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Abstract

Two studies are presented on diboson production in association with jets in the fully

leptonic final states, pp → (Z/γ∗)(Z/γ∗) + jets → 2ℓ2ℓ′ + jets, (ℓ, ℓ′ = e or µ) in

proton-proton collisions at a center-of-mass energy of 13TeV. The data sample cor-

responds to an integrated luminosity of 138 fb−1 collected with the CMS detector

at the LHC. In the first study, search is performed for the electroweak (EW) pro-

duction of two Z bosons in association with two jets (EW ZZ+2jets) using a deep

neural network (DNN) approach, and the production is measured with an observed

(expected) significance of 4.4 (3.4) standard deviations. In the second study, differen-

tial distributions and normalized differential cross sections of diboson ZZ production

associated with different numbers of jets (ZZ+jets) are measured as a function of

jet multiplicity, transverse momentum pT, pseudorapidity η, invariant mass and ∆η

of the highest-pT and second-highest-pT jets, and as a function of invariant mass of

the four-lepton system for events with various jet multiplicities. These differential

cross sections are compared with theoretical predictions that mostly agree with the

experimental data. However, in a few regions we observe discrepancies between the

predicted and measured values. Further improvement of the predictions is required

to describe the ZZ+jets production in the whole phase space.
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Chapter 1

The Standard Model

1.1 Introduction

Particle physics studies the elementary particles and their interactions. The Standard

Model (SM) is a powerful and unified theory for particle physics that provides suc-

cessful description of all current experimental data within uncertainty. It describes

interactions among elementary particles by the exchange of particles. On the other

hand, there have been experimental observations that cannot be accounted for by

the SM, indicating the existence of physics beyond the SM (BSM) and the need for

a more complete theory. For introduction and discussion on the SM we can refer to

Refs. [9–17] and the Particle Data Group (PDG) review [18]. For specific discussion

on quantum chromodynamics theory and topics related to simulation, one can refer

to [12, 19–31], and ”Monte Carlo event generators (rev.)” in the PDG review [18]. For

topics on SM measurements one can refer also to [32]. Note that different authors can

use different sign conventions when discussing about the SM, and for a comprehensive

overview of different sign conventions one can refer to Ref. [33]. We have used these

mentioned sources as our references in this chapter, along with other references cited
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in the main discussion.

1.2 Matter and Forces

Currently all the known matter in this universe is formed by combinations of twelve

fundamental spin-half fermions (and their antiparticles) as listed in Table 1.1, where

spin is an intrinsic property of a particle associated with its internal angular mo-

mentum. These fermions are categorized into quarks and leptons by the type of

interactions they participate in. The electron, muon, tau and neutrinos are collec-

tively referred to as the leptons. These fermions are also grouped into three genera-

tions. The electron, electron neutrino, up quark and down quark belong to the first

generation. Particles in the second and third generations behave like copies of the

corresponding particles in the first generation, in the sense that they have the same

kind of physical interactions, other than difference in mass which has various physical

consequences such as those in decaying. Each of these particles has an antiparticle

with the same mass but opposite charge.

There are currently four known fundamental forces: gravity, electromagnetic force,

strong force and weak force. Our discussion about SM focus on the latter three forces,

where each force is described by a quantum field theory (QFT) corresponding to

the exchange of spin-1 boson(s) known as gauge boson. Electromagnetic interaction

concerns electrically charged particles, and is described by the theory of quantum

electrodynamics (QED) and the exchange of virtual photon. Quark and charged

leptons carry electric charge whereas neutrinos do not carry electric charge. The

strong force is responsible for the nuclear force binding protons and neutrons together

in the atomic nucleus. It is described by quantum chromodynamics (QCD) and the

exchange of a massless gauge boson called gluon. Among the fundamental fermions,
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only the quarks carry the charge called ”color charge” and correspondingly feel the

strong force. The weak interactions is responsible for some of the important particle

decays. It include the charged-current interactions mediated by the W+ and W−

bosons with a mass of 80.4GeV, and the neutral-current interactions mediated by

the neutral Z boson with a mass of 91.2GeV. All fundamental fermions are involved

in weak interactions and we say they carry weak charge. The large masses of the W

and Z bosons results in the suppression of the interaction probability at low energies

(see for example eqn. (1.146)), causing a longer lifetime for particles that only decay

through weak interactions.

The final element of SM is the Higgs boson. As will be discussed in Section 1.3,

the Brout-Englert-Higgs (BEH) spontaneous electroweak symmetry-breaking mech-

anism [34–39] predicts the existence of a spin-0 scalar particle, the SM Higgs boson,

which gives masses to massive elementary particles, and explains the large masses of

the W and Z bosons that distinguish them from the massless gauge bosons, photon

and gluon. Experimentally, the Higgs boson was discovered in the LHC by the CMS

and ATLAS experiments in 2012 [40–42], and was measured to have a mass of around

125GeV.

1.3 Electroweak Unification and Symmetry

Breaking

1.3.1 The GSW Model

The GSW model developed by Glashow, Salam and Weinberg in the 1960s is a model

describing a unified picture of electromagnetic and weak interactions. In the GSW

model, we have a set of massless fermions and gauge bosons, and they obtain masses
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Table 1.1: Table of fundamental fermions listed with their generation, electric charge
Q, and masses. To be precise, νe, νµ, ντ do not have definite masses, but represent
combination of quantum states ν1, ν2, ν3 (mass eigenstates) that have definite masses
(< 0.8 eV with 90% CL from Ref. [18]). The nominal mass values in this table are
taken from Ref. [18].

Lepton Q mass (GeV)

First generation electron (e) -1 0.000511
neutrino (νe) 0 -

Second generation muon (µ) -1 0.106
neutrino (νµ) 0 -

Third generation tau (τ) -1 1.78
neutrino (ντ ) 0 -

Quark Q mass (GeV)

First generation down (d) −1
3

0.00216
up (u) +2

3
0.00470

Second generation strange (s) −1
3

0.0935
charm (c) +2

3
1.27

Third generation bottom (b) −1
3

4.18
top (t) +2

3
173

through the BEH mechanism. We can introduce the appropriate gauge fields by

requiring invariance of the Lagrangian under local gauge transformation, and in GSW

model we require invariance under U(1)Y ×SU(2)L. We start with the fermionic Dirac

Lagrangian without mass terms:

Lferm =
∑

f=lepton,quarks

f̄ iγµ∂µf. (1.1)

We can group the left-handed electron and neutrino into a doublet:

L =

(
νe
e−

)
L

(1.2)

and we say that this doublet is with total weak isospin Iw = 1
2
and the upper and

lower components have third component of isospin I
(3)
w (νe) = +1

2
and I

(3)
w (e−) = −1

2

respectively. Similarly we have other doublets:
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(
νµ
µ−

)
L

,

(
ντ
τ−

)
L

,

(
u

d

)
L

,

(
c

s

)
L

,

(
t

b

)
L

(1.3)

These doublets are affected by the gauge transformation

φ(x) → φ′(x) = exp [igwα(x) ·T]φ(x) (1.4)

where T = 1
2
σ are the three generators of the SU(2) group written in terms of the

Pauli matrices. On the other hand, the right-handed particle chiral states are treated

as weak isospin singlets with Iw = I
(3)
w = 0 and therefore unaffected by the mentioned

SU(2) gauge transformation:

e−R, µ−
R, τ−R , uR, cR, tR, dR, sR, bR (1.5)

and the three types of νR. This explains the ”L” subscript in SU(2)L. Note that

we have been talking about particle states in the flavor basis, which is different from

the mass basis for neutrinos and quarks. We can then also consider a local U(1)

transformation affecting both the left- and right-handed particle chiral states:

ψ(x) → ψ′(x) = exp

[
ig′
Y

2
ζ(x)

]
ψ(x), (1.6)

where Y is the weak hypercharge, a charge newly introduced that is specific to the

particle type and chiral states. We must require YeL = YνL , otherwise the U(1)Y

transformation can introduce phase difference between the components of the SU(2)L

doublet and break the SU(2)L symmetry. Therefore we can use the label YL for both

components. In order to preserve invariance under the local gauge transformations,

we replace the derivative in the Lagrangian with the covariant derivative:

∂µ → Dµ = ∂µ + igwT ·Wµ + ig′
Y

2
Bµ (1.7)

and the gauge fields transform according to:
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W k
µ → W ′k

µ = W k
µ − ∂µα

k − gwϵ
ijkαiW j

µ (1.8)

Bµ → B′
µ = Bµ − ∂µζ(x) (1.9)

Here the levi-Civita symbol

εijk =


1, if ijk = 123, 231, or 312

−1, if ijk = 132, 213, or 321

0, otherwise

(1.10)

is the structure constant for SU(2).

Now we can multiply out the covariant derivative to get the interaction terms. In

the following calculations, we focus on e and νe for simplicity, but the same calculation

can be repeated exactly for other leptons and for quarks. The terms corresponding

to the U(1) transformation are:

LU(1) = L̄iγµ
(
ig′
YL
2
Bµ

)
L+ ēRiγ

µ

(
ig′
YeR
2
Bµ

)
eR + ν̄Riγ

µ

(
ig′
YνR
2
Bµ

)
νR

= −g
′

2
Bµ [YL (ν̄Lγ

µνL + ēLγ
µeL) + YeR ēRγ

µeR + YνR ν̄Rγ
µνR]

(1.11)

The terms corresponding to the SU(2) transformation are:

LSU(2) = L̄iγµ
[
igw

σi

2
W i

µ

]
L

= −gw
2

(
ν̄L ēL

)
γµ

 W 3
µ W 1

µ − iW 2
µ

W 1
µ + iW 2

µ −W 3
µ

(νL
eL

)

= −gw
2

(
ν̄L ēL

)
γµ

 W 3
µ

√
2W+

µ

√
2W−

µ −W 3
µ

(νL
eL

)

= −gw
2

[
ν̄Lγ

µνLW
3
µ − ēLγ

µeLW
3
µ +

√
2ν̄Lγ

µeLW
+
µ +

√
2ēLγ

µνLW
−
µ

]
(1.12)
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where we have redefined the fields with

W±
µ =

1√
2

(
W1

µ ∓ i W2
µ

)
(1.13)

Collecting the ν̄Lγ
µνL terms from the SU(2) and U(1) terms, we have

(−g
′

2
YLBµ −

gw
2
W 3

µ)ν̄Lγ
µνL (1.14)

Therefore we can define a new field Zµ ∝ g′YLBµ + gwW
3
µ which is coupled to the

neutrino and actually corresponds to the Z boson. Since the neutrino doesn’t couple to

the electromagnetic field, we can also define Aµ ∝ gwBµ−g′YLW 3
µ which is orthogonal

to Zµ provided that Bµ and W i
µ are orthogonal to each other, and let it be the

electromagnetic field. Assuming Bµ and W i
µ are in addition normalized, we can

normalize the two new fields with

Aµ =
gwBµ − g′YLW

3
µ√

g2w + g′2Y 2
L

= +Bµ cos θw +W 3
µ sin θw,

Zµ =
g′YLBµ + gwW

3
µ√

g2w + g′2Y 2
L

= −Bµ sin θw +W 3
µ cos θw

(1.15)

where we have introduced the electroweak mixing angle θw by defining:

sin θw =
g′√

g′2 + g2w
,

cos θw =
gw√

g′2 + g2w

(1.16)

and choosing a convenient convention

YL = −1 (1.17)

Since YL always appears along with g′, we are free to choose this convention and g′

will have the corresponding definition. Inverting eqn. (1.15) gives:

Bµ = +Aµ cos θw − Zµ sin θw,

W 3
µ = +Aµ sin θw + Zµ cos θw

(1.18)
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Substituting these into the previous equations allow us to express in terms of the fields

Aµ and Zµ. Now collecting the electron terms from the U(1) and SU(2) Lagrangian

terms, we have:

−Aµ

{
ēLγ

µeL

[
1

2
g′YeL cos θw − 1

2
gw sin θw

]
+ ēRγ

µeR

[
1

2
g′YeR cos θw

]}
(1.19)

In QED, the Feynman rule associated with the interaction vertex is

−iQeγµ (1.20)

and the interaction between electron and electromagnetic field corresponds to the

Lagrangian terms:

−QeeAµ(ēLγ
µeL + ēRγ

µeR) (1.21)

Here e is the unit charge and Q is the charge number, with Qe = −1 for electron.

Therefore to match with QED we have from the coefficient of the left-handed terms:

Qee =
1

2
g′YeL cos θw − 1

2
gw sin θw = − g′gw√

g′2 + g2w
(1.22)

which gives

e =
g′gw√
g′2 + g2w

= gw sin θw = g′ cos θw (1.23)

and from the coefficient of the right-handed term:

Qee =
1

2
g′YeR cos θw = −1

2

g′gw√
g′2 + g2w

(1.24)

which gives

YeR = 2YL = −2 (1.25)

Collecting the neutrino terms in the Lagrangian similar to eqn. (1.19) and using

Qν = 0, we have

YνR = 0 (1.26)
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We can repeat the above calculation for other leptons and quarks, and there is a

generalized relation:

Q =
Y

2
+ T3 (1.27)

Where Q, Y , T3 =
1
2
σ3 here are operators with eigenvalues being the charge number,

weak hypercharge and third component of the isospin I
(3)
w , but they also can refer

to the values for the corresponding fermion depending on the context. We can for

example see that this relation is true for both the electron and neutrino.

Now we turn to the terms coupling to the Zµ field, which corresponds to what we

call the neutral current interaction. Collecting the electron terms from the Lagrangian

and substituting eqn.(1.23) and YL, YeR gives:

Zµ

{[
gw
2

cos θw +
g′

2
YL sin θw

]
ēLγ

µeL +
g′

2
YeR sin θwēRγ

µeR

}
=Zµ

{[
e

cos θw sin θw

(
1

2
− sin2 θw

)]
ēLγ

µeL +
e

cos θw sin θw

(
− sin2 θw

)
ēRγ

µeR

}
(1.28)

and both the left- and right-handed electron terms can be collectively written with:

−Zµ
e

sin θw cos θw

(
T3 −Q sin2 θw

)
(ēLγ

µeL + ēRγ
µeR) (1.29)

These interaction terms also apply to a general fundamental fermion:

− Zµ
e

sin θw cos θw

(
T3 −Q sin2 θw

) (
f̄Lγ

µfL + f̄Rγ
µfR
)

= −Zµ
e

sin θw cos θw

(
cLf̄Lγ

µfL + cRf̄Rγ
µfR
)

= −Zµ
1

2

e

sin θw cos θw
f̄
(
cV γ

µ − cAγ
µγ5
)
f

(1.30)
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with

cL = T3 −Q sin2 θw,

cR = −Q sin2 θw,

cV = T3 − 2Q sin2 θw,

cA = T3

(1.31)

and we have used the fact that

f̄Lγ
µfL = f̄γµ

1

2

(
1− γ5

)
f ≡ f̄γµPLf

f̄Rγ
µfR = f̄γµ

1

2

(
1 + γ5

)
f ≡ f̄γµPRf

(1.32)

PL, PR are the left- and right-handed projection operators satisfying:

P 2
L = PL,

P 2
R = PR,

PL + PR = 1,

PLPR = 0

(1.33)

Clearly parity is violated in neutral current interaction with the Z boson, and we have

organized the couplings into the vector and axial-vector parts corresponding to cV and

CA. The experimentally measured value of sin2 θw is 0.23149 (collider average) [18].

A summary of the Q, I
(3)
w and Y assignments of the fundamental fermions and their

couplings to the Z boson is summarized in Table 1.2. The Feynman rule associated

with the Z and fermion interaction vertex is

−i1
2

e

sin θw cos θw
γµ
[
cV − cAγ

5
]

(1.34)

The remaining terms in the Lagrangian corresponds to charged current interaction

with W+ and W− in the SM:

− gw√
2

(
ν̄Lγ

µeLW
+
µ + ēLγ

µνLW
−
µ

)
(1.35)
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Table 1.2: Summary of the Q, I
(3)
w and Y assignments of the fundamental fermions

and their couplings to the Z boson from Ref. [9], assuming sin2 θw = 0.23146, which
causes negligible difference compared with using the value sin2 θw = 0.23149 [18] cited
above.

fermion Q I
(3)
W YL YR cL cR cV cA

νe, νµ, ντ 0 +1
2

-1 0 +1
2

0 +1
2

+1
2

e−, µ−, τ− -1 −1
2

-1 -2 -0.27 +0.23 -0.04 −1
2

u, c, t +2
3

+1
2

+1
3

+4
3

+0.35 -0.15 +0.19 +1
2

d, s, b −1
3

−1
2

+1
3

−2
3

-0.42 +0.08 -0.35 −1
2

where we see the W+ and W− only couples to left-handed chiral states, which is

maximally violating parity. Note that the right-handed neutrino is not coupled to

the photon and W, Z bosons, and has not yet been observed. The Feynman rule

associated with this vertex is

−i gw√
2

1

2
γµ
(
1− γ5

)
(1.36)

From the interaction terms in eqn. (1.36), we see that one entry in the SU(2)

fermion doublet can be transformed into the other by interaction with a charged

force carrier (the W+ and W− bosons). Also from the interaction terms in eqn. (1.21)

and (1.30), particle and the corresponding antiparticle can annihilate into a neutral

gauge boson (photon or Z boson). The corresponding Feynman diagrams are shown in

Fig. 1.1. The interaction strength is proportional to e (or g′ and gw), the constants CA

and CV , and also affected by the propagator as in eqn. (1.146), which is associated

with the gauge boson and has mass terms in the denominator for massive gauge

bosons. Note that particle-antiparticle annihilation into photon cannot be achieved

via a single vertex in Fig. 1.1 (right) since this violates four-momentum conservation,

but can be achieved for example with a diagram involving two such vertices. Fig. 1.1
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(right) also implies another diagram with the same structure showing that a particle

can emit or absorb a neutral force carrier without being transformed.

Figure 1.1: Feynman diagrams showing interactions via the charged and neutral force
carriers.

We also need to include the kinematic terms of the gauge fields in the Lagrangian,

which is given by:

LW,B = −1

4
W i

µνW
iµν − 1

4
BµνB

µν (1.37)

where we also sum over the index i, and

W i
µν = ∂µW

i
ν − ∂νW

i
µ − gwε

ijkW j
µW

k
ν

Bµν = ∂µBν − ∂νBµ

(1.38)

The GSW model reproduces the couplings in QED and electroweak interactions.

However, mass terms for fundamental fermions and gauge bosons are not allowed in

the Lagrangian under the requirement of gauge invariance. Consider a fermion mass

term

mf̄f = mf̄ (PL + PR) f

= mf̄PLPLf +mf̄PRPRf

= m
(
f̄RfL + f̄LfR

) (1.39)

Clearly this term is not invariant under SU(2). Meanwhile, a mass term for a gauge

field such as

1

2
m2

BB
µBµ (1.40)
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is clearly not gauge invariant considering how the gauge fields transform. Therefore

these mass terms are not allowed in the Lagrangian. We know from experiments that

the fundamental fermions and the W and Z bosons have nonzero masses. To resolve

this contradiction, the masses are introduced through the BEH mechanism.

1.3.2 The BEH Mechanism in the Standard Model

In the GSW model, we can introduce an isospin doublet of complex scale fields:

ϕ =

(
ϕ+

ϕ0

)
=

1√
2

(
ϕ1 + iϕ2

ϕ3 + iϕ4

)
(1.41)

which we call the Higgs doublet. The lower component is neutral in electric charge,

and the upper component has Q = +1. The Lagrangian for this doublet is given by

Lϕ = (∂µϕ)
† (∂µϕ)− V (ϕ) (1.42)

with the Higgs potential

V (ϕ) = µ2ϕ†ϕ+ λ
(
ϕ†ϕ
)2

(1.43)

This is the minimal Higgs model that can generate the masses properly in the SM.

If we set µ2 < 0, the set of minima for this potential satisfies:

ϕ†ϕ =
1

2

(
ϕ2
1 + ϕ2

2 + ϕ2
3 + ϕ2

4

)
= −µ

2

2λ
≡ v2

2
(1.44)

To make the Lagrangian invariant under local U(1)Y × SU(2)L, we can again replace

the derivative with the covariant derivative:

∂µ → Dµ = ∂µ + igwT ·Wµ + ig′
Y

2
Bµ (1.45)

Using eqn. (1.27) and substituting the I
(3)
w and Q for the lower component, we have

YHiggs = 1 (1.46)
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for the doublet. We are free to choose our minimum of the potential energy (vacuum)

to be located at

ϕ0 = ⟨0|ϕ|0⟩ = 1√
2

(
0

v

)
(1.47)

and expand the field around this minimum

ϕ(x) =
1√
2

(
ϕ1(x) + iϕ2(x)

v + η(x) + iϕ4(x)

)
(1.48)

ϕ0 is called the vacuum expectation value (vev). The choice of vacuum is not invariant

under U(1)Y × SU(2)L, and we call this ”spontaneous symmetry breaking”. Note

that making this expansion hides the underlying U(1)Y × SU(2)L symmetry of the

Lagrangian, but doesn’t remove it. This choice of vacuum is consistent with the real

world observation, because we can see directly that the ϕ0 is still invariant under a

subgroup of U(1)Y × SU(2)L:

ϕ0 → ϕ′ = exp [iα(x)Q]ϕ0 = exp

[
iα(x)

(
Y

2
+ T3

)]
ϕ0 = ϕ0 (1.49)

where Q can be thought of as a linear combination of the generators of U(1)Y ×SU(2)L

(T3 and Y ). We can recognize this subgroup to be the electromagnetic U(1)EM .

Therefore the apparent form of the Lagrangian after the expansion still respects

U(1)EM symmetry and the photon remains massless as we would expect.

Since the Lagrangian itself is invariant under U(1)Y ×SU(2)L, we are free to choose

a gauge such that

ϕ(x) =
1√
2

(
0

v + h(x)

)
(1.50)

this gauge is called the unitary gauge. We now first look at the mass terms of the
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gauge fields by substituting the vev (disregarding V (ϕ0) which is just a constant):[
(Dµϕ)

† (Dµϕ)
]
(ϕ0)

= g2w
v2

8

(
0 1

) g′

gw
Bµ +W 3

µ W 1
µ − iW 2

µ

W 1
µ + iW 2

µ
g′

gw
Bµ −W 3

µ

 gµν

 g′

gw
Bν +W 3

ν W 1
ν − iW 2

ν

W 1
ν + iW 2

ν
g′

gw
Bν −W 3

ν

(0
1

)

= g2w
v2

8

[(
W 1

µ

)2
+
(
W 2

µ

)2
+

(
g′

gw
Bµ −W 3

µ

)2
]
.

(1.51)

We can already recognize from eqn. (1.15) and (1.16) that

g′

gw
Bµ −W 3

µ = −Zµ/ cos θw (1.52)

therefore we can read off the Z mass from the mass term 1
2
m2

ZZ
2
µ

mZ =
1

2 cos θw
gwv (1.53)

Similarly by using eqn. (1.13) we can recognize

g2w
v2

8

[(
W 1

µ

)2
+
(
W 2

µ

)2]
= g2w

v2

8

[
2W+

µ W
−µ
]
= m2

WW
+
µ W

−µ (1.54)

giving

mW =
v

2
gw (1.55)

One can therefore determine the value of v from mW and gW . We have the

current value v = 246.22GeV according to the review titled ”Electroweak model and

constraints on new physics” in Ref. [18].

1.3.3 Full Gauge Sector of the SM

Combining with the Lagrangian terms in eqn. (1.37) and expanding in terms of Aµ,

Zµ, W
±
µ and the field strength tensors

Zµν = ∂µZν − ∂νZµ,

Fµν = ∂µAν − ∂νAµ

(1.56)



16

we have the part of Lagrangian containing the gauge fields given by (see [11]):

Lgauge =− 1

4
F 2
µν −

1

4
Z2

µν −
1

2

(
∂µW

+
ν − ∂νW

+
µ

) (
∂µW−ν − ∂νW−µ

)
+

1

2
m2

ZZ
µZµ +m2

WW
+
µ W

−µ

+ ie cot θw
[
ZµνW+

µ W
−
ν −

(
∂µW

+
ν − ∂νW

+
µ

)
ZµW−ν +

(
∂µW

−
ν − ∂νW

−
µ

)
ZµW+ν

]
+ ie

[
F µνW+

µ W
−
ν −

(
∂µW

+
ν − ∂νW

+
µ

)
AµW−ν +

(
∂µW

−
ν − ∂νW

−
µ

)
AµW+ν

]
+

1

2

e2

sin2 θw

(
W+µW+

µ W
−νW−

ν −W+µW−
µ W

+νW−
ν

)
+ e2

(
AµW+

µ A
νW−

ν − A2
µW

+νW−
ν

)
+ e2 cot2 θw

(
ZµW+

µ Z
νW−

ν − Z2
µW

+νW−
ν

)
+ e2 cot θw

(
W+

µ W
−
ν A

µZν +W−
µ W

+
ν A

µZν − 2W+µW−
µ A

νZν

)
(1.57)

The triple and quartic interaction vertex factors can be read off from this Lagrangian.

Fig. 1.2 shows two example vertices (drawing W+ as particle and W− as antiparticle),

with the corresponding vertex factors in the Feynman rule given by:

W+W−Z: − ie cot θw

[
gµν (p1 − p2)

λ + gνλ (p2 − p3)
µ + gλµ (p3 − p1)

ν
]

W+W−ZZ: ie2 cot2 θw
[
gαµgβν + gανgβµ − 2gαβgµν

] (1.58)

Other vertices include the ones replacing one or more of the Z boson in the shown

diagrams with photon, and also the W+W−W+W− vertex.

Figure 1.2: Example Feynman diagrams showing triple and quartic gauge boson
interactions.
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Now we add back the h field, which is known as the Higgs boson, and obtain the

Lagrangian terms involving h (see [11]):

LHiggs =− 1

2
h
(
∂µ∂

µ +m2
h

)
h− gw

m2
h

4mW

h3 − g2

32

m2
h

m2
W

h4

+ 2
h

v

(
m2

WW
+
µ W

−µ +
1

2
m2

ZZµZ
µ

)
+

(
h

v

)2(
m2

WW
+
µ W

−µ +
1

2
m2

ZZµZ
µ

)
(1.59)

where

mh =
√

−2µ2 =
√
2λv2 (1.60)

We can read off the coupling between the Higgs boson and the W or Z boson from

the Lagrangian. The trilinear terms correspond to the Feynman diagrams in Fig. 1.3

with vertex given by:

HWW: i
e

sin θw
mWg

µν , HZZ: i
e

sin θw cos θw
mZg

µν (1.61)

and we see the coupling strength is proportional to the gauge boson mass.

Figure 1.3: Feynman diagrams showing trilinear interaction vertices between the
Higgs boson and the Z and W bosons.

1.3.4 Fermion Masses

The fermion masses can be generated by introducing a Lagrangian term like

LYukDn = −yL̄ϕeR + h.c. (1.62)
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where h.c. stands for Hermitian conjugate, and the constant y is known as the Yukawa

coupling. After symmetry breaking, substituting eqn. (1.50), we have

LYukDne = − ye√
2
v (eLeR + eReL)−

ye√
2
h (eLeR + eReL) (1.63)

which generates a mass term of −me (ēLeR + ēReL) with me = ye√
2
v, and we have

interaction vertex between Higgs boson and fermion as shown in Fig. 1.4, with cou-

pling strength proportional to mf . The Yukawa coupling value is not predicted by

the Higgs mechanism, but can be chosen to be consistent with the electron mass me

given the known value of v ≈ 246GeV. Since the Yukawa coupling also appears in the

coupling between Higgs boson and fermions, this theory of the Higgs mechanism and

fermion masses can be put into tests. Interestingly, for the top quark, the Yukawa

coupling is almost exactly unity.

Figure 1.4: Feynman diagrams showing trilinear interaction vertices between the
Higgs boson and the fermion. The fermion is in mass basis.

LYukDn can be used to generate mass for electron and other charged leptons, as

well as the down-type quarks (d, s, b). To generate mass terms for the fundamental

fermions at the upper component of the SU(2) doublet, we can replace ϕ with

ϕc = iσ2ϕ
∗ =

(
ϕ0∗

−ϕ−

)
(1.64)

which has hypercharge −1, and we can verify that L̄ϕc is SU(2) invariant. Then a

term like −yL̄ϕcνR can give masses to neutrino and up-type quarks. The neutrino can
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obtain mass through other possible mechanisms, and for a more detailed discussion

for neutrino masses one can for example refer to Ref. [11].

Now we focus on the quark sector. For quarks we can write the corresponding

terms as

Lquarks = −yijd L̄
iϕdjR − yiju L̄

iϕcu
j
R + h.c. (1.65)

where the i, j indices label the three quark generations, and for example ujR =

(uR, cR, tR). The two yij matrices are 3 × 3 matrices of the Yukawa coupling co-

efficients. We have been writing the quarks states in the flavor basis. To diagonalize

the two matrices yd and yu and switch to the mass basis, we can perform a singular

value decomposition:

yd = UdMdK
†
d, yu = UuMuK

†
u (1.66)

where the two U matrices and two K matrices are unitary matrices, and the two M

matrices are diagonal matrices with nonnegative real entries. This decomposition is

always possible (see for example Ref. [43]). If we redo the calculation in Section 1.3.1

for the quarks (using values in Table 1.2), we have the Lagrangian for the quarks in

the flavor basis is given by

Lflavor-basis =

(
ūL d̄L

)i

i∂µγµ − γµ

 g′

6
Bµ +

gw
2
W 3

µ
gw√
2
W+

µ

gw√
2
W−

µ
g′

6
Bµ − gw

2
W 3

µ


(uL

dL

)i

+ ūiR

(
i∂µγ

µ − g′
2

3
γµBµ

)
uiR + d̄iR

(
i∂µγ

µ + g′
1

3
γµBµ

)
diR

− v√
2

[
d̄iL

(
UdMdK

†
d

)ij
djR + ūiL

(
UuMuK

†
u

)ij
ujR + h.c.

]
+Higgs interaction terms

(1.67)
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If we switch to the mass basis (u′, d′) by

diR = Kij
d d

′j
R, uiR = Kij

u u
′j
R, diL = U ij

d d
′j
L, uiL = U ij

u u
′j
L (1.68)

the mass terms become

−mj
d

(
d̄′jLd

′j
R + d̄′jRd

′j
L

)
−mj

u

(
ū′jLu

′j
R + ū′jRu

′j
L

)
(1.69)

With the masses being the corresponding diagonal entries of the matrices v√
2
M . In

the SU(2) and U(1) part of the Lagrangian, the terms containing the combination

ūi...ui and d̄i...di still have the same form since U and K are unitary, and therefore

we just replace u, d with u′ and d′ in these terms. On the other hand, the terms

involving W+ and W− mix the up- and down-type quarks, and they become

− gw√
2

[
W+

µ ū
′i
Lγ

µ(V )ijd′jL +W−
µ d̄

′i
Lγ

µ
(
V †)ij u′jL] (1.70)

where

V ≡ U †
uUd =


V11 V12 V13

V21 V22 V23

V31 V32 V33

 =


Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb

 (1.71)

is known as the Cabibbo-Kobayashi-Maskawa (CKM) matrix, which is non-diagonal,

and the mixing in eqn. (1.70) means that quarks in higher generation can decay to

lower generation via the W boson.
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1.4 Quantum Chromodynamics

1.4.1 Gluons, Color Confinement and Hadronization

In QCD, only quarks have a type of conserved charge called ”color”. The three color

states in QCD can be represented by

r =


1

0

0

 , g =


0

1

0

 , b =


0

0

1

 (1.72)

There are also correspondingly 3 anticolor states r̄, ḡ, b̄. To introduce the QCD gauge

field, we require the Lagrangian to be invariant under SU(3) local gauge transforma-

tion acting on the color space:

ψ(x) → ψ′(x) = exp
[
igSα(x) · T̂

]
ψ(x) (1.73)

where T̂ = {T a} are the eight generators of SU(3) given by Gell-Mann matrices λa:

T a =
1

2
λa (a = 1, . . . , 8) (1.74)

which acts on the color states, and results in zero for fields that do not carry color

charge. To preserve gauge invariance, we extend the covariant derivative in the pre-

vious section by:

Dµ = ∂µ + ig′
Y

2
Bµ + igw

σi

2
W i

µ + igS
λa

2
Ga

µ (1.75)

and the new gauge field Ga
µ transforms according to

Gk
µ → Gk′

µ = Gk
µ − ∂µα

k − gSfijkα
iGj

µ (1.76)

Here fijk is the structure constant of SU(3) defined by

[λi, λj] = 2ifijkλk (1.77)
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This results in an additional Lagrangian term for quarks:

−gS q̄
λa

2
Ga

µγ
µq (1.78)

where q stands for the quark field and the quark carries a color factor in all the

Lagrangian terms introduced so far. The Feynman rule associated with this QCD

vertex is

c†j

{
−1

2
igSλ

aγµ
}
ci = −1

2
igSλ

a
jiγ

µ (1.79)

where cj and ci are the color states associated with the quarks, with r, g, b states

labeled by i, j = 1, 2, 3. The Ga
µ field corresponds to gluons which mediates the QCD

interactions. Gluons have to carry both color charge and anticolor charge to conserve

colors. There are eight gluon states forming a color octet:

|1⟩ = (rḡ + gr̄)/
√
2 |5⟩ = −i(rb̄− br̄)/

√
2

|2⟩ = −i(rḡ − gr̄)/
√
2 |6⟩ = (gb̄+ bḡ)/

√
2

|3⟩ = (rr̄ − gḡ)/
√
2 |7⟩ = −i(gb̄− bḡ)/

√
2

|4⟩ = (rb̄+ br̄)/
√
2 |8⟩ = (rr̄ + gḡ − 2bb̄)/

√
6

(1.80)

Corresponding to the eight Gell-Mann matrices:

λ1 =


0 1 0

1 0 0

0 0 0

 , λ4 =


0 0 1

0 0 0

1 0 0

 , λ6 =


0 0 0

0 0 1

0 1 0

 , λ3 =


1 0 0

0 −1 0

0 0 0

 ,

λ2 =


0 −i 0

i 0 0

0 0 0

 , λ5 =


0 0 −i

0 0 0

i 0 0

 , λ7 =


0 0 0

0 0 −i

0 i 0

 , λ8 =
1√
3


1 0 0

0 1 0

0 0 −2


(1.81)

One more possibility is a color singlet state

|9⟩ = (rr̄ + bb̄+ gḡ)/
√
3 (1.82)



23

but it is believed that there does not exist simple, non-composite color singlet states

according to experimental observation. The kinetic term for Ga
µ is given by

−1

4
Ga

µνG
aµν (1.83)

with the field strength tensor given by

Ga
µν = ∂µG

a
ν − ∂νG

a
µ − gSf

abcGb
µG

c
ν (1.84)

Therefore the Lagrangian contain terms corresponding to triple and quartic self-

interaction of the gluon, as shown in Fig 1.5, and one can refer to Ref. [33] for the

Feynman rules.

Figure 1.5: Feynman diagrams showing the triple and quartic self-interaction of the
gluon.

Currently no free quarks and gluons have been observed in experiments. This is

explained by a hypothesis called color confinement, which states that objects with

nonzero color charges have to be confined in a color singlet state and cannot be propa-

gating as free particles. This also means that gluons are confined within color singlet

objects and cannot propagate for long distance. Currently all confirmed hadronic

states correspond to SU(3) color singlet states that can be formed by quarks and

antiquarks, qq̄ (meson), qqq (baryon), q̄q̄q̄ (antibaryon), or combinations of these

states such as pentaquark states q̄qqqq. There is currently no analytic proof for color

confinement, but a qualitative understanding of its likely origin can be obtained, as

discussed for example in Ref. [9]. We can think about the interaction between quarks
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in terms of the exchange of virtual gluons. Since gluon carry color charges, there are

attractive interactions among these exchanged gluons, which confine the color field

lines into a tube between the two quarks. The self-interaction of gluons also causes

αS to increase with decreasing energy as discussed in the next section, resulting in

large values of αS at low energy scale. In the non-relativistic limit, the interactions

between two quarks or between a quark and an antiquark can be modeled with the

potential [9, 44, 45]:

V (r) = C
αS

r
+ σr (1.85)

where C is a constant that can be either positive or negative, and σ ∼ 1 GeV/fm

experimentally, which corresponds to a very strong force. At relatively large distance,

the second term dominates and the potential energy stored between the quarks in-

creases linearly with the separation. Therefore, there will be a very huge energy

stored between two separated free quarks, causing quarks to always confine to color-

less hadrons.

As a result of color confinement, high energy quarks produced in collisions do not

propagate as free particle, but form jets of color singlet particles, and this process

is known as hadronization. A qualitative description of the hadronization process is

shown in Fig. 1.6, which is for the case of a qq̄ pair but the description applies similarly

to other cases. As energetic quarks from a hard collision separate, the energy stored

between them increases with distance and becomes sufficient for producing new qq̄

pairs from vacuum, and breaking the color field into smaller ”strings” is energetically

favorable. This process can continue until all quarks have sufficiently low energy

to combine and form colorless hadrons, which are observed as jets. Currently the

precise process of hadronization is not well understood from first principle, but there

exists a number of phenomenological models that provide reasonable description of

experimental data.
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Figure 1.6: Qualitative picture of the steps in the hadronization process. Figure from
Ref. [9].

1.4.2 Renormalization and Asymptotic Freedom

There can be ultra-violet (UV) divergence if we do a calculation based on parameters

that are not physical, such as using bare masses and bare couplings in the Lagrangian.

In a renormalizable theory such as QED and QCD, the UV divergence can be can-

celed by introducing a finite amount of counterterms, which have an effect of shifting

or rescaling the parameters into physical ones. After renormalization, the coupling

constants now depend on the energy scale, and we say that the coupling is ”running”.

In QED and QCD the couplings vary with the scale µR known as the renormalization

scale:

µ2
R

∂α (µ2
R)

∂µ2
R

= β(α) (1.86)

where the β-function β(α) can be expanded perturbatively as:

−β(α) =
∞∑
n=0

bnα
2+n =

β0
4π
α2 +

β1
(4π)2

α3 + . . . (1.87)

To first order accuracy, this equation has a solution given by

α
(
µ2
R

)
≡ g2 (µ2

R)

4π
=

α (Q2)

1 + α (Q2) β0

4π
log

µ2
R

Q2

(1.88)
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which means if we measure α at a reference energy scale Q, we can predict it at

energy scale µR. In QCD, this solution can be written as:

αS

(
µ2
R

)
≡ g2S (µ

2
R)

4π
=

1
β0

4π
log

µ2
R

Λ2
QCD

(1.89)

where ΛQCD ≈ 250MeV is referred to as the QCD scale, and

β0 =
11Nc − 2Nf

3
(1.90)

with Nf the number of quark flavors and NC the number of colors. Experimentally

αS (m
2
Z) = 0.1180± 0.0009 [18].

β0 being positive indicates that the strong coupling decreases with increasing

energy scale or decreasing distance, and this behavior is known as asymptotic freedom,

which is significantly different from QED. The running of coupling has been confirmed

experimentally, as shown in Fig. 1.7. The running coupling diverges for µR → ΛQCD,

and the perturbation theory no longer applies.

1.5 Proton-Proton Collisions

The data we use for the ZZ analyses come from proton-proton (pp) collisions in the

LHC and our signal processes have a pair of protons as the initial state. Therefore,

whether our signal processes are of EW or QCD origin (both are studied in our case),

its descriptions require understanding the proton structure, and QCD is the starting

point of LHC physics studies.

1.5.1 Factorization, Parton Distribution Function and the

DGLAP Equations

In this section we will first introduce a series of concepts and expressions, and then

discuss about their physics interpretations. pp collisions at high energies can be
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Figure 1.7: Summary of determination of αS as a function of the energy scale Q
compared with the running of the coupling computed at five loops taking as an input
the current PDG average, αS (m

2
Z) = 0.1180± 0.0009. Figure from Ref. [18].

described by the factorization theorem [21]. In general under suitable conditions, the

production cross section of n-parton final states from the interaction of two hadrons

h1h2 → n+X can be calculated with the master formula:

σ =
∑
a,b

∫ 1

0

dxadxb

∫
fa/h1

(
xa, µ

2
F

)
fb/h2

(
xb, µ

2
F

)
dσ̂ab→n (µF , µR) (1.91)

where σ̂ is the corresponding partonic cross section, f is the Parton Distribution

Function (PDF) that we will discuss in details below, µF is the factorization scale at

which the PDF is determined, which can be thought of as the scale that separates

short- and long-distance physics, and µR is the renormalization scale at which the

coupling constants are evaluated. In the following discussion, we use variables with

the ”hat” notation to indicate a partonic quantity (except the regularized splitting

function P̂ba).
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The scales µF and µR are process independent, and the physics doesn’t depend

on the choice of these scales, but the choice affects the calculated results and un-

certainties due to finite truncation of the perturbative expansion. The scales are

typically chosen to be close to the characteristic scales of the relevant processes to

avoid unnaturally large logarithms in the perturbation series [12], and the associated

theoretical uncertainties are typically evaluated by simultaneously varying the two

scales up and down by a factor of two (excluding those combinations where the two

scales differ by a factor of four). This is a method to estimate the perturbative un-

certainties and account for the residual scale dependence due to the finite truncation.

In general we want to choose a range for the scale variations so that the true cross

section is expected to be captured within the uncertainties, and there is some dispute

on whether two is a sufficiently large factor [12]. We will discuss more on these scale

uncertainties in Section 1.5.2, where we talk about the calculation of partonic cross

sections at different orders ot accuracy, such as leading order (LO), next-to-leading

order (NLO), and next-to-next-to-leading order (NNLO).

In the parton model, there are objects called partons inside the hadron that

carries a fraction of the hadron momentum, and can be treated as essentially free

during high-energy collisions. The number density of a parton having a fraction x

of the hadron momentum is given by the PDF fp/h(x,Q
2), where the label p/h here

indicates the type of the parton p and hadron h (typically proton in our discussion),

and Q2 (sometimes represented by the variable t) indicates the energy scale at which

the hadron is probed, which was substituted by µ2
F in the master formula. We

sometimes use simplified notations in the following discussion and ignore the symbol

h, p or the arguments in fp/h(x,Q
2). Considering the valence quarks inside a proton,

the number of each type of valence quarks is conserved in QED and QCD, which
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gives∫
dx [fd(x)− fd̄(x)] = 1,

∫
dx [fu(x)− fū(x)] = 2,

∫
dx [fs(x)− fs̄(x)] = 0

(1.92)

Similarly for other remaining quarks. There is no constraint on the number of gluons

and therefore on fg(x). In addition we also require the sum of parton momentum to

be equal to the full momentum of the proton, which gives:

∑
j

∫
dx [xfj(x)] = 1 (1.93)

These are known as the sum rules. It turns out that (Ref. [11])
∫
dx (fu(x) + fd(x))x ≈

38% and
∫
dxfg(x)x ranges from 35% to 50% depending on Q2, and the remaining

proton momentum is in the sea quarks.

Currently the PDF cannot be calculated from first principle since it is in the

non-perturbative regime, but it can be measured at a certain energy scale, and the

evolution of the PDF with respect to energy scale is given by the Dokshitser-Gribov-

Lipatov-Altarelli-Parisi (DGLAP) equations [46–53]:

∂

∂ logQ2

(
fq/h (x,Q

2)

fg/h (x,Q2)

)
=
αS (Q

2)

2π

∫ 1

x

dz

z

(
P̂qq (z) P̂qg (z)

P̂gq (z) P̂gg (z)

)(
fq/h

(
x
z
, Q2

)
fg/h

(
x
z
, Q2

)) (1.94)

where the sum over different quark and the corresponding antiquark flavors (2Nf of

them) is implicit. Here P̂ba(z) are called the regularized splitting functions, to the
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leading order given by:

P̂ (0)
qq (z) =CF

[
1 + z2

(1− z)+
+

3

2
δ(1− z)

]
P̂ (0)
qg (z) =TR

[
z2 + (1− z)2

]
P̂ (0)
gq (z) =CF

[
1 + (1− z)2

z

]
P̂ (0)
gg (z) =2CA

[
z

(1− z)+
+

1− z

z
+ z(1− z)

]
+

11CA − 4NfTR
6

δ(1− z)

(1.95)

and the indices of P̂ba(z) corresponds to the parton splitting process a → bc, where

the type of c is fixed by a and b. The z in P̂ba(z) represents the energy fraction

of b over the parent parton a. The integral of this fraction z is from x to 1 in the

DGLAP equation, which is reasonable since the argument x/z in the PDF cannot be

larger than 1. We will discuss more on the interpretation of the DGLAP equation

in this subsection. CF and CA are the Casimir operators of the gauge group in its

fundamental and adjoint representations, and in QCD

CF =
N2

c − 1

2Nc

, CA = Nc and TR =
1

2
(1.96)

The plus prescription is defined by imposing the requirement on the integral along

with an arbitrary function f(z):∫ 1

0

dz [g(z)]+ f(z) ≡
∫ 1

0

dzg(z) [f(z)− f(1)] (1.97)

so that the divergence of g(z) at z = 1 in the integral is canceled provided f(z) is

smooth enough, and

1

[1− z]+
=

1

1− z
for z ̸= 1 (1.98)

We will discuss the meaning of the plus prescription below. On the other hand, we

also have the unregularized splitting functions Pba(z), which are obtained by sim-

ply dropping the plus prescription and the terms proportional to δ(1 − z) in eqn.
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(1.95) [28, 31]:

P (0)
qq (z) =CF

1 + z2

1− z

P (0)
qg (z) =TR

[
z2 + (1− z)2

]
P (0)
gq (z) =CF

[
1 + (1− z)2

z

]
P (0)
gg (z) =2CA

[
z

1− z
+

1− z

z
+ z(1− z)

]
(1.99)

These unregularized splitting functions represent the probability of emission (split-

ting) that has momentum almost parallel to the parent parton (collinear region), and

are used in place of P̂ba(z) when we discuss about parton shower later in this section

and in Chapter 3. For clarity, in the discussion from now on sometimes we also write

the splitting functions explicitly as Pa,bc(z) for a→ bc splitting.

Now we give a physical interpretation of the DGLAP equation, factorization scale,

the splitting functions and the plus prescription, which are closely related to each

other. For this purpose, we will need to first talk about soft and collinear singularity

cancellation, and why we need to introduce what is known as an infrared cutoff. Let

us consider a quark from a proton entering a hard interaction, it can have further

emissions of gluons, and the amplitude diverges for soft gluon emission with E → 0

(soft singularity), or for gluons with momentum almost parallel to the emitting quark

(relative transverse momentum kT → 0, collinear singularity). For simplicity, in the

following discussion we focus on the q → qg case but there are also effects from

other types of parton splittings. We will discuss about such secondary emissions

in Section 1.5.4, where we note that these singularities are not causing concerns in

measurements of inclusive final states, due to the the cancellation of divergence be-

tween real emission and virtual contributions (Kinoshita-Lee-Nauenberg theorem [54,

55]). On the other hand, the collinear singularity associated with initial states is not

canceled between real and virtual contributions (whereas soft singularity does cancel
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out), as we are going to see.

For concrete expressions, let us look at the the collinear region, where at leading

order the one-gluon emission amplitude squared factorizes into the Born contribution

times a factor that is independent of the hard interaction (see Ref. [12, 18, 27]):

dσhard+g ≈ dσhard
dt

t
dz
dϕ

2π
Pqq(αS, z) ≈ dσhard

dt

t
dz
dϕ

2π

αS

2π
P (0)
qq (z) (1.100)

Note that we are using the unregularized leading splitting function

P (0)
qq = CF

1 + z2

1− z
(1.101)

and Pba (αS (k
2
T ) , z) incorporates the higher order effects:

Pba (αS, z) =
αS

2π
P

(0)
ba (z) +

(αS

2π

)2
P

(1)
ba (z) +

(αS

2π

)3
P

(2)
ba (z) + . . . (1.102)

In the context of leading order effects, we often simply write P
(0)
ba as Pba. Here the

energy scale t in the collinear region is called the hardness, which goes to zero in the

collinear limit, and can be defined to be E2θ2, or the virtuality of the splitting parton

p2 (which is the invariant mass of the splitting products), or the k2T relative to the

parent parton, given by

p2 = 2E2z(1− z)(1− cos θ) ≈ z(1− z)E2θ2, k2T = z2(1− z)2E2θ2 (1.103)

These definitions of t are equivalent if the region of small values of z and 1 − z is

not important [18], which means when looking at regions where small t is associated

with small θ (collinear) and not soft gluon. Note that z → 1 is associated with soft

gluon emission in Pqq and Pgg whereas z → 0 is associated with soft gluon emission

in Pgq and Pgg. The collinear divergence is explicit in dt
t
as t → 0. For simplicity of

expressions, if we additionally require that it is also in the soft region (z → 1), using

eqn. (1.95), the expressions becomes

dσhard+g ≈ dσhard
dt

t
dz
dϕ

2π

αS

2π

2CF

1− z
(1.104)



33

For final states, as mentioned, we know the divergence in the virtual contribution

cancels the real emission, which gives

dσhard+virtual ≈ dσhard(−
dt

t
dz
dϕ

2π

αS

2π

2CF

1− z
) (1.105)

However, for initial states, the collinear singularity is not canceled, as seen in the

following observation (see Ref. [23]). The parton that goes into the hard interaction

could have already gone through soft or collinear emission, but the collinear singular-

ity is not canceled by the virtual contribution, as illustrated in Fig. 1.8, where on the

Figure 1.8: Diagrams showing the difference in momentum associated with real and
virtual processes when (1− z) is nonzero.

left a quark with original momentum p emits a parton and has remaining momentum

zp, and on the right the virtual gluon loop doesn’t change the quark momentum.

Therefore, the real and virtual contributions are not associated with the same par-

ton momentum that enters the hard interaction. if we write down the momentum

dependence of the hard interaction part explicitly for initial states, we have instead

dσhard+g ≈ dσhard(zp)(
dt

t
dz
dϕ

2π

αS

2π

2CF

1− z
) (1.106)

and

dσhard+virtual ≈ dσhard(p)(−
dt

t
dz
dϕ

2π

αS

2π

2CF

1− z
) (1.107)
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and the collinear divergence coming from dt
t
in dσhard+g and dσhard+virtual does not

cancel out when we perform the integration over t:∫ Q2

0

dt

t

∫
dz
dϕ

2π

αS

2π

2CF

1− z
(dσhard(zp)− dσhard(p)) (1.108)

which is a serious concern. On the other hand, the soft singularity does cancel out,

since the momentum difference approaches zero for real and virtual contributions as

the emission energy approaches zero (z → 1). The case where the gluon emission is

soft but not collinear is discussed in Section 1.5.4, where we have a different expression

for the factorization factor, and the argument for the cancellation of soft singularity

still holds.

To regularize the collinear singularity, we need to impose a lower limit on the

parton emission hardness t (e.g. transverse momentum k2T ), reflecting the fact that we

can separate out effect that is below a certain hardness t associated with the probing

or hard interaction energy scale Q as the long-distance effect, and in addition, the

perturbative description fails at scale close to ΛQCD.

Now we come back to the discussion on the DGLAP equation. Based on the dis-

cussion in Ref. [28], we can visualize the relevant processes using the following rough

picture, as illustrated in Fig. 1.9: inside a proton before entering a hard interaction,

the fluctuation time of the gluon emission and reabsorption for a valence quark scales

like k/k2T in the collinear limit [12], using the combination of the uncertainty principle

and Lorentz dilation, and is small for large hardness. If the energy scale for a probing

hard process is Q0, with interaction time scale behaving as 1/Q0, then for kT suffi-

ciently larger than Q0, the emitted gluon is reabsorbed during a short enough time

interval without affecting the quark state before the hard interaction, and meanwhile

the perturbative calculation is valid. However, for gluon emission with kT sufficiently

smaller than Q0, the gluon doesn’t have enough time to be reabsorbed before the
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emitting quark enters the hard interaction, and the gluon permanently carries away

part of the quark momentum and therefore affecting the quark state and number

density distribution. Furthermore, when kT is close to or below ΛQCD, the energy

scale becomes too low that the perturbative description is no long valid, due to the

running of αS which should be written as αS(k
2
T ). Therefore, the quark state being

probed depends on the probing energy scale Q0. In other words, the PDF should

be written as f(x,Q0), and the partonic cross section such as dσhard(p) above should

be written as dσhard(p,Q0). We say that the collinear singularity associated with the

initial state parton is absorbed into the PDF.

Figure 1.9: Diagram showing how the gluon emission and reabsorption depend on
the hard interaction energy scale Q. This is a rough picture and the kT > Q0 and
kT < Q0 separation is not strict.

Now if we have measured the PDF and αS at energy scale Q0, and the hard

interaction under consideration is Q > Q0, then we can evolve the PDF and obtain

its value at Q by taking into account the additional collinear radiation with hardness

between Q2
0 and Q

2 that doesn’t happen fast enough to be reabsorbed before the hard

interaction:
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fq
(
x,Q2

)
=fa

(
x,Q2

0

)
+

∫ Q2

Q2
0

dk2T
k2T

∫ 1

0

dz

∫ 1

x

dyPqq

(
αS

(
k2T
)
, z
)
fq
(
y, k2T

)
δ (x− yz)

−
∫ Q2

Q2
0

dk2T
k2T

∫ 1

0

dz

∫ x

0

dy′Pqq

(
αS

(
k2T
)
, z
)
fq
(
x, k2T

)
δ (y′ − xz)

=fa
(
x,Q2

0

)
+

∫ Q2

Q2
0

dk2T
k2T

∫ 1

x

dz

z
Pqq

(
αS

(
k2T
)
, z
)
fq
(
x/z, k2T

)
−
∫ Q2

Q2
0

dk2T
k2T

∫ 1

0

dzPqq

(
αS

(
k2T
)
, z
)
fq
(
x, k2T

)
(1.109)

This equation can be interpreted as following: the number density of momentum

fraction x at scale Q is equal to the number density at scale Q0 plus two contributions

written in the two integrals. The first integral comes from those contributions with

momentum fraction y ≥ x that has undergone an extra emission with kT between Q0

and Q, and with remaining energy fraction z such that y = x/z, as constrained by the

delta function (y ≥ x is indicated in the integration limits for y). Since x ≤ y ≤ 1, the

integration limit of z is also between x and 1 after we apply the constraint. The second

integral being subtracted comes from those partons that originally have momentum

fraction x, and the gluon emissions with kT between Q0 and Q are reabsorbed (virtual

contributoin), but this is no longer the case when we open the window from Q0 to Q

with higher probing energy scale, and the new momentum fraction reduces to y′ = xz.

We can now introduce the plus prescription to simplify the notations and combine

the two integrals into one. First note that as z → 1, the difference between the first

and second integrals disappears and they cancel out, again showing the cancellation

of the soft singularity. Let us truncate to leading order Pqq(αS, z) =
αS(k2T )

2π
Pqq (z).

By definition eqn. (1.97), we can write

[Pqq(z)]+ =

(
1 + z2

1− z

)
+

≡ 1 + z2

1− z
− δ(1− z)

∫ 1

0

dy

(
1 + y2

1− y

)
(1.110)
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and we can then combine the two integrals:∫ Q2

Q2
0

dk2T
k2T

∫ 1

x

dz

z

αS (k
2
T )

2π
Pqq (z) fq

(
x/z, k2T

)
−
∫ Q2

Q2
0

dk2T
k2T

∫ 1

0

dz
αS (k

2
T )

2π
Pqq (z) fq

(
x, k2T

)
=

∫ Q2

Q2
0

dk2T
k2T

∫ 1

x

dz

z
[Pqq(z)]+ fq

(
x/z, k2T

)
(1.111)

which we can verify by direct substitution of eqn (1.110). We can also obtain the

precise expression (see [22])

[Pqq(z)]+ =

(
1 + z2

1− z

)
+

=
1 + z2

(1− z)+
+

3

2
δ(1− z) = P̂qq(z) (1.112)

which is why we use the regularized equation in the DGLAP equation eqn. (1.94).

The above argument is for gluon emission from quark, but similar calculation

can be performed, for example, for gluon splitting into a quark-antiquark pair as-

sociated with Pqg(z), and we can obtain the general relation taking into account all

contributions:

fa
(
x,Q2

)
= fa

(
x,Q2

0

)
+

∫ Q2

Q2
0

dk2T
k2T

∫ 1

x

dz

z
P̂ba

(
αS

(
k2T
)
, z
)
fb
(
x/z, k2T

)
(1.113)

where the sum over index b is implicit. Taking the derivative of eqn. (1.113) with

respect to Q2, we then obtain the DGLAP equation eqn. (1.94). Using the DGLAP

equation, we can perform measurements on the PDF and αS values at a starting scale,

and then obtain the PDF at a different scale, for example, by solving the equation

using the Mellin transforms (see Refs. [22, 28]).

The factorization scale µF is an arbitrary scale that we can substitute into Q0

to separate which long-distance effects we choose to absorb into the PDF and which

effects need to be accounted for through the perturbative calculation. However, it

needs to be chosen properly to make the factorization picture and the master formula

eqn. (1.91) valid, and will introduce a large logarithm that can spoil the perturbative
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description if it is too different from the hard scale Q, as can be seen from the
dk2T
k2T

integral.

PDFs have been determined from global fits to a large amount of data (order

of 3000 data points for modern PDFs global fits [12]) from a number of different

processes from the fixed target experiments, the Tevatron, HERA and the LHC,

covering a broad range of x and Q2. In particular, data from deep inelastic scattering

(DIS), Drell-Yan (DY) and jet processes have played a dominant role in the past,

and most of the information on the modern PDFs is provided by measurements

in DIS experiments data from either HERA-I [56] or the combined HERA-I and

HERA-II data [57], which have small uncertainties that are hard to match using

the current LHC datasets, and form a very strong constraint for all modern global

PDF fits. At the LHC, production of jets, top quarks, and weak bosons provides

additional sensitivity to the PDFs and have become increasingly important with the

improvement of statistical and systematic uncertainties of the datasets. The accuracy

of extrapolating to higher Q2 using the DGLAP equation depends on the accuracy of

the original measurements, accuracy of the evolution codes, and the uncertainty on

αS(Q
2). NLO, NNLO and approximate N3LO (aN3LO) evolution using the DGLAP

equation have been achieved [58], and the PDFs have been extracted at LO, NLO,

NNLO and even aN3LO from experimental data [32]. As discussed in Ref. [12], the

evolution program is expected to extrapolate the PDFs with a reasonable accuracy

over the hadron collider kinematic range (a few percent for NLO and NNLO DGLAP,

excluding extreme x values). The extrapolation of PDFs to higher Q2 is required to

make predictions for many processes of interest in LHC, and the need for extrapolation

will be reduced as more SM processes are included in global PDF fits.

With the above picture we can return to the master formula eqn. (1.91), which

is based on the observation that if the hard interaction energy scale Q is high and
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the time scale of the interaction characterized by 1/Q is much smaller than the life

time of a partonic state inside a hadron, we can treat the parton as being stable long

before the hard interaction and having a definite momentum fraction x of the hadron

h, and therefore the PDF f (x, µF ) is universal for different processes independent of

the hard interaction. Meanwhile the parton in the hard interaction can be treated

as quasi-free. Therefore we can factorize the calculation into a perturbative part

associated with quasi-free partons and a non-perturbative part with the PDF. As

mentioned in [12], the validity of this factorization has only been proved for the case

of DIS and DY production, and the applicability to other processes is only justified

by the success of the description and not strict mathematical proof.

1.5.2 Fixed Order Calculation

Perturbative description applies to the hard interaction, and we can calculate the

relevant partonic cross sections to different orders of accuracy, such as LO, NLO and

NNLO. In general the partonic cross section can be expanded as

σ̂ab = αk
S

∑
n

(αS

π

)n
σ̂
(n)
ab (1.114)

The precise definition of the order of accuracy must be associated with a specific

observable. We define LO to be the order at which the calculation gives the first

non-trivial contribution to the perturbative expansion of the specific observable, and

NLO the first perturbative correction to the same observable and so on. For example,

the LO contribution to the qq̄ → Z total cross section has α0
S in the coupling, but the

LO contribution to dσ/dpT (Z) has α
1
S, since at LO of the total cross section there is

no extra emission that causes a deviation of pT from zero.
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With the master formula eqn. (1.91), the LO cross section can be evaluated with

σ(LO)
n ≡ σ(Born)

n

=
∑
a,b

∫ 1

0

dxadxbfa/h1 (xa, µF ) fb/h2 (xb, µF )

∫
dσ̂

(LO)
ab→n (µF , µR)

=
∑
a,b

∫ 1

0

dxadxb

∫
dΦnfa/h1 (xa, µF ) fb/h2 (xb, µF )

1

F
|Mab→n|2 (Φn;µF , µR)

(1.115)

Here Mab→n is the matrix element which can be evaluated along with Feynman

diagrams. F is the Lorentz-invariant flux factor given by

F = 4
[
(pa · pb)2 − p2ap

2
b

] 1
2 = 2ŝab = 2xaxbs (1.116)

where we have used the approximation ma = mb = 0, and s is one of the Mandelstam

variables

s ≡ (pa + pb)
2 = E2

CM (1.117)

The phase space element involving the four-momenta of the final state particles is

given by

dΦn =
n∏

i=1

[
d4pi
(2π)4

(2π)δ
(
p2i −m2

i

)
Θ
(
p
(0)
i

)]
(2π)4δ4

(
pa + pb −

n∑
i=1

pi

)
(1.118)

where the terms inside the square bracket is the Lorentz-invariant phase space ele-

ment.

The cross section at NLO involves corrections to LO from an additional virtual

loop and an additional real parton emission:

σ(NLO)
n =

∑
a,b

∫ 1

0

dxadxbfa/h1 (xa, µF ) fb/h2 (xb, µF )

∫
dσ̂

(NLO)
ab→n (µF , µR)

=

∫
dΦB [Bn (ΦB;µF , µR) + Vn (ΦB;µF , µR)] +

∫
dΦRRn (ΦR;µF , µR)

(1.119)
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where

Bn (ΦB;µF , µR) =
−∑
h

∣∣M(b)
n (ΦB, h;µF , µR)

∣∣2
Vn (ΦB;µF , µR) =

−∑
h

2ℜe
[
M(b)

n (ΦB, h;µF , µR)M∗(b+2)
n (ΦB, h;µF , µR)

]
Rn (ΦR;µF , µR) =

−∑
h

∣∣∣M(b+1)
n+1 (ΦR, h;µF , µR)

∣∣∣2
(1.120)

and the phase space elements are defined as

dΦB = dxadxbfa/h1 (xa, µF ) fb/h2 (xb, µF )
1

2ŝab
dΦn

dΦR = dxa′dxb′fa′/h1 (xa′ , µF ) fb′/h2 (xb′ , µF )
1

2ŝa′b′
dΦn+1

(1.121)

Here the b in M(b)
n is the perturbative order of the Born contribution, and the sum-

ming symbol indicates summing and averaging over the helicity properly. The virtual

process has an additional closed loop added to the Born process without changing

the external particles, and therefore has the same phase space ΦB to integrate over

for final states. The NLO virtual contribution to the cross section comes from the

interference term between the Born and loop-corrected processes when squaring the

matrix element, and this term has the same order in αS as the real emission matrix

element squared. On the other hand, the real emission phase space integration cor-

responds to n+1 final state particles, and this can include processes that replace the

incoming particles a, b with a′, b′, such as replacing an incoming quark a with an

incoming gluon that splits into an incoming quark a and an outgoing antiquark ā.

At NLO, additional complication arises compared with LO. The added loop in

the virtual contribution involves integration over the four-momentum l in the loop,

which is not constrained beyond the conservation of four-momentum at the vertices,

and can be infinitely large. Therefore the integral can be potentially infinite if it

has the general form of d4l/lm for m ≤ 4. This ultraviolet (UV) divergence needs
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to be regularized. Typically we use the method of dimensional regularization, which

corresponds to integrating with dimension D = 4− 2ε and eventually letting ε → 0.

Then we can use standard practice of renormalization by adding counterterms and

redefining the Lagrangian.

On the other hand, as we have mentioned in Section. 1.5.1, in both the virtual

and real corrections there are also infrared divergences associated with emission of

particle that is either with very low energy (soft) or almost parallel to the emitting

particle (collinear). This is expected since we cannot talk about an observable without

specifying the detector resolution, unless this observable is insensitive to such unre-

solvable radiation. According to the Kinoshita-Lee-Nauenberg (KLN) theorem [54,

55], such singularities will cancel out order by order in perturbation theory if we sum

over all the initial and final states degenerate in energy, and renormalization is not

needed. In other words, if we look at observables that are inclusive over initial and

final states soft and collinear configurations, such as an inclusive cross section, then

the infrared singularity will be canceled for these observables. Note that as discussed

in Section 1.5.1, the KLN cancellation does not occur for the collinear singularity

associated with emission from parton coming into the hard interaction, and this sin-

gularity needs to be absorbed into the PDF, since the real and virtual contribution

in this case correspond to different energy. We call an observable infrared safe if its

value is insensitive to soft and collinear emission.

In practice, analytical calculation of the matrix element and integrals only apply

to simple case, and also due to the nonanalytic structure of the PDFs, generally in

high energy physics we need to use the Monte Carlo (MC) simulation approach to

perform the integral. However, the real and virtual integrals are in the different n-

and (n+1)-particle phase space, and each of the integral has infrared divergence but

can be canceled only after the integrals have been evaluated. To address this difficulty
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in numerical calculation, a typical method to use is called infrared subtraction. This

method construct a real subtraction term Sn that lives in the (n+1)-particle phase

space, and an integrated subtraction term I(S)
n that lives in the n-particle phase space,

such that

0 ≡
∫
dΦBI(S)

n (ΦB;µF , µR)−
∫
dΦRSn (ΦR;µF , µR) (1.122)

and eqn. (1.119) can be written as

σNLO
n =

∫
dΦB

[
Bn (ΦB;µF , µR) + Vn (ΦB;µF , µR) + I(S)

n (ΦB;µF , µR)
]

+

∫
dΦR [Rn (ΦR;µF , µR)− Sn (ΦR;µF , µR)]

(1.123)

There have been well-established process-independent ways of constructing such

subtraction terms such that both the dΦB and dΦR integrals are individually finite,

allowing the use of numerical methods such as MC integration. For more details

one can refer to [12]. However, the integrands in eqn. (1.123) are unbounded [26]

and therefore we can fill the generated events into distribution plots but cannot

unweight the events using the approach discussed in Chapter 3. This means the

subtraction method at fixed order is associated with MC integrator and not MC

event generator. To generate unweighted events in simulation we need to combine

fixed-order calculation with parton shower (PS) discussed in the next subsection and

in Chapter 3.

The NNLO calculation is conceptually similar but with substantially more com-

plication. To illustrate the different kinds of contributions, we can refer to Fig. 1.10

(left). This diagram corresponds to a contribution of order α2
S to the total amplitude

squared that can be achieved through products of different amplitudes, whose dia-

grams can be obtained by making different cuts (a)-(d) on Fig. 1.10 (left), and the

meaning of these cuts are further illustrated in Fig. 1.11. The diagrams shown are
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in the case of a DY process but the same kind of ideas apply to more general cases.

In case (a) we have contribution from interference between two-loop diagrams and

Born-level diagrams:

ℜe
[
A2−loop ×ABorn∗] (1.124)

In case (b) we have one-loop diagram amplitude squared:

∣∣A1−loop
∣∣2 (1.125)

In case (c) we have contribution from interference between diagrams with one loop

plus one jet and diagrams with one jet:

ℜe
[
A1−loop+1−jet ×A1-jet ∗] (1.126)

In case (d) we have real emission (2 jets) diagram amplitude squared:

∣∣A2-jet
∣∣2 (1.127)

In general, modifications at the next order can also occur when new channels open

up, such as the qg → ZZq process that opens at NLO and the gg → ZZ process at

NNLO, which are shown in Fig. 1.12 along with the LO qq̄ → ZZ contribution. The

ZZ production processes are discussed later in Section 1.6, where they constitute a

concrete example that shows various contributions from different orders of αS.

For processes with quark-antiquark initial states which is typical at LHC, real

emission diagrams containing one or even two gluons can start entering the process

at NLO. Due to the abundance of gluons in pp collisions, these new contributions

can introduce large corrections not captured by lower-order calculations. Since the

channels with new partonic initial states behave like additional LO processes that

occur at higher orders, such contributions typically also give rise to a sizable additional

scale dependence not captured by uncertainties estimated from scale variations at
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lower orders. In general, as discussed in Ref. [12], apart from some pathological

cases, higher-order calculations always diminish the scale dependence, and at least

an NLO calculation is mandatory in order to have a reliable prediction value [24].

Meanwhile, the scale uncertainty is further reduced at NNLO, which is the first order

where one expect to obtain reliable estimate for the scale uncertainty [24], as in the

case of ZZ production [59].

Figure 1.10: A three loop diagram (left) illustrating possible NNLO contributions. It
can be cut in all possible ways shown by the dashed lines (a)-(d). A similar diagram
(right) is from Ref. [12] but has four loops and corresponds to processes with one
more additional jet.

1.5.3 NLO Electroweak Corrections

When discussing physics in hadron collisions it is natural to focus on expansion in

order of αS, since the hard scattering must involve strong interaction and αS is an

order of magnitude larger than the EW coupling in terms of α. However, since α ∼ α2
S,

one would expect that the NLO EW corrections should be considered along with the

NNLO QCD corrections, whereas the latter is already necessary for data description

given the current LHC experiment precision. In fact, NLO EW corrections have been
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Figure 1.11: Different types of NNLO contributions corresponding to the cuts through
(a) (top left), (b) (top right), (c) (bottom left), (d) (bottom right) in Fig. 1.10 (left).

Figure 1.12: Example contributing Feynman diagrams to diboson ZZ production,
which include the LO contribution, the qg → ZZq process that opens at NLO QCD,
and the gg → ZZ process at NNLO QCD.
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applied as a K-factor in the NNLO sample used in the ZZ+jets analysis as discussed

in Section 6.2. A K-factor (See Ref. [12] for more details) is a ratio between higher-

order and lower-order cross sections that can be used for corrections. A K-factor can

be either global or local (differential).

As discussed in Ref. [12], one can estimate the size of the leading relative EW for

the simplest process with

δEW =
σ̂EWCorr

σ̂0
= −( constant )

α

4π
log2

(
s

m2
V

)
(1.128)

where s here is the hard scale associated with the process, and mV is the mass of

the massive vector boson involved. This is only a crude approximation but can give

some good guidance on the size of the EW corrections to be expected, as illustrated

in Fig. 1.13 where δEW is plotted as a function of
√
s with the constant in eqn.

(1.128) set to 1. This indicates that in regions of large invariant mass or transverse

momentum, the NLO EW corrections can become significant and are possible to be

as large as their QCD counterparts, which motivates us to take into account this

effect.

1.5.4 Secondary Emissions and Resummation

The fixed-order perturbation theory is suitable in describing the hard interactions

resulting in production of heavy states (such as vector bosons and Higgs boson)

and QCD jets that are hard and well-separated. Pure fix-ordered calculation can

be used to evaluate perturbatively well-behaved observables. On the other hand,

we need to also describe secondary emission in the soft (associated with gluon) and

collinear regime, which includes final state radiation (FSR) emitted by final state

particles, and initial state radiation (ISR) emitted by incoming particles before the

hard interaction. In this part of the phase space higher order terms are enhanced
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Figure 1.13: A plot from Ref. [12] showing an estimate of the importance of the
leading EW correction obtained from eqn. (1.128) with the constant set to 1, plotted
as a function of

√
s.

and cannot be neglected. We first focus on the collinear limit. In a process where

an outgoing parton a with original energy E splits into b and c, with relative angle θ

and the remaining energy fraction z = Eb/ (Eb + Ec) = Eb/E, in the collinear limit,

the squared amplitude can be factorized as:

|Mn+1|2 dΦn+1 ≈ |Mn|2 dΦn
dt

t
dz
dϕ

2π

αS

2π
Pa,bc(z) (1.129)

which is another way to present eqn. (1.100), and t is the hardness introduced in

Section. 1.5.1. Integrating with dt/t from the cutoff scale t = Q2
0 to the hard scale

of the primary process t = Q2 and ignoring the soft singularity for now, we have

a factor of αS log (Q
2/Q2

0). We can recursively apply eqn. (1.129) to subsequent
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splitting, provided that the splitting are strongly ordered in decreasing hardness,

which means the subsequent emission has much smaller hardness than all the previous

ones, t ≫ t′ ≫ t′′ . . ., so that the collinear approximation remains valid. For k

emissions we have

σn+k ∼ σnα
k
S

∫ Q2

Q2
0

dt

t

∫ t

Q2
0

dt′

t′
. . .

∫ t(k−2)

Q2
0

dt(k−1)

t(k−1)
∼ σn

(αS

2π

)k
logk

(
Q2/Q2

0

)
(1.130)

In this case each αS is accompanied by a large logarithm and the perturbation theory

breaks down. Therefore, we need to account for the large logarithm in all orders, using

an approach called resummation. Typically we look at an infrared safe observable

that has large logarithm in some parts of phase space and it can be expressed as (see

[18]):

A (αS) exp [Lg0 (αSL) + g1 (αSL) + αSg2 (αSL) + . . .] (1.131)

where L represents the large logarithm, αS is evaluated at a certain energy scale,

A can be written as power expansion of αS starting with constant term, and the

functions gi has power expansion in αSL starting from the linear term. We say the

observable has leading logarithm (LL) accuracy if only g0 is included, which means

there is a double log in the exponential. An observable has next-to-leading-logarithm

(NLL) accuracy if g1 is also included. In both the cases of LL and NLL, only the

constant term in A is needed. For NNLL, g2 is also included and A is up to order

αS. In general, an observable has NnLL accuracy if all gi functions with i ≤ n are

fully included, and A is given up to order n− 1 in αS, and a dedicated resummation

calculation needs to be performed for each new variable [18]. In practice, equivalently

the resummation of collinear- and/or soft-enhanced contributions to all orders can be

performed with the parton shower method.
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1.5.5 Sudakov Form Factor and Parton Showers

The Sudakov form factor ∆ (tm, tn) is a crucial concept in a parton shower algorithm.

It can be interpreted as the probability of no resolvable emission between scale tm

and tn, and can be derived as following: the probability of having resolvable emission

between tm and t is

P (tm, t) = 1−∆(tm, t) (1.132)

Taking the derivative with respect to t, we have

− d

dt
∆(tm, t) = R(t)∆ (tm, t) (1.133)

where R(t) is the emission probability density at t, and can be obtained from eqn.

(1.129):

R(t) =
1

t

∫ zmax(t)

zmin(t)

dz

∫
dϕ

2π

αS

2π
Pa,bc(z) (1.134)

R(t)∆ (tm, t) represents the probability density of resolvable emission only happening

at t. Now we have a differential equation for ∆ (tm, t), and solving it gives

∆a (tm, tn) = exp

[
−
∫ tn

tm

dt

t

αS (t)

2π

∫ zmax(t)

zmin(t)

dz

∫
dϕ

2π

∑
bc

Pa,bc(z)

]
(1.135)

Here we have summed over the contributions from different parton splitting, and

explicitly written out the dependence of αS on the hardness. A more careful treatment

suggests that we need to use k2T from eqn. (1.103) as the argument in the running

αS [19, 60]. For the integral in ∆ (tm, tn) to be finite, we need to introduce an infrared

cut off tc and only look at hardness range with t ≥ tc. tc classifies what we regard as

a resolvable emission. It is typically chosen to be about a few ΛQCD (order of 1GeV)

to avoid the Landau pole of αS, and below which the perturbation theory eventually

breaks down. We can then combine the approximate perturbative treatment above

tc with the nonperturbative hadronization below tc which we discuss in Section 1.4.1.
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The integration limits of the energy fraction z is constrained by the hardness t. The

introduction of the infrared cutoff scale tc guarantees that these z limits avoids the

divergence in the splitting function [12], and we can ignore the plus prescription and

delta function inside the regularized splitting functions. The splitting with z above

zmax is treated as too soft to be resolved. Note that without ambiguity, in some

cases the order of the arguments in ∆ (tm, tn) is switched and it is written instead as

∆ (tn, tm), or simply as ∆(tn) with the starting scale tm implicit.

Although the Sudakov form factor only explicitly involves the real resolvable emis-

sion in its formula, it has incorporated the enhanced unresolvable real emission below

the cutoff tc and the enhanced virtual contributions through conservation of probabil-

ity, that is, the sum of splitting and no splitting probability is equal to 1. With this

unitarity we also see that the sum of unresolvable virtual and real emission is finite

even though they are both divergent, which is a manifestation of the KLN theorem.

Performing the integrals with t and z results in a double log (L2) in the leading con-

tribution, and we see that the Sudakov form factor has a form matching eqn. (1.131),

as it is a resummed calculation to all orders.

Using the Sudakov form factor, parton showering in final states can be performed

recursively with the following prescription. Start with a parton exiting the interaction

vertex with hardness tn, we solve for the next branching hardness with the equation

r = ∆a (tm, tn) (1.136)

where r is a random number uniformly distributed between 0 and 1. If tm < tc,

no splitting occurs and we regard this line as a final parton, and move on to the

next parton. If tm > tc, a new splitting occurs at hardness tm, with z value and

resulting parton species given by probability Pa,bc(z). Angular correlations can be

accounted for [18], and if they are ignored, then ϕ can be generated uniformly. This
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procedure can be applied recursively to all partons and generate an arbitrary number

of partons, until no further splitting occurs. Different algorithms may be used to

ensure conservation of four-momentum [18].

The parton shower method can also be applied to ISR, but the difference is that

the initial hadrons are fixed, and for calculation efficiency we need to start with the

partons in the hard interaction and use backward evolution. To derive the Sudakov

form factor in this case, we can use the DGLAP equation eqn. (1.94) written in a

different notation:

dfb/h(x, t)

d log t
=
αS(t)

2π

∑
a

∫ 1

x

dz

z
P̂a,bc (z) fa/h

(x
z
, t
)

(1.137)

If we start with an incoming parton b at momentum fraction x at hardness t, and

change the hardness by δt, this open up a window of contributions from partons at

[t, t + δt], and the probability of parton b coming from a splitting in this interval is

given by the fraction [61]:

dPb =
dfb/h(x, t)

fb/h(x, t)
=
dt

t

αS(t)

2π

∑
a

∫ zmax(t)

zmin(t)

dz

z
Pa,bc (z)

fa/h
(
x
z
, t
)

fb/h(x, t)
(1.138)

and the Sudakov form factor for ISR is given by 1− Pb, which gives

∆ISR
b (t, T ) = exp

{
−
∫ T

t

dt′

t′

∫ zmax(t)

zmin(t)

dz

z

∫
dϕ

2π

αS (t
′)

2π

∑
ac

Pa,bc(z)
fa/h

(
x
z
, t′
)

fb/h (x, t′)

}
(1.139)

and similarly we can use it to perform parton showering for ISR.

In the collinear picture discussed so far, we have been treating the emission from

each parton line as independent, and have ignored the interference effect. Soft gluon

emission with four-momentum q, energy ω and polarization ε from an external line

with four-momentum p corresponds to a universal, spin-independent factor of
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Fsoft =
p · ε
p · q

(1.140)

and therefore when we square the matrix elements, there are interference terms

that need to be included to account for soft enhancement properly. The cross section

has a factor that sums over all pairs of external lines {i, j}:

dσn+1 = dσn
dω

ω

dΩ

2π

αS

2π

∑
i,j

CijWij (1.141)

where the radiation function

Wij =
ω2pi · pj
pi · qpj · q

=
1− cos θij

(1− cos θiq) (1− cos θjq)
(1.142)

in the massless approximation for emitting particles, and

Cij = −Qi ·Qj (1.143)

is a color factor, with Qi the color charge vector in a suitable color space representa-

tion.

dΩ = d cos θiqdϕiq (1.144)

is the solid angle element of the emitted gluon.

It turns out that we can use a formalism called coherent color branching to com-

pute soft enhancement of all orders and treat both collinear and soft enhancement cor-

rectly (see [19] for example). It involves simple modification of the collinear branching

procedure described so far by using the evolution variable

ζ =
pb · pc
EbEc

≈ 1− cos θ (1.145)

and imposing angular ordering ζ ′ < ζ or a factor of Θ(ζ−ζ ′) for successive branchings.

The hardness t for the branching a→ bc becomes E2ζ with cutoff E2ζ > tc.
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Angular ordering is used as the default evolution variable in all versions of herwig

(see [18, 62]). In Pythia8 [63] which is used for the MC samples in this thesis, pT-

ordered shower is used by default and it represents a hybrid that combines collinear

splitting kernels with dipole (parton pair emission) kinematics [18, 64]. Note that

with angular ordering, the first emissions are often not the hardest ones.

We will discuss how the fixed-order calculation and parton shower are combined

to obtain description of data with good accuracy in Chapter 3.

1.5.6 Underlying Events

Besides the main hard scattering of interest, there are other processes in pp colli-

sions that need to be taken into account, which corresponds to what is called the

underlying events (UE). As mentioned in [65], from the experiment point of view,

underlying events contains all activity in a hadronic collision that is not related to

the signal particles from the hard process. In particular, a complication arise from

the fact that during the hadron collision more than one parton from a single hadron

can interact, causing what is known as double-parton scattering or multi-parton in-

teractions (MPI), which can be hard or soft. This effect is beyond the standard

factorization discussed so far and needs to be modeled properly. In addition, the

remnants of the incident hadron (beam remnants) can also contribute to the overall

particle multiplicity. The beam-beam remnants (BBR) refer to what remain after a

parton is scattered out of each of the two incident beam hadrons. As we will also

discuss in Chapter 3, standard MC generators have adjustable parameters that can

control their event modeling behavior, and a set of such parameters that can be ad-

justed to better fit certain aspects of the experimental data is referred to as a tune. A

typical UE tune includes parameters that accounts for effects currently not calculable

from first principles alone, such as those related to the MPI energy dependence and
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range of color reconnection, and is obtained from fitting data from a large span of

center of mass energies from different colliders including the LHC. For more details

one can refer to [66–68]. For the analyses in this thesis we used the CMS UE tunes

CUETP8M1 [67] (CP5 [68]) tune for the 2016 (2017 and 2018) data-taking period.

1.6 Diboson and Multiboson Physics

In LHC, inclusive multiboson production is dominated by radiation of vector boson

off the initial-state quarks from the proton, and this includes EW production where

the final-state vector bosons result from pure EW interactions among the radiated

vector bosons (and Higgs boson) through scattering or fusion. In particular, it in-

cludes pure EW production of two vector bosons associated with 2 jets through such

scattering. The multiboson production can also be categorized into processes such

as diboson production, triboson production, vector boson fusion (VBF) and vector

boson scattering (VBS). Such interactions are important for testing and understand-

ing the gauge structure of SM, as discussed further in the case of diboson production

below. As mentioned in Ref. [32], cross sections of several multiboson states have

been measured with high precision approaching the 3% total uncertainty level, and

currently only the rarest of the multivector boson processes, such as ZZ VBS produc-

tion (detected with 4σ significance [4]) and some of the triboson production processes

involving two or more weak bosons, have not been observed by the CMS experiment.

In this thesis we focus on the production processes of pairs of vector boson (diboson

production), which are very important to measure experimentally for the following

reasons. First of all they provide a wide range of benchmark cross sections for testing

SM, as shown for example in Fig. 1.14, where we see agreement between theory and

experiment over all diboson production states. Theoretical predictions at NNLO
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QCD are needed for comparison with data, since the current precision of dibson cross

section measurement (at a few percent level) requires the predictions to reach the

same level of accuracy, and also because NNLO can open new channels that have

important contribution. Furthermore, the diboson production provides important

test of the non-Abelian gauge structure of the SM theory, and is sensitive to new

physics beyond SM. For example, the anomalous triple gauge boson couplings (aTGC)

may occur due to BSM modifications to triple gauge boson couplings (TGC) via

loop diagrams, or by directly replacing one internal boson line with a virtual heavy

BSM particle (see [69]), and can be investigated by making precise measurements of

different diboson cross sections, whereas the anomalous quartic gauge boson couplings

(aQGC) can be studied with VBS and polarization.

Besides testing SM and probing for new physics, diboson production is closely

related to study of the Higgs boson which is one of the most important topics in LHC

physics, since it constitutes a significant background for processes with Higgs boson

decaying to W or Z pairs and needs to be disentangled from the Higgs signal properly.

In this section we discuss various aspects of the diboson ZZ production relevant for

analyses present in this thesis.

The high center of mass energy and large statistics in LHC Run 2 has allowed

observation of the triboson production for the first time, and the most challenging

measurements involve production of three massive vector bosons. Though triboson

production is not the signal process studied in this thesis, as discussed in Section 1.6.6,

the WWZ, WZZ, ZZZ production constitute irreducible background for the ZZ anal-

yses, for final states that have four genuine leptons (full leptonic decay for WWZ,

semileptonic decay for WZZ, ZZZ). This is only a minor background due to the strict

requirement of four isolated and well-reconstructed leptons, and also because of the

small production cross section of the triboson processes.
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Figure 1.14: Summary of cross section measurements for diboson production shown
as a ratio over the NNLO or NLO QCD predictions. This figure is from Ref. [32].
The yellow bands indicate the uncertainties in the theoretical predictions and the
error bars on the points are the statistical uncertainties, whereas the outer bars are
the combined statistical and systematic uncertainties.

1.6.1 The Z Resonance and Decay

In unitary gauge, the Feynman rule giving the propagator of a massive vector boson

is

i

p2 −m2

(
−gµν + pµpν

m2

)
(1.146)

Considering the vector boson to be the Z boson, it would appear that the matrix

element diverges when
√
s approaches mZ . To resolve this, we need to account for

the fact that the Z boson is unstable and has a finite lifetime and decay width. We

need to include the full decay width ΓZ and make the following modification:

m2
Z → (mZ − iΓZ/2)

2 = m2
Z − imZΓZ − 1

4
Γ2
Z (1.147)
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The experimentally measured value of mZ and ΓZ are ([18])

mZ = 91.1880± 0.0020GeV, ΓZ = 2.4955± 0.0023GeV (1.148)

Therefore ΓZ ≪ mZ and depending on the context we may ignore the 1
4
Γ2
Z term to a

good approximation. With the modified propagator, if we calculate the cross section

of a process like e+e− → Z → µ+µ−, then to lowest order there will be a peak of the

cross section centered at mZ and with full-width-at-half-maximum (FWHM) equal to

ΓZ . However, higher order corrections such as the effects from initial state radiation

(ISR) will distort the shape of the resonance curve plotted as a function of the
√
s of

the system.

The branching ratios Br(Z → f f̄) = Γ(Z → ff)/ΓZ measured experimentally

are [18]:

Br(Z → invisible) = 20.000± 0.055%, Br(Z → hadrons ) = 69.911± 0.056%,

Br
(
Z → e+e−

)
≈ Br

(
Z → µ+µ−) ≈ Br

(
Z → τ+τ−

)
≈ 3.5%

(1.149)

The charged lepton final states only correspond to a small branching ratio, but have

the advantage of being a clean signature with low background.

1.6.2 Nonresonant ZZ Production

At tree level, the nonresonant pp → ZZ production proceeds mainly through the t-

and u-channel quark-antiquark initiated scattering diagrams as shown in Fig. 1.15.

This is also called a double-resonant contribution, as contrary to resonant production

discussed in Section 1.6.4 where a single intermediate boson is produced. At NLO

QCD, as discussed in Section 1.5.2, we have additionally the real emission diagrams

that have one extra emission, and the Feynman diagrams can be initiated with gluon.

We also have virtual corrections from diagrams with one additional loop, which are
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formally NNLO diagrams, but contribute to NLO through interference with the Born-

level diagrams. The example NLO diagrams are shown in Fig. 1.16. At NNLO QCD

(example diagrams in Fig. 1.17), we have the contributions from squared amplitudes

of one-loop diagrams (for example the same loop diagram in Fig. 1.16) and diagrams

with two additional emissions. We also have contributions from diagrams with one

loop plus one extra emission and two loops through interference. On the other hand,

the loop-induced gluon-gluon fusion also opens up at NNLO, which has an impor-

tant contribution to pp → ZZ production due to the high luminosity of gluons, and

provides about 60% of the total NNLO effect [70]. This large correction shows the

importance of corrections from new intial states at higher orders for accurate deter-

mination of the cross sections, as already discussed in Section. 1.5.2. At NNLO, all

partonic channels are included for ZZ, and the cross section prediction along with

theoretical uncertainties are expected to be reliable [59].

Figure 1.15: Feynman diagram showing t-channel qq̄-initiated diboson ZZ production
at tree level.

1.6.3 Z vs γ* Production

Since the Z boson couples to all SM fermions, the photon in any QED process can

be replaced by a Z to obtain another valid SM process. In the diboson production

processes discussed so far, the Z boson can also be replaced with a photon when no
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Figure 1.16: Example contributing Feynman diagrams to diboson ZZ production at
NLO QCD. The loop diagrams are formally at NNLO QCD but interfere with the
Born-level contributions to contribute at NLO QCD.

coupling to neutrino is involved. Therefore our selected events of dibosn ZZ produc-

tion will also include a mixture of those containing Zγ∗ and γ ∗ γ∗ production, which

can be suppressed by optimizing event selections. By choosing a Z mass window of

60-120GeV as discussed in Section 4.3 (typcially 66-116GeV in ATLAS ZZ analyses,

which causes a small difference in total ZZ cross section calculation [32]), we are able

to remove most of the γ* contamination for nonresonant ZZ production events [71],

while maintaining good efficiency and sufficient statistics for the ZZ signal events.

1.6.4 Resonant ZZ*/Zγ* Production

In the ZZ+jets analysis we also look at distributions without imposing the 60-120GeV

requirement (referred to as the on-shell requirement) on the two Z bosons, there-
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Figure 1.17: Example contributing Feynman diagrams to diboson ZZ production at
NNLO QCD, where gluon-gluon fusion also contributes.

fore one of the Z bosons can have mass significantly away from the resoncane peak

near 91GeV (which we refer to as being off-shell in the experimental point of view).

Loosening the requirement allows us to also look at resonant ZZ*/Zγ* production

(single-resonant) processes. In Fig. 1.18 we have production of four leptons associ-

ated with a Z resonance where the second Z boson is raidated off a lepton line. This

is asscoiated with a peak in the four-lepton invairant mass (m4ℓ) distribution in the

80− 100 GeV range as we will discuss in Section 6.1, which can be used to measure

the Z → 4ℓ branching ratio [72] with proper event selections. On the other hand

we also have Higgs boson to ZZ production peaked at around mH = 125GeV in the

m4ℓ distribution, where the dominant contribution comes from the gg → H → ZZ

production shown in Fig. 1.19 (top left). Other H → ZZ processes includes the

VBF production, the VH production (V = W,Z) with Higgs boson decaying to ZZ,
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and the tt̄H production with Higgs boson decaying to ZZ, which are also shown in

Fig. 1.19. These contributions are suppressed and negligile when the 60 − 120GeV

on-shell requirement is imposed.

Figure 1.18: Example Feynman diagrams showing the Z → 4ℓ production. The
additional gluon emission in the left diagram stresses that we want to look at ZZ
production assoicated with different numbers of jets.

Figure 1.19: Example Feynman diagrams showing the processes containing Higgs to
ZZ production, which include gg → H → ZZ production (top left), VBF production
(top right), VH production (bottom left) and tt̄H production (bottom right).
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1.6.5 Vector Boson Scattering

Vector boson scattering (VBS) refers to processes where the vector bosons radiated

off the intial-state quarks interact and scatter, resulting in pure EW production of two

outgoing vector bosons, along with two jets from the incoming quarks. It provides a

crucial test of the EW sector of SM. Example Fyenman diagrams of the EW produc-

tion of diboson ZZ are shown in Fig. 1.20, which include scattering through two TGC

vertices (top left), scattering through a quartic gauge boson coupling (QGC) vertex

(bottom left), and scattering via Higgs boson in s-channel (not shown) and t-channel

(top right). Without the mediation of the Higgs boson in longitudinal VBS (where

both Z bosons have longitudinal polarization), the production cross section will in-

crease with center of mass energy and violates unitarity, which indicates that the

Higgs boson is an essential component of the SM theory. We consider these processes

at order α6 (for tree level) as EW production processes. The bottom right diagram in

Fig. 1.20 is also at order α6 and is an example of non-VBS EW production processes

(see also [73]). As discussed in Ref. [74], this contribution needs to be included in the

measurement as signal to preserve gauge invariance, but the VBS contribution can

be enhanced by proper event selections.

The VBS process is characterized by two scattered jets with large rapidity sepa-

ration typically emitted in the forward-backward region of the detector, originating

from the two boson-emitting quarks, and this results in a region in rapidity (rapidity

gap) where no additional hardronic activity from the hard scattering is expected. In

addition, one or two vector bosons are produced centrally and decay into leptons,

which in the case of ZZ production has low branching ratio but very clean signa-

ture. The kinematic features allow one to separate ZZ VBS events with the large

background coming from the so-called QCD-induced ZZ events, which also have the

ZZ+2jets signature and are at order α4α2
S at tree level, with Fig. 1.17 top right
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being an example Feynman diagram. Contrary to the EW ZZ+2jets analysis with

signal and background defined above, in the ZZ+jets analysis, both the VBS and

QCD-induced ZZ production events are treated as part of the signal.

Figure 1.20: Example Feynman diagrams showing the EW production of diboson
ZZ associated with two jets. The top row and the bottom left diagrams correspond
to production through VBS, including diagrams containing the Higgs boson. The
bottom right diagram is not associated with VBS but contributes to the EW ZZ+2jets
final state.

1.6.6 Background Processes

The triboson production WWZ, WZZ, ZZZ, and in addition the tt̄Z production, all

have decay channels that produce four genuine leptons (and additional jets if ap-

plies), therefore constituting a minor irreducible background. These processes are

collectively referred to as V V V prodcution in the plots in this thesis and are mod-
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eled with Monte Carlo simulation as discussed in Chapter 3. On the other hand,

there are reducible background contributions due to nonprompt objects misidentified

as leptons, which we discuss in detail in Section 5.1. As already mentioned previ-

ously, the QCD-induced ZZ+2jets production is the dominant background for EW

ZZ+2jet production, whereas both production processes are treated as part of the

signal in the ZZ+jets analysis. Note that by irreducible background, we mean that

the background cannot be further reduced by using more stringent lepton identifi-

cation requirements, since the four leptons in this background are genuine prompt

leptons, but such background can still often be reduced by kinematic selections. The

reducible background contributes to approximately 1-2% of the expected ZZ → 4ℓ

event yield, and the yields from the V V V processes with four prompt leptons are

estimated from simulated samples to be around 1.0-1.5% of the expected ZZ → 4ℓ

yield.

1.7 Recent ZZ Measurements

Previously pairs of on-shell Z bosons, produced in the dilepton mass range 60–

120GeV, were studied by the CMS Collaboration using data sets with integrated

luminosities of 5.1 fb−1at
√
s = 7TeV [75], 19.6 fb−1at

√
s = 8TeV [76, 77] in the

ZZ → 2ℓ2ℓ′, ZZ → 2ℓ2τ and ZZ → 2ℓ2ν decay channels, where ℓ, ℓ′ = e or µ, and

with integrated luminosities of 2.6 fb−1 [78] and 35.9 fb−1 [72] at
√
s = 13TeV in the

ZZ → 2ℓ2ℓ′ decay channel. The ZZ cross section was also measured at
√
s = 5.02TeV

based on the ZZ → 2ℓ2ℓ′ and ZZ → 2ℓ2ν decay channels [79]. The differential

cross sections for Z boson pair production in association with jets were measured at

√
s = 8 and 13TeV with integrated luminosities of 19.7 and 35.9 fb−1, respectively,

using the ZZ → 2ℓ2ℓ′ decay channel [3], and we have used this analysis as an impor-
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tant reference for analysis methods in the current ZZ+jets analysis. The most recent

measurement of ZZ production cross sections with the full Run 2 data set with an

integrated luminosity of 137 fb−1at
√
s = 13TeV performed by the CMS Collabora-

tion was published in Ref. [2], and results on the EW production of ZZ+2jets were

published in Ref. [4]. All measurements agree with SM predictions. The ATLAS

Collaboration published similar results for inclusive ZZ production at
√
s = 7, 8, and

13TeV [71, 80–84], which also agree with the SM, and reported observation of EW

production of a Z boson pair associated with two jets [85]. These measurements are

important to test predictions recently made available at next-to-next-to-leading order

(NNLO) in QCD [70]. Comparing measurements at the highest collision energies to

theoretical predictions tests the ability of the most advanced higher order QCD and

EW calculations to predict the cross sections of complex final states with jets and

multiple vector bosons, and the full Run 2 pp collision data at
√
s = 13TeV allow

diboson measurements at the highest energies and integrated luminosities to date.

The ZZ+jets analysis in this thesis is an extension to that of Ref. [2] with a focus

on jet variables. The two analyses, Ref. [2] and the ZZ+jets analysis in this thesis

(with results published in Ref. [1]), use the same events with a few minor differences:

(i) a 0.3% update in the estimated luminosity of the data set; (ii) the simulation

program MadGraph5 amc@nlo [86] is used instead of powheg [87–90] as the

nominal qq̄ → ZZ sample; and (iii) a regularized unfolding method is used instead

of a simple matrix inversion. Therefore, the ZZ fiducial cross section measured in

Ref. [2] is directly valid for the ZZ+jets analysis in this thesis. The results are also

compared with recent nNNLO+PS predictions [5, 91], where PS stands for parton

shower.

The EW ZZ+2jets analysis in this thesis serve as a cross check of the results in

Ref. [4]. The ZZ+2jets analysis in this thesis uses a deep neural network appraoch
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to extract the EW signal, whereas Ref. [4] uses a matrix element likelihood approach

(MELA) (see references therein).
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Chapter 2

The CMS Experiment and the

CERN LHC

2.1 The CERN Large Hadron Collider

The Large Hadron Collider (LHC) [92–94] (we also refer to Ref. [32] for some general

introduction and concepts) is currently the world’s largest and most energetic particle

collider. It is installed in an underground tunnel with a circumference of 27.6 km on

the Franco-Swiss border near Geneva, Switzerland. A schematic plot of the CERN

accelerator complex in 2019 is shown in Fig. 2.1, where LHC is the last element in

the acceleration stages. The LHC has operated providing collisions to feed its physics

program over three runs, with long shutdowns in between for collider and detector

maintenance, and upgrades. In Run 1 from 2010 to 2012, the LHC operated at 7TeV

(2010-2011) and 8TeV (2012) providing 6.1 fb−1 and 23.3 fb−1 of pp collision data,

respectively, to the CMS experiment. In Run 2 from 2015 to 2018, the LHC increased

the collision energy to 13TeV and eventually more than doubled the peak luminosity

providing 163.6 fb−1 of pp collision data to the CMS experiment. In Run 3, currently
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in progress (since 2022), the LHC has increased the collision energy to 13.6TeV and

also increased the peak luminosity. The analyses in this thesis use data collected in

the CMS experiment of LHC during 2016-2018 with an integrated luminosity of 138

fb−1. We discuss further the concept and measurement of the luminosity later in this

section and in Section 2.2.7.

Figure 2.1: A schematic view of the CERN accelerator complex and LHC in 2019
from Ref. [95].

An overview of the machine and beam parameters during Run 2 is shown in

Fig. 2.2. Filling the LHC with protons requires a range of pre-accelerators. During

Run 2, protons are injected into the PS Booster (PSB) from LINAC2 (not shown in
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Fig. 2.1) and accelerated by the booster to 1.4GeV. The beam is then accelerated

by the Proton Synchrotron (PS) and then by the Super Proton Synchrotron (SPS)

to 450GeV. After this the beam is finally transferred to the LHC and accelerated to

6.5TeV. For more details related to proton injection one can refer to Ref. [94, 96].

Figure 2.2: A table showing LHC machine and beam parameters from Ref. [97].

For a given process with a particular final state, the number of events produced,

n, is given by:

n =

∫
Lσdt (2.1)

where the instantaneous luminosity L is integrated over the time during which the

events are recorded, and σ is the production cross section for the process. The

luminosity of a collider is determined by the particle flux and geometry [98]. The

instantaneous luminosity is given by

L =
N1N2nbfrev

Aeff

(2.2)

for head-on collisions as illustrated in Fig. 2.3, where N1 and N2 are the number of

particles per bunch in beam 1 and 2, nb is the number of bunches, frev is the revolution

frequency and Aeff is the effective beam overlap cross section at the interaction point.
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The main method to achieve high luminosity in LHC is to use a large number of

bunches (as in Fig. 2.2), and to reduce the transverse beam size at the interaction

points by manipulations of the magnetic focusing system (squeezing of the beams).

The unit for cross section commonly used in particle physics is the barn (symbol

b) defined as 10−24 cm2. Cross sections of production processes involving heavy SM

particles are typically of the order of nanobarns (nb), picobarns (pb), or femtobarns

(fb).

Figure 2.3: A figure from Ref. [93] illustrating luminosity from particles flux and
geometry.

As discussed in Ref. [32], not all events produced are observed due to limitations

in the acceptance and efficiency of the detectors, and therefore, if N signal events are

observed, then the cross section is given by

σ = N/

∫
(LAϵ)dt (2.3)

The acceptance A is the fraction of events in which the kinematics of the final state

particles are such that they traverse, or impact, a detector with the capability to

measure them. The efficiency ϵ is the fraction of events within the acceptance that are

detected. We frequently measure what is called a “fiducial” cross section, which is the

part of the cross section that corresponds to a defined set of kinematic requirements

on the final-state particles for which the acceptance is high. Measuring fiducial cross

sections eliminates theoretical uncertainties related to the extrapolation from the

fiducial phase space to the full phase space.
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2.2 The Compact Muon Solenoid Detector

2.2.1 Overview

The CMS apparatus [99, 100] is a multipurpose, nearly hermetic detector, designed to

trigger on [101–103] and identify electrons, muons, photons, and (charged and neutral)

hadrons [104–106]. A schematic view of the CMS detector is shown in Fig. 2.4. Its

central feature is a superconducting solenoid of 6m internal diameter, providing a

magnetic field of 3.8T. Within the solenoid volume are a silicon pixel and strip

tracker, a lead tungstate crystal electromagnetic calorimeter (ECAL), and a brass and

scintillator hadron calorimeter (HCAL), each composed of a barrel and two endcap

sections. Forward calorimeters extend the pseudorapidity coverage provided by the

barrel and endcap detectors. Muons are reconstructed using gas-ionization detectors

interleaved with the layers of the steel flux-return yoke outside the solenoid. More

detailed descriptions of the CMS detector, together with a definition of the coordinate

system used and the relevant kinematic variables, can be found in Refs. [99, 100]. See

also [107] for relevant detector terminologies. In the following subsections we will

discuss different parts of the CMS detector in more detail using information from

references mentioned above and other references cited during the discussion.

2.2.2 Inner Tracking System

The inner tracking system (CMS tracker) is directly outside the beam pipe containing

the pp collision interaction point, and is designed to precisely measure the trajecto-

ries of the charged particles from the collision, as well as precisely reconstruct the

secondary vertices, which also requires fast response and hardness under high radia-

tion. It consists of the pixel detector and strip tracker both made of silicon, and is

designed to have excellent momentum resolution and tracking efficiency. The track-



73

Figure 2.4: A schematic view of the CMS detector in LHC Run 1 geometry from
Ref. [108].

ing system used in 2016 measured charged particles within the range |η| < 2.5. For

nonisolated particles of 1 < pT < 10GeV and |η| < 1.4, the track resolutions were

typically 1.5% in pT and 25–90 (45–150)µm in the transverse (longitudinal) impact

parameter [106]. At the start of 2017, a new pixel detector was installed [109]; the

upgraded tracker measured particles up to |η| = 3.0 with typical resolutions of 1.5%

in pT and 20–75µm in the transverse impact parameter [110] for nonisolated particles

of 1 < pT < 10GeV. According to simulation studies [111], similar improvements are

expected in the longitudinal direction.

The pixel detector is the innermost part that provides high-precision three-dimension

space points closest to the LHC collision point, with a pixel cell size of 100×150µm2.

Originally during Run 1 it consisted of three barrel layers and two endcap disks on

each end, providing three-point tracking for charged particles. As mentioned, its

current form is an improved version installed in 2017 and referred to as the Phase 1
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pixel detector. It now consists of four barrel layers (L1-L4) at radii of 29, 68, 109,

and 160 mm, and three disks (D1-D3) on each end at distances of 291, 396, and

516 mm from the center of the detector, providing four-hit coverage for tracks up to

|η| = 3, with a total of 124 million readout channels. The layout of the pixel detector

is shown in Fig. 2.5. With the upgraded version of pixel detector, the hit efficiencies,

which are the detection efficiency for a particle traversing a sensor, are measured to

be [100] 97, 98, 99, and 99.5% for BPIX L1-L4, respectively, and average to 99%

for the pixel forward disks (FPIX) when measured at an instantaneous luminosity of

2× 1034 cm−2 s−1. The position resolution is measured to be [100] 11.0µm in the r-ϕ

direction and 24.3µm in the z direction for BPIX L3, and somewhat worse for BPIX

L1 and L2 due to higher radiation damage. For the forward disks, the resolution is

measured to be 11.9µm in the r direction and 21.0µm in the z direction.

Figure 2.5: Longitudinal view of the CMS Phase-1 pixel detector layout compared to
the original layout, from Ref. [109].

The silicon strip tracker (SST) contains ten layers of silicon strip sensors in the

barrel, with four layers in the tracker inner barrel (TIB) and six layers in the tracker

outer barrel (TOB), complemented with three plus nine disks in the endcap on each

side. A schematic view is shown in Fig. 2.6. The SST has 9.3 million silicon micro-

strips and 198m2 of active silicon area distributed over 15148 modules. The strip
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sensors are segmented into long, thin strips that provide a typical hit resolution values

between 20 and 40µm measured during LHC Run 2 [112]. The average hit efficiency

measured under typical Run 2 conditions, at an average instantaneous luminosity of

1.11× 1034 cm−2 s−1 is about 99.5% depending on the layer [100].

Figure 2.6: Schematic view of one quadrant in the r-z view of the CMS tracker:
single-sided and double-sided strip modules are depicted as red and blue segments,
respectively. The pixel detector is shown in green. The figure is from Ref. [113].

2.2.3 Electromagnetic Calorimeter

The electromagnetic calorimeter is a hermetic, homogeneous calorimeter made of

75848 lead tungstate (PbWO4) crystals [100]. It is placed outside the inner tracking

system and used to identify and measure the energy and position of electrons and

photons, as well as measure their arrival time at the crystals which can be used to

search for long-lived particles. Algorithms that constrain clusters to the size and shape

expected for photons and electrons are used to reconstruct the positions and energies

from energy deposits. The ECAL also has important contribution in reconstructing

jets and missing transverse energy.

The high density (8.28 g/cm3), short radiation length (0.89 cm) and crystal size

compatible with the small Molière radius (2.2 cm) [99] result in high granularity and

compact size of the calorimeter. It consists of the barrel (EB) and two endcaps (EE)
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that provides a pseudorapidity coverage of |η| < 3. A preshower detector is placed

in front of the endcap crystals for π0 rejection. Avalanche photodiodes (APDs) and

vacuum phototriodes (VPTs) are used as photodetectors in the barrel and in the

endcaps, respectively.

The energy resolution is affected by pileup, noise, and accuracy of the calibration,

in relative order of decreasing importance. The LHC Run 2 resolution is shown in

Fig. 2.7 both for electrons with low bremsstrahlung emissions and for an inclusive

selection of electrons. The stability of the energy scale is monitored as a function of

time and found to be within 0.1% in the barrel and a few times 0.1% in the endcaps.

The electron momentum is estimated by combining the energy measurement in the

ECAL with the momentum measurement in the tracker. The momentum resolution

for electrons with pT ≈ 45GeV from Z → ee decays ranges from 1.6 to 5%. It is

generally better in the barrel region than in the endcaps, and also depends on the

bremsstrahlung energy emitted by the electron as it traverses the material in front of

the ECAL [104, 114].

Figure 2.7: ECAL resolution for electrons having low bremsstrahlung emissions (left)
and for an inclusive selection of electrons (right). The horizontal bars show the bin
width. Figure is from Ref. [100].
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2.2.4 Hadronic Calorimeter

The hadron calorimeter is designed to measure the energy of charged and neutral

hadrons. It is important for identification of hadrons and the measurement of their

properties, the reconstruction of jets and missing transverse momentum, and also

contributes to the identification of electrons and photons. It is designed to have

a good hermeticity, with the ability to detect hadrons in nearly the full 4π solid

angle. When combining information from the entire detector, the jet energy resolution

amounts typically to 15–20% at 30GeV, 10% at 100GeV, and 5% at 1TeV [115].

The HCAL consists of four subdetectors: the hadron barrel (HB), hadron endcap

(HE), hadron outer (HO), and hadron forward (HF) calorimeters. The HB and HE

are located inside the CMS solenoid magnet and surround the ECAL. They cover the

ranges |η| < 1.392 and 1.305 < |η| < 3.0, respectively, and are sampling calorime-

ters primarily made of layers of brass plates absorbers interleaved with layers of

plastic scintillating tiles. The HF is a sampling calorimeter constructed from steel

absorber and quartz fibers that produces Cherenkov light detected by photomultipli-

ers. It is located outside the solenoid at ±11.5m from the collision point, covering

the 3.0 < |η| < 5.2 range. Since the combined stopping power of the EB and HB

does not provide sufficient containment for hadron showers, the HO, located out-

side the solenoid and utilizing the solenoid coil as an additional absorber, provides a

measurement of the shower tails for |η| < 1.26.

2.2.5 Muon System

The muon system is used to identify muons and measure their momenta. As shown

in Fig. 2.8, it consists of four subsystems: the drift tubes (DTs), the cathode strip

chambers (CSCs), the resistive-plate chambers (RPCs), and the recently added gas
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electron multiplier (GEM) detectors which were not used for LHC Run 2 data taking.

The high redundancy of the muon system is a central feature of the design and is

responsible for the robustness of the muon triggering and reconstruction in CMS.

Muons are measured in the pseudorapidity range |η| < 2.4. In LHC Run 2, the single

muon trigger efficiency exceeds 90% over the full η range, and the efficiency to recon-

struct and identify muons is greater than 96%. Matching muons to tracks measured

in the silicon tracker results in a relative transverse momentum resolution, for muons

with pT up to 100GeV, of 1% in the barrel and 3% in the endcaps. Measurements

made with cosmic ray muons show that, in the central region of the detector, the pT

resolution is better than 7% for muons with pT up to 1TeV [105].

Figure 2.8: Schematic view in the r-z plane of a CMS detector quadrant at the
start of LHC Run 3. Figure from Ref. [105]. As discussed in the text, the GE1/1
GEM chambers were only partially installed during LHC Run 2 [116], and were fully
installed in 2020 during LHC Long Shutdown 2 period [117].

The DTs are the tracking detectors covering the range |η| < 1.2 for the barrel
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muon system where there is lower expected muon rate and relatively lower local

magnetic field strength [118]. They provide precise spatial and time measurements

with sufficient resolution to measure transverse momentum and identify muons for

both standalone triggering and offline reconstruction. The DTs consist of chambers

formed by multiple layers of long rectangular tubes that are filled with a mixture of

85% Ar and 15% CO2 gases [100]. An anode wire is located at the center of each

tube, whereas cathode and field-shaping strips are positioned on its borders. This

combination creates an electric field that induces an almost uniform drift of ionization

electrons when charged particles traverse the gas. The charged particle’s trajectory

is determined from the arrival time of the currents on the anode wires of the readout.

The performance of the DT system measured over LHC Run 1 and Run 2 was found

to be remarkably stable and in line with the design expectations. It is documented

in Refs. [105, 118], and summarized in Ref. [100]. Track segments are typically

reconstructed offline with an efficiency above 99%, and they are characterized by

spatial and time resolutions around 100µm and 2 ns, respectively. The efficiency to

reconstruct a standalone DT segment in the trigger and to correctly identify its bunch

crossing is above 95%. The position (direction) resolution of the DT trigger segments

is approximately 1mm (5mrad).

The CSC system in the endcap consist of multiwire proportional chambers (MW-

PCs) with orthogonal cathode strips, covering the range 0.9 < |η| < 2.4. Signals

are generated on both anode wires and cathode strips. Each CSC chamber consists

of six gas layers with a mixture of about 40%Ar, 50%CO2, and 10%CF4, with each

layer having a plane of radial cathode strips to measure the muon position in the

plane perpendicular to the colliding beams axis, and a plane of anode wires running

perpendicular to the strips, providing a coarse measurement in the radial direction.

A precise measurement of the muon coordinate in the azimuthal direction is obtained
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from charges induced on the cathode strips. Because of the higher particle flux in

the endcap region, the CSCs are designed to have a faster response time than the

DTs. The finely segmented cathode strips and fast readout electronics provide good

timing and spatial resolution to trigger on and identify muons. The typical position

and time resolutions are 50-140µm, depending on the chamber type, and 3 ns per

chamber, respectively [100].

The RPCs are double-gap chambers operated in avalanche mode to handle the

high background rates with fast response. They consist of two detecting layers of

high-pressure laminate (HPL) plates that are separated by a thin gap filled with a

gas mixture of 95.2% C2H2F4, 4.5% i-C4H10, and 0.3% SF6 [100]. The electronic

readout strips are located between the two layers, and a high voltage is applied to

high-conductivity electrodes coated on each plate. The RPCs are located in both

the barrel and endcap regions, and they complement the DTs and CSCs with a very

fast response time that can be used to unambiguously identify the bunch crossing

corresponding to a muon trigger candidate, with a time resolution of 1.5–2 ns [119].

As the first of three GEM stations to be installed for the HL-LHC, the GE1/1

GEM chambers were partially installed in the form of slice test in 2017 during LHC

Run 2 [116], and fully installed in 2020 during LHC Long Shutdown 2 (LS2) pe-

riod [117]. The second and third stations, GE 2/1 and ME0, will be installed in the

third Long Shutdown (LS3) period and during the Run 4 technical stops [120]. The

three stations will provide redundancy, improved resolution, and extended coverage

for muon triggering during the HL-LHC. Our following discussion focuses on the GE

1/1 chambers. They are located in front of the inner ring of CSC chambers in the

first endcap station, complementing the CSCs in a region of high particle flux in

preparation for increased hit rate in HL-HLC. The GEM is typically operated with

a gas mixture of 70% Ar and 30% CO2 [100, 120]. The key feature of the GEM is
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having three foils which consist of a perforated insulating polymer surrounded on the

top and bottom by conductors, separating out four gas gaps. A voltage difference

is applied on the foils to produce a strong electric field in the holes. When the gas

volume is ionized, electrons are accelerated through the holes and read out on the

thinly separated strips. This structure allows for high amplification factors at the

order of up to several 105 with modest voltages that provide good timing (< 10 ns

per layer) and spatial resolution (at the order of 100µm for combined GE1/1) [100],

and can be operated at high hit rates.

2.2.6 Trigger and Data Acquisition System

Events of interest are selected using a two-tiered trigger system. The first level (L1),

composed of custom hardware processors, uses information from the calorimeters and

muon detectors to select events at a rate of around 100 kHz within a fixed latency of

4µs [101]. The second level, known as the high-level trigger (HLT), consists of a farm

of processors running a version of the full event reconstruction software optimized

for fast processing, and reduces the event rate to a few kHz before data storage [102,

103].

The L1 trigger consists of electronics responsible for making a fast selection of

events based on the presence of high-energy particles in the detector. To improve the

event selection in preparation for LHC Run 2, the L1 trigger hardware was entirely

upgraded during the first LHC long shutdown (LS1) and the transition to the new L1

trigger was completed prior to 2016 [100, 101]. The upgraded version of the L1 trigger,

shown in Fig. 2.9, was used for the Run 2 data taking during 2016–2018. It receives

energy, position, timing and quality information, so-called trigger primitives (TPs),

from the calorimeters and the muon detectors. The calorimeter trigger consists of two

layers: Layer-1 receives, calibrates, and sorts the local energy deposits (TPs) which
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are sent to the trigger by the ECAL and HCAL; Layer-2 uses these calibrated TPs to

reconstruct and calibrate the physics objects such as electrons, tau leptons, jets, and

energy sums. In the muon trigger system, signals from the DTs, CSCs, and RPCs are

combined into TPs to reconstruct muons and measure their pT. This system includes

three muon track finders (MTF) which reconstruct muons in the barrel (BMTF),

overlap (OMTF), and endcap (EMTF) regions of the detector, and the global muon

trigger (µGMT) for final muon selection. The physics objects and candidates from the

calorimeter and muon trigger systems are provided to the global trigger (µGT). At

the µGT, the trigger decision is generated, based on the multiplicity and kinematic

information of the various candidate trigger objects. The trigger configuration is

implemented in a trigger menu comprised of several hundred seed algorithms, and

the µGT executes every algorithm in the menu in parallel for the final trigger decision.

Upon a positive GT decision, the full detector data are read out for further filtering

in the HLT.

The HLT is a software-based system running on a farm of commercial computers,

and the HLT hardware consists of a large cluster of multi-core servers, the event

filter farm, that runs a Linux operating system. It further refines the purity of the

collection of physics objects that are selected at L1, with an input event rate to the

HLT limited to about 100 kHz by the detector read-out electronics, and targets an

average output rate of about 1 kHz during Run 2 for standard pp collision events for

offline storage and prompt reconstruction. Additional storage beyond the 1 kHz rate

is allowed for data to be “parked”, whereby the offline reconstruction is postponed

until a later, non-data-taking period. The data processing of the HLT is structured

around the concept of an HLT “path”, which is a set of algorithmic processing steps

run in a predefined order that both reconstructs physics objects and makes selections

on these objects based on the physics requirements. Each HLT path is implemented as
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Figure 2.9: Diagram of the upgraded CMS Level-1 trigger system during Run 2.
Figure from Ref. [101]. Labels in the diagram correspond to trigger primitives (TPs),
concentration preprocessing and fan-out (CPPF), demultiplexing card (DeMux), and
other shorthands already introduced in the previous sections.
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a sequence of steps generally of increasing complexity, reconstruction refinement, and

physics sophistication. Each path also requires the selections in specific L1 triggers

(“L1 seeds”) to have been satisfied before execution would begin. The HLT paths

selecting similar physics object topologies are grouped into primary data sets that

define the samples used for offline processing, which are then grouped into streams

that define the outputs of the HLT processes.

The data acquisition (DAQ) system [100, 102, 121] is responsible for the readout of

all detector data for events accepted by the L1 trigger, the building of complete events

from subdetector event fragments, the operation of the filter farm cluster running the

HLT, and the transport of event data selected by it to the permanent storage in the

Tier 0 computing center. The DAQ also includes the trigger control and distribution

system (TCDS) [122] newly developed in Run 2, which distributes timing and control

(synchronization) data flowing to the detector front-ends and receives back status

information related to the readiness of the detector systems to handle more triggers.

2.2.7 Luminosity Determination

The discussion in this subsection mainly follows from Ref. [123, 124] regarding LHC

Run 2 luminosity determination. One can refer to these references for the details

of detectors, measurement methods and algorithms. The luminosity L is a key pa-

rameter at particle colliders, and along with the available center of mass energy, it

quantify the potential of delivering sufficiently large data sample and producing novel

massive particles as well as events of interest. As discuss in the context for eqn. (2.1),

the instantaneous luminosity L(t) is the process-independent ratio of the rate R(t)

of events produced per unit of time dt to the cross section σ for a given process:

R(t) = L(t)σ (2.4)
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The precise determination of the integrated luminosity,
∫
L(t)dt, has proven partic-

ularly challenging at hadron colliders, with an achieved precision typically ranging

from 1 to 15% [125]. The “precision frontier” target of 1% [126] does not reflect a

fundamental limitation, but rather results from a variety of uncorrelated sources of

systematic uncertainty with typical magnitudes of 0.1–0.5%. A good understanding

of the luminosity is critical to minimize the systematic uncertainty in important SM

measurements such as cross sections for the production of EW gauge bosons or top

quark pairs. The uncertainty in the luminosity measurement is often the dominant

systematic uncertainty (see references in Ref. [123] for example), which also motivates

an effort to improve its precision.

The knowledge of the integrated luminosity requires stability over long periods of

time, and hence benefits greatly from redundant measurements whose combination

can lead to an improved precision. With this consideration, A number of systems

are used for luminosity measurement, some of which utilize the existing parts of the

CMS detector, and several upgrades were completed during LS1. The main luminos-

ity subdetectors (luminometers) in LHC Run 1 were the silicon pixel detector and

the HF. The HF back-end electronics, which were upgraded during LS1, consist of

two independent readout systems: a primary readout over optical links for physics

data taking, and a secondary readout using Ethernet links, explicitly reserved for

luminosity data. In addition, two other dedicated luminometers were designed, con-

structed, and commissioned: the Pixel Luminosity Telescope (PLT) [127] and the

Fast Beam Conditions Monitor (BCM1F) [128]. The DT already discussed is also

used for luminosity measurement. Finally, the Radiation Monitoring System for the

Environment and Safety (RAMSES) detectors [129, 130] are part of the LHC en-

vironmental protection and monitoring systems, but also can be used to provide a

luminosity measurement read out through Timber, the operational data and LHC
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logging service. An overview of the position of these luminometers within CMS in

Run 2 is shown in Fig. 2.10. A separate DAQ system, called BRILDAQ, was devel-

oped that is independent of the central DAQ system, so that HF, PLT, and BCM1F

data, as well as LHC beam-related data, are collected and stored in a time- rather

than event-based manner, and luminosity measurements can be provided regardless

of the current operating state of the rest of CMS.

Figure 2.10: Schematic cross section through the CMS detector in the r-z plane.
Figure is from Ref. [123]. The main luminometers in Run 2, as described in the text,
are highlighted, showing the silicon pixel detector, PLT, BCM1F, DTs, and HF. The
two RAMSES monitors used as a luminometer in Run 2 are located directly behind
HF. In this view, the detector is symmetric about the horizontal and vertical axes,
so only one quarter is shown here. The center of the detector, corresponding to the
approximate position of the pp collision point, is located at the origin. Solid lines
represent distinct η values.

Each luminometer reads out a rate of the specific quantities observed in the de-

tector (hits, tracks, clusters, etc.). This rate, Rread, should be proportional to the

instantaneous luminosity, L(t), with the constant of proportionality given by the cross

section σvis in the “visible” phase space region, defined by its acceptance. Similar to



87

eqn. (2.4) we have:

Rread(t) = L(t)σvis (2.5)

The determination of σvis is carried out through van der Meer (VdM) scans [131–

134] performed with a dedicated LHC machine setup, and the measured σvis can be

used to determine the luminosity in regular physics fills. The integrated luminosities

for the 2016, 2017, and 2018 data-taking years have 1.2, 2.3 and 2.5% individual

uncertainties [123, 124, 135], while the overall uncertainty for the 2016–2018 period

is 1.6%.
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Chapter 3

Simulation

In this chapter we talk about various aspects of event simulation, including general

Monte Carlo (MC) event generation method, matching the fixed-order calculation and

parton shower that are already discussed in Section 1.5, and contents related to the

detector simulation in CMS. We use the same references as at the beginning of Chap-

ter 1. In addition we also refer to [61, 136–138] for specific NLO+PS and NNLO+PS

matching methods, along with the references mentioned in the main discussion.

3.1 Monte Carlo Event Generation

As discussed in Ref. [61], in particle physics simulation, an event is referred to as the

outcome of a particle collision or of isolated particle decay, which consists of a set of

outgoing particles with conservation laws imposed. Due to the probabilistic nature of

quantum processes, such outcome is different from event to event. An event generator

is an algorithm that can produce random sequences of such simulated events. Since

it can produce events before any interaction with detector (particle-level event), it

is very useful for various studies such as those on detector effects by comparison
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with the same set of events after full detector simulation, and for interpretation of

experimental data.

Monte Carlo event generation can be thought of as sampling over the phase space

using proper algorithms (that, for example, efficiently account for possible sharp

peaks in the probability distribution), based on (pseudo-)random number generation.

In high energy experiments like CMS, typically the hard process is generated with

matrix element generators, and then interfaced into general-purpose Monte Carlo

(GPMC) generators like Pythia8 [63] for subsequent processes such as parton shower

and hadronization. An event is typically presented in the form of a list of particle

properties, along with a measure of the probability for the event to occur. The

relative probability of an event with respect to the whole sample is given by its

weight over the total sum weight of the sample. The total cross section of the sample

is also computed using multi-dimensional Monte Carlo integration, typically with a

complicated integrand function, and the uncertainty decreases with the number of

events generated.

Generated events are typically also unweighted so that each event has the same

weight (up to a sign in the case with negative weights present), and the numbers of

specific types of events generated are proportional to their cross sections, similar to

how it works in nature. Unweighting can be performed using the acceptance-rejection

method [18, 26].

As discussed in [61], currently the full event properties of high-energy collisions and

decay processes cannot be predicted solely from first principle calculation, and within

an event generator, there are many different complex phenomena (likely related) that

need to be described by a proliferation of models each focusing on a limited dynamical

range. Therefore, the predictions from a typical event generator can depend on a large

set of parameters whose values are inferred from comparison with data. We refer to a
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collection of such parameter values as a tune, and refer to the process of constraining

these parameters with experimental data as generator tuning.

3.2 Matching Fixed-order Calculation and

Parton Shower

Continuing our discussion in Section 1.5, matrix elements from fixed-order calculation

and the parton shower that incorporates resummation can provide good description

in complementary phase space regions for events with QCD emissions. Fixed-order

calculation excels in describing additional emissions that are energetic and at large

angles, but typically fails to describe softer and more collinear emissions due to the

associated large logarithms that can eventually break the perturbative description.

On the other hand, parton shower is good at describing such emissions on the soft and

collinear end, but typically cannot capture the complicated patterns in hard emission.

Due to unitarity, parton shower does not add higher-order corrections to the total

cross section. Though the cross section can be modified with a global K-factor, this

typically does not account for the difference in emission patterns. Therefore, sophis-

ticated methods are needed to combine the good features from fixed-order calculation

and parton shower. In general, we want to maintain the fixed-order accuracy of the

cross section, and of the hardest emissions, but supplement these hardest emissions

with the leading logarithms captured by parton shower. Other softer or more collinear

emissions still need to maintain the LL accuracy from parton shower. An intrinsic

problem to resolve for combining fixed-order calculation and parton shower is the

double-counting of additional emissions associated with the two methods, which can

have both contributions wrongly added or have both contributions missing [12].

In the following discussion, we will talk about different methods matching fixed-
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order calculation and parton shower, focusing on NLO+PS and NNLO+PS methods

related to the MC samples discussed in Section 3.4, which are samples used in the

physics analyses in this thesis.

3.2.1 Matrix Element Correction and ME+PS

The first matching approach we discuss, the matrix element correction (MEC) method,

improves the parton shower by correcting the kinematics of the hardest emission at

order αS by the exact matrix element corresponding to real emission, but doesn’t cor-

rect the total cross section to NLO, which is done by the NLO+PS methods discussed

in the next subsections. In this subsection we also review and introduce notations

that will be used in later discussion.

First we recall eqn. (1.129) for the probability of additional emission in collinear

limit,

|Mn+1|2 dΦn+1 ≈ |Mn|2 dΦn
dt

t
dz
dϕ

2π

αS

2π
Pa,bc(z) (3.1)

and the Sudakov form factor in eqn. (1.135) for probability of no resolvable emission

(written in a form without summing over the splitting partons):

∆ (tm, tn)a,bc = exp

[
−
∫ tn

tm

dt

t

αS (t)

2π

∫ zmax(t)

zmin(t)

dz

∫
dϕ

2π
Pa,bc(z)

]
(3.2)

When stressing the general nature of the parton shower, we introduce the parton

shower splitting kernel Kij;k (t, z, ϕ) to write the general form of the Sudakov form

factor as

∆
(K)
ij;k(tm, tn) = exp

[
−
∫ tn

tm

dt′

t′

∫
dz

∫
dϕ

2π
J (t′, z, ϕ)

αS

2π
Kij;k (t

′, z, ϕ)

]
(3.3)

where J (t′, z, ϕ) is the Jacobian that is included when necessary, and is implicit and

suppressed from now on. The form of Kij;k depends on the parton shower implemen-

tation, but in the collinear limit reduces to the splitting function Pa,bc(z) = P(ij),ij(z)
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presented in Chapter 1, and in the soft limit reproduces the eikonal form proportional

to 1
pipj

· pipk
pjpk

as in eqn. (1.141) and (1.142), with subtle details as discussed in Ref. [12].

In our notations here, the pair (ij) is taken as an emitter that splits into parton i

and j, and k is referred to as the spectator parton that accounts for the recoil. We

denote the one-parton emission phase space as Φ1 with typically

dΦ1 = dtdz
dϕ

2π
(3.4)

but we also use the notations t (Φ1), z (Φ1) etc. to indicate quantities associated with

the general emission phase space Φ1, which doesn’t necessarily use (t, z, ϕ) as the

variables. The combined splitting kernel and Sudakov form factor from n-body state

are then given by

Kn (Φ1) =
∑

{ij;k}∈n

Kij;k (Φ1) , ∆(K)
n (tm, tn) =

∏
{ij;k}∈n

∆
(K)
ij;k(tm, tn) (3.5)

The MEC method was first formulated in [139] and the later developments are

summarized in [140]. It is based on the observation that in many processes the

differential cross section for one additional parton emission given by parton shower is

larger than that given by the exact matrix element:

Rn (ΦR) ≤ Bn (ΦB)⊗Kn (Φ1) (3.6)

where we continue using our notations from Section 1.5, see eqn.(1.119). Rn is the real

correction for process with n outgoing particles, which in other words is associated

with process with n + 1 particles at Born level. ΦR, ΦB, Φ1 are the phase space for

the real correction, Born level contribution and additional emission, respectively. We

assume the real emission phase space can be factorized as

ΦR = ΦB ⊗ Φ1 (3.7)
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Before applying a matching method, at LO the radiation pattern up to the first

emission from parton shower is given by:

dσ(Born )
n = dΦBBn (ΦB)

{
∆(K)

n

(
tc, µ

2
Q

)
+

∫ µ2
Q

tc

dΦ1

[
KN (Φ1)∆

(K)
n

(
t (Φ1) , µ

2
Q

)]}
(3.8)

Here the first term in the curly bracket corresponds to the no-emission probability

down to the infrared cutoff tc, whereas the second term combines the probability of

no emission above hardness t (below the upper limit µ2
Q associated with the process

and configuration) and the probability of hardest emission at t, and therefore the

integrand gives the probability of the hardest emission happening at t < µ2
Q. These

two terms add up to unity, as consistent with the probabilistic interpretation that

either a parton is emitted or not emitted. This is the unitarity associated with parton

shower, which we mentioned before.

Based on eqn. (3.6), the trick of the MEC method is to use a modified splitting

kernel given by

K̃n (Φ1) = Rn (ΦB × Φ1) /Bn (ΦB) (3.9)

and eqn. (3.8) becomes

dσ(Born )
n = dΦBBn (ΦB)

{
∆(R/B)

n

(
tc, µ

2
Q

)
+

∫ µ2
Q

tc

dΦ1

[
Rn (ΦB × Φ1)

Bn (ΦB)
∆(R/B)

n

(
t (Φ1) , µ

2
Q

)]}
(3.10)

The contents in the curly bracket still add to unity, which means the cross section is

not modified, but now the hardest emission is determined by the full real correction

matrix element. Further emissions are still determined using the original parton

shower kernel. In practice this can be implemented with simple reweighting, by using

the original parton shower to generate a first test emission and accepting it with

probability

PMEC =
K̃n (Φ1)

Kn (Φ1)
=

Rn (ΦB × Φ1)

Bn (ΦB)×Kn (Φ1)
(3.11)
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Though the MEC method is straightforward, it is limited by the assumption that

eqn.(3.6) is true in all emission phase space, which is not always the case since parton

shower can miss part of the phase space, especially in the case of production processes

at hadron colliders, where typically the emission phase space is constrained by the

upper scale determined from the hard process.

3.2.2 NLO Matching with the POWHEG Method

For NLO matching, in addition to ensuring that the hardest emission pattern follows

the real correction, we also want to keep the total cross section from the fixed-order

NLO calculation, and at the same time maintain the intrinsic logarithmic accuracy

of the parton shower. One of the commonly used NLO+PS matching method is

the POWHEG method [89], where instead of improving the MEC method by simply

multiplying the parton shower simulation by a global K-factor, we modify the Born-

level contribution with a local K-factor.

To explain the central idea of the POWHEG method, we mainly follow a heuristic

approach from Ref. [136]. Starting with eqn. (1.123) for fixed-order NLO cross section

calculation with the subtraction method:

σNLO
n =

∫
dΦB

[
Bn (ΦB;µF , µR) + Vn (ΦB;µF , µR) + I(S)

n (ΦB;µF , µR)
]

+

∫
dΦR [Rn (ΦR;µF , µR)− Sn (ΦR;µF , µR)]

(3.12)

From now on we simplify the notation and the dependence on µF and µR is implicit.

Generalizing this to evaluate the expectation value of an infrared-safe observable O

we have

⟨O⟩FO =

∫
Odσ =

∫
dΦBO (ΦB)

[
Bn (ΦB) + Vn (ΦB) + I(S)

n (ΦB)
]

+

∫
dΦR [Rn (ΦR)− Sn (ΦR)]O (ΦR)

(3.13)
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where O = 1 reduces back to the cross section evaluation, which is the case of our

main focus in this discussion. For a comparison with parton shower expression to

be made below, we can reorganize this equation by adding and subtracting the same

term:

⟨O⟩FO =

∫
dΦBO (ΦB)

[
Bn (ΦB) + Vn (ΦB) + I(S)

n (ΦB)
]

+

∫
dΦR [Rn (ΦR)− Sn (ΦR)]O (ΦR)

+

[∫
dΦRRn (ΦR)O (ΦB)−

∫
dΦRRn (ΦR)O (ΦB)

]
=

∫
dΦBO (ΦB)

[
Bn (ΦB) + Vn (ΦB) + I(S)

n (ΦB) +

∫
dΦ1 (Rn (ΦR)− Sn (ΦR))

]
+

∫
dΦRRn (ΦR) [O (ΦR)−O (ΦB)]

≡
∫
dΦBO (ΦB) B̄n (ΦB) +

∫
dΦRRn (ΦR) [O (ΦR)−O (ΦB)]

(3.14)

Here

B̄n (ΦB) ≡ Bn (ΦB) + Vn (ΦB) + I(S)
n (ΦB) +

∫
dΦ1 (Rn (ΦR)− Sn (ΦR)) (3.15)

By comparing with eqn. (3.12) we see that B̄n (ΦB) gives the fully accurate NLO

cross section when integrated over ΦB. We can therefore think of B̄n (ΦB) as the

differential cross section of Born-level configurations with a local NLO K-factor.

On the other hand, we can compute the corresponding observable given by in-

cluding the first emission in the parton shower to the Born contribution, similar to

eqn. (3.8):

⟨O⟩PS =

∫
dΦBBn (ΦB)

{
O (ΦB)∆

(
tc, µ

2
Q

)
+

∫ µ2
Q

tc

dΦ1O (ΦR)∆
(
t(Φ1), µ

2
Q

) 1
t

αS

2π
P (z)

}
(3.16)

Here we write the parton shower splitting kernel Kn explicitly as P (z), and the

Sudakov form factor ∆
(K)
n as ∆. The subscript n in ∆n is implicit from now on until

when we talk about multijet merging with different n in Section 3.2.4.
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To truncate to an accuracy up to αS, we can expand ∆(t, µ2
Q) and keep only up

to the leading terms in αS.

⟨O⟩PS =

∫
dΦBBn (ΦB)

{
O (ΦB) +

∫ µ2
Q

tc

dΦ1 (O (ΦR)−O (ΦB))
1

t

αS

2π
P (z)

}

=

∫
dΦBO (ΦB)Bn (ΦB) +

∫
dΦB

∫ µ2
Q

tc

dΦ1Bn (ΦB)
1

t

αS

2π
P (z) [O (ΦR)−O (ΦB)]

(3.17)

⟨O⟩FO corresponds to full NLO calculation but does not have the resummation of

enhanced emissions, whereas ⟨O⟩PS is not accurate at NLO, but is derived from

truncating resumed calculation. If we compare eqn. (3.14) with eqn. (3.17), we find

the correspondence:

B̄n (ΦB) ↔ Bn (ΦB) , Rn (ΦR) ↔ Bn (ΦB)
1

t

αS

2π
P (z) (3.18)

This motivates us to replace the terms in parton shower calculation with the cor-

responding ones in fixed-order calculation, inside eqn. (3.16) where the resummed

result is encoded:

⟨O⟩NLO+PS =

∫
dΦBB̄n (ΦB)

{
O (ΦB)∆

(
tc, µ

2
Q

)
+

∫ µ2
Q

tc

dΦ1O (ΦR)∆
(R/B) (t(Φ1), µ

2
Q

) Rn (ΦR)

Bn (ΦB)

} (3.19)

where similar to the MEC method, the Sudakov form factor has been modified to

∆(R/B) (tm, tn) = exp

[
−
∫ tn

tm

dΦ1
Rn (ΦR)

Bn (ΦB)

]
(3.20)

As already discussed, B̄n (ΦB) leads to NLO accurate cross section. Modifying it

by parton shower does not affect this cross section due to unitarity. Therefore we

maintain the NLO accuracy of the inclusive cross section from fixed-order calculation.

Meanwhile, by replacing the kernel in parton shower with Rn(ΦR)
Bn(ΦB)

which contains the

full real-emission matrix element, we also ensure that the hardest parton emission is
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accurate up to first order in αS. This is the underlying idea in the POWHEG method,

which stands for ”POsitive-Weight Hardest Emission Generator”, and as we can see

from the integral, there is no negative weight involved when B̄n (ΦB) is nonnegative.

As with the MEC method, there is the issue of parton shower not covering the

full emission phase space. Using processes in hadron colliders, such as Higgs boson

production through gluon fusion as an example, we typically choose µQ ≈ mH as

suggested by standard resummation technology. If we look at eqn. (3.19), we see

that the hard emission is constrained to the phase space below mH , whereas we want

to maintain the accuracy from the real emission matrix element in the full emission

phase space. If the transverse momentum k2T of the emission is used as the hardness

t, then we cannot describe well the Higgs boson transverse momentum in the large pT

tail. We can attempt to fix this issue by increasing µQ to as high as the center of mass

energy of the hadron collision, so that the full emission phase space is reachable, but

this raises a new issue. We have modified the Born-level contribution Bn to B̄n with

a local K-factor, and this modification applies to all events. However, for events with

hardest emission at a scale higher than the typical hardness associated with n-particle

state, a K-factor associated with (n+1)-particle state should be applied, which may

have non-negligible difference with the n-particle K-factor modifying Bn. To handle

this issue, the generalized POWHEG method is discussed in the next subsection in

the context of the MC@NLO method.

The powheg box [87–90] is a general computer code framework for implement-

ing NLO calculations in shower Monte Carlo programs according to the POWHEG

method. In section 3.4 we also discuss certain samples generated with the powheg

box (or powheg in shorthand) used in the ZZ analyses in this thesis.
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3.2.3 NLO Matching with the MC@NLO Method

As we have discussed, the POWHEG method has the issue [138] of including hard

real emission configuration in the exponential and extending the resummation beyond

its region of validity. Therefore we are motivated to split the real emission matrix

element Rn (ΦR) into an infrared-singular (soft) part DA
n and an infrared-finite (hard)

part HA
n :

Rn = DA
n +HA

n (3.21)

Then eqn. (3.12) becomes

σNLO
n =

∫
dΦB

[
Bn (ΦB) + Vn (ΦB) + I(S)

n (ΦB)
]

+

∫
dΦR

[
DA

n (ΦR)− Sn (ΦR)
]
+

∫
dΦRHA

n (ΦR)

(3.22)

and eqn. (3.19) can be modified to

⟨O⟩NLO+PS =

∫
dΦBB̄A

n (ΦB)
{
O (ΦB)∆

A
(
tc, µ

2
Q

)
+

∫ µ2
Q

tc

dΦ1O (ΦR)∆
A
(
t(Φ1), µ

2
Q

) DA
n (ΦR)

Bn (ΦB)

}

+

∫
dΦRHA

n (ΦR)

(3.23)

with

B̄A
n (ΦB) = Bn (ΦB) + Vn (ΦB) + I(S)

n (ΦB) +

∫
dΦ1

(
DA

n (ΦR)− Sn (ΦR)
)

(3.24)

and

∆A (tm, tn) = exp

[
−
∫ tn

tm

dΦ1
DA

n (ΦR)

Bn (ΦB)

]
(3.25)

In this way, we have the flexibility of describing emission in the infrared-singular

regime with parton shower which is modified by the local K-factor, and emission in

the hard regime where the K-factor is not applied. This is the underlying idea in the
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MC@NLO method originally presented in Ref. [141], where we have identified the

soft real emission term with the parton shower splitting kernel:

DA
n =

∑
ijk

Bn (ΦB)⊗Kij;k (Φ1) = Bn (ΦB)⊗Kn (Φ1) (3.26)

The hard emission term at the third line of eqn. (3.23) gives the correct NLO cross

section when combined with the soft emission term at the first two lines, and at the

same time it fills the emission phase space region inaccessible by the parton shower

with the correct pattern from real emission matrix element. The two terms in eqn.

(3.23) are not necessarily both positive, therefore there can be negative weights and

unweighting can only be done up to a sign.

MadGraph5 amc@nlo [86] is a fully automated and public computer code that

can be used to perform NLO+PS calculation with the MC@NLO formalism and

includes capacities related to multijet merging. Samples generated withMadGraph-

5 amc@nlo used in the ZZ analyses are discussed in Section 3.4.

3.2.4 Multijet Merging

Since matrix element provides a good description of additional hard jets at large an-

gles, we can improve the predictive power of simulation in a different direction by

combining matrix elements with different jet multiplicities, and leave the softer or

more collinear emission to parton shower description. This is called the ”ME+PS”

approach. We first talk about merging LO matrix elements, which was first formu-

lated in Ref. [142], known as the CKKW method, and has several variants including

the CKKW-L, MLM, pseudoshower and MESS methods, as discussed in Refs. [140,

143, 144] and the references therein.

An important concern again arises from double counting between fixed-order cal-

culation and parton shower. The central idea of merging LO matrix elements with
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the CKKW-type method is to decompose the emission phase space into a hard and

a soft regime that complements each other, in general by introducing a cutoff scale

Qcut that is typically related to the transverse momentum of emission. Instead of

modifying the parton shower side to incorporate corrections from matrix elements as

in MEC and NLO+PS methods, the matrix elements are reweighted with suitable

Sudakov form factors, which transform the matrix elements from describing inclusive

production of N-jet system plus all other emissions, to describing exclusive production

with N jets only.

The differential cross section of merging LO matrix elements associated with

N,N + 1, · · · , Nmax jets is given by:

dσ =
Nmax−1∑
n=N

dΦnBnΘ(Qn −Qcut) E (K,<Qcut)
n

(
µ2
n, tc

)
+ dΦNmaxBNmaxΘ(QNmax −Qcut) E

(K,<QNmax )
Nmax

(
µ2
Nmax

, tc
) (3.27)

We start by generating matrix elements associated with ≤ Nmax additional partons,

then require the relative transverse momentum between any of these hard partons to

be above Qcut, as in the step functions appearing in the first and second line, where

Qn is the lowest hardness among the n emissions from matrix element. Then parton

shower is performed to generate the remaining parton emission below Qcut for the

matrix elements up to Nmax − 1 additional emissions, whereas for the last matrix

element with Nmax additional emissions, the parton shower is not constrained by

Qcut, but instead only required to be below the lowest hardness from matrix element

emissions. E (K,<Qcut)
n (µ2

n, tc) is the parton shower emission operator that generates all

subsequent parton shower emissions off an n-particle configuration, and is recursively
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defined as:

E (K,<Q)
n

(
µ2
Q, tc

)
= ∆(K)

n

(
µ2
Q, tc

)
+

∫ µ2
Q

dΦ1

[
K<Q

n (Φ1)∆
(K)
n

(
µ2
Q, t (Φ1)

)
⊗ E (K,<Q)

n+1 (t (Φ1) , tc)
]
(3.28)

with

K<Q
N (Φ1) = KN (Φ1)Θ (Q−Q1) (3.29)

extending the ideas presented in eqn. (3.8). Qcut need to be chosen properly so

that it is large enough for perturbation theory to hold for the fixed-order calculation,

but small enough so that the parton shower description below this scale is accurate.

Suitable scale choices of αS also need to be used to evaluate the matrix elements.

Note that in the case of N = 0 and Nmax = 1, ME+PS and MEC have equivalent

accuracy [18], but the latter does not need the parameter Qcut. Alternative to the

CKKW-type approaches, one can apply the MLM method [143, 145], which vetos

unwanted emissions only after the parton shower evolution has finished.

When we want to describe more than one hard jet at large angle associated

with the main process, ME+PS has advantage over NLO+PS. Naturally we also

want to improve the NLO generators so that the associated additional jet is also de-

scribed with NLO accuracy, and this is achieved with the FxFx [146], UNLOPS [147],

MiNLO [148] and MEPS@NLO [149] methods. In particular the FxFx method is an

NLO multijet merging method built upon the matching achieved from the MC@NLO

method, and has been applied in our nominal qq̄ → ZZ sample as discussed in Sec-

tion 3.4 which merges two processes with 0- and 1-jet emission both at NLO. On

the other hand, the MiNLO method is a procedure that achieves NLO accuracy of

multijet calculation by suitable choice of the scale of αS and inclusion of the Su-

dakov form factor, and is particularly suited [150] to be implemented with the parton

shower generators using the POWHEG method. The MiNLO’ method [151] modifies
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the MiNLO method in such a way that, for the production of a massive color singlet

system plus an extra jet, NLO accuracy is also formally retained for inclusive observ-

ables, and this method does not require a merging scale. With the MiNLO’ method,

NNLO+PS accuracy can be achieved through reweighting, and it can be extended to

the MiNNLOPS discussed in the next subsection.

3.2.5 NNLO+PS Matching

The current experimental precision at LHC has reached a level that requires NNLO

accuracy along with parton shower to describe the experimental data. Therefore

NNLO+PS generators are needed, which not only have NLO accuracy for the pro-

duction of an associated jet, but also have NNLO accuracy for fully inclusive ob-

servables. In the following discussion we focus on the MiNNLOPS method which is

applied in one of the ZZ MC samples used in the ZZ+jets analysis. Other NNLO+PS

methods include the UN2LOPS method [152] and the GENEVA method [153]. The

MiNNLOPS method [5, 150, 154–158] extends the MiNLO’ method to NNLO accu-

racy at the fully differential level for inclusive jet multiplicity and has NLO accuracy

for 1-jet configuration. With this method no merging scale is required to separate

different jet multiplicities, and the LL structure of the parton shower simulation is

preserved. Different from the MiNLO’ method, it calculates NNLO corrections during

event generation and no multidimensional reweighting is needed.

The MiNNLOPS approach generates the first two hardest emissions and leave the

remaining ones to parton shower. It works on a system of produced color singlet

particles F having invariant mass Q, and can also be extended and applied to the

production of a colored final state (top-quark pair production) [157]. We use the

notation FJ to denote the production of F plus one light parton, and FJJ for plus

two light partons. The fully differential cross section can be expressed using the
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formula associated with the POWHEG method (see Refs. [5, 154] for example):

dσ

dΦFJ

= B̄MiNNLOPS (ΦFJ)×
{
∆pwg (Λpwg) +

∫
dΦrad∆pwg (pT,rad)

R (ΦFJ ,Φrad)

B (ΦFJ)

}
(3.30)

Here ∆pwg is the POWHEG Sudakov form factor, with Λpwg the infrared cutoff having

a default value of 0.89GeV. Φrad and pT,rad are the phase space and transverse

momentum of the second emission, respectively. B and R are the squared Born and

real emission matrix elements for the FJ production, respectively, and in other words

R is the Born-level squared matrix element for the FJJ production. The first emission

(FJ production) is generated at NLO using B̄MiNNLOPS , which is the crucial element

of the MiNNLOPS method, and is modified to obtain NNLO accuracy for inclusive

F production. The second emission is generated according to the POWHEG method

using the content inside the curly bracket to preserve the NLO accuracy of the FJ

cross section. Then additional emissions are included through parton shower. In

the MiNNLOPS method, the renormalization and factorization scales are set to the

transverse momentum pT of F :

µR ∼ µF ∼ pT (3.31)

The expression of B̄MiNNLOPS is given by:

B̄ (ΦFJ)
MiNNLOPS =exp

[
−S̃ (pT)

]{αS (pT)

2π

[
dσFJ

dΦFJ

](1)(
1 +

αS (pT)

2π

[
S̃ (pT)

](1))

+

(
αS (pT)

2π

)2 [
dσFJ

dΦFJ

](2)
+

(
D (pT)−

αS (pT)

2π
[D (pT)]

(1) −
(
αS (pT)

2π

)2

[D (pT)]
(2)

)

×F corr (ΦFJ)}
(3.32)

where the [X](i) notation stands for the coefficient of th i-th term in the perturbative

expansion of quantity X. exp
[
−S̃ (pT)

]
is the Sudakov form factor with cutoff at pT.
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The last term in the B̄ (ΦFJ)
MiNNLOPS expression is of order αS (pT)

3, and it adds the

relevant contributions so that integration over pT gives NNLO accurate results. D is

a function as derived in [150], and F corr spreads the NNLO correction to the full FJ

phase space.

3.3 Pileup and Detector Simulation

As discussed in Ref. [32], in typical CMS simulated samples, after simulation asso-

ciated with the matrix element and parton shower, subsequent hadronization is also

simulated, and underlying events with tuned parameters are added so that the sim-

ulation matches observed features of data particularly sensitive to the contribution

of the underlying events. This is discussed for example in Ref. [68]. In addition, the

simulated samples include additional interactions per bunch crossing, referred to as

pileup. Simulated events were weighted so that the pileup distribution reproduces

that observed in the data. To produce simulated events comparable to observed

data, the particles are tracked through the detector, modeling their interactions with

the detector elements, followed by simulation of the generation of electrical signals

and their digitization to form a recorded event. The detector response is simulated

using a detailed description of the CMS detector implemented with the Geant4

package [159].

3.4 Samples Used in this Analysis

The MC simulation used for this analysis can be divided into signal and background

samples. The ZZ signal production via quark-antiquark annihilation is simulated at

next-to-leading order (NLO) in QCD with MadGraph5 amc@nlo v2.4.2 [86] and
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powheg 2.0 [87–90]. The MadGraph5 amc@nlo sample is used as the nominal

qq̄ → ZZ sample in reconstruction-level distributions and for unfolding, because this

sample is expected to describe data better than powheg since it merges the 0-jet

and 1-jet NLO processes, whereas the powheg sample is simulated at NLO accuracy

for 0-jet and LO accuracy for 1-jet processes. The gg→ ZZ process is simulated at

leading order (LO) with mcfm v7.0 [160]. The cross sections of these samples are

normalized to the cross sections calculated at NNLO in QCD for qq̄ → ZZ (K factor

of 1.1) [70] and at NLO in QCD for gg → ZZ (K factor of 1.7) [161]. The production

processes via SM Higgs boson production and decay (specifically gg → H → ZZ) are

simulated with powheg at NLO. Electroweak ZZ production in association with two

jets is simulated with MadGraph5 amc@nlo [86] at LO. The nominal SM signal

predictions are derived from the MadGraph5 amc@nlo qq̄ → ZZ sample, the

mcfm gg → ZZ sample, and the MadGraph5 amc@nlo EW production sample,

which includes vector boson fusion Higgs boson contributions and their interference

with non-Higgs boson EW production, and the powheg H → ZZ sample.

Simulated events for the irreducible background processes containing four prompt

leptons in the final state, such as tt̄Z, WWZ, WZZ, and ZZZ, where the last three

are combined and denoted as VVV, are simulated with MadGraph5 amc@nlo at

LO (tt̄Z) and NLO (VVV). In the plots in this thesis we use V V V to represent all

these four processes.

Parton showering, hadronization and fragmentation are simulated in all samples

with Pythia8 8.226 and 8.230 [63], with parameters set by the CUETP8M1 [67]

(CP5 [68]) tune for the 2016 (2017 and 2018) data-taking period as mentioned in Sec-

tion 1.5.6, and the NNPDF3.0 (3.1) set of parton distribution functions, PDFs, [162]

is used.

Results are also compared with the very recent nNNLO+PS predictions [5, 91]
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(we use samples from the authors of [5]), which consist of NNLO predictions for

the quark-initiated production combined with parton showers using the MiNNLOPS

method, and NLO predictions for the loop-induced gluon fusion production matched

to parton showers, with event generators for the two channels implemented in the

powheg framework. Spin correlations, interferences, and off-shell effects are included

by calculating the full process pp → ℓ+ℓ−ℓ′+ℓ′− and considering all contributions to

the four-lepton final state. The contribution mediated by a Higgs boson is included

in the gluon fusion production mode.

As part of the nNNLO+PS predictions, the qq̄ → ZZ predictions from the

MiNNLOPS method are accurate at NNLO for inclusive production and accurate

at NLO for Z+1-jet production. The combination of the two jet multiplicities does

not require any unphysical merging scale [150]. These predictions are expected to be

more accurate at high jet multiplicities than: (i) the powheg qq̄ → ZZ predictions,

which are accurate at NLO in inclusive production; (ii) the MadGraph5 amc@nlo

predictions, which are simulated at NLO with the 0- and 1-jet processes, and merged

using the FxFx scheme [146].
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Chapter 4

Reconstruction and Selection

In this chapter, we discuss the reconstruction, identification and selection of events

and different physics objects within the CMS experiment related to and associated

with the ZZ analyses in this thesis. Many of the methods, concepts, configurations

and estimates discussed in this chapter and also presented in Ref. [1], follow from

those used in the analysis presented in Ref. [2].

4.1 Global Event Reconstruction

The global event reconstruction (also called particle-flow event reconstruction [163])

aims to reconstruct and identify each individual particle in an event, with an opti-

mized combination of all subdetector information. In this process, the identification

(ID) of the particle type (photon, electron, muon, charged hadron, neutral hadron)

plays an important role in the determination of the particle direction and energy.

Photons (e.g. coming from π0 decays or from electron bremsstrahlung) are identified

as ECAL energy clusters not linked to the extrapolation of any charged particle tra-

jectory to the ECAL. Electrons (e.g. coming from photon conversions in the tracker
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material or from B hadron semileptonic decays) are identified as a primary charged

particle track and potentially many ECAL energy clusters corresponding to this track

extrapolation to the ECAL and to possible bremsstrahlung photons emitted along the

way through the tracker material. Muons (e.g. from B hadron semileptonic decays)

are identified as tracks in the central tracker consistent with either a track or several

hits in the muon system, and associated with calorimeter deposits compatible with

the muon hypothesis. Charged hadrons are identified as charged particle tracks nei-

ther identified as electrons, nor as muons. Finally, neutral hadrons are identified as

HCAL energy clusters not linked to any charged hadron trajectory, or as a combined

ECAL and HCAL energy excess with respect to the expected charged hadron energy

deposit.

The energy of photons is obtained from the ECAL measurement. The energy

of electrons is determined from a combination of the track momentum at the main

interaction vertex, the corresponding ECAL cluster energy, and the energy sum of all

bremsstrahlung photons attached to the track. The energy of muons is obtained from

the corresponding track momentum. The energy of charged hadrons is determined

from a combination of the track momentum and the corresponding ECAL and HCAL

energies, corrected for the response function of the calorimeters to hadronic showers.

Finally, the energy of neutral hadrons is obtained from the corresponding corrected

ECAL and HCAL energies.

For each event, hadronic jets are clustered from these reconstructed particles using

the infrared and collinear safe anti-kT algorithm [164, 165] with a distance parameter

of 0.4. Jet momentum is determined as the vectorial sum of all particle momenta

in the jet, and is found from simulation to be, on average, within 5 to 10% of the

true momentum over the whole pT spectrum and detector acceptance. Additional

proton-proton interactions within the same or nearby bunch crossings (pileup) can
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contribute extra tracks and calorimetric energy depositions to the jet momentum. To

mitigate this effect, charged particles identified to be originating from pileup vertices

are discarded and an offset correction is applied to correct for remaining contributions.

Jet energy corrections are derived from simulation to bring the measured response of

jets to that of particle level jets on average. In situ measurements of the momentum

balance in dijet, photon+ jet, Z+ jet, and multijet events are used to account for any

residual differences in the jet energy scale between data and simulation [115]. The jet

energy resolution amounts typically to 15–20% at 30GeV, 10% at 100GeV, and 5% at

1TeV [115]. Additional selection criteria are applied to each jet to remove jets poten-

tially dominated by anomalous contributions from various subdetector components

or reconstruction failures.

4.2 Object Identification and Selection

Electrons and muons are considered candidates for the reconstruction of ZZ final

states (“signal leptons”) if their pℓT > 7 (5)GeV and their
∣∣ηℓ∣∣ < 2.5 (2.4) for electrons

(muons). Signal leptons are required to originate from the primary interaction vertex

of the event, which is taken to be the vertex corresponding to the hardest scattering

in the event, evaluated using tracking information alone, as described in Section 9.4.1

of Ref. [166]. The distance of the lepton track origin from the primary vertex (PV)

is required to be <1 cm along the beam line, and <0.5 cm in the transverse plane.

Furthermore, the significance of the three-dimensional impact parameter relative to

the event vertex, SIP3D, is required to satisfy SIP3D ≡
∣∣∣ IPσIP

∣∣∣ < 4 for each lepton,

where IP is the distance of closest approach of the lepton track to the primary vertex

and σIP is its associated uncertainty.

Loose and tight ID requirements are defined for each lepton. The tight IDs are
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used for signal leptons, whereas the loose IDs are used in control regions to define

objects that might be spuriously identified as a signal lepton. An electron satisfies the

loose ID if it satisfies the pT, η, and vertex requirements above. It satisfies the tight

ID if it satisfies the loose ID and the multivariate discriminator described in Ref. [167].

A muon satisfies the loose ID if it satisfies the above pT, η, and vertex requirements,

and provides a good track-matching between the tracker and the muon detectors. It

satisfies the tight ID if it satisfies the loose ID, and either is tagged as a muon by the

PF algorithm for the years 2016–2017 (satisfies a multivariate discriminator for the

year 2018 [168]), or is a high pT (> 200GeV) muon and satisfies a set of requirements

on the quality of the associated track.

Signal leptons are required to be isolated from other particles in the event. The

relative isolation is defined as

RIso =

( ∑
charged

pT +max
[
0,
∑

neutral

pT +
∑

photons

pT − pPUT (ℓ)
])/

pℓT (4.1)

where the sums run over the pT of hadrons and photons in a cone of size ∆R ≡√
(∆η)2 + (∆ϕ)2 = 0.3 around the lepton momentum direction, where ϕ is the az-

imuthal angle in radians. To mitigate the contribution of pileup interactions to the

isolation, charged hadrons are included only if they originate from the primary ver-

tex [169]. The estimated neutral contribution to the isolation from pileup, pPUT (ℓ), is

defined differently for electrons and muons. For electrons, pPUT (e) ≡ ρAeff where the

average pT flow density ρ is calculated for each event using a “jet area” method [170],

and is defined as the median of the pjetT /Ajet distribution for all pileup jets in the

event. The effective area Aeff is the geometric area of the isolation cone projection

on the face of the calorimeter multiplied by an η-dependent correction factor that

accounts for the residual dependence of the isolation value on pileup. For muons,

pPUT (µ) ≡ 0.5
∑
i

pPU,i
T , where i runs over the momenta of the charged hadron PF can-
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didates originating from pileup vertices, and the factor of 0.5 corrects for the expected

ratio of charged to neutral particles in the isolation cone. For the years 2016–2017,

muons are considered isolated if their RIso < 0.35, whereas for 2018 and for electrons

the isolation requirement is included in the multivariate discriminator used for the

selection.

The efficiencies for the reconstruction, identification, and isolation of signal leptons

are measured in data and simulation using a tag-and-probe technique [171] based on

inclusive samples of Z boson events, with an additional sample of J/ψ events for low-pT

muons. The measurements are performed in bins of pℓT and
∣∣ηℓ∣∣, where for electrons

the supercluster η is used. The electron selection efficiency in the ECAL barrel

(endcaps) varies from ∼85 (77)% at peT ≈ 10GeV, to ∼95 (89)% for peT ≥ 20GeV,

and is ∼85% in the barrel-endcap transition region. The muons are reconstructed

and identified with efficiencies above ∼98% within |ηµ| < 2.4. The ratio between the

data and simulation efficiencies in each pT-|η| bin is applied as a correction factor to

leptons in simulated events. If the correction factor for a given lepton is f ℓ
eff(pT

ℓ, ηℓ),

the efficiency correction for each event is
∏
ℓ

f ℓ
eff(pT

ℓ, ηℓ), where the product index runs

over the four leptons of the ZZ candidate.

As discussed in Section 4.1, jets are reconstructed based on PF candidates, re-

jecting the charged hadrons associated to a pileup vertex, with the anti-kT clustering

algorithm [164, 165] using a distance parameter R = 0.4. To reduce the instrumental

background, tight identification criteria based on the multiplicities and energy frac-

tions carried by charged and neutral hadrons are imposed on jets [172]. Jets from

pileup are rejected using pileup jet identification criteria based on the compatibility

of the associated tracks with the primary vertex, when inside the tracker acceptance,

and on the jet topology [169]. Jet energy corrections are applied to the reconstructed

jets [115, 173].
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4.3 ZZ Candidate and Event Selection

The data samples used in the ZZ analyses in this thesis are selected by the trigger

system that requires the presence of a pair of loosely isolated leptons or a triplet of

leptons, with minimum-pT thresholds for leptons depending on the lepton combina-

tion. Further triggers include a set of single-electron and single-muon triggers, and

triggers on leptons of different flavors. The trigger efficiency within the acceptance is

greater than 98%.

Events are required to have at least four leptons. Each event should contain at

least one lepton with pT > 20GeV, two leptons with pT > 10GeV, and four leptons

with pT > 7 (5)GeV for electrons (muons). All leptons must pass the “tight” lepton

identification and isolation requirements described in Section 4.2.

The leptons are required to be separated by ∆R(ℓ1, ℓ2) > 0.02, and electrons are

required to be separated from muons by ∆R(e, µ) > 0.05, to remove spurious “ghost”

leptons arising from ambiguities in track reconstruction. Lepton pairs originating

from hadronic decays are removed by requiring that all oppositely charged lepton

pairs in the ZZ candidate have mℓ1ℓ2 > 4GeV regardless of lepton flavor.

Z candidates are built from two oppositely-charged leptons of the same flavor. The

pair is retained if it satisfies 4 < mℓ+ℓ− < 120GeV. All possible four-lepton candidates

in an event are then considered. For each ZZ candidate, the dilepton pair with

invariant mass closest to the nominal Z mass mZ (91.1876GeV [174]) is designated

Z1, and the other is designated Z2. The event is kept if 40 < mZ1 < 120GeV and

4 < mZ2 < 120GeV.

In the case of multiple ZZ candidates satisfying all requirements, the ambiguity

is resolved by selecting the candidate where mZ1 is closest to the nominal Z mass. If

more than one lepton combination is still possible, the Z2 candidate is chosen as the
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one that maximizes the scalar pT sum of the leptons.

In the ZZ analyses, the jets are required to have a pT > 30GeV and |η| < 4.7. In

addition, jets are required to be well separated from any isolated lepton by requiring

∆R(jet,lepton) > 0.4, where the lepton here satisfies all the tight requirements except

for the lower pT requirement (> 5GeV instead of > 7GeV for electrons) and a relaxed

SIP3D requirement (<10 instead of <4 for electrons).

For EW ZZjj signal extraction, we look at the phase space region with additional

requirements: mjj > 100GeV for VBS enrichment and suppression of triboson pro-

duction associated with a W boson, and m4ℓ > 180GeV to comply with MC samples

that do not describe well offshell ZZ *.

4.4 Gradual Shift in the Timing of ECAL L1

Triggers

During the 2016 and 2017 data-taking periods, a gradual shift in the timing of the

inputs of the ECAL L1 trigger in the |η| > 2.0 region caused a trigger inefficiency,

denoted as “prefiring” [101]. The trigger missed between 10% and 20% of the events

containing an electron (of pT greater than or close to 50GeV) or a jet (of pT greater

than or close to 100GeV) in the 2.5 < |η| < 3.0 range, the exact loss depending on

the pT and η of the trigger object. Correction factors were computed from data and

applied to the acceptance evaluated by simulation. In the ZZ analyses in this thesis

the correction is applied to the event weights of the simulated events.
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Chapter 5

Analysis Strategies

In this chapter we discuss the analysis strategies used for the ZZ+jets and EW

ZZ+2jets analyses. We have used some of the text directly from Ref. [1].

5.1 Background Estimate

Continuing our discussion in Section 1.6.6, the ZZ → 4ℓ production processes have

very small background (other than the QCD-induced ZZ+2jets production in the

EW ZZ+2jets analysis) due to the requirement of having four well-reconstructed and

isolated leptons. The background can be categorized into reducible and nonreducible

backgrounds. A common irreducible background comes from processes with four

genuine leptons, such as tt̄Z, WWZ, WZZ, and ZZZ (collectively referred to as VVV

in the plots). These irreducible backgrounds are estimated with MC simulation using

the samples described in Section 3.4.

Reducible background, denoted as ”Z+X”, comes from processes where jets or

nonprompt leptons are misidentified as prompt leptons. The major processes are

WZ+jets, Z+jets and tt̄. The reducible background is estimated using a data-driven
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method detailed in Ref. [175], and the reducible background estimation in this analysis

is based on Ref. [2]. The probability of misidentification is estimated with a sample

of Z+ℓcandidate events from the experimental data, where the Z here denotes a pair of

oppositely charged, same-flavor leptons that pass the selection requirements (defined

in Section 4.2 and 4.3) and satisfy |mℓ+ℓ− −mZ| < 7GeV. Each event of this sample

must have exactly one additional lepton candidate ℓcandidate that satisfies the loose

ID requirement without isolation requirement applied. The misidentification rate

is defined as the fraction of ℓcandidate that satisfies the full lepton ID and isolation

requirements. It is measured for each lepton flavor in bins of pT and η. Events

from WZ and events from ZZ production with one lepton not reconstructed have a

third genuine lepton that can pass the tight ID and isolation requirements, and they

are regarded as contamination to the Z+ℓcandidate events. The WZ contamination

is suppressed by requiring the missing transverse momentum pmiss
T < 25GeV. The

pmiss
T is defined as the magnitude of the missing transverse momentum vector p⃗miss

T , the

projection onto the plane transverse to the beams of the negative vector momentum

sum of all reconstructed PF candidates in the event, corrected for the jet energy scale

(JES). The transverse mass, calculated as mT ≡
√
(pℓT + pmiss

T )2 − (p⃗ℓT + p⃗miss
T )2, is

required to be <30GeV. The residual contamination is estimated with MC simulation

and subtracted from the Z+ℓcandidate events.

After estimation of the misidentification rate, it is applied to two control samples

from the experimental data to estimate the number of reducible background events

in the signal region. Both samples consist of Z+X events containing a pair of leptons

that pass the full selections, and two additional leptons that pass only the loose ID

requirement. In one sample enriched in WZ+jets events, (called ”3P1F” meaning ”3

prompt 1 fake”), one of the additional leptons is required to pass the lepton tight

ID and isolation requirements, while the other lepton is required to fail at least one
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of these requirements. In the other control sample enriched in Z+jets and tt̄ events

(”2P2F”), both additional leptons must fail the full lepton requirements. The ratio

between loose leptons that pass and fail the full requirement,

Fℓ

(
pℓT, η

ℓ
)
=

fℓ
(
pℓT, η

ℓ
)

1− fℓ
(
pℓT, η

ℓ
) (5.1)

is applied per lepton to extrapolate from the control region to the signal region. The

number of background events in the signal region is estimated to be

Nbkg =
∑

ℓ∈3P1F

Fℓ

(
pℓT, η

ℓ
)
−
∑

(ℓ1,ℓ2)∈2P2F

Fℓ1

(
pℓ1T , η

ℓ1
)
Fℓ2

(
pℓ2T , η

ℓ2
)
. (5.2)

The first term is the number of events in the signal region estimated from the 3P1F

sample. The 3P1F events also include 2P2F events where one lepton is misidenti-

fied as a prompt lepton (with fraction given by Fℓ), therefore the second term in

the equation is included to remove double counting. The control samples can also

contain contamination from ZZ signal events due to selection inefficiency, and the

contamination is estimated with MC and subtracted.

5.2 ZZ+jets Differential Cross Section

Measurement

To obtain ZZ+jets differential cross sections normalized to the ZZ fiducial cross sec-

tions (for the on-shell ZZ region and for the full four-lepton invariant mass range as

defined by the kinematic requirements) and compare experimental data to theoreti-

cal predictions, the data are “unfolded” to remove detector resolution, efficiency, and

acceptance effects, and compared with the theoretical predictions from MadGraph-

5 amc@nlo qq̄ → ZZ and powheg qq̄ → ZZ, where mcfm gg → ZZ, powheg

H → ZZ, and MadGraph5 amc@nlo EW ZZ predictions are also added to these
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two sets of predictions. The unfolded results are also compared with the nNNLO+PS

predictions.

The measured on-shell ZZ fiducial cross section from Ref. [2] is 40.5± 0.7 (stat)±

1.1 (syst)±0.7 (lumi) fb, which agrees well with the expected value of 39.3+0.8
−0.7±0.6 fb.

As explained in Chapter 1, this fiducial cross section is valid for the current analysis.

The fiducial phase space selections are similar to the reconstruction-level selections

and detailed in Table 5.1. We use the notation mZ1,Z2 to refer to both mZ1 and mZ2 .

The MC truth-level distributions use generator-level leptons “dressed” by adding

the momenta of generator-level photons within ∆R(ℓ, γ) < 0.1 from the direction of

the lepton. For EW ZZ+2jets analysis, we additionally require mjj > 100GeV and

m4ℓ > 180GeV for the fiducial region.

Table 5.1: Particle-level selections used to define the fiducial phase space

Particle type Selection
ZZ base selection

Leptons pT(ℓ1) > 20GeV
pT(ℓ2) > 10GeV
pT(ℓ) > 5GeV
|η(ℓ)| < 2.5

Z and ZZ 40 < mZ1 < 120GeV, 4 < mZ2 < 120GeV
mℓℓ > 4GeV (any oppositely charged same-flavor pair)

Jets pT(j) > 30GeV
|η(j)| < 4.7

∆R(ℓ, j) > 0.4 for each ℓ, j

On-shell ZZ region

Z and ZZ ZZ base selection + 60 < mZ1,Z2 < 120GeV

Full m4ℓ range

Z and ZZ ZZ base selection + m4ℓ > 80GeV
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5.2.1 Unfolding

The data are unfolded with the iterative D’Agostini’s method [176] including cor-

rection for background contributions, using the RooUnfold toolkit as described in

Ref. [177]. In the notation of iterative D’Agostini’s method, consider a set of causes

(C1, C2, ..., CnC
) corresponding to truth-level events, and a set of effects (E1, E2, ..., EnE

)

corresponding to measured events. If we observe the number of events in each effect

to be (n(E1), n(E2), ..., n(EnE
)), then the number of events in each cause n̂ (Ci) can

be estimated by

n̂ (Ci) =
1

ϵi

nE∑
j=1

P (Ci|Ej)n(Ej) ≡
nE∑
j=1

Mijn(Ej), (5.3)

where P (Ci|Ej) is the conditional probability of the cause being Ci given the effect is

Ej, and ϵi ≡
nE∑
j=1

P (Ej|Ci) is the efficiency of Ci causing detection in any of the possible

effects. P (Ej|Ci) is the conditional probability of Ci causing detection of Ej, and is

referred to as the normalized response matrix. The response matrix represents the

correlation map between the distributions obtained after the full detector simulation,

reconstruction, and selection, and the generated distributions they originate from. It

can be evaluated from simulation with

P (Ej|Ci) =
P (Ej ∩ Ci)

P (Ci)
=
nMC
ij

nMC
i

(5.4)

where nMC
ij (the response matrix without normalization) is the number of signal MC

events that are detected in Ej and originate from Ci, and nMC
i is the number of

signal MC events in Ci. Mij is called the unfolding matrix. A sample of nMC
ij for 2018

results are shown in Figures 5.1–5.4, where these plots are validation plots that enter

the CMS internal analysis note for the ZZ+jets analysis. The MadGraph5 aMC@NLO

qq̄ → ZZ and mcfm gg → ZZ sample is used in the creation of these response
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matrices. We can see that they are close to being diagonal and we expect good

unfolding performance.

Using Bayes’ theorem, P (Ci|Ej) can be written as

P (Ci|Ej) =
P (Ej|Ci)P0(Ci)

nC∑
l=1

P (Ej|Cl)P0(Cl)
=

P (Ej|Ci)n0(Ci)
nC∑
l=1

P (Ej|Cl)n0(Cl)
, (5.5)

where P0(Ci) and n0(Ci) are the prior probability and event distribution, respectively,

and are evaluated from signal MC truth-level event distribution as the initial input.

After evaluating n̂ (Ci) with equations (5.3–5.5), we can calculate

N̂true =

nC∑
i=1

n̂(Ci) (5.6)

P̂ (Ci) =
n̂(Ci)

N̂true

(5.7)

and replace P0(Ci) with P̂ (Ci), n0(Ci) with n̂(Ci), and then enter the next iteration

to improve the evaluation of n̂(Ci). In this analysis we decide to stop at the 4th

iteration. On one hand, we want to have enough number of iterations to avoid bias

towards the input P0(Ci) distribution, and 4 iterations will be sufficient. On the

other hand, we want to stop the iteration as soon as a new iteration only introduces

little variation to the unfolded results, since more iteration is expected to eventually

include larger fluctuation from the data. To estimate the compatibility of unfolded

distributions between iterations, a χ2 is calculated within the RooUnfold package,

χ2 =

nC∑
i=1

[(P̂ (Ci)
k+1 − P̂ (Ci)

k)N̂k+1
true ]

2

Max[(P̂ (Ci)k+1 + P̂ (Ci)k)N̂
k+1
true , 1]

(5.8)

where k is the number of iterations. In studying 2016 unfolded distributions, χ2/D.O.F =

χ2/nC is at most 0.1 at the 4th iteration for all the unfolded distributions, therefore
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Figure 5.1: Response matrices for number of jets and m4l with 59.7 fb−1 in the 4e
channel (top), 2e2µ channel (middle), and 4µ channel (bottom). The x-axis is for the
reconstruction-level quantity, the y-axis is for the true-level quantity.
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Figure 5.2: Response matrices for m4l in events with 3 and at least 4 jets respec-
tively with 59.7 fb−1 in the 4e channel (top), 2e2µ channel (middle), and 4µ channel
(bottom). The x-axis is for the reconstruction-level quantity, the y-axis is for the
true-level quantity.
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Figure 5.3: Response matrices for ∆η and Di-jet mass between leading−pT and
subleading−pT jets with 59.7 fb−1 in the 4e channel (top), 2e2µ channel (middle),
and 4µ channel (bottom). The x-axis is for the reconstruction-level quantity, the
y-axis is for the true-level quantity.
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Figure 5.4: Response matrices for pT of leading-pT and subleading-pT jets with 59.7
fb−1 in the 4e channel (top), 2e2µ channel (middle), and 4µ channel (bottom). The
x-axis is for the reconstruction-level quantity, the y-axis is for the true-level quantity.
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further iteration introduces little change to the results and it is reasonable to stop

the iteration.

The statistical uncertainty in the unfolded distribution is propagated from the

data statistical uncertainty. The covariance matrix of the unfolded distribution asso-

ciated with statistical uncertainty is given by

V (n̂(Ck), n̂(Cl)) =

nE∑
i,j=1

∂n̂(Ck)

∂n(Ei)
V (n(Ei), n(Ej))

∂n̂(Cl)

∂n(Ej)
(5.9)

where V (n(Ei), n(Ej)) for experimental data is normally just a diagonal matrix, since

we assume measurements in different bins to be uncorrelated. Using equation 5.3,

∂n̂(Ci)

∂n(Ej)
can be calculated as (see Ref. [177])

∂n̂(Ci)

∂n(Ej)
=Mij +

nE∑
k=1

Mikn(Ek)

(
1

n0(Ci)

∂n0(Ci)

∂n(Ej)
−

nC∑
l=1

ϵl
n0(Cl)

∂n0(Cl)

∂n(Ej)
Mlk

)
(5.10)

In the first iteration, n0(Ci) is independent of experimental data and
∂n0(Ci)

∂n(Ej)
= 0,

therefore
∂n̂(Ci)

∂n(Ej)
= Mij. This becomes the

∂n0(Ci)

∂n(Ej)
in the next iteration and the

evaluation can continue.

In constructing the response matrix, there are MC events that pass the fidu-

cial selections but do not have corresponding reconstruction-level events that pass

reconstruction-level selections (”missed events”), which have been accounted for by

the efficiency ϵi. There are also MC events that pass the reconstruction-level selec-

tions, but do not have corresponding events at particle level that pass the fiducial

selections (”fake events”). These out-of-fiducial events are calculated by nfake(Ej) =

nMC(Ej)−
nC∑
i=1

nMC
ij , and are accounted for in the unfolding process by adding an ex-

tra cell CnC+1 to the collection of causes, with n0(CnC+1) =
nE∑
j=1

nfake(Ej), and adding

an extra row to P (Ej|Ci), P (Ej|CnC+1) =
nfake(Ej)

n0(CnC+1)
. Then the unfolding procedure
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as described before will include the contribution from these events. The size of the

contribution of these out-of-fiducial events can be up to 15% for events with at least

one jet. The distribution of the ”missed” and ”faked” events of several variables are

shown in Fig. 5.5–Fig. 5.7, where these figures are validation plots produced during

the review of the ZZ+jets analysis within the CMS Collaboration.

In addition, the nonprompt and VVV background events are also added to the

out-of-fiducial events, so that these background events can also be accounted for

similarly in the unfolding process. If we instead subtract these background events

from experimental data directly before unfolding, we can have negative bin content

for bins with low statistics, which can cause abnormal behavior in unfolding.

5.3 Systematic Uncertainties

For ZZ+jets study, the systematic uncertainties are propagated through the unfolding

by reevaluating the response matrix with the sample used in building the matrix

shifted or reweighted to reflect a one standard deviation variation in the quantity

of interest. The resulting difference in the final normalized unfolded distributions is

taken as the uncertainty related to that quantity. For EW ZZ+2jets signal extraction,

which we will formally discuss in Section 5.4 but it appears to be reasonable to discuss

its systematic uncertainties here along with the ZZ+jets uncertainties, the systematic

uncertainties are accounted for as shape uncertainties or log-normal uncertainties

associated with nuisance parameters.

The systematic uncertainty in the trigger efficiency is estimated to be 2%, and

cancels out in normalized differential cross sections. To evaluate uncertainties as-

sociated with lepton efficiencies, the response matrix and template histogram are

reevaluated using lepton efficiency correction factors varied up and down by the tag-
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Figure 5.5: Total signal MC reconstructed events vs out-of-fiducial reconstructed
events (left) and total signal MC truth-level events vs non-reconstructed truth-level
events (right), for Njets and m4ℓ in the on-shell ZZ region.
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Figure 5.6: Total signal MC reconstructed events vs out-of-fiducial reconstructed
events (left) and total signal MC truth-level events vs non-reconstructed truth-level
events (right), for pT of the highest-pT jet (events with at least one jet) and dijet
mass (events with at least two jets), in the on-shell ZZ region.
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Figure 5.7: Total signal MC reconstructed events vs out-of-fiducial reconstructed
events (left) and total signal MC truth-level events vs non-reconstructed truth-level
events (right), for m4ℓ in the full m4ℓ range.

and-probe [171] fit uncertainties. Electrons and muons are treated separately, and all

leptons of the same type are treated as correlated. For the uncertainties associated

with the JES and jet energy resolution (JER), the jet pT is varied by shifting the JES

and the spreading up and down by their uncertainties, and the response matrix and

template histogram are reevaluated.

The uncertainty in lepton fake rates is 40%, and is dominated by the statistical

uncertainty but also includes systematic uncertainties associated with the underlying

physics processes between events in the 3ℓ and 4ℓ control regions. The reducible

background is varied up and down by the lepton fake rate uncertainty (40%) and

the unfolding is repeated to estimate the associated uncertainty from the difference

between the normalized distributions. This uncertainty is treated as a log-normal

uncertainty for EW ZZ+2jets signal extraction.
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The pileup uncertainty is evaluated by recomputing the response matrix and tem-

plate histogram with the total inelastic cross section [178], which defines the pileup

weights applied to MC, varied up and down by 4.6%. The uncertainty associated with

the luminosity is evaluated by reevaluating the response matrix with the simulation

normalized to the integrated luminosity varied up and down by its total uncertainty,

which is 1.2, 2.3 and 2.5% for 2016, 2017 and 2018, respectively, as mentioned in

Section 2.2.7. It is small for unfolding as expected due to the cancellation from the

normalization by the fiducial cross section. This uncertainty is treated as a log-normal

uncertainty for EW ZZ+2jets signal extraction.

The uncertainty arising from generator-specific modeling differences is evaluated

from the difference between the measurements unfolded with the response matrix

based on the qq̄ → ZZ sample simulated byMadGraph5 amc@nlo and the powheg

sample.

The PDF and related strong coupling (αS) uncertainties are evaluated by reweight-

ing the MadGraph5 amc@nlo sample to PDF and αS variations, and then redoing

the unfolding and template histogram filling, and combining the results according to

the procedure described in Ref. [179]. For the renormalization (µR) and factorization

(µF) scales (QCD scales) uncertainties, the response matrix and template histogram

are reevaluated with the MadGraph5 amc@nlo qq̄ → ZZ sample reweighted to

reflect the distribution with µF and µR independently varied up and down by a factor

of 2. All combinations are considered except those in which µF and µR differ by a

factor of four, and the envelope of all variations is used.

The normalization of the mcfm sample (gg → ZZ) is varied by the scale and

PDF uncertainties of its cross section (+18%
−14%), and the resulting difference between

the normalized distributions is used for the ZZ+jets unfolding uncertainty. For EW

ZZ+2jets signal extraction, we model the associated uncertainty as a log-normal
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uncertainty.

The contributions of each source of systematic uncertainty to the final ZZ+jets

results are summarized in Tables 5.2–5.4, and the impact plot for EW ZZ+2jets signal

extraction is shown in Fig. 5.10 (located in Section 5.4). The numbers in Tables 5.2–

5.4 are only indicative. They are estimated by varying each source and obtaining the

difference in the normalized unfolded distributions. Each number in the tables is not

showing an estimate of uncertainty per bin, but an estimate of the portion of the

uncertainty contribution per distribution, given by

Nbins∑
i=1

|hcentral(i)− hvaried(i)|

Nbins∑
i=1

hcentral(i)

(5.11)

where hcentral and hvaried are the central and varied histograms, respectively, both with

sum of bin contents normalized to 1, and Nbins is the total number of bins. There

are, in general, two estimates from up/down variations and the larger one is used.

Table 5.2: Contributions of each source of systematic uncertainty to the normalized
differential cross section measurements of jet variables for ZZ+jets. Uncertainties
depend on the distributions and are listed as a range.

Systematic source Uncertainty range
Electron efficiency 0.13–0.30%
Muon efficiency 0.02–0.08%
Jet energy resolution 1.65–3.85%
JES correction 0.93–5.32%
Reducible background 0.05–0.43%
Pileup 0.04–1.08%
Luminosity < 0.03%
qq̄ → ZZ MC choice 0.52–4.52%
gg → ZZ cross section 0.01–0.19%
QCD scales 0.16–0.82%
PDF 0.05–0.12%
PDF αS 0.01–0.10%
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Table 5.3: The contributions of each source of systematic uncertainty in the normal-
ized differential cross sections measurements for ZZ+jets as a function of m4ℓ with
jet multiplicity from 0 to 3 and more, in events satisfying 60 < mZ1,Z2 < 120GeV.

Systematic source m4ℓ with all jets 0 jet 1 jet 2 jets 3 and more jets
Electron efficiency 0.42% 0.38% 0.66% 0.36% 0.26%
Muon efficiency 0.05% 0.06% 0.07% 0.09% 0.08%
Jet energy resolution – 0.07% 1.72% 1.65% 0.80%
JES correction – 0.17% 1.77% 1.95% 0.97%
Reducible background 0.18% 0.18% 0.32% 0.33% 0.96%
Pileup 0.02% 0.05% 0.11% 0.13% 0.35%
Luminosity 0.01% 0.01% 0.02% 0.02% 0.05%
qq̄ → ZZ MC choice 0.35% 0.65% 0.94% 0.48% 0.35%
gg → ZZ cross section 0.02% 0.03% 0.09% 0.06% 0.09%
QCD scales 0.15% 0.16% 0.58% 0.54% 0.62%
PDF 0.05% 0.05% 0.15% 0.15% 0.21%
PDF αS 0.02% 0.01% 0.05% 0.03% 0.02%

Table 5.4: The contributions of each source of systematic uncertainty in the normal-
ized differential cross sections measurements for ZZ+jets as a function of m4ℓ with
jet multiplicity from 0 to 3 and more, in events from the full m4ℓ range.

Systematic source m4ℓ with all jets 0 jet 1 jet 2 jets 3 and more jets
Electron efficiency 2.12% 2.55% 2.28% 1.77% 1.46%
Muon efficiency 0.71% 0.78% 0.92% 0.79% 0.42%
Jet energy resolution – 0.11% 1.73% 2.63% 2.32%
JES correction – 0.33% 1.64% 3.01% 2.02%
Reducible background 2.22% 2.19% 2.88% 3.40% 5.09%
Pileup 0.21% 0.28% 0.19% 0.32% 0.52%
Luminosity 0.12% 0.12% 0.16% 0.17% 0.25%
qq̄ → ZZ MC choice 0.57% 0.48% 1.22% 3.07% 4.21%
gg → ZZ cross section 0.10% 0.18% 0.61% 0.80% 0.46%
QCD scales 0.27% 0.25% 0.67% 1.25% 1.86%
PDF 0.07% 0.09% 0.20% 0.23% 0.28%
PDF αS 0.08% 0.08% 0.15% 0.20% 0.28%

5.4 Electroweak Signal Extraction

The plots in this section regarding the EW ZZ+2jets analysis are based on CMS

data and simulation, but not formally approved by the CMS Collaboration. For EW

ZZ+2jets production, We want to use a deep neural network (DNN) to distinguish
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EW ZZ+2jets from QCD-induced ZZ+2jets events with a set of commonly studied

observables for VBS in each event. A DNN is a model consisting of multiple layers that

is used to learn increasingly meaningful representations of data through successive

layers (see [180] for terminologies in the discussion of this section). Typically we feed

training data (which is not referring to experimental data here, as contrary to the

common usage of this term in high energy physics in the other parts of this thesis)

into the neural network so that it can recognize patterns inside the data, and we

monitor the training process with validation data. Then we apply the trained DNN

to the remaining MC events not used for training (we refer to as the testing data),

to test the DNN and obtain template distribution histograms. To build and apply

the neural network, we use Keras [181], a convenient high-level neural networks API

written in Python, which in our case runs on top of TensorFlow [182], an open

source machine learning platform.

With Keras, we build a simple neural network suitable for binary classification

with 3 fully connected (dense) layers. The first two layers have 32 hidden units

and use relu activation, while the third layer outputs a single scalar value (predicted

probability) with sigmoid activation. For optimizer we use RMSprop with learning

rate 0.001, and for the loss function we use ”binary crossentropy” which is suitable

for binary classification. We preprocess the input data samples by normalizing each

observable to have a mean equal to 0 and a standard deviation equal to 1 across

the training and validation data, and then repeat the same operation on the testing

data (using mean and standard deviation of the training and validation data for

normalization, instead of the testing data). We train for 20 epochs with batch size

512.

MC samples discussed in Section 3.4 are used to prepare the training data for

DNN. We mix around 90,000 EW ZZ+2jets, 70,000 MadGraph5 amc@nlo qq̄ →
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ZZ and 70,000 gg → ZZ raw MC events from 2016 and 2017 MC samples in 4e,4µ

and 2e2µ channels, with each event tagged as either signal or background event.

12 observables are used for training to separate signal and background, chosen by

referring to Refs. [4, 183]: mjj, ∆ηjj, m4ℓ, ∆ϕ(Z1,Z2), η
j1, ηj2, pj1T , pj2T , Njets, η

j1×ηj2,

and the two Zeppenfeld variables defined as ηZi − 1
2
(ηj1 + ηj2), i = 1, 2. These MC

events are put into the DNN built with Keras for training, with 26,000 events out

of these training events used for validation. The trained DNN is then applied on

the 2018 MC events to test performance and form histogram templates. The DNN

diagnostic plots during training and the ROC curve from the test results are shown in

Fig. 5.8. There doesn’t appear to be overfitting and the accuracy is at a reasonable

level. The ROC area under the curve (AUC) is 0.919, indicating good separation

power of the trained DNN.

The template histograms are then input into the CMS statistical analysis tool

combine [184] to perform a maximum likelihood fit to the full Run 2 data distri-

bution of the DNN predicted probability, in order to extract the signal strength of

EW ZZ+2jets production and estimate the significance (see Section 6.3 for results).

The pre-fit and post-fit distributions are shown in Fig 5.9, where the uncertainties

associated with each parameter in the likelihood is estimated in the combine tool

by calculating the covariance matrix at the best-fit point (more accurate uncertainty

estimation in combine is used for the final signal strength value). We also want to

evaluate the impact of each systematic uncertainty, which is the shift in the signal

strength with respect to the best-fit value, that is induced if a given nuisance param-

eter is shifted by its ±1σ post-fit uncertainty values. The impact plot is shown in

Fig. 5.10. We see that the systematic uncertainties associated with QCD scales and

JES, JER have the largest impact and they are also noticeably constrained by the

fit.
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Figure 5.8: Loss function value vs epoch (top left), accuracy vs epoch (top right),
and ROC curve (bottom left).
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Figure 5.9: The pre-fit (left) and post-fit (right) data vs MC distribution of the
DNN predicted probability. The uncertainties in these two plots are estimated with
the Minuit HESSE routine used by the combine tool, by calculating the covariance
matrix at the best-fit point.
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Figure 5.10: Impact plots made with combine tool for uncertainties with significant
contributions. The red and blue bars indicate the imapcts. The black dot indicates
θ−θI
σI

, where θ and θI are the post-fit and pre-fit values of the nuisance parameter
and σI is the pre-fit uncertainty. The asymmetric black error bar shows the post-fit
uncertainty divided by the pre-fit uncertainty, meaning that parameters with error
bars smaller than ±1 are constrained in the fit. The blue cross shows the pull, as
defined at the legend.
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Chapter 6

Results

In this chapter we present the results for the ZZ+jets and EW ZZ+2jets analyses.

For the ZZ+jets results, we have used the text directly from Ref. [1] up to minor

modifications. On the other hand, the results regarding the EW ZZ+2jets analysis

presented in this chapter are based on CMS data and simulation, but not formally

approved by the CMS Collaboration, and they serve as a cross check for the CMS

published analysis [4].

6.1 ZZ +jets Differential distributions

Differential distributions for various reconstructed quantities are presented in this

subsection. We proceed with unfolding the data to compare directly with particle-

level theoretical predictions, and the results are presented in the next subsection.

Figure 6.1 (left) shows the number of reconstructed jets with pT > 30GeV for the

ZZ+jets events with 60 < mZ1,Z2 < 120GeV. The last bin includes all events with

three or more jets. The description of events with three and more jets requires

NNLO and even higher corrections, but there are not enough hard jets from the
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Figure 6.1: Distribution of the number of jets with pT > 30GeV (left) and of mZZ

(right) for ZZ+jets events with 60 < mZ1,Z2 < 120GeV for the combined 4e, 4µ, and
2e2µ decay channels. Points represent the data, vertical bars the statistical uncer-
tainties, and shaded histograms represent the expected standard model predictions
and reducible background estimated from data. The purple band of slashes represents
the systematic uncertainties in the predictions, which includes systematic uncertain-
ties associated with trigger efficiency, lepton efficiencies, jet energy correction and jet
energy resolution, pileup, luminosity, Monte Carlo generator choice, gg→ ZZ cross
section, and reducible background. The overflow is included in the last bin of the
distributions.

matrix element in the MC samples used, therefore the difference between data and

predictions at high jets multiplicity is expected. The 0 and 2 jet bins are well described

by the predictions, whereas in the 1 jet bin the predictions significantly overestimate

the measured event yield. The m4ℓ distribution is shown in Fig. 6.1 (right), inclusive

in the number of jets. This distribution is well described by the predictions, except

for the increasing discrepancy between data and MC towards high masses; this can

be mitigated by adding the EW corrections, as demonstrated in Ref. [5] and in the

next subsection.

Figure 6.2 shows the pT and |η| distributions for the highest- and second-highest-

pT jet in events with at least one and two jets, respectively. As expected from the

distribution of the number of jets, the predictions overestimate the measurements in
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Figure 6.2: Distribution of the pT of the highest-pT jet (upper left) in events with
at least one jet, and of the pT of the second-highest-pT jet (upper right) in events
containing at least two jets. The |η| distribution of the highest-pT (lower left) and
second-highest-pT (lower right) jets. Events are required to have 60 < mZ1,Z2 <
120GeV. Other details are as in the caption of Fig. 6.1.
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the highest-pT jet distributions. The largest difference is observed for highest-pT jets

with pT < 100GeV, whereas the second-highest-pT distributions are better described.

Apart from the difference in the yield, the pT distributions of both the highest-

pT and second-highest-pT jets show similar differential behavior with respect to the

predictions (similar trend up to 300GeV), which is demonstrated in the lower panels

of the figures, where data-to-prediction ratios are presented. Similar conclusions are

valid also for the |η| distributions.

The invariant mass of the dijet system and ∆η between two jets with highest pT

are among the most important dijet distributions. The dijet mass distribution is well

described by predictions, as shown in Fig. 6.3 (left), whereas in the |∆η| distribution

there is a small trend between data and predictions that can be seen in the lower panel

of Fig. 6.3 (right). As expected, the contribution of the EW ZZ+2jets production is

increasing towards the high jet separation and dijet mass, but still remains a small

part of the total ZZ cross section.

The effect of the presence of jets in ZZ events is also studied using the m4ℓ dis-

tribution for different jet multiplicities (Figs. 6.4, 6.5). Each distribution contains

only events with exactly 0, 1, 2, 3 jets or ≥4 jets. The predictions describe well the

normalized differential behavior, but fail to describe the event yield in the 1-jet case.

With increasing jet multiplicities the predicted yields decrease much faster than the

measured ones. In the case of 4 or more jets, the data yields are significantly larger

than predicted. All distributions in Fig. 6.4 are presented for events with on-shell Z

bosons, 60 < mZ1,Z2 < 120GeV.

The same analysis is repeated in the fullm4ℓ range and the results are presented in

Fig. 6.5. The data and MC predictions are compared in three mass regions: Z boson

region, Higgs boson region, and nonresonant ZZ production region. It is important to

note that the Higgs boson sample is simulated using the powheg NLO predictions,
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whereas a similar contribution in the ZZ sample has the gg→ZZ process simulated

at LO and normalized to NLO prediction (see Section 3.4 for detail). As shown

in Fig. 6.5 (upper left), the predictions describe well the data that are inclusive

in jet multiplicity. In Fig. 6.5 (middle left), the predictions do not describe the

event yield of the ZZ nonresonant part, but agree well with data in the Z and Higgs

boson production regions. With increasing jet multiplicity, the agreement between

data and predictions for ZZ and Z production regions becomes worse, whereas the

predictions for the Higgs boson region are compatible with the data within large

statistical uncertainties.

Figure 6.3: The dijet mass (left) and |∆η| (right) between the two highest-pT jets in
events with at least two jets. Events are required to have 60 < mZ1,Z2 < 120GeV.
Other details are as in the caption of Fig. 6.1.

The measured and expected event yields for all decay channels and jet multiplic-

ities in different mass ranges are summarized in Tables 6.1 and 6.2.
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Figure 6.4: Them4ℓ distributions for events with 60 < mZ1,Z2 < 120GeV and different
jet multiplicities. Other details are as in the caption of Fig. 6.1.



143

Figure 6.5: The m4ℓ distributions in the full four-lepton invariant mass range for
events with different jet multiplicities, normalized by bin width. Other details are as
in the caption of Fig. 6.1.
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Table 6.1: The observed and expected yields of ZZ events in different mass ranges,
and estimated yields of background events, shown for each final state and for the
sum. The first uncertainty is statistical, and the second one is systematic. (Due to
rounding, the sum of individual entries may not match the total value shown.)

Process eeee eeµµ µµµµ 2ℓ2ℓ′

80 < m4ℓ < 100GeV
Background 4.6± 0.5± 1.8 15.5± 1.6± 6.2 22.8± 2.1± 9.1 43± 3± 17
Signal 216± 1+40

−36 731± 2+66
−64 841± 2+59

−57 1790± 3+140
−140

Total expected 220± 1+40
−36 747± 3+66

−64 864± 3+59
−58 1830± 4+140

−140

Data 194 698 838 1730
60 < mZ1,Z2 < 120GeV

Background 22.9± 0.9± 5.7 46± 2± 10 28.9± 1.3± 6.5 98± 2± 23
Signal 716± 2+63

−60 1830± 3+140
−140 1138± 3+85

−82 3680± 5+280
−270

Total expected 739± 2+63
−60 1870± 4+140

−140 1167± 3+85
−82 3780± 5+280

−270

Data 671 1805 1106 3582

Table 6.2: The observed and expected yields of ZZ events in different mass ranges,
and estimated yields of background events, shown for each jet multiplicity. The first
uncertainty is statistical, and the second one is systematic. (Due to rounding, the
sum of individual entries may not match the total value shown.)

Process 0 jet 1 jet 2 jets 3 jets ≥4 jets
80 < m4ℓ < 100GeV

Background 25± 2± 10 9.1± 1.3± 3.6 6.1± 1.0± 2.4 1.9± 0.6± 0.8 0.4± 0.3± 0.1
Signal 1300± 3+100

−100 371± 2+48
−45 95± 1+29

−28 18.7± 0.4+7.1
−6.2 4.5± 0.2+1.9

−1.8

Total expected 1320± 3+100
−100 381± 2+48

−45 101± 1+29
−28 20.6± 0.7+7.1

−6.2 4.9± 0.3+2.0
−1.8

Data 1238 354 95 31 12
60 < mZ1,Z2 < 120GeV

Background 29.3± 1.4± 8.9 28.6± 1.2± 6.7 21.2± 0.9± 3.7 11.6± 0.7± 2.0 7.6± 0.5± 1.5
Signal 2320± 3+160

−170 960± 3+100
−90 303± 1+60

−56 75± 1+20
−19 21.9± 0.3+7.9

−7.2

Total expected 2350± 4+160
−170 990± 3+100

−100 324± 2+60
−56 87± 1+21

−19 29.5± 0.7+8.1
−7.4

Data 2367 741 312 110 52

6.2 ZZ +jets Differential cross sections

The unfolded differential distributions normalized to the ZZ fiducial cross section are

presented in Figs. 6.6–6.9. Figure 6.6 (left) shows the normalized dσ/dm4ℓ cross sec-

tion. The MadGraph5 amc@nlo, powheg and nNNLO+PS predictions demon-

strate similar behavior and describe well the differential behavior at low m4ℓ, whereas

they overestimate the measured values in the moderate to high m4ℓ regions. This dis-

crepancy can be mitigated with EW corrections as discussed in Ref. [5]. To estimate
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the effect of the corrections, a differential K-factor from [5] for the NLO EW cor-

rections was applied to the nNNLO+PS predictions as a function of m4ℓ. The EW-

corrected nNNLO+PS predictions describe the measured values better than those

without the corrections, although at high values of m4ℓ only within large statistical

uncertainties of the measurements. The EW corrections are only significant in m4ℓ

and have negligible effect on any other normalized distribution presented in this pa-

per; therefore in all other non-m4ℓ distributions only nominal nNNLO+PS predictions

are shown. For the m4ℓ distributions for various jet multiplicities the EW corrections

are not available and therefore these distributions do not contain EW corrections.

Figure 6.6 (right) shows the differential cross sections as a function of the number

of jets in the events. The MadGraph5 amc@nlo and powheg predictions show

similar distributions. Similar to the discussion in the previous section, neither of the

two MC simulations describes the 1-jet cross section, and both simulations predict

too low cross sections for high jet multiplicities. On the other hand, the nNNLO+PS

prediction describes the high jet multiplicity bin better than the other two predictions,

whereas the agreement in the 1-jet bin is also improved. In general, the nNNLO+PS

prediction describes the Njets distribution better than MadGraph5 amc@nlo and

powheg.

Figure 6.7 shows the differential cross sections in bins of pT and |η| for the highest-

and the second highest-pT jet in events with at least one and two jets. The pT

distributions show moderate differences between data and predictions, whereas the

|η| distributions are well described within uncertainties.

Figure 6.8 shows the differential cross sections for dijet events as a function of (left)

|∆η| and (right) the dijet mass between two highest-pT jets. Within uncertainties the

dijet mass is described by the predictions, whereas |∆η| measurements show a small

trend with respect to the predictions.
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Figure 6.6: Differential cross sections normalized to the fiducial cross section as a
function of (left) m4ℓ, (right) the number of jets with pT > 30GeV. The on-shell Z
requirement 60 < mZ1,Z2 < 120GeV is applied. Points represent the unfolded data,
solid histograms the MadGraph5 amc@nlo qq̄ → ZZ predictions, and red dashed
histograms the powheg qq̄ → ZZ predictions. mcfm gg → ZZ, powheg H → ZZ,
and MadGraph5 amc@nlo EW ZZ predictions are included in these two sets of
predictions. The purple dashed histograms represent the nNNLO+PS predictions,
and the yellow dashed histogram represents the nNNLO+PS prediction with EW
corrections applied. Vertical bars on both MC predictions represent the statistical
uncertainties. The lower panels show the ratio of the measured to the predicted cross
sections. The vertical bars on data points with horizontal lines at the ends represent
the statistical uncertainties only, whereas the vertical bars without horizontal lines
at the ends represent the total uncertainties calculated as the sum in quadrature of
the statistical and systematic uncertainties. The overflow is included in the last bin
of the distributions.
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Figure 6.7: Differential cross sections normalized to the fiducial cross section as a func-
tion of pT and |η| of the highest- and the second-highest-pT jet in events containing at
least one or two jets, respectively. The on-shell Z requirement 60 < mZ1,Z2 < 120GeV
is applied. Other details are as in the caption of Fig. 6.6.
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Finally, the dσ/dm4ℓ differential cross section is presented in Fig. 6.9 for the

full four-lepton invariant mass range and inclusive in jet multiplicity. The measured

normalized differential cross section is well described by the predictions. Additional

dσ/dm4ℓ differential cross sections with different jet multiplicities for the on-shell Z

bosons and for the full four-lepton invariant mass range are presented in Figs. 6.10

and 6.11. The comparison with the theoretical predictions shows the same behavior

than for the measurements presented in the previous section.

Figure 6.8: Differential cross sections normalized to the fiducial cross section as a
function of (left) |∆η| and (right) dijet mass between highest-pT jets in events with
at least two jets. Events with 60 < mZ1,Z2 < 120GeV requirement. Other details are
as in the caption of Fig. 6.6.
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Figure 6.9: Differential cross sections normalized to the fiducial cross section as a
function of m4ℓ for the full four-lepton invariant mass range. Other details are as in
the caption of Fig. 6.6.

6.3 Vector Boson Scattering

The measured signal strength in the EW ZZ+2jets fiducial region is µEW = 1.45+0.51
−0.44

(68% CL). To estimate the significance, we use asymptotic approximation [185] of

the test statistics distribution with background-only hypothesis (µEW = 0), and

calculate the p value with combine. The background-only hypothesis is excluded

with a significance of 4.4 (3.4 expected) standard deviations. It is observed that the

significance can vary by about 0.4 due to choice of random seeds used in Keras when
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Figure 6.10: Differential cross sections normalized to the fiducial cross section as a
function of m4ℓ for 60 < mZ1,Z2 < 120GeV and for different jet multiplicities. Other
details are as in the Fig. 6.6 caption.
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Figure 6.11: Differential cross sections normalized to the fiducial cross section as a
function of m4ℓ for the full four-lepton invariant mass range and different jet multi-
plicities. Other details are as in the Fig. 6.6 caption.
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training the DNN. These results are consistent with the CMS results [4] obtained from

using a discriminant based on a matrix element likelihood approach (MELA). The

results may be improved by using more sophisticated machine learning approaches,

optimizing the DNN training, and using larger experimental datasets and improved

simulation.
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Chapter 7

Conclusions

7.1 Summary

In the ZZ+jets analysis, the four-lepton production in association with jets, pp →

(Z/γ∗)(Z/γ∗) + jets → 2ℓ2ℓ′ + jets, where ℓ, ℓ′ = e or µ, was studied in proton-proton

collisions at a center-of-mass energy of 13TeV. The data sample corresponds to an

integrated luminosity of 138 fb−1collected with the CMS detector at the LHC during

2016–2018. Differential distributions and differential cross sections normalized to the

ZZ fiducial cross section were measured with respect to various kinematic variables:

number of jets, jet transverse momentum (pT) and pseudorapidity (η), invariant mass

of the dijet system and η difference between the highest-pT and second-highest-pT jets,

and invariant mass of the four leptons (m4ℓ) for different jet multiplicities. Tabulated

results are provided in HEPData [186]. In general, predictions of theoretical models

agree with the data, but in some regions significant discrepancies between predicted

and measured values were observed. The recent nNNLO+PS prediction improves

the data/prediction agreement in the 1-jet and high jet multiplicity regions, and

describes the distribution of jet multiplicities better than NLO samples generated
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with the event generators MadGraph5 amc@nlo and powheg. The inclusion

of electroweak corrections improves the description of the m4ℓ distribution. These

measurements demonstrate the necessity for better Monte Carlo modeling in events

with complex multiboson final states and extra jets. Further improvement of the

predictions is required to describe the ZZ+jets production in the whole phase space.

In the EW ZZ+2jets analysis, a deep neural network approach is used to extract

the signal of EW diboson ZZ production associated with 2 jets, again with 2ℓ2ℓ′ in the

final states using the same CMS dataset. The observed (expected) significance is 4.4

(3.4) and the signal strength is measured to be µEW = 1.45+0.51
−0.44, which is consistent

with the published CMS results in Ref. [4].

7.2 Prospects

In presenting this discussion we have used those references cited in this section. As

discussed in Ref. [32], the upgraded High-Luminosity LHC machine (HL-LHC), cur-

rently scheduled to start running in 2030, is planned to deliver an integrated luminos-

ity of 3000 fb−1at a collision energy of
√
s = 14TeV. In addition, the CMS detector,

with its trigger and readout, will be substantially upgraded for HL-LHC running,

resulting in important improvements in performance. The larger data set will im-

prove the cross section measurement of the ZZ+jets production, which is currently

statistically limited. Therefore, the larger data set will allow more detailed studies

of the backgrounds associated with the EW ZZ and Higgs boson production, and

allow tighter selection to reduce them, increasing the precision of the signal process

measurements.

On the other hand, the VBS ZZ production processes, which remains unobserved

as in Run 2 CMS results, is expected to be observed during LHC Run 3 [32], but dur-
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ing the HL-LHC period the cross section of some VBS final states will be measured

with a precision similar to that of current measurements of diboson final states (pro-

jected measurement uncertainty for EW ZZ VBS ranges from 20–100% by ATLAS;

see Ref. [187]). An interesting prospect for the full HL-LHC data set is the mea-

surement of longitudinal VBS, where both vector bosons are longitudinally polarized

(VLVL). This is a crucial process in establishing the mathematical consistency of the

SM, because in the SM, this process is unitarized due to the presence of Higgs boson

contributions, and therefore deviations from this would indicate the presence of BSM

physics. CMS projects the sensitivity of ZLZL to be 1.4σ with 3000 fb−1 [188] based

on published analysis [183]. With the advance and optimization of analysis strategies,

including improvements in the machine learning techniques, and with the extended

muon coverage from the muon system upgrade, and improved electron identification

performance from the CMS High-Granularity Calorimeter (HGCAL) [189], we expect

further improvement of the sensitivity of these studies.
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