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Abstract

Electrically-gated quantum dots in semiconductors [I] is an excellent architecture on which
to make qubits for quantum information processing [2]. Silicon is attractive because of the
potential for excellent manipulability, scalability, and for integration with classical electron-
ics [3].

This thesis describes several aspects of the theoretical issues related to quantum dot
qubits in silicon. It may be broadly divided into three parts — (1) the hybrid qubit and
quantum gates, (2) decoherence and (3) charge transport.

In the first part, we present a novel architecture for a double quantum dot spin qubit,
which we term the hybrid qubit, and demonstrate that implementing this qubit in silicon
is feasible. Next, we consider both AC and DC quantum gating protocols and compare the
optimal fidelities for these protocols that can be achieved for both the hybrid qubit and the
more traditional singlet-triplet qubit [4].

In the second part, we present evidence that silicon offers superior coherence properties
by analyzing experimental data from which charge dephasing and spin relaxation times are
extracted. We show that the internal degrees of freedom of the hybrid qubit enhance charge
coherence, and demonstrate tunable spin loading of a quantum dot.

In the last part, we explain three key features of spin-dependent transport — spin block-
ade, lifetime-enhanced transport and spin-flip cotunneling. We explain how these features
arise in the conventional two-electron as well as the unconventional three-electron regimes,

using a theoretical model that captures the key characteristics observed in the data.
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Chapter 1

Introduction

It may be said that the holy grail of the field of quantum computation [2] is the physical
realization of a working quantum computer. In the past decade, there have been tremen-
dous progress in the area of experimental implementations of the basic units of a quantum
computer. While there exists different platforms on which to build the hardware of a quan-
tum computer, silicon technology, with its status as the basis for classical computation for
over half a century, holds the unique prospects of scalability and integration with classi-
cal electronics. Together with advances that have driven electronic devices continuously
smaller, new generations of devices have emerged which are designed to make use of the
quantum properties of charges and spins [3], making silicon technology uniquely placed as
the platform of choice on which to realize quantum computer hardware.

It was first proposed in 1998 by Loss and DiVincenzo [1] to make use of electrically-gated
quantum dots in semiconductor heterostructures to make qubits for quantum information
processing. The development of silicon qubits has attracted substantial interest [5] 6] [7, [§]
because spins in silicon have longer coherence times than spins in many other semiconduc-
tors. This is because of both the weak spin-orbit coupling and the low nuclear spin density
in silicon [9} 10} [1T].

Decoherence of a qubit arises from its interaction with the local environment. A key

figure of merit for a quantum information processing device is the ratio of the quantum



coherence time to the time required to perform qubit gate manipulations [12} 13, [14]. In a
semiconducting qubit, some interactions are intrinsic to the material in question, such as
charge coupling to phonons [15]. Other sources of decoherence are extrinsic, such as charge
noise [16] [I7], which denotes the effects of fluctuating electric fields arising from sample

defects and from the electronics and transmission lines used to control the qubit.

1.1 Outline of the thesis

This thesis describes several aspects of the theoretical issues related to quantum dot qubits
in silicon. It may be broadly classified into three parts, (1) the hybrid qubit and quantum
gates, (2) decoherence and (3) charge transport.

In the first part, we begin in Chapter [2| by detailing a new architecture for quantum dot
qubits, which we term the hybrid qubit. We present evidence that implementing this qubit
in silicon is feasible and that it is a relatively simple qubit architecture that could operate
at high speeds with a higher figure of merit [18] than previous qubit designs [19] 20, 21].

In Chapter |3 we demonstrate how high fidelity and high speed quantum operations,
called quantum gates, may be achieved using this architecture. We then compare different
gating protocols for the hybrid qubit as well as for the more traditional singlet-triplet
qubit [4], and analyze the optimal fidelities that can be achieved for each. We discuss how
the highest possible fidelity should be achieved in the hybrid qubit using a gating protocol
called STIRAP.

In the second part in Chapter [5, we present experimental data and theoretical analysis
of coherent manipulation of a charge qubit in silicon. We show that long coherence times
and high figures of merit can be achieved by exploiting the discrete electronic states of the
qubit. We discuss the implications for the hybrid qubit.

We then present, in Chapter [6] data that demonstrate long spin lifetimes of a single
spin in a silicon quantum dot, and show that the rate of loading of electron spins can be
tuned over an order of magnitude, both of which are highly important for initialization and

readout of spin qubits.



In the last part, in Chapters[7]and [§ we turn our attention to issues related to transport
through double quantum dots in silicon. In particular, Chapter [7] focusses on transport in
the two-electron regime, and describes how characteristic features of transport data can
be explained by spin-dependent phenomena called spin blockade and lifetime-enhanced
transport. Chapter [§] makes use of the same data, but focusses on transport in the less
conventional three-electron regime. This is important because the hybrid qubit operates in
that regime. In this Chapter, we show how the features of the data which have previously
not been observed, can be explained by theory that makes use of the many-electron nature
of the system.

We then summarize our main results in Chapter [9] and discuss the outlook of silicon

quantum dot qubits.

1.2 Publications

Several papers form the basis of this thesis. Many people are responsible for the work
described in each of the papers. Research, being a collaborative, synergistic process, makes
it impossible to break down in detail, the contributions of each individual. Here, I will
mention in brief, my primary contribition to each piece of work, as well as the contributions
of the main authors.

Chapter [2] relies on the paper “Fast hybrid silicon double quantum-dot qubit” [18], in
which I was responsible for the theoretical calculations and Zhan Shi was responsible for
the experimental work performed.

Chapter [3| draws upon the work, “Pulse-gated quantum dot hybrid qubit” [22], to be
published in Physical Review Letters, in which I was responsible for the idea of pulsed
gating, and Mark Friesen completed the main theoretical calculations for single-qubit gates.

Chapter [4] comes from a recently completed piece of original work, “High fidelity gates
mn quantum dot spin qubits”, which is in the process of submission for peer-review. In this
piece of work, I was responsible for developing the analytical and numerical approach to

answer the central question of optimizing the fidelity of different quantum gating protocols.



Chapter [f]refers to another recently submitted paper, “Enhanced coherence and high fig-
ure of merit in a silicon charge qubit” [23]. In this work, Zhan Shi performed the experiment
and I was responsible for the theoretical simulations.

Chapter [6] draws from the paper, “Tunable spin loading and Ty of a silicon spin qubit
measured by single-shot readout” [§]. Christie Simmons performed the experimental work
underlying the paper, Bjorn van Bael and Jon Prance provided theoretical and computa-
tional support for the analysis of data, and I performed the numerical fitting necessary for
the extraction of experimental spin rates.

Chapter [7] relies on the paper “Pauli spin blockade and lifetime-enhanced transport in a
Si/SiGe double quantum dot” [24]. Christie Simmons performed the experimental work and
I was responsible for performing the theoretical analyses based on the theoretical ground-
work laid by Mark Friesen.

Chapter [§ draws upon the paper, “Unconventional transport in the “Hole” regime of a
Si double quantum dot” [25], for which I was responsible for the theoretical work based on

data obtained by Christie Simmons.



Chapter 2

Hybrid qubit: A new quantum dot

spin qubit architecture

2.1 Introduction

Tremendous progress towards the development of working electrically-gated quantum dot
qubits has been made over the past decade, and single-qubit operations have been demon-
strated for logical qubits implemented in single [19], double [4], and triple [26] quantum
dots in GaAs heterostructures. However, even with sophisticated pulse sequences that lead
to coherence times up to 200 ps [27], the important figure of merit, the number of gate
operations that can be performed within the qubit coherence time [12] 13} [14], needs to
be improved significantly for quantum dot qubits to become useful. Moreover, it is highly
desirable that a given implementation be as simple as possible.

In this chapter, we present a relatively simple double-dot qubit architecture in which a
universal set of fast gate operations can be implemented. Each qubit consists of a double
quantum dot with two electrons in one dot and one electron in the other. The qubit itself is
the set of two low-lying electronic states with total spin quantum numbers S = 1/2 (square
of the total spin of 34%/4) and S, = —1/2 (z-component of total spin of —h/2). These states

form a decoherence-free subspace that is insensitive to long-wavelength magnetic flux noise;



moreover, decoherence processes that do not explicitly couple to spin or induce a transition
of an electron to the reservoir do not induce transitions that go outside of the subspace of
an individual qubit [28].

The gate operations are all implemented using purely electrical manipulations, enabling
much faster gates than using ac magnetic fields [, [19], inhomogeneous dc magnetic fields [20,
4, [27], or mechanisms using spin-orbit coupling [29 B0]. The qubit has the same symmetries
in spin space as the triple-dot qubit proposed by DiVincenzo et al. [2I], but is simpler to
fabricate because it requires a double dot instead of a triple dot. The hybrid qubit proposed
here also has significant advantages over the three-dot qubit for implementing multi-qubit
operations: two hybrid qubits made of four dots in a linear array have higher effective
connectivity than the similar linear array of dots considered in Ref. [21]. We show that
this increased effective connectivity can reduce the number of manipulations required to
implement two-qubit gates.

We present evidence that implementing this qubit in silicon is feasible. The development
of silicon qubits has attracted substantial interest [5 [6] [7, [8] because spins in silicon have
longer coherence times than spins in many other semiconductors, because of both the weak
spin-orbit coupling and the low nuclear spin density in silicon [9} 10} [I1]. Here, we measure
a triplet-singlet relaxation time in a single silicon dot to be > 100 ms and demonstrate
readout of the singlet and triplet states of two electrons in a silicon dot. We estimate
dephasing times theoretically to be on the order of microseconds, long enough to achieve

high fidelity quantum operations.

2.2 Qubit design

An important advantage of the qubit proposed here is that all qubit manipulations can be
implemented using electric and not magnetic fields, resulting in fast operations [21]. To
understand why electrical manipulation of our qubit is possible, we enumerate the possible
transitions between spin states of three electrons that can be induced by spin-conserving

manipulations. When three spin-1/2 entities are added, the resulting 8 total spin eigenstates
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Figure 2.1: The logical qubit states of the hybrid qubit are [0)r, = [S)||) and |1); =

\/g]TO>\¢>—\/g]T_>\T>, where |S), |T_), and |Ty) are two-particle singlet (S) and triplet (T')
states in the left dot, and |1) and ||) respectively denote a spin-up and spin-down electron
in the right dot. Fast qubit gate operations are performed by applying gate voltages that
change the energy splittings between the singlet and triplet states in the left dot and that
change the tunnel couplings gs and gr between the two dots. (a) Introducing tunneling
between the dots induces transitions between |0), and |1);,. Starting from |0)7,, in which the
electrons in the left dot are in a singlet, if an electron tunnels from the left dot to the right
dot, and then the other electron tunnels back to the left dot, the spins in the left dot will
end up in a triplet. The actual process conserves the total spin quantum numbers S? and
S and yields transitions between |0);, and [1);, (see Appendix [A)). (b) and (c): Schematic
illustrating independent tuning of the coupling between the electron in the singly occupied
dot and the singlet and triplet states in the doubly occupied dot via the barrier height
and relative energies in the two dots, as described in the text. (d): Effective connectivity
of two hybrid qubits composed of four dots in a linear geometry. Each connection is a
tunable two-electron interaction. There are eight effective connections, compared to five
effective connections in a linear array of six dots for the qubits considered in Ref. [21],
shown in (e). For (d), a two-qubit gate equivalent to CNOT up to local (one-qubit) unitary
operations can be implemented in 16 steps, compared to 18 for (e) [31] (see Appendix [A)).
(f): Connectivity for which a fourteen-operation two-qubit gate equivalent to CNOT up to
local unitary operations has been found (see Appendix [A)).

form a quadruplet with S = 3/2 and S, = 3/2, 1/2, —1/2, —3/2, and two doublets, each
with S = 1/2, S, = £1/2, where the total spin is #25(S+1) and the z-component of the total
spin is AS,. Only states with the same S and S, can be coupled by spin-independent terms
in the Hamiltonian. We choose to use the group of two states with S =1/2, S, = —1/2 for
the states of the qubit.

As discussed in Ref. [21], the two states of the logical qubit with S = 1/2 and S, = —1/2



can be written as

0y = S, (2.1)

D = | -y 2. 22)

In our case, |S) is the singlet ((|1]) — [{1))/V/2), Tp triplet ((|11) + [11))/v/2), and T
triplet ([44)) in the left dot, and |1) and |}) respectively denote a spin-up and spin-down
electron in the right dot. The essential difference between our system and that of [21] is
that the singlet and triplet states are of two electrons in one dot instead of two different

dots, as depicted in Fig.

2.3 Single qubit gate operations

We now discuss how gate operations are implemented in this qubit in terms of the ele-
mentary operations implemented by changes of gate voltages in the device. A complete
set, of single-qubit manipulations consists of one that changes the energy splitting between
the qubit states and another that drives transitions between the qubit states. The energy
difference between the two qubit states is mainly the singlet-triplet splitting in the doubly
occupied dot, and this splitting indeed can be tuned by changing gate voltages in both
GaAs/GaAlAs [32] and in Si/SiGe dots [33]. In Si/SiGe systems, changing the voltage on
a global top-gate should also change the singlet-triplet splitting [34] 35].

Transitions between the two states of the hybrid qubit can be induced by changing
the off-diagonal terms in the reduced Hamiltonian. These terms are each proportional to
gl-2 /AFE;, where g; is the relevant tunneling amplitude and AFE; is the energy difference be-
tween the relevant state with two electrons on the left dot and the virtual state in which an
electron has tunneled from state ¢ in the left dot onto the right dot. Explicit calculations of
the effective spin Hamiltonian obtained by a canonical transformation that systematically
eliminates higher energy states [36], 37, 38] demonstrate that increasing the tunnel couplings
between the quantum dots indeed drives transitions between thetwo states of the qubit (see

Appendix . Therefore, gate modulations that change the g; will induce transitions be-



tween the qubit states, and modulations of the energy difference AF; will similarly induce
transitions when the g; are non-negligible. We note that when the singlet-triplet splitting
FEgr is nonzero, Rabi flops are performed by modulating the off-diagonal terms at the angu-
lar frequency {2 satisfying 72 = FEgpr. This modulation is easier to achieve experimentally
when FEgr is not too large. A singlet-triplet splitting of 0.05 meV, typical of splittings
measured in quantum dots fabricated in Si/SiGe heterostructures [39} [40], corresponds to
a frequency of ~ 10 GHz. Quantum dot gate operations have already been achieved at this
speed [41], and efficient schemes exist for refocusing the fast rotations [42].

While the two manipulations obtained by changing the singlet-triplet splitting in one
dot or the tunnel coupling between two dots described above are sufficient for achieving
arbitrary single qubit gates, a larger set of elementary operations (or, equivalently, more
fine-grained control of the terms in the effective Hamiltonian) is useful because it enables
two-qubit gates to be implemented with fewer elementary operations. We note that gg and
g7, the tunneling matrix elements that shift a single electron from the singlet or triplet state
in the left dot to the lowest energy state in the right dot, can be tuned separately. Decreasing
the tunnel barrier, as shown in Fig. (c), increases both tunnel rates, whereas changing
the difference between the overall energies in the left and right dots, as in Fig. (b), can
change the ratio of the two tunnel rates, because of energy-dependent tunneling [43] 24].
The tunable degrees of freedom (the singlet-triplet splitting and the tunnel rates into the

singlet and into the triplet) are denoted schematically in Fig. 2.1(d) as dashed lines.

2.4 Two-qubit gates

The spin symmetries of the hybrid qubit are the same as in the three-dot qubit of Ref. [21]
and two-qubit gates are implemented similarly; however, because the hybrid qubit has
higher effective connectivity, two-qubit gates can be implemented with fewer elementary
operations. The increased connectivity for dots in a linear array is illustrated schemati-
cally in Fig. [2.1(d-f). Fig. [2.1]d) shows two hybrid qubits with eight effective connections,

while Fig. [2.1)(e) shows the five effective connections of two triple-dots in a linear array.
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Fig. m(f) shows a different arrangement of two double-dots, also with eight effective con-
nections (Appendix shows how the hybrid qubit can achieve these connections). We have
found sequences, presented in Appendix [A] of 16 and 14 two-qubit operations that yield
gates equivalent to CNOT up to local unitary operations for Fig. [2.1{(d) and Fig. [2.1f),
respectively. In comparison, 18 operations are needed for Fig. e) [31]. These shorter
gate sequences provide strong evidence that increased effective connectivity can enable im-

plementation of gates of two logical qubits with fewer elementary two-qubit operations.

2.5 Readout and initialization.

Readout of the qubit states can be performed by exploiting the difference in tunnel rates
coupling the singlet and triplet states of the doubly occupied dot to the lead [44]. (See also
Chapter [6])

Fig. shows charge sensing measurements of a Si/SiGe double quantum dot in which
the ground state of the left dot when occupied by two electrons at low field is a singlet S,
whereas at large magnetic field B the ground state is the triplet 7. (All electron numbers
refer to the effective electron number; the actual number may include a spin-zero closed shell
of electrons in addition to the valence electrons we study here. Details of the measurements
are presented in Appendix ) To measure the tunnel rate into the dot, we start with one
electron in the left dot. We apply a step increase in voltage to gate PL, causing an electron
to tunnel from the lead into the dot, and changing the dot occupation from one to two.
Fig. (a) shows an average of 300 measurements of the charge sensor current in response
to the electron tunneling into the dot for B = 1T and B = 3T, showing exponential decays
corresponding to loading a single electron with tunneling rates v,q = 81 Hz (B = 1 T,
ground state S) and yioaqa = 521Hz (B = 3T, ground state 7") (See Appendix[A]). Fig.[2.2|c)
shows analogous measurements of electrons tunneling out of the dot that yield tunnel rates
Yunload = 182 Hz (ground state S) and Yuploaq = 645 Hz (ground state 7). The difference
in tunnel rates between the singlet and triplet states is thus large and suitable for both

readout and initialization.
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Figure 2.2: (a) Scanning electron micrograph of a top-gated Si/SiGe dot with the same
gate structure as the one used in the experiment, which is described in [§]. (b) Measurement
of the tunnel rate into the dot when the dot ground state is a singlet S (gray, B = 1T)
and a triplet 7_ (black, B = 3 T). The measured charge sensor current Igpc versus time
after the voltage on gate PL is changed is fit to an exponential form, yielding tunnel rates
Moad = 81 Hz and 7j0aq = 521 Hz, respectively. (¢) Analogous measurement of the tunnel
rates out of the dot, yielding vyynioad = 182Hz (ground state S) and Yynioad = 645Hz (ground
state T_). The different singlet and triplet tunnel rates enable qubit initialization and
readout. (d) Measurement of the triplet 7_ to singlet S relaxation time. The gate voltages
on the dot are changed to allow the triplet or singlet state to load, and the unloading rate is
measured as a function of the duration of the loading pulse At. Fitting the unloading rate
versus dwell time to an exponential form (shown as the solid line) yields 77 = 141 4+ 12 ms.

2.6 Coherence properties

While the spin symmetries of the hybrid qubit are identical to those of the three-dot qubit
in Ref. [21], the coherence properties are different because the singlet and triplet states have
different spatial wavefunctions. An essential component of this qubit is a long lifetime for
the triplet state of the dot with two electrons. We measure this lifetime by applying a step
in voltage to gate PL large enough that both the ground state singlet S and the triplet T_
excited state are energetically accessible at magnetic field B = 1.5 T. States S and T_ each
load with some probability. After a dwell time At, the voltage is returned to its previous

value, and an electron tunnels out of the dot. As At is increased, the probability that the
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electrons remain in the 7_ state decreases exponentially with a characteristic time 77, and
the tunnel rate to the lead decays with the same characteristic time. Fig. [2.2(d) shows
the result of such a measurement; it yields 77 = 141 4+ 12 ms. This slow relaxation time
is significantly longer than the value of ~ 3 ms measured in GaAs [44] and is consistent
with theoretical estimates that account for Rashba spin-orbit coupling and phonon-assisted
hyperfine coupling [45 [46].

The different charge distributions of the two qubit states gives rise to dephasing due
to electron-phonon coupling [47, [48] and charge noise [49]. Our calculations indicate that
for realistic states, the intervalley component of the electron-phonon dephasing term is the
most important, and leads to T3 ~ 1 us [15]. Dephasing due to charge noise is suppressed in
the hybrid qubit compared to charge qubits [50] because the changes in charge distributions
are confined to a single quantum dot, making the effective dipole moment much smaller
(indeed, the dipole moment vanishes in the limit of harmonic dot potentials) [15]. Therefore,
charge fluctuation-induced decoherence is greatly suppressed in the hybrid qubit compared
to double dot charge qubits. Simple estimates indicate that decoherence rates induced by

nuclear spins will be similar to those in singlet-triplet qubits [27].

2.7 Summary

To summarize, we have proposed a solid state qubit architecture which we term hybrid
qubit. It consists of three electrons in two quantum dots. Compared to previous proposals,
this new qubit has the important advantages of fast gate operations and relative simplicity
of fabrication. Experimental data are presented that support the feasibility of constructing
the qubit architecture using Si/SiGe quantum dots. Details of theoretical calculations and
experimental work that support the claims of this chapter are given in Appendix [A]

We also proposed single-qubit gate operations which make use of the fast AC modula-
tions of the tunnel coupling. In general, fast AC control over experimental parameters can
be experimentally more challenging compared to DC control. In this light, we present an

alternative protocol for single-qubit gates using DC pulses in the next chapter, and show



that it is possible to achieve high fidelity with such a scheme.
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Chapter 3

Quantum gates I: DC pulsed

gating of the hybrid qubit

3.1 Introduction

A key figure of merit for a quantum information processing device is the ratio of the quan-
tum coherence time to the time required to perform qubit gate manipulations [12] [13] [14].
The hybrid quantum dot qubit [18] introduced in Chapter [2|is a relatively simple qubit ar-
chitecture that could operate at high speeds with a higher figure of merit [I8] than previous
qubit designs [19, 20} 21].

Chapter [2 (Ref. [18]) proposes to implement gate operations using high-frequency (~
10 — 40 GHz) resonant RF pulses, which is feasible [51l [52], but significantly more compli-
cated to implement experimentally than the pulse-gating methods used for charge qubits [50,
53}, 541, 55l [56] and for spin qubits [4, 26] 57, 58, 59]. Here we show how to implement pulse-
gating of the quantum dot hybrid qubit by exploiting the level crossings where the qubit
becomes charge-like. We develop one- and two-qubit gates that require a modest number of
non-adiabatic voltage pulses (five and eight, respectively). We obtain closed-form solutions
for the control sequences and show that the gates are fast (sub-nanosecond) and can achieve

high fidelities.
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Figure 3.1: (a) Schematic of the quantum dot hybrid qubit and of the physics underly-
ing gate operations. The logical qubit states are |0);, = |S)||) and [1); = \/g\T[))H) -

\/g |T_)|1), as first defined in Egs. and in Chapter [2| Introducing tunneling ampli-
tudes g1 and g2 to a (1,2) excited state |E) induces transitions between |0)7, and [1)r. (b)
Energies of [0) 1, |1) 1, and | E) versus detuning € between the two dots. The ground state has
charge occupation (2,1) when € < €4 and (1,2) when € > €4; the qubit operates mainly in the
regime € < €4. The energy difference between the qubit states |0)7, and |1)f, is large for all
values of €, but there is an avoided crossing between |0), and |E) at detuning e4 (blue box),
and another avoided crossing between [1)1, and |F) at ep (dotted magenta box). Pulse-gate
transitions between |0)7, and |1)7, can be performed by using both avoided crossings. Pulses
to the detuning ep are used to induce phase differences between the three states. A gating
sequence to perform arbitrary rotations in the qubit Hilbert space is indicated with arrows;
along the detuning axis, the pulse sequence is ¢; — egp — ep — €4 — €p — € — €5. (c)
The corresponding circuit diagram for the gate sequence, with time progressing from left
to right. Gates P, A, and P» are tunable, with the control parameters ¢1, 8, and ¢2 given

in Eqs. G254

The two logical qubit states of the quantum dot hybrid qubit are given in Egs.
and [2.2) of Chapter [2] Transitions between the logical states |0), and |1), are allowed when
tunneling is introduced between the dots. Transitions between |0)7, and |1)7, occur via an
intermediate state |F) that has charge occupation (1,2) and the same total S? and S,.
Fig. [3.1|(a) shows the hybrid qubit and a physical process that yields transitions between
|0)7, and |1)z. We assume that the right dot’s singlet-triplet splitting is large enough that
higher energy states of the right dot do not mix appreciably with the states considered
explicitly here.

Quantum oscillations between two states |a) and |3) are achieved by changing the
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detuning suddenly to a value at which the energy difference between the states is smaller
than the coupling between them. Very near the avoided crossing between two states, the

time evolution is governed by the two-state Hamiltonian

H= , (3.1)
90 —%5

where g is the coupling between |a) and |3) and € is the energy difference between |a)
and |3) in the absence of coupling. Significant mixing between the states occurs only when
€ < go. If one pulses the system suddenly to € = 0, so that the state at time ¢ = 0
is [¥(0)) = |a), then the time evolution of the two-state system is given by |¢(t)) =
cos(Qpt)|a) — isin(Qgt)|5), oscillating between |«) and |3) with angular frequency Qp =
go/h. A pulse of duration T rotates the state on the Bloch sphere by an angle © = 2QzrT
around the z-axis [2].

Fig.[3.1|b) shows the energies of the states |0), |1) 1, and |E) as a function of detuning e,
which is controlled using gate voltages. The energy difference between |0)7, and |1)z, which
is the singlet-triplet energy splitting in the left dot, typically is substantial (~ 0.1 meV,
corresponding to a frequency ~25 GHz) and depends only moderately on e [33], so achieving
an avoided crossing of |0);, and |1) is typically not feasible. Therefore, pulse-gating is
ineffective in inducing transitions directly between |0); and |1)z. However, there is a
detuning e4 where there is an avoided crossing between the states |E) and |0)[] and
another detuning ep where there is an avoided crossing between the states |E) and |1)f.
Transitions from |0), to |1) can be induced by pulsing first to €4 and then to €. Similarly,

transitions from |1)7, to |0), can be induced by pulsing first to ep and then to €4.

3.2 Arbitrary single-qubit rotations

A pulse sequence that implements U(n, 3), a rotation of the logical qubit by an angle 3

about the rotation axis i = (sin7 cos (,sinnsin ¢, cosn), where n and ¢ are the polar and

LA 7 pulse at e also enables fast spin-to-charge conversion for readout, since it changes the charge state
of |0)z but not |1)z.
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azimuthal angles, is constructed from three primitive gates: A, B, and P. All detuning
changes are assumed to be instantaneous. The B gate, implemented by pulsing the detuning
to ep for a time that yields a 7 rotation about the z-axis in the {|1) 1, |E)} subspace, converts
|1);, — |E) and |E) — |1);. The A-gate, obtained by pulsing to €4 for an interval that
implements a rotation by an arbitrary angle 6 about the z-axis in the {|0)1, |E)} subspace,
changes the “latitude” of the qubit on the {|0) 1, |E)} Bloch sphere. The “longitude” on the
{|0)z, |E)} Bloch sphere is controlled using a phase gate P, whose detuning ep is roughly
midway between the anticrossings at €4 and €p, to avoid causing quantum oscillations. The
P gate causes |E) to gain a phase ¢ relative to |0)z. By inserting two P gates that rotate
the phase by angles ¢ and ¢ between the B and A-gates, any prescribed rotation on the
{|0),|1)} Bloch sphere can be obtained. The full pulse sequence U = BP, AP, B is shown
at the bottom of Fig.[3.1b) and as a circuit diagram in Fig. 3.I{c). The control parameters
(0, 91, P2) that yield rotation parameters (3,7, () are derived in detail in Appendix [B} and

are given by

0 = 2arcsin[sin(n)sin(5/2)], (3.2)
¢1 = arctan[cos(n)tan(5/2)] — ¢ — ( + /2, (3.3)
¢o = arctan[cos(n)tan(5/2)] — ¢p + ¢+ 7/2, (3.4)

where ¢p is the incidental phase gained by state |1)1, relative to |0);, while implementing
the B-gate. For example, U = BPy(—¢p + 7/2)A(B)P1(—¢p + 7/2)B yields an z-rotation
by an angle 3.

The speed of a pulsed gate in a quantum dot hybrid qubit can be estimated by noting
that it is composed of five primitive gates, as shown in Fig. (c) The A and B-gates
correspond to charge qubit rotations, and their speed is determined by the anti-crossing
energy gaps [23] [41], 50l 53, 55, 56]. A 7/2 rotation of a charge qubit can be implemented
in a time <200 ps [23, [56]. The speed of the phase gates P; and P, is determined by the
energy splitting between states |0)r, and |E). For a splitting of 50 ueV, a single P-gate
can be implemented in < 80 ps. Thus, sub-nanosecond gating of a hybrid-qubit should be

achievable with current technology. Sub-nanosecond coherent driven oscillations between
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Figure 3.2: Numerically calculated infidelity (1-fidelity) caused by dephasing during qubit
rotations without use of dynamical decoupling [60], as a function of the inter-dot tunnel
coupling in a double quantum dot. Solid red circles show the results for a hybrid qubit, and
open triangles, diamonds, and squares show the results for the exchange gate of singlet-
triplet qubits [4, 9] for GaAs, natural Si and isotopically purified Si, with 28Si exhibiting
the best overall gate fidelity. The two curves for the Si hybrid qubit represent different
values of the singlet-triplet splitting (0.05 meV for the upper curve and 0.5 meV for the
lower curve).

the (2,1) singlet and both of the low energy (1,2) states in a Si/SiGe double dot have been

reported [23], providing further evidence that fast pulse-gating of hybrid qubits is feasible.

3.3 Gate fidelity

When hybrid qubits are not undergoing gate operations, their coherence properties benefit
from their spin-like character, similar to singlet and triplet states in a two-electron quantum
dot [I5]. However, the gating procedures described above consist of sequential rotations of
charge qubits, for which the decoherence rates are faster. The gating speeds are also faster,
so realistic estimates for the gate fidelity require us to perform dynamical simulations of
the gate sequence.

We model the dynamical evolution of the density matrix p using a master equation [2]:

p

7

F[H.p| = D. (3.5)
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The Hamiltonian and decoherence terms are expressed in the {|0)r,|1)r,|E)} basis as

—AE()l/Q 0 1
H = 0 AE01/2 —g2 | > (36)

g1 —g2 —€

0 ypo1 Tpoe
D=1y 0 Tpg]|- (3.7)
Tppo Tpp1r O

In the Hamiltonian, AFEy ~ 0.1 meV is the energy splitting between the logical qubit
states [33], and g; and go are the tunnel couplings. For valley-type excited states in Si,
go = \/3/7291 [33]. The charge dephasing rate [61] I' = 1/75 ~ 0.2 GHz is the experimentally
measured value for charge qubits in GaAs [56], and the spin dephasing rate v ~ 1 MHz is
the theoretical estimate for 1/T% of the hybrid qubit far from the anti-crossings [15].

Fig. shows the results of our dynamical simulation for an X-gate (a 7 rotation
around the logical z-axis), using the gate sequence U = P,BA(m)BP; (see Appendix [B]).
Increasing the tunnel coupling improves the fidelity because it increases the gate speed,
until the A and B anti-crossings overlap and the fidelity flattens out. The frequency at
which this occurs increases as AFEy; increases.

Fig. 3:2] also shows analogous fidelity calculations for the exchange gate that imple-
ments X-rotations of singlet-triplet qubits [4, [59] by pulsing to a value of € at which the
exchange coupling J dominates over the inter-dot magnetic field difference AB [4]. There
are competing effects in the fidelity when J > AB (i.e., when |e| is small): the qubit
becomes charge-like, and decoheres more quickly, but the gate speed increases. In Fig. |3.2
the value of € is chosen to yield the optimum fidelity for every AB and g¢;. Fig. shows
results for three physical systems: GaAs (y = 1/T5 = 0.14 GHz, AB = 3.6 mT [62]),
natural Si (v = 1.5 MHz, AB = 26 uT [62]), and isotopically purified Si (y = 0.2 MHz,
AB = 1.2 uT [62]). For fixed tunnel coupling, increasing AB reduces the fidelity of the
exchange gate. However, better fidelities can be achieved by increasing AB and ¢; simul-

taneously.
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Fig. [3:2] shows that for natural silicon, the fidelity of an X-gate in a hybrid qubit is
comparable to the fidelity of an exchange-mediated gate (with J > AB) in a singlet-
triplet qubit. The fidelity of a Z-gate in a hybrid qubit is very high because it is a fast
gate that is implemented far from any level crossings [33]. For a singlet-triplet qubit, the
corresponding gate (with AB > J) is also implemented away from level crossings, but
inhomogeneous broadening places a materials-dependent lower bound on the fidelity [62].
Fast pulse sequences can be used to overcome this constraint [27] at the cost of gating
complexity. Hybrid qubit gates are simple for both rotation axes since they do not require
complicated gating sequences.

Pulse-gated quantum operation can also be performed by combining slow ramps and fast
pulses to perform adiabatic passage through the B anticrossing between |E) and |1)7, [63]
and quantum oscillations at the anticrossing A between [0)7, and |E). Starting from a
large negative detuning, first the detuning is increased adiabatically through anticrossing
B (which transforms |1);, — |E) and has no effect on |0)z), then pulsed suddenly to
anticrossing A (inducing quantum oscillations between |0)7, and |E)), and finally decreased
adiabatically through anticrossing B (which transforms |E) — |1);, and has no effect on
|0)z). This partially adiabatic protocol could be very useful if the energy splitting at
anticrossing B is significantly larger than for anticrossing A, which is conceivable because
of the large differences of tunnel rates from different orbital states that have been observed
in a silicon quantum dot [§] (see Chapter [6). However, the time spent in |E) is likely to
be longer than in the all-sudden protocol described above, rendering the gate much more
susceptible to charge noise, because of the markedly different charge distribution in |E)
than in [0)7, and |1)7 [I5]. Thus it is likely to be more difficult to perform high-fidelity
gate operations using a partially adiabatic process than using the sequence of quantum

oscillations described above.
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Figure 3.3: Pulse-gating protocol for a two-qubit controlled-phase gate. (a) The detunings
of the avoided crossings A and B of the target qubit shift by de (horizontal arrows on
the figure) when the state of the control qubit is changed from |0);, to |E). (b) Realistic
device geometry for a top-gated Si/SiGe heterostructure, described in (see Appendix .
2D Thomas-Fermi modeling [64] of this device yields de = 0.1 meV, ample for operation of
a conditional gate. (c) Gate sequence for a conditional rotation of the phase of the target
qubit. First, a B-gate is applied to the control qubit, which leaves |0); unchanged and
transforms |1);, — |E). The target qubit is then pulsed to anticrossing B’, then to P’, and
then again to B’, which changes the phase of the target qubit only when it starts in state
|1)7, and the control qubit is in state |E). Finally, applying a B-gate to the control qubit
converts it back to a spin qubit. The gray shading denotes that the operations on the target
qubit are conditional between application of the two B-gates to the control qubit. This gate
sequence changes the phase of the target qubit only when the control qubit starts in state
|1)7,. The operations also perform a conditional phase rotation on the control qubit, which
can be adjusted to be a multiple of 27 by appropriate choice of pulse parameters.

3.4 Two-qubit gates

Two-hybrid qubit gates can be implemented by exploiting capacitive coupling [58, [65] 66].
As shown in Fig. [3.3|(a), the charge distribution in state | E) is substantially different than in
|0) 1, so there is a substantial Coulomb coupling that causes the location of the anticrossings
A and B of the target qubit to depend on whether the control qubit is in state |0)7, or in
state |E). Therefore, pulsing the target qubit to the detuning of anticrossing A converts

the state |1)1 of the target qubit to |E) when the control qubit is in state |0)z but not
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in state |F). This dependence of the position of the anticrossings of the target qubit on
the state of the control qubit enables the construction of a conditional two-qubit gate, as
illustrated in Fig. (c) One first applies a B-gate to the control qubit, which transforms
|1);, — |E), and then applies a gate sequence that changes the phase of the target qubit
only if the control qubit is in state |0)z. 2D Thomas-Fermi modeling [64] of the realistic
device geometry, shown in Fig. [3.3(b) and described in Appendix [B] yields shifts in the

anticrossing energies of 2 0.1meV, which is ample for fast operations to be feasible.

3.5 Summary

To summarize, in this chapter, we presented a method for pulse-gating a quantum dot hybrid
qubit. Even though the qubit states typically cannot be made energetically degenerate,
pulsed gating can be implemented by exploiting avoided crossings at two different detunings
between each of the two qubit states and an intermediate state. With an additional phase
gate at a third detuning, arbitrary rotations of the logical qubit can be achieved. We have
derived explicit expressions for the pulse sequences and performed dynamical simulations of
the gates assuming realistic values for the dephasing rates. We also showed that two-qubit
gates can be implemented by operating the control qubit in the charge regime to electrically
enable or disable a rotation on the target qubit.

To understand how the fidelity of this method of pulse-gating gating fares when com-
pared with the AC scheme of the previous chapter as well as the more traditional singlet-
triplet qubit [4], we analyze the optimal fidelities achievable for both qubits using both DC

and AC methods of gating and present our results in the next chapter.
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Chapter 4

Quantum gates 1I: Optimal DC
and AC fidelities

4.1 Introduction

A variety of logical qubits and quantum gates have been proposed for quantum computer
architectures using top-gated quantum dots. Differences between the schemes can make
meaningful comparisons of the resulting gate fidelities challenging.

In this chapter, we show that it is possible to evaluate many qubit-gate-decoherence
combinations on an equal footing, once the gating protocols have been properly optimized.
To demonstrate our procedure, we analyze optimal fidelities of single qubit gates for two
types of double-dot qubits: the singlet-triplet [20, 4] and hybrid [18] qubits. Quantum
gates involving transitions between the logical qubit states are controlled by the exchange
interaction between the dots, J, which is itself a function of two experimental parameters,
the tunnel coupling g and the detuning between the double-dots e. We consider three
types of gates involving transitions between qubit states: a DC pulsed gate, and two AC
gates, based on logical qubit resonance (LQR) and stimulated Raman adiabatic passage
(STIRAP). Remarkably, we find that after optimization, almost all the gate fidelities are

quantitatively similar and and follow the same simple scaling law. The only exception is
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the pulse-gated hybrid qubit, which is more difficult to optimize. Of the cases considered
here, we find that the highest possible overall fidelity is achievable in a hybrid qubit using

a STIRAP gating protocol.

4.2 Decoherence and gate speed

Performing prescribed quantum transformations of a qubit with an extremely high degree
of quantum coherence is one of the several stringent criteria required for the realization of
a working quantum computer [12), 13| [14]. However, inevitable interactions between the
qubit and its environment result in “dephasing” [2], or the loss of coherence necessary for
quantum information processing. For semiconducting qubits, charge fluctuations in the
semiconductor environment comprise a fast noise source that causes rapid dephasing. One
way to decrease the dephasing rate has been to encode qubits in spin degrees of freedom.
Hyperfine coupling between nuclear magnetic moments and the electron spin comprises a
slow noise source, allowing techniques such as spin echoes [67, 27] to mitigate their dephasing
effects. Thus, quantum dot spin qubits [20, 4} 18] [T}, 19} 211, 26], [59] possess longer coherence
times than quantum dot charge qubits [50} 53], [56].

The state of the qubit can be fully characterized by its position on the unit Bloch sphere,
where the 2 directions correspond to the qubits states 0 and 1 [2]; single qubit operations
can then be visualized as rotations on the Bloch sphere. The energy splitting AE between
qubit states causes an accumulation of the phase difference between energy eigenstates of
the qubit [67], which are rotations about the z-axis of the Bloch sphere. For quantum dot
spin qubits, this “phase accumulation gate” is susceptible to slow dephasing with rate ~.
Coherent transitions between the qubit states are z-axis rotations on the Bloch sphere,
which in quantum dot spin qubits are performed by turning on the exchange interaction,
so we denote performing z-rotations as “exchange gating”. The exchange interaction is a
strong interaction and enables fast (> GHz) rotations. However, the exchange interaction
brings the quantum dot spin qubit out of the qubit subspace, into a transient superposition

of states with different charge distributions. This makes exchange gating susceptible to fast
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dephasing I', as depicted in Fig. u(c) The degree to which fast dephasing affects exchange
gating increases with the strength of the interaction. Therefore, it is not obvious a priori
whether running an exchange gate faster will result in better fidelity.

Experimentalists have a range of tools with which to control single qubit rotations. The
exchange interaction J depends on the tunnel coupling between dots g and the detuning
(energy difference between dots) €, both of which have a wide range of tunability. On
the other hand, the energy splitting AFE between the qubit states is typically of limited
tunability. In addition, there are different gating protocols to choose from. We consider a
DC pulse-gating protocol, and two AC protocols — a resonance protocol we term Logical
Qubit Resonance (LQR) and an adiabatic protocol termed stimulated Raman adiabatic
passage (STIRAP) [68], which has been developed and exploited extensively in atomic
systems [68, [69]. We show that for a given tunnel coupling, almost all the the maximum
achievable fidelities are quantitatively similar, and they follow a simple scaling law. The
limits on fidelity arise from experimental limits on the relevant parameters that prevent full
optimization. Using realistic estimates of these limitations, we find that the highest-fidelity

operations should be achieved in a hybrid qubit using a STTRAP gating protocol.

4.3 Single-qubit rotations

First we review the qubits and the methods for performing quantum operations that we
will study in this chapter. We consider logical qubits [28] formed from multiple electrons
in a double quantum dot, the singlet-triplet (ST) qubit [20] 4] with two electrons and the
hybrid qubit [18], introduced in Chapter [2] with three electrons. Other schemes involving
three or more quantum dots [2I] are not considered here. There are some disadvantages
in using two instead of one quantum dot, in terms of device complexity. However, we will
demonstrate that the internal degrees of freedom provided by such logical qubits can also
bring important benefits, because they allow us to optimize qubit performance.

We make use of two tunable parameters in these devices, both of which can be controlled

experimentally by varying the voltages on the top-gates. These control knobs, shown in
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Fig. [{1] are the detuning €, and the tunnel coupling g between the dots. Typically, € = 0
is defined as the degeneracy point between two charge occupation states. For the ST qubit,
for example, ¢ = 0 refers to the degeneracy point between the (1,1) and (0,2) states of
the double dot, where a state (n,m) has n electrons in the left dot and m electrons in
the right dot. The tunnel coupling ¢ is tuned by changing the height of the tunnel barrier
between dots. We also assume that there is a magnetic field difference AB between the
two quantum dots. This field difference arises from naturally occurring nuclear magnetic
moments, and can also be engineered by polarizing the nuclei [71} [72], or by fabricating
external micromagnets [52] or striplines [19].

Singlet-triplet (ST) qubit

We first consider the ST qubit with two electrons in a double quantum dot. In the
far-detuned (large, negative €) regime, the ground state charge configuration is (1,1). The
low-lying eigenstates | 1,]) and | |,1), which have energy splitting AFEp because of the
magnetic field difference between the dots AB, define the ST logical qubit, as shown in
Fig. This energy splitting causes the relative phase between the qubit states to increase,
which, by definition [2], is a z-rotation on the Bloch sphere. These rotations are subject to
“slow” dephasing with rate ygr, which is ~ 2.5 MHz in natural silicon [59].

Hybrid qubit

The quantum dot hybrid qubit, introduced in Chapter [2, has three electrons in a double
quantum dot [18]. In the far-detuned regime, the ground state charge configuration is (2, 1).
We define the qubit states to be in the S = 1/2, S, = —1/2 subspace, similar to [21]. We
ignore the other low-lying energy levels with different spin quantum numbers because they
can be reached only by processes which are non-spin-conserving. The logical qubit states are
given by Egs. [2.T]and [2.2]of Chapter[2] The energy splitting between the qubit states, AEp1,
is dominated by the singlet-triplet energy splitting of the two-electron dot. As for ST qubits,
this splitting causes z-rotations; however, A Ep; is typically 0.1 meV [33], significantly larger
than AEp ~ 1—10 neV [59,62] for typical ST qubits, and the rotations are correspondingly

faster. The “slow” dephasing rate for the hybrid qubit vy, is determined by the dephasing
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of the singlet and triplet states in the two-electron dot, and it has been calculated in [15]
to be 1-10 MHz in Si/SiGe quantum dot qubits..

Exchange interaction

In both ST and hybrid qubits, when the absolute value of detuning |¢| is small, the qubit
states are strongly coupled with an excited state with a different charge configuration (the
(0,2) state |Sp2) for the ST qubit and the (1,2) state |E) = ||)|S) for hybrid qubit; see
Fig. |4.1)). This coupling gives rise to the exchange interaction, characterized by an energy
J. In the presence of the exchange interaction, there are quantum oscillations between the
qubit states, which represents an z-rotation on the Bloch sphere [2]. Because the exchange
interaction brings the qubit into a transient superposition of different charge configurations,
x-rotations are strongly affected by environmental charge fluctuations, leading to a “fast”

dephasing rate I' for both types of qubits, as shown schematically in Fig. (c)

4.4 Model

The dynamical evolution of the logical qubit density matrix p is governed by the master
equation [73] which we made use of in Chapter |3| (Eq. . We repeat the master equation
here:

_ g - D, (4.1)

where H is the Hamiltonian describing coherent evolution, and D is a phenomenological
term that describes the fast and slow dephasing processes under the assumption of Marko-
vian dynamics, as appropriate for the double quantum dot system [61].

The basis states of each of the Hamiltonians for the ST and hybrid qubits are the logical
qubit states, as well as an excited charge state, to which each of the basis states is coupled.

The basis states for the ST qubit are {|a) = | 1,1),|b) = |, 1),e) = |So2)}, and for the



28

hybrid qubit {|0)z, [1)z, |E)}. The Hamiltonians are

—AEgp/2 0 g

Hgt = 0 AEg/2 —g |, (4.2)
g -9 e
—AFEy /2 0 g1

Hyy = 0 AEy/2 —g2 |- (4.3)
g1 —92 —€

The dephasing terms are given by

B (paa — pwy)  BE(pab — Pva) Tpae
Dsr = B (pba — pab) 5 (pob — Paa) Tpve |- (4.4)
T'pea Lpey 0
0 YyPor  L'por
Dyy = Yhy P10 0 Tpig |- (4.5)

Tppo  Tpe 0
Our numerical results were obtained by solving for the dynamical evolution of the density

matrix (Eq. in the interaction picture [74] with the rotating wave approximation [70].
(See Appendix |C| for details.)

4.5 Gating protocols for x-rotations

DC pulsed gates

As described in the previous sections, z-rotations are implemented in the limit AE > J
and z-rotations are implemented in the opposite limit, J > AFE. In experiments, it is typical
to keep the tunnel coupling fixed at ¢ = gog, and move between these limits by changing
the detuning e, as indicated in Fig. [4.1} In the pulsed gating protocol, the detuning should
be switched instantaneously (non-adiabatically). The protocol is DC in the sense that the

detuning changes only during switching events.
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The protocols and considerations for pulsed gating differ slightly for ST and hybrid
qubits. For ST qubits, the switching protocol is straightforward in principle. In practice,
however, AE and J cannot be turned off completely. Hence, the rotation axis never points
precisely along x or z. For the ST qubit, simple procedures can be adopted to correct for this
problem. When J 2 AFEp, a three-step procedure given by Hanson and Burkard (HB) [75]
yields exact x-rotations in the absence of dephasing. Such a procedure involves pulsing to
the region of detuning which allows for z-rotations, then to the far-detuned regime for a
z-rotation, followed by another x-rotation, with the corresponding detuning regions shown
schematically in Fig. (a). When J > AFEpg, however, a simpler one-step pulse (to the
detuning region for an z-rotation) [4} [59] suffices because the infidelity arising from the tilt
of the rotation axis from the z-axis is smaller than that arising from the combination of
fast and slow gates in the HB sequence. Which of the two procedures yields higher fidelity
gates depends on precise system parameters, as is discussed below.

For the hybrid qubit, the energy splitting of the qubit states is much larger than that
for the ST qubit, AFy; > AFEp, and it is also much larger than the tunnel couplings,
AFEy > g. As a result, the energy-versus-detuning diagram has two distinct anticrossings,
as indicated in Fig. [4.1{b). The DC pulse-gating sequence that generates a rotation about
an arbitrary axis in the x-z plane of the Bloch sphere by an arbitrary rotation angle has five
steps, [22], and contains intervals at both the |0) — |E) and |1) — |E) anticrossings shown
by the dotted lines in Fig. [4.1(b). This was been explained in detail in Chapter

Logical qubit resonance (LQR)

Electron spin resonance (ESR) provides a robust AC method for generating z-rotations
of individual electron spins [67]. In conventional ESR, a large DC magnetic field is applied
in the z directions. An AC magnetic field is applied in the x direction at the resonant
frequency w = AFE/h, where AE is the Zeeman energy splitting, inducing transitions be-
tween states with different S,. In the analogous LQR scheme, z-rotations are generated
by modulating the tunnel coupling g at the resonant frequency AFE/h. The speed of the

x-rotation is determined by the AC component of the exchange coupling Jac; the tunnel
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coupling oscillates with an amplitude of gg on top of a DC offset of gg. (See Fig. |4.1{(e) and
Appendix [C])

There are two complications to the analogy between LQR and conventional ESR, neither
of which has a strong effect on the fidelity of the rotation. First, the effective coupling in
the LQR protocol is a second order coupling as depicted in Fig. |4.1|(e), rather than a direct
coupling as in ESR. The resonant frequency thus is half of the Larmor frequency (see
Appendix . Second, while the magnitude of the exchange interaction can be modulated
at high frequency, its sign cannot, so it is necessary here to implement the AC field using
the positive-definite AC signal shown in Fig. which contains an average DC component.
As a result, the AC field points slightly away from the z-axis, in the z-z plane. A high
fidelity z-rotation can still be achieved under these conditions, in the limits gy < \/m
and go < e, as easily verified in the rotating wave approximation (see Appendix |C]).

Stimulated Raman adiabatic passage (STIRAP)

The STIRAP protocol [68] generates z-rotations on the Bloch sphere by causing tran-
sitions between the qubit states |a) and |b), via a third, the excited charge state |e). The
tunneling processes |a) <> |e) and |b) <> |e) are controlled independently by applying
modulated pulses that change the tunnel coupling g at the respective resonant frequencies
wWae = AFEq4e/h and wpe = AEp./h. The value of tunnel coupling is positive-definite, and
the amplitude of the pulses is 2gg, where gg is the average DC offset. Somewhat counter-
intuitively, when the overlapping pulses are implemented sequentially and adiabatically, as
shown in Fig. [4.1{d), the result is a smooth rotation between |a) and |b) that never actually
populates the excited state |e), and therefore never encounters the fast dephasing effect
described by I'. The adiabatic limit corresponds to an infinite gate time however, and is
not experimentally feasible. Finite (but realistic) gate times lead to a nonzero occupation
of the excited state, which is susceptible to dephasing. Therefore, there is an optimum

protocol speed that optimizes the overall fidelity of the gate.
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4.6 Optimizing the fidelity

For all three z-rotation protocols considered here, the optimum gate fidelity is determined
by a competition between fast and slow decoherence processes. Implementing the rotations
too quickly causes excessive population of the excited charge state |e), which suffers from
fast dephasing, with rate I'. Slow rotations suffer from intrinsic dephasing of the logical
qubit, with the slow rate «. The optimal rate for implementing rotations lies somewhere
between these two limits. Here, we determine the optimal gate parameters for maximizing
the fidelity using a master equation approach that incorporates both the fast and slow
dephasing rates. The optimal gate parameters are determined by maximizing the fidelity.

We calculate the relevant fidelities by solving a master equation that specifies the time
evolution of the density matrix p that specifies the quantum system. The master equa-
tion [73], Eq. , incorporates both coherent evolution and dephasing. The coherent
evolution is governed by the three-state Hamiltonian, H, in which the two logical qubit
states, |a) and |b), are each coupled to an excited state, |e), and the three z-rotation
protocols are implemented via the time dependence of the detuning and tunnel coupling
parameters, €(t) and g(t). Dephasing is incorporated using a phenomenological term D that
assumes Markovian dephasing [78], as is appropriate for our double dot system [61]. (See
Appendix |C| for more details.)

To characterize the fidelity for a 7 rotation about the z-axis of the Bloch sphere, we
assume that the system is in state |a) at time ¢ = 0, so that the initial probability of finding
the system in state |a), paq(0), is 1. A perfect 7 rotation implemented in a time 7 results in
the system being rotated to state |b), in which case, the probability of observing state |b),
pwp(7) = 1. Therefore, we take as our fidelity measure the calculated value of pp,(7) from
the master equation, Eq. (see Appendix . This measure is identical to the distance
metric between two density matrices given in [79] and is detailed in the Appendix |Cl For
the DC pulsed gating protocol, we investigate the one- [4, [59] and three-step [75] gating
procedures for the ST qubit, and the five-step procedure [22] for the hybrid qubit. For

the AC protocols, we solve Eq. (4.1)) in the interaction picture [74] using the rotating wave
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approximation [70].

The different rotation protocols incorporate several tunable parameters, including ¢, g,
and for STIRAP, the shapes of the pulses. The optimization procedures for LQR for both
the ST and hybrid qubits, and DC pulsed gating for the ST qubit are all similar. For each
value of g, the optimum value of € that maximizes the fidelity can be determined numerically
from Eq. A typical result is shown in the inset of Fig. For small |¢| =1, the fidelity is
limited by the slow dephasing rate -y, while for large |e|~!, the fidelity is limited by the fast
dephasing rate I'. The optimum detuning and the maximum fidelity are easily determined
numerically. Analytic estimates described in the Appendix [C] agree well with the numerical

results, as shown in Figs. f:2] and [£:3] The analytic estimates for LQR gating yield

G(S)%t,LQR‘ ~ govI/vsT, (4.6)
>~ goy/ 2L/ my, (4.7)

with optimal fidelities in the limit of small (I'y)'/2 /gy of

opt
€hy,LQR

JER R = 1= 2mh/Tst/g0 = exp (—27rh\/nygT /g0> , (4.8)

f}?;)iQR ~ 1 —27mhy /Ty /2/g0 ~ exp <—27rh nyhy/Q/g()) ) (4.9)

where the exponential expression captures the expected asymptotic form of f for small gg.
The optimal detuning of DC pulsed gating of the ST qubit, in the limit of zero energy

splitting AFp — 0, is
lim ‘eg%ﬁm‘ ~ 2g0+/T /75T (4.10)

AEBA)O
with optimal fidelity in the limit v/Tys7/g0 < 1 of

mwhy/TsT mhyThsT

—— " ~exp | ——m—— | (4.11)
90

The exponential forms in Egs. and agree well with the numerical data for the

entire range of A(T'y)'/2/go, as shown in Figs. and

For the STIRAP gating protocols for both the ST and hybrid qubits), the gate speed is

determined by shaping of the pulses (see Fig. [4.1{d)) and not by the detuning parameter.
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For each value of tunnel coupling g, pulse shape parameters tyiqth and tgelay are optimized
for maximum fidelity. There are no simple analytical methods for treating the STIRAP
problem. However, quite remarkably, the optimal fidelities obtained from numerical opti-
mization of STIRAP appear to be identical to those for LQR, as we demonstrate in the
Appendix [C]

The results of the numerical optimization procedures for LQR and for STIRAP are
shown in Fig. [.2] along with the corresponding LQR analytical forms. The speeds of the
various gates are indicated by the calibration bars at the top of the figure. Here, we have
used the values ysT = 0.2 MHz, 1,y = 1 MHz, assuming the host material to be isotopically
purified silicon. The rates ysT and vy, are the quadrature sums of the dephasing rates from
dominant noise sources in semiconductor materials, such as nuclear hyperfine coupling [62],
electron-phonon coupling [I5], 48] and charge noise [15] [76], the latter of which is more
important for hybrid qubits [I5]. In our calculations, we also used I' = 1 GHz, based on
experimental measurements of charge qubit dephasing times. [56), 50} 23].

We now discuss DC pulsed gating of the hybrid qubit, which has different optimization
properties than the other gating schemes. Here, the pulse gating protocol prescribes the
detuning at each point of the five-step procedure [22], and the excited charge state is fully
populated, rather than virtually populated, by design. The only tunable parameter is the
tunnel coupling g. The fidelity is always optimized by implementing the gate as fast as
possible, by maximizing g. For this one protocol, there is no balance between slow and fast
dephasing, and the optimization is trivial.

The optimal fidelities as a function of tunnel coupling g for DC pulsed gating of both
ST and hybrid qubits are shown in Fig. The main plot shows the optimal fidelities
versus tunnel coupling for DC pulsed gating of the ST qubit at two interdot magnetic field
differences AB, for a one-step pulse sequence [4, [59]. At small g, the fidelity is poor because
the exchange energy J is smaller than the qubit energy splitting AFp, and the rotation
axis is tilted away from the z-axis. The fidelity increases as g is increased. The three-step

HB sequence [75] that would yield an exact z-rotation improves the fidelity slightly at small
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tunnel coupling but not at large g. Results for the HB sequence are plotted in detail in
the Appendix [C] At large tunnel coupling, where J > AFEp, the one-step DC pulse tends
to its optimal limit (Eq. shown by the green line. In this limit, DC pulsed gating
is superior to LQR and STIRAP, whose optimal fidelity is shown by the black line. The
optimal DC pulsed gating fidelity for the hybrid qubit is plotted in the inset as teal triangles,
and compared with the analytical LQR fidelity, shown as the blue line. DC pulsed gating
of the hybrid qubit has inferior fidelity because it must be performed by pulsing to the

anticrossings, where the dephasing effects of charge noise are large.

4.7 Discussion

We have characterized the optimal fidelities of several common quantum dot qubit gates.
The fidelity of gates that perform z-rotations on the Bloch sphere that change the relative
phase of the qubit states is determined by fluctuations in AF, the energy splitting between
the two qubit states. The fidelity of the z-rotations can be improved by either increasing the
gate speed, AE/h, or suppressing the dephasing rate, v. For ST qubits, AE corresponds
to the Zeeman splitting, and it can be enhanced by polarizing the nuclei [71} [72], or by
fabricating external micromagnets [52]. For hybrid qubits, AE corresponds to the ST
energy splitting inside the two-electron dot; it is naturally large (~ 0.1 —1 meV), and it can
be modified electrostatically [33]. Since the noise spectrum of the nuclear spins is dominated
by low frequencies [80], the fidelity of z-rotations may be improved in ST qubits by applying
pulse sequences similar to spin echos [27]. For hybrid qubits in Si, the noise spectrum of
the optical phonons is dominated by higher frequencies [15] (the same is often true for
charge fluctuations [17]), so that pulse sequences are probably less effective. In principle,
the fidelity of the z-rotations can always be improved by increasing the sophistication of the
pulse sequences; however in practice, they are constrained by dephasing that occurs during
the z-rotations in the sequence.

We also consider z-rotations (transitions between the qubit states), of three distinct

types: DC pulsed gates, and AC gates based on logical qubit resonance (LQR) and stim-
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ulated Raman adiabatic passage (STIRAP) protocols. Perhaps surprisingly, for a given
qubit type, the AC methods appear to attain the same fidelity, given by Egs. and
For ST qubits, the fidelity of DC pulsed-gating follows a similar scaling law (Eq. ,
while DC pulsed-gating for hybrid qubits has lower fidelity because the detuning cannot be
optimized; it is fixed by the protocol itself.

The maximum achievable fidelity in experiments depends on whether the optimum
parameter values can be achieved in a given gating scheme. Some important experimental
considerations are: (i) DC gates should satisfy the “sudden” approximation. Typical fast
pulses in quantum dot systems [23] should satisfy the condition on the rise time t,ise of the
pulses, h/tse > go. (ii) DC pulsed gates for ST qubits and LQR are both optimized by
choosing the detuning parameter given in Eqs. . Since |e| is bounded by a charging
energy of ~ 1 meV in typical devices, this leads to an upper bound of gy < 24 GHz for
a ST qubit, or 38 GHz for a Si hybrid qubit. These bounds give rise to an upper limit of
99.8% on the fidelity of DC pulsed gating in the (unrealistic) limit of zero interdot magnetic
field difference (AEp — 0), and to an upper limit of 99.6% on the fidelity of LQR gating.
(iii) For the AC protocols, LQR and STIRAP, the z-rotation should be much slower than
the z-rotation to avoid gating errors, as consistent with the rotating wave approximation,
go < /AEle| and gy < |e|. For a GaAs ST qubit with AB = 10 mT, this gives a bound
of go < 0.4 GHz, corresponding to an upper limit on the optimal fidelity of 80.1%, while
for a hybrid qubit with AFEg; = 0.5 meV, the bound is gg < 760 GHz, corresponding to an
upper limit on the optimal fidelity of 99.99%. We note that at present, classical electronics
components limit the frequency of the electrical signal that are used to control tunnel
coupling to ~ 40 GHz. This limit corresponds to an upper bound on the optimal fidelity
of STIRAP for the hybrid qubit at 99.8%. Based on these criteria, the highest quality
z-rotations should be possible in a hybrid qubit, using STIRAP gates. For Si devices, this
is the preferable gating method, although ST qubits, and DC or LQR gating methods also
provide high fidelity. For GaAs devices, in which the ”slow” decoherence rate for a hybrid

qubit is ~ 1 GHz [I5], the highest quality z-rotations are achieved in DC pulsed gates.
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It is worth noting that, unlike z-rotations, the z-rotations probably cannot be improved
by implementing pulse sequences. This is because any pulse sequence would involve a
mixture of fast and slow z-rotations, which would necessarily violate the optimization re-
quirement.

Finally, we note that the highest overall fidelity that can be achieved in a given gating
scheme should be defined as the smaller of the fidelities of the & and z-rotations. When
pulse sequences are used to improve the fidelity of the z-rotations, the overall fidelity is
constrained by gg, as described above. In general, the fidelity is maximized when gg is very
large. When one of these quantities is limiting, however, there is no significant advantage

in increasing the other quantity.

4.8 Summary

We have analyzed the optimal fidelities for single-qubit gates for the ST and hybrid qubits
using three different protocols (a DC pulse-gated scheme and two AC schemes) and showed
that they can be evaluated on an equal footing. Using experimentally realistic constraints,
we find that the maximum fidelity is 99.8% for both qubits. This fidelity is achievable
for hybrid qubits using a STIRAP protocol, and for ST qubits using DC pulsed gating.
However, the latter comes at the cost of an unreasonably slow z-rotation gate. These high

fidelities are promising for using these qubits to build a scalable quantum processor.
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Figure 4.1:  Schematic of the physics underlying the z- and z-rotations of the singlet-
triplet (ST) and hybrid qubits. Transitions between qubit states yield x-rotations, while
relative phase changes between the qubit states yield z-rotations. Panels (a) and (b) show
plots of the energy versus detuning of the relevant energy levels for the ST and hybrid
qubits. The energy splitting of the qubit states that drives the z-rotations is typically
much smaller for the ST qubit than the hybrid qubit: AEp <« AFp;. In both cases,
the qubit states are coupled to an excited charge state via the tunnel-coupling g. The
resulting exchange interaction J is large when the absolute value of detuning |e| is small.
(a) Singlet-triplet qubit. For DC and LQR gate protocols, the optimal value of the detuning
for z-rotations is close (but not too close) to € = 0 (yellow shaded region). STIRAP is
performed on the right-hand-side of the detuning axis, where the exchange interaction J is
small. (b) Hybrid qubit. For LQR, the optimal value of the detuning is again close (but
not too close) to the energy level anticrossing, and STIRAP is performed on the right-
hand-side of the detuning axis. However, for typical experiments, the energy splitting is
much larger than the tunnel coupling, AFEy > g, leading to two distinct anticrossings.
For this arrangement, DC gating for an z-rotation requires a five-step sequence [22] in
which some of the pulses are at anticrossings. (c) The excited state that mediates the
exchange interaction has a substantially different charge configuration than the qubit states,
so increasing the strength of the exchange interaction increases the gate speed but also
increases the dephasing rate. There is therefore a balance between the gate speed and
dephasing rate for which exchange gate fidelity is optimized. (d) STIRAP (stimulated
Raman rapid adiabatic passage [70]) is implemented using shaped RF pulses that oscillate
the tunnel coupling at the respective resonant frequencies, h/FE,. and h/Ejp., modulated by
overlapping Gaussian envelopes known as Stokes and pump pulses (see Appendix . Here,
the gate fidelity is optimized by choosing an appropriate combination of tyiqth and fdelay,
describing the shape of the pulse envelopes. (e) Logical Qubit Resonance is performed by
oscillating the tunnel couplings at a frequency equal to half the Larmor frequency, 2h/AE.
Here, the gate fidelity is optimized by choosing an appropriate value of the detuning, for a
given tunnel coupling.
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Figure 4.2: Comparison of the optimal fidelities of the LQR and STIRAP gating schemes
for ST and hybrid qubits using the parameter values I' = 1 GHz, yg7 = 0.2 MHz [76, 48, 62]
and vny = 1 MHz [15, 62]. Inset: the minimum infidelity (1 - fidelity), as a function of
detuning at a fixed tunnel coupling, gives the optimal detuning value for LQR. Numerical
simulations for the ST (gray filled circles) and hybrid (blue filled triangles) qubits are
in excellent agreement with analytical estimates for the respective qubits (Egs. and
shown as green and red curves respectively). Main panel: a plot of the infidelity for
optimized gates versus the tunnel coupling amplitude go/k. For both LQR and STIRAP, the
gate speed (top panels) increases with tunnel coupling. In the main plot, the numerically
optimized LQR and STIRAP fidelities for the ST qubit (black filled circles and red empty
squares respectively) and for the hybrid qubit (blue filled triangles and magenta empty
triangles respectively) are in excellent agreement with the analytical expression for the
LQR fidelity, given by Eqgs.[d.§ and [£.9] The dashed horizontal line represents the minimum
infidelity when the detuning is constrained to be less than 1 meV, the charging energy in
typical devices [77]. The fidelity for STIRAP, optimized for pulse parameters tgelay and
twidth at each value of the tunnel coupling (see (see Appendix), is in excellent agreement
with the scaling law for the fidelity of LQR.
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Figure 4.3: Main panel: optimal fidelities versus tunnel coupling gg for a DC pulse-gated z-
rotation of the ST qubit for interdot magnetic field differences of AB = 0.03 mT (magenta
squares) and AB = 0.30 mT (red circles), for a one step pulse sequence [4, [59]. At small go,
the exchange energy J is smaller than the qubit energy splitting AFEp and the rotation axis
is tilted away from the z-axis, reducing the fidelity. At large tunnel coupling, J > AFEp,
and the one-step DC pulse sequence tends to its optimal limit (Eq. shown by the
green line. In this limit, DC pulsed gating is superior to LQR and STIRAP whose optimal
fidelity is shown by the black line. A three-step pulse-gating sequence [75] to implement
an z-rotation improves the fidelity slightly at small gg, but plateaus at large gy denoted by
the horizontal lines, as discussed in the Appendix [C] Inset: Gate fidelities versus tunnel
coupling for the hybrid qubit. The optimal DC pulsed gating fidelity for the hybrid qubit
is plotted as teal triangles, and compared with that for LQR and STIRAP as the blue solid
line. Because pulsed gating for the hybrid qubit is implemented at the anticrossings between
different charge states, dephasing effects are large and the fidelity of DC pulsed gating of
the hybrid qubit is poorer than that for the other protocols. Assuming an experimental
limitation on the maximum detuning of ~ 1 meV, the maximum fidelity achievable for
both qubits is ~ 0.998 using pulsed gating for the ST qubit, and using STIRAP for the
hybrid qubit.
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Chapter 5

Decoherence I: Coherent
oscillations of a silicon charge qubit

and enhanced dephasing time 75

5.1 Introduction

Coherent manipulation of qubits is a fundamental challenge. Fast, coherent control of charge
qubits has been demonstrated in both superconducting circuits[65, [81] and semiconductor
quantum dots[50, 56]. Because charge states have relatively fast decoherence[56), [16], [17], it
is essential to find ways to maximize the coherence of charge manipulation in semiconductor
quantum dots. This is imperative for DC pulsed gating of the hybrid qubit, which utilizes
the charge degree of freedom in order to perform single-qubit rotation about an arbitrary
axis, as described in Chapter [3| By exploiting the discrete electronic states of the quantum
dot qubit, we demonstrate that longer coherence times and higher figures of merit can be
achieved in a three electron double dot qubit. We achieve a record figure of merit (number
of oscillations per coherence time) for quantum dot charge qubits of 37. This result is
important for both spin qubits as well as charge qubits. Manipulating spin qubits quickly is

done by mixing spin with charge degrees of freedom (either through spin-orbit coupling[82]
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or the exchange interaction[I], 5, [83], 211 [18],22]), so charge coherence determines the ultimate
fidelity of spin qubits.

Decoherence of a qubit arises from its interaction with the local environment. In a
semiconducting qubit, some interactions are intrinsic to the material in question, such
as charge coupling to phonons [I5]. Other sources of decoherence are extrinsic, such as
charge noise [16, [I7], which denotes the effects of fluctuating electric fields arising from
sample defects and from the electronics and transmission lines used to control the qubit.
Fortunately, the decohering effects of both intrinsic and extrinsic sources depend on the

properties of the charge qubit itself.

5.2 Coherent charge oscillations

We demonstrate coherent quantum oscillations between the (2,1) and (1,2) charge states of
a qubit formed in a Si/SiGe double quantum dot. We observe coherent oscillations of the
qubit in four different regimes, each of which has a different charge coherence time, with
the longest and shortest differing by more than a factor of 20. We show that the variation
in coherence properties can be understood quantitatively in terms of the internal properties
of the qubit, including the tunnel coupling between the left and the right quantum dots,
and the energy level structure within the right quantum dot itself. The longest coherence
time we measure, T = 3.7 ns, is not observed at the typical operating point — the point
where the (2,1) and (1,2) states have equal energy, where we find 75 is 2.1 ns — but rather
occurs when the (1,2) state is the ground state. We explain this behavior based on Landau-
Zener-Stuckleberg interference[84, [85, 86, 87] between the ground and first excited states
within the right quantum dot. This effect gives rise to coherent rotations about the z-axis
of the Bloch sphere for the charge qubit, yielding the highest figure of merit observed for
a semiconductor charge qubit. The shortest coherence time, T35 = 179 ps, is measured
when the charge qubit is operated at the point that is most sensitive to charge noise in
the local environment. The oscillations observed in this regime are Ramsey fringes and

reflect rotations about the z-axis of the Bloch sphere. The results demonstrate control of
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Figure 5.1:  (a) SEM image of a device identical to the one used in the experiment.
The charge state of the double dot was determined by measuring the current through
the quantum point contact (QPC). Voltage pulses are applied to gate L. (b) Stability
diagram of the double dot with effective charge occupation labeled. The transconductance
G1, = 0lgpc/0Wy, is shown as a function of the two gate voltages Vi, and Vpg; the lines in
the diagram correspond to changes in the double dot charge occupation. The polarization
line is white, and corresponds to a change in the effective electron occupation from (2,1)
to (1,2). (c) Stability diagram in the presence of a pulsed voltage applied to gate L. (d)
Charge resonance positions as a function of pulse amplitude. As expected for Larmor
oscillations, the displacement in Vi, of the peaks from the polarization line increases as the
pulse amplitude V;, increases. (e) Diagram of energy levels versus detuning, showing the
expected anticrossing of the (2,1) — (1,2) charge transition. The red arrow shows the effect
of an applied voltage pulse with the dc detuning and pulse amplitude chosen to place the
peak of the pulse at e = 0. (f) Bloch sphere of the charge qubit. The red arrow indicates a
m-rotation about the z-axis.
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a silicon charge qubit about two axes on the Bloch sphere, and they show how the internal
properties of a semiconductor charge qubit can be exploited to improve its coherence and
figure of merit.

A scanning electron microscope image of a device identical to the one measured in the
experiment is shown in Fig. [5.1(a). The double quantum dot used here was fabricated in a
Si/SiGe heterostructure as described in Refs. [88,[8]. Changes in the charge states of the left
and right dots are observed through measurements of the current Iqpc through the nearby
charge sensing quantum point contact (QPC), as shown in Fig. M(a). The stability diagram
in Fig. [5.1(b) shows the QPC transconductance G1, = dIqpc/0V1,, measured using a lock-in
amplifier, as a function of the voltages on gates L and PR. Using magnetospectroscopy[33],
we have determined that the white polarization line is where the effective charge state of
the double dot changes between (2,1) and (1,2).

Near the charge degeneracy point, at which the energies of the (2,1) and (1,2) states are

equal, the system is well-described by the Hamiltonian of a two-state system:

He| 7?0 (5.1)

g —€/2

where g is the tunnel coupling between the two states and e is the detuning, the energy
difference between the two states in the absence of tunnel coupling. Coherent oscillations
between the two charge states can be observed when the detuning e is changed abruptly. For
example, just after the detuning is increased suddenly from a large negative value to € = 0,
as shown in Fig. [5.1f(e), the system Hamiltonian H = Aoc,, where o, is the usual Pauli
matrix, with the initial wavefunction being a position eigenstate. Subsequently, the system
oscillates between the two position eigenstates at the Larmor angular frequency 2¢g/h. More
generally, suddenly increasing the detuning € to a larger value €’ induces oscillations at the
angular frequency Qr = \/m /h; as one moves away from the polarization line, the
oscillations increase in frequency and decrease in amplitude.

Larmor oscillations appear in the data of Fig. [5.1|(c) , which shows the stability diagram

in the presence of a 580 mV pulse (which after attenuation in the coax path is calibrated to
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Figure 5.2: (a) Differential conductance G, of the charge-sensing quantum point contact
as a function of pulse duration ¢, and gate voltage V1, for pulses of amplitude V}, = 800 mV
(5.27 mV on gate L). The signal oscillates as the duration of the pulses is increased, with a
frequency that is a minimum when the pulse takes the state of the system to the polarization
line (detuning € = 0). The coherence time T3 that governs the decay of the oscillations is
longer at larger detunings. (b) Simulation of the Larmor oscillations as described in the
main text. (c—e) Integration of the differential conductance yields the average charge state
of the dot as a function of €, as described in the text. The Larmor oscillation arising from
the anticrossing of the (2,1) and (1,2) ground states is clearly visible at e, = 0. The data
are acquired as a series of vertical sweeps, and in panels (c—e) each such sweep is offset
to compensate for the increasing pulse duration with increasing ;,, so that the reference
voltage V1, and thus €, is independent of ¢,. The data in all three subpanels are smoothed
by averaging over three diagonally adjacent pixels. (f) Energy level diagram showing two
nearby anticrossings, as described in the main text. (g—i) Line cuts at two values of V7,
indicated by the red and blue dashed lines labeled B and D in (¢). The Larmor frequency
is larger at larger detuning, as expected. The coherence time governing the decay of the
oscillations is longer at nonzero detuning than when the detuning is zero. Because the
Larmor frequency and the coherence time both increase as the detuning is increased, the
number of oscillations that is observed is largest at large detuning, with 42 oscillations
clearly apparent in (a).
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be 3.82 mV on gate L) of duration 500 ps applied at a repetition rate of 40 MHz. A series of
resonances parallel to the polarization line are clearly visible, corresponding to partial time-
averaged occupation of the (1,2) charge state in the region in which the (2,1) charge state
is the ground state. Fig.[5.1(d) shows a measurement of G, along the red line in Fig. [5.1)c)
as a function of the amplitude Vp of a voltage pulse of duration 375 ps. The positions of
the resonances visible in Fig. m(c) shift linearly with pulse amplitude, providing evidence
that the oscillations result from pulsing the (2,1) charge state non-adiabatically into the
vicinity of the charge-state anticrossing.

Fig. 5.2{(a) shows Larmor oscillations between the (2,1) and (1,2) charge states: the
transconductance Gt is plotted as a function of the duration of the pulse and of the voltage
V1., which determines the distance of the detuning from the polarization line. Oscillations
of the signal are apparent out to several nanoseconds, and the oscillation frequency is faster
towards the bottom of Fig. (a) , where the detuning e at which the Larmor precession
is occuring is largest. Surprisingly, the coherence time is longest when the oscillations are

fastest, with more than 40 well-defined oscillations present in Fig. [5.2fa) .

5.3 Quantifying charge oscillation data

To characterize the oscillations quantitatively, we integrate the data presented in Fig.|5.2a)
from top to bottom to calculate the total change in dot charge, calibrated by using the fact
that the total charge transferred across the polarization line is one electron, and we smooth
by averaging over three adjacent pixels. The vertical axis is converted to €, the detuning
value at the peak of the pulse, by noting that the main, slowest oscillation corresponds to
e, = 0, and by fitting the change in frequency as a function of V;, for small positive e.
Fig. (c) —e present the resulting gray-scale images; Fig. [5.2(g)-1 show line cuts through
the corresponding plots at the points labelled B and D, revealing clear oscillations of the
average charge as a function of time. By fitting the amplitude of these oscillations to
exponential decays, we extract a dephasing time 75 of 2.1 £ 0.4 ns near ¢, = 0 (label B)

and, intriguingly, of 3.7 + 0.6 ns when e, = 59 peV (label D). This increase in coherence
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time for € > 0 yields a T3 that is substantially longer than the value of ~ 0.3 ns measured
by Petersson et al.[56] in a GaAs charge qubit far away from its charge degeneracy point.

We return to a discussion of this increase below.

5.4 Ramsey experiment

We now demonstrate coherent rotations of the qubit about the z-axis of the Bloch sphere by
performing a Ramsey fringe experiment[16}, [89] using the procedure illustrated in Fig.[5.3(a)
. First, a pulse is applied that rotates the Bloch vector around the z-axis by an angle 5m/2,
rotating it from being along z to along y (we use a 57/2 pulse of amplitude 400 mV and
duration 300 ps instead of a m/2 pulse because of the difficulty of creating high-quality
pulses as short as 60 ps). After a variable time, during which the system evolves at the base
value of the detuning, a second pulse is applied that rotates the state about the x-axis on
the Bloch sphere by 57 /2. The charge measured at the end of this process oscillates as a
function of the time between the two 57 /2 pulses at a frequency f = \/m /h, where € is
the detuning in the absence of the pulse. Fig.|5.3(b) shows the differential conductance G,
measured through the charge sensor for a pulse amplitude of 400 mV (2.64 mV on gate L)
as a function of the gate voltage V1, and 7, the time between the start of the first and second
57 /2 pulses, with a repetition rate of 40 MHz. For very short 7, the 57/2 pulses overlap and
one is essentially performing a Larmor oscillation experiment. At 7 ~ 300 ps (red dashed
box in Fig. [5.3(c) ) the time interval between the end of the first 57/2 pulse and the start
of the second becomes nonzero, and the oscillations that are observed reflect the rotation
of the Bloch vector between the two pulses. We have verified that the temporal period of
the Ramsey fringes decreases if we decrease the detuning at which the Ramsey precession
occurs (data not shown). To analyze these data quantitatively, we again integrate the
differential conductance and normalize by noting that the total charge transferred across
the polarization line is one electron (Fig. [5.3(c) ). Fig. [5.3(d) shows a cut through the
integrated data at the value of V1, marked by the blue arrow labeled A. After subtraction of

a smooth background (smooth gray curve in Fig.[5.3{(d) ), the resulting oscillating curve is fit
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Figure 5.3: (a) Example measured pulse sequence for the Ramsey fringe experiment that
demonstrates coherent control of oscillations about the z-axis of the Bloch sphere. A 5m/2
pulse of duration 300 ps is applied to rotate the qubit Bloch vector around the z-axis into
the x — y plane. The system then evolves for a variable time 7, and a second 57/2 pulse
is then applied. The oscillations observed as a function of the time between pulses reflect
the rotation of the Bloch vector in the x — y plane. (b) Differential conductance through
the QPC as a function of the gate voltage V1, and of the pulse delay 7. The two pulses
overlap for 7 < 300 ps; oscillations are observed for 7 > 300 ps, corresponding to Ramsey
fringes arising from the rotation of the state about the z-axis of the Bloch sphere. (c)
Integrated transconductance, normalized by noting that the total charge transferred across
the polarization line is one electron. Red dashed box shows the location of the Ramsey
fringes. (d) Blue: Line cut of the data in (c¢) at the detuning marked by the blue arrow.
Gray: Smooth background that is subtracted from the line cut before fitting the data to a
damped sinusoidal form. (e) Blue: data from (d) with background subtracted. Red: fit to
the form A exp(—(t —t9)?/T5?) cos(wt + ¢) + C, which yields a value for the coherence time
T5 of 179 ps.
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to the product of a cosine function and a Gaussian. This procedure yields 75 = 179418 ps,
substantially longer than the value of 60 ps obtained by measuring Ramsey fringes for a
GaAs charge qubit and using a similar fitting procedure [89]. Calculations following the
methods of Ref. [I5] show that the charge dephasing rate in GaAs from polar optical phonons
is of order 1 GHz, whereas similar calculations for phonon-induced charge dephasing in Si
yield values of order 0.5 MHz. Thus, in both materials, and particularly in Si, improvements

may be possible through a reduction of excess charge noise.

5.5 Discussion

We now return to the increase in the coherence time 73 of the Larmor oscillations for
€p > 0. This behavior is in sharp contrast to the results that have been obtained for charge
qubits in GaAs quantum dots and in superconducting charge qubits[56) [17]. Moreover,
such an increase in T3 with increasing €, is generally unexpected, because the qubit is well
protected from charge noise — that is, from environmental noise in the detuning ¢ — at
the “sweet spot” corresponding to €, = 0. The data of Fig. (cfe) contain an important
clue to the origin of this behavior: the Larmor oscillations at larger detuning are faster
than those near e, = 0, yet the increase in Larmor frequency seems to saturate at about
ep = 50 peV. In fact, the Larmor oscillations appear as an approximately parallel series of
lines from €, = 50 to 100 peV.

The long-lived oscillations at large €, can be explained by the presence of an anticrossing
between the (2,1) ground state G(2,1) and the (1,2) excited state E(1,2), as shown in
Fig. [5.2(f). The effect of this second anticrossing is shown in the theoretical simulation
plotted in Fig.[5.2{b) , which makes use of the following parameters (as defined in the figure):
tunneling amplitude g;/h = 2.7 GHz (determined directly from the Larmor oscillation
period at € = 0), tunneling amplitude go/h = 3.5 GHz, detuning difference de = 45 peV,
and a voltage pulse rise time of 80 ps. Dephasing is incorporated phenomenologically as
described in Ref. [15]; additional details about the simulations and the choice of parameters

are in Appendix
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The second anticrossing has two effects. First, Larmor oscillations at the anticrossing
between G(2,1) and E(1,2) lead to small distortions in both the measured and simulated os-
cillation patterns at small, positive e; these are visible in the simulation shown in Fig. [5.2(f)
and can be found in the data at the right side of Fig. c) . More importantly, because the
inverse rise time of the pulse is comparable to g1 and g, for large €, the voltage pulse takes
the state G(2,1) into a superposition of G(1,2) and E(1,2) — that is, the transition through
the two anticrossings is not fully abrupt. These two states G(1,2) and E(1,2) accumulate
phase at different rates, leading to oscillations at the frequency fggp = 2d¢/h. Thus, the
long-lived coherent oscillations at large e, — the parallel lines in Fig. [5.2(c—e) the range
€p = 50 to 100 peV — arise from the interference between states G(1,2) and E(1,2).

Because the energies of states G(1,2) and E(1,2) have nearly the same dependence on
e at label D in Fig. [5.2(f) , these oscillations are protected from charge noise in a way
that is similar but even better than the protection that occurs near label B and the energy
level anticrossing at e = O[I8, 90]. For this reason, at point D we find a figure of merit
of 37. In contrast, the Ramsey fringes of Fig. [5.3] arise from oscillations at a completely
unprotected position on the energy level diagram, as can be seen at label A in Fig. [5.2(f).
At this point, random fluctuations in € directly change the energy gap, resulting in a short
T35 =179+18 ps. At point C in Fig. f), in between the long coherence operating points
B and D, we have extracted T5 = 264 436 ps; at this point the energy levels diverge almost
as rapidly as at A. Thus, the anticrossings and internal electronic states of the two dots
have a profound affect on the measured coherence times and figures of merit.

Implications for the hybrid qubit The demonstrated enhancement of charge co-
herence is also important for spin qubits[4, 27, [58, 59], including the hybrid qubit [I§].
Spin qubits themselves have good coherence, and spins in silicon-based structures have
especially long spin coherence times, because of the predominance of spin-zero nuclear iso-
topes and relatively weak spin-orbit coupling[9} 45] [62]. Recent experiments have demon-
strated coherent quantum oscillations of singlet-triplet spin qubits in Si/SiGe[59] with

substantially longer intrinsic spin T3 coherence times than singlet-triplet qubits in GaAs
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heterostructures[4], 27, 58].

The importance of a long charge coherence time cannot be understated. Fast manipula-
tion of spin qubits based on the exchange interaction relies on transient mixing of spin with
charge. The hybrid qubit offers greater flexibility in coherent operations, through direct
coupling to a different charge state, as explained in Chapter 3] Therefore, demonstrating a
high figure of merit for Si/SiGe charge qubits increases the expected fidelity of spin qubit

manipulation.
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Chapter 6

Decoherence 11I: Tunable spin
loading and relaxation time 77 of a

single spin

6.1 Introduction

Spin relaxation times in Si quantum dots have been measured by using time-averaged
techniques [6, O1]. Readout of spin qubits requires single-shot spin measurement [92, [7],
something that has not been demonstrated in gate-defined Si quantum dots. Furthermore,
tunability enables control over coupling to both ground and excited states, which has the
potential to enable rapid qubit initialization.

In this Chapter, we present experimental data and theoretical analysis of single-shot
spin readout in a silicon quantum dot spin qubit, and we report single-shot measurement of
the longitudinal spin relaxation time 77. We further demonstrate that the rate of loading
of electron spins can be tuned over an order of magnitude by using a gate voltage, that
the spin state depends systematically on the loading voltage level, and that this tunability
arises because electron spins can be loaded through excited orbital states of the quantum

dot. The longitudinal spin relaxation time 73 is found to be 3 s at a field of 1.85 T.
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Figure 6.1: (a) Scanning electron micrograph of a device identical to that used here. The
gates are tuned so that a single quantum dot exists at the location of the white circle
and tunneling occurs to and from the left reservoir only. Charge sensing is performed by
measuring the current Igpc. (b) Voltage pulses of amplitude V,,, applied to either gate L or
PL, adjust the energy levels of the dot. The case shown corresponds to loading an electron
during the positive phase of the pulse (left) through any of the four states || g),|1 g),|{ €),
and |1 e) that are below the Fermi energy Er and then unloading the electron during
the negative phase of the pulse (right). (c), (d) Measurements of digpc = dV7, in the
presence of a pulsed voltage V), on gate L. Transitions to the three lowest eigenstates,
I} g), 1T g),|] e), are clearly visible in (c¢), where the magnetic field B = 1.5 T. The state
|1 e) is expected at the location shown by the red dashed line but is invisible due to the
strong coupling of the excited state |e). As a function of B (and with V,, = 0.125 V),
the ground and first orbital excited states split linearly due to the Zeeman effect. (See

Appendix [E] for details of the spectroscopy measurement and results for the electron spin g
factor.)

The demonstration of single spin measurement as well as a long spin relaxation time and
tunability of the loading are all favorable properties for spintronics and quantum information
processing applications. Our results show that Si/SiGe quantum dots can be fabricated that
are sufficiently tunable to enable single-electron manipulation and measurement and that
long spin relaxation times are consistent with the orbital and/or valley excitation energies

in these systems.
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6.2 Single-shot spin readout

The measurements we report were performed in a dilution refrigerator with a parallel mag-
netic field on a gate-defined quantum dot fabricated from a Si/SiGe heterostructure, by
using the methods outlined in Ref. [88]. The gate configuration is shown in Fig. |6.1(a),
and the gates were tuned so that the device was in the few-electron, single-dot regime.
The electron temperature was 143 + 10 mK, measured by fitting the width of electronic
transitions as the base temperature of the dilution refrigerator was raised.

As shown in Fig. [6.1(b), an electron can be loaded into one of four energy eigenstates;
we denote the states, in order of increasing energy, as || ¢),|T g),|{ e), and |1 e), where
the first index refers to spin (] having lower energy than 1) and the second to the ground
(g) and excited (e) orbital levels. We obtain an experimental map of the discrete energy
spectrum by measuring the differential current dlqgpc = dVr through a charge sensing
quantum point contact while applying square voltage pulses to gate L. The gray-scale plots
of dIgpc = dVi in Figs. [6.1c) and [6.1(d) reveal dark lines corresponding to the onset
of tunneling to the energy eigenstates when the transitions come into resonance with the
Fermi energy Er [93]. The measured calibration factor for gate L, a = 0.1254+0.006 eV/V,
translates the positions of these lines into a spectroscopy of the dot energy levels.

In Fig. [6.1)(c), the darkest line indicates the onset of transitions to the orbital excited
state |e) of energy 311 + 19 peV. This relatively large energy splitting is favorable for
applications in which spin coherence is desirable [9], and it is notable because the low-lying
excited orbital states in Si/SiGe quantum dots have fundamental differences compared to
those in GaAs [94], because of the role of valley degrees of freedom [95], 39, 96, 97, [98], 99,

100]. The Zeeman splitting of the ground and excited states is shown in Fig. d).

6.3 Tunable spin loading

A main focus of this Chapter is to demonstrate that orbital excited states can be exploited

to control both the rate of loading and the spin state of the electron loaded into the dot.
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Figure 6.2: A 3-level gate voltage pulse sequence consisting of load, readout, and empty
stages is applied to gate PL for single-shot spin readout. The loading rate and the proba-
bility for loading different spin states vary with the loading voltage level. (a), (b), and (c)
correspond, respectively, to preferential loading of states |1 g),|] e), and |1 e) at load volt-
ages Vigad = +175, 4325, and +425 mV. The single-shot traces in (a) and (c) are identified
as spin-T because of the current pulse during readout caused by a spin-1 tunneling off the
dot and a spin-| replacing it. Trace (b), which has no such pulse, is identified as spin-|. The
schematics indicate the possible loading channels for each case. For all cases, tjpaq = 30 ms,
treadout = 200 mS, Vieadout = +75 MV, tempty = 50 ms, and Vempty = —200 mV. (d)—(f)
Average of 500 time traces of electron loading events for the load voltages of (a)—(c), re-
spectively. Loading at the excited orbital state [shown in both (e) and (f), with tunnel rates
of 1186 + 3 and 958 4+ 2 Hz, respectively] is much faster than loading at the ground state
[shown in (d), with a tunnel rate of 106.7 + 0.2 Hz].

To measure the spin state of individual electrons, we use a 3-level pulsed-gate technique
for single-shot readout pioneered in Ref. [92]. Starting with the electron unloaded, Vpr, is
rapidly changed to a load level. A downward step is visible in Iqpc during the load stage
when an electron of either spin tunnels onto the dot. Vpr, is then changed to the readout
level. During the readout stage, a spin-T electron can tunnel off the dot, and a spin-|

electron will tunnel on to replace it, resulting in a pulse in Iqpc that persists as long as the
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dot is unloaded. In contrast, a spin-| electron will remain in the dot and no current pulse
will occur during the readout phase. During the final, empty stage, the electron tunnels off
the dot regardless of its spin orientation.

Three single-shot spin readout traces are shown in Figs.[6.2(a)6.2(c). In each case, the
voltage levels for the readout and empty stages are the same. As shown in the schematics,
the load level is varied for preferential loading of states|1 g), || e), and |1 e) in Figs. a)—
6.2{(c), respectively. The data in (a) and (c) show that a spin-1 was loaded, and the data
in (b) show that a spin-| was loaded. (See Appendix. [Effor a description of the identifica-
tion of loading and unloading events using a wavelet technique.) The loading rate can be
determined by averaging many loading events together, resulting in an exponential decay
of Igpc from a magnitude corresponding to an unloaded electron to that corresponding to
a loaded electron. Figures[6.2(d)-6.2|f) show that the loading rates into the excited orbital
states are much faster than into the ground orbital states.

The rate at which an electron loads into the dot, as well as the spin state of that
electron, both depend strongly on the voltage at which the electron is loaded. In Fig. |6.3
we show that these features are observed over a wide range in gate voltage. Figure (a)
shows that the loading rate I'jpad, measured in the same way as in Figs. [6.2(d){6.2(f), but
now as a continuous function of loading level, increases by over an order of magnitude
when the electron is loaded through an orbital excited state instead of through the orbital
ground state. The loading rate shows two strong peaks as a function of loading voltage,
corresponding to the excited states |1 e) and || e). Because orbital relaxation is very fast
compared to the experimental time scale [101], [102], one expects any electron loaded into a
spin-T state to be measured in the state |1 ¢g) and any electron loaded into a spin-| state
to be measured in the state || g).

The relative fraction of spin-1 and spin-| loaded can be tuned, because the loading rate
for each spin type is voltage-dependent. We demonstrate this directly by using single-shot
spin readout to measure the spin-1 fraction as a function of the loading level, as shown in

Fig.|6.3|(b). The fraction of spin-1 electrons has two clear peaks as a function of the loading
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Figure 6.3:  Spin selective loading and spin lifetime measurement. (a) Plot of electron
loading rate I'gaq versus loading voltage Vigaq on gate PL at B = 1.85 T. Error bars are
the standard deviation of four measurements. Peaks occur when levels in the dot are made
available for loading, enabling tuning of both the loaded-spin fraction and the loading rate.
The spin-split excited orbital levels |1 e) and || e) load 10 times faster than the ground
state. The black solid line in (a) is a fit obtained by treating the loading rate contribution
from each state as a convolution of a Fermi-Dirac distribution, a Lorentzian line shape, and
a linearized energy-dependent tunneling function. (b) Spin-up fraction versus loading level
measured by using single-shot readout (see Fig. , with t1paq = 100 ms, treagout = 200 ms,
tempty = 50 ms, Vieadout = +85 mV, and Vempty = —200 mV. Each data point corresponds
to an analysis of 1000 single-shot traces. The red dashed line is a fit using the same
parameters as in (a); the black solid line is the same fit with corrections for the 77 decay
before measurement, a measurement fidelity less than unity, and a nonzero dark count rate
(see Appendix [E| for additional details). Error bars are v/M, where M is the number of
readout events. Inset: Spin-up fraction versus loading time with Vigaq = +425 mV. The
solid line is an exponential fit that yield 77 = 2.8 £ 0.3 s.

voltage, one corresponding to |1 ¢g) and a second to |1 €). These peaks arise because loading
rates into specific spin states in the dot are a maximum when the state is near resonance

with the Fermi level.
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6.4 Quantifying spin loading rates and relaxation times 7

The variation in both the total loading rate and the spin-1 fraction can be understood by
calculating the loading rate for each spin state. The probability of loading a spin-71 electron
is I't /T'j0ad, where 'y is the total rate for all spin-1 channels and I'jaq is the sum of the rates
for all ways to load the dot. A global fit to the data in terms of loading through spin-split
ground and excited states with Lorentzian broadening is shown in Figs. [6.3|(a) and [6.3|(b).
The fit is to both the total loading rate and the fraction of spin-1 electrons. We treat the
loading rate contribution from each state as a convolution of a Fermi-Dirac distribution, a
Lorentzian line shape, and a linearized energy-dependent tunneling function [103]:

o F()i e_al//Ez‘ ’Yi/27T
b N Nl
W /oo (1 e/ ’“BT> (/2% + (0Vi — g2 ¥ (6.1)

where F; is the linearized energy-dependent tunneling coefficient that relates to the trans-
parency of the barrier [43]; ; is the full width at half maximum of the Lorentzian; I'y; is
the amplitude; V is the loading voltage; and §V; = V — V;, where V; is the position of the
state (see Appendix for additional details). The fit is in good agreement with the experi-
mental measurements for the loading rates and the fractions of spin-1 and spin-| electrons,
supporting the interpretation of the data in terms of loading through specific spin states of
the dot.

The black line in Fig. [6.3|(b) is corrected for the finite spin lifetime 7} of the electrons
loaded into the dot. We determine T} by measuring the spin-1 fraction as a function of the
duration of the loading pulse, tioaq [92]. The inset in Fig. [6.3|(b) shows a typical result for
a magnetic field of 1.85 T, with an exponential fit yielding the value 77 = 2.8 + 0.3 s. For
these data, Vigaq = +425 mV, so that loading occurs predominantly through the excited
orbital states. We have measured 17 at different loading voltages and also measured T} for
a four-step pulse sequence in which the dot is held at a fourth “wait” voltage. The values
of T1 were all of the order of seconds, except when both the load and wait voltages were
set so the state | T g) was aligned just below Ep, where the value of T} is reproducibly

much shorter: 77 = 136 + 22 ms. In principle, virtual hopping of electrons from the dot
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to the leads can limit 77 [104], but the predicted magnitude is much too small to explain
the observed effect, and this mechanism is not consistent with the behavior when the wait
voltage is varied. The possibility that the excited orbital states are long-lived is ruled out
by performing single-shot measurement with the readout level positioned such that || g)
and |1 g) are below Ep and || e) and |1 €) are above Ep. In this situation, even for short

loading times (tj0aq = 20 ms), less than 0.5% of traces show events.

6.5 Discussion

It has been observed that 77 can be limited by dipolar coupling to nearby spins [7]; we
believe that the shorter T} time measured when the dot is loaded through the state |1 g)
is due to interaction with a nearby spin trap, which is suppressed by the deeper pulse
associated with loading at the excited orbital states. The ability to load an electron into
the dot through the excited state thus provides an immediate benefit, in that the additional
tunability enables one to avoid sample imperfections that lead to a shorter spin relaxation
time.

We have demonstrated the ability to manipulate and measure the spin state of individual
electrons in a Si/SiGe quantum dot, and we report the first single-shot measurements of
the longitudinal spin relaxation time 77 in such devices. We have shown that loading into
spin-split orbital excited states provides a fast channel for initializing spins into the ground
orbital spin qubit states because of the coexistence of fast orbital relaxation and slow spin
relaxation. The demonstrations of fast initialization and slow spin relaxation enhance the
prospects for the development of Si/SiGe devices for spintronics and quantum information

processing applications.
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Chapter 7

Transport I: Spin blockade and

lifetime-enhanced transport

7.1 Introduction

In this Chapter, we analyze electron transport data through a Si/SiGe double quantum
dot in terms of spin blockade and lifetime-enhanced transport (LET), which is transport
through excited states that is enabled by long spin relaxation times, 77, which was measured
to be of the order of 3 s in Chapter [6]

The Chapter is organized as follows. Sec. introduces the phenomena of spin block-
ade and lifetime-enhanced transport in double quantum dots. Sec. presents a simple
argument for the existence of the LET tail based on data at small bias voltages and involves
an absolute minimum of data analysis. Sec. [7.4] presents our experimental procedures. The
methods used to fit the bias triangles are presented in Sec. and the procedure used to
position and scale the bias triangles are presented in Sec. The phenomenon of energy-
dependent tunneling is prominent in the data, and a theoretical model that describes this
effect as it appears in the data is presented in Sec. In Sec. results from the model
are compared to the experimental data, and important phenomenological parameters are

reported. The Chapter concludes with a discussion in Sec.
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7.2 Spin blockade and lifetime-enhanced transport

Recent progress in GaAs quantum dots has enabled the manipulation of exchange coupling
in a two-electron double dot [4] and has led to single-shot readout of one- [92] and two-
electron [44] spin states in a single dot. The latter experiment makes use of energy dependent
tunneling to provide high visibility in the measurement. The simplest explanation of this
effect is that a larger tunnel barrier causes a slower tunneling rate. The effect is of fundamen-
tal interest for quantum phenomena, and can lead to very precise measurement techniques
in the context of quantum information. Energy dependent tunneling effects in quantum
dots have also been studied in several other recent experiments [105} 106 107, 108, 43}, 32].
Silicon-based devices should exhibit a strong energy dependence in tunneling, since the ef-
fective mass in silicon, on which the tunneling rate depends exponentially [109] is relatively
large.

Semiconductor double quantum dots are tunable structures that enable the coupling
of two small regions of bound electrons to each other and, often, to two leads, enabling
measurement of an electron transport current through the system [110]. Double quantum
dots can display an effect known as Pauli spin blockade [I11, 112} [106] where current flow
proceeds in a cycle that first loads either a two-electron singlet state with one electron in
each dot, the S1 1 state, or a two-electron triplet 77 ; state that is nearly degenerate with
the singlet. For the cycle to proceed without blockade in either case, both the singlet S
and the triplet T3 o states, where both electrons are on the left dot, must be lower in energy
than their corresponding (1,1) states. There are regions in gate-voltage space where this is
not true, and the striking absence of current that arises in such regions is known as spin
blockade. Spin blockade makes double dots extremely useful for quantum dot spin qubits,
because it provides a robust means to perform spin readout [20, 113] 4], 107, 82, 52].

Spin blockade has been reported in silicon quantum dots formed using both Si metal-
oxide-semiconductor structures [I14] and Si/SiGe heterostructures [115]. In both cases,
the spin blockade results displayed many similarities with previous observations of spin

blockade, most of which have been made in GaAs/AlGaAs-based double quantum dots.
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In Ref. [I15], we also reported measurements of current flow for the opposite voltage bias.
In this regime, we observed unusual patterns in two-dimensional maps of the current as
a function of a pair of gate voltages. The most striking observation was a strong ‘tail’
of current, which appeared in a supposedly blockaded portion of the current map. This
behavior was attributed to the combined effects of slow triplet-singlet relaxation and strong
energy dependent tunneling, the two of which together enable current to flow through
long-lived excited states. For this reason, the phenomena were labeled ‘lifetime-enhanced
transport,” or LET. Recently, LET behavior has also been observed in transport through
individual donors in silicon [I16].

In this Chapter, we present a large quantity of additional data and analyze these data in
detail, showing that they can all be fit using one consistent set of parameters. We analyze
eight two-dimensional plots of current as a function of a pair of gate voltages, four different
biases in each direction of current flow through the double dot. Spin blockade is observed
in the direction of current flow in which it is expected. For the opposite voltage bias, the
unusual current patterns associated with LET are observed, in agreement with our previous
results [115]. To test the explanation that the ‘tail’ of current arises because of LET, we
fit all eight sets of data in parallel, determining optimum values for the three slopes of the
edges of the bias triangles, the lengths of the sides of the bias triangles, and the positions of
those triangles. The results are shown to be consistent with both spin blockade and LET.
In particular, it is shown that we cannot obtain consistent results for the length of the
triangles if the current tails are included in the triangles. The fitting and the subsequent
delineation of the bias triangles also enables us to improve our measurements of the singlet-
triplet splittings in both the (2,0) state, corresponding to two electrons in the left dot, and
the (1,1) state, corresponding to one electron in each dot.

Building on accurate fitting of the bias triangles, we investigate details of the strong
dependence of the transport current on the gate voltages. Within the triangles, we ob-
tain consistent and quantitative fits to the data by explicitly incorporating strong energy-

dependent tunneling as well as tunneling through both singlet and triplet channels. Both
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coherent [117, [T18] and incoherent [I19] processes contribute strongly to the energy depen-
dence of the electron tunneling rates, and we develop a general model for transport in a
double dot, including both inelastic and resonant effects, using the master equation ap-
proach. We show that this model can be used to perform a quantitative fit of the transport
data and that relevant parameters can be extracted from the data.

Our success in interpreting a large body of experimental data with a single consistent
set of fitting parameters is strong evidence in support of the interpretation of the current

tail in terms of transport through the triplet channel, as first described in Ref. [115].

7.3 Simple Demonstration of LET

The key observable feature of LET is a strong tail of current protruding beyond the end of
the base of the conventional bias triangle. Careful fitting of the triangles to many sets of
data obtained with a variety of source-drain bias voltages, as we do below, is a good way
to test for the existence of this tail. However, before embarking on such a detailed analysis,
we first provide a simple argument for our LET interpretation of the data.

Figure (a—c) show plots of the current through a double quantum dot as a function
of two gate voltages. The sample is described in Sec. [7.4] below, and the sign of the voltage
bias is opposite to that in which spin blockade would be observed. Fig. (a) is obtained at
very low bias, such that current flows only very near the triple points [110]. In particular,
the bias voltage is smaller than the singlet-triplet splitting. Fig. [7.1(b) shows data at a
slightly larger voltage. As expected, the region of current flow is correspondingly larger,
and it has the same overall shape. Fig.[7.1|c) is acquired at a bias voltage slightly higher
still. Again, the primary region of current flow is correspondingly larger. However, a new
feature suddenly appears in the data: a tail of current that extends to the lower right. This
tail completely changes the shape of the current pattern.

To be quantitative, we consider the lengths of the various current features visible in
Fig. [7.1(a)-(c). The bias triangles, and therefore the lengths of these current features,

should scale linearly with the applied bias voltage. Panel (d) shows in green the ratio of the



63

Vsp =—0.014 mV

—_ 5~
= g <
2 2 o
< 102
-3
-15
Ve (V) Ve (V)
o
c o 350
Vsp =—0.174 mV (d)sg
g 300
B2 250
L 200
339
~ o
c o 150
85 oo 1 Z
&3
52 50
28 9
§> Za Zb lcl lcz Zc3

(f) increasing

left dot energy
38
>

increasing increasing
common right dot energy
energy
Ve

Figure 7.1: The transport current through a double quantum dot for a device with gate
arrangement shown in the inset to (a) at three different source-drain biases Vgp: (a)
—0.014 mV, (b) —0.114 mV, (c¢) —0.174 mV. Panel (c¢) shows the sudden appearance of
a current tail. (d) Lengths, l,, I and I, in panels (a) to (c) are measured from the peak of
the current to the upper left tip of a 1 pA contour around the peak. ., is the length of the
tail from its peak at the lower right to the tip of a 1 pA contour on the upper left. [., is
the length that would be extracted if the ‘tail’ were part of the conventional bias triangle.
It is measured from the peak of the current in the tail to the tip of the upper left-most 1
pA contour; i.e., it is essentially the sum of I, and l.,. The graph in (d) shows the ratio of
the lengths, as measured by their projection onto the left-hand gate voltage axis, divided
by Vsp. The four lengths l,, Iy, l.,, and [., are consistent with each other and with the
description of the ‘tail’ in terms of LET. The blue length [, is clearly too long, and thus
the description of the physics in terms of LET and the concept of a current ‘tail’ extending
out of the conventional bias triangle are necessary to understand the data in panels (a)-(c).
(e) SEM image of the gate pattern with the gates labeled in red. The gates were tuned so
that the device contained a double quantum dot [I15]. (f) Schematic diagram of the energy
axes for the double dot.
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lengths of the main current features identified in panels (a)-(c), projected onto the left-hand
voltage axis, to the applied bias voltage Vgp. These lengths were measured, as indicated,
from the point where the current peaks at the lower right, to the extremum at the upper
left on a 1 pA contour. The LET interpretation predicts that the ratios of lengths I, [y,
and [., to Vgp should be equal, as shown in panel (d). In particular, [ and [.,, which have
small error bars, are nearly identical. Further, the length of the tail is the same as the
length of the main current region in Fig. |7.1)(c): that is, l.; = l.2. This is also consistent
with the LET interpretation presented below and in Ref. [I15]. In contrast, if the base of
the triangle were located at the end of the tail in Fig. [7.1|(c), the length of the region of
current flow would be as is shown in blue and labelled l.3. As is clear from Fig. [7.1}(d),
such a length is incompatible with length [; from Fig. b). Note that the length [, has
a large error bar, because the source-drain voltage Vgp is so small that the uncertainty in
that quantity is larger than its value; panel (a) is included in this discussion to emphasize
that current is indeed visible at very low bias voltage, indicating that current flows at the
triple points themselves. If the base of the bias triangle were located at the end of the tail
in Fig. (c)7 no current would be observed at the triple point. In such an interpretation,
the triple point would be located directly below the tail, and this would be incompatible
with the observation of current at the triple point in Fig. [7.1{(a).

These simple arguments make clear that the LET tail does indeed protrude beyond the
base of the bias triangle. The rest of this Chapter presents an analysis of a large quantity
of data, all of which is analyzed together and self-consistently. The results of our analysis
provide a complete and quantitative understanding of the data in terms of spin blockade

and LET.

7.4 Experiment

The data we discuss here were acquired from a double quantum dot formed in a top-gated
Si/Sip.7Geg s heterostructure [120} 121} 122]. The quantum well was nominally 12nm thick,

and it contained a two-dimensional electron gas of density n = 4 x 10! cm™2 and mobility
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40,000 cm?/Vs. The gate design for this device, reproduced from Ref. [I15] as Fig. (e),
has a single plunger gate. For the data presented here, a gate originally intended for charge
sensing was pressed into service to tune the dot occupation, providing the second axis for
manipulation of the double dot in gate-voltage space [115]. Here we focus on the region
in gate-voltage space where the device exhibits the behavior of a double-dot; this region
occurs between a regime in which the device acts as a single dot and a region in which no
measurable current flows through the device [I15]. Unlike more recent work, [123], 88] the
absolute number of electrons in the dots is not known, and all references to the number of
electrons refers to the valence number; there could be a closed shell underneath the valence
electrons, and the existence of that shell would not be apparent in the data.

Figure shows the current I through the double quantum dot as a function of gate
voltages Vo and Vig. Each of the panels in Fig. contains two features that are similar to
each other. These features are conventionally called the ‘electron’ and ‘hole’ triangles [110)]
and we adopt this language here. The ‘electron’ system is called so because it can be
described in terms of the electron occupations (1,1), (2,0), and (1,0). The ‘hole’ system can
be described in terms of the electron occupations (2,1), (2,0), and (1,1). However, these
states result in energy level diagrams that are more complicated than those of the electron
triangle. A complementary description of transport in terms of the hole states (0,1),
(0,2)p, and (1,1);, allows us to draw a set of energy level diagrams that are analogous
to the diagrams for the ‘electron’ system. This hole picture has proven useful in some
situations [I10]. However, it is difficult to include excited states of the zero-hole state in
a simple way. Thus, we will stick with the three-electron diagrams here, in spite of their
complexity [25]. Detailed plots of the chemical potentials relevant for modeling of transport
with both positive and negative voltage bias are shown in Appendix [F| in Fig. We
emphasize that, although for clarity and connection with the existing literature we retain
the electron and hole terminology, the chemical potential diagrams for the latter in Fig.
actually describe three-electron states, not hole states. In this Chapter, we refer to chemical

potentials for electrons only, and never holes, and we explain in detail, transport in the
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Figure 7.2: The current through the double quantum dot as a function of the gate voltages
Vi and Vig. Panels (a)—(p) correspond to eight different bias voltages Vgp as labelled.
Column one shows data in the spin blockade regime (forward bias). Column three shows
the data in the LET regime (reverse bias). Columns two and four show the same data as
columns one and three, with the calculated bias triangle boundaries superimposed on the
data, as explained in the main text. The data in panels (a) and (g) have been presented
previously in Ref. [115].
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three-electron regime in the following Chapter [§

The data for positive source-drain bias (column one of Fig. exhibit spin blockade.
We refer to this bias direction as ‘forward bias.” The data in this bias direction are largely
understandable using the conventional concepts of Pauli spin blockade; indeed, the consis-
tency of these data with classic spin blockade behavior provides strong evidence that our
assignment of the valence electron occupancies is correct. There are, however, interesting
resonances observable, e.g., where transport through the triplet channel of the electron
triangle overlaps with transport though the singlet channel of the hole triangle. Also, the
current in the spin blockade regime extends by small amounts past the conventional tips of
the bias triangles. We discuss these features and others in Sec. [7.9] below.

The data for negative source-drain bias (column three of Fig. show unusual patterns
in the current as a function of gate voltages Vo and Vg, We refer to this bias direction
as ‘reverse bias.” Consistent with the arguments in Sec. above and in Ref. [115], there
are regions of current extending outside the conventional bias triangle regions — the only
regions in which transport is conventionally observed. We have argued that current is
observed outside the bias triangles due to an effect named lifetime-enhanced transport, or
LET. The essential prerequisite for observing this effect is that long relaxation times from
an excited state, such as the (2,0) spin triplet state discussed below, can leave open a fast,
energetically downhill current path. In order to check this argument and understand the
features shown in the right two columns of Fig. it is important to determine with a fair
degree of precision the sizes and positions of the bias triangles.

The data sets in Fig. [7.2|a) and (g) were previously reported in Ref. [I15]. The bias
voltages were reported in that Chapter to be 4+0.2mV for the data in panel (a) and —0.3mV
for panel (g), but these values were slightly affected by an offset in the current preamplifier.
This offset was discovered when we analyzed four additional data sets taken at very small
bias voltage Vgp. To determine the size of the offset, we examined several data sets with
small Vgp, including Figs. [7.I(a) and (b). Cuts through the data were taken along a line

connecting the two triple points (see explanation, below). The peak current, the full-width-
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Figure 7.3: (a) Schematic diagrams showing the singlet and triplet triangles for forward
bias. The gray areas show the region in which current is allowed in conventional spin
blockade. In addition, current is expected along segments BA and JI, because on these lines
the (1,1) singlet and triplet are aligned with the leads, and spin exchange is possible. In
the data of Fig. segments BF, which has low slope, and JH, which has a slightly higher
slope, are strongly visible and thus good candidates for fitting. (b) Schematic diagrams
showing the singlet and triplet triangles for reverse bias. Points U and M are outside the
conventional bias triangle. (c), (d) Energy levels in a double quantum dot, with one fixed
electron in the left-hand dot. Panel (c) corresponds to forward bias of the the double
dot, while panel (d) corresponds to reverse bias. Electrons may transit via the singlet or
triplet channels. The upper and lower plots show the chemical potentials at two example
gate voltages. In the upper schematics of (c) and (d), electrons can transit through both
the singlet and the triplet channels via an energetically downhill path. In the lower panel
of (c), spin blockade is present, as the triplet channel is energetically uphill. The lower
panel of (d) is the lifetime-enhanced transport (LET) regime, in which the singlet channel
is energetically uphill, and current will be blockaded unless electrons tunnel preferentially
through the triplet channel.
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at-half-maximum, and the area under the sampled cuts were computed for each cut. Each
of these quantities was assumed to depend linearly on Vsp at small bias, allowing us to
determine a bias offset of 0.026 mV. We emphasize that the source-drain biases indicated

in each figure in this Chapter have been corrected to reflect this offset.

7.5 Fitting

Overview

At infinitesimal bias voltages Vgp, the Fermi levels of the left lead L and the right lead R
are nearly equal, and current flows through the double dot only when the Fermi energies
in both leads and the chemical potentials of both quantum dots are aligned, i.e., when
Epp ~ Erp ~ FE1 ~ Es. Here, Erp(ERr) refers to the Fermi energy of the left (right) lead
and F1(Es) refers to the chemical potential of the left (right) dot. When these energies are
equal, the charge configurations of interest are degenerate, and a ‘triple point’ is observed in
the data [I10]. For the electron system, the degenerate double dot electron configurations
are (1,0), (1,1), and (2,0), while for the hole system these electron occupations are (1, 1),
(2,0), and (2,1). The data in Fig.[7.1|(a) were acquired at a small Vsp. As Vgp is increased,
plots of the current as a function of F; and Es (or, more conveniently, the gate voltages
most directly controlling F; and Es) reveal these triple points expanding into ‘bias-triangles’
arranged regularly in the well-known pattern known as a honeycomb diagram [110].

The conventional bias triangle is defined by the region in gate voltage space in which
the double dot ground states (in this case the singlet states) are both energetically downhill
and within the source-drain bias window. We refer to these as the ‘singlet triangles.” There
are analogous ‘triplet triangles’ defined by similar conditions for the excited triplet states.
Separate singlet and triplet triangles can be defined for both the electron and hole systems.
For electrons in forward bias, transport occurs through the sequence (1,0) — (1,1) — (2,0),
while for the hole regime, in forward bias, transport occurs through the electron sequence
(2,1) — (1,1) — (2,0). Figures [7.3[a) and (b) show schematic diagrams of these four

distinct triangles for the cases of forward bias in panel (a) and reverse bias in panel (b).
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Figure 7.4: Examples showing how the triangle boundaries and slopes are determined from
the data. (a) Forward bias: the positions of the data cuts (1-7) that we use to determine
the low slope. (b) Reverse bias: the positions of the data cuts that we use to determine
the high slope (1-8) and the low slope (9-15). (c) For the same data as panel (a), the red
circles mark the points used to determine the base slope for this data set; their centroid
is marked by the red square. A white line with the mean base slope is drawn through the
centroid. The red crosses mark points used to determine low and high triangle slopes; the
two white lines are obtained by linear fits through the crosses. (d) For the same data as
panel (b), the black crosses mark points used to determine low and high triangle slopes; the
three white lines are obtained by linear fits through the crosses. The separation between
the triple points is labeled d. (e) Example fitting results for cut 7 in panel (a). The dashed
lines correspond to the Fermi function and the energy dependent tunnel rate, and the red
line corresponds to their product. The vertical red line indicates the triangle boundary.
(f) Example of two independent fits to cut 5 in panel (b), and the corresponding triangle
boundaries.
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Note that the lengths BA and AC represent the singlet-triplet energy splittings in the (2,0)
and (1,1) states, respectively. The magnitude of the measured current varies significantly
across each triangle because of energy-dependent tunneling [105], 106, 107, 108, [43], [32]; the
tunneling rate from the lead decreases as the tunnel barrier increases, which occurs as the
energies of the relevant levels in the dots are lowered below the Fermi level. The effects of
energy-dependent tunneling are more marked in Si/SiGe dots than in GaAs dots, because
electrons in silicon have larger effective mass [109] and these effects are discussed in more
detail below, in Sec. [7.7}

Points Q, R, X, W, and V in Fig. [7.3((b) lie within the conventional bias triangle. Point
U lies outside this triangle, but within the triplet triangle. Fig.|7.3|(d) shows example energy
level arrangements for points within both the singlet and triplet triangles (upper cartoon),
and points such as U, that lie outside the singlet triangle but within the triplet triangle
(lower cartoon). In the conventional picture, without LET, the regions of strong current
flow are the blue singlet triangles, while the regions of the red triplet triangles that do not
overlap the singlet triangles are blockaded. A major point of this Chapter is to demonstrate
that the current visible in the lower right hand corners of the panels in column three of
Fig. arises because significant current is flowing through the triplet states outside the
conventional bias triangle. Because of its shape, we refer to this feature in the data as the
triplet ‘tail.” LET lifts the blockade condition, giving rise to the triplet tail when tunnel
rates and triplet-singlet relaxation times are appropriate — specifically, the triplet must
load enough faster than the singlet that a transport current is measurable, even though
tunneling through the singlet channel is very slow [115].

In order to understand how electrons move from one lead to the other through the
double dot system, it is necessary to know the chemical potentials of each quantum dot for
particular occupancy states. Of particular significance are the chemical potentials associated
with points labeled with uppercase letters in Fig.[7.3|(a) and (b). The corresponding energy
level diagrams are all presented in the appendix. To understand the data in columns one

and three of Fig. simultaneously and self-consistently, we aim to determine the size and
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shape of the bias triangles, and to position these triangles as accurately as possible on the
data. The end result of this analysis is shown in the second and fourth columns of Fig.

Our procedure is as follows: first, using data for all biases and from both the electron
and hole systems, we obtain the three slopes that define the edges of the bias triangles (see
Fig.[7.2]f)); these are (i) the slope of the base of the triangle (base slope), which characterizes
the direction in gate voltage space in which the chemical potentials of the two dots are held
constant relative to each other, (ii) the low slope of one of the long edges (low slope), which
characterizes the direction in gate voltage space in which the chemical potential of the right
dot is held constant with respect to the Fermi level of the right lead, and (iii) the slightly
higher slope of the other long edge (high slope), which characterizes the direction in gate
voltage space in which the chemical potential of the left dot is held constant with respect to
the Fermi level of the left lead. Second, we determine the separation between the electron
and the hole triangles, as well as the scaling relation between the applied bias voltage and
the size of the triangles. Finally, we position the triangles on the data sets in Fig.

Determination of the base slope

The base slope joins the points B and J in Fig. m(a) and, similarly, the points Q and O
in Fig.|7.3(b). Points B and J are identified as small, solitary peaks in the left-hand region
of the forward bias experimental data (column 1 of Fig. [7.2]and expanded in Fig.[7.7|(a, b)).
Note that the data were interpolated using the cubic spline procedure, E| to more accurately
identify the center of the points, while keeping the functional form of the data unchanged.
The base slopes were obtained for each pair of points (B,J), in all four forward bias data
sets, and the average value was calculated, with results summarized in Table The base
line for each forward bias data set is obtained by determining the centroid position of a
given (B,J) pair, and then drawing a line with the average base slope through the centroid.
An example of this procedure is shown in Fig. [7.4]c), with the centroid indicated as a red

square and the points B and J indicated by the red circles.

n fitting the data, two processing steps were performed: (i) cubic spline interpolation of five points for
every single data point was used, and (ii) the average background current was determined and subtracted
from each data set.
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Table 7.1: Base slopes obtained from the spin blockade data of Fig.

Bias (mV)  Base slope

0.226 15.3
0.326 11.2
0.526 15.5
0.626 14.8

Base slope mean = 14.2
Standard deviation = 2.02

Determination of the low slope
Both the forward and reverse bias data possess features that are useful for determining
the low slope of the bias triangles. We first consider the forward bias data along the line
segment AF shown in Fig. [7.3(a). Along this line, the chemical potential of the left dot is
variable, while the chemical potential of the right dot is constant. The current flow is nearly
constant along AF, except for the resonant peak, which we will discuss in Section [7.7 Thus,
the current depends only weakly on the chemical potential of the left dot. We then take
data cuts parallel to the base slope, crossing the line segment AF, as shown in Fig. [7.4(a).
Along a given cut, the current does not flow uniformly and it does not fill up the whole bias
triangle. The strong suppression of the current above AF is a signature of energy dependent
tunneling. We conclude that the current depends most strongly on the chemical potential
of the right dot, and that the right-hand tunnel barrier forms the transport bottleneck.

In Section [7.8 below, we provide detailed models for energy dependent tunneling. How-
ever, in order to delineate the edges of the bias triangle here, we simply point out that the
dominant contribution to the current along the data cuts in Figs. (a) and (b) can be
expressed as follows:

I/e = frlp. (7.1)

Here,

fr= e(E_ERF)/kBT + 1]_1 (7.2)

is the Fermi function for the right lead, where E is the chemical potential of the right dot,

and Fgrp is the Fermi level of the lead. The Fermi function defines the edge of the forward
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bias triangle along the line AF, defined by the condition £ = Erp. The second function
appearing in Eq. is the effective tunneling rate I'g, from the right lead to the right dot.
To capture the effect of energy dependent tunneling, we will apply approximations similar
to those used in Refs. [43] and [32], and discussed in greater detail in Sec. leading to
the prescription

g = FRoe(E_ERF)/ERO7 (7.3)

where I'gg is proportional to the attempt rate, and Ery describes the scale for the energy
dependent tunneling. This exponentially decaying function suppresses the current flow
above line segment AF.

Equation can be used to fit the data along the cuts shown in Fig. ﬂ(a) by assuming
a linear relation between the chemical potential of the right dot and the control voltages
Vcs and V. The proportionality constants, the so-called ‘lever-arms’, are determined as
part of the fit. A typical result of the fitting procedure is shown in Fig.|7.4(e). The vertical
line on the plot represents the boundary of the bias triangle, corresponding to the condition
E = Egrp. The boundary positions for each of the cuts in Fig. (a) were obtained in
the same way, giving the points marked as red crosses in Fig. [7.4{c). The edge of the bias
triangle was then determined by fitting a straight line through these points, with the result
shown in Fig. [7.4]c)

The low slope can also be investigated in the hole system in the reverse bias regime,
along the line segment LM shown in Fig. b). Data cuts are again taken parallel to the
base slope, as shown by the short lines on the right-hand-side of Fig. b). A function
similar to Eq. was used to fit the data, to obtain the triangle boundary along each cut.
The results are shown as black crosses superimposed on the right-hand side of Fig. [7.4|(d).
Again, we fit a straight line through these boundary points, obtaining the result shown in
panel (d). The low slopes were obtained in this way for 8 different data sets, as summarized
in Table [T.2]

Determination of the high slope and the triple point spacing

The high slope can also be determined from fits to both forward and reverse bias data. In
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Table 7.2: Low slopes obtained from both forward and reverse bias data.

Vsp (mV)  Low slope ‘ Vsp (mV) Low slope

0.226 -2.25 -0.174 -1.94
0.326 -2.17 -0.274 -1.93
0.526 -2.24 -0.474 -1.97
0.626 -2.24 -0.574 -1.95

Low slope mean = -2.09
Standard deviation= 0.15

the case of forward bias, we take data cuts though the hole data, along lines parallel to the
base slope. Along the line IH, indicated in Fig. |[7.3(a), the chemical potential of the left
dot is equal to the Fermi level of the left lead. For the hole triangle, the energy dependent
tunneling is rather weak. The prominent features in the data along line segment IH are
mainly attributed to the Fermi function for the left lead. We therefore adopt the following

fitting form for data near line segment IH:
Ije=(1-fo)l'L, (7.4)

where the Fermi function f; and the energy dependent tunnel rate I';, are defined analo-
gously to Egs. and . The data cuts are fit as described above, for source-drain
biases Vsp = 0.226, 0.526, and 0.626 mV. The 0.326 mV data set in Fig. (e) exhibits a
discontinuity along IH arising from a charging event. For that data set alone, the fitting
procedure is performed in the vicinity of line segment JI rather than IH. The fitting results
for the triangle boundaries are shown as red crosses in Fig. [7.4{c), for each data cut. The
high slope is obtained from a linear fit through the boundary points, as given by the white
line.

In the reverse bias regime, we also take data cuts parallel to the base slope. In this
case, the cuts extend across the entire electron-hole system, as shown in Fig. ﬂ(b) We
use form

I/e= fiT'y (7.5)

to fit the data. In this case, however, independent fits are made to both the electron and the
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hole peaks, giving typical results as shown in Fig. (f) Here, the vertical lines represent
the inferred locations of both triangle boundaries. The resulting boundary locations are
shown as black crosses in Fig. (d) By fitting straight lines, we obtain results for the
high slope, as summarized in Table [7.3

The fits to the reverse bias data provide a direct method for determining the separation
between the electron and hole triangles along the direction parallel to the base slope. This
separation is the triple point spacing, and it is indicated by the distance d in Fig. [7.4]d).
It is also indicated, schematically, by the distance between points Q and O in Fig. (b)
The triple point spacing is the same for all biases, and we therefore determine its value by

averaging the individual extracted values for d.

Table 7.3: High slopes obtained from both forward and reverse bias data.

Vsp (mV) High slope ‘ Vep (mV) High slope

0.226 -3.32 -0.174 -3.86
0.326 -3.75 -0.274 -4.06
0.526 -3.47 -0.474 -3.37
0.626 -3.59 -0.574 -3.71

High slope mean = -3.64
Standard deviation= 0.25

7.6 Positioning and scaling the bias triangles

It is now possible to draw the singlet and triplet bias triangles. The shape of each triangle
is known precisely in terms of the high, low, and base slopes. In this section, we explain
how the sizes of the triangles are determined and how they are positioned on the data.
The size of the triangles is proportional to the source-drain bias. To determine the
scaling, we focus on the forward bias data sets. By using the triple point spacing d, in
combination with line fits of the type shown in Fig. the triangles for the forward
bias data are completely determined. We extract a gate voltage-to-energy proportionality

constant for each forward bias data set for both Vg and Vi, and we calculate the mean
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values of each. We use these constants to set the size of the triangles for the reverse bias
data. The sizes of the triangles drawn in column 4 of Fig. are all obtained using these
mean voltage-to-energy calibrations.

We now position the triangles in the forward bias regime. Since line segment CD cannot
be easily distinguished from AF in the forward bias data, the triplet triangles are initially
positioned by assuming that AF and CD overlap. That is, we assume zero (1, 1) singlet-
triplet energy splitting. The actual (1, 1) singlet-triplet splitting is determined later. We
then determine the base position of the triplet triangle by performing a Lorentzian fit to a
data cut along line segment BF, placing the triangle corner at the peak of the Lorentzian.

To position the singlet triangles on the reverse bias data plots, we only need to determine
a single point, which we take to be point Q in Fig.|7.3|(b). This point is determined for each
data set by fitting a Lorentzian to a data cut along line segment RQ. Similarly, the triplet
triangles are positioned by performing a Lorentzian fit to point U along the line segment
VU. This method of independently positioning the singlet and triplet triangles provides a
means of estimating the (1,1) singlet-triplet splitting, which is observed as a slight shift in
the edges of the triangles. Note that, due to the lack of a straight line of current for the two
higher bias data sets, we use the coordinates of the strongest current peak in that vicinity
to locate point U. This should lead to an overestimate of the (1,1) singlet-triplet energy
splitting in those two cases.

The (2,0) singlet-triplet splitting is given by the distance between the bases of the
singlet and triplet triangles. These voltages are converted to energies using our lever-arm
calibrations. We then take a mean value from all eight data sets, obtaining the result
Esr(2,0) = 0.173 meV, as reported in Table This value is interesting, because it
corresponds to the lowest excited state that is not a spin excitation. In general, this degree
of freedom will involve an orbital parameter, and specifically, it can correspond to the valley
degree of freedom. As such, the mean value of Fgp(2,0) provides a lower bound on the
valley splitting [95], [124], 125, [126], 96} 39] in dot 1.

We can compute the singlet-triplet splittings Fgp(1,1) in a similar manner. Such esti-
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mates can only be obtained in the LET data sets, since the forward bias data sets do not
provide a good signature of the splitting. We find that the standard deviation of Fgp(1,1) is
almost as large as its mean value. Such a large uncertainty in Fgp(1, 1) is not surprising, be-
cause its value is similar to the estimated electron temperature during these measurements,

which is 145 mK. The resulting estimates for Fgp(1,1) is reported in Table

Table 7.4: Singlet-triplet energy splitting.

Vsp (mV) Esr(1,1) (meV) FEgr(2,0) (meV)
-0.174 0.0078 0.170
-0.274 0.0044 0.174
-0.474 0.0306 0.148
-0.574 0.0345 0.193
0.226 0.200
0.326 0.178
0.526 0.155
0.626 0.162
Mean 0.019 0.173

Standard deviation 0.015 0.018

7.7 Theoretical model for energy-dependent tunneling

effects

In this section, we investigate processes related to LET in the reverse bias regime, and we
analyze energy-dependent tunneling and its impact on the transport. We focus specifically
on the lower two triangles of Fig. (b) In this case, one valence electron is always present
in the left dot, while a second valence electron transits the double dot from the left to the
right, in the charging sequence (1,0) — (2,0) — (1,1) — (1,0). Note that a downbhill
energy path between the left and right dots corresponds to a positive value of the detuning
parameter, € = (E1 — F3) > 0, where Fj and Fy are the chemical potentials of the left dot
(dot 1) and the right dot (dot 2), respectively.
Qualitative Discussion

In Ref. [115], a sequential tunneling model was used to analyze the reverse bias transport
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currents. In the sequential tunneling approximation, the current through a particular trans-
port channel can be expressed as (I/e) ! =T, + Ty + I';', where the L index refers to
the L — 1 tunnel process, the R index refers to the 2 — R process, and the 12 index refers
to tunneling between dots 1 and 2. As in previous sections, L and R refer to the left and
right leads. In Ref. [I15], two transport channels were studied: the singlet channel (S) and
the triplet channel (7).

The sequential tunneling model provides a great deal of information. For example, it
explains why the lower portions of the data in Fig.[7.2c) and (g) take the distinctive form
of two parallel lines, rather than a triangle: the two lines correspond to distinct transport
processes through the singlet and triplet channels. For either channel, the current is effec-
tively determined by the bottleneck process, which turns out to be I'y, or I'i5. Since the
function I';, depends sensitively on the chemical potential of dot 1, due to energy dependent
tunneling, we observe that I is exponentially suppressed when E; < Er, reducing the bias
‘triangle’ to a narrow line. Thus, the lower current feature in Fig. b) actually consists of
two overlapping triangles (a singlet triangle and a triplet triangle), each of which is reduced
to a narrow line due to energy dependent tunneling.

Despite its success, the sequential tunneling model is over-simplified and cannot explain
certain crucial features of the transport current. For example, the strong enhancements of
the transport current at the points marked Q and U in Fig.|7.3(b) are resonances arising from
the coherent delocalization of electrons in dots 1 and 2. Such effects cannot be explained
by an incoherent tunneling model. The master equation approach of Nazarov and Stoof
does incorporate resonant effects [117, 118]. However, it does not account for the inelastic,
sequential tunneling processes that dominate the transport throughout most of the current
map. We use a master equation technique that incorporates both resonant and inelastic

tunneling effects to address this situation.

Quantitative Analysis
The theoretical model that we use for the quantitative analysis is presented in detail in
Appendix [F.3] This model treats the S and T transport channels independently, and treats
the coupling to the environment within the Lindblad formalism [73], 2]. The analysis yields
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an expression for the current I through a single channel in the two-electron dot:

{46*(fr — frR)TL(1 = fL) + Tr(1 — fr) + T3]

+T; (4(e/n)? + [LL(1 = fr) +Tr(1 = fr) + T4)?) [fe(1 — fr)O — fr(1 — fr)0]}
{[Ae/Y + [To(1 — fu) + Tr(l - fr) + T4J?) |
x [T Tr(1 = fofr) + Tilr(6 + frO) + T L(6 + fL0)]
+4¢2 CL(1 = fL) + Tr(1 = fr) + D] CL(1 + fL) + Tr(1 + fr)]}

1= GFLFR

(7.6)
Here, g is the (elastic) tunnel coupling between the two dots, € is the energy difference
between the (2,0) charge configuration and the (1,1) charge configuration, fr and fr are
the Fermi functions for the two leads L and R (they of course depend on energy, but this
dependence is suppressed in the notation for brevity), I', is the tunnel coupling between the
left lead L and dot 1, I'g is the tunnel coupling between the right lead R and dot 2, I'; is the
inelastic interdot coupling, and 6 and 6, which account for the fact that phonon emission
is much more likely than phonon absorption at low temperatures, are taken here to be
Heaviside step functions: § = ©(¢) and § = O(—¢), with ©(¢) = 0 when € < 0, O(¢) = 1/2
when ¢ = 0, and ©(e) = 1 when ¢ > 0. The inelastic interdot tunnel coupling I'; is a
weak, even function of e. Below, we show that our data are consistent with I'; = (constant)
throughout most of the bias triangle. When the singlet and triplet channels are fully
decoupled, as we assume here, the total current is expressed as a sum of terms like Eq. ,
one for each channel. For the case of triplet states that are triply degenerate, the total triplet

current is therefore the sum of three terms, one for each state.

7.8 Analysis of data yielding information about

energy-dependent tunneling

In this section, we first perform a fitting analysis using Eq. (7.6) to obtain estimates for
the various tunneling parameters, including the energy dependent tunneling. We then go
on to discuss the prominent features in the current map. We finish up by checking the self-

consistency of our LET assumption of decoupling between the single and triplet channels,
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Figure 7.5: Fits to data cuts. (a) Black curve: a cut through the data obtained along the
line segment QVO, as indicated in the inset. Red curve: a fit to the 1D data cut, using the
theoretical formula in Eq. . (b) Black curve: a cut through the data along the line
segment RWQ), as indicated in the inset. Red curve: a cut through the theoretical fit to
the 2D data set, evaluated along the same line. The data were fit using the full theoretical

model of Eq. ([7.6)).

and we discuss the implications for preferential loading of the excited states.

Fitting analysis of the tunnel parameters
We begin with an investigation of the various tunnel rates in the LET regime. The transport
data of Fig. (g) will be analyzed along particular cuts. We first consider the cut QVO,
which is along the base of the singlet triangle, as shown in Fig. a). We also consider the
data cut RWQ, which is along the high slope of the singlet triangle, as shown in Fig. b).
Along the latter cut, the data exhibit two prominent features: a Lorentzian peak, which
is characteristic of resonant tunneling, and a relatively flat region to the left of the peak,
which is characteristic of inelastic tunneling [119].

We first analyze the singlet inelastic transport current, which dominates the current flow
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over most of the singlet bias triangle, except near the line QV. As we shall see, the tunnel
coupling g has a characteristic magnitude of peV, while the length of the bias triangle is
on the order of hundreds of ueV, in energy units. Thus, away from line segment QV, the
condition € > At is true almost everywhere. Equation then reduces to the expected

form for sequential tunneling
_ _ 171
I/e~ frL.(1— fr) [FL1+FRI+Fi 1] ) (7.7)

where the tunneling between dots 1 and 2 is strictly inelastic.

To make further progress, it is useful to introduce a specific model for the tunneling
rates between the dots and the leads. For simplicity, we consider square tunnel barriers, for
which the leading order energy dependence of the tunnel rate is exponential and is given
by [109]

[(E) = Doe 2Wv2m (U=E)/n? (7.8)

Here, W is the barrier width, U is its height, and E is the energy of the tunneling electron.
Since our transport data do not exhibit enough structure to independently determine the
parameters characterizing the tunnel barriers, we consider an alternative tunneling function
by linearizing the argument of the exponential in Eq. about one of the lead Fermi levels
(see Refs. [43] and [32]). For the tunneling function between the left lead and dot 1, we

perform our expansion around the Fermi energy of the left lead, obtaining
[L(Ey) ~ TpoelPr=Frr)/Fro. (7.9)

with the characteristic energy defined as Erg = [(Ur, — Epr)h?/2m*W?]/2. An analogous
linearization can also be performed for the right lead.

We first consider the singlet triangle. We can make a rough comparison of the magni-
tudes of the different tunnel rates in Eq. , based on general observations of the data
in Fig. We first consider the flat region near point W in panel (b). To the left of this
region, the bias triangle closes, due to the action of the Fermi functions. To the right, we
observe the resonant peak at point Q. Along the line segment RQ, the chemical potential

of the left dot is constant, so I';, must be constant, but I'r need not be. Since the data are
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almost flat, I'r must not determine the shape of the current flow. For data cuts parallel to
line segment QVO, the detuning parameter € is a constant, so I'; must be almost constant.
However, the current has a strong energy dependence, which cannot be due to I';. Together,
these facts suggest that the energy dependence of I';, controls the shape of the current in
the inelastic tunneling regime, although not necessarily its magnitude. We conclude that
the functions I'p and I'; must either be much larger than I';, or constants in the inelastic
tunneling regime.

We now perform a more quantitative analysis by considering the line QV, defined by the
resonant condition € = 0. Because of the resonance, terms involving ¢ must be dominant

in Eq. (7.6). Away from the long edges of the triangle, Eq. (7.6 then reduces to
Ije~ (T7'+20;h)7h (7.10)

As expected, we find that the inelastic tunneling contribution, I';, is irrelevant in the reso-
nant regime. This fact makes it possible to independently determine the parameters I'g and
I';. By comparing Eqgs. and and noting that the current in Fig. b) is much
larger at point Q than point W, we conclude that I'; < I'g in the inelastic tunneling regime.
This fact is not affected by the resonance condition. Since I'f, corresponds to the bottleneck
process in the resonant tunneling regime, we find that 'y, I'; < I'r. Equation then
reduces to
I/e ~T1(fL — fr). (7.11)
We can fit Eq. to the data cut along QV, as shown in Fig. (a). This gives
a direct estimate for the temperature and the energy dependent tunneling parameters in
the linearized function I';,. We can obtain the remaining singlet tunneling parameters by
performing a 2D fit of the data to the full expression in Eq. . This provides estimates
for the parameters I';, I'g and g, with results shown in Table We note that since I'p
has been proven to be irrelevant in our LET data, it was not possible to discern any energy
dependence in this parameter. Thus, we have treated I'r as a constant in our analysis. In

Fig. [7.5(b), we show one result from our 2D fitting procedure, as evaluated along the line

segment RWQ .
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Table 7.5: Fitting parameters and singlet-triplet energy splittings for the Si/SiGe double
quantum dot transport model presented in Eq. for the data in Fig.[7.2(g). The energy
dependent tunneling parameters and the singlet-triplet energy splittings are described in
the text. Standard deviations are given in square brackets.

Energy (ueV)

hT1os 0.62 [0.01]
Eros 40 [2]
hlig 0.125 [0.003]
hgs 3.2 [1.2]
hTRs 38 [28]
T Lor 0.48 [0.01]
Eror 34 [3]
hTir 0.183 [0.003]
hor 2.0 [0.1]
hT gy 55 8]
Temperature 145 [7] mK
Egsr, (2,0) state 174 [38]
Egr, (1,1) state 4 [1]

Prominent features in the data
It is instructive to consider limiting cases of Eq. that are relevant for our LET data,
in order to gain a better physical understanding. We specifically consider the bright line of
current adjacent to line segment RWQ. As apparent from Fig. [7.4{e), the Fermi function
for the left lead is nearly saturated along this line, so that fr ~ 1 and fr ~ 0. In this

regime, the transport current takes the form

I ~ PL [1 + 62Pi9/(hg)2FR]
e [L+e(Ty +1:0)/(hg)’Tg)’ (7.12)

corresponding to a Lorentzian line-shape centered on the resonant condition € = 0. The
half-width of the peak is given by e% 2 (hg)*Trp/T 1p, where T'z, and T'g, correspond
to barrier tunnel rates, evaluated at the peak value of the current. Along the line from Q
to R, the functions I'; and g remain approximately constant. To the left of the peak, the
data are nearly flat, as shown in Fig. (b), with asymptotic behaviors determined by the
bottleneck rate I';. (Note from Table that I';s < I'g along line segment RWQ.) We

conclude that I';g is nearly constant as a function of e. The dips in the data between R
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Figure 7.6: Comparison of the experimental data with calculations based on the fitting
parameters of Table obtained for the same range of gate voltages. (a) Current transport
data, identical to Fig.[7.2]g, with an overlay of the edges of the singlet and triplet lower bias
triangles. (b) Theoretical reconstruction of the lower bias triangles, based on Eq. (7.6). (c)
The computed singlet occupation density, ps = p1s + p2s, shows that the singlet occuption
falls off in the vicinity of the triplet triangle, as required for the observation of LET.

and W are due to drifts in the measurement. The suppression of the current to the left of
R is probably caused by energy dependent variations of I';, which are not included in our
model. It is interesting to note that the general shape of the curve described in Eq.
is relatively insensitive to changes in I'r. This is consistent with the fact that tunneling
from dot 2 to the right lead is the fastest of the tunnel rates, and it is therefore never a
bottleneck.

To the right of the resonant peak in Fig. b), the following conditions are satisfied:

6 =0 and —e > hg, so Eq. (7.12) is is no longer valid. The current in this region is more
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strongly suppressed than the linearized theory we discuss here predicts.

Using the fitting parameters reported in Table Eq. can be used to reconstruct
the singlet and triplet bias triangles corresponding to the electron transport data shown in
Figs. [7.2)(g) and [7.6/(a). The resulting theoretical fits are presented in Fig. [7.6{b). The fits
are quite satisfactory, and they provide strong support for the double dot theory described
above.

Self-consistency check
In Sec. [7.7, we noted that the singlet and triplet transport channels should approximately
decouple, if our theory is valid. As a self-consistency test, we should check whether this
statement is consistent with the tunneling parameters obtained from the fitting procedure.
Specifically, we want to show that the singlet density, ps = ps1 + pse, is small wherever the

triplet density, pr = pr1 + pr2, is appreciable, and vice versa.
The formalism developed in Appendix [F.3and Sec.[7.7] allows us to compute the steady-
state occupations for dots 1 and 2, as a function of the tunneling coefficients. For either

the singlet or the triplet triangles, the formalism of Sec. [7.7] leads to

{[4(e/h)* + [C(1 = fr) + Tr(1 = fr) + T]?]
x [[LTr(fL + fr—2fLfr) + Ti(TrfR +TLfL)]
+8¢*[CL(1 — fr) +Tr(1 — fr) + Ti][fcTL + frLr]}
pr+pa = . (7.13)
{[4(e/n)* + [T(1 = fr) + Tr(1 — fr) 4+ T4]?]
x [CrTr( = frfr) + TiTr(0 + frO) + TiT (0 + f1.0)]

+4¢°[CL(1 = fr) + Tr(1 = fr) + T[T (1 + fr) + Tr(1 + fr)]}

In Fig. [7.6(c), we plot ps = pi1s + pa2s using the fitting parameters from Table [7.5
We conclude that the singlet density does indeed vanish inside the triplet triangle, in the
portions of the triangle where current flow is appreciable. Below the singlet and triplet trian-
gles, in the lower-right portion of Fig. [7.6(c), the theoretical model indicates an anomalous
region of singlet occupation. Such behavior is spurious, and it is a consequence of using
energy dependent tunneling models outside their range of validity.

Triplet relaxation and loading of excited states

We first address the question of triplet-to-singlet relaxation. In many experimental situa-
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tions, the current is blockaded outside the singlet triangle [108] 19]. We have shown that
in the LET regime, the triplet channel is not necessarily blockaded. However when the
triplet loading is favored, if a (2,0) triplet decays to a (2,0) singlet faster than the singlet
can unload, then current through the triplet triangle will be effectively blockaded. We have
also shown that the condition for this blockade to be lifted is that the total singlet loading
rate, including loading via triplet decay, should be of the same order or smaller than the
singlet unloading rate [I15]. The observation of current flow in the triplet tail indicates
that these conditions are met in our sample.

In this Chapter, we did not explicitly consider the triplet-to-singlet decay channel. How-
ever, the decay ‘current’ must be bounded by the total loading current for the singlet. As
reported in Ref. [I15], we can fit the resonance in Fig. [7.5(a) close to the peak, to avoid
spurious structure possibly related to cotunneling. In this way, we obtain a bound on the
triplet-singlet decay rate, given by I'7g < 1.45 x 10% s1. This bound differs from that
published previously, because it depends exponentially on the singlet-triplet splitting and
the gate voltage-to-energy calibration, both of which have been determined to a greater
accuracy in this Chapter. The actual value of I'rg is expected to be much smaller than this
current estimate or that published previously in Ref. [115].

Finally, we can investigate selective tunneling into the triplet and singlet states. We
have shown that there is a very strong energy dependence for tunneling into the double
dot. Tunneling into a singlet state proceeds at a very different rate than tunneling into a
triplet, even when they are at the same energy. However, our analysis shows that the (2,0)
triplet state is split off from the (2,0) singlet by a large amount: Fgp = 173 ueV. Electrons
tunneling into these two states therefore experience very different barriers. Based on our
analysis of the transport data, we can estimate this difference by comparing the ratio of

the singlet vs. triplet loading rates, as

Tsload _ fo(E) Ls(Er)
Irioaa  fr(Ev+ Est)lrr(Er + Esr)

(7.14)

When the triplet lies above the Fermi level of the left lead, there will be a very strong

suppression of the triplet loading. On the other hand, when both the singlet and triplet lie
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below the Fermi level, we observe a very strong enhancement of the triplet, as compared
to the singlet. For the tunneling parameters extracted above, this enhancement factor is
on the of order 100. However, this is actually an under-estimate, owing to our use of
linearized tunnel functions. Comparison of Figs. [7.6[a) and [7.6b) shows that, in regions
with low current flow, the experimental transport current is more strongly suppressed than
the theoretical prediction. In general, the suppression of singlet tunneling in this regime
should be enhanced for materials like silicon, which have relatively large effective masses.

For example, by using linearized tunneling functions and setting the Fermi functions to 1

in Eq. (7.14), we obtain

I'rs(Er)
Irr(Er + Est

] X exp {EST\/Qm*WQ/(U —FErr)|. (7.15)

Here, we see that the effective mass appears inside the exponential.

7.9 Discussion

In this Chapter we performed a detailed analysis of eight sets of data measuring current
through a double quantum dot. A striking feature of the data in reverse bias is the presence
of a strong tail of current that extends outside the boundaries of the usual bias triangle and
that we attribute to lifetime-enhanced transport (LET). The data also contain features that
are difficult to explain using the conventional double dot transport theory, which assumes a
single bias triangle. Yet, they are explained quite naturally when the data are fit to a pair
of bias triangles, corresponding to distinct singlet and the triplet channels, as presented in
columns 2 and 4 of Fig. In Fig. (b), the region with strong current is broader on
the electron-triangle side than on the hole-triangle side. The region with strong current
on the electron-triangle side lies largely within the triplet triangle shown in red. It is clear
throughout that tunneling through the 77 ; — 75 ¢ channel is very strong in the reverse bias
(LET) direction, and this resonance appears to show up in the forward bias (spin blockade)
direction as well.

It is worth noting that the tunnel rate between the two dots in this experiment was quite
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Hr(1,1)
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Point | Point B

Figure 7.7: Description of the spin exchange processes between a dot and a lead at points
B and J in Fig. [7.3|a). (a) Transport data at source-drain bias of Vsp = 0.526 mV. (b)
A blow-up of the data inside the green box in panel (a). The color scale is expanded to
show the current at points B and J, which are important for determining the base slope,
as discussed in Sec. (c) Configuration in which the T} ; state is spin blockaded, in the
three electron or ‘hole triangle’ regime. (d) An electron can tunnel into the left dot from
the left lead, forming a singlet-like (2,1) state. (e) The singlet-like (2,1) state can emit an
electron to the left lead, leaving the system in the S state, and lifting spin blockade. (f)
In the ‘electron triangle’ regime with two electrons, loading of the 77 ; state from the right
lead results in spin blockade. (g) The electron in the right dot can tunnel back to the right
lead, allowing the right dot to be reloaded into the S;; state. (h) When the S;; state is
loaded from the right lead, transport can resume through the double dot.
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high. This rate was not easily tuned, because the device was not specifically designed with
a gate for this purpose. However, this is not a limiting factor for future experiments. In
other recent work, a double dot in Si/SiGe was specifically designed with tunable couplings,
and the corresponding tunnel rates were found to be highly tunable [77]. As described in
Sec. [74], the electron occupation of our double dot could not be absolutely determined
here. However, recently, a double dot with a known one-electron occupation has been
demonstrated in a different Si/SiGe experiment [8§].

The ability to control energy dependent tunneling is an important tool for measuring
spin qubits [44]. Here, we observe energy dependent tunneling so strong that in many cases
it deforms a bias triangle into a thin line. Our fitting analysis indicates that the tunnel
rates to the leads can change by a factor of 1/e when the dot chemical potential is varied
by as little as 30-40 peV.

The consistency of the analysis of all the data sets provides strong evidence that lifetime-
enhanced transport occurs in a Si/SiGe double dot. The demonstration that quantum dots
can be fabricated in Si/SiGe heterostructures that exhibit high-quality spin blockade as
well as a new transport channel that only occurs when spin relaxation times are long is
evidence that this materials system has promise for the manufacture of devices requiring

spin coherence.
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Chapter 8

Transport 1I: Unconventional

three-electron regime

8.1 Introduction

Understanding spin-dependent transport [106}, 105, 115) 108, 114] is important for using the
spin degree of freedom in a double dot qubit. In the previous Chapter, we analyzed trans-
port in the two-electron regime, and explained how spin blockade and lifetime-enhanced
transport gave rise to characteristic features of the data. Here, we show that transport
data taken in the three-electron regime of a double dot in a Si/SiGe heterostructure have
features that are qualitatively inconsistent with the conventional model of ‘hole’ trans-
port [110], because this model does not account for transport through excited states. Using
the Configuration Interaction (CI) formalism with singly excited configurations [127], to-
gether with relevant CI parameters extracted from the transport data (see Chapter |7| and
Ref. [24]), we demonstrate that the striking features in the data arise from a novel spin-flip

cotunneling process in which the multi-electron nature of the system enters fundamentally.
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Figure 8.1:  (a) Transport current Isp in a Si/SiGe double quantum dot (color scale)
as a function of controlling gate voltages, Vo (V) and Vg (V), reported in Ref. [115].
Inset shows an SEM image of the gates with a numerically simulated double dot overlayed.
White letters (T, By, G, Bg and CS) label gates and red letters (S, D) label the source and
drain. For this data, electrons flow from left to right. (b) A cartoon of the bias triangles
and lines of high current. Inset shows the energy axes of the dots. The lower (upper)
features are the electron (hole) triangles. Red dashed lines represent current through the
singlet (singlet-like) channel of the electron (hole) bias triangle and blue dot-dashed lines
the triplet (triplet-like) triangle. A and B are resonant peaks of the singlet and triplet
electron triangles. C is the resonant peak of the singlet-like hole triangle. A and C are
the triple points at the boundary of the (1,0), (1,1), (2,0) and (1,1), (2,0), (2,1) charge
occupations. F lies along the line extending from the tail; it is a representative point where
cotunneling is dominant. Egr is the (2,0) singlet-triplet energy splitting. Data are obtained
at a reverse-bias source-drain voltage, Vsp = —0.274 mV, first published in Ref. [I15] as
—0.3 mV. Ref. [24] details the quantitative fits to identify the triangles. (c¢) The prediction
using the conventional hole picture in the three-electron regime is shown as two parallel
lines (black), which is inconsistent with the tail observed in the data.

8.2 Validity of conventional model

Several experiments have probed charge transport through double quantum dots in the
few-electron regime and investigated effects such as energy-dependent tunneling and spin-
dependent transport [106, 105 115, 108, 114]. Transport in the three-electron regime is
well-described in terms of holes when all the intra-dot relaxation rates are much faster than
the interdot tunnel rate, so that the dominant transport channels are through the lowest
energy states of each dot, as is typically the case in GaAs devices [108] [110].

Our theoretical work is based on data [I15], in which a lateral double quantum dot
was formed by electrostatic gating of a Si/SiGe heterostructure, as shown in the inset of

Fig.[8.1(a). Fig. a) shows source-drain current versus controlling gate voltages at a fixed
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source-drain bias voltage. Transport through the two dots is energetically favorable within
triangular regions whose size is determined by the source-drain bias. Lines of high current
in these bias triangles are associated with fast tunneling between the dots and between the
dots and the leads [110]. From the orientation of the line a5 in Fig.[8.1{b), we deduce that
it is associated with the resonance of an energy level in the ‘left’ dot with the chemical
potential in the left lead. Quantitative fits allow the edges of the triangles to be determined
and are reported in detail in Ref. [24] (see Chapter [7). Fig.[8.1[b) is a schematic diagram
of the bias triangles, with energy axes shown in the inset. The lower features arise from
transport when the double dot contains either one or two-electrons (‘two-electron’ regime),
while the upper features reflect transport when the dot contains either two or three-electrons
(‘three-electron’ regime, also conventionally termed ‘hole’ regime).

There are two regions of current flow in each transport regime, shown in Fig. [8.1)(a).
Each of these regions of current is contained in a triangle, shown in either blue or red in
Fig. [8.1(b). The presence of current in the blue triangle implies that there is significant
transport through excited states of the dots [I15] 24], something that has recently been
observed in transport through a single phosphorous donor in silicon as well [116].

Because the effective electronic mass in Si is much larger than in GaAs, transport is
energetically favorable within each bias triangle, but the triangle is not entirely filled because
the electron tunneling rate is strongly energy-dependent [106, 105, 115]. The two parallel
lines of high current that are observed along the left edges of the singlet and triplet triangles
in the two-electron regime (lower feature) indicate that energy-dependent tunneling across
the left barrier is the bottleneck in the total tunneling rate [24].

In the three-electron regime, the conventional picture that describes the conduction in
terms of holes predicts that there should be two parallel lines of high current (Fig. c))
This is because, in the two-electron regime, electron occupancy cycles through the states
(1,0) — (2,0) — (1,1), and the three-electron regime is modeled conventionally [110] as hole
transport in the opposite direction: (1,1) — (0,2) — (0,1), where the numbers represent

electron or hole occupancy in the left and right dots. Due to particle-hole symmetry, the
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hole picture predicts parallel lines of high current similar to the data in the two-electron
regime (Fig. 8.1c)).

The transport data in Fig. (a) is inconsistent with a picture in terms of holes, as it
shows two lines of high current in the three-electron regime (upper feature) that are clearly
not parallel. In this regime, there is a line of high current at the left edge of the bias triangle
(line ¢n) for ground state transport, which is expected since the left barrier is observed to
be the bottleneck in the two-electron regime. However, in the bias triangle for excited state
transport, there is a ‘tail’ parallel to the right edge but away from it, which the hole picture

completely fails to describe.

8.3 Configuration Interaction approach

To understand the problem theoretically, we formulate it in terms of chemical potentials
and use the Configuration Interaction (CI) approximation with singly excited configurations
to determine the spin eigenfunctions and energy levels of each of the double dot states
involved in the three-electron regime. The relevant parameters in the CI formulation are
extracted from the transport data as detailed in Ref. [24]. From the energy levels and
possible transitions between states, we calculate the electrochemical potentials for charging
or discharging a dot by one electron (see Appendix . The four relevant electrochemical
potentials for the dots are shown for the two-electron case in Fig. a,b). For the three-
electron case, the full set of ten electrochemical potentials, shown in Fig. (c,d), is clearly
greater than the four electrochemical potentials for transport modeled on two holes. The
many-electron nature of the problem thus enters our analysis of transport naturally.
Without going into the details of the CI calculations, we can gain some insight into
the possible (2,1) states using qualitative arguments. The pure singlet and triplet states,
S(2,0) and 7'(2,0), are no longer orthogonal when we include a weak coupling to a third
electron in the right dot. The perturbation leads to a ‘singlet-like’ ground state S*(2,1),
whose spin configuration in the left dot is mainly S(2,0) with a small admixture of T'(2,0).

The S*(2,1) state has spin S, = £1/2 and is doubly degenerate. The perturbation also
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Figure 8.2: Diagrams for transport through excited states and the process of ‘spin-flip
cotunneling.” (a) Triplet channel transport in the two-electron regime. At B, the resonant
peak of the triplet channel, transport is allowed through the triplet levels, up (2 ) and pp( 1.
(b) When the singlet level 1157 o) is loaded, transport is energetically uphill and blockaded.
Cotunneling of a left dot electron out to the right lead lifts the blockade to resume triplet
channel transport. (c) In the three-electron regime, transport occurs in the following cycle:
step 1, (1,1) — (2,1); step 2, (2,1) — (2,0); step 3, (2,0) — (1,1). At D, these occur
through the triplet-like channel (blue). (d) Because of the loading of the singlet-like fi. g+
level (red) at D, the system ends up in the S(2,0) state, whereby transport is blockaded. (e)
When an electron cotunnels from the left lead into the right dot to form a triplet-like state,
it puts the left dot into an admixture of singlet and triplet. (f) The right dot discharges
from pg 7+, leaving a triplet state in the left dot, thus causing a spin-flip and resuming
transport.
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leads to ‘triplet-like’ states 7(2, 1), for which spin addition gives S, = +£1/2 or £3/2. The
S, = +1/2 states contain mainly triplet 7°(2,0) with a small admixture of S(2,0). The
S, = £3/2 states have spins that are either all up or all down; they are doubly degenerate
without any admixture of singlet states. The triplet degeneracies are lifted due to the fact
that exchange energies are different for different three-electron spin configurations. The
energy splittings arise from inter-dot interactions, which are much smaller than intra-dot
interactions. Thus, the splittings within the triplet-like manifold are much finer than the

splitting between the singlet- and triplet-like manifolds. These arguments are borne out by

our calculations (See Appendix .

8.4 Transport in the three-electron regime

From the energy levels calculated with the CI Hamiltonian, we can explain how the elec-
trochemical potentials, shown in Fig. c), are obtained. In the three-electron regime,
electron occupancy cycles through (1,1) — (2,1) — (2,0). The first transition corresponds
to charging of the left dot from a (1,1) to a (2,1) state. For clarity, we do not distinguish be-
tween the two closely spaced (1,1) energies, nor do we distinguish between the three closely
spaced T7(2,1) energies. We therefore obtain two distinct electrochemical potentials, p. 7=
and p g+, shown in Fig. c), which are the energies needed to charge the left dot from a
(1,1) state to the 7%(2,1) and S*(2, 1) states respectively. The second transition represents
the discharge of an electron from a (2,1) to a (2,0) state. Electrochemical potentials, pq 7+
and g4 g+, drawn on the right dot, represent the discharge of the right dot from 7%(2, 1) to
T(2,0) and S*(2,1) to S(2,0) respectively. These are the continuous lines (blue and red)
on the right dot in Fig. m(c) Due to singlet-triplet mixing in the left dot, two other tran-
sitions of much smaller likelihood are possible. They are the S*(2,1) to T'(2,0) and 77(2,1)
to S(2,0) transitions, represented by the red dotted and blue dashed levels respectively, in
the same figures. The last step in the cycle is the inter-dot transition, (2,0) — (1,1). The

chemical potentials in this step are identical to the two-electron case (Fig.[8.2(a,b)) and are

labeled as f157(2,0) and ps(1,1)-
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We can now explain the tail in the transport data, which, as described above, is a
prominent feature that is qualitatively inconsistent with a description in terms of holes. At
point D in Fig.|8.2{(c), transport is allowed through the blue triplet-like levels. However, it is
also possible to load the red singlet-like 1. g+ level. In this case, as the right dot discharges,
the system is likely to end up in the S(2,0) state, where transport is energetically uphill
and therefore blockaded (Fig.[8.2d)). We call this a ‘singlet blockade.” The lifting of the
singlet blockade along the tail is shown in sequence in Figs. (e) and (f). Starting from
S(2,0), the double dot forms a triplet-like 7%(2, 1) state when an electron from the left lead
cotunnels into the right dot, as shown in Fig. M(e). The charging of the right dot in this
transition requires the same energy as its reverse discharging process (7%(2,1) to S(2,0)),
represented by the blue dashed line in Fig. 8.2(c). It is labeled by peo 7+ in Figs. [8.2f(e)
and (f). Because the triplet-like state contains an admixture of singlet and triplet states
in the left dot, when the right dot discharges from the p47+ level, the left dot ends up in
the triplet (2,0) state, thus causing a spin-flip. With the singlet blockade lifted, the system
then completes the cycle into the triplet (1,1) state and transport resumes as shown in
Fig. M(c) We term this process ‘spin-flip cotunneling.’

The tail in the transport data in Fig. |8.1{a) is bright along its entire length because
the chemical potentials for the right dot and the left lead are the same. Point D is the
brightest point along the tail because of the fast inter-dot tunneling when pp (5 o) is aligned
with upi 1)

The spacing of the tail away from the edge of the triangle is consistent with the energy
difference between the fico 7+ and pg 7+ levels on the right dot (Fig. [8.2(e)) being equal to
Egr, the (2,0) singlet-triplet energy splitting. To understand how this is consistent with the
transport data, we start from point C in Fig.|8.1(b) and note that when both dot energies
fall by Fsr, the blue, dashed pi.2 7+ level of the right dot lines up with the Fermi level of the

left lead. This measure of Egr is also consistent with other measures of ST splitting [24].
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8.5 Discussion

The significant role cotunneling plays in the triplet and triplet-like transport channels of the
two and three-electron regime is interesting. In both cases, cotunneling by itself does not
contribute significantly to the current, but plays the role of allowing transport to resume
by lifting the singlet blockade.

Current will flow through the triplet-like channel when the loading rate is comparable to
the unloading rate in the singlet-like channel (see Appendix. In Appendix we estimate
these rates and find that they are indeed the same order of magnitude. The blockade is
therefore lifted about as quickly as it is encountered. In this way, spin-flip cotunneling
enables transport through the triplet-like channel. The resulting current is that of the
unblockaded, triplet-like channel, reduced by a factor of ~ 2 (Appendix .

Interestingly, transport via the triplet channel was not observed in the experiments
reported in Ref. [I06]. In that study, a conventional hole model was sufficient to describe
transport in the three-electron regime, as consistent with the fact that transport occurred
through the ground states in the two-electron regime.

It is also interesting to compare the intra-dot spin-flip times with inter-dot tunneling
times for GaAs and Si. In GaAs devices, spin-flip times range from ~200 us for a two-
electron dot [12§], to ~0.85 ms (at 8 T [92]) and > 1 s (at 1 T and 120 mK [129]) for
single electron dots. Recent experiments report spin-flip times in single electron dots in
Si [6, [7, 911 8] ranging from 40 ms (at 2 T [6]) to 6 s (at 1 T [7]), at low temperatures. The
tunnel coupling for the same Si double dot studied here was found to be 10 ns (25 ns) in
the elastic (inelastic) tunneling regime [24]. However, tunnel couplings for electrostatically
gated semiconductor double dots are tunable and can be both larger or smaller than spin-flip
times.

We note that a pulsed gate experiment [108] exhibiting phenomena arising from singlet-
triplet mixing, as described above, is presented in Appendix [G]

In summary, we have shown that the conventional hole model of transport in the three-

electron regime fails qualitatively because of the importance of excited state transport.
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The Configuration Interaction formalism, with relevant parameters fitted to transport data,
leads to the description of a model which explains all of the features of the transport data,

including a novel process of spin-flip cotunneling.
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Chapter 9

Conclusions

9.1 Summary

In summary, this thesis considered several aspects of quantum dot qubits in silicon. In
Chapters [2| to 4], we considered double quantum dot spin qubits. Here, we presented a
novel spin qubit architecture, termed hybrid spin qubit, and showed that implementing it
in silicon is feasible. We developed a high speed pulsed-gating protocol for the hybrid spin
qubit by utilizing the level crossings afforded to it by its charge degree of freedom. We
found the optimal fidelities achievable using different gating protocols. We analyzed the
merits of each gating scheme by comparing each of the schemes for the hybrid qubit with
another double dot spin qubit — the singlet-triplet qubit.

The next two chapters, [f| and [6] we focussed our attention on decoherence in silicon
quantum devices. We extracted charge dephasing rates from coherent charge oscillations
using a double quantum dot charge qubit, and showed that the internal electronic states
of the qubit enhanced charge coherence. We also extracted long spin relaxation times in a
single spin single dot, which was of the order of 3 s. The enhanced coherence times hold
substantial promise for coherent, high fidelity quantum manipulation of silicon qubits. In
addition, we demonstrated tunable spin loading of more than an order of magnitude, which

is particularly promising for spin initialization and readout.
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Another aspect of interest to the silicon quantum dot qubit community is that of elec-
tronic transport. We described in detail transport through a double dot and explained
features of spin-blockade, lifetime-enhanced transport and spin-flip cotunneling, using a
theoretical approach that allowed the important parameters of the double dot device to be

extracted from data.

9.2 Outlook

The realization of a full-scale quantum computer for quantum information processing tasks
remain very much a promise of the future. Different potential technologies [130] are being
developed by different research groups around the world to take advantage of the speed-up
offered by quantum computation. In order to evaluate any type of hardware platform, one
has to examine the complete package that each type of platform has to offer in terms of the
resources required to complete various quantum algorithms with negligible error. In general,
any hardware platform needs to offer long coherence times, fast coherent control of qubits,
high connectivity between qubits, good signal-to-noise ratios, high fidelity initialization
and measurement, scalablity, and so on. In this light, quantum dot qubits in silicon have
demonstrated some of the desirable properties for a quantum computer platform. However,
much work remains to be done in order to fulfill the ambitious goal of building a working
quantum computer. In approaching this goal, we will have to learn how to control quantum
mechanical systems to the exquisite precision required for quantum information processing.
In so doing, we may continue asking the right questions and approach, not just a more
sophisticated technological world, but also a richer and more profound understanding of

the quantum mechanical nature of reality.
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Appendix A

Supplemental material for

Chapter

This Appendix presents details for four topics in Chapter [2; (1) the calculation, performed
using a canonical transformation technique, that shows that transitions between the qubit
states can be driven by modulating the tunnel couplings, which can be done by application
of appropriate gate voltages; (2) a discussion of the “effective connections” for the qubit
geometries shown in Fig. [2.1[d) and Fig. 2.1|(e); (3) the presentation of gates of two logical
qubits that are equivalent to CNOT up to local unitary operations using gate sequences
of 14 and 16 operations for two hybrid qubits implemented in four dots in a linear array.
These sequences have fewer operations than for two three-spin qubits implemented in six
dots in a linear array, for which the shortest sequence known requires 18 operations; and
(4) the presentation of the details of the experiments performed to measure the lifetime of

the T_ triplet state in a Si/SiGe quantum dot.

A.1 Derivation of effective Hamiltonian

This section presents the derivation of an effective Hamiltonian that describes the quan-
tum behavior of the hybrid double quantum dot spin qubit in the regime of low energy

excitations. Gate voltages control the detuning and the tunnel barrier of the dots. We will
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Figure A.1: Schematic of the hybrid spin qubit. Here, levels L1 and L2 refer to the lowest
single particle energies of the left, doubly occupied dot and R1 is the lowest single particle
energy of the right, singly occupied dot. We assume that changing appropriate gate voltages
changes the detuning, or relative energies of the states in the two dots (though always with
the (2,1) charge configurations having the lowest energy), and that gates can be used to
change the tunnel barrier between the quantum dots.

assume that the gate voltages applied to the quantum dots are kept in the regime in which
the the (2,1) charge configuration has lowest energy. Fig. shows the detuned double
quantum dot system with the lowest single particle energies of each dot labeled by 1 and 2.

Before presenting the details of our calculations, we recall the cartoon presented in
Fig. (a) that illustrates why introducing tunneling between dots induces transitions be-
tween the singlet and triplet states of the doubly occupied dot. When tunneling is allowed,
there is a matrix element between the (2,1) state with the two electrons in the left dot in
a singlet and the virtual (1,2) state in which the two electrons in the right dot are in a
singlet, which in turn is coupled to the (2,1) state with the two electrons in a triplet state.
The coupling between the (2,1) singlet and (2,1) triplet states is of order g?/AE, where g
is the tunnel coupling and AFE is the energy difference between the (2,1) state and the (1,2)
excited state.

Here we provide a more detailed calculation of the couplings between the states of the
hybrid qubit. The Hamiltonian describing interacting electrons, in general, can be written
in the Hubbard-like form

.FAI = Z (eai + Ha) Nais + Z Z Z Gai,Bj é:r)ﬂ'séﬁjs

,i,s afB i,y s

§ At A
+ Z Z Z AZ@? Lzscﬁjslc’yks’cél& (Al)

a,B,7,8 4,4,k 5,8
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where we have used Greek indices «, 3,7,6 to refer to the quantum dots, Roman indices
1, J, k, [ to refer to the orbitals of a quantum dot, and s, s’ are spin indices. In this notation,
operator éi”-s (Cais) creates (annihilates) an electron with spin s in the i-th orbital of the

a-th quantum dot, and Nig;s = €. Cnis is the number operator.

is

In the Hamiltonian of Eq. the single particle energy of the i*" orbital in the at®
quantum dot is given by e,;, and the energy shift of the quantum dot is given by pus. This
energy shift can be controlled experimentally by application of some gate voltage. The
second term on the right-hand side of Eq. is the tunneling operator, which describes
the tunneling of an electron with spin s between the j-th orbital of the f** quantum dot
and the " orbital of the ot quantum dot, where a and B refer to different quantum

dots. Orbital and tunneling energies can be calculated by single particle integrals between

quantum dot orbital wavefunctions ¢a;(r),

- / dr 6%, (r) [2;*;32“@(1«)} Go (1), (A.2)

sy = [ e diate) B+ V()| 0y, (A3)

where V),(r) is the model quantum dot confinement potential, m* is the effective mass of an
electron in the conduction band, ¢ is the electronic charge and p is the momentum operator.
The prefactor of the third term in the Hamiltonian in Eq. is a two-electron Coulomb

integral between quantum dot orbital wavefunctions ¢(r), given by
2

aBs . ; 5
Aiﬁ] = // dr dr’ ¢ai(r)¢ﬁj(r/)m

v — ']

Dy (r) sy (1), (A.4)

where € is the permittivity of free space and ¢, the relative permittivity of the material.
When the quantum dot indices refer to the same dot (o« = 8 = v = J), we get the
intra-dot Coulomb energies. This can be further categorized into the direct and exchange

Coulomb energies. When the orbital indices ¢« = [ and j = k, we obtain the direct Coulomb

ACcaa =

energy, AjSY = Caiaj- When the orbital indices i = k and j = [, we get the exchange

Aaqao —

Coulomb energy, = K,ioj.- When the quantum dot indices refer to the different dots

(a =6, B =7, a# ), we obtain the direct and exchange Coulomb energies between the

electrons localized in the different quantum dots, i.e. Afﬁf “ = Chipj and Afﬁf “ = Kaigj-
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These direct and exchange Coulomb energies are given by

2
Corgy = [ dr e’ 640165, () 0556l (A5)

4merep|r — 1’|

2
Koigy = / / dr dr’ §a(0) 8 ()L bs( )y ). (A.6)

4rereplr — 1’|

Because of the non-vanishing overlap of the orbital wavefunctions between different
quantum dots in the regime where the dots are coupled, other integrals also yield nonzero
AT

Baf
and Alﬁd @

contributions. In general, for a system of two quantum dots, the integrals
may be non-zero for different orbitals ¢, j,k and [, due to the overlap between orbitals
centered on different quantum dots « and 8. On the other hand, for a single quantum dot,
if we assume a symmetric confinement potential V),(r), such terms vanish.

By categorizing these energies into intra-dot, inter-dot and tunneling energies, we can

transform the Hamiltonian of Eq. into a more familiar form [I31] with intra-dot energy,

inter-dot energy and tunneling operators UO, Uy and T, respectively:

H=Uy+U +T, (A7)
where
Uo = D (Cai+ ta) fais

a,,s

+3 ZZ Z( ai,aj cazs L]s’COUS'CO”S +K0ﬂ %) CLZS Ljs’calslca]5>’ (A8)

a 1,7 s,

01 = 5 Z Z Z Z AZ@'Zd ATO(ZS AB]S’CVkSIC‘Sls’ (A9>

oz;éﬁ'y;é&z,jkl s,s’

T = 3 D aipi Chistis: (A.10)

aAB i) s

The Hilbert space of a system of three electrons confined in a double quantum dot
potential spans the space of states with charge configurations (3,0), (0,3), (2,1) and (1,2).
Here, number pairs (n, m) denote the number of electrons in the left (n) and right (m) dots.
We shall denote by A2 A12) - ABG0) and A03) the set of states spanning the subspaces of
(2,1), (1,2), (3,0) and (0,3) states respectively. The Hilbert space of the hybrid qubit is given

by direct sum of these subspaces, and will be denoted by A = A g A1:2) g ABG0) g A0:3),
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In the Hilbert space A, the inter-dot tunneling operator T describes the coherent tunneling
of electrons between states of the distinct subspaces whereas the intra-dot and inter-dot
energy operators Uy and U; do not couple these subspaces.

We can treat the tunneling matrix elements perturbatively and block-diagonalize the
Hamiltonian by using the Schrieffer-Wolff transformation [36, 37, 38]. In this way we can
transform the Hubbard-like Hamiltonian into a spin Hamiltonian H’ by a unitary transfor-

mation,

B = ¢Se S
= H+[iS, H] +

= (Uo40)+T+[iS, U+ U)] +[iS,T] + ... (A.11)

We note that iS5 can be chosen such that 7' + [i5, (U + U1)] = 0, yielding an effective
Hamiltonian for states with a fixed number of electrons on each dot. The transformed
Hamiltonian becomes, in the lowest order, H ~ Uy + Uy + [iS,T]. Ref. [37] provides an

explicit expression for the choice of iS, given by

@n‘T|Wm>
iS =Y |on) R (Oms (A.12)
Z (enlUlen) = (omlUlom)

where the states |@,) € A are eigenstates of U = Uy + Uy. Since |¢,) are eigenstates of U,
from the eigenvalue equation, U|g,) = Uy|¢n), the orthogonality condition (0 |@m) = Gnm,

and the completeness relation, Y [,)(pn| = 1, one obtains
i8,0] = -1 (A.13)
The first order commutator [i5, 7] gives

(l[iS, Tl nr)

{0k T om) som\T!@k' wk!T\wm (eml|T|ow)
= . A.14
Z U, — Z “ Uy ( )

m

Therefore, the first order commutator contains terms describing the second order hop-

ping of an electron between states in the subspaces. These second order processes produce
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hoppings between the subspaces as follows: A®3) — A12) 5 A03) ABGO) _ AR _,
A(S’O),A(1’2) N A(0,3) — A(172), ./4(2’1) — A(370) N A(2,1)’ A(172) N A(?,l) N A(1’2) and
A(2,1) N A(1,2) N A(Q,l)_

Eq. [A-14] shows that second order processes have coefficients that are are inversely pro-
portional to the magnitude of the intra-dot energy difference |U,, — Uy | between states |, )
and |y). Since intra-dot energies of the states in subspaces A®3) and A0 are larger than
those of the states in subspaces A1) and A12) because of the much larger Coulomb re-
pulsion between electrons in triply-occupied quantum dots, second order hopping processes
involving triply-occupied states are virtual processes with much smaller probability com-

12) " As we are interested

pared to hoppings between states in the subspaces A1 and A(
in the low-lying energy states of the system, we can restrict our basis to the states in the
subspace of A2 @ A12) and ignore triply-occupied states.

Because the qubit states are encoded in the S = %, S, = —% two-level subspace belonging
to A®Y we can preserve the (2,1) charge configuration of the qubit by adjusting the gate
voltages that define the dots so that the lowest energy A2 configuration has higher

energy than both of the qubit states in A2, The energy coefficient of the n-th order of

the commutators in Eq. |A.11|is proportional to % and the series in Eq. [A.11| can

be truncated to desired order when g < |U,, — Uy|. Here, we keep only the lowest order
contribution.

The effective Hamiltonian that describes the low-lying energy states can then be pro-
jected onto the subspace A1) by the projection operator P(1) = 3, ]gp,(f’l)> <g0](€2’1) |, where

the set of states {|<p,(€2’1)>} span A2V, The effective Hamiltonian is given by

A~

g — P@DAPEY

= PED (04 [38,1)) POV (A.15)

With the understanding that we are restricting our basis to the A1 subspace, we drop

the projection operators P21 Using the bilinear spin identity S; = %Z sl éjsc}'ss/éis/, we
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cast the effective Hamiltonian into the form
~ (t-J A~ A~ A~
B =0+ Hy+ Hy, (A.16)

reminiscent of the t-J model [I32]. The terms H; and Hj are in the form of inter-dot and

intra-dot Heisenberg-like exchange interactions, and are given explicitly by

A 1 4 = . 4 = s L
Hy = 9 Z Ji Z C1,;s0ss'Clis’ | - Z CRr149ss'CR1s’ | — NLiTIR1
7 s,s’ s,s’
1 — — o
= 5 Z Ji(4SLi . SRl — anRl), (A17)
[
3 1 / T 4 o .
Hyp = 5 Z Jij Z C1,;s0ss'CLjs’ | * Z CR15%ss'CR1s’
i#] s,s’ s,s’

- (Z é{iSéLjs) ﬁm] (A.18)

Labels L and R denote the left and right quantum dots and 7,5 = 1,2 refer to the lowest
two orbitals of a quantum dot. The meaning of these operators are as follows. Hj is the
Heisenberg exchange coupling between electron spin in the i orbital of the left quantum
dot and the electron spin in the ground orbital of the right quantum dot (R1). Hj is the
exchange coupling between the electron spins in the ¥ and j* orbital of the left quantum
dot, mediated by the spin in the ground orbital of the right quantum dot.

Here, we note that the difference in the energy eigenvalues U,, and Uy, of the total
intra- and inter-dot energy operator U = Uy+ U in the subspaces of A1) and A12)
appear in the denominator of each of the terms in Eq. If m and k refer to the
ground eigenstates of these subspaces, the biggest contribution to the energy difference in
the denominator would be due to the detuning or energy shift differences between the dots,
followed contributions from differences in intra-dot energies, and finally, from differences
in inter-dot energies in states m and k. Therefore, one could omit the inter-dot energy
operator U; from the Hubbard-like Hamiltonian (Eq. from the start, without changing
the physical processes described by the t-J Hamiltonian (Eq. as it contributes only
a small correction to the Heisenberg coupling constants J; and JZ-’]-. In order to make our

model less complicated without losing the essential physics, we make the approximation
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Figure A.2: Schematic of the Heisenberg exchange couplings as given by Egs. and
Levels L1 and L2 refer to the lowest single particle energies of the left quantum
dot, and R1 refers to the lowest single particle energy of the right dot. (a) J; and Jy are
respectively, the Heisenberg exchange couplings between electron spins in the ground (1)
and first excited (2) orbitals of the left quantum dot and the electron spin in the ground
orbital of the right quantum dot. (b) J’ is the exchange coupling between the electron
spins in the lowest two orbitals of the left quantum dot, mediated by the spin in the ground
orbital of the right quantum dot. Explicit forms of J;, Jo and J' are given in Egs.
assuming equal tunneling energies between the orbitals of the two quantum dots.

of neglecting these inter-dot contributions. We also assume that tunneling energies for
different orbitals in Eq. are equal, gaigj = 9.
Noting that the ground state of two electrons in a quantum dotat low magnetic fields is

a singlet and the next three higher energy states are triplets and denoting the energies of

L/R

the singlet () and triplet (T) states of the left (L) and right (R) quantum dot by Eg T

we can then write the forms of J; and Ji’j in terms of the tunneling energies and singlet and

triplet energies. They are given by

2¢> 2¢>
JI =, Jo " =,
' ER - EL >~ ER — EL
Ji+ J.
Jy=Jh = 4 ‘; 2_ 7. (A.19)

The couplings due to these exchange terms are shown schematically in Fig. Here, we
assume that Eg—E:I; > () is satisfied due to detuning, tighter right quantum dot confinement
or some experimental scheme that is employed. Then, ESR - E}; > 0 follows because the
triplet states are higher in energy than the singlet state, E% > Egi Note that in truncating
the series in Eq. [A.11] we also implicitly assumed that g < (Ef — EL).

For the form of intra-dot energy operator given in Eq. the singlet and triplet energies
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are

EY = 2erq +Crim + 2uL,

E§ = 2egri+ Criri + 2uR,

E} = e +era+ Oz — Kuie + 241,

E} = eri+era+ Crir2 — KR1R2 + 20R- (A.20)

The logical basis given in Chapter [2] is in spin form. To make it consistent with the
notations introduced here, we explicitly write them out below. Here, the three-electron kets

are the usual Slater determinants.

0)

e

1S3 1) = |orir(r1) driy(r2) driy(rs)), (A.21)

\/>1T0|¢ \[T )T

= \/;[|¢L1T(f1) ¢r2y(r2) or1y(r3)) + |Pr1y(r1) dror(re) ériy(rs))]

_\/g [|pr1y(r1) dray(r2) drir(rs))].

(A.22)
The effective Hamiltonian in the logical basis {|0)1,,|1)r.} is given by
A —J1 3
t-J 2
HED = , (A.23)

\/§J’ Esr — 3(J1+ J2)

with Egr = E% — Eg being the singlet-triplet splitting of the two electrons in the left quan-
tum dot. Of significance is the exchange term J’ whose expression is given in Eq.
which couples the two logical states of the qubit and can be modulated by means of elec-

trically controlling the tunnel barrier between the quantum dots.

A.2 Connectivity between two hybrid qubits

This section discusses why the connectivity of two hybrid qubits composed of six electrons

in four dots arranged in a linear array (Fig.[2.1(d) and Fig. 2.1](f) of Chapter [2) is higher
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than the connectivity of two qubits that consist of electrons in six dots arranged in a linear
array (shown in Fig.[2.1[e)). We have calculated the number of independently controllable
interactions using the methods described in the previous section of this Appendix and find
that there are two independent interdot couplings when one dot has two electrons and the
other has one, and that there are three independent interdot couplings when both dots have
two electrons. The coupling strengths are tunable as a function of the top-gate voltages
that define the quantum dots. As discussed in the previous section, the control parameters
include the height of the tunnel barrier, the energy splitting between the ground and excited
states in each dot, and the energy detuning between the two dots. Here we present intuitive
arguments that the electrons in the dots have at least two independently tunable interdot
couplings for both cases. Note that our searches for CNOT gate sequences, described in
the following section, require only two independent interdot couplings, for either of the
connectivities shown in Figs. 2.1(d) and (f).

We first consider the case of Fig. (d), where one dot has two electrons and the
other dot has one electron. Here, since the geometry of the connections between hybrid
qubits is the same as the connections between the dots comprising a single logical qubit, the
analysis presented in the previous section of this Appendix can be applied straightforwardly.
Fig. is a visualization of configurations of the two dots that have different effective
exchange couplings, because they involve overlaps of different orbital states of the doubly
occupied dot. (One can view the diagram as indicating the energies and extents of single-
particle orbitals for the possible electron states of the dot.) Note that configuration (3) in
Fig. a) does not occur during single-qubit manipulation, but it becomes accessible when
two qubits are coupled. Fig.|A.3(b) shows a similar schematic when the connection between
qubits is between two dots, each with two electrons. Because the two dots are not identical,
configurations (1) and (2) are independently tunable. Configuration (3) contributes because
of tunneling to excited states. Configuration (4) is a configuration that cannot occur for
a single qubit, but which can appear during two-qubit manipulation. Because the number

of configurations with different exchange couplings is larger than for the case shown in (a),
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Figure A.3: (a) Schematic diagram of the (2,1) electron configurations of one doubly
occupied dot and one singly occupied dot that have separately tunable tunnel couplings.
Configuration 3, on the right, does not arise when manipulating a single qubit, but can
arise during two-qubit manipulations. Using the methods presented in the first section of
this appendix, we have performed calculations with properly symmetrized wavefunctions,
showing that the (2,1) configuration has two independently tunable exchange couplings. (b)
Schematic diagram of the (2,2) electron configurations of two doubly occupied dots that
have separately tunable tunnel couplings. Configuration 4, on the right, does not arise when
manipulating a single qubit, but can arise during two-qubit manipulations. The number of
distinct tunnel couplings is greater than for the (2,1) case shown in (a), so it is plausible that
the number of tunable interdot exchange couplings is at least as great as in (a). Detailed
calculations show that the (2,2) arrangement has three independently tunable exchange
couplings. Our calculations of gate sequences presented in the next section assume only
two independently tunable interdot exchange couplings.

it is extremely plausible that the number of independently tunable interactions is at least
as great. This expectation is borne out by detailed calculations using methods similar to

those used in the previous section.

A.3 CNOT gates for qubits with increased connectivities

This section presents gate sequences that implement gates that are equivalent to CNOT, up
to local unitary transformations, for two logical qubits that consist of the two eigenstates
of three spins with § = 1/2, S, = —1/2. As noted in Chapter 2| the spin symmetries of the
hybrid qubit proposed here and the triple-dot qubit of Ref. [2I] are the same. However, two

hybrid qubits consisting of six electrons in four dots arranged in a linear array has more spin-
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spin couplings than two logical qubits consisting of six electrons in six dots arranged in a
linear array, as shown in Fig. Here we present evidence that this increased connectivity
can be exploited to reduce the number of gate operations needed to implement gates of
two logical qubits, by presenting two-spin gate sequences that are equivalent to a CNOT
gate, up to local unitary operations, for different connectivities of the spin-1/2 particles
that make up the logical qubits. This result is not unexpected, since Ref. [21] shows that
for single qubit operations, at most three gates are needed when all three spins are coupled
(e.g. in a triangular quantum dot configuration), and at most four gates are necessary when
the spins are coupled only to nearest neighbors in a linear array.

The quantum dot geometries we considered are shown in panel (a) of Figs. and
We implemented a search algorithm similar to the one described in Ref. [31], which is a
combination of Nelder-Mead [133] and genetic [134] algorithms. We parallelized the program
and exploited the resources of the University of Wisconsin Center for High Throughput
Computing (CHTC) [135] grid using Condor [136] to improve the speed of the calculations.
As in Ref. [3I], the numerical results could be used to deduce exact gate times, which
points to the power of the algorithm and perhaps some underlying hidden symmetry of the
S = 1,5, = 1 subspace in which the two logical qubits reside. The exact gate sequences
are presented schematically in Fig. [A.4|b) and Fig. [A.5(b).

We also obtained the local unitary operations necessary for obtaining the exact CNOT
gate for the geometry of Fig. M(a), and the exact times and spin couplings are presented
in Fig. |A.5(b). Note that in this coded qubit scheme, the local unitary operations are

implemented as exchange gates.

A.4 Details of the experimental measurements

This section presents the details of the experimental measurements shown in Fig. of
Chapter The data in Fig. correspond to a single electron tunneling between the
left dot and the left reservoir, as shown in the insets to Fig. (bfd). Charge sensing is

performed by measuring the current Iqpc using a bias voltage of 500 uV. We measure
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Figure A.4:  (a) Schematic of qubit-qubit couplings used to implement a gate that is
equivalent to CNOT, up to local unitary operations [I37]. Each logical qubit A and B,
is encoded in three spins 1, 2 and 3, with spins 1 and 2 both in one quantum dot. (b)
A 16 gate sequence, with gate times indicated, that implements a gate that is equivalent
to CNOT up to local unitary transformations between logical qubits A and B, in 11 time
steps. The order of gate couplings run from left to right. Each coupling between the

and j' spins represents the unitary evolution Uij(t) = exp (—%tJ §Z . §]) Gate times are

in units of h/J, so that gate times of % and % correspond to vVSWAP and SWAP operations
respectively.

the electron loading and unloading rates by applying a small amplitude square wave pulse
to one of the gates defining the quantum dot and observing the electron tunneling events,
which are manifested as steps in Iqpc. We report the amplitude of the square wave pulse
as generated by the arbitrary waveform generator (AWG); there is attenuation between the
AWG and the sample. To measure the tunnel rate into the dot, we start with one electron
in the left dot and apply a step increase in voltage of 80 mV to the experimental wiring
leading to gate PL, causing an electron to tunnel from the lead into the dot. By averaging
300 single-shot traces of Igpc versus time, we obtain the curves shown in Fig. (bfc),
which show an exponential decay (increase) for electron loading (unloading) events. By
fitting these curves to exponentials, we extract the tunnel rates for electron loading and
unloading. To study the singlet and triplet states independently, we apply an in-plane
magnetic field B. At small B, the singlet state S is the ground state, whereas at large

B the triplet state T_ is the ground state. Applying a small amplitude voltage pulse will
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Figure A.5: (a) Schematic of qubit-qubit couplings used to implement a CNOT gate of
two logical qubits. Each logical qubit A and B, is encoded in three spins 1,2 and 3, with
spins 1 and 2 both in one quantum dot. (b) Gate sequence, with gate times indicated, that
implements an exact CNOT gate between logical qubits A and B, with the order of the
couplings running from left to right. The central block (in green) of 14 gates in 13 time
steps give a CNOT, up to local unitary operations [137]. Together with the additional 4
local unitary operations (labelled by g1234) shown in the outer block (in light blue), an
exact CNOT gate can be implemented by a total of 18 gates in 17 time steps. Each coupling

between the ¥ and j** qubits represents the unitary evolution Uij(t) = exp (—%tJ §Z . §J>

Gate times are in units of h/J, so that gate times of % and % correspond to vVSWAP and
SWAP operations respectively.

enable loading of the ground state only. Thus, a measurement at both small and large B
of the tunnel rate into or out of the dot with a small amplitude voltage pulse enables a
measurement of the tunnel rates into and out of both the singlet and the triplet states. As
discussed in Chapter [2| we find these tunnel rates to be quite different, enabling readout of
the spin state.

The difference in the unloading rate of the singlet S and the triplet 7 can be used to
measure the triplet-singlet relaxation time at magnetic fields B small enough that the singlet
S is the ground state [44]. We enable loading of both state S and state T_ by applying
a voltage pulse to the dot, as described in Chapter We choose a pulse amplitude that

brings T into resonance with the Fermi level of the lead, preferentially loading that state.
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Figure A.6: Measurement of loading and unloading rates into and out of the quantum dot
as a function of loading depth. The unloading level is kept at —150 mV. The unloading
time is 40ms for all three panels and the loading times are 600 ms, 300 ms and 40 ms for
panel (a), (b), and (c), respectively. For long loading times, as in panel (a), the unloading
rate is slow because the states T_ and Tp relax to the singlet state S during the loading
period; for short loading times and loading voltages around 120 mV, as in panel (c), the
unloading rate is fast, indicating that the state T_ does not relax to the singlet S before
the electron tunnels out of the dot. The loading and unloading voltage levels correspond to
voltages generated by the arbitrary wave generator and applied to the experimental wiring
leading to gate PL.

With this initial condition, we then measure the unloading rate of the dot as a function of
the dwell time At between the steps in voltage that induce loading and unloading of an
electron. The unloading rate shows an exponential decay as a function of dwell time, as
reported in Fig. (d) The unloading rate is fast when the electron stays in the 7_ state
throughout the dwell time, so that the electron tunnels out of the dot from the T_ state;
the unloading rate is slow when the electron decays to the singlet state before exiting the
dot. A measurement of the characteristic time of this decay is thus a measurement of Tj
for the triplet-to-singlet relaxation process.

To perform this measurement, it is useful to find the loading voltage that corresponds
to resonance with the 7T_ state, by measuring the loading and unloading tunnel rates as
a function of the amplitude of the loading pulse. As shown in Fig. the loading rate
develops two peaks as we increase the amplitude of this pulse. We identify the two peaks
as T_ and T states coming into resonance with the Fermi level. These states have fast
tunnel rates because the triplet wavefunction is more strongly coupled to the lead. The

splitting between the peaks, when converted to energy using a lever arm measured in [§]
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(v =0.00144£0.00013eV/V), is 144 £ 13 peV between triplet Ty and 7, a value that is in
good agreement with the Zeeman splitting at B = 1.5 T, AEg = 138 ueV, where we have
used the g-factor measured in [§]: ¢ = 1.585 at B = 1.5 T. The unloading rate, when the
pulse amplitude is such that the T_ state is in resonance with the Fermi level, is fast when
the loading time is short, and slow when the loading time is long. This behavior indicates
that during a long loading period the electron loads into state 7_ and then relaxes to state
S. As shown in Fig. |A.6|c), for short loading times the electron remains in state 7_ until

it unloads.
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Appendix B

Supplemental material for

Chapter

This Appendix presents details for two topics in Chapter (1) the calculation of the
parameters of the gate sequence required to implement a qubit rotation by an arbitrary
angle about an arbitrary axis on the Bloch sphere, and (2) a description of the device
modeled to demonstrate the feasibility of capacitive coupling for implementing two-qubit

operations.

B.1 Details of the derivations of Eqgs. (3.2 —(3.4).

Here, we outline the calculations of the control parameters ¢1, ¢2, 8 for the single-qubit
gate shown in Fig. [3.1](c).
A general rotation of a two-component spinor around the axis n with angle ¢ is given
by
eI N/2 — cos(¢/2) — io - 1 sin(¢)2), (B.1)

where o = (0,0,,0,) are Pauli matrices. The B gate corresponds to an x rotation of
angle 7 in the {|1)1,|E)} subspace of the full Hilbert space spanned by {|0)r,|1)r,|E)}.

During the course of the operation, states |1)7 and |E) gain a phase of €!?2. Throughout
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this analysis, we define all phases relative to |0). The phase of |0);, therefore remains

constant.) Thus,

B=1|o0 0 —ie¢s | . (B.2)
0 —ie®z 0
The A gate corresponds to an x rotation of angle 6 in the {|0)z, |E)} subspace. During this

operation, state |1); gains a phase of ¢?¥4. Thus,

cos(6/2) 0 —isin(0/2)
A= 0 elaa 0 . (B.3)

—isin(6/2) 0 cos(0/2)

The P; and P» gates are phase gates. During the P; operation, state |F) gains a phase

of €1 relative to |0)7, while state |1);, gains a phase of ¢/*1. Similar considerations apply

to Py. Thus,
1 0 0
Pio=10 ez o |. (B.4)
0 0 e

Computing the composite gate U = BP>, AP, B, we obtain the following rotation in the

{|0)L,|1) L} subspace:

cos(6/2 —e@1+9B) gin(h /2
R= 6/2) (6/2) . (B.5)
—ei(®2108) in(9/2) —el(@1+021205) co5(6/2)

We can decompose this into a sum of Pauli matrices using R = Ej:(),z,y,z Cjoj;, where
oo = I is the identity matrix, and C; = Tr[o;R]/2. Comparing this result to Eq.
above, we identify the appropriate rotations angles shown in Eqgs. 3:2H3.4] of Chapter [3| up
to an overall phase.

We note that an alternative and equivalent pulse sequence is obtained when ep < €p,
corresponding to the gate sequence U = PoBABP;. For this gate sequence, we obtain

identical results after making the substitutions ag 1 <+ ¢o,1.
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B.2 Description of the modeled device.

The Thomas-Fermi calculations are performed on a realistic quadruple quantum dot gate
geometry for an accumulation-mode device. Fig. [3.3|(b) shows the primary gate pattern,
in which metallic gates sit on a 10 nm thick AlyO3 layer on top of a Si/Sip.7Gegs het-
erostructure containing a Si quantum well 35 nm beneath its surface. The Siy7Geg 3 layer
is modeled as a dielectric with a relative dielectric constant of € = 13.19. The accumulation
gates are positively biased, resulting in electron accumulation as indicated schematically
on the diagram. The depletion gates provide tunability of tunnel barriers between the
dots themselves and between each dot and its reservoir. Two large top gates sit on top
of an additional 70 nm of Al,O3. The first, positively biased, establishes the reservoirs
on the left-hand side of Fig. (b); the second, negatively biased, prevents any undesired

accumulation on the right-hand side of Fig. [3.3|(b).
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Appendix C

Supplemental material for

Chapter

In this Supplemental Material, we address the details of the following: (1) the definition of
gate fidelity, (2) the derivation of the analytical expressions for optimal fidelity and optimal
detuning in the logical qubit resonance (LQR) gating protocol, (3) STIRAP gating and the

scaling law of its fidelity, and (4) DC pulsed gating.

C.1 Definition of gate fidelity

Our definition of gate fidelity f(p,o) is based on the measure of distance between two

density matrices, p and o, first defined in Ref. [79], given by

2
o) = (10 (Vvorva) ) (©1)
(We note that Ref. [2] gives a similar definition which some authors refer to, the only

difference being the absence of the square on the right hand side.) If one of the density

matrices describes a pure state, o = |¢) (4], then the fidelity (Eq.|C.1)) can be written as

f={(¢lpld). (C.2)

In our work, the system is initially in the pure state |a) = |1]) for the ST qubit, and

|0}, for the hybrid qubit. We then implement an exchange gate for a time 7 to perform a 7
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rotation about the z—axis. A perfect 7 rotation would yield pure states |b) = |]1) and |1),
for the ST and hybrid qubits, respectively. However, dephasing causes the ST and hybrid
qubits to end up in mixed states given by the respective density matrices p>T () and p"¥ (7).
The probability of finding state |b) for the ST qubit and state |1); for the hybrid qubit
are given by density matrix elements py(7) = (b|pST(7)|b) and p11(7) =1 (1|p™ (1)1 1,
respectively.

We make use of the distance measure in Eq. and define the gate fidelity for a w

rotation with gate time 7 for the ST and hybrid qubits as

fst = pw(7), (C.3)

fry = p11(7). (C4)

This definition provides a simple, intuitive understanding of fidelity as the probability
of finding the target state [b) = |]1) for the ST qubit and |1), for the hybrid qubit. The

ideal gate fidelity f is unity, and we define the gate infidelity as 1 — f.

C.2 Derivation of optimal fidelity for Logical Qubit

Resonance (LQR) gating

The interaction picture

In time-dependent quantum mechanical problems, it is often useful to separate the
Schrodinger picture Hamiltonian H (¢) into a time-independent part Hy and a time-dependent
part V(t) = H(t) — Hy. If the dynamics of the system under Hj are known, it is natural
to transform into the interaction frame, where the states incorporate the time-evolution
due to Hp and the time-dependent part V' (¢) induces transitions between the states. The
interaction picture is formally exact, but it provides a natural reference frame that allows
a complicated time-dependent problem to be simplified. With appropriate simplifications
like the rotating wave approximation (RWA) [70], the interaction picture [74] becomes a

good choice of representation for efficient numerical simulations.
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The transformation from the Schrédinger picture into the interaction picture Hamil-
tonian is, in general, given by H(t) = UT(t)H(t)U(t) — ihUT(t)%gt), where U(t) =
exp (—% fot Hy(t)dt' ) For the special case where Hj is time-independent, the transfor-

mation simplifies into

Hi(t) = UT()V (1)U (t). (C.5)

Operators in the interaction picture, such as the density matrix p(t), transform similarly:

(1) =UN()p(t)U (1), (C.6)

In the interaction picture, the master equation, (Eq. , of the Chapter [4| reads

pi(t) =~ [H'(t),p'(0)] = D', (C.7)
where D? is the phenomenological term describing Markovian dephasing in the interaction
picture.

In LQR and STIRAP gating, tunnel couplings are time-dependent. Because tunnel
couplings depend on the overlap of electronic wavefunctions centered on adjacent quantum
dots, their magnitudes depend on the height of the inter-dot tunnel barrier and the dis-
tance between the dots, both of which can be controlled via electrical voltages applied to
appropriate top-gates. The sign of the tunnel couplings, however, depend on the definition
of basis states used in the problem and are fixed.

We model the tunnel couplings realistically in the LQR protocol as the sum of a constant
DC component gy and an AC component, also with amplitude gg, so that the tunnel coupling

to oscillate between zero and amplitude 2gg. For the ST qubit, the tunnel coupling is

9(t) = go (1 + cos(wpt/2)), (C.8)

where t is time, wp = AEp/h, and go is the tunnel coupling amplitude. For the hybrid
qubit, the tunnel couplings g1 and g» that apply to tunneling of electrons in each of the two

orbitals in the doubly occupied dot are assumed to be independently tunable [18], and are
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similarly modeled as

g1(t) = go(1+ cos(woit/2)), (C.9)

g2(t) = go(1+ cos(woit/2)), (C.10)

where wy; = AEp; /h.
To transform into the interaction picture, we first define the time-independent part of
the Hamiltonian.

For the ST qubit, we define

—hwp/2 0 0
Hsro = 0 hwg/2 0 | (C.11)
0 0 0
and for the hybrid qubit,
—hwo1/2 0 0
Hyypo = 0 hwor /2 0 (C.12)
0 0 0

Using Ust(t) = exp (—itHgsro/h) for the ST qubit and Uy (t) = exp (—itHpyo/h) for
the hybrid qubit, we obtain the interaction picture Hamiltonians for the two qubit systems

using Eq.

0 0 Lgo (1 +2e"iwBt/2 4 efint)
Hip(t) = 0 0 —1go (1+2ei“’Bt/2+e’7“’B‘>
390 (1 +2eiwBt/2 4 ei“Bt) —1go (1 +2emiwBt/2 | e—int) e
(C.13)
0 0 1go (1 4 2eiw01t/2 4 e—im01t>
H}i)y(t) = 0 0 —1g0 (1 + 2¢iw01t/2 4 eiw[)lt)
1go (1 + 2eiw01t/2 4 eiwolt) —1g, (1 4+ 9e—iwo1t/2 | e—iw()lt) e
(C.14)

Up till this point, the transformation into the interaction picture is exact. In the follow-
ing section, we make appropriate approximations to the interaction Hamiltonians in order

to simplify the problem.
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Rotating wave approximation

The off-diagonal matrix elements of the interaction picture Hamiltonians in Egs.
and [C.14represent the time-dependent tunnel couplings in the rotating frame. They consist
of a constant term gp/2 and two fast oscillating terms.

The constant term go/2 represents the condition where tunnel couplings oscillate at
resonance with the frequency that corresponds to half of the energy difference between
the qubit states. The rotating wave approximation (RWA) consists of neglecting the non-
resonant, quickly oscillating terms in the interaction Hamiltonian [70]. The RWA is a good
approximation in the case of resonance and the limit of weak coupling, go < |e|. The
weak coupling assumption is essential because the fast oscillating terms are of the same
magnitude as the resonant, constant term. It is also a reasonable assumption because the
AC gating of the qubits is implemented in the far detuned regime, which is exactly the
weak coupling limit. In this limit, the exchange coupling is Jac o g3/|e|.

The fast oscillating terms can be neglected because they average to zero over a long
time scale, wp 01 At > 1. Since the operation is a 7 rotation about the exchange gate axis,
the gate time over which the averaging is done is At o i/Jac  hle|/gé. This condition can
be written as gy < \/m ,and gp < \/W for the ST and hybrid qubits respectively.

The above condition implies that a large energy separation of the qubit states — essential
for fast gating in the axis perpendicular to the exchange gate axis — is not only advantageous
but crucial for the success of AC gating. This means that AC gating has the huge advantage
that both exchange and phase accumulation single-qubit gates can be made fast.

Within the RWA, the problem is time-independent in the interaction picture. The RWA,

interaction picture Hamiltonians for the ST and hybrid qubits are given by

Hg™ =1 0o 0o g |, (C.15)
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Hﬁgwa = 0 0 —igo |- (C.16)
%90 —%90 —€

We use the RWA interaction picture Hamiltonians of Egs. and in the inter-
action picture master equation [C.7] for numerical simulations in this work.

Description of slow and fast dephasing regimes

Based on measurements of decoherence times in semiconducting qubits [4, 27, 56, 23],
we identify two regimes in which a particular dephasing mechanism dominates. At small
detuning, fast dephasing I' from double occupation is dominant, while at large detuning,
slow dephasing v of the logical qubit states dominates. In the following sections, we derive
analytical expressions for the fidelities of the qubit systems in each of these regimes. We
then explain how the optimal fidelity is deduced.

Fast Dephasing ' Dominant Regime

In this section, we solve for the density matrix elements for the hybrid qubit in the
regime in which fast dephasing dominates. In this regime, the solution for the ST qubit can
be mapped onto the solution for the hybrid qubit by a one to one mapping of basis states:
0y, <> | T, 4), 1D < | 4, 1), |[E) <> [So2) — and will not be repeated here.

In the double quantum dot system, the fast dephasing rate I' is much greater than the
slow dephasing rate v, so I' > ~. In the regime where fast dephasing noise dominates the
effect on the fidelity of a quantum gate, we make the approximation v ~ 0. In this regime,

it is useful to change the basis in which the master equation 7 is analyzed to:

1
u) = ﬁuon—um, (C.17)
1
v) = E(IO>L+!1>L), (C.18)
w) = [E). (C.19)
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The gate fidelity in terms of the density matrix elements in the new basis is given by

foy = pulr) = piy(7)
= 2 (b)) — () — (7). (c.20)

The hybrid and ST qubits work in the region of large and negative detuning, so —e¢ is a
positive quantity. To make the signs explicit so as to avoid confusion, we write |e| whenever
appropriate.

The master equation for the hybrid qubit yields six differential equations:

Pl =0, (C.21)
. i go

Pou = ﬁigpz’“” (C.22)
o = 5 (S5pht o) = Tk (29
pZu = ﬁ\ﬁ(pzuu - p;w)7 (024)
baw = 2 (Lo(phy = o) + lelol, ) — T (C.25)
uw h \/Q uu ww uw uw?

pzuw = _ﬁﬁ(p:mu - pzw) (026>

Eq. is trivially decoupled from the other equations, Egs. and are coupled to
each other, and Egs. [C.24] [C.25| and [C.26] are coupled with each other. Following Ref. [61],

we parameterize the set of three density matrix elements pf,, p, and pi, in terms of a
Bloch vector 7 on the {|u), |w)} Bloch sphere using
P P 1, ..
weerme = Z (I 47 d). (C.27)
p’U/LU p’LU’LU
From this, we obtain an equation describing the damped precession dynamics of the Bloch

vector about a pseudo-magnetic field Q,
it =0 x i —Ti. (C.28)

Here 7, = {ny,ny,0} is the transverse component of the Bloch vector and the pseudo-

magnetic field vector is & = {v/2go/h,0, |¢|/h}. The first term describes the precession of
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the Bloch vector about the pseudo-magnetic field vector Q). The second term describes the
damping of the transverse component of the Bloch vector. If the gate is turned on sufficiently
adiabatically and the dephasing rate is weak (hI' < |e|), the Bloch vector precesses around
the pseudo-magnetic field vector ), making a small angle with the latter [61].

Taking the dot product on both sides of Eq. with Q, and making the small angle

approximation for the angle between 77 and Q, we obtain

i~ —T sin?@ n, (C.29)
where 6 is the angle the pseudo-magnetic field vector () makes with the z—axis of the Bloch
sphere. It is related to the experimental quantities gy and € by
293

292 + €2
2

sin’6

~ <L (C.30)

where the weak coupling or far-detuned regime of gy < |€¢| was applied to the last step of
Eq. Averaged over many precession cycles, the Bloch vector 77 makes an angle of
approximately § with the z—axis. Since angle € is small, we take n, ~ n. Solving Eq. [C.29

and using the small angle approximation for 6, we obtain

2
n.(t) ~n(t) = exp (—26920Ft> . (C.31)

By making use of the condition where the initial state of our system is |0), we have the
initial density matrix elements, p¢,(0) = p¢,(0) = 1/2, and p!,,(0) = 0. Using the initial
conditions and the formal solution of p!,(t) from Eq. we have

1

%pim(O) [1 +exp (—i%gl“tﬂ : (C.32)

12

In addition, Eq. gives us trivially,

Po(t) = P (0). (C.33)
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Next, Eqs. [C.22] and [C.23] can be solved to give an exact solution for the interaction

picture density matrix element:

; ~ Pha(0) tyesrijem
IO’Uu(t) - 25 €2

x[(§—F+“§>+e£t(§+F—i|§>], (C.34)

\/< _i‘;‘)Q_g(f;;)Q (C.35)
Z‘;( _z§>_F<1_2g§;hQF2>. (C.36)

Using Eq. [C:36] Eq. [C-34] can be further simplified to give a more instructive form:

where

i
I

1

Phu(t) = 5 pi () THne /Mt (14 Aem(C=ild/me) (C.37)

which comprises of two oscillating terms. The quantities in Eq. above are defined as

~ 2 1272 2
Po= rthTY) 2% (C.38)
€ €
9
T
A =~ (C.40)

After expanding the terms in the parentheses in Eq the first term describes the
large oscillation between the |u) and |v) states due to the exchange interaction Jac, at an
angular frequency Jac/h and a dephasing rate I'. The second term describes the rapid
beating between the angular frequencies |e|/h and Jac/h due to the coupling of the qubit
states |u) and |v) to the excited state |w). The amplitude of this beating is smaller than
the primary oscillations by a factor of |.A|. We note that |A| < 1, and drop the tiny beating
term henceforth. With Egs. [C.32] [C.33] and [C.37], we can deduce the fidelity of a gate in

the charge dephasing dominant regime using Eq. With a gate time of 7 = wh/Jac

for a 7 rotation, we find that the fidelity in this regime is

3 1 1
f}f1y ~ g + §€—47rﬁ1—‘/|e| + ie—wﬁl—‘/|e|' (041)
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By a one to one mapping of hybrid qubit to ST qubit basis states : |0)z <> | T,]),|1)r <
| 4, 1), | E) <> |So2), we can derive the fidelity in the same regime for the ST qubit in exactly

the same manner as described above. The expression is identical to Eq.

3 1 _amrye L _rnrye
-+ - — . 42
3 + 86 + 5¢ (C.42)

for =

From these results, it is clear that the fidelity of an exchange gate in the regime in which
charge dephasing is dominant is independent of the tunnel coupling; it only depends on the
ratio of the charge dephasing rate to the detuning, hl'/|e|. For any given charge dephasing
rate, the fidelity can be improved by increasing the magnitude of the detuning. The physics
behind this is that, at small absolute values of detuning, the state of the qubit contains
a large fraction of the excited state which experiences fast dephasing from charge noise,
resulting in reduced fidelity. As detuning increases, this fraction gets smaller, the effect of
fast dephasing is reduced and fidelity increases.

There is a limit to the improvement in fidelity by simply slowing the gate speed through
increasing detuning, since the gate speed is bounded from below by the ST dephasing rate.
In the next section, we examine the fidelity in the regime of slow gate speeds, where ST
dephasing becomes dominant.

Slow Dephasing v Dominant Regime

At the other extreme is the regime where the exchange gate speeds are slow enough
(at large absolute values of detuning) that the fidelity is limited by the dephasing between
the singlet and triplet states of the qubit. Here, we make the approximation of I' ~ 0 so
that the three-state systems can be described with effective two-state Hamiltonians. For
the hybrid qubit, we write the effective interaction picture Hamiltonian in the logical basis
{10), 1)}, and for the ST qubit, we write the effective interaction picture Hamiltonian in

the ST basis {|S),|7b)}. The effective Hamiltonians are given by

»
HEST = : (C.43)
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Figure C.1: Plots of infidelity (1-fidelity) against the reciprocal of detuning (|e|/h)~! with
a fixed value of tunnel coupling go/h = 1.2 GHz, for LQR of the ST qubit (panel a) and the
hybrid qubit (panel b). These plots were shown as the inset of Fig. 2 of the Chapter |4} Data
from numerical simulations are plotted as gray circles and light blue triangles for the ST
and hybrid qubits. For each qubit, data within the fast dephasing dominant regime (right
side of each plot) are in good agreement with the corresponding analytical expression for
infidelity 1 — ff, shown as the magenta dashed lines. Also, data within the ST dephasing
dominant regime (left side of each plot) agree very well with their corresponding analytical
expression for infidelity 1 — f*, shown as the orange dotted-dashed lines. We found that
the optimized infidelity (minimum infidelity, Egs. and correspond to the sum
of the two infidelities, shown as the green and red bold curves on the ST and hybrid qubit
plots respectively. Furthermore, the optima occur at approximately the value of detuning
(Egs. corresponding to the intersection of 1 — ff and 1 — f*.
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i,eff 0 0
T = : (C.44)
0 Jac
where Jac = g2/2|e| is the effective exchange energy for AC resonant gating.

In their respective bases, the dephasing terms in Eq. [C.7] for the qubits are given by

0 Thy Pél

o
Dy = | , (C.45)
ThyPlo 0
: 0  Asrp!
b ff t
Dyt = ' . (C.46)
’YSTIO%S 0

Using the master equation (Eq.|C.7)) in the interaction picture, we obtain two coupled

differential equations for the density matrix elements for the ST qubit as

fis = 0, (C.47)
% iJac ; i
Pst = Tpst_/VSTpst' (048)
These yield exact solutions,
Pat) = py(0)e CsmHac/ir, (C.50)

from which the fidelity of the ST qubit can be derived. Using 7 = 7wh/Jac, we obtain the

fidelity in the ST dephasing dominant regime for the ST qubit as

fsr = Pbb(T):PZb(T)
= 5 (AT + A7) — () — piy(7)

- ! {1 +exp <—W§T|E|>] . (C.51)
2 95

The master equation for the hybrid qubit gives the following differential equations

) iJac i i

P11 = T 57 (001 - ,001) ) (C.52)
2h

-0 iJac i i

Por — T o5& (2011 - 1) — YhyPo1- (0-53)

2h
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These yield an approximate solution to zeroth order in hryyy/Jac for the appropriate density

matrix element,

phalt) 2 (14 e/, (€59

from which the fidelity of the hybrid qubit can be derived:

fiy = () =pi(r)
1 [1 +e <—W)] (C.55)
5 Xp 5 . .

90

12

Optimal fidelity

In the regime of slow exchange gates, ST dephasing dominates, and the fidelity increases
when the magnitude of the detuning is decreased. In the regime in which fast dephasing
dominates, increasing the magnitude of the detuning improves fidelity. Therefore, there is
some optimal value of detuning for which the fidelity is maximum.

We find that the net infidelity (1 — f) obtained from simulated data are in excellent

agreement with a simple sum of the infidelities in the two regimes. This allows us to write

fst o= fsr+fir -1, (C.56)

foy = fay+ fiy -1 (C.57)

Also, we find empirically, across a wide range of values of dephasing rates, detuning and
tunnel coupling, that the optimal values of detuning and fidelity occur when the curves for
fidelity in the two regimes, f¢ and f9, intersect. Expanding the exponential terms in terms
of small quantities hl'/|e| and fy/Jac, we deduce the value of detuning which gives the

optimal fidelity for each qubit,

opt

et =~ gov/I'/ysTs (C.58)
901/ 2L /iy - (C.59)

From these results, we deduce simple expressions for the optimal fidelities in terms of

12

¢
ey |

either tunnel coupling amplitude gg:

27‘('}_1\/ P')’ST

t
fop =~ 1

g0
2nhy/T 2
fODt ~ 1_7rgW' (C.61)
0

hy -

(C.60)
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C.3 STIRAP Gating

STIRAP tunnel coupling pulses

For STIRAP [68] gating, the tunnel coupling is the sum of two Gaussian envelopes, each
modulated at the frequency of the transition between a qubit state and the intermediate
state. The pulses are applied in a counter-intuitive sequence, with the Stokes pulse that
couples the target qubit state and the intermediate state, applied before the pump pulse

that couples the initial qubit state and the intermediate state.

2
9s(t) = go exp [— (thw> ] , (C.62)

Lwidth
t — tdelay /2

gp(t) = go €Xp !_ <tday/> ] . (C.63)

width
For the ST qubit, the time dependence of the tunnel coupling in STIRAP gating is given

as

g(t) = gs(t) (1 4 cos(wst)) + gp(t) (1 + cos(wpt)), (C.64)
where ws; = |e|/h + %wB is the angular frequency corresponding to the energy difference

between the initial state | 1,.) and the excited charge state [Sp2), and w, = |e|/h — Fwp is
the angular frequency corresponding to the energy difference between the final state | |, 1)
and the excited charge state |Spz).

For the hybrid qubit, the time-dependence of the tunnel couplings in STIRAP gating is

given by
g1(t) = gs(t) (14 cos(wst)) + gp(t) (1 + cos(wpt)), (C.65)
g2(t) = gs(t) (1 + cos(wst)) + gp(t) (1 + cos(wpt)), (C.66)
where ws; = |e|/h + %wm is the angular frequency corresponding to the energy difference

between the initial state |0)7, and the excited charge state |E), and wy, = |e|/h— $wo1 is the
angular frequency corresponding to the energy difference between the final state |1); and
the excited charge state |E).

In our numerical study we cut off the Gaussian tails by taking a hard limit on the

start and end times of STIRAP gating by taking the product of Eqs. and with a
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rectangular unit step function that is zero outside of times ¢ > |tgelay + twidtn|- We define as
the gating speed, %(tdelay +twiatn) ', indicated by the top panel of Fig. 2 in the Chapter

To transform into the interaction picture, we take Uspt = exp (—%diag {HST}) and
Uny = exp (—%diag {th}), we obtain the interaction picture Hamiltonians in the rotating

wave approximation as

0 0 %gp(t)

Hgp™ = 0 0 —39s(t) | (C.67)
Lop(t) —39s(t) 0
0 0 Jo(t)

Hp™ = 0 0 —lg.t) |- (C.68)

We use the master equation in the interaction picture (Eq. to compute the fidelity,
and then optimize the fidelity for STIRAP with pulse parameters tgclay and tyiqen for each
value of tunnel coupling amplitude gq.

Scaling of STIRAP fidelity

It was shown in the previous section, how the optimal fidelity for LQR scales with the
amplitude of tunnel coupling gg and the fast and slow dephasing rates I'; ~.

We have strong numerical evidence that the optimal fidelity for STIRAP gating follows
the same scaling law, given in Egs. [C.60] and [C.61]

The first piece of numerical evidence can be seen in Fig. 2 of the Chapter [4, where
the optimal fidelities obtained for both STIRAP and LQR are in excellent agreement with
the scaling laws for both qubits, over a range of tunnel coupling amplitudes gg, for fixed
dephasing rates I' and ~.

In addition, we calculated the optimal fidelities for STIRAP and for LQR over a range of
fast dephasing rates I, for fixed v and go. This is shown in Fig. [C.2] where good agreement
with the scaling laws of Eqs. and (bold lines), are demonstrated for both STIRAP
(open symbols) and LQR (filled symbols).
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Figure C.2: Plot of infidelity (1 - fidelity) against charge dephasing rate I' for LQR and
STIRAP gating at a fixed tunnel coupling amplitude go/h = 2 x 10'° Hz, and for ST
dephasing rates of ysT = 2 x 10° Hz and Thy = 1 X 108 Hz. The black line is the analytical
result for the optimal infidelity (Eq. for the hybrid qubit and the blue line is the
analytical result for the optimal infidelity (Eq. for the ST qubit. Numerical results for
LQR are plotted as solid black triangles and solid blue circles for the hybrid and ST qubits
respectively. They follow their corresponding analytical results (Eqgs. and very
closely. Optimal infidelities for STIRAP gating are plotted in empty triangles and empty
squares for the hybrid and ST qubits respectively. The results show that the infidelities
for STIRAP agree very closely with those of LQR over a wide range of charge dephasing
rates. The optimized pulse parameters for STIRAP gating as well as the optimal detuning
for LQR are given in the boxes for a charge dephasing rate of I' = 7.5 x 10® Hz.

To further support our claim that the optimal fidelity for STIRAP follows the scaling
law that was derived for LQR, we optimized STIRAP over a range of dephasing rates and

tunnel coupling amplitudes, while keeping as a constant the quantities: Lgom for the ST

qubit, and Ll;zhy/z for the hybrid qubit. This is shown in Fig. |C.3] where the optimal

fidelities for both qubits follow the scaling laws (bold line).

C.4 DC pulsed gating

In DC pulsed gating, tunnel couplings are fixed while detuning € is controlled by the ap-
plication of electrical voltages to appropriate top-gates. Detuning pulses are modeled as

instantaneous, i.e. nonadiabatic. In our model, tunnel couplings are defined to be a real-
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Figure C.3: Optimal infidelity (1-fidelity) of STIRAP for a range of fast and slow dephasing
rates, I' and ~, and tunnel coupling amplitude gg, while keeping as a constant the quantities:

hn/TysT/g0 = 0.001 for the ST qubit (panel a), and hy/I'yy /290 = 0.001 for the hybrid
qubit (panel b). With these quantities fixed, the fidelities as given by the scaling laws in

Egs. and are constant. The bold horizontal lines at 0.0031 in both panels are the
optimal infidelities calculated from the above equations. The optimized STIRAP fidelities
show close agreement with the analytical result, with maximum deviations of less than 40%
for the ST qubit (panel a) and 15% for the hybrid qubit.

valued constant value, g = go for the ST qubit, and |g1| = |g2| = go for the hybrid qubit.

The Hamiltonians used in the DC pulsed gating sequences are
—-Eg/2 0 90
Hgy = 0  Ep/2 —go |- (C.69)

90 —go —e€(t)
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—Ep/2 0 90
Hyy = 0 Eo1/2 —g0 |- (C.70)
90 —go  —€(?)

In the limit of zero energy separation between qubit states, i.e. Ep = 0 and Fy; = 0,
the exchange interaction of DC gating is Jpc = 2¢3/|e|, which is 4 times larger than the
AC exchange interaction Jayc due to the factor of 1/2 in the Hamiltonians for AC gating
(Egs. and . This implies that the optimal fidelity for DC pulsed gating in the
limit of zero energy separation can be derived in the same way as that for LQR, by a simple

substitution of gy — 2go in Egs and This gives, for the ST qubit,

e o - TvIsT

(C.71)
AFE—0 qo0

Fig. 3 of the Chapter 4] shows a plot of the optimal fidelities from the 3-step DC pulse
sequence of Hanson and Burkard (HB) [75] at two inter-dot magnetic field differences. These
plateau at larger tunnel couplings because of the bottleneck from the slow magnetic gate
in the second step of the HB sequence..

We plot the optimal DC gating fidelity for simple one step pulse sequence in Fig. [C4]
and compare it with the fidelity from the HB 3-step sequence plotted in the inset of the
same figure. We find that the one step pulse sequence provides a significant improvement
to the fidelity obtained from the HB sequence at large tunnel couplings. The reason for this
is due to the fact that large enough tunnel couplings, the exchange interaction can be made
much larger than the qubit energy separation, J > Fp, leading to a fast rotation tilted
only slightly away from the x—axis. In comparison, the 3-step HB procedure corrects this
tiny tilt, but at the cost of a slow gate. The horizontal lines represents the fidelity of the
magnetic gate for the two inter-dot magnetic fields plotted and correspond to the plateaus

of the HB sequence.
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Figure C.4: Main panel: Infidelity (1-fidelity) of DC pulsed gating for the ST qubit using
a one step pulse sequence for isotopically purified silicon with an inter-dot magnetic field
difference of 0.03 mT (magenta squares) and 0.3 mT (red circles). Inset: plot of infidelity
of the HB [94] 3-step sequence for the same inter-dot field differences. The one step pulse
sequence provides a significant improvement to the fidelity obtained from the HB sequence
at large tunnel couplings, due to the fact that large enough tunnel couplings, the exchange
interaction can be made much larger than the qubit energy separation, J > Epg, leading
to a fast rotation tilted only slightly away from the x—axis. In comparison, the 3-step
HB procedure corrects this tiny tilt, but at the cost of a slow gate. The horizontal lines
represents the fidelity of the magnetic gate for the two inter-dot magnetic fields plotted and
correspond to the plateaus of the HB sequence. The optimal AC fidelity (Eq. is shown
as the black bold line, while the optimal DC fidelity for the asymptotic limit of Ep — 0
(Eq. is shown as the green bold line. The fidelities using the one-step sequence tend
asymptotically to the latter as tunnel coupling increases.
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Appendix D

Supplemental material for

Chapter

We present details of the numerical simulation presented in Chapter []] We explain the
choice of parameters by discussing simulations with several choices of the parameters and
with one instead of two anticrossings. The results indicate two anticrossings are required

to explain the data.

D.1 Numerical simulation of charge oscillation data

We model the dynamical evolution of the density matrix p of the three electron, double
quantum dot system by the master equation [2, [78] approach. The master equation, p =
—}%[H, p|] — D, is explained in Eq. in Chapter 3| and again in Eq. 77 in Chapter |4l The
Hamiltonian is given by H; D is a phenomenological term that describes pure dephasing

of the charge state under the assumption of Markovian dynamics, as appropriate for the



141

double dot system. In the {|a) = |G(2,1)), |b) = |G(1,2)),|c) =|E(1,2))} basis, they are
/2 g 92

H = g1 —6/2 0 ) (D]')

92 0 Jde—e/2

0 Cap Pab Lac Pac
D - Fab Pba 0 O ’ (D2>

Fac Pca 0 0

where g1 and g9 are tunnel coupling matrix elements, € is the detuning, de is the energy
separation of the ground and excited (1,2) states (|b) and |c)), and I'yp and 'y, are dephasing
rates (1/7%) that describe the exponential decay of the coherences between different charge
states of the qubit, presumably caused by charge noise. We note that the existence of
the low-lying excited state E(1,2) is consistent with experimental magnetospectroscopy
measurements showing that the right dot has a very small or negative singlet-triplet splitting
in the two-electron state (data not shown). In contrast, the first excited state of the left
dot is large in energy (approximately 200 peV) [33] and therefore can be neglected.

From the data, the dephasing rates show a dependence on detuning. Dephasing rates
increase away from a minimum of I'; = 0.48 GHz at detuning € = 0, corresponding to the
position of the first anticrossing. Similar behavior of noise in the detuning parameter has
been observed in GaAs double dot charge qubits with one anticrossing [50, [56].

We use the T3 value of 179 ps at a detuning of —63 peV derived from the Ramsey
experiment, combined with the intrinsic minimum observed in the Larmor oscillations to
model the dephasing rates. They are given as a quadrature sum of the intrinsic rate I'; and

a detuning dependent rate al’.:

I‘ab =V P? + (aab Fe)27 (D3)

The = I'? + (e Te)?, (D.4)

where I'¢ is a parameter that is determined by experimental values of T3 at two values

of detuning as described above. The variables a, and ag. play the role of describing the
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Figure D.1: Comparison between experimental Larmor oscillation data (panel (a)) and
simulations (rest of panels). (a) Larmor oscillation data (reproduced from Fig. 2c of the
main paper). (b) Simulation using optimal values of parameters: g;/h = 2.7 GHz, g2/h =
3.5 GHz, de = 45 peV and T'c = 5.98 GHz. (c) Simulation, using optimal parameters
as in b, but with only a single anticrossing (a two-state model). It is clear that a single
anticrossing is insufficient to explain the data, as a single anticrossing does not result in
the nearly parallel fringes in the lower half of the plot. Panels (d) and (e) are simulations
with the optimal values of all the parameters as in b, except for the anticrossing separation
de. In (d) and (e), de = 60 peV and 90 ueV, respectively. Comparing (b), (d) and (e), it
is clear that as the displacement Je between the first and the second anticrossing increases,
the frequency of oscillations at far positive detuning increases as well. Thus, the frequency
of these oscillations essentially fixes de.
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relative fluctuations in energy between different charge states due to changes in detuning.

In terms of the slopes of energy versus detuning, they are

dE, dEy
aap(ej) = 'de T e ) (D.5)
€=¢€;
dE, dE.
Qgelej) = 'de - (D.6)
6:6]'

Egs. and [D.4] produce dephasing that decreases as the relative slopes of a pair of energy-
detuning curves gets flatter, and vice versa, as observed in the data.

Electrical pulses applied to gate L control the detuning € as a function of time, and this
is modeled as a smooth trapezoid with a rise time of 80 ps (from the specifications for the

Agilent 81134A pulse generator) and pulse amplitude of 127 peV.

D.2 Simulation results

The tunable parameters that go into our simulation are the values of the tunnel couplings
g1 and go, and the energy separation de between the ground and excited (1,2) charge
states. Using Eq. , the detuning-dependent dephasing parameter I'c is determined
by experimentally extracted dephasing rates at two detuning values, namely the intrinsic
dephasing rate I'; = 0.48 GHz at € = 0, and the 75 value of 179 ps at € = —63 peV, which
yields I'c = 5.98 GHz. Optimal values of the other parameters can then be found to give
the best fit to the data. We found that the optimal values of the parameters that give the
best fit to the data are: g;/h = 2.7 GHz, g2/h = 3.5 GHz, and de = 45 peV.

Here, we briefly explain how the parameters were obtained. The frequency of oscillations
at the first anticrossing at € = 0 is very sensitive to the value of the first tunnel coupling
and sets the value of g1, as is consistent with the usual Larmor dynamics of two-level sys-
tems. Because the pulse is not entirely abrupt, detuning pulses that reach beyond the first
anticrossing (that is, to € > 0) necessarily induce Landau-Zener-Stuckelberg interference
effects [84] 85, [86), [87]. For the energy level structure we study here, the presence and
proximity of the second anticrossing to the first results in population of both G(1,2) and

E(1,2), states |b) and |c¢). The frequency of oscillations at far positive detuning is strongly
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Figure D.2: Explanation of the determination of go. (a) Experimental QPC transcon-
ductance G, from Fig. a), as a function of both detuning and pulse width. Here, for
comparison to theory, we have shifted each vertical line scan to compensate for the increas-
ing pulse duration, as described in the caption for Fig. cfe). (b) Simulation of Gy, with
the same parameters as in Fig. above: g1/h = 2.7 GHz, go/h = 3.5 GHz, de = 45peV,
and I'e = 5.98 GHz. The simulation shows good agreement with the data. Note in par-
ticular the nearly vertical lines in the bottom half of panels (a) and (b). (c) Simulation
with the same parameters except ga/h = 0.6 GHz. The small value of g9 results in fringes
that are essentially unresolvable in the lower half of the plot for times larger than 1 ns
or so. (d) Simulation with the same parameters except go/h = 10 GHz. For large go the
second anticrossing dominates the energy level spectrum the effect of the first anticrossing
(at € = 0) is not visible in the simulation, in stark contrast to the experimental data in
panel a.

dependent on the anticrossing separation de, and that frequency essentially fixes de. The
precise value of the tunnel coupling gs at the second anticrossing is not critical; nonetheless,
we show below it must be of order 3.5 GHz; if it is dramatically different, the parallel fringes

from € = 50 to 100 ueV do not appear in the simulations.
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Fig. [D.I]shows a comparison of simulated data using various parameters. Panel a shows
the experimental Larmor oscillation data (reproduced from Fig. [5.2(c) of Chapter [5). Panel
b shows the simulated data using the optimal parameters, displaying excellent agreement
with the main features of the data shown in panel a.

In order to ascertain whether the oscillations at far positive detuning can be explained
by having only one anticrossing, simulated data, shown in Panel ¢, show the result for a two-
state model with one anticrossing. This simulation with a single anticrossing shows clear
discrepancies with the data at large positive detuning, even though there is a good match
at zero detuning. It is clear that in order to consistently explain the data — especially the
prominent nearly parallel lines at € > 0 — a single anticrossing is insufficient.

The frequency of oscillations at far positive detuning is affected by the proximity of
the second anticrossing to the first. Panels d and e are simulations using all of the optimal
values of the parameters, except for the anticrossing separation de. In panel b, de = 45 ueV,
while in panels d and e de = 60 peV and 90 peV respectively. Comparing these panels, it is
clear that the proximity of the second anticrossing plays an important role in determining
the number of secondary oscillations at far positive detuning, allowing us to fix Je.

Fig. shows a comparison between a the experimentally measured Larmor oscillations
and b—d simulations with three different values of gs. For clarity the lock-in data Gy, is
plotted in a and the simulations are differentiated with respect to €, to correspond to this
data. The agreement between simulations using the optimal value of go/h = 3.5 GHz,
plotted in b and the data in a is very good. Modest variations in g from this value do
not produce large changes in the simulated results. Panels ¢ and d show that large changes
from the optimal value can clearly be ruled out. In ¢, go/h = 0.6 GHz is too small, and
the fringes in the lower half of the plot are missing. In d, go/h = 10 GHz is too large, and
the affect of the first anticrossing at € = 0 is overwhelmed by the influence of the second

anticrossing.
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Appendix E

Supplemental material for

Chapter 6

E.1 Analysis of real-time electron counting data

All of the single-shot counting experiments in the paper required detecting single electron
tunneling events, as indicated by changes in the quantum point contact (QPC) current
Igpc. Two different algorithms were employed for this determination. The first algorithm
used wavelets to determine transition edges and, subsequently, levels in the QPC signal.
All of the data in the paper were analyzed with this wavelet algorithm. In the second
algorithm, the data were inspected using a thresholding technique. Instead of detecting
edges of transitions in the signal, this method compares the value of the QPC signal to a
threshold value and thereby infers the state of the dot. Both algorithms are described in
greater detail below, and we show that the results of the two approaches to the analysis are
consistent.
Electron tunnel event detection using wavelets

A single electron tunneling onto or off of the quantum dot causes changes in the magnitude
of Igpc, leading to steps or “edges” in Iqpc(t). Wavelet analysis is a useful tool to determine

the significance of edges. In fact, the classic Canny edge detection algorithm [I38] can be
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interpreted in the context of wavelets. Based on observation of the real wavelet transform
of our data and its noise characteristics, a robust edge detection algorithm was constructed
based on the Stanford Wavelab library [139]. The algorithm has strong similarities to the
Canny algorithm. First derivative of Gaussian wavelets [140] are used, implemented under
the name “DerGauss” in Wavelab. Significant edges are indicated by (i) the presence of a
modulus maxima track over many scales of the wavelet transform, and (ii) the amplitude

of the wavelet transform (Ay/) at the location of its track [140].
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Figure E.1: (a and b) Raw data and reconstructed signals (shown in black) using the real
wavelet transform for the two single-shot traces presented in Fig. (a, b). (c) Real wavelet
transform and modulus maxima (shown in white) for the trace shown in (a). (d) Results of
the T1 measurement presented in the inset to Fig. [6.3(b), analyzed using both wavelet and
thresholding algorithms. Exponential fits yield 77 = 2.75 £+ 0.33 s for the wavelet analysis
results and T = 2.72 £ 0.37 s for the thresholding analysis results.

The design of the algorithm and the tuning of its parameters were initially accomplished
by the selection of a set of single-shot traces displaying a wide variety of inputs. These inputs
included traces with events on short, middle, and long time scales; traces with no, few, or
several events; and traces with a variety of significant features that did not correspond
to actual events. The wavelet transforms of all traces in this set were observed, which
allowed the construction of the algorithm and the initial tuning of detection parameters.

Subsequently, a few thousand traces were analyzed and verified by hand, and parameters
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were tweaked to approach a detection rate of 98%. It should be noted that, in all steps of
the algorithm but the last, we try to err in the direction of selecting too many (possibly
spurious) edges, waiting until the last step to reject spurious events.

The sampling rate employed in this experiment was 40 kHz, much higher than the
1 ms rise time of the current amplifier. To speed up processing, bins of ten data points were
averaged, which did not result in a loss of significant features. The “DerGauss” real wavelet
transform was computed using four scales per octave, which provides adequate resolution
in the wavelet domain to make real features stand out visually. The modulus maxima of
this wavelet transformation is then computed. A sample plot of a wavelet transformation
with its modulus maxima superimposed can be seen in Fig. [E.1|(c) for the trace shown in
(a).

The algorithm then iterates from the coarsest to the finest scale of the wavelet transform.
At each scale, the wavelet amplitude squared (A4%,) for each modulus maxima track is
computed. Tracks for which this value reaches ten times the median value of all tracks at
that scale are stored for further processing. The purpose of this step is to select edges that
are significantly larger than all other edges at the time scale under examination, which is
reasonable because few events are expected in any particular trace. For the results presented
in this paper, increasing or decreasing the cutoff value by a factor of two results in less than
a 5% change in the correct detection ratio.

The stored tracks are then followed to the next finer time scale, a procedure which is
repeated until the best estimate of position for an edge is obtained at the finest time scale.
For each modulus maxima track this is accomplished by finding the closest track for which
the wavelet amplitude has the same sign on both scales. Some tracks representing spurious
features, such as an insignificant change in the base level of the signal, or the remainder of
a crosstalk edge at the beginning or end of the data, may fall off the edge of the wavelet
transform. For this reason, all tracks that come to within 2.5 rise times of the edge are
rejected. If cross talk from the applied pulse sequence were not significant, this parameter

could be set much less aggressively, as in that case only tracks that truly fall off the edge
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need to be rejected. Halving or doubling this parameter causes up to a 10% change in
correct detections. At each time scale in the iteration, new tracks that suddenly reach
the cutoff discussed in the previous paragraph are stored and considered in all subsequent
iterations. For each track followed, AIQ/V is summed from the scale at which it is detected
until the finest scale.

When the finest time scale is reached, any edges for which the cumulative A%,V does not
meet a secondary cutoff are rejected. This cutoff is set by finding the typical maximum
value of AIZ/V for a feature of interest by hand for a few traces, and requiring a sum of at
least four times this amplitude. This corresponds to a significant presence of the edge over
at least one octave. This will accept, for example, short tracks that are very strong, such as
sharp spikes in the signal, but also longer tracks that are a bit weaker, such as long pulses
with more gently sloping edges. Halving or doubling this parameter causes approximately
a 10% change in the correct detection ratio.

All cutoffs up to this point were set to risk acceptance of edges of spurious features rather
than to risk rejection of edges of weaker, true features. The last step in the algorithm
calculates the levels between edges found, and uses this information to perform a final
rejection based on the physics of interest. This step can have a large impact on which
features are detected. While the algorithm used for this last step works well for the data
in this pa- per, a completely different approach may be necessary for data with vastly
different noise or signal characteristics. For these particular experiments, edges that do
not border significant changes in Iqpc are rejected. This is accomplished by rejecting level
changes that are less than five times the standard deviation of the signal between all edges.
This standard deviation is a good measure of high frequency noise present in the signal.
The sensitivity to this parameter is rather large, resulting in up to a 30% change in correct
detection ratio when the parameter is increased or decreased by one standard deviation, but
once set, it is robust to the variation in high frequency noise encountered in the extensive
quantity of data analyzed for the current experiments.

Figure [E.1(a) and (b) show results from using this wavelet edge detection algorithm for
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the readout phase of the two single-shot traces presented in Fig. (a, b). The reconstructed
signals using the real wavelet transform are shown in black superimposed on the data. An
up-edge and a down-edge are detected in (a), corresponding to the unloading of a spin-1
electron followed by the reloading of a spin-| electron, and no edges are detected in (b).

Electron tunnel event detection using thresholding
In this algorithm, the QPC signal is compared to a threshold. A tunneling event is detected
if Igpc crosses the threshold. If the signal remains below the threshold, zero tunneling
events are assumed. While simple in concept, the thresholding analysis is complicated by
the need to account for signal drift and high frequency noise.

First, the data are corrected for slow drifting of the QPC signal by subtracting the value
of Iqpc corresponding to the electron located on the quantum dot (loaded) from every trace
in a given experimental run. The value to subtract from each trace is determined in one
of two ways, depending on the variance of the signal. If the variance is small (as for traces
with zero tunnel events), then the loaded QPC signal is determined as the mean of the
data. If the variance is large (as for traces containing tunneling events), then a histogram
of the data is produced. This histogram contains a noise-broadened double peak, with the
peaks centered on the values of Iqpc corresponding to the electron on or off the quantum
dot. Least-squares fitting of a sum of two Gaussians identifies the centers of the peaks, and
the lower of the two center values is taken as the loaded Iqpc value.

After the drift correction, the threshold value can be determined. A combined histogram
of the QPC signal for many single-shot traces is produced. This histogram contains a double
peak where, again, the two peaks are centered on the loaded and unloaded values of Igpc.
The histogram is fit to a sum of two Gaussian peaks, and the threshold value is chosen as
the location of the minimum between the fitted peaks.

Once the threshold is established, every single-shot trace can be identified as containing
tunnel events (the signal crosses the threshold), or containing no tunnel events (the signal
remains below the threshold). To reduce the probability that short, noise-induced spikes

in the signal are misidentified as real tunnel events, only above-threshold signals that last
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longer than twice the time constant of measurement amplifier are counted.

Comparison of wavelet and thresholding analysis
All relevant data were analyzed employing both wavelet and thresholding methods. The
results show good quantitative agreement (see Figure (d)) The advantage of the wavelet
algorithm is that it allows each trace to be interpreted independently of all other traces. It

is therefore uniquely suited for live, real-time analysis.
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Figure E.2: Measurement of a and electron temperature. (a) A charge transition peak
measured with fridge temperatures ranging from 24 mK to 335 mK. (b) The width of the
charge transitions for each of the temperature traces shown in (a) determined from a global
fit. Error bars for each data point are determined from the uncertainties in the fit.

E.2 Measurement of voltage lever arms, electron

temperature and Zeeman energy

As described in Chapter @ the dot was fabricated from a Si/SiGe heterostructure. The
carrier density n and mobility p were obtained from Shubnikov de Haas measurements
and were n = 4 x 1071' cm™2 and p = 50,000 cm?/Vs. The dot was tuned to the few-
electron regime, and we estimate that we measured transitions between two-and three-
electron occupation of the dot. Two of the electrons formed a “closed shell” [141] and were
essentially inert, and our measurements were sensitive to the state of the third electron
moving into and out of the dot. Pulsed gate voltages were supplied using a Tektronix
AFG3022B arbitrary waveform generator.

The spectroscopy in Fig. (c,d) show the electron response to an 800 kHz square wave



152

pulse applied to gate L (see [93] for details of the spectroscopy technique). The rate for
an electron to tunnel onto the quantum dot is tuned to be slow compared to this pulse
frequency. A lock-in signal with a carrier frequency of 97 Hz applied to gate L is used to
measure dIgpc/dVi, in response to the square wave pulse. The dark lines indicate when
additional energy levels become accessible resulting in a sudden increase in the electron
tunneling rate. In both (c) and (d), the dark contrast of the excited orbital state indicates
that it is more strongly coupled to the reservoir than the ground orbital state, because it
causes a larger increase in the electron tunnel rate and thus the electron response. Only
the lower energy of the strongly coupled orbital excited states, || e), is clearly visible in
this spectroscopy, because once this state is accessible the tunnel rate is comparable to the
pulse frequency and additional energy levels have no effect on the electron response.

In order to translate the spectroscopy data into energy levels on the dot, it is necessary
to determine the lever arm, «, for gate L. The width of a charge transition peak in gate
voltage is determined by both « and the electron temperature [I42]. In order to determine
these variables independently, we fit the width of a charge transition as a function of tem-
perature by increasing the temperature of the dilution refrigerator. The results for fridge
temperatures (Tiidge) ranging from 24 mK (base temperature) to 335 mK are plotted in
Fig. a). The peak indicating the charge transition clearly decreases in amplitude and
increases in width as the temperature is increased.

We extract the width of each peak in Fig. [E.2a) in terms of T./a by performing a

global fit to the data. Each peak is fit with the equation,

dlgpc/dViL (VL) =

cosh™2 CW) +D (E.1)

4kpT,
where B, D and Vj are fit parameters that are the same for all the peaks, and T/« is a
fit parameter that is optimized for each peak independently. The fit results for T/« for
each of the peaks in Fig. |E.2(a) are shown in (b). As expected, at high temperatures T, /«

is linear in Thiqge, While at low temperatures T, /o saturates. We fit this cross-over using

the functional form T, = 1/T02 + Tf%idge’ This fit is shown as the solid blue fridge line in
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Fig.|E.2(b), and the results for the two fit parameters, o and T give a = 0.1254+0.006 eV /V
for gate L and o = 143 + 10 mK at base temperature.

With a measure of the electron temperature, it is possible to determine the lever arm
for additional gates by performing a single fit. We used gate PL to sweep through the same
charge transition at base temperature, and the resulting fit gives 0.00144 + 0.00013 eV /V
for a multiplied by the attenuation (note: the voltage on gate PL is attenuated by a factor

of 50).

Figure E.3: Zeeman splitting versus B-field. Zeeman splitting as a function of magnetic
field determined from the data presented in Fig.|6.1{d). Error bars are due to a combination
of uncertainty in the peak separation, AV7, and uncertainty in the lever arm, «, for gate
L. The dashed black line indicates g = 2 and the solid blue line is the result of a fit using
a second-order polynomial.

Using the above results for a for gate L, it is possible to extract the Zeeman energy
as a function of magnetic field, B, for the ground orbital state from the excited state
spectroscopy data presented in Fig. |6.1(d). We take vertical line cuts to determine the
separation, AVy, between the peaks corresponding to the states || ¢g) and |1 g) for B ~ 0.7
to 2 T. The results, after correcting for the gate voltage lever arm, are plotted in Fig.

Similar to the results for a GaAs quantum dot presented in [I143], at high magnetic fields
we observe a clear deviation from the bulk silicon g-factor of 2 (black dashed line). Following
the method in [143], we fit the Zeeman splitting data with a second-order polynomial

restricted to pass through the origin. The result gives

g = (1.96 + 0.15) — (0.25 + 0.05) B(T). (E.2)
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The B-independent contribution of this result is in good agreement with the value for

an electron spin in bulk silicon.

E.3 Global fit of loading rates and spin-1 fraction

In this section, we give details of the modeling of the loading rates and the spin-1 fraction
as a function of the loading gate voltage.

Modeling of the loading rates
We perform a global fit to the data for loading rate and the spin-1 fraction as functions of
the loading level, shown in Fig. [6.3(a) and (b). Fig.[6.3|(a) shows two pairs of peaks that
correspond to the loading of the Zeeman-split ground |1 ¢),|] ¢) and excited |1 e), || e)
orbital states, as well as a shallow minimum on the right that we believe is due to a
contribution from the loading of a higher orbital |1 h), || h). Fig.[6.3[b) shows two peaks
as a function of loading level that correspond to the measurement of an increased fraction
of spin-1 electrons. Tables [E.J] and [E.2] provide the numerical results and parameters for
the global fit.

In fitting to the loading rate data of Fig. [6.3(a), we model the loading rate taking into
account energy-dependent tunneling across the barrier [43] as well as the lifetime broadening
of energy states of the dot, modeled using a Lorentzian function. The overall loading rate
I'oad @s a function of loading level V' is given by I'gaqa(V) = >, I'i(V), where the sum is
over all possible transport channels i € {],1;g,¢e, h}.

For each of these channels, the loading rate is given by the convolution of the Fermi-Dirac
distribution, the energy dependent tunneling function, and the Lorentzian function [103].

It is given by

00 e~ oy/E; A
Li(V) = /_OO <1I:£Ze€—ay/kBT> (’Yi/2>2f:z‘/(257;/i )2 dy, (E.3)
where F; is the linearized energy dependent tunneling coefficient that relates to the trans-
parency of the barrier [43]; 7; is the full width at half maximum of the Lorentzian; T'¢; is
the amplitude; V is the loading voltage; and 6V; = V — V;, where V; is the position of the

state.
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In the fitting, the Zeeman splitting for each pair of states was identical, and initial
guesses were made for the overall scale, position and Lorentzian width for the higher orbital
states (| T h),| | h)), with the leveling off of I'joaq at about 600 mV as a guide. These
contributions are plotted as dotted lines in Fig.[6.3(a). After each fitting run, the parameter
estimates for |1 h) and || h) were revised such that the ratio of overall scaling of the rates
and the fit repeated so that self-consistency is achieved.

Following the observations in Ref. [32], the amplitudes of the loading rates for different
spin states were allowed to differ; we find, for each orbital, that I'y < T'y.

We note that, while the energy dependent coefficients for the ground orbital states gave
a good fit when they were constrained to be equal, this was not the case for the excited
orbital states. It was necessary to have E|. > Ej., as can be seen from the fact that the
downward slope on the right of the highest peaks, which is strongly dependent on FEj., is
much steeper than those of the ground orbital states.

The ground orbital states were modeled as delta functions, while the excited orbital
states were modeled with a finite energy width as fit parameters, as consistent with the
hypothesis of short-lived excited states. However, due to the fact that the temperature
broadening of the Fermi function limits the resolution with which we can extract any energy
information, only an upper bound on the energy width due to lifetime broadening could be
obtained, giving a lifetime of at least 4 x 10% ps.

Calculation of spin-71 fraction
In the limit of infinite loading and unloading rates, and no spin-1 decay, the fraction, ny,

of spin-1 electrons measured as a function of loading level V' is simply

Lioadt (V)
ne(V) = —editt’
T( ) Fload,total(‘/)

(E.4)
where the loading rates I';(V') are functions of the voltage V' at which the dot is loaded,
[oaqt is the combined rate for loading all spin-1 channels, and I'ioaq total is the total loading
rate for all spin channels. This quantity is plotted as the dashed red line in Fig. [6.3(b).

So that the modeled spin-1 fraction correctly takes into account finite rates of loading,

unloading and spin-T decay, we set up rate equations for the load and readout phases and
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solve for the fraction of spin-1 at the end of each phase.

Given a pair of spin-1 and spin-| states, the rate equations can be written as

dnq(t _

;t( ) = —T1 1n¢ + FloadT(l — Ny — ni) - FunloadTnTa <E5>
dny(t _

jt( ) = TI 1nT + FloadT(l — Ny — n¢) - Funload¢n¢‘ (EG)

where n4(t) and n(t) are the fractions of spin-1 and spin-| respectively. They are explicit
functions of time, and implicit functions of loading voltage V' via the loading rates I';(V).

With the dot empty initially, we impose initial conditions n4(0) = n,(0) = 0 and solve
to obtain the solution, which is a complicated function of the rates and time. However,
during the load phase, both the spin-1 and spin-| states are below the Fermi level of the
lead, so the unloading rates are much smaller than the loading rates and can be neglected:
i.e. Iunloadt = I'unload) = 0. This assumption leads to a simplified solution that offers more

physical insight, given by

ny(t) = Lioadt 1e_tT1_1 (1 — e_(rloadT+Fload¢—T1_1)t) , (E.7)
Dioadt + Dioad) — 11

(Floadi - Tl_l)(l - eit(rloadi+rloadT) + I‘loadT (1 o eftTli1>
Dioadt + Toaay — 17

It is clear that, in the limit of loading rates fast compared to the decay rate, the ap-
proximation n4 ~ et (Tioadt/Toad, total) holds. If the rates are comparable, then the last
term in brackets in Eq. S7 contributes significantly.

We can generalize to include the loading of other spin states whose population comes
from the tunneling in of electrons from the lead and not from the decay of the spin-1 state
in question. This is necessary as the spin-71 states in question are each sandwiched between
two spin-| states and a higher orbital state. The solution to the spin-{ fraction then includes

the total tunneling rate into all states, I'total = I'ioad ail) + 'load i, given by

ni(t) = Floiaduefﬁfl (1 _ €f<rtom1—Tfl)> . (E.9)
I‘total - T1

Next, we consider the correction to the spin-1 fraction during the readout phase. During

this phase, because the spin-1 state is above the Fermi level and the spin-| state is below
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Figure E.4: Measurement of the spin-1 unloading rate. Histogram of the times at which
an up-edge is detected in the readout phase of the single-shot traces for the data presented
in Fig. b). The exponential fit gives the rate at which a spin-1 electron tunnels off the
dot, I'_ =21.6 £1.3 ms.

unload?
it, we neglect the spin-1 loading rate as well as the spin-| unloading rate. Because the
quantity measured in the experiment is the number of spin-1 electrons that tunnel out to

the lead n.y, we solve the following rate equations for n¢y(t),

dng (T

n;f/( ) = —Tl_lnT — FunloadTnTy (ElO)
dny(t

n;t( ) = Tl_lnT‘i‘FloadT (1 _nT_ni)ﬂ (E.11)
dney(t
n;;“ = FunloadTnT- (E12)

The rate 'ynioaar at which a spin-1 electron tunnels off the dot during the readout
phase is determined by fitting to a histogram of the times at which up-edge is detected
in the single-shot traces. The results for the data presented in Fig. [6.3(b) are shown in
Fig. [E-4] where 0 corresponds to the start of the readout phase. The exponential fit gives

F—l

unload

+= 21.6 1.3 ms.
With the initial condition of a loaded spin-1 state, n4(0) = 1, we obtain the measured

spin-T fraction as

TLCT(t) _ _1Fun10adT (1 _ e_t(Tf1+FunloadT)) ) (E13)
T1 + FunloadT
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Table E.1: Results of fit

Fit Parameter Value [Unc.]
Energy dependent coefficient |} g), |1 g) (meV) 0.148 [27]
Energy dependent coefficient || e) (meV) 0.195 [30]
Energy dependent coefficient |1 e) (meV) 0.064 [23]
Position |1 g) (meV) 0.186 [18]
Position || €) (meV) 0.456 [42]
Position |1 €) (meV) 0.585 [58]
Amplitude || g) (Hz) 116 [8]
Amplitude |1 g) (Hz) 110 [7]
Amplitude || e) (Hz) 1,916 [62]
Amplitude |1 e) (Hz) 610 [33]
Lorentzian width for |e) (meV) 5 x1076
Quantities derived from fit parameters

Position || g) (meV) 0.057 [9]
Zeeman splitting (meV) 0.129 [17]
g-factor 1.20 [16]
Lifetime of |e) (ps) 440

With an independent determination of the spin-1 detection fidelity and the dark count
rate (92% and 3% respectively, as described in the next section), the measured spin-up
fraction k4, fully corrected for finite tunnel rates during the load and readout phases of the

3-level pulse sequence and for spin-1 decay, is given by
k4 = 0.03 +0.92 x nT(tload) X ncT(treadout)a (E.14)

where t)5aq and treadout are the durations for the load and readout phases (100 ms and 200
ms respectively for the data in Fig.[6.3(b)). This result is plotted as the bold, black line in
Fig. [6.3|(b).

Single-shot spin readout visibility
We determine the visibility of our spin readout using the method in [92]. Since our g-factor
is positive, spin-| is the lower energy spin state in our case, and we therefore analogously
define « as the probability that a spin-| is detected as “up” and [ as the probability that a
spin-7 is detected as “down”, and we use corresponding definitions for the two contributions
to B: B1 and Bo. The visibility of the spin readout is then given by 1 — o — .

Due to the finite electron temperature, it is possible, although rare, for a spin-| electron

to tunnel off the dot during the readout phase even though its energy is below Er , causing
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Table E.2: Constants and independent parameters

temperature 7' (mK) 143 [10]
magnetic field (T) 1.85
alpha x attenuation (eV / V) 0.00144 [13]
T, (ms) 136 [22]
Tie (ms) 2.8[3] x103
Parameters for || h)

Position (meV) 1.146
Lorentzian width (meV) 0.433
Amplitude (Hz) 3100
Parameters for |1 h)

Position (meV) 1.275
Lorentzian width (meV) 0.433
Amplitude (Hz) 310

a spin-} electron to be misidentified as spin-{T. This ‘dark count’ is determined by the
saturation value of the exponential fit in the inset to Fig. [6.3(b) in Chapter [6] The result
gives a = 0.031.

During the readout phase, if a spin-1 electron tunnels off the dot and is replaced by a
spin-| electron at a rate comparable to the bandwidth of the measurement electronics, then
the resulting step in Iqpc will be too small to detect, causing a spin-1 to be misidentified as
spin-}. As in [92], we determine the spin-T detection fidelity by applying the 3-level pulse
sequence in reverse, and we find it to be 91.8%. This gives S = 1 — 91.8% = 0.082.

Due to the finite time for an spin-T electron to tunnel off the quantum dot during the
readout phase, it is possible that an electron that is spin-1 at the start of the readout
might decay to a spin-J before it tunnels off the dot. This contribution to the spin readout
fidelity is given by 1 = 1/(1 + T1I'unloadt). From the exponential fit in Fig. we find
F;nlloadT = 21.6 ms. This result combined with the measured value of T} = 2.75 s gives
B1 = 0.0078.

Finally, we determine a spin-| detection fidelity of 1 — o &~ 0.97 and a spin-1 detection
fidelity of 1 — 8 = 0.91, and this amounts to a total single-shot readout visibility of 88%.
This visibility is notably improved from the 65% reported in [92], and the majority of

the improvement is due to the long spin lifetime compared to the relatively fast electron
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tunneling time.
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Appendix F

Supplemental material for

Chapter

F.1 Spin exchange with leads in the spin blockade regime

In Sec. we described a method for determining the base slope by fitting a line to the
points labelled B and J in Fig. Fig. [7.7(b) is an expanded view of one of the spin
blockade data sets, showing that points B and J are indeed clearly visible in the raw data.
At these points, and in fact along the entire segments BA and JI in Fig. spin exchange
with the leads lifts spin blockade. In this appendix we briefly discuss this spin exchange
process. Figs. [7.7|(f)-(h) describe this spin exchange process between the right dot and the
right lead at point B, while Figs. ¢)-(e)describe the spin exchange process between the
left dot and the left lead at point J.

In the three electron regime at point J, the transport cycle goes from (1,1) to (2,0) to
(2,1) and back to (1,1). At point J, transport is spin blockaded, because (1) lies below
pr(2,0)- The set of chemical potentials labeled piq,5+, shown by the blue dashed and solid
lines in Figs. [7.7|(c)-(e), refer to the energy involved in discharging the left dot from the
ground, singlet-like (2,1) state to the S; 1 and T 1 states, respectively. At point J, when the

system is blockaded in the 77 ; state, an electron can tunnel from the left lead to the left
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dot. This corresponds to a tunneling event that is in the direction opposite to the overall
electron motion under the effect of the transport bias Vgp. Such a tunneling event can
enable the formation of a singlet-like (2,1) state from the 77 ; state, because electrons with
either spin orientation are available in the left lead. This transition occurs at an energy
given by the blue pg4 g+ level (solid line). The left dot is allowed to discharge from any
one of the two pg g+ levels. If it discharges from the higher of the two chemical potentials,
the system relaxes to the singlet (1,1) state. The two pg g+ levels are separated by the

singlet-triplet splitting of the (1,1) state and are therefore very closely spaced.

F.2 Chemical potentials of electron and hole triangles

Figure shows the chemical potentials corresponding to the full set of labelled points in

Fig. [7.3]

F.3 Theoretical model for quantitative energy-dependent

tunneling effects

In this appendix we present our theoretical treatment of energy-dependent tunneling effects
that uses the Lindblad formalism to account for both resonant and incoherent processes.
In our calculations, we treat the S and T transport channels independently. Our ref-
erence state has one fixed electron in dot 1, and we consider transport that involves just
three different states: |0), |1), and |2). Here, |0) refers to the state with no additional
electrons, |1) refers to the state with one additional electron on dot 1 [the (2,0) charge
configuration], and |2) refers to the state with one additional electron on dot 2 [the (1,1)

charge configuration]. Coherent evolution is controlled by the Hamiltonian
1
H = Se(|1)(1] = 12)(2]) + hg(11) (2] + [2)1]), (F.1)

where g is the tunnel coupling between the two dots.
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We now couple this system to the environment, using the Lindblad formalism.[73] [2]

Tunneling from the left lead to dot 1 is described by the Lindblad operator

Lpy =/ fo(E)TL(Er) [1)(0], (F.2)

where fr(F1) = f(E1 — Epr) is the Fermi function of the left lead, and T'f, is the tunnel
coupling between the lead L and dot 1. Both f7, and I';, depend on energy, but, for brevity,
we will suppress the energy dependence in the notation. The other relevant Lindblad

operators are given by

Liy = /(= f)Tr[0)1], (F.3)
Lor = V/(1-fr)TR(0)(2], (F.4)
Lrs = +/felr[2)(0), (F.5)
Lz = /0 |2)(1], (F.6)
Ly = /0r;|1)(. (F.7)

Note that reverse processes (from right to left), such as Ly, are also included here. The
latter play a role along the edges of the bias triangle. For example, an electron may enter
dot 1 from lead L and then exit back to lead L. Such processes do not directly affect the
steady-state current, but they do affect the current indirectly, because, while the dot is
occupied, it cannot be occupied by a second, right-moving electron.

In Egs. and , the incoherent tunneling between the two dots involves phonon
emission or absorption processes. We have accounted for these phonon effects through
the O-functions. At high temperatures, the f-functions may possess considerable structure.
However for low temperature applications, we assume that # = O(¢) and 6 = ©(—¢), where
the step function O(e) takes the values 0, when € < 0, 1/2 when € = 0, and 1 when ¢ > 0.
More general forms for 6 can be substituted, as appropriate. We also note that the inelastic,
interdot tunnel coupling I'; is a weak, even function of €. Below, we show that our data are

consistent with I'; = (constant) throughout most of the bias triangle.



164

The evolution of the density operator is described by the rate equation
2 { R R 1.
J

where p is the density matrix. In general, p must satisfy the normalization condition
1 = po+ > i(p1k + p2r), where the diagonal terms pg, p1x, and pai, describe the probability
of being in a given occupation state, and the sum over k includes the singlet and three
triplet channels. In the absence of any decay processes between the triplet and singlet
states, this normalization condition is the only coupling between the singlet and triplet
sectors, since it ensures that a triplet cannot be formed when a singlet state is occupied,
and vice versa. However, in the LET regime, we have shown that the (2,0) singlet state
unloads much faster than it loads, and that the unloading of the (1,1) singlet is similarly
fast (or faster).[I15] These conditions are equivalent to the statement that pi1g + pag < 1
wherever pi7 + por is appreciable, and vice versa. Since LET behavior is observed in our

samples, we make a singlet-triplet decoupling approximation, such that the normalization
1~ po + p1+ p2, (F.9)

applies to both the singlet and triplet channels. The resulting rate equations are corre-
spondingly simplified.
Since there is no coherent coupling between state |0) and states |1) and |2), the density

operator for a single channel can be defined as
p = pol0)(0] + p1[1)(1| + p2|2)(2] + p12[1)(2[ + p21|2)(1]. (F.10)

We may then use Eq. (F.9) to eliminate py from the rate equations defined in Eq. (F.8).
Steady-state solutions are obtained by requiring that ,[) = 0.

The current operator is defined as
Pfe = ig(1)(2] - [2) (1)) + Tu(011) (1] — 612)(2)), (F.11)

and it involves both coherent and incoherent components. The steady-state current is given

by I = Tr(,of ). Using the steady-state rate equations, the result can be expressed in terms
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of density coefficients:
I/e = (1= fr)Lrp2 — fRL RpO. (F.12)

In this form, the current is simply expressed as the net tunneling rate between dot 2 and
lead R.

By solving for the density coefficients, Eq. can be expressed entirely in terms of
tunneling rates and Fermi functions, yielding the following result for single-channel trans-
port in a two-electron double dot:

{49*(fr — fRICL (1 = fr) + TR(1 = fr) + ]
+0; (4(e/h)* + [Cr(1 = fr) + Tr(L — fr) + Til*) [fL(1 — fr)0 — frR(L — fL)0]}

{[4e/m)2 + [T (1 = fL) +Tr(1 — frR) + Tu12] LLTR(1 — fLfr) + Tl R(6 + fRO) + T (0 + fL6))
+4¢2[C (1 — fr) + Tr(1 — fr) + T3)[CL(1+ fr) + Tr(1 + fr)]}

1
—=I1l'r
(&

(F.13)

When the singlet and triplet channels are fully decoupled, as we assume here, the total
current is expressed as a sum of terms like Eq. , one for each channel.

As an initial check on our result, we consider a known limit. For the case of pure

coherent tunneling between dots 1 and 2, we take the limit I'; — 0. In the interior of the

bias triangle where f;, ~ 1 and fr ~ 0, Eq. immediately reproduces the resonant

tunneling results obtained in Refs. [I17] and [118].
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Figure F.1:

Chemical potentials corresponding the the labelled points in Fig.
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(a)

Chemical potentials corresponding to the two-electron regime for reverse bias, which shows
LET. (b) The two-electron regime for forward bias, which shows spin-blockade. (c) The
three-electron or ‘hole’ regime for reverse bias (LET). (d) The three-electron or ‘hole’ regime
for forward bias (spin blockade).
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Appendix G

Supplemental material for

Chapter

This Appendix presents our detailed calculations of the Configuration Interaction approxi-
mation and electrochemical potentials relevant for reverse bias transport in the three elec-
tron regime. We estimate the spin-flip cotunneling occurrence rate, quantify the effect
spin-flip cotunneling has on transport current in the triplet-like triangle, and show that it
is consistent with the data. We propose an experiment to verify the singlet-triplet mixing
mechanism and also present a detailed analysis showing that at forward bias, transport
data has a feature associated with the process of spin-flip cotunneling, as discussed in the

main paper.

G.1 Configuration Interaction Hamiltonian

The Configuration Interaction (CI) Hamiltonian used in our calculations is given by [127]

. 1 .
H =" {(ihlj)ala; + 3 > (ij|Velklalalaay, (G.1)
ij i,k
where the sums run over the spin orbitals chosen to form the basis of the problem. Oper-
.|.

ators a; and a; create and annihilate an electron in the i-th spin-orbital respectively. The

first term contains the one electron operator, h = . —1/2V2 + V (%, — Z40t), the sum of
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Table G.1: Basis states used for the (2,1) configuration.

Basis states Spin
(in spin-orbital notation) (in S,T notation) S,

123) T2,0)®[3)  3/2
123) T.2.0)0[3)  1/2
(I123) + [123))/v2 T(2,0)®[3)  1/2
(I128) - 123))/v/2 S12,0) @ [3) 172
[113) 150(2,0)) ® |3) 1/2

(and their spin reversed counterparts)

the kinetic and potential energies of each a-th non-interacting electron in a quantum dot
centered at Z4,:. We note that the parabolic well approximation is a reasonable form of
the potential for our geometry. The second term contains the two electron Coulomb oper-
ator, (ij|Volkl) = [ dxadx5xf(xa)x;(xlg)r;éng(xa)xz(xﬁ), where x;(xq) denotes the i-th
spin-orbital wave-function of the a-th electron, following the notation of Ref. [127].

We define the quantities s;; = (i|j), the overlap between the i-th and j-th spin orbitals;
e; = (t|h|i), the single particle energy; C;; = (ij|Velij) and K;; = (it|Ve|jj), the Coulomb
and exchange interactions respectively. g;; = (i|h|j) and Aﬁc = (ij|Ve|kl) govern coherent
tunneling between dots and are first and second order in the overlap integral, respectively.

Singly-excited configurations that form the basis for the (2,1) Hamiltonian matrix, are
constructed from dot-centered single particle spatial orbitals {1,2} and {3,4}, centered on
the left and right dots respectively. The two sets of spatial orbitals are not orthogonal
to each other, due to the overlap across the finite barrier between the dots. Within each
set, however, the spatial orbitals are orthonormal. The corresponding spin orbitals are
denoted by {1,1,2,2} and {3, 3, 4,4} where the overbar (or lack of) denote spin down (up).
Table [G.1] shows the basis states used to construct the 10 x 10 Hamiltonian matrix.

The (2,1) Hamiltonian consists of four block diagonals: two 1 x 1 blocks corresponding
to a total spin of S, = +3/2, and two 4 x 4 blocks corresponding to S, = +1/2. In the
S, = £1/2 blocks, off-diagonal matrix elements are second order in the overlap between
spin orbitals centered on different dots and represent the amount of mixing of the singlet

and triplet states in the left dot. As such, we term the ground state, ‘singlet-like’, and
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denote it as S*(2,1). It contains mainly singlet S(2,0) with some admixture of triplet
T'(2,0) in the left dot, coupled to the third electron in the right dot. The first excited state
is the pure S, = +3/2 state with all spins either up or down, which does not have any
singlet-triplet mixing. The next two higher states, which are closely spaced with each other
as well as with the first excited state, contain a small admixture of singlet with mainly
triplet states in the left dot, coupled to the right dot. For brevity, we term the three excited
states triplet-like 77*(2,1) states, and do not distinguish between them henceforth, as the
energy separation between the triplet-like states is of second order in the overlap integral
and is small compared to the spacing between the ground and first excited state. The next

higher state is well separated from these and does not enter into our analysis.
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Figure G.1: Electrochemical potentials p for different states relevant to transport in the
three electron regime. Here, the label Egrp is the (2,0) singlet-triplet splitting. A is the
spacing between the chemical potentials of the two and three electron regimes, as defined
in Eq. and is equal to the energy spacing between points A and C in the transport
data in Fig. [8.1{(b) of Chapter [8 Both quantities are extracted from the transport data as
detailed in Chapter [7|and Ref. (see Chapter 7| and Ref. [24]), giving Egp,0) ~ 174 peV for
(2,0) singlet-triplet splitting and A ~ 500 peV.

The off-diagonal elements are second order in the overlap integral and therefore small,
so the problem can be treated perturbatively. The energies, to first order approximation,
are given in Table [G.2l The splitting between the singlet-like and triplet-like states is
approximately equal to the singlet-triplet splitting of the (2,0) state, Egp(20). We apply
the CI Hamiltonian (Eq. to calculate the singlet and triplet energies of the two electron
states, which are necessary for the calculation of electrochemical potentials. Similar analyses
using molecular and dot-centered orbitals have been done elsewhere [144], so we do not
reproduce the calculations here. We refer the reader to Section III. D of Ref. [144] for
calculations using dot-centered orbitals. We caution the reader that, in this previous study,
the double dot geometry and material are different, so their numerical results will not
be applicable for our case. However, the expressions for energy levels in terms of dot-
centered single-particle, direct and exchange Coulomb energies in Eq. (18-21) of Ref. [144]
are relevant for our two electron double dot case.

Once the expressions for the energies are known, it is straightforward to calculate the
relevant expressions for electrochemical potentials. For clarity, we neglect the singlet-triplet
splitting in the (1,1) states and the energy spacing between the three triplet-like (2,1)

states and obtain two distinct electrochemical potentials. The electrochemical potentials
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Table G.2: Energies and characteristics of the (2,1) states.

Energy (ascending order) State Spin S,
2e1 +e3+ Cq1 4+ 2C3 Singlet-like, +1/2
—Ki3 + 2513913 Mixed

e1+ex+ e+ Cia + Ci3 Triplet-like, :|:3/2
+C3 — (K12 + K3 + Ka3) Pure

e1+ e+ eg+ Cio + Ci3 + Cog — K9 Triplet-like, il/?
— (K13 + K23)/2 — (513913 + 523923) Mixed

e1+ e+ e3+ Cio+ Ci3 + Cog — K19 Triplet-like, :|:1/2
Mixed

for charging the left dot from a (1,1) state to the S*(2,1) and 7%(2, 1) states are, respectively,

pess = e1+Ci+Ci3 — Egpi1) + ELdots (G.3)

per* R fiesc + Esre0)- (G4)

ERaot (EvLdot) is the electrostatic energy of the right (left) quantum dot. The electrochemical
potentials for discharging the right dot from the triplet-like 7%(2,1) to the triplet 7'(2,0)

state and from the singlet-like S*(2, 1) to singlet S(2,0) state are
pa, T+ & fid,s+ = €3+ 2C13 — K13 + ERdot- (G.5)

There are two more electrochemical potentials involved in the discharge of the right dot
from the (2,1) states, due to the mixing of the singlet and triplet (2,0) states. These are
associated with the discharge from 7%(2, 1) to S(2,0) and S*(2,1) to T'(2,0), and are shown
by the blue dashed and red dotted lines on the right dot in Fig. They are separated
from jiq 7+ and pg s+ by the (2,0) singlet-triplet splitting Egp(a,0)-

The last set of electrochemical potentials needed are those for the two electron regime,
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which are given by

ps0) = €1+ Cu+ ELdot, (G.6)
pri20 = Hseo) + Esre0), (G.7)
prayy = es+ Ciz — Kiz + Erdot, (G.8)
psy = Hra) — Esra- (G.9)

The chemical potentials for the two and three electron regimes satisfy the relation

fhe,5* = [15(2,0) A Hd,5* — [S(1,1)5 (G.10)

and we therefore define
A = pas+ — [s(1,1) (G.11)

Here, we point out that it is the relative positions of the electrochemical potentials
that are important in order to build the transport model shown in Fig. The important
energy quantities are therefore, the (2,0) and (1,1) singlet-triplet energy splittings Egr (o) =
174 peV and Egr(11) ~ 4 peV, and the spacing A =~ 500 peV between the two and three
electron triangles. These energies are extracted from the transport data as detailed in

Chapter [7| (Ref. (see Chapter [7|and Ref. [24])).

G.2 Effect of spin-flip cotunneling on transport current

In this section, we show that current can flow through the triplet channel in the ‘hole’
transport regime when certain conditions are met for the singlet channel. Specifically, the
singlet unloading rate should be equal to or larger than the singlet loading rate. We then
show that these conditions are met in our data.

Conditions on the singlet tunnel rates
We first obtain the conditions on the singlet transport rates by developing rate equations,
in analogy with those found in Ref. [115].

We consider the contribution of loading and unloading rates of each channel to the total

transport rate through the channel. Starting from the (1,1) state, the double dot is loaded
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into one of the (2,1) states from the left lead. The mean loading rate is given by

1110:3Ld = 1/,Tload

=I's 10ad + I'T 10ad> (G.12)

where I'g/7 1024 are the loading rates into the singlet-like and triplet-like states from the left
lead respectively.

The total time required for a complete transport cycle is

T= T’load + pT/FT unload pS/FS unload (Gl?’)

where I'g/7 unload are the unloading rates of the singlet-like and triplet-like channels respec-

tively, and
FS load
ps = , G.14
I's 10ad + I'7 10ad ( )
r

" Tstond + D7 load

are the probabilities of loading the singlet-like and triplet-like channels.
In the triplet-like transport regime, the singlet-like channel is strongly suppressed by

energy dependent tunneling. If we assume that the loading and unloading rates for the

triplet-like channel are much faster than the loading and unloading rates for the singlet-

like channel, and if we also assume that the unloading rate of the triplet-like channel is

much faster than its loading rate due to asymmetric tunnel barriers (see Ref. [I15] for a

discussion), then Eq. reduces to

r 1 1
T =~ <1 + S load ) +
FS unload 1—‘T load 1—‘T unload
FS load > 1
=~ 1+ . G.16
( I‘S unload FT load ( )

In the limit of only one fast triplet-like channel, the total tunneling time is 7' ~ 1/T'7 1paq.
This implies that if I'g 10ad < ['s unload, then the current through the double dot is essentially
a triplet-like channel current. Therefore, it is important to determine the ratio of the loading

to unloading rates of the singlet-like channel.
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Loading rates
We now estimate the loading rates for the singlet-like and triplet-like channels at point D
on the ‘tail’ of the transport data (Fig. Chapter . Starting from the (1,1) charge
configuration, the loading rates into the (2,1) states are strongly energy-dependent at the

left barrier (see Chapter [7| and Ref. [24]) and are given by
T's/7, 1oad = o€~ F5/7/PL, (G.17)

where the amplitude I'g ~ 1.5 x 108 s7!, the energy dependent coefficient Ey, ~ 40 peV,
Er = Egra0) ~ 174 peV (see Chapter [7] and (see Chapter [7| and Ref. [24])) and Eg ~
2Eg7(2,0) at point D.

The loading rates of the triplet-like and singlet-like states at point D are therefore

FT7 load ~ 1.9 x 106 S_l, (GIS)

T's, load ~ 2.5 x 10* s71. (G.19)

Unloading rates
We now estimate the unloading rates for the singlet-like and triplet-like channels at point
D. Unloading of the triplet-like (2,1) state occurs when the electron in the right dot tunnels
out across the right barrier, followed by interdot tunneling from the (2,0) to the (1,1) state.
The tunneling rate across the right barrier I'r ~ 9.2 x 10° s~! and the coherent interdot
tunneling rate I'; ~ 7.7 x 10% s~! (see Chapter [7] and Ref. [24]). The unloading rate for the

triplet-like channel is therefore given by
I untoad = TR+ T 7.1 x 108 57 (G.20)

The unloading rate of the singlet-like state is dominated by spin-flip cotunneling, which
involves two low-probability processes: the spin-flip and the cotunneling. The spin-flip can
be understood as the small probability p,, that the T™* state contains the (2,0) singlet. We

then have

FS, unload = meC'7 (G21)

where I'c is the total cotunneling rate.
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We can estimate p,, from the (2,1) Hamiltonian of Eq. by considering the subspace
spanned by the states [Sy(2,0)) ® |3) and |7p(2,0)) ® |3). The Hamiltonian within this
subspace is given by the top-leftmost 2 x 2 matrix block in the right-hand side of Eq.
The off-diagonal element in this subspace is (A%g + 513923 + 523913)/V2 = A%g /v/2. The

singlet-triplet mixing probability is therefore

AT
Pm = . G.22
[2EST(27O) ] ( )

We do not have a direct experimental estimate for the quantity I'}3. However, we can
estimate it using the parabolic well approximation, where the eigenstates of each dot are
those of the 2-dimensional harmonic oscillator [I09]. For a dot size of approximately 100 nm
and an interdot distance of approximately 200 nm [115], we obtain T'33 ~ 0.15 meV when
there is maximum overlap between the first excited eigenstate (‘2’) of the left dot with the
ground eigenstate (‘3’) of the right dot. This corresponds to the axis of the wavefunction of
the first excited eigenstate being aligned with the axis of the double dot. A more realistic
estimate where the angle between the wavefunction axis and the axis of the double dot is
45 degrees, gives

A33 ~ 0.073 meV. (G.23)

Given that Egp0) ~ 174 peV (see Chapter [7| and Ref. [24]), the singlet-triplet mixing
probability is
P~ 0.044. (G.24)

The cotunneling rate I'c from the left lead into the right dot and out to the right lead,
can be estimated from point F of the transport data (Fig. and Fig. (b) of Chap-
ter . This cotunneling has contributions from both the singlet and triplet channels. The
singlet-like channels, S,T(2,0) — S*(2,1), are suppressed by energy dependent tunneling,
as is one of the triplet-like channels, 7'(2,0) — 7%(2,1). The other triplet-like channel,
S(2,0) — T*(2,1) is suppressed by the slow spin-flip process. In principle, we cannot
separate these contributions at point F. However, we can consider a worst case scenario

where the cotunneling current at point F is dominated by the channels without spin-flip,
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Figure G.2: Electrochemical potentials at point F of the transport data shown in Fig.
of Chapter [§] The dominant current contribution is from cotunneling from the left lead
into the right dot and out to the right lead.

S5(2,0) — S*(2,1) and T'(2,0) — T%(2,1), with very little energy dependent tunneling. In
this case, the cotunneling rate through the triplet-like spin-flip channel, S(2,0) — 7*(2,1),
is given by Eq. (S26), where eI'¢ is the total current measured at point F. In this way, we

obtain

I'c~5.0x10% st (G.25)

1_‘S, unload ~ 2.2 X 104 Sil- (G26)

Conclusions
It is clear from the preceding analysis that the loading and unloading rates satisfy the
conditions for Eq. @l to be valid, i.e. I'? ynload > I'T 10ad > I's 10ad Junload- Since the ratio
I's 10ad/T's unload = 1, the current along the tail is of the same order of magnitude as the
current in the singlet-like triangle away from the resonant left edge.

Below the tail, cotunneling is energetically unfavorable, while above the tail, cotunneling
is suppressed through energy dependent tunneling. I'g unloaq is therefore much smaller
on both sides of the tail. Loading of the singlet-like channel, which is strongly energy
dependent, increases below the tail, further suppressing current. However, suppression
of the singlet-like channel loading rate above the tail could mitigate the decrease in the
unloading rate, so that the ratio I'soaqd/I's unload remains small, allowing some current
flow. That there is small current above the tail is observed in transport data at larger

biases (see Chapter [7| and Ref. [24]), where the loading of the singlet-like channel can be
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more strongly suppressed as it moves lower in the bias window.

Therefore, although spin-flip cotunneling involves two mechanisms of lower probability,
namely cotunneling and triplet-singlet mixing, the dampening effect on the tunnel rate is
mitigated by the small loading probability into the singlet-like channel. The effect of spin-
flip cotunneling is to open a thin window in the triplet-like bias triangle to allow triplet-like

channel current.

G.3 Proposed experiment to verify singlet-triplet mixing

mechanism

In this section, we propose an experiment to verify the singlet-triplet mixing mechanism
described in Chapter We note that in the spin-flip process described in the text, the
loading of the third electron into the right dot is through cotunneling from the left lead.
Since it is the singlet-triplet mixing mechanism that we are interested in, this loading can
also be from the tunneling of an electron from the right lead, as described below.

Using pulsed gate techniques such as those described in Ref. [105], the double dot could
be first loaded into the (2,0) singlet state (a), then pulsed such that the pco - level of
the right dot is below the Fermi level of the right lead (b), allowing for the loading of an
electron into the right dot from the right lead. Loading of the g g+ level will not cause
singlet-triplet mixing but this is suppressed because of energy dependent tunneling. Next,
a gate pulse can then be applied such that the triplet-like level p. 7+ is above the Fermi
level of the left lead (c). A singlet-triplet spin-flip will lead to a tunneling out of an electron
via this level. Tunneling events can be detected by charge sensing via an adjacent quantum

point contact [I05]. These three pulse stages, a to ¢, are shown schematically in Fig. .

G.4 Transport through the singlet-like channel

The strong line on the left edge of the singlet-like triangle in Fig. of Chapter [§] can be
explained by Fig. At C, the .5+ level of the left dot is resonant with the Fermi level
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Figure G.3: Proposed experimental verification of the singlet-triplet spin-flip process. The
boxed panel shows a schematic of the honeycomb charge stability diagram [110], showing
the regions in which the ground (singlet and singlet-like) states of the various charge con-
figurations are stable. Points a, b and ¢ are the positions to which the double dot should
be pulsed. The dotted line indicates the boundary between the (1,1) and triplet-like (2,1)
regions, i.e. within the shaded region, a (1,1) state is more stable than the triplet-like (2,1)
state. Panels a, b and ¢ show the electrochemical potentials, with the circles at the bottom
of each diagram indicating the number of electrons at the start of each pulse. Black arrows
indicate the tunneling of an electron, which can be detected via charge sensing using an
adjacent quantum point contact. Detection of a tunneling out process at ‘¢’ would indicate
a singlet-triplet spin-flip.

(b) Step 2 (c) Step 3

IR HT1(2,0)

o LX)
Charging of left dot: system Discharging the right dot: system Interdot tunneling: system
goes from (I,1) to $*(2,1) state goes from S$*(2,1) to S(2,0) goes from $(2,0) to S(I,1)

Singlet-like channel transport at C

Figure G.4: Diagrams of singlet-like channel transport at point C. Purple dots at the
bottom of each diagram indicate the electron number at the beginning of each step in the
transport cycle. (a) Starting from a (1,1) state, charging of the left dot from the p g+ level
brings the system to the S*(2,1) state. (b) From the S*(2,1) state, the left dot ends up
in the S(2,0) state as the right dot discharges from the pi4 g+ level. (c) Inter-dot tunneling
from (2,0) to (1,1) completes the cycle.
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of the left lead, uy, as shown in Fig. @(a). Also, pg(2,0) and jig(q,1) are aligned with each
other as shown in Fig. |G.4{c). These two resonance conditions lead to a sharp current peak
at C. Going away from C along the left edge of the triangle (Fig. Chapter , the right
dot falls in energy but the left dot maintains its resonance with the left lead, giving rise to
a bright line along the left edge. In the direction where both dot energies fall in tandem,
loading of the left dot into p. g« from the left lead is suppressed due to the exponential

energy dependence in tunneling (see Chapter [7| and Ref. [24]).

G.5 Spin-flip cotunneling in forward bias data

Here we discuss the interpretation of transport data taken at forward bias of Vgp =
+0.526mV, originally reported in Ref. (see Chapter [7|and Ref. [24]) and shown in Fig. |G.6
and show that certain features of the data arise because of spin-flip cotunneling.

In the three-electron regime, transport at forward bias cycles from (1,1) — (2,0) —
(2,1). The bias triangles for forward bias are shown in Fig.|G.5(b). In this regime, transport
is spin blockaded within the region bounded by ydow of Fig. m(b), due to the fact that
pr(1,1) 1s below the pp (o o) level as shown in Fig. c). Any mechanism that allows spin
relaxation to the S(1,1) state lifts the spin blockade, and typical relaxation mechanisms
are expected to give rise to uniform current over the entire blockade region vdow. However,
we observe a line of high current, shown by the dotted line in Fig. which indicates
that there is a preferentially high relaxation rate along this feature. We explain this line of
strong current by a spin-flip cotunneling process.

Point E (Fig. lies along the line of high current in the spin blockade region. At this
point, the lower (solid line) of the two pi4 7+ levels of the left dot are lined up with the right
lead. This allows cotunneling of an electron from the right lead into the left dot to form
the triplet-like 7%(2,1) state. (Fig.|G.6{d)). Discharging of the left dot from the higher
(dashed line) of the g7+ chemical potential results in the singlet S(1,1) state, which is not
blockaded. The double dot is then able to complete the transport cycle until the next time

the double dot gets spin blockaded.
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Figure G.5: Transport data and schematic of bias triangles at forward bias. (a) Transport
current Igp as a function of two gate voltages, Vg (V) and Vg (V), taken at a forward bias
source-drain voltage of Vsp = +0.526mV. These data were reported originally in Ref. (see
Chapter [7| and Ref. [24]). The feature shown by the dotted line is explained by the spin-flip
cotunneling process. (b) Schematic of the bias triangles of transport data taken at the
forward bias. Bias triangles corresponding to transport through ground (excited) states are
shown in the red (blue) on the left (right). In the three electron regime (upper triangles),
the dotted line lies in the region ydow, where the triplet T'(1,1) state is spin blockaded.
Spin relaxation to the S(1,1) state lifts the spin blockade and allows transport to resume.
This is possible within the region bounded by ~dow and should give rise to a uniform
current within the region. However, the presence of the line of high current (dotted) within
vydow suggests a preferentially high spin relaxation rate which is explained by the spin-flip
cotunneling process shown below in Fig.

It is because the dotted line in Fig. lies in the right dot energy axis that the spin
blockade is lifted at a much faster rate. This is due to the fact that the left dot energy is
aligned with the Fermi level of the right lead, allowing cotunneling to occur at a fast rate.

As a result, spin relaxation happens at a much higher rate along this line.
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Figure G.6: Processes involved in the lifting of the triplet 7'(1,1) spin blockade through
cotunneling induced spin flip at point E. In the three-electron regime (upper triangles) of
Fig. [G.5(b), transport is spin blockaded within the region bounded by vdow. Purple dots
at the bottom of each diagram indicate the electron number at the beginning of each step
in the transport cycle. (a) Starting from any one of the two (2,0) states, the S*(2,1) or
T*(2,1) state is loaded from the right lead onto the left dot at the ji g+ or .+ chemical
potential respectively. (b) The left dot may discharge from the lower (solid line) of the
pd,s+ or pigr+ chemical potential, resulting in a 7°(1,1) triplet. (Discharge from any one
of the two dashed levels is also possible, but it results in a singlet S(1,1) that is not spin
blockaded.) (c) The T'(1,1) triplet state is spin blockaded as the yi7(;,1) chemical potential
lies below the pip (2 o) level. (d) Along the dashed line of Fig. the lower (solid line) of the
two pug 7+ chemical potentials is lined up with the Fermi level of the right lead, allowing the
loading of the excited (2,1) state through cotunneling from the right lead. (e) Subsequent
discharge of a left dot electron could be from either one of the 47+ levels, with discharge
from the upper (dashed line) of the pi4 7+ levels resulting in the singlet S(1,1) state which
can then complete the transport cycle by going into the S(2,0) state through inter-dot
tunneling. Transport thus resumes until the next triplet (1,1) spin blockade. The key is
that from either the singlet-like or triplet-like (2,1) states, discharge from the left dot at the
chemical potentials indicated by the dashed or solid lines results in a singlet or triplet (1,1)
state respectively. The former allows transport to resume, whereas the latter results in a
spin blockade. The dotted line of Fig. lies in the direction where the left dot energy is
fixed, leading to the line of high current.
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