0v
fu=-0 fo=0 fis=—-v fu=-0 fis=0 fix=0 fir=0 fis=0
fo=w  foo=w fa=0 fo=0 fis=0 fu=0 fis=0 fix=0

f57=0 fss =0 f59 =0 feo =0 for =0 fe2 =0 fes =10 fea =0

4) fo.0.1,1 has the following coeffients in Sp:

Table A.5: f0,071,1

fi=w fo=u fa=u fui=-u fi=u fo=u fr=u  fs=-u
fo=—u fio=-u fu=-u fo=u fi=u fu=u fis=u fig=-u
fir=0 fis=0  fio=0 fao=0 fu=0 fo=0 fiu=0 fu=0
fs=0  fas=0 for=0 fas=0 fao=0 fro=0 fa=0 fp=-0
fes=v  fau=0v  fyis=0  fig=-0 far=-0 fis=-0 fyy=-0 fio=0v
fu=v fo=v  fis=v fu=-0 fis=0 fis=0 fur=0 fis=0
Jo=0 foo=0 fa=w fo=w fiz3=0 fu=0 fis=0 [fix=0

fsr=0 fsg=0 f50 =0 feo=0 for =0 fe2=0 fes =0 fea =0

5) foo.1,0 has the following coeffients in Sy
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fi=u  fo=u  fz=-u fi=u fr=u fe=u fr=-u fs=u
Jo=—u fio=—u fu=u fp=u fz=u fu=u fis=-u fig=u
Jir=0  fis=0  fig=0 foo=0 fuu=0 foo=0 fi3=0  fou=0
Jis =0 fas =0 fir=0 fis=0 fig=0v fyo=0 fa=-0 fi=0
fszs=0  fau=0  fis=—-0 fyg=0 fyr=-0 fixz=-0 fyg=0 = fio=-0
Ju=v fe=0 fg=-0 fu=v fi5=0 fis=0 fir=0 fig=0
Jo=0 foo=0 fa=0 [fo=0 fs=w fau=w [fi5=0 f=0
Jsr=0 [fis=0 foo=0 foo=0 fa1=0 fe2=0 fe3=0  fea=0
6) fo,00,1 has the following coeffients in Sp:
Table A.7: fooou

fi=u  fo=—u fy=u  fi=u fs=u fe=—-u fr=u  fy=u
fo=—u fio=u fu=-u fu=—-u fi=u fu=-u fis=u fig=u
fir=0  fis=0  fio=0 fao=0 fu=0 foo=0 fis=0 fu=0
fis=0  fas=0 for=0 fas=0 fag=0 fao=—0 fa=0 fa=0
fss=0  fau=-0 [fy=1 fse =0 far=—0 fs=0 fag=—0 fio=—0
fun=0v fo=-0 fg=0 fu=v0 [fi5=0 fis=0 fir=0 fis=0
fo=0 foo=0 f=0 fo=0 fi3=0 fau=0 fis=w [fss=10
fsr=0 fis=0  feo=0 foo=0 fa=0 fo=0 fe3=0  fea=0

7) fi1,0,0 has the following coeffients in Sy



Table A.8: fi100
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fi=u  fo=u  fz=u  fi=-u fs=-u fe=-u fr=-u fs=u
fo=u  fo=u  fu=u  fo=-u fy=u fu=u fis=u fig=—u
fir=0 fis=0 fio =0 foo=0 faar=0  foo=0 fiuz=0 fiu=0
fis =0  fas=0  for=0 fag=0 fag=0 fa=0 fag=0 fyp=—0
fazs=—0 faau=—0 fys5=—0 fyg=01 37 =0  fg=b0 fyg=0 fy=-0
faa=0v fa2o =1 fiz =10 Juu=-v fi5=0 fis=0 foir=0 fig=0
Jin=0 fo0=0 fu=0 fo=0 fiz3=0 fu=0 /[fis=0 /[f=0
fsr =10 fss =m0  f59=0 Jeo =10 Joa=0 Jfe2=0 fe3=0 feu=0
8) fo1,0,0 has the following coeffients in Sp:
Table A.9: fo100
fi=u  fo=u  fy=—u fi=u fs=—-u fe=—-u fr=u  fy=-u
fo=u  fu=u fu=-u fo=u fis=u fu=u fis=-u fig=u
fir=0  fis=0  fio=0  foo=0  for=0 foo=0 fo3=0  fou =0
fas=0  fas=0  for=0 fag=0 fog=0 fay=0 fa=-0 fp=0
fz=—0 fa4y=—-0 f3s=0 fss=—0 fsr=0 fag=0 fag=-0 fy=0
fau=v fio=0  fiz=—0 fu=v fi5=0  fis=0 fir=0  fig=0
fio=0 fs0=10 f51=0 foo=0  fs3=0 fou=0 fo55=0 fs6 =0
Jsr=0  fis=0  fro=10 feo=10 61=0 feo=0 fes=0 fea=0

9) f1,00,0 has the following coeffients in Sp:
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Table A.10: fi 00,0
fi=u fo=—u fy=u  fi=u fs=—u fe=u fr=-u fy=-u
fo=u  fu=—u fu=u  fo=u fiz=u fu=-u fis=u fig=u
fir=0 fis=0 Jio=0  fao=0  for=0 foo=0 fuz=0 fou=0
fas=0  fas=0  for=0 fig=0 fog=0 fay=—0 fsr=0 fp=0
faz=—0 fau=0  fas=—0 fag=—0 far=0 fag=—0 fag=b fiu=0
fai=0 fro=—0 fiz3=0 fraa=0 fis=0  fis=0  fair=0 fig=0
Jio=0 f50=0 fsu=0 fa=0 fs3=0 fsu=0 fs5=0 fs6=0
fs7=20 fss =0 Jso=0 foo=0 fer=1m feo=mw fe3=0 fe4a=0

10) fo,0,0,0 has the following coeflients in Sy

Table A.11: fo000
fi=u fo=—u fs=—u fa=-u fs=-u fe=u fr=u  fy=u
fo=—u fio=u fu=u fo=u fa=—-u fu=u fis=u fig=u
fir=0  fis=0  fig=0 foo=0 foy =0 foo=0 fo3=0  fou=0
fas =0 fas =0  for=0 fosg=0 fyg=0 faoo=—0 fs1=—0 f3=—0
faz=—0 fau=0 fas=0 fyg=0 fyr=—-0 [fyz=0 fag =1 fro=1
fu=-0 fio=0 fiz=v fu=0 [fi5=0 fis=0 fir=0 fig=0
fio=0 fso=0 fs1=0 fa=0 fs3=0 fau=0 fss=0 fss6=0
Jsr=0  fis=0  fs0=0 feo=0 Jfa=0 fea=0 fez=w fea=10
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Appendix B

Galois Theory

Consider the Q-algebra

M =FE ®iqr, L.

On the left, we view E as an F-algebra via the identity map, and on the right, we view

E as an F-algebra via ¢ : x — 2/. Thus for any r,y € E and x € F, we have
(za) @b =a® (2'b).

Then there are two natural Q-algebra automorphisms o,7 € Aut(M) defined as
follows.

c(a®b)=b®a, T(a®b)=>bRa.

Viewing F as a subalgebra of M via the embedding a +— a ® 1, we consider the

/\

E = M(TO’ M(T>

F = MTUO‘ 7,02)

\/

Write E = F(v/A), where A € Op. We view both K and F(vVA') as subfields of C

following diagram of subalgebras.
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with VA, VA’ € H. Then M = F(v/A,VA') with

o(VA) = VA, o(VA) = —VA,
TVA) =VA,  (VAN)=VA
and E = Q(vA 4+ V/A') is the reflex field of CM type ® = {1,0} and F = Q(v/AA') be

the real quadratic subfield of E.

B.1 Local Computation

M = Qz(\/g) X Qz(\/g) X Qz(\/g) X Qz(\/g)

/ \

E = M) = Qy(v/5) x Qa(V/5) E=M"=Q; x Q; x Qs(v/5)

F = M<’TO’,CT2> _ QQ(\/E) E = M<7,02> =0Qy x Q,

\Q/

Lemma B.1 (degenerate case of the biquadartic case). One has

0: M= E? 2= F'§((ar,a9) @ (b1, b2)) = (arb), asby, a\ba, azby).
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Under this identification, one has

o(x1, 02,03, 74) = (23,24, T2, 1),
T(x1, o, w3, w4) = (2, 25, 2y, 23),
To(x1, 20,23, 24) = (25,20, 27, 25),
o2(x1, 19,3, 24) = (T9, 71,74, 73),

E = {($1,$27$3790§,) | 21,20 € Q, 23 € Q2(\/5)}>
E = {(x17x27x/17x/2) | X1, T2 S QQ(\/E)}

Proof.
505_1(6L1b/1, CLQbIQ, (lllbg, a;bl) = (50’((@1, CLQ) & (bl, bg)) = (5(((72, bl) & (al, (12))

/ / / /

575_1(a1b'1, CLQbIQ, (lebg, a'zbl) = 5’7’((@1, ag) (%9 (bl, bg)) = (5((b1, bQ) X ((11, CLQ))

/ / / /

O
M = Q2(v/5) x Qa(v/5) x Qa(v/5) x Qa(v/5)
E =M =Q, x Q xW Eﬁ = Qy(v/5) x Qa(V5)
F =M =Q; x Q E= MWJ> = Qa(v5)

=

Lemma B.2 (degenerate case of the non-Galois case). One has

§: M~ E* F4,5((a1, s, az) @ (b1, b, bs)) = (arby, asbs, asby, ashy),
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where (a1, as, as), (b1, by, bs) € E with ay,as,by, by € Qo, as,by € Qo(\/5). Under this

identification, one has

o(x1, T, x3,14) = (T4,73,21,T2),
T(x1, o, w3, 14) = (2§, 20, 2, 25),
1o (21,29, 23, 24) = (2,25, 2}, 25),
0 (21, T2, X3, 24) = (T2, 21,4, T3),

E = {(z1,20,7), 1) | 11,25 € Qu(v5)},

E = {(x17$27x37xg) | T1,T2 Gan3 GQZ(\/E)}
Proof.
50571(61537 asbs, azby, ashy) = do((a1,as,a3) ® (b, ba, b)) = 6((ba, by, bs) ® (a1, ag, az))

= (52%7 bias, béal, 53&2)

(57'5_1((11()3, &ng, a3b1, aébg) = (57’((&1, as, Clg) (024 (61, bg, bg)) = 5((61, bg, bg) & (al, asg, (13))

- (bla,37 b2a37 b3a17 bi",G/Q)
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