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Projective geometries, Grassmann graphs, and a
generalization of the Askey-Wilson relations

Ian Min Gyu Seong

Abstract

This thesis is about projective geometries, Grassmann graphs, and a generalization of the
Askey-Wilson relations. The thesis contains three main results. The projective geometry
and its corresponding Grassmann graphs are defined as follows. Let I, denote a finite field
with ¢ elements. Fix an integer n > 1. Let V denote an n-dimensional vector space over [Fy.
Let the set P consist of the subspaces of V. The set P, together with the inclusion partial
order, is a poset called a projective geometry. For 1 < k < n — 1 the Grassmann graph
Jq(n, k) is defined as follows. The vertex set X of J,(n, k) consists of the k-dimensional
subspaces of V. Two vertices x, y are adjacent whenever x Ny has dimension k—1. Our first
main result concerns how to use J,(n, k) to potentially recover P. Pick distinct z,y € X.
The geometry P contains the elements =, y, x Ny, x + y. Define

By ={z€X|dz,x)=1, d(z,y) = d(x,y) + 1},
CIZ’J = {Z eX ‘ 0(2,.%) = 17 a(zay> = 6(1’,y) - 1}7

where 0 is the path-length distance function of J;(n, k). We consider a Euclidean space E
of dimension (¢" —1)/(¢ — 1) — 1. We turn E into a Euclidean representation of J,(n, k)
associated with the second largest eigenvalue of the adjacency matrix. We represent the
elements z,y,z N y,x + y and the sets By,C,, as vectors in E. We write the vector
representations of x m y,z + y as linear combinations of the vector representations of
Z,Y, Byy,Cry; this is our first main result. For our second main result, we consider the
stabilizer Stab(x,y) of x,y in GL(V). We find the orbits of the Stab(z,y)-action on the
local graph of x. As we will see, there are five orbits. These orbits form an equitable
partition. We compute the corresponding structure constants; this is our second main
result. In our third main result, we display two matrices A, A* € Matp(C) that satisfy a
generalization of the Askey-Wilson relations. We define a matrix A € Matp(C) as follows.
For u,v € P, the (u,v)-entry of A is 1 if each of u,v covers u n v, and 0 otherwise. Fix
y € P with dimy = k. We define a diagonal matrix A* € Matp(C) as follows. For u € P,
the (u,u)-entry of A* is ¢@™®"¥) We show that

APA* — (q+q ) AATA + A*A? — Y(AA* + A*A) — PA* = QA + G,
A2A — (q+q AR AA® + AA = YA* 4+ QA 4 G,

where ), P, Q, G, G* are matrices in Matp(C) that commute with each of A, A*. We give
precise formulas for Y, P, Q, G, G*.
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Chapter 1

Introduction

This thesis is about projective geometries, Grassmann graphs, and a generalization of the
Askey-Wilson relations. The thesis contains three main results, which we will describe
shortly. To set the stage, we briefly define the projective geometry and its corresponding
Grassmann graphs. Let F, denote a finite field with ¢ elements. Fix an integer n > 1.
Let V denote an n-dimensional vector space over F,. Let the set P = P;(n) consist of the
subspaces of V. The set P, together with the inclusion partial order, is a poset called a
projective geometry. For 0 < ¢ < n, let the set Py consist of the ¢-dimensional subspaces
of V. For 1 < k < n — 1 the Grassmann graph J,(n, k) is defined as follows. The vertex
set of J,(n, k) is P,. Two vertices x,y € P}, are adjacent whenever z ny € Py_;.

For the rest of this section, we abbreviate I' = J,(n, k) and X = Pj. To avoid trivialities,
we always assume n > 2k > 6.

We now describe our first main result. This result concerns how to use I' to potentially
recover P. Pick distinct vertices x,y € X. The geometry P contains the elements x, y,
x Ny, x+1y. Our goal is to describe z n y and = + y using only the graph structure of T

To achieve this goal we construct a Euclidean representation of I' in the sense of |7}, Lec-
ture 12|. We will use the notation [m] = (¢™ — 1)/(¢ — 1) for an integer m. Let E denote
a Euclidean space that has dimension [n] — 1 and inner product (, ). We represent the
elements of P; as vectors in E as follows. For s € P;, we define the vector s € E such that
the following (i)—(iv) are satisfied:

(i) E =Span{s|se P };
(ii) for s e Py, H§||2 =[n]—1;

(iii) for distinct s, ¢ € P, <§ 7?> — 1

(iv) Y. 8=0.

sEPl

Next, we represent the elements of P as vectors in E as follows. For u € P we define u € £



as

)
l
®)

w ®
m
0

We show that for u,v € P,
a,0) = [n][n] - [d][],
where i = dimwu, j = dimv, h = dim(u N v).
Let @ denote the path-length distance function of I'. We show that for x,y € X,
(2,9) = [n]lk —i] - [K)*,
where ¢ = d(z,y). For z € X, let I'(z) denote the set of vertices in I" that are adjacent to
x. We show that
Y Z=0i2

zel'(x)

where 01 = ¢?[k — 1][n — k — 1] — 1. The scalar 6 is the second largest eigenvalue of the
adjacency matrix of I'. We show that the vectors {f | z € X} span E. Using the above
facts, we show that the vectors {:? |z e X } give a FKuclidean representation of I'. Using
the GL(V)-action on P; we turn E into a GL(V)-module.

Pick 2,y € X such that 1 < d(x,y) < k, and consider the stabilizer Stab(z,y) of x,y in
GL(V). Let Fix(x,y) denote the subspace of E consisting of the vectors that are fixed by
every element of Stab(x,y). We show that the vectors

z, 7, TNy, Tty (1.1)
form a basis for Fix(z,y).
Using x and y we construct two vectors By, Cyy € E as follows. Define the sets

Byy ={zeT(x)]dy,2) = d(z,y) + 1},
Coy = {2z €D (2) ] Ay, 2) = d(z,y) — 1}.

Buy = ). 2 Coy= ), 2.

2€Bgy 2€Cqy

Define the vectors

We show that the vectors
{/L'\, ga Bmya C:L’y (1'2)

form a basis for Fix(z,y).
We find all the inner products between
(i) pairs of vectors in (L.1));
(ii) pairs of vectors in (L.2));
(iii) a vector in and a vector in (|1.2)).



Using these inner products, we obtain the transition matrices between the bases (|1.1]) and

(1.2). This yields

_ [k—i][n—k—-1] . [k —1] ~

COYE T ok T — 1 —2k]Y
1 [k — ]

Bz .
T =2k i — 1[n — 24]

Cay,

Lt | Ll et [n—k—di .
YT T e —2k] T g2 — 1][n — 2k]Y
1 [n —k —i]
T =2k P = 1 — 2]

where i = d(x,y). The above equations are our first main result.

We now describe our second main result. Pick z,y € X such that 1 < d(z,y) < k. We
consider the orbits of the Stab(x,y)-action on I'(x). As we will see, there are five orbits,
two of which are B, and C.,. We now describe the other three orbits.

Define the set
Awy ={2€l(x) | Ay, 2) = d(z,y)}

We partition the set A;, into the following three sets:

A$y={zeAxy|z+x+y2x+y, zmxmy:xmy},
A ={zedpy|zta+y=a+y, znzny=axny}
Ay ={zelylztz+y=2+y znznyczny}

We show that the sets

are orbits of the Stab(z,y)-action on I'(x). Hence,
Bay, Cay, ALy Ay, Ay (1.3)

are the five orbits of the Stab(z, y)-action on I'(x). By construction, (1.3]) is a partition of
I'(z) that is equitable in the sense of [5, p. 159]. We call this partition the y-partition of
I(x).

Define the vectors

Af, = > 3 Al = > 3 A= D 2 (1.4)

ZEA;y ZEAgy 2€ ALy

Recall the subspace Fix(x,y) of E. We show that A;y, Agy, Az, are contained in Fix(z,y).
We write each vector in (|1.4) as a linear combination of the vectors in (|1.1f) and also the

vectors in ((1.2). We find the inner products between:
(i) any vector in ([1.4]) and any vector in the basis (1.1f);



(ii) any vector in (1.4)) and any vector in the basis (1.2));
(iii) any pair of vectors in (1.4)).

We mentioned that the y-partition of I'(x) is equitable. We compute the corresponding
structure constants using the inner products that involve By, Cyy, A;ry, Agy, Az, In the
table below, for each orbit @ in the header column, and each orbit A in the header row,
the (O, N)-entry gives the number of vertices in N that are adjacent to a given vertex in

O. Write i = 0(z,y).

B:cy ny ‘A;_y Agy ‘A;y
i+1 —q . R
BCCy +qi+{1[n7[’i€7i]]7q71 0 (:I[Z] O q[/L]
Cay 0 2q[i — 1] ¢t n—k—i]  (g-1)(2[i]-1) gk — 1]
Ay ¢k -1 [] aln—kl-¢-1 (¢ — 1)[i] 0
A, 0 2[i] =1 ¢ n—k—i] (¢-1)(2l1-1)-1 ¢k — ]
Azy g+ n—k—i] [] 0 (=[] qlk]—g—1

The table above is our second main result.

We now describe our third main result. This result concerns a generalization of the Askey-
Wilson relations. To motivate our result, we first describe the Askey-Wilson relations. Let
U denote a nonzero vector space of finite dimension over an arbitrary field. A pair of linear
maps A:U — U and A* : U — U is called a Leonard pair whenever each of A, A* acts on
an eigenbasis of the other one in an irreducible tridiagonal fashion. In this case, A and A*

satisfy a pair of relations of the form

APA* — BAA* A+ A*A? — y(AA* + A*A) — 0A* = y* A% + wA + 1],
A¥A — BA*AA* + AA* — y*(A* A+ AA*) — 0*A = yA* + wA* + ',

where 3,7,7*, 0, 0*,w,n,n* are appropriate scalars; see |9, Theorem 1.5]. The above rela-
tions are called the Askey-Wilson relations.

We return our attention to the projective geometry P. We will display two matrices A, A* €
Matp(C) that satisfy a generalization of the Askey-Wilson relations. Define A € Matp(C)

as follows. For u,v € P, the (u,v)-entry of A is

Auv:

)

{1 if each of u, v covers u N v,

0 otherwise.

Fix y € X. Define a diagonal matrix A* € Matp(C) as follows. For u € P, the (u,u)-entry
of A* is
g
(A*)uu =q 1m(umy).

)



We show that

AZA* — (q+q V) AA* A+ A* A2 - Y(AA* + A*A) - PA* = QA+ G, (L5)
ARA — (g + ¢ 1) ATAA* + AA* = YA*? 4+ QA* + G*, (1.6)

where ), P, Q, G, G* are matrices in Matp(C) that commute with each of A, A*. We give
precise formulas for ), P, Q, G,G* in the main body of the thesis. The relations (|1.5)),
(1.6) are our third main result.

The thesis is organized as follows. In Chapter 2 we present some basic facts about the
Grassmann graph I' and the projective geometry P. In Chapter 3 we discuss the recovery
of P from I'. In Chapter 4 we find the orbits of the Stab(x,y)-action on I'(z). We also
find the corresponding structure constants. In Chapter 5 we discuss a generalization of
the Askey-Wilson relations. Chapter 6 is an appendix on some linear algebra facts and
relations that are used throughout the thesis.



Chapter 2

Preliminaries

2.1 Distance-regular graph

Let I' = (X, £) denote a finite undirected graph that is connected, without loops or multiple
edges, with vertex set X, edge set £, and path-length distance function ¢. Two vertices
are said to be adjacent whenever they form an edge. The diameter D of I is defined as
D = max{d(z,y) | z,y € X}. For x € X, define the set I'(x) = {y € X | d(z,y) = 1}. The
subgraph induced on I'(x) is called the local graph of .

We say that T' is reqular with valency k whenever |I'(z)| = & for all x € X. We say that T’
is distance-regular whenever for all non-negative integers h,4,j and all z,y € X such that
O(z,y) = h, the cardinality of the set {z € X | d(z,2) = i,0(y,z) = j} depends only on
h,,7. This cardinality is denoted by pZ it If ' is distance-regular, then I' is regular with
valency k = p%l. For the rest of this section, we assume that I' is distance-regular with
diameter D > 3.

Define
bi=pii (0<i<D) a; =py; (0<i<D), ci=pi1 (0<i<D)
Note that by = K, ag = 0, ¢; = 1. Also note that

b;+a;+c =k (0<i< D), (2.1)
where cg = 0 and bp = 0.
We call b;, a;, ¢; the intersection numbers of I.

By the eigenvalues of I' we mean the eigenvalues of the adjacency matrix of I'. Since T is
distance-regular, by |2, p. 128], T has D + 1 eigenvalues; we denote these eigenvalues by

90>91>--~>9D.
By |2, p. 129], 0y = k.

By the spectrum of I' we mean the set of ordered pairs {(Hi, mi)}io’ where {ei}z’zo are the
eigenvalues of I' and m; the dimension of the ;-eigenspace (0 < i < D).



2.2 Grassmann graph J,(n,k)

We now define the Grassmann graph J,(n, k). Let F, denote a finite field with g elements,
and let n,k denote positive integers such that n > k. Let )V denote an n-dimensional
vector space over F;. The Grassmann graph J,(n, k) has vertex set X consisting of the
k-dimensional subspaces of V. Vertices z,y of Jy(n, k) are adjacent whenever x n y has
dimension k£ — 1.

According to |2, p. 268], the graphs Jy(n, k) and Jy(n,n — k) are isomorphic. Without loss
of generality, we may assume n > 2k. Under this assumption, the diameter of J,(n, k) is
equal to k. (See |2, Theorem 9.3.3|.) The case n = 2k is somewhat special, so throughout
the thesis we assume that n > 2k.

For the rest of the thesis, we assume that I' is the Grassmann graph J,(n, k) with k& > 3.

In what follows, we will use the notation

[m] = (m € Z). (2.2)

By [2, Theorem 9.3.2|, the valency of T" is
k = q[k][n — k]. (2.3)

By |2, Theorem 9.3.3|, the intersection numbers of I' are

bi = ¢* Uk —i][n — k-], ci = [i]? 0<i<k). (2.4)
By |2, Theorem 9.3.3], the eigenvalues of I" are
0; = ¢k —i][n — k —i] — [4] (0<i<k). (2.5)

The given ordering of the eigenvalues is known to be @-polynomial in the sense of [2|
p. 135].

2.3 The projective geometry F,(n)

To study the graph T', it is helpful to view its vertex set X as a subset of a certain poset
P,(n), which is defined as follows.

Definition 2.3.1 Let the poset P,(n) consist of the subspaces of V, together with the
partial order given by inclusion. This poset F,(n) is called the projective geometry.

For the rest of the thesis, we abbreviate P = P,(n). In this section we present some lemmas
about the poset P.

For 0 < ¢ < n, let the set Py consist of the /-dimensional subspaces of V. Note that
X = Pj. Also note that Py = {0} and P, = {V}. We have a partition

pP= O P (2.6)
/=0



For u,v € P, we say that v covers u whenever v 2 v and dimv = dimw + 1.

Lemma 2.3.2 |1} p. 47] For u,v € P we have

dimu + dimv = dim(u N v) + dim(u + v).

Lemma 2.3.3 Let u,v € P. Let the subset R €V form a basis for unv. Extend the basis
R to a basis R u S for u, and extend the basis R to a basis R uT forv. Then RuSuT
forms a basis for the subspace u + v.

Proof. Since the set R U S is a basis for u and the set R U T is a basis for v, the set
RuSUT spans u + v.

By Lemma |2.3.2
dim(u + v) = dimu + dimv — dim(u N v) = |R| + |S]| + |T].
The result follows. O

Lemma 2.3.4 |2, p. 269 For z,y € X the dimension of x Ny is k — d(z,y).
Lemma 2.3.5 For z,y € X the dimension of x +y is k + d(z,y).

Proof. Routine using Lemmas O
Lemma 2.3.6 Let x,y,z € X satisfy d(x,y) = d(z,2) + d(z,y). Thenzny < z< x+y.
Proof. Routine from linear algebra. O
Definition 2.3.7 For v € P define the set

Qu) ={se P |s < u}.

Note that Q(V) = P;.

For u,v € P we have
Q(u) N Qv) = Qun o). (2.7)

The following notation will be useful. For an integer m > 0, define

[m]' = [m][m —1]--- [2][1].

We interpret [0]' = 1.

For integers 0 < r < m, define

7] et



Lemma 2.3.8 |2, Theorem 9.3.2] For integers 0 < r < m, [T] s equal to the number of
r-dimensional subspaces of a given element in Pp,.

By Lemma [2.3:8 we find that for all u € P,
Q)| = [m], (2.8)
where u € Py,.

Letting u = V in ([2.8)), we get
1P| = [Q(V)] = [n].

Recall the partition in (2.6). We now present another partition of P. Pick y € X. For
0<i<kand 0<j<n-—Ek, define

Pj={ueP|dim(uny)=idimu=i+j}.

We have a partition
ne

k
Pij. (2.9)
0

k
P-U
=0

For notational convenience, for integers r, s we define P, to be empty unless 0 < r < k
and 0 <s<n—k.

j=

In the diagram below, we illustrate the set P and the subsets P; ; (0 <i <k, 0 < j <n—k).

1%

Figure 2.1: The projective geometry P and the location of F; ;.

We now describe how the sets

P, (0

N
[
N

G
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are related to the sets
P ; 0<i<k, 0<j<n—k).
For 0 < ¢ < n we have a partition
P =Py, (2.10)
Y]
where the union is over the ordered pairs (4,7) such that 0 < i <k and 0 < j <n—k and
i+j ="

Earlier, we described the covering relation on P. Next, we give a refinement of the covering
relation.

Lemma 2.3.9 Let u,v € P such that v covers u. Write
uEPi’j, ’UEPr’S.
Then either (i) r =i+ 1 and s = j, or (ii) r =7 and s = j + 1.

Proof. By linear algebra,

unve Py,
where a < min{i, 7} and b < min{j, s}. Since v covers u, we have u € v and r+s = i+j+1.
Since u nv = u € P; ;, we have ¢ < r and j < s. The result follows. O
Definition 2.3.10 Referring to Lemma we say that v /-covers u whenever (i) holds,

and v \-covers u whenever (ii) holds.

We illustrate Definition using the diagrams below.

1% 1%

Figure 2.2A: v /-covers u. Figure 2.2B: v \-covers u.
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Lemma 2.3.11 |10, Lemma 5.1] For 0 < i < k and 0 < j < n —k, the following (i)—(iv)
hold:

(i) each element in P;; /-covers ezactly ¢/[i] elements;
(ii) each element in P;; \-covers exactly [j] elements;
(iii) each element in P; j is /-covered by exactly [k —i| elements;
(iv) each element in P, j is \-covered by ezactly ¢*~{[n — k — j] elements.

We now comment on the symmetries of P. Recall that the general linear group GL(V)
consists of the invertible F-linear maps from V to V. The action of GL(V) on V induces
a permutation action of GL(V) on the set P. This permutation action respects the partial
order on P. The orbits of the action are P, for 0 < £ < n.

Lemma 2.3.12 For z,y € X and o0 € GL(V), we have d(z,y) = d(o(z),o(y)).

Proof. Immediate from Lemma and the fact that the o-action preserves dimension.
O
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Chapter 3

Using a Grassmann graph to recover
the underlying projective geometry

In this chapter we discuss how one could potentially recover the underlying projective
geometry P from a given Grassmann graph Jg(n, k). We represent the elements of P in
some Euclidean space E. Pick x,y € X such that 1 < d(x,y) < k. We define the stabilizer
Stab(z,y) in GL(V) and some subspace Fix(z,y) in E. We find two bases for Fix(z,y),
namely the geometric basis and the combinatorial basis. We display the transition matrices
between the two bases. We also present many inner products that involve the basis vectors.
We finish the chapter by discussing the connection between the recovery of P and the
uniqueness problem for the Grassmann graphs.

3.1 Representing P using a Euclidean space E

In this section we represent the elements of P as vectors in a Euclidean space. We will do
this in two stages. In the first stage we consider the elements of P;.

Let E denote a Euclidean space with dimension [n] — 1 and bilinear form (, ). Recall the
notation |v|? = (v,v) for any v € E. We define a function

P— FE

§+— 5

(3.1)

that satisfies the following conditions (C1) — (C4):
(C1) E =Span{s|se P};
(C2) for s € Py, H§H2 =[n] —1;

(C3) for distinct s,t € Py, <§, f> =—1;

(C4) Y 5=0.

SEPl
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Next, we extend the function (3.1)) to a function
P—->FE
u— U

such that for all u e P,

Note that & = 0if ue Py or u € P,.
In (C4), we gave a linear dependence on {5} _ p,- Next we show that (C4) is essentially

the only linear dependence among {§}s€ X

We use the following notation. For sets R € S, define S\R to be the complement of R in
S.

Lemma 3.1.1 Given real numbers {as}sep, the following are equivalent:

(i) 0= )] a3
seP;

(ii) g is independent of s for s € P;.

Proof. (i)=(ii) Pick ¢t € P;. Referring to (C4), multiply each side by a; to obtain

Subtract (3.4) from the equation in (i) to obtain

0= > (as— a8

sePy\{t}

By Lemma [6.1.1| in the appendix, the vectors {§}5€P1\{t} form a basis for F, so they are

linearly independent. Hence as — ay = 0 for all s € P;. The result follows.

(ii)=>(i) Immediate from (C4). O

Lemma 3.1.2 The Euclidean space E becomes a GL(V)-module such that for all u € P
and o0 € GL(V),

—_

o (@) = o(u).

Proof. Tt suffices to show that there exists a group homomorphism © : GL(V) — GL(E)
such that for all w € P and 0 € GL(V),

—

O(0)(a) = o(u). (3.5)

Let 0 € GL(V). We first show that there exists a unique ©(c) € GL(E) such that (3.5
holds for all v € P;.
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By construction, the dimension of E is |P;| — 1.
Note that o acts as a permutation on P;. By this along with (C1) and (C4), we obtain

E:Span{a/(;)‘sePl}, Z?(E):S;lg:o.

SGPl

By these comments and Lemma in the appendix, there exists a unique ©(c) € GL(E)
that satisfies (3.5)) for all u e Py.

Next we show that ©(o) satisfies (3.5]) for all u e P. By (3.3)),

e~

O()(@) =0(a) | >, 5|= D, ©0@)(E) = > a(s)=oc(u).

s€Q(u) s€Q(u) s€Q(u)

Next we show that © is a group homomorphism. For o,7 € GL(V), we show that
O(0)O(1) = O(0oT).

For w € P we have

Therefore, ©(c)O(7) = O(oT).

We have shown that there exists a unique group homomorphism © : GL(V) — GL(E) that
satisfies (3.5)) for all o € GL(V) and u € P. Consequently, E becomes a GL(V)-module
such that o (@) = o(u) for all u e P and o € GL(V). O

Lemma 3.1.3 For p,v € E and 0 € GL(V),
(1) = (o (12), o).

Proof. In view of (C1), we may assume without loss that 4 = § and v = ¢ where s,t € Py.
The result is a routine consequence of (C2) and (C3). O

Lemma 3.1.4 Pick a vector p € E and write

= Z Q8. (3.6)

SEPl
For o € GL(V) that fives j1, s = q(q) for all s € Py.

Proof. Referring to (3.6)), apply o~! to each side and evaluate the result using Lemma

BI7to get

p= > a0t (s). (3.7)

sePy



15

We make a change of variables. In (3.7)), replace s by o(s) to get

on = 2 OJU(S)/S\. (3.8)

8€P1

Subtract (3.6)) from (3.8]) to obtain
0= ) (ap(s) — as)5.

SEP1

By Lemma the scalar a,(5) — s is independent of s € P1. Denote this common value

by 5. Then
> (o —as) = Y B=HIP. (3.9)
seP seP;
Note that
2 (O‘U(S) - O‘S) = Z Qs — Z as = 0. (3.10)
s€Py s€Py sePy

By (3.9), (3.10) and the fact that |P;| is nonzero, we obtain 8 = 0. The result follows. [

Corollary 3.1.5 Pick a vector u € E and write

U= Z Q5.

SEPl

For a subgroup H of GL(V) the following are equivalent:
(i) every element of H fizes u;

(ii) for s,t € Py that are contained in the same H-orbit, as = .
Proof. Immediate from Lemma O

Our next general goal is to restate Corollary [3.1.5 using a different point of view.

Definition 3.1.6 Let S denote a subset of P;. By the characteristic vector of S we mean
the vector
Y5

seS
Note that this characteristic vector is contained in FE.
Lemma 3.1.7 For a subset S € Py the sum of the following vectors is zero:
(i) the characteristic vector of S;

(i) the characteristic vector of the set Pi\S.
Proof. Immediate from (C4). O

Lemma 3.1.8 Pick a vector p € E and a subgroup H of GL(V). Then the following are
equivalent:
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(i) every element of H fizes p;

(i1) p is contained in the span of the characteristic vectors of the H-orbits in Pj.

Proof. Immediate from Corollary O

3.2 The stabilizer of an element in P

In this section we pick an element in P and consider its stabilizer in GL(V). We describe
the orbits of the stabilizer acting on P. We also consider how the stabilizer acts on F.

For u € P, let Stab(u) denote the subgroup of GL(V) consisting of the elements that
fix u. We call Stab(u) the stabilizer of v in GL(V). Note that Stab(0) = GL(V) and
Stab(V) = GL(V).

Lemma 3.2.1 For u,v,v" € P the following are equivalent:
(i) dimv = dimv’ and dim(u N v) = dim(u N V');

(ii) the subspaces v and v' are contained in the same orbit of the Stab(u)-action on P.

Proof. (i)=(ii) We display an element o € Stab(u) that sends v — v'.

Let the subset R < V form a basis for © n v. Extend the basis R to a basis R u S for u.
Extend the basis R to a basis R u T for v. By Lemma R uSuUT is a basis for
u + v. Extend the basis RuS U T toabasis RuSuT u Q for V.

Let the subset R’ < V form a basis for u n v'. Extend the basis R’ to a basis R’ u &’ for
u. Extend the basis R’ to a basis R’ U 7" for v'. By Lemma R'uS UTis a basis
for u + v'. Extend the basis R* S’ UT  toabasis R uS T U Q for V.

By linear algebra, there exists 0 € GL(V) that sends R — R/, S — S, T —» T, Q— Q.
By construction, o is contained in Stab(u) and sends v — v’

(ii)=>(i) Let o € Stab(u) send v — v’. By linear algebra, o sends u " v — u nv'. The
result follows since dimensions are left invariant under the o-action. O

Corollary 3.2.2 For u € P the following hold.
(i) Ifu # 0 and uw # V, then the Stab(u)-action on Py has two orbits, Q(u) and Pi\Q(u).
(ii) Ifu =0 oru=YV, then the Stab(u)-action on Py has a single orbit.

Proof. Use Lemma [3.2.1 O

For u € P, let Fix(u) denote the subspace of E consisting of the vectors that are fixed by
every element of Stab(u). Note that Fix(0) = 0 and Fix(V) = 0.

Lemma 3.2.3 For u € P the subspace Fix(u) is spanned by u.
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Proof. First assume that v = 0 or u = V. Then the result holds since & = 0. Next assume
that u # 0 and u # V. By Corollaries and the subspace Fix(u) is spanned by
the characteristic vectors of Q(u) and P;\Q(u). By Lemma and Lemma in the
appendix, the characteristic vector of 2(u) forms a basis for Fix(u). The result follows. [

3.3 A Euclidean representation of I'

In this section we recall the notion of a Euclidean representation of I'. We then show that
the Euclidean space E, together with the restriction of the map (3.2)) to X is a Euclidean
representation of I'.

Definition 3.3.1 |7, Lecture 12| By a FEuclidean representation of T', we mean a pair
(F,%) such that F' is a nonzero Euclidean space, and ¢ : X — F' is a map that satisfies
the following (i)—(iii):

(i) F is spanned by {¢(z) | x € X};
(ii) for all z,y € X, the inner product (v (x),(y)) depends only on d(z,y);
(iii) there exists ¢ € R such that for all z € X,

Y, U(=) = ().

zel'(z)

We have some comments about Definition Let (F,1) denote a Euclidean represen-
tation of I'. It is shown in [7, Lecture 13| that the scalar ¥ in Definition [3.3.1f(iii) is an
eigenvalue of I'. We call 9 the associated eigenvalue. For any eigenvalue 0 of I, it is shown
in |7, Lecture 13| how the corresponding eigenspace gives a Euclidean representation of T’
that is associated with 6.

Recall the Euclidean space E from Section[3.1] Our next goal is to show that the Euclidean
space E, together with the restriction of the map (3.2) to X is a Euclidean representation
of I.

Lemma 3.3.2 For u,v € P we have

where w € P;, ve Pj, andunv e B

Proof. By ,
|Q(u)| = [4], 2(v)] = [5]- (3.11)

In view of , write
@)= 35 3 )

seQ(u)  teQ(v)

>+ X <§?> (3.12)

s€Q(u)NQ(v) s€Q(u),teQ(v)
s#t



By and ,
|Q(u) N Qv)| = [Qunv)| = [h].

By (B11) and (13)

{(s:) € Q) x 2(v) | s # 1} = [2(w)]|2)| = [2u ~ v)] =[] - [A]

The result follows from (3.12)—(3.14)), along with (C2), (C3).

Corollary 3.3.3 For u € P we have
[l = ¢'lil[n — i,

where u € P;.
Proof. Set u = v in Lemma [3.3.2]
Lemma 3.3.4 For x,y € X we have

(@,9) = [nllk — 4] - [k]?,
where i = 0(z,y).
Proof. Immediate from Lemmas [2.3.4] 3:3:2]

Corollary 3.3.5 Forx € X, )
|2 = ¢"[k1ln — k).

Proof. Set i = 0 in Lemma

Lemma 3.3.6 For x € X,
D =612,
2€l(x)

where 01 is from (2.5)).

Proof. Note that the set I'(x) is invariant under Stab(x). Hence, the vector

>z

zel'(x)
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(3.13)

(3.14)

(3.15)

is fixed by every element of Stab(z). Therefore, the vector (3.15) is contained in Fix(x).
By Lemma the subspace Fix(z) is spanned by Z. Hence there exists a € R such that

>, 2=ad

zel'(x)

It remains to show that o = 6.

(3.16)
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Referring to (3.16)), we take the inner product of each side with Z to obtain

3 (&,2) = of2]". (3.17)

zel'(z)

By , we have k = |1"(:E)|, refer to for the value of . In , we evaluate <§5, 2>

using Lemma and H:’EHQ using Corollary and solve the resulting equation for a.
Evaluate the result and simplify using (2.5 to obtain a = 6. O

Lemma 3.3.7 The vector space E is spanned by {55 | x € X}.

Proof. In view of (C1), it suffices to show that § € Span{Z | z € X'} for every s € P;. Pick
s € P;. There exists y € X that contains s. By Lemma the vector

> o®) (3.18)

o€eStab(s)

is contained in Span{g’c\ | ze X } Next we show that is a nonzero scalar multiple
of 5. The vector is fixed by every element of Stab(s). Hence, the vector is
contained in Fix(s). By Lemma there exists S € R such that is equal to (5.
We will show that the scalar 8 is nonzero. Take the inner product between and 5.
Using Lemmas and the fact that s n o(y) = s for all o € Stab(s), we get

1= Y (e@.3) = X (Inl—1k1) = [stab(s)| (In] - [£1) # 0.

o€eStab(s) o€eStab(s)

Hence 8 # 0. We have shown that the vector (3.18)) is a nonzero scalar multiple of 5. We
mentioned earlier that (3.18) is in Span{Z | € X }. By these comments, § € Span{Z | z €
X } and the result follows. O

By Lemmas [3.3.4] [3.3.6] [3.3.7] the Euclidean space E, together with the restriction of the
map (3.2) to X gives a Euclidean representation of I'. This representation is associated
with the eigenvalue 6.

We finish this section with a remark. By |2, Theorem 9.3.3], GL(V) acts on I in a distance-
transitive fashion. Applying [2, Prop. 4.1.11], we get that the Euclidean space E is irre-
ducible as a GL(V)-module.

3.4 The stabilizer of two elements in P
In this section we pick two distinct elements in P and consider their stabilizer in GL(V).
We describe the orbits of this stabilizer acting on P;.

Pick distinct u,v € P such that 0 # u # V and 0 # v # V. Let Stab(u,v) denote the
subgroup of GL(V) consisting of the elements that fix both u and v. We call Stab(u,v)
the stabilizer of w and v in GL(V).

We will describe the action of Stab(u,v) on P;. There are six cases to consider:
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Case description

1 unv#0ufv,vEu, ut+tv#Y
2 unv#0,uEv,vEu,ut+tv=y
3 unv=0uEv,vEu,utv#VY
4 unv=0uEv,vEu,ut+tv=y
) U= v

6 v < U.

Lemma 3.4.1 In the table below, we give the orbits for the action of Stab(u,v) on P;.
Case orbits of Stab(u,v) on Py

1 | Quro), Qu)\Q(unv), Q0)\Q(urw), Quto)\ (Qw)uQ()), P\Q(uv)

2 Qu N v), Q(u)\Q2(u N v), Qv)\Q(u nv), P\ (Q(u) U Q(v))

3 Qu),  Q@),  Qu+o\(Qu)uQ),  P\Qu+wv)
4 Qu),  Qv),  P\(Uw) v Q(v))

5 Qu),  Q\QAw),  PAQv)

6 Q),  Qu\Q@),  P\Qu)

Proof. First assume Case 1. Observe that the five sets displayed in the table are fixed by
the elements of Stab(u,v). Hence each set is a disjoint union of orbits of Stab(u,v).

We now show that each set forms a single orbit of Stab(u,v). We start with Q(u N v).
Pick distinct s,s" € Q(u nv). We show that there exists o € Stab(u, v) that sends s — .

Let n denote a nonzero vector in s. Note that the set {n} is a basis for s; extend this basis
to a basis {n} U R for u nv. Extend the basis {n} U R for u n v to a basis {n} VR U T
for u. Extend the basis {7} U R for u n v to a basis {n} UR U P for v. By Lemma[2.3.3]
{n} URUT UP is a basis for u + v. Extend the basis {n} UR T U P for u+ v to a
basis {n} URUT uP u Q for V.

Let 1" denote a nonzero vector in s’. Note that the set {n'} is a basis for s’; extend this
basis to a basis {n'} U R’ for u n v. Note that {n'} U R’ U T is a basis for u. Note that
{n'} UR" U P is a basis for v. By Lemma @L {}UR UT UPis a basis for u + v.
Note that {77’} UR' UT UP U Q is a basis for V.

By linear algebra, there exists o € GL(V) that sends n — 1, R — R’ and acts as the
identity on each of T, P, Q. By construction, o is contained in Stab(u,v) and sends s — §'.

Next we show that the set Q(u)\Q(u N v) is a single orbit of Stab(u,v).

Pick distinct s,s" € Q(u)\Q(u N v). We show that there exists o € Stab(u,v) that sends
s— .
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Let R < V form a basis for u n v. Let n denote a nonzero vector in s. Note that {n} is a
basis for s. The subspace s is not contained in u N v, so {n} U R is a basis for s + (u N v).
Extend the basis {n} U R for s+ (unv) to a basis {n} U R U T for u. Extend the basis R
for u M v to a basis R U P for v. By Lemma[2.3.3] {n} UR U T U P is a basis for u + v.
Extend the basis {n} VR UT UP for u+ v toabasis {n} URUT uP u Q for V.

Let i’ denote a nonzero vector in s’. Note that {n'} is a basis for s’. The subspace s’ is
not contained in u N v, so {n'} U R is a basis for s’ + (u N v). Extend the basis {n/} UR
for s + (u N v) to a basis {n'} U R U T for u. By Lemma {WOURUT' UPisa
basis for u + v. Note that {77’} URuUT UPuUQ is a basis for V.

By linear algebra, there exists o € GL(V) that sends n — 7/, T — T’ and acts as the
identity on each of R, P, Q. By construction, ¢ is contained in Stab(u,v) and sends

s 5.
By symmetry, the set Q(v)\Q2(u N v) is a single orbit of Stab(u,v).
Next we show that the set Q(u + v)\(Q2(u) U Q(v)) is a single orbit of Stab(u,v).

Pick distinct s, " € Q(u+ v)\(2(w) U Q(v)). We show that there exists o € Stab(u, v) that
sends s — .

Let n denote a nonzero vector in s and let 1’ denote a nonzero vector in s’. By linear
algebra, there exist sets R, 7T, P such that R is a basis for u nv, R U T is a basis for u,
RuPisabasisforv,andn=r+t+pforreR,teT,peP.

Similarly, there exist sets R, 7', P’ such that R’ is a basis for unv, R’ U 7" is a basis for

u, R’ UP’"is a basis for v, and /' =7 +t' +p' for ' e R, ' e T, p' € P'.

By linear algebra, there exists o € GL(V) that sends R — R’, T +— T', P — P’ such that

r— 1’ t—t' p— p. By construction, o is contained in Stab(u,v) and sends s +— s'.

Next we show that the set P1\Q(u + v) is a single orbit of Stab(u,v).

Pick distinct s,s" € P1\Q(u + v). We show that there exists o € Stab(u,v) that sends
/

s+ .

Let P < V form a basis for u + v. Let n denote a nonzero vector in s. Note that {n} is a
basis for s. The subspace s is not contained in u + v, so {n} U P is a basis for s + u + v.
Extend the basis {n} U P for s + u + v to a basis {n} v P U Q for V.

Let 7' denote a nonzero vector in s'. Note that {n'} is a basis for . The subspace s is
not contained in u + v, so {n'} U P is a basis for s’ + u + v. Extend the basis {n/} U P for
s' +u + v to a basis {n’}uPu o for V.

By linear algebra, there exists o € GL(V) that sends n — 7/, Q — Q' and acts as the
identity on P. By construction, o is contained in Stab(u,v) and sends s — .

We have proved the result for Case 1. For the remaining cases the proof is similar, and
omitted. n
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3.5 The stabilizer of two elements in P; action on F

In this section we pick two distinct elements in P and consider their stabilizer in GL(V).
We consider the action of this stabilizer on the Euclidean space E.

Pick distinct u,v € P such that 0 # u # V and 0 # v # V. Let Fix(u,v) denote the
subspace of E consisting of the vectors that are fixed by every element of Stab(u,v). We
give a basis for Fix(u,v). In what follows, we refer to the cases in Lemma m

Lemma 3.5.1 In the table below, we display a basis for Fix(u,v).

Case basis for Fix(u,v)
1 | anw, a, b, ut v
2 uwNo, u, v
3 a, D, T
4 u, v
5 u, v
6 u, v

Proof. We first assume Case 1. By Lemma the subspace Fix(u,v) is spanned by
the characteristic vectors of the Stab(u,v)-orbits on P;. These orbits are given in Lemma
[B.47] Their characteristic vectors are

P
J— —— J—— J——

N, u—unu, V—unuv, u+v—u—0+unuo, —u+v.  (3.19)

The five vectors in (3.19)) sum to 0. By Lemma any four of these vectors are linearly
independent, and hence form a basis for Fix(u, v). In particular, the following vectors form
a basis for Fix(u,v):

—_—

uUNuv, U—unouv, v—unuv, —u+ v.

Adjusting the basis above, the result follows.

We have proved the result for Case 1. For the remaining cases the proof is similar, and
omitted. O
Definition 3.5.2 Pick distinct w,v € P. By the geometric basis for Fix(u,v), we mean
the basis displayed in Lemma [3.5.1]

In the next result, we consider how Lemma [3.5.1] looks for the case in which u,v € X.

Theorem 3.5.3 Pick distinct x,y € X. In the table below, we display the geometric basis
for Fix(x,y).
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Case ‘ geometric basis for Fix(z,y)

1<0(z,y) <k | Z, U, Ty, T4y
a(xvy) =k ‘%7 :/y\7 Tty

Proof. Since x and y are distinct, * & y and y & x. Since n > 2k, we have x + y # V.

We first assume that 1 < d(z,y) < k. Since d(z,y) < k, we have x n y # 0. The result
follows from Case 1 of Lemma [3.5.11

Next we assume that d(z,y) = k. By this assumption,  ny = 0. The result follows from
Case 3 of Lemma 3.5.1] O

Pick distinct z,y € X. Our next general goal is to use the graph I' to find another basis for
Fix(z,y), called the combinatorial basis. We will focus on the case 1 < d(z,y) < k. The
cases 0(x,y) = 1 and d(z,y) = k are more involved and require different methods; these
cases will be handled in a future paper.

3.6 The subspace Fix(z,y) and its combinatorial basis

Pick x,y € X such that 1 < d(x,y) < k. In this section we use the graph I" to construct
two vectors B, and Cgy. In Section @, we will show that the following vectors form a
basis for Fix(z,y):

z, v, By, Coy- (3.20)

The basis (3.20)) will be called the combinatorial basis. We will formally define this basis
in Section B.8

To define the vectors B, and C,, we first consider two orbits of the Stab(x,y)-action on
P.

Definition 3.6.1 For z,y € X such that 1 < d(z,y) < k, define

By = {2 €T'(2) | d(y,2) = oz, y) + 1},
Coy = {2z €T(z) | Ay, 2) = oz, y) — 1}.

Observe that |Bgy| = b; and |Cyy| = ¢;, where i = d(z,y).

Our next goal is to show that the sets B, and C,, are orbits of Stab(x,y).

Lemma 3.6.2 For x,y € X such that 1 < 0(x,y) < k, the set Cyy is an orbit of the
Stab(z, y)-action on P.

Proof. By Lemma [2.3.12] the set Cyy is a disjoint union of orbits of Stab(z,y). We now
show that this union consists of a single orbit. Let z,2’ € Cyy. We display an element
o € Stab(z,y) that sends z — 2'.
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By Lemma |2.3.6

rNyszsx+y, wmygzlgx—i-y.

Let the set R € V form a basis for z ny. Extend the basis R for z ny to a basis R u S for
znz. Extend the basis R for zny to a basis RuT for zny. By Lemma2.3.3) RuSUT is
a basis for z. Extend the basis R U S for z n z to a basis R uS uP for x. Extend the basis
RuUT for zny toabasis RuT uQ for y. By Lemma2.33) RuSUT uPuQis a basis
for x +y. Extend the basis RuSUT uPuUQforz+ytoabasis RuSuT uPuUQuUW
for V.

Extend the basis R for z ny to a basis R u S’ for x n 2. Extend the basis R for z ny to
a basis R u 7" for 2/ ny. By Lemma R u S U T is a basis for z/. Extend the basis
RuS for x n 2 to abasis RuS' UP for x. Extend the basis Ru T’ for 2 ny to a basis
RuUT U@ fory. By LemmaR.33 RuUS T UP UQ is a basis for # +y. Note that
RuS T ' uP uQ UW:is a basis for V.

By linear algebra, there exists o € GL(V) that sends S — &', T — T, P — P, Q — O
and acts as the identity on each of R, W. By construction, ¢ is contained in Stab(z,y)
and sends z — 2z’. The result follows. O

Lemma 3.6.3 Let z,y,2',y' € X satisfy 1 < d(z,y) = 0(2',y') < k. Let z € Cyy and
2" € Cyryy. Then there exists an element in GL(V) that sends x — o', y — y/, z— 2’

Proof. Since T is distance-transitive, we may assume without loss that z = 2’ and y = ¢/.
The result follows from Lemma [3.6.2 O

Lemma 3.6.4 For z,y € X such that 1 < 0(z,y) < k, the set By, is an orbit of the
Stab(z,y)-action on P.

Proof. By Lemma the set B,y is a disjoint union of orbits of Stab(x,y). We now
show that this union consists of a single orbit. Let z, 2" € B,. By construction, z € C,,
and x € C,,y. By Lemma W’ there exists an element in Stab(z,y) that sends z — 2’
The result follows. O

Definition 3.6.5 For z,y € X such that 1 < d(z,y) < k, define the vectors

By = >, 2 Coy= D, 2.

ZEBIy Zeca:y

Lemma 3.6.6 For x,y € X such that 1 < d(x,y) < k, the subspace Fix(z,y) contains By,
and Cry.

Proof. Pick o € Stab(x,y). The map o fixes the sets B, and Cyy. The result follows. [
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3.7 The inner products involving the geometric basis and the
combinatorial basis

Pick z,y € X such that 1 < d(z,y) < k. In this section we compute the inner products
between:

(i) any two vectors in the geometric basis for Fix(z,y);

(ii) any vector in the geometric basis for Fix(x,y) and any vector in the set (3.20));

(iii) any two vectors in the set (3.20)).
We start with case (i).

Lemma 3.7.1 For xz,y € X such that 1 < d(z,y) < k, we have
(3,579) = ¢k = illn — k],
(5.779) = "k — illn - k]
where i = 0(z,y).
Proof. Routine using Lemmas and linear algebra. O
Lemma 3.7.2 For z,y € X such that 1 < d(z,y) < k, we have
(#.2%) = a1kl — k=i,
where i = d(x,y).
Proof. Routine using Lemmas B:3:2] and linear algebra. O
Lemma 3.7.3 For xz,y € X such that 1 < d(z,y) < k, we have
12
Hl‘ N yH =q¢" [k —i][n—k+1],
(FrpaTy) = dh—iln— k-,
12
l77y] =+l —k -]

where i = 0(z,y).

Proof. Routine using Lemmas[2.3.4] [2.3.5] [3.3.2] and linear algebra. O

Theorem 3.7.4 Let x,y € X satisfy 1 < d(x,y) < k. In the following table, for each
vector u in the header column, and each vector v in the header row, the (u,v)-entry of the
table gives the inner product (u,v). Write i = d(z,y).
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(,) r y TNy T4y
z q* [k][n—Fk] [n][k—i]—[k]? q* [k—i][n—k] "+ [k][n—k—i]
v [n][k—i]—[k]? " [K][n—F] " [k—i][n—k] "t i[k] [n—k—i]

TNy | ¢ [k—illn—k] q"lk—illn—k]  ¢*'lk—illn—k+i]  ¢* " [k—i][n—k—i]

r+y "tk [n—k—i] ¢F*Tik][n—k—i] ¢*Tik—i][n—k—i] ¢Fti[k+i][n—k—i]

Proof. Combine Corollary and Lemmas [3.3.4] [3.7.1H3.7.3] ]

Next we compute the inner products for case (ii).

Lemma 3.7.5 For z,y € X such that 1 < d(x,y) < k, we have
(Buy &) = ¢ [k —dlln — & — ] ([n] [k — 1] — [£]?), (3.21)
(Cays @) = [ ([ndlk — 11 = [K?), (3.22)
where i = 0(z,y).

Proof. We first prove (3.21)). In the left equation of Definition |3.6.5 take the inner product
of each side with . Evaluate the result using Lemma and ([2.4]) to get (3.21)).

We have now verified (3.21]). is obtained in a similar fashion. O
Lemma 3.7.6 For z,y € X such that 1 < d(z,y) < k, we have
(Buy, §) = ' [k = il[n — k=] ([n]lk — i = 1] = [K]?), (3.23)
(Cays B = P[]k = i+ 1] = [K?), (3.24)
where i = d(x,y).

Proof. We first prove (3.23). In the left equation of Definition|3.6.5| take the inner product
of each side with y. Evaluate the result using Lemma and (2.4) to get (3.23).

We have now verified (3.23]). (3.24]) is obtained in a similar fashion. O

Lemma 3.7.7 For x,y € X such that 1 < d(z,y) < k, we have

(Buy, @0 y) = ¢k = illn — k= i] ([nlk — i = 1] = [k — i][k]), (3.25)
<Bzy,ac/+\y> ) | <[n][k —1] - [K][k + @]), (3.26)

where i = 0(z,y).
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Proof. We first prove (3.25)). Using the left equation of Definition we obtain

<Bxy,a:/m\y> -y <2x/m\y>

2€Bry

Let z € Byy. By the definition of By, we have d(z,y) = i+1. By Lemma dim(zny) =
k—i—1. Also, d(z,y) = d(z,x) + d(z,y), so by Lemma [2.3.6, 2 2z n y. Hence

dim(znzny)=dim(zny)=k—i—1.

Using Lemma [3.3.2| we obtain

<2:E/m\y> = [n][k —i — 1] — [k — 4][k].

Use the value of b; in (2.4) to obtain (3.25]).
Next we prove (3.26]). Using the left equation of Definition we obtain

(Bupzry)= Y (Ba+y).

2€Bry

Let z € Byy. Recall that d(z,y) = ¢ + 1. By Lemma dim(z +y) = k+i+ 1. Also
recall that d(z,y) = d(z,x) + d(x,y), so by Lemma x € z+y. Hence

dim(z+z+y)=dim(z+y)=k+i+1.
By Lemma |2.3.2

dim(z N (z + y)) = dimz + dim(z + y) —dim(z + z +y) = k — 1.
Using Lemma [3.3.2) we obtain

(2.2 7y) = o[k = 1] = [KI[k + 4]

Use the value of b; in to obtain . O
Lemma 3.7.8 For z,y € X such that 1 < d(z,y) < k, we have
(Coys#my) = "1l — i)ln — K] (3.27)
(Copa ) = P TRIn — & — ), (3.28)

where i = d(z,y).
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Proof. We first prove (3.27)). Using the right equation of Definition |3.6.5, we obtain

(Cmsmi) = 3 (e,

2€Cyy

Let z € Cyy. By the definition of C,,, we have 0(z,y) = i—1. Since d(x,y) = d(z, 2)+0(2,y),
we have z 2 2 ny by Lemma [2.3.6] Hence

dim(znzny)=dim(zny) =k —i.

Using Lemma [3.3.2] we obtain

(z.579) = [0k — ] = [KIk = 1] = "k = d][n — k].

Use the value of ¢; in (2.4) to obtain (3.27).
Next we prove (3.28]). Using the right equation of Definition we obtain

(i) = 3 (257),

2€Cyy

Let z € Cyy. Recall that 0(z,y) = d(z, 2) + d(z,y), so by Lemma [2.3.6] z = 2 + y. Hence
zn(x+y) ==z

Therefore,
dim(z N (z +y)) = dimz = k.

Using Lemma [3.3.2| we obtain

(227 y) = [n[K] - [K]lk + i] = ¢ k][0 — & — i].

Use the value of ¢; in (2.4]) to obtain (3.28)). O

Theorem 3.7.9 Let z,y € X satisfy 1 < d(x,y) < k. In the following table, for each
vector w in the header column, and each vector v in the header row, the (u,v)-entry of the
table gives the inner product (u,v). Write i = d(z,y).

() z J TNy Tty

z ¢*[K][n—F] (] lk—i]— (k]2 ¢*[k—il[n—k] k] [n—k—i]
y [n][k—d]—[k]? q*[k][n—Fk] q*[k—i][n—k] g+ (k] [n—k—i]
B ¢ k=il[n—k—i]- ¢+ [k—i][n—k—i] ¢ k—i)ln—k—i]- ¥+ [k—i][n—k—i]
W ([n)k—1]-[k]?) (llk—i—1=[k]?)  (ellk—i—1]=[k—i][k])  ([n][k—1]—[K][k+i])
Coy | [P (IE-11-112) [P (In]E—it1]-[K12)  a*[P[k—illn—k] " T [i2[k][n—k—i]
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Proof. Combine Corollary and Lemmas [3.3.4] [3.7.1], 3.7.2] 3.7.5H3.7.8] O

Next we compute the inner products for case (iii). To do this, we first write the vectors
Bgy and Cyy as linear combinations in the geometric basis for Fix(z,y).

For 1 < i < k let M; denote the matrix of inner products in Theorem

Lemma 3.7.10 For 1 <1 < k the inverse of the matriz M; is given by

¢ 1 —q -1
Mt ! Lo ! 3.29
S = - L [k]—[7 .
A rEEnl B = S 20
q'[n—k]—[d]
-1 -1 1 ]
Proof. Routine. O
Lemma 3.7.11 For z,y € X such that 1 < d(z,y) < k, we have
Buy = 'k —il[n—k —i]z — ¢¥[n—k—iltny—¢'[k—ilz +y, (3.30)
Coy=qli =122+ ¢ G+ ¢'[i — gy +[i— 1]z +y, (3.31)
where i = 0(z,y).
Proof. Write
By = aZ + By +yT Ay + 0z + y, (3.32)
Coy =T+ BG+y Ty + 0z +y, (3.33)

for a? 13? ’Y? 57 al? 6/77/? 5/ € R'

In each of (3.32)) and (3.33)), we take the inner product of either side with each of Z, 3, T "y,
x/+\y to obtain

a o (Bzy, ) (Cay, T)

2 I R R e
Ay (Bay, 70 Y)  (Cay, T Y)
6 4 (Bay, 7 +y) (Cay,® +y)

Use the table in Theorem and the matrix (3.29) to obtain

a o ¢*'[k —il[n — k — ] qz[i,—ll]2

BB 0 "~

SR I B A U R qifi — 1] (359
§ & —q'[k — 1] [i —1]

The result follows. O
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Lemma 3.7.12 For 2,y € X such that 1 < d(z,y) < k, we have
(B Bay) = a2l = il — = (2] ([6 = 1+ [ - )
0= = k= ) (flk - 21 - () ),
where i = (. y).

Proof. Using (13.30)),

(Bay, Bay) = qzi[k—i][n—k—i]<Bmy,a?>—q2i[n—k—i]<Bmy,ac/m\y>—qi[k—i]<Bxy,x/—l—\y>.

Evaluate the above equation using (3.21)), (3.25)), (3.26) to obtain the result. O

Lemma 3.7.13 For z,y € X such that 1 < d(z,y) < k, we have

(Buys Cay) = ¢ [ = i)ln — e — (i ([n] [k — 2] — [K]?),
where i = d(x,y).
Proof. Using ,

(Buy, Cay) = qli — 11(Bay, 8) + ¢ (Bay, §) + ¢'[i 1]<Bmy, as/m\y> +li— 1]<Bxy, x/+\y>

Evaluate the above equation using (3.21)), (3.23), (3.25), (3.26) to obtain the result. O

Lemma 3.7.14 For z,y € X such that 1 < d(z,y) < k, we have

(Ciys Cuy) = [i? (qk_Q[n] (2ali = 11+ q + 1) + [P ([n](k - 21 - [k]2)>,
where i = 0(z,y).
Proof. Using ,

(Cays Cay) = i = 112(Clays &) + ¢ Clry, §) + ' — 1]<Cw, x/m\y> +li— 1]<ny, x/—l—\y>

Evaluate the above equation using (3.22)), (3.24), (3.27), (3.28) to obtain the result. O

Theorem 3.7.15 Let x,y € X satisfy 1 < d(x,y) < k. In the following table, for each
vector u in the header column, and each vector v in the header row, the (u,v)-entry of the
table gives the inner product (u,v). Write i = d(z,y).
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{,) z y By Cuy
2i+ 11k il n—k—il-

2 -] (il [ Ty (k)
2741 —illn—k—il-

0 (] lk—i]—[]? g*[K)[n—F] q([n][,E’;_]E]_{;]J) [i]? ([ [k—i+ 11— [K]?)
q"" 2 [k—i][n—k—i]

q2i+1[k—i][n—k—i]~ 21+1[ ][ —k— ] ( k—i— 2[n]([k l] q2i+1[k—i][n—k—i]~
By [

Jr
(Inlk—1]-[k]?) (Inllk—i—11—-[k]2)  [n—k—i])+[k—il[n—k—i]-  [i]?([n][k—2]—[K]?)
([nllk—2]-[K]2))

ST U Ul DICTESIE
Cwy [0 ([n][k—1]—[k]?) [i]Q([”][k—i'f‘l]—[kP) [i]?([n][k—2]—[k]?) q+1)+[i]? [")][k*Q]*
[k]%)
Proof. Combine Corollary and Lemmas [3.3.4] [3.7.5] [3.7.6] [3.7.12H3.7.14] O

3.8 The combinatorial basis for Fix(z,y)

Pick 2,y € X such that 1 < d(x,y) < k. In this section we prove that the vectors in
form a basis for the subspace Fix(z,y). We formally define the combinatorial basis
for Fix(z,y). We also present the transition matrices between the geometric basis and the
combinatorial basis for Fix(z,y).

Theorem 3.8.1 For z,y € X such that 1 < d(x,y) < k, the vectors in (3.20) form a basis
for Fix(x,y).

Proof. We first find the matrix of coefficients when we write the vectors in (3.20) as linear
combinations in the geometric basis for Fix(z,y). From Lemma|3.7.11] we routinely obtain
the following matrix of coefficients:

1 0 ¢*[k—i][n—k—1i q[z"—11]2

01 0 i—

0 0 —q%[n_k_i] qiE]i—l] > (3.35)
00 —q'[k — 1] [i — 1]

where ¢ = d(x,y).
It suffices to show that the determinant of this matrix is nonzero.

The determinant is equal to —¢**i[i — 1][n — 2k]. We have [i — 1] # 0 since 1 < i < k.
Also, [n — 2k] # 0 since n > 2k. Hence the determinant of the matrix (3.35]) is nonzero.
The result follows. 0

Definition 3.8.2 Let z,y € X satisfy 1 < d(z,y) < k. By the combinatorial basis for
Fix(x,y), we mean the basis formed by the vectors in (3.20)).
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Next we give the transition matrices between the geometric basis and the combinatorial
basis for Fix(z,y). Throughout this chapter we will use the convention described in [4}
p. 352| for transition matrices.

Theorem 3.8.3 Let x,y € X satisfy 1 < d(z,y) < k. Write i = d(x,y). The transition
matriz from the geometric basis to the combinatorial basis for Fix(x,y) is equal to the

matriz (3.35)).

The transition matriz from the combinatorial basis to the geometric basis for Fix(z,y) is
equal to

1 o [k=illn—k—] —[k=1][n—k—i]
qk—1[n—2k] gk—1=1[n—2k]
01 [k —[n—k—i]
2K ] (3.36)
00 = 2
00 k=l _ ko]
g i~ 1][n—2k] ¢ [i—1][n—2A]

Proof. The first assertion is immediate from the construction of the matrix (3.35)). For the
second assertion, take the inverse of the matrix (3.35)) to obtain the matrix (3.36]). O

Theorem 3.8.4 For xz,y € X such that 1 < d(z,y) < k, we have

e T e (e Tl

+ Ml_Qk]Bxy I :[f][_nzl o] Chry,
Sl T

i qk[nl— ok] v qki[[?—_ 113[;21 o8]

where i = 0(z,y).

Proof. Routine from the matrix (3.36)). O

3.9 The subspace Fix(z,y); swapping z and y

Pick x,y € X such that 1 < d(x,y) < k. In this section we consider an element o € GL(V)
that swaps x and y. We show that the action of o on Fix(z,y) has eigenvalues —1 and
1. We describe the corresponding eigenspaces. The eigenspace that corresponds to the
eigenvalue 1 will be denoted by Fix(x,%). We construct a basis for Fix(z,y), called the
geometric basis; this basis is derived from the geometric basis for Fix(z,y). We construct
another basis for Fix(x,y), called the combinatorial basis; this basis is derived from the
combinatorial basis for Fix(x,y). We give the transition matrices between the geometric
basis and the combinatorial basis for Fix(z, ).

Lemma 3.9.1 For x,y € X such that 1 < d(z,y) < k, there exists o € GL(V) that swaps
T and y.
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Proof. Immediate from the fact that the graph I' is distance-transitive. O

Lemma 3.9.2 Let z,y € X satisfy 1 < d(x,y) < k. Pick 0 € GL(V) that swaps x and y.
The following (i)—(iii) hold:

(i) Fix(z,y) is invariant under o;

(ii) on Fix(x,y), we have 0 = id and o # +id, where id is the identity element of

GL(V);

(iii) the restriction of o to Fix(z,y) is diagonalizable with eigenvalues —1 and 1.

Proof. (i) Immediate from the construction of o.
(ii) The first assertion is immediate from the construction of . We now prove the second
assertion. Note that Z — ¢ is a nonzero vector in Fix(x,y) such that
o(Z-7)=79—1.
Hence, o # id on Fix(z,y). Note that Z + ¥ is a nonzero vector in Fix(z,y) such that
o(Z+7)=2+7.
Hence, o # —id on Fix(z,y). The result follows.

(iii) Immediate from (ii) of this lemma. O

We now find bases for the eigenspaces corresponding to the eigenvalues listed in Lemma
3.9.2((iii).

Lemma 3.9.3 Let z,y € X satisfy 1 < d(x,y) < k. Pick 0 € GL(V) that swaps x and y.
For the action of o on Fix(x,y) the following hold:

(i) the eigenspace with eigenvalue —1 has a basis T — y;
(i) the following vectors form a basis for the eigenspace with eigenvalue 1.

P

Z+7, FA, Tty (3.37)

Proof. For the action of o on Fix(z,y), the eigenspace with eigenvalue —1 contains the
vector T — ¥, and the eigenspace with eigenvalue 1 contains the three vectors in (3.37)).

Recall the geometric basis for Fix(x,y) given in Theorem [3.5.3] Adjusting this basis, we
find that the following vectors form a basis for Fix(z,y):

T—1, T+7, TNy, T+ y.

The result follows. O

For 2,y € X such that 1 < d(x,y) < k, the two eigenspaces described in Lemma are
independent of the choice of 0 € GL(V) that swaps x and y.
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Definition 3.9.4 For x,y € X such that 1 < d(z,y) < k, define Fix(x,y) to be the
eigenspace for the eigenvalue 1 described in Lemma |3.9.3|(ii).

Note that Fix(x,y) has a basis (3.37).

Definition 3.9.5 Let z, y € X satisfy 1 < d(z,y) < k. By the geometric basis for Fix(z, y),
we mean the basis (3.37)).

Pick z,y € X such that 1 < d(x,y) < k. We just introduced the geometric basis for
@(m,y) We now use the combinatorial basis for Fix(z,y) to find another basis for
Fix(x,y). To find this basis, we recall the balanced set condition.

Lemma 3.9.6 [6, Theorem 3.3| For z,y € X such that 1 < d(z,y) <k,
Bay — Bys = ¢(2 - §), Coy — Cya = £(2 = 1),
where
¢ =q*[k—il[n—k—1i], ¢ = qlilli — 2], i=0(z,y).
Definition 3.9.7 For z,y € X such that 1 < d(z,y) < k, define
Bry = Bay — (7, Coy = Cuy — €7,

where (, £ are from Lemma [3.9.6

By Lemma [3.9.6]

By = By, Coy = Ty (3.38)

Lemma 3.9.8 For z,y € X such that 1 < o(x,y) < k, the subspace Fix(z,y) contains the
vectors By, Cpy.

Proof. By Theorem m the subspace Fix(z,y) contains the vectors By, and Cy,. Let
o € GL(V) swap z and y. By construction, a(%) = By, and J<C'7wy> = Cys. By (3.38),
the vectors Bixy and CTy are fixed by o. The result follows. O

Lemma 3.9.9 For z,y € X such that 1 < d(z,y) < k,

e

By = —¢*'[n—k—ilgny—q¢'[k—ilz +y,
Coy=q¢ '@+ +d[i—-1Nzny+[i—1z+y,

where i = 0(z,y).
Proof. Routine using Lemma and Definition [3.9. ]

Theorem 3.9.10 For z,y € X such that 1 < d(z,y) < k, the following vectors form a
basis for Fix(z,y):

2+, Bay, Cry (3.39)
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Proof. We first find the matrix of coefficients when we write the vectors in (3.39) as linear
combinations in the geometric basis for Fix(z,y). From Lemma we routinely obtain
the following matrix of coefficients:

1 0 ¢!
0 —¢¥[n—k—i] ¢li-1]], (3.40)
0 —g[k—i  [i-1]

where i = 0(x,y).
It suffices to show that the determinant of this matrix is nonzero.

The determinant is equal to —¢**?[i — 1][n — 2k]. We have [i — 1] # 0 since 1 < i < k.
Also, [n — 2k] # 0 since n > 2k. Hence the determinant of the matrix (3.40) is nonzero.
The result follows. O

Definition 3.9.11 Let x,y € X satisfy 1 < d(x,y) < k. By the combinatorial basis for
Fix(z,y), we mean the basis formed by the vectors in (3.39).

Next we give the transition matrices between the geometric basis and the combinatorial
basis for Fix(z,y).
Theorem 3.9.12 Let z,y € X satisfy 1 < d(xz,y) < k. Write i = d(x,y). The transition

matriz from the geometric basis to the combinatorial basis for Fix(z,y) is equal to the
matriz (3.40)).

The transition matriz from the combinatorial basis to the geometric basis for Fix(z,y) is
equal to

1 k=] —[n—k—i]
e G T I e R [T
T2k k] ‘ (3.41)
I —[k—1] %n—k—iﬂ
¢F[i—1][n—2K] ¢ [i—1][n—2A]

Proof. The first assertion is immediate from the construction of the matrix (3.40|). For the
second assertion, take the inverse of the matrix (3.40|) to obtain the matrix (3.41]). [

Theorem 3.9.13 For z,y € X such that 1 < d(z,y) < k, we have

- [k — i] JER ~1 —[k —1]
TOY = S = 1[0 — 2] (E+9) + ] P T A P o T RS
— —[n—k—1i] ~ 1 [n—k—i
YT R 1 - 2K] (F+9)+ FTn = 2k 2o = 1 — 2]

where i = 0(z,y).

Proof. Routine from the matrix (3.41)). O
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3.10 The subspace Fix(z ny,z + y)

Pick distinct x,y € X such that 1 < d(z,y) < k. In this section we describe the subspace
Fix(z Ny, +vy). We show that the subspace Fix(z Ny, z +y) is contained in Fix(z, y). We
construct a basis for Fix(xz n y,x + y), called the combinatorial basis; this basis is derived
from the combinatorial basis for Fix(z,y). We give the transition matrices between the
geometric basis and the combinatorial basis for Fix(z ny,z+y). At the end of the section,

we describe the orthogonal complement of Fix(z n y,x + y) in Fix(x,y).

Theorem 3.10.1 For x,y € X such that 1 < d(z,y) < k, the following vectors form a
basis for Fix(x ny,x +y):
TNy, r+y. (3.42)

Proof. Since d(x,y) < k, we have z ny # 0. Note that x ny € x + y. Since n > 2k, we
have z + y # V. The result follows from Case 5 of Lemma [3.5.1] O

In view of Definition the basis (3.42) is the geometric basis for Fix(z ny, z + y).
Corollary 3.10.2 For z,y € X such that 1 < d(z,y) < k, the subspace Fix(x ny,z + y)

is contained in Fix(z,y).

Proof. The geometric basis for Fix(z ny,z + y) is a subset of (3.37)). The vectors in ([3.37)
form a basis for Fix(x,y). The result follows. O]

In Theorem [3.10.1} we gave a basis for Fix(x n y,x + y). Our next goal is to use the
combinatorial basis for Fix(z,y) to find another basis for Fix(z n y, z + y).

Definition 3.10.3 For z,y € X such that 1 < d(z,y) < k, define

Bxy = Bzya Cmy = ny - C]i_l(f + ?’/\)a

where i = d(x,y).
Lemma 3.10.4 For z,y € X such that 1 < d(z,y) < k,

E/my = —q%[n —k—iltny— qi[k — z]m,

Coy=q'li—1zny+[i—1z+y,
where i = 0(z,y).
Proof. Routine using Lemma [3.9.9 and Definition [3.10.3 O

Lemma 3.10.5 For x,y € X such that 1 < d(x,y) < k, the subspace Fix(z n y,x + y)
contains the following vectors:

e

Bry,  Chy. (3.43)

Proof. Referring to Lemma [3.10.4] the vectors Ex/y and C\’:y are linear combinations in
(3.42). The result follows from Theorem [3.10.1 O
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Theorem 3.10.6 For x,y € X such that 1 < d(z,y) < k, the two vectors in (3.43)) form a
basis for Fix(x ny,z +y).

Proof. We first find the matrix of coefficients when we write the vectors in (3.43) as linear
combinations in the geometric basis for Fix(z ny,x+y). From Lemma|3.10.4} we routinely
obtain the following matrix of coefficients:

-k =il ¢li-1
) .

where ¢ = d(x,y).
It suffices to show that the determinant of this matrix is nonzero.

The determinant is equal to —¢**i[i — 1][n — 2k]. We have [i — 1] # 0 since 1 < i < k.
Also, [n — 2k] # 0 since n > 2k. Hence the determinant of the matrix (3.44]) is nonzero.
The result follows. O

Definition 3.10.7 Let x,y € X satisfy 1 < d(x,y) < k. By the combinatorial basis for
Fix(x ny,z + y), we mean the basis formed by the vectors in ([3.43)).

Next we display the transition matrices between the geometric basis and the combinatorial
basis for Fix(z Ny, z + y).

Theorem 3.10.8 Let x,y € X satisfy 1 < d(z,y) < k. Write i = d(z,y). The transition
matriz from the geometric basis to the combinatorial basis for Fix(x ny,x + y) is equal to

the matriz (3.44)).

The transition matriz from the combinatorial basis to the geometric basis for Fix(xny, x+y)

1s equal to
—1 1
kt+i[n—2k k[n—2k
(q[[,”]] i ) a5

Fl—1n—2k] ¢ [i—1][n—2k]

Proof. The first assertion is immediate from the construction of the matrix 13.44j . For the
second assertion, take the inverse of the matrix (3.44) to obtain the matrix (3.45)). O

Theorem 3.10.9 For z,y € X such that 1 < d(z,y) < k, we have

. 1 — k- =
OV i — 2] Bay + ¢ [i — 1][n — 2k] Cay,
. 1 — [n—k —1i] —

= 7337 . XY
vy q*[n — 2k] y+qk*’[z—1][n—2k]cy

where i = d(x,y).

Proof. Routine from the matrix (3.45)). O
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Recall from Corollary that the subspace Fix(x Ny, + %) is contained in Fix(z,y).
Let Fix(z Ny, x +y)* denote the orthogonal complement of Fix(x ny,z + ) in Fix(z, y).
Our next goal is to find a basis for Fix(z Ny, x + y)~. We will express this basis in terms
of the geometric basis for Fix(x,y) and also the combinatorial basis for Fix(z,y).
Lemma 3.10.10 For z,y € X such that 1 < d(x,y) < k, the subspace Fix(z Ny, z + y)*
has dimension 1.

Proof. By Lemma M(ii), the subspace Fix(z,y) has dimension 3. By Theorem [3.10.1
the subspace Fix(z n y,z + y) has dimension 2. The result follows. O

Lemma 3.10.11 For z,y € X such that 1 < d(x,y) < k, the subspace Fix(z ny,z + y)L
has a basis ‘ '
(¢ +1)(Z+7) —2¢Tny—2z+y, (3.46)

where i = d(x,y).

Proof. Using the table in Theorem one routinely verifies that the vector (3.46|) is
contained in Fix(z ny,2 + y)*. The three vectors in (3.37) are linearly independent, so
the vector (3.46) is nonzero. The result follows from Lemma (3.10.10 O

Lemma 3.10.12 Referring to Lemma [3.10.11|, the vector (3.46)) is equal to

[Z _1 1] ((qi_l + 1)[1] ('f/E\ + :/y\) - 20737?4))

where i = 0(z,y).

Proof. Apply the transition matrix (3.41)) to the vector ([3.46]). O

3.11 Comments about the uniqueness problem for I'

Consider the following question: is the Grassmann graph J,(n, k) uniquely determined up
to isomorphism by its intersection numbers? In this section, we comment on how this
problem relates to the main result of this chapter.

Consider the Grassmann graph I' = J,(n, k) with n > 2k > 6. Let I denote a distance-
regular graph that has the same intersection numbers as I'. Note that IV and I" have the
same eigenvalues. Recall the vertex set X for I', and let X’ denote the vertex set for I".

Let E’ denote a Euclidean space of dimension [n] — 1. By [7, Lecture 13|, there exists
a Euclidean representation (E’, 1)) of I” associated with the eigenvalue #;. We normalize
this representation such that

[o()]* = ¢*[k][n — K]
for all ' € X'.

Let us attempt to recover the projective geometry P from I”. To motivate things, we
first consider I'. For x,y € X such that 1 < d(z,y) < k, we defined the sets By, Cyy in
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Definition In Definition we used By, Cypy to define the vectors By, Cyy in E.
In Theorem we wrote each vector Z Ny, x + y as a linear combination of

xZ, Y, BCCy7 C:cy-

We now talk about the graph I"; in the Euclidean space E’, let us attempt to mimic the
vectors TNy, +y. Let 2,y € X' satisfy d(a',y’) = 0(z,y). Define the sets Byry, Coryy
similarly to Definition Define the vectors By, Cyry similarly to Definition

For notational convenience, write i = d(2/,y').

Motivated by the first equation in Theorem we bring in the vector
[k —d]ln—k-1]  , [k — 1] /
qk—l[n _ 2k] 1/)(1‘ ) + qk—i+1[2‘ _ 1][n _ Qk]w(y )
—1 —[k — 1]
————— By -
T =2k Y ki — 1][n — 2A]

(3.47)

C{L"y/ .

This is the vector in £’ that will mimic & n y. For motivational purposes, we denote the
vector (3.47) by v (2’ ny/).

Motivated by the second equation in Theorem [3.8:4] we bring in the vector
—[k—-1]n—k—4] ,, —[n—k—1] ,
¢~ 1[n — 2k] () + 2 — 1][n — 2k]¢(y )
1 [n—Fk —1]
7BI/ ’
Fln—2k] " T

(3.48)

C

* i = 1][n—2k] Y

This is the vector in E’ that will mimic  + y. For motivational purposes, we denote the
vector (3.48) by ¥ (2 +¢/).

Problem 3.11.1 Try to show that for all 2/ € X', the inner product

(v’ ny). (=) (3.49)
is equal to one of the values
[n][k —i— €] — [k —i][k] 0<l<k—1). (3.50)
By Lemma this will happen if I' is isomorphic to T'.

Problem 3.11.2 We define a binary relation on X’ called partner. For 2/, v’ € X', we say
that 2/, w’ are partners whenever

(0@ ). 0(=)) = (6 ny) e ).
By construction, partner is an equivalence relation. Try to show that the partner equiv-

alence classes form an equitable partition of X’. If IV is isomorphic to I' then this will
happen because the partner equivalence classes are the orbits of Stab (:E’ Ny )

Problem 3.11.3 Consider the set of vertices 2’ € X’ such that the inner product
is equal to with ¢ = 0. Try to show that the subgraph of I induced on this set,
is geodesically closed and has diameter 7. If IV is isomorphic to I" then this will happen
because the set will consist of the vertices in X’ that contain 2’ N3/,
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Chapter 4

Some orbits of a two-vertex stabilizer
in a Grassmann graph

Pick z,y € X such that 1 < d(z,y) < k. Recall the stabilizer Stab(x,y) in GL(V). In this
chapter, we investigate the orbits of Stab(z,y) acting on I'(x). As we will see, there are
five orbits. We already mentioned two of the orbits, namely B, and C;,. We now describe
the other three orbits.

4.1 The y-partition of I'(z)

Definition 4.1.1 For z,y € X such that 1 < d(z,y) < k, define
Asy = {z€T(2) | 0y, 2) = d(z,y)}.

Observe that
|Axy| = a4, L= 6(:1:,y)

Definition 4.1.2 For z,y € X such that 1 < d(z,y) < k, define the vector

Ay = ) 2.

2€ ALy
The set A, turns out to be the disjoint union of three orbits of the Stab(z, y)-action on
I'(x). Our next general goal is to describe these three orbits.
Definition 4.1.3 For z,y € X such that 1 < d(z,y) < k, define
Af, ={zeduy|z+a+y20+y,2nzny=2ny},
Agyz{zeAxy|Z+x+y=x+y,zmxmy=:pmy},
Ay = {zedp|2z+z+y=a+y,2znznySczny}.

We are going to show that the three sets in Definition are orbits of Stab(z,y). First
we have a few remarks.
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Lemma 4.1.4 For z,y € X such that 1 < d(x,y) < k, the set Ayy is the disjoint union of
the sets Af,, A%, Az,
Proof. By linear algebra, the set {z eAy | z+x+y22+y, z2nxny S TN y} is empty.
The result follows. O
Lemma 4.1.5 For xz,y € X such that 1 < d(z,y) <k,

ALl = ln—k i), ALl =(¢—D[? Ayl =" ik—4, (1)

where i = 0(z,y).
Proof. Routine from counting. O

Observe that the values in (4.1)) depend only on d(x,y).
Definition 4.1.6 We refer to Lemma [4.1.5] For 1 < ¢ < k, define

al = |A%, aj = A}, a; = |ALl, (4.2)
where i = d(x,y).

Note that af+a?+ai_ =q; for 1l <i<k.

Our next goal is to show that .Agy is an orbit of Stab(zx,y).

Lemma 4.1.7 For z,y € X such that 1 < d(z,y) <k, let z € Agy. Then

rny<(z+x)ny.

Moreover,
dim (z ny) + 1 =dim ((z + z) N y).

Proof. Routine from the definition of Agy and linear algebra. O
Lemma 4.1.8 For x,y € X such that 1 < d(x,y) < k, let z € A),. Then there exist
vectors

pwe (z+x)ny, 7E z, VET
such that

pézny, néznz, véznz,

w=mn+rv.

Proof. Pick p € (z +x) ny such that u ¢ x ny. Note that p € z +x. Also note that p ¢ =
and p ¢ z.

Hence, p is a linear combination of some nonzero vector 1 € z and some nonzero vector
v € x. We assume without loss that p =n+ v.

Assume that n € z nz. Then u = n+ v € x, which is a contradiction. Hence, n ¢ z N x.

Assume that v € z nz. Then y = n + v € z, which is a contradiction. Hence, v ¢ z n x.
The result follows. ]
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Lemma 4.1.9 For x,y € X such that 1 < d(x,y) <k, let z € Agy. Let the vectors p,n,v
be from Lemmal[f.1.8 Then

24+ Fu=z2+uz, 24+ Fv =z +x, (znz)+Fn=-z, (4.3)
x+Fu=z+uzx, x+Fn=z+uz, (znz)+Fr=uz, (4.4)
(xny)+Fu=(2+2z)ny. (4.5)

Moreover, for each equation in (4.3), (4.4), (4.5) the sum on the left is direct.

Proof. Immediate from linear algebra. O

Lemma 4.1.10 For x,y € X such that 1 < d(z,y) < k, the set Agy is an orbit of the
Stab(z, y)-action on I'(x).

Proof. By Lemma the set Ag,y is a disjoint union of orbits of Stab(z,y). We now
show that Agy is a single orbit.

Let 2,2 € Agy. It suffices to show that there exists o € Stab(x,y) that sends z — 2’

Let the vectors p,n, v be from Lemma Let the subset R < V form a basis for x ny.
Extend the basis R for x n y to a basis R u S for z n 2. By the third equation in ,
R U S U {n} forms a basis for 2. By the third equation in {#.4), R U S U {v} forms a
basis for z. By ([£.5), R U {u} forms a basis for (z + z) ny. By the first equation in (£.4),
R uS u{u,v} forms a basis for z+ x. Extend the basis R u {u} for (z + z) ny to a basis
R U Qu {u} for y. By Lemma2.3.3] R US U QU {y, v} forms a basis for z + y. Extend
the basis RuSu Qu {u,v} for z +y toabasis RuSuQuWu {u,vr} for V.

Recall the element z' € AJ . Consider the corresponding vectors x/,7/,/ from Lemma
4.1.8] Extend the basis R for x ny to a basis R U S8’ for 2/ n z. By the third equation in
, RuUS" U {n'} forms a basis for 2. By the third equation in , RuS U {v'} forms
a basis for . By , Ry {,u’} forms a basis for (z’ + x) N y. By the first equation in
, RUS U {1V} forms a basis for 2/ + x. Extend the basis R u {¢//} for (2' +z) ny
to a basis R U Q' U {y/'} for y. By Lemma@ RuUS UQ U {W, v} forms a basis for
z+y. Extend the basis RuS'u Q' u{y/, v/} for z+y to abasis RuS'UQ UW U {y/, v/}
for V.

By linear algebra, there exists o € GL(V) that sends S — &', Q+— Q' W — W' uw— i/,
v — v/ and acts as the identity on R. By construction, o is contained in Stab(zx,y) and
sends z — 2’. The result follows. O

Lemma 4.1.11 For x,y € X such that 1 < d(x,y) <k, the sets A}, Az, are orbits of the
Stab(z,y)-action on T'(x).

Proof. Similar to Lemma O

Theorem 4.1.12 For x,y € X such that 1 < d(z,y) < k, the following sets are orbits of
the Stab(x,y)-action on I'(x):
Bzya Czya «A+

Y’

ALy Az (4.6)
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Furthermore, these orbits form a partition of T'(x).

Proof. For the first assertion, combine Lemmas [3.6.2] [3.6.4] [£.1.70] #.1.11] The second as-
sertion is immediate from Lemma[d.T.4)and the fact that the disjoint union of By, Cy, Asy
is equal to I'(x). O

Definition 4.1.13 Let x,y € X satisfy 1 < d(z,y) < k, and consider the partition of I'(x)
given in (4.6). By construction, this partition is equitable in the sense of |5, p. 159]. We
call this partition the y-partition of T'(x).

4.2 The vectors A A

Ay

Pick z,y € X such that 1 < d(x,y) < k. Recall the sets A, A9, Az from Definition
4.1.3] Recall the Euclidean space E from Section 3.1} In this section we use these sets to
define some vectors AF, , Agy, Az, in the Euclidean space E. We show that AF | Agy, Ay

are contained in Fix(z,y). We write A;y,Agy,A;y in terms of the geometric basis for

Fix(z,y) and also the combinatorial basis for Fix(z,y).
Definition 4.2.1 For z,y € X such that 1 < d(z,y) < k, define the vectors

A, = > 2 A, = >z A= > 2 (4.7)

ze Ay z€AQ, 26 ALy

Note that Af,, A9,

By Lemma Agy = AL, +AY, + A,

Lemma 4.2.2 For z,y € X such that 1 < d(z,y) < k, the vectors A;y,Agy,A;y are
contained in Fix(z,y).

A, are contained in E.

Proof. Pick o € Stab(z, y). Since Af,, A9, Ay, are orbits of the Stab(x, y)-action on I'(x),

the map o fixes A+ , A° AZ,- The result follows. O

Ty Yy Ve

Recall the geometric basis for Fix(z,y) from Theorem Our next goal is to write

A;y,Agy,A;y in terms of the geometric basis for Fix(z,y). To do this, we find inner

products that involve the vectors A;y,Agy,A;y. Recall the matrix M; of inner products
given in Theorem |3.7.4

Lemma 4.2.3 For z,y € X such that 1 < d(z,y) < k, we have

(A%,,8) = ¢ illn — k= i) ([nllk — 1] - [K]?), (4.8)
A8,,3) = (g = D2 ([nllk — 1] = [1%), (4.9)

where i = 0(z,y).



Proof. We first prove (4.8). Using the first equation in (4.7)), we obtain

(45.2) = 3 (23

ze A,
Pick z € Af,. By the definition of A}, and Lemma m
(2,2) = [n][k — 1] - [k]?.
By the above comments,
(A%, ) = |48, |(In]lk = 1] - []2).
In , we evaluate |A:y| using ; this yields .
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(4.11)

(4.12)

(4.13)

We have now verified (4.8]). Equations (4.9)) and (4.10)) are obtained in a similar fashion. [

Lemma 4.2.4 For x,y € X such that 1 < d(z,y) < k, we have
(A%,.5) = a[illn — k= i) ([ [k = 1] — [K]?),
(48,:5) = (¢ = DL (In)lk — 1] = [1%)
) = ¢ itk =il ([nllk = i] = [41%),

where i = d(z,y).
Proof. We first prove (4.14)). Using the first equation in (4.7]), we obtain

< l’y’y> 2. (&9

2e AL,
Pick z € Af . By the definition of A7, and Lemma
<z Y= —i] — [k]2
By the above comments,
<Axy,y> — |, | (Il = i] - [k]2).
In |-i we evaluate ‘A ’ using ; this yields .

(4.14)
(4.15)

(4.16)

(4.17)

(4.18)

(4.19)

We have now verified (4.14)). Equations (4.15) and (4.16]) are obtained in a similar fashion.

O]



Lemma 4.2.5 For x,y € X such that 1 < d(z,y) < k, we have

(Af, 7 Y)Y = il — k= illk = il[n — k],

(4%, 77%) = ¢*(q = D[i[k — ][ — k],

(Aza7y) = ¢ [illk = i) ([n]k — i = 1] = [k = i][k1),
where i = d(z,y).

Proof. We first prove (4.20). Using the first equation in (4.7]), we obtain

(15,779 - 5, (7).

AL,
Pick z € A},. By the definition of A} and Lemma
(2.amy) = [k — il = [k[k = i) = ¢ [k — i)[n — k]
By the above comments,
<A;y,m> A3, | a1 — il — k1.

In 1-} we evaluate |A | using ; this yields .

We have now verified (4.20). Equation (4.21)) is obtained in a similar fashion.

Next we prove (4.22]). Using the last equation in (4.7)), we obtain

<Axy,x A y> 2 <2,33/r_\\y>

2€ALy
Pick 2 € A;,. By the definition of A} and Lemma m

dm(znzny)=k—i—1.

By (4.27) and Lemma [3.3.2]
<2m> = [n][k —i — 1] — [k — 4][k].

By the above comments,
<Awy,$ ~Y) = ’Amy|( i1 [k z'][k:]).
In |-D we evaluate |.A | using ; this yields .
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(4.20)
(4.21)

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)

(4.27)

(4.28)

(4.29)



Lemma 4.2.6 For x,y € X such that 1 < d(z,y) < k, we have
<A;y,m> — G il — b — ] ([n][k 1] - [K][k + z']),
A8, 5 y) = ¢ (g = D[I2[k]n — k — ],
Azt y) = A ik — ik — k=],
where i = d(z,y).

Proof. We first prove (4.30)). Using the first equation in (4.7]), we obtain

(15,573 - 3, (57)

zeAd,
Pick z € A, . By the definition of A, and Lemma [2.3.2
dim(zn(z+y)) =k— 1
By and Lemma m
(2.25y) = [nllk— 1) = [k[k + ]
By the above comments,
(Az, 7 7y) = AL (Inlk = 11 = [kI[E + 41).

In , we evaluate |A:y| using ; this yields .

Next we prove (4.31)). Using the second equation in (4.7]), we obtain

(1,55 - 3 (5.73).

0
z€AS,

Pick z € AJ,. By the definition of A9, ,

zn(x+y) ==z

By and Lemma m,
(2579 = [n[K] - [K][k + i] = ¢ k][0 — & — 3],
By the above comments,
(A0, a5 y) = |40, | " [K]In — & — i)

In 1} we evaluate ‘Agy’ using ; this yields .

We have now verified (4.31]). Equation (4.32) is obtained in a similar fashion.
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(4.30)
(4.31)

(4.32)

(4.33)

(4.34)

(4.35)

(4.36)

(4.37)

(4.38)

(4.39)

(4.40)
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Theorem 4.2.7 Let z,y € X satisfy 1 < d(x,y) < k. In the following table, for each
vector u in the header column, and each vector v in the header row, the (u,v)-entry of the
table gives the inner product (u,v). Write i = d(z,y).

(,) ALy Ady Ay,

Yy

~

¢ PHilln—k—i]([][k-11-[K?) (@D ([n][k—1]1-[k]*) ¢ il [k—i] ([n][k—1]~[K]?)

Y g P il [n—k—i] ([n][k—i]—[K]) (¢=D)[i1* ([n][k—i]—[k]*) g il [k—i]([n][k—i]—[K]?)
Ty " ] [n—k—i] [k—d] [n—k] ¢ (q=V)[P[k—id[n—k] ¢ [i][k—d]([n][k—i—1]—[k—d][k])
T I 1 O (] L I | L N CR 1 ] ¢ T ] [k—d][k] [n—k—i]

Proof. Combine Lemmas [4.2.3H4.2.6] ]

In the next result, we write Af | Amy, Az, in terms of the geometric basis for Fix(z,y).

Theorem 4.2.8 For xz,y € X such that 1 < d(z,y) < k, we have

A+ ¢ n—k—il[i — 1]z + ¢*[n — k —i|lg oy — [i]z + v, (4.41)
= (i -1-[Z—¢ T+ "Try+d 'z +y, (4.42)
A’ — ¢k —il[i — 1] — ¢'[i]le ~y + ¢'[k —i]z + v, (4.43)
where i = 0(z,y).
Proof. Write
Al =af + By +rT Yy + 6T +y, (4.44)
A, =i+ Bh+y Ty +dr+y, (4.45)
Ay, =B+ B+ Ty + 0"t +y, (4.46)

for a? /8’ ’Y? 5’ a/’ 5/7 ’7/’ 5,’ a”? B”? ’y”? 5” € R'

Let N; denote the matrix of inner products from Theorem [£.2.7]

In each of (4.44), (4.45), (4.46) we take the inner product of either side with each of
Z,9y,T Ny, T+ y to obtain

/ "

a o «
' N
M, B 5/ /3” _ N,
D e
s 5 s

The matrix M; is invertible by Lemma [3.7.10} so
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/ /"

a o «
v oo | T M N
5 5/ 6//

Using Lemma and matrix multiplication we obtain

¢t n—k—illi—1] ¢[i—1]—[] ¢"'[k—d[i—1]

_ 0 —qg! 0
Iar . : :
S E TR P —i]
—[i] g ! q'[k — 1]
The result follows. O

Fix x,y € X such that 1 < d(x,y) < k. Our next goal is to write A:gy, Agy, Az, in terms of
the combinatorial basis for Fix(z,y).

Theorem 4.2.9 For xz,y € X such that 1 < d(z,y) < k, we have

PO e e 7 PR U ey
A = =T 2] T+ qk=2+ 1 — 1][n — Qk]y (4.47)
nb g Wk |
T T R T T
AWk k—dlnk]
Aoy = = i Cok] L ] —1][n - 2k]” (4.49)
NN L S S L1 [ W

q[n — 261" " ¢Fii = 1][n — 2K]
where i = d(z,y).

Proof. We first prove (4.47). In the equation (4.41)), eliminate &~y and m using
Lemma and simplify the result.

We have now verified (4.47). Equations (4.48)) and (4.49) are obtained in a similar fashion.
O

4.3 Some inner products involving the y-partition of I'(x)

Pick z,y € X such that 1 < d(z,y) < k. In this section we calculate the inner products
between the vectors Z, §, Byy, Cyy, AL, A2 Azy-

Ty “ Ty
Theorem 4.3.1 Let z,y € X satisfy 1 < d(x,y) < k. In the following table, for each
vector u in the header column, and each vector v in the header row, the (u,v)-entry of the
table gives the inner product (u,v). Write i = d(z,y).
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(,) Al AY Az,

Ty Ty Ly

z ¢ i[n—k=i] ([][k=1]=[K]?) (@D ((Ik-11-[K]*) ¢ i [k—i)([n][k—1]—[k]?)

y ¢ i[n—k=d] ([(n)[k—il=[K]*) (=D ([nllk—d=[k]1*) ¢ il [k—i]([n][k—d]~[k]?)

> 2[i][k—i][n—k—1i] pitt o . ¢* 2] [k—i][n—k—i]
Buy | ((t=r=i=n) (pin-21-pr2) - I (-1 (talte-21-1417)
+([nl k11 1K) (k11 [K]?))
@ [n—h—i][i]? (a=DIT? (¢*2[m)(2011-1) g kil ]

Coy | (g=2ul e[ (21 1112)) P (plk-2)-[812)) (@2l k—21- (k1))

Proof. The entries in the first two rows are immediate from Theorem

Next we calculate the inner product <Bmy, A;y>.

Using ,

<Bxy,A:y> — ¢ n—k—d][i— 1](Buy &) + ¢%[n— k —i]<Bxy,m> - [z']<Bxy, 1‘/4—\y>
In the above equation, evaluate the right-hand side using Lemma [3.7.9]

We have now calculated the inner product <Bmy, A;y>. For the other inner products the
calculations are similar, and omitted. O

Theorem 4.3.2 Let z,y € X satisfy 1 < d(x,y) < k. In the following table, for each
vector u in the header column, and each vector v in the header row, the (u,v)-entry of the
table gives the inner product (u,v). Write i = d(z,y).

( ) > A;_y Agy A;y
A+ ¢ +2[i][n—k—i] (¢*~1=2[n][n—k] g (g—1)[n—k—i][4]? @2+ 2[k—i][n—k—i]
Y k(21— (12)) (R (k-2 [k12)) ()2 ([n][k~2]—[k]?)
A0 g+ (q—1)[n—k—i][i]? (D[ (¢ (2(g- D] +1) g+ (q—1)[k—i][i]2
W (PR (k-2 -) )P (k-2 -k?)) (52l (I (k-2)-[k12))
A= 2 [k—i][n—k—i] g+ (q—1)[k—i][4]? q* 2 [i][k—i] (qk’i’z[n] (k]
zy [i]?([n][k—2]—-[k]?) (¢*=2[nl+ i) ([n][k—21 - [£]2) ) +[i][k—d] ([n][k—2]—[k]?))

Proof. We will calculate the inner product <A;ry, A;ry>.
Using (4.41),

(A%, 48,) = d k=11l = 10( A%, &) + ¢¥[n—k —i)(AL,, 77 y) ~ [1( A%y o + ).
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In the above equation, evaluate the right-hand side using Theorem [4.2.7]

We have now calculated the inner product <A;fy, A;y>. For the other inner products the

calculations are similar, and omitted. O

4.4 Some combinatorics and algebra involving the y-partition
of I'(z)

Let 2,y € X satisfy 1 < d(z,y) < k. In (4.6) we partitioned I'(z) into five orbits for
Stab(z,y). In this section, we describe the edges between pairs of orbits in this partition.
In this description we use a 5 by 5 matrix. We find the eigenvalues of this matrix. For
each eigenvalue we display a row eigenvector and column eigenvector.

Theorem 4.4.1 Let x,y € X satisfy 1 < d(z,y) < k, and consider the orbits of Stab(x,y)
on I'(x). Referring to the table below, for each orbit O in the header column, and each
orbit N in the header row, the (O,N)-entry gives the number of vertices in N that are
adjacent to a given vertex in O. Write i = 0(x,y).

By Cay Az, Agy Azy
Buy | oyl il 0 ali] 0 ali]
Cay 0 2q[i — 1] ¢ *'n—k—i] (-1 ¢ THE — ]
AL, ¢k — 1] [4] g[n—k]—q—1 (g — 1)[i] 0
Ay 0 2] =1 ¢ n—k—-i] (e-DEE-D-1 ¢k -]
Ay g+ [n—k—i] [] 0 (¢—D[] gkl —g—1

Proof. We will verify the (B;By,[)’zy)—entry of the table. Pick a vertex w € B,. Let #
denote the number of vertices in B, that are adjacent to w. Note that # is independent
of the choice of w, because the partition (4.6]) is equitable.

We now compute #. By construction, each vertex in By, is at distance at most 2 from w.

Using Lemma and Corollary we obtain

(@,Bay) = 35 (@,2) = ¢ [klln — k) + # ([n]lk — 1] = [£]%)
26Bay (4.50)

+ (|Bxy| —#— 1) ([n][k; —2] - [k:]2).

By construction,

(Bury, Bay) = ’BzyK@’ Bay). (4.51)
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We now evaluate (4.51). The left-hand side is evaluated using the (B, B$y)—entry in the
table of Lemma (3.7.15, The right-hand side is evaluated using 1’ and b; = |Bxy|; the
value of b; is given in ([2.4)).

After evaluating |D we solve the resulting equation for #; this yields the (Bzy,Bxy)—
entry of the table. The other entries are obtained in a similar fashion. O

Definition 4.4.2 For 1 < i < k let M; denote the 5 x 5 matrix in Theorem [£.4.1]
Note that M; is not symmetric. We now give the transpose M¢.

Lemma 4.4.3 For1 <i < k, we have M = DM;D™!, where D = diag(bi, ciyai,al, a;).
Recall b;, c; from and a;r,a?,a; from .

Proof. Immediate. 0

Our next goal is to find the eigenvalues of M;. For each eigenvalue we display a row
eigenvector and a column eigenvector.

Lemma 4.4.4 For 1 <i < k, the eigenvalues of the matriz M; are
ai,  qn—kl—q¢—=1,  qlk]-¢-1, -1, —q-1,
where a1 = q[k] + ¢[n — k] —q— 1.
Proof. Routine. O

Lemma 4.4.5 For 1 < i < k we consider the matrix M;. In the table below, for each
eigenvalue of M;, we display a corresponding row eigenvector and column eigenvector.

Recall b;, c; from (2.4) and a] ,a?,a; from (4.2).

Eigenvalue of M; | corresponding row eigenvector | corresponding column eigenvector
a1 (bi,ci,aj,a?,ai_) (1,1,1,1,1)
qgln—k]—q—1 (a;r, —c;, —aj, —a?, qci) (qci, —a; ,—a; ,—a; , qci)t
qlk] —q—1 (ai_, —ci, qcq, —a?, —ai_) (qci, —af,qc,;, —af, —af)t
-1 (0,1,0,—1,0) (0, —1,0,—1,0)"
—q—1 (¢,1,—¢q,9 —1,—q) (q¢i, bi, —a; ,bi, —a})’
Proof. Routine. O

Remark 4.4.1 |3, 10] For x € X the spectrum of the local graph I'(z) is given in the table
below. Recall a; = q[k] + ¢[n — k] — ¢ — 1.



Eigenvalue Multiplicity
al 1
gln—kl—q—1 [k] -1
qglk] —q—1 [n—k] -1
-1 (¢ = DIK][n - k]
—q¢—1 ¢*[k — 1[n —k — 1]

52



53

Chapter 5

A generalization of the Askey-Wilson
relations using a projective geometry

Recall the projective geometry P. In this chapter we define some matrices A, A* € Matp(C)
that satisfy a generalization of the Askey-Wilson relations. To define the matrices A, A*,
we bring in some subalgebra H of Matp(C). We discuss the irreducible H-submodules in
the standard Matp(C)-module.

5.1 An algebra H

For the rest of the chapter, write h = n — k. Note that dimV = h + k. Let Matp(C)
denote the C-algebra consisting of the matrices with rows and columns indexed by P and
all entries in C. Let V' denote the C-vector space consisting of the column vectors with rows
indexed by P and all entries in C. The algebra Matp(C) acts on V' by left multiplication.
The Matp(C)-module V is called standard. For u € P, define the column vector u € V
that has u-entry 1 and all other entries 0. The vectors {ﬁ | ue P} form a basis for V.

Definition 5.1.1 For 0 < ¢ < h + k define a diagonal matrix £} € Matp(C) as follows.
For u € P, the (u, u)-entry of EJ is

1 if P,
(Ez‘) _ 1 u € Ly,
we )0 ifué Py
Recall the partition (2.6). We have
h+k
=Y m
/=0

For0 </l < h+k,
EfV = Span{l | u € P}.
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The following sum is direct:
h+k

V=) EvV.
£=0

For the rest of this chapter, we fix y € Py.

Definition 5.1.2 For 0 <4 < k and 0 < j < h, define a diagonal matrix £}, € Matp(C)
as follows. For u € P, the (u, u)-entry of EY; is

1 ifuelP;
(7)o = . -
o 0 ifu¢ P ;.
For notational convenience, for integers r,s we define Ef; = 0 unless 0 < r < k and
0<s<h.

For 0 <i<kand 0 <j<h, we have

E};V = Span{u | u € P, ;}.

Recall the partition (2.9)). The following sum is direct:

k h
V=2 > ELV.

i=05=0
Recall the partition (2.10]). For 0 < ¢ < h + k,
Ef = ) By,
2

E}V = Z EFV, (direct sum)
2‘7-]‘

where the sums are over the ordered pairs (7, ) such that 0 < i < k and 0 < j < h and
i+j =L

Next we define a subalgebra K of Matp(C).
Definition 5.1.3 [10, Definition 6.1] The matrices

E}; 0<i<k, 0<j<h)
form a basis for a commutative subalgebra of Matp(C). Denote this subalgebra by K.

Our next goal is to describe a generating set for K. For the rest of the thesis, ¢'/? denotes
the positive square root of q.

Definition 5.1.4 We define diagonal matrices K, Ko € Matp(C) as follows. For u € P
the (u,u)-entry is
k_; ji— b
(Kl)u,u: q? Zv (K2)u,u: q] 2,

where u € P; ;.
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Note that K, K2 are invertible. By |10, Prop. 6.3], the algebra K is generated by Klﬂ, K;-rl.

Lemma 5.1.5 For 0 < i < k and 0 < j < h, the subspace E;’:jV 1S G COMmMOon eigenspace

for Kf—r17 KQil. The corresponding eigenvalues are given in the table below.

Element in IC | Figenvalue corresponding to E;"jV
K gs i
Kt ¢i—s
Ky ¢ 2
Kyt g3
Proof. Immediate from Definition [5.1.4 ]

Next we define some matrices in Matp(C) that will be useful. Recall the notion of /-cover

and \-cover from Definition [2.3.10

Definition 5.1.6 We define matrices L, Lo, Ry, R2 € Matp(C) as follows. For u,v € P
their (u,v)-entries are

(L), = 1 if v /-covers u,
Y 0 if v does not /-cover wu,
(L) - 1 if v \-covers wu,

2 0 if v does not \-cover wu,
(R), - 1 if u /-covers v,

Y 0 if u does not /-cover v,
(Ry), . - 1 if u \-covers v,

up 0 if u does not \-cover v.

Note that Ry = L and Ry = L}, where ¢ is the matrix-transpose.

Lemma 5.1.7 Forve P,
u,

u.

=

[\
S)
|

v /-covers u v \-covers u
oo %) >

u /-covers v u \-covers v

Proof. Immediate from Definition O
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Lemma 5.1.8 For 0 <i < k and 0 < j < h,

LIE;:]‘V = E;(fl,jva LQE;:jV s Eijlv’ (5-1)
Ry E5V < Ef 5V, Ry Ef;V < Efja V. (5-2)
Proof. Immediate from Lemma [5.1. O

Definition 5.1.9 Let H denote the subalgebra of Matp(C) generated by L1, L2, Ry, Ra,
K K

By construction, the vector space V' is an H-module. Let W denote an H-submodule in
V. We say that W is irreducible whenever W does not contain an H-submodule besides 0
or W. Note that H is closed under the conjugate-transpose map. Therefore the H-module
V is a direct sum of irreducible H-modules.

Lemma 5.1.10 |10, Lemma 8.2, 8.5, 8.11| Let W denote an irreducible H-module. Then
there exist integers «, 3, p such that the following (i), (ii) hold:

(i)
k—p

(ii) for0<i<k and0<j <h,

1 ifa<i<k—p—a, p+8<j<h—p,
0 otherwise.

Definition 5.1.11 Let W denote an irreducible H-module. Referring to Lemma [5.1.10
we call the triple (a, 3, p) the type of W.

Lemma 5.1.12 [3| p. 133] For each triple (o, 8, p) of integers that satisfy (5.3), there exists
an irreducible H-module of type («, B, p). This H-module is unique up to isomorphism of
‘H-modules.

We illustrate Lemma [5.1.10] using the diagram below.



Figure 5.1: The irreducible H-module W is represented by the red rectangle.

o7

Our next goal is to describe the action of the H-generators on the irreducible H-modules.

For the rest of this section, let W denote an irreducible H-module of type («a, 3, p).

Lemma 5.1.13 Ffora<i<k—p—aand p+ B < j < h — 3, the subspace E;"jW 18

a common eigenspace for Klﬂ, K;jl. The corresponding eigenvalues are given in the table

below.
Element in 'H | Eigenvalue corresponding to EZjW
K, g2
Kfl qZ*%
Ky ¢
Kt g2’

Proof. Immediate from Lemma [5.1.5

Lemma 5.1.14 Fora<i<k—p—aand p+ B <j<h-—0,
LiES ;W € B W, Ly B W € EF W,
R ES,W < Ef W, Ry B ;W < EF; W,

Proof. Immediate from Lemma [5.1.8

The following result is a variation on [10, Prop. 8.7].
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Lemma 5.1.15 The irreducible H-module W has a basis

W, j (a<i<k‘—p—a, p+B<j<h-p) (5.6)
with the following properties. Fora<i<k—p—aand p+pB<j<h-—0,
wl,] € Ei,jW7

ptat+B+itji—1

Lyw;j; =q 2 [k—p—a—i+ 1w, (5.7)
Low; j = A Sl S S w1, (5.8)
Riw; j = ¢ i a Hwis,, (5.9)
Rowij=q" "% [j—p— B+ Luwiger. (5.10)
In the above lines, we interpret w, s =0 unlessa <r<k—p—aandp+ B <s<h—p.

Proof. Let
w, O0<n<k—-2a—p, 0<SmMm<h-—25-p)

n,m

denote the basis from [10, Prop. 8.7]. Note that

m € Ea+n p+ﬂ+mW

Define

(i—)(G—p—B) X .
wig=q"  F W 4,8 (a<i<k—p—a, ptB<j<h-—p). (511)

Then we have
Wi 5 € E?k <W

By Lemma 5 1. 10(11) the vectors in (5.11)) form a basis for W. Equations (5.7] -
follow from ) and |10, Prop. 8.7].

Definition 5.1.16 A basis for W that satisfies Lemma [5.1.15] will be called standard.

Lemma 5.1.17 Fora < i< k—p—a and p+ B < j < h — 3, the subspace E{“jW is
mwvariant under each of
LRy, Ry Ly, LaRo, RoLs.

The corresponding eigenvalues are given in the table below.

Element in H | Figenvalue corresponding to E;’:jW
LRy i —a+1]k—p—a—i
RiLy @Hi—a]lk—p—a—i+1]
LayRy ¢ = p—=B+1][h— 5]
RyLo ¢ —p=Bl[h—B—j+1]

Proof. The first assertion follows from (5.4), (5.5)). For the second assertion, combine

6 E10). 0
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5.2 Matrices F°,F* F~ and their action on irreducible -
modules

In this section we define some matrices FO, F*, F~ in H, and describe their action on the
irreducible H-modules.

Definition 5.2.1 Define matrices FV, F* F~ € Matp(C) as follows. For u,v € P their
(u,v)-entries are

(F%) = {1 if u + v /-covers both u and v, which \-cover u n v,

0 otherwise,

(F4), = {1 if u 4+ v \-covers both u and v,

0 otherwise,

_J1 if both w and v /-cover u N v,
0 otherwise.

Our next goal is to show that FO, F* F~ are contained in 4. To do this, we write each
of FO, F* F~ in terms of the generators of H.

Lemma 5.2.2 The matriz FO satisfies
FO= L1Ry — RiLy + (g — 1) (q¥K;1K2 — K — 3Ky + I) (5.12)
= RoLo — LRy + (g — 1)~ (q%KlKgl 5Ky — qF Ko+ I). (5.13)

Proof. We first prove (5.12)). For u,v € P we calculate the (u,v)-entry of the right-hand
side of (5.12)). By Lemma [2.3.11{iii), the (u, v)-entry of L1 R; is

[k—i] ifu=vandueP; (0<i<k, 0<j<h),
(LlRl)WJ =11 if u+ v /-covers u and u + v /-covers v, (5.14)
0 otherwise.

By Lemma [2.3.11)(i), the (u,v)-entry of RyL; is

@[] ifu=vandueP; (0<i<k,0<j<h),

(RiLy) 1 if u /-covers u n v and v /-covers u N v, (5.15)

u,v

0 otherwise.

By Definition [5.1.4] the matrix
(q— 1) <q#K2K1_1 K — 5Ky + I) (5.16)

is diagonal. The (u,u)-entry of (5.16) is equal to ¢’[i] — [k — i], where u € P, ;. By these
comments, the (u,v)-entry of the right-hand side of (5.12) is equal to the (u,v)-entry of
the left-hand side. The result follows.

We have proved (5.12). Equation (5.13) follows from (5.12) and Lemma in the

appendix. O
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Lemma 5.2.3 The matriz F satisfies

k
2

F* = LyRy — q5(q — 1)K, <q%K2—1 - 1). (5.17)
Proof. For u,v € P we calculate the (u, v)-entry of the right-hand side of (5.17)). By Lemma
2.3.11{(iv), the (u,v)-entry of LaRs is

¢ [h—j] fu=vandueP; (0<i<k 0<j<h),

(L2Rs) 1 if u + v \-covers u and u + v \-covers v, (5.18)

u,v

0 otherwise.

By Definition the matrix

k
2

q (q_l)_1K1<q%K2_1_I) (5.19)

is diagonal. The (u,u)-entry of (5.19) is equal to ¢*~'[h — j], where u € P; ;. By these
comments, the (u,v)-entry on the right-hand side of (5.17) is equal to the (u,v)-entry on
the left-hand side. The result follows. O

Lemma 5.2.4 The matriz F~ satisfies

h
2

F~=RiL—q3(q—1)"" (ﬁK;l - I>K2. (5.20)

Proof. For u,v € P we calculate the (u,v)-entry of the right-hand side of (5.20). By
Definition [0.1.4] the matrix

h
2

q (qfl)‘1<q§Kf1 *I>K2 (5.21)

is diagonal. The (u,u)-entry of (5.21) is ¢’[i], where u € P, ;. By these comments and
(5.15)), the (u,v)-entry on the right-hand side of ((5.20) is equal to the (u,v)-entry on the
left-hand side. The result follows. O
Lemma 5.2.5 The matrices FO, FT, F~ are contained in H.

Proof. Immediate from Lemmas O

Next we write L1 Ry, R1 L1, Ly Ra, RoLo in terms of FO, F* F~ K Ki'
Lemma 5.2.6 The following (5.22)—(5.25)) hold:

LRy = F°+ F~ 4 (¢ — 1)~ ((ﬁm - I); (5.22)
RiLi = F +q%(qg— 1)_1<Q§Kf1 — I)Kz; (5.23)
LRy = F* 45 (¢ = )7 K (B K5 = 1); (5.24)
RoLy = O+ F* + (g 1) (¢F Ky — 1), (5.25)
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Proof. Routine from Lemmas [5.2.2H5.2.4 O

Next we define a matrix F.

Definition 5.2.7 Define

F=F'+F"+F". (5.26)

Lemma 5.2.8 We have
F=LiRy + LoRo — (q— 1)~} (q’%’“KlK;l . I), (5.27)
— RyLy + RoLy — (¢ — 1)~} (q#KflKg - 1). (5.28)

Proof. Equation (5.27) follows from (5.22)), (5.24), (5.26). Equation (5.28) follows from
(5.27) and Lemma in the appendix. O

The following result gives a combinatorial interpretation of F'.

Lemma 5.2.9 The matriz F' has the following entries. For u,v € P, the (u,v)-entry is

o 1 if each of u,v covers u n v and dim(u N y) = dim(v N y),
“r 0 otherwise.
Proof. This is a routine consequence of Lemma [5.2.8 O

Next we describe the action of FO, F* F~ F on the irreducible H-modules. Recall the
standard module V.

Lemma 5.2.10 For 0 <i <k and 0 < j < h,
FOE;jjv < EfV, FTE};V c E};V, (5.29)
FTEfV < BV, FE};V € Ef,V. (5.30)

Proof. For FO the result is immediate from (5.12)), Definition Lemma For F*
and F'~ the proofs are similar, and omitted. For F, the result follows from ([5.26)), (5.29)),
[

and the left equation of ([5.30)).

For the rest of this section, let W denote an irreducible H-module of type (a, 3, p).

Lemma 5.2.11 Fora<i<k—p—aand p+ p < j < h— 3, the subspace E;’ij 1S
invariant under each of FO, F* F~ F.

Proof. Immediate from Lemma O
Definition 5.2.12 Fora<i<k—p—aand p+ < j< h— [ let
a; (W), a;i; (W), a; ;(W), aij(W)

denote the eigenvalues of FO, F* F~ F respectively that correspond to E: W
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By construction we have

ai;(W) = af (W) + a:j(W) +a; ;(W).

17]

Theorem 5.2.13 Fora<i<k—p—aandp+8<j<h—p,

0.W) =" Lj — o] - 4], (5.31)
W) = ( = p = Bllh— 8- 31— [8]), (5.32)
(W) = (a“[ allk—p—a—i] - [a]). (5.33)
Proof. We prove (5.31)). Pick w e Ef;W. By ,
Fou = <L1R1 —RiLi+(¢g—1)7" ( HkKQK_ - q2K1 - q2K2 + I)) (5.34)

Evaluate the right-hand side of (5.34]) using the L Ry, RjLj-entries of the table in Lemma
and the eigenvalues in Lemma [5.1.13] The result follows.

We have proved ([5.31]). The proofs for (5.32)) and (5.33)) are similar, and omitted. O

5.3 The center of H

In this section we describe the center of H.
The following result is a variation on |10, Theorem 9.3].

Theorem 5.3.1 The center of H is generated by the following three elements:

Q =q % ((a- DPRTEG + ¢ KT 4+ gb Ky — KRG, (5.35)
E—i—lK K—l M—FIK—I _ K—l
2 =g §<qF0K t(g-F Ryt e T R ARy ) 9
q—1 q—1
(5.36)
&+1K—1K M—FIK—I _ K—l
0y =g ’5<qF0K Vo )FrE T Rera TRy e ) 4
q—1 q—1
(5.37)
Proof. We refer to Ag, A1, Ao from |10, Section 9]. We routinely verify that
_ k=1 +1 h=1 +1
Q= Ay, Ql=q2<q—1>A1—q—I 92=q2(q—1>A2—q—I

By |10, Theorem 9.3], the elements Ao, A1, Ao generate the center of 7. The result follows.
O

Corollary 5.3.2 For0 <i <k and 0 < j < h,
QE;;V c BV, W E;;V S BV, WE;;V S EFV.
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Proof. Immediate from ([5.35)—(5.37)). O

Next we express FO, F* F~ in terms of Q, Q1, Qg,Klil,K;ﬂ.

Lemma 5.3.3 We have

FO = (= 1) (g"F K1 Ks — g5 Ky — g2 K + 1), (5.38)

Fr=(¢—1)" (qgﬁz —(q—-1)" (qh;k“ <QOK2 + K;l) - 2q’§+11>>K1, (5.39)
F~=(¢—1)7" (qgﬂl —(qg—1)~" (qh;k“ (QOKl + K;1> - 2q’5+11>>K2. (5.40)

Proof. Combine ([5.35)—(5.37]). O

We now find the action of g, €21, {9 on the irreducible H-modules.

Theorem 5.3.4 Let W denote an irreducible H-module of type (o, B, p). Then each of Q,
Q1, Qo acts on W as a scalar multiple of the identity. The scalars are given in the table
below.

Central element in H | Scalar corresponding to W
Qo q”
™ qlk —p—a] + o]
Qo qlh —p— Bl + (8]

Proof. We prove the g-entry of the table. Fora<i<k—p—aand p+8<j<h—0,
pick a nonzero vector w € E;"JW It suffices to show that

Qow = ¢~ Pw.

In view of (5.35)), combine (5.31)) and Lemma |5.1.13] The result follows.

We have proved the g-entry of the table. The proofs for the other entries are similar, and
omitted. n

We finish this section with a comment.

Lemma 5.3.5 The matrices FO, F*, F~ mutually commute.

Proof. All the terms on the right-hand sides of (5.38))—(5.40) mutually commute. The result
follows. O
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5.4 A subalgebra H

In this section we define a subalgebra H of . We find some matrices that are contained
in H. We describe the action of these matrices on the irreducible H-modules.
Definition 5.4.1 Define
L h+k
H= ) E/MHE}.
£=0
Note that H is a subalgebra of H.

Our next goal is to find some matrices that are contained in . Note that any diagonal
matrix in H is contained in H.

Lemma 5.4.2 The matrices Kf—rl,K;—rl are contained in H.
Proof. The result follows from the fact that K fl, K2il are diagonal. O

Definition 5.4.3 Define

R = LRy, L =LsR;. (5.41)
By Lemma [6.2.2) in the appendix,

R = RylLq, L = R;iLs. (5.42)
Note that R, L € H. Also note that R = L.

Lemma 5.4.4 For u,v € P, the (u,v)-entries of R, L are

1 if u \-covers unv and v /-covers u N v,
ARum
0 otherwise,
1 ifu /-covers unv and v \-covers u N v,
Lum .
0 otherwise.
Proof. Tmmediate from ((5.41]). O

Lemma 5.4.5 For0<i< k and 0 < j < h,

RE};V € Ef | ;14V, LES;V S Bl 4V (5.43)

Proof. Combine (5.1)), (5.2), (5.41). O

Lemma 5.4.6 The matrices R, L are contained in H.

Proof. Recall that R, L € H. By (j5.43)),

h+k h+k
R =) E;RE}, L= ) EfLE}.
=0 =0

The result follows. O
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Next we bring in F, F*, F~, F.

Lemma 5.4.7 The matrices F°, F* ,F~, F are contained in H.

Proof. Recall from Lemma that FO, F* F~,F € H. By Lemma|5.2.10

h+k h+k
F° =) EfF°E}, F* = EfFE}, (5.44)
=0 =0
h+k h+k
F~ =) E/F E}, F =) E}FE}. (5.45)
(=0 =0
The result follows. ]

Next we define a matrix A.

Definition 5.4.8 Define A € Matp(C) as follows. For u,v € P the (u,v)-entry of A is

{1 if each of u, v covers u N v,
uv =

0 otherwise.

Lemma 5.4.9 We have

A=R+ L+ F (5.46)
Proof. Combine ((5.26)), (5.41) and Definition The result follows from linear algebra.
O

Lemma 5.4.10 We have
A= (Ly+ Lo) (B + Re) — (- )7 (a3 Ko KG ! 1), (5.47)
— (Bi+ Ro) (L + L) — (g = 1) (¢ 3 KT K — ). (5.48)

Proof. Equation (5.47) follows from (5.27), (5.41), (5.46). Equation (5.48) follows from
6-29), (5.41), (5.46). O

Lemma 5.4.11 The matriz A is contained in H.

Proof. Immediate from (|5.46]). O

Lemma 5.4.12 For 0 <i<k and 0 < j < h,

AESV S Ef VA ELV +ER 4V (5.49)
Proof. In view of (5.46)), combine (5.43)) and the right equation in ([5.45)). O

Next we define a matrix A*.
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Definition 5.4.13 Define
A* = qufl.

Lemma 5.4.14 For u € P the (u,u)-entry of A* is

(A*)u7u = qi7
where u € P; ;.
Proof. Immediate from Definitions [5.1.4] [5.4.13 O

Lemma 5.4.15 The matriz A* is contained in H.

Proof. By Definition [5.4.13] the matrix A* is diagonal, and contained in . The result
follows. O

Next we bring in g, 21, Q.

Lemma 5.4.16 The matrices Qq, 1, Qo are contained in H.

Proof. For each of ([5.35)—(5.37), we observe that every term on the right hand side is
contained in H. The result follows. O

5.5 The action of R, L, A, A* on the irreducible H-modules

In this section we describe the action of R, L, A, A* on the irreducible H-modules. For the
rest of this section, let W denote an irreducible H-module of type (v, 3, p).

Lemma 5.5.1 Fora<i<k—p—aandp+<j<h—p,

RE;W € B W, LE;W € Ef'y ;4 W. (5.50)
Proof. Immediate from ([5.43]). O
Recall from a standard basis for W:

Wi, (a<i<k—p—oa, p+B<j<h—p).

Lemma 5.5.2 Fora<i<k—p—aandp+<j<h—p3,
Rwiy1j-1 = cij(W)wij, Lwi—,j+1 = bij(W)wi, (5.51)
where

cij(W) = q" ™ Plj —p— Bl[k — p— a — ], (5.52)
bij(W) = ¢" P~ M — a][h — B — j]. (5.53)
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Proof. By ([5.50)), the equations in ((5.51)) hold for some ¢; ;(W), b; ;(W) € C. We now prove
5.41

(5.52). In view of the left equation of , combine (5.7)) and (5.10]). The result follows.
We have proved ([5.52)). The proof of (5.53)) is similar, and omitted. O

Next we describe the action of A, A* on W.

Lemma 5.5.3 Fora<i<k—p—aandp+<j<h—p,
AE;W S Bl AW + Ef W+ EF W
Proof. Immediate from . O
Lemma 5.5.4 Fora<i<k—p—aandp+<j<h—2,
Aw; j = bip1 - 1(W)wip1j-1 + aij(W)wij + cim1j1(W)wi—1 541
In the above equation, we interpret
wys =0, bys(W) =0, crs(W) =0,
unlessa<r<k—p—aandp+p<s<h-—3.
Proof. In view of (5.46), combine and the definition of a; ;(W). O

Lemma 555 fora<i< k—p—aand p+ 3 < j < h— 3, the subspace EZ*JW is
invariant under A*. The corresponding eigenvalue is q'.

Proof. Immediate from Lemma O

5.6 A generalization of the Askey-Wilson relations

Recall the matrix A from Definition £.4.8 and the matrix A* from Definition [5.4.13] In this
section, we show that A, A* satisfy a pair of relations that generalize the Askey-Wilson
relations |9, Theorem 1.5].

Theorem 5.6.1 The matrices A, A* satisfy

APA* — (q+q ") AA*A+ A*A® — Y(AA* + A*A) — PA* = QA+ G, (5.54)
AR¥A = (q+q 1A AA* + AA* = YA* + QA* + G*, (5.55)
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where
htk -1 -1 -1
Y=q-> (KIKQ + K7 K2) —q (¢— 1,
P =qlq— 1)_2(372 — "2 (g + 1)21),
h+k
Q= — ¢ F KT K (- D+ (g + D) = ¢ (= DR + (g + DI,

G=—(¢—17"! <qh2+k1 (quley —q" 7 (g+ 1)1)91

+ q’“”(qy —q' T (g+ 1)K1_1K2)Qz> —(g+1@-1)7*

h+k

((qh;kale + q"“1>y —q T g+ 1) (qufle + q21)>,

h+3k _q

G*=q 2 g+ 1)QK; Ky

Proof. To verify (5.54]), (5.55) we eliminate A* using Definition [5.4.13l We use (/5.26)),
45.38[)7(]5.40[), (I5.46|) to write A in terms of R,L,Klﬂ,KQﬂ,Qo,Ql,Qg. We evaluate the

result using the relations in the appendix. ]

Lemma 5.6.2 The matrices Y, P,Q, G, G* are central in H.

Proof. Observe that each of K K 2, Ki Ky 1, Qo, Q1, Qs is central in H. The result follows.
O

Note 5.6.1 The relations (5.54)), (5.55)) are generalizations of the Askey-Wilson relations
that appear in [9, Theorem 1.5].

Next we describe the action of Y, P, 2, G, G* on the irreducible H-modules.

Theorem 5.6.3 Let W denote an irreducible H-module of type (a, 3, p). Then for a <
1 <k—p—aand p+ 6 < j < h— 3, the subspace E:jW is invariant under each of
V., P.Q,G,G*. The corresponding eigenvalues are given in the table below.

Element in H Eigenvalue corresponding to E;:jW
y qh+k—€ + qf — 1+ q—l
P q(q — 1)72<(qh+k7£ vql—1+ q*1)2 g+ 1)2>
Q 7(qh+k—p—,8 4 gFtBL gt qe+a—1>

(-1~ <(qk,p,a+1+qa) (¢~ [h+h—0—a"2))

—(q"P=P+1148) (*[h+k—0] 51 [f]))

G qk+£fpfl(q + 1)
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In the above table, we write { =1 + j.

Proof. Combine Lemma/5.1.13|and Theorem and the definitions of Y, P, Q, G, G*. O

5.7 Parameters v, i, d, e

Let W denote an irreducible H-module of type (a,f,p). In some earlier papers in the
literature, the action of # on E;W is often expressed in terms of v, u, d, e where

v=min{j | E;_; /W #0, 0<j <k},
,u:min{i—i-j]E;jW?fO, 0<i<k 0<j<k},
d=[{j | Ei_j;W #0, 0<j <k} -1,
and e is an auxiliary parameter. (See [3], [8, Example 6.1].) The parameters v, u,d are

often called the endpoint, dual endpoint, and diameter, respectively. In this section, we
describe how to convert from «, 3, p to v, u, d, e.

There are three cases to consider:

(Cl) p—a<0;

(C2) 0<f—a<h—Fk;

(C3) h—k<p—a.

We illustrate the cases (C1)-(C3) using the diagrams below.

1% 1%

AN
0

Figure 5.2A: Case (C1) Figure 5.2B: Case (C2)
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™
0
Figure 5.2C: Case (C3)

Lemma 5.7.1 [3| p. 129] Below we express o, B, p in terms of v, u, d, e.

In case (C1),
a=v-—e, B=pu—v, p=e.

In case (C2),

o =n—=Ur, /8:”_67 p:V_N_e‘

In case (C3),

a=pu—v, B=k—h+v—e, p=h—Fk+e.
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Chapter 6

Appendix

6.1 Linear algebra

In this section, we derive some linear algebra facts that are used in the main body of the
thesis.

Lemma 6.1.1 Let W denote a vector space of finite positive dimension . Suppose the
vectors {Hi}?=0 span W and sum to 0. Then any & vectors from {,u,-},‘gzo form a basis for
W.

Proof. Tt suffices to show that the vectors {u;}¢_, form a basis for W.

Since the vectors {Mi}?:[) sum to 0, pg is in the span of {,ul-}?:l. Hence,

Span{u;}i_; = Span{ui}i_o = W.

The vector space W has dimension §, so by linear algebra, the vectors { Mi}le form a basis
for W. The result follows. O

Lemma 6.1.2 Let W denote a vector space of finite positive dimension §. Suppose the

vectors {p;}2_o span W and satisfy
1)

Z’“ - 0. (6.1)

Suppose the vectors {Vi}fzo span W. Then the following are equivalent.

(i) There exists 0 € GL(W) such that

o(p;) = v (0<i<9). (6.2)

(ii) The following sum holds:
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Moreover, if (i) and (ii) hold, then the map o is unique.

Proof. (i) = (ii) Apply o to each side of (6.1]), and evaluate the result using (6.2)).

(ii) = (i) By (6.1) and Lemma the vectors {11;}9_, form a basis for W.

By (6.3) and Lemma the vectors {v;}2_, form a basis for W. By linear algebra, there
exists a map o € GL(W) such that

o) =v; (1<i<9). (6.4)
Using (6.1]), (6.3)), (6.4), we obtain
o(po) = 1o

By these comments, (i) holds. We have shown the equivalence of (i) and (ii).

Assume that (i) and (ii) hold. We now show that the map o is unique. Let the map
o' € GL(W) satisty (6.2)).

Using (6.2)), we obtain

(0 —0")(ui) =0 (0 <i<d).
The vectors {Mi}?:o span W, so o — ¢’ = 0. Therefore o = o’. O

6.2 Relations between the generators of H

Recall the algebra H from Definition In this section, we recall from [10] the relations
between the generators of H.

Lemma 6.2.1 [10, Lemma 7.4] The following (i)—(viii) hold:
(i) KiL1 = qL1Ky;

(il) K1Lg = LoKy;
(iii) ¢K1R1 = R1Ky;
(iv) K1Rs = RoK;y;
(V) KoLy = LiKo;
(vi) ¢K2Ly = LoKo;
(vii) KRy — RyKo:

(viii) KoRo = qRoK>.

Lemma 6.2.2 [10, Lemma 7.5] The following (i)—(iv) hold:
(i) L1Ry = RoLy;
(ii) LoR1 = R1Lo;



(iii) qL1L2 = LaoLy;
(iV) R1R2 = qRQRl.
Lemma 6.2.3 |10, Lemma 7.6] The following (i)-(iv) hold.
(i) R2Ly — (¢ + DRI\ Ry + gL R2 = —¢"%" ~Y(q + 1)K 'Ky Ry ;
. btk _
(ii) gR3Ls — (¢ + 1)ReLoRy + Lo R3 = —q 3 (g + DK Ky 'Ry;
(iil) qL3R: — (¢ + VLR Ly + RiL3 = —¢"% (q + 1)K} 'KaLy;
(iv) L3Ry — (¢ + 1)LoRoLy + qRyL2 = —¢' % (g + 1) K1 K5 ' L.
Lemma 6.2.4 |10, Lemma 7.7] The generators of H satisfy

h+k
LiRy — RyLy + LyRy — RoLy = ¢ 2 (¢ — 1) ' (K1 Ky ' — K{'Ky).
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