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LARGE SCALE COMPUTATIONS IN GENOMIC AND EPIGENOMIC ANALYSIS

Chandler Zuo

Under the supervision of Professor Sündüz Keleş

At the University of Wisconsin-Madison

Genomic and epigenomic studies aim to elucidate genomic regulatory mechanisms under various

biological conditions. The next-generation sequencing technology has been widely applied in this

area to generate vast data from different organisms, cell types and experiments. The availability of

these data has motivated me to develop several computational algorithms with data scalability and

time efficiency.

Chapter 2 introduces an empirical Bayesian framework, ChIP-Seq Statistical Power (CSSP),

for calculating the required sequencing depth for ChIP-seq experiments. ChIP-seq is the state-of-

the-art technology to study transcription factor binding and protein interactions. The sequencing

depth of such an experiment determines the power of detecting interacting genome regions with

the protein. By predicting statistical power with multiple testing adjustment, CSSP facilitates the

experimental design using low-sequenced pilot experiments.

Chapter 3 introduces a software package, atSNP (affinity testing for Single Nucleotide Poly-

morphism), a highly scalable computational tool to identify putative regulatory SNPs using tran-

scription factor binding motifs. atSNP implements innovative algorithms using the importance

sampling technique. It easily scales up to analyses involving millions of SNP-motif pairs, which

can not be achieved using the existing tools.

Chapter 4 and 5 studies the integrative modeling for general genomic and epigenomic data.

Chapter 4 introduces the MBASIC framework (Matrix Based Analysis for State-space Inference

and Clustering), a unified approach to analyze data from different types of experiments, including

but not restricted to transcription factor binding, gene expression and allele-specific binding. I

have also developed an Expectation and Maximization algorithm to jointly estimate all parameters

in the hierarchical model. In Chapter 5, I cast the MBASIC framework in a Bayesian setting to

develop a MAD-Bayes algorithm. This algorithm is derived under the small-variance asymptotic
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view of the K-means algorithm. It shows an order-of-magnitude decrease in time costs compared

to the Expectation and Maximization algorithm.
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ABSTRACT

Genomic and epigenomic studies aim to elucidate genomic regulatory mechanisms under vari-

ous biological conditions. The next-generation sequencing technology has been widely applied in

this area to generate vast data from different organisms, cell types and experiments. The availabil-

ity of these data has motivated me to develop several computational algorithms with data scalability

and time efficiency.

Chapter 2 introduces an empirical Bayesian framework, ChIP-Seq Statistical Power (CSSP),

for calculating the required sequencing depth for ChIP-seq experiments. ChIP-seq is the state-of-

the-art technology to study transcription factor binding and protein interactions. The sequencing

depth of such an experiment determines the power of detecting interacting genome regions with

the protein. By predicting statistical power with multiple testing adjustment, CSSP facilitates the

experimental design using low-sequenced pilot experiments.

Chapter 3 introduces a software package, atSNP (affinity testing for Single Nucleotide Poly-

morphism), a highly scalable computational tool to identify putative regulatory SNPs using tran-

scription factor binding motifs. atSNP implements innovative algorithms using the importance

sampling technique. It easily scales up to analyses involving millions of SNP-motif pairs, which

can not be achieved using the existing tools.

Chapter 4 and 5 studies the integrative modeling for general genomic and epigenomic data.

Chapter 4 introduces the MBASIC framework (Matrix Based Analysis for State-space Inference

and Clustering), a unified approach to analyze data from different types of experiments, including

but not restricted to transcription factor binding, gene expression and allele-specific binding. I



xvii

have also developed an Expectation and Maximization algorithm to jointly estimate all parameters

in the hierarchical model. In Chapter 5, I cast the MBASIC framework in a Bayesian setting to

develop a MAD-Bayes algorithm. This algorithm is derived under the small-variance asymptotic

view of the K-means algorithm. It shows an order-of-magnitude decrease in time costs compared

to the Expectation and Maximization algorithm.
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Chapter 1

Introduction

1.1 Background

Modern genomic and epigenomic studies focus on the global detection of the genome regions

that interact with biochemical factors and regulate gene activities. Compared to the genetics and

epigenetic research that investigate the roles and the functions of single genome regions, genomics

and epigenomics primarily focus on the global functional system of the genome through discovery-

based approaches. The investigation for the whole genome network has been made possible by the

advances in the next-generation sequencing technologies, which can produce millions of DNA

sequences emitted from all genome regions to reflect their initial association with the biochemical

factors. One example is the ChIP-seq (Chromatin Immunoprecipitation followed by Sequencing)

experiments, which uses the next-generation sequencing to produce precipitated DNA sequences

around protein binding regions in order to analyze DNA-protein interactions. It is believed that

determining how DNA-protein interactions affect the gene expression is essential to understand

many biological processes and disease states. The ENCODE consortium now curates ChIP-seq

data sets from hundreds of transcription factor experiments from a standardized pipeline to help

decipher the whole genome transcription network. Given the structures and the scales of such data,

there are several challenges in applying the conventional statistical models.

First, a typical sequencing data set involves hundreds of thousands of observations, an order of

magnitude beyond the scope of genetic and epigenetic analysis. As a result, any statistical models

designed for such data should emphasize on the time cost of model estimation. Depending on the

objectives of such analyses, it might be desirable to trade off the model complexity for efficiency,
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and formulate models that can be solved via parallel as opposed to sequential procedures. The

computational performance is strongly emphasized throughout all chapters in this thesis. Design-

ing models with efficient algorithms while maintaining their generality to different data structures

sometimes leads to a dilemmatic situation which requires considerable efforts to resolve.

Second, given the data generation mechanisms in the sequencing experiments, the conventional

experimental design framework sometimes needs be modified. For the ChIP-seq experiment, be-

cause the state of a genome location is estimated from the number of DNA sequences piling there,

the accuracy or the statistical power of inferring such states is more influenced by the total num-

ber of DNA sequences obtained throughout the genome, typically referred to as the “sequencing

depth” of such an experiment. On the other hand, experimental replicates are generated in a small

number (usually 2 to 3), with the main purpose of experimental validation. As a result, to ensure

the statistical power in the designing stage, the concept of “sample size” should refer to the se-

quencing depth rather than the number of replicates as in a conventional setting. Consequently, for

“sample size calculation” we would require modeling the process for the sequence accumulation

at individual locations, and the classical methods derived under the analysis of variance framework

are not applicable. This problem is discussed in Chapter 2, where I model the power of such an

analysis as the function of the sequencing depth to guide the experimental design.

Third, for the discovery-based approaches on the whole genome scale, false discovery rate

(FDR) control becomes an necessary step to guard against the Type-I errors. Its impact on a

state prediction model can be usually addressed by a post-processing step on the p-values, which

is straightforward. For other types of models, its impact may be indirect and nested with the

model design. For example, for the power analysis, we need redefine the power as subject to the

FDR control. For algorithms to compute large sets of p-values, we should ensure the accuracy in

obtaining those small p-values that can survive the FDR adjustment. Such consideration is taken

in both the power analysis model in Chapter 2, and the p-value computation algorithm in Chapter

3.

Fourth, one common target of all sequencing experiments is to detect regions in particular

association states with a biochemical factor. Mapping the actual data from different experiments to
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a homogeneous state space requires models that can adapt to different distributional assumptions

and robust to their violations. Most of the existing models were designed for specific experiments

or data types, neglecting the commonalities underlying their model structures. As the sequencing

technology evolves, new experimental protocols are introduced, and the demand of integrating

different data types increase, these models are unlikely to be applicable in future research. In

Chapter 4 and 5, I introduce generalized models and algorithms that address the common modeling

structures while adapting to different experimental and distributional settings.

Such challenges have triggered the development of new statistical models and algorithms. In

this thesis, I introduce four newly developed statistical tools in this area.

1.2 Overview of the Chapters

In Chapter 2, I discuss the “sample size design” problem in the ChIP-seq experiments, and

present a statistical framework named CSSP (ChIP-Seq Statistical Power) for power calculations in

ChIP-seq experiments by considering a local Poisson model which is commonly adopted by many

peak callers. Evaluations with simulations and data-driven computational experiments demonstrate

that this framework can reliably estimate the power of a ChIP-seq experiment at different sequenc-

ing depths based on pilot data. Furthermore, it provides an analytical approach for calculating the

required depth for a targeted power while controlling the false discovery rate at a user-specified

level. Hence, our results enable researchers to utilize their own or publicly available data for deter-

mining required sequencing depths of their ChIP-seq experiments and potentially make better use

of the multiplexing functionality of the sequencers.

In Chapter 3, I describe atSNP (affinity testing for regulatory SNPs), a computationally effi-

cient R package for identifying rSNPs in silico. Regulatory SNPs (rSNPs) are such SNPs that affect

gene regulation by changing transcription factor (TF) binding affinities to genomic sequences. The

current In silico methods that evaluate the impact of SNPs on TF binding affinities are not scalable

for large-scale analysis. atSNP implements an importance sampling algorithm coupled with a first-

order Markov model for the background nucleotide sequences to test the significance of affinity

scores and SNP-driven changes in these scores. Application of atSNP with >20K SNPs indicates
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that atSNP is the only available tool for such a large-scale task. Evaluations of atSNP with known

rSNP-TF interactions indicates that rSNP is able to prioritize motifs for a given set of SNPs with

high accuracy.

Chapter 4 and 5 discuss the integrative analysis of multiple genomic and epigenomic data

sets.In recent years, a large number of genomic and epigenomic studies have been focusing on the

integrative analysis of multiple experimental datasets measured over a large number of observa-

tional units. The objectives of such studies include not only inferring a hidden state of activity for

each unit over individual experiments, but also detecting highly associated clusters of units based

on their inferred states. In Chapter 4, I develop the MBASIC (Matrix Based Analysis for State-

space Inference and Clustering) framework. MBASIC consists of two parts: state-space mapping

and state-space clustering. In state-space mapping, it maps observations onto a finite state-space,

representing the activation states of units across conditions. In state-space clustering, MBASIC

incorporates a finite mixture model to cluster the units based on their inferred state-space profiles

across all conditions. Both the state-space mapping and clustering can be simultaneously estimated

through an Expectation and Maximization algorithm. MBASIC flexibly adapts to a large number

of parametric distributions for the observed data, as well as the heterogeneity in replicate experi-

ments. It allows for imposing structural assumptions on each cluster, and enables model selection

using information criterion. A number of numerical studies using both synthetic and real data

demonstrate that MBASIC is a unified framework applicable for a wide range of problems such as

transcription factor binding network, differential expression, allele-specific binding.

In Chapter 5, I propose a MAD-Bayes algorithm for the state-space inference and clustering in

joint analysis of multiple data sets. The MAD-Bayes framework was proposed by [6] as a general

procedure to derive fast-converging K-means algorithm from a small-variance-asymptotic view.

The MAD-Bayes algorithm is developed on a MBASIC model with the Bayesian structure. I also

develop methods for model initialization and tuning parameter selection. A number of numerical

experiments are presented which shows that my algorithm is robust against model assumptions and

the local optima problem. Most importantly, it shows an order-of-magnitude decrease in time costs

compared to the MBASIC’s Expectation and Maximization algorithm.
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Chapter 2

A Statistical Framework for Power Calculations in ChIP-seq Ex-
periments 1

2.1 Introduction

Next-generation sequencing technologies produce tens of millions of sequence reads during

each instrument run and are employed to answer questions central to human diseases. Multiple

NIH consortia (ENCODE, modENCODE, 1000 Genomes, Roadmap Epigenome) are pursuing

mapping of transcription factor (TF) binding and epigenome in multiple tissues and developmen-

tal stages with ChIP-seq applications ([28, 16, 46, 58, 48]). Analysis of ChIP-seq experiments

involves comparing sequence reads from a ChIP sample to an appropriate control sample (e.g.,

chromatin input) to identify genomic loci/regions that exhibit enrichment in the ChIP sample com-

pared to the control sample. Although there are more than 30 algorithms for analyzing data from

ChIP-seq experiments (reviewed in [74]), there has been little and mostly empirically driven ef-

forts on the design of these experiments ([20]). Identification of biologically interesting genomic

regions can be hindered by background noise. Detection of these regions can be improved by se-

quencing more reads. The total number of reads from a sequencing experiment is referred to as the

sequencing depth. Sequencing depths so far have been set empirically due to lack of a formal sta-

tistical framework, e.g., the ENCODE Consortium suggested using a minimum sequencing depth

of 20 million (M) mapped reads for sequence-specific TFs ([48]); however, [8] recently concluded

with empirical studies that the regularly adopted sequencing depth of 15-20 M reads in humans

may not be high enough.

1The manuscript for this chapter is published in [85]. Method in this chapter is implemented in the R package CSSP
and is freely available at http://bioconductor.org/packages/release/bioc/html/CSSP.html.

http://bioconductor.org/packages/release/bioc/html/CSSP.html
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[29] and [60] explored the impact of sequencing depths of ChIP samples using saturation anal-

ysis. This analysis evaluated the effect of sequencing depth on the number of peaks discovered

by identifying peaks from reads sub-sampled at varying proportions from the original ChIP sam-

ple. The proportion of sub-sample peaks that overlap the peaks from the full set is plotted against

the sub-sample depth. When this curve reaches a horizontal asymptote, it indicates that the set

of detected enrichment sites has stabilized at the current depth. Although this computational ap-

proach is useful for evaluating the available sequencing depth of a ChIP sample, it has three major

drawbacks: (1) it is not suited for addressing how many more reads are needed if saturation has

not been reached at the available depth (e.g., in a recent ENCODE publication ([48]), RNA Pol

II, which mainly interacts with DNA across genes, exhibited a nearly linear gain in the number of

peaks through 50 M reads with no indication of how many more reads are needed for saturation);

(2) it only evaluates saturation based on the ChIP sample and discards the control sample; (3) it

only allows investigating saturation from the point of either a minimum fold-enrichment or false

discovery rate (FDR), but not both.

Addressing the question of sequencing depth requires (i) defining a statistical criterion that

can quantify the information loss of an experiment due to its apparent sequencing depth and (ii)

determining the sequencing depth needed to control the information loss based on a pilot, possibly

under-sequenced, dataset. From a statistical point of view, ChIP-seq peak calling procedures can be

cast as multiple testing problems because they aim to assess whether data for each candidate locus

is supported by the background noise distribution or the ChIP signal. Therefore, the information

loss is naturally connected to the concept of the testing power. As a result, both of the above issues

can be considered within a power calculation framework where the sequencing depth plays the role

of sample size.

Power computations require modelling distribution of both the background reads and ChIP

signal in a way that reflects the stochastic nature of read accumulation at each genomic locus as a

function of sequencing depth. Although a number of models were proposed for locus-specific read

counts, none of them explicitly accounted for read accumulation. [83] and [25] considered mod-

els with locally Poisson distributed background and did not model ChIP signal. [33] proposed a
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flexible model taking into account the genome structure and over-dispersion. However, this model

utilized the control sample as a covariate and did not explicitly parametrize the model in terms of

sequencing depths. [82] proposed a hierarchical Bayesian t-mixture model to identify local con-

centration of directional reads, but did not consider the relationship between read accumulation

and sequencing depth. [77] adopted a signal-to-noise model, parameters of which followed some

arbitrary prior to account for intrinsic read bias. Although such a prior distribution, if estimated,

could be utilized to model the background distribution at varying sequencing depths, the work of

[77] exclusively focused on the normalization aspect of ChIP-seq analysis.

I developed CSSP (ChIP-seq Statistical Power) framework for statistical power calculation by

considering a local Poisson model for the read generation process. I assume that background reads

in the ChIP and the control samples are generated by local Poisson processes with shared Gamma

prior distributions. The corresponding Gamma parameters are modelled as functions of the local

genome structure, including mappability and GC content. The local Poisson parameters for the

enrichment signals follow convolution of Gamma distributions. This model preserves the local

structure of the [77] model while keeping the Negative Binomial distribution as the marginal signal

distribution as in [33]. Such a local structure is key for capturing dynamics of the counting process

for individual genomic locus as a result of increasing sequencing depths. I introduce a conditional

power definition that employs the practically used notion of fold change of ChIP signal over the

control sample. I show with data-driven computational experiments that my approach can be used

to determine (i) the apparent conditional power for a given sequencing depth; (ii) the required

sequencing depth to achieve a target power while controlling the false discovery rate at a specified

level. Simulation experiments based on a deeply sequenced E. coli dataset indicate that power

predictions of my model agree well with the observed empirical power. Utilizing data from pilot

studies, I can reliably estimate power for larger sequencing depths; thus the CSSP framework has

significant implications for designing ChIP-seq experiments with the multiplexing functionality.

Finally, I study the power of multiple ENCODE datasets with varying sequencing depths. My

results illustrate that, although the power varies considerably with the signal-to-noise ratios of

the datasets, the current sequencing depths have high power for protein-DNA interactions with
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large effect sizes and are generally adequate for smaller effect sizes. My calculations are further

supported by the data quality metrics proposed by the ENCODE project ([19]).

2.2 The CSSP Framework

2.2.1 The Hierarchical Model

My CSSP framework models read counts from ChIP-seq data as Poisson processes with Gamma

prior distributions. I assume that the uniquely mapping reads of both the ChIP and the control

samples are preprocessed by the commonly adopted method of extension to the average fragment

length provided by the experimental design ([60, 33]). For modeling purposes, I divide the refer-

ence genome into n non-overlapping intervals, e.g., bins as in [25], with sizes set to the average

fragment length. Let Xi and Yi denote the number of extended control and ChIP sample reads

overlapping the i-th bin, respectively. Let Nx and Ny denote the sequencing depths for control and

ChIP samples. I assume that Xi and Yi follow Poisson distributions [83, 77]:

(Xi | λxi ) ∼ Pois(λxiNx), (Yi | λyi ) ∼ Pois(λyiNy), (2.1)

where λxi and λyi are bin-specific rate parameters for the control and ChIP samples, satisfying

E[
∑

i λ
x
i ] = 1 and E[

∑
i λ

y
i ] = 1, where the expectations are with respect to the prior distribu-

tions that I introduce below. This formulation models bin counts as Poisson processes with fixed

intensities. Let Zi be the vector containing local genomic information such as mappability and GC-

content as in [33] and [55] for the i-th bin. I consider the following bin-specific prior distributions

for local Poisson intensities of the control sample:

(λxi |Zi = zi) ∼ Γ

(
a,

a

µ(zi)

)
,

µ(zi) = exp{γ0 + fγ(zi)},
(2.2)

where γ0 is a normalization constant such that
∑n

i=1 µ(zi) = 1 and fγ(.) is a function of local

genomic information. I adopt the flexible smoothing spline framework as in [33] for capturing the

effect of mappability and GC by fγ(.) on the control read counts.
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For the ChIP sample, I define an unobserved variable Bi to indicate enrichment state of bin i,

e.g., Bi = 0, for background bins. For enriched bins, I allow J different states to reflect levels

of enrichment strengths (e.g., J = 2 broadly captures low and high affinity binding for TFs), and

correspondingly Bi = j, j = 1, · · · , J . The prior distributions for each state are:

(λyi |Zi = zi, Bi = 0) ∼ Γ

(
b,

b

e0µi

)
,

(λyi |Zi = zi, Bi = j) ∼ Γ

(
bj,

bj

νj

)
, j = 1, · · · , J,

(2.3)

where e0 ∈ (0, 1) is a normalizing factor reflecting the proportion of background reads in the ChIP

sample (77; 38). For brevity, I denote µ(zi) by µi by suppressing its dependence on zi, which is

fixed for a genome at given read and fragment lengths and bin size. Under this model specification,

the marginal distributions of Xi and Yi are Negative Binomials given by:

Xi ∼ NB

(
a,

a

µiNx

)
,

(Yi|Bi = 0) ∼ NB

(
b,

b

e0µiNy

)
,

(Yi|Bi = j) ∼ NB

(
bj,

bj

νjNy

)
, j = 1, · · · , J.

(2.4)

In contrast to the [33] model, marginal distributions in my model arise from two levels of hierar-

chy: a local Poisson distribution and a prior distribution. The local Poisson structure is critical for

modeling counts for each bin on a process level as sequencing depths increase. The prior distri-

bution models the intrinsic read biases which are supported by arguments in [60] and [77]. In the

resulting model, although the number of local Poisson parameters λyi s is the same as the number

of observations, inference is possible through Bayesian analysis where the posterior distribution of

the ChIP counts for each bin given the bin count yi and enrichment state Bi = j is given by:

(λyi |Zi = zi, Bi = 0, Yi = yi) ∼ Γ
(
b+ yi,

b
e0µi

+Ny

)
, (2.5)

(λyi |Zi = zi, Bi = j, Yi = yi) ∼ Γ
(
bj + yi,

bj

vj
+Ny

)
, (2.6)

j = 1, 2, · · · , J. Determining the number of components J is a model selection problem within the

CSSP framework. In practice, I recommend setting J to 2. [33] observed that when modeling the
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ChIP signal as a mixture of Negative Binomial distributions, two components adequately captured

both the low and high affinity binding. My R package enables using larger values of J and users

can apply model selection criterion such as Bayesian Information Criterion ([62]) to control model

complexity. I used J = 2 for the examples presented in this paper.

2.2.2 A Multiple Testing Procedure and Power Evaluation

There is a plethora of algorithms for assessing whether individual bins are enriched in the

ChIP sample compared to control sample ([74]). My CSSP framework naturally lands itself into

a multiple testing framework. For unenriched bin i, the ChIP count originates from Negative

Binomial distribution, Yi ∼ NB(b, b/(e0µiNy)), and ChIP counts for enriched bins have larger

values. Therefore, I consider one-sided testing against the null H0 : Yi ∼ NB(b, b/(e0µiNy)).

Under the prior distribution for the local Poisson rate, the decision rule based on the marginal

distribution achieves optimal Bayes risk. The p-value for Yi = yi is thus pval(yi) = P{Yi ≥

yi|Yi ∼ NB(b, b/(e0µiNy))}. Suppose I control the overall Type-I error at q and reject the null

hypothesis when pval(yi) < αq. The corresponding rejection region for bin Ri is (Qi(αq),∞)

where Qi(αq) is the (1 − αq)-th percentile of the null distribution. In order to control the false

discovery rate, I set αq using the Benjamini-Hochberg procedure ([5]). The mean power of the

above testing procedure across all enriched bins is given by:

Pow′q(Ny) =

∑
i:Bi 6=0 P{Yi > Qi(αq)|Bi 6= 0}

#{i : Bi 6= 0}
.

This definition of power nominally considers all enriched regions regardless of their actual enrich-

ment levels, i.e., effect sizes. However, in practice investigators expect true protein-DNA inter-

action regions to not only exhibit statistically higher read counts in the ChIP sample compared to

the control sample but also achieve a pre-determined enrichment level. Regions failing to achieve

this are usually filtered by peak callers (i.e., SPP, MACS) through post-processing. The statistical

implication of such a practice is that in testing the observed ChIP count Yi against the background

distribution, I should impose restriction on the effect size in addition to a p-value threshold. As a
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result, when evaluating the power across all enriched regions, my attention should be restricted to

only the enriched regions with sufficiently large effect sizes.

I introduce quality thresholds including a fold change threshold r and a minimum intensity

threshold τ to accommodate this practical issue. As a result, the enrichment detection procedure

requires that read counts exceed not only the corresponding percentile Qi(αq) required for FDR

control, but are also r fold of the prior mean e0µiNy and exceed minimum intensity of τNy. Hence,

the peak calling threshold for bin i is

Ti(αq, r, τ) = Qi(αq) ∨ re0µiNy ∨ τNy,

where x ∨ y = max(x, y). As a result, I establish the following conditional power function:

Powq,r,τ (Ny) =∑
i∈A P{Yi > Ti(αq, r, τ)|λyi > re0µi ∨ τ, Bi 6= 0}

#A
,

(2.7)

whereA = {i : λyi > re0µi∨τ, Bi 6= 0} and #A denotes the size of setA. This definition depends

on local Poisson parameters which are usually not estimable. I propose the following conditional

posterior power function by plugging in Bayesian estimators of the numerator and denominator of

Eqn. (2.14), respectively.

PowBq,r,τ (Ny) =∑n
i=1wiE [P{Yi > Ti(αq, r, τ)|λyi > re0µi ∨ τ, Bi 6= 0} | Yi = yi]∑n

i=1wi
,

(2.8)

where wi = P{λyi > re0µi ∨ τ, Bi 6= 0|Yi = yi}.

A numerical algorithm to compute (2.8) is as follows. This calculation first requires the deter-

mination of the significance level αq which ensures that overall FDR across all the bins is controlled

at level q. I achieve this by a computationally fast simulation-based approach.

Recall that the posterior distribution of the ChIP sample rate parameter λyi given the bin count yi

and enrichment stateBi = j is given by Eqns. (2.5) and (2.6). Let pji denote the posterior probabil-

ity of Bi = j given the observed data as outputted by the generalized Expectation-Maximization

(EM) algorithm described in Section 2.2.3. Then, I calculate the power for a given sequencing

depth Ny and FDR level q as follows:
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A. Estimate αq to control the overall FDR at level q by simulation:

A.1 At simulation k, k = 1, · · · , K = 10:

A.1.1 For bin i, i = 1, · · · , n:

A.1.1.1 Simulate Bk
i as Bernoulli(pji ).

A.1.1.2 Simulate λy(k)i given Yi = yi and Bk
i according to Eqns. (2.5) and (2.6).

A.1.1.3 Simulate Y (k)
i ∼ Pois(λ

y(k)
i Ny).

A.1.1.4 Compute p-values pval(k)i = P{Yi ≥ Y
(k)
i | Yi ∼ NB(b, b/(e0µiNy))}.

A.1.2 Estimate α
(k)
q with the Benjamini-Hochberg (BH) FDR adjustment proce-

dure ([5]). Let pval(k)(1) , · · · , pval
(k)
(n) denote ordered p-values. Then, α(k)

q =

maxi{pval(k)(i) : pval
(k)
(i) ≤

i
n
q}.

A.2 Set αq =
∑
α
(k)
q /K.

B. Compute wi =
∑

j p
j
iPr{λ

y
i > re0µi ∨ τ |Bi = j, Yi = yi}, i = 1, · · · , n, where Pr{λyi >

re0µi ∨ τ |Bi = j, Yi = yi} is evaluated according to Eqn. (2.6).

C. Compute E[P{Yi > Qi(αq)|λyi > re0µi∨τ, Bi 6= 0}|Yi = yi], i = 1, · · · , n by simulation:

C.1 For bin i, i = 1, · · · , n:

C.1.1 At simulation k, k = 1, 2, · · · , K = 10:

C.1.1.1 Generate multinomial random variableBk
i where P{Bk

i = j} = pji/(1−p0i ),

j = 1, · · · , J . Thus, Bk
i ∼ (Bi|Yi = yi, Bi 6= 0).

C.1.1.2 Generate Unif(0, 1) random variable Zk
i . Set λy(k)i as the 1 − Zk

i P{λ
y
i >

re0µi ∨ τ |Bi = Bk
i , Yi = yi}-th percentile of distribution in Eqn. (2.5). This

guarantees that P{λy(k)i > re0µi ∨ τ |Bi = Bk
i , Yi = yi} = 1.
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C.1.1.3 Generate Y k
i ∼ Pois(λ

y(k)
i Ny).

C.1.2 Estimate E[P{Yi > Qi(αq)|λyi > re0µi ∨ τ, Bi 6= 0}|Yi = yi] by
∑K

k=1 I{Y k
i >

Qi(αq)}/K, where Qi(αq) is the (1 − αq)-th percentile of the background read

distribution for bin i and I(.) denotes the indicator function.

2.2.3 Estimating the Model Parameters

I decouple estimation of the parameters for the background read distribution and the signal

distribution. As a result, the estimation procedure consists of three consecutive steps:

1. Generalized linear model (GLM) fit. Estimate µi (equivalently fγ(.)) and the shape param-

eter a by fitting the control model given in Eqn. (4) of the main manuscript on control data

with the glm.nb R function.

2. Minimum distance estimation (MDE). Estimate e0, π0, and b by minimizing the following

function:

min
e0,b,π0

sup
x>c
|Fn(x)− 1 + π0 − xπ0|, (2.9)

where Fn(x) is the distribution of the list of continuity corrected p-values given by 1− (1−

Zi)FNB(b,b/(e0µiNy))(yi−1)−ZiFNB(b,b/(e0µiNy))(yi) (Lemma 2.1 below), Zis are independent

Uniform random variables on the unit interval and are independent of Y , and c is a tuning

parameter such that majority of the bins with Bi 6= 0 have p-values smaller than c.

3. Generalized EM algorithm. Estimate νj and bj , j = 1, · · · , J , using a generalized EM

algorithm.

First, I estimate hyper parameters in fγ(.) by fitting a Negative Binomial regression model to

the control sample. This is easily carried out with the glm.nb() function in R. Second, I estimate

the normalization factor e0, the proportion of background bins π0, and the dispersion parameter b

from the ChIP sample. These parameters normalize the ChIP sample against the control sample

and are critical for the downstream power evaluation. I observed that the conventional estimating
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methods, e.g., maximum likelihood and method of moments, lead to poor estimators of π0 and b

(Section 2.3.2). Therefore, I propose the following minimum distance estimator which is motivated

by the minimum distance and robust estimation framework in [53] as an alternative.

2.2.3.1 Minimum distance estimation of e0, π0, and b

The validity of many multiple hypotheses testing procedures, including the BH procedure ([5])

for FDR control relies on the assumption that p-values are uniformly distributed under the null

hypotheses. This assumption is violated when the distribution of p-values is discrete. Therefore,

I first propose a continuity correction for the p-values derived from the Negative Binomial null

distribution in my multiple testing framework.

Theorem 2.1. Let Y be a integer-valued random variable and let F denote its distribution function.

For Z ∼ Unif(0, 1), X = (1− Z)F (Y − 1) + ZF (Y ) is Unif(0, 1).

Proof. Let yx = inf{t ∈ Z : F (t) ≥ x}.

P{X ≤ x} = P{Y ≤ yx − 1}+ P

{
Y = yx, Z ≤

x− F (yx − 1)

F (yx)− F (yx − 1)

}
= F (yx − 1) + P{Y = yx}P

{
Z ≤ x− F (yx − 1)

F (yx)− F (yx − 1)

}
= F (yx − 1) + [F (yx)− F (yx − 1)]

x− F (yx − 1)

F (yx)− F (yx − 1)

= x.

Hence, the continuity corrected p-values can be computed by

pvali = 1− (1− Zi)FNB(b,b/(e0µiNy))(yi − 1)− ZiFNB(b,b/(e0µiNy))(yi). (2.10)

As a result, pvali, i = 1, · · · , n are uniformly distributed when Yis are from the background read

distribution. For enriched regions, pvali is expected to be very small. Therefore, p-values which

are larger than a chosen threshold c are uniformly distributed on the unit interval, i.e., for pvali > c,



15

P (pvali ≤ x) = 1 − π0 + π0x. This motivates the objective function in Eqn. (2.9) and I develop

the following algorithm to minimize this function.

A Set iteration number t = 1 and initialize the parameters as e(1)0 = e0.init = 0.9 and

b(1) = a. Initialize the step size parameters for updating e0 and b estimates as e(1)step = 0.01

and b(1)step = 1. Initialize the set of parameters for monitoring convergence as: flag.e(1) = 1,

flag.b(1) = 1, and dis = 1, tol = 0.001. Set c = 0.5.

B While dis > tol:

B.1 Using e(t)0 and b(t), compute Eqn. (2.10) to obtain p-values. Order the p-values as

pval(1) ≤ · · · ≤ pval(m) ≤ c < pval(m+1) ≤ · · · ≤ pval(n).

B.2 Update π(t)
0 as π(t)

0 = 1−m/n
1−pval(m)

by using the fact that 1− π0 + π0pval(m) = m/n.

B.3 Evaluate Eqn. (2.9) for i = m,m + 1, · · · , n by computing ri = i/n − 1 + π
(t)
0 −

π
(t)
0 pval(i).

B.4 Update e0:

If
∑n

i=m ri > 0, set e(t+1)
0 = e

(t)
0 − e

(t)
step, flag.e(t+1) = −1.

Otherwise, set e(t+1)
0 = e

(t)
0 + e

(t)
step, flag.e(t+1) = 1.

B.5 Update b: Set k = b(m+n)/2c, where bxc denotes the largest integer smaller than x.

If {# of i : ri < 0,m ≤ i ≤ k} < {# of i : ri < 0, k < i ≤ n}, b(t+1) =

b(t) − b(t)step, flag.b(t+1) = −1.

Otherwise, b(t+1) = b(t) + b
(t)
step, flag.b(t+1) = 1.

B.6 Update step sizes:

If flag.e(t+1)flag.e(t) = −1, e(t+1)
step = e

(t)
step/2.

If flag.b(t+1)flag.b(t) = −1, b(t+1)
step = b

(t)
step/2.

B.7 Set dis = maxm≤i≤n |ri| and increase t by 1.
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In the iteration steps, I update e0 and b consecutively with a coordinate descent strategy, which

is more efficient than a grid search method. I avoid differentiating the objective function when

determining the direction of parameter updates. I determine the derivative by analyzing the ”resid-

uals”, ri’s, which are obtained by evaluating the the difference between the empirical cumulative

distribution function (Fn(x)) and the expected cumulative distribution function (1−π0 +π0x). For

choosing a direction for e0, I utilize the fact that
∑
ri > 0 indicates that p-values calculated against

the estimated background are smaller than expected. This implies that the estimated background

mean is too large, therefore e0 is reduced subsequently. For choosing a direction for b, I utilize the

fact that when {# of i : ri < 0,m ≤ i ≤ k} > {# of i : ri < 0, k < i ≤ n} holds, it indicates that

the empirical distribution of p-values from background is ”S” shaped, with less points concentrated

at tails than expected. This implies that the estimated background variance µ(1 +µ/b) is too large,

thus b is increased subsequently.

2.2.3.2 Estimating the parameters of the signal component from the ChIP
sample

I use a generalized EM algorithm as in [33] for this step. Since I have (Yi | Zi = zi, Bi = j) ∼

NB
(
bj, bj

νjNy

)
, j = 1, · · · , J , bj and νj are the additional parameters that need to be estimated.

Let P{Bi = j} = πj , j = 0, 1, · · · , J . In the M-step, I update the estimates b̂j and ν̂j by the

method of moments. Let pj(t+1)
i denote the estimate of P{Bi = j | Zi = zi, Yi = yi} based on

parameters from the t-th iteration. Then the E- and M-steps are as follows.

E-step:

p
j(t+1)
i =

π̂
(t)
j dNB(yi|Bi = j)∑J

k=0 π̂
(t)
k dNB(yi|Bi = k)

, j = 0, 1, · · · J,

where dNB(yi|Bi = j) denotes the posterior marginal density when Bi = j.

M-step:

π̂
(t+1)
j =

∑
i

p
j(t+1)
i /n.
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Let µ(t)
j =

∑n
i=1 p

j(t+1)
i yi∑n

i=1 p
j(t+1)
i

and σ(t)
j =

∑n
i=1 p

j(t+1)
i (yi−µ

(t)
j )2∑n

i=1 p
j(t+1)
i

denote the mean and variance estimates of

the signal component j at iteration t. Then, νj(t+1) and bj(t+1) are estimated by:

ν̂j(t+1) = µ
(t)
j /Ny,

b̂j(t+1) =
(ν̂j(t+1)Ny)

2

σ̂
(t)
j − ν̂j(t+1)Ny

.

I evaluated this three step estimation scheme with extensive simulations and established its esti-

mation consistency in Section 2.3.1. Furthermore, I illustrated that it performs better than a more

conventional generalized EM algorithm which estimates all the model parameters simultaneously

in Section 2.3.2.

2.3 Numerical Studies

I first evaluated my CSSP framework in a simulation study to assess the consistency of my

parameter estimates, power, and FDR control (Section 2.3.1). Then I performed sub-sampling

experiments based on two deeply sequenced datasets (E. coli FNR ChIP-seq dataset of [47] and

mouse GATA1 ChIP-seq dataset of [76]) to demonstrate the consistency and power of my CSSP

framework. I utilized multiple human CTCF ChIP-seq datasets from the ENCODE consortium to

evaluate the impact of lab and lab-specific batch effects on power estimation. Finally, I investigated

eight ENCODE datasets to assess the power of currently available typical ChIP-seq studies.

2.3.1 Simulation Study Based on the E. coli FNR Dataset

2.3.1.1 Simulation Set-up

I utilized the parameter estimates from the FNR fit (Section 2.3.4) to generate simulated data

for evaluating various aspects of my power calculation framework. I first simulated local Poisson

intensities for the control data based on:

(λxi |Zi = zi) ∼ Γ

(
a,

a

µ(zi)

)
,

µ(zi) = exp{γ0 + fγ(zi)}.
(2.11)
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Then, I generated a set of enriched bins by sampling from the estimated bin-level posterior proba-

bilities of the FNR data and simulated local Poisson intensities for ChIP data based on:

(λyi |Zi = zi, Bi = 0) ∼ Γ

(
b,

b

e0µi

)
,

(λyi |Zi = zi, Bi = j) ∼ Γ

(
bj,

bj

νj

)
, j = 1, 2.

(2.12)

I fixed the values of the local parameters λxi and λyi and simulated bin-level counts at multiple

sequencing depths Nx and Ny based on the local Poisson models:

(Xi | λxi ) ∼ Pois(λxiNx), (Yi | λyi ) ∼ Pois(λyiNy). (2.13)

I varied Nx and Ny as f ∈ (0, 1) times the sequencing depths of the full control and ChIP samples.

In what follows, all the calculations are based on a false discovery rate of 0.05 unless specified

otherwise.

2.3.1.2 Consistency of Parameter Estimates

I first evaluated the performance of my estimation procedure presented in Section 2.2.3 in

detail. I set f = 0.02, 0.04, 0.06, 0.08 and generated 100 independent datasets at each of these

sequencing depths to assess how well the parameters were estimated for low sequencing depths.

Table 2.1 displays mean squared errors 2 of the key parameters, namely e0, π0, b, µ, νj , bj , j = 1, 2

relative to their true values and indicates that my minimum distance estimation results in remark-

ably accurate estimates of all the parameters. In this table, each row corresponds to sequencing

depth of f×(full data sequencing depth) for the ChIP and the control samples. To further evaluate

the parameter estimation and the multiple testing procedure my peak calling relies on, I plot the

empirical cumulative distribution of the p-values obtained under the fitted background model in

Figure 2.1. As evidenced in this figure, empirical distribution of the p-values obtained with an

accurate background model exhibits an expected mixture of a Uniform distribution on the unit in-

terval and a spike around 0. I observed that, for more realistic settings presented in the data-driven

2Relative mean squared error for parameter s is computed as (1/100)
∑100
t=1(ŝt − s)2/s2, where s denotes the true

value of the parameter and ŝt its estimate on the t-th simulated dataset.
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computational experiments of the paper, a conventional maximum likelihood procedure based on a

generalized EM algorithm failed to capture this expected pattern of the distribution of the p-values.

I discuss these observations further in Section 2.3.2.

Table 2.1 Relative mean squared error (×10−4) of the estimated parameters across 100 simulated
FNR datasets at varying sequencing depths.

f e0 π0 b µ ν1 ν2 b1 b2

0.02 98.5 4.9 12.6 0 5.1 3.5 73.8 4.6

0.04 17.6 3.1 12.7 0 0.9 0.7 8.0 0.5

0.06 6.2 1.6 12.9 0 1.1 1.2 9.8 2.3

0.08 5.1 0.9 10.7 0 1.0 0.9 5.5 1.0

2.3.1.3 Power Estimation from Pilot Data

I next evaluated the accuracy of the power curve estimated based on pilot data using the FNR

simulation set-up. This is critical from a practical point of view because ChIP-seq studies are

typically under-powered and it is of interest to assess what depth is needed to achieve various

levels of power. I first generated an oracle power curve by using the actual simulation parameters.

Then, I simulated 100 low depth samples (f = 0.06) and estimated the power at varying depths

(f = 0.02, 0.04, · · · , 0.2, 1) based on the fits from these low depth samples. Figure 2.2(a) depicts

boxplots of the resulting power estimates. In this figure, x-axis represents the percentage of full

sequencing depth, and box-plots represent power estimates based on under-sequenced data (6% of

the full dataset) over 100 data-driven simulations. Although the power estimates for lower depths

exhibit some bias, overall they track the oracle power curve well.
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Figure 2.1 Cumulative probability plot of the p-values from a simulated FNR dataset.
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Figure 2.2 (a) Accuracy of pilot data-based power estimation. (b) Comparison of the estimated
power with the empirical power.
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2.3.1.4 Comparing CSSP Power Estimates with Empirical Power

I evaluated how the power predictions at various sequencing depths compared with the empir-

ical power achievable at these depths. I define the empirical power as the proportion of gold stan-

dard peaks that are identified from under-sequenced data. The gold standard peak set is obtained by

simulating data at full depth using the actual simulation parameters. To impose conditional power,

I refined the gold standard peak set as those peaks with enrichment intensities λyi > re0µi. Figure

2.2(b) compares boxplots of empirical power from 100 simulated datasets at each sequencing depth

to an oracle power curve obtained by using the actual parameter values. In this figure, box-plots

of empirical power (proportion of gold standard peaks identified with under-sequenced dataset)

observed at under-sequenced datasets ranging from 2% to 20% of the full sequencing depth from

100 simulations. The solid lines in both panels represent the oracle CSSP power curves based on

parameters estimated at full depth. I observe that the proportion of under-sequenced sample peaks

overlapping the gold standard peaks can be predicted well by my model at every sequencing depth.

This shows that the Bayesian estimate, Eqn. (2.8), accurately estimates the true power defined by:

Powq,r,τ (Ny) =∑
i∈A P{Yi > Ti(αq, r, τ)|λyi > re0µi ∨ τ, Bi 6= 0}

#A
,

where A = {i : λyi > re0µi ∨ τ, Bi 6= 0} and #A denotes the size of set A.

I also evaluated the FDR control within my power calculations by comparing the empirical

FDR to the target level of 0.05. The empirical FDR is computed as the proportion of identified

enriched regions that are not part of the gold standard peak set. Figure 2.3 displays the boxplots of

the empirical FDR across 100 simulated datasets and shows that FDR is well controlled at all but

the lowest depth with f = 0.02.

2.3.2 Comparing the Minimum Distance Estimator with the Conventional Gen-
eralized EM

My model fitting strategy decouples estimation of e0, b, and π0 from the estimation of signal

component parameters . A more conventional way of estimating these parameters is to adopt a
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generalized EM algorithm (GEM) and update the background and signal component parameters

simultaneously in the M-step. In the R package that supplements this paper, I implemented this as

an alternative algorithm. Overall, I observed that although the generalized EM algorithm is more

efficient in simulations, decoupling of the estimation for the two sets of parameters behave more

stably with real data. I next provide more details on this observation.

I first compared the two estimation schemes using the FNR simulation set-up as described in

Section 2.3.1 and compared the relative mean squared errors for the key parameters. This reflects

an ideal situation where the model is correctly specified. The generalized EM estimates are known

to be consistent when there is no model misspecification and, therefore, can be used as gold stan-

dard. I simulated 50 datasets according to the FNR simulation set-up at 6% of the sequencing

depth (f = 0.06). The relative bias and mean relative squared error for the key parameters are

listed in Table 2.2. In this table, for parameter s, the relative values of bias and mean squared error

are computed as 1/50
∑50

t=1(ŝt − s)/s and 1/50
∑50

t=1[(ŝt − s)/s]2, where s denotes the true value

of the parameter and ŝt its estimate based on the t-th simulated dataset. Although the minimum

distance estimators are less efficient for some parameters such as b and e0 compared to generalized

EM estimators, they have smaller relative biases and mean relative squared errors for parameters

including νj and π0.

Table 2.2 Relative bias (×10−2) and mean relative squared error (×10−4) for estimated model
parameters using data simulated from the FNR fit for the conventional Generalized EM (GEM)

and the Minimum Distance Estimation (MDE).

Method b e0 π0 ν1 ν2

GEM 4.8, 28.3 -0.026, 0.01 -2.8, 7.87 -7.8, 61.7 4.9, 25.2

MDE 8.6, 99.9 3.1, 9.73 1.09, 1.69 0.34, 9.12 1.5, 3.69

Next I compared the two estimation approaches on real data using sub-sampling experiments.

I generated 20 sub-sampled FNR datasets at 2% to 20% of the original sequencing depths and

estimated the model parameters with each of the approaches. The estimates for π0 are plotted as a

function of the sequencing depth fraction f in Figures 2.4(a) and (d) for the minimum distance and
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generalized EM approaches, respectively. The horizontal solid lines represent the π0 estimates of

each approach from the full dataset. As the sequencing depth increases, generalized EM estimators

of π0 are not consistent with each other, i.e., estimates of π0 vary between ∼ 0.4 and ∼ 0.8 as

the sequencing depth varies. In contrast, the minimum distance estimation results in consistent

estimators of π0 across different depths. A similar conclusion applies to the estimates of b (Figures

2.4(b) and (e)). I also evaluated the empirical cumulative distribution of the p-values obtained

by the resulting estimates of the two approaches (Figures 2.4(c) and (f)). The generalized EM

estimates at the full data (π̂0 = 0.38) fail to capture the expected mixture pattern of a Uniform

distribution on the unit interval and a point mass at 0 for the empirical distribution of the p-values.

Overall, the conventional generalized EM estimates are not robust against model misspecification

while my three step estimation scheme using minimum distance estimation is able to estimate the

model parameters with high accuracy.

2.3.3 Power Prediction with Misspecified Background Distribution

One of my fundamental assumptions for the CSSP framework is that the background distri-

butions for the ChIP and control samples are the same. This assumption may not hold in prac-

tice when I have ChIP and control samples generated from different experimental protocols. For

example, when the ChIP and control samples have different read lengths or fragment lengths,

the genomic features for the control sample (i.e., mappability and GC-content) are different from

those for the ChIP sample. This corresponds to misspecifying the prior distribution for the mean

parameter of the ChIP background model.

In order to investigate whether CSSP is robust against such misspecified ChIP background

models, I conducted the following computational experiments. For both the FNR and GATA1

datasets, I extended each control read to a fragment length different from that of the ChIP sample

and regenerated bin-level data for these control samples. I extended FNR control reads to 250 bp

and GATA1 control reads to 200 bp, while the fragment lengths for the ChIP samples remained at

their experimental value of 150 bp and 250 bp for FNR and GATA1, respectively. I then repeated

the sub-sampling experiment of Section 2.3.5 using 6% and 20% as the sampling percentages
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Figure 2.4 Comparison of the GEM and MDE methods at varying sequencing depths. (a, d)
Boxplots of estimated values of π0 as a function of sequencing depth based on 20 sub-sampled

datasets at each depth using (a) minimum distance and (d) generalized EM methods. The
horizontal line depicts the π0 estimate based on the full data. (b, e) Boxplots of the logarithm of b
estimates as a function of sequencing depth based on 20 sub-sampled datasets at each depth using
b) minimum distance and e) generalized EM methods. The horizontal lines depict the b estimate

on the log scale based on the full data. (c, f) Cumulative probability distribution plot of the
p-values computed using (c) minimum distance and (f) generalized EM methods. The straight

lines depict the Uniform distribution of the p-values due to non-enriched regions based on
estimated π0.
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for the FNR and GATA1 datasets, respectively. Figures 2.5(a) and (b) compare estimated power

based on these biased control samples with the oracle power curves and illustrates robustness of

CSSP for this type of background model misspecification.In this figure, the x-axis displays the

percentage of full sequencing depth, and the box-plots represent power estimates based on under-

sequenced data (6% of the full FNR data, 20% of the full GATA1 data) over 20 sub-samples with

control reads extended to different average fragment lengths from those of the ChIP samples (250

bp for FNR, 200 bp for GATA1). The solid lines indicate the oracle power curves estimated from

the full datasets with control and ChIP reads both extended to the average fragment lengths (150

bp for FNR, 250 bp for GATA1) set up by the experimental protocol. The dashed lines indicate

the power curves estimated using full datasets with control reads extended to misspecified average

fragment lengths of 250 bp for FNR and 200 bp for GATA1. I observe that background distributions

misspecified due to fragment length, overall, have negligible effects on the power estimated based

on full data.
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Figure 2.5 Robustness against misspecified prior mean of the ChIP background distribution for
(a) FNR and (b) GATA1 datasets.
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2.3.4 Model Fit for Deeply Sequenced Data

The E. coli FNR dataset consists of 9.07 M 32mer single-end ChIP and 6.45 M control reads.

These sequencing depths approximately correspond to 4.9 and 3.5 billion reads for the mappable

human genome ([60]). The GATA1 dataset from G1E-ER4+E2 cell line is also deeply sequenced

compared to many available mammalian ChIP-seq datasets and has 106.4 M 55mer and 15.6 M

36mer reads for the ChIP and control samples, respectively. For both of the datasets, I created bin

level data by extending aligned reads to the average fragment length provided by their experimental

protocols (150 bp for FNR and 250 bp for GATA1) and counting the number of reads overlapping

every bin. Fitted probabilities of bin level counts are compared to their empirical frequencies in

Figure 2.6(a) and 2.6(b), for FNR and GATA1 ChIP samples, respectively. Both figures show very

good agreement between the fitted and empirical frequencies. In addition, I plot the empirical

cumulative distribution of the p-values obtained under the fitted background distributions in Figure

2.6(c) and 2.6(d). Both of the empirical distributions exhibit an expected mixture pattern where

the majority of the p-values follow a Uniform distribution between 0 and 1. I note here that, for

the GATA1 dataset, the ChIP and control samples have different read lengths. This indicates that

my assumption of the same background prior distribution for the ChIP and control samples may

not hold. However, the resulting model fits, as well as the computational experiments of the latter

sections, suggest that the power estimation is robust against this type of misspecified background

estimation. This is partly because GC score is not affected by the read length and the mappability

remains the same for majority of the bins (≈ 95%) between read lengths 36 bp and 55 bp. I have

discussed misspecifications in background estimation in more details in Section 2.3.3.

2.3.5 Evaluating the Accuracy of the Power Curve Estimated Based on Pilot
Data

Next, I evaluated the consistency of CSSP power estimation when only low sequenced pilot

data is available. For both the FNR and GATA1 datasets, I generated a power curve at various

sequencing depths using parameters estimated from the full data. I set the quality thresholds as

r = 2 and τ = 0. Because both datasets are deeply sequenced, their corresponding power curves
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Figure 2.6 Evaluating CSSP model fits. (a, b) Goodness of fit plots for the FNR (a) and GATA1
(b) datasets. (c, d) Cumulative probability plots of the p-values for the FNR (c) and GATA1 (d)

datasets.
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can be viewed as oracle or gold-standard curves. To simulate low sequenced pilot datasets, I

sampled 0.5%, 2%, 6% (FNR) and 20%, 40%, 60% (GATA1) of the available ChIP and control data

and refitted the models. The lowest sampling percentages of 0.5% and 20% were chosen because

sub-samples with depths lower than these resulted in non-convergent parameter estimators in the

CSSP model. Both of these low depth sub-samples had an average bin-level ChIP count of 2.5. I

generated 20 independent sub-samples at each sampling percentage for both datasets. The power

estimates from sub-sampled data are compared to the oracle power estimates in Figure 2.7a and

2.7b. I observed that my power estimates based on under-sequenced GATA1 data agreed well with

the oracle power curve. For the FNR dataset, when I sub-sampled below 6% of the full dataset,

the predicted power was biased at low sequencing depths and agreed well with the oracle curve as

the sequencing depth got larger. The mean biases of the power estimates were 0.009 and 0.015 for

the 6% FNR and 20% GATA1 sub-sample datasets, respectively. The overall implications of these

experiments are significant since they indicate that my power framework is capable of reliably

estimating the required depth for a target power when only under-sequenced data is available.

2.3.6 Predicted Power versus Empirical Power

The above comparisons thus far relied on theoretical calculations of the power based on my

model fit. I next compared my theoretical power predictions with the empirical power observed

in under-sequenced datasets. This corresponds to assessing whether my Bayesian estimator of

power in Eqn. (2.8) is a consistent estimator for power defined in Eqn. (2.14). Although the

true set of enriched regions required by Eqn. (2.14) is unknown, I obtained gold-standard peak

sets for both datasets using the full dataset with FDR of 0.05, r = 2, τ = 0 and considered

these gold-standard peak sets as proxies for the true set of enriched regions. Then, I generated

20 independent sub-samples at varying proportions of the full sequencing depth (2% to 20% for

FNR and 20% to 90% for GATA1). For each sub-sample, I generated the list of enriched regions

that were significant at FDR adjusted significance levels and had at least 2 fold enrichment against

the estimated background mean (r = 2). I then calculated the proportions of the gold-standard

peak sets that overlapped with the sub-sample-based peak sets. I report the empirical power by
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Figure 2.7 Accuracy of power estimation based on pilot data. x-axis represents the percentage of
full sequencing depth. a) Boxplots represent power estimates based on sub-sampled (a) FNR

(0.5%, 2%, 6% of the full dataset) and (b) GATA1 (20%, 40%, 60% of the full dataset) datasets
over 20 sub-samples. The solid lines indicate the oracle power curve based on the parameters

estimated from the full dataset.
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Figure 2.8 Predicted power versus empirical power. Solid lines represent the model-based
prediction of the power curve. Boxplots represent empirical power observed at sub-sampled (a)
FNR and (b) GATA1 datasets. A total of 20 datasets are sub-sampled at every sequencing depth.
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multiplying these proportions with the power at the full sequencing depths since the full depth

power was used as a proxy for Eqn. (2.14).

Figure 2.8a and 2.8b display the boxplots of empirical power as a function of sequencing depth

and compare the empirical power with the oracle power curve. In both cases the empirical power

follows the CSSP power estimates very closely.

2.3.7 Impact of the Control Sample on Power Calculations

The sequencing depth of the control library is an important factor that influences the power

of ChIP-seq experiments. My computational experiments thus far varied ChIP and the control

samples simultaneously. [20] observed identification of more peaks when a ChIP-seq dataset was

normalized against a more deeply sequenced control dataset. Furthermore, this study also observed

that deeply sequenced control datasets correlated well with the GC content. [8] concluded that

deeper sequencing of the control sample led to better detection specificity. These studies also

established that the dependence on the sequencing depth of the control sample varied substantially

between different algorithms. For example, MACS ([83]) achieved best performance when the

ChIP and the control samples were balanced in terms of sequencing depths, whereas USeq ([50])

performed better when more control was sequenced compared to ChIP sample.

In order to assess how the CSSP power estimates are influenced by the sequencing depth of the

control sample, I evaluated the power from FNR sub-samples by varying the control sequencing

depth as a percentage of the full depth at three levels of 0.4%, 2%, and 20% and fixing the ChIP

sample depth at 6%. In Figure 2.10, I compare the resulting estimated power curves to the oracle

power curve. I performed a similar experiment with the GATA1 dataset where I used 1%, 2%,

and 4% of the control sample and 20% of the ChIP sample. I observed that varying depths of

the control sample had little effect on my power calculations as long as the model parameters are

reliably estimated. This is due to the fact that the control sample is only used to estimate prior

mean for the background intensity while estimation of the parameters regarding the ChIP signal

intensity (νj) and normalizing effects (e0, b) mostly rely on the ChIP sample. I observed that the

estimation algorithm encountered convergence problems at extremely small depths which would
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be considered as low quality data by the currently employed ChIP-seq data quality standards. My

analysis suggest that if the normalization is done in a similarly efficient fashion for other peak

callers, the effect of control on their performances might also be minimized since the background

distribution alone can be captured using lower depth control samples. To illustrate this point, I

compared the set of enriched bins identified at sub-sampled ChIP and control data at different

combinations of depths at an FDR of 0.05 with the quality thresholds set as r = 2 and τ = 0. For

fixed ChIP samples, the set of identified enriched regions remained consistent at varying control

depths (Figure 2.9). Overall, this supports that increasing the sequencing depth of the control

beyond what is required for estimating the background parameters does not lead to power gain.

2.3.8 Impact of Lab and Batch Effects

Table 2.3 Summary for the CTCF ChIP-seq datasets in GM12878 cell line. *: Non-convergent
CSSP fit.

Lab Rep # of Uni-reads SPOT PBC NSC

BroadHistone∗ 1 1.01M 0.2586 0.81 2.21

BroadHistone 2 1.75M 0.1873 0.93 1.75

OpenChrome∗ 1 1.28M 0.3944 0.91 7.34

OpenChrome 2 0.67M 0.2992 0.95 5.13

OpenChrome 3 0.55M 0.3577 0.77 5.47

SydhTfbs 1 1.01M 0.5067 0.85 8.02

SydhTfbs 2 2.05M 0.3187 0.93 4.20

UwTfbs 1 1.42M 0.2673 0.61 3.13

UwTfbs 2 0.65M 0.2597 0.95 3.19

My computational experiments thus far focused on the effect of increasing the sequencing

depth while keeping other experimental factors, i.e., lab and batch effects, fixed. Such effects al-

most always exist when pilot data are used for designing future experiments. In order to investigate
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(a) ChIP 2% (b) ChIP 6% (c) Full ChIP

(d) ChIP 20% (e) ChIP 60% (f) Full ChIP

Figure 2.9 Comparison of the number of enriched regions identified by varying the control depths
while fixing the ChIP depths for FNR (a, b, c) and GATA1 (d, e, f) datasets.
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Figure 2.10 Comparison of power estimation at varying control sequencing depths. ChIP sample
depths are fixed at 6% and 20% of the full sample depth for the (a) FNR and (b) GATA1 samples,
respectively. The oracle power based on parameters estimated from full ChIP and control data are
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Figure 2.11 Power prediction within and between labs. Estimated power curves for CTCF
binding in GM12878 cell line using datasets from four different labs, evaluated with fold change

thresholds at (a) 5 and (b) 10.
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Figure 2.12 Comparison of power prediction within and across labs. Absolute differences in
predicted power are computed at various sequencing depths for CTCF ChIP-seq samples from (a)

same lab and (b) different labs.
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their effects on power prediction, I analyzed seven CTCF ChIP-seq datasets from the GM12878

cell line. These datasets were generated by four different labs within the ENCODE consortium

([67]). Each lab sequenced 2-3 individual cultures of GM12878. Samples within a lab differed in

one or more of the following aspects: person and/or date for preparation of the cell cultures, cross-

linked DNA, and Illumina sequencing libraries; sequencing machine; date of sequencing. The total

number of reads as well as the data quality metrics for each dataset are summarized in Table 2.3
3. To shorten computation time, I focused on chromosome 1. I sampled ChIP reads from each

original dataset so that each pilot dataset had the same number of reads as the lowest sequenced

dataset. Then, I extended the reads to average fragment lengths estimated by the R package SPP

([29]) and mapped them to bins of size 100 bp. Finally, I paired each ChIP sample to its matching

control and fitted the CSSP model. I generated power curves with quality thresholds of r = 5, 10

and τ = 0 at sequencing depths ranging from 106 to 4 × 106 (Figure 2.11). I computed the dif-

ferences in predicted power between samples within the same and across different labs at each

sequencing depth. Figure 2.12 illustrates that lab effects are more prominent than batch effects

within the same lab, and both effects decrease when the fold change threshold increases. Although

my study of the lab and batch effects is hampered by the lack of designed experiments for specif-

ically investigating these effects, this limited study on CTCF confirms that while batch effects are

difficult to control, controlling the lab effects by using pilot data from the same lab should result

in better power prediction.

2.3.9 Power Estimation for a Set of Recent ChIP-seq Datasets

I applied the CSSP framework to evaluate the power of eight ChIP-seq experiments generated

by the ENCODE projects ([67]). Datasets included ChIP-seq profiling of GATA2, cFos, cJun, and

Pol II in Huvec and K562 cell lines. I merged replicates within experiments and removed abnormal

reads using the R package SPP ([29]). The remaining uniquely mapping reads were extended to

200 bp and mapped to bins of size 200 bp. I note that these datasets have much lower sequencing

3The data quality metrics (SPOT, PBC, NSC) are provided at http://encodeproject.org/ENCODE/

qualityMetrics.html by the ENCODE consortium. SPOT: proportion of reads mapping to read-enriched regions;
PBC: proportion of non-redundant reads; NSC: normalized strand cross correlation coefficient.

http://encodeproject.org/ENCODE/qualityMetrics.html
http://encodeproject.org/ENCODE/qualityMetrics.html
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Table 2.4 Summary for Huvec and K562 datasets.

Huvec

GATA2 cFos cJun Pol II

# of Uni-Reads 38.2M 44.1M 25.4M 23.0M

# of Filtered Reads 30.5M 36.7M 25.1M 22.3M

# of SPP Peaks 66777 87295 59881 57183

# of Peaks, 2-fold 54947 58344 62813 35553

# of Peaks, 5-fold 49346 57223 44828 28654

# of Peaks, 10-fold 26292 38740 23105 13976

K562

GATA2 cFos cJun Pol II

# of Uni-Reads 16.0M 9.9M 11.1M 12.6M

# of Filtered Reads 15.9M 9.3M 10.7M 12.3M

# of SPP Peaks 77317 35064 83473 167491

# of Peaks, 2-fold 79978 62935 64408 40454

# of Peaks, 5-fold 52603 62293 64408 40454

# of Peaks, 10-fold 15961 25403 35319 28382

Table 2.5 Mean squared errors (MSE) between the empirical and the estimated power of the
simulation experiments (×10−4).

Sequencing Depth 50% 100% 200%

r = 2 0.8 9.9 6.4

r = 5 8.2 0.8 0.6

r = 10 7.6 0.4 2.2
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Table 2.6 Quality metrics for the ENCODE experiments.

Cell line Factor UniRead SPOT PBC NSC Low S/N ratio

Huvec

GATA2 18.5M 0.0837 0.82 1.34 N

GATA2 16.3M 0.21 0.62 1.97 N

cFos 10.8M 0.1075 0.73 1.37 N

cFos 33.4M 0.1691 0.76 1.34 N

cJun 10.7M 0.0587 0.97 1.3 N

cJun 18.3M 0.1271 0.97 1.46 N

Pol II 9M 0.0979 0.92 1.37 Y

Pol II 9.4M 0.0746 0.98 1.21 Y

Pol II 8.1M 0.133 0.97 1.39 N

K562

cFos 4.1M 0.1433 0.93 3.19 N

cFos 3.8M 0.0833 0.9 2.49 N

cFos 4.1M 0.1652 0.96 1.81 N

cJun 7.7M 0.1311 0.94 1.77 N

cJun 6M 0.0544 0.94 1.29 N

Pol II 7.6M 0.365 0.94 2.4 N

Pol II 7.2M 0.334 0.94 2.26 N
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depths than the FNR and GATA1 experiments, with an average bin count of 5. For computational

reasons, I fitted the CSSP model for each chromosome separately. To restrict our attention on high

quality peaks, I set the quality threshold τ to be equivalent to the 99-th percentile of the ChIP

bin count intensity λyi estimated using the posterior distributions in Eqns. (2.5) and (2.6), i.e.,

determined by:
1

n

∑
i

Pr{λyi ≤ τ |Yi = yi, Zi = zi} = 0.99.

The estimated τNy ranged between 10 and 20 counts across all experiments. I set the fold change

threshold r at different levels of 2, 5, 10. The numbers of final set of utilized reads, as well as

the genome wide power are shown in Table 2.7. Further results on these analysis are available

in Table 2.4. In this table, the first two rows denote the number of uni-reads based on Bowtie

alignments ([36]) with default parameters and the number of reads after SPP filtering ([29]); the

third row denotes the number of peaks identified by SPP at FDR of 0.05 and the last three rows are

the numbers of CSSP peaks at FDR of 0.05 and r values of 2, 5, and 10.

Table 2.7 Estimated power of selected ENCODE datasets.

Cell line Factor # of Usable Power

Reads 2-fold 5-fold 10-fold

Huvec GATA2 30.4M 0.894 0.922 0.987

cFos 36.7M 0.925 0.932 0.987

cJun 25.1M 0.849 0.959 0.992

Pol II 22.2M 0.848 0.926 0.987

K562 GATA2 15.9M 0.785 0.808 0.869

cFos 9.3M 0.759 0.794 0.844

cJun 10.7M 0.847 0.846 0.869

Pol II 12.2M 0.887 0.886 0.911

The estimated powers were generally above 80% indicating that more than 80% of true en-

riched regions that meet our fold change and minimum intensity thresholds were identified. I

evaluated robustness of these power calculations with simulations in Table 2.5. MSEs in this table
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are computed across 50 simulation samples based on the fit of ENCODE cFos ChIP-seq exper-

iment in Huvec cell line. The estimated power, in general, should increase as sequencing depth

increases. However, when comparing power estimates across different experiments, quality of

the individual datasets should be considered. I investigated the sequencing quality metrics of these

datasets provided by the ENCODE consortium (Table 2.6 4) and corroborated implications of these

metrics with our power results. For cFos and cJun, SPOT and PBC values are comparable for both

cell lines, reflecting comparable data quality. As a result, power estimates for the deeper sequenced

Huvec samples are higher. For Pol II, SPOT values of Huvec, which are reflective of the signal-

noise ratio, are a lot smaller than those of K562. Hence, for Pol II, although the sequencing depth

of the Huvec dataset is almost twice of the K562, K562 sample has higher or comparable power.

2.3.10 Power Implications for Other Peak Callers

Table 2.8 Implications of the CSSP estimated power for SPP.

Huvec K562

Factor Power Overlap Power Overlap

GATA2 0.410 0.920 0.585 0.759

cFos 0.737 0.964 0.677 0.931

cJun 0.728 0.951 0.645 0.855

PolII 0.656 0.862 0.574 0.566

Although the CSSP framework employs a specific peak calling procedure based on testing

against background read distribution and quality thresholding, power estimated by CSSP has im-

plications for other peak callers. To illustrate this, I considered one of the commonly used peak

callers SPP ([29]), which is also adopted by the ENCODE projects. The key to adapting CSSP

power estimation to SPP is to identify quality thresholds r and τ that would correspond to the

4SPOT: proportion of reads mapping to read-enriched regions; PBC: proportion of non-redundant reads; NSC: nor-
malized strand cross correlation coefficient; Low S/N ratio: Low signal to noise ratio (Yes (Y) or No (N)). Information
for K562 GATA2 was not available. Source: http://encodeproject.org/ENCODE/qualityMetrics.html.

http://encodeproject.org/ENCODE/qualityMetrics.html


42

analysis generated by SPP at the same FDR level. To enable this comparison on the ENCODE

datasets, I utilized the enriched regions identified by SPP and set the r and τ parameters based

on data from these regions. Specifically, to set τ , I mapped the filtered reads to 200 bp regions

surrounding the binding sites identified by SPP, and then set τNy as the minimum ChIP count

across these bins. Similarly, I set rNx/Ny to the minimum ChIP to input count ratio of these bins

to estimate r.

I then applied the CSSP model with these r and τ estimates driven by the SPP analysis. I

evaluated how well the set of enriched regions from CSSP and SPP agreed with the idea that, for

datasets with good agreement, the CSSP power would yield an upper bound for the SPP power

(Table 2.8). In this table, overlap proportion was calculated as the proportion of SPP peaks that

are among the CSSP peaks, and the SPP peaks were constructed by extending each peak of SPP

by the estimated ”half window size” ([29]) in both of the 5′ and 3′ directions. In addition to

imposing the fold change and minimum count thresholds, SPP further filters the set of enriched

regions based on the symmetry of the read distributions around each enrichment site; therefore,

it is more conservative than CSSP. For the four datasets where the overlap percentages between

CSSP and SPP exceeded 90%, CSSP estimated power presents upper bounds for the SPP power.

For the other four experiments, more than 15% of SPP peaks are not captured by the CSSP model.

I noticed that these four experiments either have lower data quality or sequencing depths, and the

discrepancy between the two peak callers might due to low signal-to-noise ratios or different FDR

control procedures and requires further investigation.

2.4 Conclusions and Discussion

The sequencing depths of most, if not all, initial published experiments have been limited by

practical considerations such as cost or instrument availability. With decreasing sequencing costs,

considerations are shifting from how many sequences should be obtained for a single experiment,

to how many experiments one can perform in a single lane. Therefore, power calculations are

extremely important for ChIP-seq experiments. I have developed the CSSP framework to enable

such power calculations. This framework can be applied to compute power at a wide range of
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sequencing depths with varying fold change and minimum intensity thresholds. My extensive

computational experiments demonstrated the consistency in predicting power from pilot data and

its practical implications. To the best of our knowledge, this is the first model that enables power

analysis for ChIP-seq data through an analytical approach.

It is worth noting that although our calculations mostly emphasize the sequencing depth Ny,

other parameters including e0 and νj , which indicate the signal-to-noise ratio of the data, as well as

the data quality are also important factors of the power analysis. These parameters are fixed when

comparing datasets obtained under the same experimental conditions. However, for comparing

datasets with different experimental conditions such as TF and cell line, effects of data quality and

strengths of enrichment signals should bear equal emphasis. My limited investigation of the lab

and batch effects indicated that lab effects are larger than batch effects within a lab and that pilot

data from the same lab would yield more unbiased power prediction than pilot data from another

lab.

While the analytical calculations in the CSSP framework depend on the peak calling procedure

implied by our model, the power estimation has broad applications for other peak callers. In

general, if the peaks identified by the peak caller can also be identified by CSSP at the same FDR

level and at certain fold change and minimum enrichment thresholds, then the power evaluated

at these thresholds can serve as the upper bound for that peak caller. When peaks identified by a

peak caller are vastly different than that of the CSSP, our power results can not directly be related

to that peak caller. Analyzing the power for an arbitrary peak caller requires specialization of

our algorithm. Overall, since the CSSP peak calling procedure is simpler than most existing peak

callers, our power estimation can serve as a benchmark for other peak callers.

The CSSP framework also enables the investigation of the impact of input sequencing depth on

power. My computational experiments indicate that increasing the input depth does not increase

the peak calling power or the accuracy of power prediction. The impact of input depth is, to a

large extent, determined by how the ChIP read counts are normalized against input read counts,

a procedure that highly varies among peak callers. Overall, our results suggest that if the ChIP
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sample is normalized efficiently against the input data, the dependence of power on input depths

may be reduced.
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Chapter 3

atSNP: Transcription Factor Binding Affinity Testing for Regula-
tory SNP Detection1

3.1 Introduction

Genome-wide association studies have been instrumental in identifying single nucleotide poly-

morphisms (SNPs) associated with large numbers of phenotypes. The vast majority of association

SNPs are in non-coding regions suggesting that they may have regulatory roles in deriving the phe-

notype ([45]). In particular, regulatory SNPs which alter binding affinity of transcription factors

and affect gene expression constitute an important class of such SNPs ([52]). A standard in silico

approach for identifying rSNPs is by evaluating how the SNP-driven nucleotide change impacts

binding affinity of TFs to the region surrounding the SNP ([42, 56, 69, 3]). Specifically, the DNA

sequences around each SNP are scored against a library of TF motifs with both the reference and

the SNP alleles using position weight matrices (PWMs) ([65]) of the motifs. SNPs with signifi-

cantly different scores between the reference and SNP alleles are then hypothesized as rSNPs.

I describe atSNP, an R package that carries out the following tasks for every SNP-motif com-

bination of the input data after extracting genome sequences of small windows (±30 bps) around

the SNP positions: (1) computing affinity scores for both alleles; (2) statistical testing for allele-

specific affinity scores; (3) statistical testing for changes in affinity scores between alleles. A few

existing tools can perform various subsets of these tasks (Table 3.1). The most distinctive feature of

atSNP is its ability to accommodate large scale analysis (e.g., over > 20K SNPs). is-rSNP has the

most similar functionality to atSNP; however, is-rSNP (both 1.0 and 2.0) can only analyze at most

1The manuscript for this chapter [86] is accepted by the Bioinformatics journal. Method in this chapter is imple-
mented in the R package atSNP and is freely available at http://github.com/chandlerzuo/atsnp.

http://github.com/chandlerzuo/atsnp
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atSNP X X X X X X X X

is-rSNP ([42]) X X X X X

RAVEN ([3]) X X

rSNP-MAPPER ([56]) X X

TRAP? ([69]) X X X

FIMO?? ([17]) X X X X

Table 3.1 Comparison of existing in-silico rSNP detection tools. ?: TRAP takes as input only one
SNP at a time. ??: FIMO scans sequences for occurrences of motifs and is not readily a rSNP tool.

20 SNPs at a time. Similarly, TRAP takes as input only one SNP. Although rSNP-mapper can take

as input larger number of SNPs, it lacks critical calculations such as the significance of SNP-driven

affinity change. FIMO is not designed for evaluating SNP impact on affinity scores; however, it

enables p-value computation for affinity scores and can be used to compare scores under different

alleles. Moreover, due to computational reasons, FIMO can only accommodate outputting results

thresholded by a small pre-specified significance level for large SNP sets. In my hands with a 24

AMD Opteron 2.2 GHz processor, a FIMO run for 26,100 SNPs against a single PWM without

thresholding could not finish within 24 hours whereas atSNP required less than 5 minutes. The

main computational burden of both FIMO and is-rSNP is the computation of the exact p-values by

enumerating all possible sequences and computing their score under the null hypothesis. atSNP

utilizes an importance sampling technique to overcome this challenge.

Figure 3.1 summarizes the main inputs and outputs of atSNP. The input SNP file contains the

reference (a1) and the SNP (a2) alleles; however, when only dbSNP IDs are provided, atSNP

acquires the necessary location and allele information using the R package rsnps (http://cran.

http://cran.r-project.org/web/packages/rsnps/rsnps.pdf
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snpid   a1 a2 chr    position
rs8627  T  C  chr1  8412935
rs4240  T  C  chr2  1637201
rs3959  A  C  chr3  3808819
rs2428  T  C  chr8  8641145
rs8129  T  C chr16 4562351
rs6828  T  C chr17 1680002
rs2987  A  G chr17 5243828
rs3322  A  G chr18 9536691
                 …...

snpid   a1 a2 chr    position
rs8627  T  C  chr1  8412935
rs4240  T  C  chr2  1637201
rs3959  A  C  chr3  3808819
rs2428  T  C  chr8  8641145
rs8129  T  C chr16 4562351
rs6828  T  C chr17 1680002
rs2987  A  G chr17 5243828
rs3322  A  G chr18 9536691
                 …...

MOTIF ESR1_2
W= 11 alength= 4
0.231 0.410 0.205 0.154
0.744 0.077 0.179 0
...
0.103 0.282 0.077 0.538

MOTIF NR3C1_5
W= 10 alength= 4
0.2     0.1     0.5     0.2
0.55   0.1     0.05   0.3
…
0.15   0.25   0.3     0.3

MOTIF ESR1_2
W= 11 alength= 4
0.231 0.410 0.205 0.154
0.744 0.077 0.179 0
...
0.103 0.282 0.077 0.538

MOTIF NR3C1_5
W= 10 alength= 4
0.2     0.1     0.5     0.2
0.55   0.1     0.05   0.3
…
0.15   0.25   0.3     0.3

snpid motif pval_snp pval_ref pval_diff pval_rank ...
rs10858942 ETS_disc7 8.8e-10 1.5e-01 0 0 ...
rs11759011 SPIC_1 0.85 3.3e-09 0 0 ...
rs1217103 SOX9_3 1 1.5e-04 5.1e-07 0 ...
rs8098994 ELF1_disc3 3.2e-10 1.2e-01 2.1e-06 0 ...
rs5030923 ELF1_disc3 0.14 2.6e-09 2.1e-06 0 ...
rs1683119 GMEB2_1 0.48 9.7e-05 2.6e-06 0 ...
rs4291799 AP1_8 2e-07 7.2e-01 5.8e-06 0 ...
rs1106861 ELF1_disc3 0.12 9.1e-10 6.9e-06 0 ...
rs4799844 RFX1_2 9.2e-10 1.6e-01 7.9e-06 0 ...
rs10791097 POU3F2_5 0.38 3.4e-05 8.4e-06 0 ...

snpid motif pval_snp pval_ref pval_diff pval_rank ...
rs10858942 ETS_disc7 8.8e-10 1.5e-01 0 0 ...
rs11759011 SPIC_1 0.85 3.3e-09 0 0 ...
rs1217103 SOX9_3 1 1.5e-04 5.1e-07 0 ...
rs8098994 ELF1_disc3 3.2e-10 1.2e-01 2.1e-06 0 ...
rs5030923 ELF1_disc3 0.14 2.6e-09 2.1e-06 0 ...
rs1683119 GMEB2_1 0.48 9.7e-05 2.6e-06 0 ...
rs4291799 AP1_8 2e-07 7.2e-01 5.8e-06 0 ...
rs1106861 ELF1_disc3 0.12 9.1e-10 6.9e-06 0 ...
rs4799844 RFX1_2 9.2e-10 1.6e-01 7.9e-06 0 ...
rs10791097 POU3F2_5 0.38 3.4e-05 8.4e-06 0 ...

SNP file MOTIF file

atSNP output

First Order Markov Model
+

Importance Sampling Technique

Figure 3.1 A flow chart describing atSNP analysis.

http://cran.r-project.org/web/packages/rsnps/rsnps.pdf
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r-project.org/web/packages/rsnps/rsnps.pdf). The motif file is in MEME motif format,

one of the several allowed formats. atSNP uses a first order Markov model for generating random

background sequences and importance sampling techniques for efficient p-value calculation.

atSNP includes a motif library of 2065 PWMs from the ENCODE project ([30]) and the JAS-

PAR core motif library ([43]). In addition, it allows user-defined motif libraries in a variety of

formats, e.g., MEME format ([17]) or other PWM libraries from the JASPAR database ([43]). at-

SNP accesses genome data of the input organism through the Bioconductor BSGenome package

([51]) and thus can analyze data from a variety of organisms. It computes the binding affinity

score for each subsequence overlapping the SNP position in either strand and reports the maxi-

mum of these as the affinity score of the sequence. In order to evaluate the significance of these

scores, atSNP first estimates a null distribution for the scores by a first-order Markov model using

the sub-sequences surrounding the SNP positions (default ±30 bps of the SNP position). P-value

computations for both the allele-specific scores and between-allele score differences are carried

out using importance sampling algorithms adapted from [7] (Section 5.3). I compared the p-values

computed by atSNP with those computed by FIMO ([17]) and illustrated that the importance sam-

pling method drastically improves computational time without sacrificing accuracy (Section 3.3.1).

atSNP produces as output a data.table listing the affinity scores, p-values, and allele-specific

matching positions for each SNP-motif pair. This R data structure provides powerful functionality

for querying and integrating additional data sources. The atSNP output table in Figure 3.1 contains

the SNPs with the most significant affinity score changes for my example in Section 3.3.4. Each

row provides in-depth SNP-motif pair information such as SNP ID (snpid), motif name (motif),

p-value for the binding affinity with the SNP and the reference alleles (pval snp, pval ref), and

the p-value for binding affinity change based on log-likelihood ratio and log-rank ratio (pval diff,

pval rank).

Furthermore, atSNP provides composite logo plots for directly visualizing the SNP effects on

motif matches as in Figure 3.2. In Figure 3.2, the SNP location is within the dashed box. The

p-values for the binding affinity of the best matches with the SNP and reference alleles are 2.29e-3

and 4.9e-4, respectively. The p-value for the affinity change is 0.058 (ranked 1450th among all the

http://cran.r-project.org/web/packages/rsnps/rsnps.pdf
http://cran.r-project.org/web/packages/rsnps/rsnps.pdf
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M
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M00470 Motif Scan for rs9512730

Figure 3.2 A composite logo plot for rs9512730-M00470 (TFAP2) pair from atSNP.

26100 SNPs). Notice that Figure 3.2 also clarifies an important feature of atSNP. If we compare

the binding affinities of the reference and SNP allele sequence based on the matching position on

the reference allele only, there is a big score change induced by the SNP. This is likely to be a false

positive, because shifting 1 bp to the left results in a matching subsequence with the SNP allele. In

Figure 3.2, atSNP allows the matching positions on both alleles to be different and thereby avoids

such potential false positives.

3.2 The Importance Sampling Algorithms

In this section, I describe the algorithms for computing and testing the affinity scores for each

allele and change in affinity scores between the alleles. I code the four nucleotides by ‘A’-1, ’C’-

2, ’G’-3, and ’T’-4. The reverse complement of nucleotide i is obtained by 5 − i in this coding

scheme. Let W denote the 4 × L position weight matrix for a motif of length L and W (i, l) the

entry for nucleotide i at position l with
∑4

i=1W (i, l) = 1.

The affinity score calculation requires considering all possible nucleotide sequences of length

L that overlaps the SNP position. Such a sequence must be located within a window of size 2L−1
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around the SNP position. Let x = (x1, x2, · · · , x2L−1) denote the nucleotides in this window. The

binding affinity score of a subsequence (xs, xs+1, · · · , xs+L−1) is given by

C(x, s) =
L∑
l=1

logW (xl+s−1, l). (3.1)

Then, the affinity score of x is the maximum of the scores across all subsequences from both

strands given by

C(x) = max{C(T (x), s) : T ∈ {I, R}, s = 1, 2, · · · , L},

where I andR are two strand operators with I(x) = x,R(x) = (5−x2L−1, 5−x2L−2, · · · , 5−x1),

i.e., the reverse complement sequence.

The binding affinity score definition in Eqn. (3.1) assumes that W describes a motif with

a product multinomial distribution as in [17, 7], i.e., W (i, l) ∈ [0, 1], and, therefore, C(x, s)

represents the log-likelihood of the subsequence starting at position s under this model. If W is

already a transformed version of the product multinomial model parameters, e.g., W (i, l) ∈ R,

then the affinity score simply corresponds to

C(x, s) =
L∑
l=1

W (xl+s−1, l). (3.2)

The affinity tests of atSNP are based on Eqn. (3.1) by default; however, they can be modified to

adapt Eqn. (3.2) by an exponential transformation of the entries of the PWM, i.e., by replacing

W (i, l) with exp(W (i, l)). In the subsequent sections, I describe the p-value computation algo-

rithms based on Eqn. (3.1). These algorithms readily provide the tests for Eqn. (3.2) once I apply

the exponential transformation.

3.2.1 Computing and Testing Allele-specific Binding Affinity Scores

I assume that, under the null hypothesis that a subsequence overlapping the SNP comes from a

genomic background distribution, the nucleotide sequences follow a stationary reversible first order

Markov model with distribution P (Xl = k) = π(k), k = 1, · · · , 4, and transition probabilities
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P (Xl+1 = n|Xl = k) = p(k, n), k, n = 1, · · · , 4. Under this model, the joint probability for

sequence x is given by

fH0(x) = π(x1)
2L−2∏
l=1

p(xl, xl+1). (3.3)

Given an observed sequence x0, either from the reference or the SNP allele, atSNP computes the

allele-specific p-value defined as the probability that affinity score of a sequence from the null

background model is at least as large as C(x0):

pval(x0) = P{C(X) ≥ C(x0)|X ∼ fH0}, (3.4)

where X is the random variable denoting the sequence of length 2L − 1 overlapping the SNP.

Note that this p-value corresponds to the whole sequence of length 2L − 1 which includes all

subsequences of length L that can overlap the SNP position. Another useful quantity is the so-

called conditional p-value that can be calculated for a fixed subsequence of length L. The tra-

ditional algorithms, such as FIMO, that scan a sequence with PWMs calculate such p-values

for each subsequence. Formally, I define the conditional p-values as follows. Given the ob-

served sequence x0, I first find the location of the subsequence that best matches the PWM:

(T0, s0) = arg max{C(T (x0), s) : T ∈ {I, R}, 1 ≤ s ≤ L}. The conditional p-value is the

probability for the score of a random sequence evaluated at this fixed location to be as large as the

observed score C(x0). This can be formulated as:

pval′(x0) = P{C(T0(X), s0) ≥ C(x0)|X ∼ fH0}. (3.5)

Before I describe the estimation algorithm for the p-values, I will discuss the differences be-

tween these two p-value types in Figure 3.3. Both quantities compareC(x0) with the affinity scores

from sequences randomly generated under the null model. Given a null sequence, the conditional

p-value calculates the sample affinity score based on a fixed strand and location, while the p-value

calculates the maximum affinity score based on all subsequences from both strands. As a result,

the sample affinity scores corresponding to the p-values are at least as large as those for the condi-

tional p-values. Therefore, p-values are always larger than the conditional p-values; however, they

directly reflect the significance of the maximum affinity score for the observed sequence. I argue
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that, because I do not know the location of the subsequences that best match to the motifs, Eqn.

(3.4) is more appropriate for calculating allele-specific significance. atSNP provides computation

of both the p-values and the conditional p-values, thereby allows us to compare its accuracy with

the conditional p-values from FIMO (Section 3.3.1).

Next, I describe the estimation algorithm. If I can simulate B sequences, x1, · · · ,xB, under

the null distribution fH0 , an empirical estimator for the p-value is
∑B

b=1 1{C(xb) ≥ C(x0)}/B.

I note that the p-value is just the probability of the event {C(X) ≥ C(x0)}. This is a rare event

when p-values are small, and the naive Monte-Carlo simulation method requires a large number of

simulations. The importance sampling technique addresses this problem by the following insight:

pval(x0) =E[1{C(X) ≥ C(x0)}|X ∼ fH0 ]

=E[1{C(X) ≥ C(x0)}
fH0(X)

h(X)
|X ∼ h],

(3.6)

where h is a sampling distribution under which the event {C(X) ≥ C(x0)} occurs more often

compared to fH0 . Motivated by the idea from [7], I consider a sampling distribution by adding the

exponents of the affinity score as weights to fH0 . First, I consider sampling a random sequence X

and a motif matching position S from the following distribution:

gθ(x, s) =
fH0(x) exp(θC(x, s))

H(θ)
.

Here, θ is a tilting parameter and H(θ) is the normalizing constant. Because I put a weight of

exp(θC(x, s)), when θ > 0, I am more likely to get sequences with large affinity scores. Then, the

sampling distribution for the sequence X is given by

hθ(x) =

∑L
s=1 fH0(x) exp(θC(x, s))

H(θ)
. (3.7)

A useful property for gθ is:

E(C(X, S)|(X, S) ∼ gθ) =
d

dθ
logH(θ).

Since, under gθ, a random sequence x tends to have a large affinity score for a subsequence starting

from s, it is very likely that C(x, s) = C(x). In other words, if I simulate sequences under gθ,
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(a) (b)

A 0.251e-10 0.981e-10 0.47

C 0.25 0.091e-101e-10 0.13

G 0.34 0.910.0191e-10 0.28

T 0.171e-101e-10 1 0.11

Sequence Score Rev Score

GTTGTCTAA -72.3 -28.8

GTTGTCTAA -30.8 -70.9

GTTGTCTAA -50.12 -25.3

GTTGTCTAA -47.88 -53.8

GTTGTCTAA -50.93 -48.6

PWM=

Conditional sample score: -72.3
Unconditional sample score: -25.3

Random sequence: GTTGTCTAA

0.00

0.25

0.50

0.75

1.00

−30 −20 −10 0
C(x0)

pv
al

(x
0)

Type
Conditional

Unconditional

Figure 3.3 Difference between the p-value and the conditional p-value. (a) Computing the sample
affinity scores based on a random sequence generated from the null hypothesis. (b) The p-values

and conditional p-values at different affinity scores.
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then the expected value of C(X) is approximately d
dθ

logH(θ). [7] suggested choosing θ such that

E(C(X)|gθ) ≈ C(x0) for estimating p-value at C(x0). Following this suggestion, I first group the

scores from all SNPs into multiple ranges, and then for each range where the scores are close to c,

I use the sampling distribution gθ with θ set by solving d
dθ

logH(θ) = c.

Finally, the p-values can be estimated by

p̂val(x0) =

1

T

T∑
t=1

1{C(xt) ≥ C(x0)}
H(θ)∑L

s=1 exp(θC(xt, s))
.

(3.8)

Similarly, the conditional p-value can be estimated using the same sampling distribution by

p̂val′(x0) =

1

B

B∑
b=1

1{C(T (xb), sb) ≥ C(x0)}
H(θ)

exp(θC(xb, sb))
.

(3.9)

In summary, the p-values for all SNPs for a given PWM can be computed by this importance

sampling scheme as follows:

1. Group the affinity scores into different sets G1, · · · ,GK such that the scores within each

set are close to each other and to ck. K and representative score value ck for each set k,

k = 1, · · · , K are set as follows.

(a) Denote the number of SNPs by N . If N ≤ 20, then each Gk is the singleton set of one

score, and K = N .

(b) If N > 20, set K = 20, and pk = 1−N−k(k+1)/[K(K+1)] for 1 ≤ k ≤ K.

(c) Set ck as the 100 × pk-th percentile of the observed scores of all SNPs across both

alleles.

(d) Set Gk as the set of the scores in the interval ((ck−1 + ck)/2, (ck + ck+1)/2] for 2 ≤ k ≤

K− 1, G1 as the set of the scores in the interval (−∞, (c1 + c2)/2], GK as the set of the

scores in the interval ((cK−1 + cK)/2,∞). Set ck as the representative score for Gk.
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2. For each set of scores {C(xi0)} in Gk, k = 1, · · · , K with representative score ck:

(a) Set θ : d
dθ

logH(θ) = ck. Calculate H(θ).

(b) To set the Monte-Carlo sample size B, first calculate B′ as the integer part of 100(1−

pk)/pk. If B′ > 105, set B = 105; if B′ < 2000, set B = 2000; otherwise, set B = B′.

(c) SimulateB Monte-Carlo samples (xb, sb) from the distribution gθ. Compute C(xb) and∑L
s=1C(xb, s). Let (Tb, sb) = arg max{C(T (xb), s) : T ∈ {I, R}, 1 ≤ s ≤ L}.

(d) Estimate the p-value and the conditional p-value for each xi0 ∈ Gk by Eqns. (3.8) and

(3.9).

The details for computing H(θ) and sampling from gθ are discussed in Section 3.2.3.

3.2.2 Computing and Testing Binding Affinity Score Change Between Alleles

I assume that the sequence of the reference allele X under the null distribution follows the

first order Markov model in Eqn. (3.3). The SNP allele sequence differs from the reference al-

lele sequence only by nucleotide xL. I let xa = (x1, · · · , xL−1, xaL, xL+1, · · · , x2L−1) denote the

sequence with the SNP allele and assume that

P (Xa
L = xaL|XL = xl) =

1{xaL 6= xL}
3

.

Then, the joint distribution of x and xa is given by

fa(x,xa) =
1{xL 6= xaL}

3
π(x1)

2L−1∏
l=2

p(xl−1, xl)1{xL 6= xaL}.

For a given SNP-PWM pair, atSNP evaluates whether the SNP allele impacts the match to PWM

significantly, either by disrupting a subsequence overlapping the SNP position with good binding

affinity score or generating a subsequence with even better score. It computes two types of p-values

corresponding to different test statistics. The first p-value, denoted by pvald, assesses whether the

change in the binding affinity scores of the two alleles is significantly different than what would be
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expected by chance and is given by

pvald(x0,x
a
0) = P{|C(X)− C(Xa)| ≥ |C(x0)− C(xa0)||

(X,Xa) ∼ fa}.

The second p-value, denoted by pvalr assesses whether the change in the ranks of the PWM

matches of the subsequences with the reference and SNP alleles is significantly different than

what would be expected by chance and is given by

pvalr(x0,x
a
0) = P{| log(pval(X))− log(pval(Xa))| ≥

| log(pval(x0))− log(pval(xa0))||

(X,Xa) ∼ fa},

where pval follows the definition in Eqn. (3.4). pvald, which compares the log of the likelihoods

of the best subsequence matches to the PWM with the reference and SNP allele, is motivated by

the likelihood ratio test framework and is easier to compute. However, I observed that since the

binding affinity score difference is bounded, if the PWM has multiple highly conserved bases with

probability of the relevant nucleotide occurrence close to 1, the p-value at the maximum score

difference can still be insignificant. The rank test attenuates this problem since the maximum log

rank ratio, | log(pval(X)) − log(pval(Xa))|, is essentially unbounded. Figure 3.4 provides an

example illustrating this difference.

Next, I introduce a few additional quantities to derive the importance sampling distribution.

Let IW , a 4× L matrix, denote induced PWM with entries

IW (i, l) =
W (i, l) + 1/4

2
.

Let D denote another 4× L matrix with entries

D(i, l) = exp

(∑
j 6=i(logW (i, l)− logW (j, l))

3

)
.

In the sampling distribution, I assume that in addition to a subsequence of length L in the center,

subsequences on the two ends follow the Markov model. With a slight abuse of the notation as
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Figure 3.4 Comparison between the score statistic- (pvald) and rank-based (pvalr) p-values. (a)
The score test p-values at varying score changes between the reference and the SNP allele. The

p-value at the maximum possible score change is 0.0312. (b) The rank test p-values at varying log
rank ratios.
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f(xm, · · · , xn) = π(xm)p(xm, xm+1) · · · p(xn−1, xn), I have

haθ(x,x
a) =

1{xaL 6= xL}
3Ha(θ)

L∑
s=1

{
f(x1, · · · , xs−1)[ ∏

1≤l≤L,l 6=L

IW (xs+l−1, l)
]
D(xL, L− s+ 1)θ

f(xL+s, · · · , x2L−1)

}
,

which marginalizes gaθ over s:

gaθ (x,x0, s) =
1{xaL 6= xL}

3Ha(θ)
f(x1, · · · , xs−1)[ ∏

1≤l≤L,l 6=L

IW (xs+l−1, l)
]
D(xL, L− s+ 1)θ

f(xL+s, · · · , x2L−1).

The key points when simulating sequences for calculating change in binding affinity scores are (1)

the sequence should have a subsequence matching to the PWM and (2) a change at base xL of

the SNP position will result in a large change in the affinity score. In gaθ ,
[∏L

l=1 IW (xs+l−1, l)
]

weighs a length L subsequence starting from s, and logD(xL, L − s + 1) is the expected change

in affinity score for this subsequence when xL is changed. I also have

Egaθ [C(x, s)− C(xa, s)] =
d

dθ
logHa(θ).

Therefore, to compute the p-value for an observed score change |C(x0) − C(xa0)|, I can pick

a value ∆c close to |C(x0) − C(xa0)|, and set θ by solving ∆c = d
dθ

logHa(θ). For computing

p-values for score changes at all SNPs, I implement the following algorithm:

1. Group the difference in affinity scores into different sets, G1, · · · ,GK , such that the scores

within each set is close to each other and ∆ck, k = 1, · · · , K.

(a) Set pk = 0.1, · · · , 0.9, 0.91, 0.92, · · · , 0.99 for 1 ≤ k ≤ K = 18.

(b) Set ∆ck as the 100× pk percentile of the observed scored differences across all SNPs.
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(c) Set Gk as the score set in the range ((∆ck−1 + ∆ck)/2, (∆ck + ∆ck+1)/2] for 2 ≤ k ≤

K − 1, G1 as the score set in the range (−∞, (∆c1 + ∆c2)/2], GK as the score set in

the range ((∆cK−1 + ∆cK)/2,∞).

2. For each set of score differences {|C(xi0)− C(xai0 )|} in Gk, k = 1, · · · , K:

(a) Set θ : d
dθ

logHa(θ) = ∆ck. Calculate Ha(θ).

(b) To set the Monte-Carlo sample size B, first, calculate B′ as the integer part of 100(1−

pk)/pk. If B′ > 105, set B = 105; if B′ < 2000, set B = 2000; otherwise, set B = B′.

(c) Simulate B Monte-Carlo samples (xb,x
a
b , sb) from distribution gaθ . Compute C(xb),

C(xab ).

(d) Estimate the score test p-value for each pair (xi0, x
ai
0 ) by

p̂vald(x
i
0,x

ai
0 ) =

1

B

B∑
b=1

1{|C(xb)− C(xab )| ≥ |C(xi0)− C(xai0 )|}

·h
a
θ(xb,x

a
b )

fa(xb,xab )
.

(e) For the rank tests p-values, first compute the allele-specific p-value for each Monte-

Carlo observation by

pvalb =
1

B

T∑
b′=1

1{C(xb′) ≥ C(xb)} ·
haθ(xb,x

a
b )

fa(xb,xab )
.

pvalab =
1

B

T∑
b′=1

1{C(xb′) ≥ C(xab )} ·
haθ(xb,x

a
b )

fa(xb,xab )
.
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(f) Estimate the rank test p-value for each pair xi0, xai0 by

p̂valr(x
i
0,x

ai
0 )) =

1

B

B∑
b=1

1

[{∣∣ log(pvalb)− log(pvalab )
∣∣ ≥

∣∣ log(p̂val(C(xi0)))− log(p̂val(C(xai0 )))
∣∣}

·h
a
θ(xb,x

a
b )

fa(xb,xab )

]
.

3.2.3 Computational Details

3.2.3.1 Details for Allele-specific Tests

To compute H(θ), I first note that H(θ) =
∑L

s=1Hs(θ), where

Hs(θ) =
∑

x∈{1,2,3,4}2L−1

π(x1)
2L−2∏
l=1

p(xl, xl+1)
L∏
l=1

W (xl+s−1, l)
θ.

I use the recursive algorithm in [7] to compute Hs(θ). Let V be a 4 × (2L − 1) matrix, with

V (i, l) = W (i, l − s+ 1)θ for l = s, · · · , s+ L− 1 and the rest of the entries set as 1. Then,

Hs(θ) =
∑

x∈{1,2,3,4}2L−1

π(x1)
2L−2∏
l=1

p(xl, xl+1)
2L−1∏
l=1

V (xl, l), (3.10)

can be computed by the following recursion:

Qs(i, 2L− 1)) = V (i, 2L− 1), 1 ≤ i ≤ 4; (3.11)

Qs(i, l) = V (i, l)
4∑
j=1

p(i, j)Qs(j, l + 1), (3.12)

1 ≤ l ≤ 2L− 2, 1 ≤ i ≤ 4;

Hs(θ) =
4∑
i=1

π(i)Qs(i, 1). (3.13)

Finally, (X, S) ∼ gθ can be simulated as follows:
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P (S = s) =
Hs(θ)

H(θ)
; (3.14)

P (X1 = x1|S = s) =
π(x1)Qs(x1, 1)

Hs(θ)
; (3.15)

P (Xl = xl|Xl−1 = xl−1, S = s) =
p(xl−1, xl)Qs(xl, l)

Qs(xl−1, l − 1)
, (3.16)

2 ≤ l ≤ 2L− 1.

3.2.3.2 Details for Tests of Change in Affinity Scores Between the Alleles

To compute Ha(θ), I first note that Ha(θ) =
∑L

s=1H
a
s (θ), where

Ha
s (θ) =

∑
x∈{1,2,3,4}2L−1

{
f(x1, · · · , xs−1)f(xs+L, · · · , x2L−1)

[ ∏
1≤l≤L,l 6=L

IW (xl+s−1, l)
]
D(xL, L− s+ 1)θ

}

=
∑

{xs,··· ,xs+L−1}∈{1,2,3,4}L

{
D(xL, L− s+ 1)θ

[ ∏
1≤l≤L,l 6=L

IW (xl+s−1, l)
]}

=

{ ∏
1≤l≤L,l 6=L−s+1

[
4∑
i=1

IW (i, l)

]}[
4∑
i=1

D(i, L− s+ 1)θ

]

=
4∑
i=1

D(i, L− s+ 1)θ.

A sequence following gaθ can be simulated as follows.
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P (S = s) =
Ha
s (θ)

Ha(θ)
, (3.17)

P (Xl = xl|S = s) = π(xl), (3.18)

for l = 1, s+ L, (3.19)

P (Xl = xl|S = s,Xl−1 = xl−1) = p(xl−1, xl) (3.20)

for l = 2, · · · , s− 1, s+ L+ 1, · · · , 2L− 1, (3.21)

P (Xl = xl) = IW (xl, l − s+ 1) (3.22)

for l = s, · · · , L− 1, L+ 1, · · · , s+ L− 1, (3.23)

P (XL = xL) =
D(xL, L− s+ 1)θ

Ha
s (θ)

. (3.24)

3.3 Numerical Evaluations

In this section, I first compare the conditional p-values from atSNP with the p-values from

FIMO ([17]) to evaluate the accuracy of atSNP p-values that are based on importance sampling.

Next, I compare the results for the evaluation of the binding affinity changes from atSNP and is-

rSNP. I then apply atSNP’s between allele affinity score change test to a set of rSNPs with known

SNP-TF interactions from the ORegAnno database ([18]). All the analysis are based on hg19

version of the human genome.

3.3.1 Comparison with FIMO

To assess the computation accuracy of atSNP, I compared atSNP’s conditional p-values with

FIMO’s p-values using the set of 26,100 SNPs from the Psychiatric Genomics Consortium (http:

//www.med.unc.edu/pgc) and the ENCODE-derived PWM for an arbitrarily chosen TF ATF3 2

([30]). Figure 3.5(a) compares FIMO p-values of all SNPs with a p-value less than 1e-4 (default

threshold of FIMO 3) with the conditional p-values from atSNP and indicates that the two sets of

p-values agree well. Furthermore, for the SNPs with FIMO p-values larger than 1e-4, conditional
2ATF3 GM12878 encode-Myers seq hsa r1:MDscan#1#Intergenic.
3FIMO run without any thresholding did not complete within 24 hours.

http://www.med.unc.edu/pgc
http://www.med.unc.edu/pgc
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Figure 3.5 (a) Comparison between FIMO’s p-values and atSNP’s conditional p-values. (b)
Comparison between atSNP’s conditional p-values and p-values.
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p-values from atSNP were also larger than 1e-4. This suggests that my importance sampling al-

gorithm is indeed speeding up the computations without sacrificing accuracy. Similar conclusions

are obtained when I utilize other TFs instead of ATF3. Because the allele-specific affinity tests are

an intermediate step in is-rSNP and are not included in the output, I was not able to compare their

results with my conditional p-values.

I also compared atSNP p-values with its conditional p-values in Figure 3.5(b). I observe that

the difference between the two p-value types are quite apparent at large affinity score values.

3.3.2 Comparison with is-rSNP

I used comparison with FIMO as a way of validating the accuracy of my importance sampling

algorithm. Next, I compared the tests for affinity score changes between atSNP and is-rSNP. Since

is-rSNP does not support batch processing large SNP sets4, I compared atSNP and is-rSNP using

one SNP from Section 3.3.1, namely rs9909429, as a representative case and utilized the PWMs

from the JASPAR database5. is-rSNP reported the p-values adjusted by the Benjamini-Hochberg

procedure ([5]). As a comparison, I adopted the same procedure to adjust rank test p-values and

thresholded the adjusted p-values at 0.05 for both methods.

Table 3.2 lists the 16 motifs identified by atSNP and/or is-rSNP. In this table, ’pvalr-BH’ re-

ports the rank test p-values of atSNP adjusted by the Benjamini-Hochberg (BH) procedure ([5])

whereas ’pvaladj’ reports the BH adjusted p-values from is-rSNP. Five of these motifs are identi-

fied as significantly affected by the SNP by both atSNP and is-rSNP. atSNP and is-rSNP assigns

different significance on the effect of the SNP for the other 11 motifs. These discrepancies can be

attributed to multiple factors. First, is-rSNP seems to compute the affinity score using Eqn. (3.2)

even when the entries of the PWM are in the form of nucleotide probabilities, while atSNP applies

the definition in Eqn. (3.1), which corresponds to log likelihood of the sequence when the PWM is

in the form of nucleotide probabilities. Second, is-rSNP evaluates the change in the binding affinity

by first scoring the reference and SNP allele versions of the subsequences overlapping the SNP and

4All versions of is-rSNP (1.0 and 2.0) can only analyze at most 20 SNPs at a time
5I used the latest is-rSNP version 2.0. and found that is-rSNP uses 2010 freeze of the JASPAR database. In order

to make my results comparable, I also used this version of the JASPAR database in Sections 3.3.2 and 3.3.3.
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identifying the subsequence with the maximum affinity score, i.e., best match might be achieved

with the reference or the SNP allele. Then, it compares the affinity scores of this subsequence with

both the reference and the SNP allele. This approach overlooks the possibility that both the ref-

erence and SNP alleles may provide equally good matches to the PWM, albeit with subsequences

starting at different positions. Figure 1 of the main text provides an illustrative example of this sce-

nario. Here, is-rSNP chooses the subsequence starting at the 2nd position in the reference genome

as the best match to the PWM. Then, it evaluates the binding affinity of this subsequence with the

SNP allele and obtains a big change in the affinity score. However, as is visible from the logo, there

is an almost equally good match to the PWM starting at the 1st position of the sequence with the

SNP allele. Clustered degenerate binding sites are especially susceptible to these types of potential

false positives ([81]). A third source of discrepancy is that is-rSNP assumes an independent multi-

nomial model for the background distribution whereas atSNP accommodates dependency between

consecutive positions motivated by the fact that modeling dependency between the positions of the

background sequences improve motif detection ([68]).

I present the composite sequence logo plots comparing the reference and SNP alleles for all

the commonly identified SNP-PWM pairs in Section A.1, for SNP-PWM pairs only identified by

atSNP in Section A.2, and by is-rSNP in Section A.3. I observe that all the commonly identified

motifs have very good matching subsequences with either the reference or the SNP allele, and the

SNP significantly impacts the binding affinity. Motifs prioritized only by one method typically

have a number of mismatches to the motif consensus in their best matching subsequence around

the SNP in addition to the mismatch at the SNP position. Overall, motifs prioritized by atSNP

seem to have slightly better matching subsequences to the motif with either the reference or the

SNP allele. On average, the proportions of positions that do not agree with the motif consensus

are 0.14 and 0.27 for atSNP and is-rSNP, respectively. These proportions are obtained by counting

the mismatches between the best matching subsequences and the most likely consensus sequences

from the PWMs by discarding the degenearte positions that are on either edges of the PWM.



66

I further observe that many of the significant PWMs are very similar to each other (e.g.,

CN0007.1, CN0002.1, MA0139.1, PF0045.1 are variants of Ctcf PWM) indicating that the hy-

potheses evaluated within the multiple testing framework are far from independent. This sug-

gests that the classical multiple testing procedures adopted by FIMO and is-rSNP, i.e., Benjamini-

Hochberg FDR procedure ([5]) and Storey’s q-value ([64]), can be overly conservative. One possi-

ble remedy for this is to adopt group false discovery rate procedure proposed by [24]. However, its

implementation requires additional considerations such as appropriate grouping within the PWM

libraries. For these reasons, atSNP currently does not support a built-in multiple testing adjust-

ment method. I suggest using the commonly adapted conservative procedures already available by

R functions stats::p.adjust and qvalue::qvalue.
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Motif Motif Info pvalr-BH pvaladj

rSNPs identified by both atSNP and is-rSNP

CN0007.1 LM7 2.4e-4 1.8e-6

CN0002.1 LM2 3.6e-4 4e-6

MA0139.1 CTCF 4.5e-4 2.1e-5

PF0045.1 CCANNAGRKGGC 1.6e-3 5.7e-5

MA0055.1 MYF 0.044 9.9e-4

rSNPs identified only by atSNP

PF0057.1 ACCTGTTG 0 1

CN0023.1 LM23 5.8e-4 1

PL0011.1 HLH-2::HLH-4 1.9e-3 1

PL0002.1 HLH-2::HLH-3 2.1e-3 1

CN0146.1 LM146 0.0032 0.63

CN0047.1 LM47 4.4e-3 0.383

rSNPs identified only by is-rSNP

MA0322.1 INO4 0.128 0.042

PL0017.1 HLH-2::HLH-10 0.22 5.3e-3

CN0049.1 LM49 0.252 9.4e-3

CN0194.1 LM194 0.267 8.1e-3

CN0169.1 LM169 0.482 0.028

Table 3.2 rSNP interactions of SNP rs9909429 identified by atSNP and is-rSNP.
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3.3.3 Validation Using Known rSNP-TF Interactions

The ORegAnno database ([18]) lists 36 known rSNP-TF pairs. I analyzed each SNP with the

PWMs of the JASPAR motifs ([44]) that came from the TF family of each TF in the rSNP-TF

pair. I used the TF families defined as the homolog clusters according to ([13]). For 9 of the

SNPs, neither the reference nor the SNP allele matched the allele listed at the SNP location in

hg19 version of the genome and, hence, I discarded these from the analysis. I further discarded 3

rSNPs for which the associated TF families were not included among the JASPAR motifs. For each

of the remaining 24 SNPs, I ran atSNP against the JASPAR PWMs to identify the motif with the

most significant regulatory effect both among the whole set of motifs and among motifs from the

associated TF family (Table 3.3). In Table 3.3, Columns 3-6 correspond to the top significant motif

in the ORegAnno-reported TF family, while Columns 7-9 correspond to the top significant motif

among all the 1192 motifs in the JASPAR database. ’Rank’ is the rank of pvalr for the top motif in

the TF family across the whole motif library. ’Dist’ is the L2 distance between the top motifs in the

TF family and in the whole library, normalized by the matrix size 6. atSNP successfully identified

motifs from the ORegAnno-reported TF family for 20 of the SNPs based on the rank test p-value

(at significance level of 0.05).

Table 3.3 shows the ranks for the top motifs from the ORegAnno-reported TF family among

the entire set of JASPAR motifs. Because I evaluated the SNPs against the whole set of JASPAR

motifs, I was able to calculate the ranking of the motifs from ORegAnno-reported TF families. For

all the known 20 rSNPs, these motifs fall in the top 5% among the 1192 JASPAR motifs. However,

none of the top ranked motifs is from the PWMs of the reported TF family. This does not indicate

that atSNP results are inconsistent with the ORegAnno database; it is possible that these more

significant SNP-TF interactions may not have been studied experimentally or cannot be further

discriminated based on sequence alone. For example, for the rs2251746-GATA1 pair, the most

significant score change within the GATA family is obtained with GATA3 PWM and ranked as the

35th most significant change among the whole set of JASPAR motifs (Figure A.35(a)); however,

6R function implementing this distance is available at http://www.stat.wisc.edu/~keles/Software/

motif_distance.R. When the two PWM have different sizes, ’Dist’ is based on the submatrix of the larger PWM
that minimizes the distance to the smaller PWM.

http://www.stat.wisc.edu/~keles/Software/motif_distance.R
http://www.stat.wisc.edu/~keles/Software/motif_distance.R


70

SNP ID ORegAnno-reported TF
Top motif in the ORegAnno-reported TF family

Motif Motif Info p-value Rank

rs28095 SP1 MA0079.1 SP1 0 1

rs934345 TP53 MA0106.1 TP53 0 4

rs1800775 Glis2 1 PB0025.1 GLIS2 0 3

rs27646 Zfx MA0146.1 ZFX 0 4

rs2569190 PLAG1 MA0163.1 PLAG1 1e-04 4

rs1862513 Osr2 1 PB0051.1 PLAGL1 1e-04 5

rs2333227 Zfp281 1 PB0097.1 ZFP410 1e-04 17

rs213045 E2F1 MA0024.1 E2F1 2e-04 5

rs243865 Egr1 1 PB0010.1 EGR1 2e-04 9

rs268682 TP53 MA0106.1 TP53 2e-04 7

rs13434811 Zfp410 1 PB0098.1 ZFP691 3e-04 20

rs2279744 PLAG1 MA0163.1 PLAG1 3e-04 14

rs2227306 Cebpa MA0102.1 CEBPA 4e-04 20

rs1800590 Hic1 1 PB0029.1 HIC1 7e-04 21

rs12720461 ELF5 MA0136.1 ELF5 8e-04 28

rs712829 Zfp281 1 PB0097.1 ZFP410 9e-04 22

rs2251746 GATA2 MA0036.1 GATA2 0.0013 46

rs1658728 TP53 MA0106.1 TP53 0.0013 64

rs16998970 Zfp410 1 PB0098.1 ZFP691 0.0013 77

rs763110 XBP1 MA0414.1 XBP1 0.0038 181

rs2838769 TP53 MA0106.1 TP53 0.0059 204

rs2232945 TP53 MA0106.1 TP53 0.0065 221

rs11836625 CREB1 MA0018.2 CREB1 0.0066 161

rs3761624 TP53 MA0106.1 TP53 0.0095 290

Table 3.4 Affinity score change tests for the curated rSNP-TF pairs in the ORegAnno database
([18]) using is-rSNP.
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when rs2251746 is evaluated against the whole set of PWMs in the JASPAR library, PWM for

TOS8 is reported as exhibiting the most significant change in the affinity score (Figure A.35(b)).

When I visualize the sequence logo plots for these two PWMs, I observe that both changes seem

significant, and rs2251746 is disrupting a match to the longer TOS8 motif.

atSNP provides a way to prioritize putative SNP-TF interactions and these interactions can

further be filtered by other functional data such as ChIP-seq data of transcription factors from

ENCODE or other consortia projects. I display the composite sequence logo plots for the SNP-

TF pairs in Table 3.3. These plots directly illustrate how each SNP affects the binding pattern of

the corresponding motif. For each SNP, the top motif in the library always has an almost perfect

match to a sequence around the SNP location, while the SNP location is matched to a nucleotide

that significantly changes the affinity score. Such patterns indicate strong in silico evidence for the

regulatory effects.

I also analyzed these set of SNPs with is-rSNP (Table 3.4). In this table, ’Rank’ is the rank

of ’p-value’ for the top motif in the TF family across the whole motif library. Figure 3.6 displays

the atSNP and is-rSNP ranks of the top motifs in the ORegAnno-reported TF family for each

SNP across all the JASPAR PWMs. Overall, the median rank of the highest ranked motifs in the

ORegAnno-reported TF family is 10.5 for atSNP and 20 for is-rSNP across all the JASPAR PWMs.

3.3.4 Run-time Comparisons

Table 3.5 presents an illustrative summary of run time comparisons.

3.4 Conclusions and Discussion

Genome-wide association studies revealed that most disease-associated single nucleotide poly-

moprhisms (SNPs) are located in regulatory regions within introns or in regions between genes.

Regulatory SNPs (rSNPs) are such SNPs that affect gene regulation by changing transcription

factor (TF) binding affinities to genomic sequences. Identifying potential rSNPs is crucial for un-

derstanding disease mechanisms. In silico methods that evaluate the impact of SNPs on TF binding

affinities are not scalable for large-scale analysis.
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Figure 3.6 atSNP and is-rSNP ranks of the top motifs in the ORegAnno-reported TF family for
each SNP across all the JASPAR PWMs. Horizontal and vertical dashed lines mark rank 20.

Method # of SNPs # of PWMs # of cores Total time Time for Time for

reading in data writing data

atSNP 26,100 1 1 3m8s 26s 41s

atSNP 26,100 10 10 7m15s 25s 3m13s

atSNP 26,100 10 1 23m4s 25s 3m13s

FIMO 26,100 10 1 2h30m∗

atSNP 500 2,065 30 2h2m 2s 25s

atSNP 26,100 2,065 30 5h48m 26s 18m35s

Table 3.5 Run time evaluations of atSNP. ∗: only outputs results with p-value ≤ 0.1.
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I describe atSNP (affinity testing for regulatory SNPs), a computationally efficient R package

for identifying rSNPs in silico. atSNP implements an importance sampling algorithm coupled

with a first-order Markov model for the background nucleotide sequences to test the significance

of affinity scores and SNP-driven changes in these scores. Application of atSNP with >20K SNPs

indicates that atSNP is the only available tool for such a large-scale task. atSNP provides user-

friendly output in the form of both tables and composite logo plots for visualizing SNP-motif

interactions. Evaluations of atSNP with known rSNP-TF interactions indicates that rSNP is able

to prioritize motifs for a given set of SNPs with high accuracy.
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Chapter 4

A Hierarchical Framework for State-Space Matrix Inference and
Clustering1

4.1 Introduction

This chapter is motivated by a number of genomic and epigenomic studies that aim to elucidate

genome regulatory mechanisms across multiple biological conditions. A large number and wide

variety of experiments are performed on different organisms to study multiple aspects of genome

regulation. Some examples of data types from these experiments include transcription factor occu-

pancy, gene expression, methylation, and histone modification data. Computational and statistical

analysis of these data often involve identifying genomic loci that show significant signal, i.e., en-

richment, compared to background noise in the experimental measurements.

Improvements in the next-generation sequencing technology further accelerated rapid gener-

ation of these types of data. In return, the vast availability of such data has revolutionized the

scope of genome regulation studies. Previous analyses had been restricted to detecting regions of

genome that were associated with one particular factor in one single organism. Many recent studies

focus on detecting more complex functional patterns that integrate data from multiple organisms

under multiple conditions. Namely, the associations between DNA elements and how they change

across biological and/or experimental conditions have been the focus of many integrative modeling

approaches. Examples of these studies include:

1The manuscript for this chapter [84] is submitted to the Annals of Applied Statistics. Method in this chapter is
implemented in the R package MBASIC and is freely available at http://github.com/chandlerzuo/mbasic.

http://github.com/chandlerzuo/mbasic
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Differential binding analysis among multiple ChIP-seq data. Gene expression is, to a large ex-

tent, regulated by the differential activities of transcription factors and epigenetic modifica-

tions. Currently, chromatin immunoprecipitation followed by high throughput sequencing

(ChIP-seq) is the state-of-the-art method for profiling transcription factor occupancy and hi-

stone modifications genome-wide. The study of gene regulation often involves comparing

transcription factor occupancy and histone modifications across multiple biological condi-

tions. Such conditions can be different treatment levels, time points of measurements, or

different dosage levels ([39], [2], [26], [73]).

Transcription factor regulatory network analysis. The combinatorial nature of transcription fac-

tor regulation underlies the large diversity observed in eukaryotic gene control. The large-

scale data from the ENCODE project ([67]) now enable joint analyses of over one hundred

human transcription factors across multiple cell types. Such analyses are posed to reveal a

great amount of information about co-association patterns between different TFs, hierarchi-

cal network organizations, and systems-level integration of complex cellular signals ([49],

[15], [9], [80]). While the large number of TFs makes it computationally formidable to ex-

haust all possible combinatorial associations for such analyses, it is important to detect the

most significant combinatorial patterns that preserve global regulatory dynamics.

Comparative functional genomic studies across different species. Functional genomics analy-

sis compares gene expressions or TF occupancy profiles between multiple species. The main

task is to identify divergent and conserved functional modules that are central to evolutionary

relationships (e.g., [35], [61]). Existing methods, that build on hidden Markov models ([59])

or biclustering ([70]), implicitly assume that the functional modules should at least have

similar signal profiles (i.e., expression, occupancy) among some subsets of the species under

consideration. For these analyses, it is also important to identify functional modules that are

fully divergent across species. These regions play an equally important role in understanding

connectivity among species over the evolutionary history.
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Although the types of data for these different studies vary, the underlying statistical principles

are largely shared. Therefore, I propose a unified framework for the analysis of such data by for-

malizing the shared aspects. I formulate the underlying statistical problem as follows. Suppose

a dataset {Yik} is collected over a set of observational units (e.g., loci in genomic experiments)

i = 1, 2, · · · , I under conditions k = 1, 2, · · · , K. Inferring the association patterns within a sin-

gle experiment involves mapping the corresponding set of observations {Yik : i = 1, 2, · · · , I} to

a finite discrete state-space, S = {1, 2, · · · , S}. This space contains different levels of associa-

tion (e.g., enrichment/non-enrichment indicating the status of occupancy in ChIP-seq experiments,

expressed/not expressed in RNA-seq gene expression experiments). This falls under the classical

finite-mixture modeling framework, where a latent state variable θik ∈ S is inferred for each ob-

servational unit Yik. A higher level of modeling on the matrix Θ = (θik)1≤i≤I,1≤k≤K is required

for integrating the association patterns under different conditions. I call this matrix the state-space

matrix since it describes the latent states of individual observations.

I propose the following framework to model the state-space matrix Θ. I assume that rows of Θ

can be partitioned into J+1 subsets: {1, · · · , I} = C0∪C1∪· · ·∪CJ . Rows of Θ within partition

Cj , j ≥ 1, are generated by the same distribution parametrized by wj· = (wjk)1≤k≤K :

θik ∼ g(·|wjk), i ∈ Cj,

while the rows of C0, which denotes the group of ”singleton” units, i.e., units that do not cluster in

any of the J groups, are generated by row specific distributions. The goal of this model is thus to

estimate a partitioning that best characterizes the row associations of state-space matrix Θ.

I refer to the proposed framework as Matrix Based Analysis for State-space Inference and

Clustering (MBASIC). MBASIC is related to classical factor analysis which considers the problem

of projecting one dimension (either row or column) of large noisy matrices into low-dimensional

spaces. MBASIC has two distinguished features compared to the existing literature in these areas.

First, MBASIC deals with matrices with discrete entries, while most existing methods are designed

for matrices on continuous scales. Second, MBASIC estimates the low-dimensional projection by

grouping the rows of the original matrix as compared to the Principle Component Analysis (PCA)

approaches (e.g., [26], [37]). This is motivated by the following arguments:
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1. In MBASIC, each factor estimate wj· characterizes the commonality of a group of rows and

is easily interpretable in practice. Such interpretability can further be enhanced by imposing

structural restrictions on the wj· vector for practical purposes. Examples of such constraints

are described in Section 4.3.3;

2. PCA for high dimensional matrices are often accompanied by regularization techniques,

which are computationally prohibitive for many epigenetic datasets. In contrast, clustering

the matrix rows can be implemented very efficiently and in a straightforward manner.

The hierarchical structure of MBASIC is similar to two other recently proposed statistical mod-

els: iASeq [72] and Cormotif [73]. Both these models incorporate a state-space clustering structure

similar to MBASIC. MBASIC extends these models in several critically essential directions. First,

MBASIC is developed for general purposes and can be easily implemented for a wide range of

parametric distributions, while Cormotif and iASeq operate with specific distributions targeting

the problems of differential expression and allele-specific binding. Second, neither of these mod-

els include a group of singletons with idiosyncratic state-space profiles. When I am agnostic about

the “true” clustering structure in applications, separating the singletons can reduce their influence

on the estimation of clustering parameters. Third, both iASeq and Cormotif separate estimation for

the distributional parameters from the clustering structure, while MBASIC can jointly fit all model

parameters. One caveat for MBASIC compared to these models is that MBASIC does not allow

the distributional parameters within the same state to be heterogeneous. To analyze such data, a

preprocessing step that accounts for the the heterogeneity can be a possible remedy. I evaluate and

discuss all of these features with extensive simulation studies in this chapter.

This chapter is organized as follows. I start with a formal description of MBASIC in Section

5.2, followed by model estimation and selection methods in Section 4.3. I also investigate general

features of MBASIC compared to iASeq and Cormotif with extensive simulations in this section.

Section 4.5 presents results from several real data examples.
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4.2 The Hierarchical Mixture Model Framework

Consider a dataset with observations from I different observational units under K different

conditions. For each condition k ∈ {1, 2, · · · , K}, there are nk replicate experiments, indexed by

l = 1, 2, · · · , nk. I use Yikl to denote the observation for the l-th replicate of unit i under condition

k. For each condition k at unit i, there exists a hidden state variable θik ∈ S = {1, 2, · · · , S}. The

MBASIC model consists of the following components:

1. State-space Mapping:

Yikl|θik = s
ind.∼ fs(·|µkls, σkls, γikls). (4.1)

2. State-space Clustering: θik’s are independently sampled from S with the sampling proba-

bility:

P (θik = s) = ζpis + (1− ζ)
J∑
j=1

πjwjks. (4.2)

In (4.1), µkls and σkls are the parameters related to the mean and dispersion for the s-th state

for replicate l under condition k, and γikls is the covariate encoding known information for unit i.

In (5.2), pis, ζ , πj , and wjks are additional non-negative parameters subject to restrictions:

0 ≤ ζ ≤ 1;
J∑
j=1

πj = 1;
S∑
s=1

wjks = 1,∀j, k;
S∑
s=1

pis = 1,∀i.

I further discuss these parameters in Section 4.2.2.

4.2.1 State-space Mapping

Equation 4.1 partitions observational units i = 1, · · · , I into S subsets according to their hidden

states. Within the same replicate, data from the same hidden state follow the same distribution

fs(·|µkls, σkls, γikls). MBASIC assumes that the hidden states θik’s are independent of the replicate

index l, which means all replicates under the same condition have the same set of hidden states.

However, distributional parameters for a given state can be different among replicates. Such a

setting allows for the flexibility of modeling the heterogeneity in replicate experiments.
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The density function f can be from an arbitrary parametric distribution. I consider three fun-

damental families of distributions commonly used for genomic data analysis:

• Log-normal Distribution. LN(µklsγikls, σkls) with a density function:

fs(y|µkls, σkls, γikls) =
1√

2πσkls
exp

{
−(log(y + 1)− µklsγikls)2

2σ2
kls

}
. (4.3)

• Negative Binomial Distribution. NB(µklsγikls, σkls) with a density function:

fs(y|µkls, σkls, γikls) =
Γ(y + σkls)

Γ(σkls)Γ(y)

(µklsγikls)
yσσklskls

(µklsγikls + σkls)y+σkls
. (4.4)

• Binomial Distribution. Binom(γikls, µkls) with a density function:

fs(y|µkls, γikls) =

(
γikls
y

)
µykls(1− µkls)

γikls−y. (4.5)

In these three examples, γikls represents the known heterogeneity across loci, while µkls and

σkls are parameters to be estimated. For example, when using Eqn. (4.3) or (4.4) in a ChIP-seq

analysis with S = 2 states, we can estimate γikl1 using data from the control samples so that the

ChIP sample read counts scale with the control sample data, and assume γikl2 = 1 for the enriched

states. Eqn. (4.5) can be used to analyzie allele-specific binding data, where γikls is the total

read counts from both paternal and maternal alleles and is uniform across s. I require for model

identification that for each k and l, µkls
∑I

i=1 γikls is strictly increasing in s.

The MBASIC can be easily extended to other classes of parametric distributions and estimation

for these distributions follows the same Expectation-Maximization skeleton. While Section 4.3

relies on these three distributions to describe the model and the estimation algorithms, the second

real data example in Section 4.5 utilizes a more complex parametrization, which demonstrates the

wide applicability of the MBASIC framework. Furthermore, I consider the following degenerate

distribution:

fs(y|µkls, σkls, γikls) = I(y = s), (4.6)

where I(.) denotes the indicator function. This degenerate form corresponds to the situation where

the states, θik’s, are directly observed rather than inferred from Yikl’s. I utilize this parametrization
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for comparing MBASIC to alternative two-step analysis approaches in Section 4.4. Parameter

estimation for this case follows a slightly modified procedure from the non-degenerate cases, which

is described in Section 4.3.

4.2.2 State-space Clustering

Equation (5.2) models the distribution of θik as a mixture of multiple distributions. To il-

lustrate this model I introduce additional variables. The goal is to identify J clusters from the

set of observation units 1 ≤ i ≤ I . Let bi = I(unit i does not belong to any cluster) and zij =

I(unit i belongs to cluster j). The bi variables entertain the possibility that some observations are

”singletons”, i.e., they do not cluster with any other observational units. With these additional

variables, the distribution in Equation (5.2) can be hierarchically decomposed as follows:

• bi
i.i.d.∼ Bernoulli(ζ);

• (zi1, zi2, · · · , ziJ)
i.i.d.∼ MultiNom(1, (π1, π2, · · · , πJ));

• Conditional on bi and zij , θik’s are independent samples from S , with sampling probabilities

P (θik = s|bi = 1) = pis, P (θik = s|bi = 0, zij = 1) = wjks.

It is worth noting that this hierarchical structure essentially seeks a low-rank representation for

the matrix Θ = (θik)1≤i≤I,1≤k≤K . To illustrate this, I introduce additional matrices Θs = (I(θik =

s))1≤i≤I,1≤k≤K , Ws = (wjks)1≤j≤J,1≤k≤K , Z = (zij)1≤i≤I,1≤j≤J and vectors ps = (pis)1≤i≤I ,

B = (bi)1≤i≤I . Then, the conditional expectation of Θs is:

E(Θs|Z,B) = (ZWs) ◦ ((1−B)1TK) + (ps ◦B)1TK , (4.7)

where “◦” denotes the Hadamard product. I note that E(Θs|Z,B) is a matrix of rank J + 1,

which is usually much smaller than the dimension of the matrix Θs. Similar models for low-rank

representation of discrete matrices were considered in [37], and turned out to be challenging both

theoretically and computationally. The row-clustering structure for the matrices E(Θs|Z,B) in

MBASIC is more restrictive than the general low-rank structure. Such additional restrictions not
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only reduce the difficulty in parameter estimation but also enable the flexibility in many useful

ways. For example, while [37] can only estimate one matrix at a time and thus is only applicable

when S = 2, MBASIC can be applied to arbitrary values of S.

4.3 Model Estimation and Selection

4.3.1 Likelihood Functions

In the MBASIC model, the likelihood function for both the observed random variables Yikl’s

and the unobserved θik’s, zij’s, bi’s, i.e., full data likelihood, is given by:

l(µ, σ, π, p, ζ, w; y, θ, z, b) =

I∏
i=1

ζbi(1− ζ)1−bi ·
I∏
i=1

K∏
k=1

S∏
s=1

p
I(θik=s)bi
is ·

I∏
i=1

J∏
j=1

π
zij
j

·
I∏
i=1

K∏
k=1

S∏
s=1

[
nk∏
l=1

fs(yikl|µkls, σkls, γikls)

]I(θik=s)
·

I∏
i=1

J∏
j=1

K∏
k=1

S∏
s=1

w
I(θik=s)(1−bi)zij
jks .

(4.8)

For non-degenerate distributions, I can show that the marginal likelihood is:

l(µ, σ, π, p, ζ, w; y) =
I∏
i=1

{
ζ

K∏
k=1

[
S∑
s=1

pis

nk∏
l=1

fs(yikl|µkls, σkls, γikls)

]

+ (1− ζ)
J∑
j=1

πj

K∏
k=1

[
S∑
s=1

wjks

nk∏
l=1

fs(yikl|µkls, σkls, γikls)

]}
.

(4.9)

Equation (4.9) is easily interpretable. Conditional on bi and zij , the joint distribution for each

Yikl, 1 ≤ l ≤ nk is a mixture of S components, where the weight on the s-th component is either

pis (when bi = 1) or wjks (when bi = 0 and zij = 1). This yields the expressions in the square

brackets. Integrating out bi and zij , the joint distribution for Yikl of fixed i is a mixture of J + 1

components, with probability ζ of being a singleton and probability (1 − ζ)πj of belonging to

cluster j.

For the degenerate case, by substituting (4.6) into (4.9), it can be shown that the marginal

likelihood is:
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l(µ, σ, π, p, ζ, w; θ) =
I∏
i=1

{
ζ

K∏
k=1

S∏
s=1

p
I(θik=s)
is + (1− ζ)

J∑
j=1

πj

K∏
k=1

S∏
s=1

w
I(θik=s)
jks

}
. (4.10)

4.3.2 An Expectation and Maximization (E-M) Algorithm

The hierarchical structure of MBASIC naturally fits in the Expectation-Maximization algo-

rithm [10], which maximizes the marginal likelihood (equations (4.9) or (4.10)) by iteratively

maximizing the complete data log-likelihood function. I let φ to denote a vector including all un-

known parameters µ, σ, π, p, ζ , w, and φ̂(t) to denote the parameter estimates at the t-th iteration.

The complete data log-likelihood function is:

Q(φ|φ̂(t−1)) =
I∑
i=1

K∑
k=1

S∑
s=1

[
nk∑
l=1

log fs(yikl|µkls, σkls, γikls)

]
E[I(θik = s)|φ̂(t−1)]

+
I∑
i=1

K∑
k=1

S∑
s=1

log pisE[I(θik = s)bi|φ̂(t−1)] +
I∑
i=1

J∑
j=1

log πjE[zij(1− bi)|φ̂(t−1)]

+
I∑
i=1

{log ζE[bi|φ̂(t−1)] + log(1− ζ)(1− E[bi|φ̂(t−1)])}

+
I∑
i=1

K∑
k=1

J∑
j=1

S∑
s=1

E[I(θik = s)zij(1− bi)|φ̂(t−1)] logwjks

(4.11)

The E-M algorithm for MBASIC is outlined by Algorithm 4.1. E-step updates are listed in

equations (4.12)-(4.15) and their derivations are provided in Section 4.3.5.1.

E(bi|φ̂(t−1)) =

ζ̂(t−1)
∏K

k=1

(∑S
s=1 f̂

(t−1)
iks p̂

(t−1)
is

)
(1− ζ̂(t−1))

∑J
j=1 π̂

(t−1)
j

∏K
k=1

(∑S
s=1 f̂

(t−1)
iks ŵ

(t−1)
jks

)
+ ζ̂(t−1)

∏K
k=1

(∑S
s=1 f̂

(t−1)
iks p̂

(t−1)
is

) ,
(4.12)
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Algorithm 4.1 Expectation-Maximization (EM)
for t = 1, 2, · · · until convergence do

Expectation Step: Compute the conditional expectations E[I(θik = s)|φ̂(t−1)], E[bi|φ̂(t−1)],

E[I(θik = s)bi|φ̂(t−1)], E[zij(1− bi)|φ̂(t−1)], E[I(θik = s)zij(1− bi)|φ̂(t−1)];

Maximization Step: Update estimates for parameters µkls, σkls, ζ , πj , wjks, pis as maximizers

for (4.11) .

end for

E(zij(1− bi)|φ̂(t−1)) =
π̂
(t−1)
j

∏K
k=1

(∑S
s=1 f̂

(t−1)
iks ŵ

(t−1)
jks

)
∑J

j=1 π̂
(t−1)
j

∏K
k=1

(∑S
s=1 f̂

(t−1)
iks ŵ

(t−1)
jks

) [1− E(bi|φ̂(t−1))], (4.13)

E(I(θik = s)zij(1− bi)|φ̂(t−1)) =

[1− E(bi|φ̂(t−1))]
π̂
(t−1)
j

∏K
k=1

(∑S
s=1 f̂

(t−1)
iks ŵ

(t−1)
jks

)
∑J

j=1 π̂
(t−1)
j

∏K
k=1

(∑S
s=1 f̂

(t−1)
iks ŵ

(t−1)
jks

) · f̂
(t−1)
iks ŵ

(t−1)
jks∑S

s=1 f̂
(t−1)
iks ŵ

(t−1)
jks

,
(4.14)

E(I(θik = s)bi|φ̂(t−1)) = E(bi|φ̂(t−1)) · f̂
(t−1)
iks p̂

(t−1)
is∑S

s=1 f̂
(t−1)
iks p̂

(t−1)
is

, (4.15)

where f̂ (t−1)
iks =

∏nk
l=1 f(yikl|µ̂(t−1)

kls , σ̂
(t−1)
kls , γikls). Given these results from the E-step, updates

of ζ , πj , wjks, pis in the M-step are straight forward as in equations (4.16), (4.17), (4.18), and

(4.19).

ζ̂(t) =

∑I
i=1E[bi|φ̂(t−1)]

I
, (4.16)

π̂
(t)
j =

∑I
i=1E[zij(1− bi)|φ̂(t−1)]∑I

i=1

∑J
j=1E[zij(1− bi)|φ̂(t−1)]

, (4.17)

p̂
(t)
is =

∑K
k=1E[I(θik = s)bi|φ̂(t−1)]∑S

s=1

∑K
k=1E[I(θik = s)bi|φ̂(t−1)]

, (4.18)

ŵ
(t)
jks =

∑I
i=1E[I(θik = s)zij(1− bi)|φ̂(t−1)]∑S

s=1

∑I
i=1E[I(θik = s)zij(1− bi)|φ̂(t−1)]

. (4.19)
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Updates for µkls and σkls have to be treated according to the specific distributions. For the

log-normal distributions (4.3), I have:

µ̂
(t)
kls =

∑I
i=1 log(yikl + 1)P [θik = s|φ̂(t−1)]∑I

i=1 γiklsP [θik = s|φ̂(t−1)]
, (4.20)

σ̂
(t)2
kls =

∑I
i=1 P [θik = s|φ̂(t−1)][log(yikl + 1)− µ̂(t)

klsγikls]
2∑I

i=1 P [θik = s|φ̂(t−1)]
. (4.21)

For the binomial distributions (4.5), I have:

µ̂
(t)
kls =

∑I
i=1 yiklP [θik = s|φ̂(t−1)]∑I
i=1 γiklsP [θik = s|φ̂(t−1)]

. (4.22)

Closed form maximizers of µ and σ do not exist for the negative binomial distribution (4.4). I

adopt the method of moment estimates as in [33, 85], where the updated values µ̂(t)
kls and σ̂(t)

kls are

the solutions of the following equations:

µ̂
(t)
kls

I∑
i=1

γiklsP [θik = s|φ̂(t−1)] =
I∑
i=1

yiklP [θik = s|φ̂(t−1)],

I∑
i=1

[µ̂
(t)2
kls γ

2
ikls(1 +

1

σ̂
(t)
kls

) + µ̂
(t)
klsγikls]P [θik = s|φ̂(t−1)] =

I∑
i=1

y2iklP [θik = s|φ̂(t−1)].

For the degenerate distributions as in (4.6), θik’s are directly observed. Therefore, the E-M

algorithm for this case requires slight modifications: I skip the estimation for E[I(θik = s)|φ̂(t−1)]

in the E-step and for µ, σ in the M-step.

4.3.3 Estimating Structured Clusters

In integrative functional genomics studies, the set of experimental conditions usually consists

of interactions of multiple experimental factors; hence, it is often important to identify clusters,

states of which are homogeneous across the levels of one or more factors. For example, in a typical

transcription factor network analysis, experimental conditions include the combination of different

cell types and TFs. It is often desirable to identify clusters of loci whose states are homogeneous
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within each cell type across different TFs. I refer to such a cluster as TF-homogeneous. Another

example is encountered in comparative functional genomics studies across different species, where

experimental conditions range across both species and TFs. Clusters of loci, states of which are

homogeneous across species conditional on each TF, constitute conserved functional modules.

The TF-homogeneous clusters in this context represent the marginal effect of the species factor,

and play a central role in understanding the evolutionary relationships.

To estimate a cluster with homogeneity for a particular experimental factor, MBASIC allows

structural constraints on its state-space parameters. Recall that the parameters of cluster j are

represented by wj.s = (wj1s, wj2s, · · · , wjKs). Marginalizing the effect of this factor, the K exper-

imental conditions can be partitioned into M sets, {1, 2, · · · , K} = T1 ∪ T2 ∪ · · · ∪ TM , where

conditions within each set differ only in the levels of this factor. The parameters of this cluster

satisfy the following constraints:

wjk1s = wjk2s, if ∃m s.t. k1, k2 ∈ Tm. (4.23)

Cell Type Levels: Gm12878 K562

TF Levels: Atf3 Ctcf Gata1 Atf3 Ctcf Gata1

TF-homogeneous: wj1s wj2s wj3s wj4s wj5s wj6s

Cell Type-homogeneous: wj1s wj2s wj3s wj4s wj5s wj6s

Figure 4.1 A graphical description for a parametrization with structural constraints. Interactions
of 2 cell types and 3 TFs result in six experimental conditions. Parameters with homogeneous

values are shaded by the same color.

A pictorial depiction with six experimental conditions due to full interaction between 2 cell

types and 3 TFs is depicted in Figure 4.1. Estimating structured clustering models follows the

previous E-M algorithm with a modification in Equation (4.19). A constrained maximizer for wjks
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subject to constraint (4.23) is computed as:

ŵ
(t)
jks =

∑
k′:k′∈Tm

∑I
i=1E[I(θik′ = s)zij(1− bi)|φ̂(t−1)]

#{Tm}
∑S

s=1

∑I
i=1E[I(θik = s)zij(1− bi)|φ̂(t−1)]

, k ∈ Tm.

MBASIC requires that such structural constraints must be specified a priori and remain fixed

during model fitting. MBASIC incorporates a model selection procedure to compare models with

different hypothesized structural constraints and numbers of clusters. I next describe the details of

this model selection procedure.

4.3.4 Model Selection

The MBASIC framework so far assumes that the total number of clusters J is known a priori.

In practice, models with varying values of J need to be fitted independently and compared with

each other according to some information criterion to determine the best value of J . Since the E-M

algorithm aims to maximize the data likelihood function, AIC and BIC criteria can be utilized with

MBASIC. The degrees of freedom for a model with J clusters is df = F1S
∑K

k=1 nk + (S− 1)I +

J +F2 , where F1 = 2 for distributions (4.3) and (4.4), F1 = 1 for (4.5), and F2 is the total number

of free variables among wjks’s. If there are no structured clusters, I have F2 = JK(S − 1).

When there is no prior information available, both the total number of clusters and the number

of clusters following structural constraints have to be determined. This results in a prohibitively

large number of candidate models, and computing the information criterion for each of them is

not practical. In such cases I incorporate the following two-phase strategy to limit the number of

candidate models:

1. Evaluate models with varying total number of clusters without any structural constraints.

Select Jopt according to the minimal AIC or BIC value.

2. Evaluate models with the fixed number of Jopt clusters while varying the number of clusters

following each structural constraint. Select the number of clusters following each structural

constraint based on the minimal AIC or BIC value.
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I acknowledge that the above two-step strategy is only a practical compromise to restrict the

space of candidate models and does not guarantee finding the best model that globally minimizes

the information criterion. However, I have conducted extensive simulation studies which illustrated

that the proposed two-phase strategy performs well in a wide variety of settings.

4.3.5 Details of the Expectation-Maximization (EM) Algorithms

4.3.5.1 Derivation for the E-step

I derive the expressions for the E-step updates of my algorithm in Eqns. (4.12), (4.13), (4.14),

(4.15) as well as the marginal likelihood in Eqns. (4.9) and (4.10). In what follows, I let θiks denote

1{θik = s}. The joint density of (z, b, θ, Y ) is given by:

f(z, b, θ, y) =
I∏
i=1

ζbi(1− ζ)1−bi ·
I∏
i=1

J∏
j=1

π
zij
j ·

I∏
i=1

K∏
k=1

S∏
s=1

[
fiks(

J∏
j=1

w
zij
jks)

1−bipbiis

]θiks
, (4.24)

where fiks =
∏nk

l=1 f(yikl|µkls, σkls, γikls). The following elementary equality is used repeatedly

throughout the rest of the derivations in this section.

∑
∑
j aij=1,aij∈{0,1}

∏
i

∏
j

b
aij
ij =

∏
i

(∑
j

bij

)
.

The joint density of (z, b, Y ) can be calculated from Eqn. (4.24):

f(z, b, y) =
∑

∑
s θiks=1

f(z, b, θ, y)

=
I∏
i=1

ζbi(1− ζ)1−bi ·
I∏
i=1

J∏
j=1

π
zij
j ·

∑
∑
s θiks=1

I∏
i=1

K∏
k=1

S∏
s=1

fiks( J∏
j=1

w
zij
jks

)1−bi

pbiis

θiks

=
I∏
i=1

ζbi(1− ζ)1−bi ·
I∏
i=1

J∏
j=1

π
zij
j ·

I∏
i=1

K∏
k=1

 S∑
s=1

fiks

(
J∏
j=1

w
zij
jks

)1−bi

pbiis

 .
(4.25)

Since
S∑
s=1

fiks

(
J∏
j=1

w
zij
jks

)1−bi

pbiis =
J∏
j=1

[
S∑
s=1

fiksw
1−bi
jks p

bi
is

]zij
,
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Eqn. (4.25) can be rewritten as:

f(z, b, y) =
I∏
i=1

ζbi(1− ζ)1−bi ·
I∏
i=1

J∏
j=1

[
πj

K∏
k=1

(
S∑
s=1

fiksw
1−bi
jks p

bi
is

)]zij
. (4.26)

The joint distribution of (b, Y ) can be calculated from Eqn. (4.26):

f(b, y) =
∑

∑
j zij=1

f(z, b, y)

=
I∏
i=1

ζbi(1− ζ)1−bi ·
∑

∑
j zij=1

I∏
i=1

J∏
j=1

[
πj

K∏
k=1

(
S∑
s=1

fiksw
1−bi
jks p

bi
is

)]zij

=
I∏
i=1

ζbi(1− ζ)1−bi ·
I∏
i=1

[
J∑
j=1

πj

K∏
k=1

(
S∑
s=1

fiksw
1−bi
jks p

bi
is

)]
.

(4.27)

I note that

J∑
j=1

πj

K∏
k=1

(
S∑
s=1

fiksw
1−bi
jks p

bi
is

)
=

[
J∑
j=1

πj

K∏
k=1

(
S∑
s=1

fikswjks

)]1−bi [ K∏
k=1

(
S∑
s=1

fikspis

)]bi
.

Then, Eqn. (4.27) can be rewritten as:

f(b, y) =
I∏
i=1

[
(1− ζ)

J∑
j=1

πj

K∏
k=1

(
S∑
s=1

fikswjks

)]1−bi [
ζ

K∏
k=1

(
S∑
s=1

fikspis

)]bi
. (4.28)

I can calculate the marginal density of Y , given in Eqn. (4.9), from Eqn. (4.28) as:

f(y) =
∑

bi∈{0,1}

f(b, y) =
I∏
i=1

[
(1− ζ)

J∑
j=1

πj

K∏
k=1

(
S∑
s=1

fikswjks

)
+ ζ

K∏
k=1

(
S∑
s=1

fikspis

)]
.

(4.29)

Eqn. (4.10) can be obtained similarly. Moreover, I can rewrite (4.25) as

f(z, b, y) =
I∏
i=1

[
ζ

K∏
k=1

S∑
s=1

fikspis

]bi [
(1− ζ)

J∏
j=1

K∏
k=1

(
S∑
s=1

fikswjks

)zij]1−bi
·
I∏
i=1

J∏
j=1

π
zij
j (4.30)

by using

S∑
s=1

fiks

(
J∏
j=1

w
zij
jks

)1−bi

pbiis =

[
J∏
j=1

(
S∑
s=1

fikswjks

)zij]1−bi [ S∑
s=1

fikspis

]bi
.
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Thus, the density of (z, Y ) can be calculated as:

f(z, y) =
∑

bi∈{0,1}

I∏
i=1

[
ζ

K∏
k=1

(
S∑
s=1

fikspis

)]bi [
(1− ζ)

J∏
j=1

K∏
k=1

(
S∑
s=1

fikswjks

)zij]1−bi
·

I∏
i=1

J∏
j=1

π
zij
j

=
I∏
i=1

[
ζ

K∏
k=1

(
S∑
s=1

fikspis

)
+ (1− ζ)

J∏
j=1

K∏
k=1

(
S∑
s=1

fikswjks

)zij]
·

I∏
i=1

J∏
j=1

π
zij
j

=
I∏
i=1

J∏
j=1

[
πjζ

K∏
k=1

(
S∑
s=1

fikspis

)
+ πj(1− ζ)

K∏
k=1

(
S∑
s=1

fikswjks

)]zij
.

(4.31)

Using Eqns. (4.28 and (4.29), I obtain Eqn. (4.12) as

E[bi|Y ] =
ζ
∏K

k=1

(∑S
s=1 fikspis

)
(1− ζ)

∑J
j=1 πj

∏K
k=1

(∑S
s=1 fikswjks

)
+ ζ

∏K
k=1

(∑S
s=1 fikspis

) . (4.32)

Similarly, using Eqns. (4.31) and (4.29), I have

E[zij|Y ] =
πjζ

∏K
k=1

(∑S
s=1 fikspis

)
+ (1− ζ)πj

∏K
k=1

(∑S
s=1 fikswjks

)
ζ
∏K

k=1

∑S
s=1 fikspis + (1− ζ)

∑J
j=1 πj

∏K
k=1

(∑S
s=1 fikswjks

) . (4.33)

Using Eqns. (4.26) and (4.27), I have

E[zij|b, Y ] =
πj
∏K

k=1

(∑S
s=1 fiksw

1−bi
jks p

bi
is

)
∑J

j=1 πj
∏K

k=1

(∑S
s=1 fiksw

1−bi
jks p

bi
is

) . (4.34)

Eqns. (4.34) and (4.32) together results in Eqn. (4.13). Using Eqns. (4.24) and (4.25), I have

E[θiks|z, b, Y ] =
fiks

(∏J
j=1w

zij
jks

)1−bi
pbiis∑S

s=1 fiks

(∏J
j=1w

zij
jks

)1−bi
pbiis

. (4.35)

Therefore, I obtain Eqn. (4.14) by using Eqns. (4.27), (4.34), and (4.35):

E[θikszij(1− bi)|Y ] =[1− E(bi|Y )]E(zij|bi = 0, Y )E(θiks|bi = 0, zij = 1, Y )

=
(1− ζ)

∑J
j=1 πj

∏K
k=1

(∑S
s=1 fikswjks

)
(1− ζ)

∑J
j=1 πj

∏K
k=1

(∑S
s=1 fikswjks

)
+ ζ

∏K
k=1

(∑S
s=1 fikspis

) ·
πj
∏K

k=1

(∑S
s=1 fikswjks

)
∑J

j=1 πj
∏K

k=1

(∑S
s=1 fikswjks

) · fikswjks∑S
s=1 fikswjks

.

(4.36)
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Finally, I obtain Eqn. (4.15) using Eqns. (4.35) and (4.27):

E(θiksbi|Y ) =E(bi|Y )E(θiks|bi = 1, Y )

=
ζ
∏K

k=1

(∑S
s=1 fikspis

)
(1− ζ)

∑J
j=1 πj

∏K
k=1

(∑S
s=1 fikswjks

)
+ ζ

∏K
k=1

(∑S
s=1 fikspis

) · fikspis∑S
s=1 fikspis

.

(4.37)

4.3.5.2 EM Algorithm with Mixture Data Distributions

An important extension of the MBASIC model is to allow multiple mixture components within

each state. For example, my model in Section 4.5.2 models the data from state s = 2 as a mixture

of two negative binomial distributions following the well motivated model of [33]:

Yikl − 3|θik = 2 ∼ νiklNB(µkl2, σkl2) + (1− νikl)NB(µkl3, σkl3),

νikl ∼ Bernoulli(vkl),

where the constant 3 denotes the minimum number of reads required to be in state θ = 2. In this

section, I describe the general algorithm for such extensions. I assume that data from state s has a

distribution of ms components:

Yikl|θiks = 1 ∼
ms∑
r=1

vklsrfsr(·|µklsr, σklsr, γiklsr).

This can be written in a hierarchical form, using νiklsr as the hidden variable indicating the

mixture component within the state:

(νiklsr)1≤r≤ms ∼ Multinom(1, (vklsr)1≤r≤ms), Yikl|θiks = 1, νiklsr = 1 ∼ fsr(·|µklsr, σklsr, γiklsr).

(4.38)

Here, I allow the distribution parameters µ and σ as well as the prior data γ to depend on the

component. Let fiklsr = fsr(yikl|µklsr, σklsr, γiklsr). The joint density for this model is:
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f(z, b, θ, ν, y) =
I∏
i=1

ζbi(1− ζ)1−bi ·
I∏
i=1

J∏
j=1

π
zij
j ·

I∏
i=1

K∏
k=1

nk∏
l=1

S∏
s=1

ms∏
r=1

vνklsriklsr

·
I∏
i=1

K∏
k=1

S∏
s=1

( nk∏
l=1

ms∏
r=1

f νiklsriklsr

)(
J∏
j=1

w
zij
jks

)1−bi

pbiis

θiks . (4.39)

Let fiks =
∏nk

l=1(
∑ms

r=1 vklsrfiklsr), then the joint density for z, b, θ, Y can be expressed exactly

the same as Eqn. (4.24). Therefore, the M-step updates for W , P , ζ and π are not changed, with

the related E-step quantities computed as Eqns. (4.12), (4.13), (4.14), (4.15). I only need to modify

the algorithm to estimate variables that depend on the component index r: µ, σ, and v.

The related quantities that need to be computed are E[νiklsr|Y ] and E[θiksνiklsr|Y ]. By Eqn.

(4.39), I have

P (νiklsr = 1|θiks = 0) = vklsr, P (νiklsr = 1|θiks = 1) =
vklsrfiklsr∑ms
r=1 vklsrfiklsr

.

Therefore, I have

E[θiksνiklsr|Y ] = E[θiks|Y ]
vklsrfiklsr∑ms
r=1 vklsrfiklsr

, (4.40)

where E[θiks|Y ] =
∑J

j=1E[θiks(1 − bi)zij|Y ] + E[θiksbi|Y ] and can be computed by Eqns.

(4.36) and (4.37). As a result,

E[νiklsr|Y ] = (1− E[θiks|Y ])vklsr + E[θiksνiklsr|Y ]. (4.41)

Given Eqns. (4.40) and (4.41), the M-step update for vklsr is:

v
(t)
klsr =

∑I
i=1E[νiklsr|φ̂(t−1)]

I
.

The M-step updates for µklsr, σklsr can be derived using Eqn. (4.40). For the negative binomial

distribution as in Section 4.5.2,
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Table 4.1 Design of the simulation studies. S: size of the state-space; I: number of units; J :
number of clusters; K: number of experimental conditions.

Study Distribution S ζ I (J,K) Model

Selec-

tion

1 LN, NB, Bin 2, 3, 4 0, 0.1, 0.4 4000 (20, 30) No

2 LN, NB, Bin 2 0.1, 0.4 4000 (20, 30) Yes

3 iASeq 3 0, 0.1, 0.4 4000 (10, 20), (20, 30) Yes

4 Cormotif 2 0 10,000 (4, 4), (5, 8), (5, 10) Yes

5 Cormotif 2 0, 0.1, 0.4 4000 (10, 20) Yes

6 LN 2 0, 0.33 4120, 4600, 6120 (8, 30) Yes

µ̂
(t)
klsr

I∑
i=1

γiklsE[θiksviklsr|φ̂(t−1)] =
∑I

i=1E[θiksνiklsr|φ̂(t−1)](Yikl − 3),

I∑
i=1

E[θiksviklsr|φ̂(t−1)][µ̂
(t)2
klsrγ

2
ikls

(
1 +

1

σ̂
(t)
klsr

)
+ µ̂

(t)
klsrγikls] =

∑I
i=1E[θiksviklsr|φ̂(t−1)](Yikl − 3)2.

4.4 Simulation Studies

I conducted 6 model-based simulation studies to investigate the performance of MBASIC in

various settings as summarized in Table 4.1. Each simulation study has multiple settings that vary

the distributional assumptions, size of the state-space (S), number of units (I), number of clusters

(J), and number of conditions (K).

4.4.1 Simulation Study 1

The first simulation study investigated the performance of MBASIC when the true value of

J was known and there were no structured clusters. I set the number of observational units as

I = 4000 and the number of clusters as J = 20. The number of conditions was set to K = 30,



93

and within each condition the numbers of replicates varied as nk = 1, 2, 3, each with probability

0.3, 0.5, and 0.2. The size of the hidden state space was varied at three levels: S = 2, 3, 4. I

simulated data under three distributional families: log-normal (LN) (4.3), negative binomial (NB)

(4.4), and binomial (Bin) (4.5). I also varied the proportion of singleton units ζ at 0, 0.1 and 0.4.

For simplicity, I set γikls = 1 in all distributions.

4.4.1.1 Parameter Settings

Parameters wjks’s and pis’s generate the hidden state variables θik’s. I set them as follows.

For different values of k, j, and i, the vectors wjk· = (wjks : 1 ≤ s ≤ S) and pi· = (pis :

1 ≤ s ≤ S) were simulated independently, each following an S-dimensional Dirichlet distribution

Dir(α, · · · , α). I chose a uniform concentration parameter of α = 0.2 for all dimensions to ensure

that for each vector wjk· or pi·, the probability mass tended to concentrate on one component. This

controlled the conditional variance of (θik|bi, zij). An increased value of α would increase the

conditional variance of θik, thus make it more difficult to recover wjks’s and pis’s.

The settings for parameters µkls’s and σkls’s were important. These parameters connected

hidden states θik’s to the observed values Yikl’s. In general, recovering hidden states from the

observed data is more difficult if: (1) differences of the mean values µkls’s between the states are

small; (2) variances of the distributions within each state are large. To control these two aspects at

reasonable levels, I set these parameters as follows:

• For log-normal distributions (4.3), I set ξs = 2+ log(4s−3), simulated µkls ∼ N(ξs, 0.052),

and set σkls = 0.5;

• For negative binomial distributions (4.4), I set ξs = 8s − 6, simulated µkls ∼ N(ξs, 0.5
2),

and set σkl1 = 2.82, σkls = 5 for s = 2, 3, 4;

• For binomial distributions (4.5), I simulated µkls ∼ Beta(3s, 3(S + 1 − s)), and γikl1 =

γikl2 = · · · = γiklS ∼ Pois(10).

Figure 4.2 displays the histograms of Y1,i,l, 1 ≤ i ≤ I from one of the simulated data sets for

all the three distributions with S = 4 components. For comparison, I also present the histogram
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Figure 4.2 Histograms for a) a real data set from a K562 Pol2 replicate in Section 4.5.1; and
simulated data from one condition based on one simulation for the b) Log-Normal, c) Negative

Binomial and d) Binomial distribution with S=4 states.
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of an actual data set from the analysis in Section 4.5. I observe that the mixture distribution of my

simulated data with log-normal or negative-binomial distributions are very similar to the real data.

4.4.1.2 Alternative Approaches for Benchmarking MBASIC

The MBASIC algorithm can be summarized as Algorithm 4.2:

Algorithm 4.2 MBASIC
for t = 1, 2, · · · until convergence do

Expectation-Step: Compute the conditional values of E[I(θik = s)|φ̂(t−1)], E[bi|φ̂(t−1)],

E[I(θik = s)bi|φ̂(t−1)], E[zij(1− bi)|φ̂(t−1)], E[I(θik = s)zij(1− bi)|φ̂(t−1)];

Maximization-Step: Update estimates for parameters µkls, σkls, ζ , πj , wjks, pis.

end for

To the best of my knowledge, there are currently no existing methods suited for the general

setup of MBASIC. There are, however, algorithms tailored for analyzing specific data types with

hierarchical state-space models similar to MBASIC. These algorithms largely fall into two cate-

gories. In the first category, estimation for the state-space variables are separated from state-space

clustering. This approach is followed by [9], [15], [26], [49]. In the second category, distributional

parameters for each experimental replicate are estimated first. These parameters are then fixed, and

conditional on their estimates, the state-space variables and the clustering structure are estimated

jointly. Such an approach is followed by [72] [80], and [73].

To compare the general implementation of MBASIC as in Algorithm 4.2 with these existing

model fitting ideas, I designed six benchmark algorithms. Table 4.2 provides a summary of these

algorithms. Two of these algorithms, SE-HC (State-space Estimation followed by Hierarchical

Clustering) and SE-MC (State-space Estimation followed by Mixture model Clustering), treat the

state-space mapping step and the state-space clustering separately. The third algorithm, PE-MC

(Parameter Estimation followed by Mixture model Clustering), separates experiment-specific dis-

tributional parameter estimation from the joint estimation of other parameters.
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Table 4.2 Simulation Study 1. A summary of the benchmark algorithms that are compared to
MBASIC. Neither SE-MC nor PE-MC perform joint estimation of the model parameters. SE-*
algorithms estimate the data-specific model parameters and state spaces as a first step and then
cluster the state variables. PE-* algorithms estimate data-specific model parameters and fixes

these in joint estimation of the state space and clustering. ∗ Denotes distributional parameters for
each experimental replicate.

Algorithm Is state-space Is parameter∗ Clustering Include

estimation joint estimation joint model singletons

with clustering? with clustering?

MBASIC Joint Joint Mixture model Yes

SE-HC Separate Separate Hierarchical clustering No

SE-MC Separate Separate Mixture model Yes

PE-MC Joint Separate Mixture model Yes

MBASIC0 Joint Joint Mixture model No

SE-MC0 Separate Separate Mixture model No

PE-MC0 Joint Separate Mixture model No
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For all the three algorithms, in the first step, observations from each experimental condition

{Yikl : 1 ≤ i ≤ I, 1 ≤ l ≤ nk} are fitted according to the following model:

(Yikl|θik = s) ∼ fs(·|µkls, σkls, γikls), P (θik = s) = qks. (4.42)

The standard E-M algorithm can be used for the first step and results in estimates of qks, µkls, σkls

as well as the posterior estimates for the state space P (θik = s|Y ). In the second step, SE-MC

and SE-HC cluster the observational units based on the estimated P (θik = s|Y ) from the first step.

SE-HC (Algorithm 4.3) uses hierarchical clustering, while SE-MC (Algorithm 4.4) uses MBASIC

with degenerate distributions (4.6) for clustering. The second step of PE-MC (Algorithm 4.5) is

similar to Algorithm 4.2, except that parameters µkls, σkls’s are not updated.

In addition to joint fitting of all model parameters, another important feature of MBASIC is its

inclusion of the singleton cluster C0. To the best of my knowledge, this feature is not included in

similar models such as [72] and [73]. I conjecture that in practice, when some units can not be

grouped together with other units due to their distinct state-space profiles, including this singleton

cluster can enhance model estimation. To test this conjecture, I developed a version of each of the

SE-MC, PE-MC, and MBASIC algorithms that ignore the singleton cluster, i.e., forces each unit

into a cluster. This is achieved simply by initializing ζ = 0 in the Algorithms 4.2, 4.4, and 4.5. I

refer to these algorithms by SE-MC0, PE-MC0, and MBASIC0.

Algorithm 4.3 State-space estimation followed by hierarchical clustering (SE-HC)
Step 1:

for 1 ≤ k ≤ K do

Apply the standard E-M algorithm on data {Yikl : 1 ≤ i ≤ I, 1 ≤ l ≤ nk} to estimate

posterior probabilities P (θik = s|Y ).

end for

Step 2:

Denote vectors θ̃i = (P (θik = s|Y ))1≤k≤K,1≤s≤S . Cluster vectors θ̃i into J clusters using

hierarchical clustering algorithm with the Euclidean distance. Estimate wjks as the means within

each cluster.
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Algorithm 4.4 State-space estimation followed by mixture model clustering (SE-MC)
Step 1:

for 1 ≤ k ≤ K do

Apply the standard E-M algorithm on data {Yikl : 1 ≤ i ≤ I, 1 ≤ l ≤ nk} to estimate

posterior probabilities P (θik = s|Y ).

end for

Step 2:

Denote θ∗ik = args maxP (θik = s|Y ) for each 1 ≤ k ≤ K, 1 ≤ i ≤ I). Apply Algorithm 4.2

with θik ← θ∗ik and fs = I(y = s) to obtain estimates for wjks, pis, ζ , and πj .

Algorithm 4.5 Parameter estimation followed by mixture model clustering (PE-MC)
Step 1:

for 1 ≤ k ≤ K do

Apply the standard E-M algorithm on data {Yikl : 1 ≤ i ≤ I, 1 ≤ l ≤ nk} to estimate µkls,

σkls for each experiment.

end for

Step 2:

Apply Algorithm 4.2 without updating µkls, σkls in the Maximization step.
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4.4.1.3 Results

I utilized several criteria to compare the performance of MBASIC to the benchmark algorithms

in Table 4.2. To estimate how well the state space was characterized for each cluster, I computed

the mean-squared error for W (MSE-W) as MSE-W=
√∑

j,k,s(ŵjks − wjks)2/(JKS). I also eval-

uated how well each method recovered the true state variables θik’s. This was reflected by the

state prediction error (SPE) as the mean squared error between the simulated states θik’s and their

posterior probabilities: SPE=
√∑

i,k,s[1{θik = s} − P (θik = s|Y )]2/(IKS). Finally, to compare

the estimated clustering with the simulated true clustering, I computed the Adjusted Rand Index

(ARI) [54]. ARI is a measure for the similarity between two different clusterings of the data. Its

value ranges between -1 and 1, with 1 indicating perfect match between the two clusterings.

ARI requires the true clusters denoted by Cj, 0 ≤ j ≤ J and their estimates denoted by

Ĉj, 0 ≤ j ≤ Ĵ . In my simulations, they were computed as:

C0 = {1 ≤ i ≤ I : bi = 1}; Cj = {1 ≤ i ≤ I : bi = 0, zij = 1}, j ≤ 1,

where C0 denoted the set of singleton units. Ĉj was computed from the posterior distributions as

follows:

Ĉ0 = {1 ≤ i ≤ I : E(bi|Y ) > [1− E(bi|Y )] max
j
E(zij|Y )},

Ĉj = {1 ≤ i ≤ I : j = argj′ maxE(zij′ |Y ), E(bi|Y ) ≤ [1− E(bi|Y )]E(zij|Y )}.

The simulation results under various settings are summarized by the boxplots for each criterion

in Figures 4.3, 4.4, and 4.5. Across all different simulation settings, the performance of MBASIC

was consistently among the best in all of the ARI, MSE-W, and SPE metrics. This shows that

MBASIC could not only recover the clustering structure, but also achieve high accuracy in esti-

mating individual states. SE-HC, SE-MC and SE-MC0 performed the worst in both detecting the

clustering structure and estimating the individual states. This suggests that separating state-space

inference from joint model fitting can significantly deteriorate model estimation. Different from

the SE-* methods, performances of PE-MC and PE-MC0 were much closer to MBASIC. For the
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Figure 4.3 Simulation Study 1, log-normal distribution. Boxplots for ARI, MSE-W, and SPE
across 10 simulated datasets. The number of states is varied at 2, 3, and 4, and the proportion of

singletons at 0, 0.1, 0.4. Table 4.2 summarizes the methods compared.
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Figure 4.4 Simulation Study 1, negative binomial distribution. Boxplots for ARI, MSE-W, and
SPE across 10 simulated datasets. The number of states is varied at 2, 3, and 4, and the proportion

of singletons at 0, 0.1, 0.4. Table 4.2 summarizes the methods compared.
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Figure 4.5 Simulation study 1, binomial distribution. Boxplots for ARI, MSE-W, and SPE across
10 simulated datasets. The number of states is varied at 2, 3, and 4, and the proportion of

singletons at 0, 0.1, 0.4. Table 4.2 summarizes the methods compared.
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negative binomial and binomial distributions (Figures 4.4 and 4.5), PE-MC achieved similar ARI

levels to MBASIC and slightly larger SPE values. These observations show that by jointly esti-

mating the clusters and the states, data under different conditions could borrow information from

each other and thus substantially improve the state-space estimation. Overall, these observations

are consistent with the results in [73] and [72].

The simulation results also show the effect of modeling the singleton cluster in various settings.

Comparing the performances of MBASIC with MBASIC0 and PE-MC with PE-MC0, I see that

modeling the singleton cluster does not have a significant effect when the proportion of singletons

is low, i.e., ζ = 0 or 0.1; however, the improvement is highly significant when ζ = 0.4. When

ζ = 0.4, including singletons significantly improved the performance with respect to ARI, but did

not have an obvious effect on SPE. This has several implications in practice. First, the fact that

MBASIC does not under-perform any other methods when ζ = 0 or 0.1 indicates that increasing

the model complexity by introducing singletons does not lead to unrobust inference. Because I

am always agnostic on the existence of singletons for any real data, keeping them in my model

would guard against their adverse influence in inferring the clustering structure. Second, although

incorporating the singleton cluster does not improve estimating individual states, some epigenetic

studies focus primarily on the association structure between units, as my example in Section 4.5.2.

For such studies, the gain in estimating the clustering structure by including the singletons is

essential. I notice that modeling the singletons does not necessarily improve estimation for separate

model fitting, even when the proportion of singletons is high, e.g., ζ = 0.4, as I compare SE-

MC0 with SE-MC for the negative binomial distribution and the binomial distribution (Figures 4.4

and 4.5). This indicates that the state-space estimation step might introduce additional noise to

the clustering step, which made it less favorable to infer a complicated clustering structure with

singletons.

4.4.2 Simulation Study 2: Model Selection

This second set of simulations aimed to evaluate the use of BIC to select the number of clusters

as well as the structural constraints for each cluster. I simulated data sets under two scenarios. For
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Table 4.3 Simulation study 2, Scenario 1, unstructured clusters. Simulation results for model
selection without structural constraints. For each criterion, the mean is computed over 10

simulated data sets, with the standard deviation shown in the parentheses.

Dist. ζ J ARI MSE-W SPE

Bin 0.1 20.8 ( 2.098 ) 0.94 ( 0.036 ) 0.096 ( 0.018 ) 0.159 ( 0.014 )

Bin 0.4 20.9 ( 1.101 ) 0.914 ( 0.035 ) 0.122 ( 0.034 ) 0.204 ( 0.012 )

LN 0.1 20.7 ( 0.823 ) 0.989 ( 0.005 ) 0.044 ( 0.03 ) 0.086 ( 0.006 )

LN 0.4 21.3 ( 1.337 ) 0.972 ( 0.007 ) 0.095 ( 0.027 ) 0.107 ( 0.008 )

NB 0.1 21.6 ( 0.843 ) 0.947 ( 0.021 ) 0.089 ( 0.028 ) 0.154 ( 0.007 )

NB 0.4 20.6 ( 2.271 ) 0.902 ( 0.026 ) 0.112 ( 0.048 ) 0.189 ( 0.007 )

Table 4.4 Simulation study 2, Scenario 2, structured clusters. Simulation results for model
selection with structural constraints. For each criterion, the mean is computed over 10 simulated

data sets, with the standard deviation shown in the parentheses.

Dist. ζ J1 J ARI MSE-W SPE

Bin 0.1 10.3 ( 1.16 ) 20.7 ( 1.494 ) 0.934 ( 0.022 ) 0.084 ( 0.035 ) 0.162 ( 0.02 )

Bin 0.4 10.3 ( 1.636 ) 21 ( 2.625 ) 0.897 ( 0.048 ) 0.125 ( 0.03 ) 0.196 ( 0.031 )

LN 0.1 10.4 ( 0.516 ) 20.6 ( 0.516 ) 0.984 ( 0.015 ) 0.044 ( 0.032 ) 0.086 ( 0.006 )

LN 0.4 11.2 ( 1.619 ) 22.5 ( 1.509 ) 0.968 ( 0.01 ) 0.108 ( 0.037 ) 0.106 ( 0.006 )

NB 0.1 10.9 ( 1.197 ) 21 ( 1.054 ) 0.955 ( 0.019 ) 0.064 ( 0.035 ) 0.155 ( 0.008 )

NB 0.4 11.2 ( 1.814 ) 22.2 ( 1.398 ) 0.926 ( 0.014 ) 0.108 ( 0.031 ) 0.184 ( 0.013 )
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the first scenario, each data set had J = 20 clusters with K = 30 experimental conditions, and

none of the clusters had structural constraints. For the second scenario, each data set had J = 20

clusters over K = 30 conditions, but J1 = 10 of the clusters were structurally constrained as

follows:

wj,k,s = wj,k+K/2,s,∀j, 1 ≤ j ≤ J/2;∀k, 1 ≤ k ≤ K/2.

I refer the two scenarios as the unstructured scenario and the structured scenario, respectively. I

considered log-normal distributions (4.3), negative binomial distributions (4.4) and binomial dis-

tributions (4.5) for both cases. I also varied the proportion of singleton units ζ at 0.1 and 0.4. The

number of states was fixed at S = 2. The remaining parameters were simulated following the same

mechanism as in Section 4.4.1.1.

For each simulated data set, I fitted a number of candidate models. For the unstructured sce-

nario, I varied the number of clusters J from 10 to 30. For the structured scenario, I followed the

two-phase procedure described in Section 4.3.4. The best model was selected by the minimum

BIC value. To assess the performances of these selected models, I computed the ARI, MSE-W and

SPE metrics as described in Section 4.4.12.

The simulation results are summarized in Tables 4.3 and 4.4. Under each set of parameters, I

computed the mean and the standard deviation for each of the criterion as well as the selected value

of J and J1 under 10 simulated data sets. These tables show that the selected values for J and J1

were very close to the true values. Moreover, MBASIC performed uniformly well with respect

to ARI, MSE-W, and SPE under different settings. These results indicate that even if MBASIC

may not identify the “true” structure that drives the actual data, the identified structures can still

properly represent the state-space association between units.

2When the actual J and its estimate Ĵ are different, MSE-W is redefined as:

MSE −W =

[∑
k,1≤j≤J,s(wjks − ŵkc1(j)s)2 +

∑
k,1≤j≤Ĵ,s(ŵjks − wkc2(j)s)2

KS(J + Ĵ)

] 1
2

,

where
c1(j) = argj′≤Ĵ min

∑
k,s

(wjks − ŵjk′s)2 , c2(j) = argj′≤J min
∑
k,s

(ŵjks − wjk′s)2.
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4.4.3 Simulation Studies 3-5: Comparison with iASeq and CorMotif

In this section, I compare MBASIC with two recently proposed models for integrative analysis

of specific types of genomic data: CorMotif ([73]) and iASeq ([72]). Both models have the similar

state-space clustering structure as MBASIC. The main difference from MBASIC is that they each

incorporate a more complicated distribution assumption targeting a specific genomic data type.

The CorMotif model, inheriting the LIMMA ([63]) framework for integrating gene-expression

data, assumes mixture of Gaussian distributions with S = 2 states: s = 1 for the non-differential

state, and s = 2 for the differential state. For each experiment condition k, in addition to the

nk1 replicates, there are nk0 control replicates. The CorMotif model has the following state-space

mapping structure:

nks
2
k

σ2
ik

∼χ2
nk
,

µik|σ2
ik ∼N(0, ukσ

2
ik),

(Yikl|θik = 1) ∼N(µik0, σ
2
ik), l = 1, 2, · · · , nk1,

(Yikl|θik = 2) ∼N(µik0 + µik, σ
2
ik), l = 1, 2, · · · , nk1,

Xikl ∼N(µik0, σ
2
ik), l = 1, 2, · · · , nk0.

where Xikl’s are the observed data from control experiments, and Yikl are the observed data

from the case experiments. nk and s2k are hyper parameters specific to each experiment to account

for potential heterogeneity among units within the same state, and uk reflects the strength of differ-

ential expression. CorMotif assumes almost the same state-space clustering structure as MBASIC

except that it does not include singletons. The iASeq model, targeting at allele-specific binding

problems, has the following state-space mapping structure:
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Yikl ∼Binom(γikl, pik),

pik|θik = 2 ∼Beta(αk, βk),

pik|θik = 1 ∼Unif
(
0,

αk
αk + βk

)
,

pik|θik = 3 ∼Unif
( αk
αk + βk

, 1
)
.

where the αk, βk are experiment-specific parameters, and γikl is the observed total number

of reads between two alleles. The state-space mapping structure for iASeq is almost the same

as MBASIC, except that it assumes no singletons, and that one cluster is undifferentiated (i.e.

w1k1 = 1, ∀1 ≤ k ≤ K).

There are two key differences between CorMotif/iASeq and MBASIC. First, both CorMotif

and iASeq address the heterogeneity among the units within the same state, and they introduce ad-

ditional hyper parameters to model the heterogeneous parameters associated with the distribution

of individual units. Compared to MBASIC, where I assume the distributions within the same state

are homogeneous, such heterogeneous distributional assumptions are much more realistic. Sec-

ond, CorMotif and iASeq implement two-stage estimation procedures similar to PE-MC0, which

separate parameter estimation from state-space clustering. [73] pointed out that once I have the

heterogeneous distributional parameters within each state, joint model fitting for all parameters

would require running a Markov Chain Monte-Carlo algorithm rather than the simple E-M algo-

rithm I have developed for MBASIC. Therefore, the computational cost ensued might render its

applicability for large real data sets.

In comparison of MBASIC to CorMotif and iASeq, I simulated data according to each of the

assumed distributions of CorMotif/iASeq, but fitted MBASIC models using simplified distribu-

tions. For data simulated from the iASeq model, I used MBASIC to fit binomial distributions

with S = 3 states (4.5). For data simulated from the CorMotif model, I first generated two

versions of t-statistics as follows. For each unit and experiment, denote Y ik =
∑nk1

l=1 Yikl/nk1,

X ik =
∑nk0

l=1Xikl/nk0, s̃2ik = [
∑nk1

l=1(Yikl − Y ik)
2 +

∑nk0
l=1(Xikl − X ik)

2]/(nk1 + nk0 − 2) and

vk = 1/nk1 + 1/nk0. I computed the naive t-statistic Tik as:
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Table 4.5 Summary for the designs of the simulation settings in Simulation Study 4, originally
designed by [73].

Simulation Setting I J K

1 10,000 4 4

2 10,000 4 4

3 10,000 5 8

4 10,000 5 20

Tik =
Y ik −X ik√

vks̃k
. (4.43)

I also computed the limma t-statistic T̃ik by first fitting the data for each condition using

LIMMA ([63]) to estimate nk and s2k, then computed:

T̃ik =

√
nk + nk1 + nk0 − 2(Y ik −X ik)√
vk[(nk1 + nk0 − 2)s̃2k + nks2k]

. (4.44)

For each set of Tik’s and T̃ik’s, I fitted the MBASIC model with S = 2 components of scaled-t

distributions:

T/µks|θiks = 1 ∼ tσks , s = 1, 2. (4.45)

Here, µks is the scaling parameter, and σks is the degrees of freedom. Because I pooled the

replicate level data to generate these t-statistics, the parameters µ and σ no longer depended on l. I

refer to the method using T̃ik as MBASIC-limma, and using Tik as MBASIC-t. Because there is no

closed form maximum likelihood solution for t-distributions, I use the moment method to estimate

µks’s and σks’s in the M-step similar to the case of negative binomial distributions.

In Simulation Study 3, I simulated data following the iASeq model. I set αk = βk = 2, and

simulated state-space variables the same as in Section 4.4.1 with I = 4000. I set J = 10, 20 and

ζ = 0, 0.1, 0.4. Simulation Studies 4-5 compare MBASIC with CorMotif. In Simulation Study

4, I simulated data in four settings corresponding to Simulations 1-4 of [73] respectively. In these
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Table 4.6 Simulation Studies 3-5. A summary of the simulation designs, the fitting algorithms
compared, and the figure numbers for the results.

Study J ζ True model Fitting algorithms Related figures

3 10, 20 0, 0.1, 0.4 iASeq MBASIC, iASeq Figure 4.6

4 4, 5 0 CorMotif MBASIC-limma, MBASIC-t, CorMotif Figures 4.7, 4.9

5 10, 20 0, 0.1, 0.4 CorMotif MBASIC-limma, MBASIC-t, CorMotif Figure 4.8

settings, I had nk = 4, uk = 4, s2k = 0.02. Table 4.5 summarizes the settings for the number of

clusters, experiment conditions, and units for the state-space variables. I refer my readers to [73]

for more details of the state-space design. I note that [73] simulations did not include singletons

(i.e., ζ = 0) and furthermore, their settings assumedwjks ∈ {0, 1}. This means that the state-space

variables are completely determined by the clustering structure. In Simulation Study 5, I set nk

and s2k the same as in Simulation Study 4, but varied uk as uk = 8 for easier distinction between

different states. However, I simulated wjks following S-dimensional Dirichlet distributions as in

Simulation Study 1 to introduce noises in generating state-space variables. In addition, I simulated

data with smaller number of units (I = 4000), but more clusters (J = 10, 20), and varied the

proportion of singletons ζ = 0, 0.1, 0.4. The other details of generating state-space variables

were the same as in Section 4.4.1.

Table 4.6 summarizes Simulation Studies. For each set of parameters, I simulated 10 data sets.

I computed ARI, MSE-W, and SPE based on both the model with the number of clusters selected

by BIC, and the oracle model where the number of clusters is set to its true value. The compari-

son between MBASIC and iASeq is shown in Figure 4.6. For all the different settings, MBASIC

achieved better clustering performance with higher ARI values. However, iASeq performed better

in SPE and MSE-W. When ζ = 0, iASeq performed overall better than MBASIC, with similar

ARI values as MBASIC but much lower SPE. However, as ζ increased, iASeq’s ARI value be-

came significantly smaller than MBASIC, while its SPE value became closer to MBASIC’s. In

such cases, the benefits of modeling singletons outweigh the loss of using simplified distributional

assumptions.

The comparison between MBASIC and CorMotif is shown in Figures 4.7 and 4.8. In Simu-

lation Study 4 (Figure 4.7), because CorMotif models did not allow singletons, I also excluded
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Figure 4.6 Simulation Study 3, comparison between MBASIC and iASeq. I varied the number of
clusters at 10, 20 and the proportion of singletons at 0, 0.1 and 0.4. Results are summarized over

10 simulations under each setting.
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Figure 4.7 Simulation Study 4, comparison between MBASIC and CorMotif. I simulated data
under four settings as in Table 4.5. Results are summarized over 10 simulations under each

setting.
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Figure 4.8 Simulation Study 5, comparison between MBASIC and CorMotif. I varied the number
of clusters at 10, 20 and the proportion of singletons at 0, 0.1 and 0.4. Results are summarized

over 10 simulations under each setting.
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Figure 4.9 Simulation Study 4, comparison between MBASIC and CorMotif. The average true
positive rate for the 10 simulations among the top 1000 significant unit-experiment pairs for each

of the four simulation settings in Table 4.5. For each simulation, the “true positive” consists of
(i, k)’s with θik = 2, and the significance is based on the posterior probability P (θik 6= 2|Y ).
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the singleton cluster in fitting MBASIC models. MBASIC-limma performed the best except in

the first setting, where CorMotif achieved the best SPE. For each of the four settings, I show the

average true positive rate in detecting states with θik = 2 among the top 1000 significant units

as in Figure 4.9. Except for Setting 1, MBASIC-limma performed equally well as CorMotif. I

note that Setting 1 has the fewest clusters J = 4 and the fewest experimental conditions K = 4,

while the other settings have more complicated state-space structures. Performance of MBASIC-

t was the worst in all the four settings. This suggests that neglecting the heterogeneity in these

cases can significantly increase estimation error. Although MBASIC model alone does not address

the heterogeneity issue, fitting MBASIC models after a data pre-processing step that incorporates

the heterogeneity structure, such as computing T̃ik in MBASIC-limma, can significantly improve

model inference. In Simulation Study 5 where I had stronger signals in separating distribution

components but noisy state-space clusters, CorMotif resulted in the largest SPE values in all set-

tings (Figure 4.8). Although its performance in ARI was comparable with MBASIC-limma when

ζ ≤ 0.1, it deteriorated with increasing proportion of singletons, i.e., ζ = 0.4. Simulation Studies

4 and 5 collectively suggest that MBASIC’s performance is competitive with CorMotif in settings

where I have less noise in clustering structure, small numbers of clusters, and some level of sin-

gletons despite the fact that the distributional assumptions of MBASIC might be mis-specified.

This indicates that for real data sets where I am agnostic about the true data generating structure,

MBASIC might be a more general and robust approach.

4.4.4 Simulation Study 6: Weak Clusters

[73] pointed out that in state-space clustering without accommodating singletons, when the

size of one cluster is small, it could be merged with other clusters with distinct state-space profiles.

In other words, the estimated cluster profiles could be parsimonious representation of the true

underlying cluster structure. Such a phenomenon may alter the interpretation of the W matrix,

because each column may represent the average state-space pattern of several small clusters that

lack the data support. It is therefore important to investigate whether such a phenomenon still

exists for MBASIC where I include a singleton clusters.
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(a) Simulations 1-3 (b) Simulations 4-6
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Figure 4.10 Simulation Study 6. Two settings of the true cluster patterns, represented by the
matrix (wjk2)

T
1≤j≤8, 1≤k≤30.
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I conducted six simulations in Simulation Study 6 to investigate this issue. I simulated data

according to the log-normal distribution with S = 2 states, J = 8 clusters, andK = 30 conditions.

The number of replicates within each condition, as well as the distribution parameters within each

state is the same as in Section 4.4.1.1. I set the sizes of the first two clusters as 2000, and varied the

size of each of the other six clusters nsmall as 20 or 100. To vary the level of state-space similarity

between the two big clusters and the small clusters, I had two settings for the state-space pattern,

shown in Figure 4.10. For Simulations 1-3, the conditions in which the small clusters have state

s = 2 are distinct from the two big clusters, while for Simulations 4-6, the patterns between the

small and large clusters are more similar. To control these cluster patterns, I set wjks ∈ {0.1, 0.9}.

Finally, I included nsingleton = 0 or 2000 singletons in each simulated data set. The states for the

singleton units were generated the same as in Section 4.4.1.1.

In each simulation, I fitted the data using MBASIC and MBASIC0 with BIC to select the

number of clusters. MBASIC0 differs from MBASIC only by the exclusion of the singleton feature.

Therefore, comparing these two methods allow us to assess how fitting a singleton cluster may

affect the small cluster merging problem. I then compare the confusion matrices between the fitted

and the true clusters in Tables 4.7-4.9. I also display the state-space patterns in the fitted models in

Figures 4.11 and 4.12. In Simulations 1 and 4, with nsmall = 20 units in each of the small clusters,

MBASIC classified them as singletons, while MBASIC0 merged them to form a spurious cluster.

The state-space pattern estimated by MBASIC represented the two real big clusters. When the data

included singletons, as in Simulations 2 and 5, MBASIC0 formed more spurious clusters, while

MBASIC continued to allocate the small clusters as singletons. When I had nsmall = 100 units

in each of the small clusters, both methods identified these small cluster patterns in Simulation

6 (Figure 4.12), but formed spurious clusters in Simulation 3 (Figure 4.11). I compare the ARI,

MSE-W and SPE between MBASIC and MBASIC0 in Table 4.10. Performances of these two

methods are close when I have no singletons, but differentiate otherwise. From these simulations,

I conclude that fitting a singleton cluster can substantially avoid merging weak clusters. The state-

space patterns estimated by the W matrix are more likely to reflect true underlying clusters rather

than the average of several small clusters. I acknowledge that how well modeling the singletons can
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Figure 4.11 Simulation Study 6, Simulations 1-3. Estimated cluster patterns by (a, c, e) MBASIC
and (b, d, f) MBASIC0. The true clustering pattern is shown in Figure 4.10(a).
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Figure 4.12 Simulation Study 6, Simulations 4-6. Estimated cluster patterns by (a, c, e) MBASIC
and (b, d, f) MBASIC0. The true clustering pattern is shown in Figure 4.10(b).
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Table 4.7 Simulation Study 6, Simulations 1 and 4. Confusion matrix between the true clusters
and the estimated clusters. The true cluster pattern is shown in Figure 4.10.

Simulation 1, nsmall = 20, nsingleton = 0

MBASIC

True 0 1 2

1 23 2 1975

2 30 1967 3

3 20 0 0

4 20 0 0

5 20 0 0

6 20 0 0

7 20 0 0

8 20 0 0

MBASIC0

True 1 2 3

1 1998 2 0

2 4 1995 1

3 0 1 19

4 0 1 19

5 0 0 20

6 0 1 19

7 0 0 20

8 0 1 19

Simulation 4, nsmall = 20, nsingleton = 0

MBASIC

True 0 1 2

1 5 1995 0

2 1 0 1999

3 1 19 0

4 19 1 0

5 1 0 19

6 20 0 0

7 18 1 1

8 20 0 0

MBASIC0

True 1 2 3

1 1999 1 0

2 0 0 2000

3 17 3 0

4 0 20 0

5 0 5 15

6 0 20 0

7 0 19 1

8 1 19 0
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Table 4.8 Simulation Study 6, Simulations 2 and 5. Confusion matrix between the true clusters
and the estimated clusters. The true cluster pattern is shown in Figure 4.10.

Simulation 2, nsmall = 20, nsingleton = 2000

MBASIC

True 0 1 2 3

0 1957 19 17 7

1 180 1818 2 0

2 153 3 1844 0

3 20 0 0 0

4 20 0 0 0

5 20 0 0 0

6 20 0 0 0

7 20 0 0 0

8 20 0 0 0

MBASIC0

True 1 2 3 4 5 6

0 67 372 620 59 427 455

1 1957 25 0 4 0 14

2 8 23 3 1950 0 16

3 0 0 1 0 0 19

4 0 0 0 0 0 20

5 0 0 1 0 0 19

6 0 0 1 0 0 19

7 0 0 1 0 0 19

8 0 0 1 0 0 19

Simulation 5, nsmall = 20, nsingleton = 2000

MBASIC

True 0 1 2

0 1986 7 7

1 31 1969 0

2 45 0 1955

3 11 9 0

4 20 0 0

5 8 0 12

6 20 0 0

7 20 0 0

8 20 0 0

MBASIC0

True 1 2 3 4 5 6

0 16 393 457 561 560 13

1 1990 0 0 5 5 0

2 0 0 0 5 12 1983

3 12 0 0 1 7 0

4 0 0 0 1 19 0

5 0 0 0 0 6 14

6 0 0 0 0 20 0

7 0 0 0 0 20 0

8 0 0 0 1 19 0
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Table 4.9 Simulation Study 6, Simulations 3 and 6. Confusion matrix between the true clusters
and the estimated clusters. The true cluster pattern is shown in Figure 4.10.

Simulation 3, nsmall = 100, nsingleton = 0

MBASIC

True 0 1 2 3 4 5

1 21 1974 0 0 5 0

2 12 7 0 1 1980 0

3 1 1 9 0 0 89

4 5 0 89 0 0 6

5 6 0 2 92 0 0

6 1 0 0 13 0 86

7 0 0 96 4 0 0

8 0 0 0 97 0 3

MBASIC0

True 1 2 3 4

1 1993 0 7 0

2 7 1 1991 1

3 1 0 0 99

4 0 2 0 98

5 0 99 0 1

6 0 6 0 94

7 0 100 0 0

8 0 99 0 1

Simulation 6, nsmall = 100, nsingleton = 0

MBASIC

True 0 1 2 3 4 5 6 7

1 3 1983 14 0 0 0 0 0

2 1 0 0 0 0 1999 0 0

3 0 8 92 0 0 0 0 0

4 1 0 0 1 98 0 0 0

5 1 0 0 0 0 99 0 0

6 1 0 0 0 0 0 99 0

7 1 0 1 96 0 1 0 1

8 0 0 0 0 0 0 0 100

MBASIC0

True 1 2 3 4 5 6 7

1 1976 24 0 0 0 0 0

2 0 0 0 0 2000 0 0

3 7 93 0 0 0 0 0

4 0 0 99 0 0 1 0

5 0 0 0 0 99 0 1

6 0 0 1 0 0 0 99

7 0 2 1 1 1 95 0

8 0 0 0 100 0 0 0
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Table 4.10 Simulation Study 6. ARI, MSE-W, and SPE in all simulations.

MBASIC MBASIC0

Simulation nsmall nsingleton ARI MSE-W SPE ARI MSE-W SPE

1 20 0 0.967 0.433 0.185 0.991 0.29 0.189

2 20 2000 0.79 0.442 0.192 0.727 0.34 0.193

3 100 0 0.969 0.203 0.187 0.975 0.233 0.193

4 20 0 0.977 0.384 0.169 0.983 0.260 0.167

5 20 2000 0.926 0.384 0.185 0.773 0.333 0.184

6 100 0 0.949 0.087 0.172 0.947 0.087 0.171
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avoid merging weak clusters requires further investigation in more dynamic settings as I vary the

similarity among clusters, the difference among the states, as well as other variables that influence

cluster structures such as J , K, S. I leave such potential investigations as future research.

4.5 Applications of MBASIC to Genome Research Problems

4.5.1 Transcription Factor Enrichment Network

Regulation of gene expression relies heavily on the context-specific combinatorial activities

of TFs. Gene clustering analysis based on TF occupancy data, i.e., ChIP-seq, aims to identify

combinatorial patterns of TF occupancy and group genes based on such patterns. The ENCODE

consortium ([67]) has generated TF ChIP-seq datasets for over 100 TFs across multiple cell types,

and has motivated several integrative studies for learning regulation patterns ([15], [71]). In this

study, I applied MBASIC to the analysis of such data. Specifically, I focused on the TF enrichment

patterns at the promoter regions, i.e., -5000 bps and +1000 bps the transcription start site, of the

10290 genes that had significant expression, as measured by RNA-seq, in either the Gm12878 or

the K562 cells. The input data to MBASIC were the mapped numbers of reads at these promoter

regions from the uniformly processed ChIP-seq data by [15]. I chose the cell types Gm12878 and

K562 because they had the largest numbers of TF ChIP-seq experiments. The final dataset utilized

included ChIP-seq data for I = 10290 observational units over 30 TFs corresponding to K = 60

experimental conditions (cell type × TF) with a total of 166 replicate experiments.

I fitted MBASIC with S = 2 states and used log normal distributions as in Equation (4.3).

s = 1 corresponded to the unenriched state, and I let γikl1 = log(1 + xik), where xik is the count

from the matching control experiment at unit i. s = 2 corresponded to the enrichment state, and I

let γikl2 = 1 for all loci.

I followed the two-phase procedure using BIC from Section 4.3.4 to select both the number

of clusters and the structure of each cluster. In Phase 1, I selected the number of clusters as 24.

In Phase 2, I considered two types of structural constraints for each cluster, referred to by TF-

homogeneity and cell type-homogeneity and defined as wjk1s = wjk2s if k1 and k2 corresponded to

the same TF or cell type. I found that imposing cell type-homogeneity to any cluster would cause
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Figure 4.13 (a) BIC and (b) log-likelihood values for models with different structures. All the
clusters are unstructured in the Phase 1 models and the x-axis denotes the total number of

clusters. The total number of clusters is 24 for Phase 2 models and the x-axis denotes the number
of unconstrained clusters. The remaining clusters have TF-homogeneity.
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Figure 4.14 (a) Normalized data for each cell-TF combination at five sub-sampled loci within
each cluster. (b) Estimated enrichment probability at each cell-TF combination for each cluster.
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that cluster to be degenerate (i.e., no unit was assigned to that cluster). Therefore, I chose the final

model among those with TF-homogeneity structures. The BIC and log likelihood values for differ-

ent models fitted in both phases are shown in Figure 4.13. The final model had 24 unconstrained

clusters, consisting of 1−ζ = 89.8% of the 10290 loci. The ranges of the estimated distribution pa-

rameters among replicates within the same cell type-TF combination is shown in Figures 4.15 and

4.16. I notice that these parameters can be substantially different among replicated experiments.

This provides further support for my replicate specific parametrization.

To compare the normalized data and the predicted enrichment probability for each cluster, I

computed the normalized signals 3 and compared them to the estimated cluster parameters. Figure

4.14(a) depicts such normalized signals from five randomly selected loci within each predicted

cluster, as well as the predicted enrichment probabilities at the corresponding condition and clus-

ter (wjk2’s). I observe that the estimated enrichment probabilities at the cluster level capture the

commonality among loci within each cluster. In addition, each loci cluster exhibits distinct com-

binatorial patterns of activity across all cell type-TF combination. The cell type-TF combination

enriched within each cluster is listed in the Table B.1.

My clustering results are consistent with the existing literature on the TF enrichment networks.

For example, cooperating TFs tend to be enriched at the same loci. This pattern can be observed in

Figure 4.14 between Bcl3 and Bclaf1. Pol2 and Pol24h8 represent Pol2 experiments with different

antibodies. As expected, I observe enrichment at the same loci for these two different version of

Pol2 experiments (Figure 4.14(a)). Moreover, pairs of TFs that have similar binding motifs have

similar enrichment probabilities over the clusters. For example, [71] discovered the UA1 motif as

common to both Chd2 and Ets1 and the USF motif for Max, Usf1, and Usf2. Interactions between

Taf1 and Tbp have also been studied by [1]. Similar enrichment probabilities of these TFs across

clusters can be observed in Figure 4.14(a). In addition to these observations that are consistent with

the literature, my results illustrate how the genome-wide TF association patterns can be attributed

3The normalized signal for unit i and condition k is:

θ̃ik =

∏nk

l=1 fs(yikl|µ̂kl2, σ̂kl2, γikl1)∏nk

l=1 fs(yikl|µ̂kl2, σ̂kl2) +
∏nk

l=1 fs(yikl|µ̂kl1, σ̂kl1, γikl2)
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Figure 4.15 The range of the estimated µkls among the different replicates under the same
experimental condition for the transcription factor enrichment network data in Section 4.5.1.
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Figure 4.16 The range of the estimated σkls among the different replicates under the same
experimental condition for the transcription factor enrichment network data in Section 4.5.1.
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to specific clusters. I explored the loci clusters with distinct patterns between cell types (e.g., Pol2

in Cluster 12, Figure 4.19), TFs from the same families (e.g., Bcl3 v.s. Bclaf1 in Cluster 3, Figure

4.17), and TFs with similar genome-wide enrichment (e.g., Max v.s. Usf1 in Cluster 2, Figure

4.18) using raw data.

I further evaluated each cluster of genes for their KEGG pathway enrichment ([66]), and iden-

tified 8 KEGG pathways that are significantly enriched in individual clusters (Table 4.11). Three of

my clusters (Clusters 7, 9, and 19) have more than half of their genes in one single pathway. Since

KEGG pathways curate the known knowledge of molecular interaction systems, these clusters may

be driven by unknown biological processes that warrant further investigation.

Table 4.11 Significantly enriched KEGG pathways across the 24 clusters.

KEGG.name # Genes Z Score Cluster Cluster

Overlapped Size

Protein processing in endoplasmic reticulum 156 5.652 7 391

Fatty acid elongation in mitochondria 7 7.518 8 133

B cell receptor signaling pathway 74 6.016 9 146

Lysine biosynthesis 3 6.53 9 146

D-Glutamine and D-glutamate metabolism 3 5.548 12 184

Vitamin B6 metabolism 4 5.28 14 156

Non-homologous end-joining 12 7.539 17 213

Lysosome 116 5.402 19 187

MBASIC infers the clustering structure based on its own estimates of the state-space profiles.

The ENCODE consortium provides the estimated enrichment regions (i.e., peaks) for each ex-

periment in this study. Then, a natural question is whether MBASIC reveals more information

compared to clustering of genes based on ENCODE-estimated binary enrichment profiles of TFs.

To address this, I created a binary vector for each gene by overlapping its promoter with the EN-

CODE peaks. Then, I applied the state-of-the-art MClust model ([12]) to cluster the 10290 pro-

moter regions based on these peak profiles. MClust selected 90 clusters based on BIC. Figure 4.20
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In Cluster 3 ● ●No Yes

Cell: Gm12878 , TF: Bcl3
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Figure 4.17 Plots of the transformed ChIP sample read counts against the transformed control
sample read counts for all units in the Gm12878 cell for (a) Bcl3 and (b) Bclaf1. Data from

unenriched units are expected to locate around the 45 degree dashed line.
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Figure 4.18 Plots of the transformed ChIP sample read counts against the transformed control
sample read counts for all units in both Gm12878 and K562 cells for (a) Max and (b) Usf1. Data

from unenriched units are expected to locate around the 45 degree dashed line.
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Figure 4.19 (a, b) Plots of the transformed Pol2 ChIP sample read counts against the transformed
control sample read counts for all units in (a) Gm12878 and (b) K562 cells. Data from unenriched

units are expected around the 45 degree dashed line.
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Figure 4.20 Estimated enrichment probability for each of the 90 clusters identified by MClust.



133

displays cluster-level estimated enrichment probabilities of TFs across the conditions considered.

Compared to Figure 4.14, I can see that many of the MClust clusters have very similar enrichment

profiles. For example, Clusters 51, 7, 8, 32, 54 contained almost no enrichment for any TFs, but

are classified as distinct clusters. The association between units across these clusters are thus non-

trivial to interpret. In addition, I found that for some conditions, the enrichment states predicted by

MBASIC are quite different than those from the ENCODE peak profiles (e.g., Figure 4.21). This is

because the ENCODE peaks are identified by whole genome-wide analysis and may not reflect the

differences between the ChIP and control samples at the local promoter regions. MBASIC attains

larger raw data fidelity by directly modeling the counts at each unit rather than inheriting results

from existing analyses.

4.5.2 Genome-wide Identification of +9.5-like Composite Elements

[27] and [14] described the requirement of the intronic +9.5 site, an Ebox-GATA compos-

ite element located at chr6: 88143884-88157023 in the mouse genome (genome version mm9),

to establish the hematopoietic stem/progenitor cell (HSC) compartment in the fetal liver and for

hematopoietic stem cell genesis in the aorta-gonad-mesonephros (AGM), respectively. Further-

more, [27] and [22] showed that heterozygous +9.5 mutations cause a human immunodeficiency

associated with myelodysplastic syndrome (MDS) and acute myeloid leukemia (AML). Because

the +9.5 site is the only known cis-element deletion of which depletes fetal liver HSCs and is lethal

at E13-14 of embryogenesis, identifying additional loci that have similar functionality is extremely

important for establishing mechanisms that enable GATA factor-bound regions with nonredundant

activity and have the potential to reveal novel targets for therapeutic modulation of hematopoiesis.

In this application, I identified 4803 genomic regions with the Ebox-GATA motif (CATCTG-N[7-

9]-AGATAA where N[7-9] denotes a variable size spacer of 7 and 9 nucleotides) in the human

genome (genome version hg19). I considered a 150 bps window anchored at each of the 4803

composite elements as the observational unit. To analyze the TF occupancy activities at these units

and identify a group of composite elements with occupancy profiles similar to that of the +9.5
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Figure 4.21 (a, b) Transformed ChIP versus control sample read counts from a Gm12878-Ctcf
dataset. Enrichment states are annotated by (a) ENCODE peak profiles and (b) MBASIC

estimation. In MBASIC, an observational unit is estimated to be enriched if its enrichment
probability satisfies P (θik = 2|Y ) > 0.5.
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composite element, I downloaded all ChIP-seq data for the Huvec and K562 cells from [15]. In

total, the data set contained 224 replicates spanning K = 84 experimental conditions and 77 TFs.

I used negative binomial distributions with S = 2 states, where s = 1 denoted the unenriched

(unoccupied) state, in the MBASIC framework. I chose γikl1 = 1 + xik, where xik is the count

for unit i from the matching control experiment for condition k, to incorporate data from the

accompanying control experiments of the ChIP samples. For s = 2, I utilized the following

mixture distribution to account for the heavy tails observed in the raw data:

Yikl − 3|θik = 2
ind.∼ νiklNB(µkl2, σkl2) + (1− νikl)NB(µkl3, σkl3),

νik
i.i.d.∼ Bernoulli(vkl).

Here, the constant 3 represents the minimum count threshold for enrichment estimation. The

use of mixture distributions to capture heavy tailed count data was previously considered by [85]. I

note that an alternative approach to capture heavy tailed counts would be to fit a model using S = 3

states, with s = 2, 3 representing two distinct enrichment components. Such an approach would

differ from the proposed approach in a subtle yet important way. In this alternative approach,

allocation of each unit to different enrichment components would affect the clustering estimation,

while in my approach, clustering is only determined by the enrichment status of the individual unit

regardless of which enrichment component it follows. The E-M algorithm for this setting requires

a slight modification as discussed in Section 4.5.1.

Following the two phase model selection procedure using BIC, I selected the model with 3

clusters, 2 of which were cell type-homogeneous. The ranges of the estimated distribution param-

eters among replicates within the same condition are displayed in Figures 4.23 and 4.24. The three

clusters (denoted by C1, C2, and C3) included 332, 837, 157 composite elements, respectively,

and the remaining 3477 composite elements were identified as singletons. A heatmap for the en-

richment probability of each unit under each cell type-TF combination across the three clusters is

shown in Figure 4.22. The +9.5 element is a member of cluster C3 which consists of a total of 157

+9.5-like composite elements. A detailed genomic annotation of these elements are provided in
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Figure 4.22 Posterior enrichment probability (i.e,. P (θik = 2|Y )) for all units in the three
clusters. The right most column of the C3 cluster corresponds to the +9.5 element.
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Figure 4.23 The range of the estimated parameters µkls among the different replicates under the
same experimental condition for the +9.5 composite element data in Section 4.5.2.
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Figure 4.24 The range of the estimated parameters σkls among the different replicates under the
same experimental condition for the +9.5 composite element data in Section 4.5.2. For some

replicate, the data for a state can be under-dispersed, resulting in a negative value for the
estimated size parameter in the negative binomial distribution. In that case, I set σkls = 100.

Although my model do not fully capture the under-dispersion patterns, the large variations in σkls
for some conditions suggest that assuming replicate-specific distributions is quite necessary.
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Table B.2. Notably, 46% of the C3 elements reside in intronic regions and 42% of these are within

first intron. Only 15% of the cluster are located up to 10Kb upstream of transcription start sites.

A detailed analysis of Figure 4.22 reveals that cluster C3 is driven by several transcription

factors with known associations to GATA2. First, we note that a large fraction of the C3 loci

are bound by BRG1. The chromatin remodeler BRG1 is involved in GATA1-mediated chromatin

looping ([31, 32]) and co-localizes with GATA1 at some chromatin sites [23]. BRG1 has broad

functions in many cell types; however, conditional knockouts of BRG1 reveal its importance in

specific cell and tissue contexts [21]. Another factor that clearly stands out as having a GATA2-

like profile in cluster C3 is ETS1. Prior work identified the propensity of occupied GATA motifs

to reside near Ets motifs [40, 11] has highlighted GATA2-ETS co-localization.

I next performed an alternative naive analysis by utilizing the list of peaks provided by the

ENCODE project. As in the case of the Transcription Factor Enrichment Network example of

Section 4.5.1, these peaks, provided by the ENCODE consortium, were identified by analyzing

each dataset individually with ENCODE’s uniform ChIP-seq processing pipeline. Figure 4.26 dis-

plays the ENCODE peak profiles for my cell type-TF conditions. For each of the 4803 composite

elements, I constructed a peak profile, which is a binary vector indicating whether the element over-

laps with the ENCODE peaks for each cell type-TF combination. I then computed the peak profile

based similarity between the +9.5 site and each the of the composite elements using the R func-

tion dist.binary with the ”Jaccard index” option. For comparison, I computed pseudo-binary

similarities between each element and the +9.5 site using the MBASIC estimated enrichment prob-

abilities across all conditions4. I then ranked the composite elements based on both ENCODE and

MBASIC estimated similarities. Figure 4.25 provides a comparison of the two lists as a function of

top ranking composite elements. Overall, I observe that the rankings based on MBASIC estimation

are consistent with the rankings based on the ENCODE peak profiles.

Although the rankings of the composite elements with respect to their +9.5 similarity using

both the ENCODE peak profiles and MBASIC estimation were quite similar, the two approaches

4The pseudo-binary similarity between two units i1 and i2 is calculated as s(i1, i2) =∑
k P{θi1k=1|Y }P{θi2k=1|Y }∑

k P{θi1k=1|Y }+P{θi2k=1|Y }−P{θi1k=1|Y }P{θi2k=1|Y } .
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Figure 4.25 Proportion of overlap between the top ranked +9.5-like composite elements
identified by MBASIC and ENCODE peak profiles. The overlap proportion is calculated by
considering the same number of top ranked units (x-axis) in both the ENCODE-based and

MBASIC-based similarities to the +9.5 site. The dashed lines mark that 78% of the C3 units are
ranked in the top 157 based on the ENCODE peak profiles.
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Figure 4.26 Enrichment states provided by the ENCODE peak profiles. Note that only a small
percentage of the composite elements which harbor the canonical GATA binding site are

identified as enriched for GATA family transcription factors. This suggests that the ENCODE
peak profiles can be conservative.
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Figure 4.27 (a) Top half: Enrichment probabilities for the C3 units across all experimental
conditions estimated by MBASIC. Bottom half: Proportion of C3 units that are overlapped by the

ENCODE peaks for each condition. (b, c) ChIP sample read counts against normalized control
sample read counts for one replicate with K562-Chd2. Enrichment status are annotated by (a) the

ENCODE peak profiles and (c) MBASIC prediction.
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resulted in different enrichment estimation at the individual TF-cell combination level. Figure

4.27(a) compares the estimated cluster-level enrichment probabilities of each cell type-TF combi-

nation for cluster C3 against their average ENCODE peak profiles and highlights the difference

between the two procedures. To further investigate these differences, I plotted the raw data for

individual replicates and compared the composite elements that were estimated to be enriched by

the two methods. An example using data from K562-Chd2 is displayed in Figures 4.27(b) and

(c). Although many elements have significantly higher counts in the ChIP sample compared to the

control sample, they are not identified as occupied by Chd2 in K562 according to ENCODE peak

annotation. Another example using a replicate from K562-Yy1 is shown in Figure 4.28, where

several elements with zero ChIP count are overlapped by ENCODE peaks. These results indicate

that MBASIC provides a grouping of the Ebox-GATA composite elements that is more consistent

with the raw data compared to grouping based on ENCODE peak annotation.

4.6 Conclusions and Discussion

Clustering analysis based on an underlying state-space is a common problem for many genomic

and epigenomic studies where multiple data sets over many observational units are integrated. In

this chapter, I developed a unified statistical framework, called MBASIC, for addressing these

class of problems. MBASIC simultaneously projects the observations onto a hidden state-space

and infers clustered units in this space. The hierarchical structure of MBASIC enables the infor-

mation of the state-space clusters to be fed back into the projection of the raw data, thus reinforces

the accuracy of predicting the state-space states of individual units. The MBASIC framework

offers flexibility in a number of aspects of experimental design, such as different numbers of repli-

cates under individual experimental conditions and missing values. Additionally, it is applicable

to many parametric distributions. My computational studies highlighted good operating charac-

teristics of MBASIC and the two genomic applications illustrated how large numbers of ChIP-seq

datasets can be integrated for addressing specific problems. In both of the applications, MBA-

SIC algorithm converged within 20 minutes for a fixed model on a 64 bit machine with Intel

Xeon 3.0GHz processor and 64GB of RAM. For model selection, I utilized R package snow to
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(a) (b)
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implement the 2-phase procedure with parallel fitting of different candidate models using a 8-core

64 bit, 64GB RAM machine with 8 Intel Xeon 3.0GHz processors. These runs were completed

under 2 hours. The computational efficiency of my model depends on the simple, closed-form

updates in my E-M algorithm. Such a mathematical form is due, at least in part, to my modeling

assumption that the rows of my state-space matrix is clustered. I have argued that this assump-

tion, as compared to the PCA-type model structures, offers easier interpretation and is well suited

for many genomic applications. A preliminary version of the R package MBASIC is available at

https://github.com/chandlerzuo/mbasic.
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Chapter 5

A MAD-Bayes Algorithm for State-space Inference and Cluster-
ing1

5.1 Introduction

Integrative analysis for genomic and epigenomic data sets that reveal genome regulatory mech-

anism under a variety of biological conditions has become a popular topic in recent years. For

example, [15] and [71] each studied human regulatory network by analyzing over one hundred

transcription factor (TF) occupancy data sets. [78] identified clustered TF binding patterns in can-

cer cells by investigating 565 different TF data sets. [79] examined conservation pattern between

human and mouse genome from over 1000 data sets encompassing TF binding, gene expression

and DNase hypersensitivity experiments. In such studies, genomic loci that exhibit signals, i.e. en-

riched loci, are identified for individual data sets, and loci with the same combinatorial enrichment

patterns across the experiments are clustered.

Such applications have motivated a number of new statistical models for systematic data in-

tegration. Earlier models, such as [2], [26] and [80], require separate analysis for enrichment

detection and loci clustering. Later, models that jointly detect enrichment and clusters were pro-

posed, i.e. [72] and [73]. These models, targeting at specific data types, enable information sharing

among different data sets to increase statistical power. In Chapter 4, I proposed the Matrix Based

Analysis for State-space Inference and Clustering (MBASIC) framework, a hierarchical framework

generally applicable to different data types.

1The manuscript for this chapter is to be submitted. Method in this chapter is implemented in the R package MBASIC
and is freely available at http://github.com/chandlerzuo/mbasic.

http://github.com/chandlerzuo/mbasic
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Among the three joint fitting algorithms, all of them assumed mixture data distributions and

implemented Expectation-Maximization algorithms ([10]) to estimate parameters. A drawback of

these algorithms is that its convergence rate is slow. One data set in [84] which involved 10290

loci and 166 data sets took over 20 min to converge. With the increasing number of data sets and

the scale of each data set in such analysis, such computational performances can only be more

challenging. From the application point of view, it is very important to develop new algorithms

with greater scalability and efficiency.

To that end, I propose a MAD-Bayes algorithm for the MBASIC framework ([84]) in this chap-

ter. The MAD-Bayes (i.e. Maximum a posteriori-based Asymptotic Derivation from Bayes) frame-

work, was proposed by [6]. Recall that in estimating mixture Gaussian models, the small-variance

asymptotic of the standard Expectation-Maximization algorithm leads to the K-means algorithm.

[6] generalized this small-variance asymptotic view and proposed the MAD-Bayes framework that

could derive a family of K-means-like algorithms for many Bayesian nonparametric models. To

adopt this approach in the MBASIC framework, I first reparametrized its hierarchical model in

a Bayesian framework, then derived the small-variance asymptotic algorithm for posterior max-

imization. Such an algorithm potentially inherits the simplicity and scalability of the K-means

algorithm.

Despite the benefits of the MAD-Bayes framework, it has two under-appreciated drawbacks.

First, a K-means-like algorithm for discrete parameters only converges to a local optimum. In

a hierarchical model as MBASIC, this local optima problem is only exacerbated. [6] proposed

random restarts and careful initialization as practical remedies. For the MAD-Bayes construction

of the MBASIC algorithm, my numerical experiments show that the local optima can achieve

comparable estimation with the E-M algorithm. Second, and more challenging, is that it leads

to important tuning parameters in the objective function that determines the model structure. [6]

evaluated several MAD-Bayes algorithms based on fixed tuning parameter values, and kept their

choice for practical data sets as an unsolved problem. My MAD-Bayes algorithm contains two

tuning parameters, one dictating the number of clusters and the other one dictating the relative

importance between state-space inference and state-space clustering. I proposed a heuristic method
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based on the conjugacy between the tuning parameters and the number of clusters that gives a

range of candidate tuning parameter values. I further use the Silhouette score ([57]) based on the

normalized data as the guide to select the best tuning parameter values. In addition to developing

a MAD-Bayes formulation for MBASIC, I also developed a robust procedure for selecting tuning

parameters, therefore directly applicable for real data analyses. My simulation studies demonstrate

that this Silhouette score can reliably guide us to select models that restores the simulated “truth”.

5.2 The Bayesian MBASIC Model

I first introduce my Bayesian MBASIC model that imposes a Bayesian structure on the MBA-

SIC model of Chapter 4. I assume that data are taken from I observational units indexed from

i = 1, · · · , I , under K different experimental conditions. In a ChIP-seq experiment, for exam-

ple, I can view the units as pre-specified loci and each condition as a particular pair of transcription

factor and cell type. I assume that under the k-th experimental condition, there are nk experimental

replicates. The observed value for the i-th unit under condition k for the l-th replicate is denoted

by Yikl, for 1 ≤ i ≤ I , 1 ≤ k ≤ K and 1 ≤ l ≤ nk.

The Bayesian MBASIC model assumes a latent state is associated with the i-th unit and the

k-th condition. θiks is the indicator for the state to be s, where s takes values in a discrete state-

space S = {1, · · · , S}. For instance, in the ChIP-seq experiment, I may take S = {1, 2},

where θik1 = 1 or θik2 = 1 means that the i-th unit is un-enriched or enriched under condition k

respectively.

The Bayesian MBASIC model consists of two parts. The first part, State-space Mapping,

assumes the following distribution of Yikl conditional on θik:

(Yikl|θiks = 1)
i.i.d.∼ fs(·|µkls, σkls, γikls),

where fs is a density function with parameters µkls, σkls, and γikls denotes the variable for the

background information. The original MBASIC model can take fs as many different distribution

classes, and allows that different distributions can be taken for different states. In the Bayesian

MBASIC model, I restrict myself to the log-normal distribution:
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(log(Yikl + 1)|θiks = 1)
i.i.d.∼ N(µklsγikls, σ

2
kls). (5.1)

I take conjugate priors µkls ∼ N(ξ, τ 2) and σ−2kls ∼ Gamma(ω, ν). The log-normal distribution

leads to straight forward derivation for the Bayes and MAD-Bayes algorithms, as I show in Section

5.3. I discuss the extension to other distributions in the Discussion section.

The second part of the Bayesian MBASIC model is State-space Clustering. I assume that

experimental units can be clustered into J groups, i.e. {1, 2, · · · , I} = C1 ∪ · · · ∪ CJ . States for

the units within the same cluster follow the product multinomial distribution:

(θiks)1≤s≤S|i ∈ Cj
i.i.d.∼ MultiNomial(1, (wjks)1≤s≤S),

S∑
s=1

wjks = 1. (5.2)

I take the non-informative prior (wjks)1≤s≤S ∼ Dir(1, 1, · · · , 1). Unlike the MBASIC model,

which assumes that J is fixed, I assume a Chinese Restaurant Process as a prior for the cluster

number J . Let α be a hyper parameter of the model. The first unit forms C1 in the beginning.

I recursively assign the cluster for each unit. Suppose I have assigned units 1, · · · , i − 1 to J ′

clusters. The i-th unit is then assigned to Cj′ , j
′ ≤ J ′ with probability proportional to the size of

Cj′ . It can also form a new cluster CJ ′+1 with probability proportional to α. The prior density for

a partition with J clusters is thus ([6]):

f(C1, · · · , CJ) = αJ−1
Γ(α + 1)

Γ(α + I)

J∏
j=1

(|Cj| − 1)!. (5.3)

Introduce zij = 1{i ∈ Cj}. The posterior probability of the model is written as:

P (θ, z, µ, σ, w, J |y) ∝
I∏
i=1

J∏
j=1

K∏
k=1

S∏
s=1

w
θikszij
jks · αJ−1

J∏
j=1

(
I∑
i=1

zij − 1

)
!

·
K∏
k=1

nk∏
l=1

S∏
s=1

1

τ
e−

(µkls−ξ)
2

2τ2 ·
K∏
k=1

nk∏
l=1

S∏
s=1

1

σ
2(ω+1)
kls

e
− 1

νσ2
kls

·
I∏
i=1

K∏
k=1

S∏
s=1

[
nk∏
l=1

1

σkls
e
− [log(yikl+1)−µklsγikls]

2

2σ2
kls

]θiks
.

(5.4)
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A Gibbs sampling algorithm can be derived in a straightforward way from the posterior density.

In each step, I update the quantities as the following:

(wjks)1≤s≤S ∼ Dir

(
(1 +

I∑
i=1

θikszij)1≤s≤S

)
,

(µkls|·) ∼ N

(
ξσ2

kls + τ 2
∑I

i=1 γikls log(yikl + 1)θiks

σ2
kls + τ 2

∑I
i=1 θiksγ

2
ikls

,
σ2
klsτ

2

σ2
kls + τ 2

∑I
i=1 θiksγ

2
ikls

)
,

(
1

σ2
kls

|·
)
∼ Gamma

(
ω +

∑I
i=1 θiks

2
,

[
1

ν
+

(log(yikl + 1)− γiklsµkls)2

2

]−1)
,

P (zij = 1|·) ∝
∑

i′ 6=i zi′j

I − 1 + α

K∏
k=1

S∏
s=1

wθiksjks ,

P (i forms a new cluster|·) ∝ α

I − 1 + α

1

SK
.

5.3 The MAD-Bayes Algorithm

Although my model results in a simple Gibbs sampling algorithm, its computational efficiency

is much restricted in practice. I have applied the Gibbs sampling to a ChIP-seq data set on 10,290

units and 166 replicates in [84]. The algorithm took over 20 hours to mix. This further motivates

the MAD-Bayes construction for MBASIC.

Recall that the K-means algorithm can be derived from a small variance asymptotic view of

maximizing the posterior density for a Bayesian model. In an earlier work, [34] used this idea

to develop an algorithm named “DP-means” for the Chinese Restaurant Processes. [6] extended

this idea to develop algorithms for the Dirichlet Processes. In addition, the authors proposed that

this idea can be generally applied to different Bayesian models, and named such algorithms as

“MAD-Bayes” (Maximum a posteriori-based Asymptotic Derivation of Bayes).

I consider the following small variance asymptotic assumptions for the Bayesian MBASIC

model:

Assumption 5.1. All data have equal variance: σ2
kls = σ2 → 0.

Assumption 5.2. wjks ∈ {1− (S − 1)e−λw/σ
2/, e−λw/σ

2}.
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Assumption 5.3. α = e−λwλr/2σ
2
.

Recall that wjks denotes the probability for the j-th cluster to have state s in the k-th condition.

Both λw and λr in my assumptions are some chosen constants such that my MAD-Bayes algorithm

will have non-trivial cluster assignments. Notice that as σ2 → 0, e−λw/σ2 → 0, α→ 0.

Proposition 5.4. With Assumptions 5.1, 5.2 and 5.3, we have

−2σ2 log(θ, z, µ, σ, w, J |y) =
I∑
i=1

K∑
k=1

nk∑
l=1

S∑
s=1

θiks[log(yikl + 1)− µklsγikls]2

+ λw

{
I∑
i=1

J∑
j=1

zij

[
K∑
k=1

S∑
s=1

(θiks − wjks)2
]

+ λr(J − 1)

}
+ Const+ o(1).

(5.5)

See Section 5.3.3 for the proof. In Eqn. (5.5), the first term originates from the densities

of Gaussian distributions (Eqn. (5.1)), the second term from the Multinomial distributions (Eqn.

(5.2)), and the third term is a penalty for the number of clusters. From Eqn. (5.5), I see that maxi-

mizing the posterior density is asymptotically equivalent to the following minimization problem:

min
µ,z,θ,w,J

I∑
i=1

K∑
k=1

nk∑
l=1

S∑
s=1

θiks[log(yikl + 1)− µklsγikls]2

+ λw

{
I∑
i=1

J∑
j=1

zij

[
K∑
k=1

S∑
s=1

(θiks − wjks)2
]

+ λr(J − 1)

} (5.6)

A local minimization algorithm with objective function (5.5) can be derived as Algorithm 5.1.

Similarly to the K-Means algorithm, it sequentially assigns new values for the variables in each

iteration. Notice that each step of this algorithm does not increase the objective function, and the

updates for wjks’s and µkls’s minimize the objective function for a fixed configuration of θiks’s and

zij’s. Moreover, there are finite number of combinations for θiks’s and zij’s such that no cluster

is empty and all clusters are distinct from one another. With such observations, one can conclude

that:

Proposition 5.5. Algorithm 5.1 converges within finite number of iterations to a local minimum of

the objective function Eqn. (5.6).
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Algorithm 5.1 The MAD-Bayes algorithm for the Bayesian MBASIC model.
repeat

Step 1. Update the log-normal parameter µkls’s. For 1 ≤ k ≤ K, 1 ≤ l ≤ nk and 1 ≤ s ≤ S,

µkls ←
∑I

i=1 θiks log(yikl + 1)∑I
i=1 θiksγikls

.

Step 2. Update the Multinomial parameter wjks’s. For each 1 ≤ j ≤ J , 1 ≤ k ≤ K and

1 ≤ s ≤ S,

wjks ←
∑I

i=1 zijθiks∑I
i=1 zij

.

Step 3. Update the cluster labels zij’s. For each 1 ≤ i ≤ I , relabel the distinct clusters for all

the rest I − 1 units as 1, 2, · · · , J . Compute

tj =
K∑
k=1

S∑
s=1

(θiks − wjks)2, 1 ≤ j ≤ J.

If min1≤j≤J tj < λr, assign the unit i to the cluster j with minimum tj . Otherwise, generate

a cluster J + 1 with a single unit i.

Step 4. Assign the states θiks’s. For each 1 ≤ i ≤ I , 1 ≤ k ≤ K, let

s0 ← arg min
s

nk∑
l=1

(log(yikl + 1)− µklsγikls)2 + λw

J∑
j=1

zij

[
(1− wjks)2 +

∑
s′ 6=s

w2
jks

]
,

and let θiks0 = 1, θiks = 0 for s 6= s0.

until Convergence.
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5.3.1 Model Initialization

It is known that the K-means algorithm can be sensitive to the choice of cluster initialization,

and with its increasing complexity in the parameter space, this problem can even be more serious

for the MAD-Bayes algorithm ([6]). Random initialization alone may address this issue, but it

has no control of the starting point in the parameter space, and in some cases this would lead to

excessive number of iterations. Therefore, a guided initialization strategy is often needed.

For Algorithm 5.1, I first initialize θiks’s and µkls’s together as the minimizer of the following

objective:

min
µ,θ

I∑
i=1

K∑
k=1

nk∑
l=1

S∑
s=1

θiks[log(yikl + 1)− µklsγikls]2. (5.7)

Notice that (5.7) is a degenerate form of (5.6) with λw = 0. Therefore, the algorithm to

minimize (5.7) is Algorithm 5.2, which degenerates from Algorithm 5.1.

Algorithm 5.2 Initializing θiks’s and µkls’s.
repeat

Step 1. Update the log-normal parameter µkls’s. For 1 ≤ k ≤ K, 1 ≤ l ≤ nk and 1 ≤ s ≤ S,

µkls ←
∑I

i=1 θiks log(yikl + 1)∑I
i=1 θiksγikls

.

Step 2. Assign the states θiks’s. For each 1 ≤ i ≤ I , 1 ≤ k ≤ K, let

s0 ← arg min
s

nk∑
l=1

(log(yikl + 1)− µklsγikls)2,

and let θiks0 = 1, θiks = 0 for s 6= s0.

until Convergence.

I then initialize zij’s and wjks’s based on the fixed values of the initialized θiks’s. I propose

three initializing methods: K-means, K-means++ and adaptive K-means++. Both the K-means

and the K-means++ initialization depends on a pre-determined value of J , initialization of which is
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discussed in Section 5.3.2. For now, assume the value of initial J is given. For the K-means initial-

ization, I run the K-means algorithm on the I state-space vectors (θiks)1≤k≤K,1≤s≤S for 1 ≤ i ≤ I

until convergence. The center of each cluster is used as the initial values of wjks’s. For the K-

means++ initialization, I adopt the procedure in [4] which was introduced as a guided initialization

for the K-means algorithm with guaranteed global optimality. The adaptive K-means++ initializa-

tion is similar to the initialization procedure in [6]. It uses a K-means++ style algorithm to find a

local minimizer for the following objective function:

min
z,w,J

I∑
i=1

J∑
j=1

zij

[
K∑
k=1

S∑
s=1

(θiks − wjks)2
]

+ λr(J − 1). (5.8)

Algorithm 5.3 Adaptive K-means++ Initialization.

Let J = 1, zi1 = 1, w1ks =
∑I

i=1 θiks/I .

repeat

1. Let di =
∑J

j=1 zij
∑K

k=1

∑S
s=1(θiks − wjks)2.

2. Sample i0 from {1, 2, · · · , I} with probability proportional to di.

3. For each i, if
∑J

j=1 zij
∑K

k=1

∑S
s=1(θiks − wjks)

2 <
∑K

k=1

∑S
s=1(θiks − θi0ks)

2, then set

zi,J+1 = 1, zij = 0 for j ≤ J .

4. Update each wjks as

wjks ←
∑I

i=1 zij
∑K

k=1

∑S
s=1 θiks∑I

i=1 zij
.

5. J ← J + 1.

until The value of Eqn. (5.8) does not decrease.

5.3.2 Selecting the Tuning Parameters

Although selecting the tuning parameters is a cretical step for real data, this issue was not

addressed in [6]. Even for the models with one tuning parameters, the authors of [6] acknowledged

the difficulty in choosing their appropriate values in practice. Given the hierarchical structure of
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my model, the objective function Eqn. (5.6) has two tuning parameters λw and λr, making this

problem more challenging for my case. Notice that since my goal is to develop a time-efficient

algorithm, cross-validation is an un-affordable method.

I propose my tuning parameter selection method through heuristic studies. For λw, recall one

of my assumptions in Proposition 5.4 that e−
λw
σ2 → 0 as σ2 → 0. This asymptotic degeneracy

should not be expected of real data, but we should expect small e−
λw
σ2 values since it represents the

probability of not having a particular state. I propose choosing λw as 2σ̂2 in practice, where σ̂2 is

the initial estimate for σ2 as a byproduct of Algorithm 5.2:

σ̂2 = min
µ,θ

I∑
i=1

K∑
k=1

nk∑
l=1

S∑
s=1

θiks[log(yikl + 1)− µklsγikls]2.

I will show in Section 5.4 that varying λw in the order of σ̂2 does not affect model inference.

Once λw is fixed, λr determines the number of clusters as shown by Eqn. (5.6). I first decide

a range of λr that yield numbers of clusters of interest. My intuition comes from the following

conjugacy between λr and J . Suppose the global minimum of Eqn. (5.6) is attained with J

clusters. Then, fixing the θiks’s, zij’s, λw, λr and J jointly minimize:

I∑
i=1

J∑
j=1

zij

[
K∑
k=1

S∑
s=1

(θiks − wjks)2 + λr(J − 1)

]
. (5.9)

Let

L(J) = min
z,w

I∑
i=1

J∑
j=1

zij

[
K∑
k=1

S∑
s=1

(θiks − wjks)2
]
,

I should have:

L(J) + λr(J − 1) ≤ L(J ′) + λr(J
′ − 1), ∀J ′ 6= J.

Therefore, the λr value that can yield J clusters in the global solution must satisfy:

sup
J ′>J

L(J)− L(J ′)

J − J ′
≤ λr ≤ inf

J ′>J

L(J ′)− L(J)

J ′ − J
. (5.10)
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Figure 5.1 A graphic interpretation of Eqn. (5.10).

In practice, I can get surrogate values of L(J) from the initialization of the clusters. For the

K-means initialization, I take L(J) as the total within group variance with J clusters. For the

K-means++ initialization, I take L(J) as the total squared distance from each unit to its cluster

centroid. For the Adaptive K-means++ initialization, I apply Algorithm 5.3 except that I repeat the

iterations until I get J clusters, then take L(J) as the total within group variance.

A graphic interpretation for the conjugacy between λr and J is shown in Figure 5.1. I use the

K-means initialization to compute surrogate values for L(J) for various values of J ≥ 1. If λr

satisfies Eqn. (5.10), a line with slope −λr crossing (J, L(J)) on the graph should be tangent to

the trace of all L(J) values. Notice that using the surrogate L(J) values, the curve connecting the

L(J) values can be non-convex, so the solution for λr for some J not hold. Nevertheless, as my

goal here is only to get the number of clusters in a reasonable range rather than a specific value, I

could get a convex approximation for the trace of L(J) so that the solution for Eqn. (5.10) exists

for each J . A simpler approach is to put the L(J) values in a decreasing value and require the

following condition for λr instead of Eqn. (5.10):
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L(J)− L(J + 1) ≤ λr ≤ L(J − 1)− L(J). (5.11)

Algorithm 5.4 applies this idea to pick m candidate λr values. Each J corresponds to a λr of

value [L(J − 1) − L(J + 1)]/2 that satisfies Eqn. (5.11). It tries to identify the range of λr that

leads up to
√
I number of clusters. Notice that Step 4 in Algorithm 5.4 also determines the initial

number of clusters for the K-means and K-means++ initialization.

Algorithm 5.4 Choose m candidate λr values.
1. Compute surrogate values of L(j) for 1 ≤ j ≤ b

√
Ic := Jmax. Order L(j)’s decreasingly as

L1 ≥ L2 ≥ · · · ≥ LJmax .

2. Let λ′j = (Lj−1 − Lj+1)/2 for 2 ≤ j ≤ Jmax − 1.

3. Choose the k/(m+ 2)-th quantiles in the set {λ′j} as the candidate λr values.

4. For the K-means and K-means++ initialization, given a selected λr, choose the initial number

of clusters as J ← arg minj |λ′j − λr|.

Finally, to select the best λr value, I propose using the Silhouette score ([57]) based on the

normalized data. The Silhouette score has been demonstrated as one of the most useful criteria for

determining the number of clusters in clustering analysis (e.g. [75], [41]). Based on the estimated

parameters, I compute σ2
kls =

∑I
i=1(log(yikl+1)−µkls)2/I , and let fiks =

∏nk
l=1 φ[(log(yikl+1)−

µkls)/σkls], where φ is the density function for the standard normal distribution. I further compute

θ̃iks =
fiks∑S
s=1 fiks

.

The Silhouette score based on the I vectors (θ̃iks)1≤k≤K, 1≤s≤S and their cluster labels zij . My

normalization for θ̃iks’s involves all my parameter estimates, so its Silhouette score summarizes

their joint goodness of fit for the observed data.

5.3.3 Proof of Proposition 5.4

I finish this section by the proof of Proposition 5.4.
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Proof. With σ2
kls = σ2, I can rewrite the joint posterior density Eqn. (5.4) as:

logP (θ, z, µ, σ, w, J |y) = − 1

2σ2

I∑
i=1

K∑
k=1

nk∑
l=1

S∑
s=1

θiks[log(yikls + 1)− µklsγikls]2

+
I∑
i=1

J∑
j=1

K∑
k=1

S∑
s=1

θikszij logwjks + logα(J − 1)

+
NS

νσ2
− [(ω + 1)NS +NI] log σ2 +O(1),

(5.12)

where N =
∑K

k=1 nk is the total number of replicates, and O(1) collects terms unrelated to σ2.

Therefore, as σ2 → 0,

−2σ2 logP (θ, z, µ, σ, w, J |y) =
I∑
i=1

K∑
k=1

nk∑
l=1

S∑
s=1

θiks[log(yikls + 1)− µklsγikls]2

−2σ2

I∑
i=1

J∑
j=1

K∑
k=1

S∑
s=1

θikszij logwjks − 2σ2 logα(J − 1) + 2NS + o(1)

(5.13)

For the term including wjks, notice that by assumption, for each j, k, wjks = e−
λw
σ2 except for

one s. Thus, when θiks′ = 1 for s′ = arg maxswjks,

−2σ2
∑
s

θiks logwjks = −2σ2 log[1− (S − 1)e−
λw
σ2 ] = o(1),

∑
s

(θiks − wjks)2 = S(S − 1)e−
2λw
σ2 = o(1);

otherwise,

−2σ2
∑
s

θiks logwjks = 2λw,

∑
s

(θiks − wjks)2 = S(S − 1)e−
2λw
σ2 − 2Se

λw
σ2 + 2 = 2 + o(1).

In both cases, I have
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− 2σ2
∑
s

θiks logwjks = λw
∑
s

(θiks − wjks)2 + o(1). (5.14)

Substitute (5.14) in (5.12), and also notice that−2σ2 log(α) = λwλr by my assumption, I prove

Eqn. (5.5).

5.4 A Simulation Study

I present a simulation study to prove the utility of my algorithms. Notice that although my

MAD-Bayes algorithm is derived from the Bayesian MBASIC model, my algorithm is essentially

non-parametric and does not depend on specific distributions. In this section, I rely on the MBASIC

model ([84]) to generate synthetic data sets of various structures. As in Chapter 4, I have already

shown that the MBASIC model can be required to a wide range of genomic and epigenomic data

sets, I hope that their model can let us investigate my algorithm’s performance in realistic settings.

The MBASIC model differs from the Bayesian MBASIC model (Section 5.2) in two ways.

First, it assumes that some units, called “singletons”, can fall out of the J clusters. Given a latent

variable bi that represents the indicator of singleton, the distribution of (θiks)1≤k≤K, 1≤s≤S follows:

(θiks)1≤s≤S|bi = 0, zij = 1
i.i.d.∼ Multinom(1, (wjks)1≤s≤S);

(θiks)1≤s≤S|bi = 1
i.i.d.∼ Multinom(1, (pis)1≤s≤S).

where pis’s are the idiosyncratic state probabilities for each unit satisfying
∑S

s=1 pis = 1.

Second, MBASIC does not have the Chinese Restaurant Process prior for zij’s and J . It assumes

the following prior for the cluster and singleton indicators:

bi
i.i.d.∼ Bin(ζ), (zij)1≤j≤J

i.i.d.∼ Multinom(1, (ζj)1≤j≤J).

In my simulations, I setK = 20, and γikls = 1, ∀k, l. I simulated (πj)1≤j≤J ∼ Dir(1, 1, · · · , 1).

I let (wjks)1≤s≤S and (pis)1≤s≤S each follow an S-dimensional dirichlet distribution Dir(0.1, 0.1, · · · , 0.1)

so that for each S-dimensional vector the probability mass tended to concentrate in one state. I set
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the log-normal distribution parameters as µkls
i.i.d.∼ N(2s, 0.052) and σkls = 0.5. I varied ζ =0 or

0.4 so that singletons could be included in the data to let us evaluate my algorithm’s robustness

against violations to its assumptions.

My MAD-Bayes algorithm also relies on the assumption that σkls = σ for all k, l, s. To ac-

count for the heterogeneity between the data under different conditions in my simulation, I always

normalized my data such that the average of {log(Yikl + 1) : 1 ≤ i ≤ I} is 1 for each replicate

before running the algorithm.

5.4.1 An Empirical Approach of Choosing Tuning Parameters

In Section 5.3.2, I have stated that the solution of the algorithm is not sensitive to the choice of

λw, and that the Silhouette score based on the normalized data can be used to assess the goodness

of fit. I now demonstrate these statements using simulations. I simulated data sets with I = 4000,

J = 10, and applied the MAD-Bayes algorithm with different values of λw and λr. I varied λw

from 1 to 10 folds of the initial σ2 estimate σ̂2, and varied λr between 5 to 200. For each pair

of choices for λw and λr, I ran the MAD-Bayes algorithm with 10 random reinitializations, and

picked the best result with the minimum objective function. I then computed the Adjusted Rand

Index (ARI) as well as the Silhouette score based on the clustering results.

For each of the three initialization methods, I compared the variation of ARI against choices

in λw and λr. I show these results with ζ = 0.4 and S = 2 in Figures 5.2 and 5.3. As shown

by the heatmaps in Figure 5.2, with all three initialization methods, ARI is much robust against

variation in λw, but sensitive to the choice of λr. This suggests that as long as I have a method to

select the appropriate λr given λw, my algorithm should give reasonable result. The comparison

between ARI and the Silhouette score is shown in Figure 5.3. For all the three different initializa-

tion methods, I observe high correlation between these two quantities. I observe similar patterns

under settings with ζ = 0 or S = 4 (Figures C.1-C.6). In conclusions, these observations justifies

that setting λw = 2σ̂2 while selecting λr based on the Silhouette score is a useful approach.
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Figure 5.2 Performance of ARI for different choices of λw and λr based on the (a) K-means (b)
K-means++ and (c) Adaptive K-means++ initialization. Data simulated with ζ = 0.4 and S = 2.
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Figure 5.3 Relationship between ARI and the Silhouette score based on the normalized data for
different choices of λw and λr based on the (a) K-means (b) K-means++ and (c) Adaptive

K-means++ initialization. Data simulated with ζ = 0.4 and S = 2.



163

5.4.2 Comparing MAD-Bayes to MBASIC

In this section, I evaluate my algorithm in more diverse settings and focus on its estimation

performance. Besides varying S = 2, 4 and ζ = 0, 0.4, I also varied (I, J) = (4000, 10)

or (10000, 20) to investigate the algorithm’s performance with data of different scales. Besides

the log-normal distribution, I also simulated data with the negative binomial distribution, I let

µkls
i.i.d.∼ N(2 · 5s−1, 0.52), ρkls = 5, and Yikl|θiks = 1 follow the negative binomial distribution with

mean µkls and variance µkls(1 + µkls/ρkls). The combinations of (I, J), ζ , S and distributions in

total gave us 16 different simulation settings. I simulated 10 data sets under each setting. For each

data set, I chose 50 λr values based on Algorithm 5.4, and ran the algorithm once for each one.

For each simulated data set, I compared the performance between the MAD-Bayes algorithm

with three different initialization methods and MBASIC’s generic E-M algorithm. Besides ARI, I

also computed the State Prediction Error (SPE) for each method as follows:

SPE =

√∑I
i=1

∑K
k=1

∑S
s=1(θiks − θ̂iks)2

IKS
.

While ARI measures how each method captures the clustering structure, SPE measures the

accuracy in restoring the states of each unit. I also evaluated the execution time for each method. I

determined that the MAD-Bayes algorithm converged if there was no more updates in parameters.

For MBASIC’s E-M algorithm, I determined that it converged if the relative increment in the log

likelihood function was less than 10−10, or the maximum relative update among its parameters was

less than 10−5. For model selection, I ran the MAD-Bayes algorithm with 50 λr values according to

Algorithm 5.4 with each initialization method. I fitted MBASIC models with numbers of clusters

between J − 9 to J + 10 and chose the best model according to the Bayesian Information Criteria.

For each algorithm, I paralleled the fits for different candidate models using 20 CPUs.

I show by boxplots the comparison between the MAD-Bayes algorithm and MBASIC’s E-

M algorithm in Figures 5.4, 5.5 and 5.6. Its performance in ARI was among the best under all

settings (Figures 5.4). For the log-normal distribution, the E-M algorithm performed the best in

SPE (Figure 5.5(a)). For the negative binomial distribution, the E-M algorithm performed better
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Figure 5.4 Comparison in ARI for the MAD-Bayes algorithm with three different initialization
methods and MBASIC’s E-M algorithm with (a) log-normal and (b) negative binomial

distribution.
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Figure 5.5 Comparison in SPE-W for the MAD-Bayes algorithm with three different
initialization methods and MBASIC’s E-M algorithm with (a) log-normal and (b) negative

binomial distribution.



166

(a)

●●
● ●

●●

●

●● ●●

●●

●
●

●
●●

●●

●

●
●

32

64

128

256

512

1024

2048

4096

8192

10000, 2, 0 10000, 2, 0.4 10000, 4, 0 10000, 4, 0.4 4000, 2, 0 4000, 2, 0.4 4000, 4, 0 4000, 4, 0.4
I, S, ζ

T
im

e 
(s

ec
s)

Method Adaptive K−means++ K−means K−means++ MBASIC

(b)

●●

●●

●

●

●

●

●

●

●

●
● ●

32

64

128

256

512

1024

2048

4096

8192

10000, 2, 0 10000, 2, 0.4 10000, 4, 0 10000, 4, 0.4 4000, 2, 0 4000, 2, 0.4 4000, 4, 0 4000, 4, 0.4
I, S, ζ

T
im

e 
(s

ec
s)

Method Adaptive K−means++ K−means K−means++ MBASIC

Figure 5.6 Comparison in execution time for the MAD-Bayes algorithm with three different
initialization methods and MBASIC’s E-M algorithm with (a) log-normal and (b) negative

binomial distribution.



167

than MAD-Bayes under some settings, but worse in the others. Notably, when ζ = 0.4, the E-M

algorithm achieved higher ARI than MAD-Bayes. This was expected since MBASIC explicitely

modeled the existence of singletons. With the K-means or the K-means++ initialization, MAD-

Bayes achieved reasonable performance in ARI and SPE in general, even with mis-specified model

assumptions. Specifically, MAD-Bayes performed consistently between the log-normal (Figure

5.4(a) and 5.5(a)) and the negative binomial distributions (Figure 5.4(b) and 5.5(b)). The biggest

difference between the two algorithms is the execution time. In all settings, there are approximately

5 to 10 fold decrease in time for MAD-Bayes as compared to the E-M algorithm (Figures 5.6).

Such an order of magnitude in time difference shows the potential advantage of applying MAD-

Bayes in real settings. When I am agnostic about the “true” model structure of a real data set or

only exploratory results are needed, applying MAD-Bayes to get fast model output can be a much

preferred approach.

Across the three initialization methods, I notice that performances of the adaptive K-means++

initialization showed the least stability. Even with the log-normal distribution, it achieved poor ARI

when ζ = 0.4 and (I, J) = (4000, 4), (10000, 2) or (10000, 4) (Figure 5.4(a)). I found that model

fits with different λr values led to either too many or too few clusters. This problem remained as

I tried more candidate λr values using Algorithm 5.4. This suggests that the adaptive K-means++

initialization may be so aggressive in jointly determining the number of clusters and the cluster

centers that it exacerbate the local optima problem. This phenomenon was not observed for the K-

means and K-means++ initialization. Overall, initialization using K-means or K-means++ seems

more reliable than the adaptive K-means++ proposed by [6].

5.5 Conclusions and Discussion

I have developed an efficient algorithm for state-space inference and clustering in this chapter.

I adopt the MAD-Bayes framework to derive a hard assignment objective function for the Bayesian

MBASIC model. Compared to the generic E-M algorithm for the MBASIC model, my algorithm

has shown great advantage in time efficiency.
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A major contribution of this paper is that my proposed data-driven methods to select tuning pa-

rameters. [6] only showed that for properly chosen tuning parameters, the MAD-Bayes algorithm

can restore the clustering structures. However, it did not propose a method for tuning parameter

selection for practical analysis. I have demonstrated that the model fitting can be very sensitive to

the tuning parameters; therefore, an automated procedure to determine their proper values is ex-

tremely important. Given the similarity between their objective function and Eqn. (5.9), I believe

that Algorithm 5.4 is potentially applicable to their model as well.

The derivation of my algorithm depends on the log-normal distribution assumption. I acknowl-

edge that for other distributions, the extension of such simple derivation is not straightforward.

From a non-parametric point of view, my algorithms can still be applied as a exploratory analy-

sis, similar to how K-means algorithms are applied without Gaussian assumptions. My simulation

study shows that its performance in restoring the clustering structure and the state prediction can

be robust against different data distributions and singletons.
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Chapter 6

Conclusions

In this thesis, I present several novel computational tools for large-scale genomic and epige-

nomic inference.

In Chapter 2, I present the CSSP (ChIP-Seq Statistical Power) framework to calculate the

power for ChIP-Seq experiments. I build an empirical Bayesian model for the process of accumu-

lating genome-wide ChIP-Seq reads and estimate the power of calling enriched sites as a function

of the sequencing depths. This framework also considers the fold change and minimum intensity

thresholds to filter spurious enriched regions, thereby can be used to estimate the required sequenc-

ing depth for ChIP-Seq experiments using pilot data. This framework also enables the analysis of

lab and batch effects, as well as the input depth of the matching control experiments.

In Chapter 3, I describe the atSNP (affinity testing for regulatory SNPs) software, a R package

for identifying rSNPs in silico from millions of SNP-motif pairs. Regulatory SNPs (rSNPs) are

such SNPs that affect gene regulation by changing transcription factor (TF) binding affinities to

genomic sequences. atSNP implements an importance sampling algorithm coupled with a first-

order Markov model for the background nucleotide sequences to test the significance of affinity

scores and SNP-driven changes in these scores. Application of atSNP with >20K SNPs indicates

that atSNP is the only available tool for such a large-scale task.

In Chapter 4, I discuss a unified statistical framework, called MBASIC (Matrix Based Analysis

for State-space Inference and Clustering), to address the problem of clustering analysis based on

an underlying state-space. MBASIC simultaneously projects the observations onto a hidden state-

space and infers clustered units in this space. The MBASIC framework offers flexibility in a

number of aspects of experimental design, such as different numbers of replicates under individual
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experimental conditions and missing values. Additionally, it is applicable to many parametric

distributions. I have also developed an Expectation and Maximization algorithm with closed form

E-step updates, thus enables the application of MBASIC to large scale integrative analysis for

genomic and epigenomic data.

In Chapter 5, I establish a MAD-Bayes algorithm to perform simultaneous state-space infer-

ence and clustering. This algorithm is derived from an small variance asymptotic view of the

Bayesian MBASIC model. Compared to MBASIC’s E-M algorithm, my MAD-Bayes algorithm

shows orders-of-magnitude improvement in computational time without sacrificing much estima-

tion accuracy. I have also developed empirical procedures for selecting tuning parameters related

to model selection, which is potentially applicable to other MAD-Bayes algorithms.

Methods in this thesis are implemented as R packages listed in Table 6.1. While I have con-

ducted a number of numerical studies using both synthetic and real data to prove the usage of the

tools in this thesis, applying them to newly generated data sets in order to derive insights in the

gene regulatory systems should be a future research direction. For example, the atSNP software

in Chapter 2 can now be used to fast screening millions of SNP-motif pairs to predict putative

regulatory SNPs; such discoveries can be thus connected with the already available GWAS data

to explore gene pathology. Methods in Chapter 4 and 5 can be applied to jointly analyze data

collected on a set of loci from different experiment types, such as gene expression, transcription

factor binding and allele-specific binding. The unified analytical approaches can improve the cur-

rent practice of separate analyzing different data sets using different tools by not only enhancing

computational efficiency but also retaining data fidelity.

Another research direction is to incorporate more complex model structures to warrant realistic

data structures. For example, the CSSP framework in Chapter 2 assumes that data from different

loci are independently distributed; the MBASIC framework in Chapter 4 further assumes that they

have homogeneous distributions. Incorporating correlated and/or heterogeneous distribution as-

sumptions would challenge the computational efficiency emphasized across this thesis, but would

be worthwhile as the evolving data generation technology continues to drive the need for more
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Table 6.1 A list of software for the methods in this thesis.
Package Method Implemented Availability

CSSP CSSP (Chapter 2) http://bioconductor.org/packages/release/bioc/html/CSSP.html

atSNP atSNP (Chapter 3) http://github.com/chandlerzuo/atsnp

MBASIC MBASIC, MAD-Bayes(Chapter 4, 5) http://github.com/chandlerzuo/mbasic

granular and fundamental understanding of the genome systems. Such extensions may also be-

come feasible with the ever-improving power of the computer systems.

http://bioconductor.org/packages/release/bioc/html/CSSP.html
http://github.com/chandlerzuo/atsnp
http://github.com/chandlerzuo/mbasic
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[85] Chandler Zuo and Sündüz Keleş. A statistical framework for power calculations in ChIP-seq

experiments. Bioinformatics, 2013.
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Appendix A: Supplementary Figures for Chapter 3

A.1 Sequence logo plots for commonly identified SNP-PWM pairs in Table 3.2
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Figure A.1 Sequence logo plot for CN0007.1-rs9909429.
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Figure A.2 Sequence logo plot for CN0002.1-rs9909429.
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Figure A.3 Sequence logo plot for MA0139.1-rs9909429.
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Figure A.4 Sequence logo plot for PF0045.1-rs9909429.
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Figure A.5 Sequence logo plot for MA0055.1-rs9909429.
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A.2 Sequence logo plots for SNP-PWM pairs identified only by atSNP in Table
3.2
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Figure A.6 Sequence logo plot for PF0057.1-rs9909429.
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Figure A.7 Sequence logo plot for CN0023.1-rs9909429.
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Figure A.8 Sequence logo plot for PL0011.1-rs9909429.
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Figure A.9 Sequence logo plot for PL0002.1-rs9909429.
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Figure A.10 Sequence logo plot for CN0146.1-rs9909429.
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Figure A.11 Sequence logo plot for CN0047.1-rs9909429.
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A.3 Sequence logo plots for SNP-PWM pairs identified only by is-rSNP in
Table 3.2
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Figure A.12 Sequence logo plot for PL0017.1-rs9909429.
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Figure A.13 Sequence logo plot for CN0194.1-rs9909429.
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Figure A.14 Sequence logo plot for CN0049.1-rs9909429.
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Figure A.15 Sequence logo plot for CN0169.1-rs9909429.
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Figure A.17 Sequence logo plot for rs2569190 with the motif of the top regulatory effect in (a)
the reported TF family; and (b) the whole JASPAR library.
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Figure A.18 Sequence logo plot for rs763110 with the motif of the top regulatory effect in (a) the
reported TF family; and (b) the whole JASPAR library.
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Figure A.19 Sequence logo plot for rs12720461 with the motif of the top regulatory effect in (a)
the reported TF family; and (b) the whole JASPAR library.
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Figure A.20 Sequence logo plot for rs28095 with the motif of the top regulatory effect in (a) the
reported TF family; and (b) the whole JASPAR library.
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Figure A.21 Sequence logo plot for rs712829 with the motif of the top regulatory effect in (a) the
reported TF family; and (b) the whole JASPAR library.
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Figure A.22 Sequence logo plot for rs13434811 with the motif of the top regulatory effect in (a)
the reported TF family; and (b) the whole JASPAR library.
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Figure A.23 Sequence logo plot for rs16998970 with the motif of the top regulatory effect in (a)
the reported TF family; and (b) the whole JASPAR library.
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Figure A.24 Sequence logo plot for rs1800775 with the motif of the top regulatory effect in (a)
the reported TF family; and (b) the whole JASPAR library.
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Figure A.25 Sequence logo plot for rs243865 with the motif of the top regulatory effect in (a) the
reported TF family; and (b) the whole JASPAR library.
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Figure A.26 Sequence logo plot for rs934345 with the motif of the top regulatory effect in (a) the
reported TF family; and (b) the whole JASPAR library.
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Figure A.27 Sequence logo plot for rs2333227 with the motif of the top regulatory effect in (a)
the reported TF family; and (b) the whole JASPAR library.
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Figure A.28 Sequence logo plot for rs213045 with the motif of the top regulatory effect in (a) the
reported TF family; and (b) the whole JASPAR library.
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Figure A.29 Sequence logo plot for rs1800590 with the motif of the top regulatory effect in (a)
the reported TF family; and (b) the whole JASPAR library.
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Figure A.30 Sequence logo plot for rs1862513 with the motif of the top regulatory effect in (a)
the reported TF family; and (b) the whole JASPAR library.
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Figure A.31 Sequence logo plot for rs2838769 with the motif of the top regulatory effect in (a)
the reported TF family; and (b) the whole JASPAR library.
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Figure A.32 Sequence logo plot for rs27646 with the motif of the top regulatory effect in (a) the
reported TF family; and (b) the whole JASPAR library.
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Figure A.33 Sequence logo plot for rs2227306 with the motif of the top regulatory effect in (a)
the reported TF family; and (b) the whole JASPAR library.
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Figure A.34 Sequence logo plot for rs1658728 with the motif of the top regulatory effect in (a)
the reported TF family; and (b) the whole JASPAR library.



204

(a) (b)

P
W

M

Best match to the reference genome

5' 3'

1 2 3 4 5 6

(+
)

5' 3'

1 2 3 4 5 6

(+
)

Best match to the SNP genome

5' 3'

P
W

M

5' 3'

MA0037.1 Motif Scan for rs2251746

P
W

M

Best match to the reference genome

5'3'

1 2 3 4 5 6 7 8

(−
)

3' 5'

1 2 3 4 5 6 7 8

(−
)

Best match to the SNP genome

3' 5'

P
W

M

5'3'

MA0408.1 Motif Scan for rs2251746

Figure A.35 Sequence logo plot for rs2251746 with the motif of the top regulatory effect in (a)
the reported TF family; and (b) the whole JASPAR library.
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Figure A.36 Sequence logo plot for rs2279744 with the motif of the top regulatory effect in (a)
the reported TF family; and (b) the whole JASPAR library.
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Figure A.37 Sequence logo plot for rs3761624 with the motif of the top regulatory effect in (a)
the reported TF family; and (b) the whole JASPAR library.
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Figure A.38 Sequence logo plot for rs268682 with the motif of the top regulatory effect in (a) the
reported TF family; and (b) the whole JASPAR library.
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Figure A.39 Sequence logo plot for rs2232945 with the motif of the top regulatory effect in (a)
the reported TF family; and (b) the whole JASPAR library.
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Figure A.40 Sequence logo plot for rs11836625 with the motif of the top regulatory effect in (a)
the reported TF family; and (b) the whole JASPAR library.
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Appendix B: Supplementary Table for Chapter 4

Table B.1: Enriched cell type-TF combination for each clus-

ter in the TF enrichment network analysis of Section 4.5.1.

TFs with estimated enrichment probability > 95% are listed

for each cluster.

Cluster # of Loci Common TF Gm12878 Specific K562 Specific

1 34 Bcl3, Max, Sp1,

Taf1, Zbtb33

Atf3, Ets1, Jund,

Nrf1, Pol24h8,

Sin3ak20, Tr4

Egr1, Pu1, Rad21,

Usf2

2 317 Bcl3, Chd2, Max,

Pol24h8, Sp1, Taf1

Atf3, Ets1, Nrf1,

Sin3ak20, Usf2

Bclaf1, Egr1, Pu1,

Smc3, Tbp, Zbtb33

3 490 Ets1, Pol2,

Pol24h8, Sin3ak20,

Taf1, Tbp, Usf1

Atf3, Chd2, Nrf1,

Usf2

Bcl3, Bclaf1, Max,

Sp1

4 555 Bcl3, Bclaf1,

Chd2, Pol2,

Pol24h8, Sp1,

Taf1, Tbp

Atf3, Ets1, Nrf1,

Sin3ak20, Six5,

Smc3

Pu1

5 428 Bcl3, Chd2, Ets1,

Pol24h8, Sp1, Taf1

Atf3, Ctcf, Nrf1,

Rad21, Sin3ak20

Bclaf1, Pol2,

Smc3, Tbp

6 729 Bcl3, Chd2, Ets1,

Pol2, Pol24h8,

Sin3ak20, Smc3,

Sp1, Taf1

Atf3, Nrf1 Bclaf1, Egr1, Tbp

To continue on the next page.
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Cluster # of Loci Common TF Gm12878 Specific K562 Specific

7 391 Bcl3, Bclaf1,

Chd2, Egr1, Ets1,

Smc3, Sp1

8 133 Ctcf Atf3, Chd2, Rad21 Smc3, Srf

9 146 Ctcf Bclaf1, Pol24h8,

Smc3, Tbp

10 469 Pol2, Pol24h8,

Taf1

Smc3 Bclaf1, Ets1,

Sin3ak20, Tbp

11 440 Gabp, Pol24h8,

Taf1

Ets1, Smc3 Pol2

12 184 Bcl3, Chd2, Ets1,

Nrf1, Pol24h8,

Taf1

13 277 Chd2, Pol2,

Pol24h8, Sp1,

Taf1, Tbp

Smc3 Cfos

14 156 Chd2, Pol2,

Pol24h8, Tbp,

Zbtb33

Ets1, Smc3, Taf1

15 412 Pol2, Pol24h8

16 327 Pol24h8

17 213 Usf1 Atf3, Usf2 Max

18 241 Six5 Ets1, Smc3

19 187 Chd2, Sp1 Cfos

20 222 Ets1

To continue on the next page.
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Cluster # of Loci Common TF Gm12878 Specific K562 Specific

21 385 Pol24h8

22 343 Ctcf Smc3

23 449 Nrf1, Smc3

24 1674
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Appendix C: Supplementary Figures for Chapter 5
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Figure C.1 Performance of ARI for different choices of λw and λr based on the (a) K-means (b)
K-means++ and (c) Adaptive K-means++ initialization. Data simulated with ζ = 0 and S = 2.
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Figure C.2 Relationship between ARI and the Silhouette score based on the normalized data for
different choices of λw and λr based on the (a) K-means (b) K-means++ and (c) Adaptive

K-means++ initialization. Data simulated with ζ = 0 and S = 2.
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Figure C.3 Performance of ARI for different choices of λw and λr based on the (a) K-means (b)
K-means++ and (c) Adaptive K-means++ initialization. Data simulated with ζ = 0 and S = 4.
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Figure C.4 Relationship between ARI and the Silhouette score based on the normalized data for
different choices of λw and λr based on the (a) K-means (b) K-means++ and (c) Adaptive

K-means++ initialization. Data simulated with ζ = 0 and S = 4.
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Figure C.5 Performance of ARI for different choices of λw and λr based on the (a) K-means (b)
K-means++ and (c) Adaptive K-means++ initialization. Data simulated with ζ = 0.4 and S = 4.
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Figure C.6 Relationship between ARI and the Silhouette score based on the normalized data for
different choices of λw and λr based on the (a) K-means (b) K-means++ and (c) Adaptive

K-means++ initialization. Data simulated with ζ = 0.4 and S = 4.
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