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Projective geometries, Grassmann graphs, and a
generalization of the Askey-Wilson relations

Ian Min Gyu Seong

Abstract
This thesis is about projective geometries, Grassmann graphs, and a generalization of the
Askey-Wilson relations. The thesis contains three main results. The projective geometry
and its corresponding Grassmann graphs are defined as follows. Let Fq denote a finite field
with q elements. Fix an integer n ě 1. Let V denote an n-dimensional vector space over Fq.
Let the set P consist of the subspaces of V. The set P , together with the inclusion partial
order, is a poset called a projective geometry. For 1 ď k ď n ´ 1 the Grassmann graph
Jqpn, kq is defined as follows. The vertex set X of Jqpn, kq consists of the k-dimensional
subspaces of V. Two vertices x, y are adjacent whenever xXy has dimension k´1. Our first
main result concerns how to use Jqpn, kq to potentially recover P . Pick distinct x, y P X.
The geometry P contains the elements x, y, xX y, x` y. Define

Bxy “ tz P X | Bpz, xq “ 1, Bpz, yq “ Bpx, yq ` 1u,

Cxy “ tz P X | Bpz, xq “ 1, Bpz, yq “ Bpx, yq ´ 1u,

where B is the path-length distance function of Jqpn, kq. We consider a Euclidean space E
of dimension pqn ´ 1q{pq ´ 1q ´ 1. We turn E into a Euclidean representation of Jqpn, kq

associated with the second largest eigenvalue of the adjacency matrix. We represent the
elements x, y, x X y, x ` y and the sets Bxy, Cxy as vectors in E. We write the vector
representations of x X y, x ` y as linear combinations of the vector representations of
x, y,Bxy, Cxy; this is our first main result. For our second main result, we consider the
stabilizer Stabpx, yq of x, y in GLpVq. We find the orbits of the Stabpx, yq-action on the
local graph of x. As we will see, there are five orbits. These orbits form an equitable
partition. We compute the corresponding structure constants; this is our second main
result. In our third main result, we display two matrices A,A˚ P MatP pCq that satisfy a
generalization of the Askey-Wilson relations. We define a matrix A P MatP pCq as follows.
For u, v P P , the pu, vq-entry of A is 1 if each of u, v covers u X v, and 0 otherwise. Fix
y P P with dim y “ k. We define a diagonal matrix A˚ P MatP pCq as follows. For u P P ,
the pu, uq-entry of A˚ is qdimpuXyq. We show that

A2A˚ ´
`

q ` q´1
˘

AA˚A`A˚A2 ´ Y
`

AA˚ `A˚A
˘

´ PA˚ “ ΩA`G,

A˚2A´
`

q ` q´1
˘

A˚AA˚ `AA˚2 “ YA˚2 ` ΩA˚ `G˚,

where Y,P,Ω, G,G˚ are matrices in MatP pCq that commute with each of A,A˚. We give
precise formulas for Y,P,Ω, G,G˚.
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Chapter 1

Introduction

This thesis is about projective geometries, Grassmann graphs, and a generalization of the
Askey-Wilson relations. The thesis contains three main results, which we will describe
shortly. To set the stage, we briefly define the projective geometry and its corresponding
Grassmann graphs. Let Fq denote a finite field with q elements. Fix an integer n ě 1.
Let V denote an n-dimensional vector space over Fq. Let the set P “ Pqpnq consist of the
subspaces of V. The set P , together with the inclusion partial order, is a poset called a
projective geometry. For 0 ď ℓ ď n, let the set Pℓ consist of the ℓ-dimensional subspaces
of V. For 1 ď k ď n ´ 1 the Grassmann graph Jqpn, kq is defined as follows. The vertex
set of Jqpn, kq is Pk. Two vertices x, y P Pk are adjacent whenever xX y P Pk´1.

For the rest of this section, we abbreviate Γ “ Jqpn, kq and X “ Pk. To avoid trivialities,
we always assume n ą 2k ě 6.

We now describe our first main result. This result concerns how to use Γ to potentially
recover P . Pick distinct vertices x, y P X. The geometry P contains the elements x, y,
xX y, x` y. Our goal is to describe xX y and x` y using only the graph structure of Γ.

To achieve this goal we construct a Euclidean representation of Γ in the sense of [7, Lec-
ture 12]. We will use the notation rms “ pqm ´ 1q{pq ´ 1q for an integer m. Let E denote
a Euclidean space that has dimension rns ´ 1 and inner product ⟨ , ⟩. We represent the
elements of P1 as vectors in E as follows. For s P P1, we define the vector ps P E such that
the following (i)–(iv) are satisfied:

(i) E “ Span
␣

ps | s P P1

(

;

(ii) for s P P1,
›

›

ps
›

›

2
“ rns ´ 1;

(iii) for distinct s, t P P1,
〈
ps,pt

〉
“ ´1;

(iv)
ÿ

sPP1

ps “ 0.

Next, we represent the elements of P as vectors in E as follows. For u P P we define pu P E
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as
pu “

ÿ

sPP1
sĎu

ps.

We show that for u, v P P , 〈
pu, pv

〉
“ rnsrhs ´ risrjs,

where i “ dimu, j “ dim v, h “ dimpuX vq.

Let B denote the path-length distance function of Γ. We show that for x, y P X,〈
px, py

〉
“ rnsrk ´ is ´ rks2,

where i “ Bpx, yq. For x P X, let Γpxq denote the set of vertices in Γ that are adjacent to
x. We show that

ÿ

zPΓpxq

pz “ θ1px

where θ1 “ q2rk ´ 1srn ´ k ´ 1s ´ 1. The scalar θ1 is the second largest eigenvalue of the
adjacency matrix of Γ. We show that the vectors

␣

px | x P X
(

span E. Using the above
facts, we show that the vectors

␣

px | x P X
(

give a Euclidean representation of Γ. Using
the GLpVq-action on P1 we turn E into a GLpVq-module.

Pick x, y P X such that 1 ă Bpx, yq ă k, and consider the stabilizer Stabpx, yq of x, y in
GLpVq. Let Fixpx, yq denote the subspace of E consisting of the vectors that are fixed by
every element of Stabpx, yq. We show that the vectors

px, py, zxX y, zx` y (1.1)

form a basis for Fixpx, yq.

Using x and y we construct two vectors Bxy, Cxy P E as follows. Define the sets

Bxy “ tz P Γpxq | Bpy, zq “ Bpx, yq ` 1u,

Cxy “ tz P Γpxq | Bpy, zq “ Bpx, yq ´ 1u.

Define the vectors
Bxy “

ÿ

zPBxy

pz, Cxy “
ÿ

zPCxy

pz.

We show that the vectors
px, py, Bxy, Cxy (1.2)

form a basis for Fixpx, yq.

We find all the inner products between

(i) pairs of vectors in (1.1);

(ii) pairs of vectors in (1.2);

(iii) a vector in (1.1) and a vector in (1.2).
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Using these inner products, we obtain the transition matrices between the bases (1.1) and
(1.2). This yields

zxX y “
rk ´ isrn´ k ´ 1s

qk´1rn´ 2ks
px`

rk ´ is

qk´i`1ri´ 1srn´ 2ks
py

`
´1

qk`irn´ 2ks
Bxy `

´rk ´ is

qkri´ 1srn´ 2ks
Cxy,

zx` y “
´rk ´ 1srn´ k ´ is

qk´i´1rn´ 2ks
px`

´rn´ k ´ is

qk´2i`1ri´ 1srn´ 2ks
py

`
1

qkrn´ 2ks
Bxy `

rn´ k ´ is

qk´iri´ 1srn´ 2ks
Cxy,

where i “ Bpx, yq. The above equations are our first main result.

We now describe our second main result. Pick x, y P X such that 1 ă Bpx, yq ă k. We
consider the orbits of the Stabpx, yq-action on Γpxq. As we will see, there are five orbits,
two of which are Bxy and Cxy. We now describe the other three orbits.

Define the set
Axy “ tz P Γpxq | Bpy, zq “ Bpx, yqu.

We partition the set Axy into the following three sets:

A`
xy “ tz P Axy | z ` x` y Ľ x` y, z X xX y “ xX yu,

A0
xy “ tz P Axy | z ` x` y “ x` y, z X xX y “ xX yu,

A´
xy “ tz P Axy | z ` x` y “ x` y, z X xX y Ĺ xX yu.

We show that the sets
A`

xy, A0
xy, A´

xy

are orbits of the Stabpx, yq-action on Γpxq. Hence,

Bxy, Cxy, A`
xy, A0

xy, A´
xy (1.3)

are the five orbits of the Stabpx, yq-action on Γpxq. By construction, (1.3) is a partition of
Γpxq that is equitable in the sense of [5, p. 159]. We call this partition the y-partition of
Γpxq.

Define the vectors

A`
xy “

ÿ

zPA`
xy

pz, A0
xy “

ÿ

zPA0
xy

pz, A´
xy “

ÿ

zPA´
xy

pz. (1.4)

Recall the subspace Fixpx, yq of E. We show that A`
xy, A

0
xy, A

´
xy are contained in Fixpx, yq.

We write each vector in (1.4) as a linear combination of the vectors in (1.1) and also the
vectors in (1.2). We find the inner products between:

(i) any vector in (1.4) and any vector in the basis (1.1);
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(ii) any vector in (1.4) and any vector in the basis (1.2);

(iii) any pair of vectors in (1.4).

We mentioned that the y-partition of Γpxq is equitable. We compute the corresponding
structure constants using the inner products that involve Bxy, Cxy, A

`
xy, A

0
xy, A

´
xy. In the

table below, for each orbit O in the header column, and each orbit N in the header row,
the pO,N q-entry gives the number of vertices in N that are adjacent to a given vertex in
O. Write i “ Bpx, yq.

Bxy Cxy A`
xy A0

xy A´
xy

Bxy
qi`1rk´is

`qi`1rn´k´is´q´1
0 qris 0 qris

Cxy 0 2qri´ 1s qi`1rn´k´is pq´1q

`

2ris´1
˘

qi`1rk ´ is

A`
xy qi`1rk ´ is ris qrn´ks´q´1 pq ´ 1qris 0

A0
xy 0 2ris ´ 1 qi`1rn´k´is pq´1q

`

2ris´1
˘

´1 qi`1rk ´ is

A´
xy qi`1rn´k´is ris 0 pq ´ 1qris qrks ´ q ´ 1

The table above is our second main result.

We now describe our third main result. This result concerns a generalization of the Askey-
Wilson relations. To motivate our result, we first describe the Askey-Wilson relations. Let
U denote a nonzero vector space of finite dimension over an arbitrary field. A pair of linear
maps A : U Ñ U and A˚ : U Ñ U is called a Leonard pair whenever each of A,A˚ acts on
an eigenbasis of the other one in an irreducible tridiagonal fashion. In this case, A and A˚

satisfy a pair of relations of the form

A2A˚ ´ βAA˚A`A˚A2 ´ γpAA˚ `A˚Aq ´ ϱA˚ “ γ˚A2 ` ωA` ηI,

A˚2A´ βA˚AA˚ `AA˚2 ´ γ˚pA˚A`AA˚q ´ ϱ˚A “ γA˚2 ` ωA˚ ` η˚I,

where β, γ, γ˚, ϱ, ϱ˚, ω, η, η˚ are appropriate scalars; see [9, Theorem 1.5]. The above rela-
tions are called the Askey-Wilson relations.

We return our attention to the projective geometry P . We will display two matrices A,A˚ P

MatP pCq that satisfy a generalization of the Askey-Wilson relations. Define A P MatP pCq

as follows. For u, v P P , the pu, vq-entry of A is

Au,v “

#

1 if each of u, v covers uX v,
0 otherwise.

Fix y P X. Define a diagonal matrix A˚ P MatP pCq as follows. For u P P , the pu, uq-entry
of A˚ is

`

A˚
˘

u,u
“ qdimpuXyq.
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We show that

A2A˚ ´
`

q ` q´1
˘

AA˚A`A˚A2 ´ Y
`

AA˚ `A˚A
˘

´ PA˚ “ ΩA`G, (1.5)

A˚2A´
`

q ` q´1
˘

A˚AA˚ `AA˚2 “ YA˚2 ` ΩA˚ `G˚, (1.6)

where Y,P,Ω, G,G˚ are matrices in MatP pCq that commute with each of A,A˚. We give
precise formulas for Y,P,Ω, G,G˚ in the main body of the thesis. The relations (1.5),
(1.6) are our third main result.

The thesis is organized as follows. In Chapter 2 we present some basic facts about the
Grassmann graph Γ and the projective geometry P . In Chapter 3 we discuss the recovery
of P from Γ. In Chapter 4 we find the orbits of the Stabpx, yq-action on Γpxq. We also
find the corresponding structure constants. In Chapter 5 we discuss a generalization of
the Askey-Wilson relations. Chapter 6 is an appendix on some linear algebra facts and
relations that are used throughout the thesis.
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Chapter 2

Preliminaries

2.1 Distance-regular graph

Let Γ “ pX, Eq denote a finite undirected graph that is connected, without loops or multiple
edges, with vertex set X, edge set E , and path-length distance function B. Two vertices
are said to be adjacent whenever they form an edge. The diameter D of Γ is defined as
D “ maxtBpx, yq | x, y P Xu. For x P X, define the set Γpxq “ ty P X | Bpx, yq “ 1u. The
subgraph induced on Γpxq is called the local graph of x.

We say that Γ is regular with valency κ whenever |Γpxq| “ κ for all x P X. We say that Γ
is distance-regular whenever for all non-negative integers h, i, j and all x, y P X such that
Bpx, yq “ h, the cardinality of the set tz P X | Bpx, zq “ i, Bpy, zq “ ju depends only on
h, i, j. This cardinality is denoted by phi,j . If Γ is distance-regular, then Γ is regular with
valency κ “ p01,1. For the rest of this section, we assume that Γ is distance-regular with
diameter D ě 3.

Define

bi “ pi1,i`1 p0 ď i ă Dq, ai “ pi1,i p0 ď i ď Dq, ci “ pi1,i´1 p0 ă i ď Dq.

Note that b0 “ κ, a0 “ 0, c1 “ 1. Also note that

bi ` ai ` ci “ κ p0 ď i ď Dq, (2.1)

where c0 “ 0 and bD “ 0.

We call bi, ai, ci the intersection numbers of Γ.

By the eigenvalues of Γ we mean the eigenvalues of the adjacency matrix of Γ. Since Γ is
distance-regular, by [2, p. 128], Γ has D ` 1 eigenvalues; we denote these eigenvalues by

θ0 ą θ1 ą ¨ ¨ ¨ ą θD.

By [2, p. 129], θ0 “ κ.

By the spectrum of Γ we mean the set of ordered pairs
␣

pθi,miq
(D

i“0
, where tθiu

D
i“0 are the

eigenvalues of Γ and mi the dimension of the θi-eigenspace (0 ď i ď D).
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2.2 Grassmann graph Jqpn, kq

We now define the Grassmann graph Jqpn, kq. Let Fq denote a finite field with q elements,
and let n, k denote positive integers such that n ą k. Let V denote an n-dimensional
vector space over Fq. The Grassmann graph Jqpn, kq has vertex set X consisting of the
k-dimensional subspaces of V. Vertices x, y of Jqpn, kq are adjacent whenever x X y has
dimension k ´ 1.

According to [2, p. 268], the graphs Jqpn, kq and Jqpn, n´kq are isomorphic. Without loss
of generality, we may assume n ě 2k. Under this assumption, the diameter of Jqpn, kq is
equal to k. (See [2, Theorem 9.3.3].) The case n “ 2k is somewhat special, so throughout
the thesis we assume that n ą 2k.

For the rest of the thesis, we assume that Γ is the Grassmann graph Jqpn, kq with k ě 3.

In what follows, we will use the notation

rms “
qm ´ 1

q ´ 1
pm P Zq. (2.2)

By [2, Theorem 9.3.2], the valency of Γ is

κ “ qrksrn´ ks. (2.3)

By [2, Theorem 9.3.3], the intersection numbers of Γ are

bi “ q2i`1rk ´ isrn´ k ´ is, ci “ ris2 p0 ď i ď kq. (2.4)

By [2, Theorem 9.3.3], the eigenvalues of Γ are

θi “ qi`1rk ´ isrn´ k ´ is ´ ris p0 ď i ď kq. (2.5)

The given ordering of the eigenvalues is known to be Q-polynomial in the sense of [2,
p. 135].

2.3 The projective geometry Pqpnq

To study the graph Γ, it is helpful to view its vertex set X as a subset of a certain poset
Pqpnq, which is defined as follows.

Definition 2.3.1 Let the poset Pqpnq consist of the subspaces of V, together with the
partial order given by inclusion. This poset Pqpnq is called the projective geometry.

For the rest of the thesis, we abbreviate P “ Pqpnq. In this section we present some lemmas
about the poset P .

For 0 ď ℓ ď n, let the set Pℓ consist of the ℓ-dimensional subspaces of V. Note that
X “ Pk. Also note that P0 “ t0u and Pn “ tVu. We have a partition

P “

n
ď

ℓ“0

Pℓ. (2.6)
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For u, v P P , we say that v covers u whenever v Ě u and dim v “ dimu` 1.

Lemma 2.3.2 [1, p. 47] For u, v P P we have

dimu` dim v “ dimpuX vq ` dimpu` vq.

Lemma 2.3.3 Let u, v P P . Let the subset R Ď V form a basis for uX v. Extend the basis
R to a basis RYS for u, and extend the basis R to a basis RY T for v. Then RYS Y T
forms a basis for the subspace u` v.

Proof. Since the set R Y S is a basis for u and the set R Y T is a basis for v, the set
R Y S Y T spans u` v.

By Lemma 2.3.2,

dimpu` vq “ dimu` dim v ´ dimpuX vq “ |R| ` |S| ` |T |.

The result follows.

Lemma 2.3.4 [2, p. 269] For x, y P X the dimension of xX y is k ´ Bpx, yq.

Lemma 2.3.5 For x, y P X the dimension of x` y is k ` Bpx, yq.

Proof. Routine using Lemmas 2.3.2, 2.3.4.

Lemma 2.3.6 Let x, y, z P X satisfy Bpx, yq “ Bpx, zq ` Bpz, yq. Then xX y Ď z Ď x` y.

Proof. Routine from linear algebra.

Definition 2.3.7 For u P P define the set

Ωpuq “ ts P P1 | s Ď uu.

Note that ΩpVq “ P1.

For u, v P P we have
Ωpuq X Ωpvq “ ΩpuX vq. (2.7)

The following notation will be useful. For an integer m ě 0, define

rms! “ rmsrm´ 1s ¨ ¨ ¨ r2sr1s.

We interpret r0s! “ 1.

For integers 0 ď r ď m, define
„

m
r

ȷ

“
rms!

rrs!rm´ rs!
.
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Lemma 2.3.8 [2, Theorem 9.3.2] For integers 0 ď r ď m,
„

m
r

ȷ

is equal to the number of

r-dimensional subspaces of a given element in Pm.

By Lemma 2.3.8, we find that for all u P P ,
ˇ

ˇΩpuq
ˇ

ˇ “ rms, (2.8)

where u P Pm.

Letting u “ V in (2.8), we get
|P1| “

ˇ

ˇΩpVq
ˇ

ˇ “ rns.

Recall the partition in (2.6). We now present another partition of P . Pick y P X. For
0 ď i ď k and 0 ď j ď n´ k, define

Pi,j “
␣

u P P | dimpuX yq “ i,dimu “ i` j
(

.

We have a partition

P “

k
ď

i“0

n´k
ď

j“0

Pi,j . (2.9)

For notational convenience, for integers r, s we define Pr,s to be empty unless 0 ď r ď k
and 0 ď s ď n´ k.

In the diagram below, we illustrate the set P and the subsets Pi,j p0 ď i ď k, 0 ď j ď n´kq.

V

y

0

i

j

Pi,j

k ´ i
n´ k

P :

Figure 2.1: The projective geometry P and the location of Pi,j .

We now describe how the sets

Pℓ p0 ď ℓ ď nq
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are related to the sets

Pi,j p0 ď i ď k, 0 ď j ď n´ kq.

For 0 ď ℓ ď n we have a partition
Pℓ “

ď

i,j

Pi,j , (2.10)

where the union is over the ordered pairs pi, jq such that 0 ď i ď k and 0 ď j ď n´ k and
i` j “ ℓ.

Earlier, we described the covering relation on P . Next, we give a refinement of the covering
relation.

Lemma 2.3.9 Let u, v P P such that v covers u. Write

u P Pi,j , v P Pr,s.

Then either (i) r “ i` 1 and s “ j, or (ii) r “ i and s “ j ` 1.

Proof. By linear algebra,
uX v P Pa,b,

where a ď minti, ru and b ď mintj, su. Since v covers u, we have u Ď v and r`s “ i`j`1.
Since uX v “ u P Pi,j , we have i ď r and j ď s. The result follows.

Definition 2.3.10 Referring to Lemma 2.3.9, we say that v {-covers u whenever (i) holds,
and v z-covers u whenever (ii) holds.

We illustrate Definition 2.3.10 using the diagrams below.

V

y

0

v

u

k

n´ k

Figure 2.2A: v {-covers u.

V

y

0

v

u

k

n´ k

Figure 2.2B: v z-covers u.
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Lemma 2.3.11 [10, Lemma 5.1] For 0 ď i ď k and 0 ď j ď n ´ k, the following (i)–(iv)
hold:

(i) each element in Pi,j {-covers exactly qjris elements;

(ii) each element in Pi,j z-covers exactly rjs elements;

(iii) each element in Pi,j is {-covered by exactly rk ´ is elements;

(iv) each element in Pi,j is z-covered by exactly qk´irn´ k ´ js elements.

We now comment on the symmetries of P . Recall that the general linear group GLpVq

consists of the invertible Fq-linear maps from V to V. The action of GLpVq on V induces
a permutation action of GLpVq on the set P . This permutation action respects the partial
order on P . The orbits of the action are Pℓ for 0 ď ℓ ď n.

Lemma 2.3.12 For x, y P X and σ P GLpVq, we have Bpx, yq “ Bpσpxq, σpyqq.

Proof. Immediate from Lemma 2.3.4 and the fact that the σ-action preserves dimension.
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Chapter 3

Using a Grassmann graph to recover
the underlying projective geometry

In this chapter we discuss how one could potentially recover the underlying projective
geometry P from a given Grassmann graph Jqpn, kq. We represent the elements of P in
some Euclidean space E. Pick x, y P X such that 1 ă Bpx, yq ă k. We define the stabilizer
Stabpx, yq in GLpVq and some subspace Fixpx, yq in E. We find two bases for Fixpx, yq,
namely the geometric basis and the combinatorial basis. We display the transition matrices
between the two bases. We also present many inner products that involve the basis vectors.
We finish the chapter by discussing the connection between the recovery of P and the
uniqueness problem for the Grassmann graphs.

3.1 Representing P using a Euclidean space E

In this section we represent the elements of P as vectors in a Euclidean space. We will do
this in two stages. In the first stage we consider the elements of P1.

Let E denote a Euclidean space with dimension rns ´ 1 and bilinear form ⟨ , ⟩. Recall the
notation }ν}2 “ ⟨ν, ν⟩ for any ν P E. We define a function

P1 Ñ E

s ÞÑ ps
(3.1)

that satisfies the following conditions (C1) ´ (C4):

(C1) E “ Span
␣

ps | s P P1

(

;

(C2) for s P P1,
›

›

ps
›

›

2
“ rns ´ 1;

(C3) for distinct s, t P P1,
〈
ps,pt

〉
“ ´1;

(C4)
ÿ

sPP1

ps “ 0.
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Next, we extend the function (3.1) to a function

P Ñ E

u ÞÑ pu
(3.2)

such that for all u P P ,
pu “

ÿ

sPΩpuq

ps. (3.3)

Note that pu “ 0 if u P P0 or u P Pn.

In (C4), we gave a linear dependence on
␣

ps
(

sPP1
. Next we show that (C4) is essentially

the only linear dependence among
␣

ps
(

sPP1
.

We use the following notation. For sets R Ď S, define SzR to be the complement of R in
S.

Lemma 3.1.1 Given real numbers tαsusPP1 the following are equivalent:

(i) 0 “
ÿ

sPP1

αsps;

(ii) αs is independent of s for s P P1.

Proof. (i)ñ(ii) Pick t P P1. Referring to (C4), multiply each side by αt to obtain

0 “
ÿ

sPP1

αtps. (3.4)

Subtract (3.4) from the equation in (i) to obtain

0 “
ÿ

sPP1zttu

pαs ´ αtqps.

By Lemma 6.1.1 in the appendix, the vectors
␣

ps
(

sPP1zttu
form a basis for E, so they are

linearly independent. Hence αs ´ αt “ 0 for all s P P1. The result follows.

(ii)ñ(i) Immediate from (C4).

Lemma 3.1.2 The Euclidean space E becomes a GLpVq-module such that for all u P P
and σ P GLpVq,

σ
`

pu
˘

“ zσpuq.

Proof. It suffices to show that there exists a group homomorphism Θ : GLpVq Ñ GLpEq

such that for all u P P and σ P GLpVq,

Θpσq
`

pu
˘

“ zσpuq. (3.5)

Let σ P GLpVq. We first show that there exists a unique Θpσq P GLpEq such that (3.5)
holds for all u P P1.
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By construction, the dimension of E is |P1| ´ 1.

Note that σ acts as a permutation on P1. By this along with (C1) and (C4), we obtain

E “ Span
"

yσpsq
ˇ

ˇ

ˇ
s P P1

*

,
ÿ

sPP1

yσpsq “
ÿ

sPP1

ps “ 0.

By these comments and Lemma 6.1.2 in the appendix, there exists a unique Θpσq P GLpEq

that satisfies (3.5) for all u P P1.

Next we show that Θpσq satisfies (3.5) for all u P P . By (3.3),

Θpσq
`

pu
˘

“ Θpσq

¨

˝

ÿ

sPΩpuq

ps

˛

‚“
ÿ

sPΩpuq

Θpσq
`

ps
˘

“
ÿ

sPΩpuq

yσpsq “ zσpuq.

Next we show that Θ is a group homomorphism. For σ, τ P GLpVq, we show that
ΘpσqΘpτq “ Θpστq.

For u P P we have

ΘpσqΘpτq
`

pu
˘

“ Θpσq

´

zτpuq

¯

“ {στpuq “ Θpστq
`

pu
˘

.

Therefore, ΘpσqΘpτq “ Θpστq.

We have shown that there exists a unique group homomorphism Θ : GLpVq Ñ GLpEq that
satisfies (3.5) for all σ P GLpVq and u P P . Consequently, E becomes a GLpVq-module
such that σ

`

pu
˘

“ zσpuq for all u P P and σ P GLpVq.

Lemma 3.1.3 For µ, ν P E and σ P GLpVq,

⟨µ, ν⟩ “
〈
σpµq, σpνq

〉
.

Proof. In view of (C1), we may assume without loss that µ “ ps and ν “ pt where s, t P P1.
The result is a routine consequence of (C2) and (C3).

Lemma 3.1.4 Pick a vector µ P E and write

µ “
ÿ

sPP1

αsps. (3.6)

For σ P GLpVq that fixes µ, αs “ ασpsq for all s P P1.

Proof. Referring to (3.6), apply σ´1 to each side and evaluate the result using Lemma
3.1.2 to get

µ “
ÿ

sPP1

αs
{σ´1 psq. (3.7)
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We make a change of variables. In (3.7), replace s by σpsq to get

µ “
ÿ

sPP1

ασpsqps. (3.8)

Subtract (3.6) from (3.8) to obtain

0 “
ÿ

sPP1

pασpsq ´ αsqps.

By Lemma 3.1.1, the scalar ασpsq ´αs is independent of s P P1. Denote this common value
by β. Then

ÿ

sPP1

`

ασpsq ´ αs

˘

“
ÿ

sPP1

β “ β|P1|. (3.9)

Note that
ÿ

sPP1

`

ασpsq ´ αs

˘

“
ÿ

sPP1

αs ´
ÿ

sPP1

αs “ 0. (3.10)

By (3.9), (3.10) and the fact that |P1| is nonzero, we obtain β “ 0. The result follows.

Corollary 3.1.5 Pick a vector µ P E and write

µ “
ÿ

sPP1

αsps.

For a subgroup H of GLpVq the following are equivalent:

(i) every element of H fixes µ;

(ii) for s, t P P1 that are contained in the same H-orbit, αs “ αt.

Proof. Immediate from Lemma 3.1.4.

Our next general goal is to restate Corollary 3.1.5 using a different point of view.

Definition 3.1.6 Let S denote a subset of P1. By the characteristic vector of S we mean
the vector

ÿ

sPS
ps.

Note that this characteristic vector is contained in E.

Lemma 3.1.7 For a subset S Ď P1 the sum of the following vectors is zero:

(i) the characteristic vector of S;

(ii) the characteristic vector of the set P1zS.

Proof. Immediate from (C4).

Lemma 3.1.8 Pick a vector µ P E and a subgroup H of GLpVq. Then the following are
equivalent:
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(i) every element of H fixes µ;

(ii) µ is contained in the span of the characteristic vectors of the H-orbits in P1.

Proof. Immediate from Corollary 3.1.5.

3.2 The stabilizer of an element in P

In this section we pick an element in P and consider its stabilizer in GLpVq. We describe
the orbits of the stabilizer acting on P . We also consider how the stabilizer acts on E.

For u P P , let Stabpuq denote the subgroup of GLpVq consisting of the elements that
fix u. We call Stabpuq the stabilizer of u in GLpVq. Note that Stabp0q “ GLpVq and
StabpVq “ GLpVq.

Lemma 3.2.1 For u, v, v1 P P the following are equivalent:

(i) dim v “ dim v1 and dimpuX vq “ dimpuX v1q;

(ii) the subspaces v and v1 are contained in the same orbit of the Stabpuq-action on P .

Proof. (i)ñ(ii) We display an element σ P Stabpuq that sends v ÞÑ v1.

Let the subset R Ď V form a basis for u X v. Extend the basis R to a basis R Y S for u.
Extend the basis R to a basis R Y T for v. By Lemma 2.3.3, R Y S Y T is a basis for
u` v. Extend the basis R Y S Y T to a basis R Y S Y T Y Q for V.

Let the subset R1 Ď V form a basis for u X v1. Extend the basis R1 to a basis R1 Y S 1 for
u. Extend the basis R1 to a basis R1 Y T 1 for v1. By Lemma 2.3.3, R1 Y S 1 Y T 1 is a basis
for u` v1. Extend the basis R1 Y S 1 Y T 1 to a basis R1 Y S 1 Y T 1 Y Q1 for V.

By linear algebra, there exists σ P GLpVq that sends R ÞÑ R1, S ÞÑ S 1, T ÞÑ T 1, Q ÞÑ Q1.
By construction, σ is contained in Stabpuq and sends v ÞÑ v1.

(ii)ñ(i) Let σ P Stabpuq send v ÞÑ v1. By linear algebra, σ sends u X v ÞÑ u X v1. The
result follows since dimensions are left invariant under the σ-action.

Corollary 3.2.2 For u P P the following hold.

(i) If u ‰ 0 and u ‰ V, then the Stabpuq-action on P1 has two orbits, Ωpuq and P1zΩpuq.

(ii) If u “ 0 or u “ V, then the Stabpuq-action on P1 has a single orbit.

Proof. Use Lemma 3.2.1.

For u P P , let Fixpuq denote the subspace of E consisting of the vectors that are fixed by
every element of Stabpuq. Note that Fixp0q “ 0 and FixpVq “ 0.

Lemma 3.2.3 For u P P the subspace Fixpuq is spanned by pu.
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Proof. First assume that u “ 0 or u “ V. Then the result holds since pu “ 0. Next assume
that u ‰ 0 and u ‰ V. By Corollaries 3.1.5 and 3.2.2, the subspace Fixpuq is spanned by
the characteristic vectors of Ωpuq and P1zΩpuq. By Lemma 3.1.7 and Lemma 6.1.1 in the
appendix, the characteristic vector of Ωpuq forms a basis for Fixpuq. The result follows.

3.3 A Euclidean representation of Γ

In this section we recall the notion of a Euclidean representation of Γ. We then show that
the Euclidean space E, together with the restriction of the map (3.2) to X is a Euclidean
representation of Γ.

Definition 3.3.1 [7, Lecture 12] By a Euclidean representation of Γ, we mean a pair
pF,ψq such that F is a nonzero Euclidean space, and ψ : X Ñ F is a map that satisfies
the following (i)–(iii):

(i) F is spanned by tψpxq | x P Xu;

(ii) for all x, y P X, the inner product
〈
ψpxq, ψpyq

〉
depends only on Bpx, yq;

(iii) there exists ϑ P R such that for all x P X,
ÿ

zPΓpxq

ψpzq “ ϑψpxq.

We have some comments about Definition 3.3.1. Let pF,ψq denote a Euclidean represen-
tation of Γ. It is shown in [7, Lecture 13] that the scalar ϑ in Definition 3.3.1(iii) is an
eigenvalue of Γ. We call ϑ the associated eigenvalue. For any eigenvalue θ of Γ, it is shown
in [7, Lecture 13] how the corresponding eigenspace gives a Euclidean representation of Γ
that is associated with θ.

Recall the Euclidean space E from Section 3.1. Our next goal is to show that the Euclidean
space E, together with the restriction of the map (3.2) to X is a Euclidean representation
of Γ.

Lemma 3.3.2 For u, v P P we have〈
pu, pv

〉
“ rnsrhs ´ risrjs,

where u P Pi, v P Pj, and uX v P Ph.

Proof. By (2.8),
ˇ

ˇΩpuq
ˇ

ˇ “ ris,
ˇ

ˇΩpvq
ˇ

ˇ “ rjs. (3.11)

In view of (3.3), write

〈
pu, pv

〉
“

〈
ÿ

sPΩpuq

ps,
ÿ

tPΩpvq

pt

〉
“

ÿ

sPΩpuqXΩpvq

›

›

ps
›

›

2
`

ÿ

sPΩpuq,tPΩpvq
s‰t

〈
ps,pt

〉
. (3.12)
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By (2.7) and (2.8),
ˇ

ˇΩpuq X Ωpvq
ˇ

ˇ “
ˇ

ˇΩpuX vq
ˇ

ˇ “ rhs. (3.13)

By (3.11) and (3.13),
ˇ

ˇ

ˇ

␣

ps, tq P Ωpuq ˆ Ωpvq
ˇ

ˇ s ‰ t
(

ˇ

ˇ

ˇ
“
ˇ

ˇΩpuq
ˇ

ˇ

ˇ

ˇΩpvq
ˇ

ˇ ´
ˇ

ˇΩpuX vq
ˇ

ˇ “ risrjs ´ rhs. (3.14)

The result follows from (3.12)–(3.14), along with (C2), (C3).

Corollary 3.3.3 For u P P we have
›

›

pu
›

›

2
“ qirisrn´ is,

where u P Pi.

Proof. Set u “ v in Lemma 3.3.2.

Lemma 3.3.4 For x, y P X we have〈
px, py

〉
“ rnsrk ´ is ´ rks2,

where i “ Bpx, yq.

Proof. Immediate from Lemmas 2.3.4, 3.3.2.

Corollary 3.3.5 For x P X,
›

›

px
›

›

2
“ qkrksrn´ ks.

Proof. Set i “ 0 in Lemma 3.3.4.

Lemma 3.3.6 For x P X,
ÿ

zPΓpxq

pz “ θ1px,

where θ1 is from (2.5).

Proof. Note that the set Γpxq is invariant under Stabpxq. Hence, the vector
ÿ

zPΓpxq

pz (3.15)

is fixed by every element of Stabpxq. Therefore, the vector (3.15) is contained in Fixpxq.

By Lemma 3.2.3, the subspace Fixpxq is spanned by px. Hence there exists α P R such that
ÿ

zPΓpxq

pz “ αpx. (3.16)

It remains to show that α “ θ1.
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Referring to (3.16), we take the inner product of each side with px to obtain
ÿ

zPΓpxq

〈
px, pz

〉
“ α

›

›

px
›

›

2
. (3.17)

By (2.1), we have κ “
ˇ

ˇΓpxq
ˇ

ˇ; refer to (2.3) for the value of κ. In (3.17), we evaluate
〈
px, pz

〉
using Lemma 3.3.4 and

›

›

px
›

›

2 using Corollary 3.3.5 and solve the resulting equation for α.
Evaluate the result and simplify using (2.5) to obtain α “ θ1.

Lemma 3.3.7 The vector space E is spanned by
␣

px | x P X
(

.

Proof. In view of (C1), it suffices to show that ps P Span
␣

px | x P X
(

for every s P P1. Pick
s P P1. There exists y P X that contains s. By Lemma 3.1.2, the vector

ÿ

σPStabpsq

σ
`

py
˘

(3.18)

is contained in Span
␣

px | x P X
(

. Next we show that (3.18) is a nonzero scalar multiple
of ps. The vector (3.18) is fixed by every element of Stabpsq. Hence, the vector (3.18) is
contained in Fixpsq. By Lemma 3.2.3, there exists β P R such that (3.18) is equal to βps.
We will show that the scalar β is nonzero. Take the inner product between (3.18) and ps.
Using Lemmas 3.1.2, 3.3.2 and the fact that sX σpyq “ s for all σ P Stabpsq, we get

β
›

›

ps
›

›

2
“

ÿ

σPStabpsq

〈
σ
`

py
˘

, ps
〉

“
ÿ

σPStabpsq

´

rns ´ rks

¯

“
ˇ

ˇStabpsq
ˇ

ˇ

´

rns ´ rks

¯

‰ 0.

Hence β ‰ 0. We have shown that the vector (3.18) is a nonzero scalar multiple of ps. We
mentioned earlier that (3.18) is in Span

␣

px | x P X
(

. By these comments, ps P Span
␣

px | x P

X
(

and the result follows.

By Lemmas 3.3.4, 3.3.6, 3.3.7 the Euclidean space E, together with the restriction of the
map (3.2) to X gives a Euclidean representation of Γ. This representation is associated
with the eigenvalue θ1.

We finish this section with a remark. By [2, Theorem 9.3.3], GLpVq acts on Γ in a distance-
transitive fashion. Applying [2, Prop. 4.1.11], we get that the Euclidean space E is irre-
ducible as a GLpVq-module.

3.4 The stabilizer of two elements in P

In this section we pick two distinct elements in P and consider their stabilizer in GLpVq.
We describe the orbits of this stabilizer acting on P1.

Pick distinct u, v P P such that 0 ‰ u ‰ V and 0 ‰ v ‰ V. Let Stabpu, vq denote the
subgroup of GLpVq consisting of the elements that fix both u and v. We call Stabpu, vq

the stabilizer of u and v in GLpVq.

We will describe the action of Stabpu, vq on P1. There are six cases to consider:
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Case description
1 uX v ‰ 0, u Ę v, v Ę u, u` v ‰ V
2 uX v ‰ 0, u Ę v, v Ę u, u` v “ V
3 uX v “ 0, u Ę v, v Ę u, u` v ‰ V
4 uX v “ 0, u Ę v, v Ę u, u` v “ V
5 u Ď v
6 v Ď u.

Lemma 3.4.1 In the table below, we give the orbits for the action of Stabpu, vq on P1.

Case orbits of Stabpu, vq on P1

1 ΩpuXvq, ΩpuqzΩpuXvq, ΩpvqzΩpuXvq, Ωpu`vqz

`

ΩpuqYΩpvq

˘

, P1zΩpu`vq

2 ΩpuX vq, ΩpuqzΩpuX vq, ΩpvqzΩpuX vq, P1z
`

Ωpuq Y Ωpvq
˘

3 Ωpuq, Ωpvq, Ωpu` vqz
`

Ωpuq Y Ωpvq
˘

, P1zΩpu` vq

4 Ωpuq, Ωpvq, P1z
`

Ωpuq Y Ωpvq
˘

5 Ωpuq, ΩpvqzΩpuq, P1zΩpvq

6 Ωpvq, ΩpuqzΩpvq, P1zΩpuq

Proof. First assume Case 1. Observe that the five sets displayed in the table are fixed by
the elements of Stabpu, vq. Hence each set is a disjoint union of orbits of Stabpu, vq.

We now show that each set forms a single orbit of Stabpu, vq. We start with ΩpuX vq.

Pick distinct s, s1 P ΩpuX vq. We show that there exists σ P Stabpu, vq that sends s ÞÑ s1.

Let η denote a nonzero vector in s. Note that the set tηu is a basis for s; extend this basis
to a basis tηu Y R for u X v. Extend the basis tηu Y R for u X v to a basis tηu Y R Y T
for u. Extend the basis tηu Y R for uX v to a basis tηu Y R Y P for v. By Lemma 2.3.3,
tηu Y R Y T Y P is a basis for u ` v. Extend the basis tηu Y R Y T Y P for u ` v to a
basis tηu Y R Y T Y P Y Q for V.

Let η1 denote a nonzero vector in s1. Note that the set
␣

η1
(

is a basis for s1; extend this
basis to a basis

␣

η1
(

Y R1 for u X v. Note that
␣

η1
(

Y R1 Y T is a basis for u. Note that
␣

η1
(

Y R1 Y P is a basis for v. By Lemma 2.3.3,
␣

η1
(

Y R1 Y T Y P is a basis for u ` v.
Note that

␣

η1
(

Y R1 Y T Y P Y Q is a basis for V.

By linear algebra, there exists σ P GLpVq that sends η ÞÑ η1, R ÞÑ R1 and acts as the
identity on each of T , P, Q. By construction, σ is contained in Stabpu, vq and sends s ÞÑ s1.

Next we show that the set ΩpuqzΩpuX vq is a single orbit of Stabpu, vq.

Pick distinct s, s1 P ΩpuqzΩpu X vq. We show that there exists σ P Stabpu, vq that sends
s ÞÑ s1.
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Let R Ď V form a basis for u X v. Let η denote a nonzero vector in s. Note that tηu is a
basis for s. The subspace s is not contained in uX v, so tηu Y R is a basis for s` puX vq.
Extend the basis tηu YR for s` puX vq to a basis tηu YRY T for u. Extend the basis R
for u X v to a basis R Y P for v. By Lemma 2.3.3, tηu Y R Y T Y P is a basis for u ` v.
Extend the basis tηu Y R Y T Y P for u` v to a basis tηu Y R Y T Y P Y Q for V.

Let η1 denote a nonzero vector in s1. Note that
␣

η1
(

is a basis for s1. The subspace s1 is
not contained in uX v, so

␣

η1
(

Y R is a basis for s1 ` puX vq. Extend the basis
␣

η1
(

Y R
for s1 ` pu X vq to a basis

␣

η1
(

Y R Y T 1 for u. By Lemma 2.3.3,
␣

η1
(

Y R Y T 1 Y P is a
basis for u` v. Note that

␣

η1
(

Y R Y T 1 Y P Y Q is a basis for V.

By linear algebra, there exists σ P GLpVq that sends η ÞÑ η1, T ÞÑ T 1 and acts as the
identity on each of R, P, Q. By construction, σ is contained in Stabpu, vq and sends
s ÞÑ s1.

By symmetry, the set ΩpvqzΩpuX vq is a single orbit of Stabpu, vq.

Next we show that the set Ωpu` vqz
`

Ωpuq Y Ωpvq
˘

is a single orbit of Stabpu, vq.

Pick distinct s, s1 P Ωpu` vqz
`

Ωpuq YΩpvq
˘

. We show that there exists σ P Stabpu, vq that
sends s ÞÑ s1.

Let η denote a nonzero vector in s and let η1 denote a nonzero vector in s1. By linear
algebra, there exist sets R, T ,P such that R is a basis for u X v, R Y T is a basis for u,
R Y P is a basis for v, and η “ r ` t` p for r P R, t P T , p P P.

Similarly, there exist sets R1, T 1,P 1 such that R1 is a basis for uX v, R1 Y T 1 is a basis for
u, R1 Y P 1 is a basis for v, and η1 “ r1 ` t1 ` p1 for r1 P R1, t1 P T 1, p1 P P 1.

By linear algebra, there exists σ P GLpVq that sends R ÞÑ R1, T ÞÑ T 1, P ÞÑ P 1 such that
r ÞÑ r1, t ÞÑ t1, p ÞÑ p1. By construction, σ is contained in Stabpu, vq and sends s ÞÑ s1.

Next we show that the set P1zΩpu` vq is a single orbit of Stabpu, vq.

Pick distinct s, s1 P P1zΩpu ` vq. We show that there exists σ P Stabpu, vq that sends
s ÞÑ s1.

Let P Ď V form a basis for u ` v. Let η denote a nonzero vector in s. Note that tηu is a
basis for s. The subspace s is not contained in u ` v, so tηu Y P is a basis for s ` u ` v.
Extend the basis tηu Y P for s` u` v to a basis tηu Y P Y Q for V.

Let η1 denote a nonzero vector in s1. Note that
␣

η1
(

is a basis for s1. The subspace s1 is
not contained in u` v, so

␣

η1
(

Y P is a basis for s1 ` u` v. Extend the basis
␣

η1
(

Y P for
s1 ` u` v to a basis

␣

η1
(

Y P Y Q1 for V.

By linear algebra, there exists σ P GLpVq that sends η ÞÑ η1, Q ÞÑ Q1 and acts as the
identity on P. By construction, σ is contained in Stabpu, vq and sends s ÞÑ s1.

We have proved the result for Case 1. For the remaining cases the proof is similar, and
omitted.
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3.5 The stabilizer of two elements in P ; action on E

In this section we pick two distinct elements in P and consider their stabilizer in GLpVq.
We consider the action of this stabilizer on the Euclidean space E.

Pick distinct u, v P P such that 0 ‰ u ‰ V and 0 ‰ v ‰ V. Let Fixpu, vq denote the
subspace of E consisting of the vectors that are fixed by every element of Stabpu, vq. We
give a basis for Fixpu, vq. In what follows, we refer to the cases in Lemma 3.4.1.

Lemma 3.5.1 In the table below, we display a basis for Fixpu, vq.

Case basis for Fixpu, vq

1 zuX v, pu, pv, zu` v

2 zuX v, pu, pv

3 pu, pv, zu` v

4 pu, pv

5 pu, pv

6 pu, pv

Proof. We first assume Case 1. By Lemma 3.1.8, the subspace Fixpu, vq is spanned by
the characteristic vectors of the Stabpu, vq-orbits on P1. These orbits are given in Lemma
3.4.1. Their characteristic vectors are

zuX v, pu´ zuX v, pv ´ zuX v, zu` v ´ pu´ pv ` zuX v, ´ zu` v. (3.19)

The five vectors in (3.19) sum to 0. By Lemma 3.1.1, any four of these vectors are linearly
independent, and hence form a basis for Fixpu, vq. In particular, the following vectors form
a basis for Fixpu, vq:

zuX v, pu´ zuX v, pv ´ zuX v, ´ zu` v.

Adjusting the basis above, the result follows.

We have proved the result for Case 1. For the remaining cases the proof is similar, and
omitted.

Definition 3.5.2 Pick distinct u, v P P . By the geometric basis for Fixpu, vq, we mean
the basis displayed in Lemma 3.5.1.

In the next result, we consider how Lemma 3.5.1 looks for the case in which u, v P X.

Theorem 3.5.3 Pick distinct x, y P X. In the table below, we display the geometric basis
for Fixpx, yq.
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Case geometric basis for Fixpx, yq

1 ď Bpx, yq ă k px, py, zxX y, zx` y

Bpx, yq “ k px, py, zx` y

Proof. Since x and y are distinct, x Ę y and y Ę x. Since n ą 2k, we have x` y ‰ V.

We first assume that 1 ď Bpx, yq ă k. Since Bpx, yq ă k, we have x X y ‰ 0. The result
follows from Case 1 of Lemma 3.5.1.

Next we assume that Bpx, yq “ k. By this assumption, xX y “ 0. The result follows from
Case 3 of Lemma 3.5.1.

Pick distinct x, y P X. Our next general goal is to use the graph Γ to find another basis for
Fixpx, yq, called the combinatorial basis. We will focus on the case 1 ă Bpx, yq ă k. The
cases Bpx, yq “ 1 and Bpx, yq “ k are more involved and require different methods; these
cases will be handled in a future paper.

3.6 The subspace Fixpx, yq and its combinatorial basis

Pick x, y P X such that 1 ă Bpx, yq ă k. In this section we use the graph Γ to construct
two vectors Bxy and Cxy. In Section 3.8, we will show that the following vectors form a
basis for Fixpx, yq:

px, py, Bxy, Cxy. (3.20)

The basis (3.20) will be called the combinatorial basis. We will formally define this basis
in Section 3.8.

To define the vectors Bxy and Cxy, we first consider two orbits of the Stabpx, yq-action on
P .

Definition 3.6.1 For x, y P X such that 1 ă Bpx, yq ă k, define

Bxy “ tz P Γpxq | Bpy, zq “ Bpx, yq ` 1u,

Cxy “ tz P Γpxq | Bpy, zq “ Bpx, yq ´ 1u.

Observe that |Bxy| “ bi and |Cxy| “ ci, where i “ Bpx, yq.

Our next goal is to show that the sets Bxy and Cxy are orbits of Stabpx, yq.

Lemma 3.6.2 For x, y P X such that 1 ă Bpx, yq ă k, the set Cxy is an orbit of the
Stabpx, yq-action on P .

Proof. By Lemma 2.3.12, the set Cxy is a disjoint union of orbits of Stabpx, yq. We now
show that this union consists of a single orbit. Let z, z1 P Cxy. We display an element
σ P Stabpx, yq that sends z ÞÑ z1.
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By Lemma 2.3.6,

xX y Ď z Ď x` y, xX y Ď z1 Ď x` y.

Let the set R Ď V form a basis for xXy. Extend the basis R for xXy to a basis RYS for
xXz. Extend the basis R for xXy to a basis RYT for zXy. By Lemma 2.3.3, RYSYT is
a basis for z. Extend the basis RYS for xXz to a basis RYS YP for x. Extend the basis
RYT for zX y to a basis RYT YQ for y. By Lemma 2.3.3, RYS YT YP YQ is a basis
for x`y. Extend the basis RYS YT YP YQ for x`y to a basis RYS YT YP YQYW
for V.

Extend the basis R for xX y to a basis R Y S 1 for xX z1. Extend the basis R for xX y to
a basis R Y T 1 for z1 X y. By Lemma 2.3.3, R Y S 1 Y T 1 is a basis for z1. Extend the basis
RYS 1 for xX z1 to a basis RYS 1 YP 1 for x. Extend the basis RYT 1 for z1 X y to a basis
R Y T 1 Y Q1 for y. By Lemma 2.3.3, R Y S 1 Y T 1 Y P 1 Y Q1 is a basis for x` y. Note that
R Y S 1 Y T 1 Y P 1 Y Q1 Y W is a basis for V.

By linear algebra, there exists σ P GLpVq that sends S ÞÑ S 1, T ÞÑ T 1, P ÞÑ P 1, Q ÞÑ Q1

and acts as the identity on each of R, W. By construction, σ is contained in Stabpx, yq

and sends z ÞÑ z1. The result follows.

Lemma 3.6.3 Let x, y, x1, y1 P X satisfy 1 ă Bpx, yq “ B px1, y1q ă k. Let z P Cxy and
z1 P Cx1y1. Then there exists an element in GLpVq that sends x ÞÑ x1, y ÞÑ y1, z ÞÑ z1.

Proof. Since Γ is distance-transitive, we may assume without loss that x “ x1 and y “ y1.
The result follows from Lemma 3.6.2.

Lemma 3.6.4 For x, y P X such that 1 ă Bpx, yq ă k, the set Bxy is an orbit of the
Stabpx, yq-action on P .

Proof. By Lemma 2.3.12, the set Bxy is a disjoint union of orbits of Stabpx, yq. We now
show that this union consists of a single orbit. Let z, z1 P Bxy. By construction, x P Czy
and x P Cz1y. By Lemma 3.6.3, there exists an element in Stabpx, yq that sends z ÞÑ z1.
The result follows.

Definition 3.6.5 For x, y P X such that 1 ă Bpx, yq ă k, define the vectors

Bxy “
ÿ

zPBxy

pz, Cxy “
ÿ

zPCxy

pz.

Lemma 3.6.6 For x, y P X such that 1 ă Bpx, yq ă k, the subspace Fixpx, yq contains Bxy

and Cxy.

Proof. Pick σ P Stabpx, yq. The map σ fixes the sets Bxy and Cxy. The result follows.
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3.7 The inner products involving the geometric basis and the
combinatorial basis

Pick x, y P X such that 1 ă Bpx, yq ă k. In this section we compute the inner products
between:

(i) any two vectors in the geometric basis for Fixpx, yq;

(ii) any vector in the geometric basis for Fixpx, yq and any vector in the set (3.20);

(iii) any two vectors in the set (3.20).

We start with case (i).

Lemma 3.7.1 For x, y P X such that 1 ă Bpx, yq ă k, we have〈
px, zxX y

〉
“ qkrk ´ isrn´ ks,〈

py, zxX y
〉

“ qkrk ´ isrn´ ks,

where i “ Bpx, yq.

Proof. Routine using Lemmas 2.3.4, 3.3.2 and linear algebra.

Lemma 3.7.2 For x, y P X such that 1 ă Bpx, yq ă k, we have〈
px, zx` y

〉
“ qk`irksrn´ k ´ is,〈

py, zx` y
〉

“ qk`irksrn´ k ´ is,

where i “ Bpx, yq.

Proof. Routine using Lemmas 2.3.5, 3.3.2 and linear algebra.

Lemma 3.7.3 For x, y P X such that 1 ă Bpx, yq ă k, we have
›

›

›
zxX y

›

›

›

2
“ qk´irk ´ isrn´ k ` is,〈

zxX y, zx` y
〉

“ qk`irk ´ isrn´ k ´ is,
›

›

›

zx` y
›

›

›

2
“ qk`irk ` isrn´ k ´ is,

where i “ Bpx, yq.

Proof. Routine using Lemmas 2.3.4, 2.3.5, 3.3.2 and linear algebra.

Theorem 3.7.4 Let x, y P X satisfy 1 ă Bpx, yq ă k. In the following table, for each
vector u in the header column, and each vector v in the header row, the pu, vq-entry of the
table gives the inner product ⟨u, v⟩. Write i “ Bpx, yq.
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⟨ , ⟩ px py zxX y zx` y

px qkrksrn´ks rnsrk´is´rks2 qkrk´isrn´ks qk`irksrn´k´is

py rnsrk´is´rks2 qkrksrn´ks qkrk´isrn´ks qk`irksrn´k´is

zxX y qkrk´isrn´ks qkrk´isrn´ks qk´irk´isrn´k`is qk`irk´isrn´k´is

zx` y qk`irksrn´k´is qk`irksrn´k´is qk`irk´isrn´k´is qk`irk`isrn´k´is

Proof. Combine Corollary 3.3.5 and Lemmas 3.3.4, 3.7.1–3.7.3.

Next we compute the inner products for case (ii).

Lemma 3.7.5 For x, y P X such that 1 ă Bpx, yq ă k, we have〈
Bxy, px

〉
“ q2i`1rk ´ isrn´ k ´ is

´

rnsrk ´ 1s ´ rks2
¯

, (3.21)〈
Cxy, px

〉
“ ris2

´

rnsrk ´ 1s ´ rks2
¯

, (3.22)

where i “ Bpx, yq.

Proof. We first prove (3.21). In the left equation of Definition 3.6.5, take the inner product
of each side with px. Evaluate the result using Lemma 3.3.4 and (2.4) to get (3.21).

We have now verified (3.21). (3.22) is obtained in a similar fashion.

Lemma 3.7.6 For x, y P X such that 1 ă Bpx, yq ă k, we have〈
Bxy, py

〉
“ q2i`1rk ´ isrn´ k ´ is

´

rnsrk ´ i´ 1s ´ rks2
¯

, (3.23)〈
Cxy, py

〉
“ ris2

´

rnsrk ´ i` 1s ´ rks2
¯

, (3.24)

where i “ Bpx, yq.

Proof. We first prove (3.23). In the left equation of Definition 3.6.5, take the inner product
of each side with py. Evaluate the result using Lemma 3.3.4 and (2.4) to get (3.23).

We have now verified (3.23). (3.24) is obtained in a similar fashion.

Lemma 3.7.7 For x, y P X such that 1 ă Bpx, yq ă k, we have〈
Bxy, zxX y

〉
“ q2i`1rk ´ isrn´ k ´ is

´

rnsrk ´ i´ 1s ´ rk ´ isrks

¯

, (3.25)〈
Bxy, zx` y

〉
“ q2i`1rk ´ isrn´ k ´ is

´

rnsrk ´ 1s ´ rksrk ` is
¯

, (3.26)

where i “ Bpx, yq.
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Proof. We first prove (3.25). Using the left equation of Definition 3.6.5, we obtain〈
Bxy, zxX y

〉
“

ÿ

zPBxy

〈
pz, zxX y

〉
.

Let z P Bxy. By the definition of Bxy, we have Bpz, yq “ i`1. By Lemma 2.3.4, dimpzXyq “

k ´ i´ 1. Also, Bpz, yq “ Bpz, xq ` Bpx, yq, so by Lemma 2.3.6, x Ě z X y. Hence

dimpz X xX yq “ dimpz X yq “ k ´ i´ 1.

Using Lemma 3.3.2 we obtain〈
pz, zxX y

〉
“ rnsrk ´ i´ 1s ´ rk ´ isrks.

Use the value of bi in (2.4) to obtain (3.25).

Next we prove (3.26). Using the left equation of Definition 3.6.5, we obtain〈
Bxy, zx` y

〉
“

ÿ

zPBxy

〈
pz, zx` y

〉
.

Let z P Bxy. Recall that Bpz, yq “ i ` 1. By Lemma 2.3.5, dimpz ` yq “ k ` i ` 1. Also
recall that Bpz, yq “ Bpz, xq ` Bpx, yq, so by Lemma 2.3.6, x Ď z ` y. Hence

dimpz ` x` yq “ dimpz ` yq “ k ` i` 1.

By Lemma 2.3.2,

dim
`

z X px` yq
˘

“ dim z ` dimpx` yq ´ dimpz ` x` yq “ k ´ 1.

Using Lemma 3.3.2 we obtain〈
pz, zx` y

〉
“ rnsrk ´ 1s ´ rksrk ` is.

Use the value of bi in (2.4) to obtain (3.26).

Lemma 3.7.8 For x, y P X such that 1 ă Bpx, yq ă k, we have〈
Cxy, zxX y

〉
“ qkris2rk ´ isrn´ ks, (3.27)〈

Cxy, zx` y
〉

“ qk`iris2rksrn´ k ´ is, (3.28)

where i “ Bpx, yq.
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Proof. We first prove (3.27). Using the right equation of Definition 3.6.5, we obtain〈
Cxy, zxX y

〉
“

ÿ

zPCxy

〈
pz, zxX y

〉
.

Let z P Cxy. By the definition of Cxy, we have Bpz, yq “ i´1. Since Bpx, yq “ Bpx, zq`Bpz, yq,
we have z Ě xX y by Lemma 2.3.6. Hence

dimpz X xX yq “ dimpxX yq “ k ´ i.

Using Lemma 3.3.2 we obtain〈
pz, zxX y

〉
“ rnsrk ´ is ´ rksrk ´ is “ qkrk ´ isrn´ ks.

Use the value of ci in (2.4) to obtain (3.27).

Next we prove (3.28). Using the right equation of Definition 3.6.5, we obtain〈
Cxy, zx` y

〉
“

ÿ

zPCxy

〈
pz, zx` y

〉
.

Let z P Cxy. Recall that Bpx, yq “ Bpx, zq ` Bpz, yq, so by Lemma 2.3.6, z Ď x` y. Hence

z X px` yq “ z.

Therefore,
dim

`

z X px` yq
˘

“ dim z “ k.

Using Lemma 3.3.2 we obtain〈
pz, zx` y

〉
“ rnsrks ´ rksrk ` is “ qk`irksrn´ k ´ is.

Use the value of ci in (2.4) to obtain (3.28).

Theorem 3.7.9 Let x, y P X satisfy 1 ă Bpx, yq ă k. In the following table, for each
vector u in the header column, and each vector v in the header row, the pu, vq-entry of the
table gives the inner product ⟨u, v⟩. Write i “ Bpx, yq.

⟨ , ⟩ px py zxX y zx` y

px qkrksrn´ks rnsrk´is´rks2 qkrk´isrn´ks qk`irksrn´k´is

py rnsrk´is´rks2 qkrksrn´ks qkrk´isrn´ks qk`irksrn´k´is

Bxy
q2i`1rk´isrn´k´is¨

prnsrk´1s´rks2q
q2i`1rk´isrn´k´is¨

prnsrk´i´1s´rks2q
q2i`1rk´isrn´k´is¨

prnsrk´i´1s´rk´isrksq

q2i`1rk´isrn´k´is¨
prnsrk´1s´rksrk`isq

Cxy ris2
`

rnsrk´1s´rks2
˘

ris2
`

rnsrk´i`1s´rks2
˘

qkris2rk´isrn´ks qk`iris2rksrn´k´is
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Proof. Combine Corollary 3.3.5 and Lemmas 3.3.4, 3.7.1, 3.7.2, 3.7.5–3.7.8.

Next we compute the inner products for case (iii). To do this, we first write the vectors
Bxy and Cxy as linear combinations in the geometric basis for Fixpx, yq.

For 1 ă i ă k let Mi denote the matrix of inner products in Theorem 3.7.4.

Lemma 3.7.10 For 1 ă i ă k the inverse of the matrix Mi is given by

M´1
i “

1

qk´ipq ´ 1qris2rns

¨

˚

˚

˚

˝

qi 1 ´qi ´1
1 qi ´qi ´1

´qi ´qi qirks´ris
rk´is 1

´1 ´1 1 qirn´ks´ris
q2irn´k´is

˛

‹

‹

‹

‚

. (3.29)

Proof. Routine.

Lemma 3.7.11 For x, y P X such that 1 ă Bpx, yq ă k, we have

Bxy “ q2irk ´ isrn´ k ´ ispx´ q2irn´ k ´ is zxX y ´ qirk ´ is zx` y, (3.30)

Cxy “ qri´ 1s2px` qi´1
py ` qiri´ 1s zxX y ` ri´ 1s zx` y, (3.31)

where i “ Bpx, yq.

Proof. Write

Bxy “ αpx` βpy ` γzxX y ` δzx` y, (3.32)

Cxy “ α1
px` β1

py ` γ1
zxX y ` δ1

zx` y, (3.33)

for α, β, γ, δ, α1, β1, γ1, δ1 P R.

In each of (3.32) and (3.33), we take the inner product of either side with each of px, py, zxX y,
zx` y to obtain

Mi

¨

˚

˚

˝

α α1

β β1

γ γ1

δ δ1

˛

‹

‹

‚

“

¨

˚

˚

˝

⟨Bxy, px⟩ ⟨Cxy, px⟩
⟨Bxy, py⟩ ⟨Cxy, py⟩

⟨Bxy, zxX y⟩ ⟨Cxy, zxX y⟩〈
Bxy, zx` y

〉 〈
Cxy, zx` y

〉
˛

‹

‹

‚

.

Use the table in Theorem 3.7.9 and the matrix (3.29) to obtain
¨

˚

˚

˝

α α1

β β1

γ γ1

δ δ1

˛

‹

‹

‚

“

¨

˚

˚

˝

q2irk ´ isrn´ k ´ is qri´ 1s2

0 qi´1

´q2irn´ k ´ is qiri´ 1s

´qirk ´ is ri´ 1s

˛

‹

‹

‚

. (3.34)

The result follows.
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Lemma 3.7.12 For x, y P X such that 1 ă Bpx, yq ă k, we have

〈
Bxy, Bxy

〉
“ q4i`2rk ´ isrn´ k ´ is

ˆ

qk´i´2rns

´

rk ´ is ` rn´ k ´ is
¯

` rk ´ isrn´ k ´ is
´

rnsrk ´ 2s ´ rks2
¯

˙

,

where i “ Bpx, yq.

Proof. Using (3.30),〈
Bxy, Bxy

〉
“ q2irk´isrn´k´is

〈
Bxy, px

〉
´q2irn´k´is

〈
Bxy, zxX y

〉
´qirk´is

〈
Bxy, zx` y

〉
.

Evaluate the above equation using (3.21), (3.25), (3.26) to obtain the result.

Lemma 3.7.13 For x, y P X such that 1 ă Bpx, yq ă k, we have〈
Bxy, Cxy

〉
“ q2i`1rk ´ isrn´ k ´ isris2

´

rnsrk ´ 2s ´ rks2
¯

,

where i “ Bpx, yq.

Proof. Using (3.31),〈
Bxy, Cxy

〉
“ qri´1s2

〈
Bxy, px

〉
`qi´1

〈
Bxy, py

〉
`qiri´1s

〈
Bxy, zxX y

〉
` ri´1s

〈
Bxy, zx` y

〉
.

Evaluate the above equation using (3.21), (3.23), (3.25), (3.26) to obtain the result.

Lemma 3.7.14 For x, y P X such that 1 ă Bpx, yq ă k, we have

〈
Cxy, Cxy

〉
“ ris2

ˆ

qk´2rns

´

2qri´ 1s ` q ` 1
¯

` ris2
´

rnsrk ´ 2s ´ rks2
¯

˙

,

where i “ Bpx, yq.

Proof. Using (3.31),〈
Cxy, Cxy

〉
“ qri´1s2

〈
Cxy, px

〉
` qi´1

〈
Cxy, py

〉
` qiri´1s

〈
Cxy, zxX y

〉
` ri´1s

〈
Cxy, zx` y

〉
.

Evaluate the above equation using (3.22), (3.24), (3.27), (3.28) to obtain the result.

Theorem 3.7.15 Let x, y P X satisfy 1 ă Bpx, yq ă k. In the following table, for each
vector u in the header column, and each vector v in the header row, the pu, vq-entry of the
table gives the inner product ⟨u, v⟩. Write i “ Bpx, yq.
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⟨ , ⟩ px py Bxy Cxy

px qkrksrn´ks rnsrk´is´rks2
q2i`1rk´isrn´k´is¨

prnsrk´1s´rks2q
ris2prnsrk´1s´rks2q

py rnsrk´is´rks2 qkrksrn´ks
q2i`1rk´isrn´k´is¨

prnsrk´i´1s´rks2q
ris2prnsrk´i`1s´rks2q

Bxy
q2i`1rk´isrn´k´is¨

prnsrk´1s´rks2q
q2i`1rk´isrn´k´is¨

prnsrk´i´1s´rks2q

q4i`2rk´isrn´k´is¨
`

qk´i´2rnsprk´is`

rn´k´isq`rk´isrn´k´is¨

prnsrk´2s´rks2q
˘

q2i`1rk´isrn´k´is¨

ris2prnsrk´2s´rks2q

Cxy ris2prnsrk´1s´rks2q ris2prnsrk´i`1s´rks2q
q2i`1rk´isrn´k´is¨

ris2prnsrk´2s´rks2q

ris2
`

qk´2rnsp2qri´1s`

q`1q`ris2prnsrk´2s´

rks2q

˘

Proof. Combine Corollary 3.3.5 and Lemmas 3.3.4, 3.7.5, 3.7.6, 3.7.12–3.7.14.

3.8 The combinatorial basis for Fixpx, yq

Pick x, y P X such that 1 ă Bpx, yq ă k. In this section we prove that the vectors in
(3.20) form a basis for the subspace Fixpx, yq. We formally define the combinatorial basis
for Fixpx, yq. We also present the transition matrices between the geometric basis and the
combinatorial basis for Fixpx, yq.

Theorem 3.8.1 For x, y P X such that 1 ă Bpx, yq ă k, the vectors in (3.20) form a basis
for Fixpx, yq.

Proof. We first find the matrix of coefficients when we write the vectors in (3.20) as linear
combinations in the geometric basis for Fixpx, yq. From Lemma 3.7.11, we routinely obtain
the following matrix of coefficients:

¨

˚

˚

˝

1 0 q2irk ´ isrn´ k ´ is qri´ 1s2

0 1 0 qi´1

0 0 ´q2irn´ k ´ is qiri´ 1s

0 0 ´qirk ´ is ri´ 1s

˛

‹

‹

‚

, (3.35)

where i “ Bpx, yq.

It suffices to show that the determinant of this matrix is nonzero.

The determinant is equal to ´qk`iri ´ 1srn ´ 2ks. We have ri ´ 1s ‰ 0 since 1 ă i ă k.
Also, rn ´ 2ks ‰ 0 since n ą 2k. Hence the determinant of the matrix (3.35) is nonzero.
The result follows.

Definition 3.8.2 Let x, y P X satisfy 1 ă Bpx, yq ă k. By the combinatorial basis for
Fixpx, yq, we mean the basis formed by the vectors in (3.20).
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Next we give the transition matrices between the geometric basis and the combinatorial
basis for Fixpx, yq. Throughout this chapter we will use the convention described in [4,
p. 352] for transition matrices.

Theorem 3.8.3 Let x, y P X satisfy 1 ă Bpx, yq ă k. Write i “ Bpx, yq. The transition
matrix from the geometric basis to the combinatorial basis for Fixpx, yq is equal to the
matrix (3.35).

The transition matrix from the combinatorial basis to the geometric basis for Fixpx, yq is
equal to

¨

˚

˚

˚

˚

˝

1 0 rk´isrn´k´1s

qk´1rn´2ks

´rk´1srn´k´is
qk´i´1rn´2ks

0 1 rk´is
qk´i`1ri´1srn´2ks

´rn´k´is
qk´2i`1ri´1srn´2ks

0 0 ´1
qk`irn´2ks

1
qkrn´2ks

0 0 ´rk´is
qkri´1srn´2ks

rn´k´is
qk´iri´1srn´2ks

˛

‹

‹

‹

‹

‚

. (3.36)

Proof. The first assertion is immediate from the construction of the matrix (3.35). For the
second assertion, take the inverse of the matrix (3.35) to obtain the matrix (3.36).

Theorem 3.8.4 For x, y P X such that 1 ă Bpx, yq ă k, we have

zxX y “
rk ´ isrn´ k ´ 1s

qk´1rn´ 2ks
px`

rk ´ is

qk´i`1ri´ 1srn´ 2ks
py

`
´1

qk`irn´ 2ks
Bxy `

´rk ´ is

qkri´ 1srn´ 2ks
Cxy,

zx` y “
´rk ´ 1srn´ k ´ is

qk´i´1rn´ 2ks
px`

´rn´ k ´ is

qk´2i`1ri´ 1srn´ 2ks
py

`
1

qkrn´ 2ks
Bxy `

rn´ k ´ is

qk´iri´ 1srn´ 2ks
Cxy,

where i “ Bpx, yq.

Proof. Routine from the matrix (3.36).

3.9 The subspace Fixpx, yq; swapping x and y

Pick x, y P X such that 1 ă Bpx, yq ă k. In this section we consider an element σ P GLpVq

that swaps x and y. We show that the action of σ on Fixpx, yq has eigenvalues ´1 and
1. We describe the corresponding eigenspaces. The eigenspace that corresponds to the
eigenvalue 1 will be denoted by Fixpx, yq. We construct a basis for Fixpx, yq, called the
geometric basis; this basis is derived from the geometric basis for Fixpx, yq. We construct
another basis for Fixpx, yq, called the combinatorial basis; this basis is derived from the
combinatorial basis for Fixpx, yq. We give the transition matrices between the geometric
basis and the combinatorial basis for Fixpx, yq.

Lemma 3.9.1 For x, y P X such that 1 ă Bpx, yq ă k, there exists σ P GLpVq that swaps
x and y.
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Proof. Immediate from the fact that the graph Γ is distance-transitive.

Lemma 3.9.2 Let x, y P X satisfy 1 ă Bpx, yq ă k. Pick σ P GLpVq that swaps x and y.
The following (i)–(iii) hold:

(i) Fixpx, yq is invariant under σ;

(ii) on Fixpx, yq, we have σ2 “ id and σ ‰ ˘id, where id is the identity element of
GLpVq;

(iii) the restriction of σ to Fixpx, yq is diagonalizable with eigenvalues ´1 and 1.

Proof. (i) Immediate from the construction of σ.

(ii) The first assertion is immediate from the construction of σ. We now prove the second
assertion. Note that px´ py is a nonzero vector in Fixpx, yq such that

σ
`

px´ py
˘

“ py ´ px.

Hence, σ ‰ id on Fixpx, yq. Note that px` py is a nonzero vector in Fixpx, yq such that

σ
`

px` py
˘

“ px` py.

Hence, σ ‰ ´id on Fixpx, yq. The result follows.

(iii) Immediate from (ii) of this lemma.

We now find bases for the eigenspaces corresponding to the eigenvalues listed in Lemma
3.9.2(iii).

Lemma 3.9.3 Let x, y P X satisfy 1 ă Bpx, yq ă k. Pick σ P GLpVq that swaps x and y.
For the action of σ on Fixpx, yq the following hold:

(i) the eigenspace with eigenvalue ´1 has a basis px´ py;

(ii) the following vectors form a basis for the eigenspace with eigenvalue 1.

px` py, zxX y, zx` y (3.37)

Proof. For the action of σ on Fixpx, yq, the eigenspace with eigenvalue ´1 contains the
vector px´ py, and the eigenspace with eigenvalue 1 contains the three vectors in (3.37).

Recall the geometric basis for Fixpx, yq given in Theorem 3.5.3. Adjusting this basis, we
find that the following vectors form a basis for Fixpx, yq:

px´ py, px` py, zxX y, zx` y.

The result follows.

For x, y P X such that 1 ă Bpx, yq ă k, the two eigenspaces described in Lemma 3.9.3 are
independent of the choice of σ P GLpVq that swaps x and y.
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Definition 3.9.4 For x, y P X such that 1 ă Bpx, yq ă k, define Fixpx, yq to be the
eigenspace for the eigenvalue 1 described in Lemma 3.9.3(ii).

Note that Fixpx, yq has a basis (3.37).

Definition 3.9.5 Let x, y P X satisfy 1 ă Bpx, yq ă k. By the geometric basis for Fixpx, yq,
we mean the basis (3.37).

Pick x, y P X such that 1 ă Bpx, yq ă k. We just introduced the geometric basis for
Fixpx, yq. We now use the combinatorial basis for Fixpx, yq to find another basis for
Fixpx, yq. To find this basis, we recall the balanced set condition.

Lemma 3.9.6 [6, Theorem 3.3] For x, y P X such that 1 ă Bpx, yq ă k,

Bxy ´Byx “ ζ
`

px´ py
˘

, Cxy ´ Cyx “ ξ
`

px´ py
˘

,

where

ζ “ q2irk ´ isrn´ k ´ is, ξ “ qrisri´ 2s, i “ Bpx, yq.

Definition 3.9.7 For x, y P X such that 1 ă Bpx, yq ă k, define

Bxy “ Bxy ´ ζpx, Cxy “ Cxy ´ ξpx,

where ζ, ξ are from Lemma 3.9.6.

By Lemma 3.9.6,
Bxy “ Byx, Cxy “ Cyx. (3.38)

Lemma 3.9.8 For x, y P X such that 1 ă Bpx, yq ă k, the subspace Fixpx, yq contains the
vectors Bxy, Cxy.

Proof. By Theorem 3.8.1 the subspace Fixpx, yq contains the vectors Bxy and Cxy. Let
σ P GLpVq swap x and y. By construction, σ

´

Bxy

¯

“ Byx and σ
´

Cxy

¯

“ Cyx. By (3.38),

the vectors Bxy and Cxy are fixed by σ. The result follows.

Lemma 3.9.9 For x, y P X such that 1 ă Bpx, yq ă k,

Bxy “ ´q2irn´ k ´ is zxX y ´ qirk ´ is zx` y,

Cxy “ qi´1ppx` pyq ` qiri´ 1s zxX y ` ri´ 1s zx` y,

where i “ Bpx, yq.

Proof. Routine using Lemma 3.7.11 and Definition 3.9.7.

Theorem 3.9.10 For x, y P X such that 1 ă Bpx, yq ă k, the following vectors form a
basis for Fixpx, yq:

px` py, Bxy, Cxy. (3.39)
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Proof. We first find the matrix of coefficients when we write the vectors in (3.39) as linear
combinations in the geometric basis for Fixpx, yq. From Lemma 3.9.9, we routinely obtain
the following matrix of coefficients:

¨

˝

1 0 qi´1

0 ´q2irn´ k ´ is qiri´ 1s

0 ´qirk ´ is ri´ 1s

˛

‚, (3.40)

where i “ Bpx, yq.

It suffices to show that the determinant of this matrix is nonzero.

The determinant is equal to ´qk`iri ´ 1srn ´ 2ks. We have ri ´ 1s ‰ 0 since 1 ă i ă k.
Also, rn ´ 2ks ‰ 0 since n ą 2k. Hence the determinant of the matrix (3.40) is nonzero.
The result follows.

Definition 3.9.11 Let x, y P X satisfy 1 ă Bpx, yq ă k. By the combinatorial basis for
Fixpx, yq, we mean the basis formed by the vectors in (3.39).

Next we give the transition matrices between the geometric basis and the combinatorial
basis for Fixpx, yq.

Theorem 3.9.12 Let x, y P X satisfy 1 ă Bpx, yq ă k. Write i “ Bpx, yq. The transition
matrix from the geometric basis to the combinatorial basis for Fixpx, yq is equal to the
matrix (3.40).

The transition matrix from the combinatorial basis to the geometric basis for Fixpx, yq is
equal to

¨

˚

˝

1 rk´is
qk´i`1ri´1srn´2ks

´rn´k´is
qk´2i`1ri´1srn´2ks

0 ´1
qk`irn´2ks

1
qkrn´2ks

0 ´rk´is
qkri´1srn´2ks

rn´k´is
qk´iri´1srn´2ks

˛

‹

‚

. (3.41)

Proof. The first assertion is immediate from the construction of the matrix (3.40). For the
second assertion, take the inverse of the matrix (3.40) to obtain the matrix (3.41).

Theorem 3.9.13 For x, y P X such that 1 ă Bpx, yq ă k, we have

zxX y “
rk ´ is

qk´i`1ri´ 1srn´ 2ks

`

px` py
˘

`
´1

qk`irn´ 2ks
Bxy `

´rk ´ is

qkri´ 1srn´ 2ks
Cxy,

zx` y “
´rn´ k ´ is

qk´2i`1ri´ 1srn´ 2ks

`

px` py
˘

`
1

qkrn´ 2ks
Bxy `

rn´ k ´ is

qk´iri´ 1srn´ 2ks
Cxy,

where i “ Bpx, yq.

Proof. Routine from the matrix (3.41).
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3.10 The subspace Fixpx X y, x ` yq

Pick distinct x, y P X such that 1 ă Bpx, yq ă k. In this section we describe the subspace
FixpxXy, x`yq. We show that the subspace FixpxXy, x`yq is contained in Fixpx, yq. We
construct a basis for FixpxX y, x` yq, called the combinatorial basis; this basis is derived
from the combinatorial basis for Fixpx, yq. We give the transition matrices between the
geometric basis and the combinatorial basis for FixpxXy, x`yq. At the end of the section,
we describe the orthogonal complement of FixpxX y, x` yq in Fixpx, yq.

Theorem 3.10.1 For x, y P X such that 1 ă Bpx, yq ă k, the following vectors form a
basis for FixpxX y, x` yq:

zxX y, zx` y. (3.42)

Proof. Since Bpx, yq ă k, we have x X y ‰ 0. Note that x X y Ď x ` y. Since n ą 2k, we
have x` y ‰ V. The result follows from Case 5 of Lemma 3.5.1.

In view of Definition 3.5.2, the basis (3.42) is the geometric basis for FixpxX y, x` yq.

Corollary 3.10.2 For x, y P X such that 1 ă Bpx, yq ă k, the subspace Fixpx X y, x ` yq

is contained in Fixpx, yq.

Proof. The geometric basis for FixpxX y, x` yq is a subset of (3.37). The vectors in (3.37)
form a basis for Fixpx, yq. The result follows.

In Theorem 3.10.1, we gave a basis for Fixpx X y, x ` yq. Our next goal is to use the
combinatorial basis for Fixpx, yq to find another basis for FixpxX y, x` yq.

Definition 3.10.3 For x, y P X such that 1 ă Bpx, yq ă k, define

}Bxy “ Bxy, }Cxy “ Cxy ´ qi´1
`

px` py
˘

,

where i “ Bpx, yq.

Lemma 3.10.4 For x, y P X such that 1 ă Bpx, yq ă k,

}Bxy “ ´q2irn´ k ´ is zxX y ´ qirk ´ is zx` y,

}Cxy “ qiri´ 1s zxX y ` ri´ 1s zx` y,

where i “ Bpx, yq.

Proof. Routine using Lemma 3.9.9 and Definition 3.10.3.

Lemma 3.10.5 For x, y P X such that 1 ă Bpx, yq ă k, the subspace Fixpx X y, x ` yq

contains the following vectors:
}Bxy, }Cxy. (3.43)

Proof. Referring to Lemma 3.10.4, the vectors }Bxy and }Cxy are linear combinations in
(3.42). The result follows from Theorem 3.10.1.
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Theorem 3.10.6 For x, y P X such that 1 ă Bpx, yq ă k, the two vectors in (3.43) form a
basis for FixpxX y, x` yq.

Proof. We first find the matrix of coefficients when we write the vectors in (3.43) as linear
combinations in the geometric basis for FixpxXy, x`yq. From Lemma 3.10.4, we routinely
obtain the following matrix of coefficients:

ˆ

´q2irn´ k ´ is qiri´ 1s

´qirk ´ is ri´ 1s

˙

, (3.44)

where i “ Bpx, yq.

It suffices to show that the determinant of this matrix is nonzero.

The determinant is equal to ´qk`iri ´ 1srn ´ 2ks. We have ri ´ 1s ‰ 0 since 1 ă i ă k.
Also, rn ´ 2ks ‰ 0 since n ą 2k. Hence the determinant of the matrix (3.44) is nonzero.
The result follows.

Definition 3.10.7 Let x, y P X satisfy 1 ă Bpx, yq ă k. By the combinatorial basis for
FixpxX y, x` yq, we mean the basis formed by the vectors in p3.43q.

Next we display the transition matrices between the geometric basis and the combinatorial
basis for FixpxX y, x` yq.

Theorem 3.10.8 Let x, y P X satisfy 1 ă Bpx, yq ă k. Write i “ Bpx, yq. The transition
matrix from the geometric basis to the combinatorial basis for FixpxX y, x` yq is equal to
the matrix (3.44).

The transition matrix from the combinatorial basis to the geometric basis for FixpxXy, x`yq

is equal to
˜

´1
qk`irn´2ks

1
qkrn´2ks

´rk´is
qkri´1srn´2ks

rn´k´is
qk´iri´1srn´2ks

¸

. (3.45)

Proof. The first assertion is immediate from the construction of the matrix (3.44). For the
second assertion, take the inverse of the matrix (3.44) to obtain the matrix (3.45).

Theorem 3.10.9 For x, y P X such that 1 ă Bpx, yq ă k, we have

zxX y “
´1

qk`irn´ 2ks
}Bxy `

´rk ´ is

qkri´ 1srn´ 2ks
}Cxy,

zx` y “
1

qkrn´ 2ks
}Bxy `

rn´ k ´ is

qk´iri´ 1srn´ 2ks
}Cxy,

where i “ Bpx, yq.

Proof. Routine from the matrix (3.45).
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Recall from Corollary 3.10.2 that the subspace FixpxX y, x` yq is contained in Fixpx, yq.
Let FixpxX y, x` yqK denote the orthogonal complement of FixpxX y, x` yq in Fixpx, yq.
Our next goal is to find a basis for FixpxX y, x` yqK. We will express this basis in terms
of the geometric basis for Fixpx, yq and also the combinatorial basis for Fixpx, yq.

Lemma 3.10.10 For x, y P X such that 1 ă Bpx, yq ă k, the subspace Fixpx X y, x ` yqK

has dimension 1.

Proof. By Lemma 3.9.3(ii), the subspace Fixpx, yq has dimension 3. By Theorem 3.10.1,
the subspace FixpxX y, x` yq has dimension 2. The result follows.

Lemma 3.10.11 For x, y P X such that 1 ă Bpx, yq ă k, the subspace Fixpx X y, x ` yqK

has a basis
`

qi ` 1
˘`

px` py
˘

´ 2qi zxX y ´ 2zx` y, (3.46)

where i “ Bpx, yq.

Proof. Using the table in Theorem 3.7.4 one routinely verifies that the vector (3.46) is
contained in Fixpx X y, x ` yqK. The three vectors in (3.37) are linearly independent, so
the vector (3.46) is nonzero. The result follows from Lemma 3.10.10.

Lemma 3.10.12 Referring to Lemma 3.10.11, the vector (3.46) is equal to

1

ri´ 1s

´

`

qi´1 ` 1
˘

ris
`

px` py
˘

´ 2Cxy

¯

,

where i “ Bpx, yq.

Proof. Apply the transition matrix (3.41) to the vector (3.46).

3.11 Comments about the uniqueness problem for Γ

Consider the following question: is the Grassmann graph Jqpn, kq uniquely determined up
to isomorphism by its intersection numbers? In this section, we comment on how this
problem relates to the main result of this chapter.

Consider the Grassmann graph Γ “ Jqpn, kq with n ą 2k ě 6. Let Γ1 denote a distance-
regular graph that has the same intersection numbers as Γ. Note that Γ1 and Γ have the
same eigenvalues. Recall the vertex set X for Γ, and let X 1 denote the vertex set for Γ1.

Let E1 denote a Euclidean space of dimension rns ´ 1. By [7, Lecture 13], there exists
a Euclidean representation pE1, ψq of Γ1 associated with the eigenvalue θ1. We normalize
this representation such that

›

›ψpx1q
›

›

2
“ qkrksrn´ ks

for all x1 P X 1.

Let us attempt to recover the projective geometry P from Γ1. To motivate things, we
first consider Γ. For x, y P X such that 1 ă Bpx, yq ă k, we defined the sets Bxy, Cxy in
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Definition 3.6.1. In Definition 3.6.5, we used Bxy, Cxy to define the vectors Bxy, Cxy in E.
In Theorem 3.8.4, we wrote each vector zxX y, zx` y as a linear combination of

px, py, Bxy, Cxy.

We now talk about the graph Γ1; in the Euclidean space E1, let us attempt to mimic the
vectors zxX y, zx` y. Let x1, y1 P X 1 satisfy B

`

x1, y1
˘

“ Bpx, yq. Define the sets Bx1y1 , Cx1y1

similarly to Definition 3.6.1. Define the vectors Bx1y1 , Cx1y1 similarly to Definition 3.6.5.
For notational convenience, write i “ Bpx1, y1q.

Motivated by the first equation in Theorem 3.8.4, we bring in the vector

rk ´ isrn´ k ´ 1s

qk´1rn´ 2ks
ψ
`

x1
˘

`
rk ´ is

qk´i`1ri´ 1srn´ 2ks
ψ
`

y1
˘

`
´1

qk`irn´ 2ks
Bx1y1 `

´rk ´ is

qkri´ 1srn´ 2ks
Cx1y1 .

(3.47)

This is the vector in E1 that will mimic zxX y. For motivational purposes, we denote the
vector (3.47) by ψ

`

x1 X y1
˘

.

Motivated by the second equation in Theorem 3.8.4, we bring in the vector

´rk ´ 1srn´ k ´ is

qk´i´1rn´ 2ks
ψ
`

x1
˘

`
´rn´ k ´ is

qk´2i`1ri´ 1srn´ 2ks
ψ
`

y1
˘

`
1

qkrn´ 2ks
Bx1y1 `

rn´ k ´ is

qk´iri´ 1srn´ 2ks
Cx1y1 .

(3.48)

This is the vector in E1 that will mimic zx` y. For motivational purposes, we denote the
vector (3.48) by ψ

`

x1 ` y1
˘

.

Problem 3.11.1 Try to show that for all z1 P X 1, the inner product〈
ψ
`

x1 X y1
˘

, ψ
`

z1
˘

〉
(3.49)

is equal to one of the values

rnsrk ´ i´ ℓs ´ rk ´ isrks p0 ď ℓ ď k ´ iq. (3.50)

By Lemma 3.3.2, this will happen if Γ1 is isomorphic to Γ.

Problem 3.11.2 We define a binary relation on X 1 called partner. For z1, w1 P X 1, we say
that z1, w1 are partners whenever〈

ψ
`

x1 X y1
˘

, ψ
`

z1
˘

〉
“

〈
ψ
`

x1 X y1
˘

, ψ
`

w1
˘

〉
.

By construction, partner is an equivalence relation. Try to show that the partner equiv-
alence classes form an equitable partition of X 1. If Γ1 is isomorphic to Γ then this will
happen because the partner equivalence classes are the orbits of Stab

`

x1 X y1
˘

.

Problem 3.11.3 Consider the set of vertices z1 P X 1 such that the inner product (3.49)
is equal to (3.50) with ℓ “ 0. Try to show that the subgraph of Γ1 induced on this set,
is geodesically closed and has diameter i. If Γ1 is isomorphic to Γ then this will happen
because the set will consist of the vertices in X 1 that contain x1 X y1.
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Chapter 4

Some orbits of a two-vertex stabilizer
in a Grassmann graph

Pick x, y P X such that 1 ă Bpx, yq ă k. Recall the stabilizer Stabpx, yq in GLpVq. In this
chapter, we investigate the orbits of Stabpx, yq acting on Γpxq. As we will see, there are
five orbits. We already mentioned two of the orbits, namely Bxy and Cxy. We now describe
the other three orbits.

4.1 The y-partition of Γpxq

Definition 4.1.1 For x, y P X such that 1 ă Bpx, yq ă k, define

Axy “
␣

z P Γpxq | Bpy, zq “ Bpx, yq
(

.

Observe that
ˇ

ˇAxy

ˇ

ˇ “ ai, i “ Bpx, yq.

Definition 4.1.2 For x, y P X such that 1 ă Bpx, yq ă k, define the vector

Axy “
ÿ

zPAxy

pz.

The set Axy turns out to be the disjoint union of three orbits of the Stabpx, yq-action on
Γpxq. Our next general goal is to describe these three orbits.

Definition 4.1.3 For x, y P X such that 1 ă Bpx, yq ă k, define

A`
xy “

␣

z P Axy | z ` x` y Ľ x` y, z X xX y “ xX y
(

,

A0
xy “

␣

z P Axy | z ` x` y “ x` y, z X xX y “ xX y
(

,

A´
xy “

␣

z P Axy | z ` x` y “ x` y, z X xX y Ĺ xX y
(

.

We are going to show that the three sets in Definition 4.1.3 are orbits of Stabpx, yq. First
we have a few remarks.
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Lemma 4.1.4 For x, y P X such that 1 ă Bpx, yq ă k, the set Axy is the disjoint union of
the sets A`

xy,A0
xy,A´

xy.

Proof. By linear algebra, the set
␣

z P Axy | z`x` y Ľ x` y, zXxX y Ĺ xX y
(

is empty.
The result follows.

Lemma 4.1.5 For x, y P X such that 1 ă Bpx, yq ă k,
ˇ

ˇA`
xy

ˇ

ˇ “ qi`1risrn´ k ´ is,
ˇ

ˇA0
xy

ˇ

ˇ “ pq ´ 1qris2,
ˇ

ˇA´
xy

ˇ

ˇ “ qi`1risrk ´ is, (4.1)

where i “ Bpx, yq.

Proof. Routine from counting.

Observe that the values in (4.1) depend only on Bpx, yq.

Definition 4.1.6 We refer to Lemma 4.1.5. For 1 ă i ă k, define

a`
i “

ˇ

ˇA`
xy

ˇ

ˇ, a0i “
ˇ

ˇA0
xy

ˇ

ˇ, a´
i “

ˇ

ˇA´
xy

ˇ

ˇ, (4.2)

where i “ Bpx, yq.

Note that a`
i ` a0i ` a´

i “ ai for 1 ă i ă k.

Our next goal is to show that A0
xy is an orbit of Stabpx, yq.

Lemma 4.1.7 For x, y P X such that 1 ă Bpx, yq ă k, let z P A0
xy. Then

xX y Ď pz ` xq X y.

Moreover,
dim pxX yq ` 1 “ dim

`

pz ` xq X y
˘

.

Proof. Routine from the definition of A0
xy and linear algebra.

Lemma 4.1.8 For x, y P X such that 1 ă Bpx, yq ă k, let z P A0
xy. Then there exist

vectors
µ P pz ` xq X y, η P z, ν P x

such that
µ R xX y, η R z X x, ν R z X x,

µ “ η ` ν.

Proof. Pick µ P pz ` xq X y such that µ R xX y. Note that µ P z ` x. Also note that µ R x
and µ R z.

Hence, µ is a linear combination of some nonzero vector η P z and some nonzero vector
ν P x. We assume without loss that µ “ η ` ν.

Assume that η P z X x. Then µ “ η ` ν P x, which is a contradiction. Hence, η R z X x.

Assume that ν P z X x. Then µ “ η ` ν P z, which is a contradiction. Hence, ν R z X x.
The result follows.
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Lemma 4.1.9 For x, y P X such that 1 ă Bpx, yq ă k, let z P A0
xy. Let the vectors µ, η, ν

be from Lemma 4.1.8. Then

z ` Fµ “ z ` x, z ` Fν “ z ` x, pz X xq ` Fη “ z, (4.3)
x` Fµ “ z ` x, x` Fη “ z ` x, pz X xq ` Fν “ x, (4.4)

pxX yq ` Fµ “ pz ` xq X y. (4.5)

Moreover, for each equation in (4.3), (4.4), (4.5) the sum on the left is direct.

Proof. Immediate from linear algebra.

Lemma 4.1.10 For x, y P X such that 1 ă Bpx, yq ă k, the set A0
xy is an orbit of the

Stabpx, yq-action on Γpxq.

Proof. By Lemma 3.2.1, the set A0
xy is a disjoint union of orbits of Stabpx, yq. We now

show that A0
xy is a single orbit.

Let z, z1 P A0
xy. It suffices to show that there exists σ P Stabpx, yq that sends z ÞÑ z1.

Let the vectors µ, η, ν be from Lemma 4.1.8. Let the subset R Ď V form a basis for xX y.
Extend the basis R for x X y to a basis R Y S for z X x. By the third equation in (4.3),
R Y S Y tηu forms a basis for z. By the third equation in (4.4), R Y S Y tνu forms a
basis for x. By (4.5), R Y tµu forms a basis for pz ` xq X y. By the first equation in (4.4),
RY S Y tµ, νu forms a basis for z ` x. Extend the basis RY tµu for pz ` xq X y to a basis
R Y Q Y tµu for y. By Lemma 2.3.3, R Y S Y Q Y tµ, νu forms a basis for x` y. Extend
the basis R Y S Y Q Y tµ, νu for x` y to a basis R Y S Y Q Y W Y tµ, νu for V.

Recall the element z1 P A0
xy. Consider the corresponding vectors µ1, η1, ν1 from Lemma

4.1.8. Extend the basis R for xX y to a basis R Y S 1 for z1 X x. By the third equation in
(4.3), RYS 1 Y

␣

η1
(

forms a basis for z1. By the third equation in (4.4), RYS 1 Y
␣

ν 1
(

forms
a basis for x. By (4.5), R Y

␣

µ1
(

forms a basis for
`

z1 ` x
˘

X y. By the first equation in
(4.4), RYS 1 Y

␣

µ1, ν1
(

forms a basis for z1 `x. Extend the basis RY
␣

µ1
(

for
`

z1 `x
˘

X y
to a basis R Y Q1 Y

␣

µ1
(

for y. By Lemma 2.3.3, R Y S 1 Y Q1 Y
␣

µ1, ν1
(

forms a basis for
x`y. Extend the basis RYS 1 YQ1 Y

␣

µ1, ν1
(

for x`y to a basis RYS 1 YQ1 YW 1 Y
␣

µ1, ν1
(

for V.

By linear algebra, there exists σ P GLpVq that sends S ÞÑ S 1, Q ÞÑ Q1, W ÞÑ W 1, µ ÞÑ µ1,
ν ÞÑ ν 1 and acts as the identity on R. By construction, σ is contained in Stabpx, yq and
sends z ÞÑ z1. The result follows.

Lemma 4.1.11 For x, y P X such that 1 ă Bpx, yq ă k, the sets A`
xy,A´

xy are orbits of the
Stabpx, yq-action on Γpxq.

Proof. Similar to Lemma 4.1.10.

Theorem 4.1.12 For x, y P X such that 1 ă Bpx, yq ă k, the following sets are orbits of
the Stabpx, yq-action on Γpxq:

Bxy, Cxy, A`
xy, A0

xy, A´
xy. (4.6)
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Furthermore, these orbits form a partition of Γpxq.

Proof. For the first assertion, combine Lemmas 3.6.2, 3.6.4, 4.1.10, 4.1.11. The second as-
sertion is immediate from Lemma 4.1.4 and the fact that the disjoint union of Bxy, Cxy,Axy

is equal to Γpxq.

Definition 4.1.13 Let x, y P X satisfy 1 ă Bpx, yq ă k, and consider the partition of Γpxq

given in (4.6). By construction, this partition is equitable in the sense of [5, p. 159]. We
call this partition the y-partition of Γpxq.

4.2 The vectors A`
xy, A

0
xy, A

´
xy

Pick x, y P X such that 1 ă Bpx, yq ă k. Recall the sets A`
xy,A0

xy,A´
xy from Definition

4.1.3. Recall the Euclidean space E from Section 3.1. In this section we use these sets to
define some vectors A`

xy, A
0
xy, A

´
xy in the Euclidean space E. We show that A`

xy, A
0
xy, A

´
xy

are contained in Fixpx, yq. We write A`
xy, A

0
xy, A

´
xy in terms of the geometric basis for

Fixpx, yq and also the combinatorial basis for Fixpx, yq.

Definition 4.2.1 For x, y P X such that 1 ă Bpx, yq ă k, define the vectors

A`
xy “

ÿ

zPA`
xy

pz, A0
xy “

ÿ

zPA0
xy

pz, A´
xy “

ÿ

zPA´
xy

pz. (4.7)

Note that A`
xy, A

0
xy, A

´
xy are contained in E.

By Lemma 4.1.4, Axy “ A`
xy `A0

xy `A´
xy.

Lemma 4.2.2 For x, y P X such that 1 ă Bpx, yq ă k, the vectors A`
xy, A

0
xy, A

´
xy are

contained in Fixpx, yq.

Proof. Pick σ P Stabpx, yq. Since A`
xy,A0

xy,A´
xy are orbits of the Stabpx, yq-action on Γpxq,

the map σ fixes A`
xy,A0

xy,A´
xy. The result follows.

Recall the geometric basis for Fixpx, yq from Theorem 3.5.3. Our next goal is to write
A`

xy, A
0
xy, A

´
xy in terms of the geometric basis for Fixpx, yq. To do this, we find inner

products that involve the vectors A`
xy, A

0
xy, A

´
xy. Recall the matrix Mi of inner products

given in Theorem 3.7.4.

Lemma 4.2.3 For x, y P X such that 1 ă Bpx, yq ă k, we have〈
A`

xy, px
〉

“ qi`1risrn´ k ´ is
´

rnsrk ´ 1s ´ rks2
¯

, (4.8)〈
A0

xy, px
〉

“ pq ´ 1qris2
´

rnsrk ´ 1s ´ rks2
¯

, (4.9)〈
A´

xy, px
〉

“ qi`1risrk ´ is
´

rnsrk ´ 1s ´ rks2
¯

, (4.10)

where i “ Bpx, yq.
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Proof. We first prove (4.8). Using the first equation in (4.7), we obtain〈
A`

xy, px
〉

“
ÿ

zPA`
xy

〈
pz, px

〉
. (4.11)

Pick z P A`
xy. By the definition of A`

xy and Lemma 3.3.4,〈
pz, px

〉
“ rnsrk ´ 1s ´ rks2. (4.12)

By the above comments, 〈
A`

xy, px
〉

“
ˇ

ˇA`
xy

ˇ

ˇ

´

rnsrk ´ 1s ´ rks2
¯

. (4.13)

In (4.13), we evaluate
ˇ

ˇA`
xy

ˇ

ˇ using (4.1); this yields (4.8).

We have now verified (4.8). Equations (4.9) and (4.10) are obtained in a similar fashion.

Lemma 4.2.4 For x, y P X such that 1 ă Bpx, yq ă k, we have〈
A`

xy, py
〉

“ qi`1risrn´ k ´ is
´

rnsrk ´ is ´ rks2
¯

, (4.14)〈
A0

xy, py
〉

“ pq ´ 1qris2
´

rnsrk ´ is ´ rks2
¯

, (4.15)〈
A´

xy, py
〉

“ qi`1risrk ´ is
´

rnsrk ´ is ´ rks2
¯

, (4.16)

where i “ Bpx, yq.

Proof. We first prove (4.14). Using the first equation in (4.7), we obtain〈
A`

xy, py
〉

“
ÿ

zPA`
xy

〈
pz, py

〉
. (4.17)

Pick z P A`
xy. By the definition of A`

xy and Lemma 3.3.4,〈
pz, py

〉
“ rnsrk ´ is ´ rks2. (4.18)

By the above comments, 〈
A`

xy, py
〉

“
ˇ

ˇA`
xy

ˇ

ˇ

´

rnsrk ´ is ´ rks2
¯

. (4.19)

In (4.19), we evaluate
ˇ

ˇA`
xy

ˇ

ˇ using (4.1); this yields (4.14).

We have now verified (4.14). Equations (4.15) and (4.16) are obtained in a similar fashion.
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Lemma 4.2.5 For x, y P X such that 1 ă Bpx, yq ă k, we have〈
A`

xy, zxX y
〉

“ qk`i`1risrn´ k ´ isrk ´ isrn´ ks, (4.20)〈
A0

xy, zxX y
〉

“ qkpq ´ 1qris2rk ´ isrn´ ks, (4.21)〈
A´

xy, zxX y
〉

“ qi`1risrk ´ is
´

rnsrk ´ i´ 1s ´ rk ´ isrks

¯

, (4.22)

where i “ Bpx, yq.

Proof. We first prove (4.20). Using the first equation in (4.7), we obtain〈
A`

xy, zxX y
〉

“
ÿ

zPA`
xy

〈
pz, zxX y

〉
. (4.23)

Pick z P A`
xy. By the definition of A`

xy and Lemma 3.3.2,〈
pz, zxX y

〉
“ rnsrk ´ is ´ rksrk ´ is “ qkrk ´ isrn´ ks. (4.24)

By the above comments, 〈
A`

xy, zxX y
〉

“
ˇ

ˇA`
xy

ˇ

ˇ qkrk ´ isrn´ ks. (4.25)

In (4.25), we evaluate
ˇ

ˇA`
xy

ˇ

ˇ using (4.1); this yields (4.20).

We have now verified (4.20). Equation (4.21) is obtained in a similar fashion.

Next we prove (4.22). Using the last equation in (4.7), we obtain〈
A´

xy, zxX y
〉

“
ÿ

zPA´
xy

〈
pz, zxX y

〉
. (4.26)

Pick z P A´
xy. By the definition of A´

xy and Lemma 2.3.2,

dim pz X xX yq “ k ´ i´ 1. (4.27)

By (4.27) and Lemma 3.3.2,〈
pz, zxX y

〉
“ rnsrk ´ i´ 1s ´ rk ´ isrks. (4.28)

By the above comments,〈
A´

xy, zxX y
〉

“
ˇ

ˇA´
xy

ˇ

ˇ

´

rnsrk ´ i´ 1s ´ rk ´ isrks

¯

. (4.29)

In (4.29), we evaluate
ˇ

ˇA´
xy

ˇ

ˇ using (4.1); this yields (4.22).
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Lemma 4.2.6 For x, y P X such that 1 ă Bpx, yq ă k, we have〈
A`

xy, zx` y
〉

“ qi`1risrn´ k ´ is
´

rnsrk ´ 1s ´ rksrk ` is
¯

, (4.30)〈
A0

xy, zx` y
〉

“ qk`ipq ´ 1qris2rksrn´ k ´ is, (4.31)〈
A´

xy, zx` y
〉

“ qk`2i`1risrk ´ isrksrn´ k ´ is, (4.32)

where i “ Bpx, yq.

Proof. We first prove (4.30). Using the first equation in (4.7), we obtain〈
A`

xy, zx` y
〉

“
ÿ

zPA`
xy

〈
pz, zx` y

〉
. (4.33)

Pick z P A`
xy. By the definition of A`

xy and Lemma 2.3.2,

dim
`

z X px` yq
˘

“ k ´ 1. (4.34)

By (4.34) and Lemma 3.3.2,〈
pz, zx` y

〉
“ rnsrk ´ 1s ´ rksrk ` is. (4.35)

By the above comments,〈
A`

xy, zx` y
〉

“
ˇ

ˇA`
xy

ˇ

ˇ

´

rnsrk ´ 1s ´ rksrk ` is
¯

. (4.36)

In (4.36), we evaluate
ˇ

ˇA`
xy

ˇ

ˇ using (4.1); this yields (4.30).

Next we prove (4.31). Using the second equation in (4.7), we obtain〈
A0

xy, zx` y
〉

“
ÿ

zPA0
xy

〈
pz, zx` y

〉
. (4.37)

Pick z P A0
xy. By the definition of A0

xy,

z X px` yq “ z. (4.38)

By (4.38) and Lemma 3.3.2,〈
pz, zxX y

〉
“ rnsrks ´ rksrk ` is “ qk`irksrn´ k ´ is. (4.39)

By the above comments,〈
A0

xy, zx` y
〉

“
ˇ

ˇA0
xy

ˇ

ˇ qk`irksrn´ k ´ is. (4.40)

In (4.40), we evaluate
ˇ

ˇA0
xy

ˇ

ˇ using (4.1); this yields (4.31).

We have now verified (4.31). Equation (4.32) is obtained in a similar fashion.
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Theorem 4.2.7 Let x, y P X satisfy 1 ă Bpx, yq ă k. In the following table, for each
vector u in the header column, and each vector v in the header row, the pu, vq-entry of the
table gives the inner product ⟨u, v⟩. Write i “ Bpx, yq.

⟨ , ⟩ A`
xy A0

xy A´
xy

px qi`1risrn´k´isprnsrk´1s´rks2q pq´1qris2prnsrk´1s´rks2q qi`1risrk´isprnsrk´1s´rks2q

py qi`1risrn´k´isprnsrk´is´rks2q pq´1qris2prnsrk´is´rks2q qi`1risrk´isprnsrk´is´rks2q

zxX y qk`i`1risrn´k´isrk´isrn´ks qkpq´1qris2rk´isrn´ks qi`1risrk´isprnsrk´i´1s´rk´isrksq

zx` y qi`1risrn´k´isprnsrk´1s´rksrk`isq qk`ipq´1qris2rksrn´k´is qk`2i`1risrk´isrksrn´k´is

Proof. Combine Lemmas 4.2.3–4.2.6.

In the next result, we write A`
xy, A

0
xy, A

´
xy in terms of the geometric basis for Fixpx, yq.

Theorem 4.2.8 For x, y P X such that 1 ă Bpx, yq ă k, we have

A`
xy “ qi`1rn´ k ´ isri´ 1spx` q2irn´ k ´ is zxX y ´ ris zx` y, (4.41)

A0
xy “

`

qiri´ 1s ´ ris
˘

px´ qi´1
py ` q2i´1

zxX y ` qi´1
zx` y, (4.42)

A´
xy “ qi`1rk ´ isri´ 1spx´ qiris zxX y ` qirk ´ is zx` y, (4.43)

where i “ Bpx, yq.

Proof. Write

A`
xy “ αpx` βpy ` γzxX y ` δzx` y, (4.44)

A0
xy “ α1

px` β1
py ` γ1

zxX y ` δ1
zx` y, (4.45)

A´
xy “ α2

px` β2
py ` γ2

zxX y ` δ2
zx` y, (4.46)

for α, β, γ, δ, α1, β1, γ1, δ1, α2, β2, γ2, δ2 P R.

Let Ni denote the matrix of inner products from Theorem 4.2.7.

In each of (4.44), (4.45), (4.46) we take the inner product of either side with each of
px, py, zxX y, zx` y to obtain

Mi

¨

˚

˚

˝

α α1 α2

β β1 β2

γ γ1 γ2

δ δ1 δ2

˛

‹

‹

‚

“ Ni.

The matrix Mi is invertible by Lemma 3.7.10, so
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¨

˚

˚

˝

α α1 α2

β β1 β2

γ γ1 γ2

δ δ1 δ2

˛

‹

‹

‚

“ M´1
i Ni.

Using Lemma 3.7.10 and matrix multiplication we obtain

M´1
i Ni “

¨

˚

˚

˝

qi`1rn´ k ´ isri´ 1s qiri´ 1s ´ ris qi`1rk ´ isri´ 1s

0 ´qi´1 0
q2irn´ k ´ is q2i´1 ´qiris

´ris qi´1 qirk ´ is

˛

‹

‹

‚

.

The result follows.

Fix x, y P X such that 1 ă Bpx, yq ă k. Our next goal is to write A`
xy, A

0
xy, A

´
xy in terms of

the combinatorial basis for Fixpx, yq.

Theorem 4.2.9 For x, y P X such that 1 ă Bpx, yq ă k, we have

A`
xy “

rk ´ 1srn´ k ´ isrn´ ks

qk´i´1rn´ 2ks
px`

rksrn´ k ´ is

qk´2i`1ri´ 1srn´ 2ks
py

´
rn´ ks

qkrn´ 2ks
Bxy ´

rksrn´ k ´ is

qk´iri´ 1srn´ 2ks
Cxy,

(4.47)

A0
xy “ ´rispx´

qi´1ris

ri´ 1s
py `

qi´1

ri´ 1s
Cxy, (4.48)

A´
xy “ ´

rk ´ isrksrn´ k ´ 1s

qk´i´1rn´ 2ks
px´

rk ´ isrn´ ks

qk´2i`1ri´ 1srn´ 2ks
py

`
rks

qkrn´ 2ks
Bxy `

rk ´ isrn´ ks

qk´iri´ 1srn´ 2ks
Cxy,

(4.49)

where i “ Bpx, yq.

Proof. We first prove (4.47). In the equation (4.41), eliminate zxX y and zx` y using
Lemma 3.8.4 and simplify the result.

We have now verified (4.47). Equations (4.48) and (4.49) are obtained in a similar fashion.

4.3 Some inner products involving the y-partition of Γpxq

Pick x, y P X such that 1 ă Bpx, yq ă k. In this section we calculate the inner products
between the vectors px, py,Bxy, Cxy, A

`
xy, A

0
xy, A

´
xy.

Theorem 4.3.1 Let x, y P X satisfy 1 ă Bpx, yq ă k. In the following table, for each
vector u in the header column, and each vector v in the header row, the pu, vq-entry of the
table gives the inner product ⟨u, v⟩. Write i “ Bpx, yq.
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⟨ , ⟩ A`
xy A0

xy A´
xy

px qi`1risrn´k´isprnsrk´1s´rks2q pq´1qris2prnsrk´1s´rks2q qi`1risrk´isprnsrk´1s´rks2q

py qi`1risrn´k´isprnsrk´is´rks2q pq´1qris2prnsrk´is´rks2q qi`1risrk´isprnsrk´is´rks2q

Bxy

q2i`2risrk´isrn´k´is
`

pqirn´k´is´1qprnsrk´2s´rks2q

`prnsrk´1s´rks2q
˘

q2i`1pq´1qrk´isrn´k´is

ris2prnsrk´2s´rks2q

q2i`2risrk´isrn´k´is
`

pqirk´is´1qprnsrk´2s´rks2q

`prnsrk´1s´rks2q
˘

Cxy
qi`1rn´k´isris2

`

qk´2rns`risprnsrk´2s´rks2q
˘

pq´1qris2
`

qk´2rnsp2ris´1q

`ris2prnsrk´2s´rks2q
˘

qi`1rk´isris2
`

qk´2rns`risprnsrk´2s´rks2q
˘

Proof. The entries in the first two rows are immediate from Theorem 4.2.7.

Next we calculate the inner product
〈
Bxy, A

`
xy

〉
.

Using (4.41),〈
Bxy, A

`
xy

〉
“ qi`1rn´k´ isri´ 1s

〈
Bxy, px

〉
` q2irn´k´ is

〈
Bxy, zxX y

〉
´ ris

〈
Bxy, zx` y

〉
.

In the above equation, evaluate the right-hand side using Lemma 3.7.9.

We have now calculated the inner product
〈
Bxy, A

`
xy

〉
. For the other inner products the

calculations are similar, and omitted.

Theorem 4.3.2 Let x, y P X satisfy 1 ă Bpx, yq ă k. In the following table, for each
vector u in the header column, and each vector v in the header row, the pu, vq-entry of the
table gives the inner product ⟨u, v⟩. Write i “ Bpx, yq.

⟨ , ⟩ A`
xy A0

xy A´
xy

A`
xy

q2i`2risrn´k´is
`

qk´i´2rnsrn´ks

`risrn´k´isprnsrk´2s´rks2q
˘

qi`1pq´1qrn´k´isris2
`

qk´2rns`risprnsrk´2s´rks2q
˘

q2i`2rk´isrn´k´is

ris2prnsrk´2s´rks2q

A0
xy

qi`1pq´1qrn´k´isris2
`

qk´2rns`risprnsrk´2s´rks2q
˘

pq´1qris2
`

qk´2rns

`

2pq´1qris`1
˘

`pq´1qris2prnsrk´2s´rks2q
˘

qi`1pq´1qrk´isris2
`

qk´2rns`risprnsrk´2s´rks2q
˘

A´
xy

q2i`2rk´isrn´k´is

ris2prnsrk´2s´rks2q

qi`1pq´1qrk´isris2
`

qk´2rns`risprnsrk´2s´rks2q
˘

q2i`2risrk´is
`

qk´i´2rnsrks

`risrk´isprnsrk´2s´rks2q
˘

Proof. We will calculate the inner product
〈
A`

xy, A
`
xy

〉
.

Using (4.41),〈
A`

xy, A
`
xy

〉
“ qi`1rn´k´ isri´1s

〈
A`

xy, px
〉

` q2irn´k´ is
〈
A`

xy, zxX y
〉

´ ris
〈
A`

xy, zx` y
〉
.
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In the above equation, evaluate the right-hand side using Theorem 4.2.7.

We have now calculated the inner product
〈
A`

xy, A
`
xy

〉
. For the other inner products the

calculations are similar, and omitted.

4.4 Some combinatorics and algebra involving the y-partition
of Γpxq

Let x, y P X satisfy 1 ă Bpx, yq ă k. In (4.6) we partitioned Γpxq into five orbits for
Stabpx, yq. In this section, we describe the edges between pairs of orbits in this partition.
In this description we use a 5 by 5 matrix. We find the eigenvalues of this matrix. For
each eigenvalue we display a row eigenvector and column eigenvector.

Theorem 4.4.1 Let x, y P X satisfy 1 ă Bpx, yq ă k, and consider the orbits of Stabpx, yq

on Γpxq. Referring to the table below, for each orbit O in the header column, and each
orbit N in the header row, the pO,N q-entry gives the number of vertices in N that are
adjacent to a given vertex in O. Write i “ Bpx, yq.

Bxy Cxy A`
xy A0

xy A´
xy

Bxy
qi`1rk´is

`qi`1rn´k´is´q´1
0 qris 0 qris

Cxy 0 2qri´ 1s qi`1rn´k´is pq´1qp2ris´1q qi`1rk ´ is

A`
xy qi`1rk ´ is ris qrn´ks´q´1 pq ´ 1qris 0

A0
xy 0 2ris ´ 1 qi`1rn´k´is pq´1qp2ris´1q´1 qi`1rk ´ is

A´
xy qi`1rn´k´is ris 0 pq ´ 1qris qrks ´ q ´ 1

Proof. We will verify the
`

Bxy,Bxy

˘

-entry of the table. Pick a vertex w P Bxy. Let #
denote the number of vertices in Bxy that are adjacent to w. Note that # is independent
of the choice of w, because the partition (4.6) is equitable.

We now compute #. By construction, each vertex in Bxy is at distance at most 2 from w.
Using Lemma 3.3.4 and Corollary 3.3.5, we obtain

〈
pw,Bxy

〉
“

ÿ

zPBxy

〈
pw, pz

〉
“ qkrksrn´ ks ` #

´

rnsrk ´ 1s ´ rks2
¯

`

´

ˇ

ˇBxy

ˇ

ˇ ´ # ´ 1
¯´

rnsrk ´ 2s ´ rks2
¯

.

(4.50)

By construction, 〈
Bxy, Bxy

〉
“
ˇ

ˇBxy

ˇ

ˇ

〈
pw,Bxy

〉
. (4.51)
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We now evaluate (4.51). The left-hand side is evaluated using the
`

Bxy, Bxy

˘

-entry in the
table of Lemma 3.7.15. The right-hand side is evaluated using (4.50) and bi “

ˇ

ˇBxy

ˇ

ˇ; the
value of bi is given in (2.4).

After evaluating (4.51), we solve the resulting equation for #; this yields the
`

Bxy,Bxy

˘

-
entry of the table. The other entries are obtained in a similar fashion.

Definition 4.4.2 For 1 ă i ă k let Mi denote the 5 ˆ 5 matrix in Theorem 4.4.1.

Note that Mi is not symmetric. We now give the transpose Mt
i.

Lemma 4.4.3 For 1 ă i ă k, we have Mt
i “ DMiD

´1, where D “ diag
`

bi, ci, a
`
i , a

0
i , a

´
i

˘

.
Recall bi, ci from (2.4) and a`

i , a
0
i , a

´
i from (4.2).

Proof. Immediate.

Our next goal is to find the eigenvalues of Mi. For each eigenvalue we display a row
eigenvector and a column eigenvector.

Lemma 4.4.4 For 1 ă i ă k, the eigenvalues of the matrix Mi are

a1, qrn´ ks ´ q ´ 1, qrks ´ q ´ 1, ´1, ´q ´ 1,

where a1 “ qrks ` qrn´ ks ´ q ´ 1.

Proof. Routine.

Lemma 4.4.5 For 1 ă i ă k we consider the matrix Mi. In the table below, for each
eigenvalue of Mi, we display a corresponding row eigenvector and column eigenvector.
Recall bi, ci from (2.4) and a`

i , a
0
i , a

´
i from (4.2).

Eigenvalue of Mi corresponding row eigenvector corresponding column eigenvector

a1
`

bi, ci, a
`
i , a

0
i , a

´
i

˘

p1, 1, 1, 1, 1qt

qrn´ ks ´ q ´ 1
`

a`
i ,´ci,´a

`
i ,´a

0
i , qci

˘ `

qci,´a
´
i ,´a

´
i ,´a

´
i , qci

˘t

qrks ´ q ´ 1
`

a´
i ,´ci, qci,´a

0
i ,´a

´
i

˘ `

qci,´a
`
i , qci,´a

`
i ,´a

`
i

˘t

´1 p0, 1, 0,´1, 0q p0, q ´ 1, 0,´1, 0qt

´q ´ 1 pq, 1,´q, q ´ 1,´qq
`

qci, bi,´a
´
i , bi,´a

`
i

˘t

Proof. Routine.

Remark 4.4.1 [3, 10] For x P X the spectrum of the local graph Γpxq is given in the table
below. Recall a1 “ qrks ` qrn´ ks ´ q ´ 1.
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Eigenvalue Multiplicity

a1 1

qrn´ ks ´ q ´ 1 rks ´ 1

qrks ´ q ´ 1 rn´ ks ´ 1

´1 pq ´ 1qrksrn´ ks

´q ´ 1 q2rk ´ 1srn´ k ´ 1s
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Chapter 5

A generalization of the Askey-Wilson
relations using a projective geometry

Recall the projective geometry P . In this chapter we define some matrices A,A˚ P MatP pCq

that satisfy a generalization of the Askey-Wilson relations. To define the matrices A,A˚,
we bring in some subalgebra H of MatP pCq. We discuss the irreducible H-submodules in
the standard MatP pCq-module.

5.1 An algebra H
For the rest of the chapter, write h “ n ´ k. Note that dimV “ h ` k. Let MatP pCq

denote the C-algebra consisting of the matrices with rows and columns indexed by P and
all entries in C. Let V denote the C-vector space consisting of the column vectors with rows
indexed by P and all entries in C. The algebra MatP pCq acts on V by left multiplication.
The MatP pCq-module V is called standard. For u P P , define the column vector pu P V
that has u-entry 1 and all other entries 0. The vectors

␣

pu | u P P
(

form a basis for V .

Definition 5.1.1 For 0 ď ℓ ď h ` k define a diagonal matrix E˚
ℓ P MatP pCq as follows.

For u P P , the pu, uq-entry of E˚
ℓ is

`

E˚
ℓ

˘

u,u
“

#

1 if u P Pℓ,

0 if u R Pℓ.

Recall the partition (2.6). We have

I “

h`k
ÿ

ℓ“0

E˚
ℓ ,

E˚
i E

˚
j “ δi,jE

˚
i p0 ď i, j ď h` kq.

For 0 ď ℓ ď h` k,
E˚

ℓ V “ Span
␣

pu | u P Pℓ

(

.
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The following sum is direct:

V “

h`k
ÿ

ℓ“0

E˚
ℓ V.

For the rest of this chapter, we fix y P Pk.

Definition 5.1.2 For 0 ď i ď k and 0 ď j ď h, define a diagonal matrix E˚
i,j P MatP pCq

as follows. For u P P , the pu, uq-entry of E˚
i,j is

`

E˚
i,j

˘

u,u
“

#

1 if u P Pi,j ,

0 if u R Pi,j .

For notational convenience, for integers r, s we define E˚
r,s “ 0 unless 0 ď r ď k and

0 ď s ď h.

For 0 ď i ď k and 0 ď j ď h, we have

E˚
i,jV “ Spantpu | u P Pi,ju.

Recall the partition (2.9). The following sum is direct:

V “

k
ÿ

i“0

h
ÿ

j“0

E˚
i,jV.

Recall the partition (2.10). For 0 ď ℓ ď h` k,

E˚
ℓ “

ÿ

i,j

E˚
i,j ,

E˚
ℓ V “

ÿ

i,j

E˚
i,jV, pdirect sumq

where the sums are over the ordered pairs pi, jq such that 0 ď i ď k and 0 ď j ď h and
i` j “ ℓ.

Next we define a subalgebra K of MatP pCq.

Definition 5.1.3 [10, Definition 6.1] The matrices

E˚
i,j p0 ď i ď k, 0 ď j ď hq

form a basis for a commutative subalgebra of MatP pCq. Denote this subalgebra by K.

Our next goal is to describe a generating set for K. For the rest of the thesis, q1{2 denotes
the positive square root of q.

Definition 5.1.4 We define diagonal matrices K1,K2 P MatP pCq as follows. For u P P
the pu, uq-entry is

`

K1

˘

u,u
“ q

k
2

´i,
`

K2

˘

u,u
“ qj´h

2 ,

where u P Pi,j .
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Note thatK1,K2 are invertible. By [10, Prop. 6.3], the algebra K is generated byK˘1
1 ,K˘1

2 .

Lemma 5.1.5 For 0 ď i ď k and 0 ď j ď h, the subspace E˚
i,jV is a common eigenspace

for K˘1
1 ,K˘1

2 . The corresponding eigenvalues are given in the table below.

Element in K Eigenvalue corresponding to E˚
i,jV

K1 q
k
2

´i

K´1
1 qi´

k
2

K2 qj´h
2

K´1
2 q

h
2

´j

Proof. Immediate from Definition 5.1.4.

Next we define some matrices in MatP pCq that will be useful. Recall the notion of {-cover
and z-cover from Definition 2.3.10.

Definition 5.1.6 We define matrices L1, L2, R1, R2 P MatP pCq as follows. For u, v P P
their pu, vq-entries are

`

L1

˘

u,v
“

#

1 if v {-covers u,
0 if v does not {-cover u,

`

L2

˘

u,v
“

#

1 if v z-covers u,
0 if v does not z-cover u,

`

R1

˘

u,v
“

#

1 if u {-covers v,
0 if u does not {-cover v,

`

R2

˘

u,v
“

#

1 if u z-covers v,
0 if u does not z-cover v.

Note that R1 “ Lt
1 and R2 “ Lt

2, where t is the matrix-transpose.

Lemma 5.1.7 For v P P ,

L1pv “
ÿ

v {-covers u

pu, L2pv “
ÿ

v z-covers u

pu,

R1pv “
ÿ

u {-covers v

pu, R2pv “
ÿ

u z-covers v

pu.

Proof. Immediate from Definition 5.1.6.
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Lemma 5.1.8 For 0 ď i ď k and 0 ď j ď h,

L1E
˚
i,jV Ď E˚

i´1,jV, L2E
˚
i,jV Ď E˚

i,j´1V, (5.1)

R1E
˚
i,jV Ď E˚

i`1,jV, R2E
˚
i,jV Ď E˚

i,j`1V. (5.2)

Proof. Immediate from Lemma 5.1.7.

Definition 5.1.9 Let H denote the subalgebra of MatP pCq generated by L1, L2, R1, R2,
K˘1

1 , K˘1
2 .

By construction, the vector space V is an H-module. Let W denote an H-submodule in
V . We say that W is irreducible whenever W does not contain an H-submodule besides 0
or W . Note that H is closed under the conjugate-transpose map. Therefore the H-module
V is a direct sum of irreducible H-modules.

Lemma 5.1.10 [10, Lemma 8.2, 8.5, 8.11] Let W denote an irreducible H-module. Then
there exist integers α, β, ρ such that the following (i), (ii) hold:

(i)

0 ď ρ, 0 ď α ď
k ´ ρ

2
, 0 ď β ď

h´ ρ

2
; (5.3)

(ii) for 0 ď i ď k and 0 ď j ď h,

dimE˚
i,jW “

#

1 if α ď i ď k ´ ρ´ α, ρ` β ď j ď h´ β,

0 otherwise.

Definition 5.1.11 Let W denote an irreducible H-module. Referring to Lemma 5.1.10,
we call the triple pα, β, ρq the type of W .

Lemma 5.1.12 [3, p. 133] For each triple pα, β, ρq of integers that satisfy (5.3), there exists
an irreducible H-module of type pα, β, ρq. This H-module is unique up to isomorphism of
H-modules.

We illustrate Lemma 5.1.10 using the diagram below.
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V

y

0

W

P :

α

ρ
`
α

ρ
`
β

β

Figure 5.1: The irreducible H-module W is represented by the red rectangle.

Our next goal is to describe the action of the H-generators on the irreducible H-modules.
For the rest of this section, let W denote an irreducible H-module of type pα, β, ρq.

Lemma 5.1.13 For α ď i ď k ´ ρ ´ α and ρ ` β ď j ď h ´ β, the subspace E˚
i,jW is

a common eigenspace for K˘1
1 ,K˘1

2 . The corresponding eigenvalues are given in the table
below.

Element in H Eigenvalue corresponding to E˚
i,jW

K1 q
k
2

´i

K´1
1 qi´

k
2

K2 qj´h
2

K´1
2 q

h
2

´j

Proof. Immediate from Lemma 5.1.5.

Lemma 5.1.14 For α ď i ď k ´ ρ´ α and ρ` β ď j ď h´ β,

L1E
˚
i,jW Ď E˚

i´1,jW, L2E
˚
i,jW Ď E˚

i,j´1W, (5.4)

R1E
˚
i,jW Ď E˚

i`1,jW, R2E
˚
i,jW Ď E˚

i,j`1W. (5.5)

Proof. Immediate from Lemma 5.1.8.

The following result is a variation on [10, Prop. 8.7].
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Lemma 5.1.15 The irreducible H-module W has a basis

wi,j pα ď i ď k ´ ρ´ α, ρ` β ď j ď h´ βq (5.6)

with the following properties. For α ď i ď k ´ ρ´ α and ρ` β ď j ď h´ β,

wi,j P E˚
i,jW,

L1wi,j “ q
ρ`α`β`i`j´1

2 rk ´ ρ´ α ´ i` 1swi´1,j , (5.7)

L2wi,j “ qk´
ρ`α´β`i´j`1

2 rh´ β ´ j ` 1swi,j´1, (5.8)

R1wi,j “ q´
ρ´α`β`i´j

2 ri´ α ` 1swi`1,j , (5.9)

R2wi,j “ q
ρ`α`β´i´j

2 rj ´ ρ´ β ` 1swi,j`1. (5.10)

In the above lines, we interpret wr,s “ 0 unless α ď r ď k ´ ρ´ α and ρ` β ď s ď h´ β.

Proof. Let
w1
n,m p0 ď n ď k ´ 2α ´ ρ, 0 ď m ď h´ 2β ´ ρq

denote the basis from [10, Prop. 8.7]. Note that

w1
n,m P E˚

α`n, ρ`β`mW.

Define

wi,j “ q´
pi´αqpj´ρ´βq

2 w1
i´α, j´ρ´β pα ď i ď k ´ ρ´ α, ρ` β ď j ď h´ βq. (5.11)

Then we have
wi,j P E˚

i,jW.

By Lemma 5.1.10(ii), the vectors in (5.11) form a basis for W . Equations (5.7)–(5.10)
follow from (5.11) and [10, Prop. 8.7].

Definition 5.1.16 A basis for W that satisfies Lemma 5.1.15 will be called standard.

Lemma 5.1.17 For α ď i ď k ´ ρ ´ α and ρ ` β ď j ď h ´ β, the subspace E˚
i,jW is

invariant under each of

L1R1, R1L1, L2R2, R2L2.

The corresponding eigenvalues are given in the table below.

Element in H Eigenvalue corresponding to E˚
i,jW

L1R1 qα`jri´ α ` 1srk ´ ρ´ α ´ is

R1L1 qα`jri´ αsrk ´ ρ´ α ´ i` 1s

L2R2 qk`β´irj ´ ρ´ β ` 1srh´ β ´ js

R2L2 qk`β´irj ´ ρ´ βsrh´ β ´ j ` 1s

Proof. The first assertion follows from (5.4), (5.5). For the second assertion, combine
(5.7)–(5.10).
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5.2 Matrices F 0, F`, F´ and their action on irreducible H-
modules

In this section we define some matrices F 0, F`, F´ in H, and describe their action on the
irreducible H-modules.

Definition 5.2.1 Define matrices F 0, F`, F´ P MatP pCq as follows. For u, v P P their
pu, vq-entries are

`

F 0
˘

u,v
“

#

1 if u` v {-covers both u and v, which z-cover uX v,

0 otherwise,

`

F`
˘

u,v
“

#

1 if u` v z-covers both u and v,
0 otherwise,

`

F´
˘

u,v
“

#

1 if both u and v {-cover uX v,

0 otherwise.

Our next goal is to show that F 0, F`, F´ are contained in H. To do this, we write each
of F 0, F`, F´ in terms of the generators of H.

Lemma 5.2.2 The matrix F 0 satisfies

F 0 “ L1R1 ´R1L1 ` pq ´ 1q´1
´

q
h`k
2 K´1

1 K2 ´ q
k
2K1 ´ q

h
2K2 ` I

¯

(5.12)

“ R2L2 ´ L2R2 ` pq ´ 1q´1
´

q
h`k
2 K1K

´1
2 ´ q

k
2K1 ´ q

h
2K2 ` I

¯

. (5.13)

Proof. We first prove (5.12). For u, v P P we calculate the pu, vq-entry of the right-hand
side of (5.12). By Lemma 2.3.11(iii), the pu, vq-entry of L1R1 is

`

L1R1

˘

u,v
“

$

’

&

’

%

rk ´ is if u “ v and u P Pi,j p0 ď i ď k, 0 ď j ď hq,

1 if u` v {-covers u and u` v {-covers v,
0 otherwise.

(5.14)

By Lemma 2.3.11(i), the pu, vq-entry of R1L1 is

`

R1L1

˘

u,v
“

$

’

&

’

%

qjris if u “ v and u P Pi,j p0 ď i ď k, 0 ď j ď hq,

1 if u {-covers uX v and v {-covers uX v,

0 otherwise.
(5.15)

By Definition 5.1.4 the matrix

pq ´ 1q´1
´

q
h`k
2 K2K

´1
1 ´ q

k
2K1 ´ q

h
2K2 ` I

¯

(5.16)

is diagonal. The pu, uq-entry of (5.16) is equal to qjris ´ rk ´ is, where u P Pi,j . By these
comments, the pu, vq-entry of the right-hand side of (5.12) is equal to the pu, vq-entry of
the left-hand side. The result follows.

We have proved (5.12). Equation (5.13) follows from (5.12) and Lemma 6.2.4 in the
appendix.
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Lemma 5.2.3 The matrix F` satisfies

F` “ L2R2 ´ q
k
2 pq ´ 1q´1K1

´

q
h
2K´1

2 ´ I
¯

. (5.17)

Proof. For u, v P P we calculate the pu, vq-entry of the right-hand side of (5.17). By Lemma
2.3.11(iv), the pu, vq-entry of L2R2 is

`

L2R2

˘

u,v
“

$

’

&

’

%

qk´irh´ js if u “ v and u P Pi,j p0 ď i ď k, 0 ď j ď hq,

1 if u` v z-covers u and u` v z-covers v,
0 otherwise.

(5.18)

By Definition 5.1.4 the matrix

q
k
2 pq ´ 1q´1K1

´

q
h
2K´1

2 ´ I
¯

(5.19)

is diagonal. The pu, uq-entry of (5.19) is equal to qk´irh ´ js, where u P Pi,j . By these
comments, the pu, vq-entry on the right-hand side of (5.17) is equal to the pu, vq-entry on
the left-hand side. The result follows.

Lemma 5.2.4 The matrix F´ satisfies

F´ “ R1L1 ´ q
h
2 pq ´ 1q´1

´

q
k
2K´1

1 ´ I
¯

K2. (5.20)

Proof. For u, v P P we calculate the pu, vq-entry of the right-hand side of (5.20). By
Definition 5.1.4 the matrix

q
h
2 pq ´ 1q´1

´

q
k
2K´1

1 ´ I
¯

K2 (5.21)

is diagonal. The pu, uq-entry of (5.21) is qjris, where u P Pi,j . By these comments and
(5.15), the pu, vq-entry on the right-hand side of (5.20) is equal to the pu, vq-entry on the
left-hand side. The result follows.

Lemma 5.2.5 The matrices F 0, F`, F´ are contained in H.

Proof. Immediate from Lemmas 5.2.2–5.2.4.

Next we write L1R1, R1L1, L2R2, R2L2 in terms of F 0, F`, F´,K˘1
1 ,K˘1

2 .

Lemma 5.2.6 The following (5.22)–(5.25) hold:

L1R1 “ F 0 ` F´ ` pq ´ 1q´1
´

q
k
2K1 ´ I

¯

; (5.22)

R1L1 “ F´ ` q
h
2 pq ´ 1q´1

´

q
k
2K´1

1 ´ I
¯

K2; (5.23)

L2R2 “ F` ` q
k
2 pq ´ 1q´1K1

´

q
h
2K´1

2 ´ I
¯

; (5.24)

R2L2 “ F 0 ` F` ` pq ´ 1q´1
´

q
h
2K2 ´ I

¯

. (5.25)
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Proof. Routine from Lemmas 5.2.2–5.2.4.

Next we define a matrix F .

Definition 5.2.7 Define
F “ F 0 ` F` ` F´. (5.26)

Lemma 5.2.8 We have

F “ L1R1 ` L2R2 ´ pq ´ 1q´1
´

q
h`k
2 K1K

´1
2 ´ I

¯

, (5.27)

“ R1L1 `R2L2 ´ pq ´ 1q´1
´

q
h`k
2 K´1

1 K2 ´ I
¯

. (5.28)

Proof. Equation (5.27) follows from (5.22), (5.24), (5.26). Equation (5.28) follows from
(5.27) and Lemma 6.2.4 in the appendix.

The following result gives a combinatorial interpretation of F .

Lemma 5.2.9 The matrix F has the following entries. For u, v P P , the pu, vq-entry is

Fu,v “

#

1 if each of u, v covers uX v and dimpuX yq “ dimpv X yq,
0 otherwise.

Proof. This is a routine consequence of Lemma 5.2.8.

Next we describe the action of F 0, F`, F´, F on the irreducible H-modules. Recall the
standard module V .

Lemma 5.2.10 For 0 ď i ď k and 0 ď j ď h,

F 0E˚
i,jV Ď E˚

i,jV, F`E˚
i,jV Ď E˚

i,jV, (5.29)

F´E˚
i,jV Ď E˚

i,jV, FE˚
i,jV Ď E˚

i,jV. (5.30)

Proof. For F 0 the result is immediate from (5.12), Definition 5.1.4, Lemma 5.1.8. For F`

and F´ the proofs are similar, and omitted. For F , the result follows from (5.26), (5.29),
and the left equation of (5.30).

For the rest of this section, let W denote an irreducible H-module of type pα, β, ρq.

Lemma 5.2.11 For α ď i ď k ´ ρ ´ α and ρ ` β ď j ď h ´ β, the subspace E˚
i,jW is

invariant under each of F 0, F`, F´, F .

Proof. Immediate from Lemma 5.2.10.

Definition 5.2.12 For α ď i ď k ´ ρ´ α and ρ` β ď j ď h´ β let

a0i,jpW q, a`
i,jpW q, a´

i,jpW q, ai,jpW q

denote the eigenvalues of F 0, F`, F´, F respectively that correspond to E˚
i,jW .



62

By construction we have

ai,jpW q “ a0i,jpW q ` a`
i,jpW q ` a´

i,jpW q.

Theorem 5.2.13 For α ď i ď k ´ ρ´ α and ρ` β ď j ď h´ β,

a0i,jpW q “ qk´irj ´ ρs ´ rjs, (5.31)

a`
i,jpW q “ qk´i

´

qβ`1rj ´ ρ´ βsrh´ β ´ js ´ rβs

¯

, (5.32)

a´
i,jpW q “ qj

´

qα`1ri´ αsrk ´ ρ´ α ´ is ´ rαs

¯

. (5.33)

Proof. We prove (5.31). Pick w P E˚
i,jW . By (5.12),

F 0w “

ˆ

L1R1 ´R1L1 ` pq ´ 1q´1
´

q
h`k
2 K2K

´1
1 ´ q

k
2K1 ´ q

h
2K2 ` I

¯

˙

w. (5.34)

Evaluate the right-hand side of (5.34) using the L1R1, R1L1-entries of the table in Lemma
5.1.17 and the eigenvalues in Lemma 5.1.13. The result follows.

We have proved (5.31). The proofs for (5.32) and (5.33) are similar, and omitted.

5.3 The center of H
In this section we describe the center of H.

The following result is a variation on [10, Theorem 9.3].

Theorem 5.3.1 The center of H is generated by the following three elements:

Ω0 “ q´h`k
2

´

pq ´ 1qF 0K´1
1 K´1

2 ` q
h
2K´1

1 ` q
k
2K´1

2 ´K´1
1 K´1

2

¯

, (5.35)

Ω1 “ q´h
2

˜

qF 0K´1
2 ` pq ´ 1qF´K´1

2 `
q

k
2

`1K1K
´1
2 ` q

h`k
2

`1K´1
1 ´ qK´1

2

q ´ 1

¸

´
q

q ´ 1
I,

(5.36)

Ω2 “ q´ k
2

˜

qF 0K´1
1 ` pq ´ 1qF`K´1

1 `
q

h
2

`1K´1
1 K2 ` q

h`k
2

`1K´1
2 ´ qK´1

1

q ´ 1

¸

´
q

q ´ 1
I.

(5.37)

Proof. We refer to Λ0,Λ1,Λ2 from [10, Section 9]. We routinely verify that

Ω0 “ Λ´1
0 , Ω1 “ q

k´1
2 pq ´ 1qΛ1 ´

q ` 1

q ´ 1
I, Ω2 “ q

h´1
2 pq ´ 1qΛ2 ´

q ` 1

q ´ 1
I.

By [10, Theorem 9.3], the elements Λ0,Λ1,Λ2 generate the center of H. The result follows.

Corollary 5.3.2 For 0 ď i ď k and 0 ď j ď h,

Ω0E
˚
i,jV Ď E˚

i,jV, Ω1E
˚
i,jV Ď E˚

i,jV, Ω2E
˚
i,jV Ď E˚

i,jV.
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Proof. Immediate from (5.35)–(5.37).

Next we express F 0, F`, F´ in terms of Ω0,Ω1,Ω2,K
˘1
1 ,K˘1

2 .

Lemma 5.3.3 We have

F 0 “ pq ´ 1q´1
´

q
h`k
2 Ω0K1K2 ´ q

k
2K1 ´ q

h
2K2 ` I

¯

, (5.38)

F` “ pq ´ 1q´1

˜

q
k
2Ω2 ´ pq ´ 1q´1

ˆ

q
h`k
2

`1
´

Ω0K2 `K´1
2

¯

´ 2q
k
2

`1I

˙

¸

K1, (5.39)

F´ “ pq ´ 1q´1

˜

q
h
2Ω1 ´ pq ´ 1q´1

ˆ

q
h`k
2

`1
´

Ω0K1 `K´1
1

¯

´ 2q
h
2

`1I

˙

¸

K2. (5.40)

Proof. Combine (5.35)–(5.37).

We now find the action of Ω0,Ω1,Ω2 on the irreducible H-modules.

Theorem 5.3.4 Let W denote an irreducible H-module of type pα, β, ρq. Then each of Ω0,
Ω1, Ω2 acts on W as a scalar multiple of the identity. The scalars are given in the table
below.

Central element in H Scalar corresponding to W

Ω0 q´ρ

Ω1 qrk ´ ρ´ αs ` rαs

Ω2 qrh´ ρ´ βs ` rβs

Proof. We prove the Ω0-entry of the table. For α ď i ď k ´ ρ´ α and ρ` β ď j ď h´ β,
pick a nonzero vector w P E˚

i,jW . It suffices to show that

Ω0w “ q´ρw.

In view of (5.35), combine (5.31) and Lemma 5.1.13. The result follows.

We have proved the Ω0-entry of the table. The proofs for the other entries are similar, and
omitted.

We finish this section with a comment.

Lemma 5.3.5 The matrices F 0, F`, F´ mutually commute.

Proof. All the terms on the right-hand sides of (5.38)–(5.40) mutually commute. The result
follows.
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5.4 A subalgebra H
In this section we define a subalgebra H of H. We find some matrices that are contained
in H. We describe the action of these matrices on the irreducible H-modules.

Definition 5.4.1 Define

H “

h`k
ÿ

ℓ“0

E˚
ℓ HE˚

ℓ .

Note that H is a subalgebra of H.

Our next goal is to find some matrices that are contained in H. Note that any diagonal
matrix in H is contained in H.

Lemma 5.4.2 The matrices K˘1
1 ,K˘1

2 are contained in H.

Proof. The result follows from the fact that K˘1
1 ,K˘1

2 are diagonal.

Definition 5.4.3 Define

R “ L1R2, L “ L2R1. (5.41)

By Lemma 6.2.2 in the appendix,

R “ R2L1, L “ R1L2. (5.42)

Note that R,L P H. Also note that R “ Lt.

Lemma 5.4.4 For u, v P P , the pu, vq-entries of R,L are

Ru,v “

#

1 if u z-covers uX v and v {-covers uX v,
0 otherwise,

Lu,v “

#

1 if u {-covers uX v and v z-covers uX v,
0 otherwise.

Proof. Immediate from (5.41).

Lemma 5.4.5 For 0 ď i ď k and 0 ď j ď h,

RE˚
i,jV Ď E˚

i´1,j`1V, LE˚
i,jV Ď E˚

i`1,j´1V. (5.43)

Proof. Combine (5.1), (5.2), (5.41).

Lemma 5.4.6 The matrices R,L are contained in H.

Proof. Recall that R,L P H. By (5.43),

R “

h`k
ÿ

ℓ“0

E˚
ℓRE

˚
ℓ , L “

h`k
ÿ

ℓ“0

E˚
ℓ LE

˚
ℓ .

The result follows.
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Next we bring in F 0, F`, F´, F .

Lemma 5.4.7 The matrices F 0, F`, F´, F are contained in H.

Proof. Recall from Lemma 5.2.5 that F 0, F`, F´, F P H. By Lemma 5.2.10,

F 0 “

h`k
ÿ

ℓ“0

E˚
ℓ F

0E˚
ℓ , F` “

h`k
ÿ

ℓ“0

E˚
ℓ F

`E˚
ℓ , (5.44)

F´ “

h`k
ÿ

ℓ“0

E˚
ℓ F

´E˚
ℓ , F “

h`k
ÿ

ℓ“0

E˚
ℓ FE

˚
ℓ . (5.45)

The result follows.

Next we define a matrix A.

Definition 5.4.8 Define A P MatP pCq as follows. For u, v P P the pu, vq-entry of A is

Au,v “

#

1 if each of u, v covers uX v,
0 otherwise.

Lemma 5.4.9 We have
A “ R ` L` F. (5.46)

Proof. Combine (5.26), (5.41) and Definition 5.4.8. The result follows from linear algebra.

Lemma 5.4.10 We have

A “
`

L1 ` L2

˘`

R1 `R2

˘

´ pq ´ 1q´1
´

q
h`k
2 K1K

´1
2 ´ I

¯

, (5.47)

“
`

R1 `R2

˘`

L1 ` L2

˘

´ pq ´ 1q´1
´

q
h`k
2 K´1

1 K2 ´ I
¯

. (5.48)

Proof. Equation (5.47) follows from (5.27), (5.41), (5.46). Equation (5.48) follows from
(5.28), (5.41), (5.46).

Lemma 5.4.11 The matrix A is contained in H.

Proof. Immediate from (5.46).

Lemma 5.4.12 For 0 ď i ď k and 0 ď j ď h,

AE˚
i,jV Ď E˚

i`1,j´1V ` E˚
i,jV ` E˚

i´1,j`1V. (5.49)

Proof. In view of (5.46), combine (5.43) and the right equation in (5.45).

Next we define a matrix A˚.
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Definition 5.4.13 Define
A˚ “ q

k
2K´1

1 .

Lemma 5.4.14 For u P P the pu, uq-entry of A˚ is
`

A˚
˘

u,u
“ qi,

where u P Pi,j.

Proof. Immediate from Definitions 5.1.4, 5.4.13.

Lemma 5.4.15 The matrix A˚ is contained in H.

Proof. By Definition 5.4.13, the matrix A˚ is diagonal, and contained in H. The result
follows.

Next we bring in Ω0,Ω1,Ω2.

Lemma 5.4.16 The matrices Ω0,Ω1,Ω2 are contained in H.

Proof. For each of (5.35)–(5.37), we observe that every term on the right hand side is
contained in H. The result follows.

5.5 The action of R,L,A,A˚ on the irreducible H-modules

In this section we describe the action of R,L,A,A˚ on the irreducible H-modules. For the
rest of this section, let W denote an irreducible H-module of type pα, β, ρq.

Lemma 5.5.1 For α ď i ď k ´ ρ´ α and ρ` β ď j ď h´ β,

RE˚
i,jW Ď E˚

i´1,j`1W, LE˚
i,jW Ď E˚

i`1,j´1W. (5.50)

Proof. Immediate from (5.43).

Recall from (5.6) a standard basis for W :

wi,j pα ď i ď k ´ ρ´ α, ρ` β ď j ď h´ βq.

Lemma 5.5.2 For α ď i ď k ´ ρ´ α and ρ` β ď j ď h´ β,

Rwi`1,j´1 “ ci,jpW qwi,j , Lwi´1,j`1 “ bi,jpW qwi,j , (5.51)

where

ci,jpW q “ qρ`α`βrj ´ ρ´ βsrk ´ ρ´ α ´ is, (5.52)

bi,jpW q “ qk´ρ´i`j`1ri´ αsrh´ β ´ js. (5.53)
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Proof. By (5.50), the equations in (5.51) hold for some ci,jpW q, bi,jpW q P C. We now prove
(5.52). In view of the left equation of (5.41), combine (5.7) and (5.10). The result follows.
We have proved (5.52). The proof of (5.53) is similar, and omitted.

Next we describe the action of A,A˚ on W .

Lemma 5.5.3 For α ď i ď k ´ ρ´ α and ρ` β ď j ď h´ β,

AE˚
i,jW Ď E˚

i`1,j´1W ` E˚
i,jW ` E˚

i´1,j`1W.

Proof. Immediate from (5.49).

Lemma 5.5.4 For α ď i ď k ´ ρ´ α and ρ` β ď j ď h´ β,

Awi,j “ bi`1,j´1pW qwi`1,j´1 ` ai,jpW qwi,j ` ci´1,j`1pW qwi´1,j`1.

In the above equation, we interpret

wr,s “ 0, br,spW q “ 0, cr,spW q “ 0,

unless α ď r ď k ´ ρ´ α and ρ` β ď s ď h´ β.

Proof. In view of (5.46), combine (5.51) and the definition of ai,jpW q.

Lemma 5.5.5 For α ď i ď k ´ ρ ´ α and ρ ` β ď j ď h ´ β, the subspace E˚
i,jW is

invariant under A˚. The corresponding eigenvalue is qi.

Proof. Immediate from Lemma 5.4.14.

5.6 A generalization of the Askey-Wilson relations

Recall the matrix A from Definition 5.4.8 and the matrix A˚ from Definition 5.4.13. In this
section, we show that A,A˚ satisfy a pair of relations that generalize the Askey-Wilson
relations [9, Theorem 1.5].

Theorem 5.6.1 The matrices A,A˚ satisfy

A2A˚ ´
`

q ` q´1
˘

AA˚A`A˚A2 ´ Y
`

AA˚ `A˚A
˘

´ PA˚ “ ΩA`G, (5.54)

A˚2A´
`

q ` q´1
˘

A˚AA˚ `AA˚2 “ YA˚2 ` ΩA˚ `G˚, (5.55)
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where

Y “ q
h`k
2

`

K1K
´1
2 `K´1

1 K2

˘

´ q´1pq ´ 1qI,

P “ qpq ´ 1q´2
´

Y2 ´ qh`k´2pq ` 1q2I
¯

,

Ω “ ´ q
h`k
2

´1K´1
1 K2

´

pq ´ 1qΩ1 ` pq ` 1qI
¯

´ qk´1
´

pq ´ 1qΩ2 ` pq ` 1qI
¯

,

G “ ´ pq ´ 1q´1

ˆ

q
h`k
2

´1
´

qK´1
1 K2Y ´ q

h`k
2 pq ` 1qI

¯

Ω1

` qk´1
´

qY ´ q
h`k
2 pq ` 1qK´1

1 K2

¯

Ω2

˙

´ pq ` 1qpq ´ 1q´2¨

ˆ

´

q
h`k
2 K´1

1 K2 ` qkI
¯

Y ´ q
h`k
2

´1pq ` 1q

´

qkK´1
1 K2 ` q

h`k
2 I

¯

˙

,

G˚ “ q
h`3k

2
´1pq ` 1qΩ0K

´1
1 K2.

Proof. To verify (5.54), (5.55) we eliminate A˚ using Definition 5.4.13. We use (5.26),
(5.38)–(5.40), (5.46) to write A in terms of R,L,K˘1

1 ,K˘1
2 ,Ω0,Ω1,Ω2. We evaluate the

result using the relations in the appendix.

Lemma 5.6.2 The matrices Y,P,Ω, G,G˚ are central in H.

Proof. Observe that each of K´1
1 K2, K1K

´1
2 , Ω0,Ω1,Ω2 is central in H. The result follows.

Note 5.6.1 The relations (5.54), (5.55) are generalizations of the Askey-Wilson relations
that appear in [9, Theorem 1.5].

Next we describe the action of Y,P,Ω, G,G˚ on the irreducible H-modules.

Theorem 5.6.3 Let W denote an irreducible H-module of type pα, β, ρq. Then for α ď

i ď k ´ ρ ´ α and ρ ` β ď j ď h ´ β, the subspace E˚
i,jW is invariant under each of

Y,P,Ω, G,G˚. The corresponding eigenvalues are given in the table below.

Element in H Eigenvalue corresponding to E˚
i,jW

Y qh`k´ℓ ` qℓ ´ 1 ` q´1

P qpq ´ 1q´2
´

`

qh`k´ℓ ` qℓ ´ 1 ` q´1
˘2

´ qh`k´2pq ` 1q2
¯

Ω ´
`

qh`k´ρ´β ` qk`β´1 ` qk`ℓ´ρ´α ` qℓ`α´1
˘

G
pq´1q´1

´

`

qk´ρ´α`1`qα
˘`

qℓ´1rh`k´ℓs´qℓrℓs
˘

´

`

qh´ρ´β`1`qβ
˘`

qkrh`k´ℓs´qk´1rℓs
˘

¯

G˚ qk`ℓ´ρ´1pq ` 1q
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In the above table, we write ℓ “ i` j.

Proof. Combine Lemma 5.1.13 and Theorem 5.3.4 and the definitions of Y,P,Ω, G,G˚.

5.7 Parameters ν, µ, d, e

Let W denote an irreducible H-module of type pα, β, ρq. In some earlier papers in the
literature, the action of H on E˚

kW is often expressed in terms of ν, µ, d, e where

ν “ mintj | E˚
k´j,jW ‰ 0, 0 ď j ď ku,

µ “ minti` j | E˚
i,jW ‰ 0, 0 ď i ď k, 0 ď j ď ku,

d “
ˇ

ˇtj | E˚
k´j,jW ‰ 0, 0 ď j ď ku

ˇ

ˇ ´ 1,

and e is an auxiliary parameter. (See [3], [8, Example 6.1].) The parameters ν, µ, d are
often called the endpoint, dual endpoint, and diameter, respectively. In this section, we
describe how to convert from α, β, ρ to ν, µ, d, e.

There are three cases to consider:

(C1) β ´ α ď 0;

(C2) 0 ă β ´ α ď h´ k;

(C3) h´ k ă β ´ α.

We illustrate the cases (C1)–(C3) using the diagrams below.

ν

µ

d

V

y

0

W

Figure 5.2A: Case (C1)

ν

µ

d

V

y

0

W

Figure 5.2B: Case (C2)
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ν

µ

d

V

y

0

W

Figure 5.2C: Case (C3)

Lemma 5.7.1 [3, p. 129] Below we express α, β, ρ in terms of ν, µ, d, e.

In case (C1),
α “ ν ´ e, β “ µ´ ν, ρ “ e.

In case (C2),

α “ µ´ ν, β “
µ´ e

2
, ρ “ ν ´

µ´ e

2
.

In case (C3),

α “ µ´ ν, β “ k ´ h` ν ´ e, ρ “ h´ k ` e.
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Chapter 6

Appendix

6.1 Linear algebra

In this section, we derive some linear algebra facts that are used in the main body of the
thesis.

Lemma 6.1.1 Let W denote a vector space of finite positive dimension δ. Suppose the
vectors tµiu

δ
i“0 span W and sum to 0. Then any δ vectors from tµiu

δ
i“0 form a basis for

W.

Proof. It suffices to show that the vectors tµiu
δ
i“1 form a basis for W.

Since the vectors tµiu
δ
i“0 sum to 0, µ0 is in the span of tµiu

δ
i“1. Hence,

Spantµiu
δ
i“1 “ Spantµiu

δ
i“0 “ W.

The vector space W has dimension δ, so by linear algebra, the vectors tµiu
δ
i“1 form a basis

for W. The result follows.

Lemma 6.1.2 Let W denote a vector space of finite positive dimension δ. Suppose the
vectors tµiu

δ
i“0 span W and satisfy

δ
ÿ

i“0

µi “ 0. (6.1)

Suppose the vectors tνiu
δ
i“0 span W. Then the following are equivalent.

(i) There exists σ P GLpWq such that

σpµiq “ νi p0 ď i ď δq. (6.2)

(ii) The following sum holds:
δ
ÿ

i“0

νi “ 0. (6.3)
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Moreover, if (i) and (ii) hold, then the map σ is unique.

Proof. piq ñ piiq Apply σ to each side of (6.1), and evaluate the result using (6.2).

piiq ñ piq By (6.1) and Lemma 6.1.1, the vectors tµiu
δ
i“1 form a basis for W.

By (6.3) and Lemma 6.1.1, the vectors tνiu
δ
i“1 form a basis for W. By linear algebra, there

exists a map σ P GLpWq such that

σpµiq “ νi p1 ď i ď δq. (6.4)

Using (6.1), (6.3), (6.4), we obtain
σpµ0q “ ν0.

By these comments, (i) holds. We have shown the equivalence of (i) and (ii).

Assume that (i) and (ii) hold. We now show that the map σ is unique. Let the map
σ1 P GLpWq satisfy (6.2).

Using (6.2), we obtain
`

σ ´ σ1
˘

pµiq “ 0 p0 ď i ď δq.

The vectors tµiu
δ
i“0 span W, so σ ´ σ1 “ 0. Therefore σ “ σ1.

6.2 Relations between the generators of H
Recall the algebra H from Definition 5.1.9. In this section, we recall from [10] the relations
between the generators of H.

Lemma 6.2.1 [10, Lemma 7.4] The following (i)–(viii) hold:

(i) K1L1 “ qL1K1;

(ii) K1L2 “ L2K1;

(iii) qK1R1 “ R1K1;

(iv) K1R2 “ R2K1;

(v) K2L1 “ L1K2;

(vi) qK2L2 “ L2K2;

(vii) K2R1 “ R1K2;

(viii) K2R2 “ qR2K2.

Lemma 6.2.2 [10, Lemma 7.5] The following (i)–(iv) hold:

(i) L1R2 “ R2L1;

(ii) L2R1 “ R1L2;
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(iii) qL1L2 “ L2L1;

(iv) R1R2 “ qR2R1.

Lemma 6.2.3 [10, Lemma 7.6] The following (i)–(iv) hold.

(i) R2
1L1 ´ pq ` 1qR1L1R1 ` qL1R

2
1 “ ´q

h`k
2

´1pq ` 1qK´1
1 K2R1;

(ii) qR2
2L2 ´ pq ` 1qR2L2R2 ` L2R

2
2 “ ´q

h`k
2 pq ` 1qK1K

´1
2 R2;

(iii) qL2
1R1 ´ pq ` 1qL1R1L1 `R1L

2
1 “ ´q

h`k
2 pq ` 1qK´1

1 K2L1;

(iv) L2
2R2 ´ pq ` 1qL2R2L2 ` qR2L

2
2 “ ´q

h`k
2

´1pq ` 1qK1K
´1
2 L2.

Lemma 6.2.4 [10, Lemma 7.7] The generators of H satisfy

L1R1 ´R1L1 ` L2R2 ´R2L2 “ q
h`k
2 pq ´ 1q´1pK1K

´1
2 ´K´1

1 K2q.
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