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Abstract

The study of game theory has advanced our understanding of strategic interactions
and economic behaviors. In applications, we economists often use parsimonious game-
theoretic models to help us make sharp predictions. However, these models are associated
with strong, sometimes unwarranted, common knowledge assumptions about players’
payoffs and information. In order to make our predictions realistic and reliable, we need
to embed these models into larger and more comprehensive ones, and then perform
analysis that are robust to the relaxation of common knowledge assumptions. This
dissertation contains three chapters that study various game-theoretic frameworks with
incomplete information and investigate the implications of weakened assumptions.

The first chapter proposes a new notion of stability to study matching markets
with one-sided incomplete information. A key contribution is to formulate a proper
definition of uninformed agents’ endogenous beliefs and a self-consistency condition
on those beliefs. We define a criterion of stability for a given set of outcomes, and
then iteratively apply this criterion to remove outcomes that cannot be deemed stable.
Our solution concept, the set of rationalizable stable outcomes, is the limit of this
procedure. We prove the existence of rationalizable stable outcomes using a fixed-point
characterization. We then provide two additional characterizations of our solution
concept. The first characterization links the non-equilibrium approach we pursue to the
equilibrium approach pioneered by Liu (2020). The second one reveals the epistemic
assumptions implicit in the iterative definition.

In the second chapter, we study standard auctions and compare their minimum
expected revenues across all information structures. We show that, for a given symmetric
common prior of values among bidders, if the seller is uncertain about the correct model
of bidders’ interim beliefs and evaluates her expected revenue by the worst-case scenario,
the all-pay auction performs weakly worse than does the first-price auction. Specifically,
we first provide a revenue equivalence result of standard auction formats under the

“worst-case” information structure constructed in Bergemann et al. (2017a), which
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implies that the minimum expected revenue of the all-pay auction never exceeds that of
a first-price auction. We then construct an example to illustrate that the all-pay auction
can generate strictly lower expected revenue in some cases.

The third chapter studies predictions that are robust against higher order payoff
uncertainty in dynamic games. Common knowledge among players is captured by
a preference-information structure, while a type space is used as a concise model of
players’ initial beliefs. We formulate an interim version of extensive form rationalizability
(EFR) and use this solution concept as the starting point of our robustness analysis.
Employing a collection-based approach, we provide conditions that fully characterize (i)
what refinements of EFR are robust, (ii) when a Structure Theorem (Weinstein and
Yildiz, 2007) of EFR holds, and (iii) when the prediction of EFR is generically unique.
We then apply these results to study robust refinements of EFR when there is higher
order uncertainty about privacy of information or about observability of actions. These
applications demonstrate the power of our results and generate interesting observations

in dynamic environments.



CHAPTER 1

RATIONALIZABLE STABILITY IN MATCHING
WITH INCOMPLETE INFORMATION

1.1 Introduction

The theory of stability in two-sided matching problems has burgeoned since the seminal
work of Gale and Shapley (1962) and Shapley and Shubik (1971). The literature has
mostly focused on the case of complete information, where payoffs of all agents are
common knowledge.! An allocation consists of a matching, which describes who is
matched with whom, and a payment scheme, which specifies a payment among each
matched pair. An allocation is said to be stable if no agent wants to unilaterally leave
his or her partner, and no unmatched pair prefers to be rematched at some payment.
The study of stable allocations has provided valuable insights about the patterns of
marriage, labor markets, and other environments. Moreover, the theoretical development
of matching has informed the design of many real-world markets such as the assignment
of American medical students to residency training programs and the reform of school
choice programs in major cities across the US.

Incomplete information is pervasive in many matching markets. For example, a
firm may not know the productivity of a worker, or whether the worker is a good
culture fit. This uncertainty can affect how a firm assesses the status quo or rematching
opportunities, which is crucial in formalizing the criterion of stability. Moreover,

asymmetric information plays an important role in the process of belief formation.

1See Roth and Sotomayor (1990) for a survey.



Consider a situation where firm 1 knows something about a worker that firm 2 does
not know, and this is common knowledge. Then, firm 2 can potentially make some
inferences from either (i) the fact that firm 1 is matched with that worker at a certain
payment, or (ii) the fact that firm 1 is matched with someone else and is not willing to
be rematched with the worker in question. These inferences then put restrictions on
firm 2’s beliefs and thus have implications on what allocations can be deemed stable.
Notice that the persistence of a stable allocation conveys information to the uninformed
agents. Thus, their beliefs are endogenous due to the dependence on allocation, which
is an endogenous variable in the model.

In this paper, we focus on matching markets with one-sided incomplete information.
We consider a worker-firm environment where firms are uncertain about the quality of
workers. In the same framework, Liu et al. (2014) employ a non-equilibrium approach
to study the stability of outcomes, i.e. conjunctions of a state and an allocation. They
formulate a procedure that interatively removes blocked outcomes, resembling the notion
of rationalizability in the game-theoretic literature (Bernheim, 1984; Pearce, 1984). In
that paper, firms know the quality of their own partners, but their probabilistic beliefs
about other workers’ quality are left unspecified; payoffs from blocking pairs are thus
evaluated by the worst possible case. In contrast, our goal is to examine how firms form
and update their beliefs in the decision making process, which is crucial in an economic
environment with uncertainty and often leads to sharper predictions.? Liu (2017b) points
out that beliefs in a stable matching should be endogenously defined, together with the
matching itself. Based on this insight, Liu (2020) pioneers an equilibrium approach and
studies stable matching functions which are mappings from the space of uncertainty
to the space of allocations.® In particular, firms understand the matching function,
and their endogenous beliefs are updated from a prior belief given the observation of
the realized allocation. Our approach is different from Liu (2020) in that we introduce
endogenous beliefs into a non-equilibrium analysis. The motivation is twofold. First,
a non-equilibrium analysis does not require firms correctly understand the underlying

matching function as it imposes much weaker assumptions on beliefs. Second, even if

2See Example 1.2 and the discussion that follows.

3The notion of matching function belongs to an equilibrium approach, because it describes a
relationship between the underlying uncertainty and the consequence of the game; just like in non-
cooperative games, a strategy profile serves as a mapping from agents’ private information to their
final actions. However, there is an important distinction between a stable matching function and an
equilibrium strategy profile: The former is defined with respect to the coalitional behavior among
agents, while the latter is defined on the premise of individual optimization.



we are committed to making predictions using stable matching functions, we should
be concerned about additional signals received by firms that are beyond the primitives
of our model. The non-equilibrium solution concept we propose ensures informational
robustness — It contains exactly those outcomes that can be realized by stable matching
functions when we vary across all possible additional signal structures.

An important step of our analysis is the formulation of firms’ endogenous beliefs,
which we call conjectures. We adopt the notion of conditional probability systems
because it allows us to model how firms react to potential pairwise deviations, especially
when they are surprised by such events.* Moreover, conjectures should not be arbitrary
in a stable outcome. This is because the stability of an outcome is tested against all
counterfactual pairwise deviations. If a firm is willing to participate in a particular
pairwise deviation but the worker refuses to do so, she can make inferences from such
a failure. We formalize this reasoning by a self-consistency condition on conjectures,
which requires each firm to believe, in a strong sense, that she cannot successfully block
the allocation with some worker. This condition is key to ensure the logical consistency
of our non-equilibrium analysis in a cooperative setting. We then propose a criterion of
stability for a given set of outcomes (Definition 1.4). Specifically, an outcome in this
set is said to be stable if we can find a profile of firm conjectures such that individual
rationality, no blocking, and self-consistency are satisfied.

Firms can also make inferences from the lack of other firms’ viable objections. To
capture this, we start from the set of all outcomes, and iteratively apply the criterion
of stability proposed above. In each round, we remove outcomes that are not stable,
which in turn imposes a stronger restriction on firm conjectures in the next round.®
This procedure converges in finitely many steps, and its limit constitutes our leading
solution concept — the set of rationalizable stable outcomes (Definition 1.5).

We define a useful notion of self-stabilizing set, similar to the “best-reply set” in non-
cooperative games, and show that the set of rationalizable stable outcomes is the largest

self-stabilizing set. Moreover, we show that all complete information stable outcomes

4An event inferred from a proposed pairwise deviation contains the states at which the worker is
willing to participate. If a firm initially attaches zero probability to such an event, we say the firm
is “surprised.” It is those surprises that we want to deal with by the notion of conditional probability
systems.

5We assume that the realized allocation is observable to all firms in the market. So the restriction
on firm conjectures is just the answer to the following question: Given the allocation I observe, what are
the possible states such that the implied outcome (i.e. the conjunction of the state and the allocation)
is not removed yet?



are rationalizable stable, which implies existence of rationalizable stable outcomes across
states. These basic properties indicate that our solution concept is well-behaved, but
we aim to take one step further and justify its formulation as an “appropriate” one. We
achieve this by providing two characterizations of rationalizable stable outcomes that
reveal (i) its relation to the equilibrium notion of stable matching functions and (ii) the
implicit epistemic assumptions underlying its iterative definition.

The first characterization (Proposition 1.3) originates from the insight that, in
non-cooperative games, the strategies that are rationalizable are exactly those that
can be realized by a subjective correlated equilibrium (see Brandenburger and Dekel,
1987; Battigalli and Siniscalchi, 2003; Bergemann and Morris, 2017). To establish
an analogy, we first extend the notion of stable matching functions to a subjective
correlated version. This amounts to defining matching functions on an expansion which
captures an additional signal received by each firm. We then formally show that an
outcome is rationalizable stable if and only if there exists a subjective correlated stable
matching function that realizes this outcome. To the best of our knowledge, this is the
first time such outcome equivalence result has appeared in a cooperative setting. An
immediate consequence is that, when we are agnostic about additional signals firms may
receive, we should appeal to our solution concept if we want to make an informationally
robust equilibrium prediction. In non-cooperative games with incomplete information,
different assumptions on the informativeness of expansions lead to different notions of
rationalizability. One may wonder which assumption our solution concept corresponds
to. Proposition 1.3 implies that the assumption on informativeness is irrelevant in our
setting, which highlights a striking distinction between cooperative and non-cooperative
games. The driving force of this informational irrelevance is firms’ ability to observe
the realized allocation and update their beliefs based on it. Thus, any additional signal
received by a firm can be replicated by the observation of the allocation generated by a
particular matching function.

The iterative definition of our solution concept imposes implicit assumptions on
firm conjectures. Our second characterization (Proposition 1.5) is aimed at revealing

these assumptions. We explicitly model an epistemic state as the conjunction of an

6See Bergemann and Morris (2017) for a summary in the case of static games. To be more specific,
suppose we want to identify the outcomes that can be realized by a subjective correlated equilibrium
defined on an expansion. If we vary across all possible expansions, we obtain the solution concept
belief-free rationalizability (Battigalli and Siniscalchi, 1999; Bergemann and Morris, 2017); however,
if we restrict to the expansions that are individually uninformative, we instead obtain the interim
correlated rationalizability (Dekel et al., 2007) which is a refinement of the former.



outcome and firms’ conditional belief hierarchies about the underlying uncertainty.
This way, an assumption can be expressed as a measurable subset of an epistemic
state space. We say an epistemic state is pairwise rational if no pair of agents would
be better off blocking the specified outcome;” this cooperative assumption plays the
same role as “rationality” in non-cooperative games which requires agents be subjective
expected utility-maximizers. We then introduce the strong belief operator (Battigalli
and Siniscalchi, 2002), which imposes restrictions on the conditional beliefs of firms.
Intuitively, a firm strongly believes an event if she always attaches probability one
to it as long as it is not falsified.® The reason we employ the strong belief operator,
instead of the plain belief operator, is that we need to restrict firm conjectures upon
being surprised by a pairwise deviation. Finally, we express our assumptions by an
event that corresponds to “pairwise rationality and common strong belief in pairwise
rationality (PRCSBPR)” in the universal epistemic state space (i.e. the space that
contains all possible conditional belief hierarchies). Proposition 1.5 shows the projection
of PRCSBPR on the outcome space is exactly the set of rationalizable stable outcomes.
At first glance, the requirement of common strong belief may seem at odds with the
informational robustness of our solution concept due to the “non-monotonicity” of strong
belief.? This is not a contradiction because, in our model, conditional beliefs that are
relevant for prediction are always monotone. Therefore, our focus on the universal
epistemic state space ensures robustness.

The remainder of this paper is organized as follows. The rest of this section reviews
the related literature. Section 1.2 introduces the model and discusses two examples
which illustrate our notion of stability and distinguish it from the existing concepts.
Section 1.3 defines our main solution concept and establishes some basic properties.
Section 1.4 is the core of this paper, which provides two characterizations and a related
result on the common prior assumption. Finally, Section 1.5 concludes with a discussion

on allocative (in)efficiency and some directions to extend our analysis.

"We interpret individual rationality as a special case of pairwise rationality because “leaving the
match alone” can be seen as “forming a blocking pair with oneself.”

8Stalnaker (1998) independently introduces a similar notion called “absolutely robust belief.”

9See Battigalli and Siniscalchi (2002) and Battigalli and Friedenberg (2012).



1.1.1 Related Literature

This paper contributes to several strands of the game-theoretic literature. In this

subsection, we briefly discuss the more closely related ones.

Matching with Incomplete Information. Roth (1989) first studies the impact of
incomplete information on agents’ reporting behavior in matching mechanisms. However,
he maintains the notion of complete information stability. Chakraborty et al. (2010)
focus on the case of interdependent values and study the existence of stable mechanisms.
Their notion of stability is with respect to the mechanism, because different mechanisms
can reveal different information to the agents. Another stream of literature generates
insights by studying the assortativity of matching outcomes in the presence of information
frictions; see Chade (2006), Chade et al. (2014), and Hoppe et al. (2009) among others.
These papers model the matching process as non-cooperative games and use the usual
equilibrium concepts to make predictions.

Liu et al. (2014) make the first attempt to formalize a cooperative notion of stability
with one-sided incomplete information. Their non-equilibrium solution concept does
not model firms’ endogenous beliefs in the reasoning process. Chen and Hu (2020)
establishes a learning foundation for this stability notion, and Pomatto (2021) offers a
forward-induction interpretation using a version of rationalizability in dynamic games.
Bikhchandani (2017) introduces a belief restriction in this approach and investigates its
implications on efficiency. However, such a belief restriction may result in non-existence
of stable outcome; Alston (2020) shows that this non-existence issue is generic. Our
paper provides a logical way to introduce endogenous beliefs into a non-equilibrium
analysis and develops a well-behaved solution concept.

To formulate a Bayesian theory of stability, Liu (2020) proposes the notion of stable
matching functions which can be viewed as an equilibrium concept for matching games.
We establish a formal connection between our non-equilibrium solution concept and this
equilibrium one.

Liu (2017a) and Chen and Hu (2021) study environments where incomplete informa-

tion is two-sided.

Informationally Robust Solution Concepts. In non-cooperative games, if we hold
the view that agents’ behaviors are driven by a Nash equilibrium but want to take
into account additional signals agents may receive, then we need to employ solution

concepts that are informationally robust. One branch of the literature imposes a common



prior assumption on agents’ beliefs. In the case of complete information games, the
outcomes that can be achieved as we vary across all signal structures are exactly the set
of correlated equilibria, as argued in the groundbreaking work of Aumann (1987). With
incomplete information, versions of correlated equilibrium proposed by Liu (2015) and
Bergemann and Morris (2016) serve the purpose of informational robustness, depending
on the informativeness of extra signals we want to consider.'’

On the other hand, we can relax the common prior assumption and assume that agents
hold subjective views about the underlying uncertainty. For complete information games,
Brandenburger and Dekel (1987) show that (correlated) rationalizability (Bernheim, 1984;
Pearce, 1984) characterizes all strategies that can be played in a subjective correlated
equilibrium. Under incomplete information, if we assume agents only receive individually
uninformative signals, then informational robustness is ensured by the interim correlated
rationalizability studied in Dekel et al. (2007); however, if we allow additional signals to
convey payoff-relevant information to the agents, versions of belief-free rationalizability
proposed by Battigalli and Siniscalchi (1999, 2003) and Bergemann and Morris (2017)
can be applied to make robust predictions.'! Propositions 1.3 and 1.4 in our paper show
that informativeness of the additional signal structures is irrelevant in a cooperative
setting, which helps us understand an important distinction between cooperative and

non-cooperative games.

Epistemic Game Theory. When we propose a solution concept, we usually make
implicit assumptions on agents’ rationality and, more importantly, their interactive
beliefs. Epistemic game theory explicitly models these assumptions in a formal language,
and then obtains solution concepts as their behavioral implications. This framework has
proved useful in clarifying different solution concepts in non-cooperative game theory.
Dekel and Siniscalchi (2015) offers a review of this literature. Our analysis in Section
1.4.3 illustrates that the same technique applies seamlessly in cooperative games.

For static (non-cooperative) games, Tan and Werlang (1988) characterizes rational-
izability using the assumption “rationality and common belief in rationality” under
complete information; Battigalli et al. (2011) provide a unifying epistemic analysis of the

existing notions of rationalizability under incomplete information. Analyzing dynamic

0Bergemann and Morris (2013) illustrate how to use Bayes correlated equilibrium (Bergemann and
Morris, 2016) to make sharp informationally robust predictions. They also reverse the perspective and
study the identification of parameters of the game under concerns for informational robustness.

See Bergemann and Morris (2009, 2011), and more recently Penta and Ollar (2017, 2021), among
others, for applications of belief-free rationalizability in the theory of robust mechanism design.



games is more involved, because we need to deal with surprises agents face at unexpected
histories; see Battigalli and Siniscalchi (1999, 2002, 2003). Our epistemic analysis is
closer to the one for dynamic games as we employ the strong belief operator to handle
a similar notion of surprise. Interestingly, we demonstrate an instance where common
strong belief does not lead to non-robustness in terms of prediction.

Several recent papers also take an epistemic approach (different from ours) to study
matching games with incomplete information; see Pomatto (2021) and Chen and Hu
(2021).

Cooperative vs. Non-cooperative Game Theory. Both cooperative and non-
cooperative concepts can be used to study economic interactions among a group of
agents. The non-cooperative approach has the advantage of delivering sharp predictions
due to its assumptions on the structural details of the game. However, those predictions
may be sensitive to the assumptions we make. The cooperative approach avoids this
by abstracting away from the fine details of strategic interactions. Nash (1953) makes
the first attempt to bridge the gap between these two approaches and initiates the so-
called “Nash program,” intended to establish non-cooperative foundations of cooperative
solution concepts. We do not list any papers in this vast literature, but refer the
interested readers to a brief introduction by Serrano (2008).

After developing a Bayesian theory of stability with incomplete information, Liu
(2020) proposes a new agenda called the “Kreps—Wilson program,” which is aimed
at deriving novel concepts in cooperative games under incomplete information by
borrowing tools and insights from the literature of non-cooperative games. We emphasize
that its objective is different from the earlier Nash program in that it focuses on the
implications of incomplete information without compromising the cooperative features

.12 Our paper is another step forward, and we believe pursuing this

of the environmen
agenda can bring us a deeper understanding of cooperative games and its relation to

non-cooperative ones.

12For example, in our paper, we do not impose ad hoc assumptions about strategic interactions
when negotiating a pairwise deviation, and the interactive beliefs in the epistemic analysis are purely
based on the cooperative behavior among pairs of agents.



1.2 The Model

We consider a two-sided one-to-one matching market with transferable utility as in
Crawford and Knoer (1981). Following the literature, we call agents on one side of the
market workers, and those on the other side firms. The primitives of our model are
a matching game, which specifies agents’ payoffs from matching, and an information
structure, which describes the uninformed agents’ private information about the uncertain

state.

1.2.1 Matching Game

Consider a finite set of workers I and a finite set of firms J. We write ¢ € I for a typical
worker (he) and j € J for a typical firm (she). Let T; denote the set of payoff types for
each worker ¢, and let T' = X, T;. When worker ¢ of type ¢; and firm j are matched,
they obtain matching values a;j(t;) and b;;(t;), respectively. With a slight abuse of
notation, we write a;;(t) = a;;(t;) and b;;(t) = b;;(¢;) where ¢t = (¢;,t_;). Moreover, let
a;(t) = bj;(t) = 0 for all £, so unmatched agents obtain no value. A matching game is

formally defined as the tuple
M={1,J,T,(a,b)},

where (a,b) : I x J x T — R%

1.2.2 Information Structure

All observable payoff relevant characteristics are captured by the identities of the agents.
However, the payoff type of each worker is his private information, which may not be
observed by firms. Thus, there is incomplete information on one side of the market, as
considered in Liu et al. (2014) and Liu (2020). An information structure is formalized
by a partition model, which describes hard pieces of information privately received by

firms.!3

13See, for example, Aumann (1987). We interpret “information” as what agents “know” about
payoffs, instead of what they “believe.” Since workers know their own payoffs and this is common
knowledge, we do not explicitly include workers’ information in the information structure. However, we
note that workers’ information plays a role in our analyses, and their participation is a crucial part of
the cooperative game.
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Specifically, let €2 be a finite state space. An element w € (Q is called a state, and a
subset of €2 is called an event. There is a mapping 7 : 2 — T that specifies a worker
type profile for each state. The information of firm j is described by an information
partition P; of {2, which consists of a collection of disjoint cells that covers 2. We can
think of a cell II; € P; as a private signal received by firm j, so she knows that a state
in II; has realized but cannot distinguish between the states in the same cell. We write
IT;(w) for the cell that includes the state w. To summarize, an information structure is
a tuple

L ={Q,7,(Pj)jes}-

We may append a profile of exogenous beliefs, (5;);ecs, to the information structure
Z. They describe firms’ subjective assessments about the states, which should be
treated as primitives of the model. Each firm j’s exogenous belief is captured by a
conditional probability system (; on the state space Q.'* We shall postpone the definition
of conditional probability systems to Section 1.3.1. In fact, these beliefs do not play a
role in our main solution concept, but they are essential in an equilibrium analysis and
will be used when we establish the connection between our non-equilibrium approach
and the equilibrium one (Section 1.4.1). We call the combination of an information

structure and a profile of exogenous beliefs, {Z, (8;),cs}, an information environment.

1.2.3 Allocation and Outcome

A matching p: I UJ — [ U J is a one-to-one mapping that satisfies: (i) u(i) € J U {i}
for all ¢ € I, (ii) pu(j) € TU{j} for all j € J, and (iii) p(z) = j if and only if u(j) = .
A payment scheme p associated with a matching p is a vector of real numbers that
specifies a payment p;,;) received by worker ¢ and p,;y; paid by firm j. Unmatched
agents make no payment, i.e. p;; = p;; = 0. Therefore, if worker ¢ is matched with firm
J, i.e. u(i) = j, at a payment p;;, worker ’s and firm j’s ex post payoffs are a;;(t) + p;;

and b;;(t) — p;j, respectively.

Definition 1.1. An allocation (i, p) is a matching p together with a payment scheme

p associated with p. An outcome (w, i, p) consists of a state and an allocation.

14The conditional probability system 3; on © cannot be replaced by a profile of probability distribu-
tions (B[ |I1;])m,ep, as in Brandenburger and Dekel (1987). The reason is that a firm can infer new
information from either observing the realized allocation or facing a potential pairwise deviation, and
this piece of information may not be measurable to the information partition P;. Hence, a conditional
probability system is necessary to ensure that firm j is prepared for any surprises she may face.
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Let p = max; j; b;;(t), p = min, j; a;;(t), and define the restricted space of outcomes
as

O = {(w, 11, P) : Pipgs) € [p, p] for all i € T}.

Any outcome (w,pu,p) € O cannot sustain for any reasonable notion of individual
rationality, so we can restrict our attention to this maximal set O. Write A for the

projection of O onto the space of allocations, i.e.
A={(p,p): (w,u,p) € O for some w € Q}.

Note that both O and A are compact spaces.

1.2.4 Examples

In the remainder of this section, we present two simple examples to illustrate our notion

of stability and its relation to the existing solution concepts in the literature.

Example 1.1. Suppose there are two workers I = {iy, >} and one firm J = {j}. Worker
i1 only has one type, T;, = {m}, and worker i, can either be a low type or a high type,
T, = {¢, h}. The matching values are given by the following table

1=11| 1 =19
til m ¢ h

a;(t)| -2 | -1 -3

bi;(t:) 5 3 10

A state is identified with a worker type profile, and the firm does not know the type
of worker i5. More precisely, we have Q = {mf, mh}, 7 is the identity map, and
P; = {Q}. Moreover, let the firm’s exogenous belief about worker 45’s type be uniform,
i.e. B;lml] = B;lmh] = 1. We now ask the following question: Can the firm be matched
with worker 7; in some (rationalizable) stable outcome?

We claim that, at state w = m/, if the firm is matched with worker 71, the payment
Piy; must be in the range [2,3]. To see this, first note that p;,; € [2, 5] because otherwise
individual rationality is violated — one of the agents would be better off leaving the

match. We next argue that, for any p;,; € [2, 3], the allocation can be supported by a
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5
7
weakly higher than 2. Suppose the firm and worker i, attempt to block the allocation at

conjecture v; of the firm such that v;[mf] € (2,1]." In this case, the firm gets a payoff
a payment ¢ > 1 (otherwise no type of worker i, has incentives to deviate). If 1 < ¢ < 3,
then only type ¢ would participate, which means the firm can infer a deviating payoff
of 3 —q < 2;if ¢ > 3, then both types would participate, which means the firm makes

no inference and anticipates an expected payoff of
3v;[ml] + 10(1 — v;[ml]) — g <5 —q < 2.

On the other hand, if p;;; > 3, the firm gets a payoff strictly less than 2. But then
worker i (of type £) can block this allocation with the firm at a payment slightly higher
than 1 (so the firm’s payoff from the deviation is only slightly lower than 2).

Next consider the state w = mh. It turns out that, if the firm is matched with worker
i1, the payment p; ; must also be in the range [2,3]. For p;; € [2,3], the allocation
is again supported by a conjecture v; such that v;[mf] € (%, 1] as argued above. We
next suppose p;,; > 3 towards a contradiction. In this case, the firm must attach zero
probability to the state m/, i.e. vjim¢] = 0. This is because, if the state were m¢, worker
19 would have agreed to deviate with the firm at a payment slightly higher than 1. But
at the true state w = mh, such a deviation is not viable (since worker iy refuses it).
Thus, the firm should believe that worker iy is not of type £. This is a self-consistency
condition on v; which reflects information inferred by the firm from the lack of viable
pairwise deviation (see Definition 1.4). Finally, if the firm attaches probability one
to the true state, she will block the allocation with worker i, at a payment 4. So we
conclude that p; ; cannot exceed 3.

Therefore, at either state, an allocation that matches the firm with worker 7; is
stable if and only if the payment p;,; € [2,3]. We point out that all reasoning above is
independent of the exogenous belief (;.

As a comparison, if we employ the solution concept Bayesian stability proposed
by Bikhchandani (2017), the conclusion will be very different:'® at either state, an
allocation that matches the firm with worker i; cannot be stable. This results from

the assumption that the firm evaluates a pairwise deviation according to the exogenous

15This is not a complete description of the firm’s conjecture. For an intuitive illustration, we avoid
dealing with conditional probability systems in the examples.

16Bikhchandani (2017) assumes that a firm perfectly observes the type of the worker she is matched
with, which is not the case in this paper. However, in this example, we only consider allocations where
the firm is matched with worker i1, whose type is common knowledge. So the comparison is valid.
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B; and the worker’s willingness to participate (and nothing else). The argument is as
follows. If the firm is matched with worker iy, the highest payoff she obtains is 3 (at
payment 2). Regardless of the state, worker iy can propose a pairwise deviation with the
firm at a payment ¢ € (3, %) Then both worker types would be willing to participate,
and the firm’s expected payoff is

5j[m€]-3+ﬁj[mh]-10—q:123—q>3

This means any allocation that matches the firm with worker #; is blocked under Bayesian
stability. &

The main distinction between rationalizable stability and Bayesian stability is that,
for the former, the exogenous belief §; and the endogenous one (i.e. conjecture) v; are
treated separately and can be different. One may wonder how such divergence can arise.
Here we use the example above and offer two distinct interpretations, both of which
involve a belief updating process. The first one is that, even though the firm initially
assigns equal probabilities to two types of worker 5, she may receive some additional
signal (an interview, for example) indicating it is much more likely that worker i is
of low type. This helps the firm update her belief to v;. Note that such a signal is
outside our model, and we implicitly allow for all possible (payoff-relevant) additional
signals observed by the firm. This interpretation highlights the informational robustness
property of our solution concept.

The second interpretation does not involve any additional signal. Instead, it relies
on the firm’s observation of the allocation and understanding of a “matching function”
which relates the underlying states and the allocations (Liu, 2020). Moreover, we assume
that the matching function is defined on an expanded state space, while the firm has
a more elaborate probabilistic assessment about the auxiliary states. In particular,
we let the expanded state space be {¢™ @™ ¢mh} with the interpretation that the
superscript of an auxiliary state indicates the type profile of the workers. The firm’s

subjective assessment is represented by a probability distribution §; as follows

3

1—¢
27

1
GIO7T =5, &l =5, and glor" =,

2 Y
where € > 0 is sufficiently small. Note that §; is consistent with the firm’s exogenous
belief 3;, in the sense that &;[¢™] = B;[ml] and &;[{¢™", ¢7"}] = B;(mh]. The matching
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auxiliary states allocations

oIt ——————— (u(j) = i1, pij)

/

¢t —————— (u(j) = iz, Piny)

h
oL

Figure 1.1: A matching function on an expanded environment of Example 1.1

function is defined as in Figure 1.1, where (u(j) = 41, p;,;) with p;; € [2,3] is the
allocation to be justified, and (u(j) = i2,pi,;) € A is another allocation that assigns
worker iy to firm j.

Now given the firm’s understanding of the matching function, her subjective as-
sessment &;, and the fact that she observes the realized allocation (u(j) = i1, i),
the firm entertains an updated (endogenous) belief v; such that v;[m/] = l—ia Since
vj[ml] € (2,1] when ¢ is small enough, it then justifies the stability of (1(j) = 41, pi,;)
when worker 5 is of either type, as argued in the example. We emphasize that the two
interpretations above are conceptually different since no additional signal is observed
in the latter one. However, they both lead to the same solution concept in our setting
exactly because “observing an allocation” can serve as a belief updating device which
has the same effect as “receiving an extra signal.”!”

Due to the flexibility of conjectures, it is tempting to think that our notion of
stability is equivalent to the one where firms always evaluate their payoffs by a worst-

case reasoning as in Liu et al. (2014). The next example shows this is not the case.

Example 1.2. Suppose there are two workers I = {iy, i3} and one firm J = {j}. Each
worker can be either a low type or a high type, i.e. T;, = T;, = {¢, h}. The firm’s payoff
only depends on the type of the worker she is matched with, but not the identity of the
worker. Both workers have identical preferences. The matching values are given by the
following table
t:| £ h
a;;(t;) | =2 =5
bij(ti)| 1 16

17"The first interpretation reflects the equivalence (i) <> (i74) in Proposition 1.3, while the second one
exhibits the equivalence (i) < (i7) in the same result.
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Assume that a state is identified with a worker type profile, and the firm knows whether
there is at least one high type worker. More precisely, we have Q = {¢(,(h, h{, hh},
7 is the identity map, and P; = {{¢}, {¢h,hl,hh}}.*® We do not specify the firm’s
exogenous belief in this example. The question we ask here is: Can the firm stay
unmatched when at least one worker is of high type?

Let us first consider the stability notion from Liu et al. (2014), which predicts that
the firm can be unmatched in a stable allocation at any state w € {¢h, h{,hh}. The
argument is as follows. If the firm stays unmatched, she obtains a payoff of 0. Now
suppose worker i; proposes to rematch with the firm at a payment ¢ > 2. No matter
what ¢ is, the firm believes that worker 7; is of the worst type that would participate
in such deviation, i.e. type £. This means the firm evaluates the payoff from deviating
with worker ¢; by 1 — ¢ < 0, so she will not accept the rematch. The same argument
applies to any potential deviation with worker 7.

However, if we assume the firm is Bayesian (i.e. forms a subjective belief and
then makes decisions based on expected payoffs), she cannot stay unmatched in any
stable allocation at w € {fh, hf¢,hh}. We prove this by contradiction. Suppose the
stable allocation that leaves the firm unmatched is supported by a conjecture v; €
A({lh,hl,hh}). Therefore, the allocation cannot be blocked by the firm and worker i,
at a payment of 6, which means

[GVIN )

Notice that both types of worker 7; would be willing to participate, so the firm makes
no inference from this pairwise deviation. At the same time, the allocation also cannot

be blocked by the firm and worker 75 at a payment of 6, i.e.
2
vilhl] +16(1 — v;[hl]) =6 <0 & v;[hl] > 3

which leads to a contradiction. In other words, such an allocation will always be blocked
by the firm and one of the workers depending on the firm’s conjecture, and hence it
cannot be (rationalizable) stable at state w € {¢h, h{, hh}. O

18As a (somewhat extreme) example, this partition structure can arise if the firm is an economics
department, and two job candidates have only one coauthored paper which is to be examined by the
department. If the quality of the paper is high, then the department knows at least one of the coauthors
is a well-trained economist.
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As we can see from Example 1.2, both our notion of stability and the one proposed
by Liu et al. (2014) are belief-free (or exogenous-belief-free), in the sense that exogenous
beliefs (3;),es do not play a role in the analyses. However, Liu et al. (2014) further
assume that firms are non-Bayesian and use a worst-case reasoning, which means their
solution concept is conjecture-free (or endogenous-belief-free).!? Instead, we explicitly
model the conjectures of firms in their reasoning process before any pairwise deviation
arises, and require these conjectures be updated and used to make decisions across all
possible unexpected events in a consistent way.?’ Therefore, our solution concept is
more demanding and delivers sharper predictions.

In both examples above, there is only a single firm, so we can make our final
predictions after the first round of reasoning. In general, when there are many firms
and the information partitions have a non-product structure, more rounds of removal
can be performed as firms infer more information from previous rounds and hence refine
their beliefs. We formally define our solution concept for general environments in the

next section.

1.3 Rationalizable Stable Outcomes

The solution concept we shall formalize is an iterative removal procedure which intuitively
captures common (strong) belief, among firms, in individual rationality and no mutually
profitable pairwise deviation.?! In this section, we first describe the criterion of stability
for a given set of outcomes. Then we start from the set O and iteratively apply this
criterion. The limit of this process is our final prediction, the set of rationalizable stable

outcomes.

9Here we follow the terminologies from the non-cooperative game literature. When addressing a
similar point, Liu (2017b) refers to what we call belief-free as “prior-free,” and what we call conjecture-
free as “belief-free.”

20Within a blocking pair, a firm rejecting a rematch according to the worst case is equivalent to her
rejecting against all justifiable endogenous beliefs. However, this can lead to inconsistency of beliefs
across multiple blocking pairs involving the same firm. To see this, notice that in Example 1.2, the
unmatched firm does not want to rematch with either worker because of the following reasoning: “If
either worker is willing to rematch with me, I believe he is of low type.” But it is conceivable that both
workers can be willing to form a blocking pair with the firm. In that case, the worst-case reasoning
seems to suggest that the firm believes both workers are of low type, which contradicts her information
indicating at least one worker is of high type. Such inconsistency does not arise in our analysis.

21'We make this statement formal in Section 1.4.3.
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1.3.1 Conjectures and Stability

We assume that firms observe the current allocation. Since firms are uncertain about
their payoffs, they entertain endogenous beliefs over states which govern their decisions
about whether to maintain the status quo or reject it. We call these beliefs conjectures
and denote them by (v;)jes. Fix a set S C O, which is understood as the set of
“candidate” outcomes that firms do not yet rule out.?? Suppose the realized outcome is
(w, p,p) € S. Upon observing the allocation (i, p), firms can infer that the state is an
element in

S(MP) = {w/ S Q: (w',,u,p) € S}

Moreover, for each firm j € J, her private information about the state is given by II;(w).
Therefore, she believes a state in II;(w) N Sy, p) has realized and conceives a conjecture
on this event. When specifying such a conjecture of firm j, one may attempt to define
it as a probability distribution over IL;(w) N S(,p). However, this is not enough. To see
this, suppose that firm j’s conjecture attaches zero probability to some states, including
the true state w, in I1;(w) N S, p). When a pairwise deviation is to be carried out by
firm j and some worker i, it is possible that only those states to which firm j attaches
zero probability can “rationalize” worker i’s incentives to participate in the deviation. In
this case, firm j is surprised (because her belief is falsified), and her updated conjecture
conditional on a zero probability event is undefined. In order to resolve this issue, we
employ the notion of conditional probability systems introduced by Rényi (1955) (see
also Myerson, 1986).

Definition 1.2. Let X be a Polish space with Borel sigma-algebra B. Let C C B be a
nonempty countable collection of “conditioning events” such that @ ¢ C. A conditional
probability system (hereafter CPS) on (X, B,C) is a mapping v|-|-] : B x C — [0, 1] such
that the following two conditions are satisfied:

(i) For every C € C, v[-|C] is a probability measure on (X, B) and v[C'|C] = 1;

(11) If El S B, E2 € C, Ce C, and El g E2 g C, then I/[El | EQ] 'V[EQ | C] = V[El ‘ C]

Let A€(X) denote the set of CPSs on (X, B,C). Moreover, when X is a finite set, we
write A*(X) for the set of CPSs on (X, 2%,2X\{2}).2

22This set will be the input of our iterative definition and will be repeatedly refined in each round
(see Section 1.3.2).
23The space of uncertainty is a finite set for most of our analysis (because (2 is assumed to be finite),
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Remark. What makes the analysis of a cooperative game special is that any sensible
solution concept relies on the true state, which is usually irrelevant in non-cooperative
games. Note that the generality of CPS has a bite only when a firm attaches zero
probability to the true state. To avoid this possibility, we could alternatively make the
assumption of grains of truth: When forming conjectures, firms always attach positive
probability to the true state. But this assumption is hard to justify, especially when we
take the viewpoint that conjectures are purely subjective. Moreover, we do not wish to
rule out situations where a firm assigns zero probability to the true state, when this

conjecture cannot be falsified by any pairwise deviation.?*

Given an outcome (w, i, p), a pairwise deviation (1, j, q) consists of a worker i, a firm
J # p(i), and a payment ¢ € R. The notation (i, j,q) omits the outcome for brevity.
Each firm j entertains a conjecture defined as a CPS on IL;(w) N S, p); if a pairwise
deviation (i, j, q) is carried out, an additional piece of information Dy, ;) is revealed to
firm j, which captures worker ¢’s willingness to participate in this pairwise deviation.
A firm’s conjecture implicitly describes her belief about whether she can successfully
deviate with some worker. The following definition is a key component that helps us

formalize this description.

Definition 1.3 (No-blocking Sets). Let S C O be a subset of outcomes and take
(w,p,p) € S. The no-blocking set of firm j with respect to her conjecture v; €
A*(Hj(w) N S(#,P)) is

w' e Hj(w) N S(IMP) :
There does not exist a pairwise deviation (i, 7, q) s.t.
ai;(T(w) + ¢ > i) (T(W')) + Pingi), and
By, b3 | Diigig) O Sup)] = 4> By [buiiyi | Diigia) O Sup)] = Pt

NBj(v;) =

where Dy jq) = {w" € I;(w) © a; (T(wW")) + ¢ > i) (T(W")) + Pintiy -

so the notation A*(X) is heavily used. In Section 1.4.3, more complicated spaces of uncertainty are
considered, and we shall invoke the more general definition of A°(X). When the collections B and C
are understood, we simply say “v is a CPS on X” without any confusion.

240ne may attempt to make a stronger (but seemingly more justifiable) assumption to avoid using
CPS: Firms are cautious so their conjectures always have full support. Unfortunately, this assumption
is logically inconsistent with our iterative removal procedure; a similar point has been made against
iterative removal of weakly dominated strategies in non-cooperative games (see Samuelson, 1992;
Borgers, 1994).
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In the definition above, E, [b;; | D(;jq) N S(up)] denotes firm j’s expected matching

value conditional on the event D; ;o) N S(up), i-€.

By, [bu(i | Diiig) N S(up)] = > by (T(W)v4[w” | Diijig) N S(up)]-

W€D 5,)NS(u,p)

Intuitively, the event NB;(v;) contains the states at which, given firm j’s conjecture v;,
she cannot benefit from participating in any pairwise deviation with some worker.

We now define the notion of stability with respect to a fixed set of outcomes S C O.

Definition 1.4 (S-Stability). Fix a set of outcomes S C O. An outcome (w, i, p) € S
is S-stable if there exists a profile of conjectures (v;);cs, where v; € A*(II;(w) N S(.p))

for each j € J, such that the following three conditions are satisfied:

(i) (Individual rationality) The allocation (u,p) is individually rational at w, i.e.

Qip(i) (T(W)) + i) = 0, for all i+ € I and
E,, [bueyi | TLi(w) N S(upy] — Pugi); = 0, for all j € J.

(ii) (No blocking) The allocation (u, p) is not blocked at w, i.e. w € NB;(v;) for all
je .
(ili) (Self-consistency) Conjectures (v;);je; are self-consistent: For every j € J and

conditioning event C' C II;(w) N S, p) such that C N NB;(v;) # @, we have
vi[NB;(v) | C] = 1.

Part (i) of Definition 1.4 is a basic requirement for stability: No agent should prefer
to leave the match unilaterally. Since incomplete information is one-sided, workers know
their ex post payoffs, while firms compute their expected payoffs using their conjectures.
Part (ii) says that, at the true state w, there does not exist a viable pairwise deviation
that benefits some unmatched pair.

Part (iii) of the definition is more subtle. In words, it requires that every firm j
believe the event NB;(v;) in a strong sense: as long as the conditioning event does not
falsify NB;(v;), firms j assigns probability one to it. This is based on the premise that,
in a cooperative setting, a firm should be able to make whatever proposals she likes,
and learn from the failure of those proposals. Therefore, each firm j should attach

zero probability to any state w’ & NB;(v;) whenever possible, because if the state were
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W', there exists a worker who would have agreed to accept some payment and rematch
with firm j. This condition is key to ensure the logical consistency of belief formation
process in our cooperative environment. Lemma 1.2 in the Appendix ensures that a

self-consistent conjecture always exists.

1.3.2 Solution Concept: Rationalizable Stable Outcomes

Given the notion of S-stability, the set of rationalizable stable outcomes is computed by
iteratively applying this criterion until a limit is reached. The idea is that, if a stable
outcome persists, firms can refine their conjectures based on the fact that other firms
do not want to block the allocation with some worker, the fact that other firms believe

so, and so on.

Definition 1.5 (Rationalizable Stability). Let S® = O. For each n > 0, let
S" = {(w, p, p) € 5™ : (w, p, p) is S"-stable}.

Define 5% = ,,50 5™ as the set of rationalizable stable outcomes. If (w, p, p) € S, we

call (i, p) a rationalizable stable allocation at w.

This solution concept has a formal resemblance to the non-cooperative notions of
rationalizability. The closest one in spirit is the belief-free rationalizability proposed by
Battigalli and Siniscalchi (2003).%° The definition of S* is also belief-free, in the sense
that in each round of removal, the only relevant inputs are the inferred set of states 57, )
and the information partitions (P;);c;. However, unlike the ones formulated in Liu
et al. (2014) and Chen and Hu (2020), our notion is not conjecture-free — Importantly,
we require that all firms entertain conjectures in each round and Bayes” update across
different “off-path” scenarios in a consistent way.

In the rest of this section, we establish some basic properties of S°°, showing that it

is a well-behaved solution concept.

Definition 1.6. A nonempty set of outcomes F' C O is self-stabilizing if every (w, u, p) €
Fis F-stable.

The notion of self-stabilizing set is proposed by Liu et al. (2014). It is analogous
to the best-reply set in non-cooperative games (Pearce, 1984; Dekel et al., 2007). The

25Gee also Bergemann and Morris (2009, 2017).
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following proposition offers a fixed-point characterization of S*°, which can be used as

an equivalent definition.
Proposition 1.1 (Fixed-Point Characterization).

(i) Let L be some index set. If F* is a self-stabilizing set for every £ € L, then
F = Upep, F* is also self-stabilizing.

(ii) The set of rationalizable stable outcomes S is the largest self-stabilizing set.
Proof. See Appendix 1.6.1. O

Bikhchandani (2017) and Alston (2020) demonstrate that their way of imposing belief
restrictions in a non-equilibrium analysis leads to non-existence of stable allocations
at some states. It is natural to ask whether S* has the same drawback. The next

proposition shows that a rationalizable stable allocation exists at every w € 2.

Proposition 1.2 (Existence). For every w € €, there exists an allocation (u,p) such
that (w, u, p) € S°.

Proof. Fix an w € Q. Let (u*, p*) be a complete information stable allocation when w
is commonly known. The existence of such an allocation is established by Shapley and
Shubik (1971) and Crawford and Knoer (1981). When firms’ conjectures are restricted
by the singleton set {(w, u*, p*)}, it is as if there is complete information among firms
and workers. Therefore, Definition 1.6 reduces to individual rationality and no blocking
of (u¥,p“) at w with complete information, which implies that {(w, u*,p“)} is a self-
stabilizing set. By Proposition 1.1, we have (w, u*, p*) € S*°. The same argument holds
for all w € €. O

The proof of Proposition 1.2 shows that the set of all complete information stable
outcomes is a subset of §°°. This is a common feature of the solution concepts formalized
in the recent literature (Liu et al., 2014; Liu, 2020; Chen and Hu, 2021). Intuitively,
introducing incomplete information does not eliminate agents’ incentives to maintain a
complete information stable outcome; however, the set of rationalizable stable outcomes
can be a proper superset due to the information friction which leads to firms’ reluctance

to carry out a pairwise deviation, even if it would be profitable to them ex post.
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1.4 Informational and Epistemic Characterizations

1.4.1 Relation to the Equilibrium Approach

To develop a Bayesian theory of stability in matching games, Liu (2020) employs an
equilibrium approach reminiscent of the classic theory of rational expectations equi-
librium (Radner, 1979). In particular, he studies the stability of matching functions
which describe the relationship between the uncertain states and the observables (i.e. al-
locations). It is natural to explore the connection between the equilibrium approach
of Liu (2020) and the non-equilibrium approach we pursue in this paper. To perform
an equilibrium analysis, we now need to specify exogenous beliefs (5;);cs as primitives
of the model.?® Tt turns out that, for any information environment {Z, (3;);es}, our
solution concept S is outcome equivalent to a subjective correlated version of stable
matching functions. To formally state this result, we first describe a way to expand
the information environment {Z, (5;);es}, so that each firm can receive an extra signal

about the worker type profile.

Definition 1.7 (Expansions). An ezpansion of the information environment {Z, (3;) e}

consists of the following elements:

(i) A finite set ® = {J,cq @, where each ® is nonempty and & N &' = & for any
w # W
(ii) A partition Q; of ® for each firm j € J, where a typical cell is denoted by A; € Q;

(ili) A CPS ¢; € A*(®) for each firm j € J that is consistent with 3; in the following
sense: For any £ C €2 and nonempty C' C 2, we have

&(0F |29 = lE | C],

where we denote % = (J ooy ®“ for any ' C Q.

Let £ = {®,(9Q,)jes, (&) es} denote such an expansion. In addition, if Q; = {®} for

all j € J, we say that £ is an expansion with trivial partitions.

We make a few remarks on Definition 1.7 to facilitate the reader’s understanding

and pave the way for the result to follow:

26Recall that for each firm j € J, her exogenous belief 8; € A*(Q2) is a CPS defined on the state
space ).
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« Intuitively, when a state w € €0 is realized, Nature spins a “roulette wheel” with
outputs in ®“. Each firm j may not observe the precise realization of the auziliary
state ¢ € ®“, but is informed the cell Aj(¢) in her partition Q, that contains
¢. Therefore, we can interpret A;(¢) as an extra signal that firm j receives in
addition to the signal II;(w) from P;.

« Each firm j has a subjective assessment, captured by the CPS &; € A*(®), about
the auxiliary states in ®. The consistency requirement in part (iii) ensures that the
expansion £ can be viewed as a richer information environment than the original
{Z, (Bj)jes}-

« Notice that we model the finite set ® = J,cq P as a disjoint union, so each
¢ € ® uniquely determines the realized state w € €). As a consequence, we can
conveniently work with the expanded state space ® in the following analysis. With
a slight abuse of notation, we extend the domain of 7 to ® and write 7(¢) = 7(w)
for all ¢ € ®“. Moreover, for each firm j, we can envision the information partition
P; as one of ® and denote I1;(¢) = L) = Uwrer, ) ' for all ¢ € ®*. Hence,

whenever we write I1;(¢), we think of it as a subset of ®.

o When an expansion £ has trivial partitions, it only introduces more details to the
original state space {2 and describes more elaborate subjective assessments (&;) ;e

However, no new information is received by firms.

We now extend the notion of matching functions studied in Liu (2020) and define
them on an arbitrary expansion £ of the information environment {Z, (3;);c;}.2" A

matching function defined on &,
M:d— A

is a mapping that assigns an allocation (i, p) to every auxiliary state ¢ € ®. As in the
formulation of a rational expectations equilibrium, we assume that all agents have correct
understanding of this matching function, and their information is updated accordingly
after they observe the realized allocation. Next we define the stability of a matching

function M.

27 Although defined in a different language, this extension is in the same spirit as the “stability with
private beliefs” in Liu (2017b) and the “correlated stability” in Liu (2020).
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Definition 1.8 (Stable Matching Functions; cf. Liu (2020, Definition 5)). Given an
expansion £ of the information environment {Z, (5;);e;}, a matching function M defined

on & is stable if the following two conditions are satisfied:

(i) (Individual rationality) For every ¢ € ® and allocation (u, p) = M(¢), we have

Qi) (T(@)) + Piny) = 0, for all i € I and
Ee, [0y | (@) N A () N M Y1, P)] — pu@y; = 0, for all j € J.

(ii) (No blocking) For every ¢ € ® and allocation (u, p) = M(¢), there does not exist

a pairwise deviation (i, j, ¢) such that

aij(17(P)) + q > aip(i)(7(@)) + Piucs), and
Ee, [bij | DG ;o 0 M7 (1, 0)] — ¢ > Ee, [bugiy; | DG iy 0 M7 (1, 0)] = Duiinss

where D ; ) = {¢' € T1;(¢) N A;(6) = ai(7(¢)) + ¢ > @in(i) (7() + Pinti)}-

In the definition above, for any subset ® C &,

EEJ w(5)i |(I) Z bM(] 5] [¢ |(I)]

¢ ed’

denotes firm j’s expectation of her matching value conditional on the event ®’. For
individual rationality, the conditioning event is the join of three pieces of information
that firm j receives: the signal II;(¢) from the original information partition P;, the extra
signal A;(¢) from the expansion &, and the inference M~ (u, p) from understanding
the function M and observing the allocation (u,p). Similar to our previous analysis,
when firm j evaluates a pairwise deviation (i,7,¢q), there is an additional piece of
information revealed by worker i’s willingness to participate; therefore, her expected

4,5,q) n Mﬁl(lua p)'28
Note that Definition 1.8 formalizes a subjective correlated version of the stable

payoff is conditional on a refined event D(

matching function, because M is defined on an expansion £ which involves firms’
additional and possibly correlated private signals. We are ready state the main result of

this subsection.

28The inference set D(
to indicate that D®

i) is analogous to the D; j o) € Q in Definition 1.3. We use a superscript

(tr2d) is now a subset of ®.
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Proposition 1.3 (Informational Robustness). Fiz an information environment {Z, (5;);es}-

The following statements are equivalent:

(i) An allocation (u,p) is rationalizable stable at w, i.e. (w, u,p) € S;

(i) There exist an expansion € with trivial partitions and a stable matching function

M defined on &, such that (u,p) = M(¢p) for some ¢ € P;

(7ii) There exist an expansion £ and a stable matching function M defined on £, such
that (1, p) = M(¢p) for some ¢ € O¥.

Proof. See Appendix 1.6.2. O]

Proposition 1.3 deserves some discussion in detail. The equivalence between (i) and
(iii) is the cooperative analog of the outcome equivalence between non-equilibrium and
equilibrium solution concepts in non-cooperative games (Brandenburger and Dekel, 1987,
Battigalli and Siniscalchi, 2003; Bergemann and Morris, 2017). In words, it says that,
given an information environment, an outcome is rationalizable stable if and only if it
can be realized by some subjective correlated stable matching function. This equivalence
result provides an informational robustness foundation for our solution concept S*: If
we know the baseline information environment and want to predict outcomes that can
arise from a stable matching function, but we are agnostic about additional signals firms
may receive, then S* delivers a robust prediction.

Perhaps surprisingly, statement (iii) is also equivalent to (ii), which means the
existence of unobserved randomness without any revelation is sufficient to generate all
possible outcomes through stable matching functions; in other words, to realize the
whole set of rationalizable stable outcomes, all we need is a richer state space ® and more
elaborate conditional probability systems (§;);es, but not the additional information
partitions (Q,);jes. This is due to the cooperative nature of matching games and our
assumption on the observability of realized allocation. First, an expansion with trivial
partitions is by default one with public signals, and thus introducing private signals does
not expand the set of outcomes that can arise. This is because in our model, the realized
allocation is not determined by individual actions, and firms do not interact with each
other when contemplating pairwise deviations.?? On the other hand, an expansion with

trivial partitions is payoff-irrelevant, in the sense that it does not contain informative

29Note that this redundancy of private signals is generally not true in non-cooperative games, where
players can use them as a correlating device to coordinate on their actions.
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signals that alter firms’ beliefs and higher order beliefs about the payoff types of workers
(see Liu, 2015; Bergemann and Morris, 2017, for rigorous formulations of this idea).
In other words, (individual) informativeness is another property of expansions that is
moot in our model. To see this, we note that firms can infer new information about the
state from understanding the matching function and observing the realized allocation;
therefore, any payoff-relevant information revealed by additional signals can also be
revealed by the matching function itself.3® This argument is the underlying logic of the

proof of Proposition 1.3.

1.4.2 Imposing Common Prior

The outcome equivalence established in Proposition 1.3 relies on the non-common prior
feature of expansions. In this subsection, we take a little detour to investigate the
consequence of imposing a common prior assumption. Put another way, we want to
identify a solution concept that corresponds to the (common prior) correlated equilibrium
defined in non-cooperative games with incomplete information (see Forges, 1993, 2006;
Liu, 2015; Bergemann and Morris, 2016). Fix an information environment {Z, (3;);c.}
that admits a common prior, i.e. 8; = 3 for all 7 € J. To simplify our analysis, we
assume that 5 € A() has full support, so the CPS reduces to a standard probability
distribution.?* In addition, we say € = {®, (Q,)jes, (&)jes} is a common prior expansion
of the information environment {Z, 8} if there exists a probability distribution £ € A(®)
with full support such that
§=¢, forallje

As suggested by the discussion following Proposition 1.3, introducing unobserved
randomness through expansions would be enough to characterize outcomes that can
be realized by stable matching functions. In an objective world, this implies what we
are after is essentially a stability notion of stochastic matching functions defined on
the original information environment {Z, f}. We now make this observation formal. A
stochastic matching function M defined on {Z, 5},

M Q= Af(A),

is a mapping that specifies, for each state w € (), a random allocation defined by a proba-

39The discussion following Example 1.1 demonstrates this effect of a matching function.
31The generalization to a common CPS 3 € A*(Q) is straightforward.
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bility distribution on A with finite support. For fixed {Z, 8} and M, if M(w)[(u, p)] > 0,
we let b’](w’” P) ¢ A(I;(w)) denote the Bayes’ updated belief of firm j when she observes

the realized allocation (u,p) at state w, i.e. for each w’ € II;(w),

(w,1,P) W] = B[W/]M(WI)K% p)] '
Zw”eﬂj(w) B[WII]M<WH)[(Ma p)]

B

We can now define stable stochastic matching functions as follows.

Definition 1.9 (Stable Stochastic Matching Functions). A stochastic matching function
M defined on {Z, 3} is stable if the following two conditions are satisfied:

(i) (Individual rationality) For every w € Q and allocation (u, p) such that M (w)[(u, p)]

0, we have

Aip(s) (T(W)) + Dipy > 0, for all i € I and

Eﬁ§w,u,p) [buiyj] — Puey; =0, for all j € J.

(ii) (No blocking) For every w € Q and allocation (y, p) such that M (w)[(u, p)] > 0,

there does not exist a pairwise deviation (i, 7, q) such that

aij (T(W)) + ¢ > i@y (T(W)) + Pin), and (1.1)
E,Bj(.w’“’p) [bij | D(i,j,q)] —q> Eﬂ;w,u,p) [bu(j)j | D(iyqu)] — Pu@)j> (1.2)

where Dy jq) = {w' € I1i(w) : i (T(w")) + ¢ > @) (7(0) + Dig }-

Note that whenever (1.1) in condition (ii) is satisfied, we have w € Dy; ;4 so the
conditional expectation in (1.2) is well-defined. Given a common prior information
environment {Z, }, we say a common prior expansion £ and a matching function M
defined on & induce a stochastic matching function M defined on {Z, 8} such that

W= Y Y

¢ed*NM~1(u,p) f[qw]

We are now ready to state the common prior analogue of Proposition 1.3.

Proposition 1.4 (Informational Robustness with Common Prior). Fiz an information

environment {Z, 3} that admits a common prior. The following statements are equivalent:
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(i) M is a stable stochastic matching function defined on {I,3};

(ii) There exist a common prior expansion £ with trivial partitions and a stable
matching function M defined on € that induce M ;

(iii) There exist a common prior expansion € and a stable matching function M defined
on & that induce M ;

Proof. See Appendix 1.6.3. m

1.4.3 An Epistemic Characterization

In this subsection, we provide a more explicit characterization of S* and show that
it characterizes the allocative implications of a cooperative notion of rationality and
common strong belief thereof. This axiomatic approach has proved useful in revealing
underlying assumptions defining a solution concept and clarifying different versions of
rationalizability in the game-theoretic literature (see, for example, Tan and Werlang,
1988; Battigalli et al., 2011). For the sake of simplicity, we assume there are only two
firms, |J| = 2, but our analysis carries over to more general cases.

In Appendix 1.6.4, we construct a space H;(Il;) for each firm j = 1,2 that collects all
conditional beliefs and higher order conditional beliefs consistent with her information
IT;. An infinite hierarchy of conditional beliefs of firm j is denoted by 0; = (7,97, ...) €
H;(I1;). Adapting the analysis from Battigalli and Siniscalchi (1999), it can be shown

that there exists a belief-preserving homeomorphism
gn, : Hy(I;) — AS™) (vpo(1Ly))

where Y*(I1;) = {(w,d) : w € IIj and 6 € Hy(Ilx(w))} and C:°(Il;) contains the
cylinders in Y°(IL;) of all nonempty C' C I1;; see Appendix 1.6.4 for more details.

Define the universal epistemic state space as

W= {J ({w} x Ax Hi(Il}(w)) x Hy(ITy(w))),
we
which is a compact space. An epistemic state (w,pu,p,d1,02) € W is a complete
description of the world, consisting of an outcome (w, i, p) and both firms’ conditional

belief hierarchies (d;,d2). A measurable subset £ C W is also called an event.
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Definition 1.10 (Pairwise Rationality). Agents are pairwise rational at an epistemic

state ((.U, s P, 617 52) if

(i) There does not exist a worker ¢ € I such that 0 > a;,z)(7(w)) + Pin@);
(i) There does not exist a firm j € {1,2} such that 0 > Eg1[b,;); | II;(w)] — puis;

(iii) There does not exist a pairwise deviation (i, j, ) such that

aii(T(w)) + ¢ > i) (T(W)) + Pipciy,
Esi[bi | D)) = 4 > Bst[buiiyg | Diiga)] = Puinis

where Dy jq) = {w' € I1j(w) : aij(7(w)) + ¢ > i (T(W)) + Pinn }-
Let PR C W denote the set of all epistemic states where agents are pairwise rational.

In the definition above, §; € A*(II;(w)) is firm j’s first-order CPS. Conditions (i)
and (ii) are a restatement of “individual rationality” in our previous analysis. We choose
this slightly different angle to highlight the interpretation that an agent unilaterally
leaving a match can be seen as forming a blocking pair with him /herself. Therefore,
the term “pairwise rationality” summarizes these assumptions. Also notice that we no
longer require self-consistency as in Definition 1.4. This restriction on beliefs will be

incorporated into the belief operator introduced shortly.

Remark. We point out that condition (iii) in Definition 1.10 still embeds an assumption
that “firms believe workers are rational when accepting a pairwise deviation.” Describing
such an assumption formally may be insightful in future research, especially when
incomplete information is two-sided. However, it inevitably involves modeling pairwise

deviations as primitives of the setting, which we refrain from in this paper.
Lemma 1.1. PR C W 4s an event.
Proof. See Appendix 1.6.5. O]

To reveal the implicit assumptions in S*°, we employ the strong belief operator, which
puts restrictions on a firm’s conditional beliefs so that she is always certain of a “working
hypothesis” whenever it is not falsified (Battigalli and Siniscalchi, 2002; Stalnaker, 1998).
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Formally, for an event £ C W, the event “firm j strongly believes £ is

vC C 11, t.CN in B _ @,
SB;(E) = {(w,ﬂ7p751,52) ew: C M(w) s PrOj1 () Eup b)) 7 } )

911, () (95) [E(u,p,(sj) ‘Cyl;o(C)} -1

where cyl}*(C) = {(w,0x) € Y7°(II;) : w € C} is the cylinder of C' in Y;*(I1;) and
Elups)) = {(Waék) € Y°(IL)) : (w, p, p,01,02) € E},

which reflects the fact that firm j observes the allocation and knows her own beliefs.

Moreover, the event “both firms strongly believe E” is
SB(E) = SB1(F) N SBy(E).

Note that whenever E is an event, so is SB(£). With all these definitions in place, we
can now define the event “pairwise rationality and common strong belief in pairwise
rationality” (PRCSBPR) by the following iteration: Let PR' = PR; for n > 2,

PR" = PR" ' NSB(PR"™).

Finally, we let
PRCSBPR = () PR".

neN

Proposition 1.5 (Epistemic Characterization). The set of rationalizable stable outcomes
characterizes the allocative implications of pairwise rationality and common strong belief
in pairwise rationality, i.e.

S = projo, PRCSBPR.

Proof. See Appendix 1.6.6. O]

To prove this proposition, we show by induction that projOPR"Jrl C S" C projo PR",
for all n € N. This relationship can be easily seen in the first round: Intuitively, PR
means agents are pairwise rational, and PR* says “PR' and each firm strongly believes
so;” however, when we compute S!, we require pairwise rationality, but each firm
also strongly believes pairwise rationality holds for herself (which is captured by the
self-consistency of her conjecture). Therefore, S* is in proj, PR' but only “halfway into”

proj OPRQ.
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In the following, we make two closely related comments on the epistemic characteri-

zation:

 Battigalli and Siniscalchi (2002) argue that common strong belief intuitively
captures a “best-rationalization principle,” which means agents’ beliefs are always
consistent with the highest possible degree of sophistication.?? As we can see from
the proof of Proposition 1.5, this principle actually imposes stronger restrictions
on conditional beliefs than does the solution concept S in an inessential way:
Only the highest degree of sophistication is relevant in computing S*°, because
firms can only be surprised by an event that includes the true state, which (by

default) never gets ruled out in the iterative procedure.

« Since the strong belief operator is not monotone,*® applying common strong
belief in the universal epistemic state space can potentially leave out predictions
that arise in smaller spaces; see Battigalli and Siniscalchi (2002) and Battigalli
and Friedenberg (2012) for a discussion of this issue in the analysis of dynamic
games. However, this is not the case in our setting as suggested by Proposition
1.3 (informational robustness), which may seem a bit counter-intuitive. A brief
comparison can help us understand the underlying logic. In dynamic games, the
behavior of a player upon reaching a zero-probability history (i.e. being surprised)
depends on her belief about the opponent’s behavior at such history, so the
non-monotonicity of strong belief has a bite through such interaction. In our
cooperative setting, however, any relevant surprise is caused by the formation of a
blocking pair with a worker, which always corresponds to an event containing the
true state. Therefore, the highest degree of sophistication among firms is never
discarded, and hence the non-monotonicity of strong belief does not result in a

non-monotonicity of predictions implied by PRCSBPR.

32This implies that S°° involves a forward-induction type of reasoning. Pomatto (2021) makes a
related observation about the solution concept proposed by Liu et al. (2014).
33That is, even if By C By C W, we do not have SB(E;) C SB(Es).
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1.5 Discussion and Extensions

1.5.1 Allocative (In)efficiency

The efficiency property of stable outcomes has been a focus of discussion in the literature.
Since our model does not admit a common prior among firms (except Section 1.4.2), we
only comment on the ez post (in)efficiency of rationalizable stable outcomes.?*

After imposing suitable assumptions of monotonicity and supermodularity on match-
ing values, Liu et al. (2014) show that all outcomes contained in their solution concept
are efficient. This is because the assumptions ensure that, by a pairwise deviation, a
worker can “signal” his true type to a firm better than his current match. It then leads
to assortativity of matching outcomes, which implies efficiency. However, an important
assumption in their model, which is key to the proof, is that a firm can perfectly observe
the type of the worker that she is matched with. If, instead, matching with a worker
does not reveal his type to the firm, as we assume here, inefficiency can easily arise. The
reason is that it may be impossible to correct a firm’s conjecture about her own worker

through pairwise deviations. We illustrate this source of inefficiency in an example.

Example 1.3. Suppose there are two workers I = {iy,i2} and one firm J = {j}. A
worker can be either of a low type, a medium type, or a high type, ie. T}, =T;, =
{¢,m,h}. The firm does not care about the identity of the worker. The matching values
are given by the following table

b(t)| 2 4 10

Assume worker 4, is of low type and worker iy is of medium type. However, the firm’s
information only tells her that i5 is a medium type worker (and nothing more). We can
model this situation as {2 = T, x T;,, 7 is the identity map, the true state w = ¢m, and
II;(w) = {¢m, mm, hm}.

34Specifically, an outcome (w, 1, p) is (ex post) efficient if 4 maximizes

17| Bl

D i (T(@)) + D b5y (7())

over all matchings ¢/ : TUJ — T U J.
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Let w’ = hm and consider the set of outcomes

F= {(W,M(j) =11,Diyj = 5)’ (w,nu(j) =11, Diyj = 5)}

We now argue that F' is a self-stabilizing set. First observe that (w', u(j) = i1, pi;; = 5)
is a complete information stable outcome; therefore, it is justified by a conjecture of the
firm that attaches probability one to w’ whenever possible. For (w, p(j) = i1, pi;; = 5),

define a conjecture v; € A*({w,w'})) as follows:
vilw|{w,w'}] =€, and v’ [{w, W'} =1—¢,

where ¢ > 0 is sufficiently small. Hence, the firm’s expected payoff from matching
with worker i; at the payment 5 is 2¢ + 10(1 — ¢) — 5 = 5 — 8¢, regardless of the
pairwise deviation she is offered to participate. But because worker 5 is of medium type
(which is known by the firm), the firm’s payoff from deviating with worker i cannot
exceed 2 < 5 — 8¢. This means (w, u(j) = 41, p;;; = 5) is also F-stable and thus F'is a
self-stabilizing set. Finally, we note that (w, p(j) = 41, p;;; = 5) is apparently inefficient,

but it is a rationalizable stable outcome because F' C S* by Proposition 1.1. &

Notice that in Example 1.3, matching values are strictly monotone in worker’s type,
and supermodularity is vacuously satisfied because there is only a single firm (cf. Liu et al.
(2014)). This suggests there is little hope to ensure efficiency across all rationalizable
stable outcomes. However, such a negative result should not be surprising, because
(ex post) efficiency is usually hindered by incomplete information and thus intrinsically
hard to achieve.3-36

We can also make the assumption that firms learn the types of their partners once
being matched, which can be thought of as receiving an extra piece of signal in addition
to the information structure. Once we make this assumption, S becomes a refinement
of (a generalization of) the solution concept developed in Liu et al. (2014), so their

efficiency result carries over to our setting.

35Bikhchandani (2017) shows that the allocative efficiency result established in Liu et al. (2014) fails
if utilities are not transferable.

36With a common prior assumption, efficiency can be achieved in a weaker sense. Developments in
this direction can be found in Bikhchandani (2017) and Liu (2020).
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1.5.2 Rationalizable Core

We can generalize our approach to develop a theory for the core.?” Without belaboring
the details, we only give a brief description of how to extend the definitions. Given
an outcome (w, i, p), a coalitional deviation (I',J', ', q) consists of (i) a subset of
workers I" C I and a subset of firms J' C J; (ii) a matching among the deviating agents
W I'UJ — I'UJ', which is different from the original matching p restricted to I' U J';
and (iii) a payment scheme q associated with the rematch p/'.

As before, fixing a set of outcomes, the conjecture of a firm should be a CPS defined
on the intersection of her information cell and the possible states implied by this set.
We say an outcome (w, i, p) is in the core of this set if there exists a profile of firm

conjectures such that the following three conditions are satisfied:

(i) (Individual rationality) The allocation (u, p) is individually rational at w;
(ii) (No blocking) There does not exist a viable coalitional deviation at w;

(ili) (Self-consistency) Whenever possible, each firm j attaches zero probability to the
states at which, regardless of the conjectures of other firms, there does not exist a

viable coalitional deviation (I’,J’, 1/, q) such that j € J'.

Note that when a coalitional deviation only contains one firm, condition (iii) reduces
to the one in Definition 1.4. When the size of coalitions can be larger, self-consistency
becomes more restrictive.

With this definition, we can then start from O and iteratively remove outcomes
that are not in the core using the criteria above. We may call the limit of this process
the set of rationalizable core outcomes. Similar results as those in Section 1.3.2 can be
established to show that a rationalizable core allocation exists at every state. Since the
possibility of deviations is richer for coalitional blocking, the set of rationalizable core
outcomes may become a proper refinement of S*; Example 8 of Liu (2020) illustrates
this strict inclusion in his setting.

Liu (2020) defines a notion of core matching function which is parallel to the
generalization we laid out above. Reworking the analysis in Section 1.4.1, we can establish

an outcome equivalence result & la Proposition 1.3.3% The epistemic characterization in

3TWilson (1978) initiates a discussion on the core of an exchange economy with incomplete information;
see Forges et al. (2002) for a survey of the earlier literature.

38However, it is unclear whether the equivalence (ii) < (iii) in Proposition 1.3 still holds with
coalitional deviations. The reason is that firms’ participation in a coalitional deviation can reveal
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Section 1.4.3 can also be adapted, and we conjecture that the set of rationalizable core
outcomes characterizes the allocative implications of a form of coalitional rationality

and common strong belief thereof.

1.5.3 Two-Sided Incomplete Information

A natural direction for future investigation is to extend our framework to the case of
two-sided incomplete information. Liu (2017a) illustrates how to extend the equilibrium
approach of Liu (2020) to such environments. The main difficulty lies in the modeling
of how agents infer new information from a viable pairwise deviation. A fixed-point
type of inference is proposed to deal with this: Given the information revealed by the
worker, the firm’s willingness to participate in the pairwise deviation exactly captures
the information revealed by the firm, and vise versa.?* Chen and Hu (2021) extend the
belief-free framework of Chen and Hu (2020) and propose a novel notion of pairwise
blocking when incomplete information is two-sided: a worker and a firm block the
current allocation if and only if it is “common knowledge” that both parties will benefit
from being rematched at some payment. Their approach is conjecture-free, which does
not address how agents form and refine their beliefs in the reasoning process. How to
perform a non-equilibrium analysis with endogenous beliefs remain an open question, but
we believe our paper provides some useful tools and paves the way for future explorations

in this direction.

1.6 Appendix

1.6.1 Proof of Proposition 1.1

We first prove a useful lemma. Part (i) of the lemma establishes existence of self-
consistent conjectures. Part (ii) provides a condition that can replace self-consistency in
the definition of S-stability.

Lemma 1.2. Let S C O and take (w, i, p) € S.

(1) A self-consistent conjecture in A*(IL;(w) N S(,p)) exists for each firm j € J;

their private information, so private signals introduced by expansions may play a role. We leave this
interesting question for future research.

39A similar argument is used in Dutta and Vohra (2005) to define an interim notion of the core
under incomplete information.
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(it) Suppose there is a profile of conjectures (vj);es such that (p, p) is individually
rational at w. Moreover, suppose there exists an event E; C II;(w) N Sypy for
each j € J such that w € E; C NB;(v;), and v;[E; | C] =1 whenever C N E; # @.
Then (w, p, p) is S-stable.

Proof of Lemma 1.2. For part (i), we use an iterative construction to ensure self-
consistency.

Take an arbitrary conjecture v§ € A*(ILj(w) N S,,p)) for firm j. If NB;(v)) = @ or
NB;(19) = I1j(w) N S(,.,p), we are done. Otherwise, define a conjecture v; € A*(II;(w) N
F,.,p)) as follows: For each conditioning event C' C II;(w) N S(,.p), if C N NB;()) = 2,
let v}[-|C] = vJ[-| CT; if C N NB;(v)) # @, let vj[-|C] = V9[- | C' N NB;(v})]. This pins
down a CPS v} defined on II;(w) N F, ). By construction, we have NB(v}) C NB;(vy).

Iteratively, for every n € N, if NB;(v}) = @ or NB;(v}) = NB;(V}71), we are
done. Otherwise, define a conjecture ;"' € A*(IL;(w) N S,p)) as follows: For each
C CIL(w) N S(up), it CNNB; (1)) = @, let vf [ | C] = V9[- | C]; otherwise, let

m;(C) =max{n' <n:CN NBj(V;L/> # o},

and /[ | C] =19 |C'N NB]-(V;nj(C))]. This again pins down a CPS v}*! defined on
IT;(w) N S(up)- By construction, we have NB;(vi*') C NB;(vF).

Since NBj(u]Q) is finite, this iterative process stops at a finite step n, i.e. either
NB;(vI') = @ or NB;(V}') = NB;(vj~"). By definition, 7 is a self-consistent conjecture.

For part (i), we set ) = v; and start the iterative construction in part (i). We claim
that for all 0 <n <n, we have E; C NB;(v}) for each firm j € J. By assumption, this
is true for n = 0. Suppose the claim holds for n, and consider the profile (V;-H-l
each firm j € J and state w’ € Ej;, take any pairwise deviation (i, j,¢) such that

)jeJ. For

aij (T(W') 4+ ¢ > i@y (T(W)) + Pingy)-
This implies W’ € Dy; j ) N E; # @ and thus m; (D j4) N Siup)) = n. Then we have
v Dy OS] = vl | Diaa) N NB;(1])] = vl 1 D) O St

where the first equality is by construction of U;‘H, and the second one is due to the



37

assumption on v; and the induction hypothesis £; C NB;(v}). Therefore, we must have

E,r1[bij | Diija) N Stup)] — @ = B [bij [ Diijig) OS] — 4
< E; [buii | Diigg) N Stup)] = Puiys
= E n1[buti | Diija) N Stum)] = Puiis-

This means w' € NB;(V}*!). Since w’ € E; was arbitrary, we have E; C NB; (V).
Hence, induction implies that E; C NB;(v}'). Finally, we argue that the profile of
self-consistent conjectures (v}') e supports the S-stability of (w, 1, p).

(Individual rationality.) By assumption, a;.e)(7(w)) + piue = 0 for all ¢ € I. For
each firm j € J, by construction of v} and the fact that E; C NB;(v}), we have
VP T (w) N Supy] = vl [T (w) N NB;(v])] = (- [ Ti(w) N Supy]. Therefore,

By [buii 1T5(w) N Stup)] = Putini = Buy [buiing 115 (w) N Stup)] = Dugs = 0

(No blocking.) This is implied by the fact that w € E; C NB;(v}) forall j € J. O

We can now prove Proposition 1.1.

(i) Take any outcome (w,u,p) € F. It must belong to a self-stabilizing set F*.
For each firm j € J, let v§ € A*(II;(w) N F(euﬁp)) denote the conjecture that supports
the F'stability of (w,p,p). We can extend these conjectures to a profile (v;)jer,
where v; € A*(I1;(w) N Fi,,p)) for each j € J, as follows: For each conditioning event
C CT(w) N Fpy, if COFY, o # @, let y[B|Cl = vi[BNF{, ,y|CNF{, ] for all
BCC;if CNF{,, =, let v[-|C] = Unif(C).** This construction pins down a CPS
v; on IL;(w) N F, py for each j € J.

Since (vf)jes supports the F'-stability of (w, 1, p), we have a;, () (T(w)) 4 Piui) > 0
for all ¢« € I and

B, [butiys | T5(@) 0 Flup)] = Putis = Bt [Buging 1T (W) 0 Fly )] = Pugiy; 2 0, Vi € J.

Moreover, w € NB;(vf) € NB;(v;) for each j € J by construction of v;. Also notice
that v;[NB;(vf) | C] = 1 whenever C'N NB;(v}) # @ by the self-consistency of v}, we

can invoke Lemma 1.2 and conclude that (w, u, p) is F-stable.

40For a finite set X, let Unif(X) denote the distribution that assigns uniform mass on all elements
in X.
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(ii) We first show that any self-stabilizing set F' is a subset of S*. Since any
outcome not in O cannot be individually rational for any profile of conjectures, we
have F' C S = O. Suppose F C S™. Then for any (w, u, p) € F, there exists a profile
of conjectures (v;);cs, where v; € A*(Ilj(w) N Fi,p)) for each j € J, such that the
three conditions in Definition 1.4 are satisfied. Since F{, ) C S("#’p) by the induction
hypothesis, the same extension of conjectures in part (i) combined with Lemma 1.2 can
be used to show that (w,u, p) € S™* by Definition 1.5. This means F' C S"* and
induction shows that F' C (505" = S*.

For the converse, we argue that S* is a self-stabilizing set. Take any outcome
(w,p,p) € S®. This implies w € S&),p)‘ Note that S&,p) C Q is a finite set, and
(ST, ) )n>0 is a decreasing sequence of sets. Therefore, there must exist a finite number n’

(:p)

such that S¢, ) = Sg; ) for all n > n'. By Definition 1.5, since (w, jt,p) € S C S™'+1,
there exists a profile of conjectures (v;);ecs, where v; € A*(IL;(w) N Sﬁ;p)) for each j € J,
such that the three conditions in Definition 1.4 are satisfied. Replacing S(’":;p) with S@‘jjp)
in this statement shows that (w, u, p) is S>-stable. Thus, S* is a self-stabilizing set.

In view of part (i), we conclude that S is the largest self-stabilizing set.

1.6.2 Proof of Proposition 1.3

We first prove the following lemma. The content of this lemma is that, if F' is a self-
stabilizing set, then for each j € J and II; € P;, the F-stability of (w, u, p) across all
w € II; N F{,,p) can be supported by the same CPS on II; N F{, o).

Lemma 1.3. Suppose F' is a self-stabilizing set and (p, p) is some allocation. Then for
every j € J and Il; € P; such that Il; N F(, ) # 9, there exists v, € A*(I1; N F,p))
that satisfies

(i) Ean [bu(is 1 1L NV Flpup)] = Puy; = 0, and
(ii) NBj(vw,) = 1I; N Fp) forall j € J.
Proof of Lemma 1.3. Fix j € J and 1I; € P; such that II; N F, 5 # @. Since F' is

self-stabilizing, for every w € II; N F{, ), by Definitions 1.4 and 1.6, there exists a

self-consistent conjecture v € A*(Il; N Fy,p)) such that

(1) Evelbugys 11 N Flup)] = pugiy; 2 0, and
(ii) w € NB;(vy) for all j € J.
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Now construct a new conjecture vy, € A*(IL; N F,p)) as follows: First, write Ry =
I, N F(up) and let

Ry| Ry
[| 0 |RO|Z | 0

wERy

Iteratively, for every n € N, if R, = R,,_1\suppvy, |- | Rn_1] # @, let

1R = g 20

wERn

Since II; N F{, py is finite, the iteration stops in finitely many steps. This definition pins
down a CPS vy, € A*(II; N F,,p)).
Since B, [buis [ TLNFlu )] =Pugi; = 0 for every w € T;NE, by, and v, [- | TN EF, p)]

is a linear combination of v¥[- | II; N F{,, p)]’s by construction, we have
Evp, [bu(i 1T N Flyup)] = Pugini 2 0-

By way of contradiction, suppose at some state w € II; N I, ) there exists a viable
pairwise deviation (4, j, ¢). Note that w € D(; ;¢ N F(up) 7# D. Let

By construction of v, |- | an(D(iyqu))], there must exist a state w’ € Ry, (D) Such that
V5 IDiija) O Flup) | By (0 5] > 0 and

B, [bij | Diijia) N Ftum) = 4 > Epor [bu | Diiia) N Flum] = Putis-

The latter inequality implies D(; ;) N NB;( L"/) = . But since ' € NB;(v ‘”/) we know
that R p,, ) N NB; (V5 ") # @. These facts combined with the self-consistency of vy
indicate that v’ "Dy N Flup) | Ry (D0 = 0, a contradiction. We have proved the

Lemma. L]

We now turn to the proof of Proposition 1.3.
(1) = (11). Suppose (w, p, p) € S under information structure Z. We first construct
an expansion £, with trivial partitions, of {Z, (8;),es}. For each w’ € Sip) let

> = {4, 9%},
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and if there is any w’ € Q\S ), simply let d¥ = {¢¥'}. Define the expanded state
space ® = U, cq @ as the disjoint union of the ®’s specified above. For every firm
J € J and every cell lI; € P; such that II; N .S7 ) # &, let vy, denote the CPS
on II; N SG7 ) specified in Lemma 1.3. We construct firm j’s subjective assessment
¢ € A*(®) as follows: First, for any A C ® and B C & such that ¢&" € B for some
W' e Q, let

GIAIB] = Bil{’ € Q: ¢ € A} |{w' € Q: ¢¢ € BY, (1.3)

which automatically ensures consistency (see part (iii) of Definition 1.7)). For any
I, €Pj,if ACPand BC {¢p € ®: ¢ = ¢~ for some ' € I1; N Stepyts let

&IA|B] = v, [{w € Q: 62 € A for some w' € ILNSE o} H{w' € Q: ¢ € B}]. (1.4)

The CPS ¢; € A*(®) is not uniquely pinned down but we have specified all relevant con-
ditional probability measures. The idea is that, whenever some ¢* is in the conditioning
event, the conjecture is in agreement with the exogenous /3;; but when the conditioning
event only consists of ¢¥"’s, the conjecture then follows from the v,’s. Finally, let
Q; = {®} for all j € J, so we have constructed an expansion £ = {®, (Q,)jes, (§;)jes}
with trivial partitions.

For each ' € Q, let (', p*') be a complete information stable allocation at w’. Now

consider a matching function M : ® — A defined as follows:

M(6) = (i1, P) if ¢ = ¢%" for some W' € SF° ),
(n',p*") if ¢ = ¢ for some w’ € Q

Thus, we have (u, p) = M(¢%) where ¢¢ € ®* as desired. It is left to show that M is a

stable matching function defined on £. We need to consider two cases.

Case 1: M(¢) = (1, p).
(Individual rationality.) By construction of M, we have

Uip(s) (T(@)) + Pipy = 0, for all i € 1.

Moreover, all firms can infer the following event from observing the allocation (u, p),

M~ (p,p) = {6 :w' € S u{ed « (1, p*) = (1. p)},
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which is a union of two disjoint sets. To reduce notation, we let

Gi={¢? 1w eSE,} and Gy={s2: (1, p*) = (1.p)}

Notice that one of IL;(¢) N Gy and II;(¢) N G5 may be empty (but not both). If
HJ(¢) N G2 7é @, then

Ee, [buiy; | (@) N (G1 U Ga)] = pugy;
= Y Gl Li(0) N (GLUG)] - [buiyi (T(d') — Puiiys]

¢’ €ll;(9)NG2

> 0,

where the equality is by construction of §; (equation (1.3)), and the inequality comes
from the fact that (i, p) is a complete information stable allocation at ¢’ for all ¢’ € Gj.
On the other hand, if I1;(¢) N Gy = &, then

E¢; [buiyj | TLi(#) N (G1 U Ga)| — pugy;
= EVHj(¢) [b#(j)j ‘ {w/ €: ¢:<Jl S HJ<¢> n Gl}] — Pu(j)i
>0,

where the equality is again by construction of §; (equation (1.4)), and the inequality is

a consequence of Lemma 1.3. Therefore, we conclude that
E¢; [b,(5); | T1;(6) N M~ (1, )] = puiy; = 0, for all j € J,
and hence the matching function M satisfies individual rationality (for those ¢ in Case

1).

(No blocking.) For any pairwise deviation (4, 7, q) such that

aij(7(9)) + q > @ip(i)(T(D)) + i)

let DG, =19 € (9) : ay(1(¢) + ¢ > @iy (7(¢")) + pipciy}- We continue to use the
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notation M~ (u,p) = Gy UGy, If D(”q) N Gy # @, then

E@[U‘Dz]q)mM ( _q_ Z 6] zyq mM (:u7 )][sz<7-(¢/))_Q]
¢'€G2
< Z g] zgq m M- ( )] ) [bﬂ(j)j(T(d)/)) _p,u(j)j]
¢'€G2
_]Efg[ |D’qu nM- (“7 )] — Pu(h)s>

where the two equalities are implied by construction of ; (equation (1.3)), and the

inequality comes from the fact that (u, p) is a complete information stable allocation at
¢’ for all ¢’ € G5. On the other hand, if D iy VG2 =2, then

Ee;[bi | DG gy VM (1)) = ¢ = Buy by [{o' € S35y 2 02 € D )3 —

ZJ q
< EVHv(cb) [bu(j j | {W/ S S(u p) - </5 S D(i,j,q)}] = Pu(y)i
:Efg[ J)J|qu nM- (N» P)| — Puiis

an(¢)[

where the two equalities are again by construction of §; (equation (1.4)), and the

inequality is a consequence of Lemma 1.3. The argument above implies that

Eﬁg[’UlDZquM (M? )]_q<E§[ ’Dz]q mMil(l%p)]_p,u(j)j)

which means the matching function M is not blocked (for those ¢ in Case 1).
Case 2: M(¢) = (1, p*) # (11, ).

In this case, the inference all firms can make from observing the allocation is

M7 p) = {08 s (" p*) = (' P},
which is analogous to the event (G5 defined above. It can then be shown that the
matching function M is individually rational and not blocked for those ¢ in Case 2. The
argument closely follows that in the previous case and is hence omitted.
We conclude that the matching function M defined on £ is stable.
(1) = (zii). Trivial.
(7i1) = (i). Let € be an arbitrary expansion of the information environment

{Z, (B;)jes}. Suppose M is a stable matching function defined on €. Define a set of
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outcomes as

F ={(w,p,p) € O :3p € ®* such that M(¢) = (i, p)}-

We now show that F is a self-stabilizing set. Fixing (w,u,p) € F, let ¢ € & be
such that ¢ € ®* and M(¢) = (u,p). For every firm j € J, define a conjecture
v; € A*(ILi(w) N Fup)) as follows: Denote EY = ILi(¢) N Aj(¢) N M~ (p, p) and

= {w € IIj(w) N Fp) : 3¢’ € E} such that ¢’ € ®“'}. For every conditioning event
C CILj(w) N Flpy, if CNE; # @, let

yi[B|Cl=&{¢ € EY : 3w € Bsit. ¢ € '} | {¢ € E} 3w e Cst. ¢ € )]
(1.5)
for all B C C; if C N E; = @, let v;[- | C] = Unif(C'). This pins down a CPS v; defined
on IL;j(w) N F(,p). Note that v;[E;|C] = 1 whenever C' N E; # @&. Take any state

W' € E; and a pairwise deviation (4, 7, ¢) such that

aij(T(W/)) +q> am(z‘)(T(W/)) + Dip(i)-

This means w' € D, j ) N E; # @. But then

E.,[bij | Diijg) O Flup)] — ¢ = Be;[biy | Di ;) N M~ (11, )] — ¢
>E£g[ J)J’Dzjq nM~ (% )]_pu(j)j
= ]EVJ[ w(5)j | Diijg N F(u,p)] — Pu@i)js (1.6)

where

Do MM, p) = {8’ € B} : aij(7(6) + ¢ > @i, (7(¢)) + Pipiy
={¢/ €E : W € Dy N Flup) st ¢ € '}

The two equalities in (1.6) come from the definition of v; (equation (1.5)), while the
inequality is due to the stability of matching function M. This implies w’ € NB;(v;).
Since w’ € E; was arbitrary, we have w € E; C NB;(v;).

Finally, we need to verify individual rationality of the allocation (u,p) at w. Since
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M is a stable matching function and M (¢) = (i, p) where ¢ € &, we have

Qip(i) (T(W)) + iy = 0, for all i € I and

By, [buGy; 1T1(w) N Fup)] = puys = Be, buiing | EST = puiis
>0, forall j € J,

where the equality above is by definition of v;, and the inequalities are due to the stability
of matching function M. In view of Lemma 1.2, the outcome (w, u1, p) is F-stable. Since
(w, p, p) € F was arbitrary, this implies F' is a self-stablizing set. By Proposition 1.1,
we have ' C S*°, which completes the proof.

1.6.3 Proof of Proposition 1.4

(i) = (). Suppose M is a stable stochastic matching function defined on {Z, 3}. For
each w € (), let

o = {(1,p) : M(w)[(n, p)] > 0},

and write ¢L(du,p) for the element in ®“ that corresponds to (u, p). For each ¢£(Uu,p) e v
and each j € J, we define

&i[0% 0] = [0 p) = Blw] - M(w)[(1, P)].

Finally, let Q; = {®} for all j € J. So we have constructed a common prior expansion
E ={2,(Qj)jes, &} with trivial partitions. Define a matching function M on & as

follows:

M: qbt(duyp) = (1, P)-

By construction, we have ®“ N M~ (u,p) = {gzﬁfu,p)}, so the expansion £ and the
matching function M induce M. It remains to show that M is a stable matching

function. But observe that for each w' € IL;(w),

&l L(inp)}
& (g, ) N M~ (1, p)]
_ Bilw M (W) (1, )]
Suretw) Bl 1M (W")[(1, p)]

= @J(.‘”’“’p) [w'].

gj [Qﬁ((i,p) | H]( L(u;;,p)> N Mﬁl(/@ p)] =
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This means that individual rationality of the stochastic matching function M implies

individual rationality of M. Similarly, for any pairwise deviation (4, j, ¢), we have

/

@[(bfu p)]
&IDG . N M1 (1, P)]
B11() (1. )
> reny, ., Bl 1 M @)1, p)
ﬁ(wﬂp)[ '| D

£[(up)‘D(wqﬁ‘M '(n,p)] =

(5]

Therefore, no blocking of M also implies no blocking of M. Hence, we can conclude
that M is a stable matching function defined on £.

(1) = (vii). Trivial.

(t3i) = (i). Suppose & = {®,(Q;)jes, &} is a common prior expansion of {Z, 5}
and M is a stable matching function defined on €. Let M be the stochastic matching
function induced by £ and M. We need to verify that M is stable.

(Individual rationality.) For every w € Q and allocation (u, p) such that M (w)[(i, p)] >
0, there exists ¢ € ®* N M~ (u, p). Since M is stable, we have

Wip(i) (T()) + Dipe) = Qin(i)(T(D)) + Pipiy > 0

for all s € I. Now fix a firm j € J. Because M is stable, for every ¢ € ® and allocation
(1, p) = M(¢), we have

Ee; (D) | T (6) 0 A () 0 M~ (1, p)] — puiy; = 0-

By law of iterated expectations, this implies

Ee, [buci; | T(¢) N M~ (1, )] — pugy; = 0.
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Now observe that for each w’ € 11,(w),

iy = BRIV E) (1 p)

’ 2wt (w) Bilw’ M (w”)[(1; p)]
. Zwe@w’mMﬂ(u,p) f[ﬁb/]
a Z¢’€Hj(¢)ﬂM*1(M,P) §[¢/]

= &[0 N M (u,p) | TL;(¢) N M~ (11, p))-

ﬁ(w,u,p) w

Using the fact that b,;);(7(+)) is constant on ' for each w’ € Q, we conclude
By [buti)i] = Pucins = B, [butis 1TL(@) 0 M7 (1, P)] = P 2 0.

Therefore, the stochastic matching function M satisfies individual rationality.

(No blocking.) The argument closely follows the one above for individual rationality,
except that now we need to take care of the conditioning event Dy; ;4 for each firm j.
We omit the details of this part.

1.6.4 The Universal Epistemic State Space

In this section, we first construct a space H;(II;) that collects all possible conditional
beliefs and higher order conditional beliefs about the uncertain state consistent with
firm j’s information II;. Due to the non-product structure of information received by
the firms, extra care needs to be taken when doing so.%!
For each firm j = 1,2, and each piece of information II; € P;, we write
Y(IL;) =1I; and C)(II;) = 2"\ {a&},

where YjO(Hj) is the space of firm j’s first-order uncertainty consistent with II;, and

C)(I;) is the set of conditioning events. Therefore,
0(TL. "
ZH(11;) = AGT(Y2(TL))) = A*(TT;)

is the set of firm j’s first-order CPSs consistent with 11;.

41Qur construction is similar to the one in Penta and Zuazo-Garin (2022). They study the implication
of higher order uncertainty about observability of the opponent’s action in two-player static games,
where information has a non-product partition structure.
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Recursively, for n > 1, j = 1,2, II; € P;, and k # j, the space of firm j’s (n + 1)th-
order uncertainty consistent with II; is

Y(IL) = {(w, 64, .., 67) s w € T and 6 € Z{(TTx(w)) VE=1,...,n},

J

and the set of corresponding conditioning events is
Cp(I) = {eyl"(C) C Y(I) : C € 2M\ {2} },

where cyl’ (C) = {(w, Ops---,01)) €Y' (IL) tw e C} is a cylinder in Y*(II;) generated
by the event C € 2\ {@}. With these definitions, the set of firm j’s coherent belief

hierarchies up to order n + 1 is

(5}-, o ,(5}‘“) :
ZpH(I1y) = (i) (6},...,07) € Z1(IL;) and 67+ € AT (Y(IL));
(i) margzp )05 [ [ ey1F(C)] = 671 [evli(C)] VC € 2\ {2},

The set of collectively coherent conditional belief hierarchies of firm j consistent with

information II; is therefore

(I1,) = 05 = (6,87,...) € ZY(I1;) X X e AT (V(I)) :
’ (6},...,0m) € Z1(1L), Vn € N.

J

For any Polish space X and a collection C of nonempty measurable subsets, the
space A®(X) is endowed with the relative topology inherited from [A(X)]¢ with the
product topology. Moreover, we endow H;(Il;) with the product topology for each j € J
and II; € P;. Since Q is finite, each H;(Il;) is compact. Generalizing the analysis from

Battigalli and Siniscalchi (1999), it can be shown that there exists a homeomorphism?2

gn, + Hy(I1;) — A% (v7<(1L))

42 Analogous to the previous definition, we write

Y2 () = {(w,0x) : w € II; and 6 € Hy(Tlx(w))},

and define
C3°(I1) = {cyI®(C) C Yo (1) : C € 2"\ {2} },

where cyl™(C) = {(w, ;) € Y>o(Ily)rwe C} is a cylinder of C' in Y (1L)).
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that preserves all conditional beliefs; that is, for every §; € H;(IL;), we have

(57 [E ‘Cyly—l(c)} = gu, (6]) [(prOJ)%}L1(HJ)(E)

eyl (C)]

for any measurable E C Y;""'(II;), C € 2% \{@}, and n € N.

Now define the universal epistemic state space as

W= ({w} x A x Hi(I(w)) x Hy(Iy(w))).

weN

1.6.5 Proof of Lemma 1.1

We claim that the set PR is closed in W, and hence measurable. To prove this, take any
sequence {(w,u,p(”),(ﬁn),éém)}nel\; C PR such that p™ — p and (5J(-") — 4, for each
j=1,2as n — oo. It suffices to show that (w, i, p, d1,02) € PR since the state space (2
and the set of possible matchings are finite. Conditions (i) and (ii) in Definition 1.10
can be seen by simply taking limits, so we focus on condition (iii) in what follows.
Towards a contradiction, suppose condition (iii) is violated for (w, i, p, d1, d2), which

means there exists a pairwise deviation (i, , ¢) such that

aii(T(w)) + ¢ > (i) (T(W)) + iy
Esi[bij | Diiga)l — 4 > Bst [bugiys | Digo)] = Puinss
where Dy ;) = {w' € IL;(w) : a;(7(W)) + ¢ > aiue)(7(W')) + Dipy - Since I1(w) is
finite, the set D(; ;) and both inequalities above remain the same if we replace ¢ with
¢’ sufficiently close to ¢q. Suppose |¢ — ¢'| =& > 0. Let n’ be such that

|Pin(s) — pgzziﬂ <eg, foralln>n'.

This means the set Dy; ;4 and both inequalities still remain the same if we replace p;, ;)
with pgzzi) and 0] with 53(”)’1 for all n > n’, where ¢ is assumed to be the larger one of ¢

and ¢'. Since each (w, u, p™, 5%”), 52")) € PR, we must have
(n)
g [bij | Digo)l = 4 < Egomabutis | Digol = Py Ynz '

Now taking n — oo yields a contradiction.
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1.6.6 Proof of Proposition 1.5

We split the statement of the proposition into two lemmas and prove them in order.
Lemma 1.4. S* D proj,PRCSBPR.

Proof. We shall prove that S™ D proj, PR™ for all n > 0 by induction.

(Base step.) Since S° = O by definition, we have S° D proj, PR".

(Induction step.) Suppose S™~! D proj,PR". If PR" N SB(PR") = PR"'' = @,
we are done. Otherwise, take any epistemic state (w,u,p,d,0,) € PR"™. Now
for each j = 1,2, define a conjecture v; € A*(IL;(w) N S&:)) as follows: For every
C C T(w) N S{, 5y such that C' N projy, ) PR{, 55y # 9, let vi[- | C] = &}[-| C]. Note

that in this case,

5} [proi, ) PRUupsy) | C] = 911, (05) [PRYupsy) |15 (C)] =1

since g, () is a belief-preserving mapping and (w, i, p,d1,02) € SB(PR"). Moreover,

if C'Nproju, ) PR{.ps,) = 9, let vj[-|C] = Unif(C). This construction ensures that
v; € A*(IL;(w) N SZ;;)) is a well-defined CPS for each j = 1,2.

Since PR™™ C PR, we know from the definition of PR that for alli € I and j = 1,2,

i) (T(W)) + Pipg) = 0, and
Est [bugiys | T ()] = pugiys = 0-

But since w € projnj(w)PR?%p,(;j) C S&_’;), by construction of v;, we have

Ey, [bui; [T (w) N 58;1;)] — Pu(j); = 0.

This implies that the pair of conjectures (vq,1) satisfies individual rationality in
Definition 1.4.

We next show that proji, ) PR{, ps,) © NBj(v;) for each j = 1,2. To see this, take
any w' € projy, (w)PR?u,p, 5,) and suppose there exists a pairwise deviation (i, 7, q) such
that

aij (7(w")) + ¢ > o) (T(W)) + Pi)-
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Since PR" C PR, the first-order CPS 5; must satisfy

Eé} [bij | D)) — a < Eél[ 17 | Dij.o)l = Puii-
Because w' € Dy;,j,9) N Proju, ) PR ps,) € D) N S&_’;), we know that v;[-| D jq) N
S& ;)] [ | D;.j,q)) by construction of v;. Therefore, the inequality above becomes

EVJ‘ [bij | Dijq) N S&_,;)] —q= EVJ[ (9)J | Dijq) N S(/,Lp ] — Pu(3)j>

which implies ' € NB,(v;). Since W' € projnj(w)PR’(“mpﬁj) was arbitrary, we have
established that projy (PR, 5s,) S NB;(v)).

Observe that (i) w € projyy, ) PR, s,y © NB;(v;), and (if) v;[projy, ) PR{,. ps,) | C1 =
1 whenever C' N projy () PR, 5, 7 ©. We can invoke Lemma 1.2 and conclude that
(w, u, p) is S"l-stable. By definition, we have (w,pu,p) € S". This in turn implies
S™ D projo PR™™. If (w, u,p) € projoPRCSBPR, then (w,u,p) € S™ for all n > 0,
which means (w, i, p) € S®. We have proved the lemma. O

Lemma 1.5. S C proj,PRCSBPR.

Proof. We first prove that S™ C proj, PR" for all n > 1 by induction.

(Base step.) Take any (w, u, p) € S*. By definition, there exists a pair of conjectures
(v1,12), where v; € A*(II;(w)), that supports the S%-stability of (w,u, p). For each
J = 1,2, since the mapping g, () is onto, there exists d; € H;(II;(w;)) such that (5]1- = vj.
Comparing Definition 1.10 with Definition 1.4, we conclude that (w, i, p,d1,02) € PR.
Therefore, S* C proj, PR".

(Induction step.) Suppose S¢ C proj, PR for all £ = 1,...,n — 1. Take any
(w, pu, p) € S™. By definition, there exists a pair of self-consistent conjectures (vy, 1),
where v; € A*(IL;(w) N SZ;;)) for each j € J, such that the following two conditions are
satisfied:

(i) Foralli e I and j = 1,2,

Wip(i) (T(W)) + Pipgiy > 0
EV]’ [b.u(])] ‘ I1; ( ) N S y,p)] p#(] > 0.
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(ii) There does not exist a pairwise deviation (4, 7, q) such that

i (T(W)) + ¢ > @iy (T(W)) + Pipti)s
IE,,]. [bij | D jg) N S& ;)] q> EVj [bu(j)j | D jg) N SZ;;)] — Pu(h)i>

where D(; ;o) = {w € IL(w) : ai; (T(W')) + ¢ > @) (T(W)) + Ping) }-

For each j = 1,2, extend v; to a CPS v; € A*(Il;(w)) as follows: For any conditioning
event C' C IT;(w), write

mj(C'):max{ﬁzl,...,n—l:C’ﬂS(eMp);ﬁQ}.

If mj(C) =n—1, let [E|C] = y[EN S("l;;) |C'N S("M; |; if m(C) < n—1, let
v;,[E|C] = Unif(C'N SEZJI())C)) Now by the induction hypothesis, we can construct from

ny € A% (Y2 (I1(w))
that satisfies the following:

(a) For every C' C II;(w) such that C'N 5’8;;) # @ and E C II;(w), we have

o [t | ) = [E 534 | 00 5753
(b) The support of n; is consistent with the highest degree of PR’, i.e. whenever
cn projnj(w)PRz # G forany £ =1,...,n— 1, we have

supp;[- | eyl (C)] € projy< () PR

Because g1, () is onto, we can now define a conditional belief hierarchy ¢; = gﬁjl(w)(nj)
for each j = 1,2. Since g, () is belief-preserving, property (a) combined with conditions
(i) and (ii) of v; implies the epistemic state (w, i, p, 91, 62) € PR. Moreover, property
(b) implies that for each j and any ¢ = 1,...,n — 1, we have (w, u, p, d1,d2) € SBj(PRZ).

Combining these two implications, we obtain

n—1
(@, 1, ,01,02) € PR () { M SBj(PRf)} = PR"'NSB(PR"") = PR".

j=1,2 Le=1
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Therefore, we get S™ C proj,PR" as desired.
Now take any (w, i, p) € S°. For each n € N, define

Uloppy = PR" N ({(w, 1, p)} x Hi (Tl (w)) X Ha(Ila(w))})-

Since (w, i, p) € projoPR" for all n € N, we know that {U&’#’p)}neN is a decreasing
sequence of monempty sets. This means the collection {U(T:J,mp)}neN has the finite
intersection property. But the space W is compact, which in turn implies that there
exists some pair (01, 02) such that (w, p, p,d1,02) € Npen Ul ) © PRCSBPR. Hence,
we obtain S C proj,PRCSBPR. [
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CHAPTER 2

ALL-PAY AUCTIONS WITH GENERAL
INFORMATION STRUCTURES

2.1 Introduction

Equilibrium analysis of auctions typically assumes that the designer not only knows
the common prior distribution of values, but also the information bidders may receive
which induces their beliefs and higher order beliefs. Two prevailing models that theorists
have been working with are the independent private values model in which bidders
receive independent and identically distributed signals that are equal to their true values
(Krishna, 2002), and the affiliated signals model where bidders’ values and signals are
affiliated random variables (Milgrom and Weber, 1982). Concerns have been raised
about these models due to the uncertainty a designer may face regarding the correct
model of beliefs, and there is an emerging literature on robust auction design embracing
such uncertainty of beliefs. In particular, Bergemann et al. (2017a) study the first
price auction with general information structures, under the assumption that given
a symmetric common prior of values, bidders’ beliefs can be induced by an arbitrary
information structure. They find a lower bound on revenue, and then construct an
information structure and an equilibrium such that this lower bound is attained. A
natural follow-up question one may ask is: How is the performance of other standard
auctions we are familiar with? We can easily answer this question for the second-price
auction since it always admits a “bidding ring” equilibrium regardless of the information

structure, so the lower bound on revenue of a second-price auction is zero. In this paper,
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we focus on the all-pay auction and explore its robustness property in comparison with
the first-price auction.

Under particular assumptions on beliefs, there exist some discussions of such revenue
comparison in the literature. From the celebrated revenue equivalence theorem (Myerson,
1981; Riley and Samuelson, 1981), we know that in an independent private values model,
the expected revenue generated by any standard auction format is the same. Amann
and Leininger (1995) and Krishna and Morgan (1993) discover that, when signals are
affiliated, the expected revenue of the all-pay auction is weakly higher than that of
the first-price auction. When bidders have a pure common and publicly known value
but are facing random budget constraints, Che and Gale (1996) show that the all-pay
auction yields a strictly higher expected revenue than a first-price auction. In contrast,
in this paper, we show that when the auction designer does not know the correct model
of beliefs which is consistent with a symmetric common prior, and evaluates an auction
at its minimum expected revenue across all information structures and all equilibria,
the all-pay auction performs weakly worse than the first-price auction. To this end, we
first establish a revenue equivalence result in the “worst case” information structure
constructed in Bergemann et al. (2017a), which implies that the minimum expected
revenue of the all-pay auction never exceeds that of the first-price auction, and then
construct an environment in which the former is strictly lower than the latter. Therefore,
if a seller is extremely ambiguity averse about the uncertain model of beliefs, the seller
should choose a first-price auction over an all-pay auction.!

In the special case of pure common value, some progress has been made to construct
a robust auction mechanism which performs strictly better than does a first-price auction.
As an implication of our revenue equivalence result, the auction to be constructed must
be a non-standard one. Bergemann et al. (2020) characterize the optimal auctions when
the bidders are intermediaries who wish to resell the good. Bergemann et al. (2017b)
construct an optimal auction which maximizes the minimum expected revenue of the
seller. Du (2018) constructs an “exponential price auction” such that as the number of
bidders gets large, the minimum expected revenue converges to the full surplus. How to

extend these auctions to a more general model of values, and how to construct simpler

! As pointed out in Bergemann et al. (2017b), this claim is based on distinct assumptions about
seller’s attitudes towards different sources of ambiguity in this environment: Conditional on a model of
beliefs, the seller is risk neutral about the realization of the outcomes, while the seller only cares about
the minimum expected revenue regarding the uncertainty about the model of beliefs and equilibrium
selection.
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auctions that perform relatively well remain to be explored in future studies.

2.2 Model

A single unit of good is to be allocated by an auction. There are N risk neutral bidders
with quasi-linear preferences over the allocation and payments. We denote the set of
bidders by N' = {1,..., N}. Each bidder i € N has a value v; which is randomly drawn
from a compact interval V = [v, 9] C Ry, and the values v € V¥ are jointly distributed
according to a probability measure u € A(V™).2 In this paper, we shall focus on the
cases where the common prior y is symmetric.® Notice that, although symmetry is a
restrictive assumption, it encompasses both the independent private value case and
the pure common value case, and more generally, values could be correlated in many
different ways.

The distribution of the average of the N — 1 lowest values plays a central role in our
analysis. Let Q(-) denote the cumulative distribution function (CDF) of this random
variable, and we assume that Q(-) is continuous, i.e. this distribution is non-atomic.

We now describe the information that bidders may obtain in addition to the common
prior. An information structure S = (S, ) contains a product space S = [[Y, S;, where
each S; is a measurable space of signals that bidder ¢« may receive, and a measurable
mapping 7 : V¥ — A(S) which generates a probability measure over signal profiles
given each realization of values. Therefore, the signals themselves may be correlated,
and they are also correlated with the profile of values. The information structure S, as
well as the common prior y, is assumed to be common knowledge. We then interpret
each bidder’s signal as her private information, and she can only infer her opponents’
signals by Bayesian updating.

An auction mechanism (or auction, for simplicity) A = (g;, t;)ien is a set of allocation
rules ¢; : BY — [0, 1] satisfying 3%, ¢i(b) < 1 for all b € BY and a set of payment rules
t; : BY — R, where B = [0, 00) is the set of possible bids that a bidder may submit.

2We consider the product topology of product spaces. All topological spaces are endowed with
the Borel sigma-algebra. For any topological space X, let A(X) denote the set of Borel probability
measures on X, endowed with the weak* topology.

3The precise definition of symmetry is stated as follows. Let = denote the set of permutations of the

index set N. Each £ € = defines a (unique) mapping E:VN 5 VN by (f(v)) = v, Vi=1,..., N.

We say that the common prior y is symmetric if for all measurable sets £ C VY and all é , we have

~

1(E) = n(§(E)).
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Given a profile of bids b € BY, ¢;(b) is the probability that bidder i obtains the good,
and t;(b) is the amount the payments that bidder ¢ makes to the seller. We assume
that a bidder can always opt out by submitting 0, i.e. ¢;(0,b_;) = t;(0,b_;) = 0 for all
b_; € BN71. Therefore, an auction defines a (base) game in which the bidders submit

their bids simultaneously, and obtain payoffs

As in Krishna (2002), we call an auction standard if the allocation rule says that the
object is awarded to the bidder who submits the highest bid. In addition, we assume
that if there are multiple winning bids, the winner is selected uniformly. Hence, if we let
W (b) = {i:b; > b;,Vj} denote the set of high bidders, and x g be the indicator function

of an event F, an auction is standard if and only if

XieW (b
qi(b)— EW(b)

W)
Most of the auction formats we are familiar with are standard. For example, the
first-price auction is standard with t;(b) = b;q;(b); the second-price auction is standard
with ¢;(b) = (max; b;)q:(b); and the all-pay auction is also standard with ¢;(b) = b;,.
Given an information structure S and an auction A, we have a Bayesian game. A
strategy of a bidder i is represented by a measurable mapping o; : S; — A(B). A
Bayes-Nash Equilibrium (BNE) is a strategy profile o = (01, ...,0y) such that for all 4

and any o, we have

Ui(vi, 0i(8:), 0—i(5—s d d
/veVN/seS (vi, 0i(s1), 0-i(s-i))m(ds [v)u(dv)
= Ui(vi, 03(si), 0-i(s_ d dv),
> /vEVN/SES (vi,01(8:), 0_i(s_i))m(ds |v)u(dv)
where U;(vs, 04(s;),0_i(s_;)) is the multi-linear extension of U;(v;, b) in the equation (1).

Fixing an information structure § and an auction A4, let ¥*(S,.A) denote the set of all
possible BNE.
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2.3 Revenue Comparison

In our model, we evaluate the performance of an auction by its lowest possible revenue
across all information structures and all BNE. We call this tight lower bound the robust

revenue of an auction A, and it is calculated as

N
R*(A) =inf inf / / ti(oi(si), 0_i(s_;))m(ds |v)u(dv).
(A)=inf il e SES; (0i(si), 0—i(s-i))m(ds [v) pu(dv)
This measure of performance may appeal to a seller who is extremely ambiguity averse
about bidders’ information and equilibrium selection.

We now describe an information structure that is of particular interest in our study.

Define
1

a(v) = V1 (ZZ: v; — max vl->
as the average of the N — 1 lowest values given v € V| and recall that Q(-) is the CDF

of the average of the N — 1 lowest values, i.e.

Qw) = p({vla(v) < w}).
Let [w, @] be the support of Q(w).

Definition 2.1. In an independent lower average information structure, each bidder’s
signal is an independent draw from the distribution F(s) = Q(s)~, and the signals and
values are correlated in a way such that (i) The highest signal is equal to the realized

value of a(v); and (ii) The bidder with the highest value receives the highest signal.

In the special case of pure common value, this information structure reduces to
the “maximum game” studied in Bulow and Klemperer (2002) and Bergemann et al.
(2020). In first-price auctions, Bergemann et al. (2017a) show that this is actually a
“winning-bid-minimizing” information structure such that the robust revenue is achieved

by a symmetric BNE.

Proposition 2.1 (Bergemann et al. (2017a)). In the first-price auction, the strategy

profile X N X
oi(s) = Q(N_l)/N(S)/w:ww I Ql/N(w>Q(dw), Vie N




62

constitutes a Bayes-Nash Equilibrium under the independent lower average informa-
tion structure. Moreover, the robust revenue of first-price auction is achieved by this

information structure and equilibrium.

If we define G(w) = Q(w)V~Y/N the equilibrium strategy in Proposition 1 can be

rewritten as

]_ S
%) = / WG (dw).

w=w
Notice that this is exactly the equilibrium strategy of a first-price auction with inde-
pendent private values where s; = v; (Krishna, 2002). Indeed, there is a surprising
connection between the independent lower average information structure and the inde-

pendent private value (IPV) model.
Proposition 2.2 (Revenue Equivalence).

(i) Consider an IPV environment in which bidders’ values are independent draws
from Q(s)%. For any standard auction which has a symmetric and increasing
equilibrium o7py in such IPV environment, where a bidder with the lowest possible
signal obtains zero surplus, this equilibrium strateqy oipy still constitutes a Bayes-
Nash equilibrium in the independent lower average information structure in our

setting with common prior p.

(ii) All these Bayes-Nash equilibria of standard auctions generate the same ex ante

expected revenue for the seller.

Proof. According to the revenue equivalence theorem in the IPV model, in a symmetric
and increasing equilibrium ofpy of any standard auction where a bidder with the lowest
possible signal w obtains zero surplus, the expected payments of a bidder receiving
signal s is

tev(s) = / " WG(dw).

We next argue that all bidders playing the strategy ojpy is also a Bayes-Nash equilibrium
in the independent lower average information structure in our model. To this end, we
only need to show that after receiving a signal s, it is not profitable for a bidder 7 to
deviate to another bid ojpy (') if all others are following the strategy ojpy. If bidder i

receives a signal s and submits ojpy(s), the expected payoffs are

3(s)G(s) — / WG (dw),
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where 0(s) is the expected highest value conditional on «(v) = s, and the second part is
just the expected payments in the IPV model.

If bidder i deviates to a bid ofpy(s’) with s < s, she wins only if she was going to
win if she did not deviate, i.e. s is the highest signal. In this case, bidder ¢’s expected
value is still 9(s). (This is because the calculation of ¥(s) is based on the realized value
of a(v), for which the highest signal is a sufficient statistic.) In addition, the expected

payments now become tpy(s’). Hence, the expected payoffs can be written as

where the first inequality comes from the fact that o(s)—s > 0, and the second inequality
is because that ofpy is an equilibrium strategy in the IPV environment. Therefore,
downward deviations are not profitable.

On the other hand, if bidder i deviates to a bid ojpy(s’) with s’ > s, she still wins
if s is the highest signal, and such gain from allocation is 9(s)G(s). In addition, she
can also win if the highest signal lies between s and s’, and such gain from allocation
is :,,:S wG (dw). This is because conditional on opponents’ highest signal being w and
s < w, bidder i’s expected value is exactly w — the average of the lower values. Again,
the expected payments become tipy(s’). Therefore, the expected payoffs from upward

deviation is

, wG(dw) — /SI wG(dw) = 0(s)G(s) — /S wG(dw),

w=s w=w w=w

meaning that bidder 7 is actually indifferent to any upward deviation.
Therefore, we have proved the first statement of Proposition 2. The second statement

is a direct consequence of the revenue equivalence theorem in the IPV environment. [J
A combination of Proposition 1 and Proposition 2 yields the following Corollary.

Corollary 2.1. The robust revenue of a first-price auction is weakly higher than that
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of any standard auction formats which have a symmetric and increasing equilibrium.
In particular, the all-pay auction performs weakly worse than the first-price auction in

terms of robust revenue.

Proposition 2 and Corollary 1 can be viewed as an extension of the Proposition 3
and Corollary 2 in Bergemann et al. (2020), where they focus on the special case of pure
common value. Our analysis shows that even in the more general environment where
values are only assumed to be symmetric, the performance of first-price auction is still
very robust. As long as we want to use an easily understood auction mechanism such
that “the highest bid wins the auction,” first-price auction ensures the highest robust
revenue. This Corollary also suggests that, if we want to construct a robust mechanism
which performs strictly better than the first-price auction, the resulting mechanism
should be a “non-standard” one. Indeed, the “exponential price auction” constructed in
Du (2018) and the optimal auctions designed in Bergemann et al. (2017b) and Brooks
and Du (2021) are all non-standard. Nonetheless, all these papers mentioned above
focus on the pure common value case, and searching for an optimal mechanism in the

more general environment seems to be a promising direction for future research.

Remark. Even if we consider standard auctions with reserve price, the first-price
auction is still superior to any other standard auction format. To see this, we only need
to apply a variant of the revenue equivalence theorem for a fixed marginal signal § below
which it is optimal for a bidder to opt out (Riley and Samuelson, 1981). Therefore,
we can categorize the class of standard auctions with reserve price by the marginal
bidder signal §, i.e. the cutoff of the exclusion induced by the reserve price. By a similar
argument as in the proof of Proposition 2, one can see that in every subclass of the
standard auctions with reserve price, the strategic and revenue equivalence still holds in
the independent lower average information structure, and hence the first-price auction

ensures the highest robust revenue.

We have now established that the all-pay auction generates weakly less robust
revenue than the first-price auction. The next natural question we want to understand
is: Can an all-pay auction be strictly worse than a first-price auction in some situations?
Before addressing this, it is worth mentioning that we already know the answer for the
second-price auction. In a second-price auction, for any information structure, there

always exists a bad equilibrium in which one bidder makes an extremely high bid, and
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all others bid zero. Therefore, the robust revenue generated by a second-price auction is
actually zero.

We now present a heuristic example which suggests that an all-pay auction could
be strictly worse than a first-price auction. Let us assume that there are two bidders,
one has a high value 2, and the other has a low value 1. For each bidder, it is equally
likely to have either a high value or a low value, but the values are correlated such that
whenever one bidder has a high value, her opponent must have a low value, and vice
versa. In this environment, a straightforward lower bound on revenue of the first-price
auction is 1. Indeed, this lower bound can be achieved by full disclosure of information,
in which case the auction becomes a Bertrand competition. We next turn to the all-pay
auction, and again assume that the information is fully disclosed by an information
structure. In each realization of values, it is easy to check that the high value bidder
submitting a bid uniformly drawn from (0, 1), and low value bidder opting out with
% probability and submitting a bid uniformly drawn from (0, 1) with complementary
probability constitute a BNE. A simple calculation shows that the ex ante expected
revenue generated from this specific information structure and equilibrium is strictly
lower than 1 — the robust revenue in the first-price auction. Our assumption that Q(-)
is a continuous CDF is not satisfied by the example above, but the following example
confirms that this assumption does not preclude the possibility of strict order of the

robust revenues.

Example 2.1. Suppose that there are two bidders, and 6 is a random variable uniformly
distributed on [1,2] U [3,4]. Values are determined by v; = 6, and vy = 5 — . Therefore,
the common prior on V? is symmetric (and perfectly correlated).

We first consider the robust revenue of a first-price auction. Since the lower value is
uniformly distributed on [1, 2], the signals in the independent lower average information
structure is drawn from F(s) = /s — 1 for s € [1,2]. By Proposition 1, the equilibrium
strategy
_ s+ 2’ P

1 2 1
_ d
) \/S-l/w:l o1 7 3

achieves the robust revenue, which can therefore be calculated as

2542 7
Rypa /1 3 § 6

O'Z'(S

We now construct an information structure and an equilibrium in an all-pay auction
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such that the expected revenue is strictly lower than Rpp,. Consider an information
structure that fully reveals the realization of values. Therefore, for every realization of

values, we have an all-pay auction with complete information. If 6 € [1, 2],

-2
EEE N

o(0) =5 5_0

x Uniform(0, 0),

and
09(f) = Uniform(0, 6),

constitute an equilibrium, where Jy is the Dirac measure at 0 and the sum in o;(6) is
in the sense of convex combination over distributions. Let us briefly check that this
strategy profile is an equilibrium: For bidder 1, any bid b € (0, 0) gives her a surplus of
0 x g — b =0, and opting out also ensures a surplus of 0, so she is indifferent to any bid
between 0 and 6; For bidder 2, by submitting a bid b € (0, ), she obtains a surplus of

5—20+ 0 b
5—0 5—-0 0

><> x(b—0)—b=>5—20,

which does not depend on b, meaning that she is also indifferent to any bid between 0
and . Therefore, the strategy profile we specified is indeed an equilibrium. If 6 € [3, 4],
due to the symmetry of values, we can easily retain the equilibrium by slightly modifying
the strategies and relabeling the bidders. Hence, the ex ante expected revenue a seller

can obtain from this equilibrium is

2/(6 0 0 5 25
J <2+5_e . 2) 9 = (50~ lox(5—0))

which is strictly less than Rpp, = %. ¢

2

= 1.096,
1

This example provides a constructive proof of the following result.

Proposition 2.3. For some symmetric common prior j, the robust revenue of an

all-pay auction is strictly less than that of a first-price auction.

Notice that we are not claiming the robust revenue of an all-pay auction is always
strictly less — it is true for some environments. But we believe that from the perspective

of a seller, this result gives us enough reason to choose a first-price auction over an
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all-pay auction in an effort to guarantee a higher robust revenue.*
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CHAPTER 3

RoBUST PREDICTIONS IN DYNAMIC
GAMES WITH INCOMPLETE INFORMATION

3.1 Introduction

Models of strategic interactions often impose strong common knowledge assumptions on
payoffs, and they usually have a large set of rationalizable or equilibrium strategies. Game
theorists have observed that, by slightly relaxing the common knowledge assumption, we
are able to select some equilibrium outcomes as a unique prediction (Rubinstein, 1989;
Carlsson and van Damme, 1993; Morris and Shin, 2000). Weinstein and Yildiz (2007)
substantially generalize this insight in a static environment where all common knowledge
assumptions are relaxed (i.e. the so-called richness condition holds). In particular, they
show that (i) (the Structure Theorem:) any interim correlated rationalizable (ICR)
strategy of a type can be uniquely selected by perturbing higher order beliefs, and (ii)
(generic uniqueness:) the prediction delivered by ICR is generically unique in the space
of all belief hierarchies, i.e. the universal type space. Chen (2012) and Penta (2012)
extend these results to dynamic games with suitably defined richness conditions.

In this paper, we focus on a dynamic environment where common knowledge on

!The richness condition of Weinstein and Yildiz (2007) rules out all genuine dynamic games because
a strategy cannot be strictly dominant when some information set may not be reached. To tackle
this issue, Chen (2012) focuses on the normal form of dynamic games and extends the results under a
weakened version of (extensive-form) richness. Penta (2012) studies a more general dynamic environment
with an information structure. Based on sequential rationality, he proposes a solution concept interim
sequential rationalizability and establishes its Structure Theorem and generic uniqueness under a
richness condition in his setting.
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payofls is captured by a payoff-information (PI) structure. We dispense with any richness
condition and study robust predictions under arbitrary PI structures. This direction of
exploration is important for two reasons. First, although sequential rationality has a bite
at all histories when a player has some information about payoffs, the richness condition
implies all opponents’ strategies can potentially be sequentially rational. Therefore, any
off-path belief is essentially unrestricted. Only by maintaining some common knowledge
on payoffs, a player’s information can interact with his beliefs about other players’
rationality throughout the game. Our approach allows for these situations of interest,
which are ruled out by the richness condition. Second, if we, as researchers analyzing a
dynamic interaction, are confident to assume a PI structure where the richness condition
is not satisfied, existing results in the literature cannot be used to help us refine our
prediction. In this case, the present paper provides useful tools for us to decide which
predictions are robust against misspecification of higher order beliefs within the PI
structure we are confident with.

A solution concept is robust if it is an upper hemicontinuous correspondence defined
on the universal type space (Fudenberg et al., 1988; Dekel and Fudenberg, 1990; Weinstein
and Yildiz, 2007). In other words, robustness requires that the prediction for a type
does not reject any strategy that is not rejected by a sufficiently “close” type.?2 We
choose extensive form rationalizability (EFR) (Pearce, 1984; Battigalli, 1997) as the
main solution concept of our analysis because it is robust in this sense, as shown by
recent work of Piermont and Zuazo-Garin (2021). Moreover, EFR captures the epistemic
assumption of sequential rationality and common strong belief thereof, so it imposes
restrictions on players’ off-path beliefs and thus is suitable for genuine dynamic games.

In the literature of dynamic games with incomplete information, EFR is either
defined for a type space on which common knowledge is assumed, or for the universal
type space of a PI structure. These notions cannot be directly used for our purpose.
We believe the most realistic situation is where we, as researchers, impose a common
knowledge assumption on a PI structure, but model players’ initial beliefs using a small
type space. Therefore, a player’s conjecture about opponents’ behaviors is restricted by
the type space initially, but once an off-path history is reached, this player maintains
his (strong) belief about opponents’ rationality under the PI structure (but not the

type space).® Motivated by this observation, we formulate an interim version of EFR

2We endow the universal type space with the product topology, so two types are considered close if
their first n orders of beliefs are almost the same, with n arbitrarily large.
3Therefore, our approach sticks to the interpretation that a type space is only a convenient tool to
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(Definition 3.3) defined for a type space. This definition relies on an auxiliary “belief-free”
version of EFR, which is computed based on the PI structure without referring to any
type spaces.® We show in Lemma 3.1 that this interim EFR is consistent with the one
defined for the universal type space (Piermont and Zuazo-Garin, 2021).

We then ask a natural question: Given a finite type space in the PI structure, can
we refine EFR without upsetting robustness?” We focus on finite type spaces because
they are ubiquitously used in applied game theory. Formally, a prediction for a finite
type space specifies a set of strategies for each type, and we say a prediction is a robust
refinement of EFR if it is consistent with an upper hemicontinuous sub-correspondence
of EFR on the universal type space (Definition 3.4). To answer this question, we follow
Chen et al. (2021) and employ a curb collection approach.® In particular, we define and
compute the upper (lower) EFR collection of each payoff type, which consists of all sets
of strategies that contain (are contained by, respectively) the set of EFR strategies for
some type, with that payoff type, in the universal type space. Moreover, we define and
compute a local upper EFR collection of each type in the given finite type space. This
local collection traces out all minimal sets of EFR strategies around that type when
we envision it in the universal type space. Our three main characterization results are

summarized as follows:

(1) (Proposition 3.4) For a given finite type space, a prediction is a robust refinement
of EFR if and only if the predicted set of strategies for every type intersects with
all elements in the local upper EFR collection of that type.

(2) (Proposition 3.5) A Structure Theorem of EFR holds if and only if, in the universal
type space, every rationalizable strategy of a type is uniquely rationaliable for
some type with the same payoff type. In this case, EFR is the strongest robust

prediction.

(3) (Proposition 3.6) Generic uniqueness of EFR holds if and only if, in the universal
type space, every set of rationalizable strategies of a type contains at least one

strategy that is uniquely rationalizable for some type with the same payoft type.

model beliefs, but it should not be associated with any additional common knowledge assumptions.
4Because of this dependence on the PI structure, our interim EFR is not invariant to the PI
structure (see Penta, 2012).
5The curb collection is a generalization of the curb set proposed by Basu and Weibull (1991). Chen
et al. (2014) first use this notion to study robust selection of ICR; Chen et al. (2021) also use it to
study robust refinement of ICR. Both papers study static games.
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This set of results can be useful in applications, especially when we are confident
with certain aspects of the environment. We demonstrate the power of these results by
applying them to study two forms of higher order uncertainty. In the first application,
we consider the Beer-Quiche game of Cho and Kreps (1987) and introduce uncertainty
about the privacy of sender’s information. The PI structure is expanded in a way to
allow for the possibility that the receiver knows the type of the sender. We still focus
on the original model of player’s beliefs, which now corresponds to a type space that
assumes initial common belief in the privacy of sender’s information. Using our results,
we show that EFR is generically unique in the universal type space, and the strongest
robust refinement for the type space in question is outcome equivalent to the equilibrium
that satisfies the Intuitive Criterion. In the second application, we generalize the analysis
in Penta and Zuazo-Garin (2022) and introduce uncertainty about the observability
of actions in stage games. As an example, we consider two coordination games in the
second stage, and a player can pick one of them in the first stage. We find that, when
uncertainty about observability is present, the strongest robust refinement of EFR is as
if the first-mover has an advantage and chooses a coordination outcome that he prefers
the most. Albeit intuitive, this sharp prediction cannot be delivered by existing solution
concepts.

This paper belongs to a game-theoretic literature that studies predictions robust to
higher order payoff uncertainty. Several papers investigate this question in dynamic
games like we do. Apart from the work by Chen (2012) and Penta (2012), Weinstein
and Yildiz (2013) extend the insight of Weinstein and Yildiz (2007) to infinite-horizon
repeated games and establish an “unrefinable” Folk Theorem in that setting. Piermont
and Zuazo-Garin (2021) introduce a novel heterogeneity of perceptions about payoffs
and explore its implications in dynamic games. While all these papers rely on a richness
condition,® we discard it in the present paper.

A branch of the literature also considers robust predictions without richness. Penta
(2013) provides sufficient conditions under which the results of Weinstein and Yildiz
(2007) still hold. Chen et al. (2021) fully characterize the Structure Theorem and generic
uniqueness of ICR under arbitrary payoff uncertainty. Weinstein and Yildiz (2011)
characterize the sensitivity of Bayes Nash equilibrium to higher order beliefs without

making any richness assumption. All these papers relax the richness condition in static

6Piermont and Zuazo-Garin (2021) do not invoke the richness condition directly. Instead, they
define a notion of higher order richness and show that it is generically satisfied.
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games. The contribution of the present paper is that we consider dynamic games and
work with a solution concept designed for genuine dynamic settings.

Most of the work mentioned above is aimed at delivering a negative result: We
cannot robustly refine our predictions for models we usually use, although there is a
plethora of rationalizable or equilibrium strategies. However, we feel that the message
of this paper is a positive one and is in line with Penta and Zuazo-Garin (2022): If we
(i) are confident with a particular space of payoff uncertainty, or (ii) want to examine
the relaxation of a specific form of common knowledge, then robustness to higher order
uncertainty may help us refine the multiplicity of rationalizability.”

The remainder of this paper is organized as follows. Section 3.2 introduces the game-
theoretic model and our solution concept. Section 3.3 contains the main characterization

results. Two applications of these results are provided in Section 3.4.

3.2 Preliminaries

3.2.1 Game-Theoretic Model

We specialize our analysis in multistage games with observable actions (Fudenberg
and Tirole, 1991; Osborne and Rubinstein, 1994). A dynamic game with incomplete
information I' consists of an extensive form £ that describes the rule of the game and a
preference-information structure Z that defines players’ information about their payoffs.
Given a dynamic game with incomplete information, we usually attach to it a type space
(or model) T which represents players’ (exogenous) beliefs at the beginning of the game.

Formally, an extensive form is defined by a tuple
&= {[7 Ha Za (Al)zef}

The finite set of players is denoted by I, and A; is the set of actions player ¢ can choose.
A history is a finite concatenation of action profiles which describes the actions chosen
by players in all previous stages. The set of all possible histories is partitioned into

the set of partial histories H (including the empty history ¢) and the set of terminal

"In a different direction, Heifetz and Kets (2018) and Germano et al. (2020) weaken the solution
concept ICR by introducing (higher order) uncertainty about limited reasoning ability or limited
rationality, respectively. They show that when the assumption of common belief in rationality is
perturbed, robust proper refinements become possible.
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histories Z. Write A;(h) for the actions available to player i at history h, and we say
player i is active at h when A;(h) is nonempty. Let H,; denote the set of histories at
which player i is active. A strategy of player i specifies an action in A;(h) for all h € H,;.
We identify two strategies that only differ at precluded histories, and let S; denote the
set of player i’s reduced form pure strategies (henceforth strategies, for brevity). The
set of player i’s opponents’ strategies is denoted by S_; = X ,_; S;. Moreover, we write
S;(h) for the set of player i’s strategies that do not preclude history h, and H;(s;) for
the set of player i’s partial histories not precluded by s; € S;. For each strategy profile
5 € X1 Si, let 2(s) € Z denote the terminal history induced by s.

A preference-information structure (P1 structure) is a tuple
1= {@0, (04, ui)ier, é} )

where Qg is a finite set of the states of nature, and ©; is a finite set of player i’s payoff
types. Each payoff type #; € ©; represents a piece of player i’s hard information about
payoffs and is known by player i before the game starts.® In our model, we allow
the analyst to impose common knowledge assumptions on players’ information via an
information restriction © C X ser ©i- That is, it is commonly known by the players that
the profile of payoff types (;)ics lies in ©. This can happen when certain combinations
of players’ information are collectively exclusive. Note that we can relax such common
knowledge assumption by simply letting © = X se1 ©i, which is common in the literature.
We denote by u; : Z x Oy x © — R the utility function of player i. For each i € I and
0; € ©;, welet O_; = X iz ©, and (:)_Z-(Qi) C ©_; be the section of © at 6;:

@77j<8,) = {9,1 S @71' . (91,972) S C:)} .

We now describe players’ belief hierarchies based on ©y x © (Mertens and Zamir,
1985; Brandenburger and Dekel, 1993). The construction is standard as in the literature
except for the information restriction ©. For each i € I and 6; € O, let Z1(6;) =

8Therefore, we sometimes also refer to 6; as player i’s information.
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A (@0 X é_l(@)) be the set of player i’s first order beliefs.” For n > 1, let

Z"(0;) = {(9—1‘7@1') €O x X Z(0;) 0 ¢ @—i(@')} ,
JFi

and define iteratively

n+l _ _n

20, — { ana (7117 . ,Ti"Jrl) e ZM6;) x A (@o X Zﬁi(ﬁi)) : } |

where A (@0 X Zﬁi(Gi» is the set of (n+1)-th order belief of player ¢ who has information
;. Note that the assumptions of coherency and common belief in coherency are embedded
in this iterative definition. The set of player i’s collectively coherent belief hierarchies

with information 6; is

H(6;) = {Q = (rl. 72, ) € X A(00x 22,(6:) : (7)., 7") € Z[(8;) for all n > 1}.
n>1
When analyzing a game with incomplete information, we usually summarize players’

belief hierarchies in a concise representation defined as follows.

Definition 3.1 (Type Spaces). A type space is a tuple T = {(1;, Vs, k;)ier }, where T; is
a compact metrizable space that contains types of player i, ¥; : T; — ©; is a continuous
function that specifies a payoff type for each t; € T;, and k; : T; — A(©¢ x T_;), such
that r;(t;) [19_2-(15_,-) € (:)_i(ﬁi(ti))} =1, is a continuous function that describes type ¢;’s

belief about the states of nature and his opponents’ types.

A type space is called finite if T; is finite for every i. Each type t; induces a belief

hierarchy of player 7 in H;(9;(¢;)) as usual.!® Generalizing the analysis from Mertens and

9In this paper, for any metrizable space X, we write A(X) for the space of probability measures
defined on the Borel o-algebra of X. We endow A(X) with the weak™® topology, a product space with
the product topology, and a finite space with the discrete topology.

10To be specific, the first order belief of type ¢; is defined by

7 (t)[E) = ki(t) [{(00,t—:) = (B0, 9—i(t—:)) € E}]
for every measurable E C ©g x ©_;(6;). Moreover, for every measurable E C ©g x Z1,(9;(t;)),

T2 (t)[E] = ki(t:) [{(Bo,t—:) : (B0, 9—i(t—s),7,(t—)) € E}]
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Zamir (1985) and Brandenburger and Dekel (1993), it can be shown that when H;(6;) is

endowed with the product topology, there exists a belief-preserving homeomorphism

where
H_,(6,) = {(e_i,c_i) €0, x X H;0;):0; € é_i(ez-)} .
J#i

We now define a tuple 7* = {(T, 97, k] )icr }, where T} = {(6;,¢;) : 6; € ©; and (; € H;(6;)},
and for each t; = (6,,¢;) € T, (i) 95(t;) = 0; and (i) &} (t;) = B:(6;)(¢;). It is easy

to check that this tuple 7 satisfies Definition 3.1, and is therefore referred to as the
universal type space.!! For a given type space T = {(T;,9;, Ki)ier }, and t; € T;, we write

of st e (0i(t), TH(t), T2 (), ...) € T for the mapping that maps each type into the

(2

universal type space. Since (;(6;) is belief-preserving, the mapping ¢} satisfies

ki (5 (1) [E] = ki(ts) [(90,15—1') (6o, 0" (ts)) € E}

for all measurable £ C ©¢ x T%,. A type t; € T} is called a finite type if it can be

2

induced by a type in a finite type space.

3.2.2 Solution Concept

The solution concept we shall employ in this dynamic environment is the extensive
form rationalizability (EFR) defined on a type space.'? It captures a notion of forward
induction: observed behaviors shape a player’s conjecture about payoffs and opponents’
future play. Before formally describing this solution concept in our model, we need some
definitions in advance.

Fix a player ¢« € I. For any compact metrizable space X and every history h € H, let

)

[h] € X x S_; denote the event that history h is not precluded by player i’s opponents

defines the second order belief of type ¢;. We can therefore recursively compute the entire belief
hierarchy (7}(t;), 72(t:), - .) € H;(9i(t;)) induced by type ¢;.

HWith a slight abuse of terminology, we sometimes also refer to 7% = X ier I as the universal type
space.

12The notion of extensive form rationalizability was first proposed by Pearce (1984) and Battigalli
(1997). Battigalli and Siniscalchi (2002) study an ex ante extension under incomplete information and
provide an epistemic characterization. Piermont and Zuazo-Garin (2021) examine an interim version of

EFR in the universal type space.
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strategies, i.e.

[h] = X x S_;(h).

Definition 3.2 (Conditional Probability Systems). A collection p = (p(h))pew of
probability distributions p(h) € A(X x S_;) is called a conditional probability system
(CPS) over X x S_; if the following two conditions are satisfied:

(i) For each history h € H, u(h)[h] = 1;
(ii) For every measurable £ C [h] C [K/], we have p(h)[E] - u(h')[h] = p(h')[E].

Let A"(X x S_;) denote the set of CPS over X x S_;.

We define a conjecture of player i with payoff type 6; as a CPS over Oy x O_;(6;) x S_;.
Given a conjecture 7;, we write r;(m; | ;) for the set of sequentially best responses of

player i with payoff type 0;, i.e. s; € r;(m; | 6;) if and only if for all h € H(s;),

s; €argmax Y w(2(s},5-;),00,0;,0_;)m;(h)[0o, 0, 5.
S;ESZ'(}L) 00,0_;,5_;

When defining a type space, a type t; € T; may assign zero probability to some payoft
type profile A_; € ©_;(9;(t;)) of his opponents, i.e. x;(t;)[0¢ x ¥~} (6_;)] = 0. When
reaching an unexpected history, type t; may discard his initial belief while maintaining
common knowledge of the PI structure Z. Therefore, we need to keep track of the
“rational behaviors” of i’s opponents that are consistent with the PI structure. To
achieve this, we first define an auxiliary belief-free version of EFR that encodes players’
behaviors of all payoff types.

For every player i € I and payoff type 6; € ©;, let CY(0;) = AM(0y x O_;(6;) x S_;)
and BFY(0;) = S;. For n > 1, write BF™;'(_;) = X i BF?_I(Oj), and define

VYh e H, (0 x ©_,(8;) x S_;(h)) Ngraph (BF™;! 1%}
Cr(0) = {m oy . ¥ (90X Ouilh) x S-(0) e (BE)
implies 7;(h) [@0 X graph (BFZ )] =1

and
BF(0;) ={s; € S; : 3m; € C!'(6;) s.t. s; € ri(m; | 0;)}.

The sequence {BF7 (6;)},>0 is decreasing and converges in finite steps. Notice that this
procedure does not involve any type space nor its implied beliefs. It records, recursively,

the set of strategies that can be played in each round of EFR for some type in the
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universal type space with payoff type 6;.'*> We keep the resulting sets {C?(6;)},>0 as
increasingly stronger conjecture restrictions to compute EFR strategies for arbitrary

type spaces smaller than the universal one.

Definition 3.3 (Extensive Form Rationalizability). Fix a type space {(T;, s, ki)icr }-
For every i € I and t; € T, let EFRY(¢;) = S;. For n > 1, let EFR";*(t_;) =
X ;. EFR} 7 (t;), and define

i € A(Og x T; x S_;) s.t.

(1) marge, w1 = Fi(ti);

(i) i [{ (00, t-i,5-) : 55 € BFR"7 (t_)}] = 15

(ii) mi(¢)[00, 0, s—i] = pil{ (G0, t—i, s—3) : V—i(t—;) = O04}]

7

and

EFR?(t,) = {Si €S, dm € \P?(tl) s.t.s; € 7’1'(71'2‘ ‘ ﬁl(tz))} .
Finally, let EFR; () = (s EFR?(t;).

We now describe a version of EFR defined on the universal type space T*. Since T*
contains all possible belief hierarchies consistent with the PI structure, we no longer
need to use the restrictions encoded by {C"(6;)},>0 and can instead incorporate forward
induction reasoning in a more direct way. The following definition is from Piermont
and Zuazo-Garin (2021). For every i € I and t; € T}, we write T%,(t;) = {t_; € T*, :
9, (t_;) € O_y(9:(t;))}, i.e. T*,(t;) is the set of opponent types that ¢; considers possible
due to the information restriction ©. Now let W°(t;) = A™(©y x ©_;(6;) x S_;) and
EFR;"(t;) = S;. For n > 1, write EFR™} ™' (t_;) = X, EFR;"7'(t;), and define

m e Ut
3/]1 € AH(GO X sz(tz) X sz) s.t.
(i) marge, .= fi(@) = 7 (t:);

() = . - et
(i) Vh € H, (€0 x T*,(t)) x S—i(h)) N graph (EFR*") # &
implies fi;(h) [@0 x graph (EFR??—l)} =1;
(iii) Vh € H,mi(h) = marge, 6 . xs_.fi(h)

and

EFRj’n(tZ) = {SZ‘ c SZ : Hﬂ'i € \I/:’n(tl) s.t. s; € Ti(ﬂ'i | ﬁj(tﬂ)} .

13Ziegler (2022) makes a related observation for static games.
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Finally, let EFR}(t;) = N,>0 EFR;™" (t;).
It is natural to ask whether Definition (3.3) of EFR applied to the universal type

space coincides with EFR" defined above. The following lemma gives a positive answer.
Lemma 3.1. Fiz a type space {(T;,9;, ki)icr }. For everyt; € T;, EFR;(t;) = EFR; (pf(t;)).
Proof. See Appendix 3.5.1. O
Corollary 3.1. We use superscripts to indicate the type space EFR is defined on.

(i) For any t; € Ty, EFR7 (t;) = EFR} (t;);

(ii) For two type spaces T and T', EFR] (t;) = EFRY (¢)) if o1 (t:) = @ (t]).

Due to this corollary, we sometimes omit the star in EFR" and simply denote it
by EFR without any confusion. The following property of EFR* is important for our

analysis.

Lemma 3.2 (Piermont and Zuazo-Garin (2021)). For every n > 0, EFR"(-) is upper
hemicontinuous on T;. Therefore, EFR}(:) is upper hemicontinuous on T;; that is, for
each t; € T} and any sequence {t; m}men C T such that t;,,, — t;, if s; € EFR} (t;.m)

for all m then s; € EFR](t;).

The convergence t;,,, — t; (in the product topology) means that ¥} (t;,,) = 97 (¢;) for
large enough m, and 7*(¢;,,) — 77*(¢;) (in the weak™® topology) as m — oo for every n.

We next define a notion of unique selection that plays a crucial role.

Definition 3.4 (Unique Selections). Given a type space {(T;,J;, ki)icr }, we say that
strategy s; € S; can be uniquely selected for type t; € T; if there exists a sequence
{tim}men C T such that t;,,, — t;, and {s;} = EFR;(t;,,) for all m.

Note that we envision a type t; € T; as an element of 7" and identify it with ¢*(¢;),
i.e. the conjunction of its payoff type and belief hierarchy. An interpretation of this
definition is that, if a strategy s; can be uniquely selected for a type t;, then s; is the
only EFR strategy for a type arbitrarily “close” to t;. Therefore, a researcher cannot
reject the strategy s; being played by type ¢; when she cannot precisely observe the
infinite sequence of belief hierarchies.

The analyst can make a prediction P = X, ; P;(-) given a finite type space
{(T;,V;,Ki)ier}- Each P, : T, — &; is a prediction for player i, where S; is the col-

lection of all nonempty subset of S;. Following Chen et al. (2021), we now propose a
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notion of robust refinement which requires that the prediction P;(¢;) of t; coincides with

an upper hemicontinuous refinement of EFR on T.'

Definition 3.5 (Robust Refinements). Given a finite type space {(1}, s, Ki)icr }, we say
P is a robust refinement of EFR if there exists a prediction P* on the universal type

space such that for every ¢ €

(i) Pr(tf) C EFR;(¢tF) for all tf € T
(ii) P7(-) is upper hemicontinuous on 77;;
t

(iii) Pi(t;) = P (pi(t;)) for all t; € T;.

In words, a prediction P is a robust refinement of EFR if (i) there exists P*, an
upper hemicontinuous sub-correspondence of EFR* on the universal type space, and (ii)
the prediction P for the type space in question is consistent with P*. Notice that by
Lemmas 3.1 and 3.2, the prediction EFR is by default a robust refinement of itself. In
the next section, we provide a tight condition for a prediction P to be robust refinement
of EFR. We further use this condition to characterize the Structure Theorem and generic

uniqueness of EFR.

3.3 Characterizations

For our characterization results, we employ a collection-based approach introduced by
Chen et al. (2014, 2021). That is, we study collections of subsets of strategies and
sequentially best responses against conjectures restricted by those collections. Although
our characterization results bear a formal resemblance of those from Chen et al. (2021),
we depart from their analysis in two ways. First, instead of studying static games, we
focus on dynamic environments and use a solution concept that imposes restrictions on
conjectures even at off-path histories. Second, we assume players can receive information
from their payoff types and also allow for an information restriction as common knowledge
among players. Therefore, the collection we study depends not only on the player, but

also on the payoff type of this player.

14The idea of robust prediction captured by upper hemicontinuity originates from Fudenberg et al.
(1988) and Dekel and Fudenberg (1990). In our setting, it requires the prediction P;(¢;) include at
least some EFR strategies of the “true” type when the analyst treats ¢; as a modeling tool and her
observation of the belief hierarchy can be slightly imperfect. This interpretation relies on the adoption
of the product topology on T} and the meaning of two types being “close” in this topology. For a
detailed discussion, see Weinstein and Yildiz (2007).
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3.3.1 The Upper and Lower EFR Collections

Recall that S; denotes the collection of all nonempty subsets of S;. Our first goal is to

compute the following two families of collections: The family of upper EFR collections
Tn. ;

{Ri (01)}91‘691‘ of player ¢, where

RI(6;) ={R; €S, :3t; € T/ s.t. 9:(t;) = 0; and R; D EFR,(t,)},

and the family of lower EFR collections {Ri(ei)}eve@ of player ¢, where

Ri(6;) ={R; €S;:3t; € T/ s.t. 95(t;) = 0; and R; C EFR,(t;)} .

Definition 3.6. Fix a payoff type 6; € ©,. For a given v; € A(Qy x O_;(6;) x S_;),
we say a distribution \; € A(0Qg x O_;(6;) x S_;) is consistent with v; if there exists a
function fz : @0 X (:),1(91) X S,i — A(S,l) such that

(i) fi(6o,0_;, R_;)[R_;] =1 for every R_; € S_;, and
(i) Ai[0o,0-i, 53] = X r_,es_, Vilfo, 0—i, R_i] fi(0o,0—;, R_;)[s5_i].

Fixing v; € A(6y x ©_;(6;) x S_;), for each n > 1, we define
I (v; | 0;) = {m € C!(0;) : m(¢) is consistent with v;}.

To compute the upper EFR collection, let RZT’O(Qi) = {S;} for each §; € ©; and i € I.
For n > 1, write R™(6_;) = X i R}’”_l(ej), and define recursively

E|l/i € A(@O X (:)_7,(91) X S—z) s.t.
RIM0:) =S R €St (1) wil[{(B0,0-, R): Ry e RETHO)} =15 p. (31
(i) Bi 2 Unmenn o, Ti(mi | 67)

Notice that the sequence Rj" (0;) is increasing in n, and converges in finitely many
rounds for each 6; of player i. To compute more efficiently, we observe that the
only relevant strategy sets in computing Rj"(@) are the minimal ones in RE?_l(G_Z-);
therefore, we only need to focus on the probability distributions v; that concentrate on

the minimal sets in R (6_,).
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Similarly, to compute the lower EFR collection, we let Rf’o(&) = §; for each 0, € ©,
and i € I. For n > 1, write R¥}7'(6_;) = X s Ry (6;), and define recursively

dy; € A(@O X 6_1(92) X S_,) s.t.
RY™M0:) =S R € Sit (1) wil{(60,0-, Ry) : Ry € RETHO-0)}] = 15
(i) Bi C Unerm o, Ti(mi | 65)

This time, the sequence R} (6;) is decreasing in n, and converges in finitely many

rounds for each 6; of player i. Again, the only relevant sets in this procedure are the

maximal ones.

Proposition 3.1. For every i € I and every 0; € ©;, we have R} (6;) = Un>o R (6),
and Ry (0;) = Nyzo R (6:).

Proof. See Appendix 3.5.2. O

Note that our characterizations of the upper and lower EFR collections do not rely
on any type space. They are belief-free notions and can be computed directly from a

given PI structure.

3.3.2 Unique Selections and Robust Predictions

We now focus our attention on an arbitrary finite type space T = {(T}, %, k;)icr }- We
slightly modify Definition 3.6 to adapt to the analysis of a given type space.

Definition 3.7. Fix a type t; € T;. For a given v; € A(©y x T_; x §_;) such that
marge, o Vi = f;(t;), we say a distribution \; € A(Qg x ©_;(¥;(t;)) x S_;) is consistent
with v; if there exists a function f; : ©g x T_; x S_; — A(S_;) such that

(i) fi(bo,t—s, R_;)[R_] =1,

(i) Ail00, 0—i,55] = X4 o st_)=6_; 2or_ses_; Vilbo, t—i, B] fi(Bo, t i, R)[si].

Moreover, denote by A (¢;) the set of all conjectures of type ¢; that are consistent with

V;.

Our next step is to characterize, for each (finite) type t; € T;, the local upper EFR

collection RI°°(t;), which contains all sets of strategies that “curb” the rationalizable
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behaviors of types in the neighborhood of ;. Formally, for each type ¢; € T;, let
RE(t) = {Ri €Si: Htimbmen CT7 st tim — t; and R; 2 EFR;(t,,) Ym} .

For given v; € A(Qg x T_; x S_y), i € A(Og x O_;(V4(t;)) x S_;), and € € (0, 1], we
define

3)\1,;\1 S A(@O X é_z(’ﬁz(tl)) X S—z) s.t
A (s | 1) = dms € Coou(t)) (i) A; is consistent with v,

(i) \; is consistent with 7;

(iii) mi(¢) = (1 =&)X + i

We now describe an iterative procedure to compute R°(¢;). For each i € I and
ti € Ty, let RPO(t;) = RI(Wi(t:)). For n > 1, let R H(t_;) = X, RY"(t;), and
define

R, eS;:
Ve € (0,1],
A(vi, ) € A(Og X Ty X S_;) x A(Bg x O_;(9;(t;)) x S_;) s.t
(i) margg, 7 Vi = Ki(ti);
(ii) v [{(eo,t_,,R )R e RNt} =
(iti) 7| { (00, 05, R_i) - Ry € RY,(0- )}} — 1;
(iv) Ri 2 Ursenr winees) Ti(mi | 9i(t:))-

R (1) =

(3.2)
Each {Rlocn(ti)}n>0 is a decreasing sequence, and reaches its limit in finitely many
rounds. Intuitively, at each round, v; captures a small perturbation of type t;’s belief
hierarchy up to order n, while 7; captures an arbitrary perturbation which is governed
by an arbitrarily small probability e.
We now prove that the limit of this profile characterizes the local upper EFR
collections.

Proposition 3.2. Fiz a finite type space {(T;,V;, K;)ier}. For each player i € I and
type t; € T, we have R (t:) = Nyzo R (1)

Proof. See Appendix 3.5.3. m
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Using Proposition 3.2, we can further characterize unique selections and robust

predictions for any finite type space.

Proposition 3.3 (Unique Selections). A strategy s; can be uniquely selected for a finite
type t; if and only if {s;} € RI°°(t;).

Proof. By Definition 3.4 and the definition of RI°¢(¢;). O

Proposition 3.4 (Robust Refinements). Given a finite type space {(T;,V;, Ki)ier}. A
prediction P is a robust refinement if and only if for every it € I and t; € T;, we have
Pi(t;) N R; # @ for all R; € RI°(t;).

Proof. See Appendix 3.5.4. O

3.3.3 The Structure Theorem and Generic Uniqueness

Our next task is to provide exact conditions on PI structures under which the structure
theorem and generic uniqueness of EFR hold, respectively. To this end, we first collect
all singletons in RI(@Z) for each 0; € ©;, and let

Each R}(0;) is the set of strategies that are uniquely rationalizable for some t; € T}
with payoff type U*(t;) = 6;.

Proposition 3.5 (The Structure Theorem). For a given PI structure, the following

statements are equivalent:
(1) For every finite type t; € T, any strategy s; € EFR;(t;) can be uniquely selected
fOT’ ti;
(2) For everyi€ I, 0; € ©;, and R; € Ry(6;), we have R; C RY(6;).

Proof. See Appendix 3.5.5. m

Once we assume a PI structure, this characterization provides us a tool to determine
whether a Structure Theorem of EFR holds by simply computing the families of upper
EFR collections {R}(é’i)}a o, and lower EFR collections {Rf(@z)}g

7. Our condition is both sufficient and necessary: The Structure Theorem holds if and

i

co, for every player

only if every strategy that is rationalizable for a type is uniquely rationalizable for
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some type with the same payoff type. Note that when the richness condition of Penta
(2012) holds, R} (6;) = S; for all 6; so condition (2) is satisfied; Moreover, EFR coincides
with interim sequential rationalizability (ISR, Penta, 2012) due to unrestricted off-path
conjectures. Therefore, Proposition 3.5 implies the Structure Theorem of ISR under
richness.

The Structure Theorem of EFR generalizes the one of ICR in static games. Here, we
emphasize a caveat in the interpretation of this generalization. In static games, a richer
space of payoff uncertainty allows for more perturbations of higher order beliefs, but it
does not affect the solution concept ICR. Therefore, when a researcher uses a finite type
space to make predictions, she can make a statement as follows: “if richness is satisfied,
the ICR strategies I computed for the type space I assume delivers the strongest robust
prediction.” However, the same statement cannot be made for EFR (and also ISR) in
dynamic games. This is because EFR is sensitive to the common knowledge assumption
carried by the PI structure, so a richer PI structure may change the EFR strategies that

the researcher has computed.

Proposition 3.6 (Generic Uniqueness). For a given PI structure, the following state-

ments are equivalent:

(1) For everyi € I, the setU; = {t; € T : |EFR;(t;)| = 1} is open and dense in T} ;
(2) For everyic I, 6; € ©;, and R; € R}(6;), we have R; N R 6;) # @.

Proof. See Appendix 3.5.6. m

This result shows that the EFR correspondence on 7™ is generically a singleton if
and only if every set of rationalizable strategies of a type contains at least one strategy
that is uniquely rationalizable for some type with the same payoff type. This is a strictly
weaker condition than the one that characterizes the Structure Theorem. Importantly,
the gap between these two conditions delineates a region where EFR admits a strongest
robust proper refinement (see Section 3.4).

We now use an example to illustrate how to apply our characterization results.

Example 3.1. Consider the two-player two-stage game presented in Figure 3.1. Player
1 moves first and chooses to opt out (O) or enter the second stage (I). When player 1
enters, two players simultaneously choose either left or right, and the game ends. The

only potential payoff uncertainty is player 1’s payoff when the second stage is played,
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) () ()

Figure 3.1: Example 3.1 — A two-stage game.

and it is common knowledge that player 1 knows his payoff. Therefore, both © and O,
are degenerate. For ©, we consider three cases.

Case 1. First, suppose the analyst models this strategic interaction as a complete
information game with ©; = {0} and applies the solution concept EFR. In this case,
the universal type space only contains one type for each player: 9] (t?B) = 0, and for
1=1,2,
7r = (1) and w, (1% 1] = 1.

(2

It is easy to see that all strategies are extensive form rationalizable: For player 1, I L is
the best response to ¢, IR is the best response to r, and O is the best response to a
conjecture that attaches equal probabilities to ¢ and r; For player 2, ¢ is the best response
to IL, and r to IR. Therefore, EFR, (#{®) = {O, IL, IR} and EFR,(5®) = {¢,r}.
Moreover, since the universal type space is degenerate, any refinement of EFR is robust
by definition.

Case 2. Now suppose the analyst still holds the assumption that there is common
initial belief in 6; = 0, but acknowledges the possibility that ; = 4. In other words, the
analyst still employs the type space that only contains t{® and t$®, but the universal
type space becomes larger due to the uncertainty ©; = {0,4}. Using the argument in
Case 1, we have EFR; (t{®) = {O, I L, IR} and EFR(t§®) = {¢,7}."> The upper EFR

5Note that such invariance of EFR strategies to PI structures is not a general property. A type
(i.e. payoff type and belief hierarchy) may have different EFR strategies when envisioned in two different



87

collections can be computed according to definition (3.1), and the minimal elements in

the iterative procedure are shown in the following table

n 0 1 2 3
RI™MO,=0)S, S S {ILY {IL}
RI"(:=4) | Sv {IL}y {IL} {IL} {IL}

Ry" S S {0 {g {¢

There are two key steps in the computation above. In the second round, we can pick
a distribution v, € A(©; x &;) for player 2 such that v,[0; = 4,{IL}] = 1; therefore,
{¢} becomes an element of RY?. Then in the third round, we can pick a distribution
vy € A(Sy) for player 1 such that 14[{¢}] = 1, which makes {/L} an element of
R1*(#, = 0). The process converges after four rounds.

Now by Proposition 3.6, the prediction of EFR is generically unique on the universal
type space. In addition, we know that only /L is uniquely rationalizable for player
1, and ¢ for player 2. Therefore, P, (t?B> ={IL} and P, (th) = {/} is the strongest
robust refinement of EFR for the types that the analyst has in mind.

Case 3. The analyst maintains the assumption of common initial belief in 6, =
0, but also assumes common knowledge that ©; = {0,4,—4}. As before, we have
EFR, (t?B) = {0, IL, IR} and EFR, (tSB) = {f,r}. Again, we summarize the iterative

procedure of computing upper EFR collections by the minimal elements in each round

n 0 1 2 3
RI™M01=0) | S1 S Sy {0} {IL},{IR} {O}{IL} {IR}
RI™M0,=4) | S, {IL} {IL} {IL} {IL}
RI™60:=—-4) | S, {IR} {IR} {IR} {IR}

RY" Sy Sy {0 {r} {¢},{r} {6}, {r}

Note that {O} is an element of RI"™(#; = 0) from the third round, because it can be
supported by a distribution v; € A(S,) such that v [{¢}] = 1 [{r}] = 1.

On the other hand, the lower EFR collections can be seen from the facts that
EFR, (t?B) =5, EFR, (tSB) = S5, and player 1 has a dominant strategy when 6; = 4
or —4. Specifically,

Ri(61 =0) = Si, Ri(6r =4) = {IL}, Ri(61 = —4) = {IR}, and R} = S

PI structures. See the discussion on information invariance in Penta (2012).
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By Proposition 3.5, we conclude that the Structure Theorem holds for EFR; in other

B tSB. Therefore,

words, every rationalizable strategy can be uniquely selected for and

any proper refinement of EFR is not a robust one.! o

3.4 Applications

In this section, we demonstrate how to use our characterization results in two applications.
Our approach is to start with a model that we normally use in applied game theory, such
as a finite type space or complete information. The situation is that we, as researchers,
are confident with some aspects of our model, but are uncertain about others. We
show that by relaxing common knowledge assumptions in a way that is suitable for our

concern, robustness to higher order uncertainty can help us refine our predictions.

3.4.1 Privacy of Information

When modeling strategic interactions with incomplete information, we sometimes assume
that a party receives a hard piece of information, while the other party is uninformed.
In other words, the information is privately learned and exclusive to the owner. For
example, in an auction with private values, the seller does not possess any information
about bidders’ valuations (except the prior distribution); in a signaling game, the “type”
of a sender is private information and unavailable to the receiver. In this subsection,
we consider predictions that are robust when we maintain the payoff implication of
information, but perturb common knowledge about the privacy of such information.
We use the well-known Beer-Quiche game (Cho and Kreps, 1987) as an example to
illustrate how to relax the common knowledge assumption on the privacy of information.
Two players, a sender (player 1) and a receiver (player 2), move sequentially in a
two-stage game. There are two types of the sender, which are payoff-relevant for both
players. The sender can be wimpish or surly, with probability 0.1 or 0.9, respectively.
In the original version of this game, the sender knows his type but the receiver does
not, and this is common knowledge. We now extend the structure of information to
include the possibility that sender’s information is not private, i.e. his type is also known

by the receiver. Let ©; = {0V, 05}, where superscripts indicate the type of the sender.

6The PI structure in Case 3 also provides an example where the richness condition of Penta (2012)
is not satisfied, but the Structure Theorem does hold by our characterization result.
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Moreover, let ©y = {65,605, 05}, where 65 implies the receiver knows nothing about
the sender,'” and 0¥ or 65 means the receiver learns the sender’s type. There is an
information restriction © as follows.

o 07

6% | 1 is wimpish and 2 does not know | 1 is surly and 2 does not know

0y 1 is wimpish and 2 knows X

05 X 1 is surly and 2 knows

Notice that some information pairs are mutually exclusive: For example, it cannot
be the case that the sender is surly but the receiver knows he is wimpish.

We can now envision the original situation as a type space 7B defined as

Tl = {tqiv7tig}7 T2 = {tg}7
Oh (1Y) = 07, 1 (1) = 61, 72 (3) = 63,
ri (87) [t5] = 1, ko (87) [t5] = 1, and ky (15) [t7'] = 1 — ko (85) [1] = 0.1.

By employing this type space, the analyst assumes common initial belief in the privacy
of sender’s information. However, higher order uncertainty about information privacy is
present when types in 7B are perturbed in the universal type space.

Actions and payoffs are depicted in Figure 3.2. (Note that this figure is an ex ante
description of the two-stage game while our solution concept is interim.) The dotted
rectangle in the center corresponds to the original Beer-Quiche game, and the additional
branches are cases where the sender’s type is no longer private information.

EFR has weak predictive power for types in 7°B. First consider the receiver t5. If
his initial conjecture is m(¢)[6}’, Q] = 1 — ma(¢)[0;, B] = 0.1, then NF (i.e. Not fight if
Beer and Fight if Quiche) is the best response; if his initial conjecture is mo(¢)[0¥, B] =
1 —me(@)[05,Q] = 0.1, then F'N is the best response; finally, if mo(¢)[0), Q] = 0.1 and
mo(@)[05, Q) = ma(@)[05, B] = 0.45, then NN is the best response. In particular, F'F' is
never a best response and thus can be removed in the first round. For either type of the
sender, B is the best response if his initial conjecture is m(¢)[05, NF] = 1, and @ is
the best response if m1(¢)[05, FN] = 1. The iterative procedure converges in the second

round, and we have

EFR, (t¥) = EFR,(£)) = {B, Q}, and EFR,(%) = {NF, FN, NN}.

17Superscript p stands for privacy.
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Figure 3.2: Beer-Quiche game with uncertainty about information privacy.

We next show that EFR has a robust refinement. To do so, we need to compute the

upper EFR collections as in the following table. As before, only minimal elements are

listed in each round.

n 0 1 2 3 4
RIMEY) | S s {Q  {QY {B1{Q} {B}.{Q}
RI™O) | S S {BY {B} {B} {B}
RYMOE) | Sa S Si {NF} {NF}  {NF}
Ry"(6%) | S2 {FF} {FF} {FF} ({FF}  {FF}
Ry"(63) | S2 {NN} {NN} {NN} {NN}  {NN}

By Proposition 3.6, we know that EFR is generically unique on the universal

type space, so it admits a proper robust refinement. Because R}(#;) = {B} and

RY(67) = {NF}, the strongest robust refinement P satisfies
Pi(t]) = {B}, and Py(th) = {NF}.

Now note that the minimal elements in RY¢(t5) and RL(A¥) are {NF} and {FF},
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respectively. Applying the definition of local upper EFR collection (3.2), we can see

that the only minimal element in RP°(t¥) is { B},'® which implies
Pi(ty) = {B}.

Therefore, the strongest robust refinement of EFR predicts that both types of the
sender play B in the first stage, and the receiver plays NF' as a response. Notably,
this prediction coincides with the only sequential equilibrium outcome that satisfies
the Intuitive Criterion (Cho and Kreps, 1987). However, our argument is concerned
with relaxing common knowledge of information in a particular way and higher order
uncertainty due to such relaxation, but does not rely on the common knowledge of a
fixed equilibrium outcome (see Cho and Kreps, 1987; Battigalli and Siniscalchi, 2002,
2003).

3.4.2 Observability of Actions

In games with imperfect information, the presence of an information set indicates that
the player to whom this information set belongs cannot distinguish between the decision
nodes in it. Implicitly, this is common knowledge among the players. It is then natural
and interesting to investigate the consequences of perturbing such common knowledge
assumption. Penta and Zuazo-Garin (2022) first formulate this question in static games.
They transform the uncertainty over structure of games into payoff uncertainty and make
predictions based on rationality and common belief in rationality. Because our framework
generalizes theirs, and EFR captures rationality and common belief in rationality in
static games, we can reproduce the results in Penta and Zuazo-Garin (2022) using
Proposition 3.6.1° In this subsection, we use an example to illustrate how to generalize
their analysis to dynamic environments.

Consider the two-stage game depicted in Figure 3.3. In the second stage, two players
play a coordination game where they choose H or L. (We follow the convention that
player 1 is the row player.) There are two versions of the coordination game, and the
players disagree on which stage game is better in terms of the best payoff they can
obtain. Player 1, in the first stage, picks one of them. It can be checked that EFR has

18This comes from the fact that type ¢t} attaches probability 1 to type t5 whose payoff type is 65. If
type t’ were to attach a high enough probability to another type of player 2 whose payoff type is 65,
the strongest robust prediction for ¢} would have been {Q}.

19 An earlier version of this paper contains the proof.
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1
G G

H L H I

H[6,4]0,0 H' [5,3]0,0

L[0,0]3,5 L'[0,0]4,6

Figure 3.3: Selecting a coordination game by a “first-mover.”

no predictive power in this game. For player 1, GH is the best response to HH', GL
is the best response to L(:H' 4+ 3L'), G’H’ is to LH', and G'L’ is to LL'. Because all
strategies of player 1 survive, we cannot remove any strategy for player 2: For example,
HH’ is the best response to %GH + %G’H’.

We now embed this game into a larger one which captures possibilities of observing
opponent’s action in the stage game. Suppose there are three cases: either no one can
observe the opponent’s action, or player 1 or 2 (knows he) has the ability to observe
and respond contingently in the second stage.?’ Each player has two payoff types
O; = {07°,09}, where 0 and ¢ imply the opponent’s action is unobservable and
observable, respectively. Since it cannot be the case that both players can observe, there

is an information restriction as follows:

oy 3

07° | no one can observe | 2 can observe

09 1 can observe X

In order to fix the extensive form so that it does not depend on players’ payoff
types, we slightly modify the stage game and add an action B which represents the
“backward induction action.” Moreover, we modify the utility functions accordingly so
that the action B is uniquely optimal (due to sequential rationality) whenever a player
can observe opponent’s action and respond contingently, and B is unavailable whenever
a player cannot. Figure 3.4 describes players’ payoffs in three different cases, where M

is a sufficiently large number.

29For simplicity, we assume that if a player can observe the opponent’s action, he is able to do so in
both versions of the stage game, but the analysis can be generalized with no conceptual difficulty.



G
H L B
H[ 64 | 0,0 [6—M
L[ 00 | 35 |3 —-M
B[ —M4|—-M5| 0,0
G
H L B
H[-MA[-M,0[| -M,—M
L[ =MO0| M5 | —M,—M
Bl 64 | 35 0,0
G
H L B
H[ 6,-M | 0,—M [6,4
L[ 0,—=M | 3,—-M |35
B[ —M,—M | —M,—M | 0,0

(677, 65°)

G/
' L B
H [ 53 [ 0,0 [5-M
L' 0,0 | 46 |4 —M
B [—M,3| —M6| 0,0
(07,065°)
G/
b2l L B
H [=M,3] -M,0| —M,—M
L' [=M,0| =M,6 | —M,—M
B[ 53 | 46 0,0
(07°,03)
Gl
o L B
H [ 5,-M | 0,—M 5,3
L' 0,—M | 4,—-M |4,6
B[ —M,—M | —M,—M 0,0

Figure 3.4: Selecting a coordination game with possibly observable actions.
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The original game in Figure 3.3 can now be envisioned as a type space TP (in the
enlarged game) that assumes common initial belief in the second stage being simultaneous.
That is,

T = {t°}, 0i(t) = 07°

7

and x;(t7°)[t"] =1, fori=1,2

We now use our characterization results to study robust predictions for this type space.
We first compute the upper EFR collections in this game, and display the minimal

elements in each round in the table below.

n 0 1 2 3
RI™02°) | Si {GH,GL,G'H',G'L'} (GH} CH)
RI“(67) | S1 {GB.G'B} {¢B.G'B) [GB,G'B}

RI™M650) | S, {HH',HL,LH',LL'Y {HL LH' LL} {HH HL} {HL LH' LL'}

RY™(03) | S {BB'} {BB'} {BB'}

n 4 5
R (07°) {GHY {GH}
RI™(69) {GB} {GB}
RY™05°) | {HH',HL'Y,{HL',LH',LL'y {HH' HL'},{LH' LL'}
RY"(63) {BB'} {BB'}

n 6 7
RI™(67°) {GH} {GH} {GH}
R1™(69) {GB},{G'B"} {GB},{G'B'}y {GB},{G'B'}
Rg»"(egw) {HH’, HL’}, {LH’, LL’} {HL’}, {LL’} {HL’}, {LL’}
RI"™(63) {BB'} {BB'} {BB'}

By Proposition 3.6, the prediction delivered by EFR is generically unique in the
universal type space. The strongest robust refinement P for the type space 7B is such
that*!

P (t7°) = {GH}, and Py(ty°) = {HL'}.

Perhaps surprisingly, not only can two players achieve perfect coordination in the second
stage, but it is as if player 1 has a “first-mover advantage” so that he can select the
coordination outcome he prefers the most. Such a strong prediction is not implied
by forward induction reasoning, because G L is not strictly dominated as it is a best
response to L(5H' + 3 L').

21For type 72, this comes from the fact that R{(67°) = {GH}. For type t5°, we note that the only
minimal element in RY¢(¢7°) is {GH} and ko (t5°)[t7°] = 1; applying definition (3.2) of local upper
EFR collections yields the unique selection.
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Remark. The generic uniqueness of EFR in this example depends on the fact that
player 1’s payoff (3) from coordinating on (L, L) in version G is lower than both 5
and 4, i.e. player 1’s payoffs when two players coordinate in version G’. If the former
payoff is higher than 4, the procedure computing upper EFR collections converges
after 5 rounds, and there is robust multiplicity in the universal type space. However,
such multiplicity only comes from player 2’s action in the coordination game G’: In
a strongest robust refinement P for the type space T°B, we have P (t%°) = {GH},
but Py(t5°) = {HH'} or Py(t5°) = {HL'} depending on how we choose to refine. The
strongest robust outcome is always such that player 1 chooses version G and obtains

the highest payoff by coordinating on (H, H).

3.5 Appendix

3.5.1 Proof of Lemma 3.1

We prove this lemma in two steps.

Claim 3.1. For alln > 0, s; € BF(0;) if and only if there exists t; € T such that

Proof. By definition, BFY(6;) = EFR;°(t;) = S; for all 6; and t;. Now suppose the
statement hold for all kK =0,1,...,n — 1, and we prove them for n.

Take s; € BF?(6;). By definition, there exists m; € C'(6;) € A*(0y x ©_;(6;) x S_;)
such that

(i) Forall h € H and £k =0,1,...,n — 1,

(@0 x O_;(6;) x S_i(h))ﬂgraph (BF'ZI) # 2 = m(h) {@0 x graph (BFIEI)} =1;

(11) S; € 7”1'(71'1‘ ‘ 92)
By induction hypothesis, for every k =0,1,...,n—1 and s_; € BFli;l(H_i), there is a
type profile y*- "% ¢ T*, such that 9%, (y(_ei‘“s‘i’k)> —0_;and s_; € EFR"" (y(e-‘i’s‘“k)).

3 -1

Now define a type t; € T as

K7 (6)[60, y—) = m(9) [(B0,0-s,5) -y =y ]



96

For this type t;, define ji; € A™(0g x T*,(t;) x S_;) as follows: For all k =0,1,...,n—1
and h € H such that (@0 x T*.(t;) x S,i(h)) N graph (EFRE?) # &, let

fi(h) [0, y—i, s—i] = mi(h) [(eoa 0_i,5_): y(—ai_i’s_i’k) = y—i] ;

for all other histories h, arbitrarily fix a g}ﬁf € T, such that v*, (gjﬁ;) = 0_, for each
0_;, and let

fii(h)[00, %57, 5_s] = mi(h)[0o, 0—s, 53]

By construction, ji; is a well-defined CPS, and satisfies

(I") marge, . r- fii(¢) = K} (t:);
(ii") Forallhe Hand k=0,1,...,n—1,

(€0 x T7,(t:) x S_i(h))Ngraph (EFR™}) # @ = fii(h) |© x graph (EFR™})| = 1;

(iii”) For all h € H, m;(h) = marge, o _,w:())xs_;Hi(h)-

These facts, recursively, imply that m; € W¥(¢;) for all k = 0,1,...,n. Because s; €
ri(m; | 0;), we conclude that s; € EFR;™(¢;).

For the converse, take t; € T such that 97 (¢;) = 0; and s; € EFR;™(¢;). Let
m; € W:"(t;) be the conjecture such that s; € ri(m | 6;); Moreover, there exists
fi; € A™(©9 x T*,(t;) x S_;) such that conditions (ii’) and (iii’) above are satisfied. By

induction hypothesis and (iii’), we have

(@0 x O_(6;) x S_i(h)) N graph (BFEI) + &
= (©g x T*(t;) x S_i(h)) N graph (EFR"}) # 2,

and
fis (1) [@o x graph (EFRif)} =1 = m(h) [@0 x graph (BF’:l)} =1,

forall h € H and k =0,1,...,n — 1. Combining these with (ii’) implies m; € C(6;).
But s; € ri(m; | 6;), so we conclude that s; € BF} (6;). O

Claim 3.2. Fiz a type space {(T;,V;, K;)ier}. For every t; € T; and n > 0, VI (t;) =
W™ (pi(t;)). This in turn implies EFR] (t;) = EFR" (@5 ().

i
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Proof. The proof is by induction. To show W (t;) = U;"(¢:(t;)), we can adapt the
proof from Dekel et al. (2007, Lemma 1) (with suitable modifications) for conjectures
at the empty history ¢. At all off-path histories, we can then apply Claim 3.1 to show

equivalence. We omit the details. O

3.5.2 Proof of Proposition 3.1

We first prove a lemma.

Lemma 3.3. For any n > 0, we have

)

and
Ry™M0;) ={R; € S; : 3t; € T} s.t. V(t;) = 0; and R; C EFR(t;)},

)

Proof. We focus on proving the first equality. The proof for the second one is analogous,
and hence we omit. We prove by induction. Since EFR{(t;) = S; for any t; € T by
definition, the case for n = 0 is obvious. Suppose the equality holds for n — 1.

For the “C” direction, take any R; € R]™(6;). Therefore, there exists v; €
A(©y x ©_;(6;) x S_;) such that v [(90, 0_,,R_;) : R € ”Ri’?fl(e,i)} = 1 and
R O Uremn(ij6,) ri(m; | 6;). By the induction hypothesis, for every R_; € R 71(0_,),
there exists t(_el-‘i’R‘i) € T, such that v*, (t(_el-‘i’R"')> =0_;and R_; D EFR";" (t(i-‘i’R‘i)).

Define a type t; € T} by letting 97 (¢;) = ; and
Ii:((tz)[eo, t_z] =V ({(90, 0—1‘7 R—z) : t(_ei_i’R_i) = t_z}) .

This type is well-defined because v; only puts positive probability on 6_; € é_i(ei). We
next show that R; O EFR(¢;). Take any s; € EFR[(¢;). By definition 3.3, this implies
that s; € ri(m; | U5 (t;)) for some m; € W (t;). Let u; € A(©¢ x T*, x S_;) be such that
(1) margg . p ,pi = K (t:);
(11) g {{(Qo,t_i, S—i) 1S € EFRi;l(t_z)}} = 1,
(iii) 7i(¢)[00, 0, 5] = psl{ (00, t—i, s-) : VZ;(t-3) = O-_4}].



98

We now show that m; € II7'(v; | 6;). Define f; as the conditional probability of u; on
each (Gg,t(,e{“R’i)), ie.

fil00,0—i, B—i)[s-i] = [S—i | Qo,t(_e{i’R_i)} :

Condition (i) in Definition 3.6 is satisfied because u; [s,i € EFRZI(L@)} = 1 and
R_; D EFR™;! (t(_ei’ '“R’i)> for every R_; € RT_’Z”—l(G_Z-) by the induction hypothesis. The

initial conjecture m;(¢) is consistent with v; (Definition 3.6) because

7i(9)[00, 0, 5—i] = > ki (i) [0, t—ipi[s—i | Oo, -]

t,itﬁii(t,l'):G,i
= > ki (i) {QO,t(_e{i’R_i)} % [S—i | Qo,t(—efi7R_i)}
R;eRTTTH0-4)
= Z Vi[(gO?efiaRfi]fi(eanfiaR*i)[sfi]-
R_;eS_;
Thus, we have m; € I1(y; | 0;), which implies s; € r;(m; | 6;) C R;. We can conclude
that R; 2 EFR(¢;).
For the converse direction “2”, take R; € §; such that there is a type ¢; € T} for
which ’192((151) = ‘91 and Rz D) EFR?(TZ) Define v; € A(@O X C:)_z(ez) X S—z) as

vilbo, 05, R3] = i} (t:) [(o, i) - 07, (t_) = 0_; and EFR";"(t_;) = Ry .

By the induction hypothesis, we have v; [(QO, 0 R ;):R_;€ Rﬂ?_l(Q_i)} = 1. It is left
to show that for any m; € II?(v; | 6;), we have R; D ri(m; | 6;). Suppose m; € 11 (v; | 0;),
so there exists a function f; : O x O_;(6;) x S_; — A(S_;) such that

(i) fi(6079—i7R—i)[R—i] =1,

(i) m(#)[b0,0-i,5-3) = Xr_,es_, Vilbo,0—i, R—i] fi(Bo,0—i, R_;)[s_].

Define a distribution pu; € A(©¢ x T*, x S_;) as follows: For every measurable £_; C T,
let

pi [{0o} x E_; X {s_}]
= Y wl(t:) [{(B0,t=) sty € By and EFR";'(t_;) = R_i}| fi(00, 0", (t-s), Ri)[s ).

R_;eS_;
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It follows that marge, .- pti = K;(t;) and p; [s_i € EFR’ZI(t_i)} = 1. Moreover, we

have

pil{ (B0, t—i, 5—) = 9%(t—3) = 03]
= Z f{;k(tz) [(eo,t_i) . ﬁiz(t—z) = 9_1' and EFRZ;I(t_Z) = R—z} fi(eg, Q_Z‘, R—i)[s—i]

R_;eS_;

= Y vi(bo,0-;, R) fi(60,0—i, R_;)[s_]
R_;eS_;

= mi(0)[00, 0, 5],

which means m; € WI'(¢;). By Definition 3.3, we know EFR(¢;) D r;(m | 6;). Since
R; O EFR}(t;), we conclude R; O ry(m; | 0;) for arbitrary m; € I*(v; | 6;). Hence,
R; € RI™(6)). O

We now turn to the proof of Proposition 3.1.

Proof of Proposition 3.1. (i) R}(6;) = Upso R (6;): For “C”, let R; € R}(6;). Then
there exist t; € T and m € N such that 97(¢;) = 0; and R; O EFR,(t;) = EFR!"(¢;). By
Lemma 3.3, we have R; € RI"™(6;). For “2”, take R; € RI"™(6;) for some n. By Lemma
3.3, there exists t; € T} such that 97 (¢;) = 6; and R; O EFR(t;) 2 EFR;(¢;). Hence,
R; € RL(6;).

(i1) Ry(0:) = Nuso RY™(0;): For “C”, let R; € Ri(6;). Then there exists t; € T
such that ¥ (t;) = 6; and R; C EFR,(¢;) C EFR](¢;) for all n. By Lemma 3.3, we
have R; € RY™(0;) for all n. For 27, take R; € Npzo Ri™(0;). By Lemma 3.3,
there exists a sequence {t;,} C T; such that 97(¢;,,) = 0; and R; C EFR(¢;,,) for
each n. Since T} is a compact metric space, there exists a convergent subsequence
{tin,}, and let ¢; denote its limit. Fix any n, and therefore for all ny > n, we have
R; CEFR*(tin,) € EFR}(t;,,). Since EFR] is upper hemicontinuous for each n and
tin, — ti, we have R; C EFR](¢;). This is true for all n, and thus we conclude that
R; C EFR;(t;), which implies R; € RY(6;). O

3.5.3 Proof of Proposition 3.2

Fixing a type t; € T; in the finite type space {(T;,V;, k;)icr }, we split the statement of

Proposition 3.2 into two lemmas and prove them in order.

Lemma 3.4. RI*(t;) 2 Ny>o Rioc’n(ti)-
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Proof. Let R*“°(t;) = RI(9;(t;)), and define for each n,

3{ti7m}meN C 7—;* S.t.
REM(t) = R €8st (i) 9 (tim) = 95(t) Y, and 77(t;.m) — 7(t;) as m — oo

It suffices to show that Ri°"(t;) D RY“"(t;) for all n, and then RI(t;) D M50 R (t:)
is implied by taking a diagonal sequence.

We prove by induction. For n = 0, we have RI°“°(t;) = R (0:(t;)) 2 RI°“°(t;) by
definition. Suppose the inclusion holds for n — 1, i.e. RI°" ! (t;) D R (¢;) for all
1€l andallt; € T;. Take R; € Rﬁoc’"(ti), and we need to show that R; € ﬁioc’"(ti). By
definition of Rioc’"(ti), for each m € N, there exists (V;m, Vim) € A(Og X T—; x S_;) %
A (©0 x ©_;(¥i(t:)) x S_;) such that

(i) marge xr_,Vi,m = Ki(t);

(i) viml{(0, s, Roi) : By € R (E0)}] = 13

(i) Zim (00, 0-5, R3) : Ry € RY(6-5)]
)

R, DU T €N (v, i, A [t) T’i(ﬂ'i ‘ ﬁz(tz))

S

1;

(iv

For each R_; € R',(A_;) where 0_; € ©_;(¥;(;)), there exists yl-fi=i) T*, such
that 0* . ( (6_' - ) = 0_;, € O_;(¥(t;)) and R_; D EFR_Z( (0=, R— )). For each t_; €

Tjand R € RIOC nil( i), by the induction hypothesis, there exists a sequence
{Z/(_Zm Z)} . C T*, such that 97, (y_lm 1)> 9_;(t_;) for all m, T?_zi—l(yg;;;Rq)) N

T:Li 1(t—i) as m — oo and R—i 2 EFR_Z<yYZ_m —)) for all m. (FOI' n — 1’ define
(t_iR_i) _ (0_iR

y—i,m - y 7

Vi (tim) = Vs(t:), and

) for all m.) We now define, for each m, a type t;,, € T;" such that

K; (tim)[00, y—i] = mL_HVz‘,m [{(807 t_, R_;): y(_ti_,;ﬁR_i) = y_iH
1

+m+1uzm[{<eo,el,3 Dyt =yl (33)

for every (0p,y—;) € ©9 x T*,. Notice that each £} (t;,,) has finite support. Since
,71(yg{,ff’i)> — 7771 (t=;) as m — oo and margg ;. Vim = ki(t;) for each m, we

have 7*(t;m) — 77*(t;) as m — oo.
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We need to show that R, O EFR;(t;,,) for each m. By Definition 3.3 of EFR, for
each s; € EFR;(t;,,), there exist a distribution p; € A(©g x T, x S_;) and a conjecture
7t; € CP(9,(t;)) such that

(i) marge,q= pi = K] (tim);

)

(ii) pi[{(Op,t—iy5-;) :s—; € EFR_;(t_;)}] = 1;

(iif) :i(@)[00, 0-i, s—i] = pi[{ (o, t—i, 5-3) + V2,(t—s) = O0_i}];
)

(iv) s; € (7 | UF(tim))-

For v; m € (O xT_; x S5_;), define a function f; : Og x T_; x S_; = A(S_;) as follows:
If (t-i, R—;) are such that Z/(tf ) =y, then let f;(00,t—s, R_i)[s—i] = pils—; | 6o, y—).
Because R_; D EFR_,( (t" - )>, we have f;(6y,t_;, R_;)[R—;] = 1. Then we define

Ai [907 0_, S—i] = Z Z Vi,m[90, i, R—i]fi(907 [ R—i)[s—i]

tod_i(t—i)=0_; R_;€C_;i(t—:)
- Z Vim [{(elbtfiaR ) y(—zm - y*l}:| Hi[sfi ‘ eo’y*i]'
Y- (y—i)=0_;
(3.4)

Similarly, for 7; € A(Og x O_;(9;(t;)) x S_;), define a function f; : O x O_;(9;(t;)) x
S_; — A(S-;) as follows: If (6_;, R_;) is such that y(_e-’i’R’i) = y_;, then let

(2

Fi(00,0_s, R_)[s—] = puils—i | 6o, y—i].

Because R_; O EFR_; (y(_ei""R"')), we have f;(6y,t_;, R_;)[R_;] = 1. Then we define

Nilfo, 0, 53] = S 5il6o,0-i, R_i] fi(00,0—i, R_;)[s_i]

R_;eER_;(0-:)

= > Uim [{(Qo,e—u R_;): ?J(—6L ) — y—zH pils—i | Bo,y—d.

Y- (y—i)=0_;
(3.5)

It is left to show that #; € AT (v;, 1y, #ﬂ | ;). By construction, \;, \; € A(©q x
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O©_;(9;(t;)) x S_;) are consistent with v; and 7;, respectively. Moreover, we have

ﬁz(¢) [907 97757 S*i]
= Z pil0o; y—i, 5]

Y—i0*  (y—i)=0—;

= Z K:“ (tzm) [00, y—i],ui [S—i | o, y—i]

Y- (y—i)=0_;

m t_i,R_;)

= — Z Vi, (90,15—2', R—i) : y(—i,m =Y ,ui[s—i | 9079—1‘]
m+1 y—i0*  (y—i)=0—; " H H
1 B 9_;,R_;)
+ Z Vi,m (‘907971" Rfi) : y(fi T =y Mi[s—i ’ 9073/71]
m—+1 g0 i) =0 H H
m

= mxi[eo, 0_i,5_i] + ;L[eo, 0_;, 5 4.
The second equality is by the fact that marge, , = fi = K} (tim); the third equality is by
equation (3.3); and the last one is due to equations (3.4) and (3.5).

Therefore, we have #t; € AP (v;, 7, g | ). But then R; 2 7i(#; | ¥i(t;)), which
means s; € R;. Since s; € EFR;(¢;,,) is arbitrary, we have R; O EFR,(t;,,), completing
the proof of this lemma. O

Lemma 3.5. RY(t;) C M50 R (t).

Proof. We prove this by showing that the profile {(Ri‘)c(ti))tieﬂ }ig survives each round
of definition (3.2) in the main text. Since every R; € RI°°(t;) satisfies R; € R (9;(t;))
by definition, we have RI°¢(t;) € Ry°“°(t;). Now suppose RY¢(t;) C R (t;) for all
i € I and t; € T;. We want to show that, if R; € RI°¢(¢;), then for any ¢ € (0, 1], there
exists a pair (v;,7;) € A(@O x T ; % S_Z-) X A(@O X O_;(05(t;)) S_Z-) such that the

following are true:
(i) marge,.r Vi = rilti);
(i) vi(Bo,t—i, Ri) : Ry € RS ()] = 1
(iii) 771[(90,9—1'73—1‘) TR € RT—i<9—i)} =1
(iv) Ri 2 Umean(ui,ielen) Ti(mi | 9i(t:)-
Since R; € RI°°(t;), by definition, there exists a sequence {t;,,}men C T} such that
tim — ti, and R; O EFR,;(t;,,) for all m. Because ©; is finite, we can assume U} (t; ) =
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¥;(t;) for all m without loss of generality. For each m, define v;,, € A(©g x T, x S_;)
by

Vim[{00} X E_i x {R_i}| = K (tim) [(00,y—i) : y—s € E_; and EFR_;(y_;) = R_], (3.6)

for every measurable E_; C T*, and every (6, R_;) € O x S_;. Because the space
of probability measures A(©g x 7%, x S_;) is weak™ compact metrizable, {v;,,} has a
convergent subsequence {v; ,, }, and let v; denote its limit. We first verify that v; satisfies
conditions (i) and (ii) above. For (i), since margg, = Vim, = & (tim,) by definition,
tim, — ti and Vg, — v as k — 00, and k] is continuous, we have margg . .V = Ki(ts).
For (ii), let £ € N and define

F,=cl {(Qo,y_i,R_i) 3y, e T st doi(y—i,y ;) < - and EFR_;(y,) = R_i} ,

~ |

Foo = ((")0 X T—i X S_Z) N ﬂ Fg,

>1

where d_; is the metric on 7”,. Observe that

Fg 2 {(90, Y_i, sz) Y € sz and EFR,z(yfl) = Rfi}, W24 Z 0
Fo C {(90,%1‘, R_;):y_; €T ;and R_; € lef(tfz)}

By definition, v;,,[{(6o,y—i, R—i) : EFR_;(y—;) = R_;}] = 1, so v;m[Fy] = 1 for all ¢.
Since Fy is closed and v;,,, — v; as k — oo, we have v;[Fy] > limsup v, [Fi] = 1.
Because margg, . .V = fi(t;), we also have 1,0y x T_; x S_;] = 1. Therefore, we
conclude that v;[F,] = 1, which implies Vi[{(emt—i’R—i) : R_; € le’f(t_i)” = 1.
Condition (ii) above is then implied by the induction hypothesis.

We next construct ; € A(Qg x O_;(¥;(t;)) x S_;) as follows:

Ui[6o,0_;, R_;) = i(”@',m[{eo} x (07;)71(0-;) x {R_;}]

—(1—¢) > vi[0o,t_;, RZ]) (3.7)

t_iiﬁ_i(t_i)ze_i

Since v; mm, — 14, we can choose a sufficiently large m so that 7;[6y, 0_;, R;] > 0 for ev-
ery (‘90, 0_2', Rz) When 1?1-[90, 9_1‘, Rz] > 07 we must have Vim [{90} X (19t2)_1(0_z> X {R_l}] >
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0. By definition of v;,,, there exists a type y(af“R’i) such that 9*,(y_;) = 6_; and

R_;,=EFR_; (y(f[“R’i)), so R_; € R",(6_;). Hence, condition (iii) holds.
Finally, we need to show that for any conjecture m; € A(v;, 7, ¢ | t;), we have
Ri D) Ti(ﬂi | 191(25@)) Let >\275\1 S A(@O X é,l(ﬁz(tz)) X S,z) be the distributions

consistent with v; and 7;, respectively, such that

We now define a distribution u; € A(@O X T, % S_i) as follows: For every 6_; €
O_,;(9%(t;)) and measurable E_; C (9*,)~'(0_,), let

pil{00} x E_i x {s_i}] = Ki(0o, E_;) - (1 = &)X +eXs) [0, 04, 53] (3.8)
where K;(6y, E_;) is a multiplier defined by

(margGOXTiiVi,m) {60} x E_j]

Ki eo,E_Z‘ = .
o) = vz ) [0} > (9) (6]

(3.9)

It can be checked that the probability distribution p; is well-defined. Moreover, for
every measurable F_; C (9*,)71(0_;) and 0y € O, we have

(marge, - i) [{fo} x B_i]
= Ki(00, B—) - (marge, - vim ) [{60} x (92,)71(6-,))]
= (margg,xre vim) [{60} x E_i]
= K; (tim) [{00} x E_i],

where the first equality is by equations (3.8) and (3.7); the second equality is by equation
(3.9); and the third equality is by equation (3.6). The above implies margg,, o~ pt; =
Kk} (tim). Also, by the definitions of v; and 7;, and the fact that \; and \; are consistent
with v; and 7; respectively, we have 1;[{(0o,y_s,5_;) : s_; € EFR_;(y_;)}] = 1.

Our last step is to show that m; € W' (¢;,,,), but this is because m; € C(¥;(t;,,)) and

i [{B0, i 5-0) = 0% (yi) = 6} = (1 — £)\ilBo, O, 53] + eXiffo, Oi, 5
= mi(9)[0o, 0—i, s,
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where the first equality is by combining equations (3.8) and (3.9). Therefore, by Definition
3.3 of EFR, we have r;(m; | ¥i(t;)) € EFR;(t;,n) (note that 97 (t;m) = vi(t;)). Since
R; O EFR;(t; ), we can conclude R; D r;(m; | ¥;(t;)), which wraps up the proof. O

3.5.4 Proof of Proposition 3.4

Since each EFR;(+) is an upper hemicontinuous correspondence on 77, the proof of

Proposition 1 from Chen et al. (2021) can be directly used to show the following lemma.

Lemma 3.6. Given a finite type space {(T;,0;, Ki)icr}. A prediction P is a robust
refinement if and only if for every i € I and t; € T;, there exists an open neighborhood
E,, CT7 of t; such that P,(t;) NEFR,(t) # @ for every tf € E;,.

We now use this lemma to prove Proposition 3.4. For “=", suppose P is robust.
Fix any i € I and t; € T;. By definition, for any R; € RI°°(;), there exists a sequence
{tim}men C T such that ¢;,, — t; and R; O EFR,(¢;,,) for all m. Since P is a robust
refinement, by Lemma 3.6, P;(¢;) NEFR,;(t;,,) # @ for sufficiently large m, which means
Pi(t)NR; # 2.

For the converse “<”, suppose P is not a robust refinement. Then by Lemma
3.6, there exists a type ¢; € T; and a sequence {t; ., }ren C T} such that ¢;,,, — t;
and Pi(t;) N EFR;(t;m,) = @ for all k. This means Ugso (F;(t:) N EFR;(tim,)) =
Pi(t;) 0 (U0 EFRi(tim, ) ) = @. But Ugso EFRy(tim,) € RI(t;) by definition.

3.5.5 Proof of Proposition 3.5
3.5.5.1 (1) = (2)

We split this direction into two steps.

First, we construct a finite type space such that the collection of EFR sets contains
all maximal sets in R} (6;). To achieve this, for each € I, partition the space T7* into
TER — {Ti(e"’R")} by payoff types and the EFR correspondence, i.e. t;,t; € TR i
and only if ¥} (t;) = ¥;(t;) = 6; and EFR,(t;) = EFR;(t;) = R;. Note that the partition

TEFR s finite and measurable (in T7*) by continuity of 97, upper hemicontinuity of EFR,

and finiteness of ©; and S;. Now for each 7.7 ¢ TER fix a type 0B o plbiRa)

7
7(6:,R;) #(05,R;

and define a one-to-one and onto mapping ¢; : t; — T ). Define a finite type
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space {(T?FR,Q%,RO - } such that ¥, ( (6:,Ra) ) =6;, and

R (TR [0, O] = it (BOR) (80,1 -1, € TR (3.10)

Note that 7% denotes both a type in TEFR (on the left-hand-side) and a subset of
T* (on the right-hand-side). We claim that EFR; (T(ei’Ri)) D EFR; ( v Z)> for every
T(g ) g prove this, we will show that EFR”( (03, R: )) D EFR; (t(e i) ) for all n > 0.
This is clearly true for n = 0. Suppose it holds for n — 1. Take s; € EFR; ( (6:.7:) ) Then

there exists a distribution u; € A(@O x T, S_Z> and m; € C(9%(L;)) such that??

(i) margg,,r« i = K; (t(el Rﬂ)

)
(i) pal{(Oo,ti,5-5) 1 s € EFR_;(t-0)}] = 1;

(iit) mi(@)[00, 0-i, s—i] = pa[{(Oo, t iy s-4) + 07, (t=s) = O0_i}];
(iv) s; € ri(m; | 95(t;)).

?

Now define a new distribution fi; € A(Qy x TER x §_) for type Ti(ei,Ri) € TEFR py
fli {90, TS@*@RJ, 5—1} = 1 [{(907 t_,, 5_i> t; € TEBZ'—i,Rfi)}} '

By equation (3.10) and condition (i) above, we have margeoxTEFR fi; = R (T(ez ' ) Since
for every t_; € TE[ - ), we have EFR_;(t_;) = EFR,i( ey iR )) = R_;, condition (ii)
above and the induction hypothesis implies that

i [(00, T 52) s s € BER™ (T 7)) = 1.
Moreover, by construction,

o 0,0 10 () = 0] = {0t s 00 =0
= 71'1(@5) [90, 0_2', 8_7;].

Therefore, the fact that s; € r;(m; | Ui (t;)) implies s; € EFR"( ol )), and thus we

have proved our claim.

22This is because the procedure EFR converges in finitely many steps and the fact that {C?(6;)},>0
is a decreasing sequence.
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To summarize the first step, for any R; € Rf(@i), there is a finite type t; such that
U5(t;) = 6; and R; C EFR(¢;). The second step is simple. Since any strategy s; € EFR(¢;)
can be uniquely selected for ¢;, we have EFR(t;) C R} (0;). Hence, R; C R}(6;).

3.5.52 (2)= (1)
Fixing a finite type space {(7;,9;, ki)icr}, we need to show that for each ¢; € T; and
any strategy s; € EFR;(¢;), the singleton set {s;} € RI°°(;). By Proposition (3.2),
we can prove this by showing {s;} € Ry °"(t;) for all n > 0. For n = 0, note that
EFR;(t;) € R} (¥;(t;)), and hence EFR;(t;) € R*¥;(t;)) by assumption. This means
each s; € EFR,(t;) forms a singleton set in R} (0;(t;)). But R°°(t;) = R (9;(L;)) by
definition, so {s;} € R’°(t;) is established.

Suppose for each t; € T;, s; € EFR;(t;) implies {s;} € Rloc’"_l( t;). We now show
that the same statement holds for n. Fix a type t; € T;. If s; € EFR;(t;), there exists a
distribution p; € A(@O x T ; % S,Z) and m; € C(¥;(t;)) such that

(i) margeg, .zt = Ki(ti);

(i) pil{(0o,t-i,5-5) : s-i € EFR_;(t_;)}] = 1;
(iii) 7i(@)[00, 0, s—i] = pal{ (0o, 1, s-3) + V—(t—i) = 0_3}];
(iv) s € ri(m; | Di(t:)).

Now define v; € A (©g x T_; x §_;) by

Vi[907 t*’h {S*i}] = /,Li[e(), t*’h S*i]-

By construction, we have margg .7 .7 = K;(t;), and the only \; consistent with v; is

the one such that \; = m;(¢). Moreover, by the induction hypothesis, we also have
vi [{(B0,t s, Ra) - Ry € RO )} = 1.

Since {s;} € R(¢;(t;)) by assumption, there exists a type ¢;* € T such that ¥} (tfz) =
9;(t;) and EFR; (tf) = {s;}. Therefore, for any distribution f; € A(©y x T, x S_;)
and 7; € C(¥;(t;)) such that

(i) margeoijiﬂi =K (tf)7
(i) i[{(0o,t—s,5-) : 5_s € EFR_;(t_s)}] = 1;
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(iii) 7i(@)[00, 0, s—i] = fs[{ (0o, t—i, s-i) : V(t—i) = 03],

we have {s;} = r;(7; | ¥;(¢;)) by the definition of EFR. We now define 7, ,, € A(@O X

B[00, 05, R_s] = & () [{ (60, t_s) : 0", (t—s) = 0_; and EFR_;(t_;) = R_;}].

By construction, for any \; consistent with ; and 7; € C(¥;(t;)) such that \ = (),

we have {s;} = r;(7; | 9;(¢;)). Moreover,
b [{(00,0-1,R3) : R e RL(0-0)}] = 1.

Finally, take any ¢ € (0,1] and the distributions v; and ; above. For any #; €
C(¥;(t;)) such that

where \; and )\; are consistent with v; and 7; respectively, we must have {si} = ri(7; |
Y;(t;)). To see this, note that for any h € H;(s;) such that [h] N supp\; = @ or
[h] N suppA; = @, #(h) = 7(h) for some \; consistent with 7 and 7; € C7(9;(t;)) such
that \; = 7;(¢). Thus, s, is the unique best response at history h. On the other hand,
for any h € H;(s;) such that [h] NsuppA; Nsupp; # @, #(h) is a convex combination of
distributions such that (with probability 1 —¢) s; is a best response and (with probability
g) s; is the only best response. Hence, for all h € H;(s;),

{Si} = arg max Z ui(z(s;,s_i),Qo,ﬁi(ti),ﬁ_i)ﬁi(h)[%,Q_i,s_i].
Sgesi(h) 00,0—;,5_;

Therefore, {s;} = Ur,can(u,m.er,) Ti(mi | 9i(t:)). This means {s;} € RI°"(t;), com-
pleting the proof.

3.5.6 Proof of Proposition 3.6
3.5.6.1 (1) = (2)

Fix a player i € [ and 6; € ©;. If R; € RZT(QZ-), there exists a type ¢; € T such that
Vi(t;) = 0; and R; O EFR,(t;). By denseness of U;, there is a sequence {t; ;n }men C T
such that ¢;,, — t; as m — oo, and |EFR;(¢;,,)| = 1. Since ©; and S; are finite, there

exists a subsequence {t;,, } such that ¥} (t;,,,) = 0; and {s;} = EFR;(¢;,,,) for some
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s; € S;. This means s; € R}(0;). By upper hemicontinuity of EFR, we must have
s; € EFR;(t;). Therefore, s; € EFR;(t;) N R}'(0;) # @, which implies R; N R} (6;) # @.

3.5.6.2 (2) = (1)

Openness of U; is implied by the fact that EFR;(+) is upper hemicontinuous and nonempty
on T7. Denseness of U; is proved in two steps.

First, we show that for every t; € T; in any finite type space { (T}, V;, k;)ics }, the set
EFR;(t;) contains some strategies that can be uniquely selected. To achieve this, we
define a refinement of EFR which collects all strategies that can be uniquely selected for
a type. For each t; € T}, let EFR}™"(t;) = R¥(¥;(t;)), which is nonempty by assumption.
For n > 1, let EFRY™"(t_;) = X, EFR}"7'(t;), and define

;i € CM4(L))
Ju; € A(Og x T_; x S_;) s.t.
(L) = (i) marge, . ¢ i = Ki(ti);
(i) s [{ (B0, -, 5-4) - 50 € BFRM () }] = 15
(iii) mi(¢)[0o, 0—i, s—i] = pi[{(Bo, t—i, 5-3) : V—i(t—;) = 0_i}]

and

Finally, let EFR}(¢;) = N, EFR;"™"(t;). Observe that {EFR;""(t;) }nen € R} (9:(t:)) is

a decreasing sequence for each ¢; and converges in finitely many steps.
Claim 3.3. For alln >0, EFR;"™(t;) C EFR!(¢;). Hence, EFR}(t;) C EFR;(t;).

Proof. For n = 0, we have R*(Y;(t;)) = EFR!M(t;) € EFRY(t;) = S;. Suppose
EFR" ' (t;) € EFR?'(t;). Then ¥}"™(t;) C W(t;) by definition, which implies
EFR;""(t;) C EFR}(t;). O

Claim 3.4. For alln > 0, EFR;""(t;) # @.

Proof. We argue this by induction. Each EFR}"’(t;,) = RY(¥;(;)) is nonempty by
assumption. Suppose EFR

un—1
i

distribution p; € A(©g x T_; x S_;) such that conditions (i) and (ii) in the definition of
;7" (t;) are satisfied. We need to show that there exists a strategy s; € Uy, cqmn ;) 7i(i |

(t;) is nonempty for every i € I and t; € T;. Take any
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ﬂz(tz)) such that S; € R;‘l(ﬁl(tz)) Define v; € A(@O X é_l(ﬁz(tl)) X 8—1) by

Vil0o,0_i,{s_i}] = Z wilbo, t—i, s—q).

t_i9_(t—i)=0_;

Because EFR}"™ 7' (t;) is a nonempty subset of R} (¥;(t;)), this v; is well-defined and
satisfies
v; {{(6’0,9_1-, R—z) . R—i € RT_Z<9_Z)}} =1.

By construction, we have I17(v; | ¥;(t;)) = ¥;""(t;) because for any 7; € I*(v; | 9;(¢;)),
the initial probability distribution m;(¢) is uniquely pinned down by pu;. Because
{T17(1; | 95(t;)) }nso is decreasing in n and {RI™(9;(t;))} defined by (3.1) converges to
RI(9;(t;)), it must be that Unsewrmiay 1i(mi | 9i(t:)) € RI(95(t;)). By assumption, we
have
U rmlm [ 0i(t) | 0 R (Vi) # 2.
ﬂiE\I/;l’n(ti)
Therefore, EFR;""(t;) # &, which means the iterative procedure converges to a nonempty

set of strategies for every t; € T;. O

We claim that for every s; € EFR}(t;), the singleton {s;} € RI°°(t;). We prove this
by induction. Since any s; € EFR!™(¢;) is in the set R(0;(t;)), we know {s;} € R°(t;)
by definition. Suppose s; € EFR!™ '(;) implies {s;} € RP"'(¢;) and take any
s; € EFR}""(¢;). Constructions of v; and 7; in the proof of Proposition 3.5, with obvious
modifications, can be used to show that {s;} € RI°"(;) (see Appendix 3.5.5.2).

Therefore, our first step shows that for any finite type ¢; € T}, there is some strategy
s; € EFR4(t;) that can be uniquely selected. The second step is standard: Let T C T7
be the collection of all finite types of player i. Since t; € cl(if;) for all t; € T!, we
have T} C cl(U;). Because T} is dense in T; (Mertens and Zamir, 1985), we know that
Tr = cl(TY) C cl(i4;), which means U; is also dense in T}
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